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INTRODUCTION 

This will be an attempt to describe in the clearest pos- 

sible way the Structure and application of a new unitary opera- 

tor calculus I for atomic and molecular electronic states. This 

new operator calculus represents a considerable simplification 

over the previous Racah calculus used extensively in atomic and 

nuclear physics to calculate energy levels in multiple electron 

shells. This simplification is a result of the discovery of 

formula-algorithms using tableau patterns for evaluating directly 

a) orbital operators, b) transformations between Slater states 

and generalized Russel-Saunders states, and c) spin and orbit 

dependent operators~ all of which can be applied to any atomic 

or molecular configuration. Using this calculus, one avoids the 

computational labor associated with coefficients of recoupling 

and parentage or sums over permutations. In the following work 

we give a complete background and review along with new results 

which describe common types of shell structure, their mixtures, 

and spin or orbit dependent operators. 

The presentation in Part I includes some review of the 

important ingredients of the pattern theory, some of which are 

more or less well known, but which the non-specialist might 

otherwise find difficult to assemble. This review will include 

the relevant aspects of the Racah calculus, 2 the principle ideas 

of the Gelfand basis 3 as given in the pioneering works of Bied- 

enharn, 4'5 Louck, 6 and Moshinsky, 7 and finally the much older 

permutation theory of Young and Rutherford 8 which first became 

useful in physics by the work of We~l, 9'I0 Yamanouchi II and 

Jahn 12 and furthur developed in the recent works of Robinson 13 

and Goddard. 14 Part of the review will use a simple multi-particle 
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system, the atomic (p) (4=1) sub-shell, to demonstrate explicit- 

ly old and new ideas. In this way the pattern bases can be more 

easily compared term by term with those of other approaches. 

In Part II we apply the pattern calculus developed in Part I 

to complex atomic and molecular configurations. In particular, 

we treat atomic configurations involving pure and mixed subshells 

with an analysis of more than half filled shells and the jj-coupling 

approximation. The application of the unitary basis to molecular 

configurations in the valence orbital and molecular orbital ap- 

proximation is then introduced. Finally, we give a general math- 

ematical analysis of unitary tableau bases with discussions of 

the parentage and shell structure of these states. 

It is hoped that the new operator calculus will become 

available to physicists and quantum chemists who are not neces- 

sarily specialists in group theory, but who can nevertheless 

develop and use it for their own problems. Most of this work 

has been stimulated by the apparent needs of researchers in 

modern atomic physics who have expressed concern about the com- 

puting labor involved in calculating and storing Racah coefficients 

and fractional parentage coefficients. Applications of atomic 

physics to modern problems of plasma diagnostics or laser develop- 

ment, for example, can involve a prohibitive amount of computer 

work. ~e hope the following will shorten this considerably 

without requiring an undue amount of new knowledge or change. 



PART I: REVIEW AND BASIC STRUCTURE 

i. COMPARISON OF SOME APPROACHES TO THE MULTI-FERMION PROBLEM 

The principle mathematical problem at hand is the 

calculation of operators like coulomb interaction, 2m-moment 

fields, spin-orbit and so forth for multi-fermion states. We 

shall ultimately compare the pattern calculus approach with 

two other approaches. The physical problems that would involve 

such mathematics include, (a) the electronic structure of free 

or nearly free atoms, (b) the electronic structure of molecu- 

les or complexes, and (c) the structure of nuclei. 

Actually there have been many more than two or three 

calculational schemes devised, particularily for studying the 

structure of molecules and nuclei. So our comparisons are by 

no means exhaustive and will only serve to put the new approach 

in some kind of context. Nevertheless, there is one sub-pro- 

blem that all schemes must face in the beginning; namely 

that of labeling ~ complete basis of multi-fermion states 

that satisfy the Pauli Exclusion Principle. We now compare 

how three ~pp~aohes deal wi~h this sub-problem, For the time 

being we shall focus our attention on the problems involving 

nearly-free atoms only. 

A. THE DIRECT APPROACH: SLATER DETERMINANT BASIS. Here the 

exclusion principle is satisfied immediately by producing at 

first anti-symmetric products of one-particle states of spin 

and orbit. (Eq,1) The labeling is done completely by the indi- 

vidual spin and orbital momentum operators of each electron. 

l) 
= ~(r I) ~!r~)... ,~ {n ~ ms] (1) 



However these base states are not eigenstates of total spin, 

and neither are they eigenstates of total orbital momentum. The two 

approaches ((8) and (C))discussed next use bases that are each 

special combinations of Slater bases, such that they are all eigen- 

states of total spin, and have orbital parts that can be treated 

separately. In the unitary approach (C) one obtains states of def- 

inite S merely mY using a gr_9_phical notation and a system of graph- 

ical formulas for matrices that goes with it. Eigenstates of orbital 

momentum L, or of molecular point symmetry are subsequently made using 

these formulas. In the Racah approach (8) certain coupling coef- 

ficients produce states of definite S and L. However certain dif- 

ficulties lie with the latter as will be discussed below, after which 

the unitary approach will be introduced. 

B. THE RACAH APPROACH: GROUP THEORY OF ROTATIONS. The group theo- 

retical coefficients used in the Racah approach are reviewed below, 

along with some accompanying theory. The notation in Eq. 2 - 3 will bc 

use~ throughout. The coefficients are listed below: 

~ ~ or ~ (3-j) Coefficients 

couple two angular momentum states to make a third as in Eq.2, 

or give the relative overlap of a final state with an operator 

acting on an initial state as in Eq.3 (Eq.3 is called the Nigher 

bc =~(-i ) a-b} ~ (2 

a b c <cll~ll b> (3) 

Eokhart Theorem and the constant <c~ a[I b~ is known as the 

"reduced matrix element.") 

6 "~c b ~ Coefficients relate one way to couple (2) Raeah -j d 

three momentums to other ways through Eq. 4. 
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( ~ince coupling can be done for only a pair at a time, 

there is more than one way to associate three or more mom- 

enta, and this recoupling facility is therefore necessary.) 

(3) Fractional Parentag~ Coefficients (~n~SLI}~n-~'SL') give 

the relative amounts of "parent" (n-i)-electron states in 

product with the n-th electron states that will be found 

in a given (n)-electron state which obeys the Pauli ex- 

clusion principle, as shown in Eq.5. 

l ~n S L _ S ' ~ S  , z~nyS L I}~n-~,S~,~ C L'~L CM~M~n-~,SL,M,M~>I~ms> M 

(5) 

The ~'s represent Racah's state labeling which will be 

described briefly below. 

Now all these coefficients can become involved 

in operator calculations involving more than three electrons. 

These expressions are quite complicated even for a pure 

-shell i-body operator, as shown in Eq. 6a. An example 

in the (p) sub-shell is displayed in Eq. 6b, and will be 

found again using the new calculus in Sec. Z. 

<~n~,,SL'M'IV k]~n~S'L M> = ~kLL' 
q u qlVIlVI' k+][ +L"+L' 

[nZ n-i S,, n S ,, , (~ ~- L t}~y L) '"n- i  S.,,l~.n S~, 
[_~" L" S" - - ~)~ ~" " fJX~:' " )(-i) (2~+I)(2L+I) 

L"L <~IlkIl~> where:<~l[k~lJ~> = (-lj V2--~- ~ 

(6a) 

2j p3 2Di ) _  22i 2PII Vo  oil 

(p2pi}p3D)(p2p p3p)   II2U  



There exist formulas and tables for the 3-j and 

6-j coefficientsiSand for the fractional parentage coef- 

ficients there are tables 16 but no formulas. Having no 

formulas is quite a drawback even when modern computers 

are used, since large memories need greasier access times. 

Expressions for spin-orbit or 2-body operators require even 

more use of a memory. 

There are more general objections to this sort 

of approach that have been echoed from time to time concern- 

ing "group theory" since its invention when it was called 

"Gruppenpest. ~' It is possible that this dislike arose from 

the frustration with a supposedly powerful mathematics that 

seemed to be little more than a namer of states and a keeper 

of tables. 

The approach we are presenting uses group theory, 

too; in fact much of it is very similar to the Racah and 

Wigner approach, but the new idea is to show how a powerful 

notation is simultaneously a perfect labeling system and 

diagramatic computer of operators and properties of states. 

To show this new approach in some depth, it is instructive 

to continue with a review of the Racah labeling so similar- 

ities and analogies between the two may be exhibited. 

The Raeah labeling begins with the assemblage of 

a complete set of i-body operators. For the orbitS)there 

are 2~+i i-body states I~>'- and hence (2~+1) 2 independent 

operators. One obtains exactly this number of operators in 

matrix form through the definition in Eq. 7. 



<m~ Iv~[m ) ~-m /~ km~ ) : ( - l ~ _ m  q ' 

ck~ f .,k,2k+l,[ 
= ~-,.j t2-- ~) qm'm (7.) 

These matrices are listed for~=½ and I in Table I, and for 

4=½ through 4 in Tables II and III. It is convenient to have those 

matrices for any study where angular momentum is important, 

~k differ since all multiple tensors T k or density operators/ q q 

from v k only by the factor called the "reduced matrix element" 
q 

which we set equal to ~2k+l)/(2~+l)JS(-l)k according to 

convention. (There often appear as many conventions as authors.) 

Now Racah labeling of many particle states is done 

through special combinations of the operators vk-v k defined 

in Eq. 8. 

(vk.v k) =S,(_l)q v k v k 
_q q (8a.) 

q 

vk =k v k (electron~) (8h.) 
q ~=i q 

One such operator is V1, V 1 which is proportional to 

the square L.L of orbital angular momentum and defines the 

orbital rotation group (R3) quantum number L. 

Some other operators that Racah used were the 

"G 2 operator"(for f-shell only), the'~airing operator" P, 

and the (majorana) "exchange operator " M defined in Eqs. 9. 



2~ 
M = ~ V k.v k (9a.) 

2[ 
P = 7-]', ( _ $ ) k  vk V k ( 9 b . )  

k : o  

G = V I.V I + V 5.v 5 (9c.) 

These are used to distinguish the different states having the same 

orbital momentum L as described below. 

First the exchange operator M defines the permutational sym- 

metry and total spin S associated with a given Racah orbital state. 

This is denoted by the famous Young frames which will be explain- 

ed exi:ensively later, since they are a central ingredient of the 

unitary calculus. For the time being we will simply quote the rules 

for these diagrams, and give an example. Each n-electron state is 

associated with an n-box diagram for its orbital part, and another 

n-box diagram for its spin part. The spin diagram (Fig. l b) consists 

of no more than two rows of boxes, in which each vertical pair of 

boxes,wherever the rows overlap, corresponds to a pair of spins 

coupled to zero; and the remainder of boxes in the single row tell 

what total spin is represented. ( Each single box counts ½.) The 

orbital diagram (Fig. l a) is the conjugate of the spin diagram, 

i.e. rows are exchanged for columns. 

Secondly the pairing operator P serves to distin- 

guish some independent states with the same L and S by isola- 

ting states according to definite amounts of "orbital pair- 

ing" or "seniority." However the physical significance of 

P and the curious G is somewhat obscure, and we must look 

instead at the mathematical labeling task for which they 

were invented. 



Racah set out to label all the ~n states with 

representations of a chain of groups: U2~+I D R2~+I~.,.~R3~ R 2. 

The labeling operators from each group, (These are called 

~nv~riau~ Operators: v~L z for R 2, (V1-V1)~L,L for R 3 . . . .  

P for R2~+1, and M for U2~+i), were meant to be a set of 

mutually commuting operators whose quantum numbers M, L .... , 

~J;[l~ were group representation labels and hence invari~mt 

state labels. 

Unfortunately there is n_o such chain of groups 

from u2~+l to the spatial rotations R3wR 2 ~hich will unfail- 

in~12 label al__l~ n states wit~ it__s representations. Indeed 

Racah's labeling is incomplete for the f-sub shell. So it 

should not be surprising that mathematical calculations with 

this basis are troublesome. 

The next approach to be described contains a 

labeling scheme which is "perfect": it gives one just enough 

labels, no more no less than are needed for a given physical 

situation. 

C. THE UNITARY PATTERN APPROACH 

The spirit of the newer approach is to use some 

of the best ideas of the Racah-Wigner approach while 

avoiding most of its difficulties. The newer approach begins, 

as did the older one, by assembling a complete set of l- 

body operators. For  #- hell, for example, we define 2 

ELEMENTARY OPERATORS eij. Each of these is defined by an 

(2~+I)(2~+I) matrix that is all zero except for a single 

(1) at the i,j position. ( See Eq. 10 ) 



<gm'l~jl ~>: ~im' ~jm (i0) 

Expressing ~ij in terms of v k and visa-versa is easily done q 

by inspection of the appropriate entry in Table [. We will 

need these relations shortly. The same relations hold be- 

tween the Racah V k (recall Eq. 8b) and the ~ij defined by q 

Eq. ii. 

~ij = ~ eij (electron~() (ii) 
i=l 

These operators are called the generators of the unitary 

group U2~+I. They satisfy communication relations of Eq. 12 

which follow immediately from the basic definition of the 

eij's. (Eq. 10) 

These relations are a generalization of relations 

between angular momentum operators i.e. the generators of 

the rotation group R 3. In fact the relation ~Lx, LI] = i Le 

is a special case of Eq. 12 if you use Eq. 13 which follows 

partly from the first table la. 

L~=- V 1 /~ = (E~ - Ei~) / 2 

(13) 



All of the Racah Wigner angular momentum calculus 

follows from the relations such as [~,4] = i~ 2 , and the 

beautiful generalization of this amounts to a "giant" cal- 

culus involving all operators~ij (or V~) over many-particle 

states which follows analogously from the relations in Eq. 12. 

However this generalization can be made only when the old 

problem of labeling states is solved, so we describe this 

labeling now. 

A representation of U m is labeled by m integers 

~l,m ~2~ ~3~ "''~n~m which give the maximum "quantum numbers" 

that can be aeheived in a single state by the eigenvalues 

of Eli, E22 ..... and Emm , subject to an ordering con- 

vention ~m~2~n~ ...... ~rn#n" (Analogously, the representa- 

tion label L of the rotation group R 3 gives the highest 

eigenvalue M of Iz. ) Next, the representations of Um_ I 

contained in (~ ~ ~ ~ ] are labeled by ,m 2,m 3,m .... m,m 

(m+l) integers ~i, m-i ~2,m-i .... <-l,m-i where these 

~i,m-1 vary while subject to "betweeness conditions" of 

Eq. 14. 

m %m % m i % , ~m , , , 

:Xm-l,m-i m,m 
(14) 

(To carry our analogy furthur, magnetic quantum number M 

labels various representations of cylindrical rotation 

symmetry R 2 that are contained in the L representation of 

R 3. M varies over integral steps but stays "between" L and -L.) 
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Now labels of the representations of Um~Um_l~Um_2... 

mU 1 are assembled into an m-row triangular pattern which 

is called the Gelfand Pattern (Fig. 2a) and this consti- 

tutes a complete labeling of all U m states. However, for 

most physical applications, particularily in atomic and 

molecular theories, this is more than enough labels, and 

the unused ones would just get in the way. 

Another completely equivalent notation involving 

Young Tableaus avoids this redundancy by letting the ~ ij 
integers be represented as lengths of rows of boxes contain- 

ing certain numbers as shown in Fig. 2b. Now when a label 

is redundant, it simply vanishes from sight. This is the 

first of many conveniences of the box pattern notation 

which will be described in the next section. 

Before continuing, we will exhibit one example 

of the simple mechanics of this labeling. Take the repre- 

sentation (210) of U 3 which will be considered later. Upon 

breaking the symmetry to U 2 we find, according to Eq. 14, 

that the representations (21), (20), (11), and (10) would 

appear on the diagonal of the (210) matrix schematicized 

in Fig. 3. Then reduction to U 1 would give (2) and (1) 

inside (21); (2), (1), and (0) inside (20), etc. for a 

total of eight i-dimensional "eigenvalues" in all. 

It is in this way that the representation (21.0) 
l 

labels its own eight bases which are pictured a la Gelfand 

and Young alongside the matrix in Fig. 3. It should be clear 

how pattern labeling in general assures all states a distinct 

genealogy, i.e. labeling. It should also be clear that the 

Gelfand "betweeness" condition (Eq. 14) forces all the 
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Young tableaus to be "!exical" i.e. have numbers ordered 

to increase only toward the right in the rows and down in the 

columns of boxes, with no numbers repeated in a single 

column. A complete set of "lexica!" tableau define a com- 

plete basis as well as Eq. 14. 

2. MECHANICS OF THE UNITARY CALCULUS: EXAMPLES 

Inthis section we will try to expose all the math- 

ematical machinery that we know how to apply, in detail, 

using the simplest non-trivial examples of each case in 

point. 

A. Spin ½ : U 2 

A tableau description of spin ½ is necessarily a 

review of some "well known" facts, except for a few points 

about pattern calculus which we need to bring out in con- 

text. First of all, it is true that any unitary combin- 

ation of state I (spin upS) and state 2 (spin down+) is 

just a rotation away from any other state. Indeed the only 

U(2) generators (See Table I-a) besides the identity are 

the V 1 generators of rotation, so U(2) theory is mathe- q 

matically equivalent to angular momentum calculus.However 

if more than two spin ½ states are coupled using the Wigner 

and Racah coefficients a "log-jam" can easily result.ln- 

stead we show how the states are organized according to 

tableaus. 
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One main idea of the tableau is to exhibit the 

permutational symmetry of an n-particle state. For example, 

the two-electron state that is anti-symmetric (S=O) is 

designated by two boxes stacked vertically (11) (See Fig.4), 

while the three symmetric states (S=1) are all labeled by 

two boxes in a row (20). In other words, these Young Tableaus 

also label representations of the chain of permutation 

groups $1¢$2cS 3 ... in practically the same way that they 

label representations of UlCU2~U3 . In fact they were in- 

vented for S n long before the study of U m or quantum mech- 

anics began. 

Readers unfamiliar with the S n groups may ap- 

preciate knowing that the first few are also well known 

crystal point groups. S 2, of course, is the same as two- 

fold symmetry C2,S~)is the same as trigonal symmetries D 3 

(3:2), and S 4 is tetrahedral symmetry Td(3/4). (Higher di- 

mensional point symmetries correspond to higher Sn.)17 

The representation bases for these groups are labeled in 

Fig. 5 by tableaus and more common notations. Using this 

may help explain how, for example, the two different (21@ 

or "E" symmetry (S=½) states in Fig. 4 (four states in all) 

arise from 3 electrons. This is the first example where the 

permutation representation (D2¼~ is two-dimensional, and 

for each of the corresponding two values of~ in the group 

projection operator of Eq. 15, there will arise a complete 

S=½ doublet. 
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• Z s : ½  . -21o ½ ½ (2) ½ (3) ('~) = i~y~x %m (1) ~m' q~m" 
s s s (15) 

= ", ~' ~ D2iO(p)P~y ~ms(i ) ~ ( 2 ) .  ~Z.~.s (3) 
• m s 

permutations 
P 

(The2 in Eq. 15 is tied to the U(2) quantum number values 

m s • m's + m'~= M s as explained in Sec. 3 when we investigate 

the general properties of these projections. The N~ is a 

normalization derived there also.) 

Now it might appear that we are getting ourselves 

into the worst "Gruppenpest" of all. For with only 10 par- 

ticles we would face a group of order 3,628,800 and fill 

libraries with tables about it. Apparently though, we can 

be saved all this by the incredible fact that these 

patterns have practically all the information you 

want written on their faces. 

As a first example of this information system, 

18 
we review the "hook-formulas" of Robinson and Hall (See 

Fig. 6). These give the dimensions of representations of 

S n groups and U m groups. We see how they apply to finding 

the number of states in Fig. 4, depending on whether we count 

the number of spin components (dimension of a U 2 represen- 

tation) or the number of ways to make a given spin component 

(dimension of a S n representation). 
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It is this type of non-algebraic information 

storage that interests us. For more and more complex 

multi-particle shells, any algebraic description is bound 

to become prohibitively complicated, so it is very worth- 

while to uncover algorithms that will moderate this com- 

plexity by automatically ignoring what is redundent or 

zero for each individual case. To date, several examples 

have been found of algorithms of the same general nature 

as the Hall - Robinson formulas. These include a character 

formula by Coleman l~ normalization formulas of Biedenharn 

and Ciftan 20, and S n representation formulas of Yamanouchi 21 

We describe the Yamanouchi formula now since it is closely 

related to two algorithms which we have invented for deal- 

ing with atomic and molecular operators, and which will 

be treated next. 

