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CHAPTER 1. Introduction

Graphene, a two-dimensional (2D) honeycomb structure allotrope of carbon atoms, has a
long history since the invention of the pencil [Petroski (1989)| and the linear dispersion band
structure proposed by Wallace [Wal|; however, only after Novoselov et al. successively iso-
lated graphene from graphite [Novoselov et al. (2004)], it has been studied intensively during
the recent years. It draws so much attentions not only because of its potential application
in future electronic devices but also because of its fundamental properties: its quasiparticles
are governed by the two-dimensional Dirac equation, and exhibit a variety of phenomena such
as the anomalous integer quantum Hall effect (IQHE) [Novoselov et al. (2005)] measured ex-
perimentally, a minimal conductivity at vanishing carrier concentration |[Neto et al. (2009)],
Kondo effect with magnetic element doping [Hentschel and Guinea (2007)], Klein tunneling
in p-n junctions [Cheianov and Fal’ko (2006), Beenakker (2008)], Zitterbewegung [Katsnelson
(2006)|, and Schwinger pair production [Schwinger (1951); Dora and Moessner (2010)]. Al-
though both electron-phonon coupling and photoconductivity in graphene also draws great
attention [Yan et al. (2007); Satou et al. (2008); Hwang and Sarma (2008); Vasko and Ryzhii
(2008); Mishchenko (2009)], the nonequilibrium behavior based on the combination of electron-
phonon coupling and Schwinger pair production is an intrinsic graphene property that has not
been investigated.

Our motivation for studying clean graphene at low temperature is based on the following
effect: for a fixed electric field, below a sufficiently low temperature linear eletric transport
breaks down and nonlinear transport dominates. The criteria of the strength of this field
[Fritz et al. (2008)] is

eE =T%/hp (1.1)

For T' > \/eFhvp the system is in linear transport regime while for T" < v/eEhvg the system



is in nonlinear transport regime. From the scaling’s point of view, at the nonlinear transport
regime the temperature T and electric field F are also related. In this thesis we show that
the nontrivial electron distribution function can be associated with an effective temperature T
which exhibits a dependence on electric field F and electron-phonon coupling g:

E1/4
g

T* (1.2)

The anamolous exponent i may obtained from scaling. Meanwhile, yet we cannot obtain the
distribution function, however, argument based on scaling gives us the current dependence on
electric field:

J \;E (1.3)
which is a very different result compared with the results in which electrons do not experience
scattering. This result provides us with important insighht into the correct nonequilibrium
distribution function because now we know what the electric field dependence of current must
be.

Due to the applied field, the electronic system produces heat which prevents us from reaching
a steady state. In order to remove Joule heat, we imagine that we have a graphene flake attached
to a semiconductor substrate. Joule heat either transport to its environment or to the substrate
as shown in 1.1. The red lines represent heat current flowing from high temperature sample to
the low temperature reservoir. However, for a very large system, the temperature gradient is 0 in
the plane so heat cannot be conducted outside in the horizontal direction, while the energy gap
in semiconductor also forbids electron current from flowing into the substrate. But for phonon
thermal current, the temperature gradient is large in the vertical direction, so heat can be
transported into the substrate via phonons. There are two possible channels of phonon degrees
of freedom, acoustic phonon and optical phonon. As we can see from Fig. 1.2 |[Kusminskiy et al.
(2009)], since the optical phonon excitation energy is too large for a low temperature system,
it is note likely to be excited by the nonlinear electric field, so the possible way left is by
electron-acoustic phonon scattering. Here acoustic phonon acts as a heat bath to absorb the

Joule heat created by pair production process. Hence the scattering process is determined by

electron-acoustic phonon interaction which will be introduced in section 3.3.
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Figure 1.1 Heat transport in graphene attached on a semiconductor substrate. The red lines
represent thermal current flowing from high temperature sample to low temperature
reservoir.

Figure 1.2 Phonon dispersion relation in graphene. Here we can see that the minimum excita-
tion energy for optical phonon is about 70 meV, which corresponds to 840 K. So
optical phonon does not contribute to thermal phonon current at low temperature.



This thesis is organized as follows: electronic properties such as linear band structure, current
for Dirac fermions, and electron-phonon coupling will be introduced in chapter 2; theoretical
concepts like Boltzmann equation with electron-phonon coupling, Schwinger mechanism, and
effective temperature will be included in chapter 3; we will use scaling to obtain the electric
current as well as the relation between effective temperature T, electric field, and electron-
phonon couppling constant in nonlinear regime in chapter 4. In the end, we will show that
in relaxation time approximation, both explicitly solving distribution function and scaling in
relaxation time approximation give us the same result which confirms the advantage of using

scaling as a tool to obtain the correct nonlinear transport behavior.



CHAPTER 2. Electronic properties of graphene

At low energies, graphene can be described by a theory of N = 4 two-component fermions.
The two components correspond to fermions associated with the two sublattices of the hon-
eycomb lattice structure, and N = 4 corresponds to 2 symmetry inequivalent nodes of the
dispersion and 2 for spin. To obtain these results, it is sufficient to start from a tight-binding
model with Hamiltonian H = Hj of spinless fermions ¢; hopping on the honeycomb lattice. The

kinetic energy is

Hy = —thZT-cj (2.1)
0]

The honeycomb lattice (2.1) of nearest-neighbor distance a consists of two interpenetrating
triangular lattices with lattice spacing v/3a. We define blue (B) and red (R) sublattices with

the fermions on the respective sublattices given by

a; forie R

b; forieB

The lattice vectors for the R and B lattices are (upper and lower corresponding to x and y,

respectively):

1 1
s1 =V3a and sy = V3a 2 , R sublattice
0 _ V3
2
1 1
s1=V3a and sy = V/3a 2 , B sublattice (2.3)
0 P

The reciprocal lattice vectors are



V3
4 5> 4 0
b; = hill 2 and by = il , R sublattice
3a 1 3 1
: _
V3
4 5 4
b; = Sl 2 and by = il , B sublattice (2.4)
3a 1 3 1
2

We also need to define the vectors u and v that connect the two sublattices. The three vectors

that point from the R sublattice to the B sublattice are

u; =

Uy =

us =

V3. 1.
“(ﬂ*ﬂ

. (_“fx N ;y> (25)

while the vectors v; that point from the Blue sublattice to the red sublattice are clearly the

minus of the u;:

vi = aj
vy = —a (?i + ;g})
vy = a (?ﬁ: - ;Q) (2.6)
Next, we derive a Dirac-like Hamiltonian for H, starting with the analysis of Hy.
2.1 Kinetic energy term
In tight binding model the kinetic energy of electrons in grapene can be written as
Hy = —t| > albj+ Y bla (2.7)

