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Thesis directed by Prof. Roseanna M. Neupauer

Solute age is a measure of the amount of time that a solute has been in an aquifer. A water

sample that contains solute will represent a distribution of solute ages, accounting for the different

travel times and paths from recharge points to the sampling location. This research introduces the

concept of solute age as a tool to assess groundwater well contamination. We show that solute age

for a sorbing solute is older than groundwater age because sorbing solutes move more slowly than

groundwater. This implies that a pumping well contaminated by a sorbing solute would remain

contaminated for longer after source removal than what would be expected based on groundwater

age. In this work, we develop the adjoint equation of solute age. Using forward equations to

calculate solute age under transient flow conditions, a separate forward simulation is needed for

each possible release time. This is computationally burdensome and the results are limited to only

the preselected set of release times. We show that an adjoint equation of solute age, however, can

be used to solve for the solute age distribution at a particular observation location and time with

a single simulation to account for all possible release times. This more efficient adjoint equation

provides comparable results to those found using the forward equation. In addition, in this work

we use solute age to evaluate the effectiveness of a riverbank filtration (RBF) system. We use the

adjoint equation of solute age to calculate the spatial and temporal distribution of travel times

between a river and an RBF well (equivalent to solute age) where the river water level fluctuates.

Successful filtration in an RBF system will require that the travel time is long enough to achieve

sufficient contaminant degradation, so the distribution of travel times can be used to evaluate the

effectiveness of an RBF system.
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Chapter 1

Introduction

1.1 Problem statement

Groundwater withdrawal for public supply in the U.S. has increased steadily since 1950

[31]. Groundwater is susceptible to contamination, and is very difficult to remediate if it is con-

taminated [34]. Land use activities such as using pesticides and fertilizers, mining, or accidental

release of chemicals into the aquifer can cause contamination in groundwater. Furthermore, if

the contaminated groundwater reaches drinking water wells, which are located in the aquifers, the

contaminated drinking water can cause serious effects on human health. Thus, it is necessary to

protect the aquifer and groundwater wells from contamination. To protect the groundwater wells,

the approaches include to determine the expected time a contaminant will take to reach the well,

and the timing the wells remain contaminated or the contaminant at the well will decrease to an

acceptable level after source removal [20, 29, 36, 47, 50].

A useful tool for assessing the likelihood of contamination of groundwater wells is ground-

water age. Groundwater age is a measurement of the amount of time that water particles have

been in the aquifer. It also represents the amount of time an aqueous chemical tracer has been in

the aquifer because a tracer travels through the aquifer at the same rate as a water particle. This

similarity in behavior of water and tracer movement has led to the application of groundwater age

as a tool to assess the groundwater well contamination. An older groundwater represents a longer

amount of time that an aqueous contaminant takes to reach the well. This affects the groundwater

well contamination in two competing ways. First, wells at the locations with older groundwater
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are more distant from the source of contamination than at the locations with younger groundwa-

ter. Contaminant concentrations at the more distant locations are lower because of dispersion.

Thus, wells at the locations with older groundwater should represent lower levels of contamination.

However, in some situations, an older groundwater can lead to increased groundwater well contam-

ination. For example, if the wells are contaminated and the source is removed to prevent further

contamination, these wells will remain contaminated until all of the contaminated water that has

already recharged the aquifer passes them. In wells with older groundwater, contamination will

persist for a longer time.

Although groundwater age is an appropriate tool for assessing groundwater well contami-

nation by chemical tracers, it is not appropriate for addressing groundwater well contamination

by sorbing solutes which travel more slowly than groundwater because they periodically attach to

the soil surface and then detach from the soil surface as they move through the aquifer. In the

context of groundwater well contamination, if the well is contaminated with a sorbing solute and

the source of contamination is eliminated, the contamination will persist for a longer time than

would be expected based on groundwater age.

Reactive solutes also behave differently than chemical tracers. Although decaying solutes

travel at the same rate as groundwater, the amount of solute decreases over time. Thus, in the

case of decaying contaminants, a well is less susceptible to reaching an unacceptable level of con-

tamination compared to the case of a chemical tracer. Furthermore, the contaminant may decay

to concentrations that are below levels of concern.

For these reasons, groundwater age is not an appropriate tool for assessing groundwater well

contamination for sorbing and reactive solutes. Instead, my research introduces a new concept,

called “solute age”, that represents the amount of time that a solute particle has been in the

aquifer.
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1.2 Overview of this work

The goal of my research is to develop and test the concept of solute age for quantifying

groundwater well contamination. The first objective of this study is to develop the standard

governing equations for solute age based on the principle of conservation of mass following the

approach used by others to develop the governing equations for groundwater age. The solute age

equations are more complex because I add the appropriate terms to account for reactions (e.g.

linear equilibrium sorption and first-order decay) in the governing equations. The second objective

of this study is to develop the adjoint equation of solute age and to demonstrate that the adjoint

equations provide the same information as the standard governing equations of solute age that I

developed in the first objective but are more computationally efficient. The last objective of this

study is to apply the solute age approach to riverbank filtration (RBF) at an actual site, and to

demonstrate how solute age developed from the adjoint equation can be used efficiently in the

design and analysis of RBF systems.

1.3 Background

1.3.1 Groundwater age

Groundwater age is defined as the amount of time it takes a groundwater parcel to travel from

its point of recharge (either land surface or water table) to a given location in the aquifer [9, 24,

30, 54]. The simple perspective of groundwater age is based on the movement of water particles by

advection along a flow path. In a one-dimensional domain, for example, groundwater age is the ratio

of distance along the flow path to velocity [5, 6]. Groundwater age from this perspective is generally

determined by isotope dating method which is related to using concentrations of single isotopes

[5, 10, 33], and gives an estimate of mean age [19]. Since groundwater age in this perspective

is straightforwardly calculated from the flow information, it has been widely used to evaluate

groundwater velocities and hydraulic properties, and to calibrate parameter flow models [8, 15, 30,

33, 48, 59].
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The second perspective of groundwater age which is more realistic is that the movement of

water particles is controlled by not only advection but also dispersion and diffusion due to mixing

between different flow paths. The groundwater sampled at the location of observation contains a

mixture of groundwater ages (i.e. a mixture of water particles each of which has its own unique

age) [7, 19, 57, 59]. Thus, age is a distributed quantity, not a single absolute value, and can be

represented by probability density function [17, 18, 19]. In this perspective, the transport of age-

mass is also defined as age carried with water molecules and continuously transported over time

by advection and dispersion along the flow regime [5, 6, 22, 23, 24, 56] where age mass is defined

such as the product of water mass and age [23, 24]. However, since the distributions of age are

affected by the transport processes of advection and dispersion [22], shapes of age distributions

can be used to estimate transport model parameters and reflect the heterogeneities in the aquifer

[17, 19, 59]. Also, groundwater age is used to assess the vulnerability of a groundwater system to

the contaminant and to evaluate groundwater contamination such as representing timing that the

groundwater quality will be improved after stopping polluting activities [30, 36, 59].

To determine the distribution of groundwater age, different governing equations of ground-

water age have been developed based on the advection-dispersion equation. Goode [24] developed

a governing equation of mean groundwater age for calculating the spatial distribution of mean

groundwater age. However, since mean age does not represent the entire distribution of groundwa-

ter age, this equation is limited in its application. To address this limitation, Varni and Carrera

[56] developed a governing equation for calculating the cumulative distribution function (CDF) of

recharge time under steady or transient flow conditions, which can be used to calculate the prob-

ability density function (PDF) of groundwater age. Although solution to this governing equation

provides the entire distribution of groundwater age, solving this equation under transient flow con-

ditions requires multiple simulations, one for each recharge time, which is inefficient. Ginn [22]

developed a governing equation for the PDF of groundwater age which eliminates the need for

solving the equation multiple times by including an age dimension. However, because this equation

has an additional dimension, it cannot be solved with a conventional groundwater simulator except
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under simple conditions [60]. Other methods that have been suggested for simulating groundwater

age are calculating the discrete distribution of groundwater age from multiple tracers [57], integrat-

ing Darcy’s law and the fundamental rules of probability theory [35], and using random walks in

five dimensions including three spatial coordinates, one time coordinate, and one age coordinate

with the probability theory [17].

The groundwater age distribution, however, has some challenges in estimations and applica-

tions under heterogeneity which is common in natural groundwater systems. Since the distributions

of age are affected by both advection and dispersion, an age distribution is possibly effected by

non-Fickian dispersion which exists in the natural system (e.g. non-Fickian dispersion caused by a

wide range of velocities [18]). However, the governing equations of groundwater age (e.g. [22], [56])

have been developed only by the conditions under Fickian dispersion [17, 22, 23, 61]; therefore, the

application of the groundwater age equation in real groundwater systems is limited [19]. Weissmann

et al. [59] present groundwater age distributions that account for non-Fickian dispersion. They

also show that the contaminated water observed at a monitoring well in a heterogeneous aquifer

has a broad distribution of ages and that the mean of simulated groundwater age distribution does

not correspond to mean age calculated from tracer concentrations. In a heterogeneous aquifer, the

groundwater age distribution can also be significantly affected by a strong pumping well that causes

transient leakage of much older water from confining layer to mix with young water in the aquifer,

and results in increasing mean age around the well [63].

1.3.2 Adjoint approach

The adjoint approach is a useful tool for quantifying solute transport in a situation in which

a solute is observed at one or a few locations and times of interest, and information about the

position of the solute at multiple times in the past is desired. In the adjoint approach, information

is propagated backward in time from the observation point to the recharge locations. The adjoint

approach is useful for solute age simulations because the solute age distribution is a representation

of the multiple times in the past that the solute entered the aquifer. Neupauer and Wilson [37, 38]
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developed an adjoint equation of solute transport to calculate a PDF of backward travel time that

was used to identify the release time of a contaminant in an aquifer. These adjoint equations of

solute transport have been developed for transient flow conditions and chemical reactions [39, 40,

41, 43]. The adjoint approach has also been used to assess the effectiveness of waste repositories by

determining the remaining time before a toxic contaminant from the repository locations reaches the

biosphere [11], to calculate the capture zone of a pumping well [42], and to assess the vulnerability

of water supply well to an unknown source within the capture zone by determining the expected

time to reach maximum concentration at the well and the exposure time to concentration at the

well above threshold [36].

1.3.3 Riverbank filtration

Riverbank filtration (RBF) is a surface water treatment technology that uses an aquifer

adjacent to a river as a natural filter [16, 32]. A production well, or RBF well, in the aquifer near

the river draws water from both the aquifer and the river, and contaminants in the river water

undergo biological and chemical reactions while traveling through the subsurface materials. RBF

has been widely used to remove suspended particles, natural organic matter, organic contaminants,

nutrients, pathogens and viruses [1, 12, 13, 14, 27, 44, 45, 58]. Because the contaminated water is

naturally filtered in this method, RBF requires less additional chemical treatment and is considered

as a cost-effective technology [4, 45].

A key parameter in siting the RBF well is the travel time of the contaminants from the

river to the RBF well [2, 12, 32, 44], which must be sufficiently long to allow adequate time for

biological and chemical reactions to occur in order to produce higher quality water. For example,

in North America, the RBF is commonly used as a primary treatment for pathogens, and RBF

wells are designed with travel times from hours to weeks [25]. Another example is that Sprenger

et al. [53] study the effectiveness of RBF well by determining travel times between the RBF well

and the river, and compare to the travel times required for contaminant removal recommended

by the typical groundwater protection regulations or presented by different literature reviews (e.g.
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the range of travel times required for removal of bacteria and viruses are 11-63 days and 13-43

days, respectively). The travel time of the contaminant depends on the sorption properties of the

contaminant, groundwater velocity along the flow path, the distance between RBF well and the

river, the pumping rate, fluctuating river levels and flood events [2, 12, 46, 53]. For example, there

are slight variations in travel times due to the river stage fluctuations [44]. Also, Sprenger et al. [53]

and Eckert and Irmscher [16] found that flood event not only increases transport of contaminant

but also shortens travel time between the river and the RBF well. This is because during flood

events the hydraulic gradient between the river and the adjacent aquifer increases significantly.

Tracer-based approach, Darcy’s law and particle tracking simulations are used to estimate travel

time for the assessment of RBF [2, 12, 44].

1.4 Organization of this thesis

Chapter 2 of the thesis addresses the first objective of developing the standard governing

equations for solute age. I develop the governing equation of mean solute age based on the ap-

proach that Goode [24] used for mean groundwater age, and I illustrate the limitations of the

equation. I also develop the governing equation for solute age distribution based on the approach

of Varni and Carrera [56] for the groundwater age distribution. In addition, through a hypothetical

one-dimensional example, I illustrate the means of using solute age to assess the persistence of

contamination at a groundwater well.

Chapter 3 addresses the second objective of developing the adjoint equation of solute age.

I develop the adjoint equation for a contaminant that exhibits both sorption and decay under

transient flow conditions. My adjoint equation is developed to determine a distribution of solute

age of a contaminant that was sampled at an observation point. This is different from the adjoint

equations developed by Neupauer and coworkers [37, 38, 39, 40, 41, 43] who developed the adjoint

equation for an instantaneous point source of contaminant, instead of a distributed continuous

source that I use. I also demonstrate the accuracy of our adjoint equation through a hypothetical

two-dimensional example by comparing the results with solute age derived from standard governing
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equation that I developed in Chapter 2.

Chapter 4 addresses the third objective of applying the solute age approach to design of an

RBF system. The study site is downstream of a major metropolitan area where the river water

level fluctuates, and the contaminant of concern is assumed a sorbing and decaying contaminant.