The Yamanouchi formula (See Fig. 7) gives the rep- 

resentations of the principle or "nearest-neighbor~ permu- 

tations (n, n-i). All other permutations are just products 

of these. The formula depends upon the relative positions 

of the two boxes that contain n and n-I respectively in 

each tableau, i.e. the axial or "city block" distance d be- 

tween them. This should be familiar to urban dwellers as the 

minimum number of blocks you must walk or streets you must 

cross to go from one block center to the other. (Several 

zig-zag paths may have this same length d.) If the two boxes 

are in the same row or column, then they must be neighbors 

(d=l) and a (n, n-l) switch gives no legal ("lexical") tab- 

leau. But, the permutation has a diagonal matrix element of 
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-i or +1 depending on whether n-1 is above or to the left 

of n, as seen in Fig. 7. 

If the permutation (n,n-l) does give a lexical 

tableau, then the diagonal elements of the representation 

are -1/d or +l/d depending upon whether n-1 is above or 

to the left of n, and there will be the off-diagonal com- 

ponents shown in Fig.7. 

B. Orbit 9=i ; U 3 

Now an important part of the pattern calculus 

is demonstrated using the atomic p sub-shell as an example. 

The three single-particle orbital states ~1} ~=1 ~=1 

and 137= I~ ~i~ span the fundamental or defining representation 

of U 3. Now we find states like ~2~ or(~l~ ¢ 13~)/~ of "plane" 

polarization that are not just rotations of all other states 

such as 11~ of "circular" polarization. Now we need other op- 

erators besides the generators v I of rotation that "did every- 
q 

thing" for a spin ½ particle. This complete set for~=l (See 

Table Ib) includes the five quadrupole operators v 2 and q 

generates the group U 3. 

The orbital states of the p sub-shell are displayed 

in Fig. 8 by a diagram involving the lexical U 3 tableaus. 

Each state is plotted as a point in a three dimensional co- 

ordinate system in which the 1-component of a state is the 

number of i's in the tableau and the same for the 2's and 3's. 

In order to find matrix elements of the physical 

operators V k q , we must identify them with the elementary op- 

erators Eij , using Table Ib. First the V~ operators are always 
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represented by diagonal matrices, since they are linear com- 

binations of Ell , E22 ,and E33 only, whose eigenvalues are 

just the number of l's, 2's, and 3's, respectively, of each 

0 1 2 
state plotted in Fig. 8. In fact there is a ( V0,V0,V0 ) co- 

ordinate ~ system defined by Table Ib or Eq. 16 below, and two 

of its axes are shown in Fig. 8. 

~ V~ = Eli + E22 + E33 (16 a) 

v~ = ~11 _ ~33_~ L~ (16 b) 

I,~"V~ = El i  ~2E22 + E33 (16 c) 

k for q / 0 correspond to the The other operators Vq 

"raising and lowering" operators Eij for i ~ j, as given in 

Table Ib or Eq. 17 below. 

V~ = E13 (17 a) 

-2V~ =~(E12 - E23) (17 b) 

-2v~ ~: ~(~12 + ~23 ) ~ L+ (17 e) 

2v~ :~(Eel + E32) ~ L (17 d) 

2V~ =~(E21 - E32) (17 e) 

v~ = s31 (17 f) 

It is helpful to think Of Eij as an operator that "destroys" 

a j and "creates" an i, while Ejj is a number operator that 

counts the number of j's. 

Matrix elements of E.. exist only between lexical 

tableaus that differ solely in the replacement of a j by an i. 
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These matrix elements are found using the simple orbital 

pattern formulas of Fig. 9. The "principle elementary op- 

erators" Ei_l, i are given there (Changing a 2 to a 1, i.e. 

m=0 to m=lj is called'raising" ...) and all others are products 

of these, according to Eq~ 12 and Eq. 18, or transposes, 

according to Fig. 9b. 

Ei-2,i : ~Ei-2,i-l'Ei-l,i~ 

Ei-3,i = [Ei-3,i-2'Ei-2,d 

(18) 

The conventional angular momentum raising operator 

L+ (Eq. 17c), lowering operator L_ (Eq. 17d) and z-component 

(Eq. 16b) lead to the conventional 2S+IL identification of 

the tableaus. The numbers in each tableau give its M-eigen- 

value (of Lz) or its 2V~ component in Fig.8, and it is 

thereby seen which 2S+I L terms are allowed for a particular 

multiplet. 

Consider the (p)3 configuration (Nitrogen) in 

Fig.8. The highest (spin) doublet, or (210) tableau, has 

M=2 so it must be a 2D as in Eq~lg~ since it is alone. 

12D 2> = 11 (i9) 
2 
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The two elementary components of L_ (Eq. 17 d) are E21 and 

E32. Sequential application of these gives all the tableau states 

in the multiplet and shows spectral terms allowed. Application 

of L according to Eq. 20 leads to the correct state vector for each 

of the terms. 

I I L_ L = 

v'CL+M)CL-M+i) 

For example E21 and E32 on state ~i gives ~2 and ~1 respect- 

ively, both with matrix elements of unity according to Fig. 9-h and 

9-g respectively. Then operation with L gives Eq. 21 below. 

2 

Since there are two M=I tableaus, there must also be an L=I state, 

namely the orthogonal 2p state given in Eq. 22 below. 

12 _ 11 ) /~2-- ( 2 2 )  12P 1) = ( 2  3 

Now the quadrupole ( V~ ) matrix element given by the 

Racah expression in Eq. 6 b is computed using Fig. 9 a in E~ 23 below. 

Note in contrast that one gets all k-moments from one expression 

involving a few modified Wigner coefficients (.k z j)" This coefficient 

is the ij th component of the v k that has this component in Table lb. 

!2 il 12. 11 

= ½(-(Ikl)+2(2k2)-(3k 3) ) = -~2 for k=2 

= 0 k=l 
(23) 

= 0 k =  0 
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Eq. 24 gives all the matrix elements for the remaining 

S=½ or doublet states. The superscript (ij) above each matrix 

element in this equation indicates which operator Eij was re- 

sponsible.( No more than one can occupy a position with i ~ j.) 

11 
2 

12 
2 

11 
3 

12 
3 

13 
2 

13 
3 

22 
3 

23 
3 

11 12 ii 12 13 13 22 23 
2 2 j j 2 3 J 3 

J½ Jl -#  

2+1 V2 1 

• . ! + 2 + ~ ,  . : f ~  ~ 2  1 /~ 

1+2+3 • 

• . 1 + 2  , 1 

(24) 

= <hi} 
for i< j = 

1,2, or3 

2+1 

• . i+2" 

For the quartet terms (S= I) there is only one allowed 

orbital tableau,(Eq. 25) and for it only the V~ matrix is non-zero• 

j4= 0>= i 2 (25) 
3 

These procedures will be generalized slightly in Part II 

in order to account for repeated states of the same L and S.(How- 

ever no labeling problem needs to be solved ever again since the 
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tableaus are quite complete in this respect.) 

Isotropic two-body operators sucres' as electrostatic repul- 

sion are combinations of operator products EijEji contained in the 

familiar scalar products vkv k, . ( This will be reviewed in detail 

for the general problem of multiple shells in Part II. ) 

It turns out that the matrix elements of the scalars can 

be evaluated by inspection of an E-matrix like Eq. 24. The matrix 

element of vk.v k between tableau state T and state T' is equal to the 

overlap or scalar product of column ~ with column J in Eq.24 plus a 

similar overlap of ro~ Y with row /. ( The diagonal is counted just 

once for the case ~=Y~ however.) For example the components needed 

to compute the electrostatic energy e ( In Eq. 26 the constants r and 

r' are radial integrals.) for the p3 configuration are given in Eq. 

27 and 28. 
e = r( V2-V 2 ) + r' (26) 

Note that the superscripts (ij) in Eq. 24 are transcribed into Eq. 

the coefficients (ikj) found in table I-b. 27 as 

"kvk'11  (2 /)2+ )2 v- {2 2= (1k1)+(2k2 (lk2)2+(2k3)2+2(1k3 

12 k.kIll~ (27) <2 IV.v L 3 /= 2( lk2)(2k 31 

11 12 11 
2 2 3 

11 
2 3 

<v2. v2 = 4 -! 

11 -1 4 
3 ............... 

The V2. V 2 e i g e n v a l u e s  of  3 f o r  2D, 

(28) 

5 for 2p (We use Eq.22), and 0 
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for gro~d state 4Spgive the first approximate predictions 

for the spacing of the lowest three levels of Nitrogen. 

As will be sho~ in Part II, orthogonal states 

with the s~e L ~d S give off-diagonal components for the 

electrostatic operator. 

C. Spin ½ and Orbit ~=lTogether : U~U 3 

The discussion of the orbital part of the electrons 

in Sec. 2B has it "disembodied" from the spin part ~d visa- 

versa in Sec. 2A. The reincarnated state that obeys the 

exclusion principle is represented by assembling with each 

orbital tableau all the spin tableaus of the "conjugate" 

shape, (Recall Fig.l) as in Eq.29. 

• ! P 3 

S~bols like the above represent a generally very 

complicated but precisely defined multi-electron Pauli state 

which is described one way in Sec. 2D, ~d mother way in 

Sec. ~. But it turns out that the complicated sums implicit 

to this reincarnation c~ be i~ored as long as the physical 

si~ific~ce of each part is ~o~. For example, combination 

of the appropriate tableaus in Sec. 2A-2B yield the Russell- 

Sanders (LS) states of a (Nitrogen) (p)3 configuration in 

Eq.30 
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M=o Ms=3/2/= 

j 2p 1 -1/2 2 = 

12P i I/2\o 1/2/ : [-i~2~ ') 

12D 2 1/2/ 

(30) 

The orbital operators work on orbital parts of 

states (29)-(30) while ignoring the spin parts, and visa- 

versa. This is part of what is implied by the notation 

U3~U2; operators (like L) in U 3 commute with those (like S) 

in U 2 . 

Now our final problem involves operators like 

spin-orbit interaction which fail to commute with L or S, 

and exist outside of U3xU 2. A pattern calculus for a big- 

ger group U 6 covers this, as described next. 

D. Spin,and Orbit ~_1 Together: U 6 

A single electron confined to the p-shell has 

six possible states which we label as follows: i~=11~>= 

IA=I ~ ~s=½\ 
m=l =~/ , I ~ : ! 1 ~ ,  I~  =12f>,ld>=12~>,l~=13%>, and 1~:13~. 

Along with this comes a set of 36 1-body operators which 

could be the U 6 elementary operators Eaa Eab... Eff , or 

else Racah's double tensor operators k~ for which a Vq~, 
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definition and examples to be discussed are given in Eq.31. 

iliill 

, , , , , ,  

, , , ° . ,  

(31a) 

(31b) 

11 
v00 

I , . , , .  

. - - I . . . .  

, ° . ° . °  

2 " ° ' ' ' °  

.... -1{ 
, , , . ,  

(31c) 

= ½(eaa - ebb - eee + eff) 

Note that Eq.31(b-c) are derived from products of tables 

Ia with Ib, and that operators of U3xU 2 are v k0 and 0X q0 v0~ " 

Now the exclusion principle permits us to have 

only totally anti-symmetric multi-electron U6states i.e. 

states with tableau of one column only. The matrix elements 

of operator Eij between these Slater Determinant states 

are 0 if there is no j to be destroyed or an i already pre- 

sent in initial state, -1 if the new i must be moved an odd 

number of boxes to get "lexical" order, +1 if the new i is 

within an even substitution of order. 

a a a a a 
c c b c b 

Ecf d = 0 , Ebf d = -c , Ebe d = c 
e e d e d 
f f e f f 

(32) 

Now, the tableau formula in Fig. 10 gives the 

coefficients to transform between these vertical tableau 
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U 6 states and the U3~U 2 or L-S states of Eqs. 29 or 30. 

Correct normalization and sign are automatically given.A 

good deal of labor can be saved by this formula, in fact 

there are onl~ a few transformations like Eq.33 for which 

the coefficients can quickly be checked by simple matrix 

arithimetic. 

i2 @ 2 ¢$ 

2 i' I g5  17:1 

The spin-orbit operator of Eq. 34 follows from 

the relation in Eq. 31. 

(33) 

n 

S.0, =~,__~ "~(electron~ ),9(electron~ ) (5@) 

= _ Vi_ 1 

= ~11( Eaa - Ebb - Eee + Elf ) +.~( Ebc +Ede + Ecb + Eed 

This operator is invariant to rigid rotations of 

both spin and orbit, 

states made from Eq. 

so it is convenient to deal with the LSJ 

30 and Eq. 35. 

M, M S MSMJ 

The maximum Mj examples of the states in Eq. 35 are written 

explicitly for the (p)3 configuration in Eq. 36. 
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+~(~ a b i a a I b 
= b) 12P1 = -  - - - O+ C 

a a 

+ b) 
e 

2 

J4 ~a  S 3 = c 
e 2 

(36) 

The matrix elements of the spin-orbit (S.0.) operator 

in Eq. 34 are now made easily according to the determinant or 

tableau rules previously described. Examples of their appli- 

cation are shown in Eq. 37. 

<2 I 14S~] a a e a e ~i a a i 
P S.O. = -(c + b)(S.O.)(c) = - ( + b).(b + ) (37a) 

d e e 

2D~ 2D~ 2p~ ~S~ 2P I 
2 2 2 2 2 

0 

0 

0 

-;• 0 

0 -1 

-1 0 

0 

(37b) 
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BASIC STRUCTURE OF A MULTI-PARTICLE BASIS OF THE 

GELFAND REPRESENTATION 

The mathematical structure of Gelfand's unitary 

representations can be explained from several viewpoints. 

Probably the best known approach involves a generaliza- 

tion of Schwinger's boson operator treatment of the quantum 

theory of angular momentum which Biedenharn and Louck 22 

have developed. Here we shall sketch another approach to 

23 
U m started earlier by Weyl and others, which uses per- 

mutation symmetry. The latter has turned out to be math- 

ematically equivalent to the former, yet more convenient 

in some ways. Furthermore, we are motivated to treat care- 

fully one of the apparantly perfect symmetries in nature; 

the identity of electrons. 

It will now be shown how bases, such as the 

orbital states implied by Fig. 8, are constructed using 

linear combinations of product state vectors (Eq.38a) 

or wave functions (Eq. 38b). 

~ii>iii2~2 ... ~in~n = llil i22 ...n >.in 

i 2 ..n I 1 2 
x I x 2 .x n i I i 2 .i = (Xl)~i2(x2) ... (x n) 

{ i 2 in, i I i 2 i S, ~, 
= ilil i2i 2 ".. i'ni n 

(38a) 

(38b) 

(38c) 



27 

(In Eq.38 the notation i or (xg) indicates that particle 

is in state i , and it is important that these states 

be orthonormal as per Eq.38c.) Now, because the particles are 

identical we must consider linear combinations of (n!) 

permutations of particles between states, in particular 

those combinations made with the well known permutation 
_% 

group (Sn) projectors P~ as in Eq.15 or Eq.39. There the 

representation component calculated factor D~ (p) is an S n 

using Fig. 7, ~is the dimension given by Fig.7-a, and Ny 

is a normalization constant to be evaluated shortly. 

I .~ , , ,>  = N~, 1 s~ I I 2 . . .  nn/~\ 
~y ili 2 i 

(39) 

P 
ill 2 

It turns out that a complete and orthonormal basis of any 

Gelfand representation can be made according to Eq.39, 

where P~ is applied only to those states lili 2 ...in~ 

of definite "order. " By order we mean that single particle 

states have been numbered (Recall the numbering 1-3 in Sec. 2B) 

and these numbers are ordered: i1~ i 2 ~ ... ~ i n . The per- 

mutations ~ in Eq.39 then give all other orderings. To 

help explain the properties of the permutation projectors 

(These properties were first discovered by Goddard 14. ) we 

shall make an analogy with the quantum theory of rigid 

rotators. 

The analogous rigid rotator state is made ac- 

cording to Eq.40 using rotation group (R 3) projectors where 
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Dmn(~) is the rotation matrix for angular momentum , 

24 
and the sum ("~") is an integral over Euler angles 

(4O) 

= = Omn(~) 8(~) Iooo> 

In Eq.40 P ~ has been applied to a state 1000> of definite mn 

orientation (000). By (000) we mean that the rotator body 

axes 1, 2, and 3 are lined up with laboratory axes x, y, 

and z. The rotation operators O(~~) in Eq.40 then give 

all other orientations. Now the quantum numbers m and n 

are eigenvalues of angular momentum operators Jz andJ3 for 

the lab z-axis and body 3-axis components respectively, 

In fact, two commuting groups of rotation operators ~(~v) 

and ~(~w) can be defined. ~ refers to the lab axis and ro- 

tales the body. O referB to the body axis and rotates the lab- 

oratory, andmall O(~ ) commute with all ~(~V). 

By analogy, two commuting groups of permutation 

operators (~) and (p) can be defined. A permutation 

refers to the numbers on the electrons and permutes them 

from state to state. ((1-~) means put electron (i) into 

whichever state that electron (2) was, electron (2) into 

whichever state that electron (4) was, and electron (4) 

into whichever s~ate that electron (1) wasO A permutation 

refers to the index numbers on the states and permutes 

these from electron to electron. ((>>7) means put state-i 3 

onto whichever electron state-i 5 was, state-i 5 onto whichever 

electron state-i 7 was, and state-i 7 onto whichever electron 

state-i 3 was.) 
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Th~fore, (See Appendix A for detailed proof.) 

the "quantum numbers" or tableaus ~ and ~ in Eq.39 refer to 

the permutation symmetry of the state under permutation 

by p and ~ respectively. 

Considering once again the corresponding quantum 

numbers m and n of the rigid rotator (Eq.40) we find that 

the ordinary z-component m varies over all (2~+I) allowed 

values -~ g m~, while the body axis 3-component n may 

or may not be furthur restricted, depending on the nature 

of the body. If each rotation O(~) of the body gives a 

distinct position state then all values of n between ~ 

give valid states, too; m and n together label (2~+i)(2~+i) 

states in total. However, if some subgroup of body rotations 

turn out to be just multiples of the identity, as would be 

rotations around the body axis of a diatomic molecule 

(~(~oo)~/>= I/> ),then n may be restricted. In the latter 

example only n=0 survives, and the allowed rotator wave 

functions are just the common spherical harmonics ~m~Dmo. 

There is an analogous freedom or restriction of the 

tableaus ~ and ~ for the multi-electron projection (Eq.39) 

where we find that~varies over all ~ lexical tableaus, 

while ~ may or may not be furthur restricted depending on 

the nature of the unitary states i i~ i 2 ~... ~ i n . If each 

permutation T gives a distinct state (i.e. i~ / i B for~ ), 

then all lexical ~ gi~e valid states, too; /4 and2 together 

label ~ states in total.(For example 3-3 = 9 orthogonal 

U 8 states are represented in Eq.41) However, if some subgroup 

of state permutations turn out to be just multiples of the 
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identity as would be (~) and (12) for the state |55677 

then ~ may be restricted,(In the example only the 6 states 
134 

represented in Eq.42 survive since ~ = 2 can be shown 

to give zero, as explained in Appendix A,) 

= = N1 j~.,~ =12~ |2358/ 
4 

(41) 

l~g ~ J ~38~ = N2 ~3100 I 1234 2358/~ 

~24 
3 

-44 S N3 p3100 ~1234\ ~58>= 2358/ 
134 
2 

I ~ = NI ~ 123 5567/ 

4 

, 

5567 = N 2 
J4 124 

3 

0 p3100 '~1234 
\ 

= 5567/ 
134 
2 

(42) 

Eqs.41-42 show how unitary (U m) tableaus ~(i~ ) 

are made from permutation (S n) tableaus ~: the U m state 

number i d is put into the S n tableau exactly where par- 

ticle number ~ resides. Whenever two or more S n tableaus 

~,~', ... give the same unitary tableau, it can be shown 
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that the corresponding projections are identical e-xcept 

possibly for normalization. Eq.43 shows an example of this 

and further details are given in Appendix A. 

