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SUMMARY 

 

The interest in sustainable forms of energy is being driven by the anticipated 

scarcity of traditional fossil fuels over the coming decades. There is also a growing concern 

about the effects of fossil fuel emissions on human health and the environment. Many 

sources of renewable energy are being researched and implemented for power production. 

In particular, wind power generation by horizontal- and vertical-axis wind turbines is very 

popular. 

Vertical-axis wind turbines (VAWTs) have a relative construction simplicity 

compared to horizontal-axis wind turbines (HAWTs). However, VAWTs present specific 

challenges that may hinder their performance. For instance, they are strongly affected by 

dynamic stall. A significant part of the kinetic energy contained in the oncoming wind is 

lost in swirl and vortices. As a result, VAWTs have lower power production compared to 

HAWTs.  

First, the present work is aimed at the study of the aerodynamics of straight-bladed 

VAWTs (SB-VAWTs). Empirical calculations are conducted in a preliminary work. Then 

a two-dimensional double multiple streamtube (DMST) approach supported by a two-

dimensional numerical study is implemented. The dynamic stall and aerodynamic 

performance of the rotor are investigated. A VAWT-fitted dynamic stall model is 

implemented. Computational fluid dynamics (CFD) simulations are conducted to serve as 

reference for the DMST calculations. This three-pronged approach allows us to efficiently 

explore multiple configurations. The dynamic stall phenomenon is identified as a primary 

cause of performance loss. 

The results in this section validate the DMST model as a good replacement for CFD 

analysis in early phase design provided that a good dynamic stall model is used. 

After having identify the primary cause of performance loss, the goal is to 

investigate the use to dual-element blades for alleviating the effect of dynamic stall, thereby 



 xvi 

improving the performance of the rotor. The desirable airfoil characteristics are defined 

and a parametric analysis conducted. In the present study the parameters consists of the 

size of the blade elements, the space between them, and their relative orientation. The 

performance of the rotor is calculated and compared to the baseline.  

The results highlight the preeminence of the two-element configuration over the single-

element provided that the adequate parametric study is conducted beforehand. 

A performance enhancement is obtained over a large range of tip speed ratios. The starting 

characteristics and the operation stability are also improved. 

Finally, an economic analysis is conducted to determine the cost of energy and thus 

the financial viability of such a project. The Great Coast of Senegal is selected as site of 

operation. The energy need and sources of this region are presented along with its wind 

energy potential. The cost evaluation shows the economic viability by comparing the cost 

of energy to the current energy market prices. 

 

 



 

1 

CHAPTER 1  

INTRODUCTION 

1.1 Background 

 

 Renewable forms of energy have been left out with little or no consideration in the 

processes of power generation. This neglect was mostly due to the availability of 

inexpensive fossil fuels. Now with the progressive depletion of these classical fossil fuels, 

there is a resurgence of interest in sustainable sources of energy. In addition to this, the 

dependency of developed countries on foreign supply is also of concern because these 

resources are often located in politically unstable regions, if not countries literally engulfed 

in civil wars. As for developing countries, they often have great potential for renewable 

energies and this represents for them a great hope for achieving their endeavors in terms of 

development. Furthermore, the growing scientific and public awareness of the impact of 

the fossil fuel emissions on the health and the environment in general is undeniably to be 

added in the motivating factors. This is further backed by global advocacy to act against 

climate change. The technological advancements are also making it economically more 

realistic to invest on the research and development of clean energy solutions. Combinations 

of these factors and others are stimulating the interest to pursue advanced research in the 

field of sustainable energy. And the development of the corresponding solutions has 

substantially progressed in the last decades and the trend is toward pursuing these efforts. 

Furthermore, economic incentives are put into place to encourage this pursuit and work 

toward energy independence [44]. 

 Of the renewable energy sources, hydro-electric power production has been around 

for generations and is still in use. Other forms of sustainable energy productions include 

geothermal energy, biomass and biofuels, solar energy, hydro-kinetics, and wind power. 
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An elaborated review and analysis is provided by Freris and Infield in their Renewable 

Energy in Power Systems [58]. 

 

1.2 Wind Turbine Technologies 

 The wind power generation is one of the renewable energy solutions with a 

sustained growth. It can be categorized in two technological forms: the Horizontal-Axis 

Wind Turbines (HAWTs) and the Vertical-Axis Wind Turbines (VAWTs). HAWT 

technologies are more developed because they have received more attention over the past 

decades. Efforts in this field include the works under the leadership of Sankar (e.g., [18, 

19], [187, 188], and [209-211]), and by Hansen and Butterfield [67]. HAWTs are already 

being utilized on an industrial scale and the efforts to bring the technology to perfection 

are also ongoing (e.g., [206], [213], and [214]).  

On the other hand, Vertical-Axis Wind Turbines (VAWTs) have been put aside for a long 

time. Yet the concepts themselves aren’t new. Some of them date back to 1891. 

HAWTs and VAWTs have each their own unique advantages and disadvantages. In terms 

of the amount of wind power that can be extracted, highly sophisticated HAWTs can yield 

up to 50% while VAWTs, on the other hand, are often limited to around 35%. Even though 

this is but one element of comparison, it obscures the general perception about VAWTs. 

However, a more meticulous analysis will show that often VAWTs may present advantages 

over HAWTs. For instance, HAWTs are able to achieve 50% wind power extraction only 

after incorporation of very sophisticated technologies, such as active blade pitch control 

and yaw control mechanisms. Advanced blade design with a variation of the section profile, 

twist, and tapering along the blade span is also necessary for reaching a good performance. 

Furthermore the yaw control mechanism is not adapted to rapid and/or frequent changes in 

wind direction while VAWTs operate independently from the direction of the wind. In 

sum, the HAWT technology is much more complex while VAWTs benefit from their 
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simplicity. VAWTs also profit from their relatively small sizes and low levels of noise. 

This makes them suitable for urban and suburban settings, thus cutting the costs related to 

the transportation. This is the opposite of HAWTs, which tend to be of very large sizes in 

order to achieve cost advantages, as measured in cents per kilowatt-hour (₡/kWh). For 

example, a five megawatt turbine has a diameter of about 120 meters [44]. The current 

trend is toward even larger turbines. These types of machines only fit in remote locations, 

away from major metropolitan areas.  

On the other hand, as was mentioned earlier, VAWTs operation is independent of the wind 

direction. They come in different sizes and designs that fit in both rural and urban localities. 

Furthermore, they can be used to exploit the Venturi effect created by city architecture and 

thus operate even though the average wind speeds are less than that for normal operations. 

They satisfy the needs of small and relatively large energy consumption markets. They 

operate at lower tip speed ratios (TSRs) compared to HAWTs and are quieter. For instance, 

besides the fact that small VAWTs do not have gear boxes, Iida et al. [77] have shown that 

the aerodynamic noise emitted by VAWTs is at least 10 dB less than that which is generated 

by conventional HAWTs. The low RPM operation also reduces significantly the risk of 

avian fatality.  

VAWTs also have a simpler design (fixed span, pitch, twist), and, in contrast to HAWTs, 

their power generation machinery is placed at ground level. The vertical-axis concept may 

also be oriented upside down, with the power production generator on the top, to make it 

suitable for operation in rivers and tidal currents. In these configurations, the power 

generator will be either on ground level or above water, which facilitates the maintenance. 

More detailed comparisons between the horizontal- and vertical-axis turbines are available 

in [53], [88], and [143]. 

 The vertical-axis wind turbines can further be classified into two kinds – the 

Darrieus and Savonius concepts. These are driven by lift and drag forces, respectively.  
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The simplest Savonius turbines are made of semi-cylindrical barrels pushed by the wind. 

More advanced designs employ twisted S-like barrel sections. The works pertaining to this 

concept include [4], [33], and [123]. Savonius systems operate at low TSRs and are often 

used as measurement devices, although they are far from been restricted to this purpose. 

Their efficiency is limited to about 25% [91].  

The Darrieus devices, on the other hand, are driven by the lift generated by airfoils. The 

simplest of the Darrieus turbines are made of straight blades (SB-VAWTs) of constant 

section profile. Also common are the egg-beater rotors with curved or straight blades. 

Comprehensive reviews of wind power technologies are compiled by Eriksson et al. [53], 

Balat [13], Ackerman and Soder [1], and Joselin-Herbert et al. [84]. 

 Darrieus and Savonius concepts can be combined to improve the starting operation. 

This also increases the energy extraction at low TSRs. The blades in both concepts can be 

twisted for improved performance (eg., [85] and [166]). These hybrid concepts of wind 

turbines have been investigated by Kyozuka [97] and Wakui [198], among others. 

 

1.3 Flow Physics of VAWTs 

 The understanding of the dynamics of the flow through the turbine is an important 

step toward understanding the challenges pertaining to VAWTs. To this effect, a model of 

straight-bladed vertical-axis wind turbine (SB-VAWT) is adopted. 

The very concept of the VAWT yields inherent challenges that may undermine the 

effectiveness of the power extraction. For instance, as a blade covers a 360 degree cycle, it 

experiences large variations of its angle of attack particularly at low TSRs. A schematic of 

the rotor section with the velocity components and the angle of attack is given in Figure 

1.1. The very rotation also curves the flow in such a way that the next blade sees a further 

variation of the effective angle of attack – this phenomenon is particularly important for 

high solidity rotors. Further, the rotor experiences a highly perturbed flow in its 
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downstream section as a result of the wake. Indeed, the swirling wake shed by one blade 

affects the other blades and in certain conditions the same blade at a later time. All this 

leads to severe dynamic stall, which hinders the performance and contributes to the 

vibrations and blade fatigue. 

Furthermore, much of the incoming wind kinetic energy is lost to the swirling flow that is 

being generated by both the rotation and the dynamic stall. 

All these factors inherent to the VAWT contribute to make them somewhat “less effective” 

in extracting wind power. 

 

Figure 1. 1: Sketch of an SB-VAWT: Velocity Components 

 

1.4 Literature Survey of Prior Work 

 In this work we mainly focus on Straight-Bladed Vertical-Axis Wind Turbines (SB-

VAWTs). Despite their relative simplicity compared to the HAWTs, their aerodynamics 

present nonetheless specific challenges to cope with in order to assess and improve their 

performance. Diverse methodologies have been used to study the aerodynamics and 

performance of these turbines. The methods include empiricism, analytical and semi-
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analytical calculations, numerical tools such as computation fluid dynamics, and 

experimental investigations in the form of wind tunnel experiments and open-field 

operation settings. The performance related investigations often deal with the design and 

geometry where the effects of blade geometry, rotor solidity, and/or blade pitch angle are 

studied. The effect of quantities such as the Reynolds number are also investigated in 

connection with the performance studies. During the investigations and design of VAWTs, 

it is not an understatement to say that the dynamic stall is the one of the most, if not the 

most, cumbersome challenge to cope with. In fact, this is especially the case because of its 

inherence to the very concept of the vertical-axis turbine. 

While, as mentioned earlier, up until very recently, VAWTs have received little attention 

compared to HAWTs, there have still been efforts that undertook the challenges described 

above.  

 Before elaborating on some of those milestone contributions, it is worthwhile to 

draw attention to some of the overview and compilation works. In this regard, Ljungstom 

[110], Eriksson et al. [53], Carrigan [29], and McPhee and Beyene [113] provide 

comparative analyses of wind energy concepts and lay out the pros and cons of both 

horizontal- and vertical-axis wind turbines. A similar review was compiled by Khan et al. 

[88] for hydro-kinetic turbines. In passing, the hydrokinetic and wind turbine technologies 

follow the same concepts. Differences pertaining, in part, to the structure will only arise as 

imposed by the medium of operation (air in one case and water in the other). A historical 

review of wind energy followed by the concepts of vertical-axis turbines is given in the 

works by D’Ambrosio and Medaglia [39], Islam et al. [79, 81], and Manana [111]. 

 We have emphasized the preponderance of the dynamic stall phenomenon. 

However, there are also other challenges to deals with. Dabiri et al. [38] describe the 

opportunities and challenges of wind energy in general and vertical-axis turbines in 

particular. More exhaustive reviews of the challenges pertaining to VAWTs are given by 

Islam et al. in [79] and [81]. They are connected to the low Reynolds number operation 
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that yields a great sensitivity to the flow perturbations and the energy losses associated 

with the formation of laminar separation bubbles. The large and oscillating angles of attack 

produce unsteadiness, vibrations, and gust responses that further contribute to the already 

mentioned dynamic stall. The flow curvature and swirling due to the rotation, the blade-

blade-wake interactions, the parasite drag due to the struts and tower, and the turbulent 

atmospheric conditions add to the list of challenges. 

1.4.1 Computational Methodologies 

 Various approaches have been adopted for either understanding and/or coping with 

these challenges or computing the loads and performance of the turbines. For instance, 

empirical or semi-empirical methods have been used for approximating the power output. 

It is in this framework that Eid et al. [48] and Omijeh et al. [127] used empirical correlations 

to express the variation of the power coefficients as a function of the tip speed ratio and 

the blade pitch angle. These authors also studied the dynamics of the electrical system 

itself. An empirical formulation is also utilized for modeling the dynamic stall, as will be 

seen in a later section of this chapter.  

There also exist analytical and semi-analytical methods. We distinguish in this family 

mainly the actuator-disc based approaches, the vortex models, and the cascade models.  

In the first group, the work by Newman [126] is noticeable as it redefines the Betz 

theoretical limit for the vertical-axis turbines. The maximum power coefficient that results 

from this multiple actuator-disc study is given by 𝐶𝑝,𝑚𝑎𝑥 =
8𝑛(𝑛+1)

3(𝑛+1)2
 where 𝑛 is the number 

of actuator-discs. This gives a value of 
16

25
 for the maximum limit in a two actuator-disc 

configuration for the vertical-axis turbines as opposed to the classical 
16

27
 Betz limit for 

horizontal-axis turbines. The derivation of the Betz limit is shown in Appendix 2. 

In the same family of actuator-disc models, we note the single, multiple, and double 

multiple streamtube models. The earliest streamtube model is due to Templin [185] who 
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decomposed the flow into a number of streamtubes in the streamwise direction. The drag 

and lift of the blade are calculated using static airfoil data. The relative velocity is used to 

determine the local Reynolds number and the effective angle of attack (AoA) of the blade. 

The single streamtube model [141] estimates with a relative accuracy the performance for 

high aerodynamic efficiency rotors (high TSRs) and predicts to some extent the effects of 

the rotor aspect ratio and solidity. However, it overestimates the performance for low 

TSRs. 

The multiple and double multiple streamtube models are analogous to the Blade Element 

Momentum (BEM) theory often used in horizontal-axis turbines. In the streamtube models, 

the induced velocity is determined by equating the time averaged load of the blade with 

the momentum flux in the direction of the wind [205]. 

The multiple streamtube model first developed by Wilson and Lissaman [204] and 

Strickland [181] divides the rotor in streamtubes of equal width. It discretizes the crosswind 

direction of the rotor into multiple contiguous streamtubes. Lissaman [107] assumes an 

independence between these streamtubes and considers a single induction factor per 

streamtube. This single value is used for both the upstream and downstream actuator-discs. 

This model gives very approximate results and fits mostly small load rotors. The prediction 

of the azimuthal variations of the loads is also inaccurate to a certain extent. The limitations 

of the multiple streamtube model stem in part from the use of the same induction factor for 

the upstream and downstream parts of the rotor. This poses a problem because the 

downstream half is immersed in the wake of the upstream half of the rotor. This is remedied 

in the double multiple streamtube where each streamtube is divided in upstream and 

downstream halves – each of them having its own induction factor. A great deal of works 

[20, 21, 31, 35, 74, 147, 175, and 179] have been conducted using this approach following 

the pioneering contributions from Paraschivoiu [133-138]. Paraschivoiu later modified the 

model to incorporate the streamtube expansion effects [140] and was followed by Soraghan 
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et al [179]. Simao-Ferreira et al. [176] gave a comparative analysis of these actuator-disc 

based models along with other numerical codes. 

 The free-wake vortex models developed by Holme [73], Fanucci and Walters [54], 

and Strickland et al. [182] also demonstrate a semi-analytical approach. This approach 

assumes an infinite number of blades. Unlike classical actuator-disc models which do not 

include much information about the blades, this approach allows for the specification of 

rotor solidity (ratio of blade total chord to rotor circumference). There is an azimuthally 

varying bound circulation associated with the blade sections. This circulation is calculated 

from the local effective angle of attack as in classical fixed wing and rotor theories. The 

change in circulation along the span generates vortex sheets that are convected downstream 

by the wind. The vortex sheet is approximated by trailing vortices of equal strength. The 

lift and drag forces on a blade section are calculated using the Kutta-Joukowski principle. 

The resulting torque is integrated over the blade sections for all the blades in order to obtain 

the rotor performance. We note that since the lift and circulation are changing along the 

span and with the azimuth, vortices are continuously shed from each blade to account for 

the spanwise and azimuthal variations of the bound circulation. In this way, the total 

circulation (bound + shed) is conserved. These shed vortices are lumped into discrete 

vortices and are tracked as they are convected downstream. Strickland et al. [182] 

implemented a vortex simulations for Darrieus turbines in inviscid flow. The lifting line 

theory was used with airfoil data sheets to calculate the circulation. Li and Calisal [104] 

used the discrete vortex method with a free-wake vortex to investigate the aerodynamics, 

acoustics, and performance of vertical-axis tidal turbines. A two-dimensional discrete 

vortex method was utilized by Osterberg [128] to compute the aerodynamic loads of a 

VAWT and analyze the wake structure. Later, Zanon et al. [216] used vortex panels to 

simulate the wake of a VAWT in dynamic stall conditions, while Goude [64] combined 

the double multiple streamtube for computing the loads and the vortex method to capture 

the time variation of the flow characteristics. 
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 The cascade model is borrowed from turbomachinery and was first implemented 

by Hirsch and Mandal [71]. It consists in equidistantly placing the blades one behind 

another on a plane, the width of which is the circumference of the rotor. A combination of 

Bernoulli’s equation and empirical expressions is used to calculate the wake velocity then 

the induced velocity. The aerodynamic characteristics of each blade are calculated 

independently using the local Reynolds number. The model was later improved by Mandal 

and Burton [112] to account for the dynamic stall. 

A more exhaustive review of the analytical methods can be found in the works by Islam et 

al. [79], Brahimi et al. [24], and Deglaire [43]. 

 The next approach consists in numerically solving the first principles equations 

through Computational Fluid Dynamics (CFD). This set of methods includes the Direct 

Numerical Simulations (DNS), Reynolds averaged Navier-Stokes Simulations (RANS), 

Large Eddy Simulations (LES), and Detached Eddy Simulations (DES).  

The DNS solve the Navier-Stokes equations on a fine enough mesh so as to directly capture 

the physics of the flow and determine the performance. Although attractive because of the 

accuracy it provides, this approach is limited by the associated computational cost. For this 

reason, to the best knowledge of the author, it is never used. URANS (Unsteady RANS), 

however, have been used to a very large extent. In fact, it is adopted in most of the CFD 

studies of VAWTs. Examples include the works by McLaren et al. [119-120], Simao-

Ferreira et al. [173], [175], and Lain and Osorio [98]. McLaren et al. first studied the 

dynamic thrust and the radial forces of the vertical-axis wind turbine. They later 

investigated the blade wake interactions in a high solidity small scale rotor. For this 

purpose, they utilized three different turbulence models (k-, k-, and k- SST) and 

confirmed the prevalence of the k- SST model. Simao-Ferreira, on his side, focused on 

the study of the dynamic stall. Therefore, we will elaborate on his contribution in 

connection with this topic.  
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The LES approach solves the Navier-Stokes equations on a coarser grid compared to DNS 

to capture the large eddies, and models empirically the sub-grid scales. However, as with 

DNS, the computational cost is still a major drawback. The LES contributions include the 

work by Li et al. [108], who used 2.5D LES to study a ‘high angle of attack’ VAWT. In 

the same category, Shamsoddin and Porte-Agel [160] studied the flow in the wake of the 

turbine. 

To the best knowledge of the author, the examples of the use of DES in connection to the 

VAWTs are very limited. Simao-Ferreira [174, 175] has touched on this subject in CFD 

comparative studies of dynamic stall.  

1.4.2 Experimental Approaches 

 The investigation methodologies for vertical-axis wind turbines are certainly not 

only computational. We resort also to wind or water tunnel experimentations and open-

field operations. The wind or water tunnel experiments are generally the next step after 

numerical calculations and before the full scale open-field tests. This limits the cost by 

using reduced scale models. It also allows a more thorough investigation of the physics of 

the flow. Brochier et al. [26] used water channel experiments with hydrogen bubble 

visualization and laser-Doppler velocity measurement to investigate the flow dynamics of 

a straight-bladed VAWT (SB-VAWT). Shiono et al. [166, 167] conducted a comparative 

study of straight, curved, and helical blades for tidal current turbines. They also studied the 

effect of the number of blades per rotor. It was found that helically twisted blades gave 

better performance and three blade rotors were retained as a compromise between the self-

starting capability and the need to limit the vibratory loads during the operation. 

Fiedler and Tullis [56] conducted open-air wind tunnel experiments to study the effect of 

blade offset and pitch angle on a high solidity turbine. 

Closed cycle wind tunnels have been used more often. Thus, Mertens et al. [122] and 

Simao-Ferreira et al. [171, 172] studied the skewed flow in SB-VAWT operating on 
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rooftops. They concluded that the output of the turbine will be reduced by the skewed flow 

and that the geometry of the roof will influence the choice of the optimum turbine diameter 

and height. Li et al. [108] simulated the effects of icing by adding attachments to the blade 

leading edge. Their wind tunnel test showed a degradation of both the stability and the 

performance. Howell et al. [76] investigated two- and three-bladed rotors. They analyzed 

the effects of the solidity and surface roughness. Although the roughness makes the 

boundary layer turbulent, and thus increases the drag, it also helps delay the separation. 

This circumvents the laminar separation bubble that is otherwise preponderant in low 

Reynolds number operations. Other wind tunnel experiments are aimed at fine-tuning the 

different apparatus [57] or showing how the tunnel itself affects the results [86], [87]. The 

survey of wind and water tunnel related efforts will be continued in connection with the 

performance evaluation analyses.  

 The open-field tests constitute the most reliable option, but they are always reserved 

as the final step not only because of the cost, but also because the feasibility investigations 

need to be completed beforehand. Although the Darrieus turbines date back to 1931 [40], 

there have been few notable open-field tests. The available data include the egg-beater 

turbine operations conducted by the Sandia National Research Laboratories. Worstell 

presented in his report the aerodynamics of the Sandia 17-meter diameter rotor in [208]. 

The results for a 34-meter diameter turbine of the same family is provided by Ashwill [8]. 

Shires [168] shows the results of the open-field operation of the NOVA-V prototype and 

compares them with the predictions.  

In the sub-category of straight-bladed vertical-axis wind turbines, pioneering works have 

been conducted by the Vertical-Axis Group in the Angstrom Laboratory of Uppsala 

University, Sweden.  A 12 kW SB-VAWT has been extensively investigated in [42, 93, 

94, and 178]. For instance, Solum et al. [178] put an emphasis on the design of the 

mechanical and electrical component of a permanent magnet synchronous generator. 

Deglaire et al. [42] recorded the wind conditions of the site, analyzed the generator, and 
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determined the nominal operating configurations. Kjellin et al. [93] detailed the 

performance of the turbine in a range of tip speed ratios and analyzed the measurement 

uncertainty. Kjellin [94] also analyzed the electrical systems and provided the open-field 

experimental results for three SB-VAWTs: the aforementioned 12 kW and two others with 

nominal powers of 10 kW and 200 kW, respectively. 

