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ABSTRACT

We study an extension of resummation to the fully differential cross section in the Drell-Yan
process. This new method extends the Collins-Soper- Sterman formalism to the longitudinal
Wi, and double delta helicity structure function Waa, recovering the next-to-leading-order
predictions. The new extension also modifies the transverse structure function Wp obtained

in previous extensions.

The angular coefficients, A and v, used for parametrization of the angular distribution, were
studied with the new structure functions. No violation of the Lam-Tung relation was found.
A possible solution to explain the difference between theoretical and experimental results is

proposed. This solution may also explain the existence of the azimuthal asymmetry.

For completeness, leading-order and next-to-leading-order results are presented. The Collins-

Soper-Sterman formalism is also reviewed.



CHAPTER 1. INTRODUCTION

The Drell-Yan (DY) process also known as lepton pair production is an inclusive large
momentum transfer reaction where two hadrons collide to produce a lepton pair coming from

the decay of a massive vector boson V. This reaction is sometimes schematically written as:
h(Pa) +1'(Pp) = V(g) + X — - +14 + X

where X includes all undetected final hadron states.

This type of process was first seen at BNL by Christenson, et al. [34] and [35]. They
studied the collision

p+U —utpy” +X

for proton energies between 22 to 29 GeV and muon pair mass of around 1.7 GeV. The spec-
trum of lepton pair production observed by them, and many others after, is composed by the
superposition of the continuum which is explained through the DY mechanism [59], [60], [126]
and some quarkonium states which allowed the discovery of the charm quark and the beauty
quark in the 1970’s. For example, the .J/¥ was discovered ! by muon pair production at BNL

[8] and later on in 1977 the T family of resonances was observed at Fermilab [79].

By 1980 DY was already providing information about the antiquark structure of the nu-
cleon [95], and by combining data obtained for the parton distributions of the proton and
antiproton the valence and sea distributions inside of both particles can be obtained [10]. It

was also possible, for the first time, to find out the distributions of unstable particles like the

!This discovery was simultaneous with the eTe™ experiment at SLAC [9)



pion and kaon [11], [99]. Tt is also worth to mention the discovery of W* and Z° and the role

that DY played.

Since the 1990’s DY has become together with deep inelastic scattering (DIS) as an impor-
tant source in the global fits for the parton distributions inside a nucleon [104]. DY data has
recently provided the first measurement of the x dependence of the ratio d/u [100] and has
been part of the search for exotic particles, like the Z’, using forward-backward asymmetry
[110] and the detection of extra dimensions [80]. In the new millennium DY remains a fertile

field for theory [22], [66] and experiment [56], [122].

The angular distribution of the leptons also offers some interesting surprises. When the

vector boson is a virtual photon we can write this distribution (Sec/2.3):

%j—; = {%ﬁ} [1 + Acos? 6 + psin 26 cos ¢ + (g) sin? 6 cos 2¢

where the coefficients A, ¢ and v may in general depend on the kinematical variables of the
process and df) = dcosfd¢ with 6 and ¢ polar and azimuthal angles measured in the vector
boson’s rest frame ( Sec. [2.1]). The parton model predicts A = 1 4 = v = 0. Experimentally
these predictions have been tested in three different ranges of energy and two different systems:
NA10 collaboration used 7~ + W at 194 GeV/c [67], [77], E615 collaboration used the same
system with 252 GeV/c [53] and E886 collaboration used p + d at 800 GeV/c [128]. The
experimental data showed v as large as 0.3 [67] and [53], this phenomenon is known as the
cos 2¢p asymmetry or azimuthal asymmetry in unpolarized Drell-Yan. The asymmetry was
found to be independent of nuclear corrections, increasing with the transverse momentum of
the lepton pair. The values for A and p coincide with the theoretical predictions except for a
few cases , [67], [77]. It is important to mention here that E615 results consistently exhibit

much larger values of v [128]. Meanwhile the recent results from E886 show v consistent with

zero [128]. In Fig. taken from [128] we can observe the experimental results of the three



collaborations together with fits to the data using:

prME

7+ 3)° -y

v = 16K,

where Mc is a constant with value of about 2.4 GeV/c? and k; = 0.47 + 0.14 for NA10,

k1 = 0.93 £0.10 for E615 and k1 = 0.11 + 0.04 for E866 [128].

- e p+dat800GeVic
= v + W at 252 GeV/c

bs [ 4 ™ +Wat194 GeVic e

p; (GeVic)

Figure 1.1 v vs pr.

Continuing with the surprises, Lam and Tung [88] deduced for the DY process an analogue

of the Callan-Gross relation of DIS which expressed in terms of A, u, v reads:
20— (1-X)=0

This relation assumes massless and unpolarized spin 1/2 partons and neglects their intrinsic
transverse momentum. The Lam-Tung formula just states that at high energies the dominant
cross section is for the production of a virtual photon with transverse polarization and it is

valid in any frame where the lepton pair is at rest [38], [88].

Experiments show two types of results. The NA10 and E866 are largely consistent with

the Lam-Tung relation, while the E615 clearly establishes the violation of this relation [128].



(See Fig. [1.2 taken from [128].)

L R IR UL B B UL LR
3 ' o E866 p+d at 800 GeVic ]
* NA10 ©+W at 194 GeV/c ¢ E615 w+W at 252 GeV/cE

2v-(1-1)
|

2 _

o 05 1 15 2 25 3 35 a4
p; (GeVic)

Figure 1.2 Parameters A, u, v and 2v — (1 — \) vs pr.

Several types of corrections to the naive picture of the QCD modified parton model have
been put forward in order to explain the violation of the Lam-Tum sum rule and the cos2¢
asymmetry. We can generically classify these corrections into two types: perturbative and

higher twist.

Higher order corrections in ag change the predicted values for A, ;1 and v but the corrections
at next to leading order do not alter the Lam-Tung relation [88] and it is almost unchanged

by next to next to leading order. It was also found that the slight violation predicted has the



wrong sign compared with experiment [96].

Cleymans and Kuroda [37], [38] showed that v and the Lam-Tung relation are modified by
the presence of intrinsic transverse momentum. Unfortunately the value of such modification

for v is no bigger than 0.005 when v ~ 0.290 [67] and 0.05 for the Lam-Tung rule [53].

One particular model of higher twist corrections proposed very early [15],[16] and developed
further in [28], [65] considers non-scaling, non-factoring 1/Q? contributions that assume that
the number of partons participating in the initial state of DY are more than the minimum nec-
essary. One of the quarks is assumed far off-shell and therefore needs to be regarded as bound.
The bound state is characterized by a gluon exchange with the quark that does not participate
in the hard scattering. Results from [28] allow to conclude that the violation of the Lam-Tum
sum rule and the azimuthal asymmetry may not be fully explained by higher twist effects of

the type just described. It is worth to notice that this model has not been completely ruled out.

In 1993, Brandenburg et al. [27], proposed that a nonperturbative gluonic background
could produce factorization breaking spin correlations in the initial state of the partons. Based
in this idea they proposed 1 — A — 2v = —4k where k is a measure of the correlation between
the transverse spins of the incoming quarks with

Qt

@+ .

K = RQ

this simple ansatz fits the 194 GeV/c data of NA10.

Boer and Mulders [19] advanced a mechanism inside the factorization frame in order to
elucidate single spin asymmetries in the DY process and in pp! — 7X. Their idea is the
existence of a transversity distribution function hi that is chiral-odd T-odd with intrinsic
transverse momentum dependence. This function can be interpreted as the distribution of a
transversely polarized quark with nonzero transverse momentum inside an unpolarized hadron.

Boer later used the same function to explain a nonzero  [20]. Since then, some models have



been suggested to explain the possible origin of hf. For example in [22], hll of the proton and
the resulting cos 2¢ asymmetry were found in a quark-scalar diquark model with initial state
gluon interaction. Lu and Ma [94] did similar calculations but this time h;{ of the pion was
determined in a quark-spectator-antiquark model with final state interaction. They were able

to fit the data in a reasonable way.

At this moment it is important to mention the compatibility between the ansatz given by
Brandenburg et al. [27] and the ideas advanced by Boer [20]. Of course some restrictions are
necessary in the general approach of [27], factorization is the most significant among others.
The authors of both papers also have suggested one more possibility as source of spin correla-

tions: instantons [23].

Since the large v values observed by NA10 and E615 are absent in p+ d and the Lam-Tung
relation remains valid also in this system there are constraints on theoretical models that pre-
dict a large azimuthal asymmetry originating from QCD vacuum effects. The experimental
results also suggest that the Boer-Mulders function for sea quarks is much more smaller than

that for valence quarks [101].

So far we have left out the effects of soft gluon emission in the violation of the Lam-Tum
sum rule and the cos2¢ asymmetry. Chiappetta and Le Bellac [33] considered soft-gluon
resummation at low Q7 in impact parameter space in the Collins Soper (CS) frame [39] fol-
lowing the formalism of Altarelli et al. [2]. They were unable to reproduce the experimental
behavior of v and found that the deviation of the angular distributions from the 1 + cos?
naive behavior is not greater that 5%. Baldzs et al. [12] and Ellis et al. [63] applied the
Collins-Soper-Sterman resummation method (CSS) [44], to the analysis of the decay of angu-
lar distributions for electroweak vector bosons in the CS frame. All the above authors have
only resummed the dominant terms of the form o/g In (Q2 / Q%) /Q3 which are only present in

the transverse component of the angular distribution and kept the leading order expressions



for the other coefficients. This approach ignores the existance, in some of the angular factors,

of the 1/Qr divergence and large logarithmic corrections as Q7 — 0 .

Boer ([21] and [24]) using the CSS resummation formalism and the transversity distribu-
tion function hi has shown the importance of the nonperturbative Sudakov factor to explain
the Q2 behavior of the cos2¢ asymmetry. Gamberg and Goldstein [70] performed a similar
analysis using factorization and the transversity distribution predicting the dependence of v
as a function of the transverse momentum and the invariant mass of the lepton pair. Quite
recently Boer and Vogelsang [25] have revisited the role of resummation in DY at small trans-
verse momentum; they made clear that the angular coefficients are frame dependent and that

when there is a change of frame the logarithmic terms get reshuffled among them.

Here, we will calculate the fully differential DY cross section resumming the scalar functions
of the hadron tensor in a frame independent way. This resummation is inspired by the CSS
resummation formalism. We will discuss also how this extension may be a possible explana-
tion for the violation of the Lam-Tum sum rule and the azimuthal asymmetry. This study is
also relevant for processes like semi-inclusive deep inelastic scattering and back-to-back hadron
production in two-jet events in electron-positron annihilation, once the definitions of frames

and coordinate axes have been done and where no angular distributions exist.

This dissertation is organized as follows: Chapter 2 contains the basic definitions of the
kinematic variables involved in the process, together with a general analysis of the cross section
assuming only the decay of a heavy photon together with the introduction of the structure
functions; quantities that are measured in experimental setups. Chapter 3 describes the picture
of the DY process in the parton model and the QCD “corrections”. In Chapter 4 the low Qr
limit is taken so resummation appears as consequence of the factorization in this region of
the phase space. In Chapter 5 the possible extensions of resummation to the fully differential

cross section appear and numerical results and conclusions are also shown.Three appendices



complete the thesis. Appendix A contains some extra reference frames used in the literature,
Appendix B shows the QCD corrections to the Drell-Yan picture and Appendix C has several

mathematical results included in order to have a self-contained explanation.



CHAPTER 2. MODEL INDEPENDENT CONSIDERATIONS

A general definition of the Drell-Yan cross section is presented here. In order to describe
this cross section it is necessary to introduce two different reference frames: the hadron center-
of-mass system and the dilepton center-of-mass system. The corresponding kinematic variables
are also defined. Several types of structure functions are presented in order to exhibit alterna-

tive ways to describe the different components of the cross section.

2.1 Kinematics

In order to describe the Drell-Yan process we will use two coordinate frames: center-of-
mass system of the incident hadrons, or just hadron c.m.s and the center-of-mass system of the
two leptons also known as the dilepton c.m.s. In the hadron c.m.s the hadrons are collinear
and the Z-axis is chosen along the beam direction; the X-axis is chosen to be in the direction
of the transverse momentum of the massive boson! and the Y-axis just follows from the right

hand rule. We will denote the components in the hadron c.m.s as:

P!} beam momentum

Pp target momentum

" negative lepton momentum

I positive lepton momentum

¢" = Uy + 1~ for the momentum of massive boson

!Note that this implies that in absence of Q7 the X-axis and Y-axis are undefined
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We will work with massless particles Pj = PL% =12 = 0. This means that we are assuming
two conditions: the square of the hadronic center-of-mass energy is much bigger that the
hadron masses S = (P4 4+ Pp)? > P2, P2 and the invariant mass of the dilepton is much
bigger that the lepton masses ¢ = Q2 > [2. Experimentally it is possible to measure the two
momenta of the produced leptons except in the case of the production of W=+ boson. With

this information five Lorentz-invariant quantities® can be found:
e ()% the invariant mass of the vector boson V'
e y the rapidity of V'
e (% transverse momentum square of V
e 0, ¢ polar and azimuthal angles of the positive lepton defined in the dilepton c.m.s.

Now, we need to specify the axes in the dilepton c.m.s. The only condition that we have so
far is that the boson should be at rest in this frame and since Q% > 0 this is always possible.
In general if Q7 # 0 the beam momentum P, and target momentum Ppg are not collinear in
the dilepton c.m.s and therefore they define a plane, the (]3,4, ]33) plane. We will demand that
the y-axis be perpendicular to this plane® and parallel to the Y-axis of the hadron c.m.s 4. We
will require also that when Q7 = 0 the z-axis should be the same for both frames °. Note that
the direction of the x-axis is given by the right hand rule after we have chosen the z-axis. As
soon as we have selected our particular frame we can transform to any similar set of Cartesian
coordinates through a rotation around the y-axis [6]. Some of the popular choices for z-axis

found in the literature are [53], [67], [86] :

e Z parallel to the bisector of P, and the negative of the target momentum —ﬁB, this is

the Collins-Soper (CS) frame [39],

e Z parallel to the beam momentum ﬁA, this is the t-channel helicity or Gottfried-Jackson

(GJ) frame [71],

2The Lorentz invariance is with respect to boosts along the z-axis

3Therefore y-axis is now normal to the reaction plane

“This is the convention of [39] but antiparallel to [53],[67].

®Thus when Q7 = 0 the two systems will differ only by a boost along the common z-axis
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e % antiparallel to the target momentum Pg, this is the u-channel (UC) frame [67],

e Z antiparallel to the sum of beam momentum and target momentum P+ ]33, this is the

s-helicity (SH) frame [58].

Thus the polar angle 6 is the angle between Z and l_;r and the azimuthal angle ¢ is the angle

between the (ﬁA, f%) plane and the (:2, l_;r) plane, see for example the angles in Fig.

Here, we are only going to describe the CS frame leaving the depiction of the other Carte-
sian systems to the Appendix [A. The reason of this choice is based in the behavior of this
frame at low Q7. In this region the CS frame produces the simplest expressions for the helic-
ity structure functions (see Sec/2.3) because it minimizes the effects of the internal transverse
momentum of the colliding partons [86]. Another reason is the smooth transition of the kinetic

variables and helicity structure functions defined in this frame in the limit Q7 = 0.

To reach the CS frame for the hadron c.m.s we can follow the next two steps. First boost
along the Z-axis to an intermediate frame O* in which @) = 0. Then a second boost in the
—Q@r direction. In this frame as in the others Q” = 0 and QZ) = . Thus the matrix of

transformation of coordinates from hadron c.m.s to CS is given by:

9 o, e
Q Q Q
__ QoQr V Q;JFQ% 0 _ Q:Qr
2102 2102
Aopoos = | @V@+er QVQ+QZ (2.1)
0 0 1 0
Qz QO

)

Vo7 Vo7
where (Qo, Qr,0,Q,) are the components of g* measured in the hadron c.m.s.
The vectors ]5:,4 and 15‘1/g now make equal angles with the Z-axis, § = arctan (Q7/Q). In this
way the definition of the transverse axes in the CS frame are determined by those of the hadron

c.m.s [39], see also Figl2.1.
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(ﬁBeam, ﬁTarget ) plane

A

P Target

N

Dilepton center-of-mass plane
(z, I1) plane

Figure 2.1 The Collins-Soper frame

2.2 The Drell-Yan cross section

The DY process is given by the elementary amplitude

a(ly) (ievu) v(l_)% (X|¢J,(0)|Pa, Sa; Pp, Si) (2.2)

were we are assuming that the interaction is electromagnetic, so the massive vector boson is a
virtual photon v* with momentum ¢. The square of the amplitude can be represented by the

following diagrams

Iy
h(Pa) 2 |
[ L )
pu— /\/\/
X (Py) l
W (Pg) I

These diagrams already make explicit that we can separate the leptonic and hadronic degrees
of freedom using two independent tensors to write the square of the amplitude.

With this information in mind we can write the DY cross section

A 1
77 952 (2m)32E, (2m)32E_ (I +1_)*

LMW, (2.3)
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the leptonic tensor L is given by (neglecting the masses of the leptons),

v 1 v
L 31T (YUt
LW = 211 — Qg™ + 2141 (2.4)

and the hadronic tensor is the square of the hadron matrix element shown in Eq.(2.2)

W= S (2n)46*(Pa + Pp — 1. —1_ — Px)
X,Px
(

X (X (Px)| Ju(0) [PaPp)" (X(Px)| J,(0) | PaPg) (2.5)

Note that an average over the spins of the initial hadron states is understood. Using the

completeness relation >y p [X(Px)) (X (Px)| =1 and the translation invariance,
J;E(y) _ ei(ﬁAJrﬁB)-le(o)e—iPX-y
it is possible to rewrite W, as an expectation value of a bilocal operator® [86]:
W =S / d'y 1Y (Py Py J1(y)J,(0) | PAPg) (2.6)

It is easy to see from this expression that the hadronic tensor contains the dynamical informa-

tion of the hadron state as probed by the virtual photon. Graphically:
u v
2 1% S l
(\8\5 | Y/Z \\ /
ZX,PX | —
= // l
X X
|
In order to completely separate the lepton from the hadron degrees of freedom we can

introduce 1 = [ d*qd*(l4 +1_ — g) in the phase space of the DY cross section

d3l+ dgl_ 4 d3l
2B, rp2E. ¢ ampap’ @ 2P
4
dqdUE, Q o
8(2m)6 2
d*qdQ
R 27)

SThere are several other normalization conventions for the hadronic tensor, see for example [14], [98], [121].
The advantage here is a dimensionless tensor.
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where df) = dcos 6d¢. Equation (2.7) allows us to rewrite the DY cross section as:

do a?
_ LW, 2.8
d*qdQ 25204 (2r)* w (28)
here the fine structure constant is given in natural units a = %. Now the lepton ten-

sor is only function of ¢ and I: LM(l4,l-) — LM(l,q) and similarly for the hadron part

W, (Pa, Pp,14+,1-) — W, (Pa, Pg,q), thus the separation is complete and manifest”.

2.3 Structure functions

The Lorentz tensor Wy, (Pa, Pp,q) can be written as a sum of products of tensors and
scalar functions called structure functions. In principle we have at our disposition several
possibilities that may include combinations of the following terms g, Py PY, PP}, PY Py,
Pﬁq” , qu” and ¢*¢” but symmetry considerations enter into play 8. From the properties of

the electromagnetic current and strong interactions we have some requirements:

quWH =0 Current conservation, gauge invariance (2.9)
(WP =WwH Hermiticity — (2.10)
W (Pa, Pp,q) =W*"(Pa, Pg,q) Parity ~ (2.11)
T/VW(PA,PJE}7 q) = [WH" (Py, Pg,q)]" Time reversal (2.12)

Then, for example, hermiticity requires the symmetric part of the hadronic tensor to be real.
Since L, is symmetric we can safely assume that W#" is symmetric and real. By current con-

servation WH also is “perpendicular” to the vector ¢, this reduces the number of independent

"Note that this separation is only possible because we have used the dilepton rest frame
8Factors including v are missing since we are considering a tensor where configurations over spins have
already been summed and averaged.
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structure functions to four?. Thus, we can write in the most general way,

1a¥ P P 4%
WH (Pa, Pg,q) = — (g””—&> W1+(Pﬁ—q 4 ”) <PZ—q Aq”>—2

Q? ! @ 1)s
(1) (-0

. P . P . P . P
-[(r -t (- gt )+ (-t (i)

(2.13)

where the structure functions are now functions of the four independent scalar invariants
W; =W; (q2, S,q-Pa,q- PB). Note, that the gauge invariance and the symmetry of WH# are

explicit. The structure functions shown here are known as invariant structure functions 1°.

