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PID Controller Tuning Using Bode’s Integrals

Alireza Karimi, Daniel Garcia, and Roland Longchamp

Abstract—A new method for PID controller tuning based on In 1984, Astréom and H&gglund [4] proposed an automatic
Bode’s integrals is proposed. Itis shown that the derivatives of am- tuning method based on a simple relay feedback test which
plitude and phase of a plant model with respect to frequency can be qi65 " ysing the describing function analysis, the critical gain

approximated by Bode’s integrals without any model of the plant. = .
This information can be used to design a PID controller for slope and the critical frequency of the system. Other points on the

adjustment of the Nyquist diagram and improve the closed-loop Nyquist curve can be identified using a relay with hysteresis [4]
performance. Besides, the derivatives can be also employed to esor by introducing an adjustable time delay in the closed-loop

timate the gradient and the Hessian of a frequency criterion in  system [7], [8]. A closed-loop relay test scheme was proposed
an iterative PID controller tuning method. The frequency crite- in [9] which identifies directly the crossover frequency (the fre-

rion is defined as the sum of squared errors between the desired t which the | L lto 1). After identifvi
and measured gain margin, phase margin and crossover frequency. quency at which the loop gain is equal to 1). After identifying a

The method benefits from specific feedback relay tests to determine P0INnt on the frequency response of the plant, the so-called mod-
the gain margin, the phase margin and the crossover frequency of ified Ziegler—Nichols method can be used to move this point

the closed-loop system. Simulation examples and experimental re-tg another position in the complex plane [1]. Two equations
sults illustrate the effectiveness and the simplicity of the proposed for phase and amplitude assignment are obtained which can be
method to design and tune the PID controllers. .
solved to find the parameters of a Pl or PD controller. For a
Index Terms—Autotuning, iterative methods, proportional con-  PID controller, however, an additional equation should be in-

trol, relay control system, robustness. troduced. In the modified Ziegler—Nichols method, the ratio be-
tween integral time ; and derivative timel; is chosen to be
l. INTRODUCTION constan{(7; = 47y) in order to have a unique solution. In [10],

itis shown thafl; = 2.5T; gives better results than the classical
. . choice for a certain number of plant modélscan be computed
ferent methods for the design or the tuning of these co P s b

wroll h b d'in the literat 119131 Th E‘é a function ofl; in order to obtain a desired slope for the
rollers have been proposed in the literature [1]1-{3]. The ava’?'é/quist curve of the loop transfer function at a given frequency

ID controllers are widely used in industrial plants and dif

able methods are normally based on a first or a second-or r However, this needs inevitably the derivatives of the plant

model with time delay_ obtamed from the time response or t nsfer function with respect to frequency which are not known
measurement of multiple points on the frequency response 0 friori

the process. The specifications are often expressed in terms . _ . . ,
SThe main contribution of this paper is in the use of Bode’s

phase and/or gain margins [4]-[6], because they are the clas- Is f I : h de’s i |
sical measures of robustness and together with the crossd{garais for PID controller tuning. The Bode’s integrals [11]

frequency, they represent the time domain performance of (H&OW the relation between the phase and the amplitude of min-
closed-loop system as well. This problem, in general, evenlipum phase stable systems. It will be shown how these integrals

the plant model is perfectly known, leads to a set of nonline&5#" be used to approximgte the derivatives of the amplit_ude and
equations for which no analytic solution is available. The tra!® Phase of a system with respect to frequency at a given fre-

ditional methods are the graphical algorithms using Bode pkﬂgency. Itis interesting to notice that.the approximation is made
which are not very suitable for autotuning of the PID controllerg.nly with the knpwledge of the amplitude and the p.hase_ of the
More advanced methods try either to find a solution by numetyStem at the given frequency and the system static gain. As a

ical methods [5] or to simplify the equations using some appro&e-su't’ with a simple relay test, not .only are the phase margin
imations to find an analytic solution [6]. The main drawback Ozlmd the crossover freque_ncy identified, but also the derivatives
these approaches is that the desired specifications are not rﬁ)&heglan:]transfer funct!on at(;:rclns?oxerf:equ?hcy 3re_approx-
essarily achieved on the real system because of the approxit’ﬂ%@te with no parametric model of the plant. The cerivatives

tions in modeling and/or equations. In addition, they do not le&&" tl’e usefdtr:n t'tl'e m_0(tj|f|ed Z'i%fr_N'ChOIS mfethod to a‘}'gﬁSt
to on-line tuning methods in order to meet the specifications fOf° S'OP€ 0f th€ Nyquist curve at tne crossover irequency. 1hey
the real plant can also be employed in an autotuning scheme for computing
the gradient and the Hessian of a frequency criterion which is
minimized iteratively. The frequency criterion can be defined as
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andd the relay output amplitude. Then the phase of the identi-
"\_ — ?_— K(s)G(s) fied point can be computed as follows:

LK (jw.)G(jw.) = —2arctan (Wicdwc> .

