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SUMMARY

An extended neoclassical rotation theory (poloidal and toroidal) is developed
from the fluid moment equations, using the Braginskii decomposition of the viscosity
tensor extended to generalized curvilinear geometry and a neoclassical calculation of the
parallel viscosity coefficient interpolated over collision regimes. Important poloidal
dependences of density and velocity are calculated using the Miller equilibrium flux
surface geometry representation, which takes into account elongation, triangularity, flux
surface compression/expansion and the Shafranov shift. The resulting set of eight (for a
two-ion-species plasma model) coupled nonlinear equations for the flux surface averaged
poloidal and toroidal rotation velocities and for the up-down and in-out density
asymmetries for both ion species are solved numerically. The numerical solution
methodology, a combination of nonlinear Successive Over-Relaxation(SOR) and
Simulated Annealing(SA), is also discussed. Comparison of prediction with measured
carbon poloidal and toroidal rotation velocities in a co-injected and a counter-injected H-
mode discharges in DIII-D [J. Luxon, Nucl. Fusion 42, 614 (2002)] indicates agreement

to within <10% except in the very edge ( 0 > .90) in the co-injected discharge.

viil



CHAPTER 1

INTRODUCTION

Rotation of tokamak plasmas is known to be important for the stabilization of
Magnetohydrodynamics (MHD) instabilities and for achieving good confinement in
tokamaks, as well as providing insight about transport. Earlier studies indicated that
toroidal rotation affects neoclassical particle transport to suppress the MHD instabilities
[1-4] and is postulated to play a role in the shear suppression of microinstabilities that
enhance transport [S]. Because of the importance of characterizing and understanding
toroidal rotation and the related angular momentum transport in neutral beam driven
tokamaks, there has been a longstanding effort both experimentally [6-11] and
theoretically [12-28] to understand and predict toroidal rotation, but this task has been
challenging. Poloidal rotation is also of interest because of its role in the shear
suppression of turbulent energy transport [29].

In understanding toroidal rotation and the angular torque mechanisms,
representation of the viscosity stress is very important. From the earlier classical studies
in cylindrical geometry [9, 14, 15], the familiar perpendicular viscosity was calculated to
be too small to account for the observed momentum damping. Taking neoclassical
effects into account [14, 15, 18, 19] did not change this result, leading to the belief that
the momentum transport in tokamak plasmas must be due to an "anomalous" effect. For
clarification, in this research "neoclassical" refers to the classical transport plus the
transport due to toroidal geometry (i.e., Pfirsch-Schluter (PS) transport) and trapped
particle effects.

What generally has not been accounted for in these early neoclassical studies [14,
15, 18, 19] is the GYROVISCOUS contribution to the radial angular momentum

transport, which is larger than the PERPENDICULAR viscosity component by several



orders of magnitude when significant up-down asymmetries are present [12, 13]. This
gyroviscous contribution vanishes in classical cylindrical geometry and appears only at a
higher gyroradius order in neoclassical theories. Even more advanced neoclassical
theories [18, 19, 25] which do not treat poloidal dependencies (geometric expansion and
compression) of density and velocity in the formalism failed to properly calculate the
gyroviscous transport contribution, but recovered only the much smaller perpendicular
viscosity. However, there exist several theoretical studies [12, 13, 16, 17, 20-24, 26-28]
that have provided a firm theoretical basis for the importance of gyroviscosity relative to
perpendicular viscosity.

Motivated by the indicated importance of neoclassical gyroviscosity, studies with
a simple circular flux surface geometry (the "circular model") [29-33] were previously
carried out to calculate toroidal velocity and the related gyroviscous momentum transport,
taking into account density and velocity asymmetries in the formalism. These studies
established that gyroviscosity predicts the right order of magnitude of the toroidal
velocity, thus demonstrating the greater importance of the gyroviscous contribution
relative to the much smaller perpendicular transport. The calculated carbon toroidal
velocities, however, were about a factor of two larger (e.g. Ref. [30]) than the
experimental measurement, indicating either that the approximations in the representation
of important poloidal asymmetries made in the “circular gyroviscous model” were too
crude or that other equally significant momentum transport mechanisms must be present,
or both.

One gross approximation in the circular model studies [29-33] is believed to be
the representation of the actual D-shaped equilibrium flux surfaces with a circular
geometry, which limits the accuracy in the calculation of poloidal dependences of density
and velocity. In these previous studies, it was shown that the angular momentum
transport rates are strong functions of these poloidal asymmetries. Thus, without a more

accurate representation of the poloidal dependences along the flux surfaces, it was not



possible to determine how well the extended neoclassical rotation theory could predict
rotation. This observation has motivated the development of a new extended neoclassical
plasma rotation theory based on the more accurate flux surface geometry given by the
Miller equilibrium flux surface geometry (the "Miller model" hereafter) [34] that became
available in 1998 [35, 36].

Therefore, the main objectives of this research are i) to present the theoretical
development of a new extended neoclassical rotation and transport theory based on the
Miller model representation of poloidal asymmetries, and ii) to compare the calculated
poloidal and toroidal rotation velocities with measurements made in two recent DIII-D
discharges [37] to verify the new theory. The implication of the results to the general
question of the adequacy of neoclassical rotation calculations in accounting for rotation in
tokamaks is discussed. To fulfill the second objective, an effective and robust nonlinear
algorithm was designed to solve the resultant coupled system of nonlinear equations. The
challenges in the numerical analysis of the extended neoclassical rotation theory based on
the Miller model and the chosen numerical methods are also discussed in detail in

Chapter 5.



CHAPTER 2

PLASMA FLUID EQUATIONS

2.1 Plasma Fluid Equations in Curvilinear Geometry

The motions of charged particles in plasmas are governed by the continuity,

momentum balance, and energy balance equations shown below with * j” being species
(ions or electrons).
. o = .
Continuity equation: §+V (n,V;)=S§, (D)
Momentum balance equation:
0 = —— — e ppey
mjg(njv,-)wjmjv-(vj V.)+VP+V-I;=ne (E+V;xB)+F; +5, )

Energy balance equation:
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where TrM ; is the scalar trace of the momentum stress tensor
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J
F; is the friction, and Z]/, =-n,x,VT, is the heat conduction relation. The first and

second term in the momentum balance equation, Eq. (2), can be expanded as

2, = — on, oV
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which when replacing the first term in Eq. (5) its second term cancels out the second term
in Eq. (6), thus yielding the basic form of the momentum balance equation used in this

research.

—

vV — — —
njmja—/+njmj (VJ-V)VJ- +VP +V- -1,

t ®)

=n,e,(E+V,;xB)+ F,+S, - mV;S
The viscosity tensor(ﬁ ;) can be represented in (at least) two different ways by

different ordering arguments. The short mean free path (i.e., highly collisional or Pfirsch-
Schluter) description of viscosity, originally formulated by Braginskii [13], assumes a

“strong rotation” ordering in which ion mean flow is on the order of ion thermal speed,

|Vl|<<‘V”‘ ~V, where V, is the ion thermal velocity. Mikhailovskii and Tsypin [16]

realized that this ordering is not one of the most interest in many practical situations, as in

the plasma edge region or in discharges with slow rotation, and assumed ion mean flow

to be on the order of the diamagnetic drift velocity, thus ‘VH‘ <V, in this “weak rotation”

ordering. In reducing the plasma fluid equations to derive a neoclassical plasma rotation
theory, either Braginskii’s or Mikhailovskii’s viscosity formalism may be employed if the
corresponding ordering conditions are satisfied. For this research, we limit the scope of
the research to Braginskii’s ordering since it is valid for strongly rotating tokamak
plasmas heated with directed neutral beam injection, except in the edge region. Using
this ordering will enable us to check the validity of the new extended neoclassical
rotation theory against measurements with significant rotation, presumably involving less
experimental uncertainty. The extension of the present theory to Mikhailovskii's ordering
is a useful topic for future research.

Applying Braginskii viscosity formalism to axisymmetric (d/d¢ =0) toroidal flux
surface geometry [17], which is eventually the "Pfirsch-Schluter" extension of classical

gyroviscosity, the steady-state plasma fluid equations are reduced to Egs. (9)-(12). Note



that the momentum balance equation is composed of three scalar components (r,8,¢ )

and that the energy balance equation is not needed in this study with Braginskii's ordering
(but would be included in future weak rotation studies).

Continuity equation:

V. (1 0h V, [ 1 0h
LT A R R R R/ R k)
hoor' /v jivej (9)

ho \h, or h, o | h, 08 hy \h, 36 h 06

= nﬂ’ (n”j <O-V>i0nj ) = nevi(’”j
Radial momentum balance equation:
_ — 1 9p, —
n,m; |:(Vj’V)Vj:|r +h_ra_rj+(v.ﬂj)r (10)
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A

Poloidal momentum balance equation:

. _ ap.
n,m; |:(Vj °V)ij|€ +é apel

AV, an
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Toroidal momentum balance equation:

n;m; [(VJ*V)?J} +(V'ﬁj )¢ =ne; (E2 +Ver€)+F¢'j +(S;j _mjV¢ij0) (12)

¢

where /1., h, and &, are differential metric coefficients (or scale factors) for a given flux
surface geometry, which relate differential coordinates and their length elements by
dl.=hdr, dl,=h,d6, and dl,=h,dg. E;j is the toroidal component of the inductive
electric field E" = —82/ ot . Details of representing the plasma fluid equations in general
curvilinear geometry has been worked out earlier [36]. All coordinate components of the

inertial term, [(V-V)V] , and the viscous term, (Vﬁ) , can be found in Appendix A.

To acquire relations required to solve for rotation velocities and poloidal

asymmetries, further approximations are made to Egs. (9)-(12) by introducing the strong



rotation ordering to eliminate negligible terms. We start by neglecting radial velocities

because V, <V, <V, holds in tokamak plasmas. The continuity equation then becomes

r

v, (1 0n
ii(n.v,)+ii(m1€.)+"-’ s L% 1 0N =ny, (13)
hoor> " h,00 ) b, h, 00 h 06 g

Assuming that all other terms except the pressure gradient and electromagnetic force

terms are negligible, the radial momentum balance equation reduces to

1 9P, 1 9
h_a_rj:”jej(Er +VaiB¢_V¢jBe):”jej (—h—¥+VHjB¢ _Vaije] (14)

where @ is the electrostatic potential. In the poloidal momentum balance equation, Eq.

(11), the inertial and viscous terms from Appendix A reduce to

= V,.oV,. V.V .oh
VeV | =T Jeite e (15)
() ]e hy, 00 hyh, 36
10 1 0
VoIl) =——(Rh,I1 ——\h hIl
( ).9 Har( 0 r9)+Hae( e 99) (16)
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+ —_ N —
hoh. 00 " hh or ” Rh,08 ¥

v

where H = hrhgh¢. In the toroidal momentum balance equation, Eq. (12), the inertial and

viscous terms in Appendix A are reduce to

[(vv)7] = Vi WVos YoV O | Ves Vi, VoV, Oy | (17)
o \h or  hh or | (h, 06  hh, 96

(VeIT), :{ﬁ%(zehgnw)+R+lraa—fnr¢}+{lz—:%[gj]+RL%3—1;H%}- (13)
These reduced forms of the continuity and momentum balance equations constitute the
basic set of relations required to develop any plasma rotation theory in strongly rotating
plasmas. In this study, an extended neoclassical rotation theory based on the Miller
geometry is developed for a two-species “deuterium-carbon” plasma for simplicity but

can also be extended to multiple ion species by summing over all ion species to calculate

the friction term and the electron density from charge neutrality.



2.2 Extended Stacey-Sigmar Poloidal Rotation Model

Quite different plasma poloidal rotation theories can be developed from the same
basic set of equations in the previous section, based on which terms are retained in the
momentum balance equations and how the viscosity and poloidal dependences of density
and velocity are represented in Egs. (9)-(12). One of the biggest differences among
existing theories is the number of terms retained in the poloidal momentum balance, Eq.
(11). Such differences in poloidal rotation calculation models ultimately affect the
toroidal velocity calculations. One of the early poloidal rotation models is based on the
Hirshman-Sigmar poloidal rotation theory (the H-S model) [38], which neglects all terms
except the viscosity and friction terms, which are treated with a sophisticated friction and
viscosity representation. This model is used in the NCLASS code [39]. The model by
Kim, Diamond, and Groebner (the KDG model) [40], is a trace-impurity approximation
to the H-S model. The Shaing-Sigmar-Stacey (the S-S-S model) [1] retain more terms in
the poloidal momentum balance equation and calculates poloidal density asymmetries to
represent poloidal dependences. The most recent form of neoclassical poloidal rotation
theory evolved from the S-S-S model is the Stacey-Sigmar poloidal rotation model (the
"S-S model" hereafter) [20, 30, 41], which uses the generalized curvilinear form of

Braginskii flow rate-of-strain tensor (see Appendix A) [36, 42] and retains all terms to

obtain
o [(79)7, ] (500 42 (T2
J 9 hg 89 A/ J (19)
+ne,(V.B,—E,)+nmy, V, +nmy, V, =0

which is basically Eq. (11) rewritten with the source and friction terms replaced with

actual calculation models. The third term in Eq. (19) is the pressure gradient. The fourth
term(M 0 j) represents any external poloidal momentum input or torque and comes from

representing the momentum source term as the momentum input minus momentum



damping due to charge exchange and elastic scattering of rotating ions with non-rotating

neutrals, as in

O — —

Sj =Mj—njm.l/ Vi. (20)

Jjelexj

The fifth term is the interspecies collisional friction and a simple Lorentz form,

—1 — —
F; :—njijij (V j —Vk), is used in this study. The sixth term is a combination of
k

V x B force and electric field force, the seventh term comes from the right-hand side of
Eq. (13), and the last term comes from the 2nd term in Eq. (20). This S-S model also
replaces the parallel viscosity coefficient in the H-S model with the Shaing banana-

plateau-PS viscosity interpolation formula

_3
nmV, . Rgévf' :
S VR (V) -
1+, )(1+v})

770j:(

where the normalized collision frequency is v =v gR,/V, with v, being the self-

collision frequency of species " j ", g is the safety factor, and € = r/ R, [17,42].

In the S-S poloidal rotation model, the poloidal dependences of density and

velocity over flux surfaces are represented by the following low-order Fourier expansion,

nj(r,é?)zﬁj(r)[1+n;f(r)cos6?+nj(r)siné’], (22a)
V,(r.0)=V;(r)[1+V} (r)cos@+V; (r)sin6 ] (22b)

where the overbar indicates the average values over flux surfaces, the cosine asymmetries
with superscript "c" represent "in-out" variations, and the sine asymmetries with
superscript "s" represents "up-down" asymmetries. More details on the S-S poloidal
rotation model can be found in Refs. [17] and [42].

Earlier studies with the S-S model [29-33] have developed an extended

neoclassical rotation theory based on the circular flux surface geometry and the

calculations were compared to actual velocity measurements [30]. Although the



calculated toroidal velocities were off by about a factor of two, these studies proved the
possibility of using simple analytic flux surface geometry models in this type of
neoclassical rotation and the related momentum transport calculations but concluded that
higher accuracy could be achieved with a more accurate flux surface geometry since
poloidal asymmetries are closely related to the geometric expansion, compression, and
elongation of flux surfaces [30]. These findings have motivated the use of the Miller
flux surface geometry to rederive an extended neoclassical rotation theory [35] based on

the S-S poloidal rotation model.

