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Preface

The nuclear electronics is often associated primarily with the fundamen-
tal research conducted in nuclear laboratories and astrophysics. Yet
many would be quite surprised to find out an extent it directly affects
our everyday life. The food safety, the security at airports, medical
examinations, doping tests, forensic investigations and so on are all
provided with the nuclear analytical instrumentation. The technological
advance in the life science, biology, ecology, medicine, semiconductors,
remote sensing and many others relay heavily upon the information
which comes uniquely and, what is particularly important, non-destruc-
tively from nuclear sensors. This information can be either a chemical
composition of a material dealt with, or a crystal or atomic structure, or
the thickness of individual layers in a multilayer formation of a complex
shape, or the mass of molecules, or a DNA structure. The number of
possible applications is wide and expanding rapidly almost on a daily
basis. Besides, even in traditional areas of the research and development
specialists need to observe smaller features, a lesser percentage of
contaminations, etc., but, at the same time, scanning larger areas or
volumes. Therefore, the nuclear electronics as a discipline must continu-
ously evolve in its search for new detection methods or more elaborate
processing techniques in order to deliver much needed systems with a
better resolution, accuracy, reproducibility and the speed of operation.
A big step in the radical advance of the nuclear analytical instrumen-

tation will undoubtedly be the commercialisation of cryogenic particle
and radiation detectors. Leading representatives of these devices are the
Superconducting Tunnel Junction (STJ) and quantum calorimeters. Both
types have already demonstrated a sub 10 eV energy resolution FWHM
(the full width at the half maximum) at 5.9 keV (MnK�) as opposite to
125 eV achieved with the best semiconductor detectors. Initial laboratory



experiments have proven the new class of detectors to be very accurate,
stable, adequately fast and well suited for the high-density multipixel
integration. The only disadvantage associated with the superconducting
technology was a need in liquid cryogens as the only means to ensure the
sub 1K temperature environment required for their operation. Besides
the inconvenience and the maintenance cost, the presence of a cryogen or
its evaporated gas could interfere adversely with some of technological
processes which instruments were supposed just to monitor. A recent
commercial introduction of ‘‘dry’’ pulse-tube coolers, however, has
addressed the problem and, in fact, changed priorities in the high-
precision nuclear measurements. One can see that the industry started
diverting a part of the development budget into advancing these new
technologies. Despite the extra cost associated with cryogenics, an added
value such as a more than one order of magnitude increase in resolving
capabilities fully justifies it.
To summarise this brief preface, it is easy to predict that an increasing

number of scientists, engineers and post-graduate students is expected to
be involved in the nuclear measurements based on cryogenic detectors
who may wish to update or refresh their skills on the subject. Whereas
the information on sensors and the physics behind them is scattered in
thousands of papers, some system integration issues have not been
addressed so far at all. The prime goal of this book is to systematise
the published material on the subject of interest and possibly fill in
existing gaps. We will avoid reprinting complex expressions of the
microscopic superconductivity or the information theory. For those
interested in gaining a deeper background in these and some other
relevant issues, appropriate references will be given throughout the
book.
The book is primarily based on research which was done in collabor-

ation with my colleagues at the Joint Institute for Nuclear Research
(Dubna), Physikalisch-Technische Bundesanstalt (Berlin) and Thin Film
Group of Oxford Instruments (Cambridge) as well as a result of multiple
discussions of the matter with my friends and colleagues from other
institutions worldwide. I would like to express my gratitude to all of
them hoping the book will be useful in their further research.
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1
Detection Methods with

Cryogenic Particle and

Radiation Sensors

INTRODUCTION

There are two types of general detection methods that are commonly
utilised in the majority of nuclear measurements. The first one involves a
variety of the quasiparticle detectors. A good example of such a device in
semiconductors is an ionisation Silicone Drift Detector (SDD) [1]. The
operation principle of all quasiparticle detectors is generally based upon
counting a number of charged quasiparticles, for instance electrons,
created by the energy of an incident radiation in the sensitive volume.
The number of freed quasiparticles is assumed to be proportional to an
amount of the energy absorbed by a sensor. Another class of devices
represents various types of calorimeters. All the calorimeters incorporate
three major components: an absorber, a thermometer and a link to the
heat sink. The function of the absorber is to transform an incident energy
into heat. A temperature increment, �T, due to this added heat is
detected by a thermometer. Unlike in the particle detectors, the amount
of the energy absorbed by calorimeters can be restored only by the
integration of the output of the thermometer during the period of time
from the moment when the radiation event had started the interaction
with the absorber until the system has come back to its original equilib-
rium state. Therefore, they are normally a bit slower in the operation

Nuclear Electronics: Superconducting Detectors and Processing Techniques V. Polushkin
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than their quasiparticle counterparts, but at the same time potentially
more accurate being free from statistical limitations always associated
with random discrete processes.
Both types of detection methods exist also in the superconductor

nuclear electronics. The Superconducting Tunnel Junctions (STJs) repre-
sent the quasiparticle detection method. Together with the Quantum
Calorimeters based on the Transition Edge Sensor (TES) they constitute
the most mature of all known cryogenic detection techniques, which are
suitable for the immediate implementation in the industrial analytical
instrumentation. Therefore, the first three sections of the chapter will be
concerned with the principles of these two devices. The fourth section
introduces some other types of cryogenic detectors which are still at an
early development stage, but promise to become the device of choice for
some particular applications.

1.1 QUASIPARTICLE DETECTORS: INTERACTION
OF NUCLEAR RADIATION WITH
SUPERCONDUCTORS

The prime goal of nuclear measurements is to derive energy E, which
an incident particle or a radiation deposits into the sensitive volume of
a detector with the best possible accuracy within an established time
constraint. In the case of quasiparticle detectors, E generates a number
N0 of discrete charged carriers (ions in gas chambers, electrons and
holes in semiconductors, quasiparticles in STJs). Provided that an aver-
age energy portion e spent on the creation of a single quasiparticle (or a
pair of them) is known and it is fairly constant in the whole energy
range of interest, the measurement procedure results in collecting and
counting theseN quasiparticles. The creation of particles is obviously a
random process. Therefore, the number N0 is the mean value charac-
teristic of this process. Statistical fluctuations in this number define the
intrinsic limiting resolution of nuclear measurements with this kind of
detectors.
Let us assume that the random process follows the Poisson statistics.

The standard deviation of N0 has the form � ¼ ffiffiffiffiffiffiffi
N0

p
. The intrinsic

statistical resolution of a detector is given by [2]

R ¼ 2:35ffiffiffiffiffi
N

p
0

ð1:1:1Þ
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The equation (1.1.1) shows that the ultimate accuracy of a quasiparticle
detector depends on its ability to produce as many charged carriers as
possible. One can state that the whole development history of this type
of sensors involves the persistent search for materials with the smallest
possible excitation energy e in order to maximise N0.
In the early 1970s, scientists were thrilled by an opportunity to reduce

e from approximately 20 eV in the gas proportional counters to about
3 eV in solid-state semiconductor devices. Superconductor materials
reduce the figure even further by as much as three orders of magnitude.
This leads to exciting possibilities of achieving an unprecedented accur-
acy of nuclear measurements, as shown in Table 1.1.
In the ‘‘normal’’ state, that is, above the superconducting transition

temperatureTc, all electrons behave according to the conventional Fermi
statistics. They occupy single particle Bloch states determined by their
momentum and the spin orientation according to the Pauli exclusion
principle. When the temperature drops below Tc the physical picture
changes dramatically. The thermal fluctuations of the lattice reduce to
a level when its oscillations (phonon waves) produced by the interaction
of electron clouds with positively charged lattice ions become pro-
nounced. Each phonon wave can be picked up by another electron
with the opposite spin, so that both of them fall for some period
of time into a synchronism. The phenomenon thereby forms
the so-called Cooper pair. The pairing of electrons is energetically
favourable. This can be seen in Figure 1.1 where the energy diagrams
of a superconductor are presented at a temperature T ¼ 0K and at
0 < T < Tc, correspondingly.

Table 1.1 Properties of materials that are utilised in different types of
quasiparticle detectors: proportional counters, semiconductor solid state
ionisation detectors and superconductor detectors. e is the average energy to
create one charged carrier in the sensitive volume of a detector,N0 is a mean number
of carriers created by an X-ray photon with energy 5.9 keV, the Fano factor is equal

to VarðN0Þ
N0

Material e, eV N for MnKa (5:9 keV) Fano factor Intrinsic Energy
resolution (eV)

Argon gas 26 30 0.2 1000
Si 3.65 6000 0.14 115
Nb 1:5� 10�3 2:2� 106 0.22 4

QUASIPARTICLE DETECTORS 3



The dashed area represents occupied states, which are below the Fermi
level, EF, and the energy gap D is given by

� ¼ h!ce
� 1

Nð0ÞVip ð1:1:2Þ

where h is the Planck constant, h!c represents the Debye maximum
phonon energy, N(0) is the density of states of electrons at the Fermi
level above Tc and Vip denotes the interaction potential between two
electrons forming the Cooper pair.
An essence of the detection principle for a superconductor particle

detector is the fact that an incident particle or a radiation photon injects
its energy portion into a superconducting absorber. This energy breaks a
certain number of Cooper pairs through the ionisation process and the

Density of
states of
quasiparticles

ρ(E )

EF

∆

–∆

Excitation
energy

T= 0 K

(a)

Density
of states

ρ(E )

EF

Excitation
energy

0 < T < Tc

∆

–∆

(b)

Figure 1.1 Formation of Cooper pairs is an energetically favourable state. In the
energy diagrams of a superconductor, which correspond to temperatures T ¼ 0K (a)
and 0 < T < Tc ðbÞ, the dashed areas represent occupied states. In the finite tem-
perature range, the pair-breaking process is continuously going on due to thermal
excitations. The process creates quasiparticles with energies above EF þ�, where D
is the energy gap. In superconductors, Cooper pairs represent a fundamental state,
whereas the presence of quasiparticles corresponds to an excited non-equilibrium
state. Without artificial excitations, the average number of quasiparticles in a super-
conductor is proportional to expð��=kbTÞ, where � is a factor depending on the
energy gap of the material and kb is the Boltzmann constant

4 DETECTION METHODS



phonon relaxation process. A number of created quasiparticles is pro-
portional to the amount of the deposited energy in the limit of the
statistical error. The value of the deposited energy can be recovered if
a primary sensor of the detector unit is capable to distinguish between
free electrons and those remaining in pairs. Figure 1.1a suggests the
basic detection principle. It involves a potential barrier, which is set
up on the way of diffused charged carriers. If the energy height of
the barrier is just below EF þ�, it becomes transparent for single quasi-
particles, whereas pairs with the energy EF �� will be filtered out.
Figure 1.2 illustrates the process schematically. The total amount of
charge integrated on the right side of the barrier is the measure of the
deposited energy.

V

E

Potential barrier

Charge
counter

Cooper pair

Excitation
energy

Excitation
energy

V

Potential barrier

Charge
counter

Quasiparticles

∆

∆

–∆

–∆

Figure 1.2 The basic detection principle of cryogenic quasiparticle detectors. An
unperturbed Cooper pair does not have enough energy to climb over the potential
barrier, whereas the quasiparticles formed by a radiation event propagates freely
above the barrier towards a charge counter. The number of counted quasiparticles is
proportional to the amount of energy deposited into the superconductor absorber.
The temperature of operation must be such that the number of particles created as a
result of temperature excitations is much lower compared to the number of quasi-
particles generated as a result of interaction of the absorber with a phonon
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A distinctive feature of the superconductor quasiparticle detectors
compared to their semiconductor ionisation counterparts is the ability
to respond to phonon excitations. It is known that an incident event
(whether it is a radiation or an impact with a particle) mostly dissipates
its energy via the interaction with the lattice. The energy of produced
phonons lies in the range of a fraction of meV to a maximum Debye
value of Ed ¼ 60meV. All created phonons would not have any impact
on the output of a semiconductor ionisation detector due to its much
larger forbidden energy gap (for instance, Germanium has �Ge ¼
0:665 eV). An amount of wasted energy can well exceed tens of percents
in the range of ‘‘soft’’ X-rays.
In the case of superconductors, phonons carry the pair-breaking

capability as long as their energy is larger than 2D. This particular
property creates entirely new opportunities in the nuclear measure-
ments, which are uniquely attributed to cryogenic detectors. One
such application is the time-of-flight mass-spectrometry of large mass
molecules. As the mass of an analysed molecule (it can also be a cell
or a microorganism) increases, semiconductor ionisation detectors
(for instance, microchannel plates), which are currently used in
this type of instrumentation, struggle to maintain their efficiency. In
contrast, the number of quasiparticles generated in the cryogenic
phonon detectors does not depend on the size and mass of the
molecule. They remain being 100% efficient even in the mass range
where microchannel plates do not produce any response at all. In
fact, the only limitation on the maximum particle mass would be
incurring a permanent mechanical damage to the absorber. An
opportunity to register the arrival moment of a molecule and actu-
ally measure its kinetic energy with a high accuracy adds a new
dimension to the mass spectrometry. This initiated the development
of a new advanced class of instruments, which will be discussed later
in the Chapter 5.
In what follows, we will summarise briefly the energy cascade in a

superconductor. This will be helpful for performing the numerical simu-
lations of particle detectors attached to superconductor absorbers. In
the case of ‘‘soft’’ X-rays, the interaction with the sensitive volume of a
detector undergoes primarily through the photoelectron absorption pro-
cess [3,4]. In this process, X-ray photon deposits all its energy into an
atom that ejects a photoelectron from an appropriate shell. The energy
of the photoelectron is given by Ephe ¼ h� � Eb, where h� is the energy
of the incident X-ray photon and Eb is the binding energy of the photo-
electron in its original shell.
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The primary electron emitted by the atom relaxes within 0.1 ps
through the electron–plasmon interaction as well as the ionisation of
other atoms if its energy is sufficient to do so. The secondary electrons
and plasmons lose their energies in approximately 1 ps by emitting
phonons, which break a number of Cooper pairs into separate quasi-
particles. The relaxation as well as the recombination of quasiparticles
create more phonons that break further still a larger amount of Cooper
pairs. In about 2 ns, the absorber contains only the phonons which have
no pair-breaking capability. They also relax on quasiparticles for some
time, but as far as the detection process is concerned 2 ns means the end
of the energy cascade of interest. This dynamics is summarised in the
Rothwarf–Taylor (R–T) equations describing differential rates for qua-
siparticles @n

@t

� �
and phonons @n�

@t

� �
[5]:

@ðnth þ nexÞ
@t

¼ ��1
i þ 2��1

b ðn�th þ n�exÞ � ��1
r ðnth þ nexÞ2 � ��1

q nex

@ðn�th þ n�exÞ
@t

¼ ��1
g ðnth þ nexÞ2

2
� ��1

c ðn�th þ n�exÞ � ��1
p n�ex ð1:1:3Þ

where nth and nex represent the number density of thermal and excess
quasiparticles respectively, n�th and n�ex are responsible for the number
density of thermal and excess photons respectively, ��1

i is the rate at
which quasiparticles are being produced by the primary interaction of
the radiation with an absorber, ��1

r is the rate of the quasiparticle
recombination back into the Cooper pairs, ��1

g is the rate of the phonon
generation by the recombined quasiparticles, ��1

c and ��1
b denote the rate

of generation of phonons having the pair-breaking capability and the
rate of the quasiparticle production by these phonons, ��1

q and ��1
p are

escape rates for quasiparticles (including tunnelling) and phonons
respectively. A schematic illustration of these equations is shown in
Figure 1.3 [6].
The coefficients of the R–T equations starting from a certain value of

the incident energy (depending of the absorber design) become increas-
ingly non-linear. This is due to non-equilibrium superconductivity
effects, which are likely to develop in the vicinity of the spot where the
primary interaction occurs. During the initial stage of the cascade the
energy density and the quasiparticle concentration can be high enough to
partially suppress the local energy gap. The gap suppression causes two
parasitic effects: first, the variation in the number of initially created
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quasiparticles; second, the trapping of quasiparticleswith energy less than
the unperturbed D. An example of such a trap is shown in Figure 1.4.
Quasiparticle traps were originally understood as a parasitic phenom-

enon. Later on, however, N. Booth proposed to design them intentionally

Primary interaction with
an incident radiation event

Quasiparticle generation
at a rate 2τb

–1
Quasiparticle production
at a rate τi

–1

Recombination of quasiparticles
at a rate τr

–1

Phonon escape
at a rate τp

–1
phonon loss in the pairbreaking
process at a rate τc

–1

Phonon production
at a rate τg

–1

Figure 1.3 A block diagram illustrating schematically Rothwarf–Taylor equations.
The energy cascade ends in approximately 2 ns after an incoming photon has
deposited its energy into an absorber

∆local

Trapped quasiparticles

∆

Figure 1.4 Local heat, non-equilibrium processes, defects and so on can partially
suppress a local energy gap. Quasiparticles relaxed to Dlocal do not have enough
energy to diffuse into the unperturbed superconductor. In other words, they become
trapped in volumes with a lower energy gap. In general, this is a parasitic phenom-
enon, which may lead to the charge deficit in the detector response. However,
designed intentionally just before the tunnel junction, it works as a carrier concen-
trator speeding up the tunnelling time (see section 1.2 for details)
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[7]. This idea made a crucial impact on the practicality of superconductor
radiation detectors, as we will see in section 1.2.
The probability of the photon absorption per atom is proportional to

� Z5

E3:5. Ta with Z ¼ 73 and M� ¼ 1:7 keV is one of the most attractive
materials for designing a superconducting absorber for quasiparticle
X-ray detectors. The required thickness tabs of the absorber can be found
from the attenuation factor of the radiation intensity

I

I0
¼ e�tabs=�abs ð1:1:4Þ

where I0 and I represent intensities of the incident radiation and the
radiation passed through the absorber respectively and �abs is the
absorption length given in Figure 1.5 [8].
To conclude this section, we will evaluate the ultimate intrinsic energy

resolution of a superconducting quasiparticle detector at FWHM. To do
so we will assume that all quasiparticles created by an incident event can
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Figure 1.5 X-ray absorption length as a function of the photon energy of Ta. Ta
with an atomic number Z ¼ 73 and critical temperature T ¼ 4:5K is a very attrac-
tive material for designing highly efficient superconductor absorbers
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be counted. Thus, on absorption of a photon or a phonon with energy E,
the mean number of excess quasiparticles is given by

N0 ¼ E

"
ð1:1:5Þ

where e is the mean energy required for creating two charge carriers of a
Cooper pair. Provided that the energy cascade follows a Poisson statis-
tics, a spectral response to a repetitive deposition of E with sufficient
statistics is expected to be a Gaussian distribution as shown in Figure
1.6. FWHM is defined as the energy width of the Gaussian spectral
response coming from the monochromatic radiation at a half-height
relative to the maximum energy. For any quasiparticle detector, the
energy resolution FWHM is defined as

�EFWHM ¼ 2:35 �
ffiffiffiffiffiffiffiffiffi
"FE

p
ð1:1:6Þ

where F ¼ VarðN0Þ
N0

is the Fano factor. The Fano factor takes into consid-
eration the fact that the energy cascade contains partially correlated
events and, strictly speaking, the entire process does not follow precisely
the Poisson statistics. It is common practice fitting measured spectra

0 200 400 600 800 1000

Bin number

C
ou

nt
s/

bi
n

12000

8000

4000

0

FWHM

Figure 1.6 A spectral response of a detector to the repetitive deposition of the
photon energy E into its absorber. With sufficient statistics, the response has a quasi-
Gaussian distribution. The FWHM is defined as the energy width of the Gaussian
spectral peak produced by the monochromatic radiation at the half-height relative to
the maximum energy.

10 DETECTION METHODS



with the Gaussian distribution curve and using DEFWHM. In doing so
however, one needs to always remember the error present in this proce-
dure.
In Table 1.2, we present the intrinsic energy resolution together with

some other useful parameters for materials widely used in the fabrication
of quasiparticle detectors.

1.2 SUPERCONDUCTING TUNNEL JUNCTION
DETECTORS

As we discussed in section 1.1, the number of excess quasiparticles in the
superconducting absorber is the measure of the incident photon or
phonon energy E. These quasiparticles exist during a certain period of
time, called lifetime, at the end of which they tend to recombine back
into the Cooper pairs. In order to restore a value of E, we require an
efficient technique to identify quasiparticles, separate them from the
Cooper pairs and to deliver them to a read-out circuit. One such tech-
nique utilises an S–I–S (Superconductor–Insulator–Superconductor)
tunnel junction (the STJ). Figure 1.7 demonstrates schematically a pos-
sible detector configuration involving a relatively large Ta absorber
attached to a Ta–Al–AlOx–Al–Ta STJ. An epitaxial Ta absorber is
deposited and patterned on a SiOx substrate. The next step in the
manufacturing process is to sputter and pattern an Al layer on top of it.
The area of Ta absorber is covered by an Al layer that constitutes the
base electrode of the junction. In order to form a high quality, 1–2-nm
thick isolator (I) barrier, the Al layer is then oxidised in well-controlled
conditions in terms of the oxygen pressure, temperature and time.
The procedure has a strong effect on the quality of the junction as a
whole. Any pinhole, the non-uniformity and stresses in the dielectric will

Table 1.2 Properties of materials, which are commonly used in fabrication of
superconductor absorbers

Material NB TA AL

Atomic number 41 73 13
Energy gap, D (meV) 1.53 0.74 0.18
Average quasiparticle creation energy, e (meV) 2.52 2 0.31
Intrinsic energy resolution at 5.9 keV (MnK�) FWHM (eV) 4 3.5 1.5
Fano factor 0.2 0.2 0.22
Superconducting transition temperature, K 9.25 4.48 1.2
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degrade the leakage current, noise and the collection efficiency. The top
counter-electrode of the STJ consists of Al and Ta layers to make the
junction symmetrical. Other materials can also be utilised. The device
has two Nb leads attached to the absorber and the top electrode, which
are necessary to apply the bias voltage Vb as well as for collecting the
output charge.
The energy diagram of the detector with Nb wires is shown schema-

tically in Figure 1.8. Quasiparticles are generated in the Ta absorber as a
result of its interaction with incoming photons/phonons. After the
energy cascade has been completed, quasiparticles relax to an energy
level close to DTa. Since the energy gap of Nb is larger than that of Ta,
carriers cannot escape into the left wire. Instead, they diffuse into the Al
layer with even lower energy gap DAl, where they can further relax by the
emission of phonons with h� � ð�Ta ��AlÞ. Similar to Ta–Nb interface,

Nb wire Ta absorber
Al
AlOx

Al
Ta

SiOx

Nb wire

SiOx

NB wire

Ta absorber

Figure 1.7 Schematic representation of a possible detector configuration based on
the Superconducting Tunnel Junction (STJ). The device consists of an epitaxial Ta
absorber, which together with a lower Al layer forms the base electrode of the
junction, a high quality, 1–2 nm thick AlOx isolator barrier and the Al/Ta top
electrode. Two Nb leads attached to the absorber and the top electrode are necessary
to apply the bias voltage and for collecting the output charge produced as a result of
interactions of incoming photons/phonons with the absorber

12 DETECTION METHODS



once relaxed carriers become trapped in Al. From this moment on they
have a choice either to recombine back into pairs or tunnel through the
barrier into the top electrode to be integrated by a charge transconduc-
tance amplifier.
The presence of Ta electrodes modifies the energy gap of the Al layer

due to the proximity effect. Thus, the real energy diagram will most
definitely have a more complex shape compared to one shown in Figure
1.8, which, in addition, can be affected by the quality of interfaces
between layers. We will not discuss here the microscopics of the proxi-
mity effect in interfaces. Interested readers can find detailed information
on variations in the energy gap as a function of the Al layer thickness, for
instance, in [9].
The volume of the Booth trap vt is normally designed to be much

lower compared to the volume of the whole absorber Vabs. As a result,
an attempt frequency for the each trapped quasiparticle to tunnel

through the barrier rises proportionally to Vabs

vt
, improving the count rate

capability of the detector. Engineering of an efficient trap is a crucial

Vb

Voltage Bias
EF

EF

∆Nb

Niobium
Lead

∆Ta

∆Al

∆Al

∆TaTantalum
absorber

Al Booth
trap

Tunnelling

Diffusion

Relaxation

Figure 1.8 The energy diagram of the detector with Nb wires. Quasiparticles are
generated in the Ta absorber as a result of its interaction with incoming photons/
phonons. After the energy cascade has been completed, quasiparticles relax to an
energy level close to DTa. Since the energy gap of Nb is larger than that of Ta, carriers
cannot escape into the left wire. Instead they diffuse into the Al layer with an even
lower energy gap DAl, where they can further relax by the emission of phonons with
h��(DTa –DAl). Similar to Ta–Nb interface, once relaxed carriers become trapped
in Al. From this moment on they have a choice either to recombine back into pairs or
tunnel through the barrier into the top electrode to be integrated by a charge
transconductance amplifier

SUPERCONDUCTING TUNNEL JUNCTION DETECTORS 13



step in the junction design. Carriers escaped back into the absorber or
recombined before tunnelling contribute directly to the charge collection
deficit and result in worsening the energy resolution FWHM.
There are two tunnelling mechanisms in the tunnel junction [10,11].

Figure 1.9 illustrates both of them. In the first process, sometimes called
the ‘‘electron-like’’ tunnelling, the barrier is transparent for particles
excited during the energy cascade above EF þ�Ta (Figure 1.9b). In the
second, ‘‘hole-like’’ one, the incident energy E creates a quasiparticle in
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0 <T< Tc

Density
of states
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energy

E

Cooper pair

∆

–∆

∆
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Cooper pair
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of states

ρ(E )

EF

0 < T < Tc

Density
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Figure 1.9 Energy diagrams explaining two tunnelling mechanisms in the super-
conducting tunnel junction. After an incoming photon/phonon with energy E has
broken a Cooper pair, the barrier becomes transparent for created quasiparticles, as
shown in the diagram (b). The process is called ‘‘electron-like’’ tunnelling. Alterna-
tively, the incident energy E creates a quasiparticle in the left electrode, whereas the
second electron forms a new Cooper pair with the recombined electron in the right
electrode. This process is called a ‘‘hole-like’’ tunnelling and illustrated in diagram (c)
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the left electrode, whereas the second electron forms a new Cooper pair
with the recombination electron in the right electrode (Figure 1.9c).
With a typical voltage bias Vb less than 2�

e (e is the electron charge), it
is obvious that both mechanisms can proceed in either direction. A
quasiparticle, should it have a sufficient energy to do so, can tunnel
forward and back several times breaking on its way more Cooper pairs
in the left electrode. This makes more quasiparticles available for tunnel-
ling and thus increases the total charge output in response to the incident
energy E. This desirable phenomenon however comes at a price of the
higher noise signal. The expression for the intrinsic energy resolution of
the tunnel junction that takes into account the multiple tunnelling can be
written as

�EFWHM ¼ 2:35½"EðF þGÞ�1=2 ð1:2:1Þ

where G ¼ P1 �P2
1
þ 3P1P2 þP2

1
P2

ðP1 þP1P2Þ2
h i

is the Goldie factor introduced in [12],

P1 ¼ �tun1!2

�tun1!2 þ�D1
and P2 ¼ �tun2!1

�tun2!1 þ�D2
are probabilities of the forward

and back tunnelling respectively, �tun denote tunnelling rates from the
electrode 1 to the electrode 2 (subscript 1 ! 2) and back (subscript
2 ! 1), �D1 and �D2 represent quasiparticle loss rates in the left and
right electrodes respectively. According to [13], a good quality STJ
should be able to demonstrate a value of G as low as 1.
The qualitative microscopic picture of the energy cascade, the quasi-

particle diffusion and the tunnelling process presented so far, allows one
to formulate three major design criteria for the primary sensor. These are
as follows:

1. the thickness of the absorber should be sufficient to captivate
incoming photons in the entire energy range of interest;

2. the maximum size of the absorber is to be selected such that a
distance from a spot of the primary interaction to the Booth trap
is less than the quasiparticle loss length of the absorber material;
and

3. the concentration of quasiparticles in the Booth trap should not
exceed a certain limit above the thermal equilibrium throughout
the entire measurement procedure.

The third criterion takes care of the fact that a large density of quasi-
particles per unit volume may suppress the energy gap of the trap and
also lead to higher recombination rate. Both effects will result in
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uncontrolled non-linear effects on the detector response or the absence
of any response all together.

Criterion 1 The thickness of the absorber required is primarily linked
to the quantum efficiency of a detector. The quantum efficiency as a
function of the incident photon energy is defined by

QeffðEphÞ ¼ 1� e
� tabs
�abs

� �
� 100% ð1:2:2Þ

At Eph ¼ 10keV, the characteristic absorption length �abs½Ta� ¼ 5 mm
(Figure 1.4). A quantum efficiency of 90% can be provided by an
absorber thickness tabs ¼ 12mm.

Criterion 2 Here we would like to evaluate the maximum size of the
absorber, in which quasiparticles can diffuse without a substantial loss
in their number density n. Let us assume that X-ray photon interacts with
the absorber at a spot with coordinates r0 ¼ fx0, y0, z0g. The propagation
of particles due to the density gradient can be described adequately by
the diffusion equation given by [14]

@nðrÞ
@t

¼ Dr2nðrÞ � nðrÞ
�loss

ð1:2:3Þ

with the diffusion coefficient

D ¼ 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kbTqp

��

r
�F� ð1:2:4Þ

where Tqp denotes the temperature of quasiparticles, tloss is the quasi-
particle lifetime, vF ¼ 0:38� 106 m=s is the Fermi velocity and � repre-
sents the mean free pass. In practice, � can be estimated from the
expression � ¼ RRR � �300. In this equation, the residual resistivity ratio

is defined as RRR ¼ �nð293KÞ
�nðTcÞ , where �nð293KÞ and �nðTcÞ denote the

normal state resistivity at room temperature and just before the transi-
tion into the superconductive state respectively. �300 ¼ 7nm [15] is the
mean free path of the Ta epitaxial film at room temperature.
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Provided that the diffusion time is much longer than the duration of
the energy cascade, the initial condition for (1.2.4) takes the following
form:

nðr; 0Þ ¼ N � �ðr� r0Þ ð1:2:5Þ

where N ¼ E
" �

ffiffiffiffiffiffi
E
" F

q
and the boundary condition near the Booth trap

D @n
@x

� �
neartrap

¼ nneartrapðD�tÞ�
1
2:

The three-dimensional (3D) diffusion picture has yet to be developed.
Some results of 2D numerical computation of (1.2.4) can be found in
[15,16].
According to [16], the solution of 2D case of (1.2.3) with zero bound-

ary conditions is written as

nðr; tÞ ¼ 1

4�Dt
e

�r2

4Dt� t
�loss

� �
ð1:2:6Þ

provided that tabs � lloss. From this expression, the average distance for
a quasiparticle to propagate before it disappears can be evaluated as

lloss ¼
�

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D � �loss

p
ð1:2:7Þ

This gives the upper limit for the square absorber area Aabs 	 �2

4 D�loss.
Reliable experimental data on the quasiparticle dynamics have been

obtained so far for sub-1-mm long and 0.1-mm wide thin film Ta strips.
In this case, the single dimensional diffusion process becomes applicable.
Fitting the experimental data with the solution of 1D (1.2.3) resulted in a
diffusion factor D ¼ 8:2 cm2=s, a lifetime �loss ¼ 83ms and a loss length
lloss as low as 408 mm for polycrystalline films with RRR ¼ 17 [17]. In
the epitaxial films of a better quality ðRRR ¼ 48Þ [15], being slightly
thinner than those described in [17], D ¼ 17 cm2=s and �loss ¼ 50ms
were measured. With these figures we derive the loss length
lloss ¼ 471mm.
An upper theoretical limit for the diffusion factor of the pure mono-

crystalline Ta is estimated to be 63 cm2/s [15] and �40 cm2/s [18]. In
the both papers, predicted figures are factor of 5 higher than the
experimental data available in literature. One possible explanation for
it is the fact that quasiparticles are being pushed to the surface of the
superconducting absorber during the diffusion process by the Meissner
effect where they scatter faster on impurities. If this is true, the quality of
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the surface itself as well as the value and the uniformity of the surface
energy gap define the effective diffusion factor of the absorber rather
than the properties of the bulk material.
It is useful to calculate the fundamental limitations on absorber dimen-

sions in order to draw a scope of possible applications of STJ detectors. It
is derived from a measure of the longest possible quasiparticle lifetime,
which is defined by the recombination rate in the bulk material [19]:

��1
rec 
 1

�0
�1=2

2�

kbTc

� �5=2 T

Tc

� �1=2

e
� �

kbT ð1:2:8Þ

with the characteristic time constant of the material �0½Ta� ¼ 1:8 ns. In
the equation (1.2.8), T is the effective quasiparticle temperature. The
relaxation depends on T, which, in turn, changes as the population of
quasiparticles evolve. At T � Tc, the maximum value of the loss time
for Tantalum is expected to be �loss½Ta� ¼ 1ms. Therefore, the size of the
square absorber cannot exceed in principle a value of lloss,max ¼ 4mm
with a single tunnel junction attached to its side.
For convenience, characteristic time constants of some other materials

are summarised in Table 1.3.

Criterion 3 The linearity of the detector response to the photon energy
E depends strongly on the dynamics of the behaviour of quasiparticles in
the Booth trap and tunnelling itself. In any case, one needs to design this
part of the detector in such a way that the tunnelling rate is faster than or
equal to the trapping rate. Assuming the whole volume of the trap vt
being in a state close to the equilibrium and neglecting the proximity
effect, the trapping time can be found from [7] as

�t ¼ �s
Vabs

�t
ð1:2:9Þ

Table 1.3 Characteristic time constants, VF, density of states in selected
superconducting materials

Material t0 (ns) tph (ns) VF (10
6 ms�1) N(0) (1031states/eV/cm3)

Nb 0.149 0.004 1.37 31.7
Ta 1.78 0.023 1.5 40.8
Al 438 0.242 2.03 12.2
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Here Vabs represents the volume of the absorber and �s ¼
�0

�Al

�Ta

 1:56ns denotes the scattering time of quasiparticles in the trap.

Expression (1.2.9) is very useful as a qualitative illustration of the
trapping phenomenon. In practice, however, the physical picture turns
out to be much more complex. The proximity effect is obviously pro-
nounced in the whole vt as the high-quality epitaxial films with long
coherence lengths are utilised. In this case, the energy gap exists in a
gradient form and an average trapping time can be derived only from the

volume integration of local distribution of d�t
d�t
. Non-equilibrium effects

become stronger as the thickness of the absorber and the volume of the
trap increase. Partially this can be explained by the fact that in thinner
devices a large portion of phonons emitted by trapped quasiparticles
escape from the trap without transferring their energy to other quasi-
particles. As the volume vt becomes larger the probability of phonon–
particle interaction rises, so does the average temperature of the trapped
quasiparticles Tqp. This may lead to a larger escaping rate of quasi-
particles from the trap and eventually a reduced charge collection. An
immediate idea to operate large-area STJ detectors with thick absorbers
at a lower base temperature may not resolve the problem as it further
slows down the thermalisation process, contributing more to non-
stationary effects. Clearly, a compromise needs to be found.
An average tunnelling time for trapped quasiparticles to pass through

the barrier is given by

�tun ¼ k1e
2Nð0Þ�tRN ð1:2:10Þ

Here k1 is the proportionality factor introduced in [20]. In general, k1 is a
function of the energy gap, temperature and the voltage bias. Its value is
close to 1 at T � Tc and Vb is just below D/e. N(0) is the normal density
of states of the trap material at the Fermi level and RN represents the
normal resistance of the insulating barrier of the tunnel junction at
Vb > �=e. The normal resistance can be found from the junction I–V
curve. Figure 1.10 shows a schematic example of such an I–V curve. RN

provides a measure of the tunnelling probability and is proportional to

exp 2b
A

� �
, where b is the thickness of the insulating barrier and A is the area

of the superconducting tunnel junction. The equation (1.2.10) suggests
that the tunnelling rate is independent of temperature when T � Tc.
Due to the DC Josephson effect the Cooper pairs can also propagate

without a resistance through the barrier. This results in the existence of
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the supercurrent Ic, which can flow in both directions. In order to
suppress it, a small magnetic field is normally applied parallel to the
barrier as shown in Figure 1.11.
The magnetic field dependence of the critical current has a Fraunhofer-

like periodicity. For the square shape STJ, it can be written as

IcðBÞ ¼ Icð0Þ
�����sinð��=�0Þ

��=�0

����� ð1:2:11Þ

I

V

∆I

∆V

RN = ∆V/∆I

Vb

Ic

–Ic

∆/e–∆/e

Signal Is(t)

Figure 1.10 Schematic representation of the I–V curve of the tunnel junction. Vb is
the voltage bias applied to the junction electrodes. RN is called the normal resistance
of the insulating barrier. It provides a measure of the tunnelling probability and is

proportional to exp 2b
A

� �
, where b is the thickness of the insulating barrier and A is the

area of the tunnel junction

B

I

VBarrier

Base electrode

Top electrode

Figure 1.11 Voltage-biased superconducting tunnel junction. A small magnetic
field B must be applied parallel to the insulation barrier in order to suppress a
supercurrent caused by the Josephson effect
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where � ¼ BaJð2�L þ dÞ is the magnetic flux in the barrier, aJ denotes
the size of the junction, �L is the London penetration depth, d is the
thickness of the barrier, �0 ¼ 2:07� 10�15 Wb is the magnetic flux

quantum and Icð0Þ ¼ �
2

�
RNe

is the zero-field critical current for the sym-

metric junction (both electrodes are made of the same material). An
example of an ideal Fraunhofer pattern is shown in Figure 1.12. The
presence of trapped Abrikosov vortices, pinholes in the barrier, non-
uniformity of magnetic field and so on cause variations in the shape of
the pattern. In any event, magnetic field must maintain the operating
point at one of minimums of Ic(B). The problem becomes more complex
when biasing an array of junction with one solenoid. We will discuss it in
more details in Chapter 5.
The accuracy in the suppression of the supercurrent is also very

important in damping the so-called Fiske current steps on the I–V curve.
These current steps originate from the AC Josephson effect, which pre-
scribes the generation of the AC-current (electromagnetic field) by the
voltage-biased tunnel junction. The voltage–frequency transfer factor is
expressed through the fundamental atomic constants:

fJ ¼ 2e

��h
Vb ð1:2:12Þ

Magnetic field
0.0

0.2
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I c(
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Figure 1.12 The magnetic field dependence of the Josephson supercurrent
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with �h being the Planck constant. The Fiske current steps appear at
bias voltages, where fJ coincides with the major cavity resonance of
the junction as well as its harmonics. They are merely the result of the
detection of Josephson oscillations by the junction non-linearity. In the
square junction, Fiske steps are expected to appear at the voltage bias
values given by [21]:

Vn
b ¼ �h�cn

2eaJ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d

"rð2�L þ dÞ

s
ð1:2:13Þ

where n is the harmonic number, c is the velocity of light and er is the
relative permittivity of the barrier.
A theoretical estimate of the magnetic field at which DC and AC

Josephson currents become effectively suppressed has a form [22]:

B �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

IcQf�
2
0e

2�

2Að2�L þ dÞ�3n2"0�hc2ð2��kbTÞ1=2e
��
kbT

vuut ð1:2:14Þ

For square-shaped junctions with a quality factor of the cavity
Qf ¼ 11,B � 200Oe. For some shapes, other than the square-like one,
the same degree of suppression can be achieved at half this value [22].
One of the most important indicators of the junction quality, similar

to semiconductor ionisation detectors, is the leakage current DIl (Figure
1.10). DIl includes primarily the current of thermally excited quasipar-
ticles (Figure 1.1b):

Ith ¼ 2e
Nth

�tun
ð1:2:15Þ

where the number of thermally excited quasiparticles in the absorber
and the Booth trap is given by

Nth ¼ ðVa þ �tÞ
X2
i¼1

4Nið0Þ�i

ffiffiffiffiffiffiffiffiffiffiffi
�kbT

2�i

s
e
� �i

kbT

where i ¼ 1, 2 represent the materials of the absorber and the trap
respectively. The expression (1.2.15) does not take into account carriers
that tunnel from the counter-electrode back into the base electrode, as
well as the recombination and escape of particles.
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In real devices, the total leakage current may not be entirely defined by
the sub-gap thermal current Ith. Pinholes or/and the non-uniformity of the
barrier as well as the edges normally contribute a substantial part of it.
An amount of the charge that can be collected from an STJ detector is

given by

Qcol ¼ Q0
1

1þ ��
�rec

þ ��
�l

ð1:2:16Þ

where �� ¼ �tun þ �d þ �t. In this expression, ��1
l represents the loss rate

caused by all temperature-independent mechanisms. Examples of such
mechanisms involve the diffusion of quasiparticles from the junction
absorber area into the current leads, phonon escape into the substrate
and partially into the top counter-electrode, quasiparticle trapping in the
volumes with the suppressed energy gap apart from the intentionally
designed Booth traps. Three types of parasitic traps may be present in
the STJ sensor:

1. traps caused by imperfection of material;
2. traps at edges and surfaces of the absorber and electrodes; and
3. traps created around the Abrikosov vortices [23].

The first two types of traps can be addressed by tuning the design, the
technological process or by the collimation of the X-ray beam. The last
one places separate requirements on the design stage of the STJ detector
packaging and the operation procedure. Energetically, Abrikosov
vortices enter a high-quality superconductor II mostly during the cool
down near its Tc. Therefore, the sensor should be surrounded by a
compact, permanently installed, combined cryoperm/superconductor
shield. Alternatively, the whole detector package can be placed in a
screened enclosure with a small residual magnetic field less than 1 nT
during the cooling down. The shielding and the magnetic field bias will
be discussed again in more detail in Chapter 5.
Following the logistics of [13], the time dependence of the charge

output can be derived from the following equation

QðtÞ ¼ Q0
�r
�tun

1� e
t
�r

h i
ð1:2:17Þ

Here �r is the rise time of the charge pulse. According to equation (1.2.17),
it can be defined as a time during which a 1/exp fraction of the total
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charge is collected. The charge rise time can be found experimentally
using a fast current read-out of the detector, based normally on high-
speed super conducting quantum interference device (SQUID) amplifiers.
The output current can be approximated by

isðtÞ ¼ isð0Þe� t
�r ð1:2:18Þ

where �r 
 �l is transformed into the decay time of the current pulse and
the initial current isð0Þ 
 Q0e�tun,Q0 is the initial number of created
quasiparticles.
The state of art in the STJ detector technology is such that expres-

sions given above work reasonably well up until the energy of the
incident photons E < 1keV. In the energy range from 1 to 5 keV, DE
is found somewhat larger compared to simulations based on the
extended Rothwarf–Taylor equations and the classical diffusion pro-
cess. Predicted and measured values of DE are given in Table 1.4. One
of the most interesting commercial applications of the STJ detectors is
the electron-probe nanoanalysis in combination with high-resolution
field emission gun scanning electron microscope (FEG-SEM). The
FEG-SEM operates with low-beam energy E0< 5 keV. Performance of
the current state STJ detectors is already adequate for this type of
application.
As we mentioned before, the incomplete thermalisation of quasiparti-

cles prior to tunnelling is responsible for the broadened peaks of energy
spectrum. Models adequately describing the quasiparticle dynamics and
the energy redistribution in the non-equilibrium superconductors with a
complex energy gap profile are still at the development stage. The latest
results on this topic with respect to the date of writing this book can be
found in [27–29]. One needs to remark that linearity of detectors can be
significantly improved by attaching several STJs to an absorber connected
in parallel or in series. This is the right way to build devices with large-
volume absorbers capable of operating in the whole energy range of
‘‘soft’’ X-rays.

Table 1.4 The energy resolution as a function of the incident photon energy

1keV 3.8 keV 5.9 keV

Intrinsic �E (eV) 6.3 [24] 12 [24] 15.3 [24]
13 [26]

Predicted �E (eV) 3.0 [24],
4.6 [25]

7.3 [24] 11.6 [24]
8.9 [17]
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1.3 MICROCALORIMETERS BASED ON
TRANSITION EDGE SENSOR

An X-ray calorimetric detector in its classical form is shown schematic-
ally in Figure 1.13. It consists of an absorber with which incoming
photons interact, a thermometer to measure the temperature dynamics
of the absorber and finally a controlled thermolink providing the power
flow deposited by the photons from the absorber to the heat sink. The
principle of operation of the calorimeter is very simple. After a photon
has transferred its energy E into the absorber, the temperature of the
latter increases by �T ¼ E

C. Here C ¼ cV with c and V representing
the specific heat capacity and the volume of the absorber respectively.
The rise time of the output of the thermometer � r is defined by the
duration of the energy redistribution in the whole absorber plus the
interaction time between the absorber and the thermometer.
The decay time of the calorimeter is given by

TðtÞ ¼ �Te
� t
�d ð1:3:1Þ

where the decay time constant �d ¼ cV
G .

The phonon noise in the absorber determines the thermodynamic limit
of the energy resolution that can be obtained in principle with any type
of calorimeters. The average number of thermally activated phonons in
the incoming energy E (the signal-to-noise ratio) is

N ¼ E

Eph

¼ CT

kbT
ð1:3:2Þ

Thermometer

Absorber

G

Heat sink

Thermolink

E

Photons

Figure 1.13 General representation of a calorimetric detector intended for X-ray
measurements. Equally, it is capable of measuring the energy of incoming phonons.
The calorimeter consists of an absorber, a thermometer and a controlled thermolink
providing the power flow from the absorber to the heat sink
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Assuming again the Poisson statistics, the expression for the energy
resolution takes the form

�EFWHM ¼ 2:35
ffiffiffiffiffi
N

p
Eph ¼ 2:35	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kbT2C

p
ð1:3:3Þ

where the factor 	 takes into account an outcome of any mechanism
which influences the ultimate signal-to-noise ratio in the calorimeter.
Similar to particle detectors, the formation of thermally activated

phonons is not an entirely random process. However, the correlation
between events is caused by entirely different reasons [30]. As a result,
the equation (1.3.3) must include a correction factor analogous to the
Fano factor in the STJ detectors.
A selection of a temperature-measurement method plays a crucial part

in the optimisation of the desirable energy resolution versus the count
rate capability. Originally, X-ray microcalorimeters intended for opera-
tion at sub-1K temperature range were assembled with doped semicon-
ductor thermistors. The most popular choice was either neutron
transmission-doped germanium or ion-implanted silicon. The detectors
achieved a very impressive energy resolution of 8 eV for 5.89 keV MnK�
at a temperature of 70mK [31]. Yet at this temperature, semiconductor
thermometers suffer from two fundamental limitations caused by the hot
electron effect. As the temperature of the detector is lowered, electrons
become increasingly isolated from the crystal lattice. This slows down
the detector response due to a longer thermalisation time as well as
worsens the energy resolution by the reduced temperature sensitivity of
the thermistor [32].
An important step forward in designing the ultra low temperature

(ULT) calorimeters was the combination of the TES and a normal metal
absorber [33]. The energy cascade in the normal metal starts with the
ejecting of a high-energy inner core electron by the incoming X-ray
photon. The photoelectron loses its energy through the excitation
of the shell electrons in other atoms as well as via the scattering of other
free electrons. The early stage of the cascade ends with the formation
of a hot spot containing high-energy electrons and de-excitation
phonons. The heat of the spot further diffuses through three scattering
mechanisms:

1. electron–electron interaction;
2. electron–phonon interaction; and
3. phonon–phonon interaction.
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As the temperature decreases, rates of all three power-distribution
mechanisms have downward trends, but with different slopes. Below
a certain threshold temperature (~0.5K), the electron–electron scat-

tering rate becomes the fastest. At a temperature of 0.1K, which is a

characteristic operation point for typical TES microcalorimeters, the

electron–electron interaction is already so much faster compared to the

electron–phonon interaction that the electron system can be treated as

independent from phonons. In other words, the energy, E, deposited by
an incoming event, is first absorbed by the electron system and the
temperature of ‘‘hot’’ electrons carries precise information about E. To
take advantage of the fast electron–electron interaction rate, we need a
thermometer which is capable of directly measuring the temperature
of the ‘‘hot’’ electron system. It has to perform the measurement within
a time constraint, before the energy is absorbed by the lattice. With a
non-inertial thermometer, the response time of a ‘‘hot’’ electron micro-
calorimeter compared to its electron–phonon counterpart scales as the
ratio of the electron–electron interaction rate to the electron–phonon
interaction rate, �e–e/�e–ph. That can be several orders of magnitude
depending on the operating temperature and absorber/thermometer
materials utilised.
The TES is a thermometer that changes its resistance in response to

the temperature of the hot electrons. The sensor is made of a super-
conducting strip operating near the middle of its temperature transition
curve, between the normal and superconducting states. An example of
such a curve is shown in Figure 1.14. The quality of the TES is

T
0.1

0.9

R0

T0

∆T

∆R

dT
dR

R
T

Operating
point

α =

Figure 1.14 An example of the temperature transition curve of the TES between
normal and superconducting states. The dynamic range is shown as DR and DT. The
quality of a TES at its operating point is characterised by the sensitivity � ¼ T0

R0

dR
dT
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characterised by the linearity of the dynamic range DR(DT) and the
sensitivity is defined as

� ¼ T0

R0

dR

dT
ð1:3:4Þ

The manufacture of a TES with a predictable transition temperature Tct,
dynamic range DT and sensitivity is a quite formidable task in itself. The
control of parameters becomes even more complex if the following
deposition steps require heating of the substrate or the exposure to chem-
icals. There are three major techniques allowing tuning Tct. The first
approach is to use superconductor/normal metal bilayers, in which the
critical temperature of the superconductor is lowered due to the proximity
effect [34]. In the second one, Tc decreases by implanting magnetic atoms
that destroy the local superconductivity [35]. The mechanism can be
treated as a sort of the lateral proximity effect. Therefore, care must be
taken to arrange magnetic centres uniformly across the film. In the third
approach, the most robust from the manufacturing point of view, the
transition temperature is adjusted by proper selection of the substrate
material and the film growth conditions. Tc changes apparently due to
the stress in the film developed by the differential contraction between the
film and the substrate. In fact, it can be enhanced as well as decreased
compared to the critical temperature of the bulk material.
In the bilayer technology, the transition temperature and the temperature

dynamic range, DT, depend strongly on the thickness of each layer and the
interface between the layers.Tc can be found using the Usadel theory [36] as

Tct ¼ Tc
dv
d0

1

1:13 1þ 1
�

� � 1
t

" #�
ð1:3:5Þ

with 1
d0
¼ �

2

� �
kbTc�

2
f ns, � ¼ dnnn

dsns
, dn and ds denote the thickness of the

normal and superconducting film respectively, nn, ns represent the
density of electronic states in the normal and superconducting films
respectively, �f is the Fermi wavelength and t is the transmission factor.
The transmission factor was found in experiments with Mo/Cu bilayers.
The best fit between the theory and the experiment occurs at t ¼ 0:21 [36].
Another popular combination of materials is Au and Ir. A detailed

discussion of properties of this bilayer can be found in [34]. In the same
paper, authors present their own microscopic model based on a modified
de Genes–Werthammer theory.
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The manufacture steps of TES must ensure a fine control over the
quality of materials, interfaces, the sharpness of edges and the precision
of the layer thickness. The normal metal layer should well overlap the
superconductor to provide the uniformity of Tcs. At room temperature,
some interdiffusion process between layers takes place, modifying Tcs

itself as well as DT with time. In order to avoid these problems, micro-
calorimeters of the latest design tend to incorporate monolayer transi-
tion-edge thermometers, for instance, Mo with implanted ferromagnetic
centres or, alternatively, Ir with W, whose Tc is tuned by applying a
stress.
One possible configuration of TES primary detector is shown sche-

matically in Figure 1.15. It includes an Au absorber deposited on top of
Au/Ir bilayer thermometer. The whole detector is fabricated on a freely
suspended silicon-nitride membrane. The thickness and the design of the
membrane define the thermal link G between the TES and the silicon
substrate attached to the heat bath with a minimum Kapitza resistance.
The membrane also helps to prevent escaping of the incoming phonons
from the absorber before they fully thermalised on hot electrons. Al
leads connect the sensor to the biasing and read-out electronic circuits.
In the superconducting state, leads virtually do not conduct heat out of
the sensor due to a small number of thermally activated, conducting,
normal electrons at T � TcAl.
Conventional electron–phonon calorimeters exhibit a rather poor

count rate capability, insufficient for the majority of applications in the
analytical instrumentation. It is caused by a relatively long decay time,
�d. The decay time, however, can be reduced by operating the calorimeter

silicon substrate

Si3N4 membrane

Al leadAl lead

Au absorber Au–Ir thermometer 

Figure 1.15 An example of one possible configuration of TES primary detector. It
includes an Au absorber deposited on top of the Au/Ir bilayer thermometer. The
whole detector is fabricated on a freely suspended silicon-nitride membrane. The
thickness and the design of the membrane define the thermal linkG between the TES
and the silicon substrate attached to the heat bath with a minimum Kapitza resis-
tance. The membrane also helps to prevent escaping of the incoming phonons from
the absorber before they fully thermalised on hot electrons. Al leads connect the
sensor to the biasing and read-out electronic circuits. In the superconducting state,
leads virtually do not conduct heat out of the sensor due to a small number of
thermally activated, conducting, normal electrons at T � TcAl

MICROCALORIMETERS BASED ON TRANSITION EDGE SENSOR 29



in a faster bolometric mode with a negative electro-thermal feedback.
Bolometers measure an incoming energy of a single photon E as a
power PðtÞ ¼ dEðtÞ

dt . The temperature of the absorber and TES is main-
tained elevated well above the temperature of the cold finger by apply-
ing a power bias PbðtÞ ¼ P0. The power flows continuously from the
absorber through the TES, through the SNi membrane into the Si
substrate. If the lattices of the TES and Si3Ni4 are well matched, the
heat conduction is fulfilled by the electron–phonon mechanism, which
canbedescribedas

P ¼ WV�ðT5 � T5
s Þ ð1:3:6Þ

whereW is the Wellstood factor [37], V� is the volume of the sensor and
Ts denotes the temperature of the substrate. The presence of a mismatch
between lattices of the TES and SNi membrane creates a Kapitza resis-
tance acting in series with the electron–phonon coupling. The power
flow through the Kapitza resistance is given by [38]

PK ¼ ðT4 � T4ÞAf

4RKT3
s

ð1:3:7Þ

Here Af represents the area of the TES and RK ¼ 2� 10�3 Km2=W is the
Kapitza resistance per unit area for Cu–Si interface [39].
In order to keep the power flow constant, when incident events release

their energy into the absorber, the bolometer includes an electro-thermal
feedback which reduces the bias Pb by an amount of the incoming event
power Pi(t) so that the following condition is met

PbðtÞ þ PiðtÞ ¼ P0 ð1:3:8Þ

In this case, the feedback electric signal becomes essentially the output of
the detector. The original energy of the incoming photon can be recov-
ered from linear proportionality between the feedback system and the
incoming power by the integration of the latter one as follows

E ¼
Z t

0

½PbðtÞ � P0�dt ð1:3:9Þ

Further, we will also see that the deposited event energy can be removed
from the sensor much faster in the bolometric mode with electro-thermal
feedback compared to the decay time defined by the equation (1.3.1).
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There are two ways to introduce the electro-thermal feedback:

1. a current-biased TES with an external electro-thermal feedback
incorporating a separate, specially designed heating element into
the absorber; and

2. a voltage-biased TES with an internal electro-thermal feedback.

The first approach is shown schematically in Figure 1.16. The sensor is
biased initially by a constant current I0 and a power Pb(0) from an external
heating element. Once the energy of an incident photon is absorbed, the
hot electrons start diffusing into the TES, thereby increasing its resistance
and the voltage across it. A SQUID voltage amplifier senses this voltage
increment. Its output is used as a feedback signal to partially reduce the
current flowing through the heating element until the TES returns to the
initial unperturbed operating point. The energy E can be found as

E ¼ �I0

Z t

0

�VðtÞdt ð1:3:10Þ

This method has several unique merits, which make it attractive for
single-pixel applications. These are as follows:

– the key component of the detector, the non-linear TES, operates as a
zero indicator, suggesting excellent prospects in terms of the output
linearity;

Heat
sink

Absorber

Gp Ga G

I0Pi(t)

SQUID voltage amplifier

out

U0Heater TES

L

R

Figure 1.16 Schematic diagram of the current-biased TES microcalorimeter. The
sensor is biased by a constant current I0 and a power Pb(0) from an external heating
element. Once the energy of an incident photon is absorbed, the hot electrons start
diffusing into the TES, thereby increasing its resistance and the voltage across it. A
SQUID voltage amplifier senses this voltage increment. Its output is used as a feed-
back signal to partially reduce the current flowing through the heating element until
the TES returns to the initial unperturbed operating point
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– virtually any value of the electro-thermal feedback strength can be
set up electronically just with a single limiting condition to make the
whole system remain stable;

– the heat flows in the same desirable direction from absorber through
the TES towards the heat sink over the whole measurement time of
the incoming photon/phonon energy;

– the bias current remains unchanged, eliminating its influence on the
TES operating point and the output of the detector as a whole.

The detector with the current-biased TES and the external electro-ther-
mal feedback also has a greater potential when operating at a higher
temperature range. Its figures of merit such as the energy resolution and
the count rate capability depend to a lesser degree on the sensitivity of
the TES itself [40].
The other operation technique of the bolometric calorimeter pre-

scribes using the voltage-biased thermometer with a passive electro-
thermal feedback [41] presented in Figure 1.17. In this mode, the TES
performs simultaneously the functions of a heater, providing the power
self-bias, and a thermometer. A Joule heating coming into the unper-

turbed system amounts to Pbð0Þ ¼ V2
b

R0
, where R0 is the resistance of the

TES at the nominal operating point in the middle of the transition curve,
as shown in Figure 1.14. After a photon has interacted with the absor-
ber, hot electrons diffuse into the TES, thereby increasing its electron
temperature and the resistivity by DR and, at the same time, reducing the

Heat
sink

Absorber

Ga G

Pi(t)

SQUID current amplifier

Out

TES

Vb

Voltage
bias

L

R

Figure 1.17 The voltage-biased TESmicrocalorimeter with an internal electro-thermal
feedback. In this mode, the TES performs simultaneously the functions of a heater,
providing the power self-bias, and a thermometer. A Joule heating coming into the

unperturbed system amounts to Pbð0Þ ¼ V2
b

R0
. After a photon has interacted with the

absorber, hot electrons diffuse into the TES, thereby increasing its electron temperature
and the resistivity by DR and, at the same time, reducing the bias power to a level of

PbðtÞ ¼ V2
b

R0þ�RðtÞ. The absorbed energy from an incoming event is removed from the

absorber over a decay time, �etf, that allows the system to return to its initial (R0, I0) state
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bias power to a level of PbðtÞ ¼ V2
b

R0þ�RðtÞ. The absorbed energy from an

incoming event is removed from the absorber over a decay time, �etf, that
allows the system to return to its initial (R0, I0) state. The current

variation �IðtÞ ¼ Vb

R0þ�RðtÞ is amplified by a SQUID current amplifier.

The deposited energy E is recovered by the integration of the current
over the pulse duration as follows

E ¼ �Vb

Z t

0

�IðtÞdt ð1:3:11Þ

In the voltage-biased TES, temperature of the electron system in the
absorber takes a role of the null indicator. Therefore, the output does
depend on the linearity of the thermometer, transfer function of which
can also be affected by variations of the current flowing through the
device. Despite these drawbacks, self-stabilising calorimeters have
gained a wider acceptance as primary detectors for the X-ray analy-
tical instrumentation. Without an external electro-thermal feedback,
the amount of wires connecting the ULT stage with the room tempera-
ture biasing, read-out and processing electronics can be significantly
reduced. This simplifies the detector assembly and cuts down the
thermal load on the cold finger. Obviously, the mode of operation
becomes particularly attractive when devices are combined into
multipixel imaging arrays. An array of the voltage-biased TES micro-
calorimeter, read out with the analogue SQUID, requires half the
amount of room temperature leads compared to the number of wires
that would be needed for the current-biased devices. An implement-
ation of digital SQUIDs performing the function of ADC in combina-
tion with a fast superconductor signal processor eliminates the need to
control each individual pixel from outside the cryogenic environment all
together. Such a systemwill be able to deliver a fully processed spectrum
throughasinglecable inthedigital formtoahostcomputer forstorageand
visualisation.
The dynamics and noise in a TES microcalorimeter can be described

by a system of two linearised equations written in the frequency domain
with the help of the Fourier transform [42]:

j�Ioj2
j�Toj2

� �
¼ jDð!Þ2j !2 þ ��2

th A2

B2 !2 þ ��2
el

� � ����IJNð!Þ
�����
2

jTPNð!Þj2

0
BB@

1
CCA ð1:3:12Þ
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where Dð!Þ�1 ¼det
j!þ ��1

th A
B j!þ ��1

el

� �
, A ¼ I0

L0

@RðI,TÞ
@T

h i
0
, B ¼

1
CðT0Þ

@PJðI,TÞ
@I

h i
, I0 and L0 denote the current flowing through the TES

and the input inductance of the SQUID current amplifier at an initial
operating point. The input inductance can change substantially due to
the SQUID back action when the non-compensation error in the SQUID
amplifier feedback loop is present. We will discuss the back action in
Chapter 4 in more detail. PJðI,TÞ ¼ I2RðI,TÞ is the Joule heating due to
the voltage bias, jIJNð!Þj2 ¼ 4kbT0R0

L0
and jTPNð!Þj2 ¼ 2kbðT2

0
þT2

heat sink
ÞGðTÞ

CðTÞ
represent the power spectra of the Johnson noise and thermal noise of
the TES respectively.

�th 

@

@T

PðKÞðTÞ
CðTÞ

� �	 

0

1

n

T0

R0

@RðI;TÞ
@T

	 

0

1� Tn
heat sink

Tn
0

� �
� 1

� �
and

�el 
 1

L0
R0 þ I0

@ðI;TÞ
@I

	 

0

� �� ��1

are thermal and electrical time constants respectively.
The Bode criterion of the feedback stability with a �

6 margin in the
phase shift requires the following ratio between the major time constants
of the microcalorimeter

ð��1
th þ ��1

el Þ � 4��1
etf ð1:3:13Þ

Here ��1
etf ¼ ffiffiffiffiffiffiffi

AB
p

.
The energy resolution of the TES microcalorimeter can be estimated as

[42,43]

�EFWHM 
 2:35

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kbT

2
0CðTÞ
�

ffiffiffi
n

p
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

heat sink

T2
0

svuut ð1:3:14Þ

The type of feedback does not influence the energy resolution as long as
the SQUID read-out does not introduce extra noise and additional non-
linearity. Therefore, the equation (1.3.14) is valid for the TES micro-
calorimeter with the external electro-thermal feedback as well. Only in
that case � is no longer the sensitivity of the TES. It has to be derived from
the loop amplification comprising the TES, the SQUID voltage amplifier,
heater and absorber. Details of these calculations can be found in [44].
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In both modes of operation, the electro-thermal feedback helps to
speed up the detector response and also reduces its sensitivity to the drift
and fluctuations of the base temperature. Both the factors are improved
by a factor of

1þ=ðj!Þ ¼ 1þ Pb�

GTð1þ j!�etfÞ
ð1:3:15Þ

where =ð!Þ is the loop amplification of the electro-thermal feedback.
To summarise the section, Table 1.5 compares theoretical predictions

about the energy resolution of different types of TES microcalorimeters
with experimental results obtained by some research groups not long
before the date of this publication.

1.4 OTHER CRYOGENIC DETECTORS

1.4.1 NIS Hot Electron Microcalorimeters

As we mentioned in the previous section, hot electron microcalorimeters
can employ some other types of thermometers, apart from TES, which can
equally measure temperature of the electron system before the electron–
phonon thermalisation takes place. The normal metal–insulator–super-
conductor (NIS) tunnel junction represents a practical example of such a
thermometer. A schematic representation of the NIS-based detector is
shown in Figure 1.18. It includes an Ag–Bi sandwich absorber deposited
on top of an Si3N4 membrane. The right side of the absorber is attached to
a superconductor counter-electrode through a 1–2-nm thick Al2O3 insu-
lator barrier. Contacts to the detector are provided by superconducting Al
leads, which carry electrical current but do not conduct heat.
If the NIS junction is voltage biased below the energy gap of the

superconductor counter-electrode, the current flowing through the junc-
tion is given by [48]

I ¼ 1

e2RN

Z 1

�

1

e
E�eVb
kbTel þ 1

� � Effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 ��2

p dE ð1:4:1Þ

where Eel and Tel represent the excitation energy and the temperature
of electrons respectively and RN is the normal state resistance that is
derived from the current to voltage characteristics.
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When the conditions T � TcðAlÞ, kbT � eV, kbT � � are met, the
equation (1.4.1) can be written in a simplified form as follows

I 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�kbTel�

p
2eRN

e
���eVb

kbTel ð1:4:2Þ

Thus, an increment in the tunnelling current is the measure of the
electron temperature rise caused by the interaction of an X-ray incoming
photon with the absorber. A SQUID current preamplifier transforms the
current pulses into voltage suitable for further digitisation, shaping and
processing.
The rise time of the electron temperature depends on the material of

the absorber, its volume and the temperature of operation. In real terms,
it is well under 1ms, so that the slew rate of a SQUID current amplifier
defines the rise time of the output voltage. The decay time is determined
by the electronic heat capacity of the absorber, C, and the thermal
conductance between electrons in the absorber and a heat sink, similar
to all types of calorimeters, is given as

TelðtÞ ¼
E

C
e
� t
�d ð1:4:3Þ

with the thermal relaxation time constant �d ¼ C
G.

Assuming that the tunnelling of hot electrons through the NIS
removes all deposited energy from absorber, thereby cooling the remain-
ing electron condensate, �d is equal to the tunnelling time �NIS. The

Al contact Ag absorber

Si3N4 membrane

Substrate

Al2O3 barrier

Al electrode and contact

NIS junction

Figure 1.18 A schematic diagram of the NIS-based detector. The device includes a
Ag–Bi sandwich absorber deposited on top of an Si3N4 membrane. The right side
of the absorber is attached to a superconductor counter-electrode through a
1–2-nm thick Al2O3 insulator barrier. Two Al leads attached to the absorber and
the top electrode are necessary to apply the bias voltage and for collecting the
output charge produced as a result of interactions of incoming photons/phonons
with the absorber
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thermal conductance of NIS junction as a heat link has been derived in
[49] in the following form

G ¼ dP

dTel
¼ kbI

e

Tb

Tel

1

2
þ Tb

Tel

� �
ð1:4:4Þ

with Tb ¼ ��eVb

kb

 2Tel.

The equation (1.4.4) suggests that G depends on the voltage bias of
the junction Vb. Adjusting Vb allows one to find a compromise between
the energy resolution and the pulse duration at the output of the detec-
tor.
In practice, the electron–phonon interaction contributes to cooling

the electron system in the absorber. If we neglect some correlation between
the electron–phonon rate and the tunnelling rate, the total relaxation time
can be derived from the sum of these individual rates as follows

�d ¼
�NIS�e�p

�NIS þ �e�p
ð1:4:5Þ

Due to the finite diffusion time of ‘‘hot’’ electrons from a spot of inter-
action in the absorber to the base electrode of the NIS junction, �dif, the
detectorwill exhibit a position-sensitive charge collection deficit. The loss

factor is proportional to exp � �diff
�e�p

� �
[50]. The diffusion time constant,D,

and the electron–phonon scattering time, �e–p, were evaluated in
experiments with 200-nm thick Ag film to be 0.08m2/s and 2.8ms respec-
tively, at a temperature of 0.1K. An upper tolerable limit for the charge
collection deficit defines themaximumdimensions of the absorber, which
canbederivedfromthefollowingexpression

< x >¼ ð2�difDÞ12 ð1:4:6Þ

The energy resolution of the NIS detector is given by [51]

�E ¼ 	ðkbT2
elCÞ1=2 1þ a

SSQUID
I

SNIS
I

 !" #1=2
ð1:4:7Þ

where a 
 1

2þTel
Tb

, SSQUID
I and SNIS

I ¼ ðkbTbÞ2 2I
e Hð!Þ�! denote the power

of the SQUID amplifier noise and the power of shot noise in the NIS
tunnel junction, respectively, and H(!) is the transfer function of the
pulse-shaping filter in the frequency range of interest, D!.
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A complete schematic diagram of the detector based on the NIS
microcalorimeter is shown in Figure 1.19. The NIS junction is embedded
in the input circuitry of the fast SQUID preamplifier. The voltage source,
Vb, provides the bias for the junction. Incoming photon–phonon energy
E generates the tunnelling current, which is transformed by the SQUID
into the output voltage.
According to equation (1.4.7), the energy resolution of NIS hot elec-

tron microcalorimeters can be as good as those of any other types of
calorimeters including those based on the TES. At the same time, they
preserve a relatively high count rate capability. The electrical time con-
stant does not influence it because the normal resistance of the NIS
tunnel junction is several hundred m�. From the practical point of view,
the NIS detector does not require magnetic field due to the absence of the
Fiske steps. They conveniently operate at a wider temperature range of
the cold finger without a power bias and an electro-thermal feedback.
Attachment of several junctions in parallel with the absorber (distributed
array) will proportionally speed up the overall response due to the faster
pumping out rate of created ‘‘hot’’ electrons. It is also important that NIS
junctions are fully compatible with the multiplexing techniques devel-
oped for the voltage-biased TES detector.
Progress towards the thermodynamic limit with NIS hot electron

microcalorimeters will require further advance in processing techniques
of the primary sensor itself as well as improvement in the noise per-

formance of SQUID current amplifiers to a level below 0.1 pAffiffiffiffiffi
Hz

p . The

Chalmers group have recently obtained some very promising results in
this research [52].
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Figure 1.19 A complete schematic diagram of the detector based on NIS micro-
calorimeter. The NIS junction is embedded in the input circuitry of the fast SQUID
preamplifier. The voltage source, Vb, provides the bias for the junction. Incoming
photon/phonon energy E generates the tunnelling current, which is transformed by
SQUID into output voltage
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A practical X-ray detector with a 0.25mm2 area, 1 mm thick bismuth
absorber was described in [53]. It demonstrated an energy resolution of
30 eV FWHM at MnK� and a pulse time constant of 20 ms. Earlier, the
same group measured �E ¼ 20 eV and a decay time of 15ms for a
detector with an area of 0.01mm2, opposite of the best 100ms achieved
in TES microcalorimeters [54]. The quoted figures for the energy resolu-
tion are approximately a factor of 5 times the theoretical prediction
given by (1.4.7). The discrepancy can partially be explained by the
position sensitivity of detectors that affect the pulse shape of the tunnel-
ling current. Readers should refer to [55], where a topic relevant to heat
diffusion in the normal metal thin films is discussed in detail. Here we
will only notice that an improved detector design, which, for instance,
comprises a number of NIS tunnel junctions forming a distributed array,
as well as implementation of an intelligent pulse-processing technique
will further improve the energy resolution and the response time.

1.4.2 Phonon Detectors with Inductive Thermometers

In the previous two sections, we discussed ‘‘hot’’ electron bolometers
that utilise resistive temperature transducers. This type of thermometers
worsen the energy resolution of the whole detector by contributing the
Johnson thermal fluctuations or/and some extra noise caused by various
macroscopic discrete processes. In the TES, working in the mixed mode
between the normal and superconducting states, this extra noise origin-
ates from the flux slippage or the Abrikosov vortex motion. NIS junc-
tions suffer from shot noise and non-equilibrium superconducting state
near the barrier due to the high concentration of phonons produced by
the recombination of quasiparticles, further increasing temperature of
tunnelled electrons. All these noise components can be eliminated in the
inductive types of thermometers.
The kinetic inductance of a superconducting microstrip line separated

from a superconductor ground plane by a very thin dielectric is given
by [56]

LkðTÞ ¼ 
0
ls
ws

�2gp
tgp

ð1:4:8Þ

where 
0 is the magnetic permeability of the free space, ls and ws denote
the length and the width of the microstrip line respectively, tgp and
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�gpðTÞ ¼ �gpð0Þffiffiffiffiffiffiffiffiffiffiffiffiffi
1� T

Tcð Þ2
q are the thickness and the magnetic penetration depth

of the ground plane superconductor respectively, with T being the
temperature of the ground plane, Tc, the critical temperature of the
ground plane material and �gp(0), the penetration depth at zero tem-
perature.
An electric circuit diagram of the kinetic inductance thermometer

coupled to a SQUID current amplifier is shown in Figure 1.20. The
principle of operation of this system is based on storing a magnetic flux
� in a superconducting loop, which cannot be changed unless the loop is
unlocked. In this case, the current in the input circuit depends on the
kinetic inductance as follows

IkðTÞ ¼
�

LkðTÞ þ LSQUID þ L0
ð1:4:9Þ

where LSQUID and L0 represent the SQUID inductance and the residual
geometrical inductance of the thermometer respectively.
Since the input circuitry does not include resistive components, the

noise and the electrical time constant of the thermometer are determined
by the energy resolution and the 3-dB bandwidth of the SQUID pream-
plifier, respectively. According to [56], a temperature resolution better

than 1 nKffiffiffiffiffi
Hz

p should be possible for DC-biased circuitry.