0

The phase margi®¥ is then given by
Fig. 1. Relay experiment for gain margin measurement.

TAeWe
U=m 2arctan( 1d )

A | K(5)G(s) The proposed methods for measuring the gain and phase mar-
g s - gins by the relay method have the drawback that the method of
the describing function must be used for the identification of the
_ — frequencies and the points on the Nyquist curve of interest. This
O 12 ] approach is approximative. Several methods are proposed to im-
prove the precision of the approximations [2]. In this paper, an
adaptive identification method to the critical gain proposed in
[14] is used in all of the simulation examples and experiments.

An iterative procedure for gain and phase margin adjustmdntthis method the relay is replaced by a saturation nonlinearity
for a Pl controller was presented in [12]. The approach uses sigid a time varying gain.
ilar relay tests, but the gradient of the criterion is not calculated
and an ad hoc algorithm is used, instead. As a result the algoHl. L OOP SLOPE ADJUSTMENTUSING BODE'S INTEGRALS

rithm converges much slower than the proposed method. The slope of the Nyquist curve at the crossover frequency
The paper is organized as follows: In Section Il several relay, g drastically the performance and robustness of the
feedback tests will be briefly reviewed. Section Il shows ho‘e’losed-loop system. In this section, first a formula is derived
the Bode's integrals can be employed for slope adjustmentin {§ich gives the relation betweefi and 7 for obtaining the
modified Ziegler—Nichols method. An iterative tuning methoggjred slope of the Nyquist curve of the loop transfer function

for gain and phase margin adjustment together with simulatige 5 given frequency. Then the Bode’s integrals are used to
examples are presented in Section IV. An application of the prgsroximate the derivatives of the plant transfer function.

posed method to a three-tank system in Section V shows {5y, the parameters of a PID controller for the desired phase
effectiveness and fast convergence of the iterative method. E’n‘érgin and slope at a given frequency are determined.

nally, Section VI gives some concluding remarks.

Fig. 2. Relay experiment for phase margin mesurement.

A. Loop Slope Adjustment

Il. RELAY FEEDBACK TEST Consider the loop transfer functidn(jw) = G(jw)K (jw)

The relay method is a well-known technique to identifyvhere
useful points on the Nyquist curve by generating an appropriate
oscillation with a relay feedback. In the standard relay method K(jw) = K, <1 +
the controller is replaced by an on-off relay in closed-loop.
For many systems there will be an oscillation when the contrisithe PID controller. The slope of the Nyquist curve of the loop
signal is a square wave and the process output is closetransfer functionl.(jw) atw, defined by is equal to the phase
a sinusoid. The amplitude and the frequency of the limitf the derivative ofL(jw) at wg. The derivative of the loop
cycle obtained give, respectively, the point where the Nyquitseinsfer function with respect to is computed as follows:
curve intersects the negative real axis and its corresponding p p p
frequency, M — G(JW)M + K(JW)M (2)
Relay feedback can also be applied to closed-loop systems in- dw dw dw
cluding a linear controller. Fig. 1 shows an experiment where th@rthermore, one has
relay output is the reference signal for the closed-loop system ) ) ] )
with an existing controllei (s) and the closed-loop output is I G(jw) = In|G(jw)| +jLG(jw). ®3)
fed back .to the relay ian_Jt. The id_entified pgint, obta}ined frorﬂifferentiating this equation gives
the amplitude of the limit cycle, is on the intersection of the

1
jwiT 1
i) )

open-loop Nyquist curve with the segment1(,0). The gain dinG(jw) 1 dG(jw)
margin is defined as the inverse of the amplitude of the iden- dw C Gjw)  dw
tified point. dIn|G(jw)| dLG(jw)
The experiment proposed in [9] and shown in Fig. 2 gener- = dw +J do (4)

ates a limit cycle at the crossover frequency of the open-loop
transfer functionk (jw)G(jw). The phase margin can be ap-
proximated by the amplitude and frequency of the generat@d“’ IS

limit cycle [13]. Letw,. be the measured limit cycle frequency dK (jw) ik (T 5
(equal to the crossover frequency),the relay input amplitude dw 0 at w2T; ) )