Other pioneering efforts in this sub-category have been made under the leadership of 

Dabiri. His group has investigated the use of counter-rotating SB-VAWTs in order to 

improve the performance of a vertical-axis wind farm. In this regard, Kinzel et al. [90] 

studied the energy exchange in an array of counter-rotating VAWTs. They found that the 

95% velocity recovery distance is about 4 rotor diameters for a single turbine. This distance 

becomes six diameters for a pair of turbines, which is much less than the 14 diameters for 

horizontal-axis turbines. These researchers also champion the use of Biomimetics. Thus, 

Whittlesey et al. [202] used fish schooling to model the turbine/wake interaction in a 

vertical-axis wind farm. 

 

1.4.3 Performance Studies 

 Alongside the methodology, the performance related features constitute another 

major component of the investigation of vertical-axis wind turbines. We will distinguish 

two main categories. Thus, we will analyze the design and geometrical parameters on the 

one hand and the flow dynamics and its features on the other hand.  

The first group includes the blade profile - camber and thickness, the number of blades, 

and the solidity of the rotor as well as the blade pitch. For the second group, we will limit 

ourselves to the Reynolds number, the dynamic stall, and its alleviation techniques. 
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a. Geometrical Design 

 The performance studies, in connection with the geometry, have occupied number 

of researchers. Healy studied the effect of the blade camber [68] and the blade thickness 

[69] on the power output of vertical-axis turbines. He concluded for his rotor design that a 

very large camber is detrimental overall to the power output, while thicker airfoils give 

better results. The camber contributes to improving the self-starting capability, as found by 

Beri and Yao [22]. The self-starting capability is also investigated in connection with the 

blade curvature by Li et al. [105]. Qu et al. [144] tried to optimize the location of the airfoil 

maximum thickness in order to minimize the laminar bubble separation that occurs at low 

Reynolds numbers. They concluded that the position of the maximum thickness depends 

on the Reynolds number itself.  

The number of blades and the solidity of the rotor also play an important role in the 

performance and dynamics of VAWTs. A higher solidity was found by Li and Li [106] to 

give better starting characteristics for a four-blade-rotor at the detriment of the maximum 

power. It also gives a flatter operating range as concluded previously by Healy [69], and 

more recently by Sabaeifard et al. [153]. A flatter output variation is also obtained by using 

a curved or helically twisted blade as in [166, 167] and [156]. The twisting of the blade 

contributes not only to the self-starting capability, but also alleviates the dynamic stall. For 

instance, twisted blades [166] have been used so that, at every time, at least part of the 

blade operates under attached flow conditions and produces power. This approach also 

flattens the torque production over a cycle reducing the frequency of the torque and blade 

loads. Thus, it limits the vibratory loads and minimizes the damage to the machinery. 

Active control approaches and variable pitch utilizing sensors have also been investigated 

(e.g., [17], [56], [59], [71], [130], [179], and [180]), but these approaches violate the 

simplicity of the VAWT configuration and compromise rugged reliable operation and low 

cost of ownership. For instance, there will be a need to incorporate wind direction sensors 

to achieve the desired performance. Like in the case of horizontal-axis turbines, these 
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sensors are not adapted for rapidly and/or frequently changing wind directions, whereas 

these phenomena and gusts of wind are expected in normal atmospheric operations. We 

can work around this issue by designing a passive variable pitch. This is done by the use 

of a dual-arm strut with an offset center of rotation. The locations of the arm attachments 

to the blades and the distance between the attachments will determine the amplitude and 

frequency of the variations of the pitch angle. This method was investigated by Kiwata et 

al. [92] and Erickson et al. [52]. Paraschivoiu et al. [140] analyzed a sinusoidal variation 

of the pitch and an optimization thereof. They predicted a 30% gain of power as a result of 

the “optimized” pitch. Rathi [147] studied the variable pitch blade in order to improve the 

self-starting characteristics and minimize the “dead” zone – region where power is 

consumed to drag the blade in the medium. This work proposed an azimuthally varying 

blade pitch so that the blade always operates below its static stall angle of attack. This can 

be implemented using the offset center of rotation that was discussed earlier. The fixed 

pitch blade is a rudimentary option and the optimal value will depend on the overall design 

of the rotor. Islam et al. [81] and Chen and Kuo [34] have investigated this alternative. The 

rotor in the case of Chen and Kuo [34] has better starting characteristics with a negative 

pitch angle while a near-zero pitch angle is preferred when the blade reaches its steady 

rotation phase.  

 These geometrical parameters have been combined for the design of small scale 

turbines (e.g. [83, 84], [35], [47], and [153]). Wahl [197] worked on the design of an H-

rotor for operation on a South Pole research station. Kumar et al. [95] studied the design 

of a small turbine for Mars. The analysis of the atmospheric conditions on Mars shows a 

wind energy potential 5 to 7 times greater than on Earth. They conducted an optimization 

for the aspect ratio and solidity and analyzed the rotor aerodynamics and performance.  

 

 For further power extraction, vanes have been used by Takao et al. [183], while 

Geurts et al. [60] opted for the use of a diffuser. In the first case, the number of vanes, their 
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size and the distance between them were investigated. The results showed that the power 

output depended little with the number of vanes. However, there was some dependence 

with respect to the distance between them. In the second case, an augmentation of the blade 

characteristics (angle of attack, normal, and tangential forces) was noticed as well as the 

shedding of vortices. 

 

b. Flow Dynamics 

 It has already been stated that small and medium capacity vertical-axis turbines 

operate at relatively low Reynolds numbers. Under these conditions, complex flow 

phenomena occur. The occurrence of laminar separation bubbles and laminar-to-turbulent 

transitions are among the most noticeable. There is also a strong sensitivity to the changes 

in oncoming stream as well as the flow perturbations generated by the turbine operation 

itself. In addition to this, large angles of attack may be reached during a cycle. This leads 

at times to post-stall operation for the blades. This phenomenon combines with the dynamic 

stall that is even more exacerbated in low tip speed ratios. 

There may be limited studies proper to the dynamic stall of vertical-axis turbines. However, 

because of the periodic variations of the blade angle of attack, we can first look at the 

dynamic stall of the oscillating single airfoils. Experimental (e.g., [6], [117], [131], [148], 

and [162]) and numerical (e.g., [3], [196], [199], and [124]) studies are available. These 

studies help us to understand the dynamics of the flow and constitute a basis for developing 

dynamic stall models. Other researchers have investigated the combination of pitching and 

plunging motions (e.g., [192], [194]) and the combination of pitching and translation ([55]). 

The proper adjustment of the amplitudes and frequencies of the pitching and plunging 

motions can somewhat approach the type of motion encountered by a blade during VAWT 

operating cycles. 

Despite the valuable information gathered from the single airfoil pitching and/or plunging 

dynamics, this still may not suffice to analyze the dynamics of a VAWT. For instance, 
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most of these studies, with very few exceptions, are limited to thin airfoils in relatively 

small oscillation amplitudes and reduced frequencies. VAWTs, on the other hand, deal 

with thicker airfoils, much larger amplitudes, and often larger reduced frequencies. Rueger 

and Greporek [151] studied the aerodynamic characteristics of a NACA0021 airfoil 

undergoing large oscillations. A comparative analysis of dynamic stall models is provided 

by Holierhoek et al [72] and showed that the Leishman-Beddoes model approaches 

relatively well the experimental results of an oscillating airfoil. Dyachuk et al. [45] adapted 

the Sheng et al. [164, 165] modification of the Leishman-Beddoes dynamic stall 

formulation to the conditions of this airfoil. Even now the conditions of VAWT operation 

are still not met. In fact, there is still a need to account for the change in effective velocity 

during a cycle as well as the blade wake interactions and the associated gusts of wind, 

among other constraints. 

 The study of the dynamic stall in the context of the VAWT itself is of utmost 

importance. Klimas [89] described the interferences (blade/blade wake, etc.), dynamic 

stall, apparent mass (unsteadiness induced by the inertia of the fluid), and circulatory 

effects (virtual camber induced by the flow rotation). Oler et al. [126] tried a regulation on 

the Sandia Darrieus rotors. His two-dimensional unsteady calculations used double panel 

method with an integral scheme for the attached boundary layer and discrete vortices for 

the detached boundary layer. Empirical dynamic stall models were later incorporated to the 

analytical calculations such as the double multiple streamtube models. These empirical 

models were initially designed for helicopter aerodynamics and later adapted to horizontal-

axis turbines. Their parameters were tuned to fit some designs of VAWTs. Thus, 

reformulated versions of the Gormont, Berg, and Boieng-Vertol models were used by 

Paraschivoiu [135, 137], Paraschivoiu and Delclaux [136], Masson et al. [115], Brahimi et 

al. [24], and Shires [168] among other scholars. 

The study of the VAWT dynamic stall phenomenon itself was conducted by few scholars. 

Among them, Brochier et al. [26] conducted water tunnel experiments using laser-Doppler 



 18 

velocity measurement and hydrogen bubble visualization. They visualized the dynamics of 

the counter-rotating leading and trailing edge vortices, the blade/wake interaction, and the 

heavily perturbed flow inside the rotor. The blade-vortex interaction was explored by Amet 

et al. [7] in 2D simulations using TURBFLOW. A comparison of low (2) and high (7) tip 

speed ratios underlined the deep stall and the preponderance of vortex shedding at low tip 

speed ratios. Simao-Ferreira et al. [174, 175] conducted Particle Image Velocimetry (PIV) 

experimentation as well as CFD of a heavily stalled single-blade rotor. Their CFD work 

included URANS with the Spalart-Allmaras turbulence model, LES, and DES. Here the 

DES (Detached Eddy Simulation) is a combination of URANS in the boundary layer and 

LES in the outer regions. 

1.4.4 VAWT Study: a Sustained Effort 

 The more studies of VAWTs are conducted, the more their potential is highlighted. 

The renewed interest feeds into the development of the products as well as the continuation 

of the research for the betterment of the devices. Small VAWTs, in particular, have 

gathered a great deal of attention because of their practicality among other considerations. 

The interest is to the point that some research (e.g., Weekes and Tomlin [201]) is dedicated 

to predicting the wind energy resources for these devices. Slootweg et al. [177], on another 

hand, focused on the dynamics of the wind turbine systems as part of the overall power 

supply. They analyzed the dynamic response of the system to the wind speed variations. 

Deglaire et al. [41] provided a two-dimensional analytical study of the aerodynamic and 

aeroelasticity coupling on the turbine while Raciti-Castelli et al. [145] and Zhang et al. 

[217] limited themselves to the aerodynamic loads and proposed CFD based models. 

1.4.5 Multi-Element Airfoil and their Current Applications 

 Another approach not considered thus far for VAWTs is the use of multi-element 

airfoils. The technique is already used in the racing car industry to improve the ground 
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adhesion at very high speeds. It is also used for aircraft applications to achieve a high lift 

coefficient and increase the stall angle of attack. For example, Cebeci et al. [32] studied 

the low and moderate Reynolds number characterization of single- and multi-element 

airfoils for aircraft application. They improved the aerodynamic characteristics by use of 

flaps and slats in multi-element airfoil configurations. 

Helicopter industries have also looked at “slotted” or “slatted” airfoils to alleviate 

dynamically stalled conditions (e.g., [14], [155, and [193]).  Passive leading edge droop 

has also been explored (Figures 1.2, 1.3). These passive devices do alleviate dynamic stall 

on the retreating side of the rotor, but they may have undesirable effects (increased drag, 

poor performance under gusty flow conditions) on the advancing side compared with 

conventional single-element configurations. 

 
Figure 1. 2: NACA 0012 and VR-7 Airfoils with a Drooped Leading Edge 

 

x

y

x

y

C-type Grids for  NACA0012 & VR-7

x

y

x

y

C-type Grids for NACA0012 &VR-7 with 15 deg Droop



 20 

 
Figure 1. 3: Comparison of Pressure Field over a VR-7 and an Ames-01 Airfoil 

with and without Droop at 24.7 Degrees during Dynamic Stall 

 

The application of multi-element airfoils extend also to sail wings. Shankaran [161] 

conducted an analysis and design of such device. Yet another application for these 

mechanisms is the use of tandem airfoils in axial compressors. In this regard, McGlumphy 

[116] investigated the subsonic axial flow through tandem airfoils for a core compressor 

rotor. UAVs (Unmanned Aircraft Vehicles) also utilize this technique. In this context, 

Ylilamni [212] studied the low Reynolds number flapped airfoils. Shirsath and Mukherjee 

[169] and Shirsath et al. [170] explored the dynamics of tandem airfoils in pitching motion 

for micro UAV application. They analyzed the effects of airfoil-wake interactions on the 

aerodynamic characteristics as well as the effects of the relative motion and phase between 

the airfoils. 

An in-depth wind tunnel investigation of large deflection airfoils at low Reynolds number 

was conducted by Williamson [203] for optimizing the aerodynamic characteristics. He 

found that airfoil thickness affects the laminar-to-turbulent transition and the separation, 

but does not affect so much the lift. The lift depends on the flap-to-chord ratio and the 
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deflection angle in addition to the Reynolds number. Each airfoil type has its proper 

optimal deflection and flap-to-chord ratio. He noted a large dependence of the maximum 

lift-to-drag ratio on the thickness for low deflection angles.  

Rival et al. [150] examined the lift augmentation of two pitching and plunging airfoils in 

tandem formation as a result of the angle of attack, the phase difference and the reduced 

frequency. They concluded that a proper phasing yields an increase of lift on the front 

airfoil. In general, there will be a proper combination of parameters that will substantially 

improve the aerodynamic characteristics. 

Fundamental biomimetic studies of tandem airfoils have also being conducted. For 

instance, Broering et al. [25] mimicked the dragonfly’s wings. Their tandem airfoils 

analysis emphasized the energy extraction and loads as functions of the phase between the 

airfoils. They compared the results with the single airfoil. They also analyzed the dynamics 

of the leading and trailing edge vortices. 

In the field of wind engineering, the use of multiple-element airfoils remains to be 

explored. Ragheb and Selig [146] utilized such a technique on removable blade roots for 

HAWTs. They aimed at reducing the drag generated by the large root sections without 

compromising the structural integrity. The removable pieces also make it easier to transport 

the blades.  

  

 Passive two-element configurations will be more expensive to manufacture and 

assemble than single-element VAWTs, but this initial increased cost of acquisition may be 

offset by increased power production over the life of the device. 
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1.5 Research Scope and Objectives 

 

 The purpose of the present effort enters the broader frame of development of 

renewable energy solutions as it is becoming clear that fossil fuel sources need to be 

progressively replaced. The need for replacement arises not only from the progressive 

depletion of classical fuel sources, but also from the consequences of emissions on health 

and the environment in general. 

 The specific aims of the present work are to study the aerodynamics of straight-

bladed vertical-axis wind turbines and to contribute to the state-of-the-art of performance 

improvement techniques.  An innovative concept of multi-element blade profile is 

investigated to achieve the desired performance enhancement. A comparative cost analysis 

is conducted to see whether the concept is economically viable. 

Prior to focusing on the proposed concept, an emphasis is given to the understanding of the 

dynamics of the classical straight-bladed vertical-axis wind turbines with a single-element 

blade profile. The flow dynamics is investigated using computational fluid dynamics. A 

first principles based VAWT dynamic stall model is put forward to meet some of the 

specific conditions encountered during VAWT operation. The aerodynamic loads are 

computed by means of CFD and the semi-analytical double multiple streamtube (DMST) 

model. 

In investigating the novel multi-element blade, a parametric study is conducted to identify 

potential candidates based on aerodynamic criteria. The performance is computed using 

the DMST model in conjunction with an empirical dynamic stall model. CFD simulations 

are conducted to analyze the dynamics of the flow. 

Following the aerodynamic modeling, an economic analysis of single- and multi-element 

VAWT configurations is conducted. A representative seasonal wind variation as a Weibull 

distribution is employed. The total annual energy production is then estimated. The 
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financial cost of ownership and servicing of the system is also determined. The cost of 

energy in cents per kilowatt-hour (₡/KWhr) is calculated. 

 

 We will thus summarize the objectives as follows:  

1. To study the aerodynamics and performance of conventional straight-bladed 

VAWTs using CFD and DMST: 

a. To compare the interference factors, loads, and performance obtained by 

the two approaches, 

b. To establish the DMST as a viable substitute for the CFD in the preliminary 

design phase, 

c. To analyze the dynamics of the flow within the rotor. 

2. To use the Leishman-Beddoes first principles approach to adapt the Sheng dynamic 

stall model to the conditions very specific to the vertical-axis wind turbines. 

3. To work on the design of a dual-element blade for dynamic stall alleviation: 

a. To conduct a parametric study to identify a suitable candidate based on the 

VAWT aerodynamic criteria, 

b. To conduct the performance calculation using the DMST with an empirical 

dynamic stall model, 

c. To conduct CFD on the dual-element and analyze the flow dynamics 

4. To conduct a comparative cost analysis of the single- and dual-element to ensure 

the economic viability.  
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1.6 Organization of the Dissertation 

 

The dissertation is organized as follows. A general background on sustainable energies in 

the context of the overall energy sources has been given here. Following the introduction, 

this chapter also contains the description of wind energy technologies in general and the 

physics of vertical-axis wind turbines in particular. A detailed literature survey of prior 

work in the topics related to the themes of this work has also been given. The second 

chapter is dedicated to the dynamics of the conventional SB-VAWT. We detail therein the 

mathematical formulation for the computational fluid dynamics (CFD) and the double 

multiple streamtube (DMST) model. Chapter 2 also contains the formulation of the 

Gormont and the customized Sheng dynamic stall models. Validations for the 

computational tools and introductory elements are provided in chapter 3.  Chapter 4 focuses 

on the aerodynamics and performance of the conventional SB-VAWT. We compare therein 

the DMST and CFD in order to establish the DMST as a viable approach to screen through 

numerous case studies. The customized Sheng dynamic stall model is used to approach the 

conditions encountered during VAWT operations. This model is used along with the 

empirical Gormont model and the static stall approach. The dual-element investigations 

are elaborated upon in chapter 5 with details on the parametric studies and the performance 

evaluation using DMST. In chapter 6, an economic feasibility study is presented. Finally, 

chapter 7 provides the concluding remarks and the recommendations for future work. 
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CHAPTER 2  

MATHEMATICAL FORMULATION 

 

 In this chapter, an overview of the governing equations and numerical formulation 

used in this dissertation are given. There are two solvers (ANSYS Fluent and the double 

multiple streamtube – DMST) described in sections 2.1 and 2.2, respectively. The 

methodology of the computational fluid dynamics (CFD) – that is expounded in [186] – is 

provided. The equations are simplified and contextualized in light of the problem under 

investigation. The formulation of the double multiple streamtube (DMST) model is then 

detailed followed by the description of the Gormont [63] dynamic stall model. The chapter 

closes with a modified Sheng dynamic stall model, which is customized to vertical-axis 

wind turbine (VAWT) applications. This model follows the same principles as the 

Leishman-Beddoes model. 

 

2.1 Mathematical Formulation of the Computational Fluid 

Dynamics 

 All the simulations described here were done using the commercial CFD software 

ANSYS Fluent®. The computational methodology is based on the Reynolds Averaged 

Navier-Stokes (RANS) equations.  

2.1.1 The Navier-Stokes Equations 

 The problem under investigation assumes an incompressible and isothermal flow. 

Thus the energy conservation equation doesn’t play a role. This leaves us with the mass 

and momentum conservation equations. The incompressibility is itself synonymous with 

constant density. With the gravity not taken into consideration and the absence of other 

body forces and source terms, the mass and momentum equations simplify to:  
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 ∇. �⃗� = 0 (1) 

 
𝜌
𝜕�⃗� 

𝜕𝑡
+ 𝜌∇(𝑉2) = −∇𝑃 + ∇(𝜏̿) 

(2) 

In these equations, the viscous stress tensor reads: 

 𝜏̿ = 𝜇[∇�⃗� + ∇�⃗� 𝑇] (3) 

These equations are written as follows in the Cartesian coordinate system with the Einstein 

repeated indices convention: 

 𝜕𝑢𝑖
𝜕𝑥𝑖

= 0 (4) 

 
𝜌
𝜕𝑢𝑖
𝜕𝑡

+ 𝜌𝑢𝑗
𝜕𝑢𝑖
𝜕𝑥𝑗

= −
𝜕𝑃

𝜕𝑥𝑗
𝛿𝑖𝑗 + 𝜇

𝜕2𝑢𝑖
𝜕𝑥𝑗𝑥𝑗

 (5) 

 

2.1.2 Moving Mesh Formulation 

 The problem being solved comprises moving components. This motion is taken 

into account by making certain part(s) of the computational domain move. For doing so, 

the conservation equations are adapted to take into account the relative motion between the 

rotating and stationary parts. Thus for a given scalar Φ, the integral form of the 

conservation equation on an arbitrary control volume with moving boundary becomes: 

 𝑑

𝑑𝑡
(∭𝜌Φ𝑑𝓋) +∯𝜌Φ(�⃗� − 𝑉𝑚⃗⃗ ⃗⃗  ). 𝑑𝒶 = ∯Γ∇Φ. 𝑑𝒶  (6) 

V, Vm and Γ denote the velocity of the flow, that of the moving mesh and the diffusion 

coefficient, respectively. And a second-order backward difference is used to compute the 

time variation term, which becomes: 

 𝑑

𝑑𝑡
(∭𝜌Φ𝑑𝓋) =

3(𝜌Φ𝓋)𝑛 − 4(𝜌Φ𝓋)𝑛−1 + (𝜌Φ𝓋)𝑛−2

2Δ𝑡
 (7) 
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The superscripts (n), (n-1) and (n-2) denote that the corresponding quantities are taken at 

successive time levels, with (n) superscript corresponding to the current time level. The 

(n)th volume is computed as follows: 

 
𝓋𝑛 = 𝓋𝑛−1 +

𝑑𝓋

𝑑𝑡
∆𝑡 (8) 

The time variation of the control volume is computed in a way to satisfy the mesh 

conservation law.  

 𝑑𝓋

𝑑𝑡
= ∯�⃗� 𝑚𝑑𝒶 =∑ �⃗� 𝑚,𝑗. 𝑎𝑗⃗⃗  ⃗

𝑛𝑓

𝑗
 (9) 

The summation in the above equation is done over all the faces of the control volume on 

the dot product of the mesh velocity and the face area vector. For time levels (n-1) and (n-

2), this dot product is expressed as:  

 
[�⃗� 𝑚,𝑗 . 𝑎𝑗⃗⃗  ⃗]

(𝑛−1)|(𝑛−2)
= [

𝛿𝓋𝑗

∆𝑡
]

(𝑛−1)|(𝑛−2)

 (10) 

𝓋𝑗  is the volume swept by the control volume face j over the time step Δt.  