2.3 Miller Equilibrium Flux Surface Model

The circular model was rather simpler in terms of the derivation and numerical
coding but lacks the accuracy in the representation of poloidal dependences along the
flux surfaces. Miller et al. [34] presented an analytical geometry to better describe actual
D-shaped equilibrium flux surfaces of tokamak plasmas with elongation x and
triangularity 6 as shown in Fig. 1, thus one of the most advanced analytic

representations of the flux surfaces in tokamak plasmas. R, (r) is a function of r, the

half-diameter from the center of plasma along the plasma mid-plane, representing the

N

—> \ |xrsin@

v

------

Figure 1. Miller equilibrium flux surface geometry.
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shifts of the center of each flux surface. The R and Z coordinates of the Miller model

are described by
R(r)=R,(r)+rcos(0+xsin@) =R, (r)+rcosé, (23a)
Z(r)=xrsin@ (23b)

where x=sin”' § and £ =6+ xsin 6.
Analysis of the curvilinear differential geometry in all coordinates(r,8,¢ ) yields

the following metric coefficients for the Miller model [34, 35, 43],

K[cos(xsin 6’)+Mcos9+[s,{—s5 cos @+ (1+s,) xcos 6 |sin Bsinf}

- or 24

h, = , (24)
\/sin2 E(1+xcosB) + x> cos> @

rk[cos(xsin 6) +Mcose+[sK —s5c080+(1+s,)xcos @ |sin Osin f}
. : L)
aR . . : .2 2
a—°+cos§—s5s1n§s1n6 +i7sin® O(s, +1)
-
h,=R(r)=R,(1+€cos&) (26)

where s, (r)=r/x(3x/0r) and s,(r)=r(35/0r)//(1-5) account for the changes in

elongation and triangularity respectively along the radial direction. Ampere's law

provides the following magnetic field representations for the Miller model.

(. OR(r) Bo 7

B,,(r,é’)—(l—f- or jhr(l—f-ecosf) @7
__ B

* 1t+ecosé o

With this analytical Miller model, we can use the S-S poloidal rotation model to calculate
the poloidal dependences of density and velocity represented in Egs. (22a) and (22b)
more accurately, ultimately increasing the accuracy in the toroidal velocity and

momentum transport calculations.

11



Different flux surface geometries provide different formulas for the flux surface

average (FSA) calculations. For the Miller model, we have

(AT,
_ B, _chA(r,H)Y(r,Q)dH 29)
{a(r.0))= 4% §Y(re)de (
B

(4

where

OR,(r)

(1+€cos§)[cos(xsin 0)+

2
cost9+[s,(—s5 cost9+(1+s,()xcosﬁ]sinesin.f}

Y(r,0)=

2
\/{(a(,f"+cos§—s§ sin&sin 6) +&7sin” 6(s, +1)2}[sin2 E(1+xcosB) + &7 cos’ 6}
-

Unlike those of the circular model used in earlier studies [29-33], FSAs in the Miller
model do not reduce to simple analytic forms, thus must be numerically computed
separately and imported into the final computation code. Note here that the circular
model is simply a special case of the Miller model with elongation x =1 triangularity
0 =0 and no Shafranov shift. This simple fact served as one of the tools to check the
accuracy and validity of the new plasma rotation theory against the earlier circular model
study [29, 30] (see Appendix B for revised circular model formalism) and for the

numerical coding in this work.

12



CHAPTER 3
EXTENDED NEOCLASSICAL ROTATION THEORY IN THE

MILLER MODEL REPRESENTATION

3.1 Angular Toroidal Torques and Transport with the Miller Geometry

Now with all theoretical backgrounds required to develop a new extended
neoclassical rotation theory with the Miller geometry presented, we are ready to derive
the formalism for calculating toroidal velocity and neoclassical gyroviscous contribution
to angular momentum damping. Earlier studies with the circular model [29-33] now
become special cases of this new theory. Thus, the new theory with the Miller model was
developed in a similar fashion to the circular model study [30] so that direct comparison
would be possible to enable evaluation of the accuracy improvement. In this chapter,
derivation of the toroidal angular torque formalism is presented first to stress the
importance of the gyroviscous contribution to the total viscous torque.

From the first term of the toroidal momentum balance equation, Eq. (12), the FSA

of toroidal angular "inertial" torque using the Miller model is given by
<njij2V¢-(V V)V ,~> =Rynmy, Ve, 30)

with the "inertial” transport frequency (V,;),

Vsl OR[N [eosg\ | ime G/ ogo0sEN o
VW_RO{GV A + I +8(n_,+V¢,) cosé P ROLW

T r

19R . 1> G

———sinf@—

— <R 26"

+V o€V 4 cosﬁ’i " (cos® Bi +& cosé’% +i a—Rsint9i
h 20 n,

¢ <sin2 (91>
hH

hy R,

0

13



where L' =—1/X (9X/9r) is the gradient length scales for a given quantity X ,
X g g g q y

~S"C _ s, 75 _yre.s
nj =n;"/&,and Vy; =V, /8.

Also from the 2nd term of the toroidal momentum balance equation, Eq. (12), the

FSA of toroidal angular "viscous" torque is given by

<R2V¢-V-ﬁ> - <(R2V¢-V-ﬁ)l> +<(R2V¢-V.ﬁ)gv> ~ <(R2V¢.V.ﬁ) >

1 9 I(V,R") _ _
) _<Rhgh, 5{1% T || RmYaVe

where 77,. =n,m T, / (e jB) and the gyroviscous transport (or "drag") frequency is

1 2
Vi =VytVy
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2<C05900$§>+ !
~s oh, )
T 9J | .
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’ R()ej B¢ RO hHhr
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Earlier circular model studies [29-33] were done with ij only, but V{llj was identified to

have non-negligible contribution during the numerical calculation in this work, thus

included for both the Miller model and the revised circular model theories (see Appendix

B for the revised circular model formalism). ij contains the same G, and 0,

representing the radial gradients and poloidal asymmetries respectively, thus allowing
direct comparison with the earlier circular model formalism [29-33]. Note here in Eq.
(32) that the gyroviscous contribution accounts for the most of the viscous torque since it

is much larger than the perpendicular component by the following argument. Braginskii's
parallel (77,) , gyroviscous (77334) , and perpendicular (771!2) viscosity coefficients in a

collisional plasma are given as follows, expressed with their relative orderings,

3 nT 1 nT
7]020.96I1TT, 771:1— > 772:47719 ==

ot oo =2 38
0 Q°r r o Tk (38)

where in tokamak plasmas 7 ~107 sis the typical self-collision time and Q ~10%s™" is
the typical ion gyrofrequency. Thus, Braginskii's parallel, gyroviscous, and
perpendicular viscosity coefficients are in the ratio of 1/(Q7)™" /(Q7)> =1/107/107°.

Therefore, the ordering among these components are given by 7, >n, >n,. With the

parallel contribution identically vanishing in the FSA and 7, = (Q7)7, = (10_3 ~ 1041)772 ,

the gyroviscous contribution is the dominant one, larger than the perpendicular
component generally by a couple of orders of magnitude.

Note here that the gyroviscous momentum transport frequency given by Egs.
(33)-(37) is a strong function of density and toroidal velocity asymmetries, thus vanishes
in any formalism that neglects poloidal dependences. Also, although Braginskii's
viscosity was derived assuming large collisionality, this Pfirsch-Schluter type
"neoclassical" gyroviscosity is independent of any explicit collisionality since no direct

evidence on the trapped particle effect on gyroviscosity has been reported. When the
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poloidal asymmetries are not considered, as in the NCLASS code [39], only the
perpendicular contribution survives and the calculated neoclassical momentum damping
is negligible [18, 19, 25], leading to the incorrect conclusion that neoclassical transport is

too small.

3.2 Stacey-Sigmar Poloidal Rotation Theory with the Miller Geometry

Calculation of the toroidal angular torques and transport rates in the previous
section requires a calculation of the poloidal asymmetries (7" and V") appearing in
Egs. (22a) and (22b). This can be accomplished by taking Fourier moments (i.e., 1,

cosine, and sine moments) of the poloidal momentum balance, Eq. (19), with Egs. (22a)

and (22b) assumed. Using the same Fourier moments of the continuity equation, Eq. (13),

the velocity asymmetries (V™) can be related to the density asymmetries (n;”) by

Vo =V, [e=-nj, (39)
. <Ileg§sin 0hl>
Vo ="/ =il 2 (40)

to reduce the number of unknowns in the final computation model. We may consider
adding an additional atomic physics term on the right-hand side of the continuity
equation, Eq. (9), to increase the accuracy in the plasma edge region as in one of the early
circular model studies [44] but this is left as a future research.

We also assume the same type of Fourier series expansion for the electrostatic

potential,
®(r,0) =D (r)| 1+ (r)cos0+®° (r)sin6 |, (41)
and use it in the moments of the poloidal momentum balance equation for " j = electrons"

to relate the potential asymmetries (@) to the electron density asymmetries (n*). In
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doing so, we neglect all other terms except the pressure and electric field terms in the

poloidal momentum balance, Eq. (19), to yield

P = T.n"" Je (42)
where n,;” are coupled with n”" (j = ions) by the charge neutrality. The same Fourier
moments of the radial momentum balance, Eq. (14), can be used to calculate the radial
electric field, Er, and the toroidal velocity asymmetries (‘@le‘?) as a function of njY as in

Eqgs. (43)-(45), again allowing the reduction in the number of unknowns in the numerical
computation model. The 1, cosine, and sine moments of the reduced radial momentum

balance, Eq. (14), are

1 1 1
5 _® _ 1 2@ E 5 <1+ecos§> A( aRo(r>)<(1+ecos§)hr> EC))
= = — —— =———==Vy; V| 1+ -P
Vi VyBs Or VB <1> or

! W

'

where p _pPi_ 11 IP; . S, EBQ/B(/,, Ve, E‘_/ej/(fpV,hj), and Vy; E\7¢j/ij,
Vi~ Vi nie;Bo or
Vo =nal’ +0° (44)

where a'}s and ajz.s can be found in Appendix C, and

1
0 3C+a2C<I+SCOS§>

v
Vo ==—| &
\%4

TG @

1 1
1c 2C(1+8R0(”)j<(1+gcos'§) hr> ﬁ/( 2c _ 4c)

+a. - -\ .
J J ar 1 V¢I J J
h,
2C

where a}c, o, ajc, and afc are all functions of 713» and can be found in Appendix C.

~c
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Using all the coupling relations found so far, the first moment of the poloidal
momentum balance reduces to Eq. (46a), written in a generic form for simplicity, that
allows us to calculate the poloidal velocity for two ion species " j " and "k ",

AVo +A Vo +A Vo =B, (46a)
where A, A,, A, and B, are given in Appendix C. In the numerical calculation
model, the quadratic term in Eq. (46a) is treated iteratively

1 ~ n ~ n
AWVej Voj +A,Ve; +A;Ve =B (46b)

as a linear term with 7 being the current iteration step and n—1 being the previous step.
With the quadratic equation possibly having two solutions, this iteration helps steer the

algorithm towards the solution that is near the initial guesses of poloidal velocities. In

Egs. (46), the friction term appears in V;k =V,qR/V,, and the viscous term in

thj

f="v; / [(1+8_3/2V;)(1+V;)} from the use of neoclassical parallel viscosity

expression, 77,; =n,m;V,, qRf, (ij).

The cosine and sine moments of the poloidal momentum balance, Eq. (19), reduce

to Egs. (47) and (48) respectively (again in generic forms for the two species), to solve

for n; ,

A+ Ao,y + Acyni = B, 47)

Agnj+ Agn; + Ag i = By (48)
where A.gand B_ coefficients are given in Appendix C. When we assume "two-

species”" plasma with the main ion (deuterium) and a majority impurity(carbon), Egs.

(46)-(48) provide six equations, with j being either deuterium or carbon and k being the

other, leaving two more relations to be identified from the toroidal angular momentum

balance for the calculation of toroidal velocities.
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3.3 Toroidal Rotation Calculation Model with the Miller Geometry

The calculation model for the toroidal velocity can be derived from the toroidal

component of the angular momentum balance,
nm, [R(V,«V)V,«L+[R(V-H;)L

_ A
=Rn.eE +aneerjB0 +RF¢]. +RM¢]. —Rnmyv._V

JTiTe JU T atomj T @

(49)

from which we can get two additional relations to complete the eight equations to solve
for the eight unknowns (4 velocities and 4 density asymmetries). Using the FSAs of first
(inertial) and second (viscous) torque terms presented in Egs. (30) and (32), we can take
FSAs of all other terms in Eq. (49) to find relations for the toroidal velocity calculation.

The first moment of Eq. (49) yields
ijj%‘_/jk |:(1+,8j)‘7¢j —‘_/¢1<:| E;jmj%‘_/jkyj

:,;jejE;+(1+8R§§r>j<hL>ej§grﬁ+m

(50)

r

where S, E(Vdj +V, +S,, /nj)/(ij +V,-e) Y E(1+,B_I.)V¢,- ~Va , and My is the
toroidal momentum input. A, represents the radial transport of angular momentum with

S,;; being the local neutral beam source rate and V, and V, are the inertial and

gyroviscous transport frequencies respectively calculated with Eq. (31) and (33). Thus, a

relation between the toroidal velocities of deuterium and impurity can be derived by
adding y, of the two species, j =i (deuterium) and j =1 (carbon) with V. =/m, /m,V,,

when assuming equilibrium temperature(7; =7,). This yields

‘//\W\/m]/milgi-l_&(/’hgl :(yi+y1)/‘/thl ) D

which becomes the 7" equation in the numerical computation model.

The last equation comes from manipulating the first moments of radial

momentum balance, Eq. (43), for the two species. Since E'sl/Eg(aE/ar) is
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independent of species, it must be identical when calculated with either j=i or j=1,

thus providing

1
Da- \/ZV :[&g,._ \/ZVJ <1+g§>
m,; m,; [ aRO(r)j< 1 1 >
1+ (

or 1+£cos&) h,

f <1>

N m. ~ h

+(_Pi+ m_lpl] oR, (1) r 1 1
(1+ aor j<(1+€cos§) hr>

(52)

which is the last, 8", relation that the toroidal velocities of both species must satisfy.
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CHAPTER 4

EXPERIMENT RESULTS

Improvement of the extended neoclassical rotation theory in this research can be
verified through the comparison of the calculated results with actual DII-D [37]
experimental measurements. In this chapter, a brief discussion on the rotation
measurements in DIII-D is presented, followed by the detailed information on two DIII-D
shots (discharges), shot #138639 and shot #142020, used for comparison with the

theoretical calculations.