I~, 6556> " 93 ~oo 1 1234\ 
= ~i 5566/ 

12j 
4 

" I 1234\ 
= N2 p3100 5566/ 

J4 124 
3 

(43) 

The normalization constant for any of these states is giv- 

I en by Eq.44 as a sum over the identity permutations p 

that satisfy pl~i I i2...> = ~ il i2...~ . This is derived 

in Appendix A. 

I/N~ = ~ p~i D~ (pI) ] ½ (44) 

It can be shown that the preceeding formulation completely 

and unambiguously defines the bases for Gelfand represent- 

ations which have been used in Secs. i-2. ( See Appendix 8.) 

However, the significance of the 0~) labels on these basis 

states needs to be clarified. 

In all cases we find that for each allowed S n tab- 

leau ~we get another complete basis for a U Gelfand repre- m 

sentation defined by Young frame (~). For different~ the rep- 

resentations of U m come out exactly the same, but the bases 

are different, in fact, orthonormal. 

Biedenharn and Louck produced Gelfand bases from 
25 

polynomials of boson operators and thus avoided this repetition; 
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in effect they keep only the "first tableau"~l, which has 

all the numbers in sequence 123... in every row. Certainly 

one basis per ~ is all that ~s necessary as far as the math- 

ematics of U m is concerned. However, the explicit Pauli- 

antisymmetric states of orbit and spin (viz. the U 3 xU 2 

states implied by Eqs.29-30) involve a sum over all ~ accord- 

ing to the formula in Eq.45. Each term in this sum includes 

an orbital factor of a particular~ with a spin factor of 

the transpose or conjugate tableau~as seen in example 

Eqs.46. The first term has an orbit factor with the "first 

tableau"~, and the spin factor with the "last tableau"~ i. 

(In~, all numbers are in sequence down the columns.) 

Each following term has in the orbit factor, an allowed 

which is a permutation of numbers in~ 1, and this term is 

positive (negative) if this permutation is even (odd). 
(45) 

% 

~j =~i 

• I ~ 

• ; 1 1 2 .  • I 

56 ~ ~ 12 , 

7 4 '  2 

2 , 6 12Lr , ~' I ' 4 ,  
- ~ / ~  4 7 3 

+ I/~r~- 2 , 123 , I' ,I",I, 
3 7 I 4 @ 
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67 @@ = i/~ 34 , 6 24 , @@ 

- i/~ 24 , 67 34 , @@ 

It is undeed fortunate that most of this complex- 

ity does not have to be brought out again when this math- 

ematics is used for physical problems. In this respect the 

notation and accompanying calculus is most efficient. 

However, the proofs of tableau formulas and the 

26 
correspondences between Gelfand and tableau approaches 

have been quite difficult to make, possibly because the 

former is algebraic while the latter is not. The nature of 

this dilemma is seen in the proofs and discussion here, in 
27 

Part II, and in works by others. We hope that soon there 

will exist less complicated ways to derive such simple 

results. 
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PART II: STRUCTURE AND APPLICATIONS 

Modern applications or studies of atomic or molecular 

physics usually involve the quantum mechanics of many states 

and particles. The unitary calculus described in 

Part I (Henceforward we refer to this as (I) ) is des- 

igned to treat such complexity very efficiently. Nevertheless, 

we expect that one will generally prefer to use computing 

machines to perform calculations, and so it is important 

that applications of the calculus be explained in a straight- 

forward way that can be coded. 

The application of the unitary formulation of angu- 

lar factor analysis of complex atomic spectra is described 

below in Sec. i. Here we find one set of formulas and rules 

that are the same for all configurations~ pure or mixed, 

and no matter how many sub-shells or electrons are involved. 

We explain a way to take advantage of rotational symmetry 

or angular momentum conservation while dealing efficiently 

with independent terms of equal total orbital momentum and 

spin multiplicity. This is done without involving the bar- 

oque "lores" of the various Racah bases which are necessar- 

ily quite difficult to teach to a computing machine. (How- 

ever it is interesting to relate tableau bases to Racah 

states as seen in Sec. i.) Instead we always use the same 

unitary bases of (I) whose structure is given mainly by 

two formulas (Fig. 9 and Fig.10) and whose correspon- 

dence with a given physical model is never ambiguous. We dis- 

cuss the physical models involving L-S, intermediate, and 

jj-coupling approximations and their interrelations for 

nearly free atoms. 
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The ways of taking advantage of crystal or molecular 

point symmetry is seen in Sec. 2, where some applications 

to the study of molecular electronic structure are shown. Here 

again, the same basic formulas and rules apply uuiversally, 

however, the possibilities for different physical models 

and approximation schemes is much richer. 

For either of these applications it seems to be 

better to have bases which are defined with respect to spa- 

tial symmetries only after they are defined with respect to= 

(1) the permutation symmetry S n for n electrons, and (2) the 

complete operator group U m defined for m states. Indeed, this 

S n symmetry is always quite perfect in nature while the var- 

ious spatial symmetries come and go, and strictly speaking, 

can never be perfect in the real world. And, the operator 

group U m is simply a mathematical prerequisite for doing 

quantum mechanics with m states when their total probability 

is to be conserved. 

The last Section 3 is devoted to further discussion 

of the mathematical structure of Snand U m bases, i.e. the 

pattern calculus in general. There we discuss the parentage 

and shell structures which the patterns make quite obvious, 

and give a more general procedure for dealing with particles 

of higher spin or more internal structure than the non-rela- 

tivistic electron. This theory has led to the tableau formu- 

las of (I) and is certainly capable of producing more general 

analyses of states involving nucleons, hadrons, or relativ- 

istic models. 
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i. UNITARY ANALYSIS FOR NEARLY-FREE ATOMS 

The unitary analysis of atomic Russell-Saunders (LS) 

coupling states was introduced in (I) and will be treated in 

more detail now. The atomic p sub-shell which was used as an 

example in (I) does not exhibit all the structural problems 

that arise in general, namely the appearance of independent 

terms of identical 2S+IL and the treatment of multiple shells 

or "mixed configurations." We now treat the simplest exam- 

ples that do exhibit these problems, and give routines for 

obtaining the energy and transition matrices using the least 

number of mathematical operations. 

The routines for treating multiple shells are only 

slightly different from those that treat pure configurations, 

so most of the procedural details are are contained in the 

discussion of the latter which is given next below. 

A. PURE ORBITAL CONFIGURATIONS (~)m 

The pure configuration or single ( ~ ) sub-shell 

problem involves (22 +i) single electron orbital states which 

we shall label If> :19~, I 2> :{~-i~ .... 12~+1> =I-~>. 

The combinations Eij = lit< J I span the U2~ +i operator 

algebra. Examples of relations between the unit multipole 

operators V k and the elementary operators Eij were given for q 

the p sub-shell by Eq.16-17 in (I). There the coefficients 

relating the two were just the conventional matrix elements 

of V k as given by Eq.l below.(See also Eqs. (2), (i0), and 
q 

(ii) in (I).) 
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(la) 

- -  

q m m' q (m) (m') 

(Ib) 
(_2 1 k.~ £ k Zk+ I~½ 

~-m k f = C m' m (-I) "2-~-~-" (-i) ~-~Z q , q 

Table III give, these V k forf= 1-3 and 4 res- 
q 

pectively, i.e. for p, d, f, and g sub-shells. Note that 

matrices for V k with k and ~ fixed but with various q(-k~ q~k) 
q 

are superimposed since each V k matrix is zero except along 
q 

one particular row parallel to the diagonal. The lowest com= 

mon denominators of each V k are printed on the right of each 
q 

matrix in line with its particular super diagonal row. (Note 

also that V k q ~ k =61)V q .) For example, V is given below from 

Table III-f. 

(2) 

For fixed (J,q) there are (2 ~ -q +1) operators V k 
q 

(k ~ q) that have this same number of components in the same 

positions of the matrix. The definition in Eq.l is made so 

all these diagonal rows form orthonormal sets of Vectors. 

Therefore the inverses of V - E relations can be found by in- 

spection. (Viz. Eq.3 from Table III-f.) 

= 1 
(3) 
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For the analysis of free atoms one needs the expec- 

tation values of matrices of operators proportional to V k 
q 

and<V k-~ V~J,'~ between given terms 2S+IL allowed by the con- 

figuration under study. We now show how to accomplish this 

in a routine manner. 

First all the spectral-term states of interest must 

be extracted. This is complicated slightly when more than 

one term with the same L and S show up, i.e. when repeated 

L arise with a given spin-multiplicity. The simplest example 

of a single sub-shell multiplet with two equal L terms is 

found in the doublets of the (d) 3 configuration. The program 

we now apply to this will, in principle, solve any atomic 

configuration. 

The program is initialized by writing the highest 

tableau of the multiplet in question, where the shape of the 

frame follows from the multiplicity (See Fig.1)j 

and the numbers go into it as follows:~ . For (d) 3doublets 

we start with ii 33 
2 ' ,. 

Then all the U m (m=2~+1) "lowering operators" E21, 

E32'E43 ..... Em m-1 are applied once to the initial tableau. 

The new tableaus that result are transcribed along with the 

matrix elements (Recall Fig. 9) for the change. Only 

tableaus that have the numbers equal or increasing toward 

the right in their rows, and increasing but not equal down 

their columns, are transcribed, For (d) 3 doublets we obtain 

11 with matrix elements <121 the tableaus ~2 and 3 -2 E21 2/ 
11~ 

=1 and<~ll E321 ~1~ =i respectively. 
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This procedure is repeated upon each of the new tab- 

leaus to make a third set, and then a fourth, and so forth. 

Each stage gives a complete set states with a fixed total-M, 

thereby indicating directly what 2S+IL terms are allowed. 

Now as the lowering operators are applied at each stage, 

one should transcribe matrix elements for all allowed lower- 

ings because, among other things, they serve to sort out the 

2S+IL states. For example, component ~2 I E32 I 122~ = 

should be recorded even though the tableau 12,~wohldaalr~eady 

be made bY applying E21 t° ~i. (~2 E211 ~i~ = ~) 

In Eq.5 the matrix elements of the raising operators Em_ I m 

(These are simply reflections through the diagonal of E m m-i 

components. ) are transcribed and labeled above the diagonal. 

The components of the angular momentum lowering operator 

L (Eq.4) are written below the diagonal in Eq.§. 

L ~ ~v~ = 2E21 + (gE32+ ~E43+ 2E54 
(4) 

For any atomic configuration the highest tableau 

always corresponds to the highest L term in the multiplet 

with z-component of orbit M=L. For the example 121~= 12H L=5, M=5~. 

Now an application of L ,according to Eq.6 and an orthogonali- 

zation which is described below, gives all the other terms. 
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For the example we obtain the 12G 4,4~ state (Eq. Tb) from 

orthogonalization with the 12H 5,4) state (Eq.7a) and 

similarily for the next set of M=3 states in Eq.8. 

(7a) 

IvT6 (Vb) 

I 2H _5, 3~ = L 

12G L_ 

(8a) 

(Sb) 

_ _  12G ~,4) = (3{~ 2 3 

(8c) 
13 _ ~'~ 12 ~1 1 2 P ~ ' J ) =  ( 2  3 + 2  ) / { ~  

However, we will need a rigorous and efficient routine 

which can produce repeated orbit states as well as the simple 

unrepeated states in Eq.7b or Eq.8c. For example there will 

be two terms 2D and 2D' needed to complete the next set of 

five M=2 states of which only the three in Eq.9 are found 

using L , 

~'- 12H 5 ,3>= 

(9a) 

(9t) 

(9C) 
2F 3,2~ = (o ~ - 2 { j  1 2 ~  )/2,/g 
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An orthonormal set of bases can be made using the 

submatrix ~S> of projection operator S in Eq.lO. The sum 

there is over the equal M vectors previously derived such as 

those in Eq°9. 

s=i-  MI (io) 
L>M 
M fixed 

Certain properties of the S operator minimize the 

computational labor. First, <S > is a symmetric projector so 

its rows or its columns are the components of the desired 

eigenvectors of L 2. Secondly, S is idempotent (S.S = S) so 

the scalar product (ilj) of the i-th row vector (ilwith the 

j-th column vector lj) must equal the i-j entry S.. of the 
13 

matrix <S~ . We denote vectors that may not be orthonormal 

by modified Dirac symbols l )or (J. 

Therefore all the quantities needed for Gram-Schmidt 

orthogonalization are components of the matrix <S). Let us 

define II ) = li ) using the first column-i having a non-zero 

norm (ili). (The i-th column is all zeroif and omly if its 

diagonal element (ill) is zero.) The normalized II~ (Eq.lla) 

will be taken as the first of the desired angular momentum 

state vectors, as iB the example in Eq.llb. 

28 

I I> = II) / (/~I) = li) / (~i) (lla) 
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i-) : I d 3 20 2,2~ 

(11b) 

= (_~ 13 _ n 14 ~ 22 i 12 i ~I 
I~ 3 •j.4~2 ?~ 3 14/~ 4 +-;.4 ) 

: (5~ -5/~ -2/~ -~ /~ ) / /~  

Now it must be found if the next column lj) = Ii~1) 

gives a vector independent of II). A simple test routine 

exists which will check this by calculating just one compo- 

nent. If the result is null, the routine must try the follow- 

ing columns lJ) = li+2), Ii+3) .... until a non-null result 

is found. A good thing about the routine is that the number 

of calculations needed to obtain an orthonormal vector is 

constant no matter how far the test goes before getting a 

non-null result. 

To see this, note that the vector III) in Eq.12a will 

be orthogonal to II), and suitable as the second angular momen- 

tum state if its norm (Eq.12b) is non-zero. However, this 

norm, if non-zero, is seen to be the j-th component of III), 

(E~c~12c) i.e. the nullity test result becomes a vector com- 

ponent and the rest of the vector is constructed according 

to Eq.12a, using the j=m-th column. For each failure of the 

test for j we find that j-th component of III) is identically 

zero, as are all components preceeding the first non-null 

result. 

( I f )  = l J ) -  L I ) ( I ) . i )  
(TIT) 

/ 
( I I I I I )  = I ( j l  - ( . i J l ) ( I i  

\ (TIT) 
( j )  - I I ) ( I i ~ ) } =  ( j  

( I I I )  

(12a) 

(12b) 

l J) - ( T l j )  2 

(If I) 



44 

( zzJzz )  = ( j l z z )  (i2c) 

For the 2D state problem one finds that the j=2 col- 

umn test is null while the J=3 column gives the orthonormal 

vector in Eq.13 to complete the sets in Eq.9a-c and Eq.llb. 

(13) 
tzz>: Izz) /C(nlzz)  = ld3 2o' 2,2> 

1 22 2 12 4 ii ~5 
= ( 3 3 - 5 ~ 4  + 5~-5 ) / 

= (o o ~ - 2 ~  4 ) / ~  

Basically the same procedure is applied again and again 

if the number of tableaus dictate that such is necessary, 

(Our example terminates with IIi) since there were only 

two more tableaus in the M=2 set than in the M=3 set.) 

The next orthogonal vector would be IIII) defined in Eq.l~ 

using the k-th column, and again the nullity test or norm of 

iIII) is also its k-th component. 

llII) = Ik) ll)(Ilk) - IIl)(IIlk) (14a) 

(Ill) (IIIII) 

(IIIIIII) = (klk) - (klI) z -(kIII) 2 = (klIII) 

(IjI) (IIIII) (14b) 
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Always the result of a nullity test (14b) becomes the 

k-th component of the new vector. If that component is zero, 

Eq.14b is used again with k~ k+l to get the next (k+l-th) 

component. If it is non-zero, the remaining components come 

from Eq.14a or Eq.15 below. 

(mlIII) = (mlk) - (mLI)(Iik)- (mIII)(IIik) 

(III) (II III) 

(15) 

This routine uses a minimum and fixed number of com- 

ponents (mlk) of the submatrix <S t in Eq.10 to arrive at a 

set of angular momentum eigenstates. The "true" set of 

eigenstates will be mixtures within each set found by dia- 

gonalizing the electrostatic repulsion operator (E.R.) in 

Eq.16, and the result depends upon the values of the radial 

parameters fk or equivalently, the Slater parameters F k. 

z~ 

(E.R.) = ~ fk (vk'vk) 
k=o 
( even ) 

k 

(16) 

A more detailed discussion of these parameters for the elec- 

trostatic interaction is found at the end of this section and 

in Sec. IB. 
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The final orthonormalized form of the repeated 2S+IL 

state vectors II>, Iil>, IIII~ .... facilitates the calcula- 

tion of the interaction matrices of the vk.vk operators in 

those bases. The positions of the zeros indicated in Eq.17 

make it easy to find the desired components with a minimum 

amount of matrix algebra. 

I~> : o ... <iji> .... O II> ... <kIi> ... 

l~i> : o ... o .... 01II>... <klnT... 

L III> : o ... o .... o ... <klnI>... 

( 1 7 )  

Suppose, as before, that the tableaus or components 

i, j, k .... corresponded to the first non-zero components 

of II>, II~ , IIII~ .... respectively. Then the calculation 

of the desired matrix components ~II V~ vklI> ~IIV k vkIii~ .°. 

will require only the i, j, k .... rows (Eq.18) of the sub- 

matrix ~ilvk-vk!j> in the basis of the equal-M tableaus 

I ~ ,  12> . . . .  In>. 

<i[vk. vkIl~ <ilvk. vkl2> ... ~ilvk. vk(n> 

<vk.v _-<jl vk. Vktl> <jlv . . . .  

<k{vk-vkll > <kIV k.vki2~ . . .  <k(V k-vklnb 

(18) 

The product of the rectangular matrix in Eq.18 with the 

rectangular matrix made from Eq.17 gives a square matrix of 

quantities (Eq.19a) that are easily converted into the in- 

teraction matrix through Eq.19b. 
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<V k. V k ~i~> ~II~"; 

hn (IlVl II7 hi2 

~11 h22 h13 

h21 h22 h23 

h31 h32 h33 
• : : 

iil I) 

i 
i 

I 

° o l  
I 

I 
° ' 1  

I 
.-I 

<iilvl i>:<II vl If) <IIl vl n}: h22 

-<If v ! I~><,i I~) 
<j I ii> 

h 

<jl ~Ik 

-AI vt nD Cjl~> 
<jln> 

09- ) 

<rill vl i>--<i[ vlIn> <iII Ivt If7 :<ii Ivl in> 
<k( Ill2 

-<ilvl nlb<k I I> - <Ill vl ~<k[ If> 
<k) ill> 

where: V ~ vk.v k 
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The components <ilvk-vklj~ in Eq.18 of the operator 

in Eq.20 for the tableau basis are calculated by first ex- 

k in terms of the elementary operators as was pressing the Vq 

done by Eq.1 or the Tables II-III. 

(2O) 

k ~k k 
vk.v k = ~ (-1) q V k V k = ~ V V 

q=-k -q q q=-k q q 

+ vk+v k ) 
q=l q q 

These relations are expressed again in Eq.21 using a 

more streamlined notation (mn) for the coefficients. In ma- 

chine computation these coefficients could be calculated when 

needed or brought from memory, whichever is more convenient. 

The latter is quite feasible since the number of them,after 

using obvious symmetry relations~(See Tables II-III) is not 

great. The f sub-shell requires only 69 different numbers, 

for example. 

V k = ~(m rr~ E 
m m 

m 

(21) 

V k = ~(m m+q) E 
q m m m+q 

~k = ~(n n+q) En+ q n 
q n 

The preceeding two equations give the elementary 

definition of the multipole interaction operator in Eq.22. 
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vk.v k = (~(m m) E m m )2 

(22) 

k 
+ ~ ( ~  (m m+q)(n n+q)(E m m+q En+q n ÷ En+q n Em m+q ) 

q=i m n 

As an example, we shall evaluate these operators for the 

d 3, 2D and 2D' states. To do this we need only two rows of the 

5x5 matrix vk-v k in the tableau basis, namely those headed 

by the first (~3) and the third (~2) tableau states. These 

are written out below (Eqs.23) with the first two showing ex- 

plicitly which operators contributed. 
(23) 

13 k 

2 
= ( (11 )  + 2 (33 ) )  + (12) 2 + 2(23)  2 + 2(34)  2 

+ (13) 2 + 2(35) 2 + (14) 2 + (15) 2 

= (23)(34)~ 
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2 (12) (23)  

(23) 

(23)(34)~ 

2(13)(35) 

= -(13)(24) 6~ 

= (2(22) + (33))2+ 2(12)2+(23)2+(34) 2 

+(13)2+2(24)2+(35)2+2(25) 2 

= 2(12)(34)~- (13)(24)~ 

= 0 

It is instructive to see how these components and others 

like them can be read by inspection of selected parts of the 

representation of the Eij's shown in Eq.24. This turns out to 

be a quite acceptable way to do calculations by hand. Producing 

Eq.24 from Eq.5 is quite simple using the basic relations of 

the generators given by Eq.18 in (I), and provides a contin- 

uous check of the results along the way. Now, for example, the 

second to last matrix element in Eq.23 is obtained from Eq.24 

22 ~2 by adding the overlap between the 3 and columns to the 

overlap between the same two rows. 