The (n) time level dot product is expressed using the previous time levels as follows:  

 
[�⃗� 𝑚,𝑗 . 𝑎𝑗⃗⃗  ⃗]

(𝑛)
=
3

2
[
𝛿𝓋𝑗

∆𝑡
]

(𝑛−1)

−
1

2
[
𝛿𝓋𝑗

∆𝑡
]

(𝑛−2)

 (11) 

In the context of sliding mesh, the volume of a cell doesn’t change with time, so  

 𝓋𝑛 = 𝓋𝑛−1 = 𝓋 (12) 

And the first term in the conservation equation (6) becomes  

 𝑑

𝑑𝑡
(∭𝜌Φ𝑑𝓋) =

𝜌[3(Φ)𝑛 − 4(Φ)𝑛−1 + (Φ)𝑛−2]𝓋

2Δ𝑡
 (13) 

And the dot product terms discussed above are nil.  
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2.1.3 Reynolds Averaged Navier-Stokes 

 In this formulation the Navier-Stokes equations are averaged using the Reynolds 

decomposition. This consists in the decomposing of the time varying quantity such as the 

velocity into a mean time-averaged component and a fluctuating component in the form:  

 𝑢𝑖(𝑥 , 𝑡) = �̅�𝑖(𝑥 ) + 𝑢𝑖
′(𝑥 , 𝑡) (14) 

The Reynolds averaged mass and momentum equations become respectively 

 𝜕�̅�𝑖
𝜕𝑥𝑖

= 0 (15) 

 

 
𝜌�̅�𝑗

𝜕�̅�𝑖
𝜕𝑥𝑗

=
𝜕

𝜕𝑥𝑗
[−�̅�𝛿𝑖𝑗 + 𝜇 (

𝜕�̅�𝑖
𝜕𝑥𝑗

+
𝜕�̅�𝑗

𝜕𝑥𝑖
) − 𝜌𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ ] (16) 

There appears in the averaged momentum equation a new term that makes the problem 

unclosed. This term (𝜏𝑖𝑗
′ = −𝜌𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ ) is referred to as the Reynolds shear stress tensor and 

requires modeling in order to close the problem. The Boussinesq approach is retained for 

the closure model. 

 
𝜏𝑖𝑗
′ = −𝜌𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅ =  𝜇𝑡 (

𝜕�̅�𝑖
𝜕𝑥𝑗

+
𝜕�̅�𝑗

𝜕𝑥𝑖
) −

2

3
𝜌𝑘𝛿𝑖𝑗 (17) 

The turbulence viscosity μt and the turbulence kinetic energy k are obtained by using a 

turbulence model. 

 

2.1.4 Turbulence Model 

 Among all the turbulence models, a two equation formulation is select for the 

accuracy it offers. In particular the k- shear stress transport (k-ω SST) model [120, 121] 

is chosen because of its ability to represent rotating flows, and flows with high adverse 

pressure gradients and separation. These phenomena are strongly encountered in the flow 

through vertical-axis wind turbines that are being investigated. 
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The transport equations for the k-ω SST model (i.e., turbulence kinetic energy and 

turbulence dissipation rate) read as follows: 

 
𝜌
𝜕

𝜕𝑡
(𝑘) + 𝜌

𝜕

𝜕𝑥𝑖
(𝑘𝑢𝑖) =

𝜕

𝜕𝑥𝑗
(Γ𝑘

𝜕𝑘

𝜕𝑥𝑗
) + �̃�𝑘 − 𝑌𝑘 (18) 

 

 
𝜌
𝜕

𝜕𝑡
(𝜔) + 𝜌

𝜕

𝜕𝑥𝑖
(𝜔𝑢𝑖) =

𝜕

𝜕𝑥𝑗
(Γ𝜔

𝜕𝜔

𝜕𝑥𝑗
) + 𝐺𝜔 − 𝑌𝜔 + 𝐷𝜔 (19) 

�̃�𝑘 denotes the turbulence kinetic energy generation due to the mean velocity gradient and 

Gω the generation of ω. In these equations, the terms Γk|ω and Yk|ω correspond to the 

effective diffusivities and the dissipations due to turbulence, respectively, and Dω 

represents the cross-diffusion. No source terms are considered in this problem formulation. 

The various terms that appear in these equations are described below. 

 Γ𝑘 = 𝜇 +
𝜇𝑡
𝜎𝑘⁄ 𝑎𝑛𝑑 Γ𝜔 = 𝜇 +

𝜇𝑡
𝜎𝜔⁄  (20) 

where the turbulence viscosity (𝜇𝑡) and the turbulence Prandtl numbers (𝜎𝑘, 𝜎𝜔) are 

respectively defined as: 

 
𝜇𝑡 =

𝜌𝑘

𝜔

1

max (
1
𝛼∗ ,

𝑆𝐹2
𝛼1𝜔

)
 

(21) 

 

 𝜎𝑘 =
1

𝐹1
𝜎𝑘,1⁄ +

1−𝐹1
𝜎𝑘,2

 and 𝜎𝜔 =
1

𝐹1
𝜎𝜔,1⁄ +

1−𝐹1
𝜎𝜔,2

 
(22) 

Because the vertical-axis wind turbine operates in a relatively low Reynolds number range, 

corrections are made to some coefficients as shown here. 

 
𝛼∗ = 𝛼∞

∗ (
𝛼0
∗ + 𝑅𝑒𝑡/𝑅𝑘
1 + 𝑅𝑒𝑡/𝑅𝑘

) (23) 

where 𝑅𝑒𝑡 =
𝜌𝑘

𝜇𝜔
, 𝛼0

∗ =
𝛽𝑖

3
, 𝑅𝑘 = 6, and 𝛽𝑖 = 0.072. 

For high Reynolds numbers, the model considers 𝛼∗ = 𝛼∞
∗ = 1. 

Continuing with the coefficients in the turbulence Prandtl numbers and the turbulence 

viscosity, we have  
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 𝐹1 = tanh (Φ1
4) and 𝐹2 = tanh (Φ2

4) (24) 

 

 
Φ1 = 𝑚𝑖𝑛 [𝑚𝑎𝑥 (

√𝑘

0.09 𝜔𝑦
,
500

𝜌𝜔𝑦2
) ,

4𝜌𝑘

𝜎𝜔,2𝐷𝜔
+𝑦2

] (25) 

 

 
𝐷𝜔
+ =  𝑚𝑎𝑥 (

2𝜌

𝜎𝜔,2

1

𝜔

𝜕𝑘

 𝜕𝑥𝑗

𝜕𝜔

 𝜕𝑥𝑗
, 10−10) (26) 

 

 
Φ2 = 𝑚𝑎𝑥 (

2√𝑘

0.09 𝜔𝑦
,
500𝜇

𝜌𝜔𝑦2
) (27) 

In the equations above, y denotes the distance to the nearest wall. 

 �̃�𝑘 = min (𝐺𝑘, 10𝜌𝛽
∗𝑘𝜔) and 𝐺𝜔 =

𝛼
𝜐𝑡⁄ �̃�𝑘 (28) 

The production term Gk is given below in consistence with the Boussinesq formulation.  

 
𝐺𝑘 = −𝜌𝑢𝑖′𝑢𝑗′̅̅ ̅̅ ̅̅

𝜕𝑢𝑖
𝜕𝑥𝑗

= 𝜇𝑆2 = 2𝜇𝑆𝑖𝑗𝑆𝑖𝑗 (29) 

 

 𝛼 =
𝛼∞

𝛼∗
(
𝛼0+𝑅𝑒𝑡/𝑅𝜔

1+𝑅𝑒𝑡/𝑅𝜔
) with 𝛼∞ = 𝐹1𝛼∞,1 + (1 − 𝐹1)𝛼∞,2 (30) 

The alpha-coefficients are given by the expressions 

 𝛼∞,1 =
𝛽𝑖,1

𝛽∞
∗ −

𝜅2

𝜎𝜔,1√𝛽∞
∗  , 𝛼∞,2 =

𝛽𝑖,2

𝛽∞
∗ −

𝜅2

𝜎𝜔,2√𝛽∞
∗  and 𝜅 = 0.41 (31) 

The dissipation of turbulence kinetic energy is expressed by  

 

𝑌𝑘 = 𝜌𝛽𝑖
∗𝑘𝜔 where 𝛽𝑖

∗ = 𝛽∞
∗ (

4

15
+(

𝑅𝑒𝑡
𝑅𝛽

)

4

1+(
𝑅𝑒𝑡
𝑅𝛽

)

4) (32) 

while that of the dissipation rate reads 

 𝑌𝜔 = 𝜌𝛽𝑖𝜔
2 where 𝛽𝑖 = 𝐹1𝛽𝑖,1 + (1 − 𝐹2)𝛽𝑖,2 (33) 

Finally the cross-dissipation modification, which is a result of the passage from the 

standard k-ω model to the SST model, is expressed as: 
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𝐷𝜔 = 2(1 − 𝐹1)𝜌𝜎𝜔,1

1

𝜔

𝜕𝑘

𝜕𝑥𝑗

𝜕𝜔

𝜕𝑥𝑗
 (34) 

The constant parameters that were not already defined in the formulation above are given 

in Table 1.1. 

 

Table 1. 1: k- SST Model Constants 

σk,1 = 1.176 a1 = 0.31 α∞
* = 1 

σk,2 =1.0 βi,1 = 0.075 α∞ = 0.52 

σω,1 = 2.0 βi,2 = 0.0828 α0 = 0.52 

σω,2 = 1.168 β∞
* = 0.09 ζ* = 1.5 

Rβ = 8 Rk = 6 Rω = 2.95 

 

With regard to the wall boundary conditions, the value of ω at the wall is given by: 

 
𝜔𝑤 =

𝜌(𝑢+)2𝜔+

𝜇
 (35) 

 Analytical solutions can be given for the laminar sub-layer and the logarithmic region 

respectively in the form: 

 𝜔𝑙𝑎𝑚
+ = 6

𝛽𝑖(𝑦+)2
⁄  and 𝜔𝑙𝑜𝑔

+ =
1

√𝛽∞
∗

𝑑𝑢𝑡𝑢𝑟𝑏
+

𝑑𝑦+
 (36) 

 The equations and formulae described above correspond to an adapted version of a 

more general formulation. The formulation was contextualized to the problem under 

investigation. The corrections were undertaken in order to remain faithful to the context of 

the problems under investigation. A more general formulation of these equations can be 

found in [120, 121] and the Fluent® theory guide [186]. 

 

2.1.5 Numerical Schemes and Discretization 

 The numerical formulation uses a pressure based segregated algorithm with a linear 

pressure-velocity coupling. The velocity coupling is based on the Semi-Implicit Method 

for Pressure-Linked Equations (SIMPLE) [132]. In this scheme, the velocity and pressure 
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gradients are computed based on the boundary conditions and initial or current values. 

Then the discretized momentum equations are solved for the velocity field before 

computing the mass fluxes at the faces of the cell. Then the equation for the pressure 

correction is solved in order to determine the pressure correction for a given cell.  This new 

pressure correction term is used to update the pressure field by the mean of the under-

relaxation factor, which is set by the user or left at a given default value. The pressure field 

at the boundaries is then updated with the correction terms before updating the mass fluxes. 

Finally, the velocity of the cell is updated accordingly. A full description of the SIMPLE 

scheme with the pressure-velocity coupling can be found in [146]. 

  

 With regard to the discretization, let us consider the general conservation equation 

and its discretized form on a given cell as shown in equations (37) and (38), respectively.  

 𝑑

𝑑𝑡
(∭𝜌Φ𝑑𝓋) +∯𝜌Φ(�⃗� ). 𝑑𝒶 = ∯ΓΦ∇Φ. 𝑑𝒶  (37) 

 

 

𝜌
𝜕Φ

𝜕𝑡
𝓋 + 𝜌 ∑ Φ𝑓

𝑁𝑓𝑎𝑐𝑒𝑠

𝑓

�⃗� 𝑓 . 𝑎 𝑓 = ∑ ΓΦΦ𝑓𝑎 𝑓

𝑁𝑓𝑎𝑐𝑒𝑠

𝑓

 (38) 

 

The temporal discretization follows a second order implicit formulation and is written as 

 𝜕Φ

𝜕𝑡
=
3Φ𝑛+1 − 4Φ𝑛 +Φ𝑛−1

2Δ𝑡
= 𝐹𝑢𝑛𝑐(Φ𝑛+1) 

 

where the superscript (n-1), (n) and (n+1) denote the previous, current, and next time levels, 

respectively. We note that the right hand side scalar function is taken at the next time level, 

thus the implicit appellation. 

For the spatial discretization, the Green-Gauss cell-based method is used for evaluating the 

gradients. And a second order upwind scheme is utilized. The up-winding indicates that 

for a given cell, information is carried from an upstream cell and utilized for computing 
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the present cell. This is expressed in equation (39), where the subscript SOU denotes the 

second order upwinding. 

 Φ𝑓,𝑆𝑂𝑈 = Φ𝑐0 + ∇Φ𝑢𝑝. 𝑟  (39) 

The right hand side terms correspond to the cell center value of the scalar Φ and the dot 

product of its gradient in the upstream cell with the displacement from the upstream cell 

center to the center of the face. The gradient at a cell center will be given by equation (40) 

where the face value is taken as an average of the neighboring cell centers. 

 [∇Φ]𝑐0 =
1

𝓋
∑ Φ̅𝑓𝑎 𝑓
𝑁𝑓𝑎𝑐𝑒𝑠
𝑓   with   Φ̅𝑓 =

Φ𝑐0+Φ𝑐1

2
 (40) 

The numerical formulation is summarized in the Table 2.1 below. 

 

Table 2. 1: Numerical Formulation 

Pressure-Velocity coupling SIMPLE Scheme 

 

Spatial 

Discretization 

 

Gradient Green-Gauss cell based 

Pressure Standard 

Moment  

Second order upwind 

  

TKE 

Dissipation 

Time Discretization Second order implicit 

Turbulence model 
k- SST with low Reynolds number 

correction 

 

 

2.2 The Double Multiple Streamtube Model 

 In the double multiple streamtube (DMST) model, the Darrieus turbine is 

represented by a series of streamtubes following the direction of the main flowstream. Each 

streamtube is composed of a pair of actuator-discs in tandem – one in the upstream half of 

the rotor and the other in the downstream half. Different induced velocities are considered 

in each half. The streamtubes are assumed to be independent of one another. And the 

expansion of the streamtubes is neglected because it was found in [140] that it had a 
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negligible effect on the overall performance prediction. A schematic of the model is 

presented in Figure 2.1 with only one streamtube being highlighted. 

 
Figure 2. 1: Schematuc of the Double Multiple Streamtube Model 

 

 For the purpose of this work, the Earth boundary layer is not considered. Thus, the 

far-field wind speed is taken constant throughout the height of the turbine. In the 

streamwise direction, the presence of the turbine progressively slows the wind velocity and 

this decrease continues through the turbine. This effect is taken into account by introducing 

interference factors (a, and a’). The velocity relationships through each streamtube are 

expressed as follows in equations (41) through (44). 

 𝑉 = 𝑎. 𝑉∞ (41) 

 

 𝑉𝑒 = (2𝑎 − 1). 𝑉∞ (42) 

 

 𝑉′ = 𝑎′𝑉𝑒 = (2𝑎 − 1). 𝑎′. 𝑉∞ (43) 

 

 𝑉′′ = (2𝑎 − 1)(2𝑎′ − 1). 𝑉∞ (44) 

The direction of rotation and the origin of the azimuth are not standardized in the literature. 

For instance, Paraschivoiu [137] takes the zero azimuth where the far-field wind velocity 



 35 

is parallel to the rotor radius and pointing toward the center of rotation. This corresponds 

to the point ‘Az2’ in Figure 2.1. Other researchers such as Simao-Ferreira [173-175] chose 

the zero azimuth at the equivalent of point ‘Az1’ in this figure. The latter choice offers the 

advantage of coinciding the zero azimuth with the zero angle of attack. For this reason the 

present author preferred this alternative for presenting his work. The equations formulating 

the model are thus written in a way that reflect this 90 degree offset. 

Since the velocity seen by a blade is a result of both the incoming wind and the rotation of 

the turbine, the effective local upstream speed and geometrical angle of attack are defined 

as in equations (45) and (46), respectively. 𝜆 =
𝑅Ω

𝑊
 denotes the tip speed ratio and Ω the 

rotation speed of the turbine.  

 𝑊 = 𝑉.√[(𝜆 + cos 𝜃)2 + (sin 𝜃)2] (45) 

 

 
𝛼 = 𝑠𝑖𝑛−1 [

sin 𝜃

√[(𝜆 + cos 𝜃)2 + (sin 𝜃)2]
] = 𝑡𝑎𝑛−1 (

sin 𝜃

𝜆 + cos 𝜃
) (46) 

Given the angle of attack and the local Reynolds number defined in equation (47), the lift 

coefficient (CL), and the drag coefficient (CD) are determined by interpolating data from 

look-up tables. 

 
𝑅𝑒𝑏 =

𝑊. 𝑐

𝜐∞
 (47) 

The normal and tangential force coefficients are then computed following equations (48) 

and (49), respectively. 

 𝐶𝑁 = 𝐶𝐿 . cos 𝛼 + 𝐶𝐷 . sin 𝛼 (48) 

 

 𝐶𝑇 = 𝐶𝐿 . sin 𝛼 − 𝐶𝐷 . cos 𝛼 (49) 

The calculations for the downstream half follow the same way, where V is replaced with 

V’. We thus determine the corresponding effective speed (W’), angle of attack (α’), and 

Reynolds number (Reb) before calculating the lift and drag coefficients (C’L and C’D) with 
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the data interpolated from look-up tables.  The downstream normal force coefficient (CN’) 

and tangential force coefficient (CT’) are calculated following the same principles shown 

in equations (48) and (49), respectively. The computation of the interference factors 

follows an approach close to that of the CARDAAV implementation [137] by introducing 

the transcendental equation (50). The sign of K0 is positive for the upstream interference 

factor and negative for the downstream one. 

 𝑠𝑖𝑔𝑛(𝐾0). 𝐾. [1 − 𝑎(𝜃)]. cos 𝜃 = 𝑎(𝜃). 𝑓(𝜃) (50) 

Considering the upstream half, a streamtube is centred at an azimuthal location θ and is Δθ 

wide. The velocity and interference factor are considered constant in this range. This is 

achieved by considering a sufficient number of streamtubes, so as to narrow the azimuthal 

width of the streamtube. Thus, solving equation (50) for a(θ), we obtain:  

 
𝑎(𝜃) =

𝑠𝑖𝑔𝑛(𝐾0). 𝐾. 𝐾0
[𝑠𝑖𝑔𝑛(𝐾0). 𝐾. 𝐾0 + ∫ 𝑓(𝜖)𝑑𝜖

𝜃+∆𝜃 2⁄

𝜃−∆𝜃 2⁄
]

⁄  (51) 

where 𝐾 = 8𝜋𝑅/(𝑁𝑏. 𝑐), 𝐾0 = sin (𝜃 +
∆𝜃

2
) − sin (𝜃 −

∆𝜃

2
) and 

 
𝑓(𝜃) = (

𝑊

𝑉
)
2

[𝐶𝑁 . sin 𝜃 − 𝐶𝑇 . cos 𝜃] (52) 

We determine similarly the interference factor a’ (θ) for the downstream half of the rotor. 

 
𝑎′(𝜃) =

𝑠𝑖𝑔𝑛(𝐾0). 𝐾. 𝐾0
[𝑠𝑖𝑔𝑛(𝐾0). 𝐾. 𝐾0 + ∫ 𝑓′(𝜖)𝑑𝜖

𝜃+∆𝜃 2⁄

𝜃−∆𝜃 2⁄
]

⁄  (53) 

 

 
 𝑓′(𝜃) = (

𝑊′

𝑉′
)

2

[𝐶𝑁′. sin 𝜃𝐶𝑇′. cos 𝜃] (54) 

We note that sign (K0) is +1 for the upstream half and -1 for the downstream half. 

The large number of streamtubes also means that the force coefficients can be assumed to 

be constant across the width of a streamtube. Thus, the integration of equations (51) and 

(53) yields the interference factors in equations (55) and (56) where K0 and J0 are defined 

in equations (57) and (58), respectively. 
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 𝑎(𝜃) = 1

1 + (
𝑊
𝑉 )

2

[𝐶𝑁 +
𝐽0
𝐾0
𝐶𝑇]

⁄
 

(55) 

 

 𝑎′(𝜃) = 1

1 − (
𝑊′
𝑉′
)
2

[𝐶𝑁
′ +

𝐽0
𝐾0
𝐶𝑇
′ ]

⁄
 

(56) 

 

 
𝐾0 = 2 sin 𝜃 . sin (

∆𝜃

2
) (57) 

 

 
𝐽0 = −2 cos 𝜃 . sin (

∆𝜃

2
) (58) 

The average torque coefficients for the two rotor halves are given by equations (59) and 

(60), respectively. 

 
𝐶𝜏̅̅̅ =

𝑁𝑏 . 𝑐. 𝐻

2𝜋𝑆
∫ 𝐶𝑇 (

𝑊

𝑉∞
)
2

𝑑𝜃
𝜋/2

−𝜋/2

=
𝑁𝑏 . 𝑐. 𝐻

2𝜋𝑆
∑ 𝐶𝑇(𝑖) (

𝑊(𝑖)

𝑉∞
)
2𝑖=𝑛

𝑖=1
 (59) 

 

 
𝐶𝜏′̅̅̅ =

𝑁𝑏 . 𝑐. 𝐻

2𝜋𝑆
∫ 𝐶𝜏

′ (
𝑊′

𝑉∞
)

2

𝑑𝜃
3𝜋/2

𝜋/2

=
𝑁𝑏 . 𝑐. 𝐻

2𝜋𝑆
∑ 𝐶𝜏

′(𝑖) (
𝑊′(𝑖)

𝑉∞
)

2𝑖=𝑛

𝑖=1
 (60) 

The iteration index “i” denotes the ith streamtube and “n” the total number of streamtubes. 

The total power coefficient for the rotor is given in equation (21) where 𝜆∞ =
𝑅Ω

𝑉∞
 is the 

rotor tip speed ratio based on the far-field wind speed. 

 𝐶𝑝 = (𝐶𝜏̅̅̅ + 𝐶𝜏′̅̅̅). 𝜆∞ (61) 

The above formulation has been independently coded by the present researcher. Prior to its 

application to the two-element VAWT rotors, it was validated for a conventional single-

element rotor [12]. 
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2.3  Dynamic Stall of Vertical-Axis Wind Turbines 

2.3.1 Preamble to the Dynamic Stall 

 Dynamic stall on an airfoil is the phenomenon by which the airfoil loses lift due to 

strong perturbations of the flow around it. These perturbations are themselves associated 

with the aerodynamic separation of the flow. Divers mechanisms may trigger the stall and 

are associated with large effective angles of attack and/or strongly perturbed incoming 

flow. In the context of our study, the blade profile of a vertical-axis wind turbine sees a 

large range of angles of attack in the course of its 360 degree rotation. This phenomenon 

is even more important when the tip speed ratio (the ratio of the blade tip speed to the 

incoming flow speed) is small, as demonstrated with the expression of the angle of attack 

in equation (62) where λ and θ denote the tip speed ratio and the azimuthal location, 

respectively. 

 
𝛼 = 𝑠𝑖𝑛−1 [

sin 𝜃

√[(𝜆 + cos 𝜃)2 + (sin 𝜃)2]
] = 𝑡𝑎𝑛−1 (

sin 𝜃

𝜆 + cos 𝜃
) (62) 

Besides the large angles of attack, a strongly perturbed stream will also trigger the dynamic 

stall. This may occur despite the angle of attack still being within its normal un-stalled 

range. This phenomenon is commonly encountered by airplane flying through a storm 

where the turbulence structures no longer allow a streamed flow around the airfoil. This 

analogy is particularly relevant for vertical-axis wind turbines where in the course of the 

360 degree rotation around the rotor axis, a blade may encounter its own wake generated 

in the previous cycle as well as the wake generated by the other blades of the rotor. The 

combination of these wakes behaves like wind gusts with large turbulence structures that 

affect the flow around the blades. 

