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Figure 5.51. Micro-displacement tensor component Φh33 through the length of the column.
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Figure 5.54. Couple stress component Mh
333 through the length of column
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5.5.2 Beam Bending Dynamics at Finite Strain

The second example is for beam bending dynamics at finite strain in which a lateral load is

applied in the middle of the beam, and the two ends of the beam are fixed (Fig.5.57). The beam

bending model is made up of two blocks of materials to investigate the effect of transition from

micromorphic continuum/classical continuum to classical continuum/micromorphic continuum for

beam bending dynamics. The first block is located in the middle of the beam, and the second

block is made of two volumes located at the two sides of the beam (Fig.5.57). Note that each block

can be either micromorphic continuum or classical continuum. Therefore, there are four models to

investigate for beam bending dynamics.
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Figure 5.57. Schematic of finite element mesh and BC for beam bending dynamics.

The selected material parameters are similar to the previous example and are presented in Ta-

ble 5.14. The selected relative position vector for the micro-element in the positive part of the

macro-element is Ξ(α) = [0.125 0.125 0.0125] (m). Table 5.16 illustrates the BCs applied on the

micromorphic and classical continuum blocks of the beam models.
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Table 5.16. Selected boundary conditions for beam bending dynamics.

Micromorphic Continuum Throughout the beam On surface Γ (both sides)
Φh21,Φ

h
12,Φ

h
23,Φ

h
32 = 0 Φh11,Φ

h
22,Φ

h
33,Φ

h
13,Φ

h
31 = 0

uh1 , u
h
2 , u

h
3 = 0

Classical Continuum On surface Γ (both sides)
uh1 , u

h
2 , u

h
3 = 0

Figure 5.58 depicts the macro-element displacement component along the length of the beam models

at times t = 0.005(s), t = 0.025(s), t = 0.06(s), t = 0.12(s), t = 0.18(s), and t = 0.22(s). These

figures are presented to illustrate the effect of micromorphic and classical continuum interface

on the beam bending displacement. Note that the legends “Micromorphic-Micromorphic” and

“Classic-Classic” denote that both the first and second blocks are micromorphic and classical

continuum, respectively. The legends “Micromorphic-Classic” and “Classic-Micromorphic” denote

the first block is micromorphic continuum/classical continuum, and the second block is classical

continuum/micromorphic continuum. In the figures, a comparison is made between these four beam

models. Note that the dashed blue lines in the figures indicate the interfaces of micromorphic and

classical continuum. Figure 5.58(a) illustrates the beam macro-element displacement at the initial

stage of loading. It can be seen that the beam with micromorphic continuum block in the middle

deforms more than the beam with classical continuum blocks in the middle. Figures 5.58(b) and

5.58(c) show the bending wave in the beam when it is about to hit the interface of micromorphic

and classical continuum. From Fig.5.58(c), it can be seen that the interface does not have a

significant effect on the wave when it transfers from the micromorphic continuum block to the

classical continuum block and vice versa. Figures 5.58(d), 5.58(e), and 5.58(f) show that when the

wave is reflected from the two sides of the beam we can notice the effect of the interface on the

macro-element displacement profile along the length. The effect of the interface is more highlighted

as the wave travels back and forth through the beam. This is related to the differences of the

wave velocities in micromorphic and classical continua. Figure 5.59 demonstrates the deformed

configuration, the macro-element displacement component uh2 , and the micro-element displacement

component u
(α)h
2 of the micromorphic-micromorphic beam under bending.
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Figure 5.58. Macro-element displacement component uh2 along the length of the beam
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Figure 5.59. Contour plots of macro-element displacement uh2 and micro-element displacement u
(α)h
2 for the

micromorphic-micromorphic beam models

The contour plots show that the difference between the micro-element displacement u
(α)h
2 and

the macro-element displacement uh2 is not significant, and as the displacements become larger

their difference becomes negligible. This indicates that the micro-element deformation through the

micro-displacement tensor Φ is not significant which may be related to the selected elastic material

parameters for micromorphic continuum and, also, the size of the relative position vector. Figures

5.60(a) and 5.60(b) illustrate the macro-element displacement uh2 in the middle and at the interface

of micromorphic and classical continuum blocks over time. From the perspective of displacement

magnitude, it is noticed that the micromorphic-micromorphic beam is the most flexible one, and the

classic-classic beam model is the stiffest. Note that when the wave is passing the interface toward

the middle of the beam (interface macro-element displacement uh2 is decreasing in Fig.5.60(a)) the

deviation between the macro-element displacement uh2 of the four beam models become noticeable

(the second time wave is passing the interface).

