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ABSTRACT OF THE DISSERTATION 

Signal Processing for RF Distortion 
Compensation in Wireless Communication 

Systems 

by 

Qiyue Zou 

Doctor of Philosophy in Electrical Engineering 

University of California, Los Angeles, 2008 

Professor Ali H. Sayed, Chair 

This dissertation addresses some challenging problems emerging from practical 

implementations of high-speed physical-layer communication schemes. The chal­

lenges are caused by the underlying physical-layer analog/RF (radio frequency) 

processing, which inevitably introduces distortions into the baseband demodula­

tion stage. Such distortions arise, for example, in Orthogonal Frequency Division 

Multiplexing (OFDM) modulation, which has been adopted by several wireless 

standards. OFDM systems are known to be sensitive to the IQ imbalance and 

phase noise distortions introduced in the signal down-conversion process. These 

distortions seriously limit the applicable constellation size and reduce the attain­

able transmission data rate. Traditionally, the problem has been alleviated by 

increasing the transmission power of the carrier signal. In this dissertation, an 

alternative approach is pursued by exploiting signal processing techniques in the 

digital domain. 

Chapter 2 develops a two-stage scheme to compensate for phase noise dis­

tortion in wireless OFDM systems. In the first stage, block-type pilot symbols 
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are transmitted and the channel coefficients are jointly estimated with the phase 

noise. In the second stage, comb-type OFDM symbols are transmitted such that 

the receiver can jointly estimate the data symbols and the phase noise. The joint 

effects of IQ imbalance and phase noise on OFDM systems are analyzed in Chap­

ter 3, where compensation schemes are proposed and their performance is studied. 

In Chapter 4, the nonlinear effects caused by the front-end analog processing are 

investigated in the context of wideband software-defined radio systems. In the 

presence of strong blocker (interference) signals, such nonlinearities introduce se­

vere cross modulation over the desired signal. The proposed digital solution scans 

the wide spectrum and locates the desired signal and blocker signals. After down-

converting these signals separately to the baseband, they are jointly processed to 

mitigate the cross-modulation interferences. 

It is shown that the proposed schemes can effectively mitigate these impair­

ments, consequently, simplifying the RF and analog circuitry design in terms 

of implementation cost and power consumption. The proposed approach demon­

strates how mixed-signal, i.e., joint analog and digital, processing techniques play 

a critical role in emerging radio technologies. 
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CHAPTER 1 

Introduction 

The demand for high-speed data communications through wireless links has expe­

rienced a rapid growth in recent years. Intensive efforts are being pursued to meet 

the increasing need for high data rates. New technologies continuously emerge 

to change the way we are sending and receiving information bits. Some repre­

sentative examples of these new technologies are the multi-input multi-output 

(MIMO) transmission and reception schemes, ultra-wide band (UWB) commu­

nications, opportunistic and cooperative communications, and cognitive radio 

networks. 

This dissertation addresses some challenging problems emerging from practi­

cal implementations of these high-speed physical-layer communication schemes. 

The challenges are caused by the underlying physical-layer analog/RF (radio fre­

quency) processing, which inevitably introduces distortions into the baseband 

demodulation stage. Such distortions arise, for example, in Orthogonal Fre­

quency Division Multiplexing (OFDM) modulation, which has been adopted by 

several wireless standards, including the IEEE 802.11a wireless local area net­

work (WLAN) in the 5 GHz band, the IEEE 802.llg WLAN in the 2.4 GHz 

band, and the European digital video broadcasting system (DVB-T). Despite its 

popularity, OFDM systems are known to be sensitive to the IQ imbalance and 

phase noise distortions introduced in the signal down-conversion process. These 

distortions limit the applicable constellation size and reduce the attainable trans-
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mission data rate. Traditionally, this problem has been alleviated by increasing 

the transmission power level of the carrier signal. In this dissertation, an alterna­

tive approach is pursued by exploiting signal processing techniques in the digital 

domain. Three common impairments in RF front-end are studied, namely, phase 

noise, IQ imbalance and nonlinearities. The next two sections give a brief intro­

duction to the basic building blocks of an RF receiver and the mechanisms of 

these distortions. 

1.1 RF Transmitter and Receiver 

The block diagram of a generic RF transmitter is displayed in Fig. 1.1(a). The 

information bits are first mapped to proper channel codewords, which enable 

the receiver to correct certain transmission errors. The resulting bit sequence is 

mapped into constellation symbols, and the sequence of symbols is converted into 

a continuous-time baseband signal. The baseband signal is then upconverted to 

the passband by being mixed with the oscillator signal. Finally, the passband 

signal is amplified by the power amplifier and transmitted by the antenna. 

At the receiver shown in Fig. 1.1(b), the RF signal acquired by the antenna 

is first processed by the band-selection surface acoustic wave (SAW) filter, whose 

purpose is to suppress interferences and noise outside the band of interest. After 

being amplified by the low-noise amplifier (LNA), the signal is down-converted 

to the baseband by the mixer. The analog-to-digital converter (ADC) samples 

the baseband signal. The transmitted information bits are eventually recovered 

by the baseband demodulation and decoding blocks. 

2 



Antenna 

Transmitted Bits • Coding 
Constellation 
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(a) Transmitter. 
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Oscillator 

Baseband 
Processing • Received Bits 

Figure 1.1: Block diagram of an RF transmitter and receiver. 
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1.2 RF Distortions 

According to the pre-defined functionality of each building block in the trans­

mitter and receiver, RF circuit engineers implement the design to ensure that 

the system operates as desired. However, analog impairments often arise from 

unpredictable fabrication variations. Without cautious control over these im­

pairments, the system performance deteriorates or even fails. This dissertation 

studies three common RF impairments that are considered critical limiting fac­

tors in real systems. The three impairments are phase noise, IQ imbalance, and 

nonlinear it ies. 

1.2.1 Phase Noise 

Oscillators used for signal down-conversion are susceptible to noise. Noise injected 

into an oscillator causes random deviation from its nominal frequency. Phase 

noise is the phase difference between the phase of the carrier signal and the phase 

of the local oscillator. There are mainly two types of oscillators used in practice, 

depending on whether or not they are used in a phase-locked loop (PLL). The 

so-called free-running oscillators operate without a PLL, and the generated phase 

noise is modeled as the accumulation of random frequency deviations and, hence, 

has unbounded variance. On the other hand, in a PLL oscillator, the closed-

loop control mechanism tracks the phase variations of the carrier signal, and 

consequently, the generated phase noise has finite variance. 

In a free-running oscillator, the frequency deviation e(t) can be modeled as 

a zero-mean white Gaussian random process with single-sided power spectral 

density (PSD), say, 

N0 = -, 
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where £ is called the oscillator linewidth. The phase noise (j)(t) generated by the 

oscillator is given by integrating e(t), i.e., 

<f>{t) = 2TT J e(X)dX, 
Jo 

which turns out to be a Wiener process. The single-sided PSD of <f>{t) is 

The spectrum of the phase noise centers around the carrier frequency and exhibits 

"narrowband" and "low-frequency" characteristics. 

1.2.2 IQ Imbalances 

IQ imbalance is critical to direct-conversion receivers that use the I and Q-branch 

mixing. This requires shifting the oscillator output by 90°. In an ideal receiver, 

the sinusoidal signals used for I and Q-branch mixing have the same amplitude 

and are orthogonal to each other. Also, their phase is perfectly aligned with the 

carrier signal. However, the actual oscillator signals in the I and Q branches 

can be slightly different from the ideal oscillator signals due to imperfectness in 

the mixer and 90° phase shifter. The errors in the phase shifter and imbalances 

between the amplitudes of the I and Q-branch signals corrupt the received signal 

constellation. The effects of IQ imbalance can be characterized by two parameters 

a and 6 that usually vary slowly with respect to the symbol rate. As illustrated in 

Fig. 1.2, the phase difference between the I and Q-branch signals is 90° — 9, while 

the amplitude of the I and Q-branch signals are 1 + a and I — a, respectively. 

1.2.3 Nonlinearities 

Ideally, the input-output relation of the amplifiers at the transmitter and receiver 

is expected to be linear. However, this holds only when the signal amplitude is 
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Ideal Case Nonideal Case 

Figure 1.2: IQ Imbalance. 

small. Since the dynamic range of input signals can be quite large in wireless 

communications, the linear relationship is usually invalid. This can cause signif­

icant distortion to the received signals. The nonlinearity can be modeled by a 

third-order polynomial: 

y(t)^7lx(t) + 72[x{t)]2 + l3[x(t)}3, 

where x(t) and y(t) are the input and output signals, and 71, 72, 73 are constants. 

In the expression, 71 a;(i) represents the linear component in the output, while 

72[x(t)]2 and 73[^(i)]3 are the second and third-order nonlinear components in the 

output. One effect of the nonlinearity is the cross modulation that occurs when 

the desired signal is simultaneously acquired with a much stronger interference 

signal of different center frequency. The resulting distortion can seriously hurt 

the quality of the desired signal. 

1.3 Organization of this Dissertation 

Chapter 2 develops a two-stage scheme to compensate for phase noise distortions 

in wireless OFDM systems. In the first stage, block-type pilot symbols are trans­

mitted and the channel coefficients are jointly estimated with the phase noise in 

the time domain. In the second stage, comb-type OFDM symbols are transmitted 
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such that the receiver can jointly estimate the data symbols and the phase noise. 

It is shown both by theory and computer simulations that the proposed scheme 

can effectively mitigate the inter-carrier interference caused by phase noise and 

improve the bit error rate of OFDM systems. Another benefit of the proposed 

scheme is that the sensitivity of OFDM receivers to phase noise can be signifi­

cantly lowered, which helps simplify the oscillator and circuitry design in terms 

of implementation cost and power consumption. 

In Chapter 3, the joint effects of IQ imbalance and phase noise on OFDM sys­

tems are analyzed, and a compensation scheme is proposed to improve the system 

performance in the presence of IQ imbalance and phase noise. The scheme con­

sists of a joint estimation of channel and impairment parameters and a joint data 

symbol estimation algorithm. In the proposed channel estimation algorithm, the 

channel coefficients are jointly estimated with the IQ imbalance parameters and 

the phase noise components. The joint estimation obtains a more accurate chan­

nel estimate than the conventional methods that either ignore the impairments 

or simply treat them as additive Gaussian noise. Its performance is also demon­

strated to be close to the associated Cramer-Rao lower bound. In the proposed 

data symbol estimation algorithm, the joint compensation is decomposed into IQ 

imbalance compensation and phase noise compensation. 

Chapter 4 studies the nonlinear effects caused by the wideband front-end 

analog processing in a software-defined radio (SDR) system. In the presence 

of strong blocker (interference) signals, such nonlinearities introduce severe cross 

modulation over the desired signals. We investigate how the nonlinear distortions 

can be compensated for by using digital signal processing techniques. In the 

proposed solution, the SDR scans the wide spectrum and locates the desired 

signal and strong blocker signals. After down-converting these signals separately 
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to the baseband, the baseband processor processes them jointly to mitigate the 

cross-modulation interferences. The proposed approach demonstrates how mixed-

signal, i.e., joint analog and digital, processing techniques play a critical role in 

the emerging SDR and cognitive radio technologies. 

At the end of this dissertation, Chapter 5 proposes some new ideas for future 

research. It is recommended to compare the digital approach with the analog 

approach in terms of cost and performance. This can provide system designers 

with more options for RF distortion compensation. Moreover, by using joint 

analog and digital design strategies, some analog challenges can be passed to 

digital designers who might have an elegant digital solution. The latest radio 

technologies rely more and more on complicated signal processing algorithms. 

The rapid advances in signal processing and digital IC technologies create many 

opportunities for the next generation of wireless communications. 
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CHAPTER 2 

Phase Noise Compensation in OFDM Wireless 

Systems 

2.1 Introduction 

Orthogonal Frequency Division Multiplexing (OFDM) is a widely recognized 

modulation technique for high data rate communications over wireless links 

[BSE04, SL05]. Because of its capability to capture multipath energy and elim­

inate inter-symbol interference, OFDM has been chosen as the transmission 

method for several standards, including the IEEE 802.11a wireless local area 

network (WLAN) standard in the 5 GHz band, the IEEE 802. l lg WLAN stan­

dard in the 2.4 GHz band, and the European digital video broadcasting system 

(DVB-T). Also, the OFDM-based physical layer is being considered by several 

standardization groups, such as the IEEE 802.15.3 wireless personal area net­

work (WPAN) and the IEEE 802.20 mobile broadband wireless access (MBWA) 

groups. The heightened interest in OFDM has resulted in tremendous research 

activities in this field to make the real systems more reliable and less costly. 

One limitation of OFDM systems is that they are highly sensitive to the 

phase noise introduced by local oscillators. Phase noise is the phase difference 

between the phase of the carrier signal and the phase of the local oscillator, 

and its effect on OFDM receivers has been investigated in many previous works, 
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such as [Mus95, PBM95, Tom98, PM02]. The distortion caused by phase noise 

is characterized by a common phase error (CPE) term and an inter-carrier in­

terference (ICI) term. The CPE term represents the common rotation of all 

constellation points in the complex plane, while the ICI term behaves like ad­

ditive Gaussian noise, as illustrated in Fig. 2.1. Compared to the single-carrier 

modulation methods that can track the fast variation in phase noise adaptively 

in a decision-directed manner, e.g., [THS06], OFDM transmits data symbols over 

many low-rate subcarriers, which makes it more difficult to track and compensate 

for phase noise. 
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Figure 2.1: Scatter plot of 16-QAM received symbols in the absence/presence of 

phase noise. 

2.1.1 Prior Work 

The high sensitivity of OFDM receivers to phase noise imposes a stringent con­

straint on the design and fabrication of oscillators and the supplementary cir-
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cuitry, such that the generated phase noise level will not cause the system to 

fail [LHOO, KL05, ACP05]. This requirement increases the implementation cost 

of OFDM receivers because impairments associated with fabrication variations 

are usually either unpredictable or uncontrollable. There have been works in 

the literature to mitigate the effects of phase noise in the digital domain. This 

approach provides an efficient, low-cost and reliable solution to the phase noise 

problem. Some authors have proposed methods to compensate for the CPE term, 

in which the constellation rotation is estimated by using pilot tones embedded 

in OFDM symbols and then corrected by the demodulator [RK95]. Since the 

ICI effect is either ignored or treated as additive noise in these schemes, they 

perform poorly if the phase noise varies fast in comparison to the OFDM sym­

bol rate. To overcome this difficulty, some ICI compensation schemes have been 

proposed. The method in [EWH01] utilizes the pilot tones, which are sufficiently 

separated away from the data tones, to transmit pilot symbols for phase noise 

estimation. In the self-cancellation method presented in [ZH01] and [RLP05], 

each data symbol is transmitted using two adjacent subcarriers, and the received 

symbols are linearly combined to suppress ICI by exploiting the fact that the ICI 

coefficients change slowly over adjacent subcarriers. This technique has the ad­

vantage of low implementation complexity, but it reduces the spectral efficiency 

by one half. In [GNE03], an FIR-type equalizer is employed to compensate for 

phase noise, and the filter coefficients are determined by the method of least 

squares. Since the filter length is limited by the number of pilot tones, it can 

only compensate for the ICI that is from adjacent subcarriers. A time-domain 

phase noise estimation and correction scheme is proposed in [CBY02], where the 

phase noise process is parameterized by using sinusoidal waveforms as the bases 

and the parameters are estimated by the method of least squares. However, us­

ing sinusoidal waveforms to approximate phase noise may not be optimal, and 
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how to jointly estimate the model parameters and the transmitted symbols is not 

addressed in [CBY02]. Similarly, the work [LZ04] approximates phase noise by 

using a small number of sinusoidal components, and it suggests inserting some pi­

lot tones outside the spectrum occupied by data transmission and estimating the 

model parameters of phase noise by using the received pilot signals. This scheme 

requires extra bandwidth and can only correct the ICI from adjacent subcarriers 

because of the approximation made in modeling. A method that utilizes a priori 

information about phase noise spectrum to suppress phase noise is presented in 

[LZL05]. All these ICI compensation schemes assume that the receiver has per­

fect channel state information; however, in wireless communications, the channel 

is time-varying and the receiver has to estimate the channel in the presence of 

phase noise, which makes the scenario more complicated than what has been 

studied before. In [LYK05], joint channel estimation and phase noise suppression 

are achieved by using the expectation-maximization (EM) algorithm; however, 

it simply models the ICI term as additive white noise. Also, the work [WB03] 

proposes a channel estimation method with the aid of cyclic prefix symbols, while 

[KK05] proposes a joint channel estimation scheme using soft decision decoding. 

In [LPL06], the maximum a posteriori (MAP) channel estimator is derived for 

the case when both frequency offset and phase noise are present. 

2.1.2 This Work 

In this chapter, we propose a new phase noise compensation scheme for OFDM-

based wireless communications with improved performance. The scheme consists 

of a channel estimation stage and a data transmission stage. In the channel 

estimation stage, block-type pilot symbols are transmitted so that the receiver 

12 



can jointly estimate the channel coefficients and the phase noise.1 Instead of 

estimating the channel coefficients and phase noise in the frequency domain, we 

estimate them in the time domain by using interpolation techniques to reduce the 

number of unknowns. The joint channel and phase noise estimation procedure 

gives a more accurate estimate of the channel than other conventional methods 

that either ignore phase noise or simply treat it as additive Gaussian noise. The 

slowly-varying nature of wireless channels allows us to use the channel estimate 

in the subsequent data transmission stage for estimating the data symbols. In 

the data transmission stage, comb-type pilot symbols, which contain both data 

symbols and pilot symbols, are transmitted, and the data symbols and the phase 

noise components are jointly estimated at the receiver in order to mitigate both 

the CPE and ICI effects of phase noise. The proposed approach outperforms 

other methods for two main reasons. First, instead of approximating the ICI 

term as additive noise, we use the exact data model given in Section 2.2 and 

treat the phase noise components as unknown parameters to be determined over 

two stages. Second, the correlation property of phase noise is exploited to reduce 

the number of unknowns. This is similar to the idea of modeling the phase 

noise process by the sum of several sinusoidal waveforms, but the use of linear 

interpolation in the time domain makes our approach less sensitive to variations 

in phase noise models. 

The chapter is organized as follows. Section 2.2 briefly describes the system 

model with phase noise and formulates the effects of phase noise on OFDM 

receivers. The proposed algorithm is presented in Section 2.3 and analyzed in 

Section 2.4 in terms of the effective signal-to-noise ratio. Simulation results and 

performance comparison of different algorithms are given in Section 2.5. 
aAll standardized OFDM systems today provide such full pilot symbols at the beginning of 

every packet. Therefore, the proposed scheme does not require any modification to the packet 
structure and can be applied to existing standards. 
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Throughout this chapter, we adopt the following notations: (-)T denotes the 

matrix transpose, (•)* denotes the matrix conjugate transpose, diag {•} represents 

the diagonal matrix whose diagonal entries are determined by its argument, Tr{-} 

returns the trace of a matrix, Re{-} denotes the real part of its argument, Ijy is 

the identity matrix of size N x N, and E{-} is the expected value with respect 

to the underlying probability measure. 

2.2 System Model 

The OFDM modulation and demodulation are illustrated in Fig. 2.2. At the 

transmitter, the bits from information sources are first mapped into constellation 

symbols, and then converted into a block of N symbols X[k], k = 0 , 1 , . . . , N — 1, 

by a serial-to-parallel converter. The N symbols are the frequency components 

to be transmitted using the N subcarriers of the OFDM modulator, and they 

are converted to OFDM symbols x[n], n = 0 , 1 , . . . , N — 1, by the unitary inverse 

Fast Fourier Transform (IFFT), i.e., 

xW = i E * i a f i - n = 0,l,...,iV-l. 

A cyclic prefix of length P is added to the IFFT output in order to eliminate 

the inter-symbol interference caused by multipath propagation. The resulting 

N + P symbols are converted into a continuous-time baseband signal x(t) for 

transmission. If the continuous-time impulse response function of the baseband 

channel is h(t) and the phase noise at the local oscillator is <j)(t) (see Fig. 2.3),2 

2In Appendix A, we give a brief review of the existing models for phase noise, and derive 
some useful statistical measures that will be used in assessing the performance improvement of 
the proposed compensation scheme in Section 2.4. 
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Figure 2.2: OFDM modulation and demodulation. 
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Figure 2.3: Block diagram of the OFDM system with phase noise. 

then the received baseband signal is given by 

y(t) = e ,m) h(t-r)x(r)dr + w(t), 

where w(t) is additive white Gaussian noise. Let Ts be the symbol time of the 

system. At the demodulator, y(t) is sampled at period Ts. After removing the 

cyclic prefix, a block of N symbols y[n], n = 0,1,..., N — 1, is obtained, whose 

elements are related to x[n], n = 0 , 1 , . . . , N — 1, by 

y[n] _ J4>{nTs) [h[n] ®x[n]) -\-w\n] 

J V - l 

= e^(nT") J2 hKn ~ r)NW] + w[n], (2.1) 
r=0 

where © denotes circular convolution, h[n] is the discrete-time baseband channel 

impulse response, (n — r)x stands for 

(n — r) mod Af 

and w[n] is the additive noise component. Assume that h[n] has length L, i.e., 

h[n] = 0 tin<£ {0,1,...,L-1}. 

OFDM modulation requires L — 1 < P in order to eliminate the inter-symbol 

interference. The unitary Fast Fourier Transform (FFT) is then performed on 

y[n], n = 0 ,1 , . . ., AT - 1, to obtain Y[k], k = 0 ,1 , . . ., TV - 1. Let 

N-l 

A[k] = -^Y,eJ,PinTs)e~j2~^> k = 0,l,...,N-l, (2.2) 
n=0 
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and 

L - l 

#[&] = ^ % ] e - ^ , k = 0,1,..., N-l. 

It follows from (2.1) that 

Y[k] = A[k] ® (H[k]X[k]) + W[k] 

N-l 

= Y^ A[r}H [(k - r)N] X [{k - r)N] + W[k], k = 0 , 1 , . . . , N - 1, (2.3) 
r=0 

because multiplication in the time domain implies convolution in the frequency 

domain and convolution in the time domain implies multiplication in the fre­

quency domain. Here, H[k] is the channel response in the kth subcarrier and 

W[k] is the additive noise component in the kth subcarrier. Expression (2.3) can 

be rewritten as 

J V - l 

Y[k] = A[0]H[k]X[k] + ^ AV\H Kk ~ r)jv]X Kk ~ r)*} + Wlkl (2-4) 
r = l 

where the term 

A[0]H[k]X[k] 

is called the common phase error (CPE) and 
N-l 

J2A[r]H[(k-r)N]X[(k-r)N] 
r = l 

is called the inter-carrier interference (ICI). In the absence of phase noise, we 

have the traditional relation 

Y[k] =H[k]X[k} + W[k], 

which follows by setting 

A[0] = 1 
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and 

A[r] = 0 for r ^ 0. 

Using matrix notation, expression (2.3) can be represented as 

y = AHx + w, 

where 

Y[0] 

Y[l] 

Y[N - 1] 

(Nxl), x = 

X[0] 

X[l] 

X[N - 1] 

(Nxl), 

w = 

W[0] 

W[l] 

W[N - 1] 

( iVx l ) , 

A = 

A[0] A[N-1] ... A[l] 

A[l] A[0] ... A[2] 

A[0] 

H = 

A[N-1] A[N-2] 

H[0] 0 . . . 

0 H[l] ... 

0 

0 

(N x N), 

(N x N). 

0 0 . . . if[AT-l] 

Note that A is an N x ./V circulant matrix. When phase noise is 

matrix A in (2.5) is replaced by the identity matrix. 
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2.3 Proposed Algorithm 

If both A and H in (2.5) were known, then the data vector x could be recovered, 

e.g., by solving [Say03]: 

x = argmin || y — AHx ||2 . 
X 

However, in practice, neither the channel matrix H nor the phase noise matrix 

A are known to the receiver. In this section, we propose a solution to deal with 

the situation when both A and H are unknown at the receiver. The proposed 

algorithm consists of two stages: one is the channel estimation stage and the 

other is the data transmission stage. In the channel estimation stage, we use 

block-type pilot symbols to jointly estimate H and A. In the data transmission 

stage, comb-type symbols are transmitted such that x can be jointly estimated 

with A by using the H estimated in the channel estimation stage. The motivation 

for this algorithm is based on the fact that wireless channels are usually slowly 

time-varying compared to phase noise. Since the phase noise components may 

change significantly from one OFDM symbol to another, it is harmful to use 

the previous estimate of phase noise to help detect the data symbols in the 

subsequently received OFDM symbols. However, we can use the channel estimate 

for a few subsequent OFDM symbols due to the slowly time-varying nature of 

wireless channels. This motivates our approach to compensate for phase noise by 

using the joint channel estimation (with phase noise) first and then followed by 

the joint data symbol estimation (with phase noise). The algorithm is illustrated 

in Fig. 2.4. 
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Figure 2.4: The proposed phase noise compensation scheme. 