Thus, it is very important to have a careful study of the dynamic stall taking into 

consideration the very specific conditions of vertical-axis wind turbine. The dynamic stall 

phenomenon itself has been investigated to a great extent. However, most of these studies 
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are limited to relatively thin airfoils oscillating in a relatively narrow range of angles of 

attack (e.g., [23], [49], [101, 102], [117], [131], and [196]). When thick airfoils are 

investigated, the range of oscillation is limited compared to the range of angle of attack 

encountered in VAWT operations [23]. The closest attempt for studying the effect of flow 

perturbations on dynamic stall consists in having an oscillating flow-stream as was done 

by Alvin-Pierce [5].  

The study of a couple of blades in tandem configurations can also help approach to a certain 

extent the physics of the flow through a VAWT. Numerous studies of oscillating blades in 

tandem have been conducted (e.g., [25], [169], [170], and [195]). However, even though 

these segmented investigations may help gain some understanding of different phenomena 

that are encountered in a VAWT flowfield, it still is primordial to investigate the physics 

of the flow in its own context. Uncoupling of the components of a physical phenomenon 

mischaracterizes the solutions because of the very probable non-linear dependencies [96]. 

 There exists a plethora of dynamic stall models or variations thereof ranging from 

empirical approaches to semi-analytical first principles formulation. Most of these studies 

were originally applied to helicopter blades (e.g., [63], [101,102], [129], [142], and [190]), 

and were subsequently adapted to horizontal-axis wind turbines [36], [101]. Efforts to 

adapt existing dynamic stall models to vertical-axis turbines have also been undertaken 

(e.g., [114], [115], [133], and [181]). Most of these adaptations are done empirically on a 

given type of rotor and can be generalized only with great difficulty. Other researchers [61, 

62] used reduced aerodynamic modeling in a surrogate based reference framework. 

Considering for example the lift coefficient, this formulation iterates as follows:  

𝐶𝐿
𝑡+∆𝑡 = 𝐶𝐿

𝑡 + 𝜗(𝐶𝐿
𝑡+∆𝑡) 

The most promising results with regard to vertical-axis wind turbine applications are 

obtained when starting back from “first principles” models like the Leishman-Beddoes 

(e.g., Dyachuk et al. [45] and Sheng et al. [165]). 
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Before we elaborate on this formulation in section 2.3.3, the Gormont empirical model is 

discussed first in the next section. 

 

2.3.2 The Gormont Empirical Dynamic Stall Model 

 For the present investigation, the Gormont empirical model was first used because 

it offers simplicity and a reasonable first order overview of the blade loads and rotor 

performance. This model works on approaching the hysteresis response by defining a 

modified angle of attack that is different from the geometric angle of attack defined in 

equation (62). This Gormont reference angle of attack is given in equation (63). The 

constant K1 and variation of angle of attack Δα are given in equation (64). 

 𝛼𝐺𝑜𝑟 = 𝛼 − 𝐾1∆𝛼 (63) 

 

 
𝐾1 = {

1,          �̇� ≥ 0 
−0.5,    �̇� < 0 

and ∆𝛼 = {
𝛾1𝑆,                                𝑆 ≤ 𝑆𝑐
𝛾1𝑆𝑐 + 𝛾2(𝑆 − 𝑆𝑐),     𝑆 > 𝑆𝑐

 (64) 

 

 

𝑆 = √|
𝑐�̇�

2𝑊
| 𝑎𝑛𝑑 𝛾1 = {

𝛾2, [𝑙𝑖𝑓𝑡 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐𝑠] 
0, [𝑑𝑟𝑎𝑔 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐𝑠]

 (65) 

 

 𝑆1 = 0.06 + 1.5 (0.06 −
𝑡

𝑐
)  𝑎𝑛𝑑 𝛾2 = 𝛾𝑚𝑚𝑎𝑥 {0,𝑚𝑖𝑛 (1,

𝑀−𝑀2

𝑀1−𝑀2
)}  (66) 

In the expressions above, c, W, M and �̇� denote the blade chord length, effective velocity, 

Mach number, and time derivative of the angle of attack, respectively. The other 

parameters are given in Table 2.2 where t/c represents the airfoil relative thickness.  
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Table 2. 2: Gormont Model: Lift and Drag Parameters 

Lift Characteristics Drag Characteristics 

𝑀1 = 0.4 + 5 (0.06 −
𝑡

𝑐
) 𝑀1 = 0.02 

𝑀2 = 0.9 + 2.5 (0.06 −
𝑡

𝑐
) 𝑀2 = 0.7 + 2.5 (0.06 −

𝑡

𝑐
) 

𝛾𝑚 = 1.4 − 6 (0.06 −
𝑡

𝑐
) 𝛾𝑚 = 1 − 2.5 (0.06 −

𝑡

𝑐
) 

 

The value for the drag coefficient is then taken at the Gormont reference angle of attack 

instead of the geometric angle of attack. 

 𝐶𝐷
𝑑𝑦𝑛

= 𝐶𝐷(𝛼𝐺𝑜𝑟) (67) 

The lift coefficient, on the other hand, follows a linear interpolation as given by equation 

(68) where α0 is the zero-lift or any other convenient angle of attack and m is defined in 

equation (69). The static stall angle of attack is denoted by αss. 

 𝐶𝐿
𝑑𝑦𝑛

= 𝐶𝐿(𝛼0) − 𝑚(𝛼 − 𝛼0) (68) 

 

 
𝑚 = 𝑚𝑖𝑛 (

𝐶𝐿(𝛼𝐺𝑜𝑟) − 𝐶𝐿(𝛼0)

𝛼𝐺𝑜𝑟 − 𝛼0
,
𝐶𝐿(𝛼𝑠𝑠) − 𝐶𝐿(𝛼0)

𝛼𝑠𝑠 − 𝛼0
 ) (69) 

Strickland et al. [182] proposed a modification to the Gormont for thin symmetric airfoils. 

They set SC in equation (64) to zero and only apply the dynamic stall model when the 

effective angle of attack exceeds the static stall value. Paraschivoiu et al. [137] applied the 

Strickland corrected model for operations in low turbulence regions taking into account the 

findings in [26] and [100]. Masse [114] and Berg [20] gave adaptations closer to the “spirit” 

of the Gormont model by using linear interpolation between the static lift and drag 

coefficients and those determined using the Gormont model. 

 The fully empirical dynamic stall model can offer a reasonable first order view of 

the blade loads and rotor performance. However, these models were designed to fit 

problems with relatively small variations of the angle of attack and flows of a different 

complexity. For this reason they present inherent limitations when applied to vertical-axis 
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wind turbines. Thus, it may be good to go back to the “first principles” models such as the 

Leishman-Beddoes model or adaptations thereof.  

 

2.3.3 Sheng Dynamic Stall Model customized for Vertical-Axis Wind 

Turbines 

The “first principles” approach consists in examining the flow characteristics and features 

that trigger and/or contribute to the establishment of the dynamic stall. Thus, we will 

distinguish the attached flow behavior, the onset of stall, the leading edge separation and 

vortex shedding, and the trailing edge separation. A similar approach was adopted by 

Sheng et al. [165] for low Mach number compressible flow and by Dyachuk et al. [45] in 

investigating oscillating airfoils. The Sheng et al. formulation of the Leishman-Beddoes 

model followed suit by Dyachuk et al. will serve as a reference for adapting the model for 

vertical-axis wind turbine operations. 

In establishing a dynamic stall model, it is always of primary importance to model the 

unsteady attached flow behavior. The unsteady attached flow features two essential 

components generally referred to as circulatory and impulsive responses. The first is a 

response to the presence of a bound vortex the size of which increases with the angle of 

attack. It causes a phenomenon referred to as “vortex lift”. The impulsive response is 

directly related to the changing of the angle of attack.  

 𝐶𝑁𝑛
𝐶𝑖𝑟𝑐 = 𝐶𝑁𝛼𝛼𝐸𝑛  (70) 

The subscript “n” denotes the current time level and CNα the slope of the normal force 

coefficient. The equivalent angle of attack is given by:  

 𝛼𝐸𝑛 = 𝛼𝑛 − 𝑋𝑛 − 𝑌𝑛 − 𝑍𝑛 (71) 

The expression for Xn, Yn, and Zn are given in the set of equations (72): 
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{
 
 
 

 
 
 𝑋𝑛 = 𝑋𝑛−1 exp(−

𝛽2∆𝑠

𝑇1
) + 𝐴1(𝛼𝑛 − 𝛼𝑛−1) exp (−

𝛽2∆𝑠

2𝑇1
)

𝑌𝑛 = 𝑌𝑛−1 exp (−
𝛽2∆𝑠

𝑇2
) + 𝐴2(𝛼𝑛 − 𝛼𝑛−1) exp (−

𝛽2∆𝑠

2𝑇2
)

𝑍𝑛 = 𝑍𝑛−1 exp(−
𝛽2∆𝑠

𝑇3
) + 𝐴3(𝛼𝑛 − 𝛼𝑛−1) exp (−

𝛽2∆𝑠

2𝑇3
)

 (72) 

The subscript (n-1) denotes the previous time level. The reduced time step and Mach 

number effect are expressed as ∆𝑆 =
2𝑊∆𝑡

𝑐
 and 𝛽 = √1 −𝑀2, respectively. The deficiency 

coefficients A1-3 and T1-3 are given in Table 2.3 below where M is the local Mach number. 

 

Table 2. 3: Sheng Model: Attached Flow Deficiency Coefficients 

A1=0.165 A2=0.335 A3=0.5 

T1=20 T2=4.5 T3=1.25 M 

 

Besides the circulatory load coefficient given above, the attached flow response comprises 

also an impulsive part that is expressed in equation (73) where the impulsive time constant 

is given by 𝑇𝐼𝑚𝑝 =
(1+3𝑀)𝑐

4√𝛾𝑅𝑇
 

 
𝐶𝑁𝑛
𝐼𝑚𝑝 =

4

𝑀
𝐻𝑛;  𝐻𝑛 = 𝐻𝑛−1 exp(−

∆𝑡

𝑇𝐼𝑚𝑝
) +

𝜋

4
(𝛼𝑛 − 𝛼𝑛−1) exp (−

∆𝑡

2𝑇𝐼𝑚𝑝
) (73) 

The total normal force coefficient for the unsteady attached flow thus reads: 

 𝐶𝑁𝑛
𝐴𝑡𝑡 = 𝐶𝑁𝑛

𝐶𝑖𝑟𝑐 + 𝐶𝑁𝑛
𝐼𝑚𝑝

 (74) 

The unsteadiness of the flow induces a lag in pressure response for the angle of attack. In 

a first order approximation, this lag is accounted for by the introduction of a deficiency 

function as shown in equations (75) and (76). 

  𝛼𝑁𝑛
′ = 𝛼𝑛 − 𝐷𝛼𝑛  (75) 

 

 
𝐷𝛼𝑛 = 𝐷𝛼𝑛−1 exp (−

∆𝑆

𝑇𝛼
) + (𝛼𝑛 − 𝛼𝑛−1)exp (−

∆𝑆

2𝑇𝛼
) 

(76) 

 



 44 

The empirical constants Tα (which is specific to the airfoil profile) and TP are 6.3 and 1.7, 

respectively. The value of Tα given here is that of a NACA0021 profile. 

 It is now essential to formulate the onset of separation. For this purpose, we choose 

to assimilate the rotation of a blade in a VAWT to a pitching blade around its quarter chord 

with a flow stream speed equivalent to the effective speed seen by the blade in the VAWT 

configuration. Thus, the Sheng et al. [165] formulation is adopted and the critical angle of 

attack is defined by expressions in the equations (77).  

 

𝛼𝑐𝑟𝑖𝑡 = {

                    𝛼𝐷𝑆0;              |𝑟𝑛| ≥ 𝑟0

𝛼𝑆𝑆 + (𝛼𝐷𝑆0 − 𝛼𝑆𝑆)
|𝑟𝑛|

𝑟0
;    |𝑟𝑛| < 𝑟0 

𝑎𝑛𝑑 𝑟𝑛 =
𝑐𝛼�̇�
2𝑊

 (76) 

The reduced pitch rate r0, constant critical stall onset angle 𝛼𝐷𝑆0, and static stall onset angle 

αSS equal 0.01, 17.91, and 14.33, respectively. The last two parameters are airfoil specific 

and are given here for a NACA0021 profile. The criterion for stall onset is then defined as  

 
|𝛼𝑛
′ | > 𝛼𝑐𝑟𝑖𝑡 𝑤𝑖𝑡ℎ 𝛼𝑛

′ = 𝛼𝑛−1
′ exp (−

∆𝑆

𝑇𝛼
) + (𝛼𝑛 − 𝛼𝑛−1)exp (−

∆𝑆

2𝑇𝛼
) (77) 

 

 Once the stall onset is established, we need to look at the flow characteristics in the 

context of separated flow. Under these conditions, the trailing edge separation and leading 

edge vortex shedding are the two striking and most essential features. Thus, we will write 

the normal force coefficient under these conditions as: 

 𝐶𝑁𝑛 = 𝐶𝑁𝑛
𝑓
+ 𝐶𝑁𝑛

𝑣  (78) 

These two contributions are formulated following Leishman-Beddoes [101, 102] and 

Sheng et al. [164, 165] 

 

𝐶𝑁𝑛
𝑓
= 𝐶𝑁𝑛

𝐶𝑖𝑟𝑐 (
1 + √𝑓𝑛′′

2
)

2

+ 𝐶𝑁𝑛
𝐼𝑚𝑝;  𝑓𝑛

′′ = 𝑓𝑛
′ − 𝐷𝑓𝑛  (79) 

We note that the circulatory response is corrected with the response of the unsteady 

boundary layer 𝑓𝑛
′′, which itself depends on the determination of the unsteady separation 

point 𝑓𝑛
′. 
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𝑓𝑛
′ = {

1 − 0.4 exp (
|𝛼𝑛
′ | − 𝛼1
𝑆1

) ; |𝛼𝑛
′ | < 𝛼1

0.02 + 0.58 exp (
𝛼1 − |𝛼𝑛

′ |
𝑆2

) ; |𝛼𝑛
′ | ≥ 𝛼1

𝐷𝑓𝑛 = 𝐷𝑓𝑛−1 exp (−
∆𝑆
𝑇𝑓
) + (𝑓𝑛′ − 𝑓𝑛−1

′ ) exp (−
∆𝑆
2𝑇𝑓

)

 
(80) 

The constants S1, S2 and Tf are determined by solving the set of equations (80) under static 

conditions. 

The effect of the leading edge vortex shedding to the normal force coefficient is written in 

equation (82) where the constant B1 is 0.5 and the modulation factor Vx appears in (83). 

 𝐶𝑁𝑛
𝑣 = 𝐵1(𝑓𝑛

′′ − 𝑓𝑛
′)𝑉𝑥 (81) 

 

 

𝑉𝑥 =

{
 
 

 
 sin (

𝜋𝜏

2𝑇𝑣
)
3/2

; 0 < 𝜏 < 𝑇𝑣

cos (
𝜋(𝜏 − 𝑇𝑣)

𝑇𝑣𝑙
)
2

;  𝜏 > 𝑇𝑣

 (82) 

Finally, the normal force coefficient thus obtained is used to calculate the tangential force 

component following the Kirchhoff formula where the constants η and E are 0.98 and 0.2 

respectively.  

 𝐶𝑇𝑛 = 𝜂𝐶𝑁𝛼𝛼𝐸
2(√𝑓′ − 𝐸) (83) 

 

2.3.4 Summary 

The double multiple streamtube formulation with and without dynamic stall modeling is 

summarized by the flowchart in Figure 2.2. In this chart, each iteration of the Sheng model 

uses information from the previous time level. This is represented here by the function f(n-

1) and allows the model to take into account the history of the flow. 
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Figure 1.4: DMST Summary Flowchart 
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CHAPTER 3  

PRELIMINARY STUDIES 

 

 This chapter is dedicated first to provide a validation of the computational tools 

before proceeding and then to answer some preliminary questions, and to explain some 

choices that were made. The chapter opens with the presentation of the open-field reference 

turbine. Then an empirical study of the effect of the blade pitch angle on the power 

coefficient is conducted and followed by the preliminary DMST studies. CFD results are 

then presented as validation of the computational tool followed by a brief comparison 

between the CFD and DMST. This chapter also includes an introductory analysis of the 

effect of the number of blades on the performance and dynamics of the rotor. This analysis 

is conducted at both constant solidity and fixed chord length. We finally analyze the 

physical pertinence of the use of a single-blade rotor for describing the fully loaded turbine. 

3.1 Open-Field Experimental Reference 

 Open-field experimental data was chosen for reference to our investigations. A 

model of straight-bladed vertical-axis wind turbine developed by the Vertical-axis group 

at the Uppsala University (SWE) serves for this purpose. This model, which is rated at 12 

kW, has been investigated in open-field settings. Detailed descriptions of the model and 

related analytical and experimental studies may be found in the works by Solum et al. 

[178], Deglaire et al. [42], Osterberg [129], Kjellin et al. [93], and Kjellin [94]. Some of 

the characteristics of the turbine are presented in Table 3.1. It can also be noted from Figure 

3.1 that the blades are tapered linearly over the last one meter of their span in both 

directions. The chord length thus linearly changes from 25 cm to 15 cm. Each of the blades 

is connected to the central hub by two struts that are attached to the blade near the spanwise 
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locations where the tapering begins. This turbine is rated to generate 12 kW at 12 m/s wind 

speed at 127 RPM. 

 

Table 3. 1: SB-VAWT Characteristics 

Blade Profile NACA 0021 

Chord 0.25 meters 

Blade Length 5 meters 

Number of Blades 3 

Rotor Radius 3 meters 

Hub Height 6 meters 

 

 
Figure 3. 1: Uppsala 12 kW SB-VAWT [42] 

3.2 Effect of the Blade Pitch Angle 

 The blade pitch angle is sometime used as a means to increase the turbine 

performance (e.g., [56], [139]). Generally a few degree change in the blade pitch provides 

substantial improvement. And in some cases a large pitch angle will rather decrease the 

performance or oblige to change the rotor configuration or size. 

For the present analysis an empirical approach is adopted. The methodology used here was 

originally used for horizontal-axis turbine in Wasynczuk et al. [200] and reproduced in 

Heier [70]. This formulation was subsequently adapted to vertical-axis turbines by Eid et 

al. [48] and Omijeh et al. [127]. The power coefficient is expressed as a function of the tip 

speed ratio and the pitch angle. This expression is given in equation (85). 
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𝐶𝑝(𝜆, 𝜗) = 𝐶1 (

𝐶2
𝜆𝑖𝑛𝑣

− 𝐶3ϑ − 𝐶4𝜗
𝐶5 − 𝐶6) 𝑒

−
𝐶7

𝜆𝑖𝑛𝑣
⁄

+ 𝐶0𝜆𝑖𝑛𝑣 

where  

1

𝜆𝑖𝑛𝑣
=

1

𝜆∞ + 𝐶8
−

𝐶9
1 + 𝜗3

 

(84) 

In the above equation 𝜆∞ =
𝑅Ω

𝑉
 and ϑ denote the tip speed ratio and the blade pitch angle, 

respectively. The empirical coefficients Ck, [k=0, 9] are determined to best match the data 

from a given turbine model. The data for the reference turbine was obtained from Kjellin 

et al. [93] and least square curve-fitting was used for computing these correlation 

coefficients. The results are presented in Figure 3.2 and the corresponding coefficients in 

Table 3.3. 

 

 
Figure 3. 2: Empirical Variation of the Power Coefficient with the Blade Pitch Angle 

  

 

Table 3. 2: Empirical Coefficients for the Blade Pitch Dependency 

C0 C1 C2 C3 C4 C5 C6 C7 C8 C9 

0.0052 0.408 122.68 0.424 0.0226 1.026 18.025 11.893 0.126 0.064 

 

It is worthwhile to emphasize the dependency of the correlation coefficients with the model 

of turbine. For each type of turbine, the correlation is to be found by fitting to the available 
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data. These coefficients cannot be used to extract generalized physical meaning. They are 

rather specific to a given device. 

As mentioned previously, it appears from Figure 3.2 that the power output can be 

augmented by changing the pitch of the blades. However, this shifts the optimum operating 

region to higher tip speed ratios. This would be achieved by either making the turbine 

operate at higher RPMs or increasing the diameter of the rotor. There is not much leeway 

for considering the first option because the maximum RPM is determined by not only the 

turbine design (i.e., the size here), but also the wind conditions. On the other hand, the 

latter option that calls for the increase of the rotor diameter means de facto changing the 

design. Doing so yields the need for another reference. Therefore, as it appears from the 

results in Figure 3.2, the zero pitch SB-VAWT will be considered as reference for the rest 

of the investigations. 

3.3 Preliminary Results using the DMST Model 

 Empirical methods, such as the ones shown above, are limited to a few design 

parameters (radius and height of the VAWT, tip speed ratio, and blade pitch). These 

methods are not adequate for the second stage of analysis where the aerodynamic data 

associated with a family of airfoils must be used to find an optimum single- and multi-

element airfoil shapes. The variation of lift and drag coefficients with the angle of attack is 

also of utmost importance for the current studies. The principles of blade element theory 

are well suited for this stage of the study, and may be efficiently implemented using Matlab 

of Fortran scripts, or even on a spreadsheet. The double multiple streamtube model 

(DMST) was implemented in a Matlab code for the present effort.  

In the present work, a number of dynamic stall models have been explored within the 

context of the DMST model, and the results are shown in Figure 3.3. The models described 

by Gormont [63] and Berg [20] overpredicted the performance at high tip speed ratios, 

while Massé [114] under-predicts it. The coefficients in the Gormont model was then tuned 
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to minimize the over-prediction. For instance, the first implementation of the Gormont 

model did not contain a dynamic stall correction when the derivative of the angle of attack 

is negative. This aspect was corrected by utilizing the original formulation of the model in 

which the dynamic stall was computed under all conditions. Other deviations between the 

predictions and the test data are attributable to the fact that the turbine has a moderate 

solidity (0.25) while the DMST generally gives its best results for low to moderate solidity 

values. 

 

 
Figure 3. 3: Effects of the Dynamic Stall Models within the DMST Model on the 

Prediction of Power Coefficient 

 

 

3.4 Computational Fluid Dynamics Analyses 

 We finally turn our attention to physics based models that have fewer empirical 

constants – only those that are needed to model the eddy viscosity. In this study, a two-

dimensional CFD study is conducted using the commercial CFD tool Fluent®. The 

computational domain consists of two main sub-domains – the rotor which is a sliding 
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mesh and a stationary mesh. The center of rotation is placed at four rotor-diameter lengths 

downstream of the velocity inlet. The pressure outlet is placed eight diameters downstream 

of the center of the rotor. The sides are non-slip walls five diameters away on both sides of 

the center line.  

In this section, the variation of the blade torque coefficient as a function of azimuth is 

examined for a reference blade. The other two blades will have a similar variation, with a 

phase lag of 120 and 240 degrees, respectively. 

 

 
Figure 3. 4: Azimuthal Variation of the Torque Coefficient 

 

The results are presented in Figure 3.4. The CFD simulations predict a higher torque 

coefficient over much of the azimuth. This deviation may be caused by a number of factors. 

First of all, this is a 2D simulation that is being compared to a full scale open-field data. In 

passing, it is worth mentioning that the large blade aspect ratio makes the tip losses 

negligible. The present 2D model does not take into account the blade taper near the tip. 

