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Abstract

We obtain selfgravitating multi-string configurations for the Einstein-
Weinberg-Salam model, in terms of solutions for a nonlinear elliptic
system of Liouville type whose solvability was posed as an open prob-
lem in [15].

1 Introduction

Aim of this paper is to establish the existence of gravitating strings for
the Einstein-Weinberg-Salam theory, where the non-abelian SU(2) x U(1)-
Electroweak theory is coupled with Einstein’s equation to take into account
the effect of gravity. We shall be interested to obtain static strings, parallel
along a given direction. Thus, in the Minkowski space R!*3 with time vari-
able t = 2° and space variables (z', 2% 23), we consider the z3-direction as a



fixed(vertical) direction. Accordingly, we restrict the choice of gravitational
metrics to take the form:

ds® = (dz°)? — (dx*)* — e"((dz")* + (dz?)?), (1.1)

so that the conformal factor n will define one of our unknown. Furthermore,
by formulating the Electroweak theory in terms of the unitary gauge vari-
ables, we may introduce a setting (suggested by the Ambjorn-Olesen’s vortex
ansatz [1, 2, 3]) so that, with the physical parameters specified according to
a “critical” condition, the second order Euler-Lagrange equations reduces to
selfdual first order equations of Bogomolnyi type when restricted to time in-
dependent solutions. The resulting selfdual equations are expressed in terms
of a complex valued massive field W, a scalar field ¢ and real valued 2-vector
fields P = (P,)y=1,2 and Z = (Z,),=1,2, which together with the conformal
factor n are assumed to depend only on the (x!,z?)-variables. The massive
field W is (weakly) coupled with the fields P and Z through the covariant
derivative in the form:

D;W = 0;W —igi(P;sinf + Zjcos )W, j=1,2 (1.2)

where g is the SU(2)-coupling constant, § € (0,7/2) is the Weinberg’s
mixing angle, that relates to the U(1)-coupling constant go via the identity:

g1
(91 + g5)V*

Let Py = 01 Py — 05 P, and Z13 = 0175 — 027, be the curls of the vector fields
P and Z respectively, we may formulate the selfdual equations as follows:

cosf =

D\W +iD;W =0 (1.3)
g1 .
Py = 2Sm9¢§e’7 + 2g; sin §|W|? (1.4)
91 2 2 2
Zig = — 2 1.
12 =5 cosG(w $5) + 291 cos 0| W | (1.5)
2cosf .
Z; = —ﬂekjak log ¢ (1.6)
g

where ¢ is the symmetry breaking constant and €%/ denotes the totally
antisymmetric symbol fixed with €2 = 1. In this setting the reduced 2-
dimensional energy density H takes the form:

1 g 93

=370 T Teozg ¥ ) A WP + 27Vl (17)

and we also obtain the Gauss curvature K, = —%e‘”An relative to the
Riemann surface (R?, e"4;;) by means of the relation:

K, =8tGH + A, (1.8)
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where G is Newton’s gravitational constant, and A is the cosmological con-
stant that, by Einstein’s equation, must be fixed as follows:

TGy}
sin?6 -

A= (1.9)
We refer to Chapter 10 of Yang’s monograph[15] for a detailed discussion
about the derivation of those relations. We only observe that in view of (1.3),
W is required to satisfy a sort of gauge invariant version of the Cauchy-
Riemann equation. In particular this implies ([12]) that W can vanish at
isolated zeros, say {z1,---,2zn} (repeated according to multiplicity), which
determine the string’s location.

Therefore, following [12], we may introduce new variables (u,v) such that,

et = |[W|?, e = (1.10)

and see that the selfgravitating Electroweak string solution to (1.3)-(1.6) may
be expressed in terms of a triplet (u,v,n) solution in R? for the following
elliptic system:

(

N
—Au = gie"t + 4g%e" — 4m Z 5z — z)
k=1
Av = 91 [e” — ¢gple” + 2g7e"

2 cos2 0 0 1 , (1.11)

eV — ¢2>2 ¢4

—An = 471G 2.m ( 0 0

= A { cos? 0 +sim29
L + 167Ggie"™ + 87G|Vv|*e?,

where {21,--,2x} are given points (repeated with multiplicity) in R%and

correspond to the zeros of the massive field:

W(z) = exp (g —i—iZarg . ) : (1.12)