4.1 Rotation Experiment and Velocity Measurement in DIII-D Tokamak

In DIII-D tokamak, toroidal rotations are provided mainly by the neutral beam
injections (NBI) except for other special purpose discharges. Figures 2 show the
schematic alignment of the NBI ports in DIII-D with 30°, 150°, and 330° beamlines
providing CCW-injections and 210° beamlines providing CW-injections when viewed
from the top (notice that each has two beamlines). In this research, co- and counter-

injection directions are determined relative to I, direction with parallel direction being

co- and anti-parallel being counter-injection. For two shots used in this research, neutral
beams (dashed black lines) are injected from 30°, 150°, and 330 ° ports only, thus
provides strong CCW-rotation for both discharges. 210° beamlines can also be used for
either slow or intrinsic rotation discharges but not used for two shots selected for this
research because the new extended rotation theory [42] needs to be verified with strong
rotation shots. Figures 2 also show theoretical sign conventions for two shots in red (the
directions of experimental parameters are shown in blue) that the users of the developed
code, GTROTA (Georgia Tech ROTAtion), must ensure its correct directions (see

Appendix E for the user's manual). Theoretical sign conventions in this research are
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determined by the orthogonal coordinate system by a right-hand rule with the thumb

pointing parallel to 7, direction. Therefore, for an accurate and reliable verification of

the theory, the accurate input values with correct signs into GTROTA code become very

important.

* — — ~ ﬂ?linﬂ

[j.) N I vfrmp 14 ‘

\ :
210° {1500

(a) Shot 138639 (ctr-injection)
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v
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‘ \ —  frheo
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\
210° 1

(b) Shot 142020 (co-injection)

Figure 2. Neutral beam injection configuration in DIII-D and sign conventions.

22



Measurement of rotation velocities in tokamaks are done with CER (Charge
Exchange Recombination) diagnostic system [45-47] that measures the Doppler shift of
the spectrum of light from an excited ions that have undergone charge exchange with
beam neutrals [48]. There has been recent improvement in rotation measurement and
analysis [47, 49, 50], motivating the comparison of theoretical calculations with recent
shots to verify the new extended theory based on the Miller model. Figure 3(a) shows
various diagnostic ports inside DIII-D and 3(b) shows the schematics of the recent CER
viewing chords in DIII-D [51] modified to allow the measurement of deuterium
velocities, which were not possible with earlier CER configurations. Availability of the
measured deuterium velocities yields a great future research opportunity in verifying the

theory and increasing the accuracy in prediction of other variables in the numerical model.

4.2 Experimental Data

Since the new extended neoclassical rotation theory was developed based on
Braginskii's strong rotation orderings, two strongly rotating ELMing (Edge Localized
Mode) H-mode DIII-D shots are analyzed in this research. One shot was counter-
injection #138639 (2085 ms) and the other was co-injection #142020 (2310 ms).
Summary of the shot parameters are provided in Table I. In this table, the
impurity/deuterium density ratio shows the relative amount of impurities with respect to
deuterium density. For example, shots 138639 has approximately 10% impurities on
average with ~9% at the center and ~10% at the 90% flux surfaces. Throughout the
radial ranges except the plasma edge, the ratio only slightly fluctuate about the average
but the fluctuation increases at more than 90% flux surfaces where the ratio is not reliable

due to lack of atomic physics treatment on the edge. The incident neutral beam power

(Pyz) is given as the ratio of incident vs. capable neutral beam power, which is identical

to the duty cycle, and also indicates which NBI beamlines were on for the given time for

each shot. For example, the 30LT beam for shot 142020 (1.3 MW/2.6 MW) has the
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(a) DIII-D interior with diagnostic ports [52]
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(b) CER viewing chords in DIII-D [51]
Figure 3. DITI-D tokamak and CER diagnostics.
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capability of 2.6MW beam injection but used with 50% duty cycle, thus generating
1.3MW of beam injection energy. Figures 4 show the equilibrium flux surfaces for these

two shots.

Table 1. Summary of two DIII-D shot parameters

Shot properties

shot 138639 (2085 ms)

shot 142020 (2310 ms)

Beam Injection Direction

Counter-injection

Co-injection

R (major radius) 1.734 m 1.796 m
a (minor radius) 0.586 m 0.592 m
K-(rzo)/,(-(r:a) (elongation) 1.45/1.83 1.39/1.85
5(memm ) / 5( Zop ) (triangularity) 0.22/0.6 0.714/0.382
I (current) -1.181 MW 1.074MW
(CW from the top view)  (CCW from the top view)
B, (poloidal magnetic strength) 0.275T 0.249T
B, (toroidal magnetic strength) -1.994 T -1.897 T
4,5 (safety factor at 95% flux surface) 4.9 5.63
Yoy (LoOP Voltage) -0.26296 V 0315715V
Divertor configuration Upper Single Null(USN)  Lower Single Null(LSN)
Impurity/deuterium density ratio 0.1/0.09/0.1 0.04 /0.04 /0.05

(average/at the center/at 95% flux surfaces)

P, (Incident Power/ Capable Power) 30LT (2.1/2.6 MW), 30LT (1.3 MW/2.6 MW),

150LT (2.2/2.2 MW), 150LT (1.8 MW/1.8 MW),

330LT (2.6/2.6 MW) 330LT (1.1 MW/2.2MW),

330RT (1.3 MW/2.2 MW)
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(a) shot 138639-2085ms (b) shot 142020-2310ms

Figure 4. Equilibrium flux surfaces of two DIII-D shots.

As mentioned, there have been recent advances in the measurements and analysis
of toroidal and poloidal rotation, including proper treatment of the apparent velocity
caused by the energy dependent cross-section [47, 49, 50], as well as extensions to the
circular model theory since the earlier comparison [30]. Comparison of the calculated
velocities from the new rotation theory against these measurements are presented in the

following chapter. Although only two shots were analyzed in this research, a good

combination of co- and counter-injection, different directions of B, and I,, and the

different extent of poloidal dependences of upper and lower divertors (as will be shown
in the next chapter) enables a good test of the theory and the numerical algorithm.
Efforts to identify more suitable shots are underway, especially shots which take
advantage of the recent advances in the measurement of deuterium velocity and analysis

[51].
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CHAPTER 5

COMPARISON OF PREDICTION AND EXPERIMENT

5.1 Calculated Velocities and Density Asymmetries

The eight equations and eight unknowns provided in Chapter 3 constitute a self-
consistent system of nonlinear equations, and its numerical calculation model and
solution methodology is discussed in the next chapter. In this chapter we discuss the
comparison of the calculated results and the actual measurement for both shots, which are
provided in Figs. 5 and 6. For all the figures in this research, "t" represents "toroidal",

n.n

p" for "poloidal", "D" or "i" for deuterium, and "C" or "I" for carbon. In these figures

VtCDOmp”tecl and Vpg’m”““’d (blue diamonds) are the calculated, thus predicted, toroidal and

poloidal deuterium velocities respectively for which no measurements are available.
p=r/a on the x-axis is the normalized distance from the center of plasma to the last

closed flux surface (LCFS). Overall, these two sets of the calculated results show that the
new extended neoclassical rotation theory based on the Miller equilibrium flux surface
geometry predicts carbon toroidal and poloidal rotation velocities which agree quite well
with measured values, generally to within approximately <10%.

The notable exception of a significant under-prediction of the poloidal velocity in
the edge region of the co-injected shot #142020 is probably attributable to not taking into
account charge-exchange damping, the effect of divertor on poloidal asymmetry in the
prediction, use of Braginskii's strong rotation ordering in the edge where rotation is much
weaker, and ill-conditioning of the numerical calculation model in the edge. We note
here that the Miller geometry does not represent the divertor x-point as a simple
comparison of Figs. (1) and (4) indicates. It is uncertain at this point how the divertor x-

point would affect the poloidal asymmetry calculation and whether it is related to the
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Figure 5. Calculated velocities for carbon and deuterium for counter-injected upper SN
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Figure 6. Calculated velocities for carbon and deuterium for co-injected lower SN shot

#142020.

consistent under-prediction of poloidal velocities for the two shots in this research.
Inclusion of the divertor effect and other unrepresented plasma physics in the calculation
model are left as future research. The results from the Miller model study, however, is a

significant improvement relative to the earlier circular model study [30], in which the
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measured carbon toroidal velocities were overpredicted by roughly a factor of 2 and the

disagreement in predicted and measured carbon poloidal velocities was even larger.
Figures 7 show the calculated density asymmetries (7} ), which are relatively

small (less than 10% everywhere except in the very edge). = These asymmetries are

larger for carbon than for deuterium. Note that a positive/negative sine component

indicates an upward/downward asymmetry in the density distribution, while a

positive/negative cosine component indicates an outward/inward asymmetry in the
density distribution. The velocity asymmetries (V") are coupled with n;; by Egs. (39),

(40), (44) and (45), thus can be easily computed from these density asymmetries.
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(a) Ctr-injection shot #138639 (b) Co-injected shot #142020

Figure 7. Density asymmetries for carbon and deuterium.

5.2 Calculated Momentum Transport Rates

The inertial and gyroviscous toroidal angular momentum transport frequencies are
strong functions of poloidal asymmetries as shown in Eq. (31) and (33)-(37). These
transport frequencies are calculated with the density asymmetries shown in Figs. 7 and
plotted in Figs. 8 and 9 for the range in which neglected edge phenomena are unimportant.
Since the gyroviscous transport frequency is generally much larger than the inertial

transport frequency and the deuterium density is much larger than the carbon density, the
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total toroidal angular momentum transport frequency (neglecting charge-exchange) is

essentially the gyroviscous toroidal angular momentum transport frequency of deuterium,
Le., vV, =V, where v, is the total transport rate of species j. Note that this significant
neoclassical gyroviscous transport would vanish in a poloidal rotation theory that does
not account for density and velocity asymmetries. It is notable that Figs. 8 and 9 imply

both inward (v,;,v,, <0) and outward (v,;,v, >0) angular momentum transport for both
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Figure 8. Toroidal angular momentum transport frequencies for counter-injected shot

#138639.
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Figure 9. Toroidal angular momentum transport frequencies for co-injected shot #142020.
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deuterium and carbon. Although the larger transport frequencies in the plasma edge may
be due in part to the V,; ~V, ordering of the Braginskii formalism and the neglect of

charge-exchange, the profiles clearly imply both inward and outward momentum

transport.

5.3 Circular vs. Miller Model Results

Since the circular model is just a special case of the Miller geometry (i.e., k=1
and 0 =0 with no Shafranov shift), the same numerical algorithm can be used to
calculate the velocities for the circular model extended rotation theory. The predictions
of the circular and Miller model theories are compared with the measured carbon
velocities in Figs. 10 and 11. The Miller model predictions are in significantly better
agreement with experiment than are the circular model predictions, due to the better
representation of the poloidal dependences of the flux surfaces, which leads to a more

accurate calculation of poloidal asymmetries and poloidal rotation velocities.
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Figure 10. Comparison of predicted carbon velocities with the circular and Miller models

with measurements for ctr-injected shot #138639.
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Figure 11. Comparison of predicted carbon velocities with the circular and Miller models

with measurements for co-injected shot #142020.
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CHAPTER 6

NUMERICAL ANALYSIS METHODOLOGY

Since the dynamics of nonlinear system of equations involving plasma fluid
equation is still an unexplored area of research from chaos theory [53], its numerical
solution requires a detailed analysis of the iterative dynamics and apply the minimization
(or optimization) approach to identify the true solution from multiple feasible solutions
generated by nonlinear iterations. In this research, a combination of nonlinear Successive
Over-Relaxation (SOR) [54-56] and Simulated Annealing (SA) [57, 58] provides the
most stable and robust algorithm for the given task, which are discussed in detail in this

chapter.

6.1 Numerical Calculation Model

The resultant system of eight nonlinear equations from the new extended
neoclassical rotation theory can be solved for the toroidal and poloidal velocities and the
sin and cos density asymmetries for a two species (deuterium and carbon) plasma, at each
radial mesh point from the center of plasma to the edge (we use 51 mesh points). Note
that all the unknowns in the calculation model, summarized in Egs. (53), are normalized
so that numerical round-off errors are minimized, and the calculated results presented in

Figs. (5)-(7) in the previous chapter are non-normalized values.

&w = \7@ = &m : Toroidal Velocity (Deuterium), Gm = G¢c = ‘7tC : Toroidal Velocity (Carbon)

‘791' = \790 =V »o : Poloidal Velocity (Deuterium), \791 = &ec = \7,;c : Poloidal Velocity (Carbon) (53)

np =n; : Cos Asymmetry (Deuterium), ne =ny : Cos Asymmetry (Carbon)

~s

np =n; : Sin Asymmetry (Deuterium), ne =n; : Sin Asymmetry (Carbon)
A numerical algorithm is designed to solve the nonlinearly coupled set of eight
equations iteratively, using the decomposition of the entire system based on physical

grounds into three subsystems given in Egs. (54a)-(54c), written in generic forms.
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Poloidal rotation subsystem: {Cn an}[%flz {d,} (54a)

G Oy \7 o d,
. a, a, a; 0 ili b,
Density asymmetry subsystem: |4 4, 0 a, ||m b (54b)
ay 0 ay ay || b,
0 a, a; ay]|| ~ b,
_l’l[
Toroidal rotation subsystem: {ell en} Vo | _ {fl (54c¢)
€ ey ‘7 o1 5 i

where all the coefficients can be found in Appendix D. This decomposition proved to be
better-conditioned and iteratively more stable than the entire set of eight-by-eight
nonlinear system taken as a single set by allowing isolation of ill-conditioning to (54c)
only after reformulating (54a) and (54b) to eliminate singularities in them. The
numerical algorithm for this Miller model study is developed independently from the
earlier circular model calculation algorithm [30] but shares very similar numerical
characteristics. More detailed description of the Miller model numerical algorithm is
given in the following sections.

In earlier studies with the circular model [30, 59], Shafranov shift was not
considered for simplicity but is represented in this study with the following form of

analytic Shafranov shift model [34],

aR%,,EAE—%%(ﬂN%&) (55)

where [, = nT/ (B; / 2,uo) and /, is the internal inductance. Studies with more accurate

Shafranov shift models can be done when these are considered to be critical for accuracy.

Now with the given decomposed numerical computation model, Eqgs. (54a)-(54c),
there still remain two major numerical challenges. First is the instability of the nonlinear
iteration dynamics and second is the identification of the true solution from the several

feasible solutions generated by nonlinear iterations. In short, the former was successfully
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controlled with nonlinear SOR [54-56] and the latter accomplished by SA [57, 58].
Before discussing the details of these methods, it is necessary to briefly discuss the
differences in linear and nonlinear programming to understand the rationale for the

methods used in this extended neoclassical rotation calculation.

6.2 Linear and Nonlinear Programming

Linear programming [54, 60, 61] is the study of maximizing or minimizing linear
functions subject to linear equality and inequality constraints. Since linear functions are
both convex and concave, any local minimum or maximum must be a global optimum.
Thus, excepting numerical issues, there is no issue with convergence to the "wrong"
solution. Thus, literatures [54, 55, 61, 62] on linear programming discusses how fast it
can converge, and as long as storage is not a concern faster convergence is always

preferred.