Neither does the simulation include the effect of the struts and the hub. Furthermore, the 

results in Figure 3.4 were not corrected to account for the blockage. 

The DMST model behaves similar to the CFD analysis, but there is a significant phase lag 

between the test data and the DMST model, possibly indicating that stall is triggered at 
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higher angles of attack in the empirical model. The post stall behavior is acceptable, given 

the highly empirical nature of the dynamic stall model. 

 

3.5 CFD Validations 

Three sets of CFD simulations were conducted in order to validate the 

computational tools. The results for Uppsala 12 kW turbine described above are presented 

first. Thus, Figure 3.5 gives the numerical power coefficient along the curve-fitted 

experimental data and shows a good agreement over the range of tip speed ratios. This can 

be explained in two points. First, the height of the rotor is small enough so that the earth 

boundary effect on the velocity profile can be neglected. Thus, the velocity can be assumed 

to constant along the span of the rotor. Second, the large blade aspect ratio (20) makes the 

tip losses marginal as stated before. 

 
Figure 3. 5: CFD Validation on the Uppsala 12 kW Turbine 

  

 The second validation study to be presented refers to the rotor investigated by Li et 

al. [107] rotor. These authors considered a NACA0018 three-bladed SB-VAWT of chord 

length 7 cm, height 32.5 cm, and gyration radius 45 cm. The experiment used an open type 

wind tunnel of outlet section 40 cm x 40 cm. The turbine was placed 50 cm downstream 

from the wind tunnel outlet. The purpose for this work was to simulate the effect of icing 
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on the rotor performance by use of a solid attachment at the blade leading edge. The present 

validation was compared with their experiments without this leading edge device. The 

results proceed and the power coefficients are presented in Table 3.3 at two tip speed ratios. 

A reasonable match is observed, in spite of the 2-D strip theory assumption and our 

ignoring 3-D non-uniformity effects.  These results were corrected to account for the 

blockage. Appendix 1 elaborates on the blockage effect. 

 

 

Table 3. 3: Comparison of the Present Approach to the Experimental Results by 

Li et al. [107] 

Tip Speed Ratio 1.5 1.8 

Cp (Experiment) 0.17 0.03 

Cp (CFD) 0.175 0.032 

 

 The third validation is based on the experiment by Shiono et al. [166], where a 

three-bladed turbine of height 30 cm and gyration radius 15 cm is considered. The airfoil 

is a modified NACA 633-018 profile where the camber line is made to coincide with the 

gyration path. The subject of the work pertained to turbines with helically twisted blades. 

We make reference here to their baseline straight-bladed turbine. The average torque 

reported for this turbine is 1.867 (N.m) per meter of span. 

The numerical simulation in 2-D configuration gives an average torque of about 2 (N.m) 

per meter of span. This corresponds to a difference of about 7% compared to the 

experiment, primarily because the present simulations do not take into account the tip loss 

and other three-dimensional effects. 

 

 After the validation, some introductory elements are given to lay the groundwork 

for the main investigations. We begin with the effect of the number of blades at fixed chord 

length then at fixed solidity. 
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3.6 Effect of the Number of Blades 

3.6.1 Effect of the Number of Blades of Fixed Chord 

 This section concerns the choice of the rotor configuration with regard to not only 

its effects on the performance, but also the vibrations it may induce. Castelli et al. [30] 

studied H-rotors with three, four, and five blades. They kept the same chord length for all 

three rotors thus did not maintain the solidity constant. The results show that the maximum 

power output diminishes and that the optimal operating point moves toward lower tip speed 

ratios as the number of blades increases. This can be explained by a few factors. First, the 

airflow through the turbine diminishes as the solidity (by extension the number of blades) 

increases. Additionally, since each blade is generating its own wake, more of the wind 

kinetic energy is converted into swirling structures instead of being converted to power. 

This also increases the blade-wake interactions, which are in most cases detrimental to the 

energy conversion. The increase of the solidity also yields a more curved flow associated 

with the rotation as will be seen later. As a result of the above factors among others, 

practical H-rotors generally limit the number of blades from two to four.  

Besides impacting the absolute performance, the number of blades will also have effects 

on both the self-starting capability and the vibrations. 

A rotor with three blades has a better self-starting capability compared to the one with two 

or four blades. It is so because when one blade is facing the wind with a zero angle of 

attack, the other two blades located at ±120 degrees have non-zero angles of attack to 

generate a propulsive lift force. This is not the case for the two- and four-blade rotors that 

have symmetric configurations.  

Furthermore, a symmetric rotor will experience heavy vibrations. This is related to the fact 

that the radial forces of diametrically opposed blades are in phase when their chords are 

perpendicular to the freestream as illustrated in Figure 3.6 for a two-blade H-rotor. This 

phasing occurs twice per cycle for a two-blade rotor and four times in the case of the four-
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blade rotor. Since actual turbine rarely utilize more than four blades, we will limit the 

analysis to this point. 

 

 

Figure 3. 6: Illustration of Vibration Resonance in Symmetric Rotor 

 

For the reasons provided here, it is deemed that a three blade H-rotor will be the better 

choice with regard to the self-starting potential, the performance output, and the reduced 

vibrations. 

 

3.6.2 Effect of the Number of Blades at Constant Solidity 

 Investigating the effect of the number of blades at a constant solidity comes down 

to changing the chord length of the blades. It is worthwhile to mention that the size of the 

rotor (i.e., its diameter) is not changed. The ultimate motivation in this subsection is to pave 

the way toward the analysis of dual-element blades. The question may arise as to whether 

a rotor with six small blades could offer the effect sought in a rotor with three dual-element 

blades. This is partly answered in the previous subsection in the sense that it was then 

explained that the multiplication of blades increases the loss of energy to the swirling 

structures. In this subsection, three- and six-blade rotors are being compared. The blade 

chord length of the former is twice that of the latter to maintain the solidity constant for a 

given rotor size. Using the double multiple streamtube model without dynamic stall model, 

Figures 3.7 and 3.8 give the power coefficients delivered by each rotor as function of the 
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tip speed ratio. Results obtained for both constant RPM and constant wind speed are 

provided. 

The results show that the three-blade configuration is a better choice. The differences that 

appear in Figures 3.7 and 3.8 are not a result of the wake effect because this is not fully 

incorporated in the DMST model – the effect of the wake would also have favored the 

three-blade configuration over the six. Rather these differences are related to the effect of 

the Reynolds number. To understand this, we first recall that the Reynolds number is 

defined based on the blade chord length. Thus, at given azimuth locations (and the 

corresponding blade angles of attack), the Reynolds number changes by a factor two from 

on configuration to the other. 

 
Figure 3. 7: Power Coefficient vs. Tip Speed Ratio at Constant RPM 

 

 

 
Figure 3. 8: Power Coefficient vs. Tip Speed Ratio at Constant Wind Speed 

 

 

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

1 2 3 4 5 6 7

C
p

Tip Speed Ratio

Cp at Constant RPM

3 blades

6 blades

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

1 2 3 4 5 6 7

C
p

Tip Speed Ratio

Cp at Constant Wind Speed

3 blades

6 blades



 58 

 
Figure 3. 9: Drag Polar Variations for Given Reynolds Numbers 

 

 
Figure 3. 10: Lift Polar Variation for Given Reynolds Numbers 

 

The illustration of the Drag and Lift polar diagrams in Figures 3.9 and 3.10, respectively, 

provides a beginning of an explanation for the observed change of performance. For 

instance, at a certain angle of attack when the Reynolds number changes from 1.6x105 to 

8x104, the drag coefficient is almost unchanged as shown by the D-mark in Figure 3.9 

while the lift coefficient undergoes a more noticeable variation as illustrated by the L1 and 

L2 marks in Figure 3.10. This interpretation fits in the context of low Reynolds number 

operation of vertical-axis wind turbines and will present limitations when dealing with high 

Reynolds numbers. 
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The relation with a dual-element is that a dual-element will be seen as one unit where the 

Reynolds number is calculated based on the entire chord length. In addition, the overall 

structure of the wake as generated by a dual-element blade is closer to that generated by a 

single-element blade of the same size. Therefore it doesn’t add significantly into the loss 

of the oncoming stream energy to the swirling structures. The part that needs investigation 

is the blade-wake interaction between elements of the same blade. 

 

 After analyzing the effects of the number of blades, we now verify whether a single-

blade rotor could be utilized to investigate the dynamics and/or performance of a full three-

blade rotor as was done in other studies [173-175]. 

3.7 Physical Pertinence of a One Blade rotor Compared 

with a Three Blade Rotors 

 

 It happens that some researchers utilize a single-blade rotor for investigating 

concepts and performances of vertical-axis wind turbines. For instance the studies utilizing 

the actuator disk methodology such as the single streamtube [141], multiple streamtube 

[125, 181], and double multiple streamtube models [133-140] consider one blade and 

account for the others by introducing the total number of blades in the calculation of the 

induced velocities. 

On another hand, Simao-Ferreira [175] used a single-blade rotor in his CFD simulations 

and PIV experimentations of a heavily stalled VAWT. He subsequently provided a full 

three-blade CFD while investigating the wake generated by the VAWT. CFD simulations 

with respectively one and three blades were conducted. The torque coefficient of the single-

blade rotor is compared with that of a blade in the full rotor configuration during an entire 

cycle. The results shown in Figure 3.11 indicate that a single-blade approach is not fully 

representative of the physics of the full turbine as far as the performance is concerned. This 
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will be further explained in a later chapter dedicated to the flow dynamics of a conventional 

straight-bladed turbine. The flowfield analysis will be utilized for the interpretations. 

 

 

Figure 3.8: Blade Moment Coefficient in Single- and Three-Blade Configurations 

 

3.8 Summary 

In this work, a three-pronged approach with increasing complexity and increasing 

accuracy is used to get an overview of VAWT performance analysis and the associated 

dynamic stall for a representative system. Empirical curve fits are first used to map the 

efficiency of the turbine as a function of the tip speed ratio and blade pitch angle. An 

existing double multiple streamtube methodology (DMST) is next used, with a variety of 

empirical methods for modeling dynamic stall. Finally, computational fluid dynamics 

(CFD) results are presented and compared with test data and the DMST approach.  This 

gives the primary elements to conclude that DMST approaches may be considered for 

screening and designing vertical-axis wind turbine configurations. More refined studies are 

presented in the later chapters. 

Finally, the validation and the introductory elements are discussed in this chapter to lay the 

groundwork for the study of the straight bladed vertical-axis wind turbine. Thus the 

investigation of the aerodynamics of a conventional SB-VAWT can be undertaken. 
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CHAPTER 4 

INVESTIGATION OF A SINGLE-ELEMENT BLADE ROTOR 

USING CFD AND THE DOUBLE MULTIPLE STREAMTUBE 

MODEL 

  

 In this chapter a comparative study is conducted on computational fluid dynamics 

(CFD) and the double multiple streamtube (DMST) semi-analytical model. The DMST is 

used with and without dynamic stall models. The empirical Gormont model and a modified 

Sheng model are utilized to investigate the dynamic stall. The aims after this chapter are to 

explain the aerodynamics of the VAWT, to provide a dynamic stall model that is more 

suitable to conditions specific to the VAWTs, and to establish the DMST method as a 

viable substitute to the CFD to limit the computational cost during preliminary design 

studies. The spirit of these goals is reflected in the flowchart displayed in Figure 4.1. 

 

Figure 4. 1: CFD vs. DMST Flowchart 
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 The angle of attack, force coefficients expressed as functions of the azimuth angle 

on one hand, and the hysteresis loops giving the force coefficients as functions of the angle 

of attack are deemed representative enough of both the aerodynamics and the performance 

of the rotor. Thus, the last step that yields the power coefficient will be omitted. In fact, 

this information is already contained in the tangential (i.e., propulsive) force coefficient 

(CT). This choice was motivated by the intent to limit the number of tip speed ratios 

presented. And since the power coefficient is generally presented as a function of the tip 

speed ratio, it would then necessitate the examination of a number of cases to have a 

representative curve. 

 In the present chapter, first, the dynamic stall is investigated using the characteristic 

hysteresis loops. A comparative analysis of the force coefficients obtained using CFD and 

DMST is conducted. The DMST calculations are carried in conjunction with static stall, 

the Gormont empirical model, and the modified Sheng model. 

 The aerodynamics and performance of the VAWT are then discussed. This part 

emphasizes the variations of the angle of attack and the loads as the blade completes its 

rotation. 

 Before proceeding with the two main topics, we briefly recall the description of the 

reference turbine and computational settings. A preamble to the rotor aerodynamics and 

elementary computational outputs are also given. 
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4.1 Descriptions 

4.1.1. Description and Computational Settings 

 The straight-bladed rotor was described in Chapter 3.  Some of its key features are 

summarized again in Table 4.1. The SB-VAWT is rated at 12 kW, 12 m/s wind speed, and 

127 RPM. 

Table 4. 1: SB-VAWT Characteristics 

Blade profile NACA0021 

Chord 0.25 m 

Rotor Radius 3 m 

Number of Blades 3  

 

 Two-dimensional CFD simulations are carried out, and the computational domain 

consists of two main sub-domains: a sliding mesh rotor and a stationary mesh. A sketch of 

the computational domain is presented in Figure 4.2. 

 
Figure 4. 2: Sketch of the Computational Domain 

 

The center of rotation is placed at five rotor-diameter lengths downstream of the semi-

circular velocity inlet. The pressure outlet is placed ten diameters downstream of the center 

of the rotor. The sides taken to be free-shear walls are five diameters on both sides of the 

center line. Corrections were made to account for the blockage, which is detailed in 

Appendix 1. 
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Figure 4. 3: Hybrid Mesh near a Blade 

 

The mesh is fully unstructured in the stationary domain, while the rotor region is hybrid. 

In fact, a structured mesh is used in the near blade regions to resolve properly the flow in 

the boundary layer region. The remainder of the rotor region is completed with an 

unstructured mesh. The two types of mesh structures are connected by non-sliding 

interfaces, whereas the interface between the rotor and stator is of a sliding type. Pictures 

of the mesh in the near blade region are provided in Figures 4.3 and 4.4. 

 

 

Figure 4. 4: Structured Mesh Refined in the Boundary Layer Region 
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 The numerical setup and boundary conditions were also given in Chapter 2 and are 

repeated here in Table 4.2 for completeness. A second-order discretization in space and 

time have been used for better accuracy. 

 

Table 4. 2: Numerical Setup 

Pressure-Velocity coupling SIMPLE Scheme 

 

Spatial 

Discretization 

 

Gradient Green-Gauss cell based 

Pressure Standard 

Moment  

Second order upwind TKE 

Dissipation 

Time Discretization Second order implicit 

Turbulence model 
k- SST with low Reynolds number 

correction 

 

 

4.1.2. Preamble to the Aerodynamics and Flow Computations 

A. Aerodynamics 

In the course of a 360-degree rotation around the axis of a turbine, a blade undergoes 

substantial changes in the angle of attack. The effective flow speed it sees also changes 

during this course. Consequently, the forces experienced by the blade are also varying. 

Figure 4.5 depicts these forces at a given position.  

 

Figure 4. 5: Description of the Forces on a Rotating Blade 
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We note that at times some of these forces contribute to the propulsive trust, while at 

other times they act as a hindrance and instead contribute to the drag forces. In Figure 4.5, 

the angle of attack is the angle between the total velocity vector and the blade chord. This 

angle of attack may attain large values depending on the tip speed ratio, as shown in 

Chapter 2 and repeated here for convenience. 

 
𝛼 = 𝑠𝑖𝑛−1 [

sin 𝜃

√[(𝜆 − cos 𝜃)2 + (sin 𝜃)2]
] = 𝑡𝑎𝑛−1 (

sin 𝜃

𝜆 − cos 𝜃
) (85) 

 

B. Flow Computations 

 The CFD simulations are obtained as described above. “Numerical” probes are 

introduced to compute the velocity near the blade and determine its angle of attack.  

Although it was concluded in the preliminary chapter that a single-blade rotor could 

not fully relay the physics of a blade in a multiple-blade rotor, calculations of such a single-

blade rotor were kept for comparison purposes. In such a case, the “numerical” probe was 

placed at a radius of 3.25 meters in the continuation of the blade chord line. For the three-

blade rotor, three probes are used and still placed at a radius of 3.25 meters but at an equal 

distance from any two blades. The three sets of data are averaged, taking into account the 

phase lag between them. The choice of the 3.25 meter radius is not exclusive and other 

carefully selected locations could very well provide the information needed. This location 

was selected for numerical convenience. For instance, this corresponds to the interface 

between the rotor and stator domains and there exists a clearly defined connector. This 

made it numerically easier to place a probing “point.” 

The three-blade rotor CFD velocities thus obtained are used to compute the interference 

factors as defined in the DMST formulation and compared with the DMST values. Figure 

4.6 shows the comparison for a tip speed ratio of 3. Since this interference factor is at the 

root of the DMST formulation, the difference that is observed here at a given tip speed 

ratio will be reflected in the determination of the blades’ aerodynamic loads and the rotor 
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performance. Thus, the differences between the two approaches will be examined in 

connection with force coefficients in the following sections. 

 
Figure 4. 6: CFD and DMST Interference Factors (TSR = 3) 

4.2 Dynamic stall on an SB-VAWT 

 Efficient and reasonably accurate methods are needed for computing the 

performance as an important first step toward designing next-generation VAWT systems. 

The DMST has been used to this effect and has proved to give valuable first-order 

approximations of the rotor performance. However, it may need improvement for better 

accuracy. In this section, the focus is on dynamic stall modeling. The conditions and 

challenges very specific to the VAWTs were described in Chapter 1. And the dynamic stall 

formulation was detailed in Chapter 2. The comparison between the static stall and 

dynamic stall DMST and the CFD is presented in this section. For the sake of brevity, the 

presentation is limited to the hysteresis loops of the normal and tangential force coefficients 

for a couple of tip speed ratios, namely, 3 and 4. Figures 4.8 and 4.9 corresponding to the 

TSR 3 give the normal and tangential components, respectively. Figures 4.11 and 4.12 

correspondingly relate to TSR 4. These sets of force components are presented along with 

the azimuthal variations of the angle of attack in Figures 4.7 and 4.10 for TSRs of 3 and 4, 

respectively. 
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Figure 4. 7: Angle of Attack (TSR = 3) 

 

 
Figure 4. 8: Hysteresis Loop: Normal Force Coefficient (TSR = 3) 

 

 
Figure 4. 9: Hysteresis Loop: Tangential Coefficient (TSR = 3) 
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Figure 4. 10: Angle of Attack (TSR = 4) 

 

 
Figure 4. 11: Hysteresis Loop: Normal Force Coefficient (TSR = 4) 

 

 
Figure 4. 12: Hysteresis Loop: Tangential Force Coefficient (TSR = 4) 
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For the purpose of illustration, the same azimuthal variation of the angle of attack is taken 

to represent the different DMST calculations. 

In all cases, it is noted that the static stall fails to predict not only the load values 

but also the amplitude of the hysteresis cycle. The tangential forces are generally over-

predicted by the static stall, while the normal forces are generally under-predicted for 

positive angles of attack and over-predicted for negative angles of attack. Although the 

mispredictions constitute an issue in themselves, the profile of the hysteresis cycles is of 

greater importance. For instance, an offset of the angle of attack from one approach to the 

other may cause the translation of the pattern. The deviation noted with the static stall may 

be attributed to the non-incorporation of the dynamic stall. In such an approach, the 

upstroke-like and downstroke-like motions of the blade resemble one another to a great 

extent. This results in the narrowing of the body of the hysteresis cycle as observed.   

The shape of the loops is improved when we went from the static stall calculations 

to the Gormont dynamic stall model. This corresponds to a clearer differentiation between 

the upstroke-like and downstroke-like motions of the blade. This greater recovery is noted 

for the lower tip speed ratio. This is due to the fact that the dynamic stall is more 

preponderant under this condition. However, this recovery is still very limited compared 

to the result obtained using CFD. The small recovery observed can be attributed to the 

empiricism behind the model. For instance, the model was designed to fit different 

operating conditions in terms of range of angles of attack and reduced frequencies. The 

adaptations to the model were also made to fit specific configurations. For example, 

Strikland et al. [182] decided to drop certain terms when dealing with airfoils of percentage 

thickness greater than 12%. This was restricted to low turbulence regions by Paraschivoiu 

et al. [137]. The Berg [20] modification to the Massé [114] formulation, on the other hand, 

was fitted to the Sandia 17-meter turbine. 

For these reasons, it was deemed added-value to look at a first principles based 

model and to customize it to the conditions of the VAWT operation. The Sheng modified 
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Leishman-Beddoes model served as a basis for this work. The results are presented in the 

previous figures along with the aforementioned formulation. These results show a good 

recovery of the hysteresis loops. The bifurcations observed at high angles of attack 

correspond to convergence defects. 

The mispredictions are also greatly attenuated for the lower tip speed ratio. On the 

other hand, the higher tip speed ratio only sees such an attenuation for a narrower range of 

small angles of attack.  

To explain this difference, it is worth a reminder that the model was built by considering 

the key features of attached and separated flow conditions. The preeminence of separated 

flow and dynamic stall at low tip speed ratio was emphasized. Under these conditions, the 

model will thus give better accuracy, while it could slightly deviate under different flow 

conditions.  

Overall, it can be seen that the new approach yields a better rendering of the CFD 

results. A more exhaustive study of the loads is conducted using this model as well as the 

computational fluid dynamics to investigate the aerodynamics and performance of the 

rotor. 

 

4.3 Aerodynamics and Performance of the SB-VAWT using 
CFD and DMST 

 In this section, the aerodynamic loads and performance are investigated using CFD 

and DMST. In order to do so, the azimuthal variations of the angle of attack and the normal 

and tangential force coefficients are considered. As a reminder, details of the CFD 

formulation and the double multiple streamtube model are available in Chapter 2. The 

computational settings were elaborated upon in section 4.1 above. 

 Before proceeding, the reader is reminded with the sign convention adopted for the 

force coefficients. The tangential component is positive when it is in the direction of the 

rotation, thus contributing the power production. From this, it take its other appellation, 
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propulsive force. The normal component is taken positive when it points toward the center 

of rotation. It contributes mainly to the rotor structural dynamics. 

 

 
Figure 4. 13: Azimuthal Variation of the Angle of Attack (TSR = 3) 

 

 Four configurations corresponding to as many tip speed ratios are presented here. 

For each case, the angle of attack and the components of the force coefficients are utilized. 

Specific to the TSR of 3, the CFD of a single-blade rotor is included for comparison 

purposes. This case is also supported by flow-field images for interpretation. 

 

-20

-15

-10

-5

0

5

10

15

20

0 60 120 180 240 300 360

A
n

gl
e

 o
f 

A
tt

ac
k 

[D
e

gr
e

e
]

Azimuth Angle [Degree]



 73 

 
Figure 4. 14: Azimuthal Variation of the Normal Force Coefficient (TSR=3) 

 

 
Figure 4. 15: Azimuthal Variation of the Tangential Force Coefficient (TSR = 3) 
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Figure 4. 16: Flowfield of a Single-Blade Rotor (a) 

 
Figure 4. 17: Flowfield of a Single-Blade Rotor (b) 

 

 

 
Figure 4. 18: Flowfield of a Three-Blade Rotor 
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First, it can be noticed through the interference factors in Figure 4.6 in the preamble 

section that the axial velocity undergoes a great deficit in the case of the three-blade rotor. 