Figures 5.61 depicts the second Piola Kirchhoff stress components Sh11 and Sh22 along the length

of the beam for the times t = 0.005(s) and t = 0.025(s). These figures demonstrate two stress
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Figure 5.60. Macro-element displacement component uh2 at the micromorphic and classical elasticity interface
and in the middle of the beam over time.

waves Sh11 and Sh22 are traveling in two opposite directions toward the beam ends. For all the

four beam models the results of the second Piola Kirchhoff stress component Sh11 are overlapped

(axial wave); however, this is not the case for the second Piola Kirchhoff stress component Sh22

(transverse wave). Note that the profile of second Piola Kirchhoff stress component Sh22 at time

t = 0.025(s) has numerical oscillations. Similar to what is observed in Fig.5.48(b), these numerical

oscillations are related to the sharp profile of impulse load in which the developed implicit finite

element model with the employed time integration scheme is not able to remove them completely

from the stress results. The results can become improved by developing a micromorphic explicit

dynamic finite element analysis with smaller time steps and more accuracy which is beyond the

scope of this chapter. Figure 5.62 shows the micro-displacement component Φh
22 along the length

of the beam for the times t = 0.005(s), t = 0.025(s), and t = 0.06(s). Figure 5.62(a) illustrates

Φh
22 at the initial stage of loading. The plot of micro-displacement component Φh

22 shows that for

the micromorphic-micromorphic beam (blue circles) and the micromorphic-classic beam model (red

circles), the micro-elements throughout these two beam models are under extension in the direction

of loading. Also, the results of these two models are overlapped around the peak of Φh
22 plots in
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the middle of the beam. Note that for the classic-micromorphic beam model the bending wave has

not yet arrived at the micromorphic blocks (green circle) and the micro-displacement component

Φh
22 profile is zero all throughout the beam. Figure 5.62(b) shows Φh

22 at the time when the wave

is about to hit the interface of micromorphic and classical continuum (Fig.5.58(b)). The plots

of Φh
22 show that at time t = 0.025(s), the micro-element extensional wave spreads throughout

the micromorphic blocks (for both the micromorphic-micromorphic and the micromorphic-classic

models) of the beam models. We can see the two peaks in the plot of Φh
22 that shows the micro-

element extensional waves are traveling toward the two sides of the beam. From the micro-element

deformation perspective, the classic-micromorphic beam model behaves differently, and the micro-

elements in its micromorphic blocks show compression. This is related to the negative macro-

element displacement uh2 when the wave is about to hit the interface (Fig.5.58(b)). In Figure

5.62(c), the micro-element extensional wave is about to leave the middle part of the beam and,

therefore, the amplitude of Φh
22 is decreasing. Note that for the micromorphic-classic beam the

reduction in the amplitude of Φh
22 is more noticeable due to the transition from the micromorphic

continuum to the classical continuum blocks. For the classic-micromorphic beam, we can see that

