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Figure 5.51. Micro-displacement tensor component <I>'313 through the length of the column.
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5.5.2 Beam Bending Dynamics at Finite Strain

The second example is for beam bending dynamics at finite strain in which a lateral load is
applied in the middle of the beam, and the two ends of the beam are fixed (Fig.5.57). The beam
bending model is made up of two blocks of materials to investigate the effect of transition from
micromorphic continuum/classical continuum to classical continuum/micromorphic continuum for
beam bending dynamics. The first block is located in the middle of the beam, and the second
block is made of two volumes located at the two sides of the beam (Fig.5.57). Note that each block
can be either micromorphic continuum or classical continuum. Therefore, there are four models to

investigate for beam bending dynamics.

Results plotted along
this edge { @’1’1 -0

‘I’gz =0
ol =0
Boundary Conditions ) &%, =0 Throughout the Beam
on two ends of beam ol =0 @qu,llqu)ggq,gz -0
h _
- F=5.94e10 (N) u}ll -0
- ub =0

i3 =0

_
Case A: BLI1: Micromorphic
BL2: Micromorphic Vs(macro-element volume)

Case B: BL1: Micromorphic
< BL2: Classic
Case C: BLI1: Classic

BL2: Micromorphic
L Case D: BLI: Classic
BL2: Classic

V(@ (micro-element volume)
h=0.5(m)
0.125
0.125 | (m)

=(a) _
< w=0.05(m) {00125

Figure 5.57. Schematic of finite element mesh and BC for beam bending dynamics.

The selected material parameters are similar to the previous example and are presented in Ta-
ble 5.14. The selected relative position vector for the micro-element in the positive part of the
macro-element is 2(®) = [0.125 0.125 0.0125] (m). Table 5.16 illustrates the BCs applied on the

micromorphic and classical continuum blocks of the beam models.
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Table 5.16. Selected boundary conditions for beam bending dynamics.

Micromorphic Continuum  Throughout the beam  On surface I' (both sides)
Dy, 0, (I”zl?,» q)§2 =0 @, P, (I’gzav (I)}fsa @gl =0

ult b ul =0
Classical Continuum On surface T' (both sides)

R h o h
uy, s, uz =0

Figure 5.58 depicts the macro-element displacement component along the length of the beam models
at times ¢ = 0.005(s),t = 0.025(s),t = 0.06(s),t = 0.12(s),t = 0.18(s), and t = 0.22(s). These
figures are presented to illustrate the effect of micromorphic and classical continuum interface
on the beam bending displacement. Note that the legends “Micromorphic-Micromorphic” and
“Classic-Classic” denote that both the first and second blocks are micromorphic and classical
continuum, respectively. The legends “Micromorphic-Classic” and “Classic-Micromorphic” denote
the first block is micromorphic continuum/classical continuum, and the second block is classical
continuum/micromorphic continuum. In the figures, a comparison is made between these four beam
models. Note that the dashed blue lines in the figures indicate the interfaces of micromorphic and
classical continuum. Figure 5.58(a) illustrates the beam macro-element displacement at the initial
stage of loading. It can be seen that the beam with micromorphic continuum block in the middle
deforms more than the beam with classical continuum blocks in the middle. Figures 5.58(b) and
5.58(c) show the bending wave in the beam when it is about to hit the interface of micromorphic
and classical continuum. From Fig.5.58(c), it can be seen that the interface does not have a
significant effect on the wave when it transfers from the micromorphic continuum block to the
classical continuum block and vice versa. Figures 5.58(d), 5.58(e), and 5.58(f) show that when the
wave is reflected from the two sides of the beam we can notice the effect of the interface on the
macro-element displacement profile along the length. The effect of the interface is more highlighted
as the wave travels back and forth through the beam. This is related to the differences of the
wave velocities in micromorphic and classical continua. Figure 5.59 demonstrates the deformed
configuration, the macro-element displacement component u’zl, and the micro-element displacement

component uéa)h of the micromorphic-micromorphic beam under bending.
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Figure 5.59. Contour plots of macro-element displacement u% and micro-element displacement u2 " for the
micromorphic-micromorphic beam models