On the other hand, the derivative of the controller with respect
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Substituting (1), (4) and (5) into (2), one obtains (dIn|G(jw)|)/dv (the slope of the Bode plot) neagp. There-
fore, assuming that the slope of the Bode plot is almost constant

dL(y 1 1 i i q i :
(jw) = K,G(jw) |7 ( Tt — (14 Tyw— in the neighborhood afy, /G (jwy) can be approximated by:
dIn|G(jw)| = .d/G(jw) o Ldln|G(jw)| / lv|
X < 7o +3 T . (6) LG(Jwo) = T N . In coth 5 dv
Hence, the slope of the Nyquist curveugtis given by _ mdln|G(jw)| (12)
) dv w
dL(jw) , , o

p=1"7 dio = o + arctan This property is often used in loop shaping where the slope of

wo the amplitude Bode plot at the crossover frequency is limited to

(TaTiwg + 1) + (TaTiwg — 1) sa(wo) + sp(wo)Tiwo @) —20 dB/decade in order to obtain approximately a phase margin
Sa(wo)Tywo — (TyTiwd — 1) sp(wo) of 90°. Here the measured phase of the systeayas used to
determine approximately the slope of the amplitude Bode plot
wherepy = /G(jwo) ands,(wp) ands,(wy) are defined as (sa):

follows: (o) d1n |G(jw)] dln |G(jw)|
Salwp) = ——— =WwWo ———>
5u(w0) = w dIn |G(jw)| 8) ' dv wo i o o
a\Wo) — Wo——— ;7
dw wo ~ gZG(ng). (13)
_dLG(jw) 9 "
sp(wo) = wo—~ o ©) 2) Derivative of Phase:The second Bode’s integral shows

that the amplitude of a stable minimum-phase system can be
Itis desired to adjust the slope of the Nyquist curve of the loagetermined uniquely from its phase and its static gain. More
transfer functior.(jw) to a specified valué. Then straightfor- precisely, the logarithm of the system amplitudesgtis given

ward calculation gives by [11]
+oo ; ( LG(jw)
Ty = [sa(w) — 1 + sy ) tanep — o) | o TA(EE)
In|G(jwy)| =In|K,| — — —— % Incoth —dv
—Tiwo (sp(wo) — sq(wo) tan(y — o))] T dv 2

— 00

X [wST,,; (14 sa(wo) + sp(wo) tan(y — ¢p))] - (10) (14)
where K, is the static gain of the plant. In the same way, as-
In the next parts, (wo) ands, (wy) are directly approximated suming that/ G(jw)/w is linear (in a logarithmic scale) in the
using the Bode's integrals. neighborhood ofyy, one has

/G(jw
B. Bode’s Integrals w d( ! )) w2

. . In|G(jwo)| m In|Ky|-————2| =

The relations between the phase and the amplitude of a stable ™ dv 2
minimum-phase system have been investigated for the first time o
by Bode [11]. The results are based on Cauchy’s residue the- ~ In|K |_7f_w§ 1 diGQw)|  LG(jwo)
orem and have been extensively used in network analysis. Two g 2 |wo dw | w?d
integrals are presented in this section. The first one, which is )
well known in the control engineering field, shows the relation¥hich gives
ship between the phase of the system at each frequency as a d/G(jw)
function of the derivative of its amplitude. But the second inte-  sp(wo) = wo
gral, to the best of the authors’ knowledge, has never been used 5 “o
in control design. The integral shows how the amplitude of the ~/G(jwo) + — [In|K,| — In|G(jwo)]]. (15)
system at each frequency is related to the derivative of the phase ™
and the static gain of the system. Note that for the systems containing an integrator, the static

1) Derivative of Amplitude:Bode has shown in [11] that for gain cannot be computed. For such systems, the static gain of
a stable minimum-phase transfer functi@jw), the phase of the system without the integrator should be estimated and used

the system aty is given by: in the above formula (note that the phase of the integrator is
constant and its derivative is zero).
1 +C'>od1n|G(jw)| Iv] 3) Precision of the EstimatesThe precision of the esti-
LG(jwy) = - / — In coth 7clz/ (11) mates of the derivatives of amplitude and phase depends on

the system dynamics and on the frequency at which the exper-
iments are performed. However, extensive simulations on the
wherer = In w/wy. Sincelncoth |v|/2 decreases rapidly typical models of industrial plants have shown that the absolute
as w deviates fromwy, the integral depends mostly onnormalized error of the estimates is in an acceptable range. In

— 00
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sa(w) 4) Effect of Pure Time DelayConsider the following
, ' system with a pure time delay.