For reasons of theoretical convenience [86], it is useful to introduce helicity structure func-
tions. These functions are defined as the contraction of the hadronic tensor with a set of

polarization vectors defined with respect to one of the dilepton rest frames:
W)\)\/ = EKJWHVEK/V (214)

here the e’)f are the polarization vectors of the virtual photon with:

e = z¢
o= (F—@)"/V2
and they also satisfy:
quef\‘ =0
e eSgw = -1 (2.15)

where the vectors (Z, 3, 2) are the unit vectors of the respective Cartesian set in the chosen rest

frame. These vectors can be expressed in terms of the components of ¢* using the appropriate

inverse matrix of any of the following transformations: (2.1), (A.1)), (A.2), (A.3).

9When J* does not respect parity the number of independent functions rises to 9
19This definition of the invariant structure functions is by no means unique. See for example [86] and [121]

W3

S
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Let us denote the helicity structure functions following the next set of conventions [86]:

Wi, = Wopo
Wr = Wia
Wan = Wi,—1 -; W_11
Wy = 2ot Wou (2.16)
V2

Thus, as their respective name indicates, Wy is the structure function for a virtual photon
with transverse polarization, Wy, is for longitudinal polarization, W is for a single-spin flip
and Wan is for a double-spin flip.

We can rewrite the hadronic tensor W in terms of the vectors (Z,y, 2) and the helicity
structure functions:

WAV

W = — <gW i ) (Wr + Waa) — 28" Waa + 212 (W, — Wr — Waa)

— (THEY VM) WA (2.17)
From (2.17) is easy to deduce
WHY (—gW) =2Wr + Wi, (2.18)

which reflects the two transverse polarizations of the virtual photon.

Contracting (2.17) with the lepton tensor L, (I4,1_) in the dilepton c.m.s. where

= (1,sin 6 cos ¢, sin @ sin ¢, cos 0)

| Q[

— (1, —sin 6 cos ¢, — sin 0 sin ¢, — cos 6) (2.19)

we can also express the DY cross section (2.8) in terms of the helicity structure functions [86]:

do o2

diqd ~ 25202 (21)] [

W (1 + cos? 6) + Wi (1 — cos? 6) + Waa cos 2¢ sin® 6 + W sin 26 cos gb]

(2.20)
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There are several ways to extract the values of the helicity structure functions: directly from

the hadron tensor using the definitions (2.16), using the following projection operators:

W, = W’Wﬁ’uﬁy

Wwhv (_g/w) - WL
2

Wan = Wp-WHz,z,

Wr =

Wa = —WH3,4, (2.21)

or they also can be extracted from the DY cross section.

In order to compare with experimental results we will introduce the angular differential

cross section which is defined as the ratio of differential cross sections [39]:

dN do [ do\ *
=T (= 2.22
Q) — diqdQ) <d4q> (222)

which is equal to:

dN 3 W (1 + cos? «9) + Wy, (1 — cos? «9) + Wana cos 2¢sin? 6 + W sin 26 cos ¢

- = 2.23
dS) 8w 2Wr + Wy, ( )
where we have used,
do o?
— = ———= (2 2.24
diq ~ 1252273 (Wr +Wi) (2.24)
We can also rewrite the angular differential cross section as [53], [67]:
dN 1
-9 = %)\—4—3 (1 + Acos® 0 + psin 26 cos ¢ + % cos 2¢ sin? 9) (2.25)
the relation between Wrp, Wi, WA, Wa A and A, i, v can be easily obtained:
Wpr —W W, 2W,
_ Wr L A _ AA (2.26)

= — = — V= ————
Wr+wy YT Wrrwr VT Wre W
Equivalently, we can use a different parametrization [39],

dN 3 2 1 3 5 : 1 2
0 = Ton |:1+COS 0+ (5—5008 0) A0—|—2sm€cos¢9(:os¢A1+§cos2q§sm 0A| (2.27)

and the relations between Wy, Wi, Wa, Waa and Ag, A1, Ag are:

2Wp, 2Wa AW A

=~ Aj=—""" A= —— (2.28)
2Wr + Wy, 2Wer + Wy, 2Wr + W,

A
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Now the labor for the theory is to calculate W#" to obtain the helicity structure functions.
We will see in the next chapter how this is done in the parton model and how QCD corrects

this naive picture.
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CHAPTER 3. THE PARTON MODEL AND QCD CORRECTIONS

The Drell-Yan quark-antiquark annihilation picture for dilepton production rests on three
basic assumptions: On-shell massless partons, spin 1/2 partons with no polarization if the
parent hadron is unpolarized, and the coupling to the virtual photon is given by QED. We will
see in this chapter how QCD generalizes the parton model. QCD predictions for the helicity

functions to next-to-leading-order are also presented.

3.1 The parton model

3.1.1 The Drell-Yan picture

A light hadron is a bound state of several components where the ratio of the binding energy
to the mass of the constituents is about unity [90]. Because this ratio is so high, compared
with systems like the atom or the nucleus, it is not sound to suppose that the constituents
inside are quasi-free and also it is not sensible to assume a fixed number of these constituents.
As we shall see both affirmations are frame dependent. But first, let us called the constituent

particles “partons” which we will later identify as the quarks and gluons of QCD.

Following Feynman [68], [69], we will study the collision of two hadrons in the center-of-
mass frame of the colliding partons ! where both particles are moving very fast head on. But
how fast? we will assume that Ex > mpy, m, with Ey the energy of any hadron so we can
safely neglect all the masses involved. The partons inside each hadron interact with each other
and exist only in virtual states [30], [115]. Let us suppose that these virtual states have a

lifetime in the rest-frame of the hadron equal to 7 which has an effective lower bound 7y > 0,

!The following analysis will work in any generic infinite momentum frame
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so each hadron is made up of virtual states of non-zero lifetime.

Now, let us see the collision from the point of view of one of the participating partons.

This parton will see the approaching hadron experiencing Lorentz contraction and time dila-

Ey

tion. For instance, 7 is dilated to T whereas the radius rg is Lorentz contracted to ng—g
along the direction of motion. Therefore the colliding hadron will appear as a “pancake” with
a contraction along the direction of motion while the perpendicular direction is not affected,
see Fig.(3.1.a). At the moment of the collision, Fig.(3.1lb) the partons in this hadron appear
“frozen” because their self-interactions act at dilated time scales that are much longer than

the collision time.

Since the partons do not interact inside this hadron, there will be a single virtual state with
a well defined number of constituents when the collision takes place. Each parton will carry a
definite fraction &; of the hadron’s momentum in the center of mass-frame of the parton-parton
collision and each &; will satisfy 0 < & < 1 since it is unlikely that there can exist a parton
moving in opposite direction. Hence, we are assuming that the partons participating in the
hard scattering come with momentum &; P* where P* is the momentum of the parent hadron
and P2 = 0. If we also require that the parton density is not too high, the collision will essen-
tially involve only two partons. Then it makes sense to talk of the interaction of two partons
with defined momentum instead of the collision of two hadrons. After the collision Fig.(3.1.c)

anything can happen but the “final-state interactions” will not interfere with the hard collision.

Thus, it is not surprising that the DY cross section in the parton model is essentially
classical. This means that it is computed combining probabilities instead of amplitudes. We
will introduce the parton distribution function f;,z (§) as the probability to encounter a frozen
noninteracting parton of species j with momentum fraction £ inside a hadron H. In the parton
model the Drell-Yan process involves specifically the annhilation of a parton and anti-parton

pair one for each hadron.
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Figure 3.1 Schematic parton-model picture for the Drell-Yan process

We can relate the participating partons as a pair quark, antiquark that annihilate each
other. Since our job is to calculate the hadronic tensor we need only to consider the following

QED cut diagram:

which will give us the “partonic tensor” :

Hv _
Ji—v*

Tr[par"psr"]

1
1
(Pp's + Pap's — pa - pB ¢") (3.1)

Wl W=
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where lower case letters will be used to denote parton variables with

phy = &aPl

Py = &BPg (3.2)

The 1/3 factor comes from the average over initial state colors
1 N2 3 )
3= (5) Z (6i5)
ij=1
and the 1/4 comes for the average over initial spins. Therefore the hadronic tensor for the DY

process is equal to:

W (27T)4 54(]7,4 +p5—q) (3.3)

v d Lq
WflLLA-i—hB—w = SZ / SA 0 é-Bf]/A (514) f]/B (53)

where e; is the electric charge of one of the interacting quarks in units of e and the sum is over

all quark and antiquark flavors. Using (2.8) we can find the corresponding cross section:

dah hp—ltl do PRENEN A
T = / € / denfyya (€0) iy (6) 5T (3.4
with
ojijoiri _ 2 @ w 3.5
Jigd €251 Vi L O (A +PB =) (3.5)

where L, is the lepton tensor given in Eq.(2.4) and s = (pa +PB)2 = &AEBS.

In summary, we can consider the parton model as a generalization of the impulse approxi-
mation [30], [90]. This approximation rests upon two physical assumptions: Lorenz contraction
and time dilation of internal states. The time dilation is responsible for the incoherence in the
cross section, since the initial-state interactions between partons happen too early to interfere
with the hard collision and final-state interactions between the fragments occur too late. An
important consequence of incoherence is the universality of parton distributions, since they
describe processes that depend on the hadron and are independent of the hard scattering so
they are the same for all inclusive hard processes [116]. The Lorentz contraction is fundamental

for the universality of the parton distribution functions, since otherwise partons from different
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hadrons would overlap finite times before the hard process, 2 altering the distributions [46].
Notice also that there is no interference between different flavors or different fractions & of the

momentum.

3.1.2 Drell-Yan predictions

Our work now is to produce expressions for the helicity functions defined in Eq.(2.16).

The easiest way is to find the DY cross section in the parton model. This is done contracting

wh

]j—w*LW in the dilepton c.m.s. The corresponding components of the lepton tensor have

already been defined in the last chapter. We need then, to provide the components of wH”.
The components of the beam and target momentum are:
S S
- (o)

(z003)

PB = 50)05

e o 3.6
in the hadron c.m.s, this immediately forces the delta function in Eq.(3.5) to become 6*(pa +
pe —q) = 6% + % — Qo)d(py + % — Q.)82(Q7), so we will assume in this section that the

transverse momentum of the emitted photon is zero. Consequently, using the transformation

(2.1), when Q7 = 0, we can find the components of these two vectors in the dilepton c.m.s. :

Py = ?%(1,0,0,1)

After some algebra the result is:

- 2
dojijini- _ » @

diqd 91202

(14 cos”0) 5(p% + ph — Qo)d(Pi + Pk — Q=)6*(Qr) (3.8)
where we have used the definition of the invariant mass of the photon:

Q*=Qf - QF — Q7 (3.9)

2This is a type of initial-state interaction.




24

For reasons that will become apparent soon, we need to introduce the rapidity y of the

virtual photon:

1 QO + Qz)
=—In{=—"—2 3.10
Y 2 <Q0 - Qz ( )
Thus the delta function and the phase space volume transform:
1 o
dq = §dQ2dyd2QT (3.11)
2
5% + 1 — Qo)o(h + 5 —Q2) = 064 —2A)0(Ep — 25) (3.12)
with
A = %ey
S
rp = %e_y (3.13)
so we obtain,
0jjori oo (14 cos?0) 8(6a — x4)8(E5 — 23)0%(Qr) (3.14)
dQ?dydGra 7 125Q AT AT TR '

and the corresponding DY cross section is equal to:

2

e o o o\ 2R )

540 1 0)o 'fi ; 3.15
dQ2dyd2QrdQ  125Q2 (1 + cos®0) 6°(Qr) Zj: €jfija(xa) fi/p (xB) (3.15)
Let us pause for a second to analyze the result just obtained. We can see that the cross section

(3.15) has a remarkable consequence. Integrating we find,

do - 4ma? Q? ! ! @
Qt Ehaths It > e | déa | desfija(a) fip (E) 6 <§AfB - _)
dQQ 9 S r J /0 /0 ! ’ S

which explicitly shows that

4 do _ Q2

This phenomenon is known as scaling. It means that the cross section and the structure func-
tions of Table are independent of the momentum transfer () to a certain extent. It is as if
for the DY process the Q dependence is totally defined by the annihilation of the quark and

anti-quark pair. This amazing result was one of the early successes of the DY model [60].
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The cross section (3.16) also constitutes a complete prediction, including normalization,
since the parton distribution functions are the same ones extracted from DIS. If the DY pic-
ture is correct, the transverse momentum of the lepton pair should be small, about 300 to 500
MeV and in the rest frame of the lepton pair the angular distribution with respect to the beam

axis is 1 + cos? 0.

We can extract from Eq.(3.15) the structure functions. Instead, we will use the projection
operators defined in Eq.(2.21). Combining equations (3.1) and (3.3) we find that hadronic

tensor is equal to

4
W e = oS ) iy o) (PRPE + PAPE— 5 ¢ ) 8 (Gr) (31)
ha+hp—vy* 3 _“ili/A A)Jj/B\*B A'B AYBT 59 T .
J

From this, it is easy to obtain for any lepton c.m.s 3:

4 -
W (—guw) = @Sze?fj/A () fi/p (xB) 07 (QT> (3.18)
J
T ZZ S _ (27T)4 2r. 3 2(19
w Tyly = 3 S Zejf]/A (‘TA) f]/B (:CB) g (QT) (320)
J
W‘uyéufﬁy - 0 (3.21)

so the values for the helicity structure functions are:

Wi, = 0

)4 o
wr = @kg Y€ fia(xa) f5/8 (xB) 0*(Qr)
Wan = 0
Wa = 0

Table 3.1 Parton model predictions for structure
functions

One example of the behavior of W can be observed in Figl3.2] together with the corre-

sponding cross section for pp collision with a v/S = 800 GeV/c in the lab frame. See Fig/3.3|
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Figure 3.2 Wr vs @, LO prediction

do/dQ?%dy (nb/GeVv?)

100 pp, /S= 800 GeV/c, y=0

10
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0.001

10 20 30 40 50

Figure 3.3 % vs @@, LO prediction

From Eq.(2.26) we can express the above relations in terms of A, u, v:

=
I
o O =

Table 3.2 Parton model predictions for A, i and v

We have also the interesting relations Wy, = 0 and Wy # 0. We can understand this results
as consequence of helicity conservation in QED 4. A virtual photon with total spin 1 can only

couple in a process where the quark-antiquark pair have equal helicities. Thus the photon can

3Remember that when @T = 0, they are all equal.
“Helicity conservation is exact only for massless particles or in the high energy limit
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only couple to the following two combinations®:

qLqr qRrRIL

Let us take the second one. As it is shown in the Figure (3.4 the z-component of the spin of gg
is parallel to the direction of motion and the opposite is true for ¢z, the total helicity is 1. The
emitted photon can only have the same helicity which means that it has circular polarization
along the z’-axis or that is transversely polarized. Note that for the validity of this argument

is fundamental that the quarks have spin 1/2.

QR a ;
— -— 2 2
Sz= +1/2 +1/2
H= +1/2 +172

Figure 3.4 Helicity conservation in the Drell-Yan process

The parton relations of Table 3.1l imply that the helicity structure functions are not all
independent as we assumed when we deduced the general structure Eq.(2.17) of the hadronic

tensor. In order to find the explicit dependence let us write the most general form for the

hadronic tensor in the dilepton c.m.sS:
q"q”
WH = — (g”” RoE ) G1 + 3H3"Gy + M2V Gy + (2H2Y + 3V 2H) Gy (3.22)

and compare it with the hadronic tensor (3.3):

QQ

5The value of the helicity for an antiparticle is the opposite of the corresponding value for a particle

5To make easier the comparison with previous literature we remark that the G; used here is equal to the
invariant structure function Wi defined in Eq. (2.13) and it is also equal to the invariant function of the same
name used in [86], [87], [88] and [25]. This function can be easily extracted because is the coefficient of —g""”
in the hadronic tensor.

o v qﬂql’ N
WH = — [ ¢ — Wrp — Z2F2YWrp (3.23)
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thus

Gy =Wr (3.24)

and

2G1 = W (—gw) (3.25)

here we have used Eq. and Table[3.2.
From the general relation (3.22) and assuming (3.25) we can obtain the following equations

among them the Lam-Tung relation:
2G1 =3G1 + G2 + G (3.26)
and then, deduce an explicit relation among the G’s
0=G1+Ga+G3 (3.27)
Using Eq.(3.22) and Eq.(2.21) we get
Wi, = Gi1+Gs3
—2Wan = G2

Eq. together with the above results allow us to find an equivalent relation in terms of
the helicity structure functions,

Wi, = 2Wan (3.28)

At the parton level this result is trivial since we have that both functions are equal to zero.
The importance will be seen once we move to next-to-leading order predictions. Equations
(3.25) and also are known as the Lam-Tung relation [86] and are the analogues of the
Callan-Gross relation in DIS [86]. The Lam-Tung relation is independent of the lepton c.m.s
chosen and depends fundamentally on Eq.(3.25).

The Lam-Tung result can also be described in terms of the A, u, v, defined in Eq.(2.26):
1-A—2v=0 (3.29)
or in terms of the A’s described in the last chapter, equations (2.27) and (2.28):

Ay = Ay (3.30)
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The Lam-Tung relation just expresses the fact that at high energies the dominant cross
section is for the production of a virtual photon with transverse polarization. This is a direct

consequence of collinear partons with spin 1/2 .

3.1.3 The parton model in quantum field theory

We want now to give a field theoretical explanation of the parton model. Thus we need to

start with the Feynman diagram,

and the corresponding amplitude:
1 - . G
M = ?ﬂ(m) (iv") A? (Pa, X) v (pp) (im) AT (Pp, X')

where,

AL (Pa, X) = (X[9a(0) | Pa)

AL (Pp, X") = (X'|9p(0) | Pg)
with 1, (2) and v, (z) the quark and antiquark fields (we are suppressing any other labels
necessary to specify the state of the interacting hadrons). A? and A7 can be considered as
the amplitudes to produce a virtual quark or antiquark in the transitions | P4) — | X) or

| P) — | X’). In the above Feynman diagram we are going to make the following two

assumptions:
1. The interaction is given by the Born approximation.
2. The soft matrix elements |A|2 fall off rapidly for p; off of the mass shell and for p;

non-collinear with the parent hadron momentum F;, i.e the soft matrix elements only

important when p? ~ 0 and p;'P, ; ~ 0



30

The first assumption means that diagrams like,

are not the dominant contributions to W in the limit Q% — oo, S — oo with Q?/S fixed.

We need now to introduce light-cone coordinates. They can be seen as a change of coordi-

nates from the usual (0, 1,2,3) or (¢, z,y, z) [49]. Given an arbitrary vector V#, we define

Vo4 Ve
vt = ———— 3.31
7 (3.31)

VO—V3
Ve = ———— 3.32
7 (3.32)
vl = Vo=V, V) (3.33)

with” V2 =2V -V+ — (VT)2. Thus we can write V# = (V,V~,VT). We will introduce also

some “unit” vectors along the plus, minus and transverse directions:

nt = (1,0,07)
n-. = (0, 1,0T)
nT = (0,0, T) (3.34)
it is easy to see that,
ntont=n"n"=nT-nT=n"-nT =0 (3.35)

"In general A- B=ATB~ + A-BT — AT . BT
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and
nT =1 (3.36)

Notice that the mathematical value of each Feynman diagram is dependent upon the par-
ticular gauge being used. With this in mind we will use the light-cone gauge® [51], [112] A* =0
which can also be written in covariant way n, A#(x) = 0. It turns out that in the family of
physical gauges, diagrams like the one above are not important [91]. So we can affirm safely

that the hadron tensor is given at Born level by the diagram

that corresponds to the annihilation of a quark j from hadron A and antiquark j from hadron
B plus a similar diagram with the antiquark coming from A and a quark from B. So the

hadronic tensor is at lowest order in ag:

Z d*pa

1% v 2

=5 , ej/(Zw)4
J

d4

(3.37)

8Tt is also possible to use other physical gauges. For example we can change n~ to # = (1/\/57 1//2, OT)
with 722 = —1 [111], [42].
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The sum in WH* is over all quark flavors and we have averaged over quark colors. Here, we

need to define the quark and antiquark correlation matrices ? [109],[115]:

Ba(Paipaloy = [ dlye ™0 (Pa i () )] Pa) (3.38)
By (Paivmlog = [ d'ye 0 (Po [0 )0 0)| Pa) (3.39)

where () and i(j ) are respectively the unrenormalized quark and antiquark field operators

of flavor j.