Indeed, by virtue of (1.2), (1.10) and (1.12) we can easily recover the full
string (W, o, P, Z,n) solution of (1.3)-(1.6) out of the triplet (u,v,n) satisfy-
ing (1.11). Again, we refer to [15] for details, where in fact the solvability
of (1.11) is listed as a challenging open problem, in contrast, for instance,
to the analogous Einstein-Abelian-Higgs system whose string solutions have
been classified rather accurately in [13, 14]. See [15] also for more references.
Satisfactory results are available also in case we neglect the effect of gravity,
and take n = G = 0 in (1.11). In this case the resulting (2 x 2) system has
been treated in [11] and [7] to yield various classes of planar Electroweak



vortex-like configurations, while Electroweak periodic vortices have been es-
tablished in [10] and [5].
It is the main goal of this paper to show that, if

sin? 6
>N+1 1.13
4GP} i (1.13)
then, for any assigned set of points {z;,--, 2y} C R? (repeated according

to their multiplicity) the system (1.11) admits (a one-parameter family of)
solutions satisfying the boundary conditions:

/ e < o0, / ¢ < 400, |Ve'| € LA(RY). (1.14)
R2 R2

Notice that the boundary conditions (1.14) appear as “natural” in this con-
text, as they imply a finite energy property for the corresponding selfdual
string, in the sense that,

He” < 400 and K,e" < +oo (1.15)

R2 R2
(see (1.7) and (1.8)). Moreover they ensure finite flux for the vector fields P
and Z. More precisely, concerning (1.3)-(1.6) we obtain the following result:

Theorem 1.1 Let N € N be an integer such that (1.13) holds. For a given
set of points {z1,--+ ,2n} C R? (repeated according to their multiplicity)
there exists £1 > 0 such that for every e € (0,e1) there exists (W<, ¢, P, 1),
a selfgravitating Electroweak string solution of (1.3)-(1.6) satisfying the fi-
nite energy condition (1.15) and with W¢ wvanishing ezactly at the points
{z1, -+ ,2n} according to their multiplicity.

On the basis of the above discussion, to establish Theorem 1.1 we only
need to focus about system (1.11). We are going to attack (1.11) by pertur-
bation techniques in a spirit similar to the work of Chae-Imanuvilov in [6]
for the study of non-topological Chern-Simons vortices. In fact, the pertur-
bative approach introduced in [6] has proven particularly useful to handle
elliptic systems of Liouville type in the plane. In this respect it is important
to notice that the conformal invariance of the Liouville operator: Awu + e
in R?, is the origin of some degeneracies that are manifested by an extreme
sensitivity of the operator under perturbations. Therefore, it is never a stan-
dard task to make perturbation technique work successfully in this context.
Concerning our system (1.11), we show how to take advantage of the specific
structure of the perturbation terms in order to limit the degeneracy effect on
the corresponding operator, so to restore a crucial invertibility property. In
this way we are able to identify a certain neighborhood in a suitable func-
tion space where to locate our solutions. This allows us to provide a rather
accurate control on the behavior of the solution at infinity, and therefore
verify (1.14). The details of our perturbative method are carried out in the
following section.



2 Preliminaries and Statement of the Main
Result

We start by transforming (1.11) to an equivalent system. To this purpose
multiply the second equation of (1.11) by e¥, and use the identity Ae’ =
e’ Av + |[Vu|?e¥ to obtain

2
v g v v uUTv v
Ae’ = 2C01820[6 — ¢ale™ + 2g7e" T + | VolPe. (2.1)

The third equation in (1.11) added to (2.1) x 87G gives;

" 1 1 4rGgids ..
A(n + 87Ge’) = —4nGg? ¢y (cos2 7 + i 9) e + COS219 0 pntv.

Thus, if we introduce the notations:

N = dg? g = Aot (— 4 L = TN\ s (2.2)
! 172 190\ cos20 ' sin20) 77 2cos20 T

we arrive to the following equivalent formulation of (1.11)

N
A
Au = —Zle”+77 — \e + 4%2 3z — z) (2.3)
k=1
AN+ Mge”) = —dge” + Aghge™ (2.4)
Av = /\—26“” — X3e + ﬁe“, in R (2.5)
9o 2

To construct solutions for (2.3)-(2.5) notice that the first equation (2.3) ad-
mits a “singular” Liouville-type structure, which motivates to take

/ e" < 400 (2.6)
R2

as a “natural” boundary condition. Since (2.6) is scale invariant under the
transform: .
x
u(@) — ue(z) = u() + 2log(2),
Ve > 0, we can consider the e—scaled version of (2.3)-(2.5) obtained by also
transforming:

)+ 2log(-)

).

v(r) — wve(x) =0(

M8 o8
M=o =

n(x) — n(x) =n(=)+ 2log(



In fact, in terms of the unknowns (ue,ve,7.) system (2.3)-(2.5) takes the
form:

N

A
Au = —é?QZle””’ — Ae" +4m Z 6(z — ezy) (2.7)
k=1
A(n + 52)\461}) = —/\26” + €2>\3)\4677+U (28)
2
Av = S0 goen _\ oy )\—e in R% (2.9)
K 2

