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E L E C T R I C A L T R A N S P O R T I N
N A N O S C A L E S Y S T E M S

In recent years there has been a huge increase in the research and development of

nanoscale science and technology, with electrical transport playing a central role.

This graduate textbook provides an in-depth description of the transport phenomena

relevant to systems of nanoscale dimensions.

In this textbook the different theoretical approaches are critically discussed, with

emphasis on their basic assumptions and approximations. The book also covers

information content in the measurement of currents, the role of initial conditions

in establishing a steady state, and the modern use of density-functional theory.

Topics are introduced by simple physical arguments, with particular attention to

the non-equilibrium statistical nature of electrical conduction, and followed by a

detailed formal derivation. This textbook is ideal for graduate students in physics,

chemistry, and electrical engineering.

Massimiliano Di Ventra is Professor of Physics at the University of Califor-

nia, San Diego. He has published over 70 papers in refereed journals, co-edited the

textbook Introduction to Nanoscale Science and Technology (Springer, 2004), and

has delivered more than 100 invited talks worldwide on the subject of this book.
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Preface

“The important thing is not to stop questioning.
Curiosity has its own reason for existing.”
Albert Einstein

About ten years ago I was resting between session breaks of a busy American
Physical Society March meeting. A colleague, whom I had not seen in
years, was with me and inquired about my work. I told him I was working
on understanding transport in nanoscale systems. He replied, “Aren’t the
most important facts already understood?”

As unsettling as that question was, I realized he was simply echoing a sen-
timent in the community: the field of mesoscopic systems – larger “cousins”
of nanoscale systems – had provided us with a wealth of experimental re-
sults, and a theoretical construct – known as the single-particle scattering
approach to conduction – that had almost assumed the characteristics of a
“dogma”. Many transport properties of mesoscopic systems could be under-
stood in terms of this approach. Books on the subject had appeared which
enumerated the successes of this theory. Nanoscale systems were nothing
else than smaller versions of mesoscopic systems. All we needed to do was
transfer the established experimental knowledge – and proven theoretical
and computational techniques – to this new length scale. Or so it seemed.

The past decade has shown that the field of transport in nanoscale systems
is not a simple extension of mesoscopic physics. Thanks to improved exper-
imental capabilities and new theoretical approaches and viewpoints, it has
become clear that novel transport properties emerge at the nanometer scale.
In addition, many physical assumptions and approximations we reasonably
make to describe mesoscopic systems may not hold for nanoscale structures.
Most importantly, it is now starting to sink in that we need to treat the
many-body transport problem for what it truly is: a non-equilibrium statis-

xiii
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tical problem. Conducting electrons – and the background ionic structure
– are in a state of non-equilibrium, whose properties are known, at best,
statistically, even at steady state. By neglecting the true non-equilibrium
statistical nature of this problem, we may neglect important dynamical phe-
nomena of particular relevance in nanostructures.

This book attempts to reframe the transport problem with this perspec-
tive in mind. Therefore, attention is given to questions that are often over-
looked in the literature, e.g., how electrical current is generated, what do
we measure when we measure currents, what is the role of initial conditions
in establishing a steady state, etc. The language of information theory is
used throughout the book to quantify the amount of information one can
gather from either the measurement of the current, or the various descrip-
tions of electrical conduction. In addition, I have tried to critically point
out the underlying physical assumptions and approximations of the differ-
ent approaches to transport. It is my opinion that some of the concepts we
generally take for granted need to be applied with more care in the case of
nanoscale systems, and novel physics may emerge if some of these approxi-
mations/assumptions are lifted.

Transport theories belong to the field of non-equilibrium statistical me-
chanics and are, first and foremost, based on viewpoints, not sets of equa-
tions. Each of these viewpoints contributes bits of information to our under-
standing of electrical conduction. The book is thus roughly divided into the
description of these viewpoints, the similarities and differences among them,
and the physical phenomena one can predict from them. In addition, due
to the growing importance of density-functional theory (DFT) – in both its
ground-state and dynamical formulations – in transport, the book contains
a description of DFT so that it is as self-contained as possible. In particular,
the fundamental limitations of ground-state DFT in approaches to electrical
conduction are highlighted, and several theorems on the total current are
formulated and demonstrated within dynamical density-functional theories.
The inclusion of these theorems is not a tribute to mathematics. Rather,
it shows the conceptual and formal strengths of these theories in describing
electrical transport.

A colleague of mine, who has written textbooks, once told me: “A book
is useful to at least one person: its own author.” While this statement is
definitely true in my case – in the sense that by writing it I have deepened my
knowledge and understanding of the subject beyond what everyday research
would have probably allowed me – I truly hope this textbook will be of use
to its readership, especially those students and researchers who approach
the subject for the first time. I have tried to write it at a level accessible
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to graduate students with a good background in quantum mechanics and
statistical mechanics. Some knowledge of solid state physics may help but
is not necessary. The derivations of almost all the main results are written
explicitly. When this would have resulted in an unnecessary increase in
length, I left them as exercises for the reader, or in few cases referred to
other textbooks. In this respect, the most difficult topic is probably the
non-equilibrium Green’s function formalism of Chapter 4. As a compromise
between synthesis and clarity, I have written enough about this many-body
technique for the reader to follow its basic tenets and results, and referred
to other textbooks whenever the level of details seemed to overshadow the
main physics. Finally, some of the exercises add to the topics discussed in
the main text, or provide useful reference to some mathematical statements
I use but have no space to prove.

I have left out topics like superconductivity, the Kondo problem, Luttinger
liquid, weak localization, and universal conductance fluctuations. This is not
because I believe they are not important but because a comprehensive de-
scription of these phenomena would have resulted in a very lengthy extension
of the manuscript, with the addition of advanced mathematical formalisms.
There are other excellent textbooks that cover these topics. I also apologize
in advance to all the authors who feel their work has not been properly
credited, and remind them that this is intended as a textbook not a review.

Despite all my efforts and the amount of energy spent to write this book
with as much care as I could possibly muster, it would be foolish of me
to think that with more than 1200 equations – and a comparable num-
ber of concepts – this manuscript would be free of errors. I will therefore
post any correction I uncover after its publication on a link to my website
http://physics.ucsd.edu/∼diventra/, and take comfort in the old say-
ing: “Those who never make mistakes make the biggest mistake of all: they
never try anything new.”

There are too many people who directly or indirectly have contributed
to my personal understanding of the subject, and have helped me in this
endeavor. I particularly wish to thank Norton Lang, who introduced me
to the topic of transport in nanoscale systems. My gratitude also goes
to Hardy Gross, Doug Natelson, Nongjian Tao, Tchavdar Todorov, Jan
van Ruitenbeek, and Giovanni Vignale, for enlightening discussions, and
to Congjun Wu for taking time off his busy schedule to read most of the
manuscript. His suggestions and criticisms have helped me improve it. I am
also indebted to Dan Arovas who has shared with me his lecture notes on
mesoscopic physics. Some topics of Chapter 3 have been inspired by these
notes.
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I feel fortunate to have worked over the years with talented students and
post-doctoral associates. They have shared with me the difficulties and ex-
citement of some of the research that has made it through the pages of
this book. Those directly involved in the topics presented here are Neil
Bushong, Yu-Chang Chen, Roberto D’Agosta, Yonatan Dubi, John Gam-
ble, Matt Krems, Johan Lagerqvist, Yuriy Pershin, Na Sai, Eric Wright,
Zhongqin Yang, and Mike Zwolak. Many of them have also read parts of
the manuscript, found several misprints, and made valuable suggestions.
Needless to say, any remaining error is due solely to the author.

I also wish to thank the National Science Foundation, the Department of
Energy, the National Institutes of Health, and the Petroleum Research Fund
for generously funding my research over the years. These funding agencies
are, however, not responsible for the ideas expressed in this manuscript.

Finally, the writing of a book takes an enormous amount of energy and
time at the expense of the relationships that are most dear to one’s life. It
is the loving support, understanding, and patience of my wife, Elena, and of
my two children, Francesca and Matteo, that have made this project possi-
ble. Their presence and encouragement have sustained me during the most
difficult times, when it would have been so easy to simply give up. A thank
you does not make full justice of my feelings of gratitude and love towards
them.

Massimiliano Di Ventra
La Jolla, San Diego



1

A primer on electron transport

1.1 Nanoscale systems

Let us briefly discuss the systems I will consider in this book, those of
nanoscale dimensions (1 nm = 10−9 m). The phenomena and theoretical
approaches I will present are particularly relevant for these structures rather
than those with much larger dimensions.

So, what is a nanoscale system? The simplest – and most natural – an-
swer is that it is a structure with at least one dimension at the nanoscale,
meaning that such dimension is anywhere in between a few tens of nanome-
ters and the size of an atom (Di Ventra et al., 2004a). One can then define
structures with larger – but still not yet macroscopic – dimensions as meso-
scopic. This separation of scales is arguably fuzzy. Mesoscopic structures
share some of the transport properties of nanostructures; the theoretical de-
scription of both classes of systems is often similar; and in certain literature
no distinction between them is indeed made.

Is there then, in the context of electrical conduction, another key quantity
that characterizes nanoscale systems? As I will emphasize several times in
this book, this key quantity is the current density – current per unit area –
they can carry. This can be extremely large.

As an example, consider a wire made using a mechanically controllable
break junction (Muller et al., 1992), a junction that is created by mechani-
cally breaking a metal wire. Such a structure – a type of metallic quantum
point contact – may result in a single atom in between two large chunks of
the same material (see schematic in Fig. 1.1). If a typical current of 1µA
is set to flow across the system, at the atom position, considering a cross
section of 10 Å2, we would expect a current density of about 1×109 A/cm2!
These current densities are typically orders of magnitude larger than those
found in mesoscopic/macroscopic systems.

1



2 A primer on electron transport

Fig. 1.1. Schematic of an
atomic metallic quantum
point contact.

A large current density implies a large number of scattering events per
unit time and unit volume. This means that interactions among electrons,
or among electrons and ions are particularly important.

Note that I have said nothing about how fast a single electron “crosses”
a nanoscale structure. This transit time may be extremely short. However,
due to the large current density the cumulative effect of all electrons is to
amplify electron-electron and electron-ion interactions locally in the nanos-
tructure. For instance, as I will discuss later in the book, both ions and
electrons heat up locally in the junction above their nominal background
temperature, thus affecting its structural stability under current flow.

Fig. 1.2. Left panel: A quasi-1D wire laid on top of a surface and in between two
bulk electrodes. Right panel: A single molecule between bulk electrodes. The
arrows indicate the direction of charge flow.

I mention here a few other nanoscale systems of present interest. These
include nanotubes or long atomic wires in contact with metal electrodes (see
Fig. 1.2, left panel), and small molecules sandwiched between bulk metals
(Fig. 1.2, right panel). These systems may sometimes be referred to as
quantum dots if their bonding to the electrodes is very weak (these concepts
will become clearer as we go along with the book).

Many other structures – and their combinations – that confine electrons
in one or more dimensions can be fabricated. These systems represent ideal
test beds to understand electron and ion dynamics at these length scales,
and may find application in the broadly defined field of optoelectronics, or
even in biotechnology and medicine. The latter point is particularly relevant
nowadays as the conducting properties of DNA and its single units – called
nucleotides – are being studied for possible use in sequencing technology
(Zwolak and Di Ventra, 2008).
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Fig. 1.3. (a) Two finite electrodes charged differently. (b) The electrodes are con-
nected via a junction. (c) Symbol used to represent a battery.

The above list of examples can go on and on. To illustrate the phenom-
ena discussed in this book, I will refer to selected nanoscale systems whose
properties have been studied experimentally. The choice of these specific
examples reflects both their pedagogical appeal and, of course, the author’s
taste.

1.2 Generating currents

Before considering the different approaches one can employ to formulate the
transport problem in nanoscale systems, let us ask a basic question that will
guide us in developing theories of charge transport, namely

How do we generate electrical currents?

There are several answers to this question suggesting different ways to
describe the corresponding transport problem.

Let us start from the simplest experimental realization possible. Consider
two large but finite electrodes and charge them differently: one has more
electrical charge than the other, or equivalently one is charged negatively, the
other positively. How we charge these electrodes is irrelevant. For instance,
we can do it by simply rubbing them with some other material!

I label the one with more electrons with a “−” sign, the other with a “+”
sign (see Fig. 1.3(a)). At equilibrium, and due to the conducting nature of
each electrode, the extra charge (whether negative or positive) is found on
the surface of the electrodes. The electrons in the “−” electrode have higher
potential energy (and lower electrostatic potential) than the electrons in the
“+” electrode. A potential difference, or bias, between the two electrodes
has been created so that if we put them in contact by means of some other
conducting material, electrons will flow from the “−” region to the “+”
region (see Fig. 1.3(b)). Electrical current has been thus established.
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We can now take an arbitrary surface S cutting the conductor in between
the two electrodes and determine the rate at which electrons cross this sur-
face (see Fig. 1.3(b)). Let us indicate with l̂ the unit vector perpendicular
to an infinitesimal element dS of the surface S. At every instant of time,
and at every point in space, we can assign to the electrons a velocity

vtot(r, t) = vth(r, t) + vdrif t(r, t) (1.1)

which is sum of a randomly oriented1 velocity, vth, due to thermal fluctua-
tions, and a component, vdrif t, we call drift velocity, that, on average, points
in the direction of global electron flow.2 If we average the above velocity
over all particles, only the average drift velocity is different from zero,

v(r, t) ≡ 〈vth(r, t)〉 + 〈vdrif t(r, t)〉 = 〈vdrif t(r, t)〉, (1.2)

where the bracket operation 〈· · · 〉 means average over the ensemble of par-
ticles. If n(r, t) is the number density of carriers with charge e at any given
point in space and any given instant of time,3 the amount of charge dQ that
crosses the surface dS in an infinitesimal time dt is

dQ = env · l̂ dS dt. (1.3)

The current across the surface dS is thus

dI =
dQ

dt
= env · l̂ dS ≡ j · dS, (1.4)

where I have defined the current density vector

j(r, t) = en(r, t)v(r, t), (1.5)

and the surface vector dS = l̂ dS. The total average current across the
surface S is then the integral

IS(t) =
∫

S
dS · j(r, t), (1.6)

where the subscript S is to remind us that, in general, the total current
depends on the chosen surface.4

1 Randomly oriented means that the thermal velocity has an isotropic spatial distribution.
2 In the next chapter I will discuss physical reasons why the drift velocity does not increase

indefinitely in time.
3 For electrons, I choose the convention e = −|e|. Note that the standard convention for the

direction of current is opposite to the electron flow direction.
4 In strictly 2D systems the surface integral in the definition 1.6 is replaced by a line integral,

and the current density 1.5 is defined with the 2D number density. In 1D the current and
the current density are the same quantity, with the definition 1.5 containing the 1D number
density.
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Polarization and magnetization

In addition to “free” charges, which are able to move across macroscopic re-
gions of the system, there may be bound charges and localized currents, i.e.,
charges and currents localized to microscopic regions of the sample. Bound
charges give rise to polarization, and localized currents to magnetization.
Let us call qi these bound charges at position ri, and vi their velocities.
From classical electrodynamics we know that the polarization is (Jackson,
1975)

P(r) =
1
V

∑
i

qi ri, (1.7)

i.e., the average dipole moment per unit volume, and the magnetization

M(r) =
1

2cV

∑
i

qi (ri × vi) , (1.8)

is the average magnetic moment per unit volume, where the sums extend
over all charges in a volume V centered at position r, and c is the speed of
light. The total current density is (Jackson, 1975)

jtot(r, t) = en(r, t)v(r, t) +
∂P
∂t

+ c∇× M, (1.9)

and the total density

entot = en −∇ · P. (1.10)

The total current is given again by Eq. 1.6, the integral of the total current
density over a surface S. In the following, when discussing densities and
current densities, I will always refer to the total density 1.10 and current
density 1.9, even though the contributions to the current from polarization
and magnetization are, in most of the systems and conditions discussed in
this book, small.5

In addition, the current density 1.9 generates a magnetic field, which
“acts back” on the current, and thus modifies it. This self-consistent effect
is known as magnetic screening. It is generally a small effect for the systems
I consider in this book, for the same reasons that the magnetic current

5 For instance, at steady state the polarization current is zero; for non-magnetic materials and
small magnetic fields, the magnetization is small. Indeed, for paramagnetic and diamagnetic
materials |M| ∝ χ|B|, with B an external magnetic field, and χ is the magnetic susceptibility. χ
is of the order of 10−3 −10−5 cm3 /mol (Ashcroft and Mermin, 1975) so that the magnetization
is a very small fraction of the field. We will see in Chapter 7 that stochastic time-dependent
current density functional theory provides a formally – in principle – exact way to calculate all
contributions (from free and bound charges and localized currents) to the current density of a
many-body system using effective single-particle equations.
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Fig. 1.4. The current as a
function of time during the
discharge of a capacitor. The
current fluctuates around
some average value as shown
schematically in the inset.

contribution in Eq. 1.9 is small. I thus either neglect it altogether,6 or
assume the current has been determined self-consistently with this magnetic
screening effect included.

To the above we need to add the continuity equation7

e
∂n(r, t)

∂t
= −∇ · j(r, t) (1.11)

that states the conservation of charge.

Fluctuations and reservoirs

The gedanken experiment I have outlined describes the discharge of a ca-
pacitor across a conductor. We then know from experiments that as time
goes on the current IS(t) decays (see Fig. 1.4) so that, if we wait enough
time, no current (in a time-averaged sense) will flow across the surface S: all
negative charges on the “−” electrode have neutralized all positive charges
on the “+” electrode, and the electrode-conductor-electrode system ends up
in global equilibrium.

We can however make this decay time longer and longer by increasing
the size of the electrodes while keeping the conductor in between them un-
changed. This corresponds to increasing the number of carriers that are
stored in the two electrodes. In classical circuit theory this corresponds to
increasing the capacitance of the capacitor while keeping the electron resis-

6 This is clearly a theoretical statement: in experiments one cannot eliminate this screening
effect.

7 Since the divergence of the curl of a vector is zero, the continuity equation is identically satisfied
between the total current 1.9 and the total density 1.10:

e
∂ntot (r, t)

∂t
= −∇ · jtot (r, t).
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tance to flow from one plate of the capacitor to the other constant. Intu-
itively, one may guess that if the dimensions of the electrodes were set to go
to infinity while keeping the conductor and its contact with the electrodes
unchanged, the average current would not change in time, and its value
would be independent of the chosen surface S used to evaluate Eq. 1.6.8

In reality, the electrical current continually fluctuates about an average
value (see inset of Fig. 1.4). If we take a time interval T large enough that
many current fluctuations occur in that interval, but not so large that the
decay of the current is appreciable, we can define

〈IS〉 =
1
T

∫ +T/2

−T/2
dt IS(t) (1.12)

as the average current in that interval.9 If we take the limit of infinite
electrodes first, we can then take the limit of T → +∞. We thus realize the
current-carrying steady state condition

d〈IS〉
dt

= 0 stationarity condition, (1.13)

in which the time derivative of the average total current is zero.10

The above limit of infinite electrodes is also the first encounter with the
theoretical concept of reservoir, which I will develop further in Chapter 3.
Here, I give the following definition

Reservoir: An ideal “system” that can supply and receive an arbitrary
amount of carriers and energy without changing its internal
state.

If this “ideal system” exchanges only energy, and not particles, with some
other physical system – whose dynamics we are interested in – I shall call it
bath and not reservoir. Both the bath and the reservoir embody the notion
that physical systems are never truly closed; they always have some degree
of interaction with an external environment.11

8 Note, however, that the infinite electrode size is no guarantee that the stationary condition 1.13
is satisfied (see discussion in Sec. 7.6).

9 Note that an analogous averaging process is always performed by the actual apparatus measur-
ing the current. This is due to the fact that such apparatus has a finite frequency bandwidth
∆ν . Here I am assuming that 1/∆ν � T .

10 I anticipate here that the time average 1.12 in the limit of T → +∞ may be replaced by
the average over all possible electron state configurations (ensemble-averaged current). This is
known as the ergodic hypothesis. I will come back to it in Chapter 2 where I will also discuss
the conditions for its validity.

11 Consider for instance electrons in a solid kept at a finite temperature. The finite temperature
is that of an external bath. For this bath to be called as such, the dynamics of the electrons
cannot affect its properties, namely its temperature.
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1.2.1 Finite versus infinite systems

Indeed, the experimental fact that the discharge of a finite capacitor ends up
in a state of global equilibrium (no average current flows) is a consequence
of the fact that the electrons in the capacitor are coupled to some external
environment.12 They thus lose energy during the discharge. If the electron
system is truly closed, namely electrons do not interact with any external
environment – and they are not subject to any external field13 – their total
energy is conserved, and their dynamics is deterministic in the sense that
we can (in principle) solve exactly their equation of motion at all times –
the Schrödinger equation 1.16 in the quantum case. We then know that the
following Poincaré recurrence theorem applies: there exists a time – called
the recurrence time – after which the system will return to the neighborhood
of its initial conditions. “Neighborhood” means as close as possible to the
initial conditions.

For the case at hand, this implies that a finite, closed and isolated capac-
itor will eventually return to its initial state: it will recharge itself! This
apparent paradox, however, does not pose any practical worry. Even if the
electron system were truly closed, its recurrence time would be extremely
long.

For clarity, consider the quantum case. The many-body states of the
capacitor are eigenstates of some Hamiltonian Ĥ. Since we are dealing with
a large number N of interacting electrons (of the order of an Avogadro’s
number NA = 6×1023 particles/mol) the spectrum of Ĥ is extremely dense,
namely the separation between the many-body energy states dE is extremely
small. If ∆E is a representative energy interval of the system,14 and M

the number of states in that interval, it is indeed easy to argue that the
separation between many-body energy states is of the order of (Landau and
Lifshitz, 1959a)

dE ∼ ∆E

M
∼ ∆E e−S/kB ∼ ∆E e−N , (1.14)

where S is the statistical entropy I will discuss in Sec. 2.8, kB = 1.38×10−23

J/K is the Boltzmann constant. In the above I have used the fact that the

12 The ionic vibrations of the underlying lattice may be such an environment if they form a dense
energy spectrum, and no correlated state between electrons and vibrations forms. Otherwise,
energy will flow back and forth between electrons and ionic vibrations, and the following con-
siderations apply to this combined system.

13 Which means the system is also isolated. In this book, I will choose the convention of calling a
system closed when it is not interacting dynamically with an environment, and isolated when
it is not subject to external deterministic forces, like a classical electromagnetic field.

14 Statistically, this interval represents the width of the energy distribution of the system, like the
bandwidth in the single-particle case.
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number of states is exponentially related to the statistical entropy15 and the
latter is an extensive variable, namely it increases with the dimensions of
the system, or, equivalently, with the number of particles.

The recurrence time is thus of the order of

∆trec ∼
�

dE
∼ �

∆E
eN , (1.15)

which for a macroscopically large number of particles may be much larger
than the age of the universe!16 For all practical purposes, there is no way
for us to observe the reverse process, the recharge of a closed capacitor, and
the dynamics of the system is thus practically irreversible.17

The above point is interesting for another reason. If I keep the electron
system closed, but I make it truly infinite, namely with an infinite number
of particles, the spectrum of its Hamiltonian becomes a continuum, dE → 0,
and the recurrence time tends to infinity, ∆trec → +∞. This means that an
infinite system will never return to its initial state, and therefore we do not
need to worry about recurrence times: the dynamics of an infinite system is
intrinsically irreversible. In this case, the energy is diluted into an infinite
number of degrees of freedom (property of a bath, as I have discussed above),
and if we added a particle to it we would not be able to modify the internal
state of the system (property of a reservoir), and that particle would be
“lost” into the reservoir, in the sense that, almost immediately, we would
not be able to follow its dynamics.18

1.2.2 Electron sources

In real life there is clearly no such a thing as an infinite system and in or-
der to set current flowing one generally relies on batteries attached to the
electrodes. The batteries are devices that, via internal chemical processes,
continually charge the surfaces of the electrodes so that a constant potential
difference can be applied at the two contacts between the electrodes and

15 I will demonstrate this explicitly in Sec. 2.8, Eq. 2.144. Here I just need to use this property
to show that an infinite capacitor has an infinite recurrence time.

16 As an example, consider a system with only 100 electrons, whose many-body spectrum is
distributed over ∆E = 1 eV of energy. From Eq. 1.14, dE ≈ 10−44 eV, and the recurrence
time, Eq. 1.15, is ∆tr ec ∼ �/dE ≈ 1028 s, or about 1020 years! This number has to be compared
with the age of the universe which is about 1018 s.

17 This result applies even if we could solve exactly the equation of motion of a macroscopic number
of particles. Needless to say, this is a practically impossible task. Approximations to the exact
dynamics introduce loss of information, and thus provide another source of irreversibility of
dynamical systems (see Sec. 2.8).

18 This statement is obvious in the quantum case where electrons are indistinguishable. It is
also true in classical mechanics where, for all practical purposes, it is impossible to follow the
dynamics of a single particle in an ensemble of infinite identical particles.
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the battery, with consequent current flow across the electrode-conductor-
electrode structure. In other words, the battery creates a capacitor-like
situation as discussed above, and, in addition, maintains it till the chemi-
cal processes run out. I will use the conventional symbol for a battery as
represented in Fig. 1.3(c).

Electrons from the negative side of the battery cross the whole length of
the structure to be collected at the other positive end of the battery. On
average, at the same time electrons are injected from the negative side into
the structure thanks to the electrochemical reaction inside the battery. If for
a moment we put quantum mechanics aside and could label single electrons,
we could easily argue that the ones that get into the positive side of the
battery are not necessarily the same ones that get out of the battery from
its negative side. Quite generally, we would need inelastic processes to carry
electrons inside the battery from its positive terminal to the negative one.
Inelastic means that any one electron changes its energy in going from the
positive terminal to the negative terminal inside the battery.

Most importantly, once an electron is collected at the positive end of the
battery, its subsequent dynamics is practically impossible to follow, and this
electron is “lost” into the battery, most likely without changing the internal
state of the latter. Similarly, we can assume that an electron leaving the
battery does not modify its state considerably. In other words, the battery
effectively acts as a reservoir of electrons.

1.2.3 Intrinsic nature of the transport problem

Are these the only ways we can generate current? Not quite. For in-
stance, we can go back to our finite electrode-conductor-electrode system
of Fig. 1.3(b) after the discharge is complete, i.e., the system is at equi-
librium. We can then immerse it in an oscillating electric field. Electric
charges would then respond to the field and would start moving from one
electrode to the other, generating current. One can also generate current in
a metallic ring threaded by a magnetic field (see, e.g., Kamenev and Kohn,
2001), and so on and so forth.

All this seems awfully complicated to describe theoretically. There appear
to be so many ways we can generate currents, and so many processes we
need to take into account (e.g, the chemical processes in the battery). And
I have not even discussed what happens in the conductor itself, or how we
probe these currents!

This leads us to the following question: What is our main concern when
we want to study transport properties of a given system? For instance, are
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we really interested in what happens inside a battery or at the battery-
electrodes interface? The answer is clearly no. Indeed, what we are really
interested in are the conducting properties of the nanoscale structure in
between the two electrodes. We are less concerned with the way electrons
come out of the source or behave very far away from the conductor.

If so, can we simply ignore the electron source or, generally, forget about
the way electron motion is created – its initial conditions, the immediate
ensuing dynamics, its history dependence, etc. – and focus on the conductor
alone? Unfortunately, as we will see in the following chapters, the answer
to this question is generally a sound no. Indeed, ignoring such issues may
simply mean neglecting important physical processes of particular relevance
in nanostructures.

The above details would not bother us if we were simply to study the
equilibrium properties of the conductor. However, the forced attention to
these details reflects the one basic issue we will have to deal with in this
whole book:

Electrical transport is a non-equilibrium statistical problem.

Conducting electrons are in a state of non-equilibrium whose properties,
quite generally, are at best known statistically. Under certain experimen-
tal conditions, electrons may be very far from their equilibrium state. And
as we all know, many concepts, theorems and results that make equilib-
rium statistical mechanics a well-accepted theoretical framework cannot be
straightforwardly carried over to the non-equilibrium case. Nonetheless, it
is the combination of statistical mechanics ideas with quantum mechanics
that will be the basis of the transport theories I will discuss in the follow-
ing chapters; the ultimate test of these theories being their experimental
verification.

1.3 Measuring currents

I have discussed how we generate currents. A natural question is now

What do we measure when we measure currents?

The answer is non-trivial since we are dealing with a quantum-mechanical
process.

Let us then stop for a moment and familiarize ourselves a bit more with
the quantum mechanics of the transport problem. This will be necessary to
understand what type of information we can extract from a measurement of
the current.
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1.3.1 Microscopic states

As stated previously, electrons flowing in a conductor are in a state of
non-equilibrium. Quantum mechanics tells us that, given an initial con-
dition |Ψ0〉 on the many-body state of the system, its time evolution is de-
scribed by a many-body state vector |Ψ(t)〉, governed by the time-dependent
Schrödinger equation

i�
d|Ψ(t)〉

dt
= Ĥ(t) |Ψ(t)〉 , |Ψ(t0)〉 = |Ψ0〉 (1.16)

where Ĥ is the many-body electron Hamiltonian, sum of the kinetic energy
of all electrons, all interaction energies between them and the surrounding
ions, and any other interaction energy, for instance, the one due to external
fields. A formal solution of this equation is

|Ψ(t)〉 = Û(t, t0)|Ψ0〉, (1.17)

with the time-evolution unitary operator

Û(t, t0) = T
{

exp
[
− i

�

∫ t

t0

dt′Ĥ(t′)
]}

(1.18)

that propagates the initial-time state |Ψ0〉 to the state |Ψ(t)〉 at time t.
The symbol T stands for the time-ordering operator which orders prod-

ucts so that “past” times appear to the right.19 From the Schrödinger
equation 1.16 and Eq. 1.17, we find that the equation of motion of the
time-evolution operator is

i�
∂Û(t, t0)

∂t
= Ĥ(t)Û(t, t0), (1.19)

with boundary condition

U(t0, t0) = 1. (1.20)

The formal solution of Eq. 1.19 is again Eq. 1.18. If the Hamiltonian Ĥ does
not depend on time, from 1.18 we find

Û(t, t0) ≡ Û(t − t0) = e−iĤ (t−t0 )/�. (1.21)

The state vector |Ψ(t)〉 represents a micro-state of the system at time t.
Similarly, the state |Ψ(t0)〉 represents the micro-state of the system at initial
time t = t0. In order to prepare the system in such a state one generally
measures one observable Â, or many commuting observables.
19 For two times t1 and t2 , T[Ĥ (t1 )Ĥ (t2 )] = Ĥ (t1 )Ĥ (t2 ) if t1 > t2 , and T[Ĥ (t1 )Ĥ (t2 )] =

Ĥ (t2 )Ĥ (t1 ) if t2 > t1 .
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1.3.2 The current operator

The observable we are interested in is the current. We thus need to define
its quantum-mechanical operator. The current operator can be constructed
from the current density operator. For a system of electrons interacting with
an arbitrary classical electromagnetic field with vector potential A(r,t), the
current density operator is20

ĵ(r, t) =
1
2

∑
i

{δ(r − r̂i), v̂i} (1.22)

where the sum extends over all particles with position operator r̂i and ve-
locity operator

v̂i =
p̂i − eA(r̂i, t)/c

m
, (1.23)

with the symbol {Â, B̂} ≡ (ÂB̂ + B̂Â) indicating the anti-commutator of
any two operators Â and B̂; δ is the Dirac delta function; and m is the
electron mass.

We can rewrite Eq. 1.22 in another form which will be convenient in the
following chapters. By replacing 1.23 into 1.22, and defining the number
density operator

n̂(r) =
∑

i

δ(r − r̂i), (1.24)

we get

ĵ(r, t) = ĵp(r) −
e

mc
n̂(r)A(r̂i, t), (1.25)

where

ĵp(r, t) =
1

2m

∑
i

{δ(r − r̂i), p̂i} (1.26)

is the paramagnetic current density operator, and the term −en̂(r)A(r̂i, t)/mc

is called the diamagnetic current density operator.21

20 The operator ĵ(r, t) has three components, one for each cartesian coordinate.
21 Note that the paramagnetic current density operator is Hermitian but not gauge invariant.

Therefore, it is not an observable. Only the total current density 1.22 is an observable.
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Given a surface S, the current operator is defined as22

Î =
∫

S
dS · ĵ(r, t), (1.27)

where dS is again the surface vector l̂ dS we have defined in Sec. 1.2.23

This operator has, in general, a spectrum of eigensolutions with a discrete
component

Î|ΨI0 〉 = I0|ΨI0 〉, (1.28)

with the states |ΨI0 〉 belonging to the Hilbert space of the system, and
satisfying the orthonormality condition

〈ΨI0 |ΨI ′0
〉 = δI0 ,I ′0

. (1.29)

These discrete states correspond to confined currents such as those set by a
magnetic field threading a conducting ring.24 But most often, and particu-
larly for all the cases I will discuss in this book, the operator Î has mainly
a continuum spectrum

Î|ΨI 〉 = I|ΨI 〉. (1.30)

These states are not square-integrable – their norm is not finite – and thus
they do not belong to the Hilbert space of the system. Their “orthonormal-
ity” condition is instead

〈ΨI |ΨI ′〉 = δ(I − I ′), (1.31)

and their statistical interpretation is a bit trickier than for states that belong
to a discrete spectrum. Indeed, only the eigendifferentials one can construct

22 Alternatively, we can close the surface S so that it encloses one of the electrodes. We can
then define an operator N̂V that counts the number of electrons in the volume V enclosed by
the surface S . The current operator can then be equivalently defined as the rate of change of
charges in that volume

ÎV = −dN̂V

dt
.

We will use this definition in Chapter 4.
23 The current operator 1.27 clearly depends on the chosen surface S , and, as we are considering

here, may have an explicit dependence on time due to the presence of a time-dependent field.
Even if it does not depend on time explicitly, it may not commute with the Hamiltonian of
the system. The current is thus not necessarily a constant of motion. This may be true even
if the system is in a current-carrying steady state, because in that case, it is truly the time
average 1.12 that is constant in time.

24 These are also called confined or persistent currents (Büttiker et al., 1983; Levý et al., 1990).
In this case, we say that the current is a property of the “ground state” of the system in the
presence of a magnetic field since it can be obtained from the eigenstates of the Hamiltonian
in the presence of the field.
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from these states, namely the states

|ΨδI 〉 =
1√
δI

∫ I+δI

I
dI|ΨI 〉, (1.32)

with δI a small interval of current in the continuum, are square-integrable
and thus belong to the Hilbert space. They indeed satisfy the orthonormality
condition (Messiah, 1961)

lim
δI→0
δI ′→0

〈ΨδI |ΨδI ′〉 = δI,I ′ . (1.33)

Strictly speaking, whenever we construct averages of operators over states
in the continuum, we implicitly assume that we are dealing with eigendiffer-
entials of the type 1.32, corresponding to the states of that observable, and
not the continuum states themselves. We will see in Sec. 6.5.5 that this has
implications on the definition of current-induced forces.

Here I show that as a consequence of what I have just discussed, the
measurement of the current, which provides a value in the continuum, is
always affected by an intrinsic error – even if the measurement apparatus
itself does not introduce any other error in the measurement.25

In order to see the fundamental difference between a measurement of the
current that provides a value in the discrete part of the spectrum and the
measurement of a value in the continuum, let us write the state of the system
|Ψ(t)〉 in terms of the eigenvectors of the current operator,26

|Ψ(t)〉 =
∑
I0

cI0 (t)|ΨI0 〉 +
∫

dI cI (t)|ΨI 〉, (1.34)

where the coefficients cI0 (t) and cI (t) are some complex numbers. The
probability that a measurement of the current Î gives a discrete value I0

at time t is then

P (Î → I0|t) = |cI0 (t)|2 = 〈ΨI0 |Ψ(t)〉|2. (1.35)

On the other hand, for a measurement in the continuum, we can only ask
what the probability is that a measurement of the current Î provides a value
in an interval (I, I + δI) at time t. This probability is

P (Î → (I, I + δI)|t) =
∫ I+δI

I
dI|cI(t)|2 =

∫ I+δI

I
dI|〈ΨI |Ψ(t)〉|2. (1.36)

25 Obviously, a measuring apparatus is affected by its own intrinsic error, in addition to the
bandwidth I discussed in Footnote 9 .

26 Equation 1.34 assumes that there are no other quantum numbers associated with the state of
the system. As I will discuss in a moment, this is generally not true.
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If the interval δI is infinitesimal, the probability is simply P (Î → (I, I +
dI)|t) = |cI (t)|2dI.

We can rewrite the above probability in an alternative way by introducing
the projection operator onto the subspace of the eigenvalues of the current.
For the discrete spectrum I define

P̂I0 = |ΨI0 〉〈ΨI0 | , (1.37)

which has eigenvalue 1 for the state |ΨI0 〉 corresponding to current I0, and
0 for any other state |ΨI ′0

〉, with I ′0 	= I0. With this definition, the probabil-
ity 1.36 may be written as

P (Î → I0|t) = 〈Ψ(t)|P̂I0 |Ψ(t)〉. (1.38)

For the continuum, I define the projection operator onto the subspace of
the current eigenvalues in the interval (I, I + δI) as

P̂I =
∫ I+δI

I
dI|ΨI 〉〈ΨI |, (1.39)

which acquires the value 1 when operating on the eigenstates |ΨI 〉 in the
interval (I, I + δI), and 0 for any eigenstate |ΨI ′〉, with I ′ 	= (I, I + δI).
Equation 1.36 can then be written as

P (Î → (I, I + δI)|t) = 〈Ψ(t)|P̂I |Ψ(t)〉. (1.40)

1.3.3 The measurement process

If the state of the system is given by Eq. 1.34 before the measurement of the
current, and by measuring the latter at time t we observe a discrete value
I0, the system is in the state27

|Ψ(t + dt)〉 = |ΨI0 〉 (1.41)

immediately after the measurement. An immediate repetition of the same
measurement would lead to exactly the same result. This is known as the
postulate of wave-packet reduction.

For a measurement in the continuum instead, if we measure a value of the
current in the interval (I, I + δI), the system is in the state

|Ψ(t + dt)〉 =
1√∫ I+δI

I dI|cI (t)|2

∫ I+δI

I
dI cI (t)|ΨI 〉, (1.42)

27 Here, as in the rest of the book, I will assume that the system is not appreciably perturbed
by the measurement of the current, except for the wave-packet collapse. This is called an ideal
measurement.
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immediately after the measurement.
Using the definition 1.39 of the projection operator, with the results 1.36

and 1.40 the postulate of wave-packet reduction becomes

|Ψ(t + dt)〉 =
P̂I |Ψ(t)〉√

〈Ψ(t)|P̂I |Ψ(t)〉
=

P̂I |Ψ(t)〉√
P (Î → (I, I + δI)|t)

, (1.43)

immediately after the measurement, which reduces to 1.32 if δI is infinites-
imal.

As anticipated, unlike for the discrete spectrum, a measurement in the
continuum does not specify the state of the system with absolute precision,
but provides a linear combination of states in a given interval of values of
the spectrum. This interval can be made very small, but never exactly zero.
This means that a measurement of the current for the majority of systems
I consider in this book is always affected by an intrinsic (unavoidable) error
of quantum-mechanical origin.

1.3.4 Complete measurement and pure states

There is yet another point I need to make regarding the measurement of cur-
rents. In the above discussion, I have implicitly assumed that by measuring
the current I can completely specify the micro-state of the system at any
time, i.e., I can write |Ψ(t)〉 as in Eq. 1.34. In other words, I have assumed
that the current provides maximum information on the state of the system.
For the majority of physical systems I consider in this book, this is not the
case. In quantum mechanics, specifying |Ψ(t)〉 at any given time generally
requires measuring more than one observable. To make this clearer, let us
start from classical mechanics.

In classical mechanics, we completely know the state of N particles if we
know their 3N coordinates and their 3N momenta at any time. In quantum
mechanics, if two observables do not commute (for instance, the conjugated
position and momentum operators), we cannot measure their values simul-
taneously: the measurement of one of them introduces an uncertainty in the
other.

Therefore, the best one can do is to measure the maximum number of
observables Â1, Â2, . . ., Âl, that commute with each other (i.e., [Âi, Âj ] =
ÂiÂj − ÂjÂi = 0,∀i, j = 1, . . . , l), so that the result of these observations
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provides a set of eigenvalues to which is associated a single eigenstate, i.e.,

Â1|Ψa1 ,...,al
〉 = a1|Ψa1 ,...,al

〉
...

Âl|Ψa1 ,...,al
〉 = al|Ψa1 ,...,al

〉. (1.44)

This is called a complete set of commuting or compatible observables, and
the corresponding state (of which we know all possible quantum numbers)
is also known as pure state. As I will discuss in Sec. 2.8 this is a state with
“maximum knowledge”, in the sense that it provides maximum information
on the system.

An example

Consider the simplest case possible: a free particle, one whose dynamics is
determined by the Hamiltonian Ĥ = p̂2/2m. For this case, a complete set
of observables is provided by the three components of the momentum p̂.
Let us indicate with |Ψpx ,py ,pz 〉 the common eigenstates of these operators,
which in the position representation are

〈r|Ψpx ,py ,pz 〉 =
1

(2π�)3/2 exp
[

i
�
(pxx + pyy + pzz)

]
=

1
(2π�)3/2 e

i
�
p·r,

(1.45)
with eigenvalues px, py and pz for the three coordinates of the momentum
(see Eq. 1.44). For a free particle, the current density is constant in space,
so that the current operator 1.27 defined across a given surface is simply the
area of that surface times the current density operator. From Eq. 1.22 we
then see that the current operator is a function of the momentum compo-
nents, commutes with them, and thus shares with them the same complete
set of eigenstates. Therefore, in the case of a free particle, the measurement
of the current and of any two of its momenta specifies completely the simul-
taneous state of the three components of the momentum that leads to that
current.

However, if we simply measure a current I, we do not know all degrees of
freedom of the particle (its momentum), and its state after the measurement
is simply

|Ψ(t + dt)〉 = A
∫ +∞

−∞
dp cpx ,py ,pz (t)|Ψpx ,py ,pz 〉

∣∣∣∣
I

, (1.46)

a linear combination of momentum states of the particle, constrained to give
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the measured current I, with A a normalization constant.28 This is even
more so for a system of N interacting particles: the measurement of the
current is generally not enough to specify the micro-state of the system.

Since in transport experiments one generally measures only the current,
and not all other compatible degrees of freedom, the state of the system is
not completely known. The current measurement provides only an average
macroscopic quantity without information on the microscopic degrees of
freedom.

1.4 The statistical operator and macro-states

From the previous discussion I conclude that the state of a current-carrying
system is only known statistically: one does not know the time evolution
of all degrees of freedom, only of some average macroscopic quantities. In
this case, the quantum-mechanical evolution of a single state vector |Ψ(t)〉
does not provide full information on the state of the system, and one has to
resort to a different formalism. The latter needs to take into account both
the “intrinsic” statistical nature of quantum mechanics, and a classical type
of statistics. Here I briefly introduce the mathematical concept that accom-
plishes this task, known as the statistical operator or density operator. I will
use it in several parts of this book, whenever I need to consider explicitly
the statistical nature of the transport problem.

If the quantum-mechanical state of the system is not known exactly, we
can only discuss what is the probability that our system is in the state
|Ψi(t)〉 at any given time t. It is thus convenient to envision an ensemble of
identical copies of our system, all prepared with similar initial conditions,
and attribute at any given time t, a state vector |Ψi(t)〉 to each element i of
the ensemble.29 This state vector occurs with probability pi in the ensemble
(see Fig. 1.5). These classical probabilities do not depend on time,30 as
they simply describe how the ensemble is distributed over the individual
elements; and in order to represent a probability they have to add to unity∑

i

pi = 1. (1.47)

28 Clearly, for a free particle in one dimension, the measurement of the current specifies its
momentum in the sense 1.36 of a measurement in the continuum.

29 Of course, even if we knew the state of the system exactly (that is we have prepared it via a
complete measurement), due to the statistical interpretation of quantum mechanics, we have
to deal with an ensemble of systems, each prepared with exact precision. As I will show in
a moment, this is a particular case (a pure state) of the more general statistical operator
formalism I am discussing here. Therefore, to be precise, one should consider the elements i as
sub-ensembles of the whole ensemble of copies of the system.

30 This is true for closed quantum systems. For open quantum systems these probabilities may
vary in time (see Appendix G).
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Fig. 1.5. An ensemble of identical copies of a system, each described by a state
vector |Ψi〉 occurring with probability pi . The whole set {|Ψi〉, pi} describes a
macro-state of the system with M accessible micro-states.

Let us then define the statistical operator

ρ̂(t) =
∑

i

pi|Ψi(t)〉〈Ψi(t)|. (1.48)

With this definition, the probabilities pi are simply

pi = 〈Ψi|ρ̂|Ψi〉, (1.49)

where I have used the orthonormality of the states |Ψi〉.
The set {|Ψi〉, pi} of all possible micro-states |Ψi〉 and their probability

pi of occurring in the ensemble is called a macro-state of the system, or a
mixed state.31

Given an operator Â we then define its expectation value

〈Â〉t =
∑

i

pi〈Ψi(t)|Â|Ψi(t)〉 = Tr{ρ̂(t)Â}, (1.50)

by performing both a quantum-mechanical average over the states of the
system, and a classical average over the ensemble of replicas of the system.
The symbol Tr indicates the trace of the matrix obtained from a given
operator in a specified basis set (note that the trace is independent of the
chosen basis set), and the last equality of Eq. 1.50 comes from the definition
of the trace of an operator, or equivalently, from the fact that given any two
states |φ〉 and |ψ〉 the trace satisfies the following property (see Exercise 1.1)

Tr{|φ〉〈ψ|} = 〈ψ|φ〉. (1.51)

31 The representation of a given macro-state is not necessarily unique. There may indeed be two
(or possibly many) distinct macro-states {|Ψi 〉, pi}, {|Ψ̃i 〉, p̃i} that give the same statistical
operator 1.48. Since only the averages 1.50 are physically measurable, these macro-states
represent the same dynamical properties of the same physical system, and cannot be thus
distinguished (see Exercise 1.3).
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Equation 1.50 is written in the Schrödinger picture where the time evo-
lution is attributed to the state vectors, and the operators are independent
of time, apart from a possible explicit time dependence. In the Heisenberg
picture the operators evolve in time, while the state vectors are constant in
time.32 The average 1.50 must be identical in the two representations, and
in the Heisenberg picture we write it as

〈Â〉t = 〈ÂH (t)〉 ≡ Tr{ρ̂(t = 0)ÂH (t)}, (1.52)

where ρ̂(t = 0) is the initial-time statistical operator, and AH (t) is the
observable in the Heisenberg picture.

In any given basis {|Φ〉} of the system’s Hilbert space the statistical oper-
ator 1.48 is represented by the density matrix elements 〈Φ|ρ̂|Φ′〉. In addition,

Tr{ρ̂(t)} =
∑

i

pi = 1, (1.53)

i.e., the statistical operator has unit trace at all times. I also mention
the following important properties of the statistical operator (Exercise 1.2),
namely ρ̂ is Hermitian, ρ̂ = ρ̂†, and non-negative, 〈Ψ|ρ̂|Ψ〉 ≥ 0, ∀ |Ψ〉 in the
Hilbert space, which guarantees that the expectation value 1.50 of a positive
operator, and the variance of any operator Â, 〈Â2〉t − 〈Â〉2t , are positive.

Finally, due to the properties of the trace, the average of any observ-
able 1.50 is independent of the chosen basis. Instead of using the exact
many-body states |Ψi(t)〉 one can then change basis and use the eigenstates
of the system whose interactions among particles have been switched off.
We will see in the following chapters that with suitable approximations on
the Hamiltonian of the system this leads to enormous simplifications in the
calculations.

1.4.1 Pure and mixed states

When the macro-state has probability distribution {1, 0, . . . , 0}, the statis-
tical operator is

ρ̂(t) = |Ψ(t)〉〈Ψ(t)|, pure state, (1.54)

and the system is in a well-defined micro-state, of which we have full in-
formation. It is thus a state that can be prepared by the measurement
of a complete set of commuting observables, and as we have discussed in
32 I recall that given an operator Â in the Schrödinger picture, its Heisenberg representation is

ÂH (t) = Û †(t, t0 ) Â Û (t, t0 ) = Û (t0 , t) Â Û (t, t0 ), where the unitary operator Û (t, t0 ) is given
in Eq. 1.18. In this book I will make use of both representations. I will specify when I switch
from the Schrödinger to the Heisenberg picture.
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Sec. 1.3.4 we call it a pure state. Otherwise, the statistical operator is given
by Eq. 1.48, and, as previously discussed, we say the system is in a mixed
state.

1.4.2 Quantum correlations

What is the meaning of the matrix elements of the statistical operator in a
given basis set? The answer to this question is important to understand the
phenomenon of decoherence I will discuss in the next chapter.

Consider a system that can exist in only two states (for instance the two
states of an electron spin). Call these two “spin” states |↑ 〉 and |↓ 〉. Assume
the system is in a pure state |Ψ〉, which is a linear combination of these two
spin states

|Ψ〉 = α|↑ 〉 + β|↓ 〉, (1.55)

with α and β two complex numbers such that |α|2 + |β|2 = 1. The statistical
operator is

ρ̂ = |Ψ〉〈Ψ| = |α|2|↑ 〉〈 ↑ | + αβ∗|↑ 〉〈 ↓ | + α∗β|↓ 〉〈 ↑ | + |β|2|↓ 〉〈 ↓ |, (1.56)

or in matrix notation (in the basis |↑ 〉, |↓ 〉)

ρ =
(

|α|2 αβ∗

α∗β |β|2
)

. (1.57)

From the above we immediately see that we can attribute a classical in-
terpretation to the diagonal elements of the density matrix: they represent
the probability of finding the system in either the state | ↑ 〉 or | ↓ 〉. The
off-diagonal terms, on the other hand, relate to the quantum correlations
between the two spin states, and originate precisely from the superposition
(or quantum coherence) of quantum-mechanical states (our equation 1.55).
These correlations do not have a classical counterpart and therefore they do
not allow for a strictly classical interpretation. They quantify the degree of
“quantumness” of a physical system.33

As I will discuss in the next chapter, when the system is in interaction
with an environment (or with a measuring apparatus), the effect of the
environment is to transform the density matrix into a diagonal one as time
elapses, namely

ρ =
(

|α|2 αβ∗

α∗β |β|2
)

t→+∞−−−−−−−−→
environment

(
|α′|2 0

0 |β′|2
)

, (1.58)

33 Note that the term “quantum correlations” is not limited to the off-diagonal elements of the
density matrix. We may indeed work in a basis in which the density matrix is diagonal to
begin with. The diagonal terms would then contain quantum correlations.
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with α′ and β′ two complex numbers such that |α′|2 + |β′|2 = 1. The
correlation degrees of freedom embodied in the off-diagonal matrix elements
of the density matrix are “lost” in the environment. We thus say that the
latter has created decoherence or dephasing, and the system ends up in an
incoherent state, which, as I have discussed above, allows for an easy classical
interpretation.

1.4.3 Time evolution of the statistical operator

The equation of motion for the statistical operator 1.48 can be easily ob-
tained from the time-dependent Schrödinger equation 1.16. I find

i�
dρ̂(t)
dt

= i�
∑

i

pi
d|Ψi(t)〉〈Ψi(t)|

dt

=
∑

i

pi[Ĥ(t)|Ψi(t)〉〈Ψi(t)| − |Ψi(t)〉〈Ψi(t)|Ĥ(t)]

= Ĥ(t)

(∑
i

pi|Ψi(t)〉〈Ψi(t)|
)

−
(∑

i

pi|Ψi(t)〉〈Ψi(t)|
)

Ĥ(t)

= Ĥ(t)ρ̂(t) − ρ̂(t)Ĥ(t). (1.59)

Using the definition of the commutator of any two operators Â and B̂,
[Â, B̂] = ÂB̂ − B̂Â, I can write the above equation as

i�
dρ̂(t)
dt

= [Ĥ, ρ̂(t)], closed quantum system. (1.60)

The above equation, known as the Liouville−von Neumann equation, de-
scribes the dynamics of a closed quantum system whose state may or may
not be completely specified.34 It must be solved with a given initial condition
ρ̂(t0).

Using the definition 1.18 of the time-evolution operator U(t, t0), a formal
solution to Eq. 1.60 is

ρ̂(t) = U(t, t0)ρ̂(t0)U †(t, t0), (1.61)

which can be checked by direct substitution into 1.60.

34 I remind the reader that I call closed a system that is not in dynamical interaction with an
environment with which it may exchange energy and/or particles. However, Eq. 1.60 is also
valid for systems subject to deterministic external forces, such as an electromagnetic force.
Therefore, the system may not be isolated.
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1.4.4 Random or partially specified Hamiltonians

Note that in order to derive 1.60 I have implicitly assumed that the Hamilto-
nian Ĥ does not depend on the micro-states |Ψi(t)〉,35 namely Ĥ 	= Ĥ[{|Ψi〉}]
– otherwise the third equality in Eq. 1.59 does not hold. What if this is not
the case, or more generally, the system is so complicated that we do not
even know the Hamiltonian completely? This issue will appear in Chap-
ter 7 when we will make use of approximate Hamiltonians derived from
density-functional theory. It is, however, a general problem when the num-
ber of degrees of freedom is macroscopic (as in a transport problem), and
by making a series of approximations to render the problem analytically or
numerically tractable we are left with some degrees of freedom that we know
only statistically.36

The above results can also be extended to the case in which the Hamilto-
nian itself is not known exactly, i.e., when the Hamiltonian Ĥ contains some
unknown components, or components that may vary randomly. Let us call
Ĥj each Hamiltonian in this ensemble of random or stochastic Hamiltonians,
and p̃j the probability that this Hamiltonian appears in the ensemble.37 A
statistical operator ρ̂j(t) associated with a given Hamiltonian Ĥj satisfies an
equation of motion 1.61 with a given Uj(t, t0). For each of these statistical
operators we can calculate the average of any observable Â via Eq. 1.50.
The total average over all statistical operators is simply weighted by the
probabilities p̃j that these statistical operators occur. The definition 1.50
can be thus generalized as

〈Â〉t = Tr
{

ρ̂(t)Â
}

=
∑

j

p̃jTr
{

ρ̂j(t)Â
}

= Tr


∑

j

p̃j ρ̂j(t)Â




= Tr


∑

j

p̃jUj(t, t0)ρ̂j(t0)U
†
j (t, t0)Â


 . (1.62)

Since this must be true for any observable Â, from the second and last

35 If it does depend, like the Hamiltonian operator of the Hartree−Fock equations (Ashcroft and
Mermin, 1975), we say that it is a functional of the wave-functions. This is also the case, for
instance, if the Hamiltonian is a functional of the density and/or a functional of the current
density.

36 For instance, we may neglect some correlations among electrons that we know constrain the
current to a certain average value. These correlation are then known only statistically and we
may treat them as random variables.

37 This probability is not necessarily the probability that, given a Hamiltonian, a micro-state |Ψi 〉
appears in the ensemble of micro-states corresponding to that Hamiltonian.
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equalities we see that the statistical operator ρ̂ at time t is simply

ρ̂(t) =
∑

j

p̃j ρ̂j(t) =
∑

j

p̃jUj(t, t0)ρ̂j(t0)U
†
j (t, t0). (1.63)

Note that this statistical operator does not satisfy Eq. 1.60 with a given
Hamiltonian, i.e., its time evolution is not known in a closed form, and in
order to find it, one needs to evaluate the average 1.63, at every time step,
over all stochastic evolutions of each element of the ensemble of Hamiltoni-
ans.

1.4.5 Open quantum systems

Consider now the case in which our system can be separated into two sub-
systems. For instance, I will show in Chapter 6 that the many-body Hamil-
tonian of electrons and ions of a given material, can, under specific approx-
imations, be written as the sum of an electronic Hamiltonian Ĥe, plus a
Hamiltonian describing ionic vibrations (whose quanta are called phonons)
Ĥph, and a Hamiltonian describing their mutual interaction Ĥe−ph. The
total Hamiltonian is thus38

Ĥ = Ĥe ⊗ 1̂e + 1̂ph ⊗ Ĥph + Ĥe−ph, (1.64)

where 1̂e is the identity operator on the Hilbert space He of the electrons
only, and 1̂ph is the identity operator on the Hilbert space Hph of the
phonons. The symbol ⊗ means tensor product of the two Hilbert spaces.

If we are only interested in the dynamics of the electrons alone, i.e., we
are interested in the current carried by the electrons in the presence of the
bath of phonons without concern for the microscopic dynamics of the latter,
we can proceed as follows.

Let {|Ψe〉} be a complete set of eigenstates in the Hilbert space He of the
electrons, and {|Ψph〉} a complete set of eigenstates in the Hilbert space Hph

of the phonons. The states

|Ψe,ph〉 = |Ψe〉|Ψph〉 (1.65)

span the composite Hilbert space of the total system, electrons plus phonons,
H = He ⊗Hph.

The macro-state of the total system is described by some statistical opera-
tor ρ̂e−ph(t) whose matrix elements in the basis 1.65 are 〈Ψe,ph|ρ̂e−ph|Ψe′,ph′〉,
with the symbols {e, e′, ph, ph′} indicating all possible electron and phonon
38 I will derive the explicit form of these Hamiltonians in Chapter 6. Here it suffices to know that

they describe different sub-systems, and their mutual interaction.
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quantum numbers. The current operator on the composite Hilbert space,
H, is the tensor product of the current operator 1.27 on the Hilbert space of
the electrons, and the identity operator on the Hilbert space of the phonons,
1̂ph, i.e.,

Îe−ph = Î ⊗ 1̂ph. (1.66)

According to Eq. 1.50 the expectation value of this current operator (that
represents the expectation value of the current operator of the electron sub-
system) is then

〈Î〉t ≡ 〈Îe−ph〉t = Tr{ρ̂e−ph(t)Îe−ph} = Tr{ρ̂e−ph(t)[Î ⊗ 1̂ph]}
=

∑
e,e′,ph,ph′

〈Ψe,ph|ρ̂e−ph|Ψe′,ph′〉〈Ψe′,ph′ |Î ⊗ 1̂ph|Ψe,ph〉

=
∑

e,e′,ph

〈Ψe,ph|ρ̂e−ph|Ψe′,ph〉〈Ψe′ |Î|Ψe〉 , (1.67)

where in the above, the symbol {e, e′, ph, ph′} means that the sum extends
over all states |Ψe,ph〉 of the composite system, and in the last equality I have
used the orthonormality condition of the phonon states 〈Ψph|1̂ph|Ψph′〉 =
δph,ph′ .

If we define the matrix elements of the reduced statistical operator acting
only on the Hilbert space He of the electrons39

〈Ψe|ρ̂e|Ψe′〉 =
∑
ph

〈Ψe,ph|ρ̂e−ph|Ψe′,ph〉 ≡ 〈Ψe|Trph{ρ̂e−ph(t)}|Ψe′〉, (1.68)

we can rewrite Eq. 1.67 as

〈Î〉t = Tre{ρ̂e(t)Î} (1.69)

where the symbol Tre means that we are integrating over the electronic
degrees of freedom, and I have defined the statistical operator

ρ̂e(t) = Trph{ρ̂e−ph(t)}, (1.70)

constructed by integrating or tracing out the phonon degrees of freedom.
In the rest of the book we will be concerned mostly with traces over the
electronic degrees of freedom, so to simplify the notation, I will use the
symbol Tr to mean Tre.

Note that after this integration, the state of the electronic subsystem is not
necessarily in a pure state, even if it was prepared as such at the initial time.
39 This is the quantum-mechanical analogue of the classical reduced densities I will define in

Sec. 2.6.



1.4 The statistical operator and macro-states 27

Fig. 1.6. A physical system is, in general, always in interaction with an environ-
ment. For electrons in a conductor this environment may be provided by the ionic
vibrations, or the ensemble of electrons themselves.

This is a general property of composite quantum systems: a subcomponent
of the whole quantum system cannot be generally described by pure states.

In addition, unlike the total statistical operator ρ̂e−ph(t) whose dynamics
is given by Eq. 1.60 with Hamiltonian 1.64, the dynamics of the reduced
statistical operator ρ̂e(t) does not generally obey a closed equation of mo-
tion, i.e., a simple equation of the type 1.60.40 This is precisely due to the
interaction Ĥe−ph between electrons and phonons. Nonetheless, we can still
derive a closed equation under specific conditions.

Let us assume that at the initial time t = t0 the total statistical operator
can be separated into

ρ̂e−ph(t0) = ρ̂e(t0) ⊗ ρ̂ph(t0), (1.71)

the electrons and phonons are initially uncorrelated. One can then switch on
their mutual interaction for t > t0 (provided the interaction is weak), and
by assuming that the phonons “lose” memory of their internal correlations

40 In fact, from Eq. 1.60

i�
d(Trph {ρ̂e−ph (t)})

dt
= Trph {[Ĥ , ρ̂e−ph (t)]} �= [Ĥ , Trph {ρ̂e−ph (t)}].
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fast,41 one finds the following equation for ρ̂e(t) (see Appendix C)

dρ̂e(t)
dt

= − i
�

[
Ĥe, ρ̂e(t)

]
− 1

2
V̂ †V̂ ρ̂e(t) −

1
2
ρ̂e(t)V̂ †V̂ + V̂ ρ̂e(t)V̂ †, (1.72)

where V is an operator (not necessarily Hermitian) derived from the coupling
Hamiltonian Ĥe−ph, and often called the Lindblad operator. More generally
we can write Eq. 1.72 as

dρ̂e(t)
dt

= Lρ̂e(t), open quantum system (1.73)

where L is known as the Lindbladian,42 and Eq. 1.73 as the Lindblad equa-
tion, or quantum master equation. I derive this equation in Appendix C,
where I also discuss some of its general properties. In particular, I stress
here that the Hamiltonian appearing in Eq. 1.72 may not necessarily coincide
with the Hamiltonian of the electrons in the absence of the bath. The bath,
via interaction with the system, may also contribute to the unitary part of
the system evolution by “shifting” (or renormalizing) its energy states (see
Appendix C).

In Appendix G I will re-derive Eq. 1.73 from the stochastic Schrödinger
equation G.1, which will be more useful when we transform the many-body
electron problem into an effective single-particle one using density-functional
methods.

Equation 1.73 describes the dynamics of the electrons open to a bath of
phonons. This dynamics is not unitary like the time-dependent Schrödinger
equation 1.16, and we thus say it describes electron evolution “beyond
Hamiltonian dynamics”.

Equation 1.73 is not limited to electrons in interaction with phonons. It
generally describes the interaction of a physical system in interaction with
(open to) an environment whose strength is represented by some operator
V̂ (Fig. 1.6). If one considers single electrons, this environment may be
due to the presence of the other electrons in the conductor, which produce
fluctuations in the electron dynamics via electron-electron scattering.

I also note that for an arbitrary operator L Eq. 1.73 does not necessarily
41 In other words, the electron dynamics is slower than any correlation time of the phonons (see

definition in Sec. 5.1). As I have discussed in Sec. 1.2, this is precisely the condition for a bath
to behave as such: its interaction with the system of interest – in this case the electrons –
does not modify its internal state. This is also called the Markovian approximation. However,
in the case of phonons, by doing so we neglect any correlated feedback the electrons may
provide to the phonon dynamics. We will see in Sec. 8.6 that this feedback is not necessarily
negligible locally in a nanoscale junction. If we relaxed the Markov approximation, we would
still obtain a closed equation of motion for the statistical operator but with “memory” effects
(see Appendix C).

42 The operator L is a type of super-operator because it transforms an operator into another.
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admit a stationary solution in the limit of t → +∞, namely a statistical
operator ρ̂ss

e such that

lim
t→+∞

dρ̂ss
e (t)
dt

= 0. (1.74)

If it does admit a solution for a given L, this statistical operator may not
be unique, i.e., there may be many (possibly a macroscopic number of)
solutions to Eq. 1.72 satisfying the condition 1.74 (see Appendix C).

1.4.6 Equilibrium statistical operators

The statistical operators of electrons and phonons at the initial time may
be arbitrary. Indeed, at the initial time both subsystems may be in a state
of non-equilibrium according to how the system is prepared – for instance
by the battery that drives the current. In many instances, it will be how-
ever convenient, or necessary, to assume that both electrons and phonons
are in an initial state of equilibrium. This state is easy to calculate from
equilibrium statistical mechanics.

When a system is in global equilibrium with a reservoir at temperature
θ with which it may exchange particles,43 the probability pi that it can be
found in a micro-state |Ψi〉N , that contains a number N of particles, and
has energy EN

i (solution of ĤN |Ψi〉N = EN
i |Ψi〉N , with ĤN the N -particle

Hamiltonian) is given by the equilibrium grand-canonical distribution (see,
e.g., Balian, 1991)

peq
i =

e−β(EN
i −µ̄N )∑

M

∑
j e−β(EM

j −µ̄M )
, (1.75)

where µ̄ is the energy change due to the addition of an extra particle to the
system (also known as chemical potential that I discuss in detail in the next
chapter), and I have defined β = 1/kBθ. Using the energy eigenstates |Ψi〉N
and the definition 1.48 of statistical operator, the latter can be written as
(see also 1.49)

ρ̂eq
G =

e−β(Ĥ−µ̄N̂ )

Tr{e−β(Ĥ−µ̄N̂ )}
≡ e−β(Ĥ−µ̄N̂ )

ZG
, (1.76)

with the grand-canonical partition function ZG = Tr{e−β(Ĥ−µ̄N̂ )},44 and N̂

43 This equilibrium state can be thought of as the long-time stationary solution of Eq. 1.73 for
some super-operator L.

44 The sums in both the canonical and grand-canonical partition functions run over all degenera-
cies of the energy states.
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an operator that counts the number of particles in a given many-body state
(see also Appendix A and Chapter 4)

N̂ |Ψi〉N =


∑

M,j

M |Ψj〉M M 〈Ψj |


 |Ψi〉N = N |Ψi〉N . (1.77)

If the number of particles in the system is fixed (not just its average) then
the equilibrium statistical operator is the canonical45

ρ̂eq
C =

e−βĤ

Tr{e−βĤ}
≡ e−βĤ

ZC
, (1.78)

with the canonical partition function ZC = Tr{e−βĤ}. The canonical prob-
abilities are

peq
i =

e−βEi∑
j e−βEj

. (1.79)

The form of the above statistical operators is the same for both electrons and
phonons, the difference being clearly in the quantities appearing in them,
such as the Hamiltonian and chemical potential.

Fig. 1.7. (a) Degenerate limit
of the Fermi−Dirac distribution
for independent electrons. (b)
Broadening of the Fermi−Dirac
distribution at a finite tempera-
ture θ. µ̄ is the chemical poten-
tial.

When the N particles are non-interacting, or weakly interacting,46 and
indistinguishable then the total energy of the system E is simply the sum
45 In the limit of zero temperature, β → +∞, this reduces to the statistical operator of the ground

state ρ̂0 = |Ψ0 〉〈Ψ0 |.
46 This is called an ideal gas and I will employ its properties in several parts of this book.
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over the single-particle energies Ej of its constituents, E =
∑

j NjEj , where
Nj is now the average number of particles that occupy the single-particle
level with energy Ej , with

∑
j Nj = N . We then find that the average

occupation number or distribution of these single-particle levels weighted
according to 1.75 is

fj ≡ Nj =
1

e(Ej−µ̄)/kB θ + 1
, Fermi−Dirac distribution, (1.80)

for electrons, and

Nj =
1

eEj /kB θ − 1
, Bose−Einstein distribution, (1.81)

for phonons.47

Fig. 1.8. Bose−Einstein distri-
bution as a function of energy for
independent phonons.

In the limit of zero temperature the Fermi−Dirac distribution tends to a
step function with unit height, with the chemical potential delimiting the
edge of the step function:

f(ε) → Θ(µ̄ − ε); θ → 0, (1.82)

where Θ(µ̄ − ε) is the Heaviside step function, which is zero for µ̄ − ε < 0,
and takes the value 1 for µ̄ − ε > 0 (Fig. 1.7(a)). In this limit we say
the non-interacting electrons form a degenerate Fermi gas, and the chemical
potential coincides with the Fermi energy, EF , the energy of the highest
occupied level.48

At finite temperatures the Fermi−Dirac distribution broadens due to the

47 The number of phonons (like the number of photons, quanta of the electromagnetic field) is not
conserved. At thermal equilibrium it cannot be modified independently of the temperature.
Therefore, the chemical potential for phonons is taken to be zero.

48 More generally, the degenerate limit of the Fermi gas occurs when the thermal energy kB θ is
much smaller than the Fermi energy EF .
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fact that some electrons are excited to states above the chemical potential,
with the broadening of the order of kBθ (Fig. 1.7(b)).49

The Bose−Einstein distribution instead tends to zero with increasing en-
ergy, and diverges as the energy goes to zero (see Fig. 1.8). We refer the
reader to other textbooks for a derivation of these well-known results (see
for instance Pathria, 1972).

1.5 Current measurement and statistical operator truncation

As a particular case of open quantum systems, let us consider our electron
system “open” to an apparatus measuring the current. Indeed, the coupling
of a measurement apparatus with the system of interest can be interpreted
as the interaction of the latter with other degrees of freedom external to
it. And similarly, the interaction of a system with an environment can
be interpreted as the continuous “measurement” of the open system (with
the environment carrying information on the correlations with the system),
without actually observing the outcome of that measurement.

This particular “open” case allows us to reformulate the postulate of wave-
packet reduction in the language of statistical operators. From this, in
Sec. 2.8 I will quantify the amount of loss of information during the mea-
surement of currents.

As I have previously discussed, measurements in quantum mechanics are
associated with an irreversible projection onto the subspace of the given
observable. This has an important effect on the statistical operator.

To see this, let us assume for simplicity that before the current measure-
ment the system is prepared in a pure state |Ψ(t)〉. Its statistical operator
is then given by Eq. 1.54, i.e., ρ̂(t) = |Ψ(t)〉〈Ψ(t)|. Let us also assume that
the current measurement provides a complete measurement, namely, we do
not need to measure any other observable to know the state of the system.

Let us now couple the system to an apparatus that measures currents.
Before the coupling, the statistical operator of the combined object, system
plus apparatus, is the tensor product of the statistical operator of the closed
system and that of the apparatus (similar to the product 1.71 between the
statistical operators of electrons and phonons before their interaction). We
then allow for coupling, and immediately separate the measurement appa-
49 When the temperature is large enough that the thermal energy kB θ is a large fraction of the

Fermi energy EF , we say the electrons form a non-degenerate Fermi gas. In metallic systems
the Fermi energy is of the order of eVs. The temperatures considered in this book are close
to room temperature or much smaller. Therefore, for the metallic systems considered here,
the electron gas is practically degenerate. In doped semiconductors the Fermi energy (whether
above the conduction band minimum, or below the valence band maximum) is of the order of
few kB θs. For this type of systems the non-degenerate limit is easily attainable.
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ratus from the system.50 We know that such a measurement process can
provide any of the current eigenvalues I, with probabilities

pI = P (Î → (I, I + δI)|t) = Tr{ρ̂P̂I}, (1.83)

given by 1.40, associated with the states |ΨδI 〉.51 This is equivalent to the
definition of a statistical mixture to which corresponds a statistical oper-
ator of the form 1.48. We thus see that, even before any observation is
made, i.e., before we actually know the outcome of the measurement, by
simply coupling the system to the measurement apparatus (and its subse-
quent separation), the statistical operator of the system transforms into that
representing the statistical mixture

ρ̂I(t) =
∑

I

pI |ΨI 〉〈ΨI | =
∑

I

pI
P̂I |Ψ(t)〉
√

pI

〈Ψ(t)|P̂I√
pI

=
∑

I

P̂I |Ψ(t)〉〈Ψ(t)|P̂I =
∑

I

P̂I ρ̂(t)P̂I , (1.84)

where in the first line I have used 1.43.
The above result is true even if the statistical operator of the system is not

initially in a pure state. It amounts to decoupling any two different subspaces
corresponding to any two eigenvalues of the current operator. In other
words, the off-diagonal elements of the statistical operator corresponding to
the coupling between any two eigenvalues of the current operator are set to
zero. Therefore, this stage of the measurement corresponds to the truncation
of the initial statistical operator ρ̂.

The final stage of the measurement is to observe a specific outcome I

which, according to Eq. 1.43 transforms the statistical operator into ρ̂I =
P̂I ρ̂P̂I/Tr{ρ̂P̂I}. The full measurement process, from the coupling of the
system with the apparatus, to the final observation of a specific value of the
current (wave-packet reduction) can then be summarized in the two-step
process

ρ̂ −→ ρ̂I =
∑

I

P̂I ρ̂P̂I −→ ρ̂I =
P̂I ρ̂P̂I

Tr{ρ̂P̂I}
. (1.85)

We will see in Sec. 2.8 that the first stage of the current measurement actu-
ally leads to a loss of information.52

50 This “thought” separation is because we are interested in the properties of the system alone,
without concern about the apparatus.

51 I work here only with the continuum spectrum of the current operator. Extension to the discrete
component is straightforward. I also implicitly assume that I have divided the continuum
spectrum of the current operator into infinitesimally small intervals δI . The summation 1.84
runs over these intervals.

52 We also note that, quite generally, the interaction of the system with the apparatus is not



34 A primer on electron transport

1.6 One current, different viewpoints

I have discussed the different ways we can generate current, anticipated
some of the processes we need to take into account to have a comprehensive
understanding of its properties, and analyzed the amount of information one
can extract from a current measurement.

At this point we may ask the question: isn’t this enough to calculate
electrical currents? After all, if the system is in a pure state we can solve
the time-dependent Schrödinger equation 1.16, and calculate, at any time,
the expectation value of the current operator 1.27 over this state.

If the system is in a mixed state but closed, we can solve Eq. 1.60 for the
statistical operator ρ̂(t) (or calculate the average 1.63 if the Hamiltonian is
known only statistically) from which the current can be calculated according
to 1.50 as

I(t) = e〈Î〉t = eTr{ρ̂(t)Î} , (1.86)

the pure state being a particular case.
Finally, if the system is open – for instance, if the electrons interact with

a given bath or a reservoir – and we know how to determine the statistical
operator ρ̂(t) (e.g., if its dynamics can be described by the Lindblad equa-
tion 1.73), once again we can calculate the expectation value of the current
operator according to 1.86. From this, we can also calculate all possible
fluctuations of the current as I will discuss in Chapter 5.

As a matter of principle, we may indeed do all of the above, and our book
would be complete at this point (it would be a very short book after all!).
There are, however, two issues I need to expand on.

(1) For all practical purposes the procedures I have outlined above, while
formally correct, are unfeasible: the non-equilibrium many-body problem we
are dealing with is too complicated, and thus requires some simpler math-
ematical procedure, or outright approximations, in order to have tractable
equations we can either solve analytically, or (as is often the case) numer-
ically. In the following chapters, we will see that we have a fundamentally
exact way to transform the intractable time-dependent many-body problem
into a much simpler effective single-particle problem for the various time-
dependent cases considered above. The most important aspect of this trans-

limited to the current only, but may be extended to the coupling with any other type of
observable, or also to the interaction with a different type of particles. In Sec. 1.4.5 this
interaction led us to consider a new equation of motion for the statistical operator of the
system coupled to a bath, the Lindblad equation 1.73. We can thus re-interpret that equation
as describing the continuous “measurement” of the state of the system via interaction with
a bath, without ever actually “observing” the outcome of this measurement (Dalibard et al.,
1992; Bushong and Di Ventra, 2007).
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formation is that it is based on exact theorems that provide solid ground for
further approximations.

(2) Approximations and assumptions one reasonably makes to solve the
transport problem may also suggest new ways of interpreting electrical con-
duction, and even provide clues to predict novel phenomena that are “hid-
den” in the average current 1.86.53

Therefore, I now move on to describe the different transport theories that
have been suggested over the years, based on definite physical assumptions
and approximations. These theories will reveal important basic concepts and
properties of electrical conduction, and suggest simpler ways to calculate not
only the electrical current, but all other related phenomena as well.

Before doing this, however, let us briefly summarize the viewpoints under-
lying these theories. These viewpoints can be grouped into two main lines
of thought:

Viewpoint 1. The electrical current is a consequence of an applied
electric field: the field is the cause, the current is the
response to this field.

Viewpoint 2. The current flux is determined by the boundary condi-
tions at the surfaces of the sample whose properties we
are interested in. Carrier flow incident on the sam-
ple boundaries generates, self-consistently, a pileup of
carriers at the surfaces of the sample or in its inte-
rior. An inhomogeneous electric field is thus gener-
ated across the sample. The field is a consequence of
carrier flow.

To Viewpoint 1 belong the classical Drude conductivity model (Drude, 1900),
the Kubo formalism (Kubo, 1959), the Boltzmann equation (Boltzmann,
1872), and variations of these theories. Viewpoint 2 is generally referred to
as the Landauer approach (Landauer, 1957).

What about the discharge of a closed capacitor across a nanojunction I
have discussed at the beginning of this chapter? This alternative viewpoint
to transport – I call it micro-canonical (Di Ventra and Todorov, 2004) for

53 Indeed, the knowledge of the exact many-body state of the system is not, by itself, necessarily
that useful. This state contains a huge amount of information. Therefore, extracting from it
the relevant macroscopic properties of the system would be a formidable task. No less than
finding the many-body state itself.
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reasons I will discuss in Chapter 7 – falls in between the above two categories.
The current discharge is the response to the electric field between the two
electrodes. The magnitude of the current flux, however, is determined by
the charge pileup and consequent local field at the nanoscale junction.

Summary and open questions

In this chapter I have briefly anticipated the type of physical systems we
will be mainly interested in: those of nanoscale dimensions. A key quantity
relevant to these structures is the large current density they can carry as op-
posed to their mesoscopic/macroscopic counterparts. I have also described
different ways electrical current can be generated, and discussed – from the
point of view of quantum measurement theory – what is measured when one
measures currents.

In addition, I have stressed the most important message of this book: elec-
trical transport is a non-equilibrium statistical problem. The reason is that
electrons are driven out of their equilibrium state, and our experimental
knowledge of their time evolution is generally incomplete. For this reason,
I have introduced the statistical operator formalism, which will be central
in discussing the information content during a measurement of the current,
and, in general, the loss of information in the description of transport phe-
nomena.

Finally, I have summarized the main viewpoints upon which the transport
theories I will discuss in the next chapters are based. They are all equally
valid in describing electrical conduction, and each one of them will provide
important bits of understanding into the transport problem.

Exercises

1.1 Properties of the trace. Given an operator Â, and a basis set
|φk〉, the trace of the operator Â is defined as

Tr{Â} ≡
∑

k

〈φk |Â|φk〉, (E1.1)

and is independent of the basis set. Prove the following properties
of the trace that we make use of in this book:

(a) The trace of a dyadic |φ〉〈ψ| is

Tr{|φ〉〈ψ|} = 〈ψ|φ〉 . (E1.2)
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(b) Given two operators Â and B̂, the trace is invariant under a
cyclic permutation:

Tr{ÂB̂} = Tr{B̂Â} , cyclic property of the trace . (E1.3)

(c) The trace of a commutator of two operators Â and B̂ is zero:

Tr{[Â, B̂]} = 0 . (E1.4)

(d) Given a general operator Â

Tr{Â†} = [Tr{Â}]∗ . (E1.5)

1.2 Properties of the statistical operator. Prove that the statistical
operator ρ̂(t) (Eq. 1.48) satisfies the following properties:

(a) It is Hermitian:

ρ̂† = ρ̂ . (E1.6)

Using the properties of the trace, prove that this guarantees
that the expectation value of a general observable (Eq. 1.50)
is a real number.

(b) The trace of the statistical operator is unit:

Tr{ρ̂} = 1 , (E1.7)

and it is preserved at all times by the the Liouville−von Neu-
mann equation 1.60.

(c) The statistical operator is non-negative:

〈Ψ|ρ̂|Ψ〉 ≥ 0, ∀ |Ψ〉 ∈ H, (E1.8)

where H is the Hilbert space of the system. Prove that this
property implies that the variance of a general operator Â,
(Â − 〈Â〉)2, is positive.

Prove that an operator ρ̂ that satisfies properties (a), (b) and (c)
can always be written as in Eq. 1.48, and thus represents a density
operator.

1.3 Multiplicity of the statistical operator. A given statistical
operator may be represented by many different macro-states (see
Footnote 31). All of these different representations cannot be distin-
guished because only the average 1.50 is accessible experimentally.

Consider a spin 1/2 particle prepared in an unpolarized state.
Write down different microscopic descriptions of its statistical op-
erator. What is the general transformation that relates all these
macro-states which produce the same statistical operator?
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1.4 Idempotency and pure states. Show that a statistical operator
representing a pure state is idempotent at any time

ρ̂2(t) = ρ̂(t) , pure state, (E1.9)

which implies that Tr{ρ̂2(t)} = 1. Show that this latter condition is
necessary and sufficient for a statistical operator to represent a pure
state. Prove that for a mixed state

Tr{ρ̂2(t)} < 1 , mixed state. (E1.10)
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Drude model, Kubo formalism and Boltzmann
equation

In this chapter I discuss the transport theories belonging to Viewpoint 1:
the current is the response to an electric field (Sec. 1.6). They are ideal to
introduce several important concepts I will be making use of in the rest of
the book.

2.1 Drude model

In the spirit of Viewpoint 1, let us consider an electric field E that drives
a current density j inside a wire. Let us assume that these two quantities
are linearly related. We call the proportionality constant between the field
and the current density, resistivity, and write1

E = ρj (2.1)

which is the geometry-independent version of Ohm’s law

V = RI , Ohm’s law, (2.2)

where V is the potential drop along the wire (also called bias), I the current
that flows across it, and R is its resistance. The current density in Eq. 2.1 is
the response of the system to an external field. Equivalently, we could have
written

j = σE , (2.3)

where σ = 1/ρ is the conductivity, the inverse of the resistivity, and

I = GV (2.4)

with G = 1/R the conductance.
1 We will see in Sec. 2.3 that this local relation between the field and the current density is not

necessarily valid.

39
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Ohm’s law is an example of a linear-response approach to conductance: a
small field induces a current response in the system that is linearly related
to the field itself. The term “small” strictly means that the system can be
considered very close to equilibrium. In Sec. 2.3, when introducing the Kubo
formalism, all these terms will become clearer, and we will make a connection
between linear-response theory and the fluctuations of the system close to
equilibrium.

Let us now assume that the conductor is uniform with resistivity ρ and
has a constant cross section S and length L. We also consider the field
static and uniform. The potential drop along the wire is then V = EL.
From 1.6 (for steady-state currents) we find I = Sj, the current density j

being constant everywhere in the wire. From Eqs. 2.1 and 2.2 we finally find

R =
ρL

S
, (2.5)

or for the conductance

G =
1
R

=
1
ρ

S

L
=

σS

L
. (2.6)

We have thus obtained a known classical result: for ohmic conductors –
those following Ohm’s law 2.1 – the resistance increases with the length of
the conductor. We will see in Chapter 3 that for mesoscopic and nanoscopic
systems this is not necessarily true.

In general, for 2D and 3D systems, the current density may not be par-
allel to the direction of the field. The resistivity would then be represented
by a tensor, i.e., an N × N matrix with N = 1, 2, 3 according to the di-
mensionality. In this case, if a field component Eν(r) is applied in the ν

direction and induces a current density jµ in the µ direction, the linear
response relation 2.3 becomes

jµ =
∑

ν

σµνEν , (2.7)

with σµν the elements of the conductivity tensor. In addition, all the above
quantities may depend on time if the driving field depends on time.2

For simplicity, let us still assume the electric field static and uniform,
2 For a small, arbitrary electric field, the electrical response may also be non-local in space (for

an inhomogeneous system) and history dependent: the current density at point r and time t
may depend on the conductivity at every other point in space and earlier times. The general
current response is thus

jµ (r, t) =
∑

ν

∫
dr′
∫ t

−∞
dt′σµν (r, r′; t − t′)Eν (r′, t′).

I will discuss this general expression in Sec. 2.3.
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Fig. 2.1. The semiclas-
sical electron path due
to scattering at different
points in space. The scat-
tering centers are repre-
sented by dots.

so that the resistivity and conductivity are independent of time. We also
assume the material composing the wire to be isotropic so that the conduc-
tivity tensor is diagonal, and we can work with the relation 2.1 (or equiva-
lently 2.3). Let us now relate the resistivity to microscopic quantities, such
as the mass m of the electrons, their density n, etc.3

Electrons moving under the action of the electric field will experience
collisions that will change their momentum p. These collisions could be due
to the scattering with ionic vibrations, or collisions with other electrons or
impurities (see Fig. 2.1). For the time being the nature of the collisions is
irrelevant. However, what is important for the considerations we make here
is that all collisions are independent events, namely, electrons experience a
collision independently of the outcome of previous collisions.4

Electrons have an average velocity v. Let us now define the relaxation time
τ as the average time between two successive collisions. As a consequence
of these collisions, in the time interval τ , electrons change, on average, their
momentum by the amount

dp
dt

=
mv
τ

, (2.8)

where m is the effective mass of the electron in the given material.
We assume that after a collision the electron emerges with a velocity v0

that is randomly oriented. This implies that on average (over all parti-
cles) the randomly oriented velocity immediately after the collision does not
contribute to the total average velocity v, i.e., 〈v0〉 = 0.5 After the colli-
sion, and before the next collision occurs, the electron is accelerated by the
driving field. Between collisions, the change of momentum must then be

3 Since we are working in linear response, the density here is the density of the system at
equilibrium, as will become clear in Sec. 2.3.

4 We say that a collision at time t is uncorrelated with a collision at time t′.
5 Similar to the zero average of the thermal velocity (see Eq. 1.1 in Sec. 1.2)
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proportional to the field
dp
dt

= eE . (2.9)

At steady state, if all the momentum change is equal to the one the electrons
experience during collisions (Eq. 2.8) we then get the relation6

mv
τ

= eE . (2.10)

Comparing 2.10 with 2.1, and using the form 1.5 for the current density we
find that the resistivity is

ρ =
m

ne2τ
. (2.11)

In this model, the conductivity is given by

σ =
1
ρ

=
ne2τ

m
, Drude conductivity. (2.12)

This is the Drude relation between the conductivity and the microscopic
properties of the conducting electrons. An equivalent relation holds for a
frequency-dependent field. I leave the derivation of this case as Exercise 2.1.

The relaxation time is generally the only unknown and can be determined
experimentally precisely from the relation 2.12, once the conductivity is
measured.7

Relaxation times in bulk metallic wires are typically of the order of 10−14

s at room temperature and reflect mainly inelastic scattering of electrons by
ionic vibrations. The detailed discussion of this type of scattering mechanism
in nanoscale systems is discussed in Chapter 5.

2.2 Resistance, coherent and incoherent transport

The above analysis tells us the real physical origin of resistance: Momentum
change. We can thus give the following physical definition

6 As we will see in Chapter 3, at steady state the momentum gain due to the field may not
necessarily equal the momentum loss due to scattering. For instance, this is the case when
charge piles up at defects due to scattering.

7 The ratio n/m can be obtained from a well-known sum rule satisfied by the symmetric part of
the Fourier transform in frequency of the conductivity tensor σs

µν (ω) = [σµν (ω) + σT
µν (ω)]/2

(where the superscript T means transpose of the tensor) that one measures by applying an
electric field E(ω) (Kubo, 1959)

2
π

∫ +∞

0
dω σs

µν (ω) =
ne2

m
δµν .
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Resistance: Amount of momentum change during collisions.

In this context, momentum change is also referred to as momentum re-
laxation. The collisions can then be ideally grouped into

• Elastic: Momentum relaxes but single-particle energy is conserved.

• Inelastic: Momentum and energy relax.

Relaxation times can be accordingly defined. For instance, an elastic relax-
ation time is the time between two successive collisions that change electron
momentum, but conserve single-particle energy. This is the case, for in-
stance, for scattering off a rigid impurity.

Following the distinction between elastic and inelastic resistance, it is also
customary to name the electron dynamics in which the system experiences
only elastic scattering, phase coherent transport, from the fact that if the
single-particle energy is conserved, the phase of the corresponding time-
dependent wave-function has a simple oscillatory behavior, with constant
frequency, over the whole time evolution. In other words, no phase is “lost”
or “gained” during the collision.

This is clearly an idealization, as scattering processes that change single-
particle energy are always present to some degree. Electron transport is
thus truly incoherent. We then define an energy or inelastic relaxation time

τE = average time between two successive scattering

events that change energy. (2.13)

In certain literature it is also customary to define as dephasing processes
those that change the phase without, however, changing the energy con-
siderably. This is assumed to be the case, for instance, for voltage probes:
devices that measure a voltage difference, without carrying overall current.
(I will come back to these probes in the next chapter.)

In this case we define a coherence time as

τφ = average time between two successive scattering

events that change wave-function phase. (2.14)

If this time is longer than the time it takes electrons to go from one side
of the sample to the other then electron transport may, to some degree, be
approximated as coherent. As I will discuss in the next chapter this is one
of the underlying assumptions of the Landauer approach.
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Fig. 2.2. A system with two allowed
energy states in interaction with an
environment via an operator V̂ .

2.2.1 Relaxation vs. dephasing

Here I want to provide a somewhat more rigorous definition of dephasing
and its relation to energy relaxation. This can be done by means of the
statistical operator I have introduced in Sec. 1.4.

Let us start by saying that, in general, dephasing and energy relaxation
go hand in hand: usually, one cannot have only dephasing and no energy
relaxation at all.8 To see this, let us consider the following simple example.
Let us assume the many-body electron system has only two current-carrying
available states, – e.g., two states of a conducting ring threaded by a mag-
netic field – one with lower energy E0, and the other with energy E1, with
E1 > E0.

Let us also assume that the electrons are coupled to a phonon bath, whose
only purpose is to provide a finite temperature θ to the electrons. This could
be, e.g., a very dense (in energy) set of phonons, so that the interaction with
the environment is nothing other than the scattering with phonons at all
possible energies (van Kampen, 1992). We are interested in the dynamics
of the electrons in the presence of this bath (Fig. 2.2). We can therefore
use the Lindblad equation 1.72 to study the time evolution of the statistical
operator of the electrons. In the energy basis the Hamiltonian is simply

H =
(

E0 0
0 E1

)
. (2.15)

For a two-level system, the operator V̂ appearing in the Lindblad equa-
tion 1.72, and describing the bath at temperature θ can be written in the

8 As I will discuss in a moment the time scales associated with dephasing and energy relaxation
may be so different that we may, for all practical purposes, assume one of the two processes
negligible. For instance, it is usually assumed that inelastic scattering by low-energy phonons
in bulk is a very effective dephasing process, thus the corresponding relaxation time is much
shorter than the energy relaxation time (Altshuler et al., 1982).
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energy basis as (van Kampen, 1992)

V =
1√
τ̃

(
0 e−βE0 /2

e−βE1/2 0

)
, (2.16)

where τ̃ is a quantity with dimension of time. That the operator 2.16 de-
scribes the effect of a bath at temperature θ will become clearer in a moment.

The statistical operator in the same representation is a 2 × 2 matrix

ρe(t) =
(

ρ00(t) ρ01(t)
ρ10(t) ρ11(t)

)
. (2.17)

The electrons are prepared (for instance by the battery that initiates the
current) in some initial statistical mixture defined by some density matrix
ρe(t = 0). We can now solve Eq. 1.72 with Hamiltonian 2.15 and bath
operator 2.16. One finds for the diagonal elements of the density matrix (I
leave this to the reader as Exercise 2.2)

ρ00(t) =
e−βE0

ZC
+
(

ρ00(t = 0) − e−βE0

ZC

)
e−tZC /τ̃ , (2.18)

ρ11(t) =
e−βE1

ZC
+
(

ρ11(t = 0) − e−βE1

ZC

)
e−tZC /τ̃ , (2.19)

where ZC = e−βE0 +e−βE1 is the canonical partition function (see Eq. 1.78).
In the limit of t → +∞ these diagonal elements tend to

lim
t→+∞

ρ00(t) =
e−βE0

ZC
≡ ρeq

00, (2.20)

lim
t→+∞

ρ11(t) =
e−βE1

ZC
≡ ρeq

11. (2.21)

These are precisely the elements of the canonical statistical operator 1.78
in the energy basis, for a system at equilibrium with a bath at temperature
θ. We thus see that the electron system evolves from the initial-time mixture
to the canonical equilibrium (Fig. 2.3). In doing so it exchanges energy with
the bath: it relaxes energy. To see this, let us calculate the expectation
value of the energy. From Eq. 1.50 we get

〈Ĥ〉t = Tr{ρ̂(t)Ĥ} = Tr
{(

E0ρ00(t) E1ρ01(t)
E0ρ10(t) E1ρ11(t)

)}
= E0ρ00(t) + E1ρ11(t).

(2.22)
From this and Eqs. 2.18, 2.19, we see that the average energy relaxation
time is τE = τ̃ /ZC , and this is the characteristic time scale over which
equilibrium is reached.
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Fig. 2.3. Time dependence of the diagonal ρ00(t) and off-diagonal ρ10(t) matrix
elements of the statistical operator.

What happens to the off-diagonal elements of the density matrix? Their
expression is a bit more complicated and I leave the full result as an exercise
(Exercise 2.2). Here I am interested only in their main time dependence at
large times. This is

ρ01(t) ∝ ρ01(t = 0)e−tZC /2τ̃ + ρ10(t = 0)e−tZC /2τ̃ , (2.23)

ρ10(t) ∝ ρ10(t = 0)e−tZC /2τ̃ + ρ01(t = 0)e−tZC /2τ̃ . (2.24)

This result is quite different than the one for the diagonal elements of the
density matrix. First of all, these off-diagonal elements both tend to zero as
t → +∞ (Fig. 2.3). This is precisely what we have anticipated in Sec. 1.4:
the effect of the environment is to introduce decoherence or dephasing in
the system by reducing the density matrix to a diagonal one. We also note
that these off-diagonal elements tend to zero with a different time constant
than the one responsible for energy relaxation (Fig. 2.2). In this model, this
relaxation time is τφ = 2τ̃ /ZC = 2τE , and is precisely the dephasing (or
decoherence) time I have discussed previously.

In general, however, the decoherence time may be smaller than the energy
relaxation time, or, put differently, the ratio τφ/τE depends on the nature
of the environment or scattering process, and the system at hand.9

From the above discussion, we can conclude that the dephasing time is

9 Macroscopic systems are generally characterized by decoherence times very short compared to
relaxation times. It is indeed this property that allows us to describe them classically (Zurek,
1991).
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the average time it takes for the off-diagonal elements of the density ma-
trix to decay. This may not necessarily occur exponentially as in the above
model. Also, according to the properties of the environment and its inter-
action with the system, it may be different for the different available states.
As we have discussed in Sec. 1.4, when the density matrix evolves into a
diagonal one, its elements have a well-defined classical interpretation. We
can thus say that the dephasing time is the average time it takes the system
to lose quantum correlations (entanglement) and thus tend to behave like a
“classical” system.10

Finally, what happens to the average current? In the energy basis the
current operator Î (Eq. 1.27) is the 2 × 2 matrix

I =
(

〈E0|Î|E0〉 〈E0|Î|E1〉
〈E1|Î|E0〉 〈E1|Î|E1〉

)
≡
(

I00 I01

I10 I11

)
. (2.25)

We can use Eq. 1.86 to get the average current

〈Î〉t = Tr{ρ̂(t)Î} = I00ρ00(t) + I01ρ10(t) + I10ρ01(t) + I11ρ11(t). (2.26)

This current thus contains correlations – or mixing – between the two many-
particle states, represented by the terms I01ρ10(t) and I10ρ01(t). It is only
in the limit t → +∞ that these terms do not contribute, and the average
current becomes

lim
t→+∞

〈Î〉t = I00ρ
eq
00 + I11ρ

eq
11, (2.27)

which is simply the sum of independent (or incoherent) contributions from
the currents corresponding to the two states.11

If these states are single-particle states we can similarly argue that the
effect of the environment is to eliminate their correlated contribution to the
current as time evolves. If this is the case, the current is, in the long-time
limit, a linear combination of independent currents, one for each single-
particle state.

In the next chapter I will come back to the concept of mixing of states
when discussing the Landauer approach. Here, I conclude this part by stress-
ing once more that in a single-particle picture the “environment” could also
be due to the presence of all other electrons. These “other” electrons in-
troduce fluctuations – via electron-electron scattering – in the dynamics of
single electrons, and contribute to single-particle wave-function dephasing.

10 This is only an intuitive picture. Due to the interaction with the environment, the system can
still evolve/dephase into final states which contain quantum correlations.

11 Note that if the two states are not current-carrying, I00 = I11 = 0, and the system ends up in
a global equilibrium state with no current.
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2.2.2 Mean-free path

Another concept (derived from the relaxation time) that will be useful in
the following discussions is that of mean-free path. The latter is defined as
the average distance traveled by electrons between two successive collisions.
If the average electron velocity is v, and τ is the average time between
collisions, then the mean-free path is

λ = |v|τ. (2.28)

According to the type of relaxation time we introduce in 2.28 we can define
the corresponding mean-free path. For instance, if the above τ is the energy
relaxation time τE , we call λ the inelastic (or energy) mean-free path: the
average distance traveled by electrons between two successive collisions that
change energy.

What velocity v should we introduce in 2.28? For electrons in a bulk ma-
terial, the most natural choice is the Fermi velocity, vF , that corresponding
to the highest-occupied single-particle energy level (Ashcroft and Mermin,
1975). If the collisions are uncorrelated from each other, and we assume
the electrons form an ideal gas (independent electrons, also known as Fermi
gas) one can indeed show that such a velocity enters in 2.28 (see Sec. 2.3.4).

Considering a typical Fermi velocity of the order of 108 cm/s, and an
inelastic relaxation time τ = 10−14 s due to collisions with phonons, we get
an inelastic mean-free path of 100 Å, larger than most nanoscale structures
we consider in this book. By lowering the temperature, the relaxation time
due to scattering with ionic vibrations increases, so that the corresponding
mean-free path increases accordingly.

The coherence length is similarly defined as λφ = |v|τφ. We can thus
restate our previous point: If the coherence length is much longer than
the length of the sample, then electron transport may, to some degree, be
approximated as coherent.

All this seems quite simple and intuitive. The above concepts of relaxation
time, mean-free path, etc. are very useful as a starting point to discuss
transport in nanoscale systems, and we will indeed expand on them in the
following chapters.

However, as we have analyzed above, the “exact” way to derive their
value is via the time evolution of the statistical operator. Unfortunately,
this procedure is impossible to follow most of the time for the full many-
body non-equilibrium problem we are interested in. The reader thus needs
to keep in mind that these parameters can, at best, be estimated only in
simple cases or under specific physical assumptions (see, e.g., Chapter 6 and
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Altshuler et al., 1982; Stern et al., 1990, for some examples of calculations
of relaxation times in specific cases).

In addition, they are not the only parameters of interest in describing
electron dynamics at nanometer length scales. For instance, I have just dis-
cussed that nanostructures are typically much smaller than inelastic mean-
free paths. This would naively suggest that all the inelastic effects associated
with the loss of energy of the electrons occur away from the nanojuction,
deep inside the electrodes.

As I will discuss in Chapters 6 and 8, this is not necessarily the case. In
Chapter 1 I have anticipated that the large current density these systems
carry is another fundamental quantity to consider. This large current density
leads to enhanced inelastic scattering locally in the junction.

2.2.3 The meaning of momentum relaxation time

I have discussed the physical meaning of dephasing and energy relaxation
times, but I have not actually discussed our initial (and basic) time, the
one related to momentum relaxation, and thus directly to resistance. For
inelastic scattering this is the same as the energy relaxation time: both
energy and momentum change during the same collision.

We have seen in the above simple example that this is the time it takes the
system to reach equilibrium. Since the above reasoning can be generalized
to any region of the sample, we can say that this is the time it takes the
system to reach local equilibrium. I will show this explicitly when I derive
the Boltzmann equation (Sec. 2.7).

What if the scattering is elastic? We note first that in this case the
momentum relaxation time is not the dephasing time. Instead, it is again
the time it takes the system to reach local equilibrium. We can see this
within the simple Drude picture.

Between collisions the electrons are accelerated by the electric field, and
are thus driven away from equilibrium. The elastic collisions stop the other-
wise indefinite acceleration, randomizing the electron velocity, and restoring
a local constant velocity.

This is an important point, especially for electrons moving into a nano-
junction. While in bulk electrodes electrons may avoid isolated impurities
by simply moving “around” them, a nanoscale structure between bulk elec-
trodes, like the ones pictured in Figs. 1.1 and 1.2, is unavoidable.

Electrons necessarily have to go through the nanostructure, experiencing
at least elastic (and in most instances also inelastic) scattering. In the
process, electrons have to adjust dynamically and continually their motion
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Fig. 2.4. Schematic of the semi-
classical trajectory of an electron
moving in a nanojunction. The
velocity field is the average over
all particles.

according to the junction geometry (see Fig. 2.4). This adjustment is the
main source of resistance that the nanostructure produces, and, as discussed
above, also forces the electron system continually into local equilibrium (Di
Ventra and Todorov, 2004).

The interesting point is that this relaxation time can be extremely short
for nanoscale junctions. We can estimate it as follows.

Let us assume that the nanojunction has a cross section w and an electron
wave-packet with a given average momentum of magnitude p moves into it.
The wave-packet has to adjust its motion to the given junction geometry
in a time ∆t ∼ �/∆E. Since ∆E ≈ v∆p ∼ v�/

√
w, where v = p/m, then

the time it takes for the wave-packet to change momentum in going into the
junction is simply ∆t ∼ √

w/v. For a nanojunction of linear width
√

w =
1 nm, assuming the electron wave-packet moves at a typical velocity of 108

cm/s, ∆t is of the order of 10−15 s, a very fast time scale.
In other words, even in the absence of other inelastic effects, the mere

presence of the nanojunction would contribute to fast relaxation of electron
momentum, and thus to fast approach to local equilibrium. In Chapter 8
we will see that this effect may lead to interesting phenomena.

2.3 Kubo formalism

Let us now expand on the Drude approach with a much more rigorous
formalism, still belonging to Viewpoint 1 (see Sec. 1.6). This approach
goes under the name of Kubo, or linear response formalism (Kubo, 1959).
My goal here, as in the Drude model, is to determine the current response
to a weak electric field.

The experimental situation I have in mind is a system (a sample) ini-
tially in global equilibrium subject to an external perturbation – typically
an electromagnetic field. I want to describe the deviations from equilib-
rium – electrical current formation, in particular – induced by the external
perturbation by taking full advantage of quantum mechanics.
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For this purpose, the formalism of statistical operators I have described
in Sec. 1.4 comes in really handy. Let us then outline the assumptions
underlying the Kubo approach. Some of them also form the basis of the
non-equilibrium Green’s function formalism I describe in Chapter 4.

Assumption 1: Closed quantum systems

The Kubo formalism I develop here refers to systems evolving under Hamil-
tonian dynamics, namely closed quantum systems, possibly in a mixed state
(see Sec. 1.4.3). However, these systems are not isolated: they are subject
to external deterministic forces.

I therefore solve (albeit approximately) the Schrödinger equation 1.16 – or
its mixed-state version, the Liouville−von Neumann equation 1.60 – and not
an equation of motion for open systems like, e.g., the Lindblad equation 3.4.

I work out the general theory, and at the same time refer, as an exam-
ple, to the specific transport problem. Let us then consider a system with
Hamiltonian Ĥ0. For electrons in a conductor we may take their many-body
Hamiltonian

Ĥ0 =
1

2m

∑
i

p̂2
i +

1
2

∑
i �=j

W (r̂i − r̂j) +
∑

i

∑
j

Vel−ion(r̂i − Rj), (2.29)

where W (r̂i − r̂j) is the Coulomb potential describing two-particle interac-
tions (see also Eq. 2.96), and Vel−ion(r̂i − Rj) describes the electron inter-
action with a static ion at position Rj (see also Chapter 6).

Assumption 2: Initial global equilibrium

The system is at the initial time12 t = t0 in global canonical equilibrium with
a bath at temperature θ, namely it is described by the canonical statistical
operator (see Eq. 1.78)13

ρ̂(t ≤ t0) =
e−βĤ0

ZC
≡ ρ̂eq

C . (2.30)

12 It is convenient to take t0 → −∞ but this is not a requirement.
13 From a formal point of view, this is not really a necessary assumption: a different choice

of initial conditions may be possible. However, many simplifications that practically help in
the determination of the conductivity cannot be made if the system is not initially in global
equilibrium. If this were not the case, one may also run into serious conceptual problems. For
instance, if the initial state is an unstable steady state, even a small perturbation may drive
the system out of the steady state.
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Assumption 3: Small perturbations

At time t0, we apply a time-dependent perturbation Ĥ ′(t). The statistical
operator ρ̂(t) thus changes upon this perturbation. We nonetheless assume
that the perturbation is so weak that the statistical operator ρ̂(t) differs
only slightly from the canonical equilibrium 2.30. The total Hamiltonian is
for t > t0

Ĥ(t) = Ĥ0 + Ĥ ′(t). (2.31)

Let us also assume this perturbation can be written in the form14

Ĥ ′(t) =
∑

i

B̂iλi(t). (2.32)

In the specific case of electrical transport, this perturbation can be obtained
as follows. We apply an electromagnetic field with vector potential A(r̂, t)
so that the Hamiltonian 2.29 is modified into

Ĥtot(t) =
1

2m

∑
i

[
p̂i −

e

c
A(r̂i, t)

]2
+

1
2

∑
i �=j

W (r̂i − r̂j)+
∑
i,j

Vel−ion(r̂i−Rj).

(2.33)
Since, by assumption, the field is small we can expand 2.33 and keep only
the linear terms in A(r̂, t). By making use of the definition 1.26 of the
paramagnetic current density operator we can finally write15

Ĥtot(t) � H0 −
e

c

∫
dr jp(r̂) · A(r̂, t) ≡ Ĥ0 + Ĥ ′(t). (2.34)

The perturbation term in the above equation is of the same form as in 2.32,
where B̂ corresponds to the paramagnetic current density operator, and λ(t)
to the “field” −eA(r̂, t)/c.

Assumption 4: Adiabatic approximation

As anticipated in Assumption 1, even if we allow for the presence of a bath,
we work with the Liouville equation 1.60 for closed quantum systems, and
not with equations of motions for open quantum systems (such as the Lind-
blad equation 1.72). This is quite a strong physical approximation.

It means that the time evolution of the system induced by the perturbation
Ĥ ′(t) is fast compared to the energy relaxation time τE that drives the
system to global equilibrium, and no transition between energy states of the
unperturbed Hamiltonian Ĥ0 is thus allowed by the presence of the bath.
14 Since we are working in linear response, the contributions from the different perturbations add

independently and it is thus enough to work with just one term in the sum 2.32.
15 We work in a gauge in which the scalar potential is zero at any time (see Appendix F).
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This is called the adiabatic approximation and we will make such an ap-
proximation also when discussing the non-equilibrium Green’s function ap-
proach in Chapter 4. This approximation also entails an adiabatic switch-on
of the perturbation Ĥ ′(t) at time t0 so that, once again, no transition be-
tween the energy states of the unperturbed Hamiltonian Ĥ0 is induced by
the interaction with the bath at this initial time.

In large parts of this book we will be concerned with the limit ω → 0,
the static (also called d.c. – for direct current) limit, that corresponds to
the long-time limit of the perturbation. The longer this time, the easier it
is for the bath to induce transitions between states of Ĥ0, thus invalidating
one of the basic assumptions of the formalism. An important point to keep
in mind when working with the Kubo formalism and comparing its results
with experiments in the d.c. limit.

Under the above assumptions, I now want to determine the change of the
expectation value of any observable Â – in our case, the total current density
ĵ, Eq. 1.22 – from its equilibrium value. Using the definition 1.50 our goal
is to find

∆〈Â〉t ≡ 〈Â〉t − 〈Â〉eq = Tr{ρ̂(t)Â} − Tr{ρ̂eq
C Â}, (2.35)

which for the current density reads

∆〈̂j〉t ≡ 〈̂j〉t − 〈̂j〉eq = Tr{ρ̂(t)̂j} − Tr{ρ̂eq
C ĵ} = Tr{ρ̂(t)̂j}, (2.36)

where the last equality simply states that the average current is zero at
equilibrium.

Let us then write the statistical operator in the interaction picture16

ρ̂(t)I ≡ e
i
�

Ĥ0 tρ̂(t)e−
i
�

Ĥ0 t. (2.37)

The reverse equation is

ρ̂(t) = e−
i
�

Ĥ0 tρ̂(t)I e
i
�

Ĥ0 t. (2.38)

We also write the perturbation Ĥ ′ in the same representation

Ĥ ′(t)I ≡ e
i
�

Ĥ0 tĤ ′(t)e−
i
�

Ĥ0 t. (2.39)

If we replace 2.38 into the Liouville equation 1.60 we easily get the equation
of motion for the statistical operator in the interaction picture

i�
dρ̂(t)I

dt
= [Ĥ ′(t)I , ρ̂(t)I ]. (2.40)

16 Not to be confused with the statistical operator 1.84 I introduced to discuss the current mea-
surement. Together with the Schrödinger and Heisenberg pictures, this is the third picture
used in this book (there are no more!).



54 Drude model, Kubo formalism and Boltzmann equation

A formal solution of this equation is

ρ̂(t)I = ρ(t0)I −
i
�

∫ t

t0

dt′ [Ĥ ′(t′)I , ρ̂(t′)I ], (2.41)

which can be checked by direct differentiation, and recalling that the equi-
librium statistical operator does not change in time.

Since we are assuming the statistical operator differs only slightly from its
global equilibrium value we can replace in the integrand of 2.41 ρ̂(t)I with
ρ̂(t0)I (first Born approximation). The solution of the Liouville equation 2.40
to first order in the perturbation is thus17

ρ̂(t)I � ρ(t0)I −
i
�

∫ t

t0

dt′ [Ĥ ′(t′)I , ρ̂(t0)I ]. (2.42)

Using the reverse relation 2.38, taking into account that Ĥ0 commutes with
the equilibrium statistical operator ρ̂eq

C , and writing Ĥ ′(t) = B̂λ(t), this
reads

ρ̂Kubo(t) � ρ(t0) −
i
�

∫ t

t0

dt′ e
i
�

Ĥ0 (t′−t)[B̂, ρ̂(t0)]e−
i
�

Ĥ0 (t′−t)λ(t′). (2.43)

If we replace this result into 2.35 we get

∆〈Â〉t = − i
�
Tr
{∫ t

t0

dt′ e
i
�

Ĥ0 (t′−t)[B̂, ρ̂(t0)]e−
i
�

Ĥ0 (t′−t) Â

}
λ(t′)

= − i
�

∫ t

t0

dt′ Tr
{

[B̂, ρ̂eq
C ]e−

i
�

Ĥ0 (t′−t) Â e
i
�

Ĥ0 (t′−t)
}

λ(t′), (2.44)

where in the last equality I have used the cyclic property of the trace
(Eq. E1.3 in Exercise 1.1).

Let us define the interaction representation of the operator Â

Â(t − t′) ≡ e
i
�

Ĥ0 (t−t′)Âe−
i
�

Ĥ0 (t−t′), (2.45)

and replace it into 2.44. By making use of the cyclic property of the trace
once more, we finally get

∆〈Â〉t = − i
�

∫ t

t0

dt′ Tr
{

ρ̂eq
C [Â(t − t′), B̂]

}
λ(t′)

= − i
�

∫ t

t0

dt′ Tr
{

ρ̂eq
C [Â(t), B̂(t′)]

}
λ(t′), (2.46)

17 Note that for an arbitrary perturbation Ĥ ′(t), the approximate statistical operator 2.42 may
lose at a given time its fundamental property of positivity (see Sec. 1.4). We exclude here such
cases.
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with B̂(t) and Â(t) the interaction representation 2.45 of the respective
operators.

We can extend the above formalism to the initial time t0 → −∞, provided
the perturbation tends to zero in the same limit. We can also extend the
upper limit of integration to +∞ by defining the retarded response function

χAB(t − t′) ≡ − i
�
Θ(t − t′)Tr

{
ρ̂eq

C [Â(t − t′), B̂]
}

(2.47)

with Θ(t − t′) the step function, which vanishes for t < t′, and is equal to 1
for t > t′. We finally obtain the linear-response relation

∆〈Â〉t =
∫ +∞

−∞
dt′ χAB(t − t′)λ(t′). (2.48)

We thus see that the perturbation Ĥ ′(t) = B̂λ(t) modifies the expectation
value of the observable Â at time t by taking into account the whole history
of the effect of that perturbation on the observable Â at previous times.
That is the reason the response function 2.47 is called retarded.

2.3.1 The current-current response function

We can now apply what we have just obtained to the transport problem.
The perturbation is given in Eq. 2.34, and we are interested in the change
of the current density, ĵ = Â. As shown in Eq. 1.25, this can be written as
the sum of paramagnetic and diamagnetic current densities. The latter is
already linear in the vector potential, so it is enough to calculate the response
of the paramagnetic current, and sum the two terms at the end. For the
paramagnetic current density ĵp we thus obtain from 2.48 the response in
the direction µ induced by the field in the direction ν

jpµ(r, t) ≡ ∆〈ĵpµ(r)〉t = −e

c

∑
ν

∫
dr′
∫ +∞

−∞
dt′ χjpµ ,jpν (r, r′, t − t′)Aν(r′, t′),

(2.49)
where

χjpµ ,jpν (r, r′, t − t′) = − i
�
Θ(t − t′)Tr

{
ρ̂eq

C [ĵpµ(r, t − t′), ĵpν(r′)]
}

(2.50)

is the paramagnetic current-current response function. By adding the dia-
magnetic contribution we obtain the total response function

χj
µν(r, r

′, t − t′) = χjpµ ,jpν (r, r′, t − t′) +
neq

m
δ(r − r′)δµν , (2.51)
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with neq = Tr{ρ̂eq
C n̂} the density of the system at equilibrium without the

perturbation.
We thus confirm one of the points I have raised in Chapter 1: in general,

in order to calculate transport properties of a physical system, we cannot
ignore its past dynamics! The current response at a given time t contains
information on the previous evolution.