Despite the good potential energy resolution, the inductive thermo-
meter did find widespread applications in cryogenic detectors. Being
insensitive directly to the electron temperature of the absorber, they can
utilise a relatively slow chain of electron–phonon, phonon–phonon and

G

SQUID current amplifier

OutLSQUID

Absorber

Lk + L0

Stored magnetic flux Φ

Heat sink

Figure 1.20 An electric circuit diagram of the kinetic inductance thermometer
coupled to a SQUID current amplifier. The principle of the system is based on
storing a magnetic flux � in a superconducting loop, which cannot be changed
unless it is unlocked. The current in the loop varies with the kinetic inductance.
Since the circuit does not include resistive components, the noise and the electrical
time constant of the thermometer are defined by the SQUID amplifier
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phonon–electron interactions. This puts them into the same range of
microcalorimeters read out by conventional semiconductor thermistors.
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2
Front-end Read-out Electronic

Circuits

INTRODUCTION

The major objective of the analogue read-out electronics is to preserve
information contained in the detector response to the incident photon–
phonon energy. For preamplifiers, specifically, this means that the output
voltage pulse must bear a known relationship with respect to the charge or
the current amplitude of the input pulse. It is also important that this
relationship remains stable over the data acquisition time. The influence
of temperature fluctuations, the thermal noise, the variable count rate, the
pile-up, the electromagnetic interference and the back reaction on the
primary sensor, all these and other adverse effects should be reduced to
a level well below the intrinsic energy resolution of a detector. In practice,
the low energy resolution and throughput of detector systems is often
limited by the analogue channel of spectrometers rather than by the
primary sensor. Thus, evolution of nuclear analytical instrumentation
requires parallel advancing in all technologies involved such as the nucleo-
nics, system architecture and software of spectrometers, not forgetting
about a very important link between them: the fast low-noise analogue–
digital interface.
As the energy resolution of a spectrometer improves, the specification

requirements for the analogue channel become more stringent. For
instance, according to the previous chapter, the cryogenic detectors
intended for X-ray microanalysis are capable to resolve spectral peaks

Nuclear Electronics: Superconducting Detectors and Processing Techniques V. Polushkin
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with a width better than 0.1% FWHM. For such a resolution, the noise
linewidth (NLW) of the whole system should add no more than 0.02%
to it, as opposite to a figure of 0.4% in the best semiconductor detectors.
The stability of gain factor should be of the same order of magnitude.
In addition to the energy resolution, some applications like the time-

of-flight mass-spectrometry or multiplexed read-out schemes place very
strict constraints for the timing accuracy. Thus, the slew rate of a
preamplifier may need to be such that the detector pulse rise time is not
extended by more than 1% [1]. Low noise helps also in improving the
time resolution.
In principle, SQUID-based preamplifiers are capable to read out

all superconductor detectors. Whereas they are arguably the best choice
to read out NIS, TES calorimetric devices, the STJs can also be matched
to either the JFET or the radio-frequency single electron transistor
(RF SET). In the latter case, however, a SQUID would still be required
to amplify the signal of the RF SET. Unlike semiconductor quasiparticle
detectors, STJs with a 1–2-nm thick tunnel barrier have a much larger
capacitance per area, typically of several mFcm2. As an example,
measurements of a Nb-based STJ with an area of 178� 178mm2 yielded
a capacitance as large as 1.8 nF [2]. Therefore, matching the tunnel
junctions with an FET transconductance amplifier proves to be quite a
problem.
There is a number of other constrains imposed on the design

of preamplifiers working with superconductor detectors. They mostly
relate to the ultralow temperature cryogenics, in particular, a compar-
atively low cooling power of refrigerators, available at a temperature
below 100mK and perceptivity of cryogenic detectors to thermal radia-
tion photons. Both the reasons do not allow the accommodation of
active semiconductor components on/near the cold finger itself. As
a result, a distance in excess of 1m may separate an STJ (250mK)
and, say, a first-stage JFET (150K) of preamplifier. Connecting cables
can be twice as long as that distance because they have to be properly
heat-sinked to a metallic frame often attached to the common ground.
The combination of the separation, the large junction capacitance, plus a
stray cable capacitance affect adversely the rise time and the settling time
of preamplifiers giving rise to a substantial back reaction on the bias
stability of the detector.
A SQUID current preamplifier is widely considered as an alternative

to the FET counterpart. Indeed, it operates close to the primary sensor at
the same temperature, dissipates a small amount of power, provides a
condition for an ideal DC voltage bias and, finally, practically does not
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throw any noise back into the junction. Being a two-terminal device, the
SQUID can easily be incorporated into any grounding arrangement.
The last feature is particularly valuable in a large format multiplexer
configuration. At high frequencies, however, the inductive impedance of
the SQUID has some effect on the loadline of the STJ. Besides, some
additional damping must be foreseen in the input circuitry to critically
suppress the LSQUID CSTJ resonance.
Recently developed RF SET seem to combine the positive qualities

of both the JFET and the SQUID. They are adequately fast, operate in a
mK temperature range and dissipate very low power. So far, they have
not been widely utilised in practical instrumentation. First, this is due
to the involvement of the expensive nanometer technology in their
manufacture. Second, the RF SET requires properly terminated cables
for the transmission of the high-frequency signal from the room tem-
perature environment to the cold finger and back. This makes it rather
difficult to organise large format multiplexers on their base right now.
In the future, however, in combination with superconductor SQUID
analogue-to-digital converters, when the room temperature is eliminated,
they may become an alternative solution to JFETs and analogue SQUID
current amplifiers targeting applications involving fast STJ detector
arrays. A detailed description of RF SET devices is given in [3].
The present chapter examines mostly JFET and SQUID preamplifier

techniques. We will deal with their dynamics and the noise properties.
Each section will include practical examples of circuit diagrams, results
of their simulations or calculations in the analytical form and some
application notes, which readers may find useful in the development of
analogue channels in their detector systems.

2.1 FET TRANSCONDUCTANCE PREAMPLIFIERS

2.1.1 Principles of JFET Transconductance Amplifiers

The shape, magnitude and the noise content of a signal delivered at the
input of a digital signal processor are determined by the detector as much
as the preamplifier. All superconductor detectors with a reasonably large
absorber have one important specific feature. Due to a relatively slow
diffusion velocity of carriers, the shape of the charge output impulse
produced in response to, say, X-ray photon depends on a position on
the absorber, where the interaction occurred. Provided that losses are
negligible, it is the charge or the integral of the total current rather than
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an instantaneous amplitude of the current that bears the proportionality
to a deposited energy E. The integration of the charge is normally
performed by the feedback capacitor CF of the charge sensitive pream-
plifier (CSA), which is normally used with all types of quasiparticle
detectors, including the STJ.
Charge sensitive amplifiers intended for the nuclear instrumentation

can be classified into two types depending on which reset method of the
voltage across the feedback capacitor is utilised: a continuous or pulsed
one. Figure 2.1 gives two examples of preamplifiers with the continuous
reset. In the circuit diagram shown in Figure 2.1(a) the reset time
constant is fixed by feedback components RFCF. The presence of RF

adds a current noise I2R ¼ 4kbT
RF

to the input. In order to reduce it to a
tolerable level, a value of the resistor should be chosen such that the
following condition is met

RF >
2kbT

qðId þ IfÞ
ð2:1:1Þ

where Id, If denote the leakage current of the detector and the JFET.
On the other hand, the time constant RFCF must be adequate to fulfil

its direct designation preventing the saturation of the preamplifier.
Therefore, in practice, RF is defined by the maximum frequency of
incoming events (the count rate) and by the leakage current of the
detector, rather than by the noise consideration (2.1.1), It is easy
to show that the discharging resistor of any reasonable value placed at
a room temperature would represent the dominating noise source of the

RF

CF

STJ

Input

(a)

Output

τ = RC

i

CF

STJ

Input
(b)

Output

i

τFET

Figure 2.1 Schematic representation of preamplifiers employing the continuous
reset techniques based on the feedback resistor RF (a) and the forward-biased
gate-source junction of the input JFET (b). The forward-biased JFET eliminates the
thermal noise current generated by RF, but increases the shot noise contribution
proportionally to the total leakage current flowing into the input terminal of the
preamplifier. Both preamplifiers yield ordinary exponentially decaying pulses
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superconductor detector system. Of course, this noise can be practically
eliminated by cooling RF to a base temperature of a cold finger on which
primary sensor itself is mounted. But this would make the preamplifier
unstable due to the cross-talk between two placed alongside wires carry-
ing the input and output signals.
Despite the extra noise, this type of CSA is widely used to read out the

signal of the STJ. The benefit comes from the fact that the presence of RF

controls the DC potential of the input terminal of the amplifier. As a
result, the junction directly attached to this terminal can be biased and
read out with a single wire, thereby operating in the much preferred
quasivoltage-biased mode (Figure 2.2). This configuration is particularly
attractive for multiplexing the large format arrays of devices.
The circuit diagram, shown in Figure 2.1(b), does not include RF. The

leakage and signal currents of the detector have a DC path through the
gate of the input JFET, which works with its gate-to-source junction
slightly forward biased [4].
Alternatively, the input-JFET can also operate in an inverse-biased

mode. In this case, a potential difference between the gate and the
transistor channel is discharged by the impact ionisation in the transistor
channel close to the junction formed by the gate and the drain at the end
of the channel [5].
Both discharging mechanisms act in such a way that the signal and

leakage currents are automatically self-compensated by controlling the
gate voltage. Therefore, preamplifiers of this type are designed with a

RF

CF

STJ i

Vb

OA

Vb

R/(1 + G)

STJ C(1 + G)

Figure 2.2 Charge-sensitive operational amplifier (CSA). Despite the extra noise,
this type of CSA is widely used to read out the signal of the STJ. The benefit comes
from the fact that the presence of RF controls the DC potential of the input terminal
of amplifier. As a result, the junction directly attached to this terminal can be biased
and read out with a single wire, thereby operating in the much preferred quasi-
voltage-biased mode. This configuration is particularly attractive for multiplexing
the large format arrays of devices
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reduced DC and low-frequency gain providing a dynamic range suffi-
cient for accommodating the input voltage variations without the satura-
tion of the output. Special precaution measures must be taken to prevent
these voltage variations affecting the stability of the voltage bias across
the superconductor tunnel junction. One of these is to utilise an AC
coupling technique.
The DC path in the both types of preamplifiers with the forward- or

reverse-biased JFET appears essentially as an extra leakage current
generating the shot noise. This doubles the shot noise contribution into
the total energy resolution originated from the leakage currents only and
adds a component proportional to the average signal current. As the
average signal current is a direct function of the input count rate, so
becomes the noise linewidth. Extra noise, if it exceeds the shot noise of
the primary device, cannot be tolerated. Cryogenic detectors would start
losing against best semiconductor counterparts exhibiting a low energy
resolution as low as 60 eV. Thus, in order to eliminate extra noise and
preserve the high stability of the junction operating point, cryogenic
detectors are read out with the charge sensitive preamplifiers operating
in the, so-called, ‘‘pulse-reset mode’’. The schematic configuration of the
pulse-reset preamplifier is shown in Figure 2.3.
According to Figure 2.3, the technique provides an intermittent path

for the charge restoration. The overall preamplifier stage includes two
additional components: a base-grounded bipolar transistor and a com-
parator. Once the output of the preamplifier reaches a predetermined
voltage level, Vref, the comparator generates a short pulse injecting a
current into the gate of the FET that discharges CF. The duration of the
reset can be as low as 1ms. This makes the technique compatible with
very high count rate applications [6]. A more elaborate design of the fast
pulse reset technique was presented in [7]. It further reduces an approxi-
mately 1 pF parasitic capacitance introduced by the discrete reset bipolar
transistor. This extra capacitance, however, is much lower compared to
a capacitance of an STJ, which is normally well above 100 pF, and,
therefore, has a negligible effect on its total energy resolution.
The outputs of the pulse-reset preamplifiers and preamplifiers employ-

ing the continuous reset techniques have completely different shapes.
Whereas the first one produces a steadily increasing voltage ‘‘ramp’’
caused by integration of leakage currents with superimposed on it event
sharp steps (Figure 2.3), the latter yields ordinary exponentially decaying
pulses. Each technique obviously needs to be matched to a digital
spectrometer, which would have an individually tuned hardware archi-
tecture as well as dedicated software algorithms. There are, however,
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commercially available universal spectrometers with the built-in cap-
ability to recognise and process both types of signals. An example of a
such spectrometer can be found in [8].

2.1.2 Settling Time of a Preamplifier

The settling time is defined as the time elapsed from the application of an
ideal instantaneous step input to the time at which the closed loop
amplifier output has entered and remained within a specified error band
� [9]. The settling time is a very important parameter for superconductor
detectors. This is due to the fact that the shape of their output current

CF

STJ

JFET

reset
transistor

Comparator
and reset
driver

Vref

Vb

Input

Vref

Output

Reset

Output

Input

Figure 2.3 Schematic representation of the preamplifier employing the pulse-reset
technique. The technique provides an intermittent path for the charge restoration.
The preamplifier stage includes two additional components: a base-grounded bipolar
transistor and a comparator. Once the output of the preamplifier reaches a pre-
determined voltage level, Vref, the comparator generates a short pulse injecting a
current into the gate of the FET that discharges CF. The duration of the reset can be
as low as 1ms. This makes the technique compatible with very high count rate
applications. The outputs of the pulse-reset preamplifiers yields a steadily increasing
voltage ‘‘ramp’’ caused by integration of leakage currents with superimposed on it
event sharp steps
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varies with a position on the absorber where the interaction with an
incoming photon actually occurs. If the settling time is comparable or
longer than the duration of the STJ output current pulse, then the
evaluation of the event energy from the pulse height at the preamplifier
output may contain a substantial ballistic deficit error. The error
becomes more pronounced at shorter peaking times, which deal with
high input count rates.
The maximum count rate capability of modern STJ detectors reaches

approximately 10 kcps (kilocounts per second). The rate can be handled
by a pulse shaping circuit with a peaking time of �0 ¼ 20ms which
produces a few per cents of a dead time. In the first approximation,
the pulse-shaping circuit can be represented by a selective filter with a
central frequency f0 ¼ 1

2��0

 8kHz. Preamplifier specifications for the

linearity and stability of the gain factor define directly the error band as
well as the open loop gain K0(f0) at the central frequency f0. For an error
band � ¼ 0:05%, the loop amplification must be in excess of
K0(f0) ¼ 1

� 
 2000. Assuming a 20-dB/dec roll-off of the open loop gain,
the gain-bandwidth product or, in other words, the unity gain frequency
of the amplifier must be as large as fm ¼ K0(f0)f0 ¼ 16MHz.
The settling time of the preamplifier assembledwith a detector is given by

tmin
s 
 Cd þ Ck þ Ci

CF

1:2

fm
ð2:1:2Þ

where Cd, Ck and Ci represent capacitance of the detector, connecting
cable and the input FET respectively. Presence of parasitic capacitance
requires a further increase in the gain-bandwidth product of the ampli-
fication channel.
A 20-dB/dec roll-off is quite important to ensure the minimum ts and

avoid undesirable undershoots or overshoots in the output pulse. This
roll-off is characteristic for a single-pole minimum phase inertial circuit.
Since all practical preamplifiers include a number of stages each with its
own pole, a designer should take a particular care to properly match
them or, if needed, compensate the action of some of them.
The Laplace transform of the open loop gain of a two-pole amplifier

can be represented in the following form

G ¼ 1þmKðf0Þ�0p
1þ ½K0ðf0Þ þ 1�m�0pþmK0ðf0Þ�20p2

ð2:1:3Þ

where m is the mismatch factor between poles.
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For a perfectly matched circuit m ¼ 1, G ¼ 1
1þ�xp produces frequency

response with a 20-dB roll-off shown in Figure 2.4 (middle line). Here
�x ¼ 2�

fm
. For a mismatch m ¼ 4, a loop gain is given by

G ¼ 1

1þ 0:996�x

1þ 800�xp

1þ 803�xp
ð2:1:4Þ

It is illustrated by a top curve in Figure 2.4. As we can see, the settling
time extends to a value of tm¼4

s 
 3:6tmin
s .

In the case of the opposite mismatch, that is, m ¼ 0:25, the loop gain
in the analytical form is as follows

G ¼ 1

1þ 1:015�xp

1þ 50�xp

1þ 49:2�xp
ð2:1:5Þ

Its graphical representation is shown in Figure 2.4 (bottom curve). Accord-
ing to the plot, the settling time becomes even longer, tm¼1/4

s ¼ 49:2 tmin
s .

Figure 2.5 shows step responses of a two-pole amplifier calculated for all
three cases under discussion. Each mismatch would substantially reduce
the count rate capability of the detector system or, alternatively, give a
contribution into the ballistic deficit.
An example of a typical low-noise JFET preamplifier is shown in

Figure 2.6. It consists of an input low-noise cascode stage (JFET, T1;
a bipolar transistor, T2; and a load resistor, R) and an operational

log f

Open loop gain

m = 4

m = 1

m = 1/4

f0

G(f0) = A

fmfm
mA

fm
mA

–20 dB/dec

Figure 2.4 The frequency response of a preamplifier with two major poles. Three
curves correspond to mis-match factors m: 0.25, 1 and 4 respectively, at a central
frequency of the pulse-shaping network. The preamplifier yields the fastest response
without overshot or undershot at m ¼ 1
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amplifier OP. It has two significant open loop poles: the first one, !op,
representing the maximum frequency of the 3-dB bandwidth of the OP
with an open loop gain, G(f0), and the second one, !c ¼ (RCp)

�1,
formed by the load resistor and the parasitic capacitor between the T2

collector and the ground including the input capacitance of the OP.
The two-pole preamplifier will provide a maximum gain at the central

0

m = 1/4

m = 1

m = 4

ts
m= 1 ts

m= 4

Output

Time

Figure 2.5 The time response of a preamplifier with two major poles to a step-like
current impulse. Three curves correspond to mis-match factors m: 0.25, 1 and 4
respectively, at a central frequency of the pulse-shaping network. The preamplifier
yields the fastest response without overshot or undershot at m ¼ 1

T1

T2

R
Cp

OP

–Vcc

+Vcc

Vbias

Figure 2.6 An example of practical implementation of the low-noise JFET pream-
plifier. It consists of an input low noise cascode stage including JFET, T1; a bipolar
transistor, T2; a load resistor, R; and an operational amplifier, OP. It has two
significant open loop poles: the first one, representing the maximum frequency of
the 3-dB bandwidth of the OP and, a second one, !c ¼ (RCp)

�1 formed by the load
resistor and the parasitic capacitor between the T2 collector and the ground includ-
ing the input capacitance of the OP
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frequency of the shaping filter and a minimum settling time without
ringing if its closed loop poles are complex conjugate at p1,2 ¼ �0 � j!0

with !0 ¼ 2�f0 ¼ �0 and !1 ¼ !0 [10]. On the Bode plot, these condi-
tions are equivalent to setting the pole !2 at a frequency twice the unity
gain frequency !m ¼ G(0)!1, as shown in Figure 2.7.

2.2 DYNAMICS AND NOISE OF JFET AMPLIFIERS

A detector will demonstrate its intrinsic energy resolution and the
peak-to-background ratio only if the noise contribution and the back
reaction of a following preamplifier are negligibly small. The back
reaction is essentially a non-compensation electrical signal, �e, at the
preamplifier input caused by inertial components present in the direct
amplification channel as well as in the feedback (Figure 2.8). It appears
during the propagation of the signal pulse from the primary detector and
acts via variation of the voltage bias (changes the dynamic loadline) or/
and injects extra carriers into the counter-electrode. Both processes alter
the dynamics of the tunnelling in the junction distorting energy informa-
tion containing in the output pulse. In the final energy-histogram, this

Shaping
filter

G(0)

–20 dB/dec

log ω

–40 dB/dec

ωm
ω0 = ω1

ω2

Figure 2.7 The Bode plot of a two-pole preamplifier with the optimised frequency
response. The preamplifier will provide a maximum gain at the central frequency of
the shaping filter and a minimum settling time without ringing if its closed loop poles
are complex conjugate at p1,2 ¼ �0 � j!0 with !0 ¼ 2�f0 ¼ �0 and !1 ¼ !0 [10]. On
the Bode plot, these conditions are equivalent to setting the pole !2 at a frequency
twice of the unity gain frequency !m ¼ G(0)!1
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will appear as the instability of characteristic peaks and the presence of
tails (the deviation from the Gaussian distribution form).
According to the previous section, the minimisation of the back

reaction requires an adequate gain-bandwidth product as well as a right
positioning of poles on the Bode plot for the open loop gain of the
amplifier. These requirements, however, may not always lead to the
optimum design solution in terms of the noise performance. Although
noise of the first stage of a cascaded amplifier is usually dominant,
subsequent stages as well as biasing elements make also some contri-
bution. In fact, the faster the preamplifier has to be, the larger the
contribution becomes. At the system designing phase, this trade-off must
be taken into consideration. Figure 2.9 illustrates the matter. It presents an

G

STJ

Feedback

Output

∆e

β

Figure 2.8 An STJ detector attached to the transconductance preamplifier. The
circuit diagram shows a non-compensation electrical signal, �e, at the preamplifier
input caused by inertial components present in the direct amplification channel as
well as in the feedback. It appears during the propagation of the signal pulse from the
primary detector and acts via variation of the voltage bias and injects extra carriers
into the counter-electrode. Both processes alter the dynamics of the tunnelling in the
junction distorting energy information containing in the output pulse

Output
e1

i1

gm

Rl

Vcc

e2

i2

K2

Cp

Figure 2.9 An equivalent schematic diagram of a low-noise cascaded preamplifier.
The first stage is shown as a transconductance coefficient of an input-JFET loaded by
a resistor Rl and a parasitic capacitance Cp. The following stages have an amplifica-
tion factor K2. Various current and voltage noise sources of the both stages are
summarised by generators in1, in2, en1 and en2 respectively
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equivalent schematic diagram of a low-noise cascaded preamplifier. The
first stage is shown as a transconductance coefficient of an input-JFET
loaded by a resistor Rl and a parasitic capacitance Cp. The following stages
have an amplification factor K2. The current and voltage noise of both the
stages are summarised by generators in1, in2, en1 and en2 respectively.
The total voltage noise referred to the input of a preamplifier is given by

e2ni ¼ e2n1 þ
e2n2 þ i2n2R

2
1

ðgmRtÞ2
ð2:2:1Þ

According to equation (2.2.1) Rl should be maximised in order to reduce
contributions of en2 and in2. This, however, may contradict to optimum
positioning of the pole formed by RlCp (see the previous section). The
trade-off between the noise performance and the gain-bandwidth pro-
duct rests entirely on the technical specifications of the input-JFET and
the OA. Best commercial preamplifiers are still being built with custom
designed JFETs and other discrete components as they outperform on-
chip integrated devices routinely available from semiconductor mass
manufacturers. When the ‘‘component quality’’ resource is exhausted,
the further trade-off must involve seeking a compromise between the
throughput and the energy resolution, which comes from the specifics of
an intended application of the detector system.
Different configurations of the input-JFET stage help to tailor

required noise versus slew rate performance. For instance, a cascode
and differential stage, shown in Figures 2.10 and 2.11 respectively, have
an amplification factor greater than 1. They are likely to be selected
for an ultra low noise preamplifier. Figure 2.12 depicts a differential
follower stage with a gain below the unity. It enables us to practically
eliminate its pole in a frequency range of interest for STJ detectors.

2.2.1 Basic Static and Dynamic Parameters of JFET

The equivalent circuit diagrams that help to describe the static and
dynamic behaviour of the JFET are shown in Figure 2.13. The gate and
the channel are made of P- and N-type semiconductor material so that
along the joint surface they form a PN junction. The PN junction normally
operates in a reverse-biased mode (apart from a case of the continuous
discharge), thereby providing the high-input gate-to-channel impedance.
The depth and the profile of the depletion region extending from the

heavily doped gate electrode control the conductance of the channel.
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Videoamplifier
V0

Cm

Rc

Rl

Vcc

V0

Cm

Rc

Rl

–Vcc

Vcc

AD8067

(a) (b)

Figure 2.10 A circuit diagram of a preamplifier based on the unipolar cascode (a)
and bipolar cascode (b). The cascode represents an amplifier stage consisting of a
common source JFET immediately followed by a common base bipolar transistor. It
has the particular advantage when an input JFET operates at a lower temperature
(optimally �150K) with some distance separating it from following stages. A
common base bipolar transistor has the low input emitter-base impedance, thereby
practically eliminating the pole formed by the Miller effect RlCgd(1þ gmRl) and
reduces a loss in the amplification factor introduced by a parasitic capacitance of a
cable connecting both parts of the stage. Cascodes operate in amplifiers with a single
and double power supply respectively. The resistor Rc in the bipolar cascode must
carry a much larger biasing current for both transistors. Thus, a positive power
supply voltage þVcc must be selected such that a value of Rc is much larger than the
input impedance of the common-base bipolar transistors

INPUT
AD8067

–V cc

+V cc

V b

OUTPUT

Rl

Figure 2.11 Fast low noise amplifier based on the common emitter differential
stage. A differential amplifier provides an output proportional to the difference
between signals delivered to its input terminals. In this case, the non-inverting
channel can be used to indirectly apply a voltage bias to the STJ detector through
the feedback resistor, whereas the inverting input terminal accommodates a sum
point of the conventional transconductance amplifier with a continuous reset
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Initially, the profile is influenced by a potential drop Vds along the
channel caused by a current flow Id until a point when Vds reaches a
pinch-off value Vp. At Vds > Vp the drain current is almost independent
of Vds and entirely governed by Vgs. As Vgs increases, the width of the
depletion region becomes larger until at some cut-off value, Vgs(off), it
occupies the whole channel bringing the drain current to virtually zero.
The Shockley power law equation shows the relation between the bias

and the drain current [11]

Id ¼ Id0 1� Vgs

VgsðoffÞ

 !n

þIljVgs>VgsðoffÞj ð2:2:2Þ

INPUT

–V cc

+V cc

V b

OUTPUT

Rs

AD829

Figure 2.12 Ultrafast amplifier based on the differential follower stage. The front
end provides only high impedance. The noise voltage of the following operational
amplifier adds in quadrature to the noise of JFET without any attenuation. This type
of the preamplifier has the shortest settling time

P-gate

Vgs

Drain

Source

N-channel
Vds

Drain

Source

Id = gmVgs

Cgs

Cgd

Gate

Figure 2.13 An equivalent circuit diagram of the N-channel JFET. It is desirable to
operate the PN junction of the transistor in the reverse-biased mode, thereby provid-
ing the high input gate-to-channel impedance
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where Id0 is the drain current at Vgs ¼ 0. Il denotes the leakage current
of the JFET. Il is a function of Vgd and Vgs, as shown in Figure 2.14. Its
major mechanism results from the thermal ionisation of carriers within
the junction. Therefore, it is very beneficial to cool down the transistor
because Il halves in the magnitude for each 10 �C decrease in the junction
temperature. An optimum operating temperature of JFETs is approxi-
mately 150K. Below this point, the transconductance gains the down-
turn trend due to the freeze-out of carriers.
There is another component of Il, which we mentioned before. It

originates from carriers generated within the drain–gate region by the
impact ionisation effect. The impact ionisation rate is a linear function of
Id and depends exponentially on Vgd. By adding small Vgd pulses, it is
possible to create a very fast controlled discharging mechanism for the
feedback capacitor [5].
One needs to remember here that the impact ionisation is also a

function of the carrier mobility. Since the mobility has a negative tem-
perature coefficient, the impact ionisation gate current appears at lower
values of Vds as temperature increases. Thus, the effective discharging
circuit must include a thermometer that monitors the temperature of the
cold plate on which the transistor is mounted.
The transconductance of JFET can be derived from the Shockley

equation in the following form

gm ¼ dId
dVgs

¼ Id0
VgsðoffÞ

1� Vgs

VgsðoffÞ

 !n�1

ð2:2:3Þ

Id

Id0

Vgs–Vgs(off)

Junction
breakdown

Figure 2.14 The drain current of the N-channel JFET as a function of the gate
voltage. The insert illustrates an increase in the leakage current, as a result of the
impact ionisation between the gate and the channel. This phenomenon is utilised to
discharge the feedback capacitance in the charge sensitive amplifiers
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The exponent n depends on the length of the channel. It ranges between
1.5 and 2. At an operating point Vgs ¼ 0 and Id ¼ Id0, where all best
JFETs tend to work, the analytical expression for the transconductance
can be presented in a simplified form, as follows

gm0 ¼ �n
Id0

VgsðoffÞ
ð2:2:4Þ

The output impedance Rout is another important parameter of the JFET.
It helps to evaluate the gain loss due to a divider formed by Rout and the
input impedance of the following stage as well as a connecting cable (if
present). The output impedance can be found from the following
expression

Rout ¼ dVds

dId
¼

Vds 1þ Vds

2VgsðoffÞ

� �
Id

ð2:2:5Þ

A typical value of Rout is approximately 10�.
In order to achieve the maximum signal-to-noise ratio, the capacitance

of the detector must be matched to the input capacitance of the read-out
preamplifier. This condition is quite difficult to meet in the case of large-
capacitance STJ detectors. One way to tackle the problem involves using
several long channel JFETs connected in parallel [12].
The capacitance per unit area of the PN junction depends on the

thickness of a depleted volume. This volume acts essentially as a dielec-
tric dividing all three electrodes: gate–drain, gate–source. The input
capacitance is given by

Cgs 
 K

0:6þ Vgs

� �1
n

ð2:2:6Þ

where K is a constant defined by a material and an JFET design and an
exponent n lies in the range of 2–3. The minimisation of Cgs is of
paramount importance for low capacitive semiconductor detectors. The
input capacitance of the JFET is less critical for STJ devices.
All major static and dynamic parameters of the JFET are mutually

dependent. This is illustrated by the system of equations given below [13]

Ids 

1

2


Cgs

L2
VgsðoffÞ 1� Vgs

VgsðoffÞ

 !2

ð2:2:7Þ
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gm ¼ 

Cgs

L2
VgsðoffÞ 1� Vgs

VgsðoffÞ

 !
¼ 2


Cgs

L2

� �1
2

I
1
2

d ð2:2:8Þ

gm
Cgs


 


L2
VgsðoffÞ 1� Vgs

VgsðoffÞ

 !
¼ 1

tel
ð2:2:9Þ

where 
 is the electron mobility, L is the length of the channel and tel is
the electron transit time through the channel. The transit time defines the
ultimate intrinsic gain-bandwidth product that can be achieved with a
JFET design. It is given by

fm ¼ 


L2
VgsðoffÞ 1� Vgs

VgsðoffÞ

 !
ð2:2:10Þ

For a JFET with Vgs(off) ¼ 1:5V, fm can be as large as 4GHz. In real
devices, however, it is somewhat lower due to the finite output impe-
dance and parasitic capacitances.

2.2.2 Noise Characteristics of JFET

For future noise analysis of detector systems, it is convenient to represent
the JFET as an ideal noise-free device with external noise sources, as
shown in Figure 2.15. In this figure, di1 is the Johnson current noise
generated by the channel noise-resistance Rn. A value of the noise
resistance was derived in [14] in the following form

dVfdi3di2

di1

din
dvn

Figure 2.15 An equivalent noise diagram of the JFET. The voltage noise of the
transistor originates from the Johnson drain current noise generated by the channel
noise resistance. The equation indicates that dvn is inversely proportional to the
transconductance of the JFET. In this respect, the parallel connection of N transis-
tors benefits from the noise reduction by a factor of 1ffiffiffi

N
p
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Rn ¼ 2

3gm
ð2:2:11Þ

Therefore, the current noise is given by

di21 ¼
4kbT

2�Rn
d! ¼ 4

3�
kbTgmd! ð2:2:12Þ

Referred to the input this noise source appears as an input voltage noise

dv21 ¼
4

3�gm
kbTd! ð2:2:13Þ

The voltage noise dvn also includes a 1/f noise component

dv2f ¼
Af

!
d! ð2:2:14Þ

where Af ¼ 4
3�

kbT
gm
!c with !c representing the corner frequency at which

the spectral density of the 1/f noise is equal to
ffiffiffi
2

p
the spectral density of

the white voltage noise.
The 1/f noise originates from trapping carriers in the Shockley–Read–

Hall (SRH) generation–recombination centres in the junction depletion
region. The centres are formed by impurities and crystal defects. They
tend to emit alternatively a hole and an electron thus fluctuating between
neutral and charged states. Fluctuating charges in the junction are indis-
tinguishable from the true input signal applied to the gate and, as a
result, have to be represented by the voltage noise at the input of the
preamplifier.
The total input voltage noise dvn (Figure 2.15) is given by

dv2n ¼ 4

3�

kbT

gm
1þ !c

!

� �
d! ð2:2:15Þ

The equation indicates that dvn is inversely proportional to the trans-
conductance of the JFET. In this respect, the parallel connection of N
transistors benefits from the noise reduction by a factor of 1ffiffiffi

N
p .

The total current noise includes two components

di2n ¼ di22 þ di23 ð2:2:16Þ
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These are the shot noise due to the leakage current Il, which we discussed
in the previous section

di22 ¼ 1

2�
2Iled! ð2:2:17Þ

and the current noise induced from the channel through the gate–source
capacitance:

di23 ¼
1

2�

kbT!
2C2

gs

gm
d! ð2:2:18Þ

Reference specification materials often quote a noise factor instead of
the current and voltage noise. A noise factor is defined as

F ¼ 1þ noise-power-at-the-input-of-JFET

noise-power-of-source-resistor-Rg
ð2:2:19Þ

Figure 2.16 illustrates the expression (2.2.19). According to it, the noise
factor can be represented in the following form

F ¼ 1þ dv2n þ di2nR
2
g

4kbTRgB
ð2:2:20Þ

where B denotes the bandwidth of the system.
The noise figure is a logarithmic representation of the noise factor in dB.

NF ¼ 10 log F ¼ 10 1þ dv2n þ di2nR
2
g

4kbTRgB

 !
dB ð2:2:21Þ

There is a general selection criterion of the front-end JFET, which is used
specifically for low noise read-out of quasiparticle detectors. It was

din dVnRg n-JFET

Figure 2.16 An equivalent noise diagram of the JFET that helps to calculate the
noise factor widely quoted in technical specifications and the specialised literature
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proposed originally for ionisation semiconductor detectors in [15]. Best
suitable transistors must have the lowest factor Ks defined as

Ks ¼ CT

ffiffiffiffiffiffiffiffiffiffiffiffi
8

3

kbT

gm

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
8

3

kbT

gm

s
C0

d m
1
2 þm�1

2

� �
ð2:2:22Þ

whereCT is the total capacitance at the preamplifier input,C0
d ¼ CT � Cgs:

m ¼ C0
d

Ci
is the mismatch factor between the detector capacitance and the

input capacitance of the JFET in whatever stage configuration it is used.
According to equation (2.2.22), the lowest possibleKs would require using
a transistor with the highest transition frequency

fT ¼ gm
2�Cgs

ð2:2:23Þ

with closely matched detector–JFET capacitances, that is m ! 1,
provided that equation (2.2.15) holds. The last condition is not necess-
arily met in practical short channel JFETs.

2.2.3 The JFET Cascode Stage

The cascode represents an amplifier stage consisting of a common
source JFET immediately followed by a common base bipolar transis-
tor. Cascodes match well with a current-biased STJ. It has the parti-
cular advantage when an input-JFET operates at a lower temperature
(optimally �150K) with some distance separating it from following
stages. A common base bipolar transistor has the low input emitter-
base impedance. It practically eliminates the pole formed by the Miller
effect RICgd(1þ gmRI) and reduces a loss in the amplification factor
introduced by a parasitic capacitance of a cable connecting both parts
of the stage.
The voltage across the source–drain terminals is set by biasing of the

bipolar transistor, Vds 
 V0 � 0:5, whereas Rc adjusts the current flow-
ing through the JFET. The value of Rc should be more than several
hundred Ohms so that its presence did not affect the amplification
factor.
Cascode circuits can be classified into two types depending on

the polarity of the bipolar transistor they incorporate (see Figure 2.10
(a) with NPN type transistor, (b) with PNP type transistor). NPN bipolar
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transistors are more advanced compared to their PNP counterparts in terms
of the current gain � and the gain-bandwidth product fT. These parameters
play a crucial part in defining the noise and the bandwidth of the stage, as
we will see later in this section. PNP transistors, however, are more con-
venient in the implementation. They allow operation at a smaller voltage
range of the symmetric power supply �Vcc. With the quasizeroed output
offset, the cascode can also be DC coupled to a following conventional
operational amplifier, thereby simplifying the overall circuit design.
If the load impedance jZlj ¼

���Rl
1

1þj!RlC

��� re (here re is the Shockley
emitter resistance), the mean square current noise at the collector output
generated by the bipolar transistor is given by [16]

i2nc ¼
2�2reeIe

ð� þ 1Þ2Zl

þ 2ele
�

 !
�f ð2:2:24Þ

On the other hand, the collector current noise originated from the JFET
is as follows

i2f ¼ kbTcRng
2
m ¼ 8

3
kbTcgm ð2:2:25Þ

where Rn is the noise resistance of the JFET channel. The noise con-
tribution of the bipolar transistor becomes negligible when the condition
i2nc � i2f is met. The condition can also be re-written in a more conve-
nient form, as follows [16]

2

Z2
l Ie

þ 3200Ie
�

� 116gm ð2:2:26Þ

where Ie is the current flowing through the emitter of the bipolar
transistor. In the equation (2.2.26), we took into account that
re ¼ 0:025

Ie
and �  1.

The gain-bandwidth product of the JFETcascode stage is given by

GBW ¼ gm
2�ðCin þ CoutÞ ð2:2:27Þ

with capacitances Cin ¼ Cgs þ 2Cdg and Cout ¼ Cdg. Expression (2.2.27)
assumes fT  GBW.
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2.2.4 Differential circuits based on JFET

A differential amplifier provides an output proportional to the difference
between signals delivered to its input terminals. In this case, the non-
inverting channel can be used to indirectly apply a voltage bias to the STJ
detector through the feedback resistor, whereas the inverting input
terminal accommodates a sum point of the conventional transconduc-
tance amplifier with a continuous reset.
Figures 2.11 and 2.12 show differential stages based on a common

source pair of JFETs and two source followers respectively. Source
followers are designed just to provide high input impedance. Their
voltage gain given by

GSF ¼ gmRs

1þ gmRs
ð2:2:28Þ

is less than the unity. Therefore, the following stage contributes all its
voltage to the preamplifier input, as follows

dv2n ¼ dv2nFET þ dv2n2
G2

SF

R2
s di

2
n2 ð2:2:29Þ

where dvnFET and dvn2 represent the voltage noise of the JFET and of the
following stage respectively, and din2 is the current noise of the second
stage.
The output impedance of the source follower is known to be quite low

Rout ¼ Rs

1þ gmRs
ð2:2:30Þ

This enables one to match the differential stage and a fast low-noise
bipolar operational amplifiers with the major pole shifted to a very high
frequency. There is a number of fast low-noise operational amplifiers
commercially available. For instance, a 120MHz amplifier manufac-
tured by Analog Device, AD829, contributes as low as 2 nVffiffiffiffiffi

Hz
p voltage

noise referred to the input of the JFET stage. The voltage noise can be
halved with 110MHz AD797.
Common drain FET stages do not have the Miller effect. Their effec-

tive input and output capacitances are given by

C�
in ¼ Cgsð1�GSFÞ ð2:2:31Þ

C�
out ¼ Cgs þ Csd ð2:2:32Þ
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Therefore, the principal pole

fout 
 1

2�CoutRout
ð2:2:33Þ

can be well above 100MHz. This circuit is normally utilised in pream-
plifiers required to provide extremely short settling time.
An amplification factor of the differential stage based on a pair of

common source JFETs is given by

GDS 
 2gmRl ð2:2:34Þ

for differential signal and

GCM 
 Rl

2RI
ð2:2:35Þ

for a common mode input signal. Here Rl is the load resistor (Figure
2.11) and RI is the impedance of the current source connected to the
joined JFET sources.
The biggest concern when developing a preamplifier comprising either

of the differential stages associates with their offset and particularly with
the temperature drift. The temperature drift is defined as a change in the
input voltage Vgs required to maintain a constant drain current Id. Its
mechanism originates from the reduction of the depleted volume in the
channel, as temperature increases. This gives rise to the channel con-
ductivity, the pinch-off voltage, Vp, and, eventually, the drain current Id.
The resulting effect of this mechanism on the symmetric output voltage
can be significantly reduced in a well-matched pair of JFETs. Still
commercially available general-purpose devices do not meet the strin-
gent requirement with respect to the voltage bias stability placed by the
STJ. In fact, the latter should not exceed 0.1mV when dealing with
measurement of the low energy single optical photons [17].
A large charge output of the STJ and a comparatively modest count

rate make some room for the FET designer to further improve
the temperature stability. For instance, the pinch-off voltage and the
mobility have opposite temperature coefficients. The coefficients can
be matched at a particular channel length and thickness so that Id
becomes temperature independent in the small signal limit. Moreover,
JFET can be designed in such a way that the critical thickness is
achieved at Vgs ¼ 0. In this case, the cut-off voltage is expected to be
Vgs(off) ¼ �0:63V.
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Alternatively, the biasing circuitry of a JFET can be adjusted in order
to reach the zero temperature drift operating point given by

Idz ¼ Id0
0:63V

VgsðoffÞ

 !2

ð2:2:36Þ

Operating the JFET in other operating points will result in a drift

�Vgs 
 2:2mV=�C 1� Id
Idz

� �1
2

" #
ð2:2:37Þ

The frequency response of a differential stage based on JFETs with
joined sources is defined by its input and output capacitances

Cin ¼ 1� gmRl

1þ gmRl

� �
Cgs þ ð1þ gmRlÞCgd ð2:2:38Þ

Cout ¼ Cgd ð2:2:39Þ

The major pole positions are given by

f01 ¼ Rl þ Rin

2�RlRinCout
ð2:2:40Þ

where Rin is the input impedance of the following stage, and

f02 ¼ Rl þ Rin

2�ðCin þ CpÞRlRin
ð2:2:41Þ

where Cp is an input capacitance of the following stage.
Figure 2.17 shows the noise model of the differential amplifier. An

equivalent input noise is the sum in quadrature of fluctuations generated
at both halves of the transistor pair.

dv2ndif ¼ dv2n1 þ dv2n2 þ di2n1R
2
1 þ di2n2R

2
2 ð2:2:42Þ

The voltage bias is normally applied to the non-inverting input via a
small value resistor R2. In this case, the component din2R2 can be
eliminated from (2.2.42), but dvn2 must still be kept because its noise
mechanism originates from the current fluctuations generated by the
noise resistance of the JFET channel.
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2.3 SQUID CURRENT AMPLIFIER

2.3.1 DC SQUID as a Superconductor Parametric Amplifier

The DC SQUID can be regarded as a self-pumping type of the param-
etric amplifier. Similarly to all parametric amplifiers, it also incorpor-
ates a non-linear component represented by the Josephson junctions and
a resonator formed by the inductance of the superconductor loop Ls and
the capacitance of the tunnel junction C. Its equivalent circuit diagram is
shown schematically in Figure 2.18.
The tunnel junctions (denoted JJ in the Figure 2.18) operate in a cyclic

mode being an AC current generator during one-half of the cycle and a

dvn1R1

din1

dvn2
R2

din2

dvndif
gm Rl

Figure 2.17 A noise model of the differential amplifier. An equivalent input noise is
the sum in quadrature of fluctuations generated at both halves of the transistor pair

φa

C
J

C

1/2 Ls1/2 Ls

Ib (Vb)

JJ JJ

R R

φ

Figure 2.18 An equivalent circuit diagram of the DC SQUID. The device comprises
superconducting inductive resonator, Ls, a couple of Josephson junctions, JJs and
shunt resistors R to suppress the hysteresis in the junction’s I–V curve. The SQUID is
DC biased either with a current Ib or a voltage, Vb and responds to an external
magnetic flux coupled to the inductance Ls
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detector of oscillations during the other half. In doing so, they utilise
both:

– the stationary Josephson effect for a supercurrent flowing through
the junction given by

I ¼ Ic sinð’Þ ð2:3:1Þ

– and the non-stationary Josephson effect for a voltage across the
junction

V ¼ �h

2e

d’

dt
ð2:3:2Þ

where Ic is the critical current, ’ is the quantum mechanical phase
difference of the order parameter. The phase difference is directly
coupled to the magnetic flux threading the SQUID loop as

’ ¼ 2�
�

�0
ð2:3:3Þ

with �0 ¼ 2:07� 10�15 Wb called the magnetic flux quantum.
An applied magnetic flux �a primarily changes the state of the each

junction ’. It affects the amplitude of the circulating current J and with
that the average frequency of oscillations d’

dt . According to equation
(2.3.2), this must modulate the mean value of the voltage across the
junctions. The block diagram, shown in Figure 2.19, summarises the
principle of the SQUID parametric amplifier.
Due to the sin’ term in the stationary Josephson effect, the voltage

response of the SQUID is periodic with respect to the magnetic flux. The

Flux-to-
frequency
up-converter

Frequency-
to-voltage
detector

dt
dϕ

VΦ

Figure 2.19 A block diagram explaining the principle of the DC SQUID as a
parametric amplifier. The non-stationary Josephson effect acts as a pumping
oscillator to up-convert the input magnetic flux �. L, C, R resonator sets up plasma
frequency oscillations of the loop current J and forms a selective receiver. The mixed
plasma frequency signal is then demodulated by non-linearity of the Josephson
junctions. The DC SQUID is a self-pumping parametric amplifier
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periodicity is defined with a very high precision via the ratio of two
fundamental atomic constants �0 ¼ h

2e (h is the planck constant, e is the
electron charge, �~2.07�10�15Wb), called the flux quantum. This fea-

ture upgrades the SQUID from a low noise amplifier to a level of a self-

calibrated measurement device. The flux quantum periodicity helps to

evaluate the intrinsic energy resolution of the preamplifier explicitly

without a need in the inter-comparison.

A system of two coupled motion equations describes the microscopics
of the SQUID [18]:

�c
d2v

dt2
þ dv

dt
þ @U

@v
¼ LvðtÞ ð2:3:4Þ

�c
d’

dt2
þ d’

dt
þ @U

@’
¼ L’ðtÞ

with the potential energy of the force field governing the motion given by

Uðv; ’Þ ¼ ð’� ’aÞ2
�l

� jv� cos v’ ð2:3:5Þ

Other dimensionless parameters in (2.3.4) are defined as follows

– the McCumber parameter

�c ¼ 2�R2CIc
�0

ð2:3:6Þ

– the reduced SQUID inductance

�l ¼
2�LsIc
�0

ð2:3:7Þ

– the Josephson current

i ¼ I

2Ic
, and

– an applied external magnetic flux in the normalised form

’a ¼ 2�
�a

�0
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The Langevin functions Lv and L’ represent the random fluctuations.
Their autocorrelation functions are given by

hLvðtÞLvðt þ �ÞihL’ðtÞL’ðt þ �Þi ¼ ��ðtÞ ð2:3:8Þ

where

� ¼ 2�kbT

Ic�0
ð2:3:9Þ

is the thermal excitation energy expressed through the Josephson
coupling energy EJ ¼ Ic�0

2� and �(t) is the Dirac delta function.
Turning to the mechanical analogy, the coupled equations (2.3.4)

describe essentially the motion of a point mass in a two-dimensional
force field of the periodic potential U(v, ’). Their full analytical solution
does not exist. There are a number of papers, however, presenting partial
numerical solutions. All these solutions are in a very good agreement
with the generic prediction made by Manley and Rowe [19]. The energy
resolution of any parametric amplifier, including the SQUID, is given by

" ¼ �
kbT

!p
ð2:3:10Þ

where !p is the pumping up-conversion frequency (in the SQUID case, the
plasma frequency of the Josephson oscillations) and � denotes the propor-
tionality factor. The minimum proportionality factor essentially indicates
how much thermal power kbT is spent on the excitations of oscillations at
frequencies other than !p. The energy losses are always present in para-
metric amplifiers. The oscillation linewidth broadens around !p by the non-
linear parametric elements. They also create a number of harmonic resonant
modes in the resonator. The proportionality factor can further be increased
if no measures are taken to eliminate the down-conversion of mixed para-
sitic modes into the measurement frequency range of the preamplifier.
Due to the large specific capacitance, the tunnel junctions normally

employed in SQUIDs exhibit a hysteresis in their current-to-voltage
characteristics (Figure 1.10). The hysteresis also absorbs the energy of
oscillations proportional to its area. This would further deteriorate the
energy resolution or even destroy the SQUID functionality. In order to
avoid this the Josephson junction is connected in parallel with a shunt
resistor,R. One chooses such a value of the shunt resistor that the modified
I–V curve becomes non-hysteric. The upper value ofR fully suppressing the
hysteresis comes from the resistively shunted junctionmodel (RSJ). Accord-
ing to it, the McCumber parameter �c should not exceed a value of 0.7.
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The SQUID can be operated in two modes. The first one is called the
overdamped mode with limiting conditions �c � 0:7 and R � 1

!pC
. In

this case, the capacitance does not influence the functionality of the
SQUID. The relaxation–oscillation type of the resonator formed by R,
Ls components with the plasma frequency resonance !p ¼ R

Ls
entirely

defines the energy resolution as

"s ¼ �
kbTLs

R
ð2:3:11Þ

This mode of operation has proved to produce the best intrinsic energy
resolution. It is not quite practical, however, due to a very low param-
etric amplification, which does not allow the SQUID to be coupled
directly to the following semiconductor amplification stages.
The parametric amplification is given by

@V

d�
ffi Rdffiffiffi

2
p

Ls

ð2:3:12Þ

where Rd is the dynamic resistance of the SQUID. In the overdamped

mode of operation, Rd 
 Rffiffi
2

p . With a typical value of R ¼ 1� and

L ¼ 100pH, the SQUID exhibits a parametric amplification

 ¼ @V

@�

 R

2L

 10


V

�0

Matching such a SQUID directly to a state-of-art preamplifier with a
spectral density of the voltage noise

ffiffiffiffiffi
Sv

p 
 0:6 nVffiffiffiffiffi
Hz

p results in an energy
resolution " 
 Sv

2L2

 7:7� 10�29 J

Hz, whereas an intrinsic energy resolu-
tion can be three orders of magnitude lower than that already at a
temperature of 4.2K.
Practical SQUIDs intended for fast applications operate in the crit-

ically damped mode with the McCumber parameter close to �c ¼ 0:7.
In this case, the SQUID inductance Ls and the tunnel junction capaci-
tance C form the resonator circuit with the plasma frequency resonance
!p ¼ 1ffiffiffiffiffiffi

LsC
p . Following the equation (2.3.10), the energy resolution, there-

fore, can be written in the following form

" ¼ �kbT
ffiffiffiffiffiffiffiffiffi
LsC

p
ð2:3:13Þ
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It is obvious that the LC-type of the plasma frequency resonance has
potentially much higher quality factor compared to that that can be
achieved with the relaxation–oscillation mode of operation. This has a
positive impact on the dynamic resistance Rd as well as the parametric
amplification  increasing them by a factor of 10 and higher [20].
A generic noise model of the SQUID applicable for the both modes of

operation was developed in [21]. The model evaluates the voltage noise
of the current-biased SQUID as

Sv ¼ 24kbT

R
R2

d þ 4 Rd �
R

2

� �2
" #

ð2:3:14Þ

The flux noise can be found by substituting Sv derived with the equation
(2.3.14) into

Sf ¼ Sv
2

ð2:3:15Þ

The intrinsic energy resolution of the SQUID is given by

" ¼ S�
2Ls


 24kbT R2
d þ 4 Rd � R

2

� � �2
RR2

d

Ls ð2:3:16Þ

Analysis of equations (2.3.12) and (2.3.16) shows that the both most
important parameters of the SQUID: the parametric amplification and
the energy resolution benefit from the reduction of the SQUID inductance,
Ls. In other words, the improved energy resolution can be preserved at
the output of a read out circuit through the increase in the parametric
amplification factor, .
In fact the parametric amplification of SQUIDs with the minimised

inductance Ls is large enough for implementation of the directly coupled
semiconductor read-out electronics. Yet such a SQUID will require an
intermediary transformer to match Ls to the inductance of the primary
input coil. This configuration is discussed in the next section.

2.3.2 SQUID with an Intermediary Transformer

The concept of a SQUID with an intermediary transformer is shown in
Figure 2.20. The transformer is formed by inductances L2, L3. Provided
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that coils L2, L3 are superconducting and coupling factors k1 ¼ k2 ¼ 1,
the transformer couples the input magnetic flux �a ¼ iL1 to the SQUID
with an attenuation factor given by

	a ¼ L2

L2 þ L3
ð2:3:17Þ

At L2  L3, the configuration practically does not introduce a loss in
the magnetic flux and at the same time allows matching an arbitrarily
large input inductance L1 to a SQUID inductance Ls as small as 10 pH.
A concept presented in Figure 2.20 was originally described in [22].

Although the potential superiority of the design has been recognised
from the start, it was not in demand for some time. This can be
explained by the fact that the management of transmission line reson-
ances in the system of planar-coupled superconducting coils exposed to
high-frequency Josephson oscillations presents quite a serious problem.
Figure 2.21 illustrates an equivalent circuit diagram of a double

transformer SQUID without a bias, in which a virtual capacitance Ct is
introduced to simulate a major �/4 transmission line resonance of L3.
The calculations of the impedance across the a–b terminals show that the
matched products L3Ct and LsC give rise to a single maximum resonance
curve for the whole circuit. The coupled resonator shifts the plasma
frequency from an intrinsic value !p/2� to a new value that can be
evaluated with

fpt 
 2k2
!p

2�
ð2:3:18Þ

Input
coil

Transformer SQUID

L1 L2 L3

Ls

V

i
k1 k2

Figure 2.20 A schematic representation of the SQUID with an intermediary trans-
former. The intermediary transformer is formed by inductances L2, L3. At L2  L3,
the configuration practically does not introduce a loss in the magnetic flux and at the
same time allows matching an arbitrarily large input inductance L1 to a SQUID
inductance Ls as small as 10 pH. The transfer function of a superconductor trans-
former does not attenuate down to 0Hz
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This modified plasma frequency resonance essentially defines a max-
imum swing of the periodic flux-to-voltage characteristics given by

�V 
 fpt
J

ð2:3:19Þ

where J ¼ �h
2e 
 484MHz

mV is the fundamental Josephson frequency-to-
voltage ratio. An example of the flux-to-voltage characteristics is shown
schematically in Figure 2.22.

input
coil

Transformer

L1 L2 L3 Ls

i
k1 k2

Rc

Ct

R C

a

b

Figure 2.21 An equivalent circuit diagram of a double transformer SQUID without
a bias circuitry. A virtual capacitance Ct is introduced to simulate a major �/4
transmission line resonance between L3 and the SQUID washer. The calculations
of the impedance across the a–b terminals show that the matched products L3Ct and
LsC give rise to a single maximum resonance curve for the whole circuit. In practice,
there is always some mismatch between the products LsC and L3Ct. In this case, the
role of the damping resistor Rc becomes crucial in bringing the plasma frequency
resonance and the transmission line resonance together

Swing
∆V

J

fpt
Vmax ≈

Dynamic range

∂V
∂Φ

Voltage

Magnetic flux

=η 

Φ0

Figure 2.22 The periodic voltage-to-magnetic flux characteristics of the DC
SQUID. The periodicity interval is equal to the flux quantum. In order to get a
linear response, the operating point is kept within quasilinear dynamic range on a
single branch of the characteristic.  ¼ @V

@� represents the parametric amplification of
the device
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Thus, the double transformer configuration with the plasma fre-
quency resonance matched to the major transmission line resonance
delivers three most important benefits:

1. elimination of the adverse effects of the major transmission line
resonance itself;

2. an increase in the parametric amplification ; and
3. a freedom to select any ratio between the inductance of the input

coil and the SQUID inductance without affecting the energy reso-
lution of the device.

A product 0.9IcR limits the maximum value of the voltage swing Vm. In
the optimally designed SQUID, values of Ic and R are derived from the
McCumber parameter �c ¼ 0:7 and the dimensionless SQUID induc-
tance l ¼ 2LsIc

�0

 1.

In practice, there is always some mismatch between the products LsC
and L3Ct. In this case, the role of the damping resistor Rc becomes
crucial in bringing the plasma frequency resonance and the transmission
line resonance together. A reduction in Rc increases both the frequency
fpt and the quality factor of oscillations, which further enhances the
parametric amplification. At some stage, however, a further increase in
 starts reducing the quasilinear dynamic range of the SQUID. This is
due to the fact that the magnitude of the down-converted Josephson
oscillations cannot exceed the maximum voltage swing Vm¼ 0.9IcR.
Therfore, the V–� characteristics takes increasingly trapezoidal shape
illustrated in Figure 2.23. Remarkably, Rc can be used for the fine tuning

Dynamic range

Voltage

Magnetic flux

Vm =0.9IcR

η

Figure 2.23 The V–� characteristics of the DC SQUID. The maximum swing of the
characteristics is limited by a value 0.9 IcR, where Ic is the critical current of the
Josephson junction and R is the shunt resistor. A further increase in the parametric
amplification reduces the linear dynamic range of the sensor
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of the parametric amplification, , as the hysteresis does not appear on
the V–� curve at any value of it down to zero Ohm.
The damping resistor generates a thermal current noise, which adds an

extra flux noise to the intrinsic flux noise of the SQUID, S�. In order to
reduce the contribution a minimum value of the damping resistor should
be chosen in the range defined as

Rc >
S�

4kbT
L2L3

L2þL3

� � ð2:3:20Þ

where S� is the spectral density of the flux noise of the SQUID without a
damping resistor across the coils L2, L3.
Figures 2.24 and 2.25 show recorded I–V and V–� characteristics of

a tightly coupled double transformer SQUID. No traces of parasitic
resonance structures and distortions are present in the whole frequency
range of the Josephson oscillations from 20GHz (40mV) to 67GHz
(140mV).
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Figure 2.24 An experimental I–V curve of a SQUID with an intermediary transfor-
mer. It is very similar to an I–V curve of an autonomous SQUID without an input
coil. This means that the system does not have any parasitic resonances
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2.3.3 The Coupled Energy Resolution of a Double
Transformer SQUID

The coupled energy resolution of any SQUID with an input coil attached
is given by

"c ¼ S�
2k2Ls

ð2:3:21Þ

where k is the coupling factor between the input inductance L1 and the
SQUID. In the case of the double transformer configuration the overall
coupling factor can be written as

k 
 k1k2
L2

L2 þ L3
ð2:3:22Þ

where the coupling factors k1 and k2 are explained in Figure 2.20.
Analytical calculations of coupling factors based on the device geo-

metry are quite tedious. Here we will describe another approach to
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Figure 2.25 A recorded voltage-to-flux characteristics of a tightly coupled double
transformer SQUID. No traces of parasitic resonance structures and distortions are
present in the whole frequency range of the Josephson plasma oscillations from
20GHz (40mV) to 67GHz (140 mV)
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tackle the issue experimentally. According to [23], the coupling factor
can be defined as

k2 ¼ "

"c
ð2:3:23Þ

where " is the intrinsic energy resolution of the SQUID evaluated with
the equation (2.3.16) and "c is the coupled energy resolution, which can
be written in the following form

"c ¼ L1effSi
2

ð2:3:24Þ

In this expression, L1eff represents an effective input inductance L1 and Si
is the spectral density of the input current noise. If a condition L2  L3

is met, the intermediary transformer practically does not affect the low
frequency SQUID inductance Ls. In this case, the spectral density of the
current noise can be determined as follows

Si ffi S�
M2

ð2:3:25Þ

where the mutual inductance between the input coil L1 and the SQUID is
given by

M ¼ I0
�0

ð2:3:26Þ

with I0 being the current flowing through the input inductance L1

that produces in the SQUID a magnetic flux equal to �0. Combining
equations (2.3.24) and (2.3.25), we derive the sought coupling factor in
the form

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

L1effLs

s
ð2:3:27Þ

The effective value of the input inductance can be measured with the
help of a resistor Rs attached across the input terminals of L1. A value of
Rs should be such that its thermal current noise is well above the current
noise of the SQUID Si. The effective input inductance is given by

L1eff 

Rs

2�f3dB
ð2:3:28Þ
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with f3dB being the 3-dB roll-off frequency of the spectral density of the
flux noise, shown in Figure 2.26. The value of Rs itself can also be
recovered from the same graph as

Rs ¼ 4kbTM

S�
ð2:3:29Þ

An example of a SQUID with an intermediary transformer was pre-
sented in [24]. Its main parameters are summarised in Table 2.1. I–V
and V–� curves are shown in Figures 2.24 and 2.25 respectively. Figure 2.27
presents measured coupled energy resolution as a function of frequency.

Magnetic
flux
noise

Frequencyf3dB

–3 dB

SΦ

4kbTM
Rs =

2πf3dB

Rs
L1eff =

Figure 2.26 A spectral density of a SQUID amplifier with a small value resistor
attached to its input terminal. The value of the resistor is chosen such that its
Johnson noise prevails against the intrinsic current noise of the SQUID itself. The
3-dB roll-off frequency of the plot helps to determine an effective value of the input
inductance of the amplifier. If a value of the noise resistor is not known beforehand,
it can be recovered from the spectral density itself

Table 2.1 A summary of main parameters of
a SQUID with an intermediary transformer

Shunt resistor, R 5.5�
Critical current, Ic 21 mA
SQUID inductance, Ls 30 pH
Main parameter, l 0.61
McCumber parameter, �c 0.7
Mutual inductance, M 2.5 nH
Coupling factor, k 0.77
Input inductance, L1eff 367 nH
Inductance, L2 1 nH
Inductance, L3 0.1 nH
Parametric amplification,  0.6mV/�0
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In the white noise region it corresponds to a value of "c ¼ 10�32 J
Hz (16h) at a

temperature of 4.2K.
The spectral density of the current noise can be found from combining

expressions (2.3.21) and (2.3.25) in the following form

Si ¼ 2k2"c
Ls

M2
ð2:3:30Þ

Data summarised in Table 2.1 yield a value of the current noise of
approximately 0.25 pAffiffiffiffiffi

Hz
p .

2.4 SQUID READ-OUT ELECTRONICS

The intrinsic energy resolution of SQUIDs is more than six orders
of magnitude better than that of the best semiconductor transistors. It
is, in fact, the most sensitive experimentation tool capable to detect the
subtlest natural phenomena. Therefore, a particular care must be taken

10–1 100 101 102 103 104 105

Frequency, Hz

10–33

10–32

10–31

10–30

2

3
4
5

7
9

2

3
4
5

7
9

2

3
4
5

7
9

E
ne

rg
y 

R
es

ol
ut

io
n,

 

T = 4.2 K

J H
z

Figure 2.27 The coupled energy resolution of the DC SQUID with an intermediary
transformer measured at a temperature of 4.2K. Peaks correspond to mains
frequency at 50Hz and its harmonics. For comparison, the energy resolution of
the best semiconductor transistor is as large as 10�26 J

Hz
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at the design stage of a read-out electronics in order to preserve its
resolution. The right choice and layout of components, impedance
matching, grounding issues, cabling, screening, EMC filtering, all
these and other essential skills of an electronic engineer undergo ultimate
testing. Latest properly designed SQUID amplifiers function as robustly
as any other conventional semiconductor counterparts. This enabled
them to become a part of the currently most widespread calorimetric
detectors and gradually win over users working with STJs.
A distinctive feature of the SQUID amplifier from other conventional

transistor amplifiers is the fact that its transducer characteristics has
multiple steady states. This means that an operating point will jump
from one to another steady state if the feedback loop cannot follow the
input signal and keep a non-compensated flux within the quasilinear
dynamic range of the SQUID (see Figure 2.22). The problem is particu-
larly relevant for detector applications. Here we have to deal with pulse
signals having short rise times. Therefore, in addition to the low noise
performance the read-out electronics must provide an adequate slew
rate, which constitute a pair of contradictory requirements.
Fortunately, SQUIDs themselves are intrinsically very fast devices.

With the plasma frequency resonance in the range of 20–60GHz, their
bandwidth can extend above 1GHz. At present, the slew rate of
practical current amplifiers is limited by the read-out electronics. It is
imperative that we understand specific features of the SQUID system
and all associated with them outstanding problems in order to take the
full advantage of these extremely useful devices.
In this section, we will present some important information on the

feedback loop design of systems with multiple equilibrium states. Con-
ceptually, it is conveniently divided into two parts. First, we will start with
the discussion of the small-signal limit, in which operating point stays
within the dynamic range of the SQUID. After that, we will proceed with
the large-signal limit, where we will study the dynamics of jumps of
the operating point between different steady states (failure modes).

2.4.1 Small-Signal Model (dynamics)

There are two basic configurations, in which a SQUID can operate:

1. with a voltage bias and the current read-out [25]. Figure 2.28
represents a schematic diagram of this technique.

2. with a current bias and the voltage read-out [26]. This arrange-
ment is illustrated in Figure 2.29.
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In both the Figures, Ib and Vb denote the current and voltage bias
respectively, and Ina and vna are the current and voltage noise of the
preamplifier respectively. A(!) is the forward gain of the read-out circuit
with a roll-off frequency slope adequate to provide the absolute stability
of the feedback loop and a required slew rate. RF and MF are the

MF

LF

Ina

vna

Vb

A(ω)

RF

Rb

Figure 2.28 The basic configuration of the SQUID current amplifier with the
voltage bias and the current read-out. The voltage bias is applied to the non-invert-
ing terminal of the operational amplifier A(!) and offsets the SQUID operating point
via the feedback resistor Rb. Sources vna and Ina represent the voltage and current
noise of the read-out electronics. The amplifier works in the flux-locked mode with
the loop formed by A(!), RF and LF. MF is the mutual inductance between the
feedback coil and the SQUID

MF

LF

Ina

vnaIb

A(ω)

RF

Figure 2.29 The basic configuration of the SQUID current amplifier with the
current bias and the voltage readout. The current bias, Ib is applied directly to the
SQUID and the inverting terminal of the operational amplifier A(!) with carefully
constructed frequency response. Sources vna and Ina represent the voltage and
current noise of the read-out electronics. The amplifier works in the flux-locked
mode with the loop formed by A(!), RF and LF. MF is the mutual inductance
between the feedback coil and the SQUID
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feedback resistor and the mutual inductance between the feedback coil
LF and the SQUID respectively.
Since the dynamic resistance of the SQUID is relatively low (normally it

is in a range of 15–20�), both the configurations produce similar perfor-
mances in terms of the dynamics and the noise figures. In the following
discussion, we will refer mostly to the SQUIDs with the current bias and
the voltage read-out. Those, who are interested in the alternative config-
uration, can find its detailed analysis in [25].
An open loop gain of the circuit shown in Figure 2.29 is given by

Gð!Þ ¼ 
MF

RF
Að!Þ ð2:4:1Þ

A product of MF represents an equivalent resistor RSQUID, which can
substitute the SQUID in the small-signal model. One needs to remember
that such a substitution is only valid for analysing the signal dynamics of
the system, not for noise calculations. The resistor can also be helpful in
practice at the development stage and the circuit optimisation prior
attaching it to a SQUID. This saves time, a cryogen and eliminates some
uncertainties associated with cabling, distributed grounding. Figure 2.30
illustrates the arrangement.
If we assume a parametric amplification of the SQUID  to be con-

stant, the SQUID current amplifier dynamics becomes essentially very

Ina

vnaIb

A(ω)

RF

RSQUID = ηMF

Figure 2.30 An equivalent circuit diagram of the SQUID current amplifier with the
current bias and the voltage read-out. A product of the flux-to-voltage transfer
function and the mutual inductance between the feedback coil and the SQUID
MF represents an equivalent resistor RSQUID, which can substitute the SQUID in
the small-signal model. One needs to remember that such a substitution is only valid
for analysing the signal dynamics of the system, not for noise calculations. The
resistor can also be helpful in practice at the development stage and the circuit
optimisation prior attaching it to a SQUID. This saves time, a cryogen and eliminates
some uncertainties associated with cabling, distributed grounding
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similar to conventional linear amplifiers. In this case, all expressions
given in the section 2.1.1 obviously remain relevant also to SQUID
amplifiers used in the combination with STJ detectors. Some minor
modification must be introduced into figures, like, for instance, for the
settling time, which takes the following form

tmin
s 
 RF

MF

1:2

fm
ð2:4:2Þ

For somewhat slower bolometric applications, including TES micro-
calorimeters, the settling time does not need to be ultimately minimised.
Instead, the system must provide the largest possible loop gain in the
whole frequency range of operation. The stability of the base line as
well as the reduction in the non-compensation error of the preampli-
fier, thereby, minimising its back reaction on the TES, establish top
priorities in this type of detectors. These requirements are achieved
by introducing a deep feedback, which borrows quite a lot from the
open loop gain, and utilising an a-static integration stage that zeros
the DC non-compensation error in the SQUID. Figure 2.31 exhibits a
schematic diagram of a SQUID amplifier incorporating a single-pole
integrator as an inertial element. Its equivalent block diagram with
transfer functions expressed in the frequency domain using the Laplace
transform is shown in Figure 2.32. In this figure, ’e ¼ 2� �e

�0
,

’F ¼ 2� �F

�0
and ’ ¼ 2� �

�0
represent normalised values of the external

magnetic flux, the feedback magnetic flux and non-compensation error
in the preamplifier respectively, and � is the transfer function of the
voltage-to-flux feedback transducer.

MF

LF

Ib

A0

RF

RI

CI

τ = RICI

Figure 2.31 A schematic diagram of a SQUID current amplifier with A(!) incor-
porating a single-pole integrator. The maximum slew rate of the system cannot
exceed a value of �fm�0, where fm is the gain-bandwidth product of the loop
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Let us assume that numerical values of transfer functions of the loop
are such that the gain-bandwidth product of the preamplifier amounts to
fm ¼ 10MHz with a closed loop gain

Kloop ¼
RF

MF
¼ 100

where RF ¼ 1 k� and RSQUID ¼ MF ¼ 10�.
The frequency response of this amplifier is shown in Figure 2.33. The

3-dB roll-off frequency is approximately 100 kHz.

φe

φF

A0 –1/pτη

β

φ

Figure 2.32 A functional block-diagram of the current amplifier with transfer
functions expressed in the frequency domain using the Laplace transform. �e, �F
are the normalised input and feedback signals, � is non-compensated error,
A(!) ¼ �A0

1
p� is the transfer function of the direct amplification channel, � is the

transfer function of the feedback. The SQUID and the feedback are assumed here to
be non-inertial. This may not be true in very fast current amplifiers
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Figure 2.33 An example of the frequency response of an ideal single-pole SQUID
current amplifier. A gain-bandwidth product is assumed to be approximately
10MHz. The system is absolutely stable and produces a minimum settling time for
the step-like input signal. The overshots or undershots may appear in real amplifiers
due to the presence of parasitic inertialities only
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The frequency response helps us to find a maximum input magnetic
flux, which the system can tolerate, as a function of the frequency. In
general, it is defined as

�max ¼ ��jGð!Þj ð2:4:3Þ

where �� was introduced in the previous section as the dynamic range
of the SQUID. Figure 2.33 suggests that for a system with a single-pole
integrator

jGðj!Þj ¼ !m

!
ð2:4:4Þ

where !m ¼ 2�fm is the unity gain frequency of the preamplifier (gain-
bandwidth product).
Substituting (2.4.4) into (2.4.3) and differentiating the result, we

obtain another very important characteristics of the single-pole SQUID
amplifier, which is called a slew rate:

� ¼ !m�� ð2:4:5Þ

The maximum slew rate cannot exceed a value of �fm�0.
Fast cryogenic detectors and, in particular, applications involving

multiplexors require maximisation of the slew rate. Increasing the band-
width has its limits when dealing with SQUIDs. Josephson junctions may
pick up the high-frequency noise from the amplification loop. This
distorts the I–V and V–� characteristics, smears the flux modulation
and degrades the current resolution of the preamplifier as a whole.
Therefore, before extending the unity gain frequency, it is advisable to
maximise the loop amplification G(!) within an existing bandwidth fm
by employing a multipole inertial stage.
Already a two-pole integrator provides a substantial improvement in

the gain-bandwidth product and the slew rate at low frequencies. A
circuit diagram and the functional block diagram of a SQUID amplifier
with a two-pole integrator (to be more precise an integrator and a
proportionally integrating circuit) are presented in Figs 2.34 and 2.35
respectively. The loop amplification for this configuration is given by

Gð j!Þ ¼ MF

RF
A0

1

j!�1
1þ 1

j!�2

� �
ð2:4:6Þ
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where �1 ¼ R1C1 and �2 ¼ R2C2 are time constants of the integrator and
proportional-integrating circuit respectively.
In order to preserve the absolute stability of the system with the closed

feedback the ratio between the time constants of the integrator and the
proportional integrating stage must be

�2 � 4�1 ð2:4:7Þ

Figure 2.36 illustrates a critical case, when �2 ¼ 4�1. In practice, the
condition �2 > 4�1 must be met so that the system would have a �

6 margin
in the total phase shift of the loop gain. This takes care of the inaccuracy
of electronic components, the presence of parasitic inertialities and
temperature effects including fluctuations.
The frequency dependence of the maximum input magnetic flux takes

the following modified form

MF

LF

Ib

A0

RF

RI

CI

τ = RICI

R2

C2

τ = R2C2

Figure 2.34 A schematic diagram of a SQUID current amplifier with A(!) incor-
porating a two-pole integrator. The second pole is formed by the proportional
integrating stage R2C2. The proportionality link makes the system absolutely stable,
whereas the condition �2 ¼ 4�1 minimises the settling time of the preamplifier for the
step-like input signal

φe

φF

φ
η A0 –1/pτ

β

1 +1/pτ2

Figure 2.35 A functional block-diagram of the current amplifier with transfer
functions expressed in the frequency domain using the Laplace transform. �e and
�F are the normalised input and feedback signals, � is non-compensated error,
A(!) ¼ �A0

1
p� (1þ 1

p�2
) is the transfer function of the direct amplification channel,

� is the transfer function of the feedback
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�max ¼ ��jGðj!Þj ¼ ��A0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ !2�22

q
!2�1�2

ð2:4:8Þ

According to the equation (2.4.8), both the two pole and single-pole
systems behave similarly at frequencies above fm/4. Therefore, in this
frequency range, the slew rate can be derived directly from the equation
(2.4.5). When f < fm/4, �max follows asymptotically a functional depen-
dence given by

�max 
 !2!m

!2
�� ð2:4:9Þ

The slew rate results from the differentiation of (2.4.9) in the following form

� ¼ !1

!
!m�� ð2:4:10Þ

A further increase in the loop amplification G(!) can be achieved by
employing a more sophisticated n-pole inertial circuit with n> 2 [27].
Increasing a factor n, we gradually synthesise a frequency response
approaching the Bode optimum. The Bode-type loop has an infinite
number of poles and, therefore, cannot be realised with analogue
components. For long time, it was of purely theoretical interest. The
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Figure 2.36 An example of the frequency response of an ideal two-pole SQUID
current amplifier. A gain-bandwidth product is assumed to be approximately
10MHz. The system is absolutely stable and produces a minimum settling time for
the step-like input signal if a condition �2 ¼ 4�1 is met. The overshots or undershots
may appear in real amplifiers due to presence of parasitic inertialities
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digital signal processing, however, changes the perception of practical-
ity. A digital filter is nothing but a series of mathematical operations on a
digitised signal. In this respect, once a signal has been digitised, it can
further be transformed into any function, which has some form of an
explicit analytical or numerical description.
An idea to build a digital feedback loop in SQUID amplifiers has not

delivered a competitive system so far. The spurious signals generated by
digital components and the fast link between the analogue part of the
circuit and a host computer affected adversely the overall energy resolu-
tion. An embedded design should help in the elimination of the cross-talk
between digital and analogue grounds and preserve intrinsic performance
of the amplifier. Having this future prospect in mind, in what follows, we
will set up guidelines to designing a SQUID system with the maximised
loop amplification. We will avoid here the reproduction of lengthy details
of the Bode theory. They can be found in the original interpretation
regarding linear amplifiers, in general, [28] and SQUID amplifiers, speci-
fically [27]. Here we will only summarise practical recommendations and
final expressions that help to synthesise the optimum system.
Figure 2.37 exhibits a Bode plot of an amplifier with desirable fre-

quency dependence of the loop amplification. From the start, we will
divide the whole frequency axis into four ranges of interest:

20
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0.1 1 10 100 1000 10 000 Fequency, kHz

Amplification, dB

Open loop

Closed loop

3-dB bandwidth

63.84 kHz
2π ≈ω1 ωm ω2

2π2π

Figure 2.37 A frequency response of the SQUID current amplifier synthesised
following Bode recommendations. A unity gain frequency was chosen 10MHz to
allow the direct comparison with single- and double-pole amplifiers. At a frequency
of 100 kHz, the loop amplification of the Bode system is approximately 63 dB, as
opposite to 40 dB and 55 dB provided by the single- and two-pole integrators
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1. 0<!<!1, from zero to !1 called the cut-off frequency;
2. !1<!<!m, the interval of the fastest roll-off;
3. !m<!<!2, the correction interval; and
4. !>!2, the high-frequency interval.