Let us check the consequences of assumption 2. We have

%
o

p?=2ptp — (p7)’

PP, =P p +Ppt—PT.pl =~ 0

In terms of the light-cone coordinates the beam momentum is:

Py = (\/5,0,071) (3.40)
Pp = <0, \/g, OT> (3.41)

pa-Pa=Plp,

and the target momentum:

thus

%
o

%
o

pp - P = Pgph

it is easy to see that p£ ~ 0, pg ~ 0, p, ~ 0 and pg, ~ 0. Therefore, ®;,4 will fall off very
quickly when pz and p get large and in the same way ®;,p will not contribute when pg and
pg are large. We will ignore the quark transverse motion and only the collinear configuration
will be considered. Setting

ph = aP} (3.42)
and

pp =£&8Pp (3.43)

9 Averages over color and spin are understood in this definition.
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the delta function now is:

Spatps—aq) = (i +ph—QNi(p, +ps— Q)5 (Qr)
= 8} —€aP})3(py — E5P5)8%(Qr)
1 ph 1 P =
= —5< - —A>] {—_5 <§B - —liﬂ 5*(Qr)
[PX Pi)1 Py Pg
where ¢ = €& APX + &g Py . Using the above result and

d*ps = Pldéadpdp"

d'pp = Pgdépdptdp”
we can write the hadronic tensor (3.37) as:
WH = 552(@T)(2ﬂ)2 Z e? Tr [(fj/A) o (~7:3/B> ’YV] (3.44)
J

where we have defined,

_ dp’y dp, P
(fj/A)aﬁ - / (27_(_342 2—7_;_4de 5 (514 - P—E:’— (q)]/A)aﬁ

(Fin)os = [ o ten s (65 - 22) (93)

Note that

Findas = [deas (e1=F2) [ (palf 0 om0 )

(3.45)

and

() = [ 32) fr s Grioanitol)

(3.46)

We want now to parametrize (.7-"] / A) and (.7-"3 / B) . Since they are 4 x4 matrices we can use a gen-
eral decomposition in a basis of Dirac matrices. For example we can use {IL, A T AP 'y5'y“}

to write

1
(Fira)op = 5 {7+ V" + " + P9 + To }
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where the factor 1/2 is introduced for later convenience. The quantities .7, %}, o, &, T,
are only functions of the vectors P and p/;. Borrowing from DIS the fact that the partonic
part is always odd in gamma matrices, if we neglect the quark mass, we conclude that only
{'y“, 'y5'y“} can contribute. For spin averaged process v°y* is not present so we are left with
. So (.7-"]-/14)(1[3 is equal to:

(Fja) s = %% (V)3 (3.47)
where ¥ is given by:

yH=Tr E (Fj/a) 'y“} (3.48)

Inserting this identity in (3.45) we obtain:

et fasas (=30 [ e (0 —a =ongtiof )

(3.49)
Now #* can only be function of the vector P} and p’y thus
V1 (Pa,€a) = Vi/a (Pa,§a) Py + O(n) (3.50)
with
Vhn,
Vija= (3.51)
A

where n, is the unit vector along the minus direction defined above and the corrections de-

pending on this vector are power suppressed. So, we have:

S = gme [[d6as (64— B2 [arr i (a0 = 0,570 =0 00| o)

2P P
(3.52)

and finally putting all together

Fia=
1 pjg / . Pa
déA S _ra du~ e~ P2y { Py | U -0 0D (0| P 4
2P+/5A <§A PX> Yy e <A‘¢( oyt )’Y¢()‘A> 5
(3.53)

here P4 = Plv,.
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We can pause for a second to compare equations (3.45) and (3.53). In the last one we have

separated the spinor and Lorentz indices which are now concealed in P4/2 and we are left with

a scalar function that contains all the pertinent information.

Substituting (3.53) into (3.44) we find:

WH = S §2(Qr)(2m) Ze (—) Tr[Pay"Pp"]

1 +

x déAcs(gA——)/dy e (Pa[$9(0,57,00)y 0 (0)| Pa )

2Pj{ P

1 P it
x dép 6 (¢5 — 2B /d+ Y <P T
2PB ¢B (B P‘) y'e B |Tr

{0,008 )} Ps)

(3.54)
which can be rewritten as
W =S (Qr)@2m)t ) e
J
X /d§A5 (EaPy —ph) fia(€a)
X /d535 (¢8Pz —p3) f3/8 (€B)
1
< T ian"ver’] (3.55)
where we have defined after comparing with [42], [51]:
e = g [ e (R 500,y 00y w0 0)] Pa) (3.56)
/A 47r A+=0 '

Buen) = o [t et (B |1 {5 000,005} Pa) - (357)

The reader should not get confused for the apparent differences between the definitions (3.56)
and (3.57). As it is denoted, they are defined in different gauges and they need to be renor-
malized. To obtain a gauge invariant definition we follow the standard procedure to introduce

a Wilson line between the quark and antiquark fields [51], [102], [112]:

1 . _ . .
Py tea) = 3= [ dy e (P [50(0,57,0n)y 0 (0)| Pa)
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where
y—
Op = Pexp <igo/ dz_Aar’a (O, z, OT) ta)
0
Here P denotes a path-ordered product, while the ¢, are the generators for the 3 represen-

tation of SU(3). There is also an implied sum over the color index a.

To see why we need renormalization we can for example rewrite (3.56),

(Pa [9(0)7" |Py) (Px| 4(0)] Pa) (3.58)

DO =

Fa(€a)=> 0 (Pi(1—¢a) - Py)
N

so it is clear that these matrix elements are UV divergent since they contain outgoing states
| Pnv) with unbounded transverse and minus momenta [51], [112], [115]. The presence of UV
divergences does not allow us to interpret the above distributions as number densities [112].
The renormalization can be done by ordinary UV renormalization of the field operators [51],

for example the MS [42], MS [46], [112] or DIS [30] schemes can be used. So we finally arrive

to:
fyaGnr) = 4= [y eV (P30 0,57 0r 0RO ) Pa)  (3.59)
fiaCnr) = o [y e (Ra|Tr {700,400 )} Pa)  (3.60)
here

y—
O = 7Pexp <zg/ dz_A(;F (O, z_,OT) ta)
0

A

y—
O = Pexp (—ig/ dz" A} (O,Z*,OT) tf)
0

Note that with the renormalization a scale pp is introduced. The evolution of the parton

distributions with the scale pp is given by the DGLAP equations [42], [112] :

d 14
M%‘Mf]/A (-T,,UfF) = /z ggpj/k (g,as(,u,p')) fj/A (&NF) (361)

with P; /. the Altarelli-Parisi kernel expanded in ag to a suitable order and k runs over quark

and antiquark flavors and the gluon.
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The definitions (3.59) and (3.60) are related by charge conjugation. We can take Eq. (3.59)

as antiquark distribution if we define [115]
A Hpl) = ) ) = @) (3.62)

For completeness we include here the definition of the gluon distribution [42], [112] :

1
2mEPA

fyal€nr) = g [ A S (PAF 0,07 00)0E O Pa), (369

where
y—
Ou = Pexp <zg/ dz" A (O, z, OT) tc)
0

Here t. are the generators of the 8 dimensional representation of SU(3).

3.2 QCD Picture

Quantum Chromodynamics (QCD) is the non-Abelian gauge field theory that describes
the strong interaction. In order to understand how QCD generalizes the parton model and
modifies the naive DY picture previously described we will make a short detour in order to

give a part of the historical background.

By the end of the 1960’s and beginning of the 1970’s several experimental facts were present
that made the theoretical picture confusing. From the 1950’s until today we have a continu-
ously increasing set of particles, hadrons, [61] that behave in ways that are reminiscent of the
proton and neutron so very early it was postulated that all of them were composed by “smaller”
more fundamental entities , called quarks, but despite intensive searches free quarks were not
seen. So they became a useful mathematical fiction [124]. But after the DIS experiments of
1969 [18], the discovery of asymptotic freedom [74], [75] and the DY experiments at BNL [34]
their physical reality was accepted and they are now among the fundamental constituents of
matter [61]. Quarks exhibit remarkable properties: their electric charges are fractions (% or %)

of the charge of the electron, they only appear in sets of two or three and when we want to

break them apart it is easier to obtain again sets of two or three than to isolate one. So they
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interact quite strongly.

The attentive reader should be asking now: how is that possible? The parton model pic-
ture described just two sections ago, shows hadrons as bags of quarks behaving as almost free

point-like particles and now we cannot take them apart.

To solve this apparent paradox we will follow the ideas of David Gross [76]. In 1968 Callan
and Gross [31] discovered, using current algebras, an interesting sum rule for the structure
functions F; and F5 of DIS:

2z Fy (z) = Fy(x) (3.64)

where z is the Bjorken variable. It was precisely Bjorken whom in fall of the same year noted
that this sum rule together with dimensional analysis would suggest scaling in DIS [76]. This
scaling is of the same type described in Eq.(3.16) and was observed for first time at the DIS

experiment at SLAC of 1969 [18]. Relation (3.64) also implies [32]:

9L g (3.65)
ar

when Q2 — co and where o, (o) is the cross section for the scattering of longitudinal (trans-
verse) polarized photons. This equation made possible to determine the spin of the constituents
of the nucleons, since o7, = 0 is the case for particles of spin 1/2, while at the same time o7 = 0
is the case for scalar particles. As has already been said before this is equivalent to Eq.(3.28)

in the DY process.

By 1969 Gross was convinced that [76]

“..in a field-theoretic context only a free, noninteracting theory could produce exact

scaling”

So, he set to prove that no gauge theory could have such behavior. In modern terms his

research plan was to prove that there was no gauge theory with asymptotic freedom, of course



39

he proved himself wrong, but his instinct about the importance of scaling was the crucial

insight.

3.2.1 Asymptotic Freedom

The explanation of scaling is the essential characteristic of QCD and paved the way to make
this theory “the theory” of strong interactions. Asymptotic freedom is the term to describe
the decrease of ag, the “strong coupling constant,” at short distances and its increase toward
longer distances and times. Asymptotic freedom elucidates how the quarks can behave almost-
freely, a requirement from scaling, and its flip side that the coupling increases with distance,
a phenomenon known as confinement . Analytically, we can prove asymptotic freedom by
calculating the dependence of the coupling constant from the renormalization scale p [74], [75],

[103]. This is done solving the renormalization group equation !:

M%QS—(H) = —bo (@)2 — B (MY — O(a)

s ™

This derivative can be calculated pertubatively in QCD. The fist two coefficients are known

[30], [48):
33 —2ny
Bo 1
306 — 38n
R

where n; is the number of quark flavors. To find an approximate solution we can set all 3;,

with ¢ > 1, equal to zero to obtain:

M@ o

™

d as(p) (a(u))2
and solving for ag(u) we find
as(po)

1+ as(uo)% In (Z—g)

as(w) (3.66)

Here we have used as(u)|,, = as(uo) as boundary condition. We can choose, for instance,

as (po = Mz) ~ 0.112 with Mz ~ 91GeV. It is easy to see how the sign of 3y defines the

9Confinement remains to be analytically proved, see the million dollar price at [36]
"This particular example is performed in the MS scheme
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behavior of the coupling constant. Since Fy > 0 in QCD, we have ag(p — oo) — 0. With
asymptotic freedom the strong interaction at high energies becomes “weak” and so pertur-
bative methods are useful. Thus, asymptotic freedom can be applied to observables that are

dominated by the short-distance, high energy behavior of QCD.

Asymptotic freedom can be interpreted as the antiscreening or strengthening of applied
magnetic fields in paramagnetic materials (those materials whose magnetic moments align
with an applied field). This behavior is a consequence of the self-coupling of the gluons and
produces the 33/12 term in (3, while the quarks produce the competing effect of screening;
thus the —2n;/12 is analogous to screening in diamagnetic materials (those whose internal

magnetic field opposed the applied field) [118].

3.2.2 The choice of scale

12The 1 present in the previous section is an arbitrary scale introduced during renormal-
ization and determines the strength of the interaction. In principle, it can have any finite
value. In standard perturbative QCD, pQCD, we can expand, for example, a cross section in
the following way!3:

Q? QF p? m? R Q? Q@ p? m?\ (as(w)\"
U(M27Q?7M27M27a5(:u') _ZCn /.L2’Q127/-L2’M2 = (367)

n=1

where Q7 and Q? are large external momenta which define the energy exchange of the process,
p? represents the small external invariants, like small masses of observed external particles,
m? is the mass scale of the colliding partons: quarks and gluons and y is the renormalization
scale or factorization scale. We will neglect the small mass scales p? and m? to fix the value
of ag, since we want it as small as we can. Very often the coefficient functions C,, depend
logarithmically on the ratios of all the mass scales shown in Eq.(3.67)); then, if we select a value

w very different from the large scales ); we will have large logarithms and as consequence we

2 This section and the next one follow closely [105]
13 Any physical observable is independent of the renormalization scale
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can spoil the perturbative expansion. Choosing 2 ~ sz we encounter:

but
2 2
b my

here we have assumed that the quark masses and the hadron masses are small compared with
the large scale of the process. Logarithms of the above quantities are quite large and thus
terms like as (1 ~ Q;) x In (m?/Q?) are not small making the expansion unusable. The sensi-
tivity to the masses of the partons is known as infrared sensitivity. Any observable with such

dependence cannot be reliably calculated in pQCD.

The smart reader should be arguing now that the quarks and gluons are not observed in the
detectors so the dependence maybe is just for the masses of the hadrons if they are observed.
Generally, such masses are small compared with the large exchange scale masses of the process.
So, we are back to the same problem. We can conclude that pQCD can be used for observables
which are not sensitive to the masses of the partons or hadrons involved. Such physical quan-

tities are known as infrared safe, IR safe. For this type of quantities we can safely select u =~ Q.

Quantitatively, infrared safe observables have the following behavior [115]:

lim F (Q_Qﬁ m(’;)2,a5(u)> =f (3—5,@5(”)) +0 ((f—j)UL) a>0

poo \ 27’

which means that F' should approach a limit as % — 0 with % fixed with corrections that van-

ish as a positive power of % The above equation just tells us that the larger the momentum

scale in the process, the smaller ag is and the better the perturbative expansion will be.

Going back to the cross section (3.67 ), we can write for pu ~ Q

o <%§7Xijva5(ﬂ)> =0 (1, xi5, as(p)) = nf:lC” (1, xi5:) (O‘S_“)>n
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Since the x;; are of order 1, we can conclude that pQCD works well when we have a single big
scale or several scales of the same size. If we want to find the cross section for the DY process
at given Q7 two or more physical scales of different sizes are present!?, thus Xij & 8—; which
generates large logarithms in the coefficient functions. In consequence, pQCD does not work
well in this or similar cases and it is necessary, in order to obtain sensible results, to resum

these large logarithms to all orders in ag.

The DY process and other collisions like DIS are not fully IR safe. This can also be seen
from the observation that cross sections involving hadrons in the initial state should be sen-
sitive to the mass scale of the hadrons involved. The solution here is to “separate” the short
distance physics from the long distance, long-time scales included in the collision. Factoriza-
tion theorems are precisely the recipes to perform such separation in pQCD. The long-distance
physics is factorized in non-perturbative, well defined and universal functions that can be mea-

sured in some experiments and used in others.

We can conclude this section reviewing what quantities can be calculated in pQCD:
e Infrared safe cross sections, like o*°*® (e*e™ — hadrons) and jet cross sections.

e Factorizable cross sections like DIS and DY where the IR-dependence can be factorized
in universal functions:
2

(Observable)[QQ] = (IRsqfe) [3—2} ® (I Rsensitive) [/ﬁ;]
F

Universal

e (Q%-dependence of factorizable cross sections. Despite the fact that pQCD cannot cal-
culate the absolute value of the factorizable cross sections, the Q?-dependence is within
what is possible in pQCD because the dependence is defined by what happens around

the big scale Q2. We can calculate the Q%-evolution because renormalization-group in-

4The bulk of the data for observed transverse momentum Qr is for the region with Q% < Q? where Q? is
the invariant mass of the dilepton.
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variants, F', obey the equation

with I' an anomalous dimension.

3.2.3 Infrared safety for processes with initial hadrons

As we will see in the next section, the cross section for hadron-hadron collisions can be

written as:
do(I') = ZZ/de/déBfa/A (€as1r) fo/8 (€8, 11F)
n=2 a,b
< [an [dan [dp [dars... [y, [dor,
de™
| O N
091dQ71d520Qrs -~ dgdQry " 12 Fn)
where y,, and Q7, are the rapidity and transverse momentum of the n'* particle, T, (K kYo kR

are constraint functions invariant under the interchange of the n-particles and ki, are the parti-
cle momenta. Different constraint functions correspond to different observables. For an IR-safe

quantity we need [84] (1):

Tor (B KR, (1= )RS KR) =T, (R kS k)

n’'n

with 0 < A < 1. This equation means that the constraint functions do not distinguish between
states in which one set of collinear particles is substituted for another set with the same total
momentum or when zero momentum particles are absorbed or emitted [116]. (2) we also need

[105]:
Tpiy (KRS, KB OAPE) = Doy (KESKE, ... K APL)

b e e (%)

= DT, (k' Ky, ... k)

where once again 0 < A < 1. This condition just requires the observable to be blind to the
details in the regions parallel to either P4 or Pp. (3) An IR-safe observable also demands we

remove any dependence from the region parallel to both hadrons [105]:

do = do — initial state collinear counter-terms
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3.2.4 Factorization theorem for Drell-Yan

The field theory realization of the parton model is the factorization of long-distance from

short-distance. As we have already hinted factorization theorems require [30], [46]:

1. All Lorentz invariants defining the process are large and comparable except for particle

masses,
2. One counts all final states that include the specified outgoing particles or jets

The first condition means in the case of DY that S the square of the total center-of-
mass energy and ¢ the momentum of the virtual photon v* are large with Q?/S fixed. The
transverse momentum Qr of v* is either of order @) or is integrated over. The second condition
means that we will consider the Drell-Yan process as hadrong + hadrong — v* + X where

9

X denotes “anything else.” For the situation of large measured Qp the theorem says [3], [4],

[30],44], [62], [92], [93], [97] -

Factorization Theorem. The sum of all diagrammatic contributions to the cross section is

a direct generalization of the parton model result (3.15) and is equal to

011 41 dea [V de
d;l;d;_ZQQ—»;;Q = 125Q2 Z /xA A - nga/A (§A7 nF, aS( )) fb/B (va HE, OCS(M))
X T <QT,Q,9,¢, e ff— “F,as(m) (3.68)

where the a,b sum is over all partons: quarks, antiquarks and gluons.

The hard scattering function

b <QT,Q,9,¢, ?* Z—B Q— “g“ ,as(m)

is ultraviolet dominated and so computable in perturbation theory. It depends on the partons
a, b, on the virtual photon v* and on the renormalization and factorization scales. But notice
that is independent of the long-distance physics, so it is independent of the physics of the

hadrons A and B. In contrast, the parton distributions

fa/A (SA’HF’M)’ fb/B (SBaHF),Uf)
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are IR dominated and are determined by the particular hadron involved in the collision. They
also depend on pp. Since the parton distributions are independent of the particular hard
scattering, they are universal and on this fact relies in great part the predicting power of this

formalism.

Graphically we can illustrate the factorization theorem [30],

Compared with the formula from the parton model (3.15), we have now dependence from two
mass scales: p the renormalization scale and g the factorization scale. The renormalization
scale appears in any perturbative calculation, but the factorization scale is proper of observ-
ables where factorization is applied. upr defines the separation between the short-distance
physics from the long-distance effects. Informally speaking, when calculating a diagram and
integrating over k7, the parton transverse momentum, one counts a contribution from k:% < ,u%
as part of f (&, ), and from k% > u2% as contribution to Ty,. The factorization scale appears
in a way that is similar to the renormalization scale'®. In actual calculations the separation is
done in dimensional regularization, so things are more subtle that dividing an integral in two

parts [113].

15See discussion before Eq. and Eq.(3.60)



46

In calculations is often used p = pp and for DY is commonly chosen p = pp = @, selection
that we will follow here, but this is not the only possibility and as with the renormalization

scale, any physical observable should be independent of the particular choice of up.

We would like to finish this section quoting George Sterman [118] and his insightful expla-

nation about the factorization theorem,

“...In the parton model, fq/4 (z) denotes the density of partons a with momen-
tum fraction x, a distribution that is assumed to be quantum-mechanically inde-
pendent of the hard scattering at momentum transfer QQ, and hence may be treated
as an independent probability. In QCD, f,/a (z, ) represents the same density,
but only of partons with transverse momentum Qr < pp. It is only these partons
whose production may be considered incoherent with the hard scattering.

If there were a mazimum transverse momentum Qrmaz for partons in the nucleon,
faya (€A QTmaz) would freeze for > Qr, and the theory would revert to the par-
ton model above that scale. This is never the case, however, in a renormalizable
field theory, and scale breaking measures the change in the density as the mazimum
transverse momentum increases. Of course, the structure functions and cross sec-
tions that we compute still depend on our choice of p through uncomputed higher

orders in T and evolution. ”

3.3 QCD corrections to Drell-Yan

In order to calculate the next-to-leading order contributions to DY we need to find the
O (ag) coefficient of the function T, defined in the Factorization Theorem. So let us first
assume that'6 Agep < @ = Qr and consider, following the procedure outlined in Appendix
B\ the next set of diagrams:

Lowest order contribution,

8The inequality guarantees that pQCD can be used and the equality makes possible the use of the Factor-
ization Theorem.
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gluon “radiation”,

7 *ﬁm . e AVAVAV
@>WW ) NN — 00"

and contributions from the gluon content of the hadrons,

T

We are going to divide the terms from gluon radiation in two parts: wvirtual corrections and
real emission subprocess. We will leave the virtual corrections for the next chapter since they
only contribute when Q7 = 0. Thus the hadronic tensor for nonzero finite measured transverse

momentum is given by:

v v(R v v

Witto = Wi ™ + Wiy + Wy (3.69)

where

v Ydga [V dép v
Wi :SZ/ T ) g oA (Eas 1) f(y/B (883 1) w(y (3.70)
i B
with
U}HV — / dgk huu(2ﬂ_)464(pA +pp—q— kj) (3 71)
0 2E,(2m)3 0 .

