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Abstract

ULTI-user Multi-Input Multi-Output (MU-MIMO) technologies have become
M an important feature of the physical layer in modern wireless communication
systems, such as in wireless LAN 802.11 and 4G networks including LTE-Advanced and
mobile-WiMax, that need throughput in the order of hundreds of megabits per second or
more. MU-MIMO has become an important research area, particularly for downlink or
broadcast transmissions. In that scenario, one transmitter or base station (BS) with mul-
tiple antennas sends different and independent messages to each user simultaneously.
The resulting multi-user interference (MUI) can limit the maximum achievable sum rate.
Designing a good precoder for the users” data symbols at the transmitter can reduce MUL

In this thesis, we focus on finding the optimal design parameters that maximize the
system performance, i.e., SINR or sum rate, in multiple-antenna broadcast channels (BC)
employing a particular precoding strategy, called Regularization Channel Inversion. We
investigate the system performance maximization under various scenarios. In single-cell
BC, different forms of channel state information (CSI) at the transmitter such as perfect
CSI in independent and identically distributed (i.i.d.) and spatially correlated as well as
partial CSI with uncertainties are considered. We present the optimal strategy for the
regularization parameter of the RCI precoder to adapt in those scenarios. For some cases
we also study how we choose the cell-loading, defined as the ratio between the number
of users and the number of transmit antennas, to maximize the system performance.
Considering clustered or grouped users where each group has different path-losses, we
explore the optimal power allocation across the groups that maximizes the sum rate per
antenna. In two-cell BC, we investigate CSI feedback optimization for different levels of

base station cooperation.
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The analysis in this work is conducted in the large system limit where the number of
single-antenna users and transmit antennas tend to infinity with their ratio being fixed.
The mathematical tools are based on spectral theory of random matrices that explore the
eigenvalues of large dimensional random matrices. Even though the analytical results
are in the asymptotic regime, we show their validity for the finite size system design

through numerical simulations.
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Notations

Unless stated otherwise, boldface upper-case and lower-case letters denote matrices and
vectors respectively.

[X]ij

the (7, j)th entry of the matrix X

the complex conjugate (Hermitian) transpose of matrix X
the transpose of matrix X

trace of matrix X

determinant of matrix X

the inverse of matrix X

Euclidean norm of vector x

the jth entry of vector x

N x N diagonal matrix with entries of x

Identity matrix of dimension N x N

the real and complex numbers

set of m x n matrices with complex-valued entries

set of column vectors of size m with complex-valued entries
real partof z € C

imaginary part of z

complex conjugate of z

absolute value of z

indicator function, where 1;x, = 1iff X is true and 1;x, = 0 otherwise
maximize

expectation of X

distributed according to

complex Gaussian distribution with mean m and covariance C

almost sure convergence
convergence in probability

mean-square convergence
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Chapter 1

Introduction

OWADAYS, we start witnessing the rise of many mobile or wireless applications
N that demand high data rate exchanges such as high volume wireless data trans-
fers, high-definition mobile television (TV), online gaming services, and video confer-
encing and streaming via mobile devices. To support this high data rate demands, Inter-
national Telecommunication Union-Radio communications sector (ITU-R) released the Inter-
national Mobile Telecommunications Advanced (IMT-Advanced) standard in 2008. This
standard is also known as 4G, the successor of the current 3G standard, and sets the peak
data rate requirements for 4G services: 100 megabits per second for low mobility commu-
nications and 1 gigabits per second for high mobility communications. Two technologies
i.e., Mobile WIMAX (Worldwide Interoperability for Microwave Access) and LTE (Long
Term Evolution) are often said to offer 4G services, even though their peak data rates are
less than 4G specifications. To be compliant with IMT-Advanced requirements, Mobile
WiIiMAX release 2 and LTE-Advanced (LTE-A) were then released and standardized in
2011.

To be able to produce high data rates, one of the core technologies for the physical
layer that both 4G candidates rely on is the MIMO (Multiple-Input Multiple-Output)
transmission techniques. MIMO in the communication systems refers to the use of mul-
tiple antennas at both the transmitter and the receiver. The pioneering works on MIMO
systems can be dated back in mid 90s where Telatar [89,90] and Foschini and Gans [22,23]
independently investigated the capacity of point to point or single-user MIMO systems.

Since then, there has been a tremendous amount of work in this area.

In general, one of the main challenges in designing wireless communications systems,

1



2 Introduction

besides interference, is multi-path fading. It is due to the scattering of the transmitted sig-
nals by the objects or obstacles that are present along the propagation channel between
the transmitter and the receiver. Hence, multiple copies of the transmitted signals may
arrive at the receiver at different times, directions (angles) and frequencies. This phe-
nomenon will cause random fluctuations of the received signals. One may see it as an
impairment. However, if the transmitter and/or the receiver, somehow have/has the
knowledge about the fading states (propagation channels), then it can be exploited to in-
crease the capacity or reliability of a wireless communication system [6]. In single-user
MIMO systems, for an example, it can be used by the transmitter to determine the send-
ing “directions” and ‘magnitudes’ of parallel data streams over the same frequency band
and consequently, the total data rate will increase. In information-theoretic point of view,
it has been shown in [22,23,89,90] that the capacity of single-user MIMO systems grows
linearly with the minimum number of antennas at the transmitter and the receiver pro-
viding that the fading channel states, commonly called channel state information (CSI),
are known perfectly by both ends and are statistically independent. This demonstrates

the importance of CSI in the communication system designs.

In practical communication systems where multiple users are present such as in dig-
ital subscriber lines (DSL), wireless LAN 802.11 and wireless cellular networks, multi-
user MIMO (MU-MIMO) has become an important research area recently, particularly
for downlink transmissions, or also called broadcast channels (BC). In this scenario, a
transmitter or base station (BS) with multiple antennas sends different and independent
messages or data symbols to each user simultaneously. With a perfect knowledge of the
CSI at the transmitter and the receiver, the sum-capacity of K users, where each user
equipped with single antenna, grows linearly with the minimum number of transmit
antennas (V) and users (see [26] and references therein for detail discussions regarding
information theoretic aspects of MIMO systems). The capacity region of the BC has been
characterized recently in [103]. To achieve the downlink sum- capacity, we have to deal
with the multiuser interference (MUI) that presents because the communication between
the transmitter and the users occurs at the same time and uses the same frequency band.

Hence, transmitting messages to a particular user will cause interference to other users



in the system. The level of the interference can be influenced by some factors such as
the number of users in the system, the magnitude (or power) and direction of the trans-
mitted data that are transferred between the transmitter and the users. The transmitter
can manage the MUI by adjusting those factors according to the CSI that is available at
the transmitter (CSIT) . Specifically, based on the CSIT, the transmitter pre-processes or
precodes the messages with a so called precoder or beamformer before transmissions in or-
der to reduce the MUI. Furthermore, the CSIT can also be used to determine an optimal
user scheduling and transmit power allocation for each user that maximize the downlink
sum rate. However, obtaining a perfect CSIT in practical implementations is difficult.
Any uncertainty that presents on the CSI may significantly impact the overall capacity
of the system. The worst case is when the transmitter does not have the CSIT. In that
case, if the users have the same number of receive antennas and the same fading statis-
tic/distribution, then there is no advantage of performing multiuser communications

and the single-user MIMO is optimal [6, Chapter 2], [9,34].

The use of multiple antennas in MIMO systems also adds spatial dimension besides
time, frequency and code to separate users in a wireless cellular network. This will lead
to a more aggressive reuse of time and frequency resources in order to increase the net-
work capacity [6,25]. However, an aggressive frequency or time reuse will introduce
more inter cell interference (ICI) especially for the users in the cell-edge. In the classical
approach, where there is no cooperation between the base stations (BSs), the network re-
duces to an interference channel setup and its capacity still remains an open problem for
over thirty years. In the current and emerging approach, the base stations are allowed to
cooperate by sharing their control signals, transmission data and CSI via backhaul links.
The level of cooperation is determined by the sharing amount amongst the BSs. It has
been shown in several works [25, and references therein] that the base station coopera-
tion, particularly with perfect CSIT available at the BSs, provides a significant increase in

the system capacity compared to the systems adopting the classical approach.

Summarizing our discussions above, CSIT plays important roles in increasing the
capacity of a communication system, from a single-user MIMO to a more complex multi-

cell multiuser MIMO network. A precoder at the transmitter exploits the CSIT to control
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the transmission strategies to achieve the maximum throughput. Thus, it is crucial to the
determine the optimal design parameters of the precoder.

The channel gain matrix in multiuser MIMO communications represents propagation
channels between the multiple antennas transmitter and all users. It has random entries
because as previously mentioned the channel gains are random quantities. Thus, the
study of the properties of random matrices is important in analyzing the performance
of wireless communication systems. Some of the results of random matrix theory has
been applied in [21,89,90] to derive the capacity of single-user MIMO systems. How-
ever, the performance analysis for finite-size systems, i.e., finite number of antennas and
users, can be difficult or even intractable for a more complex and realistic system model.
Performing the analysis in the asymptotic regime can provide an accurate approximation
of the system performance with a reduced complexity [14,95]. It can also be very use-
ful and be applied to analyze the emerging research area of Massive MIMO or very large
MIMO that employs a large number of small antennas at the base station to improve
the rate and reliability of the MIMO communication systems [75]. It requires some ad-
vances on large dimensional random matrix theory. [91,93,97] are some works among
others that initiated the application of large dimensional random matrix theory to ana-
lyze the performance of wireless communication systems, particularly for Code Division
Multiple Access (CDMA) systems. Recently, it has been employed to analyze and design
multiuser and multicell MIMO systems [14, 95].

1.1 Focus of Thesis

In this thesis, we consider Multiple-Input Single-Output (MISO) communication sys-
tems, where the transmitters have multiple antennas and each user in the system only
has a single antenna. The main focus will be in the downlink transmissions or broadcast
channels.

As mentioned earlier, the maximum system performance can be achieved by exploit-
ing CSIT at the transmitter side via a precoder. Designing an optimal precoder that

maximizes the system capacity could lead to a complicated task. A capacity achieving
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precoder, called dirty paper coding (DPC) needs a perfect CSIT and its implementation in
practice is computationally expensive [19,86]. Linear-type precoders offer a lower com-
plexity but with penalty in the system performance. One of the most popular precoders
considered in the wireless communication literature is the Zero-Forcing (ZF) or Channel
Inversion (CI) precoder. With the availability of a perfect CSIT, ZF can eliminate or null
the MUIL However, channel inversion may lead to a significant penalty on the system
performance when the channel gain matrix is rank deficient. To overcome this, a regular-
ization parameter can be introduced in the channel inversion and the resulting precoder
is called Regularized Zero-Forcing (RZF) or Regularized Channel Inversion (RCI). We
particularly concentrate on the applications of this precoder for various channel and sys-
tem models.

The performance measure analyzed in this document is the SINR or correspondingly
the sum rate per-antenna. The analysis relies heavily on some results of large dimen-
sional random matrix theory. We particularly perform the analysis in the large system
limit regime, where the number of antennas at the transmitter or BS and the number of
users go to infinity with their ratio being fixed. In that regime, as being shown later, the
performance measure becomes a deterministic quantity and this could reduce the com-
plexities or simplify the analysis. Moreover, the performance measure obtained in the
analysis can give insights on its behavior in the finite-size or even in the small-size sys-
tems. Based on those facts, we then investigate the optimal values of system parameters,
such as, regularization parameter and cell-loading i.e., the ratio between the number of

users and the numbers of antenna.

1.2 Summary of Thesis and Contributions

In Chapter 2, a brief introduction on random matrix theory is presented. It discusses
some basic definitions and important results on large dimensional random matrix theory.
They will be used frequently in the analysis throughout of this document.

In Chapter 3, we start our investigation on the performance of a single-cell MISO

broadcast channel with ii.d. entries of the channel gain matrix. The transmitter is as-
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sumed to have a perfect knowledge of CSI and this information is used to construct the
RCI precoder. It is also assumed that the users have the same path-loss gain. First, we
derive the SINR in the large system limit, also called the limiting SINR. It is deterministic
quantity and the same for all users. Then, we derive the optimal regularization param-
eter that maximizes the limiting SINR or equivalently the limiting sum rate per-antenna
of the precoder. It surprisingly takes a very simple form which is a ratio between the
cell-loading and the received signal-to-noise ratio (SNR). A similar result is previously
obtained by Peel et al., in [69]. The optimal cell-loading maximizing the sum rate per-
antenna is also discussed. Some numerical simulations that are presented show that the
asymptotic analysis can accurately approximate the finite-size systems. Moreover, we
also consider the performance analysis of the Moore-Penrose Channel Inversion and sin-

gle user (SUB) precoders.

The case of multiuser transmit beamforming in spatially correlated channel is con-
sidered in Chapter 4. The scattering effects from the propagation environment and the
insufficient separation between antenna elements may cause fading correlation. It is as-
sumed that the users are separated enough so that the correlation is only present at the
transmitter side. Moreover, to simplify the problem, it is also assumed that the users see
the same transmit- correlation. We adopt a separable correlation model, also called Kro-
necker model. Similar to the previous chapter, the base station is assumed to know the
CSI of each user perfectly. We derive the limiting SINR and show that it is indeed affected
by the correlation. On the contrary, we prove that the optimal regularization parameter
of the RCI precoder is independent of the correlation and is the same as to that in the
iid. case. This is an important and a surprising result. With the same settings, we also

analyze the performance of MPCI and SUB precoders.

In Chapter 5, we relax the assumption that the transmitter knows the CSI perfectly. To
simplify the analysis, we consider the Time Division Duplex (TDD) scheme with a perfect
channel reciprocity behavior. In that scenario, the uplink and downlink channel are the
same regardless of the direction. It is assumed that each user knows its channel exactly
and all users send their channel information to the transmitter via the multiple access

channel (MAC). The BS estimates the CSI by the minimum mean square error (MMSE)
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estimator. This will introduce channel estimation errors or uncertainties to the channel
states owned by the transmitter. First, we consider a simple case where the communica-
tion has two phases: the channel estimation or training and the downlink transmission.
The analysis starts with the derivation of the asymptotic sum rate per antenna. Based
on that, for a given total communication period, determined by the coherence time, we
investigate the optimal periods for the channel training and the data transmission that
maximize the sum rate per antenna. Then, we move to a more Complex situation where
we add uplink data transmission as the third phase. Each user is assumed to have the
same and a fixed uplink power. Then, we investigate how to split the uplink power for
the channel training and uplink data transmission optimally. Thus, a joint optimization
of the channel training and data transmission period as well as uplink power splitting is
conducted. We show that the optimal training period is one symbol per user regardless
optimal splitting uplink power. The optimal period for downlink (or relatedly uplink)
data transmission and optimal uplink power splitting can not be determined explicitly.
However, numerical simulations suggest that there is a trade-off between these two quan-

tities.

In the previous chapters, it is assumed that the transmitter allocates the power equally
for each user. In Chapter 6, we take a step further by investigating an optimal power
allocation for the users that maximizes the achievable sum rate per antenna. The users
are assumed to have different path-losses. The analysis is started by deriving the limiting
SINR for each user. Then we divide all users into a finite number of groups based on their
distance-dependent path losses. In that scenario, we show that the optimal power allo-
cation follows the well- known water-filling strategy. Jointly with the power allocation,
the optimal regularization parameter is also derived. The water-filling scheme suggests
that the groups whose path-losses less that a certain threshold are allocated zero power.
Therefore, it is natural to ask whether to include the channel gains of those groups in
the precoder will improve the sum rate or not. This leads us to investigate the multi-
mode transmission where we determine the optimal number of groups communicating
with the BS. We show that it is optimal for the BS to transmit to some groups having best

channels. We also provide the necessary conditions for the optimal cell-loading allocation
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when the BS is allowed to transmit to only subsets of the users in the groups.

The last technical chapter, i.e., Chapter 7, discusses the feedback optimization in a
symmetric two-cell network for various levels of base stations cooperation, namely Net-
work MIMO or Multi-Cell Processing (MCP) and Coordinated Beamforming (CBf). We
consider both the analog and the digital/limited feedback schemes. In the analog feed-
back case, we investigate how each user optimally allocate his/her transmit power to
feed back the unquantized and uncoded CSI of the direct channel and the interfering
channel for different BS cooperation schemes. In the limited feedback case, instead of
power, we study the optimal bit allocation or partitioning for the direct and interfering
channel. For both cooperation schemes, we show that when the cross channel gain is
below a certain threshold, it is better for both BSs to perform the Single- Cell Process-
ing (SCP), that is, there is no cooperation between BSs. For the MCP case, it has been
shown in [109] that the SINR improves as the cross channel gain increases. However, in
the presence of the channel uncertainty, we show that this occurs only when the cross
channel gain is above a certain threshold.

The overall conclusion for the materials studied in this thesis appears in Chapter 8.

1.3 Publications

Below is the list of publications related to the investigations conducted during the course

of completing the PhD candidature.

Journal

1. R. Mubharar, R. Zakhour and J. Evans, “Base Station Cooperation with Feedback

Optimization: A Large System Analysis”, (In preparation for submission).

Conference

1. R. Muharar and J. Evans, "Optimal training for Time-Division Duplexed Systems
with Transmit Beamforming ”, Proc. Australian Communications Theory Workshop

(AusCTW), Melbourne, Australia, 2011, (Best Student Paper Award).
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Beamforming via Regularized Channel Inversion”, Proc. Asilomar Conference on
Signals, Systems, and Computers, Pacific Groove, California, November 2011.
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Chapter 2
Asymptotic Random Matrix Theory

This chapter presents a brief introduction to random matrix theory, particularly the properties of
the eigenvalues of matrices as the dimensions of the matrices grow to infinity with a constant ratio. A
simple example of the application of random matrix theory to wireless communications, i.e. evaluating
the ergodic capacity of a single-user MIMO system, is presented. This leads to the definition of the
empirical eigenvalue distribution or empirical spectral distribution (e.s.d.) of a (Hermitian) matrix.
As the dimensions of the matrix grow to infinity, the e.s.d. converges to what is called the limiting
spectral distribution (L.s.d.), or just limiting distribution. Some well known limiting distributions
such as Wigner’s semi-circle law, circular law, and Marcenko-Pastur law are presented. Moreover,
some limiting distributions that are particularly important for the asymptotic analysis in the following
chapters are presented in terms of their Stieltjes transform. The links between certain matrix quadratic

forms and and the trace of that matrix are also discussed.

2.1 Introduction

random matrix can be defined as a matrix with random variable entries [88] or
A a matrix-valued random variable (see e.g., [14]). Until recently, random matrix
theory has found its applications into numerous fields, such as physics, statistics, infor-
mation theory and wireless communications, to name a few. The materials contained in
this chapter are largely based on [14, 95] that provide a nice introduction into random
matrix theory and its applications in information theory and communications which are
the area of interests of this work. Some definitions and theorems are also adopted from
[4,96].
In 1928, John Wishart laid the foundation of the study of random matrices with his

work on the density function of the random matrix Y5, xxx%, where the elements of

11
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vector x;, are independent and drawn from standard normal distribution [14, 95, 104].
The matrices with this structure are now called the (central) Wishart matrices. Since
then, many studies have explored various aspects of Wishart matrices. For example, now
we can find the joint distribution of (un)ordered eigenvalues and the distribution of the
extremes eigenvalues of Wishart matrices [14,95]. In information theory and wireless
communications, these distributions are very important and useful in order to evaluate
the performance, e.g., mutual information, capacity and SINR of a communication sys-

tem. An example described below is taken from the work of Telatar in [90].

Let us consider a single-user MIMO communication system where the transmitter
(base station) and receiver (user) have N and M antennas, respectively. The propagation
channel between the transmitter and receiver is represented by an M x N complex-valued
random matrix H. In [90] the entries of H are assume to be i.i.d. and drawn from Gaus-
sian distribution with zero mean and unit variance. The transmitted data vector from
N antennas is denoted by x € CV and satisfies the total power constraint E[xx] < P.
Considering a linear relation between x and the received signal vector, y € CY, the latter
can be expressed as

y = Hx + n,

where n is the receiver or thermal noise vector and assumed to have complex Gaussian
distribution with zero mean and E[nn’| = I;. The ergodic capacity of this setup is given
by [90, Theorem 1],
SNR____ .
C =E |logdet | In + THH ) (2.1)

where SNR is the received SNR. Note that the capacity above is achieved when x is com-
plex Gaussian with covariance matrix %I ~- It is easy to see that HH” is a Wishart
matrix with rank 7 = min{M, N}. Let A1, Ao, ..., A, be the eigenvalues of HH". So, we

can rewrite (2.1) as

! SNR
E 1 1+ —X\; . 2.2
;og< + ]) (22)

Note that the (non-zero) eigenvalues of H” H and HH are the same.
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Evaluating (2.2) needs the knowledge of the joint density of the (un)ordered eigen-
values of the Wishart distribution, which can be presented in terms of the Laguerre poly-
nomials. A closed form expression for (2.2) is unknown but can be obtained numerically
(see [90, Theorem 2]). When the entries of H are not i.i.d. Gaussian, the system ergodic
capacity is unknown. A simple example is when the entries are independent and drawn
from Gaussian distribution but have different variances. Moreover, if the system perfor-
mance involves a more complicated function of eigenvalues of a random matrix, then its
performance analysis in finite dimensions becomes intractable and only allows numerical evalu-
ations that does not offer much insights. As we will see later, evaluating (2.2) in the large
system limit, where the dimensions of H go to infinity with their ratio being fixed, re-
sults in a closed form expression. Our results in the subsequent chapters also show that
the performance analysis for various channel conditions and functions of channel gain H in the
large system limit can lead to closed form and compact expressions. Hence, insights on the sys-
tem behaviour can be obtained and we can determine the optimal design parameters that
maximize system performances. Furthermore, simulation results presented in this and
sequel chapters demonstrate that the asymptotic analysis can give accurate approximations of
the system performance even for small system dimensions (of H). All those asymptotic results
are derived based on theory of spectral distribution of large random matrices that will be

presented in the next section.

2.2 Spectral Distribution of Large Random Matrices

Let us start with the following definition.

Definition 2.1 ([95, 96]). Let X be an N x N Hermitian matrix. The spectrum or empirical
distribution of the eigenvalues of X, denoted by FY , is defined as follows

N
1
FY (2) = % Dl
1=1

where \1(X), ..., AN (X) are the eigenvalues of X and 1.y is the indicator function.

When the actual distribution function is not known, then the empirical distribution
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function is the natural estimator for it [96]. Note that F)](V is random since the eigenvalues
of X changes for each its realization and for different /NV. The convergence of the sequence
{F¥} to alimit is one of the major topics in random matrix theory [4]. This limit is defined

as follows.

Definition 2.2. Let F be the empirical spectral distribution of X. A non-random distribution
Fx is defined as the limiting or asymptotic spectral distribution of X when F§ converges to Fx

as N — oo.

The initial works on the limiting distribution of large random matrices came from the
area of physics. In a series of his paper [95, and references on Wigner’s paper therein],
Wigner investigated the e.s.d of a symmetric matrix that has a particular structure and
showed that it converges to a semicircle law. By using this result, he was able to explain
the experimental results regarding atomic energy levels [95]. Wigner matrices, attributed
to his name, are defined as any Hermitian matrices whose upper triangular entries are
independent and zero mean with identical variance. Let W be an N x N Wigner matrix
whose entries are zero mean and variance % Then, as N — oo, the limiting distribution

of W follows the semicircle law with density [95],

L/(4—22), for|z| <2,

0, otherwise.

Figure 2.1 illustrates the semi-circle law and the empirical distribution of the eigenvalues
of matrix W with IV = 1000. The diagonal entries of W are i.i.d. and distributed accord-
ing to V/(0, +). The upper triangular entries are i.i.d. complex Gaussian random variable
with zero mean and variance 4.

If the square matrix is no longer Hermitian, but its entries are i.i.d., then the limiting
distribution of that matrix follows the full-circle law or circular law where asymptotic
spectrum of the matrix is uniformly distributed over the unit circle on the complex plane.
A graphical presentation of this law can be seen in Figure 2.2.

Although matrices that lead to the semi-circle and full-circle laws are important and

frequently used in the area of physics, their use in the area of wireless communications
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Figure 2.1: The histogram of the eigenvalues of W (N = 1000) vs. its semi-circle density.
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Figure 2.2: The full-circle law and the eigenvalues of matrix \/LNA with N = 1000. The
entries of A are independent with zero mean and unit variance.
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are rather limited. Generally, it can be said that the structure of sample covariance matrix
XX# and its variations (generalizations), where X is a rectangular matrix with indepen-
dent entries, are the objects of interest in this area. An obvious instance of application
is our previous example where the asymptotic ergodic capacity per antenna can be eval-
uated based on the knowledge of the limiting distribution of HH”. The work [53] by
Marcenko and Pastur in 1967 was the first to consider the limiting spectrum distribution
of sample covariance matrices. One of the main results is known as the Marc¢enko-Pastur

law, as stated below [95]. See Figure 2.3 and 2.4 for some illustrations.

Theorem 2.1 (Mar¢enko-Pastur Law). Consider an n x N matrix X whose entries are i.i.d.
complex or real random variable with zero mean and variance 5. As n,N — oo with % —
B >0, the e.s.d. of XXH converges almost surely to a nonrandom limiting distribution Fg with

density function

.
o) = (1= 3) 0@+ 5 V- o

where (y)* = max{0,y}, a = (1 — /B)%, b= (1 + /B)? and §(-) is the Dirac delta function.