2.3.1 Joint Channel and Phase Noise Estimation 

In the block-type pilot symbols, all subcarriers are used to transmit pilot symbols. 

For convenience of exposition, we assume that each time only one OFDM symbol 

is used as the block-type pilot symbol for channel estimation. Since there are only 

N pilot tones in each block-type pilot symbol, it is underdetermined to directly 

estimate the 2N unknowns, i.e., 

A[k] and H[k], k = 0 , 1 , . . . , N - 1. 

To overcome this difficulty, we can reduce the number of unknowns by prop­

erly modeling the channel and the phase noise process with fewer parameters 

as follows. Since the length L of the discrete-time baseband channel impulse 

response is normally less than the OFDM symbol size JV", we can relate H[k], 

k = 0 , 1 , . . . , N — 1, to h[n], n = 0 , 1 , . . . , L — 1, through 

h = Fhh', (2.8) 
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where 

h = 

H[0] 

H[l] 

H[N - 1] 

(JV x 1), h' = 

h[0] 

Ml] 

h[L - 1] 

(L x 1), 

and 

F h 

I J N o-3 
2 T T ( I , - 1 ) 

N 

1 e J w 
• 27r(JV-l)(L-l) 
' JV 

(NxL) 

consists of the leading L columns of the discrete Fourier transform matrix. Instead 

of estimating h, we can estimate h'. This reduces the number of unknown channel 

coefficients from N (in the frequency domain) to L (in the time domain). 

For the phase noise, instead of estimating 

A[k], k = 0,l,...,N-l, 

we can estimate the phase noise components in the time domain, i.e., 

jHnTs) , n = 0, l , . . . , i V - 1. 

In order to reduce the number of unknowns, we can estimate 

eMm(N-l)Ts/(M-l))^ m = 0, 1, . . . , M - 1 (M < iV), 

and then obtain the approximation of 

oiHnTs) , n = 0,l,...,N-l, 
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by interpolation. Let 

eJ<t>(Ts) 

eJ<j>{{N-l)Ts) 

{NX I), c = 

oJttO) 

j+{ (N-ryTs-
e->V\ M-X 

eJ<P((N-l)Ts) 

(M X 1). 

Then, we can write 

c « Pc', 

where P is an interpolation matrix to be determined in Subsection 2.3.3. Using 

(2.2), we have 

a = ^ F a C " ^ F a P C ' 

where 

a = 

A[0] 

A[l] 
(Nx 1) 

A[N - 1] 

and F a is the discrete Fourier transform matrix, i.e., 

F = 
• • - a 

1 

J N J JV 

_ .27r(JV-l) 

1 e J ^ 3 - j 
27r(JV-l)^ 

(JV x N). 

(2.9) 

(2.10) 

Consequently, knowing x during training, we can estimate A and H by solving 

min II y — AHx 
c',h' " J 

(2.11) 
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where A is related to c' by (2.6) and (2.9) and H is related to h' by (2.7) and 

(2.8). 

The estimates of A and H obtained from (2.11) will have an ambiguity of a 

scaling factor. To resolve this ambiguity, we estimate 

1 

and 

A" = IioJA'Ato]#o) 

H" - A[0]H (2.12) 

instead of A and H. Here we assume that A[0] ^ 0, since A[0] represents the 

common phase rotation of the received TV" symbols and is usually nonzero. By 

(2.6) and (2.7), A" is circulant and H" is diagonal, i.e., 

A" = 

A"[0] A"[N-l] . . . A"[l] 

A"[l] A"[0] . . . A"[2] 

A"[N-1] A"[N-2] . . . A"[0] 

(N x N) (2.13) 

with 

and 

A"[0] = 1 and A"[k] = —A[fc], for k = 1,2,..., iV - 1, 

H" 

H"[0] 0 

0 H"[l] 

0 

0 

0 0 . . . H"[N - 1] 

(N x N) (2.14) 

with 

H"[k] = A[0]H[k], for k = 0 , 1 , . . . , N - 1. 
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Correspondingly, we define 

and 

c=wf 
h" = A[0]ti. 

It follows from (2.9) and (2.8) that 

and 

where 

a « — FaPc" 

h = F h h" 

a = 

A"[0] 

A"[l] 

A"[N-1] 

(Nxl), h = 

H"[0] 

H"[l] 

H"[N - 1] 

(Nx 1). 

Note that A"[0] is 1. Problem (2.11) is thus reformulated as 

min || y - A"H"x ||2 subject to A"[0] = 1, 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

where A" is related to c" by (2.13) and (2.15) and H" is related to h" by (2.14) 

and (2.16). If L + M < N, then (2.18) may have a unique solution for c" and 

h". Finding the necessary and sufficient conditions for which (2.18) has a unique 

solution in general belongs to the class of problems concerned with the global or 

local identifiability of a system [Lju99]. 

The optimization problem given by (2.18) is nonlinear and nonconvex. Sup­

pose that A" is known. We can reformulate (2.18) into a least-squares problem 

in h" as 

min || y - A"XFhh' 
h» UJ n 

" 112 

24 



where X = diag{x} and the diag{-} notation refers to a diagonal matrix whose 

diagonal entries are the elements of its argument. The optimal h" is then given 

by 

K = [F£X* (A")* A " X F h ] _ 1 F£X*(A")*y-

By substituting H" = diag{Fhh"} into (2.18), the optimal c" is given by the 

solution to the following nonconvex optimization problem: 

c" = arg min || y - A" • diag {Fhh"} • x ||2 

c" 

= arg min || y - A" • diag{Fh [F*hX* (A")* A"XFh] - 1 F£X* (A")* y} • x ||2 

subject to A"[0] = 1. In implementation, we use the two-step iterative algorithm 

presented in Algorithm 2.1 to find a sub-optimal solution to (2.18). In Step 3, 

given a previously estimated c", we find an optimal h". Expression (2.19) can be 

rewritten as 

h" , - arg min II y - A'' ^ " x II2 

= a r g m i n | | y - A ^ 1 X h | | 2 

h" 

= arg min II y — A'-' iXFhh' 
h" 

This is because 

// II2 

H" = diag{h} and h = Fhh". 

The problem is now in the form of a standard least-squares problem, and its 

solution is given by 

b?-i = FhX* ( A ^ ) * A t 1 X F h ] " 1 F £ X * (^1,)^. 
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Algorithm 2.1 Joint Channel and Phase Noise Estimation 
0: Start with an initial guess c0'. For example, 

r i T 

Co = [ 1 1 . . . 1 

1: i = l 

2: repeat 

3: Let aj_i = - ^ F a P c ^ j , and find the associated optimal h"_j by solving the following 

least-squares problem: 

h'U = arg min || y - A ^ l T x ||2, (2.19) 
h" 

where x, y are known and A"_x is determined by 5j_i according to (2.13) and (2.17). 

The expression for h"_1 is given by 

hU = [FpC* ( A t a ) * A t ! X F h ] _ 1 F j ; X * ( A ^ ) *y-

4: Let h j_ ! = Fhh"_1 ; and find the associated optimal c" by solving the following least-

squares problem: 

c" = arg min || y - ^ ' H ^ x ||2 subject to gc" = 1, (2.20) 
c" 

where H"_j = diag{hj_i} and g is the first row of ^ F a P . The expression for c" is given 

by 

c'{ = (CTO)-1 (0*y - Ag*), 

where 

0 = l T F a P , A - 8 ( 0 * 0 ) - ^ y - l 
N ' gfO'O)-^* ' 

and T is the circulant matrix formed by the elements of H"_ax. 

5: i = i + l 

6: until there is no significant improvement in the objective function || y — A J ' H ^ x ||2. 
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In Step 4, given a previously estimated h", we find an optimal c". Expression 

(2.20) can be reformulated as 

Hull „ II2 c? = arg min || y - A H ^ x 
c" 

arg min || y — Ta ||2 

c" 

arg min || y - — T F a P c " ||2, 
c" iV 

where T is the circulant matrix whose elements are given by the vector H ^ x , 

i.e., let 

Htix = 

Co 

Ci 

iN-1 

(Nx 1) (2.21) 

and define the circulant matrix 

T = 

Co CJV-I 

CI Co 

Ci 

c2 (N x N). (2.22) 

CiV-l CN-2 • • • Co 

Let g be the first row of ^ F a P . Since a = j^FaPc", the constraint A"[0] 

equivalent to 

gc" = 1. 

Solving the problem 

l i s 

C? = arg min || y - — T F a P c " ||2 subject to gc" = 1 
c" N 

leads to 

c'l = (0*0)-x (0*y - Ag*) 
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where 
1 g ( 0 * 0 ) - x O * y - l 

O = — TFaP, A = &K ' y 
N a ' g(0*0)- 1g* 

It can be seen that Step 3 finds the optimal h-'_1 by setting c" to be the 

predetermined c"_-y, and hence 

l l y - A ^ H ^ x l l ^ H y - A ^ H ^ x l l 2 . 

Step 4 finds the optimal c" by setting h" to be the predetermined h"_v and hence 

H v - A " H " x l l 2 < l l v - A " H" xll2 
II y A i r i i - i x l l ^ l i y ^ i - i ^ t - i * ! ! • 

Therefore, the objective function is decreasing with i = 1,2,..., and eventually 

converges to a local minimum. The obtained H" will be used in the data trans­

mission stage when comb-type symbols are transmitted. In the next subsection, 

we assume that H" is known to be H". 

2.3.2 Joint Data Symbol and Phase Noise Estimation 

In each comb-type OFDM symbol, assume that Q carriers are used for pilot tones 

and N — Q carriers for data symbols. The joint data symbol and phase noise 

estimation problem can be formulated according to expression (2.5) as 

min | | y - A H " x | | 2 . (2.23) 
c : xdata 

Note that H" differs from H by a scaling factor according to (2.12), and hence 

the estimates of c' and A by solving (2.23) differ from their true values by a 

scaling factor. This ambiguity will not affect the estimates of the data symbols 

because x also contains some pilot symbols. Expression (2.23) can be rewritten 

as 

ii 11 9 
min ||y-ApiiotHp i lo txpiiot - Ad a t aHja t axd a t a || , (2.24) 

C 5Xdata 
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where xpiiot is the sub-vector of x that consists of all the pilot symbols and Apiiot, 

Hpilot are the associated sub-matrices from A and H", and Xdata is the sub-vector 

of x that consists of all the data symbols and Adata, H£Jata are the associated 

sub-matrices from A and H". Since there are N — Q unknown data symbols 

in Xdata and M unknown phase noise components in c', then (2.24) may have a 

unique solution if Q > M. 

Since the optimization problem given by (2.24) is similar to the joint channel 

estimation problem we just solved, we can follow the same procedure to solve it. 

If A is known, the optimal Xdata is given by 

Xdata.o = (H d a t a ) (Ada taAdata) A d a t a (y — ApiiotHpi lo tXpiiotJ . 

Then the optimal c' is given by the following nonconvex optimization problem: 

n 112 
C o = a r § m i n y ~~ ApilotHpilotXpiiot - AdataHdataXdata,o 

c' r 

= arg min || y - ApiiotHpilotxpiiot - Adata (AdataAdata) Adata 
c' 

" (y — APiiotHpi lo txPiiot) || • 

An iterative method for finding a sub-optimal solution is presented in Algo­

rithm 2.2, in which we first estimate A[0] to initialize the iteration. The CPE 

coefficient A[0] represents the common rotation of all the received constellation 

symbols, and it can be estimated by measuring the angle rotated by the pilot 

symbols [RK95]. 

2.3.3 Selection of the Interpolation Matrix 

2.3.3.1 PSD of the Phase Noise is Known 

If the power spectral density (PSD) of the phase noise is known, the optimal 

interpolation matrix PG can be obtained by minimizing the mean-square-error of 
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Algorithm 2.2 Joint Data Symbol and Phase Noise Estimation 
0: Assume that kpiiottj, j = 1,2,...,Q, are the subcarrier indices of the Q pilot tones. The 

CPE coefficient A[0] is estimated by [RK95]: 

E?=i (H"{kPnotj)T (XlKnotjtfYlkvnotj} 
A[0] E.iii^'tfcpaotjirixifcpuotjir 

1: Let 

% = [ A[0] A[0] ... A[0] ] . 

2: i = 1 

3: repea t 

4: Let aVi = ^ F a P c j _ 1 , and find the associated optimal Xdata,t-i by solving the following 

least-squares problem: 

Xdata,i-i = arg min || y - Apji0t,i_iHpilotxpji0t - Adata,i-iHdata
xdata || , 

x d a t a 

where Apii0t,i-i and Adata,i-i a r e determined by Sj_i according to (2.6) and (2.10). The 

expression for xdata,i-i is given by 

Xdata,,j-l = ( " d a t a ) I •™-data1i-l-™-data,i-l ) •A-data.i-l ( Y — •^•pi lo t , i - lH p i i o t X p i io tJ • 

5: Find the optimal c[ by solving the following least-squares problem: 

c- = arg min || y - ApiiotHpilotXpiiot - AdataHdataXdata,i-i II • 

The expression for c't is given by 

c\ = iV(P*F;T*TF a P) _ 1 P*F;T*y , 

where T, similar to (2.21) and (2.22), is the circulant matrix formed by the elements of 

H " X J _ I with x,_i formed by xpiiot and xd a ta , i-i-

6: i = i + l 

7: until there is no significant improvement in the objective function || y —ApiiotliHpilotxpiiot — 

A TT" v II2 
•"•data,i r lda,ta data,i—1 || • 
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interpolating c from c', i.e., 

/ 112 P 0 = arg min E || c — P c 

from which the optimal P 0 is given by 

Po = Rcc'Rc/ , (2.25) 

where Rcc/ = E{cc'*} and Rc/ = E{c'c'*}. Here, Rcc ' and Rc/ are determined 

by the auto-correlation function of the phase noise process and can be obtained 

from the PSD of phase noise, as explained in Appendix A. 

2.3.3.2 PSD of the Phase Noise is Unknown 

In this case, an interpolation matrix P^ G R.NxM is constructed from linear 

interpolation, as illustrated in Fig. 2.5, and its element at the nth row and mth 

column is given by 

PL(n,m) = 

_ (n-l)(M-l) -r (m-l)(N-l) < _ _ -i ^ m(JV-l) 
'"• N-l ' u M - l — n 1 ^ M - l ' 

^ ^ ) - ( m - 2 ) , i£ !*=^<n-l <&=$%=£, (2-26) 

0, otherwise, 

where n — 1, 2 , . . . , N and m = 1, 2 , . . . , M. 

It can be shown that for free-running oscillators with linewidth £, the optimal 

interpolator P 0 is approximately equal to the linear interpolator P^ if £TS <C 1 

(see Appendix B for a proof). In wireless systems, Ts ~ 1 /is and £ ranges from 

10 Hz to at most 10 kHz, for which £TS < 0.01 and the assumption £TS <C 1 is 

valid. 
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Figure 2.5: Linear interpolation. 

2.4 Performance Analysis 

In this section, we analyze the effect of phase noise on OFDM receivers and the 

performance of different compensation schemes in terms of signal-to-noise ratio 

degradation. The effective signal-to-noise ratio at the receiver is an important 

measure to characterize the system performance and can be used to predict the 

bit error rate (BER) [Tom98, PM02]. The expressions of the effective signal-

to-noise ratio are derived by assuming that the receiver has perfect information 

about the channel matrix H. The following is also assumed: 

1.) The data symbols X[k] are independent and identically distributed with 

zero mean. 

2.) The data symbols, the phase noise, the channel coefficients and the additive 

noise are independent of each other. 
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Moreover, let 

a2
x = E{\X[k]\2}, a2

H = E{\H[k}\2}, a2
w = E{\W[k]\2}. 

2.4.1 No Compensation for Phase Noise 

In this scenario, the receiver does not compensate for phase noise. Expres­

sion (2.4) can be rewritten as 

J V - l 

Y[k] = H[k]X[k] + (A[0) - 1) H[k]X[k] + ^2 A[r]H[(k - r)N]X[{k - r)N] 
r = l 

+ W[k], 

where iJ[A;]X[A;] is the desired signal component and the other terms are regarded 

as noise. The variance of i?[fc]X[A;] is given by 

E {\H[k}X[k}\2} = E{\H[k]\2}E{\X[k}\2}=a2
Ha 

Let 

a%k = E{\A[k}\2}, k = 0,l,...,N-l. 

By using the facts that (see Appendix A.3) 

i V - l 

Y,°Xk = l and E{A[0}} = E{c(t)} 
fc=0 

where 

c(t) = ejW\ 

the variance of the noise term is computed as 

N-l 

E \(A[0] - 1) H[k]X[k] + J2 A[r]H[(k - r)N}X[(k - r)N] + W[k] 

= E {\(A[0} - 1) H[k]X[k]\2} + £ E {\A[r}H[(k - r)N]X[(k - r)N]\2} 

2 1 

r = l 
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+ E{|W^]|2} 

fc=i 
N-l 

= E ffW4 -2Re <E ̂ [°]» 4 4 + 4 4 + 4 

i V - l 

4 

fe=0 

= 2a2
Ha2

x - 2Re {E {c(*)}} a2
Ha2

x + al
w. 

Hence, the effective signal-to-noise ratio at the receiver is given by 
2 2 

SNRno = 
aHaX 

2a2
Ha2

x - 2Re {E {c(i)}} a ^ + a*, 
SNRp 

(2-2Re{E{c(t)}})SNR0 + l 

where 

SNR0 = °Wx 

(2.27) 

is the effective signal-to-noise ratio when there is no phase noise in the system. 

2.4.2 CPE Compensation Scheme 

In this case, assume that the receiver has perfect information about A[0] but has 

no information about A[k], k — 1, 2 , . . . , N — 1. With the CPE correction scheme, 

i4[0]iy[fc]X[A;] in (2.4) represents the signal component and the other terms are 

regarded as noise. The variance of A[0]if [fc]X[fc] is given by 

E {\A[0]H[k]X[k}\2} = E{\A[0]\2} E{\H[k]\2} E {\X[k]\2} = a%0a
2
Ha 

while the variance of the noise term is computed as 

.2 
Xi 

Vl 
N-l 

^2 A[r]H[(k - r)N]X[(k - r)N] + W[k] 
r=l | 

= E E WrWik ~ r)N]X[(k - r)N)\2} + E {|W^]|2} 
N-l 

r = l 
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J V - 1 

fc=l 
E J2 Jl Jl , Jl aA,kaH°X + °\ 

Hence, the effective signal-to-noise ratio is given by 

SNR C P E = A'° H x 

(2.28) 

ai,oSNR0 

~ (EfJ i 1 < * ) SNRo + 1 

= ai,0SNRo 

~ ( l - a 2 | 0 ) S N R o + l 

where a\Q is given by (A.7), i.e., 

1 J V - 1 J V - 1 

aio = ^ E E ^ ( K - n*)T°) 
ni=0n2=0 

and -Rc(r) is the auto-correlation function of c(t). 

2.4.3 Ideal Compensation for bo th C P E and ICI 

In expression (2.5), if both A and H are known at the receiver, AHx is the 

desired signal component and w is the noise component. Hence, 

E {x*H*A*AHx} 
SNRjdeal = 

E{w*w} 

<rf,4lY{E{AA*}} 

N°2
W 

= SNR0 (2.29) 

where 
' J V - 1 

Tv{E{AA*}} = N(^Ta%k) = N. 
,fc=0 
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2.4.4 Proposed Algorithm 

Using the proposed algorithm, we can get an estimate A of the phase noise matrix 

A. Expression (2.5) can be rewritten as 

y = AHx + (A - A)Hx + w. 

Recall the definition of a given by (2.10). Let a be the corresponding estimate of 

a. It is easy to verify that 

Tr{AA*} = iV||a||2, Tr{AA*} = iV||a||2, 

and 

Tr{(A - A)(A - A)*} = N\\ a - a ||2. 

Then the effective signal-to-noise ratio can be expressed as 

E{||AHx||2} 
bINrtprop — 

Since 

we have 

E { | | ( A - A ) H x + w||2} 

E{x*H*A*AHx} 

E{x*H*(A - A)*(A - A)Hx} + E {w*w} 

44^{E{AA*}} 
a^xTr{E{(A - A)(A - A)*}} + No*, 

JValaiEdlaH2} 
No*H<r2

xE{\\ai-ai\\*} + Na*v 
E{| |a | |2}-SNR0 

E { | | a - a | | 2 } - S N R 0 + l" 

a = ^FaPc', 

E {|| a ||2} = E | - ^ c / * P * F : F a P c ' | 

= -^E {c'*P*Pc'} 

(2.30) 
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iV 
1 
iV 

E {Tr {Pc'c^P*}} 

IV{PR^P*}, (2.31) 

where 

R£/ = E{c'c'*}. 

Moreover, 

E{||a-S||2} = E 

- ^ { l I c - P ^ } 

—Fac - — FaPc' 
N a N & 

•^E {c*c - 2Re {c*Pc'} + (c')* P W } 
N 
1 

-±-E {N - 2Re {c*Pc'} + (?)* P W } 
N 

= l - | R e { E { T V { P c ' c * } } } + i E { T V { P c ' ( c ' r P * } } 

= 1 - ^ R e {Tr {PR, C }} + -^Tr {PRcP*} , (2.32) 

where 

Re/c = E { c V } . 

With (2.31) and (2.32), expression (2.30) becomes 

g N R = ^Tr{PRe,P*}-SNRo 
prop (1 - f Re {Tr {PR ? C}} + ^Tr {PR^P*}) • SNR0 + 1" 

To further simplify (2.33), we note that for each particular c, the optimal c' that 

(2.33) 

minimizes 

is given by 

c - P c / I I 2 

C ; - ( P * P ) _ 1 P * C . 

We thus make the following approximation: 

c' « S0 = (P*P) _ 1 P*c. 
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It follows immediately that 

and 

= E {(P*P)_1 P*cc*P (P*P) -1} 

= ( P ' P ) 1 P*RCP (P*P)_1 

Rg,c « E {c^c*} 

= E{(P*P)_1P*cc*} 

= (P*P)_1P*RC. 

We then have 

and 

Tr {PRcP*} » Tr {P (P*P)_1 P*RCP (P*P)_1 P*} 

= Tr{P(P*P)_ 1P*Rc} 

Re {TV {PR^'c}} « Re {Tr {P (P*P) -1 P*RC}} 

- T r { P ( P * P ) _ 1 P * R c } . 

Hence, (2.33) is approximated by 

^Tr {P (P*P) -1 P*RC} • SNR0 
DIM iA.pr0p 

(1 - ^Tr {P (P*P)-X P*RC}) • SNR0 + 1' 

If the interpolation matrix is given by P = P0 = Rcc'Rj/1, then 

Tr {P (P^P)-1 P*RC} = Tr {Rcc, ( R ^ R ^ ) - 1
 R : C , R C } 

and hence 

g N R _ ^Tr {Rcc/ (R*c,Rcc/)~ R*c/Rc} • SNR0 
pr°P ~ (1 - ^Tr {Rcc, (R^ReeO -1 R^Rc}) • SNRo + 1' 
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In Figs. 2.6-2.8, the theoretical effective signal-to-noise ratio is plotted for 

different compensation schemes and for different types of phase noise by using 

expressions (2.27)-(2.29) and (2.34) (see Appendix A for a brief introduction of 

the different types of phase noise). Fig. 2.6(a) plots the effective signal-to-noise 

ratio vs. SNR0 for the free-running oscillators with linewidth £ = 5 kHz, and 

Fig. 2.6(b) plots the effective signal-to-noise ratio vs. the oscillator linewidth £ 

when SNR0 = 25 dB. It is seen in Figs. 2.6(a) and 2.6(b) that SNRno is about 

—3.0 dB for free-running oscillators. This is because 

2-2Re{E{cnee(*)}} = 2. 

From (2.27), 

if SNR0 » 1 

signal is 

E{|CFYee(*)|2} = l 

and the variance of the carrier noise is 

E { I c ^ e e W - 1 | 2} = 2 - 2 R e { E { C F V e e W } } = 2 , 

which implies the —3.0 dB uncompensated signal-to-noise ratio. In Figs. 2.7(b) 

and 2.8(b), the phase noise variance is determined by the linewidth £ and the 

loop bandwidth fL or /„ according to expressions (A.2) and (A.4), respectively, 

and is measured in dB with respect to the carrier power, namely, dBc. In the next 

section, we will compare the theoretical system performance with the simulated 

system performance and discuss the observations from the plots. 

SNR 

. It can be also interpreted as follows. The power of the carrier 
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20 25 30 
SNFL (dB) 

(a) £ = 5 kHz. 

(b) SNR0 = 25 dB. 

Figure 2.6: Plots of theoretical effective signal-to-noise ratio for the free-running 

oscillators by using expressions (2.27)-(2.29) and (2.34). 
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SNRQ (dB) 

(a) £ = 5 kHz. 

-30 -25 -20 -15 -10 
Phase noise variance (dBc) 

(b) SNRo = 25 dB. 

Figure 2.7: Plots of theoretical effective signal-to-noise ratio for the ls*-order PLL 

oscillators with fL = 50 kHz by using expressions (2.27)-(2.29) and (2.34). 
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SNRQ (dB) 

(a) £ = 5 kHz. 