The frequency-dependent conductivity

The conductivity can be read directly from Eqs. 2.50 and 2.51, by taking into
account the relation between the electric field and vector potential, which in
the present gauge is (the vector potential is, by assumption, zero at t = t0)

E(r, t) = −1
c

∂A(r, t)
∂t

⇐⇒ A(r, t) = −c

∫ t

t0

dt′ E(r, t′). (2.52)

The expression simplifies enormously in the case of a periodic perturbation18

A(r, t) = A(k, ω)ei(k·r−ωt) + c.c., (2.53)

where c.c. means “complex conjugate” of the previous term. In this case,
we can define the Fourier transform of the terms appearing in Eqs. 2.49
and 2.51. For instance, the Fourier transform of the response function 2.51
is

χj
µν(r, r

′, t−t′) =
∫ +∞

−∞

dω

2π
e−iω(t−t′)

∑
k

eik·r
∑
k′

e−ik′·r′χj
µν(k,k′, ω). (2.54)

The Fourier transform of the vector potential 2.52 is simply related to the
Fourier transform of the electric field via

A(k, ω) = − ic
ω

E(k, ω), (2.55)

so that the total response of the physical current in Fourier space is from 2.49
and 2.51

ejµ(k, ω) =
ie2

ω

∑
ν

∑
k′

χj
µ,ν(k,k′, ω)Eν(k′, ω)

≡
∑

ν

∑
k′

σµ,ν(k,k′, ω)Eν(k′, ω), (2.56)

18 A periodic perturbation is indeed what is generally realized in experiments, so this case is the
most important.
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where we have defined the conductivity tensor19

σµ,ν(k,k′, ω) =
ie2

ω
χj

µ,ν(k,k′, ω) =
ie2

ω

[
χjpµ ,jpν (k,k′, ω) +

neq

m
δµν

]
.

(2.57)
This is the quantum-mechanical generalization of the Drude conductiv-
ity 2.12. It reduces to that result if one assumes independent electrons
interacting with a set of random impurities whose effect on each electron is
independent of the electron scattering with the other impurities.20

2.3.2 The use of Density-Functional Theory in the Kubo

approach

Let us stop for a moment and discuss here how one could actually calculate
the above current response. (It is always easier to write down an equation,
like the Schrödinger equation 1.16, than actually solve it for a real material!)
In the next section, I will show, using as example the response to a static
uniform electric field, that in the case of independent electrons the calcula-
tion of the current response can be done analytically. On the other hand, for
an arbitrary interacting many-body system it still remains an outstanding
problem, and we refer the reader to other books for some of the analytical
techniques used to tackle this problem (Giuliani and Vignale, 2005).

Due to the growing importance of density-functional theory (DFT) in
transport theories, here I want to discuss the possible use of DFT in com-
bination with the Kubo formalism.21 In Appendix D I provide a primer of
the main concepts of ground-state DFT. In Appendices E and F I discuss
the ideas behind its generalization to the time-dependent case for closed
quantum systems, and in Appendix G its generalization to dynamical open
quantum systems. I really urge the reader not familiar with the basic tenets
of DFT (and interested in this section) to stop here for a moment, and take
a look at these appendices.

If we use ground-state DFT we know that we can, in principle, find the
exact ground-state density associated with the Hamiltonian Ĥ0 (Eq. 2.29)
of the full Hamiltonian Ĥ(t) = Ĥ0 + Ĥ ′(t) (Eq. 2.34) using effective single-
particle equations (Eqs. D.10) known as the Kohn−Sham equations. This

19 It is only when the system is homogeneous (i.e., translationally invariant) that the conductivity
tensor depends only on one k vector. This includes also the case in which the system is
disordered, but the disorder does not introduce a dependence on the position of the impurities.

20 For an explicit derivation of this result, see, e.g., Giuliani and Vignale, 2005.
21 I will discuss DFT theorems on the total current in Chapter 7.
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system of auxiliary independent particles is known as the Kohn−Sham sys-
tem.

The above result is also valid for a system in (grand-)canonical equilib-
rium, namely we can, in principle, find a statistical operator ρ̂KS

gs (which
is a functional of the equilibrium electronic density) that gives the correct
density of the interacting many-body system (see Appendix D)22

neq = Tr{ρ̂eq
C n̂} = Tr{ρ̂KS

gs n̂}. (2.58)

This auxiliary non-interacting statistical operator would also provide the
correct average energy at equilibrium

〈Ĥ0〉eq = Tr{ρ̂eq
C Ĥ0} = Tr{ρ̂KS

gs Ĥ0}. (2.59)

The result 2.58 would take care of the density response component of the
full current response 2.57. However, this is the best we can do with ground-
state DFT: the paramagnetic current-current response function cannot be
calculated with the equilibrium statistical operator ρ̂KS

gs , even if we knew it
exactly, namely

jKubo(r, t) = Tr{ρ̂Kubo(t)̂jp} −
e

mc
Tr{ρ̂eq

C n̂}A(r, t)

	= Tr{ρ̂KS
gs ĵp} −

e

mc
Tr{ρ̂KS

gs n̂}A(r, t), (2.60)

showing once more that we need a time-dependent approach to evaluate
transport properties.

What if we use time-dependent current density-functional theory (Ap-
pendix F)? This theory guarantees that, given an initial condition on the
state of the system and the external vector potential A(r, t), the current
density j(r, t) of the many-body system is given exactly by the correspond-
ing quantity in the Kohn−Sham system calculated using effective time-
dependent single-particle equations (Eqs. F.1 of Appendix F), if one knows
the exact functional:

jKS(r, t) =
N∑

α=1

[
�

2im
(
[φKS

α (r)]∗∇rφ
KS
α (r) − φKS

α (r)∇r[φKS
α (r)])∗

)
− e

mc
|φKS

α (r, t)|2Aeff (r, t)
]

= j(r, t) , (2.61)

where the sum runs over the N orthonormal occupied one-electron Kohn−Sham
22 I work here in the canonical equilibrium but these results are valid also in the grand-canonical

equilibrium. I also assume to know the exact ground-state functional of DFT.
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orbitals φKS
α , and

Aeff (r, t) = A(r, t) + Axc(r, t) (2.62)

is an effective vector potential, sum of the external and exchange-correlation
vector potentials, with the latter including all many-body effects due to the
Pauli exclusion principle (exchange part) and quantum correlations among
electrons (correlation part). The exchange-correlation vector potential de-
pends on the current density j(r, t′) at times t′ ≤ t (i.e., it is history depen-
dent).

The Kubo formalism relates to the first-order expansion of the statistical
operator (approximation 2.42). One then needs to do the same in the aux-
iliary Kohn−Sham system, i.e., we need to do a perturbation expansion of
the exact Kohn−Sham density matrix and stop at the first order. The zero-
order term of this expansion provides the current-current response function,
χKS(ω), of the static Kohn−Sham system, namely the one that yields the
exact ground-state density.

This, however, neglects dynamical correlations pertaining to the linear
response of the true many-body system. Therefore, the relation between
the true interacting current-current response function and the equivalent
Kohn−Sham quantity needs to take into account these extra correlations.

I state here this relation without demonstrating it for a homogeneous
electron gas in the presence of a periodic perturbation 2.53. For a homoge-
neous system we can work in momentum k space, and we can separate the
response into a longitudinal component χL (parallel to k) and a transverse
component χT (perpendicular to k). One then finds that the current-current
response function, χ, of the true many-body system is related to that in the
Kohn−Sham system, χKS , via the relations (Ullrich and Vignale, 2002)

χ−1
L (k, ω) = χ−1

KS,L(k, ω) − k2

ω
[vH (k) + fxc,L(k, ω)], (2.63)

and

χ−1
T (k, ω) = χ−1

KS,T (k, ω) − k2

ω
fxc,T (k, ω), (2.64)

where vH (k) is proportional to the Fourier transform of the direct Coulomb
interaction potential vH (r) I will define in Sec. 2.4 (Eq. 2.95), and fxc,L(T )
are the longitudinal and transverse components of a quantity known as the
exchange-correlation kernel, whose role is precisely to compensate for the
correlations missing in the Kohn−Sham response function χKS with respect
to the many-body response function χ.23

23 Note that an extra complication arises in the case of a finite system subject to weak periodic
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Without this kernel term, the use of DFT in combination with the Kubo
formalism for the current response must be considered, at best, a type of
mean-field approximation,24 where single electrons experience a mean field
(albeit with some quantum correlations) from all other electrons.25

I will show in Sec. 8.4.2 that the terms related to the exchange-correlation
kernel give rise to important dynamical effects in the resistance of nanoscale
systems. These effects are related to the viscous nature of the electron liquid.

2.3.3 The fluctuation-dissipation theorem

I now want to discuss a very important result of the Kubo formalism that
once again shows that electrical transport is not an equilibrium problem,
and thus cannot be derived from ground-state calculations.

In classical statistical mechanics there exists an important relation known
as the fluctuation-dissipation theorem that states the following (Kubo et al.,
1985; van Kampen, 1992)

Theorem: The response of a system close to global equilibrium, subject
to a small external perturbation, is equivalent to its sponta-
neous fluctuations.

Put differently, the dissipation that drives the system towards global equi-
librium is accompanied by fluctuations that tend to displace the system away
from its equilibrium state. The two effects combine to give the correct ex-
pectation value of the given observable (in our case, the current).

We can derive a similar relation for a quantum mechanical system using
the Kubo formalism we have just derived. I leave the general result as
an exercise (Exercise 2.10), and I will come back to it in Chapter 5 when
discussing thermal noise. Here I want to derive it for the electrical current
in the presence of a static and uniform electric field.

First of all, it is easy to show the following general commutation rela-
tion between the canonical statistical operator 2.30 and any observable B̂

external perturbations (those usually employed in linear-response theory). The reason is that
one can find examples in which two different such perturbations produce the same linear
response, thus violating the theorems of dynamical DFTs (Gross at al., 1988).

24 I will use mean-field approximations several times in this book. Indeed, when discussing inde-
pendent electrons I will always consider electrons that are either truly independent, or inter-
acting via a mean field provided by the other electrons. In Sec. 4.2.4 of Chapter 4 I will give a
formal definition of mean-field approximation.

25 Note that I am not saying that DFT (in all its formulations: ground-state, dynamic and
stochastic) is a mean-field theory (it is not!). I am just saying that its use in the context of
the Kubo formalism for conduction, when the exchange-correlation kernel in 2.63 and 2.64 is
neglected, can be thought of as a type of mean-field approximation.
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(Exercise 2.4) [
ρ̂eq

C , B̂
]

= i�
∫ β

0
dτ ρ̂eq

C

dB̂(−i�τ)
dt

, (2.65)

where
dB̂(−i�τ)

dt
≡ eτ Ĥ0

dB̂(t)
dt

e−τ Ĥ0 (2.66)

with τ a real number, and B̂(t) the interaction representation 2.45 of the
operator B̂.26 From Eq. 2.46 we thus find (t0 → −∞)

∆〈Â〉t = − i
�

∫ t

−∞
dt′ Tr

{
[ρ̂eq

C , Â(t − t′)]B̂
}

λ(t′)

=
i
�

∫ t

−∞
dt′ Tr

{
Â(t − t′)[ρ̂eq

C , B̂]
}

λ(t′)

=
i
�

∫ +∞

0
dt′′ Tr

{
Â(t′′)[ρ̂eq

C , B̂]
}

λ(t − t′′)

= −
∫ +∞

0
dt′′

∫ β

0
dτ Tr

{
ρ̂eq

C

dB̂(−i�τ)
dt′′

Â(t′′)

}
λ(t − t′′),

(2.67)

where in the third equality I have made the change of variables t′′ = t − t′,
and I have used the identity 2.65 in the last step. By comparing this result
with Eq. 2.48 we thus see that we can write the response function as

χAB(t − t′) ≡ −
∫ β

0
dτ Tr

{
ρ̂eq

C

dB̂(−i�τ)
dt′

Â(t − t′)

}
. (2.68)

Response to a uniform and static electric field

The above result does not seem very transparent. To clarify it let us apply
it to the response to a uniform and static electric field E. Here, we need to
determine only the paramagnetic current response. The perturbation to Ĥ0

is thus

Ĥ ′ = −e
∑

i

∫
dr δ(r − r̂i)r · E = −e

∫
dr n̂(r)r · E, (2.69)

where ri are the positions of the particles, and I have used the definition 1.24
26 I am thus working with “complex” times up to a value i�β. I will be using this “trick” again

in Chapter 4 when discussing the non-equilibrium Green’s function formalism.
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of number density operator. The operator B̂ is now the vector
∫

dr n̂(r)r,
and λ = −eE.27

The time derivative of B̂ can be calculated from the continuity equa-
tion 1.11, which in operator form reads28

∂n̂(r, t)
∂t

= −∇ · ĵ(r, t). (2.70)

By assuming that the current density vanishes at infinity (finite-system
assumption27) and integrating by parts we find

dB̂

dt
=

∂

∂t

∫
dr n̂(r, t)r = −

∫
dr∇ · ĵ(r, t)r =

∫
dr ĵ(r, t) ≡ ĵ(t). (2.71)

Finally, from Eq. 2.67 the change of the expectation value of the physical
current density in the direction µ to a uniform and static field in direction
ν is

ejµ = e2
∑

ν

∫ +∞

0
dt′
∫ β

0
dτ Tr

{
ρ̂eq

C ĵpν(−i�τ) ĵpµ(t′)
}

Eν, (2.72)

from which the conductivity tensor is

σµν(0) = e2
∫ +∞

0
dt′
∫ β

0
dτ Tr

{
ρ̂eq

C ĵpν(−i�τ) ĵpµ(t′)
}

= e2
∫ +∞

0
dt′
∫ β

0
dτ 〈ĵpν(−i�τ) ĵpµ(t′)〉eq . (2.73)

The symbol “0” is to remind us that this is the conductivity for a static
and uniform field, and indeed it can be obtained from the limits {k →
0,k′ → 0} and ω → 029 of Eq. 2.57 (I leave this as Exercise 2.3). The last
symbol I used 〈· · · 〉eq represents the current-current correlation function
or current density autocorrelation evaluated at equilibrium.30 These are
27 For an infinite system the dipole moment

∫
dr n̂(r)r is ill defined. So, here, I am actually

working with a finite system. This requirement would not be necessary if I followed a different
route, by taking the limits {k → 0, k′ → 0} and ω → 0 of Eq. 2.57 (see Footnote 29 and
Exercise 2.3.)

28 Here, all operators are in the interaction representation.
29 In this precise order. The opposite order of limits (first ω → 0, then {k → 0, k′ → 0})

corresponds to the case in which the electrons first find their “ground state”, and then respond
to a long-wavelength perturbation. Unless there is long-range coherence (like in the case of a
superconductor), this cannot lead to conductivity, and the response is thus zero.

30 Strictly speaking this correlation is in the complex time, while the “standard” correlations are
defined on the real time axis. Also, we generally define the correlation between two observables
Â and B̂ over a statistical operator ρ̂ as

SA B (t, t′) =
1
2

Tr
{

ρ̂(t = 0)[Â(t)B̂(t′) + B̂(t′)Â(t)]
}

,

(with both operators in the Heisenberg representation) to take into account the fact that these
operators may not commute (see also Chapter 5).
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the correlations between the spontaneously fluctuating current density at a
given time and the current density at a different time, when the statistical
ensemble is the canonical equilibrium one.

We thus see that the response to the electric field, embodied in the con-
ductivity tensor 2.73, can be written in terms of the spontaneous fluctuations
of the current itself. This the core of the fluctuation-dissipation theorem I
have stated above.

This result also shows another important fact: even in the static limit
of the external field, the current cannot, in principle, be evaluated as an
equilibrium property of the system. Instead, its value is related to its own
fluctuations at equilibrium. No degree of self-consistency in the charge den-
sity would compensate for this fact.

2.3.3.1 Static conductivity of an ideal gas

We can apply the above result to the case of non-interacting electrons. This
will provide a well-known form of the fluctuation-dissipation theorem.

For non-interacting electrons the correlation is the same for every complex
time and we can choose it to be the time t = 0.31 Using the definition 1.5
of current density we get from Eq. 2.73 (V is the volume of the system)

σideal
µν (0) = e2β V

∫ +∞

0
dt′ 〈n(0)vν(0)n(t′)vµ(t′)〉eq . (2.74)

If we assume the density of the electrons is uncorrelated with their velocity
we can write the above as

σideal
µν (0) = e2β V

∫ +∞

0
dt′ 〈n(0)n(t′)〉eq〈vν(0) vµ(t′)〉eq

= ne2β

∫ +∞

0
dt′ 〈vν(0) vµ(t′)〉eq , (2.75)

where I have used the fact that in linear response the density is independent
of time, and the well-known result that the variance of density fluctuations
of an ideal gas in canonical equilibrium is related to its average density,
namely 〈(∆n)2〉eq = 〈n2〉eq − 〈n〉2eq = 〈n〉eq/V ≡ n/V.

Let us now assume that in the long-time limit the autocorrelation of the
velocities satisfies the relation

lim
t→+∞

〈vν(0) vµ(t)〉eq = 〈vν〉eq 〈vµ〉eq , (2.76)

31 I am working here in the non-degenerate limit of the Fermi gas (see Sec. 1.4.6).
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where

〈vν〉eq = lim
T→+∞

1
T

∫ T

0
dt vν(t). (2.77)

The above two relations constitute what we call ergodicity, and are based
on the (see, e.g., Pathria, 1972)32

Ergodic hypothesis: The trajectory of a representative point in the
system’s phase space traverses, during time
evolution, any neighborhood of any point of the
relevant phase space.

In other words, during time evolution the system “explores” all trajec-
tories in the phase space of all positions and momenta of the particles. If
this is true, we can replace time averages with ensemble averages (which
are easier to compute). Therefore, instead of following the dynamics of the
system in time, and then performing a time average of the observable of
interest (right-hand side of Eq. 2.77), we can compute the average value of
that observable over an ensemble of replicas of the system at any given time
(left-hand side of Eq. 2.77).33

In the quantum case one can prove that a closed, finite and isolated system
is ergodic if and only if there are no other constants of motion other than
the energy (see, e.g., Reichl, 1998).34

The above also states that the time average 2.77 is, for T → ∞, inde-
pendent of the initial conditions. While this is a reasonable assumption, it
may not always be true for all initial conditions. In addition, one can show
that the ergodicity relation 2.77 holds if Eq. 2.76 is satisfied, and vice versa,
Eq. 2.76 is true if Eq. 2.77 is valid (Khinchine, 1949).

Within this ergodic assumption we can compute the time integral in
Eq. 2.75 as∫ +∞

0
dt′ 〈vν(0) vµ(t′)〉eq = lim

T→+∞

1
T

∫ T

0
dt

∫ T

0
dt′ 〈vν(t) vµ(t′)〉eq

= lim
T→+∞

1
T
〈[rν(T ) − rν(0)] [rµ(T ) − rµ(0)]〉eq

≡ Dµν, (2.78)

32 Strictly speaking the average on the left-hand side of Eq. 2.77 (which appears also on the right-
hand side of Eq. 2.76) is performed over a micro-canonical ensemble, namely an ensemble of
systems with constant total energy (see Sec. 2.8.2).

33 Note that this hypothesis may not necessarily hold in nanoscale systems at steady state (see
also Chapter 5).

34 In this case, all possible micro-states of the system are equally probable (Eq. 2.143) and the
appropriate ensemble is the micro-canonical one with entropy given by Eq. 2.144.
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Fig. 2.5. Semiclassical picture of brownian motion of an electron in an electron gas
driven by a small electric field.

where the quantity Dµν is called the diffusion coefficient. It allows us to
re-interpret this result as follows.

From classical statistical mechanics we know that if a particle performs
a random walk (or brownian motion) close to equilibrium, its mean-square
displacement 〈(∆x)2〉eq during an interval of time T is related to this time as
〈(∆x)2〉eq = DT , where D is the diffusion coefficient (van Kampen, 1992).

Comparing this result with Eq. 2.78 we see that if we assume the electrons
do not interact with each other (or interact via the mean field of other
electrons) they perform, under the influence of a (small) static and uniform
electric field, a random walk (or brownian motion). The fluctuations of this
random walk tend to drive them away from equilibrium. On the other hand,
the processes that ensure a finite conductivity tend to drive the system back
to equilibrium (Fig. 2.5). From 2.75 and 2.78 we thus get the fluctuation-
dissipation relation

σideal
µν (0) =

e2nDµν

kBθ
, (2.79)

also known as the Einstein relation.

The interacting case

Finally, if the particles do interact, then the density variance is not simply
equal to the average density. Instead, we have the relation (Pathria, 1972)

〈n2〉eq − 〈n〉2eq =
kBθ

V
∂n

∂µ̄

∣∣∣∣
θ

, (2.80)

where µ̄ is the chemical potential (see Sec. 2.4), and ∂n/∂µ̄|θ is proportional
to the isothermal compressibility, K = 1

n2 ∂n/∂µ̄|θ , of the electron liquid. In
this case, the above Einstein relation becomes

σint
µν (0) = e2Dµν

∂n

∂µ̄

∣∣∣∣
θ

. (2.81)
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2.3.4 Ohmic vs. ballistic regimes

For non-interacting electrons we can rewrite Eq. 2.81 in a form that sug-
gests different transport regimes. Let us work at zero temperature θ = 0
(degenerate limit of the Fermi gas, Sec. 1.4.6). We then have

∂n

∂µ̄

∣∣∣∣
θ=0

= 2Dσ(EF ), (2.82)

where Dσ(EF ) is the density of states per unit volume per spin evaluated
at the Fermi energy EF . The factor of 2 in 2.82 takes into account the spin
degeneracy. The density of states Dσ(EF ) for non-interacting electrons in d

dimensions is (Giuliani and Vignale, 2005)

Dσ(EF ) =
Ωd

(2π�)d
md/2(2EF )(d−2)/2, (2.83)

where Ωd is the solid angle in d dimensions (Ωd = 4π, 2π, 2 in d = 3, 2, 1,
respectively). The density at equilibrium of non-interacting electrons is
related to the density of states via

n =
4EF Dσ(EF )

d
. (2.84)

If we now assume that the system is isotropic, we can use the Drude re-
sult 2.12 and Eqs. 2.81 and 2.82 to write the diffusion coefficient in d dimen-
sions (and degenerate limit) as

D =
2EF τ

dm
=

p2
F τ

dm2 =
v2
F τ

d
, (2.85)

where pF =
√

2mEF and vF = pF /m are the Fermi momentum and velocity,
respectively, and τ is the relaxation time.

Let us now consider the conductance 2.6 of a wire of constant cross section
S and length L. Using the above results we can rewrite Eq. 2.6 as

G =
2e2

h

Ωd

d(2π)d−1

(pF

�

)d−2
(

2EF τ

�

)
S

L
, (2.86)

which shows that in the linear response and at zero electronic temperature
the conductance is determined by properties of the electron gas at the Fermi
level. This is consistent with the fact that the only possible scattering events,
that satisfy the Pauli exclusion principle, involve electrons at the Fermi
surface.35

35 Electrons cannot scatter into states that are already occupied, like those below the Fermi
surface (Ashcroft and Mermin, 1975).



2.3 Kubo formalism 67

If we replace the relaxation time with the corresponding mean-free path,
λ = vF τ , we get

G =
2e2

h

Ωd

d(2π)d−1

(pF

�

)d−1
λ

S

L
=

2e2

h

Ωd

d(2π)d−1 (kF )d−1λ
S

L
. (2.87)

Let us now assume that the wire is strictly one-dimensional (the area S is a
point). For d = 1 we get

G1D =
2e2

h

2λ

L
. (2.88)

Ohmic regime: λ � L or L � λ. The conductance is dependent on the
length of the wire as in the classical regime. That is the reason we call it the
ohmic regime. In the limit in which λ → +∞ first, we can then set L → +∞.
The conductance is thus infinite, as one would expect of a defect-free wire
(see also Exercise 2.5).

If λ is finite, the conductance tends to zero for L → ∞: the system be-
comes an insulator.36 This is a well-known result: an infinite one-dimensional
system becomes an insulator if one introduces an infinite series of disordered
regions.

Ballistic regime: 2λ = L. The conductance becomes

G1D =
2e2

h
≡ G0 = 77.5 µS, (2.89)

which is known as the quantum of conductance (it includes spin degeneracy),
and is independent of the length of the wire. Its inverse is the quantized
resistance

R0 =
1

G0
=

h

2e2 = 12.9 kΩ. (2.90)

This regime is known as ballistic.
This “residual” quantized resistance can be interpreted as follows. It is the

resistance that an electron wave-packet leaving from the center of the wire
would experience when it reached the two opposite ends of the wire, traveling
a distance λ = L/2 in both directions (Fig. 2.6). At these ends, it cannot be
reflected back to the center, or the wire resistance would increase. Instead,
we can assume the wave-packet is transported out of the wire without further
resistance into a region where it is collected. This region can be thought of
as a reservoir.
36 Actually, as I will show in Sec. 3.7.4, when the length of the wire is larger than a quantity we

call the localization length, the conductance depends exponentially on the length of the wire.
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Fig. 2.6. The quantized conductance can be interpreted as originating at the “con-
tact” between a wire of length L = 2λ, with λ the scattering length, and two
reservoirs, one at each end of the wire, when a wave-packet travels from the center
of the wire towards both ends without reflection. For each spin component, each
contact provides a resistance of Rcontact = h/2e2 .

The quantized resistance can be thus interpreted as the resistance of the
“contact” between the wire and two reservoirs (one at each end of the wire)
where electrons get “absorbed” without being reflected, as if the wire is
attached to the reservoirs adiabatically (Imry, 1986). This contact resistance
is Rcontact = h/2e2, for each spin component (Fig. 2.6).

I will return to these concepts in the next chapter when developing the
Landauer approach. Here I wanted to show how they can be derived un-
der specific conditions from the Kubo formalism applied to non-interacting
electrons.

2.4 Chemical, electrochemical and electrostatic potentials

Let us now turn to another important concept I have already mentioned
several times. As anticipated, the quantity µ̄ appearing, for instance, in the
equilibrium grand-canonical distribution 1.75, is called the chemical poten-
tial. The latter is defined as the amount of energy change of the system
if an extra particle is added to it, while keeping its volume and thermody-
namic entropy – Eq. 2.146 – unchanged. More precisely, it is defined through
the Helmholtz free energy of a system with N particles at temperature θ,
FN = U−θS (with U the internal energy and S the thermodynamic entropy)
via the relation37

µ̄ = FN+1 − FN . (2.91)

37 This is equivalent to the definition

µ̄ =
(

∂F

∂N

)
θ ,V

,

the partial derivative of the free energy with respect to the total number of particles N , at
fixed temperature θ and constant volume V .
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In a metallic system at equilibrium (and zero temperature), the chemical
potential corresponds precisely to the Fermi energy, i.e., the energy of the
highest occupied energy level. The larger the chemical potential, the larger
the number of electrons in the system, so that the latter can also be inter-
preted as a measure of energy level filling.

The above definitions are strictly valid for systems in thermodynamic
equilibrium.38 As we have discussed before, electron transport is truly a
non-equilibrium process. How can we then extend such concepts to this
case? The answer to this question is not unique, and we generally adopt a
pragmatic view that allows us to make sense of these quantities using our
knowledge of equilibrium statistical mechanics.

Let us first rely on this experimental fact. Consider again two separate
metallic electrodes at equilibrium, each with its own chemical potential.
Call these potentials µ̄1 and µ̄2. For instance, these electrodes could be two
different types of metal, i.e., metals with different density. If we put together
these two metallic systems, and there is no infinite barrier between them,
carriers will flow from the metal with higher chemical potential to the one
with lower chemical potential. This diffusion process is a natural tendency
of all physical systems to approach thermodynamic equilibrium by canceling
any existing chemical potential difference. Put differently, electrons respond
to a gradient of the chemical potential as if a “field” of magnitude |∇µ̄/e| is
present.

As we have seen in the discussion of the Drude and Kubo approaches, in
addition to this chemical potential difference electrons respond mechanically
to an electric field E and drift accordingly. It is then the sum of the chemical
potential “field” −∇µ̄/e and electric field E that drives electrons in the
system: the carriers respond to

E = E −∇µ̄/e. (2.92)

The integral of this quantity along the circuit that connects the two end
points r1 and r2 of a voltmeter (a voltage probe) is precisely what the latter
measures, i.e.,

V ≡ µ(r2) − µ(r1)
e

= −
∫ r2

r1

E · dr = φ(r2)− φ(r1) +
µ̄(r2)

e
− µ̄(r1)

e
. (2.93)

38 Or close to equilibrium in a quasi-static sense: the time evolution of the system is so slow
that the latter has time to equilibrate with a succession of reservoirs, each with a different
temperature and chemical potential.
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In Eq. 2.93 we have introduced the electrostatic potential φ defined as

φ(r) =
∑

i

|e|Zi

|r − Ri|
+
∫

dr′
e n(r′)
|r − r′| , (2.94)

where Zi|e| and Ri are the charge and position of ion i, respectively, of the
given material. The second term on the right-hand side of Eq. 2.94 is known
as the Hartree potential,

vH (r) =
∫

dr′
e n(r′)
|r − r′| , (2.95)

and it is the electrostatic potential created by a distribution of charges of
density n(r).39

In this book, we will sometimes use the Hartree potential energy VH ≡
evH (r) as an approximation to the true many-body Coulomb interaction
energy

W =
1
2

∑
i �=j

e2

|ri − rj |
, (2.96)

of all electrons interacting with each other, namely

W �
∑

i

evH (ri) =
∑

i

VH (ri). (2.97)

This is one form of mean-field approximation: electrons can be considered
as moving independently of each other, and the effect of the other electrons
is only to provide the mean field 2.95.

We call V the bias or, equivalently, the electrochemical potential difference
per unit charge, where, as discussed in Sec. 1.2, the bias can be realized in
various ways, such as via the introduction of a battery or the electrostatic
potential difference of a capacitor.

We then generalize the above concepts by defining the space- and time-
dependent electrochemical potential as

µ(r, t) = eφ(r, t) + µ̄(r, t). (2.98)

At the microscopic level, due to the presence of the ions, this quantity os-
cillates strongly at the atomic positions (see Eq. 2.94). In the bulk, if we
are interested in its value in the direction of current flow (call this direction
x), we can get rid of these oscillations by performing first a planar aver-
age 〈µ(x, t)〉 = S−1 ∫

S dy dz µ(r, t) over a surface S, and then a macroscopic

39 Here, n(r) is the self-consistent charge density of the global current-carrying system. The
Hartree potential may also depend on time if the driving field depends on time.
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Fig. 2.7. Macroscopic average of the local electrochemical potential along a biased
nanostructure.

average over the distance a between two successive planes of the material

¯̄µ(x, t) =
1
a

∫ a/2

−a/2
dx′ 〈µ(x + x′, t)〉. (2.99)

A schematic of a possible electrochemical potential (averaged as above)
along a nanostructure kept at a (time-independent) bias V is shown in
Fig. 2.7.

In the following, I will always assume this spatial averaging has been
performed, but to lighten the notation, I will still employ the symbol µ(r, t)
even for this averaged electrochemical potential.

The electrochemical potential is a key quantity in transport theories and
I will come back to it in the next chapters as well. Here I make a few gen-
eral remarks. First of all, I have defined a local (in space) time-dependent
chemical potential µ̄(r, t). Since the chemical potential has a well-defined
meaning only in thermodynamic equilibrium and in a global sense (see def-
inition 2.91), what is the meaning of this quantity?

Here, again, I give a pragmatic reply. If we look back at the definition 2.91,
an r- and t-dependent chemical potential requires us to postulate that a local
temperature θ(r, t) and a local entropy function S(r, t) can be defined such
that, at any given time, the system is, at position r, in local equilibrium
with a reservoir at that same temperature θ(r, t). In mathematical terms
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we define

µ̄(r, t) ≡ µ̄eq(n, θ(r, t)), (2.100)

where I have explicitly written the dependence of the equilibrium chemical
potential on the density as well.

We can thus interpret the electrochemical potential as the one ideally
measured by a local probe in equilibrium with the system (Engquist and
Anderson, 1981; Entin-Wohlman et al., 1986). For this to happen, the
probe has to be weakly coupled to the system so that we can measure the
local electrochemical potential without appreciably perturbing the system’s
properties.40

If the system is spin-polarized, i.e., the number of spins of one species is
dominant (say the number of spin-up electrons is larger than the number of
spin-down electrons), we can also define a local spin-dependent electrochem-
ical potential µα(r, t) as

µα(r, t) ≡ eφ(r, t) + µ̄α,eq(nα, θ(r, t)), (2.101)

where the definition of equilibrium chemical potential now applies to a given
species α of spins.41

Alternative definitions of electrochemical potential can be provided (see,
for instance, Büttiker et al., 1985). All these definitions – which are not all
necessarily equivalent, both conceptually and practically – try to attribute a
non-equilibrium (and local) meaning to the equilibrium chemical potential,
either as a measure of the energy level filling of independent electrons, or as
the energy required to add electrons locally into the system.

The above conceptual differences show that while local chemical potential,
temperature and entropy are useful theoretical constructs in the description
of transport properties (we will indeed make heavy use of them in the next
chapters), they do not necessarily have a unique definition for a system out
of equilibrium.42

2.5 Drift-diffusion equations

If we use the concepts developed above, we can calculate the total current
density due both to an electric field E that creates a drift current, and to a
chemical potential gradient ∇µ that creates a diffusion current. In order to
proceed in determining this current density, let us assume the temperature
40 Whether this can be practically done is clearly a different story.
41 The spin species with the largest number of electrons is called majority spins, the one with the

lowest, minority spins.
42 We will come back to the concept of entropy and its various definitions in Sec. 2.8.
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θ is uniform across the whole system, so that the only variation of the chem-
ical potential is due to variations of the density. Let us also work in linear
response and with an isotropic material. We thus know from the analysis
of the Drude model (Sec. 2.1) and the Kubo formalism (Sec. 2.3) that an
electric field induces a conductivity response, σ, related to the drift cur-
rent. A chemical potential gradient must also induce some other response,
associated with the diffusion current. Let us call Le this positive diffusion
response coefficient.

Taking into account both the response to an electric field and the response
to a chemical potential difference we thus write the total current density as

j = σE − e
Le

θ
∇µ̄ = σE − e

Le

θ

∂µ̄

∂n

∣∣∣∣
θ

∇n, (2.102)

where σ is the Drude conductivity 2.12.43

We call diffusion coefficient the quantity

D ≡ Le

θ

∂µ̄

∂n

∣∣∣∣
θ

, (2.103)

so that Eq. 2.102 can be written as

j = σE − eD∇n. (2.104)

This drift-diffusion equation must be supplied by the equation that relates
the self-consistent charge density and the current density, i.e., the continuity
equation 1.11.

2.5.1 Diffusion coefficient of an ideal electron gas in the

non-degenerate limit

We can relate the diffusion coefficient 2.103 to the conductivity σ under the
following conditions. Let us assume that the electrons constitute an ideal
gas, i.e., they are non-interacting, or at most, interact via the mean-field
potential φ(r) (Eq. 2.94). At global equilibrium the chemical potential must
be uniform in space. On the other hand, the electrostatic potential may
43 The temperature appearing in the denominator of the second term on the right-hand side of

Eq. 2.102 comes from the fact that, quite generally, in the presence of a position-dependent
temperature, a chemical potential difference induces an electrical current of the type (Balian,
1991)

jD = eLeE ∇
(

1
θ

)
− eLe∇

(
µ̄

θ

)
.

The response coefficient LeE is related to the fact that a temperature gradient can induce both
an energy flow and a particle flow, even when µ̄/θ is constant (see Sec. 6.4).
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change in space due to local variations of the electron density. From equi-
librium statistical mechanics of ideal gases we then know that the particle
density must have the form

n(r) = n0 exp
(

µ̄ − eφ(r)
kBθ

)
, (2.105)

where here µ̄ is constant, and n0 is some constant density. We can apply
this approximate form to the non-degenerate Fermi gas.44

At thermal equilibrium the total current density must vanish so that
from 2.102 we find

0 = −σ∇φ(r) +
e2Dn(r)

kBθ
∇φ(r), (2.106)

where we have used the electrostatic relation E = −∇φ.
From 2.106 we then obtain the relation for an ideal gas in the non-

degenerate limit

D =
σkBθ

e2n
. (2.107)

We define mobility (a concept most useful for transport in doped semi-
conductors) as the mean drift velocity per unit field

µel =
|v|
|E| . (2.108)

In the Drude model we have the relation 2.10, so that the mobility is

µel =
eτ

m
, (2.109)

and the Drude conductivity (from Eq. 2.12)

σ = e n µel. (2.110)

Using these definitions we thus get

D =
kBθ

e
µel, (2.111)

or

σ =
e2nD

kBθ
, (2.112)

44 This approximation is well suited for non-degenerate semiconductors, i.e., semiconductors in
which, if Ec is the conduction band minimum, Ec − µ̄  kB θ (or if one considers holes,
µ̄ − Ev  kB θ, with Ev the top of the valence band), see, e.g., Ashcroft and Mermin, 1975.
This is the regime in which the drift-diffusion equation 2.104 is mostly applied.



2.5 Drift-diffusion equations 75

which is again the Einstein relation 2.79 I have derived using the Kubo for-
malism.

2.5.2 Generalization to spin-dependent transport

Let us generalize Eq. 2.104 to spin-dependent transport.45 Assume there are
two species of spin, which we label spin up ↑, and spin down ↓. For clarity,
let us assume these are the eigenstates of the Pauli operator σ̂z .46 The
spin-up electrons have density n↑(r), the spin-down electrons have density
n↓(r), with n↑(r)+n↓(r) = n(r), the total density. If there is no mechanism
that destroys spin polarization, such as spin-orbit coupling, Eq. 2.104 can
be simply generalized to the two equations (one for each spin component)

j↑(↓) = σ↑(↓)E − eD↑(↓)∇n↑(↓), (2.113)

where we have also introduced the spin-dependent diffusion coefficients D↑(↓).47

The current densities j↑(↓) are the two distinct components of the electrical
current density associated with the two different spins. The total current
density is simply j = j↑ + j↓.

These equations need to be supplemented by the continuity equations

e
∂n↑(↓)(r, t)

∂t
= −∇ · j↑(↓)(r, t), (2.114)

which now state the conservation of charge for each spin component.
In the presence of spin-orbit coupling, or, in general, of any mechanism

such that Ŝz is not a constant of motion,48 one cannot separately define
the two spin components of the current densities, and the only meaningful
quantity is the total current density.

Nonetheless, if these spin-relaxation effects act on the spin very “slowly”,
i.e., the time it takes for an electron initially prepared into one spin state
(say spin up) to completely relax into the opposite spin state (spin flip),
45 Once again, the drift-diffusion equations we are going to derive find their most natural applica-

tion in non-degenerate Fermi systems (see Footnote 44 ). For a recent review on spin-dependent
phenomena see, e.g., Ẑutić et al., 2004.

46 In this basis the Pauli operator σ̂z is

σ̂z =
(

1 0
0 −1

)
.

The z-component of the spin angular momentum Ŝz is simply Ŝz = � σ̂z /2.
47 Coulomb interactions create an effect known as spin Coulomb drag (D’Amico and Vig-

nale, 2002) that decreases the diffusion coefficient D↑(↓) with respect to its non-interacting
value 2.107.

48 One such mechanism may be the coupling of the electron spin with the nuclear spins.
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is longer than any other relaxation time, one may approximately distin-
guish the current components j↑(↓) and introduce these relaxation effects
phenomenologically (Yu and Flatté, 2002; Pershin and Di Ventra, 2007).
Typically, spin coherence – the analogue of the orbital wave-function co-
herence we have discussed in Sec. 2.2 – can be maintained for distances of
the order of 100 µm or larger, and times of the order of 10−9 − 10−8 s in
both bulk metals (Johnson and Silsbee, 1985) and semiconductors (Kikkawa
and Awshalom, 1999), i.e., orders of magnitude longer than mean-free paths
and relaxation times due to inelastic effects associated with the charge (see
Sec 2.1). (Long spin relaxation times are one of the reasons spin transport
is so attractive for applications.)

For clarity, let us focus on the current density j↑. With respect to this
current, spin-flip events that transform a spin-up electron into a spin-down
electron can be viewed as a “sink” of spin-up electrons: the population of
spin-up electrons decreases in time in favor of the spin-up population. And
vice versa, these mechanisms act as a “source” for the spin-down electron
population: their number increases with time. As a first approximation
we can thus say that the equation for the current density 2.113 remains
unchanged, while the continuity equation for each spin component is not
satisfied, i.e., a source/sink term must be included.

If we call τsf the average relaxation time for spin flip, the number density
of spin-up electrons that are transformed into spin-down electrons per unit
time must be proportional to (n↑ − n↓) /τsf , i.e., to the number of spin-up
electrons available per unit time. We can, however, do the same analysis
for the spin-down electrons and conclude that the number density of spin-
down electrons that are transformed into spin-up electrons per unit time
must be proportional to (n↓ − n↑) /τsf . We can thus modify the continuity
equations 2.114 as follows

e
∂n↑(r, t)

∂t
= −∇ · j↑(r, t) +

e

2τsf
(n↑ − n↓) , (2.115)

e
∂n↓(r, t)

∂t
= −∇ · j↓(r, t) +

e

2τsf
(n↓ − n↑) . (2.116)

This is the simplest form of continuity equation with a source/sink term
that guarantees that n↑(r) + n↓(r) = n(r) and satisfies the continuity equa-
tion 1.11 with j = j↑ + j↓ (no charge is lost due to spin-relaxation effects).

From all this discussion, we see that the drift-diffusion equations 2.104
and 2.113 are most useful in discussing transport in linear response for a non-
degenerate Fermi gas, and when self-consistent charge redistributions due
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to quantum-mechanical tunneling effects are of less importance, or can be
somehow lumped into either the value of the conductivity σ or the diffusion
coefficient D.

2.6 Distribution functions

Apart from the discussion about the electrochemical potential, I have so
far assumed that the system is very close to equilibrium. What if the elec-
trons are far from their equilibrium state? We can proceed using different
approaches. Here I will describe the one that introduces the concept of
distribution functions.

In the Drude model we have assumed that electrons emerge from a col-
lision with an average velocity that is randomly oriented. The magnitude
of such velocity is the same before and after the collision. In reality, some
electrons may emerge from a collision with a given velocity, and another set
of electrons with a different velocity. This same set of electrons may emerge
from another collision at a later time and different point in space with yet
another velocity, and so on. A better description of the transport problem
would then involve distribution functions, i.e., functions that describe how
electrons are distributed in momentum space, as well as in real space in the
course of time.

At equilibrium we are well familiar with one such distribution in the case of
non-interacting electrons. As we have discussed in Sec. 1.4.5, non-interacting
electrons at equilibrium with an external bath at temperature θ are dis-
tributed in momentum space according to the Fermi−Dirac distribution
(see Eq. 1.80)

feq(p) =
1

e(E(p)−µ̄)/kB θ + 1
, (2.117)

with µ̄ the chemical potential, and E(p) is the relation between momentum
and energy. For instance, for a free particle of mass m it is simply E(p) =
p2/2m.

We want to extend this definition to the non-equilibrium problem. Let us
proceed as follows.

Let us consider N interacting and indistinguishable particles and define
a phase density D(r1,p1; . . . ; rN ,pN , t) such that, if dΩ is an infinitesimal
element of phase space spanned by the coordinates and momenta of all
particles, the quantity

D(r1,p1; . . . ; rN ,pN , t) dΩ (2.118)

is the probability that, at a time t, the particles can be found in the small
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volume dΩ centered at (r1,p1; . . . ; rN ,pN ).49 The phase density is the clas-
sical counterpart of the statistical operator I have defined in Sec. 1.4.

If dri dpi is the infinitesimal phase-space volume associated with particle
i, the volume dΩ is

dΩ =
1

N !

N∏
i=1

dri dpi, (2.119)

where the factor 1/N ! is to account for the indistinguishability of the parti-
cles.

For most of the systems of interest, the phase density is too difficult to
determine since it contains all possible correlations among particles, i.e., how
each particle motion correlates with the motion of the other particles.50

We are thus content with studying a simpler quantity: the one-particle
reduced density, or one-particle non-equilibrium distribution function

f(r,p, t) =
∫

1
(N − 1)!

N∏
i=2

dri dpi D(r,p; . . . ; rN ,pN , t) (2.120)

such that, given the phase-space volume dr dp, the quantity51

f(r,p, t) dr dp = average number of particles that at time t

is found in a phase-space volume dr dp,

around the phase-space point r, p. (2.121)

The total number of particles N is therefore

N =
∫

f(r,p, t) dr dp, (2.122)

where the integral is over all allowed space and momenta.
Similarly, one can define the two-particle distribution function

f2(r,p; r′,p′, t) =
∫

1
(N − 2)!

N∏
i=3

dri dpi D(r,p; r′,p′; . . . ; rN ,pN , t),

(2.123)
49 Since D is a probability density it satisfies

∫
D(r1 , p1 ; . . . ; rN , pN , t) dΩ = 1 at all times.

50 A notable exception is the phase density of uncorrelated particles (such as those of an ideal
gas). In this case, the phase density factorizes into the product of a common function

D(r1 , p1 ; . . . ; rN , pN , t) = N !
N∏

i=1

f (ri pi , t).

51 We implicitly assume that in the element of phase space dr dp there are many one-particle
states so that a continuous distribution function can be defined.
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and, in general, the M -particle distribution function fM by integrating out
all but M degrees of freedom.

The calculation of the one-particle non-equilibrium distribution function
2.121 for a general many-body interacting system is still a difficult task (let
alone the calculation of the two-particle distribution). In the next section I
will discuss the Boltzmann equation, which is precisely a semiclassical equa-
tion of motion for the non-equilibrium distribution function. In Chapter 4 I
will introduce the quantum analogue of the Boltzmann equation and discuss
the non-equilibrium distribution functions in that context.

2.7 Boltzmann equation

In a semiclassical theory of transport one can derive an equation of motion,
known as the Boltzmann equation, for the non-equilibrium distribution func-
tion f(r,p, t). To do this consider first a set of N non-interacting particles
subject to an external potential Vext(r, t), and thus evolving according to
the Hamiltonian

H =
N∑

i=1

(
p2

i

2m
+ Vext(ri, t)

)
. (2.124)

By “non-interacting” I mean that they do not experience any type of scat-
tering. Hamiltonian 2.124 describes the dynamics of independent parti-
cles each moving with the same equations of motion. The phase density
D(r1,p1; . . . ; rN ,pN , t) we have defined in Eq. 2.118 thus factorizes into the
product of N one-particle reduced densities f(r,p, t) (see Footnote 50). In-
stead of working with the N -particle density we can thus work with the
quantity f(r,p, t)dr dp, that gives the number of particles in dr dp.

Since the particles evolve under Hamiltonian dynamics the Liouville the-
orem guarantees that the phase-space volume is conserved during time evo-
lution (Goldstein, 1950). In addition, no interactions are present among
particles, therefore the number of particles in volume dr dp remains con-
stant during time evolution under Hamiltonian 2.124. All this implies that
the single-particle density f(r,p, t) must be conserved, namely

d

dt
f(r,p, t) = 0. (2.125)

By differentiating the above equation we get

∂f(r,p, t)
∂t

+
dr
dt

· ∇rf(r,p, t) +
dp
dt

· ∇pf(r,p, t) = 0. (2.126)
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We can now use the Hamilton canonical equations for the particles’ conju-
gated variables {rj , pj} (i.e., the j-th component of the particle position and
momentum, respectively)

drj

dt
=

∂H

∂pj
;

dpj

dt
= −∂H

∂rj
, (2.127)

with the single-particle Hamiltonian H = p2/2m + Vext(r, t). We obtain

∂f(r,p, t)
∂t

+
p
m

· ∇rf(r,p, t) −∇rVext(r, t) · ∇pf(r,p, t) = 0. (2.128)

Let us now allow the particles to interact via, say, a two-particle potential
W (|r − r′|) that depends on their relative distance (this could be, e.g., the
mutual Coulomb interaction for charged particles), or via some other general
potential that scatters particles. The presence of this interaction changes
the particles’ momenta via collisions, and the particles can scatter “in” and
“out” of the phase-space volume dr dp. The distribution function f is no
longer a conserved quantity and condition 2.125 is not satisfied. The change
in time of the distribution function must thus be balanced by an equal
amount of change due to collisions. We write this as

d

dt
f(r,p, t) =

(
∂f(r,p, t)

∂t

)
coll

≡ I[f ]. (2.129)

The quantity I[f ] is called the collision integral (or scattering operator) and
is a functional of the distribution function. It gives the net rate of change
of particles with momentum p, at position r and time t. For arbitrary
interaction potentials, it contains information on the type of processes that
drive the system to local equilibrium. These processes may be elastic or
inelastic, i.e., they may or may not change the energy of the single particles.

Equating Eq. 2.129 with Eq. 2.128 we finally get the Boltzmann equation52

∂f(r,p, t)
∂t

+
p
m

· ∇rf(r,p, t) −∇rVext(r, t) · ∇pf(r,p, t) = I[f ].

(2.130)
Given an interaction potential, the collision integral can be formally calcu-
lated exactly. For instance, for a two-body potential W (|r − r′|) one finds
(Exercise 2.11)

I[f ] =
∫

dr′ dp′∇rW (|r − r′|) · ∇pf2(r,p; r′,p′, t) . (2.131)

52 Note that here Vext may be the sum of the potential energy eφ(r) and any other external
potential energy. It thus depends, self-consistently, on the charge density (see Eq. 2.94) and
therefore on the distribution function (Eq. 2.136).



2.7 Boltzmann equation 81

Unfortunately, the above expression contains the two-particle reduced den-
sity f2. We thus need an equation of motion for this quantity.

Carrying out a derivation similar to that leading to Eq. 2.131, one can
show that the equation of motion for f2 contains the three-particle reduced
density f3. In turn, the equation of motion for f3 depends on the four-
particle reduced density f4, and so on. This generates an infinite hierarchy
of coupled equations, known as the BBGKY hierarchy,53 thus making the
problem practically unsolvable.

Approximations to the collision integral are thus required to solve the
problem either analytically or numerically. For electrons, a common ap-
proximation to the collision integral is (Ashcroft and Mermin, 1975)

I[f ] = −
∫

dp′ {Wp,p′f(r,p, t)
[
1 − f(r,p′, t)

]
−Wp′,pf(r,p′, t) [1 − f(r,p, t)]

}
, (2.132)

where the quantity Wp,p′ is the transition probability density per unit time
that a particle with momentum p is scattered into a state with momentum
p′. This probability density may depend on the distribution function it-
self. The term f(r,p, t) that appears in 2.132 counts how many electrons
are in the initial state p, while the term 1 − f(r,p′, t) counts the available
states with momentum p′ into which the electrons can scatter (due to the
exclusion principle, electrons can only scatter into states that are unoccu-
pied). With this choice of collision integral, equation 2.130 is a non-linear
integro-differential equation for the distribution function.

According to the type and strength of the scattering potential, the transi-
tion probability Wp,p′ can be calculated with standard techniques of quan-
tum mechanics, such as perturbation theory (see Sec. 6.2.1 for one such
calculation). A further approximation, known as the relaxation-time ap-
proximation assumes the identity

1
τ(p)

=
∫

dp′ Wp,p′
[
1 − f(r,p′, t)

]
, (2.133)

where, as in the Drude model (Sec. 2.1), τ(p) is the relaxation time, i.e.,
the average time between successive collisions.54 With this approximation
we can rewrite the collision integral as

I[f ] = − [f(r,p, t) − feq(r,p)]
τ

. (2.134)

53 From the names of Born, Bogoliubov, Green, Kirkwood, and Yvon. We will come back to its
quantum analogue in Chapter 4.

54 The relaxation time may also depend on energy and position.
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Here feq(r,p) is the local equilibrium Fermi distribution function

feq(r,p) =
1

e(E(p)−µ̄(r))/kB θ(r) + 1
, (2.135)

with position-dependent chemical potential and temperature.
Equation 2.134 quantifies deviations from equilibrium, and contains the

physical notion that once electrons reach local equilibrium, then further
scattering will not modify their distribution (I[f ] = 0 at local equilibrium).

Irrespective of the approximations employed for the collision integral, once
the distribution function is known we can calculate the electron number
density

n(r, t) =
∫

dpf(r,p, t), (2.136)

and current density

j(r, t) = e

∫
dp

p
m

f(r,p, t). (2.137)

2.7.1 Approach to local equilibrium

Let us assume that at t = 0 we prepare the system so that the distribution
function is far from local equilibrium, i.e., f(r,p, t = 0) is very different from
feq(r,p). If the distribution f and the external potential do not have large
spatial variations, at the initial times the collision integral dominates the
dynamics of the system as is evident from 2.130. During the transient time,
therefore, the other terms in Eq. 2.130 can be neglected and the Boltzmann
equation reduces to

∂f(r,p, t)
∂t

≈ I[f ]. (2.138)

If we make the relaxation-time approximation 2.134 to the collision integral,
this equation becomes

∂f(r,p, t)
∂t

≈ − [f(r,p, t) − feq(r,p)]
τ

, (2.139)

whose solution is

f(r,p, t) = feq(r,p) + [f(r,p, t = 0) − feq(r,p)]e−t/τ . (2.140)

We thus see that the system approaches local equilibrium in a time interval
of the order of τ , i.e., of the order of the collision time. The smaller this
time, the faster local equilibrium can be reached. After this initial transient,
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the collision integral becomes comparable to the other terms in the Boltz-
mann equation, and the dynamics proceeds in such a way that the particles
lose memory of their initial momentum. The particles’ momentum is then
continually randomized by collisions.55

The subsequent dynamics is determined by the two terms p·∇rf(r,p, t)/m,
and −∇rVext(r, t) · ∇pf(r,p, t) in Eq. 2.130. This does not mean that the
local velocity of the particles is zero, and that the collision integral does
not play any role. It simply means that the global evolution of the system is
driven by these terms, while the collision integral forces the system to a local
equilibrium.56 This regime is called local equilibrium, or the hydrodynamic
regime, since one can derive from the Boltzmann equation 2.130 equations
of motion for the electron liquid similar to the hydrodynamic equations for
a classical fluid.

In Chapter 8 I will show that hydrodynamic equations can indeed be
derived more “naturally” in quantum mechanics than in classical physics:
the time-dependent Schrödinger equation 1.16 can be equivalently written
exactly in terms of the single-particle density and current density. In the
same chapter I will also show that under appropriate conditions transport
in nanostructures can be described by simple hydrodynamic equations.

I conclude by noting that, while I have discussed the Boltzmann equation
for electrons, a similar equation may be derived to study the non-equilibrium
properties of bosons, such as phonons. In this case, different approximations
to the collision integral can be derived that do not require the Pauli exclusion
principle.

2.8 Entropy, loss of information, and macroscopic irreversibility

The Boltzmann equation 2.130 has been derived to describe the dynamics of
irreversible statistical processes of a large number of particles, i.e., processes
that are not invariant under time-reversal symmetry. However, if we look
back at its derivation, we have only made use of microscopic equations of
motion – namely the Hamilton equations 2.127 – that are indeed indifferent
to the arrow of time (in the sense that they are symmetric under time-
reversal symmetry t → −t, rj → rj , pj → −pj if the Hamiltonian is an
even function of the momenta57). This means that if the set {rj(t),pj(t)}
is a solution of the equations 2.127, {rj(−t),−pj(−t)} is also a solution of

55 Note that this is true for elastic collisions as well, i.e., collisions that conserve energy.
56 Or steady state if we have an infinite system or continuous supply of charges.
57 In the presence of a magnetic field the equations of motion are invariant with respect to time-

reversal symmetry if the sign of the field is also changed.
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the same equations. This is called micro-reversibility of the equations of
motion.58

How is it then possible that one can derive an equation of motion that
describes macroscopic irreversible processes from microscopic equations of
motion that are time-reversible? The answer is loss of information. Let us
expand on this.59

If we could solve the Boltzmann equation exactly, namely if we could
solve the BBGKY hierarchy to all orders, we would know how the many-
body phase density D(r1,p1; . . . ; rN ,pN , t) evolves in time. We would then
know all correlations among particles, and how these correlations change in
the course of time.

As we have discussed in the preceding section, this is clearly an impossible
task – both experimentally and theoretically/numerically. We thus need ap-
proximations to the collision integral that generally entail neglecting corre-
lations among particles. For instance, if we employ the approximation 2.132
for I[f ], we account, via factors of the type f(r,p′, t) [1 − f(r,p, t)], for
the fact that electrons cannot scatter into occupied single-particle states.60

However, at the same time, we neglect how two, three or more electrons
correlate with each other during scattering.

By making approximations to the collision integral we thus “lose informa-
tion” on the degrees of freedom that correspond to particle correlations.61

This information cannot be recovered during time evolution (since we do not
know the exact collision integral), and thus the dynamics described by the
Boltzmann equation 2.130, with an approximate I[f ], is in fact irreversible.
This seems an almost obvious statement, but is not the whole story.

Even if we could solve the Boltzmann equation exactly, by focusing on the
single-particle degrees of freedom (that are described by the reduced density
f), during time evolution we would nonetheless transfer information to the
very many degrees of freedom related to the correlations of all particles in
the system. The question is then how easy it is to recover such information
after a long time has passed from the initial condition.

The answer to this question can only be given probabilistically, namely,
the probability that we can recover information on the correlations, once

58 Note that {rj (−t),−pj (−t)} may represent a physically different trajectory in phase space
than {rj (t), pj (t)}. In this case, we say that a spontaneous symmetry breaking has occurred:
the solution of the equations of motion does not satisfy the same symmetry as the equations
themselves (see, e.g., Gaspard, 2006).

59 While the following discussion relies on the Boltzmann equation and classical concepts, the
conclusions on macroscopic irreversibility are valid for quantum systems as well (see Sec. 2.8.3).

60 This is also a type of “correlation” due to the Pauli exclusion principle.
61 The approximation that correlations among particles can be neglected, i.e., one can consider

only the one-particle reduced density f , is often known as Stosszahlansatz.
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Fig. 2.8. The entropy Sf (t) is associated with the single-particle distribution func-
tion f . At the initial time it is equal to the entropy of the total phase density S[D],
which remains constant in time. Sf (t) instead increases with time. If the system is
not subject to external time-dependent perturbations, Sf (t) approaches the global
equilibrium entropy Seq .

a long time has passed from the initial time, and revert the dynamics to
the initial condition is infinitesimally small. For all practical purposes, once
this information is lost in the correlation degrees of freedom it cannot be
recovered, and the dynamics becomes practically irreversible.

From the above discussion it is thus clear that macroscopic irreversibility
of physical processes is related to loss of information during time evolution,
or better still, to the transfer of information – in the form of classical or
quantum correlations – from the system whose dynamics we are interested
in to other degrees of freedom, that either we choose not to consider, or
their number is so large that it is practically impossible to follow each and
every one of them in time.

2.8.1 The classical statistical entropy

Let us try to quantify this loss of information by defining a statistical entropy
S related to the quantity we are interested in. In the case of the Boltzmann
equation we define

Sf (t) = −kB

∫
dr dp f(r,p, t) ln f(r,p, t) ≡ −H(t). (2.141)

It can be shown that the entropy Sf (t) increases with time from its initial
value S[D] (H(t) decreases), which corresponds to the entropy associated
with the exact phase density D. It reaches a constant value only if f is
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the global equilibrium distribution (Exercise 2.13).62 This is known as the
H-theorem.63 The entropy Sf is a measure of the loss of information, during
time evolution, toward the correlation degrees of freedom, or equivalently of
the disorder of the state of the system (Fig. 2.8).

2.8.2 Quantum statistical entropy

I can extend the above definition to the quantum Boltzmann distribution
function whose equation I will derive in Sec. 4.6, and, in general, to any state
associated with any observable, such as the total current (see discussion in
Sec. 1.5).

Given a statistical operator ρ̂ that represents the macro-state {|Ψi〉, pi}
we define the quantum statistical entropy associated with such a statistical
operator as

S[ρ̂] = −kBTr{ρ̂ ln ρ̂} = −kB

∑
i

pi ln pi (2.142)

where the last equality comes from the definition of the trace (see Eq. 1.50),
and the fact that ρ̂ is diagonal in the basis {|Ψi〉}, with eigenvalues {pi}.

Micro-canonical entropy

If {|Ψi〉} is a complete set in the Hilbert space of the system, and the
latter explores M available states, the micro-canonical statistical operator
is simply

ρ̂ =
M∑
i=1

|Ψi〉
1
M

〈Ψi|, (2.143)

namely the probability pi of finding an element i of the ensemble in the
state |Ψi〉 is constant and equal to 1/M . From 2.142 we then find that the
statistical entropy is a maximum and is equal to

S[ρ̂] = kB ln M, for equiprobable states. (2.144)

The above corresponds to the case of a closed system whose energy is well
defined (not just on average) and no other constants of motion exist.
62 The Boltzmann entropy reaches the global equilibrium entropy 2.146 only if the system is

isolated. Also, its time derivative may be zero at some given time, if, at that time, it is equal
to the local equilibrium distribution at every point in space (Exercise 2.13).

63 There are exceptions to the H-theorem. For instance, if the initial state of the system is highly
correlated (extremely disordered) compared to the final equilibrium state, one cannot simply
neglect these initial correlations, and the approach to equilibrium may indeed occur via an
increase of H(t). See Jaynes, 1971, for a discussion on H-violating initial conditions.
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On the other hand, if the system is in a pure state the corresponding
macro-state has probability distribution {1, 0, . . . , 0} (see Sec. 1.4) so that
from 2.142 we find

S[ρ̂] = 0, for a pure state. (2.145)

Canonical entropy

When the system is in global equilibrium with a bath at temperature θ, the
probabilities pi are given by their canonical value 1.79 and the associated
entropy is

S[ρ̂eq
C ] = −kB

∑
i

e−βEi

ZC
ln
(

e−βEi

ZC

)

= kB lnZC + kBβ
∑

i

Ei
e−βEi

ZC

= kB lnZC +
〈Ĥ〉eq

θ
≡ Seq, (2.146)

where 〈Ĥ〉eq = Tr{ρ̂eq
C Ĥ} is the average energy of the system at equilibrium,

and ZC is the canonical partition function (Eq. 1.78). Equation 2.146 is
precisely the equilibrium entropy of the canonical ensemble from which one
can derive the second law of thermodynamics (Exercise 2.14). It is also the
maximum amount of disorder a system can reach when at equilibrium with
a bath at temperature θ.

Since the partition function is an extensive variable, it is proportional to
the number of particles N of the system. By comparing 2.146 with 2.144,
we thus see that at equilibrium the number of microscopic states (or the
entropy) is proportional to the number of particles; a fact I have used in
Sec. 1.2 to show that the separation of many-body energy states of a capac-
itor decreases exponentially with the number of particles (Eq. 1.14).

Entropy as loss of information

That S[ρ̂] is a good measure of loss of information in the quantum case can
be seen as follows. Let ρ̂ be the statistical operator of a closed system that is
not in a pure state but in a statistical mixture, evolving under Hamiltonian
dynamics (Eq. 1.16). The statistical operator evolves according to Eq. 1.60.
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The time derivative of S[ρ̂] is thus

dS[ρ̂]
dt

=
i kB

�
Tr{[Ĥ, ρ̂] ln ρ̂} =

i kB

�
Tr{Ĥ, [ρ̂, ln ρ̂]} = 0, (2.147)

where in the last equality I have used the cyclic property of the trace
(Eq. E1.3 in Exercise 1.1), and that an operator commutes with the log-
arithm of itself. We thus find that if we knew the dynamics of the system
completely, even if its statistical operator varies in time, we would not lose
any information.64

If, instead, we focus on the information we can extract from a reduced
statistical operator, the amount of information one can gather from that
statistical operator is limited, and the entropy must increase with time as
in the Boltzmann equation case.

Finally, we can quantify the statement I have made before, namely that
even if we knew exactly the single-particle distribution function f of the
Boltzmann equation, the probability is negligible that we can recover full
information on all degrees of freedom of the system, and thus revert its
dynamics to the initial conditions.

Assume the system has reached, during its time evolution, some disordered
macro-state. The number of micro-states associated with that macro-state
is of the order of exp(S/kB) (from Eq. 2.144). In macroscopic systems a
typical equilibrium entropy is of the order of 1 J K−1 (Balian, 1991). The
Boltzmann constant is kB = 1.38×10−23 J K−1. The number of microstates
is thus of the order of exp(1023)!

If the initial state is prepared in a pure state, then there is only one
microstate associated with it. Even if this is not the case, due to the initial
preparation of the system, its initial macro-state would, most of the time,
have a different number of micro-states than macro-states at later times.
In either case, we need to revert the dynamics of a macroscopic number
of micro-states into one micro-state or another set of micro-states. For all
practical purposes, this is clearly an impossible task, and reversibility is
highly improbable.65

64 In the classical case this statement would correspond to saying that the entropy S [D] =
−kB

∫
dΩ D ln D associated with the phase density D(r1 , p1 ; . . . ; rN , pN , t) does not vary in

time: if we could follow the time evolution of all degrees of freedom of the system, our knowledge
of its evolution would be complete, and its entropy would remain constant.

65 A statement known as the fluctuation theorem has been advanced (Evans et al., 1993) where it
is argued that the ratio between the probability that the entropy decreases by an amount ∆S
per unit time and the probability that it increases by the same amount decays exponentially
with time as exp(−∆St/kB ). This shows again that reverting the microscopic dynamics is not
impossible, simply very unlikely.
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2.8.3 Information content of the N- and one-particle statistical

operators

In the following chapters, most of the time we will make use of single-particle
quantities to develop theories of transport (whether for non-interacting elec-
trons, or for truly interacting electrons). This is, for instance, the case for
the Landauer approach of Chapter 3, where we will consider single particles
interacting at a mean-field level, or the non-equilibrium Green’s function
formalism of Chapter 4, where we will calculate single-particle Green’s func-
tions even if we consider interacting electrons. In other words, we focus on
the degrees of freedom (and their time evolution) of single particles.

The discussion in the previous section points to the fact that, given an N -
particle interacting system, the reduced single-particle statistical operator
contains less information than the N -particle statistical operator. To be
more specific, suppose the many-body system is in a pure state |Ψ(t)〉 (we
can easily generalize the discussion to a mixed state), which in the position
representation is 〈r1, r2, . . . , rN |Ψ(t)〉 = Ψ(r1, r2, . . . , rN , t). The N -particle
density matrix is then, from Eq. 1.54

ρN ({r′}, {r}, t) = 〈r′1, r′2, . . . , r′N |Ψ(t)〉〈Ψ(t)|r1, r2, . . . , rN 〉, (2.148)

which contains full information on the state of the system: its entropy,
S[ρ̂N ] = −kBTr{ρ̂N ln ρ̂N }, does not change in time – Eq. 2.147 (for the
pure state case we consider here it is zero at all times).

From the above density matrix we can construct the reduced single-
particle density matrix by integrating (tracing) out all degrees of freedom of
all particles except one

ρ1(r′1, r1, t) =
∫

dr2, . . . , drN Ψ∗(r′1, r2, . . . , rN , t) Ψ(r1, r2, . . . , rN , t).

(2.149)
This density matrix does not necessarily describe a pure state of a single

particle, and its entropy, S[ρ̂1] = −kBTr{ρ̂1 ln ρ̂1}, is thus larger than the
entropy of the N -particle density matrix. As in the Boltzmann approach, we
have lost information by focusing on the single-particle degrees of freedom.
Can we then recover this information as time evolves?

The answer to the above question seems a simple no, but density-functional
theories allow us, at least in principle, to recover full information on the sys-
tem dynamics. Here is how.

From the single-particle density matrix we can calculate the particle den-
sity of the system

n(r, t) = Nρ1(r, r, t) , (2.150)
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or the current density (see Eqs. 4.47 and 4.50 in Chapter 4)

j(r, t) =
i�N

2m
lim
r′→r

(∇r′ −∇r)ρ1(r, r′, t). (2.151)

Now, let us use density-functional theory (see Appendices E, F, and G).
For simplicity, let us focus only on the density, and work with time-

dependent DFT (similar considerations apply to the current density if we
work with time-dependent current-DFT or its stochastic version).

From the theorem of time-dependent DFT (see Appendix E), we then
know that, for any initial condition, given the exact density (which we can
obtain from the set of effective single-particle equations E.4 if we knew the
exact functional) we can determine the scalar external potential V̂ext(t) that
generates such density (apart from a trivial time-dependent constant). If we
know the external potential, we know the full many-body Hamiltonian Ĥ

from which we can, in principle, determine the many-body wave-functions,
and hence recover full information on the system at all times. Schematically

n(r, t) −→ V̂ext(t) −→ Ĥ −→ Ψ(r1, r2, . . . , rN , t) → ρ̂N (t). (2.152)

Clearly, the step that goes from the many-body Hamiltonian to the many-
body wave-function is purely formal,66 since we do not generally have the
means to calculate the many-body wave-functions directly from the N -
particle Hamiltonian – otherwise we would have already solved all many-
body problems! Due to this practical impossibility, if we focus only on the
reduced single-particle density matrix, information is lost during time evo-
lution, and the system dynamics becomes practically irreversible, even if we
know the exact functional.

2.8.4 Entropy of open quantum systems

In the case of quantum systems open to an external environment (Sec. 1.4.5)
the statistical entropy may either increase or decrease. For instance, in
Sec. 2.2.1 I have shown that if we let the system interact with an environ-
ment via the operator V̂ of Eq. 2.16 the statistical operator evolves into
the canonical equilibrium one. In that model, the main time dependence
of this evolution is given by the energy relaxation time, and has the simple
exponential form exp(−t/τE). Intuitively, we expect that the approach to
equilibrium may occur via an increase of entropy if the system is initially
prepared in a less disordered state (for instance, in a pure state, or a mix-
ture of states at an initial temperature lower than the temperature of the
66 The “reverse” problem of determining the potential that gives rise to a given density is not

trivial to solve either.
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environment). In this case, the information is lost irreversibly to the degrees
of freedom of the bath.

The statistical entropy, however, can also decrease towards the value 2.146
if the initial state is more disordered than the final state (e.g., the initial state
is at a higher temperature than the final one). The system becomes more
ordered at the expense of an increase in disorder of the bath.

In general, one can prove that if the dynamics of the open system is de-
scribed by the Lindblad equation 1.73, and the latter admits a stationary
solution (satisfying Eq. 1.74), the entropy production rate (Eq. E2.23 of Ex-
ercise 2.15) increases with time, and its time derivative will vanish only
when the statistical operator evolves into the stationary one. This means
that the statistical entropy 2.142 may increase or decrease in time, with a
corresponding entropy flux from or into the bath degrees of freedom (Exer-
cise 2.15).

2.8.5 Loss of information in the Kubo formalism

Let us now discuss the information content in a calculation of the conduc-
tivity using the linear-response formalism of Sec. 2.3. In that approach, the
system is prepared in a canonical equilibrium state whose entropy is given
by 2.146. We then let the system evolve under the influence of a pertur-
bation via Hamiltonian dynamics, i.e., we assume the system is closed.67 If
we know the exact statistical operator at any given time, from Eq. 2.147 we
conclude that its entropy will not change in time,68 and we would preserve
all information on all the correlations degrees of freedom of the system.

However, in the Kubo formalism we solve the statistical operator to first
order in perturbation theory (Eq. 2.42). If ρ̂Kubo is the approximate statis-
tical operator 2.42, its statistical entropy is

S[ρ̂Kubo(t)] = −kBTr{ρ̂Kubo(t) ln ρ̂Kubo(t)}, (2.153)

and its time derivative

dS[ρ̂Kubo]
dt

=
i kB

�
Tr{[Ĥ ′(t)I , ρ̂

eq
C ] ln ρ̂Kubo}, (2.154)

where I have used Eq. 2.42 for the approximate Kubo statistical operator.
But the term on the right-hand side of Eq. 2.154 is not zero, since the
equilibrium statistical operator ρ̂eq

C does not generally commute with either
the perturbation Ĥ ′, or the Kubo operator ρ̂Kubo(t). We thus see that we

67 In the sense that it is not interacting dynamically with any environment.
68 However, it would not necessarily be the equilibrium entropy S [ρ̂eq

C ], Eq. 2.146.
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lose information by approximating the exact statistical operator with the
Kubo one.

2.8.6 Loss of information with stochastic Hamiltonians

I now discuss the case in which the system is closed but the Hamiltonian
depends explicitly on the wave-functions or, in general, the system is so com-
plicated that its Hamiltonian is not known exactly (see Sec. 1.4.3). An ex-
ample of this is the use of approximate Hamiltonians from density-functional
theory (Appendices D, E, F). These Hamiltonians depend on the density
(or current density) and are thus different for each element of a statistical
ensemble.

In all the above cases, we can define an entropy S[ρ̂j ] associated with
the statistical operator evolving according to the Hamiltonian Ĥj in the
ensemble of random Hamiltonians (see discussion preceding Eq. 1.62). Since
the total statistical operator is the weighted sum of all these individual
statistical operators with weights p̃j (Eq. 1.63), the total entropy is

S[ρ̂(t)] = S


∑

j

p̃j ρ̂j(t)


 ≥

∑
j

p̃jS[ρ̂j(t)], (2.155)

where the last equality comes from a property of the entropy known as
concavity which states that the entropy (or disorder) of a mixture of states of
the same system is larger than the sum of its parts. I leave the demonstration
of this result as an exercise for the reader (Exercise 2.17).

The property 2.155 shows that any Hamiltonian of which we do not know
all the correlation degrees of freedom increases the disorder of the system. In
fact, suppose that the single statistical operators ρ̂j(t) conserve information:
S[ρ̂j(t)] = S[ρ̂(t = t0)]. From Eq. 2.155 we get

S[ρ̂(t)] ≥
∑

j

p̃jS[ρ̂j(t)] =
∑

j

p̃jS[ρ̂(t = t0)] = S[ρ̂(t = t0)], (2.156)

namely the disorder increases with time, and the associated loss of infor-
mation cannot be retrieved even though the equations of motion are time-
reversal invariant: a partially known Hamiltonian explicitly introduces irre-
versibility in the system dynamics.
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2.8.7 Entropy associated with the measurement of currents

I finally quantify the amount of information one obtains from the mea-
surement of currents (Sec. 1.5).69 We have seen in Sec. 1.5 that the first
step of a current measurement (the coupling with the apparatus) truncates
the total statistical operator of the system ρ̂ into the statistical operator
ρ̂I =

∑
I P̂I ρ̂P̂I . The entropy associated with this new state is

S[ρ̂I ] ≡ −kBTr {ρ̂I ln ρ̂I} = −kBTr

{∑
I

P̂I ρ̂P̂I ln ρ̂I

}

= −kBTr

{
ρ̂
∑

I

P̂I ln ρ̂IP̂I

}
= −kBTr{ρ̂ ln ρ̂I}

≥ −kBTr{ρ̂ ln ρ̂} ≡ S[ρ̂], (2.157)

where in going from the second to the third equality I have used the cyclic
property of the trace (Eq. E1.3 in Exercise 1.1); from the third to the fourth,
the fact that the projection over the current degrees of freedom does not af-
fect the current statistical operator ρ̂I ; and finally I have used the inequal-
ity E2.26 of Exercise 2.16.

Therefore, the entropy associated with the first step of a current measure-
ment is larger than the entropy associated with the total statistical operator:
by merely coupling the system to the measurement apparatus we have lost
information on other degrees of freedom that are “hidden” in the total sta-
tistical operator ρ̂. This information is irreversibly lost into the apparatus
degrees of freedom and thus cannot be recovered.

Finally, if we do observe a current value I, due to the postulate of wave-
packet reduction, the statistical operator becomes ρ̂I = P̂I ρ̂P̂I/Tr{ρ̂P̂I} (see
Sec. 1.5). The information content of this operator,

S[ρ̂I ] = −kBTr{ρ̂I ln ρ̂I}, (2.158)

may be even smaller than the information contained in the state ρ̂I (once
again, we have lost information). However, if we perform an ensemble of
measurements on the system, and observe a distribution of values {I}, each
with the probability pI = Tr{ρ̂P̂I} (from Eq. 1.83), the average amount of
information is larger than the one we obtain by simply coupling our system
with the measurement apparatus. Indeed, from Eq. 2.142 we easily get
(using the general property of a projector P̂ 2

I = P̂I )

S̄I = −kB

∑
I

pI ln pI = S[ρ̂I ] −
∑

I

pIS[ρ̂I ]. (2.159)

69 A similar discussion for a general observable can be found in Balian, 1991.
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Fig. 2.9. Information content during an ideal measurement of the current. In the
first step, we couple the system to an apparatus. The initial state of the system,
represented by the statistical operator ρ̂, irreversibly becomes ρ̂I . We lose informa-
tion during this step. If we observe one specific outcome I, the associated entropy
may be even larger. However, on average, over the ensemble of measurements of
the current {I}, we gain the average information S̄I , which may be smaller than
the entropy S[ρ̂] before the measurement.

If the system ends up in a pure state this information gain is precisely S[ρ̂I ],
the entropy immediately after the coupling with the apparatus. The entropy
S̄I may be even smaller than the initial entropy S[ρ̂] before the measurement.
We thus generally gain (on average) information during the reading of an
ensemble of values of the current (Fig. 2.9).

From the above discussion we arrive at an important conclusion that I
have already anticipated: unlike the equilibrium case, in a non-equilibrium
problem there is no unique definition of entropy. We define an entropy
according to the given observable or degrees of freedom we are really inter-
ested in. We then interpret such entropy as loss of information or amount
of disorder associated with such degrees of freedom.

Summary and open questions

I have introduced the transport theories belonging to Viewpoint 1: the
current is the response to an external electric field. These theories have al-
lowed me to introduce several concepts I will use in the rest of the book, such
as relaxation, dephasing, local electrochemical potential, temperature etc.



Exercises 95

I have also explicitly shown that electrical conduction cannot be described
using ground-state theories. This holds also in the limit of zero external
field, where the conductivity is related to spontaneous fluctuations of the
current close to equilibrium. In addition, I have proved that, in general,
the conductivity at a given time requires knowledge of its value at previous
times: the current is a history-dependent quantity.

I have also defined the statistical entropy which allows us to quantify the
loss of information in the description of physical processes out of equilibrium.
In particular, I have discussed the information content in the measurement
of currents, and quantified the loss of information when we focus on a re-
duced description of a physical phenomenon. For instance, we generally lose
information when describing the transport problem within a single-particle
picture. Even if dynamical density-functional theories allow us – at least in
principle – to recover such information at any given time, it is practically
impossible to do so, and the system dynamics is practically irreversible.

Exercises

2.1 Frequency-dependent Drude conductivity. Consider indepen-
dent electrons with average momentum p(t) and effective mass m∗

in an oscillating electric field of amplitude E and frequency ω. The
electrons experience collisions at an average rate of 1/τ , with τ the
relaxation time. The equation of motion for the electron momentum
is

dp(t)
dt

= −p(t)
τ

+ eEe−iωt. (E2.1)

The current density is j(t) = enp/m∗, where n is the electron density.
Using this model, show that in the long-time limit the complex Drude
conductivity is

σαβ(ω) =
e2nτ

m∗
δαβ

1 − iωτ
. (E2.2)

The real part of the complex conductivity Re{σ} is related to dissi-
pation and is

σ′(ω) = Re{σ(ω)} =
e2nτ

m∗
δαβ

1 + ω2τ 2 . (E2.3)

The value σ′(ω = 0) is known as the Drude peak. Using these results,
check that the sum rule in Footnote 7 is verified.

2.2 Prove Eqs. 2.18 and 2.19 for the diagonal elements of the density
matrix, and Eqs. 2.23 and 2.24 for the off-diagonal ones.
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2.3 Prove that expression 2.57 is finite for ω → 0. Show that Eq. 2.73
can be obtained from Eq. 2.57 in the limits {k → 0,k′ → 0} and
ω → 0, in this precise order.

2.4 Prove Eq. 2.65.
2.5 Infinite conductivity of a homogenous system. Show that the

conductivity of a perfectly homogeneous system is infinite in the
long-wavelength limit (k → 0 before ω → 0).

2.6 Continuity. From the continuity equation 2.70 show that∑
µ

kµχj
µν = 0, (E2.4)

with χj
µν the Fourier transform of the full response function 2.54.

2.7 Gauge invariance. Using the general gauge invariance property of
a vector potential

A′(r, t) = A(r, t) + ∇λ(r, t), (E2.5)

with λ(r, t) an arbitrary real function, show that∑
ν

χj
µνkν = 0. (E2.6)

2.8 Real and imaginary parts of the response function. Consider
the Fourier transform of the response function 2.47

χAB(ω) =
∫

dteiωtχAB(t − t′), (E2.7)

and write it in terms of a real and an imaginary part

χAB(ω) = Re{χAB(ω)} + iIm{χAB(ω)}. (E2.8)

Show that the following relations hold

Re{χAB(ω)} = Re{χA†B†(−ω)}
Im{χAB(ω)} = −Im{χA†B†(−ω)}. (E2.9)

(Hint: write the response function in terms of a complete set of exact
eigenstates of the unperturbed Hamiltonian.)

2.9 Energy dissipation. Define the average energy

U = Tr{ρ̂(t)Ĥ(t)}, (E2.10)

where ρ̂(t) is the statistical operator of the system and Ĥ(t) is Hamil-
tonian 2.31. Show that

dU

dt
∝ Im{χAA†(ω)}, (E2.11)
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namely the imaginary part of the response of an observable Â to
itself (B̂ = Â†) is related to energy dissipation.

2.10 The fluctuation-dissipation theorem. Consider the linear re-
sponse of an observable Â to a periodic perturbation (Sec. 2.3.1).
Define the correlation function

SAA†(ω) =
1
2π

∫ ∞

−∞
dt eiωt〈Â(t)Â†〉eq . (E2.12)

Calculate the response function χAA†(ω), namely the response of
the observable Â due to B̂ = Â†. Prove the following fluctuation-
dissipation relation

Im{χAA†(ω)} = −π

�

(
1 − e−β�ω

)
SAA†(ω), (E2.13)

where β = 1/kBθ. Since the imaginary part of the response function
describes dissipation (Exercise 2.9), the above shows that the latter is
related to the correlations (spontaneous fluctuations) in the system,
and generalizes the result 2.73 to an arbitrary observable.

2.11 Exact collision integral. Consider the classical phase density
D(r1,p1; . . . ; rN ,pN , t) of N interacting and indistinguishable par-
ticles. The phase density satisfies the Liouville equation

∂D

∂t
=
∑

k

(
∂H

∂qk

∂D

∂pk
− ∂D

∂qk

∂H

∂pk

)
≡ {H, D} , (E2.14)

where qk and pk are the canonical variables of the particles, and H

is the system Hamiltonian. Consider the following Hamiltonian

H =
N∑

i=1

(
p2

i

2m
+ Vext(ri, t)

)
+

N∑
i,j=1;i<j

W (|ri − rj |), (E2.15)

where W is a general two-body potential, and Vext a one-body ex-
ternal potential. Using the Liouville equation E2.14, and assuming
that the phase density D vanishes at infinity, show that the colli-
sion integral of the Boltzmann equation 2.130 can be written as in
Eq. 2.131. (Hint: Integrate the Liouville equation E2.14 over a pair
of conjugated variables.)

2.12 Collision invariants. Consider the Boltzmann equation 2.130 with
the collision integral 2.132. Prove that the collisions preserve num-
ber of particles, momentum (if lattice translation symmetry is pre-
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served), and energy, namely∫
dp I = 0 , particle-number conservation,∫

dp pi I = 0 , momentum conservation,∫
dp p2 I = 0 , energy conservation, (E2.16)

where pi (i = x, y, z) is a component of the particle momentum.
The above relations are written for local collisions. If the collisions
are not local an extra integration in space has to be performed.
Show that the relaxation-time approximation 2.134 violates all these
conservation laws.

2.13 The H-theorem. Consider the collision integral approximation
2.132 for the Boltzmann equation 2.130. Prove that the Boltzmann
entropy

Sf (t) = −kB

∫
dr dp f(r,p, t) ln f(r,p, t), (E2.17)

increases with time, namely

dSf (t)
dt

≥ 0. (E2.18)

Show that, for any given time t, the equal sign holds only if f is a
local equilibrium distribution at every point in space.

2.14 Second law of thermodynamics. Consider an arbitrary Hamilto-
nian Ĥ({χβ}, t) which depends on some variables {χβ} whose varia-
tion is related to the work W done on the system by external forces
according to the linear relation

dW =
∑
β

Fβ dχβ, (E2.19)

with

F̂β =
∂Ĥ

∂χβ
. (E2.20)

Show that the canonical entropy 2.146 is related to the heat dQ ex-
changed in an infinitesimal interval of time dt by the system with an
external environment during a quasi-static transformation (namely,
one in which the system finds itself always in equilibrium states) via

dS[ρ̂eq
C ] =

dQ

θ
≡ Tr{dρ̂Ĥ}

θ
, ∀ dβ, dχβ, (E2.21)
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where

ρ̂(t) =
e−βĤ (t)

Tr{e−βĤ (t)}
. (E2.22)

Equation E2.21 is the second law of thermodynamics.
2.15 Entropy production in the presence of stationary states.

Consider the Lindblad equation 1.73 with a time-independent Hamil-
tonian and Lindbladian. Assume that Eq. 1.73 admits a stationary
solution ρ̂ss. Define the entropy production rate

r[ρ̂(t)] ≡ d(S[ρ̂(t)|ρ̂ss])
dt

≡ −kB
d(Tr{ρ̂(t) ln ρ̂(t)})

dt
+ kB

d(Tr{ρ̂(t) ln ρ̂ss})
dt

.

(E2.23)
Show that

r[ρ̂(t)] ≥ 0, ∀t, (E2.24)

and it is zero only if ρ̂(t) = ρ̂ss. If the system dynamics follows the
Lindblad equation, and there exists a stationary solution of such an
equation, the entropy production rate is a convex functional in the
Hilbert space of the system.

We can separate the entropy production rate in two parts

r[ρ̂(t)] ≡ dS

dt
+ J, (E2.25)

where S is the statistical entropy 2.142 and J may be identified with
the entropy flux. Comparing Eq. E2.25 with Eq. E2.23 write the
explicit form of this flux.

2.16 Consider two non-negative operators Â and B̂. Prove the following
inequality

Tr{Â ln B̂} − Tr{Â ln Â} ≤ Tr{B̂} − Tr{Â}. (E2.26)

2.17 Concavity of the statistical entropy. Consider two statistical
operators ρ̂1 and ρ2. Given a real number 0 < α < 1, use the
relation E2.26 to prove that the statistical entropy 2.142 satisfies
the following inequality

S[α ρ̂1 + (1 − α) ρ̂2] ≥ α S[ρ̂1] + (1 − α)S[ρ̂2], (E2.27)

with the equal sign only if ρ̂1 = ρ̂2.
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Consider now a set of real positive numbers p̃j , with
∑

j p̃j = 1.
Using the above inequality demonstrate that

S


∑

j

p̃j ρ̂j(t)


 ≥

∑
j

p̃jS[ρ̂j(t)], (E2.28)

which shows that the statistical mixture of states of the same system
is more disordered than the sum of its parts.
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Landauer approach

I am now ready to move on to the transport theories based on Viewpoint
2: the field is a consequence of carrier flow (see Sec. 1.6). Seeds of this
approach are almost as old as quantum mechanics. For instance, one of
the first applications of scattering theory to determine the electrical resis-
tance at the contact between two conductors can be found in the work of
J. Frenkel published in 1930 (Frenkel, 1930). Here, the calculation of the
current is done by assuming that electrons on the two sides of the contact,
at their own local equilibrium distribution, have a finite transmission prob-
ability to tunnel across the potential barrier induced by the junction. This
result anticipated the concept that, under specific conditions, the conduc-
tance of a given system sandwiched between electrodes can be related to its
transmission properties, namely to the probability for electrons to “cross”
the system in going from one electrode to the other.

However, the idea that scatterers can induce, self-consistently, local fields
which “act back” on the carrier dynamics was pioneered by Landauer (Lan-
dauer, 1957), and has contributed tremendously to our understanding of
electron transport in mesoscopic and nanoscopic systems. It is a major con-
ceptual departure from the theories I have discussed in the previous chapter.

Another fundamental result of the Landauer approach is that a finite
resistance emerges even if the transmission probability of the sample is unity;
a fact I have anticipated – though from a different perspective – in Sec. 2.3.4.
This result requires a non-trivial understanding of the role of the sample
versus all other elements of an electrical circuit (Imry, 1986).

Before proceeding, I want to stress once again – as done by Landauer
himself in several of his publications – that the approach I am going to
introduce is, first and foremost, a viewpoint, not a set of equations! This
viewpoint rests on specific physical assumptions that may or may not be
satisfied in all experimental realizations of transport in nanoscale systems.

101
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I will review here these assumptions and derive the equations that are now
known as Landauer’s formulas. My introduction to this approach will rely
first on physical arguments, followed by a formal derivation of these formulas
using tools of scattering theory.

3.1 Formulation of the problem

In Chapter 1 I have discussed the different ways one can employ to initi-
ate current flow. For instance, I have considered the discharge of a finite
capacitor. In that case, I have argued that in the limit of infinite electrode
size, while keeping the conductor in between, and its contact with the elec-
trodes fixed, we expect the time-averaged current to realize the steady-state
condition 1.13.

Alternatively, we can employ batteries attached to the electrodes, as rep-
resented in Fig. 1.3(c), to maintain such a stationarity condition. In both
cases, the problem is still fundamentally time dependent and statistical: only
the current averaged over time can be assumed constant, while its value at
every given time still varies. In addition, we generally measure only the
current, and not all quantum numbers necessary to specify the state of the
system completely, so that we are forced to solve the equation of motion 1.60
for the statistical operator for the macro-state of the system.

In the case of the battery – where by “battery” I mean here any element
of the circuit external to the nanojunction – we would have to solve for the
total Hamiltonian Ĥtot that describes the dynamics of the electrons and ions
of the nanoscale system we are interested in (let us call this Hamiltonian
ĤS), plus the electrons and ions of the battery (call it Ĥbattery), and the
interactions between these two systems, Ĥint,1

Ĥtot = ĤS + Ĥbattery + Ĥint. (3.1)

Approximation 1: Open quantum systems

However, the Hamiltonian of the battery is really too complicated to write
down. We thus proceed as follows. As I have discussed in Sec. 1.2, the

1 Equation 3.1 must be interpreted as

Ĥto t = ĤS ⊗ 1̂battery + 1̂S ⊗ Ĥbattery + Ĥint ,

where 1̂battery is the identity operator on the Hilbert space of the battery degrees of freedom,
and 1̂S is the identity operator on the Hilbert space of the system.
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battery effectively acts as a reservoir of electrons, and we may thus replace
it with the infinite capacitor, which, due to the infinite Poincaré recurrence
time, also acts (at both sides of the junction) as a reservoir of electrons.
The effective problem we are going to describe is thus represented in Fig. 3.1
with the nanoscale junction sandwiched between two large chunks of ma-
terial, each open to a reservoir of electrons. Electrons come in and out of
the two reservoirs, with the electrons coming into the reservoir completely
uncorrelated from the electrons going out of it (see Sec. 1.2).

Since the reservoirs need to represent a battery, the energy required to
extract an electron from one reservoir and bring it into the system must be
different from the energy required to extract that electron from the other
reservoir and bring it into system. We have discussed in Sec. 2.4 that such
energy is the electrochemical potential. We thus assume that the electro-
chemical potential associated with one reservoir, call it the left reservoir,
µL, differs from the electrochemical potential of the right reservoir, µR, by
the bias (Fig. 3.1)

V =
µL − µR

e
, (3.2)

which is precisely the relation 2.93 for a voltmeter we have derived in Sec. 2.4
via different arguments. We are thus assuming that the bias is the electro-
chemical potential difference per unit charge between two electron reservoirs,
as ideally measured by a voltmeter attached to them.

Microscopically, the above procedure can be formally realized by tracing
out all degrees of freedom associated with the battery from the statistical
operator ρ̂tot(t) of the total system, and maintaining only the degrees of
freedom associated with the nanoscale system we are interested in2

ρ̂S(t) = Trbattery{ρ̂tot(t)}. (3.3)

However, I have shown in Sec. 1.4.5 that, in general, this does not lead to
a closed equation of motion for the reduced statistical operator ρ̂S(t). If
we assume that the battery degrees of freedom are dense in energy, and all
their correlation times are very short compared to the electron dynamics
– namely, the degrees of freedom of the battery are much faster than the
degrees of freedom of the system – we may apply the approximations we use
to derive the Lindblad equation 1.73. In this case, we could argue that some
closed form for the equation of motion of the reduced statistical operator of

2 For the capacitor I can do the same: I can trace out the degrees of freedom belonging to a
region of space far away from the junction.
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Fig. 3.1. First approximation towards a simplified theory of transport. The closed
system, electron source plus electrode-junction-electrode structure, is replaced by
the electrode-junction-electrode system dynamically coupled to two reservoirs at
different electrochemical potentials.

the type
dρ̂S(t)

dt
= Lρ̂S(t), (3.4)

would be obtained, to be solved with some initial condition ρ̂S(t = t0), and
L some super-operator.3

What we are now describing is the dynamical evolution of our system in
interaction with the two reservoirs, each at its own electrochemical poten-
tial. This is still too complicated.

Approximation 2: Ideal steady state

As I have discussed in Sec. 1.4.5, Eq. 3.4 may or may not have a steady-
state solution in the long-time limit (Eq. 1.74). If it does, this solution may
not be unique. I assume here that Eq. 3.4 does admit a unique stationary
solution (call it ρ̂ss

S ), and instead of working with the time-dependent ρ̂S(t),

3 The form of this operator may be very complicated and may include the quantum “jumps”
that the electrons experience when they enter or exit the left and right reservoirs. In this case,
the statistical operator equation 3.4 contains terms representing states with different number
of particles (see, e.g., Gurvitz, 1998).
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I work with the time-independent ρ̂ss
S : we wait long enough for the system

to reach a stationary solution (if it exists).4 I thus assume that the steady-
state condition on the current 1.13 is verified not just on average, but at
every instant of time

〈Î〉t = Tr{ρ̂S(t)Î} → Tr{ρ̂ss
S Î} = 〈Î〉 = constant, (3.5)

namely the problem I want to describe is ideally stationary.
Note that the statistical operator ρ̂ss

S is the long-time solution of the equa-
tion of motion of an open quantum system, not a closed one whose Hamilto-
nian is ĤS ,5 and is not a global equilibrium statistical operator. So, even if
I am now considering an ideal steady state, the problem is still too compli-
cated.6 It would indeed be much easier if I could work with the Schrödinger
equation 1.16 and not with an equation of the type 3.4.

Approximation 3: “Openness” vs. boundary conditions

We realize that once the problem has been rendered ideally stationary, the
role of the reservoirs is simply to continually prepare electrons in the dis-
tant past, and far away from the nanoscale junction, into wave-packets which
then move towards or away from the junction, without changing the current
in time. We thus conveniently abandon the idea of solving the open quan-
tum problem represented by an equation of the type 3.4, and replace the
“openness” with appropriate boundary conditions.

These boundary conditions are precisely those I have just discussed: elec-
trons are prepared in the distant past and far away from the junction into
wave-packets. These wave-packets move towards the junction from regions
of space I now call leads (which can be made of any material used to sandwich
our junction), scatter on the junction potential, and subsequently move far
away from it, without further scattering, so that they are (different) wave-

4 I will discuss in Chapter 7, using the micro-canonical picture of transport, that a system may
not reach a steady state for all possible initial conditions. Clearly, one can still impose an
ideal steady state by an appropriate choice of ρ̂ss

S . For instance, one can work in a coarse-
grained picture in which one defines a statistical operator over time scales larger than any
possible autocorrelation time of the whole system – battery plus nanojunction – (see discussion
in Sec. 5.1). Or we could think of this coarse-graining procedure being carried out by the
measuring apparatus, which has a finite bandwidth. Either way, one loses information on the
electron dynamics at time scales smaller than the autocorrelation time.

5 Where the Hamiltonian ĤS may be here an Hermitian operator different from the one appearing
in Eq. 3.1, due to the renormalization of the energy states of the system in the presence of the
interaction with the degrees of freedom of the battery.

6 For one thing, it is not an easy task to determine the operator L from the interaction Hamil-
tonian Ĥint .
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Fig. 3.2. Once the transport problem has been transformed into an ideally sta-
tionary one (Approximation 2), we can replace the dynamical coupling with the
reservoirs with scattering boundary conditions at infinity. We are now working
with a closed but infinite quantum system composed of our sample sandwiched
between two leads (Approximation 3).

packets propagating in the leads in the distant future (Fig. 3.2). These are
known as scattering boundary conditions.7

For conceptual convenience I now also allow the Hamiltonian ĤS to de-
scribe an infinite system, so that when I discuss electrons far away from the
junction I really mean infinitely far from it. As I will discuss later, this is
also a necessary mathematical requirement for a scattering theory: if the
Hamiltonian describes the dynamics of a large but finite system the conver-
gence and existence, for t → ±∞, of the scattering solutions 3.97 and 3.100
is not guaranteed (Newton, 1966).8

If the Hamiltonian ĤS has eigensolutions

ĤS |ΨEα〉 = E|ΨEα〉 (3.6)

in the continuum, and

ĤS |ΨEiα〉 = Ei|ΨEiα〉 (3.7)

in the discrete part of the spectrum, the general stationary solution of the
time-dependent Schrödinger equation 1.16 is

|Ψ(t)〉 =
∑
Eiα

cEiα|ΨEiα〉e−
i
�

Ei t +
∑
α

∫
dE cEα|ΨEα〉e−

i
�

Et, (3.8)

where I have lumped in α any other possible quantum number the system
may have, and the coefficients cEiα and cEα are complex numbers.

7 In certain literature these are also called “open” boundary conditions. I reserve the term
“open” for systems in dynamical interaction with an environment, e.g., those evolving under
the Lindblad equation 1.72. Scattering boundary conditions are for closed systems, namely
those evolving under Hamiltonian dynamics 1.16.

8 This is also the precise order of limits to obtain scattering solutions: first the system volume
goes to infinity, and then the time can be taken to ±∞.
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We are thus now working with a closed (but infinite) system in a pure state.

Loss of information in the Landauer approach

Note that unlike the Kubo formalism (Sec. 2.3), we have now lost informa-
tion on the history of the system: in the present approach there is no way for
us to determine whether the electron dynamics at a given time may affect
the dynamics at later times. In other words, no dynamical information on
the current density – which is definitely present in real systems – can be
obtained after the static approximation 3.5 is made.9

In addition, Approximation 3 is actually really strong: while in the case
of the Kubo formalism I could determine (in principle) the amount of loss of
information in going from the exact statistical operator to the approximate
Kubo one (Eq. 2.154), I cannot do the same here. I have gone from the
statistical operator of the full system – including the battery – to a reduced
statistical operator describing the system of interest open to two reservoirs,
back to a different closed system in a pure state. The amount of correlations
I have lost in this process cannot be determined, not even in principle.

Nonetheless, the above three approximations are still not enough if we
want to derive a closed form for the total current within this approach. We
need to make another approximation.

Approximation 4: Mean-field approximation

Let us assume that the Hamiltonian ĤS can be separated into at least two
pieces10

ĤS = Ĥmf + V̂ , (3.9)

where Ĥmf is a Hamiltonian describing independent electrons – at most ex-
periencing the mean field of other electrons – in the presence of the ions
that do not belong to the nanoscale junction, and V̂ is the interaction en-
ergy between electrons – beyond mean field – in the nanojunction, and the
interaction energy of these electrons with the ions of the junction.11

Without this approximation no closed form for the electrical current can
be obtained, and one should, in principle, determine the full many-body sta-
tistical operator, from which, via Eq. 1.86, the current may be computed.

9 For instance, we cannot capture the non-linear dynamical effects I describe in Sec. 8.5.
10 Here, as in most of the book, I will use the same symbol for potential and potential energy.
11 In simpler words: V̂ contains anything else that is not contained in the mean-field Hamiltonian

Ĥm f .
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The reason is that, if the Hamiltonian Ĥmf were to describe truly inter-
acting electrons – beyond mean field – away from the nanoscale junction
– say their Hamiltonian contains terms of the type 2.96 – we would have
to determine how two electrons evolve in time in the presence of all other
electrons in the leads before they even experience the scattering at the nanos-
tructure. This requires us to know the time evolution of three electrons in
the presence of all other electrons, which in turn requires the calculation
of the scattering properties of four electrons, and so forth. This generates
the equivalent of the infinite BBGKY hierarchy of the Boltzmann approach
(Sec. 2.7 and Appendix B). The BBGKY hierarchy is an infinite number of
“nested” equations, which prevents us from expressing the total current in
some “simple” analytical form. I will discuss these issues again in Chapter 4,
where I introduce the non-equilibrium Green’s function formalism.

The reader may also object that the partitioning 3.9 is arbitrary. Indeed,
it is!

First of all, what portion of the total Hamiltonian represents the nanoscale
system, and which one the remaining, is a choice that in part may be dictated
by how tractable – either analytically or computationally – the resulting
problem is, and in part by the physics of the specific problem at hand (see
discussions in Secs. 3.5 and 4.4).

An additional complication arises if we consider true interacting electrons
in the nanoscale junction: while partitioning the system in terms of ionic
components is a well-defined procedure (e.g., we can easily say ion A belongs
to the Hamiltonian Ĥmf while ion B to the potential V̂ ), the same is not
true for electronic interactions. Due to the long-range Coulomb interaction,
we cannot, in principle, say that some interactions belong to one region of
the system, and other interactions to another.12

Despite the above caveats I will assume the partition 3.9 can still be done.
In addition, in this chapter I will assume also that the potential V̂ describes
(at most) mean-field interactions, and I will derive in Sec. 4.4 the current
in the case in which interactions among electrons – beyond mean field – are
included in V̂ .

Therefore, in the mean-field approximation we consider in this chapter for
both Ĥmf and the scattering potential V̂ , we can work with just one single-
particle Hamiltonian. This Hamiltonian could be for instance the Hartree

12 We can rightfully assume that electrons deep in the electrodes screen Coulomb interactions
quite effectively, but it is difficult to argue that these interactions are well screened at, or
near, the nanojunction. The separation between a “perfectly” screened region and a partially
screened one is thus fuzzy, and depends on the microscopic details of the nanojunction and the
self-consistent charge distribution under current flow (see also discussion in Sec. 3.2).
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Hamiltonian

HS = HHartree(r) = − �
2

2m
∇2 + VH (r) + Vext(r), (3.10)

where VH (r) is the Hartree potential energy

VH (r) = e2
∫

n(r′)
|r − r′| dr′, (3.11)

and Vext(r) an external static potential energy, such as the electron-ion
interaction potential appearing in Eq. 2.94 and describing the electrode-
nanojunction-electrode potential.

If we want to include some correlations among particles we may use the
ground-state DFT Hamiltonian (Appendix D)

HS = HKS(r) = − �
2

2m
∇2 + VH (r) + Vxc(r) + Vext(r), (3.12)

with Vxc(r) a static exchange-correlation potential energy, which, once again,
must be viewed in the present context as a mean-field approximation, even
if we knew the exact functional (see also Sec. 3.11). This potential describes
both the exchange interaction between electrons (due to the Pauli exclusion
principle), and all possible static quantum correlations of the many-body
electron system, which are generally unknown and hence represented by
some approximate static functional of the density, see Appendix D. In ad-
dition, the potentials appearing in ĤS may be non-local in space, if, e.g., a
magnetic field is present (see Sec. 3.10).

Therefore, in what follows I will assume that our single-particle Hamilto-
nian can be generally written as (for a local potential)

HS = − �
2

2m
∇2 + V (r), (3.13)

where, once again, the potential energy V (r) may be the sum of the Hartree
energy, exchange-correlation energy, the energy due to the electron-ion in-
teraction, and any other possible external potential energy. It describes all
these interactions for the complete electrode-nanojunction-electrode system.

Here, I have also implicitly assumed that electrons scatter with static
ions. By doing so I am considering only elastic scattering where the energy
is conserved, while single-particle momentum changes. As I have discussed
in Sec. 2.2.1 this amounts to saying that the time it takes electrons to relax
energy due to any inelastic effect is much longer than the time it takes
electrons to traverse the junction. Similarly for the time it takes them to
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relax phase, as if all the energy relaxation and all dephasing effects occur in
the reservoirs.13

This is clearly an idealization. In Chapter 6 I will describe interactions
with ionic vibrations, and in Sec. 8.6 I will introduce the local electron
heating effect due to inelastic electron-electron interactions.

In terms of the magnitude of the total resistance, however, in many cases,
considering the scattering problem as phase-coherent turns out to be not
a bad approximation. The reason is that the majority of the resistance is
due to elastic scattering at the nanojunction, while the inelastic compo-
nent generally gives a small contribution, both from electron-phonon and
electron-electron interactions. Nonetheless, this does not mean these effects
can be neglected, and, as I will show later, they indeed generate very inter-
esting phenomena.

Approximation 5: Independent channels and their energy filling

After all these approximations I am now left with essentially a static – and
deterministic – single-particle problem that is definitely easier to deal with
than the true non-equilibrium statistical problem I have been referring to all
along. To the attentive reader, however, the “deterministic” – or pure-state
– aspect of all this may seem a bit far-fetched. In fact, we are assuming that
the state vector can be developed as in Eq. 3.8, where in the present context
we define

Channel: A set of quantum numbers {E, α} that describes a scattering
solution.

How do we know that the source of electrons prepares them in a pure
state – even if they interact at a mean-field level?

It is indeed very likely that electrons are initially prepared in a mixed
state: we do not measure all their quantum numbers. And even if we could
measure all quantum numbers necessary to specify the system completely at
a given time (a practically impossible proposition), by focusing only on the
degrees of freedom of single electrons we are losing information on all the
correlations with the other electrons (similar to what happens in the Boltz-
mann approach where we focus on the single-particle distribution function
– see discussion in Sec. 2.8.3).

Even if we work within a single-particle picture with mixed states, in order
13 In Sec. 3.9.1 I will describe an idealized procedure (due to Büttiker, 1986) to generalize the

Landauer approach to include dephasing without energy relaxation.
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Fig. 3.3. Electrons injected from one side of the battery with a large component
of momentum in the direction of the sample are generally “hotter” – farther from
local equilibrium – at the boundary with the leads than those injected in a direction
with large transverse momentum.

to neglect the correlations between different states we need to assume that
the off-diagonal elements of the density matrix – which connect different
channels, i.e., any two sets of quantum numbers {E, α} and {E, α′} – are
exactly zero. From the discussion in Sec. 2.2.1, we conclude this is possible
only if the system interacts with an environment, and does so in such a fast
way that these off-diagonal elements are zero almost immediately, before
we can treat the corresponding states as scattering states. In other words,
we need to assume that the system has somehow evolved into a totally
incoherent (independent) set of (single-particle) channels. Whether this is a
good approximation for all physical systems considered experimentally, and
under all experimental conditions, remains an outstanding issue.

Finally, even if the channels are independent – do not mix – and corre-
spond to the dynamics of single particles, how do we populate them? In
other words: what is their distribution function? This is a non-trivial point
since we are faced with many physically plausible choices (Büttiker et al.,
1985). If you think I am being too picky, consider this example.

Take, for instance, electrons injected at a given time from one terminal of
the battery. Suppose some of them are injected in a direction of motion that
has a large component along the direction of global current flow, and others
have a large component in the transverse direction (Fig. 3.3). These latter
electrons will take longer to reach the junction, and will thus have more time
to relax to whatever local equilibrium energy-momentum distribution they
have at the leads. The former set will have instead a much smaller time to
relax. Therefore, these electrons will be “hotter” – more precisely, farther
from local equilibrium – than the other set.

We neglect these possible differences and assume that the electrons are
injected from the left reservoir – we call them right-moving electrons – with
a local equilibrium distribution appropriate to the corresponding electro-
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chemical potential, namely

fL(E) =
1

e(E−µL )/kB θ + 1
, (3.14)

and the electrons injected from the right reservoir – left-moving electrons –
have a local equilibrium distribution

fR(E) =
1

e(E−µR )/kB θ + 1
, (3.15)

which corresponds to the electrochemical potential of the right reservoir.14

This is one of the many possible choices for the distribution functions, and
it is indeed reasonable. It amounts to saying that despite the presence of
the current there are regions of space where the current density is exactly
zero, and thus the system is truly at equilibrium. However, similar to the
approximation of independent channels, this is a strong assumption which
may not be satisfied in all systems of interest, and under all experimental
conditions.

With the above choice of local distributions, if we call |ΨL〉 a general
single-particle state for electrons injected from the left, and |ΨR〉, the cor-
responding state from the right, we can write the stationary single-particle
statistical operator of this problem as the “incoherent” sum of two sta-
tistical operators, one describing left-moving electrons and one describing
right-moving electrons:15

ρ̂ss
S =

∑
L

|ΨL〉fL〈ΨL| +
∑
R

|ΨR〉fR〈ΨR|. (3.16)

The above five approximations constitute the core of the Landauer ap-
proach. The physics represented by this approach is condensed into Fig. 3.4.
Our nanojunction (a nanotube, a molecule, etc.) is connected to two chunks
of conducting material we have called leads. Electrons are free to move in
the leads without scattering. These leads are ideally “open” in the infi-
nite far left and in the infinite far right to two reservoirs as indicated in
the figure, even though, as I have discussed above, the analytical problem I
am considering does not involve the dynamical coupling with the reservoirs.
14 Note that by replacing the electron sources with reservoirs, we are conceptually using one of

their main properties I have discussed in Sec. 1.2: dilution of degrees of freedom. The very fact
that a reservoir has an infinite number of degrees of freedom allows us to state that electrons
that are emitted from a reservoir are not the same ones that are absorbed by the same reservoir:
the left-moving and right-moving electrons are uncorrelated (see also Sec. 3.8.2). In addition,
we are also assuming that the current density is zero in a reservoir, so that the latter is in a
well-defined global equilibrium state.

15 This ad-hoc statistical operator can be thought of as representing a “mixture” of single-particle
states in equilibrium with two reservoirs: left-moving channels in equilibrium with the right
reservoir, the right-moving with the left reservoir.
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Fig. 3.4. Schematic of the system described within the Landauer approach. The
nanojunction is sandwiched between two ideal (scattering-free) leads. Particles are
injected at the infinite far left and infinite far right with two different local equilib-
rium distributions (Approximation 5). The infinite far regions may be conceptually
thought of as two “reservoirs”, even though these do not interact dynamically with
the system. The (macroscopic-averaged) local electrochemical potential µ(x) varies
along the whole structure.

Electrons are injected at the infinite far left at the local equilibrium distri-
bution fL, Eq. 3.14, and at the infinite far right, at the local distribution fR,
Eq. 3.15. Conceptually, we are also assuming that the reservoirs are con-
nected to the leads adiabatically, namely electrons will be absorbed into the
reservoirs without experiencing any further reflection (see also Sec. 2.3.4).
The reservoirs are just there to define the left-moving and right-moving dis-
tributions 3.14 and 3.15 without otherwise affecting the scattering properties
of the system.

3.2 Local resistivity dipoles and the “field response”

Why is the Landauer approach different from the other approaches I have
discussed in the previous chapter? The conceptual difference is the following:
even if we have a bias applied to the system represented by the electrochemi-
cal potential difference 3.2, we do not use that bias as a perturbation to some
Hamiltonian. Instead, the bias here is a boundary condition on the system,
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Fig. 3.5. Due to scattering of waves at the sample, local dipoles form at its boundary
or in its interior, generating local fields. These dipoles are known as local or residual
resistivity dipoles.

where wave-packets with given momenta carry the current across the nano-
junction. Due to the scattering of these wave-packets with the potential V̂

of the junction, each electron has a finite probability to be transmitted in
any given direction (probability of changing momentum), and consequently
a probability to be reflected (Fig. 3.5).

A finite probability of being reflected means that charge accumulates on
one side of the scattering center, with consequent depletion on the other
side of the obstacle, or if the scattering potential V̂ extends over a large
region of space, accumulation and depletion occur also in the interior of this
region (Fig. 3.5). Since charge accumulates at the boundary of the scattering
region or in its interior, it will create, self-consistently, local dipoles known
as local or residual resistivity dipoles (Landauer, 1957; Landauer and Woo,
1974). These dipoles develop over length scales of the order of a screening
length, which (loosely speaking) is the length over which the electric field of
a local charge immersed in the electron liquid decays due to the response of
the liquid to the local disturbance. In bulk materials, the screening length
can be anywhere between 1 Å (in metals) to hundreds of angstroms (in
semiconductors).

At nanojunctions (whether metallic or semiconducting), however, the
screening length may be much larger than in the bulk due to the reduced
dimensions of the junction, and consequent inability of the electrons to re-
spond to local disturbances as effectively as in the bulk – an effect we may
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call partial screening. The evaluation of screening lengths in nanoscale sys-
tems thus strongly depends on the atomic details of the junction.16

The above shows that, unlike the assumption 2.10 in the Drude model,
part of the momentum generated by the field that drives the current is
“lost” in the creation of these dipoles. These dipoles create local microscopic
electric fields which due to partial screening may be locally much larger than
any other macroscopic electric field in the system. We may say the field is
the “response” to an incident flux.

Local resistivity dipoles are very important in the interaction among elec-
trons and ions, and they are the main source of current-induced forces (see
Sec. 6.5). Note also that these dipoles are not a property of the ground state
of the system, showing once more that electrical conduction is intrinsically
an out-of-equilibrium problem.

3.3 Conduction from transmission

Let us now quantify what I have just discussed. Consider again the junction
configuration represented in Fig. 3.4 with our nanojunction in between two
ideal (scattering-free) leads “open” to two reservoirs whose only role is to
define the left-moving 3.14 and right-moving 3.15 local distributions.

3.3.1 Scattering boundary conditions

The leads define a convenient region where our scattering states can be
developed into an appropriate basis of the Hilbert space with consequent
definition of channels. To simplify even more (although this step is not nec-
essary) I will assume that the leads are identical (both as material properties
and shape), and contain electrons free to travel in the x direction (trans-
lationally invariant in the x direction) but confined in the y−z direction
(Fig. 3.6).