A numerical evaluation of a particular vk°v k, say 

V3. V 3 for example, proceeds after substituting the (m n) 
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from Table lll-d for V 3 into Eq.23 to give the rectangular matrix 

~v3-v32in Eq.25. 
(25) 

~/v3.¥3~ = lo 

13 14 22 12 11 
3 2 3 4 

3 32 2 N  - 2 N  2 N  -10 

~2 o -4,/3- o ~ 2 ~ 46 

The application of this to the vectors II~ and III~ gives the 

2x2 matrix hij (Eq.26a) and the desired interaction matrix (Eq26b). 

(At the same time we can find the eigenvalues of the 2F, 2G, 

and 2H states, (Eq.26c) although these could have been found 

more quickly at higher levels.) (26a) 

<v3.v3> Ir> lrz> 
7o 

_ ~7~  .54 
53~" 105~ 

(26b) 

v 3 . , , 3 1 T >  o - 9 I T >  - 

(26c) 

v3. v31%> _- 41%> 

v 3- v312~2 = 312H~ 
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It is interesting to find the eigenvectors of this 

operator V3, V 3 since it is related through Eq.27 to the op- 

erators used by Racah (Recall Eq.9 of (I).) to label the re- 

peated states. 

v3.v 3 = (M - p) / 2 - v ~-v ~ (27) 

The M and the V~.V ~ are multiples of the unit matrix 

in the ([It , LII> ) representation,(M is the U s invariant, 
1 1 

while V -V is proportional to L 2) so eigenvectors ~I~'~ 

of V3. V 3 in Eq.28 must also be eigenvectors of the pairing 

operator. (28) 

> ~> 13 14 22 12 11 
[%<v3. v3 = = (3Q3-3Q2-4D3+s4-s~)12~ 

l~'~<v~.v~>= ~>__ ~ _~ 0 _~ ~- ~ j ~ 

Similar relations in Eq.29 involve V3. V 3 and V 5- V 5 in the f 

sub-shell. 

V3-V 3 = (M - P) / 2 - G 

V3. V 3 + V5oV 5 = (M - P) / 2 - Vlov I 

(29) 

It is interesting to see how the second state in Eq.28 

can be derived directly in another way. First we write the two 

particle state of a pair (in Eq.30), namely a d 2 orbital scalar 

with spin 0. 
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Ipair> = Id 2 IS~ 

= ( II> I~> + 

(30) 

124 >+ 133:>) 
The last line in Eq~30 above uses tableau notation, and the as- 

sembly formula (Fig.10) converts this to a sum of Slater 

Determinants in Eq.31 below. 

1, 1@ 2¢ 2@ 3~ 
I pair>= (5@ 5T- 4@ + 4~ + 3 @) /~ (31) 

Now the state we want turns out to be this pair plus one more d 

particle, all properly antisymmetrized. Such a state is construc- 

ted in Eq.32 by simply attaching a 1~ to Eq.31. In the first line 

of Eq.32 we drop the zero state written in brackets. The second 

line of Eq.32 comes from applying the assembly formula again and 

gives a result which is the same as the second state in Eq.28, 

except for an overall phase. (32) 

[pair + I~ = ( it - I~- 2* + 2~ + 3~) / 2 
5~ 5¢ 4& 4+ 3@ 

! 12 )(:,) / 2 F  

/2 

The preceeding indicates some ways to relate tableaus and 

Racah eigenvectors, and a more complete analysis of this will be 
29 

given in future works o Meanwhilej we expect that most applications 

will just need the eigenvectors of the electrostatic interaction 

to carry out further calculations involving spin-orbit, radiation, 
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and crystal fields, so we review now the relations between the 

vk.v k and the electrostatic operator. 

The subtraction of the "self energy" from V~ V k defines 

a V(k.k) operator 30 (eq.33) which appears in the Coulomb 

energy formula of Eqs.34. 

(33) 

V(k.k) = ½~-i) q v k (electron<) v k (electron#) 
<%~ q q 

t2k+l 
= ½ vk" vk - ½ ~  ~'~ ~z-17r' 

m 

General derivations of these formulas are given in the following 

section. 

. ~ n  ~ .  I t=~+~(~+~ ~/~ ~ooo~ ~ v(~.~ I~ ~. 
for ~ =1 

= 3~°<v(o.o~> + ~ ~ <v(~-2~ 

for ~ =2 
2 F2 1o F 4 <v(4-4)~ : 5P<v(o-o)> + ~ ~v(2.2~) + 

for ~=3 
: 7Fo <v(o-o~ + ~ F~ <v(2.2)~ + -~ ~4<v(4.4~+~7~6<v(6.6) ~ 

The standard Slater radial 

Fk = Sr~ dr1 ~r 2 dr 2 __rk 

integral of Eq.35 is used. 

~ (r l) R~ (r=) (35) 
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If the repeated orbital states of each multiplet are 

defined by the electrostatic operator, or by the preceeding 

orthogonali~ation procedure, or even by artificial labeling 

sets such as the Racah operators, then no further ambiguity 

can arise when spin is considered. Hence~the assembly formula 

and related algorithms for treating spin and orbit operators 

described in (I) can be applied in the same manner as was given 

there. 

B. MIXED ORBITAL CONFIGURATIONS (21)nl (~2)n2 ... 

The following discussion of the unitary basis for sev- 

eral sub-shells is meant to explain additional calculational 

procedures, and to show further structure of the bases and 

operators. 

If a single electron can occupy several orbital sub- 

shells n~ I, n'~ 2 .... there will be m = (2~i+I) + (242+1) + i @ e 

orbital states for it. Also there will be a set of m 2 (1-body) 

operators for these states, which will generate the group 

U m = U(2~I+I)+(2~2+1)+ ...' (We shall treat an example in 

which electrons can occupy a d or a p sub-shell, and this will 

involve the group U8.) These operators can be taken to be the 

mZ elementary operators Eij or else the m 2 tensor operators defined 

in Eq.36. 

~i~/~i ~ ~ (36a) 

V~(~l~2 ) = ~, I ml/\m I IV~(~I.~2)I 7 1 
mlm 2 

~ < ~  I V~(~l~2)I~> E(~Iml)(~2m2) (36b) mim 2 

= (-l)j ~ -  / ~Ik ~2) k ~2~ 1 ~+~2 +k, .~ 
r 2k+1 \ -miq m2 : Cq m2m1(-9~2k+l~(2Q1+1) ~ 
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For ~l = 4 Eq.36 reduces to Eq.1 and gives the matrices 

in Tables II-IIl. For non-zero "shift" Z~ = ~1_~2 the matrices 

of the operators will be rectangular as shown in 

or in the examples given by Eq.37 below. 

Table IV, 

(37) 

= E63+ ~ E74÷~E85 = E36+J~E47+J~E58 

The numbering for Eij reflects the choice of numbers 1-5 for 

d states and 6-8 for the p states. The tables exhibit the 

vk(~l~ 2) matrices for 4-4 =A>o, and the transpose is found 

using the symmetry relation in Eq. 38. 

~o see the implied physical distinction between operators 

with A=0 on One hand, and those with A~0 on the other, we may 

compare the two types of vector (k=l) operators which we will 

be using shortly. The A=O operators vl(pp) or vl(dd) correspond q q 

to components of the angular momentum operator L or any other 
q 

polar vector operators like those of magnetic dipole. The Z= +1 

operators V~(pd) or V~(dp) correspond to the electric dipole 

or any other axial vector operator. The former conserves parity 

while the latter changes it. 
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For examples of mixed configurations we shall treat some 

states arising from (d)n(p) n' . The angular momentum lowering 

operator in this basis is given by Eq.39. (Eq.4 and Eq.17d of 

(1) were combined using the same numbering as Eq.37 above.) 

= ~ V~l(dd) + 2V11(PP)- (39) 

= 2E21 + ~E32 +~E43 + 2E54 + ~E76 + ~E87 

Now for example, the orbital parts of the doublet (S=½) 

terms, which three particles can make when occupying d and p 

sub-shells, belong to the (2100...0) representation of U 8, 

In Eq. 40 the dimension formula (Fig.6-~ gives the 

total number (168) of orbital states. 

89 
Z_ = 168 (4o) 
31 
1 

Fortunately we can deal individually with smaller sub- 

sets of such manifolds. First of all, we have already treated 

in Sec. iA some of the 40 orbital doublets of the pure config- 

uration (d 3 p~. Only after this comes the remaining 128 "excited" 

doublet states arising fromconfigurations (d2p), (d p2), and 

(d0p3). The unitary calculus can give all possible matrix 

elements between all these configurations since they all be- 

long to one representation. 

The states and terms of a mixed configuration like (d2p) 

are found by systematically lowering "highest tableaus" just 

as was done for the pure configuration (d) 3 in Sec.IA. The 
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lowering is done with all the operators E n n-i except now we 

exclude any inter-shell operators such as the E65 in our ex- 

ample. Consequently several "highest tableau" (These are all 

lexical tableau made from the cenfiguration that cannot be 

raised by any intra-shell operator E n n+i.) may exist for a 

given configuration, and for each there arise a separate family 

of states and terms. For (d2p) there are two highest tableaus 

11 ~6 6 and which give the states and matrices shown partly in 

Eq.41 and 42 respectively. L in Eq.39 gives the highest terms 

which are written below each of these matrices. 

For configuration (dp 2) there is just one highest 

tableau, and the lowering of this gives the s~ates shown in 

Eq.43. The orbital states labeled in Eq.41-43 plus the 48 

states coming from (d) 3 and (p)3 account for the 168 states 

predicted by Eq.40. 

Before proceeding, we shall see how this manifold 

would appear if the p states 6,7, and 8 were ordered before 

the d states 1, 2 .... 5. For example p2d gives rise to the same 

number of states as came from dp 2 in Eq.43, but they come in 

two separate families as shown in Eq.44 and 45. Clearly a linear 

transformation exists between the two choices of ordering, and 

the assembly formula can give this. 

E (44) ~L mn~= 
G F DD P S 

1 i  21111 1 2 ~ 1 2 2 ) 4 I1 2 ) ) ~ 
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D P 61 7162 63/72 
' . . .  m n  8 8 7 8 8 " 

• 1 i~ 

i 

Some results of this transformation are given in Eq.46. 

It is seen that separate and unambiguous choices are made for 

two 2F terms that came together in the dp 2 manifold of Eq.43. 

(- 117\ 
= 6/+~7/) / 2 

26 

i~ ~ ~ ~o,~= I~= _I~ 

l(p 2 3L)d 2F~3~ = I~1~ 

These choices turn out to be eigenstates in the absence of ex- 

change interaction, since their parentage is traceable to sim- 

ple products of lesser configurations. 

For machine calculation the value of tracing parentage 

is probably negligible since the electrostatic interaction 

will mix up the results anyway. The important thing is that all 

operators on tableau states can be evaluated for any choice 

of ordering using the same formulas that work for pure config- 

urations. For example, to evaluate the relative dipole matrix 

elements for various possible 2G~H transitions indicated in 

Fig.ll, we need only to compute the relevant elementary operators 

as is done below in Eqs.47. 
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Cd 2 1Gp)2G,41 Vl_l(Pd) I d 3 2H,5>=?~2}_2<~11 ~F6E61 
d3 

(47) 

+ ~7~ + % I~D 

1 
E7212 / )/~v[~ 

: ( - # #  - 2 #  ) / , / ~  

= -3 4~73-6 

<~ ~,~ 14~(~I(~ ~ ~ ~) ~,~>: -/~l=~l ~% /1  o 

<(d 2 3F p) 2G,~ 1V11(pd ) l d 3 2~> 

= - 2  / lo 

3 

The actual transition intensities will depend mainly on quanti- 

ties above and the mixing of repeated states effected by the 

electrostatic interaction. A general discussion of the unitary 

analysis of the electrostatic interaction is given now. 

We use the addition theorem formula (Eq.48a) in the 

electrostatic operator for each pair of electrons ~ andS, where 

the C k (Eq.48b)are the standard multipp]e functions. q 
(48a) 

1 = Z Z  (-1)q r~ Ckq(~) C~(#) 
Iraqi k q k+l r> 
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ck(o()-~ Yq(~ ) (48b) 

Inserting completeness sums over all sub-shells of 

interest will convert Eq.48 into an expression for the effective 

electrostatic operator in these sub-shells. The result is the 

combination in Eq,49 of elementary operators eij(~) for the 

electrons ~ and ~. (49a) 

! ! ! ! 

ir~ I -~ ~19291~2 mlm21~mlm 2 

mlm2mlm 2 

i 
mlm2/ mlm21 

| $ t ! 

mlm2mlm 2 mlm 1 m2m 2 

(49b) 

(-i)qI~l I Ckq(~) 
\m I - ml/\m 2 

1 2r 2 R ' ~'(r 2) r< k dr 2 ~i (rl) R ~ k+l 
r> 

2 

' = R ~i Q2 (r2) 

The algebraic expression 31 for matrix elements of C k q 

gives the following form (Eq.50) for this effective operator, 

k The quantities (i j) in Eq.50a are the elementary coefficients 

of the tensors V k given in Tables II-IV or by Eq.36b. The mod- 

ified radial integral A k in Eq.50c has the parity selection 
~+k+~ ~ +k+ ~2 

rules (-1) = i = (-i) built into it. These were 

used to obtain the phase factor (-i) a = (-1 (-i -~2 in 

Eq.50a. 
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mlm 2 

I> 

k 

(50a) 

(-1)q+'~(ik 1) e(~.) (2,k2) e (#) 
q=-k 1' 1 2" 2 

( l k l )  = c k ~t :I' ~ / ( 2 v , $ t >  
-q m I ml-q 

1' ~I ' ___c~1 
ml~ 1 ml 

(50b) 

(2~2) = C k ~2 ~2 ~ v~2k+l )/(2~$1 ) 
q m 2 m2+q 

I 

(50c) 

0 0)~,0 0 0,/v('2~+1)(2~+1 )CZ~I-~1)~Z,~'2+l)/(2K+I.) 

The total electrostatic operator is a combination (Eq.51) 

of the total elementary operators E=~e(~). The sum over ~=~ 

has been subtracted from the sum over all ~and ~. In the sub- 

tracted term the basic property (Eq.51b) of the single particle 

elementary operator was used. 
(51a) 

½~, i __~½ 
~, Ak(~l!~2#i~2)~ ~ (-1)q+a(lkl)E1 ~ 1(2k2)E2~ 2 

.~ ~ 01£ 2 k q 
mlm 2 

- 7]'(-1)q+~(lkl)(2k2 ) ~21 EI~ 2~ q 1 

mlm 2 

eij(~) ekm(~) = ~jk eim(#) (51b) 



65 

The coefficients in the first term give immediately a 

simple expression involving the total V tensors. (The transpose 

relation in Eq.38 was used. ) The orthonormality of these same 

coefficients reduce the subtracted term to a sum over the number 

n(~) =~EQ ~ for each sub-shell. operator 
m m 

' 

(52) 

2k+i 

mlm 1 

Solving completely the electrostatic operator for ~n pn') 

configurations would reqmire the radial integrals Ak(dd dd) 

for k=0,2,4; Ak(dd pp) fpr k=1,3; Ak(pd p~) for k=0,2; Ak(dp pd) 

for k=1,3; Ak(pp pp) for k=0,2. All others are related to the 

above (A(&b cd)= A(ba dc)= A(cd ab)= A(dc ba)) or are zero 

(A(dd pd)=0) from parity considerations. Various approximate 

models can give useful results while ignoring certain of these 

quantities or treating them as undetermined parameters. 

In any case, the angular coefficients of each radial 

integral require the matrix elements shown in Eq.53 below. 



66 

Coefficient of A(#~I2 ) = (53) 

½< V(d2)V(.P-° )+~(V(~ )V(.Q~ )+V(2I )V(99 ) n(@) 2k+l 
0 o q=l q q q q - 2 

Coefficient ~ A(N~ p~) = 

<V(pp)V(~l~i)+~ (V(pp)V(dd)+V(pp)V(dd)) 
o o q=l q q q q 

Coefficient of A(dp pd) = 

½ (pd)V (pd)+V(dp)V (dp)+ pd)V(pd)+V(dp)V(dNV(pd)V(pd)+V(dp)V(dp 
o o o o q=l q q q q q q q q 

- 2k+l (n(p) + n(d)~ 
--f--- ~ 3 5 

Coefficient of A(dd pp) = 

½ (pd)V(dp)+V(dp)V(pd)+ (V(pd)V(dp)+V(dp)V(pd)+V(pd)V(dp)+V(dp)V(pd 
o o o o q=i q q q q q q q q 

The Coulomb matrix elements for the first dipole allowed 

excited terms in Fig.ll are given by the formulas in Eq.54 in 

terms of the elementary coefficients (ij) from Table III(d.p) 

or IV(d,p). These formulas give the components for general 

values of multipolarity k, including those that are zero for 

the Coulomb operator. 
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2Ak(dp pd) 
<~iI I I11\ o 

I~16/= (16)~2 (17)~2(18 ~ 
+(26) ~ 
+(36) 2 
+(46) 2 
+(56) 2 

- (2k+l)11/15 

6/= (16)2+(17)2+ (18) 2 
+(26)2+(27)2+(28) 2 
+(36) 2 
+(46) 2 

+(56) 2 

- (2k+l)11/15 

I~I7/= -~(16)(27) 

i I16>= )2_(16) 2 )  ((26 

1 1}__2(16 (17) 2 (18 l r  

+(27[2 
+(37 
+(47) 2 
+(57) 2 

- ( 2 k + l ) 1 1 / 1 5  

~ r  )( ) 

+3(26)~(27 ~,(28~ 
+(36) 2 
+(46) 2 
+(56) 2 

- (2k+l)11/15 

Ak(p_a p_a) 
+2(11)(66) 

+(11)(66) 
+(22)(66) 

2Ak(dd dd) 

+(2(11) )2 
+2( (12)~ (13)~ (14)2+ (15) 2) 

- (2k+l)2/5 

+((11)+(22)) 2 
+4(12)2+(13 ~+ (14 ~+ (I 5) 2 

+(23f.(24~(25~ 

- (zk .  ij z/6 

÷~(12)(67) 

+2(11)(77) +(2(11)) 2 
+Z((12)2+(13 )2+ (14 ~4- (15 ~ ) 

-(2k+1)2/5 

+(11)(66) 
+(22)(66) 

+((11)+(22.)) 2 
+(13)2+(14)2+(15) 2 
+(23)2+(24)2+(25) 2 

- (2k+1)2/5 

(54) 

2Ak(pp pp) 

+(66) 2 
+(67)2+(68) 2 

- (2k+l)1/3 

+(66) 2 
+(67 )2+(68) 2 

- ( ~.k+lD 1 / 5  

+(77) 2 
+(67)2+(78) 2 

- (2k+l)i/3 

+(66) 2 
+(67)2+(68) 2 

- (2k+l)I/3 
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The coefficients Of the pure integrals A(dd dd) and 

A(pp pp) have the same structure as they did for pure config- 

urations. The coefficients of the exchange integrals involve 

diagonal terms such as Eq.55a, and off-diagonal terms such as 

Eq,55b. The commutation relations and diagonality of Ejjsimpli- 

fies the calculations. 

(55a) 

(55b) 

(ij) (km)<T'l EijEkm + EkmEij IT>=2(ij) (k~)<T') EijEk~ T> 

Inspection of each tableau quickly determines which of these 

terms will contribute to each matrix element. 

The total interaction Hamiltonian resulting from the ex- 

change part of Eq.54 is given by Eq.56. The quantities H , G , 
! 

and G in Eq.56 would include the direct A(##P#) terms. 