Equivalently, the e.s.d. of X!/ X converges almost surely to a nonrandom distribution

F whose density [95]

fa(z) = (1= B)ox + Bfs(x)

= (1-8)" ) + 5= ) b7 3)

For § = 1, the singular values of ﬁX (or the eigenvalues of /+ XX ) are asymp-

totically distributed according to

1
folx)=—=v4—22 0<z<2,

™

which is also known as the quarter circle law.
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Now, let us consider the example in the previous section. First, it can be checked that
1 N
N\ — ,
dFy (z) = I E Iz — Xi(X)).

j=1

Thus, we can write the ergodic capacity per-transmit antennas as, i.e., C /N as

TE { /0 " log (1 + TS;%) ngw(x)] , (2.4)

where W = HH” for M < N. Otherwise, W = H”H. So, W has size r x ¢, where

¢ = max{M, N}. Let us denote v = SNR and 8 = {/r > 1. By applying Theorem 2.1,

we can evaluate the integral in (2.4) as follows (see e.g., [14,95]):

o0 b
/ log(1 +~x) dFT,, (z) 25 / log(1 4+ vz) fa(x) dx
0 T a

= [log <1 + - jlf(v,ﬂ)> + log (1 +98 - iﬂ%ﬁ))
loge
=

F(v,B), (2.5)

where \/F(z,y) = Vz(1+ /y)? +1— /z(1—/y)?>+ 1. Let us denote the right-hand
side of (2.5) as I°. Then, C/N — £1°° <% 0. To test the validity of that approximation, let
us consider the small size systems: N =4, M =3 (5 =4/3)and N =1, M =2 (5 = 2).
The ergodic capacity (2.1) has no closed-form expression but can be computed numeri-
cally according to [90, Theorem 2]. Figure 2.5 presents the ergodic capacity for each case
and the corresponding asymptotic approximation for various values of SNR. We can see
that the asymptotic results give a very accurate approximation. An almost perfect match
is obtained at low SNRs. A very small gap can still be achieved for high SNR values. This
simulation confirms one of the benefits applying large system approximations to analyze
the system performance of communication systems.

In [53], Marcenko and Pastur considered a more general matrix structure which takes

the form

Y = A+ XTX?, (2.6)

where A is a deterministic Hermitian matrix and T is a real diagonal matrix. When A = 0
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Figure 2.5: Ergodic capacity (2.1) per transmit antenna and its asymptotic approximation
for various values of SNR.

and T = I, the limiting distribution of Y obeys the Marc¢enko-Pastur law. In general case,
ie, A # 0or T # I, the limiting distribution of Y is unknown explicitly. Instead, it is

represented via the Stieltjes transform which is defined below.

Definition 2.3. Let X be a real valued random variable with distribution Fx. The Stieltjes

transform of Fx is defined as

mi) = [~ ar) =Bx | g .

forz e Ct ={z € C:S[z] > 0}.

A more rigorous representation can be found in [14, Chapter 3]. We should note that
m uniquely determines the distribution function F'x and the converse is also true. For a
given m, the density and distribution function of X can be recovered by using the inverse

transformation which are stated in the following [14,95].
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Definition 2.4. The inverse Stieltjes transform of mx, where X is a real valued random variable
with distribution Fx, that yields the density fx is given by

fx(x) = wlirg1+ %S“ [m(x + jw)].

Equivalently, the distribution function is given by

xT

Fx(z) = % lim S[m(z + jw)] dx.

w—0t J _o
Here, x is a continuity points of Fx (also fx).

Now, let X € CV*N be a Hermitian matrix. The Stieltjes transform of Fx, denoted by

mx, can be alternatively expressed as follows [4,14]

mx(z) = /)\iz dFx(\) = %TI‘(A _ ZIN)—l

1
= (X - 2In) 7,

where A is a diagonal matrix that consist of the eigenvalues of X. This implies that
evaluating the (normalized) trace of (X — 2Iy)~! is equivalent to evaluating the Stieltjes
transform of Fx and vice-versa. This relation will be used frequently in obtaining the
large system results throughout this document.

In what follows, some Stieltjes transforms that will be repeatedly used are listed. We

start with the Stieltjes transform my where Y has a structure given in (2.6).

Theorem 2.2. Let X € C™*V be a matrix whose entries are i.i.d. with zero mean and variance
L Let T € RN*N be a diagonal matrix and its e.s.d. converges almost surely to a nonrandom
distribution Frp. Also, let A € C"*" be a deterministic Hermitian matrix and its e.s.d. converges
almost surely to a nonrandom distribution whose Stieltjes transform is ma. Suppose that X, T

and A are independent. Then, as n, N — oo with 5 — f3, the e.s.d. of
Y = A+ XTX"

converges almost surely to a nonrandom distribution whose Stieltjes transform is the unique so-
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lution of

my (z) = ma (z - ;/W dFT(t)) ,

for z € C*.

The case when A = 0 and T is not a diagonal matrix is also of a particular interest in

the subsequent chapters. Let us denote Y in that case as Y.

Theorem 2.3. Let X be defined as in Theorem 2.2 and T be an N x N Hermitian matrix and
T > 0. Thee.s.d. of

Y, = XTXH

converges almost surely, as n, N — oo with - — (3, to a nonrandom distribution whose Stieltjes

transform is the unique solution of

)=~ (55 [ g 4760)

for z € CT.
Now, consider the following lemma.

Lemma 2.1. Let B € C"*¥. Then the following holds

mgug(z) = BmggH (2) + (8 ; 1),

for z € C*.

By using the lemma above, we can establish the following result which is also useful

later.

Theorem 2.4. The e.s.d. of Yo = T2XHXT:z converges almost surely, as n, N — oo with

~ — B, to a nonrandom distribution whose Stieltjes transform is the unique solution of

1
my,(z) = / (=6 Bema()) > dFrp(t),

for z € C*.
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Proof. We can rewrite my, from Theorem 2.3 as follows

zmy, (2) = -1+ — 3 / 7 —tl-nz;;lyl dFr(t)
B / 11++1t:1TY1)( 2 ar(y
- _H B B/Htmyl( j ).
Hence,
ey, (2) 45~ 1= - | M dFx (1),
From Lemma 2.1, it follows that
my, () = fmy, + (5 1) @7)

Thus, we have

zmy, (2) = — / W dFy(t).

Substituting my, (z) in the denominator of the integrand by (2.7) concludes the proof. [

In the Marcenko-Pastur law (Theorem 2.1), all the entries of H are assumed to have
the same variance. The following result establishes the limiting distribution of the sample

covariance matrix by allowing different variances for the independent entries of X.

Theorem 2.5 ([30,95]). Let X bea |cN | x |dN | random matrix with independent entries [X];;
which are zero mean and variance E [|[X];;|?] = N~'Pyj, such that P;; are uniformly bounded
from above. For each N, let

vn(z,y) : [0,¢] x [0,d] - R

be the variance profile function given by

j+1
-

oN(z,y) =Py, — <2< <y<

=
=
2|~

Suppose that vy (x, y) converges uniformly to a limiting bounded function v(x,y). Then, for each
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a,be0,cl,a<bandz e C*t

1 [bNV] 1 . b
N Z [(XXH —2I) } MY / u(z, z) dz,
i=[aN] " o

where u(x, z) satisfies

u(z, z) = !

d v(z,y)dy
—z 4+ fO 1+foc u(w,z)v(w,y)dw

forevery x € [0, ¢|. The solution always exists and is unique in the class of functions u(z,z) > 0,
analytic on z € C* and continuous on x € [0, c|. Moreover, almost surely, the empirical eigen-
value distribution of XX converges weakly to a limiting distribution whose Stieltjes transform

is given by fol u(x, z) dx

In the theorem above, z-axis and y-axis refer to the rows and columns of the matrix X,
respectively. This result will be used to prove some theorems presented in Chapter 7.

To this end, we already presented some key results of asymptotic random matrix
theory that will be frequently or repeatedly used to derive main results discussed in this
document. All those key results show that the limiting spectral distribution is insensitive
to the type or shape of the density function of the random matrix entries [95]. Thus, the
asymptotic limit of ergodic capacity (2.5) still remains the same even when the entries of
H are not Gaussian or from other fading distributions.

In addition to those results, the following lemmas also play important roles or are the
heart of the analyses in the following chapters. The lemmas mainly provide asymptotic
results for particular quadratic matrix representations in the form xAyx”. Here, x €
C*N is a random (row) vector with i.i.d. entries and Ay € CN*¥ has a uniformly
bounded spectral norm. The first two lemmas are necessary as they show the relation

between the quadratic form and the trace of A y. The first lemma is a well-known result.

Lemma 2.2 ([3,14,20]). Let x € CN be a random row vector whose entries are i.i.d. with zero
mean, variance 1/N and a finite eight order moment. Let A € CN*N be a sequence of matrices

with uniformly bounded spectral norm and independent of x. Then, as N — oo,

1 a.s.
xAnxT — ~TH(AN) =5 0. (2.8)
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Lemma 2.3 ([20]). Let x and A be as defined in Lemma 2.2. Let y be a random vector which is

similar to and independent of x. Then,
H a.s,
xAny" — 0, (2.9)

as N — oo.

An important quadratic expression is in the form gy = x(BB + pIy)~'x. This
form may appear as a part of SINR or SIR expression of a communication system. For
example, it appeared as a part of SIR in early papers, at the beginning of the 2000s, on the
asymptotic system performance analysis of linear multiuser receivers in CDMA commu-

nications [20,43,91,92].

Lemma 2.4. Let gy = x(BBY + pIn)~'x, where B € CN*" and p > 0. Suppose that
the elements of B are i.i.d. with zero mean and variance 3, x and B are independent. Then, as
n, N — cowithn/N — f3,

gN_gE)(L

where g is given by

_ BN 1 =82 201+p) 1-4
g_<p+1+g) __2<¢ 7 + p +1+p—1>. (2.10)

Proof. It is easy to see that gy satisfies the conditions in Lemma 2.2. Hence,
1 H —1 a.s,
gN — NTI'(BB + pIN) — 0.

From the link between the trace of a matrix and the Stieltjes transform, as previously

discussed, we can write

1 1
—Tr(BBY + pIy) = | —— dF )
FTBB L) = [ e a3

Now assume that the entries of B are i.i.d. with zero mean and variance % Moreover,
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suppose that Fyyrgy converges almost surely to F'. Then,

1 as' 1
e dFgpr &5 [ —— aF (),
/Hp - /Hp N

and this establishes that
a.s. 1
= | —— dF()\) =g.
gN / At p AN =g

From Theorem 2.3 (T = I in the current case), as N,n — oo and § — (3, we have

that g = lim,_,_, m(z) is the unique solution of the quadratic equation

_ B\
9—(’”1+g) '

Solving for g, we have (2.10) O

Note that the limiting distribution F in the proof above follows the Mar¢enko-Pastur
law. Thus, we can obtain (2.10) by directly evaluating the integral [ (A+p)~! dF()). From
(2.10), we can see that g is parametrized by 3 and p. Therefore, sometimes it is useful
represent g by g(j3, p). For the rest of the thesis, we will use g and ¢(8, p) interchangeably.

The next lemma can be thought as a generalization of Lemma 2.2.

Lemma 2.5 ([48, Lemma 5.1]). Let x,, € CV,m < K be independent random vectors whose
entries are i.i.d. with zero mean and variance % Let Ay n,n < N,m > 0 be a sequence
of random matrices independent of x,, for each n and have a uniformly bounded spectral norm.
Then,

1
max xmAm,nxg — NTY(Am,n) 250

m,n

as N — oo.
The lemma above can be used to prove the following lemma.

Lemma 2.6 (see also [68, Lemma 2.5]). Let m < N. Suppose that Lemma 2.5 holds. Then

1 N

1
¥ > <xmAm,nxg — NTr(Amm))

m=1

a.s.

5. (2.11)
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Proof. We can have the upper bound of the left-hand side (LHS) of (2.11) as follows

1 & 1 1 & 1
H H
N ’mzz:l <XmAm,nxm — NTr(Am,n)> ‘ S N Tnz::l XmAmJLXm — NTT(AW7TL)
1
< Lo
< mn%z}vxn XmAm Xy, NTr(Am,n) .
Since
1
< H * a.s.
0% %, o Aman = T (Ama)| 750,
then (2.11) follows immediately. O

Suppose that oy = +Tr(X + pIy)~!, where X € CV*V is Hermitian. Let py =
%Tr(X +qq” + pIx)~1, where q € CV. Tt s clear that py is ox in which X is perturbed
by a rank-1 matrix qq’’. The difference between of oyand py will be the subject of interest
of the following lemmas. The first lemma states that the difference between them is
bounded by (Np)~! which implies that it gets smaller as N grows. The second lemma
provides the generalization of the first lemma in which the difference is almost surely

zero, as N — oo.

Lemma 2.7 (Rank-1 Perturbation Lemma, [83]). Let p > 0, A € CV*N, B € CV*N pe
Hermitian, and q € CV. Then,

_ Al

1 -1 H —1
NTr (A(B + ply) AB+qq” +pIy) ) N,

Lemma 2.8 ([14]). Let p > 0, A € CV*N, B € CV*N be Hermitian with eigenvalues A\, (B) <
- < An(B),and q € CN, Suppose that there exists € > 0 such that \;(B) > e almost surely
forall large N. Then,

]- a.s.
~THAB + pIn) ' — AB +qq” + pIy)~h) 3 0. (2.12)
To this end, we already presented some important mathematical tools for the asymp-
totic analysis in this document. The upcoming chapters discuss the application of those
tools in analyzing the system performance of MISO broadcast channels for some channel

conditions and system setups.



Chapter 3

Multiuser Precoding in i.i.d. Channel

In this chapter, the large system results for a single cell multiuser transmit via Reqularized Channel
Inversion (RCI) precoder with i.i.d. entries of the channel gain matrix are presented. In the analysis,
the transmitter (BS) and the users are assumed to have a perfect CSI. The first result is the expression
of the SINR in the large system limit, also called the limiting SINR. Then, the optimal regularization
parameter of the RCI precoder that maximizes the limiting SINR, as well as the limiting sum rate
per antenna, is derived. Its expression is remarkably simple. 1t is the ratio between the cell loading
and the received SNR. Furthermore, we also derive the limiting SINR for the Moore-Penrose Channel
Inversion (MPCI) and the Single User (SU) precoders. Those precoders are the special cases of the RCI
precoder when the regularization parameter goes to zero and infinity, respectively. For each precoder,

the characterization of the sum rate per-antenna with respect to the cell-loading is also presented.

3.1 Introduction

S mentioned previously in the introductory chapter, one way to achieve the sum-
A capacity of MIMO broadcast channels is to employ a precoder at the transmitter
side to reduce the MUI. Precoders exploit the CSI at the transmitter (CSIT) to adapt the
transmission strategies or variables such as the “direction” and 'magnitude’ ( or power)
of the transmission for each user’s data symbols. Perfect CSIT will be an ideal case and
is often considered in the performance analysis of MIMO communication systems as a
benchmark for the practical scenarios. Different forms of CSIT will lead to different ways
of designing a precoder. Moreover, different performance criteria and channel condi-
tions e.g., i.i.d. channel and spatially correlated channel will also influence the precoder
design.

While the linear precoder can be optimal for single-user MIMO systems [6, Chapter

27
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3],[100, and references therein], it is not the case for the multiuser MIMO settings. The
sum capacity in multiuser MIMO downlink is achieved by using the Dirty Paper Coding
(DPC) strategy [9,98,99,108]. In [9], the transmit signal is decomposed as a multiplication
of a precoding matrix and an auxiliary input. A successive dirty paper encoding is ap-
plied to generate the auxiliary input. The precoding matrix is then optimized to achieve
the optimal sum rate for a two-user MISO setup. The work by Viswanath and Tse [99]
generalizes the previous result for an arbitrary number of single-antenna users. The sum
capacity which is the maximum sum rate of the DPC-based transmission strategy is es-
tablished by exploring the duality between MIMO-BC and MIMO-MAC. A similar tech-
nique is also used in an independent work [98] to derive the sum-capacity for the case
where each user has multiple antennas. Yu and Cioffi in [108] use a DPC-based decision

feedback equalizer at the transmitter to prove the same result.

DPC requires perfect CSIT and an entire knowledge of the transmitted signals. There-
fore, the resulting interference at the receivers can be computed in advance. As a result,
the interference can be pre-subtracted along with the transmitted messages so that the
sum-capacity of using DPC is the same as if there were no interference. Regardless of the
benefit in terms of the achieved sum- rate, its practical implementation is computation-
ally intensive because it involves successive encoding at the transmitter and decoding
at the receiver [86],[19]. Finding practical schemes for DPC implementations remains an
active research area. The DPC could be categorized as a nonlinear precoder. Another
example of the nonlinear precoding is the vector perturbation technique where the trans-
mitted data or symbols are perturbed in order to prevent power enhancement caused by
the channel inversion type precoders [32]. Although the vector perturbation gives better
performance compared to linear precoders, finding the optimal perturbation vector still
requires a high complexity search of the optimal point in lattice (an example of a well

studied NP-hard problem)[74].

A lower complexity implementation is one of the advantages offered by linear pre-
coders, but with the sum rate penalty compared to the DPC. An optimal linear precoder
is hard to obtain. Some studies propose iterative algorithms for the precoder construc-

tion, but there is no proof for their convergences. One of the most well-known linear
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precoders is the Zero-Forcing (ZF) or Channel Inversion (CI) precoder. It has a simple
structure, i.e., the inverse of the users” channel gain matrix [87]. Employing this precoder
will completely eliminate the MUI. Although it is a sub-optimal linear precoder, it has
been shown in [107] that the combination of ZF and a particular user selection strategy,
called semi-orthogonal user selection, can perform asymptotically (for a large number of
users) close to the sum capacity of MISO BC. However, as shown in [69], the sum- capac-
ity of this beamformer does not grow linearly with the number of users K, when K = N,
where N is the number of transmit antennas. Moreover, if the channel gain matrix is
ill-conditioned, the received SNR will drop significantly and this will affect the resulting
SINR and sum rate.

To resolve that problem, a regularization parameter is introduced in the channel in-
version and the corresponding sum-capacity scales linearly with min(N, K) but at a
slower rate than that of DPC [69]. The resulting beamformer is called the Regularized
Channel Inversion (RCI) or also known as Regularized Zero-Forcing (RZF). It does not
fully cancel the MUI as ZF does but it offers a higher sum rate, particularly at low SNRs
[69]. The regularization parameter controls the amount of interference introduced to each
user. Therefore, this parameter should be chosen optimally to maximize some perfor-
mance criteria such as the SINR. For the case K = N, the optimal parameter has been
derived in [69] by assuming K is large. For general cases, it was derived in [62] by us-
ing the large system analysis (see also [101]). Finding it in the finite-size regime can be

difficult.

In this chapter, we perform a large system analysis of a single-cell broadcast chan-
nels with the RCI precoder at the transmitter. The entries of the channel gain matrix
are assumed to be i.i.d. with certain statistical moment conditions. Each user knows its
channel perfectly and the transmitter is also assumed to have a perfect knowledge of the
channel gain matrix. First, we derive the SINR in the large system limit which later is
called the limiting SINR. Then, we obtain the expression for the optimal regularization
parameter that maximizes the limiting SINR. As in [62], the analysis presented here holds
for any cell loading, 5 = K/N > 0. Here, we strengthen the results presented in [62] by

obtaining a nicer expression for the limiting SINR and a more concise derivation for the
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optimal regularization parameter. We also provide a new characterization of the sum
rate of the RCI over the cell-loading. We also derive the limiting SINR of the MPCI and
SU from their finite-size SINR expressions while in [62,63], the limiting SINR expressions
for those precoders are obtained from the limiting SINR of the RCI by setting the regu-
larization parameter to zero and infinity, respectively. It turns out that both approaches

produce the same results.

A closely related work is [101] that performs the large system analysis for the MISO
downlink for various channel conditions. The current work and [101] are developed
independently and use different approaches in deriving the large system results. Our
approach relies on the behavior of the l.s.d. of random matrices in the model while the
approach in [101] is mainly based on the deterministic equivalent of the involved random

matrices (see [14] and references therein for detailed discussions on this subject).

The contributions of this chapter can be summarized as follows:

1. We perform the large system analysis for the SINR of the broadcast channel with
the RCI precoder, for any 3 > 0. We show that the SINR converges (almost surely)
to a deterministic (non-random) limiting SINR. The limiting SINR is the same for
each user in the cell. It is the function of the cell loading, regularization parameter
and the received SNR. We also demonstrate that the SINR of the finite-size sys-
tem is well-approximated by the limiting SINR even for reasonably small system
dimensions.

2. For a given received SNR and cell-loading, we derive the optimal regularization
parameter that maximizes the limiting SINR. Its expression is simple and the same
as that obtained in [69] for the particular case K = N. It is the ratio between the
cell loading and the received SNR. Our numerical results show that employing the
asymptotically optimal regularization parameter into the finite size systems only
incurs a small throughput loss.

3. We also derive the limiting SINR of the broadcast channel with the MPCI and SU.
The results are exactly the same as those obtained by evaluating the limiting SINR
of the RCI for regularization parameter going to zero and infinity for MPCI and

SU respectively.
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4. For each considered precoder, we study the characterization of the sum rate per-
antenna over different values of cell-loading. For the RCI precoder, the sum rate
per-antenna is evaluated at the optimal value of the regularization parameter. We
show that for the received SNR larger than one (zero decibel), the sum rate is uni-
modal function with respect to the cell loading. Thus, the optimal cell loading
that maximizes the sum rate per-antenna is unique. For the SNR less or equal to
one, the sum rate per antenna is an increasing function of the cell-loading. Conse-
quently, the maximum sum rate per-antenna could be achieved with cell loading
greater than one i.e., the number of users is larger that the number of transmit an-
tenna. A similar phenomenon is also observed for the optimal cell-loading of the
MPCI precoder. For the SU precoder, the sum rate per-antenna is an increasing
function of the cell loading and converges to a certain value as the cell loading

tends to infinity.

The rest of this chapter is organized as follows. In the next section, the system model
is presented and the SINR expressions of the users when the BS employs one of the fol-
lowing precoders: RCI, CI or ZF, and SU, are derived. The analysis of these SINRs in the
large system limit is presented in Section 3.3. The optimal regularization parameter of the
RCI precoder maximizing the limiting SINR and the optimal cell-loading maximizing the
sum rate per antenna are also discussed. The characterizations of the limiting SINR and
sum rate per antenna over the cell-loading for MPCI and SU precoders are also studied.
Section 3.4 provides some numerical results that compare the performance of different
precoders and also show the applicability of the large system results for the finite-size

systems. Section 3.5 concludes the chapter.
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3.2 System Model

Figure 3.1 illustrates a MISO broadcast channel with a linear precoder at the transmitter
end. The base station has NV antennas and each of K users is equipped with a single an-
tenna. The propagation channel coefficient between the transmit antennan € {1,..., N}
and user k € {1,..., K} is denoted by hj, ,,. The channel gain vector between the BS and
user k is represented by the row vector hy, = [hy1 hy2 ... hxn] € C™N . Tt is assumed
that the entries of hy, are i.i.d. and hy ~ CN(0,Iy). Even though here, we assume a
specific distribution for hy, the large system holds for any distribution of hy, if the entries
of ﬁhk are i.i.d. with zero mean, variance % and have finite eighth moment (see e.g.,
[14]).

In broadcast transmissions, the BS sends the data symbols s = [s; ... s ... s )T
intended for each user k£ simultaneously across its /N antennas. Before transmission the
data symbol vector s is precoded by a beamforming or precoder matrix P. So, the trans-
mitted data vector x = [z --- zy]7 is given by x = Ps and has a fixed transmit power
constraint, E[||x||?] = P;. The received signal at user k can be written as

N
Yk = Y hien®n + wp = X + wy,

n=1

where wy, is the complex Gaussian receiver noise with zero mean and variance 2. Ex-

panding x, the received signal becomes
yr = hpPs + wy. (3.1)

In this document, we focus on the RCI precoder proposed in [69]. This precoder takes
the form

P = cH” (HH” + olg) ", (3.2)

or equivalently,

P —c(H'H +aly)” HY, (3.3)

where H = [h! ... hl ... h1]7 is the K x N complex channel gain matrix. We should
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Figure 3.1: System model.

note that the channel gain vectors amongst the users are assumed to be independent. The
normalizing constant c is chosen to satisfy the power constraint E[||x||?|H] = P;. Assum-
ing the data symbols {s1, ..., sx} are independent and each symbol has unit power, c is
given by

2 Py

c = , 34
Tr ((HHH+aIK)_2HHH) 4

or equivalently,
2 Fy

ST n ((HHH +aly)? HHH> '

(3.5)

Using the representation (3.3) for the precoder, the received signal (3.1) can be written

as

yr = chy, (HHH + 0411\7)71 Hs + wy,
1 - 1
= chy (H'H + oly) ™ hils;+¢) _ hy (HTH+aly)" hi's; + w. (3.6)
i#k
The first term in the right-hand side is the desired signal for user k while the other terms

are the interference and the receiver noise. Assuming single-user decoding at the receiver
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and treating the interference as noise, the SINR of user k can be expressed as follows

2
¢ |y (H7H + aTy) ' bf|
—1 N
U2+022j7§k‘hk (HHH+QIN) hJH‘Q

SINR;, = (3.7)
It is in the standard form where the numerator and the second term in the denominator

represent the signal and the interference energy respectively.