The second interval is crucial for maximisation of both: G(!) and a slew
rate, �. A roll-off slope of the loop gain

�Lð!Þ ¼ dLð!Þ
d!

ð2:4:11Þ

should be as large as possible with one limiting condition – that the
phase shift introduced by the interval stage at a frequency !m

�ð!mÞ ¼ 1

�

Z 1

�1

@Lð�Þ
@�

ln coth

�����2
����d� ð2:4:12Þ

should not exceed ��. In the equation (2.4.11), the loop gain is
expressed in the logarithm form as L(!) ¼ 20 Log[G(!)].
In order to minimise the influence of the �L(!) on �(!m) and preserve

a steep roll-off of �L(!1 < ! < !m) Bode had found that the loop ampli-
fication must be zeroed in the correction interval, that is

�Lð!m<!<!2Þ ¼ 0 ð2:4:13Þ

A frequency response �L(!m<!<!2) > 0 is more beneficial from the
point of view of the dynamics. But, in this case, the feedback throws an
extra high-frequency noise back into the SQUID. If this noise affects the
V–� characteristics �L should be reduced even below zero.
In the fourth high-frequency interval, the loop should provide the

maximum possible filtration of high-frequency noise components.
Frequency characteristics of the amplifier with a feedback in all four

ranges are mutually dependent. For instance, the roll-off slope at high
frequencies, ! > !m, does influence the phase shift at ! < !1. To take
the mutual dependence into consideration, we will introduce cross-
correlated correction factors. In doing that, we represent the loop gain
as a sum of two components

Lð!Þ ¼ L1ð!Þ þ L2ð!Þ ð2:4:14Þ
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where

L1ð!Þ¼Lð!Þ at ! < !m ð2:4:15Þ

L1ð!Þ¼ 0 at ! > !m

and

L2ð!Þ ¼ Lð!Þ at !>!m

L2ð!Þ ¼ 0 at !<!m ð2:4:16Þ

In a similar way, we divide the phase shift into two parts:

�ð!Þ ¼ j½L1ðj!Þ � L1ð!Þ� ð2:4:17Þ

�ð!Þ ¼ j½L2ðj!Þ � L2ð!Þ� ð2:4:18Þ

Following the discussion in [29], we can obtain the phase shift below the
cut-off frequency in the following form

�1ð! < !1Þ ¼ 2!

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !

!1

� �2
s Z 1

!1

�ð!0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!0
!1

� �2
�1½ð!0Þ2 � !2�

r d!0

ð2:4:19Þ

provided that functions L(! < !1) and �(! > !1) are frequency indepen-
dent. The roll-off of the loop amplification in the second interval is given
by

�L1ð!Þ ¼L1ð!1Þ � L1ð!Þ ¼ 17:4!

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!

!1

� �2

�1

s

Z 1

!1

�ð!0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!0
!

� �2�1½ð!0Þ2 � !2�
q d!0 ð2:4:20Þ

Now, let us introduce a normalised pole factor

n ¼ 2�ð!Þ
�

¼ �Lð!Þ
20

ð2:4:21Þ
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Substituting it into (2.4.19) and (2.4.20) and taking integrals, we obtain
�(! < !1) and �L1(! > !1) in a simplified form

�ð! < !1Þ 
 n arcsin
!

!1

� �
ð2:4:22Þ

�L1ð! > !1Þ 
 �8:7n ln
!

!1
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!

!1

� �2

�1

s0
@

1
A ð2:4:23Þ

From (2.4.22) and (2.4.23), the maximum cut-off frequency !1

2� 

63:84 kHz with fm ¼ 10MHz and �L1(!m) ¼ �100dB.
In order to flatten the open loop gain in the correction interval

[!m < ! < !2], a system should incorporate a high-frequency filter with
the semi-infinite characteristic amplification. Its transfer function is
expected to rise at a rate of approximately 40 dB/dec starting from the
unity gain frequency ! ¼ !m. The phase shift produced by this stage in
the whole frequency range can be written in a simplified form as follows

�2ð!Þ ¼ 2

�
n

!

!m
þ 1

9

!

!m

� �3

þ 1

25

!

!m

� �5

þ � � �
" #

ð2:4:24Þ

The width of the correction interval [!m<!<!2] has effect on the
maximum roll-off at frequencies !>!2. The phase shift produced
by �L(! > !2) can be found from the expression, which is similar
to (2.4.22) only with the opposite sign and !2 instead of !1. For instance,
at !2 ¼ 2!m, the system remains stable with the drop in the loop ampli-
fication �L ¼ 25 dB and a roll-off of approximately 70 dB/dec.
The calculation of the frequency response will be complete if we take

into account the influence of L2(! > !m) on the phase shift �2(! < !m).
It is given by [28]

�2ð!Þ ¼ 2

8:7
!

Z 1

!2

L2ð!Þ
ð!0Þ2 � !2

d!0 ð2:4:25Þ

The fully synthesised frequency response of the Bode amplifier is shown
in Figure 2.37. A unity gain frequency was chosen 10MHz to allow
the direct comparison with single- and double-pole amplifiers. At a
frequency of 100 kHz, the loop amplification of the Bode system is
approximately 63 dB, as opposite to 40 and 55 dB provided by the
single- and two-pole integrators.
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2.5 SQUID AMPLIFIER IN THE SMALL-SIGNAL LIMIT
(NOISE)

In this section, we shall discuss noise properties of a single-stage SQUID
current amplifier. The single stage configuration comprises a SQUID
directly coupled to a low noise semiconductor operational preamplifier.
Figure 2.38 illustrates an equivalent noise model of such a configuration.
The SQUID itself is represented by the dynamic resistance, Rd, and a
source of the intrinsic voltage noise, Svs ¼ S�

2 attached in series with it.
A following preamplifier includes the voltage and current noise sources,
Sva, Sia, connected to input terminals. The total voltage noise across the
SQUID is given by

S�� ¼ S�
2 þ Sna þ SiaR

2
d ð2:5:1Þ

where S� is the intrinsic flux noise of the SQUID.
Thus, the voltage and current noise of the read-out preamplifier

increase the total flux noise, S��, referred to the input of the SQUID.
S�� can be found from the equation (2.5.1) divided by the transfer
function of the SQUID as follows

S�� ¼ S� þ 1

2
ðSna þ SiaR

2
dÞ ð2:5:2Þ

Rd

SΦη2

Va

Ia

Noise-free
operational
preamplifier

Figure 2.38 An equivalent circuit diagram of a single-stage SQUID directly con-
nected to a differential amplifier. The SQUID itself is represented by the dynamic
resistance, Rd, and a source of the intrinsic voltage noise, Svs ¼ S�

2 attached in
series with it. A following preamplifier includes the voltage and current noise
sources, Sva, Sia, connected to input terminals
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If a value of the dynamic resistance is unknown, the equation (2.5.2) can
be re-written in the following form

S�� ¼ S� þ Sna
2

þ 2SiaLs ð2:5:3Þ

One has to note that all three expressions assume the input impedance of
the preamplifier to be much larger compared to the dynamic resistance
of the SQUID Rd.
The total current noise of the SQUID current amplifier is derived from

the equation (2.5.3) as

Si� ¼ S��
M2

ð2:5:4Þ

with M being the mutual inductance between the input coil and the
SQUID.
An example of the detailed practical circuit diagram of a single-stage

SQUID current amplifier is shown in Figure 2.39. The preamplifier can be

Vss

–Vss

Ib

Rs

Rl

Preamplifier

MAT-02

SQUID
Integrator

Proportional
integrating
unit

RF

Figure 2.39 An example of the detailed practical circuit diagram of a single-stage
SQUID current amplifier. The preamplifier incorporates an additional input differ-
ential stage built with an ultra low noise matched transistor pair MAT-02 from

Analog Devices. Its voltage and current noise are as low as 0.8 nVffiffiffiffiffi
Hz

p and 1 pAffiffiffiffiffi
Hz

p

respectively. The latter design is widely used in SQUID systems as it adds more
flexibility in tailoring the performance of the preamplifier in terms of noise and the
gain-bandwidth product. The circuit includes a two pole inertial stage, which is
different from one shown in Figure 2.34, but has the same transfer function
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based entirely on a commercial low noise operational amplifier, such as
AD797 manufactured by Analog Device. Alternatively, it may incorpo-
rate an additional input differential stage built out of ultra low noise
discrete-matched transistor pairs. The most popular pair of matched
transistors is MAT-02 from Analog Devices. Its voltage and current

noise are as low as 0.8 nVffiffiffiffiffi
Hz

p and 1 pAffiffiffiffiffi
Hz

p respectively. The latter design is

more widely used in SQUID systems as it adds more flexibility in
tailoring the performance of the preamplifier in terms of noise and the
gain-bandwidth product.
According to [18], the expression (2.5.3) for the total flux noise can be

written in terms of measurable parameters as follows

S�� 
 2kbTL
2
s

R
1þ 4

R

Rd
1þ Ta

2T

Ropt

Rd
þ Rd

Ropt

� �	 
� �
ð2:5:5Þ

where T and Ta represent a temperature of the SQUID shunt resistor,
R, and the differential stage of the preamplifier respectively and
Ropt ¼

ffiffiffiffiffi
Sva
Sia

q
is the optimal source impedance for the preamplifier. The

noise temperature is defined as Ta ¼ (SnaSia)
0:5

2kb
. Expression (2.5.5) sets an

optimum matching condition between the SQUID and the preamplifier
given by

Rd ¼ Ropt ð2:5:6Þ

The differential gain of the differential stage can be found from the
following equation

Gdm 
 �2Rl

re þ Rs

�

ð2:5:7Þ

where Rl, Rs and re denote the load resistance, the resistance attached to
the transistor emitter and actual emitter resistance of the transistor
respectively.
The common mode amplification is given by

Gcm 
 �Rl

re þ Rs

� þ 2Rs

ð2:5:8Þ

Both expressions (2.5.7) and (2.5.8) assume that load resistors are
perfectly matched. In order to increase the common mode rejection
ratio, these resistors should be carefully selected.
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The noise model of the differential stage is shown in Figure 2.40. The
total voltage noise measured at the input terminal of the stage is given by

dv2n ¼ dv2n1 þ dv2n2 þ di2n1R
2
1 þ di2i2R

2
2 þ

2dv23
G2

dm

þ dv24 þ dv25 þ dv26
G2

cm

ð2:5:9Þ

where dvn1, dvn2, din1 and din2 represent voltage and current noise of
bipolar transistor pair; R1 and R2 are impedances of signal sources
Vsignal and Vbias; dv3 and dv4 are the noises generated by Rl and Rs

respectively (Figure 2.39); and, finally, dv5 and dv6 are responsible for
voltage fluctuations on the power supply lines.
Single channel systems normally employ a conventional four-wire

technique to read out the SQUID, as illustrated in Figure 2.39. It is a
simple reliable configuration which provides very good common mode
rejection ratio without a need of any know how in the electronic design.
In multichannel or/and ULT (UltraLow Temperature) systems, however,
the three-wire technique becomes much more attractive. In these appli-
cations, every spare or omitted lead is a premium improving the relia-
bility or/and reducing the thermoload on the ULT stage. D. Drung

dvn1R1

din1

dvn2
R2

din2

dvn

Vsignal

Vbias

Gdm

Figure 2.40 A noise model of the differential stage. dvn1, dvn2, din1 and din2
represent voltage and current noise of bipolar transistor pair, R1 and R2 are impe-
dances of signal sources Vsignal and Vbias, dv3 and dv4 is the noise generated by Rl and
Rs respectively (Figure 2.39) and, finally, dv5 and dv6 are responsible for voltage
fluctuations on the power supply lines
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brought the three-wire technique to a level of perfection where it per-
forms almost as well as the four-wire connection. Interested readers
should refer to [30] for further details.

Example 2.1

Let us assume that a parametric amplification of the SQUID is
 ¼ 0:6mV/�0, a SQUID inductance Ls ¼ 30 pH. A spectral density
of the voltage noise of the differential stage based on a couple of
matched transistor pairs MAT-02 connected in parallelffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Sva(MAT-02)
2

q

 0:66 nVffiffiffiffiffi

Hz
p (compare it with the measurement data

presented in Figure 2.41). From data sheet, we find a spectral density

of the current noise equal to 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sia(MAT-02)

p 
 2 pAffiffiffiffiffi
Hz

p . Thus, a dynamic

resistance of the SQUID and an optimum resistance of the two-pair
differential stage have the following values
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Figure 2.41 A spectral density of the voltage noise of a differential stage based on
two parallel pair of MAT-02 (Analog Devices). The spectrum was measured at 300
and 77K
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Rd 

ffiffiffi
2

p
Ls


 10� and Ropt 

ffiffiffiffiffiffi
Sna
Sia

s

 330� respectively:

The noise temperature of the preamplifier with a SQUID placed at
T ¼ 4:2K

Ta ¼ ðSnaSiaÞ0:5
4kb


 43K

In the case of the voltage amplification, that is Ropt  Rd, the expression
(2.5.5) can be written down in a simplified form, as follows

S�� ¼ 2kbTL
2
s

R
1þ R

Rd
4þ 2

Ropt

Rd

Ta

T

� �	 

ð2:5:10Þ

Using the equation (2.5.10), we derive a total spectral density of the flux

noise equal to approximately
ffiffiffiffiffiffiffiffi
S��

p 
 8� 10�7 �0ffiffiffiffiffi
Hz

p . This is in a good

agreement with measurement results presented in Figure 2.42.
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Figure 2.42 A spectral density of the flux noise of a single stage SQUID attached to
a differential stage based on two parallel pair of MAT-02 (Analog Devices). The
spectrum was measured for the differential stage operating at a room temperature
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The noise contribution of the preamplifier can further be reduced to
satisfy the optimum matching condition Rd ¼ Ropt. In order to achieve
that the input differential stage should include a larger number of
transistor pairs coupled in parallel. The effective total voltage noise
and the current noise of a differential stage incorporating N parallel
bipolar transistor pairs are given by

dvna� ¼ dvnaffiffiffiffiffi
N

p ð2:5:11Þ

dina� ¼ dina
ffiffiffiffiffi
N

p
ð2:5:12Þ

respectively. This leads to an optimum resistance given by

Ropt� ¼ dvna�
dina�

¼ Ropt

N
ð2:5:13Þ

In practice, the optimum matching condition (2.5.7) is rarely met. A
differential stage based on multiple transistor pairs in parallel affects
adversely the dynamics of the SQUID current amplifier. First, it causes a
signal loss due to lower input impedance RI, which makes stronger the
dividing effect between the input impedance and the dynamic resistance
Zi

ZiþRd
. The divider is obviously frequency dependent and may form a new

major pole involving the SQUID-dynamic resistance and the input capa-
citance of the differential stage. The input capacitance is dominated by
the Miller effect. It increases in proportion with a number of transistor
pairs N. The creation of a new major pole will incur some modifications
in the design of inertial stages of the system loop to partially compensate
for an additional roll-off of frequency characteristics. The partiality
comes from a fact that the SQUID-dynamic resistance changes with
moving operating point, which causes the instability of the pole position.
Thus, one has to expect a some reduction of the slew rate and an increase
in the settling time of the step response.
The low input impedance of multiple-pair differential stages also loads

the SQUID reducing its parametric amplification, . Such stages throw
large current noise, which, starting from a certain number N, becomes a
dominating factor in the signal-to-noise ratio of the system.
Amore efficient way to reduce the noise temperature of the preamplifier

and to preserve the fast frequency response at the same time is to operate
the differential stage at a lower physical temperature. All liquid-free
cryocoolers have an intermediary cooling stage with a temperature around
70K and a cooling power of several tens of watts [31]. The spectral density
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of the voltage noise drops in proportion with temperature. Figure 2.41
demonstrates the voltage noise of the same differential stage incorporating
two transistor pairs in parallel at approximately 77K. A spectral density of
the voltage noise reduces to a value of 0.25 nVffiffiffiffiffi

Hz
p , which leads to a noise

temperature of the SQUID amplifier as low as 18K.

2.6 SQUID CURRENT AMPLIFIER IN THE
LARGE-SIGNAL LIMIT (DYNAMICS)

The large signal dynamics of a SQUID amplifier takes into account the
periodicity of the flux-to-voltage transfer function. This is particularly
important in conjunction with detectors producing current pulses with
sharp front edges and relatively long decay time. If a slew rate of the
preamplifier is insufficient to follow the input signal, a non-compensa-
tion error changes the positioning of the operating point on the V–�
curve. In fact, the non-compensation error in excess of a value of �0

4

drives the operating point onto a branch of V–� curve with the opposite
slope, thereby switching the polarity of the feedback to the positive sign.
The positive feedback accelerates the operating point even further until
the system has found another steady state or its output reached a power
rail voltage.
The transition onto a new stable branch of V–� curve produces an

offset voltage at the system output. The offset is quite large in real terms
and proportional to n�0, where n is the number of transitions. The
phenomenon is often called a failure in operation. It causes a particular
concern in applications, where the output is DC coupled to a pulse
processor unit. It either puts the signal out of the range of an ADC in
the major processing channel or upsets a system monitoring the base
temperature variations like in the case of TES calorimetric detectors with
external electro-thermal feedback.
The main goal of the system analysis in the large signal limit is to

define a measurable or calculable indicator that characterises the failure
immunity of SQUID systems. Such an indicator can be, for example, a
failure rate occurred over certain period time at predefined conditions.
Predefined conditions are important as the failure rate depends on a type
of application (shapes of the input signals), internal fluctuations circu-
lating in the loop and external electromagnetic spikes superimposed on
the signal pulses. In any case, a general criterion of the system usability is
that the failure rate must be insignificantly small when compared to a
rate of incoming events.
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2.6.1 SQUID Amplifier with a Single-Pole Integrator

The following analysis is based on a block-diagram shown in Figure
2.43. It consists of a SQUID-preamplifier unit with the joined transfer
function F(’), an integrator with a Laplace transfer function K(p) ¼ 1

p�

and a non-inertial linear feedback circuit denoted as �.
The flux-to-voltage transfer function of the SQUID-preamplifier unit

can be written in the general form as a series

Fð’Þ ¼
X1
n¼1

Um;n sin 2�n
�

�0

� �
¼
X1
n¼1

Um;n sinðn’Þ ð2:6:1Þ

where ’ ¼ ’e � ’b is the normalised non-compensation magnetic flux
error, ’e and ’� represent the input and feedback signals respectively,
and Um,n is the peak-to-peak voltage modulation depth of the F(’)
characteristics. In order to derive results in a simple analytical form,
we assume that n ¼ 1. This may slightly alter final numerical values of
the analysis, but will not affect the generality of made conclusions.
Expression (2.6.1) can now be written in a simplified form as

Fð’Þ 
 Um sin’ ð2:6:2Þ

The motion equation of the SQUID amplifier is given by [32]

d’

dt
þ !m sin½’ðtÞ� ¼ d’e

dt
ð2:6:3Þ

F(ϕ) K(p)

β

ϕe ϕ

ϕβ

u1

Input
flux

Non-compensation
error

Feedback
signal

Output

Integrator

Figure 2.43 A block-diagram of a SQUID current amplifier in the flux-locked
mode of operation. It consists of a SQUID-preamplifier unit with the joined transfer
function F(’), an integrator with a Laplace transfer function K(p) ¼ 1

p� and a non-
inertial linear feedback circuit denoted as �
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In the equation (2.6.3),

!m

2�
¼ �

2��
Um ð2:6:4Þ

denotes a characteristic maximum frequency of the effective bandwidth
of the SQUID amplifier with the feedback.
Equation (2.6.3) has an analytical solution. Making a substitution of

y ¼ tg ’ðtÞ
2

� �

4

h i
ð2:6:5Þ

into (2.6.3) we derive a modified Riccarti differential equation in the
following form

_yþ �y2 þ$ ¼ 0 ð2:6:6Þ

where � ¼ 1
2 [!m þ d’e(t)

dt ] and �!! ¼ 1
2 [!m � d’e

dt ].

In the range 0 < d’e(t)
dt < !m, the system is capable to follow the input

signal ’e. The non-compensation error derived from the equations
(2.6.3) to (2.6.6) has the form

’ðtÞ ¼ 2arctg
tg ’ð0Þ

2 � �
4

h i ffiffiffiffiffiffiffi
�$

p �$th
ffiffiffiffiffiffiffiffiffi
�$t

p

ffiffiffiffiffiffiffi
�$

p � tg
’ð0Þ
2

� �

4

	 

�th

ffiffiffiffiffiffiffiffiffi
�$t

p þ �

4
� 2n� ð2:6:7Þ

Within the range under discussion, an input signal gradient d’e(t)
dt ¼ const

settles the uncompensated error ’ to a constant value ’0 that can be
evaluated from the equation (2.6.7). Figure 2.44 (curve 1) gives a qua-
litative illustration of the case.
On the phase plane, shown in Figure 2.45, the ’0 constitutes a focal

point of an ‘‘attraction’’ interval extending from [� �� arcsin( 1
!m

d’e

dt )] to
[�� arcsin( 1

!m

d’e

dt )]. The attraction interval means that the operating
point within this interval has a chance to return to the focal position
’0. If a pulse signal is applied on top of the existing d’

dt gradient offset and
the non-compensated error exceeds the limits of the attraction interval,
the system will make a definite transition into a new equilibrium state.
In the limit of d’e

dt > !m_’(’) curve on the phase plane (Figure 2.45) no
longer crosses the ’ axis. This means that the system does not have a
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steady-state mode of operation. The solution of equation (2.6.3) at these
operating conditions takes the form

’ðtÞ ¼ 2arctg

tg
’ð0Þ
2

� �

4

	 
 ffiffiffiffiffiffiffi
�$

p �$tg
ffiffiffiffiffiffiffiffiffiffiffiffiffi��$t

p

ffiffiffiffiffiffiffiffiffiffiffi��$p � tg
’ð0Þ
2

� �

4

	 

�tg

ffiffiffiffiffiffiffiffiffiffiffiffiffi��$t
p þ �

4
� 2n� ð2:6:8Þ

The curve 2 in Figure 2.44 illustrates this solution. The operating
point continuously moves from one steady state to another. The non-
compensation error is mounting until the system has reached a power
saturation limit.
According to equations (2.6.7) and (2.6.8), it takes some time for a

system to proceed to a new steady state. This finite transition time can be
used to prevent failures in operation. Systems incorporating such a
prevention circuitry are often called ‘‘adaptive systems’’. There are two
ways to keep an operating point in the same steady state:

1. to generate a compensation signal [33]; and
2. to increase the maximum frequency !m for a pulse duration, which

may cause a potential failure. One way to do so is using fast unity
gain stages in the feed back loop, as proposed in [34].

ϕ
4π

2π

ϕ0

ωt

Curve 1

Curve 2

Figure 2.44 The non-compensation error in a SQUID current amplifier as a func-
tion normalised time. Curve 1 represents a case for the input signal changing in the
range 0 < d’e(t)

dt < !m. An input signal gradient
d’e(t)
dt ¼ const settles the uncompensated

error ’ to a constant value ’0. Curve 2 illustrates a case of d’e

dt > !m. The operating
point continuously moves from one steady state to another. The non-compensation
error is mounting until the system has reached a power saturation limit
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Although the theory allows for the operating point to vary in a range
of ��, in practice, however, the failure-free operation requires a non-
compensation error ’ to be kept well within � �

4.

2.6.2 SQUID Current Amplifier in the Large Signal Limit
(Noise)

It is obvious that the noise circulating in the amplifier loop increases an
attempt frequency for the operating point to jump into another steady
state. Therefore, this section is designed to quantify the phenomena and
introduce noise corrections into expressions given in the previous section.
Figure 2.46 illustrates a SQUID amplifier incorporating the noise

source n(t). The spectral density of n(t) is a quadrature sum of spectral
densities of all noise sources present in the loop and caused by all possible

dt
dϕ

ϕϕ0







ωm

– π – arcsin
dt
dϕ1




ωm

π – arcsin
dt

dϕe1

dt

dϕe ωm<

dt

dϕe ωm>

Figure2.45 Thephaseplaneof theSQUIDcurrent amplifieroperating in the flux-locked
mode. The lower curve corresponds to a case when 0 < d’e(t)

dt < !m. A
non-compensation flux ’0 constitutes a focal point of an ‘‘attraction’’ interval extending
from[� �� arcsin( 1

!m

d’e

dt )] to [�� arcsin( 1
!m

d’e

dt )].Theattractionintervalmeansthatthe
operating point within this interval has a chance to return to the focal position ’0 from
anywhere within the interval. If a pulse signal is applied on top of the defined gradient
and the non-compensation error exceeds the limits defined by the attraction interval, the
system will make a definite transition into a new equilibrium state. In the limit of
d’e

dt > !m, _’(’) characteristics on the phase plane (the upper curve) no longer crosses
the ’ axis. This means that the system does not have a steady-state mode of operation
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mechanisms. Placing the noise source between the output of the
preamplifier and the input of the integrator is convenient as in real systems,
the spectral characteristics of the total circulating noise would be measured
at this particular point.
The noise source n(t) upgrades the motion equation (2.6.3) to a form

given by

d’e

dt
þ !m sin’ ¼ d’e

dt
þ �

�
nðtÞ ð2:6:9Þ

Assuming the SQUID and the preamplifier non-inertial, which is gener-
ally true in real terms compared to the time constant of the integrator � ,
n(t) can be regarded as a white noise with a zero mean value and a
spectral density Sv. The mean time duration from a moment, when the
noise is applied to the system, to a moment, when the first failure in
operation occurs, is defined by [35]

tm ¼
Z 1

0

Z �
2

��
2

 ð’; tÞdtd’ ð2:6:10Þ

where  (’, t) represents the probability density of the fact that the non-
compensation error has not reached� �

2 boundaries at the moment t. The

F(ϕ) K(p)

β

ϕe ϕ

ϕβ

u1

Input
flux

Non-compensation
error

Feedback
signal

Output

Integrator

n(t)

Figure 2.46 A block-diagram of a SQUID current amplifier in the flux-locked mode of
operation incorporating the noise source n(t). It consists of a SQUID-preamplifier unit
with the joined transfer function F(’), an integrator with a Laplace transfer function
K(p) ¼ 1

p� and a non-inertial linear feedback circuit denoted as �. A spectral density of
n(t) is a quadrature sum of spectral densities of all noise sources present in the loop and
caused by all possible mechanisms. Placing the noise source between the output of the
preamplifier and the input of integrator is convenient as in real systems, the spectral
characteristics of the total circulating noise would be measured at this particular point
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function c(’t) can be derived from the Fokker–Planck equation given
by

@ ð’; tÞ
@t

¼ @

@’
½!m sin’ �  ð’; tÞ� þ �2Sn

4�2
@2 ð’; tÞ
@’2

ð2:6:11Þ

with the initial condition

 ð’;0Þ ¼ Sn�½’� ’ð0Þ� at j’j < �

2
ð2:6:12Þ

and the normalised requirement defined as

 ð’; tÞ ¼ 0 at j’j > �

2
ð2:6:13Þ

In the equation (2.6.12), �(’) is the delta function.
An equation similar to the equation (2.6.11) was treated by Viterbi in

[29] regarding the dynamics of synchronous communication systems.
Following his approach, the sought failure rate in a SQUID current
amplifier with a single-pole integrator can be estimated using the follow-
ing expression

Nf ¼
1

tm

 !m

�
e

�2m
Sn!m ð2:6:14Þ

This equation holds for d’e

dt ¼ 0 and ’(0) ¼ 0. In a general case, when the
input signal gradient is present, one has to use expressions derived in the
previous section (2.6.3)–(2.6.8), with a modified maximum frequency
[36] given by

!0
m ¼ !m sin

�

2
� �’ðtÞ

2
� �’’ðtÞ

	 

ð2:6:15Þ

with

�’ðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ 1

0

’� �’’ð Þ2 ð’; tÞd’
s

ð2:6:16Þ

responsible for the rms value of the non-compensation normalised mag-
netic flux error and �’’ is the mean value of it.
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A similar exercise can be done for a two-pole system including an
additional proportional-integrating stage. Interested readers should refer
to the analysis presented in [37]. Here, we will only notice that fast
SQUID current amplifiers tend to be built with a single major pole. This
is explained by the fact that the feedback system must accommodate a
number of parasitic poles associated, for instance, with long cables and/
or an ultra low noise preamplifier. Some margin is required also to be
immune against the noise circulating in the loop and temperature varia-
tions. These parasitic factors can consume a substantial part of the phase
and amplification margins, which otherwise would be used to increase
the loop amplification.

2.7 SQUID CURRENT AMPLIFIER AT ULTRALOW
TEMPERATURE

In the section 2.3, we evaluated an energy resolution of the SQUID
amplifier at a temperature of liquid helium, which amounts to approxi-
mately 4.2K at normal laboratory conditions. All cryogenic detectors,
however, are known to operate in the mK temperature range. For
instance, tantalum tunnel junctions require cooling down to 250mK,
whereas transition edge sensor microcalorimeters show their best per-
formance at a base temperature of 100mK and lower.
Placing the SQUID in the close proximity with a primary sensor at the

ULT stage is very beneficial for detector systems from two points of
view:

1. reduction in the parasitic inductance of connecting wires and
associated with them the microphonics and electromagnetic pick-
up; and

2. further improvement of the intrinsic energy resolution of the
SQUID, which, according to equation(2.3.10), should scale with
temperature.

It is obvious that the basic principle of the ULT SQUID remains
unchanged compared to its 4.2K counterpart provided that the material
of shunts stays resistive. Still, a SQUID designed for 4.2K may not
function at all or will not show expected improvements at ULT until
some necessary specific alterations have been introduced into the design
as well as the read-out technique. These specific features of the ULT
operation will be discussed in this section.
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The ULT SQUID requires a read-out preamplifier with a reduced
voltage and current noise. For instance, a spectral density of the intrinsic
flux noise is expected to be approximately 0:1 
�0ffiffiffiffiffi

Hz
p . With a parametric

amplification  ¼ 0:5mV
�0
, this results in a spectral density of the voltage

noise across the SQUID of approximately 50 pVffiffiffiffiffi
Hz

p . This is much lower
compared to the best practical semiconductor amplifiers. For instance, a
differential stage based on a number of parallel MAT-02 demonstrated a
voltage noise as low as 100 pVffiffiffiffiffi

Hz
p at a temperature close to 77K. There is

no obvious prospect to further reduce this figure. In order to overcome
the noise mismatch and to preserve the intrinsic energy resolution is was
proposed to utilise a second SQUID current amplifier as a preamplifier
for the primary SQUID. Such configuration is often called the double
stage SQUID current amplifier. Figure 2.47 demonstrates its schematic
diagram. If a value of the shunt resistor, Rsh, is much lower than the
dynamic resistance of the SQUID1, the latter operates in the voltage-
biased mode. In this case, an applied magnetic flux modulates a current
flowing through the input inductance of the SQUID2, Li2. The current is
further amplified by a second SQUID stage and fed back to the SQUID1
via mutual inductance MF.

Rsh

Li1
SQUID1

SQUID2

Li2

M12

RF

MF

Figure 2.47 A double-stage SQUID current amplifier. If a value of the shunt
resistor, Rsh, is much lower than the dynamic resistance of the SQUID1, the latter
operates in the voltage-biased mode. In this case, an applied magnetic flux modulates
a current flowing through the input inductance of the SQUID2, Li2. The current is
further amplified by a second SQUID stage, semiconductor unit and fed back to the
SQUID1 via mutual inductance MF
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Speaking about parametric amplification for the input stage, we now
have in mind a magnetic flux-to-current transfer function

I ¼ @I

@�
ð2:7:1Þ

as opposite to the flux-to-voltage parametric amplification

v ¼ @V

@�
ð2:7:2Þ

which we introduced earlier for a SQUID operating in the current-biased
mode.
So far, a thorough analytical model of the voltage-biased SQUID has

not been developed. In practice, it is more convenient to characterise the
SQUID in the current-biased mode of operation, for which all necessary
models exist, and then convert all major parameters into a form suitable
for the voltage-biased mode. Rough estimations can be done based on an
assumption that the SQUID dynamic resistance does not depend on a
type of the bias. This, however, may lead to a serious error. Whereas a
high-frequency current circulating in the SQUID loop itself may not be
affected significantly by the bias circuitry, the output current signal
certainly is. The matter is that a signal current of several mA couples
inductively back to the SQUID loop. As a result, this extra negative or
positive feedback alters the shape of its �–I characteristics and a param-
etric amplification, I. An example of the changing shape is shown in
Figure 2.48. Figure 2.48(a, b) represent a V–� and I–� characteristics of
the same SQUID measured with the current and voltage bias respec-
tively. An additional slope of the I–� curve can alter the parametric
amplification by as much as 50%. In order to correct for this and other
unaccounted errors, one needs to know a real cross-correlated dynamic
resistance of the SQUID. The cross-correlated dynamic resistance is
defined as follows [38]

RdCV ¼ V
I

ð2:7:3Þ

With the cross-correlated dynamic resistance, we can predict accurately all
characteristics of a voltage-biased SQUID using well-developed models
for the current-biased SQUID. For instance, the total spectral density of
flux noise of the double stage SQUID amplifier is given by [39]
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Figure 2.48 A V–� characteristics and an I–� characteristics of the same SQUID
measured with the current and voltage bias respectively. A signal current of several
mA in the voltage-biased configuration couples inductively back to the SQUID loop.
As a result, this extra negative or positive feedback alters the shape of its �–I
characteristics and a parametric amplification, I. An additional slope of the I–�
curve can alter the parametric amplification by as much as 50%. In order to correct
for this and other unaccounted errors, one needs to know a real cross-correlated
dynamic resistance of the SQUID
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S�� ¼ 1

2I1

SV1

ðRdCV1 þ RshÞ2
þ S�2
M2

12

" #
ð2:7:4Þ

where, according to [18], a spectral density of the voltage noise of the
front SQUID is defined as

SV1 ¼ 24kbT1

R1
R2

d1 þ Rd1 �
R1

2

� �2
" #

ð2:7:5Þ

and a spectral density of the flux noise of the second SQUID can be
found from the following equation

S�2 ¼ 2kbT2L
2
s2

R2
1þ R2

Rd2
4þ 2

Ropt

Rd2

Ta

T2

� �	 

ð2:7:6Þ

In the equations (2.7.4)–(2.7.6), Rd1 and Rd2 represent the dynamic
resistance of the SQUID1 and the SQUID2 in the current-biased mode
respectively, V1 and I1 are the parametric amplification of the SQUID1
in the current-biasedmode and in the voltage-biased mode respectively,R1

and R2 are shunt resistors incorporated into SQUID1 and SQUID2 with
temperatures T1 and T2 respectively, Ropt and Ta denote the optimum
source resistance and the noise temperature of the semiconductor pream-
plifier following the SQUID2 respectively,Rsh is the shunt resistance of the
voltage bias circuitry, M12 is the mutual inductance between the SQUID2
and its own input coil, and Ls2 is the inductance of the SQUID2.
A coupled resolution of the whole double-stage amplifier can be

estimated as

"c� ¼ S��
2k1Ls1

ð2:7:7Þ

with k1 being the coupling factor between the SQUID1 and its input coil,
whereas Ls1, is the inductance of the SQUID1.
A spectral density of the current noise is given by

SI� ¼ S��
M2

1

ð2:7:8Þ

where M1 is the mutual inductance between the SQUID1 and its input
coil.
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A plot of the coupled energy resolution of a SQUID with param-
eters summarised in Table 2.1 is shown in Figure 2.27. It was measured
in a double SQUID configuration at a temperature of 4.2K. With an
effective value of the input inductance L1eff ¼ 360 nH the energy resolu-
tion results in a spectral density of the current noise as low as 0:25 pAffiffiffiffiffi

Hz
p .

Such a current resolution is already sufficient for a majority of X-ray
spectrometers based on superconductor detectors. For optical measure-
ments in the infrared region, however, we need to look for the further
improvement in the current resolution of approximately another order
of magnitude. As we mentioned before, this can come only from the
lowering of the electron temperature T1 of the SQUID1 resistive
shunts.
ULT SQUID chips normally operate in a high vacuum chamber

being attached to a polished surface of the cold finger. Resistive shunts
can dissipate their I2cR power only through the electron–phonon
exchange mechanism between the shunt and a chip substrate and
further between the substrate and the cold finger. Below 1K, the
average temperature of the electron system in shunt resistors becomes
higher compared to a base temperature due to reduction in the electron–
phonon scattering rate and the Kapitza resistance. In order to prevent
the ‘‘overheating’’, SQUIDs, like any other electronic components at a
room temperature, require attaching cooling radiators. The radiator
represents a fin made of a normal metal film connected to one side
of a shunt [40]. An area and a volume of the fin must be chosen
much larger compared to the area and the volume of the shunt. There-
fore, electrons have better chance to scatter on other ‘‘cold’’ electrons
or/and phonons. A cooling mechanism is provided by the interdiffusion
of free electrons between the shunt and the fin. Whereas hot electrons
diffuse out of the shunt into the cooling fin for the relaxation, relaxed
electrons take their place back in the shunt, thus, reducing its electron
temperature.
The thermal balance in thin metal films is based on the free-electron

model in the dirty limit. The model takes into account existing impurities
and the boundary scattering from the film surfaces. Four basic phenom-
ena define the temperature of the electron system in a thin film deposited
on a dielectric substrate. These are:

1. inelastic electron–electron collisions;
2. inelastic electron–phonon scattering;
3. elastic scattering on impurities and surfaces of the thin-film; and
4. phonon–phonon interaction between the film and the substrate.
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Once a power P ¼ V2

R is applied to a shunt resistor, its each electron
acquires energy

� ¼ eEId ð2:7:9Þ

Here e is the electron charge, E ¼ V/L, L the length of the shunt, and Id
is the diffusion length of the shunt material defined as

Id ¼ vF

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3
rimpre�ph

r
ð2:7:10Þ

In the expression (2.7.10), vF denotes the Fermi velocity, rimp is the
scattering rate on impurities and re–ph is the electron–phonon scattering
rate.
With no radiators in place, the energy of ‘‘hot’’ electron in the shunt,

partially averaged by the electron–electron collisions (often called the
thermalisation process), is transferred to phonons in the film. This then
is carried away from the shunt by the phonon–phonon interaction
mechanism between the film and the substrate. As an example, the
electron–electron and electron–phonon scattering rates for a 50-nm
thick copper–gold film are given by [41–43]

�e�e ¼ ð1:34� 108RsqTeÞ þ 1:7� 107T2
e ð2:7:11Þ

�e�ph ¼ 5
WT3

e

�
ð2:7:12Þ

respectively. In these equations, Rsq is the resistance of the film per

square, � ¼ 71:5 J
m3K2 is the linear term of the specific heat of

Au, W ¼ 2:4� 109 Wm�3K�5 is a factor found by Wellstood et al. for
Cu–Au in the paper [40]. Figure 2.49 illustrates equations (2.7.11) and
(2.7.12). For a typical resistor shunt with L ¼ 10-mm long and 100nm
thick, a point of Tcr ¼ 600mK represents a cross-over temperature,
below which the electron–phonon mechanism is too slow to remove all
heat without additional cooling fins.
The temperature of the electron system in a thin film is given by [40]

Te ¼ P

W�
þ T5

p

� �1
5

ð2:7:13Þ
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where � is, in our case, the volume of the shunt resistor including fins
and Tp is the phonon temperature of the film defined as [44]

Tp ¼
4Rk

f�sPT
3
s

Af
þ T4

s

 !1
4

ð2:7:14Þ

In expression (2.7.14), Rk
f�s denotes the Kapitza resistance, Af is the area

of the shunt and the fin attached directly to the substrate, and Ts is the
temperature of the substrate.

Example 2.2

A SQUID with a modulation depth of the V–� characteristics of 150mV
peak-to-peak and R ¼ 10� dissipates a power P ¼ 2nW. Figure 2.50
demonstrates a plot of an electron temperature, Te, as a function of the
base temperature, Ts, that was calculated using equations (2.7.13) and
(2.7.14). In the calculations, the fins had an area of Af ¼ 1mm2 and
150-nm thick. A factor Rk

f�s was chosen to be 2� 10�3 Km2

W [44]. One
can conclude from Te(Ts) curve that fins with selected dimensions are
efficient in the absorption and conduction to the base all the dissipation
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Figure 2.49 The electron–electron and electron–phonon scattering rates for a
50 nm thick copper–gold film
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power down to 100mK. If a lower temperature is required the area Af

must be increased. An operating temperature of the majority of practical
TES detectors is approximately 100mK. Therefore, an ULT SQUID with
a couple of 1mm2 thin-film cooling radiators would be a good choice for
a general purpose device.
Now we can evaluate a current resolution of a double-stage SQUID

amplifier. Here, we assume that SQUID1 operates at a temperature of
100mK, whereas SQUID2 is placed at 4.2K. In order to reduce the
cross-talk between SQUIDs, a second-stage SQUID2 was chosen with
a reduced input inductance of 58 nH. Figure 2.51 presents a spectral
density of the total flux noise and components contributing into it. At
T ¼ 100mK, it amounts to

ffiffiffiffiffiffiffiffi
S��

p 
 8:5� 10�8 �0ffiffiffiffiffi
Hz

p . This corresponds to
a coupled energy resolution as low as 1.3h, where h ¼ 6:626� 10�34 Js
is the Planck constant. Below 220mK, the noise is still dominated by a
cooled semiconductor preamplifier based on bipolar transistors with
Ropt ¼ 250� and Ta ¼ 18K. The current noise of such SQUID amplifier
is expected to be 70 fAffiffiffiffiffi

Hz
p with an effective value of the input inductance of

367 nH.
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Figure 2.50 A plot of an electron temperature, Te, as a function of the base
temperature, Ts for dissipating power of P ¼ 2nW. In the calculations, fins had
an area of Af ¼ 1mm2 and 150-nm thick. Te(Ts) shows that fins with selected
dimensions are efficient in the absorption and conduction to the base all the
dissipation power down to 100mK. If a lower temperature is required the area
Af must be further increased
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2.8 SQUID VOLTAGE AMPLIFIER

2.8.1 Basic Principles

The SQUID voltage amplifier is useful in the combination with a transi-
tion edge sensor (TES) microcalorimeter operating in the current-bias
mode. In this mode of operation, the transfer function of the TES does
not depend on the output current caused by an incoming event. This
improves the microcalorimeter performance in terms of the linearity and
the dynamic range.
There are two ways to build a SQUID voltage amplifier. A first option

is based on employing a systemwith the flux-nulling feedback. Figure 2.52
illustrates the concept. In this figure, Es represents a voltage source to be
measured with an output impedance Rs. Rref is the reference resistance,
the value of which is well defined at a temperature of operation. The
SQUID system works essentially as a linear current meter. The device is
self-calibrated using the periodicity of the V–� curve (section 2.3). Once
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Figure 2.51 A spectral density of the flux noise of the double stage SQUID current
amplifier. The total noise is a quadrature sum of three components: noise of the front
SQUID, the second-stage SQUID and semiconductor preamplifier. Below 220mK, the
noise is still dominated by the semiconductor preamplifier based on bipolar transistors
with Ropt ¼ 250� and Ta ¼ 18K. The current noise of such SQUID amplifier is
expected to be 70 fAffiffiffiffiffi

Hz
p with an effective value of the input inductance of 367nH
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an input current I was measured, we can derive the sought value of Es

from the following simple equation

Es ¼ ðRs þ RrefÞi ð2:8:1Þ

If the true voltage measurement condition given by

RREF  Rs ð2:8:2Þ

is met the input current I becomes a direct measure of Es.
In practice, however, the condition set by (2.8.2) is not desirable. A

large RREF limits the input current I and together with it reduces the
sensitivity of the voltage amplifier. To avoid the drawback one can
employ another feedback technique incorporating a current-nulling
feedback. Figures 2.53 and 2.54 show a schematic circuit diagram and
a functional block diagram of the technique, respectively. In this amplifier,
the voltage Es is compensated by the feedback current that is fed directly
into the input circuit. The input impedance of the amplifier is given by

Ziðj!Þ 
 RREF þ j!L1eff þ ðRT þ j!L1effÞGloopðj!Þ ð2:8:3Þ

where

Gloopðj!Þ ¼ �ðj!ÞK1ðj!ÞK2ðj!Þ� ð2:8:4Þ

Rs
SQUID

Mi

RFMF

i

A(ω)

RREF

Es

Figure 2.52 A circuit diagram of the SQUID voltage amplifier with the flux-nulling
feedback. Es represents a voltage source to be measured with an output impedance
Rs. Rref is the reference resistance, the value of which is well defined at a temperature
of operation. Voltage measurements require a condition RREF  Rs to be met which
is not desirable as large RREF reduces the sensitivity of the voltage amplifier
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is the loop gain of the voltage amplifier,

�ðj!Þ ¼ Mi

RT þ j!L1eff
ð2:8:5Þ

is the voltage-to-current transfer function of the input circuit,

RT ¼ Rs þ RREF ð2:8:6Þ

is the total resistance of the input circuit,

K1ðj!Þ ¼ K0 1þ 1

j!�1

� �
ð2:8:7Þ

Rs

RF

Mii

K1(ω) K2(ω)

RREF

Es

L1eff η

SQUID

Figure 2.53 A circuit diagram of the SQUID voltage amplifier with the current-
nulling feedback. The feedback loop increases the input impedance of the SQUID
voltage amplifier proportionally to the loop amplification, Gloop. In this configura-
tion, a value of RREF can be reduced to a level when its noise contribution becomes
negligibly small compared to the thermal noise generated by signal source, Rs

es e K1(jω) K2(jω)Γ(ω) η

β

Figure 2.54 A functional block diagram of the SQUID voltage amplifier with the
current-nulling feedback. �(j!) is the transfer function of the input circuit,  is the
parametric amplification of the SQUID, K1(j!), K2(j!) are transfer functions of
inertial circuitry, � is the feedback factor
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is the transfer function of the proportional integrated circuit,

K2ðj!Þ ¼ 1

j!�2
ð2:8:8Þ

is the transfer function of a single-pole integrator,

� ¼ RREF

RREF þ RF
ð2:8:9Þ

is the transfer function of the feedback circuit. In equation (2.8.9), we
assumed RREF � Rs � RF is the feedback resistor and MI is the mutual
inductance between the SQUID and its input coil.
According to equation (2.8.3), the feedback loop increases the input

impedance of the SQUID voltage amplifier proportionally to the loop
amplification, Gloop. In this case, a value of RREF can be reduced to a
level when its noise contribution becomes negligibly small compared to
thermal noise generated by sinusoidal signal source, Rs.
A slew rate of the voltage amplifier is defined as

� ¼ Esmax! ð2:8:10Þ

where Esmax is the maximum amplitude of the input voltage that the
system can tolerate, that is system functions in the linear mode without
jumps of the operating point into neighbouring steady states. The max-
imum amplitude of the input sinusoidal signal is given by the product

Esmax ¼ �EjGðj!Þj ð2:8:11Þ

where �E is the dynamic range of the preamplifier. The dynamic range
is entirely governed by the flux dynamic range of the SQUID as it can be
seen from the following equation

�E ¼ RT

Mi
�� ð2:8:12Þ

According to equations (2.8.3) and (2.8.10), both the input impedance
and the slew rate benefit of the maximisation of the loop amplification,
which in its expanded form is given by

Gloopðj!Þ ¼
Mi

RTð1þ j!�iÞ
K0

1þ j!�a
1þ 1

j!�1

� �
1

j!�2
� ð2:8:13Þ
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where �i ¼ Lieff

RT
represents the time constant of the input circuit, K0

1þj!�a
is

the intrinsic frequency response of the preamplifier reading out the
information from the SQUID.
Assuming that the SQUID voltage amplifier provides a linear

response, that is a SQUID parametric amplification  ¼ const, we can
apply the Bode theorem to explore stability of the amplifier. Following
[28], a system incorporating minimum phase components is absolutely
stable if the a phase shift at the unity gain frequency !m

�ð!mÞ ¼ 1

�

Z 1

0

dGloopð!Þ
d!

ln coth

����!2
����d! ð2:8:14Þ

is less than j�-stability margin|. Substituting (2.8.13) into (2.8.14) and
taking the integral, we derive three limiting condition imposed on the
system. These are

1. �i ¼ Lieff

RT
� 1

!m
ð2:8:15Þ

2. �a � 1
!m

ð2:8:16Þ

3. �1 >
4
!m

ð2:8:17Þ

One needs to mention that ordinary correction and phase compensation
methods, developed for conventional semiconductor amplifiers helping
to ensure their absolute stability, are not always applicable for SQUID
voltage amplifier. In the latter, the output impedance of the signal
source, Rs, directly affects the loop amplification through the time con-
stant and the transfer function of the input circuit at the same time.
Therefore, a perfectly corrected system for one value of Rs may become
unstable when Rs has changed. An example of a signal source with a
variable Rs is a transition edge sensor. Its impedance can change from
zero to several Ohms. This requires the SQUID voltage amplifier to
maintain its absolute stability in the whole range of source impedance
Rs without extra correction stages.
The minimum loop amplification in the working frequency range can

be derived from the following condition

Rsmax � jZiðj!Þj ð2:8:18Þ

122 FRONT-END READ-OUT ELECTRONIC CIRCUITS



//INTEGRAS/KCG/PAGINATION/WILEY/ANEL/3B2/FINALS_01-04-04/CH002.3D – 123 – [44–128/85]
2.4.2004 6:26PM

whereas the minimum input inductance is given by

Lmin
i ¼ RTS�

4k2cLskbT
ð2:8:19Þ

where kc is the coupling factor between the SQUID and the input coil, kb
is the Boltzmann constant, Ls is the SQUID inductance.
Equation (2.8.19) assumes that the noise contribution from a signal

source output impedance and the SQUID amplifier are equal. In prac-
tice, it is desirable to have Lieff  Lmin

l to minimise the latter, unless
requirement to provide a slew rate as large as possible takes priority over
the noise minimisation.
The voltage amplification factor of the SQUID voltage amplifier is

given by

Kfb 

1

�

Gloopðj!Þ
1þGloopðj!Þ

ð2:8:20Þ

In a frequency range, where a condition jGloop(j!)j  1 is met, expres-
sion (2.8.20) can be written in the simplified form

Kfb 
 1þ RF

RREF
ð2:8:21Þ

2.8.2 Noise of SQUID Voltage Amplifier

A small-signal equivalent circuit diagram of the SQUID voltage ampli-
fier is shown in Figure 2.55. In this diagram, en represents a voltage noise
with a spectral density given by

Se ffi 4kbTRREF þ R2
T

M2
S� ð2:8:22Þ

Es

Rs

en

in KFB

Figure 2.55 A small-signal equivalent circuit diagram of the SQUID voltage amplifier
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There is also some current noise in induced by the fluctuation current
circulating in the SQUID. Denoting SSQe as a spectral density of the
voltage noise induced across the input inductance Lieff, a spectral density
of the current noise in the input circuit takes the following form

Si ¼ SSQe

jZij2
ð2:8:23Þ

At a temperature of 4.2K the current noise can safely be ignored.
Sometimes, the noise property of SQUID voltage amplifiers is quoted

as a noise temperature, Tn. The noise temperature is defined as

Tn ¼ Se þ SiR
2
s

4kbRs

 Se

4kbRs
ð2:8:24Þ

Example 2.3

In this example, we will evaluate a spectral density of the voltage noise
and the noise temperature of a SQUID voltage amplifier operating in
conjunction with a TES detector. All necessary parameters of the SQUID
are summarised in Table 2.1. We assume that the TES has a nominal
resistance at a working point Rs ¼ 1�. The SQUID itself is placed at a
temperature of 4.2K, whereas the TES and the reference resistor
RREF ¼ 0:1� are mounted on the flat surface of a cold finger with a
base temperature of Tcf ¼ 50mK. The bias power elevates temperature
of the sensor to a value of TTES ¼ 100mK.
Substituting the expression (2.3.21) into (2.8.22), a spectral density of

the voltage noise of the amplifier is given by

ffiffiffiffiffi
Se

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kbT2RREF þ ðRs þ RREFÞ2

M2
"2k2cLs

s
ð2:8:25Þ

If a double stage SQUID amplifier is employed the voltage noise
amounts to

ffiffiffiffiffi
Se

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� 1:38� 10�23 � 0:05� 0:1þ ð1þ 0:1Þ2

ð2:5� 10�9Þ2
�10�32�2ð0:77Þ2 � 30� 10�12

vuuuut 
 0:6
pVffiffiffiffiffiffiffi
Hz

p
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The figure increases to a value of approximately 1 pVffiffiffiffiffi
Hz

p with a single stage

SQUID amplifier whose coupled energy resolution is equal to

" ¼ 1:25� 10�31 J
Hz.

2.8.3 The Large Signal Dynamics of the SQUID Voltage
Amplifier

The presence of the SQUID makes the voltage amplifier also a system
with multiple steady states. Similar to the case with the current ampli-
fier, an operating point on the V–� characteristics can jump from a
dedicated quasilinear interval onto neighbour branches. There are two
mechanisms involved that cause these jumps. These are:

1. the derivative of the input signal exceeds the slew rate so that the
feedback cannot follow the input signal; and

2. if the noise-bandwidth product referred to the SQUID input
becomes comparable with the dynamic range ��.

The second condition implies that large noise circulating in the amplifier
loop sets the upper limit on its bandwidth.
The major components of the noise in the SQUID voltage amplifier

include a flux noise of the SQUID itself and a current noise of the
input circuit generated by the reference resistor as well as by a signal
source. Both of them are joined into one noise source en attached to
the output of the SQUID preamplifier, where it would be characterised
in a real system (Figure 2.56). In the figure, Es is the voltage input signal,
EF is the feedback voltage and e is the voltage non-compensation
error.
The equation of motion for a system including a single-pole integrator

K(j!) ¼ 1
j!�2

only is given by

deðtÞ
dt

� !meðtÞ ¼ �

�2
enðtÞ þ desðtÞ

dt
ð2:8:26Þ

with the bandwidth defined as

!m ¼ MiK0�

RT�2
ð2:8:27Þ
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Provided that a time constant of the input circuit �i <
1
!m
, en can be

treated as a Markowian process with a zero mean value and a spectral
density given by

Sen 
 2 S� þ 4kbTM
2
i

RT

� �
ð2:8:28Þ

Perhaps the most visual parameter characterising the influence of a
random process on the system dynamics is an average time tav from a
moment when the process starts until a moment when an operating point
hits one of the boundaries of the dynamic range [�eb, eb]. According to
[35], the average time can be found utilising the following expression

tav ¼
Z 1

0

Z eb

�eb

wðe; tÞdtde ð2:8:29Þ

where eb is a value of the input voltage at which the operating point of
the SQUID reaches the end of the dynamic range �� when the loop is
open, that is

jebj ¼
��

2Mi
RT ð2:8:30Þ

Es e

EF

RT + jωLieff

Mi

en

K(jω)

β

η

Figure 2.56 A functional block diagram of the SQUID voltage amplifier with the
current-nulling feedback with incorporating the noise source en(t). It consists of a
SQUID-preamplifier unit with the joined transfer function , an integrator with a
Laplace transfer function K(p) ¼ 1

p� and a non-inertial linear feedback circuit
denoted as �. A spectral density of en(t) is a quadrature sum of spectral densities of
all noise sources present in the loop and caused by all possible mechanisms. Placing
the noise source between the output of the preamplifier and the input of the
integrator is convenient as in real systems, the spectral characteristics of the total
circulating noise would be measured at this particular point
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The distribution function of the spectral density of the random process
e(t) can be derived from a solution of the Fokker–Planck equation
written for (2.8.26) in the form

@wðe; tÞ
@t

¼ @

@e
½!mwðe; tÞ� þ Sen�

�2

@2wðe; tÞ
@e2

ð2:8:31Þ

with an initial condition

wðe; tÞ ¼ Sen�½e� eð0Þ� at jej< eb ð2:8:32Þ

and the normalising condition

wðe; tÞ ¼ 0 at jej � eb ð2:8:33Þ

Here � is the Dirac function and e(0) is a value of e(t) at t ¼ 0. According
to [35], the average rate of transitions of the working point beyond the
dynamic range is given by

N ¼ 1

tav
¼ !m

�
exp � V2

m

Sen!m

� �
ð2:8:34Þ

where jVmj ¼ 2 ��
2 is the voltage swing of the V–� characteristics

extending from the middle to the end of the dynamic range �V.
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3
Energy Resolution (FWHM)

of Superconducting Detectors

INTRODUCTION

The height or the area of a pulse signal at the output of a preamplifier carry
the information about energy E that an incoming photon has deposited
in the detector absorber. The signal is always smeared by a substantial
amount of fluctuations, which, if not dealt with, prevent accurate measure-
ments of E. There are at least two major sources of fluctuations. The first
component,Ns, relates to inherent properties of a chosen primary detector,
such as its type, design, material and so on. For instance, in particle
detectors,Ns would include the uncertainty in the charge output produced
by the statistics of the energy cascade, as it was discussed in Chapter 1. A
second fluctuation component, Ne, has an electronic origin. It comprises
noise generators present in the primary sensor, in the biasing circuitry and
the amplification/processing channel due to the Nyquist thermal excita-
tions, the leakage currents, dielectric losses, quantisation errors, cross-talks
and so on. The minimisation of the spectral density of the electronic noise
Ne is certainly desirable, but one has to bear in mind that Ne on its own
does not reflect the quality of a detector system.What we are looking for is
the reduction in the electronic noise relative to the signal amplitude or, in
other words, the maximisation of the signal-to-noise ratio

 ¼ Ps

NeB
ð3:1Þ

Nuclear Electronics: Superconducting Detectors and Processing Techniques V. Polushkin
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which defines the ultimate accuracy of E measurements. In the equation
(3.1), Ps is the signal power, Ne is the product of the spectral density of
the electronic noise and B is the bandwidth of the electronic channel
through which signal and the noise power propogate.
The fact that the signal-to-noise ratio includes the bandwidth of the

nucleonic channel implies the necessity to seek a compromise between
the count rate capability (pulse throughput) and the energy resolution of
the detector systems. The lowest  will be observed at the output of the
preamplification unit. Driven by stringent rise time requirements, pre-
amplifiers often must have the largest possible gain-bandwidth product.
In order to improve the accuracy of measurements, system designers
apply a combined hardware–software optimum filtration, which nar-
rows the bandwidth with the least possible effect on the signal pulse.
Apart from minimising B, filtration units have to shape pulse signals in

such a way that enables us to perform measurements of the pulse max-
imum without introducing a substantial dynamic error. Figure 3.1 illus-
trates the statement. An infinite cusp-like pulse shape (Figure 3.1a)
provides arguably the best signal-to-noise ratio [1]. Yet, in practice,
optimised pulses tend to have a flat top (Figure 3.1b). The duration of
the flat top must be in excess of the detector charge collection time in
order to eliminate the ballistic deficit variations. This is particularly
important for superconductor detectors with large absorbers whose signal
rise time depends strongly on the interaction position. An additional
constraint factor influencing the filtration is set up by the input count rate

vo vo

0.5

–τc –τc

0.5

τc τc

(a) (b)

Figure 3.1 Infinite cusp-like pulse shapes with a sharp maximum (a) and a flat top
(b). The duration of the flat top must be in excess of the detector charge collection
time in order to eliminate the ballistic deficit variations. This is particularly import-
ant for superconductor detectors with large absorbers whose signal rise time depends
strongly on the interaction position
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and pile-up considerations. It requires the overall processing time spent
per event to be reduced as the rate of incoming events increases.
The trade off between the throughput and the resolution of spectometers

often results in a conclusion that the best signal-to-noise ratio is to be
achieved with pulse shapes other than, say, semigaussian. Often these
shapes cannot be provided with practical analogue filters of reasonable
complexity. Hence, the modern analytical instrumentation tends to incor-
porate digital filtration units. The digital filter deals with the digitised
output signal of the preamplifier. It is nothing but a mathematical algo-
rithm processing data either in the frequency domain, based on the Fourier
transform, or in the time domain using weighting functions. Digital filters
are truly noise free. As long as the sampling rate is twice as large as the
noise bandwidth, digital processing is capable to provide the best possible
signal-to-noise ratio. Many optimal shapes like a trapezoid or a quasicusp
of finite duration, being in the past of a purely theoretical interest, have
become common choices in the modern advanced systems.
In this chapter, we will discuss the noise analysis and the optimum

filtration in the nucleonic channels designed for STJ detectors and super-
conductor microcalorimeters. The first two sections cover linear invariant
system analysed in the frequency domain, whereas the next two sections
brief on the time-variant processor for which the energy resolution is
derived in the time domain. Time-variant processors are rarely used in
the modern commercial detector systems, but up to now they exhibit the
best energy resolution compared to their time-invariant counterparts.

3.1 SIGNAL-TO-NOISE RATIO, EQUIVALENT
NOISE CHARGE AND NOISE LINEWIDTH OF
SPECTROMETERS: GENERAL FORMULATIONS

The dynamics of a linear system can adequately be described either in the
time domain using the overall impulse response h(t) or in the frequency
domain with the help of the transfer function H(!). Both the domains
relate to each other via the Parseval theorem

Z 1

�1
h2ðtÞdt ¼ 1

2�

Z 1

�1
jHð j!Þj2d! ð3:1:1Þ

suggesting that the results should not depend on whether the analysis has
been done fully or partially in either of them.
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An example of the nucleonic channel of an X-ray spectrometer is
shown schematically in Figure 3.2. A detector generates a short current
pulse Ii(t) in response to an incoming photon event. The transconduct-
ance preamplifier transforms the current pulse into a voltage signal,
vp(t). This signal is superimposed on the voltage noise dvn. Both the
components pass through the pulse-shaping filter with a transfer func-
tion Hf(j!) maximising the ratio between them.
The complete transfer function of the channel is given by

Hðj!Þ ¼ Hpðj!ÞHfðj!Þ ð3:1:2Þ

which corresponds to the overall impulse response expressed through the
convolution of individual impulse response functions hp(t) and hf(t) as

hðtÞ ¼ hpðtÞ � hfðtÞ ð3:1:3Þ

Now we will make some general remarks on propagation of the signal
and noise through the nucleonic channel.

3.1.1 Signal

The output voltage of the pulse-shaping filter in response to Ii(t) can be
calculated using the expression

voðtÞ ¼ 1

2�

Z 1

�1
Iið j!ÞHð j!Þ expð j!tÞd! ð3:1:4Þ

Detector Preamplifier

Hp( jω)

Ii(t )

Filter

vp(t )hp(t )

din dvn

vo(t )

dvon

Figure 3.2 Schematic representation of the nucleonic channel of an X-ray spectro-
meter. A detector generates a short current pulse Ii(t) in response to an incoming
photon event. The transconductance preamplifier transforms the current pulse into a
voltage signal, vp(t). This signal is superimposed on the voltage noise dvn. Both the
components pass through the pulse-shaping filter with a transfer function Hf(j!)
maximising the ratio between them
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in the frequency domain or

voðtÞ ¼
Z 1

�1
Iið�Þhðt � �Þd� ð3:1:5Þ

in the time domain. In order to evaluate the signal-to-noise ratio, we are
primarily interested in the maximum value of the output voltage, which
is defined as

vojmax ¼ Re
1

�

Z 1

0

Iið j!ÞHð j!Þ expð j!tÞd!
	 


jmax ð3:1:6Þ

3.1.2 Noise

The noise propagation can also be analysed in both the domains. The
mean square voltage or the power at the output of the pulse-shaping
circuit is given by

V2
on ¼

Z 1

0

Sið!ÞjHð j!Þj2d! ð3:1:7Þ

where Si(!) is the one-sided power spectral density of the current noise
din at the input of the preamplifier.

Sið!Þ � jDPSDið!Þj þ jDPSDið�!Þj 0 	 ! 	 1 ð3:1:8Þ

where DPSDi(!) is the double-sided power spectral density.
For spectral density of the real noise, Si(!) ¼ 2jDPSDi(!)j. Further, in

this book, we will use the one-sided power spectral density.
In the time domain, the mean square voltage is derived from

V2
on ¼

Z 1

�1
d�Rnð�Þ

Z 1

�1
dt � hðtÞ � hðt þ �Þ ð3:1:9Þ

with Rn(�) being the autocorrelation function of the noise source.
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Equations (3.1.6) and (3.1.9) allow us to write down the definition for
the sought signal-to-noise ratio in the following form

#2 ¼ v2ojmax

V2
on

ð3:1:10Þ

Practical spectrometers are normally characterised with the Equivalent
Noise Charge (ENC) rather than the signal-to-noise ratio. ENC is a
derivative of � and interpreted as an amount of charge at the detector
output signal, which leads to a value of the signal-to-noise ratio equal to 1.
Where a peak in the pulse height spectrum can be approximated by

the Gaussian distribution function, the ENC directly relates to the
energy resolution at the FWHM as follows

NLWðFWHMÞ ¼ 2:355
ENCe

e
" ð3:1:11Þ

where an electron charge e ¼ 1:6� 10�19 C and e is an average energy
required to produce a quasiparticle in the detector absorber.
A total energy resolution of a detector system can be found as a

quadrature sum of the noise linewidth and an intrinsic energy resolution
of the primary detector in the form

FWHM2 ¼ FWHM2
i þNLW2ðFWHMÞ ð3:1:12Þ

The equation (3.1.12) assumes that the intrinsic fluctuations caused by
the energy cascade and the electronic noise are not correlated. This may
not always be true for superconducting detectors.
A generic transfer function of any type of preamplifiers, which have

been discussed in the previous chapter, is given by

Hpð j!Þ ¼ Vpð j!Þ
Iið jð j!ÞÞ ð3:1:13Þ

where Vp(j!) and Ii(j!) represent the Fourier transforms of the vp(t) and
Ii(t) respectively. The transfer function is commonly derived from the
response of a circuit to the �-function input. Taking this into account,
the equation (3.1.13) expands to a form given by

Hpð j!Þ ¼ Að j!Þ
j!ðCi � CfÞ þ Yf½1� Að j!Þ� ð3:1:14Þ
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where Ci is the total capacitance across the input terminal of the pre-
amplifier including parasitic capacitance, Cf is the feedback capacitance
and Yf is the transmittance of the feedback circuit. If we assume that the
open loop gain is large, A(!)  1, within the bandwidth of the pulse-
shaping filter, the equation (3.1.14) can be represented in the simplified
form as

Hpð j!Þ ¼ 1

Gf þ j!Cf
ð3:1:15Þ

In the preamplifiers, employing the pulse reset the conductivity Gf ¼ 0.
In the case of the continuous reset mode of operation, Yf is given by

Yf ¼
1

Rf
þ j!Cf ð3:1:16Þ

with Rf being the discharge resistor in the feedback circuitry parallel to
the Cf or resistance of the forward-biased p–n junction of the front-
JFET. In the latter case, Rf becomes a function of the voltage across the
primary detector. The impulse response of the continuous reset pre-
amplifiers can be approximated by the exponent function as

hpðtÞ ¼ 1

Cf
exp � t

�f

� �
t > 0 ð3:1:17Þ

where �f ¼ RfCf and Gf ¼ 1
Rf
.

The best signal-to-noise ratio is achieved in preamplifiers operating in
the reset mode with Gf ¼ 0. In this mode, the transfer function of an
ideal preamplifier is given by Hp(j!) ¼ 1

j!Cf
.

In the time domain, the output voltage vp in response to incoming
photons–phonons takes the shape of a staircase of non-decaying steps.
In the case of employing an STJ detector, the amplitude of each indi-
vidual step is equal to Vstep ¼ Q

Cf
. Here Q is the charge generated by the

tunnel junction in response to an incident photon–phonon.
The time domain analysis deals with real signals in the real time.