The Hamiltonian ĤS in Eq. 3.13 thus satisfies the asymptotic conditions

lim
x→−∞

HS = − �
2

2m
∇2 + VL(r⊥) ≡ HL, (3.17)

and

lim
x→+∞

HS = − �
2

2m
∇2 + VR(r⊥) ≡ HR, (3.18)

16 In other words, such a calculation cannot be done as in the bulk, where one can introduce a
well-defined dielectric constant (see, e.g., Ashcroft and Mermin, 1975).
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Fig. 3.6. The leads
are assumed to con-
fine electrons in the
y−z direction.

with VL(r⊥) a generic single-particle potential that confines electrons in the
transverse y−z plane in the L electrode, and similarly for the R electrode.

The eigenstates of the “asymptotic” Hamiltonians HL and HR can be
easily found. For instance, the Schrödinger equation for the left Hamiltonian
reads [

− �
2

2m
∇2 + VL(r⊥)

]
ψαk(r) = Eα(k)ψαk(r), (3.19)

which can be separated into a “longitudinal” equation in the x direction

− �
2

2m

∂2

∂x2 eikx =
�

2k2

2m
eikx, (3.20)

and a “transverse” equation in the y−z plane[
− �

2

2m
∇2

⊥ + VL(r⊥)
]

uα(r⊥) = εα uα(r⊥). (3.21)

The full solution of Eq. 3.19 is thus

ψαk(r) =
√

1
Lx

uα(r⊥) eikx , −∞ < k < +∞, (3.22)

with energies (which form subbands)

Eα(k) = εα +
�

2k2

2m
≡ εα +

1
2
mv2

α(k), (3.23)

where I have introduced a normalization length Lx, and defined the electron
velocity along the x direction

vα(k) =
�k

m
. (3.24)

The “transverse energies” depend on the geometry of the confining potential.
For instance, for leads whose confining potential has an infinite strength (an
infinite quantum well) with a rectangular transverse shape with length Ly

in the y direction, and Lz in the z direction, these transverse energies are
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simply

εαy ,αz =
π2

�
2

2m

[
α2

y

L2
y

+
α2

z

L2
z

]
, (3.25)

with αy and αz positive integers that define a set of quantum numbers for
this problem.

In the following, I will not choose any specific transverse shape for the
potential of the leads, and assume we have calculated the energies εα exactly,
with α representing the whole set of possible quantum numbers necessary
to specify the states completely.17

The states 3.22 satisfy the continuum orthonormality condition

〈ψαk |ψα′k′〉 =
1
Lx

∫
dx ei(k−k′)x〈uα|uα′〉 =

2π

Lx
δ(k′ − k)δαα′ , (3.26)

where in the last equality I have used the orthonormality condition

〈uα|uα′〉 = δαα′ , (3.27)

satisfied by the eigenstates of the transverse Schrödinger equation 3.21, and
the Fourier transform of the δ-function.

We thus see that the transverse solutions describe transverse modes of
discrete energies εα “embedded” in the continuum defined by the longitudi-
nal solutions – in this case simple plane waves. Since we are working in a
coherent-transport picture, to each single-particle energy E may correspond
a certain number of transverse modes (or channels), and this number is fixed
for each energy (see Fig. 3.7).

Given an energy, E, the number of channels at that energy, Nc(E), is
simply provided by those modes whose energy εα is smaller than E. In
mathematical terms

Nc(E) =
∑
α

Θ(E − εα), (3.28)

with Θ the Heaviside step function.
The number of channels in the leads of cross section S can be estimated

as follows. In each direction of length ≈
√

S can only “fit” as many channels
as the wavelength of the electrons at a given energy E will allow. In the
following, we will be mostly interested in the number of channels at the
Fermi energy EF , to which corresponds a wave-vector kF . The number of
channels at the Fermi energy is thus of the order of Nc(EF ) ≈ k2

F S. This

17 These states may even have a continuum component that represents electrons free to move
away from the leads. These are not the ones we want to use to build our scattering theory of
the lead-nanojunction-lead system.
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Fig. 3.7. Energy subbands as a function of the longitudinal wave-vector k. Each
energy E corresponds to only a fixed number of channels.

argument can be extended to d dimensions with S the (d − 1)-dimensional
“cross section”, so that

Nc(EF ) ≈ kd−1
F S. (3.29)

This also shows that in a strictly 1D system the number of channels is
1.18

The states 3.22 represent traveling states, those whose probability density
(their squared modulus) is finite everywhere in space. In addition, however,
there exist solutions to Eq. 3.19 of the type

ψαk(r) =
√

1
Lx

uα(r⊥) e−k̃x , k̃ > 0 (3.30)

with energies

Eα(k) = εα − �
2k̃2

2m
. (3.31)

These are called evanescent states (or modes) because their probability den-
sity decays exponentially in space. While these states do not contribute to
18 In quasi-1D systems, such as infinitely long armchair nanotubes, there may be other degenera-

cies, for instance, multiple transverse bands intersecting at the Fermi energy (for an extensive
discussion of the properties of nanotubes see, e.g., Saito et al., 1998).
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the current directly, they need to be taken into account in a self-consistent
theory of transport since they determine the correct total charge density in
the system (Lang, 1992; Di Ventra and Lang, 2002). Similar considerations
apply to the Hamiltonian HR.

3.3.2 Transmission and reflection probabilities

We have determined the eigensolutions at the boundaries. We now need to
determine the general solution of ĤS (Eq. 3.13), which corresponds to the
full lead-nanojunction-lead system. For a given energy E we thus need to
solve [

− �
2

2m
∇2 + V (r)

]
Ψαk(r) = EΨαk(r). (3.32)

We can proceed in several equivalent ways. Let us start from the most
intuitive one.

The solutions Ψαk(r) have to asymptotically merge with the eigenstates
of the left and right Hamiltonians HL and HR, respectively. As discussed
in Approximation 5 of Sec. 3.1, we have two sets of traveling states, those
moving from right to left, and those from left to right.19 Let us consider the
latter ones first. The results for the other set are obtained similarly.

Let us then consider an electron with energy Ei that at x → −∞ was in
an initial eigenstate ψiki (r) of the asymptotic Hamiltonian 3.17 at the same
energy. This electron has thus a positive momentum �ki such that

Ei(ki) = εi +
�

2k2
i

2m
. (3.33)

At the nanojunction, this state may be very complicated, according to the
form of the potential V (r). Nonetheless, we expect that deep into the right
electrode it is simply a linear combination of eigenstates of the asymptotic
Hamiltonian HR (with number of channels NR

c at that energy20), or, equiva-
lently, a linear combination of transmitted waves in the right lead (Fig. 3.5),

19 From a mathematical point of view the states of the Hamiltonians 3.17, 3.18, and 3.13 that
contribute to the current do not belong to the Hilbert space (they are not square-integrable).
As discussed in Sec. 1.3.2 we should then work with eigendifferentials (see Eq. 1.32) or,
more generally, with wave-packets. This requirement is even more important in the con-
text of scattering theory since it has consequences on the convergence of the solutions of
the Lippmann−Schwinger equation I will introduce in Sec. 3.4 (see Newton, 1966). To avoid
complicating the notation, however, I will assume that the transformation to eigendifferentials
or wave-packets is implicitly performed, and keep on using the notation of single eigenstates in
the continuum.

20 Under the assumption of identical leads, this is equal to N L
c , the number of channels in the

left lead at the same energy. However, for generality and clarity, in the following I maintain a
distinct notation for the number of channels in the two leads.
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namely

Ψ+
iki

(r) →
N R

c∑
f=1

Tif ψfkf
(r) , x → +∞, (3.34)

where Tif are complex numbers, and the symbol + for the wave-function is
to remind us that Ψ+

iki
(r) originates from a “past” wave-function ψiki (r).

21

As discussed above, the total Hamiltonian ĤS may also have evanescent
modes. We assume that we are so deep into the right lead that these modes
have zero contribution to 3.34.

Deep into the left lead, we do not expect Ψ+
iki

(r) to be simply the incom-
ing wave: electrons are scattered at the junction back to the left electrode
(Fig. 3.5). We thus expect a solution of the type (again, with no contribution
from evanescent modes)

Ψ+
iki

(r) → ψiki (r) +
N L

c∑
f=1

Rif ψfkf
(r) , x → −∞, (3.35)

a linear combination of the incoming wave, and all possible reflected waves
(their number is NL

c ) with momenta �kf oriented in the negative x direc-
tion, which correspond to the same energy Ei of the incoming wave. The
quantities Rif are complex numbers.

Let us now calculate the current across a given surface S – perpendicular
to the direction x of global electron flow – carried by the wave Ψ+

iki
(r). We

can use the definition 1.27 of current operator (with only the paramagnetic
current density component), and apply it to a single electron. We make the
usual change p → −i�∂/∂r, and evaluate first the expectation value of the
current density operator 1.26 over the state |Ψ+

iki
〉 (Exercise 3.1)

j(r) = 〈Ψ+
iki

|̂j(r)|Ψ+
iki

〉

=
�

2im

[
[Ψ+

iki
(r)]∗

∂Ψ+
iki

(r)
∂x

− Ψ+
iki

(r)
∂[Ψ+

iki
(r)]∗

∂x

]

=
�

m
Im

{
[Ψ+

iki
(r)]∗

∂Ψ+
iki

(r)
∂x

}
. (3.36)

We then integrate over a plane perpendicular to the x direction. This

21 This terminology will become clearer in Sec. 3.4 where I will introduce the
Lippmann−Schwinger equation.
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gives the average current I(Ei) carried by the state at energy Ei,

I(Ei) = e〈Ψ+
iki

|Î|Ψ+
iki

〉

=
e�

2im

∫ ∞

−∞
dy

∫ ∞

−∞
dz

[
[Ψ+

iki
(r)]∗

∂Ψ+
iki

(r)
∂x

− Ψ+
iki

(r)
∂[Ψ+

iki
(r)]∗

∂x

]
.

(3.37)

We are working with a system in an ideal steady state. Therefore, this
current cannot depend on the position of the surface at which we evaluate
it.22 We can thus evaluate it deep into the left lead, or, equivalently, deep
into the right lead, and the resulting currents must be identical.

Deep into the left lead I thus replace 3.35 into 3.37, and obtain

IL(Ei) = Ii(Ei) +
N L

c∑
f=1

|Rif |2 If (Ei) = Ii(Ei) −
N L

c∑
f=1

|Rif |2 |If (Ei)|

≡ Ii(Ei)


1 −

N L
c∑

f=1

Rif (Ei)


 , (3.38)

where I have defined the following quantity (from Eq. 3.22)

Ii(Ei) =
e�

2im

∫ ∞

−∞
dy

∫ ∞

−∞
dz

[
ψ∗

iki
(r)

∂ψiki (r)
∂x

− ψiki (r)
∂ψ∗

iki
(r)

∂x

]

=
�ki

mLx
=

vi(ki)
Lx

. (3.39)

In a similar way, If , the currents reflected back into the left lead, are

If (Ei) =
�kf

mLx
=

vf (kf )
Lx

, (3.40)

which, due to the fact that in this case all wave-vectors kf point in the
negative x direction, they have the opposite sign than the incident current
Ii – hence the negative sign in Eq. 3.38. The quantity

Rif (Ei) ≡ |Rif |2
|If (Ei)|
|Ii(Ei)|

(3.41)

is known as the reflection probability for a wave incident on the nanostructure
with momentum �ki to be scattered back into the left lead in a state with
momentum �kf , while the energy is conserved.

22 The density of the system is independent of time, so the current density is divergence-less (see
Eq. 1.11).
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We can do the same for the asymptotic solution 3.34 deep into the right
lead. We replace 3.34 into 3.37, and find

IR(Ei) =
N R

c∑
f=1

|Tif |2 |If (Ei)|

≡ Ii(Ei)
N R

c∑
f=1

Tif (Ei), (3.42)

where

Tif (Ei) ≡ |Tif |2
|If (Ei)|
|Ii(Ei)|

(3.43)

is the transmission probability that the wave with initial momentum �ki is
transmitted across the nanojunction into the right lead in a final state with
momentum �kf , at the same energy.

As stated before, in an ideal steady state the two currents IL(Ei) and
IR(Ei) have to be identical. Therefore, from Eqs. 3.38 and 3.42, we find
the relation between the reflection and transmission probabilities for a wave
incident from the left lead

N R
c∑

f=1

Tif (Ei) +
N L

c∑
f=1

Rif (Ei) = 1, ψiki (r) ∈ L. (3.44)

The whole procedure I have outlined so far can be repeated for a wave
incident from the right lead. In this case the wave is transmitted into the
left lead and reflected back into the right lead. Therefore, the above relation
becomes

N L
c∑

f=1

Tif (Ei) +
N R

c∑
f=1

Rif (Ei) = 1, ψiki (r) ∈ R. (3.45)

Equations 3.44 and 3.45 simply state the conservation of particle flux. In
other words, given a particle incoming from either direction of motion, it
can be either reflected or transmitted; it cannot be “lost”.

Finally, due to time-reversal invariance the above relations must hold even
if we revert the velocities of initial and final states, by changing simultane-
ously the directionality of the scattering process. For instance, a process in
which a wave scatters from the left with momentum �ki into a right state
with momentum �kf is equivalent to a process in which a wave from the right
with momentum −�kf scatters into the state on the left with momentum
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−�ki. The relations between the transmission and reflection probabilities of
these reversed processes can be obtained directly from Eqs. 3.44 and 3.45
by simply exchanging i with f , and L and with R. We thus get

N L
c∑

i=1

Tfi(Ef ) +
N R

c∑
i=1

Rfi(Ef ) = 1, ψfkf
(r) ∈ R (3.46)

and

N R
c∑

i=1

Tfi(Ef ) +
N L

c∑
i=1

Rfi(Ef ) = 1, ψfkf
(r) ∈ L. (3.47)

3.3.3 Total current

Due to the independent-channel assumption (Approximation 5 of Sec. 3.1),
the total current in the system is the sum of all currents carried by all states
(channels) at all energies. We thus need to integrate in energy, multiply by
the density of states (number of channels per unit energy) for each momen-
tum direction, and sum over all incident channels (both right-moving and
left-moving).

Since each channel represents a one-dimensional problem, the density of
states per spin for a momentum �ki (of given direction) is simply

Di(Ei)dEi =
Lx

2π
dki ⇐⇒ Di(Ei) =

Lx

2π

dki

dEi
=

Lx

2π�vα(ki)
. (3.48)

Once again, we are dealing with an ideal steady state so that we can
calculate this current anywhere in space. We choose an arbitrary point
deep into the right lead. From Eq. 3.38 and Eq. 3.42, and their equivalent
quantities for a wave incident from the right lead, we then get the total
current (the factor 2 is for spin degeneracy, and the energy integration goes
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from −∞ to +∞)

I = e

spin︷︸︸︷
2
∫

dE




N L
c∑

i=1

N R
c∑

f=1

Di(Ei)Ii(Ei)Tif (Ei)

︸ ︷︷ ︸
from L to R

−
N R

c∑
i=1

Di(Ei)Ii(Ei)


1 −

N R
c∑

f=1

Rif (Ei)

︸ ︷︷ ︸
from R reflected back to R







= e 2
∫

dE




N L
c∑

i=1

N R
c∑

f=1

Di(Ei)Ii(Ei)Tif (Ei)

︸ ︷︷ ︸
from L to R

−
N R

c∑
i=1

N L
c∑

f=1

Di(Ei)Ii(Ei)Tif (Ei)

︸ ︷︷ ︸
from R to L




= e 2
1

2π�

∫
dE {TLR(E) − TRL(E)}

= 0 , (3.49)

where, in the second equality, I have used the relation 3.45. I have also used
Eqs. 3.39 and 3.40 for the current per channel, and Eq. 3.48 for the density
of states per spin – for a given direction of momentum – to show that their
product is simply the constant 1/2π�. In addition, in the third equality of
Eq. 3.49, I have defined the total transmission coefficient at a given energy

TRL(E) =
N R

c∑
i=1

N L
c∑

f=1

Tif (E) =
N R

c∑
i=1

T̃i(E), from R to L, (3.50)

and

TLR(E) =
N L

c∑
i=1

N R
c∑

f=1

Tif (E) =
N L

c∑
i=1

Ti(E), from L to R. (3.51)

The quantities T̃i(E) and T̃i(E) in Eqs. 3.50 and 3.51, respectively, are the
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total transmission probability

T̃i(E) =
N L

c∑
f=1

Tif (E), i ∈ R, (3.52)

for a wave incident from the right to be scattered into any of the left channels,
and

Ti(E) =
N R

c∑
f=1

Tif (E), i ∈ L, (3.53)

the total transmission probability that a wave incident from the left is scat-
tered into any of the right channels.

Finally, since the particle flux must be conserved (Eqs. 3.44 and 3.45), the
total transmission coefficient from left to right must be equal to the total
transmission coefficient from right to left (Exercise 3.12)

TRL(E) = TLR(E) ≡ T (E), flux conservation, (3.54)

a property I have used in the last equality of Eq. 3.49 to show that the total
current is zero!

How come we have obtained zero current? The reason is that in the
above calculation I have assumed that the two classes of channels, right-to-
left moving, and left-to-right moving, are equally populated. If this is true,
then the amount of current that flows from left to right is exactly the same
amount that flows from right to left, and the net current is zero.

This is the equivalent result we obtain in a semiclassical theory of conduc-
tion in solids, where it is easy to show that electrons in filled bands do not
conduct, and only electrons in partially filled bands carry current (Ashcroft
and Mermin, 1975).

The situation here is analogous, and indeed with Approximation 5 we
have assumed that right-traveling states are populated up to the left elec-
trochemical potential, µL, according to the local distribution function 3.14,
while those moving from right to left (left-moving) are populated up to
the right electrochemical potential, µR, with local distribution 3.15. The
two electrochemical potentials differ, according to our Approximation 1, by
µL − µR = eV . We thus need to modify the result in Eq. 3.49 to take this
population imbalance into account.

This can be easily done by using the statistical operator 3.16. By repeat-
ing the above calculations, with now the left-moving channels populated
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differently than the right-moving ones, we get (spin included)

I = eTr{ρss
S Î} =

e

π�

∫
dE [fL(E)TLR(E) − fR(E)TRL(E)] , (3.55)

and using the flux conservation relation 3.54 we get

I =
e

π�

∫ +∞

−∞
dE [fL(E) − fR(E)] T (E) (3.56)

This current is not zero precisely because it is the difference between two
opposite currents from states which are populated differently.

The zero-bias limit of the current

In the limit of zero bias, namely in the limit µL − µR → 0, we can approxi-
mate the above equation even further. In this limit we may Taylor-expand
the left local distribution function

fL(E) = fR(E) − ∂fR(E)
∂E

∣∣∣∣
µR

(µL − µR) + O
[
(µL − µR)2] (3.57)

and obtain from Eq. 3.56, to first order in (µL − µR)

I =
2e

h
(µL−µR)

∫
dE

(
− ∂fR(E)

∂E

∣∣∣∣
µR

)
T (E), (µL−µR) → 0. (3.58)

If we now set the temperature θ to zero, the local Fermi−Dirac distribu-
tion, fR(E), becomes a step function (see Sec. 1.4.6) and its energy derivative
a δ-function centered at the right electrochemical potential µR. In the limit
of zero temperature Eq. 3.58 then becomes

I =
2e

h
(µL − µR) T (E = µR)

=
2e2

h
T (E = µR)V ; (µL − µR) → 0, θ → 0. (3.59)

Alternatively, I could have chosen to expand the right local Fermi−Dirac
distribution

fR(E) = fL(E) − ∂fL(E)
∂E

∣∣∣∣
µL

(µR − µL) + O
[
(µL − µR)2] (3.60)

and replace this into 3.56, and obtain, to first order in (µL − µR),

I =
2e2

h
T (E = µL)V ; (µL − µR) → 0, θ → 0, (3.61)
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with now the transmission coefficient evaluated at the left electrochemical
potential. Which one is then correct, Eq. 3.59 or Eq. 3.61? They are both
correct in the following sense.

Since we are really working in the limit in which µL and µR differ only
slightly from each other, we can assume that they both differ negligibly
from the Fermi energy, EF , of the electron gas at equilibrium, with µL an
infinitesimal energy ε above the Fermi energy

µL ≈ EF + ε, (3.62)

and µR an infinitesimal energy ε below the Fermi energy

µR ≈ EF − ε, (3.63)

or, equivalently, by eliminating ε from these two equations,
µL + µR

2
≈ EF . (3.64)

The transmission coefficient evaluated at the left or right electrochemical
potential is thus

T (EF ± ε) = T (EF ) ± ∂T (E)
∂E

∣∣∣∣
EF

ε + O(ε2). (3.65)

If the transmission coefficient varies slowly with energy at the Fermi level,
we may neglect its energy derivative and, to zero order in ε, we can make
the further approximation

T (EF ) ≈ T (E = µR) ≈ T (E = µL); (µL − µR) → 0, θ → 0. (3.66)

With this approximation we finally get

I =
2e2

h
T (EF )V ; (µL − µR) → 0, θ → 0, (3.67)

where I have now eliminated the ambiguity over the energy at which the
transmission coefficient is evaluated: when the two electrochemical poten-
tials differ infinitesimally from each other, and the transmission coefficient
does not vary appreciably with energy in the energy window µL − µR (and
the temperature is zero), we may evaluate the transmission coefficient at the
Fermi energy of the system at equilibrium.23

Clearly, this does not mean that the current is an equilibrium property, it
simply means that under the above conditions the transmission properties
of our non-interacting system may be approximated with the transmission
properties of those electrons at the Fermi level of the equilibrium system.
23 The zero temperature limit may not be necessary if the transmission coefficient varies negligibly

over the energy window kB θ.
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Fig. 3.8. An electronic
resonance close to the
Fermi energy is charac-
terized by a transmission
probability peaked around
that energy.

A large energy variation at the Fermi level may occur if the system has an
electronic resonance at that energy, namely a transmission coefficient that is
peaked in a narrow region of energy around the Fermi energy (see Fig. 3.8).
In that case, we cannot make the approximation 3.66, and we need to work
with the full expression 3.56 for the current.

3.3.4 Two-probe conductance

At this point we should be content since we have calculated the most impor-
tant quantity: the current. In many cases, however, it is of interest to know
one of its derived quantities: the conductance (or its inverse, the resistance).
Here we face another fundamental question:

How do we define the conductance?

This is another non-trivial issue.

Probes

In Sec. 2.1 I have defined the linear-response conductance as the ratio be-
tween the current I and the voltage drop V . However, this definition says
nothing about the actual procedure to measure these two quantities. In
fact, there are several possible answers to the above question according to
the experimental way we measure – or probe – the current and the other
relevant quantity, the bias, we use to define the conductance.

For example, one could couple somewhere along the leads capacitative
probes which ideally measure local electrostatic potentials (Landauer, 1989).
If this coupling is not invasive, one can define the conductance in terms
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of the electrostatic potential difference measured at these probes, as I will
show in Chapter 7. Clearly, due to the microscopic features of the materials
composing the leads, these potentials may vary fast in regions of space the
size of a lattice constant. One can then define a macroscopic average of
these potentials as in 2.99, and define the conductance accordingly.

In addition, as has also been shown numerically (Lang, 1995; Di Ventra
and Lang, 2002), in most cases of interest, electrochemical potential dif-
ferences – for instance, as ideally “measured” at the reservoirs – are very
close to electrostatic potential differences deep into the leads – again, in a
macroscopically averaged sense.

The fact that these two quantities are not very different on length scales
much larger than the electron screening length is due to the electrons ability
to respond to any local disturbance by rearranging themselves, in such a
way that these disturbances are effectively screened.24

Therefore, employing electrostatic or electrochemical potential differences
as biases in the definition of conductance may not lead to appreciable nu-
merical differences.

To the above considerations, we need to add that in many instances the
measurements of electrochemical potentials – and to some extent also of
electrostatic potentials – are invasive. The measurement probes thus influ-
ence the transport properties of our system; a fact I will stress in Sec. 3.9
when discussing multi-probe measurements and their analogy with dephas-
ing effects.

Two-probe conductance

In this section, I will assume that we ideally measure electrochemical po-
tential differences at the “location” of the reservoirs I have introduced to
replace the true electron source. The bias is then V = (µL − µR)/e, and
I define the conductance as in Eq. 2.4. This definition, together with the
current 3.67, gives us (Büttiker et al., 1985)

24 One then expects appreciable differences between the electrochemical potential and the elec-
trostatic one only over regions of space shorter than the screening length.
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G2-probe =
I

V
=

2e2

h
T (EF )

=
2e2

h

N L
c∑

i=1

N R
c∑

f=1

Tif (EF )

=
2e2

h

N R
c∑

i=1

N L
c∑

f=1

Tif (EF ); (µL − µR) → 0, θ → 0. (3.68)

This result finally shows what I anticipated at the beginning of this chap-
ter: under specific conditions and approximations, the conductance of non-
interacting electrons can be written in terms of their transmission properties.
In the limits of zero bias and zero temperature, and away from electronic
resonances, these transmission properties are those of the electrons at the
Fermi level – a conclusion I reached in Sec. 2.3.4 using the Kubo formalism
(see Eq. 2.86). From Eq. 3.67 it is also evident that, if the transmission
coefficient is unity, the conductance assumes the quantized value of Eq. 2.89

G0 =
2e2

h
; T (EF ) = 1, (µL − µR) → 0, θ → 0. (3.69)

From this and Eq. 3.68, it is also clear that the quantized conductance does
not always imply that the non-interacting system has only one conducting
channel in both the left and right leads. Indeed, since Tif ≤ 1, we could
have many – possibly infinite – channels whose cumulative effect is to sum
to a transmission coefficient of unit value, and thus provide a quantized
conductance. I will return to this point in Sec. 3.7.4.

Finally, if we are not working in the limits for which Eq. 3.68 is valid, the
transmission coefficient T may depend on both energy and bias, so that the
total current 3.56 may depend non-linearly on bias: I ≡ I(V ). In this case,
we may define the differential conductance (or simply conductance) at any
given bias V0 as the bias derivative of the total current evaluated at V0,

G2-probe(V0) =
dI(V )
dV

∣∣∣∣
V0

. (3.70)

To distinguish it from another conductance I will define in Sec. 3.8, the
present one is also called two-probe conductance. Once more, both 3.70, or
its zero-bias limit, 3.68, must be understood in terms of the bias as ideally
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measured by probes which “couple” with the reservoirs.

Experimental verification of quantized conductance

The first experiments that clearly showed quantization of conductance were
done on quantum point contacts created from the 2D electron gas at the in-
terface of GaAs-AlGaAs heterostructures (van Wees et al., 1988; Wharam et
al., 1988). In those experiments, the width of the quantum point contact was
controlled by a gate lithographically built in proximity to the heterostruc-
ture (see inset in the left panel of Fig. 3.9). By applying a negative voltage
to the gate, electrons are depleted underneath it, and transport occurs only
in the formed quantum-point-contact region.

The conductance was then found to decrease in steps of about 2e2/h with
increasing negative gate voltage – and thus with decreasing constriction
effective width.

Fig. 3.9. Left panel: Resistance steps as a function of negative gate voltage ob-
served in the transport properties of quantum point contacts. These are formed by
depleting regions of space of a 2D electron gas with a gate fabricated in proximity
to the 2D gas, as shown in the inset. Right panel: Conductance steps as a function
of gate voltage. The conductance data have been corrected via the subtraction of
a “series resistance”. Reprinted with permission from van Wees et al., 1988.

This is shown in Fig. 3.9 where the actual conductance evaluated as the
ratio between the current and the applied bias has been “corrected” with
what has been called a “series resistance” (van Wees et al., 1988; Wharam
et al., 1988). In reality, the experimental configuration used was closer to
what we will define as a four-probe conductance measurement (Sec. 3.8),
where the current is driven by two probes (which can be thought of as
the two “reservoirs” of Fig. 3.4), and the voltage is measured by two other
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probes at different locations along the sample. The interpretation of these
experiments cannot, therefore, be done by simple application of Eq. 3.68
(Landauer, 1989). I will come back to this point in Sec. 3.8.

3.4 The Lippmann−Schwinger equation

My goal now is to rewrite the single-particle current 3.56 in a different but
equivalent form, which provides additional insight into the transport prob-
lem. To do this I need to derive an important equation of formal scatter-
ing theory: the Lippmann−Schwinger equation. I could simply state this
equation and refer the reader to other textbooks for a complete account.
However, for completeness, and because I believe the steps leading to it
shed light on the basic physical and mathematical assumptions of scattering
theory, I will spend few pages on its derivation and discussion.

Let us start from the time-dependent Lippmann−Schwinger equation. Its
time-independent version can be easily derived from it using a Fourier trans-
formation.

3.4.1 Time-dependent Lippmann−Schwinger equation

To be specific, let us consider our single-particle Hamiltonian 3.71

HS =

Ĥ0︷ ︸︸ ︷
− �

2

2m
∇2 +

V̂︷︸︸︷
V (r), (3.71)

consisting of the kinetic part, which we call Ĥ0, and the potential V̂ de-
scribing the scattering due to the nanoscale junction.25 This potential is
assumed to be time-independent.

We can solve two different time-dependent Schrödinger equations with
given initial conditions. The first one

i�
d|Ψ(t)〉

dt
= ĤS |Ψ(t)〉 = (Ĥ0 + V̂ ) |Ψ(t)〉 , |Ψ(t0)〉, (3.72)

for the full Hamiltonian, and the second one

i�
d|Ψ0(t)〉

dt
= Ĥ0 |Ψ0(t)〉 , |Ψ0(t0)〉, (3.73)

for the Hamiltonian Ĥ0 in the absence of the scattering potential V̂ .
25 In the following discussion, the Hamiltonian Ĥ0 need not contain only the kinetic energy of the

electron: it may be some arbitrary single-particle Hamiltonian. As before, V̂ contains anything
else that is not contained in Ĥ0 .
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3.4.1.1 Green’s functions

The above equations have the general form

L̂ψ(t) = f(t) (3.74)

with

L̂ = i�
d

dt
− Ĥ (3.75)

or

L̂ = i�
d

dt
− Ĥ0 (3.76)

a linear differential operator, and f(t) = 0. From the general theory of dif-
ferential equations we then know that there exists a quantity, called Green’s
function or propagator, Ĝ(t), satisfying the equation of motion

L̂Ĝ(t) = 1̂δ(t). (3.77)

In reality, to each of the Schrödinger equations 3.72 and 3.73 we can
associate an equation of motion for two types of Green’s functions. To
Eq. 3.72 corresponds (

i�
∂

∂t
− ĤS

)
Ĝ±(t) = 1̂δ(t), (3.78)

which represents two equations of motion for the Green’s functions Ĝ+ and
Ĝ− with boundary conditions

Ĝ+(t) = 0 t < 0, retarded,

Ĝ−(t) = 0 t > 0, advanced. (3.79)

A formal solution of 3.78 for Ĝ+ with these boundary conditions is

Ĝ+(t) =

{
− i

�
e−iĤS t/� t > 0,

0 t < 0,
(3.80)

which can be checked by direct substitution into 3.78.
We note that Ĝ+(t) (for t > 0) is proportional to the time-evolution

operator U(t, t0) of Eq. 1.21 when the Hamiltonian does not depend on
time. In fact, using the formal solution 3.80 we can rewrite Eq. 1.17 – which
relates the state vector |Ψ(t0)〉 at time t0 to the state vector |Ψ(t)〉 at time
t > t0 – as

|Ψ(t)〉 = i�Ĝ+(t − t0)|Ψ(t0)〉, t > t0, (3.81)

which shows that the Green’s function Ĝ+ propagates the state vector |Ψ(t)〉,
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and contains the whole history of its time evolution – similarly to the re-
tarded response function χAB(t − t′), Eq. 2.47, to which it may be related
(Mahan, 1990). This is the reason Ĝ+ is called the retarded Green’s function
or propagator.

Similarly, we can now find the formal solution of 3.78 for Ĝ−. This is

Ĝ−(t) =

{
0 t > 0,

i
�

e−iĤS t/� t < 0,
(3.82)

and relates the state vector |Ψ(t0)〉 at time t0 to a past state vector |Ψ(t)〉
at time t < t0 as

|Ψ(t)〉 = −i�Ĝ−(t − t0)|Ψ(t0)〉, t < t0, (3.83)

which shows that the Green’s function Ĝ− “backtracks” a state vector from a
“present” time, t0, to a “past” time t. It thus requires knowledge in advance
of the state vector |Ψ(t)〉 we want to determine, hence the name advanced
Green’s function.

From the formal solutions 3.80 and 3.82 we also see immediately that since
the Hamiltonian is Hermitian the retarded and advanced Green’s functions
are related via

[G+(t)]† = G−(−t). (3.84)

I can now repeat all the above steps for the Hamiltonian Ĥ0 and its time-
dependent Schrödinger equation 3.73. I then define(

i�
∂

∂t
− Ĥ0

)
Ĝ±

0 (t) = 1̂δ(t), (3.85)

for the associated retarded Ĝ+
0 and advanced Ĝ−

0 Green’s functions with
boundary conditions

Ĝ+
0 (t) =

{
− i

�
e−iĤ0 t/� t > 0,

0 t < 0,
(3.86)

and

Ĝ−
0 (t) =

{
0 t > 0,

i
�

e−iĤ0 t/� t < 0,
(3.87)

respectively.
These Green’s functions – which sometimes I shall call “free” because

they do not include scattering via the potential V̂ – share the same proper-
ties 3.81 and 3.83 of Ĝ+ and Ĝ− (clearly with respect to the state vectors
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|Ψ0(t)〉), and the property 3.84.

Relation between Ĝ± and Ĝ±
0

Let us now relate all quantities associated with the Hamiltonian ĤS , with
the corresponding quantities associated with the Hamiltonian Ĥ0. I can
formally rewrite Eq. 3.85 as(

i�
∂

∂t
− Ĥ0

)
= 1̂δ(t)

[
Ĝ±

0 (t)
]−1

, (3.88)

which replaced in 3.78 gives

1̂δ(t)
[
Ĝ±

0 (t)
]−1

Ĝ±(t) − V̂ Ĝ±(t) = 1̂δ(t), (3.89)

or

1̂δ(t)Ĝ±(t) = 1̂δ(t)Ĝ±
0 (t) + Ĝ±

0 (t)V̂ Ĝ±(t)

= 1̂δ(t)Ĝ±
0 (t) + Ĝ±(t)V̂ Ĝ±

0 (t), (3.90)

where the last equality comes from the fact that I could have followed a
different route by formally inverting Eq. 3.78, and replacing it into 3.85.

If we integrate the above equation for Ĝ+ from t0 to t > t0 we finally get
the Lippmann−Schwinger equation which relates Ĝ+ to Ĝ+

0

Ĝ+(t − t0) = Ĝ+
0 (t − t0) +

∫ t

t0

dt′ Ĝ+
0 (t − t′)V̂ Ĝ+(t′ − t0)

= Ĝ+
0 (t − t0) +

∫ t

t0

dt′ Ĝ+(t − t′)V̂ Ĝ+
0 (t′ − t0). (3.91)

If we integrate Eq. 3.90 from t < t0 to t0 we obtain the corresponding
equation that relates Ĝ− to Ĝ−

0

Ĝ−(t − t0) = Ĝ−
0 (t − t0) +

∫ t0

t
dt′ Ĝ−

0 (t − t′)V̂ Ĝ−(t′ − t0)

= Ĝ−
0 (t − t0) +

∫ t0

t
dt′ Ĝ−(t − t′)V̂ Ĝ−

0 (t′ − t0). (3.92)
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3.4.1.2 Dyson’s equation and self-energy

I can rewrite Eqs. 3.91 and 3.92 in a different form that is the basis for a
perturbation expansion of the full retarded and advanced Green’s functions.
Let us consider Eq. 3.91. To a first approximation (called the Born approxi-
mation) I can replace the full Green’s function Ĝ+ in the integral of Eq. 3.91
with the “unperturbed” Green’s function Ĝ+

0 . I can then replace this “new”
approximate full Green’s function back into the right-hand side of Eq. 3.91,
and so on. The Green’s function Ĝ+ may be thus expanded (if the series
expansion converges) as

Ĝ+(t − t0) = Ĝ+
0 (t − t0) +

∫ t

t0

dt′ Ĝ+
0 (t − t′)V̂ Ĝ+

0 (t′ − t0)

+
∫ t

t0

dt′
∫ t′

t0

dt′′ Ĝ+
0 (t − t′)V̂ Ĝ+

0 (t′ − t′′)V̂ Ĝ+
0 (t′′ − t0) + · · ·

(3.93)

The above series expansion has an intuitive physical interpretation which
can be visualized with the diagrams in Fig. 3.10. The full propagator (rep-
resented by the vertical double lines) is the sum of a succession of scattering
events. The simplest one is a no-scattering event: the system propagates
in time from t0 to t via the unperturbed (free) propagator G+

0 (represented
by a single line). The first-order (in V̂ ) process consists in the free propa-
gation from t0 to t′, at which point a scattering event occurs, and then a
subsequent free propagation from t′ till time t. The second-order process is
a free propagation from t0 to t′′, at which point a scattering event occurs,
followed by a free propagation from t′′ to t′, a scattering event at t′, and a
subsequent free propagation from t′ to t. And so on and so forth.

If the series expansion converges we can “lump” the effects of all these
scattering events into a single quantity we call retarded self-energy and repre-
sent with the symbol Σ̂+ (see Fig. 3.10). We thus write the series expansion
as

Ĝ+(t − t0) = G+
0 (t − t0)

+
∫ t

t0

dt′
∫ t′

t0

dt′′ Ĝ+
0 (t − t′)Σ̂+(t′ − t′′)Ĝ+(t′′ − t0)

= G+
0 (t − t0)

+
∫ t

t0

dt′
∫ t′

t0

dt′′ Ĝ+(t − t′)Σ̂+(t′ − t′′)Ĝ+
0 (t′′ − t0), (3.94)
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Fig. 3.10. Perturbation expansion of the total Green’s function (represented by
two vertical lines), from t0 to t, as a sum of scattering processes, each with a fixed
number of scattering events: free propagation (a vertical line), plus one scattering
event at time t′ due to potential V , etc. If the series expansion converges, we can
lump the action of all scattering events into a self-energy Σ.

where, once again, I could interchange Ĝ+ with Ĝ+
0 in the last equality as

in Eq. 3.91. Equation 3.94 is referred to as the Dyson equation.
By comparing 3.94 with 3.91 we see that, in the present case, the self-

energy term is simply

Σ̂(t′ − t′′) = V̂ δ(t′ − t′′), mean-field approximation. (3.95)

Therefore, in this effective single-particle (mean-field) scattering problem I
gain nothing by using the Dyson equation 3.94 compared to the Lippmann-
Schwinger equation 3.91.26 However, when interactions among particles are
present, the self-energy does not have the form Eq. 3.95, and the Dyson
equation is indeed more useful as it allows us to include in the self-energy
the effects of these particle-particle interactions in a compact way. I will
come back to these issues in Chapter 4.

We can follow the above procedure for the advanced Green’s function
Ĝ− as well. In that case, the scattering events occur in the future and
by defining an advanced self-energy Σ̂−, we obtain the following Dyson’s
equation (t < t0)

26 An Hermitian self-energy means an infinite state lifetime (see Sec. 4.2.4).
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Ĝ−(t − t0) = G−
0 (t − t0)

+
∫ t0

t
dt′
∫ t0

t′
dt′′ Ĝ−

0 (t − t′)Σ̂−(t′ − t′′)Ĝ−(t′′ − t0)

= G−
0 (t − t0)

+
∫ t0

t
dt′
∫ t0

t′
dt′′ Ĝ−(t − t′)Σ̂−(t′ − t′′)Ĝ−

0 (t′′ − t0). (3.96)

Incoming and outgoing states

I will use the Dyson equation later in the book. For now, let us relate the
states |Ψ0〉 of the Hamiltonian Ĥ0 with the states |Ψ〉 of the full Hamiltonian
ĤS . One of our assumptions is that in the infinite past the electrons did not
experience the scattering potential V̂ , namely, their evolution was governed
by the time-dependent Schrödinger equation 3.73. Let us call the state
governed by this evolution an incoming state |Ψin

0 〉. We have also assumed
that in the infinite past this state coincided with the state |Ψ〉 of the full
Hamiltonian ĤS . We can then make the following ansatz

|Ψin
0 (t)〉 ≡ i� lim

t0→−∞
Ĝ+

0 (t − t0)|Ψ(t0)〉, (3.97)

namely the incoming free state vector |Ψin
0 〉 is the result of the time evolution

from the infinite past of the true state |Ψ(t0)〉. This evolution, however, is
carried by the free Hamiltonian Ĥ0. This is a strong assumption, which may
or may not be verified for all physical systems under all experimental condi-
tions; and it is precisely the condition for the very existence of a scattering
theory.

From Eqs. 3.72 and 3.85 we get the following identity

∂|Ψin
0 (t)〉

∂t0
= i�

∂

∂t0
[Ĝ+

0 (t − t0)|Ψ(t0)〉]

= i�
∂Ĝ+

0 (t − t0)
∂t0

|Ψ(t0)〉 + i�Ĝ+
0 (t − t0)

∂|Ψ(t0)〉
∂t0

=
[
−1̂δ(t − t0) − Ĥ0Ĝ

+
0 (t − t0) + Ĝ+

0 (t − t0)Ĥ0

+ Ĝ+
0 (t − t0)V̂

]
|Ψ(t0)〉

= −1̂δ(t − t0)|Ψ(t0)〉 + Ĝ+
0 (t − t0)V̂ |Ψ(t0)〉, (3.98)
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where, in the last equality, I have also used the fact that Ĝ0 and Ĥ0 commute
(this is obvious from Eq. 3.86).

Let us now integrate the above equation from t0 → −∞ to t0 → +∞.
Using the definition of incoming state 3.97 we finally get

|Ψ+(t)〉 = |Ψin
0 (t)〉 +

∫ +∞

−∞
dt′ G+

0 (t − t′)V̂ |Ψ+(t′)〉. (3.99)

This is also called the Lippmann−Schwinger equation. In the above, I have
also used the notation |Ψ+(t)〉 for the full state of the system to remind us
that it is a state originating from an incoming free state.

I can redo the above procedure by defining an outgoing state

|Ψout
0 (t)〉 ≡ −i� lim

t0→+∞
Ĝ−

0 (t − t0)|Ψ(t0)〉, (3.100)

which represents a free state generated in the infinite future by the full state
|Ψ(t0)〉. Similarly to what we did for the incoming state 3.97, by calculat-
ing the time derivative of the outgoing state 3.100 we get the Lippmann-
Schwinger equation

|Ψ−(t)〉 = |Ψout
0 (t)〉 +

∫ +∞

−∞
dt′ G−

0 (t − t′)V̂ |Ψ+(t′)〉. (3.101)

Having defined the incoming and outgoing states, I can now think about
my scattering process differently. My state vector |Ψ(t)〉 originates in the
distant past from the incoming state |Ψin

0 (t)〉, which evolves according to
the propagator Ĝ+

|Ψ+(t)〉 ≡ i� lim
t0→−∞

Ĝ+(t − t0)|Ψin
0 (t0)〉, (3.102)

or it originates in the distant future from the outgoing state |Ψout
0 (t)〉 which

evolves according to Ĝ−

|Ψ−(t)〉 ≡ −i� lim
t0→+∞

Ĝ−(t − t0)|Ψout
0 (t0)〉. (3.103)

By following the same procedure we used to derive Eqs. 3.99 and 3.101 we
then obtain from these states the following Lippmann−Schwinger equations
(Exercise 3.2)

|Ψ+(t)〉 = |Ψin
0 (t)〉 +

∫ +∞

−∞
dt′ G+(t − t′)V̂ |Ψin

0 (t′)〉 (3.104)
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and

|Ψ−(t)〉 = |Ψout
0 (t)〉 +

∫ +∞

−∞
dt′ G−(t − t′)V̂ |Ψout

0 (t′)〉, (3.105)

which differ from Eqs. 3.99 and 3.101 because they require information on
the full Green’s functions Ĝ+ and Ĝ−. The use of Eqs. 3.99 and 3.101 or
their equivalent, Eqs. 3.104 and 3.105, thus really depends on what type of
information one has on the system dynamics.

3.4.2 Time-independent Lippmann−Schwinger equation

Once we have derived the time-dependent Lippmann−Schwinger equations,
the corresponding time-independent versions can be easily obtained via Fourier
transforming the time-dependent Green’s functions.27 We thus define

Ĝ+(E) =
∫ +∞

−∞
dt eiEt/� e−εt/� Ĝ+(t) =

∫ +∞

0
dt eiEt/� e−εt/� Ĝ+(t),

(3.106)
where the last equality comes about because of the formal solution of the
full propagator 3.80. Similarly, for all other Green’s functions

Ĝ−(E) =
∫ 0

−∞
dt eiEt/� e+εt/� Ĝ−(t), (3.107)

for the full propagator, and

Ĝ+
0 (E) =

∫ +∞

0
dt eiEt/� e−εt/� Ĝ+

0 (t), (3.108)

Ĝ−
0 (E) =

∫ 0

−∞
dt eiEt/� e+εt/� Ĝ−

0 (t), (3.109)

for the free propagators. In the above, I have introduced an infinitesi-
mal number ε > 0, and corresponding exponential terms, which guarantee
that the integrals are convergent.28 By replacing the Green’s functions 3.80
and 3.82 in 3.106 and 3.107, respectively, we get

Ĝ+(E) =
1̂

E + iε − ĤS

retarded, (3.110)

27 Remember that all quantities appearing in the various Lippmann−Schwinger equations depend
at most on time differences only, so that their Fourier transform leads to a single energy
function.

28 For instance, the integral for Ĝ+ runs from t = 0 to t → +∞, hence the exponential factor
e−ε t/� guarantees convergence for t → +∞.
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and

Ĝ−(E) =
1̂

E − iε − ĤS

advanced. (3.111)

It will sometimes be useful to write the above two equations in a compact
form by defining the complex number z = E + iε for the retarded Green’s
function, and z = E − iε for the advanced Green’s function. In this case,
both of the above two equations can be written as

Ĝ(z) =
1̂

z − ĤS

, (3.112)

which corresponds to the two different Eqs. 3.110 and 3.111.
The corresponding quantities for the free Hamiltonian Ĥ0 can be obtained

by replacing 3.86 and 3.87 in 3.108 and 3.109, respectively

Ĝ+
0 (E) =

1̂
E + iε − Ĥ0

≡ 1̂
z − Ĥ0

retarded, (3.113)

and

Ĝ−
0 (E) =

1̂
E − iε − Ĥ0

≡ 1̂
z − Ĥ0

advanced. (3.114)

As evident from their analytical structure, all the Green’s functions Ĝ+(E),
Ĝ−(E), Ĝ+

0 (E) and Ĝ−
0 (E) have poles in correspondence to the eigenvalues

of the respective Hamiltonians. For instance, Ĝ+(E) has poles in correspon-
dence to the eigenvalues of the Hamiltonian ĤS .

For the bound states spectrum of ĤS (see Eq. 3.6 where here, however, the
states are single-particle states), Ĝ+(E) has simple poles. In the continuum
(i.e., from E = 0 to E → +∞, Eq. 3.7) these poles merge to form a branch
cut in the positive energy real axis, and we must calculate Ĝ+(E) in the
complex energy plane by approaching the branch cut from above, i.e., for
Im(z) → 0+. Similar considerations apply to the other Green’s functions,
the advanced ones being calculated by approaching the branch cut from
below in the complex energy plane: Im(z) → 0−.

Using the definitions 3.110 and 3.111 for the full retarded and advanced
Green’s functions, respectively, we see that they are related via

[G+(E)]† = G−(E), (3.115)

which can also be derived from the Fourier transform of the time-dependent
relation 3.84. Similarly for the Green’s functions associated with the free
Hamiltonian Ĥ0.
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It is now an easy task to write the various Lippmann−Schwinger equa-
tions in their static version by Fourier transforming their time-dependent
counterpart. We get from 3.91 and 3.92 the following equations

Ĝ±(E) = Ĝ±
0 (E) + Ĝ±

0 (E)V̂ Ĝ±(E)

= Ĝ±
0 (E) + Ĝ±(E)V̂ Ĝ±

0 (E), (3.116)

for the Green’s functions, and from the Eqs. 3.99, 3.101, 3.104 and 3.105

|Ψ+(E)〉 = |Ψin
0 (E)〉 + G+

0 (E)V̂ |Ψ+(E)〉
= |Ψin

0 (E)〉 + G+(E)V̂ |Ψin
0 (E)〉 (3.117)

and

|Ψ−(E)〉 = |Ψout
0 (E)〉 + G−

0 (E)V̂ |Ψ−(E)〉
= |Ψout

0 (E)〉 + G−(E)V̂ |Ψout
0 (E)〉, (3.118)

for the scattering states, where I have defined the Fourier transform of a
general state

|Ψ(E)〉 =
∫ +∞

−∞
dt eiEt/� |Ψ(t)〉. (3.119)

Also, for later use, I write the Fourier transform of the Dyson equa-
tions 3.94 and 3.96 (Σ̂±(E) is the Fourier transform of Σ̂±(t − t′))

Ĝ±(E) = Ĝ±
0 (E) + Ĝ±

0 (E)Σ̂±(E)Ĝ±(E)

= Ĝ±
0 (E) + Ĝ±(E)Σ̂±(E)Ĝ±

0 (E), (3.120)

even though, in the present single-particle scattering problem, this form is
equivalent to the Lippmann−Schwinger equations 3.116.

Equation 3.120 can also be written as

Ĝ±(E) =
1̂

[G±
0 (E)]−1 − Σ̂±(E)

=
1̂

E ± iε − Ĥ0 − Σ̂±(E)
, (3.121)

a form I will use later.

Green’s function spectral representation

Let us consider for instance the eigenstates of ĤS given by the single-particle
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analogue of Eqs. 3.6 and 3.7 (similar considerations apply to Ĥ0). These
eigenstates satisfy the resolution of the identity

1̂ =
∑
Eiα

|ΨEiα〉〈ΨEiα| +
∑
α

∫ +∞

0
dE |ΨEα〉〈ΨEα|. (3.122)

By applying 3.122 to the operator Ĝ(z) (Eq. 3.112) and using Eqs. 3.6
and 3.7 we get the spectral representation of the Green’s function

Ĝ(z) =
∑
Eiα

|ΨEiα〉〈ΨEiα|
z − Ei

+
∑
α

∫ +∞

0
dE

|ΨEα〉〈ΨEα|
z − E

, (3.123)

which again represents two equations, one for Ĝ+(E) and one for Ĝ−(E).
Similarly for all other Green’s functions.

Density of states operator

Using the Green’s functions spectral representation 3.123, we can now
calculate several quantities we will make use of later on. First of all, we
realize that the operator

D̂(E) = i lim
ε→0

Ĝ+(E) − Ĝ−(E)
2π

(3.124)

counts the number of states at a given energy, and is thus called density of
states operator. Indeed, if we replace 3.123 into 3.124 we get

D̂(E) =
1
π

lim
ε→0

∑
Eiα

|ΨEiα〉
ε

(E − Ei)2 + ε2 〈ΨEiα|

+
1
π

lim
ε→0

∑
α

∫ +∞

0
dE′ |ΨE ′α〉

ε

(E − E′)2 + ε2 〈ΨE ′α|

=
∑
Eiα

|ΨEiα〉δ(E − Ei)〈ΨEiα|

+
∑
α

∫ +∞

0
dE′ |ΨE ′α〉δ(E − E′)〈ΨE ′α|. (3.125)

In the last equality I have used the definition of the δ-function

δ(x) =
1
π

lim
ε→0

ε

x2 + ε2 . (3.126)

The above density of states operator can be evaluated in any given basis. If
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we choose the position representation, we get the local density of states

D(r, E) ≡ 〈r|D̂(E)|r〉

= i lim
ε→0

G+(r, r, E) − G−(r, r, E)
2π

= − 1
π

Im[G+(r, r, E)], (3.127)

which counts the number of states at a given energy at a point in space r.
In the above I have also written the Green’s functions Ĝ± in the position
basis

G±(r, r′, E) ≡ 〈r|Ĝ±(E)|r′〉. (3.128)

3.4.2.1 Free-particle Green’s functions in one dimension

As an example, and since we will make use of it later, let us consider the
position representation of the Green’s function associated with the Hamil-
tonian,

Ĥ0 =
p̂2

x

2m
, (3.129)

of a free particle in one dimension along the cartesian direction x. The
associated Green’s functions Ĝ±

0 in the position basis are

G±
0 (x, x′, E) ≡ 〈x|Ĝ±

0 (E)|x′〉, (3.130)

where the energy E = �
2k2/2m. We need to calculate just one of these

Green’s functions, say G+(x, x′, E). The other one is related to this one
via 3.115.

The eigenstates of 3.129 are plane waves (see Eq. 3.20) which I denote
with 〈x|ψk〉 = ψk(x) = eikx. Using the spectral representation 3.123 I can
thus write

G+
0 (x, x′, E) =

1
2π

lim
ε→0

∫ +∞

−∞
dk′ 〈x|ψk′〉〈ψk′ |x′〉

E + iε − �2k′2/2m

=
1
2π

lim
ε→0

∫ +∞

−∞
dk′ eik′(x−x′)

E + iε − �2k′2/2m

=
m

i�2
eik|x−x′|

k
k > 0, (3.131)

where in the last step I have integrated in the complex plane by closing the
contour of integration in the complex upper-half plane for x > x′ – thus
obtaining the residue of the pole with Im(k) > 0 in that region – and in the
lower-half plane for x < x′ – which includes the other pole with Im(k) < 0
(Exercise 3.6).
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Since k > 0, if x > x′ the above Green’s function is

G+
0 (x > x′, E) =

m

i�2
eik(x−x′)

k
(3.132)

which, if we fix x′, is proportional to a plane wave of given energy “leaving”
the point x′, and moving from left to right (right-moving wave). On the
other hand, for x < x′

G+
0 (x < x′, E) =

m

i�2
e−ik(x−x′)

k
(3.133)

is proportional to a plane wave leaving from the point x′, and moving from
right to left (left-moving wave). This may be interpreted as if the point x′

is a “source” of right-moving and left-moving waves.
The corresponding advanced Green’s function is then

G−
0 (x, x′, E) = [G+

0 (x, x′, E)]† =
[
G+

0 (x′, x, E)
]∗ = − m

i�2
e−ik|x−x′|

k
k > 0,

(3.134)
for which the above considerations can be reversed: the point x′ can be
considered now as a “sink” of right-moving and left-moving waves.

In the above I have considered propagating states (plane waves). I have
discussed in Sec. 3.3.1 that we also need to consider evanescent modes
(Eqs. 3.30 and 3.31). These correspond to negative energies or imaginary
wave-vector k = ik̃, with k̃ > 0. If we replace this imaginary wave-vector
in 3.131 we get

G+
0 (x, x′, E) = −m

�2
e−k̃|x−x′|

k̃
E = −�

2k̃2

2m
< 0 k̃ > 0, (3.135)

and

G−
0 (x, x′, E) = [G+

0 (x, x′, E)]† = −m

�2
e−k̃|x−x′|

k̃
= G+

0 (x, x′, E), (3.136)

which are simply proportional to the evanescent mode wave-functions (see
Eq. 3.30).

We now have all the formal tools of single-particle scattering theory to
recalculate the total current 3.56 in another equivalent way.

3.5 Green’s functions and self-energy

For clarity, let us refer to Fig. 3.11. Regions L and R are two semi-infinite
chunks of conductors that sandwich a central region C (the sample). The
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Fig. 3.11. A finite sample C coupled to two semi-infinite leads via some operators.
The leads do not couple with each other directly.

latter could again be a molecule or any other nanoscale structure. The two
chunks of conductors may or may not be identical in all their properties.

I now make a different partition of the Hamiltonian ĤS , Eq. 3.9 (see, e.g.,
Kurth et al., 2005). I assume that regions L and C are coupled by some
potential (V̂LC + V̂ †

LC ), while regions C and R, by a potential (V̂CR + V̂ †
CR)

(see Fig. 3.11), with V̂LC and V̂CR some operators. We also assume that
regions L and R are decoupled. Physically this means there is no direct
tunneling between the two regions.

In certain nanoscale systems, for instance, a single molecule or, in gen-
eral, a small cluster of atoms between two bulk electrodes (see Figs. 1.1
and 1.2), this approximation must be handled with care. If the two chunks
of conductors contain all ions, except those of the molecule or cluster, the
electrode surfaces of the bulk conductors may be separated by just a few
angstroms. In this case, some finite electronic coupling (tunneling) between
the two surfaces is present.

Most importantly, these surfaces are generally charged (as I have antic-
ipated in Sec. 1.1, and I will discuss again in Chapter 7) so that direct
Coulomb interactions may affect the electronic states of the two electrodes
without the sample. We can, however, choose our “sample” region to extend
several atomic layers inside the bulk electrodes where screening is essentially
complete – possibly within microscopic Friedel-like oscillations. By doing so
we may assume the above coupling negligible.

In addition, let us assume the potentials V̂LC and V̂CR to be “short range”,
in the sense that their spatial ranges do not overlap in the sample region.29

29 Which is the same as saying that we can indeed define an “interfacial region” between the
left electrode and the central region distinct from the “interfacial region” between the right
electrode and the central region.
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Again, in nanoscale systems this approximation may not be quite valid due
to partially screened Coulomb interactions.30

The isolated semi-infinite conductors are described by the Hamiltonians
ĤL and ĤR. To these Hamiltonians are associated the Green’s functions
ĜL(z), ĜR(z), respectively, according to the definition 3.112. The isolated
sample is described by the Hamiltonian ĤC , with Green’s function ĜC (z).
Here we assume to know these Green’s functions exactly. Our goal is to
determine the Green’s function Ĝ(z), not of ĤC , but of the sample in the
presence of the coupling with the electrodes. To do this let us proceed as
follows.

With these partitions and definitions, the total Hamiltonian is

ĤS = ĤL + ĤR + ĤC + V̂LC + V̂ †
LC + V̂CR + V̂ †

CR. (3.137)

The Schrödinger equation can be formally written in matrix form
 ĤL V̂LC 0

V̂ †
LC HC V̂ †

CR

0 V̂CR ĤR




 |φL〉

|φC 〉
|φR〉


 = E


 |φL〉

|φC 〉
|φR〉


 . (3.138)

The elements of the vector 
 |φL〉

|φC 〉
|φR〉


 (3.139)

are the single-particle wave-functions associated with the Hamiltonians of
the three regions. For instance, we denote with |φL〉 the solutions to the
equation ĤL|φL〉 = E|φL〉. The matrix equation 3.138 can be easily solved
and gives the three equations

ĤL|φL〉 + V̂LC |φC 〉 = E|φL〉, (3.140)

V̂ †
LC |φL〉 + ĤC |φC 〉 + V̂ †

CR|φR〉 = E|φC 〉, (3.141)

and

V̂CR|φC 〉 + ĤR|φR〉 = E|φR〉. (3.142)

We can rearrange 3.140 to get

(E − ĤL)|φL〉 = V̂LC |φC 〉. (3.143)
30 In practice, all parameters entering these potentials need to be determined self-consistently.

This helps reduce, to some degree, the arbitrariness of their value, but clearly does not change
the assumed form of the coupling potentials.
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If we make the usual substitution E → E ± iε ≡ z (see Eq. 3.112), to
analytically continue the Green’s functions in the complex plane, then the
left-hand side of Eq. 3.143 is simply the inverse of the Green’s function
ĜL(z), that is

|φL〉 = ĜL(z)V̂LC |φC 〉. (3.144)

Similarly, from Eq. 3.142

|φR〉 = ĜR(z)V̂CR|φC 〉. (3.145)

These last two equations directly relate the wave-function of the sample with
the wave-function of the electrodes. By multiplying both sides of Eqs. 3.144
and 3.145 by 〈φC | we get

〈φC |φL〉 = 〈φC |ĜL(z)V̂LC |φC 〉, (3.146)

and

〈φC |φR〉 = 〈φC |ĜR(z)V̂CR|φC 〉, (3.147)

i.e., there is a finite probability amplitude of finding an electron of the cen-
tral region C in both L and R regions. If we label εk the eigenenergies of the
Hamiltonian ĤC of the isolated central region, this is equivalent to saying
that there is a finite probability for an electron in the sample (with one
of the energies εk) to tunnel to the left and right electrodes. Since we are
assuming that ĤL and ĤR describe semi-infinite electrodes, then their spec-
trum is continuous, and the discrete states of the isolated sample broaden
into resonances (see Fig. 3.12).31 The energy εk is therefore “shifted” (or
renormalized) by the presence of the electrode states and, at the same time,
the electron acquires a lifetime to scatter from the central region into the
electrodes. Let us expand on this concept even more.

We replace |φL〉 and |φR〉 in 3.141 to get[
E − ĤC − V̂ †

LCĜL(z)V̂LC − V̂ †
CRĜR(z)V̂CR

]
|φC 〉 = 0. (3.148)

The operators

Σ̂L(z) ≡ V̂ †
LCĜL(z)V̂LC , (3.149)

and

Σ̂R(z) ≡ V̂ †
CRĜR(z)V̂CR, (3.150)

31 Those with renormalized energy higher than the energy of the bottom of the continuum spec-
trum of both the Hamiltonians ĤL and ĤR . Those that end up between the bottom of the
continuum of ĤL and the bottom of the continuum of ĤR are exponentially decaying into
the left electrode and standing waves into the right electrode – assuming the bottom of the
continuum of HL is higher in energy than the corresponding one for HR (Lang, 1995; Di Ventra
and Lang, 2002).
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Fig. 3.12. When the central region is coupled to two semi-infinite electrodes, its
energy states are “renormalized”, and those whose renormalized energy is higher
than the bottom of the continuum spectrum of the electrodes’ Hamiltonians broaden
into resonances.

are again called self-energy operators.
As stated before, z = E±iε so that in reality Σ̂L(z) defines two self-energy

operators,

Σ̂+
L (E) ≡ Σ̂L(E + iε) retarded, (3.151)

Σ̂−
L (E) ≡ Σ̂L(E − iε) advanced, (3.152)

and similarly for Σ̂R(z).
However, unlike the self-energy term 3.95 I have introduced in Sec. 3.4

when discussing the Lippmann−Schwinger equation, the self-energy opera-
tors here are non-Hermitian: Σ̂†

L,R(z) 	= Σ̂L,R(z). Indeed, from the general
relation between the retarded and advanced Green’s functions, Eq. 3.115,
we get from Eqs. 3.149 and 3.150

(Σ̂+)†L,R(E) = Σ̂−
L,R(E), (3.153)

i.e., the advanced self-energy is the Hermitian conjugate of the retarded one,
and vice versa. The fact that in the present case these operators are not
Hermitian is a consequence of the partitioning 3.137. While in Sec. 3.4 the
scattering potential V̂ acted on the states of the free (electrodes) Hamilto-
nian, here the “interface” potentials act on the states of the central region,
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as if the central region Hamiltonian is “perturbed” by the presence of the
electrodes.

With the introduction of self-energy operators, Eq. 3.148 can be rewritten
as [

E − ĤC − Σ̂L(z) − Σ̂R(z)
]
|φC 〉 = 0. (3.154)

But according to the theory of differential equations (see Eq. 3.74 and dis-
cussion thereafter), to Eq. 3.154 is associated the Green’s function

Ĝ(z) =
1̂

E − ĤC − Σ̂L(z) − Σ̂R(z)
, (3.155)

which actually represents two Green’s functions

Ĝ+(E) =
1̂

E − ĤC − Σ̂+
L (E) − Σ̂+

R(E)
retarded, (3.156)

and

Ĝ−(E) =
1̂

E − ĤC − Σ̂−
L (E) − Σ̂−

R(E)
advanced. (3.157)

Equation 3.155 (and each of the Eqs. 3.156 and 3.157) is of the Dyson
form 3.121 for a single particle in the central region “interacting” with the
L and R electrodes. It can be put in the equivalent form 3.120 by using the
Green’s function ĜC (z) of the isolated central region, and defining the total
self-energy Σ̂(z) = Σ̂L(z) + Σ̂R(z):

Ĝ(z) = ĜC (z) + ĜC (z)Σ̂(z)Ĝ(z) = ĜC (z) + Ĝ(z)Σ̂(z)ĜC (z), (3.158)

which can be verified by direct substitution into Eq. 3.155. Again, Eq. 3.158
represents two distinct equations, one for the retarded Green’s function and
one for the advanced Green’s function.

Let us note that, by choosing the partition 3.137, we have transformed
the original problem of the sample plus the electrodes into the problem of
the central region “open” to the electrodes via the self-energies.32 The self-
energies take care of the scattering due to the presence of the electrodes. As
I will show in a moment, however, this is equivalent to the single-particle
scattering problem we have solved to derive the total current 3.56, and
does not add any new physics to the solution of the Lippmann−Schwinger
equations 3.117 and 3.118.

Also, the reader should note that even if the equation 3.158 has a formal
32 Clearly, this is not an open quantum system in the sense that it is not dynamically coupled to

reservoirs.
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structure similar to the many-body Dyson equation I will discuss in Chap-
ter 4, I have derived it here without ever employing many-body perturbation
theory. The steps leading to Eq. 3.158 – and the equation itself – should
not be thus confused with the non-equilibrium Green’s function formalism
of Chapter 4.

Energy “renormalization” and state “lifetime”

Without the self-energy terms the Green’s functions Ĝ+(E) and Ĝ−(E)
(Eqs. 3.156 and 3.157) have poles in correspondence to the eigenenergies εk

of ĤC . We can call these “zero-order poles” of the Green’s functions. The
self-energies therefore make Ĝ+(E) and Ĝ−(E) analytical in correspondence
to these poles by “renormalizing” the energies of ĤC (Fig. 3.12).

We can see this even better if we write

Σ̂L(z) = Re{Σ̂L(z)} + iIm{Σ̂L(z)}, (3.159)

in terms of the real and imaginary parts (and similarly for the right elec-
trode).33 Equation 3.155 then becomes

Ĝ(z) =
1̂

E − ĤC − Re{Σ̂L(z) + Σ̂R(z)} − iIm{Σ̂L(z) + Σ̂R(z)}
, (3.160)

which shows that the energies εk of ĤC are “shifted” (or “renormalized”).
To first order, we can estimate the amount of this renormalization by

replacing in the argument of the self-energy the “unperturbed” energy (zero-
order pole) εk , namely Re{ΣL(εk)+Σ̂R(εk)} is the approximate energy shift
(see also discussion in Sec. 4.2.4).

Using the relations 3.156 and 3.157 it is also easy to show that

[Ĝ+(E)]−1 − [Ĝ−(E)]−1 =
(
Σ̂−

L (E) − Σ̂+
L (E)

)
+
(
Σ̂−

R(E) − Σ̂+
R(E)

)
≡ i
[
Γ̂L(E) + Γ̂R(E)

]
≡ iΓ̂(E), (3.161)

which can be equivalently written as

i
[
Ĝ+(E) − Ĝ−(E)

]
= Ĝ+(E)Γ̂Ĝ−(E) . (3.162)

In the above equations I have defined the quantities

Γ̂L,R(E) = i[Σ̂+
L,R(E) − Σ̂−

L,R(E)] = −2Im{Σ̂+
L,R(E)}. (3.163)

Recalling the definition of density of states operator, Eq. 3.124, we see that
33 These must be interpreted as the real and imaginary parts of the matrix elements of the

corresponding operator in a given basis.
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the right-hand side of Eq. 3.162 is simply proportional to the single-particle
density of states of the entire system (central region plus electrodes).34

In the absence of the imaginary part of the self-energies, the eigensolutions
corresponding to the full Green’s function Ĝ(z) would only be shifted with
respect to the energies εk , but would still belong to the real energy axis.
They would thus be stationary states of some Hamiltonian.

The imaginary parts move these solutions off the real energy axis, inside
the complex plane. An imaginary energy means a “decay” of the solution
(which, in a dynamical sense, means a non-unitary evolution of the state of
the system), so that the imaginary parts can be interpreted as the “rate” at
which the electrons are “scattered out” of the states of the free Hamiltonian
ĤC (see also Sec. 4.2.4). We thus say that due to (elastic) scattering the
eigenstates of ĤC acquire an “elastic lifetime”.35

To first order again, this lifetime can be estimated by replacing the energy
argument of the imaginary part of the self-energy with the unperturbed
energies εk , so that (from the retarded Green’s function)

τel(εk) = − �

Im{Σ+
L (εk) + Σ+

R(εk)}
. (3.164)

I stress here that the “broadening” and “lifetime” of the single-particle states
are not due to interactions among electrons, but are simply due to the fact
that the central region is coupled to two electrodes.

Discrete (or tight-binding) space representation

Before making a connection with formal scattering theory, let us understand
better the advantage of assuming the potentials V̂LC and V̂CR to be short
range. From a numerical standpoint, even if the Hamiltonians ĤL and ĤR

describe two semi-infinite electrodes, the short-range potentials V̂LC and V̂CR

limit the size of the non-zero matrix elements we can construct from the self-
energy operators in any given finite basis set. In a position representation,

34 In Sec. 4.2.4, I will show that an equation similar to 3.162 can be defined in the many-body
case as well, with the left-hand side of Eq. 3.162 corresponding to the spectral function (see
Eq. 4.54).

35 Both the state renormalization and lifetime are energy-dependent and, in general, not a simple
function of the energy. This is true also for the many-body case (see discussion in Sec. 4.2.2).
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Fig. 3.13. Matrix elements of the operator V̂LC entering the calculation of the
self-energy Σ±

L (rn , rn ′ , E) in a nearest-neighbor discrete-space representation. The
self-energy also contains the Green’s function G±

L (rn ′′ , rn ′′′ , E) of the semi-infinite
electrode.

by choosing two points r, r′ inside the central region (with obvious notation)

Σ±
L,R(r, r′, E) ≡ 〈r|Σ̂±

L,R(E)|r′〉

=
∫

dr′′dr′′′〈r|V̂ †
(L,R)C |r

′′〉〈r′′|Ĝ±
L,R(E)|r′′′〉〈r′′′|V̂(L,R)C |r′〉

=
∫

dr′′dr′′′V †
(L,R)C (r, r′′, E)G±

L,R(r′′, r′′′, E)V(L,R)C (r′′′, r′, E),

(3.165)

with the integrals extending over all (semi-infinite) space but converging very
fast, in view of the fact that 〈r|V̂LC |r′〉 and 〈r|V̂CR|r′〉 are short range.36

If a finite discrete representation of space is used,

r → rn, discrete-space representation, (3.166)

the only non-zero matrix elements contributing to Σ̂L,R(rn, rn′ , E) are those
containing the (finite number of) hopping terms between sites one retains
in the representation. All other matrix elements are zero.

In the simplest tight-binding model, which keeps only the nearest-neighbor
hopping terms, from 3.165 we get for points {rn, rn′} inside the central region
(Fig. 3.13)

Σ±
L,R(rn, rn′ , E) = V †

(L,R)C (rn, rn′′ , E)G±
L,R(rn′′ , rn′′′ , E)V(L,R)C (rn′′′ , rn′ , E)

= t2 G±
L,R(rn′′ , rn′′′ , E), (3.167)

36 For instance, for the L lead r′′ and r′′′ are inside the semi-infinite L lead space region.
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with rn′′ and rn′′′ inside the electrodes, and nearest-neighbors of rn and rn′ ,
respectively, since all other terms are zero. In the above, I have also defined
the tight-binding matrix element V̂(L,R)C (rn, rn′′ , E) = t, and assumed it to
be the same for every set of nearest-neighbor points.

Note that, in the above, we employed the Green’s functions of semi-infinite
electrodes, rather than those of infinite electrodes. The former are easy
to compute in a nearest-neighbor space representation using the spectral
representation 3.123. We leave this as an exercise (Exercise 3.7).

3.5.1 Relation to scattering theory

Let us now relate these results to the single-particle (static) scattering theory
of Sec. 3.4.2. This will allow us to quantify what we mean by “tunneling”
between the central region and the two electrodes, and rewrite the total
current 3.56 in another equivalent form.

We do this by employing a different partitioning. Let us assume that ĤL

and ĤR represent two identical infinite electrodes.37 Similar to what we did
in Sec. 3.3.1 let us assume that they are described by the translationally
invariant Hamiltonians (see Eqs. 3.17 and 3.18)

− �
2

2m
∇2 + VL,R(r⊥), (3.168)

with VL,R(r⊥) a generic single-particle potential that confines electrons in
the transverse y−z plane in the L and R electrodes, respectively. We have
calculated the eigenstates of these Hamiltonians, and they are given by
Eq. 3.22 for traveling states, namely they are separable into a transverse
wave-function with channel index α, and a longitudinal plane wave.

From Eq. 3.131 we know that for a free particle moving in the x direction
the retarded Green’s function is simply

G+(x, x′, E) =
m

i�2
eik|x−x′|

k
, E =

�
2k2

2m
> 0 , k > 0. (3.169)

Since the transverse and longitudinal motions are decoupled, the spectral
representations 3.123 of the retarded Green’s functions associated with the
Hamiltonians 3.168 are simply (replace 3.22 into 3.123 and use 3.169)

G+
L,R(r, r′, E) ≡ G+

0 (r, r′, E) =
1
i�

∑
α

u∗
α(r⊥)

eik|x−x′|

vα(k)
uα(r′⊥), (3.170)

37 The electrodes need not to be identical. Here, we assume this to simplify the discussion.
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with (as in Eq. 3.23)

E ≡ Eα(k) = εα +
�

2k2

2m
, (3.171)

where εα and vα(k) are defined in Eqs. 3.21 and 3.24, respectively.
The Hamiltonian ĤC of the central region is instead of the form

− �
2

2m
∇2 + VC (r), (3.172)

with VC (r) a generic (but of finite range) single-particle potential.
An electron with energy E = Ei(ki) in an incoming state ψiki (r) in the

L electrode, with positive momentum �ki (right-moving), would be scat-
tered (according to the partition 3.137 of the total Hamiltonian ĤS) by the
potential

V̂ = V̂C + V̂LC + V̂ †
LC + V̂CR + V̂ †

CR, (3.173)

which we have all along assumed to be of finite range. To be precise, this
potential contains everything else that is not included in the Hamiltonians
of the electrodes.

The scattered wave-function Ψ+
iki

(r) is then related to the incoming state
ψiki (r) according to the Lippmann−Schwinger equation 3.117 in the position
representation38

Ψ+
iki

(r) = ψiki (r) +
∫

dr′ G+
0 (r, r′, E)V (r′) Ψ+

iki
(r′), (3.174)

where V (r′) are the positional elements of the operator V̂ , and the integra-
tion extends over all space. From the meaning of the Green’s function Ĝ+

0
(see discussion following Eq. 3.131), the above equation shows once again
what I have anticipated in Sec. 3.3.2: the wave-function 3.174 is the com-
bination of an incident wave ψiki (r) plus a linear combination of outgoing
waves.

From the Lippmann−Schwinger equation 3.118 in the positional basis, I
can also calculate the linearly independent solution

Ψ−
iki

(r) = ψiki (r) +
∫

dr′ G−
0 (r, r′, E)V (r′) Ψ−

iki
(r′), (3.175)

which is the combination of an outgoing wave ψiki (r) plus a linear combina-
tion of incoming waves.
38 If the potential V̂ is non-local, the single integral in Eq. 3.174 becomes a double integral, i.e.,

Ψ+
ik i

(r) = ψik i
(r) +

∫
dr′

∫
dr′′ G+

0 (r, r′, E) V (r′, r′′) Ψ+
ik i

(r′′).
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In the absence of a magnetic field, the above Green’s functions cannot
depend on the order of the position indexes

G±
0 (r, r′, E) = G±

0 (r′, r, E), in the absence of a magnetic field. (3.176)

By transposing Eq. 3.174, using the general relation 3.115, and comparing
the result with 3.174 we easily see that

Ψ−
iki

(r) =
[
Ψ+

i(−ki )
(r)
]∗

. (3.177)

With the use of Eq. 3.170, the Lippmann−Schwinger equation 3.174 can
be written as

Ψ+
iki

(r) = ψiki (r)+
1
i�

N L
c∑

f=1

1
vf (kf )

∫
dr′ u∗

f (r⊥)eikf |x−x′|uf (r′⊥)V (r′) Ψ+
iki

(r′).

(3.178)
Let us now look at the asymptotic form of the scattered wave-function.

With x′ fixed, for x → −∞, deep inside the L lead, Ψiki (r) has the form

lim
x→−∞

Ψ+
iki

(r) = ψiki (r)

+
1
i�

N L
c∑

f=1

e−ikf xuf (r⊥)
vf (kf )

∫
dr′ eikf x′

u∗
f (r′⊥)V (r′) Ψ+

iki
(r′),

(3.179)

which, with the use of Eq. 3.22, can be written as39

lim
x→−∞

Ψ+
iki

(r) = ψiki (r)

+
Lx

i�

N L
c∑

f=1

ψfkf
(r)

vf (kf )

∫
dr′ ψ∗

fkf
(r′)V (r′) Ψ+

iki
(r′). (3.180)

But we know from Sec. 3.3.2 that the general form of the scattered wave-
function deep into the L lead where evanescent modes do not contribute is
given by Eq. 3.35.

By comparing 3.180 with 3.35 we see that

Rif ≡ Lx

i�vf (kf )

∫
dr′ ψ∗

fkf
(r′)V (r′) Ψ+

iki
(r′), (3.181)

39 Note that in our notation states of channels f belonging to the L electrode represent waves
moving away from the junction in the direction of negative x axis, i.e., they correspond to a
momentum −�kf , with kf > 0.
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which can be written in the more compact form

Rif ≡ Lx

i�vf (kf )
〈ψfkf

|V̂ |Ψ+
iki

〉. (3.182)

The T matrix

I have calculated the above quantity by using the Green’s function of the
leads only. But I have also shown in Sec. 3.4 that the Lippmann−Schwinger
equation can also be written in terms of the lead-sample-lead Green’s func-
tion G+(r, r′, E), which is precisely the positional matrix element of the
operator 3.156,40

Ψ+
iki

(r) = ψiki (r) +
∫

dr′ G+(r, r′, E)V (r′)ψiki (r
′), (3.183)

which we equivalently write as

|Ψ+
iki

〉 = |ψiki 〉 + Ĝ+ V̂ |ψiki 〉. (3.184)

By replacing 3.184 into 3.182 we get

Rif =
Lx

i�vf (kf )

[
〈ψfkf

|V̂ |ψiki 〉 + 〈ψfkf
|V̂ Ĝ+V̂ |ψiki 〉

]
. (3.185)

The quantity in the square bracket is precisely the matrix element tif

tif (Ei) = 〈ψfkf
|V̂ |ψiki 〉 + 〈ψfkf

|V̂ Ĝ+V̂ |ψiki 〉, (3.186)

of an operator known as the T matrix

T̂ = V̂ + V̂ Ĝ+V̂ , T matrix. (3.187)

Transmission and reflection amplitudes

We can then write41

Rif =
Lx

i�vf (kf )
tif . (3.188)

40 The assumption we have made so far, i.e., no direct tunneling between the electrodes, is not
necessary for the connection we make with scattering theory. Relaxation of this assumption
would only change the form of the scattering potential V̂ and G+ (r, r′, E) (Eq. 3.156) but not
the discussion that follows.

41 All these quantities are evaluated at the same energy Ei , so I will drop it from the notation.
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Using this relation I can rewrite the reflection probability 3.41 for an incident
wave coming from channel i in lead L being reflected back into the channel
f in the same lead as

Rif = |Rif |2
|If |
|Ii|

= |Rif |2
|vf |
|vi|

=
L2

x

�2
|tif |2
|vi||vf |

, (3.189)

with all quantities defined as in Eq. 3.41.
From this expression it is natural to define a reflection amplitude for a wave

coming from the L electrode, and reflected back into the same electrode

rif = Rif

√
|vf |
|vi|

=
Lx

i�
√
|vf | |vi|

tif , (3.190)

so that the asymptotic form of the wave-function deep into the L lead is

Ψ+
iki

(r) → ψiki (r) +
N L

c∑
f=1

rif

√
|vi|
|vf |

ψfkf
(r) , x → −∞. (3.191)

Starting from Eq. 3.178 and following the same arguments we can look at
the asymptotic form of Ψ+

iki
(r) at x → +∞42

lim
x→+∞

Ψ+
iki

(r) = ψikf
(r)

+
1
i�

N R
c∑

f=1

eikf xuf (r⊥)
vf (kf )

∫
dr′e−ikf x′

u∗
f (r′⊥)V (r′) Ψ+

ik(r
′).

(3.192)

Comparing this with expression 3.34 deep into the R electrode, where evanes-
cent modes do not contribute, we obtain

Tif = δif +
Lx

i�vf (kf )

∫
dr′ψ∗

fkf
(r′)V (r′) Ψ+

ik(r
′). (3.193)

Introducing 3.184 into 3.193, and recalling the definition 3.186 of the T

matrix elements, we get

Tif = δif +
Lx

i�vf (kf )
tif . (3.194)

The transmission probability Tif , from channel i in lead L, into a given
channel f in lead R is thus

Tif = |Tif |2
|If |
|Ii|

= δif

[
1 +

1
i�

tif − t∗if
|Ii|

]
+

L2
x

�2
|tif |2
|vi||vf |

. (3.195)

42 In this case, states of channels f in the R lead represent waves moving outwards in the direction
of positive x axis, i.e., they correspond to a momentum +�kf with kf > 0.
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Equations 3.189 and 3.195 show the relation between Dyson’s equation 3.158
and scattering theory.

From Eq. 3.195, I can now define the transmission amplitude for a wave
coming from the L electrode and propagating into the R electrode

τif = δif +
Lx

i�
√
|vf | |vi|

tif , (3.196)

so that the form of the wave-function deep into the R electrode is

Ψ+
iki

(r) →
N R

c∑
f=1

τif

√
|vi|
|vf |

ψfkf
(r) , x → +∞. (3.197)

3.6 The S matrix

In addition to the above scattering processes there are also those correspond-
ing to a wave coming from the R electrode with momentum −�ki (ki > 0)
which is partly reflected back into the same lead (channel f in the R lead),
and partly transmitted into the L lead (channel f in the L lead). For these
processes we can, therefore, define the reflection amplitude r̃if so that the
wave-function deep into the R electrode is

Ψ+
i(−ki )

(r) → ψi(−ki )(r) +
N R

c∑
f=1

r̃if

√
vi

vf
ψfkf

(r) , x → +∞. (3.198)

We can also define the transmission amplitude τ̃if , so that the wave-function
deep into the L electrode is

Ψ+
i(−ki )

(r) →
N L

c∑
f=1

τ̃if

√
vi

vf
ψfkf

(r) , x → −∞. (3.199)

Since the wave-function described by the asymptotic solutions 3.198 and
3.199 is linearly independent from the one described by 3.191 and 3.197, we
conclude that, for each energy, the general solution to the Schrödinger equa-
tion is a linear combination of the two. Let us write this general solution.

In order to simplify the discussion let us first assume that there is only one
initial channel i, and one final channel f . No summation then appears in
Eqs. 3.191, 3.197, 3.198 and 3.199. The general solution to the Schrödinger
equation has then the form

Ψ(r, E) = aLΨ+
iki

(r) + aRΨ+
i(−ki )

(r), (3.200)
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Fig. 3.14. Incoming ã and outgoing b̃ flux amplitudes are related via the S matrix
of the sample.

where E is the energy defined in Eq. 3.23.
Using Eqs. 3.191, 3.197, 3.198 and 3.199, the asymptotic form of Ψ(r, E)

is thus

Ψ(r, E) →




aLψiki (r) +
(

aL rif

√
vi
vf

+ aR τ̃if

√
vi
vf

)
ψfkf

(r) x → −∞,

aR ψi(−ki )(r) +
(

aRr̃if

√
vi
vf

+ aL τif

√
vi
vf

)
ψfkf

(r) x → +∞.

(3.201)
Let us define

b̃L ≡
√
|vf | bL = aL rif

√
|vi| + aR τ̃if

√
|vi| ≡ ãL rif + ãR τ̃if , (3.202)

and

b̃R ≡
√
|vf | bR = aR r̃if

√
|vi| + aL τif

√
|vi| ≡ ãR r̃if + ãL τif , (3.203)

where I have defined the flux amplitudes, b̃L,R ≡
√

|vf | bL,R and ãL,R ≡√
|vi| aL,R.
By noting that, irrespective of the sign of the momentum �kf , ψfkf

(r)
represents a wave moving outward from the nanojunction, while ψiki (r) is a
wave moving inward towards the nanojunction, deep in both L and R leads,
Eq. 3.200 defines a linear relation between the flux amplitudes of outgoing
and incoming waves (see Fig 3.14). This relation can be written in the
following matrix form(

b̃L

b̃R

)
=
[

rif τ̃if

τif r̃if ,

](
ãL

ãR

)
. (3.204)
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The matrix

S =
[

rif τ̃if

τif r̃if

]
, (3.205)

is called the S matrix. It relates the outgoing flux amplitudes b̃L,R to the
incoming flux amplitudes ãL,R. With this matrix, Eq. 3.204 can be concisely
written as (

b̃L

b̃R

)
= S

(
ãL

ãR

)
. (3.206)

We can now easily generalize these results to N channels in the L electrode
and N channels in the R electrode. The S matrix is a 2N × 2N matrix sim-
ilarly defined. If we label these channels by i, f = 1, 2, . . . , N then Eq. 3.206
has the general form


b̃1
L

b̃2
L
...

b̃N
L

b̃1
R

b̃2
R
...

b̃N
R




=




r11 r12 . . . r1N τ̃11 τ̃12 . . . τ̃1N

r21 r22
... τ̃21 τ̃22

...
...

. . .
...

. . .
rN1 . . . rNN τ̃N1 . . . τ̃NN

τ11 τ12 . . . τ1N r̃11 r̃12 . . . r̃1N

τ21 τ22
... r̃21 r̃22

...
...

. . .
...

. . .
τN1 . . . τNN r̃N1 . . . r̃NN







ã1
L

ã2
L
...

ãN
L

ã1
R

ã2
R
...

ãN
R




.

(3.207)
The matrix in Eq. 3.207 is thus block-diagonal, with the left-half of the
matrix corresponding to reflection (top block) and transmission (bottom
block) amplitudes of waves incident from the L lead, and the right-half of
the matrix corresponding to reflection (bottom block) and transmission (top
block) amplitudes of waves incident from the R lead.

However, the number of channels in the L lead, NL
c , does not need to be

the same as the number of channels in the R lead, NR
c . In general, the S

matrix is a (NL
c + NR

c ) × (NL
c + NR

c ) matrix which can be written in the
compact form

S =
(

rN L
c ×N L

c
τ̃N L

c ×N R
c

τN R
c ×N L

c
r̃N R

c ×N R
c

)
, (3.208)

with the blocks r, τ , r̃ and τ̃ matrices of dimensions indicated as subscripts
(e.g., rN L

c ×N L
c

is a matrix with NL
c × NL

c elements). Since the number of
channels depends on the energy E (Eq. 3.28) the size of this matrix (not
just its elements) depends on the energy E.
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Recalling the relations 3.44 and 3.45 between the transmission and re-
flection probabilities, it is easy to show that the S matrix is unitary, i.e.,
(Exercise 3.11)

Ŝ Ŝ† = Ŝ† Ŝ = 1̂, (3.209)

which is another way of expressing particle flux conservation.43 One can
also proceed backward: define the S matrix and its unitary property 3.209,
and from there obtain the relations 3.44 and 3.45 (Exercise 3.12).

Finally, we can express the total transmission coefficient 3.51 in terms of
the elements of the S matrix. From Eq. 3.51 and the definition 3.196 of
transmission amplitude, the total transmission coefficient from left to right
at a given energy E is

TLR(E) =
N L

c∑
i=1

N R
c∑

f=1

Tif =
N L

c∑
i=1

N R
c∑

f=1

τif τ∗
if = Tr{ττ †} = Tr{τ †τ}, (3.210)

which is equal to the total transmission coefficient TRL(E) from right to left
(Eq. 3.54).

Since the above expression is now written in terms of a trace, from the
properties of the latter, one can evaluate that expression in any basis. It is
sometimes convenient to use a basis, known as the basis of eigenchannels, in
which the matrix τ †τ is diagonal with eigenvalues Tn (1 ≤ n ≤ NL

c ), and the
matrix r†r diagonal with eigenvalues 1−Tn. In the eigenchannel basis 3.210
reduces to

TLR(E) = TRL(E)

= Tr{τ †τ} = Tr{ττ †}

=
N L

c∑
n=1

Tn(E), eigenchannels basis. (3.211)

3.6.1 Relation between the total Green’s function and the S
matrix

It is also possible to relate the lead-sample-lead Green’s function G+(r, r′, E)
directly to the S matrix (Fisher and Lee, 1981). This relation is actually
very convenient as it will allow us to write the total transmission coefficient
Eq. 3.210 in a compact form containing the total Green’s function. This will

43 Unitarity of the S matrix is also valid for potentials that are not invariant under time-reversal
symmetry.
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Fig. 3.15. The points rL and rR are in the two leads where the total Green’s
function is related to the S matrix.

complete our connection between the scattering approach and the approach
in which we have introduced the self-energies representing the leads.

Let us consider Eq. 3.110 and rewrite it in the equivalent form (in the
limit of ε → 0)

Ĝ+(E)
(

E − p̂2

2m
− V̂

)
= 1̂. (3.212)

Multiply both sides of this equation on the right by the vector |r′〉, and on
the left by 〈r|. Recalling that 〈r|r′〉 = δ(r − r′), we obtain the differential
equation satisfied by the position representation of the Green’s function,
G+(r, r′, E),

G+(r, r′, E)V (r′) =
(

E +
�

2

2m
∇′2
)

G+(r, r′, E) − δ(r − r′), (3.213)

where the symbol ∇′ means differentiation with respect to r′.
Take now a point rL inside the L electrode where the amplitudes of the

S matrix are evaluated, and an equivalent point rR in the R electrode (see
Fig. 3.15). Using the transverse wave-functions uα(r⊥) of the L and R

regions, we then define the Green’s functions G+
if (xR, xL, E) associated with

channel i at point xL in the L electrode, and channel f at point xR in the
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R electrode so that44

G+(rR, rL, E) =
N L

c∑
i=1

N R
c∑

f=1

u∗
f (r⊥R)G+

if (xR, xL, E)ui(r⊥L). (3.214)

Introducing Eq. 3.213 into the Lippmann−Schwinger equation 3.174, and
integrating by parts we obtain

G+
if (xR, xL, E) = − i

�
√
|vi| |vf |

τif ei(kixL−kf xR ). (3.215)

Putting this result in the definition of the Green’s function 3.214 we then
obtain

G+(rR, rL, E) = −
N L

c∑
i=1

N R
c∑

f=1

i
�
√

vi vf
u∗

f (r⊥R) τif ui(r⊥L) ei(kixL−kf xR ).

(3.216)
Following the same procedure for two points r′L < rL in the left electrode, a
similar expression can be derived that relates the total Green’s function to
the reflection amplitudes (Exercise 3.14):

G+(rL, r′L, E) = −
N L

c∑
i=1

N L
c∑

f=1

i
� vi

u∗
f (r′⊥L)

[
δif eiki (x′

L−xL )

+ rif

√
vi

vf
e−i(kf x′

L +kixL )
]

ui(r⊥L). (3.217)

Equations 3.215 and 3.217 are the desired expressions relating the Green’s
function to the elements of the S matrix. We can now express the total
transmission coefficient 3.210 in terms of the Green’s function by invert-
ing Eq. 3.216: multiply it by uf (r⊥R) τif u∗

i (r⊥L) e−i(kixL−kf xR ), integrate
over the coordinates rL and rR, and use the orthonormality condition 3.27
between the transverse wave-functions. The transmission amplitudes are
thus

τif = i�
√

vi vf

∫
dr⊥L

∫
dr⊥R u∗

f (r⊥R)G+(r⊥R, r⊥L, E)ui(r⊥L) , (3.218)

where I have defined

G+(r⊥R, r⊥L, E) ≡ G+(r⊥R, xR = 0; r⊥L, xL = 0; E). (3.219)

44 This separation can be done within the assumption that our problem is separable into a longi-
tudinal and a transverse component deep into the two leads.
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Inserting 3.218 in 3.210 we get

TLR =
N L

c∑
i=1

N R
c∑

f=1

τif τ∗
if

= �
2

N L
c∑

i=1

N R
c∑

f=1

vi vf

∫ ∫ ∫ ∫
u∗

f (r⊥R)G+(r⊥R, r⊥L, E)ui(r⊥L)

× uf (r′⊥R)
[
G+(r⊥′

R, r⊥′
L, E)

]∗
u∗

i (r
′
⊥L) dr⊥L dr⊥R dr′⊥L dr′⊥R

=
∫ ∫ ∫ ∫

ΓR(r′⊥R, r⊥R)G+(r⊥R, r⊥L, E) ΓL(r⊥L, r′⊥L)

× G−(r⊥′
L, r⊥′

R, E) dr⊥L dr⊥R dr′⊥L dr′⊥R, (3.220)

where in the last equality I have made use of Eq. 3.115, and I have defined

ΓR(r′⊥R, r⊥R) =
N R

c∑
f=1

uf (r′⊥R) � vf u∗
f (r⊥R) , (3.221)

and similarly for ΓL(r⊥L, r′⊥L):

ΓL(r⊥L, r′⊥L) =
N L

c∑
i=1

ui(r⊥L) � vi u
∗
i (r

′
⊥L) . (3.222)

If we use again a discrete-space representation (Eq. 3.166), then Eq. 3.220
can be compactly written in operator notation as

TLR = Tr{Γ̂R Ĝ+ Γ̂L Ĝ−}, (3.223)

which, due to flux conservation, is equivalent to the reversed relation

TRL = Tr{Γ̂L Ĝ+ Γ̂R Ĝ−}. (3.224)

The operators Γ̂R and Γ̂L are related to the self-energies Σ̂R and Σ̂L we
have defined in Eqs. 3.149 and 3.150, via

Γ̂R = i[Σ̂+
R − Σ̂−

R ] = −2Im{Σ̂+
R}, (3.225)

and similarly for Γ̂L. These are precisely the relations 3.163. This is easy to
prove if we choose as discrete-space representation the simplest orthogonal
tight-binding model with only nearest-neighbor interactions (see discussion
after Eq. 3.166 and Exercise 3.8).

Recalling the relation between the retarded and advanced self-energies
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3.153, and the definition of “elastic lifetime” τel
k , Eq. 3.164, we can formally

write

Γ̂R(E) =
2�

τel
R (E)

, (3.226)

and

Γ̂L(E) =
2�

τel
L (E)

, (3.227)

where I have defined

τel
R(L)(E) ≡ − �

Im{Σ̂+
R(L)(E)}

. (3.228)

Therefore, Γ̂R(L) can be interpreted as quantities proportional to the “rates”
for electrons to scatter (tunnel) elastically from the central region into the
electrodes (and vice versa). When either one of Γ̂R(L) is small, electrons have
a low probability to tunnel through the nanojunction, and from Eq. 3.224
we see that, for Γ̂R(L) → 0 , TLR tends to zero.

Finally, if we assume that the local distribution functions of the two reser-
voirs are centered at different electrochemical potentials, µL and µR for the
L and R leads, respectively, so that the bias is V = (µL − µR)/e, the total
current flowing across the central region is (spin included)45

I =
e

π�

∫ +∞

−∞
dE [fL(E) − fR(E)] Tr{Γ̂R Ĝ+ Γ̂L Ĝ−} (3.229)

with all quantities in Eq. 3.224 dependent on energy and external bias.46

I stress once more that Eq. 3.229 is valid only for single electrons experi-
encing at most mean-field interactions, both in the leads and in the sample
region. I will show in Chapter 4 that under the same approximations of the
Landauer approach (see Sec. 3.1), it can be derived using non-equilibrium
Green’s functions. However, Eq. 3.229 should not be confused with such
formalism: I have derived it here without ever employing many-body per-
turbation theory.47 Equation 3.229 is simply a single-particle equation for
the current derived from single-particle scattering theory.

45 Replace T (E) ≡ TLR (E) = TRL (E) in Eq. 3.56, with TLR (E) given in 3.224.
46 As noted before, a practical calculation of TLR (E) would require a self-consistent determination

of the different quantities entering Eq. 3.229 in the presence of the bias.
47 It is the same as saying that one can derive the Hartree−Fock propagator as a mean-field

solution of the interacting version of the Dyson equation 4.33 (a mathematical exercise equiv-
alent to shooting a fly with a rocket!). But we never call the Hartree−Fock equations Dyson
equations.
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Fig. 3.16. Lower panel: Schematic of two junctions connected in series by a common
lead. Upper panel: Schematic of the energy profile along the structure. At every
given energy, waves transmitted inside the central lead from junction 1 become the
incoming waves for the scattering into junction 2. Similarly, waves reflected from
junction 2 become left-moving waves incident on junction 1. These waves interfere
with each other.

3.7 The transfer matrix

Now that I have calculated the total current, I want to discuss how this
current changes if instead of a single junction we consider many junctions.
For instance, if the system is composed of two junctions in series, and we
follow the dynamics of one electron from left to right, we expect this electron
to scatter first on the first junction, being partly reflected and partly trans-
mitted towards the second junction, where it scatters again, with partial
transmission and partial reflection. This reflected wave can then interfere
with the wave that was transmitted in between the two junctions (Fig 3.16).
This interference occurs if the reflected and transmitted waves are fully co-
herent. If total loss of coherence occurs in between the two junctions we
then expect the two scattering processes at the two different junctions to
be uncorrelated from each other, and we can then treat them independently
(Fig 3.16).

In order to deal with this problem we introduce a quantity slightly different
than the S matrix. As discussed in Sec. 3.6 the S matrix acts on the incoming
flux amplitudes to give the outgoing flux amplitudes.

Let us define, instead, the transfer matrix (or M matrix) as the one which
relates the flux amplitudes in the left lead with the flux amplitude in the
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right lead (see Fig. 3.14)(
b̃R

ãR

)
= M

(
ãL

b̃L

)
=
[

MLL MLR

MRL MRR

](
ãL

b̃L

)
. (3.230)

For a reason that will become clear in a moment, in order to relate the
elements of the transfer matrix with the elements of the S matrix, we need
to assume that the number of channels in the left lead is equal to the number
of channels in the right lead: NL

c = NR
c ≡ Nc. This is equivalent to saying

that the leads are identical in all their properties.
Inverting the relations 3.202 and 3.203 we obtain

ãR = −τ̃−1
if rif ãL + τ̃−1

if b̃L, (3.231)

and

b̃R = (τif − r̃if τ̃−1
if rif )ãL + r̃if τ̃−1

if b̃L. (3.232)

By comparing with the definition 3.230 of transfer matrix, and generalizing
to Nc channels, we get

MLL = τ †−1, MLR = r̃ τ̃−1, (3.233)

MRL = −τ̃−1 r, MRR = τ̃−1 , (3.234)

with r, τ , r̃ and τ̃ matrices of dimensions Nc ×Nc.48 It is now evident why
I had to assume that the number of channels must be equal in both leads:
I had to invert the transmission submatrices.

The great physical and analytical advantage of the M matrix is that it
is multiplicative, namely, if I can divide my scattering region into, say, N

regions of space, each described by an Mi matrix, then the total transfer
matrix is simply the product of these single matrices

M = MN MN−1 · · ·M1. (3.235)

This property is trivial to prove by recalling that each Mi matrix relates flux
amplitude on one side of the scattering region to the other side. So, the flux
amplitudes of the left-most scattering region are transferred to the region
of space in between the first and the second scattering regions (Fig. 3.16).
These transferred amplitudes are now incoming amplitudes for this second
region, which are then transferred to the region of space between the third
and the second scatterer, and so on and so forth.
48 In 3.234 I have used the identity

τ − r̃ τ̃−1 r = τ̃ †−1 .
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3.7.1 Coherent scattering of two resistors in series

As an example of the above property let us consider the single-particle
scattering due to two junctions placed in series as shown schematically in
Fig. 3.16, separated by a region of space where electrons do not experience
any scattering. We call the first junction, resistor 1, the second, resistor
2. We assume that the region of space that separates the two resistors has
the same physical properties as the two leads at the opposite end of the
scattering region. To simplify the derivation let us also assume that there is
only one incoming and one outgoing channel, namely Nc = 1, so that I can
drop the indexes i, f in all transmission and reflection quantities.

From the definition 3.234, the transfer matrix of each resistor is (I have
also used the relations E3.13)

M =
(

1/τ∗ −r∗/τ∗

−r/τ̃ 1/τ̃

)
. (3.236)

Using the multiplicative property of the M matrix 3.235, we get

M =
(

1/τ∗ −r∗/τ∗

−r/τ̃ 1/τ̃

)
=
(

1/τ∗
1 −r∗1/τ∗

1
−r1/τ̃1 1/τ̃1

)(
1/τ∗

2 −r∗2/τ∗
2

−r2/τ̃2 1/τ̃2

)
.

(3.237)
The total transmission amplitude is then

τ =
t1 t2

1 − r̃1 r2
. (3.238)

The total transmission probability from the far left lead to the far right
lead is thus (all quantities depend on the same energy E)

T = τ τ∗ =
T1 T2

1 + R1 R2 − 2
√

R1 R2 cos δ
, coherent scattering, (3.239)

where δ = arg(r̃1r2) = arg(r̃1) + arg(r2) is the global phase acquired by the
single particle in scattering from resistor 1 to resistor 2, back to resistor 1,
back again across resistor 2. It is the phase acquired due to the coherent
superposition of waves inside the region separating the two resistors.

3.7.1.1 Resonant tunneling

Equation 3.239 simplifies considerably if in the neighborhood of a given
energy E = ER the transmission probability T is a very sharp function of
energy (see Fig. 3.17).49 A sharp function of energy means that there are
several electron reflections at each resistor, so that, in a dynamical sense,
an electron coming, say, from resistor 1 “spends” a lot of time inside the
49 A similar derivation of the resonant tunneling transmission can be found in Datta, 1995.
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Fig. 3.17. Lower panel: Schematic of two junctions connected in series by a common
lead that may realize a resonant-tunneling configuration. Upper panel: Schematic
of the energy profile along the structure for the biased structure. At a certain energy
ER the transmission probability is a very sharp function of energy, and resonant
tunneling occurs in the neighborhood of that energy.

region between resistor 1 and 2 before “escaping” beyond resistor 2. We
can therefore assume the reflection probabilities R1(E) ≈ R2(E) ≈ 1 at the
resonance energy ER. By rewriting Eq. 3.239 in a different form

T =
T1 T2

(1 −
√

R1 R2)2 + 2
√

R1 R2 (1 − cos δ)
, (3.240)

the assumption R1(E) ≈ R2(E) ≈ 1 (T1(E) ≈ T2(E) � 1) can be used to
simplify 3.240 (to first order in T1 and T2)

T ≈ T1 T2(
T1 + T2

2

)2

+ 2 (1 − cos δ)
. (3.241)

At resonance, the phase shift δ(E) is also maximum (i.e., it is an integer
multiple of 2π, see, e.g., Newton, 1966) so that we can Taylor-expand the
term 1 − cos δ in the above equation

1 − cos δ(E) ≈ 1
2

(
dδ(E)
dE

)2

(E − ER)2. (3.242)
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If we now define the quantities

Γ1,2 = T1,2

[
dδ(E)
dE

]−1

, (3.243)

associated with the left and right transmission probabilities, we finally get

T (E) ≈ Γ1 Γ2(
Γ1 + Γ2

2

)2

+ (E − ER)2
=
(

Γ1 Γ2

Γ1 + Γ2

)
Γ

(Γ/2)2 + (E − ER)2 ,

(3.244)
where in the last equality I have defined Γ = Γ1 + Γ2. Expression 3.244 has
the form of a Lorentzian function, with an effective broadening given by Γ,
a weighted broadening introduced by the “coupling” of the resonant state
ER with the continuum of states in the leads. In Sec. 4.66 I will show that

A(E) =
Γ

(Γ/2)2 + (E − ER)2 (3.245)

has the same form of the spectral function (or local density of states) for
non-interacting electrons, with Γ the “rate” for a particle in the state ER to
scatter out of that state. I then anticipate that Γ1 and Γ2 may be interpreted
as the “rates” at which a particle with initial energy ER “escapes” into the
left or right lead, similar to the rates 3.226 and 3.227 for a particle to scatter
elastically into the left and right lead.

Under similar conditions, we can generalize the above result to multiple
resonances, provided one assumes that they are sufficiently separated in
energy so that their contribution is additive. With the obtained transmission
function, the total current can then be calculated as in 3.56.

3.7.2 Incoherent scattering of two resistors in series

If the single electron scatters on the first resistor, and immediately after
this it “loses memory” of this scattering event, it approaches the second
resistor as if coming from a “reservoir” (see discussion in Sec. 3.1). This
way, when the electron scatters on the second resistor, the phase it has
acquired from the first scattering event is completely uncorrelated from the
phase it will acquire from the second scattering process with resistor 2, so
that the transmission out of resistor 1 is uncorrelated with the incident and
reflected waves of resistor 2 (Fig. 3.18). The scattering off these two resistors
can be thus thought of as sequential (hence sometimes the name sequential
tunneling). In order for this condition to be satisfied, we need to have
strong dephasing processes inside the region separating the two resistors.
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However, we still assume here that these dephasing processes do not change
single-particle energy (unlike, e.g., electron-phonon scattering). How do we
calculate then the total transmission probability in this case? Let us proceed
as follows.

Fig. 3.18. Same as in Fig. 3.16 but now the conductor between the two electrodes
creates incoherence between the transmission out of junction 1 and the incident
and reflected waves of junction 2.

Since the phases of the scattering events at the two resistors are assumed
uncorrelated, I need to determine the intrinsic resistance of these two resis-
tors, and then sum them up in series. In Sec. 2.3.4 I have shown that the
quantized conductance can be thought of as that associated with an ideal
wire connected to two reservoirs, one at each end: the quantized conductance
originates from the scattering off the “contact” between these reservoirs and
the leads (Imry, 1986).

This is what I need here: the problem at hand resembles that of three
reservoirs, two at the far end of the total structure formed by the two re-
sistors, and one in between the two resistors (Fig. 3.18). Let us call Gi the
intrinsic conductance of one of the two resistors (for simplicity, we still work
with one channel, in the limit of zero bias, and zero temperature). The total
resistance of that resistor is then the sum of its intrinsic resistance Ri = G−1

i

and the “contact” resistance with the reservoirs:

G−1 =
1
T

h

2e2 = G−1
i +

h

2e2 , (3.246)
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from which we get the intrinsic conductance (spin degeneracy included)

1
Ri

= Gi =
2e2

h

T

1 − T
=

2e2

h

T

R
, (3.247)

which shows an important fact: if the transmission probability T → 1, the
intrinsic conductance diverges, Gi → ∞ (the intrinsic resistance tends to
zero), as one would expect when electrons move from the left lead to the
right lead and no scattering occurs in the wire.

The above result must be true for both resistors, and for the whole struc-
ture as well. If no energy is lost in between the two resistors, using simple
circuit theory we can now sum the intrinsic resistances of the two resistors
to obtain the total intrinsic resistance. We get

G−1
i =

h

2e2
R

T
= G−1

1 + G−1
2 =

h

2e2
R1

T1
+

h

2e2
R2

T2
, (3.248)

or if we extract the total transmission probability T

T =
T1 T2

1 − R1 R2
, incoherent scattering, (3.249)

which is quite different from the result we have found for coherent transport
between the two resistors, Eq. 3.239.

We can now generalize the above result to N resistors incoherently coupled
in series, to obtain

1 − T (N)
T (N)

=
1 − T1

T1
+

1 − T2

T2
+ · · · + 1 − TN

TN
, (3.250)

which simplifies if we assume all resistors equal, with transmission probabil-
ity T

T (N) =
T

N(1 − T ) + T
. (3.251)

I will come back later to the example above. It has indeed more profound
implications than I have discussed above, as it allows us to interpret con-
ductance measurements when multiple non-invasive probes are employed.
For now, I want to derive the relation between the conductance and the M
matrix, which will allow us to distinguish among different transport regimes.

3.7.3 Relation between the conductance and the transfer matrix

The transfer matrix is pseudo-unitary, namely it satisfies

M† ΣM = Σ (3.252)
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where

Σ =
(

1̂Nc×Nc 0̂Nc×Nc

0̂Nc×Nc −1̂Nc×Nc

)
. (3.253)

This property derives directly from the unitarity of the S matrix 3.209 (Ex-
ercise 3.15).

Now, let us invert the transfer matrix to get

M−1 = ΣM† Σ =

(
M†

LL −M†
RL

−M†
LR M†

RR

)
, (3.254)

which is easy to show from the pseudo-unitarity of the M matrix 3.252.
With this result we then find the following identity (this is quite a tedious
calculation and I leave it as an exercise, Exercise 3.16)[

M†M + (M†M)−1 + 2 · 1̂
]−1

=
1
4

(
τ † τ 0̂
0̂ τ̃ τ̃ †

)
. (3.255)

I have previously shown that the total transmission coefficient can be
written in terms of the matrix τ as in Eq. 3.210 . From this and Eq. 3.255
we thus conclude that (since Tr{τ † τ} = Tr{τ̃ τ̃ †})

TLR(E) = TRL(E) = 2Tr
{[

M†M + (M†M)−1 + 2 · 1̂
]−1
}

. (3.256)

The conductance can then be expressed in terms of the transfer matrix.
For instance, in the limit of zero bias and zero temperature, from Eq. 3.68
we get (spin degeneracy is included)

G =
4e2

h
Tr
{[

M†M + (M†M)−1 + 2 · 1̂
]−1
}

, (µL − µR) → 0, θ → 0.

(3.257)
This is often referred to as the Pichard formula (Pichard, 1990).

3.7.4 Localization, ohmic and ballistic regimes

The relation 3.257 between the transfer matrix and the conductance allows
us to discuss the different transport regimes I have anticipated in Sec. 2.3.4.
Since the conductance 3.257 is now written in terms of the matrix M†M,
it is easier if we work in the basis that diagonalizes this matrix (note that
M†M is Hermitian). The Nc eigenvalues of this matrix can be found from
its characteristic polynomial

p(t) = det
(
t1̂ −M†M

)
, (3.258)
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where 1̂ is the 2Nc × 2Nc identity matrix.
By using the pseudo-unitary property of the transfer matrix 3.252, we

obtain that M† = ΣM−1 Σ and M = ΣM†−1 Σ. From 3.258 we then get

p(t) = det
(
t 1̂ − ΣM−1 Σ ΣM†−1 Σ

)
= det

(
t 1̂ − ΣM−1 M†−1 Σ

)
= det

(
t 1̂ − (M†M)−1

)
= t2Nc det

(
t−1 1̂ −M†M

)
det (M†M)

, (3.259)

where, from the first to the second equality, I have used the fact that Σ Σ = 1̂
(from Eq. 3.253), from the third to the forth, the property that the determi-
nant of a multiple of the unit matrix minus a similarity transformation of a
matrix50 is equal to the characteristic polynomial of that matrix, and finally
I have used the distributive property of determinants (for two square matri-
ces A and B, det(A B) = det(A)det(B)) and the fact that the dimensions
of M are 2Nc × 2Nc, so that 2Nc is an even number.

We thus see from the above that whenever we have a solution of p(t) = 0
we also have a solution of p(t−1) = 0. This implies that the eigenvalues
of M†M are the set of pairs {ti, t−1

i }, with i = 1, . . . , Nc. Using these
eigenvalues we can then rewrite the conductance 3.257 as

G =
2e2

h

Nc∑
i=1

4
ti + t−1

i + 2
. (3.260)

The eigenvalues of M†M are non-negative, and since they come in pairs
{ti, t−1

i }, we can always assume that each ti ≥ 1.
If the length of the total scattering region is L (this is the length over which

we define the scattering properties of our sample, that may be separated into
sub-scattering regions) we can then define a localization length ζi for each of
these eigenvalues via

ti ≡ e2L/ζi (3.261)

or, equivalently,

ζi =
2L

ln ti
, (3.262)

50 Given two square matrices A and B , a similarity transformation of A with respect to B is
B A B−1 . In our case, A = M−1 M†−1 , and B = Σ.
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where we can order λ1 < λ2 < · · · < λNc , so that ζ1 > ζ2 > · · · > ζNc (all
these quantities depend on the energy of the electrons).

By replacing these definitions in 3.260 we rewrite the two-probe conduc-
tance 3.257 as51

G =
2e2

h

Nc∑
i=1

2
1 + cosh(2L/ζi)

, (µL − µR) → 0, θ → 0. (3.263)

We can now discuss three different regimes:

Localization regime: L > ζ1. The length of the scattering region is larger
than the largest localization length. If we keep the number of channels fixed,
but increase the length of the scattering region L, then one can prove that
the localization lengths ζi tend to well-defined values (Pichard, 1990). The
physical reason for this is that, if in L we have a number N of scattering
regions, each described by an Mi matrix, by letting the total scattering
region go to the thermodynamic limit (increase L to infinity but also the
total number N , so that their ratio is constant), then the ensemble of these
matrices has a probability distribution (hence the name random matrices),
and we can treat their effect on an electron transferring from one side of
the sample to the other as a random process. In the above thermodynamic
limit, one can then resort to a theorem known as Oseledec’s theorem – or
the multiplicative ergodic theorem (Oseledec, 1968) – which states that the
inverse of each localization length ζ−1

i converges to a definite Lyapunov
exponent as L → ∞.52

If this holds, then from Eq. 3.263 we see that the conductance is dominated
by the largest of the localization lengths. According to our ordering this is
ζ1, so that in the (thermodynamic) limit

G(L) → 2e2

h
4 e−L/ζ1 , (µL − µR) → 0, θ → 0, L → ∞, (3.264)

and in the limit of (µL − µR) → 0, the localization length ζ1 is that of
electrons at the Fermi level.

This shows that the conductance tends to zero with the length of the sys-
tem, so that the system becomes an insulator. Note that unlike the result
51 I used the definition

cosh(x) =
ex + e−x

2
.

52 Loosely speaking a Lyapunov exponent provides a measure of how fast two solutions of the
same dynamical equation of motion, that originate from two different, but infinitesimally close
initial conditions, depart from each other during evolution.
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I discussed in Sec. 2.3.4, here the insulating character of the system is due
to quantum-mechanical localization of the wave-functions, and not to the
semiclassical scattering of an infinite 1D system.