The contour plots show that the difference between the micro-element displacement uga)h and
the macro-element displacement u’2Z is not significant, and as the displacements become larger
their difference becomes negligible. This indicates that the micro-element deformation through the
micro-displacement tensor ® is not significant which may be related to the selected elastic material
parameters for micromorphic continuum and, also, the size of the relative position vector. Figures
5.60(a) and 5.60(b) illustrate the macro-element displacement u? in the middle and at the interface
of micromorphic and classical continuum blocks over time. From the perspective of displacement
magnitude, it is noticed that the micromorphic-micromorphic beam is the most flexible one, and the
classic-classic beam model is the stiffest. Note that when the wave is passing the interface toward
the middle of the beam (interface macro-element displacement u# is decreasing in Fig.5.60(a)) the
deviation between the macro-element displacement uf of the four beam models become noticeable
(the second time wave is passing the interface).

Figures 5.61 depicts the second Piola Kirchhoff stress components S}y and S, along the length

of the beam for the times ¢ = 0.005(s) and ¢ = 0.025(s). These figures demonstrate two stress



164

- © = Micromorphic-Micromorphic - @ = Micromorphic-Micromorphic
gl =@ = Micromorphic-Classic

= @ = Classic-Micromorphic

- © = Classic-Classic

- © - Micromorphic-Classic
5F - e - Classic-Micromorphic
- & = Classic-Classic

u(m)

f . . . . . . . . .
0 0.05 0.1 0.15 0.2 0.25 0.3 0 0.05 0.1 0.15 0.2 0.25 0.3
Time(s) Time(s)

(a) History of macro-element displacement compo- (b) History of macro-element displacement compo-
nent u} at the interface of micromorphic and classi- nent u in the middle of the beam.
cal elasticity.

Figure 5.60. Macro-element displacement component u} at the micromorphic and classical elasticity interface
and in the middle of the beam over time.

waves SI and S, are traveling in two opposite directions toward the beam ends. For all the
four beam models the results of the second Piola Kirchhoff stress component S{‘l are overlapped
(axial wave); however, this is not the case for the second Piola Kirchhoff stress component S,
(transverse wave). Note that the profile of second Piola Kirchhoff stress component S%, at time
t = 0.025(s) has numerical oscillations. Similar to what is observed in Fig.5.48(b), these numerical
oscillations are related to the sharp profile of impulse load in which the developed implicit finite
element model with the employed time integration scheme is not able to remove them completely
from the stress results. The results can become improved by developing a micromorphic explicit
dynamic finite element analysis with smaller time steps and more accuracy which is beyond the
scope of this chapter. Figure 5.62 shows the micro-displacement component <I>’2‘2 along the length
of the beam for the times ¢ = 0.005(s), t = 0.025(s), and ¢t = 0.06(s). Figure 5.62(a) illustrates
<I>’212 at the initial stage of loading. The plot of micro-displacement component <I>’§2 shows that for
the micromorphic-micromorphic beam (blue circles) and the micromorphic-classic beam model (red
circles), the micro-elements throughout these two beam models are under extension in the direction