1€ER,j N,IL

i€B,j n,N

now we do Fourier transformation to transform the creation and annihilation operators from

real space to momentum space, such as

b= e Tip,
q

(2.8)



thus

Hy = —t Z Z ei(k-rifq-rj)albq + Z Z ei(k-rifq.rj)blaq

i€R,j N0 k,q i€B,j N,N k,q

_ i(k—q)-r;—iq-u; .t i(k—q)-r;—iq-v;zt

SR PO LU LEE NS » 3 oA T S
i€ER u; k,q i€EB V;

where the summation over u; and v; gives us

cu(q) = Zeiiq'“i

u;
. 3 i
e'™® 4 2 cos [\gqxa] e~ 3y (2.10)
and
vi
. 3 i
e "% 4 2cos [\gqxa] e3dy@ (2.11)

The sums over r; then yield delta functions constraining k = q, so that we finally obtain

Hy = —tz (cu akbk + ¢y (k) blak)
0 cu(k) ag
— —tz ( al ) o o 5 (2.12)

where k is sitting inside the first Brillioun zone (BZ) and now we can diagonalize the 2 x 2

matrix to obtain the spectrum of eigenvalues:

E(k)? = t?cy(k)cy (k) (2.13)
E(k) = +t, |1+ 4cos? [?kxa + 4 cos [\égkxa] cos Bkya] (2.14)




The dispersion F(k) has nodes at periodic positions in k-space, with the six closest to the origin
being at 4% (:l:%, O) and %’r (i 2\1[, ) Two of these are inequivalent, i.e., not connected by
the reciprocal lattice vectors b;. The result is shown in 2.2.

We construct our Dirac theory by expanding Hy near the two nodes

4 1 47
ki=—|—4,0)=—1z, 2.15
' 3a (\/3 ) 3v/3a (2.15)

471' 1 1 2 2T
k — | = —7 — —1. 2.16
2 <2vf 2) 3v3a"  3a” (2.16)

and we may expand the Hamiltonian near the two nodes (K and K’ points):

0 cu(k + k; ak+k;
( ) etk (2.17)

_tz Z ( Ay tx; k+k )

k i=1,2 Cy (k + ki) 0 bk+ki
Now the k points are within the triangles whose centers are the two distinguished K points
respectively with I' points as the apexs. With the K points fixed and expanding to the first

order term, we may obtain:

3 0 —k + ik,
Hy ~ —5m2¢j (k) 5 (K)
k,i —ky — ik, 0
= oy > Uk ovi(k) (2.18)
k =12
where
ak+k
Yi(k) = i (2.19)
bi-+k,
Dictks€ 3
Pa(k) = (2.20)
Ak+ko
This matrix is diagonalized by
civre [ ettt eiXK

Uk = (2.21)

\/E —e~ Xk e~ thatbk)
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Figure 2.1 (Color online) Plot of honeycomb crystal lattice of graphene, showing two inter-
penetrating (red and blue) sub- lattices.

Dispersion Relation

Figure 2.2 Dispersion relation of graphene.
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with arbitrary yx and ¢y i.e.

1 vhk 0
Uxvhk - oU, ~ = . (2.22)

0 —vhk

The eigenvalues of the Hamiltonian are +vhk. Thus we obtain new quasiparticle states for the

two bands: v, = Uxyk, with

Hye = vh / > ML - (2.23)
K=+
The eigenvalues are therefore
cky = \vhk. (2.24)
A convenient choice is xx = —6/2 where:
eiSDk eiek/Q e—iﬁk/Q
U = (2.25)

V2 | _git/2 a2
2.2 Current operator for Dirac field in graphene

In this section we derive the current operator of Dirac fermion in graphene. We expect to

use the continuity equation % 4+ V -j =0 to find the current in graphene. Since

p = e

= e) <¢L¢a> (2.26)

and we need a relation to connect the time derivatives and space derivatives of creation and

annihilation operators, we may think about Heisenberg equation of motion

dA 1

== A H]. (2.27)

In order to get the space derivatives, we Fourier transform the bare Hamiltonian:

Hy = Uh/(;:{)ﬂﬁ(k)k-aw(k)

= —ivh/drw (r)o -V (r) (2.28)
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Now
dipy
W - h[¢1’ ]
0 0
= (o) (229
similarly
dipy 1
W = %[1#27 H]
o .0
= —v (a%"F’La?J) (31 (230)

what about the electron-phonon interaction contribution? Well, as you calculate %ﬁ, you will

find its contribution to current is 0.

As we mentioned before p = e (@birwl + 1@1/12), SO

9 . . . .
875 e (wir% + iy + Phaby + @1#2)
0
- o g (E- )
0
—t2 < - > ] + ) ( + ZE)y) ”‘/’1] (2.31)
Now we need to find out j such that
dp _ 0Ja %
% = ( O + 8y> (2.32)
then
o 0 0 0 0
87{13 = —E€v (w w2 wT ¢2 1/} wl 1/]; 81{;1>
=Jr = evdory (2.33)
similarly,

gy . ol 10Y2 3% + 01
oy iev (1/) + 1 3y P — 1, By )

=jy = evpogy (2.34)

so we have j = evipoi).
We use the property (valid for yx = —6x/2) that

k k xe,

UxoU, ! = 70T %

oy (2.35)
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and obtain for the current an intra- and inter-band contribution:

j = jintra + jinter (236)

with:

, Ak 4

jimtra = evN /k D ek
A=+

. . kxe, t

Jinter = tevN T <7k’+’7k,— _’yk77'7k,+) (237)
Kk

In what follows we concentrate our attention to intraband currents. We introduce the distribu-
tion function fx, (f) for the single particle occupation of a state with momentum k and band

index A:
Jin (t) = <’Y]L>\’Yk,>\> : (2.38)

It follows for the intraband current that

Jmtra =evN 7fk)\ (239)
k=t

Within linear response, we make the ansatz

Fon (8) = fo (k) + X fy (0k) (11— o (0R)) g (k. 1) (240
where
1
fole) =gy (2.41)

is the distribution funtion in equilibrium, while g, (k,t) parametrizes the electric field induced
deviations in the occupation from its equilibrium value. gy (k,t) will be determined from a
solution of the Boltzmann equation. Since the current vanishes for fiy (t) = fo (Avk), it follows
(E-k
Gintra) = € UN/ 7)]?0 (vk) (1= fo (vk)) D ga (k. 1) (2.42)
A==

In case (j) = (jintra) follows for the conductivity (jo) = > 50asEp that

T =€ UN/ 12 fo (vk) (1 = fo (vk)) ZgA k,t) (2.43)

A==+
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By symmetry follows ¢ = 0., = oy, such that
e?v
o = 5N : fo (k) (1= fo (vk)) > ga (k,1)
A=+

= ®vrN /O = dkk fo (k) (1= fo (vk)) > g (k, 1) (2.44)

A==+
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CHAPTER 3. Summary of theoretical concepts

To obtain the nonequilibrium distribution function, Boltzmann transport theory, which will
be introduced in section 3.1, is used as a powerful tool to study the problem. Not only does it
lead us to the equation for distribution function, but also enable us using scaling to investigate
the nonlinear transport properties. Furthermore, we will also illusrate how biased electric
field produces heat in electronic system by elastic scattering (like impurity) in section 3.1. In
section 3.2, it will be shown how to use Dirac equation with an electric field, which acts as
shifting the Dirac point to (eEt, 0) and resulting in pair-production, to exhibit linear transport
at low electric field while gives us nonlinear transport at high electric field. The resulting
Hamiltonian shows the same structure as Landau-Zener model [Zener (1932)] therefore we can
always obtain the distribution function in the long time limit. Also, the currents due to Kubo
mechanism and Schwinger/Kibble-Zurek mechanism may also be obtained at large field limit.
In secion 3.3, we will explain the idea of effective temperature and shows the electric field -
temperature dependence under the relaxation time approximation in which both elastic and

inelastic scattering are constants.