Therefore, this technique is often preferred when a general theoretical
analysis has to be done in the analytical form. Electronic engineers,
however, normally perform practical calculations in the frequency
domain, as the transfer functions are also needed at the circuit design
stage to locate and optimise positions of poles and zeroes. The latter
approach becomes particularly indispensable when we have to deal with
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the non-stationary fluctuations such as 1/f or 1/f 2 noise. Their time
representation is approximate and may take a very complex form.
So far, we have discussed the continuous time systems, which operate

with signals represented in the purely analogue form. It is very useful for
gaining a general knowledge about detector systems and getting a feel for
signal processing techniques. As we mentioned in the introduction to this
chapter, modern spectrometers tend to incorporate mostly digital pulse
shapers. Thus, the whole pulse propagation channel is divided into two
parts: (1) analogue – the detector, the preamplifier and pre-filter; and
(2) digital – the digital signal processor with an Analogue-to-Digital
Converter at the heart of the system. The digital part of the spectrometer
operates with sampled measurement data called discrete-time signals.
The discrete-time signal is termed ‘‘a signal’’, independent variables of
which take only discrete values defined at discrete times. In other words,
in discrete-time signals the amplitude and time are represented as
sequences of numbers. Digital signal processing deals with these
sequences in order to filter out noise components as much as possible
and then represent the sampled data in a convenient meaningful form.
The relationship between signal representations in the analogue and

digital form is regulated by the sampling theorem. According to it,
continuous signal x(t), bandwidth limited to the Nyquist critical fre-
quency fc, will be completely determined in its discrete form if it is
sampled at 2fc rate or higher, that is,

xðtÞ ¼ �samp

X1
n¼�1

xn
sin½2�fcðt � n�sampÞ�

�ðt � n�sampÞ ð3:1:18Þ

where �samp 	 1
2fc

is the sampling time interval.
The sampling theorem suggests that the digital processing unit pre-

serves the entire information content of the preamplifier signal by
sampling it at a rate equal to twice the maximum frequency of the
preamplifier bandwidth. Sometimes preamplifiers may have a band-
width exceeding the critical Nyquist frequency. In this case, the require-
ment of the sampling theorem must be met with a specially designed pre-
filter unit. Otherwise, the discrete sampling distorts the signal through
the phenomena called ‘‘aliasing’’. The aliasing is the false translation of
the high-frequency part of the signal spectrum outside fc back into the
frequency range below fc.
Of other multiple topics of the information theory, we will discuss

briefly only the frequency domain representation of discrete-time systems
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and signals. It is useful in searching the optimum frequency response or
impulse function of a digital filter using the computer simulation tools.
Figure 3.3 illustrates the propagation of the signal sequence x(n)

through the time-invariant circuit units with digitised impulse functions
h1(n) and h2(n). The output sequence of the whole system is derived
from the convolution of x(n) with h(n) as

yðnÞ ¼ xðnÞ � hðnÞ ¼
X1

k¼�1
hðkÞxðn� kÞ ð3:1:19Þ

where h(n) ¼ h1(n) � h2(n). Suppose that x(n), h(n) and y(n) are numerical
sequences defined at the discrete-time moments tn ¼ n�samp with
n ¼ 0, 1, 2, . . . , N � 1, we will try to find the digital Fourier transforms
for x(n) and h(n) at discrete frequency values

fk �
k

N�samp
ð3:1:20Þ

with k ¼ �N
2 , . . . ,

N
2 . The extreme values of k in the expression (3.1.19)

correspond exactly to the lower and upper limits of the Nyquist critical
frequency range. The discrete Fourier transform for the impulse response
function h is given by [2]

HðflÞ ¼
Z 1

�1
hðtÞe2�jfltdt 


XN�1

k¼0

hke
2�jfltk�samp ¼ �samp

X
hke

2�jkn=N

ð3:1:21Þ

The Fourier transform of the input signal sequence x(n) can also be
found from the equation (3.1.21) after substituting h by x.

h1(n ) h2(n )
y(n )x(n )

x(n ) y(n )
h(n )

Figure 3.3 The propagation of the signal sequence x(n) through the time-invariant
circuit units with digitised impulse functions h1(n) and h2(n). The output sequence of
the whole system is derived from the convolution of x(n) with h(n)
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The frequency components of an output sequence can be expressed by
the product of XlHl such that

YðflÞ ¼ XðflÞHðflÞ ð3:1:22Þ

The inverse discrete Fourier transform can recover the sequence y(n)
exactly from Yl

yl ¼
1

N

XN�1

n¼0

Yne
�2�j ln =N ð3:1:23Þ

The direct and inverse Fourier transforms enable us to formulate the
discrete form of the Parseval theorem in the following form

XN�1

n¼0

jhnj2 ¼ 1

N

XN�1

k¼0

jHkj2 ð3:1:24Þ

3.2 SIGNAL-TO-NOISE RATIO, ENC, ENERGY
RESOLUTION AT FWHM OF TUNNEL
JUNCTIONS

3.2.1 The Tunnel Junction Coupled to a JFET
Transconductance Amplifier

In this section, we will quantify the signal-to-noise ratio, #, ENC and
FWHM of a tunnel junction operating in conjunction with a JFET
transconductance preamplifier. For the time being, we will neglect
effects of the pulse pile-up, the ballistic deficit, the base line instability
and the external interference. We also will assume that the system works
in the pulse-reset mode described earlier in section 2.1.
The output signal of the preamplifier looks like a staircase of non-

decaying steps, as shown in Figure 3.4. A pulse processing unit subtracts
the height of a previous step from the output signal so that it deals with a
single step at a time with an amplitude given by

vi ¼ Qi

CF
ð3:2:1Þ

where Qi is the charge signal of the detector and CF is the feedback
capacitance of the charge-sensitive preamplifier.
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An equivalent circuit diagram of the detector–preamplifier pair is
depicted in Figure 3.5. In this figure, the STJ detector is represented
explicitly by the signal current source, Is, the dynamic resistance Rd and
a generator of the shot noise current

di22 ¼
1

2�
2Ided! ð3:2:2Þ

with Id being the leakage current of the STJ. The total capacitance, Ci,
across the preamplifier input terminals includes the capacitance of the
STJ, Cd, the input capacitance of the preamplifier, Cp, and the stray

Q i

CF

t

vp

vi =

Figure 3.4 The output signal of the preamplifier operating in the pulse-reset mode.
With no feedback resistor, the voltage takes a form of a staircase of non-decaying
steps. A pulse processing unit subtracts the height of a previous step from the output
signal so that it deals with a single step at a time. In the figure,Qi is the charge signal
of the detector, CF is the feedback capacitance of the charge-sensitive preamplifier

Rdis Ci di2 di3 di4

di5

dv1 dvf

dv

CF

A
Rc

Figure 3.5 An equivalent circuit diagram of the detector–preamplifier pair. All
components of the circuit are explained in text
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capacitance contributed by a connecting cable and packaging, Cstray, in
the following form

Ci ¼ Cd þ Cp þ Cstray ð3:2:3Þ

In what follows, we will denote other current and voltage generators
shown in the equivalent circuit diagram:

– the shot noise due to the leakage current, Ig, of the JFET pream-
plifier

di23 ¼
1

2�
2Iged! ð3:2:4Þ

– the current noise induced by the channel fluctuation current
through the gate-source capacitance, Cgs, of the input-JFET

di24 ¼ 1

2�

kbT!
2G2

gs

gm
d! ð3:2:5Þ

– the Johnson noise of the cable resistance between the STJ and
preamplifier

di25 ¼
1

2�
4kbTRc!

2Cdstd! ð3:2:6Þ

where Cdst ¼ Cd þ Cstray;

– the input voltage noise of the JFET preamplifier

dv21 ¼
4

3�gm
kbTd!þ dv22 ð3:2:7Þ

with dv2 taking into account the white noise contributed by other
components of the preamplifier in addition to the input-JFET. Some
JFETs show the voltage noise with a spectral density in excess of the
figure given by 4

3�gm
kbT. In this case, it should be taken from the

transistor specification sheet or direct measurements of the trans-

conductance;

– 1/f voltage noise component

d�2f ¼ Af

!
d! ð3:2:8Þ
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where a factor Af has been defined in equation (2.2.14).

In order to find the voltage noise at the output of the charge-sensitive
preamplifier we will do some further transformations of the circuit,
shown in Figure 3.5. First, we will group all current sources into one
equivalent noise generator, dip. In the literature, it is often called a
parallel noise

di2p ¼ di22 þ di23 þ di24 þ di25 ð3:2:9Þ

Second, a serious noise generator includes the white and 1/f voltage noise
components

di2s ¼ ðdv21 þ dv2f Þ!2ðCi þ CFÞ2 ð3:2:10Þ

These two noise generators form a simplified equivalent circuit diagram,
which is presented in Figure 3.6. Now, the output voltage noise can
easily be derived in the following form

dv2n ¼ A2

½Ci þ CFð1þ AÞ�2 ðdi
2
p þ di2s Þ ð3:2:11Þ

Substituting all expressions starting from (3.2.2) to (3.2.11) into the
equation (3.1.7) we derive the sought mean square voltage noise at the
output of the pulse-shaping filter as

V2
on ¼

Z 1

0

1

2�

kbTC
2
gs

gmC2
F

þ 8

3

kbT

gm
1þ Ci

CF

� �2

þ 4kbTc
C2

dst

C2
F

" #(

þ 2eðId þ IgÞ
2�!2C2

F

þ Af

!
1þ Ci

CF

� �2
)
jHfð j!Þj2d! ð3:2:12Þ

is Ci dip dvn

A

CF(1 + A)

dis

Figure 3.6 An equivalent circuit diagram of the detector–preamplifier pair in which
all noise components are classified into two types: parallel and series noise
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The noise components in expression (3.2.12) fall into three major cate-
gories. Taking this into account it can be re-written in a more readable
form as

V2
on ¼ a2Ia þ b2Ib þ c2Ic ð3:2:13Þ

If the induced noise di4 and the Johnson noise of a cable resistance can be
neglected, factors a, b and c represent spectral densities of the series,
parallel and 1/f noise components, respectively, which are given by

a2 
 S�l ð3:2:14Þ

b2 ¼ 2e

2�C2
F

ðId þ IgÞ ð3:2:15Þ

c2 ¼ Af 1þ Ci

CF

� �2

ð3:2:16Þ

and Ia, Ib and Ic are respective noise indexes, which are entirely defined
by the transfer function of the pulse-shaping filter as

Ia ¼
Z 1

0

��Hfð j!Þ
��2d! ð3:2:17Þ

Ib ¼
Z 1

0

��Hð j!Þ��2
!2

d! ð3:2:18Þ

Ic ¼
Z 1

0

��Hð j!Þ��2
!

d! ð3:2:19Þ

Example 3.1

In this example, we will analyse the propagation of the signal and noise
through the preamplifier and a CR–RC type pulse-shaping filter. Apart
from the educational purpose, results of the analysis are valuable on
their own due to the fact that the noise indexes of the symmetric CR–RC
filter coincide with those of the optimum infinite cusp. Therefore,
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straight after the example, we will be able to derive the best signal-to-
noise ratio, which can be achieved in an ideal spectrometer.
One possible realisation of the CR–RC filter is shown in Figure 3.7. Its

transfer function is given by

Hfð j!Þ ¼
j!�1

ð1þ j!�1Þð1þ j!�2Þ ð3:2:20Þ

where �1 ¼ R1C1 and �2 ¼ R2C2 are the time constants.

Signal propagation

The response of the filter to a voltage step with amplitude Vi ¼ Qi

CF
can be

written in the following form

Voð j!Þ ¼ Qi

j!CF

j!�1
ð1þ j!�1Þð1þ j!�2Þ ð3:2:21Þ

in the frequency domain. Taking the inverse Fourier transform of the
equation (3.2.21), the same response can be represented in the time
domain as follows

voðtÞ ¼ Qi

CF

�1
�1 � �2

e
� t
�1 � e

� t
�2

� �
for t � 0 ð3:2:22Þ

The function v0(t) has a singularity when the time constants of both the
halves of the filter are equal, that is, � ¼ �1 ¼ �2. This case is particularly
interesting as at � ¼ �1 ¼ �2 the overall network exhibits the best signal-
to-noise ratio. Using the l’Hopital rule the equation (3.1.22) can be
re-written in the form

voðtÞ ¼ Qi

CF

t

�
e�

t
� ð3:2:23Þ

C1

R1

R2

C2

+

–

Figure 3.7 A schematic circuit diagram of the CR–RC pulse-shaping network
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with the maximum value

vojmax ¼
Qi

CF

1

expð1Þ ð3:2:24Þ

Using expressions (3.2.17) to (3.2.19), we derive noise indexes for CR–
RC filter as

Ia ¼
Z 1

0

��Hfð j!Þ
��d! ¼ �

4�
ð3:2:25Þ

Ib ¼
Z 1

0

��Hfð j!Þ
��

!2
d! ¼ �

4
� ð3:2:26Þ

Ic ¼
Z 1

0

��Hfð j!Þ
��

!
d! ¼ 1

2
ð3:2:27Þ

Voltage noise

Following equation (3.2.13), the mean square voltage noise at the output
of the CR–RC network is given by

V2
n ¼ �

4�
a2 þ ��

4
b2 þ 1

2
c2 ð3:2:28Þ

Now we can write down the sought signal-to-noise ratio:

#2 ¼ v2ojmax

V2
n

¼ Q2
i

exp2 C2
F

�

4�
a2 þ ��

4
b2 þ 1

2
c2

� ��1

ð3:2:29Þ

the equivalent noise charge:

ðENCÞ2 ¼ exp2 C2
F

�

4�
a2 þ ��

4
b2 þ 1

2
c2

� �
ð3:2:30Þ
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and, finally, the electronic noise linewidth at FWHM:

NLWðFWHMÞ ¼ 2:355
ENC

e
"

¼ 2:355"

2
exp �CF

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�

4�
a2 þ ��

4
b2 þ 1

2
c2

r
ð3:2:31Þ

According to [3], an ideal spectrometer should be incorporating a pulse-
shaping network which would transform a step signal into an infinite
cusp. Such a system cannot be realised in practice, but is often used as a
reference for other types of filters. Whereas the noise indexes Ia, Ib and Ic
of the infinite cusp are the same as those of CR–RC network, the
maximum value of the voltage signal is larger. It is given by (see, for
instance, [3], p. 135)

vojmax ¼ 0:5
Qi

CF
ð3:2:32Þ

Then, the figures of merit of the optimal detector system take the
following form

�cusp ¼ Qi

2CF

�

4�
a2 þ ��

4
b2 þ 1

2
c2

� ��1
2

ð3:2:33Þ

ENCcusp ¼ 2CF
�

4�
a2 þ ��

4
b2 þ 1

2
c2

� �1
2

ð3:2:34Þ

NLWcuspðFWHMÞ ¼ 2:355

e
"2CF

�

4�
a2 þ ��

4
b2 þ 1

2
c2

� �1
2

ð3:2:35Þ

A time constant � ¼ �c ¼ a
b is sometimes termed the ‘‘noise corner’’ time

constant. In fact, if we neglect the 1/f noise component, �c represents an
integration time, at which the contributions of the series noise, a, and the
parallel noise, b, are equal and both the CR–RC and cusp-like pulse-
shaping networks exhibit their best figures of the NLW.
In other frequently utilised pulse shapes, like, for instance, a trapezoid,

an optimum integration time does not differ a lot from �c. Therefore, the
latter can always serve as a benchmark for initial setting of a pulse
processing unit.
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Another important conclusion, following from (3.2.35), is the fact
that an STJ with a relatively large leakage current can still demonstrate
an energy resolution close to that of a higher quality device at shorter
integration times. Long integration times are not desirable anyway in
detector systems intended for microanalysis, especially in mapping appli-
cations. Besides, a marginal improvement of the energy resolution can be
lost in dealing with severe pile-up problems. Still the development of low
leakage devices is vital in order to reduce the tailing and artefacts at low
energies. In the majority applications, the maximisation of the peak-to-
background ratio on the final energy histogram is the ultimate goal
which must be achieved through the improvement of the FWHM as
much as the reduction in the background noise.
Noise indexes given by expressions (3.2.25) and (3.2.26) depend on

the time constant of a pulse-shaping network. Some scientific publica-
tions utilise their dimensionless analogues. In order to derive them, we
need to normalise the timescale by the time constant of the pulse-shaping
network, that is, time takes the dimensionless form t

t. In the frequency
domain, this is equivalent to changing the frequency scale from ! to !� .
With this modification, the mean square voltage at the output of the
pulse-shaping network becomes

V2
n ¼

Z 1

0

a2 þ b2

!2
þ c2

!

� �
jHð j!�Þj2d! ¼ a2

�
I0a þ b2�I0b þ c2I0c ð3:2:36Þ

where

I0a ¼
Z 1

0

��Hð j!�Þ��2dð!�Þ ð3:2:37Þ

I0b ¼
Z 1

0

��Hð j!�Þ��2
!2�2

dð!�Þ ð3:2:38Þ

I0c ¼
Z 1

0

��Hð j!�Þ��2
!�

dð!�Þ ð3:2:39Þ

These dimensionless noise indexes do not carry any longer the informa-
tion about integrating time. They are entirely defined by the shape of the
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transfer function or, equally, the step response of the pulse-shaping
network. Thus, each type of pulse-shaping networks is characterised
by a unique set of I0a, I

0
b and I0c. For instance, all CR–RC filters have

the same indexes given by I0a ¼ �
4 , I

0
b ¼ �

4 and I0c ¼ 1
2. Indexes of other

filters can be found, for instance, in [3].
Let us assume that a maximum value of the signal voltage is defined as

vojmax ¼ �
Qi

CF
ð3:2:40Þ

Substituting the equation (3.2.40) into the definition of the ENC, given
in section 3.1, we can derive its general expression suitable for all types
of pulse-shaping networks, which includes dimensionless noise indexes.
It is given by

ENC ¼ CF

�Qi

a2

�
I0a þ b2�I0b þ c2I0c

� �1=2

ð3:2:41Þ

So far, we assumed the output signal of the preamplifier to be a perfect
step. This means that the collection time of the quasiparticles in an STJ,
tc, is negligibly small. In practice, however, tc can be a substantial
fraction of the pulse-shaping time. Besides, in STJ detectors with large
area absorbers the collection time depends on a position of a spot where
the interaction with an incoming photon actually occurs. The finite
rise time of a pulse obviously modifies the response of a pulse-shaping
filter. In fact, it always reduces the maximum value of the signal at the
output of the filter, vo|max. This reduction is quantified by a figure called
the ‘‘ballistic deficit’’.
K. Hatch [4] calculated the ballistic deficit for different types of pulse-

shaping networks. He found that networks forming a pulse shape with
a flat top of the duration longer than the collection time of the detector
show the least loss in the peak height. For instance, with a collection
time tc ¼ 0:2�c, triangular shape leads to a ballistic deficit of 8.02%,
whereas this figure for a truncated triangular (trapezoid) shape reduces
to a figure of 3.87%.
The ballistic deficit appears as a systematic error if incoming events do

not affect the output current shape and timing of the detector in the
energy range of interest. With a proper correction technique, it will
result in a slight reduction of the signal-to-noise ratio. Variable shapes
and timing produce a random ballistic deficit, which has a double
negative effect. It broadens peaks as well as shifts their actual positions
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on the energy diagram. The latter makes the elemental analysis more
difficult and in some cases even impossible if the overlapping between
peaks exceeds a critical recognition value [5].
To summarise, the ballistic deficit, if not dealt with properly, may

seriously limit the resolving power of a practical detector system even if
detector itself is capable to yield an excellent energy resolution in
response to a collimated monochromatic irradiation. Despite that, there
has been very little consideration on the problem in the literature with
regard to superconducting detectors, in which this effect is very pro-
nounced.

3.2.2 Signal-to-Noise Ratio, ENC and Energy Resolution
FWHM of STJ Sensors Coupled to SQUID Current
Amplifiers

An equivalent circuit diagram of an STJ detector coupled to a SQUID
current amplifier is presented in Figure 3.8. The capacitance, Cd, and the
dynamic resistance, Rd, simulate the detector whose shot noise is given by

di2d ¼
1

2�
2Ided! ð3:2:42Þ

Ib

dib Rb

Cd did Rd

Lieff

SQUID

LF RF

A(ω)

Figure 3.8 An equivalent circuit diagram of an STJ detector coupled to a SQUID
current amplifier. The capacitance, Cd, and the dynamic resistance, Rd, simulate the
detector, whereas Rb is the bias resistor. The effective input inductance of the
SQUID, Lieff, and the detector capacitance form an L–C resonant circuit. If not
critically damped, the circuit exhibits the oscillatory behaviour with a long settling
time. Therefore, the bias resistor serves a very important additional role of the
damping load
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Rb is the bias resistor with a thermal noise generator

di2b ¼
4kbT

2�Rb
d! ð3:2:43Þ

The effective input inductance of the SQUID, Lieff, and the detector
capacitance form an L–C resonant circuit. If not critically damped, the
circuit exhibits the oscillatory behaviour with a long settling time. Pos-
sible overshots in the preamplifier output voltage can also contribute to
the ballistic deficit. High-quality STJs normally demonstrate a large
dynamic resistance, Rd> 10k�. Its finite value certainly helps to par-
tially damp the circuit, but not even near to the critical degree required.
Therefore, the bias resistor serves in the circuitry a very important
additional role of the damping load. In what follows, we will try to
derive a minimum value of Rb, which is adequate for eliminating the
oscillatory component from the output signal of the SQUID current
amplifier.
The current flowing in the input circuit is described with a second-

order differential equation of the form

d2i

dt2
þ 2	!n

di

dt
þ !2

ni ¼ 0 ð3:2:44Þ

where 	 ¼ Rd

2

ffiffiffiffiffiffi
Cd

Lieff

q
is the damping ratio, !2

n ¼ 1
LieffCd

is termed the

undamped natural frequency of the resonator. Assuming that the damping
ratio 0 	 	 	 1, the characteristic equation derived for the differential
equation (3.2.44) is given by [6]

x2 þ 2	!nxþ !2
n ¼ xþ 	!n � j!n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 	2

p� �
xþ 	!n þ j!n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 	2

p� �
¼ 0 ð3:2:45Þ

Its roots are

x1 ¼ �	!n þ j!n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 	2

p
� ��þ j!d ð3:2:46Þ

x2 ¼ �	!n � j!n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 	2

p
� ��� j!d ð3:2:47Þ

where

� � 	!n ð3:2:48Þ
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is called the damping factor and !d � !n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 	2

p
is the damped natural

frequency.
Let us now assume that an incoming event charges the detector

capacitance to its initial value of Qi. This generates a step voltage
Vi ¼ Qi

Cd
. By applying the initial condition I(0) ¼ 0 at t ¼ 0 and the

functional dependence between the charge across Cd and the current

flowing in the input circuit i(t) ¼ dQ(t)
dt , we can derive the solutions of

equation (3.2.44) for three cases as follows:

1. the underdamped input circuit:

iðtÞ ¼ Qi
!2
ne

��t

!d
sinð!dtÞ

� �
ð3:2:49Þ

QðtÞ ¼ Qi
!n

!d
e��t sinð!dt þ �Þ ð3:2:50Þ

with I(0) being an initial value and � ¼ 1

tan(
!d
� )
the phase of the current;

2. the critically damped input circuit:

iðtÞ ¼ Qi�
2te��t ð3:2:51Þ

QðtÞ ¼ Qið1þ �tÞe��t ð3:2:52Þ

3. the overdamped input circuit:

iðtÞ ¼ Qi
!2
nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 � !2
n

p e��t sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � !2

nt
p� � ð3:2:53Þ

QðtÞ ¼ Qi
!nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � !2

n

p e��t sinh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 � !2

nt þ �
p� � ð3:2:54Þ

The critical damping condition, 	 ¼ 1, ensures the fastest non-oscillatory
time response of the circuit. With numerical data Cd ¼ 100pF,
Lieff ¼ 260nH and Rd ¼ 10k�, this leads to a critical bias/damping
resistance

Rbcrit 
 2	
ffiffiffiffiffiffiffiffiffi
Lieff

pffiffiffiffiffiffi
Cd

p 
 80� ð3:2:55Þ
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A value of the bias resistor derived from the equation (3.2.55) meets the
condition of the voltage bias Rb � Rd. Thus, in this particular case, the
bias resistor adequately provides the voltage bias and the fastest
response of the detector.
If a SQUID current amplifier is coupled to a detector with a larger

capacitance or to a detector array that contains a number of junctions
connected in parallel, a larger bias resistor starts adversely affecting the
current sensitivity of the current amplifier. Mears et al. [7] suggested to
damp the resonance with an additional resistor attached in parallel to
the SQUID input inductance. This resistor, however, adds an extra

thermal noise di2R ¼ 4kbT
2�R d!. For instance, a 10-� resistor generates

approximately 1 pAffiffiffiffiffi
Hz

p at a temperature of 0.2K. This is four times larger

than the current noise of a state-of-art SQUID operating at T ¼ 4:2K
(Chapter 2).
The signal-to-noise ratio of the STJ–SQUID current amplifier pair is

defined in exactly the same way as for the STJ coupled to a transcon-
ductance amplifier

�2 ¼ v2o
��
max

V2
n

with exceptions that the input signal cannot be described by a step
function and some noise components have truncated spectral densities
due to inertiality of the input circuit.

3.2.2.1 Signal

The voltage at the output of the SQUID current amplifier is given by

vpðtÞ 
 Qi�
2tRa e

� t
�i

� �
ð3:2:56Þ

Here Ra is the current-to-voltage transfer function of the amplifier and
�i ¼ 1

� is the time constant of the input circuit.
The voltage signal at the output of a pulse-shaping filter in response to

the signal given by (3.2.56) can be found using either a convolution
theorem in the time domain or the inverse Fourier transform in the
frequency domain (Section 3.1) so that

vojmax ¼ F�1½Vpð j!ÞHfð j!Þ�jmax ð3:2:57Þ
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3.2.2.2 Noise

The system includes three major electronic noise components. These are

1. the current noise of the SQUID

di2s ¼
SI
2�

d! ð3:2:58Þ

2. the current shot noise of the detector

di2d ¼
2eId
2�

1

ð1þ !2�2i Þ
d! ð3:2:59Þ

3. the current thermal noise of the bias resistor

di2b ¼
4kbT

2�R

1

ð1þ !2�2i Þ
d! ð3:2:60Þ

Thus, the rms voltage at the output of the filter takes the following form

V2
rms ¼

1

2�
R2

a

Z 1

0

SI þ 1

1þ !2�2i
2eId þ

4kbT

Rb

	 
� ���Hfð j!Þ
��2d! ð3:2:61Þ

The equation (3.2.61) shows that the SQUID read-out transforms the
current noise components into a series type of noise. This is opposite to
the case with the transconductance preamplifier where these noise
sources formed the parallel type.
In practice, the SQUID current noise can be much larger compared to

the shot noise produced by the leakage current of a high-quality STJ and
the thermal noise of the bias resistor, that is, dis  did and dis  dib.
Thus, the expression for rms voltage reduces to

V2
n 
 1

2�

Z 1

0

SI
��Hfð j!Þ

��2 ¼ a2Ia ð3:2:62Þ

If an amount of charge generated by an STJ detector in response to a
deposited mean energy E is not known, the energy resolution FWHM
can be directly derived from

NLWðFWHMÞ ¼ E
2:355

#
ð3:2:63Þ
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In this equation, we assumed that the peak at E on the energy histogram
has the Gaussian shape. If a ratio of the mean energy E to the mean
charge QI is available, ENC follows from

ENC ¼ Qi

#
ð3:2:64Þ

Example 3.2

In this exercise, we will evaluate an electronic noise linewidth of a
Ta-STJ detector coupled to a SQUID current preamplifier. Let us assume
that the detector system incorporates a CR–RC pulse-shaping filter and
is exposed to a monochromatic X-ray source 55Fe with a mean energy
E ¼ 5:9 keV. A good quality Ta-STJ with an area of 100� 100mm2 has
the following static parameters:

– a capacitance 100 pF;
– a leakage current 0.1 nA; and
– a dynamic resistance 10 k�.

The spectral density of a single-stage SQUID current preamplifier is
(SI)

1/2 ¼ 0:8 pAffiffiffiffiffi
Hz

p .

Signal

According to [8], a typical output current produced by such devices
in response to 5.9 keV photons has an amplitude approximately

Io
��
max

¼ 1 mA and a 1/e decay time constant �r between 1 and 30ms.
Here we choose �r ¼ 10ms. The signal voltage at the output of the CR–
RC pulse-shaping filter is given by

voðtÞ ¼ RagIo
��
max

d

ðd � gÞ2 ðe
�gt � edtÞ � g

d � g
te�gt

" #
ð3:2:65Þ

where Ra is the voltage-to-current transfer function of the SQUID cur-
rent preamplifier, d ¼ 1

�r
and g ¼ 1

�F
with �F being the time constant of the

filter (integration time).

With �f ¼ 20ms, vo
��
max

¼ 1:75� 10�7Ra V.
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Noise

A mean square voltage noise at the output of the pulse-shaping network
is given by

V2
n 
 R2

a

�

4

SI
2��F


 ð6:325� 10�11RaÞ2 V2:

These give a signal-to-noise ratio � ¼ 3:95� 103, which leads to an
electronic noise linewidth NLW(FWHM) ¼ 3:52 eV with a single-stage
SQUID operating at T ¼ 4:2K (the worst case).
The best energy resolution of an STJ with the SQUID read-out was

reported to be approximately 29 eV at 5.9 keV [9]. This means that the
current noise of the SQUID amplifier would contribute a negligibly small
fraction into the total FWHM.
Certainly, STJ detectors are capable to demonstrate a much better

energy resolution. For instance, FWHM ¼ 13 eV (at 5.9 keV) was meas-
ured in [10] with a future potential to bring the figure down to sub-
10 eV. In this case, the current noise of the SQUID amplifier should
be reduced. An implementation of a double-stage SQUID with

(SI)
1/2 ¼ 0:25 pAffiffiffiffiffi

Hz
p and a CR–RC filter with an integration time

�F ¼ 100ms results in NLW(FWHM) ¼ 0:5 eV. An ULT-SQUID with a
trapezoidal pulse-shaping network can further improve it.

3.3 NOISE EQUIVALENT POWER, ENERGY
RESOLUTION OF SUPERCONDUCTOR
MICROCALORIMETERS

As we mentioned in Chapter 1, the electro-thermal feedback aims at
maintaining a constant temperature of the TES. This means that the TES
responds primarily to a momentary thermal power �P(j!) applied to the
device. For instance, in a microcalorimeter operating in the voltage-biased
mode, �P(j!) generates proportional current variations, �I(j!), in the input
circuitry, further amplified and shaped by the nucleonic channel. The
energy of an incident photon is an integral characteristics of �P(j!) over
the pulse duration, � , and can be derived from the following expression

E ¼ 1

jWIj
Z �

0

�IðtÞdt ð3:3:1Þ

where WI ¼ dI(t)
dP(t) is the responsivity of the microcalorimeter.
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Provided that the detector response is linear and the pulse shape does
not change with deposited energy, the pulse height, vojmax, can still carry
a relative information about E. vojmax, itself depends on the design of the
sensor, an operating temperature and at least three time-constants,
including the effective time constant of the microcalorimeter, �eff, the
time constant of the SQUID input circuit, �I, and, finally, the integration
time, � . Here we assume that the 2�-gain-bandwidth product of the
SQUID current preamplifier is much larger compared to all character-
istic frequencies of the detector, that is, !m  1

�eff
, !m  1

�i
and !m  1

�.
The minimum 1/exp(1) rise time, �tr, of the current pulse �I is

ultimately defined by the time constant of the input circuit, �i. If, how-
ever, an incoming photon interacts with a relatively large area absorber
at a distance l from the TES, the diffusion time of electrons given by [11]

tmax 
 1

3

l2

D
ð3:3:2Þ

can make a substantial contribution to �tr or even dominate it.
The 1/exp(1) decay time of vo(t) is entirely governed by the effective

time constant of the microcalorimeter, which is defined as

�eff 

��0
1þ A

ð3:3:3Þ

where �0 ¼ G
C is the time constant of the microcalorimeter without the

electro-thermal feedback and A ¼ Pb�
GT is the DC loop amplification of the

electro-thermal feedback.
The mean square voltage noise at the output of the SQUID current

preamplifier is given by [12]

V2
n ¼ R2

a

1

2�

Z 1

0

ðSPF þ ST þ SISQUIDÞjHfð j!Þj2d! ð3:3:4Þ

where

SPF ¼ jWIj2�4kbT2G ð3:3:5Þ

is the spectral density of the current fluctuation noise resulted from the
discrete nature of the random propagation of the energy carriers
between the TES and the heat sink,
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ST ¼ 4kbT

Rb þ Rdð!Þ
ð3:3:6Þ

is a spectral density of the Johnson noise generated by the TES and the

bias resistor, and SISQUID ¼ S�
Mi

denotes a spectral density of the current

noise of the SQUID preamplifier.
A dimensionless factor � 
 n

2nþ1 in equation (3.3.5) is called the power
flow coefficient. It depends on the temperature gradient along the ther-
mal link between the TES and the heat sink. At mK temperatures, the
factor n in the power flow coefficient ranges between 3 < n < 4.

Rd 
 R( �0�eff)(
1þ!2�2

1þ!2�2
0

) is the dynamic resistance of the TES, whereas R is

its static value in the middle of the dynamic range.
The responsivity of the microcalorimeter can be expressed via its other

measurable parameters. According to [12],

WI ¼ � 1

Vb

Að!Þ
1þ Að!Þ 
 � 1

Vb

1

1þ j!�eff
ð3:3:7Þ

with Vb being the voltage bias.
Since the sensor responds primarily to the power of the input signal,

the NEP is a natural figure to characterise its performance. The NEP is
defined as the signal power required to obtain a unity signal-to-noise
ratio in the presence of the detector noise. In other words,

NEP2 ¼ 1

jWIj2
ðSPF þ ST þ SISQUIDÞ ð3:3:8Þ

The NEP characterises fully the detector system as a bolometer intended
for optical measurements. Some X-ray applications, such as the micro-
analysis, operate with ENC and the energy resolution. If an energy of an
incident event is recovered from the pulse height, the signal-to-noise
ratio of the system incorporating an optimum filter is given by [13]

#2 ¼ v2o
��
max

V2
n

¼ 1

2�

Z 1

0

��Isð j!Þ��2
SPFð!Þ þ STð!Þ þ SISQUIDð!Þd! ð3:3:9Þ

where Is(j!) is the Fourier transform of the signal current pulse. This
leads to the energy resolution FWHM
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�EFWHM ¼ E
2:355

#
ð3:3:10Þ

If the total current noise in the input circuitry can be assumed white, the
optimum energy resolution becomes directly proportional to the NEP [14]

�Eopt
FWHM 
 2:355NEPð! ¼ 0Þ ffiffiffiffiffiffiffi

�eff
p ð3:3:11Þ

The optimum filtration is essential in order to achieve an energy resolu-
tion predicted by equations (3.3.10) and (3.3.11). The transfer function
of an optimum filter can be written down in an explicit form as follows
[15,16]

H2
f ¼ k

I�s ð!Þ
S�ð!Þ
	 


e�j!� ð3:3:12Þ

where k is the normalising factor, I�s (!) is the complex conjugate of the
Fourier transform of the signal waveshape and S�(!) is the spectral
density of the total current noise in the input circuitry, � means the
integration time.

Exercise 3.1

In this exercise, we will evaluate an energy resolution of a high-speed
microcalorimeter described in [17]. We assume that the microcalori-
meter is exposed to a monochromatic X-ray source 55Fe(5.9 keV). All
necessary parameters of the microcalorimeter are summarised in the
following table

Normal resistance of TES Rn ¼ 0:9�
Thermal conductance G ¼ 10 nWK�1

Heat capacitance C ¼ 24 pJK�1

Intrinsic time constant �0 ¼ 2:4ms
TES sensitivity � ¼ 900
Operating temperature T ¼ 350mK
Bias voltage Vb ¼ 15:6 mV

Experimentally measured output signal of the TES can be approxi-
mated by

isðtÞ ¼ I0e
� t
�eff ð3:3:13Þ
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with the maximum current I0 ¼ 4 mA and a 1/exp(1) decay time constant
�eff ¼ 15ms. In the frequency domain, it takes the form

Isð j!Þ ¼ I0
�eff

1þ j!�eff
ð3:3:14Þ

According to equation (3.3.9), the signal-to-noise ratio amounts to

#2 ¼ 1

2�

Z 1

0

I20�
2
eff

1
V2
b

�4kbT2Gþ 4kb
T
R ð1þ !2�20 Þ þ ð0:8� 10�12Þ2ð1þ !2�2effÞ


 0:769�106

which gives an energy resolution of

�Eopt
FWHM ¼ 2:355

5900

#

 15:8 eV

For comparison, other expressions estimate the energy resolution as follows

�Eopt
FWHM ¼ 2:355NEPð0Þ ffiffiffiffiffiffiffi

�eff
p 
 10:4 eV

and, according to [18],

�Eopt
FWHM ¼ 2:355

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kbTC

ffiffiffiffiffiffi
8n

p

�

s

 23 eV

The measured energy resolution �E ¼ 20 eV.

Exercise 3.2

In this exercise, we will calculate the energy resolution of the same
microcalorimeter with a simple symmetric CR–RC pulse-shaping filter
with RC time constant equal to the effective decay time, �eff.
The signal at the output of the pulse-shaping filter can be found from

the inverse Fourier transform as follows

voðtÞ ¼ F�1½Isð j!Þ �Hfð j!Þ� ¼ Ra
I0t

�eff
1� 1

2�eff
t

� �
e
� t
�eff ð3:3:15Þ

Its maximum value is vo
��
max


 0:92� 10�6Ra.
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The mean square voltage noise is

V2
n ¼

1

2�

Z 1

0

�4kbT
2G

V2
bð1þ!2�2effÞ

þ4kbT

R

�eff
�0

� �2 1þ!2�20
1þ!2�2

� �
þð0:8�10�12Þ2

" #

!2�2eff

ð1þ!2�2effÞ2
d!
 5:63�10�19R2

a

Now we can estimate the signal-to-noise ratio

# ¼ vo
��
max

Vn

 1:23� 103

which yields an energy resolution �E ¼ 2:36�5900
# 
 11:3 eV. Use of opti-

mum pulse-shaping filters can substantially improve the energy resolution
of TES spectrometers.

3.4 DYNAMICS AND NOISE OF TIME-VARIANT
DETECTOR SYSTEMS

The analogue time-variant pulse processing technique is evolved from a
simple CR–RC pulse-shaping network, in which RC low-pass filter was
replaced by a true time integrator [19]. A functional block diagram of
the system is presented schematically in Figure 3.9. The invention was
to introduce an analogue gate between the CR differentiator and the

PREAMP
C1

R1

DETECTOR 1

GATE Restore

True-time
integrator

t

0
dt

From pulse recognition
unit

∫

Figure 3.9 A functional block diagram of the time-variant processor. The analogue
time-variant pulse processing technique evolved from a simple CR–RC pulse-
shaping network, in which RC low-pass filter was replaced by a true time integrator
[19]. The invention was to introduce an analogue gate between the CR differentiator
and the integrator. The gate opens only after a recognised signal pulse has arrived for
the duration of the measurement time �
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integrator. The gate opens only after a recognised signal pulse has
arrived for the duration of the measurement time � . Since the integrator
becomes active only during � , the time-variant pulse processor can
discriminate better against noise pulses arising prior to the signal. This
yields a noise-to-signal ratio of only 1.6% greater than that of the
infinite cusp-response nucleonic channel. For comparison, this figure
for a widely utilised trapezoidal pulse-shaping network is approximately
a factor of 1.075 times larger compared to the noise-to-signal ratio
delivered by the infinite cusp with the same peaking time.
The analogue time-variant processing technique competes successfully

with modern digital counterparts in terms of the adaptive filtration. The
optimisation of the integration time with respect to the input rate is as
easy and takes as long time as the adjustment of the time constants in
digital filters. This comes as a serious benefit against digital spectro-
meters in the combination with the fact that such a system does not
place stringent requirements on the performance of ADC, although a
possibility of achieving a better signal-to-noise ratio has also led to the
development of a digital version of the time-variant processor (see, for
instance, [20]).
Time-variant processors keep at present a lower profile compared to

their time-invariant counterparts. However, they are very competitive in
some applications, particularly those requiring minimum dead time.
Therefore, it is still useful to know how to analyse the dynamics and
noise properties of these systems employing cryogenic primary detectors,
which we will discuss in this section.
Any type of time-variant nucleonic channels represents a special case

of adaptive systems with a variable structure. Their performance can be
evaluated either in a modified frequency domain, using discrete z-trans-
form, or in the time domain, based on the Campbell theorem. A general
introduction to the time domain analysis concerning nucleonic channels
incorporating a charge sensitive preamplifier was done in [21,22].
According to it, the electronic noise has a discrete nature caused by the
motion of separate charged particles. F. Goulding classified the white
noise into two types, which are

1. step-like noise; and
2. delta-like noise.

Electrons, participating in the current flow into the input circuit of
a preamplifier, produce the step-like noise. Each electron charges the
feedback capacitance, CF, so that the output voltage is, in fact, the
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superposition of the random time distribution of e
CF

voltage steps, with
e being the electron charge. Contrary to that, the voltage noise at
the preamplifier input does not charge the feedback capacitance. There-
fore, it appears at the output terminal as a random sequence of short
impulses or delta-functions at a mean rate n per second with a normal-
ised amplitude.
After passing a pulse-shaping network, each individual discrete noise

event results in a residual at the measurement time � . Obviously, resi-
duals of the step-like noise are proportional to the step-function of
the shaper, F(t), whereas residuals of the delta-like noise scale with the
impulse response, F0(t) ¼ dF(t)

dt . According to the Campbell theorem, the
mean square effect of fluctuations at the peak time � is obtained by
summing the mean square values of the noise residuals for all steps and
�-pulses preceding the measurement time. Thus, the noise indexes in the
time domain are defined as

I0a ¼
Z 1

0

½F0ðtÞ�2dt ð3:4:1Þ

for the series delta-like noise and

I0b ¼
Z 1

0

½FðtÞ�2dt ð3:4:2Þ

for the parallel step-like noise.
Normalising the timescale by a factor x ¼ t

�, we derive the integration
time sensitive noise indexes as follows

Ia ¼ 1

�

Z 1

0

½F0ðxÞ�2dx ð3:4:3Þ

Ib ¼ �

Z 1

0

½FðxÞ�2dx ð3:4:4Þ

Representation of noise sources as the superposition of individual ran-
dom steps and delta-functions helps to better understand the physics
hidden behind expressions (3.4.1)–(3.4.4). However, strictly speaking, it
was not necessary to actually derive those expressions in this way.
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Mathematically, the equations (3.4.1)–(3.4.4) follow directly from noise
indexes obtained in the frequency domain (3.2.25) and (3.2.26), and
(3.2.37) and (3.2.38) respectively, using the Parseval theorem.
An adaptive system with the variable structure may change its transfer

function a number of times during the working cycle, which we will set
to m. Therefore, it is convenient to divide the cycle time into m intervals
and calculate residual noise indexes for each of them. The total noise
index amounts to the sum of the individual ones, as long as in each
interval the system remains linear.
The working cycle of the time-variant pulse processor itself contains at

least two intervals: a first one [�1 < t < 0] and a second one
[0 < t < �]. Thus, the total noise indexes are given by

I0a1;b1 ¼ I0a1;b1

����
½�1<t<0�

þ I0a2; b2

����
½0<t<� �

ð3:4:5Þ

where

I0a1 ¼
Z �

0

F0
1ðtÞdt ð3:4:6Þ

I0a2 ¼
Z �

t0

F0
2ðtÞdt ð3:4:7Þ

I0b1 ¼
Z �

0

F1ðtÞdt ð3:4:8Þ

I0b2 ¼
Z �

t0

F2ðtÞdt ð3:4:9Þ

with F1(t) and F2(t) representing the response functions of the pulse
shaper at the first and a second time intervals, respectively, t0 is the time
moment at which signal pulse is occurred.

Exercise 3.3

In this exercise, we propose to find noise indexes of a time-variant pulse
shaper described in [23]. The essence of the shaper schematics is shown
in Figure 3.10. As can be seen, the system includes a second integrating
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R1C1 circuit. The circuit further modifies the step response of the net-
work in such a way that its shape follows very closely the one of a
truncated cusp [16], that is

FðtÞ ¼
Z t

0

1� e
� t
�1

� �
dt ¼ t � �1 1� e

� t
�1

� �
ð3:4:10Þ

with �1 ¼ R1C1.
Interested readers can find the detailed analysis of the problem in the

Appendix of [16]. Here, we will give the final results of the analysis

Ia ¼ 1:88�f 2ð�Þ

Ib ¼
0:602

�
f 2ð�Þ

where f(�) is a normalising factor that corresponds to the filter response
F(t) at t ¼ � for a signal step at t ¼ 0.

3.5 SIGNAL-TO-NOISE RATIO OF DETECTOR
ARRAYS WITH MULTIPLEXED READ-OUT

Cryogenic systems, providing ultralow temperature and low noise envir-
onment for superconductor detectors, have a very limited power dissi-
pation budget. For instance, a typical adiabatic demagnetisation
refrigerator can tolerate a heat load of several tens of mW at a base

R1

C1

GATED
INTEGRATOR

Figure 3.10 A circuit diagram of the pulse shaper of the time-variant processor.
The system includes a second integrating RC network in addition to the gated
integrator. The pulse response of the combined network follows very closely to a
shape of a truncated finite cusp
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temperature of 100mK. This figure raises to approximately 0.4mW at
220mK for a 3He single-shot cooler. Within this constraint, it is vital to
minimise the amount of wires connecting a multipixel array of devices to
the room temperature read-out and processing electronics. The minimi-
sation can be achieved by implementing either a distributed detector
array, when a large area absorber is attached to a limited number of
sensors, or a multiplexing technique, in which only a part of pixels is
addressed at a time.
In this section, we will discuss two types of multiplexing methods.

These are:

1. a scheme with a read-out preamplifier successively sampling out-
puts of a group of sensors one after another; and

2. a matrix read-out of an M�N pixel array, in which grouped
M-row and N-column electrodes are served by continuously
attached MþN preamplifiers.

Depending on the type of application, each technique has a different
degree effect on the throughput for each individual pixel, the signal-to-
noise ratio, detector layout and so on. In what follows, we will try to
give comparative evaluation of the dynamics and noise properties of
arrays primarily intended for soft X-ray measurements. However, much
of the content of the section provides a useful practical guidance for
developing large format multiplexed arrays of superconductor detectors,
which can be used in a wide range of imaging instruments.

3.5.1 Matrix Read-Out with FET Transconductance
Amplifier

The matrix read-out method is illustrated schematically in Figure 3.11.
The detector array consists of M�N pixels. Separate preamplifiers are
connected to M top electrodes in each row and N bottom electrodes in
each column. In this particular application, the charge sensitive pream-
plifiers operate in the continuous reset mode. The feedback resistor, RF,
maintains a DC potential difference between inverting and non-inverting
inputs close to zero. Thus, the top electrodes can be DC biased by Vb

applied to the non-inverting preamplifier input terminal via the signal
wire. In a similar way, column preamplifiers maintain quasizero poten-
tial on the bottom electrodes.
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When an incoming photon interacts with the array, an affected pixel
produces a signal in its corresponding row and column. Coincidence meas-
urements between rows and columns help to identify its co-ordinates.
This mode of operation reduces the number of wires connecting the
array with the room temperature electronics from M�N required for
the parallel interface to just MþN.
From the point of view of the bias stability, it is desirable to minimise

RF so that the conditions

RF

1þ Að!Þ �
Rd

M
;

RF

1þ Að!Þ �
Rd

N
ð3:5:1Þ

are met in the whole frequency bandwidth of interest. In this expression,
A(!) is the amplification factor of operational amplifiers. As we

Vb

1 2 M

Rows1

2

N

Columns

Figure 3.11 Matrix read-out of an array of cryogenic detectors with FET trans-
conductance amplifiers (the technique is reproduced by permission of D. Martin
from ESTEC). The detector array consists of M�N pixels. Separate preamplifiers
are connected to M top electrodes in each row and N bottom electrodes in each
column. Charge sensitive preamplifiers operate in the continuous reset mode. The
feedback resistor, RF, maintains a DC potential difference between inverting and
non-inverting inputs close to zero. Thus, the top electrodes can be DC biased by Vb

applied to the non-inverting preamplifier input terminal via the signal wire. In a
similar way, column preamplifiers maintain quasizero potential on the bottom
electrodes
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mentioned in section 2.1.1, the feedback resistor may contribute a

substantial portion of the parallel noise proportional to 4kbT
RF

. Noise

considerations define a minimum tolerable value of Rf so that a reason-
able compromise must be found between noise and bias stability condi-
tions given by (3.5.1).
Figure 3.11 shows that the matrix of this type is very convenient to

process and operate. For instance, external contact pads need to be
wired only to pixels constituting the first and the last rows and columns,
whereas other pixels have only connections to their neighbours. This
allows the manufacture of chips to be accomplished in fewer layers
compared to any other techniques. Thin film wires do not cover the
active area of pixels improving the uniformity of their response across
the array.
Drawbacks of the arrangement associate with a fact that it does not

offer a possibility to control the quality parameters of individual pixels,
such as the leakage current or magnetic trap flux and so on. This does
not become a serious issue, however, if the manufacturing yield is high
and arrays operate in well-controlled conditions.
Figure 3.12 (a, b) presents an equivalent circuit diagram of a pixel, as

a part of the array, connected to row and column preamplifiers respect-
ively. According to these diagrams, the input of each preamplifier sees
M(N) times increased detector capacitance and only a 1

M ( 1
N) fraction of

the pixel dynamic resistance. The total capacitances across input term-
inals of row and column preamplifiers are given by

CiðrowÞ ¼ Cp þ CdstrðrawÞ; CiðcolÞ ¼ Cp þ CdstrðcolÞ ð3:5:2Þ

CdstrðrawÞ ¼ MCd þ Cstray; CdstrðcolÞ ¼ NCd þ Cstray ð3:5:3Þ

where Cp is the input capacitance of the preamplifier and Cstray is the
total capacitance of the stray capacitance.
Spectral densities of the shot noise take the form

di22ðrowÞ ¼
1

2�
2MIged!; di22ðcolÞ ¼

1

2�
2NIged! ð3:5:4Þ

where Ig is the leakage current of individual pixels. The equation (3.5.4)
assumes that all junctions have the same value of Ig.
With definitions given by equations (3.5.2)–(3.5.4), we can evaluate

the signal-to-noise ratio, ENC and the energy resolution (FWHM) for
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the matrix read-out using expressions (3.2.29)–(3.2.31). Assuming
that CF and RF remain constant and taking into account only the
major series noise component, the ENC scales with the array dimen-
sions as

lrow ¼ ENCðrowÞ
ENCðsingle�pixelÞ


 CF þMCd þ Cstray þ Cp

CF þ Cd þ Cstray þ Cp

 M ð3:5:5Þ

lcol ¼
ENCðcolÞ

ENCðsingle�pixelÞ

 CF þNCd þ Cstray þ Cp

CF þ Cd þ Cstray þ Cp

 N ð3:5:6Þ

is

dv1

dv

CF

A

Rc

Cd
.M

M
Rd Mdi3

.

RF

diF

CF
. [1+ A(ω)]

(a)

is

dv1

dv

CF

A

Rc

Cd
.N

N
Rd Ndi3

.

RF

diF(b)

CF
. [1+ A(ω)]

Figure 3.12 An equivalent circuit diagram of a pixel, as a part of the array,
connected to row (a) and column (b) preamplifiers respectively. According to these
diagrams, the input of each preamplifier sees M(N) times increased detector capaci-
tance and only a 1

M
1
N

� �
fraction of the pixel dynamic resistance
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3.5.2 Matrix Read-Out with SQUID Current Amplifiers

A matrix read-out employing SQUID current amplifiers is illustrated
schematically in Figure 3.13. Similar to the case with transconductance
amplifiers, the SQUID read-out does not require an additional dedicated
wire to supply the voltage bias Vb to electrodes. In practice, the input
circuitry provides a more stable voltage bias as the loadlines provided
with SQUIDs and transconductance amplifiers are in the following
proportion

Rb þ j!Lieff �
RF

1þ Að!Þ ð3:5:7Þ

In order to evaluate the signal-to-noise ratio in the array with the
SQUID read-out, we will use an equivalent circuit diagram shown
in Figure 3.14. According to it, all junctions in the rows (columns)
are connected in parallel so that the input circuit includes the
total capacitances: Cd�(row) ¼ MCd and Cd�(col) ¼ NCd; and the

dynamic resistances: Rd�(raw) ¼ Rd

M and Rd�(col) ¼ Rd

N . The shot noise

is given by equation (3.5.4).

Vb

1 2 M

Rows1

2

N

Columns

Figure 3.13 A matrix read-out employing SQUID current amplifiers. Similar to the
case with transconductance amplifiers, the SQUID read-out does not require add-
itional dedicated wires to supply the voltage bias Vb to electrodes
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The suppression of a LieffMCd (or LieffNCd) resonance requires the
installation of a dedicated damping resistor across the input coil Lieff.
Using for this purpose the bias resistor only would increase its value to a
level seriously affecting the voltage bias stability. A large resistor in
series with the junctions also limits the current sensitivity of the SQUID
current amplifier. With these modifications, the expression (3.2.61) for
rms voltage noise at the output of a nucleonic channel connected to the
array row takes a new form

V2
nðrowÞ ¼

1

2�
R2

a

Z 1

0

SI þ 2eMId
1þ !2�2i

þ 4kbTM

R

� �
jHfð j!Þj2d! ð3:5:8Þ

where R is the shunt resistor required to critically damp the single
junction LieffCd resonance. V2

n(col) can be derived from (3.5.8) by sub-
stituting N instead of M.

R

Lieff(row)

MId

MCd

is

is

Lieff(col)

Lieff(col)

R

R

Rb

Rb

M

Rd

Rd

(a)

R

Lieff(row)

NId

NCd

N

(b)

Figure 3.14 An equivalent circuit diagram of a pixel, as a part of the array,
connected to row (a) and column (b) SQUID current preamplifiers respectively.
Cd, Rd represent the detector capacitance and dynamic resistance. R is the shunt
resistor critically damping the LieffCd resonance
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As we mentioned in Section 3.2, a matrix comprising high-perform-
ance junctions and SQUIDs demonstrates the following ratio between
major noise contributions:

4kbTM

R
 SI � 2eNId ð3:5:9Þ

This yields the scaling factors

lSQUID
ðrawÞ 
 ENCðrawÞ

ENCðsingle-junctionÞ

 M1=2 ð3:5:10Þ

for rows and

lSQUID
ðcolÞ 
 ENCðcolÞ

ENCðsingle-junctionÞ

 N1=2 ð3:5:11Þ

for columns.
The comparison of expressions (3.5.10) and (3.5.11) with (3.5.5) and

(3.5.6) suggests that the SQUID read-out technique becomes competitive
against FET transconductance amplifiers as the matrix dimension
increases. This is a very positive outcome promising good prospects for
applications requiring large format arrays. SQUID current amplifiers
with their lower input impedance and closer positioning to the array
itself help efficiently combating the cross-talk between junctions as well
as the interference problems without introducing any substantial extra
heat load on the cryogenics.

3.5.3 Time-Division Multiplexer

The principle of the time-division multiplexer is explained in Figure
3.15. It includes an M�N sensor array, an M�N SQUID array, a
CMOS multiplexer operating at low temperature and M number of
room temperature semiconductor operational amplifiers each combined
with an individual bias circuitry. The CMOS multiplexer connects an
operational amplifier to one SQUID at a time for the duration of the
sampling time ts. At the start of ts, the bias current Ib activates a selected
SQUID. Once the transient process has dissipated, the system completes
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configuring a single-pixel nucleonic channel, samples its output voltage
and switches to the next pixel.
In order to reduce the cross-talk between channels, the CMOS multi-

plexer operates in the ‘‘break before make’’ mode. In other words, the clock
time includes some ‘‘dead’’ time, td, so that the clock frequency is defined as

fcl ¼
1

ts þ td
ð3:5:12Þ

The lowest limit of the sampling rate depends on the signal-pulse dura-
tion and a number of pixels assigned to one operational amplifier N.
In the case of TES microcalorimeter, it depends on the effective time
constant of the sensor and is given by

fclðminÞ ¼ NKmin

�eff
ð3:5:13Þ

where Kmin is the minimum amount of samples needed for the adequate
signal pulse restoration.

Bias current
for SQUIDs

Vb

1 2 M

1

2

N

Shift
register

Clock

Bias for TES

Figure 3.15 A schematic diagram of the time-division multiplexer. It includes an
M�N sensor array, anM�N SQUID array, a CMOS multiplexer operating at low
temperature and M room temperature semiconductor operational amplifiers each
combined with an individual bias circuitry. The CMOS multiplexer connects an
operational amplifier to one SQUID at a time for the duration of the sampling time
ts. At the start of ts, the bias current Ib activates a selected SQUID. Once the transient
process has dissipated, the system completes configuring a single pixel nucleonic
channel, samples its output voltage and switches to a next pixel
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An upper limit of fcl follows directly from the transient process period,
ttr

fclðmaxÞ 	
1

ttr
ð3:5:14Þ

In the small-signal limit, ttr 
 5
fc
with fc being the gain-bandwidth pro-

duct of the SQUID current amplifier including the input circuitry.
CMOS and HCMOS transistors in the switched mode of operation

practically do not dissipate extra heat. Eight- to sixteen-bit multiplexers
were demonstrated to function adequately well down to 1.4K [24]. Such
low-temperature multiplexers enable us to reduce the number of wires to
only three per N pixels. The third feedback wire is needed to operate
SQUID amplifiers in the flux-locked mode stabilising the bias line.
Dealing with sampling means that we have to comply with the

Nyquist theorem in order to prevent the aliasing effect. The output
signal of each sensor should be pre-filtered before it reaches the ampli-
fication channel. The Nyquist theorem requires a sampling rate of each
pixel to be at least twice as much as the noise bandwidth of the filter.
The effective input inductance of the SQUID and the dynamic resist-

ance of TES thermometer form a natural single-pole low-pass filter. Its
noise bandwidth is given by

fn ¼ 1

2�

Z 1

0

1

1þ !2�2i
d! ¼ Rd

4Lieff
ð3:5:15Þ

The dynamic resistance of the TES as well as effective input inductance
may vary with the energy deposited by an incoming photon. Therefore,
the Nyquist frequency of individual pixels given by

fNYC ¼ 1

2Nðts þ tdÞ
ð3:5:16Þ

should be at least twice as large as the maximum noise bandwidth
fn(max). The upper and lower limit conditions (3.5.13) and (3.5.14)
may require adding some extra inductance, Lex, in series with Lieff in
order to match fn and fNYQ.
Each SQUID amplifier reads out the information from an individual

pixel during 1
N fraction of the real time duty cycle. Thus, its effective

noise bandwidth increases by a factor N. A specified ratio of the current
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noise of TES to the current noise of SQUID current amplifier corrected
for effective noise bandwidth defines the maximum number of pixels,
which can be served by one amplifier, that is

Nmax 	
�di2ðTESÞ
di2ðSQUIDÞ

ð3:5:17Þ

where � is the margin factor.
For instance, assuming that � ¼ 0:1, SI(SQUID) ¼ 0:8 pAffiffiffiffiffi

Hz
p and the

degradation in NEP is less than 1%, then one operational amplifier
can multiplex 100 transistor edge sensors described in [17].
One serious limitation associated with the time-division multiplexing

technique is the fact that the sampling rate has also a link to the stable
operating condition of the TES itself. According to (3.5.13)

�eff � 4
Lieff

Rd
¼ 1

fn

 2Nts ð3:5:18Þ

With a reasonable sampling time ts ¼ 10ms and N ¼ 100, we derive
�eff > 2ms.
Equations (3.5.14) and (3.5.18) suggest that SQUID current ampli-

fiers with a much faster settling time should be developed to reduce
the sampling time, ts, and to use the maximum speed offered by
the best superconductor microcalorimeters. This can be partially
achieved if the feedback voltage is stored in for each pixel during
the whole cycle and utilised as initial values in the next one. In this
case, we come to the concept of a SQUID amplifier with the digital
feedback loop. The simplest configuration of the loop would contain
an ADC, a digital inertial block (PI-controller) and a DAC. Several
attempts were undertaken to develop such a system in the past. So
far, their noise performance has not been as good as one of analogue
amplifiers.
If an application permits the allocation of some time for regular

calibration procedure, SQUID amplifiers can be speeded up substantially
(several orders of magnitude) by removing the feedback loop. In order to
keep an operating point in the middle of the dynamic range, a compen-
sation current should be passed through the feedback inductance during
the sampling time. The calibration procedure must store required values
of the current for each pixel.
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4
Pulse Processing Electronics

INTRODUCTION

Previous chapters have dealt mainly with the analogue part of spectro-
meters and the analogue representation of the pulse propagation through
the pulse-shaping network. As we mentioned before, modern detector
systems tend to process information digitally and perform a number of
other operations with acquired pulses. These are, for instance, the selec-
tion by height and counting in multichannel analyser (MCA) to present
measurement results in a histogram form, the pulse recognition, the pile-
up inspection, the rise time discrimination and others.
The modern designs of signal processing systems tend to start the

digitisation of the detector signal at the earliest possible stage, which is
the output of the preamplifier. Such systems are called digital spectro-
meters, as opposite to their analogue counterparts in which the conversion
into the digital form is performed after the pulse-shaping filter. Early
digitisation offers serious advantages and new possibilities in the nuclear
instrumentation. These are the cost-effectiveness, use of transfer func-
tions of shaping networks with improved noise indexes, the absence of
fluctuations and drifts inherent to the analogue circuitry, an improved
count rate capability and so on. To make the statement more illustrative,
we will give the following example. In the digital spectrometer, after a
pulse has been converted into a shaped peak by a digital filter, the
captured peak maximum is immediately available as a digital value. It
can be used as an address in the histogramming process without intro-
ducing an extra delay. In other words, the multichannel analyser in its

Nuclear Electronics: Superconducting Detectors and Processing Techniques V. Polushkin
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bulky, complex form practically disappears as does associated with it the
‘‘dead’’ time.
At present, general purpose, universal digital pulse processing (DPP)

units, capable to recognise and process signals either from pulse-reset or
continuous-reset preamplifiers, are commercially available. They normally
employ an adaptive structure enabling the automatic optimisation of
system parameters as a function of the input count rate, the base line
instability, background noise and so on. In practice, this convenience often
comes at a price of adding a few eV to the energy resolution. It is still left
up to a user to provide a perfect matching of the preamplifier with a DPP,
eliminate parasitic ground loops and perform fine adjustments of the bias,
the integration time, the gain, discriminator thresholds and so on, if a
measurement requires preserving the ultimately achievable accuracy. The
latter is usually the casewhen dealingwith superconducting detectors. Their
relatively high cost and complexity is fully justifiable only in applications
that cannot be fulfilled with any other conventional analytical instruments.
Following the introduction, the sections of the current chapter will

concentrate on selected problems and critical components of spectrometers,
which have a strong effect on resulting measurement accuracy, rather than
giving a detailed description of the DPP principle. Readers, interested in the
latter, should refer to other comprehensive books, such as [1–3]. In the
section 4.3, we will briefly discuss a potential fast superconductor DPP,
which can operate at low temperature. Such a DPP is particularly necessary
in the conjunction with large format detector arrays in order to eliminate
multiple wires connecting them to the room temperature electronics.

4.1 PULSE PROCESSING TECHNIQUES

In previous chapters, we discussed a variety of superconductor primary
detectors. Each of them is capable to operate in more than one biasing
mode and match with different types of preamplifiers. In every individual
combination, a detector produces a set of unique pulse shapes in response
to an incoming event of interest. For example, let us consider a current-
biased STJ coupled to a FET transconductance preamplifier and exposed
to four incoming photons of the same energy and timing. Figure 4.1 shows
three pulse shapes at the output of a preamplifier employing a pulse-reset
technique (b), the continuous discharge via the feedback resistor (c), and,
finally, the continuous discharge through the forward-biased input-FET
(d). In Figure 4.1 (c), we emphasise the fact that the time constant of the
feedback circuit is large enough (due to the large RF) to consider the decay

176 PULSE PROCESSING ELECTRONICS



being linear at a reasonable input count rate. Pulse shapes are so obviously
different that it would not be possible to process all of them with the same
digital spectrometer, at least, without introducing some signal conditioning
unit and/or tuning the firmware and software algorithms. A similar

t

t

t

t

Incoming photons

Feedback resistor

Forward-biased input FET

Pulse reset

(a)

(b)

(c)

(d)

Figure 4.1 Three pulse shapes at the output of a preamplifier employing a pulse-
reset technique (b), the continuous discharge via the feedback resistor (c), and the
continuous discharge through the forward-biased input FET (d). Pulse shapes are so
obviously different that it would not be possible to process all of them with the same
digital spectrometer, at least, without introducing of a some signal conditioning unit
and/or tuning the firmware and software algorithms
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problem may occur even with the use of one type of the preamplifier.
Some superconductor detectors with large area absorbers and detector
arrays produce output pulses with a shape and timing changing as a
function of the position sensitivity. This can seriously affect the final
energy resolution caused by the incomplete charge collection and the
ballistic deficit unless the digital spectrometer takes into account details
of the detector arrangement, specifics of an application and introduces
necessary corrections into the final result.
From this short introduction, one can conclude that the development

of a digital spectrometer with adequate performance requires a creative
approach involving multidisciplinary expertise in system engineering,
electronics, software and applications.
The detector spectrometer performs five major functions, which involve:

1. the pulse recognition;
2. the separation of a pulse of interest produced by a primary sensor

from the parasitics and pile-up;
3. accurate measurement of its height or the area assuming these

parameters are proportional to the energy of an incoming X-ray
photon;

4. assigning a digital number (address) to each measurement; and,
finally,

5. adding a count to the corresponding channel in an MCA for
histogramming.

These functions lead us to a generic functional block diagram presented
in Figure 4.2. The signal of the preamplifier arrives at the input of a
signal conditioning unit (SCU) and a discriminator. The SCU modifies
the signal in such a way that its noise and amplitude match the resolu-
tion and the dynamic range of the analogue-to-digital converter (ADC).
The Nyquist pre-filter incorporated between the SCU and the ADC
minimises the aliasing effect caused by the digitisation process. The task
of the discriminator is to ensure that only one photon is measured at a
time. It includes a filter, comparator and trigger. In the digital spectro-
meters, the signal discrimination can be performed digitally using the
hardwired logic or/and the computation power of the digital signal
processor (DSP). In this case, the input of the discrimination unit should
be connected to the output of the ADC (shown by the dash line).
The efficiency of discriminators is very important in producing a final

spectrum free of artefacts such as, for instance, sum peaks. These peaks
appear when two X-rays arrive short after each other. If a discriminator
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does not distinguish between the peaks, the system counts them as one
(for instance, with the double energy in response to a monochromatic
irradiation). Sum peaks cause the identification error; that is an operator
may see peaks corresponding to elements that are not present in the
sample. The problem becomes even more serious if discriminators are
not efficient in detecting pile-up caused by low-energy photons. The
whole spectrum of a composition specimen (containing light chemical
elements) will be distorted, as sum peaks will be sitting on the high side
of every peak even at a quite modest count rate.
Pile-up grows at the square of the input count rate [4]. Therefore, the

presence of sum peaks can be determined by changing their intensities as
a function of the current of the excitation beam. Another method of the
pile up identification was proposed in [5]. It employs a random oscillator
producing pulses with fixed amplitude and a shape similar to the one of
the primary detector. The number of pulses injected by the oscillator is
compared with a number of counts in the artificial peak. The difference
yields the fraction of lost pulses due to pile-up with real events into the
sum peaks. By changing the amplitude of the pulses, it is possible to
monitor the efficiency of the discriminator in the whole energy range of
interest and even introduce quantitative corrections for errors caused by
the pile-up.

Preamplifier SCU Pre-filter ADC
Pulse-
shaping
network

Discriminator

Acceptance
gate

MCA

Energy spectrum
histogram

Figure 4.2 A generic functional block diagram of the digital spectrometer. The
signal of the preamplifier arrives at the input of a signal conditioning unit (SCU) and
a discriminator. The SCU modifies the signal in such a way that its noise and
amplitude match the resolution and the dynamic range of the ADC. The Nyquist
pre-filter incorporated between the SCU and the ADC minimises the aliasing effect
caused by the digitisation process. The task of the discriminator is to ensure that only
one photon is measured at a time. In the digital spectrometers, the signal discrimina-
tion can be performed digitally. In this case, the input of the discrimination unit
should be connected to the output of the ADC (shown by the dash line)
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High-quality spectrometers employ multichannel discriminators to
ensure an efficient pile-up protection over the wide range of the detec-
tion energy: fast, intermediary and slow ones. The speed is defined by the
time constant of the filter incorporated into each discrimination channel.
Fast discriminators deal with high-energy peaks when the system must
ensure the high throughput of data. Low-energy X-rays can be distin-
guished from noise only with the help of a filter with longer time
constants. Therefore, they are usually processed with the slow channel,
which offer a modest count rate capability.
The timing functionality of a discrimination unit depends on whether

a spectrometer employs a pulse-shaping network with a fixed or variable
integration time, Tp. In the system with a fixed Tp, the acceptance gate
will reject all pulses arriving within Tp, as shown in Figure 4.3(a). Tp in
the systems with the adaptive pulse-shaping network is defined by the
time interval between pulses (Figure 4.3b). An operator sets up only the
minimum processing time, Tpmin. If a following event occurs within
Tpmin, the acceptance gate rejects it. Other pulses will be counted in bins
of the MCA.

Spectrometer
with fixed
integration
time

Rejected

Rejected Rejected

(a)

Spectrometer
with adaptive
pulse shaping
network

(b)

Tp

Tp

Tp Tp

Tp

Tp

Tp

Figure 4.3 The output voltage of a pulse-reset preamplifier as a function of time
explaining the principle of spectrometers with a fixed (a) and variable (b) integration
time. In the system with a fixed Tp, the acceptance gate will reject all pulses arriving
within Tp. Tp in the systems with the adaptive pulse-shaping network is defined by
the time interval between pulses. An operator sets up only the minimum processing
time, Tpmin. If a following event occurs within Tpmin, the acceptance gate rejects it.
Other pulses will be counted in bins of the MCA
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The spectrum acquired with the variable integration time contains a
number of Gaussian shapes with a distribution of resolutions determined
by the distribution of arrival intervals of events on the voltage ramp.
Therefore, the final resolution depends on the rate and, in fact, two
consecutive measurements can yield different figures. With the sufficient
statistics, however, these variations normally smooth out.
At a low input count rate the resolution of the adaptive spectrometer

comes close to the resolution of a system with the fixed longest integra-
tion time. At the highest input count rate it becomes comparable with
results obtained with a spectrometer at the shortest fixed time constant.
In between, the adaptive spectrometers deliver a better energy resolu-
tion, as it uses the maximum of the available measurement time.
All digital spectrometers can be classified based on different types of

the signal conditioning units into three major categories:

1. AC-coupled spectrometers that employ a CR-differentiating net-
work between the output of the preamplifier and the pre-filter
circuit;

2. DC-coupled spectrometers in which the output of the preamplifier
is directly connected to the input of the pre-filter unit; and

3. DC-coupled spectrometers in which the low-frequency component
of the preamplifier output signal is subtracted by analogue means
in a controlled way.

In addition to that, each configuration can utilise some kind of a decon-
volver either for reducing the effect of the ballistic deficit or for the base
line correction. In what follows, we will discuss all three spectrometer
configurations in more detail.

4.1.1 AC-Coupled Digital Spectrometers

In an AC-coupled system, the output signal of the preamplifier is passed
through a CdRd differentiator, as shown in Figure 4.4. The transfer
function of the preamplifier is given by

Hpð j!Þ 
 Kpð!Þ
1þ j!�p

ð4:1:1Þ

where Kpð!Þ ¼ Að!Þ
1þAð!Þ

1
Cp
, �p ¼ RpCp and Rp ¼ RiRf

Riþ Rf
Að0Þþ1

.
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The inverse Fourier transform of expression (4.1.1) yields the impulse
transfer function of the preamplifier, hp(t). With usual assumptions
A  1,Ri ! 1, the time constant �p becomes equal to the feedback
time constant �p 
 �f ¼ RfCf and Kp 
 1

Cf
. This results in the exponen-

tially decaying hp(t)

hpðtÞ 
 1

Cf

e
� t
�f ð4:1:2Þ

The response of the preamplifier to the detector current Id(t) can be
found directly in the time domain using the convolution integral as
follows [6]

vpðtÞ ¼
Z Tc

0

Iðt0Þ 1

Cf
e
�t�t0

�f dt0 ¼ 1

Cf
e
� t
�f

Z Tc

0

Iðt0Þet0
�f dt0 ð4:1:3Þ

where Tc is the duration of the current pulse from the detector. The

integral
R Tc

0 Iðt0Þet0
�f dt0 is constant. Therefore, at t > Tc, the decay rate of

vp is defined by the time constant of the feedback network of the
preamplifier, as shown in Figure 4.5.

Detector

Preamplifier

Differentiator

Pre-filter
to ADC

Rf

Cd

Rd

Cf

Figure 4.4 A schematic diagram of the analogue channel of the AC-coupled
spectrometer system. The output signal of the preamplifier is passed through the
CdRd-differentiating network removing the DC component
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With a long time constant �f, the output signal of the preamplifier may
exceed the dynamic range of ADC at a certain input count rate. The
CdRd differentiator prevents that. Its transfer function is given by

Hdð j!Þ ¼
j!

1þ j!�d
ð4:1:4Þ

I(t)

t

t

Detector
current

Preamplifier
response

t

Differentiator-
compensated
response

vp(t)

vp(t)

Tc

Tc

Tc

t

vp (Tc)e
τf

t

vp (Tc)e
τd

Figure 4.5 Output signal of the detector, preamplifier and a CR-differentiating
network with the pole-zero correction
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with �d ¼ CdRd. The impulse response function of the preamplifier–
differentiator pair can be found from the inverse Fourier transform of
the product Hpð j!ÞHdð j!Þ. The result of calculation has the form

hðtÞ ¼ 1

Cf

w

w� 1
e
� t
�d � 1

w� 1
e
� t
�f

� �
ð4:1:5Þ

where w ¼ �f
�d
.

In order to simplify the pulse processing and minimise the ballistic
deficit it is desirable to change the response function, given by the
equation (4.1.5), to a single-pole response. An example of the single-
pole response function is shown in Figure 4.5. Analytically, it can be
written as

hðtÞ ¼ 1

Cf

w

w� 1
e
� t
�d ð4:1:6Þ

This operation is often called the pole-zero correction. There are two
ways to achieve this correction by employing either the compensation
technique or the deconvolution of the differentiator output signal
straight after its digitisation.
The compensation of the term 1

w�1 e
� t
�f is achieved by adding of a 1

w�1

fraction of the preamplifier output voltage to the output voltage of the
differentiation network, as shown in Figure 4.6. This basic pole-zero
cancellation circuit ensures a single-pole response at any desired decay
time produced by the time constant of the differentiator, �d.