Ohmic regime: ζ1 > L > ζNc . The length of the scattering region is finite,
with a value in between the largest and the smallest localization lengths.
The channels that have a localization length ζclosed � 2L are such that
cosh(2L/ζclosed) ∼ 1

2 exp(2L/ζclosed) � 1, so that their contribution to the
conductance 3.263 is negligible. We call these channels closed.

On the other hand, for those channels with a localization length ζopen �
2L, cosh(2L/ζopen) ∼ 1 so that, from Eq. 3.263, they contribute a conduc-
tance 2e2/h (spin included) to the total conductance, and we call them open.
Following this definition we can thus write53

Nc = N closed
c + Nopen

c , (3.265)

with

Nopen
c =

Nc∑
i=1

Θ(ζi − 2L). (3.266)

The conductance 3.263 can then be written as

G(L) � 2e2

h
Nopen

c . (3.267)

However, I have argued in Sec. 3.3.1 that the number of channels at the
Fermi level is of the order of Nc(EF ) ≈ kd−1

F S, where S is the (d − 1)-
dimensional cross section of the leads. If N open

c is only a fraction of these
channels, with this fraction determined by the ratio between the elastic
scattering length λ I have defined in Sec. 2.3.4, and the length L of the scat-
tering region, namely N open

c = Ncλ/L, we say the system is in a semiclassical
regime, or in the ohmic regime. The conductance is then

G(L) � 2e2

h
Nc

λ

L
� 2e2

h
kd−1

F λ
S

L
, (3.268)

which depends on the length of the scattering region. Apart from the ge-
ometric factor Ωd/d(2π)d−1, this is the same result we have obtained in
Sec. 2.3.4 using the Kubo formalism within the semiclassical Drude approx-
imation for independent electrons.

From the above we also see the following. If the number of channels tends
to infinity with L → ∞, then we cannot apply Oseledec’s theorem, since we
53 Note that this is a somewhat arbitrary separation, since a channel is neither open nor closed if

ζi ∼ 2L.
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are now dealing with infinite-dimensional transfer matrices. Nonetheless, if
the largest localization length remains finite in the thermodynamic limit,
we see from 3.263 that the conductance goes to zero, and the system is an
insulator. On the other hand, if ζ1 diverges in such a way that the ratio
2L/ζ1 is constant, from the same equation we get a finite conductance: the
system is a conductor.

Ballistic regime: L < ζNc . From the above discussion, this means all
channels are open (Nopen

c = Nc) so that the conductance is

G � 2e2

h
Nopen

c � 2e2

h
Nc �

2e2

h
kd−1

F S, (3.269)

which is independent of the length of the scattering region (see also discus-
sion in Sec. 2.3.4).

The above categories are clearly an idealization, and mesoscopic and
nanoscopic systems do not follow just one of the above classifications. In
the following chapters, when describing transport within a single-particle
picture of electrons interacting at a mean-field level, we will either consider
the ballistic regime, or in between the localization and ballistic regimes. We
will call this the quasi-ballistic regime.

3.8 Four-probe conductance in the non-invasive limit

So far, I have only considered two terminals, one on the left of our sample
and one on the right. In order to define the corresponding two-probe con-
ductance 3.70 I have also assumed that the bias V = (µL −µR)/e is the one
ideally “measured” at the reservoirs positions.

Fig. 3.19. Ideal probes coupled non-invasively with the leads, measuring the local
electrochemical potential at the leads.
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What if I introduce two measurement probes closer to the junction, in
the region of the leads, so that these probes can ideally measure the local
electrochemical potential in the region where they are connected without,
however, perturbing the current appreciably (see Fig. 3.19). The experimen-
tal situation I am now considering is the following: I measure the current
as that created by the scattering at the sample by carriers originating from
the electron sources, but I measure the bias along the leads.

Due to electron scattering at the boundaries of the sample, and consequent
charge accumulation and depletion on the opposite sides of the sample, there
is clearly no reason to believe that these two non-invasive probes would
measure the same bias as the one measured by the probes “connected” to
the reservoirs.

3.8.1 Single-channel case

In order to calculate the bias in the leads in this non-invasive limit I need
to calculate the charge density that accumulates in that region of space due
to scattering at the sample. For simplicity, consider first the case of a single
channel, Nc = 1.

In the left lead, we have the charge of all the waves, with different energy
E, traveling from left to right, plus the charge of all the waves reflected back
to the left lead with, say, probability R(E). These are populated according
to the local distribution fL(E). In addition, always in the left lead, there
is the charge of the waves moving from right to left with, say, probability
T̃ (E), and populated according to the local distribution fR(E). At each
energy E there corresponds a well-defined density of states D(E) per spin
and per direction of motion (Eq. 3.48), so that the total number density
(per spin) is

nL =
∫

dE D(E)


[

from L to R︷︸︸︷
1 +

from L to L︷ ︸︸ ︷
R(E) ]fL(E) +

from R to L︷ ︸︸ ︷
T̃ (E) fR(E)


 .

(3.270)
Similar considerations apply for the number density in the right lead (with

all the quantities “reversed” in directionality)

nR =
∫

dE D(E)


[

from R to L︷︸︸︷
1 +

from R to R︷ ︸︸ ︷
R̃(E) ]fR(E) +

from L to R︷ ︸︸ ︷
T (E) fL(E)


 .

(3.271)
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I now assume that with the above number densities are associated two
local electrochemical potentials µ̄L and µ̄R (not to be confused with the
chemical potential 2.91) in the leads. This is clearly an idealization for two
reasons: (1) as discussed in Sec. 2.4, the local electrochemical potential is
the one ideally measured by a local probe in equilibrium with the system,
and which does not perturb the system’s properties appreciably. (2) Mi-
croscopically, due to the atomic geometry of the leads, all local properties
may vary appreciably within a lattice distance. The local electrochemical
potential I am talking about here is then the macroscopically averaged one
I discussed in Sec. 2.4 (see Eq. 2.99).

With these approximations, I then define

nL ≡ 2
∫

dE D(E) f(E − µ̄L), (3.272)

and

nR ≡ 2
∫

dE D(E) f(E − µ̄R), (3.273)

where f(E − µ̄L) and f(E − µ̄R) are Fermi−Dirac distributions, like 3.14
or 3.15, with electrochemical potentials, µ̄L and µ̄R, respectively. In the
above two equations, the factor of 2 is not due to spin degeneracy, but due
to the two possible directions of motion – left to right, and right to left.
Note that, as in the case of left and right reservoirs, the very fact that
these local equilibrium distributions are Fermi−Dirac distributions is a very
strong assumption – see discussion of Approximation 5 in Sec. 3.1. Electrons
may be “hot” or “cool” according to their direction of motion with respect
to global current flow.

Let us now Taylor-expand all the local distribution functions as in Eq. 3.57,
as well as all the transmission and reflection probabilities as in Eq. 3.65, and
work in the limit of zero temperature. In the limit of (µL − µR) → 0 (and
hence (µ̄L− µ̄R) → 0) to first order in the expansion of the local distribution
functions, and zero order in the expansion of the transmission and reflection
probabilities, by equating 3.272 with 3.270, and 3.273 with 3.271 we get

2(µL − µ̄L) = (µL − µR) T̃ (EF ) =⇒ µ̄L = µL − 1
2

T̃ (EF ) (µL − µR)

(3.274)

2(µR − µ̄R) = (µR − µL)T (EF ) =⇒ µ̄R = µR +
1
2

T (EF ) (µL − µR),

(3.275)
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from which I get

(µ̄L − µ̄R) =
(

1 − 1
2
T (EF ) − 1

2
T̃ (EF )

)
(µL − µR)

= (1 − T (EF )) (µL − µR), (3.276)

where the last equality comes from the conservation of particle flux 3.54.
Equation 3.276 defines the bias in the leads

Vleads =
µ̄L − µ̄R

e
. (3.277)

The current instead is still given by Eq. 3.67, which in the present single-
channel case is (spin is now included)

I =
2e2

h
T (EF )

(µL − µR)
e

. (3.278)

With the bias in the leads 3.277, and the “reservoir current” 3.278 we can
now define the conductance

G4-probe =
I

Vleads
=

2e2

h

T (EF )
1 − T (EF )

; (µL − µR) → 0, θ → 0

(3.279)
which is known as four-probe conductance, precisely because two probes
measure the current, while two others measure non-invasively the bias, with
the latter being measured in the lead region. It reduces to the two-probe
conductance 3.68 – which corresponds to the bias ideally measured at the
reservoir positions – only in the limit of small transmission probability:
T (EF ) � 1. In general, the four-probe conductance is larger than the
two-probe conductance.

In the opposite limit of perfect transmission, T (EF ) = 1, we get

G4-probe → ∞; T (EF ) → 1, (3.280)

similar to what we found when deriving the intrinsic resistance of the sys-
tem, in the discussion of scattering at two resistors coupled incoherently
(Sec. 3.7.2). This shows that the four-probe conductance is nothing other
than the intrinsic conductance 3.247 of the scattering region, without ac-
counting for the “contact scattering” between the leads and the reservoirs.

3.8.2 Geometrical “dilution”

If the leads have a cross section W and the sample represents a narrow
constriction of cross section w (as in the experiments that show conductance
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steps – see Sec. 3.3.4), the transmission probability can be assumed to be of
the order of T ∼ w/W . From Eq. 3.279 we then get54

G4-probe ∼
2e2

h

w/W

1 − w/W
, (3.281)

while the corresponding two-probe conductance, with the same approxima-
tions would be

G2-probe ∼
2e2

h

w

W
. (3.282)

The above shows that when the ratio w/W → 0, namely when the leads
cross section tends to infinity (while keeping the nanojunction cross section
fixed), the four-probe conductance tends to the two-probe conductance

G4-probe → G2-probe; leads with infinite cross section, (3.283)

which shows that the leads “behave” like reservoirs when their cross section
tends to infinity, in line with what I have discussed in Sec. 1.2: an infinite
system behaves like a reservoir.

It also shows that the main property of a reservoir (or bath) is the geomet-
rical dilution of degrees of freedom. There is no need to introduce inelastic
scattering for a reservoir to behave as such. When the size of a system is
infinite, any particle wave-packet “entering” this system is “diluted” into an
infinite number of degrees of freedom, without ever returning to its initial
state (infinite Poincaré recurrence time, Eq. 1.15)55.

3.8.3 Multi-channel case

For the multi-channel case, it is now a simple matter of adding more channels
in the left lead and in the right lead. As in Eq. 3.53 let us define

Ti =
N R

c∑
f=1

Tif , i ∈ L (3.284)

the total transmission probability for an incoming wave i from the left lead
to be transmitted into any of the channels f in the right lead. Similarly

Ri =
N L

c∑
f=1

Rif , i ∈ L (3.285)

54 For a much more thorough discussion of this case see Landauer, 1989.
55 Note that this is true also for a 1D system connected to 1D infinite leads: there is no need for a

1D system to “open up” into a wider region so long as the electrochemical potential difference
is “measured” at the leads which due to their infinite size play the role of reservoirs (Bushong
et al., 2005).
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the total reflection probability for an incoming wave i from the left lead to
be reflected back into any of the channels f in the left lead.

The corresponding quantities for a wave incident from the right will be
labeled as T̃i and R̃i, with i now a wave from the right lead.

By repeating the same arguments of the single-channel case, I can calcu-
late the number density (per spin) in the left lead by summing over all the
initial channels

nL =
N L

c∑
i=1

∫
dE Di(E)


[

from L to R︷︸︸︷
1 +

from L to L︷ ︸︸ ︷
Ri(E) ]fL(E) +

from R to L︷ ︸︸ ︷
T̃i(E) fR(E)




= 2
N L

c∑
i=1

∫
dE Di(E) f(E − µ̄L), (3.286)

where here Di(E) is the density of states per spin, per direction of motion,
of each incoming channel i (see Eq. 3.48). The number density per spin in
the right lead is

nR =
N R

c∑
i=1

∫
dE Di(E)


[

from R to L︷︸︸︷
1 +

from R to R︷ ︸︸ ︷
R̃i(E) ]fR(E) +

from L to R︷ ︸︸ ︷
Ti(E) fL(E)




= 2
N R

c∑
i=1

∫
dE Di(E) f(E − µ̄R). (3.287)

By Taylor-expanding the distribution functions and the transmission and
reflection probabilities, in the zero-temperature limit, to lowest order in
these expansions I finally get (use also Eq. 3.48)

µ̄L = µL − 1
2
〈T̃ (EF )〉 (µL − µR), (3.288)

µ̄R = µR +
1
2
〈T (EF )〉 (µL − µR), (3.289)

with

〈T̃ (EF )〉 =
∑N L

c
i=1 T̃i |vi|−1∑N L

c
i=1 |vi|−1

(3.290)

the average of the transmission probabilities weighted over the inverse chan-
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nel velocities.56 Similarly

〈T (EF )〉 =
∑N R

c
i=1 Ti |vi|−1∑N R

c
i=1 |vi|−1

. (3.291)

Once more the electrochemical potential difference in the leads is

(µ̄L − µ̄R) =
(

1 − 1
2
〈T (EF )〉 − 1

2
〈T̃ (EF )〉

)
(µL − µR), (3.292)

where now I cannot use the relation 3.54 for these averaged transmission
functions.

By defining the four-probe conductance as in 3.279, I get its multi-channel
version with spin included, and in the limits (µL − µR) → 0, θ → 0 (see
also Exercise 3.17)

G4-probe =
2e2

h

∑N R
c

i=1 Ti

1 − 1
2

∑N L
c

i=1 T̃i |vi|−1∑N L
c

i=1 |vi|−1
− 1

2

∑N R
c

i=1 Ti |vi|−1∑N R
c

i=1 |vi|−1

. (3.293)

Since the transmission probabilities are real numbers between zero and one,
from Eq. 3.293 we see that, as in the single-channel case, the four-probe
conductance is larger than the two-probe one. The latter is reached when
all the transmission probabilities Ti � 1 and T̃i � 1. In the opposite limit of
all transmission probabilities equal to 1, the four-probe conductance tends
to infinity as in the single-channel case.

I stress here that Eq. 3.293 (or its single-channel version 3.279) has been
derived in the limit of zero “reservoir bias” and zero temperature. If either
of these two limits is not valid one has to solve the integral equations 3.286
and 3.287 for the number density, from which one can then derive the current
and conductance. However, in most cases, this procedure can only be done
numerically.

If we repeat the same arguments on the geometrical dilution of wider
leads attached to a narrow constriction (Eqs. 3.281 and 3.282), and assume
all transmission probabilities equal to w/W , we get in this multi-channel
case the four-probe conductance (assume also NL

c = NR
c = NW

c the number

56 Note that due to the presence of terms of the type |vi |−1 , these averages may contain diver-
gences corresponding to states with zero velocity (e.g., the velocities at some high-symmetry
points in the Brillouin zone of the material of the leads (Ashcroft and Mermin, 1975)). In real
materials, due to the presence of inelastic scattering, or simply imperfections of the material
itself, these singularities are likely to be smeared out (Landauer, 1989).
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of channels in the wider leads)

G4-probe ∼
2e2

h
NW

c

w/W

1 − w/W
, (3.294)

to be compared with the corresponding two-probe conductance

G2-probe ∼
2e2

h
NW

c

w

W
, (3.295)

which shows once more that by taking the limit of infinite cross section the
two conductances approach each other.57

We can expand on this result even more by realizing that the ratio w/W ∼
NN

c /NW
c , i.e., the ratio of the width of the narrow constriction with respect

to the width of the wider leads is approximately equal to the ratio of the
number of channels in the narrow constriction (as if it were infinite along
the x axis) and in the wider leads. By replacing this ratio in Eq. 3.294 we
get (Landauer, 1989)

G4-probe ∼
2e2

h
NN

c

(
NW

c

NW
c − NN

c

)
. (3.296)

This result shows that if the number of channels in the large leads is much
larger than the number of channels in the narrow constriction, NW

c � NN
c ,

the four-probe conductance reduces to

G4-probe →
2e2

h
NN

c , NW
c � NN

c , (3.297)

a conductance that is proportional to the number of channels in the narrow
constriction, as if the latter were an infinitely long narrow wire. By changing
the width w of this wire one then changes the number of channels in a
discrete way (Eq. 3.28), and hence the conductance changes in steps. The
values of these steps, however, are not simply multiples of 2e2/h, but contain
a correction of the order of NW

c /(NW
c −NN

c ) (from Eq. 3.296), which is not
a “series resistance” but a term arising from the mismatch of number of
channels between the narrow and the wide region. This type of result is
precisely what has been found in the experiments on the 2D electron gas I
have discussed in Sec. 3.3.4 (see Fig. 3.9).

3.9 Multi-probe conductance in the invasive limit

I can now discuss the case in which our voltage probes are invasive, namely
they affect the current appreciably, but only elastic scattering occurs at the
57 In the limit of W → ∞ also the number of channels tends to infinity. The ratio N W

c /W ,
however, stays constant.
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Fig. 3.20. Multi-probe configuration with invasive probes. The ones in which we
impose the current to be zero are called floating probes.

sample. This generalization was done by Büttiker (Büttiker, 1988). An
advantage of this generalization is that it allows us to introduce dephasing
processes – while still conserving energy – in a phenomenological way. A
schematic of the system and probes I have in mind is represented in Fig. 3.20.
Two probes are “connected” to our ideal reservoirs which “drive” the current
in the system, and for consistency in notation I now call them probe 1
(corresponding to the L reservoir) and probe 2 (the R reservoir).

I assume that all other probes measure a local electrochemical potential
µα, and they are connected to the sample via some ideal leads (like the
probes 1 and 2 are connected to the sample via the L lead and the R lead).
We thus expect them to perturb the current set by reservoirs 1 and 2. We
also assume that electrons in the regions to which these probes are con-
nected have local Fermi−Dirac distribution functions fα(E). As a further
simplification, we impose that current cannot tunnel directly between any
pairs of leads. The only current that we allow to flow is the one that goes
across the sample.

The choice of which probes drive the current and which ones are used to
measure the bias is clearly arbitrary. I may, for instance, assume that the
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current is driven by, say, probes 4 and 5 of Fig. 3.20, and the electrochemical
potential difference is measured, say, between probes 1 and 2.

Let us now define the total transmission function of waves incident from
a lead α from channels i, and transmitted into lead β into channels f ,

Tαβ =
N α

c∑
i=1

N β
c∑

f=1

Tif , α 	= β. (3.298)

Due to particle flux conservation 3.54, this transmission function must
satisfy the symmetry

Tαβ = Tβα, flux conservation, (3.299)

and more generally∑
α �=β

Tαβ =
∑
α �=β

Tβα, flux conservation. (3.300)

It is now easy to generalize the current 3.55 to this multi-probe case: the
current in probe α is the difference between the current flowing into that
probe from all other probes, and the current that flows out of probe α into
all other probes:

Iα =
∑
β �=α

e

π�

∫
dE [fα(E)Tαβ(E) − fβ(E)Tβα(E)] (3.301)

which (together with Eq. 3.299) shows that if all electrochemical potentials
are equal, fα(E) = fβ(E), ∀α, β, the current 3.301 vanishes, as required.

To simplify the discussion and obtain an analytical expression for the
electrochemical potential of the probes, I will assume from now on that
any two biases Vαβ = (µα − µβ)/e are negligibly small. In addition, I will
assume that all probes have a temperature close to zero. In this limit (by
Taylor-expanding all quantities and retaining only the lowest-order terms),
Eq. 3.301 becomes

Iα =
∑
β �=α

e

π�
[µαTαβ(EF ) − µβTβα(EF )] . (3.302)

3.9.1 Floating probes and dephasing

Equation 3.302 is most useful when one wants to introduce dephasing phe-
nomenologically, while conserving energy. To simplify the discussion, con-
sider first three probes (for instance, probes 1, 2 and 3 in Fig. 3.20). The
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current is set by the probes 1 and 2, while we let the electrochemical poten-
tial of probe 3 vary (“float”) so that the current in probe 3 is zero: I3 = 0.
These are called floating probes (sometimes also called voltage probes) be-
cause one adjusts their electrochemical potential so that the current flowing
in them is zero (Engquist and Anderson, 1981).

From Eq. 3.302 we then find

I3 = 0 = µ3 (T13 + T23) − µ1 T13 − µ2 T23, (3.303)

from which we get

µ3 =
µ1 T13 + µ2 T23

T13 + T23
. (3.304)

The sum of all currents in all probes must be zero, which is easy to see
from Eq. 3.302 (and using the symmetry 3.299), namely∑

α

Iα = 0. (3.305)

In the present case I3 = 0, so that

I1 + I2 + I3 = I1 + I2 = 0 =⇒ I1 = −I2. (3.306)

We can then just compute the current, say, in probe 1. From Eq. 3.302, and
using the electrochemical potential µ3, Eq. 3.304, we finally obtain

I1 =
e

π�

(
T12 +

T13T32

T13 + T23

)
(µ1 − µ2). (3.307)

This result is very instructive and can be interpreted as follows. The
current in the absence of probe 3 is simply given by the transmission function
T12. Probe 3 measures the electrochemical potential µ3, and it does so by
perturbing the system. This perturbation (or coupling) is proportional to
the transmission functions T13 for waves coming from lead 1 and entering
lead 3, and T23 for waves from lead 2 entering lead 3 (and the reversed
processes as well). These waves are uncorrelated: those electrons from lead
1 that enter probe 3 are not the same ones getting out of probe 3 into probe
2. This is one way of thinking about dephasing processes, which change
the single-particle phase without changing the energy of the system (see
discussion in Sec. 2.2.1).

Clearly, if either one of the probe connections is lost (1 with 3, or 2 with
3), the respective transmission functions are zero, and the current is the
same as in the absence of these dephasing effects.

The above arguments can be extended to several floating probes with elec-
trochemical potentials µ3, µ4, . . . µF , such that I3 = I4 = · · · = IF = 0 (still
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assuming the current is carried from probes 1 and 2). If the transmission
function between the leads of any two floating probes is zero, it is then easy
to show that the current I1 is

I1 =
e

π�


T12 +

F∑
β=3

T1βTβ2

T1β + T2β


 (µ1 − µ2). (3.308)

This expression may be, for instance, used to simulate local dephasing pro-
cesses whose strength is defined by the transmission functions T1β and T2β .
The latter can then be used as parameters that control the strength of the
dephasing effects.

Effect of dephasing on the current

From Eq. 3.308 it seems that the presence of floating probes always in-
creases the current with respect to its value in the absence of dephasing.
This is not always true as one can see by starting from the most general
expression 3.301. For instance, for three probes we get from Eq. 3.301 (flux
conservation implies T12 = T21 and T13 = T31)

I1 =
e

π�

∫
dE [f1(E) − f2(E)] T12(E) +

e

π�

∫
dE [f1(E) − f3(E)] T31(E).

(3.309)
For a floating probe to behave as such we only need to impose that the

current at probe 3 be zero:

I3 =
e

π�

∫
dE [f3(E) − f2(E)] T32(E)+

e

π�

∫
dE [f3(E) − f1(E)] T31(E) = 0,

(3.310)
which (given the temperatures in all three probes) provides us with the
electrochemical potential µ3 of probe 3 as a function of µ1, µ3, T31 and
T32 (which generalizes Eq. 3.304 to finite bias and temperature). This,
however, does not make the second term on the right-hand side of Eq. 3.309
zero. Indeed, according to the value of the electrochemical potential µ3 with
respect to µ1 (and also the relative temperature differences in the different
probes) one obtains different results. For instance, if probes 1 and 3 have the
same temperature, the condition µ3 > µ1 implies that the current I1 is lower
than the current in the absence of dephasing. The opposite occurs when
µ3 < µ1, and dephasing actually “helps” electron motion. This scenario may
be even more complicated if the floating probes are at a different temperature
than probes 1 and 2.
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3.10 Generalization to spin-dependent transport

In all the calculations we have done so far the spin has entered only as a
degeneracy factor of 2 both in the current 3.56, and in the conductance 3.68.

In this section I want to generalize those expressions to take into account
the spin explicitly, as an independent degree of freedom. This is necessary,
for instance, when we consider the interaction with an external magnetic
field, or the lead material is ferromagnetic.

As I have discussed in Sec. 2.5.2, in the presence of spin interactions, such
as spin-orbit coupling, or coupling of the electrons with nuclear spins, the
total electronic spin Ŝ is not a good quantum number, and one cannot, in
principle, separate the current into spin components. Following the same
arguments as in that section, I will neglect such effects on the basis that the
spin relaxation is generally “slow” compared to any other time scale in the
system.58

In the spirit of the single-particle Landauer picture we have developed, I
will still assume that electrons may only interact at a mean-field level both
in the leads and in the scattering region. I am then only concerned with the
effect of a static magnetic field on the spin transport of these “mean-field
electrons”. At the end of this section, I will briefly discuss two possibly
important many-body effects, which may modify the spin conductance in
nanoscale junctions, even in the absence of a magnetic field.

Fig. 3.21. In order to develop a scattering theory of conduction in the presence of
a magnetic field B, we assume that the field acts only in the region of the sample,
and does not perturb the states in the leads.

If a static (not necessarily uniform) magnetic field B(r) is present, by
neglecting any relativistic effect, I need to modify the Hamiltonian 3.13 as

58 This approximation may not be valid for all nanoscale systems, and thus needs to be handled
with care case by case (see also Sec. 3.10.3).
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follows (see also Sec. 2.3)59

HS(B) =
1

2m

[
−i�∇− e

c
A(r)

]2
+ V (r) + µB g0

1
2

σ̂ · B(r), (3.311)

where A(r) is the vector potential associated with the field,

B(r) = ∇× A(r), (3.312)

σ̂ ≡ (σ̂x, σ̂y , σ̂z) (with Ŝ = �σ̂/2) are Pauli matrices (see discussion in
Sec. 2.5.2), µB = |e|�/2mc = 0.579 × 10−8 eV/G, is the Bohr magneton,
and g0 is known as the g-factor. Its value is close to 2.

Hamiltonian 3.313 is the Pauli limit of the relativistic Dirac equation
when one neglects terms of order v2/c2, with v the electron velocity and c

the speed of light (Messiah, 1961). Due to the two possible electron spin
components in any given spatial direction, Hamiltonian 3.313 acts on spinors
(two-component wave-functions) not simple scalar wave-functions. However,
we can simplify further if we assume the spin is spatially oriented with the
local external magnetic field. The scalar product in 3.313 then just separates
into the two projections of the spin on the local orientation of the field.60

With this approximation the Hamiltonian HS separates into two distinct
Hamiltonians of the type

Hs
S(B) =

1
2m

[
−i�∇− e

c
A(r)

]2
+ V (r) + µB g0 sB(r), (3.313)

with s = ±1/2. The eigenstates of this Hamiltonian will then acquire a
quantum number s, in addition to the other quantum numbers

Hs
S(B)|Ψiki ,s〉 = E|Ψiki ,s〉. (3.314)

In order to develop a scattering theory in the presence of a magnetic field,
I also have to assume that the field only extends over the region of the
sample I am interested in, namely (see Eqs. 3.17 and 3.18)

lim
x→±∞

Hs
S =

1
2m

[
−i�∇− e

c
A(r)

]2
+ VL,R(r⊥), (3.315)

so that the influence of the field does not carry over deep into the leads
(see Fig. 3.21). However, we know that even if we impose the field to be
zero in a given region of space, its influence on the electron dynamics still
persists due to the presence of the vector potential in the kinetic part of the
Hamiltonian. Indeed, imposing B = 0 in the leads does not mean that the
59 Here we are also neglecting any magnetic screening effect, and magnetic currents (see discussion

in Sec. 1.2).
60 This approximation is valid, for instance, if the spatial variation of the magnetic field is slow.
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vector potential A is also zero in that region (that is why I had to keep it
in 3.31561).

At first sight, this seems quite an annoyance, since we cannot carry over
all the theoretical apparatus of transverse modes we have introduced in
Sec. 3.3.1, namely we cannot write the eigenstates of 3.315 into the product
of a transverse and a longitudinal component (see Eq. 3.22).62 Here, gauge
invariance comes to the rescue. This invariance tells us that a given vector
potential A can be transformed into another vector potential A′ via

A′(r) = A(r) + ∇λ(r), (3.316)

with λ an arbitrary scalar function of position.63

Thanks to this freedom, we can now choose the vector potential oriented
in the longitudinal direction only, even if we have many leads (Baranger and
Stone, 1989). For instance, we can choose the vector potential in each lead
as

(Ax, Ay, Az) = (−B y, 0, 0), (3.317)

which is equivalent to a constant magnetic field in the z direction, and a
divergence-less vector potential. With this choice of gauge, the eigenstates
of 3.315 can now be written in the form 3.22.

In the following, we will assume the above gauge transformation has been
done for each lead, so that we can define transverse modes in the lead re-
gions. We can now solve the scattering problem of a single particle scattered
by the sample potential in the presence of a magnetic field acting only in
the region of the sample. For the last step we just need to determine the
scattering potential in the presence of the field, and plug this potential into
the Lippmann−Schwinger equation 3.117. This is easily done by writing ex-
plicitly all terms in the Hamiltonian 3.315 that contain the vector potential.

Equation 3.314 thus becomes[
− �

2

2m
∇2 + V (r)

]
Ψiki ,s(r) +

∫
dr′ VB,s(r, r′)Ψiki ,s(r

′) = E Ψiki ,s(r),

(3.318)

61 A typical example of this is the Aharonov−Bohm effect, where the quantum dynamics of a
charged particle is affected even in regions of space of zero magnetic field (see, e.g., Sakurai,
1967).

62 I call this simply an annoyance because I can still diagonalize 3.315 and use those solutions as
my initial scattering states in the leads. Their physical interpretation in terms of left and right
moving waves, however, is a bit trickier.

63 In the present time-independent problem the scalar potential is identically invariant, because
λ is independent of time.
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where

VB,s(r, r′) =
ie�

2m
[A(r) + A(r′)] · ∇δ(r − r′) +

e2

2m
A2(r) δ(r − r′)

+ µB g0 s B(r) δ(r − r′), (3.319)

as can be shown via direct substitution into 3.318. The potential 3.319
is non-local, so that the Lippmann−Schwinger equation 3.117 needs to be
modified into

Ψ+
iki ,s

(r) = ψiki (r) +
∫

dr′
∫

dr′′ G+
B,s(r, r

′, E)V ′
B,s(r

′, r′′)ψiki (r
′′) (3.320)

with

V ′
B,s(r, r

′) = V (r) + VB,s(r, r′) (3.321)

the total scattering potential, sum of the local potential V (r) and the non-
local one 3.319.64 G+

B,s(r, r
′, E) are the positional matrix elements of the

retarded Green’s function

Ĝ+
B,s(E) =

1̂
E + iε − Ĥs

S(B)
(3.322)

associated with the full Hamiltonian 3.313. Note that I have assumed the
“unperturbed” scattering states ψiki (r) to be independent of the particular
spin orientation, in line with my choice of no magnetic field effect in the
leads (the electrons are spin unpolarized in the leads). If electrons are spin
polarized in the leads (for instance, in the case of ferromagnetic leads) the
states ψiki (r) carry a spin quantum number as well.65

The potential V ′
B,s(r, r

′) satisfies the following symmetry

V ′
B,s(r, r

′) = V ′
−B,−s(r

′, r), (3.323)
64 V ′ is non-local but Hermitian (Exercise 3.18).
65 For instance, for a nanojunction sandwiched between two ferromagnetic leads, in the absence

of a magnetic field, the transmission coefficient depends on the relative magnetization of the
two ferromagnets. For parallel magnetization, the total transmission coefficient is (Zwolak and
Di Ventra, 2002)

T = T↑↑ + T↓↓,

with T↑↑ the transmission coefficient of majority-spin electrons in one lead (say the left lead)
scattered into majority-spin states in the other lead (and similarly for the minority-spin elec-
trons transmission coefficient T↓↓). When the magnetization of the two ferromagnets is anti-
parallel, majority-spin electrons in the left lead scatter into minority-spin states in the opposite
lead (now oriented as the majority-spin states of left lead), with transmission coefficient T↑↓.
Similarly for minority-spin electrons in the left lead. For identical leads T↑↓ = T↓↑ so that the
total transmission coefficient for the anti-parallel magnetization is

T = 2T↑↓.

This transmission coefficient is usually smaller than for the parallel magnetization case, so that
the two resistances (R↑↑ for parallel magnetization, and R↑↓ for anti-parallel magnetization)
are different. By changing relative magnetization, one thus realizes a spin valve characterized
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which is easy to demonstrate by recalling the property of the derivative of
the δ-function, δ′(−x) = −δ′(x), and that by changing the sign of B, we
change the sign of A as well. Given this property, and the definition of the
retarded Green’s function 3.322, we find that the latter (and corresponding
advanced Green’s function Ĝ−

B,s(E)) does not satisfy the property 3.176 any
longer. Instead, one gets

G±
B,s(r, r

′, E) = G±
−B,−s(r

′, r, E), in the presence of a magnetic field.

(3.324)

3.10.1 Spin-dependent transmission functions

Within all the above approximations and assumptions, it is now straight-
forward to generalize all the results I have developed for spin-unpolarized
electrons to the present case. Each quantity, whether a transmission or
reflection probability, or a transmission function, depends now on a spin
index, and is a function of a magnetic field B, in addition to its dependence
on bias. I can then redo all calculations from Sec. 3.3.1 on, with just the
caveat that the total current now contains a diamagnetic contribution (see
Eq. 1.25). Equation 3.37 for the state 3.320 then reads

I(Ei) = e〈Ψ+
iki ,s

|Î|Ψ+
iki ,s

〉

=
e�

2im

∫ ∞

−∞
dy

∫ ∞

−∞
dz

[
[Ψ+

iki ,s
(r)]∗

∂Ψ+
iki ,s

(r)

∂x
− Ψ+

iki ,s
(r)

∂[Ψ+
iki ,s

(r)]∗

∂x

]

− e2

mc

∫ ∞

−∞
dy

∫ ∞

−∞
dz [Ψ+

iki ,s
(r)]∗ Ax(r) Ψ+

iki ,s
(r). (3.325)

For instance, we can define the transmission function per spin for waves
moving from right to left

T s
RL(E,B) =

N R
c∑

i=1

N L
c∑

f=1

Ts
if (E,B) =

N R
c∑

i=1

T̃ s
i (E,B) from R to L, (3.326)

with Ts
if (E) the transmission probability of an incoming wave in channel i

in the left lead to be transmitted into an outgoing wave in channel f in the
right lead.

by a magnetoresistance

R =
R↑↑ − R↑↓
R↑↑ + R↑↓

.
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The same quantity can be defined for waves moving from left to right

T s
LR(E,B) =

N L
c∑

i=1

N R
c∑

f=1

Ts
if (E,B) =

N L
c∑

i=1

Ts
i (E,B) from L to R. (3.327)

If we also assume that the local Fermi distributions 3.14 and 3.15 do not
depend on the spin polarization,66 the total current is, from Eq. 3.56,

I =
e

h

∫
dE [fL(E) − fR(E)] T (E,B) (3.328)

with

T (E,B) = TLR(E,B) = T 1/2
LR (E,B) + T −1/2

LR (E,B) = TRL(E,B), (3.329)

the total transmission coefficient of both spin components. The last equality
comes from particle flux conservation (Exercise 3.19).

From Eq. 3.328 and definition 3.68 of two-probe conductance in the limit
of zero temperature and zero bias we get, in the presence of a magnetic field

G =
I

V
=

e2

h
T (EF ,B); (µL − µR) → 0, θ → 0, (3.330)

while the general definition for finite bias and temperature remains the same
as in 3.70 with the only difference that now the current is given by Eq. 3.328.

3.10.2 Multi-probe conductance in the presence of a magnetic

field

Similarly, we can extend the discussion of multi-probe conductance in the
presence of a magnetic field located in the region of the sample, when invasive
probes are present. Given any two probes α and β, we define the total
transmission function per spin

T s
αβ(E,B) =

N α
c∑

i=1

N β
c∑

f=1

Ts
if (E,B), (3.331)

which, due to current conservation, must satisfy the relation

T s
αβ(E,B) = T −s

βα (E,−B), (3.332)

66 This is quite a strong approximation: we need to assume that both the charge and the spin
relax to an unpolarized local equilibrium distribution.
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and by extension of Eq. 3.300 and 3.302 to the magnetic case, we also have∑
α �=β

Tαβ(B) =
∑
α �=β

Tβα(B) flux conservation, (3.333)

and

Iα =
∑
β �=α

e

π�
[µαTαβ(EF ,B) − µβTβα(EF ,B)] . (3.334)

An interesting result of all the above is that, in linear response, if one
reverses the magnetic field at the same time as the current and the voltage
probes one employs to define the resistance, the latter remains unchanged
(this is one form of Onsager’s relations of systems close to equilibrium
(Balian, 1991)).

To illustrate this, let us consider, as in Sec. 3.9.1, several probes. For
simplicity consider only four probes, two of which (say numbers 3 and 4)
are floating, i.e., I3 = I4 = 0, and measure the resistance

R34
12(B) =

(µ3 − µ4)
eI1

(3.335)

with I1 = −I2 the obvious generalization of 3.308 in the presence of a mag-
netic field for the current measured in lead 1, driven by the electrochemical
potential difference between µ1 and µ2, but in the presence of probes 3 and
4.

We can also make the probes 1 and 2 float (I1 = I2 = 0), and define the
resistance in terms of their electrochemical potentials, while measuring the
current I3 = −I4 at probe 3

R12
34(B) =

(µ1 − µ2)
eI3

. (3.336)

The Onsager relation then reads (Exercise 3.20)

R34
12(B) = R12

34(−B), (3.337)

and it has been verified experimentally (Benoit et al., 1986).
As in the absence of a magnetic field, the generalization of these relations

to finite biases and temperatures is not obvious, which shows once again the
difficulty in deriving general properties of systems out of equilibrium.

3.10.3 Local resistivity spin dipoles and dynamical effects

In the above, I have completely neglected any electron interaction which
cannot be treated as contribution to the single-particle transmission prob-
abilities. As anticipated in Chapter 1, nanoscale systems are characterized
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by large current densities so that electron interactions play an important
role. Here, I need to distinguish two effects.

Local resistivity spin dipoles

We have seen in Sec. 3.2 that, due to the finite probability of electrons being
reflected at the nanoscale junction, the self-consistent charge distribution
forms local resistivity dipoles, i.e., dipoles of local charge at the boundaries
of the junction, and for an extended junction, in its interior.

Fig. 3.22. In the case of spin-dependent transport, charge accumulation at the
sample boundaries or in its interior is accompanied by spin accumulation, creating
local resistivity spin dipoles.

In the case of spin-dependent transport, the same dipole is now both a
charge dipole and a local resistivity spin dipole (Mal’shukov and Chu, 2006),
namely one has an accumulation of spins of one polarity on one side of the
junction, and a depletion of spins of the same polarity on the other side of
the junction (see Fig. 3.22). This means that if one considers two different
spin currents – say one moving in one direction and the other moving in the
opposite direction – these two currents interact with each other via Coulomb
interaction. If this interaction is strong, under certain conditions we may
also expect one of the two spin currents to be blockaded, since minority spin
electrons may impede majority spin electrons to cross the nanojunction (see
also Sec. 4.5).67 This effect has not received much attention yet.

67 A similar phenomenon occurs when one extracts electrons from a semiconductor to a ferromag-
net with 100% spin polarization: the minority spins accumulate at the interface between the
semiconductor and the ferromagnet to such an extent that they may block the extraction of
majority spins (Pershin and Di Ventra, 2007).
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Dynamical spin resistance

A second effect is related to the true electron dynamics in nanojunctions,
and the electron viscosity, a many-body effect beyond the single-particle
mean-field theory of this chapter.

As I will show in Chapter 8 the electron liquid behaves to some degree like
a classical liquid, with an effective viscosity due to Coulomb interactions.
This interaction creates a friction between the two spin components which
contributes to the total resistance of the system. In Sec 8.4 I will estimate
this resistance for the spin-unpolarized case (in the linear-response regime)
using time-dependent current-density-functional theory. Here, I just stress
that this effect – which is not elastic – has received little attention so far,
but contributes to the total resistance of nanoscale systems.

3.11 The use of Density-Functional Theory in the Landauer
approach

As for the Kubo approach (Sec. 2.3.2), I want to discuss here the use of
density-functional theory (DFT) in the Landauer approach. In the present
context, by DFT I mean its ground-state form (Appendix D), which is what
is used in static transport problems.

The present literature on the subject is vast and dates back to the first cal-
culations of steady-state transport in atomic and molecular junctions carried
out using the scattering approach I have described in this chapter (Lang,
1995; Di Ventra at al., 2000; Xue et al., 2001; Damle et al. 2001; Palacios at
al., 2002). It is not my intention to review the literature, only to point out
the general procedure used, and the fundamental limitations of employing
ground-state DFT within this approach.

As I have discussed in Sec. 3.1, Approximation 4 of the Landauer approach
requires the use of mean-field Hamiltonians. As an approximation one can
then use Hamiltonian 3.12 from ground-state DFT (see also Appendix D),
which I rewrite here for convenience

HS = HKS(r) = − �
2

2m
∇2 + VH (r) + Vxc(r) + Vext(r), (3.338)

with VH the Hartree term 3.11, and Vxc(r) a static exchange-correlation
potential (which may even assume to know exactly). Vext is the effective
potential describing the confinement of the electrons in the lead-junction-
lead system, as represented by static electron-ion potentials (see Eq. 6.4 in
Sec. 6.1.1), plus the non-local potential 3.319 if one includes a magnetic
field.
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One can then solve the Lippmann−Schwinger equation 3.104 directly, with
the scattering potential represented by the sum of the above terms. The
total current is then calculated via Eq. 3.37 integrated in energy according
to Eq. 3.56. Equivalently, one can solve for the Green’s function 3.156 with
an appropriate “central” region, and evaluate the self-energy 3.151 for the
“contact” between the left lead and the central region, and similarly for the
right lead. The total current may then be calculated using Eq. 3.229.

As I have shown in this chapter, the above two procedures are exactly
equivalent in the present effective single-particle problem. Both are equiva-
lent ways of calculating the current within a single-particle scattering theory
of conduction.

Self-consistency

Whatever the preferred route chosen, due to the presence of the Hartree
potential, one needs to solve the problem self-consistently via the coupling
with the Poisson equation

∇2φ(r) = −4πen(r), (3.339)

with φ(r) the electrostatic potential 2.94, and n the total number density.
Since the ground-state density can be determined, in principle, exactly

using static DFT, if one knows the exact functional (see Appendix D), it
is actually more convenient to calculate the extra number density δn(r) =
n(r)[V ] − n(r)[V = 0] induced by the presence of a bias V , and the corre-
sponding electrostatic potential difference δφ(r), via

∇2δφ(r) = −4πe δn(r). (3.340)

Starting with a guess of this potential, one can then iterate the calcula-
tion of the Lippmann−Schwinger equation (or Eq. 3.156), by computing the
new potential (including the new exchange-correlation potential Vxc), from
which a new density can be determined, and hence a new potential. And so
on and so forth, until self-consistency in the density, or potential, is reached.

Non-variational properties of the current

To the above considerations, I add one more that has implications in practi-
cal calculations of the electrical conductance: the average current is generally
not a variational quantity (Yang et al., 2002). This means the following.

Consider a Hamiltonian Ĥ, and its ground-state wave-function |ψGS〉. De-
note with |ψ〉 an arbitrary wave-function in the Hilbert space of the system,
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and construct the functional

E[|ψ〉] =
〈ψ|Ĥ|ψ〉
〈ψ|ψ〉 . (3.341)

One can then easily prove the following variational theorem of quantum
mechanics (Messiah, 1961): the ground-state energy of the system EGS =
〈ψGS |Ĥ|ψGS〉 is always smaller than E[|ψ〉]

E[|ψ〉] ≥ EGS, (3.342)

with the equal sign only when the wave-function |ψ〉 coincides (up to a
phase) with the ground-state wave-function |ψGS〉.

This is a very powerful tool in practical calculations of the ground-state
properties of a given system, because one can use a finite set of trial wave-
functions, which may depend on some parameters (for instance, one can
choose the set of plane waves 〈r|ψk〉 = eik·r, with {k} a finite set of wave-
vectors), and vary these wave-functions in such a way that the energy E[|ψ〉]
evaluated from these trial wave-functions approaches the ground-state en-
ergy EGS (in the case of plane waves, by increasing the range of k vector
values).

With the above theorem, the “quality” of a given set of trial wave-functions
to represent the ground-state energy, with respect to another, is easy to
check. If a new set of trial wave-functions provides a larger value of the
energy with respect to the previous one, it is a “worse choice” than the
previous set.

A variational theorem does not generally hold for the electrical current,
even at steady state,68 and this represents a serious limitation in practical
calculations.

For instance, if one chooses to work within the Landauer approach, and,
in practical computations, represents the scattering wave-functions |Ψ+

iki
〉 as

a linear combination of a (necessarily) finite basis set, the approach to the
asymptotic value of the current I(Ei) = e〈Ψ+

iki
|Î|Ψ+

iki
〉 with increasing num-

ber of elements in the basis set, does not occur variationally – the current
may “fluctuate” above and below the asymptotic value I(Ei) with increas-
ing number of elements in the set (Yang et al., 2002). This means that the
“quality” of a given set of trial wave-functions cannot be easily determined
as in the ground state. For instance, a set of trial wave-functions which
68 A minimum principle still applies to the scattering amplitudes for a spherically symmetric

potential at zero energy for the very special case when (i) a single s-wave channel contributes
to scattering at that energy, and (ii) the potential does not support bound states or, if it does,
the radial part of the Hamiltonian has negative expectation value on the bound states trial
wave-functions (Schwinger, 1947).
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gives a reasonable account of the ground-state energy EGS , may not be an
equally good choice for the calculation of the current.

Fundamental limitations of ground-state DFT in transport

The above procedures still do not answer the fundamental question:

How accurate is a ground-state DFT calculation of conductance?

I am asking here the question with respect to the true many-body current
evaluated for a well-defined nanojunction. I am not comparing directly with
experiments, because the currents there contain many effects – which I will
discuss in the next chapters – not just the elastic ones discussed here, and
may actually relate to microscopic structures of which we do not know all
the atomic details. This is a very important point, not always appreciated
in the literature.

While in mesoscopic systems a few-atom difference in atomic geometry
may not affect the current considerably, in nanoscopic systems a single-
atom change in the microscopic configuration of the junction, or even the
presence of unintentional dopants in proximity to the junction, may lead
to large differences in the total current (see, e.g., Yang et al., 2003); a fact
that has also been shown experimentally (see, e.g., Cui et al., 2003). The
main reason for this behavior is the partial electronic screening in nanoscale
systems, with consequent large variations of the electrostatic potential at the
nanostructure, and the sensitivity of this potential to microscopic (atomic)
details.

So, given a well-defined nanostructure, how different is the current evalu-
ated using ground-state DFT (even if we know the exact ground-state func-
tional) within the Landauer approach, from the current the true many-body
system develops in time (namely the current 1.86)? The answer is: we do
not know!

The reason has nothing to do with whether we know the exact ground-
state functional or not. Even if we assume that Approximations 1− 5 of the
Landauer approach provide an acceptable description of the dynamics of the
true many-body system in an ideal steady state, by employing ground-state
DFT (even with the exact functional) we are effectively using a ground-
state theory for a non-equilibrium problem. For instance, as I will discuss
in Sec. 8.4, ground-state DFT cannot capture dynamical properties of the
electron liquid, such as its viscous dynamics.

This is reflected in the fact that, unlike the generalizations of DFT to
dynamical problems (see Chapter 7 and Appendices E, F and G), there is
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no theorem that guarantees that the total current calculated with ground-
state DFT is the same as the true many-body current. Not even in the limit
of zero bias.

Indeed, as I have discussed at length, and emphasized once more in this
chapter, even in the limit of zero bias, the current is not a ground-state
property (see, e.g., the discussion in Sec. 2.3 regarding the Kubo approach).
Therefore, the use of ground-state DFT in combination with the Landauer
approach must be understood as a type of mean-field approximation, even
if we know the exact ground-state functional.69

Nonetheless, in specific cases, such as transport properties of metallic
quantum point contacts (see Sec. 1.1), the current obtained within this ap-
proach is very close to the experimental values (Di Ventra and Lang, 2002).
While this may be taken as a demonstration of the validity of ground-state
DFT in transport problems, it is fair to say that the same results may be
obtained without DFT, and in many cases, even without the Hartree inter-
action at all, namely within a true non-interacting electron picture.

I will show in Chapter 7 that the above issues do not appear in the dy-
namical formulations of DFT (whether for closed or open quantum systems):
the total current obtained using the dynamical versions of DFT is exactly
equal to the total current of the true many-body system, if one knows the
exact dynamical exchange-correlation potential. This fundamental result
can be used to develop new approximate functionals (as always, the exact
functional is unknown), and represents a solid starting point for developing
exact theories of electrical conduction.

Summary and open questions

In this chapter I have introduced a single-particle scattering approach to
steady-state transport, known as the Landauer approach. This approxi-
mates the true non-equilibrium problem according to the following assump-
tions:

• The junction is connected to a pair of defect-free metallic leads, each of
which is “connected” to its own distant infinite heat-particle reservoir.
The pair of reservoirs – that are not, however, dynamically coupled to the
system – represents the battery.

• Each reservoir defines the electrochemical potential appropriate to the
69 In the same vein, there is currently much discussion on improving ground-state DFT func-

tionals to capture phenomena, such as the Coulomb blockade (see Sec. 4.5). Once again, these
“improvements” miss the very fundamental (non-equilibrium) nature of the transport problem,
and cannot thus answer the posed question satisfactorily.
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bulk of that reservoir and a local Fermi distribution according to which
single-particle states are populated.

• Each “injected” electron is then assumed to travel undisturbed down the
respective lead to the junction, where it is scattered and is transmitted,
with a finite probability, into the other lead.

• From there it flows, without further disturbance, into the other reservoir.

The reservoirs are conceptual constructs that allow us to map the trans-
port problem onto a truly stationary scattering one, in which the time deriva-
tive of the average total current, and of all other local physical properties of
the system, is zero. By doing so, however, we arbitrarily enforce a specific
steady state whose microscopic nature is not, in reality, known a priori.

The above construct can only capture mean-field properties of the electron
dynamics. It is thus very plausible in the case of non-interacting electrons.
In the case of interacting electrons, however, it is not at all obvious that the
steady state in the Landauer picture is the same as that which would be
established dynamically by the electrons originating from the battery and
flowing across the junction. It is also not obvious whether the same steady
state can be reached with different initial conditions or if it can be realized
with microscopically different many-body states (Di Ventra and Todorov,
2004).

Finally, I have pointed out that the use of ground-state DFT in the Lan-
dauer approach must be interpreted as a type of mean-field approximation,
even if the exact ground-state exchange-correlation functional is known.
Ground-state DFT – and in fact the Landauer approach itself – misses some
dynamical properties of the electron liquid; properties that are specific to
the true non-equilibrium many-body nature of the transport problem. I will
come back to all these issues in Chapters 7 and 8.

Exercises

3.1 Show that from the current density operator 1.22 one gets the form
3.37 for the total current.

3.2 Prove Eqs. 3.104 and 3.105.

3.3 Additivity of the Lippmann−Schwinger equation. Consider
two scattering potentials V̂1 and V̂2 and construct the potential
V̂ = V̂1 + V̂2. Prove that the Lippmann−Schwinger equations 3.117
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and 3.118 satisfy the additivity property

|Ψ+,−(E)〉 = |Ψin,out
0 (E)〉 + G+,−(E)V̂ |Ψin,out

0 (E)〉
= |Ψin,out

0 (E)〉 + G+,−(E)V̂1|Ψin,out
0 (E)〉

+ G+,−(E)V̂2|Ψin,out
0 (E)〉, (E3.1)

namely, the actions of these two potentials can be added separately.
3.4 Principal-value Green’s function. Using the identity

1
x + iε

= P 1
x
− iπδ(x), (E3.2)

with P the Cauchy principal value

P 1
x

= P
∫ +a

−a
dx

1
x

= lim
ε→0

{∫ −ε

−a
dx

1
x

+
∫ +a

+ε
dx

1
x

}
, (E3.3)

show that the time-independent retarded and advanced Green’s func-
tions may be written as

Ĝ±(E) = P 1̂
E − Ĥ

∓ iπδ(E − Ĥ) ≡ GP(E) ∓ iπδ(E − Ĥ), (E3.4)

where

δ(E − Ĥ)|Ψ(E′)〉 = δ(E − E′)|Ψ(E′)〉. (E3.5)

The quantity GP(E) is known as the principal-value Green’s func-
tion. With this relation, show that the density of states operator
can be written as in Eq. 3.124.

Using the resolution of the identity 3.122 show that for any arbi-
trary state |Ψ〉 ∫ +∞

−∞
dE 〈Ψ|D̂(E)|Ψ〉 = 1. (E3.6)

3.5 Bound states. Consider the Lippmann−Schwinger equations 3.117
and 3.118. If we set the incoming and outgoing solutions to zero, no
propagating states exist. However, one can still obtain bound-state
solutions. Determine the condition for the existence of bound states.

3.6 Free-particle Green’s functions. Prove Eq. 3.131 and extend the
result to a free particle in three dimensions. Show that in this case
the positional matrix elements of the retarded and advanced Green’s
functions are (with E = �

2k2/2m and k > 0)

G±
0 (r, r′, E) = − m

2π�2
e±ik|r−r′|

|r − r′| . (E3.7)
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3.7 Green’s functions of semi-infinite leads. Consider the sim-
plest nearest-neighbor tight-binding representation with a constant
hopping integral t (Sec. 3.5). Use the spectral representation 3.123
to show that the retarded and advanced Green’s functions of semi-
infinite leads are

G±(rn, rn′ , E) = −1
t

∑
α

uα(r⊥n)e±ikα du∗
α(r⊥n′), (E3.8)

where |uα〉 are the transverse solutions of Eq. 3.21, d is the longitudi-
nal lattice distance, and kα is the longitudinal wave-vector, solution
of Eq. 3.24. (Hint: Realize that at the bounded edge of the leads
the wave-functions have to vanish.)

3.8 Write Eqs. 3.221 and 3.222 in the simplest nearest-neighbor tight-
binding representation with constant hopping integral t. Referring
to the self-energies 3.167 show that relation 3.225 is satisfied.

3.9 1D versus 3D free-electron density of states. Use the 1D
free-electron Green’s functions 3.131 and 3.134 to calculate the local
density of states

〈r|D̂(E)|r〉 =
m

π�

1√
2mE

, E > 0, (E3.9)

which is independent of space. Redo the calculation for a free particle
in three dimensions and show that

〈r|D̂(E)|r〉 =
m

2π2�3

√
2mE, E > 0. (E3.10)

3.10 Using the scattering solutions 3.174 and 3.175 show that the S matrix
can be equivalently written as

〈Ψ−
f (E′)|Ψ+

i (E)〉 = Sif (E)δ(E′ − E). (E3.11)

3.11 Unitarity of the S matrix. Use the relations 3.44, 3.45, 3.46
and 3.47 to prove that

Ŝ Ŝ† = Ŝ† Ŝ = 1̂. (E3.12)

3.12 Using the unitarity of the S matrix prove that

r r† + τ̃ τ̃ † = r† r + τ †τ = 1̂N L
c ×N L

c
,

τ τ † + r̃ r̃† = τ̃ † τ̃ + r̃† r̃ = 1̂N R
c ×N R

c
,

r τ † + τ̃ r̃† = r† τ̃ + τ † r̃ = 0̂N L
c ×N R

c
,

τ r† + r̃ τ̃ † = τ̃ † r + r̃† τ = 0̂N R
c ×N L

c
, (E3.13)
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where 1̂ and 0̂ are the unit matrix and a matrix with all elements
zero, respectively, with dimensions given by the subscripts. Derive
from these the current conservation relations 3.44 and 3.45. Using
also Eqs. 3.46 and 3.47 derive Eq. 3.54.

3.13 Optical theorem. Show that the S matrix and the T matrix are
related via

Ŝ = 1̂ − 2πiT̂ . (E3.14)

Using the unitarity property of the S matrix prove the optical
theorem

1
2
i(T̂ † − T̂ ) = −πT̂ T̂ † = −πT̂ † T̂ . (E3.15)

3.14 Derive Eq. 3.217.
3.15 Pseudo-unitarity of the transfer matrix. Using the unitarity

of the S matrix 3.209 prove that the M matrix is pseudo-unitary,
Eq. 3.252. Show that pseudo-unitarity of the transfer matrix implies
the current conservation relations 3.44 and 3.45.

3.16 Prove relation 3.255.
3.17 Derive Eq. 3.293.
3.18 Prove that the non-local potential 3.319 is Hermitian.
3.19 Show that particle flux conservation implies Eq. 3.329.
3.20 Onsager relation and the S matrix. Prove Eq. 3.337. Show also

that due to relations 3.332 the S matrix satisfies

S(−B) = [S(B)]T , (E3.16)

with the symbol T indicating the transpose of the matrix. Equa-
tion E3.16 is equivalent to the Onsager’s relation 3.337.

3.21 The transfer Hamiltonian approach. (Bardeen, 1961) Refer to
Fig. 3.11 and consider a Hamiltonian of the type

Ĥ = ĤL + ĤR + ĤT , (E3.17)

where ĤL,R describe the Hamiltonians of the semi-infinite left and
right electrodes, and ĤT is called the tunneling Hamiltonian and
connects the states of the two electrodes. The electrodes are biased,
with V the bias. Take for simplicity the electrodes to be translation-
ally invariant in the y, z direction (i.e., in the direction perpendicular
to current flow). Call xL the position of the contact between the left
electrode and the central region and xR the position between the
central region and the right electrode. Assume that the tunneling
Hamiltonian describes a potential barrier U(x) of width d. Work
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within a single-particle picture, and assume that the wave-function
inside the leads is

Ψleads
i =

√
2
L

ei(ky y+kz z) sin(kx x), (E3.18)

with L some normalization length. Inside the barrier consider the
WKB approximation (see, e.g., Messiah, 1961)

Ψbarrier
i =

1
2

√
2
L

ei(ky y+kz z)e−
∫ x

xa
|kx |dx, xL < x < xR, (E3.19)

where kx =
√

2m(U(x) − k2
y − k2

z )/�.
The left and right electrodes are independent of each other so

that the above are good solutions for the left electrode alone when
x < xR, and for the right electrode alone when x > xL.

The transition probability for an electron to transfer from one
initial state |i〉 of one electrode to a state |f〉 of the other electrode
can be estimated using perturbation theory via (see also Sec. 6.2.1
of Chapter 6)

Pi→f =
2π

�
|Mif |2δ(Ef − Ei), (E3.20)

with Ei and Ef the energies of those states, and Mif the transfer
matrix element. Show that this matrix element can be written as

Mif =
�

2

2m

∫ ∫
dy dz

(
Ψ∗

i

∂Ψf

∂x
− Ψi

∂Ψ∗
f

∂x

)∣∣∣∣
x=a

, (E3.21)

where a is any point inside the barrier. Show also that this ma-
trix element decays exponentially with the barrier width d. Finally,
prove that the current flowing from one electrode to the other can
be expressed as

I =
4πe

�

∑
ki

∑
kf

|Mif |2 [f(Ei) − f(Ef − eV )]

× Di(Ei)Df (Ef − eV )δ(Ei − Ef ), (E3.22)

with f(E) the Fermi−Dirac distribution function, and D(E) the
density of states.

3.22 Non-variational properties of the current. Consider the fol-
lowing functional (Yang et al., 2002)

A[|χ〉] =
|〈Ψ0|V̂ |χ〉|2

〈χ|V̂ − V̂ Ĝ0V̂ |χ〉
, (E3.23)
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where the Green’s function Ĝ0 and potential V̂ are those appearing
in the Lippmann−Schwinger equations 3.117 and 3.118, with |Ψ0〉
either an incoming or an outgoing state. Call |Ψ〉 a general solution
of these equations. Show first that if |χ〉 = c |Ψ〉, with c a proportion-
ality constant, then A[|χ〉] = 〈Ψ0|V |Ψ〉. In this case, the functional
A is proportional to the scattering amplitude in the limit of high
energies and/or weak potentials (the T matrix, Eq. 3.187, is T̂ ≈ V̂ ,
in those limits). Now, demonstrate that for any arbitrary variation
of |χ〉 of the type

|χ〉 = c|Ψ〉 + δ|χ〉 (E3.24)

the functional E3.23 is stationary. Stationarity does not imply a
minimum or a maximum of the functional. This thus shows that the
current (which is proportional to the modulus square of the scatter-
ing amplitudes, Eq. 3.186) is not necessarily a variational quantity.



4

Non-equilibrium Green’s function formalism

Within the Landauer approach to conduction discussed in the previous chap-
ter, electron interactions have been included only at the mean-field level.
This is quite a strong approximation, especially in nanojunctions, where
large current densities are common. I therefore want to go beyond this level
of description.

I can follow two different routes. (1) I can develop a functional theory
of quantum correlations via time-dependent effective single-particle equa-
tions, as I will do in Chapter 7 where I will use dynamical density-functional
theories within the micro-canonical approach to conduction. (2) I can try
to solve the time-dependent Schrödinger equation 1.16 – or its mixed-state
version, the Liouville−von Neumann equation 1.60 – directly.

Written this way, this last proposition seems hopeless. In reality, we can
employ a many-body technique, known as the non-equilibrium Green’s func-
tion formalism (NEGF), also referred to as the Keldysh formalism (Keldysh,
1964; Kadanoff and Baym, 1962), which allows us, at least in principle, to
do just that: solve the time-dependent Schrödinger equation for an interact-
ing many-body system exactly, from which one can, in principle, calculate
the time-dependent current. This is done by solving equations of motion for
specific time-dependent single-particle Green’s functions, from which the
physical properties of interest, such as the charge and current densities, can
be obtained.

I have stressed the term “time-dependent” several times, because, as I
will show in a moment, the NEGF is “exact” only when one solves the
time-dependent Schrödinger equation for a closed quantum system, subject
to deterministic perturbations: the system is closed but not necessarily iso-
lated. These perturbations may drive the system far away from its initial
state of thermodynamic equilibrium (Keldysh, 1964).

Specific cases, such as steady-state transport, are usually described within

209
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the NEGF by making almost all the assumptions and approximations we
have employed to develop the Landauer approach. Therefore, apart from
the – surely non-trivial – addition of interactions in the sample beyond
mean field, which represents the main application of the NEGF to transport
problems, we cannot say that, in these cases, this approach is more “exact”
than the Landauer one with respect to the dynamics of the true many-body
system (see discussion in Sec. 3.1 regarding the loss of information in the
Landauer approach).1

So, how do we proceed? We follow steps similar to those we have used
in the Kubo formalism of Sec. 2.3 to determine the response of a closed
quantum system to an external time-dependent perturbation. The major
difference with the Kubo formalism is that we do not limit ourselves to
weak perturbations (linear response), but we calculate the full response to
all orders of perturbation theory.

Here, the term “perturbation” refers to many-body perturbation, so that
the NEGF can be strictly applied only to those physical systems and pro-
cesses where many-body perturbation theory holds. Examples of problems
beyond standard many-body perturbation techniques are the Kondo effect,
i.e., the entanglement of a localized spin with the spins of nearby conduc-
tion electrons (Kondo, 1964), or the Luttinger liquid, a form of correlated
state of the electron liquid in strictly 1D systems (Luttinger, 1963). While
these phenomena are interesting and may occur, under certain conditions,
in nanoscale systems as well (see e.g., Yu and Natelson, 2004; Park et al.,
2000), their theoretical description is beyond the scope of this book.

Before proceeding, I want to stress that the NEGF has found many ap-
plications, including the study of superconductivity and superfluidity. For
examples of its applicability other than those presented here, I refer the
reader to the review by Rammer and Smith (1986), or the extensive book
by Haug and Jauho (1996) fully dedicated to the theory and application of
this approach.

My goal for this book is to outline the general assumptions underlying
the NEGF, the approximations behind its application to steady-state trans-
port, and its analogy with the classical Boltzmann equation 2.7. I will then
apply it to the case in which electrons in the nanojuction (but not in the
leads, otherwise no closed form for the current can be obtained) experience
interactions beyond mean field. For this application, the general idea of a
nanostructure connected, via scattering-free non-interacting leads, to two
“reservoirs” is still borrowed from Landauer’s original formulation. I will fi-

1 As I will also discuss later, additional approximations are necessary when one wants to treat
electron-electron or electron-phonon interactions explicitly.
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nally show that within the same Landauer approximations, we recover, as we
should, the current formulas derived from the single-particle non-interacting
scattering theory of the previous chapter.2

A final note: I will guide the reader through an explicit example of many-
body perturbation theory in Sec. 6.2.2, when discussing electron-phonon
interaction in a nanojunction. However, it is beyond the scope of this book
to develop the full formalism of many-body perturbation theory, with all
its diagrammatic formulation and analytical properties. I refer the reader
to existing textbooks, e.g., Mattuck (1976) or Mahan (1990) for a thorough
description of this technique.

In this chapter, I will also make use of second quantization. A primer of
this formalism is in Appendix A. The reader may find extended accounts
of second quantization in any advanced textbook on quantum mechanics
(Mattuck’s, in particular, has a wonderful pedagogical introduction).

Since I will use the NEGF only in a few other sections of this book,
the reader who is not interested in this many-body technique may safely
avoid this chapter at first reading, without much detrimental effect on the
comprehension of most of the following chapters.

4.1 Formulation of the problem

Before the derivation of the NEGF equations let us spell out the physical
systems to which these equations apply.

Assumption 1: Closed quantum systems

The NEGF is a formalism to describe the dynamics of closed quantum sys-
tems. We thus want to solve the time-dependent Schrödinger equation 1.16,
or the Liouville−von Neumann equation 1.60 if the system is in a mixed
state. The NEGF does not apply to open quantum systems (those inter-
acting dynamically with external environments), for the simple reason that
there is no many-body perturbation technique for systems evolving beyond
Hamiltonian dynamics, e.g., those obeying the Lindblad equation 1.73.3

2 This is probably the reason why in certain literature the term NEGF is often, and mistakenly,
used to indicate the non-interacting current formula 3.229 which, as I have shown, can be
derived from scattering theory without ever employing the many-body perturbation techniques
I will discuss in this chapter.

3 This does not mean that one cannot use the Keldysh formalism to derive approximate equations
of motion (like the Lindblad equation 1.73) for some reduced statistical operator of an open
system. An example of this is the application of functional methods of field theory to coupling
of matter with an electromagnetic field in open quantum electrodynamics. Due to the linear
(and local) coupling between current densities and radiation fields, one can still derive an exact
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As in the Kubo approach (Sec. 2.3) I thus assume that the system is de-
scribed, before we switch on a time-dependent perturbation, by a many-body
time-independent Hamiltonian Ĥ0. In this chapter, in order to distinguish
the operators that refer to interacting particles from those referring to non-
interacting particles, I will use the notation that letters in boldface indicate
interacting many-particle operators.

The Hamiltonian Ĥ0, may be for instance the one in the Kubo formalism,
Eq. 2.29, describing the interaction of many electrons among themselves and
with static ions. That Hamiltonian can be separated into a sum of single-
particle Hamiltonians, describing the kinetic energy of each electron and its
interaction with the static ions, and the Coulomb interaction part.

This is just one possible choice of many-body Hamiltonian. For instance,
in Chapter 5 I will discuss the case of electron-phonon interactions, and the
Hamiltonian in that case also contains the interaction with the phonons.

Without loss of generality, I will then assume that Ĥ0 can be written as
the sum of one-particle Hamiltonians ĥi

0 and a Hamiltonian Ŵ describing
interactions among particles,

H0 =
∑

i

ĥi
0 + Ŵ. (4.1)

Each single-particle Hamiltonian ĥi
0 has eigenstates |φk〉 with energies εk

(we drop the superscript i to simplify the notation)

h0 |φk〉 = εk |φk〉. (4.2)

Assumption 2: Initial global equilibrium

The system is at the initial time4 t = t0 in global canonical equilibrium with
a bath at temperature θ, namely it is described by the canonical statistical
operator (see Eq. 1.78)5

ρ̂(t ≤ t0) =
e−βĤ0

ZC
≡ ρ̂eq

C , (4.3)

form for the reduced statistical operator for the matter degrees of freedom only, provided the
initial state of the radiation field has a Gaussian distribution (Breuer and Petruccione, 2002).

4 Where we may take t0 → −∞. If we want to describe steady-state transport this limit must
be taken after the limit of system size to infinity.

5 As in the Kubo formalism, we may choose some arbitrary initial statistical operator, but this
may lead to serious mathematical difficulties in the calculation of the expectation values of a
given operator (see discussion after Eq.. 4.11).
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with β = 1/kBθ, and θ the temperature of the bath.
The above means that, for t < t0, we have allowed for some (very weak) in-

teraction with an external environment so that equilibrium could be reached.

Assumption 3: Adiabatic approximation

At time t0, we apply a time-dependent perturbation Ĥ ′(t) so that the total
Hamiltonian is for t > t0

Ĥ(t) = Ĥ0 + Ĥ ′(t), (4.4)

and we want to determine the effect of this perturbation on the system
dynamics.

The perturbation Ĥ ′(t) may not necessarily be an external field. It could
be, as I will show in a moment, some form of internal coupling of the system.

However, we want to work with a closed quantum system and not an
open one. We thus do not want the environment – which has generated the
initial equilibrium statistical operator 4.3 – to induce transitions between
the many-body states of the unperturbed Hamiltonian Ĥ0 – which would
destroy unitary evolution of our quantum states.

This means that we need to switch on the perturbation Ĥ ′(t) adiabatically
as we have assumed in the Kubo formalism (see discussion in Sec. 2.3). As
previously anticipated, this approximation becomes less and less satisfied in
the limit of zero frequency of the external perturbation (d.c. limit): wait-
ing a longer time allows the environment to induce transitions between the
states of Ĥ0. These transitions would force the system to some new state,
with a statistical operator different from the equilibrium one in Eq. 4.3.

Partitioning vs. partition-free approach

In the context of steady-state transport both the above initial state assump-
tion and adiabatic approximation can be implemented in different ways,
which may indeed not lead to the same physical result.

For instance, we may refer to the partition I have employed in Sec. 3.5,
where the sample is sandwiched between two semi-infinite electrodes (see
Fig. 4.1). We can then assume that for t < t0 the two electrodes are sep-
arated from each other and from the sample (the coupling potentials V̂LC ,
and V̂CR are zero for t < t0, and there is no direct tunneling between the
electrodes).

We can, however, assume the electrodes to be in the presence of the bias,
in the sense that current is not allowed to flow but the electrodes are each in
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Fig. 4.1. One way to implement the switching-on of the external potential in the
NEGF for transport. At t < t0 two semi-infinite electrodes are decoupled from the
sample and are at equilibrium with their respective reservoirs at different electro-
chemical potentials. At t > t0 we switch on adiabatically the coupling potentials
between the electrodes and the central region.

equilibrium with their own reservoirs at their own electrochemical potential
(with the left electrochemical potential different than the right electrochem-
ical potential), or, equivalently, there is an electron imbalance between the
left electrode and the right electrode (Caroli et al., 1971).

The total statistical operator of this decoupled system at t = t0 is then

ρ̂(t0) = ρ̂L(t0) ⊗ ρ̂C (t0) ⊗ ρ̂R(t0), (4.5)

the tensor product of the equilibrium statistical operators of the electrodes
and the central region.

At t = t0 the couplings V̂LC , and V̂CR between the electrodes and the sam-
ple are switched on adiabatically and current is allowed to flow (Fig. 4.1).
Clearly, this procedure does not correspond to an actual experimental real-
ization where the reverse is true: the physical couplings between the elec-
trodes and the junction are there even before the bias is switched on. It is
therefore not clear that the switch-on of the couplings after the bias leads
to the same physical state as the correct order (if it leads to a steady state
at all).

Alternatively, one could use a “partition-free” approach (Cini, 1980; Ste-
fanucci and Almbladh, 2004) in which no separation of the physical system
is done before the perturbation is switched on, with the global statistical
operator given by the equilibrium operator 4.3. One then switches on, adi-
abatically, an external potential which in the long-time limit may reach,
deep into the two electrodes, different values, in order to simulate the elec-
trochemical potential difference as in Eq. 3.2 (if one is interested in the
steady-state limit).



4.1 Formulation of the problem 215

Also in this case, however, this procedure may not correspond to the cor-
rect physical scenario, since in an actual experiment the bias is not neces-
sarily switched on adiabatically. In addition, one runs into the fundamental
question of whether a steady state develops at all, and under which condi-
tions. I will come back to these issues in Chapter 7.

4.1.1 Contour ordering

Within the above assumptions, our goal is now to calculate the expectation
value of a given operator Â (Eq. 1.52)

〈ÂH(t)〉 = Tr{ρ̂eq
C ÂH(t)}, (4.6)

where

ÂH(t) = Û(t0, t) Â Û(t, t0) (4.7)

is the operator Â written in the Heisenberg picture, with U(t, t0) the time-
evolution operator of the full Hamiltonian 4.4 with the perturbation in-
cluded. As in Eq. 1.19 the time-evolution operator satisfies the equation of
motion

i�
∂Û(t, t0)

∂t
= Ĥ(t)Û(t, t0), (4.8)

with boundary condition U(t0, t0) = 1. I have written the formal solution
of Eq. 4.8 in Eq. 1.18, which I re-write here for convenience

Û(t, t0) = T
{

exp
[
− i

�

∫ t

t0

dt′Ĥ(t′)
]}

, (4.9)

with the symbol T indicating the time-ordering operator that orders prod-
ucts so that “past” times appear to the right.

By looking at the structure of the canonical statistical operator 4.3 and
the definition of the time-evolution operator for a time-independent Hamil-
tonian 1.21, we realize that we can interpret the operator e−βĤ0 as the
“evolution” of the system from the time t0 to the complex time t0 − i�β6

Û(t0 − i�β, t0) = Û(−i�β) = e−βĤ0 . (4.10)

Using this result I can re-write the expectation value 4.6 (using the defini-
tion 4.3 of the canonical operator) as

〈ÂH(t)〉 =
Tr{Û(t0 − i�β, t0)Û(t0, t)ÂÛ(t, t0)}

Tr{Û(t0 − i�β, t0)}
. (4.11)

6 I used a similar “trick” when discussing the fluctuation-dissipation theorem within the Kubo
approach, see Eq. 2.65 in Sec. 2.3.3.
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If we set the normalization factor in the denominator aside for a moment,
the operator in the numerator of the expectation value 4.11 has the following
structure with respect to the time evolution of a given state (think of this
operator applied to a state on the right, so you read its time evolution from
right to left)

Û(t, t0) → Â → Û(t0, t) → Û(t0 − i�β, t0), (4.12)

namely, the state evolves from the initial time t0 till a time t, at which point
the operator Â acts. The subsequent evolution is then backward from time
t to time t0, after which the system “evolves” in the complex time from t0
to t0 − i�β. This last step is also what is embodied in the denominator of
Eq. 4.6, and represents the quantum correlations of the initial state of the
system, which we have assumed to be in canonical equilibrium at t0.

The expectation value of a given observable can then be represented as
the result of the system evolution on a contour, as represented in Fig. 4.2.
Note that the above re-interpretation of the equilibrium statistical operator
on the complex time contour may not hold for an arbitrary initial statistical
operator, making the calculation of the expectation value 4.6 more difficult
(if not impossible) to carry out.

Fig. 4.2. Time contour used to
evaluate the expectation value
of a given operator at time t.
The system evolves from an ini-
tial time t0 to the time t, af-
ter which it returns to the initial
time again, with further “propa-
gation” in the complex time till
t0 − i�β (with β = 1/kB θ). The
contour has thus two branches
we label C1 and C2 .

Since we have written all quantities in terms of time-evolution propagators
on different parts of a contour, we can apply the same many-body perturba-
tion techniques we apply to the equilibrium case, by just defining operations
on a contour.

For instance, Eq. 4.7 can be re-written as (Rammer and Smith, 1986)

ÂH(t) = ÛH0 (t0, t)ÂH0 (t)ÛH0 (t, t0), (4.13)
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where

ÛH0 (t, t0) = T
{

exp
[
− i

�

∫ t

t0

dt′Ĥ ′
H0

(t′)
]}

, (4.14)

with

Ĥ ′
H0

(t) = eiH0 (t−t0 )/� Ĥ ′(t) e−iH0 (t−t0 ), (4.15)

the interaction representation of H ′(t).
The physical meaning of 4.13 is (reading that expression from right to

left): propagation from t0 to t, at which point the operator Â acts, and
subsequent propagation from t to t0.

The operator ÂH(t) can then be written as the contour time-ordering
(Rammer and Smith, 1986)

ÂH(t) = TC

{
exp

[
− i

�

∫
C

dt′Ĥ ′
H0

(t′)
]

ÂH0 (t)
}

, (4.16)

where here C is the piece of contour in Fig. 4.2 that goes from time t0 to
time t, and back to time t0, and the time-ordering on the contour must
be interpreted as ordering products so that times occurring earlier on the
contour appear to the right.

Since the above expression is now written in terms of the equilibrium
Hamiltonian Ĥ0, perturbation techniques similar to the equilibrium ones can
be applied. In fact, we can expand the time-evolution operator ÛH0 (t, t0) in
series (Mahan, 1990)

ÛH0 (t, t0) =
∞∑

n=0

(−i)n

n!

∫ t

t0

dt1 · · ·
∫ t

t0

dtnT
{

Ĥ ′
H0

(t1) · · · Ĥ ′
H0

(tn)
}

, (4.17)

which represents the basis for a many-body perturbation expansion. In
particular, since the single-particle contour-ordered Green’s function I will
define below can be written in terms of this time-evolution operator, a similar
perturbation expansion for these Green’s functions can be carried out.

At the cost of working on a time contour – hence with two time branches –
we now have knowledge of the non-equilibrium state of our system at time t,
simply on the basis of its state at the initial time. This procedure represents
the core of the Keldysh formalism.

4.2 Equilibrium Green’s functions

Before defining the single-particle non-equilibrium Green’s functions let us
step back for a moment and define single-particle Green’s functions for an
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interacting system at equilibrium. This will allow me to define various im-
portant quantities (such as the self-energy and spectral function) that I will
need later on. From now on second quantization is absolutely necessary
(Appendix A).

In Sec. 3.4 I have defined advanced and retarded Green’s functions for
non-interacting single-particles in the context of scattering theory. Here I
want to define similar Green’s functions (or propagators) in the presence
of interactions among particles. The physical meaning of these Green’s
functions will become clear as we go along.

As I will show in a moment, these propagators are not Green’s functions in
the usual mathematical sense, i.e., they are not solutions of a linear equation
of the type 3.74. Their equation of motion instead generates the well-known
BBGKY hierarchy of infinite equations (Appendix B).

4.2.1 Time-ordered Green’s functions

Let us then consider a many-particle system described by the many-body
Hamiltonian Ĥ0. We define the field operator (see Appendix A)

ψ(r) =
∑

k

〈r|φk〉âk, destroys particle at position r, (4.18)

with |φk〉 the single-particle states, solutions of Eq. 4.2, and âk destroys a
particle in state |φk〉. Its Hermitian conjugate, ψ†(r), creates a particle at
position r.

From this field operator we get the number density operator 1.24 in
second-quantization form

n̂(r) ≡ ψ†(r)ψ(r) =
∑
k,k′

〈φk′ |r〉〈r|φk〉â†k′ âk. (4.19)

If we take the expectation value of this operator over the canonical statistical
operator 4.3 we obtain the number density of the system at equilibrium

n(r) = 〈n̂(r)〉 = Tr{ρ̂eq
C ψ†(r)ψ(r)}. (4.20)

If the above average is taken over the grand-canonical statistical opera-
tor 1.76 with chemical potential µ̄ and the electrons are non-interacting, i.e.
(see also Appendix A),

Ĥ0 =
∑

i

ĥi
0 =

∑
k

εk â†k âk , (4.21)
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one easily finds (Exercise 4.1)

n(r) = 〈n̂(r)〉 = Tr{ρ̂eq
G ψ†(r)ψ(r)} =

∑
k

fk |〈r|φk〉|2, (4.22)

where fk is the average value of the number of particles in the state with
energy εk when the non-interacting system is at equilibrium (cf. Eq. 1.80),

fk =
1

e(εk−µ̄)/kB θ + 1
, (4.23)

and I have used the fact that at thermal equilibrium each single-particle
state |φk〉 is populated according to (see Sec. 1.4.6)

〈n̂k〉 = 〈â†kâk〉 = Tr{ρ̂eq
G â†kâk} = fk. (4.24)

Let us now write the field operator 4.25 in the Heisenberg picture with
respect to the Hamiltonian Ĥ0 (whether for interacting or non-interacting
particles)

ψH0 (r, t) = eiĤ0 t/�ψ(r)e−iĤ0 t/�. (4.25)

We then define the following single-particle (or two-times) time-ordered
Green’s function7

G(r, t; r′, t′) = − i
�
〈T[ψH0 (r, t)ψ

†
H0

(r′, t′)]〉

≡ − i
�

Tr
{

ρ̂eq
C T[ψH0 (r, t)ψ

†
H0

(r′, t′)]
}

. (4.26)

Here T[. . . ] is again the operation that time-orders the field operators, i.e.,
moves the operator with the earlier time variable to the right. For fermions
it is8

T[ψH0 (r, t)ψ†
H0

(r′, t′)] = Θ(t − t′)ψH0 (r, t)ψ†
H0

(r′, t′)

− Θ(t′ − t)ψ†
H0

(r′, t′)ψH0 (r, t). (4.27)

The step function Θ(t − t′) equals 1 for t > t′, and zero otherwise.
7 For finite-temperature perturbation theory, we introduce imaginary-time Green’s functions

defined by replacing in Eq. 4.26 Ĥ0 → Ĥ0 − µ̄N̂, with µ̄ the chemical potential and N̂ the
total number operator 1.77. In addition, in order to have a perturbation theory formally
equivalent to the zero-temperature case, we introduce the complex time it → τ , with t a
real number. The canonical statistical operator appearing in Eq. 4.26 is also replaced by the
grand-canonical statistical operator 1.76. The formal theory then follows similarly to what I
discuss here (Mattuck, 1976). In the following, whenever we discuss finite-temperature Green’s
functions we will implicitly assume that their perturbation expansion has to be carried out by
“transforming” them into the corresponding imaginary-time Green’s functions.

8 Note that the time-ordering operator for bosons has a positive sign and reads
T[ψ(r, t)ψ†(r′, t′)] = Θ(t − t′)ψ(r, t)ψ†(r′, t′) + Θ(t′ − t)ψ†(r′, t′)ψ(r, t).
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By recalling the physical meaning of the field operator 4.25 and its Hermi-
tian conjugate, as destroying or creating a particle, respectively, at position
r, we see that for t > t′ the Green’s function 4.26 is essentially the proba-
bility amplitude that if at time t′ a particle is created at position r′ in the
system in its equilibrium state, then the system at time t will be in the
equilibrium state but with a particle destroyed in position r. If we revert
the times, i.e., for t < t′, G(r, t; r′, t′) is proportional to the probability am-
plitude that if at time t a hole is created at position r, then the system at
time t′ will be in the same state but with the hole destroyed in position r′.

4.2.1.1 Equation of motion for the equilibrium Green’s function

The equation of motion for G(r, t; r′, t′) is easily derived by differentiating
both sides of Eq. 4.26 with respect to time and taking into account the
commutation relations of the field operators (Eqs. A.21 and A.22). This
derivation is reported in Appendix B and I re-write the final result here for
convenience:(

i�
∂

∂t1
+

�
2

2m
∇2

1

)
G(r1, t1; r′1, t

′
1) = δ(r1 − r′1)δ(t1 − t′1)

− i
∫

drw(r1 − r)G2(r, t1, r1, t1; r, t+1 , r′1, t
′
1), (4.28)

where G2 is the two-particle (or four-time) Green’s function (Eq. B.8), and
t+1 means limε→0+(t1 + ε).9

For later use, and to avoid carrying too many indexes, it is convenient to
denote with numbers any set of position and time variables, e.g., 1 ≡ (r1, t1).
Similarly, I will define δ(1, 1′) = δ(r1 − r′1)δ(t1 − t′1). Using the properties of
the δ-function I can then re-write the above equation as(

i�
∂

∂t1
+

�
2

2m
∇2

1

)
G(1; 1′) = δ(1, 1′)−i

∫
d2 w(1, 2)G2(1, 2; 2+, 1′), (4.29)

with w(1, 2) = δ(t1, t2)w(r1 − r2).
The above is however a formal result since we need now the equation of

motion for G2, which requires the equation of motion for the three-particle
Green’s function G3, and so on. This is the infinite BBGKY hierarchy which
I have written explicitly in Appendix B.

9 In the above, I have also assumed for simplicity that the single particles do not interact with any
other single-particle potential, otherwise we need to subtract that potential in the parentheses
of the left-hand side of Eq. 4.28. See Eq. 4.82.



4.2 Equilibrium Green’s functions 221

4.2.2 Dyson’s equation for interacting particles

Instead of solving the BBGKY hierarchy, we assume that all possible inter-
action effects of all particles on the single-particle dynamics can be lumped
into a quantity known as the irreducible self-energy (if it exists), which we
represent with the symbol Σ[G], and which is a functional of the single-
particle Green’s function G.

We have introduced a similar quantity in the scattering theory of conduc-
tion for non-interacting electrons (see Secs. 3.4.1.2 and 3.5). In Sec. 3.4.1.2,
when discussing the Lippmann−Schwinger equation, the self-energy was
not a useful concept, because in that non-interacting case it had the same
form as the scattering potential of the full electrode-sample-electrode sys-
tem (Eq. 3.95). In Sec. 3.5, when I partitioned the system into a central
region and two electrodes, it represented the “interaction” of the central
region with the electrodes, or better, the scattering of a single particle in
the central region into the electrodes.

In this section, instead, Σ represents all interactions of a single particle
with all other particles in the system, and its elastic scattering with the
single-particle potential representing the static ions of the whole electrode-
sample-electrode system (Fig. 4.1). Unfortunately, most of the time these
two types of scattering cannot be separated from each other (we cannot
say, e.g., the particle scatters with the potential of the nanojunction, and
independently scatters with the other electrons or phonons). For all practical
purposes, however, we will have to make this separation in order to obtain
tractable equations.

For now, let us proceed by replacing

−i w(1, 2)G2(1, 2; 2+, 1′) → Σ(1, 2)G(2; 1′) (4.30)

into Eq. 4.29 to get

(
i�

∂

∂t1
+

�
2

2m
∇2

1

)
G(1; 1′) = δ(1, 1′) +

∫
d2 Σ(1, 2)G(2; 1′). (4.31)

By comparing the quantity in parentheses on the left-hand side of Eq. 4.31
with the definition of Green’s functions in the true mathematical sense,
Eq. 3.78, we recognize at once that with that term is associated the Green’s
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function for a free particle, namely(
i�

∂

∂t1
+

�
2

2m
∇2

1

)
G0(1; 1′) = δ(1, 1′)

⇓(
i�

∂

∂t1
+

�
2

2m
∇2

1

)
= δ(1, 1′)G−1

0 (1; 1′). (4.32)

By replacing this result in Eq. 4.31 and integrating over one of the times
to eliminate the δ-functions, we get (I re-instate the times and coordinates
explicitly)

G(r, t; r′, t′) = G0(r, t; r′, t′)

+
∫

dr1

∫
dr2

∫
dt1

∫
dt2 G(r, t; r1, t1)

× Σ(r1, t1; r2, t2)G0(r2, t2; r′, t′)

= G0(r, t; r′, t′)

+
∫

dr1

∫
dr2

∫
dt1

∫
dt2 G0(r, t; r1, t1)

× Σ(r1, t1; r2, t2)G(r2, t2; r′, t′). (4.33)

This is the many-body version of the Dyson equation 3.94.
At equilibrium, the above Green’s functions and self-energy can depend

on time differences only. If, in addition, the system is homogeneous, these
quantities can only depend on differences in the position arguments. I can
then simplify the above equation by Fourier transforming the Green’s func-
tions and self-energy. For instance, I can define the Fourier transform of the
single-particle Green’s function

G(r − r′; t − t′) =
1
�

∫
dE

2π

∫
dk

(2π)3 e−iE(t−t′)/�eik(r−r′)G(k; E), (4.34)

and similarly for all other quantities. Equation 4.33 then becomes

G(k; E) = G0(k; E) + G(k; E)Σ(k; E)G0(k; E)

= G0(k; E) + G0(k; E)Σ(k; E)G(k; E), (4.35)

which generalizes Eq. 3.120 to the interacting-particle case.

The single-particle non-interacting case

We easily see that the time-ordered Green’s function 4.26 is a generalization
to the interacting case of the Green’s function 3.78, and its Fourier transform
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generalizes Eq. 3.112. Indeed, if ĥ0 is the Hamiltonian of a single-particle,
from Eq. 4.28 we get (the interaction term w(r − r′) = 0)(

i�
∂

∂t
− ĥ0

)
G0(r, t; r′, t′) = δ(r − r′)δ(t − t′). (4.36)

If the system is in equilibrium, then the above Green’s function can depend
only on the difference t − t′,(

i�
∂

∂t
− ĥ0

)
G0(r, r′; t − t′) = δ(r − r′)δ(t − t′). (4.37)

Fourier transforming the above equation, and using the Fourier transform
of the δ-function, δ(t) = 1

2π

∫
dω e−iωt, we obtain(

E − ĥ0

)
G0(r, r′; E) = δ(r − r′). (4.38)

From the theory of differential equations we then know that with Eq. 4.38
is associated the linear-operator equation (see Eq. 3.74)(

E − ĥ0

)
φk(r) = 0, (4.39)

which is the stationary Schrödinger equation with eigenstates 〈r|φk〉. There-
fore, G0(r, r′; E) is the positional matrix element of the Green’s function 3.112.

4.2.3 More Green’s functions

Analogous to what we have done in the non-interacting case we can also
define retarded and advanced single-particle Green’s functions for fermions

G+(r, t; r′, t′) = − i
�
Θ(t − t′)〈{ψ(r, t), ψ†(r′, t′)}〉, retarded, (4.40)

G−(r, t; r′, t′) =
i
�
Θ(t′ − t)〈{ψ(r, t), ψ†(r′, t′)}〉, advanced. (4.41)

They generalize to the interacting case the corresponding non-interacting
Green’s functions Eqs. 3.80 and 3.82, respectively.10

10 The corresponding functions for bosons are

G+ (r, t; r′, t′) = − i
�

Θ(t − t′)〈[ψ(r, t), ψ†(r′, t′)]〉, retarded, (4.42)

G−(r, t; r′, t′) =
i
�

Θ(t′ − t)〈[ψ(r, t), ψ†(r′, t′)]〉, advanced. (4.43)
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We also define the propagators

G<(r, t; r′, t′) =
i
�
〈ψ†(r′, t′)ψ(r, t)〉, lesser than, (4.44)

and

G>(r, t; r′, t′) = − i
�
〈ψ(r, t)ψ†(r′, t′)〉, greater than, (4.45)

which are called the lesser and greater Green’s functions (or correlation
functions), respectively, and are equal to G(r, t; r′, t′) for t < t′ and t > t′,
respectively.

In all the above definitions the symbol 〈· · · 〉 means trace over the initial
statistical operator (whether canonical or grand-canonical), namely 〈· · · 〉 =
Tr{ρ̂(t = t0) · · · }.

Density and current density from G<

The lesser and greater Green’s functions are central quantities in the non-
equilibrium problem since they are directly related to the number and cur-
rent densities of the system. For instance, by comparing Eq. 4.20 and
Eq. 4.44, we can write

n(r, t) = −i� lim
ε→0

G<(r, t; r, t + ε), (4.46)

with ε a positive number. Similarly, we can calculate the single-particle
density matrix in the positional basis as

ρ(r, r′, t) = −i� lim
ε→0

G<(r, t; r′, t + ε). (4.47)

In Sec. 3.3.2 we have written the current density (without any diamagnetic
term) in terms of the single-particle wave-functions (see Eq. 3.36), starting
from the definition of current density operator (Eq. 1.22). We can re-write
that expression for a general wave-function Ψ(r, t) as

j(r, t) =
�

2im
lim
r→r′

(∇r −∇r′)Ψ∗(r′, t) Ψ(r, t). (4.48)

The second-quantization form of this expression is (Appendix A)

j(r, t) =
�

2im
lim
r→r′

(∇r −∇r′)〈ψ†(r′, t)ψ(r, t)〉

=
�

2im
lim
r→r′

(∇r −∇r′)Tr{ρ(t = t0)ψ†(r′, t)ψ(r, t)}. (4.49)
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Comparing this with the definition of lesser Green’s function 4.44, we im-
mediately see that the current density and the lesser Green’s function are
related via

j(r, t) =
�

2

2m
lim
r′→r

(∇r′ −∇r) lim
ε→0

G<(r, t; r′, t + ε). (4.50)

The above density and current density must be related via the continu-
ity equation ∂tn(r, t) = −∇ · j(r, t), so that any approximation that one
makes to actually calculate the lesser Green’s function Ĝ< must satisfy this
fundamental relation. These approximations are known as conserving ap-
proximations.

Since, the lesser Green’s function is related to the current density, it also
provides the fluctuations of the system, and hence it must be related to
the dissipation occurring in the system’s dynamics (see Eq. 2.73, where I
have related the spontaneous current fluctuations to the conductivity of the
system). I will discuss this fluctuation-dissipation relation in a moment.

I finally note that, following their definition, the four Green’s functions 4.40,
4.41, 4.44 and 4.45 are related to each other via the condition (Haug and
Jauho, 1996)

Ĝ+ − Ĝ− = Ĝ> − Ĝ<, (4.51)

so that only three of them are linearly independent.

4.2.4 The spectral function

Let us now discuss what type of information we can extract from the re-
tarded 4.40 and advanced 4.41 Green’s functions. In the non-interacting
scattering case (Sec. 3.4), the retarded and advanced Green’s functions con-
tained information on the spectral properties of the system (such as eigenval-
ues of the Hamiltonian and density of states, see Eq. 3.124). The same type
of information is contained in the interacting version of these propagators.

To see this let us assume the many-body system is homogeneous so that
the functions 4.40 and 4.41 depend only on the differences of space vari-
ables.11 We can thus work with the Fourier representation in energy and
momentum space of the retarded and advanced Green’s functions 4.34.

We then define the spectral function

A(k; E) = i
G+(k; E) − G−(k; E)

2π
= i

G>(k; E) − G<(k; E)
2π

, (4.52)

11 The assumption of homogeneity can be relaxed. This would require working with two spatial
coordinates. I choose not to do this here to simplify the notation.
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where the last equality comes from Eq. 4.51. As in the non-interacting
case, the retarded and advanced Green’s functions satisfy the relation 3.115,
[G+(k; E)]† = G−(k; E), which can be easily demonstrated from the Fourier
transforms of their respective definitions. The spectral function can then be
written as (see also Eq. 3.127)

A(k; E) = − 1
π

Im
[
G+(k; E)

]
, (4.53)

or, equivalently, using the Dyson equation 4.35 for the retarded and ad-
vanced Green’s functions

2π A(k; E) = iG+(k; E) [Σ+(k; E) − Σ−(k; E)]G−(k; E)

≡ G+(k; E)Γ(k; E)G−(k; E), (4.54)

where

Γ(k; E) = i
[
Σ+(k; E) − Σ−(k; E)

]
= −2Im{Σ+(k; E)}. (4.55)

By comparing the above two equations with the single-particle noninter-
acting analogues, Eqs. 3.162 and 3.163, it is clear that the spectral func-
tion generalizes to the interacting many-body case the concept of density of
states 3.124 we have introduced for non-interacting systems. Let us expand
a bit on this point.

First, using the definitions of retarded and advanced Green’s functions 4.40
and 4.41 it is easy to show (see Exercise 4.2) that A(k; E) is positive definite
and, for fermions, satisfies ∫ +∞

−∞
dE A(k; E) = 1, (4.56)

which immediately hints at a possible statistical interpretation of the spec-
tral function.

The density of states can be evaluated as the integral of the spectral
function over all possible k vectors

D(E) =
∫

dk
(2π)3 A(k; E). (4.57)

The fluctuation-dissipation theorem

Another important relation, which we will make use of several times in the
following, is between the spectral function and the lesser Green’s function
G< (or the spectral function and the greater Green’s function G>). This
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is also known as the fluctuation-dissipation theorem, like the one we have
discussed in Sec. 2.3.3.

If we assume that the exact eigenstates of the many-body Hamiltonian
Ĥ0 are known,12 and the system is in grand-canonical equilibrium with a
reservoir at a chemical potential µ̄ and temperature θ (Eq. 1.76), it is not
difficult to show that G< and G> are related via (Exercise 4.3)

G<(k; E) = −eβ(E−µ̄)G>(k; E), (4.58)

with β = 1/kBθ.
From the definition of spectral function 4.52, we then get

G<(k; E) = 2π if(E)A(k; E), (4.59)

and

G>(k; E) = −2π i [1 − f(E)] A(k; E), (4.60)

where f(E) is the Fermi−Dirac distribution 4.23.
The above relations show that the lesser and greater Green’s functions

contain information on the occupations of the states (due to the presence of
the distribution f(E)). Also, since the spectral function is related to the
imaginary part of the retarded Green’s function (Eq. 4.53), the former is
related to the dissipation of the system, in the sense that it contains infor-
mation on how a particle in a given single-particle state scatters out of that
state (see also discussion below). Equation 4.59 then relates the fluctuations
at equilibrium (represented by G<) with the dissipations in the system as
quantified by A(k; E). Relation 4.60 is similar but can be interpreted as re-
ferring to holes (due to the presence of the term 1−f(E)), and not electrons.

The non-interacting limit

From the above discussion, it is now easy to obtain the form of the spectral
function when interactions are switched off. By comparing Eq. 4.52 with
Eq. 3.124 we see that for non-interacting systems the spectral function has
the form

A(k; E) = δ(E − εk), (4.61)

where εk are solutions of a general non-interacting single-particle Hamilto-
nian (Eq. 4.2).

12 This is clearly a formal statement as, in general, the exact eigenstates of Ĥ0 are not known.
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Fig. 4.3. Schematic of the spectral function for quasi-particles. In the absence of
interactions, the spectral function is a δ-function centered at the energy of the non-
interacting particle energies εk . Interactions shift the energy of the quasi-particles
with respect to the unperturbed energies by an amount given by the real part of
the self-energy Σ+, and broaden the δ-function into a Lorentzian-type of function,
with the width proportional to the imaginary part of the self-energy.

The density of states D(E), Eq. 4.57, is then (the Tr here is over all
single-particle states with wave-vector k)

D(E) = Tr{A(k; E)} =
∑
εk

δ(E − εk), (4.62)

which shows peaks in correspondence to the eigenenergies of the noninter-
acting Hamiltonian (Fig. 4.3).

From all this discussion, and property 4.56, we immediately see that the
spectral function is nothing other than a probability density. Precisely, it is
the probability density for increasing or decreasing the energy of the system
by an infinitesimal amount dE via the addition (electron) or subtraction
(hole) of a particle in the single-particle state with energy εk .

For a general many-body system A(k; E) does not have the simple form
4.61 and, especially for strongly correlated electron systems, most of the
time it is not even known. However, for the electron systems – often called
weakly interacting systems or Fermi liquids – we consider in this book we
expect the form of the spectral function to be not so different from the non-
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interacting case.13

Energy “renormalization” and state “lifetime”

Let us now try to give a physical meaning to the self-energy. From the
Dyson equation 4.35 the retarded Green’s function is

G+(k; E) =
1

E − εk − Re{Σ+(k; E)} − iIm{Σ+(k; E)} (4.63)

with εk the single-particle energies of the (unperturbed) non-interacting
Hamiltonian 4.2. This Green’s function has poles in correspondence to the
solutions of the equation14

E − εk − Re{Σ+(k; E)} − iIm{Σ+(k; E)} = 0. (4.64)

Quasi-particle approximation

The self-energy Σ+(k; E) contains information on all possible interactions
of the single particle in state |φk〉, with all other particles in the system.
Therefore, without interactions Re{Σ+(k; E)} = Im{Σ+(k; E)} = 0, and
the poles of the retarded Green’s function occur precisely at the energy
E = εk . To first order we can thus replace this energy into Eq. 4.64 so that
the poles occur now at the complex energies

E = εk + Re{Σ+(k; εk)} + iIm{Σ+(k; εk)}, quasi-particle poles. (4.65)

Using the relation 4.53 between the spectral function and the retarded
Green’s function, together with Eq. 4.63, we then get, to first order,

A(k; E) = − 1
π

Im{Σ+(k; εk)}
[E − εk − Re{Σ+(k; εk)}]2 + [Im{Σ+(k; εk)}]2

. (4.66)

The spectral function, which in the case of non-interacting particles is a
simple δ-function (Eq. 4.61), in the presence of interactions “broadens” into
a Lorentzian function with a corresponding “broadening” of the density of
states 4.62, and associated “shift” of the single-particle energies εk (Fig. 4.3).

13 The energies εk may instead be quite different from the energies of the corresponding non-
interacting system.

14 It can be proven that, in general, the retarded Green’s function Ĝ+ is analytical in the upper-
half of the complex plane while the advanced one, Ĝ−, in the lower-half complex plane. They
may have poles in the respective opposite half planes (Mattuck, 1976).
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A measure of this broadening is the quantity (which is positive)

Γ(k; εk) = −2Im{Σ+(k; εk)} = i
[
Σ+(k; εk) − Σ−(k; εk)

]
, (4.67)

which generalizes to the interacting case the “broadening” of the single-
particle non-interacting states due to the presence of the electrodes (Eq.
3.163), as discussed in Sec. 3.5.

The corresponding states are called quasi-particle (or dressed) states with
energies renormalized by the interactions

εk → εk + Re{Σ+(k; εk)} , energy renormalization, (4.68)

and the unperturbed states acquire a lifetime15

τk = − �

Im{Σ+(k; εk)}
=

2�

Γ(k; εk)
, state lifetime. (4.69)

It can be shown (see, e.g., Mattuck, 1976) that for a homogeneous Fermi
system at equilibrium the lifetime of a state close to the Fermi level EF is
τk(E) ∼ (εk − EF )−2. At finite temperature θe, electrons within kBθe from
the Fermi energy have thus a relaxation time that scales with temperature
as τk ∼ 1/θ2

e .
16

When the energy of the state is too low or too large compared to EF , we
are not justified in making approximation 4.65 (the lifetime is very short),
and the concept of quasi-particle is no longer valid.17 However, as we have
discussed at length, for the current (at least in the linear-response regime),
only states close to the Fermi energy are important, so that the quasi-particle
picture is meaningful.

Mean-field approximation

I am now in position to better clarify the concept of mean-field approxima-
tion that I have used several times in this book, without ever discussing its
formal definition.
15 In reality, the quasi-particle acquires also a weight 0 < Zk ≤ 1 which mainly renormalizes the

spectral weight at the Fermi energy. Due to this weight, the numerators of Eqs. 4.63 and 4.66
contain such numerical factors. In addition, to satisfy the sum rule 4.56 an extra function
F(k; E) needs to be added to Eqs 4.63 and 4.66 (see, e.g., Mattuck, 1976).

16 At room temperature this relaxation time is of the order of 10−10 s, while the electron-phonon
one is of the order of 10−14 s (see, e.g., Ashcroft and Mermin, 1976). By lowering the temper-
ature, τk (EF ) increases due to a reduced scattering between quasi-particles at the Fermi level.
In Appendix K I argue that the presence of the nanojunction puts an effective cutoff to this
zero-temperature divergence.

17 It does not make any sense to talk about a particle “dressed” by the interactions, if such particle
has a very short “lifetime” to begin with.
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A mean-field approximation (e.g., the Hartree approximation to the many-
body Coulomb interaction, see Sec. 2.4) corresponds to quasi-particles that
have infinite lifetime, i.e.,

Im{Σ̂+(k; εk)} = 0 =⇒ τk → ∞ , mean-field approximation, (4.70)

and for which the real part of the self-energy is independent of the energy
E, and may depend only on the “unperturbed” state φk (call this quantity
∆k ≡ Re{Σ̂+(k; εk)}). The quasi-particles in a mean-field approximation
thus have an energy

ε̃k = εk + ∆k , mean-field approximation, (4.71)

with ε̃k eigensolutions of an effective single-particle Hamiltonian (e.g., the
Hartree Hamiltonian 3.10).

Since their lifetime is infinite (zero imaginary part of the self-energy), the
spectral function of these quasi-particles is (taking the limit Im{Σ̂+

k (k; εk)} →
0+ in Eq. 4.66, and using the definition of δ-function, Eq. 3.126),

A(k; E) = δ(E − ε̃k) , mean-field approximation, (4.72)

i.e., it is of the same form as the corresponding quantity for non-interacting
particles, Eq. 4.61. Therefore, as I have already anticipated, there is no
formal difference between truly non-interacting particles, and a single par-
ticle interacting with the mean field generated by the other particles (the
difference being only in their energy spectrum). The form 4.72 also shows
that in the mean-field approximation there is a well-defined (one-to-one)
correspondence between energy and momentum (as for a classical particle).
This correspondence is no longer true when interactions among particles are
considered beyond mean field.

4.3 Contour-ordered Green’s functions

I am now ready to move on to the non-equilibrium formalism. The non-
equilibrium theory is formally equivalent to the equilibrium one, with the
only difference that now the Green’s functions (and corresponding equations
of motion) are defined on a time contour where many-body perturbation
theory can be applied.

From Assumption 3, at time t = t0 we switch on a time-dependent pertur-
bation adiabatically. We then define the following contour-ordered Green’s
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function

G(r, t; r′, t′) = − i
�
〈TC [ψH(r, t)ψ†

H(r′, t′)]〉

= − i
�
Tr{ρ̂(t = t0)TC [ψH(r, t)ψ†

H(r′, t′)]}. (4.73)

Here the field operators are written in the Heisenberg picture (Eq. 4.25)
but with respect to the full Hamiltonian Ĥ(t), not Ĥ0, while the ensemble
average is performed with the equilibrium statistical operator 4.3. The sym-
bol TC indicates the operation that time-orders the field operators on the
contour C that goes from time t0 and back to time t0 of Fig. 4.2.

When one writes such a Green’s function in terms of the time-evolution
operators of the unperturbed Hamiltonian Ĥ0, as done for the expectation
value of a given operator (Eq. 4.11), the time variable may expand into
the complex plane when the contour goes from t0 to t0 − i�β to take into
account the initial correlations (see Fig. 4.2). Since now the different times
lie on the two different sections of the contour C1 and C2 (see Fig. 4.2), the
contour-ordered Green’s function 4.73 represents four Green’s functions

G(r, t; r′, t′) =




GC (r, t; r′, t′), t, t′ ∈ C1,

G>(r, t; r′, t′), t ∈ C2, t′ ∈ C1,

G<(r, t; r′, t′), t ∈ C1, t′ ∈ C2,

GC̄ (r, t; r′, t′), t, t′ ∈ C2,

(4.74)

which it is convenient to write in matrix form as

Ĝ =

[
ĜC −Ĝ<

Ĝ> −ĜC̄

]
. (4.75)

In 4.74 ĜC is the time-ordered Green’s function we have similarly defined
in Eq. 4.26 for the equilibrium case, Ĝ< and Ĝ> the lesser and greater
Green’s functions which in equilibrium are 4.44 and 4.45, respectively, and
ĜC̄ is the anti-time-ordered Green’s function, i.e., the Green’s function ĜC

where the time-ordering operation has the times reversed.
Following their definition, the Green’s functions ĜC and ĜC̄ can be writ-

ten as

GC (r, t; r′, t′) = Θ(t − t′)G>(r, t; r′, t′) + Θ(t′ − t)G<(r, t; r′, t′), (4.76)

GC̄ (r, t; r′, t′) = Θ(t − t′)G<(r, t; r′, t′) + Θ(t′ − t)G>(r, t; r′, t′), (4.77)

and thus satisfy the relation ĜC + ĜC̄ = Ĝ< + Ĝ>, so that only three of
them are linearly independent.
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Using the lesser and greater Green’s functions we can also define non-
equilibrium retarded and advanced Green’s functions:

G+(r, t; r′, t′) = Θ(t−t′)[G>(r, t; r′, t′)−G<(r, t; r′, t′)], retarded, (4.78)

G−(r, t; r′, t′) = Θ(t′−t)[G<(r, t; r′, t′)−G>(r, t; r′, t′)], advanced, (4.79)

which, as in the equilibrium case (see Eq. 4.51), satisfy the relation Ĝ+ −
Ĝ− = Ĝ> − Ĝ<.

4.3.1 Equations of motion for non-equilibrium Green’s functions

From the above definitions we see that the form of the contour-ordered
Green’s function 4.74 is similar to the equilibrium one. Therefore, a Dyson’s
equation similar to the equilibrium Eq. 4.33 must exist for the non-equilibrium
Green’s functions as well. Let us write it down.

In most practical cases the time-dependent perturbation Ĥ ′(t) is written
as a one-body potential Ĥ ′(r), i.e., in second quantization (see Eq. A.26)

Ĥ ′(r, t) =
∫

drψ†(r, t)H ′(r)ψ(r, t). (4.80)

With this potential and the free-particle Green’s function Ĝ0 (Eq. 4.32), the
Dyson equation for the non-equilibrium problem is thus (using again the
abbreviated notation (i) ≡ (ri, ti), where the times may be complex)

G(1; 1′) = G0(1; 1′) +
∫

C ′
d2 G0(1; 2)H ′(2)G(2; 1′)

+
∫

C
d2
∫

C
d3 G0(1; 2)Σ(2; 3)G(3; 1′)

= G0(1; 1′) +
∫

C ′
d2G(1; 2)H ′(2)G0(2; 1′)

+
∫

C
d2
∫

C
d3G(1; 2)Σ(2; 3)G0(3; 1′), (4.81)

where the contour C is the complete contour of Fig. 4.2, that goes from t0 to
t′1, back to t0 and into the complex time plane till t0− i�β, while the contour
C ′ only goes from t0 to t′1, and back to t0 along the real-time axis.18

18 If the time t0 is let to go to −∞, and the interaction potential is still switched on adiabatically
at t0 → −∞, then the contribution to the time integration in Eq. 4.81 from the path that
goes from t0 to t0 − i�β (see Fig. 4.2) can be neglected, and the two contours, C and C ′,
coincide. This approximation neglects any transient phenomena, and the initial correlations of
the system.
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With the use of Eq. 4.32 the above equation can be equivalently written
as {

i�
∂

∂t
+

�
2

2m
∇2

r − H ′(r, t)
}

G(r, t; r′, t′) = δ(r − r′)δ(t − t′)

+
∫

dr′′
∫

C
dt′′ Σ(r, t; r′′, t′′)G(r′′, t′′; r′, t′) (4.82)

and {
−i�

∂

∂t′
+

�
2

2m
∇2

r′ − H ′(r′, t′)
}

G(r, t; r′, t′) = δ(r − r′)δ(t − t′)

+
∫

dr′′
∫

C
dt′′ G(r, t; r′′, t′′)Σ(r′′, t′′; r′, t′). (4.83)

Analogously to Eq. 4.75, the self-energy can be written in matrix form as

Σ̂ =

[
Σ̂C −Σ̂<

Σ̂> −Σ̂C̄

]
, (4.84)

where

ΣC (r, t; r′, t′) = Θ(t − t′)Σ>(r, t; r′, t′) + Θ(t′ − t)Σ<(r, t; r′, t′), (4.85)

ΣC̄ (r, t; r′, t′) = Θ(t − t′)Σ<(r, t; r′, t′) + Θ(t′ − t)Σ>(r, t; r′, t′). (4.86)

The functions Σ̂< and Σ̂> are called lesser and greater self-energy, respec-
tively, and are related to the irreducible self-energy Σ̂ appearing in Eq. 4.81
via

Σ<(r1, t1; r2, t2) = Σ(r1, t1; r2, t2), t1 < t2, (4.87)

and

Σ>(r1, t1; r2, t2) = Σ(r1, t1; r2, t2), t1 > t2. (4.88)

At equilibrium, these self-energies are related to the retarded Σ̂+ and
advanced Σ̂− self-energies, via the fluctuation-dissipation theorem (Eqs. 4.59
and 4.60), which reads (assuming the system is also homogeneous)

Σ<(k; E) = −2i f(E) Im{Σ+(k;E)},
Σ>(k; E) = 2i [1 − f(E)] Im{Σ+(k;E)}. (4.89)

From the above equations we see that

i
[
Σ>(k; E) − Σ<(k;E)

]
= i
[
Σ+(k; E) − Σ−(k; E)

]
= −2Im{Σ+(k;E)} ≡ Γ(k;E). (4.90)
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(I will write the explicit form of Σ̂< for non-interacting particles in steady-
state transport in Sec. 4.4.) Recalling the definition 4.69 of state lifetime
in the quasi-particle approximation, we also see from Eq. 4.89 that Σ</�

and Σ>/� must define some sort of “rate” for particles to scatter in and out
of single particle states. In Sec. 4.6 I will provide a more precise meaning
for these scattering rates when discussing the quantum Boltzmann equation.

Equation of motion for Ĝ<

As I have discussed in Sec. 4.2.3 , the lesser Green’s function is related to
the density and current density of the system. Its equations of motion are
thus central in transport theories. Here I write these equations, which I will
use later on.