This suggests to look for solution of (2.7)-(2.9) “close” in a suitable sense to
those of the system

N
Au’ = —/\16“0—1—4725(2—5zk) (2.10)
A’ = —Xe” (2.11)
A
A = —/\36770—1—716“0, (2.12)

for which we can exhibit an explicit solution. To this purpose, we introduce
complex notation, by setting z = x; + iz, for every (1, 79) € R?, and define:

e =W I[e-a Fe) = [ o

Set N
fe(z) = (N+1) Hz—ezk) and F.(z /fa
k=1

then, by Liouville formula [8], we know that for every ¢ > 0 and a,b € C,
the functions

uw? (2) =1lo 8l (2)I* )(z) =1lo s
a,a( ) 1 & [)\1 (1 + |F5(Z) +a|2)2] ’ nb( ) ! & |:)\2<1 + ’Z+b|2>2:|

satisfy (2.10) and (2.11) respectively. Furthermore, if we set,

23
——) 2.13
K » ( )

then, we also solve (2.12) by taking,

1+ |F.(2) + a|2
(1+ |z +0b*)=

e,ab




Reasonably we may look for solution of (2.3)-(2.5) in the form:

u(z) = uga(sz) +2loge + 204 (e2) (2.14)
n(z) = ni(ez) +2loge + 20y(e2) (2.15)
v(z) = v2,,(e2) +2loge + e%03(ez) (2.16)

with oy, 09, 03 suitable functions which identify the error terms in the expan-
sion (2.14)-(2.16) as € — 0. Introducing the notation:

ul,(e2) +2loge = logpl,(2)
my(e2) +2loge = log pli(2)
vg’mb(&tz) +2loge = log péﬁb(z)

we see that,

8e2M21f (=)

pi,a(’z) = 2 2

M (142392 |FE) + )
8e?
11

Pels) = ez 0P
o (1L 2P ) + ot

117

pe,a,b(’z)

(1+ |ez +b]2)x
are well defined also for negative €. We prove:

Theorem 2.1 Let N € N be such that

2\
k="2>N+1. (2.17)
A2

For given points {zj}ﬁ-v:l € R? (repeated according to their multiplicity), there
exists €1 > 0, such that for every e € (—e1,¢1), € # 0, problem (2.3)-(2.5)
admits a solution (u®,n®,v°) of the following form:

W) = logpl () + Pun(ele]) + el (e2), (2.18)
n°(z) = log pglb (2) + e2wsq(g2]) + 82u§75(52) (2.19)
v (z) = log pggg’b; (2) + 2wy (elz|) + *uj (e2), (2.20)

with pl ,.(2), plh(2), pLik - (2) defined above and |aZ| + [bZ| — 0, as & — 0.
Furthermore, the functions wy, wq,ws are radial, and satisfy:

wi(]z]) = Cilog|z| +0(1), (2.21)
wo(|z]) = —Csloglz| + O(1), (2.22)
ws(lz) = Ciloglz] +0(1) (2.23)
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as |z| — oo, with explicit constants Cy,Co, Cs(determined in Lemma 3.1
below); while ui _,u5 _, u3 . satisfy:

3 *
E U ez
serz 1 +1log™ |z]

In particular, (u¢,n°,v°) verifies the boundary condition (1.14).

Remark: By our construction the sufficient condition (2.17) is clearly nec-
essary to ensure the validity of the last of the boundary conditions in (1.14).
Notice that in case the parameters A;, j = 1,--- ,4 are chosen according to
(2.2), then (2.17) reads as follws,

sin® 4

4GP}

> N+1,

and provides a sufficient condition for the existence of Electroweak selfgravi-
tating strings as stated in Theorem 1.1, which becomes an easy consequence
of Theorem 2.1. This condition is analogous to the necessary and sufficient
condition obtained in [14] for the existence of Abelian Higgs strings in the
Einstein-Maxwell-Higgs system. In a sense it imposes a restriction between
the total string number N and the gravitational constant G which should
be considered small. Here ¢, plays a role of symmetry breaking parameter
analogous to that in the Abelian Higgs strings model.

3 The Proof of Theorem 2.1

Following [6], we derive our result by making an appropriate use of the Im-
plicit Function Theorem([9],[16]) over the spaces:

Xo = fu e (@) | [ (1 o )lu(o)Pds < o0}

equipped with the norm ||Ju||%, = [p (1 + |2[*T)|u(x)[*dz, and

_ 2,2 1p2 2 u(z) 2
Vo= {u e WEZR) | 18ulk, + | oms

L2 (R2)

2l
1[e| 2 11 L2(R?)

is fixed throughout this paper. For this purpose we recall the following useful
facts proved in [6].

equipped with the norm [|ull3. = [|Aul%. +]| where a € (0, 3)

Proposition 3.1 For a € (0,3) we have:

(i) v €Y, is harmonic if and only if v = constant.