I use solute age to determine travel time between the the river and the RBF well. In addition,

I demonstrate how solute age developed from the adjoint equation can be used to evaluate the

effectiveness of the RBF well. Chapter 5 addresses conclusion and recommendations for future

work.



Chapter 2

Introduction of solute age to assess groundwater well contamination

Groundwater withdrawal for public supply in the U.S. has increased steadily since 1950 [31].

Groundwater is susceptible to contamination, and is very difficult to remediate if it is contaminated

[34]. Land use activities such as using pesticides and fertilizers, mining, or accidental release of

chemicals into the aquifer can cause contamination in groundwater. Furthermore, if the contami-

nated groundwater reaches drinking water wells, which are located in the aquifers, the contaminated

drinking water can cause serious effects on human health. Thus, it is necessary to protect ground-

water supply from contamination. To protect the groundwater wells, the approaches include to

determine the expected time a contaminant will take to reach the well, and the timing the wells

remain contaminated or the contaminant at the well will decrease to an acceptable level after source

removal [20, 29, 36, 47, 50].

A useful tool for assessing the likelihood of contamination of groundwater wells is groundwater

age, which is defined as the amount of time since a groundwater parcel has recharged the aquifer

[9, 24, 54]. Groundwater age has been used to evaluate the contamination at a groundwater well in a

few key ways: First, on the basis of the assumption that most contaminants have entered the aquifer

recently, groundwater that is older than 100 years sampled at a pumping well, for example, is clean

because contamination was not present when water entered the aquifer. It also has been used as a

tool to evaluate how much the pumping well is replenished by natural or artificial recharge; young

groundwater sampled at a pumping well implies that the water at the well is well replenished by

recharge [9, 30, 60]. In addition, groundwater age represents timing that the groundwater quality



10

at a well will be improved after stopping polluting activities [30].

Any groundwater sample contains a mixture of parcels that recharge the aquifer at different

times; thus, a groundwater sample contains a distribution of ages [56]. Several mathematical models

for calculating groundwater age distributions have been created by many researchers, each with

different assumptions. For example, Goode [24], Varni and Carrera [56] and Ginn [22] developed

approaches for calculating groundwater age by considering age as a mass that is transported in the

aquifer. The equations are based on the advection-dispersion equation (ADE) for a conservative

and non-reactive tracer.

Goode [24] presents an equation for calculating the mean groundwater age in a steady flow

field, given by

∂

∂xi

(
θDij

∂A

∂xj

)
− ∂

∂xi
(θviA) + θ(1) = 0 (2.1)[

Dij
∂A

∂xj
− viA

]
· ni = 0 on Γ1 (2.2)[

Dij
∂A

∂xj

]
· ni = 0 on Γ2 (2.3)

where A(x) is mean groundwater age, xi are the spatial directions (i = 1, 2, 3), vi is groundwater

velocity in the xi direction, θ is porosity, Dij is the i, jth component of dispersion tensor, Γ1 is

a no-flow or inflow/recharge boundary, Γ2 is the outflow boundary, and ni is the component of

the outward unit normal vector in xi direction. A mean groundwater age of zero or flux of mean

groundwater age of zero is specified at the recharge boundary because water entering the aquifer

has an age of zero. Mass flux occurring only by advection is specified at the outflow boundary. The

last term on the left hand side of (2.1) represents the aging of water, at a rate of 1 year per year,

for example. The solution of (2.1) is the spatial distribution of mean groundwater age assuming

steady flow conditions, and assuming that the mass flux across the boundary is proportional to the

water flux [24].

Equation (2.1) is limited because it can be applied for calculating the mean groundwater
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age only in a steady flow field, and it assumes that mass flux across the domain boundaries is

proportional to water flux. Also, mean groundwater age does not represent the entire distribution

of groundwater age. To address this limitation, Varni and Carrera [56] developed a governing

equation for the cumulative distribution function (CDF) of recharge time, F (tR; t,x), describing

the probability that water particles at location x at time t entered the aquifer at or after time tR.

The governing equation is given by [56]

∂(θF )

∂t
=

∂

∂xi

(
θDij

∂F

∂xj

)
− ∂

∂xi
(θviF ) (2.4)

F (tR; t,x) = 0 t ≤ tR (2.5)

F (tR; t,x) = H(t− tR) on Γ1 (2.6)[
Dij

∂F

∂xj
− viF

]
· ni = −v2iF2 · ni on Γ2 (2.7)

where H is Heaviside’s function, Γ1 is the recharge surface, Γ2 is the boundary with prescribed mass

flux, v2i is velocity of fluid flowing across the boundary in the i direction, F2 is the distribution of

water particles entering or leaving the aquifer through the prescribed mass flux boundary, and tR

is the recharge time. The solution of (2.4) gives F (tR; t,x) for a single tR and all x and t in the

domain. To obtain the full CDF, (2.4) must be solved repeatedly for many different values of tR.

The probability density function (PDF) of recharge time, ftR(tR; t,x), is calculated from the CDF

using

ftR(tR; t,x) =
∂

∂tR
F (tR; t,x) . (2.8)

Groundwater age, a, is defined as a = t − tR. From the CDF of recharge times, F (tR; t,x) and

PDF of recharge times, ftR(tR; t,x), we can define a CDF of groundwater age, Fa(a; t,x) and PDF

of groundwater age, fa(a; t,x), given by

fa(a; t,x) =
∂

∂a
Fa(a; t,x) . (2.9)
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Under steady flow conditions, Fa(a; t,x) is independent of tR so solving (2.4) for a single recharge

time is sufficient. However, under transient conditions, (2.4) must be solved for multiple recharge

times. If the number of potential recharge times is large, this approach is not practical. In contrast,

Ginn [22] developed a governing equation for groundwater age that includes an age dimension; thus

the PDF of groundwater age over multiple recharge times can be obtained by only one simulation.

This governing equation for groundwater age is given by [22, 60].

∂(θρ)

∂t
=

∂

∂xi

(
θDij

∂ρ

∂xj

)
− ∂

∂xi
(θviρ)− ∂

∂a
(θρ) (2.10)

ρ(x, a, t) = ρ on Γ1 (2.11)[
Dij

∂ρ

∂xj
− viρ

]
· ni = −v2iρ2 · ni on Γ2 (2.12)

where a is the age dimension and ρ = ρ(x, a, t) is the mass density of water at time t and a point

x with an age of a, and ρ2 is the mass density of water crossing Γ2. The term containing the

derivative with respect to age, a, represents the aging of the water mass at a unit rate, e.g., 1 year

per year. It has a similar form as the advection term, and can therefore be simulated as advective

transport in the age dimension at a unit velocity [60]. Although (2.10) can be solved to obtain a

groundwater age distribution, it cannot be solved by conventional groundwater flow and transport

simulators, except under special situations.

Groundwater age is a measurement of the amount of time that water particles have been

in the aquifer. It also represents the amount of time an aqueous chemical tracer has been in the

aquifer because a tracer travels through the aquifer at the same rate as a water particle. This

similarity in behavior of water and tracer movement has led to the application of groundwater age

as a tool to assess the groundwater well contamination.

An older groundwater represents a longer amount of time that an aqueous contaminant takes

to reach the well. This affects the groundwater well contamination in two competing ways. First,

wells at the locations with older groundwater are more distant from the source of contamination

than at the locations with younger groundwater. Contaminant concentrations at the more distant
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locations are lower because of dispersion. Thus, wells at the locations with older groundwater

should represent lower levels of contamination. However, in some situations, an older groundwater

can lead to increased groundwater well contamination. For example, if the wells are contaminated

and the source is removed to prevent further contamination, these wells will remain contaminated

until all of the contaminated water that has already recharged the aquifer passes them. In wells

with older groundwater, contamination will persist for a longer time.

For sorbing solutes, the solute does not travel through the aquifer at the same rate as a

water particle; thus, groundwater age is not an appropriate tool for assessing groundwater well

contamination for these chemicals. Instead, my research introduces a new concept, called “solute

age”, that represents the amount of time that a solute particle has been in the aquifer. For

non-sorbing solutes, solute age in a water sample is equivalent to groundwater age. However, for

sorbing solutes, which travel at a slower rate than water particles, solute age in a water sample

is greater than the groundwater age. In the context of groundwater well contamination, if a

well is contaminated with a sorbing solute and the source of contamination is eliminated, the

contamination will persist for a longer time than would be expected based on groundwater age.

For a reactive solutes, specifically for decaying solutes, the amount of contamination may

decrease over time. Thus, in the case of solute age for decaying contaminants, a given point

in the aquifer is less susceptible to becoming contaminated or reaching an unacceptable level of

contamination compared to the case of groundwater age. Furthermore, the contaminants may

decrease to concentrations that are below levels of concern.

The goal of this study is to introduce solute age as a tool for assessing the contamination at

a groundwater well. In the next section, we derive the governing equations for solute age. Next,

we investigate the effects of sorption and decay on solute age and the persistence of contamination

at a groundwater well under steady state conditions. In this work, we focus on linear equilibrium

sorption and first-order decay; however, the approach could potentially be applied to other sorption

and reaction models.
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2.1 Governing equations of solute age

We derive the governing equations of mean solute age and the solute age distribution based

on the approaches used to derive the governing equation of groundwater age [24, 56]. In order to

obtain the governing equation and the boundary conditions of mean solute age, we use the same

basic approach as Goode [24], and define two new quantities, and apply them to the ADE and the

boundary conditions. An assumption used to derive the governing equation of mean groundwater

age at a point in the domain is that the temporal integral of concentration is uniform throughout

the domain. For decaying solutes, however, the temporal integral of concentration is not uniform

so we cannot derive the governing equation of mean solute age for a decaying solute based on the

approach of Goode [24]. Thus, we derive the governing equation of mean solute age only for a

sorbing solute.

In order to obtain the equation for solute age distribution, we use the similar concept to that

Varni and Carrera [56] used to derive the governing equation for groundwater age distribution,

which is valid for both sorbing and decaying solutes (2.32). The methods used to derive the

governing equation for mean solute age and solute age distribution are shown in Section 2.1.1 and

2.1.2, respectively.

2.1.1 Mean solute age

Following Goode [24], we define two quantities, E and M , as

E =

∫ ∞
0

tc dt (2.13)

M =

∫ ∞
0

c dt (2.14)

where c is flux concentration, E represents a time-weighted average concentration, and M is related

to the total mass of contaminant. Under steady flow conditions and when the mass flux across the
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boundary is proportional to water flux, M is uniform [24, 52]. Using these quantities, the mean

groundwater age is given by Goode [24],

A =
E

M
=

∫∞
0 tc dt∫∞
0 c dt

(2.15)

where A is the mean groundwater age.

Goode [24] developed the governing equation for mean solute age by multiplying each term

in the ADE for a conservative solute by t, integrating each term over the time domain, using

the definitions from (2.13) to (2.15), and rearranging to obtain the governing equation for mean

groundwater age. We follow the same approach as Goode [24] to obtain the governing equation for

mean solute age. We also require the mass flux across the boundary is proportional to the water

flux, and we require steady flow conditions. To obtain the governing equation for mean solute age,

we start with the ADE. Since in the case of decay, M in (2.14) is not uniform, we cannot use the

approach of Goode [24] to obtain a mean solute age equation for a decaying solute. Therefore, we

start with the ADE for a solute that exhibits only linear kinetic sorption which is given by

θ
∂c

∂t
+ ρb

∂cs
∂t

=
∂

∂xi

(
θDij

∂c

∂xj

)
− ∂

∂xi
(θvic) (2.16)

ρb
∂cs
∂t

= ρbαs (Kdc− cs) (2.17)[
Dij

∂c

∂xj
− vic

]
· ni = 0 on Γ1 (2.18)[

Dij
∂c

∂xj

]
· ni = 0 on Γ2 (2.19)

where cs is sorbed phase concentration (mass of solute per mass of solid), ρb is bulk density, αs is

the sorption rate constant, and Kd is partition coefficient.

We define two new quantities as Es =
∫∞

0 tcs dt and Ms =
∫∞

0 cs dt . With these definitions,

we apply the approach of Goode [24] to (2.16) to (2.19) by multiplying each term by time, t, and

integrating over the time domain, to obtain the governing equation of solute age with the boundary
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conditions which are given by (see Appendix A)

∂

∂xi

(
θDij

∂A

∂xj

)
− ∂

∂xi
(θviA) + θ + ρbKd = 0 (2.20)

ρbαs (KdA−As) + ρbKd = 0 (2.21)[
Dij

∂A

∂xj
− viA

]
· ni = 0 on Γ1 (2.22)[

Dij
∂A

∂xj

]
· ni = 0 on Γ2 (2.23)

where As = Es/M .

If the solute follows a linear equilibrium sorption model, αs → ∞, so As = KdA. With this

condition, (2.20) and (2.21) simplify to

∂

∂xi

(
θDij

∂A

∂xj

)
− ∂

∂xi
(θviA) + θR = 0 (2.24)

where R = 1 + ρbKd/θ is the retardation coefficient.

Equation (2.24) is similar to the governing equation for mean groundwater age, (2.1), except

that the aging term is multiplied by R. The R in the aging term accounts for the fact that the

sorbing solute travels at a rate of 1/R relative to a non-sorbing solute (or relative to groundwater),

thus the travel time of the sorbing solute is a factor of R longer than the travel time of a non-sorbing

solute or groundwater particle. Consequently, the sorbing solute has an age of R times older than

a non-sorbing solute or groundwater.