Here k is the momentum of the unobserved particle: a gluon in the case of the real emission

subprocess and a quark for the Compton subprocess. h?‘ )” is defined as the appropriate partonic

tensor in four dimensions. The empty parenthesis in equations (3.70) and (3.71) can be filled
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with the appropriate partonic labels: jj, gj or j¢g. The phase space can be rewritten

A3k
/ W(2w)454(p,4 +pp—q—k) = 27T/d4k:54(p,4 +p—q-— k‘)é(k:Q)

= 27 [(pA +pp —q)°

and with the help of the parton Mandelstam variables

s = (p+pa)’ (3.72)
t = (pp—a)’ (3.73)
u = (pa—q)’ (3.74)
we get
216 (s +t +u— Q%) (3.75)

Now, we can express the momentum ¢ in terms of the rapidity y, Eq.(3.10), the invariant

mass Q2 and the transverse momentum QQT;

which allows us to rewrite s, ¢ and u:

_ @
s = Py (3.77)
_ 2 2 1 Q%
t= Qe (3.78)
_ 2 2 1 Q%
w= Q@-Q 1+ 5 (3.79)
with
o
€a
iy = B (3.80)
B

where, £ 4 and xp were defined in Eq.(3.13]).

The delta function (3.75) can also be reparametrized

2 2 2
%”5 @_mMH% §B—x31/1+Q—€ —xAxB% (3.81)
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and here we have also used

s = €afpS (3.82)
2
vary — % (3.83)
For the real emission subprocess ¢g the parton tensor h“ is, Eq.(B.7), [ [108]:
2 2
P = S {—4Q? (s + o) — [(Q2 =)+ (@ = )] 9
+ 2(Q* 1) (pa” +phd") +2(Q% — ) (pAq +pad")} (3.84)

with 4/9 is the “color factor”, e, is the electric charge of the participating quark (or antiquark)

in units of e and g¢ is the strong scale factor. For the Compton subprocess qg we find in

Eq.(B.10), [87], [108]:
1e?g?
Mg =c=—{  SQ°pw +4Q%pls +4Q (Wavh + i)
@ =)+ (@~ ) ¢ —2(@ + 1+ 2s) (e + a"nt)
2(Q% +s) (Phd” + ¢"p) +4sq'q” } (3.85)

and for the exchanged process gq Eq.(B.11):

139
hol = s 8Q°Pgpi +4Q7ip +4Q” (Pirs + Pirh)
b (@9 + (@ -1 9 - 2(Q +u25) (he” + 5h)
2(Q% +s) (Pha” + d"Ph) +4sq"q” } (3.86)

Putting all the previous results together we can conclude with the prediction of pQCD to

next-to-leading-order for the hadronic tensor

1 2 2
/w = 2772/ de zBdgiB (SAxA1,1+g€ ¢ —xp 1+Q—€ —xA:Cng
h

X f(yra (€aim) foy/m (€85 1) A (3.87)

with the sum over all quark and antiquark flavors.
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3.4 QCD predictions for Drell-Yan

After a long detour we are finally able to give the NLO predictions of pQCD for the
structure functions. It is worth to notice that these functions are frame dependent. This is
built in the definitions for the projection operators given in Eq.(2.21), since the vectors & and 2
are particular of the basis chosen in the lepton c.m.s. As it was said before, we will be working
in the Collins-Soper frame, see Section [2.1. In this system we have for Z and Z in terms of

quantities measured in the hadron c.m.s.:

Qr

sinhy Xo3 coshy 0
2
0 Ji+% 0
ZH = (3.88) zt = (3.89) gt = (3.90)
0 0 1
coshy % sinhy 0

With these vectors we can evaluate the necessary inner products

Y& | Y&

Z-pa = —5 Eae™Y Z-pp = -5 Ep e
Q Q
= —— 3.91 = — 3.93
51 (3.91) 52p (3.93)

. VS Qr

T-pa = 7651467?’ T-pp = 765363’
_ Qr _ Qr
= o (3.92) = o= (3.94)

where we have used equations (3.6), (3.13), (3.42), (3.43) and (3.80). Remember also that by

construction (regardless of the chosen dilepton c.m.s)

g-¢q = 0 (3.95)
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We are now ready to evaluate the projection operators. First, we can start with the real
emission contributions. In order to make the notation manageable we will omit from the real

structure functions the following overall factor!”

d Ld
= Z / = ;B Fia(€a; )fj/B (€83 1)

/ 2 / 2
X0 || éa—xa 1+?22 ég— B gg —.TACCng (3.96)

thus,

R _ 2 ([za ZB
wry, - 37 \zp + zA>
R _ 1 202 ZB
Wp - 37 L+ Q2 > ( + ZA>
R _ 1 R
wAn = Wi
wh — 2Q (za_ zB
A 37 Qr \ zB ZA

Table 3.3 NLO predictions for structure functions,
real contribution

where we have exploited the relation
ut = sQ% (3.97)

and Eq.(2.21).
Table[3.3 is equivalent to write for ¥ see Eq.(2.23) and [25], [40] :

dN 3 Q*+3Q% Q*-3QF ., 1 QF 2
i + cos“ 0+ ————— cos 2¢sin“ 0
dQ 167T[Q2+Q% Q*+ Q% 2Q%+ Q% ’
+ QQQJ?Z?QTK (xA,xB,%> sin 26 cos ¢ | (3.98)
with
ZA _ 2B
K (xA,xB, %) =t (3.99)
2B ZA

where the factor Eq.(3.96) has been omitted in the numerator and denominator. Equation

(3.98) can be used to find A, p and v [25], and they are summarized in Table [3.2.

17 g2
Here we have used 4 =as
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Q+5Q7

_ QQr Qr

M - Q2+§Q%K (-’L'A,"L'B, S >
v o= 2Q§ p)
Q +§QT

Table 3.4 NLO predictions for A\, p and v, real con-
tribution

Notice that since the terms in denominator and numerator of K (ac A, TB, %T> are different
and each one of them are in convolution with the parton distribution functions it is not possible
to cancel them as it was done for A and v. Interestingly these two parameters are independent
of the parton densities. Probably more interesting is the fact that the Lam-Tung relation still
holds:

1-A—2v=0 (3.100)

which can already been seen in the Table 3.3, since W&, = %Wf
Similarly, we can now write the overall factor for the helicity structure functions for the Comp-

ton subprocess qg

4%,
—_ (2”)( )Z / o / Ak SEIR i) g (Ein)

T 3
/ 2 / 2 2
X0 [ | §a—Ta 1+%‘£ B — B 1+Q—€ —QCACCB%

(3.101)

where we have employed

2 €4 {B

U= —pr— >
v 53\/14—%—%3

The helicity structure functions are:

(3.102)

BN

The DY predictions for the same process in terms of A, 4 and v can be found in Table 3.6/
where the overall factor, Eq.(3.101), has been omitted in the numerator and denominator.

Similarly to the factor K (w A,XB, QS >1n Table (3.98) we cannot cancel any terms between
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wf = E{Ga- P+ - [z + ) - 5%

wg e —8L7T |:(ZA—ZB)2+Z%+(1_ZAZB)2+ZB+Z%%i|
17 C

wéA B 2VYLQ 2 2

WA = HWT (ZA - ZB)

Table 3.5 NLO predictions for structure functions,
Compton contribution gg

2
\ _ 3[(ZA—ZB)2+Z%]—[(1_ZAZB)2+Z%]_Z%?Q_:5
3[(1—ZAZB)2+ZB] [(ZA zp)? +ZB]+32 Q
i 2QQT(ZA ZB)
poo= Q2
3[(172,4,23)24’23] [(ZA zp)? JFZB]JFB JQBQg
~2{ Ga-sm) 53 —[(1-2azm) 3] 35}
Z/ =
3[(17ZAZB)2+ZQB]*[(ZA*ZB)2+Z%]+3Z 275

Table 3.6 NLO predictions for A, 4 and v, Compton
contribution qg

numerator and denominator in order to simplify the structure functions.

To finish, we include the overall factor of the Compton process gq

9 d dép | € 1+ %o
asﬂ(ﬂ)(g) < >Z /xA €A/xB {p |54 x:? A fora(§as ) f/8 (€65 1)

X0 fA—:vA\/H%‘Q €5 —xpy1+ gg -xAngg

(3.103)

with

_QatE {B £a

_ (3.104)
B fA\/l‘i‘%—xA

The respective helicity structure functions:
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wf = ﬁ{(ZB—ZA)zﬂLZi— [(1 = 2a2p)* + 23] _zig

wg = - [(zB —zA)? + 25+ (1 —za2B)* + 25 + ZA%_}
C _ 1 C

i U

wx = _HWT (ZB - ZA)

Table 3.7 NLO predictions for structure functions,

Compton contribution gq

and values for A\, 4 and v can be seen in Table Where once again the overall factor,

2
(Vi) i (U %2—%;
3[(1 ZAZB)2+ZB] [ZB )+ZA]+3Z QT
29T (z zA)

noo= =
3[<1fZAZB>2+zA] [(z5—2a)2+23]4323 OF

2
v = _2{(ZB 24)?+234—[(1—2a2B)2+23] -2 ?9_:5}
3[(1-2za2B)2+23 ]| [(2B—24)2+23]+32% 2772"

Table 3.8

NLO predictions for A, u and v, Compton
contribution qg

Eq.(3.103), has been omitted in the numerator and denominator since no further simplification

is possible.

In Fig. 3.5,13.9 and [3.13/ we show the NLO predictions for the parameters A, p and v with

Q=109 /5=

800 G%V and y = 0 in the Collins-Soper frame:

A few comments are now relevant. Observing figures (3.5 through [3.8/ we first notice that

many of the central values for X in the data sets from E615 and E866 are above 1 which contra-

dicts the simple fact that the physical range for this parameter is —1 < A < 1, see Eq.(2.26).

We can also remark that there is a qualitative agreement between the set from NA10 and the

perturbative predictions. A good match is not expected since the ) dependence has not been
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Qr

5 GeV/c 10 GeV/c
/S8 =194GeV/c

Figure 3.6 X vs Qr for NLO and NA10

taken into account.

For the v parameter we note that the next-to-leading-order prediction is consistently below
the experimental data of NA10 and E615, see figures|(3.9/3.10/and [3.11. For the E866 we have
that the theoretical curves go through the experimental points, Fig. [3.12. Comparing Fig.
3.13/with Fig. [1.2 we see that the prediction u ~ 0 is compatible with the experimental results
from all three collaborations. We believe that at least part of the poor correspondence between
experiments and NLO predictions can be attributed to the fact that the experimental results
are integrated over () which in the case of E866 includes a range between 4.5 < Q < 9 GeV/c

and @ > 10.7 GeV/c [128].
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Figure 3.7 A vs Qr for NLO and E615
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Figure 3.8 A vs Qr for NLO and E866

We notice here one prediction more coming from the NLO calculations. The Lam-Tung

relation holds also for the Compton subprocess since WEA:%WLC in both Table[3.6 and Table

This means that the Lam-Tung relation is valid for the NLO corrections for the whole

range!® of allowed Q7 [25] and [88]. It is also worthy of attention that despite the fact that

we have only worked in the CS frame, the Lam-Tung relation is valid at NLO independently

of the dilepton c.m.s. chosen [88].

v(R
h/(;(j( )(_g;w)

hffgy ( _g,uu)

hffg ( _g,uu)

To see this, observe first:

¢2

_ 1 ég % [(Q% =)+ (Q% — u)?] (3.105)
cjg® 2

— ]6 am [(Q% = 5)* + (Q* — u)?] (3.106)
cig® 2

= ]6 wan [(@Q% = 5)* + (Q* — t)?] (3.107)

8 The reader should remember that we have assumed that QT >> Aqcp.
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Figure 3.9 v vs Q7 NLO prediction
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Figure 3.10 v vs Qp for NLO and NA10

and then compare with the coefficients of —¢g"” in Eqs.(3.84), (3.86) and (3.86). Thus, we
deduce from equations (3.22]) - (3.28):

Wer™(=gu) = 2(G1) (3.108)
Wig (=gw) = 2(G1)gg (3.109)
Wig (=gw) = 2(G1)gq (3.110)

and by the discussion that follows Eq.(3.22) we can conclude that!'®
1-A=2v=0 (3.111)

regardless of the particular dilepton frame used. It is important to remember here that E866

and NA10 are largely compatible with the Lam-Tung relation as can be appreciated in Fig. [1.2.

9This also can be seen easily since (G1 is an invariant structure function
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Figure 3.11 v vs Qr for NLO and E615

VS =800 GeV/c

Figure 3.12 v vs Q7 for NLO and E886

We finish this chapter with figures [3.14] [3.15] and [3.16/ for the NLO predictions for the

Wr, Wi, Wana structure functions in a pp collision with @ = 10 GL;V, V'S = 800 GL;V and
y = 0. The green line denotes W; = W; 45 + W; 49 + Wj 44, the red one is for W; = W; 45 and
blue for W; 4g with i =T, L, AA

For the last two pictures, figures|3.17/and 3.17, we have the same parameters in the phase
space used for the previous plots but we have changed the colors to blue for Wy, A and red for
Wa = Wa 4qg+Wa qg+Wa g¢q- There are a couple of important remarks here. As it can be seen
in Fig. 13.18]the contribution from the ¢g-process is not positive definite and it oscillates in sign
wildly as a function of @7, this is the only structure function with such behavior. Observing
the total Wa 47 (red line), we can conclude that W 45 decreases the total value of the single

delta structure function that is still positive definite as it is expected from the definition.
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Figure 3.13 p vs Q7 NLO prediction
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Figure 3.14 Wy vs Qp, NLO prediction
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CHAPTER 4. LOW @ LIMIT AND RESUMMATION

Resummation is the organization of soft and collinear radiation to all orders in perturbation
theory [120]. In this chapter we will apply this technique to the inclusive cross section of the

DY process and later in the next chapter we will extend it to the fully differential cross section.

4.1 Low Qr limit

In the last chapter the relevant results were calculated under the assumption that Agcp <
Q ~ Q. But most of the experimental data lies in the region 0 < Q7 < . This fact forces

us to evaluate the limit of low Q7 for the structure functions and for A, u, v.

Let us begin with the structure functions for the real contribution. Using the results from

Table and Eq.(3.96) we can find, for example, in the case of WX,

3 2 1 d 1 d
i W = g 2 (SU) G5 [ (i g (i
Qr—0 Q7 r Ta

Qr—0 9 T §A Jap B
2
X (j—g—i—z—j) ) {(gA—xA) (§B—x3)—xAxB%] (4.1)

Observing the delta function in the above expression we can easily identify the regions

where the 1/ Q% divergence comes from, i.e regions’ where Q7 — 0:
1. Region where £4 — x4 — 0 or z4 — 1 with g — xp different from zero and constant;
2. Region where g — xp — 0 or zgp — 1 with {4 — x4 different from zero and constant;

3. Region where ({g — zp),(§a —x4) — 0 0r 24,25 — 1;

!These regions define the regions of integration for the expansion of the delta function, see Fig/C.1
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Using Eq.(C.4) we can find the asymptotic expansion for the integral,

lim W2
Qr—0 T

L as (@) 647t 1 S 9
- Ql;fﬁo( . ) 3 mgr O
1 d 1 2 2
x{fj/B(xB) ’ gfj/A(gA)S_Ai(SiijZA)JF
(1—30,4)(1—303)5]
Q7
L d

1 2 2
ehaten) | G2 pym(ee) g i 2)

+2fj/a(za) fj/p(zB) In [

which can be rewritten (after omitting the parton flux factor) as:

lim WA
QT—0 T

i, By (es@) L]

Qr—0 3 T %Q—%

41423 414 2%
X{‘m ZB)3|:1—ZA:|++6(1 ZA)3|:1—ZB+

+25(1 — 24)8(1 — 2p) E In <g—;) - 2] } (4.3)

where Eq.(C.8) was used. See figures(4.1 and[4.2 for the properties of the asymptotic behavior

of the NLO prediction in pp with @ = 10 €%, /S = 800 ¢ and y = 0:
W%symp

1.x10%"
1.x1012
1.x10%1°

1.x10°%

Qr

Figure 4.1 W7Y™ vs Qr, 0.1 < Qp < 4 NLO prediction

Notice that in Eq.(4.3)) the regions where the divergences are present have been made ex-

plicit and a divergence proportional only to In (Q2 ) has been left neglected. We observed from

Q%
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W%symp

=10
-10
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=10

3.5 4.5 5 Qr
-2-10°

Figure 4.2 Wf‘ ngp vs Qr, 3 < Q1 < 5 NLO prediction

Table[3.3 that W} and W£, have a similar singularity, which is integrable. Their contribution
at low @ is negligible compared with the singularities of Wﬁ'. Therefore, the cross section in

the limit Q7 — 0 is dominated by the transverse structure function.

Wf has a singularity proportional to 1/Qr as can be seen below:
lim Wk
Qr—0 A

L as (Q) 647T4i S 9
- Ql§r50< - > 9 QWQTQZj:ej

1 1
x {fj/A<:cA> / dép f55(Ep) 2t B s p(ap) / dén fy/a(en)*At “} (4.4)

5 &k . 3
_ o em)f g (as(@)\ 1 1 4
= QI;IEOTS; e; < - ) 27 070 {5(1 - ZA)g (1+zp)
51— ZB)g (1+ zA)} (4.5)

Note the absence of the logarithmic singularity which is present in all the other structure func-

tions.

The limits for A\, u, v real contribution are easily obtained from Table[3.4}

Iim A=1
Qr—0
lim =0
QTHOH
lim v=0 (4.6)

Qr—0
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which just recovers the parton model prediction.

For the Compton subprocess contributions, Tables 13.5 and 3.8, we first observe that
limg,—o WE is zero or finite for any of the regions where Q7 — 0, this of course is also
valid for WEA. For the gg subprocess, Table[3.5, the only region that contains a divergence is

z4 — 1 and we have as limits:

lim W¢
Qom0 T
L (et s fas(@Y 1 1 (1 5 o
_QI;IEO 3 Szj: ej - on OF 2[(1 zp)* + 25] 6(1 — za) (4.7)
and
lim W¢
Qroo A

~ lim (27;)452 2 (O‘S(Q)> L {%(1—;:?3) 5(1—zA)} (4.8)

Qr—0 - T ) 21 QrQ

likewise we can obtain, from Table 3.5, for the gq process, in the zg — 1 region:

lim W&
Qr—0 T

) a
= lim (2m) SZ e?( S(Q)>%QL%{%[(1—ZA)2+Z?4] 5(1—z3)} (4.9)

Qr—0 3 - T
J

and

lim W¢
Qr—0 A

— lim @SZJ: 2 <O‘S—<”)) L {%(1_23)5(1—23)} (4.10)

Qr—0 )21 QrQ

The existence of the singularities proportional to 1/Q% and In (8—;) /Q3 in the low Q% limit
spoils the usefulness of the perturbative expansion in this region. We will see in Sec. (4.3.1)
how resummation handles this problem to all orders, but first we turn our attention to the

physical origin of the singularities just observed. We finish this section with a graphic example

of the behavior of Wy ¢g for pp with Q = 10 €&¥ /S = 800 Giv and y = 0:

C
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Figure 4.3 W:,f‘ ngp vs Q1, NLO prediction

4.2 Origin of the singularities

The divergences that we have observed above are typical examples of infrared divergences
(IR). These divergences are related with the long distance behavior of QCD, but at the same
time they play an important role in the short distance behavior of the DY process. The IR
divergence emerges due to the presence of a massless field, in our case the gluon. If this mass-
less field couples to another massless field, like the quarks that we are considering here, or to

itself, a second type of IR divergence appears, which is called collinear (CO) divergence.

So we have two types IR divergences:

e Soft divergence mg — 0

e Collinear divergence mg, — 0

Here, mg and my are fictitious masses for the gluon and quark respectively. Since both

types appear in the massless limit, they are also generically called mass divergences [98].

Let us see how this appears in a generic diagram with gluon emission:
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p; represents either ps or pp, the 4-momentum of the incoming quark or antiquark, and k is

the 4-momentum of the radiated gluon. Let us remember that

pi = 5<\/2_00§>

k = (ko,kr,0,k.)