_~A1(dp pd) ~A3(dp pd~ 

2 A 2 (pd pd)+ H 

(56) 

2•0  A1- -~A B 

li A2+ G 
2J~ 

2 A3 22U Ai+ ~-~ 

+ 1 A2+ G' 
2J~-I 

: 6 °L7  12a 1 162> 
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The spin-orbit calculation for mixed configurations 

is a straightforward extension of the methods shown in (I). 

The assembly formula, which is the key part of those methods, 

is not modified at all for multiple shells. 

We conclude our treatment of LS coupling bases by 

indicating some possibilities for future work. 

For one thing we have always maintained a strict or- 

dering within sub-shells, namely i-~, 2~-1 ..... Other order- 

ings are possible and might be useful too, particularily 

~or exposing inter-shell relations. 

Also we have always obtained E n n+k in terms of E n n+i" 
32 

Howeve~ Biedenharn has given a lengthy but closed algebraic 

expression for arbitrary k. Probably this could be made into a 

usable tableau formula. 

Finally the parentage relations of wavefunctions re- 

sulting from one or two electrons being suddenly removed can 

be obtained using the assembly formula. Certain applications 

of this may be interesting. 



70 

C. JJ-COUPLING 

The jj-coupling scheme is a useful approximation when 

the spin-orbit interaction, S.O., is much stronger than the 

electrostatic repulsion interaction, E.R.. However, the scheme 

also provides another approach to intermediate coupling 

(E.R.~S.0.) which, although mathematically equivalent to the 

L-S coupling approach, is operationally quite different, It 

will be seen that the jj-coupling scheme is characterized by 

many easy and straightforward operations while the L-S coupling 

approach involves a few difficult and complex operations. For 

this reason the jj-coupling approach to intermediate coupling 

is perhaps more suited to programing on a computer. 

the orbital state I~> and the In j j-coupling we couple 

state l~s > of each individual particle (Eq.57) to form spin 

states l~j> of total angular momentum j=~+½, [-½ which are 

eigenstates of S.~. with eigenvalues given by Eq.58. 

J 

mj 

Antis~nnmetric Gelfand states are now formed from the direct 

product of the individual particle states l~j>_ to satisfy 
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the Pauli exclusion principle. There are 2~+2 different I~!> 

states and 2~ diff.r.nt ~> ,tares ~c the antisymm.trio 
J 

Gelfand states are bases of SU(4~+2). This is not surprising 

since we must arrive at the same bases as in the L-S coupling 

scheme, although by a different route. For a n-particl~ state 

comp  se  h> 
<S.O.> is given simply ~ by Eq.59. 

J 

~S.O.~ = rilE 1 * n2E 2 = 6(n1~ - n2(~-1))/2 (59) 

We now wish to find eigenstates of the total angular 

momentum IJ Mj~ from these antisymmetric Gelfand states of 

SU(4~+2). These will also be eigenstates of the electrostatic 

interaction operator E.R.. We encounter at this stage a type 

Of mixed configuration (jl)nl(J2)n2 of the ,Jl> and l J2> states 

with which we are already familiar. 

Indeed, we may consider the states lJl~ to form a bases 

of SU(2~+2) and the states J J2> to form a Jbases of su(2~) 

corresponding total angular momentum operators J~ and w i t h  t h e  

~. so  tha~ 2 2  2 J =Jl+J2 . For example, in the (p)3 configuration 

we have the j j-configurations (3/2) 3, (3/2)2(1/2), a~d (3/2)(1/2) 2 

with corresponding energies <S.0.~ of (3/2)£, 0~, and 53/2)£. 

Only the first j j-configuration is a pure configuration. The 

~3<2> states form a bases of SU(4)and the I~/2>states form 
0 

a bases of SU(2). These states have the lowering operators 

J1- and J2- respectively which we may write in terms of the 
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corresponding generators in Eq.60. We label the states ,3%2> , 

-I/2"' ,I12/, and '-1/2} as 11), 12>,.,., 16>. 

J1- = ~E~ + 2E32 + ~E43 

J2" = E65 

(6o) 

Altogether these states form a representation of SU(6) with 

lowering operator J- = Jl" + J2-" We may use this lowering 

operator to find the antisymmetric Gelfand states of the 

(3/2)2(1/2) configuration in terms of the IJ Mj~ states by 

lowering the highest Mj 

isl2 512~ = 

~-  15/2 5 / 2 )  = 15/2 3/2~ = 
~3 

~- 15/2 3/2~ = ts/2 1/2) = 

~- 13/2 3/27 = 13/2 i/2~ = 
J~ 

state as shown in Eq.61. 

1 
2 
5 

1 I 
( 2 + 2 3)/~ 

6 5 
1 I 

J3/2 3/21-- (2 2- 3)/~ 
6 5 
1 1 2 

(2 3 + 3 4+ 3 3)/:~ 
6 5 5 
1 1 2 

(3 3.- ~- 3)/~ 
6 5 5 

1 2 
11/2 i/2~= ( o+ 4- 3)/~ 

5 5 

(61) 

The states 13/2 3/2} and 11/2 I/2> which are orthogonal to the 

lowered states are found by means of Eq.ll. 

However, there is an alternate method for finding the 

angular momentum states IJ Mj~ in a mixed configuration which 
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only involves the tabulation of the angular momentum states in 

pure configurations. We decompose the antisymmetric Gelfand 

states in the mixed configuration according to the scheme 

su(~+2)o su(z~+2)xsu(2~)~ su(2)xsu(2)~ su(2). 

The decomposition of antisymmetric states of SU(4~+2) 

into states of SU(2~+2)xSU(2~) is easily accomplished as shown 
1 

in Eq.62 where we decompose 2 of SU(6) into a state of SU(4)xSU(2). 
5 

1 4 

2 x 5 (62) 
5 

The states of SU(2~+2) and SU(2~) will always be the antisym- 

metric states formed simply by splitting the column of SU(4~+2) 

into two columns at the juncture of the SU(2~+2) and SU(2~) 

state labels. In the case of the more general orbital mixed 

configurations (~+~')n of Sec. IB), we may use the decomposition 

SU(2~+2~'+2)~ SU(2~+I)xSU(2~'+I) into pure configurations, or 

for (~+ ~'+ ~' ,)n we use the iterative decomposition SU(2~+2 ~'+2 4' '+3)~ 

SU(2[+I)xSU(2 ~'+2 ~' '+2)D SU(2~+I)xSU(2 R'+I)xSU(2 ~' '+1). However, 

in these cases our initial tableau need not be a single column, 

in which case the coefficients of such a decomposition are 

unknown. However, such a decomposition is always multi[plicity 

free (no repeated rpresentations) so that such coefficients 

are unique and may in principle be found. In factj much of the 

mathematical foundations needed to derive these coefficients 

are given in Sec,3 

Continuing, the decomposition SU(2~+2)~ SU(2) and SU(2~)~ 

SU(2) is merely a decomposition of the antisymmetric states 
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in the pure configurations (jl)nl and (j2)n2 into their respec- 

tive angular momentum states IJ 1Mj> and IJ 2 ~>. These decom- 

positions are given for 1=1,2,3 in Table V for configurations 

not more than half filled. In Appendix C we show how the decom- 

position of the states more than half filled are related to the 

decompositions given in Table V. The angular momentum states 

given in Table V have been constructed to be eigenstates of 

the pairing operator P. In the (7/2) 4 configuration this pro- 

vides the additional quantum number (seniority) necessary to 

distinguish between the repeated angular momentum states 14 Mj> 

and 12 Mj}. The seniority number, which denotes the number of 

upaired particles, is given to the left of these states. Note 

that this is an entirely artificial classification since the 

pairing operator does not correspond to an approximate symmetry 

of the atom. However, the numbers involved in a decomposition 

using only Eqs.11-13 are too large to conveniently put in 

tabular form. 

In the final step of the decomposition scheme, SU(2)xSU(2) 

SU(2), we utilize Clebsch-Gordon coefficients to reduce the 

direct product of angular momentum states IJ 1 ~j> xlJ 2 Mj> . 

The resultant total angular momentum states IJ ~j} can then be 

related to the antisymmetric Gelfand states of SU(4~+2) in a 

mixed configuration. 

Proceeding with our example of the mixed configuration 

(3/2)2(1/2) of (p)3 we find the total angular momentum states 

with M~=Jo in Eq.63 from the angular momentum states IJ1 ~j} and 

IJ 2 M~> of the (3/2) 2 and (1/2) pure configurations. 
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15/2 5/2> = 

= 

13/2 3 1 2 )  = 

!22) x1½½> 

1 
2 
5 

2_122)x1½-½> - l_121>x1½½-} 

1 1 
( 2  2 - 3 ) / / 3 "  

6 5 

(63) 

11/2 1 / 2 }  = Ioo>xl½½> 

1 2 
!(4-3)x5 

I 2 
( 4 - 3)/~ 
5 5 

Similiarly, the angular momentum state 13/2 3/2~ in the mixed 

configuration (3/2)(I/2) 2 is given by Eq.64 and the state 

J3/2 3/2~ in the pure configuration (3/2) 3 is given by Eq.65. 

13/2 3/2)x I00> (64) 13/2 3/2) = 

= i x65 

1 

1 
13/2 3/2) = 2 (65) 

3 
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To find the matrix elements of the electrostatic interac- 

k to a tion, we must first transform the orbital operators Vq 

coupled orbit-spin bases. We first note that V kq(i)xl 2 acts on 

the uncoupled orbit-spin bases il~>,ll~>,}2f>,12&>,...,12~+l~>, 

and 12~+l&>of particle i. Let U be the matrix found from 

Eq.57 which couples the orbit-spin bases. For example, the 

matrix in Eq.66 couples the orbit-spin states for p-electrons 

(~=i). 

l Z2 v 731 -I/2 = 

, 3 /2  1 
'-3/2 

1/2 . vF/3 ./ i 
~i I'>\ 

ll&> 

12t> 

12~'> 

3t> 

(66) 

•q k Then in Eq.67 becomes the operator corresponding to Vq 

when operating on products of the coupled jj bases of n par- 

ticles. 

w • ( i )  = U(v~(i)x12)U -I (67) 

n 

k with ~q in Eq.33 to find the electr~ We may replace the Vq 

static interaction operator in our coupled orbit-spin jj bases. 

The electrostatic interaction energies,~E.R.>, are then deter- 

mined from matrix elements of wk.w k for even k. The operators 
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w k are given explicitly in Table Tin terms of generators of q 
SU(4~+2) for all even k and for p,d, and f electrons. The oper- 

ators are then easily evaluated when acting on the antisymmetric 

Gelfand bases. Using Eq.68 and Eq.34, we can then determine 

with the use of Table ~ithe matrix elements of E.R, in the 

j j-coupling scheme. 

~k = W k (68) w_q (-i) q q 

For the 13/2 3/2) states of the (3/2 + i/2) 3 j j-config- 

urations, we have the matrix elements given by Eq.69. 

22 2 2 22 2 2 22 12} (69) 
_- i 

3 3 3 3 

= ~ 213 I ~(E11-E22 + 1  ~E52_E33_ ~E63+E44 + ~E25 - v~E36) 2+ 

~( 2E21+~E35-~E43-E46-E51 + ~E62) ( ~E12+~E53-v~E34-E64-E15 + ~E26 )+ 

~( ~E 12 + ~E53- ~E34-E64-E 15 + ~E26 ) ( v~E21+ ~E35- ~E43-EL~6-E51+ ~E62)+ 

(E31+E42+ v~E45- v~E61 ) (E13+E24+ ~E54-v~EI6 )+ 

1 
~(E13+E24+ ~-2E54-~E16 ) (E31+E42+~E45-J2E61)j 2 ) 

3 

= ~+ o + ~ +  o+ I = 10 
3 

ii 1 1 
1<2 2-3 (w 2.w212 2-3> = 4/3 
5 65 65 

1 
(5 lw 2.w 21 ~) = 1o/3 
6 6 
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1 12 W 2 1 1 ,g< I .w2122-3> = ~ / 3  
3 65 

<21 f .2. .21 = -5/3 
3 6 

1 1 1 
I < 2  2-31w 2.w21 > : ~T6/3 'g 6 5  

Using Eq.34 leads to the electrostatic energy submatrix Eq.70 

for all 13/2 3/2> states in the jj-configurations shown. 

(3/2)  3 (3 /2 )2 (1 /2 )  

3FO-F2/5 10F2/25 

<E.R.> = I IOF2/25 3F0-11F2/25 
! 

~-F2/5 IOF2/25 

( 3 /2 ) (1 /2 )  2 

-F2/5 

10F2/25 

3F0-F2/5 

(70) 

Similiarly, one has the electrostatic energies (Eq.71) for the 

remaining states of the (3/2)2(1/2) jj-configuration. 

<I/2 1/21~.R. f l/2 I/2> = 3F ° 

<5/2 5/2 J E.R. I 5/2 5/2> = 3F0-6F2/25 

(71) 

Adding the spin-orbit energies to the~iagonal of Eq.70 

gives a submatrix of the complete Hamiltonian for the electro- 

static and spln-orbit interactions. The eigenstates of this 

submatrix are bases in the intermediate coupling scheme with 

eigenvalues representing the exact energy with no approximations 

made for the Hamiltonian considered, 
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2. UNITARY ANALYSIS IN MOLECULAR SYMMETRY 

The tableau representations of the permutation group 

have been used many times before in analysis of molecular 

orbits. However these treatments have usually involved lengthy 

formulas and summations and so the tableaus are still generally 
33 

regarded as being somewhat mysterious notations. We shall in- 

dicate here a few of the roles which the new formulas can play 

in analyses that go beyond simple atomic structure. Mainly, 

the formulas permit one to analyse, manipulate, and evaluate 

operators within the n-electron states without ever involving 

summations over the n! permutations of electrons. 

The nature of the states and operators used for repre- 

senting electrons in molecules will depend a great deal upon 

the type of problem and degree of approximation being considered. 

We shall sketch two approaches to a very elementary model in- 

volving electrons orbiting three atomic cores or nuclei, viz. 

+ ++ We suppose at first that three or- the strmctures H 3 H 3 H 3 . 

thogonal orbital states exist for a given electron. This is the 

same number~of states that spanned the U 3 basis for the atomic 

p sub-shell in (I), so the mathematics will be analogous. How- 

ever, the treatment of a molecular model can be quite different 

depending on how we choose these ~hree S~a~es. 

On one hand we could choose three molecular orbital 

states. These would belong to symmetry types E(x and y) and A 1 

respectively,if we assume a three-fold (C3v) symmetry for the 

nuclear arrangement. Then 2 or 3 electrons would go into these 

to make molecular terms as displayed on the right of Fig.12. 

The structure of these arrangements are quite similar to the 

pure and mixed configurations involving atomic orbitals. 



80 

On the other hand we could choose three more or less 

localized atomic orbital states around nuclei 1, 2, and 3, 

respectively. When 2 or 3 electrons are allowed to run in these 

the same terms that came from the molecular orbitals will show 

up as diagrammed on the right of Fig. 12. However, now the 

states show explicitly how many electrons are on each ion, 

which gives us some idea of the magnitude of the coulomb re- 

pulsion energy for each state. 

Before considering the multi-electron states we will 

try to clarify the meaning or assumed definitions that we will 

allow for the single electron orbital states. While doing this 

it should be noted that the unitary calculus is not designed 

to work if the single electron basis is non-orthogonal. 

We consider a molecular model of some point symmetry 

~and begin by imagining are great that the nuclei fixed a 

distance from each other. Then the definition of separate and 

orthogonal atomic orbital states can be presumed. Suppose we 

are interested in just one orbital state tl> for the first 

nucleus and that all the other nuclei have equivalent states 

lj~=gj11> which are obtainable by symmetry operations~applied 

to 11>. As long as the overlap between these states is neg- 

ligible (<i~j>= $ij) there will exist an orthogonal trans- 

formation (Eq.7Z) between these ~j>and molecular orbital states 

I~ for select representations~of S. (Below' o~is the order 

group, j=l .... k where °~/k=integer.) of 
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= i p~ 11> = ! ~o~ m. g) g lD 
N m. N g 

j=l 

(72a) 

= m>( m I gj~ (7Ab) Igj> ~.. IF F 

T,m 

For example, three nuclei arranged in an equilateral 

triangle would give the transformations shown in Eq.V3. Here 

we used the representations of S 3~ C3V which are the same as 

explained in Fig, 5 . The conventions followed are (123)~1> = 13>, 

(123) 12~= 11> etc. for the operations and (I~>=I~2), ly~=12E 13)} 

for the representations. 

IEx> : (11> + ~2> - 213>) I~ 

I~> : (,~> - i 2 > ) / ~  

IAI~ = (11") + 12> + 13}) / / 3  

(73 a) 

II> = (I E x>+ ~ IE>+ ~ IAI~) /~ 

12> = (IEx >- ~ I E y>+ ~ IA1>)l~ 

13> : (-~ I~x> + ~ - ~ > ~ / ~  

(73b) 

If the nuclei are brought together toward their natural 

separation, the unmodified atomic wavefunctions <xli> will 

overlap by Sij=<ilj~ and be non-orthogonal and unphysical to 
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that extent. Nevertheless, if~symmetry is maintained, there 

will always be real molecular orbital states [~> labeled by 

the same symmetry representations as before. Given these, we can 

simply define orthonormal localized states by the ~i> in Eq.TKb 

o r  by  E q . 7 3 b  i n  t h e  e x a m p l e .  

However ,  i t  i s  i n t e r e s t i n g  t o  o b s e r v e  t h a t  t h e  s y m m e t r y  

a l g e b r a  makes  i t  p o s s i b l e  t o  c o n s t r u c t  o r t h o n o r m a l  m o l e c u l a r  

o r b i t a l  s t a t e s  e v e n  when t h e  l i>  a r e  n o t  o r t h o g o n a l .  The p r o -  

c e d u r e  i s  q u i t e  c o n v e n i e n t  i f  no r e p r e s e n t a t i o n  a p p e a r s  more  

t h a u  o n c e .  F o r  e x a m p l e ,  t h e  s t a t e s  i n  E q . 7 ~  a r e  o r t h o n o r m a l  

f o r  a l l  v a l u e s  o f  t h e  o v e r l a p  s u b j e c t  t o  t h e  s y m m e t r y  c o n d i t i o n s  

SIi=$22=$33 and S12=313=$23 . 

(ll'  - 12> 

]AI~= (11> + 12> + 13)) / ~ ( S l i + 2 S i 2 ]  

(7~) 

Then the states lj> and corresponding wavefunctions 

obtained by substituting Eq. VT into Eq.73b have to be ortho- 

normal. For computational purposes such approximate definitions 

of }j> may be useful for variational calculations with explicit 

trial wavefunctions. 

The operator calculus begins by defining the operators 

in terms of the states we have picked. The i-body and 2-body 

operators are defined by their matrix elements ~i}IJj~ and 

~ijlIIJkm> in one and two par~i~le states respectively as 

shown b e l o w  in E 9- 75 .  
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I(oc) ---~ li><il Ilj><jl 
i,j 

= ~ <ilIJj> eij(~) 
i,j 

(75) 

I I ( ~ , ~ ) - ~  >--u {i jIIIIkm> eik(<) ejm(G) 
i , j ,k,m 

Then sums over the electrons give expressions that are ana- 

logoms to those for atomic operators (E?. 7&). 

= ~ <il I{j} E.. 
i , j  zJ 

(76) 

½ ~ II(~)--~½ ~ <ijlIIlkm> (~eik(~C) ejm(~)-~eik(O~ ) ejm(C~ ) 

= ½ ~ ~ijlIIlkm> (Elk Ejm - ~jk Elm) 
i,j,k,m 

The application of the operators to tableau states 

proceeds similarily to the atomic examples, only many more 

independent parameters can be expected to arise, particularily 

when the symmetry is low.However, various stages of approximation 

and semi-emprrical approaches can be employed to moderate this. 

For example, in the three electron problem depicted in 

the right side of Fig. 12~ there exist a quartet and two doublet 

states distinguished by their "covalence," and presumably, 

least Goulomb repulsion between the electrons. Supposing no 

symmetry for a moment, we imagine that the interaction between 

these two doublet states is done by the exe~ange operator ~Z 
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(Ultimately the Coulomb operator is responsible, but we keep 

only the parts that connect the states.) in Eq.77 where we let 

~ij> = <ijlIIlji~= 4jilII ij>. 
(77) 

I I E  = ½(I2~(E12E21 - Ell + E21E12 - E 2 2 )  = <I2>(E12E21 - El1) 

+ ½(23J(E23E32 - E22 + E32E23 - E33) +~23~(E23E32 - E22) 

+ ½<13>(E13E31 - Eli + E31E13 - E33) +<13)(E31E13 - E33) 

The matrix elements of this operator follow directly 

from the tableau formula (Fig. 9 ). It is interesting to 

note that for these particular unitary states a double appli- 

cation of the Fig. 9 yields the formula (Figo7 ) for the 

permutation representation. The resulting matrix is shown in Eq.7~. 