Using the matrix notation for Green’s functions and self-energies as in
Eqs. 4.75 and 4.84, and the equations of motion for the contour-ordered
Green’s function G (Eqs. 4.82 and 4.83), it is straightforward to find (Ex-
ercise 4.4)(

i�
∂

∂t1
+

�
2

2m
∇2

r1
− H ′(r1, t1)

)
G<(r1, t1; r2, t2)

=
{
Σ+G< + Σ<G+} (r1, t1; r2, t2),

(4.91)

and(
−i�

∂

∂t2
+

�
2

2m
∇2

r2
− H ′(r2, t2)

)
G<(r1, t1; r2, t2)

=
{
G+Σ< + G<Σ−} (r1, t1; r2, t2),

(4.92)

where, for two general functions A(r1, t1; r2, t2) and B(r1, t1; r2, t2), the
symbol {· · · } indicates the convolution

{AB}(r1, t1; r2, t2) =
∫

dt

∫
drA(r1, t1; r, t)B(r, t; r2, t2). (4.93)

Finally, if we “absorb” into the unperturbed Green’s function Ĝ0 also the
action of the external potential, namely we define it as(

i�
d

dt
+

�
2

2m
∇2

r − H ′(r, t)
)

G0(r, t; r′, t′) = δ(r − r′)δ(t − t′), (4.94)
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from 4.81, one can write the equation of motion for the lesser Green’s func-
tion as (Mahan, 1990)

Ĝ< = (1̂ + Ĝ+Σ̂+) Ĝ<
0 (1̂ + Σ̂−Ĝ−) + Ĝ+Σ̂<Ĝ−, (4.95)

where the product of two functions actually means the integral of their mute
variables as in Eq. 4.81, and Ĝ<

0 is equal to G0(r, t; r′, t′) for t < t′. The
above equation is known as the Keldysh equation (Keldysh, 1964), and an
equivalent one also holds for Ĝ>.

We now have all the tools to study transport in nanoscale systems using
the NEGF. In principle, we have the tools to study the dynamics of any
closed many-body quantum system subject to an arbitrary deterministic
perturbation, provided that the perturbation is switched on adiabatically,
and the non-equilibrium problem is such that many-body perturbation the-
ory is applicable. All many-body interactions are embedded in self-energies,
and once these are known, all physical properties of interest can be calcu-
lated from appropriate Green’s functions. In particular, the number density,
current density, and spectral function can be calculated via Eqs. 4.46, 4.50
and 4.52, respectively.

I want to stress here that, if we knew exactly the lesser Green’s func-
tion Ĝ< of a closed quantum system subject to an external perturbation,
namely we knew it to all orders of many-body perturbation theory, the cur-
rent density, and hence the total current across any give surface, would be
exact. Clearly, this is just a formal statement, and indeed we need specific
approximations to deal with particular cases. One of these is the following.

4.4 Application to steady-state transport

Let us apply the NEGF to the transport problem. We limit ourselves to
the case of steady-state transport. Some examples of applications of this
formalism to time-dependent phenomena can be found in Haug and Jahuo
(1996). For steady-state transport we employ most of the approximations of
the Landauer approach (Sec. 3.1), and few more. In particular, we consider

Approximations 1 to 3 of the Landauer approach

We assume that the electron sources are first replaced by the dynamical
interaction with reservoirs (Approximation 1: open quantum systems). We
then assume that we work in an ideal steady state (Approximation 2: ideal
steady state), namely the statistical operator admits, in the long-time limit,
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a stationary solution as in Eq. 3.5. We subsequently replace the open quan-
tum problem with a closed (and infinite) one with appropriate scattering-
boundary conditions (Approximation 3: “openness” vs. boundary condi-
tions). The system is thus composed of two semi-infinite leads, which con-
nect to a central sample (our nanojunction). The leads are such that at
their infinite boundary they “accept” electrons with different local distri-
bution functions (Eqs. 3.14 and 3.15), with the electrochemical potential
difference given by the bias, V = (µL − µR)/e. At this point, we have
lost, irreversibly, information on the dynamics of the true system, electron
sources plus nanostructures, and as in the Landauer approach, the amount
of loss of information cannot be determined, not even in principle (see dis-
cussion in Sec. 3.1).19

Approximation 4: Non-interacting electrons in the leads

We make an additional mean-field approximation to handle electron inter-
actions in the system (Approximation 4: mean-field approximation of the
Landauer approach). Unlike the Landauer approach, however, we limit the
mean-field approximation to the leads, and allow interactions, beyond mean
field, inside the sample region. As I have anticipated, no closed form for the
single-particle Green’s functions (and hence for the current) can be obtained
if interactions are also taken into account inside the leads.

These approximations are the starting point for a steady-state theory of
transport within the NEGF. If no particular partition is made on the system
(Cini, 1980), one may assume that the above approximations occurred at
t0 → −∞, with the additional assumption that at that time the external
perturbation that creates the electrochemical potential difference µL − µR

deep into the two electrodes has been switched on adiabatically, and that
this adiabatic switch-on leads to a steady state independent of the initial
correlations.

Instead of the above partition-free procedure, I will employ the partition
approach (Caroli et al., 1971) represented in Fig. 4.1.20 In addition to
the above approximations, we then need to assume that at t0 → −∞ the
two leads are separated from each other and from the central region (see
Fig. 3.11).
19 Note that even if we did not make these approximations, and could determine the exact single-

particle Green’s functions, we would have information only on the single-particle degrees of
freedom. As I have discussed in Sec. 2.8.3 this implies a loss of information with respect to
the dynamics of the many-body system, unless one recovers, using, e.g., dynamical density-
functional theories, the exact many-body wave-function.

20 The derivation of the electrical current follows closely the one in Meir and Wingreen (1992);
see also Haug and Jauho (1996).
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In the infinite past, electrons in the leads are at equilibrium at their own
electrochemical potential (the central region is also at its own equilibrium),
but current is not allowed to flow between them. As I have already discussed,
this is not what happens in an experimental realization of this problem, but
it allows us to write down a closed equation for the current.

The left and right lead Hamiltonians have thus the following (mean-field)
form

ĤLR =
∑

k;b∈L,R

Ekb â†kbâkb, (4.96)

with â†kb, âkb the operators that create and destroy, respectively, an electron
in the state (channel) with energy Ekb in b = L or b = R electrode. To
simplify the notation, I have also assumed that the wave-vector k takes only
discrete values, but the results can be easily generalized to a continuum
representation.

The Hamiltonian of the central region describes interacting electrons, and
its form thus varies according to the model chosen to describe these inter-
actions. If the electrons interact only with each other (no interaction with
other excitations, e.g., phonons) then quite generally we can assume that
this Hamiltonian is a function of a complete set of single-particle creation
{ĉ†n} and annihilation {ĉn} operators in the interacting region.21 We indicate
this by just writing

ĤC = ĤC ({ĉ†n}; {ĉn}). (4.97)

The coupling between the central region and the electrodes is defined as

V̂bC =
∑
n,k

Vn,kb â†kb ĉn, (4.98)

with b ∈ L, R and Vn,kb some complex numbers.22

The above choice does not allow for direct tunneling between the L and
R electrodes. The total Hamiltonian is thus (note the similar partition we

21 As we will see in a moment this is enough to apply the NEGF technique and obtain a general
form for the current. Its actual value clearly depends on the details of the interaction Hamil-
tonian. Also, as I will discuss in Sec. 6.2.2, the derivation can be similarly carried out in the
case in which the electrons interact with other excitations, like phonons.

22 Note that all the parameters appearing in this model should be determined self-consistently as
they depend on the detailed electronic distribution under current flow.
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have made in Eq. 3.137 in the Landauer approach)

Ĥ = ĤL + ĤR + ĤC + V̂LC + V̂RC + V̂†
LC + V̂†

RC

=
∑

k,b∈L,R

Ekb â†kbâkb + HC ({ĉ†n}; {ĉn}) +
∑

nk;b∈L,R

(Vn,kbâ
†
kbĉn + V ∗

kb,nĉ†nâkb).

(4.99)

Since we are working in an ideal steady-state, all Green’s functions may
depend on time differences only, and we Fourier transform them in the energy
domain. With this in mind, the Green’s functions of the two isolated non-
interacting leads, ĝkb, can be simply calculated using the equilibrium theory
of Sec. 4.2. For instance, the lesser Green’s function can be obtained from
Eqs. 4.59 and 4.61

g<
kb(E) = 2πifb(E)δ(E − Ekb), (4.100)

where fb(E) is the local Fermi distribution 4.23 in each of the two leads.
In the central region we define the single-particle time-ordered Green’s

function (from Eq. 4.26)

Gnm(t − t′) = − i
�
〈T[ĉ†m(t′)ĉn(t)]〉, (4.101)

where n and m are the quantum numbers defining two arbitrary states of
the central interacting region. From this we can define the corresponding
retarded Ĝ+

nm , and lesser Ĝ<
nm Green’s functions according to Eqs. 4.40

and 4.44, respectively.
In Eq. 4.50 we have shown that the current density (and hence the total

current) can be expressed in terms of the lesser Green’s function. That
expression, however, is less convenient in the present case, and instead we
adopt a different but equivalent definition of current (see Footnote 22 in
Sec. 1.3.2).

The current that flows from the L electrode into the central region is
simply given by the expectation value of the rate of change of the total
number operator (see Eq. A.13)

N̂L =
∑

k,b∈L

â†kbâkb (4.102)
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that counts electrons in the L electrode23

IL = −e

〈
dN̂L

dt

〉
= − ie

�
〈[Ĥ, N̂L]〉 = − ie

�
〈[(V̂LC + V̂†

LC ), N̂L]〉, (4.103)

where the second equality is from the Heisenberg equation of motion for the
operators in that representation (Eq. B.3), and the last one is due to the
fact that ĤC , ĤL, ĤR, and V̂RC all commute with N̂L. The average is
performed, as usual, over the equilibrium statistical operator. Note that in
the above expression for the current I have not included the spin degeneracy.
I will do that at the end of the calculations.

By replacing 4.98 into 4.103, and using the commutation relations of the
creation and annihilation operators (Eqs. A.17 and A.18) we obtain

IL =
ie
�

∑
nk;b∈L

(Vn,kb 〈â†kbĉn〉 − V ∗
kb,n 〈ĉ†nâkb〉). (4.104)

By comparing Eq. 4.44 with the averaged quantities in 4.104 we see that the
latter are a type of lesser Green’s functions. We then define

G<
n,kb(t − t′) =

i
�
〈â†kb(t

′)ĉn(t)〉, (4.105)

and

G<
kb,n(t − t′) =

i
�
〈ĉ†n(t′)âkb(t)〉, (4.106)

which satisfy the property G<
kb,n(t = t′) = −[G<

n,kb(t = t′)]∗, or in Fourier
space G<

kb,n(E) = −[G<
n,kb(E)]∗. Using this property, and working in Fourier

space, the current 4.104 is simply

IL =
2e

�

∫
dE

2π
Re


 ∑

n;k,b∈L

Vn,kbG<
n;kb(E)


 . (4.107)

We are therefore left to determine Ĝ<
n,kb. This can be obtained from the

equation of motion 4.28 for the time-ordered Green’s function Gn,kb(t−t′) =
i
�
〈T[a†kb(t

′)cn(t)]. In this case no infinite BBGKY hierarchy is generated
(Appendix B) because we have assumed the leads non-interacting. The

23 The definition of the current 4.103 provides a finite value only if there is no direct tunneling
between the leads or, if that is the case, the electrodes have (i) finite cross section or, (ii) a
cross section that, by moving towards the interior of the electrodes, increases slower than the
exponential decay of the direct tunneling current across the electrodes. Otherwise the current
is infinite.
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equation of motion for Gn,kb(t − t′) is (from Eq. 4.28)

−i�
∂

∂t′
Gn,kb(t−t′) = δn,kbδ(t−t′)+EkbGn,kb(t−t′)+

∑
m

Gn,m(t−t′)V ∗
kb,m,

(4.108)
which shows that Ĝn,kb is written in terms of the central region Green’s
function, and the coupling between the central region and the leads.

From here, one needs to calculate the lesser Green’s function Ĝ<
n,kb, by

first defining the contour-ordered version of Ĝn,kb (see Eq. 4.73), and then
obtaining the lesser Green’s function from the correct segments of the con-
tour (Eq. 4.74). Here I just give the final result and refer the reader to Haug
and Jauho (1996) for the full derivation. One finds

G<
n;k,b(E) =

∑
m

V ∗
kb,m

[
G+

nm(E) g<
kb(E) + G<

nm(E) g−kb(E)
]
, (4.109)

where ĝ−kb is the advanced Green’s function of the leads.
Introducing this result into Eq. 4.107 we obtain

IL =
2e

�

∫
dE

2π
Re


 ∑

n,m;k,b∈L

Vn,kb V ∗
m,kb

[
G+

mn(E) g<
kb(E) + G<

nm g−kb(E)
] .

(4.110)
We can write this last equation in a compact form. Using the relation 3.48

for the density of states per channel, we can transform the momentum inte-
gration into an energy integration. We thus introduce the matrix

ΓL ≡ {ΓL(Ek)}mn = 2π
∑
b∈L

Db(Ek)Vn,b(Ek)V ∗
b,m(Ek), (4.111)

and similarly for the R electrode. Using Eq. 4.100, and the properties 3.84
and 4.51, the current in the L lead can be written as (Exercise 4.5)

IL =
ie
�

∫
dE

2π
Tr
{
ΓL(E) [G<(E) + fL(E)(G+(E) − G−(E))]

}
, (4.112)

with G<(E), G+(E) and G−(E) indicating the lesser, retarded and ad-
vanced single-particle Green’s functions of the central region in the presence
of the coupling with the leads.

Following the same procedure we can calculate the current flowing from
the R electrode into the central region, which in an ideal steady state is
IR = −IL. The total current can then be written in the symmetrized version
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I = (IL − IR)/2, or (I now include spin degeneracy)

I = 2
ie
2�

∫
dE

2π
Tr
{
[ΓL(E) − ΓR(E)]G<(E)

+ [fL(E)ΓL(E) − fR(E)ΓR(E)] [G+(E) − G−(E)]} .

(4.113)
This equation will be our starting point to develop approximate theories

of steady-state transport in the presence of interactions in the central region.
Let us make some remarks about this result.

First of all, I stress again the approximate nature of Eq. 4.113, that we
could derive only with non-interacting electrons in the leads. I also notice
that, in the presence of interactions in the central region, the form of the
current is very different than in the non-interacting case (cf. Eqs. 4.113
and 3.229). In particular, the concept of transmission coefficient we have
defined in the non-interacting case is lost (we cannot simply say that the
argument in the integral of Eq. 4.113 is a transmission coefficient like the
one we have introduced in Chapter 3). For instance, one cannot relate
the elements tf i of the T matrix (see Sec. 3.5.1) to single-particle wave-
functions as we do in the non-interacting case. This shows that, even within
the simplifications that led us to Eq. 4.113, in the presence of interactions
there are contributions to the single-particle Landauer current 3.229 that
cannot be included in the single-particle transmission coefficient (see also
Sec. 8.4.2).

Finally, expression 4.113 contains the single-particle Green’s functions
G<(E), G+(E) and G−(E) of the interacting region in the presence of cur-
rent flow (i.e., in the steady state but still out of equilibrium). These Green’s
functions are generally not known, except for few specific cases – some of
which will be discussed in Chapter 6.

Proportional coupling

A simplified version of Eq. 4.113 can be obtained if we assume ΓL(E) =
cΓR(E) at all energies E, with c an arbitrary constant.24 Replacing this in
Eq. 4.113 we get (spin included)

I =
2ie
�

∫
dE

2π
[fL(E) − fR(E)] Tr

{
ΓL(E)ΓR(E)

ΓL(E) + ΓR(E)
(G+(E) − G−(E))

}

=
2e

�

∫
dE [fL(E) − fR(E)] Tr

{
ΓL(E)ΓR(E)

ΓL(E) + ΓR(E)
A(E)

}
, (4.114)

24 This is a rare occurrence in physical systems. For one thing, it would require no self-consistent
charge accumulation at the boundary between the central region and the electrodes.
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where in the last equation I have used the definition of spectral function 4.52.
Using the general property 4.54 we can write

2π A(E) = −2G+(E) Im{Σ+(E)}G+(E) (4.115)

and by defining

ΓLR(E) ≡ ΓL(E)ΓR(E)
ΓL(E) + ΓR(E)

, (4.116)

we can write Eq. 4.114 as

I =
e

π�

∫
dE [fL(E) − fR(E)] TLR(E), (4.117)

where the quantity

TLR(E) = −2 Tr
{
ΓLR(E)G+(E) Im[Σ+(E)]G−(E)

}
, (4.118)

seems similar to the transmission coefficient I have defined in Eq. 3.224. It
is thus tempting to interpret it as a transmission coefficient. However, as
I have discussed above this interpretation is not correct in the presence of
interactions, and the similarity between Eq. 4.114 and Eq. 3.229 can be, at
best, considered a formal analogy.

The non-interacting case

Finally, let us show that if the electrons in the central region are also
non-interacting (or interacting at a mean-field level), we recover the non-
interacting scattering expression 3.229 for the current. This must be the
case, because in order to treat the steady-state transport problem within
the NEGF we have made the same approximations used in the Landauer
approach, except for the type of interactions in the central region.

In the non-interacting case the central Hamiltonian is of the type

ĤC = HC ({ĉ†n}; {ĉn}) =
∑

n

εn ĉ†nĉn . (4.119)

Since we are now working with a true non-interacting problem at steady
state, we can calculate the lesser Green’s function of the central region di-
rectly from the Keldysh equation 4.95. Employing the definition 4.100 of the
lesser Green’s function for the non-interacting leads and the Dyson equa-
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tion 4.35, the first term on the right-hand side of Eq. 4.95 vanishes

(1̂ + Ĝ+Σ̂+) Ĝ<
0 (1̂ + Σ̂−Ĝ−) ∝

(
1̂ +

Σ̂+

E − Ekb − Σ̂+

)

× δ(E − Ekb)

(
1̂ +

Σ̂−

E − Ekb − Σ̂−

)

= 0 , (4.120)

so that Eq. 4.35 is simply

G<(E) = G+(E) Σ<(E)G−(E). (4.121)

The lesser self-energy is easily calculated from the equilibrium relation 4.89

Σ<(E) = Σ<
L (E) + Σ<

R(E)

= i[fL(E)ΓL(E) + fR(E)ΓR(E)], (4.122)

where ΓL(E) and ΓR(E) are the level widths defined in Eq. 3.163.
Introducing Eq. 4.122 into Eq. 4.121 we get

G<(E) = ifL(E)G+(E)ΓL(E)G−(E) + ifR(E)G+(E)ΓR(E)G−(E).
(4.123)

To obtain the current, we then replace 4.123 into Eq. 4.113. Using the
non-interacting version of relation 4.54, namely Eq. 3.162, which here reads
i(G+−G−) = G+(ΓL+ΓR)G−, and the cyclic property of the trace (Eq. E1.3
in Exercise 1.1), after some manipulation we recover, as expected, the ex-
pression 3.229 for the current in the non-interacting case (Exercise 4.6),

I =
e

π�

∫ +∞

−∞
dE [fL(E) − fR(E)] Tr{Γ̂R Ĝ+ Γ̂L Ĝ−}, (4.124)

which we have obtained using single-particle scattering theory, without ever
employing the NEGF.

4.5 Coulomb blockade

Let us now discuss an explicit application of the NEGF to an important
case. Coulomb interactions among electrons contribute to an interesting
phenomenon, known as Coulomb blockade (or its complementary single-
electron tunneling). This phenomenon appears in structures similar to the
ones I have discussed in Sec. 3.7.1.1, when describing resonant tunneling.
The main difference between resonant tunneling and single-electron tunnel-
ing is that the first is an independent-electron effect, due to the geometrical
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confinement of single particles within a double-barrier structure like the one
represented in Fig. 3.17. This geometrical confinement leads to an enhanced
single-particle transmission probability across the whole structure at specific
energies (resonant energies).

On the other hand, the Coulomb blockade effect is a many-body non-
equilibrium phenomenon, and is related to charge quantization. It is gener-
ally realized in double-barrier structures like the one in Fig. 3.17, when there
are large tunnel barriers25 between the leads and the central region, which is
equivalent to saying the central region is weakly coupled to the leads. These
structures are also called quantum dots. Experiments in single-molecule
structures have clearly shown Coulomb blockade features as discussed in
this section (see, e.g., Yu and Natelson, 2004; and Park et al., 2000).

“Orthodox” picture of Coulomb blockade

To explain this phenomenon in simple terms, consider the configuration
in Fig. 4.4, where a central region (“island”) is weakly coupled via tunnel
barriers to two leads (see also Ferry and Goodnick, 1997). Now let us switch
on a bias V between the leads so that current flows.

The central region plus the tunnel barriers have a finite capacitance C,
and an associated electrostatic energy EQ = Q2/2C, where Q is the charge
on each “plate” of the ideal capacitor that represents this region.26

If I now assume that an electron tunnels from one of the leads into the
island, the electrostatic energy of the central region changes

EQ =
Q2

2C
addition of 1 e−−−−−−−−−→

(|Q| − |e|)2

2C
. (4.125)

We are also assuming that the above condition is maintained in time,
namely it occurs at steady state (hence the charge inside the island does not
equilibrate with the rest of the circuit). This requires a continuous supply
of electrons from the leads to the central region, so that Coulomb blockade
is a purely non-equilibrium effect. From this it is clear that ground-state
theories, such ground-state density-functional theory, cannot capture this
phenomenon at all (even if we had the exact functional, see also discussion
in Sec. 3.11).

From an energetic point of view, the above addition of an electron is
25 Either in their energy “height” or spatial width.
26 From a microscopic point of view this can occur via the formation of a charge Q inside the

island, and compensating image charges in the contact regions in proximity to the junction. I
am also assuming for simplicity that the capacitances of the two barriers are identical, and no
extra capacitance is involved. It is easy to generalize the discussion to two barriers of different
capacitance, and the case in which a gate (and its capacitance) are added to the circuit.
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Fig. 4.4. Schematic of the energy diagram of a central region weakly coupled to
two electrodes via tunnel junctions. Ec = e2/2C is the extra electrostatic energy
necessary to add one electron to the island. The dotted lines in the central region
indicate the energy of the many-body states of N (lower in energy) and N + 1
(higher in energy) electrons. In the top panel, the bias is not enough to overcome
the charging energy and Coulomb blockade occurs. In the bottom panel, the bias is
large enough to overcome the charging energy and single-electron tunneling occurs.

favorable whenever the “new” electrostatic energy with the added electron
is smaller than the corresponding energy in the absence of that electron

(|Q| − |e|)2

2C
≤ Q2

2C
=⇒ |Q| ≥ |e|

2
. (4.126)

Since we can relate the capacitance to the bias via V = Q/C,27 we need
a bias |V | ≥ |e|/2C for current to flow. Hence, electron transport is unfa-
vorable when

|V | <
|e|
2C

, Coulomb blockade, (4.127)

and we say the system is in the Coulomb blockade regime, whereby the
current is “blocked” despite the presence of a finite bias.

When the bias is

|V | ≥ |e|
2C

, single-electron tunneling, (4.128)

27 Here I am assuming all the potential drop occurs at the central region and tunnel barriers.
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Fig. 4.5. Left panel: schematic of a central region locally coupled to a gate electrode
and weakly coupled to two leads. The gate electrode controls the charge density in
the central region. Right panel: by changing the gate voltage Vg (at a fixed leads
voltage), the charge in the central region increases in steps, and the conductance
G = dI/dVg shows peaks, at gate voltages |Vg | = |e|(N + 1

2 )/Cg , with N the number
of electrons in the central region and Cg the gate capacitance.

a single electron can tunnel through the structure.
The above arguments constitute the basis of the “orthodox” theory of

Coulomb blockade (Averin and Likharev, 1986).
We can generalize the above discussion to extra electrons added to the

central region, and we thus expect steps (and hence conductance spikes) in
correspondence to the biases that overcome charging energies with increasing
number of electrons. This is easier to obtain if the bias between the leads
(sometimes referred to as “source-drain” bias) is kept fixed (and small), and
a gate voltage Vg is locally applied to the central region with associated
capacitance Cg (see Fig. 4.5). The role of the gate is to vary the electron
density locally in the central region.

In this case, in the presence of N electrons in the central region, the
electrostatic energy of the latter is

EN =
(Ne)2

2Cg
− VgN |e|. (4.129)

The addition of an extra electron is favorable when the above energy is
minimal with respect to the number N of electrons, namely when EN coin-
cides with EN+1, which provides the gate voltage at which this condition is
satisfied

EN+1 − EN = 0 =⇒ |Vg | = |e|
(

N +
1
2

)
/Cg. (4.130)
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At these gate voltages the current has a discontinuity (and the conductance
G = dI/dVg shows peaks) as schematically shown in Fig. 4.5.

The above considerations apply when the charging energy, Ec = e2/2C,
is much larger than the thermal energy, Ec = e2/2C � kBθ, otherwise
thermal fluctuations would dominate over the energy required to charge the
island. In addition, for single-electron tunneling to be observed, we expect
that, if R is the total tunneling resistance, the energy uncertainty related
to the capacitance of the central region, ∼ �/RC, must be much smaller
than the charging energy Ec, namely �/RC � e2/2C, which also means
that the total tunneling resistance must be much smaller than the quantum
resistance (per spin), R � h/e2.

Finally, we expect resonant tunneling features (if present) to overlap with
single-electron tunneling effects. A clear difference between the two is that
single-electron tunneling occurs at evenly spaced biases (Eq. 4.130), while
the energy difference between resonances is not constant (it generally de-
creases with increasing energy).

NEGF approach to Coulomb blockade

Let us now discuss how the physics of Coulomb blockade can be obtained
from the NEGF. We work within an ideal steady state, and employ the par-
tition approach (with all its physical assumptions as discussed in Sec. 4.4),
which has led us to Eq. 4.113 for the current.

The total Hamiltonian is still given by Eq. 4.99, with only two differences.
We now adopt the following model Hamiltonian for the central region (Meir
and Wingreen, 1992)

ĤC = ĤC ({ĉ†n}; {ĉn}) =
∑

s

εs ĉ†s ĉs + U n̂s n̂−s, (4.131)

which describes two single-particle levels28 with spin s and energy εs, and
n̂s = ĉ†s ĉs is the occupation number of the state with spin s. The “on-
site” energy U describes the Coulomb repulsion of electrons, and can be
thus taken to be proportional to the charging energy of the central region,
U ∼ e2/C.29

We also assume that the coupling of the central region with the electrodes

28 These levels may or may not be degenerate.
29 Once again, the value of this parameter should be determined self-consistently under current

flow, and is not necessarily identical to the classical charging energy. I am not aware of any
calculation where U is determined self-consistently in the presence of current.
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is spin-independent so that the coupling terms 4.98 are of the form

V̂bC =
∑
n,k,s

Vkb â†kbs ĉs, (4.132)

where I have introduced a spin variable in the operators of the leads as well.
The total Hamiltonian is then

Ĥ =
∑

k,s,b∈L,R

Ekb â†kbsâkbs +
∑

s

εs ĉ†s ĉs + U n̂s n̂−s

+
∑

nks;b∈L,R

(Vkbâ
†
kbsĉs + V ∗

kbĉ
†
sâkbs), (4.133)

which has been used in literature to study a wealth of phenomena, not just
the transport problem discussed here.

We now need to determine the contour-ordered Green’s function of the
central region, which I call Ĝss, from which all the Green’s functions ap-
pearing in the equation for the current, Eq. 4.113, can be determined. Un-
fortunately, this Green’s function cannot be determined in a closed form in
the presence of the coupling with the leads (one has to solve the BBGKY
hierarchy to all orders). Instead, one can proceed in a “semi-empirical”
way as follows. Determine first the Green’s function of the isolated cen-
tral region. Call this equilibrium time-ordered Green’s function Ĝisolated

ss =
− i

�
〈T{ĉs(t) ĉ†s(t′)}〉. This Green’s function can be determined from the equa-

tion of motion 4.28. The derivation is not difficult, but lengthy, and I write
here only the final solution (see, e.g., Haug and Jauho, 1996)

Ĝisolated
ss (z) =

〈n̂−s〉
z − εs − U

+
1 − 〈n̂−s〉

z − εs
, (4.134)

with z = E ± iδ, and δ a small positive number. This Green’s function has
two poles corresponding to the energies E1 = εs and E2 = εs + U ; the first
with an amplitude (1 − 〈n̂−s〉), the second with amplitude 〈n̂−s〉.

One can then add the “perturbation” induced by the leads as if it is in-
dependent from the scattering induced by the electron-electron interactions.
Intuitively we expect this “perturbation” to simply broaden the states of
the central region. The complete Green’s function Ĝss with this perturba-
tion included can then be obtained from the Dyson equation 4.35 with an
appropriate self-energy term.

We choose the simplest one, namely the self-energy corresponding to elas-
tic scattering of non-interacting electrons into the leads. This is the self-
energy I have used in the Landauer approach, the sum of the left, Eq. 3.149,
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and right, Eq. 3.150, self-energies, which in the present case is simply

Σleads(z) =
∑
kb

|Vkb|2 gkb(z), (4.135)

where ĝ is the equilibrium Green’s function of the semi-infinite leads.
Using the Dyson equation 4.35 with the above self-energy, and Ĝisolated

ss the
“unperturbed” Green’s function, we get for the retarded Green’s function
(and similarly for the advanced one)

Ĝ+
ss(E) =

E − εs − (1 − 〈n̂−s〉)U

(E − εs − U)(E − εs) − Σ+
leads(E)(E − εs − (1 − 〈n̂−s〉)U)

,

(4.136)
which, to first order in the self-energy term can be approximated as

Ĝ+
ss(E) � 〈n̂−s〉

E − εs − U − Σ+
leads(E)

+
1 − 〈n̂−s〉

E − εs − Σ+
leads(E)

. (4.137)

By comparing this last result with the Green’s function of the isolated central
region, Eq. 4.134, we realize that our initial goal has been accomplished: we
have broadened the single-particle levels εs of the central region introducing
an effective elastic lifetime due to the “interaction” with the leads.

Finally, the lesser Green’s function we are missing to evaluate the total
current 4.113, can be obtained directly from the Keldysh equation 4.95,
which, again using the non-interacting self-energy, reads (cf. Eq. 4.121)

G<
ss(E) = Ĝ+

ss(E) Σ<(E) Ĝ−
ss(E), (4.138)

with

Σ<
leads(E) =

∑
kb

|Vkb|2 g<
kb(E), (4.139)

where the lesser Green’s functions ĝ< of the leads are given in equation 4.100.
By using all these Green’s functions one can calculate the total current

from Eq. 4.113. With specific choices of the parameters, such as the single-
particle energy εs, on-site Coulomb repulsion U , etc., one finds reasonably
good agreement between theory and experiment for single-electron tunneling
(see, e.g., Meir et al., 1991), recovering the physics I have discussed within
the “orthodox” theory of Coulomb blockade.

4.6 Quantum kinetic equations

I conclude this chapter with the application of the Keldysh formalism to
the derivation of quantum kinetic equations, i.e., the quantum analogue of
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the Boltzmann equation (Sec. 2.7). This derivation will clarify further the
meaning of lesser and greater self-energies.

In Sec. 2.7 I have shown that in a semiclassical theory of transport one
can derive an equation of motion, known as the Boltzmann equation 2.130,
for the non-equilibrium distribution function f(r,p, t).

I want to show that from the equations of motion 4.82 and 4.83 of the
non-equilibrium Green’s functions, with suitable assumptions and approxi-
mations, we can derive an equivalent equation in the quantum case.

Due to the uncertainty principle, the position r and momentum p of a
particle cannot be measured simultaneously with arbitrary accuracy. There-
fore, the quantum version of the classical Boltzmann equation will be of some
meaning when the position r of a particle can be specified on a scale larger
than the typical smallest length scale of the system, but smaller than the
wavelength of any external field. In Fermi systems the smallest length scale
is the Fermi wavelength, which in metallic structures can be as small as the
effective “size” of an atom (i.e., of the order of 1 Å), so that the quantum
Boltzmann equation may have a range of applicability down to the nanoscale
level.

Let us then outline the steps necessary to derive the quantum Boltzmann
equation. The reader interested in a much more complete account of this
derivation is urged to look into Kadanoff and Baym (1962).

We proceed by introducing the following Wigner coordinates30

R =
r1 + r2

2
, T =

t1 + t2
2

, (4.140)

and

r = r1 − r2, t = t1 − t2. (4.141)

In terms of these coordinates a general Green’s function G(r1, t1; r2, t2)
is

G(r, t;R, t) = G
(
R +

r
2
, T +

t

2
;R − r

2
, T − t

2

)
. (4.142)

30 The first set of coordinates is called “slow” and the second “fast” because when a slowly
varying (in R and T ) external perturbation is applied, the lesser and greater Green’s functions
vary slowly with respect to R, T , while they have sharp variations in the neighborhood of
r = 0, t = 0.
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Let us then subtract Eq. 4.92 from 4.91 to get(
i�

∂

∂t1
+ i�

∂

∂t2
+

�
2

2m
∇2

r1
− �

2

2m
∇2

r2

−H ′(r1, t1) + H ′(r2, t2)
)
G<(r1, t1; r2, t2)

=
{
Σ+G< + Σ<G+ − G+Σ< − G<Σ−} (r1, t1; r2, t2). (4.143)

As in Eq. 4.93, the symbol {· · · } appearing in the above equation means
convolution of the argument functions. We now express all quantities in 4.143
in terms of the Wigner coordinates 4.140 and 4.141, and use the relations(

∂

∂t1
+

∂

∂t2

)
G<(r1, t1; r2, t2) =

∂

∂T
G<(r, t;R, T ) (4.144)

and

∇2
r1

−∇2
r2

= 2∇R · ∇r. (4.145)

Equation 4.143 then becomes31

[
i�

∂

∂T
+

�
2

m
∇R · ∇r − H ′

(
R +

r
2
, T +

t

2

)

+ H ′
(
R − r

2
, T − t

2

)]
G<(r, t;R, T )

=
{
Σ+G< + Σ<G+ − G+Σ< − G<Σ−} (r, t;R, T ). (4.146)

Equation 4.146 is the desired kinetic equation for the lesser Green’s func-
tion G<, from which one could, for instance, determine the current density
via Eq. 4.50. In this form, however, it is not of much use and one needs ap-
proximations to obtain an equation that is computationally tractable. We
will discuss only the approximations that allow us to derive the quantum
version of the Boltzmann equation.32

We now assume that the potential H ′ varies slowly with the coordinates
R and T so that we can make the following gradient expansion

H ′
(
R − r

2
, T − t

2

)
− H ′

(
R +

r
2
, T +

t

2

)
� −

(
r · ∇R + t

∂

∂T

)
H ′(R, T ).

(4.147)

31 The convolution on the right-hand side of Eq. 4.146 is the same as in 4.93 except that the
functions now depend on the coordinates R, r, T and t.

32 Other approximations may be possible, which lead to different physical properties not contained
in the Boltzmann equation (see, e.g., Kadanoff and Baym, 1962).
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Equation 4.146 can then be approximated as(
i�

∂

∂T
+

�
2

m
∇R · ∇r −

(
r · ∇R + t

∂

∂T

)
H ′(R, T )

)
G<(r, t;R, T )

=
{
Σ+G< + Σ<G+ − G+Σ< − G<Σ−} (r, t;R, T ). (4.148)

Let us now define the following transformed function

G<(p, ω;R, T ) =
∫

dr
∫

dte−i p
�
·r+iωtG<(r, t;R, T ). (4.149)

If we then Fourier transform Eq. 4.148 with respect to r and t we get

i�
(

∂

∂T
+

p
m

· ∇R −∇RH ′(R, T ) · ∇p +
∂

∂T
H ′(R, T )

∂

∂�ω

)
G<(p, ω;R, T )

�
[
Σ+G< + Σ<G+ − G+Σ< − G<Σ−] (p, ω;R, T )

=
[
(Σ+ − Σ−)G< − (G+ − G−)Σ<

]
(p, ω;R, T )

=
[
Σ>G< − G>Σ<

]
(p, ω;R, T ). (4.150)

The right-hand side of Eq. 4.150 has been approximated by retaining the
lowest-order terms in the gradient expansion with respect to R and T , and
in the last equality I have made use of the identities Σ+ − Σ− = Σ> − Σ<

(Eq. 4.90) and G+ − G− = G> − G< (Eq. 4.51).
We already start to see that apart from the term ∂

∂T H ′(R, T ) ∂
∂�ω , the

left-hand side of Eq. 4.150 has a structure similar to the classical Boltz-
mann equation 2.130, where i�G< plays the role of the non-equilibrium dis-
tribution function f , and the right-hand side replaces the collision integral
I[f ].

The term ∂
∂T H ′(R, T ) ∂

∂�ω cannot appear in the classical case because the
energy (or frequency) is not a variable independent of the momentum. For
the same reason, it cannot appear in a mean-field approximation where
there is a one-to-one correspondence between energy and momentum (see
Eq. 4.72). Let us then proceed as follows.

At equilibrium, the Green’s function Ĝ< is related to the equilibrium
Fermi−Dirac distribution 4.23, and the spectral function A via the rela-
tion 4.59. It thus seems natural to make the following local equilibrium
ansatz in the non-equilibrium case as well

G<(p, ω,R, T ) = 2πif(p,R, T )A(p, ω,R, T ),

G>(p, ω,R, T ) = −2πi[1 − f(p,R, T )] A(p, ω;R, T ), (4.151)

with f some non-equilibrium local distribution function.
In the above ansatz we have also implicitly assumed that the distribution
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function does not depend on frequency, or equivalently that the energy and
momentum are related to each other so that the energy is not an independent
variable. Let us now choose the simplest spectral function possible, namely
the one corresponding to the mean-field approximation 4.72. In the present
case

A(p, ω;R, T ) = δ(�ω − εp), (4.152)

with

εp =
p2

2m
+ H ′(R, T ). (4.153)

If we replace ansatz 4.151, with the spectral function 4.152, into Eq. 4.150
we obtain

A(p, ω;R, T )
(

∂

∂T
+

p
m

· ∇r −∇RH ′(R, T ) · ∇p

)
f(p,R, T )

= −i
A(p, ω;R, T )

�

[
f(p,R, T )Σ>(p, ω;R, T )

+ (1 − f(p,R, T ))Σ<(p, ω;R, T )
]
. (4.154)

If we now integrate in frequency and use the properties of the δ-function,
we get (

∂

∂T
+

p
m

· ∇r −∇RH ′(R, T ) · ∇p

)
f(p,R, T )

= − i
�

[
f(p,R, T )Σ>(p, ω = εp/�;R, T )

+ (1 − f(p,R, T ))Σ<(p, ω = εp/�;R, T )
]

≡ I[f ]. (4.155)

This is precisely the Boltzmann equation 2.130 with H ′ replacing Vext,
and the collision integral given by

I[f ] = − i
�

[
f(p,R, T )Σ>(p, ω = εp/�;R, T )

+ (1 − f(p,R, T ))Σ<(p, ω = εp/�;R, T )
]
. (4.156)

Note that at equilibrium Σ̂> and Σ̂< are given by Eqs. 4.89, with f = feq

the global equilibrium Fermi−Dirac distribution 4.23. If we replace these
expressions in 4.156, with f = feq , we immediately see that the collision
integral is identically zero, as one would expect in the equilibrium case.

As we have explicitly demonstrated for non-interacting electrons (see
Eq. 4.122), Σ</� is proportional to the rate for an electron in the central
region to tunnel (scatter) elastically into the left and right electrodes.
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Similarly, in the interacting case, by looking at its role in the collision
integral 4.156, we can interpret Σ<(p, ω = εp/�;R, T )/� as the collision
rate for a particle to scatter into the state with momentum p and energy εp

at the phase-space point R, T , provided that state is unoccupied. Since that
state is unoccupied according to the factor [1−f(p,R, T )], the product [1−
f(p,R, T )]Σ<(p, ω = εp;R, T )/� counts how many particles can actually
scatter into the above state at R, T .

On the other hand, Σ>(p, ω = εp/�;R, T )/� is the collision rate for a
particle in a state with momentum p and energy εp to scatter out of that
state at position R and at a time T . This rate, multiplied by the distribution
function f(p,R, T ), counts how many particles scatter out of the above state
at a point R, T in phase space.

The right-hand side of Eq. 4.156 is then the net rate of change of particles
with momentum p and energy εp, at position R and time T . This is precisely
the definition of collision integral of the semiclassical Boltzmann equation
(see discussion after Eq. 2.129).

Finally, if we consider small departures from equilibrium so that we can
approximate Σ̂> and Σ̂< with their equilibrium value, with f = feq in
Eqs. 4.89, but retain the non-equilibrium distribution function f in 4.156
we get

I[f ] � 2Im{Σ+(εp)}
�

[f(1 − feq) − feq(1 − f)]

= − [f(p,R, T )) − feq(p,R))]
τp

, (4.157)

where in the last step I have defined the scattering lifetime (see, e.g., Eq. 4.69)

τp = −�/2Im{Σ+(εp)}. (4.158)

Equation 4.157 has the same form as the relaxation-time approximation 2.134
we have introduced in Sec. 2.7, where here, as in the semiclassical case, the
lifetime can be due to both elastic and inelastic effects among particles.

If one is interested in the current, from the solution of Eq. 4.155 one ob-
tains the non-equilibrium function f from which the current can be deter-
mined as in Eq. 2.137, which completes our search for the quantum analogue
of the Boltzmann equation.

Summary and open questions

In this chapter I have introduced the non-equilibrium Green’s function for-
malism. This approach pertains to the study of the dynamics of closed
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quantum systems subject to a time-dependent deterministic perturbation,
and for which many-body perturbation theory applies. All physical proper-
ties of interest are then calculated from appropriate single-particle Green’s
functions.

The application of the formalism to steady-state transport requires similar
assumptions and approximations to those used in the scattering formulation
of Chapter 3. Under these assumptions one can obtain a closed set of equa-
tions of motion for the non-equilibrium Green’s functions from which the
current can be determined. All interactions are included in a self-energy
function, which, in principle, contains all possible scattering events that a
single particle experiences in the presence of all other particles. However,
it is no simple task to compute the current in realistic systems when inter-
actions beyond mean field are included, since the self-energy, and hence the
Green’s functions in the presence of electron flow, are generally unknown.

Needless to say, if the system consists of non-interacting particles (or
particles interacting at a mean-field level) we recover the current 3.229 we
have derived in Chapter 3 using single-particle non-interacting scattering
theory.

As an example of application of the NEGF I have discussed the phe-
nomenon of Coulomb blockade, which is a non-equilibrium many-body effect
whereby the addition of an extra electron to a central region weakly coupled
to two electrodes may be energetically unfavorable despite the presence of a
bias. We have used a simple “impurity” Hamiltonian to study this effect, and
I am not aware of a full time-dependent first-principles calculation of this
phenomenon in nanoscale systems. Such a study is desirable since it would
clarify the microscopic dynamics, and self-consistent charge and current dis-
tributions during the onset of single-electron tunneling, and would shed new
light both on the assumptions of the “orthodox” theory of Coulomb block-
ade, and on the limits of applicability of the NEGF approach to transport
phenomena in nanoscale systems.

In the same vein, the effect of interactions on the formation and micro-
scopic properties of steady states is still an open problem, and is not at all
addressed within the NEGF. Its study would help us better understand the
basic assumptions of the static formulation of transport.

Finally, I have derived the quantum analogue of the semiclassical Boltz-
mann equation, which reveals the link between self-energies and collision
integral.
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Exercises

4.1 Derive Eq. 4.22.
4.2 Use the definitions of retarded and advanced Green’s functions 4.40

and 4.41 to prove that the spectral function 4.52 is positive definite.
Show that Eq. 4.56 is satisfied. (Hint: you will need to use the
commutation relation A.21 of field operators.)

4.3 Fluctuation-dissipation theorem. Write the lesser and greater
Green’s functions 4.44 and 4.45 in terms of the exact eigenstates of
the Hamiltonian Ĥ0. Prove Eq. 4.59 which is at the basis of the
fluctuation-dissipation relation 4.59.

4.4 Equation of motion for Ĝ<. Starting from the matrix notation
for Green’s functions and self-energies as in Eqs. 4.75 and 4.84, and
the equations of motion for the contour-ordered Green’s function G,
Eqs. 4.82 and 4.83, derive Eqs. 4.91 and 4.92.

4.5 Prove Eq. 4.112.
4.6 Derive Eq. 4.124.



5

Noise

So far I have discussed the most obvious quantity in a transport problem:
the average current. In reality, as I have anticipated in Sec. 1.2, electrical
current continually fluctuates in time so that it carries noise.

There are several sources of noise in a conductor that can be classified as
external and internal. Two of the most common sources of external noise
are known as 1/f and telegraph noise. The first takes its name from the fact
that it shows a spectrum at small frequencies f , which scales as 1/f . No
general theory exists on this noise, and it is believed to be of extrinsic origin,
for instance due to distributions of defects in the conductor. The interested
reader should consult the review by Dutta and Horn (1981) where 1/f noise
is discussed at length.

On the other hand, telegraph noise is due to rapid fluctuations between
states of the conductor that are very close in energy, but that carry different
currents. This noise is also believed to be of extrinsic nature and has a
typical Lorentzian power spectrum.1

In addition to the above fluctuations, one has to remember that our
nanoscale system (sample), whose noise properties we want to determine,
is connected to a real external circuit with its own external resistance, call
it Rext (Fig. 5.1). Therefore, due to the presence of this extra resistance,
even if the voltage source is noiseless (call the corresponding potential drop
Vsource), the voltage drop across the sample (call it Vsample) is different from
Vsource and would manifest fluctuations. This is easy to see using the follow-
ing simple arguments.

If I is the average current flowing in the system at steady state, the above
two voltages are related via (assuming no quantum-mechanical interference
occurs between the external resistance and the resistance of the nanoscale

1 It could be due, e.g., to fluctuations of atomic configurations induced by thermal effects.
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Fig. 5.1. Due to the presence of
the resistance of the external cir-
cuit, the voltage at the sample
Vsample is different than the ex-
ternal applied voltage, causing
fluctuations in Vsample .

system)

Vsource = Rext I + Vsample. (5.1)

Therefore, even if we could control the source voltage with arbitrary pre-
cision (i.e., its fluctuations are zero), from Eq. 5.1 we see that if the cur-
rent fluctuates in time as ∆I(t), the voltage across the sample fluctuates as
∆Vsample(t) = −Rext∆I(t), which allows us to relate current fluctuations to
voltage fluctuations at the sample.

In this chapter I will not discuss these types of noise. Instead, I will
focus only on noise that cannot be eliminated even in clean, “impurity-free”
samples, embedded in a circuit with zero external resistance. These are
fluctuations of the current due to both the discreteness of charge present
even at zero temperature (shot or partition noise), and random fluctuations
of the electron distribution at finite temperatures and close to equilibrium
(thermal or Johnson−Nyquist noise). I will show that the latter is related
to the conductance of the system via the fluctuation-dissipation theorem
(see Sec. 2.3.3), while the first provides more information on the electron
dynamics than the conductance itself. Both have a power spectrum that is
independent of frequency (white noise).

Figure 5.2 shows a typical noise power measurement for a gold quantum
point contact (like the one represented in Fig. 5.1). The curves correspond
to voltage fluctuations, as a function of frequency, with increasing current,
from 0 µA (bottom curve) to 0.9 µA (top curve) (van den Brom and van
Ruitenbeek, 1999). Even at zero average current, noise is observed and is
precisely due to thermal fluctuations (the nominal background temperature
of the system is 4.2 K). This noise is independent of frequency up to a
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Fig. 5.2. Voltage noise power as
a function of frequency for a
gold quantum point contact at
a nominal temperature of 4.2 K.
The different curves correspond
to different currents, from 0 µA
(bottom curve) to 0.9 µA (top
curve). Reprinted with permis-
sion from van den Brom and van
Ruitenbeek (1999).

cut-off frequency imposed by the capacitance of the external circuit (about
50 kHz in this particular experiment). The spikes in the spectrum are at-
tributed to electromagnetic interference with the outside environment. By
increasing the current, one observes the 1/f behavior at small frequencies,
which saturates fast to some value that contains both shot and thermal noise
contributions.

In the following, I will limit our discussion to noise in the coherent trans-
port regime within a mean-field approximation. A discussion of noise in
systems where electron interactions are important (such as in the Coulomb
blockade regime of Sec. 4.5) can be found in the review by Blanter and
Büttiker (2000). A brief discussion of the effect of electron-phonon scatter-
ing on noise properties of nanoscale systems in the quasi-ballistic regime is
given in Appendix H (see also Chen and Di Ventra, 2005).

In addition, in Chapter 8 I will show that, under certain conditions, the
electron liquid may undergo a transition from laminar to turbulent flow
when crossing a nanojunction. If this occurs, turbulent current noise will
also be present, and will correlate with the other sources of internal noise.
The analytical description of turbulence is a notoriously difficult problem
(see, e.g., Landau and Lifshitz, 1959b), so that I do not attempt to describe
this type of noise here, even if it is of internal origin.

Finally, I mention that a comprehensive experimental study of all these
sources of noise is still lacking for nanoscale systems. This study is desirable
since the noise characteristics of a conductor provide much more information
on electron flow than the average current, and for nanoscale systems it may
even be used to determine their detailed microscopic configuration, since



5.1 The moments of the current 261

internal noise (shot noise in particular) is much more sensitive to atomic
details than the average current (Chen and Di Ventra, 2003; Lagerqvist et
al., 2004; Yao et al., 2006).

5.1 The moments of the current

Since the current fluctuates in time, and the knowledge of this observable is
only statistical, it is what we call a stochastic process. Its value I(t) at any
given instant of time t is a realization of the process (or sample function)
and the stochastic process is the ensemble of these realizations.

From the theory of classical stochastic processes we then know that we
can obtain information on the statistical distribution of this process (namely,
how its properties are distributed in time) by calculating all its associated
moments (see, e.g., van Kampen, 1992). In quantum mechanics we can do
the same.

Assume the state of a many-body system is described by a statistical
operator ρ̂(t). The first moment of the current is simply its average 1.86

e〈Î〉t = eTr{ρ̂(t)Î}. (5.2)

The second moment is the current autocorrelation function

S(t, t′) =
e2

2
Tr
{

ρ̂(t = 0)[Î(t)Î(t′) + Î(t′)Î(t)]
}

, (5.3)

which we have defined in Sec. 2.3.3 when discussing the fluctuation-dissipation
theorem, where the current operator is in the Heisenberg picture.2

At an ideal steady (stationary) state, the average current 5.2 does not
depend on time, 〈Î〉t = 〈Î〉, and it is convenient to calculate the second
moment with respect to the average current by defining the operator ∆Î(t) ≡
Î(t)−〈Î〉. In this case, the autocorrelation function can depend only on time
differences and is

S(t − t′) =
e2

2
Tr
{

ρ̂(t = 0)[∆Î(t)∆Î(t′) + ∆Î(t′)∆Î(t)]
}

≡ e2

2
〈∆Î(t)∆Î(t′) + ∆Î(t′)∆Î(t)〉. (5.4)

This will be our starting point to determine shot and thermal noise.

2 Recall that the symmetrization of this quantity (which is not necessary in classical stochastic
processes) is because operators in quantum mechanics do not necessarily commute at different
times. Also, in certain literature the term autocorrelation function is often used only for Eq. 5.4,
and Eq. 5.3 is simply called second moment. I do not make this distinction here, and will use
these terms interchangeably.



262 Noise

In general, the m-th moment can be similarly defined as

S(t1, t2, . . . , tm) =
em

m!
Tr


ρ̂(t = 0) P


∏

j

Î(tj)




 , (5.5)

where P indicates all possible permutations of the argument.
In an ideal stationary state, the above moments do not change by a time

translation, namely

S(t1 + τ, t2 + τ, . . . , tm + τ) = S(t1, t2, . . . , tm), ideal steady state, (5.6)

with τ an arbitrary interval of time.
These higher moments give rise to what is now called counting statistics

(Levitov and Lesovik, 1993). I will briefly discuss the information we can
extract from these higher moments in Sec. 5.3.

Autocorrelation time and stationary processes

Since a steady state is just a theoretical idealization, one is naturally led
to ask if there is a condition that allows us to approximate a given stochas-
tic process as stationary. This condition is related to the existence of an
autocorrelation time.

This is defined as the finite time, call it τc, after which the autocorrela-
tion of the stochastic process is negligibly small. This is because a process
that does not have a finite autocorrelation time will always “remember” its
history and its initial conditions, and thus cannot be approximated as an
ideal stationary process.

In the present case, if

S(t, t′) =
e2

2
〈Î(t)Î(t′) + Î(t′)Î(t)〉 − e2〈Î(t)〉〈Î(t′)〉 (5.7)

is the autocorrelation of the current, we can approximate the process as a
stationary process if

|S(t, t′)| � 0 , for |t − t′| > τc, approximate steady state, (5.8)

or, if we take |t − t′| to infinity

lim
|t−t′|→+∞

〈Î(t)Î(t′) + Î(t′)Î(t)〉
2

= 〈Î(t)〉〈Î(t′)〉. (5.9)

By comparing this condition with Eq. 2.76, we see that an ideal steady state
is based on the assumption of ergodicity (Sec. 2.3.3.1): it is equivalent to
assuming that the system’s representative point in phase space explores,
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during time evolution, any neighborhood of any point of the relevant phase
space. This is again an idealization, and it is probably not true for many
physical systems considered experimentally. Nonetheless, we will make this
approximation in this chapter; namely, we will assume that the stochastic
current has a finite autocorrelation time so that the stationary condition 5.8
holds.

Approximations 1 to 5 of the Landauer approach

Here I also remark that, as for the average current, the above moments
cannot be calculated exactly for a general many-body system, and we need
approximations to describe the system dynamics.

From now on I will make the Approximations 1 − 5 of the Landauer ap-
proach (Sec. 3.1); namely, I will work with an ideal steady state for the
average current of a closed but infinite system, and electrons experience at
most mean-field interactions even in the nanostructure. I want to determine
the internal noise properties of this simplified problem.

5.2 Shot noise

Shot noise is the term employed to define electrical current fluctuations
at steady state and zero temperature due to the discreteness of charge.3

Its discovery in vacuum tubes dates back to experiments by Schottky who
observed that after eliminating all other (extrinsic) sources of noise there
would still be a contribution due to the random motion of the charge caused
by thermal effects of the conducting part of the circuit (thermal noise), and
a contribution due to the irregular arrival of (independent) electrons at the
anode across the vacuum region that separates the anode from the cathode
of the tube (Schottky, 1918).

Since this latter type of noise is due to the discreteness of charge it is not
just a prerogative of electrons, but it is observed, for instance, in quantum
optics due to the corpuscular nature of light, or in any classical problem in
which one measures the fluctuations of a given steady particle flux about its
average (e.g., raindrops on a given surface).

The quantum theory of shot noise can be developed similarly for fermions
and bosons. In this chapter we just focus on the first class of particles. A
brief review of shot noise for bosons is presented in Blanter and Büttiker
(2000).

3 In literature this is sometimes called partition noise. This nomenclature comes, as we will see
in a moment, from the random “partition” of the electron flow due to, e.g., a potential energy
barrier. I will use these two terms interchangeably to represent the same type of noise.
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5.2.1 The classical (Poisson) limit

Before describing the quantum-mechanical theory of shot noise, let us begin
by considering the case – also analyzed by Schottky – in which electrons are
emitted from a source (e.g., a cathode) at random intervals. The electrons
are also considered independent (no Coulomb interaction between them) and
these emission events uncorrelated from each other. We can then approxi-
mate the time-dependent current that crosses an arbitrary surface perpen-
dicular to the electron flow as a succession of charge spikes, which can be
represented as delta functions centered at different random times

I(t) =
∑

i

e δ(t − ti). (5.10)

If Tp is an arbitrary finite interval of time, on average, at steady state, N

electrons cross a given surface in the interval Tp, i.e., the electron flow has
average current ĪTP

= eN/Tp over that interval. By taking the limit of
Tp → ∞, N also goes to infinity, and we write

〈I〉 = lim
Tp→∞

1
Tp

∫ Tp /2

−Tp /2
dt I(t) = lim

Tp→∞
ĪTP

, (5.11)

where, once again, I have made use of the ergodic hypothesis (Sec. 2.3.3.1) to
transform the time average on the right-hand side into an ensemble average
over replicas of the system on the left-hand side of Eq. 5.11, irrespective of
the initial conditions.

With these definitions and assumptions we can now calculate the current
fluctuations about the average current. We can proceed in two ways: (i)
we can formally compute the noise using the current autocorrelation func-
tion 5.3, or (ii) we realize that the ensemble of current events follows a
Poisson distribution and evaluate from that distribution the fluctuations of
the number of carriers that cross a given surface in time. I will employ the
first method since it is also the starting point for the quantum theory of
noise we will develop later, and leave the second approach as an exercise for
the reader (Exercise 5.1).

It is convenient to calculate the fluctuations about the average by defining
∆I(t) = I(t) − 〈I〉, and writing the current autocorrelation function as

S(t′) = lim
Tp→∞

1
Tp

∫ Tp /2

−Tp /2
∆I(t) ∆I(t + t′)dt = 〈∆I(t) ∆I(t + t′)〉, (5.12)

where the dependence on a single time comes from the fact that we are
considering a steady state.
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If we replace 5.10 into 5.12 we get

S(t′) = lim
Tp→∞

e2

Tp

∑
i

∑
i′

∫ Tp /2

−Tp /2
δ(t − ti)δ(t − ti′ + t′)dt − 〈I〉2

= lim
Tp→∞

e2

Tp

∑
i

∑
i′

δ(ti − ti′ + t′) − 〈I〉2, (5.13)

where in the last expression I have used the properties of the δ-function.
Now, there is a theorem of statistical mechanics (the Wiener−Khinchin the-
orem, see, e.g., van Kampen, 1992) that relates the noise spectrum S(ω) –
or spectral density of fluctuations – of a stationary process to the autocor-
relation function via4

S(ω) = 2
∫ +∞

−∞
dt′ eiωt′S(t′). (5.14)

Note that the validity of this theorem requires the existence of a finite auto-
correlation time, which I have implicitly assumed by treating the transport
problem as stationary.

Before replacing 5.10 into 5.14 we recognize that the δ-function terms
with ti 	= ti′ do not contribute on average to S(t′). We are then left with N

δ-functions for ti = ti′ . The noise power spectrum is thus

S(ω) = 2 lim
Tp→∞

e2

Tp

N∑
i=1

∫ +∞

−∞
dt′ eiωt′δ(t′) − 2〈I〉2

∫ +∞

−∞
dt′ eiωt′

= 2e lim
Tp→∞

eN

Tp
− 2〈I〉2δ(ω) = 2e〈I〉 − 2〈I〉2δ(ω), (5.15)

where I have used the Fourier transform of the δ-function, δ(ω) =
∫

dt eiωt.
In the limit of zero frequency we then obtain a constant value of noise
proportional to the average current5

SP ≡ lim
ω→0

S(ω) = 2e〈I〉. (5.16)

I will refer to this classical result as the Poisson limit of shot noise.
It is called poissonian because it can be derived by assuming that the

number of charges that are transmitted across a given surface of the con-
ductor follows a Poisson distribution (Exercise 5.1). This is also known as a
counting process with independent increments (see, e.g., Ross, 1996), in the

4 The factor of 2 in 5.14 is due to the symmetry S(−ω) = S(ω).
5 Recall that limω→0 δ(ω) = 0. This limit must be interpreted as follows: consider the δ-function

in any of its representations. For clarity, use the representation in Eq. 3.126. Take the limit of
that representation for ε → 0, with frequency ω > ε. Then take the limit of ω → 0.
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sense that it “counts” the number of events that occur in a given interval of
time, and these events are statistically independent from those occurring in
a different and disjoint interval of time.

5.2.2 Quantum theory of shot noise

We are now ready to derive the shot noise expression in the quantum case.
Let us begin by considering an idealized case of a single electron in a single
one-dimensional channel. The electron scatters on a potential energy barrier.
It thus has a probability T to be transmitted through the barrier and a
probability R = 1 − T to be reflected.

From Eq. 3.56 we know that, in an interval of energy dE, the current
(per spin) that is transmitted across the barrier is dI = e

2π�
f(E)T (E)dE,

i.e., it is proportional to the occupation n = fT of the current-carrying
states. In the zero-frequency limit the current fluctuations are thus related
to fluctuations in the occupation number: S(0) ∝ 〈∆n∆n〉.

Fig. 5.3. Shot noise is due to the statistical correlation between transmitted and
reflected states caused by their fluctuating occupation numbers, ∆nT and ∆nR ,
respectively.

A simple way to calculate these fluctuations is as follows (see also Blanter
and Büttiker, 2000). Assume that the average occupation number for the
incoming flux is 〈ni〉 = f . It is then 〈nT 〉 = fT and 〈nR〉 = fR for the
transmitted and reflected states, respectively. The fluctuations in the trans-
mitted and reflected states can be easily calculated by recognizing that in a
given experimental measurement of the current the electron is either trans-
mitted or reflected so that the ensemble average 〈nT nR〉 = 0. In addition,
we are considering the statistical properties of an ideal Fermi gas, so that
the second moment of occupation fluctuations at equilibrium is equal to its
average: 〈n2〉 = 〈n〉. By defining ∆nT = nT − 〈nT 〉 and ∆nR = nR − 〈nR〉
we therefore find

〈(∆nT )2〉 = 〈nT 〉 − 〈nT 〉2 = fT (1 − fT ), (5.17)
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〈(∆nR)2〉 = 〈nR〉 − 〈nR〉2 = fR(1 − fR), (5.18)

〈(∆nT )(∆nR)〉 = −〈nT 〉〈nR〉 = −f2TR. (5.19)

If we assume the incident state is populated with probability 1 (zero tem-
perature, f=1), then the above expressions reduce to

〈(∆nT )2〉 = 〈(∆nR)2〉 = −〈(∆nT )(∆nR)〉 = TR = T (1 − T ). (5.20)

Recalling that shot noise is S(0) ∝ 〈∆n∆n〉, we see from Eq. 5.20 that this
is due to the statistical correlation between transmitted and reflected states
caused by their respective occupation number fluctuations (Fig. 5.3). In
addition, unlike the current, which can be expressed in terms of transmission
probabilities only (see Eq. 3.56), shot noise depends on both the transmission
and reflection probabilities.

From Eq. 5.20 the term partition noise should now be clear: it refers to the
separation of the incoming electron flow into two flows: transmitted and re-
flected. It is also clear that this noise is maximum when T = 1/2, and there
is no shot noise if T = 0 (complete reflection) or T = 1 (complete transmis-
sion). The latter result can be interpreted by thinking that a “uniform” flow
of electrons (or of any other particle for that matter), which is embodied
in the condition T = 1, does not produce any second moment for the current.

The single-channel case

Let us now derive the above results more rigorously using the scattering
theory of Chapter 3. For simplicity, we again limit ourselves to the case of a
single channel i (in both left and right leads) in a two-probe geometry (see,
e.g., Fig. 3.4). The general scattering wave-function, Ψ(r, E), is given by
Eq. 3.200, where only one channel is considered. We will generalize later to
the multi-channel case.

I proceed by using the second-quantization formalism (Appendix A), which
allows us to handle the ensemble averages appearing in the moments of the
current in a much easier way. Instead of the wave-function Ψ(r, E) we then
have the field operator (see Eqs. A.19 and A.20)

ψ(r, t) = ψL(r, t) + ψR(r, t), (5.21)

where the field operators ψL(r, t) and ψR(r, t) are (see Chen and Di Ventra,
2003; Lagerqvist et al., 2004)

ψL(R) =
∫

dE D(E) Ψ+
i(±ki )

(r) â
L(R)
E e−iEt/� ≡

∫
dE ΨL(R)

E (r) â
L(R)
E e−iEt/�,

(5.22)
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with D(E) the channel density of states, Eq. 3.48.6 In Eq. 5.22 the wave-
functions Ψ+

i(±ki )
(r) correspond to processes with an incident wave from the

L electrode (+|ki|) and those with a wave incident from the R electrode
(−|ki|), as in Sec. 3.5.1. We have also defined the annihilation operators
â

L(R)
E associated with these processes.7 Since we are dealing with fermions

and assume the left-moving and right-moving electrons uncorrelated, these
operators satisfy the anti-commutation relations (from Eq. A.17)

{âi
E , âj†

E ′} = δijδ(E − E′), i, j = R, L. (5.23)

We have also assumed that electrons injected from the left and from the
right of the sample have local equilibrium distributions 3.14 and 3.15, re-
spectively. From Eq. 4.24, the occupation of the single-particle states is
thus

〈âi†
Eâj

E ′〉 = δijδ
(
E − E′) fi

E , i, j = R, L, (5.24)

where, for brevity, I have used the symbol fi
E = fi(E) for the Fermi−Dirac

distribution.
Let us then define the following current operator

Î(x, t) =
�

2mi

∫
dr⊥

[
ψ†(r, t)

(
∂

∂x
ψ(r, t)

)
−
(

∂

∂x
ψ†(r, t)

)
ψ(r, t)

]
,

(5.25)
where dr⊥ = dy dz is a two-dimensional coordinate element in the transverse
direction.

The average current

Before calculating the noise let us show that the average current calculated
with the above field operators is indeed the same as we have derived in
Chapter 3 (Eq. 3.56). If we replace Eq. 5.21 into 5.25 we get

Î(x, t) =
�

2mi

∫
dE

∫
dE′

∫
dr⊥ei(E−E ′)t/�

[(
âL

E

)†
âL

E ′ ĨLL
E,E ′

+
(
âR

E

)†
âR

E ′ ĨRR
E,E ′ +

(
âL

E

)†
âR

E ′ ĨLR
E,E ′ +

(
âR

E

)†
âL

E ′ ĨRL
E,E ′

]
, (5.26)

6 Note also that the field operator 5.21 is quite general, i.e., the derivation that follows can
be done by assuming this operator written in terms of any type of single-particle states, not
necessarily scattering states (Chen and Di Ventra, 2003).

7 Alternatively, we could have defined operators associated with the incoming, ãL ,R , and outgo-
ing, b̃L ,R , amplitudes of the scattering processes (see Fig. 3.14). The derivation of shot noise
would follow similarly (see, e.g., Blanter and Büttiker, 2000).
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where we have defined the functions8

Ĩ ij
E,E ′ ≡ (Ψi

E)∗
∂Ψj

E ′

∂x
− ∂(Ψi

E)∗

∂x
Ψj

E ′ , i, j = R, L. (5.27)

Let us now calculate the ensemble average of the current operator using the
relations 5.24

〈I〉 = e〈Î(x)〉 =
e�

2mi

∫
dE

∫
dr⊥

[
fL

E ĨLL
E,E + fR

E ĨRR
E,E

]
=

e�

2mi

∫
dE

∫
dr⊥

[
fL

E − fR
E

]
ĨLL
E,E , (5.28)

where in the last identity I have used the property ĨLL
E,E = −ĨRR

E,E , a direct
consequence of flux conservation (see discussion in Sec. 3.3.3).

First, we note that this expression does not depend on time. Second, by
comparing it with Eq. 3.37, we see that it does not depend on the position x

either. We can thus evaluate it at any point in space. Let us for instance cal-
culate it at x → +∞ for leads that are described by translationally invariant
Hamiltonians.

In this case we know from Sec. 3.3.2 that the asymptotic behavior of the
wave-functions Ψ+

i(±ki )
(r) is given by Eqs. 3.197 and 3.198.9 Substituting

this limit into 5.28, and carrying out the spatial integral we finally get

〈I〉 =
e

2π�

∫
dE
[
fL

E − fR
E

]
T (E), (5.29)

which is precisely the current (per spin), Eq. 3.56, for the one-channel case.

The second moment of the current

We can now turn to the derivation of shot noise. From the general defini-
tion 5.3 of second moment of the current, and the noise spectrum 5.14 we
write10

S(ω; x1, x2) = e2
∫ +∞

−∞
dt eiωt〈∆Î(x1, t) ∆Î(x2, 0) + ∆Î(x2, 0)∆Î(x1, t)〉,

(5.30)
with ∆Î(x, t) = Î(x, t) − 〈Î〉.

We can now proceed as we did for the calculation of the current, i.e., we
replace Eqs. 5.26 and 5.28 into Eq. 5.30 and perform the averages using

8 Note that for E = E ′, the functions Ĩ ij
E ,E contain only one density of states D(E).

9 Clearly, the summations in Eqs. 3.197 and 3.198 do not appear in the one-channel case.
10 Again, since we are considering an ideal steady state, the second moment of the current can

depend on time differences only.
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the properties 5.24 of the creation and annihilation operators. In this case,
however, the calculation is lengthier and cumbersome as one comes across
terms of the form 〈a†1a2a

†
3a4〉, where ai’s are operators corresponding to

different energies and satisfying different statistics, i.e., left and right Fermi
distributions. The evaluation of these averages is simplified by the use of
Wick’s theorem (see, e.g., Giuliani and Vignale, 2005), which allows us to
write (i, j, k, l = R, L)〈

ai†
E1

aj
E2

ak†
E3

al
E4

〉
=
〈
ai†

E1
aj

E2

〉〈
ak†

E3
al

E4

〉
+ δilδjkδ(E1 − E4)δ(E2 − E3)fi

E1

[
1 − fj

E2

]
. (5.31)

I give here just the final result of this long calculation (Blanter and
Büttiker, 2000; Lagerqvist et al., 2004)

S(ω; x1, x2) = −e2
�

3

2m2

∫
dE

∫
dr1⊥

∫
dr2⊥

∑
i,j=L,R

fi
E+�ω(1 − fj

E)

×
[
Ĩ ij
E,E+�ω(r1) × Ĩji

E+�ω,E(r2)
]
. (5.32)

We are interested in the zero-temperature and zero-frequency limits of
Eq. 5.32. If the electrochemical potential on the left µL is higher than the
electrochemical potential on the right µR (with µL − µR = eV ), then the
shot noise is11

S(0; x1, x2) = −e2
�

3

2m2

∫ µR

µL

dE

∫
dr1⊥

∫
dr2⊥

[
ĨLR
E,E(r1) × ĨRL

E,E(r2)
]
.

(5.33)
I note that if one knows the single-particle states self-consistently any-

where in space (using, e.g., ground-state DFT in combination with the
Lippmann−Schwinger equation, as discussed in Chapter 3), then one can
employ Eq. 5.33 directly to estimate shot noise without the need to extract
transmission probabilities (Chen and Di Ventra, 2003).

It is, however, common to express shot noise in terms of scattering am-
plitudes and this is what I set out to do in the following.

Expression 5.33 can be evaluated at any pair of points in space (giving
rise to different cross-correlations). Let us then evaluate S(0; x1, x2) for,
say, x1 → ∞ and x2 → ∞ and call this quantity SRR. Substituting the
asymptotic behavior of the wave-functions Ψ+

i(±ki )
(r) (Eqs. 3.197 and 3.198)

11 In this case f i
E (1 − f j

E ) = 0, except for i = L, j = R and µR < E < µL .
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into Eq. 5.32 and carrying out the integrals we get (Exercise 5.2)

SRR =
e2

π�

∫ µL

µR

dE T (E)R(E) =
e2

π�

∫ µL

µR

dE T (E) [1 − T (E)]. (5.34)

We readily see that we have recovered the form of shot noise in terms of
transmission and reflection probabilities we have derived with simple argu-
ments in 5.20. We can also perform the same calculation for x1 → −∞
and x2 → −∞ and call this noise SLL, and for x1 → −∞ and x2 → ∞ (or
equivalently x1 → ∞ and x2 → −∞) and call the result SLR (SRL). We
then find the relations

SRR = SLL = −SLR = −SRL, (5.35)

as in Eq. 5.20.12

The Poisson limit

Let us now discuss the limits under which the shot noise 5.34 reduces to
the Poisson limit 5.16. If T (E) � 1, from Eq. 5.34 we get

SRR ≈ e2

π�

∫ µR

µL

dE T (E). (5.36)

If we also assume the transmission coefficient is independent of energy
(T (E) ≡ T ) we can take it out of the energy integral so that13

SRR ≈ e2

π�
T

∫ µR

µL

dE =
e3V

π�
T, (5.37)

where in the last equation I have made use of the fact that µL − µR = eV .
Within the same approximations, the average current 5.29 is

〈I〉 ≈ e2V

2π�
T, (5.38)

so that Eq. 5.37 can be written as

SRR ≈ 2e
e2V

2π�
T = 2e〈I〉 = SP , (5.39)

which is the classical value 5.16 of independent electrons.

12 The condition
∑

i Sij = 0, with i, j either L or R, is a direct consequence of current conservation
(Exercise 5.2).

13 We may make this approximation when the bias is small and away from resonances. In this
case, the transmission coefficient is evaluated at the Fermi level (see discussion in Sec. 3.3.3).
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The multi-channel case

The derivation of shot noise we have done so far can be easily extended to
the case in which there are NL

c independent incoming channels i and NR
c

independent outgoing channels f (still in a two-probe geometry).14 I give
here the final result for SRR, since the other cross-correlations Sij follow the
relations 5.35. By summing up all contributions from independent channels
one finds

SRR =
e2

π�

∑
ijkl

∫ µR

µL

dE r∗kf rkiτ
∗
liτlf =

e2

π�

∫ µR

µL

dE Tr{r†rτ †τ}

=
e2

π�

∑
n

∫ µR

µL

dE Tn(E)[1 − Tn(E)], (5.40)

where the matrices r and τ are the block matrices defined in Eq. 3.208.
The last equality in 5.40 is for the particular choice of eigenchannel basis in
which the matrix τ †τ is diagonal with eigenvalues Tn (1 ≤ n ≤ NL

c ), and
the matrix r†r is diagonal with eigenvalues 1 − Tn (see Eq. 3.211).

As noted before, shot noise cannot be written in terms of transmission
probabilities only. In addition, from Eq. 5.40, we see that it is proportional
to the sum of terms of the type r∗kf rkiτ

∗
liτlf , with i, f , l, k indexes describing

different channels. If i 	= f , these products are not real-valued so that they
depend on the relative phase of the transmission and reflection amplitudes,
i.e., they describe interference among carriers in different channels. This is
not the case for the current (see Eq. 5.42 below).

If the coefficients Tn(E) are again assumed independent of energy (Tn(E) ≡
Tn) Eq. 5.40 becomes

SRR ≈ e3V

π�

∑
n

Tn (1 − Tn), (5.41)

that generalizes the result 5.37.

14 Note that the assumption of the existence of independent channels (Approximation 5 of the
Landauer approach) is even more important for the noise than for the current, owing to the
fact that shot noise is related to the current autocorrelation function: any channel mixing may
result in a completely different noise form. For instance, if we allow for mixing of the channels
we would have noise terms of the type (assuming N L

c = N R
c )

S =
e2

π�

∫ µL

µR

dE Tr{r†τ}Tr{τ †r},

which would be zero whenever expression 5.40 is zero, but would show different noise structure
in all other cases. In addition, this mixing, being of quantum-mechanical origin, would not
lead to the Poisson limit 5.16 even at small transmissions.
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Similarly, I have shown (Sec. 3.6) that in the eigenchannel basis the aver-
age current is

〈I〉 =
e

2π�

∑
n

∫
dE
[
fL

E − fR
E

]
Tn(E) =

e

2π�

∫
dE
[
fL

E − fR
E

]
Tr{ττ †},

(5.42)
which in the limit of zero temperature, and assuming the coefficients Tn(E)
do not depend on energy, reduces to

〈I〉 ≈ e2V

2π�

∑
n

Tn. (5.43)

The multi-channel expression for the Poisson noise then reads

SP ≈ 2e〈I〉 =
e3V

π�

∑
n

Tn. (5.44)

It is customary to define a dimensionless quantity, called the Fano factor,
that quantifies the departure of shot noise from its Poisson value SP . The
Fano factor is defined as

F =
SRR

SP
, (5.45)

which, inserting Eq. 5.40 and Eq. 5.42, becomes

F =
SRR

SP
=

∫ µL

µR

dE Tr{r†rτ †τ}∫ µL

µR

dE Tr{ττ †}
. (5.46)

For energy-independent transmission coefficients (and in the eigenchannel
basis) Eq. 5.46 reduces to

F ≈
∑

n Tn[1 − Tn]∑
n Tn

. (5.47)

Since 0 ≤ Tn ≤ 1, the Fano factor F is always smaller than unity, so that
from the above we would conclude that shot noise is always suppressed with
respect to its Poisson value (the noise is called sub-poissonian). However,
this result is not generally true. Let us indeed recall that we have assumed
all along non-interacting particles. For interacting particles one can indeed
obtain super-poissonian values of noise, i.e., F > 1 (see, e.g., Iannaccone et
al., 1998).

Finally, I just mention that, under the same approximations and assump-
tions we have employed above, the generalization of Eq. 5.40 to the case in
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which multiple terminals are present (Sec. 3.9) follows similarly. I leave this
case as an exercise for the reader (Exercise 5.3).

5.3 Counting statistics

We can now perform the same calculation for higher moments of the current,
Eq. 5.5. This is quite complicated and I will not report it here. Instead, I
will proceed in a somewhat simpler way, which shows the underlying concept
(see, e.g., Lee et al., 1995).

Assume we know the probability density Pm(t) that m particles15 cross a
given surface of the sample in a given interval of time t much larger than the
characteristic time e/〈I〉 for electrons to pass through that same surface.16

Given the above probability distribution, we can construct its character-
istic function

G(k) =
N∑

m=0

eimkPm(t), (5.48)

which is the Fourier transform of Pm(t) in the range of values of the distri-
bution. In the above, N is the average number of “attempts” to cross the
surface in the interval t. The function G(k) is also known as the moment
generating function, because its series expansion provides all moments of
the distribution

G(k) =
∞∑
0

(ik)m

m!
Sm

em
, (5.49)

with Sm the m-th moment 5.5, and S0 = 1.
The logarithm of the characteristic function generates the cumulants of

the distribution17

lnG(k) =
∞∑
1

(ik)m

m!
〈〈nm(t)〉〉, (5.50)

15 I am implicitly assuming that this number is discrete so that I am employing a semiclassical
description of electron motion.

16 The distribution Pm (t) is usually assumed to be of the Bernoulli type (also known as the
binomial distribution). For a single channel with transmission probability T this is

Pm (t) =
(

N
m

)
T m (1 − T )N −m =

N !
m!(N − m)!

T m (1 − T )N −m

with m ≤ N (both integers). The physical reason for this choice is that it represents the
distribution of finding m non-interacting particles out of N contained in two separate but
communicating volumes. When one of the two volumes is set to go to infinity (and hence it
represents a reservoir), while the particle density in the other stays constant, this distribution
approaches the Poisson distribution.

17 Here I am considering the correlations defined by subtracting the averages as in Eq. 5.4.
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where the m-th cumulant is

〈〈nm〉〉 =
1

em

∫ t

0
dt1 . . . dtm〈〈I(t1) . . . I(tm)〉〉. (5.51)

For an ideal steady state, and under the same assumptions we have used to
derive shot noise, the first cumulant is proportional to the average current
〈〈n(t)〉〉 = 〈I〉t/e, while the second, to the shot noise, 〈〈n2(t)〉〉 = SRRt/2e2.

By knowing all cumulants of the distribution, one can evaluate the charac-
teristic function G(k), from which we can back-Fourier transform Eq. 5.48 to
obtain the distribution function Pm(t). For instance, a gaussian distribution
has zero cumulants for m > 2, while a poissonian distribution has all cumu-
lants equal to its average value. Therefore, if we could measure cumulants
we would know the full (counting) statistics of our transport problem.

The actual measurement of these cumulants is, however, not an easy task.
The reason is because the n-th cumulant depends on sums and differences of
functions of all the (n−1)-th moments (see, e.g., van Kampen, 1992). Since
measurements are done on time scales much longer than the characteristic
time e/〈I〉, the central limit theorem makes the lower-order moments the
dominant contribution to the cumulants, so that the latter are difficult to
distinguish beyond the second order.18

Recently, the third cumulant has been measured in the case of electronic
transport across a tunnel junction, showing that in this case the distribution
is likely to be poissonian (Bomze et al., 2005).

5.4 Thermal noise

As anticipated, thermal noise (also called Johnson−Nyquist noise) is due
to thermal fluctuations of the electrons in a conductor close to equilibrium.
From the analysis that led us to Eqs. 5.17, 5.18 and 5.19 we see that it orig-
inates from the fluctuations in the occupation number ∆ni of the incident
state.

We can derive the expression for thermal noise using a similar approach
to that we have used to derive shot noise. We first calculate the frequency
dependence of the noise, and then set the frequency to zero after setting the
equilibrium condition, i.e., by imposing the same distribution functions in
the left and right electrode (at finite temperature).

Our starting point is therefore Eq. 5.32 and we evaluate it for say x1 →
18 The central limit theorem states that if y1 , y2 , . . ., yN is a set of independent stochastic variables

whose probability distribution has finite variance, the scaled sum (y1 + y2 + . . . + yN )/
√

N has
a gaussian distribution for N → ∞. The gaussian distribution has zero cumulants beyond the
second.
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∞ and x2 → ∞. Call this quantity SRR(ω). For the one-channel (and
two-terminal) case, and assuming that the transmission amplitudes do not
depend on energy, we then find (Exercise 5.4)19

SRR(ω) =
e2

2π�

{
T (1 − T )

∫
dE [fLR(E, ω) + fRL(E, ω)]

+ T 2
∫

dE[fLL(E, ω) + fRR(E, ω)]
}

, (5.52)

where

fij(E, ω) = fi
E [1 − fj

E+�ω ] + fj
E+�ω [1 − fi

E ], (5.53)

for i, j either L or R. In the multi-channel case (and in the eigenchannel
basis) Eq. 5.52 generalizes to

SRR(ω) =
e2

2π�

{∑
n

Tn(1 − Tn)
∫

dE [fLR(E, ω) + fRL(E, ω)]

+
∑

n

T 2
n

∫
dE[fLL(E, ω) + fRR(E, ω)]

}
. (5.54)

Since the transmission probabilities are outside the energy integrals, the
energy integration can be performed exactly to give (Exercise 5.5)

SRR(ω) =
e2

2π�

{∑
n

Tn(1 − Tn)
[
(�ω − eV ) coth

(
�ω − eV

2kB θ

)

+ (�ω + eV ) coth
(

�ω + eV

2kB θ

)]

+ 2�ω coth
(

�ω

2kB θ

)∑
n

T 2
n

}
. (5.55)

This equation contains both contributions to noise: thermal and partition.
For instance, if we set the frequency to zero and then the temperature to
zero in Eq. 5.54, we recover the shot noise formula Eq. 5.41 (Exercise 5.6).
If instead we assume the system to be at equilibrium, fL = fR (V = 0), we
get

SRR(ω) =
e2ω

π
coth

(
�ω

2kB θ

)∑
n

Tn, (5.56)

19 Since we are now working with a finite frequency, we are also implicitly assuming that this
frequency, temperature and bias are all smaller than a characteristic (internal) frequency of the
system in such a way that the transmission amplitudes are frequency-independent and thus the
particle current is conserved. If this were not the case, then only the total current would be
conserved, i.e., the particle current plus the displacement current. In this case, the condition∑

i Sij (ω) = 0, with i, j either L or R, is not satisfied (see Footnote 12 ).
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which in the limit of zero frequency is20

SRR(0) =
4e2kB θ

h

∑
n

Tn = 4kB θ
〈I〉
V

= 4kB θ G, (5.57)

where in the last equation I have used the definition of two-probe linear-
response conductance (per spin), G = 〈I〉/V , and used the result 5.43.

Equation 5.57 is the classical result for thermal noise. Similar to the Pois-
son limit of shot noise, we could have derived it with classical arguments
(Exercise 5.7), and it simply states that the fluctuations in the occupation
number at finite temperature and zero bias are accompanied by dissipative
effects, proportional to the conductance of the sample. This is one form of
the more general fluctuation-dissipation theorem for systems close to equi-
librium I have introduced in Sec. 2.3.3 in the context of the Kubo formalism.
We also see that thermal noise does not provide more information on the
carrier dynamics than the conductance itself.

Summary and open questions

I have discussed here two types of intrinsic noise: shot and thermal. I have
derived, within a single-particle scattering picture, closed forms for both.
I have also discussed, within a simplified semiclassical picture, the type of
information one could extract from a measurement of the higher moments
of the current (counting statistics).

It is worth pointing out that noise properties of nanoscale systems have
received much less attention than the average current. This is somewhat
unfortunate since noise may provide more information on the microscopic
properties of nanoscale structures than the average current itself.

In addition, effects of many-body interactions (beyond mean field) on
noise properties of nanoscale conductors are still poorly understood. Along
these lines, a comprehensive study of the effect of electron-ion interactions
on noise would also be desirable.

Exercises

5.1 The Poisson limit of shot noise. Consider electrons crossing
a given surface at a rate n(t) = I(t)/e, where I(t) is the current.
Define the number of electrons that pass in an interval of time Tp as

N =
∫ Tp

0
dt n(t) , (E5.1)

20 Recall that limx→0 coth(x) ≈ 1/x + O(x).
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with ensemble average 〈N〉 (see Eq. 5.11). Define the variations
∆N = N−〈N〉 with respect to the average. Assume that N is a Pois-
son process, so that its moments are all equal to its average. Using
the Wiener−Khinchin theorem 5.14, show that the zero-frequency
limit of the noise is S(0) = 2e〈I〉.

5.2 Use Eqs. 3.197 and 3.198 to derive Eq. 5.34, and prove the condi-
tions 5.35, which are a direct consequence of flux conservation.

5.3 Multi-terminal noise. Consider the current operator 5.25 at a ter-
minal Îα(t) with average steady-state current 〈Îα〉, so that ∆Î(t) =
Îα(t) − 〈Îα〉. Define the correlation function between two terminals
α and β as (from Eq. 5.4)

Sαβ(t − t′) ≡ e2

2
〈∆Îα(t)∆Îβ(t′) + ∆Îα(t′)∆Îβ(t)〉. (E5.2)

Within the single-particle scattering picture, generalize the result 5.40
to multiple terminals by calculating the zero-frequency and zero-
temperature limit of Eq. E5.2. Show that the correlations are nega-
tive for α 	= β, and positive otherwise.

5.4 Starting from the noise power, Eq. 5.32, derive the relation 5.52
assuming that the transmission amplitudes do not depend on energy.

5.5 Prove that Eq. 5.55 obtains from Eq. 5.54.
5.6 Order of limits. Start from the power spectrum, Eq. 5.54, and

show that if we take the limit of the frequency to zero before the
zero-temperature limit we recover the shot noise formula 5.41. Take
instead the equilibrium limit first (zero bias) in Eq. 5.54, and then
the zero-frequency limit. Show that this order of limits leads to
Eq. 5.57.

5.7 Thermal noise from a Langevin approach. Consider a general
RC-circuit with resistance R and capacitance C. The charge Q on
the capacitor obeys a stochastic differential equation

dQ

dt
= − Q

RC
+ L(t) (E5.3)

where L(t) is a stochastic process with zero average and δ-auto-
correlation:

〈L(t)〉 = 0, (E5.4)

〈L(t)L(t′)〉 = Γδ(t − t′), (E5.5)

where 〈. . .〉 indicates classical canonical average, and Γ is some pos-
itive constant. Equation E5.3 is a type of Langevin equation.
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Using equilibrium statistical mechanics, determine the constant Γ
and show that the current autocorrelation function is

〈∆I(t)∆I(t′)〉 =
2kBθ

R
δ(t − t′), (E5.6)

from which the thermal noise result 5.57 follows.
Show also that the voltage autocorrelation function is

〈∆V (t)∆V (t′)〉 = 2kBθR δ(t − t′). (E5.7)



6

Electron-ion interaction

Electrical current is affected by the interaction between electrons and ions.
Due to this interaction electrons may undergo inelastic transitions between
states of different energy, even if the electrons themselves are considered
non-interacting with each other. These transitions appear as discontinuities
(steps) in the current (conductance) at biases corresponding to the phonon
spectrum of the structure. In reality, the phonon spectrum is renormalized
by both the electron-phonon interaction at equilibrium, and by the current
itself. The latter fact makes the concept of phonons under current flow
fundamentally less obvious. I will discuss this point in Sec. 6.5.

An example of inelastic features in nanoscale systems is illustrated in
Fig. 6.1 where the conductance of a gold point contact is measured as a
function of bias. The conductance shows a step in the range between 10 and
20 meV corresponding to the energy of the vibrational modes of the whole
system – gold point contact plus electrodes – that couple more effectively
with electrons.

Via the same inelastic mechanism, electrons can exchange energy with
the ions and thus heat up the nanostructure while they propagate across it.
As we will see later, this phenomenon, called local ionic heating, may have
dramatic effects on the stability of nanostructures.

Finally, in a current-carrying system ions may be displaced by local current-
induced rearrangements of the electronic distribution – the local resistivity
dipoles I discussed in Sec. 3.2 – without the intervention of inelastic pro-
cesses. The forces responsible for such displacements are known as current-
induced forces. Despite many studies, past and present, these forces chal-
lenge our understanding of non-equilibrium phenomena, starting from their
basic definition for a current-carrying system to their, yet unsolved, conser-
vative character.

In this chapter I will discuss all these effects. I will present simple argu-
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is also shown. Reprinted with
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(2002).

ments on the bias dependence of these phenomena, as well as their quan-
tum description within a set of approximations that render their solution
tractable.

6.1 The many-body electron-ion Hamiltonian

Since now the ions enter the transport problem explicitly, we need to find
the most appropriate Hamiltonian to describe the combined dynamics of
electrons and ions in the presence of current. Here, I will just focus on the
steady-state transport problem and will briefly mention dynamical effects in
the “Summary and open questions” section of this chapter.

Let us start from the general many-body Hamiltonian1

Ĥ = Ĥel + Ĥion + Ĥel−ion, (6.1)

1 As in Chapter 4, operators in bold face indicate many-body quantities. We also neglect rela-
tivistic effects.
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where

Ĥel = −
∑

i

�
2

2m
∇2

i +
1
2

∑
i �=j

e2

|ri − rj |
,

Ĥion = −
∑

i

�
2

2Mi
∇2

Ri
+

1
2

∑
i �=j

Zi Zj e2

|Ri − Rj |
,

Ĥel−ion = −
∑

i

∑
j

Zj e2

|ri − Rj |
≡
∑

i

∑
j

Vel−ion(ri − Rj). (6.2)

In Eq. 6.2 Zi|e|, Mi and Ri are the charge, mass and coordinate of ion i,
respectively. The symbol ∇2

Ri
indicates the Laplacian with respect to the

ionic coordinates.

6.1.1 The adiabatic approximation for a current-carrying system

Direct diagonalization of the many-body Hamiltonian 6.1 is clearly an im-
possible task, so further approximations are necessary. For a system in equi-
librium, we know that the ions, being much more massive than the electrons
(m/Mi ∼ 10−4), move slower than the electronic subsystem. This allows us
to conjecture that the electrons, for each atomic displacement, have enough
time to “readjust” themselves before the atoms move again. We can there-
fore solve the electronic part of the Hamiltonian at fixed atomic positions,
the latter treated as parameters.

This is called the adiabatic or Born−Oppenheimer approximation – see,
e.g., Bransden and Joachain (1983), for a complete derivation. In this ap-
proximation the ionic Hamiltonian Ĥion can be written as an effective Hamil-
tonian where the ion-ion interaction potential, at given ionic positions, is
“mediated” by the electronic configuration corresponding to those ionic po-
sitions. Quite generally, this new effective Hamiltonian can be written as

Ĥeff
ion = −

∑
i

�
2

2m
∇2

Ri
+
∑
ij

Vion(Ri − Rj). (6.3)

The energy manifold that is spanned by the nuclear motion – the energy
manifold defined by the potential

∑
ij Vion(Ri − Rj) – is called the Born-

Oppenheimer surface.
The question now is whether this approximation is valid for a system out

of equilibrium, and in particular if an electronic current is present. The
first comment I make is that out of equilibrium – as well as in equilibrium
– this approximation may neglect correlated effects of coupled electron-ion
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dynamics when the ion wave-functions cannot be simply approximated as
δ-functions centered at the classical ion positions. I will neglect these effects
and adopt the adiabatic approximation, which in the case of current-carrying
systems simply states that the electrons can quickly readjust their non-
equilibrium charge distribution in response to the ionic motion. In other
words I define

Adiabatic approximation for a current-carrying system: The elec-
tronic subsystem is assumed to remain infinitesimally close to an instanta-
neous current-carrying steady state, corresponding to the instantaneous set
of ionic positions.

We therefore assume that for fixed ionic positions, R0
i , we can solve the

electronic part of the Hamiltonian 6.1.

Single-particle approximation

In practice, I will assume in the following discussions that using, for instance,
the approximations of the Landauer approach (Sec. 3.1), we have been able
to determine the single-particle scattering states associated with an effective
single-particle Hamiltonian that replaces Hamiltonian Ĥel +Ĥel−ion at fixed
ionic positions. These are the states we have determined in Chapter 3,
where the effective single-particle Hamiltonian could be, e.g., the Hartree
one, Eq. 3.10, or the ground-state DFT Hamiltonian 3.12.

In the context of a one-electron theory, it is also customary to define the
electron-ion interaction in terms of an effective screened potential V ps(r;Ri)
so that the one-particle electron-ion Hamiltonian can be written as

Ĥel−ion =
∑

i

V ps(r;Ri). (6.4)

In practical calculations, V ps(r;Ri) could be for instance a pseudopotential,
an effective potential where the energetically deep electrons of the ions (core
electrons) are considered “frozen”, and only valence electrons participate
directly in the bonding (see, for instance, Harrison, 1989).2

This is a reasonable assumption also in the transport problem, since the

2 Note that pseudopotentials are not necessarily local in the electronic coordinates. Here, we
assume them local to simplify the notation. Also, while I am not aware of an “all-electron”
calculation of inelastic scattering in nanostructures, (i.e., one in which also core electrons are
explicitly taken into account), the reader should keep in mind that such a calculation is in
principle possible following similar considerations as the ones we make in this section.
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core electrons are highly localized and tightly bound to the nucleus. In addi-
tion, their energies often fall well below the bottom of the conduction bands
of both electrodes, and definitely well below the electrochemical potentials
even at large voltages (Di Ventra and Lang, 2002).

The core electrons plus the positive bare-ion charge thus form an effective
ion of charge Z∗

i . In the following, I will implicitly adopt this pseudopotential
picture, but the discussions that follow do not depend on the chosen form
of such potential.

6.1.2 The phonon subsystem

Let us now determine the effect of ionic displacements on the Hamiltonians
6.2. Let us start with Ĥion.

As we will see in detail in Sec. 6.5, at finite current the ions may be
displaced by local rearrangements of the electronic distribution without the
intervention of inelastic processes. These current-induced forces, however,
are proportional to the current – at least in the linear response, see Eq. 6.105
– and for relatively small biases we can therefore assume their effect on the
ionic displacement to be negligible.3

Let us then apply the following (small) displacement to the ions

Ri = R0
i + Qi (6.5)

and expand Vion(Ri − Rj) in Taylor series about the equilibrium positions
to second order. The first-order term in the expansion is zero because we
assume the ions at equilibrium. Higher-order terms give rise to phonon-
phonon scattering processes. I will consider these later when dealing with
heat dissipation (see Sec. 6.3). We thus find

Vion(Ri −Rj) ≈ Vion(R0
i −R0

j ) +
1
2

∑
µ,ν

(Qi −Qj)µ (Qi −Qj)ν Fiµ;jν , (6.6)

where µ, ν = x, y, z, are the coordinates of each ionic position, and

Fiµ;jν =
∂2Vion(Ri − Rj)

∂Riµ ∂Rjν

∣∣∣∣
Ri=R0

i ;Rj =R0
j

(6.7)

are known as the elements of the dynamical response matrix, and we have
defined Riµ, the µ-th component of the vector Ri. Since the term Vion(R0

i −
R0

j ) only redefines the zero of energy, we assume it zero in Eq. 6.6.

3 For metallic nanojunctions, such as gold point contacts, at biases of tens of millivolts these
forces are of the order of 10−3 − 10−2 eV Å−1 , and therefore negligible (see also Sec. 6.5).
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Let us now introduce “normal” coordinates, {qiµ}, for the N ions such
that the µ-th component (µ = x, y, z = 1, 2, 3) of Qi is

(Qi)µ =
N∑

j=1

3∑
ν=1

Aiµ,jνqjν . (6.8)

The transformation matrix, A = {Aiµ,jν}, which contains information on
the geometry of the system, satisfies the “orthonormality” relation4∑

i,µ

MiAiµ,jνAiµ,j′ν ′ = δjν,j′ν ′ . (6.9)

In the following it will be convenient to use a single index j to label the
index pair iµ. Using relation 6.9 and the definition 6.8 it is then easy to
prove (Exercise 6.1) that the Hamiltonian Ĥeff

ion can be written as

Ĥeff
ion =

1
2

∑
i

q̇2
i +

1
2

∑
i

ω2
i q

2
i , (6.10)

where ωi is the frequency of the normal mode i, and the summation runs over
all possible normal modes of the system.5 We have also used the symbol q̇i ≡
dqi/dt to indicate the momentum conjugated with the normal coordinate qi.
If we now use the canonical transformation


Q̃i =

√
ωi

2�
qi

P̃i =
√

1
2�ωi

q̇i,

(6.11)

with
[
Q̃i, P̃j

]
= i�δij , we can define the operators{

b̂i = Q̃i + iP̃i

b̂†i = Q̃i − iP̃i,
(6.12)

which satisfy boson commutation relations
[
b̂j , b̂

†
j′

]
= δj,j′ and [b̂j , b̂j′ ] =

4 With this definition the ion mass appears implicitly in the transformation matrix Aiµ ,j ν . One
could alternatively introduce it explicitly in the electron-phonon coupling constant.

5 For N ions there are 3N normal modes so that, if we consider all the atoms of the junction plus
the electrodes, N is essentially infinite. However, for our scope only the modes associated with
the nanojunction – which may include quite a few atoms of the bulk electrodes – couple most
strongly with the electrons, and therefore need to be considered explicitly. The modes of the
bulk electrodes form a continuum and, therefore, all information is included in their density of
states.
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[b̂†j , b̂
†
j′ ] = 0 (Appendix A). With these operators Eq. 6.10 can be written as

Ĥeff
ion ≡ Ĥph =

∑
j

(
b̂†j b̂j +

1
2

)
�ωj. (6.13)

With the above approximations, we have thus written the ionic Hamiltonian
as the one corresponding to a set of independent harmonic oscillators.

Let us now call |Nj〉 the orthonormal eigenvectors corresponding to the
modes with energy �ωj .6 For later use, we also mention that the opera-
tors 6.12 when acting on the phonon wave-functions satisfy (see Appendix A)


b̂i|Nj〉 =

√
Nj |Nj − 1〉

b̂†i |Nj〉 =
√

Nj + 1 |Nj + 1〉
b̂i|0j〉 = 0 ,

(6.14)

where we have defined with |0j〉 the state with zero phonons in the corre-
sponding mode.7

In the absence of electron-phonon or phonon-phonon interactions, the
average number of phonons in a given mode at a given temperature θph is
determined by the Bose−Einstein statistics 1.81, i.e.,

Nj = 〈b̂†j b̂j〉 =
1

e�ωj /kB θph − 1
, (6.15)

where the symbol 〈· · · 〉 indicates average over the canonical equilibrium
statistical operator ρ̂ph = e−βĤph /Tr{e−βĤph } of independent phonons (see
also Sec. 1.4.6).

In the presence of current and interactions among phonons, the above
statistical operator is not necessarily the equilibrium one, but some arbitrary
ρ̂ph(t). For an arbitrary operator Â acting on the phonon subsystem, the
average of this operator on the phonon degrees of freedom is

〈Â〉t = Trph{ρ̂ph(t)Â}, (6.16)

where Trph means the trace is done in the space of the phonons.
In what follows, any average involving the phonon degrees of freedom will

mean an average of the type 6.16. However, I will assume that the form
of the phonon distribution is the equilibrium 6.15 with at most an effective
local temperature.

I also emphasize here that the temperature θph appearing above is the

6 This is a simplified notation to indicate the many-body state, in the Fock space of phonons
that has Nj phonons in the mode with energy �ωj (see Appendix A).

7 The vacuum state is defined as the many-body state with zero phonons in all modes.
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temperature of the ions, i.e., the temperature associated with the ionic ki-
netic energy. As we will discuss in Sec. 6.3 this temperature can be quite
different, locally in the junction, from the temperature θ of the electrons
which appears in the Fermi−Dirac distribution (Eq. 1.80).

The propagator of non-interacting phonons

For later use, let us also write the “free” phonon propagator: the Green’s
function associated with the ionic vibrations, possibly screened by electrons,
but not interacting with other ionic vibrations. We will need it when we treat
the electron-phonon interaction within the NEGF approach (Sec. 6.2.2).

We start from the general definition of time-ordered Green’s functions,
Eq. 4.26. However, instead of replacing the field operators with the phonon
operator bj we choose the combination ψj = b̂†j + b̂j . This is a conve-
nient choice so that the resultant Green’s function describes propagation of
phonons both forward and backward in time (Mattuck, 1976).

Let us then define the time-ordered single-phonon Green’s function (which
at equilibrium depends on the time difference only) for each mode j

D0
j (t − t′) = − i

�
〈T[ψj(t)ψ

†
j (t

′)]〉, (6.17)

where ψj(t) is the operator ψj = b̂†j + b̂j in the Heisenberg picture with
Hamiltonian 6.13 (see Eq. 4.25), T is the time-ordering operator for bosons
(see Footnote 8 in Chapter 4), and the average is done according to the
equilibrium statistical operator ρ̂ph.

By carrying out the calculations explicitly and Fourier transforming D0
j (t−

t′) to the frequency domain, we finally obtain the “free” phonon propagator
(see, e.g., Mahan, 1990)

D0
j (�ω) =

1
�ω − �ωj + iδ

− 1
�ω + �ωj − iδ

=
2�ωj

(�ω)2 − (�ωj)2 + 2i�ωjδ
,

(6.18)
where δ is an infinitesimal positive number.

We will also need the lesser phonon Green’s function D<
j , which according

to Eq. 4.44 is defined as

D<
j (t; t′) =

i
�
〈ψ†

j (t)ψj(t′)〉 . (6.19)

At equilibrium it assumes the form (Mahan, 1990)

D<
j (t − t′) = − i

�

[
(Nj + 1) e−iωj (t−t′) + Nj eiωj (t−t′)

]
. (6.20)
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This expression can be easily Fourier transformed to give

D<
j (�ω) = −2πi [(Nj + 1) δ(�ω + �ωj) + Njδ(�ω − �ωj)]. (6.21)

Interacting phonons

Similar to the electron case, if one considers phonon interactions, and these
processes can be described within many-body perturbation theory, the phonon
propagator satisfies the Dyson equation 4.33, as well as the Keldysh equa-
tion 4.95. In equilibrium, if we call Πj(ω) the irreducible self-energy as-
sociated with these interactions, the Dyson equation for phonons reads
(from 4.35)

Dj(�ω) =
D0

j (�ω)
1 − D0

j (�ω)Πj(�ω)
=

2�ωj

(�ω)2 − (�ωj)2 + 2i�ωjδ − 2�ωjΠj(ω)
.

(6.22)
The self-energy Πj(�ω) is often called the polarization contribution to the
phonon propagator as it describes distortion (polarization) of the lattice
around each phonon vibration (“dressing” of the phonon).

I finally point out that the phonon frequencies ωj should, in principle,
be calculated in the presence of current. In practice, this is never done as
it would require a self-consistent calculation of the dynamical response ma-
trix 6.7 evaluated not at the ground-state density but at the non-equilibrium
one. As we will see in Sec. 6.5 this is not simply a numerical problem but
a fundamental one as the definition of phonons in the presence of current is
not at all obvious.

6.1.3 Electron-phonon coupling in the presence of current

We are now left to determine the Hamiltonian 6.4 that describes the electron-
phonon interaction. In addition, we want to do this when the electronic
system carries a current. As in the case of shot noise it is more convenient
to work using second quantization. The reason is that it is easier to keep
track of both electron and phonon statistics when we perform the averages
over both the electronic and phonon states. This is very important because
when an electron is scattered by a phonon it can transition into a state only
if the latter is unoccupied. The Pauli exclusion principle therefore needs to
be taken into account explicitly.

In what follows I will assume that the averaging over electronic and
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phonon degrees of freedom can be done independently for each subsystem:
the electron and phonon “reservoirs” do not interact with each other and
they are at their own respective local temperature.

As we did for Ĥion, we first expand Eq. 6.4 about the equilibrium positions
R0

i

Ĥel−ion ≈
∑

i

[
V ps(r;R0

i ) + Qi · ∇Ri V
ps(r;Ri)|Ri=R0

i

]
, (6.23)

and keep only first-order terms, since the higher-order ones are assumed to
be much smaller (see also discussion below).

The first term can be absorbed into the electronic Hamiltonian Ĥel, so
we are interested in the second one, which we relabel

Ĥe−ph =
∑

i

Qi · ∇Ri V
ps(r;Ri)|Ri=R0

i
. (6.24)

Using the convention we have adopted of replacing a single index j to label
the index pair iµ, Eq. 6.8 can be written as

Qi =
3N∑
j=1

Ai,jqj =
3N∑
j=1

Ai,j

√
�

2ωj
(b̂j + b̂†j), (6.25)

where in the last equality we have made use of the operators 6.12, and the
notation Ai,j is an abbreviation for Aiµ,jν .

Replacing 6.25 in 6.24 we then get

Ĥe−ph =
3N∑
i=1

3N∑
j=1

Ai,j

√
�

2ωj
(b̂j + b̂†j)

∂V ps(r;Ri)
∂Ri

∣∣∣∣
Ri=R0

i

. (6.26)

This expression is in second-quantized form in the phonon degrees of freedom
but not in the electronic ones.

The electrons carry current between left and right electrodes, the latter
ones being kept at a given bias. As in Eq. 5.21 we then define the field
operator8

ψ(r) = ψL(r) + ψR(r) =
∑
E

ΨL
E(r) âL

E +
∑
E

ΨR
E(r) âR

E , (6.27)

with the wave-functions ΨL,R
E (r) = Ψ+

i(±ki )
(r) corresponding to processes

with an incident wave from the L electrode (+|ki|), and the ones with a
wave incident from the R electrode (−|ki|), as calculated in Sec. 3.5.1. The
operators â

L(R)
E satisfy the relations 5.23.

8 The only difference with Eq. 5.21 is that we do not consider any time dependence here. We
also use a discrete notation for the energy. We will take the continuum limit later.
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As explained in Appendix A, given the above field operators, the Hamil-
tonian Ĥe−ph – which in this form is a one-body operator in the electronic
coordinates – can be written in second-quantization form as

Ĥe−ph =
∫

drψ†(r)


 3N∑

i=1

3N∑
j=1

Ai,j

√
�

2ωj
(b̂j + b̂†j)

∂V ps(r;Ri)
∂Ri

∣∣∣∣∣∣
Ri=R0

i


ψ(r).

(6.28)
By introducing 6.27 into 6.28 we finally get

Ĥe−ph =
∑

α,β=L,R

∑
E1 ,E2

∑
i,j

√
�

2ωj
Ai,j Ji,αβ

E1 ,E2
aα†

E1
aβ

E2

(
b̂j + b̂†j

)
, (6.29)

where I have defined the coupling constant

Ji,αβ
E1 ,E2

=
∫

drΨα∗
E1

(r)
∂V ps(r;Ri)

∂Ri

∣∣∣∣
Ri=R0

i

Ψβ
E2

(r) . (6.30)

Recalling that the field operator in 6.27 describes both carriers moving
from left to right, ΨL

E(r), and carriers moving from right to left, ΨR
E(r), we

see from Eq. 6.30 that the electron-phonon interaction couples these two
types of scattering states. In addition, the coupling constant 6.30 is a non-
trivial function of the scattering states, and therefore there is no reason to
expect it to be, for a given ion, constant in energy or, for that matter, any
simple function of the energy and/or bias.

6.2 Inelastic current

We now have all the tools to calculate the inelastic (electron-phonon) con-
tribution to the current. I will first derive it using the scattering approach
we have developed in Chapter 3. I will then discuss a way to calculate it
using the Keldysh formalism developed in Chapter 4. In both cases we will
need approximations to derive a closed form for the inelastic current.

Since typical dimensions of a nanoscale junction are much smaller than
the inelastic electron-phonon mean-free path λph

9 – the average distance an
electron travels between two successive scattering events with phonons – we
can use perturbation theory in the electron-phonon coupling to determine
the dominant contributions to inelastic scattering (Montgomery et al., 2003;
Chen et al., 2003). The use of perturbation theory seems also to be justified
by the fact, known from experiments, that the observed inelastic features
in nanoscale structures are very small, in the sense that the extra current

9 This is typically of the order of thousands of Å (see Sec. 6.2.1).



6.2 Inelastic current 291

due to inelastic effects is much smaller than the current due to elastic effects
(see, e.g., Agräıt et al., 2003).

However, the most important approximation we will have to make in order
to have a closed form for the current is that inelastic scattering occurs at
energies away from electronic resonances and/or for phonon modes that are
not localized in the junction: we do not consider modes that may have very
weak coupling with the phonons of the adjacent bulk electrodes (see also
Sec. 6.3). The reason for these assumptions is that, in both instances, the
electron-phonon scattering rates vary in a non-trivial way due to an increased
(electronic and/or vibrational) local density of states at the relevant energies
for scattering. As I will show later, this makes the calculation of the current
quite difficult – if not impossible – to carry out.

6.2.1 Inelastic current from standard perturbation theory

Equation 6.29 is the desired expression to apply standard perturbation the-
ory in the electron-phonon coupling. We thus seek corrections to the un-
perturbed wave-functions due to this coupling.10 We use as unperturbed
states of the full system – electron plus phonons – the states |ΨL(R)

E ; Nj〉 ≡
|ΨL(R)

E (r)〉 |Nj〉.
Let us then expand the wave-functions to second order in the electron-

phonon coupling 6.30∣∣∣ΦL(R)
E ; Nj

〉
=
∣∣∣ΨL(R)

E ; Nj

〉
+
∣∣∣δΨL(R)

E ; Nj

〉
1
+
∣∣∣δΨL(R)

E ; Nj

〉
2
, (6.31)

where |δΨL(R)
E ; Nj〉1 and |δΨL(R)

E ; Nj〉2 are the first-order and second-order
corrections, respectively, to the wave-function. Once these corrections are
calculated one then introduces 6.31 in the current operator

Î(x) =
e�

2mi

∫
dr⊥

[
ψ†(r)

(
∂

∂x
ψ(r)

)
−
(

∂

∂x
ψ†(r)

)
ψ(r)

]
, (6.32)

with the field operator given by Eq. 6.27 and the single-particle electronic
states as modified in 6.31.

If we only retain terms up to second order in the electron-phonon cou-
pling we recover the unperturbed current 5.28 plus two types of inelastic

10 Note that this approach neglects any possible dynamical self-consistent modification of the
electronic Hamiltonian due to the inelastic electron-phonon interaction.
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contributions. The first one contains terms proportional to∫
dr⊥ 〈δΨL(R)

E ; Nj |r〉1
(

∂

∂x
〈r|δΨL(R)

E ; Nj〉1
)
−(

∂

∂x
〈δΨL(R)

E ; Nj |r〉1
)
〈r|δΨL(R)

E ; Nj〉1. (6.33)

These are explicitly written in Appendix H in the case in which there is
weak elastic backscattering.

The second type of inelastic corrections to the current contains terms
proportional to∫

dr⊥ 〈ΨL(R)
E ; Nj |r〉

(
∂

∂x
〈r|δΨL(R)

E ; Nj〉2
)

−
(

∂

∂x
〈ΨL(R)

E ; Nj |r〉
)
〈r|δΨL(R)

E ; Nj〉2 . (6.34)

These terms describe the interference between the zero-order wave-function∣∣∣ΨL(R)
E ; Nj

〉
and the second-order correction

∣∣∣δΨL(R)
E ; Nj

〉
2
. They involve

the emission and absorption of a “virtual” phonon by an electron with initial
and final state at the same energy, i.e., they describe the “elastic” contri-
bution to the inelastic current. I will write this contribution explicitly in
Sec. 6.2.2 when I discuss the calculation of the inelastic current using the
NEGF approach (see Eq. 6.71).

Inelastic transition probabilities

Here I want to give a qualitative account of the inelastic features we expect
due to electron-phonon scattering. In particular, I want to estimate the
inelastic mean-free path λph, and determine which modes contribute the
most to electron-phonon scattering.

This information is included in the terms 6.33 and 6.34. We can however
extract it much more easily as follows. For a general perturbation Ĥp, the
transition probability per unit time between an initial state |i〉 and a final
state |f〉 is given by the following perturbation expression11

Pi→f =
2π

�
|〈f |Ĥp|i〉|2δ(Ef − Ei). (6.35)

In the present case, the initial and final states are of the type
∣∣∣ΨL(R)

E ; Nj

〉
≡∣∣∣ΨL(R)

E (r)
〉
|Nj〉, and the perturbation is Hamiltonian 6.29. We consider two

11 This form is also known as the Fermi golden rule (see, e.g., Sakurai, 1967).
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Fig. 6.2. Schematic of the first-order electron-phonon scattering processes con-
tributing to the correction of the wave-function in the quasi-ballistic regime. Dia-
gram (a) corresponds to a process of an electron propagating from right to left and
emitting a phonon of energy �ωj . The corresponding phonon subsystem makes a
transition from state |Nj 〉 to state |Nj + 1〉. Similarly for the other diagrams.

types of processes due to electron-phonon scattering: (i) electrons (moving
from left to right or from right to left) can absorb phonons, (ii) electrons can
emit phonons (see schematic in Fig. 6.2). During these processes electrons
have to satisfy the Pauli exclusion principle.

Let us consider for simplicity a single mode with energy �ωj . If we cal-
culate the matrix elements appearing in 6.35 explicitly (Exercise 6.2), the
total rate at which electrons emit such a phonon is

I+
j = IR,+

j + IL,+
j

=
2π

ωj
(1 + Nj)

∑
α,β=L,R


∫ dE

∣∣∣∣∣∑
i

Ai,jJ
i,αβ
E−�ωj ,E

∣∣∣∣∣
2

× fα
E

(
1 − fβ

E−�ωj

)
Dα

E−�ωj
Dβ

E

]
. (6.36)

This corresponds to the scattering diagrams (a) and (c) in Fig. 6.2. A factor
of 2 is included in Eq. 6.36 due to spin degeneracy, and we have explicitly
introduced the density of states of the two types of current-carrying states,
D

R(L)
E :

Dα
E =

∫
drDα(r, E) (6.37)
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where Dα(r, E) is the local density of states defined in Eq. 3.127 for only
one type of scattering states.12

Similarly, we can calculate the rate at which the same phonon is absorbed.
We get

I−
j = IR,−

j + IL,−
j

=
2π

ωj
Nj

∑
α,β=L,R


∫ dE

∣∣∣∣∣∑
i

Ai,jJ
i,αβ
E+�ωj ,E

∣∣∣∣∣
2

× fα
E

(
1 − fβ

E+�ωj

)
Dα

E+�ωj
Dβ

E

]
. (6.38)

In the presence of many independent phonon modes the total rate is simply
the sum

I =
∑

j

(I−
j + I+

j ). (6.39)

We see that the coefficients entering in Eqs. 6.36 and 6.38 contain terms
of the type fα

E

(
1 − fβ

E±�ωj

)
which appear precisely because of the Pauli

exclusion principle. Note also that in 6.36 there are terms proportional to
1+Nj . This means that even if all modes have zero average occupation, i.e.,
Nj = 0, ∀j (this corresponds to the ionic temperature θph = 0 in Eq. 6.15),
there is still a contribution to the electron-phonon scattering.