-30 -25 -20 -15 
Phase noise variance (dBc) 

(b) SNRo = 25 dB. 

Figure 2.8: Plots of theoretical effective signal-to-noise ratio for the 2nd-order 

PLL oscillators with /„ = 50 kHz by using expressions (2.27)-(2.29) and (2.34). 
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2.5 Computer Simulations 

The proposed scheme is simulated in comparison with the ideal OFDM receiver 

with perfect phase noise compensation, the CPE correction scheme of [RK95], and 

the ICI compensation schemes proposed in [ZH01, GNE03, LZ04]. The system 

bandwidth is 20 MHz, i.e., Ts = 0.05 (is, and the constellation used for symbol 

mapping is 16-QAM. The OFDM symbol size is N = 64 and the prefix length 

is P = 16. The channel length is 6, and each tap is independently Rayleigh 

distributed with the power profile specified by 3 dB decay per tap. Two scenarios 

are studied in the simulations. One scenario assumes that the receiver has perfect 

channel information, while the other scenario assumes that the receiver has to 

estimate the channel using pilot symbols. Only one block-type pilot symbol is 

used in the proposed scheme for each time of channel estimation, while two are 

used in the CPE correction scheme. The assumed channel length in the time 

domain for channel estimation is L = 12, the length of the phase noise vector 

to be estimated is M = 4 or 8, and the number of pilot tones in the comb-type 

symbols is Q = 8 or 16. The phase noise generated by the free-running oscillators 

and the phase-loop locked oscillators is simulated according to the models given 

in Appendix A. 

Figs. 2.9-2.12 show the simulated system performance when the phase noise 

is generated by a free-running oscillator. The phase noise spectrum for £ = 5 kHz 

is plotted in Fig. 2.9. Figs. 2.10-2.11 compare different schemes in terms of the 

effective signal-to-noise ratio and the uncoded bit error rate (BER) for the phase 

noise spectrum with £ = 5 kHz. Compared to the CPE correction scheme, the 

proposed scheme can achieve 5-8 dB more improvement in the effective signal-to-

noise ratio for the high signal-to-noise ratio regime (more than 20 dB). Fig. 2.12 

shows the system performance in terms of the effective signal-to-noise ratio for 
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different oscillator linewidth. The larger the linewidth, the more random the 

phase noise is, and consequently, the more difficult it is to compensate for the 

phase noise. It can be seen that compared to the CPE correction scheme, the 

proposed algorithm with Q = 16 and M = 8 can improve the signal-to-noise 

ratio by about 5 dB if perfect channel information is available (i.e., no channel 

estimation) and 8 dB if the receiver has to estimate the channel. The comparison 

between the cases with and without perfect channel information shows that the 

joint channel and phase noise estimation further improves the overall system 

performance. In other words, the proposed scheme can reduce the sensitivity of 

OFDM receivers to phase noise by about 8 dB. Moreover, the simulated system 

performance displayed here is consistent with the theoretical performance shown 

in Fig. 2.6. It is also demonstrated in Figs. 2.13-2.16 and 2.17-2.20 that the 

proposed scheme can significantly improve the effective signal-to-noise ratio and 

uncoded BER for the phase-loop locked oscillators. The improvement in the 

effective signal-to-noise ratio can be more than 8 dB. In order to further improve 

the effective signal-to-noise ratio and uncoded BER, we can add more pilot tones 

to increase Q and M; however, this reduces the data rate and spectral efficiency. 

In Fig. 2.21, the proposed phase noise compensation scheme is compared with 

the self-cancellation scheme proposed in [ZH01], the frequency-domain FIR-type 

equalizer proposed in [GNE03], and the ICI suppression method using sinusoidal 

approximation proposed in [LZ04]. For fairness, we assume that the receivers 

have perfect channel information, without worrying about the overhead intro­

duced by channel estimation.3 The phase noise is generated by a lst-order phase-

loop locked oscillator with £ = 5 kHz and /^ = 50 kHz. It is shown in the figure 

3The block-type pilot symbols used for channel estimation are only required at the beginning 
of each packet, because wireless channels are usually slowly time-varying. If the packets are 
long enough, then the overhead caused by the block-type symbols is negligible. 
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Figure 2.9: PSD of the phase noise generated by a free-running oscillator with 

f = 5 kHz. 

that the FIR-type equalizer4 and the ICI suppression method using sinusoidal 

approximation do not perform well for this type of fast-changing phase noise 

because they can only compensate for the ICI from adjacent subcarriers. The 

self-cancellation scheme works as well as the proposed method since it uses two 

subcarriers to transmit one data symbol, which brings the benefit of diversity gain 

as in MIMO communications. However, the self-cancellation method reduces the 

spectral efficiency by one half. In the simulation, each OFDM symbol can trans­

mit N — Q = 48 data symbols in the proposed scheme but only N/2 = 32 symbols 

in the self-cancellation scheme, which demonstrates that the proposed method can 

achieve 50% more spectral efficiency than the self-cancellation method. 

4In the simulations, the length of the FIR-type equalizer is 9. 
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2.6 Conclusions 

In this chapter, a phase noise compensation scheme is proposed for OFDM-based 

wireless communications. The proposed scheme consists of two phases. One 

phase is the joint channel and phase noise estimation, and the other phase is the 

joint data symbol and phase noise estimation. The simulations show that the 

proposed scheme can effectively improve the system performance in terms of the 

effective signal-to-noise ratio and the uncoded bit error rate. It is demonstrated 

that the proposed algorithm can reduce the sensitivity of OFDM receivers to 

phase noise by about 8 dB. Since oscillators with ultra-low phase noise usually 

have the disadvantage of high implementation cost and high power consumption, 

the improvement will significantly reduce the cost and power consumption from 

the perspective of hardware designers. 
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Figure 2.10: Simulation results with perfect channel information when the phase 

noise is generated by a free-running oscillator with £ = 5 kHz. 
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(a) Effective SNR. 
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(b) Uncoded BER. 

Figure 2.11: Simulation results with estimated channel information when the 

phase noise is generated by a free-running oscillator with £ = 5 kHz. 
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(a) With perfect channel information. 

(b) With estimated channel information. 

Figure 2.12: Effective signal-to-noise ratio vs. £ for SNR0 = 25 dB when the 

phase noise is generated by free-running oscillators. 
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Figure 2.14: Simulation results with perfect channel information when the phase 

noise is generated by a F*-order PLL oscillator with £ = 5 kHz and fL = 50 kHz. 
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Figure 2.15: Simulation results with estimated channel information when the 

phase noise is generated by a ls*-order PLL oscillator with £ = 5 kHz and 

fL = 50 kHz. 
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(b) With estimated channel information. 

Figure 2.16: Effective signal-to-noise ratio vs. phase noise variance when the 

phase noise is generated by ls*-order PLL oscillators with /L = 50 kHz. 
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Figure 2.17: PSD of the phase noise generated by a 2nd-order PLL oscillator with 

£ = 5 kHz and fn = 50 kHz. 
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Figure 2.18: Simulation results with perfect channel information when the phase 

noise is generated by a 2nd-order PLL oscillator with £ = 5 kHz and /„ = 50 kHz. 
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Figure 2.19: Simulation results with estimated channel information when the 

phase noise is generated by a 2nd-order PLL oscillator with £ = 5 kHz and 

/„ = 50 kHz. 
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(b) With estimated channel information. 

Figure 2.20: Effective signal-to-noise ratio vs. phase noise variance when the 

phase noise is generated by 2™d-order PLL oscillators with fn = 50 kHz. 
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ure 2.21: Comparison of different ICI compensation methods. 
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CHAPTER 3 

Joint Compensation of IQ Imbalance and Phase 

Noise 

3.1 Introduction 

There are mainly two types of receiver structures for OFDM systems: one is 

the direct-conversion receiver and the other is the Heterodyne receiver [Raz98]. 

Compared to the Heterodyne receivers, the direct-conversion receivers have the 

advantages of low cost, low power consumption and easy integration, but they 

suffer more severely from analog domain impairments. One such impairment is 

caused by the imperfectness in the process of RF signal down-conversion to base­

band. The effects of this impairment have been modeled as IQ imbalance and 

phase noise in the literature [Abi95, Raz98]. IQ imbalance is the mismatch in am­

plitude and phase between the I and Q branches in the receiver chain, while phase 

noise is the random unknown phase difference between the phase of the carrier 

signal and the phase of the local oscillator (as was explained in Chapter 2). The 

effects of IQ imbalance and phase noise on OFDM receivers have been investi­

gated in previous works, such as [Liu98, BSHOO, PBM95, Mus95, Tom98, PM02]. 

Some algorithms have also been proposed for the compensation of IQ im­

balance [SHA01, VRK01, TBS05, TS05] or the compensation of phase noise 

[RK95, ZH01, CBY02, GNE03, LZ04, RLP05, LPL06], separately. In [TCP05], 
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the joint effects of IQ imbalance and phase noise on OFDM systems are studied, 

but the analysis and proposed compensation scheme are based on the concatena­

tion model of IQ imbalance and phase noise, where only the common error term 

of phase noise is considered. It appears that there is still no thorough work on 

analyzing the system performance degradation caused by the coexistence of IQ 

imbalance and phase noise, as well as the optimal estimation of channel response 

and data symbols, in the presence of both impairments. 

In this chapter, we pursue an explicit formulation for the joint effects of IQ 

imbalance and phase noise, and propose a joint compensation scheme with per­

formance analysis. The scheme consists of a joint channel estimation algorithm 

and a joint data symbol estimation algorithm. The joint estimation technique 

achieves a more accurate channel estimate than other conventional methods that 

either ignore the impairments or simply model them as additive Gaussian noise. 

The mean-square-error of the channel estimation step is compared with the as­

sociated Cramer-Rao lower bound to conclude that our scheme works well with 

performance close to the ideal case without the impairments. In the proposed 

data symbol estimation algorithm, it is shown that the joint compensation can 

be decomposed into the IQ imbalance compensation followed by the phase noise 

compensation. During the payload portion of OFDM packets, which contains 

both data tones and pilot tones, the data symbols and the phase noise com­

ponents are jointly estimated at the receiver. The performance of the proposed 

algorithm is analyzed in terms of the improvements in the effective signal-to-noise 

ratio, and is compared with other compensation methods. 

This chapter is organized as follows. The next section describes the system 

model and formulates the joint effects of IQ imbalance and phase noise. The 

proposed joint channel estimation algorithm is presented in Section 3.3, and the 
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Cramer-Rao lower bounds for estimating the channel response are also derived. 

The joint data estimation algorithm is presented in Section 3.4, and its per­

formance is analyzed in terms of the effective signal-to-noise ratio degradation. 

Section 3.5 discusses the complexity of the proposed algorithms and presents an 

efficient implementation scheme. Simulation results and performance comparison 

of different algorithms are discussed in Section 3.6. 

Throughout this chapter, we adopt the following notation. (-)r denotes the 

matrix transpose, (•)* represents the matrix conjugate transpose, and conj{-} 

takes the complex conjugate of its argument elementwisely. Re{-} and Im{-} 

return the real and imaginary parts of its argument, respectively. diag{-} repre­

sents the diagonal matrix whose diagonal entries are determined by its argument. 

Tr{-} returns the trace of a matrix. E{-} is the expected value with respect to 

the underlying probability measure. IK is the identity matrix of size K x K, and 

Ig is the Fisher information matrix associated with the parameter vector 0. 

3.2 System Model 

Fig. 3.1 shows the block diagrams of a direct-conversion receiver with and without 

IQ imbalance and phase noise. We first formulate the effects of IQ imbalance and 

phase noise on the received continuous-time baseband signals in Subsection 3.2.1, 

and then discuss their effects on the received OFDM symbols in Subsection 3.2.2. 
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(b) A direct-conversion receiver with IQ imbalance and phase noise. 

Figure 3.1: Block diagrams of a direct-conversion receiver with and without IQ 

imbalance and phase noise. 
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3.2.1 IQ Imbalance and Phase Noise 

Let x(t) be the transmitted continuous-time baseband signal. The transmitted 

passband signal, namely, the radio-frequency signal xp(t) is given by 

xp(t) = Re{V2x(t)ej2wfct} (3.1) 

= V2Re{x{t)} cos(2irfct) - V2Im{x(t)} sm(2%fct), 

where fc is the carrier frequency and the normalization factor \/2 ensures that 

x(i) and xp(t) have the same average power. Let hp(t) be the continuous-time 

impulse response function of the passband channel. Then the received passband 

signal yp(t) is given by the convolutional integral of xp(t) and hp(t) plus additive 

passband white Gaussian noise wp(t), i.e., 

/

oo 

hp(t-T)xp(T)d,T + wp(t). (3.2) 

-oo 

Let 

h(t) = hp{t)e-j2%^ (3.3) 

represent the continuous-time impulse response function of the equivalent base­

band channel. We use 

Vo 
/

oo 

h(t - r)x(r)dT (3.4) 
•oo 

to represent the received baseband signal in the absence of the impairments and 

noise. Note that the passband signals xp(t), yp(t) and the passband channel 

response hp(t) are all real functions, while the baseband signal x(t) and the 

baseband channel response h(t) are complex. It then follows from (3.1)-(3.4) 
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that yp(t) can be expressed as 

/

oo 

hp(t - r)xp{r)dr + wp(t) 
-00 

/

oo 
hp(t - T)Re{V2x{T)ej27rfcT}dr + wp(t) 

-oo 
/ o o 

Re{/ip(t - r)x(r)eJ'27r/cT}dr + wp{t) 
-00 

/

oo 
Re{/i(t - r)ei27r/^-T):r(T)ej27r/cT}dT + wp(t) 

-oo 
/ o o 

Re{h(t - r)x(T)ej2nU}dr + wp{t) 
-00 

= \/2Re | ( J h(t- r)x{T)dr) ej2nfA + wp{t) 

= Re{V2y0(t)e^t}+wp(t). 
(3.5) 

In an ideal direct-conversion receiver, as shown in Fig. 3.1(a), the sinusoidal 

signals used for I and Q-branch mixing have the same amplitude and are orthog­

onal to each other. Also, their phase is perfectly aligned with the carrier signal. 

Rewriting (3.5) as 

yp(t) = Re{V2y0(t)e
Mt} + wp(t) 

= Re^A/2 yo(t) + ^wp(t)e-™ J2nfct 

the received baseband signal after down-conversion is 

y(t) = y0(t) + w(t). 

Here, w(t) is the additive Gaussian noise in the baseband and is given by 

V2 
2 

w{t) = LP I -^wp(t)e-j27Tfct 

where LP{-} stands for the operation of low-pass filtering. 
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However, as shown in Fig. 3.1(b), the actual oscillator signals in the I and 

Q branches are slightly different from the ideal oscillator signals due to the im-

perfectness of the local oscillator and 90° phase shifter. The constants a and 6 

model the amplitude and phase imbalances between the I and Q branches, while 

the phase noise term <f)(t) models the phase difference between the carrier signal 

and the local oscillator. Based on this model, it can be shown that the received 

baseband signal y{i) is related to the transmitted baseband signal x(t) by (see 

Appendix C for a derivation): 

y(*) = 
T 

cos j asm 
T 

am) yo(t) 

+ OL cos | - ) + j sin -j<P(t)n,* vW) + «>(t), 

where yo(t) is given by (3.4). Letting 

e\ . . re 

/•* = cos ( - I - j a s m l -

u = a cos I - 1 + j s m l -
expression (3.6) can be represented as 

y(t) = tie"MyQ(t) + ue~^y^t) + w(t). •Mt). 

(3.6) 

(3.7) 

In the absence of IQ imbalance and phase noise, i.e., when a — 0, 6 = 0, and 

4>(t) = 0, we have the traditional relation 

y(t) = y0(t) + w(t). 

3.2.2 OFDM Modulation and Demodulation 

At the OFDM transmitter, the bits from information sources are first mapped 

into constellation symbols, and then converted into a block of N symbols X[k], 
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k = 0,1,... ,N — 1, by a serial-to-parallel converter. The N symbols are the 

frequency components to be transmitted using the N subcarriers of the OFDM 

modulator, and are converted to OFDM symbols x[n], n = 0 , 1 , . . . , N — 1, by 

the unitary inverse Fast Fourier Transform (IFFT), i.e., 

J V - l 

xW = - ^ E X ^ e J ^ ' n = 0, l , . . . , iV-l . 
V ^ fc=o 

A cyclic prefix of length P is added to the IFFT output in order to eliminate the 

inter-symbol interference caused by multipath propagation. The resulting N + P 

symbols are converted into a baseband signal x(t) for transmission. Let Ts be 

the sampling time of the system. At the demodulator, the received baseband 

signal y{t) is sampled at period Ts. After removing the cyclic prefix, a block of 

N symbols, y[n], n = 0 , 1 , . . . , N — 1, is obtained, whose elements are related to 

x[n], n = 0 , 1 , . . . , N - 1, through (3.7) by 

y[n] = y(nTs) = nej^nT^y0(nTs) + ue-^nT^y*(nTs) + w{nTs). (3.8) 

In the continuous-time domain, yo(t) is equal to the convolutional integral of the 

channel impulse response and the channel input, as shown in expression (3.4). Let 

h[n] represent the equivalent discrete-time baseband channel impulse response. 

Assume that h[n] has length L, i.e., h[n] = 0 if n £ { 0 , 1 , . . . , L — 1}. With the 

aid of the cyclic prefix and provided that L — l<P, linear convolution becomes 

circular convolution in the discrete-time domain (recall (2.1)), i.e., 

N-l 

y0(nTs) = h[n] © x[n] = ^ h[(n - r)N]x[r], 
r=0 

where © denotes circular convolution and (n — r)N stands for 

(n — r) mod N. 

Expression (3.8) can then be written as 

y[n] = iiej(t>{nT^ (h[n] © x[n]) + ve~^nTs) (h[n) © x[n])* + w[n], 
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where w[n] is additive Gaussian noise. The unitary Fast Fourier Transform (FFT) 

is then performed on y[n], n = 0 , 1 , . . . , N — 1, to obtain Y[k], k = 0 , 1 , . . . , N — 1. 

Let 

A[k] = i E e^ ( " T s ) e^^ , jk = 0,l J V - l , 

and 

71=0 

L - l 

re=0 

Also, we denote 

Z[k] = A[k] ® (H[k]X[k]) - Y^ Ai(k - r)N]H[r)X[r]. 
N-l 

(3.9) 
r-=0 

It then follows from (3.8) that the output symbols Y[k], k = 0 , 1 , . . . , N — 1, after 

OFDM demodulation are related to the data symbols X[k] by 

Y[k] = fiZ[k] + uZ*[{N - k)N\ + W[k] 

N-l N-l 

= vYl AKk ~ r)N]H[r]X[r] + vJ2A*[(N-k- r)N]H'[r]X*[r] 
r=0 r=0 

+ W[k], (3.10) 

where W[k] is the additive noise in the kth subcarrier and is given by the discrete 

Fourier transform of w[n]. Using matrix notation, (3.9) can be represented as 

z = AHx, (3-11) 

where 

Z[0] 

Z[l] 
(N x 1), 

X[0] 

X[l] 
x = (Nxl), 

Z[N - 1] X[N - 1] 
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A = 

A[0] A[N-1] ... A[l] 

A[l] A[0] ... A[2] 

A[N-1] A[N-2] ... A[0] 

(N x N circulant), (3.12) 

H = 

H[0] 0 

0 H[l] 

0 

0 

0 0 . . . H[N-1] 

Then, expression (3.10) can be represented as 

(N x N diagonal). 

y = [12. + uz + w, (3.13) 

where 

y = 

Y[0] 

Y[l] 

Y[N - 1] 

( iVx l ) , z = 

Z*[0] 

Z*[N-1] 

Z*[l] 

(N x 1), 

w 

W[0] 

W[l] 

W[N - 1} 

Combining (3.11) and (3.13), we have 

(N x 1). 

y = //AHx + i/A • conj{H} • conj{x} + w, (3.14) 
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where 

A = 

A*[0] A*[N-l] 

A*[N-1] A*[N-2] 

A*[l] A*[0] 

conj{H} = 

H*[0] 0 

0 H*[l] 

. A*[l] 

. A*[0] 

... A*[2] 

0 

0 

. H*[N-l] 

(TV x TV circulant), 

(TV x TV diagonal), 

conj{x} = 

X*[0] 

X*[l] 
(TV x 1). 

X*[N-1] 

Expressions (3.10) and (3.14) model the effects of IQ imbalance and phase noise 

on the received symbols after OFDM demodulation. Based on this model, we 

now develop a compensation scheme and analyze the system performance with 

and without compensation. 

3.3 Channel Estimation 

In the proposed channel estimation algorithm, block-type pilot symbols are trans­

mitted, in which all subcarriers are used for the pilot symbols known to the re­

ceiver. For convenience of exposition, we assume that at each time, only one 

OFDM symbol is used as the block-type pilot symbol for channel estimation. 

Since the OFDM demodulation output y is related to the training symbol x 
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through expression (3.14), the proposed algorithm is based on the following op­

timization problem: 

min II y — /iAHx — vA • conj{H} • conj{x} (3.15) 

We notice that there are N unknowns in H, N unknowns in A, plus two additional 

unknowns /J, and v. Thus, the solution to this problem is not unique, since we 

have less observations (in y) than unknowns. To overcome this difficulty, we can 

reduce the number of unknowns by modeling the channel and the phase noise 

process with fewer parameters, as was already explained in Subsection 2.3.1. 

Moreover, we realize that in (3.15): 

1.) There exists an ambiguity of a scaling factor in the estimates of /i, A and 

H. 

2.) There exists an ambiguity of a scaling factor in the estimates of v, A and 

conj{H}. 

To resolve the ambiguities, instead of estimating JJL, v, A and H, we estimate the 

following quantities: 

where 

with 

A" = 

A"[0] A"[N-1] . . . A"[l] 

A"[l] A"[0] . . . A"[2] 

A"[N-1] A"[N-2] . . . A"[0] 

{NxN) 

A"[0] = 1 and A"[k] = -jF^A[k], for k = 1,2,..., N - 1, 

(3.16) 
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and 

H" = 

H"[0] 0 . . . 0 

0 H"[l] ... 0 

0 0 . . . H"[N-1] 

(N xN) (3.17) 

with 

H"[k] = fiA[0]H[k], for k = 0 , 1 , . . . , N - 1. 

Recall that in Subsection (2.3.1), we propose to estimate the normalized time-

domain channel response h" of length L and the selected normalized phase noise 

samples c" of length M. Define 

a = 

A"[0) 

A"[l) 

A"[N - 1] 

(JVxl) , h = 

H"[0] 

H"[l] 

H"[N - 1] 

( N x 1). 

Then, a and h are related to c" and h" according to 

1 

and 

a ^ - F a P c " 

h = Fhh". 

(3.18) 

(3.19) 

Consequently, knowing x and y, we can estimate H by solving 

min II y - A"H"x - z/'A" • conj{H"} • conj{x} 
j / " , c " , h " " 

(3.20) 

subject to ^"[0] = 1, 
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where 

A" = 

(A"[0])* (A"[N-1]Y 

(A"[N-1])* (A"[N-2])* 

/ / r - t i \ * (A"[l]) i'\t\]\* (A"[0]) 

(A'W 

(A"[0)Y 

{A'W 

(N x N circulant), 

(3.21) 

and 

conj{H"} 

(H"[0]Y 0 

0 (H"[1]Y 

0 0 

0 

0 

(H"[N -1])' 

(N x N diagonal). 

This optimization problem (3.20) is nonlinear and nonconvex. An iterative 

method for finding a sub-optimal solution is presented in Algorithm 3.1, in which 

we improve the estimates of u", c" and h" recursively by allowing small perturba­

tions in them and then finding the optimal values for these perturbation terms. 

It can also be viewed as local linearization of a nonlinear system by using a first-

order approximation. Since the amplitude of IQ imbalances and phase noise is 

usually small, the true values of v" and c" are close to their nominal values. The 

nominal values of u" and c" assume the absence of the impairments, i.e., 

a = 0, 9 = 0, 4>{t) = 0, 

which gives 

fj, = 1, v = 0, A = IJV. 

Hence, the nominal values of u" and c" are 

v" = 0, c " = h l . . . l 
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Step 0 of Algorithm 3.1 finds an initial estimate for u", c" and h" to start the 

iteration. Specifically, v" and c" are initialized to their nominal values, and h" is 

initialized to the corresponding solution to (3.20). That is, when 

v" = 0, c" = [ 1 1 . . . 1 ] , 

we have 

A" = 1N 

and hence (3.20) becomes 

m i n | | y - H " x | | 2 . (3.23) 
h« IK II V I 

Let X = diag{x}. By (3.19), problem (3.23) can be rewritten as 

m i n | | y - X F h h " | | 2 

h„ II-7 II 

whose solution is given by 

K = ( F J X ' X F h r ^ X ' y -

Step 4 and Step 5 update the old estimates P"^, c"_! and h"^ by 

v>! = VU + A^' , (3.24) 

c'l = c t : + Ac", (3.25) 

hj' = h'U + Ah". (3.26) 

Expressions (3.25) and (3.26) imply that A"_lt A"j_i and H"_! are updated 

according to 

A'l = A'U + AA", (3.27) 

AJ'i = A V i + AA7', (3.28) 

H '̂ = H ^ + AH", (3.29) 
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A l g o r i t h m 3 . 1 Joint Channel Estimation 

0: Let T% = 0 and eft = [1 1 . . . l ] r . Find the initial hft by solving 

hft = a r g m i n | | y - H " x | | 2 . 