12 
7 

2 

12 17 
3 2 

The eigenvalues of Eq.78 shown below are the familiar 

34 results of Heitler and London. 

(79) 

We note that three fold symmetry (<12>=<23~=<13>) would give 

a degeneracy, and we prove below that the (~2, 13) are partners 

in an E doublet as shown in Fig. 12. A degenerate ground state 
35 

is not permitted by the Jahn Teller theorem, and in fact H 3 
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is not even stable. Nevertheless we continue the discussion 

of the higher symmetrY example since this gives the simplest 

non-trivial case of multi-electron states in point symmetry. 

The derivation of states having definite point symmetry 

is done using the tableau assembly formula, (Fig.10 ) and 

the standard projection operators. The effect of each point 

group operation is seen as in Eqs.~O a and the resulting states 

are projected in Eqs.80b. 

2~ it 2~ 

~2--;,,?= (3,~- 3,)I~- - - ( - 2 ,  + 2 ~ ) / ~  ( 2 3 )  
2¢ 2~ 3~. 3~ 

~pA1 ii 11 12 ii 
2=( 2+3 

~pA2 11 
2 = ( 1  1 -1  

[ n 
JJPl 2 = ( 2 -2 -i 

E ii 
~Pi2 = (  i 

Ii ( i 
' D P 2  2 = 

E 11 
~P2 2 =(2 2 1 

13 + 22 ~3) /8 
3 3 - = A1b 

-i i i) / ~  = I A2b 

1 -1 I) /2~ = x 

-1 
Y 

3 13 =3 x 

3~, E i2 13 
21 3 -- 

2 = y 
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In complicated computer calculations the states necessary 

for energy matrix calculations could be generated from a single 

idempotent using the trial-error-free routines described in 

Sec. IA. Then only one component of each degenerate term is 

necessary and for each of these just one row of the energy 

matrix needs to be calculated. The states in Eq.~Ob require 

three rows of an operator like IIb in Eq.~la to obtain the 

matrix below. 

IID = d ~ ~(EijEii + EiiEji) ($1a) 
i j~i 

<IID~= d 

2 E 2 E ' 2E" 

2 

0 

A 1 A 2 

- 2  . 

(~'/b) 

The calculations of electric or magnetic dipole tran- 

sitions or electronic Raman effects involve i-body operators 

and some number of parameters which can often be estimated from 

simple considerations of geometry and atomic structure. The 

treatment of spin orbit effects is the same as for the atomic 

case except that in general tableau states of total spin must 

be combined to make bases of point symmetry. Then the coupling 

coefficients of the point symmetry can make the desired 
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spin-orbit states. 

Clearly the tableau formulation simplifies the treatment 

of quantum orbital operators acting upon states of definite spin. As 

with the atomic orbitals it becomes possible to calculate matrix elements 

between states involving complicated sums over n! terms, without ever 

getting involved in their complexity. Indeed all manipulations of these 

states can be carried out using various graphical formulas. 

For example, when considering the effects of part of a 

molecule re~reating to infinity, it is convenient to ignore the ex- 

change effects between the separated parts. Splitting a fully symmet- 

rized tableau wavefunction into separately symmetrized parts can easily 

be done without involving laborious arithimetic of n! terms. One proc- 

edure employs the assembly formula ( Fig. i0 ), as in the example 

below in which the symmetrization with respect to the third electron 

for the paren t states ~ the right of the arrows has been dropped. 

35 3~ 3~ 

Generalized examples of parentage expressions like the 

ones above can be derived using the assembly formula or else by a 

more general analysis of unitary invariant operators or permutation 

class operators which is described in Sec. 3 below. In fact the 

assembly formula can be shown to follow from just this sort of analysis. 

Application of these techniques to problems involving 

electron scattering and optical properties of reacting atoms are 

presently being studied. 
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3. FURTHER STRUCTURE OF A MULTI-PARTICLE BASIS OF THE 
GELFAND REPRESENTATION 

In Sec. 3 of (I), we indicated that a canonical basis or 

Gelfand basis of U m can be constructed from a p-rank, m-dimension- 

al tensor space by means of the canonical projection operators 

of Sp as shown in Eq. 82. 

::: 

The canonical structure of this Gelfand basis is determined 

by / (i~) which corresponds to the unitary tableau formed by 

putting the state number i N into the box of the standard tableau 

of Sp containing particle number ~. We now wish to show a 

simple way to verify this construction using the complete set 

of invariant operators of Um~ and indicate applications of this theory. 

It is known that the Gelfand basis of U m is uniquely char- 

acterized by the eigenvalues of the array of Gelfand invariants 

36 
given in Eq. 83. 

m m m 
I m Im. I ... I 1 

i 

(83) 

The invariant operators I~ 

unit operators of U~ as shown in Eq. 84. 

Ir = ili2'''ir Eili2 Ei2i3'''Eiril 

for r=2,3,.,.,~ 

i i Eilil 

are expressed in terms of the 

(8~) 
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These invariants are independent and complete when operating 

on the Gelfand bases. 

Let p~ be the number of subscript indices containing state 

numbers 1,2, ... ,~ in Eq. 82. It is clear that the eigenvalues 

of the I: are simply p~ where pm=p. The eigenvalues of the 

remaining invariant operators can be found using a closed 
37 

form expression derived by Perelomov and Popov. 

Much effort has been made to expand the Gelfand invariants 

in terms of the generalized exchange operators, i.e., the class 

operators of Sp~8'39This- task is accomplished by choosing the 
40 

special r-cycle lower class operators KrX of S(pl). We define 

S(px) to be the subgroup of Sp corresponding to permutations 

of the subscript indices of our tensor bases which contain state 

numbers 1,2, ... ,~ . For example, if Iili2i3i4i5 >= L13243> , 

then S(p3)=~4 ) is the group of permutations of ii,i2,i3, and 

i 5. Note that S(4 ) differs from S 4 where the latter is the 

group of permutations of th~ first four subscript indices 

il,i2,i 3, and i 4. The r-cycle lower class operators KrP~ of 

S(pl) are now defined by Eq. 85. 

--KrP~= rl .>. (jlJ2 ... jr ) (85) 
JIJ2" ' 'Jr 

for r=2,3,...,~ 

¢ ¸ 

The sum is restricted in Eq. 85 such that all permutations 

(jlJ2 ... jr ) are in the subgroup S(pi). Also, ~ is taken 

to be a null operator when p~ < r. Note that our notation makes 
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explicit the fact that the eigenvalue p~ of K pXis needed to 

determine the subgroup S(px) to which the other r-cycle class 

operators Kr~belong. ~ It is always possible to expand the Gel- 

fand invariants in terms of these r-cycle lower class operatorsj 

although no closed form exists. In Eq. 86 we make such an 

I~. = p~ (86) 

Pl 
I2 / = 2K 2 + ~p~ 

.4=4~' + 9,K_~' + (,642+ 6p,-,0)K~'+ 

The invariants of SU m are simply linear combinations 
41 

of the invariants of U m since the Gelfand states of U m are 

also irreducible bases of SU m, Thus the invariants of SU m 

can also be expanded in terms of the r-cycle class operators. 

For example, the definition of the generators of SU 2 in Eq. 87 

leads to the well-known Dirac identity (Eq. 88). 

~z-- (~11"~22)/2 (8?) 

+ = E12 

9_ --- ~21 

P2 ~ :  ~ / ~ - ( ~ ) ~ i 4  : ~_~ + p ~ -  p~/4 (88) 

From Eqo 86 i t  fo l l ows  t ha t  the r - c y c l e  lower c lass  opera- 

t o r s  o f  Sp are independent and complete i n v a r i a n t  operators  of  
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U m for m=l, 2, 3, and 4. It may be proven in general that the 

~ are a complete and independent set of mutually commuting 

Hermitian invariants of any U m such that the eigenvalues of 

the array in Eq. 89 uniquely determine the Gelfand states of 

U m • 

Pm Pm Pm 
(89) 

PQ 
Again, ~r ~ is taken to be a null operator when px< r. 

The fact that the r-cycle lower class operators of Eq. 89 

are mutually¢om~uting Hermitian invariant operators is very 

easy to demonstrate. The invariant property of the operators 

(Eq. 90) follows directly from the ~0mmutation of any lower 

permutation (~) with the generators Eij Of u m. 

~ ,  Eij ~ = 0 (90) 

If a class contains the element (p) it also contains (p)-1. 

If (K~) -I is the inverse of all the permutation terms in 
o~ 

(KrX), then we may easily Show that the r-cycle class operators 

are Hermitian. K~ ( )t P~ -I 
= (K_ r ) (91) 

= 

Finally, the class operators are mutally commuting (Eq. 92) 

since a class of a group commutes with all elements of that 

group and one of the groups S(p~) or S(p0, )~ is a subgroup of 

the other• 
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~r ' ~r'J = o (92) 

We may now use the r-cycle class operators to show how the 

canonical U m irreducible bases are constructed from the can- 

onical projection operators of Sp acting on the p-particle 

bases. We see from Eq. 93 that the projected states are eigen- 

Pm 
vectors of the operators ~r for all r=l,2,...,m. 

K r 112 ' P = '" P > (93) ili 2 .i: i Kr ill 2 ..i ip 

~-7 ~ Pm = (Kr) ~W I 2 DVV' ill 2 
V' 

/ . . .  ip 

o ~ o  

Pm Pm 
In Eq. 93, N r is the order of the class ~r ' S is the 

character of thi~ class for the IR ~ , and ~k is the dimension 

of the IR ~ of Sp. This proves that the independent bases 

for a given ~ from a bases for the IR ~ of U m (completeness of the 

bases will become evident later). The eigenvalues Of the K~m 

given in Eq. 93 are easily evaluated in terms of a hooklength 

formula given in Appendix D. 

~e have already noted in Zq. A-8b that the projected 

states transform like a canonical basis V of the IR ~ under 

lower permutations (~) of Sp. Since ~ is a canonical basis 

it may be represented by a standard tableau of Sp. Let vP~ 

be the IR of SpA formed by removing boxes w;th numbers pA, 

p~+l, ... , p from the standard tableau V. Note that vPm= ~. 
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By definition, the projected states must transform like a basis 

of IR vP~ under permutations (~) of SpA. In this canonical 

reduction of Sp, Sp~ corresponds to the permutation of the 

first pA subscript indices. 

Now in order to prove that the irreducible bases of U m in 

Eq, 82 are canonical bases, we must show that they are eigen- 

vectors of the remaining invariant operators ~ in Eq. 89. 
p~ 

For ~r to be a class operator of the subgroup SpA in the can- 

onical reduction of the basis V, it is necessary that the sub- 
P~ 

group S(pl) of ~r correspond to permutations of the first p~ 
PA 

subscript indices. Since ~r permutes the state numbers 1, 

2,..., ~ , for ~X to be a class of Sp~ in this canonical re- 

duction these state numbers must be in the first p~ subscript 

indices of ili 2 ... ip. This is the reason why we choose sub- 

script indices with definite "order" such that i 14 i2<... < ip. 

Now Eq. 94 follows directly from the above considerations. 

K_rPX ~ 112 ... p}= 
~wli li 2 ,., ip 

P 0/vPA 
Nr ~-~,k v .. -'r 1 2 . p 
~vp~ ili 2 . . .  ip, 

(94) 

Thus the projected states transform like an irreducible bases 

of vPL of U~ for ~=1,2,...,m. But ~P~ is just the partition 

left after removing state numbers ~+i, 4+2, ... , m from the 

standard tableau ~(i~) of U m. So the projected state is a 

canonical basis of U m corresponding to the standard tableau 

~(i~). 
It is now very easy to verify the results of Appendix 

P% 
A. Since the invariant operators ~r are Hermitian, 

eigenvectors belonging to different sets of eigenvalues are 
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orthogonal as in Eq. 95. 

.-1,i 2 ""P ' P~v,i l i  z ~ ~ ) = o (95) ~P~vli i i  2 . . .  ip 

f o r  ~ ( i ~ )  # ¢'(i~) 

Similarly, eigenvectors belonging to the same set of eigen- 

values must be equal within a normalization factor as in Eq. 96. 

iii2 ~..P.~p -- cP~ ... ip 

for ~/(i~) = VJ(i~) 

(96) 

Not every tableau ~(i~) of U m corresponds to a Gelfand 

pattern since the "betweeness conditions" (Eq. 14 of (I)) are 

not necessarily satisfied. However, if a tableau of U m contains 

no identical state numbers in a column, it can easily be seen 

that the "betweeness conditions" will always be satisfied and 

the resulting "lexical" tableau will correspond to a Gelfand 

pattern. Thus the projected states with "lexical" tableaus 

corresponding to different Gelfand patterns form a complete 

and independent set of canonical bases of U m. The projected 

states with identical state numbers in a column are orthogonal 

to projected states with "lexical" tableaus and must therefore 

be null states. 

Using the r-cycle class invariants is often more convenient 

than using the Gelfand invariants because of the intimate con- 

nection between the permutation and unitary groups. We have 

already mentioned in Sec. I.C the need for the coefficients 

of decomposition of SU(2~+2~'+2) into the subgroup SU(2~+I)x 
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SU(2~'+I) when dealing with mixed orbital configurations. 

These coefficients may easily be found with the aid of the 

r-cycle lower class operators. 

For example, in the case of the mixed configuration 
12 12 

(np)3(n'p) 3 we know that the Celfand states 34 and 35 of SU(6) 
56 46 

12_45 and 12 46 of are some linear combination of the states 3 ~6 3 x5 

SU(3)xSU(3). To find this combination we need only to simul- 

taneously diagonalize the r-cycle class operators in Eq. 97 in 

the Gelfand bases of SU(6). 

(97) 

The classes in Eq. 97 only permute the indices i 4, i 5, and i 6. 

Fortunately, for states with only two columns it is always 

sufficient to use only the unicycle and bicycle class operators. 

The Gelfand states of SU(6) are already eigenvectors of the 

unicycle operators of Eq° 97 which are given in Eq. 98. 

ix~ = ~44+E55+E66 (98) 

lx~ = E44+E55 

lxK~ = E44 

Of the two operators remaining, it is sufficient to use the 

operator Ix~ = (4_~) to determine the coefficients of decompo- 

sition in our case. Eq. 99 shows the operator (45) in the 

Gelfand bases of SU(6). 



96 

(45) = 

12 12 

56 

< -I/2 ~/3/2 1 

1/2 
(99) 

Diagonalizing the operator (4_~) leads to the decompositions 

in Eq. 100 where 12x45 and 12.46 3 6 3 x5 have eigenvalues 1 and -1 

respectively under (4~). 

12 
34 = i/2 12~45 + ~/2 12 46 

3 ~6 3 X5 56 

12 
35 = J~/2 12~45 1/2 12_ 46 

3 ~6 " 3 x5 46 

(100) 

From this example it can again be seen that the explicit 

construction of Gelfand states using the canonical projection 

operators of the symmetric group has more than academic value. 

It provides another means of analysing the unitary group using 

the older and better developed theory of the symmetric group. 
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APPENDIX A: Permutations and Independent Gelfand Bases 

Two commuting groups (p...) and (p,.,) of permu- 

tations were defined in Sec. 3, The first type p moves 

specific electrons form state to state as for ex- 

ample in Eq,A-I. 

(i--2~) 11234k)abcd/ = I 4132~abcd/ = ,l1234~bdoa/ 

The second type p_ moves specific states form electron to 

electron as in Eq.A-2, 

ili2i3i4/ = i4ili3i21 

Since only the relative position of electrons 

and states has any meaning, there is a relation between 

each electron permutation p and the corresponding state 

p e r m u t a t i o n  ~. The a c t i o n  o f  p on t h e  s t a t e  i l i 2 . . ,  

o f  u n p e r m u t e d  o r d e r  i s  e q u a l  t o  t h e  a c t i o n  o f  t he  c o r r e s -  

p o n d i n g  i n v e r s e :  ( } ) - 1 .  

(A-i) 

(A-2) 

P-II 2 "''nn~ili 2. i (9)-i I > (A-J) 
I 1 2 ...n 

= ili 2 . i n 

> . n  

To find the action of p_ on a general state ~ ill 2. .i , 

we use the fact that p_ must commute with every {%. 

Ii 2 . .nn~. Ii 2 .. n~.n (A-4) 
_p {% ili 2. ,i = {% p_ ili 2 .i 

n> i > -1 11 2 ... -im-i m 1 2 ...n 
= {% p ili 2. i = {% p - - ili 2. .i 
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Now the group algebra of S n is expressed by 

the properties of the projectors (Eq.A-Sa), namely com- 

pleteness (Eq.A-Sb) and orthonormality (Eq.A-Sc). 

P 

l 

(A-5a) 

(A-Sb 

(A-Sc 

The Yamanouchi real orthogonal representations of Fig.7 

are used. This algebra and the resulting transformation 

rules (Eqs. A-6) apply either to the group of (~...) or 

of (p...) since these two are mathematically identical. 

P pl.~, =~¢~ (p)p,~ (A-6a) 

P~P~ P = ~ DI'FF (p) p3p, (A-6b) 

However, we shall use only the projectors made 

from (~...) because the scalar product is defined with 

respect to electron numbers and only the p obeys the unit- 

ary conditions of Eqs.A-7 in general, while the p may not be 

unitary. 

-i (A-7a) 

(A-7b) 

( |x> , y> ) = <x~ ~ | y> = ( |~, |y> ) 
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Now the effect of the two kinds of permutations 

on the multi-particle states can be seen. 

pl~¢,~> = N p P%.~ I 1 2ili 2'''nn~.i 

~ ,  p_ i l i  2. i 

...n > 
:N~ ~ ~ i l l  2 .i n 

"X , ) /  

(A-8a) 

(A-Sb) 

This last equation can be used to deduce all 

possible restrictions on the ~ tableaus. For example, 

we observe that the projection in Eq.A-9, which would 

try to put two equal unitary states in the same column 

zero. 

P~ 134 
2 

J 123~ 
5556/= (1._22) P~ 134 ||1234\5556 / 

2 
| 1234~ 

= D(12) P.¢~13415556/ 
134 134 2 
2 2 

| 1234k 
= -~.~ ~34 15556,' 

2 

(A-9) 

Simi!arily, another projection sho~m in Eq.A-10 is seen 

to be a, non-zero multiple of the one in Eq.A-9 and is 

likewise to be thrown out. 
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P2124 I1234~ = I 1234\ 5556/ 5556/ (23) ~ 124 
3 3 

; 234\ 
= (D(23) ~124 + ~23) P~(134)~5556/ 

124 124 3 134 i24 2 
3 3 2 3 

3 2 

P.~ 124 I 1234\ I 1234\ 
5556/ -- 134 5556/ 

3 2 

(A-10) 

Indeed, this procedure is quite general. All 

identity permutations pI (pl~ili2...in ~ = ~ili2...in ~ ) 

are products of transpositions (m, m + i) because of the 

initial state ordering i I~i2~... $in . Now if a ~ differs 

from a ~ by an (m,m ~ i), the corresponding projections 

differ only by a non-zero proportionality constant 

/- d ~  as in A-10. This constant is derived 

from Fig. Z, Indeed it can be seen that each of the 

arising from p by a pI need not be considered further 

after the ~ projection is made.When d = I the operation 

of (m, m ± i) gives the projection back again with a 

factor of (+1) or (-i) if the (m - 1) box is on the left side 

or on top of the m box inp, respectively. For the latter 

case the / projection, and all those proportional to it, 

are thrown out as was the case in Eqs. A-9 and A-J0. 
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The normalization of these states is defined by 

Eqs. A-li, where Eqs. A-7b, A-Sa, and A-5c have been used. 

(A-11) 

<N, ~ Ii 2 '''nn> i I 1 2 '''nn~ ) 
P~,.)~ ili 2. i . Ny P.a.p ill 2 .i = i 

ii2 i n ill 2 i =i 

1 

n' p 

¢2"''n l L12"''  
ili 2 . i n ili 2. . i = i 

Because of the individual state normilization, 

only the identity permutations pI survive in the above. 