This contribution, known as spontaneous phonon emission, is due to the
energy 1

2
∑

j �ωj appearing in Hamiltonian 6.13.13 This term, which is called
the zero-point energy of the phonons, is therefore not zero even at zero ionic
temperature. The scattering processes at θph = 0 can be thus interpreted
as due to the zero-point energy (vacuum) fluctuations of the ions.

Inelastic mean-free path

Let us discuss the case in which θe = 0 and θph = 0, namely both the
electronic and the ionic temperatures are zero. Therefore, only processes
involving spontaneous emission contribute. By setting these temperatures

12 Explicitly,

DL,R (r, E) =
N L , R

c∑
i=1

|Ψ+
ik i

(r)|2 Di (E),

where Di (E) is the density of states per spin per direction of motion (Eq. 3.48). The sum
DL

E + DR
E = D(E) is the total density of states.

13 This energy contains, in principle, an infinite sum of terms.
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in Eq. 6.39 to zero we get the total rate

I =
∑

j

2π

ωj

∫ µL

µR +�ωj

dE

∣∣∣∣∣∑
i

Ai,jJ
i,LR
E−�ωj ,E

∣∣∣∣∣
2

DL
E−�ωj

DR
E, (6.40)

which is non-zero for biases V = (µL − µR)/e > min{�ωj}/e.
In addition, let us assume for simplicity that the bias is small but still

eV � �ωj , namely the bias is much larger than the energy per unit charge
of the phonon modes that contribute to the rate I. Let us also assume the
density of states, D

L(R)
E , and coupling constant Ji,αβ

E1 ,E2
are slowly varying

functions of energy – call these values, evaluated at the equilibrium Fermi
level, DL(R) for the density and Ji,αβ for the coupling.

We can then approximate the rate 6.40 as

I � eV
∑

j

2π

ωj

∣∣∣∣∣∑
i

Ai,jJ
i,LR

∣∣∣∣∣
2

DLDR, (6.41)

which states that, at low bias and under the above conditions, the electron-
phonon scattering rate varies linearly with bias.

We can employ Eq. 6.41 to estimate the inelastic scattering rate 1/τph and
consequent mean-free path λph in nanojunctions. Consider just one mode
of energy �ω and a bias V some constant times �ω/e, with this constant of
order one.

For typical metallic quantum point contacts we can take Ji,LR ∼ 0.1
eV/Å, DL � DR � 1 eV−1. By taking the ion mass M � 104 me (which en-
ters via the matrix Ai,j , see Eq. 6.9), the scattering rate I ≡ 1/τph calculated
from Eq. 6.41 is about 1013 s−1.

If we assume the single electrons travel at a typical velocity vF ∼ 108

cm/s, we get

λph = vF τph � 1000 Å. (6.42)

This distance is much longer than the typical length of a nanojunction.
Therefore, this result confirms our initial hypothesis that electrons remain

quasi-ballistic (in the sense discussed in Sec. 3.7.4) even in the presence of
inelastic effects and justifies a posteriori the use of perturbation theory for
electron-phonon scattering.14

14 If we assume a finite ionic temperature θph (but still zero electronic temperature) Eq. 6.41
needs to be multiplied by a factor ∼ (1 + 2Nj ) (from Eq. 6.39). At the local ionic temperatures
one expects in these systems (see Sec. 6.3) this factor is of order one, so that the estimate for
the inelastic mean-free path holds.
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“Selection rules” for inelastic scattering

We can now answer the question of which modes contribute the most to
electron-phonon scattering. The structural information on these modes is
contained in the transformation matrix defined in 6.8. From Eq. 6.29 we
then see that it is the product Ai,j Ji,αβ

E1 ,E2
of this matrix with the coupling

constant 6.30 that determines the magnitude of the inelastic scattering.
In a perfectly one-dimensional system we know, from simple considera-

tions on conservation of momentum, that only longitudinal modes can couple
to the current – these are modes with an oscillation pattern in the direc-
tion of current flow; transverse modes would have an oscillation pattern
perpendicular to current flow.15

In a general three-dimensional structure like a nanojunction there is no
such thing as a purely longitudinal or a purely transverse mode. However,
we expect that if a mode has large “longitudinal” character, namely it has
an oscillation pattern that is mostly in the direction of current flow, then
this mode couples easily with electrons.16 Conversely, if the mode has large
“transverse” character then its coupling with the current is small. These
are the “selection rules” that determine the strength of the electron-phonon
scattering in nanostructures.

6.2.2 Inelastic current from the NEGF

Let us now calculate the inelastic contribution to the current using the
Keldysh formalism I discussed in Chapter 4. Here too we will need a series
of approximations to derive a closed set of equations for the single-particle
Green’s functions. Some of these approximations are similar to the ones we
have used in perturbation theory, others are specific to the present approach.

Our starting point is again the static Hamiltonian 6.1. I then assume
that we have made the adiabatic approximation and thus separated the
problem into an electronic one described by a Hamiltonian Ĥel for fixed ionic
positions, a phonon Hamiltonian Ĥph (Eq. 6.13) and the Hamiltonian 6.29
describing the electron-phonon interaction.

I also make the same physical assumptions we have discussed before,
namely I assume that the electronic problem, in the absence of phonons,
can be solved in an effective single-particle approximation.
15 In one dimension, if the electron has wave-vector k and the longitudinal phonon mode has

wave-vector q, then momentum conservation requires q = 2k.
16 In molecular structures making contact to bulk electrodes, due to the presence of the contacts,

there is a large number of “longitudinal” modes, otherwise absent in the isolated nanostructure,
at very low energies - typically energies of a few meV (see, e.g., Chen et al., 2003; Agräıt et
al., 2003).
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To make things even more specific let us assume that, as done in Sec. 3.5.1,
we can divide the system into a central region representing the nanostructure
– and possibly some atoms of the electrodes – which is coupled via spatially
finite potentials to two infinite electrodes decoupled from each other (see
Fig. 3.11), each at equilibrium with its own local distribution.

Referring to Fig. 3.11 the single-electron Hamiltonian can be again written
as in Eq. 3.137

Ĥ = ĤL + ĤR + ĤC + V̂LC + V̂ †
LC + V̂CR + V̂ †

CR. (6.43)

In the absence of electron-phonon interaction the retarded Green’s func-
tion associated with Hamiltonian 6.43 is 3.156, which we rewrite here for
convenience

Ĝ+(E) =
1̂

E − ĤC − Σ̂+
L (E) − Σ̂+

R(E)
. (6.44)

The current, in the absence of phonons, is again given by Eq. 3.229. Up to
this point there is no need of the NEGF.

Due to the confined geometry, we expect the effect of electron-phonon
scattering to be stronger in the junction than in the bulk. We can then
assume that the electron-phonon interaction is confined to the central region
only. This interaction takes the form of the Hamiltonian 6.29 if we know
the scattering wave-functions everywhere in space.

Here, instead, we want to describe the interaction between the “isolated”
states of the central region and the phonons in it. Later on, we will combine
this interaction with the “interaction” with the electrodes. The interaction
Hamiltonian – to be added to 6.43 – thus has a general second-quantized
form (cf. Eq. 6.30)

Ĥe−ph =
∑
n,n′

∑
j

Λj
n,n′ â

†
nân′

(
b̂j + b̂†j

)
, (6.45)

where Λj
n,n′ is some effective electron-phonon coupling constant – for each

mode j – to be determined. To simplify the notation I will also assume that
this coupling is energy independent, Λj

n,n′ → Λj . The results can be easily
generalized to an energy-dependent coupling constant by simply summing
over the states in the central region.

Note that the operators an in Eq. 6.45 act on the states with energies εn

of the central region – Hamiltonian HC – not of the full Hamiltonian 6.43
(see also discussion in Sec. 4.4). The phonon Hamiltonian is instead the
same as before, Eq. 6.13.
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Electron-phonon vs. elastic scattering in the leads

Now, following the Keldysh approach I have described in Sec. 4.4, I cannot
simply apply the electron-phonon perturbation to the single-particle states
of the Hamiltonian 6.43. The reason is that the electron-phonon scattering
may correlate with the electron scattering into the leads, namely the pro-
cesses of elastic scattering into the leads may be a complicated function of
the electron-phonon scattering, and vice versa, the latter may be strongly
influenced by the elastic scattering.

So, the correct way to apply many-body perturbation theory is the follow-
ing: at a given initial time, we switch on adiabatically both the interaction
between the electrons and phonons, and the elastic scattering of the electrons
in the central region into the electrodes, the latter containing non-interacting
electrons – otherwise no closed equation for the current can be obtained (see
discussion in Sec. 4.4).

In addition, if we want to describe a static transport problem, we need to
assume that both the electron and phonon subsystems have reached, in the
long-time limit, an ideal steady state independent of the initial correlations,
and therefore solve for the lesser Green’s function of the electronic subsystem
with the electron-phonon interaction included. We would like to solve this
problem to all orders in the electron-phonon perturbation. In practice, this
cannot be done exactly and we therefore need further approximations, some
of which may indeed neglect important effects in nanostructures. Let me
expand on this.

First of all, we need to decide whether we solve first for the electrode
coupling with no phonons involved, and then include the phonons, or the
reverse: calculate first the electron-phonon self-energy with no electrode
coupling, and then introduce the electrode coupling. The two procedures
do not necessarily lead to the same physical state, and when the two cou-
pling effects are comparable, correlated electron-phonon states originate (see
discussion below) and one, in principle, has to rely on the full many-body
perturbation calculation, which is in general intractable.

We therefore first make the approximation that the electron-phonon cou-
pling does not affect the coupling potentials V̂LC and V̂CR, and correspond-
ing self-energies Σ̂L(E) and Σ̂R(E), Eqs. 3.149 and 3.150, respectively.

This approximation is not valid if the coupling potentials describe the
connection of the nanostructure with the immediately adjacent atoms of the
electrodes. This is because, as already mentioned, for nanoscale systems
phonon modes localized at the interface between the nanostructure and the
electrodes may be present.
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I thus assume that the central region contains enough atoms of the bulk
electrodes so that the potentials V̂LC and V̂CR are localized to a spatial
region where the electron-phonon coupling is negligible compared to the
larger coupling in the nanostructure.

We then calculate the contribution of the electron self-energy due to the
electron-phonon interaction, call this Σ̂+

el−ph(E), in the presence of the elec-
trodes, namely in the presence of tunneling. The self-energy Σ̂+

el−ph(E)
will then be constructed from electron Green’s functions in the absence of
phonons.17 The above procedure is easy to justify if |Σ̂+

L (E)|, |Σ̂+
R(E)| �

|Σ̂+
el−ph(E)|, at all electronic energies.

Whenever |Σ̂+
L (E)|, |Σ̂+

R(E)| � |Σ̂+
el−ph(E)|, then one cannot in principle

apply perturbation theory separately on the electron-phonon or electrode
coupling. In this case, the “renormalization” of the electron energy and its
“lifetime” due to electron-phonon scattering are comparable to the equiva-
lent effect due to elastic scattering into the bulk electrodes. In other words,
coherent effects between electrons and phonons need to be taken into ac-
count and the global current-carrying states may have a non-trivial phonon
contribution – even though we have assumed the phonon coupling occurs in
the central region only. One would then need to resort to the full many-body
perturbation theory with the interaction with the phonons and electrodes
treated on the same footing.

The opposite regime, |Σ̂+
L (E)|, |Σ̂+

R(E)| � |Σ̂+
el−ph(E)|, represents an

electron strongly coupled to the phonons. The latter would then “slow
down” the electron motion (by increasing its effective mass) and, if EF �
|Σ̂+

el−ph(E)|, with EF the ground state Fermi energy, the electron will move
carrying a polarization field with it.

This new coherent electron-phonon excitation is called a polaron and it
may be more stable than a free electron state. I stress however that strong
electron-phonon coupling is not enough for a polaron to form: the resultant
electron-phonon self-energy has to be comparable to the Fermi energy of the
system, or the relevant energy for transport.

In general, the absolute value of electron-phonon self-energies is of the
order of the phonon energies, i.e., tens of meV. For a nanostructure con-
nected to bulk metallic leads EF ∼ 4 − 5 eV, so that we do not expect this
excitation to be present for most of these systems, and we will therefore not
discuss this case any further.18

17 I will outline a self-consistent procedure that allows some degree of correction to the electron
Green’s functions due to phonons, without however changing the type of self-energy, namely
the type of scattering processes.

18 In heavily doped semiconductors, or in polymers, the energy scale of interest is determined
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For quasi-ballistic systems considered here we expect

|Σ̂+
L (E)|, |Σ̂+

R(E)| � |Σ̂+
el−ph(E)| ∀E, quasi-ballistic systems, (6.46)

so that, for this case, we can safely start by assuming the electron states,
with the elastic scattering into the leads included, are unperturbed by the
electron-phonon interaction. (I will discuss later some important exceptions
to this condition.)

All the above analysis allows us to say that, if we can treat the electrode
coupling independently of the electron-phonon one, the contribution of all
these interactions to the total self-energy is simply additive

Σ̂+(E) � Σ̂+
L (E) + Σ̂+

R(E) + Σ̂+
el−ph(E), non-crossing approximation,

(6.47)
which is called the non-crossing approximation precisely because one ne-
glects any possible scattering event that contains simultaneously elastic scat-
tering in the leads and electron-phonon scattering.

Let us then assume we are in a regime in which the approximation 6.47
holds. Using the Dyson equation 4.33, with the “unperturbed” (or “free”)
Green’s function Ĝ+

C associated with the central region Hamiltonian ĤC , the
single-electron retarded Green’s function in the presence of electron-phonon
coupling is

Ĝ+(E) = Ĝ+
C (E) + Ĝ+

C (E) Σ̂+(E) Ĝ+(E)

= Ĝ+(E) + Ĝ+(E) Σ̂+
el−ph(E) Ĝ+(E)

=
1̂

E − ĤC − Σ̂+
L (E) − Σ̂+

R(E) − Σ̂+
el−ph(E)

. (6.48)

The corresponding advanced Green’s function is simply Ĝ−(E) = [Ĝ+(E)]†

(Eq. 3.84).
If the couplings between the central region and the two electrodes are

proportional (see Sec. 4.4) this is enough to calculate the current: we can
use Eq. 4.114 where the spectral function is given by Eq. 4.54. If not, we
need to employ the full expression Eq. 4.113, and thus determine the lesser
Green’s function Ĝ<(E).

Since our unperturbed Hamiltonian describes non-interacting electrons,
from the Keldysh equation 4.95 the lesser Green’s function is (see also
Eq. 4.121)

G<(E) = G+(E)Σ<(E)G−(E) , (6.49)
by the number of thermally activated carriers, and is thus of the order of kB θ. This thermal
energy is comparable to the magnitude of the electron-phonon self-energy, and thus polarons
can easily form in these systems.
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where, within the same approximation 6.47,

Σ<(E) � Σ<
L (E) + Σ<

R(E) + Σ<
el−ph(E) . (6.50)

The lesser self-energy Σ<
L (E)+Σ<

R(E) is given in Eq. 4.122, while Σ<
el−ph(E)

has yet to be determined. We are then just left to determine the self-energies
Σ̂+

el−ph(E) and Σ̂<
el−ph(E). An exact general solution is not available –

even at equilibrium, let alone out of equilibrium – and we need further
approximations. Let us first start from the electron system at equilibrium
coupled with the phonons (themselves at equilibrium). We will generalize
later to the non-equilibrium case.

6.2.2.1 Electron-phonon self-energies at equilibrium

Let us take a step back, and consider the system at equilibrium, fL = fR ≡
f . Let us then follow a single electron in time and see which scattering
mechanisms due to electron-phonon coupling we need to consider, when
interactions with other electrons are absent – or included only at the mean-
field level.

Fig. 6.3. Many-body perturbation expansion of the full Green’s function of a single
electron interacting with phonons but not with other electrons. Diagrams (f) and
(g) involve the interaction of phonons with the electron gas.

As in Sec. 3.4.1, we stipulate the convention that a solid line represents
the “free” – with no interactions – electron Green’s function 6.44, a dashed
line the phonon Green’s function 6.18. The sum of all these scattering
mechanisms is what determines the full electron Green’s function, the one
determined by the Dyson equation 4.33. We represent this full Green’s
function as a double vertical arrow (see Fig. 6.3). This is an example of the
many-body perturbation expansion I have invoked in Chapter 4 but never
discussed explicitly.
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The electron can first evolve in time without scattering, Fig. 6.3(a). Or,
at a given time, it can emit a phonon of frequency ω. Both the phonon and
the electron propagate, and after some time the electron absorbs the phonon
back, Fig. 6.3(b). This is called a one-phonon diagram.

Fig. 6.4. Diagrammatic summation of the one-phonon diagrams of Fig. 6.3.

Another possible mechanism is the one in which the electron scatters with
one phonon and then scatters again with another phonon in a succession of
two one-phonon diagrams, Fig. 6.3(c).

Other diagrams may correspond to the emission and absorption of several
phonons by the same electron, for instance, diagram (d) in Fig. 6.3, where
the electron scatters a phonon, then scatters another phonon – before ab-
sorbing the first one – absorbs the latter one and later on re-absorbs the
first phonon. Diagram (e) is even more complicated and is called a vertex
correction since it renormalizes the vertex between the electron line and the
phonon line. Other diagrams can be as complicated as one can imagine!

The summation of all these diagrams cannot be done exactly. However,
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the summation of diagrams (b), (c) and all (infinite number) other diagrams
that are simple successions of one-phonon diagrams can be summed up ex-
actly. This is easy to see in diagrammatic form in Fig. 6.4. The resulting
self-energy is then represented by the left diagram in Fig. 6.5. The cor-
responding approximation which neglects all other scattering mechanisms
except this one, is called Born approximation (BA).

A further step is to replace (renormalize) the free electron line with the one
corresponding to the (unknown) full propagator, as if all possible scattering
processes occur in between the emission and absorption of a phonon. The
solution to this problem can only be obtained self-consistently: one starts
with the free propagator, obtains the perturbed Green’s function, and re-
places this propagator back into the self-energy, and repeats the process till
self-consistency, thus the name self-consistent Born approximation (SCBA),
right diagram of Fig. 6.5.

This procedure takes care of diagrams of the type (d) in Fig. 6.3 but
not of diagrams of type (f) or (g) in the same figure. Diagram (g), in par-
ticular, takes into account the fact that the emitted phonon, before being
re-absorbed, can generate an electron-hole pair in the electron gas.

Fig. 6.5. Left: one-phonon con-
tribution to the electron-phonon
self-energy (Born approxima-
tion). Right: the electron free
propagator is replaced by the full
propagator (self-consistent Born
approximation).

The Migdal theorem

At equilibrium and for small electron-phonon coupling, one can argue that
all other higher-order processes involving many phonons (for each electron
line) can be neglected. In bulk metals, one can also prove a theorem due
to Migdal (Migdal, 1958) which states that vertex corrections (diagram (e))
are proportional to

√
m/M , with m the electron mass and M the ion mass,

and are therefore small.
There are however cases, specific to transport in nanostructures, where

these approximations may fail. We will discuss these cases later. For the
moment we will assume these approximations can be done, and work with
either the BA or the SCBA.

If one considers explicitly electron-electron interactions, to the diagrams
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in Fig. 6.3 one has to add similar diagrams due to the Coulomb interaction,
making the problem much more complicated. In Sec. 8.6 I will show that
electron-electron interactions beyond mean field are important in nanoscale
systems, and contribute non-trivially to the heating of a nanojunction.

Here we will keep on working with single electrons in a mean-field approx-
imation, namely with the electron Green’s function 6.44.

“Bubble” diagrams in nanostructures

Unlike the case of translationally invariant systems, in the present case there
are certain diagrams involving the electron gas that are of the same order –
in the electron-phonon coupling – as the one-phonon diagrams. These are
represented in Fig. 6.3(f). These diagrams – also called Hartree diagrams –
correspond to an electron that scatters with a phonon of zero wave-vector
and zero frequency, creating a bubble in the electron gas: another electron
is scattered but instantaneously returns to its initial state.

In a translationally invariant crystal this corresponds to a rigid movement
of the whole crystal. The contribution of this process is thus zero on the
basis that an external force keeps the whole crystal in place.

In our problem, instead, diagram (f) would correspond to a rigid motion
of all the atoms inside the central region with respect to the ions of the
nearby electrodes (kept fixed). Its effect on the electron-phonon self-energy
is thus not zero (Galperin et al., 2004).

From diagrams to equations

We can now transform from the diagram language to equations. For the
diagrams in Fig. 6.5, this is done by replacing the electron line with the
“free” electron Green’s function 6.44 (or the full Green’s function in the
SCBA), the phonon line with the “free” phonon propagator 6.17, and each
vertex with the interaction strength Λj . The result is multiplied by a factor
i and integrated over the frequency of the virtual phonons.19

The self-energy function on the Keldysh contour (see Sec. 4.3) thus has
the form

Σel−ph(t − t′) = i�
∑

j

Λj G(t − t′)D0
j (t − t′) Λj . (6.51)

One then replaces the contour variable with the real time one (analytic

19 The scattering conserves frequency, E/�, and momentum. However, the particle energy is not
conserved, hence the name virtual processes described by the diagrams in Fig. 6.3.
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continuation) and finds for the Fourier transforms of the self-energies (see,
e.g., Haug and Jauho, 1996)

Σ̂+
el−ph(E) = i�

∑
j

∫
dω

2π

[
Λj G<(E − �ω)D0

j (E) Λj

+ Λj G+(E − �ω)D<
j (E) Λj

+ Λj G+(E − �ω)D0
j (E) Λj

]
, Born approximation, (6.52)

and

Σ̂<
el−ph(E) = i�

∑
j

∫
dω

2π
Λj G<(E − �ω)D<

j (E) Λj , Born approximation.

(6.53)
In these equations, G+(E) is defined in Eq. 6.44, and G<(E) has been
defined in Eq. 4.123 for the non-interacting system with two different Fermi
distributions. Here we consider equilibrium conditions, fL = fR ≡ f .

As discussed above, in addition to the self-energy of Fig. 6.5 one needs
to add the self-energy corresponding to the Hartree diagram (f) in Fig. 6.3.
This is done by replacing the “bubble” with the canonical average

〈â†nân〉 = −i
∫

dE

2π
{G<(E)}nn, (6.54)

where the equality comes from the Fourier transform of definition 4.101.
As before, the phonon line is replaced by the “free” phonon propagator

D0
j , but this time only its value at zero frequency is necessary. Each vertex is

replaced by the interaction strength Λj . The result is multiplied by a factor
−1 and summed over the states of the central region. The contribution of
the Hartree term to the retarded electron-phonon self-energy is thus

i
∫

dE

2π

∑
j

∑
n

Λj{G<(E)}nnD0
j (ω = 0)Λj . (6.55)

The total retarded self-energy in the Born approximation is therefore

Σ̂+
el−ph(E) = i�

∑
j

∫
dω

2π

[
Λj G<(E − �ω)D0

j (E) Λj

+ Λj G+(E − �ω)D<
j (E) Λj

+ Λj G+(E − �ω)D0
j (E) Λj

]
+ i
∫

dE

2π

∑
j

∑
n

Λj{G<(E)}nnD0
j (ω = 0)Λj . (6.56)
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Together with the self-energy 6.53 it allows the calculation of the electron-
phonon self-energies at equilibrium.

If the SCBA is used, instead of G+(E) and G<(E) as defined in Eqs. 6.44
and 4.123, one would replace in Eqs. 6.53 and 6.56 the full Green’s func-
tions 6.48 and 6.49, and solve the whole set of equations self-consistently.

An even more refined calculation would include the polarization contri-
bution to the phonon propagator we have introduced in Eq. 6.22.20 In this
case one makes the substitution D0

j → Dj . This problem also needs to be
solved self-consistently, since the polarization contribution to the phonon
propagator is not generally known analytically.

The Hartree term in 6.52 is easy to understand, the others are less clear.
A simplification to the problem, which helps us understand these terms,
occurs when one assumes Σ̂+

L = Σ̂+
R ≡ Σ̂+ and ΓL(E) = ΓR(E) ≡ Γ(E) =

−2Im{Σ+(E)} so that G<(E) is (from Eq. 4.59)

G<(E) = 2πi f(E)A(E) , (6.57)

with A(E) the spectral function. If we approximate A(E) with a δ-function,
A(E) = δ(E− εn), which is appropriate for a free particle (Eq. 4.61), we can
carry out the integral in Eq. 6.52 exactly and obtain (Exercise 6.3)

Σ̂+
el−ph(E) =

∑
j

Λj

[
Nj + 1 − f(εn)

E − �ωj − εn + iη
+

Nj + f(εn)
E + �ωj − εn + iη

]
Λj , (6.58)

with η an infinitesimal positive number.21

Expression 6.58 as it stands does not seem very transparent, in particular
with respect to the statistics of electrons and phonons. However, one can
prove that it is similar to the energy correction to the single-particle state
of energy εn one would obtain from second-order perturbation theory with
terms proportional to22

Λj(1 + Nj) f(εn′)[1 − f(εn)] Λj

εn′ − εn − �ωj
, phonon emission, (6.59)

20 More generally, the phonons in the central region acquire a finite lifetime due to the (elastic or
inelastic) interaction with the bulk phonons of the electrodes (see discussion in Sec. 6.3.1), or
due to electron-hole pair production (diagram (g) in Fig. 6.3).

21 In this example the eigenvalues εn are in reality εn + Re{Σ+ (E)} (see Exercise 6.3).
22 We urge the interested reader to read Mahan (1990), p. 176-178, for such a proof. One can

also show (Mahan, 1990, p. 171-173) that for a given frequency ωj , ImΣ+
e l−ph (E) = 0 in the

energy range [EF − �ωj , EF + �ωj ]. This means that the electron (or hole for energies below
the Fermi level) does not acquire an electron-phonon lifetime unless its energy is large enough
to scatter a phonon, namely large enough so that the Pauli exclusion principle is not violated.
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and
ΛjNj f(εn′)[1 − f(εn)] Λj

εn′ − εn − �ωj
, phonon absorption, (6.60)

where the terms f(εn′)[1−f(εn)] are necessary to satisfy the Pauli exclusion
principle.

This shows that the electron-phonon self-energy is a correction to the en-
ergy of the free particle, proportional to the occupation of the phonon modes
and the strength of the coupling, whenever the scattering process is allowed
(initial state occupied, final state empty), similar to what we have found for
the inelastic transition probabilities (cf. Eqs. 6.36 and 6.38).

State lifetime due to electron-phonon scattering

From all this we can then define the “broadening” of the electron states due
to the electron-phonon interaction as (see Eq. 4.67)

Γ̂el−ph(E) = −2Im{Σ̂+
el−ph(E)}, (6.61)

and corresponding lifetime (Eq. 4.69)

τel−ph(E) = − �

Im{Σ̂+
el−ph(E)}

. (6.62)

6.2.2.2 Electron-phonon self-energies out of equilibrium

We are now ready to move on to the non-equilibrium case. Under the
same assumption 6.46 of quasi-ballistic electrons, and within the Born ap-
proximation (or SCBA) we can generalize the above results to the case in
which fL 	= fR by simply replacing the equilibrium G<(E) with the non-
equilibrium one defined in Eq. 4.123. If we employ, for instance, the Born
approximation, we can then use this Green’s function in Eq. 6.56 and carry
out the calculation of the self-energy as in the equilibrium case.

In order to take into account the non-equilibrium nature of the phonons
one can replace in Eq. 6.56 the “free” phonon propagator D0

j with a modified
one Dj , which includes an effective phonon lifetime due to the scattering of
phonons into the bulk electrodes (see also Sec. 6.3.1), much like the propa-
gator Dj one would calculate due to polarization effects (see Eq. 6.22). The
problem could then be solved self-consistently with respect to the phonons
as well.
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Electronic resonances and localized phonons

However, in the non-equilibrium case we need to be more careful about
the approximations we employ to calculate Σ̂+

el−ph(E). For instance, in
the presence of electronic resonances, multiple electron reflections inside
the central region can reduce the values of Σ̂+

L (E) or Σ̂+
R(E) around the

resonance energies considerably (see discussion in Sec. 3.7.1.1).
At these energies, the magnitude of Σ̂+

L (E) + Σ̂+
R(E) may be thus com-

parable to the magnitude of Σ̂+
el−ph(E), rendering the BA (and SCBA) dis-

cussed above less justified. Physically, this is because an electron may emit
or absorb several phonons in one process before “escaping” from the central
region, and therefore one would need to sum diagrams that are not included
in the BA (or SCBA).

Another case that needs particular care is when there are phonons that
are weakly coupled to the phonons of the electrodes – localized phonons.
In this case, replacing the “free” phonon propagator D0

j with a modified
phonon one Dj , which includes an effective phonon lifetime does not make
much sense.

The issue is related to the fact that these localized phonons can be in a
highly non-equilibrium configuration due to the continuous interaction with
non-equilibrium electrons: these modes are continually “pumped” by the
incoming electrons and may actually lead to a structural instability of the
nanojunction and, eventually, to breaking of atomic bonds (see also discus-
sion in Sec. 6.3). This again cannot be captured by the BA or even the
SCBA.

Total current of independent electrons interacting with phonons

We therefore exclude these cases and just focus on quasi-ballistic systems
for which the electron self-energy can be calculated as in Eq. 6.56. We
have considered all along independent electrons (interacting with each other
at most at a mean-field level) but interacting with phonons in the central
region. The current for this case is again given by 4.113 which I re-write
here for convenience

I =2
ie
2�

∫
dE

2π
Tr
{
[ΓL(E) − ΓR(E)]G<(E)

+ [fL(E)ΓL(E) − fR(E)ΓR(E)](G+(E) − G−(E))
}

.

(6.63)

The Green’s functions are now propagators with both elastic scattering into
the electrodes and inelastic scattering due to phonons. All quantities depend
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on the external bias and, in general, need to be determined self-consistently
at any given bias.

We can gain more insight into the physics of the inelastic current by doing
the following algebraic manipulations. From Eq. 6.48 we get

[Ĝ+]−1 − [Ĝ−]−1 =
(
Σ̂−

L − Σ̂+
L

)
+
(
Σ̂−

R − Σ̂+
R

)
+
(
Σ̂−

el−ph − Σ̂+
el−ph

)
= i
[
Γ̂L + Γ̂R + Γ̂el−ph

]
, (6.64)

that can be equivalently written as

i
[
Ĝ+ − Ĝ−

]
= Ĝ+

[
Γ̂L + Γ̂R + Γ̂el−ph

]
Ĝ− . (6.65)

By replacing this expression (and using 6.50) in Eq. 6.63, the latter can be
separated in two parts (Exercise 6.4)

I = Iel + Iin, (6.66)

where

Iel =
e

π�

∫ +∞

−∞
dE [fL(E) − fR(E)] Tr{Γ̂R(E) Ĝ+(E) Γ̂L(E) Ĝ−(E)},

(6.67)
and

Iin =
ie
2�

∫ +∞

−∞

dE

2π
Tr
{

[ΓL(E) − ΓR(E)]Ĝ+(E) Σ̂<
el−ph(E) Ĝ−(E)

− i[fL(E)ΓL(E) − fR(E)ΓR(E)]Ĝ+(E) Γ̂el−ph(E) Ĝ−(E)
}

. (6.68)

We call the first term elastic because it has the same form as the cur-
rent 3.229 for non-interacting electrons without phonon scattering. How-
ever, this terminology is deceiving because the Green’s functions appearing
in Eq. 6.67 contain contributions from the phonons.

We also note that if the coupling of the central region with the left elec-
trode or with the right electrode is zero (either ΓL(E) = 0 or ΓR(E) = 0),
then both Iel and Iin are zero. This is easy to see for Iel, less so for Iin. We
leave this demonstration as an exercise (Exercise 6.4).

We can further manipulate the expression of Iel using the Dyson equa-
tion 6.48. By introducing 6.48 into 6.67 we get

Iel = I0
el + δIel, (6.69)
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where

I0
el =

e

π�

∫ +∞

−∞
dE [fL(E) − fR(E)] Tr{Γ̂R(E) Ĝ+(E) Γ̂L(E) Ĝ−(E)},

(6.70)
and

δIel =
e

π�

∫ +∞

−∞
dE [fL(E) − fR(E)]

×
[
Tr{Γ̂R Ĝ+ Σ̂+

el−ph Ĝ+ Γ̂L Ĝ−

+ Γ̂R Ĝ+ Γ̂L Ĝ− Σ̂−
el−ph Ĝ−

+ Γ̂R Ĝ+ Σ̂+
el−ph Ĝ+ Γ̂L Ĝ− Σ̂−

el−ph Ĝ−}
]

. (6.71)

The term I0
el is precisely the current in the absence of electron-phonon

interaction (see Eq. 3.229). The total inelastic contribution to the current
is therefore δIel + Iin. As anticipated in Sec. 6.2.1 the term δIel is precisely
the one that originates from the interference between the zero-order wave-
function and its second-order correction, and corresponds to the “elastic”
emission and absorption of a virtual phonon.

Conductance increase or decrease due to phonon scattering

In Appendix H I show that for weak elastic backscattering the current is
reduced by inelastic effects. An experimental example of this case is shown
in Fig. 6.1 where a drop in conductance is observed at specific biases. Here
I show that the sum δIel + Iin may also be positive: the conductance may
increase due to inelastic scattering. The reason for this can be understood
quite easily despite the complicated structure of both δIel and Iin.

In Sec. 3.4.2.1 we saw that the retarded and advanced Green’s functions
– in a positional basis – of a free particle in one dimension are oscillating
functions of position (Eqs. 3.131 and 3.134), while for bound states they
are the same real and exponentially decaying functions (Eq. 3.136).23 In
addition, one can show that at zero temperature the imaginary part of the
retarded self-energy is an even function of the energy (the zero being the
equilibrium Fermi energy), while the real part is an odd function (see Mahan,
1990, p. 596).

For simplicity let us consider the proportional coupling case, ΓL(E) =
ΓR(E) ≡ Γ(E) ,∀E, and work at a low bias, but large enough that electron-
phonon scattering is allowed. Let us then assume that the central region has
23 Similar considerations apply in 3D.
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very few electronic states that are weakly coupled to the states of the elec-
trodes. The electron Green’s functions, in a positional basis, are therefore
exponentially small in the central region at those energies.

To first order in the Dyson equation 6.48 we can then write

Ĝ+(E) � Ĝ+(E) + Ĝ+(E) Σ̂+
el−ph(E) Ĝ+(E) , weak coupling, (6.72)

and similarly for Ĝ−(E). By replacing these into Eqs. 6.68 and 6.71 and
neglecting cubic (and higher) terms in the Green’s functions, we see that
δIel is zero and Iin is expression 6.68 with Ĝ+(E) and Ĝ−(E) replaced by
Ĝ+(E) and Ĝ−(E), respectively:

Iin � e

2�

∫ +∞

−∞

dE

2π
[fL(E) − fR(E)]Tr

{
Γ(E)Ĝ+(E) Γ̂el−ph(E) Ĝ−(E)

}
.

(6.73)

Fig. 6.6. Schematic of the con-
ductance as a function of bias
in the presence of electron-
phonon scattering. If the elec-
tronic states of the central region
are weakly coupled to the elec-
tronic states of the electrodes,
an increase of conductance cor-
responding to the phonon energy
may occur. If these states are
strongly coupled to the states of
the electrodes, a decrease of con-
ductance occurs.

The term in the trace contains the square of real functions times Γ̂el−ph(E)
= −2Im{Σ̂+

el−ph(E)}, which is a positive quantity (see discussion in Sec.
4.2.4). Therefore, under these conditions, the contribution Iin is positive:
the current increases due to electron-phonon scattering, as if extra “chan-
nels” are introduced by the interaction with phonons. One would then
observe a step-like increase in conductance corresponding to the energy of
those modes that couple strongly with electrons (Fig. 6.6).

If, on the other hand, we consider many electron states in the central
region, and these states are strongly coupled to the states of the electrodes,
then the electron Green’s functions are oscillating functions of position
with coefficients given by a mixture of Re{Σ̂+

el−ph(E)} and Im{Σ̂+
el−ph(E)}.

Since these functions are odd and even in energy, respectively, the sums in
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Eqs. 6.68 and 6.71 can be viewed as combinations of constructive and de-
structive interference patterns of scattering amplitudes with the cumulative
effect being a small contribution to the elastic current. When the destruc-
tive interference dominates over the constructive one, the current is reduced
by electron-phonon scattering (Fig. 6.6).24

The above analysis is clearly over-simplified, and in a real nanojunction
one may have both types of couplings at different energies. The increase or
decrease of the current due to electron-phonon coupling is thus a function
of the microscopic details of both the self-consistent electronic distribution
under current flow and the atomic configuration.

6.3 Local ionic heating

Let us now discuss another important effect that occurs due to electron-
phonon scattering: current-induced local ionic heating of nanoscale systems
(Todorov, 1998; Chen et al., 2003; Segal and Nitzan, 2002).

As I have anticipated in Chapter 1, due to the dimensions of nanoscale
structures, electrons spend a small amount of time in the junction, making
the elastic contribution to the current the dominant one. In gold atomic
point contacts, for instance, this means an experimental conductance very
close to the quantized one (2e2/h) (see Agräıt et al., 2003).

Every electron, therefore, “crosses” the nanoscale junction almost without
inelastic scattering. In other words, each electron, on average, releases only
a small fraction of its energy to the underlying atomic structure during
the time it spends in the junction, making transport quasi-ballistic. I have
corroborated this point with simple estimates of the inelastic electron mean-
free path in Sec. 6.2.1.

However, due to the much smaller number of atoms in a nanoscale system
compared to the bulk of the electrodes, the current density is much larger in
the junction than in the bulk. As a consequence, the number of scattering
events per unit volume and unit time, or equivalently the power per atom, is
much larger in the junction compared to the bulk. This power must then be
dissipated into the bulk electrodes via some efficient mechanism of lattice
heat conduction (see discussion later in this section). At steady state we
thus expect that the ions in the junction are at a different local temperature
than those in the bulk. This is illustrated schematically in Fig. 6.7.

24 The fact that this contribution is negative in the weak backscattering case is not so easy to
determine and requires explicit calculations of δIel and Iin . Physically one can explain this
fact by noting that an additional electron momentum change occurs due to electron-phonon
scattering, thus increasing the resistance.
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Fig. 6.7. Schematic of an atomic junction with current flowing across it. The elec-
trons transfer some power Pv to the ions. This power has to be dissipated away to
the bulk electrodes via lattice heat conduction Ith . At steady state the ions have
thus an effective temperature locally in the junction higher than in the bulk.

As in Sec. 2.4, here by “local temperature” I mean the one ideally measured
by a local probe at equilibrium with the system at the given point in space.

This is clearly an idealization and one needs different tools to extract
the local temperature experimentally. This has been done in atomic and
molecular junctions demonstrating the phenomenon of local ionic heating
(Huang et al., 2006; Tsutsui et al., 2007; Wang et al., 2007). In Huang et al.
for instance, the force necessary to break the junction has been measured
as a function of bias. From this force one can extract an effective local
temperature. This experimental temperature as a function of bias is shown
in Fig. 6.8 for an octanedithiol molecule in between two gold electrodes.
From the figure it is clear that an effective temperature larger than the
nominal background (room) temperature is found. I anticipate here that this
temperature also contains an important contribution from electron-electron
interactions (see Sec. 8.6).

In this section I want to determine this temperature and its bias depen-
dence from a microscopic theory.

Local ionic heating: simple considerations

In a nanojunction there is a discrete set of vibrational modes – with some
degree of coupling to the electrode bulk modes – so that local heating of the
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Fig. 6.8. Experimental local temperature of an octanedithiol molecule in between
two bulk electrodes as a function of the bias. The inset shows its fourth-power
dependence on the square of the bias. Reprinted with permission from Huang et
al. (2006).

ions of the junction occurs when the bias is large enough to excite the mode
with lower energy.

Let us call the energy of this mode �ωc and the corresponding “critical”
bias Vc. At steady state, the energy exchanged between electrons and ions,
and the energy dissipated from the junction into the bulk make the net
power exchanged between electrons and ions zero, so that the ions of the
junction experience an effective local temperature θeff higher than the one
associated with the ions in the bulk (see Fig. 6.7).

Here, the phonons may have a local distribution different in the junction
compared to the bulk. At steady state, however, as an approximation we
can take the phonon distribution to have the same form as the equilibrium
one 6.15 but with a spatially dependent temperature, θeff (r). While this
assumption may not be exact, it is a good starting point to determine the
effective local temperature in the junction.25

Before discussing the quantum theory of local ionic heating let us make
simple considerations on the bias dependence of this effect. Let us begin by
assuming that the electrons are at zero temperature and the ions deep into
the bulk electrodes also have zero background temperature, θ0 = 0.

The power generated in the nanostructure due to the electron flow, has

25 Determining the actual form of the non-equilibrium distribution would require, for each nanos-
tructure, a self-consistent theory of coupled phonon and electron flow. To the best of my
knowledge such a theory has not been developed yet.
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to be a small fraction of the total power of the circuit V 2/R (V is the bias,
R is the resistance). Let us define this fraction Pv = Θ(V − Vc)γV 2/R,
with γ a positive constant to be determined from a microscopic theory, and
I have explicitly introduced the step function Θ so that for V < Vc there is
no transfer of energy between electrons and ions of the junction.

As discussed above, at steady state this power has to balance the thermal
current Ith (heat per unit time) carried away into the bulk electrodes. For
a nanostructure, lattice heat conduction may be a complicated function
of the coupling between the modes of the junction and the modes of the
bulk electrodes. For instance, I have anticipated that a nanojunction may
support local phonon modes that are weakly coupled to the bulk modes of
the electrodes. The heat associated with these modes would thus be difficult
to dissipate and the structure may become unstable. I will come back later
to this point.

For the moment let us suppose that the lattice heat conduction follows
a bulk law. I will show later that this law can be recovered under condi-
tions of elastic phonon scattering, i.e., as for electrons, scattering processes
that allow phonons to scatter from the nanojunction out to the bulk region
without changing their energy.

In the bulk, we know that lattice energy is carried away at low tempera-
tures at a rate Ith = α θ4

eff with α the lattice heat conductance (see, e.g.,
Ashcroft and Mermin, 1975).

By equating the power in and the power out the junction – steady-state
condition – we then get26

Pv = Ith =⇒ θeff = Θ(V − Vc)
( γ

αR

)1/4 √
V , zero background θ. (6.74)

We therefore see from this simple argument that, under the assumption of
bulk lattice heat conductance, the bias dependence of the temperature of the
junction follows a square-root law (Todorov, 1998; Chen et al., 2003), if the
resistance, as well as the other parameters in 6.74, does not vary appreciably
with bias – reasonable in linear response.

Let us now take the background temperature far away from the junction to
be some some finite temperature θ0. As before, let us also consider the bulk
form for lattice heat conductance. In addition to the energy generated in
the junction, which is carried away to the bulk at an out-rate Iout

th = α θ4
eff ,

26 The estimate I make of the effective temperature of the junction corresponds to an “average”
temperature associated with the atoms of the nanostructure and possibly a few atoms of the
nearby electrodes. As discussed in Footnote 25 , the calculation of the actual profile θph (r)
would also require a self-consistent calculation of the non-equilibrium phonon distribution in
the presence of current.
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we also have the energy that is carried from the bulk to the junction at an
in-rate Iin

th = α θ4
0.

27

The steady-state condition now reads

Pv = Iin
th − Iout

th =⇒ θeff = (θ4
0 + θ4

v)
1/4, finite background θ, (6.75)

where θv is now the contribution to the local temperature due to the bias
only, namely θv = Θ(V − Vc)

( γ
αR

)1/4 √
V .

Heating from localized modes

These are simple considerations and are based on the assumption that the
heat conduction mechanism is the same as in the bulk. As mentioned above
this may not be the case when there are modes that have weak coupling
with the modes of the nearby bulk electrodes. In this case, the rate at
which electrons excite these modes may be considerably faster than the rate
at which their associated energy can be dissipated in the bulk. This electron-
pumping effect can thus give rise to extremely high temperatures. We can
estimate these temperatures with the following argument.

In a current-carrying system the electrons are not in their ground state.
Therefore, even if their background temperature is zero, some of them are
above the ground-state Fermi level simply due to the presence of the bias
V . This provides an effective energy window for inelastic electron-phonon
scattering of width of order eV . The localized vibrational modes therefore
“see” this excited electronic system as if the latter has an effective finite
temperature of the order of eV/kB . The effective ionic temperature is then
simply

θeff ∝ eV/kB, localized phonons. (6.76)

Note that this argument is independent of the strength of the electron-
phonon coupling: the effective temperature of a localized phonon mode is
related to the “departure” of the electron distribution from equilibrium, not
to the energy transferred from the electrons to the ions. We therefore expect
the proportionality constant to be of order one.

If this is the case, then a bias of 0.1 V would give rise to a temperature of
about 1000 K! At these temperatures the nanostructure is likely to undergo
structural instabilities and fracture of bonds. If these instabilities occur,
they are likely to nucleate at the atomic bonds with reduced coordination,
27 This reasoning is similar to one I have used to determine the total electrical current, which can

be written as the difference of the current from right to left and the current from left to right,
Sec. 3.3.3.
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for instance the atoms at the contact region between the nanostructure and
the bulk electrodes.

Quantum theory of local ionic heating

We can now move on to the calculation of the local heating effect using
the microscopic theory of electron-phonon coupling we have developed in
the previous sections. Our starting point is the coupling Hamiltonian 6.29.
We want to determine the energy per unit time transferred among electrons
and ions coupled via this Hamiltonian. This power can be calculated using
time-dependent perturbation theory as follows.

If we refer again to Eq. 6.35 with |i〉 and |f〉 states corresponding to any
of the processes represented in Fig. 6.2, where a phonon of energy �ωj is
exchanged, then the energy per unit time transferred between electrons and
ions for that particular process is simply

Wj = �ωjPi→f =
2π

�
�ωj |〈f |Ĥp|i〉|2δ(Ef − Ei). (6.77)

The matrix elements appearing in Eq. 6.77 are the ones we have computed
for Eqs. 6.36 and 6.38. We therefore get for each mode with energy �ωj

W∓
j = WR,∓

j + WL,∓
j

= 2π� (δ + Nj)
∑

α,β=L,R


∫ dE

∣∣∣∣∣∑
i

Ai,jJ
i,αβ
E±�ωj ,E

∣∣∣∣∣
2

×fα
E

(
1 − fβ

E±�ωj

)
Dα

E±�ωj
Dβ

E

]
. (6.78)

In the last equality, δ = 1 and “−” sign are for the scattering diagrams (a)
and (c) in Fig. 6.2, and δ = 0 and “+” sign for diagrams (b) and (d). A
factor of 2 due to spin degeneracy also appears in Eq. 6.78.

The total thermal power generated in the junction is therefore the sum
over all vibrational modes for the four processes of Fig. 6.2

P =
∑

j

(
WR,+

j + WL,+
j − WR,−

j − WL,−
j

)
, (6.79)

with processes (a) and (c) contributing to heating of the structure, and
processes (b) and (d) contributing to cooling.

Due to the spontaneous emission terms in Eq. 6.79, by increasing the
ionic temperature θph, heating is at first the dominant term (see Fig. 6.9).
Cooling processes have zero contribution at θph = 0, but slowly pick up
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Fig. 6.9. Power as a function of temperature for heating and cooling processes.
When these two balance each other, a steady-state temperature θss is achieved.

with temperature, until at a given (steady-state) temperature θss they ex-
actly compensate the heating ones and make the power P in 6.79 zero (see
Fig. 6.9).

In reality, from the power in Eq. 6.79 we need to subtract the energy
per unit time that is transferred from the junction to the bulk electrodes.
This is an extra cooling process which lowers the temperature even further:
θss → θeff .

Before discussing this point, let us note that if we set θe = 0 and θph = 0
– both the electronic and the ionic temperatures equal to zero – then only
processes of type (c) involving spontaneous emission contribute. Setting
these temperatures in Eq. 6.78 to zero we get the total power

P = 2π�

∑
j

∫ µL

µR +�ωj

dE

∣∣∣∣∣∑
i

Ai,jJ
i,LR
E−�ωj ,E

∣∣∣∣∣
2

DL
E−�ωj

DR
E. (6.80)

As anticipated with the simple model 6.74, we thus see that at zero
background temperature – for both electrons and ions – a bias larger than
Vc = min{�ωj}/e is necessary to generate heat locally in the junction.

As we have done for the scattering rate calculation in Sec. 6.2.1, let us
also assume eV � �ωj and the density of states, D

L(R)
E , and coupling con-

stant, Ji,αβ
E1 ,E2

, slowly varying with energy (with DL(R) and Ji,αβ their values,
respectively, evaluated at the equilibrium Fermi level). The power 6.80 can
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then be approximated as

P � 2π�eV
∑

j

∣∣∣∣∣∑
i

Ai,jJ
i,LR

∣∣∣∣∣
2

DLDR. (6.81)

The quantity 2π�
∑

j

∣∣∑
i Ai,jJ

i,LR
∣∣2 DLDR “counts” the number of scat-

tering events per unit time that occur locally in the volume of the junction.
Since in linear response the current I ∝ V , we therefore see from Eq. 6.81
that the power P is proportional to the current density in the junction, as
we have anticipated at the beginning of this section.

I finally note that for a current of about 10 µA at a bias of 0.1 V, the power
of the total circuit is about 1 µW. For systems that carry a similar current
at that bias we can take again Ji,LR � 0.1 eV/Å, DL ∼ DR � 1 eV−1. With
M � 104 me, the power for a single mode calculated from Eq. 6.81 is about
10−2 µW at 0.1 V.

As anticipated, the power dissipated to a single mode in the junction is a
small fraction of the total power of the circuit, even though the power per
atom is larger in the junction.

6.3.1 Lattice heat conduction

We are now left to consider the mechanisms that carry the power generated
in the junction away into the bulk. I stress here that a complete theory of
heat transport in nanostructures is not yet available. However, we can argue
about a plausible form of heat conduction along the following lines.

At the length scales we consider here and for quasi-ballistic transport,
the heat needs to be dissipated very fast for the nanostructure to remain
stable. For instance, for a typical current of 1µA, electrons “cross” the
nanojunction at a rate of about 1013 s−1, and in the process they excite
modes of the junction. Therefore, this frequency sets the minimum rate at
which heat needs to be dissipated in the bulk to avoid structural instabilities.

In bulk systems, we know that if we consider ionic temperatures, θph,
smaller than the Debye temperature, θD , of the bulk (typically of the order
of few hundred K), then the rate at which inelastic phonon processes – tran-
sitions between different modes of different energy – occur is of the order
of e−θD /θph , i.e., it is exponentially suppressed (see, e.g., Ashcroft and Mer-
min, 1975). This is due to the fact that in a perfect crystal there is a small
probability of Umklapp processes, those that destroy crystal momentum and
thus contribute to a finite heat conductivity.

In the absence of such processes, the total crystal momentum would be



320 Electron-ion interaction

conserved even if anharmonic effects – originating from higher-order terms
in the expansion 6.6 – are present28 and the thermal conductivity would
be infinite: the system cannot reach either local or global thermodynamic
equilibrium.

A nanostructure breaks the translational invariance of the bulk electrodes,
and therefore we expect these processes to be of limited use in proximity to
the junction (provided they can be defined at all in the absence of translation
invariance).

We therefore expect that elastic scattering of the phonons of the junction
into the bulk (continuum) phonon modes of the electrodes to be the most
efficient way to dissipate heat and restore local thermal equilibrium.29

Similar to what we have done in the case of electron transport within
the Landauer approach of Chapter 3, this elastic phonon scattering can be
thought of as originating from an “imbalance” of phonon distributions – or,
equivalently, a thermal gradient – between two reservoirs of phonons (see
Fig. 6.10). Here I describe the following simple model that captures the
main physics of this problem.

Let us consider two reservoirs of phonons connected via a weak mechanical
link of length L – our junction, which we will later assume to be a spring
with a given stiffness. A phonon of energy E = �ω thus has a probability
Tph to carry its energy across the mechanical link from one reservoir to
the other. Let us call NR the local phonon distribution 6.15 of the right
reservoir – with effective temperature θR higher than the left one – and NL

the distribution of the left one.
The net thermal current carried by this phonon in an interval of energy

dE must thus have the form (see discussion in Sec. 3.3.3 and Rego and
Kirczenow, 1998; Patton and Geller, 2001)30

dI�ω ∝ dE E Tph(E) [NR(E) − NL(E)], (6.82)

which is similar to the Landauer equation for electrons (Eq. 3.56).31

In order to take into account all possible energies of independent phonon
28 Processes that conserve total crystal momentum are called normal. The terminology of normal

and Umklapp processes applies to electrons as well. As we will discuss in Chapter 7, the first
cannot contribute to inelastic relaxation effects, and thus to the resistance.

29 Inelastic phonon processes would again be of importance away from the junction where Umk-
lapp processes are also expected to contribute.

30 I am here implicitly assuming that all the energy is carried away by the phonons. Also, that
the only contribution to heat dissipation is from longitudinal phonons, so that, as in the case
of electron transport, the 1D density of states cancels exactly the velocity of the phonon (see
discussion in Sec. 3.3.3).

31 Following a similar argument one can also show that in ballistic (with respect to phonons)
quasi-1D wires supporting one phonon channel, when heat is carried only by phonons (dielectric
media), the thermal conductance is quantized with quantum πk2

B θ/6� (Rego and Kirczenow,
1998; Schwab et al., 2001).
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Fig. 6.10. Schematic of two reservoirs of phonons with different distributions (NL

and NR ) connected by a weak mechanical link, represented by a spring of given
stiffness. The energy per unit time carried by a phonon of energy �ω depends on
the local vibrational density of states at the contact (nL and nR ) between the link
and the left and right reservoirs.

modes then one simply integrates in energy Eq. 6.82 from zero – the lowest
possible mode energy – to infinity:32

Ith ∝
∫ ∞

0
dE E Tph(E) [NR(E) − NL(E)]. (6.83)

We just need to determine the proportionality constant and the transmis-
sion probability. A microscopic model of the link between the nanostructure
and the bulk electrodes is thus necessary. If we describe the junction as a
weak mechanical link of a given stiffness K33 and denote with nR(E) and
nL(E) the corresponding local vibrational density of states of phonon modes
at the interface between the right reservoir and the mechanical link, and the
latter and the left reservoir (see Fig. 6.10), then one can show along the lines
of the transfer Hamiltonian (Exercise 3.21) that at temperatures θph � θD

(Patton and Geller, 2001)

Ith =
4πK2

�

∫ ∞

0
dE E nR(E)nL(E) [NR(E) − NL(E)] . (6.84)

32 A similar argument allows us to derive an equivalent expression for electron heat conduction
(see Sec. 8.6.1).

33 The stiffness K = πd2 Y/4L, where Y is the Young’s modulus of the junction, and d (L) is its
diameter (length) (Patton and Geller, 2001).
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At very low energies the 2D local vibrational density of states n(E) is
typically proportional to the energy, i.e., n(E) = bE with b a constant to
be determined microscopically.34 Using this result, and assuming the bulk
temperature zero, we see from Eq. 6.84 that at low temperatures

Ith ∝ K2 θ4 ∝ L−2 θ4, (6.85)

where in the last expression I have used the relation between the stiffness
and the length L of the mechanical link.33

Equation 6.85 is precisely the bulk fourth-power law I have assumed from
the outset to derive Eq. 6.74. This microscopic picture also shows why, for
a localized phonon mode, this fourth-power dependence is not necessarily
satisfied. In this case, the local vibrational density of states is enhanced
in correspondence to the energy of the phonon, so that nL,R(E) and also
Tph(E) are not simple algebraic functions of the energy, thus leading to a
different temperature dependence of the thermal current.

Neglecting the above case, and considering now the length dependence
of the thermal current I have just derived, Eq. 6.85, I can redo the simple
estimates of the local temperature, and find its dependence on the length of
the junction.

If the power generated locally in the nanostructure is length independent35

Pv = Ith =⇒ θeff ∝ Θ(V − Vc)
√

L
√

V , zero background θ, (6.86)

which shows a weak dependence on length.
For molecular structures the current decays exponentially with length,

and the resistance increases accordingly. If R = R0e
βL is the change of the

resistance with length from a fundamental value R0 (β is a characteristic
inverse decay length) the power generated locally in the structure is Pv =
Θ(V −Vc)γV 2/R = Θ(V −Vc)γe−βLV 2/R0. Equating this power to Eq. 6.85
we find

Pv = Ith → θeff ∝ Θ(V − Vc)
√

L e−βL/4
√

V , zero background θ, (6.87)

so that the effective temperature shows a stronger dependence on length
(Chen et al., 2005).36

34 This dependence is due to the presence of acoustic phonon branches. Quite generally, the
relation is of the type n(E) = b Eα , with α some positive number. For instance, n(E) scales
as E2 in 3D. α = 1 at the planar surface of a semi-infinite isotropic elastic continuum, which
is what I am assuming here. A different power law gives rise to a different heat dissipation
behavior.

35 This is, for instance, fairly well satisfied by metallic quantum point contacts.
36 This analysis is clearly a simplification of the real physical situation of heat generation and

transport. For instance, for molecular structures, the phonon wave-function “mismatch” be-
tween the vibrational modes inside the structure and the bulk ones may favor non-trivial elastic
scattering of the former, possibly leading to a different local temperature dependence on length.
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The fact that local heating decreases with the length of the junction in
molecular structures has been recently verified experimentally on alkanethi-
ols of different lengths (Huang et al., 2007) (see Sec. 8.6).

Referring again to Fig. 6.10, if we consider the average effective tempera-
ture in the junction, θeff , to first approximation the latter can be assumed
to be the average between the left and right phonon reservoir tempera-
tures.37 In reality, the nanojunction has a temperature θeff higher than
the temperature of both left and right electrodes, θ0. We can thus modify
the above arguments by realizing that the thermal current from the junc-
tion with temperature θeff dissipated to the left electrode with temperature
θ0 is equivalent to the thermal current of a weak mechanical link between
heat “reservoirs” with temperatures 2θeff − θ0 and θ0 (Chen et al., 2003).
Analogously for the thermal current into the right electrode. The total ther-
mal energy carried away from the junction due to elastic phonon scattering
would be the sum of these two contributions.

6.4 Thermopower

Let us conclude the discussion of heat transport with a brief introduction
to the thermoelectric power or simply thermopower. This effect is of great
technological importance – for an extensive account see, e.g., the book by
Pollock (1985). It has received much less attention at the nanoscale (Sivan
and Imry, 1986; Bogachek et al., 1996; Ludolph and van Ruitenbeek, 1999;
Paulsson and Datta, 2003; Reddy et al., 2007) but it may yield a lot of
information on energy transport mechanisms and their relation to charge
transport.

In Sec. 2.4 I have shown that electrons respond to both an electric field
E and to a chemical potential gradient as if they are driven by a “field”
E = E −∇µ̄/e (Eq. 2.92).

The thermopower (or Seebeck coefficient) is defined as the proportionality
constant Q between this “field” and the temperature gradient

E = Q∇θ. (6.88)

The above relation shows that if there is a temperature gradient applied at
the two ends of an open circuit a voltage difference has to develop between

37 This argument neglects any spatial variation of the local temperature, and it assumes that the
main temperature “drop” occurs at the contacts between the nanostructure and the electrodes.
This may not always be the case.
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Fig. 6.11. If two sides of a nano-
junction initially in global equi-
librium are heated up at different
temperatures, θL and θR , a cur-
rent flows. If the circuit is open,
in the long-time limit the current
goes to zero, and a thermoelec-
tric voltage ∆Vth develops.

the high- and low-temperature regions of the sample (Fig. 6.11).38 The
charge carriers diffuse from the hot region to the cold region, similar to the
behavior of a classical gas (see also discussion in Sec. 2.5). This creates
a separation of charges and, therefore, a thermoelectric voltage difference
∆Vth. This voltage difference can be evaluated by integrating Eq. 6.88 – at
zero current – between two points rL and rR whose temperature difference
is ∆θ = θL − θR

39

∆Vth = −
∫ rL

rR

E · dr = Q

∫ rL

rR

(−∇θ) · dr = Q (θR − θL) = −Q∆θ. (6.89)

In bulk metals, if Q < 0 then the current is carried by electrons, if Q > 0 it
is carried by holes. This is easy to see.

Consider the system at initial zero bias, and global chemical potential
µ̄. Now let θL = 0 on the left boundary of the metal and θR some finite
temperature on the right boundary. In the right region where we have
a finite temperature, the Fermi distribution broadens (see, e.g., Fig. 1.7).
Electrons in the metal with energy in the neighborhood of the chemical
potential have thus access to states on the left boundary, while electrons
on the far left have a lower probability to move to the right (they have
lower average kinetic energy than those on the right boundary). Electrons
will then diffuse to the left, and if the circuit is open, they accumulate
on the left boundary of the metal leaving a depletion of electrons on the
right boundary. The accumulated electrons on the left have thus a higher
potential energy compared to those on the right boundary, and hence a
lower electrostatic potential. The difference ∆Vth = VL − VR < 0, and thus
Q < 0. The above argument is clearly reversed if we consider holes as charge
carriers, and hence Q > 0 for positive carriers.

38 If the circuit is closed via some resistance, a voltage difference is produced at the two ends of
this resistance, and current flows in the circuit.

39 In an actual experiment, the voltage probe that is connected to the system in order to mea-
sure the thermopower is necessarily invasive, since the applied thermal gradient would induce,
locally at the voltage probe contact, an extra voltage difference. This extra effect needs to be
subtracted to get the actual thermopower of the nanojunction.
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As I will discuss below, the above sign assignment is not so straightfor-
ward, and does not have the same meaning in nanoscale systems. Note
also that thermopower is a non-equilibrium phenomenon: after the tran-
sient dynamics that leads to the charge imbalance between the two opposite
ends of the conductor, there is still a continuous flow of energy between the
right and left boundaries. In the stationary state the thermopower may not
change in time (in quantum mechanics we say that the macro-state of the
system is time-independent), but energy continually flows in from the high-
temperature contact out into the low-temperature contact. If we removed
this external temperature gradient, the system would cancel internal tem-
perature differences, so that a global equilibrium state can be established in
the long-time limit.

Relation between thermopower and scattering probabilities

As we did for the electrical current within the single-particle Landauer ap-
proach, we can determine an approximate form of the thermoelectric voltage
within the same approximations as follows (Butcher, 1990). Consider the
system of Fig. 6.11 in global equilibrium with temperature θ0 and chemical
potential µ̄. Let us then raise slightly the local temperature and electro-
chemical potential in the left electrode

θL = θ0 + ∆θ/2, (6.90)

µL = µ̄ + |e|V/2. (6.91)

At the same time, we also lower the local temperature and electrochemical
potential in the right electrode

θR = θ0 − ∆θ/2, (6.92)

µR = µ̄ − |e|V/2. (6.93)

Let us now Taylor-expand the local Fermi distributions as we have done
in Sec. 3.3.3 (Eqs. 3.57 and 3.60). This yields

fL(E) = f(E) − ∂f(E)
∂E

∣∣∣∣
µ̄

[
eV

2
− (E − µ̄)

∆θ

2θ0

]
(6.94)

where f(E) is the global equilibrium Fermi distribution 1.80 with tempera-
ture θ0 and chemical potential EF .
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Similarly, we have

fR(E) = f(E) +
∂f(E)

∂E

∣∣∣∣
µ̄

[
eV

2
− (E − µ̄)

∆θ

2θ0

]
. (6.95)

If we replace the above expansions into the Landauer formula 3.56 we get

I � e2V

π�

∫ +∞

−∞
dE

(
− ∂f(E)

∂E

∣∣∣∣
µ̄

)
T (E)

− e

π�

∆θ

θ0

∫ +∞

−∞
dE

(
− ∂f(E)

∂E

∣∣∣∣
µ̄

)
(E − µ̄) T (E). (6.96)

If the equilibrium temperature θ0 is very low, we can approximate µ̄ �
EF and the first term gives rise to the current 3.67, with the transmission
coefficient evaluated at the equilibrium Fermi level.

The second integral can be calculated by expanding the transmission co-
efficient to first order as in Eq. 3.65, provided we are away from electronic
resonances so that its variation at the equilibrium Fermi level is not sharp.
We can then use the well-known Sommerfeld expansion to evaluate it (see,
e.g., Appendix C of Ashcroft and Mermin, 1975).40 Since the thermal ener-
gies we consider here are much smaller than the equilibrium Fermi energy,
we can stop at the first order of that expansion so that the current 6.96 is

I � 2e2

h
T (EF )V − e

π�

π2k2
B

3
θ0

∂T (E)
∂E

∣∣∣∣
EF

∆θ

= G(EF )V + eLeE∆θ. (6.97)

The response coefficient LeE is related to the fact that a temperature
gradient can induce both a particle flow and energy flow (see Footnote 43 in
Chapter 2). If we finally want to determine the thermoelectric voltage we
simply set the current equal to zero in the above expression to get

∆Vth = −π2k2
B

3e
θ0

1
T (E)

∂T (E)
∂E

∣∣∣∣
EF

∆θ = −π2k2
B

3e
θ0

∂ ln T (E)
∂E

∣∣∣∣
EF

∆θ,

(6.98)

40 Given the Fermi distribution f (E) and some function L(E) which vanishes at E → −∞, and
is bound at E → +∞ or, if not, it diverges no more rapidly than a power of E, the Sommerfeld
expansion relates to the following integral

∫ ∞

−∞
dE L(E) f (E) =

∫ µ̄

−∞
dE L(E) +

π2

6
(kB θ0 )2 ∂L(E)

∂E

∣∣∣∣
µ̄

+ O

(
kB θ0

µ̄

)4
.
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so that the thermopower is

Q = −π2k2
B

3|e| θ0
∂ ln T (E)

∂E

∣∣∣∣
EF

. (6.99)

Notice that if the transmission coefficient is a slowly varying function of
the energy around the Fermi level, then from Eq. 6.99 we find that the
thermopower is close to zero. Also, anything else being equal, a larger
transmission coefficient implies lower thermopower. This is consistent with
experimental results on metallic quantum point contacts where it has been
found that the thermopower is suppressed for contacts with larger conduc-
tance (Ludolph and van Ruitenbeek, 1999).

Transient response and dynamical effects in thermopower

We have thus related the thermopower to single-particle properties, such as
the transmission coefficient, in the linear – with respect to both thermal gra-
dient and bias – regime. However, the above result is clearly an idealization
and lacks important physics at the nanoscale.

First of all, we have derived it by assuming that a voltage source is al-
ready present together with a temperature gradient. This is contrary to
the experimental situation in which a thermal gradient is applied and, as a
consequence, a voltage difference is created.

To be more specific, if a thermal gradient is applied to the junction, the
transient dynamics is fundamental in establishing this voltage difference
since the dynamical formation of local resistivity dipoles creates strong lo-
cal fields at the junction. These fields influence the electron motion in a
self-consistent way, and thus influence the long-time behavior of the carrier
dynamics. This is particularly important away from linear response.

It is the self-consistent formation of these fields that makes the ther-
mopower very sensitive to atomic details, and thus to the contact geometry
between the nanostructure and bulk electrodes; a fact that has also been
demonstrated experimentally (Ludolph and van Ruitenbeek, 1999). The
sign of the thermopower is therefore very sensitive to these microscopic
details, precluding an easy interpretation in terms of “electron” or “hole”
excitations as in bulk metals.

Finally, interactions among electrons – and electrons and ions – may also
play an important role during the formation of the thermoelectric voltage.
For instance, during transient dynamics part of the electron energy is trans-
ferred to both ions and electrons, thus creating a transient local heating of
the junction. The ionic temperature is a “loss” of energy for electrons while
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the effective local electron temperature (see Sec. 8.6) reduces the external
thermal gradient locally in the junction, creating an effective local energy
barrier for diffusion. These effects may thus have a large bearing in the
thermopower generation in nanoscale systems, and have not been explored
at all in the literature. To this aim, since the system is in dynamical in-
teraction with two different baths, one needs to go beyond the Landauer
approximations that have led us to Eq. 6.99, and consider an open quantum
system approach like the one described in Sec. 1.4.5 (see also Appendices C
and G).

6.5 Current-induced forces

In addition to the local ioninc heating effect discussed in the previous sec-
tions, there is yet another phenomenon associated with the interaction be-
tween electrons and ions in the presence of current: current-induced forces.
These forces are due to the momentum that electrons flowing in a conduc-
tor transfer to the ions. Or alternatively, from a static point of view, the
steady-state electron density in a current-carrying conductor is microscopi-
cally different from that in the absence of current. In either picture, current
flow generates additional forces on ions. This may result in atomistic rear-
rangements and diffusion of atoms (Di Ventra et al., 2004b).

In microelectronics this phenomenon is known as electro-migration, and
it is the major failure mechanism in metallic interconnects used in solid-
state circuits.41 Once more, since nanoscale conductors may carry current
densities much larger than their macroscopic counterparts, electro-migration
may also be a key issue in their stability.

6.5.1 Elastic vs. inelastic contribution to electro-migration

Before moving on to the (tricky) definition of forces in the presence of cur-
rent, let us say a few words on what we mean by “momentum transfer”.
Electro-migration may occur due to two processes: (i) electrons transfer only
momentum to the ions and no energy is exchanged (elastic processes); (ii)
electrons transfer momentum and energy to the ions (inelastic processes). I
give here a simple argument to show that inelastic processes contribute neg-
ligibly to current-induced forces, at least in quasi-ballistic conditions (Yang
and Di Ventra, 2003).

41 In microelectronics, electro-migration generally refers to the current-induced motion of vacan-
cies or other defects. I will instead use this term to indicate current-induced forces on any type
of atoms.
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Let us apply a bias V between left and right electrodes. Due to inelastic
processes an electron moving from left to right with energy equal to the left
electrochemical potential loses, at most, all the energy eV due to an inelastic
collision with a given ion in the junction – and emerges in an unoccupied
state. In the process, the electron transfers a momentum ∆p to the ion of
the order of

√
2meV .

Now, if the electron inelastic mean-free path due to electron-phonon colli-
sions is λph, and the electron moves at a Fermi velocity vF , the time between
collisions is of the order of τph = λph/vF (from Eq. 6.42). If, say, the av-
erage current in the system is I, we can estimate the average number Nin

of electrons that experience collisions with that atom in the interval of time
τph, by multiplying the latter by the current I, namely Nin = I τph/e.

The total force exerted on the ion due to these inelastic collisions is there-
fore Fin = Nin ∆p/τph.

In reality, for quasi-ballistic systems an electron does not lose all its en-
ergy via inelastic effects, only a fraction γ. In Sec. 6.3, we have estimated
the fraction of power P exchanged between electrons and phonons in the
junction. In the interval of time τph the electron thus loses on average an
energy Ein � P τph. The transfer of momentum to the ion ∆p is there-
fore of the order of

√
2mEin. As previously discussed, in typical quasi-

ballistic systems we expect λph ∼ 1000 Å, and vF ∼ 108 cm/s. In Sec. 6.3
we have seen that for a typical current of 10 µA, at a bias V = 0.1 V,
P � 0.01 µW, so that Ein � 0.5 × 10−2 eV, and Nin ∼ 6. We then get
Fin = Nin ∆p/τph = Nin

√
2mEin /τph ∼ 0.001 eV/Å ∼ 0.002 nN (1 eV/Å�

1.602 nN).
From the above simple arguments we can also estimate the bias depen-

dence of this force – at least in the linear-response regime. Let us then con-
sider a linear relation between current and bias, and recall that for slowly
varying density of states and electron-phonon coupling constant, τph ∝ V −1

(see Eq. 6.41). Within the same approximations the power fraction P ∝ V

(Eq. 6.81) and Nin does not vary with bias. We therefore find the bias –
and current – dependence

|Fin| ∝ |V | ∝ |I|, inelastic force, linear response, (6.100)

where I have introduced the absolute value, because the sign of the force
cannot be easily determined from the above arguments.

If there are N atoms in the nanostructure, then the average force per atom
would be Fin/N . As we will see later, this force is at least an order of mag-
nitude smaller than the corresponding elastic contribution. Also, a typical
bond strength is of the order of 1 nN or more, so that the inelastic contri-



330 Electron-ion interaction

bution to electro-migration does not affect bond breaking substantially, and
can therefore be neglected even at large biases. This is what I will do in the
following and focus only on the elastic part of current-induced forces.

6.5.2 One force, different definitions

We now need to define forces on ions in the presence of current. There are
several ways to do this. I will first discuss the approaches used in the past.
These approaches will clarify the physical origin of these forces. I will then
derive a general form for forces out of equilibrium in the adiabatic approx-
imation. This force has a simple form within the single-particle scattering
picture of conduction.

Direct and wind forces

Historically, current-induced forces have been understood via the separation
of the total force on an ion into two contributions, one known as the direct
force, and the other as the wind force (see, e.g., Sorbello, 1998). The direct
force is often defined as the direct electrostatic force – due to the macroscopic
electrostatic field E that drives the electron current – on the bare positive
charge of the ion. The wind force is defined as the net momentum transfer
from the electron current due to the scattering of electrons on the ion.

The separation into these two terms is clearly arbitrary, and in literature
one can find the definition of direct force as the one acting not on the bare
charge of the ion, but on its charge partially screened by some neutralizing
electron charge – typically, the core electron charge if a pseudopotential
picture is used, see Sec. 6.2. If Zi|e| is the bare charge of the ion, then the
direct force is simply

Fd = −Zi eE, direct force, (6.101)

or

Fd = −Z∗
i eE, direct force, (6.102)

with Z∗
i |e| an effective screened charge of the ion.

Since the wind force is proportional to the rate of momentum transfer
from electrons to the ions, one can estimate it in the following way within a
single-particle scattering picture.

Consider, as usual, a current present due to a bias V = (µL − µR)/e. An
electron from the left electrode can scatter from a state with momentum k
to a state in the right electrode with momentum k′ due to an elastic collision
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with the ion. The distribution of incoming electrons on the left is fL(E(k))
and the distribution of available states on the right, 1 − fR(E(k′)), where
I have chosen an arbitrary dependence of the energy on momentum.42 If
we consider very small temperatures kBθ � eV , we can neglect the small
contribution from the opposite processes corresponding to electrons moving
from the right electrode with occupation fR(E(k)), scattering into the left
electrode in unoccupied states with weight 1 − fL(E(k′)).

The only quantity that is left to determine is the number of possible tran-
sitions per unit time for an electron to elastically scatter from a state with
momentum k to a state with momentum k′. Similar to the local heating
problem (Sec. 6.3), we determine this rate using time-dependent perturba-
tion theory (Eq. 6.35). If we employ pseudopotentials to represent electron-
ion interactions we get

Pk→k′ =
2π

�
|〈k′|V ps(r;Ri)|k〉|2δ(E(k′) − E(k)), (6.103)

where I have indicated with |k〉 the single-particle state with momentum k.
Putting all together, the wind force can be approximated as

Fw � 2π

∫
dE
∑
k

∑
k′

(k − k′)|〈k′|V ps(r;Ri)|k〉|2

× fL(E(k))[1 − fR(E(k′))]DL
EDR

E. (6.104)

The above expression for the force is clearly valid whenever perturbation
theory is applicable. This may not be the case, for instance, if electronic
resonances are present.

At very low biases, we can assume a slowly varying density of states for
both left and right electrodes, and constant – in energy – overall momentum
change as obtained from the sum

∑
k
∑

k′(k−k′)|〈k′|V ps(r;Ri)|k〉|2. In the
limit of zero temperature, the term fL(E(k))[1 − fR(E(k′))] can then be
integrated in energy to give the energy window eV . In linear response this
is proportional to the current I.

We thus see from Eq. 6.104 that, within the above conditions, the absolute
value of the wind force is proportional to the absolute value of the current

|Fw | ∝ |I| ∝ |V |, wind force, linear response. (6.105)

As in the case of the inelastic contribution to the force, I have emphasized
the absolute values because contrary to naive expectations the wind force
does not always drive the atom in the direction of the electron particle cur-
rent (opposite to the standard sign convention for the current), and thus
42 For instance, in the case of translationally invariant electrodes this relation is given by Eq. 3.23.
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opposite to the applied electric field. I will show in a moment that the sign
of this force depends on the details of the scattering between electrons and
ion, the chemical nature of the latter, and its environment. All this requires
a self-consistent calculation of the electron distribution under current flow.
Out of linear response we therefore expect strong deviations from the simple
linear relation 6.105 (Yang and Di Ventra, 2003; Yang et al. 2005) – see,
e.g., Fig. 6.12.

Forces from Kubo linear-response theory

An alternative way of calculating these forces is via the expectation value
of the electron-ion potential variation induced by an external (oscillating)
electric field acting on the many-body Hamiltonian 6.1. This can be done in
linear response by using the Kubo formalism I have introduced in Sec. 2.3
(see, e.g., Sorbello, 1998). A simplification occurs if we make the adiabatic
approximation as discussed in Sec. 6.2, and use pseudopotentials to represent
the electron-ion interaction. In this case, the observable Â whose expectation
value we are interested in is ∇Ri V

ps(r;Ri), with Ri the position of ion i

(Kumar and Sorbello, 1975).
If the oscillating field has the form Eeiωt, and couples to the electronic

positions as r · Eeiωt (Eq. 2.69), the force on an ion at position Ri is from
Eq. 2.46 (including the direct force)

Fi = −Z∗
i eE + lim

ω→0

ie
�ω

∫ ∞

0
dt Tr

{
ρ̂C

eq

[
∇Ri V

ps(r;Ri, t), ĵ(0)
]}

· E ei(ω+iε)t,

(6.106)
where ∇Ri V

ps(r;Ri, t) is the Heisenberg representation of the operator
∇Ri V

ps(r;Ri), and ĵ(t) is defined in Eq. 2.71. In Eq. 6.106, the parameter
ε is a positive infinitesimal quantity that arises from the adiabatic switch-
on of the external field and guarantees the convergence of the integral (see
Sec. 2.3), and the trace is again over the equilibrium canonical statistical
operator of the electronic degrees of freedom.

The first term on the right-hand side of Eq. 6.106 is the direct force
(Eq. 6.102), and the second term can be interpreted as the wind force.

However, the Kubo approach has two practical disadvantages; namely, it
is limited to the linear-response regime and, most importantly, is compu-
tationally very demanding as it requires the self-consistent calculation of
response functions. In addition, the above Kubo formula has been obtained
using a uniform applied field. In reality, the field at the atom contains a
self-consistent contribution due to the electron scattering, and this needs
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to be taken into account when calculating the force from Eq. 6.106. This
contribution can be understood as follows.

6.5.3 Local resistivity dipoles and the force sign

If we go back to the single-particle scattering approach of Chapter 3, we can
think of a single atomic defect in the presence of current as an obstacle for
the electrons. Much like a nanojunction (see Fig. 3.5), this obstacle creates
a local charge excess on one side of the atom and a charge deficit on the
other side: a local resistivity dipole (Landauer, 1957; Landauer and Woo,
1974). This dipole gives rise to an electric field. This extra field, which is
absent at equilibrium, is then responsible for a force on the ion.

The atom we consider is however in a current-carrying wire with other
atoms or defects around. The resistivity dipole at that atom will be thus
influenced by the other resistivity dipoles that may form around the other
atoms or defects. The global effect of these resistivity dipoles is to change
the macroscopic field via a “polarization field” that can be thought of as
arising from the polarization charge at the surfaces of the sample (Landauer
and Woo, 1974).

In addition, due to the positive charge of the ion, extra charge accumu-
lates around the atom to partially neutralize it. This charge accumulation
effectively reduces the local field at the ion self-consistently. The total force
on the given atom is then a sum of all the above effects. Its sign is thus not
so obvious to predict a priori.

The above analysis is even more complicated in the case of nanoscale struc-
tures. For these systems the self-consistent local charge inhomogeneities at
the junction can be quite substantial due to partial electronic screening.
We therefore need a definition of forces that contains all these effects and
is computationally tractable. This is what I will derive in the following
sections.

6.5.4 Forces at equilibrium

Separating the force into a direct- and a wind-force contribution is clearly
a matter of choice. The only important quantity is the total net force on
the ion. We therefore seek here a general quantum-mechanical definition of
forces. To simplify the discussion let us work in the adiabatic approxima-
tion.43

43 The concept of forces without the adiabatic approximation is more complicated since one has
to deal with ion wave-functions explicitly, i.e., treat the ionic charge as a distribution not as
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Before proceeding with the definition of forces in the presence of current
let us recall their definition for a closed (not interacting with an environ-
ment), and finite (with a finite number of electrons and ions) system at
equilibrium. In this case, forces are obtained from the Hellmann−Feynman
theorem (Hellmann, 1937; Feynmann, 1939).

This theorem states that if the electronic system is described by the many-
body Hamiltonian Ĥ which depends parametrically on the ion coordinates
Ri, and is in an exact eigenstate |Ψ〉 of the Hamiltonian (Ĥ|Ψ〉 = E|Ψ〉),
the force on an ion at position Ri is defined as (Exercise 6.5)44

Fi = − 〈Ψ|∇Ri Ĥ|Ψ〉
〈Ψ|Ψ〉

= −∇Ri

〈Ψ|Ĥ|Ψ〉
〈Ψ|Ψ〉

≡ −∇Ri U(Ri), closed and finite system at equilibrium, (6.107)

where I have explicitly introduced the normalization constant 〈Ψ|Ψ〉 for the
state |Ψ〉, and defined the average energy of the system U(Ri), which de-
pends on the ionic coordinates.45 The equivalence between the first and the
second equality in Eq. 6.107 is precisely the Hellmann−Feynman theorem.

In a single-particle picture, by introducing the single-particle number den-
sity n(r), and assuming that the only explicit dependence on Ri is contained
in the single-particle electron-ion potential V ps(r;Ri) – namely, the wave-
functions do not depend explicitly on ionic positions – Eq. 6.107 becomes

Fi = −
∫

dr∇Ri V
ps(r;Ri)n(r), closed and finite system at equilibrium.

(6.108)
Since there are generally other ions in the system, we then need to add

to 6.108 the repulsive force due to the other ions (with effective charge Z∗
j |e|)

Fion
i =

∑
j �=i

Z∗
j Z∗

i e2

|Rj − Ri|3
(Rj − Ri), ion-ion force. (6.109)

Within a single-particle picture, the total force on the ion in a closed and

a δ-function centered at the classical ion position. In addition, correlated motion of electrons
and ions needs to be taken into account.

44 If the states are not exact eigenstates of the Hamiltonian, as in numerical calculations, or they
depend explicitly on the atomic positions (e.g., a localized basis set), extra terms – known as
Pulay forces (Pulay, 1977) – appear in Eq. 6.107, and one has to calculate forces with some
care (see Exercise 6.5).

45 Note that square-integrable wave-functions are a necessary condition for the demonstration of
the theorem (see Exercise 6.5).
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finite system at equilibrium is therefore

Fi = −
∫

dr∇Ri V
ps(r;Ri)n(r) +

∑
j �=i

Z∗
j Z∗

i e2

|Rj − Ri|3
(Rj − Ri). (6.110)

6.5.5 Forces out of equilibrium

Let us now go back to the transport – or, generally, a non-equilibrium –
problem. Here, the definition of forces via the Hellmann−Feynman theo-
rem does not hold (Di Ventra and Pantelides, 2000). This is because the
equivalence between the first and the second equality in Eq. 6.107 cannot
be generally proved for a system out of equilibrium.

General definition

In order to proceed, let us work, as in the equilibrium case, within the
adiabatic approximation and consider the electronic Hamiltonian Ĥ (not
necessarily time-independent) which depends parametrically on the ionic
coordinates.

Consider the system in a general (normalizable) state |Ψ(t)〉. The force
on an ion i due to the electron subsystem can be determined via the most
general definition of forces in quantum mechanics, namely as the total time
derivative of the average over this state of the ion momentum operator
P̂i = −i�∇Ri (Kumar and Sorbello, 1975; Di Ventra and Pantelides, 2000)

Fi =
d〈Ψ(t)|P̂i|Ψ(t)〉

dt
= − i

�

〈
Ψ(t)

∣∣∣[P̂i, Ĥ
]∣∣∣Ψ(t)

〉
= −〈Ψ(t)|∇Ri Ĥ|Ψ(t)〉

(6.111)
where the second equality comes from the general equation of motion of the
expectation value of any operator that does not depend explicitly on time,
and the last from the value of the commutator between the momentum and
the Hamiltonian (see, e.g., Messiah, 1961).46

From the above we immediately see the difference with the Hellmann-
Feynman theorem 6.107: the quantity 〈Ψ(t)|∇Ri Ĥ|Ψ(t)〉 is generally differ-
ent from ∇Ri 〈Ψ(t)|Ĥ|Ψ(t)〉, to which it reduces only if the state |Ψ(t)〉 is
square-integrable, stationary and corresponds to a closed finite system (Di
Ventra and Pantelides, 2000).

The definition 6.111 need not to be limited to pure states, but can be
extended to mixed states defined by some statistical operator ρ̂(t). It can
46 In the presence of an external vector potential A(r, t), the ion momentum needs to be changed

into P̂i → P̂i + Z∗
i e A(R̂i , t)/c.
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also be extended to systems that are open to an environment, and thus their
statistical operator is the solution of some non-unitary equation of motion,
e.g., the Lindblad equation 1.73.

If ρ̂(t) is the statistical operator describing our system (whether closed or
open), the force on an ion – still in the adiabatic approximation – is then

Fi =
d

dt
Tr{ρ̂(t) P̂i} = − i

�
Tr
{

ρ̂(t)
[
P̂i, Ĥ

]}
= −Tr

{
ρ̂(t)∇Ri Ĥ

}
,

(6.112)
which, again, cannot be derived from the Hellmann−Feynman theorem.

The single-particle case

If Ĥ is an effective single-particle Hamiltonian47 and V ps(r;Ri) represents
the single-particle electron-ion interaction, we have the relation[

P̂i, Ĥ
]

= −i�∇Ri V ps(r;Ri). (6.113)

If we also work with pure states, by replacing this relation into 6.111 we get

Fi = −〈Ψ(t) |∇Ri V ps(r;Ri)|Ψ(t)〉
〈Ψ|Ψ〉 . (6.114)

In the above equation I have emphasized the normalization of the wave-
function in anticipation of its application to the single-particle scattering
problem.

As discussed in Sec. 3.3.2 the scattering wave-functions do not belong to
the Hilbert space of the system since they are not square-integrable. As we
did for the continuum states of the current operator (Eq. 1.32) we can solve
this issue by constructing eigendifferentials (Messiah, 1961). In the present
case, this is done as follows.

If |ΨE〉 is a general continuum eigensolution of the Hamiltonian Ĥ with
energy E, the eigendifferential |ΨδE〉 associated with it is

|ΨδE〉 =
1√
δE

∫ E+δE

E
dE |ΨE〉, (6.115)

with δE a small interval of energy in the continuum.
Then one can prove (Messiah, 1961) (see also Eq. 1.33)

lim
δE→0

〈ΨδE |ΨδE 〉 = 1, (6.116)

47 In the single-particle scattering problem this Hamiltonian describes an infinite system (see
Sec. 3.1).
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i.e., eigendifferentials are square-integrable, and thus belong to the Hilbert
space.

With the normalization of wave-functions in the continuum solved, we can
then define the force on an ion in the presence of an ideal steady-state cur-
rent within the single-particle scattering theory of conduction (Chapter 3).
In this case, the force is simply the sum of all single-electron states, both
discrete (call them |Ψk〉) and continuum global scattering states (call these
|ΨE〉, given in Eq. 3.200) (Di Ventra and Pantelides, 2000)

Fi = − 2
∑

k

〈Ψk |∇Ri V ps(r;Ri)|Ψk〉

− lim
δE→0

2
∫

σ
dED(E)〈ΨδE |∇Ri V ps(r;Ri)|ΨδE 〉, (6.117)

where I have used the normalization condition 〈Ψk |Ψk〉 = 1 for the discrete
states, and Eq. 6.116 for the continuum states. I have also explicitly included
the density of states D(E). The integral in the continuum is over the range
σ of occupied states. At zero temperature and for µL > µR this corresponds
to the energy window between µL and the conduction band bottom of the
right electrode (see, e.g., Fig. 3.12). The factor of 2 accounts for the spin
degree of freedom.

At finite temperature, if we call nneq(r) the total non-equilibrium number
density (which may include fully occupied bound states) and using the local
density of states of left-moving DR(E, r) and right-moving DL(E, r) states
(Eq. 3.127), we have the relation (see also Eq. 3.16)

nneq(r) = 2
∑

k

|〈r|Ψk〉|2 + lim
δE→0

2
∫

σ
dED(E) |〈r|ΨδE 〉|2

= 2
∑

k

|〈r|Ψk〉|2 + 2
∫ +∞

−∞
dE fL(E)DL(E, r)

+ 2
∫ +∞

−∞
dE fR(E)DR(E, r). (6.118)

We can then rewrite Eq. 6.117 as

Fi = −
∫

dr∇Ri V
ps(r;Ri)nneq(r). (6.119)

Due to the presence of the other ions, to 6.119 we need to add the
force 6.109 – which, being purely classical, is the same whether the system is
at equilibrium or not – so that the total force on an ion in a current-carrying
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system at steady state is (within the single-particle picture)

Fi = −
∫

dr∇Ri V
ps(r;Ri)nneq(r) +

∑
j �=i

Z∗
j Z∗

i e2

|Rj − Ri|3
(Rj − Ri). (6.120)

Note the equivalent form of 6.120 with the corresponding force at equilib-
rium 6.110. However, I stress again that despite this formal analogy the
force 6.120 cannot be derived from the Hellmann−Feynman theorem.

We can now calculate the extra force due to the current by first calculating
the force for the system at equilibrium (zero bias, V = 0). From Eq. 6.120

Fi(V = 0) = −
∫

dr∇Ri V
ps(r;Ri)neq(r) +

∑
j �=i

Z∗
j Z∗

i e2

|Rj − Ri|3
(Rj − Ri),

(6.121)
where I have indicated with neq(r) the electron number density at equilib-
rium.

By taking the difference between Eq. 6.120 and Eq. 6.121 we finally get
the extra contribution due to the non-equilibrium charge distribution

δFi(V ) = −
∫

dr∇Ri V
ps(r;Ri)[nneq(r) − neq(r)]

≡ −
∫

dr∇Ri V
ps(r;Ri)δn(r), (6.122)

where the density has to be evaluated self-consistently.

An example

In Fig. 6.12 I show an example of current-induced forces calculated using
Eq. 6.120 for an aluminum chain of four atoms between aluminum electrodes
represented by an electron gas compensated by a uniform positive back-
ground (also known as jellium model, in this example with rs � 2a0, with
a0 the Bohr radius). The different quantities appearing in 6.120 have been
calculated using static density-functional theory (Appendix D). This calcu-
lation thus has the same limitations as those I have discussed in Sec. 3.11,
namely it misses dynamical many-body effects of the true electron dynam-
ics. How important these effects are on current-induced forces has never
been studied.

The electron-ion interaction is represented using pseudopotentials. From
Fig. 6.12 it is clear that at any given bias forces on single atoms are not
necessarily oriented in the same direction. Some are against the current
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Fig. 6.12. Current-induced forces as a function of bias in an atomic wire containing
four aluminum atoms between aluminum electrodes represented by an electron gas
compensated by a uniform positive background (rs � 2a0). The inset shows a
schematic of the wire. The left electrode is positively biased so that electrons flow
from right to left. Positive force pushes the atom against electron flow. Adapted
with permission from Yang et al. (2005).

flow, some along the current flow due to the detailed self-consistent charge
distribution around the ions.

In addition, the largest force is on average on the edge contact atoms,
suggesting that if electro-migration occurs it would nucleate from the bonds
of these atoms. As I have discussed in Sec. 6.5.2, we also see that forces on
ions are a non-linear function of the bias, and thus of the current.

The magnitude of the average force per atom is about 0.01 eV/Å at 0.1
V (for this system and at this bias the current is about 10 µA). For compar-
ison, the inelastic contribution to the force we have estimated in Sec. 6.5.1
for this bias and comparable current is about 0.001 eV/Å, which has to be
distributed over at least four atoms. On average, the inelastic contribution
to the force per atom is ∼ 0.00025 eV/Å; more than an order of magnitude
smaller than the elastic one, confirming that the former can reasonably be
neglected.
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6.5.6 Are current-induced forces conservative?

Let us finally address an important aspect that deserves particular attention,
and that so far has not received a full explanation: the conservative character
– or lack of it – of current-induced forces.48 By conservative I mean that the
work done by the current-induced forces on a given ion is independent of
the path between two arbitrary configurations of the ions. In other words,
can we write the force 6.117 (or 6.111) as the gradient of a potential energy
function? The problem arises precisely from the difficulty of defining forces
out of equilibrium.

Let us start by emphasizing that the force in Eq. 6.117 is not necessarily
conservative because the first-principles derivation I have followed to derive
it does not contain any assumption about the existence, or otherwise, of an
energy functional, of which this force might be the derivative. In a closed
and finite system at equilibrium the existence of such a functional is provided
by the Hellmann−Feynman theorem – the quantity U(Ri) in Eq. 6.107.49

In the scattering problem, the density nneq(r) depends parametrically, via
self-consistency, on the ionic positions, so that in general∫

dr∇RiV
ps(r;Ri)nneq(r) 	= ∇Ri

∫
drV ps(r;Ri)nneq(r). (6.123)

It is thus not at all clear if an energy functional exists in this case.
The reader may ask at this point: Why bother with this issue? I just

mention two reasons, one fundamental and one practical.

Can phonons be defined in the presence of current?

If current-induced forces are not conservative, their cross-derivatives with
respect to ionic positions are not necessarily equal and hence the dynam-
ical response matrix 6.7 for a current-carrying structure is not necessarily
symmetric

∂2Vion(Ri − Rj)
∂Riµ ∂Rjν

∣∣∣∣
Ri=R0

i ;Rj =R0
j

	= ∂2Vion(Ri − Rj)
∂Rjµ ∂Riν

∣∣∣∣
Ri=R0

i ;Rj =R0
j

.

(6.124)
Since this symmetry is fundamental to uniquely define phonons (see, e.g.,
Ashcroft and Mermin, 1975), it implies that the conventional notion of

48 Clearly, I refer here to the case in which the inelastic part of the force can be completely
neglected, otherwise the force is by definition non-conservative.

49 Forces on ions need not be conservative even for a closed, finite system at equilibrium along
closed trajectories that span a point of intersection of two distinct Born−Oppenheimer surfaces.
In the present discussion, I will assume that no such pathologies are present.
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phonons would be lost in the presence of current. In other words, we would
not be able to talk about phonons in a current-carrying system at all!

Current-induced forces and topology

A practical reason – with impact in nanoscale electronics – of the impor-
tance of the conservative character of current-induced forces is the following.
Consider a perfect, defect-free quasi-2D wire and identify two points in it,
along the direction of current flow, in such a way that a straight line connect-
ing them separates the wire into two equivalent regions. If current-induced
forces are non-conservative, then an atom can move from one point to the
other along different paths in the two equivalent regions such that the work
done by the current-induced force is different for the different paths. As
a consequence, it is in principle possible to break topologically equivalent
regions of a wire differently! While this effect may not be important in
macroscopic wires, it could be relevant in nanoscale conductors made of a
relatively small number of atoms.

A gedanken experiment

Let us now turn to the question of whether or not these forces are conserva-
tive. There exist specific arguments that suggest that current-induced forces
cannot be conservative. These arguments consist in gedanken experiments,
aimed at showing that the work done by current-induced forces along specific
closed paths is not zero and that, therefore, these forces are not conserva-
tive. Below I refer to one notable such construction (Sorbello, 1998), but
other similar arguments can be formulated. I choose this one because it is
very simple and is particularly convincing. The argument goes like this.

Consider a single defect atom in a current-carrying wire between bulk
electrodes under an applied bias V (Fig. 6.13).50 First, let the atom move,
quasi-statically, from a point A to a point B inside the wire under the
influence of an external force. The current-induced force on the defect in
the wire does some non-zero work on the way. Now imagine taking the
atom from A to B along a path that goes outside the wire (see Fig. 6.13).
Since outside the wire there apparently is no current, no current-induced
force should be present. Hence, the work done by current-induced forces on
the atom along the path from A to B inside the wire cannot be the same

50 For simplicity, we may here imagine a wire made of electrons compensated by a uniform positive
background charge (jellium model).



342 Electron-ion interaction

Fig. 6.13. Schematic of a
current-carrying wire be-
tween two bulk electrodes.
An atom is moved from
a point A to a point B
along two different paths,
one inside, one outside the
wire. d is the largest dis-
tance of the atom from the
wire along the “vacuum”
path.

as along the path outside the wire. This would be sufficient to prove that
current-induced forces are not conservative.

However, something is missing in this argument: the quantum-mechanical
nature of the current outside the wire (Di Ventra et al., 2004). Consider
again the atom at a point in space outside the wire. Let us also work within
a single-particle picture of conduction.

Let |Ψ〉 be the global current-carrying electron states for the system. If
there always is some (however small) quantum-mechanical coupling between
the atom and the wire, there will always be some non-zero tunneling proba-
bility for electrons to get from the wire onto the atom, and back. The atom
then acts as a resonant center and there will always exist an energy win-
dow where the states |Ψ〉 contain resonant paths that emerge from the wire,
pass through the atom, and go back into the wire. Due to the scattering
of electrons at the atom, these resonant paths may be expected to create a
charge dipole, centered at the atom, much like the local resistivity dipole I
have discussed in Sec. 6.5.3.

Increasing the distance d between the atom and the wire will make the
resonant energy window narrower, while the resonance will remain pinned
against the energy window eV , due to self-consistency. Now, the total cur-
rent carried by the resonance is given by the energy integral, over the energy
window eV , of a transmission function T (E) (Eq. 3.56). As the resonance
gets narrower in energy, so does T (E).

The function T (E) is always bounded and hence, as d increases, the total
current carried by the resonance will decrease, since the integral window eV

remains constant. On the other hand, the charge dipole across the reso-
nant center originates from the density of states D(E) due to the populated
current-carrying electron states in the energy window eV .

However, unlike T (E), the density of states D(E) is unbounded: if d

increases, the resonant peak in D(E) gets narrower but taller in such a way
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that its energy integral remains constant (no charge is lost). Since current-
induced forces are related to the integral of the density of states (see, e.g.,
Eq. 6.117), we expect the force on the atom due to the resonant dipole to
be constant with d. In other words, there is always a current-induced force
on the atom, even outside the wire, and this force does not vanish with
increasing d.51

The existence of such a resonant dipole has been numerically shown –
within a static DFT calculation – using the definition of forces Eq. 6.117 in
the simplest possible resonant configuration: a single atom in the vacuum
between two bulk electrodes (Di Ventra et al., 2004). In that case, it was
shown that this resonant dipole gives rise to a finite current-induced force
that does not vanish with increasing electrode separation, even when the
current dies out.

Clearly, these results do not prove that current-induced forces are conser-
vative but they give extra support in favor of such a conclusion.

6.6 Local ionic heating vs. current-induced forces

I conclude by mentioning that structural instabilities and breaking of bonds
in nanostructures are due to a combined effect of both local ionic heating
and current-induced forces. I have derived expressions for each of these
quantities assuming the other is negligible. This is clearly an idealization,
since at any given bias they coexist and influence each other. The relation
between these two phenomena – or which one dominates for a given system
and bias – is still an open subject.

Using the approaches discussed in this chapter, theoretical work on metal-
lic quantum point contacts suggests that local ionic heating promotes struc-
tural instabilities at very low biases if heat dissipation into the bulk elec-
trodes is not efficient, while current-induced forces are mainly responsible
for the junction breakup at large biases (Yang et al., 2005).

Instead, in systems with large resistance – e.g., molecular junctions –
similar calculations show that current-induced forces are negligible even at
very large biases (Di Ventra et al., 2002), and thus the instability of these
large-resistance systems is mainly due to local ionic heating.

These results, however, neglect the mutual effect between ionic heating
and forces. In particular, the intermediate regime in which these two phe-

51 It is clear that this “vacuum resonance” will become more and more sensitive to external pertur-
bations as the distance d increases and the resonance gets narrower and narrower. This simply
implies that, in practice, this resonance may be destroyed easily by external perturbations and
be difficult to detect in experiments.
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nomena are of comparable importance has not been studied. More work to
understand this issue is highly desirable.

Summary and open questions

In this chapter I have discussed many effects related to the interaction of
electrons and ions, such as inelastic current, local ionic heating, and forces.

In the case of the inelastic current I have described how to calculate it
using standard perturbation theory. I have also given an explicit example of
many-body perturbation theory in the electron-phonon coupling, and have
shown how to determine the electron-phonon self-energy within the Born
approximation.

I have also underlined the difficulty in defining forces out of equilibrium.
Such difficulty, and the related open question of whether current-induced
forces are conservative or not, has both fundamental and practical conse-
quences which have yet to be explored fully.

I finally note that I have worked out all the calculations in this chapter
by considering independent electrons interacting at most at the mean-field
level. The effect of interactions beyond mean field on all the phenomena
described here is still poorly understood.

In particular, I have left aside the issue of correlated electron-ion dynam-
ics, which may be of importance when electronic resonances and/or local-
ized modes are present. Due to the large current densities at nanojunctions,
and consequent increase of electron-electron and electron-phonon scatter-
ing rates, this issue cannot be addressed within a non-interacting electron
picture, and would thus require a totally different approach than the ones
presented in this chapter. This approach needs to take into account the
dynamical properties of the electron liquid in interaction with quantum-
mechanical ions. Also this line of research has not been fully explored yet.

Exercises

6.1 Use Eqs. 6.9 and 6.8 to prove that the effective ion Hamiltonian can
be written as 6.10.

6.2 Start from the Fermi golden rule 6.35, and use the definitions of
creation and annihilation operators for both electrons and phonons
(Eqs. A.8, A.9, A.29, and A.30) to derive Eq. 6.36.

6.3 Calculate the self-energy 6.58 explicitly.
6.4 Inelastic current from the NEGF. Prove that the total cur-

rent 6.63 of independent electrons interacting with phonons can be
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separated into an “elastic” component 6.67 and an “inelastic” com-
ponent 6.68. Show that if the coupling of the central region with the
left electrode or with the right electrode is zero (either ΓL(E) = 0 or
ΓR(E) = 0), both the elastic and the inelastic components are zero.

6.5 The Hellmann−Feynman theorem. (i) Prove first the Hellmann-
Feynman relation 6.107 in the case in which the wave-functions do
not depend parametrically on the ion coordinates. (ii) Show that ex-
tra terms, known as Pulay forces, appear in the definition of forces,
if the wave-functions depend explicitly on ionic positions. (iii) Show
that a necessary condition for the theorem to hold is that the wave-
functions be square-integrable.



7

The micro-canonical picture of transport

So far, we have dealt mostly with the electron system already at an ideal
steady state. We never questioned whether this state exists at all, and if
so, how a many-body system does actually reach that steady state, whether
the steady state we impose via single-particle scattering boundary condi-
tions is actually what the electrons want to realize when they flow across a
nanojunction, or even if it is unique.

In addition, we have mostly worked with electrons interacting at a mean-
field level (see discussion in Sec. 4.2.4). We discussed in Chapter 4 how,
in principle, one can introduce electron-electron interactions beyond mean
field using the non-equilibrium Green’s function formalism. However, except
for simple model systems, it is computationally demanding – and most of
the time, outright impossible – to use the interacting version of the NEGF
practically in transport calculations (and not only in transport).

A simpler and more efficient way to treat electron-electron interactions in
a transport problem would be thus desirable.

In this chapter I will introduce an alternative picture of transport – I
will name it micro-canonical (Di Ventra and Todorov, 2004) – that does
not rely on the approximations of the Landauer approach. In addition, this
formulation does not require partitioning the system into leads and a central
region, or assuming the leads contain non-interacting electrons in order to
have a closed form for the current.

In fact, within this picture I will prove several theorems of dynamical
density-functional theory (Appendices E, F and G) that, in principle, al-
low us to calculate the exact current – namely with all many-body effects
included – within an effective single-particle picture.

I will then discuss what fundamental processes allow a nanoscale system
to reach a steady state, analyze the properties of the latter, formulate a

346
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principle on the formation of steady states, and make a connection with the
static Landauer approach.

7.1 Formulation of the problem

As I have discussed in Sec. 1.2, we know that when a nanojunction between
two macroscopic electrodes is connected to an electron source, electrical
current flows across it. The source provides and, most importantly, main-
tains the charge imbalance between the electrode surfaces needed to sustain
steady-state conduction in the junction.

I have also discussed several times in this book – see for instance Sec. 3.2
– that a net electron current from one electrode into another across a nano-
junction is accompanied by an excess of electrons in one electrode, and a
deficit of electrons in the other.

These charges take the form of surface charge densities, present within a
screening length of the electrode surface. Thus, electron transport goes hand
in hand with surface charges on each side of the junction: a negative sheet of
charge on one side and a positive sheet on the other, as if two capacitor plates
were present. The transport problem in the presence of electron sources can
then be viewed as a continuous attempt by the electrons to passivate the
surface charges on each side of the junction. Similarly, the ideal steady-state
transport problem described by the Landauer approach of Chapter 3 can be
interpreted as the continuous discharge of an infinite capacitor.

This reasoning is exactly in reverse order compared to the one I have
made in Sec. 1.2, where I have argued that the discharge of a finite capacitor
generates a current, which in the limit of infinite electrodes may realize the
steady-state condition 1.13.

7.1.1 Transport from a finite-system point of view

Therefore, there seems to be no conceptual difference between the continuous
flow of charges across a nanojunction as maintained by an electron source –
such as a battery – or the discharge of an infinite capacitor.

In real life there is no such thing as an infinite capacitor, and indeed the
term “infinite” really means with characteristic time longer than some time
scale dictated by the nature of the problem.

Quasi-steady states of open systems

If, as in Sec. 1.2, we consider the discharge of a finite, though possibly large,
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Fig. 7.1. Schematic of the
system considered in the
micro-canonical picture of
transport: the electron
flow is studied as the dis-
charge of two large but
finite charged electrodes
across a nanoscale junc-
tion.

capacitor (Fig. 7.1), which is not, however, closed – namely its degrees of
freedom are coupled with an environment – then the above time scale is
the following. Call C the capacitance and R the resistance across which
the capacitor discharges. According to classical circuit theory the discharge
will then take place over a characteristic time RC. The larger C, for a
given R, the more “stationary” the properties of the system will appear, in
a temporally local sense, at any one stage of the discharge (see Fig. 1.4 and
related discussion).

This ultimately transient, but very slowly varying, conducting state, which
I call a quasi-steady state, indeed encapsulates the intuitive picture of the
d.c. steady state I have discussed in many parts of this book. As discussed
in Sec. 1.2, we finally expect this system to reach a truly time-independent
steady state with zero current in the course of its evolution.1

Here, I will focus mainly on d.c. (direct current) bias conditions. The
micro-canonical picture, however, applies also to the a.c. (alternating cur-
rent) case, that is, periodic time-varying disturbances of the charge. It can
also be extended to the multi-probe conductance measurement case as dis-
cussed in Sec. 3.9 via the addition of extra electrodes connected somewhere
along the main structure (see Fig. 3.20).

Quasi-steady states of closed systems

If the capacitor plus the nanojunction across which it discharges form a truly
closed and finite system, then we expect the above quasi-steady state – in
the sense discussed above – to persist until the time when multiple electron
reflections off the far boundaries of the system begin to develop.

1 If the system is infinite, then this could be a current-carrying steady state.
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Within a single-particle picture, we can obtain an order-of-magnitude es-
timate of the electrode size necessary to observe the quasi-steady state as
follows. Let us call td the time it roughly takes for an electron to travel at
the Fermi velocity vF along the characteristic length L of one electrode and
back, i.e., td ≈ 2 L/vF . Therefore, one should observe a quasi-steady state
if the time necessary for this to form during the transient dynamics, τc, is
less than td, namely L > τc vF /2. Since, as I will discuss later, in nanoscale
systems τc is of the order of femtoseconds (see Sec. 7.6), L is of the order of
nanometers or less.

From then on, the electronic system may return to the neighborhood of
its initial conditions within the Poincaré recurrence time – see discussion in
Sec. 1.2.

As shown in Eq. 1.15, for an interacting many-body system, this time
increases exponentially with the number of particles, so that even a relatively
small system has a macroscopically large recurrence time (see estimate in
Footnote 16 of Chapter 1).

For a finite and closed system, however, we still need to answer the ques-
tion of whether a quasi-steady state actually forms at all. I will show in
Sec. 7.6 that in nanoscale systems a quasi-steady state may indeed develop
in the absence of inelastic effects and in extremely short time scales. This
is, however, not true for all initial conditions.

7.1.2 Initial conditions and dynamics

Let us focus on a given finite system (electrodes plus nanojunction) with
a finite number of electrons and ions whose many-body Hamiltonian is Ĥ

(Fig. 7.1). This Hamiltonian could be for instance the one in Eq. 6.1. It
could also contain an external deterministic field, such as an electromagnetic
field.

Let us prepare the system in an initial state |Ψ0〉. From a physical point
of view it is a state that represents a charge imbalance between the two
electrodes that sandwich our nanojunction, an imbalance that can be gen-
erated in many ways. The most important point is that |Ψ0〉 is not an
eigenstate of Ĥ, and thus is not a stationary state. This many-body state
may describe the initial electronic configuration at a given static ionic con-
figuration, or it may describe the many-body state of electrons and ions, the
latter also treated as quantum-mechanical entities. For later use, it is con-
venient to think of this initial state as the ground state of some Hamiltonian
Ĥinitial 	= Ĥ.

The time evolution of |Ψ0〉 is described by a many-body state vector
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|Ψ(t)〉, governed by the time-dependent Schrödinger equation 1.16 which
I re-write here for convenience

i�
d|Ψ(t)〉

dt
= Ĥ |Ψ(t)〉 , |Ψ(t0)〉 = |Ψ0〉. (7.1)

The above dynamics pertains to a system prepared in a pure state. If the
system is in a macro-state, with initial statistical operator ρ̂(t0), we solve
the Liouville−von Neumann equation 1.60.

With the solution of either the Schrödinger equation 7.1 or the Liouville-
von Neumann equation 1.60 the current flowing in the system across a given
surface S is given by the average of the current operator over the state of
the system (Eq. 1.86)

IS(t) = e〈Î〉t = eTr{ρ̂(t)ÎS}. (7.2)

It is now clear what is the conceptual difference with the time-dependent
approaches I have discussed previously, namely the Kubo (Sec. 2.3) and
NEGF (Chapter 4) approaches. In these, the system is prepared in a global
equilibrium state. At a given time a perturbation is switched on adiabatically
and the expectation value of a given observable – e.g., the current – is calcu-
lated, whether in linear response (Kubo) or beyond linear response (NEGF).
This expectation value determines the deviations from global equilibrium.

In the micro-canonical picture, the system is prepared in some arbitrary
state which is not the ground state of the Hamiltonian, and then let to evolve
in time to find its own dynamics – and possible quasi-steady state – under
the many-body Schrödinger equation 7.1 (or the Liouville−von Neumann
equation 1.60). In this respect, no perturbation to some Hamiltonian is
applied – even if the Hamiltonian Ĥ may contain an external field – and
thus no adiabatic switch-on is necessary as in the above two approaches.

The above picture is also close to a real experimental realization in the
presence of an electron source, such as a battery. This performs just that:
it prepares the quantum system in a given initial state which corresponds
to the charging of the electrodes that sandwich the nanojunction. However,
it does so continually, and very likely with different initial conditions at
different times. I will come back to this point later.

The approach I have described here does not fall in either of the two
viewpoints I have discussed in Sec. 1.6. In the present case, the current
discharge is driven by the electric field that is dynamically built by the two
electrodes, while the magnitude of the current flux – and hence the resistance
– is determined by the self-consistent charge pileup, and consequent local
field, at the nanoscale junction.
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7.2 Electrical current theorems within dynamical DFTs

All of the above analysis regarding the micro-canonical picture of transport
would be worthless if in order to do time-dependent transport calculations
one had to solve the many-body time-dependent Schrödinger equation 7.1.

Here I formulate a series of theorems on the total current which provide
solid ground to perform electrical current calculations within an effective
single-particle picture. These theorems are based on the dynamical formu-
lations of density-functional theory (DFT).

At this point, if the reader is not familiar with dynamical density-functional
theories I suggest a quick stop to take a look at the Appendices E, F
and G, where time-dependent DFT (TDDFT; the main variable is the den-
sity), time-dependent current DFT (TD-CDFT; the main variable is the
current density), and stochastic time-dependent current DFT (stochastic
TD-CDFT; the main variable is the ensemble-averaged current density) are
briefly introduced.

I will discuss both the case in which the system is closed, and the case in
which it is in dynamical interaction with an environment – open system.2

7.2.1 Closed and finite quantum systems in a pure state

Within TDDFT the dynamics of the many-body system can be mapped
into the dynamics of effective single particles – known as the Kohn−Sham
(KS) system. In particular, the density n(r, t) extracted from the exact
many-body wave-function (see Sec. 2.8.3) is the same as the one obtained
from the KS equations E.4. If we know the exact dynamical functional (see
Eq. E.5),

nKS(r, t) = n(r, t). (7.3)

I show here that under the same conditions of validity of TDDFT we can
prove the following (Di Ventra and Todorov, 2004)

Theorem T1: Given an initial condition, the many-body total current of
a finite and closed non-equilibrium system is, at any given
time, given exactly by the one-electron total current, ob-
tained from time-dependent density-functional theory.