The expression for hft is given by 

hft = (F£X*XFh)-1Fj;X*y, 

where X = diag{x}. 

1: i = \ 

2: repea t 

3: Let 5j_i = ^ F a P c ^ and h ^ i = Fhh£_i. 

4: Find Av", Ac" and Ah" by solving the following optimization problem: 

A « r ? ^ II y ~ ( A " - i H " - i * + 3 - i A V i • c o n j { H t J • conj{x}) (3.22) 

- [ (AA")Ht iX + A?_i(AH")x] - [ (Ai /" )AVi • con j fH t i } • conj{x} 

+ ^ ( A A 7 ' ) • con j{Ht i} • conj{x} + S ^ A V i • conj{AH"} • conj{x}] f 

subject to gAc" = 0, 

where g is the first row of i F a P , and A"_!, A"j_i, H"_j are determined from aj_i 

and hj_i according to (3.16), (3.21) and (3.17). The constraint gAc" = 0 guarantees 

that A"[0] is equal to 1. Problem (3.22) can be formulated as a standard least-squares 

problem (see Appendix D for details). 

5: Update the estimates of v", c" and h" according to 

6: i = i + l 

7: until there is no significant improvement in the objective function || y — A"H"x - P"A"j • 

conj{H^'} • conj{x} ||2. 
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where A A", AA" and AH" depend on Ac" and Ah". By substitution with (3.24) 

and (3.27)-(3.29), the objective function becomes 

|| y - A W - VlA"i • conj{H?} • conj{x} ||2 

= || y - ( A t i + AA") {H'U + AH") x - ( i ^ + Ai/') ( A V I + AA7') 

• conjfHj'.! + AH"} • conj{x} ||2 

« || y - ( A ^ H ^ x + ^ A V i • con j{H^} • conj{x}) (3.30) 

- [ ( A A " ) H ^ x + A^x(AH")x] - [(Ai/ ' )AVi • c o n j { H t J • conj{x} 

+ z /^AA 7 ' ) • c o n J i H ^ J • conj{x} + i ^ A V i • conj{AH"} • conj{x}] ||2, 

where the approximation ignores the second-order and third-order small terms. 

The near-optimal incremental terms Au", Ac" and Ah" are found by minimizing 

(3.30). To ensure that A"[0] = 1 in the updating, given that 

where g is the first row of ^ F a P , we have 

A>>[0] = g 3 ' = g (cj'.! + Ac") = 1 

and hence 

gAc" = 0. 

It is shown by computer simulations that the objective function decreases 

with i = 1,2,..., and eventually converges to a local minimum. The obtained 

estimates of v" and H" will be used in the data transmission stage for estimating 

data symbols. 

3.3.1 Cramer-Rao Lower Bound 

To evaluate the proposed algorithm, we compare its performance with the 

Cramer-Rao lower bound (CRLB) that gives a lower bound on the covariance 
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matrix of any unbiased estimator of unknown parameters [Kay93]. Three scenar­

ios are considered here: 

1.) There is no impairment in the system. 

2.) There are IQ imbalance and phase noise, but the receiver assumes no phys­

ical impairment. 

3.) Both IQ imbalance and phase noise are present, and the proposed channel 

estimation algorithm is used. 

The scenarios can be either exactly or approximately modeled by 

y = s0 + w, (3.31) 

where y is the observed data vector of length N, Sg is the noise-free data vec­

tor that depends on the parameter vector 0, and w is the vector of circularly 

symmetric Gaussian noise with covariance matrix Ejww*} = G^IN-

By the CRLB [Kay93], any unbiased estimator 0 of 0 has a covariance matrix 

that satisfies 

var{0} = E{(0 - 0){0 - 0)*} > I^1, 

where var{0} > Ig is interpreted as meaning that the matrix var{0} — Ig is 

positive semidefmite. Here, Ig is the Fisher information matrix of size |0| x |0| 

and its element at the i\h row and #£ column is given by 

where p(y; 9) is the probability density function of the observations and |0| is 

the dimension of 0. Let 

s& Se[0] Se[l] ... Sg[N-l] 
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It is shown in Appendix E that the Fisher information matrix for the data model 

(3.31) is given by 

2 t ! fdSelk] (dS,[k]\'\ 

where 

(3.32) 

dS0[k] 
dO 

dSe[k) dS0[k] dS0[k] 

061 d62 ' ' d6u 

In the following derivation, we assume: 

1.) The pilot symbols X[k] are independent and identically distributed with 

zero mean. They also have the same power and let Op — \X[k]\2. 

2.) The pilot symbols, the phase noise, the channel coefficients and the additive 

noise are independent of each other. 

3.) The channel coefficients H[k] are circularly symmetric Gaussian distributed 

with mean zero and variance a2
H = E{|H[/c]|2}. 

3.3.1.1 Scenario 1: No Impairments 

In this scenario, there is no analog impairment in the system. We consider two 

cases: one estimates h and the other estimates h'. Recall that in Subsection 2.3.1, 

h and h' are defined as 

H[Q] 

H[l] 

H[N - 1] 

(N x 1), h' = 

Mo] 

Mi] 

h[L - 1] 

(L x 1). 

Case 1: h is estimated 
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If h is estimated, the system is modeled as 

y = Hx + w, (3.33) 

where 

so = Hx 

and 

e Re{#[0]} Re{H[N-l]} Im{H[0}} . . . Im{#[iV - 1 ] } 

To compute I0, we need to compute —§Q according to (3.32). Since 

Se[k] = H[k]X[k], 

we have 

and 

Hence, 

dSe[k] 
dRe{H[k'}} 

dSe[k] 

d!m{H[k']} 

dSpjk] 
00 

X[k], iik = k', 

0, otherwise, 

jX[k], Hk = k', 

0, otherwise. 

0 . . . 0 X[k] 0 . . . 0 jX[k] 0 

X[k]ek+i+jX[k]eN+k+i. 

iT 

Here, e/ represents the Ith standard basis vector whose elements are all zeros 

except that the Ith element is 1. By (3.32), 

2 K (dS.[k}{ 

fc=0 

JV-1 

dSe[k}\* 
00 

— ^ Re {(X[k}ek+1 + jX[k]eN+k+i) (X[k]ek+1 + jX[k]eN+k+1)*} 
Tw fc_n fe=0 
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J V - 1 

a 
j\X[k}\2ek+1 + j\X[k]\2eN+k+1el+1 

w h^ fc=0 

+|X[fc]|2eJV+fc+ie^+fc+1} 

N-l 

= —'52 [\X[k]\2ek+1el+1 + \X[k]\2eN+k+1e^+k+1] 
fc=0 

2a P 
—0-I-2N-

By the CRLB, 

which implies 

and 

E{(d-0)(e-ey}> 1-^ = ^1^, 

E 

E 

Re{H[k]}-Re{H[k]} 

lm{H[k]}-lm{H[k}} 

> a w 
2a2

P 

> a w 
2a2

P 

Therefore, the mean-square-error of H[k] is bounded by 

E H[k] - H[k] = E l 
+ E 

Re{H[k]}-Re{H[k]} 

Im{H[k]}-Im {H[k]} 

w 
^.i 

(3.34) 

Case 2: h! is estimated 

If h' is estimated instead of h, the system model becomes 

y = XF h h ' + w, 

where X — diag{x}. In this case, 

se = XF h h ' 
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and 

9 Re{h[0}} ... Re{h[L-l}} lm{h[0]} ... lm{h[L -1]} 

Forn = 0 , l , . . . , L - l , 

dse 

dRe{h[n]} 
dse 

= X F h 
dh' 

= X F h e n+l) 

dlm{h[n}} 

It then follows that 

ds0 

00 

dRe{h[n]} 
dh' 

= XFh-dIm{h[n]}=jXFhen+1-

dse 

dRe{h[0]} • • • dne{h[L-l}} dlm{h[0]} ' ' ' dlm{h[L-l}} 

X F h j X F h 

and 

J V - l 

Ifl = 
'w 
z^mm) 
k=0 

4Re &, 
80 \ 89 ) 

'dSg\ 

= T 2 - R e 

a w 

= —sr-Re 

= -^-Re< 

X F h j X F h 

F£X T 

X F h jXFh 

conj{XFh} conj{jXFh} 

a w 

2Na2
Pj 

2 -1-2L-

No2
PlL -jNa2

PIL 

jNa2
PIL Na2

PIL 

By the CRLB, 

E{(9-0)(e-0y}>re' = - ^ i 2 L , 
2Na2

P 
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which implies 

•{ 
and 

•{ 

Re{h[n]}-Re{h[n]} 

Im{h[n]}-lm{h[n}} 

n> < 
J - 2No% 

n> < 
) - 2Na2

P 

Hence, the mean-square-error of h[n] is bounded by 

E{\h[n} - h[n]\2} > 
Na2

P' 

Recall that 

Since 

h = F h h ' and h = Fhh' . 

||h - h||2 = | |Fhh' - Fhh' | |2 = iV||h' - h'||2, 

the mean-square-error of H[k] is bounded by 

E{|%]-^] | 2 } = lE{||h-h||2} 
N 

E {l|h'-h'||2} 

= LE{\h[n] - h[n]\2} 

> 
Na2/ 

(3.35) 

By comparing (3.35) with (3.34), we can see that estimating h' instead of h 

improves the mean-square-error performance by a factor L/N (L < N). This is 

because given the N observations in y, it is more accurate to estimate L variables 

instead of N variables. 
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3.3.1.2 Scenario 2: Without Compensation 

In the presence of the impairments, the system model (3.14) can be rewritten as 

y = //AHx + vA • conj{H} • conj{x} + w 

= yuA[0]Hx + /x(A - A[0]IN)Hx + vA. • conj{H} • conj{x} + w. 

We treat 

H" = iiA[0]H 

as the "true" channel response to be estimated because of the scalar ambiguity. 

The term 

w" = fj,(A - A[0]IJV)HX + vA • conj{H} • conj{x} + w 

can be approximately regarded as additive white Gaussian noise with covariance 

matrix 

E{w"(w")*} = E { n(A - A[0]IJV)HX + vA • conj{H} • conj{x} + wl 

• A * ( A - A[0]Iiv)Hx + ^A-conj{H}-conj{x} + wl j 

= E {[//(A - A[0]IN)Hx\ [//(A - A[0}IN)H.x}*} 

+ E I \vA- conj{H} • conj{x} vA • conj{H} • conj{x} \ 

+ E{ww*} 

= E {^(A - ^[0]^)] [//(A - A[0]IN)}*} 4 4 

+ E | ( V A ) ( I / A ) *} a%a2
P + a^IN 

uA,k J \^2 

,k=l / \k=0 a=i / \k=o ) 
OiiOp + <JW \ • lr 

H°p-^uw ( ' Aiv 

where the approximation assumes that 
/JV-l 

E {(A - A[0]IN)(A - A[0]INT} « J2 °%h ) l 
\k=l 

N 
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and 
'N-l 

E{AA*}«(^ai ifc)l, lN-
,fe=0 / 

Note that the model 

y = H"x + w" 

with 

G2
W„= [{l-a%0)\v\2 + \v\2]<JH°2p + <rw 

has the same form as (3.33). It then follows immediately from (3.34) and (3.35) 

that 

1.) if h is estimated, 

2 

E{\fiA[0]H[k] - LiA[0]H[k]\2} > ^ f 

= [ ( l - <o )H 2 + H 2 ]4 + ^ | ; (3.36) 

2.) if h' is estimated, 

aP 

2-E{|M[0]F[ib] -iiA[ti\H{k\\ } > 
LGWI, 

^ [ ( 1 - < . ) W J + M,]«4 + ^ . (3-37) 

3.3.1.3 Scenario 3: Wi th the Proposed Joint Est imation 

In this case, the CRLB for estimating H is computed based on the following 

model: 

y = A"H"x + i/'A" • conj{H"} • conj{x} + w 

= A:pproH"x + */'A%pro • conj{H"} • conj{x} + (A" - A'4,pro)H"x (3.38) 

+ v"(A/> - A% p r o ) • conj{H"} • conj{x} + w, 
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where A^ppr0 is determined by the vector 

] 

iV 
• = F Pc" 
Lappro u 1 B.1- v 

according to the construction of A". Note that A" — A'lppro represents the mod­

eling error existing in the approximation given by (3.18). The parameter vector 

to be estimated is 

9=[Re{u"} lm{u"} Re{c"/T} Im{cwT} Re{h"T} Im{h"T} ] T , 

where the vector 

c '"= [c"[l] c"[2] . . . c"[M-l}]T 

contains all elements of c" except its first element c"[0]. Note that c"[0] is de­

termined by c"[m], m = 1,2,..., M — 1, because of the constraint A"[0] = 1. 

Hence, 

se = A^pproH"x + z/'A"appro • conj{H"} • conj{x}, 

and the noise term in expression (3.38) is 

w" = (A" - A^ppro)H"x + v"(A!> - A%p r o) • conj{H"} • conj{x} + w. 

The covariance matrix of w" is computed as 

E{w"(w")*} 

= E { [(A" - A'a'ppro)H"x + v"(A>> - A% p r o ) • conj{H"} • conj{x} + w] 

• '(A" - A:ppro)H"x + u"(A>> - A% p r o ) • conj{H"} • conj{x} + w] *} 

= E {[(A" - A:ppro)H"x] [(A" - A:ppro)H"x] *} 

+ E { [u"(A>> - A%p r o) • conj{H"} • conj{x}] 

• v"(h!' - A%p r o) • conj{H"} • conj{x}] *} + E{ww*} 

= E {((A" - A:ppro) H") ((A" - A:ppro) H")*} • o*P 

+ E { (y"(A» - A%Pro) • conj{H"}) (v"(A>> - A% p r o ) • conj{H"})*} • o% 

84 



+*u W*-N 

E { | | a - aapp ro | |2 |F"W|2} • a2
PIN + \u"\2 • E { | | a - a&ppro\\

2\H"[k}\2} • < # * 

WAJV 

= { (1 + KT) • E{||5 - aappro||
2|tf"[£;]|2} • a2

P + a2
w) • I AT 

where the approximation assumes that the modeling error components are inde­

pendently and identically distributed with zero mean and hence 

E { ( ( A " - Aappro) H") ((A" - A:ppro) H")*} « E{||a - a a p p r o | | 2 | i ^ ] | 2 } • I „ , 

and 

E { ((A" - A"appro) • conj{H"}) ((A" - A"appro) • conj{H"})*} 

H"[k}\2}-lN-E{||a — aappro| u 

Since 

the optimal c" that minimizes 

*appro —F Pc" 
N a ' 

a - a appro| 

is given by 

Thus, 

c" = (P*P)"1P*F*a 

mm a — a: appro I a - - F a P ( P * P ) - 1 P * F ; a 

a - - F a P ( P * P ) 1 P * F ; a 

= ||a||2 - —a*F aP(P*P)-1P*F;a 

= ||a||2 - -^Tr {F aP(P*P)" 1P*F a (aa*)} 
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= piF l |a"2" ̂  {F»p(p*p)~lp*F* w } 

^-TV{FaP(P*P)-1PX(aa*)} (3-39) |A[0]|2 AT 

because ||a||2 = 1. Using (3.39), we make the following approximation: 

E{||a-aappro||2|F"[fc]|2} 

*E { (RMP " ̂  {F*p(p*prlp*F: w } ) \H"w\2} 
= E { ^ l ^ ' W I 2 - ^ {FaPCP'P)" 1 ?^; (aa*) |tf"[A;]|2} 

= E J H 2 m | 2 - -^Tr {FaP(P*P)-1P*F; (aa*)} \tf\H[kf 

= E {|H2|^W|2} E | l - -^Tr {FaP(P*P)-1P*F: (aa*)}} 

= H 2 4 ( l - ^ T r {FaP(P*P)-1P*F;Ra}) 

= H H ( l - ^ T r { F . P C P ' P ^ P X ^ F a R c F ^ } ) 

= M 2 4 ( I - ~ T V { P ( P * P ) - 1 P * R C } ) 

where 

Ra = E{aa*} = ^ F a R c F : . 

The covariance matrix of w" is approximately equal to crĵ /Jjv, where 

al„ = (1 + K|2) • E{||a - aappro||
2|H''[/c]|2} • °l + °w 

= (1 + W'f) \lA2°l ( l - ^ T r {P(P*P)"1P*RC}) a2, + a 

= W + IH2) ( l - ^ T r {P(P*P)-1P*RC}) aWP + <&• 

Consequently, 1̂  and the associated CRLB for h" can be computed (see Ap­

pendix F for more details). In the computation, the covariance matrix Rc of the 

2 
W 
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phase noise vector c depends on the phase noise spectral characteristics. Given 

a specific phase noise model, R c can be computed analytically. By using the 

relation h = Fhh", we have 

E{\fxA[0]H[k} - /iA[0}H[k}\2} = E{||h" - h" | | 2 }. (3.40) 

The lower bound for H[k] can then be derived from the lower bound for h". It 

is noted that the estimation performance depends on M, and the CRLB allows 

us to select an appropriate M. A trade-off exists here, because a large M gives 

better interpolation performance but at the cost of the degree of freedom, while 

a small M reduces the number of unknowns but causes larger interpolation error. 

In Section 3.6, we compare the mean-square-errors of channel estimation with 

the derived CRLB, and show that the CRLB is a good theoretical measure for 

the estimation accuracy. 

3.4 Data Symbol Estimation 

Assume that the receiver has acquired the channel response H" and the IQ im­

balance parameter v". Given the system model 

y = z" + I/'Z" + w 

where z" = A"H"x, 

Z"[0] 

Z"[l] 

Z"[N - 1] 

{N x 1), z" = 

(z"[o]y 

(z"[N-i]y 

(z"[i])* 

(Nxl), 

we are now interested in estimating the transmitted vector x. By inspecting the 

model, it is noticed that the problem can be decomposed into two separate com­

pensation problems: IQ imbalance compensation and phase noise compensation, 
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as illustrated in Fig. 3.2. First, z" is estimated from y by using any IQ imbalance 

compensation method; then, x is estimated from z" by using any phase noise 

compensation method. Here, we apply the post-FFT IQ compensation technique 

developed in [TBS05] and the phase noise compensation technique developed in 

Chapter 2 of this dissertation. 

Joint Data Symbol Estimation 

y IQ Imbalance i" Phase Noise 
Compensation Compensation 

X 

Figure 3.2: Block diagram of the data symbol estimation algorithm. 

To perform the IQ compensation, i.e., estimating z" from y, we notice that 

Y[k] = Z"[k] + u"(Z"[(N - k)N})* + W[k], 

Y[(N - k)N] = Z"[(N - k)N] + v'\Z"\k\r + W[(N - k)N}. 

Taking the complex conjugate of (3.42) gives 

(3.41) 

(3.42) 

Y*[{N - k)N] = (Z"[(N - k)N})* + (v"yZ"\k] + W*[(N - k)N}. (3.43) 

Multiplying (3.43) by v" and subtracting the result from (3.41) get 

Y[k] - u"Y*[(N - k)N] = (1 - \is"\2)Z"[k] + W[k] - u"W*[{N - k)N], 

from which Z"[k] can be estimated by 

Y[k]-i/'Y*[(N-k)N] Z"[k] = 
1 - |z/"l2 

To compensate for phase noise, we also assume that comb-type OFDM sym­

bols are transmitted in the pay load portion of each packet. In each comb-type 
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symbol, some subcarriers are used for pilot symbols, while the others are used 

for data symbols. The two-stage algorithm is summarized in Algorithm 3.2. 

3.4.1 Performance Analysis 

In this subsection, we analyze the effects of IQ imbalance and phase noise on 

OFDM systems in terms of the signal-to-noise ratio degradation. The expressions 

of the effective signal-to-noise ratio at the receiver are derived by assuming that 

1.) the data symbols X[k] are independent and identically distributed with 

mean zero and variance a\ = E{|X[A;]|2}; 

2.) the data symbols, the phase noise, the channel coefficients and the additive 

noise are independent of each other; 

3.) the channel coefficients H[k] are independently identically distributed 

and circularly symmetric Gaussian with mean zero and variance o\ = 

E{\H{k]\>}. 

3.4.1.1 No Impairments 

In this case, there is no impairment in the system. Since 

Y[k] = H[k]X[k] + W[k], 

the effective signal-to-noise ratio is given by 

_ E{\H[k]X[k}\>} _ aWx , , 4 6 , 
SNRo - " E M P T " ""3ST" ( } 
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Algorithm 3.2 Data Symbol Estimation 
1: Estimate z" from y. This can be done by 

g-W-^'^S "*'"'• *"M H-l. 
2: Assume that fcPii0t,j, j = 1,2,... ,Q, are the subcarrier indices of the Q pilot tones. The 

CPE coefficient A[0] is estimated by 

£ [ 0 ] = E ? = l ( ^ [ f e p i l o t j ] ) * W p i l o t j D * ^[fcpUot , , ] 

E7=1i-ff"[fcpuot,i]rix[A;pilot)j 

4[0] A[0] . . . 1[0] 
T 

3: Let c0 

4: t = l 

5: repeat 

6: Let a"j_i = j^FaPc^_j and construct Aj_i from aVi according to (3.12). Find the 

associated optimal Xdata,i-i by solving the following least-squares problem: 

Xdata,i-i = arg min || z" - Apiiot^.iHp^Xpiiot - A d a t a , i - iH d a t a x d a t a ||2 (3.44) 
x d a t a 

where xpiiot is the sub-vector of x that consists of all the pilot symbols and Apii0t,i-i and 

Hp i lo t are the associated sub-matrices of A,_i and H". Moreover, x d a t a is the sub-vector 

of x that consists of all the data symbols and A d a t a , i - i and H d a t a are the associated 

sub-matrices of Aj_i and H". The expression for xd a t a , i- i is given by 

X d a t a , i - 1 = ( H - d a t a ) ^Adatai_1A(iajtati-iJ A d a t a ) i _ 1 (Z — A p i l o t , z - l H p i j o t X p i l o t ) . 

7: Find the optimal ĉ  by solving the following least-squares problem: 

c- = arg min || z" - Ap i lo tHp i l o txp iio t - A d a t a H^ a t a x d a t a ; i _i ||2 (3.45) 

where Apiiot and A d a t a are determined from c' according to (2.9) and (3.12). The ex­

pression for ĉ  is given by 

c'i = JV(P*F a T*TF a P) _ 1 P*F a T*z" , 

where T is the circulant matrix formed by the elements of H " X J _ I with Xj_i formed by 

Xpiiot a n d Xd a t a , i - 1 -

8: i = i + l 

9: until there is no significant improvement in the objective function || z"—ApiiotiiHpilotXpiiot — 

Adata,i-tldataXdata)i_l II . 
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3.4.1.2 No Compensation 

In the presence of the IQ and phase noise impairments, the receiver does not 

perform any compensation. The system model (3.10) can be rewritten as 

J V - l 

Y[k] = H[k]X[k] + (fiA[0]-l)H[k]X[k] + fi E A[(k-r)N]H[r]X[r] 
r=0,r^k 

JV- l 

+ v E A*[{N - k - r)N]H*[r]X*[r] + W[k], 

where H[k]X[k] is the desired signal component and the other terms are regarded 

as additive noise. The variance of if[fc]X[A;] is 

E{\H[k]X[k}f} = a2
Ho2

x. 