of loading. Also, the results of these two models are overlapped around the peak of <I>’212 plots in
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the middle of the beam. Note that for the classic-micromorphic beam model the bending wave has
not yet arrived at the micromorphic blocks (green circle) and the micro-displacement component
®h, profile is zero all throughout the beam. Figure 5.62(b) shows ®4, at the time when the wave
is about to hit the interface of micromorphic and classical continuum (Fig.5.58(b)). The plots
of <I>}212 show that at time ¢ = 0.025(s), the micro-element extensional wave spreads throughout
the micromorphic blocks (for both the micromorphic-micromorphic and the micromorphic-classic
models) of the beam models. We can see the two peaks in the plot of ®%, that shows the micro-
element extensional waves are traveling toward the two sides of the beam. From the micro-element
deformation perspective, the classic-micromorphic beam model behaves differently, and the micro-
elements in its micromorphic blocks show compression. This is related to the negative macro-
element displacement uf when the wave is about to hit the interface (Fig.5.58(b)). In Figure
5.62(c), the micro-element extensional wave is about to leave the middle part of the beam and,
therefore, the amplitude of <I>’212 is decreasing. Note that for the micromorphic-classic beam the
reduction in the amplitude of ®%, is more noticeable due to the transition from the micromorphic
continuum to the classical continuum blocks. For the classic-micromorphic beam, we can see that
@’212 is turning to positive value which is related to the positive macro-element displacement arrived
at the two sides of the beam. Figure 5.63 demonstrates the couple stress component M£‘22 along
the length of the beam for times ¢ = 0.005(s), t = 0.025(s), and ¢ = 0.06(s). As mentioned earlier,
negative or positive couple stress components do not necessarily imply that the structure is under
tension or compression. Therefore, if the couple stress component is negative, it can be concluded
that either the gradient of the relative position vector (which is related to ®) or the gradient to
the micro-element stress is negative. In Fig.5.62(a), the spatial gradient of the micro-displacement
component @’212 is positive for the first half of the beam, and it is negative for the other half of the
beam. There is a trough in the plot of ML, in Fig.5.63(a), which reflects the effect of the negative
spatial gradient of the micro-element stress in the Y direction. Figures 5.63(b) and 5.63(c) show
that for times ¢ = 0.025(s) and ¢ = 0.06(s) the profiles of couple stress component M2, for the

middle block of the micromorphic-micromorphic and micromorphic-classic models are overlapped,
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unlike the micro-displacement component ®3, in Figs.5.62(b) and 5.62(c). This can be related
to similar spatial gradient of the micro-element stresses of these two models that compensate for
their differences with regard to the spatial gradient of the micro-displacement tensor component
®h,. Figure 5.64 demonstrates the contour plot of the couple stress components MJy; and M,
along the length of the micromorphic-micromorphic beam. The contour plots of the couple stress
component M}, show that it has a smooth distribution along the length of the beam. This is
related to the smooth gradient of the micro-element stress along the X axis. However, the couple
stress component MQh22 represents the gradient of stress along the Y axis which is the thickness of
the beam. Therefore, in the region in which an abrupt change in deformation occurred, we can
expect the significant gradient of micro-element stress along the Y direction and this is the reason

for localized distribution of M%, along the thickness of the beam.
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5.5.3 Plate Dynamics Under In-plane Loading

In this section, numerical results on the dynamic analysis of a plate under in-plane loading
will be presented. Figure 5.65 illustrates the geometry, mesh schematic, and BCs of the plate. The
plate is made of two blocks in which either micromorphic or classical continuum can be associated
with these blocks. Therefore, similar to the beam bending example, there are four cases such
as “micromorphic-micromorphic”, “micromorphic-classic”, “classic-micromorphic”, and “classic-

classic” to study the dynamic behavior of the plate.

E(t)

1

Case A: BLI1: Micromorphic
BL2: Micromorphic
Case B: BL1: Micromorphic
Block 1 BL2: Classic
Surface B—
Case C: BLI: Classic
H=15(m) BL2: Micromorphic
Case D: BL1: Classic
BL2: Classic
Block 2
— ac F(t
v Surface B (t)
‘ FU
i L=30(m)
Surface A Results are ploted along these lines
X
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? ’ ’ ’ P model
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Figure 5.65. Configuration of plate under in-plane loading

The selected material parameters for the plate is similar to those of the previous examples and is
presented in Table 5.14. The BCs on the micromorphic dofs ®" and the macro-element displacement

u” (displacement in classical continuum) are illustrated in Table 5.17.



Table 5.17. selected boundary conditions for plate under in-plane loading
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Figure 5.66. macro-element displacement u? along width of plate.
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Figure 5.67. macro-element displacement u} along interface of micromorphic and classical continuum blocks.
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Figure 5.66 illustrates the macro-element displacement u} along the width (vertical direction) of the
plate. These plots represent the displacement profile along the direction of the longitudinal wave
in the plate. These figures show that the difference in the macro-element displacement ug of the
four plate models is noticeable. Figure 5.66(a) shows that the micromorphic plate is slightly more
flexible than the classical continuum plate. Note that at times ¢ = 0.004(s) and ¢t = 0.0085(s) the
longitudinal wave is in the first block of the plate and, therefore, the obtained macro-element dis-
placement component ug of the micromorphic-classic and the classic-micromorphic are overlapped
with the micromorphic-micromorphic and the classic-classic plates, respectively. Figure 5.66(b)
demonstrates the status of the macro-element displacement u’zl when the longitudinal wave passed

the interface. As mentioned earlier, a small difference in the obtained displacement is noticeable.
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(a) macro-element displacement component ull at (b) macro-element displacement component ul at
t = 0.004(s). t = 0.0085(s).