For simple and standard nonlinear problems [54, 55, 61, 62], it is also possible to
converge to a single solution using standard numerical methods such as Newton's method
and its variants. In the nonlinear non-convex case [53, 56, 63], which includes many
practical physics problems, the situation changes quite significantly. The higher the
nonlinearity is, the higher the chance of failing to converge to the physical solution. In
this case the iteration will often try to converge towards the true (physical) solution but
then be eventually disturbed by numerical noises, then drive towards other solutions [53,
56]. Keeping track of these various approximate solutions as the algorithm progresses,
the algorithm generates several feasible solutions [53, 62, 63], corresponding to local
minima in nonlinear topological maps, but only one of them corresponds to the true
physical solution. Then, a technique becomes necessary to identify the true solution from
the nonlinear topological maps [58, 63]. Considering that most minimization techniques

[55, 62] tend to converge to the nearest local minimum from initial guesses, application
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of the global minimum search concepts from SA [57, 58] greatly reduces the risk of
identifying a wrong solution as the true solution and allows search for a global minimum

within physically feasible range.

Another issue is the importance of the accuracy of initial guesses for any iterative
programming [53-55, 62]. When the initial guesses are too far from the true solution,
even simple linear and nonlinear problems can continue diverging the iterations far from
the true solution, increasing the risk of identifying a wrong solution as the true solution
even if it converges [54, 55, 62]. With nonlinear physics problems, the accuracy of initial
guesses become increasingly important because minimization algorithm will eventually
search for the solution near the initial guesses [54, 55], but SA gives the algorithm greater
flexibility by allowing it to test all the feasible solutions within the feasible range [57,

58]. For the extended rotation calculation in this research [64], the initial guesses for the

velocities are believed to be very accurate because the initial Vo; and V4 for the carbon
impurity comes directly from experimental measurement, and the initial deuterium V4 is

inferred from perturbation theory [59] with V4 as an input, and the initial deuterium Vg

is calculated with other initial guesses based on the momentum balance equation. The

~cC.s

initial guesses for n; , however, can be neither measured nor inferred, thus zeros are

used.

In terms of the dynamics of the numerical system, nonlinear algorithms are
vulnerable to instability (i.e., highly sensitive to numerical errors) [53, 56]. Since all
nonlinear problems must be solved iteratively, there are several factors that affect the
dynamics of the iterations such as conditioning of the system, degree of nonlinearity,
characteristics of the chosen numerical method, accuracy of the initial guesses, etc.

Instability of the system dynamics was surely an issue for the extended neoclassical
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rotation calculation, especially with the ill-conditioned toroidal rotation subsystem in Eq.
(54c). Fortunately, under-relaxation worked very effectively, making nonlinear SOR
with optimal relaxation weight the key to the stable iterative dynamics of the given
problem [64]. This dependence of the dynamic stability on many factors also means that
the final solutions may also slightly vary within a stable range depending on the chosen

algorithm, relaxation scheme, etc. [53, 65].

6.3 Nonlinear SOR Method and Instability Control
Figure 12 is a flowsheet for the nonlinear SOR algorithm for the extended

~c,s

neoclassical rotation calculation model. Since the initial guesses for n; are zeros, these

are allowed to be updated whenever new ‘7¢,9 values are available. Testing the algorithm

with final calculated asymmetries as new initial guesses appears to help stabilize iteration

dynamics of the system, but is left for future investigation as a longer run-time and

Initial Guesses:

~ M -';Il
1 g Va ~e ~s ~ec ~s r
n - |:H;-(a) Mie) nige) Ilr(a):|
I I ar

4

Compute ~n el ~n

Vp: Ve(new)=(1-w)Ts +wTls [
¥

Compute ~c ~s ~c ~s r

Asymmetries: |:” i@ Mi@y Him [(")j|
h

Compute ~ 1 \ ~n-1 ~ 1

vt: Vo(new)=(1=w)l"s +ul’
¥

Compute ~c ~ s —c —s r
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Figure 12. SOR flowsheet.
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manual input of new asymmetries are not desirable for a user-friendly code.
Theoretically, there exists an optimal relaxation weight when solving a

minimization problem with iterative SOR [54, 55, 62]. The extended rotation calculation

model in this research [64] adaptively determines the relaxation weights (w) based on

the conditioning of the subsystems at initial iteration (n=1) by

a
w= —
n=1

cond(A) (56)

Here o is a constant fixed for all 51 meshes, usually 0.2 <@ <2, and cond (A)"” is the

condition number of each mesh in Egs. (54a) and (54c) at the initial step, usually

3<cond(A)<100 except for the near singularity meshes (i.e., meshes with high

condition numbers in Fig. 13). Fig. 13 shows the extreme ill-conditioning of the toroidal

rotation subsystem near p =0.25, p=0.67, p=0.84, and in the plasma edge, which
are introduced by one of the coefficients (¢,) in Eq. (54c) crossing zero axis at the

corresponding meshes.

Condition Numbers

" | —&— Vt subsys. Cond. No.
800 - - - - - T1-|- -~ - - -~ Vp subsys. Cond. No. |
|
|

Condition Number

Figure 13. Condition numbers at initial iteration step.

In dealing with the unstable iterative dynamics of this ill-conditioned system, the

adaptive weight scheme in Eq. (56) serves two purposes: i) the relaxation weight is
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smaller when the conditioning is worse at a near singular mesh, giving all the meshes the
same order of deviation magnitude while iterations continue; and ii) it prevents a
premature termination of the algorithm when a calculated value at a singular mesh
reaches OFL (OverFlow Level) due to high numerical sensitivity. Premature termination
needs to be avoided so that the algorithm can generate topological maps with enough
feasible solutions (at least three, empirically) for SA to test them for the true solution.
Thus, for the rotation subsystems in Egs. (54a) and (54c), the new output velocities at n"

iteration is calculated by

~An ~n—1 ~n
\% (new):(l—w)V +wV ' (57)

6.4 Nonlinear Topological Maps and Simulated Annealing

Nonlinear topological maps can be generated with many iterative parameters but

Il or

. . th - . . . . .
| where r, is the residual at n ™ iteration, 7, | is at the previous step iteration,

most commonly by "relative" residuals (or errors) computed with either

/

and 7 is at the initial iteration [54-56]. Application of these popular relative residuals

b

Ball/ 171

yields noisy topological maps probably because the coefficients on both sides of each

subsystem constantly change its relative magnitudes, especially with the initial guesses of
r~zjT being zeros. To measure the error magnitude relative to the size of constantly-

changing subsystems, a new concept called "normalized" residual (r, ) at the n"™ iteration

step given by

=
Il

(58)
bn

kel
2 2

. . th - . . .
is devised for a general n ™ iteration system A"x" =b" where r" =b"—-A"x" is its

residual. This normalized residual allows a heuristic measure of the residual size relative
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to the magnitude of each iteration system. For example, r, =10~ indicates that the

residual is approximately one thousandth when the entire system magnitude is

normalized to one. Since r, is calculated for both poloidal and toroidal subsystems,

topological maps for the entire system dynamics are given by the 2-norms of both
normalized residuals of Egs. (54a) and (54c¢) as shown in Fig. 14 and 15.

With topological maps provided, a simple local minima searching algorithm can
assist SA to identify a global minimum within the feasible range, eliminating the need of
applying a complete implementation of SA [57]. From the empirical testing of the
nonlinear dynamics of the given problem in this research, there are two important
considerations when applying SA. First, it is practically efficient to set a physically
feasible range and locate a "locally" global minimum within that range. This is also a
good practice when we know that the initial guesses are quite close to the true solution as
is the case with the given problem. Second, understanding that nonlinear algorithms with
high numerical sensitivity tend to eventually drive the iterations to trivial solutions [56,
65], all feasible solutions need to be tested for trivial solutions because these are usually
identified with much smaller normalized residuals than those of the true solution. In the
plasma rotation calculation with strong beam injection, any solution(s) with zero velocity
(or velocities) can be considered trivial solution(s). Therefore, use of SA within local
(not global) feasible range and elimination of trivial solutions based on physics argument
is empirically proven to be the best minimization method for the extended neoclassical

rotation calculations [64].

6.5 Nonlinear Dynamics of the Extended Neoclassical Rotation Model

Using the numerical methodology discussed in the previous sections, the
extended neoclassical rotation calculation algorithm was applied to two DII-D
discharges given in Chapter 4 and the followings summarize the observed characteristics

of the nonlinear iterative dynamics of the given problem [64]. First, the iteration has
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strong tendency to drive towards trivial solutions especially with larger w values (i.e.,
larger ). This means that with w too large it is possible for the true solution to turn
into a saddle point, thus not be presented as one of the feasible solutions. With w too
small, the algorithm generates too many feasible solutions, all of which except one are
transient solutions. Thus, examining the solutions with a wide range of & values in Eq.
(56) is a simple and robust way to identify the optimal & value explained theoretically
[54, 55, 62]. The possibility of theoretically identifying an optimal & value without such
a rigorous empirical search will be investigated for future algorithms.

Secondly, certain relaxation weights, supposedly very close to the optimal « ,
allow the system to stagnate near the true solution. With optimal ¢ value, it appears that
the algorithm tries to converge to a stagnant solution, increasing the confidence when it
agrees with the true solution selected by SA, which is the case for two shots in this study
[64]. Lastly, the true solutions are usually identified with ;' below 10~ before getting
disturbed again by numerical noises. Analysis on more shots are required to generalize

this finding but with the trivial solutions usually yielding r, lower by more than an order

of magnitude (below 107™) it can be used as a criteria to test any local minimum for the

true solution in future algorithms.

6.6 Application of Simulated Annealing

Out of two shots analyzed in this research, shot #138639 contains a good mix of
the characteristics discussed in the previous section with more stable dynamics, thus we
focus our discussion on this shot. Figures 14 and 15 present topological maps for four
selected mesh points for this shot with & =0.5. The first three local minima in these
maps correspond to the three feasible solutions (non-normalized velocities) in Figs. 16.

There are subtle differences between the topological maps in Figs. 15 and 16

because the iterative dynamics are different from the mesh points on the left and right
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Figure 15. Topological maps for the meshes for 0 >0.25 (a =0.5).

side of p=0.25. The iterative dynamics of the mesh points in 0.25 < p <1 range, with
their sample topological maps in Figs. 15, are more stable because the 2nd and 3rd
solutions sets in Figs. 16 for the well-conditioned mesh points stay quite closer to each
other (i.e., stagnate at these solutions) for about up to 40 iterations except the deuterium
polidal velocity in Fig. 16(b), possibly indicating that the algorithm may converge the
iterations to these solutions unless disturbed by numerical noises. With all three solutions
being possible candidates for the true solution in this range, SA identifies the 2nd

solution set with the lowest ry as the true solutions. On the other hand, the mesh points

on the left side of p=0.25 in Figs. 16, with their sample topoligical maps in Figs. 14, are
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Figure 16. Feasible solution sets for local minima in Figs. 14 and 15 (toroidal velocities: CW
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driven towards the trivial solutions much faster because according to Eq. (56) this region

has much higher w values. V,, values in this range quickly drive to zeros and introduce

numerical errors in other velocities causing them to jump to much higher values, which is

a typically observed response of the system at trivial solutions. Therefore, in this range
the first solution set with r; well below 10~ corresponds to the true physical solution

and it can be verified with lower « values to yield the same type of iterative dynamics as

in 0.25< p <1 range.
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In Figures 16(c) and 16(d), it can be observed that the mesh points with near
singularity are highly sensitive to numerical round-off errors. The present algorithm
simply neglects these near singular meshes from the output and spline-connects the entire
radial profile based on the physics argument that such discontinuities cannot physically
exist in tokamak plasmas. Thus, the final non-normalized processed velocity profiles for
this shot #138639 are presented in Figs. 5 with the direction of the toroidal velocities

reversed as positive counter-clockwise (CCW) to indicate in the direction of the neutral

beam injection. The final non-normalized density asymmetries (n;”), which are the

additional variables that made this extended neoclassical rotation model highly nonlinear,
is presented in Fig. 7(a). More details on how to run the code and process these final

solutions can be found in the user's manual provided in Appendix E.

6.7 Verification of the Algorithm and of the Results

Since the calculation results from the extended neoclassical rotation algorithm
[64] cannot be verified against known solutions, checking the existence of true solutions
for a wider range of  values seems to be the most robust way of numerically verifying
the final solutions. Refer to the user's manual in Appendix E for the details on this
numerical verification.  Another rigorous verification was done during the code
development phase by turning off some variables (i.e., fixed them at initial guesses)
selectively with different combinations of variables to check the solutions against known
characteristics of simpler plasma rotation models [30, 38-40]. In the simplest case, with
the asymmetries and toroidal velocities fixed at their initial guesses, the algorithm was
checked to generate the same solutions as in solving a simple linear poloidal rotation

subsystem in Eq. (54a). Then, turning on the toroidal velocity subsystem in Eq. (54c)
allows nonlinear calculation of the velocities with no asymmetries (n;" =0), which we

would predict to be less accurate poloidal velocities that eventually translate into the
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over-prediction of toroidal velocities [51]. Finally, turning on the asymmetry iterations
of Eq. (54b), we can observe the evolution of the true physical solutions to our final

solutions in Fig. 5.
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CHAPTER 7

FUTURE RESEARCH

7.1 Future Extensions of Neoclassical Rotation Theory

The Extended Neoclassical Rotation theory in this research is based on

Braginskii's strong rotation ordering, V. =V,., does not explicitly represent the divertor,

and does not include neutral recycling and the associated atomic physics in the edge.
Representation of the divertor x-point may require either a geometric treatment of the
Miller flux surfaces or additional terms that account for the complicated atomic physics
in the divertor region, thus needs more investigation in the future. It is straightforward to
extend the continuity equation to include all the atomic physics effects and to include a
neutral recycling calculation, as was done in one of the previous circular model studies
[59]. Extension of the Miller flux surface geometry model to explicitly represent the
divertor should be possible but such extensions will still be limited to the strong rotation
ordering. Developing a new theory based on Mikhailovskii's weak rotation ordering,

Vm. <V

4 » would extend the applicability of the current rotation theory based on the S-S
model to a wider range of weaker plasma rotation as might be found in future burning
plasmas. Thus, in summary the next theoretical research directions for the extended
neoclassical rotation theory [64] are the extension of the current theory to include i) the
divertor X-point dependence of the magnetic flux surfaces, ii) Mikhailovskii's weak
rotation ordering viscosity tensor [16, 26-28, 66], and iii) the charge-exchange of

recycling neutrals, all of which would increase the accuracy in the plasma edge and

extend applicability to plasmas with weak rotation.
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Mikhailovskii’s viscosity formulism [16] has been revised by other researchers
and most recently by Catto and Simakov [26, 27] and Ramos [28]. A simple way of

presenting Catto and Simakov’s viscosity formalism to show its relation to Braginskii’s is

«— Mikhailovskii «— Braginskii ~ ~— Heat

I, =1, +I0; (59)

. . . «~— Hea
This shows that we can extend the current rotation theory by adding II; " to the

formalism, thus making the current theory a special case of the more general theory based
on Mikhailovskii's ordering. In doing so, selectively adding some important terms with
significant contribution from the heat equation terms may simplify the modification of
the current theory. In this regard, use of Braginskii’s formalism in this research can be
considered as an intermediate step toward developing a more general extended

neoclassical rotation theory for both strong and weak rotation orderings.