The variance of the noise term is given by 

JV- l 

^A[0]-l)H[k]X[k] + fJi E A[{k-r)N]H[r]X[r] E 
r=0,r^k 

JV- l 

r = 0 

= E 

JV- l 

+u E A*[(N - k - r)N]H*[r]X*[r] + W[k] 
=o 

JV- l 

{fiA[0]-l)H[k]X[k] + fM E A[(k-r)N]H[r]X[r] 

+u J2A*l(N-k- r)N]H*[r]X*[r] + W[k] 
JV- l 

= E{\(fiA[0}-l)H[k]X[k}\2} + \v\2 E V{\A[(k-r)N]H[r]X[r]\2} 
r=0,r^k 

JV- l 

+ \v\2 E E{\A*[(N - k - r)N]H*[r]X*[r]\2} + o\ 
r=0 

JV- l 

= E {|M[0] - 1|2} aWx + Wa E <^H°X + IH2 E <^H°X + * 

'W 

JV- l 
2 
W 

fc=l k=0 

= (1 - 2Re {fiA[0]} + |/i|2 + \u\2) 4 4 + 4 , 
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because 

N-l 

fe=0 

Thus, the effective signal-to-noise ratio is given by 
a2 rr2 

SNRno - (1 - 2Re {M[0]} + H 2 + M2) o\a\ + a2
w 

SNR0 (3.47) 
(1 - 2Re {fiA[0]} + \/J,\2 + \u\2) SNR0 + 1' 

3.4.1.3 IQ and Common Phase Error (CPE) Compensation 

In this case, the IQ imbalance and the CPE term are compensated for at the 

receiver, as proposed in [TCP05]. The system model (3.10) can now be rewritten 

as 

Y[k] = fiA[0]H[k]X[k] + uA*[0]H*[(N - k)N]X*[(N - k)N] 

N-l N-l 

+ fi J2 A[{k-r)N]H[r]X[r] + u £ A*[(N - k - r)N]H*[r]X*[r] 
r=Q,r^=k r=0 , 

rr£(N-k)N 

+ W[k], 

where 

liA[0]H[k]X[k] + uA*[0]H*[(N - k)N]X*[(N - k)N] 

is the desired signal component and the other terms are regarded as additive 

noise. The variance of the desired signal is 

E {\fiA[0}H[k]X[k} + uA*[0]H*[{N - k)N]X*[{N - £;)iv]|2} 

- E {\IMA[0]H[k]X[k}\2} + E{\uA*[0}H*[(N - k)N}X*[(N - k)N}\2} 

= (H2 + IHWfr4» 
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and the variance of the noise term is 

{ J V - l 

/i Yl A[(k-r)N]H[r]X[r] 
r=0,r^=k 

JV- l 

+ u Y A*[(N-k-r)N]H*[r]X*[r} + W[k] 
r=0, 

= M2 Y, E{\A[{k-r)N]H[r]X[r]\u} 
r=0,r^k 

JV- l 

+ H 2 Y V{\A*[(N-k-r)N]H*[r]X*[r]\2}+E{\W[k}\2} 
r=0, 

J V - l J V - l 

= M2 Y °%k°Wx + W\2 Y ^Ak^x + * 2 
W 

fc=l fc=l 

2 \ _ 2 _ 2 = (IH2 + kr) ( i -< 0 )44 + ̂  w-

Hence, the effective signal-to-noise ratio is given by 

SNRlQ+CPE " (H2 + IH2)d-<oK-l + < 
(M2 + M2H,oSNRo 

(|^|2 + H 2 ) ( l -< 0 )SNRo + l' 
(3.48) 

3.4.1.4 Proposed Joint Compensation Scheme 

With the proposed algorithm, we rewrite the system model (3.14) in the matrix 

form as 

• conj{H} • conj{x} + (JL(A - Aappr0)Hx (3.49) 

+ i/(A - Aappro) • conj{H} • conj{x} + w, 

where Aappr0 is determined by the vector 

^•appro — »•-•*- a r C 
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according to the construction of A. Note that A —Aappro represents the modeling 

error existing in the approximation given by (2.9). In (3.49), 

• conj{H} • conj{x} 

is the desired signal component and 

H(A - Aappro)Hx + z/(A - Aappro) • conj{H} • conj{x} + w 

is the noise component. The variance of the signal component is given by 

hi < / j A a p p r o . t i X + ^ A a p p r o • conj{H} • conj{x} \ 

= 1 V ^ a P P r 0 X ' ^-"-appro • conj{H} • COnjjXj- I I / i A a p p r o t i X + ^Aappro 

• conj{H} • conj{x}J j 

= E {(^AapproHx)* (/iAapproHx)} + E I (VAappro • conj{H} • conj 

I ^Aappro 

•conj{H}-conj{x})} 

= N\fi\2E {||aappr0||
2} a\a\ + N\u\2E {||aappro||2} a\a\ 

= i V ( | ^ | 2 + | H 2 ) E { | | a a p p r o | | 2 } 4 4 

and the variance of the noise component is given by 

E{||/x(A - AapPro)Hx + i/(A - Aappro) • conj{H} • conj{x} + w||2} 

= E J ^ ( A - Aappro)Hx + i/(A - AapPro) • conj{H} • conj{x} + w j 

• ^ ( A - Aappro)Hx + i/(A - Aappro) • conj{H} • conj{x} + w j j 

= E {(//(A - Aappro)Hx)* (//(A - Aappro)Hx)} + E j (v(k - Aappro) 

• conj{H} • conj {x})*( i / (A- -"•appro 

) • conj{H} • conj{x}) } + E {w*w} 

= A ^ | 2 E {||a - aappro||2} a\a\ + N\u\2E {||a - aappro||2} a2
Ha\ + Na2

w 

= N (\fj,\2 + \u\2) E {||a - aappro||2} a2
Ha2

x + Na2 r2w 
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Recall the following approximation: 

E {||aappro|| ) — E {aappr.0aappro j 

E | ( ^ F a P (P 'P)- 1 P*c) f ^ F . P (P*?)-1 P*c' 

= E{-L*P(P*P) -1P*C 

= E j -^Tr {P (P*P)_1 P*cc*} j 

= ^IV{P(P*P)_ 1P*RC} 

and 

E {||a - aappro||
2} = E {||a - aappro||

2} 

= E {(a — aappro) (a — aappro)} 

= E | ^ F a c - l F a P (P^P)-1 P*C 

• fe F a C - | F a P ^ P r l ] P * C )} 
= 1 - -jrE {c*P (P*P)_1 P*c} 

= 1 - -^Tr {P (P*P)_1 P*RC} . 

Hence, the effective signal-to-noise ratio is given by 

N{\rf + \v\z).E{\\aapprof}.aWx C1\TTD _ 
prop N(\tf + M2) • E{||a - aappro||2} . o\a\ + Na*w 

(|^|2 + |H2) • ^TV {P (P^P)"1 P*RC} • a\a\ 

(M2 + M2) • (1 - ^Tr {P (P^P)"1 P*RC} ) • a\o\ + a-

(|//|2 + M2) • ^Tr {P (P*?)"1 P*RC} • SNRQ 

2 
W 

(3.50) 
(H 2 + M2) • (1 - ^TV {P (P^P)-1 P*RC}) • SNR0 + 1' 

Fig. 3.3 plots the effective signal-to-noise ratio for different compensation scenar­

ios by using expressions (3.46)-(3.48) and (3.50) when a = 0.1, 9 = 10°, and the 

phase noise is generated by an oscillator with £ = 2.5 kHz. 
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SNRQ (dB) 

Figure 3.3: Plots of the effective signal-to-noise ratio at the receiver by using 

(3.46)-(3.48) and (3.50) when a = 0.1, 6 = 10° and f = 2.5 kHz. 

3.5 Complexity Analysis and Efficient Implementation 

In this section, we analyze the complexity of the proposed algorithm and present 

an efficient implementation scheme. The proposed channel estimation algorithm 

needs to solve a linear least-squares problem, i.e., (3.22), iteratively, while the 

proposed data symbol estimation algorithm needs to solve two least-squares prob­

lems, i.e., (3.44) and (3.45), iteratively. The simulations presented in the next 

section suggest that about 10 iterations for the channel estimation and 20 itera­

tions for the data symbol estimation are generally sufficient to guarantee conver­

gence, as illustrated by Fig. 3.6. Solving a general least-squares problem of size 

N has computational complexity 0(N3). Thus, the complexity of the proposed 

scheme is 0(KN3), where K denotes the number of iterations. 

The number of arithmetic operations required by the proposed algorithms is 
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estimated as follows. In the joint channel estimation algorithm (Algorithm 3.1), 

Step 0 solves the least-squares problem: 

ho = arg min || y — H"x ||2. 
h" 

Since the lengths of y and h" are N and L, respectively, the number of arith­

metic operations required to solve this problem via QR factorization is about 

2NL2 - §L3 (see page 83 of [TI97]). Step 4 needs to iteratively solve a least-

squares problem with M + L + 1 unknowns and a linear constraint. Because of 

the constraint, the number of independent unknowns is M + L, and hence the 

required number of operations is about 2N(M + L)2 — | ( M + L)3. Assume that 

K\ iterations are needed to reach convergence. The total number of operations 

required by the channel estimation algorithm is thus given by 

2NL2 - \L3 + 2K1N{M + L)2 - \KX(M + Lf. 

In the proposed joint data symbol estimation algorithm (Algorithm 3.2), Step 6 

solves a least-squares problem with N — Q unknowns, and its required number 

of operations is about 2N(N — Q)2 — |(7V — Q)3. Step 7 solves a least-squares 

problem with M unknowns, and its required number of operations is 2NM2 — 

| M 3 . Therefore, the total number of operations required by the data symbol 

estimation algorithm is about 

Ko 2N(N - Qf - \{N - Qf + 2NM2 - \M3 

where K2 is the number of iterations. 

The aforementioned complexity can be reduced by the following efficient im­

plementation. First, the channel estimation algorithm is only exploited occasion­

ally, e.g., once per several packets, because the channel and IQ parameters are 

usually slowly time-varying. For data symbol estimation, on the other hand we 
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propose the following efficient algorithm with complexity 0(iVTog2 AT); the algo­

rithm exploits the circularly symmetric structure of A and the sparse structure 

of P . In Step 6 of Algorithm 3.2, we solve the following least-squares problem: 

m m II z 
-^data 

A ^ I T x 

which is equivalent to 

mm 
^da ta 

F az" - ^ F a A i _ 1 F ; F a H " x (3.51) 

because rfeF a is unitary. Note that FaAj_iF* is diagonal because A^_i is cir-

culant. Then we solve the following approximate problem (with similar perfor­

mance) : 

( jr FaAi_iF* J F az" - FaiPiiotHpilotXpiiot - Fa ) d a t aHd a t axd a t a 

which leads to 

Xdata,i — -j^f ("-data) * a,data 

1 

77' 

mm 
x d a t a 

N 

(3.52) 

(3.53) 

FaAj_iF* I F az" — FaiPiiotHpilotXpiiot 

Problem (3.52) is equivalent to the original problem (3.51) if Aj_i is diagonal 

(with all diagonal elements identical). Consider that when </>(£) = 0, we have 

A = I/v- When 4>{t) is small, Aj_i is close to a diagonal matrix with small off-

diagonal elements. By using the Fast Fourier transform (FFT) to compute (3.53), 

this approximate solution requires computational complexity 0(Nlog2N). This 

is because -^FaAj_iFa can be computed by FFT and the result is diagonal. Also, 

F az" and FaiPiiotHpilotxpiiot can be computed by FFT with complexity at most 

0(Nlog2N). Thus, the total complexity is 0(N\og2N). 

In Step 7 of Algorithm 3.2, we solve the following least-squares problem: 

m i n | | z " - AH"x7 
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which is equivalent to 

mm 
c' 

2" _ l T F a P c ' 
N 

(3.54) 

where T is the circularly symmetric matrix formed from the elements of H"XJ_I-

Solving (3.54) is equivalent to solving 

mm 
c' 

F ; Z " - ^ F ; T F a p c ' 

Since ^F*TFa is diagonal, letting 

* c Z = F ; Z 

and 

leads to 

p — F * T F P 

min z - P c ' 

If P is constructed by using linear interpolation (2.26), P and hence P are sparse 

and have only 2iV nonzero elements. Solving this sparse least-squares problem 

requires computational complexity O(N) [GH80, GHP81, Saa96]. Thus, the total 

computational cost is 0(N log2 N). The above analysis shows that the proposed 

scheme can be implemented in either a standard manner with complexity 0(N3) 

or a more efficient manner with complexity 0(JVlog2 N). 

3.6 Computer Simulations 

In the simulations, the system bandwidth is 20 MHz, i.e., Ts = 0.05 fxs, and the 

constellation used for symbol mapping is 64-QAM. The OFDM symbol size is 

N = 64 and the prefix length is P — 16.x The channel length is 6, and each tap 

^his is the same as in the IEEE 802.11a standard. 
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Figure 3.4: PSD of the phase noise generated by a free-running oscillator with 

f = 2.5 kHz. 

is independently Rayleigh distributed with the power profile specified by 3 dB 

decay per tap. The average power of the channel response is normalized to 1, 

i.e., a2
H = 1. We simulate an OFDM receiver with the IQ imbalance specified 

by a — 0.1 and 9 = 10°. The phase noise is generated according to the free-

running oscillator model given in Appendix A with linewidth £ = 2.5 kHz, and 

its spectrum is shown in Fig. 3.4. 

We first examine the performance of different channel estimation algorithms 

for different scenarios. In the simulations, only one block-type pilot symbol is 

used for each time of channel estimation. The assumed channel length in the time 

domain is L — 16 and the length of the phase noise vector to be estimated is M = 

8.2 Fig. 3.5(a) plots the mean-square-errors (MSE) of different channel estimation 

algorithms vs. the normalized signal-to-noise ratio at the receiver, i.e., SNR = 

2L is the assumed maximum channel length and equal to the cyclic prefix length P. 
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Opjo^. It is shown that estimating h' rather than h can improve the accuracy 

in terms of MSE by a factor of L/N = 16/64 = -6.02 dB. The proposed joint 

channel estimation algorithm performs better than the conventional methods 

that simply treat the impairments as additive noise. In Fig. 3.5(b), the CRLB 

is plotted in dotted lines by using the expressions (3.34)-(3.37) and (3.40). By 

comparing Fig. 3.5(a) and Fig. 3.5(b), it can be seen that the CRLB gives a 

good measure about the accuracy of different algorithms. Moreover, Fig. 3.6 

demonstrates that the proposed channel estimation algorithm requires about 10 

iterations to ensure convergence. 

The proposed data symbol estimation algorithm is simulated in comparison 

with the ideal OFDM receiver with no impairment and the IQ+CPE (common 

phase error) correction scheme proposed in [TCP05]. During the payload por­

tion of OFDM packets, 16 out of the 64 subcarriers are used for pilot tones, i.e., 

Q = 16. Fig. 3.7(a) shows the uncoded bit error rate (BER) performance of the 

system when the receiver has the perfect channel information, while Fig. 3.7(b) 

shows the uncoded BER performance when the receiver only has the estimated 

channel information. It is demonstrated by Fig. 3.7(a) that the proposed al­

gorithm achieves better performance in phase noise compensation even if the 

receiver has perfect channel information. Compared to the IQ+CPE scheme, the 

proposed method achieves lower BERs, because it not only corrects the com­

mon phase rotation of the received constellation but also suppresses part of the 

inter-carrier interference caused by phase noise. In other words, the proposed al­

gorithm can reduce the sensitivity of OFDM receivers to the analog impairments 

effectively. Fig. 3.7(b) shows that if the receivers have to estimate the chan­

nel response, the proposed channel estimation algorithm obtains better channel 

estimates and thus improves the system performance. 
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«£--• Proposed algorithm (Algorithm 3.1) 

SNR = oj /o j , (dB) 

(a) MSE obtained by computer simulations. 

No impairment and h is estimated 
No impairment and h is estimated (CRLB) 
No impairment and h' is estimated 
No impairment and h' is estimated (CRLB) 
No compensation and h is estimated 
No compensation and h is estimated (CRLB) 
No compensation and h' is estimated 
No compensation and h' is estimated (CRLB) 
Proposed algorithm (Algorithm 3.1) 
Proposed algorithm (CRLB) 

SNR = o2
p/o^(dB) 

(b) CRLB computed by using the formulas derived in Subsection 3.3.1. 

Figure 3.5: Plots of the MSE and CRLB for channel estimation when a — 0.1, 

9 = 10° and £ = 2.5 kHz. 
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Figure 3.6: Plots of the MSE of channel estimation vs. the number of iterations 

when a = 0.1, 0 = 10° and f = 2.5 kHz. 

As a summary of the above observations, we highlight the following points: 

1. As shown in Fig. 3.3, the performance of the IQ+CPE algorithm proposed 

in [TCP05] saturates at about 21 dB for the impairment parameters a = 

0.1, 6 = 10° and £ = 2.5 kHz. On the other hand, the proposed algorithm 

can achieve an effective signal-to-noise ratio of 27-30 dB, which is suitable 

for many high data rate scenarios. 

2. The CRLB analysis depicted in Fig. 3.5 shows that in principle, the channel 

estimation in the presence of severe IQ imbalance and phase noise can be 

performed with a performance close to that of an ideal system with no 

impairments. This emphasizes the importance and promise of compensating 

for RF impairments in the digital domain since the loss compared to an ideal 

system can be minimal based on the CRLB results. 
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Figure 3.7: Plots of uncoded BER vs. SNR0 for a = 0.1, 6 = 10° and f = 2.5 kHz. 
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3. Although the proposed solution is more complicated than other solutions 

available in the literature, e.g., the IQ+CPE algorithm has complexity 

O(N), it provides a full-digital approach with better performance to solve 

problems from the analog domain. With the rapid advances of VLSI tech­

nologies, most of the design constraints and burdens will be shifted from the 

analog domain to the digital domain, for which the solution is promising. 

3.7 Conclusions 

In this chapter, the joint effects of IQ imbalance and phase noise on OFDM 

systems are studied. A compensation scheme is proposed that consists of two 

stages. One stage is the joint channel estimation, and the other is the joint data 

symbol estimation. The proposed channel estimation algorithm performs close to 

the derived Cramer-Rao lower bound in the presence of the impairments. Also, 

the analysis and simulations show that the compensation scheme can effectively 

improve the system performance and reduce the sensitivity of OFDM receivers 

to the analog impairments. This work can be further extended to include other 

analog distortions, e.g., carrier frequency offset. Since receivers with less ana­

log impairments usually have the disadvantage of high implementation cost, our 

technique enables the use of low-cost receivers for OFDM communications. 

105 



CHAPTER 4 

Compensation of RF Nonlinearities 

4.1 Introduction 

A software-defined radio (SDR) system is a radio communication system that can 

tune to any frequency band and receive any modulation across a large frequency 

spectrum by means of programmable hardware [Ree02, DMA03, Tut04, Ken05, 

BK07]. SDR systems allow the feasibility of different wireless services by using 

just a single reconfigurable chipset. Moreover, SDR systems offer a platform for 

the newly emerging cognitive radio technology, which demands high controlla­

bility and programmability for radio transmission and reception [MitOO, Hay05]. 

The convenience and promise of SDR face numerous challenges. Traditionally, 

in order to simultaneously communicate over different frequency bands, the re­

ceiver uses several RF front-end modules so that signals in different bands can 

be received and processed separately. Fig. 4.1 shows an RF receiver dedicated to 

a communication channel with carrier frequency uic. Because of the high out-of-

band rejection characteristic of the band-selection surface acoustic wave (SAW) 

filter, interferences at other frequencies are suppressed and they cause little dis­

tortion to the desired signal (as demonstrated in Fig. 4.2), even in the presence of 

considerable front-end analog distortions such as nonlinearities and IQ imbalances 

[Raz98, Abi95]. Unlike conventional RF receivers, an SDR uses a wideband RF 

front-end module with several GHz bandwidth. A tunable synthesizer and mixer 
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LO 

Figure 4.1: A traditional receiver dedicated to the frequency band with carrier 

frequency uic. 

Blocker Signal 

SAW Filter Mask 

Figure 4.2: A SAW filter can effectively remove the strong blocker signals in other 

frequency bands. 

are used to lock in the desired frequency band and down-convert the signal to the 

baseband [BMC06, Abi07]. Without the SAW filter,1 all the signals and inter­

ferences existing in the wide band range are amplified and down-converted. Due 

to the unavoidable nonlinearity in the low-noise amplifier (LNA), the presence 

of strong blocker (interference) signals causes cross modulation over the desired 

signal. This threat becomes significantly harmful, especially when the desired 

signal is weak. 

XA SAW filter cannot be used here because it is application-specific with a fixed center 
frequency and bandwidth. Until now, there is no tunable SAW filter with sufficiently good 
performance. Furthermore, the SAW filter cannot be integrated on-chip with the receiver 
circuitry, which means that a multi-standard receiver with many SAW filters will be bulky and 
expensive. 
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While analog/RF designers are striving to improve the linearity of RF re­

ceivers, there have been works in the literature to mitigate this impairment by 

using digital domain techniques [BBC88, NP90, HLH04, DS06, VGA06]. These 

digital solutions provide a flexible alternative approach to combat nonlinearities, 

which is particularly appropriate for SDRs that have an extremely wide band­

width and a reconfigurable hardware/software structure. In this chapter, we 

propose a nonlinearity compensation scheme for the SDR structure proposed in 

[BMC06, Abi07]. As shown in Fig. 4.3, this SDR system has a wideband RF 

front-end (0.8-6.0 GHz), and is able to selectively down-convert and sample the 

signals in desired frequency bands. Our scheme will require two RF signal paths 

- one is used for capturing the signal in the desired band, while the other is used 

to locate and acquire the blocker signal.2 The baseband processor then jointly 

processes the two discretized signals to alleviate the effects of cross modulation. 

The chapter is organized as follows. The next section describes the system 

model and formulates the effects of RF nonlinearities when there exists only one 

blocker signal. The proposed compensation scheme is presented in Section 4.3, 

and its performance is analyzed in Section 4.4 in terms of the Cramer-Rao lower 

bound. Section 4.5 extends the system model and the proposed scheme to include 

multiple blocker signals as well as the Orthogonal Frequency Division Multiplex­

ing (OFDM) transmission scheme. Simulation results are presented and discussed 

in Section 4.6. 

Throughout this chapter, we adopt the following notations. (-)T denotes the 

matrix transpose and (•)* represents the matrix conjugate transpose. Re{-} and 

Im{-} return the real and imaginary parts of its argument, respectively. E{-} is 

the expected value with respect to the underlying probability measure. 

2The secondary RF path, used to acquire the blocker signal, can be implemented with 
smaller area and less power compared to the main path. 
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Figure 4.3: SDR with a wideband front-end RF receiver [BMC06, Abi07]. 

4.2 System Model 

Referring to Fig. 4.3, in the presence of nonlinearities, the input-output charac­

teristic of the receiver front-end is modeled as 

yp(t) = nv{t) + 7 2 [v(t)f + 73 [v{t)f + wp(t), (4.1) 

where v(t) and yp(t) are the real input and output signals, wp(t) is additive 

white Gaussian noise, and 71, 72, 73 are real constants. In this expression, 7if(£) 

represents the linear component in the output, while 72[w(i)]2 and 73[«(£)]3 are 

the second and third-order nonlinear components in the output. The dynamic 

range of v(t) depends on the sensitivity of the receive antenna and is assumed to 

be within the range [—0.05,0.05] throughout the chapter. The values of 71, 72 

and 73 are related to circuit specification parameters: 

(1) 71 is the small signal gain and its typical value is 35 dB, i.e., 71 = 56.23. 

(2) 72 is the coefficient representing the second-order nonlinearity, usually ex­

pressed in terms of the so-called IP2 (second-order intercept point) coeffi­

cient, i.e., 

l7il 
IP2 = 201og10 |^i} + 10 (dBm), 

IT2I 
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Figure 4.4: Plot of the input-output relation - yp(t) vs. v(t) for 71 = 56.23 , 

72 = 5.623 and 73 = -7497.33. 

where dBm is the power ratio in decibels (dB) referenced to one milliwatt 

(mW). The typical value of IP2 is 30 dBm, implying that 72 = ±5.623 if 

7x = 56.23. 

(3) 73 is the coefficient representing the third-order nonlinearity, usually ex­

pressed in terms of the IP3 (third-order intercept point) coefficient, i.e., 

IP3 = 201og10 VIP3 + 10 (dBm) 

where 

VlP3 = 
'IN 
3W 

The typical value of IP3 is -10 dBm, implying that 73 = ±7497.33 if 

7! = 56.23. 

For example, Fig. 4.4 plots yp(t) vs. v(t) for 7X = 56.23, 72 = 5.623 and 73 = 

-7497.33 according to (4.1). 
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Assume that the acquired signal v(t) contains a desired signal around fre­

quency Ui and a blocker signal around frequency u>2.
3 Then, v(t) can be repre­

sented by 

v(t) = Re { V2zi(*)e>'wit + V2z2(t)e
j"2t} , (4.2) 

where z\(t) and z2(t) are the corresponding baseband signals at ui\ and UJ2. Taking 

the channel response of the desired channel into account, Z\(t) is given by the 

convolution of the transmitted baseband signal X\{t) and the continuous-time 

baseband channel response h(t), i.e., 

/

oo 

/ i ( t - r )a; i ( r )dr . (4.3) 

•oo 

Substituting (4.2) into (4.1) gives 

yp(t) = 7 iRe { v ^ i ^ e ^ 1 * + V2z2(t)e
j^ 

+ 7 2 (Re ^y/2z1{t)e^uit + V2z2(t)e
j^y 

+ 73 (Re {V2zi(t)e>'Wlt + \ / 2 ^ ( i ) e ^ 2 t } ) 3 + wp(t) 

= "f2\zi{t)\2 + J2\z2(t)\
2 

+ Re L/2 Uz^t) + ^Zl(t)\Zl(t)\
2 + 3l3Zl(t)\z2(t)A e^A 

+ Re L/2 Uz2{t) + ^Z2(t)\z2(t)\
2 + 3lz\Zl(t)\

2z2(t)\ e^A 

+ Re [V2 (4^iO]2) e ^ 4 + Re ( ̂  (^Mt)A e>™ 
K \ / ) \ \ / 

Re {V2 ( | [ ^ ( t ) ] 3 ) e ^ } + Re {y/2 ( | W ) ] 3 ) e*8"*} 

Re {\/2 (x/27221(t)z2(i)) e ^ - ^ ) * } 

3We will discuss the presence of multiple blocker signals in Section 4.5, which turns out to 
be a direct extension of this simple case. 
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+ Re 

+ Re 

+ Re 

+ Re 

+ Re 

V2 (V2l2Zl(t)z*2(t)) e^-^} 

373 1 V2 I ^zl{t)[z*2{t)f J e ^ ' 2 ^ , 

V2(^[zM2Z2(t))eJ{2uJl+UJ2)t) 

V2 (^[*i ( t ) ] 2 *S(i ) ) e ^ ' ^ A +wp(t). 