This deficit is greater in the downstream region and is attributed to the wakes generated by 

the different blades in this region. For the given tip speed ratio, the single-blade rotor only 

experiences the effect of its own wake in a limited region, as shown in Figures 4.16 and 

4.17. Besides, this interaction occurs after the intensity of the wake has substantially 

weakened as will be seen by the analysis of Figures 4.16 and 4.17. The plausibility of the 

wake effect interpretation is confirmed by the fact that the velocity deficit is almost non-

existent in the zero angle of attack regions (i.e., 0, 180, and 360 degree azimuths). The 

variations of the transverse velocity component are related to the curving of the flow 

induced by the rotation and the presence of the swirling vortices. 

Figure 4.13 portrays the variation of the angles of attack with the azimuth angle. It 

gives the geometric angle of attack, which is calculated using the tip speed ratio of the rotor 

and the local azimuth as defined in equation (46). The CFD calculated angle of attack 

instead uses the velocities obtained using the numerical probes described earlier. The 

DMST-computed angle of attack uses the velocities corrected by the interference factors 

as formulated in Chapter 2. These interference factors were presented in Figure 4.6 

alongside the approached values using the CFD-computed velocities. 

The geometric angle of attack is included not only as an overall reference but also 

to emphasize the reason why a single-blade rotor may not be very suitable for capturing 

the flow features in the downstream region of the rotor. This will further help formulate 

recommendations for improving the double multiple streamtube model. 

Figures 4.14 and 4.15 give the normal and tangential force coefficients, respectively. Data 

are obtained from both CFD and DMST.  

The flowfield snapshots in Figures 4.16 through 4.17 illustrate the swirling wake 

in the two types of rotors by presenting the turbulence kinetic energy. The first two 
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correspond to the single-blade rotor at two different times and the last corresponds to the 

three-blade rotor. The difference between the sets of images is noticeable and is at the 

origin of the velocity deficits that were presented earlier. This will also be helpful to 

interpret the results. 

For instance, a single-blade rotor is only affected by its own wake (beside the wake of the 

tower and strut), while in the three-blade rotor the wakes generated by the other blades also 

play an important role. We further see by examining Figures 4.16 and 4.17 that at certain 

tip speed ratios, a blade can even not be significantly affected by its own wake because this 

one is quickly washed downstream by the mainstream flow.  

As a result of the different wakes, a heavily disturbed flow is created in the 

downstream part of the three-blade rotor. The flow therein resembles a nearly dead flow 

region with wind gusts. A blade traversing this region experiences conditions somewhat 

similar to those of an aircraft flying into heavily turbulent storms. In this case, the dynamic 

stall and loss of performance is not necessarily attributed to high angles of attack but rather 

to the large turbulence structures of the flow. 

The difference between the upstream and downstream parts of the rotor is reflected 

in the blade angles of attack shown in Figure 4.13. Indeed, in the upstream part, the CFD-

computed angle of attack matches neatly the geometric values for both the single- and 

three-blade rotors. The reason for this concordance goes back again to the fact that a blade 

in the upstream section does not encounter the wake, for this one is washed downstream 

by the incoming stream before the next blade reaches the given region. This is particularly 

true for low solidity rotors. In the case of high solidity rotors, the apparent camber induced 

by the very rotation become non negligible. This induced camber plays a role in the 

determination of the angle of attack and blade loads. The behavior in the downstream 

section is completely different as a result of the preeminence of the wake and its vertical 

structures. The DMST-computed angle of attack is also relatively close to the CFD (single- 

and three-blade rotors) and geometric values in the upstream section. The small difference 
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observed therein may be associated with the pertinence of the choice for the CFD locations 

of the velocity probing points. In the downstream part, however, the DMST data is only 

approached by the single-blade CFD. The DMST model takes into account the total number 

of blades in calculating the interference factors. But the effect of the phase lag between the 

blades and that of the wake are not fully accounted for. 

The consequences of this approximation are reflected in the force coefficients 

(Figures 4.14 and 4.15). The effect is more noticeable in the tangential component, which 

serves to compute the rotor performance. We notice again that the DMST values reflect 

more of the corrected single-blade approach as it is closer to the single-blade CFD values. 

We note in passing the sudden changes in the tangential force coefficient computed using 

the DMST model at low tip speed ratio. Similar observations were shown by Allet et al. in 

[6]. This may be associated with an interpolation error from the provided drag and lift 

polars. The order of the iteration in the DMST could also be a contributor to the 

convergence defect. Indeed, the present formulation uses fixed point iteration. A higher 

order iteration such as the Newton method could improve the convergence. It will thus be 

recommended that future works utilize at least second order accurate iteration methods. 

We also note a slight azimuthal shift for normal and tangential force coefficients from the 

DMST and single-blade CFD on the one hand to the three-blade CFD on the other. This is 

a result of the curving of the flow by the additional blades and the entrainment by them. 

The location of the “numerical probes” for determining the angle of attack can also be a 

contributor to the slight deviation. 

A very important point to keep in mind while comparing the DMST and CFD is 

that the first is based on table look-ups and interpolations for the aerodynamic coefficients, 

while the latter operates with first principles calculations (i.e., Navier-Stokes equations in 

this case). The tables that are utilized are generally based on static aerodynamic data and 

by definition the interpolations are but approximations. The tables themselves were 

obtained by yet other interpolations. In fact, static experimental data were obtained for four 
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airfoils at a few Reynolds numbers. This data were then extrapolated to other airfoil profiles 

and interpolated in a range of Reynolds numbers using the PROFILE code [51]. 

In addition to the explanations presented above, the relatively large difference 

between DMST- and CFD-computed interference factors (section 4.1.2.) may, in part, 

come from the fact the CFD-computed velocities are taken at locations that minimize the 

direct effect of the blades themselves, as described above. Calculations using the blade 

loads (i.e., drag and lift coefficients) might well give better approximations at the cost of 

time. 

 The above discussion was carried out for a tip speed ratio of 3.0. Other tip speed 

ratios are presented below to cover a range of operating conditions. Thus, TSRs of 3.3, 3.5, 

and 4.0 are presented here. For these cases, the single-blade rotor is not included, but the 

geometric angle of attack is kept as a comparative reference. 

 

 
Figure 4. 19: Azimuthal Variation of the Angle of Attack (TSR = 3.3) 
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Figure 4. 20: Azimuthal Variation of the Normal Force Coefficient (TSR = 3.3) 

 

 
Figure 4. 21: Azimuthal Variation of the Tangential Force Coefficient (TSR = 3.3) 

 

 The tip speed ratio of 3.3 corresponds to the nominal operating point of the turbine. 

Figures 4.19, 4.20, and 4.21 give, respectively, the angle of attack and the normal and 

tangential force coefficients. First, the previously observed convergence defect at a lower 

TSR is no longer observed. The upstream section of the rotor corresponding to the 

azimuthal range [0, 180 degree] sees a good estimation of the angle of attack and the normal 

force coefficient. However, the tangential force coefficient is not captured with the same 

quality. In this case as well as in the previous TSR, this can be explained by the 

preponderance of flow curvature induced by the rotation of the blade. 
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 In the downstream section of the rotor, the differences are attributed to the presence 

of the wake and the associated flow agitations. These phenomena are accounted for in the 

CFD but not so well in the DMST. Comparing the deviations in the upstream and 

downstream sections, and in particular for the tangential force coefficient, it can be 

concluded that in the downstream region the effect of the wake is more preeminent than 

that of the flow curvature. 

 The results corresponding to a TSR of 3.5 are presented in Figures 4.22, 4.23, and 

4.24. These are followed by the output for the TSR of 4.0 in Figures 4.25, 4.26, and 4.27. 

In these sets of results, the general trends are the same as previously discussed for the TSR 

of 3.0. General trends emerge from the overall results. First, the deviation of the DMST-

computed angle of attack is more accentuated in the upstream section as the tip speed ratio 

increases, while this difference is attenuated in the downstream part. This is due to the 

increasing preeminence of the rotation velocity component in the upstream part. On the 

other hand, the downstream part sees this effect progressively leveled by the wake. In 

addition, in the CFD simulations, the location of the velocity probing points discussed 

earlier may also contribute to the deviation between the two approaches. In fact the location 

of these points half distance between any two blade contribute to making the CFD-

computed angles of attack close to the geometric value in the upstream section of the rotor. 
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Figure 4. 22: Azimuthal Variation of the Angle of Attack (TSR = 3.5) 

 
 

 
Figure 4. 23: Azimuthal Variation of the Normal Force Coefficient (TSR = 3.5) 

 

 
Figure 4. 24: Azimuthal Variation of the Tangential Force Coef. (TSR = 3.5) 
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Figure 4. 25: Azimuthal Variation of the Angle of Attack (TSR = 4) 

 

 
Figure 4. 26: Azimuthal Variation of the Normal Force Coefficient (TSR = 4) 

  

 
Figure 4. 27: Azimuthal Variation of the Tangential Force Coefficient (TSR = 4) 
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 We also conclude from the aforementioned results that the normal component is 

not significantly affected by the flow curvature. For instance, this component is already of 

relatively large amplitude (compared to the tangential component), and the velocity change 

induced by the curvature is negligible with respect to the normal component. This 

component is thus mainly affected by the velocity deficit due to the induction in its 

upstream part and the combination of the induction and the wake factors in the downstream 

region. 

 The tangential component on the other hand is more affected by the curvature (in 

addition to the wake and other phenomena) because of its smaller amplitude. For instance 

the tangential force coefficient is more than an order of magnitude less than the normal 

force coefficient. This is manifested in the TSR 4.0 case, where the deficit is equally 

noticeable across the cycle with the exception of the near-zero-angle-of-attack regions. As 

it happens, there is no curvature effect in these regions because the velocity induced by the 

rotation is in the same direction as the main flow stream. It can also be noted that high tip 

speed ratios are synonymous with high reduced frequencies. So as this frequencies 

increase, the dynamic stall models may start to show limitations. The deviation of the 

customized Sheng model that was found to arise at high TSRs is thus an element that will 

contribute to this difference. 

 The present analysis discussing the aerodynamics and performance of the SB-

VAWT shows the viability of the DMST to be used as a substitute to the CFD during the 

screening phase of the investigation. The findings are summarized below. 
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4.4 Summary 

 In this work, the double multiple streamtube (DMST) model is compared to the 

computational fluid dynamics (CFD). A description of the computational settings and 

processing is provided.  

 The investigation first discussed the effect of the dynamic stall model on the 

solution. For this purpose, the Gormont empirical dynamic stall model was compared to 

the results of static stall calculations. Subsequently, a modified Sheng model was 

introduced to better represent the dynamic stall phenomenon in the context of vertical-axis 

wind turbines. The different approaches were compared to the CFD solutions, and the 

modified Sheng approach was retained as best representing the solution for single-element 

blades in VAWT rotors. The model was found to be more precise in moderate and low tip 

speed ratios and tends to deviate for higher TSRs.  

 In the second part, aerodynamic loads obtained using CFD and DMST with the 

customized Sheng model were analyzed. Flowfield analyses were utilized to support the 

interpretations. 

 Some of the key points in the discussions are: 

1. The preeminence of the customized Sheng model over the empirical Gormont 

model and static stall calculations, 

2. The better accuracy of the predicted results for low and moderate tip speed ratios 

and some deviation for higher TSRs,, 

3. The effect of the wake structure on both normal and tangential force components, 

4. The effect of flow curvature on tangential force and thus on the power output, 

5. The little dependence of the normal force component on the flow curvature. 
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And in terms of the approach, it is worth noting that:  

1. Although the DMST takes into account the total number of blades in calculating 

the induced velocities, it doesn’t fully account for the wake effect. For instance it 

doesn’t render the phase lag between the blades; 

2. The location of the velocity probing points may slightly affect the value of the angle 

of attack and thereafter offset the dynamic stall hysteresis cycle;  

3. For comparing the DMST and the CFD, it may be worth computing the (CFD)-

interference factor starting from the loads instead of the aforementioned probe 

velocity. This approach is more accurate and needs a more methodical 

implementation. 
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CHAPTER 5 

INVESTIGATION OF TWO-ELEMENT BLADES 

 

 The general characteristics of vertical-axis turbines were described in the previous 

chapters. Previous chapters discussed the challenges pertaining to VAWTs and current 

techniques utilized to improve the performance. The modelization of the dynamic stall 

addressed and the aerodynamic loads of the blades described. 

In this chapter, two-element blades are investigated as a means to alleviate the 

dynamic stall and improve the rotor performance. The chapter is structured around the 

following points: the characteristic features of airfoils suitable to vertical-axis wind 

turbines (VAWTs), the parametric study of the dual-element blade in order to meet these 

characteristics, the performance, and the associated flow aerodynamics. 

 

5.1 Characteristics of VAWT Airfoils 

 

 Although improving the aerodynamics of the rotor struts can help enhance 

performance, this contribution may be marginal compared to the blades’ aerodynamics. 

Thus the design of suitable blades is a field of investigation on its own. The characteristics 

of the blades must meet the specific requirements of the rotor design. In fact, the size of 

the turbine and the projected operating conditions will determine the choice of the blade. 

Examples of the efforts conducted in this regard include the work by Saeed et al. [152]. 

They developed an inverse airfoil design for a low-speed SB-VAWT application using a 

panel method coupled with a boundary-layer scheme. Their conclusions emphasized the 

performance improvement that was thus obtained. They also underscored the difficulty of 

predicting the aerodynamic loads for low speed and/or high angles of attack. This difficulty 

is associated with the high adverse pressure gradients and flow separation on one hand and 

the formation of laminar separation bubbles on the other hand. Tatinemi and Zhong [184] 
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conducted a numerical investigation of unsteady low-Reynolds number flows over airfoils. 

They studied the separation of the boundary layer, the dynamics of the shed vortices, and 

the effects of the laminar separation bubbles.  

 

 

Figure 5.1: Illustration of the Laminar Bubble Separation and its Effect on the 

Pressure Coefficient (S=Separation of boundary layer, T=Transition from laminar to 

turbulent boundary layer, R=Reattachment of the boundary layer) 

 

 

This phenomenon of laminar bubble separation corresponds to the detachment of the 

boundary layer from the airfoil while it is still laminar. The laminar-to-turbulent transition 

occurs in the detached “boundary” layer. This early separation is caused by the inability of 

a less energetic flow to withstand the relatively strong adverse pressure gradients. Then, 

reattachment occurs under certain conditions. In fact, depending on the location of the point 

of separation, the “boundary” layer may fail to reattach to the airfoil. In either case, whether 
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or not the flow reattaches, there is energy losses associated with this phenomenon. This 

causes performance degradation of the airfoil at low Reynolds numbers.  

The characteristics of wind turbine airfoils were investigated by Wolfe and Ochs [207]. 

These authors also studied the laminar-to-turbulent transition and emphasized the 

importance of its location on the airfoil. 

 The laminar separation bubble and its effect on the pressure distribution are 

illustrated in Figure 5.1. Phenomena like these make the low-Reynolds number flows 

encountered by the VAWT blades very complex. We previously emphasized the 

geometrical design parameters for the airfoil in order to enhance performance. For instance, 

the literature survey discussed the effects of the airfoil type – its camber and/or thickness 

[e.g., 47, 68, 69, and 144] – among other factors. Each geometrical feature will influence 

the aerodynamic characteristics. In the context of VAWTs, the blade camber can be chosen 

so as to make the adverse pressure gradient mild. The moderate adverse pressure gradient 

on both the pressure and the suction sides can be overcome by the weak turbulent boundary 

layer, making the airfoil less sensitive to surface roughness and less prone to separation. 

This type of airfoil will have relatively high lift (and high stall angle) and large negative 

pitching moment. A thicker airfoil will have better starting torque and also present larger 

drag buckets. The thickness also improves the structural strength. Large leading edge radii 

also contribute to making the airfoil less sensitive to roughness in addition to making the 

stall milder. On the other hand, shaper trailing edges reduce the minimum drag, but they 

are more difficult and costly to manufacture. All the geometric features and associated 

active and/or passive controls made to the blades serve the main purpose of finding the 

most suitable aerodynamic characteristics that meet the design requirements. 

 Before presenting the aerodynamic criteria for good airfoil performance, it is 

worthwhile to note that the airfoil aerodynamic properties can be reasonably characterized 

by five variables, namely, 

i. The thickness-to-chord ratio, 
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ii. The camber,  

iii. The Reynolds number,  

iv. The surface contamination such as the (leading edge) roughness and/or the deposits, 

v. The stall behavior, which depends strongly on the previous four points. 

Form these variables, the desirable aerodynamic criteria are crystalized in the following 

nine points:  

1. Large stall angle at small or moderate Reynolds numbers, 

2. Wide drag bucket, 

3. Small zero-lift-drag coefficient, 

4. Large lift-to-drag ratio, 

5. Large maximum lift coefficient, 

6. Large negative pitching moment, 

7. Delayed deep stall property, 

8. Small sensitivity to roughness, and 

9. Small level of noise generation. 

In the criteria above, the small zero-lift-drag coefficient is required for the starting 

capability of the turbine. The large stall angle at low Reynolds numbers and the wide drag 

bucket criteria are meant to ensure the minimization of the region in which the blade is 

stalled and thus contribute negatively to the driving torque. They also contribute to 

overcoming the rotor inertia as well as to avoiding the power coefficient “dead band.” 
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Figure 5.2: Sketch of Cp with a “Dead Band” in blue 

 

The “dead band” is a range of low tip speed ratios in which the power coefficient is negative 

as shown in Figure 5.2. A turbine that presents this characteristic is inherently non-self-

starting and must incorporate a starting device such as a Savonius rotor. The two criteria 

being discussed address this issue by removing the “dead band” altogether. 

 Continuing with the criteria list, the large lift-to-drag ratio, large maximum lift 

coefficient, and large negative pitching moment all pertain to the better performance of the 

turbine. But it will be seen later that each of these quantities need to be large but not 

necessarily the largest possible. So, a trade-off needs to be made with other considerations. 

 The deep stall delay can be considered to go along with the large stall angle criteria. 

The angle at which the deep stall occurs is a function of the Reynolds number as well as 

the leading edge radius. When the stall occurs, it is important for it to be gradual rather 

than abrupt so as to minimize the negative contribution to the driving torque. Indeed, an 

abrupt stall is associated with a more drastic reduction of the lift-to-drag ratio and yields 

more vibrations and structural fatigue. 

 The sensitivity to surface roughness is listed for completeness but is not included 

in this numerical study. The need to minimize this sensitivity arises from the fact that the 

turbine operates under conditions (dust, debris, etc.) that would cause the boundary layer 
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to become turbulent. The roughness then decreases the maximum lift while the zero-lift-

drag increases.  This phenomenon becomes more pronounced as the Reynolds number 

increases. 

 Finally, to minimize noise generation, sharp trailing edges are recommended for 

single-element blades. The same option is also retained for multi-element blades. 

Additional noise can be generated because of the flute effect in the gap between the 

components. 

 In the following section a parametric study is conducted, accounting for the 

aforementioned aerodynamic criteria except for the last two, namely, the roughness 

sensitivity and the noise level. 

 

5.2 Parametric Study of the Dual-Element Blade 

 

 After describing the aerodynamic criteria that serve to determine the most suitable 

blade, a parametric study is conducted in this section. The parameters consist of the chord 

lengths of the two elements, the size of the gap between them, and their relative orientation. 

Figures 5.3 and 5.4 are sketches of dual-element blades and the different parameters that 

were considered. For the purpose of the parametric study, the total chord is taken to be the 

sum of the chords of the two elements at the exclusion of the gap between them, as 

illustrated in the figures. The size of the gap is represented in Figure 5.3 by the length “d.” 

However, to account for the relative position of the elements, this gap is decomposed into 

its “dx” and “dy” components, as shown in Figure 5.4. The configuration in this figure 

shows a case where “dx” and “dy” are, respectively, positive and negative. 
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Figure 5.3: Parametric Study Configuration (a) 

 

 

Figure 5.4: Parametric Study Configuration (b) 

 

The parametric study was conducted by analyzing various configurations to cover a 

representative portion of the parametric map. In general all the parameters except one are 

kept constant. The other parameters are later refined based on the optimal value thus found. 

Some of the configurations that were studied are compiled in Table 5.1. 

The parametric study is divided into two segments. Cases 1 through 6 in Table 5.1 

emphasize the lift and drag coefficients (CL, CD) as well as the moment coefficient (Cm). 

The lift-to-drag ratio is also examined. These characteristics are analyzed as functions of 

the angle of attack. The corresponding results are presented in Figures 5.5 through 5.11.  
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In study cases 7a through 10d, the moment coefficient was dropped from the analysis. The 

variation of the lift-to-drag ratio as a function of the angle of attack was still examined 

alongside the CL vs. CD polar diagrams. A summary of the results is given in Figure 5.12. 

 

Table 5.1: Parametric Settings 

 C1/C 
d/C 

Δ 
dx/C dy/C 

Case 1 0.5 0.05 [0o, 10o, 20o, 30o] 

Case 2 0.5 [-0.075, ... 0.125] 20o 

Case 3 
[0.2, 0.4, 

0.6, 0.8 ] 
0.025 20o 

Case 4 0.5 0.04 
[0o, 10o, 20o, 25o, 

30o]  

Case 5 0.5 [-0.075, ... 0.15 ] [-0.025, -0.0125] 25o 

Case 6 
[0.3, 0.4, 

0.6, 0.7 ] 
[-0.075, ... 0.15 ] [-0.025, -0.0125] 25o 

Case 7a 0.5 0.05 
[5o, 10o, 15o, 20o, 

25o, 30o] 

Case 8b 0.5 [0.025, 0.05, 0.075 ] 25o 

Case 9c 0.5 0 
[+/-0.025,  

+/-0.05] 
20o 

Case 10d 

[0.3, 0.4, 

0.5, 0.6, 

0.7] 

0 -0.05 25o 
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Figure 5.5: Case 1 – Variation of the Relative Orientation 
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Figure 5.6: Case 2 - (1) Variation of the Gap Size 
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Figure 5.7: Case 2 - (2) Variation of the Gap Size 
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Figure 5.8: Case 3 – Variation of the Relative Size of the Elements 
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Figure 5.9: Case 4 – Variation of the Relative Orientation 
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Figure 5.10: Case 5 – Variation of the Gap Size 
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Figure 5.11: Case 6 – Variation of the Relative Size and the Gap size 
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Figure 5.12: Cases 7a-10d – Refined Parametric Studies 
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 The effects of the relative orientation were studied in cases 1 and 4 with a gap size 

of 4% and 5% of the total chord, respectively. The two elements had the same size. Each 

case was investigated at multiple Reynolds number. Two Reynolds numbers that are 

representative of the VAWT operation shown in these results. From the results of these 

two sets of cases, Figures 5.5 and 5.9 show that the moment coefficient (Cm) is improved. 

Cm is in fact negative over almost the entire range of angles of attack. This fulfills the 

performance stability criterion described in the previous section. The lift-to-drag ratio also 

attained values larger than the single-element blade. However, the largest values are 

concentrated in regions of angles of attack where the blade doesn’t spend much time. This 

would result in sudden and large amplitude variations. Such a phenomenon is not desired.  

 The zero-lift drag coefficient is almost equal to the overall minimum drag 

coefficient. We observe that the zero-lift angle of attack moves toward higher negative 

angles of attack as the relative orientation between the elements is increased. It is also 

noticed that the range of angles of attack with positive lift-to-drag ratio increases with the 

relative orientation. However, the maximum value attained by the lift-to-drag ratio follows 

the inverse trend. This means that at almost any given angle of attack, there is descent self-

starting potential. The drawback is that the full-potential torque may be reduced.  