7.2 Future Improvement of Numerical Analysis Methodology

Along with theoretical advances, improvement in numerical analysis
methodology in future research is as important because the nonlinear dynamics of future
computational models would be very similar to the ones presented in this research. To
improve the current algorithm in future studies, there are some possible candidate
approaches in addition to the minor upgrades suggested in earlier sections. First,
realizing that practical physics problems can be formulated into numerical calculation
models in a variety of ways, examination of other decompositions of the subsystems in
Eqgs. (54a)-(54c) to eliminate singularities and improve conditioning should be
investigated. Another aggressive restructuring of the problem by identifying new
additional relations to set up the entire problem as a least squares problem has gone
through some initial investigation, showing improvements with conditioning of the
toroidal rotation subsystem, but this approach requires significant further investigation.

Another future effort would be in extending the capability of the current algorithm to
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handle problems with a diverse combination of inputs because tokamak experiments and
diagnostics are focused on different discharge parameters with different accuracy level.
To analyze shots with substantially different parameters, the current numerical algorithm
presented in this research may need to be modified. Lastly, because of the uncertainties
associated with experimental data and the inputs to the algorithm, efforts to identify the
sources of such uncertainties and to design an algorithm with minimized sensitivity to
these uncertainties will continue during the development of future GTROTA versions.
For this purpose, investigation on diagnostic limitations and the sensitivity of the results
to these experimental uncertainties will be necessary in future studies to design and apply
numerical schemes more resilient to such uncertainties. Therefore, along with a future
theoretical research on the extended neoclassical rotation, efforts on the improvement of

the corresponding numerical model and methodology should continue as well.
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CHAPTER 8

CONCLUSIONS

The extended neoclassical rotation and momentum plasma transport theory based
on the Stacey-Sigmar model with the more accurate Miller equilibrium flux surface

geometry was presented in this research. It was also shown that the gyroviscous

contribution to viscous transport, (R2V¢~V'II) , accounts for the most of neoclassical
gv

toroidal angular momentum damping in this model. Comparisons of the predictions of
this new theory with experiment for two DIII-D discharges indicate that the new theory
predicts the measured carbon poloidal and toroidal rotation very well (<10%) everywhere
except in the very edge for the co-injected shot, where the neglect of recycling neutrals
and of the divertor and the assumption of strong rotation ordering may be expected to
cause difficulty. It is shown that the more accurate poloidal representation of the flux
surfaces provided by the Miller equilibrium model is responsible for a significantly more
accurate prediction than is possible with the similar extended neoclassical rotation theory
based on the circular model [30].

The good agreement of prediction with experiment found on the two shots
examined in this research leads us to tentatively conclude that the extended neoclassical
rotation theory, when all important terms are retained and properly evaluated, is capable
of accounting for most of the rotation and momentum transport in tokamaks. With the
accuracy in the prediction of carbon velocities calculated in this study, we can also
conclude that the gyroviscous transport rates calculated with poloidal asymmetries in the
formalism are at least in the correct order of magnitude and are actually much greater
than the perpendicular viscous transport. This also implies that the amount of anomalous

transport may be smaller than we currently try to explain with turbulent transport theory
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due to this significant neoclassical transport contribution from gyroviscous effect. These
conclusions must, of course, be confirmed by more extensive comparisons of prediction
with experiment. Also, improved accuracy in the plasma edge requires extending the
model further to represent charge-exchange of recycling neutrals, the effect of the
divertor on poloidal asymmetries, and the weak rotation ordering of Mikhailovskii. All
these theoretical advances in future research will also be supported with the

corresponding improvement in the numerical analysis methodology.
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APPENDIX A
INERTIAL AND VISCOSITY TERMS IN CURVILINEAR

GEOMETRY

Al. Inertial terms in curvilinear geometry:

(V)7 ] Vi Yy | Yoy OV ViVa, (%_%j _YiVer 9 (A1)
L r h or h, 060  hh, \ 06 Oor h.h, or

(V9)7] = Vi Vo VoV (%_%j o Yor Vo; VoV, (A2)
i o | h or hh \3r 06)| h, 06  hh, 96

_(V-V)V} - ﬁavw_‘_vwvrjaﬁ " &av¢j+v¢jvajaﬂ (A3)
L o \ h, Or  hh Or hy 06  hh, 06

A2. Viscosity terms in curvilinear geometry:

The rate-of-stress tensor elements in the viscous stress tensor is decomposed into

10 12 34
Haﬁ = Haﬂ + Haﬂ + Haﬁ

(A4)
where
Hgﬁ = _UOW: ) Hizz/j = _(UIW;,B +772W03,3) , and H?ﬁ = 773W;ﬁ +774W;p . (AS)
The elements of the traceless rate-of-strain tensor are
0o _ 3 1 1
Waﬁ=5 fafﬁ_ggaﬁ fﬂfv_ggﬂy WﬂV’
1 _ 1l ol 1 2N
Waﬂ = (5Hﬂ5ﬂv +55Hﬁfﬂfv W/N,
2 1 1
Wos = (G f 5o+ S S )W (A6)
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where é‘jﬁ =0, 0S5 50:5 the Kronecker delta function, and €., the antisymmetric

unit tensor. The Einstein summation convention is also assumed. For tokamak plasmas,

we can assume
£, =[B|/181=0. 7, =I5}/l =0. ,=|5,)/]~1. 7
Neglecting V, since V, <V, <V, , assuming axisymmetry ( d/d¢=0), and with Ay

defined as

1 2
A, :_E(W/rr +W99)+§W¢¢ +2f0W9¢

v, (v, R (A8)
oL e [ LOR, 1 OB V, +f RLM
3h, 060 \Rh, 36 3B, 00 ) % " h, 96

9

all the elements of the viscous stress tensors are given by
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1 9(RB,Y,,) RO(V,R")
_ RB 1_—-7+ ) —_ % 7
7, (RB,) TRRREY: (m—2m,) f, TRRREY.
3 1 a(Vm-R_l) 1 a(VmR_l)
H€¢ :H¢€ :_E%f"A“_ﬂth_a—ae +n4Rh_r—ar , (A13)
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R I(V,.R" RO(V, R
H¢¢ =-1,4, +2772fp ;%_2774]; h_% . (A14)
(7 r

With these, the viscous force terms in general curvilinear geometry are given by

- 19 1 OR B, o (Il 1 oR
Vell) =| ———(Rh,IT,, )+ ————TI, |[+| 2 —| =2 |+ ;
( )0 {Rhghr ar( oALs) Rh, dr "”} { { ] 9‘”}

. or (A15)
h, 96\ B, | Rh, 06

— 0 1 0 1 oh 1 oh 1 OR

Vell) =——(Rh,1 ,)+———(h kI, ) ———rII Pomp, —— 1 s (A16)
( )e Har( ‘ ’9)+Haa(’¢ ) hyh, 06 ”+h€hr or " Rh, 08 ¥

- 120 ) 1 oh ) 1 aR
(V.H)r ZEE(Rhenrr)-'-E%(hrl%nsr)-i_ H .

— - - m,, (Al7)
hh, 00 7 hh or  * Rh or ¥
where H = h.hyh, .
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APPENDIX B

REVISED CIRCULAR MODEL FORMALISM

B1. Continuity Equation (cosine and sine moments):

Vo, =—n, (B1)

Vo =—(1+ﬁj) (B2)

B2. Electron Poloidal Momentum Balance Equation (cosine and sine moments):

~c,s T;'lcl,x
O =" L B3
Ae (B3

B3. Radial Momentum Balance Equation (1, cosine, and sine moments):

- ® 1 9 B . 4 s
Pj=—=——"—"=———=Vy;-Vy; - Pj> (B4)
Vthj ‘/rthg or V[thg
Vo =1- 2 (& 424 )+ 142 | (BS)
Vi Vj
Vir=—c(m @)+ 1+ 22 (& (B6)
9j Vi

B4. Poloidal Momentum Balance Equation (1 moment):
~2 1 ~s -~
Voj |:Eq£fp (nj +d ):|
~ 1 ~ A~ ~s 2 ~c 2 ~c —* %
Ve, Eqé‘f,, (Vm +Pj)¢ -q ff,|1+®P 3 +7, ng.fk + LV aiomi

+V ok fp Z‘:{ V jk m—
i#* y

~ ~'"\ ~¢ 1 ~s 1 = =~ ~ qR
=q¢f.f, |V -+P-)CI> +—qen; +—qed®,;® +V,;— (M, )=—"
q f,fp( 9 j 46] j 46] j j < >njm-V2- (B7)
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BS. Poloidal Momentum Balance Equation (cosine moment):

~e|l 5 1 2 1 —k mj A~ 1 ~
n Vejgél f,,fj—Efpfj%ij m—kVak +58V,j

— 1 2’\2 1 ~c 1 —_—k A
+nj (_qup ng +qu+nk [Ef‘,,gz ijvglj (B8)

Jj#k

1, -~ 1 = =
=504 o f;Vei —ZQCDJCD

1 - ~ ~'\ ~¢
+Eq2fpfj (V¢j -V, +Pj)<I> +<cost9M€j>_

B6. Poloidal Momentum Balance Equation (sine moment):

~c(1 _,A2 1 ~s|a 1, 1 —x M~ 1 -~
i\ Q@ Ve —ga |t Ve d f,f; =5 X Vi m_kV9k+§5Vr-f

~s (1 — o~
+nk (5 fpé‘z V jk Vajj (B9)

J#k

1 oomr 1 A a 1 A A
=—EQf,,2V€j—ECIf,,Veij+%612f,,fj(V¢j—Vaj+Pj)¢

= . R
L@, +(sinom, ) =L
4 SnmV,,

B7. Angular Inertial Torque (1 moment):

<njij2v¢-(V V)V ,> = Rynm v, Vo, (B10)
where
v, E%‘;Z [8(1+1~13- +Vy ) —2R )L :|

(B11)

1Vl 2+53—Q(5£+2+7{})+5 1+ 2 —2R [
2 R, Vi Vi N

B8. Angular Viscous Torque (1 moment):

_ _ 1 9 o(V,,R™") _ _
<R2V¢-V-H> ~ <(R2V¢-V-H)gv> = _<Rhgh, 5[1{3774 g—fe =Rnmy,V,y (B12)

where
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T o s 0,GT.
dj——l = 4V¢>j+n,)+l ,2 —
2 R)e;By 2R)e;By (B13)
T Vi (=~ Piles =~ G.oT,
1L |4V (n,-+q> )—4 R A P LT
2Ry e;By| Vy Vi 2 R)¢;By
GjEr(LZ+L}j+l%), (B14)
9,5\7;,(4+13;)+ﬁj(1—17;,)
0 ;3 ~ ~ (B15)
=(4+ﬁ;) —A—(’j(ﬁ;+§>“)+ 1+—=L | |+n; ﬁ(50+2+ﬁ§)—50 1+ 2
Vj V; Vi Vi
B9. Toroidal Angular Momentum Balance Equation (1 moment):
- - Vo +v, +S Inj |- — - [ —
nim, ¥ v || 1+——L—" LV =V =nje, By +e T, Bo+My; (B16)
j#k Zij
jk
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APPENDIX C

COEFFICIENTS IN THE MILLER MODEL FORMALISM

C1. Poloidal momentum balance equation (1 moment):

< 1 oR sm0>

~ 0 R06 h cos’ @

A o] [CosON 7

11 ‘I'fp J < I, sin’ 0 I,
hﬁ

ia—R sin @ — ! |
el 1 R 06 h, sin’@\ /cos’@ + oh, sin@\ /1 0Rsing\ 1/cosé
EE <5m‘9> (h) ] \() /) 3\96 ()] \ROO(n) | 3\(n)
h9
—4'R,’f,.f;1+3(Q)+(M)
Ay =, <1aR _n01>
+7&0 iy O, sin6 + 1R sintz +l ﬁ +(M cos8)—(Psin 6)
sin® 6 3\06 (n,)'| \R36 (n,)’] 3\(h,)
h0
a, v¢,v¢< s ]‘;"> 1y E V=i
A13 f Zij\/i
ny
T T oh, siné cosd _,/ 1 dRsin@
B =VyiVeoiq" Ry f,f,€ [< > > <R39(h6)2>]
0o tr el [LOR g 1\ ()3 LORY 1 Cl
+V¢,qRof/.f{erz,{<Raes1n9(h9)2> (Ncos@)} (N) 3<(R80J (h9)2>} (CD)

1 ~s[cos@)\ qR, 5 1
+2qrn,< h, > <M9>n mV. +V’<(l+£cos§)>

sl
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where ¢ is safety factor, M, is poloidal momentum input, f, = B% s Vaiom = %Vﬂtomj,
4 ' thj
~  qRe;Bo— = ejE ejg Zjeg = _4qR, - ‘9—3/2‘/;’
g E—Vy, dDjzl = = ,ij=V—ijaij 372, )’
mthhj é mjvthj Tj Tj thj (1 té ij ) (1 + ij )
> oy 1 0P E, v o= V4R, _ 4R, 3 TL;L;S
i=5 = — = = = Vi = - » =
thj Vrhj By or Vthj B Vthj Vthj Ty Pe

2 2
manst _(L%] L9, 198, 1 1B, 1|
3 (h,)” 06 B, 00 (n,) B, 96" (h,)

10R 1 11098, 1 10RY 1 1(10R\( 10B,) 1
PE———2+———H—2 ’ QE —_—— —2+— — || 3
R0 (h,) 3B, 06 (i) R38) (n,) 3\R26)\ B, 06 )(n,)

with @ being the average electric potential.

C2. Poloidal momentum balance equation (cosine moment):

~ 1 2 ~
—Va_,%[—<(—;h; 51n60(;s€>+<cos 2€>J_VW_ <Nc052 0>
A =g Rt f (h) (1)
1= 0’ jJp ’

— ’m ~ ~ cos’ @
— 2. Vi€ — Ve (cos* 0 -V,e{ ——m—
j%( Jk f,, mk 49k< > J <(1+€COS§)>

~ 2 — ~
Ao, =qr(—f;vaf <cos2 ei>+l<°°s 9>] Acy= S Vief, Vo (cos* 6),

hy| 2\ h, o
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~ ~ ~s/10dR 1
B.=qrf VojV4;Vs{——sinfcosd—
c QfP 6jV gj ¢<Ra€ h9>

<1 OR sm6>
RA6 h i g
AL AT e —l %smﬁcgs& +l 00526 +<M00526>—<Psin0(:056>
~Voi’R 1, <sm 9> 3\90  (h,)" | 3\ (h)

h,

+(M cos6)+3(Qcos )

5o oh, sinécos 8 ‘0
VoiVoig’Rytf, f, [<a—; sm(hc)(;s >_<c(c;ls 7 >—<N cos’ 9>J
(4 (4

_\7¢jq2R02fjfp (N cos ¢9>+<cos 9M9j>%

T8

1 OR sin@

m, - <R 90 h, > 5 ~ cosd
]%(V/kf [V&j—\/m:k‘/ﬁ)kj <COS€>+W<COS 9> _Vr]<(1+8COS§)>

hy

lBﬁR sin @ (€2)

1 = ~s/cos’@ RJO h, > 2
T e® < hy >_f" VoV 01| {e036) + sin? @ (cos”6)
hﬁ

where V" given in Egs. (A4) and (A5).