Now let us consider the MPCI and SU precoders that can be seen as the special cases

of the RCI precoder. Letting a — 0, we have the MPCI precoder which is given by

lim cHY (HHY + alg) ™' = B (HHY) ™', K/N <1

Pypci = § @70 ) . (3.8)
lim ¢ (H"H +oly)  H" =c; (H'H) "H", K/N>1,
a—

2 Py

_ Py
L r(mH) )

Where C W .

2 _
and c¢5 =

The first case, i.e., § = % < 1, is commonly considered in the wireless communica-

tion literatures. In practical situations, the number of users is larger than the number of
antenna. So, user selections should be done accordingly. The received signal at the user
k can be written as

ye = chy HY (HH?) s + wy.

Stacking y1, . .., yx into a vectory = [y1 y2 - -+ yk|]? leads to

y = ccHH? (HHH)_1 s+w
=c1s+w, (3.9
where w = [w; ws -+ wk]T with Eflww!] = ¢?Ix. By using the precoder, it is obvious
that the MUI is eliminated (zero-forced). The zero-forcing scheme can be seen to have
the altruistic behaviour since the precoding vector for a particular user tries to eliminate

the interference that it can cause to other users. From (3.9), the SINR of user £ is simply

given by
2

SINR = —5. (3.10)
g
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Since the SINR is proportional to ¢?, a rank deficiency on the matrix HH? will lead to a

penalty to ¢? and also consequently to the SINR.

For the case 3 > 1, the received signal is given by

yi = cohy (HTH) ™ HY s + wy
1 us 1
= cohy, (HHH) hfsk + co Z hy, (HHH) hfsj + wy, .
J#k
It shows us that the MUI still presents in the system. Hence, putting the term zero-

forcing for the precoder for the current case could be misleading. The SINR of user k£ can

be written as

& b (F7H) thf

SINRNZF,k = —1 ’

(3.11)

which is (3.7) with & — 0. Intuitively, the limiting SINR for (3.11) can also be obtained
from the limiting SINR of (3.7).

The SU precoder is obtained from the RCI precoder by letting & — co and we have

Py, = lim P
a—o0
HY (LHHY £ 1) 7"
= lim /Py (a K)
a— 00

\/Tr ((AEEY + 1) HEY)

(LHTH + 1) HH

:lim\/ﬁd

a—00

\/Tr ((AH7H + 1Iy) *HYH)

Py I
= —=2 _HH
Tr (HHH)
By using this precoder, the beamforming direction for the user & is given by , / ﬁhf .

It will maximize the signal strength of the user £ while ignoring the interference that it

causes to other users. This can be considered as a selfish precoding scheme. The received
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signal vector can be expressed as

Py

_ H
y = T (HHA) (HHH) (HH s) +w,

and for user k, the received signal becomes

Py H H
Y = m h;hy s, + Z hkhj Si | + wg.
J#k
Thus, the SINR is given by
st [
Tr(HHA) |[F Y
SINRgy 1, = 5 7, i
0%+ Trmam) 2 j4k by
P, H|2
Tr(Hil{H) |hkhk ’

= (3.12)

o2 + %thf H:h;,

Besides the SINR as the basic performance measure in this chapter, we also consider
an information theoretic measure which is represented by achievable sum rate. It can be
expressed as

K

Roum = Y _log(1 + SINRy), (3.13)
k=1

where the SINR;, may represent (3.7), (3.10), (3.11) and (3.12). Clearly, the achievable
rate for each user is a logarithmically monotonic function of the SINR. Also, there is one-
to-one mapping between the achievable rate and the SINR for each user. The limiting
SINR for each user under different precoders at the transmitter will be analyzed in the

following section.
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3.3 Large Sytem Analysis

The finite-size SINR of the broadcast channel with RCI precoder has been derived previ-
ously in [69] for the case K = N. It is the function of the eigenvalues of the random matrix
HH? [69, cf. eq. (29)]. Thus, the SINR depends on the channel realization. Moreover,
it is difficult to obtain the optimal regularization parameter that maximizes the SINR or
sum rate in the finite-size regime.

Here, we derive the SINR in the large system limit where N and K tend to infinity
with fixed 8 = K/N. The result is stated in the following theorem.

Theorem 3.1. Let p = % be the normalized regularization parameter, v = % be the received
SNR and g(B, p) be the function defined in (2.10). Then, desired signal converges almost surely

to

’ 9(B,p) (
(1+9(8,0))?

and the interference converges almost surely to

1+ Las gw,p»?) , (3.14)

Py

T+ 9.7 (3.15)

Consequently, the SINRy, converges almost surely to a deterministic limiting SINR, given by

v+ ’%ﬂ (14 9(8, p))?

SINR™ — g(5,
N v 9B

(3.16)

Proof. Refer to Appendix 3.6.1 O

A quick glance at the limiting SINR expression shows us that it is the same for all
users and depends only on system parameters: regularization parameter p, cell loading
3 and received SNR +. Figure 3.2 depicts how the finite-size SNRs approach the limiting
SINR for different values of SNR as the dimensions of the system get large. We set 3 = 0.6
and p = /7. For each SNR value, 100 channel realizations H are generated. For each
channel realization the SINR is computed based on (3.7) and is marked by the dot. The
dash line and solid line represent the average SINR over all 100 channel realizations and

the limiting SINR, respectively. From the plots, we can see that even for a small-size
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Figure 3.2: Comparison of the randomly generated SINR for user 1 (dot) with the average
SINR (dash) and the asymptotic limit (3.16) (solid line) with p = /7.

system N = 4, the average and limiting SINR are quite close. However, the deviation or
the spread of the SINR samples from the average and the asymptotic is still quite large.
As N gets larger, the gap between the average and the limiting becomes smaller and so

does the spread. For N = 64, the gap is negligible and the spread is about 2.5 dB.

Based on (3.16), the limiting sum rate per-antenna can then be defined as follows
Ry = Blog(1 + SINR™). (3.17)

For the sake of simplicity in the naming, for the rest, we just call the limiting sum rate

per-antenna as the limiting sum rate. We can see that there is a one-to-one monotonic
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mapping between the limiting sum rate and the limiting SINR. Maximizing the limiting
SINR via p and « will equivalently maximize the limiting sum rate. Since 3 appears as the
pre-log factor in (3.17), the link between the limiting sum rate and SINR is not monotonic
w.r.t. 8. Thus, characterizing the behaviour of the limiting sum rate and the limiting
SINR should be considered separately.

First, let us discuss the role of the regularization parameter for the limiting SINR.
From (3.15), it is clear that the interference energy is decreasing as g(3, p) increases. How-
ever, as shown by (3.32), g(8, p) is a decreasing function of p. So, increasing p will increase

the level of interference. Now, how does p affect the (desired) signal strength?
Proposition 3.1. In the large system limit, the desired signal strength is increasing in p.

Proof. For brevity, we use g to denote g(f3, p). Let us represent (3.14) by P;S*(p, g) (note

that g is also a function of p) where S°°(p, g) can be written as

S>(p,g) = a fg)Q + %g'

Then, the total derivative of 05*°(p, g) w.r.t. p is given by

d5=(p.g) _ 05%(p.g)  05%(p.g) 09
dp dp dg  Op

The first term in the right-hand side is simply given by %. The expression for g—i is given

by (3.32). It is easy to show that

95%(p,9) l—-g _p

— + =,
dg (1+g)3 B
Thus,
dS=(p,9) _ g _ ( l—yg p) 9(1+9)°
dp B (1+9)?2 B)B+p(l+g)?
g— g(1-g)
_ (1+g)
B+ p(1+g)?
2g? 1

- >0,
1+gB8+p(1+g)?

and this completes the proof. O
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Figure 3.3: Signal strength, interference energy, SINR and sum rate per-antenna in the
large system limit for different values of p. Parameters: v = 10 dB.

Figure 3.3 illustrates the behavior of the desired signal and interference energy w.r.t.
p. As predicted by the analysis, both are increasing with p. To get benefits for the SINR,
we should, at the same time, reduce p to suppress the interference and increase p to
strengthen the desired signal. Therefore, p provides a trade-off between reducing the
interference level and increasing the signal energy and it should be chosen carefully in
order to maximize the system performance. Figure 3.3 also depicts the optimal p that
maximizes the limiting SINR and sum rate which is marked by the diamond. The max-
imizer for the limiting SINR and sum rate is the same. We can also see that both perfor-

mance criteria are unimodal w.r.t. p. Thus, the maximizer is unique. The behavior of the
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limiting SINR w.r.t. p is presented below.

Theorem 3.2. The limiting SINR is a quasi-concave function of p. It is maximized by setting

p = p* where p* is unique and given by

pr = é (3.18)
v
It follows that the maximum limiting SINR is
SINR®™ = ¢(B, p*). (3.19)
Proof. Refer to Appendix 3.6.2. O

The expression of the optimal p that maximizes the limiting SINR turns out to be very
simple. It is a ratio between the cell-loading and the received SNR. So, at high SNRs, p*
becomes very small and the RCI precoder behaves like the MPCI precoder. On the other
hand, when the cell loading is very high, p* also becomes large. We can expect that the
precoder will perform like the SU precoder. We should also note that p* obtained in our
analysis coincides with that derived in [69] which is analyzed for the case K = N. Our
results are also confirmed by [101] by using a different approach of large system analysis.

Now, let us consider how the cell loading affects the maximum limiting SINR in (3.19).

g(B, p*) is the solution of
1

* B
9(B,p") = T 1 .
v ' I+g(B.p*)

From the above, clearly, increasing the received SNR will improve the maximum limiting

SINR and the limiting sum rate. It is easy to check that

99(B, p*) 1 <1 1 >_1

=—— =4+ < 0.
op B2y (1 +9(8,p))?

This shows us that the maximum limiting SINR is decreasing with the cell-loading. Con-

sidering the limiting sum rate, increasing 3 will increase the pre-log factor but decrease

the log term. The following proposition states the characterization of the sum rate with

respect to 3.
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Proposition 3.2. For v > 1, the limiting sum rate is a quasi-concave (unimodal) function of 3.

The unique stationary point, 3*, is given by the solution

(1+9(8*,8%/7))

B = . (3.20)
T @t g(5. /7)) g (1 + a(5". /7))
For -y < 1, the sum rate per-antenna is an increasing function of 3.
Proof. See Appendix 3.6.3. O

Since Rsum is unimodal w.r.t. 3, 5* can be found effectively by using the bisection
method [7].

So far, we already derived the limiting SINR for the broadcast channel with RCI pre-
coder and characterized its behaviors with respect to involved design parameters such
as the regularization parameter and the cell-loading. Now, let us consider the broadcast
transmission with MPCI and SU. The following theorem presents the limiting SINR for
the case of MPCI.

Theorem 3.3. The SINR of the broadcast transmission stated in (3.10) and (3.11), in the large

system limit, converges almost surely respectively to

(3). o
¥(B—1)
(B —1)2 + B2’

SINRS,, = (3.21)

6>1.

Proof. See Appendix 3.6.4. O

From the theorem, it is clear that the limiting SINR is increasing with the received
SNR for different cases of 3. For 5 < 1, it is also obvious that the limiting SINR decreases
as [ increases. For § > 1, it can be checked that the limiting SINR is a quasi-concave

function of 3 where the stationary point that maximizes the limiting SINR is given by

Considering the limiting sum rate, it can be shown that it is a concave function of 5 for
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B < 1. The optimizer satisfies,

5 gl

(e ) P e )

and can be found by using line search methods.

For the downlink with SU precoder, the limiting SINR is stated below.

Theorem 3.4. In the large system limit, the SINR of the downlink with SU precoder converges

to
g
Bly+1)

Proof. See Appendix 3.6.5 O

SINR® = (3.22)

From the above, the limiting SINR is increasing with the SNR but decreasing over /3.
Considering the sum rate, it is a non-decreasing function of 3 since

9

SINRY
B ‘

As 3 — oo, the limiting sum rate achieves the maximum value which is given by

lim log(1 4+ SINR®)? = — 2
/ngo og(1 + SINRY)) o (3.23)

3.4 Performance Comparisons

In the previous we have seen that the limiting SINR accurately approximate the finite-
size SINR even for small and moderate IV, K. The optimal p that maximizes both the
limiting SINR and sum rate is given by (3.18). In the finite size system, the SINR or the
achievable rate for each user is different. Therefore, the optimal p that maximizes the
SINR or the rate is also different for each user. In that case, one of the reasonable choices
for the objective function is the achievable sum rate.

Figure 3.4(a) illustrate the comparison between the optimal p from the large system
and finite-size system analysis for different SNR values and N but with a fixed 3. In

obtaining the optimal p for the finite systems, we generate Ny samples of the channel
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(b) Sum rate vs. SNR with 8 = 0.75 and N, = 200.

Figure 3.4: The validity of the large system approximation for finite size systems.

gain matrix. For each channel realization, the optimal p that maximizes the sum rate
is computed numerically by a grid search. Then the resulting optimal ps are averaged
over Ny, denoted by p}, 5. We can observe that the optimal p from large system analysis
follows the one from finite-size system. The gap between them is already small for a
moderate system size N = 16.

Figure 3.4(b) demonstrates the applicability of the large system results into the design
of finite-size systems. Computing the optimal p in the finite-size system by a grid search
is time consuming. So, we would like to see what is the effect of using the optimal p from
the large system limit on the finite-size sum rates. The solid and dash line respectively

represent the average sum rates obtained by using the optimal p from the finite-size and
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Figure 3.5: The limiting downlink sum rate as a function of the cell-loading 3 for different
employed precoders.

large system analysis, respectively. We can see that even for the small-size system N = 4,

the difference is almost unnoticeable. For larger N, i.e. N = 16, the two lines coincide.

In the previous section, we already described analytically the behavior of the limiting
SINR and sum rate of the downlink for each precoder. Figure 3.5 compares the limiting
sum rate for different employed precoders. For the downlink with the RCI precoder, the
sum rate is obtained by setting p = p*. As predicted by the analysis, i.e. Proposition 3.2,
the sum rate for the RCI-based downlink is increasing with 5 for SNR 0 dB (y = 1) and
a quasi-concave function of 3 for SNR 10 dB. We can also see that it beats the sum rate
of the BC with other precoders. Figure 3.5(a) shows that the MPCI with 5 > 1 can gives
higher sum rate compared to the commonly used MPCI precoder, i.e. the one with 5 < 1,
even though it does not eliminate the MUI completely. It is also shown that setting 3
close to 1 will result in a poor performance. The downlink sum rates with the RCI and
ZF become quite close, except near 3 = 1, for a moderate SNR 10 dB. We can expect that
they are getting closer as SNR increases with the exception for 5 — 1. We can also expect
that for 3 > 1, the downlink sum rate with RCI will approach the limit (3.23), which is
the maximum downlink sum rate with SU, as 3 — oo. This is because as 8 — oo, the

optimal regularization parameter of the RCI also goes to co. Thus, the RCI will behave
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Figure 3.6: Optimal cell-loading 3 as a function of the SNR.

like the SU precoder. It can also be checked that the downlink sum rate with the MCPI
also converges to (3.23) for the asymptotic value of 5.

The optimal /3 as a function of the received SNR is depicted in Figure 3.6 (see also [63]).
For the downlink with MPCI precoder, there is a threshold in the received SNR, about
5.85 dB, in which above this threshold, it is better to have less users that the number of
antennas (3 < 1) and consequently the ZF precoder is employed. Otherwise, the opposite
is better. In other words, it is better to use ZF for moderate or high SNR values. For BCs

with RCI precoder, the threshold takes at a lower SNR, about 4.87 dB.
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3.5 Conclusion

This chapter presents the large system analysis of the MISO broadcast channels with RCI,
MPCI and SU precoders. We have shown that the optimal regularization parameter of
the RCI that maximizes the limiting SINR is the ratio between the cell-loading and the
received SNR. We also presented the effect of the cell-loading on the limiting sum rate
of RCI, MPCI and SU precoders. For the RCI precoder, we have demonstrated that the
limiting sum rate is quasi-concave over the cell-loading. Thus, the optimal cell-loading
can be found by line search algorithms. For the MPCI, our numerical simulations sug-
gested the optimal cell loading can be larger than one when the SNR is below a certain
threshold. For the SU precoder, the maximum limiting sum rate is achieved when the

cell-loading tends to infinity.

3.6 Appendix

3.6.1 Proof of Theorem 3.1
We can write the SINR in (3.7) as

28

SINRe = S aagy

where ¢S, and %I represent the signal strength and interference energy of user k re-
spectively. The limiting SINR can be obtained by deriving the large system limit of each
term in SINR. We start with S}, by first employing Lemma 2.2. However, to apply that
lemma, we need to remove the dependency between H in (HH H+ ol N) ~!and h;. Now,
let us write

(HYH + oIy) " = (H'H}, + oIy + hf'h;) ", (3.24)

where H, is H with the k-th row removed. By applying the matrix inversion lemma

(Sherman-Morrison Formula), (3.24) becomes

(HIH,, + oly) " hihy, (HIH, + oly) "
1+hy (HIH, + ody) ' b '

(HIH, + oly) ™ -



48 Multiuser Precoding in i.i.d. Channel

It follows straightforwardly that

(HIH, + oly) " hi
1+ hy, (HIH, + oly) " hi

(HYH + oIy)  hf = (3.25)

Thus, S), can be rewritten as

2
Iy (HTH, + oTy) ' bf| A2

S = )
(1+ by (B H, 4+ oy) ' ng) (A

where A, = +h, (FHIH, + pIN)_1 hi’ and p = ¢. Note that the spectral norm of
(+HIH, + pIN)f1 is bounded above by p~1.

Now, we can apply Lemma 2.2 to A;, and it yields
Ay — %Tr ((HkHHk + aIN)‘l) LEN
Using Lemma 2.8, the above becomes
Ap— %Tr (ETH+aly) ") “5 0.
Following the derivation in Lemma 2.4, we can show that
Ay = g(B,p) =50,

where g(8, p) is the function defined in (2.10). Thus, it follows immediately

9 as g (3.26)

where brevity, we use g to denote g(f3, p) and we do the same for the rest of this chapter.

Note that the limiting value for S, is the same for all users.

Now, let us move to the interference term. I, can be expressed as

Iy =Y by (H"H + aly) " hi'h; (HH + ay) " hf
J#k
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— hy, (HPH + oly) " HIH), (HH + oly) " hff

(a) hy, (HkHHk + ozIN)_l HkHHk (HkHHk + O(IN)_I th

- 2
(1 +hy (HITH + aly) ™ th>
By,
=0, 3.27
(1+ Ak)Q ( )
where (a) is obtained by using (3.25) and its numerator is denoted by Bj. Let us write

By, = hyBh. We can show that

B, = (HIH, + pIy) '"HIH,(HIH,, 4 pIy) !

( )"
(HYHy + ply)~ (Hi Hy + pLy — pLy) (Hi Hy + pLy) !
(HHy, + pIn) ™! [Ty — p(HH, + pIy)

( )"

HIH,, + pIy) ™! — p(HIH), 4 pIy) 2

_ 0 _
= (Hi/Hj, + ply) 1+p5p<H£Hk+pIN> g (3.28)

Hence, B, = A, + ,03%Ak and we have (see also [48, Appendix A]),

By — <g + pag> =3 0. (3.29)
dp
Consequently, it follows that
99
g+ Pap as,
— — 0. 3.30

To complete the proof, let us now consider the normalizing constant ¢?. The denomi-

nator of ¢ in (3.5) can be expressed as

1 1 21
. L qH L gH
Tr(( H H+pIN> H H)
Following the same steps as in deriving the large system limit of By, in (3.27), we obtain

A1 % (3.31)



50 Multiuser Precoding in i.i.d. Channel

Combining the large system results (3.26) and (3.31), the signal energy converges al-

most surely to a deterministic value given by

g° Py P, Y (
(1+g)2 <g+p%~g) (1+g)2

P 2
1+B(1+g) )

where we can show that
99 g(1+g)?

op " A+ .

Similarly, combining the results (3.27) and (3.31), the interference energy converges al-

most surely to a non-random quantity expressed by

(1+9)*

To this end, we can finally express the limiting SINR as in (3.16) with v = P;/0? and

this completes the proof.

3.6.2 Proof of Theorem 3.2

First, let us rewrite the limiting SINR as
o 7
SINR® = =47,
B

where
r_Bto+g)’
v+ (1+g)

The first derivative of SINR™ over p is given by

(3.33)

OSINR>™  ~ <8g 8T>
— = — | =T+ g— ,
o B\op  Top

where

ar (1 +9)° + 2058 (1 + g)lly + (1 +9)°) = [8+ p(1 + 9)’][255(1 + g)]
p [v+ (1 +9)?
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Performing further algebra manipulations on (3.33), we have the following steps

OSINR® v (@T+gm>

dp B \9op dp
— op 4 9P
A
_ Ty '§j+ (14 9)?+ 2052 (1 + 9)llv + (1 + 9)2] = [B+ p(1+ 9)?][252(1 + g)]
57" g [y + (1+ 9B+ p(1 + )7
Yy (5 (1+9)? 205%(1+ g) . 252(1 + g)
877 | TB+p(l+92  Brpl+g? A+ (1+9)?
[0a 93 9,0y 2941
_ 7 9 dp Pap< +9) ap( +9)
_Bﬂ_g g BtpitglR At +g)p 339
_ 291 +g)? 69{ _B]
Bl + (L +9)%2 0p v
_ ’Cgi e 5] 7 (3.35)
where (3.34) is obtained from (3.32), i.e.,
9 2
_o_ (49l (3.36)

g  B+pl+g)?

Since K > 0 and %Z < 0, then the stationary point is given by

Moreover, since K 279; < 0, then (3.35) is positive for p < p* and and negative for p > p*.
Thus, the the limiting SINR is increasing over p until reaching p = p* and decreasing after
that. This concludes that the limiting SINR is a quasi-concave function of p ([7, pp. 99])

and popt is the global optimizer.

3.6.3 Proof of Proposition 3.2

The proof is divided into two parts. The first part is finding the stationary point which

can be obtained by setting the first derivative of sum rate over 3 equal to zero. The second
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part is to find the characterization of the sum rate w.r.t. 3 that use a similar approach to
that in [109].

With p = 8/v, we can link § and g as follows

1/1 1 \!
st (el )
g\v 1l+g

The first derivative of g w.r.t. 5 is given by

1 1
dg g (Hg - 5)
(1+9)2 T v

So, g is a decreasing function of j.

The derivative of the sum rate per antenna over 3 is given by

9 Reum B 99
=1 S
op st It 5,
Continuing further, we have
1 1
OR I\ T~
8sﬂum = log(1+9) - 1( 1 7)g
(Itg) "7 "y
1
(@) B
IOg(l + g) - 1 1 g
g Tty

1

where in (a), we use the fact that Sg = ( 1 ;) o Setting the derivative equal to zero

Trg T
will lead to a stationary point given by (3.20).

Since we know the behavior of g w.r.t 3, hence the characterization of Rs,m over g will
indirectly describe the behavior Rgym w.r.t. 3. We can rewrite Rgum as

1/1 1\t
Rum=-(=-+—1) log(1
sum g<7+1+g> og(1+g),

and correspondingly,

O Rsum _

(1+9)°+~
dg

== og(l+g)+
P?(14+g+7)? 51 +9)

g1+g+7)
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The first derivative above has the same sign as

g(1+g+7)

= —log(l+g)+ ,
q g(1+9) =S

and ¢ = 0when g = 0,and ¢ =+ —oo as g — 0. Itis easy to check that ¢ = —6}5%. Taking

the first derivative of ¢ over g will lead to

dq _ —g" —3¢>—3¢° —g(1 —~*)
9g (1+9)2+7)° '

This shows that if v < 1, 8—3 < 0 and correspondingly 8@% < 0. This implies that Rsum
is decreasing over g but it is increasing over 3. For v > 1, g—g, hence also ¢, is positive
for small g. So, Rsum increases up to g(5*, 5*/7) and then decreases. This concludes that

Rsum is a unimodal (quasi-concave) function over g or 3 for v > 1.

3.6.4 Proof of Theorem 3.3

First, let us consider the case 8 < 1. From (3.10), the limiting SINR can be obtained by de-
riving the large system limit for ¢3. Let F L pH be the empirical eigenvalue distribution

of +HH. The denominator of ¢ can be expressed as

e Gmne)) = e

Suppose that F 1 g CONVerges almost surely to the Marcenko Pastur limiting distribu-

tion F. Thus, the right hand side of the above equation converges to

/i\ F(\) = lim mp(2),

z—0

where mp(z) is the Stieltjes transform of F'. From Theorem 2.3, it follows that

)= (-~ i)
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54
Thus, f A LdF = % Hence, we can conclude
1
2
c” — Py < — 1>
B

and (3.21) for § < 1 follows immediately.
For the case § > 1, we can see that the SINR expression (3.11) is (3.7) with p — 0.

Therefore, the analyses in Appendix 3.6.1 hold directly. Then, the last equation of (3.21)

can be obtained from (3.16) by letting p — 0 with g = ﬁ in this case.