(ii) There exists a constant Cy > 0 such that for all v € Y, we have:
[v(@)] < Collvlly, (log™ ] +1), Vo € R,
where log" |z| = max{log |z|,0}.

Since we are going to search for solutions (u,n,v) in the form (2.14)-(2.16),
by direct inspection we see that the functions o; , j = 1,2, 3 must satisfy:

A A
Aoy = — gl (2)allly(2)e” ) — Sl () — 1) (3.1)
A
Aoy = —NAL ()™ ) = Fal () (7 = 1) + Dadag]! ()l (2)e )
A omioy A 2, A 2y
Acy = 51 (2)ghily(2)e” ) = Sl (@) (e = 1)+ THelo(2)(e 7 —
0

where we have set

I ca 17 o III _ 00
gs,a(’z> =" 9 (Z) - e”b) gs,a,b(’2> = e'=ab,
In order to determine the triplet (oq,09,03) we are going to consider the
free parameters a,b € C above as part of our unknowns. More precisely, we
concentrate around the values a = 0, b = 0, and consider the radial functions:

i of 8(N + 1)%r2N . 8
= [1m == = - —_—
Pr= 00 = N e2vi P20 T ey

and

Thus, by taking a = b = 0 in (3.1), (3.2) and (3.3) and letting ¢ — 0,
(formally) we obtain the linear system:

A
Aw1 + /\1p1w1 = —legpg (34)
Awy + Appawy = —AAps + A3Aapap3 (3.5)
1 A
Aw3 = 5)\1p1w1 - )\302’[112 + —2p2p3. (36)
0

Consequently, if we let (w;,wq,ws) be a solution of (3.4), (3.5), (3.6) then,
under the decomposition

0j(2) = w;(2) + u;(z), Jj=1,2,3, (3.7)



we reduce to solve for (uy, us, ug)the following implicit problem:

A
Pr(uy, up, uz, a,b,6) = Auy + zlggl(Z)gﬁzl,b(2)662(u2+u3+w2+w3)
A
+ gl () (7B 1) Awy =0,

E
P2(U1, Ug, U3, @, b7 g) =A (u2 + )\4ggfll7b(z)eg2(u3+w3)>
A
+€—22gél(2>(€€2(u2+w2) —1) — )‘3)\4951(Z)an{b(Z)eEQ(UQ+u3+WQ+w3) + Awy = 0,

and

A3 2
Ps(uy, ug, u3, a,b,¢) = Aug — —2951(2) sI,IaI,b(Z)ea (ahus tuntus)
0

)\3 2 (ug+w At 2 (u1 4w
+2300 () — 1) = Tl () — 1) + Awy =0,

We aim to apply the Implicit Function Theorem to the operator P = (P, Py, P3)
around the origin. For this purpose we start by constructing a suitable solu-
tion set for the above linear system (3.4)-(3.6).

Lemma 3.1 For k > N there exists a radial solution (wy,ws,ws) of (3.4)-
(3.6) in Y2 satisfying:

wi(r) = Cilogr+0(1), and wi(r)= % +O(1) (3.8)
wy(r) = —Cylogr+0(1), and wy(r) = —% +0(1)  (3.9)
ws(r) = Cslogr+0(1), and wi(r)= % +0(1) (3.10)

as r — 00, with

M [k(k—=1)---(k—=N)— (N +1)!

¢, = — dC; >0 >N +1;

1 " AT m)r(i=N) , and Cy for k +1;
o — 4(Mg + M) \[k2(k — 1)+ (k — N) + (k — 2N — 2)(N + 1)]]

2 X2+ k) 1+ k) (k— N) ’

and Cy >0 for k > N +1;
. Ol )\3 4,u )
o= g O, T o
respectively, with u = % — % — % and k defined in (2.13).
0

Before going into the proof of Lemma 3.1, we recall the following properties
relative to the operators defined by the right hand side of (3.4) and (3.5),
useful also in the sequel. We refer to [6] and [4] for the proof.
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Proposition 3.2 For « € (0, %) and j = 1,2, set

L]:A+>\]p]Ya_>Xa

We have
KerL; = Span{pj+,j—¢jo} (3.11)
where,
N lcos(N +1)0 N sin(N +1)0
Pl = 1+ r2N+2 ’ L= 1 + r2N+2 ’
__ rcosd _ rsind
P2+ = 11,2 P2,— = 112
P = T ey YT T
Moreover,
ImL; ={f € Xal/ feoi+ =0} (3.12)
RQ