C3. Poloidal momentum balance equation (sine moment):
~ 2], 1\ 1 /sin°@
AS] = q}fﬁV@, <Sll’12 9E>—§C]V< hg >,
> ~ 1| /0h, sin90059> <sm 6> 1 0RY sin’@
=q Rif f,|Vei— <— + (PschosH) V¢,3 —
: '[ 3[ 96 (h,) (h,) R08) (1)
~ sin® @
- Vo (sin? ) +V e ———),
gEkVkap\/i 6k< >+ J€<(1+ecos§)>

A =€ ‘_/jkfp ‘79,‘ <Sin2 9>,
Jj#k

By zqrfpz‘/}H - la_Rsme ! +qrf;IV9/A¢J la_Rsmei
h, £ h,

R 06 R 06

S5, oh, sin&cos O sin* @ 1 0RY’ sin’ @ (C3)
VoV Rt f,| - 22 - 3=
9iV 9iq rfjf][ <ae (/’lg)3 > <(/’lg)2> <(R 00 (hg)Z >}
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where

8 v Vo By s P
V¢j=a}C+A’aj2.C+A’aj3.C+A’afCEA’af.C+Hj‘.C=n,«af.C+ch
Vj Vj Vj Vj

(iezenz) (remsrn) v
_AHJ' 3c 2c 1+€COS§ +a'c 26(1+8R0(r)] (1+€COS§)hr _i(az_c_az_tc)

\%
=A@y A2 € - -
Ve j j i j j or i Vo, j j
h, h,
~ <11> <sin2 9;>
V=il o = Lo AL+ ecos : (&' ]
' Vj 1 I+ OR,(r) sin® @ 1
h, or (1+e&cosé) h,
1 1 L, (C5)
~ oR (1) (1+£cos§)hf ~ st 9}7 e -
+AL V¢./(1+ . j ——+P; - [nj+¢>j]
Vi or 1 1_i_E)RO(r) sin® 1
h, or (1+&cosé) h,
<sin2 91>
1 ~s l’l ~' ~
—=—n;j - (P,-+V,,>,-)
Vi I+ dR, (r) sin* @ 1
or (I+&cosé) h,
with
cos€ 1 ~c cos’ 6 1> < 1> ~ ~c< ) 1>
)t enj{————— cos@— )+éeln; +® |{cos” 60—
o€ = 1 <(1+€cos§) hr> <(1+£cos§) h, 2 E—l h, ( ! ) h,
e cos’@ 1 e ([ ,RM)] o561
(L+&cosé) h, or (1+&cosé) h,
la—Rsinﬁi
< cos 6 >+ R 06 h, < cos’ @ >
I+¢ 1+¢ ~
cosg <sin2 91> coss <cos 61> +é&n; <cos2 61>
a%c El he ) 0{4C = —l hr hr
Y 1_i_aRo(r) cos’d 1 ! £ 1_’_aRo(r) cos’d 1
or J\(1+ecosé)h, aor J\(1+ecosé)h,
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. {cos? Hi ~ {cos? Hi
aSC — 1 _ COSZ 9 i _ (I).f hr _ Pj hr
! COSZH i (1+gCOS§)hr ‘7¢j (1+8R0(r)J ‘741)] (1+8R0(r)j
(1+&cosé) h, or or
A =)
D; P; Ve \1+&cos
H=af +=La + Lol =" ¢ ac
Vo Vi Vi <1>
h,

+a

J

1 1
IC(1+8RO(r)j<(1+SCOS§) hr>azc ;)j (azc_am)

or i j ‘7¢j J j
h"

_cosf 1 +$71 cost9i +ed c0529i
(I+ecosé) b [ Vv, (H_aRo(r)j h, h,
1 or %
B — 1 o g
. cos’d 1 ~ <cos€> Vy
(1+&cosé) h, +f;’7hr
Vi [1+aRo(r)j
(. ar -
<sin2 91> : ~ <sin2 91>
1S hr P, P, 28 _ P = hr

o =- L+l a¥=-=1d
[1+8R0(r)j<( sin® @ 1> Vo Ve Vs (1+8R0(r))<( sin> @ 1>

or 1+£cosé) h, or 1+£cosé) h,

e oR,(r)

r

He is the Shafranov shift [64]. Note that Eqgs. (C4) and (AC) are expressed in

several forms to make it easy to couple them with different moments in Egs. (C1)-( C3).
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APPENDIX D

COEFFICIENTS IN THE NUMERICAL CALCULATION MODEL

The coefficients of the final numerical code come from the coefficients in

Appendix A updated with the coupling relations between G;f and ﬁjY , Egs. (C4) and

(C5).

D1. Coefficients in the density asymmetry subsystem:

s 1n  ~ 5|l /9h, sin@cos@ cos’ 0
= . —V i V i (4 - -
O T R
e s fm[ ~ ~ cos’ @
_(V[I +V[e)8fp EVW <Cos2 6>+Vn€<m>

~ ~ 2 . . R
a, =qr|—f,Va| f,Va cos” @ Vg 1 OR sinf@cos & +l cos? @
hy R 06 h, 2\ h,

ay = (v +vi)ef, Ve (cos* ). a, =0

RO h

b = arf ‘79"7,/6!” < 1 8Rsin6’cos6’>
= PACAR:]]
(A

I lajsine
R3O h, _1<ahgsin6’cos6’>+1<coszt9

>+<M cos’ 9>—<Psin 90059)}

~@’R>f.f,Va| [sin’6 3\96  (n,) 3\ ()
hH
_+<M cos 9>+3<Qcos t9>
-¢°R sz‘7' eH¢ aﬁsin&cos& - cos” 8 —<Nc0526’> —<Ncos€>
T Ve ) )\ oy

<18R sin t9>
—(Vu +Vie)fp I:Vm —\/;[VH1:| <cost9>+T2;<cos2 9>
)

< 1 9R sin 9>
-~ = = 2 * ~ R 89 h R
Vi __cosb —lqrq);fb cos” 6 =SV aiomi V6 <cos0>+7€<cos2 9> +<cos9M,9[>,qi°2
(I+ecosg)/ 2 sin® @ nimV,
hﬁ

(D)
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B 252 1]/sin* @
Ay —quifp Ve _2:|< h, >
A A oh, si in’
—(lVei'*'VwUl,-]sJ <351n9c259>+<sm 429>
3 99 (hy) (1)
2 .,
—%Vm-<Psin90056’>—3(V¢,ai'S +v¢,-)<(laRj = 9>

0 - pa—
+V . < 1?(;055 > (Vu +V,e)f \/ZVm(smz 6>

:quo’fifp

=0, a,, = 8(1/11 +Vle)f Ve <sm t9> ( Vil +Vle)f Ve <cos t9>
~ ~ o~ 1 dR sin@ oh, sinfcos & sin® @ 1 3R\ sin’ @

b:quV; f,V;+Vi< > iff,Vz + +3 (*7j
: 0p H( rhe ¢) R3O h, RO phe 26 (/’13)3 (h3)2 R J6 (/’lg)2

= . [gin?
+1qr¢,¢ sin” 6 <sm 49M01> 9k, (D2)

2 hg n‘ml‘/thl

a, = (;/1, +;je)€fp‘/}0[ <0052 9>, a, =0

oh, sin @cos @ cos’ @
=q¢'R 1, f, [ Vo +V afc} —£ -

o [ P ey Ny
- lm ~ ~ cos’ @

_(VI,' +Vie ){;'fp ;:Vgi <COS2 H>+Vr1€<(1+£C()S§)>
~ ~ [cos’@\ ~ 1 OR sinfcos & 1/cos* @
=qr|—f, Vo | f,V % —~
" qr|: % HI|:fp HI< hy >+ ! l< 26 hy >:|+2< hy >}

1 OR sin @ cos 9>

b, = qrf V91V¢10{2Y<

RO B,
_<18Rsin9>
R06 h i
2 A e e - %sm&czse +1 cos” 8 <Mcos 6'> <Psin6'c0s6>
~GR i f,Ver|  [sin?6\ {3198 (i) 3\ (k)
ht9
| +(M cos 6) +3(Qcos 6)
~ oh, sin@cos cos’ @
2 2 2C (4
—q R f,f,Vo|eH < > < > <Ncos 0> —(Ncos®)
RN () )\ (k)

< 1 R sin 6>
e ~ ~ RO h
—(Vli+V1e)f,, l:Vez - m’Ve,} (cos 8) + 9729<COSZ 6'>
\ m, <s1n
h, >
< 1 9R sin®
)

N A R3O h
_Vrl <(COS9)> ;qrq)lcp <C0S9> fpVatoml VW <COS9 +

(D3)

o > 2 qR,
I+ ecosé Y <cos 9> +<cos€M€1>,

9 sin® @ nim,V,;,
h9
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a, =0, a, = 8(1_/; +‘7je ) f;)‘/}el <Sin2 6> =~ 8(1_/;‘ +‘7;e ) fpﬁal <COS2 9>

~ 2 1]/sin*@
:qr|:fp2V61 —5:|< ha >
~ A . .,
—(le +V¢1a}sj <%h9 Sm90289>+<sm 29>
: o () | \(n)
-2
_le (Psin@cos6)—3 (Vma +V¢1) (1 BRJ sin f
3 R 06 (h,)
- sin’ e s
+Vr18<m>—8(1/1i+1/1e)fp ZV&;‘ <Sln 9>

b, = qR, f VHI (f Vo -f-‘/}(/ﬁ1)<11e 31; 81:9>

~ oh, sin @cos 8 sin” @ 1 0R\ sin* @
+@Rf fVaa® | { =2 + +3 ( j
v [< 96 () ()’ R06) (n,)

= _./sin?
+%quDICI> <S‘“ 9>+<sin9M€,>£ (D4)

=q'Ryf, f,

D2. Coefficients in the poloidal rotation subsystem:

1 dR siné

~s| [ cos@ <R80 hy > cos’ @ 1 dR sin @ — .
=V + +qrf VeV VitV | = fV
et <hg> sin 6 h, VoVl Rae h f(’ )f"“

h€

[l;tf +0!i3c}8 oh, sin6 —[;zf +26ch]8 1 dR siné _|:;lf +043C}l€ costz
3 89 ( ) Ra@( ) 3 (he)
1 oR 1

~4¢'R, [, f, <sin0> 1/ 0h, sin@ 1R sin@\ 1/cosé
R 06 hy [ | ==\ = > )t +-— 3
+3(Q)+(M) - e(Ncos ) + ———"— oy 3\ 90 (n,) Rae( ) 3\(h,)
sin
< i > +<Mc039>—<Ps1n0>

_ 1
SN <1+€cos§> . 1 OR sin@ oh, sin@ cos@
+q°R, fifpra’,- |:2<Ral9( ) >+<NCOS€> <80( ) >+<(hg)2>]
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. (/1 0r sin6 19RY 1
ni‘{<§a_9(h€)2>_<NCOSQ>J_<N>_3<(EB_9] (h9)2>
i
aRo(r) (1+€COS§) hr 2c ﬁi 2C 4c
+8r] 1 A
hr
1 OR siné oh, sing\ [ cosé

_{_2<WW>‘<N“’S€>+<80 <h9)3> <<he>2>} |
1 ~s/cos@ qR, -~ 1 (DS)
+Eqrni< 3 >_<M€i>;im.Vz +Vri<—(1+8cos.f)>

i thi

s| /cos@ ~c [ cos® @ ~s~c [sin* @
+ &n; —eni P
hﬁ h€ h9

d, = q2R02\7¢ififp +e| o€ —[1

<18R sin 9>
el ~s| [cos@ RO h cos’ @ ~ ~5; /1 0Rsin@ — .
¢y =V qrfpz ni < h, > + <sin2 96> < h + qrfp Vo Vo E%T - fp (Vli +Vie ) - fmem,

hy

B A R e N L
3 % (1, R 96 (1, 3\

_quozfzf,, +3<Q>+<M>—Otfcé‘<Ncos €>

1 0R . 1

<R808m9h> 1/on, sing\ /1R sing\  1/coso

I S A O _9&3 4 ——&2 +— COSZ +(M cos @) —(Psin6)
<sin2€> 3\ 00 (hp) R 06 (hp) 3 (hp)

h,

)
+q2R02f,fp£<1-’-g$S§a2C[2<l oR sin6>+<NCOS€>_<%ﬂ>+<cos€>] (D6)

<hl> C\R98 (1,) 96 ()’ \(h,)’

D3. Coefficients in the toroidal rotation subsystem:

ity
€, = jﬁw 8122,51, fl:V—[
i (D7)
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621:17 322:—\/£
ml
1 (D8)
f :{\7 _\/Z& :I 1+ é&cosé
2 ' m, ! (1+8R0(V))< 1 1>
(

or l+€cosf)}7

et
Bl

or l+€cosf)}7
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APPENDIX E

GTROTA (Georgia Tech ROTAtion) USER'S MANUAL

GTROTA(Georgia Tech ROTAtion) version 1.0 User's Manual

Cheonho Bae'
Fusion Research Center & NRE Program, Georgia Institute of Technology

Atlanta, GA 30332-0425 USA

July 2012

! Electronic mail: gth892k @ mail.gatech.edu
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1. INTRODUCTION

GTROTA is a code that computes the plasma rotation velocities and the related
momentum transport based on the neoclassical plasma rotation theory with the Stacy-
Sigmar poloidal rotation model using the Miller equilibrium flux surface geometry [1].
Current rotation theory is based on Braginskii's ordering, thus the code is better suited for
strong rotation analysis although it would still run for slow rotation analysis with
decreased accuracy. This manual introduces the basic physics and numerical calculation
model, how to create an input subroutine, how to run the code, and how to process the
outputs. Details on the plasma rotation theory can be found in Ref. [1] and the numerical
analysis methodology is discussed in Ref. [2]. Users of this code are highly
recommended to read these before using the code. GTROTAV1.0 is currently provided in

Matlab and will be converted into Fortran in the near future.