3.1 Summary of Boltzmann transport

3.1.1 Derivation of Boltzmann equation

In this section, we use semiclassical argument to qualitatively illustrate how to we build
up Boltzmann equation which is used to study the transport process [Grosso and Parravicini
(2000)]. We all know that at thermodynamic equilibrium, the distribution function fy obeys

the Fermi-Dirac (F-D) distribution function

1
Jolk) = @t 11
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where T is the temperature of the system and p is the chemical potential. However, life is not
this easy in non-equilibrium state. When external perturbations (electric fields, magnetic fields,
temperature gradients) are applied to the system, the distribution function no longer obeys the
F-D distribution function. In general the disturbed distribution function f (r, k, t), in additio
to k, depends also on the real space coordinate r, and on time ¢.

According to the semiclassical dynamics of carriers with energy E (k) and momentum k in

given energy band has velocity

v = LOE
k™ h ok
and experience force
d (k)
F = .
dt

During the motion, collision processes may cause a net rate of change [%} " which is deter-
CO

mined by the interaction, of the number of electron in the phase space volume drdk. Using
Liouville theorem (volumes in phase space are preserved by the semiclassical equation of motion)

we must have for the distribution function

f(r+dr, k+dk, t+dt)= f(r, k, t)+ [gﬂ dt (3.1)
coll

Expanding 3.1 in Taylor series up to the first order, and we obtain the Boltzmann equation

of F of of  |0f

or h Ok = Ot (3:2)

In our case, the F is the eletric force eE and {%} , is determined by eletron-phonon interaction
CO

which will be discussed in detail in section 3.3.

3.1.2 Joule heat created by hot electrons

To qualitatively illustrate how non-equilibrium state generates Joule heat, we introduce
the relaxation times approximation by requiring [%} L —f%f in 3.1 with elastic impurity
CO
scattering rate 77! characterizs the relaxation of the electronic distribution function f (p) to
its angular average f (p). So we obtain
of

_ I

(3.3)
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Here we set h = 1. Assuming the solution can be expanded in powers of the applied field, we

write

Fo fO 40 4@y (3.4)

with the assumptions that

f(n) < f(”—l)’

in the spirit of perturbation method and

1

f(O) .
eBEX)—p) 1

(3.5)

the Fermi distribution function. Now we consider we have a homogeneous system which means
the the distribution function f is indepedent of the position in the system: V,f = 0.

To the first order approximation

of
i 0 (3.6)
and we have
1) _ £(1)
eE - (fo(o)) - _%‘ (3.7)

Due to the presence of the applied electric field, the momentum of electrons is no longer isotropic.

In the sense of Taylor expansion:

df

2
£@) = @) + L oy @ —a0)+ TS

O e = 20) (33

we may think f(!) as an odd function of momentum, therefore f() is 0,
= fU) = —7eE - (V,fO). (3.9)

Then we consider the contribution from second-order correction. Since f O)is time-independent,

fW) is also time-independet as can be seen from the equation above:

af@  9r®
o ot

0 (3.10)

So the £ is expected to be the leading-order term in time-dependent contribution. Then the

Boltzmann equation now look like

af@
ot T(eB-Vp B T

(3.11)
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Now taking the angular average of the distribution function

b
% (3.12)
over every term:
f@ = tr / % (eE-V,)* fO) (3.13)
The second-order contribution in the energy density can be calculated from
de = N(0) /Oo deef®, (3.14)

where N(0) = @ is the density of state of a 2-D system at Fermi level (we take A =1), V is
the volume of the system. The reason we use the density of state at fermi level is because we
believe that only the electron distribution at the nearby of Fermi surface makes contribution to

the change in energy
Se = N(O)/ etT/;)(eE-Vp)2f(0)
oo i
V2t

= = (3.15)

which obviously is the Joule heating.
As we can see that the energy increases linearly with respect to time, so it is impossible
to reach a steady state (%{ = 0) under the assumption there is only elastic scattering process;

therefore we have to introduce an inelastic scattering process to remove the heat.

3.1.3 Summary of Arai’s method

In this section, we will explain the idea of effective temperature and show the electric field -
temperature dependence at large field which is the feature of nonlinear transport [Arai (1983)].
In the previous section, we see that with elastic scattering process alone system cannot reach a
steady state so inelastic scattering process is needed. In the non-equilibrium current carrying
state considered, the lowest electron temperature attainable in a biased resistor is given by
the lowest temperature where the inelastic scattering is capable of maintaining a steady state.
This nonequilibrium noise should be observable for electric fields sm\rangle {\mbox{inter}}all

enough that Joule heating is insufficient to drive the phonons out of equilibrium.
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We begin by considering the Boltzmann equation for a simplified model containing the
essential physics. The elastic impurity scattering rate Tl-;nlp characterizs the relaxation of the
electronic distribution function f(p) to its angular average f(p). The inelastic scattering
Tp_hl relaxes the energy by changing the magnitude of the momentum and therefore drives the
distribution to thermal equilibrium as represernted by the Fermi distribution f¢?. The heat
bath temperature enters through f¢7.

Result are obtained by self-consistently solving the Boltzmann equation using an iterative
procedure which retains the first two terms of a decomposition of the distribution function into

Legendre polynomials (i.e., the sp-approximation). This method holds for all two-dimensional

system as long as it obeys the transportation model introduced by Arai.

L) - F W) - 1 (o) - F()), (3.16)

Timp Tph

—eE-V,f(p)=—

After some algebra, we have the distribution functions £ and f(1):

© vpdp ;T —v -9
1w = / ;rp (eEl*)eXp( FeEpl*p ‘>f€q(p/)'

Wy (€EUN (3729
Mo = (55) () 50 0. (3.17)

It shows that the distribution function is smeared out on an energy scale given by eFEl* with
[* the drift distance. This smearing effect dominates the shape of the distribution at low
temperatures where f¢ is essentially a step function at pp.