Proof of Lemma 3.1: Taking into account Proposition 3.2, it is possible to

use a variation of parameters formula, in order to see that a radial solution
of
Aw(r) + Mprw(r) = f(r), (3.13)

may be obtained by means of the formula:

w(r) = pro(r {/ ¢f1_8 D s gblf(_l} (3.14)

with ,
1+ T2N+2 (1 _ T)2 r
o) = (1w ) U5 [ oteroar
and
1— 7'2N+2
p1o(r) = 1+ r2N+2’

where ¢;(1) and w;(1) are the well-defined limits of ¢;(r) and wi(r), as
r — 1. See [6] and [4]. To obtain w; we use formula (3.14) with f(r) =
—2¢p2(r)p3(r). We find,

A T /14 g2N2 2 A (s
wl(r) = —11@170(7“)/2 (1 — 32N+2) 18( )ds + 0(1) (315)

as r — oo, where

A166) = [ oraltiemm(Opiar

11



Since ¢10(r) — —1 and ¢} 4(r) — 0 as r — o0, to obtain (3.8) we only need
to evaluate,

A= 41(00) = [ ralrdra(r)oatryi
8 ® (1 — N2y
N Jo @Y

4 [ 11—tV
-5,

A7 1 (N +1)!
X2 [HR_ (1+f<a)f<~'~'(ff—N)1
i[/@(/@—l)---(/@—N)—(N—I—l)!}
Ao (1+K)k---(k—N)

So, A1 > 0 for k > N + 1, and (3.8) is proved. To obtain wy we use the
analogous of formula (3.14) for the operator Ly which now holds with N = 0
and 9 to replace ¢1 . Exactly as above we reduce to evaluate,

Ay = Ay(o0) = /000 wa0(r) f(r)rdr, (3.16)

with f(r) = AsAapaps — MAps. Since ¢o¢ € KerLsy, integration by part,
yields to the identity,

/ <P2,OAP37’d7”:/ Ay opardr = —>\2/ ©a,0p2p3Tdr. (3.17)
0 0 0

Consequently,

Ay = (>\2+>\3))\4/ ©2,0p2p3Tdr
0

8(A2 + A3) A4 /OO (1= 72)(1 4 r2N+2)
- rdr
Ay 0 (14 72)3+n
. 4()\2 + /\3)/\4 /00 (1 - t)(l 4 tN-i-l)
= Ao 0 (14 ¢t)3+~
— M/OO 1 B t N tEL e
— )\2 0 (1+t)3+11 (1 +t>3+n (1 +t>3+” (1—|—t)3+ﬂ
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Ao+ M)A [ 1 1 (N +1)!

- Ao 2t r 2 R0+ Crmitn) (1t r—N)
- (N +2)!
2+ k)(1+K)---(k—N)
4()\2"‘)\3))\4

B )\2(2+/~i)(1—|—/§)...(/€_N)[(/{_‘_l)“"‘(/f—N)—/{(/{—1)...(,{_]\[)
+(k = N)(N + 1)l = (N +2)]
L A WMD) (= N (2NN g
M2+ K)(L+ k) (15— N) ) :

and, (3.9) is also proved. In order to obtain ws with the given asymptotic
expansion, we use the following decomposition:
_’11)1(7“) )\3

9 —I—)\—2w2(r)+

A3y
Ay P3

ws(r) = (r) + ¢(r), (3.19)

where ¢ is a regular radial function satisfying:

Set
(3.20)

Incidentally notice that by the choice of A;, j =1,---,4, as in (2.2) we have

U= % sin*§(1 + cos? #). Hence,

8u 7 (1 +T2N+2)r Ap 2 1 4 ¢N+1
—_ _—ar = — —
)\2 0 (1+T2)H+2 )\2 0 (1_|_t)f$+2

4 1 A [T N
S LR T +—“/ L.
Ag(k +1) (14 r2)stl A2 Joo (L+t)rt2

Consequently, using the fact that k > N, as r — 400 we find

re'(r) — % and,

re'(r) = dt

4p
r) = ————logr+ O(1).
o) = [ty e + O
In view of (3.19) we derive the desired conclusion for ws, and complete the
proof.[]

Remark: Observe that with the choice of (w, ws, ws) as in Lemma 3.1 and
the condition £ > N + 1, for 0 < o < min{3, x — N — 1} there exists g > 0
such that the operator P = (P;, P, P3) defined above is a continuous map-
ping from Q., = {(u,a,b,e) € Y,*> x C2 x R : |Jully.s + |a| + [b] + |e] < &0}
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into X,* and P(0,0,0,0,0,0) = 0.