1

Detector

Preamplifier

Pre-filter
to ADC

Rf

Cd

Rd

Cf

Attenuator

w – 1

+

Figure 4.6 A functional circuit diagram illustrating the pole-zero correction by
employing the compensation technique
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A first spectrometer incorporating an automatic pole-zero corrector
was described in [7]. In this design, the corrector adjusts a division ratio
of a digitally controlled attenuator until the signal at the output of the
pulse-shaping network does not show an overshot or an undershot with
respect to the zero line. Originally, automatic pole-zero adjustments
employed consecutive iteration algorithms required a certain amount
of the calibration time and X-ray pulses before a spectrometer is ready
for actual pulse processing. This works quite well with preamplifiers in
which the continuous discharge rate is fixed by a known feedback
resistor, Rf. In this case, the re-calibration procedure would only need
to be repeated after the exchange of the preamplifier by another one with
a different time constant, �f.
The problem becomes much more complex when spectrometer should

process the output signal of a preamplifier with the continuous discharge
via the forward-biased input transistor. The resistance of the forward
bias junction is a non-linear function of the voltage between the gate and
source electrodes. This generates a multi-pole response of the preampli-
fier that results in an impulse function with a complex decay tail. In
addition, the voltage across the gate–source electrodes and, hence, the
forward-biased resistance as well as the input capacitance depend
strongly on the rate and the energy of the incoming events. In order to
process such signals the spectrometer should monitor their shapes con-
tinuously and employ more sophisticated techniques that provide an
instant error correction.
All instant correction techniques are performed digitally on the basis

of the signal deconvolution theorem. The digital data accumulated
before the pulse-shaping stage are deconvolved so that to eliminate the
poles and zeroes introduced by a part or even the whole analogue
channel. This simplifies the signal itself, which may look like, for
instance, a pure exponential decay, and the algorithm of the digital
pulse-shaping network. An example of a real time recursive algorithm
removing the impulse response of the high pass CdRd network is
described in [8].
Clearing the data of all extra poles introduced by the whole analogue

channel leads to restoring the original shape of pulses generated by a
radiation event in the primary detector. First, this immediately recovers
the signal from the ballistic deficit, which is important for superconduc-
tor detectors with their substantial variations in the rise time. Second,
the pulse-shaping of the original charge distribution enabled us to
achieve the best compromise between the signal-to-noise ratio, the resolv-
ing time and the high throughput without the degradation of the energy
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resolution. This approach is currently at its initial development stage. It will
require seeking new optimum transfer functions of the pulse-shaping net-
works and introducing radical changes into pile-up rejection techniques.

4.1.2 Deconvolution Techniques

The idea of the total signal deconvolution and processing the restored
shape of the detector output signal is expected to be widely accepted in
the future digital radiation spectrometry. This is particularly true for
systems based on primary superconductor sensors such as the STJ and
the TES attached to large area absorbers. As we mentioned before, these
devices generate position-sensitive shapes and timing. The pulse peaks
convoluted with the impulse response of the analogue circuitry depend
non-linearly on energies of corresponding events. Unless properly cor-
rected, this non-linearity may cause a substantial degradation of the final
energy resolution and shifts peak positions on the energy histogram.
An example of a functional diagram of a digital spectrometer invol-

ving a deconvolution unit is shown in Figure 4.7. The deconvolver itself
is normally attached straight to the output of the digitiser. The numerical
strings of restored signals follow further down the usual root through the
pulse-shaping network, the gate to the MCA. The discriminator meas-
ures time between two consecutive pulses in order to determine whether
closely spaced peaks affect the accuracy of the deconvolution unit or/and
a pile-up is going to occur in the pulse-shaping network.

Pre-filter ADC Deconvolver

GATE

Discriminator

Register

Pulse-shaping
network

Figure 4.7 An example of a functional diagram of a digital spectrometer involving
a deconvolution unit. The deconvolver itself is normally attached straight to the
output of the digitiser. The numerical strings of restored signals follow further down
the usual root through the pulse-shaping network, the gate to the MCA. The
discriminator measures time between two consecutive pulses in order to determine
whether closely spaced peaks affect the accuracy of the deconvolution unit or/and a
pile-up is going to occur in the pulse-shaping network

186 PULSE PROCESSING ELECTRONICS



The signal at the input of the ADC is given by

vpðtÞ ¼
Z 1

�1
gðtÞf ðt � �Þd� ð4:1:7Þ

where g(t) is the output signal of a detector, f(t) represents the impulse
response of the analogue channel that includes a preamplifier, a pre-filter
and a CR-differentiating circuit in the AC-coupled spectrometers. The
ADC essentially transforms the equation (4.1.7) into a digital convolu-
tion integral in the form

vpðitsÞ ¼
X1
j¼0

gðjtsÞf ðits � jtsÞ ð4:1:8Þ

where ts is the sampling interval. With the timescale normalised by ts, we
can further modify (4.1.8) as follows

vpi ¼
X1
j¼0

gifi�j ð4:1:9Þ

In this expression, vpi, gi and fi�j become dimensionless numerical strings
representing samples of the output voltage of the analogue channel, the
detector response and the impulse response function respectively.
An ultimate goal of the deconvolution procedure is to resolve the

system of infinite number of linear equations (4.1.9) with respect to gi.
In practice, this can only be achieved by elimination of those equations
containing insignificant strings. It is desirable to develop a fast deconvo-
lution algorithm that does not require a large computational power and
provides continuous real time data flow in the spectrometer. One exam-
ple of such an algorithm, called Moving Window Deconvolution, was
proposed in [9]. Authors suggest to select an initial finite time window at
the beginning of the acquisition process. Within this window, one deals
with finite number of numerical strings with a length equal to the size of
the window. For instance, if the duration of the window is mts, then the
equation (4.1.9) takes the following truncated form [9]

vpi ¼
Xm
j¼0

gifi�j ð4:1:10Þ
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The solution of equation (4.1.10) with respect to gi yields the total
charge released by a detector during the selected time window mts as
follows

gð1Þ ¼
Xm
i¼0

gi ð4:1:11Þ

Sliding the window to the right by one sampling interval ts from
j ¼ 1 to j ¼ mþ 1 requires to solve one equation in order to find the
charge increment �g released during this interval. Therefore, total
charge released by the detector by the moment mþ 1 becomes

gð2Þ ¼ gð1Þ þ�gjmþ1 ð4:1:12Þ

Performing similar computations for all consecutive steps, until the final
one is reached, we derive the sought charge distribution function of the
detector. In order to further speed up resolving the inverse problem for gi
the impulse response function can be coded as a part of the spectrometer
firmware. The function f(t) itself can be either defined analytically, if
possible, or calculated from measured actual transfer function of the
analogue chain between the detector and the input of ADC.

4.1.3 DC-Coupled Digital Spectrometers

DC-coupled spectrometers do not employ the CR-differentiating net-
work. As a result, they do not require a pole-zero correction, but need
to use other means for matching the signal swing with the dynamic range
of the ADC. One example of a DC-coupled spectrometer is shown in
Figure 4.8. It works with a pulse-reset preamplifier producing a staircase
of non-decaying voltage steps. The reset is applied each time as the
voltage exceeds the dynamic range of the ADC. After anti-aliasing pre-
filtering, the preamplifier output is sampled continuously by the ADC
and X-ray pulse heights are derived by subtracting the weighted average
of a set of values before X-ray events from the weighted average of a set
of values after X-ray events. In fact, a set of values of a previous event
may serve as a base line for the following one.
This concept of the pulse-reset spectrometer, if it can be implemented,

achieves the best compromise among various figures of merit, primarily
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between the accuracy and the acquisition rate. There is a number of
factors characterising this compromise. These are:

1. The concept does not require a deconvolver that otherwise would be
needed to eliminate introduced poles. This reduces the overall pro-
cessing time and always-possible errors associated with any inverse
problem. The latter is very important because the deconvolution
technique indeed does not work well with the pulse-reset preampli-
fier. The digitisation of flat steps produces a string of correlated
samples. This correlation adds a substantial amount of noise to the
recovered distribution function g(t) due to non-linearities and the
quantisation noise of the ADC [10].

2. By measuring the voltage ramp the base line is recovered instantly
and automatically.

3. The peak position on the energy histogram does not shift with the
count rate and energy of photons. The peak stability is a particu-
larly important feature for the X-ray mapping with the following
quantitative analysis of small features in the large area samples.

The leakage current of the primary detector and the input-FET of the
transconductance preamplifier cause a finite slope of the ramp voltage,
as shown in Figure 4.9. Firmware should take it into account, for

Detector

Preamplifier

Reset

Comparator

Pre-filter ADC

DSP

Binned dataOutput
register

Figure 4.8 An example of a DC-coupled spectrometer. It works with a pulse-reset
preamplifier producing a staircase of non-decaying voltage steps. The reset is applied
each time as the voltage exceeds the dynamic range of the ADC. After anti-aliasing
pre-filtering, the preamplifier output is sampled continuously by the ADC and X-ray
pulse heights are derived by subtracting the average of a set of values before X-ray
events from a set of values after X-ray events. In fact, a set of values of a previous
event may serve as a base line for the following one
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instance, by introducing correction factors into weighting coefficients of
the pulse-shaping network. The correction factors stay constant as long
as the base temperature, the bias and other operating conditions of the
primary sensor do not change. If that is not the case, sampling the zero
base line, while events are not present, helps to continuously update the
values of correction factors during the pulse analysis.
A serious disadvantage of this type of DC-coupled spectrometers is a

rather inefficient usage of the dynamic range of the ADC. The dynamic
range should accommodate not just step heights produced by individ-
ual events, but also the whole amplitude of the ramp, Vm. Since the
ramp accommodates a certain amount of steps, a reset rate is governed
by a number of bits in the ADC, the input count rate and the leakage
current. Signal-to noise considerations do not allow Vm to be larger
than a couple of hundred mV even with 14- and 16-bit ADCs. If either
leakage current or the input count rate, or both of them happen to be
large, resetting may contribute a substantial portion of the dead time

Leakage current
(no events)

Slope

Preamplifier
output

Time

Tp

Base line sampling

Reset

Ramp
amplitude Vm

Figure 4.9 The leakage current of the primary detector and the input FET of the
transconductance preamplifier cause a finite slope of the ramp voltage. Firmware
should take it into account by introducing correction factors into weighting coeffi-
cients of the pulse-shaping network. The correction factors stay constant as long as
the base temperature, the bias and other operating conditions of the primary sensor
do not change. If that is not the case, sampling the zero base line, while events are not
present, allows one to continuously update the values of correction factors during
the sample analysis
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limiting the maximum possible throughput of the system. In this
respect, the DC-coupled spectrometers relay heavily on the major pro-
gress of high-speed precision ADCs. Semiconductor companies commit
serious investments in this field to primarily satisfy the demand of the
communication market. As a result, a wide selection of fast, relatively
inexpensive ADCs is now available (see, for instance a selection in
[11]). Modern ADCs make the configuration, shown in Figure 4.8,
quite competitive among other processing techniques. The future
competitiveness is linked with the future general progress in ADCs.

4.1.4 A DC-Coupled Digital Spectrometer with an Analogue
Signal Conditioner

A general purpose digital spectrometer may be required to accommo-
date voltage ramps that extend well above the dynamic range of any
ADC available. Such a signal has to be conditioned with some analogue
means before the conversion into digital strings. W. Warburton and
B. Hubbard [12] proposed a very inventive conditioning technique that,
similar to the CR-differentiating network, removes the low-frequency
component of the preamplifier output, but maintains the analogue
channel to be DC-coupled to the ADC. In other words, the method
preserves advantages of both the AC- and DC-coupled spectrometers
eliminating, however, major problems associated with the pole-zero
correction as well as the dynamic range and non-linearities of the ADC.
Figure 4.10 shows an example of the functional block diagram of the

ACU
Nyquist
pre-filter

ADC
Pulse-
shaping
network

Deconvolver

Pile-up
inspector

DSP Buffer

Figure 4.10 An example of the functional block diagram of the digital spectrometer
including an analogue conditioner (the concept is reproduced by permission of
W. Warburton). The analogue conditioning unit (ACU) follows directly the output
of the preamplifier
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digital spectrometer including an analogue conditioner. The analogue
conditioning unit (ACU) follows directly the output of the preampli-
fier. In the Warburton et al. technique, it contains a waveform genera-
tor, which is digitally controlled by the DSP. The waveform generator
constructs a sawtooth voltage to subtract it from the preamplifier
output signal, as illustrated in Figure 4.11. It can be seen that the swing

Preamplifier
output

Sawtooth
voltage

Output of analogue
conditioner

Figure 4.11 In the Warburton et al. technique [12], the analogue conditioning unit
contains a waveform generator, which is digitally controlled by the digital signal
processor (DSP). The waveform generator constructs a sawtooth voltage to subtract
it from the preamplifier output signal. It can be seen that the swing of the condi-
tioned signal becomes smaller and does not depend on the maximum voltage of the
ramp. At the same time, it contains all the information about the energy of incoming
events. Knowing the slope of the constructed sawtooth voltage it can be restored
with a non-complicated deconvolution algorithm (the concept is reproduced by
permission of W. Warburton)
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of the conditioned signal becomes smaller and does not depend on the
maximum voltage of the ramp. At the same time, it contains all the
information about the energy of incoming events. Knowing the slope of
the constructed sawtooth voltage it can be restored using a non-complicated
deconvolution algorithm.
The average slope of the ramp is given by

Slopeave ¼
Iinave þ Ileakage

Cf
ð4:1:13Þ

where Iinave is the average output current of the detector during ramp
time defined by the energy and the input rate of incoming events and
Ileakage is the total leakage current flowing into the input terminal of the
front-JFET. According to the equation (4.1.13), it may vary signifi-
cantly during the measurement time. Therefore, the DSP continuously
analyses the ADC output to prevent the difference signal departing
from the ADC allowed input range. In fact, it is adjusted in such a
way that the waveform generator produces almost a replica of the
average slope of the ramp.
Digital spectrometers comprising a signal conditioning unit can

employ very fast ADCs having a modest number of bits. This does not
affect the accuracy of the processing due to the reduced swing of the
incoming signal, but with less frequent resets increases dramatically the
maximum throughput that the spectrometer can handle. This property is
particularly valuable when a digital spectrometer has to operate with a
detector array and when a lot of background noise and parasitic events
are present in the detector output.

4.1.5 Digital Pulse-Shaping Filter

As we mentioned before, the pulse-shaping filters of digital spectro-
meters operate with strings of discrete values representing the output
voltage of a preamplifier rather than with the voltage itself like their
analogue counterparts. Yet the objective remains the same: to determine
the height of a step produced by an incoming event with the best possible
signal-to-noise ratio. Digital filters accomplish that by taking a weighted
average over the points before the step and subtracting it from the
average over the points after the step. This allows us to write down the
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filter function values {Ti} of a stream data {di} at time moments
fig ¼ t

Ts

n o��
integer

in the form [12]

Ti ¼ �
Xi�L�G

k¼i�2L�Gþ1

wkdk þ
Xk

k¼i�Lþ1

wkdk ð4:1:14Þ

where the length of the averaging, L ¼ Tp

Ts

n o��
integer

is the measurement

time, Tp, normalised by the sampling interval, Ts. It is equivalent to the

peaking time in the analogue filters. G ¼ Tg

Ts

n o��
integer

is the normalised

gap interval. The gap interval takes care of the ballistic deficit due to
finite charge collection time and includes the rise and settling times of
the step caused by the preamplifier. Discrete factors {wi} represent
weighting constants of the filter. They essentially determine the type of
average being computed, which is equivalent to the impulse response
function in the analogue domain. For instance, when the weighting
coefficients decrease with the separation from the step, the filter has a
‘‘cusp-like’’ response function. When weighting factors are constant, the
filter becomes trapezoidal. Both the cases are illustrated in Figure 4.12.
If the gap is negligibly small compared to the length, the trapezoidal

filter becomes triangular. It provides the best signal-to-noise ratio with
respect to the series part of the noise. The ‘‘cusp’’ filter is more efficient
in reducing the parallel noise. In the both cases though the noise indexes
grow as the gap increases. Therefore, one has to look for a compromise
in terms of the width of the gap to balance effects of the ballistic deficit
and noise indexes on the worsening of the final energy resolution of the
detector system.
The equation (4.1.14) requires the storage of the most recent 2LþG

data points and a large amount of time consuming adding operations.
This can be avoided by using the recursion relation between neighbour-
ing values Ti and Ti�1. Thus, the practical pulse-shaping algorithm takes
the following form [10,12]:

Ti ¼ Ti�1 þwidi � di�L�G þ di�2L�G ð4:1:15Þ

Further noting that the partial sum di�L�G þ di�2L�G is equal to the
partial sum di � di�L evaluated LþG time steps earlier, Ti can be
computed using only two FIFO memories. The first one with dimensions
Cw � L to hold L values for making sums di � di�L and the second one
with dimensions ðCw þ 1Þ � ðLþGÞ for actual calculating Ti. Here Cw

is the bit width of words of a DSP utilised.
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Digital filters, unlike their analogue counterparts, do not have decay-
ing tails on the completion of the basewidth 2LþG. Therefore, digital
spectrometers have a greater potential in terms of the throughput with-
out the degradation of the energy resolution.

Preamplifier
output
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Gap

Average
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Figure 4.12 Weighting constants of the digital filter essentially determine the type
of average being computed, which is equivalent to the impulse response function in
the analogue domain. For instance, when the weighting coefficients decrease with
the separation from the step, the filter has a ‘‘cusp-like’’ response function. When
weighting factors are constant, the filter becomes trapezoidal
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4.1.6 Throughput of Digital Spectrometers

4.1.6.1 Input count rate

There are three types of the input count rates (ICR) in every detector
system. These are the incoming ICR, the true ICR and the measured
ICR. The incoming ICR represents a rate at which radiation photons
interact with the primary detector. Due to the finite time constant of the
detector and the random nature of these interactions, a fraction of events
will be indistinguishable as separate ones. This happens when the arrival
times of, say, two photons are so close that they produce a joint single
pulse with a height proportional to the sum of their energies. A second
type of ICR is the rate at which pulses appear at the output of the
preamplifier or the input of the spectrometer. From the point of view
of a spectrometer, this is the true ICR. The system attempts to count all
preamplifier pulses with a height exceeding a threshold set up in the fast
discrimination channel. But, again, due to the pile-up in the fast channel
some of the pulses will be missed. Remaining pulses, which the system
manages to count and report to an operator, constitute a third type of
the ICR. It is called the measured ICR. Figure 4.13 helps to visualise all
three types of ICRs in the detector system.
Assuming that the Poisson statistics is applied and the condition

2�FICRtrue � 1 is met, all three types of ICR relate to each other as
follows [4]:

ICRtrue ¼ ICRincominge
��det ICRincoming ð4:1:16Þ

ICRmeasured ¼ ICRtruee
��F ICRtrue ð4:1:17Þ
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Preamp Processing

channel
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Gate
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Figure 4.13 A functional circuit diagram of a spectrometer illustrating different
types of input count rates (ICR)
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where �det and �F represent the time constants of the primary detector
and the filter in the fast discrimination channel respectively.

4.1.6.2 Output count rate

The time interval, which a system requires to process an incoming pulse,
is often called the dead time, �d. The reason for that comes from the fact
that from the moment a pulse has arrived at the input of the spectrometer
during the processing time �d, the spectrometer does not accept any
following pulses. The minimum dead time is defined by the basewidth
of the pulse-shaping filter

�d min ¼ 2Tp þ Tg ð4:1:18Þ

In practice, the dead time is always set up with some margin accommo-
dating the intervals required to perform the deconvolution, various
corrections, binning and so on. The relation between the ICRmeasured

and OCR is given by

OCR ¼ ICRmeasurede
��dICRmeasured ð4:1:19Þ

Expressions (4.1.16) and (4.1.17) should be used to introduce correc-
tions into the equation (4.1.19) if other types of ICR are to be used.
As the ICR increases, the number of events arriving within the interval

2Tp þ Tg and, therefore, rejected by the fast discrimination channel
becomes larger. As a result, at some incoming rate, the OCR reaches its
maximum saturation value. The maximum value of the output count
rate, OCRmax, at a fixed basewidth 2Tp þ Tg characterises the maximum
throughput of the spectrometer. OCRmax can be found from the plot of
the OCR as a function of ICRmeasured, as shown in Figure 4.14. If the plot
fits the equation (4.1.19), the maximum throughput takes the form

OCRmax ¼ 1

e�d
ð4:1:20Þ

All spectrometers employ an internal system clock. This gives to an
operator an option to set up the ‘‘live’’ time duration of the acquisition
rather than using the real time to eliminate the need for explicit time
corrections into the final spectrum. The ‘‘live’’ time is a measure with a
meaning opposite to the earlier discussed ‘‘dead’’ time, that is, the time
duration that it takes for the spectrometer to capture and processes only
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accepted and binned pulses. One needs to notice that the definitions of
the live time are somewhat different for analogue and digital spectro-
meters. Analogue spectrometers normally employ an input gate. The
input gate blocks following pulses from reaching the pulse-shaping
network while an accepted pulse is being shaped and digitised. In this
case, the live time is simply the time over which the input gate was held
open during the entire acquisition. In digital spectrometers, however, the
preamplifier signal is continuously digitised and pipelined. The live time
becomes a measure of the system availability to capture X-ray peaks
from the output of the digital filter. It can also be considered as the time
over which the virtual acceptance gate, shown in the functional block
diagram (Figure 4.2), is open.

4.2 ANALOGUE-TO-DIGITAL CONVERSION

4.2.1 ADC: Basic Information

The Analogue-to-Digital Converter is possibly the most critical compon-
ent of the detector system. In early analogue spectrometers, it was a part
of the MCA dealing with a perfectly conditioned, free from pile-up
pulse-shaping filter signal. In such configuration, an implementation of

ICR

OCR

Short dead time, τd

Long dead time, τd

OCRmax

OCRmax

Figure 4.14 The output count rate (OCR) as a function of the input count rate (ICR)
characterising the throughput of a spectrometer at short and long processing times, �d
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a relatively slow ADC with a modest number of bits could still result
in a reasonably good overall system performance. Modern digital
spectrometers, however, tend to digitise the analogue signal at an early
stage. Digital discrimination units and the pulse-shaping filter operate
with digital strings rather than the analogue signals. As a result, an
efficient rejection of the pile-up requires the conversion time of the
ADC to be much shorter compared to the smallest time constant of
the discrimination unit. In digital spectrometers, the converter must
handle noisy and poorly conditioned signals, especially coming from
non-synchronised pulse-reset preamplifiers. At the same time, moving
the ADC towards the front stages of the system means that its noise,
jitter, aliasing phenomenon and non-linearities have a much more pro-
nounced effect on the final energy spectrum. To summarise all that, one
can conclude without the exaggeration that a selection of an ADC
ultimately defines the compromise between the energy resolution and
the count rate capability of the whole system.
A functional diagram of the analogue-to-digital converter is shown in

Figure 4.15. It accepts an analogue voltage, VI, and produces an output
binary word b1b2 . . . bN of a fractional value, �V1 such that

�V1 ¼ b12
�1 þ b22

�2 þ � � � þ bN2
�N ¼ Vi

�Vr
ð4:2:1Þ

where logic coefficients b� take values 0 or 1, � is an appropriate scaling
constant called the ADC gain, and Vr is the internal reference voltage.
The equation (4.2.1) suggests that the conversion can be thought of as a
two-step process. The first step includes sampling the input signal, VI, in
time. It is usually performed at regularly spaced intervals, T, which
yields the sampling frequency defined as fs ¼ 1

T. The quantisation or
the digitisation of each taken sample in the amplitude occurs at the
second step. The dynamic range of an ADC is divided into 2N sub-ranges
called the least significant bit (LSB), �V1. The resolution of the ADC
with the parallel output code,N, determines the number of output leads,
as shown in Figure 4.15.

4.2.2 Quantisation and Thermal Noise of ADC

Due to a finite resolution the ADC is unable to distinguish different
levels of the input voltage within the LSB. Therefore, the maximum error
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of an ideal device can be as much as � 1
2 LSB. The difference between the

actual value of the input voltage and a value of the assigned output code
is called the quantisation error, qN. Its example is shown in Figure 4.16.
As can be seen, the error is an inherent feature of the A-to-D conversion
process. In other words, it cannot be eliminated. At the end of this
section, we will discuss briefly the sliding scale method, which allows
some reduction of qN at the expense of the total conversion time. Yet,
the mainstream minimisation of the quantisation error is achieved by
increasing the ADC resolution.
Let us assume that all channels of an ideal ADC have an equal

probability to sample the input signal. In this case, for each channel in
the range ��Vi

2 to �Vi

2

 �
the probability distribution pi ¼ 1

�Vi
¼ 1

�V,

where �V ¼ 2�N. The rms quantisation noise can be written as [13]

qrms
n ¼ 2

Z �V
2

0

px2dx

" #
¼ �Vffiffiffiffiffiffi

12
p ð4:2:2Þ

Analog
input

Start EOC

Output
codes

Reference

b1

b2

b3

bN

Figure 4.15 A functional diagram of the ADC
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Similar result can be achieved if the error within the channel can be
approximated by the linear function

eðtÞ ¼ �V
t

T
� 1

2

� �
ð4:2:3Þ

as illustrated in Figure 4.17. In this case, the rms value of e(t) is given by

qrms
n ¼ 1

T

Z T

0

�V2 t

T
� 1

2

� �2

dt

" #1
2

¼ �Vffiffiffiffiffiffi
12

p ð4:2:4Þ

Figure 4.18 illustrates the presence of the quantisation noise in the
explicit form in the digital spectrometer as a source of the noise codes
at the output of the ADC.

t

t

Quantisation error

V

Input
signal

Quantised
signal

Figure 4.16 The quantisation error of the ADC
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The signal-to-noise ratio of the ADC is defined as

SNRðdBÞ ¼ 20 log10
Vrms

i

qrms
n

� �
ð4:2:5Þ

It depends on the shape of the input signal. In the literature, the figure is
often quoted for the sinusoidal voltage, Vmax

i sinð!tÞ. This results in the
SNR due to quantisation error given by

SNRðdBÞ ¼ 20 log10 ¼ Vmax
i ffiffiffi
2

p � 2N
�1

ffiffiffiffiffiffi
12

p

Vmax
i

 !
¼ 6:02N þ 1:76 ð4:2:6Þ

e(t)

t

2

2
–

∆V

∆V

Figure 4.17 The linear approximation of the quantisation error within one channel

Preamplifier Prefilter ADC
Pulse-
shaping
filter

vp vth qn

+ + + rms

Figure 4.18 A functional block diagram of a detector spectrometer with noise
sources: vp is the noise of the preamplifier, vth is the thermal noise of the ADC,
and qn is the noise generated by the quantisation error
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Real ADCs have a number of other noise sources. These are the thermal
noise, the shot noise and the flicker noise of comparators, the fluctua-
tions of the reference voltage and passive components. The thermal
noise, vnth, can be represented by the equivalent input referred generator
with the effective noise resistor, Reff, so that

vrms
th ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kbReffBeff

p
ð4:2:7Þ

where Beff is the effective resolution bandwidth. Beff is derived from the
3-dB attenuation point on the plot of SNR as a function of frequency.
An energy resolution that a detector system is expected to provide

directly translates into the ADC gain and the dynamic range require-
ments. As we learned in previous chapters, the detector–preamplifier
couple generates a pulse step with a height, Vs, in response to an incom-
ing radiation photon. In addition, the signal contains a noise component
with a mean square value denoted as V2

p . After the digitisation, the total
noise component in strings is given by the sum

Vn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2

p þ ðVrms
th Þ2 þ ðqrms

n Þ2
q

ð4:2:8Þ

Neglecting for a moment the noise of ADC, we derive that the digitisa-
tion adds less than 1% to Vp if the condition

Vp

�V1
� 6:7 ð4:2:9Þ

is met. Equation (4.2.9) immediately sets up the gain of amplifier stages
preceding the ADC. Sometimes it can be expressed in the units V

bit

 �
if

�V1 is replaced by 1 bit.
Once �V1 has been defined then the ADC dynamic range is set by the

need to cover the maximum voltage delivered by the preamplifier or the
signal conditioning unit, Vm. A number of bits required to process
analogue signals without the saturation errors is given by

N ¼
log

Vm

�V1

� �
logð2Þ ð4:2:10Þ
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Example 4.1

Let us assume that a preamplifier generates a voltage step Vs ¼ 50mV
corresponding to a photon with an energy of E ¼ 5:9keV ðMnK�Þ. A
detector system is expected to show at this line an energy resolution
FWHM �EFWHM ¼ 20 eV. Based on this information we can derive the
rms noise at the output of the preamplifier as

Vp ¼ �EFWHMVs

2:35E
¼ 20 eV

2:35� 5900 eV

 72mV ð4:2:11Þ

According to equation (4.2.9), one bit of the ADC resolution should
correspond to approximately

�V1 ¼ Vp

6:7

 10:7mV

The maximum voltage at the output of preamplifier Vm ¼ 1V gives the
requirement for the dynamic range. Following the equation (4.2.10),

N ¼
log

1

10:7� 10�6

� �
logð2Þ 
 16

Setting an inspection time of the fast discrimination channel, TF ¼ 1ms,
we derive a sampling rate of the ADC as

RADC � 5
1

TF

 5MsPs

If such an ADC is not available then either the output voltage of the
preamplifier should be conditioned to reduce Vm or the time constant of
the discrimination channel made longer. For instance, the reduction of
Vm to a level of 0.2V would allow the implementation of a 14-bit ADC.
Fourteen-bit ADCs exist in a large variety from chip manufacturers with
a sample rate exceeding 100Msps.
Like any other noise components, nq enters the final noise budget and

affect the signal-to-noise ratio of the spectrometer. If the probability
distribution of samples is uniformly distributed within each quantisation
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interval, the rms error generated by nq at the output of the pulse-shaping
digital filter takes the form [14]

"rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

12

1

22N

r X
i

w2
i ð4:2:12Þ

where wi represent weighting coefficients of the nonrecursive digital
pulse shaping filters.
Provided that the probability distribution of the quantisation error is

Gaussian (which is true in the most of practical cases), its noise linewidth
at the FWHM is given by

FWHMq ¼ 2:36� "rms ð4:2:13Þ

The equation (4.2.12) works well only when the sampling is fast enough
to accumulate sufficient statistics for accurate averaging. If this condi-
tion is met then the minimisation of the quantisation error is achieved by
the mere increase of the ADC resolution and selecting filter algorithms
with low weights wi. If the number of accumulated samples is low, the
quantisation error becomes variable and well above the value defined by
(4.2.2), (4.2.4) and (4.2.12).

4.2.3 Non-linearities of ADC

After an ADC has passed the selection criteria on the resolution and
dynamic range, it needs to be examined on the differential and integral
non-linearities. The importance of this step results from the fact that
non-linearities modify the entire filter weighting function and affect the
final pulse classification in the energy histogram. Without adequate
corrections, the modified weighting functions make the whole proces-
sing channel less efficient in terms of the signal-to-noise ratio with
respect to all noise sources, the pile-up inspection, the final energy
resolution, tailing and the peak stability.

4.2.3.1 Differential non-linearity

In all real ADCs, the probability distribution function for each channel is
not uniform. This non-uniformity generates the differential non-linearity
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(DNL). Assuming themaximumDNL in terms of the channel width to be �,
the probability distribution function takes the following modified form

pr ¼ 1

�V
ð1� �Þ ð4:2:14Þ

Substituting the equation (4.2.14) into (4.2.2), we derive the variance of
the quantisation noise that takes into account the maximum differential
non-linearity

ðqrms
n Þ2 ¼ �V2

12
ð1� �Þ ð4:2:15Þ

In reality, the maximum DNL does not quite characterise the perform-
ance of the ADC. Due to the statistical nature of the error it is better to
utilise the variance of the DNL. Assuming that the probability distribu-
tion function of the differential non-linearity is uniform from �� to � its
variation can be estimated as follows [9]

var½DNL� ¼ 2

Z v

0

px2dx

	 

¼ ��V2

12
ffiffiffi
3

p ð4:2:16Þ

where jvj ¼ � �V2

12 is the function of the quantisation noise added due to
the differential non-linearity.
The purpose of the discussion was to show that the differential non-

linearity should be treated like any other source of noise discussed in the
previous chapter. Therefore, its final impact has to be found at the
output of the pulse-shaping filter using either the equation (4.2.12) or
by adding to a, b, c components from the preamplifier in quadrature and
calculating the overall signal-to-noise ratio, ENC and FWHM.
Figure 4.19(a) shows an example of the A-to-D conversion function

with the presence of differential non-linearity.

4.2.3.2 Integral non-linearity

The integral non-linearity can be visualised with the help of Figure
4.19(b). Unlike DNL, it generates a stationary systematic error that
can be corrected or compensated.
Let us assume that the maximum error is a 
 fraction of the

channel width. The error changes within an interval ranging
from �
�V

T to 
�V
T . Its probability distribution due to the integral
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Ideal ADC

Differential
non-linearity

Integral
non-linearity

(a)

(b)

(c)

Figure 4.19 The analogue-to-digital conversion function of an ideal ADC (a), an
ADC with a differential non-linearity (b) and an ADC with an integral non-linearity
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non-linearity (INL) takes the form p ¼ T
2
�V, which results in the

variance of the INL noise given by

var½INL� ¼ 2

Z 
�V
T

0

px2dx ¼ 
2�V2

6T2
ð4:2:17Þ

where T is the integration time of the pulse-shaping filter. The integral
non-linearity error referred to the input ADC appears as a series of step-
like noise pulses with amplitude inversely proportional to the duration of
the integration time. In this respect, the effect of INL on the final energy
resolution is usually smaller than DNL especially at long integration times.

4.2.3.3 Experimental evaluation of differential and integral
non-linearities

Manufacturers normally specify typical values of the DNL and the INL
of the commercial ADCs. This enables us to derive a rough estimate
of their influence on the energy spectrum histogram. If the influence is
substantial, ADCs need to be characterised individually in order to
correct for INL or/and select a chip with the best performance.
Figure 4.20 depicts a functional block diagram of a system measuring

non-linearities of an ADC being a part of a digital spectrometer. The input

Pulser Digital
spectrometer

Noise
source

Energy
histogram

+

Figure 4.20 A functional block diagram of a system measuring non-linearities of an
ADC being a part of a digital spectrometer. The input of the ADC is connected to
two oscillators. The pulse oscillator simulates the detector output. It generates pulses
with the adjustable amplitude. A calibrated noise source gives the measure for
deriving absolute figures of the quantisation noise caused by the DNL and the INL
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of the ADC is connected to two oscillators. The pulse oscillator simulates
the detector output. It generates pulses with the adjustable amplitude. A
calibrated noise source gives the measure for deriving absolute figures of
the quantisation noise caused by the DNL and the INL.
At the beginning, the system digitises the zero input signal. This

results in the ‘‘true’’ reference zero peak on the energy histogram. The
next step is to sample pulses with an amplitude n�V. The effect of
non-linearities can immediately be quantified from the difference
between the zero peak at n�V amplitude and the true zero peak in
quadrature. Changing the pulse height in steps so that n takes values
from 0 to N allows characterisation of the whole range of the ADC.
In these measurements, the DNL will appear as an additional noise
increasing the width of zero peak, whereas INL causes a peak shift as
a function of n.
There are other techniques for evaluating the quality of ADCs, for

instance, those using reference samples. Details of the measurement set-
up and some experimental results can be found in [9].

4.2.4 Aperture Time and Uncertainty

The sampling theorem assumes that values of the input signal are cap-
tured instantly at well-defined time moments. This can be expressed as

fsðnÞ ¼
Z 1

�1
f ðtÞ�ðt � n�Þdt ð4:2:18Þ

where �ðt � n�Þ is the Dirac delta function, f(t) is the input signal and
fs(n) is the sampled function F(t). In practice, however, the sampling
process takes a certain period of time and there is an uncertainty in an
actual instant at which samples have been taken. Following [15], the
sampling function can be represented in a modified form as follows

xsðnÞ ¼
Z 1

�1
f ðtÞ�ðt � n�Þdt ð4:2:19Þ

where �ðtÞ is already a continuous function of time, which includes
random variable responsible for the jitter of the sampling moments.
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Both the phenomena contribute to the signal degradation. In fact, they
may become dominant sources of noise in the digitisation process with
high resolution ADCs.

4.2.4.1 The effect of non-zero aperture time

A simplified sample-and-hold circuit is shown in Figure 4.21. In this
circuit, R is the output resistance of the follower 1. When the switch is
closed the output voltage takes the following form

VoutðtÞ ¼
Z t

�1
Vinð�Þe��t

RCd� ð4:2:20Þ

which implies that the function �ðtÞ is defined as

�ðtÞ ¼ e
t

RC; t < 0; �ðtÞ ¼ 0; t > 0

Expanding functions fs and xs as Taylor series and subtracting one from
another we can write down the expression for the error caused the non-
zero aperture time, t [15]:

"nzaðt0Þ ¼ f 0ðt0Þ
Z 0

�1
te

t
RCdt ð4:2:21Þ

According to equation (4.2.21), the error generated by the non-zero
sampling time is proportional to the product of the slew rate of the input
signal and the aperture time.

Vin

1

R

C

Vout

Figure 4.21 A simplified circuit diagram of the sample-and-hold circuit
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4.2.4.2 The effect of aperture uncertainty

The sampling instant uncertainty is often called the aperture uncertainty
or the aperture jitter. The aperture uncertainty is the more inclusive term
that takes into account all possible causes including noise, variations in
the signal amplitude-dependent delay (pronounced in the flash ADCs),
temperature, the clock instability and so on. The aperture jitter is usually
meant to result from the thermal noise only.
The presence of the aperture jitter can be described using the sampling

function in the form

�ðtÞ ¼ �ðt þ tjÞ ð4:2:22Þ

where tj represents the uncertainty in the sampling instant. Following the
same procedure as that for the non-zero aperture time, we derive the
error generated on each sample

"aj ¼ f 0ðt0Þtj ð4:2:23Þ

In other words, the error due to the jitter is proportional to the slew rate
of the input signal multiplied by the jitter time.
In order to characterise the quality of the conversion we must average

error voltages given by the equation (4.2.23) over thewhole sampling period
of the input signal. The rms value of the voltage error will be the product of
the rms value of the slew rate and the rms value of the time jitter, as follows

"
ðrmsÞ
aj ¼ f 0ðt0ÞðrmsÞtðrmsÞ

j ð4:2:24Þ

Since the aperture uncertainty acts as a wideband noise on the clock, it
appears at the digitisation stage as wideband noise due to mixing effect.
The spectrum of the noise is periodic and repeated around the sample
rate. In this respect, the clock stability becomes of paramount impor-
tance in order to reduce the degradation of the noise floor performance
of the ADC. However, even an ideal clock does not eliminate this noise
source completely.
The theoretical signal-to-noise ratio for an ADC limited by the aper-

ture uncertainty is given by [16]

SNRau ¼ �20 log10 2�fanalogt
ðrmsÞ
j

h i
ð4:2:25Þ

where fanalog is the frequency of the input signal.
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Example 4.2

Let us assume that we sample a full-scale sinusoidal signal with
fanalog ¼ 10MHz with the rms aperture jitter of 3ps. Then, according to
the equation (4.2.23), the expected error would limit the signal-to-noise
ratio to a value of 74.5dB. This corresponds to a signal-to-noise ratio of
an ideal 12-bit ADC which has the quantisation noise only.

4.2.5 Reduction of Differential Non-Linearity with Sliding
Scale Method

Sliding scale method was proposed first in [17]. This ingenious techni-
que enables the substantial reduction of the differential non-linearity in
all types of ADCs. Sometimes it is called ‘‘dithering’’. The principle of
the method is to add a small noise to the input signal, VI, of an ADC
and subtract it digitally from the output strings. In this case, even for
impulses of a constant height, VI, the coding will be spread over a
number of channels due to the added noise. The statistical distribution
of the final channel-number numbers will be determined by a weighted
average over part of the ADC range and will, therefore, be less sensitive
to the width of an individual channel. Assuming the channel profiles to
be rectangular (an ideal ADC) and that the width of a kth channel is
�Vk, then the effective width of the kth channel after smoothing, �V 0

k

is given by

�V 0
k ¼ 1

mþ 1

Xm
l¼0

�Vkþ1 ð4:2:26Þ

where m is a number of bits which are necessary to cover the peak-
to-peak amplitude of the added random signal. According to equation
(4.2.26), the variations in the width of the channels will be reduced by a
factor of ðmþ 1Þ.
An example of a practical implementation of this method is shown in

Figure 4.22. The system includes a random code generator that is trans-
formed into the voltage noise with a digital-to-analogue converter
(DAC). In doing so, noise codes are immediately available for the digital
subtraction. Thus, the method introduces negligible time delay into the
total processing channel. Yet, there is a price to pay for the sliding scale
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effect. An ADC may be required to have up to m extra bits of the
resolution to accommodate the smoothing random signal.
It was shown in [18] that the quantisation error can also be signifi-

cantly reduced if the arrival time of pulses is not synchronised with the
ADC acquisition time. In this case, the output of the digital filter is not a
single value for a fixed amplitude of the input pulse plus the quantisation
noise, but a quasi-Gaussian distribution around a some average value. In
other words, the random arrival time acts as a low-pass filter for the
quantization noise. It can be numerically evaluated using (4.2.12) with
appropriate indexes. An improvement achieved with this method can be
counteracted by a reduction in the signal-to-noise ratio due to the
aperture uncertainty. This will certainly happen if an ADC must sample
input voltages with high slew rates.
To summarise topics discussed in this section, we will write down a

generalised equation for the signal-to-noise ratio of a practical ADC that
takes into account the thermal noise, the differential non-linearity and
the aperture jitter [16]:

SNR� ¼ �20 log 2�fanalogt
ðrmsÞ
j

� �2
þ 1þ e

2N

� �2

þ V
ðrmsÞ
noise

2N

 !2
2
4

3
5

1
2

ð4:2:27Þ

where e and Vrms
noise represent the average differential non-linearity and

the thermal noise of a converter both expressed in units of the LSBs.

Vi

ADC

DAC
Random
code
generatorNoise

Digital
subtraction

to Filter
+ –

Figure 4.22 An example of a practical implementation of the sliding scale
method. The system includes a random code generator that is transformed into
the voltage noise with a digital-to-analogue converter (DAC). In doing so, noise
codes are immediately available for the digital subtraction. The method introduces
negligibly small time delay into the total processing channel. However, an ADC is
required to have up to m extra bits of the resolution to accommodate the smooth-
ing random signal
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4.3 DIGITAL RISE (FALL) TIME DISCRIMINATION

The major factors responsible for deviations in the pulse rise time at the
output of superconductor detectors result from a relatively long diffu-
sion time, �d. This makes the rise time position sensitive. For instance, in
the TES microcalorimeters, variations in �d lead to variations in a frac-
tion of the photon energy lost into the substrate and current leads. In the
particle detectors, �d causes an incomplete charge collection due to a
finite lifetime of particles. The incomplete charge collection means that
only a fraction of created quasiparticles are swept to the counter-
electrode and/or to the preamplifier input. As a result, the charge (current)
signal amplitude is lower than expected and the energy peaks on the
histogram shift towards lower values producing the measurement error.
It also often appears as a tail on the low energy side of the peak. An
example of such a spectrum is shown in Figure 4.23.
There are two other mechanisms that have effect on the incomplete

charge collection in the particle detectors with a superconducting absor-
ber. These are trapping quasiparticles and escaping high-energy phonons
into the substrate, counter-electrode and contact leads. Trapping centres
are essentially volumes with a suppressed energy gap created by imper-
fections of the crystalline structure and/or by Abrikosov vortices. Both
types of trapping centres tend to be correlated as the same crystalline
imperfections form pinning centres for vortices. In the large area absor-
bers, the film thickness and surface defects may also seriously influence
the diffusion dynamics of quasiparticles.
The incomplete charge collection broadens primarily low energy peaks

on the final histogram. However, worsening the energy resolution is not
the only consequence of the phenomenon. Non-Gaussian peak shapes

Counts

Channels

Peak

Low-energy
tail

Figure 4.23 An example of the energy spectrum, in which a peak is misshaped by
the incomplete charge collection. Some loss mechanisms can generate a tail on the
low energy side of the peak
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further distorted by the presence of tails make existing fitting algorithms
and together with them the whole quantitative analysis erroneous.
One universal way to reduce the incomplete charge collection is to

collimate detector area to a size when a quality of the energy spectrum
becomes acceptable. Collimators are normally used with all types of
detectors (superconductor and non-superconductor) to eliminate edge
effects. Apart from that, any further reduction in the sensitive area is a
serious drawback and necessarily narrows the detector applicability. An
X-ray optics helps, to some extend, in restoring the solid angle. At the
moment of preparing this book, the optics is quite expensive and com-
mercially not available in all the variety required.
The low energy tails that remain after the collimation can be further

reduced electronically using rise time discriminators. There are two
types of the rise time discriminators:

1. those that analyse the leading edge of the pulse; and
2. those measuring the cross-correlation factor between the shape of

an incoming pulse and a written in memory expected pulse shape.

In this section, we will briefly discuss both techniques.

4.3.1 Rise Time Discriminators Analysing the Leading Edge
of the Pulse

An example of the functional block diagram illustrating the technique is
shown in Figure 4.24. The rise time is estimated using the counter-
routine. It amounts to a number of clock intervals between the leading

Prefilter ADC Filter

Discriminator Differentiator

Counter

Clock

MCA

Rise time

Figure 4.24 A functional block diagram of a spectrometer employing the rise time
discrimination technique based on the analysis of the leading edge of the pulse
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edge of the pulse and its maximum at the output of the pulse-shaping
filter or another specially designed filter. Measuring the leading edge
may become a formidable task for some pulse shapes. Following a
standard procedure of mathematical analysis of complex function, a
double differentiation of the peak helps to identify the steepest region.

4.3.2 Cross-Correlation Pulse Shape Discriminators

An implementation of this type discriminator in the digital spectro-
meter is illustrated in the functional block diagram in Figure 4.25. The
cross-correlation factor between an incoming pulse and an expected
pulse shape is given by [19]

Cxz ¼
1
M

PM
j¼1

ðxj � �xxÞðzj � �zzÞ

�x�z
ð4:3:1Þ

where �2x ¼ 1
M

PM
j¼1

ðxj � �xxÞ2 and �2z ¼ 1
M

PM
j¼1

ðzj � �zzÞ2 with xj and zj repre-

senting the digitised input pulse and the predetermined pulse shape
respectively. The cross-correlation factor Cxz ranges from þ1 for the
perfect correlation to �1 for the perfect anticorrelation. A practical
acceptance value varies and depends on a type of application.
This technique is particularly useful for STJ detectors often showing

double energy peaks for monochromatic X-rays, which correspond to
the absorption of phonons at the upper or lower electrode. The absorp-
tion of phonons by different electrodes affects slightly the rise time itself
[20]. Thus, the rise time discriminators can detect variations in the

Prefilter ADC Filter

Discriminator

MCA

Correlometer

correlation
factor, Cxz

Figure 4.25 A functional block diagram of a spectrometer employing cross-correl-
ation pulse shape discriminators
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delays only in the cooperation with very fast current preamplifiers.
Otherwise, the cross-correlation technique is more efficient, of course,
at the expense of extending the processing time.
It will not be exaggerating to state that the loss mechanisms in super-

conductor detectors affect every single pulse arriving at the input of the
preamplifier. Therefore, the rejection of identified pulses is not an
option, as this would reduce the throughput of the detector system.
Instead, the digital spectrometer must implement some kind of the
amplitude correction algorithm. The development of such algorithms is
a creative process sometimes requiring a deep knowledge of the detector
physics on the microscopic level, as well as details of an intended
application. The prime task of any correction procedure is to distinguish
between the incomplete charge collections caused by different loss
mechanisms, as each of them may require dissimilar correction factors.
A practical way to do that is to use the bi-parametric representation of
the preamplified pulses proposed in [21]. On the bi-parametric plot,
each pulse is represented by a dot with the co-ordinates defined as the
pulse rise time and the channel number (Figure 4.26). Different mechan-
isms responsible for the incomplete charge collection are expected to
form defined lines, curves or densely populated areas. The heights of
pulses that belong to a line or a curve can be corrected using a fitted
function derived at a calibration stage with a known monochromatic

Rise time

Number of channel (amplitude)

Different loss mechanisms

Figure 4.26 A bi-parametric representation of the preamplified pulses proposed
in [21]. On the bi-parametric plot, each pulse is represented by a dot with the
co-ordinates defined as the pulse rise time and the channel number. Different
mechanisms responsible for the incomplete charge collection are expected to form
defined lines, curves or densely populated areas. The heights of pulses that belong to
a line or a curve can be corrected using a fitted function derived at a calibration stage
with a known monochromatic radiation source
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radiation source. In the electron-probe microanalysis, the incomplete
charge correction algorithms will be a part of the matrix corrections
adapted for superconducting detectors [22].
As an example, the position sensitivity of the superconductor detec-

tors with large absorbers was analysed in [23]. Assuming a constant loss
rate, the incomplete charge collection as a function of the distance from
the point where the interaction of the incoming photon with the absor-
ber takes place to the collection electrode of the STJ produces a straight
line on the bi-parametric plot. In this case, we can apply a linear sliding
method proposed in [21]. According to the method, the correction factor
has the following form

�cor ¼ Acor

A
¼ m� trise time

Am
ð4:3:2Þ

where A is the amplitude of the measured pulse, Acor is the expected
amplitude, trise time is the rise time of the pulse derived from the digital
processing algorithm and m is the slope of the fitting line of the bi-para-
metric function.
As we mentioned before, practical bi-parametric functions often cannot

be fitted with straight lines. Therefore, the amplitude correction procedures
as well as the correction factors take more complex forms. There is a
number of publications where one can find generic approaches and specific
examples in dealing with the problem in semiconductor detectors. Inter-
ested readers should refer, for instance, to [6] and [24] for further details.

4.4 SUPERCONDUCTOR DIGITAL SPECTROMETER

Superconductor electronics has a full range of components to reproduce
the functionality of practically any analogue or digital device available in
semiconductors. Earlier, in Chapter 3, we discussed high-resolution
analogue current amplifiers based on DC SQUIDs. Similar to diodes
and transistors, the Josephson junctions on their own and single- or
multiple-junction SQUIDs can also operate as digital components. In
fact, there are even two types of the superconductor logic families:

1. The voltage latching logic in which Josephson gates switch
between a superconducting state and a voltage state corresponding
to the logical states ‘‘0’’ and ‘‘1’’ [25]. The functionality of the gate
is illustrated in Figure 4.27.
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2. Single flux quantum non-latching logic operating with very short
voltage pulses.

Figure 4.28 explains the second principle. It shows an interferometer
incorporating a single Josephson junction with the critical current Ic. A
magnetic flux, �e, applied to a single junction interferometer evokes
a supercurrent I circulating in the loop. Once the supercurrent exceeds
a critical value Ic, the junction switches into a normal state to let the flux
quantum enter the interferometer. After the flux quantum has entered
the loop the junction returns to the superconducting state. During this

Ic
Load
resistor

I V = IcR: binary “1”

V=0: binary “0”

Figure 4.27 An example of the voltage latching logic in which a Josephson gate
switches between a superconducting state and a voltage state corresponding to the
logical states ‘‘0’’ and ‘‘1’’ [25]

(a) (b)

SFQ pulse

2mVps

Ic Ic

Φ Φο

Figure 4.28 A single junction interferometer representing a component of the single
flux quantum non-latching logic operating with very short voltage pulses. A mag-
netic flux, �e, applied to a single junction interferometer evokes a supercurrent I
circulating in the loop. Once the supercurrent exceeds a critical value Ic the junction
switches into a normal state to let the flux quantum enter the interferometer. During
this transient process, the interferometer generates a single flux voltage pulse (a). A
single flux quantum (SFQ) pulse applied to the junction changes the magnetic flux
inside the loop by the �0 (b). In other words, the single junction interferometer can
perform a function of a basic superconductor analogue-to-digital and digital-to
analogue converters
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transient process, the interferometer generates a single flux voltage pulse
with the area given by the Faraday’s law as

Z t

0

VðtÞdt ¼ �0 � 2mVps ð4:4:1Þ

The logic uses dynamic representation of information. The arrival of the
single flux quantum pulse between two consecutive clock pulses means
the binary ‘‘1’’, otherwise it is the binary ‘‘0’’.
The equation (4.4.1) works both ways. A single flux quantum (SFQ)

pulse applied to the junction changes the magnetic flux inside the loop
by the �0 (Figure 4.28). In other words, the single junction interferom-
eter can perform a function of a basic superconductor ADC and DAC.
The duration of the SFQ pulse represents the aperture time of the

ADC. Being very short (1–2 ps), it sets up the fundamental limit for the
product of resolution and the bandwidth, which is much higher com-
pared to that of conventional semiconductor ADCs. It is also expected
that superconductor digital spectrometers will be able to eliminate the
preamplifier stage from the analogue chain and digitise directly the
detector output. The development of such ADCs (sometimes they are
called digital SQUIDs) was pioneered by Fujimaki in 1988 [26]. They
employ the delta modulator architecture, as shown in Figure 4.29. The
concept was practically abandoned by the semiconductor industry in
favour of the delta–sigma ADCs because of the high differential non-
linearity and missing codes. But with a very short aperture, a limited
bandwidth required for superconductor detectors and oversampling
technique, it may provide adequate performance.

Comparator

DAC Counter

Analogue
signal

Digital string

+

Figure 4.29 A functional block diagram representing a superconducting ADC,
which normally employs the delta modulator architecture. Sometimes, such an
ADC is called a digital SQUID amplifier. The digital SQUID will combine functions
of the preamplifier and the ADC converting directly the output signal of a super-
conducting detector into a digital form
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An operation at a low temperature, which would be considered as a
serious drawback for a general purpose device, becomes one of the most
attractive features in the digital spectrometer processing pulses of cryo-
genic detectors. It becomes almost a necessity when operating with large
format detector arrays.
Superconductor digital spectrometers are still at an early development

stage. The functionality of all principal components has been proven
experimentally for both the types of logic. The progress in the field has
been captured in a number of excellent review papers. The most recent
of them are [27–29].

4.5 SELECTED TOPICS ON THE HARDWARE DESIGN

In this section, we will examine some hardware design techniques that
addresses the non-ideal behaviour of electronic components, matching
issues between different parts of the circuitry, grounding, electromagnetic
interference and so on. A distinctive feature of these and other similar design
aspects is the fact that they are invisible for standard design tools. In other
words, they do not enter directly into any of the equations describing the
system functionality. Yet neglecting them at the development stage proves to
be very costly: running late and well above the budget projects or the
acceptance of a degraded performance. For instance, the incorporation or
reshaping the ground plane may require re-laying poly chlorinated biphe-
nyls (PCBs), whereas a wrong grounding or the need in an extra shield will
probably result in alterations of the mechanical construction of a prototype.
The unpredictability and irreproducibility of the phenomena involved

make the discussion of the subject quite difficult. Logical sequences of
equations do not exist and, even if invented, will be of a little assistance
in the majority of practical situations. In what follows, we will try to
formulate some generic hardware design rules. We will pay particular
attention to those that are applicable to digital spectrometers operating
with superconducting detectors.

4.5.1 Noise Reduction in Systems with Switching Power
Supplies

Switching power supplies (SPS) have become a common choice in the
modern electronics. They are more than twice as efficient compared to
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linear power transformers. The high efficiency means that they dissipate
less power, do not require bulky heat sinks, are of smaller size, lighter
weight and, finally, lower cost. These benefits come with series draw-
backs, most notably adding a large noise to the output voltage. Spikes
generated by switching process create harmonics that extend over a
broad band of frequencies. It is common to measure their traces even
at 100MHz and higher. The noise propagates through connecting leads
as an electrical signal as well as through the air as the electromagnetic
radiation. If no measures are taken, the peak-to-peak amplitude of noise
is such that it will certainly affect the sensitive analogue circuitry of
detector systems. The high-frequency radiation can suppress the func-
tionality of superconductor devices incorporating Josephson junctions.
Whenever we have to deal with an interference problem it is advisable

to break it into three major components. One needs to locate the source
of noise, the conduction–radiation paths and the receipting points. The
minimisation of the overall effect of the interference on the system
performance assumes primarily working with each of these factors on
individual basis. In what follows, we will itemize some of the generic
recommendations:

1. Design around the source should include filtering, proper ground-
ing and perhaps some local shielding.

2. A proper grounding, shielding and the physical separation of the
source from a receipting point can attenuate the radiation and
conduction paths.

3. A filtering of power lines, grounding, the use of amplifiers with
differential inputs as well as differential outputs rejecting the
common mode signals help to improve immunity of the low noise
analogue circuitry.

Further, we will discuss all outlined techniques in more details.

4.5.1.1 Filtration

An SPS, as a part of the spectrometer, includes two types of filters. The
first one attenuates the interference signal propagating through the AC
power line and the second one reduces the noise at the output of the
supply. The configuration is illustrated schematically in Figure 4.30. The
power line filter represents a conventional single- or multiple-stage L, C,
R filter with some variations, which are governed by particular applica-
tions. They are designed to combat the common mode and differential
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mode spurious signals. The common mode signal is the signal that is
found on both power lines with the same amplitude and polarity. The
differential mode signal is present only on one of these lines. A series
inductances, L, create a high impedance path for the common mode
noise whereas capacitances act only against the differential mode noise.
Resistors damp possible LC resonance modes.
Experimenting with power lines is dangerous and, therefore, should

be avoided by the unauthorised personal. Efficient power line filters are
commercially available in very compact and convenient packages com-
bined with the entrance socket for the power line. Some extra filtering of
the high-frequency common mode noise can be achieved by using a
choke made of essentially a few turns of the power cable wound around
a large ferrite.
The output filter includes two types of capacitors connected in parallel:

a polarised electrolytic capacitor, C1, and a non-polarised ceramic capa-
citor, C2. This is due to the fact that starting from a certain frequency each
capacitor departs from its ideal behaviour caused by the presence of the
equivalent series resistance (ESR) and the equivalent series inductance
(ESL). ESL is normally characterised by the frequency at which the
component switches from a capacitive to inductive response function.
Figure 4.31 shows a SPICE model of the real capacitor network. A rough
guidance to the capacitance selection is given in Table 4.1. According to
the Table, the electrolytic capacitors help to combat the low-frequency
noise components, whereas the multilayer ceramic capacitors rectify
the high-frequency part of the noise spectrum. Tantalum and ceramic
capacitors are available in small sizes suitable for the surface mount.
An additional filtration of the power supply output is achieved by

employing linear voltage regulators. This must be traded off against the
power supply efficiency. Even a type of a chosen linear regulator may

L

L

L

L
R

C

C

CR SWITCHING
POWER
SUPPLY

L

C1 C2

R1

Output
AC power
line

POWER LINE FILTER

OUTPUT FILTER

+

+

+

– –

Figure 4.30 A functional block diagram of a switching power supply including two
types of filters. The front filter attenuates the interference signal propagating
through the AC power line and a second one reduces the noise and ripples at the
output of the supply
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affect the trade-off. For instance, low dropout devices do not reject noise
at frequencies above a few kHz.
All sensitive analogue and digital active components normally include

localised decoupling filters attached closely to power supply leads. They are
intended to further suppress high-frequency external ripples and to provide
the return path for AC current generated by the component itself. Signal
lines can also contain low-pass filters. Often these filters are integrated with
standard D-type or round connectors. These filtered connectors are also
available commercially. It is possible to order a customised design at an
extra cost when each line will have a specified corner frequency.

4.5.2 PCB Layout

As we mentioned earlier, designing a low-noise detector system must
include a stage at which all potential sources, paths and sensitive recep-
tors of electromagnetic signal are identified. It is advisable at this stage to
divide the circuitry into the smallest functional units and assign them to
one of layout blocks. These blocks can be, for instance, low level
analogue signals, high level analogue signals, low current digital signals,

Table 4.1 Capacitor performance as a function of frequency

Aluminium Electrolytic Tantalum Electrolytic Ceramic Multilayer

ESR �1� at 100 kHz �0:1� at 100 kHz �0:1� at 1MHz
ESL �100kHz �1MHz 1GHz

C

ESR

ESL
Leakage

Figure 4.31 A SPICE model of a real capacitor network. Starting from a certain
frequency each capacitor departs from its ideal behaviour caused by the presence of
the equivalent series resistance (ESR) and the equivalent series inductance (ESL). ESL
is normally characterised by the frequency, at which the component switches from a
capacitive to inductive response function
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high current digital busses and so on. From the previous section we
learned that the sampling clock in digital spectrometers requires a special
attention to avoid the jitter. The clock is as perceptive to the noise as the
low-level analogue signals, but causes as much trouble as any other
digital signals. Therefore, associated with it circuitry should, if possible,
be kept separate from other blocks as well. Once it is done, the next step
will be to organise individual ground planes, power lines/planes for each
of these blocks. The best option is to use a multilayer PCB design so that
at least one complete layer is dedicated to the ground plane. The
complete ground plane layer acts as low-impedance return path for
AC currents generated locally by active components and minimises
emissions of the high-frequency radiation by generating mirror images
of currents flowing in signal tracks. Signal traces embedded between the
ground and power planes have the minimum inductance. In fact, the
arrangement forms high-frequency transmission lines. The return cur-
rent path for high-frequency signal on a trace is located directly above
and below the trace on the ground and power planes. The high-
frequency signal is contained entirely inside the PCB.
Transmission lines must be properly terminated to avoid reflections.

Their characteristic impedance is given by

Z0 ¼ 87ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"r þ 1:41

p ln
5:98d

0:89wþ t

	 

ð4:5:1Þ

where "r is the dielectric constant of a material separating metallic
layers, d is the thickness of the board between metal layers (mm), w
and t represent the width and the thickness of metal trace respectively, in
mm. The propagation velocity of the signal has the form

v0
m

ns

h i

 1

42
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:475"r þ 0:67

p ð4:5:2Þ

If the ratio of track length to the rise time of the pulse exceeds the
propagation velocity defined by (4.5.2), the track should be treated as
a transmission line and requires the termination on both sides.
The debugging and troubleshooting of the multilayer PCB layout is

virtually impossible. Besides, a low-quality dielectric material with the
variable dielectric constant separating layers creates extra parasitic
capacitances that may affect the stability of some amplifiers. High-
frequency low-level oscillations are particularly difficult to detect as
attaching an oscilloscope probe to the amplifier terminals changes
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oscillating conditions. Therefore, several modifications of the PCB
layout should be envisaged at the design stage to address the problems.
A generic example of the PCB layout is shown in Figure 4.32. We
can see that the system has two separate analogue and digital ground
planes. Both the planes are kept separate until they reach the ‘‘star’’
ground point. Paths connecting individual grounds to the ‘‘star’’ ground
point are vital for the minimisation of the interaction between different
blocks. The paths are made of either multiple bus bars or wide copper
brads for the minimum resistance and inductance. The back-to-back
Schottky diodes are often used between grounds to prevent accidental
transient voltage gradients that could damage on-board components.
It is obvious that some electronic devices do not belong entirely to

one of the specified layout blocks. A good example of such a device is
the ADC that, by definition, must combine both analogue and digital
circuits. Since the ADC is a very important part of the digital spectro-
meter we will discuss their driving, layout and grounding in more
details.

Digital circuitry

Clock

Analogue circuitry

BUS

Power connector

Power line
filter

Power supply

Analogue power
supply filters

"star" ground

Digital power
supply filters

Figure 4.32 A generic example of the PCB layout. The system has two separate
analogue and digital ground planes. Both the planes are kept separate until they
reach the ‘‘star’’ ground point. Paths connecting individual grounds to the ‘‘star’’
ground point are vital for the minimisation of the interaction between different
blocks. The paths are either made of multiple bus bars or wide copper brads to
minimise their resistance and inductance
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4.5.3 Layout, Decoupling and Grounding of ADCs

High-performance ADCs such as the AD7671 with the true bipolar
input and AD7677 with the true differential input (16-bit resolution,
1-MHz bandwidth) have five specified ground pins. These are:

1. INGND to sense the analogue input signal;
2. REFGND belongs to the reference voltage;
3. AGND is the analogue circuitry ground;
4. DGND is the ground pin for digital circuitry of the ADC; and
5. OGND is the input–output interface and digital power ground.

This variety of available ground terminals gives a designer enough flex-
ibility to achieve in practice the best performance of the devices by
assigning their separate parts to different layout blocks. What is impor-
tant that the assignment can change depending on an application and a
surrounding circuitry and a layout. For instance, if a PCB has relatively
small dimensions and an ADC is placed in close proximity to the ‘‘star’’
ground, all grounds can be divided into three categories. The first one
combines INGND, REFGND and AGND that are joined together exter-
nally to the analogue ground plane. The second one, DGND, is attached
to the digital ground plane. It is advisable to always keep separate the
power digital grounds including the OGND from the rest of the circuitry.
In general, the name ‘‘DGND’’ on an ADC means literally that this pin

connects to the digital part of the device circuitry rather than it must be
attached to the digital ground plane of the detector system. In fact, running
an ADC with separate grounds can inject a substantial amount of the
digital noise into the analogue part of the device via stray capacitances,
especially if it involves long ground tracks. In this case, a manufacturer
would rather suggest to tie the DGNDpin to the analogue ground plane as
well with the minimum lead length [30]. Any extra impedance in the
DGND connection causes a rapid deterioration in the ADC performance.
When the AGND and DGND pins are joined together, it is vital to

prevent the ADC output driving high current loads. Using an isolation
buffer latch reduces the output currents and the back reaction of the
noise on the digital ground and the data bus on the analogue part of the
system.
The presence of some digital noise and a certain amount of electro-

magnetic interference signal on the ADC input pins is inevitable.
Employing ADCs with true differential inputs can further reduce the
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common mode component of these parasitic signals. This technique,
however, places particularly stringent requirements on the dynamics
and noise of the buffer converting single-ended output of the preampli-
fier into the differential ADC input. In order to maintain the overall
system accuracy, its noise, settling time and total harmonic distortion
(THD) must be considerably better than that of the ADC itself. A 180o

phase difference must be maintained with a good stability within the
ADC analogue bandwidth. The net signal-to-noise degradation due to a
signal-ended output-to-the-differential input buffer is given by [30]

SNRloss ¼ 20 log
Nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N2 þ �f�3dB
2:5en
Vmax

i

� �2r
0
BB@

1
CCA ð4:5:3Þ

where f�3dB is the 3-dB bandwidth of the ADC in MHz (or the cut-off
frequency of the Nyquist pre-filter), en is the equivalent input noise
voltage spectral frequency of the operational amplifiers utilised in the
buffer, Vmax

i is the full-scale input span of the ADC in V.
The resolution of the ADCs essentially defines what the settling time

of analogue components involved in the analogue channel must be. For
instance, an implementation of a 16-bit ADC would require the voltage
signal to be settled to an accuracy of 0.0015% before the sampling
occurs. Most data sheets specify the settling time to only 0.1% of the
full-scale. Therefore, it is up to a designer to verify the figure experi-
mentally at the component selection stage of a development project.

4.5.4 Grounding Aspects of the System Design

Figure 4.33 shows the optimum ground arrangement in the supercon-
ductor detector system. All internal PCB grounds of the detector, the
preamplifier and the spectrometer are referred to the common ‘‘star’’
ground point organised in the preamplifier enclosure. The internal
ground plane of the spectrometer and the power ground are coupled
via a small value capacitor, C. This is to prevent high-frequency oscilla-
tions in the spectrometer. A single-ended analogue communication
between the external equipment sitting on the power ground and the
detector system should be accomplished via a forward referencing iso-
lation amplifier, shown in Figure 4.34. The common mode rejection
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Figure 4.33 An optimum ground arrangement in the superconductor detector
system. All internal PCB grounds of the detector package, the preamplifier unit
and the spectrometer are referred to the common ‘‘star’’ ground point organised in
the preamplifier enclosure. The internal ground plane of the spectrometer and the
power ground are coupled via a small value capacitor, C. This is to prevent high-
frequency oscillations in the spectrometer
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Figure 4.34 A forward referencing isolation amplifier. The common mode rejec-
tion ratio of the ground noise in this amplifier is defined by how closely matched the
ratios of R2 to R1 and R4 to R3. R1 must include a value of the output impedance of
the signal source. The power supply for the isolation amplifier must be referenced to
the output signal common
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ratio of the ground noise in this amplifier is defined by how closely
matched the ratios of R2 to R1 and R4 to R3. R1 must include a value of
the output impedance of the signal source. The power supply for the
isolation amplifier must be referenced to the output signal common (see
capacitance, C1, in Figure 4.34).
Very often the detector system must have two power ground connec-

tions. This happens, for instance, in microanalysis, when the cryostat
with the detector is attached to the grounded electron microscope.
Moreover, there are many situations where the preamplifier and the
spectrometer are separated by long cables under formidable man-made
noise conditions. The metallic frame of a building is also not an equi-
potential structure. If the system is grounded at two different points of
the frame, the AC and DC potential difference between them create the
ground loop current in the cable shield, as shown in Figure 4.35. The
current couples into central conductors through the mutual inductance
and thus generates ground loop voltage noise at the input of the spectro-
meter buffer or pre-filter. A design of a cable affects the spectral char-
acteristics of this noise. With high-quality cables it will be concentrated
mainly in the low-frequency region. In this case, the differential amplifier
becomes an efficient tool in combating the problem. The differential
portion of the ground loop noise can be minimised by selecting a proper
value of the resistor R2, as shown in Figure 4.36. The resistor R1 matches
impedances of the preamplifier output and the cable for the minimum
reflection of the signal pulses.

Ground loop
current

Potential
difference

Ground 1 Ground 2

Preamplifier Spectrometer

Cable

Figure 4.35 An example of a system grounded at two different points of the
building ground. The AC and DC potential difference between them create the
ground loop current in the cable shield. The current couples into central conductors
through the mutual inductance and thus generates ground loop voltage noise at the
input of the spectrometer buffer or pre-filter
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5
Applications of Systems Based

on Superconducting Detectors

In the previous four chapters, we reviewed principles of superconductor
primary detectors, examined the signal propagation through the ana-
logue channel of the spectrometer, the digital signal processing and,
finally, discussed important aspects of the hardware design including
the electromagnetic interference problem and grounding. Now it is time
to show examples on how all this knowledge can be implemented in the
end-to-end development of the complete measurement systems with
advanced performance. We will mostly concentrate on two instruments
representing an immediate commercial interest. These are: the super-
conducting energy dispersive spectrometer (SEDS) for the X-ray electron-
probe nanoanalysis operating as a part of the high-resolution Field
Emission Gun Scanning Electron Microscope (FEG SEM) and the Time-
of-Flight mass-spectrometer (TOFMS) intended for the analysis of very
large mass biopolymers.
The electron-probe analysis is a technique tailored for the investiga-

tion of the textural context and the chemical composition of various
substances. The fundamental principle involves firing a beam of accel-
erated electrons onto a surface of a specimen of interest. The beam
induces an emission of characteristic X-rays from within the specimen,
which are subsequently measured by X-ray spectrometers.
An idea of the X-ray microanalysis was originally introduced by

R. Castaing in his PhD thesis (University of Paris, 1951). He also developed
the basic theory of the electron–X-ray interaction and demonstrated the
principle in combining the electron microprobe with the Wavelength
Dispersive Spectrometer (WDS).
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The era of the electron-probe microanalysis using the semiconductor
energy dispersive spectrometer (EDS) started in 1968 with the publica-
tion of the dedicated paper by R. Fitzgerald, K. Keil and K. Heinrich [1].
Fast and efficient semiconductor EDSs had become an ideal supporting
tool for rapid parallel developments in the imaging microscopy that took
place in the late 1960s with the advent of high-resolution Scanning
electron microscopes (SEM).
A further evolution in the electron-probe analysis will likely involve

the EDS based on cryogenic detectors. NIST scientists were first to
demonstrate new opportunities in the field [2]. In order to derive, say,
a chemical composition in a nanostructure or super-thin multilayer
interface, microscopes must operate with a low energy excitation and
low current beam. The electron-probe analysis has to rely entirely on
low intensity and closely positioned L, M peaks, where a high-energy
resolution and the energy-dispersive mode of operation of superconduc-
tor detectors are at a premium.
Time-of-Flight mass-spectrometers utilise the calorimetric property of

superconductor detectors (STJs and TESs). Their 100% efficiency is
maintained up to virtually any size and mass of biopolymer molecules,
even those that struggle to eject a measurable amount of electrons in
conventional ionisation multiparallel plates. Cryogenic detectors offer
new exciting opportunities in the high-precision mass-spectrometry. For
instance, they are capable to actually measure the kinetic energy of
molecules and thereby discriminate between a single molecule and speci-
men fragments, single- and multiple-charged molecules.
Certainly, there are many more potential applications for cryogenic

detectors. The fundamental research in astronomy, the whole probe
fluorescence analysis of light elements, crystallography, remote sensing
and so on will benefit from their unsurpassed energy resolution.
The overall evolution picture in these emerging technologies is very
dynamic. At this stage, it is sensible to follow current publications and
review papers presented at specialised conferences such as the Applied
Superconducting Conferences (ASC), the International Superconductor
Electronics Conferences (ISEC), Low Temperature Conferences (LT)
and so on.
The information about superconductor detector systems will be

incomplete without mentioning the accompanying components: the
X-ray optics, the ultra low temperature cryogenics, low-temperature
packaging, superconductor shielding and so on. We cannot describe
them here in detail, but will give a short review of relevant papers where
interested readers can find a more complete treatment.
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5.1 ELECTRON-PROBE NANOANALYSIS WITH
SUPERCONDUCTOR DETECTORS

5.1.1 Principle of the Electron-Probe Analysis

The electron-probe analysis is based on the measurement of the energy
and the intensity of characteristic X-ray photons, which are generated
during the interaction of the electron beam with a specimen. Figure 5.1
illustrates the interaction process. It presents a simplified shell model of a
generic atom with K, L and M energy shells fully occupied by electrons.
It is known that electrons tend to hold primarily the lowest possible
energy states in the atom where they incidentally would have the lowest
possible potential energy. For that reason, if a high-energy electron from
the beam ejects one of the inner electrons, the appeared vacancy is
quickly filled in by another electron from an outer shell. In Figure
5.1(a), the beam electron interacts with the L-shell electron transferring
to the latter its kinetic energy, E0. If the transferred energy exceeds the
binding energy, EL, the electron is forced to leave the shell. Figure 5.1(b)
shows the atom in a state when the L-shell position is vacant straight
after the ionisation process has been completed. If the vacancy is filled in
with the M-shell electron, its potential energy decreases from EM to EL.
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EM
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M
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EK EM
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M
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(a) (b) (c)
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ELEK ELEK EL

Figure 5.1 A simplified shell model of a generic atom with K, L andM energy shells
fully occupied by electrons. The beam electron interacts with the L-shell electron
transferring to the latter its kinetic energy, E0 (a). If the transferred energy exceeds
the binding energy, EL, the electron is forced to leave the shell. (b) shows the atom in
a state when the L-shell position is vacant straight after the ionisation process has
been completed. If the vacancy is filled in with the M-shell electron, its potential
energy decreases from EM to EL. The difference is released as a characteristic photon
with the energy � (EM � EL) (c)
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The difference is released as a characteristic photon with the energy
� (EM � EL) (Figure 5.1c).
A qualitative representation of peaks in the energy histogram gener-

ated by transitions between L–K shells, M–L shells and N–M shells, is
captured in Figure 5.2. In practice, the atomic shell structure is more
complex and, therefore, peaks can contain a number of satellite lines (see
details, for instance, in [3]). Yet, positions of each individual peak as
well as of all satellite lines on the energy scale are unique for each atom.
Thus, the measurement of characteristic X-rays helps to restore the
chemical composition of the specimen.
The identification of chemical elements from peak positions is called

qualitative analysis. Intensities of the characteristic peaks constitute the
input data for the quantitative analysis. After instrumental corrections,
the subtraction of the background and matrix corrections quantitative
analysis yields the concentration ratio of chemical elements in a specimen.
Instrumental factors that may have a substantial effect on the line

intensities include:

– X-ray collimation;
– windows and filters;
– trapping of stray electrons;

Counts

Energy

M
L

K

Background

Figure 5.2 A qualitative representation of peaks in the energy histogram generated
by transitions between L–K shells, M–L shells and N–M shells. In practice, the
atomic shell structure is more complex and, therefore, peaks can contain a number
of satellite lines [3]. Positions of each individual peak as well as of all satellite lines
on the energy scale are unique for each atom. Thus, the measurement of character-
istic X-rays helps to restore the chemical composition of the specimen. Characteristic
peaks sit on the top of the background noise called bremstrahlung
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– extraneous noise in the system;
– pile-up effect;
– Abrikosov vortices in the case of STJ detectors; and
– performance degradation of a detector with time due to thermo-
cycling, building up stresses in interfaces, changing diffusion times,
icing and so on.