The produced signal components at different frequencies are listed in Table 4.1. 

With proper down-conversion and low-pass filtering, the received baseband signal 

corresponding to the carrier frequency u>i is given by 

y(t) = 71*1 (*) + ^yzi(t)\zi(t)\2 + 3l3z1(t)\z2(t)\
2 + w(t), 

where w(t) is the additive Gaussian noise in the baseband. This shows that y(t) 

is distorted by the third-order harmonics 

^ i ( * ) M * ) l 2 

and the cross-modulation term 

373*i(t)|z2(t)|2. 

If the amplitude of the desired signal is small, i.e., \zi(t)\ <C 1, then the amplitude 

of ^-Zi(t)\zi(t)\2 is much smaller than that of 7iZi(t) and can be neglected. Its 

effect becomes significant only when the amplitude of zi{t) is close to 1, but can 

be mitigated by properly limiting the dynamic range of the input at little cost 

of loosing reception sensitivity. In a wideband SDR system, however, the cross 

modulation term 373^1 (t)\z2{t)\2 is more dangerous. In real radio environments, 
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1: Table of the Signal Components Generated by the Nonlinearity Model 

Frequency 

0 

Ui 

002 

2UJI 

2u>2 

3tJi 

3w2 

OJl +U2 

0>i -0J2 

U\ + 2u>2 

u>i — 2u>2 

2cui + UJ2 

2U\ — U>2 

Signal Components 

72\Zl(t)\2 + ~f2\z2(t)\
2 

7i*i(t) + ^i(*)ki(*)l2 + 3m(0te(*)la 

7iz2(t) + 3fz2(t)\z2(t)\
2 + 3 7 3 k i (t)\2z2(t) 

^h(t)]2 

^¥[Z2{t)f 

f[zi(t)}3 

?N*)]3 

V2l2Zi(t)z2(t) 

V2~f2Zl(t)z*(t) 

S-?Zl(t)[z2(t)]2 

"-fz^Mit)? 
Z-f[zi{t)]2Z2{t) 

'-fiz^fztit) 



the power of the blocker signal can be as much as 60-70 dB more than that of the 

desired signal. Since the receiver front-end has to maintain a minimum sensitivity 

level for the desired signal Zi(t), then the simultaneously acquired blocker signal 

can be quite large, making the interference term S'ys-̂ i (*) |-̂ 2(*) 12 comparable to 

the desired signal component 7121 (£). To measure the effects quantitatively, the 

effective signal-to-noise ratio in y(t) is computed as follows: 

E{7!2M*)|2} 
SNReffective — ? 

E{\^z1(t)\z1(t)\^ + 3^z1(t)\za{t)\^ + w(t)\'j 

(4.4) 

( ! 

+973
2E{Mt)|2}E{|^)|4} + <4} 

where Zi(t), z2(t) and w(t) are assumed to be zero-mean and independent of each 

other, and 

o£ = E{Kt)|2} 

is the noise variance. In order to obtain a more explicit expression of SNReffective> 

we consider the following two cases: 

1.) Uniform Distribution: Assume that the real and imaginary parts of z\{t) 

are i.i.d. uniformly distributed with mean zero, and the same for z2(t). This 

assumption approximates the case that z\{t) and z2(t) are PAM or QAM 

modulated in a single-carrier system, i.e., 

00 

zi(t) ~ ^2 Si^i(t ~ nTs)i * = 1, 2, 
n=—00 

where Si>n, i = 1,2, are the PAM or QAM symbols and Pi(t), i = 1,2, are 

the responses of the pulse shaping filters. Let the variances of z\{t) and 
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22CO be a\x and a2
z2, respectively. It can be shown that 

V{\zi(t)\4} = l<v E { | , 1 W | 6 } = | < 1 , (4.5) 

7 81 

E{|*2(*)|4} = ^ i 2 , E{|,2(t)|6} = | < 2 . 

Also, let 
SNR0 = 

<4 

be the effective signal-to-noise ratio in the absence of nonlinearity, i.e., 

72 = 73 = 0. It then follows from (4.4) that 

7i°£i 
SNReffective _ ^ ^ + f l l < i < 2 + f 7 | a 2 i < 2 + ff: 

i 5 / 3 ^ 2 , 1 ^ 2 , 2 ' " 

SNR0 

T | ^729 
7? 

z'729^4 , 63^2 _2 , 63^4 \ qivrR , i 
(4.6) 

2.) Gaussian Distribution: We now assume that Z\{t) and 22(£) are circularly 

symmetric Gaussian distributed with mean zero and variances a\ x and o\2i 

respectively. This assumption approximates the scenario that z\{t) is an 

OFDM signal and z2(t) is a Gaussian interference. In this case, 

E{|z!(t) |4} = 2 ^ , E { M t ) | 8 } = 6 ^ , (4.7) 

E{|*2(t) |4} = 2a4
>2, E { h ( t ) | 6 } = 6 < 2 , 

and hence 

SNReffectiVe = 2 . (4.8) 
| ( f ^ + 1 8 ( ^ X 2 + 1 8 < 2 ) SNR0 + 1 

Fig. 4.5 plots SNReffective vs. SNR0 when 71 = 56.23, 72 = 5.623, 73 = -7497.33, 

a\x = 10~12 and a2
z2 = 5 x 10~4. It is seen that when SNR0 is low, e.g., less than 

0 dB, SNReffective is dominated by the additive noise, and hence, is approximately 
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Figure 4.5: Plot of SNReffective vs. SNR0 by (4.6) and (4.8) for 71 = 56.23, 

72 - 5.623, 73 = -7497.33, a2
zA = 10~12 and <rj2 = 5 X 10~4. 

equal to SNR0. If SNR0 is high, SNRegfective is dominated by cross modulation, 

which saturates at 12.5 dB for the uniform distribution case and at 11.0 dB for 

the Gaussian distribution case. If the power of z2(t) changes to a\2 = 10 - 5 

(17.0 dB less) and the other conditions remain the same, Fig. 4.6 shows that 

the resulting SNReffective is almost equal to SNR0 and the nonlinearity causes no 

performance degradation. This observation demonstrates that a strong blocker 

signal can cause significant distortion to the desired signal. To overcome this 

problem, however, it is not feasible to limit the amplitude of the input signal 

v(t) such that z2(0 is small, because this will also weaken the desired signal and, 

consequently, reduce the reception sensitivity. In the next section, we propose 

a compensation scheme to mitigate this effect by using digital signal processing 

techniques. 

Uniform distribution 
Gaussian distribution 
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Figure 4.6: Plot of SNReffective vs. SNR0 by (4.6) and (4.8) for 71 = 56.23, 

72 = 5.623, 73 = -7497.33, a\x = 10"12 and a2
2 = 10"5. 

4.3 Proposed Compensation Scheme 

In the proposed scheme, the SDR uses two separate RF signal paths. One path 

is used to capture the signal in the desired band, while the other path is used to 

acquire the blocker signal, as illustrated by Fig. 4.7. The two-channel signals are 

jointly processed in the baseband to alleviate the nonlinear effect. There are two 

stages in this scheme. In the first stage, the SDR exploits the pilot sequence in the 

desired signal to estimate the channel response and the nonlinearity parameters. 

These estimates are then used in the second stage to recover the transmitted data 

symbols. In the following discussion, we focus on the most problematic case of 

Before the channel and parameter estimation procedure, a robust synchro­

nization procedure is performed in the desired channel for timing recovery. It is 

crucial for the receiver to be able to correctly sample each pilot or data symbol. 

— Uniform distribution 
- - « Gaussian distribution 
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Figure 4.7: A software-defined radio with two signal paths: One is used to capture 

the signal in the desired band, while the other is used to acquire the blocker signal. 

The length of the synchronization sequence sent by the transmitter depends on 

the effective signal-to-noise ratio in the worst scenario. The lower the signal-to-

noise ratio, the longer the training sequence is required [Men97]. In the presence 

of cross modulation, the effective signal-to-noise ratio is given by (4.6) and (4.8). 

This degradation thus requires a longer-than-normal training sequence for the 

system to operate in an adverse environment. After successful synchronization 

and sampling, we obtain the discrete-time version of the received baseband signals 

at the carrier frequencies u\ and u2: 

V\[n] = 7i*iM + - ^ 2 i N | z i M | 2 + 373^ [n] \z2 [n] |2 + w^n], (4.9) 

2/2 [n] = -f[z2[n\ + - ^ 2 N h M | 2 + 373|,z1[n]|2;Z2[n] + w2[n], (4.10) 

where 71, 73 are the model parameters associated with the signal path of yi (t), 

and 7^, 73 are the model parameters associated with the signal path of y2 (t). 

Recall that in (4.3), z\{t) is given by the convolution of the baseband signal 

X\(t) and the continuous-time channel impulse response function h(t). In the 
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discrete-time domain, we have 

z1[n] = ^2x1[n-l]h[l]1 (4.11) 
1=0 

where L is the length of h[n], i.e., 

h[n] = 0 if n g { 0 , l , . . . , L - l } . 

In yi[n], since \zi[n]\ -C 1, the third-order harmonics ^--^lNl^iNI2 is negli­

gible compared to the desired signal component 71^1 [n] and the cross-modulation 

term 37321 [n] | ar2 [n] |2. Hence, 

yi[n] « 7i^i[n] + 37321 N|^2[n]|2 + w^n]. (4.12) 

Since o\x <C o\2 and \z2[n]\ <C 1, the secondary-path signal ^ ( 0 is dominated 

by l[z2{t), i.e., 

2/2N ~ T i ^ M + w2[n], (4.13) 

where - ^ ^ N I ^ N I 2 and 373|2i[n]|22;2[n] are negligible compared to 7^2 [ft]. 

4.3.1 Channel and Nonlinearity Parameter Est imation 

In this stage, the receiver utilizes the pilot symbols transmitted along with the 

desired signal to estimate the channel response and the nonlinearity parameters. 

Thus, xi[n], n = 0 , 1 , . . . , N— 1, are known to the receiver, where N is the length 

of the pilot sequence and N > L. By (4.12), 71, 73 and h[n], n — 0,1,...,L — 1, 

can be estimated by solving the following optimization problem: 

J V - l 

minr , Yl 12/i N - 7i^i N - 373^1 [n] I % [n] |2 I 
-yi,13,h[n] *--f 
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where Zi[n] is related to xi[n] and h[n] through (4.11) and %[n} is given by 

Mn) = — 2/2 N 
7i 

according to (4.13). In this formulation, we have the product of 71 and Z\{n} and 

the product of 73 and 2i[n]|^2N|2, which causes an ambiguity of a scaling factor 

in the estimate of 71, 73 and h[n]. To resolve this ambiguity, we estimate the 

following parameters instead: 

< = -*-
7 3 7iT? 

and 

h"[n] = 7 i % ] , n = 0 , 1 , . . . , L - 1. 

The original problem thus becomes 

J V - l 

JH&, Yl I ^ N ~ *i'M - 373^1 N12/2 NI 2 |2 

where 

L - l 

<N = Exi[n-^"w- (4-14) 

This problem is nonlinear and nonconvex. For every fixed 73, the associated 

optimal h[n] can be obtained by solving 

N-l 

min £ 12/iW - *i'W - 373XNI2/2NP 

J V - l 

12 |2 

n = 0 

' ' L - l 

= min >^ 
n = 0 

yi[n}-(l + ^\y2[n]\2)[^xi[n-l}h"[l} 
,z=o 

which can be formulated as a linear least-squares problem [Say03]: 

min || y - AXh ||2, (4.15) 
h 
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where y, h, A and X are defined as follows: 

2/i [0] 

yi [i] 
(TVxl), h 

h"[0] 

h"[l] 
(L x 1), 

Vi[N-l] h"[L - 1] 

1 + 3 7 ^ 2 [0 ] | 2 

0 1 

0 

zi[0] 

x x [1] 

X\[n + L — 1] 

xi [n + L] 

x^N-2] 

XilN-1] 

0 

+ 3 7 M 1 ] | 2 •• 

0 

0 

xxfO] 

Xi[n + L-2] 

X\\n + L — 1] . 

xi[ iV-3] 

^ [ i V - 2 ] . 

0 

0 

l + 3l'MN~l] 

0 

0 

zi[n] 

x i [ n + l ] 

.. X i [ i V - L - l ] 

.. x i [ W - L ] 

( N x 

(JV x L). 

The closed-form solution of (4.15) is 

h0 = (X*A*AX)_1 X*A*y, 

and its associated residual error is 

y - AXh0 |r = y*y - y*AX(X*A*AX)_1X*A*y 
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Note that the above residual error is a function of 73 because A depends on 73. 

Let 

/(7s) ^ y*y - y*AX(X*A*AX)"1X*A*y. 

Then a one-dimensional search is conducted to find the optimal 73 that minimizes 

/(73 '). That is, the estimate of 73 is given by 

% = arg min /(73 ' ) = arg min { y*y - y*AX(X*A*AX^X*A*y} . 

The optimal h0 associated with 73 gives an estimate of h"[n], n = 0 , 1 , . . . , L — 1, 

that is denoted by h"[n], n = 0 , 1 , . . . , L — 1. The obtained 73 and h"[n], n = 

0 , 1 , . . . , L — 1, are used in the data transmission stage to recover data symbols. 

In the next subsection, we assume that 73 and h"[n] are known to be 73 and 

h"[n}. 

4.3.2 Data Symbol Estimation 

In this stage, data symbols from a known constellation are transmitted over the 

channel. Since 

yi[n] w z'{[n] + 3^z'([n]\y2[n]\2 + Wl[n], 

z'l[n\ is estimated by 

% ' M = 1 a . f f f r ] M | 2 > n = 0 , l , . . . , M - l , 
I + 373I2/2NI2 

where M is the length of the data symbol block. It then follows from (4.14) that 

the estimate of %\ [n] is given by 

?{[n]-Y,nn-l]h"[l] , 
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where x\[n - I], I = 1, 2 , . . . , L - 1, are the previously estimated data symbols. 

This is similar to a decision-directed method. We can also recover xi[n] from z*{[n] 

by using a channel equalizer. If Xi[n] are the symbols from a known constellation 

like QPSK or 16-QAM, the Viterbi algorithm can be exploited to obtain a more 

accurate estimate of x\ [n] [TV05]. 

To gain an interpretation about the performance of the proposed algorithm, 

the data model can be rewritten as 

V\[n] = (71 + 373I22MI2) 21 [n] + -2^zi[n]|*i[n]|2 + w^n], 

where 

(7i + 373k2[n]|2)«iW 

is the desired signal component4 and 

—•zxlriWzxln]]2 + wi[n] 

is the noise/interference term. The effective signal-to-noise ratio after compen­

sation is approximately equal to 

E 
SNR, •effective 

r^j 

{|(7i + 373hN2Wn]|2} 

E{|^iN|2iMP + Wl[n]|2} 
_(7i 2 + 67i73E{|^[n]|2} + 9732E{|z2[n]l4})E{|^[n]|2} 

\liV{\Zl[nm + < 

If both Zi[n] and Z2[n] are uniformly distributed, by (4.5) we have 

(7? + 67173^,2 + f 73
2<2) < i 

SNR effective 

g g a ^ S N R o + 1 
(4.16) 

It assumes that Z2[n] can be ideally estimated and compensated for. 
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Figure 4.8: Plot of SNReffect;ve after ideal compensation vs. SNR0 by (4.16) and 

(4.17) for 7i = 56.23, 7 2 = 5.623, 73 = -7497.33, a\x = 1(T12 and a%2 = 5x l0 - 4 . 

Also, if both Zi[n] and ^[n] are Gaussian distributed, by (4.7) we have 

SNReffective 
(7? + 67173^,2 + 187l<2) < i 

( 

f73
2<i + .̂ 

1 + 673^2 
71 '2,2 + ̂ < 2 ) SNRo 
277? 

(4.17) 
f ^ S N R o + 1 

Fig. 4.8 shows the plot of SNReffective vs. SNR0 after ideal compensation for 71 = 

56.23, 72 = 5.623, 73 = -7497.33, a2
zl = 1(T12 and a2

2 = 5 x 10"4. Compared to 

Fig. 4.5, it demonstrates that the compensation technique can achieve significant 

improvement. In the next section, we compute the Cramer-Rao lower bounds for 

the channel and data symbol estimation errors, which serve as a benchmark for 

evaluating the performance of the proposed algorithm. 
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4.4 Performance Bounds 

To evaluate the proposed algorithm, we compare its performance with the 

Cramer-Rao lower bound (CRLB) that gives a lower bound on the covariance 

matrix of any unbiased estimator of unknown parameters [Kay93]. Consider 

again a generic data model 

y = s9 + w, (4.18) 

where y is the observed data vector with length JV, Sg is the noise-free data 

vector that depends on the parameter vector 0, and w is the vector of circularly 

symmetric Gaussian noise with covariance matrix 

E{ww*} = 

'w,0 

O, 

0 . 

.2 

0 . 

0 

0 

2 
• • aw,N-l 

Let 

s0 = S0[O} Sg[l] . . . S9[N-l] 

The Fisher information matrix for this data model is given by (see Appendix G 

for a derivation) 

^ 2 fdseln] (dse[n]y\ 

where 
dse[n] 

dO 
ds0[n] ds0[n] ds0[n] 

00i d92 •"• d6m 

and |0| is the dimension of 0. By the CRLB, any unbiased estimator 6 of 0 has 

a covariance matrix that satisfies 

var{0} = E{(0 - 0)(0 - 0)*} > I, - l (4.20) 
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4.4.1 CRLB for Est imating Channel Response 

The data model described by (4.9) and (4.10) is equivalent to 

Vl[n] = z'{[n] + H4[n]\4[n]\2 + ^*i [n] |* i [n] | 2 + ^ i M , 

y2[n] = 4[n] + -rrz2[n]\z2[n}\2 + 37^i[n]|222[n] + w2[n], 

(4.21) 

(4.22) 

where z2[n] — 7^2[n]. The model can be expressed as 

Vi[n] = s0tl[n] + w'^n], 

y2[n] = se,2[n] +w'2[n], 

where the noise-free signal components Sg^fn] and s ^ n ] are given by 

seAn] = z>;[n} + ^z'([n]\4[n]\2, 

se,2[n] = 4'[n], 

and the noise components w[[n] and w2[n] are given by 

w'i[n\ = - ^^WkiNI 2 + wiM, 
37' 

w2[n\ = ~irz2[n]\z2[n]\2 + 373|2;i[n]|22r2N + w2[ri\. 

We assume that w[[n] and w'2[n] are approximately Gaussian distributed with 

variances 

at, 

= E 

E { K N | 2 } 

373 2i[n]|2i[n]| +wi[n] 

= ^E{\z1[n]\*}+*. 

-fj^-crfi + <y\, (uniform distri.), 
27n J& al 1 + aw (Gaussian distri.), 
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and 

< = E{K[n]|2} 

= E 

9 

3V 
-^z2[n]\z2[nf + ^'3\z1[n]\2z2[n] + w2[n] 

(7s)
2E {\z2[n]f} + 9(7^)2E {\Zl[n]\*} E {\z2[n}\2} 

rl + 9(^)2E{|2lN|2}E{h[n]|4}+^ 

^ < 2 + S ^ X , + ^ < i < 2 + <* (uniform distri.), 

< 2 + 18(7 3 ) 2 <i<2 + 18(73)V2
I1(T2

4
J2 + a2 (Gaussian distri.). 27M)!^6 

The unknown parameter vector to be estimated is 

0 = H Re{/*"[0]} lm{/i"[0]} . . . Re{h"[L-l}} lm{h"[L-l]} 

Re M O ] } Im{4'[0]} . . . Re{4 ' [ iV- l ]} Im{4 ' [ iV- l ]} 

By (4.19), the Fisher information matrix is given by 

2 N-l „ 

*=EE a2, 
m = l n = 0 ^m 

Re 
dse,m[n] (ds0,m[n\ 

00 dO 
(4.23) 

where 

dse,m{n] 
56 

dse,m[n] ^ , m [ " ] dse<m{n] dsetm[n} 
8-% dne{h"[0]} dlm{h"[0}} ' - ' 8Re{h"[L-l]} dhn{h"[L-l]} 

dsg,m[n] 

dae,m[n] dsg,m[n] 9se,m[n] dse<m[n] 
aRe{4'[0]} 9Im{4'[0]} " ' " dRe{z%[N-l]} dlm{z%[N-l]} 

for m = 1, 2. It can be shown that for n = 0 , 1 , . . . , N — 1, 

d S ^ = lz<{[n]\z>i[nf, 

ds6)1[n] 
dRe{h"[l}} 

dse,i[n] 
dlm{h"[l]} 

= x1[n-I] + 3^x^71-l]\4[n}\2, 

= jxiin -l]+ j3^Xl[n - l]\4[n]\2, 
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and 

dse,i[n] 
dRe{4[n'}} 

dse,i[n] 

dhn{z%[ri]} 
= < 

H4M [4'K] + (4'KD1, if n = n', 
0, i f n ^ n ' , 

j37^i'M [-4M + {4W\, if n = "'. 
0, if n 7̂  n', 

^•se,2[n] 

dRe{4[ri]} 

= 0, 
^a0|2[w] 

0Re{/i"[Z]} 

1, if n = n' 

= 0, 
ds0)2[n] 

dim {h"[l]} 

ds0t2[n] j , if n = n', 

0, i f n ^ n ' , 91m {4[n']} 1 0 , if n ^ „'. 

For each particular 71, 73, /i[n], n = 0 , 1 , . . . , L — 1, and training sequence Xi[n], 

n = 0,1,..., N — 1, the associated Fisher information matrix and the CRLB can 

be computed by using (4.23) and (4.20), respectively. An average is then taken 

over the ensemble of all possible channel realizations to get the average CRLB 

for the estimation errors. 

4.4.2 CRLB for Estimating Data Symbols 

In this case, the data model is still given by (4.21) and (4.22), but the unknown 

parameter vector to be estimated changes to 

e = ReK[0]} ImK[0]} Re {z'{[M - 1]} Im {z'{[M - 1]} 

R e M 0 ] } Im{4'[0]} . . . R e ( 4 ' [ M - l ] } I m { 4 ' [ M - l ] } 
-|T 

The Fisher information matrix is given by 

2 JV-I 

m=l n=0 CT<, L °U 

n] (ds0tm[n] 

80 )'}• 
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where S0QQ is now defined as 

ds0,m[n] 
dO 

dsg,m[n] dsa.m\n] dse,m[n] dsojnln dse,m[n] 
SRe{4'[0]} aim{zi'[0]} ' ' ' 8Re{z'{[M-l]} dlm{z%[M-l]} dRe{z%[0]} 

T 
ds0m[n] dsg,m[n] dse,m[n] 

OTm{4'[0]} " " dRe{z£[M-l ] | dlm{zi[[M-l}} 
, m = l,2. 

For n — 0 , 1 , . . . , M — 1, we have 

ds0,i[n] 
dRe{z'{[n'}} 

dse,i[n] 
dlm{z'{[n'}} 

dseA[n] 

dRe{4[n'}} 

dsgti[n] 
dlm{4[n']} 

l + 37^|4'[n]|2, ifn = < 

0, if n ^ n', 

J+JHWM2, if n = n', 
0, if n 7̂  n', 

37^'K] (4'M + (4'KD*), if n = n', 
0, if n 7̂  n', 

;37^i'[n'] ( - 4 K ] + (4[n']Y), if n = n', 

0, if n 7̂  n', 

and 

dsgj2[n] 
dRe{z'{[n'}} 

dse,2[n] 
dRe{z'^[n'}} 

= 0, 
ds0t2[n] 

0, 

= < 

dlm{z'{[n']} 

1, if n = n', ds0t2[n] j , if n = ri, 

0, i fn^ ra ' , 5Im{4'[n']} 1 0 , if n ^ n 

In Section 4.6, we compare the simulated estimation errors with the computed 

CRLB, and show that the CRLB provides a good theoretical measure of the 

estimation accuracy. The next section extends the current discussion to the cases 

of multiple blocker signals and OFDM modulated transmission. 
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4.5 Some Extensions 

4.5.1 Multiple Blocker Signals 

In the presence of multiple blocker signals, the received passband signal is repre­

sented by 
K 

v{t) = Re\Y,^k{t)e^t\, 
,fe=i 

where Zi(t) is the desired signal and Zk(t), k — 2, 3 , . . . , K, are the blocker signals 

with 

E { M £ ) | 2 } < E { | ^ ) | 2 } , k = 2,3,...,K. 