 Because of this downside and the previously mentioned sudden and large amplitude 

variations, these configurations cannot be retained. Other configurations are investigated. 

Every new configuration builds upon the previous findings for improvement. 

 Cases 2 and 5 present the effects of the gap size for two identical elements with 

relative orientations of 20o and 25o, respectively. In the configuration sets of case 2, the 

gap is represented by one parameter: the algebraic distance between the elements. The 

results (Figure 5.6-7 and 5.10, respectively) indicate that small negative gaps give slightly 

better lift-to-drag recovery. The centering of the angles of attack interval is not affected. 

The gap was then represented by two Cartesian components. The corresponding parametric 

analysis is presented in case 5. Some configurations therein show a substantial recovery of 
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the lift-to-drag ratio compared to the cases already studied. However, the sifting of the 

optimum angles of attack still persists.  

 In case 3, the effect of the relative size of the elements at fixed gap and fixed 

orientation is examined. The results (Figure 5.8) show that a large size disparity is 

detrimental to the overall aerodynamic properties. The gain in lift observed in some 

configurations coincides with substantial increase in drag. The overall gain is almost non-

existent. This can be explained by the fact that a small element can be completely immersed 

in the wake of a much larger element. Under these conditions, the contribution of this 

element to the lift-to-drag ratio is negative. This also affects performance stability. It can 

be observed for instance that the variation of the moment coefficient is very steep when 

the size disparity is important. 

 In case 6, a combination of three parameters is examined. The relative size of the 

elements is considered alongside the two gap components. The results are presented in 

Figure 5.11 for the most conclusive set of gap parameters and various element sizes. It 

results from this analysis that elements of similar size yield the most convincing results in 

terms of combined lift-to-drag and moment considerations.  

 Refined analyses are conducted as specified in cases 7a through 10d. The 

configurations are presented in Table 5.1 and the results in Figure 5.12 for a Reynolds 

number of 106. The findings from the previous preliminary parametric analysis are 

highlighted here.  In the last case (10b), we note a re-centering of the lift-to-drag profile 

around the zero angle of attack for similar blade elements. The maximum lift-to-drag ratio 

is not significantly higher than that of the single-element blade. However, the range of 

angles of attack with high lift-to-drag ratios is almost doubled.  

 Considering the results of this parametric investigation, the configuration presented 

in case 10d with similar blade elements will be retained as a candidate for the remaining 

investigations. 
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Figure 5.13: Single- vs. Dual-Element – Pressure Distributions 

 

 

Figure 5.14: Single- vs. Dual-Element – Flow Stream 
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 Before continuing with the performance evaluation, the pressure distribution of a 

dual-element blade is compared to that of a single-element for three angles of attack (Figure 

5.13). The flow-field comparison (Figure 5.14) is presented at a given angle of attack in 

order to illustrate the analysis. 

 First, we notice the changes in the pressure distribution. This change will be 

reflected in the lift and other aerodynamic properties. Observing in particular the zero angle 

of attack pressure distribution, we notice that even the leading element has a profile of a 

pressure coefficient that is not representative of a zero angle of attack. This is so despite 

the element having a zero angle of attack based on the freestream velocity. This 

phenomenon is created by the flow perturbation due to the presence of the rear element. 

For instance, the presence of the rear element induces a slowing down of the flow and a 

bypass effect around this element. These processes start far in the upstream and becomes 

more marked as the flow approaches the given element. In this dual-element configuration, 

the front element is in what will be termed the region of influence of the rear element. 

Conversely and more obviously, the rear element will be affected by the presence of the 

front element. 

 The interactions between the elements is sought to be utilized for improving the 

overall characteristics of the blade and by extension the performance of the rotor. 

 

5.3 Rotor Performance and Analysis 

 

 One of the goals of this work has been to make the case for the use of dual-element 

blades in vertical-axis wind turbines as a means to improve performance. The present 

researcher has presented in [10] and [11] preliminary findings on the subject.  

In the current work, in a nutshell, this process has consisted so far of:  

1. Studying the physics of SB-VAWTs with single-element blades, 

2. Comparing the DMST model with CFD, 
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3. Validating the use of the DMST as a means to evaluate the performance, and 

4. Conducting a parametric study on the dual-element configuration to find a 

suitable candidate. 

The following step in this investigation is to determine the performance of the rotor. The 

rotor has the same specifications as the reference open-field rotor with one exception: each 

blade is now made of two elements, as described earlier.  

 

 

Figure 5.15: Wind Turbine Performances 

 

The power coefficient, which is the ratio of the turbine power to the free-stream wind 

power, serves as representation of the performance. The calculations were made using the 

double multiple streamtube model and complemented with the CFD. The results are 

presented in Figure 5.15. The power coefficient for the reference turbine is also given for 

comparison. A number of positive conclusions can be drawn. 

1.  Performance enhancement is observed over the entire range of investigated tip 

speed ratios. 
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2. The range of tip speed ratios with a significant power coefficient is expanded. This 

means that the turbine can operate under more diverse conditions. 

3. The variation of the power coefficient near its optimal value is less abrupt. In fact 

a quasi-plateau is observed.  This means the operation at/or near the optimum TSR 

is more stable and less subjected to changing conditions. This also means that the 

turbine can operate at different TSRs and still produce a significant amount of 

power. 

The second type of operation is introduced because as opposed to HAWTs, which 

can be tuned to operate at the maximum CP by use of the pitch control, the simplicity 

and rugged construction intended for these SB-VAWTs make them susceptible to 

operate away from the maximum CP. A Weibull-averaged CP (CP, WA) is introduced 

to represent this operation. The details are presented in connection with the 

economic analysis in Chapter 6. 

4. Relatively high Cp values are recorded for low tip speed ratios. This suggests that 

the “dead band” described in section 5.1 may be eliminated. As a result, the self-

starting capability is improved.  

 

 

 

 

 

 

 

 

 

 

 
  

Figure 5.16: Streamlines around Single- and Dual-Element Blades at 230o Azimuth 
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It has been shown in the conclusion of the parametric study that the interaction between 

the two elements of the blade modifies the aerodynamics of the system. The changes that 

each element undergoes were investigated by this author in [10] and [11]. The contribution 

of each element was also quantified. The analysis of the flow structure around the blades 

was utilized for the interpretation of the results. Some of the results are reproduced here 

for illustration and completeness.  

The key points that contribute to the changing of performance related to the geometry on 

the one hand and to the flow interactions on the other hand. 

 The purely geometric consideration consists of properly orienting the blade 

elements so that when one stalls the other is still operating under attached flow conditions. 

In this way, at least part of the blade is contributing to the propulsive force. Thus, it 

minimizes the performance loss due to pure drag. This is illustrated in Figure 5.16 where 

the single-element blade is completely stalled, while the flow is still overall attached in the 

dual-element configuration. 

 The interactions are of a more complex nature. They can be referred to as blade-

blade-wake or blade-blade-flow interactions. The interactions therein are inter-coupled. 

However, they can be uncoupled for the purpose of the analysis. 

In addition to the geometric position and orientation, the local angle of attack of a 

given element is affected by the changing of the flowfield as a result of the presence of the 

other element. This aspect was explained in the previous section and illustrated in Figures 

5.13 and 5.14. 

There is also the also the effect of the direct wake of one element on the other. For 

instance the rear element is directly affected by the trailing edge vortex of the front element. 

It may also be affected, to a lesser extent, by the leading edge vortex as well. For these 

reasons, it was discussed earlier that it is better to have two elements of comparable sizes. 

Otherwise, one runs the risk of being completely immersed in the wake of the other. 
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The gap region sees a vortex-vortex interaction that modifies the structure of the 

flow around the elements in this region and beyond. The primary finding in this regard was 

presented by this author in [10]. This interaction and its effects on the blade components 

are of a complex nature. Further and more thorough investigations need to be dedicated 

specifically to this subject.  

In order to grasp the phenomenon, it is best to start with the dynamics of the shed 

vortices in a single-element blade. In a rotor composed of single-element blades, the 

leading-edge shed vortices rotate in the same direction as the rotor itself. The trailing-edge 

shed vortices rotate in the opposite direction. Going back to the dual-element, these two 

type of vortices “cohabit” in the gap between the elements. The dynamics of each vortex 

are modified not only by the presence of the solid body that is the other element but also 

by a counter-rotating vortex. The presence of the solid body prevents the full spreading of 

the vortex and changes its dynamics. The presence of the counter-rotating vortex may 

create a dead-flow region depending on the relative strength of each vortex. 

Finally, the interaction between these vortices at times causes flow reattachment. 

This, also, is illustrated in Figure 5.16. We notice indeed the reattachment of the flow in 

the rear element as result of the dual-element configuration. 

Further flowfield analysis is given in Figure 5.17. The streamlines are captured at 

different azimuth for a tip speed ratio of 3. Number of aspects are noticeable in the 

upstream and downstream sections of the rotor. In the upstream sections, these include the 

fact that:  

 At least one element is operating under attached flow conditions, 

 The vortex interactions between the components are favoring the reattachment 

of the flow, and 

 The equivalent blade (i.e., the two elements and the region between them seen 

as one entity) has an overall attached flow. 
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Similar features appear in the downstream section but they are not as manifest as they are 

for the upstream part. There also exist a region within which the flow either doesn’t reattach 

or the amount that reattaches is negligible. This will be the subject of one of the 

recommendations for future work. 

 

Figure 5. 17: Flowfield Analysis – Streamlines at Representative Azimuths 

 

 The investigations in this chapter have led us to detail the desirable blade 

characteristics for application to VAWTs. A parametric study was conducted to identify a 

suitable dual-element configuration. The performance of the corresponding rotor was then 

evaluated. Finally, an analysis was conducted to explain the performance enhancement and 

to interpret the observed features. 

 

 After investigating the dynamics, design, and performance of the vertical-axis wind 

turbine, an economic analysis is put forward as proof of financial viability. 
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CHAPTER 6 

ECONOMIC ANALYSIS 

 

 The present chapter discusses the economic viability of the novel dual-element 

concept. In order to be truly meaningful, the economic analysis need to be contextualized. 

It will, for instance, depend on the environmental and socio-economic characteristics of 

the site of operation. Thus this chapter presents the selected site at first. An analysis of the 

energy needs and the current energy sources and prices is then conducted. The regional 

wind capacity is then investigated. The local public policy pertaining to renewable energies 

in general and wind energy in particular is also examined. Thereafter the economic analysis 

itself is elaborated upon. 

6.1 Site Selection 

 

 The economic development very often correlates with the access and use of energy. 

In fact, access to energy and its proper utilization are the main drivers for economic growth. 

The correlation between energy usage and economic development is an indicator of 

industrialization and mechanization of primary sector activities. An analysis of world 

regional energy consumption per capita (Figure 6.1) and regional gross domestic product 

per capita (Figure 6.2) shows a striking contrast between developed and underdeveloped 

regions. The situation in Africa is of particular concern. In light of this comparison, its 

underdevelopment can be associated in part with the little exploitation of the energy 

resources. We note in passing that the data as expressed per capita is somewhat biased for 

Asia and Oceania. Indeed, while Asia is highly populated (China and India being the two 

largest contributors to the world population), Oceania is less populated. Thus the per-capita 

figures could in some sense misrepresent the actual economic vitality of these regions. 
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Figure 6.1: World Regional Energy Consumption per Capita 

(Source: US Energy Information Administration) 

 

 

Figure 6.2: Regional GDP per Capita (2013) 

Returning to the matter of the African continent, the sub-Saharan region paradoxically 

concentrates many of the poorest countries and a plethora of natural resources at the same 

time. These resources are either untouched or mostly exported to industrialized nations. 

The share that is transformed locally is marginal in most of these countries. No 

development can be achieved unless the current trend is reversed. This begins with 
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progressively building a local industry that is capable of transforming the resources. This 

can only be accomplished with sustained energy production and management. And all 

available energy sources need to be utilized in the most effective manner. In the present 

work, we pay special attention to the Western African country of Senegal (see Figure 6.3). 

The Great Cost – North West region – (see Figure 6.4) has the best wind energy potential 

in this country. The operation site of the wind turbines will thus be within this region.  

Before expounding on the wind potential itself, it is important to analyze the energy need 

and the current energy sources and prices. 

 

Figure 6.3: Global Wind Map with Senegal Region Circled (Source: 3Tier Wind Map) 

 

 

Figure 6.4: Wind Map of Senegal with the Great Coast Circled (Source: Vortex FDC 

©2014) 
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6.2 Energy Need, Current Sources, and Prices 

 

According to the African Development Bank, about one-third of the West African 

population is now in the middle class. This demographic is defined as the ability to spend 

between US$2 and US$20 per day [2]. The noted progress is linked to better access to 

technology and better use of natural resources. It was also noted that these improvements 

are being stunted by an energy sector that is not performing as it should. For example, a 

gap of about 40% is noted between the supply and demand of electricity [65]. 

Bazilian et al. [16] emphasized the need to drastically improve energy production. 

Thus, in order to meet the 2030 mark for universal energy access, the annual growth rate 

of power generation should be no less than 13% as opposed to the 2% observed for the last 

couple of decades. Eberhard et al. [44] noted that sub-Saharan countries spend only about 

0.75% of their GDP on power infrastructure, while 2.25% is taken up by operating costs. 

Because of the obsolescence of the infrastructure, about 21% of the energy is wasted in 

transmission losses. It is projected here that about 5% of the national GDP needs to be 

invested in energy-related infrastructure to meet the challenge of the 2030 universal energy 

access. 

 In order to meet the aforementioned challenge, it is essential that the energy profile 

of the region be clearly defined. This will then give an indication of how to approach the 

problem. An overview of the energy profile of Senegal is given in Table 6.1. The data 

therein show the great renewable energy potential. Yet this potential is not utilized. The 

dependence on imported oil is also striking. This dependence puts the economy in a 

vulnerable position, subjecting it to price increases and by extension to the regional and 

global geopolitics.  
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Table 6.1: Senegal Energy Profile (Source: IRENA 2012) 

Total Primary Energy Supply (TPES) 157.9 PetaJoule 

Share of Renewables (RE) in the TPES 54.8% 

Electricity Generation 2,858 GWh 

Share of RE in the Electricity 

Generated 
10.2% 

Electrical Capacity(2008) 548 MW 

Share of RE in the Electrical Capacity 0.4% 

Energy Self-Sufficiency 55.5% 

Fuel Imports US$ 1.2 Billion (23.2% of exports) 

 

The total primary energy supply (TPES) in 2010 consisted mainly of biomass 

(47%) and oil products (48%). However, other energy sources such as coal, hydro, natural 

gas, and solar are progressively being developed since the early 2000s. And more recently, 

wind energy projects have been designed. All existing wind project are based on the 

horizontal-axis technology. As can be seen from the table, the use of biomass and 

petroleum products is still predominant. This jeopardizes already fragile forests on one 

hand and endangers the environment as a whole on the other; thus the need to invest to 

cleaner energy solutions is clear. 

 The main electricity provider remains the national power company SENELEC. Its 

interconnected grid supplies electricity to about 40% of households. But some industrial 

complexes produce their own power. This frees them from the instability of the power 

supply. The electrification rate is growing with new connections to the main grid as well 

as off-grid stations. In the case of the grid-connected project, the energy is sold to the power 

company at a wholesale rate of US₡14 per kWh, and the price to the customer is about 

US₡22 per kWh. This can be put into perspective by comparing it with other regions. For 

instance, the prices to the customer in South and East Asia is US₡4 per kWh and US₡7 

per kWh, respectively [78].  

The breakdown of energy consumption by sector is another indicator of economic 

vitality. Table 6.2 presents this decomposition by activity sector. This breakdown is 
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indicative of the limited industrial development and little mechanization of the agricultural 

sector. Renewable energy sources can be developed for local consumption, and the surplus 

can be made available for sale by connection to the main grid. 

 

Table 6.2: Energy Consumption by Sector (Source IRENA 2012) 

Households  54% 

Transportation   30% 

Industry 14% 

Agriculture and Public Services 4% 

 

6.3 Renewable Energy Sources 

Senegal has great potential for renewable energies, as shown in Table 6.1. With the 

Senegal and Gambia rivers, the hydropower potential is about 1.4 Giga-Watts. The country 

also has countrywide solar irradiation. The direct normal and global horizontal irradiations 

are 1,800 kW/m2/year and 2,000 kW/m2/year, respectively. With the 2006 national biofuel 

strategy, 320,000 ha of land were to be planted with Jatropha by 2012 and produce 1.2 

million cubic meters of oil [48]. The wind energy capability is mostly concentrated in the 

Great Coast region (North West) where the wind speed averages around 6 to 7 meters per 

second. Although this can be deemed relatively low for conventional horizontal-axis wind 

turbines, it is still of significant magnitude for small- and medium-size vertical-axis wind 

turbines. 

These various sustainable energy solutions can be developed as off-grid stations for 

local use. They can also be connected to the grid and the power sold to the main distributor.  

The current wholesale purchase price by SENELEC is about US₡14 per kWh. 

Nowadays, the commercialization of renewable energy solutions becomes viable at prices 

higher than this price. The currently identified wholesale prices for renewable energy 

projects are as follows. The viable price for biomass solutions is US₡13 per kWh. Solar 

and wind power solutions have higher rates at US₡24-26 per kWh and US₡17-19 per kWh, 
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respectively. These prices can be put into perspective by comparing them to the already 

mentioned price to customers of US₡22 per kWh. Thus, if the cost-effectiveness of the 

grid-connected project can be argued, it is undeniable that renewables present a great 

advantage for local consumption. Furthermore, economic incentives can still make the 

grid-connected stations attractive.  

 

6.4 Public Policies 

 

Although no feed-in tariff has been set for renewable energy solutions, the 

authorities have imposed that the share of renewable energy be progressively increase. 

Decree 2011-2013 has given the legal framework for the power purchase from renewable 

energy plants and stations and their connection to the grid. The frame for determining the 

feed-in tariffs is also provided therein. Decree 2011-2014 set the conditions of purchasing 

renewable-energy based power from self-producers (i.e., households or companies 

producing power for their own consumption) as well as their connection to the grid.  

Alongside the legal framework put into place to facilitate the development of 

sustainable energy solutions, economic incentives have also been put forward. For 

instance, a tax rebate of up to 35% against the capital cost is offered for solar heating and 

other renewable energy equipment. Some import tax exemptions are granted for renewable 

energy equipment. Low rates of added-value taxes (VAT) are granted for local productions, 

and investors benefit from fiscal exemptions. Furthermore, biofuel farms are exempted 

from income taxes for five years. Similar incentives are being worked out for other 

renewable energy sources for rural development, and all renewable energy installations can 

claim carbon tax credits. The carbon credit was established to reduce CO2 emissions. This 

policy, along with other initiatives, is projected to help reduce emissions by an average 

annual rate of 196,560 tonnes of CO2 [157].  
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6.5 Economic Analysis 

 

The economic analysis consists of two parts. There is the breakdown of the cost of 

the turbine on the one hand and the economic viability analysis on the other hand. Both 

components of the analysis depend on the local context. In fact, these are respectively 

connected to the production costs and the wind potential of the region.  

The Senegalese Great Coast region was selected for the present analysis. Thus, the analysis 

that follows will reflect the local context.  

6.5.1 Wind Energy Characteristics 

The potential of the Great Coast is analyzed by Youm et al. [215] and Ould Bilal et 

al. [129].  Wind velocities at different sites were recorded over a one-year period. The data 

acquisition sensors recorded the average, maximum, and minimum values every 10 

minutes. Because of the high coverage rates, the data were deemed reliable enough to 

construct a wind profile for each site. Weibull distributions were thus built for each site. 

The Weibull distribution follows the equation below.  

 
𝑓(𝑣) =

𝑘

𝐴
(
𝑣

𝐴
)
𝑘−1

𝑒−(
𝑣
𝐴
)
𝑘

 (85) 

 

Table 6.3: Great Coast Wind Data 

Locality Height [m] 
Coverage 

Rate [%] 

Weibull 

Characteristics 

A [m/s] k [-] 

Kayar 20 100 4.85 2.77 

Potou 20 100 5.37 3.01 

Gondon 20 99 4.85 3.02 

Sakhor 12 95 5.07 2.29 

Sine Moussa Abdou 12 94 5.04 2.37 

Botla 12 86 4.70 2.22 

Dara Andel 12 82 4.65 2.47 

Nguebeul 12 96 4.91 2.77 
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A summary of the wind acquisition and Weibull characteristics is given in Table 6.3, and 

the site-specific Weibull distributions are given in Figure 6.5. 

 

 

Figure 6.5: Site-Specific Weibull Distributions 

 

The different sites being located within 1.7o latitude and 0.7o longitude, the construction of 

an average profile for the region is thus pertinent. 

The coverage rate is taken as the weight for constructing one meaningful Weibull profile 

for the region. The result yields the mean Weibull parameters: A=4.95 m/s and k=2.633. 

The corresponding distribution is overplayed in Figure 6.6. 
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Figure 6.6: Site-Specific and Average Weibull Distributions 

 

These energy probability parameters are complemented by the soiling losses. A soiling loss 

factor of 2% is retained for SB-VAWTs. No array loss is retained for a single operating 

turbine. The average coverage rate of 94% obtained by averaging the coverage rates in 

Table 6.3 is taken as the availability factor. The design parameters for the turbines are 

grouped in Table 6.4. 

 

Table 6.4: Turbines Design Parameters 

  Turbine 1 

(Single-Element) 

Turbine 2 

(Dual-Element) 

Rated Power (PR) 10 kW 12 kW 

Rotor Diameter (D) 6 m 6 m 

Hub Height (Hb) 5 m 5 m 

Rotor Height (H) 5 m 5 m 

Optimum Cp 0.29 0.35 

Averaged Cp 0.18 0.3 

Cut-in Wind Speed 3 m/s 2 m/s 

Normal Operation 

Wind Range 
3 – 30 m/s 3 – 30 m/s 

Cut-out Wind Speed 50 m/s 50 m/s 
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The rated wind VR speed is determined following the expression below.  

 

𝑉𝑅 = (
2. 𝑃𝑅

𝜌. 𝐻. 𝐷. 𝐶𝑝. 𝜂
)

1
3⁄

  (86) 

In this expression η denotes the total efficiency after accounting for all the losses. 

The intended simplicity and rugged design of the present turbine excluded the use of very 

sophisticated techniques. Thus, techniques such as the active pitch control mechanisms 

were dropped. As a direct consequence, a turbine won’t achieve its maximum power 

coefficient all the time. It is instead subject to the changing of the wind conditions. 

A variable speed turbine is intended to circumvent this issue. Thus, the turbine operation 

that results in the achievement of the maximum power coefficient (or near to it) is termed 

optimal-TSR operation. The non-optimal-TSR operation term is introduced to the represent 

other operations. 

 The Weibull-averaged power coefficients (CP, WA) represents the average non-

optimal-TSR operation and define them as:  

 
𝐶𝑃,𝑊𝐴 =

∑ (𝑊𝑒𝑖𝑏𝑢𝑙𝑙 𝐶𝑃)
𝑉𝑚𝑎𝑥
𝑉𝑚𝑖𝑛

∑ (𝑊𝑒𝑖𝑏𝑢𝑙𝑙)𝑉𝑚𝑎𝑥
𝑉𝑚𝑖𝑛

 (86) 

This is approximated by the average Cp in the given range of tip speed ratios. In the present 

case, the interval [2, 5] of tip speed ratios is considered. 