3.6.5 Proof of Theorem 3.4

We can express (3.12) as follows
b [
_ AT( HH) [N TR
SINRsu,k - o2 + P, ih lHHH h .
In(LHAE) NFN Sk SRR

In proving the theorem, we only need to find the large system limit for +-h;h{ and

+Tr (FHPH).
Since Iy has a bounded spectral norm, then the following holds

1 1 a.s.
NthNhK — NTr(IN) — 0.

Moreover, %Tr(IN) =1, thus %hth —1%%0.

For the trace term,

1y <1HHH) - / NdF 1 g (V)
(3.38)

which is the first moment of the Marcenko Pastur distribution F'. We can evaluate (3.38)

in several ways. First, we can express it in terms of the Stieltjes transform of F' as

. O mp(z7h)
F =lim ———=

9



3.6 Appendix

55

where mp(z) is the solution of (see Theorem 2.3)

1
mp(z) = — 3
2T Trmr(2)
It is easy to show that
DmpTh g
T (Lt mp(z1)?

2 imp(z7h)
(+me(e )P — B2

where the last equation is obtained by using the fact that

0 1 2 tmp(zTh)
U e a—" r—
(1+mp(271))

It can be checked that the following equations are true,

limmp(z~1) =0, and limz 'mp(z~!) =0.

z—0 z—0

Thus,

and consequently,

Alternatively, we can derive (3.38) by using the Marcenko-Partur density described

in Theorem 2.1,

/)\dF()\)—/b)\(l—B)+5(>\) d)\+/b21ﬂ\/(/\—a)(b—)\) d\

:/bz‘; O —a) b=\ d\,
:57

where a = (1 — /B)%, b = (1 + /B)?. The last line is obtained by using [28, cf. 2.262(1)].
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See also [95, cf. 2.102, p. 54] regarding the expression for the k-th moment of Marc¢enko-
Pastur distribution.

Similarly, we can show

1. 1. a.s,

Combining the results, (3.22) follows directly.



Chapter 4

Downlink Beamforming with
Transmit-side Channel Correlation

This chapter focuses on the design of the RCI precoder for MISO broadcast channels with transmit-
side channel correlation. We also investigate the effects of the correlation on the performance of the
systems employing MPCI and SU precoders. The separable channel correlation model is adopted. The
limiting SINR for each precoder is derived. It is a function of the eigenvalues of the correlation matrix.
For the RCI, we derive the optimal reqularization parameter of RCI that maximizes the (limiting)
SINR. We show that it is not affected by the transmit correlation. This is a surprising result since
the SINR itself is influenced by the correlation. We confirm this result through simulations where the

channel has the exponential transmit-correlation model.

4.1 Introduction

HE system model in Chapter 3 assumes i.i.d. entries of the channel gain matrix. In
T practice, spatial fading correlation is present due to scattering in the propagation
environment and spacing between antenna elements (see e.g., [6,46,67]. The spatial cor-
relation between antenna elements (of the transmitters or receivers) will increase when
the spacing between antennas or the number of scatterers around the antennas decreases
[6,46]. It has been shown in [12] that a separation of ten wavelengths between the ad-
jacent antenna elements is enough for a decorrelation and to achieve a full-capacity in
BLAST (Bell-labs LAyered SpaceTime) MIMO systems [22]. Reducing the separation to
four wavelengths will cause the capacity to decrease about 20% [12]. Considering the
scattering environment, there is a rich scattering around both transmitters and receivers

in ii.d. fading channel case. If a base station is located in an unobstructed environment

57
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or with a relatively small number of local scatterers and the receivers/users are in a rich
scattering environment, we may only observe the correlation at the transmitter side, also
called the transmit correlation. Related to the distribution of the entries of the channel gain
matrix, the impact and the capacity of spatially correlated point-to-point MIMO systems
have been investigated in [10, 65, 81] for Rayleigh-fading channels and in [15, 55, 56] for

Ricean channels.

There are several correlation models considered in the literature. The most well
known for its analytical tractability is the separable correlation model, which is also
known as the Kronecker model [13,70, 82]. In this model, the transmit and the receive
correlations are separable. The capacity scaling of point to point MIMO systems with
N antennas at both transmitter and receiver ends under this model was investigated in
[13]. The authors observed that as N — oo, the capacity still scales linearly with N for
both with a perfect CSIT and no CSIT cases. However, the growth rate is affected by
the correlation in both cases. It is about 10-20% smaller compared to the i.i.d. fading
channel case. A similar problem is also considered in [57]. It studied the cases when
the spatial correlation is present at either the transmitter or receiver side. By performing
the large system analysis, the authors derived closed-form expressions for the capacity in
each case. They showed that the correlation always degrades the capacity and this effect
is more pronounced to the side with less antennas. When the correlation is present at
both ends, the closed form approximations of the mutual information and outage capac-
ity were derived in [52]. The approximations are obtained by first deriving the limiting
eigenvalue distribution of the channel gain matrix. The authors proved that it follows

the normal distribution.

Reference [94] proposed a more general channel correlation model in the framework
of Unitary-Independent-Unitary (UIU) model. The unitary parts are represented by de-
terministic unitary matrices. The independent part consists of a matrix whose entries are
independent, zero mean and can have arbitrary distributions and variances. The Kro-
necker model is a special case of the UIU framework where the unitary parts are the
eigenvector matrices of the transmit and receive correlation matrices of the Kronecker

model [94]. The unitary parts can also be considered to be equivalent to the Fourier
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matrices in the virtual representation, another well-known scheme to model the spatial
correlation, introduced in [79]. In [94], the impact of the correlation based on the UIU
model on the capacity of single-user MIMO systems was studied. Depending on the ca-
pacity achieving input, the correlation can be detrimental or beneficial to the capacity.
If the input is isotropic, i.e., its covariance is an identity matrix, then the correlation is
detrimental for any SNR. On the other hand, if the input is non-isotropic, the correla-
tion is beneficial only when the SNR is below a certain threshold. We should also note
that besides the correlation, the keyhole or pinhole effects can cause the the channel gain
matrices to be rank deficient and deteriorate the capacity of the multi-antenna systems

[11,24,81].

The impact of the fading correlation on MIMO broadcast transmissions has been in-
vestigated in, for example, [47,49]. The former presents the effects of the phase differ-
ence and the magnitude of the correlation coefficients on the sum rate of two-user MISO
broadcast channels. The latter shows the beneficial impact of correlation on the capac-
ity of multiuser MIMO with the maximum ratio combining (MRC) scheme. For a large
number of users in the systems, the sum-rate scaling laws of the DPC and random beam-

forming schemes have been investigated in [1].

In this chapter, we study the impact of the transmit correlation on the performance of
some well-known linear precoders, i.e., RCI, MPCI and SU, in MISO broadcast transmis-
sions. For tractability in the analysis, we assume that the channel correlation is separable.
Our contributions in this chapter can be summarized as follows. First, we derive the lim-
iting SINR for each precoder. The eigenvalues of the correlation matrix determine how
much the correlation affects the (limiting) SINR. For the RCI precoder, we derive the op-
timal regularization parameter that maximizes the limiting SINR. We demonstrate that it
is not affected by the correlation. It is the ratio between the cell-loading and the downlink
SNR, as expressed in (3.18). This is a surprising result because the correlation influences
the corresponding limiting SINR. As far as our knowledge, we are the first to show and
prove this result. In the end of the chapter, we provide some numerical simulations that
illustrate the system performance when the transmit correlation follows the exponential

correlation model.
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At the completion of this work, we noticed a similar work in [101]. The analysis in
[101] is based on the deterministic equivalent of large random matrices which is anal-
ogous to the Stieltjes transform-based approach which is adopted in our analysis. The
effect of the transmit correlation on the optimal regularization parameter has not been
originally discussed in [101] but has been included later. As previously mentioned, we
are the first to show that the optimal regularization parameter is independent of the trans-
mit correlation.

The rest of this chapter is organized as follows. The system model is described in the
next section. Section 4.3 presents the limiting SINR expressions for the RCI, MPCI and
SU precoders. The optimal regularization parameter of the RCI precoder maxmizing the
limiting SINR is also presented. The section also discusses the behaviors of the limiting
SINR w.r.t. the cell-loading. In Section 4.4, we verify our analysis by numerical simula-
tions that are based on the exponential correlation model. The last section concludes the

chapter.

4.2 System Model

We follow the same system model as in the i.i.d. channel case. As we consider the cor-
relation amongst transmit antenna elements and assume a separable correlation model,

the propagation channel matrix can be written as
H = HR,/*,

where the elements of H are i.i.d. circularly-symmetric complex Gaussian (CSCG) ran-
dom variables with zero mean and unit variance. The matrix R; is the transmit correla-
tion matrix and determines the correlation between the columns of H [46]. We assume
that R; is Hermitian and positive definite. Thus, the inverse of R; exists and is also Her-
mitian. We also assume that each user experiences the same transmit correlation. We
consider that H is known perfectly by the BS to construct the precoder. The correspond-
ing channel vector for each user £ is h;, = EkR;f / 2, where flk is the kth row of H. The user

k is assumed to know this vector perfectly in order to decode the data sent by the BS.
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The expression for each precoder follows the descriptions in Chapter 3. However,
now each precoder is a function of the transmit correlation matrix. This implies that the
presence of the correlation will change the beamforming direction for each user. Thus, we
can strongly hypothesize that the correlation matrix will affect the performance of each
precoder. For the RCI precoder, the resulting SINR for user k can be written as previously
stated in (3.7),
¢ |he (H7H + aLy) ! th‘Z

SINRy =
’ 02+ 2> 4, |hy (HIH + oly) 1h1.1\2,
]?ék; k N j

(4.1)

where « as in the previous chapters denotes the regularization parameter and c? is de-
fined as in (3.5). The numerator and denominator of (4.1) represents the signal strength
and interference plus noise energy respectively. Similarly, the SINR for each MPCI and

SU follow can be obtained by allowing o — 0 and a — oo, respectively.

4.3 Large System Analysis

We can see immediately from (4.1) that SINR;, is a random quantity and depends on
particular realizations of the propagation channel matrix. In this section, we derive the

limiting SINR for each precoder.

First, let us consider the large system analysis for the RCI precoder.

Theorem 4.1. Let p = §; be the normalized regularization parameter and v = % be the received
SNR. In the large system limit, the SINR (4.1) converges almost surely to a deterministic quantity
given by

YEz + pL(1+€)*Era

0 B
SINR®® =
§ vE2 + (14 €)?E1o

(4.2)

where & is the positive solution of

€= /< f_£> - dA(t) (4.3)

(1+&)En. (4.4)
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E;; is given by

Eij =

T (45)
(p(1+&) +BTY | '

where the expectation is taken over the random variable T whose distribution function A is the
limiting eigenvalue distribution of the correlation matrix Ry.

Moreover, in the large system regime, the signal strength and the interference energy can be

written as
P,£? ( Ey >
— =P, —_— 4.6
ﬁ‘% & B Ep(l+¢)? (4.6)
and
PdEQQ PdE22
- = , 4.7)
%(1 — BEy)  En(l+§)?
respectively.
Proof. Refer to Appendix 4.6.1 O

Equation (4.2) shows that the limiting SINR is the same for all users. This is partly due
to our assumption that all users experience the same transmit correlation and have the
same distance dependent path-loss gain. (4.2) also has the same structure as the limiting
SINR in ii.d. channel case and in the presence of channel uncertainty (see (3.16) and
(5.10) respectively). Comparing them, we can think of 7% as the effective SNR. We can
also check that £ = g(3, p) and E22 = 1 when R; = I. Thus, in that case, (4.2) reduces to
(3.16).

Now, let us consider the behavior of the signal and interference energy w.r.t. p.

Proposition 4.1. Both the signal strength and interference energy are increasing in p.

Proof. See Appendix 4.6.3. O

The proposition implies that p provides a trade-off between increasing signal strength
and reducing the interference energy, as also observed in i.i.d. channel case. Thus, the
optimal p should be determined to maximize the system performance and it is stated in

the following.
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Theorem 4.2. The optimal regularization parameter, denoted by p*, that maximizes the limiting

SINR is given by

. _ B
pr==. (4.8)
v
The maximum limiting SINR is then given by
SINR>™* = ¢&*, (4.9)

where £* is £ evaluated at p = p*.

Proof. Refer to Appendix 4.6.2. We should note that the proof is the adaptation of the

proof for (3.18) to the current case. O

From the above, it is surprising and interesting that p* is independent of the eigen-
value distribution of the correlation matrix. In other words, it is not affected by the corre-
lation. On the contrary, the maximum limiting SINR (4.9) is influenced by the correlation.

Now, let us move to investigate the effect of the cell-loading on the system perfor-

mance. Let
o t
Eij = / T dA(t). (4.10)
S +&) +t
Then, we can show that
og* &
= _ _ 411
op B — Ea (10
*\2
_ (€) 4.12)

%(1 + {*)Em + B9

< 0.

So, SINR** is decreasing in /. Considering the limiting sum rate, defined in (3.17), the
pre-log term is increasing in 5. Therefore, for 3, there is a trade-off between increasing
the pre-log and decreasing the SINR.

Now let us consider the the large system analysis for MPCI and SU. The SINR for the
MPCI takes the form as in (3.10) and (3.11) for 3 < 1 and 8 > 1, respectively. Its value in

the large system limit is stated in the following theorem.
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Theorem 4.3. In the large system limit, the SINR;, of MPCI converges to a non-random quantity

given by
7 B <1
SINRY, = X (4.13)
i 3 B>1
V(B —-1)+¢p

where x is the positive solution of

=7 </ I +tx ¥ dA(t)>l

1 [dAQ)
1/’/3_1/15-

Proof. See Appendix 4.6.4 O

and 1) is given by

We can see clearly that the limiting SINR is increasing in +. For 8 < 1, since 0x /98 =
~1
( f W) > 0, increasing 3 will cause the limiting SINR decreases. For 5 > 1, we

can show that the limiting SINR is unimodal in 3. It reaches the maximum point at

Note that in the uncorrelated channel case, R; = I, E[T!] = 1. The characteristics of
the limiting sum rates of the RCI and MPCI precoders w.r.t. 3 for a particular transmit
correlation model are presented in the following section.

The SINR for user k of the SU precoder is given by (3.12). The following theorem

states the limiting SINR for SU.

Theorem 4.4. In the large system limit, the SINRy, of SU converges to

SINR = ; (4.14)

Proof. See Appendix 4.6.5. O

From (4.14), one can observe that the limiting SINR of SU depends on the first and

second moment of a random variable whose distribution function A. When R; = I,
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those moments are equal to one and (4.14) reduces to (3.22). It is obvious that the limiting
SINR is decreasing in 3. However, as in the i.i.d. channel case, we can show that the

limiting sum rate is an increasing function of /5 since

IR SINRSS
™ _log(1 + SINRZ) — U 50
op 08U TSINRL) = i gRes = O

for positive limiting SINR. The maximum limiting sum rate is then given by

| vET? \T L AEm?
g log <1 T BGET +E[T])> T (ET+ET)

4.4 Examples and Numerical Simulations

In order to evaluate the limiting SINR, we obviously need the expression for the limiting
eigenvalue distribution of the transmit correlation matrix. Here, we consider correlation
matrices with a Toeplitz structure. Let Ty be an N x N Toeplitz matrix and ¢;; be the
element of Ty at row i and column j such that ¢;; = t;_; [29]. We can illustrate the

Toeplitz matrix as follows [29],

to t-1 t2 - ton-1

t to t-1 -0 t (N9

Ty = o t1 to - to(n-3)
| tnoa .. to |

Let {\r : k =1,2,..., N} be the eigenvalues of T . Then, the following holds [29]

N 27
lim iZF(Ak) — 21/ F(f(w)) dw (4.15)
k=1 T Jo

N—oo N

for any function F' that is continuous in the support of f(w). Here, f(w) denotes the

spectral densities or Fouries series of {¢;} and is given by
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= > te™, w € [0,2n]. (4.16)

k=—o0
We should note that R; needs to be Hermitian. Therefore, the Hermitian Toeplitz struc-

ture is of particular interest. From (4.15), we can express E;; in (4.5) as follows

1 2w fl(w)

Ejj = — :
T o (p(1+€) + Bf(w))

and consequently, we can compute (4.2).

Numerical simulations in this section use a simple and well-known correlation model
i.e., the exponential correlation model. The correlation matrix R; has the ith row and jth
column given by

— (4.17)

where v is the correlation coefficient. One can see that R; is Hermitian Toeplitz. Using

this model, f(w) is given by

N—-1 1 V2
J(w) N k_zj\;ﬂ ve 1 —2vcos(w) + V2

For the RCI, we can evaluate ¢ as follows

1+ T f(w)
§= o /0 p(1+&)+Bf(w) du
_ i 2m 1— 1/2 "
2 Jo  p(1+02) + 5(1+5 ) 2y cos(w)
_ L (4.18)
(#0024 2422) (o1 w2 + 24222)
= ! , (4.19)

1+v Jé] 1—v B
o+ ) G20

where (4.18) is obtained by using [28, cf. eq. (3.661(4))]. One can see that (4.19) is a quartic
equation w.r.t. . By using Descartes’ rule of signs, one can also check that it only has one

positive solution. For Ej2 and Esy, we can express them as follows [28, cf. eq. (2.554(1))
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and (2.554(3))]
1= (1+v¥a+2wb[1 (77 1
Eiz = (1+¢)? a? — b2 [277 /0 a+ beos(w) dw] (420)
C(1-v®? a 1 [ 1
Bz = (14+¢€)2 a®—1? |:27T/0 a+ bcos(w) dw] ’ (4.21)

where a = p(1 + v?) + ’3(}:5’2) and b = —2pv.

Substituting (4.20) and (4.21) into (4.2) gives

Y01+ (1 +€)°0,

SINR>® =
¢ 701+ (1+£)20,

(4.22)

where ©1 = p(1+ €)(1+ 2) + B(1 — v?) and O3 = [p(1 + £)(1 — v2) + B(1 + v?)).
For the MPCI, we can show that the limiting SINR under the considered correlation

model can be expressed as

SINRZS,, = B2 E'B\_/ ,tf) —-1+1/8%) (4.23)
1 8> 1,

v(B = 1)% + pp?

H”i. For the i.i.d. channel case v = 0 and hence 1 = 1. Similarly, for the SU,

where 1 = 7

we can write the limiting SINR as

0o Y
SINRS; = 50— (4.24)

The results presented so far are illustrated in the figures below.

Figure 4.1 shows how the random SINR in (4.1) approaches the limiting SINR (4.2) as
system dimensions (X, N) increase. For each value of v, 500 realizations of H are gen-
erated and the corresponding SINRs are computed. The correlation matrix has elements
that follow (4.17) with v = 0.4. We also set p = /. From the figure, we can see that the
spread of the SINR for finite K and [V is getting smaller as K and N increase. Consider-
ing the average SINRs, represented by the dash line, we can see that they are very close to
the asymptotic limit even for small and moderate system sizes, e.g., N = 8 and N = 16,

respectively. These observations are the same as attained in the previous chapter.
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Figure 4.1: Comparison of the randomly generated SINR for user 1 (dot) with the average
SINR (dash) and the asymptotic limit (4.2) (solid line) with 8 = 0.75, v = 0.5, p = /7.
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Figure 4.2: Comparison of the limiting SINR by using A (solid) and the approximation
(4.25) (dash-dots) for different values of v and v with g = 1.
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Figure 4.3: Limiting SINR as a function p for different values of v.

In practice, the 1.s.d. of R, is generally hard to obtain (as mentioned previously) or R
does not have particular properties or structure such that E;; can be evaluated. In that

case, we can do an approximation for E[G(T)] as follows
1
/ G(t) dA(t) ~ Zk: G(M\p), (4.25)

where G is the function of the random variable 7" whose distribution A. Figure 4.2 com-
pares the limiting SINR obtained between using the knowledge of A and the approxima-
tion (4.25). It demonstrates that for small system sizes, e.g.,, N = 4, the approximation
is very good, particularly for small vs, such as for v = 0.2 and 0.4. For a strong channel
correlation, e.g., v = 0.8, one can still notice a gap between the curves. For a moderate
system size N = 16, we can observe that (4.25) gives an accurate approximation, even for

a big v.

The limiting SINR as a function of regularization parameter p is illustrated in Figure
4.3. We can observe that for different values of correlation coefficient v, the limiting
SINR achieves its maximum by choosing p = 3/~. This is consistent with the theoretical

analysis: the correlation does not alter the optimal p.

Now, let us observe the applicability of the large system result for p to the finite size
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Figure 4.4: Comparison of the average sum rate between using p = pj; and p = p* with
g =0.75v=0.>5.

system. We generate 500 channel realizations. For each channel realization, the optimal
regularization parameter that maximizes the sum rate, denoted by pj, is evaluated nu-
merically by a grid search. Similarly, the sum rates by using p* are also computed. Figure
4.4 compares the average sum rates using p* and pj;. We can observe that even for a small
N = 4, the gap between the curves is very small. For N = 8, the gap becomes unseen.

This verifies the validity of using the large system analysis for finite size system designs.

Figure 4.5 presents the limiting sum rates per antenna of the RCI, MPCI and SU pre-
coders for different values of § and v. The plots for the RCI precoder use p = p*. For
~v = 5 dB, we can see the effect of the transmit correlation on the limiting sum rate. This
holds for all precoders. As we increase vy to 20 dB, the effect becomes unnoticeable for
RCI and MPCI precoders except around the maximum limiting sum rates. For the SU
precoder, we can still observe the effect even though it is smaller compared to the case of

v =5dB.

The plots of the optimal 8 that maximizes Rg;,, for different values of v and v are
shown in Figure 4.6. For the RCI precoder, a moderate correlation, e.g., v = 0.4, relatively
does not affect the choice of * and a high correlation coefficient such as v = 0.8 reduces

p* slightly. A similar behavior is also observed for the MPCI when 5* < 1 (or after v
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for different values of v and v.

passes a certain threshold). Otherwise, one can see that the correlation affects the choice

of 5* (see the case ¥ = 0 and v = 0.4). Interestingly, when we have a strong correlation

(e.g., v = 0.8), the optimal f3 is less than one even for low SNR values.
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4.5 Conclusion

In this chapter, we derive the large system limit of the SINR of RCI, MPCI and SU pre-
coders in the presence of correlation at the transmitter side. Not only does the limiting
SINR depend on the cell-loading, SNR and regularization parameter (for the RCI pre-
coder) as shown in Chapter 3, but it also depends on the function of the limiting eigen-
value distribution of the correlation matrix. We also prove a surprising result for the RCI
precoder: the optimal regularization parameter maximizing the limiting SINR (or sum
rate) is not affected by the transmit correlation. Thus, as in i.i.d. channel case, it is the
ratio between the cell-loading and received SNR. By using the exponential correlation
model as an example, we present some numerical simulations showing the impact of the
correlation on the performance of the system in terms of the SINR and the sum rate per

antenna.

4.6 Appendix

4.6.1 Proof of Theorem 4.1

Let A, = hy, (HkH H, + ol N)*1 th . Then, the signal strength can be expressed as Sy,

where S, = %. Let H = LNIA-JI and flk = ﬁflk We can rewrite A, as
~ g~ -1~
A, = by (HkHHk + pR;l) hi,
Applying Lemma 2.2 to A, yields

1 N ~1
Ay - T (HfHk n pRgl) @),

as N — oo. Note that the second term on the LHS is equal to

1 1 -1
NI <Rt (NHkHHk + pIN> > .
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Thus, by using Lemma 2.8 (R1PL), we have

1 SN -1
Ay = Tr <HHH n pR;1> LY

The trace term can be evaluated as follows

1 TH 1y -1 _1_ dF)va(/\)
NTr(H H—i—pRt> _/ — (4.26)

where we denote X = H'H + pR; ! and FY' is the e.s.d. of X. Let F be the Ls.d. of X

and suppose that FiY “% F. Then, (4.26) converges almost surely to

lim/dF()\),
z—0 A—z

which is the Stieltjes transform of F' evaluated at 0. Let F be the e.s.d. of R; and

FN % A. Let € = lim,_,om r(z). Based on Theorem 2.2, it follows that ¢ is the positive

€= /( 1+g) ldA(t). (4.27)

Therefore, it follows that 4;, — & <% 0 and

solution of

¢ as,

% e

The interference energy can be written as ¢2I, where I}, is defined and can be rewrit-

ten as follows

~ PPN -1 <
Io=3" by (BTH + pR; ) BYP

ik
~ PPN —1 <~~~ -1 <
~ S hy (HHH + pR;l) h/'h; (HHH +oR) B
#k
-1 <.~ PPN -1

1
E I
1 1L A2 k,j-
(1 + Ak T
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Applying Lemma 2.5 for I}, ; yields

a.s.
max — 0.

JSKk

1 SN N -1
IkJ—NTr((HkHHk—I—pRt_l) h/'h (F{H, + pR; ) )

Let Dy, ; be the matrix inside the trace. It is a rank-1 matrix. Thus, it can be rewritten as
T (B HA 1\ pH
Dy; = b, (A B, + pR;') b
PO -2
H -1 H
b (A Hy + pR;') B

o~ —1..\?
(1+hj (AfiFL + pR) hf)

where ﬁkj is Hy, with jth row removed. By using the same steps as in analyzing the

asymptotic limit for A, one can show that for the term in the denominator

a.s.
max — 0.