Assume that the SDR has K RF paths with each dedicated to one of the carrier 

frequencies ouk, k = 1, 2 , . . . , K. Similar to (4.9) and (4.10), it can be shown that 

the received baseband signals are 

3 K 

2/iN = l\Zi[n] + -^ i [n] |2 i [n] | 2 + 373 ̂  2i[n]|2^[n]|2 + w^n], 
fc'=2 

and 

3V K 

Vk[n] = 7i,fe**M + —~zk[n]\zk[n]\2 + 3^ ) fc ^ zfc[n]|£fe/[n]|2 + wk[n], 

K '==1 Z, o? . . . ? i\, 

where 7^ fc and 73 fc are the nonlinear model parameters associated with the signal 

path of yk(t), k = 2, 3 , . . . , K. 

To estimate the model parameters and the channel response in the training 

stage, we use the following approximations: 
K 

Vi[n] « 7i*i[n] + 3^ ] T Zl[n]\zk>[n]|2 + wx[n], (4.24) 
k'=2 

yk[n] ~ ihkzk[n] + wk[n], k = 2,3,...,K. (4.25) 
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Expression (4.25) leads to 

Zk[n) ~ —rVkln], k = 2,3,...,K. 
7 i ,fe 

By substitution, (4.24) becomes 

K 
73 2/i[n] ~ Ti^iN + 3 Y^ -Tf-^iNlj/fe'NI2 + wi[n]-

fc'=2 7 l> f e ' 

Let 2i[n] = 7i^i[n] and 73'fc =
 73

/2 . Hence, 
' Tl7i t 

I f 

2/i[n] « ^'[n] + 3 ] T 73'fe^i Nbfc'NI2 + ™iM-
fe'=2 

The same technique presented in Section 4.3.1 can be used to estimate 73 k and 

h"[n], n = 0 , 1 , . . . , L — 1, where the matrix A is now given by 

A = 

l + 3E£L 27^b'[0] | 2 

l + 3 E L 2 7 ^ | ^ [ i V - l ] | 2 J 

In the data transmission stage, 2" [n] can be similarly estimated by 

3*[n] = / ^ . 

4.5.2 OFDM Systems 

In OFDM systems, the pilot and data symbols are transmitted in the frequency 

domain. At the transmitter, the bits from information sources are first mapped 

into constellation symbols, and then converted into a block of N symbols Xi[k], 

k = 0 , 1 , . . . , N — 1, by a serial-to-parallel converter. The N symbols are the 

frequency components to be transmitted using the N subcarriers of the OFDM 

modulator, and are converted to OFDM symbols x\[n\, n = 0 , 1 , . . . , N — 1, by 

131 



the unitary inverse Fast Fourier Transform (IFFT), i.e., 

A T - l 

xM = 4=Y,XiW^> n = 0,l,...,N-l. 
fc=0 

A cyclic prefix of length P is added to the IFFT output in order to eliminate the 

inter-symbol interference caused by multipath propagation. The resulting N + P 

symbols are converted into a baseband signal for transmission. With the aid of 

the cyclic prefix and provided that L — 1 < P, linear convolution becomes circular 

convolution in the discrete-time domain, i.e., 

L-\ 

z i N = $>i [ (n -Oiv]M*] . n = 0 , l , . . . , i V _ l , (4.26) 
1=0 

where (n — l)N stands for 

(n — I) mod N. 

At the receiver, the received time-domain symbols are given by (4.9), i.e., 

2/i N = 7i*i M + - ^ l N k i M I 2 + 373*1 [ra]|32N|2 + w^n] 

for n — 0 , 1 , . . . , N — 1. The unitary Fast Fourier Transform (FFT) is performed 

on y\[n], n = 0 , 1 , . . . , N - 1, to obtain Yi[k], k = 0,1,... ,N — 1. In the absence 

of nonlinearity, i.e., 73 = 0, we have 

Y1[k]^H"[k]X1[k] + W1[k], k = 0,l,...,N-l, (4.27) 

where H"[k] is the channel response in the kth subcarrier and W\[k) is the additive 

noise in the kth subcarrier. Note that H"[k], k = 0 , 1 , . . . , N — 1, are the Fourier 

transform coefficients of h"[n] = 7i/i[n], n — 0 , 1 , . . . , L — 1, i.e., 

L-\ 

H"[k] = J2 h"[n}e-j^, k = 0 ,1 , . . . , N - 1. 
n=0 
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From (4.27), Xi[k] can be estimated from 

Xi[k} = ̂ , k = 0,l,. N-l. 
H"[kY 

The obtained symbols X\[k\ are then mapped into information bits. In the 

presence of cross modulation, expression (4.27) becomes invalid. To compen­

sate for the distortion, the proposed time-domain algorithm in Section 4.3 is 

applied before the OFDM demodulation. In the channel estimation stage, the 

frequency-domain pilot symbols Xj/e], k = 0 , 1 , . . . , N — 1, and hence Xi[n], 

n = 0 , 1 , . . . , AT — 1, are known to the receiver, and because of the circular con­

volution (4.26), the channel estimation algorithm presented in Subsection 4.3.1 

is applied with X modified to: 

X = 

^[0] xx[N-\] 

zi[l] zi[0] 

x^N-2] Xl[N-3] 

arx[iV - 1] xi[JV-2] 

Xl[N-L + l] 

Xl[N-L + 2] 

xi[N-L-l] 

xt[N-L] 

The obtained time-domain channel response h"[n], n = 0 , 1 , . . . , L — 1, is con­

verted to the frequency-domain response H"[k], k = 0 , 1 , . . . , N — 1, for OFDM 

demodulation. In the data transmission stage, we first estimate z"[n] in the time 

domain by 

2/i N zftn] 
l + 37MnF 

We then apply the FFT on F/[n] to obtain Z"[k] and the frequency-domain trans­

mitted symbols Xi[k] are estimated by 

z'Rk] 
Xt[k] 

H"[k] 
k = 0,l,...,N-l. 

133 



4.6 Computer Simulations 

In the simulations, the bandwidth of the desired signal and blocker signals is 

20 MHz, and the constellation used for the desired signal is QPSK. We first 

simulate the single-carrier system when there is only one blocker signal. The 

channel response has length 4, and its taps are independently Rayleigh distributed 

with the total power normalized to be 1. The average received signal power is 

set to be o\ x = 10~12 and az
2

2 = 5 x 10 -4 . The model parameters of the desired 

channel and the blocker signal channels are specified as 71 = 56.23, 72 = 5.623, 

7 3 = -7497.33, ix = 0.5623, 72 = 0.0005623, and 7^ = -0.00749733. Compared 

to the desired channel, this is equivalent to a 40 dB attenuation in the blocker 

signal channel. The analysis in Section 4.2 shows that the desired channel is 

distorted by the cross modulation, but the secondary channel is still dominated by 

the blocker signal. The proposed channel estimation method uses pilot sequences 

of length 64, and its normalized mean-square-error (MSE) and CRLB are plotted 

vs. the normalized signal-to-noise ratio at the receiver, i.e., SNR0 = 7 i ^ i / c ^ , 

in Fig. 4.9. It can be seen that the CRLB provides a good measure of the 

estimation accuracy. Fig. 4.10 shows the MSE and uncoded bit error rate (BER) 

performance of the proposed data symbol estimation algorithm when assuming 

that the receiver has perfect knowledge of the model parameters and the channel 

response. The Viterbi algorithm is used to demodulate the estimated QPSK 

symbols into information bits. Fig. 4.11 compares the BER performance of the 

whole proposed scheme, i.e., including both channel estimation and data symbol 

estimation, with that of a distorted receiver without any compensation. Fig. 4.12 

shows the BER performance of the proposed scheme when there are two blocker 

signals with o\2 = a^3 = 2.5 x 10~4. 

In Fig. 4.13, we demonstrate the performance of an OFDM system with 64 
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subcarriers and cyclic prefix length 16. The channel is assumed to be additive 

Gaussian. Without any compensation, the system performs poorly and saturates 

at a high BER. The proposed compensation scheme improves the performance 

significantly. 

4.7 Conclusions 

In this chapter, the effects of RF nonlinearities in a software-defined radio (SDR) 

receiver are studied. A compensation scheme is proposed that consists of two 

stages. One stage is the joint channel and nonlinearity parameter estimation, 

and the other is the data symbol estimation via distortion compensation. The 

proposed channel estimation algorithm performs close to the derived Cramer-Rao 

lower bound. Also, the analysis and simulations show that the compensation 

scheme can effectively improve the system performance and reduce the sensitiv­

ity of SDR receivers to the nonlinearity impairment. Since receivers with less 

analog impairments usually have the disadvantage of high implementation cost 

and power consumption, our techniques enable the use of low-cost receivers for 

the next-generation wireless communications that are built on the platform of 

SDRs. 
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(a) MSE and CRLB of 73. 
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(b) MSE and CRLB of h. 

Figure 4.9: Plots of the normalized MSE and CRLB for channel estimation when 

71 - 56.23, 72 = 5.623, 73 = -7497.33, a\x = 1(T12 and a\% = 5 x 1(T4. 
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(a) MSE and CRLB of zx. 
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(b) Uncoded BER. 

Figure 4.10: Plots of the MSE and uncoded BER for data symbol estimation 

when 7i = 56.23, 7 2 = 5.623, 73 = -7497.33, a\x = KT12 and a2
z>2 = 5 x 1(T4. 
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Figure 4.11: Uncoded BER of the proposed scheme for 71 = 56.23, 72 = 5.623, 

73 = -7497.33, a2
z>1 = 10"12 and a\2 = 5 x 1(T4. 

Proposed scheme 
— 0 - Without compensation 

SNRQ (dB) 

Figure 4.12: Uncoded BER in the presence of two blocker signals when 71 = 56.23, 

72 = 5.623, 73 = -7497.33, a2^ = 1(T12 and a2
2 = a2

3 = 2.5 x 1G-4. 
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Figure 4.13: Uncoded BER of OFDM systems for ^ = 56.23, 72 = 5.623, 

73 = -7497.33, a\x = 1(T12 and a2
z2 = 5 x KT4. 
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CHAPTER 5 

Conclusions and Future Research 

The dissertation studies the effects of RF front-end distortions on wireless com­

munication systems. Three different distortions are considered in the work, i.e., 

phase noise, IQ imbalance and nonlinearity. A digital approach is proposed to 

compensate for these distortions. Analysis and computer simulations show that 

the sensitivity of the communication systems to these distortions can be signifi­

cantly reduced by using our techniques. Despite of their higher complexity than 

other available methods, the rapid advances of digital IC technologies make the 

proposed algorithms feasible and implementable in real time. Consequently, the 

contribution of this work is to provide an alternative approach for RF wireless 

designers to achieve their goals. Instead of concentrating only on fine-tuning 

analog circuits, it allows designers to rely more on baseband digital processing. 

This point of view also demonstrates how mixed-signal (joint analog and digital) 

processing techniques play a critical role in emerging radio technologies. 

Although some effort has been spent on demonstrating the effectiveness of 

the proposed digital schemes, there are still remaining issues. We recommend 

the following research directions for further study. 

140 



5.1 Analog vs. Digital 

In order to reduce the impairments, analog approaches usually suggest compli­

cated circuit architectures that lead to more implementation cost and power 

consumption. The alternative digital approach demands more complex baseband 

processing, also resulting in an increase in the computational cost and power 

consumption. It is thus interesting to compare the various expenses incurred 

by the two approaches. Such a comparison can serve as a valuable reference 

when engineers make decisions on selecting proper tools to achieve their design 

objectives. 

5.2 Phase Noise Compensation 

Chapter 2 proposes a compensation scheme to mitigate the effects of phase noise 

in OFDM systems. The approach utilizes the statistical property of the phase 

noise process, i.e., the fact that adjacent phase noise samples exhibit some corre­

lation. Thus, the performance of the proposed algorithm depends on the phase 

noise spectrum. For example, it is expected that the performance can be poor 

if the phase noise is absolutely white. A study that shows how the performance 

depends on the phase noise spectrum may guide analog/RF engineers to shape 

the phase noise spectrum in favorite of the digital compensation approach. 

5.3 Joint Analog and Digital Design 

Traditionally, when designing a communication system, the specifications and du­

ties of the RF front-end and the baseband signal processing are separated. The 

work in this dissertation demonstrates that analog impairments can be compen-
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sated for by using both analog and digital approaches. The results suggest that 

closer interaction between RF designers and baseband digital designers is useful 

in order to optimize the system in terms of cost and performance. This could 

happen when a design specification is easier to achieve in the digital domain but 

is harder in the analog domain, and vice versa. 

5.4 Software-Defined Radio and Cognitive Radio 

Software-defined radios (SDR) are able to configure their transmission and recep­

tion in a more flexible manner, e.g., by changing carrier frequencies and modula­

tion methods. The SDR technology is going to play an important role in the next 

generation of wireless communication systems, e.g., cognitive radios. Because of 

its high flexibility, SDR poses numerous design challenges for the state-of-the-art 

analog/RF technologies, like ultra-wideband transmission and reception that are 

susceptible to interferences and noises. Fast and powerful digital signal processing 

techniques may be able to alleviate some of the design difficulties and accomplish 

design objectives. 
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APPENDIX A 

Modeling of Phase Noise 

There are mainly two types of oscillators used in practice, depending on whether 

or not they are used in a phase-locked loop (PLL) [PM02]. The so-called free-

running oscillators operate without a PLL, and the generated phase noise is 

modeled as the accumulation of random frequency deviations and hence has un­

bounded variance. On the other hand, in a PLL oscillator, the closed-loop control 

mechanism tracks the phase variations of the carrier signal, and consequently, the 

generated phase noise has finite variance. 

A.l Free-Running Oscillator 

The frequency deviation e(t) of an oscillator is modeled as a zero-mean white 

Gaussian random process with single-sided power spectral density (PSD) 

7T 

where £ is called the oscillator linewidth. The phase noise 0Free(£) generated by 

a free-running oscillator is modeled by integrating e(t), i.e., 

0FreeCO = 2 7 1 / c(X)d\, 
Jo 
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which turns out to be a Wiener process as well as a Gaussian process. The 

single-sided PSD of (f)Free(t) is 

for / 7̂  0. The carrier noise is 

and its mean value satisfies 

E{CFtee(t)}^0 

as t —>• oo. The auto-correlation function of cpreeit) is given by 

Rc,Free(r) = e ~ ^ (A.l) 

and the single-sided PSD of cpree(£) is Lorenzian: 

4£ 
Sc,Free{f) 

7T (4 /2 + ?) • 

Figs. A.1-A.3 plot SfaFreeif), -̂ c,Free('ir) and Sc,Free{f) for a free-running oscillator 

with £ = 5 kHz. 

A.2 Oscillator with PLLs 

Figure A.4 shows the block diagram of a PLL system [Bes03]. The phase error 

4>{t) between the carrier signal and the local oscillator is filtered by a low-pass loop 

filter that is represented by KdF(s). The resulting signal Vc is used as the input 

to the oscillator such that its output can actively track the phase variations of 

the carrier signal. It can be shown that the closed-loop transfer function between 

the carrier phase signal 0j (input) and the oscillator phase signal 0O (output) is 

given by 

u( eo(s) K0KdF(s) 
9i(s) s + K0KdF(sY 
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Figure A.l: Plot of 5,0]pree(/) for a free-running oscillator with £ = 5 kHz. 
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Figure A.2: Plot of i?C)Free(r) for a free-running oscillator with £ = 5 kHz. 
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Figure A.3: Plot of S^eeC/) f° r a free-running oscillator with £ = 5 kHz. 

where K0Kd is the open loop gain. Thus, the transfer function between the input 

phase signal #j and the phase noise <j) is 

0i(s) 9i(s) w s + K0KdF{sY 

Different loop filters will generate phase noise with different PSDs. In the follow­

ing, we give the models for the lst-order and 2nd-order PLLs that are commonly 

used in practice. 

Carrier Phase Signal 8, + m Error Signal <|> = e, - e„ 

Oscillator Phase Signal e„ =^-vc 
s 

Loop Filter KdF(s) 

Oscillator £a-
s 

Control Signal vc = KdF{s){Qt -e„) 

Figure A.4: Block diagram of a PLL system. 
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A.2.1 First-order PLL 

For the ls*-order PLL, we have F(s) = 1, and the closed-loop transfer function 

is given by 

where UJL = KQKJ, is called the angular frequency of zero decibel loop gain. 

Since the input phase signal is generated by a free-running oscillator, we let 

O^t) = 4>Free(t)- As discussed in Subsection A.l, </>Free(£) is a Gaussian process 

and hence the resulting phase noise from PLL oscillators is also Gaussian. After 

correction by the PLL, the single-sided PSD of the phase noise 0PLLI (t) can be 

expressed as 

<5</>,PLLi ( / ) = | G ( j 2 7 T / ) | % l R w s ( / ) 

= \l-H(j27Tf)f ,2 £ 
7T/2 

2\> 

where 

<P + fl) 

is a measure of the loop bandwidth. The variance of </>PLLI (t) is given by 

°l?^ = / S^hLl(f)df=^-, (A.2) 
JO ZJL 

and the auto-correlation function of <^PLLI (t) can be calculated as 

Wr)" L M / W * (A'3) 
Although there is no simple closed-form expression for R^PLLAT), relation (A.3) 

can be evaluated numerically and the result is useful in analyzing the effects of 

phase noise on OFDM systems as well as the performance of different compensa­

tion schemes. 
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The associated carrier noise is 

cPLu(t) = ej*p^. 

Since 0PLLICO is Gaussian distributed with mean zero and variance a^PLLl 

£ / ( 2 / L ) , the mean value of CPLLI(^) is given by 

E{cpT.T.,ftn= / e "*,nLieizdz 
f°° 1 

'{cpLL1(i)}= / , 
J-°° y 27r^,PLLl 

„2 g0,PLLi 
= e 2 

= e 4'L . 

By definition, the auto-correlation function of cPLLl (t) is given by 

RCPLLAT) = E {cPLLl(i)cPLLl(t - r )} 

= E /e-»'[^PLLi(t)~^PLLi(t-T)]\ 

where 0PLLI (t) — 0PLLI (t - T) is Gaussian distributed with mean zero and variance 

E {fapLi^t) - 0PLLl(t - r)]2} = 2aJ>PLLl - 2^ , P L L l ( r ) 

= 7 2i?^)PLLl(r). 

Taking the expectation with respect to the distribution of </>PLLI (t) — 0PLLI (t — r) 

gives 

It then follows that the single-sided PSD of CPLLI (t) can be calculated by 

/

oo 

RcPLL^e-j2^fTdT 
•oo 

, /-oo 

= 2e~2fL / e
R4;Phl,l(r)-j2TrfT(jiT_ 

J —oo 

Figs. A.5-A.8 plot -R^PLL^T), S ^ P L L ^ / ) , ^C.PLL^T) and 5C)PLLl(/) for a lst-order 

PLL oscillator with £ = 5 kHz and / j , = 50 kHz. 
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Figure A.5: Plot of R^PLU (T) for a lst-order PLL oscillator with £ = 5 kHz and 

h = 50 kHz. 
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Figure A.6: Plot of S^PLLI (/) f° r a ls*-order PLL oscillator with £ = 5 kHz and 

fL = 50 kHz. 
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Figure A.8: Plot of SCiPLLl(f) for a lst-order PLL oscillator with £ = 5 kHz and 

fL = 50 kHz. 
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A.2.2 Second-order PLL 

For the 2nd-order PLL, the closed-loop transfer function is 

H(S)= 2WnS + 0Z 
s2 + 2rjuns + LU2, ' 

where un is the loop natural frequency and r\ is the damping factor. In this 

dissertation, we assume that rj = 0.707. Then the single-sided PSD of the phase 

noise </>PLL2 00 i s given by 

-SV,PLL2 

= | i - ^ 0 ^ / ) l 2 ^ 
u2 

^ ( / 4 + /n4)' 

where 

/ n ~ 2 7 T 

is a measure of the loop bandwidth. The variance of </>PLL2 (t) can be calculated 

as 

^PLL2 = yo ^ , P L L 2 ( / ) # = - | - . (A.4) 

The auto-correlation function of 0PLL2 (t) can be calculated by 

/

oo t f2 

„^uhm^df-
The associated carrier noise is cPLL2(£) = e^PLL2(*), and its mean value is 

E { c p L L o ( i H = / , ~ e 2^,PLL2 e>*dz 
f°° 1 

{CpLL2(i)}= / ~J=t 
2 7 r ^ P L L 2 

T2 

— e 2 

= g 4^2/n . 
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Figure A.9: Plot of R^^hui1') f° r a 2™d-order PLL oscillator with £ = 5 kHz and 

fn = 50 kHz. 

The auto-correlation function of CPLL2 (t) is given by 

RC,PLL2{T) = eR*-p^{T)-<^2 

and the single-sided PSD of CPLL2 (t) can be calculated by 

/

oo 
Rc,PLL2(r)e-j27vfTdr 

•oo 

= 2 e 2 ^ / n / e - R ^ , P L L 2 ( r ) - j 2 7 r / T ^ r _ 

J — oo 

Figs. A.9-A.12 plot ^,PLL2(r), ^ , P L L 2 ( / ) , i^,PLL2(r) and Sc,PLL2(f) for a 2nd-

order PLL oscillator with £ = 5 kHz and fn = 50 kHz. 

In Table A.l, we summarize the statistical measures that will be used to 

compute the effective signal-to-noise ratio for different compensation schemes. 

For convenience of notation, if the phase noise model is not specified, we use <j){t) 
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Figure A. 10: Plot of 3^PLLa(/) for a 2nd-order PLL oscillator with £ = 5 kHz 

and /„ = 50 kHz. 
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Figure A. 12: Plot of # C > P L L 2 ( / ) for a 2nd-order PLL oscillator with f = 5 kHz and 

fn = 50 kHz. 

and c(t) to represent the phase noise and carrier noise by ignoring the subscripts. 

It is the same for a^, R<J,(T), RC(T), S^(f) and Sc(f). 

Remark: For phase-loop locked oscillators, the phase noise c/>(£) is usually 

small. If \<j)(t)\ <C 1, the carrier noise c(t) can be approximated by c(t) = e^^1 t=a 

1 + j<f>{t). In this case, Rc(r) « 1 + R^r) and &( / ) « ^ ( / ) for / ^ 0. 

'able A.l: Table of statistical measures for different types of phase noise. 
F r e e - r u n n i n g l " ' - o r d e r P L L 2 " d - o r d e r P L L 

2/f, W-2y?f™ 
« * M =° * e J '2 7 r- f T 

-oo 2 , r ( /4 + / 4 ) 7 T T 
, 3 2 » / T 

d/ 

S*(/) •^T2" »(/4+/«) 
e W „ E{c( t )} " 4 / i 

flc(r) - T « K I ^ . P L L , ^ ) - ! ^ e « « , P L L 2 ( - ) - ^ j ; 

Sc( / ) 2e~ s f e / f ^ e ^ P I A l ( T ) - 3 ' 2 " / T d T 2e " A . /f „ % , P L L 2 W - J 2 » / T „ 
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A.3 Statistical Characteristics of A[k] 

Given the above phase noise models, the mean and auto-correlation of A[k] can 

be derived from expression (2.2) as follows: 

E{c(t)\, k = 0, 
E{A[k}}={ l U / ' (A.5) 

0, fc = 1 , 2 , . . . , J V - 1 , 

E {A[h] (A[k2))*} = ^ E E R ^ ~ n*)T°) e ^ ' V 8 " 8 ' , (A.6) 
ni=0n.2=0 

for k\ = 0 , 1 , . . . , N — 1 and k2 = 0,1,..., N — 1. In particular, the following 

expressions derived from (A.5) and (A.6) are useful in evaluating the performance 

of different phase noise compensation schemes: 

1 JV-1 JV-1 

<o = W2 E E ^ ( K - ^)TS), (A.7) 
ni=0 n,2=0 

1 JV-1 JV-1 

E {|40] - 1|2} = —2 E E ^(("i - ^ m ) - 2Re{E{c(t)}} + 1, (A.8) 
ni=0ri2=0 

JV-1 1 JV-1 JV-1 

E °ik =l - °%o = i - jp E E R ^ - n*)T>)> (A-9) 
k—l ni=0n2=0 

where a\k = E {|A[A;]|2} is the average power of A[k], k = 0 , 1 , . . . , N — 1. Here, 

(A.7) follows from (A.6) by setting h = k2 = 0, (A.8) follows from (A.7) and 

(A.5), and (A.9) follows from (A.7) by noting that 

JV-1 JV-1 ( J V - 1 ^ ( 1 JV-1 ^ 

E<* = EE{i^]i2HE Ei^ii2 =E 4 E K W ) f =i-
k=0 fc=0 L fc=0 J l n=0 J 
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APPENDIX B 

P 0 « VL for Free-running Oscillators if £TS <C 1 

Proof: Recall that 

c = 

Let 

and 

gj0Flee(O) 

g J ^ F r e e P s ) 

eJ>Eree((iV-l)T s) 

(iV x 1) and c' = 

a = e " ^ 

7T?(JV-1)TS 

5 — e M - i . 

gj'<AFree(0) 

gJ0Free( ( ^ - 1 " ) 

eJ<t>Fvee((N-l)Ts) 

(M x 1). 