Φh
22 is turning to positive value which is related to the positive macro-element displacement arrived

at the two sides of the beam. Figure 5.63 demonstrates the couple stress component Mh
222 along

the length of the beam for times t = 0.005(s), t = 0.025(s), and t = 0.06(s). As mentioned earlier,

negative or positive couple stress components do not necessarily imply that the structure is under

tension or compression. Therefore, if the couple stress component is negative, it can be concluded

that either the gradient of the relative position vector (which is related to Φ) or the gradient to

the micro-element stress is negative. In Fig.5.62(a), the spatial gradient of the micro-displacement

component Φh
22 is positive for the first half of the beam, and it is negative for the other half of the

beam. There is a trough in the plot of Mh
222 in Fig.5.63(a), which reflects the effect of the negative

spatial gradient of the micro-element stress in the Y direction. Figures 5.63(b) and 5.63(c) show

that for times t = 0.025(s) and t = 0.06(s) the profiles of couple stress component Mh
222 for the

middle block of the micromorphic-micromorphic and micromorphic-classic models are overlapped,
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unlike the micro-displacement component Φh
22 in Figs.5.62(b) and 5.62(c). This can be related

to similar spatial gradient of the micro-element stresses of these two models that compensate for

their differences with regard to the spatial gradient of the micro-displacement tensor component

Φh
22. Figure 5.64 demonstrates the contour plot of the couple stress components Mh

111 and Mh
222

along the length of the micromorphic-micromorphic beam. The contour plots of the couple stress

component Mh
111 show that it has a smooth distribution along the length of the beam. This is

related to the smooth gradient of the micro-element stress along the X axis. However, the couple

stress component Mh
222 represents the gradient of stress along the Y axis which is the thickness of

the beam. Therefore, in the region in which an abrupt change in deformation occurred, we can

expect the significant gradient of micro-element stress along the Y direction and this is the reason

for localized distribution of Mh
222 along the thickness of the beam.
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Figure 5.61. Second Piola Kirchhoff stress components Sh11 and Sh22 along length of beam.



168

−52.5 −42 −31.5 −21 −10.5 0 10.5 21 31.5 42 52.5
0

0.5

1

1.5

2

2.5

3

3.5
x 10

−3

X(m)

Φ
h 22

Micromorphic-Micromorphic
Micromorphic-Classic
Classic-Micromorphic

(a) Micro-displacement component Φh22 at t =
0.005(s).

−52.5 −42 −31.5 −21 −10.5 0 10.5 21 31.5 42 52.5
−2

0

2

4

6

8

10
x 10

−3

X(m)

Φ
h 22

Micromorphic-Micromorphic
Micromorphic-Classic
Classic-Micromorphic

(b) Micro-displacement component Φh22 at t =
0.025s.

−52.5 −42 −31.5 −21 −10.5 0 10.5 21 31.5 42 52.5
−2

0

2

4

6

8

10
x 10

−3

X(m)

Φ
h 22

Micromorphic-Micromorphic
Micromorphic-Classic
Classic-Micromorphic

(c) Micro-displacement component Φh22 at t = 0.06s.

Figure 5.62. Micro-displacement component Φh22 along length of beam.
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Figure 5.63. Couple stress component Mh
222 along length of beam.
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5.5.3 Plate Dynamics Under In-plane Loading

In this section, numerical results on the dynamic analysis of a plate under in-plane loading

will be presented. Figure 5.65 illustrates the geometry, mesh schematic, and BCs of the plate. The

plate is made of two blocks in which either micromorphic or classical continuum can be associated

with these blocks. Therefore, similar to the beam bending example, there are four cases such

as “micromorphic-micromorphic”, “micromorphic-classic”, “classic-micromorphic”, and “classic-

classic” to study the dynamic behavior of the plate.
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Figure 5.65. Configuration of plate under in-plane loading

The selected material parameters for the plate is similar to those of the previous examples and is

presented in Table 5.14. The BCs on the micromorphic dofs Φh and the macro-element displacement

uh (displacement in classical continuum) are illustrated in Table 5.17.
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Table 5.17. selected boundary conditions for plate under in-plane loading

Micromorphic Continuum Throughout the plate
Φh12,Φ

h
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h
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h
32 = 0

On surface A On surface B On surface C
Φh22 = 0 Φh11 = 0
uh2 = 0 uh1 = 0 uh3 = 0

Classical Continuum Throughout the plate
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0 2 4 6 8 10 12 14

−0.14

−0.12

−0.1

−0.08

−0.06

−0.04

−0.02

0

Interface

Y (m)

u
h 2
(m

)

Classic-Classic
Micromorphic-Micromorphic

(a) macro-element displacement component uh2 at
t = 0.004(s).