Eq.44 is then proved. 

APPENDIX B: Permutations and Unitary Operators 

Here we give an example in which the Yamanouchi 

S n representation tableau formula (Fig. Z) is used to find 

a U m representation element given by our tableau formula 

in Fig.9. This should help to explain the relation between 

U m and S h, A complete proof of the Gelfand - Sncorrespon- 
42 

dence involves relations between certain classes of per- 

mutations p and the U m Casimir invariants used by Bieden- 

harn and Louck 43 to define the Gelfand representation. 

These class relations will be discussed in Part II where 

their computational applications are shown. 

Consider the operator E23 acting on the three 

particle state shown in Eq.B-1, where Eqs.li and 39 are 

used for the operator and state, respectively. 
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1123\ 
E231..~, ~3> = (~=lZ:~ e23(¢'.))(N 1 ,x412#2i0 1133/) 

3 

(B-i) 

Now e23(~) is defined to commute with all per- 

mutation operators and to replace a 3-state with a 2-state 

for any electron ~ that is in a 3-state. 

(B-2) 
I123\ 1123\ E231J,~, ~3> = NI 2220 ( 1123/ + 1132/) 

.,~ t 2 
3 

= :N i 22io ( ( i )  + ( 2 3 ) )  
,,a[ !2 

3 

123/ ) 

The,effect of this operation is expressed in terms of 

permutations in Eq.B-2 and expanded using the Yamanouohi 

S n formula below. 

(s -J)  

~" 12 12 12 !2 3 12 13 12 13 
3 3 3 3 3 2 3 2 

=  )Nt [~~ (I-I " 3 
,, l j i 2 3 \  

Evaluation of the normalizations using Eq.44 gives the 

results (Eq.B-4) which corresponds to the example in 

Fig. 9-e. 

(B-~) 
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APPENDIX C: More Than Half Filled Subshells 

A more tham half filled subshell is a pure configuration 

(~)n' for which n' > 2~i. The total angular momentum terms 

for such a more than half filled (MHF) subshell are the same as 

for the less than half filled (LHF) subshell (A)n for which 

n=4~+2-n'. This result can be understood most clearly in terms 

of the associated Gelfand bases of SU(2~+I) which we now define. 

Let the numbered Young tableau la} represent a Gelfand 

basis of SU(2[+I). Since we will be dealing with orbital 

states, we limit la> to tableaus of one and two columns. Since 

no column may have a number repeated twice) )a> must contain 

each of the numbers 1,2,...)2~+I twice or less. We may now 

define Ja*> , the Gelfand basis associated with la> , by the 

following prescriptions, 

a) Any number contained once in la> is contained once 

in la*~ in the same column. 

b) Any number not contained in la> is contained twice 

in [a*> in different columns. 

c) Any number contained twice in la> is not contained 

in la*> • 

d) The numbers are ordered lexically so that they increase 

downward in each column. 

The prescription d) is automatically fulfilled by following 

prescriptions a) to c) with the successive numbers I,2,...,2~+I. 

This shows that ta*> is unique. Also it is easily seen that 

la**> = la> • 
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In Eq, C4 we give an example for ~=2. 

* 

12 13 

2 = 35 

4 4 

5 

('c-i) 

We show in FigJ~ an equivalent means of finding the associated 
44 

basis given by Baird and Biedenharn. The method shown is more 

general since la> need not be restricted to two columns. 

It is now possible to relate the matrix elements of the 

electronic orbital operators El_ 1 i in the Gelfand basis to 

those in the associated Gelfand basis via Eq.C-2. 

<al Ei_ 1 il b) = <b*IEi_ 1 i f a*> (c-2) 

45 
This relation is valid for all Gelfand bases. However, if we 

restrict our attention to Gelfand states of two columns, the 

proof of Eq.~2 is a simple result of applying the prescriptions 

a) to d) to the matrix elements shown in Fig.10, The 

application of these prescriptions to Eq. c) in Fig.10 is 

shown in Fig,i~to verify Eq,C-2, Simi!~r applications of these 

prescriptions to the remaining equations in Fig.lO ver- 

ifies Eq.C-2 for all possible matrix elements, and thus constitutes 

a proof in our limited case. 

Using the commutations relations for the orbital operators 

Eij and Eq.e2 results in Eq.~ which relates the matrix elements 

of any orbital operator Eij in the Qelfand basis to those in 

the associated Gelfand basis. 
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<a I Eij I b) = (-i) i'j+l <b* I Eij I a*) (g-3) 

= (-i) i'j+i <a*l Ejil b*) 

The operator L z is a linear combination of the diagonal 

orbital operators Eii with eigenvalues M L. From Eq.C-3 it follows 

that the total orbital angular momentum states [L ML> of (~)n 

are a linear combination of Gelfand states la> such that the 

associated orbital state ](L ML)*> has an eigenvalue -)~ of 

L z, There is a one to one correspondence between the Gelfand 

bases la> of (~)n and their associated bases of (~)n'. Also, 

the spectra of eigenvalues M L in a configuration completely 

determine the total angular momentum terms it contains . Thus 

the total angular momentum terms conained in the ~¢~F subshell 

(~)n' are the same as in the LHF subshell (~)n for which n=4~+2-n'. 

This fact leads us to investigate the relationship of single 

and double tensor operator matrix elements in the (~)n' con- 

figuration to those in the (~)n configuration using the idea 

of the associated Gelfand bases. 

~ingle Tensor Operators in ~F Subshells 

We first note that the single tensor orbital operators 

k 
Vq are a linear combination of the orbital generators Eij with 

q+j=i as shown in Eq.Co4 and Eq.~5. 

Vqk = ( ~ i t v  kql~j) Eij (¢-4) 

Vk_q = (-1) q ( l i l y  kql~j) E j i  (C-5) 

From Eqs.C-~ ~ &nd~g we derive Eq. 66 which relates single 
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tensor operators in the (~)n configuration to those in the 

(~)n' configuration. 

k I b> = - <a*l Vkq I b*5 (C-6) <alVq 

We may expand the total orbital angular momentum operator 

"k's as shown in E%~7, ~2 in terms of the Vq 

I 

?} = ~(-i)qv I q Vl-q 
9= -I 

= 
3 

(c-?) 

Using Eqs,~6 and C-7 we may now relate the total orbital angular 

momentum bases I(~ n L ML) > in the LHF subshell to the bases 

[(~ n' L ML) > in the MHF subshell by means of the associated 

bases shown in Eq.~8. 

](~n L ,~[L)*> = }(~.n' L -IVIL) > (C-8) 

For example, in Eq.C-9 we show the relationship between 

the bases of the (p)2 and (p)4 configuration for which L=I. 

IP I> = 

IP -i> = 

~.> IP o> = I~ > IP -*> = 

3 

2> 
3 

(C-9) 

P} 
3 

For self-associated bases where n=n' we have a convenient means 

of finding the ]L -ML> bases from the IL ~,qL > bases. Thus, in 

Eq, C-10 we may find ZP -1> of the (p)3 configuration by taking 
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the associated bases of IP 1> . 

IP i> = ( I 2> 

IP-1> = ( }~3> _ I~2> )/~ 
(c-Io) 

We now derive the relation (E~C-13) between the reduced 

k in MHF ~Lnd LHF sub- matrix elements of the orbital operators Vq 

shells. First we find E~C-11 directly from Eqs,~6 and C~8. 

(C-11) 
ki~nL, M£> = - < ~ n ' L - ~ I v k q i ~  n'L'-M£> <~n L MLIV q 

Using the definition of the reduced matrix elements (E%C-12) 

and EqC-ll, we may easily derive Eq.,C-13. 

k i~n L'  M{> = (-L)L-MLV'(2k+I)  <~n L ~ml Vq 

(An L[t vkll~ n L') 

(.c-i2) 
(-~L ~ k L'  q M£ )x 

(An L II vkil A n L') = (-I) k+I+L+L' (An'LI[ V kll In'L') (C-13) 

46 
E@C-13 would agree with Racah's resul~ where the factor 

(-I) L+L' is unity, if we let E@C-14 define the associated bases 

instead of E~C-8. 

](]~n T, ML)* > = (-I) L l(t n' T, -MT,)> (¢-14) 

This is possible since the choice of sign is arbitrary! however, 

we shall continue to use the simpler Eq.C-8. 
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Double Tensor Qperators in l~HF Subshells 

We wish to find matrix elements of double tensor operators 

in a basis where orbital states of SU(21+1) and spin states of 

SU(2) are coupled to form antisymmetric states of SU(4~+2). 

These coupling coefficients have been determined in Fig.10 

We may use these coupling coefficients in conjunction 

with prescriptions a) to d) to relate the coupling coefficients 

of the orbital and spin states to those of their associated 

bases. First it is necessary to define the associated bases 

for SU(2) spin states and antisymmetric SU(4~+2) states. 

We define the associated bases of the SU(4~+2) states 

in accordance with the general method shown in Fig.13. The 

associated basis of the antisymmetric SU(4~+2) state uniquely 

determines M S of the associated spin state. Since the assoc- 

iated spin state is conjugate to the associated orbital basis, 

S is also uniquely defined. In Fig.15 we show the construction 

of associated bases of antisymmetric SU(4~T2) states and SU(2) 

spin states. We note that I(S MS)*> = iS -MS> as in the 

orbital case. 

From prescription a) we find, using obvious notation, that 

the associated coupling coefficient factors are related as shown 

in E~ C-15a. Similarly, Eq.g-15b - C-15c follow from prescriptions 

b) and c) respectively, where we define (ulu2{O)=l as the coup- 

ling coefficient factor when the number n=u1+u 2 is not contained 

in the SU(2~+1) orbital state. 

(ull~)* = (ull&) 

(u21 t )* = -(u21,1, ) 

(u11#)* = (uIE~) 

(u21#)* = -(u21,) 

~'C-15a) 
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(ulu21~)* = (-1)ul+u2 (ulu210) (C-15b) 

(ulu210)* = (-i) u1+u2 (ulu21~) (C-150) 

It follows that the associated coupling coefficients are 

the same as the coupling coefficients except for a sign change 

(-1) N given by Eq,C-16 which is determined solely from the orbital 

or SU(2~+1) basis la} . 

( - i )  N = -~- (-1)Na+Nb+~c (C-t6) 
a,b,c 

produ~ 
The^~m in Eq,C-16 is over all numbers a contained once in Ja> , 

all numbers b not contained in la) , and all numbers c contained 

twice in la> . We define N a, N b, and N c in Eq.C-16 as followss 

Na=O if a is in column 1 and Na=l if a is in column 21N b is 

the number of boxes containing numbers less than bI and N c is 

the number of boxes containing numbers less than c. 

An example is shown in Eq,C-17 for the associated orbital 

basis given previously in Eq.C-1. 

I ~. 2~, = (-1) ~ ~ ~' 2 (C-17) 
44 4 ~ 44 

13 

--5 5; 
5~ 

In this example, NI=0 and N4=0; N3= 3 and N5=4! and N2=1. 

A direct consequence of Eq.C-16 is that the sign change 

(-1) N of the coupling coefficient of the associated bases alter- 
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nares with M L of the orbital state for a given S. That is, 

for a given S, (-I) N changes sign whenever one box in a Gelfand 

state of SU(2~+1) is raised from n to n-1 so that E L increases 

by one. Thus if ~ax is the maximum E L of a tableau of SU(2~+I) 

with spin S and (-1)Nmax is the phase change of its associated 

coupling coefficient, then Eq.C-18 gives the phase change of 

the associated coupling coefficient for any M L, 

(-1) N = (-1)Nmax(-1)Emax'~CL (C-18) 

Nma x and Ema x 

pectively. 

are explicitly given in Eqs. C-19 and C-20 res- 

Nma x = n2/2 + nS - n (C-19) 

Mma x = n(Z + i ) / z  - nZ/4 - s 2 (c-zo) 

Using Eqs. C-18,C-19, and C-20, we arrive at a general formula 

(Eq.C-21) for the phase change of the associated coupling coef- 

ficient for any M L. 

( ,,n(n/~ i; - -- + S + 1 - ½)-S2-ML ( - I )  N (c-21) 

Let ]A n LSMLMS> be a sum of antisymmetric states of 

SU(4~+2) constructed from the coupling of orbital states 

I~ n L ML> and the conjugate spin states IS ~IS> . In Eq.C-22 

we have a simple relationship between the associated antisym- 

metric states of SU(41+2) in the LHF subshell and the antisym- 

metric states in the EHF subshell. 

i(A n LSV~LMS)* > = ( - i )  N }An, LS-ML-MS> (C-22) 

This natural association between the antisymmetric bases of 
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SU(4~+2) in the LHF and MHF subshells is masked when using the 

Racah coefficients of fractional parentage to construct these 

bases. This is clearly evident in the complicated relation- 

ship between coefficients of fractional parentage in LHF and 
47 

M~F configurations. 

Using Eqs. C-21 and C-22 we can easily find the matrix 

elements of double tensor operators in MHF subshells from those 

of the LHF subshells. We first note that the double tensor 

operators V kl are linear combinations of the operators Eij of 
qt 

SU(4~+2) with t+l=i-j+l as shown in Eqs. C-24 and C-25. 

kl ') ~n' Emn,m 'n' (C-24) = (~ml ~ql ~m (½n I V~ I " ) Vqt 

= (C-25) 
V_qk.tl (_l)q+t(~ml Vqk[ ~m')(½n I V~ ] ½n') Em,n,,m n 

We use the preceding equations in conjunction with Eqs. C-3, 

C-21, and C-22 to find the relation (Eq.C-26) between the ten- 

kl and k 1 sor operators Vqt V_q_t. 

<An 

Using Eq.C-26 and the definition of the reduced matrix element 

for a double tensor operator (Eq.C-27), we may now derive the 

relation (Eq.C-28) between reduced matrix elements of double 

tensor operators for LHF and MHF subshells. 
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<AnLSMLMsIVqtlIAn L'S'M~M:~ > = (-I)L-M~L+S-Ms X 

L k L'~I S 1 S' , ) (nLSIIvklll nL 'S' ) 
x(_M L q M~,~_M s t M S 

(C-27) 

(nLSIIvkIIInL'S') = (-1)L+L'+k(n'LSILvkllfn'L'S ') (C-28) 

Again, if we used the definition Eq.C-14 for the associated 

orbital bases, we obtain the same result as Racah where the 

factor (-1) L+L' is unity. 

As an example of the use of Eq.C-26 we shall find a simple 

relation (Eq.C-32) of matrix elements of the spin-orbit operator 

(Eq.C-29) in MHF subshells to those matrix elements in LHF 

subshells, 

ii II i i 
s.c. = ,/'~'2 (Voo - v_l i - v1_ i) (c-zg) 

Applying Eq.C-26 to the operator S.0. results in Eq.C-30. 

<AnLS~MsJS.O.JAnL'S'M~M~> = (-I) S+S'+n+I x 

< An,LS-M~L-Ms } S. 0.1A n ,L'S'- M L'- M S' > 

(c-3o) 

Finally, using the total angular momentum states (Eq.C'31) 

and Eq.C-30, we arrive at Eq.C-3~. 

(c-31) 
IAnLS JMj> =S_(-IIL-S+MJ ~-2J+i') (LML Ms_Mj)S J LAnLSMLMs> 

~ms 

<AnLS JMjIS.0.1AnL'S' JMj> = (C-32) 

(-1) L+L'+I ~An,LS J-MjIS.O.IAn,L'S' J-Mj> 
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Since S.0. commutes with 72 we know that the matrix elements 

in Eq.C-32 are independent of Mj. When L=L ' we see that the 

matrix elements of spin-orbit coupling for ~ subBhe1!s are 

the negative of the matrix elements for LHF subshells. From 

the selection rules &L=0,1 it follows that when L~L' the 

matrix elements are the same in ~F and L~ subshells. 
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48 
APPENDIX D: Eigenvalues of r-Cycle Class Operators 

We wish to find the eigenvalues N~/~ A where ~ =  

[~i12 ''" ~m] is a partition labeling the IR's of S 
P 

fying Eq. D-I. 

satis- 

Z ~ .  -- p ( o - ~ )  i=; i 

By partition we mean that the elements of [~] are monotonically 

decreasing integers as shown in Eq. 0-2. 

(0-2) ~I >-A2 >- '" ->Zm 

We first find the [~]ir defined in Eq. D-3 for all i. 

(o-3) I] i = [~i~2 ~i-r %m ] [ r ''" "'' 

If [~]ir is not a partition, it may be possible to transform 

it into one using the following procedure. Let ~] = [m-1 m-2 ... O~ 

and find the permutation (pi) such that (pi)(E~]i r + ~R]) has 

monotonically decreasing elements. Then find the [~r which 

are defined in Eq. O-4. 

[XJ£r -- (Pi)( [XJir + £R3) - E~] (o-4) 

Note that [~]ir is not a partition if and only if ( [)~]ir + ~RJ) 

contains repeated or negative elements. Also note that [~]ir = 

[~ir if [~]ir is a partition. We shall need only the [ ~ir 
49 

which are partitions. 

We may now find the eigenvalues of the r-cycle class opera- 

tors by using the simple hook length formula given in Eq. D-5. 

The sum in this equation is ever all i such that [~]ir is a 

partition. Also ~(Pi) is i or -1 if the permutation (pi) is an 

even or odd number of bicycles respectively. 
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m 

r i= 1 pi ) H([~]~r) (D-5) 

H(~]) is the product of hook lengths of partition ~ which 

has been shown in Fig. 6. As an example, we find the 

eigenvalue of K~ for IR ~ = ~32~ of S 9. The ~]ir are 

given in Eq. D-6 and the [~]~r are given in Eq, 

~32313 = F132] 

C~32] 23 -- ~4o2] 

~432~ 33 -- ~43-1] 

! 

~432-]13-- ¢12) F3~2] - [-21o] ; C222J 
l 

[~32123 = (23)C-612~- F21o]-- C-~n] 

[432]' = E64-I]- C-21o] -- ~3-I] 33 

D-7, 

(o-6) 

(D-?) 

Using the partitions of Eq. 0-7 it is now a simple matter 

to evaluate the eigenvalue of K~ in terms of hook lengths as 

shown in Eq, 0-8. 

Ng-W432 3"3 = 1 
~432 

6531 6531 

431 431 
21 21 

43 63211 
32 2 

21 1 " 

(o -8 )  

= -15 
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TABLE I-a 

= (-i) ~ k ~  
' q q 

vO=~ 

TABLE I-b 

1 -1 

o l  "i] Vo= ~ 1 

m= 0 -i 
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TABLESII-IV 

Unit tensor matrices representing unit tensor opera- 

tors V k are tabulated according to the convention of Eq. (I). 
q 

All tensors with different q but with the same k are drawn 

together into one matrix. The superdiagonal belonging to 

each q is indicated at the top of each set of tables. The 

normalization denominator for a superdiagonal is located 

at its lower end on the right side of each matrix. 
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TABLE III. (g) i=4 

q=O 

V 8= I 
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1 -1 
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TABLE I V 

(~) {~) 

q=O 

T3 ~ ~ ~13 /S 

i d ~ -i 

~o -~ /~ -~ ' 

• ~ - ~ T  
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5 £  
/~ o cg 

V 2= 1 2 0 -2 
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Table V. JJ-Couplin g Angular Momentum States 

Each square matrix gives the expansion coefficients of the 

angular momentum states IJ Mj~ to the left in terms of the 

antisymmetric Gelfand states above. The normalization for 

each IJ Mj> is given to the right of the matrix. The numbers 

given for the expansion coefficients and normalization are the 

square of their actual value with the appropriate sign retained. 

For example, -4 is actually -~. 