It follows from expression (A.l) that the element of Rcc/ at the nth row and mth 

column is given by 

Rcc/(n,m) = E{c(n)c'(ra)*} 

= E | e J ^ M ( ( n - i ) r J ) e - J ^ . e ( ( m - ^ r 1 ) T ' ) } 

an-lb^m-1\ i f n - l > ^ g g = i i , 
a_ (n_1)6m_X) i f n _ 1 < i m ^ g - i i ) 
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where n= 1,2,... ,N and m = 1,2, . . . ,M. Also, we have 

1 b b2 ... bM~l 

b 1 b 

b2 b 1 Rc/ = E{c'c'*} = 

fcAf-1 frM-2 ^ M - 3 

bM-2 

bM-3 (M x M). 

Consider an arbitrary integer p with I < p < N, and let § be the associated 

integer such that 
( q - . l ) ( J V - l ) l c g ( ^ - l ) _ 

M - l M - l 

The p4ft row of Rcc/ is given by 

*"cc',p 2 P-1 a P - l & - l . . . flp-lj-(g-l) a - ( p - l ) f t 9 a - ( p - l ) ^ g + l 

-(P-I)fr M - l (1 x M) . 

Denote the qth and (g + 1) rows of Rc/ by rc/i9 and r c / i 9 + i , respectively, i.e. 

r&,q = 

rc',q+l 

bq~l W~2 ... b 1 b b2 ... bM-i 

bq bq~l ... b2 b 1 b ... bM-q~1 

(1 x M), 

(1 x M). 

It is easy to verify that 

7 p - i bq 

^cc',p — 
(1 - b2)bq — (r&iq - br&tq+1) + _ _x (rv,g+1 - &rc/,,) 

7 p - i W+1 

(l-b2)^-1 (l-b2)aP-\ 
r c I ? 

(B.l) 

+ 
¥ ,P-I 

Tc',q+1, 
(l-b^aP-1 (l-b2)bq-\ 

which implies that each row of R c c ' can be expressed as a linear combination of 

two consecutive rows of R c ' . Hence, 

Rcc' = P Rc', 
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where the elements of P ' can be determined from expression (B.l), i.e., 

a"-1 bm+l -f (m-l)(JV-l) < __ -, m(JV-l) 
( l -b 2 ^™- 1 ( l-b^a™-1 ' n M - l — n x ^ M - l ' 

P'(n, m) = < 6"1-1 a""1 ; r (m-2)(iV-l) < _ -, (m-l)( iV-l) 
( l -6 2 )a" - ! ( l -62)6m-3 ' u M - l — lb L ^ M - l ' 

0, otherwise, 

for n = 1, 2 , . . . , N and m = 1, 2 , . . . , M. It then follows from (2.25) that 

P 0 = RccR-,1 = P'Rc'R-,1 = P' . 

In the following, we are going to show that P 0 « Pjr, if £TS <C 1. Using the 

following approximations: 

£l = e-{M)T.t-"-Z-"- K ! _ ^ - l)T, +
 < ( m ~ ^ " 1 ) r ' , 

£1 = e<(„-)T.--«-«r"T ' „ l + , « „ - iyr, - ^{™-l)(N-l)T^ 

1 + 62 - 1 + e ^ ^ ~ w 2, 

1 — 62 = 1 — e s ^ ~ « _ _ 1 ^ L-L 
M - 1 

we then have 

a 
n - l ^m+1 

;i - 62)6m-! (i - b2)^-1 

1 a""1 62 ft™"1 

1 - b2 bm~l 1 - b2 a71-1 

1 A ,/ l Vr , ^ ( m - l ) ( i V - l ) T A 
M - 7r£(n - 1)TS + 

1 — 62 V M - ! / 

1-fe2 V M - l 
l 2 / ^ ( m - l K J V - l ) ^ 

2Kt(N-l)T. \ " W ^ » M - l 
M - l v 

( r a - l ) (M- l ) 
= m A T T i > 
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and 

Thus, 

b m—1 
a 

n-l 

(1 - b2)^-1 (1 - b2)b ,m—3 

um-l b2 ,n—1 

1 - b2 an~l 1-b2 bm~l 

1 ^ 1 + ^ ( „_ 1 ) r , _ i«™-i )^-w 
1 - 6 2 

62 

= 1 + 

1 + 

1-b2 \ 

1 + b2 

1 - 7rti(n - l)Ts + 

(<{n - l)Tt 

M-l ) 
7r£(m-l ) (JV-l )T f l 

l-b2 

M-l 

( w - l ) ( M - l ) 
i V - 1 

M - i y 
7rg(m-i)(iv-i)rA 

M-l ) 

Tr£(m-1)(N-1)TS 

- ( m - 2 ) . 

P0(n, m) = P'(n, m) 

m 
_ ( n - l ) ( M - l ) - f ( m - l ) ( J V - l ) <- _ -, m(JV- l ) 

AT-1 ' iJ- M - l — '* L ^ M- l ' 

(n-l)(M-l) _ / 01 : f (m-2)(JV-l) < _ _ i ^ (m-l)(iV-l) 
iV-1 V"6 ^7) n M- l — " i ^ M- l ' 

0, otherwise, 

which is identical to (2.26). Therefore, P 0 & P L . 
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APPENDIX C 

Derivation of Expression (3.6) 

Let LP{-} represent the lowpass filtering (LPF) operation. Note that 

yp{t) = Re {V2y0(t)e
jW} + wp(t). 

The I-component of the received baseband signal is given by 

Vl(t) = LP Lp{t)(l + a)V2cos UTTU +°-- <f>{t)\ X 

= LP | [Re {V2y0(t)e
j2*u} + wp(t)] (1 + a)\/2cos (2nfct +6-- 4>{t) 

= LP J Re { V2y0(t)e
j2*fct} (1 + a)V2cos \2nfct + °- - <f>{t)\ \ 

+ LP J wp(t)(l + a)V2cos (2rr fct + - - <j>{t) J 1 

= LP JRe J2i/o(0ej27r/ot(l + a) cos f 27r/ci + ^ - </>(*)) j j 

+ LP | wp(t)(l + a)\/2cos (27r/ct + - - <f>(t)\ 1 

= LP{Re{yoW^'27r /c t(l + a) ( e ^ ' + f - * * ) ) + e ^ ( 2 7 r ^ + § - ^ ) ) } } 

+ LP |iwp(t)(l + a)v^cos ( 2TT fct + - - <f>(t)j } 

= LP{Re{(H-a)j/0(*)e , ' (4 , r / e*+5-^ )) + (l + a) j /o( t )e- J ' ^ -^))}} 

+ LP j wp(t)(l + a)\/2cos (27r/ci + - - </>(t)\ j 
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where 

+ LP <wp(t)(l + a)\/2cos \2nfct + - - 4>(t)j 1 

= (1 + a) cos r- - 0(i) J Re {y0(t)} + (1 + a) sin [®- - <f>{t) 

• Im {y0(t)} + LP jwp(*)(l + a) ̂ 2cos \2irfct + °- - <f>(t)\ 

LP lwp(t)(l + a)V2cos ^27r/ci + ? - </>(£) J 1 

(C.l) 

is the additive Gaussian noise in the I branch. 

Similarly, it can be shown that the Q-component of the received baseband 

signal is given by 

yQ(t) = (1 - a) sin (6- + <j>{t) j Re {y0(t)} + (1 - a) cos ( j + (j>(t) 

Im {y0(t)} + LP | -tup(t)(l - a)\/2sin ( 27r/ct 
0 

# t ) (C.2) 

where 

m LP i -wp(t)(l - a)V2sin ( 2yr/ci -

is the additive Gaussian noise in the Q branch. 

Combining (C.l) and (C.2), we have 

y{t) = yi(t) + jyQ(t) 

;i + a) cos r- - (f>(ty\ Re {y0(t)} + (l + a) sin (®- - <f>(t) ) Im {y0(t)} 

+ LP i wp{i)(l + a)v^cos f 2nfct + - - <j>{t) 

[I - a) sin r- + 4>{t) J Re {j,0(*)} + (1 - a) cos ( J + 0(t) 

Im{j/o(*)} + LP l-wp{t){l - a)V2sm hnfct - ®- - <f>(t) 
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(1 + a) cos ( J - <f>{t)\ + j{\ - a) sin Q + <j>(t)J 

+ (1 + a) sin r- - <f>(t)) + j ( l - a) cos f - + <j>{t) 

Re{y0{t)} 

Im{y0(i)} 

+ LP lwp(t)(l + a) A/2 cos f 2TT/C£ + - - <j>(t) J 

+ jLP |-«;p(*)(l - a) ̂ 2 sin f 27r/c£ - ^ - 0(* 

(1 + a) cos f - - 4>(t) J + j ( l - a) sin f - + #(*) 
1 

2 

+ 
2j 

(1 + a) sin (- - ^{t) J + j ( l - a) cos f - + 0(t) bfe(*) -1/5(*)] 

+ LP i wp(t)(l + a)V2cos ( 27r/ci + - - 0(t) 

+ jLP < -wp{t)(l - a)V2sin 12irfct - • # t ) 

1 + a fO , , A 1 - a . / 0 , , A .1 + a 

sin ^ - 4>(t) j + ^ cos ^ + 0(£) j J/o(*) + 
1 + a 

(6 ,, A 1 - a . / 0 ,, A 1 + a (9 
cos I - - 0 ( t ) 1 + j — ^ — s i n ! - + 0(«) 1 +J—^— sin I - 0(i) 

1 - a [6 ( / , 
—^— cos I - + 0(i) 2/o W 

+ LP | wp(t)(l + a)V2cos (2TTfct + - - (f>(t) J 1 

+ jLP j - w p ( t ) ( l - a)\/2sin ^ T T / ^ - ? - 0(t)) } 

cos - — 7a sm -
V 2 / J \2. 

J4>{t) yo{t) + fo\ . . re' 
aC0S\ a + ^ S l n o 

• e-1*®y*0(t) + LP iwp(t)(l + a ) ^ c o s Uivfct +9-- <f>(t)\ \ 

+ jLP l-wp(t)(l - a)V2sm f 2TT/C£ -6-- (/>(t)\ \ . 
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Letting w(t) = wi(t) + jwQ(t) with 

wi{t) = LP lwp(t)(l + a)v^cos (2nfct + - - 0(t) 

wQ(*) = LP | - w p ( t ) ( l - a )^2sin f 2TT/C* - - - </>(t) 

we have expression (3.6), i.e., 

'6 
y(t) = cos jo ; sm| -

oJ<P(t) 

+ 
fd\ . . (9s 

a cos I - I + j s m l -

Vo(t) 

e-^y*0(t) + w(t). 

Given that wp(t) is white Gaussian, wi(t) and WQ(t) are also Gaussian, but not 

necessarily independent of each other, because the oscillator signals in the I and 

Q branches may not be orthogonal to each other due to the distortions. However, 

since the magnitudes of these distortions are usually small, wr(t) and WQ(t) are 

approximately independent of each other with equal variance. For this reason, 

we treat w(t) approximately as circularly symmetric Gaussian. 
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APPENDIX D 

Formulate (3.22) as a Standard Least-Squares 

Problem 

In the following, we illustrate how to formulate the problem given by (3.22) into 

a standard least-squares problem. Let 

b = y - ( A ^ H ^ x + 3'_!AVi • conj j H ^ } • conj{x}). 

The objective function can be expanded as 

b -

ujeuuve iuinjtiuu can ue exptuiueu as 

- ' (AA'OH^x + A ^ A H ' O x ] - [ ( A ^ A V i - c o n j J H ^ } -

^(AA 7 ' ) • conjJH^} • conj{x} + P ^ A V i • conjJAH"} • conj 

, - _ l _ I ^ j . - y— j - ~ t _ ± — j t — i 

„ &U) • conj{x} + VU&'i-i • conj{AH"} • 

Re{b} - ^ { ( A A ' ^ H ^ x } +Re{A;/_1(AH")x} 

+ Rej(Az/')AVi • conjJH^} • conjjx}} 

+ Re jz^AA 7 ' ) • conjJH^} • conjjx}} 

+ R e j z ^ A V i • conjJAH"} • conjjx}} 

+ ||lm{b} - [lm{(AA")H?_ix} + Im{^ 1 (AH")x} 

+ Im{(Az/')AVi • con j lH t J • conjjx}} 

+ ImjP^AA 7 ' ) • conjJH^} • conjjx}} 

+ I m j ^ A V i • conjjAH"} • conjjx}}" 

conjjx} 

conjjx} 

(D.l) 
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where 

AA" = 

AA"[0] AA"[N-l] ... AA"[l] 

AA"[l] AA"[0] ... AA"[2] 

AA"[N-1] AA"[N-2] ... AA"[Q] 

AH" 

A#"[0] 0 

0 AH"[l) 

0 0 

0 

0 

AH"[N - 1] 

AA" = 

(AA"[0})* (AA"[N-l})* ... (AA"[1))* 

{AA"[N-1})* (AA"[N-2})* ... (AA"[0])* 

a mi ^ * 

Let 

and 

(AA"[1])* (AA"[0}) 

Aa = 

Ac" = 

Ac"[0] 

Ac"[l] 

(AA"[2]Y 

AA"[0] 

AA"[l] 

A"[N - 1] 

, Ah = 

Ah" = 

AH"[0] 

AH"[l) 

AH"[N - 1] 

A/i"[0] 

Ah" [I] 

Ac"[M - 1] Ah"[L - 1] 
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By (3.18) and (3.19), 

Re{Aa} = Re j - ^ F a P A c " j 

Im{Aa} = Im j - ^ F a P A c " 

= ^Re{F aP}Re{Ac"} - ^Im{F aP}Im{Ac"}, 

= ^Re{F aP}Im{Ac"} + -^Im{FaP}Re{Ac"}, 

and 

Re{Ah} = Re{FhAh"} = Re{Fh}Re{Ah"} - Im{Fh}Im{Ah"}, 

Im{Ah} = Im{FhAh"} = Re{Fh}Im{Ah"} + Im{Fh}Re{Ah"}. 

Thus, we have 

where 

Ri 

Let 

1 0 

0 1 

Re{Az/'} 

Im{Au"} 

Re{Ah} 

Im{Ah} 

Re{Aa} 

Im{Aa} 

0 

0 

= RX 

0 

0 

0 0 Re{Fh} - Im{F h } 

0 0 Im{Fh} Re{Fh} 

Re{Az/'} 

Im{Ai/"} 

Re{Ah"} 

Im{Ah"} 

Re{Ac"} 

Im{Ac"} 

0 

0 

0 

0 

0 

0 

0 

0 

0 0 

0 0 

0 

0 

0 

0 

£Re{F a P} - £ l m { F a P } 

£ lm{F a P} ^Re{F a P} 

Ac" = 

Ac"[0] 

Ac" [I] 

(D.2) 

A c " [ M - l ] 
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and 

Ac'" = 

Ac"[l] 

Ac" [2] 

Ac"[M - 1] 

Denote the first row of ^ F a P by g. Since gAc" = 0, we have 

Ac"[0] = - ^ j g [ 2 : MjAc"', 

where g[l] is the first element of g, and g[2 : M] is the sub-vector of g that 

contains all elements of g except g[l]. It then follows that 

- * g [ 2 = M] 

Hence, 

where 

Moreover, 

Ac" = 

Re{Ac"} 

Im{Ac"} 

L M - l 

= R2 

Ac" 

Re{Ac'"} 

Im{Ac"'} 

R2 

- R e { ^ g [ 2 : M ] 

I M - I 

0 

Im {wM2'-W 

- r t e{^ jg [2 :M]} 

Re{Ai/'} 

Im{Au"} 

Re{Ah"} 

Im{Ah"} 

Re{Ac"} 

Im{Ac"} 

0 

0 

R2 

Re{Ai/'} 

Im{Ai/'} 

Re{Ah"} 

Im{Ah"} 

Re{Ac'"} 

Im{Ac'"} 

(D.3) 
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Consequently, the original problem is formulated as the following least-squares 

problem: 

mm || y Ax I (D.4) 

where 

y = 

Re{Ai/'} 

Im{Az/'} 

Re{b} 1 _ Re{Ah"} 
. x = 

Im{b} Im{Ah"} 

Re{Ac'"} 

Im{Ac'"} 

and matrix A is formed according to expressions (D.1)-(D.3), i.e. 

A = 
A U A12 A13 A W A15 A w 

A21 A22 A23 A24 A25 A26 
R i 

I2L+2 0 

0 R2 

where 

An = R e { A V i • conj{H-'_i} • conj{x}}, 

A12 = - Im{A"i_i • conj{H"_i} • conj{x}}, 

A13 = R e J A ^ X } + Re{?f_iAVi • conj{X}}, 

A u = - I m f A ^ X } + I m ^ A V i • conj{X}}, 

Ai5 = R e { T ( H t i x ) } + R e { f ( ^ _ 1 • conj{H;'_i} • conj{x})}, 

A16 = - I m { T ( H t i x ) } + I m J T ^ ! • conj{H?_i} • conjjx})}, 
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and 

A2i = I m { A V i • c o n j J H ^ } • conj{x}}, 

A22 = R e { A V i • conjJH"^} • conjjx}}, 

A23 = I m f A ^ X } + I m ^ i A V i • conj{X}}, 

A24 - R e f A ^ X } - R e ^ A V i • conj{X}}, 

A25 = I m { T ( H ^ l X ) } + lm{f(VU • c o n j J H ^ J • conj{x})}, 

A26 = Re{T(H?_ l X)} - Mf^-i • «««{H5'-i} • conj{x})}. 

Here, T(-) and T(-) are defined as follows. Let v be an arbitrary vector of length 

N that is represented by 

6 

£ N-l 

T(v) and T(v) are N x N matrices that are given by 

T(v) 

£0 6v - i 

6 6 
6 
6 

£iV-l £iV-2 • • • Co 

, ^ ( v ) = 

£0 £TV-I 

&V-1 £jV-2 

6 £0 

• 6 
• Co 

The solution of (D.4) is 

x0 = ( A ^ A ) " ^ . 
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APPENDIX E 

Cramer-Rao Lower Bound (CRLB) 

Consider the data model given by (3.31). The joint probability density function 

(PDF) of y is 

N-l . 1 

P(y; *) = I I zzr exP { - zr I (Re ink]} ~ Re {s9[k}})2 

fc=0 

+ 
•w 'w 

(lm{Y[k]}-lm{Se[k}})2]}. 

The Log-Likelihood function is then given by 

1 A T - 1 

lnp(y; 0) = - NIn ( T T ^ ) - — £ [(Re {F[A;]} - Re { S # ] } ) 2 + (Im {Y[k}} 
fc=0 

- I m { S # ] } ) 2 ] . 

Taking the derivative of lnp(y; 0) with respect to the elements of 0 gives 

dRe{Se[k]} <91np(y;0)_ _2_ ^ 

dft 'W fe=0 

(Re{y[fc]}-Re{5e[fc]}) 
<9ft »i 

+ (Im{r[A;]}-Im{5<,[fc]}) 
dIm{Se[fc]} 

<9ft, 

and 

<92mKy;0) 
dftA 

N-l 

E (Re {y[fc]}-Re { £ # ] } ) 
d2Re{Sg[A;]} 

dft^ft. Jw fe=o 
<9Re{Se[fc]},9Re{£e[fc]} 

9ft, <9ft2 

52 Im {S0[k}} aim {S0[fc]} 51m {S0[k}} 

+ (Im{Y[k]}-lm{Se[k]}) 

<9ft^ft2 d9, n de„ 12 
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Taking the expectation obtains 

<92mp(y;0) 
E 

ddhd9i2 o\ 

N-l 

W fe=o 

dRe{S0[k]}dRe{Se[k}} 

d6„ »i de, n 
dim {Se[k}} dim {Se[k}} 

d6> 

It then follows that 

«92lnp(y;0) 
E 

n 

J V - l 

<90, 

<9M^ »2 

= _^yRJ9Se[k} (dSe[k\ 
<Ji de„ u ' W fc=0 

Thus, the Fisher information matrix is given by 

l9 = ^YjRe^dSe[k](dSe[k] 

89, 
n 

•w fc=o 
dO dO 
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APPENDIX F 

Computation of the CRLB for Joint Channel 

Estimation 

To compute Ig, we need to calculate the derivatives of s# with respect to the 

elements of 9. Recall that 

6 = [ Re{v"} Im{i/"} Re{c"[l]} . . . Re{c"[M - 1]} Im{c"[l]} . . . 

Im{c"[M-l}} Re{h"[0}} ... Re{h"[L - 1}} lm{/i"[0]} . . . 

Im{ti'[L - 1]} }T. 

By the chain rule, 

dse dA'>ppv dH." dv" ~ 

m = ~mrH x+A—^"x + mA appro"conj{H}'conj{x} (R1) 

+ v " 8 ^ • conj{H"} • conj{x} + i/'Jj'^ • ̂ | ^ • conj{x}, 

where the derivative terms are computed as follows: 

dv" 8v" dv" p , „ 
= 1> "oT—r~ir\ ~ ii ~G7T = 0 f° r other 8i. dRe{v"} ' dlm{v"} J ' d$i 

2. Denote the first row of matrix ^ F a P by g. Recall that the first element 

of aappro is restricted to be 1 to resolve the scalar ambiguity, i.e., gc" = 1. 

The first element of c", c"[0], is given by 

c " [ 0 ] = m ~ wf12: Mlc"' 
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where c'" is the vector consisting of all elements of c" except c"[0]. Hence, 

a a p p r o = ^ F a P c " = ^ F a P ( g l + G 2 c ' " ) , 

where 

g i = 

»[i] 

0 

(M x 1), G2 = -M2 • M] 
l-Af-1 

( M x ( M - l ) ) . 

Here, g[l] is the first element of g, and g[2 : M] is the vector consisting of 

all elements of g except g[l]. Thus, for m — 1, 2 , . . . , M — 1, 

(9a 1 Be1" 

dRe{c"[m}} N dRe{c"[m]} 

— ^ F a P G 2 e m 

= the mth column of — FaPG2 , 
N 

da. appro 

dim {c"[m]} N 

= L 
N 

1 „ n„ dd" 
- F a P G 2 (91m {c"[m]} 

FaPG2e, 

da appro 

dd, 

= j • the mth column of — FaPG2 , 

= 0 for other #,-. 
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3. Since h = F h h " , then for n = 0 , 1 , . . . , L - 1, 

<9h „ ah" 
= F h dRe{h"[n]} n dRe{h"[n}} 

= F h e n + i 

= the (n + l)th column of F h , 

<9h „ dh" 
F h dim {h"[n}} n dim {h"[n}} 

= jFhen+i 

= j • the (n + l)th column of F h , 

dh 
—— = 0 for other 0t. 

Consequently, IQ can be computed using (3.32) and (F.l). 
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APPENDIX G 

Derivation of Expression (4.19) 

Consider the data model given by (4.18). The joint probability density function 

(PDF) of y is 

J V - l 

exp ( - - 1 - [ ( M 2 / N } - Re{S0[n]})2 + (lm{y[n]} - lm{s0[n}})2] 

n = 0 ""™,n 

w,n 

The Log-Likelihood function is then given by 

N-l N-l 

lnp(y; 0) = - ^ H L ) " £ ^ ~ KRe ̂ N} - R* WW})2 + (Im {y[n}} 
n=Q n = 0 < J w . " 

- Im{se[n]})' 

Taking the derivative of lnp(y; 6) with respect to the elements of 0 gives 

dRe{se[n]} fllnp(y;g) _ ^ 2 

dft; H 
n = 0 ™>™ 

(Re{y[n}}~Re{se[n]}) 
d9< 

+ (Im{y[n]}-Im{s0[n]}) 
dim {s0[n}} 

d6i *i 

and 

}2 i „ „(„. a \ NJ^1 2 d2lnp(y,e) =£ (Re{2/[n]}-Re{s0[n]}) 

<9Re{se[n]}<9Re{se[n]} 

d2Re{s0[n]} 
dehdei2 

86, 
n 

00, 
+ (Im{j/[n]}-Im{se[n]}) 

«2 

d2Im {se[n]} <9Im {s^fn]} <9Im {se[n]} 
dOix ddi2 3d,, 

« 
09, »2 

175 



Taking the expectation obtains 

n=0 V̂™ C ^ <9#j2 

<9Re{se[n]}<9Re{se[n]} 
9^j 9^2 

dim {se[n]} dim {sg[n\} 

d9i 09, 12 

It then follows that 

<92lnp(y;0) 
E 

d6hd6i2 E
N 1 _ 2 _ R fdsflM ffoflNVl 

n = 0 < n I ^ V ^ 2 >/ J 
Thus, the Fisher information matrix is given by 

J V - l 

J* = E ^-Re 
n = 0 w - n 

<9se[ra] (dse[n 

00 80 
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