5.1.1.1 Background noise in the energy histrogram

Figure 5.2 shows that characteristic peaks sit on the top of the background
noise signal. It originates from elastic collisions of probe electrons with
charged nuclei. During the process of the deceleration, the deflection
electrons bound to lose their kinetic energy generating X-ray photons.
The phenomenon is called bremstrahlung. Since free electrons do not have
quantum energy states, the energy spectrum of the bremstrahlung photons
is continuous extending from 0 to the excitation energy of the beam, E0.
The distribution of photons as a function of energy is given by [4]

NðEÞ ¼ 2� 10�9Z
E0 � E

E
ð5:1:1Þ

At a lower energy range the background decreases due to the absorption
of low-energy photons in the excitation volume of the sample. Figure 5.2
indicates that these photons cannot reach the detector rather than the
fact that they are not being generated.
The energy loss to the bremstrahlung is inherent to the electron-probe

analysis. Quantitatively it takes only a fraction of a per cent of the
incident beam energy. Yet, the created continuum imposes a fundamen-
tal limitation to the low-energy analysis and often sets up the minimum
detection limit.

5.1.1.2 Matrix corrections

The matrix correction procedure represents essentially a solution of the
inverse problem involving the relationship between corrected line intensi-
ties and the chemical composition. It must take into account all factors
that influence intensities of characteristic peaks. According to [5] these are:

– the absorption of characteristic X-rays;
– the secondary fluorescence generated by absorbed characteristic
X-rays and the background;
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– the backscattering of incident probe electrons;
– the variations in the efficiency of the X-ray production caused by the
‘‘stopping’’ power of the specimen and so on.

An illustration of all listed factors is given in Figure 5.3. For instance, the
absorption of characteristic X-rays occurs when their energy is used to
eject other electrons in the same (Auger effect) or other atoms. This
reduces a, so-called, fluorescence yield of the sample. At the same time,
transitions of electrons to occupy vacancies created by the absorption
effects enhance lower energy peaks in the spectrum. These peaks also
need to be corrected if they participate in the quantitative analysis.
Further details on the matrix correction technique can be found in [5,6].
Figure 5.3 shows that there are two excitation volumes in a specimen.

The primary volume of the direct interaction with the e-beam is sur-
rounded by a larger volume of secondary excitations, which also affect

Heat > 99% of incident energy

Electron beam

Primary interaction
volume

Detector

Characteristic X-rays
X-ray fluorescence
X-ray continuum

Auger mass
absorption

Secondary
fluorescence
volume

Figure 5.3 Schematic representation of interaction of the electron beam with a
specimen. There are two excitation volumes in a specimen. The primary volume of
the direct interaction is surrounded by a larger volume of secondary excitations,
which also affect the final spectrum of the X-ray spectrometer. The electron-probe
nanoanalysis requires both the volumes to be minimised so that they could be
contained well within a nanostructure under study or a thickness of layers in multi-
layer thin films
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the final spectrum of the X-ray spectrometer. The electron-probe nano-
analysis requires both the volumes to be minimised so that they could be
contained well within a nanostructure under study or a thickness of
layers in multilayer thin films. The characteristic dimensions of the
volumes such as the spot diameter and the penetration depth of the
incident electrons depend on the e-beam diameter, d, and the accelerat-
ing voltage, E0, respectively. According to [5], the minimisation of d can
be achieved by reducing the beam current, Ip, as

d ¼ ip
3
16�

2�C
�2

3
s

2
4

3
5

3
8

ð5:1:2Þ

where � is the brightness of the image, Cs is the spherical aberration
coefficient of the lens. With typical values of � ¼ 2:8� 104 A cm�2 sr�1

and Cs ¼ 50mm, the equation (5.1.2) suggests that the operation with a
maximum excitation current of a few pA will be needed to maintain a
spot size of approximately 10 nm. The number of electron arriving at the
specimen surface per second can be estimated as n0 
 6:25� 1018ips

1.
Most of the beam energy is dissipated into the heat. In practice, only a
fraction of a per cent of the beam electrons generates informative char-
acteristic X-rays. From a rough estimation, the generation rate of X-ray
photons available for the detection into the whole semisphere (a solid
angle of 2�) above the specimen is expected to be just a few thousand
counts per second. Such a low photon generation rate raises concerns
regarding the statistical error, which, incidentally, has to be kept either
well below the energy resolution of the spectrometer or low enough
to avoid severe overlapping between spectral peaks. The solid angle
and the quantum efficiency of the detector must be maximised in order
to be able to complete the data acquisition within a reasonable period of
time.
As we mentioned before, the penetration depth of the electron beam

into a sample is primarily a function of the accelerating voltage and the
mass density of the material. According to [7], the analytical resolution
follows a relationship of the form:

R½nm� ¼ 2:76
A

�Z0:89
E1:67
0 � E1:67

c

� � ð5:1:3Þ

where Ec is the critical excitation energy for the characteristic X-rays of
interest (keV), A is the atomic weight (g/mol), Z is the atomic number
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and � is the density of the specimen (g/cm�3). The intensity of character-
istic X-rays is given by [5]

I ¼ 3:48� 104
!L

Ac

� �
ðU � 1Þ1:67 ð5:1:4Þ

where ! is the fluorescence yield of the structure of interest, L is a
factor taking into account the loss of the ionisation resulting from
the electron backscattering, c ¼ 3� 105 keV2 cm�2 g

�1
, U ¼ E0

Ec
is the

overvoltage factor. The recommended value of the minimum overvoltage
is approximately 2 for the conventional quantitative electron-probe
analysis. The qualitative analysis can work with values as low as 1.5 [8].
The equations (5.1.3) and (5.1.4) show that the reduction in the

accelerating voltage of the current beam enables one to reach a sub-
mm spatial resolution at E0 lower than 10 keV [9]. However, the
nanoanalysis must rely mostly on lower intensity peaks. For instance,
an accelerating voltage E0 ¼ 5keV and an overvoltage U ¼ 2 will be
sufficient for the excitation of K lines up to the element with the
atomic number Z ¼ 16 (sulphur, K� ¼ 2:307keV), L lines up to
Z ¼ 43 (technetium, L�1 ¼ 2:4240 keV) and M lines up to Z ¼ 83
(bismuth, M�1,2 ¼ 2:4197 keV). All these peaks, including K lines of
light elements, have low fluorescence yields. In almost all possible
compositions, they are likely to be closely positioned on the energy
scale. In this case, the resolving power depends entirely on the energy
resolution of the spectrometer, particularly if a composition of a
specimen is not known in advance to apply the mathematical decon-
volution technique.
A good example of the resolving power of X-ray spectrometers is

shown in Figure 5.4. It demonstrates two spectra of the same BaTiO3

sample measured with a state of art Si EDS (a) and a NIST microcalori-
meter EDS(b). The sample was excited in the low voltage region with
E0 ¼ 3 keV. The conventional liquid-nitrogen-cooled Si EDS had the
energy resolution of 129 eV at MnK� (5890 eV) and 61 eV at CK�

(282 eV), whereas, for the NIST microcalorimeter, the figures were
better than 10 eV and 2 eV respectively. The mass fractions in the sample
were divided between Ba (0.589), Ti (0.205) and O (0.206). Carbon is
present as a contaminant.
Problems associated with low peak intensities and the peak over-

lapping are obvious. In Figure 5.4(a), Ba M-peaks are barely visible
above the background despite the large mass fraction of Ba in the sample.
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Figure 5.4 It demonstrates two spectra of the same BaTiO3 sample measured with
a state of art Si EDS (a) and a NIST microcalorimeter EDS (b). (Reproduced with
permission from D. Newbury, 2002.) NIST The sample was excited in the low
voltage region with E0 ¼ 3keV. The conventional liquid-nitrogen-cooled Si-EDS
had the energy resolution of 129 eV at MnK� (5890 eV) and 61 eV at CK�
(282 eV), whereas, for the NIST microcalorimeter, the figures were better than
10 eV and 2 eV respectively. The mass fractions in the sample were divided between
Ba (0.589), Ti (0.205) and O (0.206). Carbon is present as a contaminant
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The Ti L-peaks remained unresolved forming a shoulder on the O K peak.
Following [10], we can estimate the concentration limit of detection as

CDL ¼ 3:29affiffiffiffiffiffiffiffiffiffiffiffiffi
n� P

Ci


q ð5:1:5Þ

where a is the constant in Ziebold–Ogilvie hyperbolic equation [11], n is the
number ofmeasurements, � is themeasurement time,P is the peak counting
rate, Ci is the concentration (mass fraction) of an element of interest in the
compound and  is the peak to background ratio on the standard.
Newbury calculated the detection limit for both spectra shown in

Figure 5.4 as a function of the measurement time. The calculations were
based on the most prominent Ba M-peak resulted from the M3N1

transitions. For a reasonable measurement time � ¼ 1000 s, the detec-
tion limit of the Ba-like element in BaTiO3 with Si EDS (E0 ¼ 3 keV and
20% dead time) is CDL ¼ 0:098 [9].
The spectrum of the sample presented in Figure 5.4(b) is much clearer.

Themicrocalorimeter EDSprovides complete resolution of Ti L-peaks from
oxygen, and even separation between Ba M-family-peaks. The Newbury
evaluation showed a fivefold improvement in the concentration detection
limit. Its value is approximately CDL ¼ 0:0179 for the same measurement
time � ¼ 1000 s. The calculations assumed a maximum count rate of 800c/s
which can be achieved with the transition edge sensor microcalorimeter.
The detection limit can further be reduced by a factor of 3 by employing an
STJ detector spectrometer capable to count with a rate of 10kcps.

5.1.2 Solid Angle

The count rate capability is an important figure of merit of the X-ray
spectrometer. It often defines a scope of applications,which can be handled
with the instrument. Yet, as we mentioned before, a specific feature of the
electron-probe nanoanalysis is a relatively low photon generation rate
(PGR). Thus, the measurement time is governed by the active area of the
detector intercepting these photons and the distance between the detector
and the excitation volume in the specimen. Figure 5.5 illustrates the state-
ment. Provided that the X-ray intensity is uniform in all directions of the
semisphere above the specimen plane, the input count rate is given by

ICR ¼ PGR
�

2�
ð5:1:6Þ

where � is the solid angle of the detector.
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The solid angle is a three-dimensional analogue of the ordinary angle.
A solid angle, �, subtended by a surface S is defined as the surface area,
�, of a unit-sphere covered by the projection of the surface S onto the
unit-sphere [12], that is,

� ¼
ZZ
s

n̂n

r2
da ð5:1:7Þ

where n̂n is the unit-vector from the origin (middle of the excitation
volume), da is the differential area of a surface patch and r is the distance
from the origin to the patch.
The solid angle is measured in steradians, sr. A solid angle of 1 sr

represents a cone that covers an area of 1m2 on the surface of a 1-m radius
sphere. A full sphere has a solid angle of 4� sr. If the solid angle is below
0.2 sr, the equation (5.1.7) can be written down in the simplified form as

� ¼ A

r2
ð5:1:8Þ

where A is the active area of the detector after the collimation and r is the
distance between the excitation volume and the central point of the
absorber surface.
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Figure 5.5 Schematic representation of the electron-probe specimen-detector
arrangement in the nanoanalysis
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5.1.3 X-ray Optics

A typical area of a superconducting absorber attached to the STJ is
below 1mm2, as opposite to tens of mm2 of active area in semiconductor
detectors. The active area is normally further reduced by the collimation
to ensure that X-rays are incident only on the absorber and do not
hit sensors themselves. This, according to equation (5.1.8) yields a solid
angle as low as

� ¼ A

r2
	 �ð0:5mmÞ2

ð40mmÞ2 ¼ 4:9� 10�4 sr

Using the X-ray optics increases the effective solid angle of the spectro-
meter. An X-ray lens collects characteristic X-rays over a large solid
angle and focuses them onto a small area absorber of the superconductor
detector, as shown in Figure 5.6.
The major figures of merit characterising performance of the focusing

optics include an achievable spot size and an X-ray flux-density gain. It
is desirable to maximise both of them. The research and development is
currently concentrated on two types of lenses based on:

1. tapered monocapillaries [13,14]; and
2. polycapillary design.
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Figure 5.6 The solid angles of detectors without and with X-ray optics (a) and (b)
respectively. Using the X-ray optics increases the effective solid angle of the spectro-
meter. An X-ray lens collects characteristic X-rays over a larger solid angle and
focuses them onto a small area absorber of the superconductor detector
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Monocapillaries must have a very smooth internal glass surface, which
prevents the divergence of the X-rays by total repeated reflections.
Monocapillary lenses are able to provide a modest flux-density gain
and, therefore, X-ray spectrometers tend to utilise more advanced poly-
capillary counterparts.
A polycapillary lens can contain up to several thousands of individual

glass fibres. The fibres apart from those right in the centre of the lens are
bent so that they all are directed towards one focusing point coinciding
with the surface of the detector absorber. The lens must be carefully
selected to fit an intended measurement. The selection criterion is prim-
arily concerned with the energy range of X-ray photons that have to be
detected. The matter is that the outer surface microfibres have the
maximum bending angle. They are least efficient in transporting X-rays.
The efficiency decreases with the increase in the photon energy owing to
the energy dependence of the critical angle for the total reflection. Thus,
lenses are characterised by the cut-off energy, Ec.
The diameter of the spot on the absorber achieved with a polycapillary

lens is given by [15]

DðFWHMÞ 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2
ch þ ðF �	cÞ2

q
ð5:1:9Þ

where dch is the output diameter of the overall capillary channel, F is the
focal distance and	 is the critical angle for the total reflection. The critical
angle, in radians, can be derived approximated from the following equation

	cðEÞ 
 2:04� 10�2

ffiffiffi
�

p
E

ð5:1:10Þ

with E being the energy of the characteristic X-ray photons and � is the
density of the capillary material.
The commercially available polycapillary optic enables the reduction

of the spot size to a value of 0.3mm at energies below 1keV (see, for
instance, [16]). An optical gain of an X-ray lens as a function of the
energy was evaluated experimentally in [2]. A gain factor was reported
to be approximately 300 that ensured a solid angle of 4mst. The solid
angle was referred to a typical specimen-detector distance of 35mm
without the optic in place.
The effective solid angle and the take-off angle have a strong effect on

the quantitative analysis corrections for the self-absorption and other
matrix effects. The take-off angle is defined as an angle between the sur-
face of the specimen which is emitting the X-rays and a line connecting
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the excitation volume with the middle of the detector absorber or the
lens, if present. When an X-ray energy analyser is intended for use with a
scanning electron microscope, the solid angle, the take-off angle and the
distance between the excitation volume to the detector should be
included in the main specification list.

5.1.4 Cryogenics

As we mentioned before, superconductor detectors operate at ultralow
temperatures (ULT) below 0.3K. For those, who are not familiar with
the ULT cryogenics, it seems to be overcomplicated and is a serious
obstacle for the commercialisation of new advanced spectrometers. In
reality, refrigeration techniques are simple and commercially available
systems are quite compact and reliable [17]. Since superconductor detec-
tors (this is equally true for high-performance semiconductor detectors)
must be surrounded by vacuum to prevent icing, the contamination of
the active area and the X-ray absorption, the cryogenics, in fact,
becomes a natural integral part of the system.
Any cooling method is always based on the process of entropy reduc-

tion controlled by means of an external influence. Two of these methods
are most widely utilised in the practical cryogenics. The first one is based
on controlling the internal energy of gases, U, by means of the pressure,
p, and the volume, V, in the form

dU ¼ T � dS� p � dV ð5:1:11Þ

The second one relates to the entropy in paramagnetic materials gov-
erned by the applied magnetic field, B, and the magnetisation,M, so that

dU ¼ T � dSþ B � dM ð5:1:12Þ

The equation (5.1.11) represents the first law of the thermodynamics
derived for an ideal gas, whereas the equation (5.1.12) is its analogue
describing the thermodynamics of an ideal system ofmagnetic domains. In
both the equations, T is the temperature of the lattice and S is the entropy.

5.1.4.1 The 3He refrigerator

Figure 5.7 illustrates a concept of the cryogenic arrangement based on
the evaporation of 3He gas. Thewhole system is pre-cooled to approximately
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Figure 5.7 A concept of the cryogenic arrangement based on the evaporation of
3He gas. The whole system is pre-cooled to approximately 70 and 4K with a two-
stage pulse-tube mechanical cooler. The first 70K stage provides cooling for copper
heat shield that surrounds the inner volume of the cryostat. The shield together with
the aluminised super-insulation film intercepts the heat load from the room tem-
perature to the 4K shield. The 3He refrigerator consists of three major parts. These
are: the sorption pump, a first 4He liquefying chamber, called 1K pot and a second
3He liquefying chamber to which the cold finger with detector is attached. 4He gas is
condensed in the 1K pot. An outlet of the 1K pot is connected to a vacuum pump to
reduce the evaporation pressure and, thereby, to pre-cool the fist chamber to
approximately 1K. This temperature is sufficient to condense the 3He gas from the
room temperature storage. The liquid drips down into the second chamber at the
base of the refrigerator. Once the gas was condensed, the sorption pump is used to
reduce the vapour pressure of the 3He cooling liquid and attached to it cold finger to
a temperature approximately 0.24K within a few minutes
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70 and 4K with a two-stage pulse-tube mechanical cooler. This particular
type of the cooler is normally chosen due to the omission of displacers
moving up and down with each cycle inside vacuum seals. The feature
reduces substantially the vibration level compared to other competitive
technologies (which is very important for the electron-probe nanoanalysis)
and lengthens the mean time between maintenance up to 3–10 years of
exploitation [18].
The first 70K stage provides cooling for copper heat shield that

surrounds the inner volume of the cryostat. The shield together with
the aluminised super-insulation film intercepts the heat load from the
room temperature to the 4K shield. The cooling power of the 70K stage
is as large as 70W. Therefore, it can also accommodate input-FETs of
preamplifiers to reduce their noise. The 4K shield is attached to the
second cooling stage of the cryocooler. Its cooling power varies between
0.5 and 1W being a subject of a size, a design and the input power.
The 3He refrigerator consists of three major parts. These are: the

sorption pump, a first 4He liquefying chamber, called 1-K pot, and a
second 3He liquefying chamber to which the cold finger with detector is
attached. 4He gas is condensed in the 1-K pot. An outlet of the 1-K pot is
connected to a vacuum pump to reduce the evaporation pressure and,
thereby, to pre-cool the fist chamber to approximately 1K. This tem-
perature is sufficient to condense the 3He gas from the room temperature
storage. The liquid drips down into the second chamber at the base of
the refrigerator. Once the gas was condensed, the sorption pump is used
to reduce the vapour pressure of the 3He cooling liquid and attached to it
cold finger to a temperature approximately 0.24K within a few minutes.
The temperature of the sorb has strong effect on its gas absorption

rate. This, in turn, defines the vapour pressure of the 3He vapour, and,
thus, the temperature of the liquid 3He. A temperature stability as low as
1mK can be achieved on the cold finger with a temperature controller
that is set up to measure the sample temperature and control the power
supplied to the sorb heater.
A detailed description of the principle and design issues of the 3He

refrigerator can be found in [19] and [20].

5.1.4.2 The Adiabatic Demagnetisation Refrigerator (ADR)

Transition Edge Sensor (TES) microcalorimeters demonstrate their best
performance at a base temperature below 100mK [2]. 3He refrigerators
are incapable to cover this temperature range. Therefore, microcalorimeters
are normally mounted on cold fingers of ADRs. The principle of the ADR is
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based on the second technique, described by the equation (5.1.12). It
employs a volume filled with a paramagnetic material whose entropy is
controlled by an external magnetic field, B. The external magnetic field
interacts with magnetic moments of domains in such a way that they tend
to align along the vector �BB, thereby lowering the magnetic entropy of the
system. The entropy reaches its minimum when �BB is strong enough to
perfectly align all domains in its direction. The process of the alignment is
followed by the generation of heat in each domain, which is transferred to
the lattice rising the physical temperature of the volume. The heat can be
absorbed from the lattice through a specially designed thermal conduction
link. When the material regains its starting temperature, the thermolink
and the magnetic field are removed. The process of the randomisation of
magnetic moments in adiabatic conditions results in an increase of the
magnetic entropy and a subsequent decrease in the lattice temperature.
Figure 5.8 illustrates the process of the adiabatic refrigeration. It shows

the entropy of the paramagnetic material as a function of temperature.
The upper curve represents the entropy at a zero magnetic field, whereas
the lower one corresponds to B ¼ B0 > 0. The process starts at point 1
(T ¼ T1, B ¼ 0).With the heat link activated and themagnetic field set up
to a value of B0, the material becomes isothermally magnetised reducing
the entropy to point 2 (T ¼ T1, B ¼ B0). The next step is removing the
heat link and the external magnetic field. During the process of the
adiabatic demagnetisation the operating point returns onto the upper
curve, but at a lower temperature, T2 (point 3 with T ¼ T2, B ¼ 0). The
heat load will eventually warm up the volume. The entropy will follow the
upper curve until it has reached the starting point 1.
An example of the ADR design is shown schematically in Figure 5.9. It

consists of three major components. The first one is the paramagnetic
material inside a container, usually called the salt pill. The second
component is the superconducting magnet. The salt pill is suspended
inside the bore of the magnet with a carefully designed support structure.
This is made usually of tensioned strings having a very low thermal
conductivity to provide the adiabatic condition. The third major com-
ponent is the mechanical heat switch. The mechanical heat switch helps
to maintain temperature of the guard salt pill close to the temperature of
the second stage of the pulse tube (approximately 4K) during the iso-
thermal magnetisation. The TES microcalorimeter is mounted on the
end surface of the cold finger which, in turn, is attached to the salt pill.
The ADR is not capable to reduce a temperature from 4K to below

100mK in a single step. Therefore, it normally employs two different
paramagnetic materials, such as gadolinium gallium garnet (GGG) as a first
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stage guard pill (the upper pill in Figure 5.9) and ferric ammonium alum
(FAA), as a second stage (the lower pill in Figure 5.9). An example of a two-
stage ADR was described in [21]. The NIST group, incidentally, used a
refrigerator of this design to house themicrocalorimeter EDS reported in [2].
Two-stage ADRs require a rather high magnetic field, B0, of between

4 and 9T to bring to minimum the entropy of both the paramagnetic
materials. The magnetic field of this strength generates a lot of thermal
power in pills, which a compact mechanical cooler will struggle to absorb
over a reasonably short period of time. In order to avoid this drawback,
there is an upgraded design of the refrigerator. It is built as a truly two-stage
ADR, with separate magnets and heat switches for each pill [22]. Such a
design is called the double ADR. The double ADR needs only half of the
magnetic field strength to achieve performance similar to those of the two-
stage ADR with the guard pill. Their peak thermal load is compatible with
existing commercial pulse tube coolers. Details of the design and technical
specifications of the two-stage ADR can be found, for instance, in [22].

Temperature

Entropy

B = 0

B = B0

T1T2

1

23

Figure 5.8 The entropy of the paramagnetic material as a function of temperature.
The upper curve represents the entropy at a zero magnetic field, whereas the lower
one corresponds to B ¼ B0 > 0. The process starts at point 1 (T ¼ T1, B ¼ 0). With
the heat link activated and the magnetic field set up to a value of B0, the material
becomes isothermally magnetised reducing the entropy to point 2 (T ¼ T1, B ¼ B0).
The next step is removing the heat link and the external magnetic field. During the
process of the adiabatic demagnetisation, the operating point returns onto the upper
curve, but at a lower temperature, T2 (point 3 with T ¼ T2, B ¼ 0). The heat load
will eventually warm up the volume. The entropy will follow the upper curve until it
has reached the starting point 1
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The stability of the base temperature is a crucial factor in maintaining
the constant gain of the spectrometer. Practical ADRs operate at a
temperature, Tb, slightly higher than T2 (Figure 5.8). For that purpose,
the demagnetisation process is put to hold, once Tb has been reached by
the initial reduction of the magnetic field to an intermediary value B1

rather than zero. Figure 5.10 illustrates the case. The power supply of
the magnet is controlled with an intelligent temperature controller that

Pulse tube
cryocooler

First cooling stage

Second cooling stage

Mechanical heat switches

Cold finger

70 K heat shield

4 K heat shield

TES detector

Vacuum window

Field cancellation coils

Magnets

Magnetic shield

Salt pills

Figure 5.9 An example of the ADR design. It consists of three major components.
The first one is the paramagnetic material inside a container called the salt pill. The
second component is the superconducting magnet. The third major component is the
mechanical heat switch. The mechanical heat switch helps to maintain temperature
of the guard salt pill close to the temperature of the second stage of the pulse tube
(approximately 4K) during the isothermal magnetisation. The TES microcalorimeter
is mounted on the end surface of the cold finger which, in turn, is attached to the salt
pill
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monitors the temperature of the cold finger. A constant temperature is
maintained via a slow reduction of the field so that the cooling effect of
the demagnetisation process compensates the heat load from the detec-
tor and wiring, heat leaks into the cold finger and the pills, and, finally,
the heat radiation from the 4K shield. The algorithm of the servo-
control originates from the following expression [22]

dT

dt
¼ dQleak

dt

1

C
þ @T

@B

dB

dt
ð5:1:13Þ

In this equation,Qleak is the heat load, C is the specific capacitance of the
cold stage and t is the time.

5.1.4.3 Thermal conduction through solids

Perhaps the largest thermal load propagates through the wiring connect-
ing the room temperature electronics with devices mounted on the cold
stage. These include a detector or an array of detectors, a SQUID
preamplifier, thermometers and so on. In the normal metal wires, the
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B=B2
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Figure 5.10 The entropy of the paramagnetic material as a function of temperature
in a practical ADR. The magnetic field of the salt pill solenoid is gradually reduced to
maintain a stable base temperature Tb of the cold finger
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thermal conductivity, �, is proportional to the electric conductivity, �.
This follows from the Wiedemann–Franz law

� ¼ �2

3

kb
e

� �2

T� ð5:1:14Þ

where T is the average temperature of the wire and e is the charge of
the electron. A current flowing through the wire also generates the
Joule heating due to the resistance. In order to eliminate it, the 4K
stage and devices on the cold finger are connected by superconductor
wires. Below the transition temperature superconductors have a small
amount of conducting normal electrons. Therefore, superconductor
wires have very low thermal conductivity and a virtually zero Joule
heating.
A specific feature of superconductor wiring in the vacuum is the fact

that leads must be properly heat sinked on cold metallic surfaces to
maintain their superconductivity. In places where it cannot be done,
copper-clad wires are used. The copper surface layer keeps the wire cold,
whereas the current flows through the superconductor core without heat
dissipation.
Non-metallic joints and support structures also conduct heat into the

ULT stage. The heat flow through a bar of cross-sectional area, A, under
a temperature gradient, @T@x, is given by

Q ¼ �ðTÞA @T
@x

ð5:1:15Þ

where �(T) is the thermal conductivity as a function of temperature. The
thermal conductivity for the majority of materials that are utilised at low
temperatures can be found in [12, 19, 23].

5.1.4.4 The thermal conduction through gas

If two parallel surfaces have different temperatures, T1 and T2, the heat
conducted by a low-pressure gas is given by [23]

Q ¼ a0
4

� þ 1

� � 1

ffiffiffiffiffiffiffiffi
2R

�M

r
p
T2 � T1ffiffiffiffi

T
p

1

ð5:1:16Þ
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where M is the molecular weight, � is the ratio of specific heats of the
gas, R is the universal gas constant, p is the pressure and a0 is a factor
characterising surfaces. The factor is defined as

a0 ¼ a1a2

a2 þ A1

A2

� �
ð1� a2Þa1

ð5:1:17Þ

It can vary between 0 and 1. To be on the safe side one can assume a0
equal to 1. However, for clean polished surfaces and helium gas, a0 may
be as low as 0.025 [23].

5.1.4.5 The thermal radiation

The heat between two parallel surfaces can also be transferred through
the thermal radiation. White [23] proposed to evaluate it as follows

Q ¼ �AðT4
1 � T4

2Þ
"1"2

"1 þ "2 � "1"2
ð5:1:18Þ

where � is the Stephan constant, and "1 and "2 are emissivities of
surfaces. The emissivity is a strong function of the material type and
the quality of its mechanical finishing. For instance, for rough non-
metallic surfaces the emissivity is close to 1, whereas clean polished
metallic surfaces have " as low as 0.01.
Vibrations in the combination with the presence of the magnetic field

generate electromagnetic field and eddy currents which can be picked up
by sensitive superconductor detectors and the read-out electronics
through the inductive coupling or/and the heat propagation. The phe-
nomenon is often called ‘‘microphonic noise’’. It is potentially very dama-
ging. To avoid that superconducting spectrometers employ the magnetic
shield and compensation coils around salt pills and combined cryoperm/
superconductor shields protecting the primary detector and SQUIDs.

5.1.5 Magnetic Shielding at Low Temperature

Magnetic field is usually characterised using two units. These are the
magnetic flux density, B, and the magnetic field strength, H. The Inter-
national System of Units, SI, quantifies B in teslas (T) and H in A/m.
The old CGS system is still very popular among scientists especially in
expressing moderate magnetic fields. For convenience, we will give here
the conversion factors. These are:
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– oersted: 1Oe ¼ 79:57A/m;
– gauss: 1G ¼ 10�4 T; and
– 1 � ¼ 1 nT ¼ 10�5 G.

The functional dependence between the magnetic flux density and the
magnetic field strength in a soft magnetic material is given by

B ¼ 
0
rH ð5:1:19Þ

where 
0 ¼ 4�� 10�7 Hm�1 is the magnetic constant, 
r is the relative
permeability of the material.
The shielding factor of any screening configuration is generally

defined as a ratio between an increment in the external magnetic field
strength, He, and an increment in the magnetic field strength inside the
shield, Hi, caused by He, that is,

S ¼ He

Hi
ð5:1:20Þ

The analytical computation of S as a function of position in a screen of
an arbitrary form is quite complex. The complexity can be avoided by
using the numerical methods based on the finite element analysis.
A number of numerical simulation programs are now commercially
available. Many of them have a user-friendly interface, which merely
requires setting up the geometry and boundary conditions.
In practice, the shields are often being manufactured in three simple

forms. These are: cylinder with closed ends, cylinder with open ends and,
finally, cylinder with one open end. Assuming that the external field is
perfectly homogeneous we can roughly evaluate the shielding effective-
ness of each configuration.

5.1.5.1 Cylinder with closed ends

Figure 5.11 illustrates the configuration. The static shielding effect with
respect to the transversal field, Ht, is given by

St ¼ 
rd

D
þ 1 ð5:1:21Þ

where d is the wall thickness of the magnetic material and D is the
internal diameter of the cylinder. The equation (5.1.21) works well for
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a volume around a central point A with a radius r < D
2 provided that a

condition L > D is met.
When the external magnetic field is parallel to the axis, the shielding

factor takes the form

Sa ¼ 4NðSt � 1Þ
1þ D

2L

ð5:1:22Þ

whereN is the demagnetisation factor. The numerical values ofN can be
found in [24]. Here we will give 3 values for it: N ¼ 0:9 at
L/D ¼ 0:1; N ¼ 0:5 at L/D ¼ 1; and N ¼ 0:2 at L/D ¼ 10.

5.1.5.2 Cylinder with open ends

The analysis of this configuration will refer to Figure 5.12. The attenua-
tion of the transversal external field, Ht, at the centre point of the tube,
A, is given by

St2 ¼ StStc2
St þ Stc2

ð5:1:23Þ

Ht

L

Ha

D

A

Figure 5.11 The shield configuration as a cylinder with both ends closed
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whereas that with respect to the axial field has the form

Sa2 ¼ SaSac2
Sa þ Sac2

ð5:1:24Þ

In the equations (5.1.23) and (5.1.24), Stc2 and Sac2 represent correction
factors that take into account the field penetration through the open
ends. They are defined as

Stc2 
 1:6� e3:443
L
D ð5:1:25Þ

Sac2 
 0:45� e2
L
D at L=D > 0:8 ð5:1:26Þ

The expressions (5.1.25) and (5.1.26) were restored in the analytical
form from the experimental data published in [25].

Ht

L

Ha

D

A

Figure 5.12 The shield configuration as a cylinder with both ends open

ELECTRON-PROBE NANOANALYSIS 257



5.1.5.3 Cylinder with one open end

Shields with one open end are the most widespread in the low-tempera-
ture equipment as they allow an easy access to the screened volume. The
configuration is shown in Figure 5.13. The total shielding factors are
given by

1

St3
¼ 1

St
þ 1

Stc3
ð5:1:27Þ

for the transversal component of the field and

1

Sa3
¼ 1

Sa
þ 1

Sac3
ð5:1:28Þ

According to [24], the correction factors Stc3 and Sac3 have the form

Stc3 ¼ 31� e2:425
x
D ð5:1:29Þ

Sac3 ¼ 0:43� e4:5
x
D ð5:1:30Þ

Ht

L

Ha

D

A

x

Figure 5.13 The shield configuration as a cylinder with one end closed
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The transversal component of the magnetic field has a stronger impact
on the overall shielding effectiveness. This fact is sometimes not appre-
ciated by designers.
The most popular magnetic material used at cryogenic temperatures is

Cryoperm 10, which was developed by Vacuumschmelze. It is an alloy
with a high nickel concentration and has a large initial permeability. Its
maximum permeability, however, is achieved over a certain low tem-
perature range in which the shield should operate. The temperature
range can be controlled and optimised by appropriate heat treatment
and annealing procedures. The material optimised for operation at a
liquid nitrogen temperature (78K) and a liquid helium temperature (4K)
is available as standard options. Cryoperm 10 optimised for operation at
4.2K has the following major characteristics [25]:

– the maximum permeability 70 000;
– the maximum flux density 0.65T;
– coercivity 0.03A/cm;
– saturation flux density 0.8T;
– Curie temperature 400 �C;
– electrical resistivity 0.55�mm2/m; and
– density 0.87 g/cm3.

Cryoperm 10 with the saturation flux density of 0.8T cannot be used
directly for screening the salt pill magnet, which in the two-stage ADR
supplies as much as 6T or more. In order to circumvent the problem the
magnet must include dedicated field cancellation coils. The coils can
attenuate the stray field to a level well below 0.8T so that the shield is
able to practically eliminate the influence of the ADR magnet on the
detector performance.

5.1.5.4 Superconducting shielding

Magnetic shielding with the 
-metal material only is often not sufficient
for sensitive superconducting electronics. Even if the shielding factor is
adequate, magnetic domains generate magnetic noise that can be picked
up by a SQUID preamplifier, thereby, reducing the signal-to-noise ratio.
Superconductor shields are free from this drawback. Due to the Meiss-
ner effect the superconductor I excludes the external magnetic field from
the interior as long as its strength is below a certain value, called the first
critical magnetic field, Hc1.
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Unfortunately, a superconducting cylinder cooled down at the pre-
sence of an external flux �e, will essentially trap this flux inside com-
pleting it to a nearest quantum value n�0. Here n is the integer number.
In the superconducting state, the cylinder maintains the trapped flux to a
very high accuracy by developing screening currents, I. Fluctuations of
the trapped magnetic flux are below a measurable level. What causes a
concern is a parasitic signal generated by mechanical vibrations of a
sensor in the gradient of the trapped field. In the majority of applications
incorporating SQUIDs, it is desirable to minimise the magnetic field
inside the shield. This partially can be achieved by special cooling
techniques. But in practice, shields combine two cylinders, as shown in
Figure 5.14. An internal superconducting cylinder is immersed inside of
the 
-metal shield. The 
-metal shield reduces the DC component of the
external field, whereas the superconducting cylinder works against time
varying fields. Superconducting materials have superior shielding effi-
ciency compared to normal metals until the normal skin depth becomes

Ht

L

Ha

A

x

Figure 5.14 A combined 
-metal (outer cylinder) superconducting (inner cylinder)
shield. The 
-metal shield reduces the DC component of the external field, whereas
the superconducting cylinder works against time varying fields. Superconducting
materials have superior shielding efficiency compared to normal metals until the
normal skin depth becomes comparable to the field penetration depth. This happens
above microwave frequencies. Beyond the cross-over they are as efficient as normal
metals at high frequencies and superior at low frequencies down to zero
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comparable to the field penetration depth. This happens above micro-
wave frequencies. Beyond the cross-over they are as efficient as normal
metals at high frequencies and superior at low frequencies down to zero.
A superconductor cylinder with closed ends represents an ideal shield

with a virtually infinite shielding factor. With one end open, attenua-
tions of the axial and transversal components of the magnetic field
follow the following equations [26]:

Hax ¼ Haee
�3:5x

r ð5:1:31Þ

and

Htx ¼ Htee
�1:8x

r ð5:1:32Þ

respectively. The overall shielding factor of the combined shield can be
found as a product of individual shielding factors derived from equations
(5.1.23), (5.1.27), (5.1.31) and (5.1.32).

5.1.6 Solenoid Inside Cylindrical Superconducting Shield

The principle of STJ detectors requires the presence of a moderate
magnetic field to suppress the Josephson supercurrent. Some reports
suggest that the magnetic field also helps to reduce extra noise caused
by the flux-flow of Abrikosov vortices in transition edge sensors. If a
solenoid and a shield have comparable dimensions, the latter has a
significant effect on the strength and the uniformity of the field. The
uniformity is particularly important at operating detectors involving STJ
arrays. As an example, we will consider a configuration shown in Figure
5.15. In this figure, a superconducting cylinder with closed ends sur-
rounds a thin solenoid generating the field. According to [27], the dis-
tribution of the flux density inside the solenoid can be approximated by
the following equation:

Bxðx; yÞ ¼ �16�NIr

cL

X"
cos k2nx sin

k2nl

2
I0ðk2nyÞK1ðk2nrÞ

 
I1ðk2nrÞK1

�
k2nD
2

�
K1ðk2nrÞI1

�
k2nD
2

�� 1

!#
(5:1:33)
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where r and I are the radius and the length of the solenoid respectively,
D and L are the diameter and the length of the superconducting shield
respectively, N is the number of turns in the solenoid, I is the current
flowing through the solenoid windings, I0 and K0 are modified Bessel
functions of order 0, I1 and K1 are the modified Bessel functions of order
1, and k2n ¼ (2n�1)�

L .
The equation (5.1.33) was derived under an assumption that the

superconducting cylinder has a perfect shape. Any deviations from this
shape will affect Bx(x, y). The Figure 5.16 illustrates this statement.
Magnetic field generated by a solenoid near a superconducting surface
can also be calculated as a superposition of fields produced by the
solenoid itself and its mirror image. For instance, the tilted supercon-
ducting surface, shown in Figure 5.16 (b), modifies a value of Bx as well
as the pointing vector. An increase in the field component normal to the
surface of the detector absorber and/or the STJ itself may lead to trap-
ping vortices, which will modify the response of the detector as the
whole.
The annealed lead is normally utilised as the type-I superconducting

material for the shield manufacture. Due to its softness such a shield
must include a rigid non-magnetic former around which lead is
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Figure 5.15 A schematic representation of a thin solenoid inside a superconducting
shield with both ends closed
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shaped. Sometimes, shields are made of niobium. Niobium is the
superconductor of the type-II. Therefore, it traps Abrikosov vortices
during the cool down in its pinning centres. The vortices further
increase the non-uniformity of the magnetic field inside the solenoid.
In addition, they generate magnetic noise that can degrade perfor-
mance of SQUID amplifiers. Combining 
-metal and superconducting
shields together, however, attenuates the ambient field during the cool
down and reduces dramatically the number of trapped vortices. It is a
good practice to use such an arrangement.

5.1.7 Cryogenic Packaging for Superconducting Electronics

There are three types of major interconnects, which are employed in
cryogenic systems. They include superconductor–superconductor, super-
conductor–normal metal wirings and superconductor–semiconductor
interfaces. For instance, a superconductor–superconductor interface
is used in arrangements operating with persistent currents, such as
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B
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Figure 5.16 Magnetic field of a solenoid perfectly aligned with the shield axis (a)
and tilted with respect to the axis (b)
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superconducting matching transformers. Other circuits can also employ
it in order to eliminate the Johnson noise or the thermoelectric effect.
Superconductor–semiconductor interconnects are necessarily present in
multipixel detector arrays to accommodate address lines of MOSFET
switches and high data rate input–output.
An ULT cryogenic packaging has to meet a number of specific require-

ments. These are

– reliability at thermocycling (thermal shocks);
– no microphonic noise;
– low inductance;
– low thermal conductivity and so on.

They are not always easily achievable in the practical instruments. For
instance, covering the wire with a thicker insulation helps to prevent
developing short circuits, but reduces the heat flow from wire to a heat
sink. As a result, the wiremay stay above its transition temperature. Similar
considerations must be taken into account at the design stage of chips.
In general, the on-chip deposition and processing techniques of super-

conductors and semiconductors are often incompatible. Therefore, the
cryogenic electronics bounds to implement packaging concepts that
involve some form of the flip-chip bonding. Bonded dies are organised
into functional modules. The base chip of each module normally has
larger dimensions and contains rows of deposited contact pads along its
perimeter. The interconnection scheme between each module and a PCB
depends on an application and a required serviceability. For not
demanding ground-based research, modules can be repeatedly wire-
bonded on the PCB. Alternatively, flipped modules can be electrically
connected through beryllium–copper flat springs, as shown in Figure
5.17. Signals from the PCB are brought out of the cryogenic environment
via specialised coax cables or soft ribbon cables made of wire looms.
Specialised coax cables employ low thermal conductivity materials for

the central lead as well as for the shield braid to reduce the overall
thermal load onto the cold stage. Most popular materials are silver-
plated steel or/and beryllium–copper. There is a large variety of cable
diameters available starting from as small as 20mils.
Low frequency systems with a bandwidth below several MHz work

well with conventional wire looms. They also can work at higher
frequencies if covered by a metallisation layer serving as a ground plane.
A right choice of dielectric material and its thickness can provide 50�
transmission. A similar cable arrangement with deposited conducting
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tracks instead of wires is described in [28]. The cable has extremely low
thermal conductivity and operates adequately in multi-GHz I/O connec-
tions. A width as low as 1 in. accommodated 127 signal lines. This can
be further increased by a factor 9 [28].
The robust die attachment is often based on the conventional bump-

bonding technique. For this, chips with contact pads of wettable metal
are dipped into a melted solder. If that is not possible, solder spheres of an
appropriate diameter covered with wetting adhesive are placed on pads.
Then dies get aligned under the microscope to bring their surfaces
together into contact. Tacking is achieved under pressure by elevating
temperature to a value just below the melting point of the solder. The
reflow stage concludes the attachment process. Superconducting inter-
connects may require two or more reflow processes, as found in [29]. A
second reflow without pressure allows the surfaces to self-align avoiding
the formation of a possible cantilever effect at die edges.
The bump bonding technique utilises a solder with a low-temperature

melting point. This can be InSn (<140 �C) [29], the Wood alloy (65.5 �C)
and so on. Some chips, however, cannot withstand even this moderate
heating. In this case, the solder bumps are replaced by the conductive
epoxy which can be cured at a low temperature. The proximity effect does
not work in normal metal pastes. Therefore, interconnects have a finite
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Figure 5.17 Packaging of bump-bonding flip-chips on PCB: with wire-bonding (a),
with beryllium–copper flat springs (b)
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resistance at all temperatures. This is not always a disadvantage. Super-
conductor interconnects have quite high thermal resistance due to the
absence of conducting electrons. Normal metal adhesives provide a better
heat sinking of upper dies, if required. A superconducting paste has not
been developed yet. An average resistivity of In–Sn bumps is approxi-
mately 0:1m� at 4.5K for 0.1mm square pads. This can be more than
one order of magnitude higher for the low-temperature silver loaded epoxy.

5.1.8 Competitive Techniques in the Electron-Probe
Nanoanalysis

There are some other techniques apart from X-ray electron-probe
analysis and different types of X-ray spectrometers capable of delivering
information about a chemical composition of the specimen with a
sub-micrometer resolution. In this section, we will discuss briefly the
Auger spectroscopy as the closest competitive technique and the wave
dispersive spectrometer, whose energy resolution can be comparable with
that provided by superconductor detectors.

5.1.8.1 Auger spectroscopy

Similar to X-ray electron-probe analysis the Auger spectroscopy is based
on the interaction of the electron beam with the specimen. Figure 5.18
shows a simplified shell structure of the atom, which will help us to
explain the principle of the method. An incident electron from the excita-
tion beam with kinetic energy Ep ejects a core electron from, say, K shell
in the atom (a). An internal transition in the atom fills the core hole. In
Figure 5.18(b), an electron from the L shell takes the vacancy releasing the
energy Ek � EL. There is a probability that the photon Ek � EL will
transfer its energy to another electron, for instance, to one on theM shell.
This electron, called the Auger electron, is then ejected from the atom
available for detection. The energy of the Auger electron is given by

Ea ¼ Ek � EL � E�
M ð5:1:34Þ

where E�
M is the binding energy of the M shell electron in the presence

of a hole in the L shell. Figure 5.18(c) shows the atom in the double
ionised state, which is final from a point of view of the Auger spectro-
scopy. The equation (5.1.34) suggests that the Auger energy is unique
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to each atom and the method itself is capable to identify all chemical
elements containing more than two shell electrons (i.e. except hydro-
gen and helium).
The Auger spectroscopy is often called a surface-sensitive technique.

This is due to the fact that it provides information to a depth of only
5–10 Å [30]. The Auger electrons from deeper layers do not reach the
detector as a result of intense inelastic scattering that occurs in solids
with low energy electrons.
The method has a clear advantage if the surface analysis is actually

required. However, if the surface is contaminated or oxidised even in
this application its capabilities become very limited. The probability of
ejecting the Auger electron rather than X-ray photon is quite low.
Therefore, the accumulation of the Auger spectrum takes a longer time
in the nanoanalysis. The peak to background is worse compared to
X-ray electron-probe analysis as well.
The fact that Auger electrons arrive from shallow depths only makes

the Auger spectroscopy complementary to the conventional electron-
probe analysis when complex multilayer structures are to be studied. It
helps, for instance, to identify chemical composition from upper
oxidised or contaminated layers. This information can further be used
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Figure 5.18 A simplified shell structure of the atom, which helps to explain the
principle of the Auger spectroscopy. An incident electron from the excitation beam
with kinetic energy Ep ejects a core electron from K shell in the atom (a). An internal
transition in the atom fills the core hole (b). An electron from the L shell takes the
vacancy releasing the energyEk –EL. There is a probability that the photon Ek –EL will
transfer its energy to another electron, for instance, to one on theM shell. This electron,
called the Auger electron, is then ejected from the atom available for the detection
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in interpreting X-ray spectra obtained at different energies of the elec-
tron beam.
The technique is most suitable for specimens consisting of light

elements, which have a higher yield of Auger electrons and where
characteristic X-rays are prone to be masked by the bremstrahlung.

5.1.8.2 Wave dispersive spectrometers

Wave dispersive spectrometers, based on the Braggs invention in 1913, is
one of the oldest instruments in the nuclear science. It has been used
since the introduction of the first combination of the SEM and the
electron-probe X-ray analysis [31]. Before superconductor detectors
have appeared, the WDS was the only system capable to resolve between
the characteristic peaks in the energy spectrum with accuracy as good as
10 eV FWHM.
Figure 5.19 illustrates the principle of the Bragg spectrometer. As

we discussed earlier, the specimen emanates X-ray photons character-
istic of its chemical composition as a result of the interaction with the
electron-probe beam. Characteristic X-rays hit the Bragg crystal acting
essentially as a monochromator, that is it reflects only X-rays with the
energy given by

EBragg ¼ hc

2d sin �
ð5:1:35Þ

Electron-
probe

Beam

Specimen

Bragg crystal

Characteristic
X-rays

Detector

Figure 5.19 The principle of X-ray detection with the Bragg spectrometer
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where d is the interplanar spacing of the crystal and � is the diffraction
angle. The intensity of the reflected X-ray is measured with a fast, gas-
filled proportional detector. The peak position on the energy spectrum is
derived from the diffraction angle, �, so that the energy resolution of the
detector itself becomes largely irrelevant.
According to the equation (5.1.35), the energy resolution of the spec-

trometer rests on the mechanical precision with which separate compo-
nents and the assembly, as whole, is manufactured and maintained over
time. Oriented crystals must be carefully polished to avoid any mechan-
ical defects on their working surfaces on the atomic scale. Since the take-
off angle of characteristic X-rays does not change during the entire
measurement at a selected x, y position on the specimen, the diffraction
crystal and the gas proportional counter have to move along a focusing
curve to be able to satisfy the Braggs condition at different X-ray
energies.
The focusing volume where the specimen can be positioned is

obviously limited. The actual dimensions of the volume depend on the focus-
ing geometry of a WDS chosen. For instance, using the fully focusing
Johansson geometry, the focusing area is represented by an ellipsoid
with axes of several mm parallel to the width of the diffraction crystal,
but only several mm normal to the diffracting planes. This suggests that
the co-ordinates of the measurement spot on the sample relative to
spectrometer optics need to be known with the sub-
m accuracy. The
knowledge should be maintained throughout the entire analysis.
According to [32], the efficiency of WDS varies with the solid angle

subtended by the Braggs crystal, and the reflection efficiency of the crystal
and the detection efficiency of the proportional counter. As theBragg angle,
�, increases, the efficiency shows downward trend, whereas the energy
resolution is improving due to the fact that the effect of aberrations of the
curved crystal geometry becomes less pronounced. This means that a type
of the crystal and a focusing geometry optimised, say, for measurements of
well-separated peaks with a much greater intensity than the background
will not be optimal for the overlapped low intensity peaks. A general
purpose instrument must bear a compromise between the efficiency and
the energy resolution. The intercomparison between different techniques
and instruments should also involve compromisedperformance rather than
the best major figures ofmerit ever achievedwith one type of the specimen.
Once the required mechanical precision is achieved, an optimum

focusing geometry and crystals are selected, and the whole set of instru-
ments operates under the full computer automation all mentioned and
some other technical problems become largely irrelevant for a user (not
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for a manufacturer though!). A usefulness of a spectrometer is defined by
such factors as the quality of the spectrum and its acquisition time. From
this point of view, the WDS has never been and hardly will ever become
a self-sufficient instrument for the electron-probe analysis. This conclu-
sion results from the time serial nature of its spectral collection. It takes n
times as long for the WDS to derive an energy spectrum of the same
quality as that obtained with a Superconductor Energy Dispersive Spec-
trometer (SEDS), where n is the number of bins in the energy spectrum.
In the electron-probe microanalysis, the low efficiency of WDS can be
partially compensated by operating them at high count rates with large
beam currents of several hundreds nA. The gas filled proportional coun-
ter can easily operate up to 50 kcps. This, however, is not acceptable in
the nanoanalysis: such strong currents would simply damage the nano-
structure of interest.
In the electron-probe nanoanalysis with its limited photon generation

rate and ultimately low-intensity overlapped peaks, the quantum,
geometrical and time efficiencies of the spectrometer become ultimately
important. The WDS is good at tracing known elements. It works well in
combination with semiconductor EDS providing initial qualitative infor-
mation about a specimen. The SEDS alone replaces both the instru-
ments. In other words, it is capable to provide a similar or better
quality of information about the specimen as both of them at a much
shorter time.

5.2 BIOPOLYMER MASS SPECTROMETER

Matrix Assisted Laser Desorption/Ionization (MALDI) and Time-of-
Flight mass spectrometers (TOFMS) are probably the most widely util-
ised tools in the modern biochemistry to analyse the mass distribution in
large biological molecules such as proteins and DNA fragments as well
as the whole bacteria cells and microorganisms [33]. The principle of the
instrument is illustrated in Figure 5.20. The specimen is a single-crystal
silicon substrate covered with a film containing molecules of interest
embedded in a light absorbing matrix. For instance, in experiments,
described in [34], the MALDI-probe consisted of a lysozyme protein
solution with a molecular mass M ¼ 14300Da mixed in a sinapic acid
matrix with M ¼ 224Da (1Da ¼ 1 amu). After drying in air under the
infrared lamp, the matrix takes the form of small crystals with a low
melting point. Thus, when the laser pulse with sufficient energy hits the
surface of the specimen, affected matrix crystals melt and evaporate,
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thereby freeing unfragmented proteins. Charged molecules are then
accelerated in the electric field and fly ballistically over the distance
between the sample and the detector. During the flight a molecule is
exposed to a potential energy of the electric field given by

Ep ¼ qU ð5:2:1Þ

where q is the charge of the molecule, U is the acceleration voltage
(usually around 30kV). Just before hitting the surface of a detector,
the molecule gains a kinetic energy

Ek ¼ M
v2

2
ð5:2:2Þ

where M is the mass of the molecule, v is its velocity at the end of the
flight. The equations (5.2.1) and (5.2.2) suggest that the mass of the
molecule is a function of the time-of-flight, t, which can be expressed in
a simplified form as

M / 21qU

l2
t2 ð5:2:3Þ

where l is the length of the acceleration tube.

qU
2

mV 2

Electric field, U

Acceleration length, ~1 m

UV laser

Specimen

Charged ion

High vacuum

Detector

Figure 5.20 The principle of the time-of-flight mass-spectrometer. The specimen is
a single-crystal silicon substrate covered with a film containing molecules of interest
embedded in a light absorbing matrix. When the laser pulse with sufficient energy
hits the surface of the specimen, affected matrix crystals melt and evaporate, thereby
freeing unfragmented proteins. Charged molecules are then accelerated in the electric
field and fly ballistically over the distance between the sample and the detector
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In this application, the energy resolution of the detector is largely
irrelevant. It needs to perform only one function, which is the accurate
determination of the arrival time of each bio-molecule at its surface. The
differentiation of the equation (5.2.3) yields that the mass resolution is
directly related to the time-of-flight resolution [35] as follows

�M

M
� 2

�t

t
ð5:2:4Þ

Conventional MALDI–TOF spectrometers employ micro-channel
plates (MCPs) to detect the arrival times of molecular ions. Their prin-
ciple is based on the secondary electron emission effect. An incident
charge molecule interacts with the surface of the detector. There is a
probability that the interaction will result in the ejection from an atom of
a high energy photoelectron. Scattering of the photoelectron on other
atoms of the detector sensitive volume generates an avalanche of sec-
ondary electrons, which are collected by a charge sensitive amplifier. An
example of the output signal of the preamplifier is shown in Figure 5.21.
Micro-channel plates, like any other ionization detectors, are intrinsic-
ally very fast. The rise time of pulses can be as short as 10 ns. Therefore,
a digitised amplifier output practically does not need additional data

Matrix

t1 t2 t3

Voltage

Time-of-flight

Figure 5.21 A schematic example of the output signal of a charge sensitive
preamplifier in response to molecules hitting the active surface of the detector
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processing to derive the final mass histogram illustrated schematically by
Figure 5.22.
All equally charged molecules interacting with the detector have the

same kinetic energy, Ek. As the mass of a molecule increases its velocity
and together with it the probability to eject the primary photoelectron
have downward trends. There is a characteristic critical mass for each
MCP, above which its efficiency becomes too low for the practical
analysis. D. Twerenbold recognised the problem and was the first to
propose cryogenic detectors as an effective solution [36].
Unlike MCPs, the cryogenic detectors are energy sensitive devices. On

impact, molecules transfer their kinetic energies gained in the electro-
static acceleration field to the absorber lattice creating relatively high
energy phonons. In the superconductor absorber, the process of phonon
relaxation breaks Cooper pairs creating quasiparticles that diffuse
towards the tunnel junction. In the normal metal absorber, phonons
raise temperature of the electron system measured by TES. The calori-
metric sensitivity of the cryogenic detectors makes their response inde-
pendent of the molecule mass. A practically 100% efficiency can be
maintained up to virtually any size of a charged/neutral particle as long
as it does not incur mechanical damage to the detector.
The fact that cryogenic detectors provide information on particle

arrival time and its kinetic energy adds the whole new dimension in

Counts

MassM1 M2 M3

Figure 5.22 A schematic representation of the mass histogram produced by a time-
of-flight mass-spectrometer
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the mass-spectrometry. It opens a new exciting opportunity to analyse
samples involving complex substances. The matter is that after melting,
the matrix molecules do not exist just as single-charged monomers
producing a clean detector response. Ions can consist of single-double-
charged monomers, dimers and even more complex combinations. For
instance, MCPs would see a double-charged monomer purely as a half-
mass molecule. The cryogenic detector is capable to recognise the dif-
ference because the ion would deposit a doubled kinetic energy into the
absorber compared to single-charged monomer. This is illustrated in
Figure 5.23. The figure presents an energy spectrum obtained from
monomers of BSA molecules. The left peak corresponds to the double-
charged monomers. The Figure 5.24 shows the pulse height histogram of
cytochrom C (12 kDa). The large peak corresponds to the single-charged
monomers whereas the second peak is produced by single-charged
dimers.
The development of a procedure for the preparation of a new speci-

men is probably the most responsible and difficult part of TOF analysis.
Laser pulses with non-optimum energy, a non-optimal matrix may lead
to either the presence of a large number of multimolecule conglomerats, or,
alternatively, the fragmentation of molecules themselves. The ability of
cryogenic detectors to measure the kinetic energy of molecules resolves
the ambiguity regarding the mass-to-charge ratio. This immediately
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Figure 5.23 A spectrum obtained from monomers of BSA molecules. The left peak
corresponds to the double-charged monomers (reproduced by permission from
S. Uchaikin (Max-Planck Institute, Munich))
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helps to restore the true picture and speed up the sample preparation
process.
A diameter of the molecular beam can be as large as several millimeters.

In order to be efficient the cryogenic detectors must cover the whole cross-
section of the beam. There are two ways to address the matter: either to
use a large sapphire absorber [37] or to employ an array of smaller size
detectors. The second approach is particularly attractive to combat the
pile-up problem when dealing with large ion fluxes. A cryogenic detector
will not be able to distinguish, for instance, on event-by-event basis the
arrival of charged ions within the rise time of the pulse at the output of a
preamplifier. Therefore, there is a much larger probability that each
separate pixel of the array interacts with a single individual ion at a time.
Several groups developed mass spectrometers based on transition edge

sensors and superconducting tunnel junctions. The tunnel junction is per-
haps a more meritable option due to a higher temperature of operation and
a faster response. For instance, the applicability of Nb–Al2O3–Nb tunnel
junction detector operating at 1.3K was evaluated in [38]. Output pulses
of the detector had a rise time of 500ns and a decay time of approximately
1:5ms. The signal-to-noise ratio of the pulses enabled author to reach a
time resolution as low as 100ns. The figure yields an ultimate mass resolu-
tion M/�M of up to 1000 at 66kDa and a 25kV acceleration field.
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Figure 5.24 A pulse height histogram of cytochrom C (12 kDa) (reproduced by
permission from S. Uchaikin (Max-Planck Institute, Munich)). The large peak
corresponds to the single-charged monomers whereas the second peak is produced
by single-charged dimers
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More recent experiments demonstrated that the rise time of STJ
detectors can be further reduced to a value of 20 ns [39]. Still the rise
time was found to be limited by the bandwidth of the fast current
amplifier rather than the detector itself.
A new detection scheme for STJs was proposed in [40] using an add-

itional Josephson junction as a fast current discriminator. In this scheme,
the time resolution is ultimately limited by the intrinsic non-equilibrium
characteristics of the primary sensor, which can be as low as few ns.
A large mass sensitivity of cryogenic detector has been proven up to

750 kDa so far where it maintained a 100% efficiency [41]. The figure
will surely be increased in the future.
Further information on the application can be found in the review

paper [42] and references therein.
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6
Selected Topics of Analysis

and Synthesis of Detector

Systems

INTRODUCTION

In previous chapters, we assumed that readers were familiar with the
network analysis methods, the theory of control systems as well as
numerical calculation techniques of superconducting thin-film struc-
tures. This, obviously, does not have to be the case. Therefore, in the
concluding chapter, we will brief on methods and techniques relevant to
the subjects discussed in this chapter. The review will also give us an
opportunity to introduce examples of some other nuclear electronic
circuits, which did not fit in the scopes of any of previous chapters but
play important roles in detector systems. Here, we have in mind compo-
nents of the pulse recognition channels, analogue conditioning units,
digital filtration, the timing circuitry, SQUID amplifiers employing the
modulation–demodulation principle and so on.
Originally, we did not plan to include this chapter in the book. Our

perception was that powerful SPICE-based computer simulation soft-
ware had long ago made obsolete manual engineering network analysis
routines. Recently, I have communicated this thought to a colleague of
mine. He agreed that this was partially true with regard to the direct
analysis problems when our goal would be to derive properties of a
designed electronic network. However, the standard software is often
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powerless in solving the inverse problem. Under the inverse problems we
mean the synthesis or the optimisation of a system or a network from
a known transfer function or a desired time response and so on.
Moreover, the modern intelligent adaptive systems must optimise their
structures automatically depending on various stimuli and operating
conditions. Therefore, it is still left up to a designer to outline a set of
suitable networks and to derive their (as complete as possible) analytical
descriptions, which can be embedded into processor algorithms or hard-
wired logic. This must be preceded by precise instructions on which and
when a certain network configuration or set of network component
values, or program routines, and so on must be utilised.
These general remarks are relevant for both the analogue and digital

hardware designs. Digital hardware designers learned to circumvent the
problem by applying iterative algorithms. This works quite well in the
absence of time constraints. Such algorithms are obviously of no use if it
has completed by, for instance, a time a missile had missed its target or
was interrupted by the fact that the missile had been destroyed by a
faster weapon. Thus, if a system must react quickly, the pre-defined
direct algorithms, or the hardwired logic or analogue networks remain
the best option.
Besides, the modern computer simulation software has its limits even in

dealing with the direct analysis of some systems. Mixed signal analogue/
digital networks and synchronous modulation–demodulation systems are
the two examples that would require creative analytical skills of an elec-
tronic system designer. The matter is that the performance of such systems
can often be evaluated in a series of indirect experiments only. These
experiments may require the development of non-standard test rigs and
procedures so that the model could be verified experimentally.
The detailed knowledge of analytical tools helps to perform these tasks
efficiently.
The chapter consists of three major sections. Section 6.1 deals with the

analogue continuous systems. We will discuss transfer functions, signal
flow graphs, design of low-pass filters with the optimised time and
frequency response, the analysis and synthesis methods by Nyquist and
Bode. Then we will show how to derive a describing function of non-
linear elements present in the system. The latter is particularly relevant
to the superconductor electronics, since all superconductor detectors and
the SQUID read-out electronics represent non-linear systems. In Section
6.2, we will discuss the z-transformation, the w-plane and the method of
equivalent transfer matrices intended to analyse the analogue/digital
circuitry and systems with periodically variable parameters. Analysis
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and design of digital filters, the SQUID amplifiers employing the
modulation–demodulation technique and the digital SQUIDs cannot be
done without these techniques. Section 6.3 is devoted to the variational
numerical method developed by W. Chang [1]. The method is based on
the finite element analysis, with the number of elements sufficient to
assume the current distribution within the each element to be constant.
Chang showed that the momentary distribution of currents in the
superconductors provide the minimum sum of the total magnetostatic
energy and the total kinetic energy of the structure. Therefore, the
current distribution and the inductance can be recovered from theminimised
total energy distribution via a solution of the inverse problem. The
method is implemented numerically and proved to be very accurate. It
is widely used to calculate complex structures of analogue and digital
superconducting components.
We will conclude the chapter by presenting a practical algorithm to

calculate all major parameters of the superconducting quantum inter-
ference device.

6.1 ANALOGUE ELECTRONIC CIRCUITRY
ANALYSIS AND DESIGN PRINCIPLES

6.1.1 Laplace transform: Transfer Functions of Electronic
Networks

As we saw in the previous chapters, all electronic circuits of any com-
plexity can be represented by a block diagram. The Figure 6.1 shows a
block diagram of a simple resistive divider. It includes an input voltage

Input

u1 u2

Output
R1

R2

Input

u1

Output

u2
R1 + R2

R2

Figure 6.1 A circuit diagram and an equivalent block diagram of a simple resistive
divider. The block diagram includes an input voltage terminal, an output voltage
terminal and shows the relationship between the input and the output,
T ¼ u2

u1
¼ R2

R1 þR2
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terminal, an output voltage terminal and shows the relationship between
the input and the output:

T ¼ u2
u1

¼ R2

R1 þ R2

In general, the input can be any stimulus applied to the system. For
instance, the input of a logic device is normally a command code that
causes the device to perform some logical operation. In this case, the
block diagram would give a pictorial representation of the logical cause–
effect action.
All electronic devices can be classified into two types of systems:

1. the open loop (or direct action) systems; and
2. the systems containing one or several feedback loops.

The resistive divider shown in Figure 6.1 represents a simple direct
action system, while Figure 2.43 illustrates a closed loop control
system of a SQUID amplifier. The latter includes a forward path,
F(�)K(p), a feedback path, �, and a summing point indicating that
its output is the algebraic sum of the input flux, �e, and feedback
signal, ��.
The cause–effect functional dependence, T(p), between the input and

the output is referred to as the transfer function of the block diagram.
For the time-invariant linear systems with zero initial conditions, the
transfer function can be defined as the ratio of the Laplace transform of
the response to the Laplace transform of the input signal, that is,

TðpÞ ¼ YðpÞ
XðpÞ ¼

Pm
i¼0

bip
i

Pn
i¼0

aipi
ð6:1:1Þ

where ai and bi are the coefficients of X(p) and Y(p) polynomials
(Figure 6.2). Poles and zeroes of the Laplace transfer function carry
important information on the stability and dynamic properties of a
system. Therefore, it is advisable to factorise the polynomials so
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that their poles and zeroes are presented in an explicit form as
follows

TðpÞ ¼
Qm
i¼0

biðp� �iÞ
Qm
i¼0

aiðp� �iÞ
ð6:1:2Þ

where �i and �i are poles and zeroes of the network T(p), respectively.
The Laplace transforms of commonly used input signals in the nuclear

electronics are summarised in Table 6.1. The Laplace transforms of
other functions can be found either in more detailed tables [2] or
conservatively from the Laplace integral

XðpÞ ¼ L½xðtÞ� ¼
Z 1

�1
xðtÞe�ptdt ð6:1:3Þ

with p ¼ cþ j! being the complex frequency.

X(p) Y(p)

T(p)

=
n

i = 0

m

i = 0
bip

iΣ

ΣX(p)
T(p) =

Y(p)

aip
i

Figure 6.2 The block diagram of a time-invariant linear system/network with a
Laplace transfer function T(p)

Table 6.1 Laplace and Fourier transforms of input signals
commonly used in nuclear electronics

Time function Laplace transform Fourier transform

Dirac function, �(t) 1 1
Unit step, 1(t) 1

p –

Exponent, e�at 1
pþa

1
j!þa

Sine wave, sin�t �
p2þ�2

�
�2�!2

Cosine wave, cos�t p
p2þ�2

j!
�2�!
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The time response of a network is derived from the inverse Laplace
transform of the product X(p)T(p) as follows:

yðtÞ ¼ L�1½XðpÞTðpÞ� ¼ 1

2�j

Z cþj1

c�j1
XðpÞTðpÞeptdp ð6:1:4Þ

Authors of [2] also compiled the inverse Laplace transform pairs of a
large variety of polynomials, which resulted from analysis of practical
electronic networks published elsewhere in scientific papers.
The direct Laplace transform representation of a transfer function of

any circuit containing only lumped components can be derived straight
from the circuit by replacing resistances, R, capacitances, C, and induc-
tances, L, by impedances ZR(p) ¼ R, Zc(p) ¼ 1

pC and ZL(p) ¼ pL,
respectively (Figure 6.3). Main properties of the Laplace transform itself
are summarised in Table 6.2. They suggest that the Ohm and Kirchhoff
laws and other techniques of the DC current analysis are applicable
for modified circuits. This will be demonstrated in the following
exercises.

Exercise 6.1

In this exercise, we will find a transfer function of an L, C and R passive
network, shown in Figure 6.4(a).
First step is to draw an equivalent circuit diagram of the network in

the Laplace domain. To achieve that, we replace components by their
impedances ZL(p), ZC(p) and ZR(p) (Figure 6.4b). ZC(p) and ZR(p) are
connected in parallel. They can be replaced by a single component in

R

C

L

R

1

pL

R

1

jωL

Real components Laplace impedances Fourier impedances

pC jω

Figure 6.3 The passive electronic components and their equivalent representations
in the Laplace domain and the frequency (Fourier) domain
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exactly the same way, as we would do with two parallel resistors in DC
current analysis, that is,

ZpðpÞ ¼ ZcðpÞZRðpÞ
Zc þ ZRðpÞ

Figure 6.4(c) illustrates the minimised-circuit diagram of the network in
the Laplace domain. This is an ordinary divider, which transfer function
is given by

TðpÞ ¼ ZpðpÞ
ZLðpÞ þ ZðpÞðpÞ ¼

1

LC

1

ðp� �1Þðp� �2Þ

where �1,2 ¼ � 1
2CR � � 1

4C2R2 � 1
C

�1/2
are its poles.

Exercise 6.2

In this example, we will find a step response of an RC-differentiating
circuit using the Laplace transform. The circuit is shown in Figure 6.5.
According to Table 6.1, the Laplace transform of the unit step signal

1(t) is U1(p) ¼ 1
p. The transfer function of the circuit is given by

TðpÞ ¼ ZRðpÞ
ZRðpÞ þ ZcðpÞ ¼

p

1þ p�

L

C R

u2(t) U1(p)

ZL(p)

ZC(p) ZR(p)

U2(p)

U1(p)

ZL(p)

Zp(p)

U2(p)

Time domain Laplace domain

(a) (b)

(c)

u1(t)

Figure 6.4 An L–C–R network and its equivalent circuit diagrams in the Laplace
domain. Methods developed for the analysis of DC circuits are applicable in the
Laplace domain for networks exposed to varying input signals

284 ANALYSIS AND SYNTHESIS OF DETECTOR SYSTEMS



where � ¼ RC. The output signal in the time domain is derived from the
inverse Laplace transform of the product U1(p)T(p), that is,

u2ðtÞ ¼ L�1 p

pð1þ p�Þ
	 


¼ 1

�
e�

t
�

6.1.2 Signal Flow Graphs

A signal flow graph is a schematic representation of the signal propa-
gation through a system of interest. Under the system, we imply any elec-
tronic arrangement ranging from a simple passive network to complex
logic sequences. Flow graphs essentially embed a full set of equations
describing the dynamics of a system. However, unlike dealing with pure
mathematical symbols, grapho-analytical methods carry the informa-
tion, which is clear and meaningful for the electronic design purposes. We
will see that graphs are not just more illustrative, but also easier to manip-
ulate. They enable us to derive transfer functions of quite complex systems
without resorting to mathematical equations, just following few simple
formal rules.
A signal flow graph gives a pictorial representation to a set of simple

equations.

Xi ¼ TijYj ð6:1:5Þ

Xi, Yj are the input and output variables, Tij is the mathematical opera-
tor mapping the relationship between Xi and Yj in the equation (6.1.5).

C

R

u2(t)
u1(t)

U1(p)

ZC(p)

ZR(p)

U2(p)

(a)

(b)

Figure 6.5 The step response of the passive C–R-differentiating network

ANALOGUE ELECTRONIC CIRCUITRY 285



In the signal flow graph, the operator Tij is termed the transmission
function. In this respect, the transfer function of an electronic network is
a special case of the transmission function.
Let us introduce some other important terminologies and properties

associated with signal flow graphs using a simple divider network shown
in Figure 6.6. The Laplace network (Figure 6.6a) is represented first as a
block diagram (Figure 6.6b) with the transfer function T(p) and then as a
signal flow graph (Figure 6.6c) with variables U1(p), U2(p) and a trans-
mission function T(p). This, in fact, is the simplest form of a signal flow
graph. Each variable is designated by a dot called a node. The line with
the arrow corresponds to the transmission function. It is referred to as a
branch of the signal flow graph. The arrow points in the direction of the
signal propagation.
Figure 6.6 demonstrates that the signal flow graph has a close rela-

tionship with the block diagram. In the majority of cases, they can be
directly derived from each other.
More complex signal flow graphs contain a number of other elements.