Figure 5.68. macro-element displacement u# along interface of plate.

It is worth mentioning that in general the profiles of the macro-element displacements u of
the four models are the same. The differences in the longitudinal wave velocities of these models
make the displacement profiles of these four models deviate from each other. Figures 5.66(c) and
5.66(d) show the macro-element displacement u} when the wave is reflected from the bottom sur-
face. The differences between the profiles of the macro-element displacement u} of the four models
become more evident. Figure 5.67 illustrates profile of longitudinal wave along the interface of the

micromorphic and the classical continuum blocks horizontal bold line in Fig.5.65 through plotting
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Figure 5.69. Comparison of finite strain and small strain analyses on plate macro-element displacement
component u}g

the macro-element displacement component ug Figure 5.67(a) depicts the longitudinal wave just
arrived at the interface. Therefore, the displacement profiles of the micromorphic-classic and the
classic-micromorphic plates are similar to those of the micromorphic-micromorphic and the classic-
classic plates. This figure shows that the amplitude of displacement in micromorphic continuum is
smaller than that of classical continuum; however, it has been observed that (Fig.5.66(a)) for the
selected elastic material parameters, deformation in micromorphic continuum for a certain amount
of load is larger than that of classical continuum. This is related to the lower micromorphic wave
speed and, therefore, the longitudinal wave in micromorphic continuum is behind classical contin-
uum and its displacement amplitude is smaller. Figure 5.67(b) illustrates the longitudinal wave
when it arrives at the second block toward the bottom end of the plate. Figure 5.67(c) demonstrates
the longitudinal wave when it is reflected off the bottom end of the plate. It can be seen that the
macro-element displacement component u} profile is similar for all four models in contrast with that
of Fig.5.67(d). Figure 5.67(d) depicts the profile of the macro-element displacement u% when the
longitudinal wave passes the interface for the second time. It is noticeable that the macro-element

displacement u} starts deviating from each other for all four cases.
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Figure 5.70. Contour plot of macro-element displacement component u% to visualize the longitudinal wave.
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Figure 5.71. Contour plot of macro-element displacement component ué” to visualize the transverse wave.
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Figure 5.68 depicts the macro-element displacement ug along the interface. Figure 5.68(a) shows
the transverse wave along the interface at ¢ = 0.004(s). The profile of out-of-plane macro-element
displacement u’?} is similar in all cases except small differences in the amplitude of the deformations
between micromorphic continuum and classical continuum. It can be seen that at time ¢t = 0.0085(s)
when the transverse wave passed the interface (Fig.5.68(b)) the profiles of out-of-plane displacement
for all the four cases are different. Figure 5.69 show a comparison between the macro-element
displacement ug obtained from the finite strain analysis (large load amplitude model) and that
of the small load amplitude analysis (small strain analysis). Similar to the previous examples
the displacement from the small load amplitude analysis has been scaled to compare with finite
strain analysis. The finite strain analysis predicts a larger macro-element displacement component
ug in comparison with the scaled small load amplitude model. It is to be noted that the finite
strain wave travels at lower speed than the small strain wave. Figures 5.70 and 5.71 show contour
plots of the macro-element displacement components u’2‘ and ué‘ to visualize the longitudinal and
transverse waves for the micromorphic-classic plate model. In these figures, four different times
are selected to illustrate the longitudinal and transverse waves propagation in the plate. Figure
5.72 shows the macro-element velocity component u’g along the interface of the plate at the times
t =0.006(s) and ¢ = 0.0085(s). As mentioned earlier, wave velocity in classical continuum is higher
than that of micromorphic continuum. Note that this is not a general conclusion, and it is mainly
related to the selected elastic material parameters for micromorphic continuum. In Fig.5.72(a),
the velocity profile for all the four plate models are similar, however, their velocity amplitudes
are different. Figure 5.72(b) shows that when the longitudinal wave passed the micromorphic
and classical continuum interface the profile of velocity changes noticeably when it travels from
micromorphic to classical continuum. Figure 5.73 illustrates the second Piola Kirchhoff stress
component S%, along the interface. Similar to what is observed in the macro-element velocity
u% plots (Fig.5.72), at the time t = 0.006(s) (Fig.5.73(a)), the profile of second Piola Kirchhoff
stress component SSQ is similar for all four cases, however, differences in the stress amplitude are