2.1.2 Solute age distribution

Varni and Carrera [56] developed an expression for the CDF of recharge time in order to

obtain an expression for the groundwater age distribution. They defined F (tR; t,x) to represent

the portion of water particles at x at time t that entered the aquifer at or after time tR. The

quantity, F , is equivalent to the concentration of a tracer that started entering the aquifer at time

tR with unit concentration, and therefore F is governed by the ADE [56].
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To obtain the equation for solute age distribution, we use a similar concept in the context

of solute age. We define F (tR; t,x) to present the portion of water particles at x that contain

dissolved solute that entered the aquifer at or before time tR. Then, the quantity F is equivalent to

the concentration of a reactive chemical that started entering the aquifer at or after time tR with

unit concentration, and that is undergoing the same reaction processes as the solute.

In this case, F is governed by the ADE for a solute that exhibits linear kinetic sorption with

first-order decay, given by

θ
∂F

∂t
+ ρb

∂Fs
∂t

=
∂

∂xi

(
θDij

∂F

∂xj

)
− ∂

∂xi
(θviF )− λaθF − λsρbFs (2.25)

ρb
∂Fs
∂t

= ρbαs(KdF − Fs)− λsρbFs (2.26)

F (tR; t,x) = 0 t ≤ tR (2.27)

Fs(tR; t,x) = 0 t ≤ tR (2.28)

F (tR; t,x) = H(t− tR) on Γ1 (2.29)[
Dij

∂F

∂xj
− viF

]
· ni = −v2iF2 · ni on Γ2 (2.30)

where λa is the first-order decay rate in aqueous phase, and λs is the first-order decay rate in sorbed

phase. The solute is assumed to be entirely in the aqueous phase as it enters the aquifer because

the solute that enters the aquifer through natural or artificial recharge will necessarily be in the

aqueous phase. For the equation of solute age distribution, we define Fs as the ratio of sorbed

phase concentration (units of mass of solute per mass of solid) to the unit source concentration in

the aqueous phase (units of mass of solute per volume of water). Note that Fs is not a CDF.

If the solute follows a linear equilibrium sorption model, αs → ∞, Fs = KdF and λa = λs,

(2.25) and (2.26) simplify to

Rθ
∂F

∂t
=

∂

∂xi

(
θDij

∂F

∂xj

)
− ∂

∂xi
(θviF )− λaθRF (2.31)

Equation (2.31) is similar to the governing equation for the groundwater age distribution (2.4),
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except for the addition of the retardation coefficient and the decay term in (2.31).

Under steady flow conditions, solute age, a = t − tR, is independent of tR, so we can define

the CDF of solute age as

Fa(a; x) = F (a; t,x| tR = 0) (2.32)

and the PDF of solute age is given by

fa(a; x) =
∂Fa(a; x)

∂a
. (2.33)

2.2 Examples

In this section, we present a hypothetical example to demonstrate the differences between

solute age and groundwater age. We use a one-dimensional, homogeneous, confined aquifer (Figure

2.1), with specified head at the east boundary, specified flux at the west boundary, and a weak

pumping well in the center of the domain. We assume steady flow conditions. We simulate solute

age for four different conditions: (1) tracer (i.e., groundwater age), (2) linear equilibrium sorption,

(3) first-order decay, (4) linear equilibrium sorption and first-order decay. We use MODFLOW-2000

[26] to simulate groundwater flow, and we use MT3DMS [62] to simulate solute age. Parameter

values used in the simulations are shown in Table 2.2.

2.2.1 Mean solute age

To calculate mean solute age, we solve (2.24) using MT3DMS. We simulate the aging term

as a zero-order growth term. Figure 2.2 shows the mean solute age as a function of position, and

Table 2.2 shows the mean solute age at the pumping well (at x = 500 m). Figure 2.2 shows that

mean solute age increases with distance from the recharge boundary. The solute enters the aquifer

at the boundary at x = 0 m, so all solutes (tracer or reactive) have a mean solute age of A = 0 yr
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Figure 2.1: One-dimensional aquifer and boundary conditions used in the example problem.

Table 2.1: Flow and transport parameters for the example problem.

Parameter Value

Length 1000 m

Spatial discretization, ∆x 0.5 m

Transmissivity 1000 m2/yr

Pumping well location, xw 500 m

Pumping rate 50 m3/yr/ m2

Source location at x = 0 m (recharge boundary)

Recharge rate, qN at the recharge boundary∗ 100 m/yr

Source concentration, CN
† 1 kg/m3

Longitudinal dispersivity, αL 10 m
(where dispersion coefficient, D11 = αLv1)

Porosity, θ 0.25

Retardation coefficient, R 2

Decay rate in aqueous phase, λa 0.25 yr−1

∗ qN/θ represents v2i in (2.30).
† CN represents F2 in (2.30).
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Figure 2.2: Mean solute age as a function of position downstream of the recharge boundary.

there. The advective travel time of a tracer from the recharge boundary to location x is t = x/v1,

so the mean solute age of a tracer at location x is approximately A ≈ x/v1. Note that since solutes

are transported by both advection and dispersion, the mean solute age is not exactly equal to the

advective travel time. The groundwater velocity upstream of the pumping well at xw = 500 m

is v1 = 200 m/yr, so the plot of mean tracer age vs location in Figure 2.2 increases at a rate of

1yr/200 m. Downstream of the pumping well, the groundwater velocity decreases to v = 100 m/yr.

Thus, a tracer travels more slowly downstream of the well and the mean solute age downstream of

the well increases over distance at a higher rate.

Figure 2.2 also shows that mean solute age for a sorbing solute has the same shape as mean

solute age for a tracer. However, at any location, mean solute age for a sorbing solute is a factor

of R (R = 2) higher than the mean solute age for a tracer because sorbing particles travel through

the aquifer at a rate of v/R. Mean solute age at the pumping well of sorbing solute is A = 5.10 yr,

as compared to A = 2.55 yr for a tracer (Table 2.2).
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Figure 2.3: CDFs of solute age at the pumping
well.

Figure 2.4: PDFs of solute age at the pumping
well.

2.2.2 Solute age distribution

To obtain the solute age distribution, we solved (2.31) using MT3DMS, and used the results

in (2.32) and (2.33) to obtain the CDFs (Figure 2.3) and PDFs (Figure 2.4) of solute age. Note

that since this system has steady flow, solute age is independent of the recharge time, so we used

a recharge time of tR = 0 yr. Figure 2.3 shows the CDFs of solute age at the pumping well. The

CDF represents the probability that the solute particles at the pumping well have an age of a or

less. Figures 2.3 and 2.4 show that the solute age distribution at the pumping well for the tracer

ranges from approximately 1 - 4 yr. For the sorbing solute, the distribution is shifted to older

ages, approximately 3 - 8 yr. For the decaying solute, the distribution of ages is similar to the

distribution of the tracer; however, the CDF reaches a maximum value of 0.53, indicating that 47

% of the solute particles decayed prior to reaching the pumping well. Similarly, for the sorbing and

decaying solute, the distribution of ages is similar to the distribution for the sorbing solute; however,

the CDF reaches a maximum value of 0.29, indicating that 71 % of the solute particles decay prior

to reaching the well. Since the sorbing and decaying moves more slowly than the non-sorbing and

decaying solute, a larger portion of it decays prior to reaching the pumping well.

We obtained the PDFs of solute age as in Figure 2.4 for all locations in the domain (see

Appendix B), and we used them to calculate the mean solute age at each location. These ages are
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Figure 2.5: Mean solute age as a function of position downstream of the recharge boundary calcu-
lated from PDFs.

plotted in Figure 2.5, along with the equivalent mean solute ages calculated using (2.24). Table

2.2 shows the mean solute ages at the pumping well calculated from (2.24) and from PDFs for the

four different conditions. Figure 2.5 shows that mean solute age for a tracer and a sorbing solute

calculated from PDFs of solute age are consistent with those calculated directly from (2.24). Table

2.2 shows that mean solute age at the pumping well of sorbing solute is A = 5.10 yr, as compared

to A = 2.55 yr for a tracer. For a decaying solute, mean solute age at any location is slightly

lower than mean solute age of a tracer because some particles decay before reaching that location.

Table 2.2 shows that mean solute age at the pumping well of decaying solute is A = 2.49 yr, as

compared to A = 2.55 yr for the tracer. Mean solute age at any location for a sorbing and decaying

solute is older than mean solute age for a tracer because the sorbing solute travels more slowly. In

addition, mean solute age at any location for a sorbing and decaying solute is slightly younger than

mean solute age for a sorbing and non-decaying solute because some solute particles decay prior to

reaching a given point in the aquifer. Table 2.2 shows that mean solute age at the pumping well

for the sorbing and decaying solute is A = 4.85 yr, as compared to A = 2.55 yr for the tracer and

A = 5.10 yr for the sorbing solute.
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Table 2.2: Mean solute age at the pumping well.

Solute Type
Age (yr)

From (2.24) From PDFs

Tracer 2.55 2.55

Sorbing 5.10 5.10

Decaying NA 2.49

Sorbing and Decaying NA 4.85

2.3 Discussion

In this section, we discuss the relationship between the results obtained from section 2.2

and groundwater well contamination, and the difference between groundwater well contamination

assessed by groundwater age equations and solute age equations. Figure 2.6 shows the relative

concentration of solute at the pumping well at x = 500 m as a function of time after removal of a

source at x = 0 m for four different solutes (e.g. (1) tracer, (2) sorbing solute, (3) decaying solute,

(4) sorbing and decaying solute). We use this figure and Figure 2.4 to discuss solute age in the

context of groundwater well contamination.

Figure 2.4 shows that the distribution of groundwater ages in the pumping well ranges from

1 to 4 years, implying that water or tracer that enters the aquifer at x = 0 m will arrive at the

well in 1 to 4 years. This also implies that if a source of a tracer at x = 0 m were removed, the

well would remain contaminated for about 4 years, until all of the solute that entered the aquifer

prior to source removal passed the well. This is confirmed in Figure 2.6, which shows the relative

concentration of tracer in the well after removal of the source. Suppose an acceptable maximum

contaminant level of the tracer is 0.05c0, where c0 is the source concentration. After 3.5 years, the

concentration of the tracer at the well is reduced to less than 0.05c0.

For a sorbing solute, Figure 2.4 shows that the distribution of solute ages in the pumping

well ranges from 3 to 8 years, implying that sorbing solute that enters the aquifer at x = 0 m will

arrive at the well in 3 to 8 years. This also implies that if a source of a sorbing solute at x = 0

m were removed, the well would remain contaminated for about 8 years, until all of the solute
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Figure 2.6: Concentration at the pumping well at x = 500 m as a function of time after source at
x = 0 m was removed. c0 is the source concentration.
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that entered the aquifer prior to source removal passed the well. This is confirmed in Figure 2.6,

which shows the relative concentration of sorbing solute in the well after removal of the source.

Suppose an acceptable maximum contaminant level of the sorbing solute is 0.05c0. After 7 years,

the concentration of the sorbing solute at the well is reduced to less than 0.05c0.

For a decaying solute, the solute age distribution in Figure 2.4 and the relative concentration

as a function of time in Figure 2.6 are similar to the distributions for the groundwater age or tracer

except that the magnitude is reduced because of decay; at early times, the magnitude is reduced by

a smaller amount, while at later time, the magnitude is reduced by a larger amount. This implies

that if a source of a decaying solute at x = 0 m were removed, the well would remain contaminated

for the similar time to a tracer. Suppose an acceptable maximum contaminant level of the sorbing

solute is 0.05c0. The well will remain contaminated with the decaying solute for a slightly shorter

time than with the tracer. This is shown in Figure 2.4 where the distribution of solute age of the

decaying solute is slightly narrower than the distribution for the tracer, and in Figure 2.6, where

the relative concentration for the decaying solute is achieved in 3.2 years after removal of source,

which is earlier than for the tracer.

For a sorbing and decaying solute, the solute age distribution in Figure 2.4 and the relative

concentration as a function of time in Figure 2.6 are similar to the distributions for a sorbing solute

except that the magnitude is reduced because of decay. Thus, suppose the maximum contaminant

level of the sorbing solute is 0.05c0, the well would remain contaminated with the sorbing and

decaying solute for a longer time than with the tracer but for a shorter time than with the sorbing

solute. This is confirmed in Figure 2.6 which shows that the concentration of sorbing and decaying

solute at the well is reduced to less than 0.05c0 within 6.5 years after source removal, whereas, the

concentration of tracer, and sorbing solute are reduced to less than 0.05c0 within 3.5 and 7 years

of source removal, respectively.

These examples illustrate that the well will remain contaminated with a sorbing solute even

after an amount of time equal to the maximum groundwater age has elapsed. On the other hand, a

well may remain contaminated by a decaying solute for a slightly shorter time than the maximum
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groundwater age. Thus, if groundwater age (which is equivalent to the tracer travel time) were

used to assess groundwater well contamination, the persistence of contamination at a well to the

sorbing solutes or decaying solute would be misdiagnosed.

2.4 Conclusion

Groundwater age is often used to assess groundwater well contamination. Because tracers

travel at the same rate as groundwater, the groundwater age distribution at a location of interest

in the aquifer also represents the distribution of travel times of a tracer from a recharge source

to the location of interest. For this reason, the groundwater age distribution also represents the

length of time that the location of interest will remain contaminated after the source of the tracer

is removed. Groundwater age can be obtained through numerical simulations.

Goode [24] presented an approach for obtaining the governing equation of mean groundwater

age. Solving the governing equation of mean groundwater age gives mean age as a function of

location. Varni and Carrera [56] presented an approach for obtaining the governing equation of

groundwater age distribution. Solving the governing equation of groundwater age distribution gives

a CDF for the recharge time distribution, and taking the derivative of CDFs over recharge times

gives a PDF of recharge time. The CDF and PDF of groundwater age are obtained from the CDF

and PDF of recharge time by making a variable substitution of a = t− tR where a is age and tR is

recharge time.