~ PPN -1 <
max |h (Bf AL+ pRY) B ¢

For the numerator of Dy, ;, after applying the rank-1 perturbation lemma twice, we have

ma |y (B + pR;) R - LT ((ﬁHﬁ " pRt_l)_2> )
One can check that
Tr <<ﬁHﬁ + pRt_1>_ > - / ;2 dFY ()

=t e [ R

= by ()
Thus, we can write

s oy o
Collecting the large system results for the terms of I;,, we have
[, — gm0 5:m(2) as, (4.28)

(1+6)*
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Let ¢ = lim,_, %m r(z). Itis easy to show that

1+¢&)%Ey

_
V= (4.29)

where E;; is already defined in (4.5).

Now, let us analyze the asymptotic limit for ¢?. Its denominator (see (3.5)) can be

1 1 -1/ 1 -1
—T —HAH + oI —HH) | —=H"H + oI

- %Tr <ﬁ (ﬁHﬁ + pR;1>_1 R;! (ﬁHﬁ + pRt_1>_1>

written as

h; X 'R, X 'h
J

1 k
-+
j=1
kT ~—lp-lv—17H
:iZhXj R; X 'h!
N & (1+ A;)?

PN ~1
where X; = (Hf] H; +pR, 1) . Using the previous result for Ay, it follows that

Aj—¢ =30
r]%a;gl Py

By Lemma 2.5 and Lemma 2.8, max,<f ‘ﬂjxj—lR;lX;lﬁf — AT (XT2RY)| 25 0. 1t
can be shown that
Irxor) = - L lnxy
N t op N '
Since %Tr (X‘l) 2% ¢, then
hXIRIXC R 4 2] e g
R T R T :
Thus, it follows that ¢ converges almost surely to
Py(14¢)?
Pl + 87 (430)

U3
_Bafp
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It is also easy to check that
29 (1+€)*En
—_=—— 4.31
dp 1—BEs (43D
Combining the large system results above, (4.6) and (4.7) follow immediately. More-

over, the limiting SINR for user k can be written as

2 2
SINR® = 1 &1+ (4.32)

By — (14628

where v = P;/0? is the received SNR.
Substituting (4.29) and (4.31) into (4.32), we get

§*(1 — BEx)

-
SINR®® = —=
ByE9 + (14 £)2FE
1
B

§ — BEE2

vE2 + (14 €)2?E19 (4.33)

Now, let us consider £ in (4.27). We can rewrite it as follows

14 &)t

/p(1+£ ) + Bt dA(?)

/p(1+s OO
p(

/p(

£

)
L+&)+Btp(1+&) + pt

)2 + B2 + Bet?
(1+€)+ Bt)?

= p(1 4 &)*Erg + BEs + BEEs. (4.34)

1+¢

dA(%)

Thus, £ — B¢Eas = p(1 + €)% E12 + BEs; and (4.2) follows easily. This concludes the proof.
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4.6.2 Proof of Theorem 4.2

We can rewrite the limiting SINR as, SINR™ = %5 T, where

_ BEa + p(1+ €)2E1s
YE2 + (1+€&)2E1

Let 2’ = dx/0p. Taking the derivative of SINR™ over p yields

§SINR™® ~ ,
IR Tt er 435

where 1" is given by

(14 €)% +2p(1 + &)¢] Era + p(1 + €)?E}, + BES,
vE2 + (14 €)2FE19
— [BE22 + p(1 4 £)*Era] x
21+ &) Bz + (14 €)?Ely + vE), _
(VB2 + (1 + £)2Ey,)?

Ll

(4.36)

Putting (4.36) back into (4.35) results

OSINR™  ~ no IS
IR _Der ey = Ter |5 4 =
gy~ pETHET) =gt L ! 'r]
_ Ve [€ (1+&)°En
B 5§T [5 * BE22 + p(1+&)%E1
2p(1 4 &)& + p(1+ €)?Ef, + BE),
BE2 4 p(1+ &)%E1
2L+ B + (L +E)°Fly + VEQQ] _

YE + (1 +&)%E12

(4.37)

By using (4.31) and (4.34), it is easy to show that

¢ (L+&)En (4.38)

§ - BEs + p(1+&)2E’

which is the second term in the bracket of (4.37). Furthermore, by defining ¢ := 2(1 +
OE B+ (1+&)2E,, x == (1 +€)?Ep and Z := (BE2 + px)(vE22 + X), we can rewrite
(4.37) as
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9 SINR™ Yoy [ﬁEgz +pY By +¢]

op B BEx +px  vE2+Xx
T
= 752 (VpE22t + BEyx — BE2¢ — vpEX]
2¢er
= 7552 [Emw <P — f) + Ex <§ - p)}
2¢er
= 7552 [(P - ﬁ) (Ea2¢) — EéQX):| : (4.39)
It can be verified that
Eaotp — Eyyx = 2(1 4 )& ExnEry + (1+ £)*(E1o Bz — EyyFia), (4.40)

where ', = —2(1 4+ & + p&')Er3 and By = —2(1 + & + p&’) Ea3. We can rewrite E15 as

p(1+&)+ 5T T
p(L+€) + BT (p(1+¢€) + AT)?

= p(1+ &) Ers + BEos.

Ep=E

Similarly, we can express

E3 = p(14 &) E23 + BE33.

Putting these results together, we can establish
El3Es — EgpErp = —28(1 + & + p&') (B13 B33 — E33).

Since the eigen-values of R; are positive, then by using the Cauchy-Schwarz inequality

we have

T2 T> ?
(p(1+€) +BT) (p(1 + ) + BT)

< Fi13E33.

E% =E

ol
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Hence, E13E33 — E3; > 0. Moreover, E}yFay — E)yE12 < 0 since

(14 £)°En

1 - BEx
) (L+8[p(1 +€)* + BEx] — Ep(1 +¢)?
§(1 — BEy)

1
— >0,
1 - BE2»

L+&+p =14+E—p

—
S

—
o
=

where (a) and (b) are obtained by incorporating (4.34) into the derivation. Finally, we

have

Egglﬂ — E§2X < 0,

since ¢’ < 0. So, we can rewrite (4.39) as

OSINR® _ . (p_ ﬂ) | (4.41)
dp ¥

Since IC # 0 for p > 0, the only stationary point, denoted by p°, is given by p° = /7.
Thus, p* = p° is the optimal regularizing parameter that maximizes the limiting SNIR for
any correlation matrices satisfying conditions explained in Section 4.2. We can also check
that £ < 0, for all p > 0. So, from (4.41), SINR, is monotonically increasing for p < p*
and decreasing for p > p*. This concludes that the limiting SINR is a quasi-concave
function of p. Thus, p* is the global optimizer. By using p*, we have JT = 1. As a result,

¢ is the maximum limiting SINR. This completes the proof.

4.6.3 Proof of Proposition 4.3

Let us write the asymptotic signal strength (4.6) and the interference energy (4.7) as ;S

> 0 and

and PyI*°, respectively. To prove the proposition, we just need to show that %q—;o

%—;O > 0. Evaluating the latter results

OI® (14 &)?(EyyEr12 — ExFEly) —2(1 + )¢ E1aEg

dp E%(14 &)

where 2/ = 0z /0p. In Appendix 4.6.2, it is shown that Ej, E15 — ExE{, > 0. Moreover,

from (4.31), ¢’ < 0. Thus, aé—;o > 0 that implies I is increasing in p.
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For the signal strength, we can write S = £¢ + {I°°. Therefore,

o5*  p., ¢ y FEoo oI
o ~ 8 TET Earo? Tt 0
@ §(1+§)2E12 <P_|_ E3 ) £ oI~
p(L+&)2E12+ BE» \ B Ei2(1+¢)
® § (P(1+5)2E12+E > §  0I%
~ p(L4+€)2E1n + BB B -
oI>®
o

where in (a), we use (4.38) for ¢’. The sum of the first and second terms of (b) is zero.

Thus, the last equation follows. Since 2™ > 0, then 83 > 0. This completes the proof.

4.6.4 Proof of Theorem 4.3

For 8 < 1, the SINR for user k can be expressed as

B ¥
R = () ™)

_ gl

LTy <<}(}~IRI~{H>_1> |

Let W = LHRH. Then,

. _ —1
%Tr ((Il(HRHH> ) = / %ngv()‘), (4.42)

where G%; is the e.s.d. of W. Suppose that G, “% G. In the large system limit, (4.42)

converges almost surely to

lim (A) = lim mg(2). (4.43)

z2—0 —Z z—0

Then, by Theorem 2.3, mq(z) is given by

ma(z) = — <z - ; / 1+ttmc(z) dA(t)>_1.
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Let x = lim,_,o mg(z). Then, it follows easily that x is the positive solution of
" ~1
= dA(t
=i ([ an)

For the case 3 > 1, the SINR for user k is given by (see (3.11)),

and SINR), — 7 2200,

VAL
s+ T (HEH) ) (1+ A2

where A, = hk(HkH Hk)_lth . It can be easily seen that A, = lirr%) A, where A is defined
a—

as in Appendix 4.6.1. Hence, it follows that

]- a.s.

1
Now, let V = & fH HR2 Suppose that that the e.s.d. of V converges to H almost

surely. Thus, ( - ) converges almost surely to

li =1 .

Based on Theorem 2.4, mp(z) is given by

1
mi(z) = / t(1—B—pBzmg(2)) — = AA(b).
Let ¢ = lim,_q mH(Z) Thus, ( )
1 dA(t
o=

Combining the results, we obtain the second equation of (4.13) and and we complete the

proof.
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4.6.5 Proof of Theorem 4.4
The SINR for user k can be expressed as (cf. eq.(3.12))

v(hihyl)?

SINR;, = .
" b HIH W + Tr (HHH)

For the numerator, we can write %hth = ﬂthflk. By Lemma 2.3, lAlthﬁkH —%Tr (Ry) L3

0 where +Tr (R;) represents the average of the eigenvalues of the correlation matrix.
Hence, we have N~'hyhf — [tdA(t) =5 0.

Now let us consider the terms in the denominator. We can express %thkH Hkth as
hyR,HH,R,h! . By using Lemma 2.3, hyR;HA/HR,h! — LTr (RtﬁkH f{th) LY
We can write

1 P 1 ~o ey
STr (RtHk Hth) = ¥ 2 hyR7Rf
J7#k
By applying Lemma 2.5, we obtain
hRZRH - L

h;R7h 1 (R?)

; 2200,

max
J<K

a.s.

In the large system limit, N~'Tr (R?) == [t?dA(t). We can rewrite the last as E[T?].
Thus, flthﬁkHﬁthﬁkH _ BE[TZ] a5,

Considering the second term in the denominator of the SINR expression, we have

1 .
T (HE') = ZTr (HRH)
1 n H
i#H

By using Lemma 2.5, we have

~ _ ~ 1
) H_ L a.s,
IJI%E)}){{ hJRth] NTI' (Rt) — 0.

Hence, it follows that N~2Tr (HH?) — 3 [t dA(t) 2% 0. Arranging the large system

results together, (4.14) follows immediately.



Chapter 5

Optimal Training for Time-Division
Duplexed Systems with Multiuser
Precoding

In the previous chapters, it is assumed that the base station has perfect CSIT which is an ideal
assumption and is hard to obtain in practice. Here, we investigate the effect of channel uncertainty
on the design of MISO broadcast channels. For CSI acquisitions, we consider the Time Division
Duplex scheme where a perfect reciprocity between uplink and downlink channels is assumed. We
study the weighted sum rate optimization of the uplink and downlink data transmissions by finding
the optimal period for the uplink training and the data transmission for the uplink and the downlink.
Furthermore, for a fixed uplink power, we also explore the optimal uplink power allocation for the
training and uplink data transmission. Neglecting uplink data transmission and hence, there is no
power adaptation in the training process, it is shown that the optimal training period maximizing the
downlink sum rate is equal to or larger than one symbol or channel use per user. On the other hand,
by incorporating the uplink data communication, regardless the sum rate weighting, it is one symbol
per user. The optimal period for the downlink or the uplink data transmission and the optimal uplink

power allocation can be obtained by using standard numerical optimization algorithms.

5.1 Introduction

ONSIDERING the MISO broadcast channel setup used in the previous chapters,
C the full multiplexing gain min(N, K') can be achieved if the system has both perfect
CSIT and CSIR [26],[6, Ch. 2]. Perfect knowledge of the CSI is an ideal scenario and is
hard to obtain in practical situations. The quality of the CSI at both communication ends

definitely affects the system performance. Thus, the optimal CSI acquisition maximizing

83
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the system performance is an important research topic and has been addressed in a large

volume of work, see for example, [50,51, and references therein], [54], [31] and [8].

One of the most common strategies to acquire CSIR is the pilot-based training, where
the transmitter sends pilot symbols and the receiver estimates the downlink channel
based on the received signals. There is quite a long history and considerably rich litera-
ture discussing pilot-based training in single-user MIMO systems. Here, we just mention
a seminal paper in this area, which is due to Hassibi et al. [31]. The authors investigate
the impact of channel uncertainties or channel estimation errors at the receiver on the
capacity of single-user MIMO in the fading channel. They show that an orthonormal
training sequence is optimal in maximizing the capacity lower bound (i.e., the worst case
noise capacity). By performing the power allocation in the downlink for training and
data transmissions, they prove that the optimal number/period for the training symbols
is equal to the number of transmit antennas. Without power allocation, it is larger than
the number of transmit antennas. The extension of this work for the MISO broadcast

channels with perfect CSIT, reaches the same conclusions [17].

In general, there are two signaling schemes considered in the literature for the CSIT
acquisition: the Time-Division Duplex (TDD) and Frequency-Division Duplex (FDD)
schemes. In TDD, it is assumed that the uplink and downlink communications share
the same frequency but use different time slots and there is a reciprocity between these
two communication links. Thus, the BS learns the users” downlink channels via the pilot-
based training in the uplink. In FDD, the downlink channels are first estimated by the
users based on the training symbols sent by the BS. Then, the users send these estimates
to the BS via the feedback link (uplink). Considering the feedback signal, it can be cate-
gorized into two types: analog and digital. The latter is also called the limited, quantized,

or finite-rate feedback [50].

The use of the analog feedback in multiuser systems becomes popular after the pub-
lication of [54] (see also [76]). In this feedback scheme, the users send unquantized and
uncoded signals for the feedback transmissions. This allows a fast transfer of the CSI [54].
In the digital feedback, on the contrary, the users feed back the quantized and encoded

signals representing their downlink channels. Various digital feedback schemes in single-



5.1 Introduction 85

user and multiuser systems are nicely summarized in [50,51, and references therein]. In

the following, we will discuss some relevant references.

The focus of [54] is the analog feedback transmission in both TDD and FDD schemes.
It is assumed that each user has perfect CSIR. In TDD, even though the users do not
send their CSIR for the uplink training, they need it to decode their downlink data. The
efficiency of the analog feedback transmission in the TDD and the FDD based on the
mean-square error of the downlink channel estimates is compared. [40,41] extend [54]
by analyzing the impact of the channel uncertainty on the system performance. Besides
deriving the optimal training period, the authors also propose a linear precoding design

and user selection mechanisms that maximize the achievable sum rates.

A recent work by Caire et al. in [8] analyzes the impact of downlink training and chan-
nel state feedback on the achievable ergodic sum rate of multiuser MIMO systems with
the ZF precoder. Both the analog feedback and the digital feedback via Random Vector
Quantization (RVQ) are considered in the system modeling. The precoder is constructed
based on the CSI feedback estimated by the BS. Often ignored, another round of training,
called the dedicated training, is also performed so as the users can estimate the coupling
between their downlink channel and the beamforming vector. Ergodic sum rate bounds
for various scenarios such as: feedback transmission through additive white Gaussian
noise (AWGN) and MAC channels as well as with delayed feedback are derived. The
authors conclude that a proper and careful design of the channel state feedback can yield
a significant downlink sum rate. The extension of this work studies the optimal training

period and feedback duration that maximize the ergodic sum rates [44,45].

In this chapter, we consider the MISO broadcast channel as described in the previous
chapter. For the CSI acquisition, we assume the TDD scheme with a perfect reciprocity
between the uplink and the downlink channels. Different from other works mentioned
above, except [45] but in the context of the FDD, we include the uplink data transmission
in the analysis. The BS estimates the users” downlink channels from the uplink train-
ing transmission. Then, the BS uses the channel estimates to construct the RCI precoder
(for the downlink data transmission) and also to decode the uplink data transmission

via the MMSE receiver. Thus, the channel estimation errors will affect both the effective
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downlink and uplink throughput. Our goal is to find the optimal system design parame-
ters that maximize the weighted sum rate of the uplink and downlink transmissions. As
in the previous chapters, the analysis throughout this chapter is performed in the large

system regime. Our contributions can be summarized as follows:

1. We derive the limiting SINR expressions for the uplink and downlink transmis-
sions. We also derive the optimal regularization parameter of the RCI that max-
imizes the downlink SINR and show that it is the ratio between the cell-loading
and the effective SNR. The latter is the function of the mean-square error of the
downlink channel estimates. This demonstrates that the RCI precoder adapts to the
CSIT quality.

2. Ignoring the uplink data transmission, we perform the optimization of the train-
ing period that maximizes the downlink sum rate. We show that it is a convex
program. We can also determine the uplink training power such that the optimal
training period is one symbol per user. A similar problem is also considered in
[101], but the authors use different approach in obtaining the large system results.

3. Incorporating the uplink data transmission in the analysis, we derive the optimal
period for the uplink training, uplink and downlink data transmission, and deter-
mine the optimal uplink power allocation for the training and the data transmis-
sion. As a result, we show that the optimal training period is always one symbol
per user. The optimal parameter for others can be obtained by using standard
numerical optimization algorithms. Part of the analysis in [45] also considers the
uplink data transmission, but focuses only in obtaining the optimal training pe-

riod. Moreover, that analysis is intended for the FDD scheme.

The rest of the chapter is organized as follows. The next section give the system de-
scriptions including the models for the uplink training, downlink and uplink data trans-
missions. In Section 5.3, the large system results for the SINR of the downlink and uplink
data transmission are derived. They will be used to determine the optimal system param-
eters maximizing the weighted sum rate of the downlink and uplink transmissions for
various scenarios, as discussed in Section 5.4. Some numerical results are also presented.

The conclusions can be found in Section 5.5.
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5.2 System Model

Similar to the previous chapters, we consider a MISO broadcast channel with [V transmit
antennas at the base station and K users, where each user is equipped with a single
antenna. To mitigate the multi-user interference, the BS precodes or beamforms the data
symbols before transmission. In order to design the precoder, the BS needs to know the
channel of each user. Here, we focus on the TDD with a perfect reciprocity for the uplink
and downlink transmissions. Thus, for the CSI acquisition, the BS learns the CSI from
pilots or training symbols sent by each user in the uplink transmission. If the training
symbols are sent orthogonally by each user (orthogonal MAC), then the training period
is at least K symbols time (see [31, 54]). Intuitively, increasing the number of training
symbols will provide a better channel estimate at BS, as confirmed later in the following
section. For the uplink data transmission,the channel estimates are used by the BS to
decode the data sent by the user coherently. For the downlink transmission, they are
employed by the BS to construct the precoding vectors for each user. To decode the data
transmitted by the BS during this transmission, each user needs to know the coupling
between its downlink channel and the corresponding precoding vector which can be
obtained by performing a dedicated training [8]. However, it only takes one symbol and
can be considered very small in the system with large number of users or BS’s antennas.
Therefore, for the rest of this chapter, the dedicated training is omitted and we assume

that each user has a perfect knowledge of the coupling coefficient.

T
Uplink Training | Uplink Data _

Figure 5.1: Transmission phases.

In this work, we adopt the block-fading channel model where the channel is con-
stant for one block that has length 7" channel uses (symbols) and changes independently
between the blocks. Thus, from our discussions above, each block consists of three trans-
mission types: an uplink training, an uplink data transmission and a downlink transmis-
sion, as illustrated in Figure 5.1. The data models for each type or phase are described in

details in the following subsections.



88 Optimal Training for Time-Division Duplexed Systems with Multiuser Precoding

5.2.1 Uplink Channel Training

Let T’ be the training period or the number of the training symbols and s; be the vector of
size K that represents the training symbols from all users at integer time ¢. The collective
training symbols during T’ are denoted by S, = [sy, - - - ,s7,]. Here, we assume that each
user has the same transmit power for the training, denoted by P;. The received signal at
the BS can be expressed as

YBS - FST + N7

where Yps = [yi13Bs; ..., Y7, Bs| is the collective receive signal of size N x T and N =
[ny,---,ng | is the matrix of receiver (BS) noise. The elements of n; are i.i.d. with dis-
tribution CN(0, 02). The matrix F is the uplink channel gain matrix where each element
[n.k represents the uplink channel between user £ and the n-th antenna of the BS. The

elements of F are modeled as i.i.d. complex Gaussian with zero mean and unit variance.

For analytical tractability, we consider an orthogonal training scheme proposed previ-
ously in [54]. To be able to estimate F, we need 7, > K symbols. The training sequences

can be written as [54]

S, = /T, P8,

where © is a K x T unitary matrix ©61 = I1k). Following [54], the minimum mean-

square error (MMSE) estimate of the uplink channel is given by

The relation between the actual channel F and its estimates F can be modeled as
follows

F=F+F, (5.1)

where F is the channel estimation error and independent from the channel estimate F'.
The entries of F are i.i.d. zero mean circularly symmetric complex Gaussian (ZMCSCG)

with variance
2 1

SR — 5.2
UT 1 + 77— TT ( )
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where v, = P,/ 05 is the SNR per user in the uplink. The entries of F are also i.i.d.
ZMCSCG with variance 1—c2. We can reduce o2 by increasing the training power or/and
the training period. Note that F will be used to construct the precoder for the downlink

transmission and to decode the users’ data in the uplink transmission.

5.2.2 Downlink Data Transmission

The model for the downlink data transmission is similar to the one in Section 3.2. As we
assume a perfect reciprocity between the uplink and the downlink channels, the relation

between the uplink and downlink channel matrices is given by
F=H"

Thus, we can write P ~ -
H=H+H, and h; =hg+ h;, (5.3)
where hy, is the kth row of H. The entries of H and H have the probability distributions
that follow those of F” and F7, respectively. The BS uses H to construct the RCI precoder
which is given by

P = ¢(H"H + oly) 'HY, (5.4)

where « is the regularization parameter and c is the normalizing constant to meet the

transmit power constraint E[||x||3] = P,;. Hence, ¢? can be expressed as

2 _ Pa
Tr ((ﬁHﬁ + aIN)—2ﬁHﬁ)

c (5.5)

The received signal model is the same as in (3.6) but h;, and H follows the channel

model (5.3). Similar to (3.7), we can express the downlink SINR as follows

02

PN 1. |2
hy, (HHH+aIN> hf

SINRy, g1 =

~ o~ -1 ~ ’
02 + Y Iy (HHH+ aIN) Ri2

where o2 is the users’ receiver noise.
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5.2.3 Uplink Data Transmission

For the uplink transmission, it is assumed that each user synchronously transmits to the

BS. The received signal at the base station can be expressed as

K
yBs = Y _firk +1; = Fr +n, (5.7)
k=1
where r = [r1,...,7k]T and ry is the uplink data symbol of user k. We assume that the

data symbols {rj} are independent. f; denotes the uplink channel between BS and user
k and is the kth column of F (or kth row of H).

Using (5.1), we can express (5.7) as

~ ~

—(F+F —Fr+F 5.8
ygs = (F+F)r+n r+ Fr+n, (5.8)

z

where z is the sum of the receiver noise and the residual channel estimation error. We
can consider the last as the additional noise since the BS only knows F to decode r. The

covariance matrix of z can be derived as follows,
K. = E[zz'] = E[(Fr + n)(Fr + n)”]
K ~ o~
=P, | ) _E[f£]] ]| +Enn"]
j=1
= (P.Ko2 +02) In.

In the second line, we use the fact that E[rr/] = P,If, and in the last line, from (5.2), it
follows that E[f;f/] = oI .

In order to decode the data symbols {r}}, we employ the MMSE estimation based on
the received signal vector, yps and the channel estimate, f‘, which is known at the BS. Let

Yu = Py /o2 be the uplink SNR. The MMSE receiver for user k is given by [20]

A~ -1,
my, = (FFH + (Ko? —i—'y;l)IN) £y,

T RH 2 1 1A
= constant x (Fka + (Koz+, )IN) £y,
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where f‘k is F with the kth column removed. Note that the MMSE receiver also has the

knowledge of o2. The uplink SINR then can be expressed as (see for an example [20])
ap [ -1,
SINRy,up = 7 (FFf! + (Ko? + 9,1y ) fi. (5.9)

From the above, it is clear that the uplink SINR is the function of the (uplink) channel
estimates, channel estimation variance and the uplink SNR. Moreover, since the channel
estimates are random then (5.9) and also (5.6) are also random quantities. In the next

section, we can see that the randomness disappears in the large system regime.

5.3 Large System Analysis

In this section, we will derive the limiting SINR expressions for the uplink and downlink
data transmissions. We show how the channel uncertainty, represented by the channel
estimation error variance, affects those limiting SINRs. We also derive the optimal reg-
ularization parameter of the RCI precoder that maximizes the limiting SINR. We show

that it adapts to the changes of o2.