noticeable. Figure 5.73 shows that the difference in the profile of the second Piola Kirchhoff stress
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S99 from the micromorphic-micromorphic and the micromorphic-classic with that of the classic-
classic and the classic-micromorphic becomes more evident. Figure 5.74 illustrates the micro-
displacement tensor component @32 along the width of the plate. Similar to what is observed in
previous examples, when the longitudinal compression wave is traveling, the micro-elements all
through the plate start deforming (for the micromorphic-micromorphic case, <I>}2‘2 in Fig.5.74(a) is
negative all through the plate) in micromorphic continuum. As the micro-elements are getting
compressed at the bottom of the plate, the micro-elements at top of the plate are under tension
(®h, turning to positive values) (Fig.5.74(b)). Figures 5.74(c) and 5.74(d) plot ®%, when the wave
is getting reflected off the bottom surface. Figure 5.75 illustrates the couple stress component
M3y, along the width of the plate at the times ¢ = 0.006(s), t = 0.0085(s), t = 0.0135(s), and
t = 0.0175(s). As explained in the previous examples, Mzh22 shows the spatial gradient along the
direction 2 of the micro-element stress multiplied by the spatial gradient of the relative position
vector. Therefore, when the micro-displacement component @’52 has a spatial gradient along the
width of the plate, the couple stress component M§22 will be non-zero along the width of the plate.
In all the couple stress component M£l22 plots in Fig.5.75 there is a peak (either positive or negative)
in the ]\/[2h22 profile along the width of the plate that indicates the peak of spatial gradient of the
micro-element stress. Note that the peak in the spatial gradient of micro-element stress can be use
as an indication of the location of the wave (no gradient in the micro-element stress of adjacent
micro-elements denotes there is no disturbance of wave at that location). Consequently, we have

non-zero micro-displacement tensor ®” at that location.
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Chapter 6

Conclusion, Current and Future Work

The research was devoted to presenting the micromorphic continuum theory (by Eringen) deriva-
tions for elasticity, elastoplasticity, and dynamics at finite strain, as well as physical motivation,
finite element analysis implementation, and interpretation of the micromorphic micro-structured
material modeling. The main focus of this research is on the discussion of the micro-structured
material modeling from the perspective of a micromorphic continuum for elasticity, elastoplastic-
ity, and dynamics at finite strain. A three dimensional finite element model has been developed
in Tahoe to be able to perform three dimensional micromorphic continuum simulations. To the
best of our knowledge, there are no micromorphic finite strain finite element analysis models es-
pecially in 3D or analytical solutions in the sense of Eringen in the literature to be comparable
with our model. Considering the inhomogeneity in terms of the deformable micro-elements in mi-
cromorphic continuum, the macroscopic mechanical response can be different in comparison with
the homogenized classical continuum models. The difference is dependent on factors including ma-
terial parameters (micro-element deformations), the size of micro-elements (the relative position
vector family (@), type of loading (bending and large rotation), and micromorphic BCs. Each of
these factors has been investigated through the numerical simulations. The material parameters
of micromorphic continuum play the main role in terms of the micro-element stiffness and their
deformation under loading. The larger micro-element deformations result into a more noticeable