For a sorbing solute or a decaying solute, the travel time of the solute is not equivalent to the

travel time of groundwater. For example, a solute that exhibits linear equilibrium sorption travels

more slowly than groundwater because of retardation. For a decaying solute, the solute travels at

the same rate as groundwater (or a tracer); however, as a decaying solute travels to an observation

point, the contaminant particles decay over time. Thus, upon removal of contaminant source, the

concentration of the decaying solute at the observation point would reach an acceptable level of

contamination of the decaying solute more rapidly than a tracer. Thus, groundwater age is not

an appropriate measure of the persistence of groundwater well contamination to reactive solutes.
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Instead, we introduced a new concept called solute age which represents the amount of time since

the solutes has recharged the aquifer.

We used the approach of Goode [24] to derive the governing equation of mean solute age

for a sorbing solute. Because this approach assumes that the temporal integral of concentration is

uniform throughout the aquifer, it is not appropriate for decaying solutes. However, it is appropriate

for sorbing solutes. We used the approach of Varni and Carrera [56] to derive the governing equation

for solute age distributions for both sorbing and decaying solutes. The CDFs and PDFs of solute

age for sorbing solutes are shifted to older ages relative to the distribution of groundwater age

because the sorbing particles travel slowly than tracer or groundwater. In view of groundwater

well contamination, this implies that a pumping well contaminated by a sorbing solute would

remain contaminated for a longer time after source removal than a non-sorbing solute or by what

would be expected based on groundwater age. Also, PDF of a decaying solute (non-sorbing) has

the same range of age distribution as groundwater age; however, the CDF reaches the maximum

value of less than 1. In view of groundwater well contamination, this implies that the pumping well

contaminated by a decaying solute would remain contaminated for approximately the same amount

of time after source removal as water contaminated with a tracer. However, it will be contaminated

with the lower level of contamination than for the case of a tracer. This is because the contaminant

particles released at long time ago are already decayed before they reach the pumping well.

The examples presented in this study are based on solutes that exhibit linear equilibrium

sorption and first-order decay. The time that an aquifer that is contaminated with a sorbing

and decaying solute will take to become uncontaminated, and the level of contamination at the

observation point are affected by both sorbing and decaying parameters. Also, these parameters

affect the differences between solute age and groundwater age through the applications on the

assessment of groundwater well contamination. Therefore, an additional work is need to determine

solute age for different sorption models and different reactions.



Chapter 3

Adjoint simulation of solute age

3.1 Introduction

The solute age of a groundwater sample quantifies the amount of time since the solute has

entered the aquifer. Any groundwater sample contains a mixture of parcels that recharge the aquifer

at different times; thus, a groundwater sample can represent a distribution of solute ages. For a

non-sorbing and non-reactive solute, solute age is equivalent to groundwater age. For a sorbing

solute, the contaminant moves more slowly than groundwater. As a result, the solute age of a

sorbing contaminant will be higher than groundwater age for the same water sample. For the case

of a decaying solute, the older solute particles are more likely to have decayed before reaching

the observation point so the solute age distribution is shifted toward a younger age relative to a

groundwater age distribution.

Solute age has several applications. Chapter 2 demonstrates that solute age is a useful

tool for quantifying aquifer vulnerability to a persistent source of contamination. If the source of

contamination is removed, a pumping well in the aquifer will remain contaminated until all of the

residual contamination has passed the well. The distribution of solute ages at the well is a measure

of the amount of time after source removal that a well will remain contaminated. A longer time is

needed for a sorbing contaminant than for a non-sorbing contaminant. Also, solute age can be used

to prioritizing change in land use. For example, different land uses can provide different sources of

contamination, and solute age for a different solutes can be used as a tool to determine how long

the pumping well will remain contaminated after changing the land use. A possible application
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includes prioritizing remediation activities. If a well is contaminated from several different sources,

e.g. several different agricultural fields, solute age can be used to determine which of the sources

should be remediated first to produce the most rapid improvement to the water quality at the well.

These examples show that solute age is generally applied at a single observation location, such

as a pumping well, whereas, the source of solute can be distributed over space and time. Standard

groundwater flow and transport simulations can be used to simulate the movement of solute and

the distribution of solute age. To obtain a distribution of solute age at a particular location

(e.g. a pumping well) and a particular time, it would be necessary to run multiple simulations

of a forward transport model, with different solute release times in each simulation [56]. This

approach is computationally intensive. Thus, in this chapter, we introduce the adjoint approach as

an alternative to calculate solute age distribution.

In the adjoint approach, the flow field is reversed, and information is propagated upgradient

in backward time from the observation point to all possible source locations and release times.

For a source released at a specific location (e.g. an injection well) and different release times, we

can obtain solute age distribution at a particular location and a particular time by running only

one simulation. Also, conventional flow and transport simulators can be used to solve the adjoint

equation. Thus, the adjoint approach is more efficient for obtaining solute age distribution.

The adjoint approach has been used in a variety of groundwater applications. Neupauer and

Wilson [37, 38] developed an adjoint equation of solute transport to identify the release time of

contaminant in the aquifer. The adjoint approach also has been used to determine the remaining

time before the contaminant at a particular point reached the observation point [11, 21]. Cornaton

et al. [11] used the adjoint approach to assess the effectiveness of waste repositories by determining

the remaining time before toxic contaminant from the repository locations reaches the biosphere.

Neupauer and Wilson [42] used the adjoint approach to calculate the capture zone of a pumping

well, which is the region around a pumping well that contributes groundwater to the well within a

particular time. Molson et al. [36] used the adjoint approach to assess the vulnerability of a water

supply well to the unknown source within the capture zone by determining the expected time to



30

reach maximum concentration at the well and the exposure time to concentration at the well above

threshold.

In the next section, I present the governing equation of solute age for a solute that exhibits

linear kinetic sorption and first-order decay. The governing equation of solute age in this chapter

includes an internal source and sink terms and the dispersive flux boundary which were not included

in the governing equation of solute age presented in Chapter 2. In Section 3.3, I present the adjoint

equation of solute age. In Section 3.4, I demonstrate the accuracy of my adjoint equation through

a hypothetical two-dimensional aquifer by comparing the results with solute age derived from the

adjoint equation shown in Section 3.3 to the governing equation of solute age shown in Section

3.2.

3.2 Forward equations of solute age

The forward governing equation of solute age was developed in Chapter 2 following the

approach of Varni and Carrera [56]. The state variable in the equation is F (tR; t,x) which represents

the portion of solute particles arriving at location x and time t that entered the aquifer at or after

time tR. It represents a cumulative distribution function (CDF) of recharge time tR. The quantity

F is related to the concentration of a reactive chemical that started entering the aquifer at time

tR with unit concentration; thus, the governing equation for F (tR; t,x) has the same form as the
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advection-dispersion equation (ADE), given by

θ
∂F

∂t
+ ρb

∂Fs
∂t

=
∂

∂xi

(
θDij

∂F

∂xj

)
− ∂

∂xi
(θviF )− λaθF − λsρbFs (3.1)

+qIFv − qOF

ρb
∂Fs
∂t

= ρbαs(KdF − Fs)− λsρbFs (3.2)

F (tR; t = 0,x) = 0 (3.3)

Fs(tR; t = 0,x) = 0 (3.4)

F (tR; t,x) = g1(x, t) on Γ1 (3.5)[
Dij

∂F

∂xj

]
· ni = g2(x, t) on Γ2 (3.6)[

Dij
∂F

∂xj
− viF

]
· ni = g3(x, t) on Γ3 (3.7)

where xi are the spatial directions (i = 1, 2, 3), vi is groundwater velocity in the xi direction, θ

is porosity, λa is the first-order decay rate in aqueous phase, λs is the first-order decay rate in

sorbed phase, qI is the volumetric inflow rate per unit volume, qo is the volumetric outflow rate

per unit volume, g1(x, t), g2(x, t), and g3(x, t) are known functions, and Γ1, Γ2, and Γ3 are domain

boundaries. Dij is the i, jth component of dispersion tensor where D11 = αL(v2
1/|v|)+αTH(v2

2/|v|),

D22 = αL(v2
2/|v|) + αTH(v2

1/|v|), and D12 = D21 = (αL − αTH)(v1v2/|v|) where |v| =
√
v2

1 + v2
2

is the magnitude of the velocity vector. Fv(tR; t > tR,x) = H(t − tR) represents a unit release of

solute and the recharge area for t > tR where H is the Heavyside function and tR is the recharge

time. Fs(tR; t,x) is defined as the ratio of sorbed phase concentration (units of mass of solute per

mass of solid) to the unit source concentration in the aqueous phase (units of mass of solute per

volume of water). Note that Fs(tR; t,x) is not a CDF. If the solute follows a linear equilibrium

sorption model, αs →∞, Fs(tR; t,x) = KdF (tR; t,x) and λa = λs, (3.1) and (3.2) simplify to

Rθ
∂F

∂t
=

∂

∂xi

(
θDij

∂F

∂xj

)
− ∂

∂xi
(θviF )− λaθRF + qIFv − qoF (3.8)
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where R = 1 + ρbKd/θ is the retardation coefficient.

The probability density function (PDF) of recharge time, ftR(t, tR,x), is calculated from the

CDF using

ftR(tR; t,x) =
∂

∂tR
F (tR; t,x) . (3.9)

Groundwater age, a, is defined as a = t − tR. From the CDF of recharge times, F (t, tR,x) and

PDF of recharge times, ftR(t, tR,x), we can define a CDF of solute age, Fa(a, tR,x) and PDF of

solute age, fa(a, tR,x), given by

fa(a; t,x) =
∂

∂a
Fa(a; t,x) . (3.10)

Under steady flow conditions, solute age, a = t − tR, is independent of tR, so we can define the

CDF of solute age as

Fa(a; x) = F (a; t,x| tR = 0) (3.11)

and the PDF of solute age is given by

fa(a; x) =
∂Fa(a; x)

∂a
. (3.12)

Equation (3.1) is considered as a forward equation that is solved using forward modeling.

With one simulation, we obtain F (tR; t,x) for all t and x for a single recharge time tR. To obtain

the full CDF of recharge time, (3.1) must be solved multiple times for different values of tR, which

is inefficient. Alternatively, we introduce the adjoint equation for solute age as shown in the next

section, which can produce the full CDF with just one simulation and therefore is computationally

more efficient.
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3.3 Adjoint equations of solute age

In this section, we derive the adjoint equation of solute age from the ADE for a solute that

exhibits linear kinetic sorption with first-order decay, given by

θ
∂c

∂t
+ ρb

∂cs
∂t

=
∂

∂xi

(
θDij

∂c

∂xj

)
− ∂

∂xi
(θvic)− λaθc− λsρbcs (3.13)

+qIcN − qOc

ρb
∂cs
∂t

= ρbαs (Kdc− cs)− λsρbcs (3.14)

c(x, 0) = co(x) (3.15)

cs(x, 0) = cso(x) (3.16)

c(x, t) = g1(x, t) on Γ1 (3.17)[
Dij

∂c

∂xj

]
· ni = g2(x, t) on Γ2 (3.18)[

Dij
∂c

∂xj
− vic

]
· ni = g3(x, t) on Γ3 (3.19)

where c is aqueous concentration, cs is sorbed phase concentration, cN is inflow concentration, co

is initial concentration in aqueous phases, and cso is initial concentration in sorbed phase. We

apply the sensitivity analysis approach of Sykes et al., [55] to (3.13) to (3.19) to derive the adjoint

equation of solute age and the boundary and final conditions. As stated above, the CDF of arrival

time between the recharge area and the observation location of interest, xw, is equivalent to the

concentration at the observation location due to a unit release of concentration from the recharge

location, thus, in terms of a sensitivity, the CDF can be expressed as

Ft(t; x, tR) =
dc(xw, tw)

dcN (tR)
. (3.20)
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We are actually interested in the CDF of solute age, a = t− tR. Using a change of variables on the

previous equation, the CDF of solute age is given by

Fa(a; t,x) =
dc(xw, tw)

dcN (t− a)
. (3.21)

This CDF is based on the concentration at a specific location and time, for many different ages or,

equivalently, for many different values of tR.

Since (3.13)-(3.19) requires one simulation for each value of tR, it is inefficient to obtain this

CDF from (3.13) - (3.19). Instead, we use sensitivity analysis to obtain the adjoint of (3.13) - (3.19)

that more directly solves for this CDF. Using sensitivity analysis, the CDF in (3.21) is rewritten

as (Appendix C)

dc(xw, τw)

dcN
=

∫∫
Ω,τ

qIφ(x, τ) dΩdτ (3.22)

where Ω is model domain. The PDF of solute age is given by

fa(a; τ,x) =
∂Fa(a; τ,x)

∂a
=

∫
Ω
qIφ(x, τ) dΩ (3.23)
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where φ is an adjoint state obtained by solving the adjoint equation given by (see Appendix C)

θ
∂φ

∂τ
+ ρb

∂φs
∂τ

=
∂

∂xi

(
θDij

∂φ

∂xj

)
+

∂

∂xi
(θviφ)− λaθφ− λsρbφs (3.24)

−qIφ+ δ(x1 − x1w)δ(x2 − x2w)δ(x3 − x3w)δ(τ)

ρb
∂φs
∂τ

= ρbαs (Kdφ− φs)− λsρbφs (3.25)

φ(x, τ = τw) = 0 (3.26)

φs(x, τ = τw) = 0 (3.27)

φ(x, τ) = 0 on Γ1 (3.28)[
Dij

∂φ

∂xj
+ viφ

]
· ni = 0 on Γ2 (3.29)[

Dij
∂φ

∂xj

]
· ni = 0 on Γ3 (3.30)

where φ is adjoint state of aqueous phase concentration, φs is adjoint state of sorbed phase concen-

tration, and τ is backward time. This equation assumes steady flow or negligible specific storage.