Table~. JJ-Coupling Tensor Operators 

The expansion of the jj-coupling tensor operators W k for even q 
k is shown. All generators are assumed to be added within the 

parentheses. The normalization is given at the end of the 

generator expansions and is underlined. The factors in front 

of the generators and the normalizations are the squares of 

their actual value with the appropriate sign retained. For 

example, -4 is actually -~. 
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TABLE V. JJ-CDUPLING ANGULAR MOMENTUM STATES 

( j ) =3/z 

I 
2 

(zz)  [-i~1 

1 
3 

(zt) I~]1 

1 2 
4 3 

(oo) 

( j ) =? /z  

1 
2 

(66) I~i 

1 
3 

(65) []  1 
1 2 
4 3 

(64)~22 
(44) zz 

I 2 
5 4 

(63) ~ I i  
(43) 11 

I 2 3 
6 5 4 

(42) lO -1 -48 z54 
(22) -15 42 

I 2 3 
? 6 5 

( 6 ~ ) (  3 Z8 35] 66 

I i 
(41) 35 15 -27[77 

J 

(21) zl -16 5/4z 

i z 3 4 
8 ? 6 5 

(60) I ~ a~ 25113~i (40) 49 169 -9 -811308 
( zo )  49 -% -9 z5 84 
( O0 ) --~i ~ I 1 

(j)=5/2 

i 
2 

(44) []I 

i 
3 

(43) ~ 
1 2  
~ 3  

(4z) ~ 4  
(22) 14 

1 2  
5 4  

(41) 5~.27 
(21) 7 

1 2 3  
6 5 4  

(40) ~ 1 4  
(2o) 2 
Coo) 

( j )=5/2 

1 
2 
3 

(9/Z 9/Z) [ ~  
1 
2 
4 

(9/z 7/2) [ ]  t 
1 1 
z 3 
5 ~ 

(9/2 5/a) ~ 2 
(5/z 5/2) [ t . - t  I z 

I zl 2 
2 3 3 
6 5 4 

(5/z 3/z) 

(3/z 3/z) I~.-5 ~Izl 
i i 2 ~43 

5 5 
(9/e 1/2) ~ ! 4  
(5/z l/z) 
(3/z l/z) 
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'2 2' 

1 
2 
3 

1 
2 
4 

1 1 
2 
5 

£ i 2 
2 3 3 6 5 4 

li 20 64 i] 91 
! 45 -4 -28 77 

28 -35 8 143 

1 1 1 2 
2 3 4 3 
7 6 5 5 

45 20 21191 

12 -3 -35177 

(~) -7 -175 1351429 

1 1 1 2 2 
2 3 4 3 4 
8 7 6 6 5 C~) I ~ 192 ~75 .252 175 1001 

m 

¢~) I 21 100 5 -21 -s4 231 

191 i 9-945 2511716 
~, 6o o o -I ~i~ 
c~)~ -35 7 15 -15 i~2 

TABLE V 

(j)=7/2 

chh~ 

1 1 2 1 2 
4 3 4 3 5 

8 ? 7 6 6 

35 243 14o I00 448 35 

112 135 7 5 -140 -63 

2401 -945 3481-5o40 45 lOO 

1 0 -1 0 0 I 

125 -189 -5 112 49 -180 

0 7 -15 -21 12 -15 

1 2 1 2 2 3 
4 3 5 4 5 4 
8 8 7 7 6 6 

28 15 64 175 84 63 

21 5 12 0 -7 -21 

245 1701-2835 605 -54O 80 

1 0 0 -1 o 1 

3 35 -21 -27 196 -48 

49 -I05 -28 16 3 -9 

lOOl 

462 

12012 

3 

660 

70 

429 

66 

6006 

3 

330 

21o 
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1 
2 
3 
4 

(88) [~]t 

1 
2 
3 
5 

(87) [~1 

1 1 
2 2 
3 4 
6 5 

(66) 

1 i 1 
2 2 3 
3 4 4 
7 6 5 

(85) 5 1 7 

(65) 0 -1 2 
(55) 15 -4 5 14 

1 1 1 1 2 
2 2 2 3 3 
3 4 5 4 4 
8 7 6 6 5 

TABLE V 

(j)=7/2 

1 
2 
5 
8 

(82) 
(62) 
(52) 

2(42) 
4(42) 
2(22) 
4(22) 

(81) 
(61) 
(51) 

2(41) 
4(41) 
2(21) 

4(21) 

1 1 1 2 i 2 
2 3 3 3 4 3 
6 4 5 4 65 
7 8 ? ? 

( 8 4 )  135 80 135 7136465 (80) 
(64) ~ 15 0 -15 -7 44 (60) 
(54) 35 3 -64 3 35 140 (50) 

2(44) "15 7 o -7 15 44 2(40) 
4(44) 15 -7 21 -7 15 4(40) 

1 1 1 1 2!20) 
2 2 3 3 4(2o) 
4 5 4 ~ (oo) 
8 7 7 

(83) 7 25 27 25 7!91 
(63) 7 4 0 -4 -7 22 

(53) 21 -12 4 -12 21 70 
2(43) -4  7 0 -7 4 22 
4(43) 116 7 -84 7 16 13o 

i89 125 175 1024 175 125 189 

21 5 7 0 -7 -5 -21 

21 -45 112 -64 112 -45 21 

-I 1o5 -48 o 48 -1o5 1 

529 105 -1o8 -336 -lO8 105 529 

15 -7 -20 o 20 7 -15 

15 -63 -20 35 -20 -63 15 

1 1 1 2 1 2 2 
2 3 3 3 4 3 4 
6 5 6 4 5 5 5 
8 8 7 8 7 7 6 

2002 

66 

420 

3O8 

1820 

84 

231 

1 1 1 1 2 2 
2 3 4 4 
7 o 5 6 
8 8 8 7 8 7 

7 35 27 5 27 35 71143 

28 35 3 0 -3 -35 -28 i32 

o 7 -15 16 -15 7 o 60 

15 -27 35 o -35 27 -15 i54 

)75 -3 -35 -84 -35 -3 375 91o 

16 -5 -21 0 21 5 -16 84 

-36 125 -21 -560 -21 125 -36 )24 

3 
4 
5 
6 

7 175 112 135 135 112 175 7 

4 25 4 0 0 -4 -25 -4 

0 0 0 -i i 0 0 0 

9 4 -64 0 0 64 -4 -9 

45 20 -5 -21 -21 -5 20 45 

16 -4 1 0 0 -i 4 -16 

-12 3 27 -35 -35 27 3 -12 

-i I -1 o o - I  i -i 

858 

66 

2 

154 

182 

42 

77 
6 
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TABLE VI. JJ-COUPLING TENSOR OPERATORS 

(p) Sub-shell 

W~ = ( Ell -E22 2E52 -E33 -2E63 E44 2E25 -2E36)/ 

-W~ = ( 2E12 3E53 -2E34 -E64 -E15 3E26)/6 

W~ = ( El3 E24 2E54 -2E16)/1 

(d) Sub-shell 

W~ = (100Eli -4E22 36E72 -64E33 6E83 -64E44 -6E94 -4E55 
~36E105 100E66 36E27 49E77 6E38 -49E88 -6E49 -49E99 
-36E510 49E1010)/~ 

,2 -W 1 = (120E12 48E23 27E73 25E84 -48E45 2E95 -120E56 -30EI06 
-30E17 2E28 98E78 25E39 27E410 -98E910)/3.~50 

W~ = ( 30E13 54E24 6E74 54E35 16E85 30E46 20E96 -20E18 
-16E29 49E79 -6E310 49E810)/ 

W~ = ( Ell -9E22 4E72 4E33 -24E83 4E44 24E94 -9E55 
-4E105 E66 4E27 -24E38 24E49 -4E510)/~ 

-W~ = ( 4E12 -IOE23 10E73 -30E84 IOE45 15E95 -4E56 -El06 
-E17 15E28 -30E39 10E410)/70 

~2= ( 9E13 -5E24 20E74 -5E35 -30E85 9E46 6E96 -6E18 
30E29 -20E3t0)/70 

-W~ : ( 2E14 5E75 -2E36 -3E86 -3E19 5E210)/10 

W~¼ ( EI5 E26 4E76 -4E110)/.,,~. 
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Wo 2 : l 

2 
-W I = ( 

w~ : c 

Wo 4 = I 

-W14 = ( 

W24 = ( 

-W~ = ( 

TABLE VI. ~J-COUPLINC TENSOR OPERATORS 

(f) Sub-shell 
1225E11 25E22 150E92 -225E33 90El0 3 -625E4z~ 
12Ell,4 -625E55 -12E12,5 -225E66 -90E13,6 25E77 

-150E14,7 1225E88 150E29 900E99 90E3,10 -36E1010 
12E4,11 -576El111 -12E5,12 -576E1212 -90E6,13 -36E1313 

-150E7,14 9oo~1414)/ ~116 

1050E12 800E23 75E93 25OE34 121E10,4 98Eli°5 
-250E56 30E12°6 -800E67 -SEI3,7-1050E78 -175E14,8 
-175E19 -5E2,10 I080E9,10 30E3,11 432EI011 98E4°12 
121E5°13 -432E1213 75E6,14-1080E1314)/ 4116 

175E13 375E24 10E94 500E35 32E10,5 500E46 
60Eli,6 375E57 80E12,7 175E68 70E13,8 -70E1°10 
-80E2,11 270E9,11 -60E3,12 486E1012 -32E4°13 486El113 
-10E5,14 270E1214)/ 2058 

441Ell -1521E22 600E92 -81E33 -640E10,3 729E44 
-300Eli,4 729E55 300E12,5 -81E66 640EI3,6-1521E77 
-600E14,7 441E88 600E29 121E99 -640E3,10-1089E1010 
-300E4,11 484El111 300E5,12 484E1212 640E6,13-1089E1313 
-600E7,14 121E1414)/ 7546 

1260E12 -540E23 I000E93 -972E34 -120E10,4 -735E11,5 
972E56 -E12,6 540E67 1014E13,7-1260E78 -210E14,8 
-210E19 1014E2,10 ~84E9°10 -E3,11-1210E1011 -735E4,12 
-120E5,13 1210E1213 I000E6,14 -484E1314)/ 7~46 

1890E13 18E24 1200E94 -864E35 60E10,5 -864E46 
"578Eli,6 18E57 -486E12,7 1890E68 756E13,8 -756E1,10 
486E2,11 1089E9°11 578E3,12 -605E1012 -60E4,13 -605El113 

-1200E5,14 1089E1214)/ 7546 

252E14 t44~25 150E95 
-252E58 -189E12,8 -189EI,11 
150E4,14 -242El114)/ 107B 

98E10,6 -144E47 -3Ell,7 
-3E2,12 242E9,12 98E3,13 

63E15 135E26 40E96 135 E37 96EI0,7 63E~8 
84Eli,8 -84E1,12 -96E2,13 121~9,13 "@0E3,14 121E1014)/ 539 
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TABLE VI J J-COUPLING T~NSOR OPERATORS 

(f) Sub-shell 

W~ = ( Ell -25E22 6E92 81E33 -90EI0,3 -25E44 
300Ell,4 -25E55 -300E12,5 81E66 90E13,6 -25E77 
-6E14,7 E88 6E29 -90E3,10 30GE4,11 -300E5,12 
90E6,13 -6E7,14)/ 924 

-W~ = ( 6E12 -56E23 21E93 70E34 -175E10,4 350Ell,5 
-70E56 -210E12,6 56E67 35E13,7 -6E78 -E1~,8 
-E19 35E2,10 -210E3,11 350E4,12 -175E5,13 21E6,14)/ 924 

W~ = ( 5E13 -21E24 14E94 7E35 -70E10,5 7E46 
84Eli,6 -21E57 -28E12,7 5E68 2E13,8 "2E1,10 
28E2,11 -84E3,12 70E4,13 -14E5,14)/ 231 

-W~ = ( 8E14 -14E25 21E95 -63EI0,6 14E47 42Ell,7 
-8E58 -6E12,8 -6E1,11 42E2,12 -63E3,13 21E4,14)/154 

W~ = ( 15E15 -7E26 42E96 -7E37 -70EI0,7 15E48 
20Ell,8 -20E1,12 70E2,13 -42E3,14)/ 154 

-W~ = ( 2E16 7E97 -2E38 -5EI0,8 -5EI,13 7E2,14)/ 14 

W~ = ( E17 E28 6E98 -6E1,14)/ 
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(a) 

[F]= 

2 S = 5  

( b )  

2 S =  5 - - I -  

Fig.l Young Frames 

(a) A Young frame of 13 particles corresponding to all or- 

bital states (6L) of spin multiplicity 2S+1=6 

(b) A frame conjugate to (a) obtained by converting rows 

to columns, corresponds to spin states of total spin S=5/2, 

since only 5 of the 13 spins are unpaired.(These are repre- 

sented by the single row of 5 boxes.) 

(a) (b) 

• " " " 

- "  k 15=9 X 2 3 - ' 5  X 5 3 " 2  12 
5 

X22=5 XI2=6  ] 

• ° . .  

• ° • 

• * U:5 D U 2 D U I ~. . . . . . .  X - :~"X-, , - - -~ . . . .  .-'-'-7" "" 
• - I 11 . - ~ t  ~, " i 

I L <  ' : 

~~i. 
~ , - _ _  , . .  • 

• J • 

~ @  

Fig.2 Unitary State Labeling 

(a) Gelfand Pattern - The jth row of integers (71,j~2,j,.. 

..~ j)a tells to which representation of Uj the state belongs, 

and similarily for the j-lth row (~<1, j-l~2, j-i' " "~j-1, j - 1  ) 
which labels a unique representation of Uj_ 1 contained in 

(~,j,A~,j...~,j)o_ -- ~ In thls way each state has a unique 

genealogy chain and labeling. 

(b) Young Tableau - Tableaus are a completely equivalent 

but non-algebraic "picture" of the Gelfand patterns. (When 

labeled algebraically, it is just an up-side-down Gelfand 

Pattern. ) 

...'"" .°.'" 
• •. 
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(2~o) 
D(u3)= 

(2~o) 

(11) 

2,0 ~= 
210 ~ ]  2t = I 

2,0 

~,o, = i ~  I 
210 i ~  J,(:, = 

210 ,:= 

Fig.3 Form of Gelfand Representation 

A Gelfand representation (210) of U 3 is irreducible, but 

as a representation of subgroup U 2 it is reduced to 

(21) ~ (20) ~ (11) • (I0) as shown. As a representation 

of U 1 it is a diagonal, and each base state corresponds 

to a diagonal component with a unique "address" or "gen- 

ealogy" traced by a Gelfand pattern or tableau on the right. 
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(a) Dimension of J i l l  J l ' '  

representation of Sn 

product of ~ - - ~  V - hooklengths 

{b) Dimension of l l l l l l ' "  

representation of Urn 

product 

/ /  
rl3 r i l l  r f ~ t T t ~ r T f  i , 

/ 
n-I rn rn~J • 

of m-;m-I ' ' integers 

product of t -  hooklengths 

[ ]  - ~--2 
of s4 

~Of U 2 -- =3 ~ O f  U 5 = ~ - = 1 5  

me, e2= 

Fig. 6 Hall - Robinson Hooklength Formulas 

Dimension of representations of (a) S n and (b) U m labeled 

by a single tableau are given by the formulas. A hooklength 

of a tableau box is simply the number of boxes in a "hook" 

consisting of all the boxes below it, to the right of i~, 

and itself. 
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[•of Sn 

D(n ,n - I )=  

EXAMPLE; 

I ~ ] o f  S 5 

D (4 ,5 )  : 

-I 

I V d 2 

-I 

-I/4 1/~/4 

"~/4 I/4 

~,4 ,,41 , 

F ig .7  Yamanouchi Formulas f o r  Permuta t ion  Operators 

As exp la i ned  i n  the t e x t ,  d i s  the " c i t y  b l ock "  d i s tance  

between the r e l e v a n t  b locks ,  i . eo  the minimum number o f  

s t r e e t s  to  be crossed when t r a v e l i n g  from one to  the o the r .  
Note that when numbers (n) and (n-l) are ordered smaller 

above larger, the permutation is negative (anti-symmetric 

if d=l), and positive (symmetric if d=l)when the smaller 

number is left of the larger number.(The (n-l) will never 

be above and left of (n) since that arrangement would be 

"non-lexical.") 



137 

(p]l 

(I:)) 2 

3p 

2p 

(p)3 

T 

2p 

Fig.8 Weight or Moment Diagrams of Atomic (p)n States 

Each tableau is located at point (x I x 2 x3) in a cartesian 

co-ordinate system for which x n is the number of n's in the 

tableau. An alternative co-ordinate system is (V~, v~, V~) 
defined by Eq.16 which gives the~z-quadrupole moment, 

z-magnetic dipole moment, and number of particles, respectively. 

(v~) would be pointing straight out of the The last axis 

figure, and each family of states lies in a plane perpen- 

dicular to it. 
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II 
..... ® 

Pl ~ / (number~ 

. V PI- la2 

i ,, ,i~ ' 
p,2-1 (~) 

~ PI+P2 
/ / n u m b e r  ~ / i \ 

,z ÷2 (-l)i/~,'o-f'--f-") U - 
.__J v pi-P2÷2 

/~-~erh I L 
n t v ~,- ~2 n - ~  

Inf' lal+p2 +I 
.,) /;ouster, 
~- -i/~,of i)- 

EXAMPLE : 

Fig.lO Tableau Formulas four Combining Orbital and Spin States 

The five formulas above (A-E) give the possible factors for the 

coefficient of transformation between a Slater state (verticle 

tableau) and orbital-spin state. We first note the spin asso- 

ciated with every orbital number in the Slater state and write 

these spins within the orbital state tableau. We then proceed 

to rip off boxes with numbered spins in the orbital state 

tableau starting with the highest orbital number. Each "rip-off" 

gives a factor depending on the position and associated spin of 

the orbital number (Cases A-E), The product of successive fact- 

ors gives the coefficient desired. All numbers in the formulas 

refer to condition of tableau just before the box outlined in 

the figure is removed. 
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F l g . l l  Example  o f  U n i t a r y  T a b l e a u  N o t a t i o n  ~o r  M u l t i p l e  S h e l l  

S t a t e s .  

The o a l c u l a t l o n  o f  t h e  d i p o l e  o p e r a t o r  u s i n g  ~ r a p h l c a l  

f o r m u l a  be tween  s t a t e s  o f  d e f l n l t e  s p i n  and o r b i t  can 

be dmne as e x p l a l n e d  i n  t e x t .  
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FigJ2 Example of Unitary T a b l e a u  Notation for Molecular 

Electronic States. 

An orbital basis of definite spin for n ele¢¢rons 

[n=l,2,end 3} around three fixed nuolel ere indicated 

by tableaus. On the right the numbers refer to three 

e q u i v a l e n t  v a l e n c e  o r b l t a l s  a r o u n d  n u c l e u s  1 , 2  o r  3 .  

At the left the states are made from products of three 

molecular orbltals a,x, or y. The calculation of orbi- 

tal energy matrices can be done using the graphs as 

explained in the text. 
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Fig. 13 Associated Gelfand Basis 

a) 1 2  b) 
2 
4 

I 
2 
4 
5 
3 

2 
5 
4 
3 
I 

c, 

4 
5 

a) la*> is found by completing a rectangle about la> 

with 2 columns and 2~+I rows. 

b) The empty boxes are numbered increasing upward in 

the columnswith no number in a column repeated. 

c) la> is then detached from the rectang)e and the 

remaining pattern rotated to give la*).  
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Fig. J4 iv]atrix Elements for Associated Bases. 

a) 

b) 
ta): ~ la*): 

tb)= ~d tb*>: 

C) (alE,_,i Ib) =I/~Idl - (b*IEi_iila*) 
a) Because of the prescr ipt ions a) to c) the length 

of both columns of a tableau and i ts  associated 

tableau must d i f f e r  by the same number of boxes. 

b) Appl icat ion of prescr ipt ions a) to c) to states 

la> andlb~ to f ind the i r  associated states fa*> 

and Ib*). Note that  the axial  distance d must be 

preserved. 

c) Equation c) in Fig. I0 is shown to v e r i f y  

Eq. C-2 
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Fig.15 Associated Basis for Antis~vmmetric and Spin States 

(al) '"1 t 
2t 
2; 

t 
t 

t 

(a2) 3, 

04 

al)  A rectangle is completed about the antisymmetric 

Gelfand state of SU(4A+2) with l column and 4~+2 

rows. The empty boxes are numbered l e x i c a l l y  as 

shown. Note that nf~ n@. 

a2) The state is then detached from the rectangle 

and the remaining pattern rotated to give the 

associated state. 

(bl) 

; ; t t t 

(b2) 

bl) A rectangle is completed about the Gelfand state 

of SU(2) with 2R+I columns and 2 rows. The empty 

boxes are numbered l ex i ca l l y  as shown. Note that 
¢>&. 

b2) The state is then detached from the rectangle and 

the remaining pattern rotated to give the associ- 
ated state. 
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