5.3.1 Downlink Transmission

Theorem 5.1. Let p = be the normalized or effective reqularization parameter and

N(—D)
v4 = Py/o? be the downlink SNR. Let g(z,y) be the function as defined in (2.10). In the large

system limit, the downlink SINR, (5.6), converges almost surely to a deterministic quantity given

by )
1+5(1+9(8.p)

SINRG, = 7e9(8,p) : (5.10)
Ye + (14 g(B,p))?
where
4(1 = o?)
= A1
Ya02 + 1 G11)

is defined as the effective (downlink) SNR.

Proof. See Apppendix 5.6.1. O
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It is obvious from (5.10) that the limiting SINR is deterministic and is the same for all
users. The randomness introduced by the channel estimates disappears. It is the function
of the effective SNR, the regularization parameter, and the cell-loading. Specifically, it is
increasing in v.. Thus, increasing v, and/or decreasing o2 will improve the effective SNR
and consequently the limiting SINR. It can be checked that p and 3 affect both the signal
strength and the interference energy. As discussed in the previous chapters, p controls
the amount of interference introduced to the users and hence, should be determined

optimally as stated in the following.

Corollary 5.1. The optimal choice of p, denoted by pg, that maximizes SINR7} is

pa=2 (5.12)
Ye

Consequently, the maximum limiting SINR can be expressed as
SINRZ™ = g(B, pa)- (5.13)

Proof. The limiting SINR (5.10) has the same structure as (3.16). Thus, the proof follows
the steps in Appendix 3.6.1. O

The corollary above can be perceived as the extension of Theorem 3.2 for the channel
model (5.3) that accommodates the channel estimation error. As mention earlier, reducing
o2 will increase 7, and thus, will decrease p,. This will improve SINRS?’* since g(3, pq) is

decreasing in pg.

5.3.2 Uplink Transmission

Theorem 5.2. Let

pu = (o2 +7."). (5.14)

)
1—-o0z

Then, the uplink SINR (5.9) converges almost surely to a deterministic quantity given by

SINR = g(B, pu)- (5.15)
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Proof. We can write (5.6) as

1 . 1 - -1
£H F.FZ Ko? +~ DI f,.
N(l _O_z) k (N(]. _0_2) kLT E + ( O'T_'_FY’U, ) N k

T

The entries of \/N-1(1 — 02)~1f; and /N— (1 — 62)~'F}, are now zero mean with vari-

ance 1/N. Defining p,, as in (5.14) and applying Lemma 2.4, we have

N1 —o2)

T

SINRg up — SINR, == 0,
and this completes the proof. O

Similar to the downlink transmission case, it is obvious from the expression of p,, that
reducing the channel estimation error variance will decrease p,. As a result, the uplink
SINR will increase.

By comparing (5.15) and (5.13), we can see that they have a common structure. More-

over, by rewriting pg as

1_02 (0-72'+’7d_1)’

T

we can see that it has the same form as p, where v, can be considered to be equivalent

Wu(l_o—g)

to 7,. Thus, 2

can be perceived as the effective uplink SNR. For the rest of the
chapter, we just call 7,, as the uplink SNR.

5.3.3 Numerical Simulations

Theorem 5.1 (and also Corollary 5.1) already provided the expression for the limiting
downlink SINR. Figure 5.2 shows how the random downlink SINRs of (5.6) converge to
the limiting SINR. The random SINRs are obtained by using the same procedure as in
obtaining Figure 3.2. Considering user 1, for different system sizes /N and for each ~4, 500
channel realizations are generated and the corresponding SINRs are computed. The dash
line in the figure represents the average of the random SINRs. The difference between
this average SINR and its asymptotic limit is about 2.2 dB (for 4 = 20 dB) when N = 8

and becomes around 0.25 dB when N = 64. One can see that as the system size increases



94 Optimal Training for Time-Division Duplexed Systems with Multiuser Precoding

20 : : : 20
15
) =)
T -~ T
& &
7 z
wn wn
~10 = : : ~10 : : :
5 10 15 20 0 5 10 15 20
SNR (dB) SNR (dB)
(@) N =8 (b) N =16
20 : : : 20
15}
) =)
T )
& &
Z Z
wn wn
—5t -5
—10 : : : ~10 s ‘ ‘
0 5 10 15 20 0 5 10 15 20
SNR (dB) SNR (dB)
() N =32 (d) N = 64

Figure 5.2: Comparison of the randomly generated downlink SINR for user 1 (dot) with
the average SINR (dash) and the asymptotic limit (5.10) (solid line) with p = pg, T, = K,
v =0dBand g = 0.75.

the spread of the random SINRs becomes smaller. It is already about 2 dB around the
average when N = 64.

Figure 5.3 illustrates the applicability of the large system results for the finite-size
system design. Similar to the previous simulations, we generate 500 channel realiza-
tions. For each channel realization, we compute the optimal regularization parameter, de-
noted by ijFS, that maximizes the achievable downlink sum rate, Rsym = >, szl logy (1 +
SINRy, 41). Then, its average sum rate is compared the one that apply the large system
limit result, i.e.,, pg. As one can observe from the figure, even for a reasonable small

system N = 8, the gap between the curves is very small.



5.3 Large System Analysis 95

18 F T T i =

— P =Prs
___p:pd =

E [Rsum]

4 | | | | | | | | |
0 2 4 6 8 10 12 14 16 18 20

74 dB

Figure 5.3: Comparison of the average sum rate of the downlink by using p = pgz and
p = P With N, 5 = 0.75,07 = 0.1.

Similar to Figure 5.2, Figure 5.4 demonstrates the convergence of the random uplink
SINRs to its asymptotic limit. Our observations from this figure follow to those for the
downlink case. Our numerical simulations so far show the validity of using the large
system results in Theorem 5.1 and 5.2 for the finite-size system. Thus, these asymptotic
results will be used in the following section to derive the optimal parameters that maxi-

mize system performance.
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Figure 5.4: Comparison of the randomly generated uplink SINR for user 1 (dot) with the
average SINR (dash) and the asymptotic limit (5.15) (solid line) with p = p,, Tr = K,
v =0dBand g = 0.75.
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5.4 Asymptotically Optimal Parameters in TDD Training-based
RCI Beamforming Scheme

As mentioned previously in the introduction section, most of the works in the area con-
sidered in this chapter focus on maximizing the downlink throughput. Similar to [45],
we include the uplink data transmission in our analysis. So, in this section, we concern
in maximizing the weighted (limiting) sum rate of the downlink and uplink by optimally
choosing the following parameters: the training period, the uplink and downlink data

transmission periods, the power for the training and the uplink data transmission.

As illustrated in Figure 5.1, for one channel block of length 7', we have an uplink
training, a downlink transmission and an uplink data transmission. The last two have
transmission duration of 74 and T, respectively. Let T = % be the normalized block

length w.r.t. the number of users. Then, we can write
TT + Tu + Td = T:

where T, = % We should note that T < W,T. where W, and 7. are the coherence
bandwidth and coherence time respectively [45]. Now, let Ty, = T, + T, be the total
period for the uplink transmission. Then, for a fixed uplink power or SNR 7,,,, we can

define the following relationship (see [31])

W‘I‘T’T + WuTu = WupTup7

where 7, = K~,. Moreover, let v € (0,1) be the fraction of the uplink SNR which is

allocated for the uplink data transmission. Then, we can write [31]

WuTu = VﬁupTup (5 1 6)

V1 = (1 - V)WupTup- (5.17)

For the downlink transmission of 7,; channel uses, the following sum rate is achiev-
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able

K
T,
Ry = ?d ; log(1 + SINRy, ).

From Theorem 5.1, SINR;, 4; — SINRg} — 2% 0 and the maximum limiting SINR is given by

(5.13). Thus, we can define the limiting sum rate per antenna as follows
Ry = ﬂ? log (1 4 SINRZ™) . (5.18)

Similarly, we can also define the limiting sum rate for the uplink transmission as follows

0 TU 00
R = = log (1 n SINRup> . (5.19)

Letw € [0,1] and Ry = wR® + (1 — w)R;° be the weighted limiting sum rate. In the

remainder of this chapter, we consider to solve the following optimization problem

P1: max Ry, (5.20a)
T7'7Td)77'

s.t. T +Ty+Tq=T (5.20b)

¥+ Tr + 7 Tu = FupTup- (5.20c)

A somewhat similar optimization problem is also considered in [45] but in the context
of FDD systems. In what follows, we will discuss several scenarios of the optimization

problem above.

5.4.1 Two Phases of Transmission: No Uplink Data Transmission

This is the simplest case of P1. The optimization problem becomes

P2: max Ry (5.21)
T,

s.t. T, +Ty=T.
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* b=
I~

Figure 5.5: Optimal training symbols per user vs. uplink training power (74 = 20 dB,
T = 200).

Here, we focus on finding the optimal training period that maximizes the limiting down-
link sum rate. A similar problem is considered in [40] and also [45] but the authors
employ the ZF precoder at the BS. Independently, [101] considers the same settings as

ours but the large system results are obtained by using a different approach.

The objective function of P1 is a strictly concave function as proved in Appendix

5.6.2. Moreover, the constraint of P1 is linear. Thus, P1 is a convex program. The unique
ORF

stationary point can be obtained by setting T,

in (5.26), equal to zero. However, it
can not be expressed in a closed form and can be found by using standard convex opti-
mization or line search algorithms. Since P1 is convex, we can also determine the uplink

training power such that the optimal training symbols per user, denoted by 7., is one
symbol per user by finding 7, that satisfies %};‘30 e 0. Figure 5.5 illustrates T, as

a function of 7,. It shows that the optimal training symbol is decreasing in ;. In our

example, where we set 74 = 20 dB, T = 200, we need a training SNR which is larger than

28 dB to get one pilot or training symbol per user.
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5.4.2 Fixed Period of the Downlink Data Transmission

The goal of this subsection is to investigate how the training period and the training
power affect the downlink transmission. Since Ty is fixed then Tup is also fixed. The

weighted limiting sum rate maximization the training can be formulated as follows

P3: max R, (5.22)

5, T,

Our optimizing variables in P3 are 7, and T,. Both will affect the downlink (limiting)
SINR via o2. Since T'; is already fixed, then pre-log term of R does not change with T';.
Hence, RS is increasing in both 7, and T';. For the uplink data transmission, increasing
T, will increase the uplink SINR but on the other hand decrease the pre-log factor of R.
Similarly, increasing 7, will improve the CSI at the BS but with the cost of decreasing
the power for the uplink data transmission. Hence, both 7, and T, provide a trade-off
between improving the CSI at the BS and decreasing the performance of the uplink data
transmission. Solving P3 will give the optimal choice of 7, and T'; and its solution is

summarized in the following.

Theorem 5.3. R, in P3 reaches its maximum by choosing T = 1. For any given feasible T ,,

R, is also a strictly concave function of 7. Thus, the optimal 7., denoted by 7%, is unique and is

given by the solution of % o= 0.

Proof. We can solve P3 in two steps: first, with a fixed 7,, we derive the optimal T, and
by substituting it back into R,, we then solve for the optimal 7,. Let us consider R in

(5.18). From (5.17), we can write

B Ya+1
=—|—+1]. 5.23
P ((1 - V)WupTup * > ( )

Since T and T\p are fixed then R3° is not affected by T~ (Vv). Then, let us consider R
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in (5.19) with T, = Tyyp — T'. py in the uplink SINR can be expressed as

Ty Ty
pu:% 1+ —2% |+ f}f . (5.24)
(1 -V )’YupTup v ’YupTup v rYupTup

Thus, for a fixed v, as T, increases, the (limiting) uplink SINR increases logarithmically.
On the other hand, the pre-log factor of R;° decreases linearly. This suggests that R{° is

decreasing in T';. Analytically, it is stated in following proposition.

Lemma 5.1. The uplink sum rate is a monotonically decreasing function over T,
Proof. See Appendix 5.6.3 O

Based on the lemma above, the optimal training period is one symbol per user. Now,
we only have v as the design variable. By using the same steps as those in Appendix 5.6.2,
it can be easily shown that g(3, pq) is strictly concave over v. Itis also proved in Appendix
5.6.4 that g(f3, py) is concave in v. Since both the log operation and linear combination do
not change the concavity, therefore the weighted sum rate is strictly concave over v. From
(56.17), we can see that 7, is affine in v. Thus, R,, is also strictly concave over 7 [7]. The
optimal 7. can then be found efficiently by using line search or other existing algorithms

for solving convex/concave optimization problems. O

Comparing the optimal T, obtained in the theorem above and the one from Subsec-
tion 5.4.1, we can conclude that involving power allocation between the uplink training
and data transmission in maximizing the weighted sum rate will lead to a minimum
number of training period. A similar conclusion is also stated in [31] in the context of

single-user MIMO systems. In [44], it can be achieved if a certain condition is satisfied.

5.4.3 Variable Downlink and Uplink Transmission Periods

In this subsection, we consider the original problem P1. It is the same as P3 except we
have T'; as another design variable. Now, p, in (5.23) is a function of both v and Ty while
pu is a function of v, Ty and also T';. By using the same arguments as in Theorem 5.3, we

can state the following.
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Theorem 5.4. The maximum R,, in P1 can be achieved by choosing T = 1.

The above applies for all v, T4 > 0. Our previous discussions regarding the optimal
T, still hold.

Now, we only have to determine the other two optimal design variables. Unfortu-
nately, one can show that the weighted sum rate is not jointly concave over v and T.
However, since this problem involves only two design variables we can solve it by us-
ing a brute-force method. Since the design variables are continuous, we should first
discretize the design variables and then do an exhaustive search. This leads to an ap-
proximate solution to the original problem. We can expect this solution to be closer to the
true optimum when we use a finer discretization. A more directed approach is by using
the alternating optimization technique although a global optimum solution is not guar-
anteed. In this method, we find an optimum point over one variable while keeping other
variables fixed. In particular, for our problem, the algorithm can be described as follows
[64]: start with an arbitrary initial point value f(jo) ; for £ > 1, perform the following steps

iteratively

(e-1)

0 = Ry (T
arggleaﬁi w( d )V)

o

T((f) = arg max Ry (Tq, ")
Tq€Tq

with YV = {V : vmin < v < vmax} and Ty = {T4 : Tamin < Ta < Tamax}, until v and
T, converge under a specified termination condition. We should note that we need the
upper bound and lower bound for v in the above due to v exists in the interval (0,1).
This will avoid the training or uplink data transmission to have zero power. Similarly,
we also have the bounds for 7, to prevent zero period for the uplink and downlink data
transmissions.

Now let us consider the steps in the alternating optimization. Since Ry, (T4, v) is con-
cave over v, we can obtain v(¥) by employing existing algorithms for solving the con-
vex programming. Finding Tﬁf) is a little bit more complicated since it is a difference of
convex (dc) problem for some values of v, However, since it is a one dimensional

optimization problem we can use existing algorithms of line search with constraints
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such as the projected gradient algorithm (albeit its slow convergence), or the projected
Broyden-Fletcher-Goldfarb-Shanno (BFGS). The later is one of the members of quasi-
Newton methods. These algorithms can only be guaranteed to converge to a local op-
timum point. Moreover, as we can see later in the simulation results (Figure 5.6(a)), the
resulting optimum points using the BFGS algorithm are relatively the same as those ob-
tained from the exhaustive search.

The optimal design variables as function of weight w can be seen in Figure 5.6(a). In
general, as we increase the weight w, the optimal v is non-increasing while the optimal
T, is non-decreasing. We can divide w in Figure 5.6(a) into three regions: w < wyp,
wyp < w < wqy and w > wg;. We refer to these regions as region I, Il and III respectively.
We denote wyp as the upper limit of w where T; = Tgmin OF equivalently, v* = vmax,
and wy; as the lower limit of w where v* = vyin or T; = Td,max- In region I, the uplink
(downlink) period is maximum (minimum) and »* is chosen to maximize the sum rate.
We can say that in this region, the uplink sum rate strongly dominates the downlink sum
rate. If we allow T'gj min = 0 then we only have the uplink transmission. On the contrary,
in the region III, the downlink sum rate strongly dominates the uplink sum rate. It is also
apparent from the figure that the optimal T, is increasing while optimal v is decreasing in
region II. In this region, we see a trade-off between T ; and optimal v which consequently
affects the downlink and uplink sum rates.

It is also interesting to see how the regions change as we vary the downlink or uplink
SNR. As shown in Figure 5.6(b), with a fixed uplink SNR, as the downlink SNR increases,
region I is getting smaller while region III becomes larger. This result is intuitive because
increasing downlink SNR implies that we put more weight (less weight) indirectly to the

downlink (uplink) sum rate. For the middle region, it grows slightly.
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Figure 5.6: Characterization of v* and T} for 7, = 0 dB, T = 200, tmin = 0.01 and

weight (w)
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5.5 Conclusion

In this chapter, we perform the weighted sum rate maximization of the uplink and down-
link transmissions in a TDD training-based MISO broadcast channel consisting of K
single-antenna users and N antennas at the base station. The design parameters are the
training period, the uplink and downlink data transmission periods, the training power
and the uplink data transmission power. Considering only the downlink transmission,
the optimal training period per user, 7., maximizing the downlink sum rate is larger than
or equal to one. Increasing the training power will reduce T, and after a certain threshold
of the training power T becomes one symbol per user. Incorporating the uplink trans-
mission and conducting the power allocation between the training and the uplink data
transmission, we demonstrate that 7, = 1. This holds for any values of other design pa-
rameters. For a fixed downlink transmission period, the weighted sum rate is a concave
function of v where v controls the uplink power splitting between the training and data
transmission. For a fixed downlink transmission period, the optimal downlink period
and v can be obtained, for an example, by using the alternating optimization scheme. We
also show, by numerical simulations, the trade-off between the optimal power allocated

to uplink data transmission and the optimal period of the downlink data transmission.

5.6 Appendix

5.6.1 Proof of Theorem 5.1

We start the proof by rewriting (5.6) based on the channel model (5.3) as follows

CQ[Ak + Ak]z
[ Bi+2(1+ A)Re{Qu} + (1 + AR | + (1 + Ay)20?

SINR), = (5.25)

where the terms Ay, By, I, Q) and Ry, are defined as follows

Ak = ﬁk(ﬁkHﬁk—i—aIN)’lﬂkH

B = Ek(ﬁkHﬁk + QIN)ilﬁ]Ijﬁk(ﬁkHﬁk + OéIN)flﬁkH
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Ak = flk<ﬁgﬁk+a11\[)flﬁg
PP 0;hf'h, 0, | ~
= h,0,H'H,{ O, — =k _*"F L phi
Qr rOLH, k:{ k T+ 4, k
~ 0:h7h, 0 \ ~ e 0:h”7h,0; \ ~
R, = hy|O, - ZFkTkZE HIH, 0, — "k Rk h/!
1+ A 1+ A

with Oy = (ﬁkH ﬁk +aly)™ L. ﬁk is H with kth row removed. In the following, the large

system limit for each term in (5.25) is derived.

1. Ag: It can be rewritten as

1 .
N = o2y (N(l ~o2)

T

—1
dy = AH, +p1N) i

where p = 5% 5. Here, the entries V1/N(1—02)~Th and \/1/N(1 — 02)-TH

are zero mean with variance 1/N. Applying Lemma 2.4 leads to
Ak - g(ﬁ7p) ﬂ} 07

where g is defined in (2.10).

2. Aj: Similar to the above, we can rewrite this term as
A=—1 & )
T NI —02) "\N(1-02)

T

1
Hﬁh+ﬂ@ NG

Since the entries %O’; %hy, and +(1- aZ)‘lﬁk are independent and zero mean
with variance 1/N, then by Lemma 2.3 we can show A £550.

3. Bjy: It can be rewritten as

R 1 ~ 1 e -1 1 PO
B, = h HIH I ———— el % |
¢ JW1—¢>k<Nu—a% ¢ k+pN) (Nu—a% ¢ 0

1 PN b
E—— L E I hi.
X<Nﬂ—aﬂ ¢ k+pN) ¢

It is similar to the expression of By, in (3.27). Thus, we can show

By, — (g(ﬂ,p) + pagg;’m) =% 0.
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4. Qp: We can rewrite this term as

g~ By A*
Qi = h,0, H H,0,h" — 7k
1+ A
By A*
— Ql(cl) _ Ak .
1+ Ak

By using Lemma 2.3, it follows that

1
N(1-02)

flkokﬁkHﬁkOk( No 2hH> LEN 0,

where O, = N(1 — 02)Oy. Then, it follows easily that Q,(Cl) =% 0. Previously, we
have shown A4;, 2% 0. Thus, Q) < 0.

5. Rj: It can be written as

_ N _ 2R Q(DA* B A 9
1+ Ag (1+ Ag)?

® Q47 L Bl

2 1—
Ir < UThOka HkOkh)

T1-02\ o2 T An (Lt A2
1) 3 ~
_ o R(l)—Q%[ k Ak] n Bye| Ax|?
102" 1+ Ay (1+ A%

By using the previous large system results, the second term and the third term of

(1)

Ry, converge almost surely to 0. It can be checked that R, ’ has the same structure

as By. Then, it follows that, R\ g(B,p) + pag(ﬁ ) ) 2% Thus,
k:

2
e CCTRYE L)

T

6. ¢2: We can write this term as

2 _ Py(1-0?)
1 =N
NTr<N( 2 HH (5 B + gLy ) >

Following the same step as in deriving the large system limit for B, in (3.27), the
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denominator of the equation above converges almost surely to g(3, p) + p%ﬁ’p).
Thus,
2 Py(1—03) asy )

9(8. p) + p2ogL)
Combining the large system results above, (5.10) follows immediately and this concludes

the proof.

5.6.2 The Concavity of R over T,

We will prove the concavity of the sum rate per antenna over 7', in two-phase training
by showing that the second derivative of RS® (over T';) is nonpositive for all values of
T, (1 <T, <T). For notational simplicity, we denote g = ¢(-,-) asjust g, 2’ = dx/0T,
= 8%0/8?3 and p = pg.

The first derivative of R3° over T, is given by

ORY B (
T 7 og(l+g)+8

~| 5

g/
, 5.26
> 1+g ( )

where
f_ o P(1+g)

T =98 p(1+ )2

We can check that ¢’ > 0 since

1
7T, \

The stationary point can be obtained by setting the derivative equal to zero. The second

derivative of R° is given by

PRy 28 ¢ T\ [¢"(1+g)— (¢)?
o T1+g+5<1— >[ . (5.27)

T T (1+g)2

The first term in (5.27) is always positive. Hence, to prove the concavity of R° we

only need to show that g” < 0. After some algebraic manipulations, g” can be expressed
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as

where

!

g

g_

IIQ

| /\

A
[\

\V)

Ao

)

2

260" (1 +g)g'

p'(1+g)? ()

B+p(l+9)%2

B+ p(1+g)? g?

(¢)?

( —'(1+9)

) (rrstiean) 28
B+ p(1+g)? gT~

2 7T
(5

—~

/ /
> ) -2 Z
1+9)) \1+ 5p(1+9) 9T

+2

/

G000 1)

g \9g 1+=z T

e
gL L N
g \T; 142z I+=2 T,
() %)
- e 1_7 -
g \T- (1+2)?) T,

and (a) is obtained by using the relation

and (b) from

(

+ 2

q)?

g

1 1 (ya+1 2
c=Lptgr= ( +1><1+g>
B Ya \ ¥, T~
2
n__ 4
p - TTp
g Pl+g)?
g B+ p(1+g)?
1 [ yatl 2
1 <%3> (1+9)
— 1
TT1+,Yid<gj;T+1)(1+g)2
_ 1 %(Zi—i_i—l-l) (1—|—g)2
- T 1 yatl 2
Tl () ()
1= 1 1
CT.l+4+z T, 142

2

9

2
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and (c) from the fact that
1

e

<1

Since ¢g” < 0, therefore RY is strictly concave over T';.

5.6.3 Proof of Lemma 5.1

In the following, we denote ' = 9z/9T.. To prove the lemma, we just need to show

OR® /0T, < 0,VT .. The derivative is given by

ory _ 5 T T, ¢(6.0
= = log(1+ g(B, pu)) + B—" 1+ g(8,pu)

Since g(f8, pu) > 0 and

1
v qupTup (1 - V)’VupTup

then it follows that

0Bope) ~ Btpal+eBpr "

Continuing on, we have

o7, =7 (st s+ BT )
(i) 5_’ <— log(l + g(ﬁ7pu)) + %>

b
2o.

The line (a) is obtained by using the following result

= =98, pu) Tupl3 <1+(1 ! ) (1+9(8, pu))?

Tup — T+ i -
Top )g(ﬁvpu) - VupTup VFupTup ) B+ pul(l+9(B, pu))?

<1,



5.6 Appendix 111

where the last line is obtained by using the fact that

1
,B 1+ —— < pu-
V7up (1 - V)’VupTup

The line (b) is easily obtained by using the well-known inequality

X

log(1 >
og(l+x) > T2

i

and this line concludes the proof.

5.6.4 The Concavity of ¢(f3, p,) over v

Here, we denote 2’/ = 0x/0p,, 2" = 0%x/0p2 and g = g(j3, pu). In what follows, we show

that 9%g/9p; < 0. The first and second derivatives of pyp over v are respectively given by

/ s BT, 1 1 1
Pu = P s = T —
(1 - V) ’YupTup V’YupTup (1 - V) qupTup v V(l - V)’YupTup
2 T Jv—1 2 3v—2
Pu= 3/6; =T 2751 Vg— =T, Vz— T |-
(1 - V) ’YupTup v VupTup (1 - V) ’YupTup v V(l - I/) f)/upTup

Furthermore, it is easy to show that p,, is a convex function over v, since

1
P = =t 5=
b (1 - V)37upTup V27upTup

1- V)gﬁupTup v

28 BT, <6u2—6y+2 +2>
v(

> 0.