inhomogeneity in the macroscopic mechanical response. The size of micro-element corresponds to
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the size of the material’s micro-structure in the micromorphic continuum description. Therefore,
the results of a material with finer micro-structure is closer to the classical continuum results. Types
of loading also affects the macroscopic behavior of the micro-structured materials in comparison
with the classical continuum models. Note that in bending and large torsion, the difference in the
macroscopic behavior obtained from micromorphic continuum for the micro-structured material
with the homogenized classical continuum model is more pronounced in comparison with those of
the uniaxial strain column simulation (micromorphic and classical continua are close). It is ev-
ident that the boundary conditions on the micromorphic dofs is crucial in terms of defining the
micro-element deformations and resulting inhomogeneity added through the couple stress terms.
We should keep in mind that the resolution of material modeling through micromorphic continuum
is higher than that of classical continuum, but, not as much as that of direct numerical simu-
lations (DNS). Micromorphic continuum theory is established based upon continuum mechanics
assumptions. Therefore, the micromorphic continuum picture from the micro-structure is obtained
through involving micro-elements and integral averaging over the macro-elements of a continuum
body without touching the material micro-structures explicitly. For multi-scale materials modeling,
sometimes it is worthwhile working with a micromorphic continuum to pick up more information
from an underlying DNS region. However, this may not be the case for all multi-scale modeling
problems. The decision can be made through observing the effect of micro-structural deformations
obtained from the DNS region and, if the inhomogeneity is pronounced, a micromorphic continuum

will provide better resolution for multi-scale material modeling.

6.1 Future Work

The following future work from the view point of finite element analysis can be envisioned such
that:
1- Developing micromorphic explicit finite element analysis to overcome numerical instabili-

ties in micromorphic dynamics
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2- Developing micromorphic poromechanics to simulate fluid flow through the micromorphic
solid skeleton
From the view point of physical motivation and micromorphic continuum application:
1- Calculating micro-deformation tensor x and micromorphic strain tensors to plot stress-
strain curves based on DNS and micromorphic filter.
2- Calibrating micromorphic constitutive parameters via the calculated micromorphic stress-
strain curves.
3- Simulating an integrated model with overlapping regions (DNS/micromorphic filter /micromorphic
continuum) and comparing the result with the model entirely simulated by DNS.
4- Applying micromorphic filter on elastoplastic DNS for better failure predictions through

micromorphic elastoplasticity.

6.2 Acknowledgements

Funding for this research was provided by ONR MURI grant N00014-11-1-0691. This funding

is gratefully acknowledged.



Bibliography

S. Bauer, S. Schafer, P. Grammenoudis, and Ch. Tsakmakis. Three-dimensional finite elements
for large deformation micropolar elasticity. Computer Methods in Applied Mechanics and
Engineering, 199:2643-2654, 2010.

K. C. Bennet, R. A. Regueiro, and R. I. Borja. Finite strain elastoplasticity considering the eshelby
stress for materials undergoing plastic volume change. International Journal of Plasticity, 77:
214-245, 2016.

A. Berezovski, 1. Giorgio, and D. Corte. Interfaces in micromorphic materials: wave transmission
and reflection with numerical simulations. Mathematics and Mechanics of Solids, 21(1):37-51,
2015.

J. E. Bishop and H. Lim. Continuum approximations. In preparation, 2016.

R. I. Borja and R. A. Regueiro. Strain localization in frictional materials exhibiting displacement
jumps. Computer methods in applied mechanics and engineering, 190:2555-2580, 2001.

K. C. Chen and J. Y. Lan. Micromorphic modeling of granular dynamics. International Journal of
Solids and Structures, 46:1554—-1563, 2009.

B. D. Coleman and M. E. Gurtin. Thermodynamics with internal state variables. The Journal of
Chemical Physics, 47:67-115, 1967.

B. D. Coleman and W. Noll. The thermodynamics of elastic materials with heat conduction and
viscosity. Archive for Rational Mechanics and Analysis, 13:167-178, 1963.

E. Cosserat and F. Cosserat. Theorie des corps deformables. Hermann, 1909.

R. De Borst, L. J. Sluys, H. B. Muhlhaus, and J. Pamin. Fundamental issues on finite element
analyses of localization of deformation. Engineering computation, 10:99-121, 1993.

R. Dingreville, J. Robbins, and T. Voth. Multiresolution modeling of the dynamic loading of metal
matrix composites . The Journal of The Minerals, Metals and Materials Society, 65(2):203-214,
2013.