If the solute follows a linear equilibrium sorption model, αs → ∞, so cs = Kdc, and (3.24) and

(3.25) simplify to

Rθ
∂φ

∂τ
=

∂

∂xi

(
Dij

∂φ

∂xj

)
+

∂

∂xi
(θviφ)− λaθRφ− qIφ (3.31)

+δ(x1 − x1w)δ(x2 − x2w)δ(x3 − x3w)δ(τ).

The adjoint equation and the initial and boundary conditions are similar to the forward equation

of solute age, (3.1) to (3.8), with a few exceptions. The sign on the advection term in the adjoint

equation is opposite to the forward equation, and internal sources in the forward equation becomes

internal sinks in the adjoint equation. This allows for the upgradient propagation of information.

Also, the sink term in the forward equation vanishes because the sink of solute is not a source of

adjoint state. There is an additional load term in the adjoint equation that represents the source

of adjoint state at the observation location and time. In addition, the second type boundary in
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the forward equation becomes a third type boundary in the adjoint equation, and the third type

boundary in forward equation becomes a second type boundary in the adjoint equation.

To obtain a distribution of solute ages at an observation point, a source of adjoint state

is released at the observation location at the time of interest, and is propagated upgradient and

backward in time through the solution of (3.24) - (3.31). The resulting adjoint state is used in

(3.23) to obtain the distribution of solute ages for solute that entered at the recharge source.

3.4 Examples

In this section, we demonstrate a hypothetical example to present the consistency between

solute age distribution derived from the forward equation of solute age and from the adjoint equation

of solute age. The hypothetical aquifer (Figure 3.1) is a two-dimensional, homogeneous, confined

aquifer, with specified head at the east and west boundaries. The specified head, h1, at the east

boundary is constant to 94.5 m. The specified head at the west boundary varies with time,

h1(x1 = 0 m, t) =

 129.475 m for t ≤ 20 yr

258.95 m for t > 20 yr

(3.32)

Although this change in head is physically unrealistic, we chose it to emphasize that the results of

the adjoint approach are valid, even for substantial temporal changes in velocity. Figure 3.2 shows

the head distributions for t ≤ 20 years and for t > 20 years. The solute is released from a recharge

area in the western part of the domain. The recharge rate, qI , is given by

qI =

 0.2 yr−1 102.5 m < x1 < 152.5 m, and 127.5 m < x2 < 177.5 m

0 otherwise.

(3.33)

A weak pumping well is in the eastern part of the domain. We simulate the solute age distribution at

the well using both the forward and adjoint approaches. We use MODFLOW-2000 [26] to simulate

groundwater flow, and we use MT3DMS [62] to simulate solute age. Parameter values used in the
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simulations are shown in Table 3.1.

3.4.1 Forward simulation

We use forward simulation to obtain the solute age distribution for water samples taken from

the pumping well at various observation times (up to t = 50 yr). The solute age distribution is

equivalent to the probability density function of solute age, fa(a; t,x), which can be obtained by

differentiating the CDF of solute age with respect to age. The CDF of solute age is related to

the CDF of recharge time, F (tR; t = tw,x = xw). Although this CDF can be obtained by solving

(3.8), the solution of (3.8) produces the CDF for all times t for a specific value of the recharge

time. Thus, we solve (3.8) multiple times, each for a different recharge time. In this work, we use

recharge times of tR = 0 yr, 0.1 yr, 0.2, yr, ... 49.9 yr, for a total of 500 simulations. Figure 3.3

shows the output of a subset of the 500 simulations, representing the CDF of recharge time plotted

vs. time t. Each curve represents the output from one simulation, representing on recharge time tR

and many different times t. Note that these are CDFs of recharge time tR, but are plotted against

time t.

The CDF of recharge time for a given time tw, F (tR; t = tw,x = xw), is obtained by extracting

the value F at the time tw from each of the curves in Figure 3.3. These CDFs are plotted in 3.4.

Note that what is shown in Figure 3.4 is the probability that the recharge time is greater than

tR, unlike the normal way of presenting a CDF as the probability that the recharge time is less

than or equal to tR. Figure 3.5 shows the CDF of solute age, which is obtained by rescaling the

horizontal axis of Figure 3.4 to a = t − tR, and Figure 3.6 shows the PDF of solute age, obtained

by numerically differentiating the CDFs in Figure 3.5 with respect to a.

For t ≤ 20 yr, the flow field is steady. Solute that reaches the pumping well during this time

entered the aquifer through the recharge area and traveled to the pumping well in approximately

2 to 5 years (solid blue curve in Figure 3.6 ). For example, consider solute that arrives at the well

at t = 15 years (red solid line in Figure 3.4). Since the travel time between the recharge area and

the well is approximately 2 to 5 years, solute that entered the aquifer at recharges times of 10 to
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Figure 3.1: Two-dimensional aquifer and boundary conditions used in the example problem. A
small box on the upper left hand side of the figure shows grid cells in recharge area used in the
simulations, and A, B, C and D are locations where the adjoint distributions are shown in Figure
3.7 and 3.8.

Table 3.1: Flow and transport parameters for the example problem in two-dimensional forward
and adjoint simulations.

Parameter Value

Length 700 m

Width 300 m

Spatial discretization, ∆x1 5 m

Spatial discretization, ∆x2 5 m

Aquifer thickness, B 1 m

Transmissivity 1000 m2/yr

Pumping well location, (x1w , x2w) (497.5 m, 152.5 m)

Pumping rate, Qw 3 x 105 m3/yr

Source location (recharge area) 50 x 50 m2

Longitudinal dispersivity, αL 10 m

Transverse dispersivity dispersivity, αTH 0.2 m

Horizontal dispersivity, αH 0.2 m

Porosity, θ 0.25

Retardation coefficient, R 2
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Figure 3.2: Head distribution (in m) for (a) t ≤ 20 years and (b) t > 20 years. The black square
denotes the recharge area, and the solid circle denotes the pumping well location.
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14 years can arrive at the well at t = 15 years. As shown in Figure 3.4, the probability that the

recharge time is greater than 13 years for solute that arrives at the well at t = 15 years is essentially

zero, while the probability reaches a maximum for recharge times less than approximately 10 years.

Note that the maximum value is approximately 0.094. This indicates that 9.4% of the solute that

enters the aquifer at these recharge times will reach the well, while 91.6% of the solute will bypass

the well.

Solute that reaches the pumping well for t > 22 years also experienced steady flow conditions,

but now with travel times of approximately 0.5 to 1.5 years (cyan curve in Figure 3.6) between the

recharge area and the well. Thus, the CDFs in Figure 3.4 show that for recharge times greater than

t − 0.5 years, the probability of solute arriving at the well by time t is essentially zero; while for

recharge times less than t− 1.5 years, the probability that solute would have arrived at the well by

time t is at its maximum value. In this case, the maximum value is approximately 0.023, indicating

that 2.3% of the solute reaches the well, while 97.7% of the solute bypasses the well. Less solute

arrives at the well for t > 22 years than for t ≤ 20 years because the total flow rate through the

aquifer is higher, and therefore the well extracts a smaller portion of the overall flow. In other

words, the capture zone of the pumping well is wider for t ≤ 20 years and narrow for t > 22 years.

Solute that arrives at the well between 20 years < t < 22 years experienced transient flow

conditions as it traveled from the recharge area to the well. Thus, the travel times fall between

the ranges of travels times identified for the steady state conditions for t ≤ 20 years and t > 22

years. Likewise, the distribution of ages varies with t in this range (Figure 3.6). Some of the solute

that arrives at the well at t = 20.5 years entered the recharge area at tR = 20 years, immediately

after the flow field changed, and traveled on the fastest flow path from the recharge area to the

well; thus the youngest ages of solute arriving at the well at t = 20.5 years are approximately 0.5

years (dashed blue line in Figure 3.6). Also, most of the solute that arrives at t = 20.5 years was

already in the aquifer prior to the change in the flow field, so it experiences a combination of the

fast and slow flow fields, so the PDF of solute ages is shifted toward younger ages, relative to the

age distribution for t ≤ 20 years. As the arrival time increases, the distribution of solute ages shifts
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Figure 3.3: CDFs for recharge time at the pumping well under transient flow conditions for recharge
time, tR between 0 and 49.9 years.

towards younger ages (see Figure 3.6) because a larger proportion of the solute experiences the

faster flow field. Note also that the maximum values of the CDFs of solute age also change (Figure

3.5). Some of the solute that was in the wider capture zone at t ≤ 20 years is no longer in the

narrower capture zone, so less solute mass arrives at the well, leading to maximum values of the

CDF that fall between the two extreme values for t ≤ 20 years and for t > 22 years.

3.4.2 Adjoint simulation

We use the adjoint method to obtain the solute age distribution for water samples taken

from the pumping well at four different observations times, tw = 20 yr, 20.5 yr, 21 yr, and 25

yr, or equivalently, τw = 30 yr, 29.5 yr, 29 yr, and 25 yr, where backward time τ is defined as

τ = tf − t and tf = 50 yr. We solved (3.31) by reversing the MODFLOW flow field from the

forward simulation to allow upgradient propagation of the adjoint state. The load term in (3.31)

was approximated as

δ(x1 − x1w)δ(x2 − x2w)δ(x3 − x3w)δ(τ) ≈ 1

∆x1w∆x2wB∆τ
(3.34)
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Figure 3.4: CDFs of recharge time at the pumping well under transient flow conditions.

Figure 3.5: CDFs of solute age at the pumping well under transient flow conditions.
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Figure 3.6: PDFs of solute age at the pumping well under transient flow conditions.
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where B is the aquifer thickness. Also, it was introduced at the cell containing the well during

the time step containing τw, where ∆τ is the duration of the time step. The boundary conditions

are shown in Figure 3.1. The resulting adjoint states are used in (3.23) to obtain the solute age

distribution. Note that qI is non-zero only at the recharge area, so only the adjoint states in the

recharge area are used in (3.23).

The temporal distribution of the adjoint state for four grid block in the recharge area (see

Figure 3.1 for the locations) for the simulation with τw = tw = 25 yr are shown in Figures 3.7 and

3.8, plotted against backward time τ and solute age a = τ − τw, respectively. Of the four points,

point B is closest to the pumping well; therefore, solute that enters the aquifer at this point has

the shortest travel time to the well and also the youngest ages. Point A is farthest from the well, so

the solute age distribution for solute that entered at this location is shifted to slightly later times.

Points C and D are an intermediate distance from the well, and the solute age distribution for

solute that entered at either of these locations is shifted to older ages compared to Point B and to

younger ages compared to Point A.

The complete solute age distributions for solute that was observed at the pumping well at

tw = 20, 20.5, 21 and 25 years, obtained by solving (3.23), are shown in Figure 3.9. The results

from the forward simulation are also shown. These results show that the solute age distributions

obtained using the adjoint approach match well with those obtained using the forward approach.

Some slight discrepancies are apparent for tw = 20.5 yr and tw = 21 yr, due to the adjoint load being

released over a finite duration ∆τ (see (3.34)) instead of at an instant in time. This discrepancy is

not apparent for tw = 20 yr or tw = 25 yr because the solute arriving at the well at these times only

experiences a single steady state flow field, so the precise timing of the release is inconsequential.

For all tw ≤ 20 yr, the solute age distribution would be equivalent to the distribution for tw = 20

years. Also, the solute age distribution for any tw > 22 yr is equivalent to the distribution for

tw = 25 yr.
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Figure 3.7: Temporal distribution of adjoint
state over backward time observed at location
A, B, C and D where tw = 25 years and τw =
25 years.

Figure 3.8: Temporal distribution of adjoint
state over age observed at location A, B, C
and D where tw = 25 years and τw = 25 years.
Age in x-axis is derived by τ − τw.

Figure 3.9: Comparison between PDFs of solute age from forward simulation and adjoint simulation
at different times.
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3.5 Discussion

The results shown in Figure 3.9 required four adjoint simulations, one for each observation

time tw, and additional post-processing to evaluate the integral shown in (3.23) to obtain the solute

age distribution from the distribution of adjoint states. Using the forward approach to obtain the

same results required 500 simulations, and additional post-processing to obtain the CDF of solute

age, and numerical differentiation to obtain the PDF of solute age, which represent the solute

age distribution. Thus, the adjoint approach is computationally more efficient than the forward

approach, and leads to equivalent results.

3.6 Conclusion

Solute age is defined as the amount of time since the solute has entered the aquifer. It can

be used to determine the travel time that the reactive contaminants such as sorbing or decaying

contaminants take to travel from the recharge point to an observation point. In this Chapter, I

derive an adjoint equation for calculate solute age under transient flow conditions for a contaminant

that is released from a distributed, continuous source. My adjoint equation is derived based on

the sensitivity approach where our system parameter of interest is the solute concentration at the

recharge source. In addition, we use a two-dimensional hypothetical example to demonstrate the

application of adjoint equation for obtaining the solute age distribution. Using adjoint equation to

obtain the solute age distribution at a particular location and time, we solve an adjoint equation

only one time. This is more efficient than the governing equation for solute age which requires

multiple simulations, one simulation for each recharge time. Also, the adjoint equation produce the

equivalent results to forward equation.



Chapter 4

The riverbank filtration systems

4.1 Introduction

One application of solute age is to assess the effectiveness of riverbank filtration (RBF). RBF

is a surface water treatment technology that uses an aquifer adjacent to a river as a natural filter.