G- (jw) = G(jw)e ™ (17)

where G(jw) is a stable minimum-phase system. Differenti-
ating the amplitude and phase®f (jw) with respect ta gives

‘ dIn|G.(jw)| _ dIn|G(jw)

18
dw dw (18)
| d/G(jw) _ dLG(jw) - (19)
dw dw
- Now using the Bode’s integral from (12), the phasefjw)
-n . : o= atwy is approximated by
10° 10" 10° 10’ 10°
Frequency [rad/s] e (jwo) _ ZG(ng) — Tw

Fig. 3. Comparison of true,(w) and the estimated one based on Bode's ~ dIn |G(jw)| W (20)

integral (solid line: true values, dashed line: estimates). ~ 2 dw 0-

wo

Then s, (wo) and s,(wp) for a system including a pure time
delay are computed as follows:

dln|G.(j
oG (0]

Sa(wo) =

dw o
2 .
~ = (LG (jwo) + Two) (21)
d/G (jw d/G(jw
= sp(wo) = woidufj ) = wy 7{15].] )| TWwo

) 2 )
~ /G(jwo) + - [In|K,| — In|G(jwo)|] — Two

. 2 .
~ /G (jwo) + - n|K,| —In|G-(jwo)|]. (22)

| The above relations show that the pure time delay should be
Frequency [rad/s] known for the calculation of, (wo) but it has no effect on the
calculation ofs,, (wo). It should be remembered thatepresents
the pure time delay of the system which is usually related to
the mass transport delay and is often negligible or can be easily
) ) . ) measured. This value should not be confounded with the time
order to give an |de_a about the precision of the estimates, letdé?ay that is used to model a high-order system as a first- or
consider the following system second-order system with delay. For examplés) = 1/(s +

1 1)® has no pure time delay whereas it can be approximated by
GEn (16) a first-order model with a large time delay.

Fig. 4. Comparison of true,(w)/w an dthe based on Bode’s integral (solid
line: true values, dashed line: estimates).

G(s) =

wheren is a positive integer. The true values gf(w) and C- PID Design

sp(w)/w computed on the basis of the model for different fre- Suppose that the amplitude and the phase of a plant at
guencies, are compared with the estimated ones based ontlige crossover frequency. are known. These values may
Bode's integrals in Fig. 3 and Fig. 4, respectively. It can be obe obtained using the existing controller and by the method
served that the maximum of the absolute normalized error doasntioned in Section Il. Suppose also that the static gain of the
not exceed 0.1 for this system. process is measured. The objective is to improve the controller
Similar results can be obtained for the systems presentedd®rformance by adjusting the phase margin and the slope of
several first-order models in cascade. For oscillatory systertt® Nyquist curve at the crossover frequency. The modified
the estimation may be poor at certain frequencies, but in genet@gler—Nichols method is used but the derivatives are approx-
the results remain satisfactory. For nonminimum-phase systeimsited by the Bode’s integrals, so no model for the system is
the Bode’s integrals are no longer valid and the proposed foequired. To obtain a desired phase madjnat the crossover
mulas give incorrect results. However, it will be shown next thétequencyw. we have the following equations to solve
the pure time delay has no effect on the estimatios,@nd its
effect on the estimation of, can be neglected if it is small with LG(jwe) + LK (jwe) =Pg — (23)
respect to the dominant time constant of the system. |G(jwe)K (jwe)| =1. (24)
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Solving these equations one obtains Step response
[cos(Pg — p.)] 1.2
K,=——""= (25)
T GGw Y S N
Tywe — = tan(®y — ¢, 26
awe = 7o an(®q — ¢.) (26) |

wherey, is the phase of7(jw.). Now we exploit (10) in order

to obtain the desired slopg at the crossover frequency. Com-
bining (10) and (26), we obtain after straightforward calcula- 4|
tions the parametefB; andTy as follows:

1 0.2t
T, = (27)
o (T, — tan(Dy — p. H r
wl( qw an(®q — ¢c)) % _ 15 20 25
Ty = 5 [(sa(we) = sp(we) tan(Pa — ¢c)) tan(y) — @) Time [s]
We Control signal
+ (1 = sq(we)) tan(Pq — @) — sp(we)] - (28) 3 . , ;

The improved PID controller is now defined by (25), (27), and 25

D. Example 24
The PID design method presented above will be illustrated b
the following simulation model 1.5
G(s) = — (29)
S) = (5 T 1)5 . 1 N\ e

The specifications are setat 0.4 rad/s for the crossover frequen . , . ,
and 50° for the phase margin. First, the control parametersar 0 5 10 15 20 25

obtained using the modified Ziegler-Nichols method. The re ime [s]
sulting PID controller is Fig. 5. Step response of the closed-loop system (dashed line: modified
Ziegler-Nicholas, solid line: proposed).