The rigorous connection provided by the above theorem T1 is independent

2 For this case, the term “micro-canonical” does not seem very appropriate, but for lack of a
better word, I will use the same name for this case as well.
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of whether the system has reached a quasi-steady state or not. Let us then
prove it.

Proof. Let us suppose that we have solved the time-dependent Kohn−Sham
equations of TDDFT (Eqs. E.4) and obtained a set of KS time-dependent
one-electron orbitals φKS

k (r, t) (here k includes also spin degrees of freedom).
The KS current jKS(r, t) is the sum of expectation values of the current-
density operator 1.22 in the populated (say N) KS orbitals (see Eq. 2.61)

jKS(r, t) =
�

m

N∑
k=1

Im
{
[φKS

k (r, t)]∗∇φKS
k (r, t)

}
. (7.4)

Fig. 7.2. The volume V is
bounded by the surface S across
which the current is calculated,
and which completely envelops
one of the electrodes.

Referring to Fig. 7.2, we define the KS total current IKS
S across a surface

S as

IKS
S (t) =

∫
S

dS · jKS(r, t) =
∫

V
dr∇ · jKS(r, t). (7.5)

In the above equation we close S in the vacuum, as indicated by the dashed
box in Fig 7.2, sufficiently far from the boundaries of the system to enable
us to ignore any contributions to the surface integral over the surface of
the dashed box.3 In Eq. 7.5 I have also invoked Gauss’ theorem with V

the volume bounded by S, which I take to completely envelop one of the
electrodes, as shown in Fig. 7.2.

From Eq. 7.3, we know that the KS charge density is equal to the exact
density. Furthermore, nKS(r, t) and jKS(r, t) satisfy the continuity equa-
tion 1.11, just like the density n(r, t) and current density j(r, t) of the true

3 Here I assume that all electrons are bound within the electrode-junction-electrode finite system,
so that the charge and current densities are exponentially small into the vacuum, at all times.
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many-body system. From 7.3, we then have

∇ · jKS(r, t) = ∇ · j(r, t), (7.6)

even though jKS(r, t) and j(r, t) need not be equal.4

Hence,

IKS
S (t) =

∫
V

dr∇ · jKS(r, t) =
∫

V
dr∇ · j(r, t) = IS(t) , (7.7)

where IS(t) is the true total many-body electron current across the surface
S.

The above proof is valid only for a finite system because for an infinite
system we could not have made the transition between surface and volume
integrals above.

We can bypass this problem by working with time-dependent current DFT
(TD-CDFT).

7.2.2 Closed quantum systems in a pure state with arbitrary

boundary conditions

In TD-CDFT, our basic variable is the current density. Solving the TD-
CDFT KS equations F.1 with the exact exchange-correlation vector poten-
tial would give the exact current density j(r, t). In this case, however, the
KS current density contains also an effective diamagnetic contribution (see
Eq. 2.61)

jKS(r, t) =
N∑

k=1

[
�

m
Im
{
[φKS

k (r, t)]∗∇φKS
k (r, t)

}
− e

mc
|φKS

k (r, t)|2 Aeff (r, t)
]

= j(r, t), (7.8)

where the effective vector potential is (considering also an arbitrary external
vector potential A(r, t) acting on the system)

Aeff (r, t) = Aext(r, t) + Axc(r, t), (7.9)

with Axc(r, t) an exchange-correlation vector potential that is a functional of
the initial condition |Ψ0〉 and the current density j(r, t′) at all previous times

4 In general, the current density is not V -representable, i.e., the mapping between current density
and external scalar potential is not invertible (D’Agosta and Vignale, 2005). Therefore, the
KS current density in TDDFT is not guaranteed to be exact; only its divergence (Eq. 7.6).
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t′ ≤ t, namely it is dependent on the history of the system. It describes both
the correlations due to the Pauli exclusion principle, and all other quantum
correlation effects among electrons.

The theorem on the total current is then

Theorem T2: Given an initial condition, the many-body total current of a
closed non-equilibrium system is, at any given time, given
exactly by the one-electron total current, obtained from
time-dependent current density-functional theory.

Proof. Let us refer again to Fig. 7.1. The KS total current IKS
S across an

arbitrary surface S is simply

IKS
S (t) =

∫
S

dS · jKS(r, t) =
∫

S
dS · j(r, t) = IS(t), (7.10)

where I have used 7.8 and IS(t) is again the exact total many-body current
across the surface S.

Note that the above demonstration holds for an arbitrary surface and
irrespective of the boundary conditions on our system. It thus holds for
truly infinite systems as well.

7.2.3 Current in open quantum systems

Finally, let us consider a system open to an environment, and assume that
its dynamics can be described by a quantum master equation such as the
equation 1.73 with arbitrary Hamiltonian and bath operators. I work here
with the stochastic Schrödinger equation (see Appendix G)

∂t|Ψ(t)〉 = − i
�
Ĥ(t)|Ψ(t)〉 − 1

2
V̂ †V̂ |Ψ(t)〉 + �(t)V̂ |Ψ(t)〉, (7.11)

where V̂ is an operator representing the interaction of our system with a
bath, and �(t) is a stochastic process chosen such that it has both zero
ensemble average and δ-autocorrelation

�(t) = 0; �(t)�(t′) = δ(t − t′) , (7.12)

where the symbol · · · indicates the average over a statistical ensemble of
identical systems all prepared in the same initial quantum state |Ψ0〉. The
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results can be easily generalized to a mixed initial quantum state, and to
many statistical operators V̂α as discussed in Appendix G.

The reason for working with a stochastic equation and not with an equa-
tion of motion for the statistical operator (e.g., Eq. 1.72) is that we are
dealing with KS Hamiltonians, which depend on the density and/or current
density and are thus different for each element of the ensemble. In general,
this prevents us from writing a closed equation of motion for the statisti-
cal operator (see discussion in Sec. 1.4.3). An additional complication arises
when using a quantum master equation of the type 1.72 with time-dependent
Hamiltonians and/or bath operators: the statistical operator may lose posi-
tivity (Sec. 1.4) during time evolution, thus leading to un-physical solutions
(see Appendix C). These issues do not appear in a formulation in terms of
the stochastic Schrödinger equation 7.11.

From the solutions of Eq. 7.11, we define a many-body statistical operator

ρ̂(t) = |Ψ(t)〉〈Ψ(t)| ≡
∑

i

pi(t) |Ψi(t)〉〈Ψi(t)|, (7.13)

with pi(t) the probability that a state |Ψi(t)〉 occurs in the ensemble with∑
i pi(t) = 1 (see also discussion in Sec. 1.4).
From the theorem of stochastic TD-CDFT (Appendix G), we can map

the many-body problem into an effective single-particle problem where we
solve a set of KS equations G.20 with an effective vector potential Aeff (r, t),
defined as in Eq. 7.9, sum of the external vector potential and the exchange-
correlation vector potential Axc(r, t). The latter is a functional of the op-
erator V̂ (or operators V̂α) in addition to being a functional of the initial
conditions, and the ensemble-averaged current density j(r, t′), for t′ ≤ t. The
latter is simply the ensemble average of the current density 7.8.

The theorem of stochastic TD-CDFT guarantees that

jKS(r, t) = j(r, t) = Tr{ρ̂(t) ĵ(r)}, (7.14)

namely, the ensemble-averaged current density operator in the populated
KS states is equal to the corresponding quantity of the many-body system,
with the many-body statistical operator given in Eq. 7.13.

We then also have (Di Ventra and D’Agosta, 2007)
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Theorem T3: Given an initial condition, and a set of external baths,
the ensemble-averaged many-body total current of a non-
equilibrium system is, at any given time, given exactly by
the ensemble-averaged one-electron total current, obtained
from stochastic time-dependent current density-functional
theory.

Proof. If we refer once more to Fig. 7.1, the ensemble-averaged KS total
current IKS

S (t) across an arbitrary surface S is simply

IKS
S (t) =

∫
S

dS · jKS(r, t) =
∫

S
dS · j(r, t) = IS(t), (7.15)

where IS(t) = Tr{ρ̂(t) Î} is the exact ensemble-averaged total many-body
current across the surface S.5

7.2.4 Closure of the BBGKY hierarchy

The above theorems are very important formal results, because, unlike the
static transport problem discussed in Chapter 3, they guarantee that, if
we knew the exact functionals of dynamical density-functional theories, we
would obtain the exact current of the many-body system with all electron-
electron interactions included, whether the system is closed or open.

This is because the above functionals are universal functionals of the den-
sity, current density, or ensemble-averaged current density. Therefore, we
are guaranteed that the BBGKY hierarchy of equations of motion one gen-
erates, e.g., in the NEGF (see discussion in Sec. 4.2.1.1 and Appendix B)
can be formally closed to all orders in the electron-electron interactions!

These interactions pertain to all contributions from free and bound charges
and localized currents (see Sec. 1.2), so that polarization and magnetization
currents are described at the same level as particle currents.

Therefore, these theorems put on a rigorous footing the calculation of
dynamical transport properties – the static transport problem being just a

5 Note that a particular case of theorem T3 is when the operator V̂ = 1̂. In this case, Eq. 7.11
provides the same physics as the Liouville−von Neumann equation 1.60. So the theorem on
the current holds also for a closed system in a mixed state. In addition, I am here assuming
that the bath operators are local in space (see Sec. G.2 in Appendix G). Otherwise, to prove
the theorem, one would need to determine the density, and from this quantity calculate the
total current as the rate of change of the total charge in one of the electrodes (see Footnote 22

in Chapter 1).
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subclass of these in the limit of zero frequency – in nanoscale systems by the
use of effective one-electron time-dependent Schrödinger equations, without
the need to impose the physical approximations of the Landauer approach
in order to obtain the current.

Many-body effects (e.g, the Coulomb blockade discussed in Sec. 4.5) which
are generally described with model Hamiltonians could be thus studied dy-
namically, with effective single-particle equations.6

7.2.5 Functional approximations and loss of information

Unfortunately, we do not know the exact functionals, and in actual calcu-
lations approximations must be used, some of which are described in the
Appendices. However – and this is the most important point – unlike the
static transport problem where ground-state DFT is employed, by improv-
ing the dynamical functionals one is guaranteed by the above theorems that
the approximate value of the KS current one obtains from these improved
approximate functionals must “converge” to the exact many-body value. By
“improved” I mean functionals that contain more and more physical proper-
ties.7 This is a fundamental guiding principle similar to the one that guides
the calculations of the ground-state total energy using ground-state DFT.

In the case of mixed states, if approximate Kohn−Sham Hamiltonians
are used in the calculations of the current, these Hamiltonians are different
for every element of the statistical ensemble, namely they become stochastic
Hamiltonians (Sec. 2.8.6). As I have discussed in Sec. 2.8.6, the loss of
information associated with these Hamiltonians necessarily increases with
time due to the concavity property of the entropy (Eq. 2.155). This means
that the very fact that we make approximations to the exact functional
renders the problem intrinsically irreversible, even though the underlying
equations of motion are time-reversal invariant.

6 Note that the generalization of the above theorems to spin-dependent Hamiltonians may open
the possibility to describe other many-body problems, e.g., the dynamical formation of the
Kondo effect, using effective single-particle equations.

7 Note that, contrary to naive expectations, even in the simplest adiabatic local-density approx-
imation (ALDA) to the exchange-correlation functional (Appendix E) one is not guaranteed to
obtain the same current as from the ground-state DFT, within the LDA, combined with the
Landauer approach (Sec. 3.11). The reason is that in the dynamical calculation one imposes
initial conditions on the state of the system, which may not – in the thermodynamic limit
of electrodes size and long-time limit (in this order) – be represented by scattering boundary
conditions.
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7.3 Transient dynamics

An interesting application of the the micro-canonical picture and the above
theorems is the study of the transient dynamics of nanoscale systems. This
dynamics is still poorly understood.

Here I show an illustrative example (Sai et al., 2007b) using TDDFT
within the most common approximation for the exchange-correlation scalar
potential: the adiabatic local-density approximation (Appendix E).

Let us consider a narrow constriction that separates two large but finite
electrodes (Fig. 7.3). Both the electrodes and the constriction are quasi-
2D structures and contain electrons compensated by a uniform background
charge (jellium model) with a density close to that of bulk gold (rs � 3a0).

z [ °A]

x 
[ ° A

]

-20 -10  0  10  20

-20

-10

 0

 10

 20

(a) (b) (c)

Fig. 7.3. Current density for a series of times in a nanoscale constriction. Electrons
flow from right to left, and the current density vector is oriented along the usual
convention of the current (i.e., opposite to electron flow). At t < 0 the system is
prepared with an applied bias ∆V = 0.2 V. The field lines in each panel depict the
direction and amplitude of the current density vectors. (a) t = 0.4 fs ; (b) t = 0.8
fs ; (c) t = 1.6 fs. Reprinted with permission from Sai et al. (2007).

The simulations are initiated by preparing the system with a charge im-
balance. This is done by applying a step-function-like electric bias across
the junction such that the two electrodes bear equal and opposite potential
offsets relative to the potential at the center of the junction. The ground
state of this system is then calculated, which provides the initial condition
|Ψ0〉. Equations E.4 of TDDFT are then solved with this initial condition
for the same electron system in the absence of the above bias.

Due to the initial bias offset there is the dynamical formation of resistivity
dipolar layers at the electrode surfaces. This is shown in Fig 7.4 where a
time series of the x−y plane-averaged excess charge density along the z axis
is shown.8

8 For the definition of planar average, see Sec. 2.4.
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Fig. 7.4. Planar average of the charge density at different times for the nanojunction
of Fig. 7.3. Thin dashed lines mark the edges of the positive uniform background
of the electrodes. The sign of the surface charges indicates that electron charges
accumulate on the right and deplete on the left of the junction. Reprinted with
permission from Sai et al. (2007).

As a result, the initial current flow is uniform on both sides as shown in
Fig. 7.3(a). After this, there is a period of adjustment during which the
dominant flow is in the lateral direction, i.e., parallel to the facing surfaces
of the electrodes: the electrons try to passivate the extra dipolar charges
(Fig. 7.3(b)). This passivation is continuous, but after the initial transient
the net current density converges, for this particular initial condition, toward
the center of the nanojunction (Fig. 7.3(c)). This adjustment occurs on very
fast time scales related to the fast momentum relaxation in nanojunctions
(see discussion in Sec. 2.2.3 and in Sec. 7.6).

The physical situation described above confirms the discussion I have
made in the preceding section. Electrons moving across a nanostructure
form local resistivity dipoles at the junction, or in its interior. The formation
of these dipoles is dynamical, and indeed the discharge of a finite capacitor
can be viewed as a continuous attempt of the electrons to passivate the
positive charges of these dipoles.

The above example also shows that the electron flow is very similar to a
classical liquid flow across a constriction: the electrons move like a liquid
in going from a “bucket” – the negatively charged electrode – to another
“bucket” – the positively charged electrode – across a narrow aperture. I
will formalize this notion in the next chapter within a hydrodynamic theory
of conduction.
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7.4 Properties of quasi-steady states

Let us now return to our finite system in Fig. 7.1 and refer to the true
many-body dynamics. Let us also assume that the system is closed and no
external perturbation is present. In addition, we do not allow ionization
of the electrode-junction-electrode system. Ionization would correspond to
the escape, through the vacuum, of some finite electronic charge to infinity
and, therefore, would not correspond to the experimental realization of d.c.
transport I consider here. The system is therefore finite, closed and isolated.

Let us then try to understand the nature and number of possible quasi-
steady states that a many-electron system can reach during time evolution.
As I discussed in Sec. 7.1.1, the term “quasi-steady state” means a steady
state of the average current that is local in time (like the one pictured in
Fig. 7.6; see also discussion in Sec. 1.2). This study will answer a funda-
mental question:

How many states realize a given average total current?

Above, by “average” I mean in a temporal sense, as will become clear in
a moment. Also, here “states” may be either pure or mixed, and may differ
in terms of the microscopic density and/or current density.

For simplicity, I will work with pure states but the following discussions
can be generalized to mixed states as well, by replacing |Ψ〉 → ρ̂ every-
where. Let us then release the electrons from an arbitrary but definite
initial state |Ψ0〉, characterized by a charge imbalance between the elec-
trodes. We thenceforth allow the electrons to propagate dynamically with
the time-dependent Schrödinger equation 7.1.

As clearly shown in the example of Fig. 7.3, after an initial transient time
– related to the initial state of the electrons and to the electron-electron
relaxation time inside the capacitor plates – during which electrons first start
to traverse the nanojunction, a quasi-steady state may be established. If it is
established, we expect it to persist until multiple electron reflections off the
far boundaries of the system develop. We are interested in the intermediate
quasi-steady state before the occurrence of these reflections.

7.4.1 Variational definition of quasi-steady states

Let us first show that when the system has reached a quasi-steady state
this property can be expressed in variational terms.9 The advantage of a
variational procedure is that it will allow us to discuss the robustness of

9 This derivation follows closely the one in Di Ventra and Todorov (2004).



7.4 Properties of quasi-steady states 361

steady states with respect to variations, which will guide us in formulating
a principle regarding their existence and formation.

Our electrons are described by a many-body state vector |Ψ(t)〉, governed
by the time-dependent Schrödinger equation 7.1.

For the moment, I regard the initial condition |Ψ(t = 0)〉 = |Ψ0〉 as a
parameter. As usual, the electron number density and current density are
given by

n(r, t) = 〈Ψ(t)|n̂(r)|Ψ(t)〉,
j(r, t) = 〈Ψ(t)|̂j(r)|Ψ(t)〉, (7.16)

where n̂(r) and ĵ(r) are the number density (Eq. 1.24) and current density
(Eq. 1.25) operators, respectively.

Referring to Fig. 7.2 the current IS(t), through a surface S across the
electrode-junction-electrode system, is once again given by

IS(t) =
∫

S
j(r, t) · dS =

∫
V

dr∇ · j(r, t). (7.17)

The time variation of the charge density is related to the current density
via the continuity equation

∇ · j(r, t) + e
∂n(r, t)

∂t
= 0 . (7.18)

By differentiating once again Eq. 7.18 in time, and replacing the result into
Eq. 7.17 we find

dIS(t)
dt

= −e

∫
V

dr
∂2n(r, t)

∂t2
. (7.19)

It is then evident that when

∂2n(r, t)
∂t2

= 0 , ∀ r , ∀ t , (7.20)

an exact ideal steady state is enforced, namely

dIS(t)
dt

= 0 , ∀S , ∀ t , exact steady state. (7.21)

However, in our closed and finite system an exact steady state can never be
realized and a local definition – both in time and space – of steady states
needs to be introduced, and, as before, we call these quasi-steady states.

By appealing to the intuitive concept of a steady state in the case of a
macroscopic classical capacitor, considered earlier, we therefore adopt the
view that a quasi-steady state is one in which the temporal variation of local
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properties is minimal. Guided by the condition 7.20 we see that a measure
of temporal variations is provided by the functional of the density

A[n] =
∫ t2

t1

dt

∫
all space

dr
(

∂n(r, t)
∂t

)2

, (7.22)

where (t1, t2) is some time interval. In this interval one thus has the average
current (cf. Eq. 1.12)

〈IS〉 =
1

t2 − t1

∫ t2

t1

dt IS(t). (7.23)

Let us first perform an unconstrained variational minimization of A with
respect to n, for a given n(r, t1) and n(r, t2). The result is

∂2n(r, t)
∂t2

= 0 , ∀ r , ∀ t ∈ (t1, t2) . (7.24)

This result is indeed the condition 7.20 for an exact steady state with the
exception that it is now limited to an interval of time (t1, t2). In fact, from
Eq. 7.19 we see that, under the conditions expressed by Eq. 7.24,

dIS(t)
dt

= 0 , ∀S , ∀ t ∈ (t1, t2). (7.25)

It therefore seems natural to stop here and use the functional 7.22 to define
quasi-steady states in our closed and finite system. In reality, Eq. 7.25 by
itself says nothing about the actual value of IS(t) or about the dependence
of IS(t) on S. Equation 7.25 simply describes a generic type of conducting
state in which matter (in this case electrons) is being transferred from region
to region at a steady rate. Such a state is a true global steady state.

We have seen that such states are minima of the quantity A in Eq. 7.22. If
we write t2−t1 = δt > 0 and use the above procedure for smaller and smaller
δt, then in the limit δt → 0 we obtain a weaker version of Eq. 7.24, with
reference to a single instant in time. This instantaneous form of Eq. 7.24
defines a type of conducting state that I call a true instantaneous global
steady state.

However, the minimization procedure applied to A above treats n(r, t) as a
freely adjustable function of time, without regard for the actual physical dy-
namical laws governing our system. In fact, the time-dependent Schrödinger
Eq. 7.1 may not permit the system to attain a true instantaneous global
steady state, as defined above.

My next task, therefore, is to seek the dynamical state closest to a true
instantaneous global steady state, permitted by the laws of motion that
govern our system. I do this by constraining the minimization as follows.
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Let us first replace (∂n(r, t)/∂t)2 in Eq. 7.22 with (∇ · j(r, t))2 (from
Eq. 7.18).

I now define the instantaneous dynamical state closest to a true steady
state by the following variational procedure. Consider all possible evo-
lutionary paths allowed by the dynamics of the system, in a small time
interval (t1, t2). Of these, consider those that have a given total energy
E = 〈Ψ(t)|Ĥ|Ψ(t)〉 and a given total number of electrons N . In our micro-
canonical picture, if the Hamiltonian does not depend on time, E is a con-
stant of the motion (N is a constant of the motion even if Ĥ is time depen-
dent).

Of those paths, consider the evolutionary paths that produce a given
average current 〈IS〉, during the interval (t1, t2), across a given open surface
S (Eq. 7.23). Of those, we seek that evolutionary path that minimizes A in
Eq. 7.22.

To do this, let us define B as A = B δt, δt = t2 − t1. Then, in the limit
of vanishing δt, the above search is equivalent to minimizing (with the same
constraints) the instantaneous functional, at time t = t1 = t2,

B = B[|Ψ(t)〉] =
∫

all space
dr (∇ · j(r, t))2 (7.26)

with j(r, t) given in Eq. 7.16.
Let us now develop the state of the system as

|Ψ(t)〉 =
∑

i

ci |Ψi〉, (7.27)

where {|Ψi〉} are all N -electron bound states of the system in Fig. 7.2, with
eigenenergies {Ei}, and {ci} some complex coefficients. The reason for re-
stricting the expansion to the bound part of the spectrum of Ĥ is again that
we do not allow for ionization of the electrode-junction-electrode system.

Let us substitute the expansion Eq. 7.27 into Eq. 7.16, and then into
Eq. 7.26. Our minimization procedure then corresponds to seeking minima,
with respect to {ci}, of the functional

B[{ci}] =
∑

i,i′,i′′,i′′′

c∗i ci′c
∗
i′′ci′′′

×
∫

all space
dr (∇ · jii′(r)) (∇ · ji′′i′′′(r)) (7.28)
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where jii′(r) = 〈Ψi |̂j(r)|Ψi′〉, subject to the constraints

〈IS〉 = lim
t2→t1

1
t2 − t1

∫ t2

t1

dt IS(t) =
∑
i,i′

c∗i ci′

∫
S

dS · jii′(r), (7.29)

E =
∑

i

c∗i ciEi, (7.30)

∑
i

c∗i ci = 1. (7.31)

Each solution for |Ψ〉 =
∑

i ci |Ψi〉 is an instantaneous many-body state,
which we label |Ψ(E, IS, t)〉, containing only electrons bound within the
electrode-junction-electrode system in Fig. 7.2, that produces a given aver-
age current 〈IS〉 and a given total energy E, while globally minimizing the
divergence of the current density.

We call the solution |Ψ(E, IS, t)〉 an instantaneous quasi-steady state: the
best our closed finite system can do to “mimic” a true instantaneous global
steady state (i.e., the one for which condition 7.25 holds). Once these so-
lutions are found, we may then let the electrodes size go to infinity. We
expect that in this “thermodynamic limit” the instantaneous quasi-steady
states become true global steady states.10

7.4.2 Dependence of quasi-steady states on initial conditions

We may now back-track in time and look for the initial condition required
to obtain a given instantaneous quasi-steady state. From Eq. 1.17, when
the Hamiltonian does not depend explicitly on time, this initial condition is

|Ψ0(E, IS)〉 = eiĤ t/� |Ψ(E, IS, t)〉, (7.32)

where I have chosen t = 0 as our arbitrary initial time.
We can now make several important points regarding the above minimiza-

tion procedure.

(i) For a given total energy E and average current 〈IS〉 we may ob-
tain more than one quasi-steady state solution |Ψ(E, IS, t)〉. In other
words, there may be different – in terms of charge and current den-
sities – microscopic realizations of the same steady-state current.11

10 Note that this may not be necessarily true for all the instantaneous quasi-steady states. The
reason is that a local (in time) definition of such states may still not allow for a global evolution-
ary steady-state path (see discussion in Sec. 7.5). If one has only local stability, compared to
global stability, of quasi-steady states we expect that perturbations/fluctuations in the system
drive it away from a global steady state.

11 If we work with mixed states and not pure states, the above is equivalent to stating that there
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(ii) There may be combinations of E and 〈IS〉 for which no solution for
|Ψ(E, IS, t)〉 exists: the system may never reach a quasi-steady state
of specified current.

(iii) There may be initial conditions |Ψ0〉 that do not ever lead to a quasi-
steady state, i.e., that cannot be reached by back propagation from
any |Ψ(E, IS, t)〉.12

(iv) Finally, there may exist quasi-steady state solutions that have the
same E but different IS . If these solutions describe quasi-steady
states of different currents at the same time t corresponding to the
same voltage drop, they correspond to chaotic transport and may oc-
cur in systems with intrinsic non-linear dynamics.13 In Sec. 8.5 I will
discuss such an instance when the system dynamics is turbulent.14

7.5 A non-equilibrium entropy principle

In addition to the above points we can also draw the following conclusion
which is a direct consequence of the variational nature of quasi-steady states.

At a quasi-steady state |Ψ(E, IS, t)〉, the functional B[|Ψ〉] is, by construc-
tion, stationary against variations of |Ψ〉 about |Ψ(E, IS, t)〉, compatible with
the constraints. But B is a measure of the magnitude of the divergence of
the current density, at least in a macroscopically averaged sense.

Thus, we may expect the quasi-steady state flow pattern itself to be rel-
atively robust against variations about |Ψ(E, IS, t)〉, at least on a “coarse-
grained” scale. However, after back-propagation to our initial time t = 0, the

are two or more statistical operators ρ̂ that give the same total current at time t, but whose
trace over the density and current-density operators is different. This is reminiscent of the case
encountered in the ground state of a many-body system, when the latter is degenerate thus
giving rise to different microscopic densities.

12 Note that it was argued in Stefanucci and Almbladh (2004), that any initial condition would
lead to a steady state in an infinite system. In reality, in that publication the authors consider
a system that in the long-time limit allows for a stationary solution, i.e., they assume from
the outset that the system will indeed reach a steady state. We ask the opposite question: if
one starts with an arbitrary initial condition does the system actually reach an instantaneous
steady state that in the thermodynamic limit may develop into a true global steady state?

13 A further consequence of all the above discussion is the following. If we consider the quasi-
steady state solutions in an ensemble {〈IS 〉} of average currents and form a linear combination
of many-body wave-functions out of their respective sets of initial conditions, the system with
this new initial condition could possibly evolve in time into the quasi-steady state of yet another
average current 〈IS 〉, that does not belong to the original ensemble {IS }. If this happens, then
the system can fluctuate coherently between microscopic quasi-steady states with different
currents and steady-state noise is produced (Di Ventra and Todorov, 2004). This additional
noise has nothing to do with the ordinary shot noise we have discussed in Chapter 5; instead,
it could be due to possible realizations of a steady state as a linear combination of microscopic
states corresponding to different currents. This noise would be sensitive to decoherence effects
and is thus likely to be reduced if the latter are strong.

14 Initial conditions that do not lead to a quasi-steady state may still do so if other inelastic effects
are included, such as electron-phonon interactions.
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corresponding spread of initial conditions, about |Ψ0(E, IS)〉, may contain
large variations in microscopic quantities such as the charge density.

In other words, there may be a large set of initial conditions – in the
Hilbert space of the system – which I denote symbolically by P0(|Ψ(E, IS, t)〉),
that differ in their microscopic properties but that produce the same, or
nearly the same, quasi-steady state flow pattern at some later time t. This
is illustrated schematically in Fig. 7.5.

This conclusion supports the intuitive notion that a steady state, if formed,
should be relatively insensitive to the microscopic details in the initial con-
ditions.

Fig. 7.5. A quasi-steady state |Ψi(E, IS , t)〉 at time t is robust against local varia-
tions but may originate from a large set P0(|Ψi(E, IS , t)〉) of different initial condi-
tions in the Hilbert space of the system.

This conclusion also suggests a link with the notion of entropy I have
discussed in Sec. 2.8. In fact, the “likelihood” of a system with a given
total energy E attaining a steady state, |Ψ(E, IS, t)〉, with a given total
current 〈IS〉 at time t, and the stability of this steady state against small
perturbations, is measured by the relative weight (in the Hilbert space) of
the set P0(|Ψ(E, IS, t)〉), among all initial conditions that lead to the current
〈IS〉 at time t.

Call pi(|Ψ(E, IS, t = 0)〉) the probability that a given initial condition
occurs in the set P0(|Ψ(E, IS, t)〉). From Eq. 2.142, we can then define the
following measure of disorder for that particular set:

S[P0(|Ψ(E, IS, t)〉)] = −kB

M∑
i=1

pi(|Ψ(E, IS, t = 0)〉) ln[pi(|Ψ(E, IS, t = 0)〉)],

(7.33)
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where M is the number of accessible states in the set P0(|Ψ(E, IS, t)〉).15

Now, suppose that for a given total energy E and average current 〈IS〉
there are several distinct quasi-steady states |Ψi(E, IS, t)〉 (Fig. 7.5). For
each of them we can define an entropy as in Eq. 7.33. The question is:
which state would be realized, or preferentially realized, in a macroscopic
experiment on the system at time t?

In equilibrium statistical mechanics we are guided by the maximum sta-
tistical entropy principle which states that among all possible statistical op-
erators ρ̂ compatible with the constraints on the system, the latter is repre-
sented by the macro-state that has the largest statistical entropy 2.142 (see,
e.g., Balian, 1991). From this principle we are able to derive all laws of
thermodynamics.

In the present non-equilibrium problem we cannot rely on this principle.
However, from the above discussion it seems natural to formulate the fol-
lowing (Di Ventra and Todorov, 2004)

Initial-state maximum entropy principle: A dynamical system reaches
the steady state whose ensemble of initial conditions has maximum disorder.

In other words, the system is driven towards a specific steady state at
time t – if the dynamics supports steady states – by a “maximum-entropy
principle” where the entropy here does not measure the disorder of the state
at time t, but rather the number of different initial conditions that realize the
given steady state. The more disordered (larger) that set of initial conditions
is, the more likely the steady state is to be realized.16

The above principle also seems to encompass the situation in which the
time variation of the entropy (entropy production) is minimal at the quasi-
steady state that develops from the set of initial conditions with largest
entropy. This is reminiscent of Prigogine’s principle of minimal entropy
production at a steady state close to equilibrium, by which a steady state
is characterized by minimal entropy variation (Prigogine, 1967). However,
unlike the latter principle which has a bearing only for states close to equi-
librium and has no relation to the actual dynamics that leads to a steady
state, the one formulated above has applicability even far from equilibrium,
and contains a statistical criterion for a given steady state to actually form.

The last point is particularly important because dynamical systems go

15 If we choose to work within the micro-canonical ensemble, the probabilities pi (|Ψ(E, IS , t = 0)〉)
are all equal to 1/M (see Sec. 2.8.2).

16 In this respect, this steady-state may be called an attractor of the dynamical system, and the
set of initial conditions that lead to it a basin of attraction.
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through several evolutionary paths, some of which may contain large “bar-
riers” that may force the system in some arbitrary state, not necessarily a
steady state. Therefore, by focusing only on the final result – the steady
state – without regard to the dynamics of the system, we cannot answer the
question of how the latter overcomes these evolutionary “barriers”.

It is only when all evolutionary paths are taken into account with all
possible initial conditions that the system may overcome those “barriers”
and reach a steady state. It thus seems natural that the more “attempts” –
initial conditions – that allow the system to reach a given steady state, the
more likely the latter is to be realized.

Finally, the principle I have formulated above is not necessarily limited
to steady states in transport, but may have a bearing in the formation
of dynamical steady states of any physical system – close to or far from
equilibrium – with these dynamical steady states belonging to some other
observable of the system. An example of this is the approach to equilibrium
of ultra-cold gases in optical lattices (Kinoshita et al., 2006). It was shown
experimentally that, according to the initial conditions, these systems may
reach steady states that are not necessarily canonical (namely, they are not
equilibrium states), and that are strongly dependent on the initial state of
the system. In other words, the final state has memory of the initial state
it originates from.

Electron sources revisited

At this point, let us refer to the case in which the system is connected
to an electron source, such as a battery. At any given time, the latter
prepares the many-body system in some state which then evolves in time.
The only constraint on this state is that it represents a fixed electrostatic
potential difference V . This constraint, however, is a “mean-field property”
of the many-body system (Eq. 2.94) that can be realized by many states:
several many-body wave-functions can be constructed that produce different
single-particle densities but same voltage difference. According to the above
analysis, some of these states may lead to steady states, some to no steady
state at all.

Those states that do lead to a steady state may be grouped into different
final steady states. The above principle suggests that the one that is likely to
be realized is the one that has the largest number of initial states associated
with it: the one with maximum initial-state disorder.
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7.6 Approach to steady state in nanoscale systems

I have discussed the nature and number of quasi-steady states, and their
dependence on initial conditions, but I have yet to discuss the microscopic
physical processes that help the system establish a steady state.

Electron-phonon interaction

If the many-body electron system is open to a phonon bath with a dense
spectrum,17, the dynamics of the system may be described by an equation
of motion of the Lindblad type (Eq. 1.73). As discussed in the example of
Sec. 2.2.1, it thus seems natural that electron-phonon interactions help the
system evolve in one of the (possibly many) steady states compatible with
the equation of motion 1.73. This happens within relaxation times in the
range of 10−14 −10−13 s with the smaller times corresponding to the system
at room temperature or higher (see Secs. 2.2.2 and 6.2.1). This is, however,
not the only process that helps establish a steady state.

Electron-electron interaction

In fact, let us consider our electron system closed and finite. Electron-
electron interactions are responsible for screening, which keeps the electron
density macroscopically constant, a condition we call charge neutrality. This
creates an effective “incompressibility” of the electron liquid in the elec-
trodes, which makes current flow somewhat similar to a classical liquid flow:
local disturbances in the density are not tolerated and “heal” fast (I will
expand further on this hydrodynamic connection in Chapter 8).

However, another important effect of electron-electron interactions, in
particular Umklapp processes – processes that destroy crystal momentum
(Ashcroft and Mermin, 1975) – is to produce relaxation of the total electron
momentum in the electrodes, which is not a constant of the motion in our
finite system. Even though these processes are well defined in strictly peri-
odic systems – and thus not in our electrode-nanojunction-electrode system
– deep into the electrodes, far away from the boundaries, we can argue (as
we did in Sec. 6.3.1 for the heat conduction) that such processes exist, and
can be described similarly to the case of translationally invariant systems.18

In bulk materials, relaxation times for electron-electron interactions are
typically larger than electron-phonon scattering times for a wide range of
17 And very short correlation times compared to the electron dynamics.
18 In the same region of the electrodes, there would be normal electronic processes which conserve

total electron momentum and therefore cannot contribute to the resistance.
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temperatures (Ashcroft and Mermin, 1975). In nanoscale systems the rate of
electron-electron interactions actually increases locally at the nanojunction
with respect to the bulk, thus leading to the electron heating phenomenon
I will discuss in Sec. 8.6. Electron-electron interactions may thus help the
formation of steady states.

An elastic relaxation mechanism

There is, however, yet another intrinsic mechanism that facilitates momen-
tum relaxation in the crucial region of the junction and which is particularly
effective for systems of nanoscale dimensions. I have anticipated this mech-
anism in Sec. 2.2.3 where I discussed the role of momentum relaxation in
driving the system to local equilibrium.

This mechanism – which changes electron momentum but not energy –
is provided simply by the geometrical constriction experienced by electron
wave-packets as they approach the nanojunction (Di Ventra and Todorov,
2004; Bushong et al., 2005). It is thus due to the wave properties of the
electron wave-functions and the resultant uncertainty principle, and has
nothing to do with electron-electron interactions.

It is indeed this relaxation mechanism that generates most of the (elastic)
resistance for electrons scattering at impurities. However, unlike an impu-
rity in a bulk material that can be avoided by electrons moving around it, a
nanojunction cannot be avoided by the carriers. In addition, in nanojunc-
tions this relaxation mechanism turns out to be generally much faster than
the other inelastic processes described above.

Since momentum relaxation drives the system to local equilibrium (Sec.
2.2.3), the above mechanism, combined with the effective incompressibility
of the electron liquid, may also drive the system to a quasi-steady state. In
the thermodynamic limit of large electrodes this quasi-steady state may then
turn into a true global steady state, but the infinite number of degrees of
freedom provided by the electrodes is not necessary for the quasi-steady state
to develop, only to maintain the developed quasi-steady state indefinitely in
time.19 Let us expand on this point.

I follow a similar argument as in Sec. 2.2.3 but I now take advantage of
the single-particle scattering theory I developed in Chapter 3. Let us assume
that the nanojunction has cross section w and a single electron wave-packet
moves into it. The wave-packet has to adjust to the motion appropriate to

19 This is clear if one considers turbulent or chaotic transport. In this case, a true global steady
state does not develop, even if the system is infinite.
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the given junction geometry in a time

τc ∼
�

∆E
, (7.34)

where ∆E is the typical energy spacing of lateral modes in the constriction.
If we assume a rectangular lateral confining potential, the energy spacing of
lateral modes is of the order of (from Eq. 3.25)20

∆E ∼ π2
�

2

mew
. (7.35)

We therefore find

τc =
1
νc

∼ mew

π2�
. (7.36)

For later use I have also defined a frequency νc associated with this process.
If w = 1 nm2, τc is of the order of 1 fs, i.e., orders of magnitude smaller

than typical electron-electron, or even electron-phonon scattering times for
a wide range of temperatures. As anticipated, this shows that the elastic
collisions at the nanostructure contribute largely to momentum relaxation.

If we call τin the scattering time due to inelastic effects, and assume these
processes independent of the above elastic scattering with the nanojunction,
then the total scattering time τtot is

1
τtot

≈ 1
τc

+
1

τin
≈ νc , (7.37)

where the last approximation comes precisely from the assumption that the
elastic scattering time is much faster than the other relaxation times.

The relaxation time τtot is the one that would enter, for instance, in the
collision integral 4.157 of the quantum kinetic equations 4.155. Thus, this
effect would seem to suggest that, even without electron-phonon or electron-
electron inelastic scattering, a steady state could be reached in a nanocon-
striction, with at most mean-field interactions.

Clearly, the result in Eq. 7.37 is just a crude estimate in the spirit of
the relaxation-time approximation I have discussed in Sec. 4.6. In reality,
the scattering rate due to the presence of the nanojunction must be depen-
dent on the many-body configuration of all electrons. Also, in truly meso-
scopic/macroscopic systems we expect the above elastic relaxation mecha-
nism to be of less importance in establishing a quasi-steady state: inelastic
effects are likely to dominate the approach to steady state.

20 The electron mass entering Eq. 7.35 could be an effective mass m∗
e if one uses an effective

Schrödinger equation to describe transport (see Chapter 8).
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Fig. 7.6. Current as a function of time through a model 3D finite nanojunction
(schematic is shown) calculated with a single-particle tight-binding model. The
inset shows the corresponding current for a finite linear chain of N = 60, 70, 80 and
90 atoms. Reprinted with permission from Bushong et al. (2005).

A numerical example

An example that the above relaxation mechanism may indeed lead to a
quasi-steady state is shown in Fig. 7.6, where electronic transport is studied
within the micro-canonical picture for a finite three-dimensional model of a
nanojunction, and a finite quasi-one-dimensional atomic wire (Bushong et
al., 2005).21

The dynamics of the system is described by the N -site, nearest-neighbor,
tight-binding Hamiltonian

Ĥ =
N∑

i=1

εi|ri〉〈ri| + t
N∑

i=1

(|ri〉〈ri+1| + H.c.) , (7.38)

where there is one orbital state |ri〉 per atomic site with energy εn and hop-
ping matrix element t connecting nearest-neighbor sites (the symbol “H.c.”
means Hermitian conjugate).

We then prepare the system such that one half has a different local con-
figuration than the other, i.e., the initial state is not the ground state of
the above Hamiltonian. For this non-interacting case, this can be done by
increasing the on-site energies εi on one side of the system by an energy
21 For another example of the use of the micro-canonical picture of transport in molecular struc-

tures see, e.g., Cheng et al. (2006).
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“barrier” EB .22 This seems a natural choice as it “mimics” the role of the
electron source. However, as I have discussed above it is just one of the
many (essentially infinite) initial conditions one can choose to initiate cur-
rent flow; some of these initial conditions may not lead to a quasi-steady
state.

Taking this state as the initial state of the system, we then remove EB ,
and let the electrons propagate according to the time-dependent Schrödinger
equation 7.1 with the time-independent Hamiltonian 7.38.

Due to the closed and finite nature of the system, the total current can
be calculated by differentiating in time the charge accumulated on one side
of the system, i.e. (the factor of 2 is for spin)

I(t) = −2e
d

dt

N/2∑
n=1

NL∑
i=1

〈ψn(t)|ri〉〈ri|ψn(t)〉. (7.39)

Here |ψn(t)〉 are the occupied single-electron states that are solutions of the
time-dependent Schrödinger equation, and NL is the number of sites on the
left of the junction interface.

The onset of a quasi-steady state is clear in Fig. 7.6, where the current
Eq. 7.39 as a function of time is plotted for EB = 0.2 eV. In the inset, it
is shown that a similar quasi-steady-state current develops in 1D wires of
different lengths, where the initial-time energy barrier forces electrons to
change the spread of electron momentum, and hence plays a role similar to
that of the geometric constriction in the 3D case.

In all cases, the current initially rises rapidly, but quickly settles to a
quasi-constant value Iss.23 The quasi-steady state lasts for a time td during
which the electron waves propagate to the ends of the structure and back.

As is clear from the inset of Fig. 7.6, the duration of a quasi-steady-state –
when developed – can be made as long as one pleases by simply increasing the
size of the electrodes. This again confirms our previous discussion, namely
that a quasi-steady state current with a finite lifetime can develop even in
the absence of dissipative effects. In addition, it shows that the formation
of quasi-steady states is related to properties of the nanojunction, while its
lifetime is related to the size of the electrodes.24 In the thermodynamic limit
of electrode size, this lifetime can be made infinitely long.
22 For the 1D wire (see inset of Fig. 7.6), the interface between the two regions separated by the

barrier defines the nanoscale “junction”.
23 In the 1D structures, small oscillations (related to the finite size of the system) are observed

that decay in time.
24 As discussed in Sec. 7.1, td ≈ 2 L/vF , with L the characteristic length of one electrode. Taking

into account Eq. 7.36, in order to observe a quasi-steady state one needs a characteristic length
for the electrodes L > vF me w/2π2

�.
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7.7 Definition of conductance in the micro-canonical picture

I finish this chapter with considerations on how to define a conductance
in this finite-system approach. I recall that the conductance is a derived
quantity, and, therefore, it does not have a unique quantitative definition
(Sec. 3.3.4).

Let us consider the case in which a quasi-steady state has formed from
some initial state. Let IS(t) be the total current associated with this quasi-
steady state, across a chosen surface S. Now that we have dispensed with
the infinite reservoirs of the Landauer approach, we may no longer appeal to
the definition of conductance we have described in Chapter 3, with respect
to bulk electrochemical potentials. We may, however, fall back to its non-
invasive definition, with respect to the electrostatic potential drop in the
system, similar in spirit to the definition we have employed in Sec. 3.8.

The electrostatic potential φ(r, t) (Eq. 2.94), subject to the boundary
condition φ(r, t) → 0 as r → ∞ appropriate to our isolated finite system, is
a functional of the electron density n(r, t) and is thus unambiguously known
in the quasi-steady state, or in any other state for that matter.

It is physically plausible – and numerical calculations confirm this assump-
tion (Bushong et al., 2005) – that, for large enough electrodes, in a quasi-
steady state the potential φ tends – possibly within microscopic Friedel-like
oscillations – to well-defined values φL(t) and φR(t) in the interior of the
left and right electrodes, respectively, at least for times much smaller than
the time for the electrons to traverse the electrodes and come back.

This enables us to define a potential difference V (t) = φL(t)−φR(t), with
respect to which we may then define a conductance as

σ(t) =
dIS(t)
dV (t)

. (7.40)

It has been shown numerically (Bushong et al., 2005) that for metallic
quantum point contacts the conductance evaluated according to Eq. 7.40
shows the quantization properties I have discussed in Sec. 3.3.4 in the context
of the Landauer approach.25

We could, however, measure the above electrostatic potentials anywhere
along the electrodes (see Fig. 3.19). With an appropriate macroscopic aver-
age, we could define another set φ̄L(t) and φ̄R(t) of electrostatic potentials
25 In a single-particle picture one can also project the occupation of the dynamical states |ψ(t)〉

onto the eigenstates of the Hamiltonian Ĥ , within the left and right regions of the electrodes
(Bushong et al., 2005). This gives rise to two local electron distributions. It was shown
numerically that these distributions approach two local Fermi-like distributions centered at
different local energies, which can be interpreted as local electrochemical potentials (Bushong
et al., 2005). In this case, the conductance can be defined in terms of the difference between
these two local electrochemical potentials.
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locally in those regions of the electrodes where a non-invasive measurement
is ideally performed, from which a new electrostatic potential difference
V̄ (t) = φ̄L(t) − φ̄R(t) could be defined. The corresponding conductance

σ̄(t) =
dIS(t)
dV̄ (t)

, (7.41)

would thus have, at a quasi-steady state, all the characteristics of the four-
probe conductance 3.293.

Summary and open questions

In this chapter I have introduced an alternative picture of transport I named
micro-canonical. In this picture electrical current is studied via the discharge
of a large but finite capacitor across a nanojunction. This system may be
either closed or open.

This picture allows us to prove theorems on the total current within dy-
namical density-functional theories. These theorems guarantee that, if we
know the exact dynamical functional, all many-body dynamical effects can
be evaluated using effective single-particle equations. Such theorems can-
not be proved for the static formulations of transport I have described in
previous chapters.

The micro-canonical picture also allows for a variational definition of
quasi-steady states, and suggests a principle regarding their formation. This
principle does not refer to the entropy – or information – content of the
steady state, as traditional principles for systems close to equilibrium do.
Rather, it gives a prescription on the likelihood that a steady state be formed
based on the disorder of the initial states that lead to such a steady state.

This principle is not necessarily limited to the transport problem I have
discussed here, but may have applications to the more general class of non-
equilibrium steady states.

Interesting effects that have not been studied yet within this approach
relate to electron-ion interactions and noise properties of the current. Stud-
ies in this direction may help to better understand the approach to steady
state, and memory effects on the electron dynamics.
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Hydrodynamics of the electron liquid

In the preceding Chapter I have discussed an alternative picture of transport,
which I called micro-canonical. From this picture we have learned that
electrons flow from one electrode to the other across a nanojunction like a
liquid would do in confined geometries. This was illustrated in Fig. 7.3.

The junction is an unavoidable obstacle for the electrons, which need to
change their momenta while crossing it. This forces the system to reach
local equilibrium fast, greatly helping the effect of other inelastic processes
whose role is also to force the system towards local equilibrium.

To the above properties we need to add the known fact that, due to
Coulomb interactions, the electron liquid is also viscous, namely electron-
electron interactions create an internal friction for an electron to propagate
through the electron liquid, much like the friction experienced by an object
moving across a viscous liquid or gas.

To be more specific, the shear viscosity of the electron liquid at the density
of a typical metal, such as gold, is about 10−7 Pa s (from Eq. F.8 with
rs = 3a0). For comparison the viscosity of water at room temperature is
about 10−3 Pa s.

The viscosity of the electron liquid is thus very small but not zero. In
fact, the smaller the viscosity, the less stable the flow with respect to per-
turbations, especially those provided by obstacles or constrictions along the
path.

All of the above properties suggest an intriguing analogy of the electron
flow in a nanojunction with the flow of a classical liquid in restricted ge-
ometries. In this chapter I show that this notion is not far-fetched, and it is
based on the fact that the time-dependent many-body Schrödinger equation
can be cast exactly in a “hydrodynamic” form in terms of the single-particle
density and the velocity field, i.e., the ratio between the current density and
density.

376
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The equivalence between the Schrödinger equation and hydrodynamics
goes back to the early studies by Madelung and Bloch (Madelung, 1926;
Bloch, 1933) at the beginning of quantum mechanics; later on put on a for-
mal basis by Martin and Schwinger for a general many-body system (Martin
and Schwinger, 1959).1 However, as I will show here, the complete equiv-
alence between these two formulations rests on the theorems of dynamical
density-functional theories.

The above also shows that the dynamics of a quantum system can be
described exactly using “collective” variables – precisely the density and
velocity field – much like one does for classical liquids. Indeed, due to
the continuous nature of the wave-functions, a hydrodynamic description
is much more “natural” in quantum mechanics than in classical physics.
In the latter case particles are objects of finite size, and the density and
velocity field are associated with volumes of the liquid small compared to
the other relevant length scales (such as variations of any external potential)
but large to contain “enough” particles so that a continuum mechanics can
be developed. In quantum mechanics the above coarse-grained requirement
is not necessary.

However, despite its great physical appeal, the hydrodynamic formulation
of the Schrödinger equation – in its exact form – has the same range of
applicability as the latter: for a true many-body problem it is very limited.
This is due to the difficulty in identifying the analytical structure of the
quantity that describes electron-electron interactions (in hydrodynamics this
quantity is the stress tensor).

I will show that, due to the fast relaxation mechanism I have discussed in
the previous chapter (Sec. 7.6), the electron flow at nanostructures can be de-
scribed by the quantum analogue of the Navier−Stokes equations (D’Agosta
and Di Ventra, 2006). This opens up the possibility to observe turbulence
in nanoscale systems as in in the classical case. This phenomenon is purely
dynamical, and thus cannot be captured by static formulations of transport.

Finally, due to the viscous nature of the electron liquid, and the large cur-
rent density locally in the nanojunction, electrons “heat up” in the junction
region (D’Agosta et al., 2006), similar to the local heating of the ions due
to electron-phonon interactions I have discussed in Sec. 6.3. The hydrody-
namic formulation comes in handy for this problem, since it allows us to
estimate the magnitude of this phenomenon without the explicit calculation
of matrix elements between non-equilibrium many-body states of different
configurations.

1 A similar derivation has been repeated in Fröhlich (1967), where the Navier−Stokes equations
have also been obtained.
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8.1 The Madelung equations for a single particle

Let us start by showing that the time-dependent Schrödinger equation can
be written in a “hydrodynamic” form in the simplest case possible: the
dynamics of a single particle under the action of a potential V (r, t). This
equivalence was formulated by Madelung in 1926 (Madelung, 1926), imme-
diately after Schrödinger published his famous equation.

Let us consider the single-particle Hamiltonian

H = − �
2

2m
∇2 + V (r, t), (8.1)

which, assigned an initial condition, gives rise to the dynamics

i�
∂Ψ(r, t)

∂t
=
(
− �

2

2m
∇2 + V (r, t)

)
Ψ(r, t). (8.2)

Let us now write the wave-function as2

Ψ(r, t) =
√

n(r, t) eiS(r,t)/�, (8.3)

in terms of the probability density n(r, t) and the phase S(r, t).
Let us insert this form into Eq. 8.2 and divide by Ψ(r, t) (assuming it is

not zero). This generates two coupled equations of motion: the real and
imaginary parts of a complex equation. These are (Exercise 8.1)

∂n

∂t
= −∇ · (nv), (8.4)

∂S

∂t
= −V (r, t) − U(r, t) − 1

2m
(∇S)2, (8.5)

where I have defined the velocity field

v(r, t) =
∇S(r, t)

m
, (8.6)

and the “internal potential”

U(r, t) = − �
2

2m

∇2(
√

n)√
n

. (8.7)

Equation 8.4 is the continuity equation 1.11. The second, Eq. 8.5, can be
written in a more transparent way by differentiating it once more, and by
defining the stress tensor (i, j = 1, 2, 3 = x, y, z)

Pij(r, t) = −
(

�
2

4m

)
n(r, t)

∂2(lnn(r, t))
∂xi∂xj

, (8.8)

2 This is sometimes referred to as the de Broglie ansatz.
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to get (Exercise 8.1)

mn(r, t)
∂vj(r, t)

∂t
+ mn(r, t) (v · ∇)vj = −n(r, t)∇jV (r, t) −∇iPij(r, t),

(8.9)
where the symbol ∇iPij is short for the repeated-index summation

∑
i ∇iPij .

By defining the convective derivative

Dt ≡
∂

∂t
+ v · ∇, (8.10)

we finally get

mn(r, t)Dtvj(r, t) = −n(r, t)∇jV (r, t) −∇iPij(r, t) , j = x, y, z .

(8.11)
Equations 8.11 are the Newton equations of motion of a fluid of density

n and velocity v (Landau and Lifshitz, 1959b). They simply state that
all forces external to the fluid, −∇V , and “internal”, −∇iPij , change its
velocity. In the present context, they are often referred to as the Madelung
equations.

I have thus shown that the time-dependent Schrödinger equation 8.2 for
a single particle in an external potential can be written exactly in terms of
the density and the velocity field.

What about the reverse? Namely, by starting from the continuity equa-
tion 8.4 and the Madelung equations 8.11, do we recover full informa-
tion on the wave-function whose dynamics is given by the time-dependent
Schrödinger equation 8.2?

It has been argued (see, e.g., Wallstrom, 1994) that, since the phase S in
the wave-function 8.3 is generally multi-valued, this step requires an ad hoc
quantization condition on the velocity field 8.6. However, this is not neces-
sary if we recall, from the theorem of time-dependent density-functional the-
ory (Appendix E), that given an initial condition one can determine uniquely
– apart from a trivial time-dependent constant – the external scalar poten-
tial that generates the density,3 and hence the associated wave-function (see
also discussion in Sec. 2.8.3). It is from the given initial conditions and this
correspondence that quantization must arise. The above thus guarantees
the exact equivalence between the two formulations. It is then a practi-
cal difficulty, not a conceptual one, to back-track from the solution of the
Madelung equations 8.11 to the solution of the Schrödinger equation 8.2.

3 If the external potential cannot be written as a scalar one only, namely one has a vector
potential, then the theorem of time-dependent current density-functional theory (Appendix F)
states that given an initial condition one can determine the external vector potential that
generates the velocity field.
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Finally, I mention that in this single-particle case, since the velocity field
can be written – in the absence of a vector potential – as the gradient of a
function (Eq. 8.6), the associated fluid flow is irrotational, namely the curl of
the velocity field is zero everywhere in space and at any given time (Ghosh
and Deb, 1982). This is not necessarily true for an interacting many-body
system, where electron-electron interactions produce dissipative effects in
the system dynamics. This is the topic of the next sections.

8.2 Hydrodynamic form of the Schrödinger equation

For a many-body interacting system the above equivalence is a bit more dif-
ficult to derive. Nonetheless, it can be done exactly (Martin and Schwinger,
1959). Here I simply state and discuss the results, and refer the reader to
Appendix I for some points of the derivation.

More specifically, let us consider a closed many-body electron system
whose Hamiltonian has the general form

Ĥ(t) = T̂ + Ŵ + V̂ext(t) (8.12)

describing electrons interacting via the Coulomb potential (described by the
operator Ŵ) subject to a time-dependent external potential represented by
the operator V̂ext(t), and T̂ is the sum of all kinetic energies of the electrons
(see, e.g., Eq. 6.1). The external potential may represent, for instance, the
electron-ion interaction potential 6.4, and any other external potential.

With this Hamiltonian we solve either the time-dependent Schrödinger
equation 1.16 or the Liouville−von Neumann equation 1.60 if the system is
in a mixed state.

I then define the velocity field4

v(r, t) =
j(r, t)
n(r, t)

=
〈̂j(r, t)〉
〈n̂(r, t)〉 , (8.13)

the ratio between the average of the current density operator 1.25 and the
number density operator 1.24. The average is done over the many-body
state of the system, whether the latter is in a pure or a mixed state.5 The
above definition holds whenever the average density is not zero, and reduces
to Eq. 8.6 for a single particle if we make the de Broglie ansatz 8.3 (Exer-
cise 8.3). Note also that, unlike the classical case, since the wave-functions

4 In this chapter the current density is defined as the expectation value of the current density
operator 1.25. It thus does not contain a charge dimension.

5 Note that the velocity field 8.13 is not the expectation value of some velocity operator over the
state of the system. It is thus not an observable in the proper sense. Therefore, the properties
associated with this field must be interpreted as those derived from the density and current
density, which are observables.
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decay exponentially in the vacuum outside the sample region, both the den-
sity and the current density decay exponentially away from the sample.
However, their ratio 8.13 may remain constant, thus leading to a finite ve-
locity field even outside the sample; a fact which may be used to interpret
the Aharonov−Bohm effect (a purely quantum-mechanical effect) in a hy-
drodynamic picture (see, e.g., Casati and Guarnieri, 1979, for a different
derivation of this effect from quantum hydrodynamics).

Similar to the single-particle case of the preceding section, all “internal
interactions” are included in a stress tensor of the type

Pij(r, t) = Wij(r, t) + Tij(r, t), (8.14)

the sum of a Coulomb interaction part Wij(r, t) and a kinetic contribution
Tij(r, t) (see Appendix I for the explicit definition of these tensors).

In the present many-body case, however, the word “interactions” really
means all interactions among particles, and therefore the above stress tensor
cannot be easily written in terms of the single-particle density as in Eq. 8.8.

Finally, the equations of motion for the density and velocity field that, if
solved with given initial conditions, are equivalent to solving the many-body
time-dependent Schrödinger equation are (see Appendix I)

i�
d|Ψ(t)〉

dt
= Ĥ(t) |Ψ(t)〉
�{

Dtn(r, t) + n(r, t)∇ · v(r, t) = 0
mn(r, t)Dtvj(r, t) + ∇iPij(r, t) + n(r, t)∇jVext(r, t) = 0, j = x, y, z.

(8.15)

Equations 8.15 have the same form as the Madelung equations 8.11 with
the notable exception that the stress tensor does not have the same analyt-
ical structure as in the single-particle case. These equations are also exact,
namely no approximation has been made to derive them.6

Once again, they are similar to the equations of motion of a classical liquid
of density n(r, t) and velocity v(r, t) subject to an external field, where all
interactions among particles of the liquid are described by a stress tensor
Pij (Landau and Lifshitz, 1959b).

As in the single-particle case, given appropriate boundary conditions, if
we know the density and velocity of the system, then according to the theo-
rems of dynamical density-functional theories, we can determine the external

6 Note also that while we always discuss about electrons, this exact hydrodynamic equivalence
is also valid for bosons (Fröhlich, 1967).
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(scalar or vector) potential that generates these quantities, and hence calcu-
late the state of the system via the Schrödinger equation. This guarantees
that solving 8.15 is equivalent to solving the many-body time-dependent
Schrödinger equation.

From a practical point of view, however, in order to solve 8.15 one needs
to know the equation of motion for the two-particle stress tensor Pij which
turns out to be dependent on the three-particle stress tensor, i.e., the one
describing interactions among three particles (see Appendix I). The equa-
tion of motion of the latter depends on the four-particle stress tensor, and
so forth, thus generating a BBGKY hierarchy of infinite equations (Ap-
pendix B).

It is true that, thanks to the theorems of dynamical density-functional
theories, the stress tensor Pij can be written, in principle, as a functional of
the density or velocity field (Appendices E and F). In practice, we do not
know such a functional.

It is then a question of what approximations we need to make to solve the
hydrodynamic equations for the single-particle variables n(r, t) and v(r, t).
I will show in the next section that transport in nanoscale systems allows us
to approximate these equations to the equivalent Navier−Stokes equations
of hydrodynamics (D’Agosta and Di Ventra, 2006).

In addition, the form of the obtained stress tensor describing interactions
among particles is similar to the one derived from linear-response theory of
the electron liquid with an effective viscosity (Vignale et al., 1997; Ullrich
and Vignale, 2002). This allows us to use, as a first approximation, the cal-
culated viscosity of the electron liquid in the estimates of many phenomena
I will describe in this chapter.

8.2.1 Quantum Navier−Stokes equations

By using what we have learned from the micro-canonical picture of transport
of the previous chapter, I now show that in nanoscale systems the set of
equations 8.15 can be closed, so that we can derive equations similar to the
Navier−Stokes ones that describe the hydrodynamics of classical liquids.7

In order to do this we need to know the dependence of the stress tensor
Pi,j on collisions among particles. An approximate form of this dependence
can be derived from the quantum Boltzmann equation 4.155 I derived in
Sec. 4.6. From the definition of non-equilibrium distribution function we

7 An alternative derivation based on the assumption of local equilibrium is reported in Fröhlich
(1967).
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know that (see Eqs 2.136 and 2.137)8

n(r, t) =
∑
p

f(r,p, t) (8.16)

and

v(r, t) =
1

mn(r, t)

∑
p

pf(r,p, t). (8.17)

In the language of stochastic processes I have discussed in Sec. 5.1 we
thus see that the density and velocity field are the first two moments of the
distribution – the density is the zero moment, the velocity is the first. In
general, the N -th moment of the distribution function is defined as

P(N )
i1 ...iN

(r, t) =
1

mN−1

∑
p

pi1 . . . piN f(r,p, t), (8.18)

and provides information on all possible scattering processes among particles
of the fluid. Our goal is to find an equation of motion for the second moment
P(2)

i1 i2
≡ Pij , the stress tensor entering Eq. 8.15.

Let us then start from Eq. 4.155 which in this case reads

∂f(r,p, t)
∂t

+
p
m
∇rf(r,p, t) −∇rVext(r, t) · ∇pf(r,p, t) = I[f ], (8.19)

where the collision integral

I[f ] = Iel[f ] + Iin[f ] (8.20)

can be separated into an elastic contribution due to the scattering of the
electrons with the nanojunction, and any other inelastic contribution.

In Sec. 7.6 I have shown that, in true nanoscale systems, the elastic contri-
bution dominates the collision processes at a total frequency approximately
given by νc, Eq. 7.37. This implies that the system reaches a local equi-
librium fast due to the electron “squeezing” in the nanojunction. Since in
Eq. 8.20 the non-equilibrium distribution is the same for both the elastic and
inelastic processes, if the first ones force the system into a local equilibrium,
the second type of processes will follow with the same distribution.

In Appendix J I guide the reader through the derivation of the equation
of motion for Pij . All calculations are easier to do in a reference frame
co-moving with the liquid, one in which the current density is zero. Clearly,
all results are independent of the chosen reference frame.

8 Strictly speaking, r and t are the Wigner coordinates 4.140.
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Here I just give the final result (summation over repeated indexes is im-
plied)

DtPij + Pij∇ · v + Pik∇kvj + Pkj∇kvi +∇kP
(3)
ijk =

1
m

∑
p

pipjI[f ]. (8.21)

As anticipated, we see from Eq. 8.21 that the equation of motion for Pij

involves the third moment P
(3)
ijk . Using a similar approach, we could derive

the equation of motion for P
(3)
ijk that would include an equation of motion

for the fourth moment P
(4)
ijkl, and so forth, so that we again obtain an infinite

hierarchy of equations.
However, we note that P

(3)
ijk enters in Eq. 8.21 only through its spatial

derivative. If the latter is small compared to the other terms, then the hi-
erarchy can be truncated.9 The moment P

(3)
ijk varies mostly within an effec-

tive length L where the inhomogeneities of the liquid involving interactions
among three particles occur. The derivative of P

(3)
ijk is thus proportional to

1/L. The length L may depend on the current density and, in general, is
much larger than the atomic length of the nanojunction itself.10

The velocity field may depend on the frequency ω of the external field (in
the d.c. limit ω → 0) or on the frequency νc at which the system reaches
equilibrium (Eq. 7.36), so that from the continuity equation in Eq. 8.15 we
see that the spatial derivative of the velocity field v is of the order of ω or
νc, whichever is larger. The first four terms in Eq. 8.21 are therefore of the
order of the larger between ω and νc.

Finally, the collision integral is proportional to the frequency νc. This is
easy to see if we choose the relaxation-time approximation, Eq. 4.157, for
the collision integral as discussed in Sec. 4.6 (with 1/τtot ≈ νc)11

I[f ] = −νc [f(r,p, t) − feq(r,p, t)] , (8.22)

where feq(r,p, t) is the local equilibrium Fermi distribution function 2.135.
Putting all this together we see that the spatial derivative of P

(3)
ijk can be

neglected with respect to the other terms in Eq. 8.21 whenever

g =
v̄

L max{ω, νc}
� 1, (8.23)

9 Clearly, if P
(3)
ij k and all higher-order moments are small, the equations of motion can also be

closed. However, this is a much more restrictive condition than the smallness of the spatial
derivative of P

(3)
ij k .

10 For quasi-ballistic structures, this length can be identified as the average length of electron-
electron collisions. In typical systems it is of the order of 1000 Å or larger.

11 The conclusions, however, are independent of the chosen form of collision integral (see Foot-
note 13 in this chapter).
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with v̄ the average electron velocity, and the symbol max{ω, νc} indicates
the maximum of the two quantities. In what follows we will be interested
only in the d.c. limit, ω → 0.

The parameter g is indeed small for transport in nanostructures. In
Sec. 7.6 we have seen that for typical nanoscale systems νc ∼ 1015 Hz. Tak-
ing v̄ ∼ 108 cm/s (typical Fermi velocity), then condition 8.23 is satisfied
whenever L � 1 nm. This is true for many nanostructures.

To first approximation we can thus neglect the term ∇kP
(3)
ijk in Eq. 8.21,

which allows us to derive the form of the stress tensor Pij . In order to do
this let us write the stress tensor – as we do in hydrodynamics, (see Landau
and Lifshitz, 1959b) – quite generally as

Pij(r, t) = P (r, t)δij − πij(r, t), (8.24)

where the diagonal part gives the pressure of the liquid, and πij is a traceless
tensor (Tr{π} = 0) that describes the shear effect on the liquid, i.e., the
internal friction experienced by electrons when moving one against the other
at different velocities.

In d dimensions (d > 1), the pressure is related to the local equilibrium
Fermi distribution as

P (r, t) =
1

d m

∑
p

|p|2feq(r,p, t), (8.25)

which can be alternatively used as the definition of local equilibrium.
Replacing the definition 8.24 into Eq. 8.21 and neglecting the term ∇kP

(3)
ijk ,

we then find that Eq. 8.21 is equivalent to the coupled equations (see Ap-
pendix J)

DtP +
(

1 +
2
d

)
P∇kvk − 2

d
πkj∇kvj = 0, (8.26)

− Dtπij −
[
∇kviπjk + ∇kvjπik + ∇kvkπij −

2
d
πkl∇kvlδij

]

+ P

[
∇kviδkj + ∇kviδik − 2

d
δij∇kvk

]
=

1
m

∑
p

pipjI[f ]. (8.27)
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From Eqs. 8.22, 8.24 and 8.25 we have

1
m

∑
p

pipjI[f ] = −νc

m

∑
p

pipj [f(r,p, t) − feq(r,p, t)]

= −νc

{∑
p

pipjf(r,p, t) − 1
m

∑
p

pipjf
eq(r,p, t)

}

= −νc

{
Pij(r, t) −

1
d m

δij

∑
p

p2feq(r,p, t)

}

= −νc {Pij(r, t) − P (r, t)δij} = νcπij(r, t). (8.28)

Following the same arguments that led us to neglect the contribution of the
third moment P

(3)
ijk , in the zero-frequency limit – or generally for ω/νc � 1

– we can neglect all terms on the left-hand side of Eq. 8.2712 except the one
containing the pressure.

Using Eq. 8.28, the first-order solution of Eq. 8.27 is thus

πij(r, t) = η(r, t)
(
∇jvi(r, t) + ∇ivj(r, t) −

2
d
δi,j∇kvk(r, t)

)
, (8.29)

where η(r, t) = P (r, t)/νc is a real, positive coefficient which can be identified
with the shear viscosity of the liquid. It is associated with the internal
resistance to flow experienced by the liquid under shear stress.13 From a
microscopic point of view it is related to the transfer of momentum from a
layer of the liquid with a given velocity to an adjacent layer with a different
velocity.

Without proof, I just say that if we included higher-order terms in Eq. 8.27
one would then get corrections to Eq. 8.29 related to the compression of the
liquid beyond the simple pressure term. The new stress tensor – which is
no longer traceless – would then have the form

σij(r, t) = η(r, t)
(
∇jvi(r, t) + ∇ivj(r, t) −

2
d
δi,j∇kvk(r, t)

)
+ ζ(r, t)∇ · v(r, t)δij , (8.30)

with the positive constant ζ called the bulk viscosity of the liquid (see also
Appendix K). In liquids (and this is also true for the electron liquid, see next
section) the bulk viscosity is generally much smaller than the shear viscosity,
so that we can safely neglect this term in the following discussions.
12 As well as the term (2/d)πk j∇k vj in Eq. 8.26.
13 The use of the relaxation-time approximation 8.22 to derive Eq. 8.29 is not necessary since in

collisional dynamics the second moment 1
m

∑
p pi pj I[f ] is always a linear function of the stress

tensor πij .
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Finally, using the form 8.29 of the traceless part of the stress tensor in
Eq. 8.15 we obtain the generalized Navier−Stokes equations for the electron
liquid in nanoscale systems (j = x, y, z)14

Dtn(r, t) + n(r, t)∇ · v(r, t) = 0, (8.31)

mn(r, t)Dtvj(r, t) + ∇jP (r, t) −∇iπij(r, t)

+ n(r, t)∇jVext(r, t) = 0, (8.32)

which need to be solved together with the continuity equation 8.31. Equa-
tions 8.32 are formally equivalent to the classical Navier−Stokes equations
(Landau and Lifshitz, 1959b) with quantum-mechanical parameters enter-
ing via the shear viscosity of the electron liquid, its pressure, velocity and
density.

Important. It goes without saying that there may be nanoscale systems in
which condition 8.23 is not satisfied, e.g., those in which inelastic relaxation
mechanisms compete in importance with elastic effects. In addition, in
many mesoscopic structures g is not necessarily a small parameter. In those
instances, one cannot neglect the third moment of the distribution and the
equations of motion for the density and velocity field may not have the
simple form 8.32. Nonetheless, one could still derive those equations for
high enough frequencies and/or low enough densities.

In the atomic systems considered here it is convenient to include in Vext(r, t)
the electron-ion potential energy Eq. 6.4 (which is time-independent) plus
the self-consistent time-dependent Hartree potential 3.1115 so that

Vext(r, t) =
∑

i

V ps(r;Ri) + VH (r, t). (8.33)

This is what we will consider in the following. This way, we just need to
know the self-consistent form of Vext(r, t) which enters as a “geometric”
confinement for the liquid in the above Navier−Stokes equations. If we
know this form we can then use those equations to predict the electron flow
with electron-electron interactions included both in a pressure term and in
a shear viscosity. In particular, as in the classical case, the above equations
predict that the electron liquid at nanojunctions may undergo a transition
from laminar to turbulent flow.
14 The Navier−Stokes equations would be the same if one used the stress tensor σij , Eq. 8.30. It

is enough to replace πij with σij in Eq. 8.32. Also, in the absence of viscous terms Eqs. 8.32
are called Euler equations.

15 If the Hartree term is added into Vext (r, t) then it must be subtracted from the stress tensor
Wij (r, t) (Eq. I.13).
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Before discussing this phenomenon, however, let us derive some known re-
sults from the above equations and estimate the contribution of the viscosity
to the resistance of a nanojunction.

8.3 Conductance quantization from hydrodynamics

Let us consider Eqs. 8.32 and assume the liquid is incompressible, namely the
density and viscosity are constant everywhere in space, even in the presence
of an external time-dependent field: n(r, t) = n, η = η(n).16

For an incompressible fluid then the continuity and Navier−Stokes equa-
tions 8.32 reduce to

Dtn = 0, ∇ · v(r, t) = 0, (8.34)

mnDtvi(r, t) + ∇iP (r, t) − η∇2vi(r, t)

+ n∇iVext(r, t) = 0. (8.35)

Given the external potential Vext, one then needs to solve these equations
to find the density and velocity profiles. This generally requires a numerical
procedure, but it can be done analytically in the following case.17

The single-component liquid

Let us consider an ideal (η = 0) infinite 1D liquid along the x axis that we
may conceptually assume adiabatically connected to two infinite electrodes,
with µL(R) the electrochemical potential deep into the left (right) electrode,
and µL − µR = eV , with V the bias, which we take to be very small so that
we can work in the linear approximation. The electrodes here play the role
of the reservoirs of the Landauer approach (Chapter 3).

From Eq. 8.35 we can derive Bernoulli’s equation, which simply states the
conservation of energy (see Appendix L for its derivation)

v2

2
+ h(n) +

Vext

m
= constant, (8.36)

where v is the fluid velocity and h(n) = P/n = EF /m, the ratio between the
pressure and the density, or equivalently, the Fermi energy and the mass, is
the enthalpy.

From a hydrodynamic point of view the fluid can be seen as composed
of two types of carriers: those moving from left to right at velocity vL,
16 Incompressibility is a reasonable approximation for metallic nanojunctions at low bias. How-

ever, it neglects the formation of local resistivity dipoles at the junction.
17 This discussion follows closely the one in D’Agosta and Di Ventra (2006).
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and those from right to left with velocity vR (as measured by a laboratory
frame, and I choose the positive axis for velocities pointing from left to
right). These two velocities are the local Fermi velocities on the left and
right electrodes where the fluid “originates” and gets “absorbed”. If we
take the external bias small enough that the velocities of the particles in the
fluid are distributed uniformly between the above two extreme values, vL

and vR, the fluid velocity is nothing other than

v =
1
2
(|vL| − |vR|), (8.37)

which is the velocity of a reference frame co-moving with the fluid.
Within the same approximation of low bias, I can define a global Fermi

velocity (which is an “incoherent” component of the fluid velocity) as the
average between the left and right local Fermi velocities

vF =
1
2
(|vL| + |vR|). (8.38)

This is the velocity with respect to which the density of the fluid is de-
fined. In this 1D, stationary case Vext = 0, since the liquid is confined to
move in just one direction with no external “barrier”, so that Bernoulli’s
equation 8.36 is

v2

2
+

v2
F

2
=

1
2

(
v2
L

2
+

v2
R

2

)
=

1
2

(µL

m
+

µR

m

)
. (8.39)

Deep into the left electrode the liquid velocity merges with the velocity of
carriers on the left so that from the above equation

v2
L

2
+

v2
F

2
=

µL

m
, x → −∞. (8.40)

Similarly for the liquid on the infinite far right

v2
R

2
+

v2
F

2
=

µR

m
, x → +∞. (8.41)

By taking the difference between Eqs. 8.40 and 8.41 we get the relation
between the fluid velocity v and the bias

2 mv vF = eV. (8.42)

The fluid current is

I = e n v, (8.43)

where n is the density. For a 1D non-interacting system the density is (from
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Eq. 2.84)

n =
2 kF

π
=

2 mvF

�π
. (8.44)

Replacing this density into Eq. 8.43 and using the relation 8.42 we finally
get

I = e n v =
2 e2

h
V, (8.45)

which gives the linear-response quantized conductance

G0 =
dI

dV
=

2 e2

h
, (8.46)

I have derived in Sec. 2.3.4 using the Kubo formalism, and in Sec. 3.3.4
using the Landauer approach.

The above result is from yet another derivation and suggests an alternative
interpretation of the quantized conductance. The latter may be interpreted
as the one associated with an ideal (i.e., η = 0) single-component liquid of
charge e confined to flow in 1D. By “single-component” I mean a liquid with
uniform velocity.

However, the basic assumption in all three derivations is that the electrons
in the 1D channel get in and out at the infinite boundaries of the system
without “reflecting” back, and that they acquire either a local distribution,
or, in the present case, a local fluid velocity appropriate to the far bound-
aries. The latter may be interpreted as “basins” for the liquid. As already
discussed in Sec. 2.3.4 and in Sec. 3.7.2, this conductance, and correspond-
ing resistance, may be thus interpreted as the one an ideal electron liquid
experiences when it adiabatically flows into an infinitely large basin filled
with the same liquid.

When this happens, we lose information on the electron motion inside
the basins (reservoirs) due to the dilution of degrees of freedom (Sec. 3.8.2).
Therefore, we may equivalently interpret the quantized conductance as the
one due to the loss of information at the boundary between the system we
are interested in, and the basins (reservoirs) where we impose – or better
yet, measure – a velocity field (or electrochemical potential) difference.

If we assume that only a fraction T of electrons is transmitted due to the
presence of a barrier in the liquid, we can argue that, in the linear response,
the current is an equal fraction of the current in the absence of the barrier,
i.e., I = envT . The conductance is thus G = T 2 e2/h in accordance with
the two-terminal result Eq. 3.3.4.



8.4 Viscosity from Time-Dependent Current Density-Functional Theory 391

The multi-component liquid

Let us now assume that the liquid is formed by non-interacting particles
with different velocities. We can then group all particles with a given veloc-
ity into a component of the liquid. This is equivalent to the separation of
the scattering problem we have discussed in Sec. 3.3.3 into separate chan-
nels, each with a given velocity and density of states. The current in that
approach was simply the sum of contributions from all channels.

In this hydrodynamic formalism we can do the same, where by channel
we mean a single-component fluid where all particles (with a given density)
share the same velocity. In the linear response, according to the above
derivation, each fluid component contributes a conductance

Gi =
2 e2

h
Ti, (8.47)

with Ti the fraction of electrons that is transmitted due to the presence of
a given barrier along the fluid flow.

Since, by assumption, all fluid components are independent of each other,
namely they flow as if the other components do not exist (no friction be-
tween the different fluid layers), the total conductance is the sum over all
components

G =
2e2

h

∑
i

Ti, (8.48)

and the probabilities Ti can be interpreted as the eigenvalues of the matrix
τ †τ (see Eq. 3.211).

The above is clearly an idealization, since the different layers of the liquid
do interact with each other via Coulomb forces, which create a viscous drag
in the liquid. As discussed in Sec. 4.4 when interactions – beyond mean
field – are present one cannot define independent channels, the concept of
single-particle transmission breaks down, and Eq. 8.48 is not valid.

My goal for the following sections is to understand precisely the effect of
viscosity on the dynamics of the electron liquid in nanojunctions.

8.4 Viscosity from Time-Dependent Current Density-Functional
Theory

Before calculating the effect of viscosity on resistance, let us make a par-
allel between the hydrodynamic theory I have developed in the preceding
sections and time-dependent current density-functional theory (TDCDFT).
In Appendix F I introduce the basic theorem of this theory, which, given an
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initial condition, allows us to map the dynamics of the many-body problem
into the dynamics of effective single particles (Kohn−Sham system).

Using this formulation one then solves the following set of effective single-
particle equations (see Eq. F.1)[
i�

∂

∂t
− 1

2m

(
−i�∇− e

c
Aext(r, t) −

e

c
Axc(r, t)

)2
− Vext(r, t)

]
φ

(KS)
k (r, t) = 0,

(8.49)
with Vext(r, t) given in Eq. 8.33, and I have also included an arbitrary ex-
ternal vector potential Aext(r, t).

The exchange-correlation vector potential Axc(r, t) contains information
on both the Pauli exclusion principle and on all other correlations effects.
Its exact form is unknown. However, an approximate form has been eval-
uated within linear-response theory for the inhomogeneous electron liquid
subject to a time-dependent perturbation (Vignale et al. 1997; Ullrich and
Vignale, 2002). It has been shown that its time derivative gives rise to an
exchange-correlation field Exc, which can be written in terms of the equilib-
rium density and velocity field in the following “hydrodynamic” form (see
also Appendix F)

−eExc,i(r, t) =
e

c

∂Axc,i(r, t)
∂t

= −∇iV
ALDA
xc (r, t) +

1
n(r)

∑
j

∂σxc,ij(r, t)
∂rj

,

(8.50)
where V ALDA

xc is the exchange-correlation scalar potential in the adiabatic
local density approximation (ALDA) (see Appendix E) and the exchange-
correlation stress tensor is, in d dimensions (d = 2, 3)18

σxc,ij(r, t) =
∫ t

t0

{
η̃(n(r), t, t′)

[
∇jvi(r, t′) + ∇ivj(r, t′) −

2
d
δij∇ · v(r, t′)

]
+ ζ̃(n(r), t, t′)∇ · v(r, t′)δij

}
dt′, (8.51)

where t0 is an arbitrary initial time we may take to −∞.
The complex viscoelastic coefficients η̃ and ζ̃ are related to the exchange-

correlation kernel of the homogeneous electron liquid evaluated at the local
electron density (see also discussion in Sec. 2.3.2). The coefficient η̃(n, t, t′)
contains information on the shear properties of the electron liquid (like its
shear viscosity and modulus), while the term ζ̃(n, t, t′) on the bulk properties
(like its bulk viscosity and modulus), which together with the pressure of

18 Note that both the stress tensor 8.51 and the exchange-correlation force 8.50 are gauge invariant
since they correspond to physical quantities. The ALDA force, −∇i V

A LD A
xc (r, t), may be

alternatively written in terms of a vector potential (see Giuliani and Vignale 2005, p. 392-393).
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the liquid describes the response of the liquid to compression (cf. Eq. 8.30
and Eqs. K.1 and K.2 in Appendix K).

It is important to note that the field Exc(r, t) is not conservative: it de-
scribes internal dissipation due to electron-electron interactions. In addition,
it does not vanish in the d.c. limit of zero frequency: due to the dynamical
behavior of the electrons, interactions that lead to viscosity cannot be elim-
inated at any frequency. This confirms once more a point I have made in
Sec. 3.11: ground-state density-functional theory (DFT) cannot capture the
full electron dynamics, even if we knew the exact ground-state functional.
Therefore, the current one obtains using the scattering approach of Chap-
ter 3 in combination with ground-state DFT cannot be equal to the true
many-body current, even in the linear response.

Loss of memory approximation

Both viscoelastic coefficients η̃ and ζ̃ may be non-local in time so that the
stress tensor 8.51 includes memory effects, i.e., it depends on the full time
evolution of the system, including initial conditions.

If we assume that memory effects can be neglected, namely the shear and
bulk viscosities at a given time depend only on physical processes at that
instant of time

η̃(n, t, t′) ∼ η̃(n, t′)δ(t − t′)
ζ̃(n, t, t′) ∼ ζ̃(n, t′)δ(t − t′)

}
memory-less approximation, (8.52)

then from Eq. 8.51 the stress tensor is

σxc,ij(r, t) = η̃(n, t)
(
∇jvi(r, t) + ∇ivj(r, t) −

2
d
δij∇ · v(r, t)

)
+ ζ̃(n, t)∇ · v(r, t′)δij . (8.53)

This is of the same form as the stress tensor 8.30 I have derived in the
previous section without invoking linear-response theory, simply on the basis
of a fast relaxation mechanism at the nanojunction. Therefore, we can
interpret the quantity −∇iV

ALDA
xc (r, t) in Eq. 8.50 as the hydrodynamic

force associated with the exchange-correlation pressure.
As anticipated, the bulk viscosity of the electron liquid is much smaller

than the shear viscosity and can be thus neglected.19 With this approxi-
mation, the stress tensor 8.53 is of the same form as the one entering the
quantum Navier−Stokes equations 8.29.20

19 More generally, one can show that the bulk viscosity ζ(n, t) vanishes in the limit of zero fre-
quency, which is the one of interest here (Giuliani and Vignale, 2005).

20 We will see in Sec. 8.4.2 that only its real part contributes to the d.c. conductance.
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We have thus come full circle. We have shown that in nanostructures the
stress tensor can be written in a form, Eq. 8.30, similar to the one enter-
ing the classical Navier−Stokes equations. But we also know from linear-
response theory that the exchange-correlation effects can be represented in
a similar form, Eq. 8.53. This form is likely to remain valid even beyond the
linear response provided both the density and the velocity field are slowly
varying functions of position (see Appendix F, and Giuliani and Vignale
2005).

8.4.1 Functional approximation, loss of information, and

dissipative dynamics

As discussed in Sec. 8.2, the basic theorem of time-dependent current density-
functional theory establishes that, for given initial conditions, the exact
stress tensor Pij , Eq. 8.24, is a universal functional of the current den-
sity (see Appendinx F). This implies that the hierarchy of equations for
the moments of the distribution function, Eq. 8.21, can be formally closed
to all orders in the electron-electron interaction, and one could recover full
information on the system dynamics (see also discussion in Sec. 2.8.3).

Consequently, the Navier−Stokes stress tensor in Eq. 8.29 can be seen
as the first-order, non-trivial contribution to the exact stress tensor of the
electron liquid (D’Agosta and Di Ventra, 2006).

If we knew the exact stress tensor, and the system were isolated – no
external force present – the dynamics described by Eqs. 8.15 would be con-
servative, in the sense that the total energy of the system would remain
constant in time. As I discussed in Sec. 2.8.6, a partially known Hamilto-
nian introduces irreversibility in the system dynamics. Therefore, by cutting
off higher-order terms in the stress tensor we lose information on some cor-
relation degrees of freedom, and the dynamics becomes irreversible, even
though our original equations of motion are time-reversal invariant.

Here, irreversibility is also accompanied by dissipative dynamics: the vis-
cosity of the liquid generates energy dissipation into the degrees of freedom
we have left out by approximating the stress tensor.

From a practical point of view, if we want to obtain analytical results re-
garding the effects of viscosity on the transport properties of nanostructures
we can use the Navier−Stokes equations 8.32 with the viscosity coefficient
estimated from linear-response theory (see Appendix F). This is what I will
do in the next section.

Instead, if we are interested in full-fledged first-principles calculations of
transport in nanostructures, we can use, e.g., the micro-canonical picture de-
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scribed in the previous chapter, and solve the Kohn−Sham equations 8.49
with given initial conditions. (I will give later an example of such a cal-
culation.) The theorems I proved in Chapter 7 guarantee that the more
physical effects we include in the exchange-correlation functional – such as
the viscosity – the closer we are to the true total many-body current at any
given time.

Within the above approach one can thus study decoherence (Wijewar-
dane and Ullrich, 2005; Kurzweil and Baer, 2006), energy loss (D’Agosta
and Vignale, 2006) and other related electron-electron inelastic effects via
the solution of effective single-particle equations. In the next section I will
discuss the effect of viscosity on resistance in nanojunctions.

8.4.2 Effect of viscosity on resistance

Viscous resistance is by definition an inelastic electron-electron effect. There-
fore, its estimate is far from trivial. However, from the preceding section we
have seen that, in the context of time-dependent current density-functional
theory, the viscous dynamics of the electron liquid can be formulated in the
form of a non-conservative exchange-correlation “field” (Eq. 8.50), which
can be written in terms of the density and current density.21

This field allows us to calculate the rate of energy dissipation associated
with it (Sai et al., 2007a). Before proceeding, I want to stress that all
considerations I make in this section pertain to a liquid in laminar flow.
This is likely to be a good approximation at low currents, but may not
hold for all currents and all nanostructures due to the possible onset of
turbulence (see Sec. 8.5). I will briefly mention at the end of this discussion
the consequences of turbulent flow on resistance.

Let us then work in the linear response, adopt the memory-less approxi-
mation 8.52 for the visco-elastic coefficients, and consider the d.c. transport
limit. Let us also assume the system is in an ideal steady state with current
I. We are interested only in the viscous (dynamical) contribution of the
field 8.50. Let us call this field

Edyn
i (r) = − 1

e n(r)
lim
ω→0

∇jσxc,ij(r, ω), (8.54)

with (in three dimensions)

lim
ω→0

σxc,ij(r, ω) = η(n)
(
∇jvi + ∇ivj −

2
3
δij∇kvk

)
, (8.55)

21 Similar results have been found in Koentopp et al. (2006).
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where η(n) = limω→0 Re η̃(n, ω).
If j is the current density in the system, the rate of energy dissipation (the

power) due to viscous effects is then (Sai et al., 2007a)

Pdyn =
dE

dt
= e

∑
i

∫
dr ji(r)Edyn

i (r)

= −
∑
ij

∫
dr vi ∇j

[
η(n)

(
∇jvi + ∇ivj −

2
3
δij∇ · v

)]
,

(8.56)

where I have used the definition of velocity field 8.13.
Let us now assume that the viscosity varies weakly with position, η(n) �

η, so that we can take it out of the integral. This is not always a good ap-
proximation, especially at nanojunctions where the local density may vary
substantially, e.g., molecular structures between metallic electrodes. How-
ever, it allows us to derive an analytical expression for the viscous resistance.

Integrating by parts the above expression and using the traceless property
of the tensor σxc,ij , we can re-write Eq. 8.56 as (Exercise 8.4)

Pdyn =
η

2

∑
ij

∫
dr
[
∇jvi + ∇ivj −

2
3
δij∇ · v

] [
∇jvi + ∇ivj −

2
3
δij∇ · v

]
,

(8.57)
which is similar to the corresponding quantity one obtains from classical
hydrodynamics (see, e.g., Landau and Lifshitz, 1959b).

As a further simplifying approximation, let us suppose that the current
density is constant, |j| = j, and the velocity field is oriented only along the
direction of current flow, that we take the x axis: v = n−1 j x̂, with x̂ the
unit vector in the x direction. Like the assumption of constant viscosity,
this is also quite a strong approximation.

With this approximation Eq. 8.57 reduces to (Exercise 8.4)

Pdyn = η j2
∫

dr
[
4
3
(∇xn−1)2 + (∇⊥n−1)2

]
, (8.58)

where ⊥ represents the direction transverse to the velocity field.
Let us now write the total current I = e j w, where w is the cross section

of the nanostructure. The resistance due to viscous effects is then

Rdyn =
Pdyn

I2 =
η

e2 w2

∫
dr
[
4
3
(∇xn−1)2 + (∇⊥n−1)2

]
, (8.59)

which is a positive quantity and thus shows that viscous effects increase
the resistance (Sai et al., 2005). In addition, this resistance depends on the
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variations of the density at the nanostructure. The larger these variations,
the bigger the contribution of viscous effects to the total resistance. This
result can be understood quite easily by recalling that a local variation of
the density affects the local velocity field and thus increases the viscous drag
of the liquid.

From Eq. 8.59 we expect that this viscous resistance is small in all-metallic
junctions where the density varies smoothly, while it may be a larger per-
centage of the total resistance in nanostructures made of a material differ-
ent than that of the electrodes (e.g., molecular junctions) (Sai et al., 2005).
However, despite the simple result embodied in Eq. 8.59 I need to make a
few comments.

I have derived expression 8.59 within the linear response, and under the
conditions – discussed in Appendix F – of validity of Eq. 8.50. I have also
explicitly neglected viscosity variations, and any variation of the current
density transverse to the direction of current flow.

In nanoscale structures the current density may vary rapidly in the trans-
verse direction due to a decrease of velocity from the center of the channel to
the edges of the conductor (see, e.g., Fig. 8.2). The transverse density and
current density gradients can thus contribute significantly to the dissipation
effects at nanojunctions.

In addition, the viscous resistance would be further enhanced if turbu-
lence develops. As I will discuss in the next section, turbulent eddies may
develop near the junction thus creating extremely large variations of the
current density (D’Agosta and Di Ventra, 2006; Sai et al., 2007b). There
is no analytical theory of turbulence. Therefore, a quantitative evaluation
of the viscous resistance requires knowledge of the microscopic current and
density distributions at the nanostructure, and the dissipation power – and
associated resistance – can only be evaluated numerically for the case at
hand.

8.5 Turbulent transport

Let us now turn to the type of solutions of Eqs. 8.32. We know from classical
mechanics (Landau and Lifshitz, 1959b) that the solutions of Eqs. 8.32 de-
scribe many different regimes. The non-linear regime pertains to turbulent
flow of the liquid, and is generally favored over the linear or laminar one.

By “favored” I mean that given a liquid confined by certain geometri-
cal constraints, there exists a larger set of physical conditions (such as its
density, current density, etc.) under which the turbulent solution exists
compared to the laminar one.
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The underlying physical reason for turbulence is that when the kinetic en-
ergy of the fluid in the direction of current flow (longitudinal kinetic energy)
is much larger than its transverse component, the flow becomes unstable
with respect to small perturbations. In this case, one would then observe
a local velocity field that varies in space and time in an irregular way, and
whose pattern is sensitive to initial conditions, much like the dynamics of
chaotic systems.22 In this regime, we would therefore expect the current to
fluctuate in addition to the usual fluctuations due to shot noise and thermal
noise I have discussed in Chapter 5.

I stress here that turbulence need not be fully developed. Fully devel-
oped turbulence corresponds to a completely (“uniformly”) chaotic velocity
field behavior in the whole system. This is the main topic of books on the
subject, for the simple reason that in this case one can employ simple argu-
ments – based on dimensional analysis – to extract general properties of a
phenomenon that has eluded a satisfactory theoretical description since its
discovery.

Indeed, in many systems – and in particular in nanoscale systems – tur-
bulence, if formed, is unlikely to be fully developed. Instead, it originates at
defects or geometrical constrictions, and its influence is limited to the prox-
imity of such defects/constrictions. Notice also that the irregular turbulent
current density pattern is not the same as that we expect in proximity to
defects in an ideal steady state. This pattern is static, while turbulence is a
dynamical phenomenon which does not even allow the definition of a steady
state as that for which a finite autocorrelation time exists (Sec. 5.1): the
system dynamics correlates in both space and time, generally according to
power laws (Landau and Lifshitz, 1959b). In addition, as I will discuss in a
moment, the departure from equilibrium is truly microscopic: in nanoscale
systems turbulent eddies are of nanoscale dimensions.

On the other hand, the laminar solution shows a “regular” and “smooth”
flow everywhere in space, and would not be so sensitive to initial conditions.

In classical fluid mechanics, in order to identify these regimes, it is custom-
ary to define a key quantity, the Reynolds number Re, as a non-dimensional
quantity that can be constructed out of the physical parameters of the sys-
tem, such as the density, the viscosity η, etc.

Let us then follow a similar convention in the quantum case (D’Agosta and
Di Ventra, 2006). In d > 1 dimensions I give the following three equivalent

22 Chaotic currents have been theoretically predicted and experimentally demonstrated (Zhang et
al., 1996), e.g., in two-dimensional GaAs/AlAs superlattices (Bulashenko and Bonilla, 1995),
as well as in lower-dimensional superlattices (Zwolak et al., 2003).
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definitions of the Reynolds number for a system of linear dimension l,

Re =
m n v l

η
=

mj l

η
=

m

e

I l2−d

η
, (8.60)

where, given the current density j, I have used the approximate relation
I ≈ e j ld−1 for the average total electrical current.23

The stable and stationary flow is typically laminar for small Re, while for
large Re the flow is turbulent with a critical value Rcr – which is depen-
dent only on the geometry of the structure – separating these two regimes
(Landau and Lifshitz, 1959b). At, or near, the critical Re velocity eddies
form in the fluid flow which superimpose on laminar flow. These eddies are
initially stationary but, with increasing current, they diffuse in the system
and new ones are generated until turbulence is fully developed. This occurs
at Reynolds numbers typically much larger than Rcr . From the definition of
Reynolds number 8.60 we immediately see that, given a geometrical constric-
tion, turbulence is favored by increasing the average current in the system
and/or by decreasing the viscosity.

Adiabatic vs. non-adiabatic potentials

In order to apply these concepts to nanostructures, and determine under
which conditions the transition from laminar to turbulent flow occurs, we
need to know the self-consistent confining potential Vext that enters Eq. 8.32.
Microscopically, this potential may be a complicated function of position
– and possibly time – so that analytical solutions of the Navier−Stokes
equations are generally not available.

In Landau and Lifshitz (1959b), several geometries are analyzed that are
amenable to analytical solutions. In D’Agosta and Di Ventra (2006), two
important cases are studied for the electron liquid: an adiabatic constriction
(inset (a) of Fig. 8.1) and a non-adiabatic constriction (inset (b) of Fig. 8.1).
For details of the calculations in 2D I refer the reader to D’Agosta and Di
Ventra (2006). Here I just mention the main results.24

Adiabatic constrictions. The liquid forms a laminar Poiseuille flow (Lan-
dau and Lifshitz, 1959b). This flow is stable against small perturbations for

23 From Eqs. 8.35 we easily see that the viscosity η has dimensions [η] = [M/Ld−2 T ]. For
convenience, I am also assuming in definition 8.60 that the linear dimensions of the system are
similar in all directions. Otherwise one simply replaces in 8.60, l2 with lx ly in 2D, and l3 with
lx ly lz in 3D.

24 Note that these results are generally valid irrespective of the boundary conditions on the velocity
field (D’Agosta and Di Ventra, 2006).



400 Hydrodynamics of the electron liquid

Fig. 8.1. Critical Reynolds num-
ber as a function of the angle β
of the 2D geometry represented
in the inset (b). Inset (a) is a
schematic of an adiabatic con-
striction. Adapted with permis-
sion from D’Agosta and Di Ven-
tra (2006).

almost all Re numbers.25 The effect of viscosity on the resistance can then
be estimated as described in Sec. 8.4.2.

Non-adiabatic constrictions. There is a critical Reynolds number which
depends on the geometry of the constriction. In the simplest case repre-
sented in the inset (b) of Fig. 8.1 this critical number can be determined
analytically (Landau and Lifshitz, 1959b; D’Agosta and Di Ventra, 2006) as
a function of the opening angle of the constriction. It is plotted in Fig. 8.1
and separates the phase space in two regions: laminar flow for Re < Rcr ,
turbulent flow for Re > Rcr . If a turbulent regime is reached we cannot
rely on a static calculation of conduction to obtain the resistance of the
system, and a dynamical first-principles calculation – using, e.g., Eqs. 8.49
of time-dependent current density-functional theory – is necessary.

Since the microscopic self-consistent confining potential for electrons in
many nanostructures is likely to be non-adiabatic, we expect turbulence to
develop at sufficiently large currents and/or small values of viscosity.

Eddy size and energy dissipation

The dimension λ0 of the smallest observable turbulent eddies can be esti-
mated from dimensional analysis and is of the order of (Landau and Lifshitz,
1959b; D’Agosta and Di Ventra, 2006)

λ0 ∼ l

(
Rcr

Re

)3/4

= l

(
Icr

I

)3/4

, (8.61)

where Icr is the critical current, i.e., the current that corresponds to Rcr .
25 Instabilities occur at a critical Reynolds number of about 104 .
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The length λ0 is the smallest length scale over which energy is dissipated
due to electron-electron friction. In fact, in the presence of turbulence,
energy dissipation likely occurs via a cascade process (Landau and Lifshitz,
1959b), whereby the energy associated with the whole liquid – energy stored
over a large length scale – is transferred to eddies of ever decreasing length
scales, till the largest energy dissipation occurs at length scales of the order
of λ0.

For the non-adiabatic potential represented in inset (b) of Fig. 8.1 we
easily see that λ0 decreases rapidly with increasing angle. Let us estimate
it for a 2D gold point contact. If we take as η the one calculated within
linear-response theory (Eq. F.9 in Appendix F; η/�n � 0.02 for rs � 3a0),
m � 1me and a typical current of 10 µA, Re � 10 from Eq. 8.60. In order
to have turbulent flow, from Fig. 8.1 we see that we need to have an angle
larger than π/2, i.e., a strongly non-adiabatic constriction.

In 3D the phase space for developing turbulence is larger than in 2D.
We thus expect turbulence to develop at smaller Reynolds numbers in 3D
nanostructures.

A numerical example

Let us illustrate the above results using the micro-canonical picture of trans-
port of the previous chapter and time-dependent current density-functional
theory. Figure 8.2 depicts the flow of electrons across a quasi-2D closed
nanostructure, prepared as discussed in Sec. 7.3, in a range of biases be-
tween 0.02 V and 3 V. Electrons are compensated by a uniform background
charge (jellium model with rs � 3a0). Panels (a)−(d) correspond to the
solution of the Eqs. 8.49 with the approximate exchange-correlation vector
potential given in Eq. 8.50 in the memory-less assumption 8.52. Panels (e)-
(h) correspond to the solution of the Navier−Stokes equations 8.35 for an
incompressible liquid with the same viscosity, average density and velocity
(Bushong et al., 2007a). Panel (a) has to be compared with panel (e); panel
(b) with (f), and so on.

There are clearly some differences between the solutions of Eqs. 8.49 and
the solutions of Eqs. 8.35. These differences are mostly due to the details
of the charge configuration at the electrode-junction interface, in particular
some degree of compressibility of the quantum liquid in the junction (see
discussion in Sec. 7.3), which has been neglected in the solutions of Eqs. 8.35.

Nevertheless the similarity between the flow patterns within the two ap-
proaches is striking. At low biases, the flow is laminar and “smooth”. At
these biases the current density shows an almost perfect top−bottom sym-
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Fig. 8.2. Panels (a)−(d): Electron current density (arrows) for electrons moving
from the top electrode to the bottom electrode across a nanojunction. The solid
lines delimit the contour of the junction. The snapshots are taken at t = 1.4 fs
from the initial time, for an initial bias of (a) 0.02 V, (b) 0.2 V, (c) 1.0 V and
(d) 3.0 V. Panels (e)−(h): Velocity field solution of Eqs. (8.32) for a liquid with
same velocity, density and viscosity as the quantum-mechanical one. Adapted with
permission from Bushong et al. (2007a).

metry: the direction of the flow is symmetric with respect to the symmetry
z → −z.

With increasing current, however, a transition occurs: the symmetry z →
−z of the current density breaks, and eddies start to appear in proximity
to the junction. This is clearly evident, for instance, in Fig. 8.2(d) and (h).
The outgoing current density in the bottom electrode has a more varied
angular behavior, in contrast to the behavior in the top electrode, in which
the electron liquid flows more uniformly toward the junction. As expected
from the above analysis, these eddies are of atomic-scale dimension and are
not static, but evolve in time and diffuse in the bottom electrode. Clearly,
they would be different for different geometries of the junction/electrodes,
and the density of the liquid.

Eventually, the left−right symmetry in the current density also breaks
(see, Bushong et al., 2007a; Bushong et al., 2007b). An example of the
current density in such a case is depicted on the front cover of this book for
a 3D junction.26

26 A possible experimental way to determine the transition from laminar to turbulent flow is
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I finally stress that in these calculations, as in all the ones in this chapter,
the viscosity is assumed to depend on the density only, and not on the
current density (or bias). This is quite a strong approximation, and some
bias dependence is expected to occur away from linear response. In this
regime, the above numerical results can only represent a qualitative behavior
of the electron flow.

8.6 Local electron heating

The internal friction of the electron liquid creates yet another phenomenon
that is particularly important in nanostructures: local electron heating. This
phenomenon is analogous to the local ionic heating I have discussed in
Sec. 6.3 involving electron-ion interaction.

We can understand this effect similarly to the ionic heating. Due to the
large current densities in nanojunctions compared to their bulk counter-
parts the electron-electron scattering rate increases locally in the junction
(D’Agosta et al., 2006). The underlying Fermi sea would thus “heat up”
locally due to this increased scattering, via production of electron-hole pairs
whose energy needs to be dissipated away from the nanostructure. By “lo-
cally” I mean both in the nanostructure and in its immediate neighbor-
hood.27

Determining this effect via standard perturbation techniques seems hope-
less: one would need to determine transition probabilities between many-
body current-carrying states.

Instead, we can use the hydrodynamic picture we have developed here.
In this picture this phenomenon can be understood as an increase of the
velocity field of the liquid locally in the junction compared to its bulk value
– the velocity of a liquid increases the more it is “squeezed” while its pressure
decreases (cf. Bernoulli’s equation 8.36).

This increased kinetic energy generates, via internal friction, heat in the
junction, which eventually has to be dissipated away into the bulk electrodes.
To this heating we can associate a local electronic temperature, θe(r, t), in the
sense discussed in Secs. 2.4 and 6.3: it is the temperature ideally measured by
a local probe at equilibrium with the electrons at the given position in space
and at any given time.28

described in Bushong et al. (2007b), where it is suggested that the magnetic field created
by the current shows an increased top-down asymmetry with increasing current, namely with
increasing degree of turbulence.

27 There are plenty of electrons at the contact between the nanostructure and the bulk electrodes.
28 As always, while this resembles an operational definition, it is clearly not easy to realize exper-

imentally.
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This local electronic temperature would also affect the electron-phonon
scattering rates, and consequently the bias dependence of the ionic tem-
perature – which is relatively easier to measure than the temperature of the
electrons. I want to determine both the bias dependence of the local electron
heating, and its effect on ionic heating.

Let us start from simple considerations on the expected bias dependence of
the electron heating. Assume first no electron-phonon scattering is present in
the system and zero electronic temperature in the bulk electrodes, θ0 = 0.
Let us also suppose no turbulence develops; otherwise this phenomenon
would create fluctuations of the local temperature which are difficult to pre-
dict, and, in addition, energy dissipation may occur via the cascade process
I have discussed in Sec. 8.5.

If V is the applied bias and R the resistance of the nanojunction, the
power generated in the nanostructure due to exchange of energy between the
current-carrying electrons and the underlying Fermi sea has to be a small
fraction of the total power of the circuit V 2/R. Let us define this fraction
as Pe = α(R)V 2/R, with α(R) a positive constant – that may depend on R

– to be determined from a microscopic theory.
At steady state this power has to balance the thermal current Ith (heat per

unit time) carried away into the bulk electrodes by the electrons.29 Let us
assume that the thermal conductivity k follows a bulk law, i.e., it is related
to the specific heat per unit volume measured at constant volume CV (θe)
through the Wiedemann−Franz law (see, e.g., Ashcroft and Mermin, 1975)

k =
1
3
vF λeCV (θe), (8.62)

where θe is the electronic temperature, vF is the Fermi velocity, and λe is the
electron mean-free path. This law holds when the energy of each electron
is, to a good approximation, conserved during scattering. I will justify this
assumption in a moment (see Sec. 8.6.1).

At small temperatures the specific heat of an electron liquid is linearly
dependent on temperature, CV (θe) = π2 k2

B n θe/2EF , where n is the density
and EF the Fermi energy. Using the relations k3

F = 3π2n (valid for non-
interacting electrons) and EF = mv2

F /2, we then get

k = γ θe =
k2

F k2
Bλe

9�
θe (8.63)

with kF the Fermi momentum and kB the Boltzmann constant.

29 This process can be seen as the creation of electron-hole pairs that move away from the junction,
eventually recombining in the bulk.
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The thermal current, at small temperatures, is then Ith ∝ k θe = γ θ2
e . At

steady state we have the condition

Pe = Ith → θe ∝ V

√
α(R)

γ
R , zero background θ0, (8.64)

which predicts a linear increase of the electronic temperature with bias.30 If
the electrodes are at a finite temperature θ0 then similar to the discussion
that led us to Eq. 6.75 we have

Pe = Iin
th − Iout

th → θeff = (θ2
0 + θ2

e )
1/2, finite background θ0. (8.65)

8.6.1 Electron heat conduction

Before proceeding with the estimate of the temperature let us give a simple
argument to justify the use of the bulk form, Eq. 8.63, of the electron heat
conductivity in quasi-ballistic systems at low temperatures (and bias) and
in the absence of electronic resonances and turbulence.31

Due to the small size of nanostructures and long electron inelastic mean
free paths, we expect that, like the local energy of phonons, the local elec-
tron energy is dissipated away from the junction more efficiently via elastic
scattering. Therefore, suppose electrons tunnel across the junction from
the left electrode, which is in local equilibrium with a temperature θL and
electrochemical potential µL, to the right electrode at temperature θR and
electrochemical potential µR. If the transmission coefficient for electrons to
move elastically from left to right is T (E), the energy current they transport
is of the form (cf. Eq. 6.83)

Ith ∝
∫

dE E T (E) [fL(E, θR) − fR(E, θL)] (8.66)

where fL(R) is the local Fermi−Dirac distribution function of the left (right)
electrode at its own local temperature and electrochemical potential (Eq.
1.80).

Let us set θR = 0 and consider a small left electrode temperature θL ≡ θe

(cf. also discussion of the thermopower in Sec. 6.4). For small biases, in the
absence of electronic resonances, we may take the transmission coefficient
T (E) to be independent of energy. Call this quantity T ≡ T (E).

30 Note that, unlike the local ionic heating, there is no “critical” bias in the electron heating
effect: current-carrying electrons can scatter the Fermi sea at any bias and create electron-hole
pairs in the process.

31 I am not aware of a complete theory of electron heat conduction in nanostructures.
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From Eq. 8.66 we therefore see that Ith ∝ T θ2
e , i.e., the thermal conduc-

tivity must be of the form

k = γT θe, (8.67)

which is similar to the form 8.63 – with possibly a different coefficient γ –
except that it explicitly contains the transmission coefficient. A larger value
of T means a more efficient way for electrons to transport energy from one
region to the other.

In the linear response, away from electronic resonances, and in the absence
of turbulence we do not expect the coefficient γ to be much different from
the bulk value appearing in Eq. 8.63.32

In what follows, therefore, I will assume k equal to

k =
T k2

F k2
Bλe

9�
θe , (8.68)

with θe possibly dependent on position.
Clearly, for an accurate quantitative result one needs to determine all the

above quantities – for each system – from first principles.

8.6.2 Hydrodynamics of heat transfer

We now need a microscopic theory to determine the coefficients entering
Eq. 8.64. This theory needs to take into account the influence of electron-
electron interactions on both the heat production and transport.

The hydrodynamic theory I have introduced in the previous sections is
well suited for this problem. We know from classical fluid dynamics that the
internal friction of a fluid gives rise to local entropy production, where the
entropy in this non-equilibrium problem must be interpreted as the statisti-
cal entropy I have defined in Sec. 2.8. If there is a variation of temperature
in the liquid, and the latter has a position- and time-dependent thermal
conductivity k(r, t), then the balance equation of this entropy production is
(Landau and Lifshitz, 1959b)

n(r, t)θe(r, t)Dts(r, t) = σij(r, t)∂jvi(r, t)

+ ∇ · [k(r, t)∇θe(r, t)],
(8.69)

32 Turbulence can produce local eddies in proximity to the junction where heat is generated non-
linearly at a high rate (Sec. 8.5). Electronic resonances produce multiple reflections inside the
nanostructure (Sec. 3.7.1.1). Electron-hole pair production is thus enhanced with different high-
order processes occurring at comparable rates. In both cases, the heat conductivity coefficient
may deviate substantially from the bulk law.
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where s is the local entropy per unit volume and σij is the liquid stress
tensor.33 Equation 8.69 can also be derived from first principles for the
electron liquid along the same arguments I have used to derive the quantum
Navier−Stokes equations.34

Here I start from Eq. 8.69 in analogy to the classical case and study its
steady-state solutions. The electron stress tensor is either Eq. 8.30, if we
keep the bulk viscosity, or Eq. 8.29, if we neglect it.

Incompressible electron liquid

For a general nanostructure Eq. 8.69 needs to be solved numerically.35 We
can however estimate the order of magnitude of the heating effect in the case
in which the electron liquid can be assumed incompressible.36 We proceed
along the following lines.

Let us postulate that the following relations are valid out of equilibrium
as they are at (quasi-)equilibrium (Landau and Lifshitz, 1959b)

∂s

∂t
=
(

∂s

∂θe

)
P

∂θe

∂t
=

cP

θe

∂θe

∂t
, (8.70)

and

∇s =
(

∂s

∂θe

)
P

∇θe =
cP

θe
∇θe, (8.71)

where the subscript P indicates that the derivative has to be done at con-
stant pressure, and cP is the electron specific heat at constant pressure.37

Replacing 8.70 and 8.71 into 8.69 we then get the heat equation for an
incompressible liquid,38

33 As before, we are assuming that the system is in local thermal equilibrium, thus local ther-
modynamic quantities such as energy and entropy densities can be defined as I have done in
Sec. 2.4. However, unlike the global equilibrium case, the statistical entropy defined here can
both increase and decrease in time: the energy is transferred in and out of the local volumes
where the entropy is defined.

34 The derivation requires one to keep the third and fourth moments of the distribution 8.18, and
neglect the fifth-order one. I refer the interested reader to Tokatly and Pankratov (1999), for
such a derivation.

35 See D’Agosta et al. (2006), for an analytical solution in the case of a quasi-adiabatic potential.
36 As I have discussed previously, this is a good approximation for metallic quantum point con-

tacts.
37 The specific heat per unit volume is CP = n cp . At room, or lower, temperature, within

corrections of the order of (kB θe /EF )2 , we can approximate CP ≈ CV .
38 In the presence of temperature variations the density cannot be strictly constant. However,

if the variations of the temperature are small and the velocity of the fluid is smaller than the
Fermi velocity, the liquid can still be assumed incompressible.
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σij(r)∂jvi(r) + ∇ · [k(r, t)∇θe(r, t)] = n cP

(
∂θe

∂t
+ v(r, t) · ∇θe(r, t)

)
.

(8.72)

Assuming that the temperature variations are maintained by external sources
– in the present case the energy supplied by the battery and the “cooling”
provided by the external environment – we can assume the temperature (and
thermal conductivity) constant in time and solve the steady-state equation

σij(r)∂jvi(r) + ∇ · [k(r)∇θe(r)] = n cP v(r) · ∇θe(r). (8.73)

The first term on the left-hand side corresponds to heat generation due to the
internal friction of the electron liquid. The second one on the left-hand side
is the heat transfer (diffusion) due to the presence of temperature differences
in the liquid, and would be present even in the absence of mechanical motion
of the liquid.

Finally, the term on the right-hand side is the advection term and is related
to heat transport due to the actual movement of the particles in the liquid.
Equations 8.31, 8.32, and 8.73 constitute a complete set of equations to
describe the charge and heat flow of an incompressible fluid at steady state.

Once again, the solution of Eq. 8.73 for an arbitrary external potential
requires numerical integration. To obtain an analytical solution I proceed
as follows.