We can define an effective temperature 7*which is defined by assuming the nonequilibrium
state as a equilibrium state with temperature T%. Effective temperature T* can be done by
using the Sommerfeld expansion [Ashcroft and Mermin (1976)]:

kT eFl* < kT
kpT* = (3.18)

0.780eEl* eEl* > kT

3.2 The Schwinger mechanism of pair production

Schwinger mechanism is a process of particle-antiparticle creation and in the case of graphene,

eA

it becomes electron-hole creation. In the conventional way, the canonical momentum p — p—<>
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is used to solve this term. However, as ¢ — 00, it can be simplified to Landau-Zener dynamics
which describes the transition rate between two states in a nonadiabatic process in the long
time limit. The schematic description is shown in Fig. 3.1 [Dora and Moessner (2010)].

The special feature of Dirac electrons relevant for transport in finite field include: (i) their
velocity is pinned to the “light cone” fermi velocity, vp, (ii) relativistic particles undergo pair
production in strong electric fields, as predicted by Schwinger, and (iii) a uniform electric
field modifies locally the geometry of the Fermi surface by moving the Dirac point around in
momentum space 3.26.

The Dirac equation of graphene near the Dirac point (the Fermi energy point) with time

dependent vector potential A = —Et in k.- direction can be described as:
H = v[os(p — cA®) +0ypy) (3.19)
1hoyU,(t) = HU,(t) (3.20)

with v ~ 10%m/s the velocity of electron in graphene. Now we perform a time dependent unitary

transformation to diagonalize the Hamiltonian:

H =U'HU
(3.21)
v =Uv=9
and the U can be expressed as
_ip _ip
1 e 2 e 2
7= . , (3.22)

since a 2 X 2 unitary matrix is isomorphic to U(1) group, there can be only one variable which

we call it .

Pz — €A(t)) cosp + pysing  —i(p, — eA(t)) sin @ + ip, cos @
iy [ e eAm) s+, (b — eA(1) 105 | o

i(py — €A(t))sing —ipycosp  —(p, — eA(t)) cosp — pysing
With the new Hamiltonian being diagonalized, ¢ must be

tany = S — (3.24)

pr — eA(t)
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this also means that we have

. Py
sinp =
\/(px —eA(t)? + pj
z — €A(t
cosp = pe — eAW) (3.25)
\/(px —eA(t)? + pj
and
(pe — €A(t)2 + p2 0
UtHU = v \/ Y (3.26)
0 —\/(px —eA(t)? +pj
While the left hand side of 3.20 can be written as
. . oU
thoy(U®, (1)) = ZH(E)CDP (t) + UHW,(t) (3.27)
since we already know the second term we only need to focus on the first term:
out hdp
hW—-) = —zU 3.28
() 2 0t (3.28)
From trigonometry, we have
dy pyek
e 3.29
T Y 0) (3:29)
therefore we may obtain
) thp el
ihoy®,(t) = |o.6p(t) — ax%]%é/t)} D,(t) (3.30)
0
Q,(t=0) =
1

assuming that at ¢ = 0 the system is the lower state and €,(t) = U\/(pz — eA(t))? +p2. In

Dirac equation the current density operator is
j=—evo (3.31)

as shown in section 2.2. So the current density is
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(Ja)p(t) = —ev [cos @ (Ja(t)]* — |B(1)[7) + 2sin pR(iay ()5, (1))] (3.32)
The first term is the current from carries: electron for upper band and holes for lower band as
indicated by the minus sign. The second one describes electron transition between the upper
band and the lower band, and is responsible for Zitterbewegung.

By using 3.30, we have

oo’ h?p,eFE
h— — _ Ay 3.33
Tor T Tae) P (3:33)
We can multiply both side of 3.33 by a*and take the real part,
.. O . ,hv%pyeE .
R <a h6t> =R <—zepa a+ ZWO{ B (3.34)

since A9 — 2R, ()0 (1)) = 2R (e (£)Drap(t)),

holal* WPpyeE .,
270t 22(h) R (i )
ipyeE .,
_W&e (iapfy) (3.35)
thus the current density 3.32 becomes
) v (py — eEt) €p(t)
(Jz)p(t) = —evp T (2ny(t) — 1) —2 vpeE Onp(t) (3.36)

with n, (t) =| @ (t) |%. In condensed matter, the first term and second term in 3.36 are called
as intraband and interband current, respectively. As we can see, the first term vanishes at half
filling after integrating over momentum because the equal amount of electrons and holes move
in the same direction: one electron with momentum k excited to upperband creating one hole
with momentum k in the lower band. The mechanism is similar to Schwinger’s pair production,
which describes the simultaneous creation of particle-antiparticle pairs; whereas in graphene, it
is electron-hole pairs.

Here we discuss the current density behavior with different magnitude of applied field E.

First case we set the field very small compared to the electron momentum p and we obtain
o @ vp —L;?;ZE «

_lpyeE
5 2p2 Up B

(3.37)
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which is nothing else but an eigenvalue problem with initial condition a(t = 0) = 0 and

B(t=0)=1. We can get

a(t) ~ agpsinuvpt

B(t) ~ Bpcosvpt (3.38)

hpyeE
2p3v

with 8y ~ 1 and ag ~ as the eigenstate. This result is as expected because the small

electric field cannot produce significant amount of electron-hole pairs. Therefore

np(t) = |a(t)
_ B o (vl
- S () 29

As the electric field is sufficiently small, we can ignore the first term in 3.36 because it is

2
proportional to E? and the effect is suppressed by the linear term % (—1); thus we
only need to consider the intraband current which describes intraband transition. As we want

to know the total current density, we need to sum up all the contribution from carriers:

4 k 2uvp
] = — — 0 t
<]$> Vveg ’k|U€E tnp( )
T elE
= —— 3.40
5T, (3.40)
where the 4 comes electron degeneracy in graphene. The constant conductivity
2
Te
= —— 3.41
7T 9 (341)

is the minimal conductivity [Lewkowicz and Rosenstein (2009)].
At long time limit, the pair-production n,, (¢) obtained from Landau-Zener dynamics [Green and Sondhi

(2005)] is

2
Tup,
Tp (t) = © (ps) © (eEt — py) exp [_ eEh] (3.42)
which is the celebrated pair production rate by Schwinger [Schwinger (1951); Tanji (2009)]. The

current due to this pair-production n,, (t) is
<j96>SchWinger = e Z / dpzdpyny (1)
A=+

2e2E 2t
- %\/evh (3.43)
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which is the result of Schwinger/Kibble-Zurek mechanism. While for the interband current

. 2¢2
<]z>inter = mE (3'44)

which corresponds to Kubo mechanism and is overwhelmed by the intraband current at large
field limit. Here we can see that ., ~ F > which demostrates nonlinear transport in graphene
at large electric field.

While the pair-production rate Sk can be written as

T, 2
= ) _ <hk“> expl— Uy (3.45)

dt eF )

As refering back to 3.2, we see that we need to put Sy in the right hand side of the equation
because in this case, the change in distribution function is not only determined by the collision

integral, but also affected by the pair-production.