E. Kroner, ed. Mechanics of Generalized Continua. Springer-Verlag, 1968.

A. C. Eringen. Compatibility conditions of the theory of micromorphic elastic solids. National
Aeronautics and Space Administration, CR-1236:1-16, 1968.




185

A. C. Eringen. Theory of micropolar elasticity. in liebowitz, h. Fracture, An advance Treatise, 2:
622-729, 1968a.

A. C. Eringen. Microcontinuum field theories i: foundations and solids. Springer-Verlag, 1999.

A. C. Eringen and E. S. Suhubi. Nonlinear theory of simple micro-elastic solids-1. International
Journal of Engineering Science, 2(2):189-203, 1964.

A.C. Eringen. Nonlinear Theory of Continuous Media. McGraw-Hill, 1 edition, 1962.

N. A. Fleck, G. M. Muller, M. F. Ashby, and J. W. Hutchinson. Strain gradient plasticity: theory
and experiment. Acta Metallurgica et Materialia, 42:475-487, 1994.

S. Forest. Micromorphic approach for gradient elasticity, viscoplasticity, and damage. Journal of
Engineering Mechanics, 135(3):117-131, 2009.

S. Forest and R. Sievert. Elastoviscoplastic constitutive frameworks for generalized continua. Acta
Mechanica, 160(1-2):71-111, 2003.

S. Forest and R. Sievert. Nonlinear microstrain theories. International Journal of Solid and
Structures, 43(24):7224-7245, 2006.

P. Germain. The method of virtual power in continuum mechanics. part 2: Microstructure. SIAM
Journal on Applied Mathematics, 25(3):556-575, 1973.

E. Gheibi and S. L. Gassman. Application of gmpes to estimate the minimum magnitude and peak
ground acceleration of prehistoric earthquakes at hollywood, sc. Engineering Geology, 214:60-66,
2016.

P. Grammenoudis, Ch. Tsakmakis, and D. Hofer. Micromorphic continuum. part ii finite deforma-
tion plasticity coupled with damage. International Journal of Non-Linear Mechanics, 44:957-974,
2009.

T.J.R. Hughes. The finite element method. Prentice-Hall: New Jersey, 1987.

Mahmoud I Hussein and Romik Khajehtourian. Nonlinear elastic waves in solids: Deriving sim-
plicity from complexity. Bulletin of the American Physical Society, 60, 2015.

MI Hussein, R Khajehtourian, and MH Abedinnasab. Finite-strain bloch wave propagation by the
transfer matrix method. arXiv preprint arXiv:1412.2131, 2014.

V. Isbuga. Finite strain micromorphic finite element analysis of elastoplastic geomaterials. PhD
thesis, University of Colorado at Boulder, 2012.

V. Isbuga and R. A. Regueiro. Three-dimensional finite element analysis of finite deformation
micromorphic linear isotropic elasticity. International Journal of Engineering Science, 49:1326—
1336, 2011.

M. M. Khabiri, A. Khishdari, and E. Gheibi. Effect of tyre powder penetration on stress and
stability of the road embankments. Road Materials and Pavement Design, 18:1-14, 2016.

R Khajehtourian and MI Hussein. Dispersion characteristics of a nonlinear elastic metamaterial.
ATP Advances, 4(12):124308, 2014.



186

J. D. Lee and Y. Chen. Constitutive relations of micromorphic thermo-plasticity. International
Journal of Engineering Science, 41(3-5):387-399, 2003.

Shaofan Li and Qi Tong. A concurrent multiscale micromorhic molecular dynamics. Journal of
Applied Physics, 117:154303—(1-14), 2015.

A. Madeo, P. Neff, I. D. Ghiba, L. Placidi, and G. Rosi. Wave propagation in relaxed micromor-
phic continua: modeling metamaterials with frequency band-gaps. Continuum Mechanics and
Thermodynamics, 27:551-570, 2015.

G. A. Maugin. Mechanics of generalized continua, one hundered years after Cosserats. Springer,
2010.

R. Mindlin. Micro-structure in linear elasticity. Archs ration. Mech Analysis, 16:51-78, 1964.

B. Moran, M. Ortiz, and C. F. Shih. Formulation of implicit finite element methods for multiplica-
tive finite deformation plasticity. International Journal of Numerical Methods and Engineering,
54:5135-5145, 1990.