We give their explanations in Figure 6.7. Figure 6.7(a) shows a general
example of the signal flow graph. It contains nine branches and a
number of paths. Each path includes one-directional branches that have

Node Node
Branch

U1(p) U2(p)
U1(p)

U1(p)

(a) (b)

Z2(p)

Z1(p)

(c)

U2(p)

U2(p)

T(p)

T(p) =
Z2(p)

Z1(p) + Z2(p)

Figure 6.6 The Laplace network (a) represented as a block diagram (b) with the
transfer function T(p) and as a signal flow graph (c) with variables U1(p), U2(p) and
a transmission function T(p). Each variable is designated by a dot called node. The
line with the arrow corresponds to the transmission function. It is referred to as a
branch. The branch arrow points in the direction of the signal propagation
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common nodes. In a path, a signal should not pass any of these branches
more than once. The signal flow graph in Figure 6.7(a) has, in fact, four
complete paths depicted separately in Figure 6.7(b,c,d,e). Obviously,
long paths (Figure 6.7b,c) can be broken into a number of partial paths.
The shortest path would be one that consists of a single branch.
The nodeX1 in Figure 6.7a–c represents an input node of the graph. It

is called a source. By definition, source can have only outgoing branches.
Sometimes, an additional unity branch needs to be added to the graph so
that its input node would satisfy the definition of the source. We will
demonstrate that in the forthcoming examples.
The node X7 in the same graph is called an outgoing node or a sink.

The sink is connected only to incoming branches. The sources and sinks

K1 K2

(a)

K3 K4 K5 K7

(b)

(c)

(d)

(e)

X1 X2 X3 X4 X5 X6 X7

X1 X2 X3 X4 X5 X6 X7

X1 X2 X3 X4 X5 X6 X7

K1 K2 K3 K4 K5 K7

K1 K2 K3 K4 K6 K7

K 2

X3X2

X4

β1

β2

β1 β 2

Figure 6.7 A general example of the signal flow graph (a). It contains nine branches
and two complete paths depicted as separate diagrams (b, c). Each path includes
one-directional branches that have common nodes. In a path, a signal should not
pass any of these branches more than once. Long paths (b, c) can be broken into a
number of partial paths. (d, e) illustrate the feedback loop and self-loop of the graph,
respectively
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contain between each other forward paths directed from the source to
the sink. The path gain of a forward path is a product of the transmission
functions of individual branches involved. For instance, a path gain of
the forward path (Figure 6.7b) is given by

KF1 ¼ K1 � K2 � K3 � K4 � K5 � K7 ð6:1:6Þ

whereas that of the forward path shown in Figure 6.7(c) is

KF2 ¼ K1 � K2 � K3 � K4 � K6 � K7 ð6:1:7Þ

A bi-directional path (Figure 6.7d) originates and terminates on the
same node X2. Such paths form the so-called feedback loops. The loop
gain is a product of transmission functions of branches that constitute
the loop. As an example, a loop gain of the feedback loop (Figure 6.7d)
is given by

F1 ¼ K2 � �1 ð6:1:8Þ

The smallest feedback loop may consist of a single branch that starts and
ends on the same node. It is termed a self-loop. Figure 6.7(e) shows an
extracted self-loop, which is formed by a node X4 and a branch �2. The
definition for the self-loop gain is the same as for any feedback loop. In
the example, it is F2 ¼ �2.
One of the objectives of the electronic network analysis is to derive

transfer functions between various nodes. As we mentioned before, there
is a number of other methods and techniques to do that. In what
follows, we will show that signal flow graphs enable us to write down
the input–output relationship of a network of any complexity by applying
relatively simple formal rules. The overall transfer function of any signal
flow graph can be derived from the following equation:

T ¼
Pn
i¼1

Ki�i

�
ð6:1:9Þ

where Ki is the gain of ith forward path, � is the signal flow graph
determinant. The determinant is defined as

� ¼ 1� ð�1Þkþ1
Xl
j¼1

Xm
k¼1

Fjk ð6:1:10Þ
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where Fjk is the jth possible product of k loop gains of possible pair
combinations of loops that do not touch each other or, in other words,
loops that do not share the same nodes.
For instance, let us assume that a network is described by a signal flow

graph with two non-touching loops, that is, m ¼ 2. Then the determi-
nant will take the following form

� ¼ 1�
Xl
j¼1

Fj1 þ
Xl
j¼1

Fj2 ð6:1:11Þ

where
Pl
j¼1

Fj1 is the sum of all existing loop gains and
Pl
j¼1

Fj2 is the sum

of loop gains of all possible pair combinations of loops that do not share

common nodes.

The last unidentified term in the equation (6.1.9) is �i. It is given by

�i ¼ ��
Xn
i¼1

Fi ð6:1:12Þ

where
Pn
i¼1

Fi is a sum of loop gains of feedback loops that share nodes

with forward paths Ki.
Further, we will give several useful examples, which illustrate the

applicability of the signal flow graph technique.

Exercise 6.3

In this exercise, we will try to draw a signal flow graph for a divider
network presented in Figure 6.8(a) and derive its transfer function using
equations (6.1.9–6.1.12).
The network is described with the following pair of equations:

IðpÞ ¼ 1

Z1ðpÞU1ðpÞ � 1

Z1ðpÞU2ðpÞ ¼ K1ðpÞ �U1ðpÞ � �1ðpÞU2ðpÞ

U2ðpÞ ¼ IðpÞZ2ðpÞ ¼ K2ðpÞIðpÞ
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These equations lead to the signal flow graph presented in Figure 6.8(b).
There is only one forward path with a gain K1 ¼ K1(p)K2(p) and a
single feedback loop that touches the forward path. Here we imme-
diately can write down: �1 ¼ 1, F11 ¼ ��1K2. The signal flow graph
determinant is � ¼ 1� (��1K2). Thus, the transfer function takes the
well-known final form

TðpÞ ¼ K1

1� F11
¼ K1ðpÞK2ðpÞ

1þ �1ðpÞK2ðpÞ ¼
Z2ðpÞ

Z1ðpÞ þ Z2ðpÞ

Exercise 6.4

In this exercise, we will analyse two divider networks connected in
series, as shown in Figure 6.9(a).
Following the Kirchhoff laws, we write down four equations describ-

ing the electric dynamics of the network. These are:

I1ðpÞ ¼ 1

Z1

� �
U1ðpÞ � 1

Z1

� �
U2ðpÞ

U2ðpÞ ¼ I1ðpÞZ2� I2ðpÞZ2

I2ðpÞ ¼ 1

Z3

� �
U2ðpÞ � 1

Z3

� �
U3ðpÞ

U3ðpÞ ¼ I2ðpÞZ4

U1(p)

Z1(p)

Z2(p)

U2(p)

K1(p) K2(p)

β1(p)

U1(p) I(p) U2(p)

(a)

(b)

Figure 6.8 A single-stage divider network (a) and its signal flow graph in the
Laplace domain (b)
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The equations have five variables: U1, I1, U2, I2 and U3, which become
the nodes of the signal flow graph. The transmission functions of
branches are derived from appropriate coefficients of the equations.
The signal flow graph is shown in Figure 6.9(b).
Again, there is one forward path in the graph with a gain given by

K1 ¼ Z2Z4

Z1Z3

but three feedback loops, two of which do not share common nodes.
Their loop gains are

F11 ¼ �Z2

Z1
; F21 ¼ �Z2

Z3
; F31 ¼ �Z4

Z3

F12 ¼ F11F31 ¼ Z2Z4

Z1Z3

Substituting loop gains into equation (6.1.11), we derive the graph
determinant in the following form

� ¼ 1� ðF11 þ F21 þ F31Þ þ F12 ¼ 1þ Z2

Z1
þ Z2

Z3
þ Z4

Z3
þ Z2Z4

Z1Z3

Since all loops share nodes with the forward path, the factor �1 ¼ 1.
Using the equation (6.1.9), we derive the transfer function as

U1(p)

Z1(p)

Z2(p)

U2(p)

U1(p) I1(p) U2(p)

(a)

Z3(p)

Z4(p)

U3(p)

I1(p) I2(p)

I2(p) U3(p)

Z2

–Z2

Z4(b) 1
Z1

–1
Z1

–1
Z3

–1
Z3

Figure 6.9 A double-stage divider network (a) and its signal flow graph in the
Laplace domain (b)
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TðpÞ ¼ K1

�
¼ Z2Z4

Z1Z3 1þ Z2

Z1
þ Z2

Z3
þ Z4

Z3
þ Z2Z4

Z1Z3

� �

Note that the transfer function of two connected in-series dividers is
not equal to the product of their individual transfer functions,
T1(p)T2(p). This results from the loading effect of (Z3þ Z4) on the
impedance Z2. In order to achieve T(p) ¼ T1(p)T2(p) the network
must employ a decoupling unit with the unity gain, as well as high
input and low output impedances to eliminate the loading effect, as
shown in Figure 6.10.

Exercise 6.5

In this exercise, we will derive a transfer function of an active network
represented by an operational amplifier with a negative parallel voltage
feedback, as shown in Figure 6.11.
We assume that input and output impedances of the preamplifier are

Zin ! 1, Zout ! 0 respectively. If no current flows into the amplifier
input terminal, the direct U1/U2 and feedback U3/U2 branches take the
following form:

� ¼ Z2

Z1þ Z2
; � ¼ Z1

Z1þ Z2
:

U1(p)

Z1(p)

Z2(p)

U2(p)

Z3(p)

Z4(p)

U3(p)

I1(p) I2(p)k = 1

U4(p)

Figure 6.10 A double-stage divider network with a buffer eliminating the loading
effect. The overall transfer function of the network is given by a product of transfer
functions of the individual stages
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The whole signal flow graph of the amplifier with the feedback is shown
in Figure 6.11(b). According to the equation (6.1.9), a transfer function
is given by

K ¼ K0�

1þ K0�

Assuming K0 ! 1, it reduces to K ¼ Z2

Z1
.

Exercise 6.6

In this example, we will discuss a mutual relation between a block
diagram and a signal flow graph representing the same system.
Let us write down a transfer function of a SQUID amplifier with a

block diagram presented in Figure 2.43. The block diagram already
contains units (blocks) with defined transfer functions. These can be
directly translated into transmission functions of branches of a signal
flow graph, as shown in Figure 6.12. In order to accommodate the
summing point, one has to introduce a unity gain branch between the
input node �e and the summing point output node �.

Z1

Z2

K0U1 U2

U3

K0U1 U2 U3

Z1 + Z2
Z2γ = 

Z1 + Z2
Z1β = 

(a)

(b)

+

–

Figure 6.11 An active network based on an operational amplifier with a negative
parallel voltage feedback (a) and its signal flow graph (b)
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The input–output transfer function is given by

TðpÞ ¼ Fð�ÞKðpÞ
1þ Fð�ÞKðpÞ�

In practice, real networks will be described by a large amount of charac-
teristic equations. In this case, an original signal flow graph takes a rather
complex form comprising tens to hundreds of nodes. Before attempting to
derive the transfer function it is advisable at first to try to simplify the
graph. One can state that it is possible to reduce a majority of single input–
single output systems to a canonical form presented in Figure 6.13. This
can be done by using simplification rules. Figure 6.14 summarises the rules.

ϕe

1

ϕ

F(ϕ) U1 K(p) Output1

β

Figure 6.12 A signal flow graph of the SQUID amplifier with the block diagram
presented in Figure 2.43. In order to accommodate the summing point, one has to
introduce a unity gain branch between the input node �e and the summing point
output node �

X Y ∆ X

G

X Y 

1 G 1

i Gβ = ∆ – 1

∆ X
β

β

G = Σ Ki∆i

Figure 6.13 A canonical form of a feedback system. The majority of linear single
input-single output systems can be reduced to this form
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6.1.3 Low-Pass Filters

Low-pass analogue filters are utilised in the main pulse-processing chan-
nel prior the pulse digitisation. Their frequency characteristics are
designed to minimise the aliasing effect (see Chapter 4 for details). In
the analogue recognition channels, filters reduce the time jitter of triggers
caused by high-frequency noise.
Conceptually, an analogue filter represents a frequency-selective

electrical/electronic network that is intended to attenuate a portion of
the signal frequency spectrum. The range of frequencies in which an input
signal passes without considerable attenuation is called the passband,
whereas the rest of the frequency range is called the stopband.
Figure 6.15(a) represents a frequency response of an ideal low-pass filter
with an abrupt roll-off of the amplitude-frequency characteristic between
the passband and the stopband. A practical realisation of such a filter is not
possible, as it would require involvement of an infinite number of electro-
nic components. Therefore, real filters must always have some compro-
mised specifications. For instance, in the frequency domain, compromised
specifications would primarily be concerned with tolerances for the
attenuation factor in the passband and the stopband and with the steep-
ness of the roll-off of the frequency characteristics between the passband
and the stopband, as shown in Figure 6.15(b). In this figure, Ap

min, A
p
max

and As
min, A

s
max represent the minimum and maximum attenuation factors

in the passband and the stopband, respectively.

Original form Simplified form

a b

a

b

a

b

ab

a + b

1 – b
a

X Y Z X X

X Y

X Y

X Y

X Y

Figure 6.14 A summary of rules that enable the reduction of complex signal flow
graphs to the canonical form shown in Figure 6.13
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The synthesis of an analogue filter is divided into two phases:

Phase 1 The derivation of an approximate transfer function of a
filter that is expected to be within a predefined tolerance
range.

Phase 2 The circuit synthesis involving the process of converting the
transfer function approximated earlier at the Phase 1 into
an electrical network.

6.1.3.1 Approximation problem (Phase 1)

The approximation procedure depends on requirement specifications
and operating conditions of a designed filter as well as a class of input
signals to be processed. In general, these can be classified into four major
categories:

1. when specifications are defined for the attenuation factors in the
passband and the stopband only. This is the easiest case, since the
whole design can be performed entirely in the frequency domain
using tabulated pole positions published in numerous specialised
handbooks;

Attenuation

Frequency

Attenuation

Frequency

(a) (b)

Passband Stopband

Tolerance
range

Ripples

Roll-off

Amin
p

Amax
p

Amax
s

Amin
s

Figure 6.15 A frequency response of an ideal low-pass filter with an abrupt roll-off
of the amplitude–frequency characteristics between the passband and the stopband
(a). A practical realisation of such a filter is not possible, as it would require
involvement of an infinite number of electronic components. (b) shows a frequency
response of a low-pass filter with compromised specifications. In this figure,
Ap

min, A
p
max, and As

min, A
s
max represent the minimum and maximum attenuation fac-

tors in the passband and the stopband respectively
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2. when a filter must operate as a delay line without specified (or
broadly specified) attenuation factors;

3. when a filtermustmeet stringent requirements on both the attenuation
factors and the frequency-dependent delay or the phase linearity; and

4. when requirement specifications are set for the attenuation factors
and the impulse or step response. Filters with simultaneous
requirements on the frequency and time response are rarely treated
in the literature. This case, however, is the most relevant to filter
networks implemented in the detector spectrometers.

In the both applications of the analogue filters, whether in the main
channel in the recognition unit of a spectrometer, we are certainly
looking for the best achievable rejection of high-frequency noise. At
the same time, the filter should have a little effect on the original pulse
shape and maintain a stable baseline in the whole range of the input
count rates. The problem has already been discussed elsewhere in Chap-
ter 4 with regard to the anti-aliasing pre-filter. Similarly, such factors as
the presence of overshoots, ringing effect, a relatively long decay in the
combination with a finite (variable) rise time of the input pulses and so
on, alter the dynamics of the recognition channels. Figure 6.16 illustrates
the statement. It shows three pulses propagating from the output of a filter

1

2

3
V0 Threshold

level

1

2

3
‘‘No response’’

Time

Time

(a)

(b)

Figure 6.16 Pulse shapes at the input of recognition comparator. Timing of the
comparator is affected by the instability of the base line
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to the input of a trigger indicating the pulse arrival. Pulse 1 starts from
‘‘zero’’ baseline, whereas pulses 2 and 3 represent pile-upped pulses starting
below and above the threshold level of the recognition channel. The pulse 1
illustrates the reference case. A moment of time t0 when the pulse signal
magnitude intersects a pre-defined threshold level of the discriminator, the
latter delivers the output as a logic pulse for a system to start the processing.
The pulse 2 starts from a finite level above zero, but below V0. Its arrival is
registered but with a different timing. This phenomenon is known as
time ‘‘slewing’’ or time ‘‘walk’’. The way in which this may be of
importance is best illustrated by considering distributed arrays. Distrib-
uted arrays deliver two or more output signals generated by the same
nuclear event into designated electrodes. The ratio of amplitudes of the
pulses depends on a position where an incoming photon or a particle
interacts with the absorber. This magnifies the pile-up effect on the time
jitter. Each event yields pulses of what will be termed as true coinci-
dences. However, a certain number of accidental coincidnces can go
through the discriminator gate in Figure 6.16. If we assume the coin-
cidence gate has a resolving time of �� , the processor can pair wrong
pulses that pass through the channel within a time � of one another.
In the ultimate case (pulse 3 in Figure 6.16), the channel does not react

on the pulse arrival. Therefore, it will be ignored by the main processing
channel.
If a filter to be designed contains only lumped components, its transfer

function can always be represented by a ratio of two polynomials given
by equations (6.1.1) and (6.1.2). Some poles and zeroes are complex, but
in practical stable filters, they appear in complex conjugate pairs. Thus,
we can re-write the equations in the following form:

TðpÞ ¼
Qm
i¼1

kiðp� �iÞðp� ��i Þ
Qn
i¼1

ðp� �iÞðp� ��i Þ
¼ NðpÞ

DðpÞ ð6:1:13Þ

where p is a complex frequency defined as p ¼ �þ j!. The real part of p, �,
can be interpreted as a damping factor, whereas the quantity ! in the
imaginary part of p is the angular frequency. �i, �

�
i ,�i,�

�
i are complex

variables, zeroes and poles, occurring in complex conjugate pairs, that is,

�i ¼ Reð�iÞ þ jImð�iÞ; ��i ¼ Reð�iÞ � jImð�iÞ
�i ¼ Reð�iÞ þ jImð�iÞ; ��i ¼ Reð�iÞ � jImð�iÞ
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All poles and zeroes are often shown on a plot of the p-plane. Figure 6.17
gives an example of the positioning of a complex conjugate zero pair
�i, �

�
i and a real pole �i.

The position of poles on the p-plane characterises the stability of a
system described by the transfer factor T(p). We distinguish three states
in which systems can operate: absolutely stable, conditionally stable
and unstable. Therefore, it is sensible to divide the p-plane into three
characteristic regions, as shown in Figure 6.18:

Region 1 Points to the left of j!-axis, but not including the j!-axis
itself. It will be referred to as the left-hand plane.

Region 2 Points to the right of j!-axis, but not including the j!-axis
itself and is referred to as the left-hand plane.

Region 3 Points on the j!-axis including the zero co-ordinates, p ¼ 0.

Example 1 If a filter transfer function contains a single real pole
situated on the negative real axis, the filter is absolutely
stable. Moreover, it returns to its stable state without
ripples (oscillatory behaviour) as shown in Figure 6.19.

Example 2 If a system contains a pair of conjugate poles in the left-
hand p-plane it remains to be stable, but acquires an
oscillatory behaviour, as shown in Figure 6.20.

Example 3 Poles situated on the right-hand plane characterise an
unstable system, as shown in Figure 6.21 with responses
y(t) ¼ Ae�t (a real positive pole), and y(t) ¼
Ae�t cos (!t þ �) (a pair of conjugate poles).

jω

σ

∗

∗

∗

υi

λi

Complex
conjugate
zero pair

Real pole

υi
∗

Figure 6.17 A generic example illustrating the positions of a complex conjugate
zero pair �i, �

�
i and a real pole �i on the p-plane
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jω

σ

*

*
*

*

λi

υi

*

ςi

Left-hand
plane

Right-hand
plane

υi

Figure 6.18 The p-plane divided into three characteristic regions: Region 1
embraces points to the left of j!-axis, but not including the j!-axis itself. It will be
referred to as the left-hand plane; Region 2 with points to the right of j!-axis, but not
including the j!-axis itself and is referred to as the right-hand plane; Region 3
restricted to the j!-axis including the zero co-ordinates, p ¼ 0

*

y

t

y(t) = Ae–αt

σ–α

jω

Figure 6.19 The time response of a filter network with its transfer function con-
tains a single real pole situated on the negative real axis. The filter is absolutely stable
returning to its original state without ripples
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σ

jω

–α + jβ

–α  – jβ

y(t) = Ae–αt cos(ωt + θ)

Figure 6.20 The time response of a system with a pair of conjugate poles located in
the left-hand of the p-plane. It remains to be stable, but acquires an oscillatory
behaviour

σ

y

t

y(t) = Aeαt

y(t) = Aeαt cos(ωt + θ)

*

α

*
α + jβ

jω

t

*

jω

σ

α – jβ

y

Figure 6.21 The poles situated on the right-hand plane characterise an unstable
system, with responses y(t) ¼ Ae�t (a real positive pole) and y(t) ¼ Ae�t cos (!t þ �)
(a pair of conjugate poles)
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6.1.3.2 Circuit synthesis (Phase 2)

In order to simplify the synthesis process, filters are usually realised by
the cascading of filter units (blocks). Therefore, the overall transfer
function of a filter can be expressed as a product of transfer functions
of the individual units:

TðpÞ ¼
YN
i¼1

TiðpÞ ð6:1:14Þ

Base filter units can comprise a first-order filter, a second-order filter and,
more rarely, a third-order filter. Thus, an all-pole filter of the fifth order
can be broken either into two units of the second and third orders or,
alternatively, into three units including two second-order filters and one
first-order filter and so on. In this respect, the filter synthesis is similar to
all other inverse problems. A filter that must meet certain requirement
specifications can be realised in a number of circuit solutions.
In what follows, we will briefly introduce all the three base filter units

starting from the first-order unit.

First-order filter unit
There are two commonly used basic configurations of the first-order
active filters: one with a non-inverting gain, shown in Figure 6.22(a),
and another one with an inverting gain, shown in Figure 6.22(b).
First-order filters have a single real pole situated in the left-hand

p-plane. In both the configurations the capacitor is defined as

C ¼ 1

�0
ð6:1:15Þ

1Ω

1Ω 1ΩC

R (A – 1)R

C

(a) (b)

Figure 6.22 Two commonly used basic configurations of the first-order active
filters: one with a non-inverting gain (a) and another one with an inverting gain (b)
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where �0 is the normalised real axis pole.
A normalised low-pass filter is a filter with a 3-dB cut-off frequency

1 rad/s. The normalisation enables us to use existing curves and tables
published in specialised manuscripts. A given filter response can be
scaled to a different frequency range by multiplying values of all reactive
components in the filter unit by a frequency scaling factor. This state-
ment remains true for the second- and third-order filter units as well.
The frequency-scaling factor is defined as

 ¼ 1 rad=s

!3dB
ð6:1:16Þ

where !3dB is the real 3-dB cut-off frequency of the designed filter.
In a more general case, when we have designed a filter for a certain 3-dB

cut-off frequency point (!3dB)1, but would like to shift it to a point (!3dB)2,
the definition for the frequency scaling factor becomes as follows

 ¼ ð!3dBÞ1
ð!3dBÞ2

ð6:1:17Þ

Tuning the cut-off frequency requires adjusting component values in
the circuit. In practice, this is easier to perform with resistors rather than
with reactive elements. Besides, using a 1� resistor in the feedback
loop is not practical since an operational amplifier would have to deliver
a 1-A current for a 1-V output voltage. In order to deal with these and
other similar issues, we apply the impedance-scaling theorem. According
to the theorem, a linear RC-network maintains its original transfer
function if all its resistors are multiplied and all its capacitors are divided
by the same impedance scaling factor, 	.
Thus, a de-normalised value of capacitor in the first-order filter block

is given by

Cdn ¼ C


	
ð6:1:18Þ

Second-order filter units
A two-pole low-pass filter unit is a building block whose transfer func-
tion is given by

TiðpÞ ¼ ki
1

ðp� �iÞðp� ��i Þ
ð6:1:19Þ
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Sometimes these filters are called biquads (bi-quadratic filter cells).
Biquads based on a single operational amplifier are also often referred
to as ‘‘Sallen–Key’’ filters acknowledging the earliest publication on this
subject by R. Sallen and E. Key [3]. Modern biquads, however, are not
the same as early networks calculated by these authors.
The most commonly used biquads are those based on the positive-

feedback configurations with a gain factor k. Figure 6.23 illustrates a
generic block diagram and a signal flow graph of the configuration.
In the figure, the transfer functions are defined as follows:

DðpÞ ¼ k!p

p2 þ 2�pþ !2
p

ð6:1:20Þ

FðpÞ ¼ p

p2 þ 2�pþ !2
p

ð6:1:21Þ

where � ¼ !p

2Qp
, !p is the resonance frequency (or the frequency of forced

oscillations) and Q is the resonance quality factor of the filter.
The transfer function of the block diagram depicted in Figure 6.23 is

given by

TðpÞ ¼ 1

k
DðpÞ k

1� kFðpÞ ¼
DðpÞ

1� kFðpÞ ð6:1:22Þ

D(p)
k

1

D(p)
k

1

k

k1

F(p)

F(p)

Figure 6.23 A generic block diagram and a signal flow graph of the second-order
filter unit (biquad) based on the positive feedback
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The amplification k is a quantity by what the factor 2� is reduced. In this
respect, k defines the sensitivity of the biquad to variations in the compo-
nent values. The larger the k the tighter tolerances on the component values
must be envisaged. A large positive feedback is known to make a network
unstable. The biquad remains stable if k lies in the range from 0 to 2�.
If we re-write the transfer function in the following general form

TðpÞ ¼ A0

1þ apþ bp2
ð6:1:23Þ

the pole-pair quality factor can be found from the following expression

Q ¼ b

a
ð6:1:24Þ

The equations (6.1.23) and (6.1.24) suggest that filters with real poles
only will have Q-factors less than 0.5. They are always stable by defin-
ition.
It is obvious, that there are numerous circuit realisations of the biquad

with a block diagram presented in Figure 6.23. An example of a low-
pass all-pole biquad based on a single operational amplifier is shown in
Figure 6.24. Its transfer function can be written in the following form:

TðpÞ ¼ k
!2
p

p2 þ  pþ !2
p

ð6:1:25Þ

where � ¼ !p

Qp
, amplification factor k ¼ R1 R2

R1þR2 1þ R6
R5

� �
, the character-

istic normalisation frequency of the passband edge

R1

C2

R 3

R2 C1

R5
R6

Figure 6.24 An example of a low-pass all-pole biquad based on a single operational
amplifier

ANALOGUE ELECTRONIC CIRCUITRY 305



!2
p ¼

1

ðR1jjR2ÞC1R3C2 ð6:1:26Þ

the quality factor

Qp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R3C1
ðR1jjR2ÞC4

q
1þ R3

R1jjR2 � R6C1
R5C4

ð6:1:27Þ

and, finally,

R1jjR2 ¼ R1 � R2
R1þ R2

Figure 6.25 illustrates a special case of a normalised biquad with the
unity gain and the lowest sensitivity. Following [4], its Laplace transfer
function is given by

TðpÞ ¼ 1

C1C2p2 þ 2C2pþ 1
ð6:1:28Þ

In terms of pole locations on the p-plane, it takes the following form

TðpÞ ¼ 1
1

�2þ�2 p
2 þ 2�

�2þ�2 pþ 1
ð6:1:29Þ

C1

C2

1 Ω 1 Ω

Figure 6.25 A special case of a normalised biquad with the unity gain and the
lowest sensitivity. In this configuration, a fine adjustment of the pole position on the
p-plane is achieved by selecting appropriate capacitors
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Equating coefficients of p2 and p in the equations (6.1.28) and (6.1.29),
we derive values of capacitances expressed directly via pole co-ordinates:

C1 ¼ 1

�
ð6:1:30Þ

C2 ¼ �

�2 þ �2
ð6:1:31Þ

where � and � are the real and imaginary co-ordinates of the biquad pole
pair on the p-plane.
Figure 6.26 shows another example of the two-pole filter unit, which

features two equal capacitors. In this configuration, a fine adjustment of
the pole position on the p-plane is achieved by tuning resistor values
rather than by selecting appropriate capacitors as in the previous biquad
(Figure 6.25). This solution is more convenient and cost-effective, but
comes at a price of doubling the filter gain, k ¼ 2, and as a result the
sensitivity of the circuit to tolerances of component values. An increased
gain also means that the operational amplifier may need to have at least
a doubled gain-bandwidth product in some technically challenging
applications to maintain designed frequency characteristics.
Resistor values in the circuit shown in Figure 6.26 can be derived from

the following equations [4]:

R1 ¼ 1

2�0C
ð6:1:32Þ

R2 ¼ 2�0

C½ð�0Þ2 þ ð�0Þ2� ð6:1:33Þ

R1 R2

C

C

R
R

–

+

Figure 6.26 An example of the two-pole filter unit, which features two equal capa-
citors. In this configuration, a fine adjustment of the pole position on the p-plane is
achieved by tuning resistor values rather than by selecting appropriate capacitors
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where �0 and �0 are the actual (denormalised) real and imaginary pole
co-ordinates, respectively.
Absolute values of resistors R lying within a reasonable range centred

at approximately 1 k� do not affect the pole positions.

6.1.3.3 Three-pole filter section

An example of a normalised three-pole building blockwith the unity gain is
shown in Figure 6.27. It is in fact a series connection of the passive low-pass
filter (C2) and a unity gain lowQ biquad. Using other modifications of the
biquad will change the overall filter block gain and its sensitivity. In any
case, the unit is expected to produce a single real pole and a pair of complex
conjugate poles. Since two filters are not separated by a matching buffer,
original pole positions of both filters are shifted due to the loading effect.
According to [4], a transfer function of the normalised network is given by

TðpÞ ¼ 1

p3Aþ p2Bþ pDþ 1
ð6:1:34Þ

where A ¼ C1C2C3, B ¼ 2C3(C1þ C2), D ¼ C2þ 3C3.

6.1.3.4 Low-pass filter design

There are three types of all-pole low-pass filters commonly utilised in the
precision instrumentation. These are:

1. Butterworth filters;
2. Chebyshev filters; and
3. Bessel filters.

C3

C1

C2

1Ω 1Ω 1Ω
+

–

Figure 6.27 An example of a normalised three-pole building block with the unity
gain. It includes the passive low-pass filter (C2) and a unity gain low Q-biquad.
A type of the biquad defines the overall filter block gain and its sensitivity
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In order to approach the attenuation approximation problem in each of
these filters, we will use the network transfer function in a slightly
modified form following the concept of Webster [5]. Assuming that
T(p) ¼ N(p)

D(p) is the transfer function of a linear network, its absolute,
value can be written as

jTðpÞj2p¼j! ¼ TðpÞT�ðpÞjp¼j! ¼ 1

1þ RðpÞR�ðpÞ ð6:1:35Þ

where R(p) is the characteristic function of a network represented by the
ratio of two polynomials as follows

RðpÞ ¼ FðpÞ
NðpÞ ð6:1:36Þ

Here F(p) is an arbitrary polynomial of the same order as D(p), but
without sharing common roots. The relationship between all three poly-
nomials is analytically described by the well-known Feldtkeller equation

jDðpÞj2 ¼ jFðpÞj2 þ jNðpÞj2 ð6:1:37Þ

Butterworth filters
The Butterworth low-pass filters represent networks with the following
characteristic function

RðpÞ ¼ E
p

!p

� �n

ð6:1:38Þ

In this equation, !p again is responsible for the normalisation frequency
of the passband edge. The Butterworth filter has maximally flat pass-
band with the attenuation factor monotonically increasing with the
frequency. The roll-off steepness of the frequency response between !p

and a certain specified angular frequency !s(!s > !p) is essentially
defined by the filter order n in the following form

n � logðLÞ
2 log

!p

!s

� � ð6:1:39Þ

where L ¼ 100:1Apass�1
100:1Astop�1

; E2 ¼ 100:1Apass � 1.
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Here Apass corresponds to the maximum loss in the passband. In the
Butterworth filter, the maximum loss is observed at an angular fre-
quency ! ¼ !p (this is not necessarily true in other types of filters). Astop
is the maximum attenuation factor in the stopband, that is, from !s to
the infinity.
According to the equation (6.1.35), the pole positions of the Butter-

worth filter can be computed analytically by zeroing the following
expression

1þ jRðpÞj2 ¼ 1þ ð�1Þn E2 p

!p

� �2n

¼ 0 ð6:1:40Þ

A solution of the equation for each individual k-pole can be presented in
the following form [5]:

pk
!p

� �2n

¼ ð�1Þnþ1

E2
¼ ej�ðnþ1þ2kÞ

E2
ð6:1:41Þ

Assuming E ¼ 1, we finally obtain all pole positions on the p-plane

pk
!p

¼ e
j�ðn¼1þ2kÞ

2n ð6:1:42Þ

The equation (6.1.42) shows that all normalised poles of the Butter-
worth filter lie on the unit circle. The real and imaginary parts of pole
positions can be expressed in an explicit form as follows

pk
!p

¼ � sin
�ðnþ 1þ 2kÞ

2n

	 

þ j cos

�ðnþ 1þ 2kÞ
2n

	 

ð6:1:43Þ

Therefore, all poles on the circle must be separated from each other by
the same angle �

n. Poles with the maximum Q-value are at an angle of �
2n

from the imaginary axis j!. Figure 6.28 illustrates the pole positions for
the Butterworth filters of the third and fourth orders. An odd-order filter
includes necessarily at least one first-order filter unit with a real pole.
Therefore, odd-order Butterworth filters always contain one pole situ-
ated on the negative real axis at �1. For an even order n, all poles are
complex conjugates and two poles with the lowestQ-factor are at angles
� �

n to the negative real axis, as shown in Figure 6.28(b).
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6.1.3.5 Chebyshev low-pass filters

The Chebyshev low-pass filters represent linear networks with the char-
acteristic function given by

RðpÞ ¼ EGn
p

!p

� �
ð6:1:44Þ

where Gn is a polynomial that is ranging between �1 in the passband. It
is given by

Gn
p

!p

� �
¼ cosh n cosh�1 p

!p

� �	 

ð6:1:45Þ

A factor E denotes the tolerance margin that determines the maximum
attenuation in the passband, Apass, in the following form

Apass ¼ 10 log10ð1þ E2Þ ð6:1:46Þ

Note that the frequency response of the filter is no longer maximally flat.
The maximum attenuation Apass can be reached several times over the

–1

n

n

2n

2n

–1

n

n

2n

2n

n

n

(a) (b)

jω

π

π

π

π

σ

π
π

π

π

π
π

jω

σ

Figure 6.28 Pole positions for the Butterworth filters of the third (a) and fourth (b)
orders. Odd-order Butterworth filters always contain one pole situated on the
negative real axis at �1. For an even-order n, all poles are complex conjugate and
two poles with the lowest Q-factor are at angles � �

n to the negative real axis
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passband causing the presence of ripples in the amplitude-to-frequency
characteristics of a filter.
For a specified attenuation factor Astop at a frequency !s > !p, the

required filter order can be found from the following equation [5]:

n � cosh�1ðL�1Þ
cosh�1 !s

!p

� � ð6:1:47Þ

where L ¼ 100:1Apass�1
100:1Astop�1

.
The pole positions on the p-plane can be found in an analytical form

solving the equation involving the characteristic function, that is,

1þ jRðpÞj2 ¼ 0 ð6:1:48Þ

Taking into account the equations (6.1.44) and (6.1.45), we derive

cosh n cosh�1 p

!p

� �	 

¼ � j

E
ð6:1:49Þ

which yields the pole co-ordinates [6]

pk
!p

¼ cosh
1

n

� �
sinh�1 1

E

� �
þ j�

1þ 2k

2

	 
� �
ð6:1:50Þ

or with the explicit real and imaginary parts:

pk
!p

¼� sin
�ð1þ 2kÞ

2n

	 

cosh

1

n
sinh�1 1

E

� �	 


þ j cos
�ð1þ 2kÞ

2n

	 

sinh

1

n
sinh�1 1

E

� �	 

ð6:1:51Þ

Properties of the Chebyshev filter are such that in the passband from 0 to
!p it has an equiripple behaviour between the limits 1 and 1

1þE2. Above
the angular frequency !p the transfer function falls monotonically to
zero. Variations in E generate a family of frequency responses for a filter
of the same order n. If we admit larger ripples in the passband (a larger
E) the roll-off of the frequency characteristics between the passband and
the stopband becomes steeper.
The comparison of a Butterworth filter and a Chebyshev filter with

the same 3-dB cut-off frequency !c yields that the latter has always
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a better frequency selectivity (or, in other words, a larger gradient of the
frequency response above the end of the passband). A closer examin-
ation of the equations (6.1.43) and (6.1.51) indicates that the poles of the
Chebyshev filter can also be obtained by multiplying the real and the
imaginary parts of the Butterworth pole co-ordinates by sinh

�
1
n sinh

�1 1
E

�
and cosh

�
1
n sinh

�1 1
E

�
respectively. As a result, all poles of the Chebyshev

filter lie on an ellipse rather than a circle, which intercepts the real axis at
� sinh 1

n sin
�1 1

E

� �
and the imaginary axis at � cosh 1

n sin
�1 1

E

� �
.

Following [7], we will normalise the pole positions of the Chebyshev
filter in such a way that the pole ellipse intercepts the j-axis at ! ¼ !p

using a frequency scaling factor � ¼ sec h

1
n sinh

�1 1
E

� ��
. The normalised

pole positions can now be expressed in the following form:

pk
!p

¼ � sin
�ð1þ 2kÞ

2n

	 

tanh

1

n
sinh�1 1

E

� �	 

þ j cos

�ð1þ 2kÞ
2n

	 

ð6:1:52Þ

From a comparative analysis of the equations (6.1.43) and (6.1.51), we
can conclude that the normalised Chebyshev pole co-ordinates follow
from the Butterworth pole co-ordinates by multiplying their real parts by
a factor tanh


1
n sinh

�1 1
E

� ��
and leaving their imaginary parts unchanged.

Thus, the Butterworth filter can be considered as a special case of the
normalised Chebyshev filter with the maximum flatness (no ripples) in
the passband that is achieved at E ¼ 0. As the attenuation tolerance
factor E increases from zero onwards, all poles of the normalised
Chebyshev filter move parallel to the real axis towards the imaginary
j!-axis, thereby increasing theirQ-factor. The phenomenon is illustrated
in Figure 6.29.
The design of the normalised Chebyshev filter is straightforward using

the grapho-analytical method involving the plot in Figure 6.29. The
following denormalisation is achieved by performing reverse frequency
scaling or, in otherwords, simply by substituting a product � � p instead of p.

6.1.3.6 Bessel low-pass filters (case of maximally flat delay)

An all-pole low-pass Bessel filter is a network with a transfer function
given by the ratio:

TðpÞ ¼ Bnð0Þ
BnðpÞ ð6:1:53Þ
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where Bn(p) is the Bessel polynomial defined by the recursion formula

BnðpÞ ¼ ð2n� 1ÞBn�1ðpÞ þ p2Bn�2ðpÞ ¼ b0 þ b1pþ b2p
2 þ � � � þ bnp

n

ð6:1:54Þ

with an initial term B0(p) ¼ 1. Table 6.3 presents a sequence of the
Bessel polynomials up to the fifth order. More complete tables of the
polynomials can be found in many texts [8].
Whereas the Chebyshev and Butterworth filters are designed on the

basis of tuning their amplitude–frequency characteristics, the synthesis
of the Bessel filters primarily optimises their phase–frequency response.

σ

jω

E = 0 E1 E2

E2 > E1

Figure 6.29 Pole positions of the normalised third-order Chebyshev filter. Poles
move towards the imaginary axis as the ripples in the passband increase

Table 6.2 Properties of the Laplace transform

Function f(t) Laplace transform Fourier transform

f1(t)þ f2(t) L1(p)þ L2(p) F1(j!)þ F2(j!)
af(t) aL(p) aF(j!)Rt
0

f (t)dt L(p)
p

F(j!)
j!

df (t)
dt pL(p) j!F(j!)

f1(t)*f2(t) L1(p)L2(p) F1(j!)F2(j!)

f (t � t0) L(p)e�pt0 F(j!)e�j!t0

f(at) 1
a L(

p
a)

1
a F
� j!

a

�
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An ultimate goal of the design procedure is to provide no overshoots and
ringing in the step response of a network.
It is possible to show that an ideal square wave response is achieved by

a network having a frequency-independent group delay, that is, with a
phase shift proportional to frequency. If � is the phase shift of a network,
the definition for the group delay takes the following form

tg ¼ � d�

d!
ð6:1:55Þ

In order to compare the quality of the time response of different filters,
designers operate with a normalised group delay, which can be derived from

tgn ¼ tg!p

2�
ð6:1:56Þ

The equation (6.1.56) may contain other more convenient characteristic
frequencies instead of the passband edge frequency !p, for instance, the
cut-off angular frequency at an attenuation point of �3dB, and so on.
Unlike the case with the Butterworth and Chebyshev filters, there is no

simple analytical expression for the pole locations of the Bessel filters. If,
however, they are designed with an aim to provide the maximally flat
group delay at ! ¼ 0 and the following monotone decay, we can use a
reasonably accurate approximation to the Bessel transfer function
(6.1.53) given by [4]

TðpÞ ¼ 1

sinh pþ cosh s
ð6:1:57Þ

The Bessel family of polynomials results from a continued fraction
expansion approximating the hyperbolic functions [ sinh (p)þ cosh (p)].
According to [4], poles of the normalised Bessel filter are approximately
located on a circle separated by 2

n fraction of the diameter in their
imaginary parts, as shown in Figure 6.30.

Table 6.3 Bessel polynomials up to the 5th order

B1(p) ¼ 1þ p;
B2(p) ¼ p2 þ 3pþ 1;
B3(p) ¼ p3 þ 6p2 þ 15pþ 15;
B4(p) ¼ p4 þ 10p3 þ 45p2 þ 105pþ 105;
B5(p) ¼ p5 þ 15p4 þ 105p3 þ 420p2 þ 945pþ 945 � � �
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In order to compare the overall performance of the Butterworth,
Chebyshev and Bessel filters, Figure 6.31 summarises the frequency
characteristics and step time responses of all of them for n ¼ 4. The
design criteria of filters were the following:

– the Butterworth filter should have the maximally flat amplitude-
to-frequency characteristics in the passband,

– the passband ripples of the Chebyshev filter could not exceed
0.1 dB; and

– the Bessel filter should have the maximally flat group delay.

All filters were normalised to have the same �3-dB cut-off frequency.
Comparative analysis of plots in Figure 6.31 suggests that the Butter-

worth and Chebyshev filters are desirable from the point of view of the
amplitude-to-frequency characteristics. They provide an excellent pass-
band selectivity rejecting efficiently the high-frequency noise. However,
poorer performance in terms of the group delay results in overshoots and
ringing in their step responses. The Bessel filters have the opposite
behaviour. The phase linearity helps to achieve a faster rise and settling
time. The step response shows virtually no overshoots or ringing
whereas the impulse response lacks any oscillatory behaviour. Yet, the

1/n

2/n

2/n

2/n

2/n

1/n

n = 5

jω

σ

Figure 6.30 Pole positions of the normalised fifth-order Bessel filter designed with
an aim to provide the maximally flat group delay at ! ¼ 0 and the following
monotone decay. Poles are approximately located on a circle separated by 2

n fraction
of the diameter in their imaginary parts
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roll-off of the amplitude-to-frequency characteristics is the least steep
compared to that of other types of filters indicating their poor selectivity
with respect to high-frequency noise.
It is obvious that electronic designers would attempt to synthesise

filters that combine the advance features of the Butterworth–Chebyshev
filters, on the one hand, and those of the Bessel filters, on the other hand.
If a new network is constrained to the all-pole concept, these attempts
end up with some compromised performance in the frequency and time
responses. The Butterworth–Thomson filter is a good illustration to the
statement. The poles of the filter are situated on the unity circle somewhere
between positions assigned by the Butterworth and Bessel filters [8].
Filters with transfer functions containing polynomials in their

numerators, N(p), (having zeroes as well as poles) can, in principle,
approach closer in their behaviour the ideal low-pass filter. Such filters,
however, are more complex to design and more expensive to manufac-
ture. We will briefly discuss the synthesis of this type of networks in the
next paragraph when we introduce the Nyquist and Bode analysis
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Figure 6.31 The frequency characteristics and step and time responses of the
Butterworth, Chebyshev and Bessel filters for n ¼ 4
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methods. This section will be concluded with remarks on the step
response of the all-pole filters.
Once a frequency response of a hybrid non-standard filter has been

approximated in the form

TðpÞ ¼ T0QN
i¼1

ðp� �iÞ
ð6:1:58Þ

the Laplace transform of the step response is T(p)
p . Following [5], before

trying to take the inverse Laplace transform it is useful to expand the
function T(p)

p into partial fraction form:

TðpÞ
p

¼
Xnþ1

i¼1

Ai

p� �i
ð6:1:59Þ

where Ai ¼ T0
1QNþ1

k¼1, 6¼i

(�i��k)
is the residue at the pole �i.

Now, the step time response can be expressed as follows:

aðtÞ ¼
XN
i¼1

Aie
�it ð6:1:60Þ

Some poles �i, as we saw earlier, are complex. In all real stable filters,
they tend to appear in complex conjugate pairs. Thus, corresponding
residues will also be complex conjugate yielding a real time–step
response a(t).

6.1.4 Graphical Methods of Analysis and Synthesis in the
Frequency Domain

The purpose of the analysis of an electronic network is to examine
whether it meets requirement specifications on the stability, the transient
performance and the steady state error. The majority of designed sys-
tems (transducers, amplifiers, filters, etc.) are expected to be absolutely
stable. We have already learned in the section 6.1.3 that poles of an
absolutely stable all-pole filter must be situated in the left-hand p-plane.
There are several analytical methods (for instance, by Routh, Hurwitz,
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etc.) that indeed study locations of the poles and zeroes as a function of
various impetuses. Practicing engineers, however, rarely use these meth-
ods due to their complexity and the necessity to deal with lengthy
analytical expressions of transfer functions. The time domain methods
are also rather inconvenient as, for instance, the pole positioning cannot
be directly verified by a non-complicated experiment.
The analysis, obviously, does not stop on mere registering a fact of the

stability of operation. In our design and calculations, we manipulate
with the nominal values of components. These values have tolerance
margins specified by manufactures. Moreover, they may also vary with
temperature, time and changing operating conditions. Thus, a designer
needs additional information on the relative stability or, in other words,
the stability margin. It is vital to determine how close a system is to being
unstable in the worst-case scenario. In what follows, we will show that the
frequency domain representation is a much preferred option in doing that.
There is a number of grapho-analytical frequency domain methods

available for the electronic network analysis and design. In this para-
graph, we will concentrate on the Nyquist diagram and the Bode plots.
Both methods are based on the graphical exploration of the open loop gain
as a function of frequency. They are applicable for both continuous and
discrete time systems. The latter will be briefly discussed in the next section.

6.1.4.1 Nyquist diagrams

The Nyquist diagram offers undoubtedly the best way to introduce the
stability criteria and formulate the definition for the measure of the
relative stability. Similar to complex poles and/or zeroes on the p-plane,
the complex transfer function T(p) can be visualised on a 2D graph with
axes Im[T(p)] vs Re[T(p)]. In order to be closer to experimental results
obtained with a sinusoidal stimulus, we need to operate in the frequency
domain. Therefore, in our further discussions, we will tend to use the
Fourier transform rather than the Laplace transform. There is a little
difference between these two techniques. In fact, the Fourier transform is
a special case of the Laplace counterpart where the complex variable p is
restricted to lay on the imaginary axis. In its classical form, it does not
operate with signals of the infinite duration, for instance, the step func-
tion (Table 6.1). However, there is no need to deal with functions for
which the transform does not exist along the imaginary axis only. Such
functions would not characterise the networks that can be realised in
practice. Following that, the Fourier transform can be derived simply by
substituting j! for p in the Laplace expressions.
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The polar form of Fourier transfer function is given by

Tð j!Þ ¼ jTð j!Þjj�ð!Þe ð6:1:61Þ

In the complex form it is

Tð j!Þ ¼ Re½Tð j!Þ� þ jIm½Tð j!Þ� ð6:1:62Þ

ANyquist polar plot is a 2D graph with axes Im[T(j!)], Re[T(j!)] which
is mapped by varying the angular frequency !. In principle, ! can vary
from zero to infinity. However, the polar plot can contain only points
from a frequency range of interest. A generic example of the Nyquist
polar plot is shown in Figure 6.32. It illustrates the equations (6.1.61)
and (6.1.62) at ! ¼ !0.

6.1.4.2 The Nyquist criterion for the stability of a feedback amplifier

In practice, we normally deal with networks or systems whose gain falls
off and the phase shift increases monotonically with frequency. From
a common sense, if such a network or system is to be stable, then the
loop gain must fall off to less than the unity before the feedback
turns from negative to positive one, or, in other words, the phase shift
reaches ��(�180�).

ImT( jω0)

ImT( jω)

ReT( jω0)

ReT( jω)

ω0

ω

T( jω0)
Φ(ω0)

Figure 6.32 A generic example of the Nyquist polar plot illustrating the transfer
function T(p)

320 ANALYSIS AND SYNTHESIS OF DETECTOR SYSTEMS



Let us consider a linear amplifier with a single feedback loop. Its
closed loop gain is given by

Kðj!Þ ¼ Aðj!Þ
1þ �Aðj!Þ ð6:1:63Þ

where A(j!) is the gain of the bare amplifier, � is the transfer function of
the feedback network, L(j!) ¼ �A(j!) is the loop gain. The equation
(6.1.63) has a singularity at a point L(j!) ¼ [�1,0] which is called the
critical point of the Nyquist diagram.
The Nyquist stability criterion states that the amplifier will be

stable if the polar plot L(jo) and its conjugate do not encircle the
critical point. Figure 6.33 shows an example of Nyquist diagram of a
system. The unit circle represents a loop gain 1. The polar plot does
not encircle the critical point thereby meeting the Nyquist criterion
of the stable system. An angular frequency corresponding to a point
where the plot crosses the unit circle, !1, is called the unity gain
angular frequency. At this frequency, we evaluate the phase margin
of a network, which is

�m ¼ �þ arg½Kðj!Þ� ¼ �� �ð!1Þ ð6:1:64Þ

Unit
circle

0–1,0

Critical
point

D

Phase
margin

ReK( jω)

ImK( jω)

–φ(ω1)

φm

ω1

ωπ

Figure 6.33 An example of Nyquist diagram of a system. The unit circle represents
a loop gain 1. The polar plot does not encircle the critical point (�1, 0), thereby
meeting the Nyquist criterion of the stable system
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The definition of the gain margin has the following form:

Gm ¼ 1

jKðj!�Þj ð6:1:65Þ

where K(!�) is the open loop gain at the crossover angular frequency !�.
The phase shift of the open loop gain at !� is arg[K(!�)] ¼ ��.
It is convenient to express the gain margin in the logarithmic form, as

follows

log10 Gm ¼ �20 log10 jKð!�Þj ð6:1:66Þ

This corresponds to the vector length

log10 Gm ¼ �20 log10 jODj ð6:1:67Þ

on the Nyquist diagram shown in Figure 6.33.
A polar plot depicted in Figure 6.34 does not meet the Nyquist

criterion. It encircles the critical point, which is characteristic for the
unstable system.
In terms of the stability there is a third kind of systems. Figure 6.35

presents an example of the Nyquist diagram of such a system. According
to the diagram, the system is likely to become unstable if the loop gain
decreases. A network that is stable, but becomes unstable if the (loop)
gain decreases is said to be conditionally stable.

Unit
circle

–1,0

ReK( jω)

ImK( jω)

ω = ∞

Figure 6.34 A polar plot of a transfer function that does not meet the Nyquist
criterion. It encircles the critical point (�1, 0), which is characteristic for the
unstable system
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Before turning to the Bode analysis and design, we will make some
remarks on the experimental procedure for obtaining the loop gain as a
function of frequency. The procedure is illustrated by Figure 6.36 that
depicts a SQUID amplifier with a closed feedback. In order to measure
the loop gain, we break the feedback loop at some point, normally
adjacent to the system output. The test signal is applied to the left
terminal. The response is the signal returned to the other side of the

Unit
circle

–1,0

ImK( jω)

ReK( jω)ω = ∞

Figure 6.35 An example of the Nyquist diagram of conditionally stable system.
According to the diagram, the system is likely to become unstable if the loop gain
decreases

V in V out

Break

SQUID

A T( jω)

Test
signal

Return
signal

Feedback

Figure 6.36 A SQUID amplifier with the broken feedback loop illustrating the
experimental procedure for obtaining the loop gain as a function of frequency.
The test signal is applied to the left terminal. The response is the signal returned to
the other side of the break
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break. Applying the sinusoidal test signal at different angular frequencies
!i it is possible to restore the loop gain as

Lðj!iÞ ¼
���Voutð!iÞ
Vinð!iÞ

���ej�ð!iÞ ð6:1:68Þ

where �(!i) is the phase shift between sinusoidal signals Vin and Vout at
angular frequencies !i whereas Vin(!i) and Vout(!i) are the magnitudes
of the sinusoidal signals.

6.1.4.3 Bode analysis and design

The Bode method is, in fact, very similar to the Nyquist method in that
both techniques analyse the open loop gain of a network under study in
the frequency domain. However, the Bode method employs a slightly
different graphical representation consisting of two plots:

1. the absolute value of the loop gain vs frequency,
��L(j!)��; and

2. the phase shift of the loop gain vs frequency, �(j!).

Bode diagram is perhaps the most natural way to visualise the behaviour
of a network in the frequency domain. This may explain the fact that the
plots are most widely utilised not just by practising electronic engineers
but also those who never heard about Bode theorems.
Bode formulated his two theorems for systems including only linear

minimum phase blocks. The theorems essentially point at the fact that
there is an unambiguous relationship between the loop gain variations as
a function of frequency and the frequency dependence of the phase shift.
According to the first theorem, the phase shift of a system in rad at an
angular frequency !d of interest can be found from the following equation:

�ð!dÞ ¼
�

2

��� dG
dn

���jd þ 1

�

Z 1

�1

��� dG
dn

���� ��� dG
dn

���jd
	 


ln cot g
��� n
2

���dn ð6:1:69Þ

where G represents the loop gain in nepers (1 neper¼ ln (e)),

n ¼ ln( !!d
),
��� dGdn ��� is the slope of the amplitude-log-frequency curve in

nepers per unit change of n (1 neper/unit change of n is equivalent to
20 dB/decade),

��� dGdn ��� is the slope of the amplitude-log-frequency curve at

!d, ln coth
��� n2 ��� is the Bode weighting function.
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According to the equation (6.1.69), a phase shift at a selected fre-
quency !d is caused by the presence of slopes in the whole magnitude–
frequency response. The weighting factor with which the slopes influ-
ence the �(!d) is not uniform over the whole frequency range of L(j!). It
becomes larger as the characteristic approaches the frequency !d. There-
fore, the system stability is primarily governed by the frequency char-
acteristic near the unity gain frequency !1.
The plot of the Bode weighting function determining the phase shift

contributions at !d from gradients of L(j!) at other frequencies is shown
in Figure 6.37. It suggests that the integral in the equation (6.1.69)
becomes relatively small compared to the first term at small and large
n. In this case, the slope of the amplitude-log-frequency curve should be
just under �2 nepers/unit of n (�40dB/decade) in the vicinity of the
unity frequency, !1, in order to ensure stability. Of course, the statement
is true only if a system does not contain ranges with a very steep roll-off
of the magnitude–frequency response that would overpower the
weighting factor.
A mathematical expression of the second Bode theorem has the

following form:

0.1 0.2 0.4 1 2 4 10 ωd

ω

1

2

3

4

5

6 2
nln coth

Figure 6.37 A plot of the Bode weighting function determining the phase shift
contributions at !d from gradients of L(j!) at other frequencies
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Z !s

0

Gd!ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2
s � !2

p ð!Þ2 þ
Z 1

!s

�d!ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2
s � !2

p ð!Þ2 ¼ R ð6:1:70Þ

where

R ¼ �

2

�ð!dÞ
!d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2
s � !2

d

q at !d < !s ð6:1:71Þ

R ¼ ��

2

Gð!dÞ
!d

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2
d � !2

s

q at !d > !s ð6:1:72Þ

!s is the angular cross-over frequency.
The equation (6.1.70) suggests that we have the complete information

about the frequency response of a system even in the case when the gain
is specified only below !s and the phase is specified only above !s. This
theorem, again, works adequately for linear minimum phase networks
only. This property is very helpful at the system design stage. The matter
is that, in practice, requirement specifications can often be elaborated for
the amplitude or the phase solely in a certain range(s) of frequencies and
the other quantity at other frequencies. The Bode theorems enable the
restoration of the full frequency response (magnitude and phase) in
the whole frequency range of interest from the partial information.
The design of the SQUID amplifier with the maximised feedback depth
discussed in Chapter 2 is a good illustration to this statement.
In what follows, we will re-formulate the Nyquist stability criterion

and the relative stability factors using the Bode plots shown schematic-
ally (not to scale) in Figure 6.38. The gain margin is logGm ¼
log
�

1
jL(j!�)j

� ¼ � log jL(j!�)j. It essentially represents a number of decibels
below0dBat thephasecross-over frequency!�. Equally, thephasemargin
is a number of radians (or degrees) above �� at the gain cross-over
frequency !1 (L(j!1) ¼ 1). In most cases of systems involving linear mini-
mum phase network units, the positive gain and phase margins are
necessary (but not sufficient) conditions of a stable operation. Yet, the
Nyquist polar plot remains to be a preferable graphical method in the
verification of the absolute stability.
The loop amplification of some active networks including, say, opera-

tional amplifiers may well exceed several millions at low frequencies.
The frequency range itself can extend from zero into the GHz region. In
order to accommodate the whole magnitude–frequency range on the
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same plot one has to utilise the logarithmic scales for both the magnitude
and frequency axes. It became common to plot logarithmic magnitude
axes in dB units defined as logL[dB] ¼ 20 log jL(j!)j. All frequencies and
magnitudes on the log–log scales are equally emphasised. Such a plot is
much easier to read when we try to identify the positions of poles and
zeroes, and evaluate their significance for the system stability through
the weighting function.
The logarithmic representation adds some other convenient features

to the analysis and design in the frequency domain. Since polynomials
can be factored, the loop gain with which we deal in the frequency
domain analysis can be viewed as a product of simple complex terms.
When complex terms are multiplied together, the result can be presented
as a product of amplitudes of each term with the total phase shift
resulting from the algebraic sum of the individual phases. The product
of amplitudes is known to be equivalent to addition of their logarithms.
Therefore, the overall magnitude–frequency response on the log–log
scale can be constructed simply by addition of known individual
responses as shown in Figure 6.39.
The full Bode equations are normally used at the requirement capture

as well as the final design stage when we need to know the exact magnitude
and phase frequency curves. Such a precise analysis would be justified in
cases when a system must carry particularly important functions (safety,
security, etc.). Otherwise, practising electronic engineers operate with
asymptotic approximations that are sufficient for deriving significant
time constants, ball park gain and phase characteristics, approximate

0 log ω

0

Gain
margin

Phase
margin

–π

logω
ωπω1

φ (ω)

logK( j ω)

Figure 6.38 Schematic (not to scale) Bode plots illustrating the Nyquist stability
criterion and the relative stability factors: gain and phase margins
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transfer functions to predict the time response, and so on. For this, we
initially concentrate upon the frequency response for small and large
values n. According to the Bode theorems, the decibel gain and the phase
are proportional to the log of the frequency. Thus, they are reduced to
straight lines on the log–log scale, which can be drawn by simple inspec-
tion without the equations (6.1.69) and (6.1.70).

Exercise 6.7

In this exercise, we will draw asymptotic approximation of the magni-
tude–frequency response of a single-pole operational amplifier with the
unity feedback gain, � ¼ 1.
The closed loop gain of an operational amplifier is given by the

following general equation

Tð j!Þ ¼ Kðj!Þ
1þ �ðj!ÞKðj!Þ ð6:1:73Þ

This can be re-written in the modified form

Tðj!Þ ¼ 1

�ðj!Þ
Kð j!Þ�ðj!Þ

1þ Kð j!Þ�ðj!Þ
	 


ð6:1:74Þ

dB

logω

K( jω)

K2( jω)

K1( jω)

K1( jω) K2( jω)

K( jω)

logK( jω) = logK1( jω) + logK2( jω)

Figure 6.39 Since the product of amplitudes is known to be equivalent to addition
of their logarithms the overall log–log magnitude–frequency response can be con-
structed by simply addition of known individual responses
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The equation can now be approximated by two simple equations

Tðj!Þ 
 Kðj!Þ for jKðj!Þ�ðj!Þj � 1 ð6:1:75Þ

and

Tðj!Þ 
 1

�ðj!Þ for jKðj!Þ�ðj!Þj  1 ð6:1:76Þ

Now, it is straightforward to construct an asymptotic magnitude–
frequency response of the operational amplifier with the closed feed-
back. The plot is shown in Figure 6.40.
Asymptotic plots intersect each other in a well-defined corner fre-

quency, !1 corresponding to a 3-dB attenuation of the closed loop gain.
Asymptotic plots suggest that the gain is jK(j!1)j� ¼ 1. Thus, at this
frequency, the asymptotic approximation introduces the largest error. In
general, the largest approximation error corresponds to n ¼ 1. It can be
evaluated either from experiment or analytically. In our case, the
approximation error can be estimated from the equations

Kðj!Þ�
1þ Kðj!Þ�
	 


for jKðj!�Þj > 1 ð6:1:77Þ

open loop
gain:
real
asymptotic

closed loop
gain:
real
asymptotic
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Kβ <<1
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Figure 6.40 An asymptotic and actual magnitude–frequency response of an opera-
tional amplifier with the closed feedback on the log–log scale. The characteristic can
be approximated by a number of straight lines. The largest error occurs at the point
where the approximation lines intersect
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and

1

1þ Kðj!Þ�
	 


for jKðj!Þj� < 1 ð6:1:78Þ

that are derivatives of the equations (6.1.73–6.1.76).
We require a limited amount of basic functions to represent the

factorised transfer function of a linear minimum phase network. In fact,
implementation of only four of them would be sufficient to approximate
the Bode plots of any complexity with the sufficient accuracy. These
functions are:

1. frequency-independent constant factor, K0;
2. a term containing one zero p or a pole 1

p positioned at the origin of
the p-plane;

3. a term containing a first-order zero (1þ ap) or a first-order pole
(1þ bp)�1;

4. a quadratic term containing a zero

p

!p

� �2

þQ

!p
pþ 1

or a pole

1

p

!p

� �2

þQ

!p
pþ 1

:

In this respect, the synthesis of the Bode plots is quite similar to the
design of linear filters. The coincidence is not accidental since the Bode
plots are actively utilised in the filter design.
In what follows, we will give the Bode graphical representations of

these functions.

Frequency-independent constant factor
The constant factor, K0, represents the product of all frequency-indepen-
dent terms in the loop amplification. On the Bode plot, it is a straight
horizontal line 20 log10K0 with a zero phase shift as shown in Figure 6.41.
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Zero positioned at the origin of the p-plane
The logarithmic magnitude is given by

Llogð!Þ½dB� ¼ 20 log10ðjj!jÞ ¼ 20 log10ð!Þ ð6:1:79Þ

whereas the phase is

�ð!Þ ¼ arg½ðj!Þ� ¼ �

2
rad: ð6:1:80Þ

If an expression of the transfer function contains a numberm zeroes, the
term (j!) is raised to the powerm. In the logarithmic form, this increases
the slope of the magnitude–frequency response by a factor of m, that is,

Lð!Þ½dB� ¼ 20 log10ðjj!jmÞ ¼ 20m log10 ! ð6:1:81Þ

and

�ð!Þ ¼ argðj!Þm ¼ �

2
m rad ð6:1:82Þ

This is illustrated in Figure 6.42.

Pole positioned at the origin of the p-plane
For a transfer function including m such poles the magnitude–frequency
and the phase–frequency characteristics are given by

Lð!Þ½dB� ¼ 20 log10ðjj!j�mÞ ¼ �20m log10 ! ð6:1:83Þ

Gain, dB

log ω

Phase shift

log ω

0

0

Figure 6.41 The Bode plot of the frequency-independent constant factor
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and

�ð!Þ ¼ argðj!Þ�m ¼ ��

2
m rad ð6:1:84Þ

respectively. The Bode plots of such poles are depicted in Figure 6.43.

Simple zero (not at the origin of the p-plane)
The Fourier transfer function of the simple zero is given by

Tðj!Þ ¼ 1þ j!� ð6:1:85Þ

Gain, dB

log ω

Phase shift

log ω

0

0

10.10.001 10 100

2
m

20 mdB/dec
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π

Figure 6.42 The Bode plot of a network with the zero positioned at the origin of the
p-plane
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Figure 6.43 The Bode plot of a network with the pole positioned at the origin of the
p-plane
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The Bode plots of this transfer function is no longer a straight line. In
order to be able to construct the frequency response by inspection, we
have to apply the asymptotic approximation. To do that, we will calcu-
late the logarithmic magnitude–frequency characteristics at !� � 1 as

Lð!Þ½dB� ¼ 20 log10ðjj!� þ 1jÞ 
 20m log10 1 ¼ 0 dB ð6:1:86Þ

and at !�  1 when we can neglect the constant term to get

Lð!Þ½dB� ¼ 20 log10ðjj!� þ 1jÞ 
 20m log10 !� ð6:1:87Þ

The equation (6.1.87) is similar to the expression describing behaviour
of the zero at the origin with one exception that the log-magnitude curve
intersects the 0-dB line at a frequency ! ¼ 1

� rather than at ! ¼ 1.
Otherwise, at !�  1 the slope and phase remain constant at 20 dB/
decade and �

2 respectively. The point where two approximation lines
intersect is called the corner frequency. The exact and approximated
Bode plots are depicted in Figure 6.44.
The maximum error introduced by the asymptotic approximation

occurs at the corner frequency. It equals to 20 log10 (j1þ j1j) ¼
20 log

ffiffiffi
2

p ¼ 3dB. Knowing that enables us to restore the exact curve
of a simple zero also by inspection from existing asymptotic lines.
The phase–frequency characteristics of the transfer function described

by the equation (6.1.85) is derived from the ratio of the imaginary to the

1
Corner frequency

log gain,
dB

Phase

Asymptotic
approximations

Real
curve 3 dB
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4

log ω

log ω

20 dB/dec
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Asymptotic
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π

τ

π

Figure 6.44 The Bode plot of a network with a simple zero (not at the origin of the
p-plane)
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real part of the complex function whose tangent gives us the sought
angle. Following that we get

�ð!Þ ¼ argð1þ j!�Þ ¼ tan�1 !� ð6:1:88Þ

The zero shows a phase shift of �4 at the corner frequency approaching
asymptotically �

2 at frequencies !�  1. The first order linear approx-
imation of the phase curve would require minimum three lines. One way
to arrange it is to use a straight line with a slope �

4/decade starting from a
point corresponding to a one tenth fraction of the corner frequency,
passing through a value of �4 at the corner frequency and finishing at ten
times the corner frequency with a value of �2. At frequencies below 0:1!�
and above 10!� one can use horizontal lines. Such an approximation
produces a maximum error of �

20.
The presence of m simple zeroes in the transfer function gives m-fold

increase in the slope of the approximation line at !�  1 and m times
larger phase shift compared to one produced by the single simple zero.

Simple pole (not at the origin of the p-plane)
The simple pole has the following transfer function

Tðj!Þ ¼ 1

1þ j!�
ð6:1:89Þ

The treatment of this problem is very similar to that of simple zero
factors. Since the logarithm of a reciprocal quantity gains just an oppo-
site sign we are getting Bode plots that are the mirror images of those
shown in Figure 6.44. We will leave it to readers to derive asymptotic
equations. For reference, results are summarised in Figure 6.45.

Quadratic poles
A general expression for the frequency response of the quadratic pole is
given by

Tðj!Þ ¼ 1

1� ð!�Þ2 þ 2j	!�
ð6:1:90Þ

where 	 is the damping ratio. Approximation curves follow from the
equations:

Lð!Þ½dB� 
 20m log10 1 ¼ 0 dB at !� � 1 ð6:1:91Þ
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and

Lð!Þ½dB� ¼ 20 log10

����� 1

ð!�Þ2
�����

 !

 �40m log10 !� at !�  1 ð6:1:92Þ

where m is the number of quadratic poles in the transfer function.
Asymptotic lines again intersect at the corner frequency !� ¼ 1. Unlike
previous cases, however, the approximation error depends strongly on
the damping factor. These errors can be obtained from exact plots of
jT(j!)j. Figure 6.46 demonstrates the Bode plots of the quadratic pole at
	 ¼ 1 and 	 ¼ 0:1. Note that the former case corresponds to the presence
of the double simple pole in the transfer function.
We will omit the discussion for the case of the quadratic zero as self-

explanatory.

6.1.4.4 Compensation networks

What should we do if our designed preamplifier exhibits a substantial
overshoot in the step response or a SQUID current amplifier oscillates at
high frequencies? A possible answer is: we need to ask a practising
electronic engineer to resolve the problem. If we are practising electronic
engineers or there is none around, then we need to look for solutions of
both the problems using primarily the Nyquist diagrams and the Bode
plots. The first problem is likely to be caused by the fact that the group
delay of the network is not maximally flat, whereas the second problem

1
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approximations
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log ω

log ω
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τ

π

π

–

–

Figure 6.45 The Bode plot of a network with a simple pole (not at the origin of the
p-plane)
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originates from the insufficient gain or/and phase margins. Once the
problems have been identified, the next step will be to modify the fre-
quency responses of both the devices. In the case of the preamplifier, one
has to achieve the proportionality of the phase shift with respect to
frequency. The SQUID amplifier must have either a lower gain at the
cross-over frequency !� or, alternatively, a smaller phase shift at the unity
gain frequency, !1. Here we assume that amplifiers meet the Nyquist
criterion for the absolute stability.
Re-shaping of the frequency response is achieved with specially

designed compensation networks or correctors. The presence of a cor-
rector corresponds to adding zeroes or poles to the overall transfer
function of the system so that

Tcorðj!Þ ¼ ½K0Wðj!Þ�Tð j!Þ ð6:1:93Þ

where K0W(p) is the transmittance function of the compensation net-
work.
Compensating transmittance can assume numerous forms. Yet, all of

them can be classified into three base types:

1. lag compensation;
2. lead compensation; and
3. lag–lead combined compensation.

1
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2
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– π
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Figure 6.46 The Bode plot of a network with a quadratic pole (not at the origin of
the p-plane). The error at the intersection point of two approximation lines depends
on the damping factor in the transfer function of the network
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In what follows, we will give examples of correctors of each type.

6.1.4.5 Lag compensation

The transfer function of the lag compensator is given by

Wðj!Þ ¼
1þ j!

!lag

1þ � j!
!lag

ð6:1:94Þ

where � > 1.
A circuit diagram of the network that realises the lag transfer function

is depicted in Figure 6.47. The transfer function W(j!) can be re-written
as a product of the simple pole and the simple zero with corner frequen-
cies

!lag

� and !lag respectively. The asymptotic approximation of the Bode
plot can be drawn immediately by inspection referring to the equations
(6.1.85) and (6.1.89). The Bode plot is presented in Figure 6.48(a).
Figure 6.48(b) shows also the Nyquist polar diagram of the transfer
function, which completes the picture regarding the frequency response
of the network.
In what follows, we will give some remarks on properties and usage of

lag compensators:

1. The lag compensator serves to decrease the return ratio by as much
as a factor of � at frequencies ! > !1. In other words, the lag
networks are essentially low-pass filters. They are normally tuned
in such a way that the system preserves a high gain at low frequen-
cies but lowers the gain in the frequency range centred at !1 to
avoid system instability. Under !1 we mean the unity gain fre-
quency of the system. The compensation of magnitude–frequency

R

ω lagR
1

X( jω) X( jω)W( jω)

(α – 1)R

Figure 6.47 A circuit diagram of the network that realises the lag transfer function
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characteristic results in shifting the unity gain frequency to a lower
point where the phase margin is acceptable.

2. According to Figure 6.48(a), the lag network adds to the phase
shift. Therefore, it is of no use for the phase compensation pur-
poses.

3. In order to avoid instability caused by the introduction of an extra
pole and additional phase shift, the corner frequency of the com-
pensator must be much less compared to the unity gain frequency
of the non-compensated system.

4. One has to remember that being essentially the low-pass filters, all
lag compensators reduce the bandwidth of the system and slow
down the transient response.

6.1.4.6 Lead compensation

An example of the lead compensation network involving passive com-
ponents only is depicted in Figure 6.49. Its transfer function has the
following form:

Wðj!Þ ¼
1þ j!