3.3 Electron-phonon coupling in graphene

3.3.1 The free phonon part

The free phonon part of the Hamiltonian is given as

Hoph = ) hwgaby obaa (3.46)
qa

where wgq is the phonon frequency for the phonon branch a.
3.3.2 Electron-phonon interaction

One of the common scattering potentials is the oscillating potential produced by lattice

vibrations. This potential can be written as

ou
Us = Datgy
o D aq it —ilgr—wt) | 7 i(qr—wt)
_ \/m(bqe + bge ) (3.47)

where Kq = Dy | q | is related to the deformation potential D4 due to a perturbed lattice

constants and band structure, and ugq = Aqei(q'r_Wt) + Age_i(q'r_“’t) with Aq = | /ﬁi)q and
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AL = o bJr The overall potential contributed by all the vibrational modes is therefore

U = > U
q

Z Dag (T —ilar—wt) 4 joilar— wt)) (3.48)

\/2pwq

In the electron-phonon interaction, potential U is regarded as an one-body operator: one elec-

2p

tron comes in, interacts with phonon, then goes out. Therefore the Hamiltonian H; of electron-
phonon interaction can be written as

H = Z<k|U|k’>aLak/
kK’

- T3

k,q

L
2pw afyqan (Bq + bq) (3.49)

with at and a electron creation operator and annihilation operator respectively and k = (k:o, k).
This result holds for both sublattice blue and sublattice red as well as is diagonalized. Here
we can use the symbols introduced in 2.19 and 2.20 without changing the Hamiltonian H;, so
finally we get [Prange-1964|
2
Hy =330l -+ a) (bl + b ) T (K) (3.50)
k,q i=1
where [ is a 2 x 2 identity matrix.
After the proper unitary transformation U which diagonalizes electron bare Hamiltonian,
the electron phonon interaction can in gerenal be written as Prange and Kadanoff (1964)
He_pp = Z gi’}(/avk B (bltr_kﬂ + bkfk/,a> (3.51)
k.k' A\ a
where gii{l}a is the electron-phonon matrix element between electrons in states (k, A) and (k/, \)
with phonon mode a where the phonon momentum q = k'—k is determined by momentum

conservation:

AN,a Dq

I = R pmirg

(kAK'X) (3.52)
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Figure 3.1 Schematic description of temporal evolution of Landau-Zener dynamics. For any
arbitrary point in p-space, the energy difference between the corresponding two
points in the upper and lower band is AE = 2pvg. As the time evolves, their ener-
gies are getting closer and closer, and reaching the closest distance AE,,;, = 2p,vp
at t* = f—fg; then they move away from each other. The nonadiabatic process in-
duces a transition between the two bands until the transition is completed when
the two states are far from each other. In our case we choose at , all the electrons
lie in the lower band.

Table 3.1 Symbols and their corresponding physical meanings in a phonon scattering potential
Ug = DA% = Kqueii(q'x_‘”t)
x

Symbol Physical meaning
Dy lattice deformation potential
Kq Dalq|
IA)Tq phonon creation operator
bq phonon annihilation operator
q momentum of phonon
w energy of single phonon with speed of light ¢ =1
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where p,,, ~ 0.76mg/m? is the mass density of graphene and values for the deformation coupling

constant are in the range D ~ 10 — 30eV [Hwang-2008|. For the matrix element follows

(RAKN)Y = (DU, (3.53)
1 N Ok — O IV Ok — O
S A cos [ XK ) A sin [ 27k (3.54)
2 2 2 2
which yields

1+ Ox — Oxs

(A2 = =5 CO;( i/ ) (3.55)
, ky + ik

et = T (3.56)
eiek+q kx + 4z + i (ky + qy) (357)

VEtq+t2k-q
cos(Ox — b)) = R [ewke_wkﬂ] (3.58)

k-(k+q)

= - = 3.59
k |k + q] (3.59)

3.3.3 Collision operator due to electron-phonon coupling

We consider the quantum Boltzmann equation of fermions with distribution function f (k,t)

0fir () | B Ofir (1)

e i AY 1) (3.60)

and the collision integral due to electron-phonon coupling can be written as

Ly = —27r/
K/, N

X0 (Ek)\ - wkiklya — €k’,)\’)

i [fw v (1= fir) = (fix = fw ) nal

AN a
Iy ¥/

i [fir (1= fw ) + (fir — fiw n) Nqua)

X0 (é‘k)\ + Wk K ,a ™~ Ek/)\/) (3.61)

3.4 Solution of the linearized Boltzmann equation

Next we insert the small electric field expansion into the collision integral, i.e. we consider

K
fin= Fin+ AT 1 (L= ) aa (B). (3.62)
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where f2, = (ePA + 1)_1. Note that

eﬁvk

fn (L= fi) = (ePh 1 1)°

(3.63)

is in fact independent on A. It then follows that

' ol E K
Iyy, = —2me /k/ N gli,Ak; [ l(c(;\) <_X k! > fﬁ,/\/ (1 - flg’A’) gn (k,)
E- -k

+ (1 - l(c(’),))\’> )‘Tfl(c)/\ (1 - fl(c)/\) g (k):|

X [(1 4+ nga) 6 (1) — Waa — Ex,v) + Nqad (Exr + Waa — Ew,v) |
o2 E k

+27T€ /k/ N gi:}(/’ |:fl({(’);\’ <_)\k> fl[()/\ (]- - fl(())\) (DY (k)
E K

P A AE K 0 (1 ) (k’)}

X [nq@é (Ek)\ — Wq,a — Ek/,)\/) + (1 + nq,a) 1) (51(/\ + Wq,a — Ek/,)\’)] (3.64)

3.4.1 Coupling to longitudinal accustic phonons

In case of longitudinal acustic phonons, we have

wal2  DY(k-K)? L
| = g 1))
D? (k —K')* 1+ AN cos (6 — i) (3.65)
2PmWy ! 2 | |

The phonon frequency is w; = cg and we take the limit ¢/v < 1. To leading order, this
implies that we can neglect the phonon frequencies wq in the delta functions that guarantee
energy coservation. This in turn implies that we can restrict ourselves to intraband scattering
processes with X' = \. Finally, for the bose-factor follows in the limit ¢/v < 1 that
T
ng~1+ng~—. 3.66
q R ( )

MNa
/

2
y and E - k/. This leads us

and under this limit, the angular dependence only shows on gi

to an identity equation

[ o

2(E-k)(k-Kk)
k2K

AN a
Iy’

2E K AN a
R / b | gy (3.67)
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It follows that

47weTE - k)
Ik)\ = ki g
& /

x [0 (ex — ew)]

Aal?
k!

q

k) [(k-K
9x (k) Kk:k’) fon (U= £2) = fin (1= )

(3.68)

Since the energy of electron is much larger than that of phonon, we may use the quasielastic

scattering process, i.e. ¢ (51{)\ — 5k/,)\) = 0 (vk — vk’), to obtain the collision integral. Since

[\ only depends on [k|, it further follows that f2, = f2,, = f° (vAk). Inserting the electron

phonon scattering element yields

eTD?E - k)

0 0
I, = —WQA (k') ka (1 - ka)

Inserting this result into the Boltzmann equation, 3.60, yields

k ePvk E- -k D?*T ePvk

=B = =2 A k k
k (eBvk 4 1)2ﬁv e k ~ 8mppuc? (ePvk 4 1)29)\( )

—eE

which finally yields

4pmc? v?