The river water is commonly contaminated due to agricultural runoff, effluents from industries and

communities [51]. A well in the aquifer near the river draws water from both the aquifer and the

river, and contaminants in the river water undergo biological and chemical reactions while traveling

through the subsurface materials. The natural processes, including sorption in the riverbed layer

and biodegradation and sorption along the flow path, cause a decrease in contaminant levels as

river water travels to the RBF well [1, 4, 13]. RBF has been widely used to remove suspended

particles, natural organic matter, organic contaminants, nutrients, pathogens and viruses [1, 12, 13,

14, 27, 44, 45, 58]. It also has been demonstrated to remove poorly degradable sulfamethoxazole

which is found in effluents from waste water treatment plant [3]. Because the contaminated water is

naturally filtered in this method, RBF requires less additional chemical treatment and is considered

as a cost-effective technology [4, 45].

Factors that affect the effectiveness of RBF systems include the degree of the hydraulic

connection between the riverbed and the aquifer [44], river water fluctuation [49], hydrologic events

such as heavy rainfall and runoff [28, 53], river water temperature [16], aquifer properties [53], and

redox conditions [3, 25, 53]. For example, the river water fluctuations and the gradual adaptation

of the groundwater table in the aquifer adjacent to the river, or heavy rainfall and runoff control
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flow and transport in the RBF, and affect water quality of both river water and water at the RBF

well by increasing in transport of contaminant to the RBF system [16, 28, 53]. In addition, since

the water at the production well is the mixture of both groundwater and river water, the dilution

effect becomes an important factor on the contaminant removal in RBF system when the RBF well

located farther from the river [2, 53].

A key parameter in siting the the RBF well is the travel time of the contaminants from the

river to the RBF well [2, 12, 32, 44], which must be sufficiently long to allow adequate time for

biological and chemical reactions to occur in order to produce higher quality water. For example,

Grühield et al. [25] review the design and operation of RBF around the world and found that

in Europe, RBF is used along with little additional treatment to remove biodegradable dissolved

organic carbon, particles and trace pollutants, and RBF wells are designed with travel times from

weeks to months. In North America, RBF is commonly used as a primary treatment for pathogens,

and RBF wells are designed with travel times from hours to weeks. In Berlin, Germany, the public

groundwater supply mainly relies on RBF with travel times at least several months. Another

example is Sprenger et al. [53] who study the effectiveness of an RBF well by determining travel

times between the RBF well and the river, and compare to the travel times required for contaminant

removal recommended by the typical groundwater protection regulations or presented by different

literature reviews (e.g. the range of travel times required for removal of bacteria and viruses are 11 –

63 days and 13 – 43 days, respectively). The travel time of the contaminant depends on the sorption

properties of the contaminant, groundwater velocity along the flow path, the distance between the

RBF well and the river, the pumping rate, fluctuating river levels and flood events [2, 12, 46, 53].

For example, Abdel-Fattah et al. [2] demonstrate that the travel times for a contaminant released

at the river location farther from the RBF well is longer than that at the river location closer to

the RBF well. They also show that the pumping rate has more effect on river water travel time

than location of the pumping well. In addition, according to Partinoudi and Collins [44], there are

slight variations in travel times due to the river stage fluctuations. Also, Sprenger et al. [53] and

Eckert and Irmscher [16] found that a flood event shortens travel time between the river and the
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RBF well. This is because during flood events the hydraulic gradient between the river and the

adjacent aquifer increases significantly. Tracer-based approach, Darcy’s law and particle tracking

simulations are used to estimate travel time for the assessment of RBF [2, 12, 44]. In addition,

backward particle tracking simulation has been used to delineate capture zones for the RBF well

for a given pumping period, and this can be used to evaluate the effectiveness of RBF well from

the view that the capture zone represents the areas around the RBF well which has different travel

times and the contaminant concentrations, and the effective RBF well should provide the capture

zone which has an acceptable water quality [2].

In this Chapter, I use solute age to evaluate the effectiveness of an RBF well at a site that is

downstream of a major metropolitan area where the river water level fluctuates. The contaminant

is assumed to sorb and decay as it travels along the flowpath from the river to the RBF well, and

this process is expected to reduce the contaminant concentration at RBF well. In this work, we

use the adjoint equation developed in Chapter 3 for a sorbing (linear equilibrium sorption) and

decaying (first-order decay) solute to calculate solute age of solute that is extracted at the RBF

well. In adjoint simulation, the adjoint state is released at the RBF well at a time of interest, and

the adjoint state is propagated upgradient in backward time. The breakthrough curve of adjoint

states at each model river cell is related to a solute age distribution that represents the time at

which solute that arrived at the RBF well at the time of interest entered the aquifer from that river

cell. In addition to using the adjoint approach to calculate the distribution of solute travel times,

I also demonstrate how solute age developed from the adjoint equation can be used effectively in

the design and analysis of a RBF system.

4.2 Site description

The study site is an alluvial aquifer and river system with a river that runs from north to

south. The river has average flows of approximately 1,000 cubic feet per second (cfs) with frequent

floods of greater than 20,000 cfs, leading to rapid fluctuations in the river stage (See Figure 4.1).

The river is frequently dominated by wastewater effluent. RBF was proposed as a treatment method
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Figure 4.1: River stage as the function of time at year of 2013.

to remove the contaminant from the river water to permit the river water to be used as a drinking

water supply. An RBF well was proposed to be placed near a bend in the river, approximately 200

ft from the river.

4.3 Model

To determine solute age, we first obtain the head distribution in the aquifer. Groundwater

flow velocities and directions are calculated from Darcy’ law using the head distribution. Head,

needed for generating groundwater flow velocity in the aquifer, is obtained from

S
∂h

∂t
= T

∂2h

∂x2
i

+
Kr

br
(hr − h)I(x)−Qwδ(x− xw) (4.1)

h(x, t = 0) = h0(x) (4.2)

h(x, t) = h1(x, t) on the boundaries (4.3)

where S is the storage coefficient, h is head, xi are the spatial directions (i = 1, 2, 3), T is trans-

missivity, Kr and br are the hydraulic conductivity and thickness of the river bed, respectively, hr

is head in the river, I(x) is an indicator function that has a value of 1 at the river and a value of 0

everywhere else, Qw is the pumping rate, and xw is the location of the pumping well. Where the
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aquifer is directly connected to the river, the flow rate, Qr, from the river to the aquifer is given by

Qr =
Kr

br
WL(hr − h) = Cr(hr − h) (4.4)

where W is the river width, L is the river length, and Cr = (Kr/br)WL is the river bed conductance.

The adjoint equation of transport, which is used to calculate the solute age distribution, was

derived in Appendix C and is given by

Rθ
∂φ

∂τ
=

∂

∂xi

(
Dij

∂φ

∂xj

)
+

∂

∂xi
(θviφ)− λaθRφ− qIφ (4.5)

+δ(x1 − x1w)δ(x2 − x2w)δ(x3 − x3w)δ(τ)

φ(x, τ = τw) = 0 (4.6)[
Dij

∂φ

∂xj

]
· ni = 0 on the boundaries (4.7)

where φ is the adjoint state of aqueous phase concentration, τ is backward time, θ is porosity,

R is the retardation coefficient, and λa is the first-order decay rate. The groundwater velocity

in the xi direction is defined as vi which is derived from Darcy’s law, and is reversed in space

and time to allow for upgradient propagation of the adjoint state. Dij is the i, jth component of

dispersion tensor where D11 = αL(v2
1/|v|) + αTH(v2

2/|v|), D22 = αL(v2
2/|v|) + αTH(v2

1/|v|), and

D12 = D21 = (αL − αTH)(v1v2/|v|) where |v| =
√
v2

1 + v2
2 is the magnitude of the velocity vector.

In this study, we assume that ∂h/∂τ is negligible. The volumetric inflow rate per unit volume is

defined as qI which represents the exchange of water from the river to the aquifer, given by

qI =
Qr(x)I(x)

WLB
=

Cr(hr − h)I(x)

WLB
(4.8)

where Qr is defined in (4.4). The adjoint state from (4.5) is related to the solute age distribution,
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fa(a; τ,xw), according to (Chapter 3)

fa(a; τ,xw) =

∫
Ω
qI(x, τ)φ(x, a; τ,xw) dΩ, (4.9)

where Ω is model domain, and fa is the distribution of solute ages in the water extracted at the

pumping well at xw and at time τ .

The modeled aquifer is two-dimensional, homogeneous, and confined. The model of this site

was developed by Leonard Rice Engineers, Inc., and was provided to us for use in this investigation.

We extended their domain 1,000 m to the east, and modified the boundary conditions and the

values used for river bed conductance. The model domain and grid are shown in Figure 4.2, and

the boundaries and initial head are shown in Figure 4.3, along with the location of the river and

the RBF well.

We redefined the boundaries to be specified head boundaries, with h1(x1 = 0 ft, x2)= h1(x1 =

3, 600 ft, x2) = 298 ft on the east and west boundaries, and along the north and south boundaries,

head decreases from h1 = 298 ft at x1 = 0 ft and x1 = 3, 600 ft to h1 = 297.5 ft at the river grid

blocks. With these boundary conditions, groundwater flows toward the river at a very low gradient

under natural conditions, except when the river is in flood stage, when water flows out of the river.

Then, with pumping, the cone of depression around the pumping well reverses the gradient near

the river so that water flows from the river to the well. The original model had constant river bed

conductance; however, our model has constant Kr/br of 1 day−1, leading to river bed conductance

from (4.4) that varies according to the grid block size, where W and L in (4.4) are the width and

length, respectively, of the grid block.

We use MODFLOW-2000 [26] to simulate groundwater flow and MT3DMS [62] as the con-

taminant transport simulator to obtain solute age distributions. We simulate exchange of water

between the river and aquifer using the RIV package in MODFLOW, which uses a user-specified

river stage. For our simulations, we use the river stages shown in Figure 4.1. The river stage prior

to March 1, 2013 is assumed to be constant and equal to the value observed on March 1. Parameter
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Figure 4.2: Groundwater model domain and finite difference grid. The blue-shaded cells represent
river cells, and the white circle at (x1, x2) = (1, 387 ft, 2, 899 ft) represents the RBF well.

Figure 4.3: Boundaries and initial head. Cells with blue borders represent river cells, and the black
circle at (x1, x2) = (1387 ft, 2899 ft) represents the RBF well.
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values used in the simulations are shown in Table 4.1.

4.4 Results

In the adjoint simulation, the RBF well is treated as an instantaneous source of adjoint state.

To obtain a distribution of solute ages of the solute that arrived at the RBF well on May 13, 2013

as an example in this study, the adjoint source is released on May 13, 2013, which is defined as

backward time, τ = 0 days in the simulation. This adjoint state, φ, is propagated upgradient and

backward in time from the RBF well. Also, it is used in (4.9) to calculate the distribution of solute

ages at the RBF well, which represents the times prior to May 13 when the solute entered the

aquifer from the river.

The solute age distribution is presented in Figure 4.4 which shows that solute ages of the

solute observed at the RBF well range from 200 days to 2,500 days with mean calculated from

this distribution of 1,012 days. This implies that a solute observed at the RBF well on May 13,

2013 entered the aquifer in 200 to 2,500 days ago or on average 1,012 days ago. To evaluate the

effectiveness of the RBF well, the RBF well is effective if the travel time between the river and the

RBF well is long enough to achieve sufficient contaminant degradation. Thus, in this study, the

RBF well will be effective if the travel time required to achieve sufficient contaminant degradation

is less than approximately 1,012 days.

Figure 4.4 shows that solute age distribution varies smoothly during the time when the river

stage is constant, earlier than March 1, 2013 or a > 74 days, and fluctuates considerably when the

river stage varies in time, after March 1, 2013 or a < 74 days. This result can be explained as

follows. The solute age distribution depends on the volumetric flow rate per unit volume between

the river and the aquifer, qI , which depends on river stage and aquifer head (4.8). In this study,

since aquifer heads vary with location and time and river stages vary with time, qI in (4.8) and

(4.9) has both spatial and temporal variations. After March 1, 2013, the river stage and the flow

rate are higher than usual, the head gradient between the river and the aquifer increases, so more

water and consequently more contaminant enters the aquifer. Thus, the probability increases that
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Table 4.1: Flow and transport parameters for the study area.

Parameter Value

Length 3,500 ft

Width 4,200 ft

Spatial discretization, ∆x1 1.5 - 100 ft

Special discretization, ∆x2 1.5 - 100 ft

Aquifer thickness, B 10 ft

Transmissivity 2,540 ft2/day

Pumping well location, (xw1, xw2) (1, 387 ft, 2, 899 ft)

Pumping rate, Qw 1,347.5 ft3/day

River stage 297 - 306 ft

Hydraulic conductivity of riverbed, Kr 1 ft/day

Thickness of riverbed, br 1 ft

Longitudinal dispersivity, αL 5 ft

Transverse dispersivity, αTH 0.1 ft

Horizontal dispersivity, αH 0.01 ft

Porosity, θ 0.1

Retardation coefficient, R 2

First-order decay rate, λa 2.5 x 10−4 day−1

Storage coefficient, S 0.015

Figure 4.4: Solute age of the RBF system. (a) Full age range. (b) Enlargement for a < 100 day.
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the contaminant observed at the RBF well was released when the river water level was higher. As

a result, after March 1, 2013 or a < 74 days, fa(a; τ,xw) reflects this behavior.

We evaluated (4.9) for each river grid block to obtain a solute age distribution for each

river grid block. Figure 4.5 shows the mean solute age for each river grid block, representing the

mean travel time from that block or location to the RBF well. From Figure 4.5, mean solute

age for a solute that travels between each location along the river and the RBF well ranges from

approximately 60 days to 2,500 days. In addition, the locations along the river nearer to the RBF

well have shorter mean solute ages than the locations that are farther from the well. For example,

location A which is closer to the well has a mean solute age of 1,000 days, whereas, location C which

is farther from the well has a mean solute age of 2,500 days. The other locations including location

B which have very young mean age of approximately between 60 - 70 days are the locations where

the river gains water from the aquifer for most of times, except during high river stages. For the

observation time as May 13, 2013, these river cells contribute water to the aquifer only for times

between 60 - 70 days prior to observation which is consistent to mean age approximately between

60 - 70 days.