2. PHYSICS MODEL

2.1. Extended plasma rotation theory
The extended neoclassical plasma rotation theory and its calculation model [1] is
derived from the continuity,
on, —
—+V-(n,V;)=8"
ot : / (1)
and the momentum balance equations,
0 — —— — - = = =1 =1
m/.—(n.V_,-)+n.m.V-(V.V.)+VP. +V-I;=ne (E+V;,xB)+F; +5;
. at J JoJ J J JoJ (2)
where S is the source, P is the pressure, I is the viscosity tensor, and F is the
collisional friction. The primary goal of the tokamak plasma rotation theory is to predict

toroidal velocity of the main ion (deuterium), whose measurement is not available, and
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calculate the associated momentum transport. The non-negligent poloidal and toroidal

components of the inertial term in Eq. (2) are

(7ow)] =Yoo Yoy
o h, 96  hh, 06 "

[(V-V)VJ _ &8V¢j+V¢de8ﬂ + ﬁav¢j+v¢jvejaﬂ
o \ b or  hh or h, 06  h,h, 06 @)

and those of the viscosity terms with respect to Braginskii's viscosity representations|[3-6]

are
(V'H) :ii(Rhenre)'Fii(hr%nee)_Lahr I, + : %Her_La_R 96
® Hor H 96 hyh. 06 hyh. Or Rh, 06 (5)
1 9 1 oR B, o (I 1 oR
V) = (R ) +—2 (4| 22 | e By |- (6)
(vm), Rhyh, ar( ’ ’¢)+th or W’}{he ae( B, J+Rh9 06 ‘”’}

Braginskii's viscosity [6] is decomposed into the parallel (77,;), perpendicular (7,;, 7, ;),
and gyroviscous (7;;, 77, ;) contributions and their relative orderings are shown in Eq. (7)
with 77,; represented with the Shaing banana-plateau-PS viscosity interpolation
formula,[5]

Dy

nm Vi dR€ vV _ 3 nT; 1 n,T;

= =n.mV,gRf., n. =— ,n,.=4n .., n,. =—~-L . n,. =2n.. @)
770] (1+€73/2V;)(1+V;) JJ th]q f] 771] 10 ng_ 772] 771] 773] 2 Q 774] 773]

where V. is the thermal velocity of species j, g is the safety factor, v =1/7 is the

thj

collision frequency with its normalized term V' = V4R, / V., ., Q is the gyrofrequency,

=3/2, %
€ V./.'/'

S e ) ()

Unlike earlier simple theories [7-9], this extended calculation model [1, 10]

expands density and velocity with the lowest order Fourier Series,

nj(r,H)sz(r)[1+nj.cost9+nj.sin9] ®)
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Vj(r,e)z‘7j(r)D+VjCcosﬁ+Vj‘ sin@]’ ©)

thus introduces poloidal asymmetries (7" and V) in the formalism. Earlier, Stacey et

al.[10] have calculated these asymmetries assuming circular flux surface geometry,
limiting the accuracy in the calculations. The calculation model presented in this manual
[1] is based on a D-shaped elongated geometry given in the next section [11], thus

calculates the asymmetries more accurately.

2.2. Magnetic flux surface geometry
The geometry of the D-shaped elongated magnetic flux surface used in the code is
given by Miller et al. [11] with elongation x and triangularity & as shown in Fig. 1. The

R and Z coordinates of the Miller model are given by

R(r)=R,(r)+rcos(@+xsin@) =R, (r)+rcos& (10)

Z(r)=xrsiné, (11)

where R, (r) is a function of r (the half-diameter from the center of plasma along the
plasma mid-plane), x=sin"'J,and £ =6+ xsiné .

A

- -

R

N

v

-
~

~ -

Fig. 1. Miller equilibrium flux surface geometry
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Analysis of the curvilinear differential geometry in all coordinates (r,8,¢ ) on

the flux surfaces yields the following metric coefficients for the Miller geometry [11-13].

K[cos(xsin0)+aRO(r)cost9+[sK—s(;cost9+(1+sk)xcose}sinﬁsinf}
h = 4
4 . 2
\/s1n2§(l+xcos6) +Kk7cos’ @ , (12)
rk[cos(xsin6)+aRa°(r)cos6+[sK—s5cos6+(1+sK)xcos91sinﬂsinf}
r
h, = - 2
\/[R"+cos§—s5sin§sin6j +&%sin 0(s, +1)°
r SNCE)
h,=R(r)=R,(1+&cos&) (14)
where sK(r):L% and sg(r):rg—al (1-6%) account for the radial changes in
K or r

elongation and triangularity. Ampere's law provides the following magnetic field

representations for the Miller model,

(. OR,() B
Bg(r,é?)—(l-i- or jhr(1+€cos§) (15)
__ B
* 1+ecosé ’ (16)

where the overbars indicate the average values at given r, and the flux surface average

(FSA) formula for this Miller geometry is given by

A(r.0)d!,

$
3 B,  §A(.0)Y(r.0)do (17)
<A(r,0)>= q-}dfg = 7 (r.6)d8
B

6

(1+Scos§){cos(xsin9)+alg(r)
-

2
COSH+|:SK—S(sCOSH+(1+SK)XCOSQ]SiHQSiH§:|
Y(r,0)=

2
\/{[a&’ﬂ-cosf—s(y sin &sin 9} +K7sin’ 6(s, +1)2}[sin2 &(1+xcos 9)2 + &7 cos’ 6}
or
where . (18)
These FSAs cannot be reduced to simple analytic expressions, thus computed in a

separate routine and imported into the main code.
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3. NUMERICAL CALCULATION MODEL

3.1. Coupled set of nonlinear equations

The extended rotation calculation model [1] is consisted of 8 unknowns (4
velocities and 4 density asymmetries) when assuming two-species plasma with Eq. (19)
summarizing all interchangeably used notations in the code, figures, and equations to

follow. In the code, velocities and asymmetries are normalized to the same order of

magnitude to minimize numerical round-off errors by v, =Ves , V.. =Ve/ , and
0j oj Vv
p ' th

thj

‘7,,:,- = ‘7¢D = ‘7xo : Toroidal Velocity (Deuterium), ‘7¢1 = \7¢c = ‘7xc : Toroidal Velocity (Carbon)
Vo=Vep=V »p - Poloidal Velocity (Deuterium), Vo =Vec =V »c : Poloidal Velocity (Carbon)  (19)

np =n;i : Cos Asymmetry (Deuterium), ne =n; : Cos Asymmetry (Carbon)

~5 ~

np =n; : Sin Asymmetry (Deuterium), ne =n; : Sin Asymmetry (Carbon)
Equations (20) to (24) constitute the eight equations, expressed in generic forms,
to solve for the eight unknowns, with Egs. (20) to (22) constituting six equations with j

being either i (deuterium) or I (carbon) and k being the other.

~ 2 ~ ~

A Ve +A,Vei+A Ve =B, (20)
Ao ns+Aon;+A.ni = B, 21)
A1+ Ay, n; + A ni = By (22)

where A, A,, A5, Acg, B, and B coefficients can be found in Ref. [2]. Equations

11° 122 132
(20) to (22) are the FSAs of Fourier moments of the poloidal momentum balance with all
the terms retained, thus used to solve for the poloidal velocities and density asymmetries

that are eventually coupled with toroidal rotation computation model, Egs. (23) and (24).

‘//\W\/ml/miﬁi-i_‘//\wﬁl :(yi+y1)/vth1 (23)

where
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=Vdj+an+Snbj/nj VytV,+S

,Bj = = =¢gR, (_* — )b] and Y; =V (1+ﬁj)V¢j - /m_]VWc
k

(ij +Vj6) Vik +Vje Vth/'

with v, and v, being the “inertial” and “viscous” transport frequencies respectively, and

S,, being neutral beam source, and

et )

‘7¢i—\/;i‘7¢1 =(‘7si— i ‘791] <1+8COS§ -i{—i)ﬁ- mi i’l] ,
m; m, BR(, (r) 1 1 m, BRO (r) 1 1

(1+ j<( > [1+ j<(

or 1+€cos§)h7r or l+£cos§)hr> (24)

constitute the toroidal rotation computation model derived from the toroidal and radial
components of the momentum balance equation respectively. The quadratic equation in
Eq. (20) is converted into Eq. (25) so that the quadratic term is treated as a linear term
with n being the current iteration step and n—1 being the previous step. With the
quadratic equation possibly having two solutions, this also ensures that the algorithm
searches for the physical solution corresponding to the initial guesses of poloidal

velocities.

~ n~ n-l ~ n A~ n
A“VHj Voj +A12V9j +A13V9k :Bln (25)

More details on the derivation of these equations can be found in Ref. [1].
We notice that v,; and v, given by,

VOR[N [eosE i ve ) as 088 g o
V”-"_Ro{ar <h>+< h +g(n’+v¢’) cos6= = )~ Ry,

T T

19R . 1> (26)

——sinf@—

— o~ <R 20 h

+V i€V y; COS&’i 42— (cos? HL +& coseﬁ +i a—RsinﬁL
h, h, R, \06 h,

0 <sir12 91>
hg

where L}l = —}é( a)%r is the gradient length scales for a given quantity X and

~c,s

Vi EVJJ.’S/{;' s and

] 2
V=V v (27)
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where

\7;,- 2 cos&cosg +i Rcos&ﬁt +i Rsin&ﬂ +ix Rsinecosgsméz
T, h h h hh [ )], (28)

1 0" ) 0" ) 0" 0 T

Vv, =— —&
! Rye;Bs | - 1 siné sin&
+n,-E Rsin@ +x RsianosHh

0 0

V2 El HjGjT.i (29)
Y 2R’e,B,
with
G =r(L +L'+L ) (30)
~s ~e 2 . .
Vil nj RCOS 4 +l Rcos9 + Rcos&ﬂ + RsinG% +x RsinBcosHﬂ
- hyh, £\ hyh hyh, hyh, hyh, , 3D
o

i =2¢&
) e .2 . .
+1 [—Vw <R S;lnht9>+<Rsin6’ il §>+x<R sin @ cos 92L§>]

9" r 0" r 0" r
must be computed to calculate the velocities and asymmetries. These are the transport
rate calculations due to inertial and gyroviscosity. Gyroviscous component essentially

dominates the neoclassical viscous transport in tokamak plasmas and also much larger

than the inertial transport [1].

3.2. Decomposed numerical calculation models

GTROTAV1.0 solves the following decomposed system of nonlinear equations.

Poloidal rotation subsystem: {Cll Clﬂ Va = {dl} (32)
G Oy \7 . d,
. a, a, a; O ’;li b,
Density asymmetry subsystem: | . 0 a, |5 | |b (33)

a0 ay ay |l b,
0 a, a4 ay pe b,
Toroidal rotation subsystem: [e“ 6’12} Vo | _ [f‘} (34)
€ enlly o 5
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GTROTAV1.0 uses nonlinear Successive OverRelaxation (SOR) to iteratively solve for

the eight unknowns using the algorithm illustrated in Fig. 2.

Initial Guesses:

IA'; Vo ~¢ ~s ~c ~s r
o n [Ili(a) mica) LT Ilr(a)}
I 17 ar

¥
Compute i ~ -l ~ 1
Vp: Valnew)=(l-w)Ts +wls [§
¥
Compute [Ef P e Py T"
Asymmetries: i P 100 £0m)
¥
Compute ~n ~ -1 ~n
vt: Vo(new)=(1=w)l"s +wl
\ 4

Compute — —s —c —s T
|:Hi(n) Migny T i(n) H{(n):|

L 4

Compute ||r ||

Normalized v = 7 Fi
Residuals: ?”A ””\”+ ?”B ”

Asymmetries:

Fig. 2. SOR Flowsheet in the elongated model computation

GTROTAvV1.0 uses the experimental measurement of carbon toroidal and poloidal
velocities as the initial guesses for "VtI" and "Vpl" respectively. It generates the initial
guess for the deuterium toroidal velocity (Vti) from the perturbation theory using "VtI" as
an input. The initial guess for the deuterium poloidal velocity (Vpi) is calculated from
the momentum balance equation with three other initial guesses as the inputs. Zeros are

used as the initial guesses for all the density asymmetries.

4. HOW TO RUN GTROTAVv1.0

4.1. Step 1: How to create an input subroutine
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To run the code, the first thing to do is create an input subroutine. The default
input subroutine is "shot138639.m", shown in Table 1. If a user works on another shot, a

new input file named "shot****** m" needs to be created.

Table 1. Input code (shot138639.m)

function
[Source_NB,Source_impurity,Source_wall,Elongation,dK_dr,x,a, Kmax,Kmin,del_top_max,del_bottom_max,dROdr,VtI_one,Vpl_one,shot,ne,R0,Bp,B
t,fp,E1,E2,E3,Etor,P_E1,P_E2,P_E3.f E1_DI1,f El_D2,f E1_D3,f E2_DI1,f E2_D2,f E2_D3,f E3_DI1,f E3_D2,f_E3_D3,q,n,VtL,VpL,ni,Te,Ti,TLT,

Torque_density,rho,r,ep,delta_r,Phi]=Shot138639(k.e,eV);

Dottit###HHH###HHH SHOT 138639-2085 ms PARAMETERS from TR AN SP#####H#HHH#HHHHHHE
ne=textread('nc138639.txt');nl=nc(:,2).*1e19; rho=nc(:,1);%Carbon Density (m”-3);
Vi=textread('vt138639.txt"); VtI=-Vt(:,2)*1000; % Toroidal Velocity(m/s)
Vp=textread('vp138639.txt");Vpl=-Vp(:,2)*1000;%Poloidal Velocity(m/s)
Torque_read=textread('tq138639.txt"); Torque_density=Torque_read(:,2);% Torque input(N.m)
ne=textread('ne138639.txt");ne=ne(:,2).*1e19;%Electron Density(m”-3)

te=textread('te138639.txt"); Te=te(:,2)*1000; %Electron Temperature (eV)

Ti=textread('ti1 38639.txt"); TI=Ti(:,2)*1000;Ti=TI; T=Ti;%lon Temperature(eV);
vrpot=textread('vrpot138639.txt');Elec_poten=vrpot(:,2); %Electric potential(Volts);
Phi=vrpot(:,2);Phi(size((rho),1),1)=Phi(size((rho),1)-1,1);
Bt_profile=textread('bt138639.txt");Bt=-Bt_profile(1:2:101,2);% Toroidal magnetic strength(Tesla);
Bp_profile=textread('bp138639.txt");Bp=-Bp_profile(1:2:101,2); %Poloidal magnetic strength(Tesla);
sbtot=textread('sbtot138639.txt");Source_NB=sbtot(:,2); % Total Beam source(m”-3);
scimp=textread('scimp138639.txt');Source_impurity=scimp(:,2); %Impurity source(m”-3);
swtot=textread('swtot138639.txt");Source_wall=swtot(:,2); % Wall source(m”"-3);

Dottt###HHHA##HAE SHOT 138639-2085 ms PARAMETERS from TR AN SPH####HHHHEHHHHHHE

YotHHHHHE##H# BEAM INJECTION PARAMETERS (from EXPERIMENT) #i####HHH#HH#HH
E1=81*1000; E2=75*1000; E3=81*1000;%Beam energies(eV)
P_E1=2.1;P_E2=2.2;P_E3=2.6;%Incident power(MW)

f_E1_D1=.55;f E1_D2=.29:f E1_D3=.16;%E1(81keV) power fraction(full, half, 1/3)

f E2_D1=.54;f E2_D2=.28;f E2_D3=.18;%E1(75keV) power fraction(full, half, 1/3)
f_E3_D1=.55;f E3_D2=.29:f E3_D3=.16;%E1(81keV) power fraction(full, half, 1/3)

Dotti###HHH####HH BEAM INJECTION PARAMETERS (from EXPERIMENT) #HHHH#H#HHHHHH#H#H#

ottt #HHH# PLASMA PARAMETERS from EFIT #HHHHHHHHHHEHHHHHAM
V1oop=0.26296; % in Volts (must always be positive because Ip runs parallel with Vloop)
R0=1.734;

a=0.586;

q0=1.2;q95=4.9;qa=8;