The relation between p), and p,, can be expressed as

pu — d(v) (5.28)
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and between p!/ and p/, as

2 25T 1
/! / u
2

= ——pl, V). (5.29)

The second derivative of g over v is given by

9" __ 28p(+9)g  Ai(l+g)® |, (9)

g  [B+p(l+9)?? B+p(l+g)? g

Continuing on, we have

9" _5(_ 1 __A+e? ()
g_2< ><1+ﬁp(1+g)> Brol+gl g

')?
1+ g
( ) 51 +9)?
1"‘5,01"‘9) 1+ 5p(1+g)?
22+ 5p(1+9)*) — 5ohg®(1 +9)?

(1 + Ep(l +g)? )

Q

(5.30)

The term (¢')? is given by
(p)?9°(1 + 9)*
(B+p(1+9)%)*

and substituting it to (5.30), we have (after some algebraic manipulations)

() =

" 20+ 9 (2(00)? = pupy) + 5rug? (L + 9)°(2(01)° — puplt) — Brig® (1 + g)?

g g (1+ o1+ 9)?) (B+ p(1 + 9)°)?
Now, we will prove that 2(p!,)? — pup!, < 0. By rewriting
pu=(1=v)(p,, +d(v))

we have

putly = 2(p,)* + (1 = v)e(w)(p), + d(v)) + 2d(v)p,
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Therefore,

2(01,)% — puply = —(1 = v)e(v)(p,, + d(v)) — 2d(v)p),

By substituting p), = -Xp, — d(v) to the above equation, we get

v

2(py,)* = pupy, = —puc(v) — 2 d(V) +2d°(v)

Pu
—puc(v) —2d(v
& <1 “)

1
= —puc(v) — 2d(v v+ Vi —— —1—-——=
qup up (1 - V)pyupTup ’YupTup

where
B

x(y) B (1 - V)WupTup

> 0.

From (5.28) and (5.29) it is obvious that ¢(v), d(v) and p], are nonnegative. Thus, it is
straightforward to see that ¢” < 0 and therefore g(3, p,) is a concave function over v.

This completes the proof.






Chapter 6

Optimal Power Allocation for
Multiuser Precoding via RCI

In this chapter, we consider an optimal power allocation problem that maximizes the sum rate of
a single-cell MISO broadcast channel with the RCI precoder at the base station. Unlike the channel
inversion or zero forcing beamforming, the optimal power allocation with RCI precoder is a nonlinear
non-convex optimization problem with many local optima. Here, we investigate this problem in the
large system limit. We assume that user k has data symbols transmitted with power py,, and slow-
varying path-loss ay. Using results from previous chapters, we obtain the expression for the limiting
SINR. Then, we divide all K users into L groups where L is finite, and all users in each group are
assumed to be co-located or to have approximately the same distance from the BS. In other words, all
users in one group have the same path-loss which is distance dependent. Based on this system model,
we investigate optimal power allocation schemes and optimal reqularization parameter of the RCI that
maximize the limiting sum rate per antenna under an average power constraint. We also study a
multi-mode transmission where the number of groups that the BS communicates to may change as the

system parameters such as groups’ cell loadings also change.

6.1 Introduction

I

allocation across all users (data symbols) is also assumed. In this chapter, we allow power

N previous chapters we have assumed that all users are equidistant from the BS and

therefore have the same distance-dependent path-loss gain. Moreover, equal power

allocation across the data symbols where the users may have different path-losses. Unlike
the channel inversion or zero forcing beamforming, the optimal power allocation for the
RCI precoder is a non-convex optimization problem with many local optima [35,105,106],

even in the case of all users having the same path-losses. In [105,106], the authors inves-

115
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tigated the sum rate maximization of MIMO broadcast channels with RCI under a total
power constraint. They showed that the problem is a global d.c. optimization problem
and proposed the local gradient method to solve the problem. Their numerical results
suggests that employing an RCI precoder with power allocation give a better sum rate
compared to ZF. Reference [35] extends the previous works, but in the MISO broadcast
channels setting, by putting additional quality of service (QoS) constraints where each
user’s data rate should be above a specified minimum rate. The authors re-casted the op-
timization problem as a series of geometric programming (GP) problems, called iterative

GP (IGP), and solved it iteratively.

Besides power allocation, selecting the users for transmission can improve the system
performance. A user selection scheme, called semi-orthogonal user selection (SUS), is
proposed in [107]. The main idea behind using SUS is to increase the effective channel
gain which is equivalent to ¢? in (3.8). It has been shown in [107] that a combination
of water-filling based power allocation scheme and SUS in MISO BC systems with ZF
precoder can achieve the sum rate obtained by employing DPC when the number of
users is large. A similar conclusion is also presented in [18,102] but using greedy search
algorithms for the user selection. The performance analysis of that algorithm for the case
of finite (at most two) scheduled users was carried out in [66]. Besides for ZF, the authors
in [84] also proposed greedy user selection based on the closed form approximation of the
expected sum rate for the RCI precoder. Dai et al. in [16] studied MISO BC systems with
ZF precoder under finite-rate or quantized feedback. The proposed power allocation
scheme is binary or on/off. They showed that the feedback rate and received SNR affect
the optimal number of active (‘on’) users. Moreover, their scheme can be applied in
heterogeneous environments where the users may have different path-losses. A similar
problem is also considered in [112,113] but with different settings. Besides considering
finite-rate feedback, the authors take into account the feedback delay by using the Gauss-
Markov model. The authors also assume a homogeneous environment and an equal
power allocation across the users. A sum rate approximation expression as a function of
the number of users is derived. Then, the number of users can be adjusted adaptively

based on the feedback delay and channel quantization error (or feedback rate). This
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strategy is similar to the multi-mode transmission, considered later.

The first part of the work in this chapter considers the joint optimization of the power
allocation and regularization parameter of the RCI precoder in MISO BCs with hetero-
geneous users. The analysis is performed in the large system limit. First, we derive the
users’ limiting SINRs and show that the limiting SINR for each user differs in the power
allocated to that user and user’s path-losses. Then we divide all users into a finite num-
ber of groups, where all users in each group have approximately the same distance from
the base station and therefore share the same distance dependent path-loss. Based on this
model description, for a fixed regularization parameter, we show that the optimal power
allocation problem under the average power constraint that maximizes the limiting sum
rate per antenna is convex and the power allocation follows the familiar water-filling strategy
[27,107]. Similar results are also obtained in [101] but with different approaches in the
large system analysis. We derive the optimal regularization parameter by substituting
back the power allocation scheme to the limiting sum rate expression. Even though a
closed form expression is not obtained, this substitution yields a one dimensional opti-

mization problem which can be solved by existing line search algorithms.

In the second part, we consider a multi-mode transmission where for a given total
number of groups (L) and cell loading for each group we determine the optimal num-
ber of groups for transmission and also which groups the BS should communicate with.
We arrange or sort the groups based on their path-losses in a descending order. We in-
vestigate two cases. In the first case, for each group, the BS can only decide between
transmitting to all the users in the group or to none of them. In the second case, the BS is
allowed to communicate with any subset of the users in a group. For the first case with
uniform cell-loading over the groups, it is optimal for the BS to transmit to the first m < L
groups in the mode m transmission. The optimal mode can be determined by comparing
the maximum limiting sum rate of each mode. For the second case, we provide a nec-
essary condition for the optimal cell-loading allocation for each group. Assuming that
M < L groups are allocated positive power, the cell loadings of the first M/ — 1 groups
should be set at their maximum value and the cell loading for the M-th group can be in

between zero and its maximum value. We also propose an algorithm to solve the opti-
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mization problem. Considering the cell loading allocation, the algorithm offers a lower
complexity in comparison to a brute force search method. In both cases, the optimal

power allocation and regularization parameter are also considered.

The rest of this chapter is structured as follows. The next section describes the finite
size system model and presents the corresponding SINR expression. A brief derivation
of the limiting SINR is also presented. Section 6.3 discusses a joint optimization of the
allocated power across the users and the optimal regularization of the RCI. It is followed
by the investigation on the multi-mode transmissions in Section 6.4. Section 6.5 concludes

the chapter.

6.2 System Model

6.2.1 Finite-size System Model

The descriptions and notations for the received signal model largely follow those in
Chapter 3. Now, by allowing power allocation across the users, we model the data sym-
bol as s = A'/%s, where § is the normalized (power) data symbol , i.e., E[s5"] = Ir. Let
A = diag(p1, p2,- - - ,pr) where p; denotes the power allocated to user k. The transmit-
ted data vector can written as x = PA'/?5 and has a power constraint E[||x||3] = P;. The

received signal for user £ is given by
Y = arhpx +wy,

where a2 denotes the slow-varying path-loss between the base station and the receiver of

user k. The received signal vector then can be written as
y = AHx+w = AHPs + w,

where A = diag(ay,aq, - ,ax). The RCI precoder takes the form in (3.3). The normaliz-

ing constant ¢ is chosen to meet the transmit power constraint E[||x[3] = E[Tr (xx")] =
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P;. Hence, ¢? can be expressed as

P
2 d
© T Tt (AH(HFH + aly)2HHA)’ (61)

Note that (6.1) is (3.5) with the additional A in the trace. The received signal vector y is
then given by
y = cAHH"H + oly) "HAY %5 + w.

The corresponding received signal for user k can be easily shown to be

yi = cagy/Prh(H"H + oIy) 'his,

K
+ Z cak\/szhk(HHH + ozIN)’lth%.
i#k

Based on the expression above, the SINR attained by user k can be expressed as fol-

lows

?alpyh(HTH + oIy)~th|?

SINR;, = .
Z;;k C2a%pj‘hk(HHH + aIN)_lhf‘Q + 02

6.2)

It is clear that the SINRy is a random quantity since the propagation channels fluctu-
ate randomly. In the large system limit, as we see in the next section, this randomness

disappears.

6.2.2 Large System Regime SINR

In this section, we will derive the limiting SINR for (6.2). The large system limit deriva-
tion for each term of (6.2) borrows the techniques and results from previous chapters, par-
ticularly Chapter 3. In what follows, we will show that SINR;, converges almost surely to
a deterministic quantity denoted by SINR}".

A2 = Aj

T (14AR)?
where 4, = +hy, (+HIH), + pIN)f1 hf with p = a/N. It has been shown in that ap-

First, as in Appendix 3.6.1, we can write S = |hy,(HPH + oly)

pendix that Aj converges almost surely to g(3,p). We can write Zf;k pjlh(HIH +
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~'h¥’|? in the denominator as

aIN)
h,(HPH + oIy) "HIAH (HIH + ody) 7t

where A}, is A with k-th column and row removed. By following the steps in Appendix

3.6.1, we can show that it converges almost surely to

P 0
m <9(ﬁap)+l)8pg(/@ap)> )

where we define P = limg o, 1/K Y4, pi. P can be interpreted as the empirical mean
of the users” power or just average power. Here, we assume that the limit P exists and is

bounded. For ¢?, we can also show that it converges almost surely to

P;/P
9(B,0) + p559(B:p)

Therefore, the interference energy converges almost surely to Pyai (1 + g(3, p)) 2.

Combining the large system limit results above, the SINR of user k then converges

almost surely to

e+ (1 +g(8,p))?

SINRP® = p , 6.3

A T ENDE o

= prfe(B, p), (6.4)

where v, = Pj_‘;% is defined as the effective SNR and p, = % is the normalized power

w.r.t. P. Different from the limiting SINR in previous chapters, here we can see that the
limiting SINR is different for each user and depends on a; and pj,. From (6.4), one can see
that fj is independent of p;. This property will ease the analysis in finding the optimal
power allocation maximizing (limiting) sum rate discussed in the next section. It is also
easy to see that assuming an equal power allocation across the user, e.g., pr, = 1,VE, fi
represents the limiting SINR. As shown later, f}, is vital in determining the optimal power

allocation.
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6.3 Optimal Power Allocation and Regularization Parameter

Let us consider the following scenario. We divide all K users into a finite number L
of groups. All users in each group are assumed to have the same path-loss. Here, we
assume that a; > as > --- > ar. The number of users in group j is denoted by K, with
Z]LZI K; = K. Since the path-loss and other parameters (3, p as well as SNR are the same
for all users in a group, then based on (6.3), we can reasonably assume that the power
allocated to each user in that group is also the same. This assumption holds for the rest
of this chapter.

Based on the scenario above, we can define the limiting achievable sum rate per an-

tenna as follows

L
Rm =Y Bjlog (14 SINRY), (6.5)
j=1

where 3; = % denotes the cell-loading of group j. Our goal in this section is to find the
optimal power allocation that maximizes Rg,,. Moreover, it is also interesting to explore
how the regularization parameter of the RCI precoder adapts to different path-losses and
also users” power. Denoting p = [p1, P2, -, o]t a joint optimization problem can be

formulated as follows,

P1: max. R
p0p>0 U

L
st. Y _Bp; <8,
j=1

where = denotes the element-wise inequality for vectors. Note that the first constraint in
P1 is the large system average power constraint. The second constraint ensures that the
normalized powers are non-negative.

Before addressing the solution of P1, we characterize the objective function as a func-
tion of p;. Let Ry, » = fBlog (1+ SINR;?O) denote the sum rate for group j. It can be

checked that it is an increasing function in p;. Moreover, we can show that the following

lemma holds.

Lemma 6.1. The sum rate per antenna RSy, is concave in p.
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Proof. The second derivative of the limiting SINR w.r.t. p; is

O*SINRF  f3(B.p)
o (1+pf(8.p))?

This implies that SINR?" is concave in p;. Since the log operation does not change the
concavity, therefore Rgy,,  is also concave in p;. Moreover, Ry, is a linear combination

of Rg., ; and this operation preserves the concavity. [
From the lemma above, we can see that for a fixed p, P1 is a convex program because
— R3S is convex in p and the constraints are linear. For a fixed p, it has been shown in
Chapter 3 that SINR}" is not concave in p but quasi-concave. Since log is a non-decreasing
function then R, ; is also quasi-concave (not concave) in p. Since a linear combination

operation does not preserve the quasi-concavity, the sum rate needs not be quasi-concave.

Now, let us consider the Lagrangian for P1, as stated below

L= Zﬁj + 5, f5(8,p) AZ@ = 1)+ ppj + kp, (6.6)

7j=1

where A and p; are the Lagrange multipliers for the average power and non-negative
power constraints, and « is the Lagrange multiplier for the constraint p > 0. The associ-

ated Karush-Kuhn-Tucker (KKT) necessary conditions are given by

oL i B]p] afj(ﬂap)

— +k=0 6.7
Op = 1+p;ifi(B.p)  9p €7
oL fi >
— =0 —=—— -] +pu; =0, 6.8
and
AZBJ | —1) =0, ;p; =0, (6.9)
kp =0, (6.10)

forallj=1,...,L.
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Recall that for a given p, P1 reduces to a convex program. Thus, the KKT conditions
(6.7) and (6.9) lead to the optimal power allocation strategy maximizing the limiting sum

rate, as presented in the following theorem.

Theorem 6.1. For a fixed p, the optimal power allocation for the optimization problem P1 follows
the water-filling (WF) scheme and is given by

_ 1 1
P = [A fjw,p)L (611

where [z]+ = max(0, z). The constant (Lagrange multiplier) X is the solution of

L
> Bip; =B,
j=1
for which the average power constraint is satisfied with equality.

In the WF scheme above, 1/ can be perceived as the water level. It determines how
power is poured to each user and is based on the value of f;(, p). Recall that the limiting
SINR is given by p; f; (5, p). It can be checked that f;(, p) is increasing in a;. Thus, more
power will be allocated for the users with better channels which can be represented by
the path losses {a;}. Note that in this case, fairness amongst users could be an issue since
some users might have zero rate.

Since we assume a; > as > --- > ar, then p1 > ps > --- > pr. Now let us assume
that the first m groups have non-zero power. To determine ), we just need to solve

> i1 Bipj = B. Using p; in (6.11), it is easy to show that

A= Zﬂlﬁjﬁ_ . (6.12)
m J
B+ Lim 7w
The power allocated to group j is then given by
B+ 5
S j=1 fj(/87p) 1 (613)

b S8 fiBp)

To determine m, we just need to find m such that p,,, > 0 and p,,+1 < 0.
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Related to the KKT (stationary) conditions (6.21), we have (for a fixed p)

L

ORGn Z BiDj a1 (B, p)

Ip —~ 1+p;ifi(B,p) 9p
where
af;(B.p) 7 (p - ) dg
o mrara TIN5 5) 5 (6.14)
2 (% + 1) p dg
- s (53) o ©19

and g represents g(3, p). Thus,

OR%m _ 2(1 ) Zﬁjpy (p_>ag

p [1+ (14 9)2)? 1+p]fjﬁ, IS Op

Recall that @ <0 (see (3.32)). Let g; = % — Vi It is also obvious that ¢; is decreasing in

j. Thus, for ¢ > 0, 2 S“m is negative. This implies that 2 S“m can not be zero for p > %

For ¢; <0, S“m is posmve and consequently, can not be zero for p < . Therefore, the

optimal p must be in the interval of

B, (6.16)
Y YL

When we only have one group then the expression for p* is the same as the one obtained

in Chapter 3. We can also remove the boundary point p = 0 < vﬁ since as previously

discussed, 2 °“m > 0 at that point. Thus, from (6.21) with x = 0 or by evaluatmg 8 =

0, the optlmal p must satisfy

B]pjf (B, p) <_1) _
;Hpgfg(ﬂ, o\ 5) 7" (17

By substituting (6.11) into (6.17), it is straightforward to see that (6.17) becomes a one-
dimensional zero/root-finding problem Thus, the optimal p can be found by using exist-

ing line search algorithms for the interval given in (6.16).
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Figure 6.1: Power allocation scheme for L =5,5=1,3; =1/5,Vj =1,...,5, Py/o? =10
dB and a? = 1/5°.

Figure 6.1 illustrates the power allocation scheme based on P1. In generating the plot,
weset L =5,8=1,8; =1/5Vj=1,...,5 Py/o? = 10 dB. The path-loss gain are set
according to a? = 1/52. Our numerical simulation resulted % ~ 3.033 and p* ~ 0.2265. It
can be checked that the latter is between 1/v; and 1/+4, as predicted by the analysis. From
the plot, we can see that the last group is allocated zero power since 1/ f5(3, p) exceeds
the water level 1/\. This indicates that the users’ channel in the group is not so good that
allocating positive power to this group will not increase the sum rate. In Figure 6.2, we
study the validity of using the large system results for the finite size system. We set the
system parameters: L =2, =1, N =8,3; =1/2,p = p* and a? =1/52. We generate 500
channel realizations and for each realization we compute the optimal power allocation,
denoted by pj, by a grid search. In the plot, we compare the average sum rate, denoted
by E[Rsum|, between using the power allocation p in (6.11) and p;. The gap between the

curves in the figure is very small and can be said negligible.
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Figure 6.2: Comparison of the average sum rate between using p = py; and p = p* for
L=23=1,N=83;=1/2p=p*anda} = 1/5°.

6.4 Multimode Broadcast Channels

In the previous sections, we consider an optimal power allocation that maximizes the
(limiting) sum rate where the base station (BS) communicates to all L groups simultane-
ously. In that setting, we include the channels from all groups of users in the precoding
design even though we allocate zero power to some of the groups. This leads us to ask:
how about if we allow the BS to communicate to only some of the groups such as the
groups that have users with positive power? Could this scenario give a higher sum rate?
For an example, let us consider the case of L = 3. Let R be the radius of the cell. We
assume the path-losses has the form o = 1/r3, where r; = jR/L for j = 1,..., L is the
distance between the users in group j to the BS. We set the cell loading for each group to
be uniform i.e., §; = /L. Figure 6.3 shows the limiting sum rate obtained when the BS
communicates to only the first m < L groups, denoted by R{™)>° . This means that we

only include the channel of the users from these m groups in the system model and in

designing the precoder. We call this scheme as mode-m transmission.The figure demon-
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Figure 6.3: Multimode Transmission for L = 3 and 3; = /L.

strates that for some values of cell-loading 3, the maximum sum rate is achieved when
m < L groups. The optimal m is also changing with 3. So we call this as the multi-mode

transmission.

In the multimode transmission, it is clear that there are ( 751 ) combinations of the
groups that can be chosen by the base station to communicate to. The question is which
mode and group combination will give the highest sum rate? To answer that question,

we can formulate the following optimization problem,

P2: max. R
p-0,8,0,8>0 UM
L
st. Y Bip < B,
j=1

L

Zﬂj =B,

j=1

/Bj S {Oaﬁj,max}7 vj = 1,2,... ,L’

where 8 = [81 B2 ... Br]T. So, P2 is P1 with additional design variables, 8 and 3 and
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additional constraints related to them. In P2, f3; is only allowed to have value either 0
or Bjmax- S0 3; will determine whether the BS transmits to users in group j or not. The
latter occurs when 3; = 0. In that case, the channel gain matrix of the users in group j is
not included in the precoder design.

First, let us investigate the optimal strategies for P2 when f3; ax is the same for all
groups, i.e., Bj max = B . Let us consider the mode-m transmission. In that case, we have
m groups with g; = B and the remaining groups have §; = 0. Let G C {1,2,...,L},
|G| = m be the set of the group indexes that the BS communicates to (5; > 0,5 € G).

Then, the maximum limiting sum rate achieved for a given G can be obtained by solving

max. Réumr;’m(g) = Zﬁj log(1 + p; fi(B,p))

p?p .
) jeG
il B 6.18
s.t. — Zp] <1 ( )
jEG
pj >0, j€G

We should note that in the average power constraint we use the fact that the total cell-
loading § is > jegBi = mf3. We can also see that (6.18) is equivalent to P1. Thus, its
solutions can be obtained by using the same strategies as in solving P1. The maximum
limiting sum rate for mode-m transmission can be attained by evaluating (6.18) for every
possible choice of group combinations G, i.e.,

pm).o0

sum

(m),00
= max. R g). 6.19
Gl LY |G|=m o (9) (6.19)

By using the formulation (6.19), we can rewrite P2 as
. 5(m),00
P2 r7rn1%>z Reum . (6.20)

As mentioned earlier, for (6.19) there are (nLl ) possible choices or candidates for the op-
timal G. For the problem (6.20), the number of candidates becomes Zle (f) It grows

when L is large. Hence, reducing the complexity of (6.20) is of our interest. In doing that,

let us solve (6.19) and its solution is summarized by the following lemma.
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Lemma 6.2. Ré;ﬁﬁ“’ is achieved by choosing G = G* where G* = {1,2,...,m}.

Proof. Let G* = {1,2,...,m}. Also,letS C {1,...,L} with |S| = m such that G* # S.
Moreover, the elements of S is arranged in an increasing order. Let ag- and as be the
path-loss gain vector for group combinations G* and S, respectively. It is clear that ag- >
as. Thus, for a fixed power and regularization parameter, it follows that Réumr%’o‘“(g*) >
R{m)e (S). Now, suppose that p§5 and p% are the optimal power allocation and p under S.
Let us denote the corresponding limiting sum rate as Réﬂ%’oo (S, %5, Ps). Under G*, let us
choose pg = p% and pg+ = ps for the power allocation and p, respectively. Even though
those choices are not optimal in maximizing Rgﬁ%w(g *), they satisfy the constraint in

(6.18). Since both G* and S have the same allocations for power and p, then it follows

that Réumn){“(g*, p5.P5) > Réumn){oo(s , P, P%)- This concludes the proof. O

It is clear from the lemma above that we greatly reduce the complexity of P2. Now,
we only need to compare L limiting sum rates, R Tt is also easy to see that Lemma
6.2 also holds when 31 max > B2.max > -+ > BL,maa- For arbitrary structures of {3; max},
we hypothesize that some results in solving P3, as discussed later, can be applied. This

would be a subject for a future investigation.

Rather than restricting 3; s.t. 3; € {0, ) max}, we can relax it so that 0 < ; < 5} max-
This allows the BS to transmit not to all the users in the groups but some of them. This

scenario is more general compared to P2 and can be written as follows,

P3: max. R
p08.p8>0 oMM
L
s.t. > Bip; < B,
j=1

L
> B =8,
j=1

0< Bj < ﬁj}max .

In the following, we investigate the solution for P3. We start by writing the La-
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grangian of P3 as follows

L

L
L= Bi(1+pifi(B,p) =AY Bi(j — 1) + mjpj + viBj — 0j(Bj — Bjmax) + kp
j=1

7=1
L
+ (Zﬁj B) + 0B,
j=1

where A, {1;},{v;},{n;}, k, p and n are the Lagrange multipliers for the constraints of

P3. The KKT necessary conditions are then given by

oL & Bipi — 9fi(B,p) | _

87_2:: W ACH R T ©21

0L 5 (_fi _

gg loB(1+73f5) — M(ps — 1)+ v — 1+ 1 = 0 623)
Z Bip; af;(B,p) U+ =0 (6.24)

< 1+pfi(B.p) OB

and

AZ@ —1) =0, p;p; =0, v;8; =0, (6.25)

15 (B; = Bjmax) = 0, (Z Bj - /3) =0, kp=0, 78 =0 (6.26)
j=1

A& )" = 0,15 > 0v; >0,n; >0, (6.27)

forallj=1,...,L.