0 2 4 6 8 10 12 14
−0.07

−0.06

−0.05

−0.04

−0.03

−0.02

−0.01

0

0.01

Interface

Y (m)

u
h 2
(m

)
Classic-Classic
Classic-Micromorphic
Micromorphic-Classic
Micromorphic-Micromorphic

(b) macro-element displacement component uh2 at
t = 0.0085(s).

0 2 4 6 8 10 12 14
−0.035

−0.03

−0.025

−0.02

−0.015

−0.01

−0.005

0

0.005

0.01

Interface

Y (m)

u
h 2
(m

) Classic-Classic
Micromorphic-Classic
Classic-Micromorphic
Micromorphic-Micromorphic

(c) macro-element displacement component uh2 at
t = 0.0135(s).

0 2 4 6 8 10 12 14
−0.02

−0.015

−0.01

−0.005

0

0.005

0.01

0.015

0.02

Interface

Y (m)

u
h 2
(m

)

Classic-Classic
Micromorphic-Classic
Classic-Micromorphic
Micromorphic-Micromorphic

(d) macro-element displacement component uh2 at
t = 0.0175(s).

Figure 5.66. macro-element displacement uh2 along width of plate.
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Figure 5.67. macro-element displacement uh2 along interface of micromorphic and classical continuum blocks.
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Figure 5.66 illustrates the macro-element displacement uh2 along the width (vertical direction) of the

plate. These plots represent the displacement profile along the direction of the longitudinal wave

in the plate. These figures show that the difference in the macro-element displacement uh2 of the

four plate models is noticeable. Figure 5.66(a) shows that the micromorphic plate is slightly more

flexible than the classical continuum plate. Note that at times t = 0.004(s) and t = 0.0085(s) the

longitudinal wave is in the first block of the plate and, therefore, the obtained macro-element dis-

placement component uh2 of the micromorphic-classic and the classic-micromorphic are overlapped

with the micromorphic-micromorphic and the classic-classic plates, respectively. Figure 5.66(b)

demonstrates the status of the macro-element displacement uh2 when the longitudinal wave passed

the interface. As mentioned earlier, a small difference in the obtained displacement is noticeable.
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Figure 5.68. macro-element displacement uh3 along interface of plate.

It is worth mentioning that in general the profiles of the macro-element displacements uh2 of

the four models are the same. The differences in the longitudinal wave velocities of these models

make the displacement profiles of these four models deviate from each other. Figures 5.66(c) and

5.66(d) show the macro-element displacement uh2 when the wave is reflected from the bottom sur-

face. The differences between the profiles of the macro-element displacement uh2 of the four models

become more evident. Figure 5.67 illustrates profile of longitudinal wave along the interface of the

micromorphic and the classical continuum blocks horizontal bold line in Fig.5.65 through plotting
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Figure 5.69. Comparison of finite strain and small strain analyses on plate macro-element displacement

component uh2 .

the macro-element displacement component uh2 . Figure 5.67(a) depicts the longitudinal wave just

arrived at the interface. Therefore, the displacement profiles of the micromorphic-classic and the

classic-micromorphic plates are similar to those of the micromorphic-micromorphic and the classic-

classic plates. This figure shows that the amplitude of displacement in micromorphic continuum is

smaller than that of classical continuum; however, it has been observed that (Fig.5.66(a)) for the

selected elastic material parameters, deformation in micromorphic continuum for a certain amount

of load is larger than that of classical continuum. This is related to the lower micromorphic wave

speed and, therefore, the longitudinal wave in micromorphic continuum is behind classical contin-

uum and its displacement amplitude is smaller. Figure 5.67(b) illustrates the longitudinal wave

when it arrives at the second block toward the bottom end of the plate. Figure 5.67(c) demonstrates

the longitudinal wave when it is reflected off the bottom end of the plate. It can be seen that the

macro-element displacement component uh2 profile is similar for all four models in contrast with that