!lead

1þ j!
�!lead

ð6:1:95Þ

ωlagα
α

α
ωlag

1

1

α = 10
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1

ω = 0
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4

ω = ∞

–
π

Figure 6.48 The Bode plot (a) and the Nyquist polar diagram (b) of the transfer
function of the lag compensator
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where the parameter � > 1.
The lead network provides compensation by reducing the overall

phase shift of a system in the low-to-medium frequency range, whereas
introducing negligible attenuation at high frequencies. Figure 6.50 pre-
sents the frequency characteristics of the network including Bode plots
(asymptotic approximation) and the Nyquist diagram. The phase-
to-frequency curve was calculated for � ¼ 10.
According to the Nyquist diagram depicted in Figure 6.50(b), the max-

imum lead angle of the network can be found from the following equation:

sin�m ¼ 1� 1
�

1þ 1
�

ð6:1:96Þ

R
1

ω lead X( jω)W( jω)
X( jω)

(β – 1)R

(β – 1)R

Figure 6.49 A circuit diagram of the network that realises the lead transfer function
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Figure 6.50 The frequency characteristics of the network including Bode plots
(asymptotic approximation) (a) and the Nyquist diagram (b). The phase-
to-frequency curve was calculated for � ¼ 10
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The lead compensator represents a class of proportional differentiating
circuits. In order to maintain its transfer function in the wide frequency
range, the real circuit will require presence of active components adding
some gain at high frequencies and buffering its input and output. From
the point of view of the dynamics, the implementation of the circuit is
very beneficial. It increases the phase margin as well as the bandwidth
followed by reduced transient response (including both the rise and
settling time). Nevertheless, such a compensation technique may not be
acceptable in low-noise electronic devices. A larger bandwidth means an
increased level of high-frequency noise circulating in the loop. We have
already learned in Chapter 2 discussing SQUID parametric amplifiers
that the high-frequency noise mixes up with the pumping signal produ-
cing undesirable non-linear effects. These non-linear effects can upset the
system stability on their own. A high-frequency noise above a certain
level is capable to suppress the SQUID response altogether. In order to
circumvent this and other problems one recommends utilising a com-
bined lag–lead network.

6.1.4.7 Lag–lead compensation network

The lag–lead compensator achieves phase lag in one range of frequencies
and phase lead in another. Its transfer function is given by

Wðj!Þ ¼
1þ j!

!tag

� �
1þ j!

!lead

� �
1þ � j!

!tag

� �
1þ j!

�!lead

� � ð6:1:97Þ

where � > 1, � > 1: W(j!) is, in fact, a product of individual transfer
function of the lag and lead networks

Wðj!Þ ¼ Wlagð j!ÞWleadð j!Þ ð6:1:98Þ

which we discussed earlier. Therefore, the lag–lead compensation com-
bines the advantages of the both the lag compensation and the lead
compensation. This is achieved without such undesirable side effects like
an excessive bandwidth or the fact that the time constant of lag network
must be much larger than the largest time constant of the system to be
corrected, and so on. Since the choice of parameters influencing the
frequency response of the compensator is governed by dynamics as much
as by noise properties (or other considerations), it is difficult to give
general recommendation on a technique for its employment. If, however,
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we concentrate for a moment on the system frequency response only,
some results of the corrective action can be predicted. To do that, we
give an example of the lag–lead passive network, its Nyquist diagram
and the Bode plots for parameters � ¼ � ¼ 10 and !lead ¼ 10!lag in
Figures 6.51 and 6.52 respectively. It can be seen that the corrector acts
as a lag network in the frequency range 0 < ! < !0, while it acts as a
lead network at other frequencies. The cross-over frequency at which the
phase angle is zero depends on corner frequencies !lag and !lead in the
following form:

!0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!lag!lead

p ð6:1:99Þ

This equation follows directly from the Nyquist polar plot. The phase
lag portion of the lag–lead network provides attenuation near and

(β –1)R 

R

1

X( jω) X(jω)W(jω)1

ω lagR

ω lead(β –1)R

Figure 6.51 A circuit diagram of the network that realises the lag–lead transfer
function
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Figure 6.52 The frequency characteristics of the network including Bode plots
(asymptotic approximation) (a) and the Nyquist diagram (b). Both the frequency
curves were calculated for � ¼ � ¼ 10
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above the unity gain cross-over frequency of a system under correction.
This enables an increase of its gain at a low-frequency range to improve
the steady state performance, for instance reducing the non-compensa-
tion error. The phase lead part of the lag–lead network modifies the
frequency response curves via the compensation of the phase shift of the
system by an amount of the lead angle. This action increases the phase
margin at the unity gain cross-over frequency. The extra margin can
again be used to increase the loop amplification at the low-frequency
range or, alternatively, to speed up attenuation above the unity gain
frequency. The latter is often necessary to reduce circulating in the loop
noise and high-order harmonics produced by existing non-linearities or/
and switching components.
The presence of non-linear or switching elements in the loop may have

a serious effect on the system time dynamics and frequency response.
Now, we will proceed to the discussion of these problems.

6.1.5 Describing Function of Non-linear Elements in the
Frequency Domain

In Chapter 2, we analysed the SQUID amplifier in two limits: (a) a small-
signal limit and (b) a large-signal limit. This is done because the ampli-
fier contains a non-linear element, which is the SQUID itself. In the
small-signal limit, we assume the transfer function to be linear and are
able to apply all analysis and design methods and techniques developed
for linear continuous time circuits. In the large-signal limit, we take into
account the effect of the non-linearities on the system dynamics and
resort to the describing functions, non-trivial analysis methods such as
Lyapunov criteria or the phase planes, and so on.
The approximation to the first order of the working branch of the

SQUID flux-to-voltage characteristic yields a pattern known as the
saturation non-linearity. The non-linearity is shown in Figure 6.53.
Indeed, for small-input signals, the output of such an element would
be their product with the transfer function, , equal to the gradient of the
flux-to-voltage curve in its middle, that is,  ¼ ( @V@�)jo. As the input signal
becomes larger, so that the operating point reaches the saturation (hori-
zontal) branches, the output is no longer proportional. Finally, for very
large-input signals, the system loses its ability to respond. Its output
falls into another saturation set this time by the voltage of a power
supply.
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In a range of the input signals, where the response of the non-linear
element ceases to be proportional, but the overall system still operates to
requirement specifications, we need to switch from the transfer function
to the describing function. Let us assume that a non-linear element was
exposed to an input sinusoidal signal

xðtÞ ¼ X sin!t

The output of the element will contain the first, fundamental harmonic
as well as a series of the higher order harmonics. The describing function
analysis in the frequency domain takes into consideration only the
fundamental harmonic component. Neglecting the higher-order harmo-
nics is justified since they are often of a much smaller amplitude com-
pared to the first one from the beginning. In addition to that, inertial
networks responsible for stability of the system loop act as low-pass
filters. They further attenuate unwanted harmonics together with circu-
lating high-frequency spurious signals and noise.
The Fourier series of the signal at the output of a non-linear unit has

the following form:

yðtÞ ¼ A0 þ
X1
n¼1

Yn sinðn!t þ �nÞ

¼ A0 þ
X1
n¼1

ðAn cos n!t þ Bn sin n!tÞ
ð6:1:100Þ

k

S

y

x

Figure 6.53 The plot of the saturation non-linearity. It adequately describes to
the first-order approximation the working branch of the SQUID flux-to-voltage
characteristics
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where

An ¼ 1

�

Z 2�

0

yðtÞ cosðn!tÞdð!tÞ ð6:1:101Þ

Bn ¼ 1

�

Z 2�

0

yðtÞ sinðn!tÞdð!tÞ ð6:1:102Þ

Yn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

n þ B2
n

q
ð6:1:103Þ

�n ¼ tan�1 An

Bn

� �
ð6:1:104Þ

Note that for symmetric non-linearity a factor A0 ¼ 0.
Following that, the fundamental harmonic component at the output is

y1ðtÞ ¼ A1 cos!t þ B1 sin!t

¼ Y1 sinð!t þ �1Þ
ð6:1:105Þ

Now, we can write down the definition of the describing function as

N ¼ Y1

X
ej�1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

1 þ B2
1

q
X

e
j tan�1 A1

B1

� � ð6:1:106Þ

where Y1 and �1 are the amplitude and the phase of the fundamental
harmonic of the output signal respectively.
When �1 6¼ 0, the describing function becomes a complex quantity. N

is always a function of the input amplitude X. Yet, if a non-linear
element contains any energy storage elements it will depend also on
the frequency of the input signal. For instance, there is a small parasitic
capacitance between the input coil and the SQUID washer. It can be
safely ignored at relatively low frequencies where we assume the input
coil and the SQUID washer are coupled through the mutual inductance
only. But as an input-frequency approaches closer to the transmission
line resonance of the input coil, the capacitance has an increasingly
stronger by-passing effect and, as a result, modifies the describing
function. This modification must be taken into account in the design
of HF-SQUID amplifiers intended to operate near 1GHz.
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Following the last statement, we will re-write the definition of the
describing function in a more general form (Figure 6.54)

NðX; !Þ ¼ Y1ðX; !Þ
X

ej�1ðX; !Þ ð6:1:107Þ

In order to perform analysis and design in the frequency domain, system
non-linearities existing in the loop should be replaced by describing
functions. After that, we can apply all analytical as well as the graphic
analysis and design techniques developed for linear continuous systems,
including those presented earlier in this chapter.
A describing function of a non-linear element with saturation, shown

in Figure 6.53, is given by

N ¼ 2k

�
sin�1 S

X

� �
þ S

X

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� S

X

� �2
s2

4
3
5 ð6:1:108Þ

where k is the gradient of the Y(X) in the linear range, S is the X-co-ord-
inate of a point, at which the slope and saturation lines intersect.
More close approximation of the SQUID-like flux-to-voltage curve

can be achieved with a shape presented in Figure 6.55. In this case, the
describing function takes the following form

N ¼ k2 þ 2k1 � k2
�

sin
S

X
þ S

X

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ S2

X2

r !
ð6:1:109Þ

x
F(x)

y = F(x)

X

N(X, ω)

(a) Non-linear element

(b) Describing function
    of the non-linear element

Y1

Y

x
Y1N(X, ω) = e jφ1(X, ω)

Figure 6.54 A block diagram of a non-linear element with the transfer function
F(x) (a), and its equivalent block diagram with the describing function N(X, !)
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The describing function analysis works particularly well for systems
containing a single non-linear element. The SQUID amplifier illustrated
in Figure 6.56 is a good example of such a system. Its closed loop
describing function is given by

Tðj!Þ ¼ NðX; !ÞGðj!Þ
1þNðX; !Þ� ð6:1:110Þ

where X represents in this case a magnitude of the sinusoidal reduced
magnetic flux. As usual, the frequency analysis starts from looking at
pole positions of the characteristic equation 1þN(X, !)G(j!)� ¼ 0. We
need to check whether there exist any critical values of X and ! that
satisfy the characteristic equation or, in other words, would cause the

k1

S

y

x

k2

Figure 6.55 More close approximation of the SQUID-like flux-to-voltage curve

N(Φm, ω) G( jω)
F(φ)φe φ

φβ

β

Figure 6.56 An equivalent block diagram of the SQUID amplifier incorporating a
non-linear SQUID block with the describing function N(�m, !)
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oscillations in the loop. It helps if we re-write the equation in a modified
form as follows

Gðj!Þ ¼ � 1

NðX; !Þ� ð6:1:111Þ

Now, we can draw separate plots for G(j!) and � 1
N(X,!)� on the same

Nyquist diagram. Absence of any intersection of these two plots would
indicate that the critical values do not exist.
Popov formulated a general stability criterion for non-linear feedback

systems containing a single non-linear element. It states that a system is
stable if

1. the linear inertial element G(j!) is stable;

2. ReG(j!) > � 1

K
; and

3. F(0) ¼ 0 and 0 <
�F(�)

��
< K.

In the criterion, F(�) is the non-linear function of the non-linear element.
It should not be confused with the describing function (Chapter 2).

6.2 DISCRETE-TIME SYSTEMS AND SYSTEMS WITH
PERIODICALLY CHANGING PARAMETERS

As we mentioned before, the electronic world becomes increasingly
digital. Practising electronic designers tend to implement the digitisation
of signals at the earliest possible stage in order to eliminate problems
arising from analogue components. These include the variations
of nominal values with time and temperature, extra noise and lack of
flexibility. Under the latter, we mean that some transfer functions either
cannot be realised in the analogue form or would make the realisation
exceedingly complex. Some adjustments to the transfer function of an
analogue unit often mean the re-design, while, with a digital system,
these require mere changing of some factors in the processor algorithm.
Yet, the introduction of the digitisation stage does not change the
essence of the system analysis and design. A digital system can equally
be intrinsically unstable or produce the overshoots in its output strings,
and so on. In this respect, the analogue and digital design skills blend in
the digital environment. For instance, it is common to read job adver-
tisements offering positions of an analogue electronic engineer who is
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expected to develop digital instrumentation. There is no contradiction in
the announcements. Employers are likely to be involved in the develop-
ment of some variety of the digital control systems. Digital designers are
often not familiar with the analysis and design techniques we have
discussed so far. Therefore, by tradition, the dynamics of systems in
the time and frequency domains is attributed to analogue designers.
Despite the fact that the analysis and design of analogue and discrete-

time systems are conceptually very similar, the presence of a sampler or a
number of samplers in the loop introduces some specific features. We
will outline them in the following paragraphs.

6.2.1 z-Transform Method

The discrete-time systems differ from the continuous-time ones in that
the signals propagate in the sampled data form through, at least, a part
of the loop. A good example to this definition would be a system
containing an analogue-to-digital converter (ADC) which performs
two consecutive functions of the sampling (digitisation) and then the
quantisation.
In terms of sampling operations, the systems based on (or including)

superconducting devices have to deal mostly with a periodic sampling
when the sampling instants are equally spaced in time, that is,
tk ¼ kT(k ¼ 0,1,2, . . . ). This case is well handled by a method called
z-transform.
The z-transform in the discrete-time systems is a counterpart of the

Laplace transform in the continuous time systems. In fact, its definition
follows from the Laplace transform. Let us consider an ideal signal
multiplier, shown in Figure 6.57. During the sampling process an input
signal x(t) is sampled, for instance, by closure of an analogue switch.

xs(t)

δm(t )

x(t)

Figure 6.57 A schematic representation of an ideal signal multiplier. During the
sampling process an input signal x(t) is sampled, for instance, by the closure of an
analogue switch. �m(t) represents a signal controlling the switch. In the time domain,
it is a train of very short unit pulses occurring at time moments t ¼ kT
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�m(t) represents a signal controlling the switch. In the time domain, it is a
train of very short unit pulses occurring at time moments t ¼ kT

�mðtÞ ¼
X1
k¼0

�ðt � kTÞ ð6:2:1Þ

The sampler performs the function of a modulator. The output signal of
the sampler, xs(t), is a product of the two time functions

xsðtÞ ¼ xðtÞ�mðtÞ

Thus, the output signal is also a train of pulses with the widths con-
trolled by the pulse widths of �m(t) and the amplitudes equal to instan-
taneous values of x(t) at the time moments kT. The area of each
individual pulse is in fact a mean value of x(t) during the sampling
interval. Assuming �m(t) being a train of �-functions (the unit area and
infinitely small duration), we derive the output signal in the following
mathematical form:

xsðtÞ ¼
X1
k¼0

xðkTÞ�ðt � kTÞ ð6:2:2Þ

Taking the Laplace transform of the output signal yields

XsðpÞ ¼ L½xsðtÞ� ¼
X1
k¼0

xðkTÞe�kTp ð6:2:3Þ

Now, introducing a new variable z ¼ eTp, we obtain the z-transform of
the function xs(t) as follows:

XðzÞ ¼ XsðpÞ ¼ xs
1

T
ln z

� �
¼
X1
k¼0

xðkTÞz�k ð6:2:4Þ

Its notation may also look like Z{xs (t)}.
The z-transform deals with signals at sampling instants only defined

by a sampler. In this respect, there is no difference between two nota-
tions Z{x(t)} and Z{xs(t)}.
Some functions and their z-transforms are listed in a short Table 6.4.

Their applicability can be expanded by using Table 6.5 that summarises
the properties of the z-transforms. More complete lists of z-transform
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pairs can be found in the specialised literature on the analysis and design
of the discrete systems and the digital control.

6.2.1.1 Inverse z-transform

The usage of the z-transform method is similar to the Laplace counter-
part. First, we find a z-transform of the output response of a system or a
network

YðzÞ ¼ TðzÞXðzÞ ð6:2:5Þ

The next step is taking an inverse z-transform of Y(z) to derive the
output response in the time domain, that is,

yðtÞ��
t¼kT

¼ Z�1½YðzÞ� ð6:2:6Þ

This is illustrated in Figure 6.58.

Table 6.4 Table of z-transform

Function, f (t) z-Transform, F(z)

�(t) 1

�(t � kT) z�k

1(t)
z

z� 1

t
Tz

(z� 1)2

e��t
z

z� e��T

sin!t
z sin!T

z2 � 2z cos!T þ 1

cos!t
z(z� cos!T)

z2 � 2z cos!T þ 1

e��t sin!t
ze�T sin!T

z2 � 2ze��T cos!T þ e�2�T

e��t cos!t
z(z� e�T cos!T)

z2 � 2ze��T cos!T þ e�2�T

1

(z� a)(z� b)

1

a� b
(ak�1 � bk�1) for k > 0

0 for k ¼ 0
z

(z� a)(z� b)

1

a� b
(ak � bk)

z(1� a)

(z� a)(z� b)
1� ak
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Since Y(z) is a z-transform of y(t) defined at t ¼ kT (k ¼ 0, 1, 2, . . . ),
the inverse z-transform of Y(z) restores y(t) only at these sampling
instants. The definition of the inverse z-transform is given by

Table 6.5 Properties of z-transform

f(t) or f (k) Z[x(t)] or Z[x(k)]

af(t) aF(z)
f1(t)þ f2(t) F1(z)þ F2(z)
f (t þ T) or f (kþ 1) zF(z)� zF(0)
f (t þ kT) zkF(z)� zkf (0)� zk�1f (T)� � � � � zf (kT � T)
f (kþm) zmF(z)� zmf (0)� zm�1f (1)� � � � � zf (m� 1)

tx(t) �Tz
d

dz
[F(z)]

kf(k) �z
d

dz
[F(z)]

e�atf (t) F(zeaT)
e�akf (k) F(zea)

ak f(k) F
z

a

� �
kak f(k) �z

d

dz
x

z

a

� �h i
P1
k¼0

f (k) F(1)

P1
k¼0

f (kT)y(nT � kT) F(z)Y(z)

f(0) lim F(z) at z ! 1 if exists
f(1) lim [(z� 1)F(z)] at z ! 1

if
z� 1

z
F(z) is analytical on and outside the

unit circle

x(t) y(t)

y(kT ) = Z –1[Y(z)]

X(z)
T(z)

Y(z)

T ∗(p)

Figure 6.58 A discrete time system with a transfer function T(p) and its equivalent
block diagram in the z-domain
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fk ¼ 1

2�j

I
C

FðzÞzk�1dz ð6:2:7Þ

where C is a closed path that encloses all the singularities of the integral.
The circle C is centred at the origin of the z-plane. Its radius zr must be
greater than z-values at which the function F(z) converges.
In all practical systems, F(z) is a rational function. Therefore, the

contour integration is rarely used by system designers. Instead, the
sought values of fk can be evaluated using the theory of residues. Once
we have identified poles of the function F(z), its residue at a selected pole
pi can be derived from the Laurent expansion of F(z) in the vicinity of pi.
Let us write down a Laurent series of F(z) as

FðzÞ ¼ a�nðz� piÞ�n þ � � � þ a�1ðz� piÞ�1 þ a0 þ a1ðz� piÞ þ � � �
ð6:2:8Þ

The residue of F(z) at a pole pi, is a coefficient a�1.
If a function F(z) contains only simple poles (not repeated poles) the

sampled values of f(t) can be found from the following equation:

fk ¼
Xn
i¼1

ri ð6:2:9Þ

where

ri ¼ limðz� piÞFðzÞzk�1 at z ! pi ð6:2:10Þ

If F(z) contains repeated poles of the order m at z ¼ p0 the residue takes
the modified form which is

ri ¼ 1

ðm� 1Þ! lim
dm�1

dzm�1
ðz� p0ÞmFðzÞzk�1
h i

ð6:2:11Þ

There are a number of other approaches to derive the inverse z-trans-
form. They are based on the modification of F(z) to a form which can be
handled with a table of existing transform pairs. Here, we will briefly
discuss one modification method by expansion of F(z) into partial
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fractions. Provided that F(z) is rational function we can represent it in
the following form:

FðzÞ ¼

Xn
i¼0

biz
i

Ym
i¼1

ðzþ piÞni
¼ bn þ

Xm
i¼1

Xni
k¼1

cik

ðzþ piÞk
ð6:2:12Þ

where the second term constitutes the partial fraction of F(z) with the
factors cik given by

cik ¼ 1

ðni � kÞ!
dni�k

dzni�k

h
ðzþ piÞniFðzÞ

i��
z¼�pi

ð6:2:13Þ

Thus, the inverse z-transform is obtained as the sum of the inverse
z-transforms of the partial fractions. The partial fractions are likely to
be ratios of simple first-order zeroes to simple poles, or just simple poles
only. Therefore, all terms can be represented in the time domain by the
use of existing tables.

Example 6.1

In this example, we will find an inverse z-transform of a function given
by

FðzÞ ¼ az

ðz� bÞðz� cÞ

Expanding it into partial fractions, we obtain

FðzÞ ¼ a

ðc� bÞ � z

z� b
þ z

z� c

� �

From Table 6.4,

Z�1 z

z� b

	 

¼ bk and Z�1 z

z� c

	 

¼ ck
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According to Table 6.5, the samples of the time function are

fk ¼
a

c� b
ð�bk þ ckÞ

6.2.1.2 z-Plane

In general, z is the complex variable. Therefore, poles and zeroes of a
rational function F(z) will be positioned on the 2D complex z-plane. If
we represent z in the complex form as z ¼ aþ jb, then a and jb form the
axes of the z-plane as shown in Figure 6.59.
Due to the fact that p and z variables are mutually related, locations of

poles on the z-plane equally must characterise the stability of a discrete-
time network or system. To illustrate the statement, we show four
examples of the network-unforced time responses in Figure 6.60. First
three examples correspond to poles located within/on the unity circle
while the fourth one lies on the real axis at a point a > 1. According
to Figure 6.60(a–c), poles located within the unit circle give rise to
sequences that decay with k. The pole outside the unit circle, however,
(Figure 6.60[d]) characterises response terms that grow in magnitude
with k. This behaviour pattern is in line with the stability criterion of
the discrete-time systems: a discrete-time system is said to be asympto-
tically stable if and only if its poles are all inside the unit circle on the
z-plane. A system is asymptotically stable if its unforced output response
y(t) ! 0 at t ! 1 with any initial conditions. Under the unforced
response, we understand a case when no input signal applied.

a

jb

z-plane
z = a + jb

Poles
and/or
zeroes

Figure 6.59 A graphical representation of z as a complex plane z ¼ aþ jb with a
and jb forming its real and imaginary axes
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a

jb

(c, 0)

magnitude

magnitude

magnitude

magnitude

k

a

jb

( – c, 0) k

a

jb

k

a

jb

(c, 0)

k

Figure 6.60 Four examples of the network-unforced time responses. First three
examples correspond to poles located within/on the unity circle while the fourth one
lies on the real axis at a point where a > 1. Poles located within the unit circle give
rise to sequences that decay with k. The pole outside the unit circle characterises
response terms that grow in magnitude with k
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6.2.1.3 Transfer function of discrete-time systems

Discrete-time systems normally include discrete- and continuous-time
elements and signals. When dealing with z-transform we need to remem-
ber that x(t) and xs(t) are not interchangeable even at very small sam-
pling interval T. Impulses xs(t) are of infinite height and infinitely small
width. They cannot be handled by any practical circuit unless we hold a
sampled value for some time, which would be sufficient for the compo-
nents following the hold circuit to react.
The hold circuitry certainly affects the overall frequency response of

the system. Its transfer function must be included into the direct channel
or the loop at the design stage. Figure 6.61(a) depicts an example of a
system containing a digitiser and a continuous-time network T(p). Both
elements are connected in series. A digitiser is represented by a sampler
(switch S) and a hold circuit. In general, the order of holding devices is
determined by the degree of a polynomial with which the signal is
approximated between samples. Three types of hold circuits are most
widely used in the digital systems. These are:

1. the zero-order hold;
2. the extrapolative first-order hold; and
3. the polygonal hold.

The circuits and their corresponding approximation principles are illus-
trated in Figure 6.61(b). The zero-order hold maintains an i-sampled
value unchanged until the following iþ 1 sample is taken. The extra-
polative first-order hold circuit anticipates the (iþ 1)-sampled value that
lies on the line drawn through the previous two samples. Finally, the
polygonal hold contains a delay unit with a delay time T to draw a line
from one delayed sample value to the next one.
The Laplace transform of the zero-order sample and hold circuit is

given by

HðpÞ ¼ 1� e�Tp

p
ð6:2:14Þ

In the frequency domain, it takes the following form

Hðj!Þ ¼ 1� e�j!T

j!
¼ T

sin
!T

2

� �
!T

2

e�
j!T
2 ð6:2:15Þ

356 ANALYSIS AND SYNTHESIS OF DETECTOR SYSTEMS



(a)

(b)

X(p)
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Figure 6.61 An example of a system containing a digitiser and a continuous-time
network T(p). (a) Both elements are connected in series. A digitiser is represented by
a sampler and a hold circuit. (b) explains principles and gives the Fourier transfer
functions of three types of the hold circuits most widely used in the digital filtration.
These are: the zero-order hold; the extrapolative first-order hold; the polygonal hold
(from top to bottom)
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Introducing the sampling frequency !s ¼ 2�
T , we obtain

Hðj!Þ ¼ 2�

!s

sin �
!

!s

� �
�
!

!s

ð6:2:16Þ

The overall z-transform transfer function of the channel, shown in
Figure 6.61(a), can be written down as [9]

TðzÞ ¼ YðzÞ
XðzÞ ¼ ð1� z�1ÞZ L�1 TðpÞ

p

	 
��
t¼kT

� �
ð6:2:17Þ

According to the equation (6.2.17), the presence of the sample-and-hold
circuit modifies the transfer function T(p). The phenomenon is often
referred to as the pre-distortion of the input signal. The pre-distortion
has to be addressed in the digital filtering routine following the digitisa-
tion and quantisation stage (the ADC) in the spectrometer. Usually this
is done by the selection of weighting coefficients that offset the effect of
the sample-and-hold circuit.
Digital filtering can be realised as a program routine in a micropro-

cessor, hardwired logic or using the analogue delay lines. While the
hardwired logic demonstrates the fastest response time, the micropro-
cessor offers the flexibility, much better accuracy and a larger choice of
transfer functions. Both the methods thus can deal with several data
streams simultaneously using the time-sharing technique.
The superconducting detector systems are likely to employ micro-

processors to perform the pulse shaping routine. There is a number
of reasons for that. Microprocessors work well with any of sample-
and-hold circuits. In fact, circuits can be interchangeable depending on
the requirement specifications for the accuracy of the signal approx-
imation. Besides, the nanoanalysis does not require a high throughput
due to a relatively low event rate generated by super-fine current
beams. Finally, the pulse shapes of superconducting detectors carry
potentially a large-ballistic deficit that needs to be compensated in
the filtering routine. The hardware cost of a logic filter that offsets
the pre-distortion and the ballistic deficit can be unacceptably high.
The latter, however, is a preferred option in high-throughput semicon-
ductor detector systems employing relatively simple pulse shaping
transfer functions.
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6.2.1.4 Block diagrams and signal flow graphs

Block diagrams and signal flow graphs introduced for continuous
systems also apply to the discrete-time systems. Figure 6.62 illustrates
examples. The closed loop gain of the depicted system is given by

TðzÞ ¼ YðzÞ
XðzÞ ¼

GðzÞ
1þGðzÞHðzÞ ð6:2:18Þ

6.2.1.5 Frequency response of discrete-time systems: w-transform

The calculation of the frequency response is a very important part
of the system analysis. The magnitude-to-frequency curve and the

X(p)

G(p)
Y(p)

H(z)

H(z)

G(z)

G(z)

Y(z)X(z)

H(p)

∆(p)

∆(z)

∆∗(p)

p
1 – e–Tp

1

(a)

(b)

(c)
1

Figure 6.62 An example of a feedback system in the Laplace domain, its equivalent
block diagram in the z-domain and the corresponding signal flow graph in the
z-domain. All rules and properties of block diagrams and signal flow graphs intro-
duced for continuous systems also apply to the discrete-time systems
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frequency-dependent phase shift are those characteristics that can be
verified in the experiment. In order to obtain the transfer function of a
continuous time network in the frequency domain, we resort to the
Fourier analysis by implying p ¼ j!. A similar study into the discrete-
time systems requires operation with the restricted z-transform defined
as G(z)jz¼ej!T . Figure 6.63 illustrates specific features of the p-plane and
the z-plane in the frequency analysis. While restoring the frequency
characteristic of a continuous time network or a system, the frequency
of a test signal moves along the positive axis j!. For the comparison
purpose, Figure 6.63(a) shows three frequency points in units defined as
a fraction of the sampling frequency of the discrete-time system, !s, that
is, 0, !s

4 and !s

2 . Since z ¼ ej!T , the same frequency points on the z-plane
lie along the unit circle. We pictured polar plots only up to an angular
frequency !s

2 . By that, we wanted to accentuate that the sampling theo-
rem does not allow the input test signal to exceed this limit.
The presence of the exponent e in the relation z ¼ ej!T leads to rather

complex mathematical expressions for the transfer functions of the
discrete-time systems in the frequency domain. The behaviours of the
Nyquist diagrams and the Bode plots derived from these expressions also
have their own specifics which are different from what we learned for
the continuous systems. Yet, the stability and the stability margins of
linear discrete-time systems can be determined using p-plane methods if

jω jb

a

0 0
4

 

4
 

4

4
ωs

ωs ωs

ωs

ω =

p - plane:
p = σ + jω

z - plane:
z = a + jb

(a ) (b)

ω =

ω =

ω  =ω  =

ω =

σ

Figure 6.63 The frequency analysis on the p-plane and the z-plane. On the p-plane,
the frequency of a test signal moves along the positive axis j!. Since z ¼ ej!T , the
corresponding frequency points on the z-plane lie along the unit circle
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we apply the following bi-linear transformation of z into a new complex
variable w given by

w ¼ z� 1

zþ 1
ð6:2:19Þ

The complex variable has a conventional representation via the real and
imaginary parts, that is, w ¼ �w þ j!w.
The transformation of a transfer function defined in the z-plane into

the w-plane is achieved by the substitution

z ¼ 1þw

1�w
ð6:2:20Þ

The restrictive condition for the frequency analysis in the w-transform
is �w ¼ 0. Following the equation (6.2.20), the equivalent locus in the
z-plane takes the form

z ¼ 1þ j!w

1� j!w
ð6:2:21Þ

Now, since the angular frequency !w moves along the imaginary axis
j!w from �1 to þ1, the variable z takes the values

z ¼ ej½tan
�1 !w�tan�1ð!wÞ� ¼ ej2 tan

�1 !w ð6:2:22Þ

According to the equation (6.2.22), the imaginary axis in the w-plane
maps onto the unit circle in the z-plane. Moreover, the interior of
the unit circle in the z-plane is entirely positioned on the left hand
of the w-plane. This suggests that the frequency domain analysis of
the discrete-time systems can be done in thew-plane treating the variable
w like the Laplace variable p. In other words, this enables us to draw
frequency response plots similar to those for continuous systems and
treat them using all continuous time methods in the conventional way.
After the analysis has been completed all we need is to substitute the
angular frequency !w by the true angular frequency. Their relation is

!w ¼ tan
!T

2

� �
ð6:2:23Þ
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Example 6.2

In this example, we will derive the frequency response of a network,
which is described by a z-transform transfer function

GðzÞ ¼ 1

z� a
ð6:2:24Þ

using the w-transform method.
Making the substitution z ¼ 1þw

1�w into the equation (6.2.24), we obtain
w-transform of the transfer function

GðwÞ ¼ ð1�wÞ2
ð1þwÞ2 þ að1þwÞ ð6:2:25Þ

Restricting the variable w to w ¼ j!w, we proceed to the frequency
analysis on the w-plane, that is,

Gðj!wÞ ¼ Að!wÞ þ jBð!wÞ ð6:2:26Þ

where

Að!wÞ ¼ 1� aþ !2
w

ð1� aÞ2 þ !2
w

; Bð!wÞ ¼ ð2� aÞ!w

ð1� aÞ2 þ !2
w

The inputs to the Nyquist polar diagrams and Bode plots can be found
from

��Gðj!wÞ
�� ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Að!wÞ2 þ Bð!wÞ2
q

for the magnitude and

�ð!wÞ ¼ tan�1 Bð!wÞ
Að!wÞ

for the phase shift. Here !w ¼ tan( !T2 ).

6.2.2 Digital Filtration

The principle of the digital filtration is explained in Figure 6.64. The
ADC yields binary numbers xk representing the digitised input analogue
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signal x(t). The processor performs a numerical computation on these
numbers. The computation involves multiplying xk by weighting factors
defined by a desired transfer function of the filter. The digital filter
output signal yk is essentially a sum of these products. The presence of
the DAC is optional. It is needed only if the output signal is to be
restored in the analogue form.
Digital filters have a number of advantages over their analogue coun-

terparts. The most important one is their adaptability. Transfer function
can be changed or tuned without affecting the hardware (unless, of
course, the digital filter is based on a specifically designed hardware
logic). The property is particularly valuable for developing general-
purpose spectrometers intended to operate with superconducting detec-
tors. The pulse shape of a superconducting detector is quite sensitive to
the operating conditions, properties of materials involved and the detec-
tor geometry. Therefore, the pulse shaping function of the digital filter
may need to be tuned for each individual detector.
Digital filters will never substitute the analogue filters completely.

Their application area is restricted by the sampling theorem. Besides,
digital filters suffer from finite precision effects caused by the quantisa-
tion of the weighting factors as well as product values. Yet, they work
extremely well with a suitable class of input signals. By ‘‘extremely well’’,
we mean that digital filters have no drift, their transfer function does not
vary with time and temperature, a designer does not need to deal with
tolerances of components, PCB layouts to ensure a proper stability
margin, and so on.
The design of digital filters is based on the z-transform. The classical

z-transform that was introduced earlier in the chapter applies to systems
with the zero-order sample-and-hold circuit. They are most widely

x(t) y(t)
Filter

Unfiltered
analogue signal

Filtered
analogue signal

x(t )
ADC Processor DAC

x(k) y(k) y(t)

Sampled
quantised
signal

Digitally
filtered
quantised
signal

Figure 6.64 A schematic representation of the digital filter
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utilised in the digital spectrometry. High-precision systems may incor-
porate the first-order sample-and-hold circuit. Such systems will require
using the bi-linear z-transform with the relationship between the p-plane
and the z-plane given by

p ¼ 2ðz� 1Þ
Tðzþ 1Þ ; z ¼

2

T
þ p

2

T
� p

ð6:2:27Þ

We will not discuss details of the bi-linear z-transform. Readers inter-
ested in the analysis of discrete systems with the first-order sample-and-
hold circuit can find details in the specialised literature (see, for instance,
[5] and references therein).
The order of a digital filter is defined by a number of previous sampled

values that must be stored in the processor memory to calculate the
output yk. For instance,
The zero-order filter

yk ¼ a0xk ð6:2:28Þ

The first-order filter

yk ¼ a0xk þ a1xk�1 ð6:2:29Þ

The third-order filter

yk ¼ a0xk þ a1xk�1 þ a2xk�2 þ a3xk�3 ð6:2:30Þ

The M-order filter

yk ¼
XM
i¼0

aixk�i ð6:2:31Þ

where ai are referred to as the weighting factors of the filter.
There are two types of digital filters. The equation (6.2.31) represents

the non-recursive filter that calculates the output solely from the current
and previous sampled input signal values. Such filters are also known as
the FIR filters. The second type embraces filters with the recursive
algorithm or infinite impulse response (IIR) filters. The equation

yk ¼ a0xk þ a1xk�1 � b1yk�1 � b2yk�2 ð6:2:32Þ
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gives an example of the second order recursive filter. Following that, the
algorithm of the recursive filter can use the current and previous sampled
input values xk�i as well as previous computed outputs yk�i. The order of
the filter equals to the largest number of previous input values xi or
previous output values required to compute yk.
A general description of the recursive filter in the discrete time domain

is given by

yk ¼
XM
i¼0

aixk�i �
XN
i¼1

biyk�i ð6:2:33Þ

where bi are the weighting factors of the filter with respect to the
previous yk�i values.
To address practical design issues let us introduce a delay operator

z�1. When applied to a sampled value xk this operator gives its previous
value xk�1, that is,

z�1xk ¼ xk�1 ð6:2:34Þ

Thus, z�1 introduces a delay of one sampling interval. Applying the
delay operator twice produces a delay of two sampling intervals:

z�1ðz�1xkÞ ¼ z�2xk ¼ xk�2 ð6:2:35Þ

The notation can be extended to the delay of arbitrary n sampling
intervals z�n.
By using a variable z�n for the delay operator, we indicate that it

relates directly to the z-transform. Indeed, taking the z-transform of the
equation (6.2.33), we obtain

YðzÞ ¼ XðzÞ
XM
k¼0

akz
�k � YðzÞ

XN
k¼1

bkz
�k ð6:2:36Þ

Re-writing it in the symmetrical form

YðzÞ 1þ
XN
k¼1

bkz
�k

" #
¼ XðzÞ

XM
k¼0

akz
�k
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we can derive the z-transform of the transfer function of the recursive
filter in terms of the delay operator

HðzÞ ¼ YðzÞ
XðzÞ ¼

PM
k¼0

akz
�k

1þ PN
k¼1

bkz�k

" # ð6:2:37Þ

The z-transform of the transfer function of the non-recursive filter is a
special case of H(z) given by the equation (6.2.37), when the weighting
factors at previous output values bk ¼ 0.
According to the definition of the z-transform,

HðzÞ ¼ Z½hk� ð6:2:38Þ

where hk is the unit sample response of the filter. The output sequence
can be defined through the unit sample response using the convolution
theorem

yk ¼ hk � xk ¼
Xk
i¼0

hkxk�i ð6:2:39Þ

Now, we have all necessary mathematics in place for the filter design
from either a desired frequency characteristic or an impulse function.
Conceptually, synthesis of the digital filters is very similar to one of the
analogue filters, which we discussed in the previous section. The total
requirement specifications include the location of passbands, the mini-
mum stopband attenuation, the maximum passband ripple, the order of
the analogue filter model, and sometimes the shape of the response
in some of the specified bands, for instance, the shaping function in
spectrometers. From these requirement specifications, the desired filter
response is constructed in the Laplace or frequency domain. In a way,
the design starts with a prototype-analogue filter. Then a p-domain
to z-domain transformation is used to derive the z-transform transfer
functionH(z) in the exact form or as a ratio of two polynomials approx-
imating the actualH(z). The transfer function yields the filter orderM, N
and weighting factors ai, bi. At this stage, the design of the digital filter
with the floating-point response is completed.
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Example 6.3

In this example, we will construct a third-order recursive filter with the
floating-point response defined by weighting factors a0, �b1,� b2,� b3.
In the discrete-time domain, the filter is described by a following

equation

yk ¼ a0xk � b1yk�1 � b2yk�2 � b3yk�3 ð6:2:40Þ

Using the time delay operator, we obtain

yk ¼ a0xk � b1z
�1yk � b2z

�2yk � b3z
�3yk ð6:2:41Þ

The filter described by the equation (6.2.41) can be realised in two direct
forms as shown in Figures 6.65 and 6.66.
Converting floating-point weighting factors into fixed point ones

requires their quantisation. In this case, the factors can be reproduced
only to a certain finite accuracy. For instance, in the 8-bit word, a factor
bi will be quantised to an 8-bit value L

128, where L is an integer with a
value providing the closest fit for bi. The quantisation of the weighting
factors is illustrated in Figure 6.67.
The finite accuracy of the digital filter is not defined entirely by the

quantisation of weighting factors. The output of the multipliers must be
quantised as well. Following that, a more complete equivalent circuit
diagram takes a configuration shown in Figure 6.68 where we added the
extracted quantisation error as a source of the quantisation noise. The
resolution of the filter is limited to the least significant bit.

Σ

Σ

z–1

xk yk

a0

–b1 –b2 –b3

yk–1

z–1 z–1

yk–2 yk–3

Figure 6.65 A direct form 1 of the third-order digital filter described by the
equation (6.2.41)
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The quantisation error requires from a designer a particular attention.
Added or multiplied by integer values (L in the model presented in
Figure 6.68) numbers anywhere in the filter should not exceed a range
established by the wordlength of the processor. In the 8-bit processor the
range extends from �127 to 128. The overflow may introduce a severe
non-linearity into the transfer function of the filter. If this happens, such

z –1 z –1 z –1

xk yk

a0

–b3 –b2 –b1

yk–1yk–3 yk–2

∑∑ ∑

Figure 6.66 A direct form 2 of the third-order digital filter described by the
equation (6.2.41)

128
L

–b i

L

Figure 6.67 An equivalent block diagram of the multiplier unit illustrating the
quantisation of the weighting factors

128

L

ek

L

Quantisation
error

Figure 6.68 A fixed-point equivalent block diagram of the multiplier unit illustrat-
ing the quantisation of the output values. The extracted quantisation error is added
as a source of the quantisation noise
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a filter can become unstable or/and exhibits a distorted response/no-
response in some signal/frequency ranges. The phenomenon is similar to
overloading an active analogue filter when the output signal exceeds the
power supply voltage. The remedy for that is to reduce the amplitude of
the input signal.
Small deviations in weighting factors due to quantisation (even those

relating to zeroes of H(z)) can translate into a substantial departure of
the actual frequency characteristic from its initially specified form.
Therefore, the frequency response of the filter model must be repeatedly
verified until it meets the required specifications. If it does not, either the
number of weighting factor bits can be increased the filter response can
be redefined, or the filter arithmetic can be redesigned, and so on.
Usually, a designer would apply the combination of these and other
measures. When filter hardware is at a premium, sophisticated simulated
annealing techniques can be used to produce the best set of filter coeffi-
cients, given a fixed filter order and the wordlength.

6.2.2.1 The stability criterion of digital filters

The non-recursive digital filters without the overflow are stable by
definition. The design is mostly concerned with right choices of the
window, the sampling rate and an optimal wordlength. We will not
discuss the procedure here as it is described in general signal processing
texts and is standard in most commercially available digital filter design
software packages.
When dealing with the recursive digital filters, we must resort to the

bounded-input and bounded output stability requirement that follows
from the convolution theorem (equation (6.2.39)):

��yk�� 	Xk
i¼0

��hk����xk�i

�� ð6:2:42Þ

Provided that the absolute values of the input signal samples do not
exceed a certain maximum value xm, that is,��xk�i

�� < xm

the equation (6.2.42) can be re-written in the following form

��yk�� 	 xm
XK
k¼0

��hk�� ð6:2:43Þ
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The sum

g ¼
X1
k¼0

��hk�� ð6:2:44Þ

is referred to as the g-norm factor of the unit sample response.
Now, we can formulate the stability criterion as follows: the linear

digital filter is stable if and only if the g-norm factor has a finite value.
The g-norm factor is a measure of the maximum gain in the filter

between the input signal to internal nodes and that from internal nodes
to the output. With a known maximum value of the quantisation error,
it helps to determine the minimum wordlength of the processor to satisfy
requirement specifications of the discrete system with a feedback and the
recursive filter as a special case of such systems.

6.2.3 Systems with Synchronous Multipliers

In this section, we will discuss the dynamics of systems with periodically
varying parameters. We will mostly concentrate on a case when the
direct path of the loop contains two switches operating in a synchronous
mode, as shown in Figure 6.69. The idea behind this concept is to
eliminate low-frequency noise and fluctuations contributed by the
amplification network K(p). To do so, the first switch performs a func-
tion of the modulator. It yields a product of an input signal x(t) with a
periodic rectangular M/DM signal. In the frequency domain, the
modulation of a signal shifts its spectrum into a frequency range extend-
ing from to [!m � !x] to [!m þ !x]. Following that, the modulation

x(t )

Modulator

xm(t ) xm(t )K y(t )

AC-amplifier Demodulator

M/DM signal

K(p)

Figure 6.69 A block diagram of a synchronous modulation–demodulation channel

370 ANALYSIS AND SYNTHESIS OF DETECTOR SYSTEMS



frequency must be at least twice as much as the maximum frequency
of the input signal x(t) (the sampling theorem) and well above the range
where the amplifier K has substantial 1/f noise. After an AC amplifica-
tion, Kxm(t) signal arrives at the input of a second switch working
synchronously with the first one. The switch operates as a demodulator
that restores an original shape of x(t) with a larger magnitude. Here we
assumed that the channel is linear.
This technique is widely used in many commercially available SQUID

amplifiers. Due to the periodicity of the flux-to-voltage characteristic,
the SQUID can operate as a modulator by mere adding the input and the
modulation signal. Figure 6.70 illustrates the principle. For simplicity,
we approximated the characteristic by a symmetric triangular shape
just for this illustration. The modulated output of the SQUID is then
coupled to an AC amplifier via an impedance-matching transformer.
Such a configuration enables one using SQUIDs and amplifiers with less

V

Φx + Φm
Φx + Φm

Φx + Φm

Φx = 0

V

t

t

V V

t

t Φx

Φ

Φ

Figure 6.70 Due to the periodicity of the flux-to-voltage characteristic, the SQUID
can operate as a modulator by merely adding the input and the modulation signal.
For simplicity, we approximated the characteristic by a symmetric triangular shape
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stringent specification requirements compared to those applying to
SQUIDs employing a direct readout.
A rough analysis of a feedback system comprising a synchronous

modulation–demodulation (M–DM) channel can be done by taking into
account only the circulation of the fundamental harmonic of the input
signal x(t). The approach is viable provided that the following restrictive
conditions are met:

– the modulation frequency is much larger than the frequency of the
fundamental harmonic;

– AC amplifier is practically non-inertial; and
– an inertial network following the M–DM channel is efficient in
filtering out higher-order harmonics.

These restrictions do not cause any problems when systems deal with
low- to medium-frequency input signals. In fast systems, in which the
unity gain of the loop extends close to !m, the harmonics of the higher
order may have substantial magnitudes so that their circulation no
longer can be neglected. Once the harmonics arrive back to the input
of the M–DM channel, they start interacting with the modulation signal
and the noise/interference signal. The product of this mixture generates
parasitic frequency components within the device bandwidth modifying
the overall frequency response of the loop. Since the noise/interference
signal and phase shifts of harmonics vary with time, the frequency
response becomes non-stationary with adverse consequences for the
stability. Even if a system remains stable, the stability margin will
certainly shrink.
The method of the equivalent transfer functions proposed in [10]

addresses the circulation of the higher-order harmonics in loops contain-
ing an M–DM channel and linear inertial networks. It does not restrict
the maximum frequency of the input signal with respect to the frequency
of the modulation signal. Thus, we are able to predict system perfor-
mance with respect to a regular input signal x(t). Or alternatively, we
can substitute x(t) by the noise/interference signal and observe its influ-
ence on the frequency characteristics of the loop.
Let us consider a modulator with an input signal x(t) and a modula-

tion functionm(t) shown in Figure 6.57. We assume that the modulation
function is a square wave function with the unit magnitude.
The output signal of the modulator in the time domain is given by

xmðtÞ ¼ xðtÞmðtÞ ð6:2:45Þ
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Using the definition for the Laplace transform

XmðpÞ ¼ 1

2�j

Z �þj1

��j1
XðsÞMðp� sÞds ð6:2:46Þ

For the specified modulation function, we obtain

XmðpÞ ¼ 1

2j

1

p� j�
tanh

�ðp� j�Þ
2!m

� 1

pþ j�
tanh

�ðpþ j�Þ
2

	 

ð6:2:47Þ

if Lfx(t)g ¼ Lfsin�tg ¼ �
p2þ�2 and

XmðpÞ ¼ 1

2j

1

p� j�
tanh

�ðp� j�Þ
2!m

þ 1

pþ j�
tanh

�ðpþ j�Þ
2

	 

ð6:2:48Þ

if Lfx(t)g ¼ Lfcos�tg ¼ p
p2þ�2.

Using the equations (6.2.47) and (6.2.48), we can calculate the
Laplace transform of the output response for x(t) represented by the
harmonic signals sin (h!m) and cos (h!m). Since each harmonics multi-
plied by m(t) produces an infinite series of harmonics at the output, the
transfer function takes a form of the equivalent transfer matrix. Follow-
ing [10], it is given in Table 6.6
In the table, the factor �hk is defined as follows:

�hk ¼ 1 at a combination of h ¼ 0, 2, 4, . . . and k ¼ 1, 3, 5, . . .
or at h ¼ 1, 3, 5, . . ., and k ¼ 0, 2, 4, . . .

�hk ¼ 0 at a combination of h ¼ 0, 2, 4, . . ., and k ¼ 0, 2, 4, . . .
or at h ¼ 1, 3, 5, . . . and k ¼ 1, 3, 5, . . .

Note, that Rh0 ¼ 2
�
1
h�h0 at k ¼ 0.

As we mentioned earlier, an M–DM channel contains the amplifica-
tion network with a limited bandwidth K(p). It is essentially a low-pass
filter with one or several poles. This network obviously cannot be
described with a transfer function of a zero-order sample-and-hold

Table 6.6 The equivalent transfer matrix of the modulator with the square wave
modulation function

Output harmonics

Input harmonics

sin(kwm) cos(kwm)

sin (h!m) 0 Rhk ¼ 4
�

h
h2�k2

�hk (k 6¼ h)
cos (h!m) Thk ¼ � 4

�
h

h2�k2
�hk 0
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circuit. Therefore, the analysis of sampler-inertial network must be
performed using an interpretation of the modified z-transform. A version
of the modified z-transform called m-transform was adapted for solving
problems similar to one discussed here. Its definition is given by the
following equation

M½FðpÞ� ¼ 1

2�j

Z cþj1

c�j1
FðsÞ 1

p� s
tanh

�ðp� sÞ
2!m

ds ð6:2:49Þ

Interested readers can find further details on the m-transform in specia-
lised literature [11]. Here, we will only present several useful transform
pairs listed in Table 6.7.
The output signal of a channel comprising a synchronous switch and a

linear network K(p) can be found as a product of the m-transform of the
input signal and the Laplace transfer function K(p), that is,

UðpÞ ¼ M½XðpÞ�KðpÞ ð6:2:50Þ

Table 6.7 m-Transform pairs

F(p) M[F(p)]

a

p

a

p
tanh

�p

2!m

a

aþ p

a

aþ p
tanh

�(pþ b)

2!m

a1pþ a0
p(pþ b)

1

b

a0
p
tanh

�p

2!m
� a0 � a1b

pþ b
tanh

�(pþ b)

2!m

	 

1

p2
1

p2
tanh

�p

2!m
� �e�

�p
!m

!mp(1þ e�
�p
!m )

(1þ tanh
�p

2!m
)

a1pþ a0

(pþ b)2 þ �2

1

2j�

a0 � a1bþ j�a1
pþ b� j�

tanh
�(pþ b� j�)

2!m

� a0 � a1b� j�a1
pþ bþ j�

tanh
�(pþ bþ j�)

2!m

2
664

3
775

e�k�pþb
!m F(p) (�1)ke�k�pþb

!m M[F(p)]

tanh
�(pþ b)

2!m
F(p) c tanh

�(pþ b)

2!m
M[F(p)]

c tanh
�(pþ b)

2!m
F(p) tanh

�(pþ b)

2!m
M[F(p)]

1

(pþ a)(pþ b)

1

a� b

1

pþ b
tanh

�(pþ b)

2!m
� 1

pþ a
tanh

�(pþ a)

2!m

	 


374 ANALYSIS AND SYNTHESIS OF DETECTOR SYSTEMS



The output signal of the second synchronous switch results from the
m-transform of U(p)

YðpÞ ¼ M½UðpÞ� ð6:2:51Þ

All parameters of the equations (6.2.50) and (6.2.51) are defined in an
equivalent block diagram of the synchronous modulation–demodulation
channel shown in Figure 6.71.
Let us assume that the network K(p) has one simple pole and is

represented by the following Laplace transform

KðpÞ ¼ bv
pþ bv

ð6:2:52Þ

Then, following [10], the equivalent transfer matrix of the whole M–DM
channel with K(p) has coefficients defined in Table 6.8.

M/DM signal

K(p)
X(p)

M [X(p)]
U(p) Y(p)

M [U(p)]

ωm

Figure 6.71 A Laplace block diagram of the synchronous modulation–demodula-
tion channel

Table 6.8 The equivalent transfer matrix of the inertial circuit k(p) ¼ bv
pþbv

Output harmonics

Input harmonics

sin(kwm) cos(kwm)

sin (h!m) Kdhk(jw) ¼ Av

(Av þ jw)2 þ h2

�
(Av þ jw)�hk þ

4hk

�

� coth �
2 (Av þ jw)

(Av þ jw)2 þ k2
"hk

2
664

3
775

Kqhk(jw) ¼ hAv

(Av þ jw)2 þ h2

�
�hk �

4(Av þ jw)

�

� coth �
2 (Av þ jw)

(Av þ jw)2 þ k2
"hk

2
664

3
775

cos (h!m) Kdhk ¼ � k

h
Kqhk(jw) Kqhk ¼ �Av þ jw

h
Kqhk(jw)
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The coefficient of the equivalent transfer matrix corresponding to
other linear networks K(p) can be found in [11] and references therein
or using the equations (6.2.31–6.2.33).
Following the stability criteria, a feedback system with an M–DM

channel should include a major inertial network, T(p), that essentially
shapes the frequency characteristic of the loop. Besides, the system
unavoidably contains a number of parasitic capacitances and induc-
tances outside the M–DM channel. Many of them introduce additional
losses or phase shifts into the overall loop. The influence of parasitic
components grows as the bandwidth increases until a point when they
become a dominant factor causing the system instability. Parasitic
components impose the principle limitations on the ultimate system per-
formance. In the simplified model describing the propagation of the
�-carrier only, dealing with parasitic networks is relatively straight-
forward. Inmanycases,wecanevaluate simply their joint transfer function
as a product (or another combination) of individual transfer functions.
At the experimental stage, the function is derived from the difference
between expected and actual frequency characteristics. With the more
precise model that examines higher-order harmonics in addition to the
�-carrier, the procedure becomes much more complex. We need to write
down the individual equivalent transfer matrices for all non-inertial
networks in the loop that are separated by M of DM units. Then their
joint transfer function is derived as a product of these individual
matrices. Equally, the compensation networks should be incorporated
using the equivalent transfer matrices since we need to inspect the
compensation effect on the �-carrier as well as the higher-order harmo-
nics. The latter is particularly important when we attempt to address
problems caused by circulating harmonics.
A signal at the output of the M–DM channel can be represented in the

following general form:

yðtÞ ¼ y1ðtÞ sin k!mt þ y2ðtÞ cos k!mt

¼ y1ðtÞ e
jk!mt � e�jk!mt

2j
þ y2ðtÞ e

jk!mt þ e�jk!mt

2

ð6:2:53Þ

Using a property of the Laplace transform on the frequency shift in the
complex p-plane, we obtain

YðpÞ¼ 1

2j

	
Y1ðp�jk!mÞ�Y1ðpþjk!mÞ



þ1

2

	
Y2ðp�jk!mÞ�Y2ðpþ jk!mÞ
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The Laplace transform of the signal at the output of a network with a
transfer function Q(p) is

ZðpÞ ¼ YðpÞQðpÞ ð6:2:54Þ

The inverse Laplace transform of the equation (6.2.54) yields the output
signal z(t) in the time domain with coefficients at sin k!mt and cos k!mt
summarised in Table 6.9 [12].
Now, let us consider a closed-loop system that includes an M–DM

channel. The overall equivalent transfer matrix of the loop is given by

~LLðj!Þ ¼ ~KKðj!Þ � ~QQð j!Þ� ð6:2:55Þ

where ~KK(j!), ~QQ(j!) are the equivalent transfer matrices of the M–DM
channel and the inertial network Q(p) respectively, � is the non-inertial
feedback circuit.
Following the equation (6.2.55), the equivalent transfer matrix of the

closed-loop gain takes the form

~WWðj!Þ ¼
~KKðj!Þ~QQð j!Þ
I þ~LLð j!Þ ð6:2:56Þ

In this equation, I is unity matrix of the same dimension as the loop
amplification matrix.
An example of [I þ~LL] matrix is shown in Table 6.10. This matrix

takes into account the circulation of the first and second harmonics
only. In the majority of cases, the transfer functions involving
first three harmonics would adequately characterise the system
dynamics.

Table 6.9 The equivalent transfer matrix of the inertial circuit outside the MDM
unit

Output harmonics

Input harmonics

sin(kwm) cos(kwm)

sin (k!m) Q[j!m(Kþ k)]þQ[j!m(K� k)]

2

Q[j!m(Kþ k)]�Q[j!m(K� k)]

2j

cos (k!m)
Q[j!m(Kþ k)]�Q[j!m(K� k)]

2j

Q[j!m(Kþ k)]þQ[j!m(K� k)]

2
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Using usual matrix manipulation rules, we can present the equivalent
transfer function of the loop in more readable form as follows

Lð j!Þ ¼ a11 þ a12
�12

�11
þ a13

�13

�11
þ a14

�14

�11
þ a15

�15

�11
ð6:2:57Þ

where �ij are minors of the ~LL matrix. Other forms of the equation
(6.2.57) are possible.
It is obvious that the expression

L0ð j!Þ ¼ a11ðj!Þ ð6:2:58Þ
is the transfer function of the system which would be derived with a
simplified model where only the fundamental �-carrier of the input
signal is taken into account. Or in other words,

a11ð j!Þ ¼ �KQðj!Þ ð6:2:59Þ
A further analysis of the function derived from the equation (6.2.59)

can be done using all methods and techniques developed for the contin-
uous linear systems. These certainly include the Nyquist polar diagram
and the Bode polar plots.
The dynamic error caused by the circulation of higher-order harmonic

components is defined as

�ð!Þ ¼
��Lð j!Þ����a11ð j!Þ��� 1 ð6:2:60Þ

Exercise 6.8

In this exercise, we propose to calculate the frequency characteristics of a
SQUID amplifier that employs the modulation–demodulation principle.
The block diagram of the amplifier is shown in Figure 6.72.

Table 6.10 The equivalent transfer matrix of the loop amplification [I þ~LL]

Output signal & harmonics

Input signal & harmonics

W sin(wmt) cos(wmt) sin(2wmt) cos(2wmt)

� (1þ a11) a12 a13 a14 a15
sin (!mt) a21 1þ a22 a23 a24 a25
cos (!mt) a31 a32 1þ a33 a34 a35
sin (2!mt) a41 a42 a43 1þ a44 a45
cos (2!mt) a51 a52 a53 a54 1þ a55
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The full analysis has been done elsewhere [13]. Here, we will give the
final result: the Bode plots of the system with a unity gain frequency
20 kHz, a modulation frequency 60 kHz and 3-dB bandwidth of
K(!)�F ¼ 600kHz. The Bode plots are shown in Figure 6.73. The
effect of higher-order harmonics on the frequency characteristics is
significant even with a choice of �F ¼ 10fm (fm ¼ !m

2� ). The system

  φx

φβ
 

F(φ) M K(p) DM T(p)

 β

φ

ωm

Figure 6.72 SQUID amplifier employing the modulation–demodulation read out
principle

100 K10 K 1 M

10

20

dB

f, Hz

100 K10 K 1 M

f, Hz

–90

–180

2fm

 φ

Figure 6.73 The Bode plots of the M/DM SQUID amplifier with and without
taking into account the circulation of higher order harmonics produced by the
modulation signal
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opens a window for high-frequency noise and pick-up signals which
may affect the SQUID functionality. The window becomes larger as fm
approaches �F.

6.3 INDUCTANCE CALCULATIONS OF THE
SUPERCONDUCTING STRUCTURES

The specific inductance plays a crucial role in the superconductor elec-
tronics. We saw in Chapter 2 that it defines the frequency of parametric
oscillations and the coupled energy resolution of analogue SQUIDs. A
similar statement is also true with regard to the dynamics of the digital
Josephson gates, the pulse propagation via connecting leads, and so on.
The Meissner effect changes the distribution of the electromagnetic

field around a superconductor structure compared to the distribution
that would otherwise form around the normal metal structure of the
same geometry. It also restricts the supercurrent to flow on the surface of
the material. Since the specific inductance (inductance per unit length)
follows from localised values of the field-to-current ratios, the induc-
tance computation models should incorporate inputs that reflect duly
the properties of the superconducting materials.
Most of the inductance computation models employ the same funda-

mental concept presented, for instance, in [14]. According to the con-
cept, the field-to-current distribution can be derived from the minimised
free energy of the system. The free energy of a superconductor includes
two major components [15]. These are:

1. the static magnetic field energy; and
2. the kinetic energy of the superelectrons.

Let us consider a system of N superconducting elements. A generic
example of one element of the system is shown in Figure 6.74. Following
[16], the total stored magnetostatic energy in the free space is given by

Em ¼ 1

2

Z
~BB � ~HHdv ¼ 
0

2

Z
~HH

2
dv ð6:3:1Þ

and the total superconducting electron energy is

Ek ¼

0
2

Z
se

�2~JJ
2
dv ð6:3:2Þ
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where � is the penetration depth of the superconductor, 
0 is the perme-
ability of the free space, ~BB and ~HH represent the magnetic field and the
magnetic field strength respectively and~JJ is the current density distribu-
tion in the superconducting system.
The equation (6.3.1) does integration over the entire free space.

Restricted to the volume of the superconducting system it takes a
modified form as follows

Em ¼ 1

2

I
sc

~AA �~JJdv ð6:3:3Þ

where

~AAð~rrÞ ¼
I
se

~JJð~rr 0ÞGð~rr��~rr 0Þd~rr 0 ð6:3:4Þ

is the vector potential at a co-ordinate ~rr generated by a unit current
flowing at~rr0.

Gð~rr��~rr0Þ ¼ 
0
4�

1��~rr�~rr0�� ð6:3:5Þ

is the Green function. The current is derived from the Maxwell equation

~JJ ¼ r� ~HH ð6:3:6Þ

W. Chang [17] proposed a variational numerical technique to derive
the specific inductance in superconductor structures. The finite element
analysis assumes that the conductor is divided into a number of volumes.
If the volumes are small enough to regard the current density within each

ai

Ji

Figure 6.74 A generic example of one element of the inductance system
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volume element quasiuniform, the total energy and element inductances
have the following functional dependence:

Wmin ¼ 1

2

XN�1

i¼1

XN�1

j¼1

LijIiIj� ð6:3:7Þ

where Wmin is the total free energy. It is derived from the minimised
expression given by [17]

W ¼ 1

2

XN
i¼1

XN
j¼1

Z
i

Z
j

~JJið~rriÞ �~JJjð~rr0jÞGð~rri
��~rrj0Þd~rrid~rr0j þ 
0

2

XN
i¼1

Z
i

�2i
~JJ
2

i ð~rriÞd~rri

ð6:3:8Þ

In what follows, we will compare two approaches in the evaluation basic
parameters of planar transmission lines: a first one is conventional way
usually employedwith respect to normalmetal structures and a second one
that takes into account specific properties of superconductor materials.

6.3.0.1 Superconducting strip transmission line

Stripline is one of the most commonly used transmission lines in electro-
nics. The transmission line is a structure that supports the transverse
electromagnetic mode of wave propagation. An example of a planar
transmission line is shown in Figure 6.75. The line has the width w,
thickness t and separated from the ground plane by a distance of h. For
w > h, the characteristic impedance

Z0 

ffiffiffiffi
L

C

r
ð6:3:9Þ

Strip line

Dielectric

Groundplane

w

h εr

Figure 6.75 An example of a planar transmission line
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can be expressed via the geometric factors by electrostatic analysis.
Using the conformal mapping the characteristic impedance is given
by [18]

Z0 ¼ 1

c

ffiffiffiffiffiffiffiffiffi
CC0

p
ð6:3:10Þ

with c ¼ 1ffiffiffiffiffiffiffi

0"0

p , e0 is the permittivity of the free space.

The capacitance per unit length can be found from the following
expression

C ¼ "r"0w

h
ð6:3:11Þ

where er is the dielectric constant of the insulation separating the strip
from the ground plane.
The configuration, shown in Figure 6.75, is simple enough to derive

an analytical expression for the specific inductance of the superconduct-
ing line lying above a superconducting ground plane. In real terms, the
total energy can be represented in the following form:

W ¼ 1

2
LmI

2 þ 1

2
LkI

2 ð6:3:12Þ

In this equation, Lm is the geometrical inductance, whereas Lk is the
kinetic inductance that takes into account the inertial mass of the charge
carriers. For a uniform current in a homogeneous conductor the kinetic
inductance is

Lk ¼
mq

nq2
l

a
ð6:3:13Þ

where n is the number of carriers, mq, q represent their mass and charge
respectively. The equation (6.3.13) shows that the kinetic inductance
depends on the geometry of the conductor through the length, l, and the
cross-sectional area, a. The geometric inductance Lm normally domin-
ates over Lk. Yet, with a ground plane in place, Lm can be reduced to a
level when Lm becomes much smaller than Lk. The inductance of a
superconducting stripline is given by [19]

L ¼ 
0l

w
hþ � coth

t

�

� �h in o
ð6:3:14Þ
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In the equation (6.3.14), the thickness of the groundplane is assumed to
be much larger than the penetration depth. The kinetic inductance
contributes via the temperature-dependent penetration depth

�ðTÞ ¼ �ð0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T

Tc

� �4r ð6:3:15Þ

where �(0), Tc refer to the penetration depth at absolute zero and
the critical transition temperature of the superconducting material
respectively.
Using the minimised total free energy, W. Chang enhanced the equa-

tion (6.3.14) [20]:

L ¼ 
0l

wKðw; h; tÞ hþ �1 coth
t

�1

� �
þ 2p

1
2

rb
cosech

t

�1

� �" #( )
ð6:3:16Þ

The equation (6.3.16) yields an accurate inductance values for the aspect
ratio w

h > 1. In this case, the fringe field becomes significant. It is taken
into account by the fringe field factor defined as

Kðw;h; tÞ ¼ h

w

2

�
ln
2rb
ra

ð6:3:17Þ

where

ln ra ¼ �1� �W

2h
� pþ 1

p
1
2

tanh�1 p�
1
2

� �
� ln

p� 1

4p

� �
;

rb ¼ rb0 for
w

h
� 5;

rb ¼ rb0 � ½ðrb0 � 1Þðrb0 � pÞ�12 þ ðpþ 1Þ tanh�1 rb0 � p

rb0 � 1

� �1
2

� 2p
1
2 tanh�1 rb0 � p

pðrb0 � 1Þ
� �1

2

þ�w

2h
p

1
2 for 1 	 w

h
	 5

rb0 ¼  þ pþ 1

2
ln�; � ¼ larger value of  or p;

 ¼ p
1
2
�w

2h
þ pþ 1

2p
1
2

1þ ln
4

p� 1

� �	 

� 2 tanh�1 p

1
2

( )
;
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p ¼ 2�2 � 1þ ð2�2 � 1Þ2 � 1
h i1

2

;

� ¼ 1þ t

h

The capacitance is also affected by the fringe field effect, that is,

C ¼ "r"0wl

h
Kðw;h; tÞ ð6:3:18Þ

The maximum operation frequency of a microstrip line, fT, is the same
for normal metals and superconductors. It is defined at a point at which
significant coupling occurs between the transverse electromagnetic mode
and the lowest-order surface-wave spurious mode. According to [21] ,

fT ¼ 150

�h

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2

"r � 1

s
tan�1 "r ð6:3:19Þ

where fT is in GHz and h is in millimetres.
The propagation speed is a function of the geometry, the dielectric

constant and the superconducting material. It was estimated to be about
100mm/ps for Nb-strip line at w above 0.5mm, h ¼ 150nm and a
dielectric constant " ¼ 4 characteristic of SiO2 [22] .

6.3.0.2 Inductance of a single line

The inductance of a single thin film line is given by

Lsl ¼
2

�

0l ln

l

w

� �
þ 0:5

	 

ð6:3:20Þ

It also can be utilised to evaluate the inductance of the shunt resistors
deposited directly on the substrate (no ground plane), as shown in Figure
6.76(a). Such an arrangement has a clear advantage in terms of the
power dissipation from the shunt directly to the substrate in addition
to the cooling fins. The maximum length of a 2mm ungrounded shunt
cannot exceed approximately 10 mm for a SQUID operating at a plasma
frequency of 100GHz. The necessary resistance can be trimmed by
thinning the shunt. This, however, may create a problem for the step
coverage from the SQUID washer to the substrate. Longer shunts need to
be groundplaned as depicted in Figure 6.76(b). Since the superconductor

INDUCTANCE CALCULATIONS 385



has very poor thermoconductivity, the attachment of designed cooling
fins is the ‘‘must’’ option for this configuration to avoid extra thermal
noise generated by shunts.
Table 6.11 summarises the calculation of SQUID inductances and an

associated input coil using the MathCad software package. It also illus-
trates how these inductances influence the main parameters of the
SQUID.

(a) (b)

Shunts

Slit
Junctions

Squid
hole

Figure 6.76 A Schematic representation of SQUID configurations with ungrounded
shunts (a) and groundplaned shunts (b)

Table 6.11 The MathCad calculations of main parameters of a SQUID with an
input coil

The SQUID inductance required

L ¼ 25� 10�12

� ¼ 3:14


0 ¼ 4� �� 10�7 
0 ¼ 12:56� 10�7

The outer dimension of the SQUID hole

d ¼ L

1:25� 
0
d ¼ 1:592� 10�5

The length of the unground slit of the washer

w ¼ 5� 10�6
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The inductance of the unground slit

Ls1 ¼ 0:3� 10�6 �w Ls1 ¼ 1:5� 10�12

The interconnection inductance from washer to Josephson junctions

Lj ¼ 5� 10�12

The total SQUID inductance

Ls ¼ Lþ Ls1 þ Lj Ls ¼ 3:15� 10�11

The flux quantum

F0 ¼ 2:07� 10�15

The main parameter of the SQUID

�l ¼ 1:0

The critical current of the Josephson Junction

I0 ¼ �l
F0

2� Ls
I0 ¼ 3:286� 10�5

TRANSFER FUNCTION AND ENERGY SENSITIVITY

The Boltzmann constant

kb ¼ 1:38� 10�23

The temperature

T ¼ 4:2

The dimension of the Josephson junction

lj ¼ 3� 10�6

The capacitance of the Josephson junction for jc ¼ 600A/cm2

C ¼ 0:05� l2j C ¼ 4:5� 10�13

The main parameter of the Josephson junction

�c ¼ 2� �� l0 � RRC

F0

�c ¼ 0:7
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The resistance of the shunt

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�c � F0

2� �� I0 � C

s
R ¼ 3:95

The damping resistance

Rd ¼ 2R Rd ¼ 7:901

The noise parameter

� ¼ 2�� kb� T

I0 � F0
� ¼ 5:352� 10�3

Energy resolution
�

J
Hz

�
for �l ¼ �c ¼ 1, otherwise use e ¼ 9 kb TL/R

e ¼ 16� kb� T �
ffiffiffiffiffiffiffiffiffi
LsC

p
1:0� 10�34

l ¼ 34:915

e1 ¼ 9� kb� T � Ls

R� 1:0� 10�34
e1 ¼ 41:596

Experimentally measured flux noise, F0ffiffiffiffiffi
Hz

p

ff ¼ 0:8� 10�6

Experimental energy resolution
�

J
Hz

�

e2 ¼ ff 2 � F2
0

2� Ls � 10�34
e2 ¼ 435:291

The reduction of the swing of the flux-to-voltage transfer function

� ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�l � �

p
� ¼ 0:927

The effective value of the main parameter of the SQUID due to the damping
resistor Rd ¼ R

�eff ¼
�lffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2l

q �eff ¼ 0:707

The transfer function with damping resistor

Vf ¼ 4� �

(1þ �eff)
� 10� R

F0
Vf ¼ 1:362� 1011

Vf ¼ 2� �� �l
1þ �eff

� R

L
Vf ¼ 1:71� 1011
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The peak-to-peak voltage swing

dV ¼ �

�
� 4� �

1þ �eff
� I0 � R dV ¼ 6:897� 10�5 dV � 2� 106 ¼ 137:941

The area of the DC squid

A ¼ d2 þ 5� 10�6 �w

The field resolution

Sb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� L� e1 � 1:0� 10�34

p
A

Sb ¼ 1:637� 10�12 T

The intrinsic magnetic flux resolution

Sf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e1 � 1:0� 10�34 � 2� Ls

p
2:07� 10�15

Sf ¼ 2:473� 10�7

Parasitic capacitance

Cp ¼ 1:0� 10�12

The dynamic resistance

Rdyn ¼ Vf �
ffiffiffi
2

p
� Ls Rdyn ¼ 7:644

The magnetic flux resolution

Sf1 ¼
2� kb � T� L2

R þ 2� Rdyn

V2
f

 !
� 1þ 2� Cp

C

� �1
2

" #1
2

F0
Sf1 ¼ 2:068� 10�7

Number of turn in input coil

n ¼ 6

Inductance of the input coil

Li ¼ n2
�
Lþ Ls1

3

�
� (1þ 0:05)

Li ¼ 9:639� 10�10
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The mutual inductance between input coil and washer

M ¼ n� (Lþ Ls1

2
) M ¼ 1:545� 10�10

The coupling factor between coil and washer

k ¼ Mffiffiffiffiffiffiffiffiffiffi
LsLi

p k ¼ 0:887

The coupled energy resolution of SQUID (h)

ec ¼ e1
k2

� �
ec ¼ 52:91
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