SO

k= 65 (1 - cost) (111)

where we have used the relation k* = k% — k% — k? = 0. We can now identify when p; - k — 0:
e ko — 0;
e cosb;, — 1i.e when 0;, — 0

In the second case, for instance, the radiated gluon becomes collinear with the incoming parton,
forcing the adjacent propagator, which is proportional to 1/(p; —k)? = 1/(—2p; - k), to become
singular. Notice that this is only possible because we are assuming p? = 0, i.e a massless
quark. For the first case, we have a soft gluon, since k— 0, and as consequence we also have
2 kr — 0. Therefore, at the same time that the gluon goes soft also becomes collinear. There

is a superposition of the soft and collinear singularities.

The role of these singularities can be better appreciated in the integrated cross section.

Using Eq.(3.105):

4e?g?
W™ (= gpu) = ~ 152 QP 0+ (@ w)]

2Because the gluon is massless.
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and since

7? = (k‘—pB)zz—QpB-k‘

>
I

(k—pa)*=—2pa-k

we can rewrite Eq.(3.105)) in the low @7 limit, in the region z4 — 1 with {ép — zp different

from zero [54]:

Jim | hog G

_4e39% 2 2pQ% [1 4 23

T 9 a4 22 [
4e2g> Q2 14 22
j B

9 zp(pa-k) [1—,23]

} + finite part
ZB — 1

which explicitly shows the divergence associated with gluon emission [54]. Now, including the

normalization factors and the delta function, but omitting the parton flux factor, we have from

equations (2.18)), (2.24) and (3.87):

do o 4eig® S 1423
- = 4r— 1-— 4.12
diq 1252Q27 9 Q2 [1 - ZB} O(1=24) (4.12)
do 4 a? ag(@Q)4 1 [1+2%
= 5(1— 4.13
i~ 9SQ7 x 30T |1z T (4.13)
do 2 Yaq
—— = oy L 5(1— 4.14
@aya ~ 97 @ ) #149
where we have defined:
4 o7
op = ———>
0 9502
_ as(@)4 1+
Tar T Ton 3|12
Integrating with respect to QQT we obtain:
do 2 1
m :ejO'()")’qq (5(1—ZA) In W (415)

with ,u% ~ Q% and m? ~ q%, where q% is a sort of minimum transverse momentum chosen as

IR cutoff. The logarithm is an explicit consequence of the presence of a collinear divergence.
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In the relation (4.14) it is explicitly seen that the cross section can be written as the product
of two factors: the first term oq is the total cross section for the DY process at parton level,
while the second factor 74, can be interpreted as the probability of a quark to radiate a gluon
and so to become a quark with momentum fraction z and transverse momentum Qr [78].
This factorization is a typical example of collinear factorization. We have found that in the
low Q7 limit?, the divergent part* of the cross section or of the transverse structure function,
can be written as a product of two probabilities: the probability of interaction e?ao and the
probability of gluon emission 74, [78]. These probabilities can be calculated separately and
then multiplied. This is the realization of the parton model picture of the DY process in QCD.

Pictorially,

do
dQ?dydQ7,

/
— Yqq(2, QQT)

4.3 Resummation

Let us first study the usual formula of the cross section [44], [57] for the DY process with

measured Qp °:

do _ Ama? ! déa ! dép < TA T, >
dQQddeQT - QSQQ GZJ)/J:A §A . §B fa/A (SAaM) fb/B (SBaN)Tab QT7Q7 fA’ é.Bang(M)

(4.16)
this formula is valid up to corrections m/Q and when Q7 ~ @. The sum runs over all species
a and b of partons (i.e gluons and flavors of quarks and antiquarks). The hard scattering

function 7' but not f has a perturbative expansion in powers of ag(p). As we have already

3i.e. when the gluons are emitted with low transverse momentum

4To be precise, the part proportional to 1/Q%
®Note that the angular dependence has been integrated, compare with equations (B.1), (B.2) and (B.3
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said we have chosen p ~ @ to avoid the large logarithms In (Q/p) which otherwise may spoil
the low-order perturbative approximation to T. Writing explicitly the perturbative expansion

for T

(o0 Bnoin) £ m(ara )
n=0

the lowest order corresponds to the parton picture for DY:

7O = 2 (1—2—2)5(1—5—&?) 52 (Q ) (4.18)

The general form for the coefficients is known [57]:

A .%'B
<QT’Q’5 "€ )
TA T, ~

= (QT,Q,5 o )52 (QT)

2n—1

n,m A ITB lnm(Q2/Q{21“):|
T (ene g ge) [
+Rap (QT,Q, ZA ZB ) (4.19)

Where we have divided 77} in terms according to their behavior when Q7 — 0. “Divergent
terms,” those proportional to 1/ Q%, 1/ QQT x logs and 62 (@T> have been taken out and what
is left has been included in the “regular terms” function R”,. This separation should be under-
stood in the sense of distributions, i.e. the low Q7 limit needs to be taken after the integration

with respect to {4 and {p [44].

It is easy to observe that the perturbative expansion of T is not dominated by successive

n?"1(Q/Q7)
Q7

encountered for first time in Eq.(4.3)) are a generic feature order by order of the perturbative

powers of a’¢(p) but by terms of the form od(u) [ ; thus, the logarithms that we

expansion. These terms are potentially big when ()7 — 0. This fact renders the low terms
approximation of 7" useless. How this problem is fixed is the subject of the next two subsections.
4.3.1 From factorized to resummed formula

The reorganization of soft and collinear divergences is the most amazing result that we are

going to present in this dissertation. It was first obtained by Collins and Soper in the analysis
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of back-to-back jets in eTe™ [41] and [43], and then extended by the same authors together

with G. Sterman for the DY process in [44].

Let us look at the formula obtained by them:

do 47202 1 L
B i d2b iQrb 2
dQ2dydQ>2. 9025 (27)2 / c Ze]

J

Z/ dgAfa/A (€a;1/b) Z/ defb/B (&3 1/b)
5y ).,
¢ oxp {— / /; e £ (ff—) Alalp) + Ba(n)| }
<o (T290m) 3 (L2510

47202
myf(QT;QwA,UCB) (4.20)

The sum runs over gluons and flavors of quarks and antiquarks. The f’s are the same parton

+

distributions mentioned before but evaluated at renormalization scale y = 1/b. b is the dual
variable of QT in the Fourier transform, i.e b is the impact parameter variable dual to the

transverse momentum variable Q.

The first term in equation (4.20) is dominant in the cross section when Qr < @ and the

Y} term defined as,

Yf(QTa Q) TA, :CB)

d n
az’b:/“ fAfa/A §as /xB fb/B (€5 1) Z (aifﬂ ) (QT,Q, ZA zB )

n=1

(4.21)

which becomes important when Qr ~ @ [44]. The A, B and C functions are calculable in

pQCD and the low order coefficients of their expansions in g are known [44], [63] and [123].

In order to justify the resummed formula (4.20), we need to start with the properties of the

amplitude or the cross section in the “elastic limit” [52], [114]. This limit % is characterized by

5The reader should observe that the final state in this elastic limit includes an arbitrary number of particles.
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a single hard scale ) and a fixed number of jet functions of mass m, negligible compared with

the hard scale.

In the elastic limit, a new scale m is introduced with @ > m > Agcp. The presence
of the second scale has as consequence that the perturbative calculation receives logarithmic

enhancements in the ratio Q/m for every order in aig [119].

Resummation of two-scale logarithms can be deduced when a cross section or amplitude
is a product or convolution of factors that separate the distinct scales, () and m, through the

introduction of a third scale, the factorization scale pip > Agcp. Formally,

o(Q,m) =w(Q,ur) @ f(ur,m) (4.22)

Where there is factorization, there is evolution [119]. Since the physical cross section cannot
depend on the factorization scale, any changes in the short distance function w, due to ug,

must be compensated by changes in the long distance function f,

dln f dlnw
= P (s (ur) = —pr'
KE

where the kernel P can depend only on the variables that the functions hold in common.
Where there is evolution, there is resummation , which can be understood as the solution to

the evolution equations [52].

In the case of the inclusive Drell-Yan cross section,

Haa ® Pa/A & 73@/3 ®S

The convolution here is in transverse momenta. The functions P,/4 and P;,p represent
the contributions of the two jets, S represents the contributions of soft quanta not part of the

jets and ‘H that of the hard quanta [52].
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As we have remarked before the DY cross section is not infrared safe but the long distance

physics only is present in the jet functions and the soft radiation function S.

By now it should be clear that the low Q7 limit taken in Sec. (4.1) corresponds to the
elastic limit of the DY process and equations (4.3) and (4.14) are particular instances of the

factorization behavior just described .

Explicitly, in the low Q7 limit for DY with measured pair mass squared (2, transverse

momentum QT and rapidity y we have [116]:

doap  Ama? déa [ dip koszdeQkTs .
dQ2dyd>Qr  9Q2S / / / <QT hr =k kT’S>

XPasa (Ea,kr; pr) Pa/B <€B, /f/T;MF> Haa (Q2; ,UF) S (kr,s; 1or) (4.23)

Note that the collinear factorization holds as convolution in terms of the transverse mo-
menta of gluons emitted from the parton distribution functions associated with the incoming

hadrons, along with “central” soft gluons from the soft subdiagram. Symbolically,

|
Py Prra b=—

PB;

In last figure all lines are on-shell and massless, and the virtual photon v* with momentum

q, ¢> = @72, is linked to partons through the two hard-scattering functions H and H' in the
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amplitude and complex conjugate respectively. H and H' depend only on quanta off-shell by
order Q2. On-shell particles with momenta of order @ fall into the two jet functions P, /4 and
Payp of collinear particles 7. These jet functions have their origin with the incoming partons,

so they can be identified as parton distributions [52].

Using

27 o= o o o
5 (@T —kr — E/T - ET,S) = / %ew (QTfkakakT’s) (4.24)

we can “Fourier transform” Eq.(4.23)) to obtain in the elastic limit:
doap N 4ra? d%b

dQ2dy2Qr  9Q2S e W (b:Q.waw,) (4.25)
T

where we have defined :

(b anAaxB)

_Z/de/df_BHm (4,65, Q% P{, Pyig(ur))

XPuja (EA, e ,bm; Q(MF)> a/B (537 , b g(m))

xS (§4,€8. PY, Pg.bmig (ir)) (4.26)

with
Puja (€2 24 b bmigur)) = [ éff e, 4 (€4, ks ar) (427)
Pa/B <§B, B b g(uF)> = /é:)q; e FRrp, (fokTvﬂF) (4.28)

. - Pk _gr
S (SA)SBaPZ)PB)bm;g(HF)) = / (27_‘_7)172 (& ka’SS (fA,fB,k’T,s;,U«F) (4-29)

The jet functions are matrix elements of quark fields separated by a spacelike vector (O+, Y, E) ,

+

Paja (&4, ,bm; g(uF)> = % /dy‘ el <PA (15(“)(0+,y‘,5)7+w(“)(0)‘ PA> (4.30)

where a spin average has been suppressed. These matrix elements are gauge-dependent and in

the light-cone gauge or any physical gauge they absorb all double logarithms® of b (or Q7 in

"This is an equivalent description of the “clastic limit.”
8These logarithms come from integrating with respect to Qr the differential cross section or the transverse
structure function, Eq.(4.3)
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momentum space) [116]. At b = 0, they coincide with the previously defined quark distribution
functions (3.59) and (3.60).

Simplifying the notation and exhibiting explicitly the gauge dependence we write:

W (5,Q)
p . n p . n ~ p . n ~ p . n ~
= (P P2 ) ) P (P g ) ) P (P ) ) S o s )
HF KF KFE HE
(4.31)
Since W (b, Q) is independent of the factorization scale,
W (b,0) =0
e ,
we obtain,
e g (P2 P2 ) ) = (g ) (1.32)
opr HE — HF
9 5 (PN )
InP ; = — 4.33
HE g ( o g9 (ur) i (9 (1r)) (4.33)
o .
. InS (pa-n.pp-nig(pr)) = —7vs(g(pr)) (4.34)
Here the gammas are anomalous dimensions with
Yo+ Yi+rs =0 (4.35)

(2
which means that generally speaking each of the functions H, P and S needs renormalization
and we assume it to be multiplicative. Note that their individual renomalization dependence

cancels in their product [52].

A similar analysis can be done with the gauge-fixing vector n [116]. W (b, Q) is independent

of n. Thus under a variation in p; - n at fixed n? or any other implicit n-dependence we have,

(pa-n)? W W (b,Q) =0 (4.36)
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which implies,

0 ~ [(PA-T pPB T >

0 = -n271n7-[< , :
(P )ﬁ(pA-n)2 153 BE 9(ur)
.,(pA.n o ~
2ln
0(pa-n) Do

The above equation can be rewritten as,

+ (pa-n)°

19 (MF)) + (pa - n)? 9 oa- )

2 0 ~(pA-n )
n)? ————InP ,mb;
(pa-n)” 2 TS Lha Gyl 9 (pr)

2 0 ~<pA~n pB-N >
=—(pa-n)P?——InH|[2L—, ;
(pa-m) d(pa-n)? " UE  HF 9(ur)

G(%;g(w))

0 ~
- (PA : n)2 WIHS(]?A ‘N, PB - n,mb,g(uF))

K(mb; g(pur))

(4.37)

where we have introduced the two new functions G and K which match the changes of the
hard part and soft part respectively [52]. By Eq.(4.33)),
0 0 ~
(pa-n)? (,uF 1n73> =0
d (pa - n)* opr

so the combination G + K is renormalization invariant [52],

a5y ) = g G (P45 ) ) 4 K G )| =0

and by separation variables,

uFaﬂiFK(mb; gur) = (g (ur))

MFO%G (ngn;g(upo = vk (9(pr))

Now, integrating the first equation we get
and choosing ?

pp ~ esQ (4.38)

9Thus ¢; ~ 1

SIS (pa-n,pp-nig(ur))
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we find [44]:

K (mb;g(ur)) + G (ngn;g (W))
= —% /((j::? dMLZ Y& (9 (;/Q)) + K (61 ;g (C—bl)) +G (é ;9(02Q)> (4.39)

C

The numbers c1, co are integration constants that can be used, later on, to compare with per-

turbative calculations.

We can simplify Eq. using the following identity [44]:

B (2Q)” d (1/5°) d _
FeQ=- [ e s T Q)+ F @/Q).0

Let F(b,Q) = K (mb3 g (ur)) + G (129 (ur)) so.

K (mb g (ur) + G (30 ur)

KF
Alg@) = 371 50 ) + e (0 )

B(c1,c2,9(c2Q)) = —K(c1,9(2Q)) — G (1/c2,9(c2Q))

(c2Q)? dﬁ2
/ G 4(g (1)) + B (c1, 2, 9(c2Q)) (4.40)
(c1/b)> M

with

Going back to Eq.(4.37) we can write, using Eq.(4.40):

9 o < (pan - (C2Q)2d—/],2 -
(pa-n) mlrﬂ?< prle ,Q(MF)> = {/(Cl/b)2 2 A(g(R)) +B(c1,02,g(02Q))}
(4.41)

and integrating,

/1 (c2Q) ~ (c2@)? g2 - _
InP (5,01 ;Q(CzQ)> = - /(q/b) dln (Qz) [/(q/b)Q ﬂ—l;A (9(n) +B (61’02’9(0262)()] |
4.42

Here we have employed the following relation!®

S Q
pA-n:pj:§APX:§A\/;—>ﬁey

O herefore (pa-n)/pr = 1/ce and like ¢1, we have ¢2 &~ 1
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which is valid when £4 — x4, i.e valid in the elastic limit.

Eq.(4.42) can be rewriten as,

B (c2Q) dQ2 (c2Q)? d# _

(c2Q)? dla? /CQQ dQQ
= — A(g(R) + B (c1, 2, 9(c2f2))
@m? B [Jay @
(c2Q)* g2 2
I _ CzQ _
= - —Ag,uln<>+Bc,c,c ]
[ b (A (2 )+ B st
(4.43)
We are almost there. To solve equations (4.33) and (4.41) we write,
+
Paja (ﬁAv , bm; g(uF)>
(c2Q)* 772 2
1% _ C2Q _
= exp —/ —[Ag l( )+Bc,c,c }
{ e A (B )+ B eng(eam)
HE d /
X exp {—/ o —a (1 )} /A (€4, Qb c1; g (1R)) (4.44)
HR

Here we have introduced ppg, an arbitrary renormalization scale, which is also the third
integration constant. Like the first two, it will be used also to match the resummed formula

with the perturbative calculation. We will define,

R =m = %3 (4.45)

and choose the values of ¢;, co and ¢z according to [7] (also [44]):

c1=c3=2¢ "B 9 =1, where yg is Euler’s constant, (4.46)

or we could have followed the most elaborated analysis of [63] where the integration limits in

the Sudakov factor are used to match the NLO results of [2].
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Solving equations (4.22) and (4.36) we find for W (b, Q),

W (b, Q)

_ < dp? @ ]
‘GXP{‘/(WF A (%) + B, <u>>]}
X Pasa (€4, Qb c1; g (c3/b)) Paja (€8, Qb, c1; g (c3/b))

x'H (Z;’A ZB Qb; g (cs/b) C3/b> (c1: g (c3/b)) (4.47)

where equations (4.35) and (4.44) were used.

At this moment, we will assume that in the collinear configuration the x4/&4 and a de-

pendence factorizes from the xp/¢p and b dependence!:

(b Q7 TA, fI,'B
d Ld
/ B [ BBy (€aser/B) foy (Emic1 /)
TA B g
X ZeQCN (x—A b L g(c1/b), cl/b> (””—B,b; c—l;g(cl/b),cl/b> (4.48)
g
here j = w,@,d,d, ... is the flavor of the annihilating quark or antiquark from hadron A and

as has been usual, e; is its charge in units of e [44].

So we have found for W (b; Q, x4, z5) [44],

J (b Qa TA, xB)

—Z Z/ defa/A (€a;¢1/b) Z/ ngfb/B (€Bic1/b)

<exp {— [ [ramm (L) Bl <u>>]}

xCla [ 224 b %L ey /b), c1 /b Cs, 2B b L gler /b), e fb (4.49)
€A’ e &g’ e

The functions C; are known as coefficient functions which transform the parton distribution

functions f into distributions C; ® f; specific of the process at hand.

"'This assumption can be justified assuming that partons a and a radiate independently, i.e their respective
fields do not overlap
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The final step is to plug in the result of Eq.(4.49) into Eq.(4.25) to obtain the resummed

formula for the cross section at low Qr:

do
dQ2dyd>Qr
4o’ d2b 5.0 s
~ 2 QT b-
QQQS (271')26 W( 7anA’xB)

e’ d2b -G d¢
:9535 (%)26“2 ZJ:%Z/“ gAfa/A(ffhcl/b)

xexp{_/(jb)gdﬂ—ff @ (%) +Bleny (u))]}

A C1
(2
A

To have a formula valid also when Q7 ~ @ we will include the Y term defined in Eq.

rB C

e Co (L Lgepap) @0

Ao’

do N 4o d2b
9Q2S

b QT (b
Gaeo, " 975 | et W HQ s e+

Y(Qr;Q,va,zp)  (4.51)

We need to evaluate the two dimensional Fourier transform present in Eq.(4.51). This is

done as follows!?

Pb 5G, [ db 1
/Wew _/( b D(Qrt) = 5- QT/dTTJo(T)

with 7 = Q7b. Thus we can write

&b 6
/(QW)erQ (b anAaxB)

r
=5 QT/drTJO (@;Q,xA,xB> (4.52)

and assume that

~ 1
W(T)‘ < . for 0 <r < oo (4.53)

2Here the integral representation of the Bessel function of the first kind [5]:

1 27 X o
Jo(@) = 5 / dfe™ <o
0

was employed.
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in order to guarantee the existence of the integral.

Eq.(4.52) can be further simplified employing the following recurrence relation among Bessel
functions [5]:

% @ Jo()] = 2 (x)

which allows us to integrate by parts,

[e.e] ~ o0 dW
/ drr Jo(r) W(r) = —/ dr r Jy(r) (r) (4.54)
0 0 dr
Notice that we are using:
r Jy(r) W(r) Zo =0

which is guaranteed by the condition (4.53)). A second possibility to obtain similar results is
to require the exponential to dominate the value of W(r) In this case we need to adopt the

following three conditions:

1. The coefficient functions C;(r) are continuous for 0 < r < oo with the possibility of poles

of finite order at r =0 or r = 0.
2. A(r)>0
3. |B(r)] < A(r)Inr for 0 <r < co.

Conditions two and three guarantee that the value of the integral in the exponential is positive

for any value of r. They also guarantee that the following two limits:

lir%W(r) =0
lim W(r) = 0

hold, which allows us to ignore the boundary values during the integration by parts.

4.3.2 From resummed formula to fixed order perturbative analysis

In order for the result of Eq.(4.50) to have any predictive power we need to know the

functions A, B and C. In practice, this is not possible. The best that we can do is to
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find the lower terms of their perturbative expansions and hope that higher terms do not
dominate the value of W (7). We need to observe here that the function W (r) can be calculated
perturbatively only for small r i.e % > Agcp and an extrapolation to large values of r i.e
% < Agcp requires non-perturbative input. This extrapolation is required in order to complete
the Fourier transform in Eq.(4.52). At least four approaches have been proposed to handle the

extension to high values of b [120]:

1. Instead of working in b-space we can work in Qp-space directly. This was done in the

original work of [57] and revived by [64] and [83].