Kmax=1.83;Kmin=1.45;

del_top_max=0.6;del_bottom_max=0.22;

beta_p=1.802; int_inductance=0.880;
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Dotti###HHH###H#HH PLASMA PARAMETERS from EFIT #H##H#HHHHHHHHHHH

DottHHHHHAHAHHA BASIC CALCULATIONS ##############H#H#H##

fp=Bp./Bt;

Etor=Vloop/(2*pi*R0);

ni=ne-6.*nl;% From Charge Neutrality

r=rho.*a;%

ep=r./R0O;

delta_r=r(size((Vtl),1))-r(size((VtI),1)-1);% Torque due to Neutral Beam (N*m/m”"3);
dROdr = -r./R0.*(beta_p + int_inductance/2);

RO_profile = RO+dR0Odr.*delta_r;

radius=rho.*a;

del_top=(del_top_max-0)/a.*r;del_bottom=(del_bottom_max-0)/a.*r; % assume linear increase
x_top=asin(del_top);x_bottom=asin(del_bottom);

x=(x_top+x_bottom)./2;

Elongation=(Kmax-Kmin)/a*radius+1.45;

dK_dr=(Kmax-Kmin)/a; % assume linear increase of elongation

Dotti##HHH###H#HH PLASMA PARAMETERS from EFIT #Ht##H#HHHHHHHHHHH

DottHHHHHAHAH# PARAMETERS MANUALLY ADJUSTED to EFIT PROFILES #i###i#i#it##H###
q=40%*r.26+25%r.74+q0; % manually fitted to profile in EFIT

DottHHHHHAHAH# PARAMETERS MANUALLY ADJUSTED to EFIT PROFILES #i###i#i#i##H###
shot=138639; VtI_one = VtI; VpI_one=VpI;

return

Inputs in Table 1 are grouped together based on the input sources: TRANPS, EFIT, and
experiment inputs. There are 13 inputs generated with TRANSP, with their units,
summarized in Table 2. TRANSP generates profiles with 101 mesh points along the
radial direction but GTROTAV1.0 uses 51 for saving the run-time, thus the input size
needs to be adjusted so that the final outputs are in (51,1) column-vector format. Inputs

from EFIT are directly from EFITools on DIII-D database. For accuracy, g profile is
manually adjusted to fit the g profile in EFIT, instead of just assuming a linear increase.

Beam injection parameters need to be acquired from users' collaborating experimentalist.
For shot#138639, three beams with their beam energies 81keV (30LT), 75keV (150LT),
and 81keV (330LT) are injected with duty cycles 2.1/2.6MW, 2.2/22MW, and
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2.6/2.6MW respectively. For 30LT beam, the full, half, and 1/3 power fractions are 0.55,

0.29, and 0.16 respectively.

Table 2. Inputs from TRASNP

inputs Parameter name unit
nc138639 Carbon(or impurity) 107" - particles -m™
density
nel38639 Electron density 107" particles - m>
te138639 Electron temperature keV
ti138639 Ion temperature keV
tq138639 Torque input N-m
vp138639 Carbon poloidal velocity km-s™
vt138639 Carbon toroidal velocity km-s~!
vrpot138639 Electric potential Volts
sbtot138639 Total beam sources 107" - particles-m™
scimp138639 Impurity source 107" - particles-m™
swtot138639 Wall source 107" - particles-m™
bp138639 Poloidal magnetic field Tesla
profile
bt138639 Toroidal magnetic field Tesla
profile

4.1.1. Sign convention in the input subroutine

Due to the importance of the initial guesses in nonlinear programming, it is
important that users put the signs of the inputs correctly. The sign convention for

GTROTAV1.0 inputs is based on the theoretical coordinates determined by the right hand
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rule with the thumb direction corresponding to the toroidal current (/) direction. An
example of theoretical sign convention for shot #138639 is illustrated in Fig. 3. In this
example, /, is in clockwise (CW) direction, thus with +1A1¢ being CW positive, +1 will

the positive upward at the outer mid-plane by the right hand rule. Thus, if the torque

input is provided with positive values, its sign must be reversed since the beams are
injected CCW (—;1¢ direction). Also, for shot #138639, TRANSP inputs forB¢ and B,

are provided as negative values for CCW positive and downward positive at the outer
mid-plane respectively, thus their signs must also be reversed to agree with schematics in
Fig. 3. Since all DIII-D experiments do not follow this theoretical sign convention and
experimental sign conventions can differ, users are advised to draw the directions of all
the inputs in a similar schematic as in Fig. 3 to get the final input signs correctly.
Otherwise, the code will still run to use a global minimization technique known as

Simulated Annealing (SA) to identify a wrong solution as the true solution.

torque

(negative : opposite direction from Ip)

~ theory

Bo.no  (upward)

~ theory

I;P,Vf'rmp, H@

Figure 3. Theoretical sign convention for shot #138639
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4.2. Step 2: Test run of the code

Once the input subroutine is created with correct signs, users need to update
subroutine call command in the main program, GTROTA (see Table 3), as follows.
Users can simply replace "138639" with user's own subroutine shot number (red color in
Table 1). Leave “j_manual_138639.txt” as is for now because this needs to be updated
after identifying the iteration step numbers that correspond to the true solution from this
test run. Leave the default "relaxation( @ )=0.5" as is because these will be explained
later for users to adjust when necessary.  "max_j=100" is the default number of
maximum iterations, which is set enough for the code to generate at least three local
minima in nonlinear topological maps, thus can later be adjusted especially with lower
relaxation (&) values.

Table 3. Input subroutine call commands in the main code

[Elongation,dK_dr,x,a,Kmax,Kmin,del_top_max,del_bottom_max,dR0dr,VtI_one,Vpl_one,shot,ne,R0O,Bp,Bt,fp,E1,E2,E3 Et
or,P_E1,P_E2,P_E3,f E1_DI1,f E1_D2,f E1_D3,f E2_DI1,f E2_D2.,f E2 D3.,f E3_DI1,f E3_D2,f E3_D3,q,nl,VtL,VpLni,
Te,Ti,TL, T,Torque_density,rho,r,ep,delta_r,Phi]=Shot138639(k,.e,eV);

sol_i=textread('j_manual_138639.txt");sol_iteration=sol_i(:,2);relaxation=0.5;max_j=100;

Now, GTROTAV1.0 is ready to test run the code for the shot of users’ interest.
In the Matlab command prompt, type "GTROTA" and hit enter. When the run is
completed, GTROTAV1.0 will generate a number of figures including 51 nonlinear

topological maps from the center mesh (o =0) to the edge (p=1). It uses nonlinear

SOR to control the iterative dynamics of the velocity subsystems with each new

velocities calculated by

~n ~n—1

Vinew)=(1-w)V" + wV’

(35)
where relaxation weight is computed by
cond (A)
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The default & for the code ("relaxation” in Table 3) is @ =0.5 and cond (A)"" are the

condition numbers of the poloidal and toroidal subsystem for 51 mesh points, thus
automatically calculated by the code. Users can start with this default w to generate 51
topological maps and use SA to identify the true solution from these maps, or change &
value once the nonlinear dynamics of the system for the new shot is well-understood.
Nonlinear dynamics of each mesh is independent from other mesh dynamics but
similarities exist for nearby meshes. Thus, SA can be used to identify the true solutions

for all 51 maps that correspond to the global minima within the physically feasible range.

20x1o‘T0P°|°glcal Map(rho 0.02) x10" Topologlcal Map(rho=0.07)
- - 7\‘ ””””””””””””””” =71 8 ™ & TT 1
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o 4+ Norm. Res (Vt subsystem) @ T 11| + Norm. Res (Vt subsystem) |
g 15/ - - 4+ = Norm. Res (entire subsystem) TS g 4 ' | = Norm Res (entire system) |
- | | ; L S | | |
[ .‘7, | | \“
;: : & | 4
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Figure 4. Topological maps for the meshes for p <0.25(a =0.5)
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8 1
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Figure 5. Topological maps for the meshes for p > 0.25(a =0.5)
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For GTROTAVI1.0, the physically feasible range is usually from zero velocities to
approximately the triple of the initial guess, meaning that the algorithm assumes that the
initial guesses at least have the same signs as the true solutions and this reemphasizes the
importance of the accuracy of your initial guesses. Figures 4 and 5 present topological
maps for four selected meshes along the radial profile for shot #138639 with ¢ =0.5,

which clearly shows 3~4 local minima before 100 iterations.

4.2.1. Application of Simulated Annealing

A test run of the code also generates three feasible solution sets, as shown in Fig.
6, that corresponds to the first three local minima near the initial guesses and users need
to manually identify the true solution with SA. Shot #138639 is a good example to
discuss the correct use of SA because it has a good mix of two different types of
dynamics that users can expect from the code within 0.2 <@ <?2. In Figure 6(a), Vpi for

p <0.25 quickly drives to the trivial solutions (i.e., zero velocities), yielding non-
physical numerical blow-up on other velocities. Thus for p <0.25 range, the first

solution set (red squares) corresponds to the true solution. On the other hand, for

p >0.25 range, all three solutions are non-trivial solutions and SA identifies the 2nd

solution set with the lowest normalized residulas as the true solution. Although the first
set in p > 0.25 range is closer to the initial guesses, SA eliminates this set for its higher
residuals by more than an order of magnitude compared to the 2nd (and 3rd) solution set.
This means that the first set here only appeared as a transient solution that are not
consistently generated with different & values. For an accurate identification of the true
solution, users must understand two important facts: 1) solution for each mesh is
independent; 2) trivial solutions must be identified and eliminated from the feasible
solutions. Independence of each mesh implies that all 51 topological maps must be

examined individually to determine the true solution by SA. Considering that the nearby
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meshes yield similar dynamics, this is not a difficult task. Trivial solution sets are
characterized by one(or multiple) velocity being almost zero while the others are
numerically blown-up, yielding non-physical solutions. For shot #138639, & values
other than 0.5 actually yield profiles that does not require separate selection about any
discontinuous points but @ =0.5 is set as default because overall it yields the most stable
radial profiles. This type of differences in dynamics about a singular mesh is not rare,
thus a careful tuning of the dynamics can be acheived by varying & to a wider range to

identify the most optimal value, which is actually recommended for this code.
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Figure 6. Feasible solution sets for the local minima in Figs. 4 and 5 (toroidal velocities: CW

positive / poloidal velocities: positive upward at outer mid-plane)
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4.3. Step 3: How to create the iteration step input for true solutions.

Once the code is test-run and users identify the iteration step for each individual
mesh that corresponds to the true solution, next step is to create a text format input file
that replace "j_manual_138639.txt" in the main program (Table 3). Typing either
"har1_i", har2_i", or "har3_i" in the Matlab command prompt gives the corresponding

iteration step numbers, j. Easiest way to create "j_manual_****** txt" is to copy and

paste the iteration numbers into the Excel spreadsheet (j_manual_138639.xIsx) and save
it as “.txt” format with a new shot number. In “j_manual_138639.txt”, users can notice
that the iteration step numbers for the meshes with high singularities are set as “NaN” so
that the code will eliminate the discontinuities in the final profile. These points can be
easily identified just by observing the profiles in Fig. 6 or refering to the condition

number plot shown in Fig. 7. Users are also advised to neglect a few meshes at both ends

of the profiles. Meshes for o <0.3 usually have very low accuracy because €=r/R, is
too small, causing numerical blow-ups. Also, the results in p >0.95 are less trustworthy

not only because the numerical systems are extremely ill-conditioned but also because the
current plasma rotation theory [1] based on Braginskii's ordering with no atomic physics

treatment in the plasma edge lacks accuracy in the plasma edge and for slow rotation
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Figure 7. Condition numbers at initial iteration step(shot #138639)
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shots. This manual process is expected to be automated in the future versions after

analyzing more shots.

4.4. Step 4: Second run and the final processing
With "j_manual_*###%* txt" created, users need to run the code for the 2™ time.
This second run will generate figures similar to those of shot #138639 in Fig. 8, showing

the raw solutions (red squares) and the spline-fit (black dots) of the profiles together.
Here Vp.” and Vi." are the experimental measurement for carbon, Vt};’f is the inferred
initial

velocities from the perturbation theory, Vp,™ 1is the initial guess calculated with the

other velocities from the momentum balance equation.
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Figure 8. Raw velocities and spline-fitted profiles
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Figures 9 show the finally processed profiles of the true solution (Vp and V¢ of

both species on the same plot) for shot #138639. Note that the signs of toroidal velocities
are reversed from Fig. 8 due to the familiarity of the plasma physicists to CCW being

positive.
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Figure 9. Final true solution velocity profiles (toroidal velocities: CCW positive / poloidal

velocities: positive upward at outer mid-plane)

Figure 10 shows the finally spline-fitted density asymmetries for shot #138639.

Here meshes for p >0.96 not presented due to the lack of accuracy in this region.
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Figure 10. Computed density asymmetries
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The code also calculates the neoclassical angular transport rates, inertial and
gyroviscous transports, as shown in Fig. 11 for shot #138639. Note that GTROTAvV1.0
based on the Stacey-Sigmar poloidal rotation model [1] calculates the gyroviscous
transport contribution (not the much smaller perpendicular contribution) which accounts
for the most of the neoclassical viscous damping. Neoclassical transport frequencies in

the range 0 >0.9 tend to fluctuate more as the code tries to spline fit them. With the

current theory [1] not developed for slow rotation and not accounting for the atomic
physics in the edge, when combined with the ill-conditioning of the numerical model in
the edge, spline-fitted results in the plasma edge is not only less trustworthy but also can
be misleading in terms of what's really happening in the edge. Future extended theory

and the code will be updated to increase the accuracy in this range.
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Figure 11. Transport frequencies

S. VERIFICATION OF RESULTS

GTROTAvV1.0 allows users to examine the nonlinear dynamics of the given
problem by changing the relaxation weights (i.e., changing &) in Eq. (36). Users are
recommended to examine them for 0.2 < a <2, or beyond if necessary, with the goal of

identifying the most commonly appearing solution which corresponds to the true solution
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that the algorithm always tries to converge to. Any solution profiles appearing for a

particular & value only are likely to be transient solutions that happen to appear with

higher normalized residuals (much higher than 10~ empirically), thus not the true
solution. Once the true solution is identified, users can change the default & to another
optimal value that yields most stable true solution profile and process the solution

manually for the final spline-fitted true solution profiles.

6. CONCLUSIONS

This manual for GTROTAvV1.0 summarizes the neoclassical rotation theory and
the numerical model of GTROTA, and the steps to follow for the users of the code. Use
of Matlab during the development of the code allowed easy and fast testing of many
standard and non-standard nonlinear algorithms discussed in Ref. [2]. It is expected to be
translated into Fortran in the near future. Due to the inherent nonlinear characteristics of
the extended plasma rotation theory, some manual steps in the use of the code was
inevitable but will be automated as much as possible after identifying more generalized
dynamics in the future versions. Users are encouraged to contact Cheonho Bae for any

questions and suggestions regarding the algorithm of GTROTAV1.0.
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