of Fig.5.67(d). Figure 5.67(d) depicts the profile of the macro-element displacement uh2 when the

longitudinal wave passes the interface for the second time. It is noticeable that the macro-element

displacement uh2 starts deviating from each other for all four cases.
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Figure 5.68 depicts the macro-element displacement uh3 along the interface. Figure 5.68(a) shows

the transverse wave along the interface at t = 0.004(s). The profile of out-of-plane macro-element

displacement uh3 is similar in all cases except small differences in the amplitude of the deformations

between micromorphic continuum and classical continuum. It can be seen that at time t = 0.0085(s)

when the transverse wave passed the interface (Fig.5.68(b)) the profiles of out-of-plane displacement

for all the four cases are different. Figure 5.69 show a comparison between the macro-element

displacement uh2 obtained from the finite strain analysis (large load amplitude model) and that

of the small load amplitude analysis (small strain analysis). Similar to the previous examples

the displacement from the small load amplitude analysis has been scaled to compare with finite

strain analysis. The finite strain analysis predicts a larger macro-element displacement component

uh2 in comparison with the scaled small load amplitude model. It is to be noted that the finite

strain wave travels at lower speed than the small strain wave. Figures 5.70 and 5.71 show contour

plots of the macro-element displacement components uh2 and uh3 to visualize the longitudinal and

transverse waves for the micromorphic-classic plate model. In these figures, four different times

are selected to illustrate the longitudinal and transverse waves propagation in the plate. Figure

5.72 shows the macro-element velocity component u̇h2 along the interface of the plate at the times

t = 0.006(s) and t = 0.0085(s). As mentioned earlier, wave velocity in classical continuum is higher

than that of micromorphic continuum. Note that this is not a general conclusion, and it is mainly

related to the selected elastic material parameters for micromorphic continuum. In Fig.5.72(a),

the velocity profile for all the four plate models are similar, however, their velocity amplitudes

are different. Figure 5.72(b) shows that when the longitudinal wave passed the micromorphic

and classical continuum interface the profile of velocity changes noticeably when it travels from

micromorphic to classical continuum. Figure 5.73 illustrates the second Piola Kirchhoff stress

component Sh22 along the interface. Similar to what is observed in the macro-element velocity

u̇h2 plots (Fig.5.72), at the time t = 0.006(s) (Fig.5.73(a)), the profile of second Piola Kirchhoff

stress component Sh22 is similar for all four cases, however, differences in the stress amplitude are

noticeable. Figure 5.73 shows that the difference in the profile of the second Piola Kirchhoff stress
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S22 from the micromorphic-micromorphic and the micromorphic-classic with that of the classic-

classic and the classic-micromorphic becomes more evident. Figure 5.74 illustrates the micro-

displacement tensor component Φh
22 along the width of the plate. Similar to what is observed in

previous examples, when the longitudinal compression wave is traveling, the micro-elements all

through the plate start deforming (for the micromorphic-micromorphic case, Φh
22 in Fig.5.74(a) is

negative all through the plate) in micromorphic continuum. As the micro-elements are getting

compressed at the bottom of the plate, the micro-elements at top of the plate are under tension

(Φh
22 turning to positive values) (Fig.5.74(b)). Figures 5.74(c) and 5.74(d) plot Φh

22 when the wave

is getting reflected off the bottom surface. Figure 5.75 illustrates the couple stress component

Mh
222 along the width of the plate at the times t = 0.006(s), t = 0.0085(s), t = 0.0135(s), and

t = 0.0175(s). As explained in the previous examples, Mh
222 shows the spatial gradient along the

direction 2 of the micro-element stress multiplied by the spatial gradient of the relative position

vector. Therefore, when the micro-displacement component Φh
22 has a spatial gradient along the

width of the plate, the couple stress component Mh
222 will be non-zero along the width of the plate.