Let us suppose, as we did in Sec. 8.4.2, that the velocity field does not
vary appreciably in the directions transverse to current flow, which I take
along the x axis. In addition, I take the viscosity to depend only on the
density, and not on the local temperature.

The stress tensor is thus (from Eq. 8.30 without the bulk viscosity)

σxx =
(

2 − 2
d

)
η∇xvx. (8.74)

Replacing Eq. 8.74 (d = 3) and 8.68 into Eq. 8.73 we get39

η
4
3

(
∂vx

∂x

)2

+
1
2

k2
F k2

B λe

9�

∂2θ2
e

∂x2 = CV vx
∂θe

∂x
. (8.75)

By assuming that both the first and second derivatives of the temperature

39 I assume here T = 1 and CP = n cP = CV . The inclusion of a finite transmission function
requires specific knowledge of the velocity profile that leads to such transmission.
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are appreciably different from zero within a length L � λe,40 we see from the
above equation that the ratio between the advection term and the diffusion
one is of the order of vx L/vF λe. In quasi-ballistic nanoscale systems this
ratio is much smaller than one.

I can therefore neglect the contribution of the advection term. The equa-
tion we need to solve is thus

η
4
3

(
∂vx

∂x

)2

+
1
2

k2
F k2

B λe

9�

∂2θ2
e

∂x2 = 0. (8.76)

The change of velocity with bias can be estimated as follows. Let us start
from Bernoulli’s equation 8.36 for the liquid slightly away from the junction
in the x direction where the potential of the junction can be assumed zero,41

v2
x

2
+

EF

m
= 2

EF

m
+

eV

m
. (8.77)

If we write vx = vF +δvx and assume δvx � vF , from Eq. 8.77 we find δvx ≈
eV/mvF . If L is again the length over which the velocity and temperature
change most, we can linearize Eq. 8.76 as

η
4
3

(
δvx

L

)2

− k2
F k2

B λe

9�

θ̄2
e

L2 = 0, (8.78)

where I have defined as θ̄e the average electronic temperature over the length
L, and the minus sign is because the temperature increases inside the junc-
tion, thus its second derivative in space is negative. Solving Eq. 8.78 we
then get

θ̄e = V
e

πkB

√
4η

�nkF λe
, (8.79)

where I have used the relation k3
F = 3π2n, with n the density of the liquid.

Equation F.8 in Appendix F shows that the ratio η/�n is a number de-
pendent only on the “average distance” between electrons, rsa0. Call this
ratio c(rs). Let us take kF � 1 Å−1 and λe � 1000 Å, typical of metallic
quantum point contacts.42 From Eq. 8.79 we get

θ̄e ≈ V β
√

c(rs), (8.80)

with β ∼ 235 K/V.
40 That is equivalent to saying that most of the electron temperature variations occur in the

nanostructure whose characteristic length is much smaller than the inelastic mean-free path.
41 The factor of 2 in front of EF on the right-hand side of Eq. 8.77 comes from the fact that we

consider two Fermi gases, one on the right and one on the left of the junction, and we neglect
the small interaction energy between the two.

42 We are here implicitly assuming that both λe and the viscosity η do not vary appreciably in
the bias range of interest.
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In 3D, if we consider a gold point contact, rs ∼ 3a0, c(rs) ∼ 0.017 (from
Eq. F.8). We therefore get θ̄e ≈ V × 31 [K/V]. At a bias of 0.1 V, the local
electronic temperature is thus about 3 K. For comparison, the ionic one, at
the same bias, is about 50 K (see Sec. 6.3.1 and Chen et al., 2003).

Recall, however, that the above is an oversimplified derivation meant to
provide an order of magnitude of this phenomenon. The exact values of
the electronic temperature clearly depend on the microscopic details of the
junction and, to a large extent, on the exact form of the heat conductivity,
Eq. 8.68, and the value of the inelastic mean-free path λe.

Let us finally note that, as in the case of localized phonon modes (see
Sec. 6.3), if the generated electron-hole pairs are not able to diffuse away
from the junction, then from the point of view of the electrons in the Fermi
sea the current-carrying electrons are simply excited at an effective finite
temperature of the order of eV/kB . This is the amount of departure of the
electron distribution from the equilibrium value, irrespective of the electron-
electron interaction strength. In this case, much larger electronic tempera-
tures may be obtained.

8.6.3 Effect of local electron heating on ionic heating

The discussion in the previous section neglects the correlated effect of electron-
ion interaction. In particular, it does not take into account that part of the
energy of the current-carrying electrons goes into the excitation of ionic vi-
brations. Since the latter effect generates a local ionic temperature, which,
as discussed in Sec. 6.3, may be measured experimentally, the relation be-
tween local ionic temperature and local electron temperature may provide
evidence of the electron heating effect.

If we consider the electron-phonon interaction, then each electron can
either scatter with other electrons or with phonons. Since the source of
energy is the same for both processes – the initial energy of the electron –
the ionic temperature must be lower in the presence of the electron heating
than without: part of the energy that would otherwise go to heat up the
ions is “lost” into heating of the electrons.

Within the assumptions of the previous section, to first order we can as-
sume the electron-electron and electron-phonon processes independent, and
occurring with equal probability. Let us also suppose that, for a given bias,
the local electron temperature in the absence of electron-phonon scattering,
θe, is smaller than the ionic temperature in the absence of electron heating,
θion.

The energy lost by an electron due to electron heating is “seen” by the
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phonons as a sink of energy at the electron temperature θe. This energy
however is “lost” by the phonons at their own rate. As done previously, let
us assume a bulk lattice heat conduction law and start from zero background
temperature for both electrons and ions. The energy per unit time not
gained by the phonons due to electron heating is thus −αphθ4

e , where αph is
the lattice heat conductance coefficient (Sec. 6.3.1).

The balance between the power in and the power out at steady state is
therefore (for θe < θion)

αphθ4
eff = αphθ4

ion − αphθ4
e → θeff = (θ4

ion − θ4
e )

1/4, zero background θ0.

(8.81)
In terms of the bias, θion = γph

√
V and θe = γeV , where γph and γe need to

be determined microscopically as discussed in the preceding section and in
Sec. 6.3.

Fig. 8.3. Experimental local
ionic temperature (symbols) as
a function of bias for alkane-
dithiol molecules of different
lengths between bulk electrodes.
Theoretical predictions are from
Eq. 8.83 and are indicated as
solid lines. Reprinted with
permission from Huang et al.
(2007).

Equation 8.81 is thus (for V < (γph/γe)2)

θeff = (γ4
ph V 2 − γ4

e V 4)1/4, zero background θ0. (8.82)

Finally, if we assume a finite background temperature θ0 (for simplicity
the same for electrons and ions), the effective ionic temperature is (see also
discussion in Sec. 6.3)

θeff = (θ4
0 + γ4

ph V 2 − γ4
e V 4)1/4, finite background θ0. (8.83)

From the above we thus see that at low biases the ionic heating domi-
nates, while at large biases electron heating increases in importance till it
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effectively “cools” the local ionic temperature of the nanojunction. In order
to observe this phenomenon, the electron-phonon coefficient, γph, and the
corresponding electron-electron one, γe, must be of comparable magnitude.
From the estimate in the previous section, we can argue that this is likely to
occur in structures where ionic heating is small, as in insulating molecular
structures.

A preliminary indication of this phenomenon has been reported exper-
imentally in molecular structures (Huang et al., 2007). This is shown in
Fig. 8.3 where the effective local ionic temperature as a function of bias
for alkanedithiol molecules of different lengths has been extracted from the
effective force necessary to break the junction. The temperature saturation
and reversal as a function of bias is clearly visible.

Summary and open questions

In this chapter I have shown that the many-body time-dependent Schrödinger
equation can be written equivalently in a hydrodynamic form in terms of the
single-particle density and velocity field. All interactions among particles are
lumped into a stress tensor, which, however, is generally unknown.

Due to the fast elastic collisions electrons experience at a nanojunction,
the above stress tensor can be approximated to a form similar to the one en-
tering the classical Navier−Stokes equations. The form of this stress tensor is
also similar to the one obtained within linear-response theory of the electron
liquid, making the connection between hydrodynamics and the Schrödinger
equation even stronger.

Within this approach I have derived the conductance quantization for a
charged non-viscous fluid in 1D. In addition, this hydrodynamic formulation
suggests several phenomena with classical counterparts, such as turbulence
of the electron liquid and local electron heating.

The latter in particular has consequences for the local ionic heating effect,
namely it suggests that ions effectively “cool” at high biases due to “loss”
of energy towards electron-electron interaction degrees of freedom.

All the results, however, are qualitative due to many factors. For one, the
viscosity dependence on bias is unknown for nanostructures. Second, a mi-
croscopic theory of electron heat transport at nanojunctions is still lacking.
In addition, it is not clear how heating is generated in the regime in which
electron-electron and electron-phonon interactions are of the same magni-
tude. A theory that addresses the correlated dynamics of many electrons in
interactions with ions is thus necessary.

Finally, due to its “economical” description in terms of single-particle
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properties such as the density and velocity field, the hydrodynamic formu-
lation seems ideal to study poorly understood effects such as dephasing and
memory effects in transport. Its generalization to spin-dependent phenom-
ena would also contribute to our understanding of these issues in nanostruc-
tures.

Exercises

8.1 The Madelung equations. (i) Consider the de Broglie ansatz
8.3 for a single-particle wave-function. Insert this form into the
Schrödinger equation 8.2. Show that this decouples into the two
equations of motion 8.4 and 8.5. (ii) Prove that by defining the stress
tensor 8.8 one obtains the Madelung equations 8.11. (iii) Show that
the stress tensor 8.8 can be written as

Pij = − �
2

4m
(∇2 n)δij +

�
2

4m

(∇i n)(∇j n)
n

, (E8.1)

where the first term on the right-hand side can be interpreted as
the pressure and the second term as the shear stress tensor. Note,
however, a substantial difference with the Navier−Stokes shear stress
tensor 8.29. This latter one depends on the derivatives of velocities,
not of densities.

8.2 Vanishing of the quantum force in the single-particle case.
Show that for a single particle in an external potential the “ hydrody-
namic quantum force” associated with the “potential” 8.7 vanishes
if
√

n is an eigenstate of the Laplacian, namely

∇2√n = λ
√

n, (E8.2)

with λ an arbitrary real number.
8.3 Consider a single particle in a non-magnetic external field. The

expectation value of the paramagnetic current density operator over
a state Ψ(r, t) is

j(r, t) =
�

m
Im {[Ψ(r, t)]∗∇Ψ(r, t)} . (E8.3)

Write this state using the de Broglie ansatz, Eq. 8.3. Show that the
velocity field 8.13 is equivalent to the single-particle definition 8.6.

8.4 (i) Consider the rate of energy dissipation 8.56. Integrate this ex-
pression by parts, and use the fact that the tensor σxc,ij (Eq. 8.55)
is traceless to prove Eq. 8.57. (ii) Assume now the current density
constant, |j| = j, and the velocity field oriented along the direction of
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current flow x: v = n−1 j x̂. Show that in this case Eq. 8.57 reduces
to Eq. 8.58.



Appendix A

A primer on second quantization

This appendix is meant to cover only the basic facts of second quantiza-
tion that are relevant to this book, and it is thus not a comprehensive
account of this formalism. The reader interested in an in-depth proof of
all the statements presented here should consult books fully dedicated to
many-body techniques (see, e.g., Fetter and Walecka, 1971; Mattuck, 1976;
Mahan 1990).

Fermions

Let us consider a system of N non-interacting and indistinguishable particles
that satisfy Fermi statistics (see Sec. 1.4.6). If {φk(r)} is a general complete
set of orthonormal single-particle states – with k denoting any possible quan-
tum number – the many-body wave-function describing this system is the
Slater determinant of the N×N matrix built out of the single-particle states
φkj (ri) (with 1 ≤ j, i ≤ N)

Φk1 ,k2 ,...,kN
(r1; . . . ; rN ) =

1√
N !

∣∣∣∣∣∣∣
φk1 (r1) . . . φk1 (rN )

...
...

φkN
(r1) . . . φkN

(rN )

∣∣∣∣∣∣∣
≡ 1√

N !
det
[
φkj (ri)

]
. (A.1)

The set of all possible Slater determinants forms a complete basis set in
the Hilbert space HN of the N -particle system. This means that if the N

particles interact with each other or with an external perturbation, a general
many-body state of the system can be written as a linear combination of

415
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Slater determinants

Ψ(r1; . . . ; rN ) =
∑

k1 ,...,kN

Ck1 ,...,kN
Φk1 ,k2 ,...,kN

(r1; . . . ; rN ), (A.2)

with Ck1 ,...,kN
arbitrary c−numbers.

Now, since the particles are indistinguishable it is much more convenient
to use a representation in which the only information we care about is how
many particles are in a specific single-particle state {φk(r)}. If we denote
with nk the number of particles in state {φk(r)} (also called the occupation
number) we can write in Dirac notation

Φk1 ,k2 ,...,kN
(r1; . . . ; rN ) = 〈r1; . . . ; rN |nk1 , . . . nkN

〉, (A.3)

with ∑
ki

nki = N. (A.4)

More compactly we write

|Φk1 ,k2 ,...,kN
〉 = |nk1 , . . . , nkN

〉, (A.5)

which can be interpreted as the N -particle non-interacting state in which
nk1 particles are in the single-particle state {φk1 (r)}, nk2 particles in the
state {φk2 (r)}, and so on.

We are dealing now with a new class of states, which are called Fock states,
and the corresponding space spanned by these states is called Fock space,
which is an “extended” Hilbert space with variable number of particles.

Creation and annihilation operators

With this in mind, we may define operators on this space that either create,
â†ki

, or destroy, âki , a particle in any given single-particle state {φki (r)}. In
particular, we may define the successive action of the creation operator â†ki

on the vacuum state – the one with zero particles –

|0, 0, . . . , 0〉 ≡ |0〉 (A.6)

so that

|Φk1 ,k2 ,...,kN
〉 = â†k1

â†k2
. . . â†k3

|0〉. (A.7)

Since we are dealing with fermions, a successive application of creation
and destruction operators on the same state exchanges particles and thus
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the many-body wave-function has to change sign. We thus define the action
of creation operators as

â†ki
|nk1 , . . . , nki , . . .〉 = (−1)Si (1 − nki ) |nk1 , . . . , nki + 1, . . .〉 (A.8)

and the action of annihilation operators (Hermitian conjugate of the creation
operators) as

âki |nk1 , . . . , nki , . . .〉 = (−1)Si nki |nk1 , . . . , nki − 1, . . .〉, (A.9)

where the coefficient

Si = nk1 + . . . + nki−1 =
∑
l<i

nkl
(A.10)

takes into account the fact that each occupied single-particle state preceding
the particle state i in |nk1 , . . . , nki , . . .〉 contributes a factor (−1) to the wave-
function.

It is easy to prove from these definitions that

â†ki
âki |nk1 , . . . , nki , . . .〉 = nki |nk1 , . . . , nki , . . .〉, (A.11)

namely the operator â†ki
âki counts the number of particles in a given single-

particle state. We then define the occupation number operator (or simply
number operator)

n̂ki = â†ki
âki , (A.12)

and the total number operator

N̂ =
∑
ki

n̂ki =
∑
ki

â†ki
âki , (A.13)

which counts the total number of particles in a given many-body state.
Similarly, we can prove that

âki â
†
ki
|nk1 , . . . , nki , . . .〉 = (1 − nki ) |nk1 , . . . , nki , . . .〉, (A.14)

so that

âki â
†
ki

= 1 − n̂ki . (A.15)

By summing A.15 and A.12 we get the relation

âki â
†
ki

+ â†ki
âki = 1. (A.16)

By using the definitions A.8 and A.9 one can also prove that for arbitrary
states ki and kl

{âki , â
†
kl
} = âki â

†
kl

+ â†ki
âkl

= δki ,kl
, (A.17)
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and

{âki , âkl
} = {â†ki

, â†kl
} = 0. (A.18)

The field operators

We can now work in the position representation and define the field operators

ψ†(r) =
∑

k

〈φk |r〉â†k, creates particle at position r (A.19)

and

ψ(r) =
∑

k

〈r|φk〉âk, destroys particle at position r. (A.20)

Using the commutation relations A.17 and A.18 one can easily prove that

{ψ(r), ψ†(r′)} = δ(r − r′), (A.21)

and

{ψ(r), ψ(r′)} = {ψ†(r), ψ†(r′)} = 0. (A.22)

Operators in second-quantized form

Here, I simply state the second-quantized form of the operators that are
mainly used in this book. The demonstration of these results is straightfor-
ward but tedious, and I refer the interested reader to other books for a full
derivation (see, e.g., Mattuck, 1976).

In terms of the field operators, the single-particle number density opera-
tor 1.24 can be written as

n̂(r) = ψ†(r)ψ(r), (A.23)

while the current density operator 1.22 is

ĵ(r, t) =
�

2im
lim
r→r′

(∇r −∇r′)ψ†(r′, t)ψ(r, t), (A.24)

where in the above expression the field operators are in the Heisenberg
picture.
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A Hamiltonian describing free electrons can be written as

Ĥ =
∑

i

p̂i

2m
=
∑

k

�
2k2

2m
â†kâk. (A.25)

Finally, using the above field operators, we can write a one-body operator
with position representation U(r) as

Û =
∫

drψ†(r)U(r)ψ(r) =
∫

drU(r) n̂(r). (A.26)

A two-body operator, with positional elements W (r, r′), can be written as

Ŵ =
∫

dr
∫

dr′ψ†(r)ψ†(r′)W (r, r′)ψ(r′)ψ(r). (A.27)

Bosons

The above results can be easily extended to the case in which the particles
follow Bose statistics. If

|ΨN1 ,N2 ,...〉 = |N1, N2 . . .〉 (A.28)

is a general many-body wave-function of non-interacting bosons, with Ni

the occupation of a single-particle boson state, we define the creation, b̂†j ,
and annihilation, b̂j , operators as

b̂†j |N1, . . . , Nj, . . .〉 =
√

(Nj + 1) |N1, . . . , Nj + 1, . . .〉 (A.29)

b̂j |N1, . . . , Ni, . . .〉 =
√

Nj |N1, . . . , Nj − 1, . . .〉. (A.30)

It is then easy to prove that these operators satisfy the commutation
relations [

bj , b
†
j′

]
= bj , b

†
j′ − b†j , bj′ = δj,j′ (A.31)

and [
bj , bj′

]
=
[
b†j , b

†
j′

]
= 0. (A.32)



Appendix B

The quantum BBGKY hierarchy

I derive here the BBGKY hierarchy generated from the equation of motion
of the single-particle time-ordered Green’s function for fermions

G(r, t; r′, t′) = − i
�
〈T{ψ(r, t)ψ†(r′, t′)}〉. (B.1)

The field operators are written in the Heisenberg picture with respect to a
general many-body Hamiltonian of the type

H = −
∑

i

�
2

2m
∇2

i +
∑
ij

w(ri − rj), (B.2)

with w(ri−rj) a general two-body potential (such as the Coulomb potential)
describing the interaction between any two particles.

The equation of motion of any operator ÂH (t) in the Heisenberg picture
is (Messiah, 1961)

i�
dÂH (t)

dt
= [ÂH (t), Ĥ], (B.3)

where I have assumed that the operator Â does not depend explicitly on
time.

Using this equation for the field operator we get

i�
∂ψ(r, t)

∂t
= − �

2

2m
∇2 ψ(r, t) +

∫
dr′w(r− r′)ψ†(r′, t)ψ(r′, t)ψ(r, t), (B.4)

and its Hermitian conjugate

−i�
∂ψ†(r, t)

∂t
= − �

2

2m
∇2 ψ†(r, t) +

∫
dr′w(r − r′)ψ†(r, t)ψ†(r′, t)ψ(r′, t).

(B.5)

420
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By differentiating Eq. B.1 with respect to one of the two times we get

i�
∂G(r, t; r′, t′)

∂t
= δ(t − t′)〈{ψ(r, t), ψ†(r′, t)}〉

+ i�
〈

T
{

∂ψ(r, t)
∂t

ψ†(r′, t′)
}〉

= δ(r − r′)δ(t − t′) +
〈

T
{

∂ψ(r, t)
∂t

ψ†(r′, t′)
}〉

, (B.6)

where in the last equality I have used the commutation relation A.21.
By replacing Eq. B.4 into B.6 we obtain(

i�
∂

∂t1
+

�
2

2m
∇2

1

)
G(r1, t1; r′1, t

′
1) = δ(r1 − r′1)δ(t1 − t′1)

− i
∫

drw(r1 − r)G2(r, t1, r1, t1; r, t+1 , r′1, t
′
1), (B.7)

where the symbol t+1 means limε→0+(t1 + ε), and G2 is the two-particle (or
four-time) Green’s function (with the compact notation 1 ≡ (r1, t1))

G2(1, 2; 2′, 1′) = −1
�
〈T{ψ(1)ψ(2)ψ†(2′)ψ†(1′)}〉. (B.8)

By differentiating the two-particle Green’s function B.8, we get an equa-
tion of motion containing the three-particle Green’s function, whose equa-
tion of motion depends on the four-particle Green’s function, and so on.

By defining the n-particle Green’s function as

Gn(1, 2, . . . , n;n′, . . . , 2′, 1′)

=
(−i)n

�
〈T{ψ(1)ψ(2) . . . ψ(n)ψ†(n′) . . . ψ†(2′)ψ†(1′)}〉,

(B.9)

we get the general relation between the Gn and the Gn−1 Green’s functions
(n ≥ 2)(

i�
∂

∂ti
+

�
2

2m
∇2

i

)
Gn(1, . . . , n; n′, . . . , 1′)

= δ(r1 − r′1)δ(t1 − t′1) + �

n∑
j=2

(−1)i+jδ(ri − r′j)δ(ti − t′j)

× Gn−1(1, . . . , i − 1, i + 1, . . . , n; n′, . . . , (j + 1)′, (j − 1)′, . . . , 1′)

− i
∫

drw(rj − r)Gn+1(rti, 1, . . . , n; n′, . . . , 1′, r t+i ), (B.10)
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where Gn−1(1, . . . , i − 1, i + 1, . . . , n; n′, . . . , (j − 1)′, (j + 1)′, . . . , 1′) is the
(n − 1) Green’s function where the coordinates i and j have been omitted.

The above relation represents the BBGKY hierarchy. It can be trivially
generalized in the presence of an additional single-particle potential U(r) in
the Hamiltonian B.2, by subtracting this potential in the parenthesis on the
left-hand side of Eq. B.10.



Appendix C

The Lindblad equation

Let us consider a closed system whose degrees of freedom can be divided into
two distinguishable sets – call them S and B, e.g., electrons and phonons
– and we are interested in the dynamics of only one of the two, say, the
electrons. Call the set of degrees of freedom S the “system”. These two
sets of degrees of freedom are mutually interacting, but do not exchange
particles, namely the number of particles of S is fixed.

Let us also suppose that the other set of degrees of freedom B is so
large that we are not interested in its microscopic dynamics, or it is simply
impossible to calculate. For both mathematical and physical reasons, by
“large” I mean infinitely large. This set of degrees of freedom then acts as
an environment for the system S (Sec. 1.2).

Given an initial condition, the dynamics of S + B is reversible, so that it
is generated by a group of unitary operators U(t) (Eq. 1.18) on the Hilbert
space of S + B, that depends on one parameter: the time t. On the other
hand, if we follow only the degrees of freedom of S, by considering the
environment B infinite (hence with an infinite Poincaré recurrence time –
Sec. 1.2.1), we impose a preferential direction of time because, due to the
interaction of S with B, during time evolution some correlations in the
system S are “lost” into the degrees of freedom of B without the possibility
to recover them (see Sec. 2.8).

We have thus transformed the original, reversible closed system S + B

dynamics into an irreversible description of the reduced dynamics of S. We
therefore expect that, unlike the group of unitary transformations U(t),
there exists in the present case – under appropriate conditions to be given
– a semigroup of “maps” (operators) that describes the dynamics of S. By
“semigroup” I mean one that generates a continuous dynamics of the reduced

423



424 The Lindblad equation

statistical operator ρ̂S , but only along one direction of time.1 In particular,
we expect this dynamics to be generated by an equation of motion of the
type

dρ̂S(t)
dt

= Lρ̂S(t). (C.1)

In this appendix, I will first formulate a general theorem due to Lind-
blad (Lindblad, 1976) which, under specific conditions, rigorously shows
what form the above super-operator L must have (super-operator because
it maps an operator into another). Second, I will derive, from first princi-
ples, the same result so that a more physical understanding of Eq. C.1 can
be obtained.

C.1 The Lindblad theorem

Assume that the dynamical semigroup generated by Eq. C.1 also preserves
the three fundamental properties of the statistical operator ρ̂S

(i) Hermiticity: all probabilities are real,
(ii) Conservation of trace: Tr{ρ̂S(t)} = 1,
(iii) Positivity: 〈Ψ|ρ̂S(t)|Ψ〉 ≥ 0, ∀ |Ψ〉 in the Hilbert space. This guar-

antees that the probabilities associated with all possible states are
non-negative.

In addition, under the condition that the map ρ̂S(t = 0) → ρ̂S(t) is linear,
the Lindblad theorem states that the super-operator L must have a specific
form, so that Eq. C.1 reads

∂tρ̂S(t) = − i
�

[
ĤS , ρ̂S(t)

]
+
∑
α

[
−1

2
V̂ †

α V̂αρ̂S(t) − 1
2
ρ̂S(t)V̂ †

α V̂α + V̂αρ̂S(t)V̂ †
α

]
,

(C.2)
with ĤS an Hermitian operator, and {Vα} a set of (Lindblad) operators not
necessarily Hermitian. However, both ĤS and the bath operators must be
time independent.2

The terms V̂αρ̂S(t)V̂ †
α in the Lindblad equation C.2 create “quantum

jumps” between states of the system, so that they can be associated with
1 In mathematical terms a semigroup does not have the inverse-element property of a group, and

hence does not allow a unique invertibility of the system dynamics. If the environment B is
finite (but large), we can still describe a “locally irreversible” dynamics of the subsystem S so
long as the time scales associated with the latter are much longer than any other correlation
time of the subsystem B . In this case, however, there is no exact dynamical semigroup in
the mathematical sense, since we can always invert the system dynamics (albeit at very long
times).

2 An example of Lindblad operators and the use of the Lindblad equation C.2 was given in
Sec. 2.2.1 when discussing relaxation and dephasing.
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quantum fluctuations, while the other terms, 1
2 V̂ †

α V̂αρ̂S(t) and 1
2 ρ̂S(t)V̂ †

α V̂α,
compensate for such fluctuations – to preserve properties (i) and (ii) of the
statistical operator – and can be thus interpreted as dissipative terms (see
also discussion in Sec. G.1 of Appendix G).3

Equation C.2 is invariant under the transformations

ĤS → ĤS − i
2

∑
α

(
cα V̂α − c∗α V̂ †

α

)
; V̂α →

∑
β

CαβV̂β + cα 1̂, (C.3)

with {C}αβ a unitary matrix, and {cα} a set of arbitrary c-numbers.4

Note that the operators ĤS , {Vα} need to be independent of time for the
proof of the theorem to be valid.5 However, time dependence of these oper-
ators does not mean that an equation of the form C.2 cannot be derived.6

The class of equations C.2 with time-dependent operators are generally
called quantum master equations.7 It is easy to prove that they preserve
properties (i) and (ii) of the statistical operators.

However, these quantum master equations may not guarantee property
(iii), namely there may be solutions of Eq. C.2 for arbitrary time-dependent
Hamiltonians and/or bath operators that are not positive, and thus do not
correspond to physical states. Positivity may be lost at specific times, and
this may also depend on the initial conditions: some initial conditions may
lead to unphysical states, while others may still be proper states despite
time-dependent operators (see, e.g., Maniscalco at al., 2004). This means
that for time-dependent Hamiltonians and/or bath operators – namely,
whenever the dynamical semigroup property is violated – one needs to check
that condition (iii) is satisfied for the physical problem at hand.

This issue does not appear if one starts from the stochastic Schrödinger
equation G.1 that I will discuss in Appendix G. For given Hamiltonian and
bath operators, the statistical operator one calculates from this stochastic
equation, by definition, always corresponds to a well-defined physical state.

3 Note that the energy quantum jumps induced by the bath may be very long range in space, in
the sense that its influence may be “felt” in the whole system.

4 This implies that the operators Vα can always be chosen traceless.
5 A dynamical semigroup cannot be strictly defined for time-dependent Hamiltonians.
6 In fact, the derivation of Eq. C.2 with time-dependent Hamiltonian and Lindblad operators

rests on the general decomposition of a super-operator F(ρ̂) in Kraus operators Êµ

F(ρ̂) =
∑
µ

Êµ ρ̂Ê†
µ ,

where
∑

µ Ê†
µ Êµ = 1̂ (see, e.g., Breuer and Petruccione, 2002).

7 Time-dependent bath operators that are local in time may be interpreted as some sort of non-
Markovian dynamics, whereby the interaction of the bath with the system changes in time, but
it carries information only at the time at which the statistical operator is evaluated, and not
on its past dynamics (Paz and Zurek, 1999).
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C.2 Derivation of the Lindblad equation

There are several ways to derive the Lindblad equation C.1 from first prin-
ciples (see, e.g., van Kampen, 1992). Here I follow one due to Nakajima
(Nakajima, 1958; see also Zwanzig, 1960).

Let us write the time-independent Hamiltonian of the system plus the
environment degrees of freedom as

Ĥtot = ĤS ⊗ 1̂B + 1̂S ⊗ ĤB + αĤint, (C.4)

where 1̂B is the identity operator acting on the Hilbert space of the environ-
ment HB , 1̂S is the identity operator on the Hilbert space of the system HS ,
and Hint describes the interaction between our system and the environment.
I have also introduced a small parameter α to stress that I consider this
interaction weak so that some sort of perturbation theory on the interaction
can be performed. The Hamiltonians Ĥtot and Hint are operators acting on
the tensor product Hilbert space Htot = HS ⊗HB .

The statistical operator of the total system ρ̂tot(t) follows the Liouville−von
Neumann equation 1.60

dρ̂tot(t)
dt

= − i
�

[
Ĥtot, ρ̂tot(t)

]
≡ Ltotρ̂tot(t) = (LS + LB + αLint)ρ̂tot, (C.5)

where I have introduced super-operators for each Hamiltonian appearing
in Eq. C.4. A formal solution of the above equation is (if Ltot is time-
independent)

ρ̂tot(t) = eLto t tρ̂(t = t0). (C.6)

I am interested in the dynamics of the reduced statistical operator ρ̂S(t)

ρ̂S(t) = TrB{ρ̂tot(t)}, (C.7)

where TrB means that we are tracing out all degrees of freedom of the en-
vironment B. As discussed in Sec. 1.4.5, this operator does not generally
obey a closed equation of motion of the type C.1. Let us then proceed as
follows.

The projection method

Let us suppose the two subsystems S and B are uncorrelated at the initial
time t0 (and earlier times as well)

ρ̂tot(t0) = ρ̂S(t0) ⊗ ρ̂B(t0), (C.8)

where the two statistical operators ρ̂S(t0) and ρ̂B(t0) act on their respective
Hilbert spaces.
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Let us now define a super-projector P (a time-independent linear operator
acting on Htot, with P 2 = P ) such that I can divide the total statistical
operator in two parts8

ρ̂tot = P ρ̂tot + (1 − P )ρ̂tot ≡ ρ̂1 + ρ̂2. (C.9)

For a general operator X̂ on the composite Hilbert space Htot I define the
action of this operator as follows9

PX̂ = ρ̂B(t0)TrB{X̂}, (C.10)

which for the total statistical operator is simply

P ρ̂tot(t) = ρ̂B(t0)TrB{ρ̂tot(t)} ≡ ρ̂B(t0)ρ̂S(t), (C.11)

namely it projects into the subspace S without otherwise affecting the envi-
ronment degrees of freedom. By construction, it thus commutes with both
LS and LB and its action on LB is zero

P LS − LS P = 0, P LB = LB P = 0. (C.12)

Energy renormalization due to the bath

In addition, let us assume that the action of the interaction Hamiltonian
averages to zero over the environment degrees of freedom

TrB{Ĥintρ̂B(t0)} = 0. (C.13)

In terms of the super-projector P this is equivalent to

P Lint P = 0, (C.14)

or explicitly in terms of the statistical operators[
TrB{Ĥintρ̂B(t0)}ρ̂S(t) − ρ̂S(t)TrB{Ĥintρ̂B(t0)}

]
= 0. (C.15)

Assumption C.13 is reasonable for homogeneous interactions with the en-
vironment. If it is not satisfied, we can always absorb the average of the
interaction Hamiltonian Ĥint over the equilibrium state of the environment
into the Hamiltonian ĤS : it simply contributes to the unitary evolution of
our system S. This is equivalent to saying that the eigenvalues of the system
Hamiltonian are renormalized by the interaction with the bath.

8 By definition C.9, ρ̂2 is not actually a statistical operator in the proper sense, but simply the
difference between statistical operators.

9 This is one particular choice. For another type of super-projector see, e.g., Zwanzig, 1960.
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Memory kernels

The Liouville−von Neumann equation C.5 can then be written in terms of
two coupled equations for ρ̂1 and ρ̂2

P
dρ̂tot(t)

dt
=

dρ̂1(t)
dt

= LS ρ̂1(t) + αPLintρ̂2(t), (C.16)

(1 − P )
dρ̂tot(t)

dt
=

dρ̂2(t)
dt

= (1 − P )Ltotρ̂2(t) + α(1 − P )Lintρ̂1(t). (C.17)

The formal solution of Eq. C.17 is

ρ̂2(t) = α

∫ t

t0

dτ eτ (1−P )Lto t (1 − P )Lintρ̂1(t − τ)

= α

∫ t

t0

dτ eτ (1−P )Lto tLintρ̂1(t − τ), (C.18)

where in the last equality I have used Eq. C.14.
By substituting C.18 into Eq. C.16 gives (using also the definition C.11

of super-projector)

dρ̂S(t)
dt

= LS ρ̂S(t) + α2
∫ t

t0

dτF (τ)ρ̂S(t − τ), (C.19)

where

F (τ) = TrB{Linte
τ (1−P )Lto tLintρ̂B(t0)} (C.20)

is sometimes called the memory kernel.
Equation C.19 is still exact, namely it is an equivalent form of the Liouville-

von Neumann equation C.5. It is not yet in the Lindblad form C.1, since
one needs the full history of the dynamics of the reduced statistical operator
ρ̂S .

We can simplify it by assuming that there exists an autocorrelation time
τc (see definition in Sec. 5.1) such that

F (τ) � 0 , for τ > τc. (C.21)

For this to be true the environment B must have a dense energy spectrum
so that its internal correlations cannot affect its dynamics in the long-time
limit.

This approximation allows us to extend the integral range in Eq. C.19
from t to ∞, when t > τc. In addition, since P projects out the action of
both LS and LB we have

P Ltot = α P Lint. (C.22)
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If the interaction Ĥint is weak we can formally expand the exponential
appearing in the function F (τ) and retain only terms of order α2 in Eq. C.19.
We then get10

dρ̂S(t)
dt

= LS ρ̂S(t) + α2
∫ ∞

0
dτ
[
TrB{Linte

τ (LS +LB )Lintρ̂B(t0)}
]
ρ̂S(t − τ).

(C.23)

Markov approximation

This equation still contains memory. Let us then call τS the typical time
scale dictated by the unitary evolution of the system S (namely, caused by
LS) over which the state of the system S changes even in the absence of the
environment. If

τc � τS (C.24)

we can make the Markov approximation11

ρ̂S(t − τ) � ρ̂S(t), (C.25)

so that no history (memory) of the statistical operator is required to deter-
mine its time evolution. This is equivalent to saying that when the time
evolution of our system is long compared to the time necessary for the envi-
ronment to “forget” quantum correlations, the system dynamics is local in
time.

We may then neglect the action of LS in Eq. C.23, so that the latter
becomes

dρ̂S(t)
dt

=
{
LS + α2

∫ ∞

0
dτ
[
TrB{Linte

τLB Lintρ̂B(t0)}
]}

ρ̂S(t). (C.26)

The above is the desired equation of motion – which is in the Lindblad
form C.1 – for the reduced statistical operator ρ̂S(t).

Let us write the interaction Hamiltonian as12

Ĥint = V̂S ⊗ V̂B , (C.27)

10 The next term in the series contains a time integral of range τc . Therefore, this term is of order
α3 τ 3

c . “Weakness” of Ĥin t then strictly means ατc � 1.
11 The relative error one makes is thus of order τc /τS .
12 We could write Ĥin t as the sum of product operators. This would give rise to a summation in

Eq. C.28.
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namely the product between an operator acting on the system and an op-
erator acting on the environment. Equation C.26 then becomes

dρ̂S(t)
dt

=LS ρ̂S(t) − α2

2�

∫ ∞

0
dτ
[
TrB{V̂BeτLB V̂B ρ̂B(t0)}V̂S [V̂S , ρ̂S(t)]

−TrB{V̂BeτLB V̂B ρ̂B(t0)}[V̂S , ρ̂S(t)] V̂S

]
, (C.28)

which can be written in operator form as in Eq. C.2.

C.3 Steady-state solutions

The steady-state solutions, ρ̂ss
S , of the Lindblad equation C.2 are defined as

dρ̂ss
S

dt
= 0 =⇒ Lρ̂ss

S = 0. (C.29)

This is equivalent to finding the eigenstates of the super-operator L with
zero eigenvalue(

L − λ1̂
)
ρ̂ss

S = 0, λ = 0, stationary solutions. (C.30)

For an arbitrary L – not necessarily time-independent – the above equa-
tion may have no solution or many solutions, namely several steady-state
statistical operators in the long-time limit. All other non-zero eigenvalues,
λ 	= 0, correspond to non-stationary states.



Appendix D

Ground-state Density-Functional Theory

I summarize here the concepts of density-functional theory (DFT) as applied
to the ground state of many-electron systems. The reader interested in a
comprehensive description of ground-state DFT is urged to consult the book
by Parr and Young (1989).

D.1 The Hohenberg−Kohn theorem

Let us start from an N -electron Hamiltonian

Ĥ = T̂ + Ŵ + V̂ext, (D.1)

where T̂ is the kinetic operator and Ŵ is the electron-electron interaction
operator. The operator V̂ext describes a local static external potential (like
the electron-ion potential in Eq. 6.2) and can be written in terms of the
density operator 1.22 as (see Eq. A.26)

V̂ext =
∫

drVext(r) n̂(r). (D.2)

Let us then take an arbitrary many-body wave-function |Ψ〉, antisym-
metric in the exchange of orbital and spin coordinates of two electrons and
construct the density (see Sec. 2.8.3)

n(r) = N
∑

s1 ...sN

∫
dr2 . . . drN |Ψ(r, s1; r2, s2; . . . ; rN , sN )|2 , (D.3)

where I have indicated with si the spin coordinate of electron i. This density
satisfies the condition ∫

drn(r) = N , (D.4)

where the integral is over all space.
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Let us now assume that for a given Vext(r) we have found a density n(r),
satisfying D.4, which corresponds to the ground state of Hamiltonian D.1.
Such a density is called V-representable.1 Changing the external potential,
clearly changes the density.

On the other hand, the Hohenberg−Kohn theorem states that (Hohenberg
and Kohn, 1964)

Theorem: Two external potentials, which differ by more than a con-
stant, cannot give the same ground-state density,

thus establishing a one-to-one correspondence between the external potential
and the ground-state density.

For a proof of this theorem I refer the reader to the original paper (Hohen-
berg and Kohn, 1964) or the book by Parr and Young (1989). The above
theorem has tremendous consequences since it implies that, if one knows
the ground-state density, then, in principle, one can determine the scalar
external potential that determines that density, hence the Hamiltonian D.1,
from which the ground-state many-body wave-function can be obtained,
and, therefore, all ground-state properties of the N -electron system (see
also Sec. 2.8.3).

D.2 The Kohn−Sham equations

From the above theorem we also know that the total energy of the system
in its ground state is a functional of the density

E[n] = 〈Ψgs|Ĥ|Ψgs〉 = 〈Ψgs|T̂ + Ŵ|Ψgs〉 + 〈Ψgs|V̂ext|Ψgs〉

≡F [n] +
∫

drVext(r)n(r), (D.5)

where |Ψgs〉 is a ground-state many-body wave-function, and n(r) is the cor-
responding density. The functional F [n] is the same for all electron systems
and we make the following ansatz

F [n] = Ts[n] +
e2

2

∫
dr
∫

dr′
n(r)n(r′)
|r − r′| + Exc[n]

≡ Ts[n] + EH [n] + Exc[n], (D.6)

where Ts[n] is the kinetic energy of a non-interacting system with the same
ground-state density n(r) as the interacting one. The second term in Eq. D.6

1 Note that, if the ground state is degenerate, given an external potential Vext (r), we can find
more than one ground-state density.
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is the Hartree energy, and the last term is called the exchange-correlation
energy functional, and contains information on the exchange interaction
between the electrons and all other correlation effects of the many-electron
system.2

The functional derivative of the Hartree part of D.6 with respect to the
density gives the Hartree potential energy 3.11

VH (r) = e2
∫

dr′
n(r′)
|r − r′| =

δEH [n]
δn(r)

. (D.7)

Similarly, we define the exchange-correlation potential as the functional
derivative

Vxc(r) ≡
δExc[n]
δn(r)

. (D.8)

Finally, by minimizing the functional

EKS [n] = Ts[n] + EH [n] + Exc[n] +
∫

drVext(r)n(r) (D.9)

with respect to the density subject to constraint D.4 we find the Kohn−Sham
(KS) equations

[
− �

2

2m
∇2 + VH (r) + Vxc(r) + Vext(r)

]
φKS

k (r, s) = εkφ
KS
k (r, s), (D.10)

that correspond to the solution of the Schrödinger equation of auxiliary non-
interacting electrons in the presence of the potential VKS ≡ VH (r)+Vxc(r)+
Vext(r).

Solving the above equations yields the wave-functions φKS
k (r, s), from

which the ground-state density is

n(r) =
∑

s

N∑
k=1

|φKS
k (r, s)|2, (D.11)

that is equivalent to the density of a single Slater determinant (Eq. A.1)

|ΨKS〉 =
1√
N !

det
[
|φKS

ki
〉
]

(D.12)

constructed from the N lowest-occupied KS wave-functions.3

2 Physically, this energy corresponds to the Coulomb interaction between any electron and the
exchange-correlation hole that accompanies it. This hole is due to the repulsive electron-
electron interaction which “depletes” charge density around that given electron.

3 Like the single-particle KS states, this Slater determinant is just an “operational” tool, and
generally not a good approximation of the many-body wave-function.
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D.3 Generalization to grand-canonical equilibrium

The Hohenberg−Kohn theorem can be generalized to the case in which
the system is in grand-canonical equilibrium with a reservoir specified by
a chemical potential µ̄ and temperature θ. In this case the theorem states
(Mermin, 1965)

Theorem: Given a many-particle system in grand-canonical equilib-
rium with a reservoir at chemical potential µ̄ and tempera-
ture θ, two external potentials, which differ by more than a
constant, cannot give the same ensemble-averaged density,

where the ensemble-averaged density is

n(r) = 〈n̂(r)〉 = Tr
{
ρ̂eq

G n̂(r)
}

, (D.13)

with ρ̂eq
G the grand-canonical statistical operator 1.76. The expectation value

of any observable can then be written, in principle, as a functional of the
ensemble-averaged density D.13.

Note also that any approximation to the exact functional makes the Kohn-
Sham Hamiltonian stochastic, i.e., a different Hamiltonian for every element
of the statistical ensemble (Sec. 1.4.4).

D.4 The local density approximation and beyond

In order to solve Eqs D.10 one needs to know the exact exchange-correlation
functional. This is unknown and approximations are thus necessary. The
most commonly used one is known as the local density approximation (LDA).
It consists in approximating the exchange-correlation functional Exc[n] as

ELDA
xc [n] =

∫
drn(r) εxc (n(r)) , (D.14)

where εxc (n(r)) is the exchange-correlation energy per particle of the ho-
mogeneous electron liquid with density n. The LDA exchange-correlation
potential at position r is then

V LDA
xc (r) ≡ d [n εxc (n)]

d n

∣∣∣∣
n(r)

, (D.15)

that of a homogeneous electron liquid that has density n at that position.
Approximate formulas for the exchange-correlation energy per particle of
the homogeneous electron liquid have been proposed (Perdew and Zunger,
1981) based on interpolation of Monte Carlo numerical results (Ceperley
and Alder, 1980).
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Several other schemes have been suggested to improve on the LDA. One,
known as generalized gradient approximation (GGA), assumes a form for the
exchange-correlation energy functional where the gradient of the density of
the electron liquid at any point in space appears explicitly (see, e.g., Perdew
et al., 1996). For isolated systems these functionals improve the binding
energy compared to LDA. However, I am not aware of a systematic study
of the differences between these functionals and LDA on static transport
problems.

In practice, given an approximate form for the exchange-correlation scalar
potential, Eqs. D.10 are solved iteratively until self-consistency – in the
density and/or potential – is achieved within a given numerical accuracy.
For instance, one starts from a guess for the density n(r), calculates the
potential that enters the KS equations D.10, solves the latter with given
boundary conditions – in the case of steady-state transport with scattering
boundary conditions, Chapter 3 – and calculates a new density via Eq. D.11.



Appendix E

Time-Dependent DFT

I extend the concepts of ground-state DFT to the time-dependent domain,
namely for many-body systems out of equilibrium. A comprehensive review
of time-dependent DFT (TDDFT) can be found in, e.g., Marques et al.
(2006).

E.1 The Runge−Gross theorem

Let us start from an N -electron Hamiltonian

Ĥ(t) = T̂ + Ŵ + V̂ext(t) (E.1)

where T̂ is the kinetic operator and Ŵ is the electron-electron interaction
operator. The operator V̂ext(t) is a time-dependent local external potential

V̂ext(t) =
∫

drVext(r, t) n̂(r). (E.2)

Let the system described by Hamiltonian E.1 evolve from an arbitrary
initial condition |Ψ0〉 at time t0. Call n(r, t) the density that evolves from
the initial state |Ψ0〉 under the action of potential Vext(r, t), and call n′(r, t)
the density evolving from the same initial state |Ψ0〉 under the action of
potential V ′

ext(r, t). The Runge−Gross theorem (Runge and Gross, 1984)
states that

Theorem: If two external potentials differ by more than a time-
dependent (space-independent) constant

Vext(r, t) 	= V ′
ext(r, t) + c(t) , (E.3)

then the corresponding densities, n(r, t) and n′(r, t), are dif-
ferent.
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For a proof of this theorem I refer the reader to the original paper (Runge
and Gross, 1984; see also van Leeuwen, 1999). I make here only some
remarks on the conditions necessary for its proof. First, the potentials
Vext(r, t) and V ′

ext(r, t) need to be expandable in Taylor series about the
initial time t0. Second, the density has to go to zero at infinity – which is
the case for a finite closed system with bound electrons – or it is the density
of an infinite but periodic system. The theorem does not exclude the pos-
sibility that two different potentials produce the same density if the time
evolution occurs from two different initial conditions.1

Finally, the current density is not generally V -representable: the map-
ping between current density and external scalar potential is not invertible
(D’Agosta and Vignale, 2005). This is easy to understand: at any given time
and point in space a scalar potential provides just one value, while the cur-
rent density is a vector. Therefore, the KS current density in TDDFT is not
guaranteed to be exact; only its divergence via the continuity equation 1.11.

E.2 The time-dependent Kohn−Sham equations

From the above theorem one can formulate the time-dependent version of
the Kohn−Sham equations

[
i�

∂

∂t
+

�
2

2m
∇2 − VH (r, t) − Vxc(r, t) − Vext(r, t)

]
φKS

k (r, s, t) = 0, (E.4)

where VH (r, t) and Vxc(r, t) are the time-dependent generalizations of the
corresponding potentials D.7 and D.8, respectively, of the static case. The
density is then

n(r, t) = nKS(r, t) ≡
∑

s

N∑
k=1

|φKS
k (r, s, t)|2 . (E.5)

E.3 The adiabatic local density approximation

The time-dependent version of the KS equations poses further requirements
on the construction of the exchange-correlation scalar potential. The poten-
tial Vxc(r, t) depends on the history of the system – included initial condition
– so that it cannot be written simply as the functional derivative with respect
to the density.

1 For a discussion of these conditions see Giuliani and Vignale (2005).
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It is nonetheless common to approximate it as the ground-state exchange-
correlation potential D.15 evaluated at the instantaneous density n(r, t).
This is known as the adiabatic local density approximation (ALDA):

V ALDA
xc (r, t) =

d [n εxc (n))]
d n

∣∣∣∣
n(r, t)

. (E.6)

Equations E.4 are generally solved the following way. Assign an initial
condition. This is typically (but not necessarily) the solution of the ground-
state KS equations for some Hamiltonian (e.g., the Hamiltonian in Eqs. E.4
without the time-dependent part in the potentials). These equations are
then solved numerically by time-evolving the initial KS states, where at
every time step one determines the density from which the Hartree potential
and the exchange-correlation potential can be determined.

Due to numerical instabilities, typical time evolutions that can be achieved
with small numbers of atoms and/or electrons are of the order of tens of
femtoseconds. A small time scale, but enough to establish a quasi-steady
state in a nanoscale system (see Sec. 7.6).

In order to improve beyond the ALDA one has to work with time-dependent
current DFT (Appendix F).



Appendix F

Time-Dependent Current DFT

In this appendix I outline the main tenets of time-dependent current DFT
(TD-CDFT). A pedagogical and extended account of this approach can be
found in the book by Giuliani and Vignale (2005).

F.1 The current density as the main variable

In Appendix E I have hinted at the problem of obtaining a local representa-
tion of the exchange-correlation scalar potential Vxc (the one appearing in
the Kohn−Sham equations E.4) in terms of the density. Without going into
details, I just mention that the physical reason why such a representation
does not exist for an inhomogeneous electron liquid is related to the strong
non-local (in space) functional dependence of this potential on the density.

A way out of this problem is to realize that due to gauge invariance
a time-dependent scalar potential V (r, t) can always be represented by a
longitudinal vector potential A(r, t).1 We also know that the density is
related to the current density via the continuity equation 1.11. Putting
these two facts together, we therefore see that the response of the density
operator to an external scalar potential can be expressed as the response
of the current density operator to an external vector potential, i.e., we can
reformulate time-dependent density-functional theory in terms of the current
density instead of the density. It turns out that a local representation of the
exchange-correlation vector potential in terms of the current density can be
derived.

1 By longitudinal I mean that it has a finite divergence and zero curl. The relation between the
longitudinal vector and scalar potentials is

A(r, t) =
c

e

∫ t

t0

∇V (r, t′)dt′.
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Using the current density as the main variable we can then formulate the
following theorem of TD-CDFT due to Ghosh and Dhara (Ghosh and Dara,
1988)

Theorem: Given an initial quantum state |Ψ0〉, two external vector
potentials Aext(r, t) and A′

ext(r, t) that produce the same
current density j(r, t), must necessarily coincide, up to a
gauge transformation.

The given current density is then said to be A-representable.2 It is also
obvious why – unlike in TDDFT – the map between the current density and
vector potentials is generally invertible: they are both vectors.

The above theorem also guarantees that the expectation value of any
physical observable can be in principle written as a functional of the current
density and the given initial condition.

In addition, one can choose to work with an auxiliary (Kohn−Sham)
system in which the interactions among particles have been switched off
and solve the TD-CDFT Kohn−Sham equations

[
i�

∂

∂t
− 1

2m

(
−i�∇− e

c
Aext(r, t) −

e

c
Axc(r, t)

)2

−Vext(r) − VH (r, t)] φKS
k (r, t) = 0, (F.1)

where, due to gauge invariance, all time dependence of the external poten-
tial has been included in the vector potential Aext(r, t),3 and Axc(r, t) is an
exchange-correlation vector potential that is a functional of the initial con-
dition |Ψ0〉 and the current density j(r, t′) at all previous times t′ ≤ t. This
functional describes all quantum correlations in the system and is dependent
on its history.

F.2 The exchange-correlation electric field

Within the above formulation it was shown that an approximate local rep-
resentation of Axc(r, t) can be obtained (Vignale and Kohn, 1996).

To be precise, let us consider an external field with frequency ω and
wave-vector k. Let us call vF and kF the local (in space) Fermi velocity and
wave-vector of the electron liquid, respectively, and q = |∇n0/n0| the rate

2 For a different, and more recent, proof of the theorem see Vignale (2004).
3 For a static electric field, A(r, t) can be chosen identically zero, and Vext (r) is simply the static

electron-ion interaction.
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of spatial variation of its ground-state density n0. Under the assumptions
that q, k � ω/vF , kF , one can show, using linear-response theory, that
the exchange-correlation vector potential Axc(r, t) is local in space (albeit
non-local in time) and can be written as (Vignale et al., 1997)

e

c

∂Axc,i(r, t)
∂t

≡ −eExc(r, t) = −∇iV
ALDA
xc (r, t) +

1
n(r)

∑
j

∂σxc,ij(r, t)
∂rj

,

(F.2)
where V ALDA

xc (r, t) is given in Eq. E.6 and σxc,ij(r, t) is a stress tensor that
has the following hydrodynamic form in d dimensions

σxc,ij(r, t) =
∫ t

t0

{
η̃(n(r), t, t′)

[
∇jvi(r, t′) + ∇ivj(r, t′) −

2
d
δi,j∇kvk(r, t′)

]
+ ζ̃(n(r), t, t′)∇ · v(r, t′)δij

}
dt′. (F.3)

The complex coefficients η̃ and ζ̃ represent, respectively, the shear and bulk
viscosity of the electron liquid. With the assumption that the external
perturbation is periodic in time we can Fourier transform Eq. F.2 to get

−eExc(r, ω) = −∇iV
ALDA
xc (r, ω) +

1
n(r)

∑
j

∂σxc,ij(r, ω)
∂rj

, (F.4)

with

σxc,ij(r, ω) = η̃(n, ω)
[
∇jvi + ∇ivj −

2
d
δi,j∇kvk

]
+ ζ̃(n, ω)∇ · vδij . (F.5)

The functions η̃(n, ω) and ζ̃(n, ω) are generally complex. Their full expres-
sions in terms of the exchange-correlation kernel of the homogeneous electron
gas can be found in Giuliani and Vignale (2005). Below I report approximate
formulas for the real part of the viscosity coefficient in the zero-frequency
limit, the only quantity that is of interest in most of this book.4

Alternatively, one can choose to work in a different gauge and solve the
equations [

i�
∂

∂t
− 1

2m

(
−i�∇− e

c
Aext(r, t) −

e

c
Adyn

xc (r, t)
)2

−Vext(r) − VH (r, t) − V ALDA
xc (r, t)

]
φKS

k (r, t) = 0, (F.6)

with

Adyn
xc,i(r, t) = Adyn

xc,i(r, t0) +
c

e

∫ t

t0

dt′
1

n(r, t′)

∑
j

∂σxc,ij(r, t′)
∂rj

. (F.7)

4 In this limit only the shear viscosity is finite, the bulk viscosity being zero.
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Note that in the above I have included the time dependence of the density
as well. This is beyond the linear-response result expressed in Eq. F.2.
However, it is reasonable to think that Eq. F.2 is valid beyond linear response
provided both the density and the velocity field are slowly varying function
of space so that non-linear terms, involving three-particle (and higher order)
Green’s functions, may be neglected (see discussion in Sec. 8.2.1 and Giuliani
and Vignale, 2005).

Equations F.1 (or F.6) are solved similarly to Eqs. E.4 of TDDFT. One
starts with an initial condition for the density – and typically from an initial
condition with zero velocity field so that Adyn

xc,i(r, t0) = 0, and then evolves
the initial KS states in time.

There is however a major difference with the standard TDDFT equations:
the presence of an exchange-correlation vector potential that depends on the
history of the dynamics in a non-trivial way.

Even if one uses the memory-less approximation 8.52, and thus the stress
tensor F.3 can be approximated as in Eq. 8.53, one needs to determine the
exchange-correlation vector potential at a time t as in Eq. F.7. This repre-
sents an extra numerical burden compared to the solution of the TDDFT
equations E.4.

F.3 Approximate formulas for the viscosity

In the zero-frequency limit (or more precisely for �ω � EF ) the viscosity
η = limω→0 Re η̃(ω) can be approximated in three and two dimensions as
(Conti and Vignale, 1999)5

η3D =
�n

60(rs/a0)−3/2 + 80(rs/a0)−1 − 40(rs/a0)−2/3 + 62(rs/a0)−1/3 ,

(F.8)
and

η2D =

[(
(rs/a0)2

6π
ln
√

2a0

ers
+ 0.25(rs/a0)2

)−1

+ 21(rs/a0)−2

+ 23(rs/a0)−1/2 + 13
]−1

�n, (F.9)

where e is the Nepero number, n the density, a0 the Bohr radius, and rs =
(3/4πn)1/3 in 3D, and rs = (1/πn)1/2 in 2D.

5 Note that

�n =
1.6 × 10−4

(rs /a0 )3
Pa s.
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These are the expressions used in Chapter 8 to estimate the viscosity.
Note, however, that these formulas have been derived from a fit to numerical
results based on mode-mode coupling theory (Nifosi et al., 1998), and may
not describe well the viscosity of the electron liquid at low densities.

Indeed, the exact low-density limit of the viscosity of the electron liquid
is not known. Due to strong correlation effects in the low-density electron
liquid, where the electron system is close to crystallization, it is reasonable to
suspect that the relative viscosity η/n might increase well above the values
one obtains from Eqs. F.8 and F.9 (Sai et al., 2007a).

In addition, the presence of a nanostructure introduces an effective cut-off
for the transfer of momentum between adjacent layers of the electron liquid,
which is at the origin of the viscosity (see Appendix K). This effective cut-off
may increase the viscosity beyond the value obtained from Eqs. F.8 and F.9.
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Stochastic Time-Dependent Current DFT

In this appendix I extend the theorems of dynamical density functional the-
ories to the case in which the system is not closed, namely it is in dynamical
interaction with a bath, or a set of baths. This theory goes under the name
of stochastic time-dependent current density-functional theory (Di Ventra
and D’Agosta, 2007).

G.1 The stochastic Schrödinger equation

Since in density-functional theory Hamiltonians depend on the density and/or
current density, they are in general different for every element of a statistical
ensemble. This precludes us from writing a closed equation of motion for
the statistical operator (see discussion in Sec. 1.4.4). In addition, we have
discussed in Appendix C that for time-dependent Hamiltonians and/or bath
operators positivity of the density operator is not guaranteed by the quan-
tum master equation C.2. This means that one could obtain solutions of
Eq. C.2 that do not correspond to physical states.

To avoid these pitfalls we therefore start from the following stochastic
Schrödinger equation (see, e.g., van Kampen, 1992)1

∂t|Ψ(t)〉 = − i
�
Ĥ(t)|Ψ(t)〉 − 1

2
V̂ †V̂ |Ψ(t)〉 + �(t)V̂ |Ψ(t)〉, (G.1)

where V̂ is an operator – possibly dependent on time – describing the inter-
action of the bath with the many-body system. Here Ĥ(t) is an Hermitian

1 From a numerical point of view the advantage of the stochastic Schrödinger equation compared
to an equation of motion for the density matrix is that the former requires the knowledge of
N − 1 components of the state vector (the −1 comes from the normalization constraint), while
the latter (N + 2)(N −1)/2 elements of the density matrix (taking into account the constraints
of hermiticity and unit trace). However, several runs, each one corresponding to different
realizations of the stochastic process �(t), are necessary to compute ensemble averages with the
stochastic Schrödinger equation.
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operator, not necessarily equal to the Hamiltonian of the system in the ab-
sence of the bath. Indeed, it may also describe the renormalization of the
states of the system due to the interaction with the bath (see discussion in
Appendix C).2 Given an initial condition, Eq. G.1 always defines a proper
physical state, whether the Hamiltonian is stochastic or time-dependent, or
both (and also if the operator V̂ is time-dependent).

For simplicity we will take it to be the Hamiltonian of an interacting
N -electron system subject to an external field with vector potential Aext

Ĥ(t) =
1

2m

∑
i

[
p̂i −

e

c
Aext(r̂i, t)

]2
+

1
2

∑
i �=j

U (r̂i − r̂j) , (G.2)

with U (r̂i − r̂j) a potential describing two-particle interactions (e.g., the
Coulomb potential 2.96).3

Without loss of generality the stochastic process, �(t), is chosen such that
it has both zero ensemble average and δ-autocorrelation, i.e.,

�(t) = 0; �(t)�(t′) = δ(t − t′), (G.3)

where the symbol · · · indicates the average over a statistical ensemble of
identical systems all prepared in some initial state |Ψ0〉. The following dis-
cussion will be valid even if the initial state is not pure, namely, it represents
a given macro-state of the system.

The last term on the right-hand side of Eq. G.1 describes precisely the
fluctuations induced by the bath; the second term is the compensating dis-
sipative part.

We can generalize the above to more than one bath, each described by an
operator V̂α, by solving

∂t|Ψ(t)〉 =

[
− i

�
Ĥ(t) − 1

2

∑
α

V̂ †
α V̂α +

∑
α

�α(t)V̂α

]
|Ψ(t)〉, (G.4)

with

�α(t) = 0; �α(t)�β(t′) = δαβδ(t − t′). (G.5)

In what follows, I will consider only one bath operator. However, all
conclusions apply to an arbitrary number of baths.

2 Note that Eq. G.1 is a linear stochastic Schrödinger equation. Stochastic Schrödinger equations
that contain non-linear terms may be derived which are equivalent to the linear equation G.1
(see, e.g., Collet and Gardiner, 1984). The difference between the linear and non-linear type of
equations is in the interpretation of the stochastic process. In the former case it is interpreted
as an “input” type of noise, e.g., due to fluctuations of the environment. In the second case, it
is considered as the “output” fluctuations of the system dynamics induced by the presence of
the environment. The theorem of stochastic TD-CDFT (Sec. G.3) applies to both cases.

3 Here I am working in a gauge in which the dynamical external scalar potential is zero at any
time.
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The stochastic Schrödinger equation G.1 preserves the ensemble-averaged
orthonormality of any two states. This is easy to show by expanding Eq. G.1
in a small interval of time ∆t4

|Ψ(t + ∆t)〉 =
[
1̂ +

∫ t+∆t

t
dt′
(
− i

�
Ĥ(t′) − 1

2
V̂ †V̂ + �(t′)V̂

)]
|Ψ(t)〉. (G.6)

The ensemble-averaged norm is thus preserved in time:5

〈Ψ(t + ∆t)|Ψ(t + ∆t)〉 = 〈Ψ(t)|Ψ(t)〉. (G.7)

In general, given any two orthogonal states |Ψα(t)〉 and |Ψβ(t)〉

〈Ψα(t)|Ψβ(t)〉 = δαβ. (G.8)

G.2 Derivation of the quantum master equation

The above results are equivalent to the formalism of statistical operators
I have introduced in Sec. 1.4, provided the Hamiltonian does not depend
on microscopic degrees of freedom, such as the density or current density.
Indeed, as in Eq. 7.13, we define the statistical operator6

ρ̂(t) = |Ψ(t)〉〈Ψ(t)| ≡
∑

i

pi(t) |Ψi(t)〉〈Ψi(t)|, (G.9)

with
∑

i pi(t) = 1, so that (from Eq. G.7)

〈Ψ(t)|Ψ(t)〉 = Tr {ρ̂(t)} = 1. (G.10)

By construction, this statistical operator is Hermitian, positive, and its trace
is conserved at all times.

Consider now a general operator Ô(t) in the Heisenberg picture (see
Sec. 1.4), and define the following stochastic “evolution” operator

Û(t + ∆t, t) =
[
1̂ +

∫ t+∆t

t
dt′
(
− i

�
Ĥ(t′) − 1

2
V̂ †V̂ + �(t′)V̂

)]
, (G.11)

4 Note that due to the presence of the stochastic term �(t) Eq. G.1 is a stochastic differential
equation. Therefore, the “standard” calculus does not apply, and one has to use stochastic
methods. In this appendix, I follow the Itô calculus (see, e.g., van Kampen, 1992).

5 One may impose the normalization of the state vector for every realization of the stochastic
process at every instant of time. This leads to a non-linear stochastic Schrödinger equation
which provides an equivalent physical description as Eq. G.1 (see, e.g., Goetsch et al., 1995).

6 In this definition I am assuming for simplicity that the initial state of the system is pure. If
the initial state of the system is mixed with macro-state {|Ψn

0 〉, pn }, then definition G.9 of
statistical operator includes an extra summation

ρ̂(t) =
∑
n

pn |Ψn (t)〉〈Ψn (t)|,

where |Ψn (t)〉 ≡ {|Ψn
i (t)〉} is the ensemble of state vectors corresponding to the initial condition

|Ψn
0 〉.
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where ∆t is a small interval of time.
The expectation value of the operator Ô(t) at a time t + ∆t is then

〈Ô(t + ∆t)〉 = 〈Ψ0|Û †(t + ∆t, t)Ô(t)Û †(t + ∆t, t)|Ψ0〉. (G.12)

By carrying out the calculations explicitly and averaging over the stochas-
tic process according to Eq. G.3 we find, in the limit ∆t → 0, the ensemble-
averaged time evolution

∂t〈Ô(t)〉 =
i
�

〈[
Ĥ(t), Ô(t)

]〉
− 1

2
〈V̂ †V̂ Ô(t)〉 − 1

2
〈Ô(t)V̂ †V̂ 〉 + 〈V̂ †Ô(t)V̂ 〉.

=
i
�

〈[
Ĥ(t), Ô(t)

]〉
− 1

2
〈V̂ †V̂ Ô(t)〉 − 1

2
〈Ô(t)V̂ †V̂ 〉 + 〈V̂ †Ô(t)V̂ 〉,

(G.13)

where in the second equality I have assumed that the Hamiltonian and the
bath operator do not depend explicitly on the wave-functions (or density),
and the symbol 〈· · · 〉 means 〈Ψ0| · · · |Ψ0〉, the average over the initial state.

Using the definition G.9 of statistical operator, I can rewrite Eq. G.13 as

∂tTr{ρ̂(t)Ô} =
i
�
Tr{ρ̂(t)[Ĥ(t), Ô]}

+ Tr
{

ρ̂(t)
(
−1

2
V̂ †V̂ Ô − 1

2
ÔV̂ †V̂ + V̂ †ÔV̂

)}
= − i

�
Tr{[Ĥ(t), ρ̂(t)]Ô}

+ Tr
{(

−1
2
V̂ †V̂ ρ̂(t) − 1

2
ρ̂(t)V̂ †V̂ + V̂ ρ̂(t)V̂ †

)
Ô

}
,

(G.14)

where I have used the cyclic property of the trace (Eq. E1.3 in Exercise 1.1),
and the operator Ô is now in the Schrödinger picture.

Since the above result must be true for an arbitrary operator Ô, we con-
clude that the statistical operator satisfies the following equation of motion

∂tρ̂(t) = − i
�

[
Ĥ(t), ρ̂(t)

]
− 1

2
V̂ †V̂ ρ̂(t) − 1

2
ρ̂(t)V̂ †V̂ + V̂ ρ̂(t)V̂ †, (G.15)

which is of the Lindblad form C.2, but with a time-dependent Hamiltonian.
If the Hamiltonian does not depend on the wave-functions, the physics

described by the stochastic Schrödinger equation G.1 is thus the same as
that described by a quantum master equation, with the additional benefit
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that the statistical operator derived from the stochastic Schrödinger equan-
tion G.1 is, by definition, positive at all times.7

Using the number density and current density operators (Eqs. 1.24 and
1.25, respectively) the ensemble-averaged density is

n(r, t) ≡ 〈n̂(r, t)〉 = Tr{ρ̂(t) n̂(r)}, (G.16)

and the ensemble-averaged current density

j(r, t) ≡ 〈̂j(r, t)〉 = Tr{ρ̂(t) ĵ(r)}. (G.17)

From the first equality of Eq. G.13, we get the equation of motion for the
ensemble-averaged density

∂n(r, t)
∂t

= −∇ · j(r, t) +
〈

V̂ †n̂V̂ − 1
2
V̂ †V̂ n̂ − 1

2
n̂V̂ †V̂

〉
. (G.18)

This is the generalization of the continuity equation 1.11 for a system open
to an environment. The last term on the right-hand side of Eq. G.18 is iden-
tically zero for bath operators that are local in space (Frensley, 1990). Most
transport theories satisfy this requirement since the action that a true bath
does on the system is derived from microscopic mechanisms (e.g., inelastic
processes) which are generally local (Frensley, 1990).

If this is not the case, then this term represents instantaneous transfer
of charge between disconnected – and possibly macroscopically far away –
regions of the system without the need of mechanical motion (represented
by the first term on the right-hand side of Eq. G.18). This instantaneous
“action at a distance” is reminiscent of the postulate of wave-packet reduc-
tion (Sec. 1.3.3) whereby the system may change its state in a non-unitary
way upon measurement.

Here, it is the result of the memory-less approximation that underlies the
stochastic Schrödinger equation G.1. By assuming that the bath correlation
times are much shorter than the times associated with the dynamics of
the system (in fact, in the Markov approximation these correlation times
are assumed zero), we have lost information on the microscopic interaction
mechanisms at time scales of the order of the correlation times of the bath
(see also discussion after Eq. C.25 in Appendix C). In other words, we have
coarse-grained the time evolution of our system, and we are therefore unable
to follow its dynamics on time scales smaller than this time resolution (see,
e.g., Gebauer and Car, 2004).

7 We also say that the stochastic Schrödinger equantion G.1 defines a stochastic unraveling of
the corresponding quantum master equation.
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G.3 The theorem of Stochastic TD-CDFT

We can now formulate the following theorem (Di Ventra and D’Agosta, 2007)

Theorem: Given an initial state ρ̂(t = t0), and a set of bath operators
{V̂α}, two external vector potentials Aext(r, t) and A′

ext(r, t)
that produce the same ensemble-averaged current density
j(r, t) must necessarily coincide, up to a gauge transforma-
tion.

For a proof of the theorem I refer the reader to the original paper (Di Ven-
tra and D’Agosta, 2007). Here, I mention the important consequence that
any ensemble-averaged current density that is interacting A-representable
is also non-interacting A-representable. This means that an ensemble-
averaged current density that can be obtained from a vector potential acting
on the true many-body system can be obtained from a suitable vector po-
tential acting on a non-interacting system (for given initial condition and
set of bath operators).

Let us write this “auxiliary” Kohn−Sham vector potential as

Aeff (r, t) = Aext(r, t) + Axc

[
j(r, t′), ρ̂(t = t0),

{
V̂α

}]
, (G.19)

with the exchange-correlation component a functional of the initial state, the
ensemble-averaged current density at times t′ ≤ t (it depends on the history
of the system), and on the bath operators

{
V̂α

}
. The role of the exchange-

correlation vector potential is precisely to provide the correct ensemble-
averaged current density at any given time.

This shows that the dynamics of the many-particle system can be mapped
into the dynamics of an auxiliary Kohn−Sham Slater determinant evolving
according to8

∂t|ΨKS(t)〉 = − i
�
ĤKS(t)|ΨKS(t)〉 − 1

2
V̂ †V̂ |ΨKS(t)〉

+ �(t)V̂ |ΨKS(t)〉, (G.20)

where

ĤKS(t) =
∑

i

{
1

2m

[
p̂i −

e

c
Aext(r̂i, t) −

e

c
Axc(r̂i, t)

]2
+ Vext(r̂i) + VH (r̂i, t)} , (G.21)

8 For a single bath operator. To generalize to many operators one simply sums their dynamics
as in Eq. G.4.
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where here I have explicitly added a possible scalar external potential Vext(r̂i)
(e.g., the electron-ion potential), and I have isolated the Hartree potential
VH (r̂i, t).

The above also shows that for a general operator V̂ acting on the many-
body system one can “decouple” its quantum correlations, but not neces-
sarily the statistical correlations induced by the presence of the bath.

It is only when the bath operator V̂ acts on single-particle states or de-
pends on the single-particle density only (call it V̂sp) that Eq. G.20 can be
written as

∂t|φKS
k (t)〉 = − i

�
ĤKS(t)|φKS

k (t)〉 − 1
2
V̂ †

spV̂sp|φKS
k (t)〉

+ �(t)V̂sp|φKS
k (t)〉, (G.22)

with ĤKS(t) a single Kohn−Sham Hamiltonian appearing in Eq. G.21.
Finally, any approximation to the functionals appearing in the Kohn−Sham

Hamiltonian G.21 makes the latter stochastic (Sec. 1.4.4). For instance, the
commonly used ansatz that isolates the Hartree potential VH (r, t) from the
exchange-correlation vector potential, as in Eq. G.21, can be made assum-
ing that the density appearing in it is the density of each element of the
ensemble, or the ensemble-averaged density. This is because in general∫

dr
∫

dr′
〈n̂(r)〉 〈n̂(r′)〉

|r − r′| 	=
∫

dr
∫

dr′
〈n̂(r)〉 〈n̂(r′)〉

|r − r′| . (G.23)

From a physical point of view, the first choice is the most natural since
every element of the ensemble has its own density. This, however, precludes
us from writing a closed equation of motion for the statistical operator, as
discussed in Sec. 1.4.4, while this case is intrinsically built in the solution of
Eq. G.20, thus adding no extra computational complexity to it.

If we choose the second possibility, one needs to include in the exchange-
correlation also the statistical correlations of the direct Coulomb interaction
at different points in space. These correlations may be very large, and
possibly much larger than the Coulomb interaction between the average
densities (right-hand side of Eq. G.23).

In actual calculations, one may apply, as a starting point, available ap-
proximations for Axc, like the ones introduced in Appendix F. The cal-
culations are carried out as described in Appendix F, with the difference
that one has now to average over the different dynamical realizations of the
stochastic process G.3.



Appendix H

Inelastic corrections to current and shot noise

I give here explicit (and approximate) formulas for the first-order correc-
tion to the wave-functions due to electron-phonon scattering in the weak
backscattering approximation. I then write the corresponding corrections
to the current and shot noise.

Up to first order, the correction to the wave-function due to electron-
phonon interaction is

|ΦL(R)
E ; Nj〉 = |ΨL(R)

E ; Nj〉 + |δΨL(R)
E ; Nj〉, (H.1)

where according to standard first-order perturbation theory the correction
term is

|δΨα
E ; Nj〉 = lim

ε→0+

∑
α′=L,R

∑
Mj ′

∫
dE

′
Dα′

E
′
〈Ψα′

E ′ ; Mj′ |Ĥe−ph|Ψα
E ; Nj〉|Ψα′

E ′ ; Mj′〉
ε(E, Nj) − ε(E′, Mj′) + iε

,

(H.2)
with ε(E, Nj) = E + Nj�ωj the energy of state |Ψα

E ; Nj〉.
One can solve the above integral using the relation

lim
ε→0+

∫
F (z)
z + iε

= P

∫
F (z)

z
− iπF (0), (H.3)

where P indicates the Cauchy principal value.
In the weak backscattering case one can approximate the principal value

with −iπF (0) so that the correction to the wave-function can be written as

|δΨα
E ; Nj〉 = (Bα

j,1 + Bα
j,3)|Ψα′

E−�ωj
; Nj + 1〉 + (Bα

j,2 + Bα
j,4)|Ψα′

E+�ωj
; Nj − 1〉,

(H.4)
where Bα

j,1, Bα
j,2, Bα

j,3 and Bα
j,4 are the amplitudes corresponding to the

diagrams depicted in Fig. 6.2.
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For instance, for
∣∣δΨR

E ; Nj

〉
the coefficients are1

BR
j,1 = −i2π

√
�

2ωj

∑
i

Ai,jJ
i,LR
E−�ωj ,EDL

E−�ωj

√
(1 + Nj)fR

E (1 − fL
E−�ωj

),

BR
j,2 = −i2π

√
�

2ωj

∑
i

Ai,jJ
i,LR
E+�ωj ,EDL

E+�ωj

√
Nj fR

E (1 − fL
E+�ωj

),

BR
j,3 = i2π

√
�

2ωj

∑
i

Ai,jJ
i,RL
E−�ωj ,EDL

E−�ωj

√
(1 + Nj) fL

E (1 − fR
E−�ωj

),

BR
j,4 = i2π

√
�

2ωj

∑
i

Ai,jJ
i,RL
E+�ωj ,EDL

E+�ωj

√
Nj fL

E (1 − fR
E+�ωj

). (H.5)

Similarly, the coefficients in
∣∣δΨL

E ; Nj

〉
have the forms BL

j,k = BR
j,k (L � R),

where k = 1, . . . , 4 ; the notation (L � R) means interchange of labels R

and L.
Let us now calculate the inelastic contribution to the current from these

wave-functions.2 Consistent with the approximations I have made so far, I
calculate this contribution only for the case of small bias, but still larger than
the first few vibrational modes of the nanostructure. I write this contribution
for the case in which the electronic temperature is zero (θ = 0).

Let us define the current operator (Sec. 5.2)

Î(x) =
e�

2mi

∫
dr⊥

[
ψ̂†(r)

(
∂

∂x
ψ̂(r)

)
−
(

∂

∂x
ψ̂†(r)

)
ψ̂(r)

]
, (H.6)

where now the field operator is given by Eq. 6.27 with the single-particle
electronic states as modified in H.1. We then calculate the average of the
current operator over the electronic degrees of freedom using the proper-
ties 5.24. Assuming that the electrochemical potential on the left, µL, is
higher than the electrochemical potential on the right, µR, then, at θ = 0,
due to the Pauli exclusion principle only the processes (c) and (d) in Fig. 6.2
contribute.

At θ = 0 (but finite ionic temperature), the current has thus the elastic
contribution Iel

Iel =
e�

2mi

∫ µL

µR

dE

∫
dr⊥ĨRR

E,E , (H.7)

1 There are also the terms proportional to
√

fα
E (1 − fα

E ±�ω j
) that have a smaller amplitude at

low temperatures and small phonon frequencies.
2 This neglects the interference terms 6.34 between the zero-order and the second-order correction

to the wave-functions.
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which is precisely the average current 5.28 I have calculated in Sec. 5.2 with
Ĩαα
E,E defined in Eq. 5.27. The inelastic contribution Iin is instead3

Iin = − e�

2mi

∫ µL

µR

dE

∫
dr⊥ĨRR

E,E

∑
j

(∣∣BR
j,1
∣∣2 +

∣∣BR
j,2
∣∣2) . (H.8)

The sum of the above two terms thus gives the total current

I = Iel + Iin =
e�

2mi

∫ µL

µR

dE

∫
dr⊥ĨRR

E,E


1 −

∑
j

(∣∣BR
j,1
∣∣2 +

∣∣BR
j,2
∣∣2)

 .

(H.9)
Since only the modulus squared of the coefficients BR

j,k appears in Eq. H.8,
the current, under weak backscattering conditions, is reduced by inelastic
effects.

Inelastic effects on shot noise

One can follow similar arguments and find, within the same approximations,
the corresponding inelastic correction to shot noise. In this case one finds
Chen and Di Ventra (2005)

SRR =
e2

�
3

2m2

∫ µR

µL

dE

∣∣∣∣
∫

dr⊥ĨLR
E,E

∣∣∣∣2

1 +

∑
j;k=1,2

∣∣BR
j,k · BL∗

j,k

∣∣2

 , (H.10)

which instead shows an increase of shot noise due to inelastic scattering
with respect to the elastic contribution (see Eq. 5.33). This increase can be
interpreted as increased correlations between states of different directionality
introduced by the electron-phonon coupling.

3 In Eqs. H.8 and H.10 the coefficients Bj,k are the ones in H.5 but without the terms√
fα

E (1 − fβ
E ). In addition, these equations have been simplified by using ĨRR

E ±�ω j ,E ±�ω j
�

ĨRR
E ,E , valid for energies close to the electrochemical potentials. (The electrochemical potentials

have energies of eVs, to be compared with the typical energy of a few meVs of phonons in
nanoscale junctions.)



Appendix I

Hydrodynamic form of the Schrödinger equation

I discuss some steps necessary to show that the time-dependent many-body
Schrödinger equation 1.16 can be written in hydrodynamic form.1

Let us start from the general Hamiltonian operator

Ĥ = T̂ + Ŵ + V̂ext (I.1)

describing electrons interacting via Coulomb forces (described by the oper-
ator Ŵ) subject to a time-dependent external potential represented by the
operator V̂ext.2 The operator T̂ describes the kinetic energy of the par-
ticles. Using the relations A.26 and A.27 we can write these operators in
second-quantization form so that the Hamiltonian I.1 can be written as3

Ĥ = −
∫

drψ†(r)
�

2∇2

2m
ψ(r)

+
1
2

∫
dr
∫

dr′ ψ†(r)ψ†(r′)
1

|r − r′|ψ(r′)ψ(r)

+
∫

drψ†(r)Vext(r, t)ψ(r), (I.2)

where the field operators have been defined in Eqs. A.19 and A.20. Using
Eq. B.3 we find the following equation of motion for the field operator in
the Heisenberg picture

i�
∂

∂t
ψ(r, t) = − �

2∇2

2m
ψ(r, t) +

∫
dr′ ψ†(r′, t)

1
|r− r′|ψ(r′, t)ψ(r, t)

+ Vext(r, t)ψ(r, t). (I.3)
1 This derivation follows closely the one in Tokatly (2005), see also Martin and Schwinger (1959).
2 Here the external potential may be the electron-ion potential plus any other possible external

potential.
3 The kinetic energy is a one-body operator, the Coulomb interaction is a two-body operator,

and we assume, as we did in Sec. 4.3.1, that the external field can be described by a one-body
potential.
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The equation of motion for the density operator, Eq. A.23,

n̂(r, t) ≡ ψ†(r, t)ψ(r, t), (I.4)

follows similarly from Eq. B.3. Using Eq. I.3 (and the hermiticity of the
Hamiltonian) we get

i�
∂n̂(r, t)

∂t
= i�

[
∂ψ†(r′, t)

∂t
ψ(r′, t) + ψ†(r′, t)

∂ψ(r′, t)
∂t

]

= − �
2

2m

{
ψ†(r, t)∇2ψ(r, t) − [∇2ψ†(r, t)]ψ(r, t)

}
= −i�

�

2mi
∇ ·
{

ψ†(r, t)∇ψ(r, t) − [∇ψ†(r, t)]ψ(r, t)
}

= −i�∇ · ĵ(r, t), (I.5)

where in the last equality I have used the definition A.24 of current density
operator.

If we now take the average of Eq. I.5 (with respect to the statistical
operator of the system) we recover the continuity equation 1.11. By defining
the fluid velocity

v(r, t) =
j(r, t)
n(r, t)

=
〈̂j(r, t)〉
〈n̂(r, t)〉 , (I.6)

we can rewrite the continuity Eq. 1.11 as

Dtn(r, t) + n(r, t)∇ · v(r, t) = 0, (I.7)

where the convective derivative is given in Eq. 8.10.
Following similar arguments, i.e., by differentiating in time the current

density operator A.24, one can show that the expectation value of the current
density operator satisfies the following “Newtonian” equation of motion

m
∂j(r, t)

∂t
+ Fkin(r, t) + Fe−e(r, t) + n(r, t)∇rVext(r, t) = 0, (I.8)

where I have defined the force densities due to the kinetic part of the Hamil-
tonian

Fkin
i (r, t) =

�
2

2m

∑
j

∂

∂rj

〈
∇iψ

†∇jψ + ∇jψ
†∇iψ − δij

2
∇2(ψ†ψ)

〉

≡
∑

j

∂

∂rj
T̃ij(r, t) ≡ ∇jT̃ij(r, t), (I.9)
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and due to the Coulomb interaction among electrons

Fe−e
i (r, t) =

∫
dr′∇i

1
|r − r′|

〈
ψ†(r, t)ψ†(r′, t)ψ(r′, t)ψ(r, t)

〉
. (I.10)

In Eq. I.9 I have also defined the second-rank tensor T̃ij

T̃ij =
�

2

2m

〈
∇iψ

†∇jψ + ∇jψ
†∇iψ − δij

2
∇2(ψ†ψ)

〉
, (I.11)

and, in the last equality of Eq. I.9, I have used the convention that repeated
indexes indicate summation over the three spatial coordinates.

Equation I.8 can be interpreted as the second law of mechanics applied
to the electron liquid: all forces, internal (Fe−e and Fkin) and external
(−n∇Vext) to the fluid, produce a change in velocity.

Assuming that the integration volume in I.10 extends beyond the range
of the interactions, Fe−e

i (r, t) can also be written as the divergence of a
second-rank tensor4

Fe−e
i (r, t) =

∑
j

∂

∂rj
Wij(r, t) ≡ ∇jWij(r, t), (I.12)

where

Wi,j(r, t) = − 1
2

∫
dr′

r′ir
′
j

|r′|
∂|r′|−1

∂|r′|

×
∫ 1

0
dλ 〈ψ†(r + λr′, t)ψ†(r − (1 − λ)r′, t)

× ψ(r − (1 − λ)r′, t)ψ(r + λr′, t)〉, (I.13)

with λ a positive parameter that defines a line which connects two interacting
particles.

Let us now use the definition of convective derivative 8.10 and rewrite the
kinetic stress tensor as

Tij = T̃ij(r, t) − mn(r, t) vi(r, t) vj(r, t). (I.14)

Let us define the total (two-particle) stress tensor

Pij(r, t) = Wij(r, t) + Tij(r, t). (I.15)

We can then rewrite Eq. I.8 as

mn(r, t)Dtvj(r, t) + ∇iPij(r, t) + n(r, t)∇jVext(r, t) = 0. (I.16)
4 Due to screening effects and for a finite and closed system this statement is generally true, i.e.

one can always find a volume large enough that the interactions are negligibly small at the
surface enclosing this volume.
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Solving the coupled equations I.7 and I.16 with given initial conditions is
therefore equivalent to solving for the many-body Schrödinger equation 1.16.
We have thus proven the equivalence

i�
d|Ψ(t)〉

dt
= H |Ψ(t)〉
�{

Dtn(r, t) + n(r, t)∇ · v(r, t) = 0
mn(r, t)Dtvj(r, t) + ∇iPij(r, t) + n(r, t)∇jVext(r, t) = 0,

(I.17)

where the reverse relation (from the hydrodynamic equations of motion
to the Schrödinger equation) is guaranteed by the theorems of dynamical
density-functional theories (see discussion in Sec. 8.2).

In order to solve I.17 one needs to derive an equation of motion for the
two-particle density matrix G2 = 〈ψ†(r)ψ†(r′)ψ(r′)ψ(r)〉, which enters in the
definition of the interaction part of the stress tensor, Eq. I.13. This equa-
tion of motion can be derived from the Heisenberg equation of motion of
the particle field operators, Eq. I.3. Carrying out the calculation explicitly,
one would find that this equation of motion contains the three-particle den-
sity matrix G3 = 〈ψ†(r)ψ†(r′, t)ψ†(r′′)ψ(r′′)ψ(r′)ψ(r)〉, i.e., one needs the
stress tensor involving interactions among three particles (call this P(3)

ijk).
In turn, the equation of motion for the three-particle density matrix (stress
tensor) contains the four-particle density matrix (stress tensor) and so forth,
thus generating the BBGKY infinite hierarchy of nested equations explicitly
written in Appendix B, making the problem practically unsolvable.



Appendix J

Equation of motion for the stress tensor

I derive here the equation of motion for the stress tensor Pij , Eq. 8.21.
Let us start from the Boltzmann equation 4.155 for the non-equilibrium

distribution function f

∂f(r,p, t)
∂t

+
p
m

· ∇rf(r,p, t) −∇rVext(r, t) · ∇pf(r,p, t) = I[f ], (J.1)

for an arbitrary external potential Vext(r, t). The number density and cur-
rent density are related to the distribution function as

n(r, t) =
∑
p

f(r,p, t) (J.2)

and

j(r, t) =
∑
p

p
m

f(r,p, t). (J.3)

Let us move to a reference frame co-moving with the liquid (called the
Lagrangian reference frame) via the transformation (Tokatly and Pankratov,
1999)

p → p + mv, (J.4)

where v is the velocity of each point r in the liquid.1 Call fL(r,p, t) =
f(r,p + mv, t) the distribution function in this reference frame. We have∑

p

fL(r,p, t) =
∑
p

f(r,p + mv, t) =
∑
p′

f(r,p′, t) = n(r, t), (J.5)

1 This is a local non-inertial reference frame.
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and∑
p

p
m

fL(r,p, t) =
∑
p

p
m

f(r,p + mv, t) =
∑
p′

(
p′

m
− v

)
f(r,p′, t) = 0,

(J.6)
i.e., the density is the same as in the laboratory frame, while the current
density is zero in the Lagrangian frame.

The Boltzmann equation J.1 in the Lagrangian frame is

Dtf
L+

p
m
·∇rf

L−e∇Vext·∇pfL−∇·vp·∇pfL−mDtv·∇pfL = I[fL]. (J.7)

If we integrate Eq. J.7 over all momenta p we obtain

Dt n(r, t) + n(r, t)∇ · v(r, t) =
∑
p

I[fL] = 0, (J.8)

where the last condition is set by the conservation of number of particles
(see Exercise 2.12). Equation J.8 is the continuity equation.

Let us now write Eq. J.7 in index notation (summation over repeated
indexes is implied), multiply it by the products of momentum components
pi pj and sum over all the momenta. We then get∑

p

pipjDtf
L +

∑
p

pipjpk

m
∇kf

L − e∇kVext

∑
p

pipj∇pk
fL

−
∑
p

pipjpk∇kvl∇pl
fL −

∑
p

pipj(mDtvk)∇pk
fL =

∑
p

pjpjI[fL]. (J.9)

Let us define

Pij =
1
m

∑
p

pipj fL, (J.10)

and

P(3)
ijk =

1
m2

∑
p

pipjpk fL, (J.11)

the second and third moment of the distribution, respectively. Equation J.9
can then be written as

DtPij + Pij∇ · v + Pik∇kvj + Pkj∇kvi +∇kP
(3)
ijk =

1
m

∑
p

pipjI[f ], (J.12)

which is Eq. 8.21. One can then prove that an equation of the same form
exists for the stress tensor in the laboratory frame by inverting the trans-
formation J.4.
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Let us now write the stress tensor as

Pij(r, t) = P (r, t)δij − πij(r, t), (J.13)

with Tr{πij(r, t)} = 0. We introduce J.13 into J.12 and neglect the term
∇kP

(3)
ijk . We get

DtPδij + [∇kviPδkj + ∇kvjPδik + ∇iviP δij]

− Dtπij − [∇kviπkj + ∇kvjπik + ∇iviπij ]

=
1
m

∑
p

pipjI[f ]. (J.14)

By taking the trace of Eq. J.14 and using the fact that πij(r, t) is traceless
we get in d dimensions

DtP +
(

1 +
2
d

)
P∇kvk − 2

d
πkj∇kvj = 0, (J.15)

which is precisely Eq. 8.26. By introducing J.15 into J.14 we finally get

− Dtπij −
[
∇kviπjk + ∇kvjπik + ∇kvkπij −

2
d
πkl∇kvlδij

]

+ P

[
∇kviδkj + ∇kviδik − 2

d
δij∇kvk

]
=

1
m

∑
p

pipjI[f ]. (J.16)

This is equivalent to 8.27.
The derivation of the quantum Navier−Stokes equations then follows as

explained in Sec. 8.2.1.



Appendix K

Cut-off of the viscosity divergence

In this appendix I give a simple argument to show that the presence of
a nanostructure cuts off the typical divergence of the electron viscosity at
zero frequency and zero temperature (Abrikosov and Khalatnikov, 1959).1

At finite frequencies the shear µ̃ and bulk B̃ moduli of a liquid are complex
functions (Landau and Lifshitz, 1959)

µ̃(ω) = µ(ω) − iωη(ω), complex shear modulus, (K.1)

and

B̃(ω) = B(ω) − iωζ(ω), complex bulk modulus, (K.2)

where η is the shear viscosity, ζ the bulk viscosity, µ(ω) is the shear modulus
and B(ω) is the bulk modulus, and µ(ω → 0) = 0.

Since µ(ω) and −ωη(ω) are the real and imaginary parts, respectively, of
the same response function µ̃(ω), they are related via the Kramers−Krönig
relation

µ(ω) = µ(ω → ∞) − 2
P

π

∫ ∞

0
dω′ ω′2

ω′2 − ω2 η(ω′), (K.3)

where P indicates the Cauchy principal value. In the limit of ω → 0 the
above equation reads

µ(ω → ∞) ≡ µ∞ = 2
P

π

∫ ∞

0
dω′ η(ω′) � η(ω → 0)

τ
, (K.4)

where τ is the total scattering time, and the last step is justified by the fact
that the major contribution to the integral comes from frequencies within a
range of the order of 1/τ .

1 This is the order of the limits to obtain this divergence: first one sets the frequency to zero,
and then the temperature to zero. The opposite order – first the temperature goes to zero
and then the frequency vanishes – does not lead to a viscosity divergence. In this regime, the
viscosity η tends to a constant and rather small value.
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462 Cut-off of the viscosity divergence

In the absence of the nanostructure and for a translationally invariant sys-
tem, τ diverges as 1/θ2

e , where θe is the electronic temperature. From K.4 we
then see that the viscosity diverges at zero frequency and zero temperature
(Abrikosov and Khalatnikov, 1959).

Physically this is due to the fact that for a translationally invariant sys-
tem at zero temperature the quasi-particles close to the Fermi energy are
very long-lived and can transport momentum – and thus friction of every
“adjacent” layer of the liquid – over very large distances, thus making the
liquid move as a whole (similar to a solid behavior).

On the other hand, the nanostructure introduces a finite lifetime τc (in-
dependent of temperature) due to the elastic scattering of electrons at the
junction (see Sec. 7.6) which cuts off the divergence of the zero-frequency
viscosity η(ω → 0) via the relation (from K.4)

η(ω → 0) = µ∞τc, (K.5)

as if a finite temperature is present. The presence of the nanostructure does
not allow quasi-particles to transport momentum to every layer of the liquid
over all distances. This result also shows that the zero-frequency viscosity
is structure-dependent and may be much larger than the one obtained from
Eqs. F.8 and F.9 of Appendix F.



Appendix L

Bernoulli’s equation

Here, I derive Bernoulli’s equation from the Navier−Stokes equations 8.35.
Let us use the identity

v · ∇v =
1
2
∇(v · v) − v × (∇× v), (L.1)

and replace it into 8.35. We then get

∂v
∂t

+ ∇
(

v · v
2

+
P

n
+

Vext

m

)
− η∇2v = v × (∇× v). (L.2)

For an inviscid liquid (η = 0) at steady state we get

∇
(

v · v
2

+
P

n
+

Vext

m

)
= v × (∇× v). (L.3)

A streamline is defined as the line such that its tangent at any point gives
the direction of the velocity at that point (Landau and Lifshitz, 1959). If we
denote with l the unit length along a streamline, the projection of Eq. L.3
onto a streamline gives

∂

∂l

(
v · v

2
+

P

n
+

Vext

m

)
= 0, (L.4)

since v×(∇×v) is orthogonal to v and hence its projection on the streamline
is zero. Equation L.4 finally gives Bernoulli’s equation

v · v
2

+
P

n
+

Vext

m
= constant. (L.5)
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advection, 408
Aharonov−Bohm effect, 192, 381
analytic continuation, 304
anharmonic effects, 320
apparatus, measurement, 7, 15, 32, 93
approach

Landauer, 35
Langevin, 278
partition-free, 214, 346
partitioning, 108, 146, 149, 154, 213

approximation
adiabatic, 53, 213, 282

in presence of current, 283
Born, 54, 136, 303

self-consistent, 303
conserving, 225
generalized gradient, 435
local density, 434

adiabatic, 357, 358, 392, 437
loss of memory, 393, 401
Markov, 28, 429
mean-field, 60, 65, 70, 73, 89, 107, 137, 166,

230
non-crossing, 300
quasi-particle, 229
relaxation-time, 81, 82, 98, 255, 371, 384
single-particle, 283

attractor, 367
average

macroscopic, 70
planar, 70

Avogadro’s number, 8

basin of attraction, 367
bath, 7

phonon, 25, 44, 369
BBGKY hierarchy, 81, 84, 108, 218, 356, 420,

457
bias, 3, 39, 70, 103, 128, 213, 348, 358
Boltzmann constant, 8, 404
Boltzmann equation, 35, 49, 83

classical, 79, 80
quantum, 235, 251, 254, 382

Born−Oppenheimer
approximation, see approximation,

adiabatic
surface, 282

bosons, 83, 219, 223, 419
shot noise for, 263
time-ordering operator, 287

branch cut, 141
brownian motion, 65
bubble diagram, 304

capacitance, 6, 245, 247, 260, 278, 348
channels, 110, 117

closed, 177
incoherent, see independent
independent, 47, 110, 111
open, 177

characteristic polynomial, 174
charge

bound, 5, 356
free, 5, 356

charge neutrality, 369
coherence, 22

length, 48
long-range, 62
orbital, 76
spin, 76

collision, 77
elastic, 43
inelastic, 43
integral, 80, 255

compressibility, isothermal, 65
conductance, 39

differential, 130
four-probe, 181, 375
heat, 315, 411
multi-channel, 182
multi-probe, 185, 348
quantized, 130, 388
single-channel, 179
two-probe, 128, 130

conductivity, 39
Drude, 42

470
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frequency-dependent, 95
frequency-dependent, 56
sum-rule, 42
tensor, 40

conductor, ohmic, 40
constant of the motion, 363
constriction

adiabatic, 399
non-adiabatic, 400

correlations, 22, 27, 32, 47, 59, 63, 78, 84, 107,
110, 209, 216, 237, 266, 423, 443, 453

Coulomb blockade
non-equilibrium Green’s function approach

to, 248
othodox picture, 245

coupling
electron-phonon, 285, 290, 291
spin-orbit, 75, 190

cross-correlation, 270
cumulant, 274
current

alternating, 348
chaotic, 398
confined, 14
density, 1, 4, 90, 458
diamagnetic, 55
diffusion, 72
direct, 53, 348, 384, 393
displacement, 276
drift, 72
fluctuations, see noise
inelastic, 290

from NEGF, 296
from perturbation theory, 291

localized, 5, 356
magnetization, 5, 356
moments of, 261
non-variational properties of, 199
paramagnetic, 55
persistent, 14
polarization, 5, 356
spontaneously fluctuating, 63
total, 4, 6, 7, 123, 351–356

de Broglie ansatz, 378, 380, 413
decoherence, 22, 44, 46
density

ground-state, 57
number, 4, 89, 458
of states, 66, 123, 205, 226

local, 291, 294, 322
phase, 77, 79
probability, 78, 81, 118, 228
reduced, 26, 78, 84

density-functional theory, 24, 57, 89, 92, 351
stochastic time-dependent current, 5, 57,

351, 356, 444
time-dependent, 57, 351
time-dependent current, 90, 354

dephasing, see decoherence
diffusion, 69, 408

coefficient, 65, 66, 73
response coefficient, 73

dilution
energy, 9
geometrical, 181, 390
of degrees of freedom, 112

dimensional analysis, 398, 400
dipole

local resistivity, 114, 333
local resistivity spin, 197

disorder, see entropy
distribution

Bernoulli, 274
binomial, 274
gaussian, 275
Lorentzian, 258
Poisson, 264, 265
statistical, 261

distribution function
Bose−Einstein, 31
Fermi−Dirac, 31, 77, 415
local equilibrium, 111, 126, 374
non-equilibrium, 78

dots, quantum, 2, 245
drag

spin Coulomb, 75
viscous, 391, 397

drift, 69
Drude

model, 35, 39
peak, 95

dyadic, 36
dynamics

dissipative, 380
irreversible, 9, 90
non-Markovian, 425

eigenchannel basis, 162, 272
eigendifferential, 14, 119, 336
Einstein relation, 65
electro-migration, see force, current-induced
electron-hole pair, 303, 403
electron-pumping effect, 316
electrons

core, 283
independent, see approximation, mean-field
left-moving, 112
right-moving, 111
valence, 283

electrostatic potential, 374
energy dissipation, 96, 314, 394, 400

rate of, 396
ensemble, 4, 19, 20, 24, 25, 92, 94, 261

canonical, 30, 63, 87
grand-canonical, 29
micro-canonical, 64

entanglement, see correlations
enthalpy, 388
entropy

canonical, see entropy, thermodynamic
concavity, 92, 99, 357
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flux, 91, 99
local, 71, 407
micro-canonical, 86
production, 99, 367, 406

rate, 91, 99
statistical, 8

classical, 85
Kubo, 91
of measurement, 93
of open systems, 90
of pure states, 87
of stochastic Hamiltonians, 92
quantum, 86

thermodynamic, 68, 87, 98
environment, 7, 423
equation

Bernoulli, 388, 463
Boltzmann, 458
continuity, 6, 62, 75, 225, 361, 378
drift-diffusion, 73
Dyson

interacting, 222
non-interacting, 137

Hartree−Fock, 24, 166
Keldysh, 236
Langevin, 278
Lindblad, 28, 44, 424
Liouville, 97
Liouville−von Neumann, 23, 51, 211, 426
Lippmann−Schwinger

time-dependent, 132
time-independent, 140

Schrödinger, 12, 51, 211
stochastic, 28, 354, 444

stochastic differential, 278, 446
equilibrium

global, 50, 51, 212
local, 49, 71, 80, 83, 101

approach to, 82
quasi-static, 69
thermal, see equilibrium, thermodynamic
thermodynamic, 31, 69, 74, 219, 320, 407

ergodicity, 64, 262
Euler equations, 387
evolution

non-unitary, 28, 152, 336
unitary, 12, 213, 423, 427

exchange-correlation
field, 392, 440
functional, 433
hole, 433
kernel, 59
pressure, 393
scalar potential, 392, 433, 437
vector potential, 59, 392, 439, 449

Fano factor, 273
Fermi

energy, 31, 66, 69, 117
momentum, 66
sea, 403

statistics, see distribution function
velocity, 48, 66
wave-vector, 117

ferromagnet, 197
field

electric, 72, 333
inhomogeneous, 35
uniform, 57

magnetic, 109, 156, 190
velocity, 376, 378, 380

field operator, 218, 267, 287, 289, 418
flow

irrotational, 380
laminar, 387, 395, 397
turbulent, 260, 387, 397

fluctuations, 6, 258
spectral density of, 265
spontaneous, 63
thermal, 4

fluid, see liquid
Fock

space, 286, 416
states, 416

force
and topology, 341
conservative character, 340
current-induced

elastic, 329
inelastic, 329

direct, 330
from linear response, 332
out of equilibrium, 335
Pulay, 334, 345
sign, 333
wind, 330

formalism
Keldysh, 209
Kubo, 35, 50
linear-response, 35, 50
non-equilibrium Green’s function, 209

Fourier transform, 42, 117, 132, 140–142, 222,
223, 225, 239, 240, 253

friction, see viscosity
Friedel oscillations, 146, 374
function

autocorrelation, 62, 261
voltage, 279

characteristic, 274
correlation, 97, 224, 278

current-current, 62
distribution, 77
Heaviside, 31, 117
moment generating, 274
sample, 261
spectral, 225, 228

functional, 24, 80, 211, 221, 245, 432
derivative, 433

g-factor, 191
gas

Fermi, 48, 266, 409
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degenerate, 31, 66
non-degenerate, 32, 63, 74, 76

ideal, 30, 48, 63, 73, 74, 78
gauge, 52, 56

invariance, 13, 96, 192, 392, 439
Green’s function

advanced, 133, 223
anti-time-ordered, 232
contour-ordered, 217, 231
equation of motion, 220
equilibrium, 217
free, 134
greater, 224
lesser, 224
principal-value, 204
relation between retarded and advanced, 134
retarded, 133, 223
series expansion, 136
three-particle, 220
time-ordered, 218
two-particle, 220

group, 423

Hamilton equations, 80, 83
Hamiltonian

electron-ion, 281
Hartree, 108, 231
Kohn−Sham, 355

ground-state, 109
stochastic, 434

random, see stochastic
stochastic, 24, 92
transfer, see tunneling Hamiltonian

heat dissipation, see energy dissipation
heat transfer, 406
heating

local electron, 403, 410
local ionic, 280, 312, 410

vs current-induced forces, 343
Helmholtz, free energy, 68
hypothesis, ergodic, 64, 264

idempotency, 38
information, loss of, 9, 32, 84–86, 94, 357, 390,

394
in Kubo approach, 91
in Landauer approach, 107
with stochastic Hamiltonians, 92

information, maximum, 18, 21
insulator, 67
interaction

electron-electron, 2, 47, 110, 356, 369
electron-ion, see interaction,

electron-phonon
electron-phonon, 110, 280, 286–288, 290,

365, 369, 410, 451
phonon-phonon, 286

invariance, time-reversal, 83, 122
Itô calculus, 446

jellium model, 338, 341, 358, 401

Kohn−Sham
equations, 57, 432

time-dependent, 437
functional, see exchange-correlation

functional
orbitals, 58

Kondo effect, 210
Kramers−Krönig relation, 461

leads, 105, 108, 112, 115, 116
lifetime, electron-phonon, 307
Lindbladian, 28
liquid

electron, 376
Fermi, 228
incompressible, 388, 401, 407
Luttinger, 210
viscous, 376

localization length, 175
Lyapunov exponent, 176

Madelung equations, 379
magnetization, 5
magnetoresistance, 194
mass, effective, 41, 95, 299
material

diamagnetic, 5
ferromagnetic, 190
paramagnetic, 5

matrix
T , 157
S, 167

unitarity of, 162, 174, 205
density, 21

N -particle, 89
Kohn−Sham, 59
single-particle, 89

pseudo-unitary, 173, 206
random, 176
reduced density, 103
transfer, 167

mean-free path, 48
inelastic, 48, 290, 294

measurement
complete, 19, 32
continuous, 32
current, 15–17, 19, 93
ideal, 16
outcome of, 32, 94

memory, 27, 28, 83, 171, 368
kernels, 428

mesoscopic, 1, 36
micro-canonical approach, 35, 346

conductance, 374
micro-reversibility, 84
mobility, 74
modes, transverse, see channels
molecule, 112

alkanethiol, 323
octanedithiol, 313

moment
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dipole, 5
magnetic, 5

nanotube, 2, 112, 118
Navier−Stokes equations, 382, 387
noise, 6

1/f , 258
external, 258
input, 445
internal, 258
Johnson−Nyquist, see thermal
output, 445
Poisson, 264
shot, 260, 398, 453
spectrum, 265
sub-poissonian, 273
super-poissonian, 273
telegraph, 258
thermal, 260, 263, 275, 277–279, 398
turbulent, 260

normal mode, 285

observables
commuting, 12, 18
compatible, 18

occupation number, 31, 248, 266, 275, 416
Ohm’s law, 39
Onsager relation, 196, 206
operator

current, 13, 120
current density, 13
density, see operator, statistical
density of states, 143
diamagnetic current density, 13
equilibrium statistical, 29
Kraus, 425
Lindblad, 28, 424
linear, 427
number density, 13
occupation number, 417
paramagnetic current density, 13
Pauli, 75
position, 13
projection, 16
scattering, see collision, integral
statistical, 19–21, 93

properties of, 37
reduced, 26, 426
time-evolution, 23
truncation of, 33

super-, 28, 29, 104, 424, 430
time-evolution, 12

series expansion, 217
time-ordering, 12
velocity, 13

optical lattices, 368

particle flux, conservation, 122, 125, 162, 165,
187, 189

particles
indistinguishable, 9, 30, 77, 415

interacting, 77
non-interacting, 30, 79, 415

path
evolutionary, 363
semiclassical, 41

phase, 43
phonon, 25, 29, 44, 83

absorption, 293, 307
dressed, 288
emission, 293, 306

spontaneous, 294
in presence of current, 340
localized, 308, 316
propagator, 288

free, 287, 308
subsystem, 284

picture
Heisenberg, 21
interaction, 53
Schrödinger, 21

polarization, 5, 288
spin, 75, 195, 197

positivity, statistical operator, 21, 54, 355, 424
potential

chemical, 29, 68, 72
electrochemical, 70, 103

local, 179
spin-dependent, 72

electrostatic, see Hartree
Hartree, 70, 109, 128, 438
non-local, 193

pressure, 385–387, 407, 413
principal value, 204
principle

exclusion, see principle, Pauli
initial-state maximum entropy, 367
maximum entropy, 367
Pauli, 59, 66, 83, 84, 354
Prigogine, 367

probability
inelastic transition, 292
reflection, 121, 267
transmission, 122, 267

probe, 128
capacitative, 128
floating, 188
invasive, 129, 185, 195
local, 313, 403
non-invasive, 128, 173, 179
voltage, 43, 69, 185, 188, 324

process
cascade, 401
dephasing, 43, 110, 171, 186, 187, 189
inelastic, 280, 284, 370
irreversible, 84
normal, 320, 369
stationary, 262
stochastic, 261, 278, 445

δ-correlated, 354
Umklapp, 319, 320, 369

projection method, 426
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projector, super-, 427
propagator, see Green’s function
pseudopotential, 283, 330, 332, 338

quantum master equation, 28, 425, 446
stochastic unraveling of the, 448

quantum of conductance, 67
quantum point contact, 1, 131

reference frame
co-moving, see reference frame, Lagrangian
Lagrangian, 383, 458
non-inertial, 458

reflection amplitude, 158
regime

ballistic, 67, 178
hydrodynamic, see equilibrium, local
localization, 176
ohmic, 67, 177
quasi-ballistic, 178

relaxation
energy, 44
momentum, 43, 50, 369, 370
spin, 75

renormalization, energy, 28, 105, 148, 151, 229,
299, 427

reservoir, 7, 67, 69, 103, 105, 111, 129, 166,
178, 186, 202

phonon, 289
resistance, 6, 39, 110, 348

definition of, 42
dynamical, see resistance, viscous
quantized, 67
viscous, 395, 396

resistivity, 39
resolution of the identity, 143
resonance, 128, 148
response, 39, 115

function, 55
current-current, 55, 58

linear, 40, 50, 52, 392
Reynolds number, 398

critical, 399

scattering
theory, 132
boundary conditions, 106
elastic, 109, 249, 405
electron-electron, see interaction
electron-phonon, see interaction
inelastic, 283, 290

selection rules, 296
rate

electron-phonon, 291
solutions, 106
theory, 102, 106

screening, 129
length, 114
magnetic, 5
partial, 115

Seebeck coefficient, see thermopower

self-consistency, 70, 199
self-energy, 136

electron-phonon
equilibrium, 301
non-equilibrium, 307

greater, 234
irreducible, 221
lesser, 234
operator, 149

semiconductor, 197
doped, 74, 299
non-degenerate, 74

semigroup, 423
similarity transformation, 175
single-electron tunneling, see Coulomb

blockade
Slater determinant, 415
Sommerfeld expansion, 326
specific heat, 404, 407
spectral representation, 142
spectrum

continuum, 14
dense, 8, 44, 103
discrete, 14

spin
accumulation, 197
degeneracy, 66, 67
electron, 75, 190
flip, 75
majority, 72, 197
minority, 72, 197
nuclear, 75, 190
polarization, 72

spin valve, 193
spinor, 191
state

evanescent, 118
incoherent, 23
incoming, 138
lifetime, 137, 148, 151, 229

elastic, 166
inelastic, 299

macro-, 20, 21, 25, 38, 102
micro-, 17, 19–22, 26, 32–34, 38, 107
mixed, see macro-
mixing, 47
outgoing, 139
pure, see micro-
quasi-steady, 347, 360

global stability, 364
variational definition, 360

square-integrable, 119
stationary, see steady
steady, 7, 104, 121, 200, 203, 346

and initial conditions, 364
approach to, 369

uncorrelated, 27, 112
statistics, counting, 262, 265, 274
Stosszahlansatz, 84
streamline, 463
subbands, 116
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superconductor, 62
superlattice, 398
symmetry breaking, spontaneous, 84
symmetry, time-reversal, see invariance,

time-reversal
system

chaotic, 398
closed, 7, 23, 51, 107, 211
finite, 8
homogeneous, 57
infinite, 9, 106
inhomogeneous, 40
isolated, 8
isotropic, 66
Kohn−Sham, 58, 351
macroscopic, 1, 46
mesoscopic, 178
non-interacting, 228
open, 28, 32, 102
strongly correlated, 228
translationally invariant, 369
weakly interacting, 228

temperature
Debye, 319
local electronic, 286, 403
local ionic, 286, 313

tensor, 40, 42
shear stress, 413
stress, 378, 381

Navier−Stokes, 385
theorem

H -, 86, 98
central limit, 275
fluctuation, 88
fluctuation-dissipation, 60, 65, 97, 226, 257
Hellmann−Feynman, 334, 345
Hohenberg−Kohn, 432
Lindblad, 424
Liouville, 79
Migdal, 303
optical, 206
Oseledec, 176
Poincaré recurrence, 8
Runge−Gross, 436
total current, 351–356
variational, 200
Wiener−Khinchin, 265

thermopower, 323
dynamical effects, 327
transient response, 327

time
autocorrelation, 103, 105, 398, 428

and steady state, 262
definition of, 262

coherence, 43
correlation, see time, autocorrelation
decoherence, 46
elastic relaxation, 43
inelastic relaxation, 43
momentum relaxation, 49

Poincaré recurrence, 8, 349
relaxation, 41, 81, 90, 95, 230
transit, 2

trace, 20, 36
transition probability, 81
transitions, inelastic, 280, 292, 319
transmission amplitude, 159
transmission coefficient, 124
transport

incoherent, 43
phase coherent, 43, 110
spin-dependent, 75, 190
viewpoints, 35

tunneling
Hamiltonian, 206
resonant, 169, 244
sequential, 171
single-electron, see Coulomb blockade

turbulence, 260, 395, 406
eddies, 400
fully developed, 398

ultra-cold gases, 368

variable, extensive, 9
vector potential, 56, 379, 392, 445

longitudinal, 439
velocity

drift, 4, 74
thermal, 4

vertex corrections, 302
virtual process, 304
viscosity, 198

bulk, 386, 441, 461
shear, 376, 386, 441, 461

approximate formulas, 442
voltmeter, see probe, voltage

wave-packet, 105, 114, 119, 370
collapse, 16
postulate of reduction, 16

Wiedemann−Franz law, 404
wires, atomic, 2
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