(k) = ~pa 7oy,

If we insert this resul into 2.44 for the conductivity we find

o = 2y 4pmc UN/
(e* + 1
o2 47r,omc2Nv7
D? T

reintroducing proper units yields

with the temperature scale
4 h? ppc?v?

0n =
0 kpD?

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

whose numerical value is 3 x 10°K for D = 20 eV. The result for conductivity measurement

[Hwang and Sarma (2008)] turns out to be the same as our result.



29

3.4.2 Relaxation rate

The natural definition to introduce a relaxation time 7 is via

dfk/\ o 1 0
at T (fk)‘ fk)‘)
which yields
Tfl _ _ Ik)\
fiox —

In our case this corresponds to (introducing proper units)

D2kgT T
—1 B
4 h24p,,vc? 7r00v

which agrees with the result of [Hwang and Sarma (2008); Stauber et al. (2007)].

(3.75)

(3.76)

(3.77)
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CHAPTER 4. Scaling theory

such that the new action S looks like

1 (A KdK k! K’ K’
= 15 ——T —1 m e = m 7 s Wm
o () (o) ()
1 A q’dq’ q/
il ( 1
+b2 ; (27r)2T2ﬂ;< zwm+cbh)d (b wm>d<b,wm>
A K ak / T2 /
+ k’ MK +d, A\
k/ k/ + /
1 q t q
X%\(b,wm) 7>\< 2 > [d (b Wh— m>+d< L wmnﬂ (4.1)
Here we assume that both ( 5 ,wm> and d ( b ,wm> scale as
k/
0 <b7wm> = b (kaw;n)
q/
d <b,wm> = (k,w:n) (4.2)

since their bare Hamiltonians look the same, they must obey the same scaling law. Then we

assume that
W= bwn (4.3)

which implies
T =T (4.4)

from their relation shown in Matsubara frequency. In renormalization group approach, it is
expected that the action is independent of scaling. So w,, and k must share the same scaling

law:

(=1 (4.5)
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then we may obtain

p=2 (4.6)

from either the bare electron action and bare phonon action.

Let’s move to electron-phonon interaction term to find out the exponent 1 of coupling

constant g:
g ="bg (4.7)
it is straightforward to find that
1
— = 4.8
n=-3 (4.8)

In the end, although we may use the canonical momentum to find that E' = b?E. I think it

is easier to use Coulomb electric field to obtain the same conclusion:

€” .
then since r scales as 1/k, so
IS
then
E = \’F/ (4.11)
Thus in the finite electric field, we have
Sa (B, T, g) = Sa (bQE, BT, b3 g) (4.12)
b
which is consistent with our result at the beginning of this chapter.
4.1 Trial ansatz
We make the ansatz
k / 2
N V(k‘.m7k‘yang7T) / 7Thlvky
k,g,E,T) = — — . 4.1
f (kg B.T) 9<kz>exp< / w95 gy, T (4.13)

Inserting the ansatz into the Boltzmann equation yields

e " whok?
hEaixf (k) =0 (Z) exp (- eEy> _ ) g (4.14)
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which umplies
10 (1))
f (k)

which demonstrates that v (k) plays the role of a scattering rate, as it occurs in the relaxation

7 (k) = (4.15)
time approximation.

It follows either by direct inspection or by using the scaling laws of I (k;[f]) and f (k) that
v (k, g, B,T) = b1y (bk, b=12g 2R, bT) (4.16)

If v = Dk, with D independent on k, as it occurs from the relaxation time approximation, it
follows
D(g,B,T)=D (b_1/2g, bE, bT) . (4.17)
At T = 0 holds that
D(g,E)=D (gE1/4) . (4.18)

To leading order in g we expect that D is quadratic, so we get D (9, E) = dog?veE with
unknown constant dy. A solution based on the above ansatz and consistent with the scaling

laws would then be

(&, 9,B,T) = 0 (ky) dog” / e T (4.19)
, 9, s = x ) €X — z . .
g p °E Jo oE
It holds
ko kz ka/|kyl
i kdk! = /0 K2+ K2dE), =k i Vo 1+ t2dt

]{32 2
= 2 ﬁ 1+ <kx> + arcsinh <km>
2\ |ky |yl |y
ko [kyl ke < |kyl
%k‘i km > |ky|

12
=

z <|ky| + ;m) (4.20)

where the last approximation is rather convenient for explicit calculations and does not change

any of our fundamental conclusions. It then follows

dog? 1 TI'hka
f(k g, E,T)=0(k;)exp —ﬁk’z |ky| + 5]% T B . (4.21)
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Now we only need to determine the constant dy that is only allowed to depend on ¢, v,and A
which are the only remaining variables of the problem. Thus, for A = 1 the dimension of dy
must be some power of velocity = length/time. This puts important constraints on the form of
dy. The dimension of 7 is energy. Thus, the dimension of D is energy x length and it follows

indeed that the unit of dg is A~/ 2velocity_3/ 2 Thus, it must hold that

do = i~ Y/2y=%/2¢ (5) : (4.22)
v

where £ (¢) is a dimensionless function with dimensionless argument € = ¢/v . It follows

d’k ~
i = N2ev | —=k,.f(k
j / 2n)? f (k)
_ e /2 de /°° Kk cos () exp [ dog® cos ¢ (|sing| + 3cosp)  mhusin®p 2
2 | _zp2 21 Jo veE el
w/2
_ N4ev VeE dp cos (p) _ i (4.23)

o 2 9 ; 1 :
21 dog? J 2 27 cos o ([sing| + 5 cos ) — Topigr S

For large F , when

eE > mhy 2 (4.24)
dog? '
we find
4ev \/E
(2m)* dog
where
71'/2 1
ap = / do+ 1
—x/2 |sing|+ 5cose
arctan <l> — arctan (i)
- 8 V5 V5] 3443 (4.26)

V5
This result for the current helps further to determine dy. We know that j diverges if ¢/v — 0
since phonons behave as elastic scatteres and no stationary state exitst, i.e. the current diverges
in the long time limit. Thus £ (¢ — 0) — 0. To leading order we expect a £ (¢) = £e™ with

some positive exponent m. The avalysis of the collision integral shows m = 2 and we obtain
—1/2 c?

with dimensionless numerical constant &g.
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4.1.1 General dispersion

To demonstrate that the above assumtion for v is sensible we use the more general form