2. Artificially prevent b to reach large values by replacing it with a new variable b, and
parametrize the non-perturbative region in terms of a form factor FZJ]V P(Q,b,x4,7B).

Where the “freezing” of b at b, is achieved by

b
b, = . by < byas (4.55)

1+ (b/bmaz)?

with the parameter by, ~ 1/Agcp which separates the perturbative region from the

FNP

non-perturbative one. The form of the function is still matter of debate. This ap-

proach was first introduced by [44] and it has been selected here to perform the numerical

analysis. See Sec!5.1 in particular equations (5.11) and (5.12).
3. Qiu and Zhang [106] and [107] proposed that for by > bz,
W (0;Q,x4,28) = WF (byaw) FNP (b; binaz) (4.56)

Unlike the original CSS formalism, W (Q,b;x4,xp) is not altered and is independent of

the non-perturbative parameters when b < b,z

4. In order to avoid the singularity present at 1/b = Agcp we can alter the b-space contour
integral. This technique was first introduced in threshold resummation [17] and then

adopted by [85] and [117] and also by [26].

All these approaches require introduction of new parameters for a quantitative fit.
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To find the lower terms of A, B and C' we will proceed as follows: we will find a formal
expression for the cross section from the resummed formula Eq.(4.50) valid up to a finite or-
der. Then, we will match this expression with the cross section at the same order obtained in
perturbation theory. We will assume that this expansion around @ > Agcp is approximately
equal to the product of the perturbative expansions of the exponential and the coefficient
functions together with the evolution of the distribution functions!®. This product should be
understood as the multiplication term by term of the respective series.

We will start with the coefficient functions'?:

Cja <b, A 01 (Na Q)a H)

€a’ o’

N Oés(u;Q)r~(n) (x_A . >
nZ;)|: T Cja 5A7b702vﬂ

_5[es@]" <n>(x_A o >

_T;)|: T :| Cja gAvba CQ"U (457)

with
2s(5Q) _ as(@) 2\ [as@]°
50 _ asl@ (1) [os@" o
B = E(33_2Nf) here Ny is the number of flavors

and there is a similar one for Cj,.
Let us find an expansion for the exponential. We will make use of the fact that A, B and

ag have perturbative series around Q:

exp{—/(:jb)ﬂﬁ—‘f (L) + B, <ﬁ>>]}

o0

- Z%{—/(QQ L1 (%) + e <n>>]}n

n=0 C1 /b)2

_ 72%{_/(@;)2 M— g[ M,Q)} us 1H(Q2> mf:[as i Q ]mBm(CI’Q)]}n

(4.59)

13Notice that the distribution functions are nonpertubative quantities. Therefore, we do not have an expansion
for them in terms of as(Q)
1 To simplify notation we will write u for pr = c1/b
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Suppose now that we can exchange the order of the sum and integral sign without affecting

the final result. Then,

exp{_/(jb)j__ff Awm (L) + e <ﬁ>>]}

S S [, F ()

1/b)? M
@ as(u;Q)]m !
B™ e astin) 4.60
N mz e [ |2 (160)
o S as(Q) " (n) .
_nzo[ . ]F (el,c%?Q) (4.61)

Here F(™) (cl, c2; Q) is defined order by order in ag(Q)/7 .

Now, we have evolution of the distribution functions:

3
I 0 QfJ/A / Z ]/k;< >f]/A(§ 1t) (4.62)
with P;/;(2) the DGLAP kernel. This kernel can be expanded in terms of a.s(u)
- aS n
Pi(zim) = ( > PO (2 ) (4.63)
n=1

and at order O(ag(Q)) we have for example:

d d¢§
e = 25 [ > L (5) e (164
where Pj(/ll)c(z) defined in Table (B.1). Thus, we obtain for W
W (b;Q,24,05) = fj SO 50 (1,0, Lo (4.65)
) ) ) T ) ) ) ? 62’

n=0

and at lowest order this is equal to:
W (wA,$B,b; C—l;ﬂ>
C2

de / 0) <33A c1 0 (TB , 1
= 2 a M M C _)ba_a C" _)ba_a

2
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Here we have used F(©) = 1. We can also easily find the coefficient of the leading order

using the prediction of the parton model. For C'©) we get [44],
sy <z,b; ﬂsu) = Gjad(z — 1) (4.67)
C2
C](-S) <z,b; C—l;,u> =0 (4.68)
C2
These results were obtained comparing the Fourier transform of the singular part of equations

(4.17), (4.18) with the perturbative expansion of Eq.(4.48).

In general we find:
W(n) (xA’ :I/‘B’ 7 ’ Q)
d
22632/ ;Afa/A €a; Z/ =Bty (€53 1)
j a YTA TB

xzzk: (— b &L )C(k D (5— b &L )F(”_k) (cl,@;%;Q) (4.69)

k=0 I=

Now we want to use our previous results to find the expansion of O(ag(Q)) for the cross
section deduced from the resummed formula. Therefore, we need to go back to Eq. . The

derivative is equal to

> dW(r) _ s~ [as@]" ] (% 5 @)
_/O dr r Jy(r) o _;[ - } { /0 drr Ji(r) o }
which expanded at O(ag(Q)) is
oo dWl
_/0 dr r Jy(r) o

_ (%CQ)) [ nos {fa/A (5A, ClQT) fo/i (537 Cl@T)

X [C(O)( )Cg(.g) () FO(r) + CJ(.S) (r)CE(.;)(r) + C](-Lll) (r)C§b)(r)] } (4.70)

Ja
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where we have omitted some integrals and sum factors. Through our particular choice of

renormalization constant p = c3/b we can make the C’s independent of r, which means:

22 0 22) s 022 1 022

r

DO EV ) + ORI ) + 0 ) )
+ |:fa/A (&47 ClQT) Jo/B (53, CIQT)] {C O)ng)g Ft )(7“)}} (4.71)

The terms containing the derivatives of the distribution functions will give a contribution

proportional to a%(Q) by Eq.(4.64) and therefore they do not contribute to O(ag(Q)). So we

get:

B / e ™ (M> / T e r ()0 LEW () 1 0(03(Q) (472)
0 0

dr s 7b dy

We are still one term short. We need to take into account a term proportional to O(as(Q))

coming from W9:

oo d~0
—/ dT’I“Jl(T)W
0

dr

> 1\ d 1 1 1
:—/0 drr Ji(r )C(O C(O [fb/B( >%fa/A (;)Jrfa/A( )drfb/B( >]

(4.73)
collecting terms and (4.73) we finally obtain:

—C](-S)CJ(.S)/ dr r Jy(r)
0

X [fb/B <%> d%fa/A (%) + fa/a <1> drfb/B (1) + <a57(TQ)) %F(l)}

(4.74)

We have now to evaluate the above integral to order ag(Q). Let us start with the derivatives,

both are easy. Using the evolution Eq. we can write to order ag(Q):

d%fa/A (955 %) — aS / o Z a/k ( )fa/A (& Q) (4.75)
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and likewise for the second derivative,

d
4 )
drF (r)
d | AW Q%*r Q%r?
- ln2( >+B(1> ln( )
dr { 2 203 Q22
2 2
_ _g {Au) In (Q > N B<1>} (4.76)
T 1

Inserting equations (4.75) and (4.76) into (4.74]) we find using f (f ; %) ~ f (& Q) and equations
(4.67), (4.68):

O‘SiQ)ajaajba(l —24)8(1 — zp) /0 S ar i)

[fb/B :H / dfz a/k< >fa/A (& Q) + faya (§4;Q / §ZPb(/1k (x) foy8 (6 Q)

2,.2
+ faya (€45Q) foy (€5: Q) {2A<l> In (g%i;%) + 2B<1>H (4.77)

In Eq.(4.70) we omitted some integral factors and sums which can be evaluated with the deltas

to obtain:

d
as7<r@>z []/B i) [ Gy PO () fa i@
+fija(za;Q / dSB ]/1;( >fj/B (€B; Q)
2
fyaeaiQ) Fyp (a5:Q) {2A<1> In ( L ) 1280 >H (4.78)

T

here the following two integrals where employed [72]:

/00 dr Ji(r) = 1 (4.79)
0

/O Zdr J(r)In (Cr—l) = 0 (4.80)
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Remember that ¢; = 2¢"E. Formula allows to write for the differential cross section

predicted from the resummed equation at order ag(Q) when Qr < Q

do
dQ2dyd2Qr

4ra? 1 (Q déa
~ s 50r (S )>Z ’[]/B v5:Q / Ay ]},1( 4) ia(6x @

d
(@i Q / %p - ;,1( )fj/B@B;Q)

2
+ fia (24:Q) £/ (x5 Q) {2A<l> In (g ) +2B4 >H (4.81)

T
4.3.3 A and B functions

We need now the perturbative expression. It can be easily obtained from equations'® (2.18),

(3.12) and (4.3)

do
dQ2dyd?Qr

4ra? 1 (Q de
%92;24527'(@2 <aS7T )>Z ‘[]/B 'TBa / AZ ]/k( >f]/A(€A7Q)

d
+fisa(za;Q /mB gB ;/1,1 (E—B> fi/8 €8 Q)

4 Q?
2 10 (@45 Q) fp (05:Q) { <Q—> - 2}] (482)
T
where we have used the equality:
1+ 22 1+22 3
(1—z)+:(1—z)++§5(1_z) (4.83)

See Appendix (C). From equations (4.81) and (4.82) we conclude:

4
AL — 3 BM = _9 (4.84)

5Notice that W£E is finite at low Q.
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For completeness we will include here the known predictions for A and B [13]:

67 w2 5 2¢~E
00 T\ Ne— 2N, — 261
(36 12> ST ﬁln( 1 >]

—7E
B(l)(cl,CQ) = CF [—;—211’1(26 62>:|

C1

36 48 2
Ny 5 17 67 m? 5 2e 1B ¢y
(- )= (=== ) Ne— =Ns |1
+2( 7TJF12> [(18 6) “7 Y f}n( o
2¢ TE
+ 261 [ln2( ¢ >—ln2(02)—gln(62)]}
c1

where Ny is the number of light quark flavors, Cr = tr(tst,) is the second order Casimir of the

BP(ci,0) = COF {CF <7TZ2 - 1_36 - 3((3)> + Ne <E7T2 - + ég(g))
1
9

quark representation (with ¢, being the SU(N¢) generators in the fundamental representation),
1 = (11N¢ — 2Nyf)/12 and ((x) is the Riemann zeta function, and ((3) ~ 1.202. For QCD,
N¢ = 3 and Cp = 4/3. Using the canonical selection for the constants ¢, co, Eq.(4.46) the

second order coefficients in the Sudakov exponent simplify to

67 > 5
(o1 = 2¢77%) CFK?)G 12) “7 18 f} (4.85)
2
@ (o —9pE oy —1) — 2 [™_3 _ 1. 19 3
B (c; =277 cg = 1) CF<4 16 3((3))+C’FNC <367T 15 +2C(3X .86)
1, 17
+CrN; (—Ew +ﬂ) (4.87)

4.3.4 C functions

Now we should turn our attention to the C functions. We cannot find their first order
coefficients directly from W1, since they only appear at second order'®. Fortunately there is
a quantity of order ag that can help us. We are going to Fourier transform the divergent part
of the cross section,

i (b;Q,24,7p) (4.88)

- 5 do Ao
PGy e~ Gr _ ~
/ r dQ2dyd2Gy  9Q%S

16See equations (4.71) and (4.72).
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and expand W around p = % = Q. As consequence of this choice, the exponential factor is
reduced to unity. Then, we have:
/dQQT e_ig'QTida =
dQQddeQT
dra? df 4 [ dég
~ Z / BBy (€4:Q) foy (€55 Q)
A B

9Q2S B
X Ze?Cja <:§—j,b; %;g(@),Q) Cia (Z_i’b; %;Q(Q)5Q>

- 92?352/“ - - §£Bf“/A(5A’Q)fb/B (€55 Q)

(k) € (n—=k) (XB , C1.
26 (=) ZC (reme)ar™ (fuge) wm
which at O (ag(Q)) is equal to:

23 —ibQrp do)
d QT e

m
2 J 1y
= ;lgjs ( T >Z/ & 53 faya (€4;Q) for (68; Q)
C(l)(wA >C(0 ( b— > CO)<—b— )C(1)(x3 ,0_1_ >}
X; [ ¢ ’Q &5 ©)r § “ £’ 702’Q
(4.90)
Ao 1y
B 922(;5 ( T )ZZ [ j/B (rB; Q) ;Afa/A (§A7Q) (1) <§A’b7z_;7@>
i eas@) [ E8 g o) (26:200))] o)

In order to calculate the perturbative contribution we need to Fourier transform Eq. (4.82)
and since Q7 = 0 is in the range of this integral we also need to include the contributions to
the cross section at this value. Both terms, the real contribution and the virtual contribution

require regularization; we will use dimensional regularization with dimension n = 2 — 2¢

Let us start with the real contribution. We have to modify Eq. to include an overall
factor equal to u%¢ to keep the coupling constant dimensionless and a factor of (27)%¢ due to

phase space. There is also the factor (1 —¢) that comes from the Dirac algebra in n-dimensions.
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Putting this together with equations (4.82) and (B.7) we find the Fourier transform of the
divergent part of the real contribution of the cross section;
. R
/ an*Te—z‘QrbL
dQ*dyd*Qr
l—¢) ([ .
~ N( ) ( S7(TQ)> (2mp)? {IO [5(1 - zB)P.(/l])g (24)

2T

4

+6(1 — zA)Pi(/l/i (zB) +20(1 — z4)0(1 — zp ( InQ? — 2)
—€3 (6(L—24)(1 —2) +0(1 —2zp)(1 — z4) ]

—2%5(1 — ZA)5(1 — ZB)Il} (492)

where N = 3, e2419% and (see Appendix
J 779Q%S

n—2
Iy = dQCiT o—iGrd _ (2) 75T (ﬁ—1) (4.93)

n= [Eeetng () e (- oG- e (5)

(4.94)

with I'(z) the gamma or factorial function, v (z) is the logarithmic derivative of the gamma

function and «g is the Euler’s constant. Taking n = 2 — 2¢ we find:

b\ [1
_ L 4.
Iy s (47T> L +e + O(E)} (4.95)
[l v = 3 o1, b
= — gl =2 _ T _ .2 _ 9 1___12_ 4.
L 7r [62 -~ 13 30E~ 2Ehl 1 + O(e) (4.96)

1
2mp)*ly = —x (E + g + In (B*rp’) + (’)(e)> (4.97)
. 11 v? 3 w2
Qrp)*hL = —m L—z + = (In(47p?) = vp) — 2y ( 4> 57?3 1
1o (b Lo 2 2
-3 In T) 73 In*(47p”) — v In(4rp®) + O(e) (4.98)

Now the virtual part. The evaluation of the Fourier transform is trivial due to the presence
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of the 52(QT) in the phase space thus:

2/ —iQrb doV)
d“Qre

dQ2dyd?Qr
—4 [« Arp?]°T2(1 — (1 +6€) [/ 1 3
= va- o5 (D) [T s (G g 1) 00— 2000 - 20)

_ 4 (as(@\ (1 13 4 3 1, 74
= N(l—e)?< - 6_2+E 5—’)/E+1I1 ? +4—§’7E+§’)’E—E7T

+1In (%—’f) (g - 7E> + %m? <4g’;2> + (9(6)} (4.99)

Here equations (B.9), (2.24), (3.3) and (3.12) were used. We can observe here that the real

and virtual parts contain divergent parts proportional to 1/¢2 and 1/e. The first term comes
from the superposition of soft and collinear singularities. In the virtual diagram the 1/e term
comes from either soft or collinear singularities, while in the real contribution only collinear

singularities are present.

Adding equations (4.92) and (4.99) we get:
dQ*dyd*Qr  dQ*dyd*Qr
1[4 /1422 4 (14 27
Ny IR S K ) I TR S (o ko ) TSR
™ 2¢ [3\1—24/ 3\1—-z5/,

YE—3/4
+0(1 — 24)0(1 — zp) [2772 _ B §ln2 (Qbef)

3 6 3 2
21+ Ly 2 (1t . s
[3 <1—zA>+5(1 B)+ 3 (1_z3>+5(1 A)} (ve + In(B*mp?))
% [0(1 = 24)(1 = 2p) + 0(1 = 2p)(1 — ZA)]} (4.100)

The first remarkable thing to observe is the cancellation of the terms proportional to 1/€2.
This is an example of the Kinoshita-Lee-Navenberg theorem [98] where the soft divergences of
the virtual gluon correction to qq cancel with the soft divergences of the ggG final state. Now
the term proportional to 1/e is absorbed by the distribution functions by the Factorization

Theorem in the Drell-Yan process Eq.(B.6). So we are left with a collection of finite terms.
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These numbers are equal to:
c
Cj(cll) (ZA’ b; é? Q) (1 —2zp) + Cj(';) <ZB, b; —2; Q> 6(1 — za)

YE—3/4
= 501~ )31 — 25) [2§ 8 (7)1

3 6 3 2¢o
2Ep2 2
2 (1+2% 2 (1+2% NV S
[3 <1_ZA>+6(1 ZB)+3<1—ZB Jr5(1 z4)| In 1
2
+§[5(1—ZA)(l—ZB)—|—5(1—ZB)(l—ZA)] (4.101)

Here equations (4.38), (4.67), (4.68) and (4.90) where used together with uyg = pars e(n(4m)=ye)/2

at NLO [91]. Thus we can conclude [13], [44]:
) A,
Cja <Za ba aa Q)

e 1, 23 4, (ciem3/4 4 (1422 EEbuN G\ 2

(4.102)

To calculate the C-function for the Compton subprocess we proceed likewise. But we need
to include the factor 2(1 — €) to account for the degrees of freedom of the gluon in n = 2(1 —¢)

dimensions. From equations (B.10) and (4.7) we find:

2—2e e—i@T.gﬂ
[ Q2 dyP Gy
le% T 2e
= N ( Ser)) 2((21 f)e)ﬂfo {% [(1—z5)*+ 23] (1 —€) + ezp(zp — 1)} 5(1 — z4)
= N(O‘S?TQ)) {_%% [(1—23)2+Z%] +M
e"Ebu~—~a
_% In <#> [(1 — 23)2 + 2]23} } 0(1—z4)+ O(e) (4.103)

Again the divergent part is absorbed by the distribution functions. Therefore we deduce that
[44], [13]:

_ 1B bprra
o (z’ b Q> _ 2 —zp) %m (%) (1 - 25)% + 23] (4.104)
2
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With the canonical choices for y = HFS €1 and cy expressions (4.102) and (4.104) are simplified

to:

b (2) L0 8) +20- z)] (4.105)

I
S
| —
[«%)
—~
[S—
|
xR
SN—
7 N
Wl
N
|
Wl

i) (2) (4.106)

which can also be found in [44] or [63].

4.3.5 Finite Part

To finish our description of the resummed formula Eq.(4.20), we need to exhibit formulas
for the Y} part defined in Eq.(4.21). The Y} term is equal to the difference of the fixed order

perturbative result and their low Q7 limit. Let us start with the qg process, we have at NLO:

Rj; = R},
2 (@14 (Q2—w)? 2
_37rQ%{ . s+t+u—Q)
1+ 25 1+ 2% 5 3
_5(1_ZB)[1—zA]+_5(1_ZA) l:l—ZB:|+_25(1_ZA)5(1_ZB) <an —5)}

(4.107)

where equations (3.105) and (4.82) have been used. For the Compton contribution, qg subpro-

cess we obtain using equations (3.106) and (4.103))
1 _ pl
R =R,

1 {(Q2 —5)2 4 (Q? _u)25(3+t+u—Q2) S [(1_23)24_2%} 5(1—2,4)}

T ur —us Q%

(4.108)

and similarly for the gg subprocess

Rgj = Ry;
2 2 2 _ 42
L@@y gy b (- AL ) )
T —ts T

At this order any other possible contributions like R;g, R}j,, R%j, do not contribute [44].
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CHAPTER 5. RESUMMATION AND STRUCTURE FUNCTIONS

In this chapter we will apply resummation to the fully differential cross section. In the first
section we apply resummation only to the transverse structure function. Then we explore how

to extend resummation to the remaining functions. Conclusions are also included.