Next we proceed to compute the linearized operator of P around zero. From
tedious but not difficult computations we see that, for a = a; + ia, and
b = by + iby, we have

99! .(2) 99! .(2)
day = —4,01901,+, 8—a2 = —4p1p1,-,
(a,e)=(0,0) (a,e)=(0,0)
A9y (2) dgi(2)
——| = —4ppay, ——| = —4papa_,
0b; =0 0bs b—0
dgltl(2) dgltl(2)
T = 2p301,+, T = 2p3p1,—,
U abe)=(0,0,0) 2 l(abe)=(0,0,0)
age;{la,lb( ) _ ) agc{{zj—b( ) _ )
—861 Ay P3P2,+, —(%2 A P3P2,—,
(a,b,e)=(0,0,0) (a,b,e)=(0,0,0)
9gy" (2)g24 (%) _, dgy! (2)glhl,(2) .,
da = 2P2P3%1,+; da = 2P2P3P1,—>
! (a,b,6)=(0,0,0) 2 (a,b,6)=(0,0,0)

99y (2) gLl (2) A3
’ abl : 4(1+ )\ )P293S02+»

(a,b,e)=(0,0,0)

o0l 111 A
9" (2)92a6(2) = —4(1+ ) papspo,—.
b Az |
(a,b,e)=(0,0,0)

Therefore, setting

P(,ul,UQ,u:v,,(z,b) (07 07 07 07 07 0)[1}17 U2, Vs, &, 6} = A[Ula U2, Vs, &, 6]7

we can check that for A = (A;, As, A3), @ = a1 +iag and 5 = 31 + ifs we
have:

Ailvr,v,v3, 0, 8] = Avy 4+ Apioy

1
+\1 [—4/01101 + 502/)3} (p1400 + p1,—2)

A
—)\1(/\—2 + 1) p2p3(p2,451 + @2, Ba), (3.21)

A1, v, 03, @, B] = Avy + Aapaty
—2>\3)\4P2P3(901,+Oé1 + 1, —042) - 2/\4A[,03(<,01,+041 + 901,—042)]
A3
—4 [ Aopawy — AgAq(1 + e )P2P3} (p2,+01 + w2, P2)

AgA
% Al i+ o), (3.22)

—4
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and
A
Aslvy,v9,v5, 0, 8] = Avs 4 A3pava — ?,0101

2\
+ [2/\1P1w1 — —;)Pzps} (P1400 + p1,—a2)
0

45 A
_¢23 (£ + 1)P2P3] (p2,451 + @2, o).
0

- {4)\3P2w1 - N
(3.23)

It is interesting to note that although we need the condition x > N + 1 in
order to have that the operator P is well defined from Y,* x C2? x (—&g, &)
into X,*, its linearized operator at the origin, A = (A}, Ay, As3), given in
(3.21)-(3.23), appears to be well defined from Y,* x C? into X,* only under
the weaker assumption x > N, which also suffices to ensure the following
crucial properties:

Proposition 3.3 If k > N, then the operator A : (Y,)? x (C)* — (X,)?
given by (3.21)-(3.23) is onto. Moreover,

1 A
KerA = Span {(07 0,1); (1,4, P24, —§<P1,i + )\—3§02¢);
2
( _1 n A3 ) ( _1 n A3 )
©1,05, ¥2,0, 2901,0 )\2902,0 91,45 92,0, 2901,1 N ©2.0);
(1,0, P24, —5901,0 + )\_902,i) x {(0,0)}. (3.24)
2

In order to prove the proposition above we establish the following,

Lemma 3.2 Let k > N, then

1 27
If=[ |4 = fadt = 2
1 /R2 [ prwy + 2P2P3} Pr1,£a4T )\Q(KJF 1)7 (3 5>
and
. X )
Iy = —Aapaws + >\3/\4()\— + 1)p2ps| 5 d
R2 2
Mg\
— i\ 1 / A(pspot)pa,rdx
2 JR2
TA(N + DI(N +1)
(I1+kr)k---(1+K—N)
(3.26)

with wy and wy as giwven by Lemma 3.1.
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Proof: We prove (3.25) by recalling the formula

1 B 16(N + 1)27‘4]\“r2
1 (1_|_T2N+2)2 - <1+r2N+2)4 )

and computing,

2N+2
L r cos( +1)0
I = { 4prwy + 02,03} WTQ)Q{ sin2(N + 1) }Tdrd@
3

00 9 N+1)2 2N 1 T2N+2
- = pops| ————rd
”/0 TN vttt 2””’3} (11 vz

> 2 1 /)2/)37’2]\”r2
— — L | — — 3 rd
7T/O { A\ [(1 +r2N+2)2:| wy + 2(1 + r2N+2)2 rar
0o 2 L 2N+2
= 7r/ - 11 + Papst rdr
0 A (14 7r2N+2)2 0 (1 + r2N+2)2
/ > P2p3 papsr?N T2
+ rdr
0 2(1 +T2N+2)2 2(1 —{—T2N+2)2