~v = DK"Y, with D independent on k. It follows
D(g,B,T)=b""1D (b_l/Qg, b2E, bT) : (4.28)
At T = 0 holds that .
D(g,E) = (%) “ D (gE1/4> . (4.29)
To leading order in g we expect that D is quadratic, so we get
D(9.B) = (¢B) 7 dog? (4.30)
with unknown constant dg. A solution based on the above ansatz and consistent with the scaling

laws would then be

kg, E.T) =0k dog® " o g _ TR 431
f( , g9, L, >_ ( I)exp _(eE)V/2/O T eE . ( : )
It holds
ke
/ k”dk;ﬁ:kx (]ky] —l—k”)
0 1+
It then follows
dog?® 1 Whvkg
k,g E,T) = - -k, — k) - ) 4.32
(k.g.B.7) e<k>exp< o (It + ) - o (132
It follows
A’k ~
j = NZev/ sk f (k)
(27)?
4 7T/2 dog cos sin cosg) EvHl_ ﬂhUSln2ka2
N ev/ 2 / kdk cos () e (B2 ellsin el +535) - (4.33)
/2 2T
It holds
0 __a pv+l_ b 12 ,,U [ee] R
/ kdloe (eE)V/2k+ Lk :(eE)QH/ xdmeiz”ﬂ*b(a%E) TFT 42 (4'34)
0 av+l 0

For sufficiently large E , we can ignore the second term in the exponent and obtain that

J g_%l (eE)7 (4.35)

This only reproduces the requires scaling behavior j oc ¢~ 2v/eE if v = 1. Thus, it must hold

that the scattering rate is linear in momentum.
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4.1.2 Energy density

The energy density of the system is

2
&= N/(;H;Zekxfk,\ (4.36)
)N

where N = 4 reflects the valley and spin dedegeneracy. It follows from the Boltzmann equation

that the change in energy QQ = d&/dt is given as

a=n [ (jﬁ’; S et (I (K) + S (K) (437)
A

. . energy . — 1
The unit of @ is Tongth x time For a stationary state one expects that () = 0. The first term is the

cooling power due to the coupling to the heat bath, while the second term is the Joule heating

due to the pair production. It holds for the latter

A2k N 22
Qs=N / QZ 1S ( ol 3 5 B (4.38)

In this analysis we used the Schwinger term as discussed above. However, the Schwinger source
term was derived for noninteracting electrons and in an interacting problem one expects a back-
reaction that leads to a modification of the source term taking into account pair creation when

there are particles present in the initial state. This yields [Kluger et al. (1998)]

Sy (k) = (fk)\ fk)\) Svac( ) (4.39)

In case of A = + follows at particle hole symmetry:

S (k)= (1—-2f) S (k) (4.40)

Inserting this into the @ yields Qs kgypE where ktzyp is the typical momentum of the system
that for 7' = 0 must be of the form

k2, = E© (gE1/4) (4.41)

VeE/ (dog ) which corresponds

From our trial form for the distribution function we find thyp ~

to © (z) o< x72. Keeping in mind that j = NZeUf a2 kg k. f (k) implies that j ~ Nekayp ~

NevveE/ (dog ), we see that including back-reaction terms

Qs =jF (4.42)
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as expected from Joule heating. Inserting kfyp yields
Qs = Nv (eE)*? / (dog?) (4.43)
To analyse the relaxational part we write
Qi (9.B.T) = 2N / R eI (kg.T:[£))
d% 1 1o
- 2N/(27T) a1 (kb 201 1))
g Ly (W
- (27{_)251( ( ) 9, 7[f]>

O (b_l/Qg, VE, bT) (4.44)

In case of our trial function we know that I (k;[f]) = —A 'y (k) f (k) and we obtain

2N d’k
re 7E7T = T

exy (k) f (k) (4.45)

We can first estimate this expression qualitatively and find

Qret (9, E,T) ~ —Nvkj,dog*VeE (4.46)
~ —Nv (eE)3/2/ (dogQ)
The fact that Qs ~ —Q,¢; demonstrates that the trial solution is indeed an acceptable stationary

solution. The notion of a typical momentum scale in the distribution function can also be used

to introduce an effective electron temperature

kpTy = hvkiyp (4.47)
which yields
hv (eB)/*
kpTy = (1/2) (4.48)
dy

This can also be seen if one explicitly determines the effective temperature via

(kgT*)* =~ (hw)? / kdk / 2ﬂd¢k< gi >
= (w )2\/E/”/2 1 "
¥ s (o

dog? ¢| + 5 cos gp)
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CHAPTER 5. Relaxation time approximation

In this chapter, we want to see how the current reacts to a large electric field. Tf we assume
a simplified form of the collision operator with fixed, momentum independent relaxation rate.
We will then solve this simplified problem using two distinct approaches: i) we will directly
solve the Boltzmann equation and ii) we will use the scaling approach used in the previous

approach. The fact that both methods yield the same result
3
Jox E2r

is further evidence for the reliability of the scaling approach.

5.1 Explicit Result for Relaxation Time Approximation

To proceed we use dimensionless momentum variables

p =phvk (5.1)

and use Vi = hBvVp such that the Boltzmann equation becomes with F =erSvE

eq pr/kBT

F-Vpfpr = —fpr+ pr + A0 (pg/F) exp = (5.2)
1

err+1°

This yields for the current

. eT? .
J= v /p Z AP fpa- (5.3)
A==

We want to solve the equations via Fourier transform. Note that f; (p — c0) — 0 while

where f;g =

f— (p = o0) — 1. Thus, we rather consider fj, (p) = 1 — f— (p). In analogy we call f. (p) =

f+ (p). At the Dirac point, f. (p) and f (p) obey the same equation

szkBT>

Fhr T 54)

Fop, f(p) = —f(p) + £ (p) + 6 (pu/F) exp (—
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with same boundary conditions. For the current follows then
. 2eT? / d’p
i=—% [ —=pf(P), 5.5
w7 | Bl ) (5:5)
where we used that [ d*pp = 0.
Applying Fourier transformation to 5.4 to eliminate the derivative and then applying Fourier
transformation again, we obtain the distribution function f (p) whose contributions come from

two terms: relaxation term f7¢ (p) and Schwinger pair-production term f* (p),

f(p)=f*"(p)+ f* (p) (5.6)
where
N T R e Y
f (p) = ‘F’/_mdpxeﬂ“e [F] @( = )
2
F(p) = san(Fje (%) oo (%) (5.7)

Lets consider without restriction that /' > 0. Then it follows for the distribution function that:

o = [fa—
° exp <\/(px —~ Fs)’ +p§) +1

2T .
F®) = O e (— S ) 55)
v 2 7'_1 ”
— () exp (_W) (5.9)

The expression for f7¢ (p) is physically insightful if one returns to original units

0 —1le— /T 9
o= [~ a < = [[ etk Gw)
O exp <th\/(kx —eBt)? + k;) y1 0T

where now f° (g) =1/ (e’ + 1) and K (t) = k—eA (2).
We can now determine the current. For the analysis of j7¢ we can now determine the current
(returning to dimensionless units)

. 2eT? [ —s d2p = req
i= 2 [ e [ e e @) (511)
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If we again consider a field along the z-direction

S 2eT? [ [ d%p Pa 1
o =T dse om)? 2 o
0 (27) Pz + Py exp <\/(pr—Fs)2—|—p§>+1

2eT? [ d? F 1
- = / dse™* / p2 cosp+ Fs/p 1 (5.12)
v Jo (2m) \/(cosgp+Fs/p)2+sin2<pe +

We substitute u = s/p and obtain

. 2eT? pdpdgp cos p + Fu peuP
Jz = eP +1
\/cosgo—i-Fu + sin?