5.1 First extension

The most direct way to extend resummation to the fully differential cross section of the
Drell-Yan process is to apply this technique to each one of the structure functions defined in
Chapter[2l Unfortunately, only Wp has the right structure. Let us understand this better. By
Eq.(2.24) the integrated cross section is proportional to the sum 2Wr + W, but the transverse
structure function dominates at low @7, thus:

2
Wr (5.1)

. do . a
m — = lim ————
Qr—0d*q Qr—0652Q32%x3

since the singularity for Wy is the dominant singularity!. Hence, when we performed the

resummation of the integrated cross section we were actually resumming Wyp. Clearly this

implies for the differential cross section:

do o?
lim o = lim ——— [Wy (1 + cos0 2
iy Frgdft ~ G 5gage oyt LT (1 eos"0)] (52

and therefore at low @ we have:

do N o? [
diqdQ  252Q2? (2m)*

Wtesum- (1 4 cos? 6)] (5.3)

!The fact that this singularity is proportional to Q%— is fundamental for resummation
T
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and for 0 < Qr = Q

do
d*qdQ
2
o Resum. 2
W [WT (1 + cos (9)]
2
a [Wf (1 + cos? 9) + Wg (1 — cos? 9) + WgA cos 2¢sin? 0 + Wi sin 26 cos ¢

252Q2 (2m)*
(5.4)

+

with [12],[13] and [63]:

Resum.
Wi

= (27 )45(1 /d2 ZQTbZ Z Qb:cA,:CB)

3

L q La
f/* fuya (E4:1/b) fB foy (€5:1/02)

< exp {_ / Z dﬂi [m (%) Alg() + B<g<ﬁ>>] }

xCljq (5 :g(1/b, )> (z—i;g(l/b*)>
(5.5)

where FAP and b, have been explained at the beginning of section [4.3.2 and the functions A

B and C are the same functions found in the last chapter. The finite pieces are

For W

qq subprocess:

finite __ pert asymp
Wigey = Wra ~ WT(qq
2m)* 1 2Q*
= (W)S( ) {—( Q)( +Z—B> 5(s+t+u—Q%
3 7 2 ZB  ZA

1 2 2

Rk +ZB] +25(1 —24)0(1 — zp) ( @

+ QT

_Qi% [5(1 25) [1 } +0(1 — 2a) [@
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qg subprocess:

Witaey = Wiia ~ ﬁé’SI’
_ (en)'s <as(Q)> (
N 3 I 4 Q3
2
—% [(zA—ZB)2+z%+(1—zAzB) + 2% + 2 %gg] Q— \/1 +% —zp | 6(s+t+u—Q%
—[(1—2p)* + 23] 6(1 — 2a)} (5.7)

for gq subprocess:

Wiion = Wi ~ Wﬁ?é’?ip
_ (21)'S [as(Q) {
N 3 s 47rQ2
2 2
—% [(zB—zA)2+zi+(1—zBZA) + 2442 igﬂ 9 ,/1+% —za | (s +t+u—Q?
— [(1=24) + 23] 6(1 — zB)} (5.8)

For the finite part of the other structure functions we just have to recall the expressions

for Wi, Wa and Waa present in Chapter [4] and in Tables 3.3, [3.5 and 3.7l

We define here:

WTotal Wresummed + Wfinite (5 9)
T .
and observe in Fig. [5.1 the prediction for W1° vs Q7. Based on this graph and comparing
with Figures 3.1443.17 we can conclude that:

A~1 va0 pu=0 (5.10)

which can also be seen in Figures [5.2, and 5.4 for pp in the Collins-Soper frame with
Q = 10 GeV/e, y = 0 and /S = 800 GeV/c. For the nonperturbative part, the BLNY

parameterization was used [89]:

FNP (Q,b,bpmaz,TA,TB) = €Xp [—bz (91 +9193In(100 4 B)) + g2 In %)] (5.11)
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g1 = 0.21 GeV?
ga = 0.68 GeV?
gs = —0.6
QQ = 1.6 GeV
bmaz = 0.5GeV~! forb, (5.12)
where b, was defined in Eq.
W%otal
1.4-10"*
1.2-10"*
1-10*
g-10"°
6-10"°
4-10"
2-10"°
1 2 3 4 5 Or
Figure 5.1 WpTotal g Qr
A
0.99999
0.999985
1 2 3 s &
0.999975

Figure 5.2 A vs @ resummation prediction

We can understand the above results as consequence of the hierarchy of divergences for

each of the structure functions and the corresponding resummation performed on Wrp. Since
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%4
0.000014

0.000012

0.00001

Qr

Figure 5.3 v vs @ resummation prediction

R

Figure 5.4 p vs Qr resummation prediction

1/Q2 is the dominant divergence and Wy, and Wan are finite at low @7, we have that ijie” is
the dominant structure function. This also implies that W}esummed is the dominant quantity,
except for a region of very low @Qr, where the divergence of Wa dominates. We will ignore

this region, since we cannot trust perturbative results there.

Now, let us remember the definitions of A, v and p Eq.(2.26):

W =Wy Wa _ 2Wana

A= —  ~ - = _ T as
Wrtwr T wrrwr VT Wrrwn

thus, including the results from resummation we have:

B W%btal _ ngnite B ngm‘te L 2W£i£ite
- W%’otal + W[innite = Wj’l:otal + W[innite - Wj’l:otal + W]]jinite
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thus, at low @Qr but different from 0 they become:

W%’otal ~ 1 1

)\ = — ~ W= —F7 ~ V= ~ 0
inite Total Total
wEotal 1w Wi Wi

From these outcomes we can deduce the validity of the Lam-Tum relation for the resummed
predictions at low Q7. Observe that the above predictions are compatible with the experimen-

tal results from E866 (See Fig. 1.2).

The validity of the Lam-Tung is also implied by

2
572 ~ 12S?Q27r3 (QW%FOW)
which follows the by discussion that appears after Eq.(3.25).
Conceptually, the above extension is not satisfactory since we are mixing fixed order per-
turbative predictions with resummed results. We would like to apply resummation to the other
structure functions and check if we can obtain a violation of the Lam-Tum relation and a v

behavior closed to the measured one. We also want a method of resummation that can be

independent of the photon rest frame used.

5.2 Second extension

Let us begin this section with the following claim:

Divergent part form. The divergent part at low Qr of the Drell-Yan parton tensor has the

following form at any order in the perturbative expansion:

wh diverg = lim w*
Qr—0
= Fdr QT W v v, U QT uw. v v, M W, v n
= K + ]:1@— (n+nT + n+nT) + .7:2@— (nfnT + n_nT) + F3 (nTnT) + Fyu d
- +
(5.13)
where? :
d" =nlin” +nint — g"

2Vectors n*,n~ and nT were defined in Eq.(3.34)
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and the F; are scalar functions of the relevant kinematic variables. These functions are such
that F1 + Fo = Fo with the following behavior at low Qr: Fo « 1/Q% and for the rest of them

either there are divergent or zero. If they are divergent then Fi,Fo o 1/Q% and F3,Fy o 1/Qr

Proof. Let us start with the following basic observation. at Q7 = 0 we have only two vectors:
pa, pp from which we can only form one symmetric tensor:

D1 (php's + pap) + D2 g
with D; and D, two arbitrary scalar functions. Now, if we require gauge invariance these two

functions are not longer independent. Then, we get 3:

S
F (pip”g +PaPp — 5 g“")

It is important to notice that this tensor is gauge invariant only when @Qr = 0. Using

definitions (3.34), and equations (3.42) and (3.43), together with (3.40) and (3.41), we can
write this tensor as Fy d*”. The fact that d*¥ is unique in the low Qr limit allows us to
conclude the following relation between this tensor and the partonic tensor for the Drell-Yan
process:

wh diverg — ( lim ]-'O(QT)> ar (5.14)

QT—0

Notice also that d*¥ only has a nonzero projection along the transverse structure function?.
Thus, we can identify Fg with wr at any order in perturbation theory. The general form of

W is known:

TA T
Wi a Ty, (QT,Q, =2, —B;u> (5.15)
§a &B
with 17, defined in Eq.(4.19)). Then
1 1 [ Q?
lim F(Qr) = —5 In?" 1 <—> 5.16

taking into account only the 1/Q32 divergence we observe for low Q7 but different from zero

at any order in the perturbative expansion:

Fo(Qr)d" q, = —Qr Fo(Qr)ny (5.17)

3Compare with Eq.(3.17), where F = 1.
4This can seen from Table and Eq.
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The scalar function in the term at the right hand of Eq. is proportional to 1/Q7 and
accompanies the vector n7. In order to preserve gauge invariance, we need to consider the

5. H

following tensors®: n’in’f + nin%, ntn4 + n” Y np, nTnT and d*” and the corresponding scalar

functions®.

These are the only tensors that contracted with ¢ yield a term proportional to
n/.. Notice that the function accompanying d*” can only be at most proportional to 1/Qr,
otherwise it will be included in Fy. A companion of nf.nf. proportional to 1/ Q2T contradicts the
fact that wy is the only structure function with singularities proportional to 1/Q3. We define

F1 and F; as the scalar functions of QT (n+nT + n+nT) and QT (n ny + nZn%) respectively

with

~N

O

Cee [0
Q+_ \/5 1+

Q. = Q\efy,/ gg (5.19)

In similar way we define F3 and Fy. The relation F; + Fo = Fp is consequence of gauge

(5.18)

5|

invariance’. O

Despite the fact that we have used gauge invariance to find the general form of Eq.(5.13),
this tensor is not gauge invariant in general. Therefore, we need to find a tensor that conserves
current and includes as much as we can of tensor (5.13). Inspired by the form of the tensors
for the annihilation and Compton subprocesses, we construct order by order in perturbation

theory the following gauge invariant combination:
kM =

Fo d™ +F1QT (nJrnT + n! nk + %nﬂ%) +7:2Q (n np +nnip + or n V>
Q Q+ Q'

(5.20)

We remark here that this tensor contains the most divergent part of w*” plus a certain finite

SRemember that w"¥ is symmetric.

5We could have started with the general set n!ing + niinf ntnr + nYnlnpnk, " and nfinY + nint
and reduce its independent elements using gauge invariance and the behavior of the scalar functions at low Qr;
either way you could have ended with the same set of tensors and scalar functions.

"We proved in Sec.(2.3) that there are only 4 independent structure functions at any given transverse mo-
mentum for WH”.
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part necessary to assure k*”q, = 0. We define a new finite tensor by
= w — kW (5.21)

notice that f*” is gauge invariant and finite or at most with a divergence proportional to 1/Qr

when Qr — 0.

We can observe this kind of decomposition applied to the annihilation subprocess:

pv (NLO)
qq
= @ 0P @ o (s b Q)
Q7
2 _ 2
(@ —1)? _ﬂ@(uv Yk @“”)
—1—[ 02 S(s+t+u—Q% Q. ”7”T+n—”T+Q+”fn—

with F; = (Q552u)25(5+t+u—622), Fo = @;27_;)26 (s+t+u—Q2) and f# = 0. For the
T T

Compton subprocess we have:

wjy (VO
= = (W +s*+2tQ) 0 (s +t+u— Q%) d"™
+ [(Qz s 2?;2; 5) 23@25 (s+t+u-— Q2)} Q—f nkn +nnl + Q—fnini)
+ {(QQ + 8)(?22;) — 28Q25 (s+t4u~— QQ)] Q—i <n’in% + 0k + g—inﬁn”)
with
F o= (Q2+t+2i)2(';;8)_28Q25(s+t+u—Q2)
5 - @@ 1) _28Q25(3+t+u— Q?)

—2su
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and

uv (NLO)
a9
2 2
- {QQTS [(n’in” + nin’i) - Q—Zn‘ini - Q—Qn/inli + Zn%n%}
2Q° 2Q%
1 1
+Q1s [_ (nfynp 4+ n¥nk) + — (n"nf + nin%)]
Q- Q+

(R S ,

2Q1H7H_+Wn+n+ (5(8—|—t—|—u—Q)

+Q§1~8|:

The existence of k* allows us to find the following relations:

.. Q%
wr =k"2,2, = ———= (F1+ F> 5.22
where we have used
5 ol eV L ou_ ¢ 5 b
Zun+ = —%, zun_ = E, ZM”T =0 (523)

and
s
wT_ll 2@+ @)

here we have employed the projector operators defined in Eq. .

(Fi1+ F2) (5.24)

In like manner:

1 Q2
wan = wr — k3,8, = L (F| + F: 5.25
AA T o 2Q2+Q%~( 1 2) ( )
where we have drawn upon:
_y Y 2
A I € QT A I € QT A~ M T
Tn, = ——, I,n. =———, ZTnp=—4/14+—= 5.26
TR TR <’ 220
and finally,
. QT( Q3% >
wa = —k"2,3, = 1— ———= | (Fo — F 5.27
18 Q Q2+Q% ( 2 1) ( )

The above relations are valid at any order in the perturbative expansion, thus:

QQ
wr = @TTQ%J-—O
(@
o = 1 2Q2+2Q2T> 70

Q%

1
2@y 529

wan =
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Now we observe here that Fy is the transverse structure function defined in the previous section

and therefore we can apply the resummation technique used there. This allows to conclude:

Q7 Total
WL = Q2+7;2% W;j; ota
Wr = |1 - giboy | W
2
WAA = QQQC_QFQQQ W’]TOtal

Table 5.1 Tensor predictions for Wy, W and Waa

The new structure functions Wyp, Wy, Waa have some important properties at low Q7.
For instance, Wr, Wana « Q% which is expected from general considerations and suggested
by the form of the NLO prediction for ¢g process, Table [3.3. Wy has a correction equal to
(1 — %) which was anticipated since the transverse structure function should decrease
with an increase in 7, the correction should be proportional to Q% because it has to finite at

Qr = 0 limit.

The attentive reader should be asking now why Wa is missing. As can be seen from
Eq.(5.27) this function is proportional to F» — F;. This difference is not renormalization group

invariant which makes impossible the use of collinear resummation.

Despite the fact that we are working only in the CS frame the above method also is ap-
plicable to any frame. The only change necessary is to use the corresponding 2,,#, in the
contraction with the tensor k#”. This is an advantage if we compare with the method ex-

plained in Sec. (5.1

One observation more is important. We are neglecting here two types of terms. The first

set of terms come from the finite part of the tensor separation. These terms are finite at low
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Q2

2
QT’

from taking only the divergent part of F; and F». Since both sets of terms can be neglected

Q7 limit. The second set of terms, which are proportional to a finite power of In come

compared with the terms that we have retained and resummed, we expect that our results

capture the relevant physics.

We present in Figures [5.545.7 the predicted behavior for Wy, Wy and Waa for pp in

the Collins-Soper frame with Q = 10 GeV/ec, y = 0 and /S = 800 GeV/c, using the same

nonperturbative tensor of the last section, equations (5.11)) and (5.12).

Wy,
1.x10%2
5.x10%"
1.x10%"
5.x10%°
0 2 4 6 8 10 91
Figure 5.5 Wr vs Q1 extension prediction
Wy
1.x10%
5.x10%
2.x10%3
1.x10%3
5.x10%?
2.x10%?
0 2 4 6 8 10 91

Figure 5.6 Wr vs Q1 extension prediction

The following step is to check for the predicted values for A and v which can be seen in
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Figure 5.7 Waa vs Qr extension prediction

Table

N
Q*+5Q7
o’

v = ——t=
Q2+3Q32

Table 5.2 Tensor predictions for A and v

Notice that we have an important relation between Wy, and WaAa:

Waa 1
= 5.29
Wi 2 (5.29)

which represents no departure from our previous results, since Eq. is equivalent to the
Lam-Tung relation:

1-A—-2v=0

This fact may explain why the violation of the LT relation at NNLO is so small. Now, compare
Table[3.3 with Table5.2. We have recovered the results of NLO with finite structure functions,

thus the graphics for NLO become also the graphics for the extension of resummation.

We can observe again the behavior for A, v in figures -5.15.
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Figure 5.8 X vs Qr extension prediction

Qr
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Figure 5.9 A vs Qr for extension and NA10

5.3 Conclusions

This study had the following objectives:
1. Extend resummation to the fully differential cross section.
2. Use the new extension to explain the azimuthal asymmetry and,

3. Comprehend the magnitude of the violation of the Lam-Tung relation and the difference

in sign between the known predictions and of the measured values.

We will finish by summarizing what is has been found in each one of these goals.

e In Sec. [5.2] we developed a new method that extends resummation in the Drell-Yan
process to the longitudinal and double delta structure functions. This new method also

yielded a modification of the transverse structure function. This modification includes
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Figure 5.11 X vs Q1 for extension and E886

now a quadratic dependence in the transverse momentum and in the invariant mass of
the dilepton. This new technique also includes the effects of the nonperturbative part of

the Sudakov factor.

We have studied the structure functions Wy, Wi, Waa and Wa, exploring the contribu-
tions of the annihilation process ¢+ ¢ — v* + g and Compton subprocess ¢+ g — 7v* +q.
This exploration was done following the parton model, perturbative QCD, colllinear fac-
torization and resummation and “extension” of resummation. The new functions Wr,
Wi, and Waa are finite in the low @Qp limit, which is an improvement over the NLO

calculations, which diverge as a power of 1/Qr, see Tables and [3.7.

We have also studied the angular coefficients A, p and v defined on terms of the structure
functions. As it can be seen in Table 5.2, the predictions obtained in the extended

resummation for A and v are independent of the parton distribution functions and they
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Figure 5.13 v vs Qr for extension and NA10

are well defined since they are ratios of finite structure functions at low Qp. These
predictions contrast with the NLO results presented in Tables [3.4] [3.6 and [3.8, where
the functions obtained are ratios between divergent structure functions. This fact puts
into doubt the usefulness of the NLO predictions at low Q7. We have reproduced these

results in the frame of the extended resummation.

e Experiments NA10, E615 and E866 are fixed target experiments. NA10 performed DY in
7~ + W at 194 GeV/c with kinematic variables®: (zr,Q, Q7) with ranges: 0 < zp < 0.6
, 4.7<Q <85 GeV/cand Q > 11 GeV/c [67] and [77]. E615 used also 7~ + W but at
252 GeV/c with ranges 0.2 < xp < 1 and 4.05 < @ < 8.55 GeV/c [53]. E866 used p + d
at 800 GeV/c with ranges 0 < zp < 0.8 ,4.5 < Q <9 GeV/cand Q > 10.7 GeV/c [128].
P, . 2sinhy/Q°+Q2

PL maz NE]
is the maximum longitudinal momentum allowed.

84 F is known as the Feynman-z variable and it is defined as x = where Py, is the

Vs
2

longitudinal momentum of the particle and Pr maz =
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Figure 5.15 v vs Qr for extension and E886

These experiments divided each @7 bin in different number of bins in (cos 6, ¢). Then,

they find the angular parameters using a standard least-squares fit to the distribution:

dN 1
= %)\—4—3 (1 —i—)\cosQ@—i-usin%?cosgb—i—gcos&bsinzH)

This procedure presents a conceptual problem. As it can be observed in the matrix
presented in Eq. (2.1)), the transformation to the CS reference frame is a continuous
function of the measured quantities. This in practice means that the measured angles
only make sense if we keep fixed the kinematical variables because a change in them
implies a change in the reference frame. Since the result presented in Figures[I.1land T1.2]
have integrated (Q and xzr dependence there is the possibility that the observed results
have integrated part of their physical meaning. An ideal experimental analysis will use

bins in (27, Q, Q) as small as possible®.

90f course statistics and the particular experimental set-up will play a very important role
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e The A behavior is not clear from the experimental point of view. As it was remarked
before, when we compared the NLO predictions with the data, most of the central points
of the E615 and E866 sets are above 1, see Figures[5.10 and [5.11. Since —1 < A < 1
is the allowed range, we will ignore those points. The NA10 points show a qualitative

match with the theoretical curves, which is also the case of the NLO predictions, Fig.

3.6.

e A question that remains unanswered is the magnitude of v, which gave origin to the so-
called azimuthal asymmetry. The predictions found here for v cannot explain the results
reported by the NA10 and E615 collaborations because they are consistently below the
experimental values, see Figures [5.13] and [5.14. This is also the case for NLO and
NNLO predictions in pQCD [96]. For the E866 results Fig. we have a qualitative
agreement. We remark that the theoretical curves show a strong @Q-dependence that
should be included in the experimental analysis. The Q?-dependence is supported by the

data [55].

e We did not obtain, with the extended resummation, a violation of the Lam-Tung rela-
tion. The NNLO corrections only predict a minute violation [96]. At first look this will
render the prediction done here useless. As it was point out previously, the central values
obtained by E615 and E866 collaborations for A are above 1 which is not physical (see
Eq.(2.26)). To see see how this affects the experimental values obtained by the exper-
iments, observe that since the Lam-Tung relation is equal to 2v — (1 — \), as quoted
by the experiments, we have a positive value coming from the (1 — \), which combined
with 2v gives a positive result. Since A should decrease with an increase in transverse
momentum, we expect (1 — A) to be positive and therefore to decrease the value of 2v.
From the theoretical point of view, a violation of the Lam-Tung relation reflects how
fast v increases and how fast A decreases and the sign will depend precisely on that. A
different way to see this is using the structure functions: 2v — (1 —\) > 0 is equivalent to
2Wan > Wr. The sign of the violation tells us about the relative size between these two

functions. Notice here that the NA10 set is consistent with the physical expectations.
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Since the experimental results have integrated the @) and xp dependence, is difficult
to assert how big or the sign of the violation. We believe that the Lam-Tung relation

requires further theoretical and experimental study.