K(s)=1.35 (1 + + 0.868> . (30) Nyquist diagram

3.44s

This controller moves the poirt¥(0.45) of the Nyquist curve

to a point of K (jw)G(jw) on the unit circle having a phase of
130C°. This conforms to the closed-loop system with the speci-
fications mentioned above.

In order to improve the closed-loop performance, let us cal-
culate now a controller that provides the closed-loop system the % 05+
same crossover frequency and phase margin, but with the de 2
sired slope of the open-loop Nyquist curve at the crossover fre-
guency of 68. This reduces the current slope of the Nyquist
curve by 25 and ensures a greater distance of the Nyquist curve
from the critical point in high frequencies. The controller pa- At
rameters are obtained from (25), (27), and (28), wkg(6.47)
ands,(0.45) are approximated using (13) and (15)

Imagina

8ls

K(s)=1.35 (1 + 5 ! + 1.27s> . (31) 15 , , ,
-1 0.5 0 0.5
Real axis
Although the approximation error for, ands, leads to a Fig. 6. Nyquist diagram (dashed line: modified Ziegler—Nichols, solid line:
resultant slope of 74(about 13% error), a comparison of theproposed).
closed-loop performance for the two controllers shown in Fig. 5
illustrates a significant improvement of the closed-loop perfois replaced by a causal derivatBys/(1+ T,;/20s) and no satu-
mance. The overshoot is about the same but the settling timeation is considered for the control signal. The Nyquist diagrams
44% smaller with the proposed method. It should be mentionéeg. 6) further show that the proposed controller modifies the

that, in simulation, the derivative part of the ideal PID controlleslope of the Nyquist curve and as a result improves the gain
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margin as well as the modulus margin (the minimum distancaly K, andZ; and (10) is used at each iteration to compute

betweenL(jw) and the critical point) of the system. Ty.
The gradient of the criterion is given by
IV. ITERATIVE PID TUNING IN CLOSED-LOOP ) 1 Ow 1 ,
. o . J'(p) = 5 (we — wa)—— + =5 (P — Pa) P, 34
In the previous section, it was assumed that the amplitude and Q w? (we — wa) dp + 2 ( ) (34)

the phase of the plant at the crossover frequency are known Nered’ is the derivative of the phase margin with respect to
they are measured by a relay feedback experiment with an g(éom StLed throuah the chain ru?e (note tm% is functFi)on
isting controller. However, if the desired crossover frequency@ P 9

different from the measured one, an analytic solution as pre-/ andw.)
sented in the previous section cannot be obtained. Therefore o — o, 09, Ow. o
it is not possible, for example, to improve the performance of "= T ow | o (35)

the closed-loop system by increasing the crossover frequency
which is closely related to closed-loop bandwidth. In additiohOW replacing®,, in the above equation byL(jw.) + 7 gives
although the.Nyql_Jist curve Qf the loop trapsfer function passes , 9/L(jw.)  9/L(jw)
through a point with the desired phase, it is not guaranteed that o, = 3 + P
this point gives the phase margin (it is possible that the Nyquist P
curve intersects several times the unit circle). So an extra retgye first term in the above equation is equabtok (jw.)/0p
feedback test using the new controller should be carried outvimich is completely known at each iteration. Furthermore one
order to validate the desired performance on the real systemhas
In this section, an iterative tuning method in the frequency do-

ow,

dp

(36)

We

main is proposed. The method is based on the measurement of 81‘L(Jw> = 81{{(”}) + 0LG(jw)

the phase margin and the crossover frequency by the closed-loop Ow o, Ow o, Ow |,

relay test of Section Il improved by an adaptive gain adjustment _ 0/K(jw) + sp(we) 37)
proposed in [14]. In this method, a frequency criterion is mini- B ow . .