We refer as rated-speed and second-rated-speed the rated speeds calculated based on the 

maximum CP and averaged CP, respectively. These rated wind speeds are presented in 

Table 6.5. The rated-speed and second-rated-speed are introduced to evaluate the 

performance of the variable speed turbines during optimal- and non-optimal-TSR 

operations, respectively. 

Table 6.5: Rated Wind Speeds 

   Turbine 1 

(Single-Element) 

Turbine 2 

(Dual-Element) 

Rated-Speed [m/s]  12.6 12.6 

Second-Rated-Speed [m/s]  14.8 13.3 
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The optimal and non-optimal power curves are presented in Figure 6.7 as a function 

of the wind speed. Although the normal range for the operation wind speed is 3 m/s to 30 

m/s, the cut-out wind speed is extended much higher at 50 m/s. This is made possible by 

the elimination of the gearing and the utilization of the PMAC. Such high cut-out values 

are all common for small VAWTs. It is noticeable from the power curve that the non-

optimal operation of turbine 2 (with dual-element blades) gives a power progression close 

to its optimal-TSR operation. On the other hand, turbine 1 (with single-element blades) 

gives a clearer contrast between the optimal- and non-optimal-TSR operations. This is a 

result of the higher power coefficients obtained with the dual-elements in a wide range of 

tip speed ratios. 

 The annual energy production (AEP) and overall Weibull power coefficient 

(OWCp) are calculated as follows.  

 

𝐴𝐸𝑃 = ∑ 𝑇𝑢𝑟𝑏𝑖𝑛𝑒𝑃𝑜𝑤𝑒𝑟 ∗ (1 − 𝑠𝑜𝑖𝑙𝑖𝑛𝑔𝐿𝑜𝑠𝑠𝑒𝑠)
8760 ∗ 𝑎𝑣𝑎𝑖𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦

4000

𝐶𝑢𝑡−𝑜𝑢𝑡

𝐶𝑢𝑡−𝑖𝑛

 (88) 

 

 

𝑂𝑊𝐶𝑝 = ∑ 𝐶𝑃,𝑊𝑒𝑖𝑏𝑢𝑙𝑙 ∗
8760

4000

𝐶𝑢𝑡−𝑜𝑢𝑡

𝐶𝑢𝑡−𝑖𝑛

 (89) 
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The energy capture ratio (ECR) is then determined using the AEP and OWCp.  

 
𝐸𝐶𝑅 =

𝐴𝐸𝑃

𝑂𝑊𝐶𝑝
 (90) 

The energy results are summarized in Table 6.6. 

Table 6. 6: Energy Characteristics for Turbines 1 and 2 

   Turbine 1 

(Single-Element) 

Turbine 2 

(Dual-Element) 

Energy Capture [MWh/year]  6.07 7.33 

Energy Capture Ratio [-]  73.65 73.65 

 

 

The aforementioned results are computed using a generic generator efficiency profile. This 

efficiency being specific to the hardware of generator, a correction factor will be added 

once the generator hardware characteristics are known. 

6.5.2 Cost Evaluation 

The overall cost of the turbine depends on the materials used and the manufacturing 

and installation costs. The cost of ownership also needs to be taken into account in the 

analysis. Guillaume et al. [66] gave a cost model for small utility SB-VAWTs. They 

identified four general factors contributing to the cost.  

1. The quantity and quality of the materials and the manufacturing (blades, struts, 

tower), 

2. The aerodynamic and centrifugal loads: the RPM and blade chord are used in 

this component of the model, 

3. The characteristics of the electrical system utilizing the torque or power for the 

model, and  

4. The fixed cost related to the installation. 

These authors devised a cost formula based on these factors.  

 𝑐𝑜𝑠𝑡 = 500 𝑁𝑏𝑐𝐻 + 0.3𝑁𝑏𝑐𝐻𝑅𝜔
2 + 25𝐶𝜏 + 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (91) 

The fixed component in this formula is in fact proper to the installation. 
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This formula was checked against the cost breakdown provided by Tota-Maharaj et al. 

[189] for a larger SB-VAWT. It showed that this cost model is not applicable to larger SB-

VAWTs. The turbine investigated by Tota-Maharaj et al. has characteristics (see Table 6.7) 

close to our reference turbine. Thus, the cost breakdown for the present turbine can borrow 

certain of its aspects. But the absolute reference will remain the 12 kW turbine described 

in the previous sections. 

Table 6.7: Turbine Characteristics (Source: Tota-Maharaj et al. 2012) 

Diameter   6.096 [m] 

Blade Profile   NACA 0018 

Chord Length  0.55 [m] 

Blade Length 3.048 [m] 

 

The prices will be set based on the component specifications and the market prices of 

hardware of similar characteristics. 

In the case of the turbine under investigation, the key elements are the blades, the struts 

and tower, a permanent magnet synchronous generator, and a system of rectifier-inverters 

for variable speed operation and grid connection. The cost will also take the foundation 

into account. The characteristics of the different components are detailed here. The 

foundation is to be made in concrete. Steel is used for the supporting structure and the 

tower of the turbine. Fiberglass is utilized for the blades and the struts. Aluminum could 

be used, but fiberglass is lighter and has a better resistance to fatigue and other structural 

characteristics. Thus, this composite material is selected for long-term reliability and cost 

effectiveness. A permanent magnet (AC) is preferred to the induction motor and 

servomotor because of better efficiency. It also runs cooler under similar load conditions. 

The low operating temperatures not only reduce the thermal fatigue, but also make it more 

adapted to hot environments, as is the case for the selected site of operation. In terms of 

power density, the Rare-Earth permanent magnets produce more flux compared to similar 

size induction devices. Finally, because of the high efficiency, the full return on the initial 
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cost of purchase is realized after a shorter period of time. The last set of components 

consists of the inverter-rectifier and other electrical hardware. A passive-diode inverter is 

selected for its reliability since it requires no control system.  

Average prices of the aforementioned components with specifications that meet the 

project need were looked up. Either the market price is considered or the overall cost of 

components and labor if the production and/or assembly can be made locally at a lower 

price. The costs are detailed as follows: 

 Foundation 

The cost was estimated based on the local cost of cement, sand, gravel, iron, and labor. 

 Blades  

The dual-element is given a factor 1.2 compared to the single-element. This choice is 

justified by the fact that less material will be used by the dual-element but the 

manufacturing process is more elaborate. 

 Deep Cycle Batteries 

Low cost DC12-200 (12 Volts, 200 Amp-Hours) series were adopted for the present 

project. The market provides for this series a unit price of US$10-50. With a 

conservative price of US$30 per unit, a set of 10 batteries can be acquired. 

 Generator 

The price of the PMAC is constructed based on the cost breakdown for a 10 kW 

generator provided by Warlock Engineering1. The provided total cost is AU$875 (i.e., 

~US$750). A conservative price of US$1,000 is retained in the present analysis for a 

10 kW generator. The 12 kW generator is estimated at US$1,200. 

 

                                                 

 

 
1 Warlock Engineering: 10 kW, 15ϕ Axial flux pancake generator for 2-blade Wind Turbine 
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 Replacement Cost and Maintenance 

2% of the total cost of the components is added for this item. 

 Warranty 

It was estimated that an additional 5% of the value of the turbine could be paid for the 

insurance.  

 Transportation and Logistics 

This includes the assembly and installation. Because of the relatively small size of the 

turbine, it was estimated that this cost should not go beyond 5% of the turbine value as 

well. 

 Capital Cost 

A capital of 8% over five years was added to the cost breakdown. This rate may be 

high but is common for underdeveloped countries. For the purpose of this analysis the 

BCEAO mortgage rates are taken as reference. The 2013 rate was established at 7.44% 

[218]. The value of 8% is maintained for the present analysis.  

The different contributors to the cost are detailed in Table 6.8.  

Table 6.8: Cost Breakdown (in US $) for the Studied Turbines 

 Single-Element Dual-Element 

Foundation  125 125 

PMAC 1000 1200 

Supporting Structure 50 50 

Struts 200 250 

Blades(3) 3x250 3x300 

Electrical System 200 200 

Deep Cycle Batteries 300 300 

Sub-Total 1 (SB1) 2825 3025 

Replacement Cost 

and Maintenance 
2% SB1 = 55 60 

Warranty 132 152 

Transportation and 

Logistics 
132 152 

SB 2 2944 3389 

Capital Cost 1178 1355 

TOTAL 4122 4744 
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Not added to the cost are:  

 The Land Lease 

The portion of land to be occupied by the turbine is relatively small. It is perceived that 

the operator of the turbine will own the land. Otherwise, the local authorities will grant 

a concession as part of the incentives for developing renewable energy solutions. 

 Roads and Civil Work 

The turbine is small enough to be transported through existing infrastructures. 

 Engineering Permits 

Small projects of this size are generally handled at the local level and the permits are 

generally granted at little or no cost.  

 Grid Connection 

For the time being, this option was not retained because there are no clear-cut grid feed-

in prices. Investing on a grid connection apparatus may be somewhat risky. In addition, 

given the rate of electrification and the energy need, the power produced can be 

consumed locally for local electrification and/or small rural projects. 

 

The cost of energy is calculated over the five-year period of the loan. The cost of energy 

(CoE) over this period is calculated as follows: 

 
𝐶𝑜𝐸 =  

𝑇𝑜𝑡𝑎𝑙 𝐶𝑜𝑠𝑡

𝐴𝐸𝑃.  (𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑌𝑒𝑎𝑟𝑠)
 (92) 

The cost of energy of optimal-TSR operations is summarized in Table 6.9 for the two 

turbines. 

Table 6.9: CoE for Optimal-TSR Operation 

 Turbine 1 

(Single-Element) 

Turbine 2 

(Dual-Element) 

AEP [MWh/year] 6.07 7.33 

CoE [US ₡/KWh]  13.6 12.9 
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These prices show a slight improvement as a result of the dual-element configuration. 

However, the difference is clearly more striking for the average non-optimal-TSR 

operations, as shown in Table 6.10. The annual energy production during non-optimal-TSR 

operations is almost doubled as a result of the change of blade configuration. This is 

similarly reflected in the prices over the initial five-year period. 

Table 6.10: Average non-Optimal Operation: AEP and CoE 

 Turbine 1 

(Single-Element) 

Turbine 2 

(Dual-Element) 

AEP [MWh/year] 3.31 6.06 

CoE [US ₡/KWh]  24.9 15.6 

 

As mentioned earlier, the rugged design excludes the use of sophisticated techniques to 

make the turbine operate with its optimal performance. Thus, it is opted for the construction 

of a hybrid price by assuming that a turbine will operate about 60% of the time near its 

optimal operating conditions. The remaining 40% is approximated by the averaged non-

optimal values discussed earlier. The result is given in Table 6.11 and compared with other 

market prices. 

Table 6.11: Comparison of Electricity Prices 

 CoE [US ₡/KWh] 

Turbine 1 (Single-Element) 18.12 = 0.6x13.6+0.4x24.9 

Turbine 2 (Dual-Element)  14.00 = 0.6x12.9+0.4x15.6 

Wholesale Price to SENELEC 14 

SENELEC Price to Customer 22 

Biomass Viability Price 13 

Solar Viability Price 24-26 

Wind (HAWT) Viability Price 17-19 

 

The comparison shown in Table 6.11 indicates that the present VAWT (design and cost 

analysis) yields a price below or equal to all the market sectors except for the biomass. 

Compared to the existing HAWT solutions, the price difference can be attributed to the 

design complexity of the HAWTs, the control systems, and other infrastructure and 

logistics costs. For that matter, even the conventional VAWT (turbine 1) yields a price 
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comparable to that of the HAWTs. This analysis corroborates the earlier discussion (see 

Chapter 1) on the advantages and disadvantages of the HAWT and VAWT technologies. 

In sum, not just the raw power coefficient must be considered. Rather, a careful analysis 

needs to be conducted on a case-by-case basis to determine which energy solution is most 

appropriate for a given locality. 

The present economic analysis is aimed at establishing the economic viability of 

not only the dual-element configuration but also the vertical-axis wind turbine in general. 

The case was conclusive for the designated site in the Senegalese Great Coast region. We 

also emphasized the need of underdeveloped regions to make good use of the available 

energy sources. This is indeed one of the main drivers of economic development. 

 

Conclusions can be drawn from the work presented so far and suggestions can be 

made for future studies. 
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CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS 

 

 The present work aimed at studying the keys features of straight-bladed vertical-

axis wind turbines (SB-VAWTs) and proposing performance enhancement techniques. 

Emphasis was given to the use of multi-element blades. In order to do this, existing and 

specially conceived tools were utilized.  

Before presenting his research, the author conducted a thorough literature survey 

of prior works in the areas pertaining to the different aspects of his research. The 

investigations themselves utilized computational fluid dynamics (CFD) and semi-

analytical calculations. ANSYS Fluent® was used for the CFD. A code was developed for 

the double multiple streamtube (DMST) model. Existing dynamic stall models (e.g., 

Gormont empirical model) as well as a customized model (modified Sheng model) were 

utilized in conjunction with the DMST. The theoretical formulation of these approaches 

and models were detailed in this dissertation. The different tools were then validated 

against existing open-field and numerical data. Preliminary analyses were conducted to 

support the present approach and pave the way to the main investigations.  

A detailed study of the single-element SB-VAWT was conducted using CFD and 

DMST. In addition to expounding on the physics of the device, this study had the goal of 

establishing the DMST as a plausible substitute to the CFD for the preliminary design 

phase. The Uppsala 12 kW turbine was utilized as a reference. The DMST calculations 

were conducted first with a static stall setting. The calculations were repeated with dynamic 

stall using the Gormont empirical model and the modified Sheng model. The dynamic stall 

of the blades and the aerodynamic performance of the rotor obtained with the different 

approaches and models were compared. Flow-field analyses were used to explain some of 
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the most remarkable features. The results were conclusive in regard to the aforementioned 

goal.  

The investigation of the dual-element-blade rotor first focused on detailing the 

desirable characteristics for the blade. A parametric analysis was then conducted to identify 

a suitable candidate for the specified application. Calculations of the performance were 

then performed and the results explained in light of the flow dynamics. 

Finally, a cost analysis was conducted to establish the economic viability for the 

rotor. For this purpose, a site was selected in the Senegalese Great Coast region. A 

comprehensive picture was given with a description of the local situation, the energy need, 

the current sources and prices, and public policy issues. The current share of renewable 

energies in general and wind energy in particular and their potential were also elaborated 

on. A detailed description of the wind energy characteristics of the region was presented. 

This was followed by a cost breakdown to determine the potential cost of energy and 

establish the economic viability. 

 

7.1 Conclusions 

 

Based on the studies performed, the following conclusions can be drawn: 

1. The preeminence of the dynamic stall phenomenon was underlined throughout this 

work. It is of utmost importance to properly model it. A given model should be 

fine-tuned to fit the conditions of the problem under investigation.  

2. As discussed in this work, it was necessary to modify the Sheng dynamic stall 

model to account for the specific conditions of vertical-axis wind turbine 

operations. The present formulation was shown to give a better approximation of 

the CFD results.  
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3. The DMST model was validated as a means to capture the overall performance of 

the rotor. Therefore, it is recommended to make use of it as a substitute for the CFD 

during the preliminary design phase.  

4. The findings showed the dual-element blade configuration to be a means for 

performance enhancement. It is recommended that a proper set of parameters be 

determined for each design. The enhancements that resulted from the utilization of 

dual-element blades includes a high power coefficient for all tip speed ratios. The 

operating range was also broadened. The stability of operation near the optimum 

TSR was improved. The averaged non-optimal-TSR operation also gave relatively 

high power output. 

5. The economic analysis established the viability of the dual-element turbine. The 

dual-element solution was found to give prices below, or in the range of, the current 

market prices. The cost of energy for the VAWTs showed that this technology is of 

benefit for small energy consumption markets and regions of relatively low wind 

speeds. This is a result of a less complex technology and fewer costly expenditure. 

7.2 Recommendations for Future Work 

 

Based on the investigations and conclusions thereof, the following recommendations 

can be made for future research: 

1. Although the performance predictions by the DMST model are relatively accurate, 

there is room for improvement. In the present formulation, the upstream and 

downstream actuator disks are always facing each other, while there is not 

necessarily a blade at the place of the downstream actuator disk. The calculation of 

the induction factors uses only the total number of blades. The number of blades 

should be accounted for in the periodicity of the transcendental function as well so 

as to represent the phase lag between the blades. Additionally, it was noticed that 
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the DMST experiences low TSR convergence defect with the use of fixed-point 

iteration. It is thus recommended that future works use higher order iteration 

methods such as the Newton methods. 

2. The modified Sheng model is currently designed for single-element blades. It is 

recommended that future studies be dedicated to adapting it to multi-element 

blades. These studies should then include more exhaustive investigations of the 

blade/flow interactions between the different elements. Since the studies of blade 

in tandem are available in the literature, these should be used as a stepping stone. 

3. For further performance enhancement, the present technique (dual-element blades) 

can be associated with other approaches such as twisted blades. This “hybrid” will 

then use twisted-dual-element blades. However, the manufacturing of such blades 

will be more costly. It will then be necessary to see whether the performance 

improvement is worth the added cost. 

4. In the course of the parametric studies, some configurations were found to have 

overall great characteristics. But this was not followed by good performance output. 

In this regard, the author suggests that a large lift-to-drag ratio at certain angles of 

attack is not necessarily synonymous with good performance. The author postulates 

that there is a trade-off between great aerodynamic characteristics and the amount 

of energy the rotor can harvest under given conditions. Thus, when the system has 

blades that give it the hypothetic potential to operate beyond the limit, it falls back 

under more stable conditions. Such conditions may not necessarily yield 

performance enhancement. The author postulates in this regard that the thickness 

of the blade needs to be accounted for during the parametric study.  

The pitch of the equivalent dual-element blade should also be introduced as a 

variable in the parametric study. 

5. Finally, in connection with the thickness, the blade elements can be designed to 

allow a more streamed flow and to optimize the interaction in the region of the gap. 
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APPENDIX A. CHANNEL BLOCKAGE 

 

Nomenclature 

A : rotor frontal section 

A1 : channel cross-section area 

Aw : wake cross-section area 

Frotor : aerodynamic force on the turbine 

P : aerodynamic power delivered by the rotor 

P1 : upstream pressure 

P2 : downstream pressure 

v : velocity through the turbine 

v1 : upstream velocity 

v2 : downstream velocity outside the wake 

vw : downstream velocity inside the wake 

V2 : v2/v1 

Vw : vw/v1 

α : A/A1 

β : Aw/A  

ρ : density 
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Figure A.1: Sketch of a Turbine in a Channel 

 

  

Derivation 

 The flow is considered incompressible. Applying the continuity equation to flow in 

the entire channel and to the streamtube of the flow through the rotor, we obtain the 

respective equations:  

 (𝐴1 − 𝐴𝑤)𝑣2 + 𝐴𝑤𝑣𝑤 = 𝐴1𝑣1 (1) 

 𝐴𝑣 = 𝐴𝑤𝑣𝑤 (2) 

Similarly, the momentum equation in the same domains give: 

 𝐹𝑟𝑜𝑡𝑜𝑟 = 𝐴[(𝑃1 − 𝑃2) +
1
2⁄ 𝜌(𝑣1

2 − 𝑣𝑤
2)] (3) 

  𝐹𝑟𝑜𝑡𝑜𝑟 = 𝐴1(𝑃1 − 𝑃2) + 𝜌𝐴1𝑣1
2 − 𝜌𝐴𝑤𝐴𝑤

2 − 𝜌(𝐴1 − 𝐴𝑤)𝑣2
2 (4) 

Then, the Bernoulli equation is applied on a streamline that is not affected by the rotor and 

gives:  

 𝑃1 +
1
2⁄ 𝜌𝑣1

2 = 𝑃2 +
1
2⁄ 𝜌𝑣2

2 (5) 
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Equations (2), (3), and (5) give, respectively: 

 
𝑣 =

𝐴𝑤
𝐴
𝑣𝑤 = 𝛽𝑣𝑤 

(6) 

 𝐹𝑟𝑜𝑡𝑜𝑟 =
1
2⁄ 𝜌𝐴(𝑣2

2 − 𝑣𝑤
2) (7) 

 𝑃1 − 𝑃2 =
1
2⁄ 𝜌(𝑣2

2 − 𝑣1
2) (8) 

Using equations (6) and (7), the power delivered by the rotor can be written as: 

 𝑷 = 𝐹𝑟𝑜𝑡𝑜𝑟𝑣 = 𝐹𝑟𝑜𝑡𝑜𝑟
𝐴𝑤

𝐴
𝑣𝑤 =

1
2⁄ 𝜌𝐴𝑤𝑣(𝑣2

2 − 𝑣𝑤
2)  (9) 

and the power coefficient becomes: 

 
𝐶𝑝 =

𝑃

1
2⁄ 𝜌𝐴𝑣1

3
=
𝐴𝑤
𝐴
(
𝑣2
2 − 𝑣𝑤

2

𝑣1
2 )

𝑣𝑤
𝑣1
= 𝛽(𝑉1

2 − 𝑉𝑤
2)𝑉𝑤

2 
(10) 

Divided by A1v1, equation (1) becomes: 

 (1 − 𝛼𝛽)𝑉2 + 𝛼𝛽 = 1 (11) 

Combining equations (4), (7), and (8), we obtain: 

 (1 + 𝛼 − 2𝛽)𝑉2
2 + 𝛼(2𝛽 − 1)𝑉𝑤

2 = 1 (12) 

Equations (10), (11), and (12) constitute the governing equation for determining the 

blockage to the performance of the turbine. For given values of α and Vw, equations (11) 

and (12) are solved for β and V2. As can be seen with the Betz limit derivation, 𝑉𝑤 =
1
3⁄  

gives the optimum result. 
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APPENDIX B. BETZ LIMIT 

 

 

Figure Ap. 2: Sketch of Betz Limit Formulation 

 

Nomenclature 

A : disk area 

Cp : Power coefficient 

K : Wind Kinetic Energy 

P : Aerodynamic Power delivered by the turbine 

V1 : upstream far-field velocity 

V2 : downstream far-field velocity 

Va : average velocity in the turbine 

�̇� : Mass flow rate 

ρ : air density 
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Derivation 

First, it is worth mentioning that the Betz theoretical formulation does not take into account 

the non-ideal effects. This theoretical limit is based on the fact that there must be air still 

flowing through the turbine for it to operate. 

The power transferred from the wind to the turbine can be given as:  

 
𝑃 =

𝑑

𝑑𝑡
(𝐾) = 1

2⁄ �̇�(𝑣1
2 − 𝑣2

2) where �̇� = 𝜌𝐴𝑣𝑎 = 𝜌𝐴
(𝑣1 + 𝑣2)

2
 

(1) 

The average velocity through the turbine is taken to be the average between the upstream 

and downstream velocities. The equation for the power is re-arranged in the form: 

 
𝑃 = 1

2⁄ 𝜌𝐴𝑣1
3 [1 + (

𝑣2
𝑣1
) − (

𝑣2
𝑣1
)
2

− (
𝑣2
𝑣1
)
3

] 
(2) 

The ideal power is obtained for  
𝑣2

𝑣1⁄ = 1
3⁄ , which yields 𝑃𝑖𝑑𝑒𝑎𝑙 =

1
2⁄ 𝜌𝐴𝑣1

3 〈
16

27
〉 

Thus, the ideal power coefficient referred to as the Betz Theoretical Limit is: 

 
𝐶𝑝 =

𝑃

1
2⁄ 𝜌𝐴𝑣1

3
= 16

27⁄ ~0.5926 
(3) 
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