4.5 Discussion

Since the concentration of solute in river water can be time-dependent due to river stage

fluctuations, it may not be sufficient to specify a required travel time. When solute concentration

in a river is high, a longer travel time may be needed to achieve sufficient contaminant degradation

than when solute concentration in a river is low. To address this issue, we calculate the mean

concentration of river water that is extracted at the RBF well. This mean concentration depends

on solute age and the concentration in the river water at the time that water recharges the aquifer,

and is given by

C(tf ,xw) =

∫
fa(a; tf ,xw)Criv(tf − a) da (4.10)
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Figure 4.5: Mean solute age (days) for a solute that travels between each location along the river
to the RBF well.
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where C(tf ,xw) is the concentration of a solute when it arrives the well at xw and at an observation

time tf , fa(a; tf ,xw) is the distribution of solute ages for a solute from the river that arrives the

well at xw and at an observation time tf , and Criv(tf − a) is the concentration of a solute in the

river which varies with time, t, where Criv(tf − a) = Criv(t) by using the definition of solute age,

a = tf − t.

As an example, let the concentration of a solute in the river fluctuate in a sinusoidal pattern

as shown in Figure 4.6a. For a given observation time tf , the integrand in (4.10) is obtained by

multiplying the solute age distribution presented in Figure 4.4 by Criv(tf − a). This integrand

is shown in Figure 4.6b for an observation on May 13, 2013. In Figure 4.6b, we also present the

integrand for an observation on June 26, 1997 in order to demonstrate the effects of time-dependent

concentration in the river on the mean concentration at an RBF well.

Figure 4.6b shows that the integrand for an observation time on June 26, 1997 is higher

than May 13, 2013. Using (4.10), we integrate each integrand shown in Figure 4.6b over an age

domain, and found that mean solute concentration in the river water that arrives at the RBF

well on June 26, 1997 is 4.27 mg/L which is higher than on May 13, 2013 which is 3.25 mg/L.

These results can be explained as follows. The ages of the solute particles at the RBF well range

from approximately 200 - 2,500 days; thus, the solute was in the river about 200 - 2,500 days

prior arriving at the well. We assume solute age distribution at an RBF well on June 26, 2013

is equivalent to the solute age distribition on Figure 4.4a because the river stage on these two

observation times are close. For solute that arrives the well on June 26, 1997 which is equivalent

to tf = t = 14, 274 days, the solute was in the river at t approximately between 11,700 days and

14,000 days, during the time when concentration of solute in the river is high as shown in Figure

4.6a. Then, for solute that arrives on May 13, 2013 which is equivalent to tf = t = 20, 074 days, the

solute was in the river at t approximately between 17,500 days and 19,800 days, during the time

when concentration of solute in the river is low as shown in Figure 4.6a. These results illustrate

that since the solute concentration in the river water that arrives at the RBF well are different for

different observation times, it is possible that the RBF well is effective only at some observation
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Figure 4.6: Example of calculating the mean concentration in river water at the RBF well. (a)
Temporal variation of solute concentration in the river. (b) Integrand of (4.10) for a solute that
arrives the well for an observation time on May 13, 2013 (t = 20, 074 days) and June 27, 2013
(t = 14, 274 days)
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times. For example, if the range of mean concentration at an RBF well for different observation

times is between 3.25 mg/L and 4.27 mg/L, and the maximum contaminant level of this chemical

allowed in public drinking water systems is 3.5 mg/L, the RBF well is effective only some of the

time. However, if the maximum contaminant level allowed is 4.5 mg/L, the RBF well would be

effective for all times. Note that mean concentration as of 3.25 mg/L and 4.27 mg/L are higher

than the actual concentrations sampled at an RBF well because these mean concentrations do not

account for dilution with groundwater that is also extracted at the well.

4.6 Conclusion

A key parameter in siting the the RBF well is the travel time of the contaminants from the

river to the RBF well which must be sufficiently long to allow the contaminants to be removed by

natural processes. A solute age distribution at an RBF well represents the distribution of travel

times from the river to the RBF well, so it can be used to assess the effectiveness of an RBF

well. We illustrate the application of solute age to assess an RBF system using a particular study

area. For this study area, river flows show frequent increases of short duration. We use the adjoint

approach to calculate the solute age distribution for a sorbing and decaying contaminant. This

solute age distribution can also be used to calculate the mean solute concentration of a river water

that arrives at the RBF well which does not account for dilution with groundwater. The mean

solute concentration can vary in time if the river water quality varies in time, and can be compared

to the desired concentration to evaluate the effectiveness of the RBF well.



Chapter 5

Conclusion and Future work

5.1 Conclusion

Groundwater age has been used to assess groundwater well contamination. Because tracers

travel at the same rate as groundwater, the groundwater age distribution at a particular location in

the aquifer also represents the distribution of travel times of a tracer from a recharge source to the

location of interest. For this reason, the groundwater age distribution also represents the length of

time that the location of interest will remain contaminated after the source of the tracer is removed.

For a sorbing solute, the travel time of the solute is not equivalent to the travel time of groundwater.

Sorbing solutes travel more slowly than groundwater because of retardation. For decaying solutes,

although they travel at the same rate as groundwater (or a tracer), the contaminant particles decay

over time as it travels to an observation point. Thus, groundwater age is not an appropriate tool to

assess groundwater well contamination to sorbing or decaying contaminants. Instead, we introduce

a new concept called solute age. Solute age is a measure of the amount of time that solute has been

in the aquifer. I developed the governing equations of solute age by following the approach used by

others for deriving groundwater age. The solute age equations are more complex because I add the

appropriate terms to account for reactions (e.g. linear equilibrium sorption and first-order decay).

In Chapter 2, to introduce the concept of solute age, I derive the standard governing equa-

tions for solute age that exhibits linear equilibrium sorption and first-order decay following the

approach used by others to derive the standard governing equations of groundwater age. Through

an illustrative example, I demonstrate that solute age should be used to assess groundwater well
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contamination to the reactive contaminants instead of groundwater age. In chapter 3, I develop

the adjoint equation for determining solute age of the water sample observed at a particular loca-

tion and time and under transient flow conditions. In an example problem for a two-dimensional

hypothetical aquifer and transient flow conditions, I demonstrate that the solute age distribution

obtained from my adjoint equation is equivalent to the distribution obtained from the standard

governing equation. In chapter 4, to evaluate the effectiveness of a riverbank filtration (RBF) well,

I use solute age to evaluate the travel time between a river and an RBF well at a site that is

downstream of a major metropolitan area where the river water level fluctuates and the contami-

nant of concerned is assumed a sorbing and decaying contaminant. I use the the adjoint equation

developed in Chapter 3 for a sorbing and decaying solute to calculate solute age of solute that is

extracted at an RBF well. Also, I demonstrate the approach for using solute age derived from my

adjoint equation in the assessment of the effectiveness of an RBF well.

Using my governing equation of solute age for the example problem under steady flow con-

ditions, we find that the CDFs and PDFs of solute age for sorbing solutes are shifted to older ages

relative to the distribution of groundwater age because the sorbing particles travel slowly than

tracer or groundwater. In view of groundwater well contamination, this implies that a pumping

well contaminated by a sorbing solute would remain contaminated for a longer time after source

removal than a non-sorbing solute or by what would be expected based on groundwater age. Also,

PDF of solute age for a decaying solute (non-sorbing) has approximately the same range of age

distribution as groundwater age; however, the CDF reaches the maximum value of less than 1.

In view of groundwater well contamination, this implies that the pumping well contaminated by

a decaying solute would remain contaminated for approximately the same amount of time after

source removal as water contaminated with a tracer. However, it will be contaminated with the

lower level of contamination than for the case of a tracer. Thus, if groundwater age were used

to assess groundwater well contamination, the persistence of the well to contamination by sorbing

solutes or decaying solute would be misdiagnosed.

For transient flow conditions, the forward governing equation for solute age must be solved
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once for each recharge time to obtain a distribution of solute ages at a particular water sample.

The adjoint equation of solute age that I developed is more efficient than the governing equation

of solute age because with one simulation, it can produce the complete solute age distribution for

a given observation time. Also, the adjoint equation produce the equivalent results to forward

equation. Multiple simulations of the adjoint equation would need to be run to obtain the solute

age distribution for multiple observation times.

Solute age is useful in designing RBF systems to ensure sufficient time for reaction along the

flowpaths between a river and an RBF well. In addition, if a certain contaminant concentration at

an RBF well is required to be achieved, solute age can be used to calculate the concentration at

an RBF well by relating the magnitude of solute age and the contaminant concentration at a river.

This calculated concentration does not account for the effects of dilution with groundwater so it

is higher than the contaminant concentration that would be sampled at an RBF well. Since river

stage fluctuates and the contaminant concentration at an RBF well is time-dependent, the results

show that the concentration at an RBF well can fluctuate over time as well.

5.2 Future work

The governing equations of solute age and the adjoint equations developed in this study

are based on solutes that exhibit linear equilibrium sorption and first-order decay. However, the

chemical reactions in groundwater may be more complicated. Therefore, additional work is needed

to develop the governing equation for solute age or the adjoint equation for solute age for different

chemical reactions.

In addition, I apply my adjoint equation in the example problem by assuming that the specific

storage, Ss is negligible, which cause the term containing Ss(∂h/∂t) to vanish as shown in Appendix

C. Thus, in order to complete the transient simulation, an approach to solve the adjoint equation

with this term should be developed.

Using solute age derived from the adjoint equation, although the simulation is run long

enough for contaminant from only a part of river closer to the RBF well reaches the RBF well, this
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sometimes requires simulation that run for long duration. It is possible that only some locations

along that river that provide a significant amount of contaminant should be account in calculation

of solute age. Thus, an additional work should be designing a method to select only some parts of

river for solute age calculation. In addition, since in this study the simulation is run for contaminant

from only a part of river reaching to the RBF well although the contaminant was released from

all parts of the river, the results of my study should be compared to forward equations to verify if

solute age distribution is accurate and if the solute age is an appropriate measure of the effectiveness

of RBF.
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Appendix A

Derivation of the governing equation for mean solute age

In this appendix, we show the details for obtaining (2.20) to (2.23) from (2.16) to (2.19).

Firstly, we multiply each term in (2.16) to (2.19) by t, and integrate over the time domain. The

time derivative term in aqueous phases of (2.16) is modified as

∞∫
0

tθ
∂c

∂t
dt =

∞∫
0

θ
∂(tc)

∂t
dt−

∞∫
0

θc dt

= θtc |∞t=0 − θ
∞∫

0

c dt

= −θM . (A.1)

The expression on the right hand side of the first line is obtained by using the product rule on

the integrand in the expression on the left hand side. The second line is obtained by carrying out

the integration. Since θ is independent of t, we can take it outside the integral. The first term

in the second line vanishes because c → 0 as t → ∞. The third line is obtained by using (2.14).

Following the same approach, the time derivative term in sorbed phases of (2.16) and (2.17)
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is modified as

∞∫
0

tρb
∂cs
∂t

dt =

∞∫
0

ρb
∂(tcs)

∂t
dt−

∞∫
0

ρbcs dt

= ρbtcs | t=∞t=0 − ρb

∞∫
0

cs dt

= −ρbMs (A.2)

where we use the definition that Ms =
∫∞

0 cs dt, the fact that ρb is independent of t, and cs → 0 as

t→∞.

The dispersion term on the right hand side of (2.16) is modified as

∞∫
0

t
∂

∂xi

(
θDij

∂c

∂xj

)
dt =

∂

∂xi

θDij
∂

∂xj

( ∞∫
0

ct dt

)
=

∂

∂xi

(
θDij

∂E

∂xj

)
. (A.3)

Since θ and D are independent of t, we move the time integral inside the derivatives to obtain the

second expression. The last expression is obtained by substituting E for the integral term using

the definition in (2.13).

The advection term on the right hand side of (2.16) is modified as

∞∫
0

t
∂

∂xi
(θvic) dt =

∂

∂xi

θvi ∞∫
0

ct dt

 =
∂

∂xi
(θviE) . (A.4)

Similar to (A.3), since θ and v are independent of t, we move the time integral inside the derivative

to obtain the second expression. Also, the last expression is obtained by substituting E for the

integral term using the definition in (2.13).

The first term on the right hand side of (2.17) is modified as

∞∫
0

tρbαs(Kdc− cs) dt = ρbαs

(
Kd

∞∫
0

tc dt−
∞∫

0

tcs dt

)
= ρbαs(KdE − Es) . (A.5)
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Since ρb, αs and Kd are independent of t, we can take them outside the integral. The last expression

is obtained by using the definitions in (2.13) and Es =
∫∞

0 tcs dt.

The boundary condition on Γ1, (2.18), is modified as

∞∫
0

t

[
Dij

∂c

∂xj
− vic

]
· ni dt =

Dij
∂

∂xj

( ∞∫
0

ct dt

)
− v

∞∫
0

ct dt

 · ni =

[
Dij

∂E

∂xj
− vE

]
· ni . (A.6)

The boundary condition on Γ2, (2.19), is modified as

∞∫
0

t

[
Dij

∂c

∂xj

]
· ni dt =

Dij
∂

∂xj

( ∞∫
0

ct dt

) · ni =

[
Dij

∂E

∂xj

]
· ni . (A.7)

By modifying the ADE as shown in (A.1) - (A.7), the ADE, (2.16) to (2.19), becomes

−θM − ρbMs =
∂

∂xi

(
θDij

∂E

∂xj

)
− ∂

∂xi
(θviE) (A.8)

−ρbMs = ρbαs (KdE − Es) (A.9)[
Dij

∂E

∂xj
− vE

]
· ni = 0 on Γ1 (A.10)[

Dij
∂E

∂xj

]
· ni = 0 on Γ2 . (A.11)

We can obtain a relationship between M and Ms by defining Ms as Ms = limt∗→∞
∫ t∗

0 cs dt.