mized iteratively using the Gauss—Newton algorithm. The par- . he fi . letely k b
ticularity of this method is that the gradient of the criterion j§gain, the first term is completely known angl(w.) can be

approximated using the Bode’s integrals and no model of tﬁgproximated psing (15). Now, it only remains to computg
plant is required. Ow./dp. For this purpose, we use the fact that the loop gain

atw,. in each iteration is equal to 1, therefore its derivative (or
derivative of its logarithm) with respect owill be zero. Then

one has
First of all, a performance criterion in the frequency domain

is defined as follows:
2 2
J(p) = % [(wﬂ;d‘”d) + <‘I’mq)_d ‘I’d> (32) butfrom the Bode’s integral (see (13)) one has
ol|L(jw)|| _ 2/L(jw.) 2P, —7)

wherep is the vector of the controller parametess andw, are, dp w. TWe TWe

respectively, the measured and desired crossover frequenc{eh%s dw./dp can be approximated as follows (note that

A. lterative Procedure for Phase Margin Adjustment

Oln|L(jw)| | Oln|L(w)l| 0w,
ap dw ap

We

=0  (38)

(39)

and ®,, and®, are the measured and desired phase margi%sl. ) !
m : L(; dp = dIn|K(j 0
The error between the measured and the desired values are noIrl—| (Gw)l/9p n K (jw)l/9p)
malized in order to avoid numerical problems in the iterative al- % o Twe Oln | K (jw.)| (40)
gorithm. In the next step, the controller parameters minimizing op 2(®,, — ) Op )

the criterion are obtained by the iterative Newton formula . . o .
y Notice that the gradient of the criterion is computed using only

the measured crossover frequengyand the measured ampli-
tude and phase of the plant. In the same way, the Hessian of the
criterion can be approximated without any additional informa-
tion as follows:

T
=5 (5] + g @)

pit1 = pi — iR~ T (p:) (33)

wherei is the iteration numbery; is a positive scalar repre-
senting the step siz&} is a square positive definite matrix of
dimensionp, and.JJ’(p) is the gradient of the criterion with re-

T
spect top. This algorithm converges to the vector of paramete@ =J"(p) = w2 dp \ dp P2
minimizing the criterion, provided that the step size is properly 1 2w 1
chosen [15]. The matri® can be chosen equal to the identity +—(We — wi) =5 + =5 (Pm — ©4)P), (41)
: : - . w2 dp? = D2
matrix or to the Hessian of the criterion to obtain faster conver- d d
gence (Gauss—Newton method). The last two terms can be neglected because they are small espe-

It should be mentioned that the slope of the loop Nyquisfally in the neighborhood of the final solution. In addition, this
curve can also be adjusted simultaneously in the iterative agimplification makes the Hessian always positive which fixes
proach. In fact, in this case, the vector of parameters contathe numerical problems normally encountered in the iterative
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Newton algorithm. The use of the Hessian matrix in the iterdhe first term in the above equation is equabtoK (jw.,)/0p
tive formula (33) instead oR significantly improves the con- which can be computed knowing the controller at each iteration.

vergence speed. Furthermore, one has
1 dw. [Ow.\" 1 T L L(jw) _ OLK(jw) ILG(jw) 48
R=Hr~ ——= (== —& (o). 42 o ey L (48)
ws 80 ( 8p ) + (DZ m( m) ( ) Ow . Ow o, ow o,

Again, knowing the controller at each iteration, the first term in

B. lterative Procedure for Phase and Gain Margins Adjustmefte right-hand side (RHS) can be computed while the second

In phase margin and slope adjustment procedures, the c%agrg] éia?gzoggsze: E;ysmg the Bode's integral of (15). There-

troller is designed using only the information on one frequency
point of the plant. Although this approach is very fast and simple y -1 .
and works well for the majority of the industrial processes, it Qwu _ _ <81K(Jw) + s”(w“)> 81K(qu). (49)
may not work appropriately for some complex high-order sys- Ow “u dp

tems. This means that the specifications may be satisfied jyst, similar way an approximation of the Hessian can also be
locally at the crossover frequency and it is possible that the tl?dmputed as follows:

havior of the system changes drastically elsewhere, leading, for

example, to a very small gain margin. For such systems, it ma.é 1 Owe (Ow, T 1 o (37T 1 K (KT
be preferable to tune the phase and gain margins at the sarme— w_ga_p < dp > + 3‘21 m (Pm)” + Fj u (Ku)™
time. However, this necessitates two relay experiments in each (50)
iteration: one relay test to measure the gain margin and the other

for the phase margin. A frequency criterion can be defined & Simulation Example

Wy

follows: Now let us consider a complex plant model including a time
V[ —wg\2 (@, —d\2 (K, — Ky\> delay as follows:
J(p) =5 + + —0.3s
L b fa Gls) = ——° 51)
(43) (2 + 25 +3)3(s +3)

where K, = |L(jw,)| is the amplitude of the loop transfer
function where it intersects the negative real &4€.(jw,) =
—m). w, is the critical loop frequencyk, is the inverse of the
desired gain margin. The gradient of the criterion is given by