The techniques developed here can be applied to W+, Z° or Higgs production. These
cases will require a generalization of the tensor structure used, since we will have to
account for a parity violation term. This study is also relevant for processes like semi-
inclusive deep inelastic scattering and back-to-back hadron production, in two-jet events
in electron-positron annihilation, where no angular distributions exist. There are also

plenty of possibilities for further theoretical application.
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APPENDIX A. ADDITIONAL REFERENCE FRAMES

This appendix contains descriptions of some extra reference frames used in the literature.
They are all expressed in terms of variables measured in the center of frame and their trans-

formation matrices from this frame are also included.

Some dilepton center-of-mass frames

Since all the dilepton frames are related by a rotation around the common y-axis we will

define the rest of the frames mentioned in Sec. [2.1 in terms of matrix of a rotation from the CS

cosy sinvy

frame. The general form of this matrix is (7 sin~y cosy

) where v is the angle between a specified
vector and the z-axis in the CS frame. With this definition the matrices of transformation from
the hadron c.m.s to any particular dilepton c.m.s are easily found.

Gottfried-Jackson frame

For example, in the GJ frame the z-axis is parallel to the three-vector ]5:/4 See Fig. |A.1.

The components of this vector in the CS frame are ﬁ;l = 4 % <_8T,O, 1), SO we
Qr

need to rotate an angle ygs = arctan (7) The matrix of rotation is defined by the values

cosvYqg = \/Q%—Q% and sinygy = \/Qgii—Q% And the matrix of transformation of coordinates

is

@ 9 o @ _@
Q Q Q
_QQTQ 1 0 QQTQ

Acv—cr = o o (A1)

0 1 0

0
2Qo—Q*Q:  Qr 0 Q2Qu—Q%Q-
Q(Q2-Q2) Q Q(Q2-Q2)
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(ﬁBeam, ﬁTarget) plane

P Target

Dilepton center-of-mass plane
(z,l+) plane

Figure A.1 The Gottfried-Jackson frame

U-channel frame

For this frame the z-axis is antiparallel to the direction of the target momentum ﬁB, see

—Q
\/Q2+Q2T’0’ \/Q2+Q2T) and the

angle of rotation is the same as in the GJ frame but the rotation is performed in the opposite

Fig/A.2l The components of this vector are P, = é gg;gj ( —Qr

direction. Therefore, the matrix of transformation of frames is:

Qo _Qr _Q:
Q Q Q

_QQTQ 1 0 _QQTQ

+ z Jr z
Aov—ve = 0 0 (A.2)
0 0 1 0
_ Q%QO+Q2Q2 &r 0 QQQO‘FQ%QZ
Q(Q2-Q2) Q@ Q(Q2-Q2)

Then we can describe the z-axis in the CS frame as the bisector of the angle between the
t-channel and u-channel frames [53].
S-helicity frame

The s-helicity frame is the last one to be consider here. The z-axis is antiparallel to the

direction of P4 + Pg, see FiglA.3.

— — 2 N2_ _ _
This vector has components P, + P = g,/ ngfgfy <\/Q2 8;?52(22,0, WG Q%ZQQQQQ)
z T%0 z 70 z
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(PBeam, PTarget) plane

Dilepton center-of-mass plane
(2, 1) plane

Figure A.2 The U-channel frame

Therefore, the angle of rotation is vgy = arctan (%ngo ), and the transformation matrix,

Qo _Qr o _9
Q Q Q
R
Acy—sH = (A.3)
0 0 1 0
_u Q7o 0 Q
@ Q[ Q||

(PBeam,PTarget) plane

<)

Dilepton center-of-mass plane
(2]) plane

Figure A.3 The S-helicity frame

where ‘Q‘ = \/Q% + @Q? is the magnitude of the vector part of @ as seen in the hadron

c.m.s. The matrix A.3 can also be described as the combination of a rotation in the hadron
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c.m.s. and a boost. The matrix of rotation is defined by

o 9 (A.4)
Qr Qs
@l Q]

This rotation makes the new z-axis parallel to Q In this intermediate frame ) has as com-
ponents (QO,O,O,

matrix is equal to

@ D and the boost takes this four-vector to the dilepton c.m.s. The boost

Q 19
g V0 -3
0 10 0

(A.5)

— O
!

(@)

—

|
&
(e}
(e}
o o
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APPENDIX B. NLO CORRECTIONS TO THE DRELL-YAN PROCESS

The corrections of O (ag) for DY are presented in dimensional regularization, with n =

4 — 2e.

From factorization theorem to measured cross section

The factorization theorem for the DY with measured transverse momentum Eq. can

be written as:

dO'hAJthHlﬂ— i / de ng
1Py PO OZ s ——Jfaya (€a, 1) fos5 (€8, 1)
TA T
X Tab (QT5Q505¢5 _Aa _B’:U’aaS(u)> (Bl)
§a &B
where we have already used y = urp = @ and defined
_
70 = 12502

Our objective now is to find the NLO corrections to the naive DY. Since the hard scattering

function 7', but not f, has a perturbative expansion we can write:

(21,000 28 2 asi) - xz, [220)'

s

x (QT,Q 6,9, ZA ZB ) (B.2)

In the lowest order of perturbation theory only g + § — 7* can contribute, so T° is defined by

the parton cross section Eq.(3.15) and is equal to:

€26,50 (Z—j = 1> 5 <z—§ = 1) 6% (Gr) (1+ cos? ) (B.3)

For any higher order we can proceed as follows. Since the hard-scattering function is

independent of the external hadrons, we can compute it using Eq.(B.1) assuming the particular
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case of parton-parton reaction. Then the distribution functions f now represent the parton

J+k—»l+l

— it i3 the n—dimensional scattering cross section
dQ2dyd2GrdQ g

content of the external partons and
which contains poles as ¢ — 0. Since the external particles are partons, perturbative expansions

now exist for f,/; making possible to find 7' [30]. The pertubative expansion of the functions

fasj (§; 11, €) can be obtained from their definitions (3.59) and (3.63), using the adequate parton
states. In the MS scheme we can find [30], [45], [46]:

1a5

Jogi (€ 11,€) = 00jd (1= €) = -2} (€) + O () (B.4)

}) (&) the lowest order Altarelli-Parisi kernel that provides the evolution with p of the

with P!
parton distribution functions Eq.(3.61). In Table B.1, we list the one loop kernels of QCD
[102]. Once we use Eq.(B.4) into the factorization theorem we get:
da( ) ag daj(.z)
dQ2dyd2QrdQ T dQ2dyd?Qrd

0) , &S (1)

1 o

L C RO I
1

_2_6%2/ dés Fy))(n )<xA,§ Q9u,>}

+ 0O (a?)

which allows us to obtain at one loop:

1 daﬁ)
00 dQ2dyd?Qrds

+ Z/ deP )T52)<5A zp,Q,0; ;€ >

+ _Z/ d¢p Py () T )(ﬂ%g ,Q0u,> (B.6)

(1)

Hence, we can obtain Tjk subtracting from the parton cross section certain factors containing

(1
Ty =

1/, the Altarelli-Parisi kernel and the parton level result. Notice that when Agcp < Q = Qr

(1)
we have T](,? =1 9,1

o0 d02dyd2 Odt ,which is given only by the sum of the real emission and the

Compton subprocesses.
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Pina) = Pz = 4|+ )y + 3601 - o)
Pyg®) = P = 0

Pyg?) = Py = 3[2+0-27]

Fya = Pyg) = 4=

P = S[52 + i +a-2)+ (- 1) o0 - 2)]

Table B.1 One-loop evolution kernels in QCD

n-dimensional parton cross section at one-loop

In order to calculate the DY cross section to one-loop, we need to consider the sum of
following contributions [115], [127] :

Real emission diagrams:

2
,y*
+ 3
——00Q00,
,y*
Virtual corrections diagrams:
1
2

&/ /

where we have included only half of the renormalization of certain fermion lines, since the

1
2

other half is included in the renormalization of the parton distribution functions.
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Compton subprocess:

>

Since we are interested in the predictions of pQCD for the structure functions Wr, Wi, Wa, Wa a,

we will keep the Lorentz indices associated with the virtual photon.

Real emission subprocess

1Cru®
" - _mTT [#a® (a = pB) -7 7P (4 = PB) - 7 7ol
— VB
| S ——
| Cru*
' = (1-9 "=~ ug™ +2(phe" +pha")
v

| — Aphpls — 2 (P’ + par) |

pa, Sﬁ:%
l
I

.
CFH2E uv W v vou
k =(l-g——[ - 1 + 2 (phhq” + phag")

5 — — 4phpt — 2 (PP + ) |

R —
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1 2¢e
7Crp
= 4 —Tr 41" (¢ —pB) 7 V"¥BYa (P2 — 1) -7 7"]
q 1
pa_, /(i&\l | a,a o pa
T ‘
Y ' (q—pp) = Crii” { — 2sphplh + 2s¢"pp — 2 (Q° — u) Phpls + 25p4q”
(pA — Q) b ut A B A
pE——— I S——pp _ 2(@2—t) /LV+2QQ/LV_SQ2 Ny
— s B,b TXS —— DaPA Dpba 9
q
l — e[2spliq” — 2splipls — 2 (Q% —t) Plip4
+ 2(Q% —t) ¢"ph — 2s¢"q” + 2s¢" P — 2Q* PP
+ 2(Q* —u) plyg” —2(Q* — u) ppp's — utg"” 1}
lC 2¢
i ,
v, =~ —Tr[par" (pa— )7 7"¥8 " (4= PB) 7 Yol
pA+ a,a | \ - DA
|
(q - pB)" (pA —q) CtF:u'z6 v v v v
‘ =——1{ - sQ*g" —2(Q* —t) phip's + 2Q*plip's — 2splyph
PB > PB v v v
o \\% | B,b + 2s"py — 2(Q% — u) pippls + 2554
q bl
|

— e[—2sphph + 2sphq” — 2Q%p %
+ 2(Q% —u) ¢"pl — utg" + 2s¢"p)
+ 2(Q*—t)plhg” —2(Q° —t) s
— 2sq"q" —2(Q% —u) pipp 1}
The color factor C'r is equal to %Zib:l Tr [)\“)\b] = %, where we have used the standard
normalization for the color matrices T'r [)\a)\b} = %5‘”’. Finally, we can add our previous results

to obtain for ¢g:

uv(R) _ %6?9211126

W = I [ = 4Q2 (P Ples) — (@7 1)+ (@2 w)’] g
+ 2(Q*—t) (Ppa” +p5a") +2(Q% —u) (Phd” + ")
— €[2(Q*+ ) (Pha” + ¢"Pp) +2(Q* + 5) (P4d” + ¢"P4)
— 4Q% (Piph + Pp'h) — AQ? (Pl + Paph) — (@7 — 5)7 g™ — dsq'q” |}
(B.7)

with s = (pg +pa)®, t = (pp — ¢)* and u = (pa — q)°.



122

Virtual corrections

The virtual corrections include fermion self-energy
and vertex correction diagrams . Since the basic
m — (0 interaction is electromagnetic these corrections have

the same group structure and their corresponding

counterterms cancel each other. Notice also that
because the fermions are massless, the fermion self-
energy without counterterm is a scaleless integral,
which is equal to zero in dimensional regularization
[115].

Thus, we are left only with the diagrams corresponding to vertex correction calculated as if

there is not courterterm.

Since the sum of these corrections is proportional to

the Born level diagram, we can write:

v Lej .
WY = SF2Re (v(Q%)) Tr By ¥
26? 2 v S Nz v
| = ?Re'y (Q ) (pApB - 59 +pBPA)
+
(B.8)
|
| where [115]:
(@) =— o= 4 4rp? 1 T2 (1 — e)L(1 +€)
| T ET w3 | e T(1— 2¢)
1 3
-+ —+4 B.9
| X <e2 +o.+ > (B.9)

Note that because Eq.(B.8) is not the square of an amplitude, it is not required to be positive.
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Compton subprocess

CFHQE
q q =___—=0F 7 H —a)- o
pa /’f | 7,2\ oA 21— 0 [ #pa M pa—a) vy
N v - )
(4 — a), | (o4 —q) X (pB+pa—a)- 7Y (Pa—qa) 77"
_;_ Oé;a T 671) — 9 ( )
B DB Crp(1—e¢ L, L y
| =g 9" 2l rprh)]
C 2e
= 2B T ga 4% (pa )y

S 24(1—¢)

Y
q v
a,a\\ /;;:Z/l\q \Ab X (pB+pa—q) 77 (Pa+pB) Y Val

1—
| - ﬁ [ug" + 2 (p'yp's + P'sp) + W — 2 (P + Pipd”) ]

Cryp*
=——T a + cy AH
dsu(l—e) r[ pa Y (pa+pB)-YVY

X (pa+PB—q) YV Pa—q) - v7"]

{ tQ%g" +4Q*phph + 2 (2Q° — u) phips

+ 2sppph +2(Q° — u) Py

— 2(Q%+5) Plaq” — 2sppa” — 2(Q° —u) ¢"p
— 2(Q° —u) ¢"pp + 259"

— € [sug’“’ + QSp%pZ‘ — QUPZp%

+ 2(Q* —u) pyp's — 2sp'5¢” 1}
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CF2 /1’26

| < :—mﬂ“[ Pa Y (pa—q) v

X (pa+prB—q) 77 Pa+DPB) Y Vol

L
\@/‘/
<
R
=
b
\
=2
Q
&l
=
&

(pa+pEIN—7 00000 = 57 g b 1Q*g" +4Qpir + 2 (2Q" — u) 'y
PB — 2Q%hp% —2(Q + 5) ¢"p4
+ 2(Q%+ ) P +2(Q° — u) vy
— 2s¢'pp —2(Q* —u) piq”
= 2(Q% —u) pga” +2s¢"q"
— € [Sug“" — 2up‘ép2 + 28])/2])%
+ 2(Q —u) Pprp — 25¢"pp ]}
Remember that in n = 4 — 2¢ dimensions, the polarization degree of freedom is 2 for a
quark and n — 2 = 2(1 — ¢) for a gluon. This is why we have the extra factor (1 — €) dividing

the expressions of the previous diagrams. We have also Cg, = %% Yoan T [)\a)\b] = %, so the

final result for the Compton subprocess ¢g is:

w 1 6?92H26

9= Gus(1—c) { 8Q*pp'h + AQ°pipps + 4Q% (Pap's + Pipp)
+ (2Q +u’ +5%) g = 2(Q7 + 1t + 25) (Plag” + d"ph)
2(Q%+s) (Ppa” + @"ps) +4sq"q” — e[ — 2 (u+s) (P'sq” + ¢"'P'p)

+(Q2— 1) g™ +4Q%ps 1) (B.10)

In order to consider the diagrams with p4 and pp exchanged, we only need to transform the

above expression using pa < pp and u < t and thus the result for the Compton subprocess

gq is:
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w 1 6?92#26

(= 8Qphpl +4Q7Phph +4Q7 (Pp + Pips)
97 6ts(l—e)
+ (2uQ* + 17+ 5%) g = 2(Q + u+25) (pa” + d"Pp)
— 2(Q%+s) (g’ + ¢"ph) +4sqq” — e[ —2(t+5) (Piq” + ¢"Ph)

+ (@ —u) g™ +4Q Y 1} (B.11)
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APPENDIX C. SOME USEFUL MATHEMATICAL RESULS

We include here some mathematical results used in chapter 4.

Extraction of divergent contributions
In Eq.(4.2) a modified version of the formal identity [82]:
)
=———0(m)d(n)ln(c) + 3n) + O(c) (C.1)

was introduced. Here, we will explain the extra term present and the unusual definition used

for the “+ distributions.” We need to start with an integral equal to Eq.(4.1):

1

1 QT
/ deaf () / dép 9(ep)o [@A —04) (€~ m) — w4

2

introducing the change of variables m = £4 — x4 and n = {g — rp we have a new integral

l—xx l—xzp
/ dmf(m+x,4)/ dng(n+xp) o (mn —c)
0 0

2
with ¢ = z42 B%. We now take the limit of low Q7 or equivalently ¢ — 0 to obtain:

1—xz 4 dm l—zp
lim [/ —f(m—i—xA)/ dn g(n+xp) 6(n)
c—0 Ve m Ve

l—xx l-zp
_|_/\/E dm f(m—i—xA) (5(m) /\/E d?ng(nerB)]

which is equal to
. 1=za gm I=zB gp
i [oton) [0 gt 4 ) [ P+ om)
c—0 Ve m Ve n
where we have used the regions of integration defined in Fig/C.1l  Taking the limit we find

l=za qm —x —x =25
oton) [ S flmt ) +ateaf(oa | S gy [ R )
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Figure C.1 Regions of integration

where the following definition

/bdx@ N M GRS ) (C.2)
o xg e—0 /. x
= 1 dex@—f(onn (g)} (C.3)

was employed. Now, going back to the original variables we get:

1 . . .
o) [ d’SAMJFQ(xB)f(wA)In[(l Al B)]+f<x,4> I

A (Ca—za)y s (B —B)y
(C.4)

The integrals containing “+ distributions” are finite and the only divergence is in the term

that contains the logarithm.

Relation between plus-distributions and plus-distributions
The standard definition for the plus-distribution is [102]:

1 1
/ de Py (2)G(z) = / dz F(2) [G(z) — G(1)] (C.5)
0 0

A second definition is also important [44]:

/ dz Py (2)G(z) = / dz F(2)[G(x) — G(1)] — G(1) /0 " e ) (C.6)
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Note that this definitions assume that the singularity is in x = 1.

Now, in Chapter 4 we have the following integral in Eq.(4.2):

52 + 562
52

Ldg f(€) 52+:c2:/1 dg
G

L EE-n; ¢ —) [f(g)

—2f(x) (c.7)

where the equality comes from Eq.(C.3). Observe that the singularity is in £ = z, in the lower
limit of the integral. In order to compare with the standard literature we need to introduce

the variable z = x/¢ and the definition of Eq.(C.6). So Eq.(C.7) becomes
x. 1+ 22 dz 1
-2
/z 10T o >/x - (1_Z>
L1422 [f(2) o422 Ldz 1
ey _— - — _2 -
[ MO ] e [0 e [ (1)
Vdz [14 22 L4z dz 1
—/m;[l_sz(sz(x)/odzl ()/x = ()
which allows us to write

Lae f(e) 52+:c2:Llﬁ[lljfkﬂz)_f(x) [Lzm(%)] (©8)

T 5 (5 - x)Jr 5 < 2
Using relation (C.6), we can prove the equality between the two expressions used in this

thesis for the DGLAP kernel:

1422\ 1422 3 .
(—1_Z)+_7(1_2)++§5(1 ) (C.9)

The procedure used to prove the above equation is the familiar one: we introduce a test

function f and we check the equality between integrals. Starting from the left hand side of

Fq.(C.9):
[ e - s (T_f) -5 [ (AE2)
[ (15 L
Ry Y e

z

1+ 22 3
= m+§(5(1—z)
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Fourier transform in n-dimensions

For completeness reasons, we describe here the procedure outlined in [73] to perform the
Fourier integral for spherical functions. A function f(z1,x2,...,2,) is spherical if it depends

only on the single variable z = (z% + 22 + ... + x%)%

Before we proceed, we need to state a few facts about ultraspherical of Gegenbauer poly-

nomials C%(z) [1]. The first relation that we need is their normalization conditions:

! oae—1/2 g o B 7 217297 (n 4 20)
/1 dz (1 —27) Ch(@)Cp(x) = Omn e rer £0  (C.10)

where « is arbitrary except for the condition @ > —%. Another important property is
Cp(x) =1 (C.12)
we will make use also of the following expansion:

6ip:ccos@ _ F(Oz) (%)70{ l;)(a + k‘)ikJa_,_k(p:C)C/?(COS 9) (C.13)

where « is arbitrary and J,(x) is the Bessel function of first kind [1]. Now we are ready. We

want to evaluate

/ d"z f(x)eP® (C.14)
with p'= (p1,p2, ..., pn). Using expansion Eq.(C.13) in Eq.(C.14) we find
> .k n—1 pr\~ [T s n—2 a
Z(a + k)i /dww (@) Josk(px) (7) /0 dfp,—2sin" " (0,_2)Cy (cos Hn_g)/dQn_g
k=0

(C.15)
We can perform the integral with respect to 6,,_s with the help of the orthonormality relation
(C.11). Comparing, we need k = 0 and a = § — 1, thus we get

() [ do f()at Ty (o) (C.16)

choosing f(z) = x—12, we can perform the integral after reading it in a table of integrals [72]:

(%)gp/dx x%’ng_l(px) = <§>n2 7ol (g — 1) (C.17)

b



likewise with f(z) = % In(z?)

(

2T
p

T

)gp/dmZ?J%_l(m) In(2?) = (

p
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