For a solute that exhibits linear kinetic sorption, cs → Kdc as time approaches infinity. Thus, Ms

becomes

Ms = Kd lim
t∗→∞

∫ t∗

0
c dt = KdM . (A.12)

We make this substitution in (A.8) to (A.11) and divide by M . Using the definitions A = E/M in

(2.15) and As = Es/M , (A.8) to (A.11) become (2.20) to (2.23), respectively.
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Solute age distribution for the entire domain

Figure B.1 to B.8 show solute age distributions at different locations downstream of the

recharge boundary for different conditions: (1) tracer (Figure B.1 and B.2), (2) linear equilibrium

sorption (Figure B.3 and B.4), (3) first-order decay (Figure B.5 and B.6), and (4) linear equilibrium

sorption and first order decay (Figure B.7 and B.8). The CDFs are obtained from solving (2.31)

at different positions. The PDFs are obtained from the CDFs using (2.33). Mean ages at different

locations shown in Figure 2.5 are obtained from the following PDFs.

Figure B.1: CDFs of groundwater age at var-
ious downstream locations.

Figure B.2: PDFs of groundwater age at var-
ious downstream locations.
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Figure B.3: CDFs of solute age for a sorbing
solute at various downstream locations.

Figure B.4: PDFs of solute age for a sorbing
solute at various downstream locations.

Figure B.5: CDFs of solute age for a decaying
solute at various downstream locations.

Figure B.6: PDFs of solute age for a decaying
solute at various downstream locations.

Figure B.7: CDFs of solute age for a sorbing
and decaying solute at various downstream lo-
cations.

Figure B.8: PDFs of solute age for a sorbing
and decaying solute at various downstream lo-
cations.
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The derivation of adjoint equation for solute age

In this appendix, we show the details for obtaining (3.24) to (3.30) from the ADE, (3.13) to

(3.19). Following the approach of Sykes et al. [55], a performance measure, P , that quantifies some

state of the system, is defined as

P =

∫∫
Ω,t
h(c, cs, cN ) dΩdt (C.1)

where h is a functional of the state of the system, and Ω is the spatial domain.

We define P as flux concentration, cf , at the observation point, P = cf (x = xw, t = tw),

xw is the observation location and tw is the observation time. We assume that the well can be

approximated as a point in space. Also, since our observation point is a pumping well we assume

c = cf ; therefore, P = c(x = xw, t = tw) [37]. To use (C.1) to obtain this defined P , the appropriate

performance functional is defined as h = c(x, t)δ(x−xw)δ(t− tw) [41], and (C.1) becomes

P =

∫∫
Ω,t
c(x, t)δ(x− xw)δ(t− tw) dΩdt. (C.2)

We define the marginal sensitivity of P by differentiating P in (C.2) with respect to the

source concentration, cN , as given by

dP

dcN
=

∫∫
Ω,t
ψδ(x− xw)δ(t− tw) dΩdt (C.3)
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where ψ = ∂c/∂cN is the marginal sensitivity of c. To eliminate the state sensitivity, ψ, from (C.3),

firstly, we obtain a governing equation for ψ by differentiating each term in (3.13) to (3.19) with

respect to cN to obtain

0 = −θ∂ψ
∂t
− ρb

∂ψs
∂t

+
∂

∂xi

(
θDij

∂ψ

∂xj

)
− ∂

∂xi
(θviψ) (C.4)

−λaθψ − λsρbψs + qI − qOψ

0 = −ρb
∂ψs
∂t

+ ρbαs (Kdψ − ψs)− λsρbψs (C.5)

ψ(x, 0) = 0 (C.6)

ψs(x, 0) = 0 (C.7)

ψ(x, t) = 0 on Γ1 (C.8)[
Dij

∂ψ

∂xj

]
· ni = 0 on Γ2 (C.9)[

Dij
∂ψ

∂xj
− viψ

]
· ni = 0 on Γ3 (C.10)

where ψs = ∂cs/∂cN is the state sensitivity of cs. The next step is to take the inner product of

each term in (C.4) and (C.5) with arbitrary functions, ψ∗ and ψ∗s , respectively, and add the result

to (C.3). Let the inner product of two real functions, ϕ∗ and ξ be
∫
t

∫
Ω

ϕ∗ ξ dΩdt. Since the right

hand sides of (C.4) and (C.5) equal zero, their inner products can be added to the right hand side

of (C.3) without changing the equality, resulting in

dP

dcN
=

∫∫
Ω,t

{
−ψ∗θ∂ψ

∂t
− ψ∗ρb

∂ψs
∂t

+ ψ∗
∂

∂xi

(
θDij

∂ψ

∂xj

)
− ψ∗ ∂

∂xi
(θviψ)

− ψ∗λaθψ − ψ∗λsρbψs + ψ∗qI − ψ∗qOψ

− ψ∗sρb
∂ψs
∂t

+ ψ∗sρbαsKdψ − ψ∗sρbαsψs − ψ∗sλsρbψs

+ ψδ(x− xw)δ(t− tw)
}
dΩdt. (C.11)

Then, we use the product rule on each derivative term in (C.11) to obtain derivatives of ψ∗
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and ψ∗s and divergence terms. The time derivative term in aqueous phase of (C.11) becomes

∫∫
Ω,t
−ψ∗θ∂ψ

∂t
dΩdt =

∫∫
Ω,t

[
−θ∂(ψψ∗)

∂t
+ θψ

∂ψ∗

∂t

]
dΩdt. (C.12)

The time derivative term in sorbed phase (with function ψ∗) becomes

∫∫
Ω,t
−ψ∗ρb

∂ψs
∂t

dΩdt =

∫∫
Ω,t

[
−ρb

∂(ψsψ
∗)

∂t
+ ρbψs

∂ψ∗

∂t

]
dΩdt. (C.13)

The time derivative term in sorbed phase (with function ψ∗s) becomes

∫∫
Ω,t
−ψ∗sρb

∂ψs
∂t

dΩdt =

∫∫
Ω,t

[
−ρb

∂(ψsψ
∗
s)

∂t
+ ρbψs

∂ψ∗s
∂t

]
dΩdt. (C.14)

The dispersion term becomes

∫∫
Ω,t
ψ∗

∂

∂xi

(
θDij

∂ψ

∂xj

)
dΩdt =

∫∫
Ω,t

[
∂

∂xi

(
θDijψ

∗ ∂ψ

∂xj

)
− ∂

∂xi

(
θDijψ

∂ψ∗

∂xj

)
+ ψ

∂

∂xi

(
θDij

∂ψ

∂xj

)]
dΩdt (C.15)

where we used the fact that the dispersion tensor is symmetric. The advection term becomes

∫∫
Ω,t
−ψ∗ ∂

∂xi
(θviψ) dΩdt =

∫∫
Ω,t

[
− ∂

∂xi
(θviψ

∗ψ) + θψvi
∂ψ∗

∂xi

]
dΩdt. (C.16)

No manipulation is done to the remaining terms in (C.11). We substitute (C.12) to (C.16) into

(C.11), and rearrange the terms to isolate ψ∗ and ψ∗s as given by

dP

dcN
=

∫∫
Ω,t

{
ψ

[
θ
∂ψ∗

∂t
+

∂

∂xi

(
θDij

∂ψ

∂xj

)
+ θvi

∂ψ∗

∂xi
− qOψ∗ + ψ∗sαsρbKd − ψ∗λaθ

+ δ(x− xw)δ(t− tw)
]

+ ψs

[
ρb
∂ψ∗

∂t
+ ρb

∂ψ∗s
∂t
− αsρbψ∗s − λsρbψ∗ − λsρbψ∗s

]
− ∂

∂t

[
θψ∗ψ + ρbψsψ

∗ + ρbψ
∗
sψs

]
+

∂

∂xi

[
θDijψ

∗ ∂ψ

∂xj
− θDijψ

∂ψ∗

∂xj
− θviψ∗ψ

]
+ ψ∗qI

}
dΩdt. (C.17)
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The goal of this process was to eliminate the unknown ψ and ψs from (C.17) by appropriately

defining ψ∗ and ψ∗s . The first term in the double integral in (C.17) can be eliminated if we define

θ
∂ψ∗

∂τ
=

∂

∂xi

(
θDij

∂ψ∗

∂xj

)
+ θvi

∂ψ∗

∂xi
− qOψ∗ + ψ∗sαsρbKd − ψ∗λaθ

+ δ(x− xw)δ(τ − τw) (C.18)

where τ = tf − t is backward time, tf is the upper limit of the forward time domain, and τw is

the observation time in backward time. The second term in the double integral in (C.17) can be

eliminated if we define

ρb
∂ψ∗

∂τ
+ ρb

∂ψ∗s
∂τ

= −αsρbψ∗s − λsρbψ∗ − λsρbψ∗s . (C.19)

The third and fourth terms in the double integral in (C.17) are temporal and spatial diver-

gence terms. These terms are eliminated by defining the final and boundary conditions, respectively,

on the adjoint states, ψ∗ and ψs∗ , such that these terms containing unknown values of ψ and ψ∗s

vanish. The first term of the temporal divergence term in (C.17) can be simplified as

∫∫
Ω,t
−∂(θψψ∗)

∂t
dΩdt = −

∫
Ω

θψψ∗|t=tft=0 dΩ. (C.20)

If we substitute (C.6) in (C.20), ψ is eliminated if we define

ψ∗(x, t = tf ) = ψ∗(x, τ = 0) = 0. (C.21)

Equation (C.21) represents the initial condition on ψ∗ in backward time. The second term of the

temporal divergence term in (C.17) can be simplified as

∫∫
Ω,t
ρbψsψ

∗ dΩdt = −ρb
∫
Ω

ψsψ
∗|t=tft=0 dΩ = 0 (C.22)
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where we used (C.7) and (C.21). The third term of the temporal divergence term in (C.17) can be

simplified as

∫∫
Ω,t
−∂(ρbψsψ

∗
s)

∂t
dΩdt = −

∫
Ω

ρbψsψ
∗
s |
t=tf
t=0 dΩ. (C.23)

If we substitute (C.7) in (C.23), ψs is eliminated if we define

ψ∗s(x, t = tf ) = ψ∗s(x, τ = 0) = 0. (C.24)

Equation (C.24) represents the initial condition on ψ∗s in backward time.

We use the divergence theorem,
∫
Ω

∇ ·G dΩ =
∫
Γ

G · n dΓ, on the spatial divergence term in

(C.17) to obtain the boundary conditions on ψ∗ and ψ∗s [38]. If we substitute (C.8), the spatial

derivative term on Γ1 can be eliminated if we define

ψ∗(x, t) = 0 on Γ1. (C.25)

Similarly, if we substitute (C.9), the divergence term on Γ2 can be eliminated if we define

[
θDij

∂ψ∗

∂xj
+ θviψ

∗
]
· ni = 0 on Γ2. (C.26)

If we substitute (C.10), the divergence term on Γ3 can be eliminated if we define

[
θDij

∂ψ∗

∂xj

]
· ni = 0 on Γ3. (C.27)

Then, we need to arrange the terms in adjoint equation so that it has the same form as

forward equation. We firstly multiply each term in (C.19) with Kd, rearrange terms to solve for

ψ∗sαsρbKd, and replace the fourth term in right hand side of (C.18) with this expression. In addition,

we define φ = ψ∗ and φs = Kd [ψ∗s + ψ∗], and substitute them into (C.18) and (C.19) and rearrange
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the terms. As a result, (C.18) becomes

θ
∂φ

∂τ
+ ρb

∂φs
∂τ

=
∂

∂xi

(
θDij

∂φ

∂xj

)
+
∂(θviφ)

∂xi
− φ∂(θvi)

∂xi
− λaθφ− λsρbφs (C.28)

−qOφ+ δ(x− xw)δ(τ − τw)

and (C.19) becomes (3.25). Making these substitutions in (C.21), (C.24), (C.25) to (C.27), we

obtain the initial and boundary conditions shown in (3.26) to (3.30). The advection term in (C.28)

is different than the advection term in the ADE, so we use the groundwater flow equations to

modify this term. The groundwater flow equation under transient flow conditions is given by

Ss
∂h

∂t
=

∂

∂xi

(
Kij

∂h

∂xi

)
+ qI − qO = −∂(θvi)

∂xi
+ qI − qO (C.29)

where Kij is the hydraulic conductivity tensor, Ss is specific storage, and h is hydraulic head.

The spatial derivative term on the last equation of (C.29) is derived from Darcy’s law θvi =

−Kij(∂h/∂xj).

Using τ = tf − t, and rearranging (C.29) to solve for −∂(θvi)/∂xi, and substituting this into

(C.28) leads to

θ
∂φ

∂τ
+ ρb

∂φs
∂τ

=
∂

∂xi

(
θDij

∂φ

∂xj

)
+
∂(θviφ)

∂xi
− λaθφ− λsρbφs − qIφ (C.30)

+δ(x1 − x1w)δ(x2 − x2w)δ(x3 − x3w)δ(τ − τw)− φSs
∂h

∂τ
.

The term containing Ss(∂h/∂t) can be treated as a first-order decay term. In this work, we assume

negligible storage, so (C.30) becomes (3.24).
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