This model was proposed in [16] and represents a difficult
problem to be solved using a PID controller. It should be noted
that neither the traditional Ziegler—Nichols method nor a more
advanced method based on a first-order plant model [6] can
, 1 Ow, 1 , give a stabilizing controller for this plant. Contrary to the sim-
J(p) = ﬁ(wc - ‘*’d)a—p + @((I)m = ®a) Py, ulation example presented in Section IlI-D, it is very difficult
¢ 1 ¢ here to tune a controller using the slope adjustment method,
+F(K“ - KoK, (44) pecause a small change in the slope of the Nyquist curve
d at the crossover frequency may even make the closed-loop
whereK, is the derivative of the critical loop gain with respecsystem unstable. In the following, it is shown that a controller
to p computed as follows: which confers appropriate specifications on the closed-loop
) ) system can be tuned with the iterative phase and gain margins
- O|L(jwu )l + 9 |L(jw)| 8& (45) adjustment method. This method requires two experiments
dp ow |, 9Ip per iteration and is more convenient for high-order complex
systems. However, one should note that the experimental time

The first term is equal WG(jwu)| - 9|K (jwu)|/dp which can ”I??r the gain margin measurement can be chosen to be smaller

be eas!ly compu';ed at each |t,er_at|on. Th? secpn_d term ca &n that of the phase margin, because the critical frequency is
approximated using the Bode’s integrals in a similar way as(@

done for the phase margin. First the derivative of the amplitu
of the loop gain is computed using (13) as follows:

KI

preciably larger than the crossover frequency.
The specifications are set for this examplesat= 0.2rad/s
for the crossover frequency, adg, = 70° andK,; = 1/3 for

O |L(jw)| Oln |L(jw)] the phase and for the inverse of the gain margin, respectively.
T 0w | T |L(jwa)l T 0w The initial controller is designed using the Kappa-Tau tuning
wu p W rule proposed in [1], which gives the following stabilizing con-
~ K, 24 L(jwn) = — 2Ky . (46) troller
TWy Wy 1
Thenow, /dp is computed using the fact that in each iteration K(s) =45 (1 T oas 0-0335> : (52)
L L(jw,) = —m and consequently its derivative with respect to o . _
p will be zero, which gives The performance criterion of (43) is considered. Two
closed-loop experiments are performed to measure a crossover
ILL(jwu) n OLL(jw) | Owu _ (a7) frequency of 0.139 rad/s, a phase margin of 7&d a gain

adp Ow ap margin of 4.39, which give a performance criterion of 0.104.

Wy
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' ' ] Fig. 8. Schematic diagram of the tank system.

of three cylinders T1, T2, and T3 which are interconnected
in series by two connecting pipes. Two pumps, driven by dc
motors, supply the tanks T1 and T2 with the liquid (water)
collected in a reservoir. The water level in each tank is mea-
sured by a piezoresistive pressure transducer. The first tank is
equipped with a manually adjustable valve which lets the water
outflow at rateQ),,; to the reservoir. The input of the process
is an electrical signal which controls the flow rade into the
first tank. The outputy of the process is the voltage of the
; . i piezoresistive pressure transducer of T2, which is proportional
0 10 Tirﬁg[s] 30 40 to the levelL with a negative gain. The second pump acts as
an output disturbance to the system. The control objective is to
Fig. 7. Stepresponse of the closed-loop system (dashed line: Kappa—Tau;sgﬁﬁimain the level of T2 at a desired value. Due to nonlinear
line: proposed). relations between the input flow ratg;, the output flow rate
Qou: and the tank level, the system is nonlinear.
With these values, the gradient and Hessian are calculatedConsider that the system operates at a set point corresponding
and a new controller is obtained. After one other iteration the Q1 = Q1max/2, WhereQmax is the maximum flow rate
following controller is obtained of the pump. For this operating point, an initial controller is
designed using the Kappa-Tau tuning rule proposed in [1] based
+ 0.1253) (53)  on the step response of the system. The resulting PID controller

1
K(s) =4.93 (1 + 5376
with a performance criterion of 0.0017. This controller give'sS
0.1997 rad/s for the crossover frequency, 6ddr the phase 1
margin and 2.97 for the gain margin. It should be noted that K. (s)=29.3 <1 +—+ 4.725> . (54)
no significant improvement can be achieved with further iter- 20.84s
ations. A comparison of the closed-loop performance betweﬁnS

the initial cor_1tro|!era_nd thg final onein Fig. 7 shows that a muo i%stable controller for this operating point. After measuring a
smaller settling time is achieved with an overshoot of only 0.7 Qtatic gain of about 1, a closed-loop experiment as proposed in

In the simulation exampld,.s is replaced by a causal derlVatorSection Il identifies for this configuration a phase margin ¢f 64
Tus/(1 + Tq/20s).