In all the couple stress component Mh
222 plots in Fig.5.75 there is a peak (either positive or negative)

in the Mh
222 profile along the width of the plate that indicates the peak of spatial gradient of the

micro-element stress. Note that the peak in the spatial gradient of micro-element stress can be use

as an indication of the location of the wave (no gradient in the micro-element stress of adjacent

micro-elements denotes there is no disturbance of wave at that location). Consequently, we have

non-zero micro-displacement tensor Φh at that location.
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Chapter 6

Conclusion, Current and Future Work

The research was devoted to presenting the micromorphic continuum theory (by Eringen) deriva-

tions for elasticity, elastoplasticity, and dynamics at finite strain, as well as physical motivation,

finite element analysis implementation, and interpretation of the micromorphic micro-structured

material modeling. The main focus of this research is on the discussion of the micro-structured

material modeling from the perspective of a micromorphic continuum for elasticity, elastoplastic-

ity, and dynamics at finite strain. A three dimensional finite element model has been developed

in Tahoe to be able to perform three dimensional micromorphic continuum simulations. To the

best of our knowledge, there are no micromorphic finite strain finite element analysis models es-

pecially in 3D or analytical solutions in the sense of Eringen in the literature to be comparable

with our model. Considering the inhomogeneity in terms of the deformable micro-elements in mi-

cromorphic continuum, the macroscopic mechanical response can be different in comparison with

the homogenized classical continuum models. The difference is dependent on factors including ma-

terial parameters (micro-element deformations), the size of micro-elements (the relative position

vector family Ξ(α)), type of loading (bending and large rotation), and micromorphic BCs. Each of

these factors has been investigated through the numerical simulations. The material parameters

of micromorphic continuum play the main role in terms of the micro-element stiffness and their

deformation under loading. The larger micro-element deformations result into a more noticeable

inhomogeneity in the macroscopic mechanical response. The size of micro-element corresponds to
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the size of the material’s micro-structure in the micromorphic continuum description. Therefore,

the results of a material with finer micro-structure is closer to the classical continuum results. Types

of loading also affects the macroscopic behavior of the micro-structured materials in comparison

with the classical continuum models. Note that in bending and large torsion, the difference in the

macroscopic behavior obtained from micromorphic continuum for the micro-structured material

with the homogenized classical continuum model is more pronounced in comparison with those of

the uniaxial strain column simulation (micromorphic and classical continua are close). It is ev-

ident that the boundary conditions on the micromorphic dofs is crucial in terms of defining the

micro-element deformations and resulting inhomogeneity added through the couple stress terms.

We should keep in mind that the resolution of material modeling through micromorphic continuum

is higher than that of classical continuum, but, not as much as that of direct numerical simu-

lations (DNS). Micromorphic continuum theory is established based upon continuum mechanics

assumptions. Therefore, the micromorphic continuum picture from the micro-structure is obtained

through involving micro-elements and integral averaging over the macro-elements of a continuum

body without touching the material micro-structures explicitly. For multi-scale materials modeling,

sometimes it is worthwhile working with a micromorphic continuum to pick up more information

from an underlying DNS region. However, this may not be the case for all multi-scale modeling

problems. The decision can be made through observing the effect of micro-structural deformations

obtained from the DNS region and, if the inhomogeneity is pronounced, a micromorphic continuum

will provide better resolution for multi-scale material modeling.

6.1 Future Work

The following future work from the view point of finite element analysis can be envisioned such

that:

1- Developing micromorphic explicit finite element analysis to overcome numerical instabili-

ties in micromorphic dynamics
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2- Developing micromorphic poromechanics to simulate fluid flow through the micromorphic

solid skeleton

From the view point of physical motivation and micromorphic continuum application:

1- Calculating micro-deformation tensor χ and micromorphic strain tensors to plot stress-

strain curves based on DNS and micromorphic filter.

2- Calibrating micromorphic constitutive parameters via the calculated micromorphic stress-

strain curves.

3- Simulating an integrated model with overlapping regions (DNS/micromorphic filter/micromorphic

continuum) and comparing the result with the model entirely simulated by DNS.

4- Applying micromorphic filter on elastoplastic DNS for better failure predictions through

micromorphic elastoplasticity.
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