T /OO P203 g 47 /°° rdr o
e — —_—Trar = — -
2 Jo (1+4r2N+2) Ao Jo (14722 Ny(k+ 1)

where, the integration by parts performed above is justified by the asymptotic
behavior (in Lemma 3.1) of wy and its derivative, as » — +o00. In order to
prove (3.26) we use integration by part to obtain:

I
3

A3
IF = /2 { Agpawa + A3 A4 (1 + e )P2P3} 5 sdx
R

A3\
Az

A3
= / |: )\ngwg + )\3)\4(2 + )\ )p2p3:| (,02 idl‘ (327)
R2

/ :03902,iA902,id37
R2

where again by (3.11) we used that —Apsi = Aopewa+. In view of the
identity:

1 1672
LZ = )
A2~ 1o
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we may transform the first term of I as follows

—/ Xopataps o di
R2
00 2 2 2
r cos” 0
= —/0 /0 )\QPQUJQW{ Sin29 }rdrd@
<2 T

& 1
= —87?/0 —(1 n T2)4w2rdr = —5/0 Lo {—(1 +T2)21 wordr
™ ee L2w2
= —= ————rd
2A A+r22

T [ 1
D) / (14 r2)2 [AsAap2ps — Aalps] rdr,
0

where we used (3.5) to derive the last identity. Substituting this result into
(3.27), we find,

00 ) Ap3
= = _E)\)\/ ﬂd Z)\/ _ = g
2 pM T M e

A3 > papsr?
A3\ (2 + — ————=d
TTA3 4( + /\2)/0 (1—|—7"2)2 r

= Ji+Jo+ Js.

We can rewrite Ji, J3 as follows

Ji = —1>\2)\3)\4/ P%psrdﬁ (3.28)
16 0

A oo
Jg = E)\g)\g)\4(2 + _3) / pgp;g?"ng. (329)
8 N,

Also observe that,
Apy = Ag(2r? = 1)p3,

as it can be easily checked. Therefore, for k > N we can perform integration
by parts and obtain,

Jo = oy / Apspardr = — XAy / pspyrdr
16 o 16 0
= 1£6/\§/\4/ (2r® — 1) p3psdr. (3.30)
0
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Consequently,

where,

We evaluate,

and

K

IF = L+ h+J

A3
l(4 + 2>\ e — r} papadr
/ (2r® — 1) p3psdr
0

= 5—2)\3)\4/{/ [(4+ k)r® — 1] p3psdr

+— )\2)\4

= —AA3A
16234/0
16
0

+— )\2)\4/ (2r® — 7)p5psdr
16 ;

= 32)\2)\4(/€ +2)[(k+2)K; — K], (3.31)

Klz/ r3p3psdr, and ng/ rp3psdr.
0 0

r

64 /oo T3(1+T2N+2)

) e
32 [ [ t o N2
— —dt —dt
% [/ Tt Tra ]
g{ 1 N (N +2)! ]
M|IB+r)(2+k) @B+r)(2+k)--(1+x—-N)|’
(3.32)
64 [ r(14r2N+2)
= 2/ dr
)\2 0 +712 4+k
32 0o 00 tN+1
_ —/ +/ LA
% [ 0 1‘|‘t (I+t)+s o (L4t)Hn
32 (N +1)!
M3+ /<a B+k)(2+K)---(2+Kk—N)
(3.33)
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Substituting (3.32) and (3.33) into (3.31), we obtain

(N +2)!
35r  BrAltmn (0 1r_N)
1 (N +1)!
" 3+k (B+K)(2+kK)---(2+K—N)
m(k+2)A(N + (N +2)(2+ k) — (1 4+ Kk — N)
B+kr)(2+K)---(1+K—N)
(N + 1IN +1)
(1+k)k---(1+Kxk—N)

I = m(k+2))\

This completes the proof of Lemma 3.2. [

Proof of Proposition 2.3: Given f = (fi, f2, f3) € (X4)?, we need to
show the solvability in Y,® x C? of the linear equation:

A[vla'UQaUS?Oé?ﬂ] = f (334)
Equivalently,
1
Lyvy + M [—4p1w1 + §P2,03} (1401 + @1,_)
A
_)\1()\_3 + 1) paps(p2,+01 + 02, B2) = fi, (3.35)
2

Lyvy — 2A3\apap3(p1,+01 + @1, a2) — 20 A[p3(p1, 401 + 01— o)]

A
—4 [)\202102 — >\3)\4()\—z + 1),02P3} (p2,+01 + Y2, P2)

A3

—4
A

Alps(p24+51 + @2, B2)] = fo,
(3.36)