It is worth mentioning that even if th timation error nd a crossover frequency of 0.097 rad/s. In order to improve
S WO entioning that eve € estimation errors oj, o stability of the closed-loop system and reduce the control
s, might be large due to the presence of an unknown pure ti

. o : ﬁort, new specifications with an increased phase madgin
delay in the plant model, the criterion converges rapidly enou d a reduced crossover frequency compared with the ac-
The reason is that in the Gauss-Newton algorithm the quadratﬂ

iteri i 0 its mini | ith %l ones, are definedl; = 80°, wq = 0.08 rad/s. As another
criterion will converge to Its minimum vajue even with an apépecification, a desired value for the slope of the Nyquist curve
proximative gradient.

at crossover frequency or a constant ratio between the integral
time and the derivative time should be considered. In this exper-
iment, like in the classical Ziegler—Nichol$; = 47T} is con-

In this section, experimental results obtained with sidered and the derivative part of the controller is replaced by a
three-tank system (Fig. 8) are presented. The process consistssal derivato¥ys/(1+ T;/5s). In the next step, the gradient

hould be noted that the Ziegler—Nichols method gives an

V. REAL-TIME EXPERIMENT
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Step and load disturbance response
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Step and load disturbance response
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Fig. 9. Normalized step and disturbance response of the closed-loop sysfden 10. Normalized step and disturbance response of the closed-loop system
(grey line: Kappa-Tau. black line: proposed). (grey line: controller (55). black line: controller (56)).

and the Hessian are calculated and a new controller is obtaifi@d/s are obtained) and the controller should be retuned. After
after the first iteration one iteration, using the proposed tuning method, the following
controller is obtained

K(s) =23 <1 +

K(s) =204 (1 + + 7.883) . (55)

31.5s

10.65 ) .
TR 06s> (56)

The closed-loop test applied to the system with the controller in
(55) gives the following estimates The closed-loop system with this controller gives the following
performance which is very close to the desired one
D, =86.2° w,, =0.085rad/s.
b, =73.7°  w,, =0.0791 rad/s.

As the estimated values are close to the desired ones, there is no
need for further iterations. A comparison between the time re-A comparison of the normalized step response and distur-
sponse of the closed-loop system with the Kappa-Tau controllmEnce response of the closed-loop system with the two con-
and the proposed one is shown in Fig. 9. The step responseddlers is shown in Fig. 10. The effectiveness and rapidity of
normalized and the output disturbance concerns a constant flitve proposed algorithm is shown in Fig. 11 for an autotuning
rate» for the pump 2 applied dt= 160s. It can be seen that experiment. During the first 500 s the initial controller is im-
the proposed controller gives a much better performance for fllemented on the real system and measurements are performed.
closed-loop system in terms of disturbance rejection, overshddten the controller is updated and a new test is carried out for
and settling time. measuring the phase margin as well as the crossover frequency.

Now, consider that the operating point of the system is As shown in this section, the proposed iterative tuning algo-
changed and, due to the system nonlinearity, the closed-laithm is fast enough to be used for the autotuning of real pro-
performance deteriorates. Consequently, the same controllecegses, and is particularly appropriate for readjusting the con-
the new operating point does not meet the specification (a phasdler parameters of systems whose operating point changes
margin ®,, of 55° and a crossover frequency,, of 0.066 slowly.
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Fig. 11. Autotuning experiment (dashed: generated reference signal of the

closed

The derivatives of phase and amplitude of minimum-pha:
and stable plant models with respect to the frequency have b
approximated using the Bode’s integrals. The precision of tl
approximation for typical industrial plant models is adequate fi
PID controller tuning. An iterative approach for tuning the PIL
controller parameters with specifications on gain margin, phaﬁr(]a

-loop system. solid: output of the closed-loop system).

VI. CONCLUSION
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criterion and can be used for autotuning of industrial plants.
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