P. Neff, I. D. Ghiba, A. Madeo, L. Placidi, and G. Rosi. A unifying perspective: the relaxed linear
micromorphic continuum. Continuum Mechanics and Thermodynamics, 26(5):639-681, 2014.

S. Ramezani, R. Naghdabadi, and S. Sohrabpour. Analysis of micropolar elastic beam. European
Journal of Mechanics A /Solids, 28:202-208, 2009.

I. Rapti, A. Modaressi-Farahmand-Razavi, A. Foucault, F. Lopez-Caballero, and F. Voldoire.
Coupled s-p wave propagation in nonlinear regularized micromorphic media. Computers and
Geotechnics, 77:106-114, 2016.

R. A. Regueiro. Finite strain micromorphic pressure-sensitive plasticity. Journal of Engineering
Mechanics, 135(3):178-191, 2009.

R. A. Regueiro. On finite strain micromorphic elastoplasticity. International Journal of Solid and
Structure, 47(6):786-800, 2010.

R. A. Regueiro and V. Isbuga. Length scale effects in finite strain micromorphic linear isotropic
elasticity: finite element analysis of three-dimensional cubical microindentation. Proceedings of
the institution of Mechanical Engineers, Part N: Journal of Nanoengineering and Nanosystems,
2011.

R.A. Regueiro. Nonlinear micromorphic continuum mechanics and finite strain elastoplasticity.
ARL-CR-~0659, Army Research Laboratory, 2011.

R.A. Regueiro and Z. Duan. Static and dynamic micropolar linear elastic beam finite element
formulation, implementation, and analysis. ASCE J. Eng. Mech., 141(8):1-18, 2015.

R.A. Regueiro, B. Zhang, and F. Shahabi. Micromorphic continuum stress measures calculated
from three-dimensional ellipsoidal discrete element simulations on granular media. In K. Soga,
editor, IS-Cambridge 2014, pages 1-6, 2014.

C. Sansour. Unified concept of elastic-viscoplastic cosserat and micromorphic continua. Journal
De Physique. IV, 8(8):341-348, 1998.




187

C. Sansour, S. Skatulla, and H. Zbib. A formulation for the micromorphic continuum at finite
inelastic strain. International Journal of Solid and Structures, 47:1546-1554, 2010.

I. Sasanakul, S. Gassman, W. Pierce, C. Ovalle, R. Starcher, E. Gheibi, and M. Rahman. Dam
failures from 1000-year rainfall event in south carolina. Geo-Frontier, 227:114-124, 2017.

A. C. Smith. Inequalities between the constants of a linear micro-elastic solid. International Journal
of Engineering Science, 6(2):65-74, 1968.

J. S. Stolken and A. G. Evans. A microbend test method for measuring the plasticity length scale.
Acta Materialia, 46:5109-5115, 1998.

E. S. Suhubi and A. C. Eringen. Nonlinear theory of micro-elastic solids-ii. International Journal
of Engineering Science, 2:389-404, 1964.

S. Timoshenko and J. N. Goodier. Theory of elasticity. McGraw-Hill, 1969.

P. A. Vermeer and R. de Borst. Non-associated plasticity for soils, concrete, and rock. Heron,
29(3):3-64, 1984.

F. Vernerey, W. Liu, and B. Moran. Multi-scale micromorphic theory for hierarchical materials .
Journal of the Mechanics and Physics of Solids, 55(12):2603-2651, 2007.

S. Wu and X. Wang. Mesh dependence and nonlocal regularization of one-dimensional strain
softening plasticity. Journal of engineering mechanics, 136(11):1354-1365, 2010.

Z. H. Zhang, Y. Zhuang, Z.and Gao, Z. L. Liu, and X. M. Nie. Cyclic plastic behavior analysis
based on the micromorphic mixed hardening plasticity model. Computational Materials Science,
50:1136-1144, 2011a.

Z. L. Zhang, Z. H.and Liu, Y. Liu, X. M.and Gao, and Z. Zhuang. Wedge indentation of a thin
film on a substrate based on micromorphic plasticity. Acta Mechanica, 221:133-145, 2011b.