= ﬁ ooduL(Fu)G(u), (5.13)

T Jo

where we introduced

00 2 —up
G(u) = /0 dppe

el +1

1 1+u 24u

_ - _ .14
(e (3) - (3254)) (5.14)
and

27rd

/ a cospta . (5.15)
\/cosngra +sin? ¢

L (a) can be expressed in terms of elliptic integrals. It holds

3¢3) _ 7xt
5B Ty, w1
Guy={ * (5.16)
w3 u>1

while

L(a) = (5.17)

At large field we have L (Fu) — 1 and we find that the current saturates at

meT? 7 e(kpT)?

i (F = = — 1
Jo(F=00) = 4 = 15 (5.18)
Next we analyze the current contribution due to the Schwinger mechanism.
2eT? d’p mparkpT/h+ pa
o = — Db —-—4 5.19
Jz 2 / nP (pz) exp ( 2 (5.19)
T2 o0 oo mp2rkpT/h +
= 2€2ﬁ2/ dpy/ dpmpix exp (— Py BF/ px) (5.20)
T o0 IR+
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We first perform the integral with respect to p, and it follows

s ek%T? /°° pe  mpiTkpT/h mp2tkpT/h
= —Z— d —— 4+ = —— | Ky "
Iz o2y J, PP\ T T T o 0 2F
ekgTT 1F [>® U
= — d —/— K,
oy /0 uexp< ,/u0+u> o (u)
where
wkpT
uy) = —
0~ opr—1

In the original units this becomes

. €2E [ [u
= ; du exp <— u0+u> Ko (u) (5.21)

7TT2U

on ¢

with

uy = E (5.22)

At high field we need to analyze large ug. Now the integral is dominated by the large u
behavior of exp (u) Ko (u) ~ /5, It holds

due_\/% T =9y l/? (5.23)
0 2u 0

_ 2E3/2r

js = ?\/ 27T’l)€/h (524)
7

Due to the 3 dependence, current contributed from pair-production easily outrivals the current

Such that

from scattering process. This result is consistent with the result from section 3.2, but now there
is a restriction on the time which results in the finite scattering rate % After such a laborious
work, we will show how to obtain the same conclusion for electric field and scattering rate

dependence in a simpler way based on scaling argument.

5.2 Scaling argument for relaxation time approximation

For Boltzmann equation in relaxation times approximation, the collision integral Iycan be

written as written as
_ f€4
I\ = _M (5.25)
Tph
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with Tz;ll acting as scattering rate. For a clean graphene with 7, a constant and the equilibrium
distribution function is

1

eq __
kX — eA\Bvkh +1 ' (526)

Here we use scaling to exam the current behavior at large field limit in relaxation time

approximation. From the previous chapter, we know that eE - Vi f scales as %. Therefore the

collision integral must scale as % as well. From

Tph = b7 (5.27)

we obtain the scaling law of collision integral:

fir — fix _ S - fia _ - i

5.28
Toh b7, bTph (5.28)
so we know that v = —1. In this part, 7'p_h1 takes the place of coupling constant g in the previous
chapter. Here the current can be written as
Jre = Y. / kdk cos 0d0 fy (ky, ky, T, E, 7)
A==+
1 _
= = Z / K dk' cos 0dofy (K, k,, bT, b’E, b~'r)
A==+
1
= U (T, V’E, b '7) (5.29)

b2

Again we choose b*E = Ey and T = 0 as nonlinear transport limit.
Jre = BV (\/ET) (5.30)

In the classical model, like Drude model, the conductivity is proportional to the relaxation rate
7. From the relation between J and W shown above, we know that W represents the conductivity,

therefore it must obey

U (x) xx (5.31)

so we obtain the nonlinear current in relaxation time approximation as

Joo o< E37 (5.32)
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which is a very different result J o< E 3 as shown in the previous chapter. There is no contra-
diction between these two results. The only reason we have 5.32 is because we assume that
scattering rate is a constant while in the realistic situation it is not a constant. So the correct
answer for nonlinear current is J oc £2. The consistency between 5.32 and 5.24 provides us
with a confidence that scaling is a useful tool which gives us the correct transport behavior
in nonlinear regime without solving the nonlinear integro-differential Boltzmann equation. Of
course our ultimate goal is obtaining the distribution function, both Boltzmann transport and

scaling serve as powerful tools making us unveil the mysterious distribution function.
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CHAPTER 6. Summary

In this thesis, we have shown that using both scaling argument and Boltzmann transport
theory enable us understanding nonlinear electric transport behavior and the key features of

distribution function. To summarize our results, we know that the electric currrent behaves as

T f (6.1)

at large field under the assumption that conductivity is still proportion to g% in nonlinear regime.
Here g is the coupling constant between electrons and acoustic phonons. Second, based on the
result shown above and the ansatz for distribution function, we know that phonon-induced
scattering is more important than the electron-electron spontaneous decay and the resulting

energy balance gives an effective temperature

[N

E

T x — 6.2
7 (6.2)

which is a nontrivial result compared with the result done by other scientists [Viljas and Heikkila
(2010)]. In the end, we use the relaxation time approximation as an example of showing the
reliability of scaling approach by comparing the results done by explicit calculation and scaling.

These results are clearly only the first steps towards a more complete understanding of the
nonequilibrium transport of graphene. First, a complete numerical solution of the nonlinear
Boltzmann equation is needed to confirm the scaling theory and to be the starting point for
further examinations. Second in our investigation we have assumed that the heat produced by
large electric fields is instantly transported to the substrate which acts as a heat bath. A more
detailed analysis of these heat transport processes are important in order to demonstrate that
this is indeed a realistic scenario. Finally, to investigate free standing graphene layers, we need

to analyze finite samples and investigate the electron and phonon heat conductivity. In this case
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we expect that the heat transport is dominated by electron heat conduction. This brings us
back to the necessity to investigate electron-electron and electron-phonon scattering processes
in one combined hot electron transport theory, which is the intellectually most interesting
and challenging part of our future investigation. The results obtained here are a necessary

prerequisites for these future investigations.
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