Avz + A3pavs — —[)101 + {2)\101?1)1 — —2[)203] (p1401 + p1_2)

{4)\3P2w1 - 4_>\3(é 1)0203] (802,+51 + 902,752) = f3. (3.37)

A2
By the orthogonality property of the system {¢1 1, @2 + } and Lemma 3.2, we
can explicitly determine,

M Jio1+ aQZ_M

27T>\1 R2 271')\1 R2 flSOL_

] = —
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in (3.35) in order to verify

(Liv1, 1,4 )12 = 0. (3.38)
Similarly by (3.26) we can choose 31, 3> in (3.36) so that

(Lava, 024 )r2 = 0. (3.39)

With such choice of ay,ay and [y, s we are in position to use (3.12), to
obtain vy, vy € Y, solution respectively to (3.35) and (3.36). At this point,
set

A 23
g = —A3pav3 + 71P1111 - {2)\1p1w1 — ?sz] (1400 + @1_a2)
43 A3
+ [4A3pawy — —()\ + 1)p2ps| (2,401 + 02, 52) + f3 € Xa,
2

and observe that (3.37) is solvable in Y, with corresponding solution given

by

n(w) = 5= [ Tox(le — uat)dy
+C (3.40)

for any constant C' € R. So the operator A is onto. Furthermore, KerA can
be determined by letting f; = fo = f3 = 0 in the above argument, which
leads to a; = 0 = ap and f; = 0 = (5 and vz = —%vl + i—zvg + C' with
v; € KerL;, 7 = 1,2 and any constant C' € R (see Proposition 3.1 part
(i)). Therefore the desired conclusion (3.24) follows by taking into account
Proposition 3.2. [

Proof of Theorem 2.1: We decompose (Y,)? x C* = U, & KerA with
U, = (KerA)*, so that

./4 P 07070707070) : UOé - (Xa)3

(u1,u2 u?,ab)(

defines an isomorphism. The standard implicit function theorem

(see e.g. [9], [16]), applies to the operator P : U, X (—&p,e0) — (Xa)?,
for sufficiently small gy, and implies that there exists 1 € (0,g¢) and a
continuous function:

g the = (U’LE, u;,sv ug,e? CLE, b:)
from (—e1,¢1) into a neighborhood of the origin in U, such that,

P(uls,u%,uge,a bl,e) =0, forallee€ (—eq,e),

e Yer
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and u*

ieo = 0 for every j =1,2,3, and af_, = 0 = bI_,. Consequently,

u(z) = log pia;(z) + 2wy (ez) + €2u*{’€(€z)
n(z) = logplh.(2) + *wa(ez) + 2us (e2)

v(z) = log pgfm (2) + e2ws(ez) + €2u§75(€z) (3.41)

defines a solution for the system (2.3)-(2.5), Ve € (—e1,¢€1), € # 0.
Furthermore, from Proposition 3.1 we have that,

05 ()] < Clluj Iy, (log™ 2] + 1) < Cllellv, (log™ || + 1), 5 =1,2,3,

with
|ellv, — 0, as € — 0.
Therefore,
us_(ex
‘ j,a( +)’ :0(1) (342)
gz 1+log" |z|

as ¢ — 0. Since (2.17) holds, then the explicit form of pl.(2), pli.(2),
pga{k7b* (z), together with the asymptotic behaviors of wy, wsy, wy described in
Lemma 3.1 and (3.42) imply that the solution (u®,n%,v°) in (3.41) satisfies
also the boundary condition (1.14). This completes the proof of Theorem

2.1.0

Final Remarks:

(i) By a complete application of the Implicit Function Theorem(e.g. [9]),
we can actually claim the existence of a family of solutions depending
on a number of parameters that equals the dimension of kerA.

(ii) By a minor modification of the proof presented above, we can actually
include equality in (2.17). In this case the image of the operator P
is mapped into the space (X, s,)% for suitable d, sufficiently small.
Notice that, according to Lemma 3.1 the function w;,j = 1,2,3 are
bounded in this case, while ws diverges at infinity with logarithmic
growth. As a consequence the resulting string solution no longer admits
finite energy in this case. It is an interesting question to know whether
or not problem (2.3),(2.4) and (2.5) admits a solution when (2.17) is
violated, or more precisely,

2\
BN+ (3.43)
A2
By our discussion, it seems reasonable to expect an existence result to
hold under the assumption: % > N. However, under (3.43) we see

that the function w3 admits a power growth at infinity, and so it fails
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to belong to Y,. Therefore a modified functional framework is required
in order to handle this situation. On the other hand, by the above dis-
cussion also follows that, as far as selfgravitating Electroweak solutions
are concerned, (1.13) seem to occur also as a necessary condition in
order to guarantee the finite energy property (1.15).
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