Let us consider the stationary condition (6.21). In solving P1, we have shown that
fi(B, p) in increasing in p up to p = 3/v; and then decreasing. Thus, the optimal p can

not be zero (x = 0) and at the optimum,

@ B]p] af(aj) _
Z o) o - 0. (6.28)
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Looking at (6.22), one can see that when p; > 0 (u; = 0), it satisfies

n= 5~ gl

which is the same as obtained in the solution for P1. Since a; > ... > ay, then p; >

. > pr. At the optimum, the following holds

2 ([ gl 1)

and it can be used to determine \.

Exploring the stationary condition (6.23) will lead us to the following result.

Lemma 6.3. The optimal {3;} allocation is such that

(i) the first M groups, for some M < L, will be allocated non-zero power
(i) B1, B2, .., Br—1 are all at the maximum possible values
(111) 0 < ﬁM < 6M,max

(iv) the remaining groups are allocated zero power

Proof. In the first part, we will prove (i) - (iii). We show those by considering any two
groups [ and j such that [ < j, such that the current allocation has 8; > 0 and p; > 0 and
proving that we can improve performance by having /; at its maximum possible value.
Let us assume an assignment (3;, p;) and (3;, p;) such that 5; < 5 max and 5; < B max-
In that case, the combined cell-loading is 8; + 8. Now, let x; be the new cell-loading
allocation for group ! and y; be the corresponding assigned power. In the following we
will show that the optimal z; maximizing the sum rate of of users in group j and [ is

Bi.max by solving the following optimization problem

P4: max. zlog(1+yifi(B, p)) + (B + B — x1) log(1 + y; £ (8, p))

s.t. max(O, B+ /Bj - Bj,max) <z < min(ﬁl + 5]" ﬁl,max)
yixy +y; (B + Bj — 1) < Bipr + Bipj
yr = 0,y; = 0.



132 Optimal Power Allocation for Multiuser Precoding via RCI

The Lagrangian is given by

L =z log(1+y fi(B,p) + (B + Bj — x1) log(1 + y; £5(B,p))
=+ s (.Tl — maX(O, Bl + 5]' — 6j,max)) + Vy, (min(ﬁl + /ij 5l,max) - $l)

+ X (B + Bipj — wier — yi (B + B — 1)) + py,y1 + 1y, 4,

where iz, Vyy, fiy,, ply;, A are the Lagrange multipliers associated to the constraints on

x1,y1,yj and the second constraint, respectively. The stationary conditions are then given

by
oL _ mfilBip) o
o T+ufi(B.p) Hw =0 (6.30)
P R
Tyj = (B + Bj — x1) 1+ ;558 p) + fy; XBy+ B — 1) = 0. (6.31)

From the last two stationary conditions, it follows that

1 1

w5~ 7ma1, (632
1 1

%_[AEWWJ+' o3

One can check that y; = 0 will never be the optimal solution of P4. For y; > 0, two cases

arise depending on whether y; is strictly positive or not.

e Case y; = 0. To satisfy the KKT conditions, the second constraint is met with

equality, for A > 0. Thus, we have y; = ﬁlp%lﬁjﬁj. From (6.32), we can express

1 Bp+Bipi 1
A pa) fl(ﬁ?p)

When y; = 0, it also holds 1/ — 1/f;(5, p) < 0. Consequently, from the equation

above, we can write
Bipr + BiD;
1

1 sz
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From (6.29), we can obtain

log (1 i (W) flw,p)) - L 639

1+ Bipi+B;p; f1(B,p)

The LHS of (6.34) is a function of the form f(z) = log(1 + x) — which can be

x
T+a’
easily shown to be strictly increasing in x. Moreover, at = 0, f(z) = 0. So, the
LHS of (6.34) is positive. Thus, ignoring the constraint on z;, the objective function

ﬁlﬁl""ﬁjﬁ{' <.

is strictly increasing for —5
T80)  Fi(Bp)

e Case y; > 0. For v > 0, the average power constraint is met with equality and we

have

_ B+ Bipi — (g — yj)m

Y B+ B;
Bipr + Bipj — <# - #) ]
_ Iy fi(B.p)  fi(B.p)
Bi + B; '

Then, we can express

Y AN U T
oot Bip1 + Bip; (fj(ﬁ,p) fz(b’,p)> T
A fi(Byp) B+ Bj '

1

RCDL then we obtain

. 1
Since for y; > 0, { >

—Bllp L+ LR (6.35)

FiBp) — 1i(B.p)

Using the expression for 1/\, we can rewrite (6.29) as

1 1
log <fz(/3, p)) ~ LGr) _ HiBe) — Uy — g (6.36)
fi (B, p) Bui+5;55— (%—%)“
DI Bi+5;

It is clear that the LHS of (6.36) is decreasing in x;. Moreover, for z; — oo, its value

is log (%) > 0. Therefore, without the constraints on x;, the objective function
J )

is also strictly increasing in x; when the condition (6.35) holds.
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Combining the two cases, the optimal z; is equal to its maximum allowable value. By

using this fact repeatedly, starting from group 1, we establish (i)-(iii).

Now, it remains to show that if no power is allocated to a group, it must be that the
corresponding 3; = 0 (see (iv)). Let us consider the stationary conditions for 3; and

which are given by (6.23) and (6.24), respectively. We can rewrite them as

log(1+pjfj) —Apj —1) +vj+u=mn; (6.37)
and .
Bip; ofi(B,p)
25 Yo fiBp) 0 M (6.38)

j=1
respectively. In ontaining (6.38), we use the fact that 5 must be positive, i.e., 7 = 0. The

first derivative of f;(f3, p) over (3 in (6.38) can be shown to take the form
ofi(B.p) _ _£iB.p) | g 29(1+9)*(57 — 1)

08 B 1+2(1+9° P+ +9l0+50+92 ] (6.39)

where for brevity we denote g = ¢(3, p). The derivative of f;(3, p) w.r.t. pin (6.21) can be

written as follows

of(B,p) _ fi(Bp) 2901+ 9)*(fy — 1)

ap B+ A+l +501+9)7°*
So we can rewrite (6.39) in terms of %ﬁ’p) as
ofi(B,p) _ [i(B;p) g 1 0fi(B,p)
=— 1 . 6.40
op B +1+%(1+9)2 l+g Op (640
Recall that 1 + p; f;(3, p) = f;(B, p)/ . Substituting (6.40) into (6.38) yields
A g 2 L N~ Bip 9fi(B.p)
=14+ — D+ L J£7 A
"B 1+ 5(1+g) ;B]p] 1+9j§::11+pjfj(5,P) dp
(@) g
O : 6.41
1y 51+ g)? (641)
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where in (a) we use the fact that Zle Bjp; = 5 and the second term of the r.h.s. is zero
due to (6.21). Moreover, (a) give the expression for y at the optimal operating points.
Plugging (a) into (6.37) with p; = 0, we obtain

9

A——F— + v =1;.
L+ 4(1+g2 77

As a result, v; must be strictly positive. This implies that 5; = 0 and the proof is com-

pleted. O

To this end, we already know the necessary conditions for the optimal solutions of
P3. We should note that in the lemma above, we do not know the optimal value of M
maximizing the limiting sum rate since there are several values of M that satisfy to the

(i),00

lemma. Let R4y be the achieved limiting sum rate with M = i. Let M = {1,2,..., M}

with M < L be the set of possible values of M. Then, the optimal M is given by

M* = arg max RS}I;?O : (6.42)
ieEM

We should note that in evaluating Réf}rﬁ", we use {3;} allocation scheme in Lemma 6.3,

8 = 22:1 B; and also the stationary conditions in (6.21) and (6.22) to determine the
optimal p and power allocation respectively. The value for $); must satisfy (6.23) with

vy =0and ny =0, i.e.,
log(1+ pafam) — AMDym — 1) + =0, (6.43)

where 11 is given by (6.41). Thus, solving (6.42) correspondingly solves P3. Steps in solv-
ing it are described in Algorithm 6.4.1. We have L iteration when in a particular iteration,
say iteration j, the first j groups are considered. Assuming those group to have their cell
loading at the maximum value, the corresponding optimal power allocation (i.e., solving
P1) is computed. Then, the value of M < j for that iteration can be determined by using
the fact that ppr+1 = 0. We should note that different js may give the same M and hence,
we need only to consider one of them. After having M, we can set 3y;11 = --- = 8; = 0.

To determine the optimal value for 3,/, we need to compute nar. If 92 > 0, Bar = B, max
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Algorithm 6.4.1 Algorithm for Solving P3

L M={} > Contain possible values for M
2: forj=1to L do

3: Bi = Bimax, Vi=1,...,7] > Assume that B]’-* = [ max
& A p5[py ... pi]T « Solving P1 with 8 = Y77 3,

5: Determine M s.t. pyy41 =---=p; =0 >M>1
6: if M € M then

7: continue > Skip the remaining steps and go to the next iteration
8: end if

9: M—M
10:  fuyr=-=5=0

11: Compute p according to (6.41)
122y =log(1+pufm) — AMpm — 1) + p
13: if nyr < 0 then

14: Bt € [0, Brsmax] < Solving P1 and (6.43) with 8 = S M1 8, Lo + Bur
15: end if

16: Compute Rgﬁﬁ’m with the updated 3 and {;}

17: end for

18: M* < Solving (6.42)

(we already set this in the first step). Otherwise, 0 < By < Sar,max- In the latter case, we
need to solve P1 and (6.43) simultaneously. Then, we can update the value for {g; }jj‘il
and /3 and also compute the corresponding limiting sum rate. In the final steps, we com-

pare the limiting sum rates for different M and the maximum is the solution of P3.

Figure 6.4 illustrates the implementation results of algorithm 6.4.1 for the case: L = 5,
af = 1/5%, j = 1,..., L, Bmax = [0.1 0.7 0.1 0.05 0.05]" where the j-th element corre-
sponds to 3 max and P;/0? = 10 dB. From the (upper-left) plot, we can see that we only
have three possible values for M, ie., M = {1,2,3}. For M = 1, we have a positive
nuy while for M = 2 and M = 3, n)s is negative. We should note that for M = 3, 7 is
slightly above zero (0.0028). Executing step 14 in the algorithm 6.4.1 yields 32 = 0.6393
and 3 = 0 for M = 2 and M = 3, respectively. Even though M = 2 and M = 3 have the
same two groups with positive cell-loading, they have different total cell-loadings, i.e.,
0.7393 and 0.8, respectively and consequently have different sum rates. The last plot in
the bottom-right shows that the maximum limiting sum rate is achieve when M = 2. To
validate the result from Algorithm 6.4.1, we perform a grid search where 3 takes values

between 0 and 1 with 0.001 increment. For each value of 3, the corresponding limiting
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Figure 6.4: Algorithm 6.4.1 implementation for L = 5, Bmax = [0.1 0.7 0.1 0.05 0.05]7,
a? =1/j%and P;/0% = 10 dB.

sum rate is compute. The results are plotted in Figure 6.5. The plot shows that the maxi-
mum limiting sum rates and the optimal /3 obtained from the grid search and Algorithm
6.4.1 are identical. This confirm our theoretical analysis and the proposed algorithm. We
should note that even though the line around the optimal 3 looks flat, the limiting sum
rates in that region, by inspecting their numerical values, are actually increasing until

reaching the optimal 3 and then decreasing.

We can also observe from the implementation of Algorithm 6.4.1 in Figure 6.4 that
when at the first time (a certain iteration) we find ) < 0 (and set Sy € [0, Bas,max))
we can stop the iterations. This is because continuing the iteration (or adding more
groups/increasing M) will not increase the limiting sum rate. We can see this by real-
izing that the limiting sum rate obtained by increasing 8y by, say s, is greater or equal

to that obtained by adding one more group with group loading ;. Moreover, increasing
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Figure 6.5: The maximum limiting sum rate obtained from the grid search (x) and Algo-
rithm 6.4.1 (o).

B still gives a negative 7y, which does not satisfy the KKT necessary condition (15; > 0).
So, we can modify Algorithm 6.4.1 by adding a "break’ instruction after line 14. That will
stop the iteration and jump directly to line 18. This will reduce the number of iterations

and computations.

6.5 Conclusion

In this chapter, we have investigated problems related to determining the optimal power
allocation, regularization parameter and cell-loading of a finite group or cluster of users
so as to maximize the sum rate in MISO broadcast channels. Even though the analysis
was performed in the large system limit, our numerical simulations shows its validity for
finite-size system designs. Considering the power allocation problem only, we show that
it is optimal for the BS to allocate the power to the users by using a water-filling scheme.
Applying that scheme, we can not obtain a closed form expression for the optimal reg-

ularization parameter but it can be found by using line search methods. For some cases
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considered in this chapter we show that it is optimal for the BS to communicate to some
groups having best channels (highest path-loss gains). We also provide the KKT neces-
sary conditions for the optimal cell-loading allocation when the BS is allowed to transmit

to only subsets of the users in the groups.






Chapter 7

Base Station Cooperation with
Feedback Optimization

In this chapter, we study feedback optimization problems that maximize the users’ signal to inter-
ference plus noise ratio (SINR) in a two-cell MIMO broadcast channel. Assuming the users learn
their direct and interfering channels perfectly, they can feed back this information to the base stations
(BSs) over the uplink channels. The BSs then use the channel information to design their transmis-
sion scheme. Two types of feedback are considered: analog and digital. In the analog feedback case,
the users send their unquantized and uncoded CSI over the uplink channels. In this context, given
a user’s fixed transmit power, we investigate how he/she should optimally allocate it to feed back the
direct and interfering (or cross) CSI for two types of base station cooperation schemes, namely, Multi-
Cell Processing (MCP) and Coordinated Beamforming (CBf). In the digital feedback case, the direct
and cross link channel vectors of each user are quantized separately, each using RVQ, with different
size codebooks. The users then send the index of the quantization vector in the corresponding codebook
to the BSs. Similar to the feedback optimization problem in the analog feedback, we investigate the
optimal bit partitioning for the direct and interfering link for both types of cooperation.

We focus on RCI precoding structures and perform our analysis in the large system limit. We show
that for both types of cooperation, for some values of interfering channel gain, usually at low values,
no cooperation between the base stations is preferred: This is because, for these values of cross channel
gain, the channel estimates for the cross link are not accurate enough for their knowledge to contribute
to improving the SINR and there is no benefit in doing base station cooperation under that condition.
We also show that for the MCP scheme, unlike in the perfect CSI case, the SINR improves only when

the interfering channel gain is above a certain threshold.

141
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7.1 Introduction

7.1.1 Background

ECENTLY, researchers have started to put more attention to investigate how to
Rmaximize data rates in multicell MIMO networks, particularly in the downlink
[25, and references therein]. The main challenge that limits the spectral efficiency in the
downlink of multicell networks, besides intra-cell interference, is the inter-cell interfer-
ence (ICI). The conventional approach to mitigate this interference is to use spatial reuse
of resources such as frequency and time [25]. The move towards aggressive frequency or
time reuse will cause the networks to be interference limited especially for the users at
the cell- edge. The current view is to mitigate ICI through base station (BS) cooperations.
Within this scheme, the BSs share the control signal, channel state information (CSI) and
data symbols for all users via a central processing unit or wired backhaul links [5].

It has been established in [23,38,42,80,85,110], to name a few, that MIMO cooperation
schemes provide a significant increase in spectral efficiency compared to conventional
cellular networks. BS cooperation can be implemented at different levels [25]. In the Mul-
tiCell Processing setup, also known as Network MIMO or Coordinated Multi-Point (CoMP)
transmission, the BSs fully cooperate and share both the channel state information (CSI)
and transmission data. This full cooperation requires high capacity backhaul links which
is sometimes not viable in practical settings. To alleviate this requirement, only CSI (in-
cluding direct and interfering channels) is shared amongst base stations in the interference
coordination scheme [25]. Several works have addressed coordinated beamforming and
power control schemes to improve the spectral efficiency in interference- limited down-
link multicell networks. Detailed discussions regarding these topics can be found in [25]
and references therein.

In both base station cooperation schemes, the CSI at the base stations play an impor-
tant role in maximizing the system performance. The base stations use this information
to adapt their transmission strategies to the channel conditions. The benefit of having
CSI at the transmitter (CSIT) with respect to the capacity in single and multicell multi-

antenna systems is nicely summarized in [6,26]. However, these advantages are also
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accompanied by the overhead cost for the CSI acquisition via channel training and feed-
back in frequency division duplex (FDD) systems. It needs to scale proportionally to the
number of transmit and receive antennas and the number of users in the system in order
to maintain a constant gap of the sum rate with respect to the full CSI case [50]. More-
over, in practical systems, the backhaul-link capacity for CSI and user data exchanges
and feedback-link bandwidth are limited [5]. Considering the CSI signaling overhead
from channel training and CSI feedback, references [71, 72] (see also [111]) suggested
that the conventional single-cell processing (SCP) without coordination may outperform
the cooperative systems, even the MCP scheme. Here, to reduce the complexity in the
analysis, we ignore the (important) constraints of limited backhaul-link and CSI training
overhead. We assume a perfect CSI training so that all the users know their CSI perfectly.
We focus on studying how to allocate feedback resources, that depends on the feedback
schemes, to send the CSI for the direct channel and interfering (cross) channel to BSs so
that the users’” SINR are maximized. Two feedback schemes are considered in our study:
the analog feedback scheme, introduced in [54] and the limited (quantized) feedback via
random vector quantization (RVQ), introduced in [77]. In the analog feedback scheme,
each user sends its unquantized and uncoded channel state information through the up-
link channel. Hence, we ask the question, for a given uplink power constraint, what
fraction of this uplink power is allocated optimally to transmit the direct and interfering
channel information? For the digital feedback scheme, the number of feedback bits de-
termines the quality of the CSI. Hence, we can ask, how many bits are optimally needed

to feedback the direct and cross CSI?

7.1.2 Contributions

The main goal of the work in this chapter is to optimize and investigate the effect of
feedback for MCP and CBf cooperation schemes under analog and quantized feedback
(via RVQ). We consider a symmetric two-cell Multi-Input Single-Output (MISO) network
where the base stations have multiple antennas and each user has a single antenna. We
assume that the users in each cell know their own channel perfectly: they feed back this

information through the uplink channel and the base stations form the users” channel
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estimates. The BSs use these estimates to construct a regularized channel inversion (RCI)
type beamformer, also called regularized zero-forcing (RZF), to precode the data symbols
of the users. The precoders follow the structures proposed in [109]. Unlike [5,111], we
assume several users are simultaneously active in each cell so that users experience both
intra- and inter-cell interference. To mitigate ICI through base station cooperation, we
consider both full cooperation (MCP) and interference coordination via CBf.

Our contributions can be summarized as follows. First, under both feedback mod-
els and both cooperation schemes, we derive the SINR expression in the large system
limit, also called the limiting SINR, where the number of antennas at base stations and
the number of users in each cell go to infinity with their ratio kept fixed: As our nu-
merical results will show, this is indicative of the average performance for even finite numbers
of antennas. Then, we formulate a joint optimization problem that performs the feed-
back optimization for both feedback models and both cooperation schemes and finds
the optimal regularization parameter of the corresponding RZF structure precoder. The
regularization parameter is an important design parameter for the precoder because it
controls the amount of interference introduced to the users. Optimizing this parameter,
as discussed later, will allow the precoder to adapt to the changes of the CSIT quality and
consequently produces a "robust beamformer’.

We analyze the behavior of the maximum limiting SINR as a function of the cross
channel gains and the available feedback resources, and identify, for both the analog and
quantized feedback models, regions where SCP processing is optimal. We also show that
whereas in the perfect CSI case, MCP performance always improves with epsilon, this
only occurs after a certain threshold is crossed in both analog and limited feedback cases.

Parts of this work appeared in [60, 61], but without the proofs.

7.1.3 Related Works

In the last decade, there has been a large volume of research discussing feedback schemes
in multi-antenna systems. A summary of digital feedback (also known as limited or
finite-rate feedback) schemes in multi-antenna (also single-antenna) and multi-user sys-

tems in the single-cell setup can be found in [50]. Since the optimal codebook for the
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limited feedback is not known yet [8,36,77], the use of RVQ, which is based on a ran-
dom codebook, as the feedback scheme becomes popular. Furthermore, the RVQ-based
system performance analysis is also more tractable. In multiple-antenna and multi-user

systems, works on the analog feedback commonly refer to [54] (sometimes [76]).

The paper by Jindal [36] sparked the use of RVQ in analyzing broadcast channels.
Considering a MISO broadcast channel with a zero-forcing (ZF) precoder and assuming
that each user knows its own channel, the main result in the paper is that the feedback
rate should be increased linearly with the signal-to-noise ratio (SNR) to maintain the full
multiplexing gain. Caire et al. in [8] investigate achievable ergodic sum rates of BC with
ZF precoder under several practical scenarios. The CSI acquisition involves four steps;
downlink training, CSI feedback, beamformer selection and dedicated training where
each user will try to estimate the coupling between its channel and the beamforming
vectors. They derive and compare the lower bound and upper bound of the achievable
ergodic sum- rate of the analog feedback as in [54] and RVQ-based digital feedback un-
der different considerations, e.g., feedback transmission over AWGN and MAC channel,
feedback delay and feedback errors for the digital feedback scheme. A subsequent work
by Kobayashi et al. in [45] studies training and feedback optimizations for the same sys-
tem setup as in [8] except without dedicated training. The optimal period for the training
and feedback that minimized achievable rate gap (with and without perfect CSI) are de-
rived under different scenarios as in [8]. The authors also show that the digital feedback
can give a significant advantage over the analog feedback. In the same spirit as [36] ,
reference [101] discusses the feedback scaling (as SNR increases) in order to maintain a
constant rate gap for a broadcast channel with regularized zero-forcing or RCI precoder.
The analysis has been done in the large system limit since the analysis the finite-size turns
out to be difficult [36]. Moreover, besides analyzing for the case K = N, as in [36], the

authors also investigate the case K < .

While channel state feedback in the single-cell system has received a considerable
amount of attention so far, fewer works have addressed this problem in multicell set-
tings. The effect of channel uncertainty, specifically the channel estimation error, in the

multicell setup is studied in [33,39]. In [39], the authors conclude that when channel es-
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timates at one base station contain interference from the users in other cells, also called
as pilot contamination phenomenon, the inter-cell interference increases. Thus, this phe-
nomenon could severely impacts the performance of the systems. Huh et al. in [33]
investigate optimal user scheduling strategies to reduce the feedback and also the effects
of channel estimation error on the ergodic sum rate of the clustered Network MIMO sys-
tems. They consider the ZF precoder at the base stations and derive the optimal power
allocation that maximizes the (instantaneous) weighted sum rate. In deriving the results,
it is assumed that the BSs received perfectly (error-free) the CSI fed back by the users. The
overhead caused by the channel training is also investigated and they observe that there
is a trade-off between the number of cooperating antennas and the cost of estimating the
channel. Based on the trade-off, the optimal cooperation cluster size can be determined.
By incorporating the channel training cost, no-coordination amongst the base stations

could be preferable. The same conclusion is also obtained in [71,72].

For the interference coordination scheme, [5] investigated the RVQ-based limited
feedback in an infinite Wyner cellular model using generalized eigenvector beamform-
ing at the base stations. The work adopts the intra-cell TDMA mechanism where a single
user is active in each cell per time slot. Each user in each cell is also assumed to know
its downlink channel perfectly. Based on that system model, an optimal bit partitioning
strategy for direct and interfering channels that minimizes the sum rate gap is proposed.
Explicitly, it is a function of the received SNR from the direct and cross links. It is ob-
served that as the received SNR from the cross link increases, more bits are allocated to
quantize the cross channel. A better quality of the cross channel estimate will help to re-
duce the inter-cell interference. The authors also show that the proposed bit partitioning
scheme reduce the average sum rate loss. Also in the interference coordination setting,
[111] takes into account both CSI training and feedback in analyzing the system what
they called inter- cell interference cancellation (ICIC). In ICIC, the precoding of a user is
the projection of its channel in the null-space of the others users’ channels in other cells
so that the transmission form this will not cause interference to the users in other cells.
The work also assumes the intra-cell TDMA and presents the training optimization and

teedback optimization for both analog and digital feedback (RVQ). Based on that system
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setup, the most interesting result is that training optimization is more important than the
feedback optimization for the analog feedback while the opposite holds for the digital
feedback.

For different levels of cooperation, i.e., MCP, CBf and SCP, [109] investigates an opti-
mization problem to minimize the total downlink transmit power while satisfying a spec-
ified SINR target. The authors derived the optimal transmit power, beamforming vectors,
cell loading and achieved SINR for those different cooperation schemes in a symmetric
two-cell network. The resulted optimal beamforming vectors have a structure related to

RCL

The current work is closely related to [109] in the sense we use the same cooperative
schemes and precoder structure. We extend the work by analyzing the optimal feed-
back strategies for analog and digital feedback under MCP and CBf schemes. The results
in this work are obtained by performing the analysis in the large system limit where
the dimensions of the system i.e., the numbers of users and transmit antennas tend to
infinity with their ratio being fixed. The large system analysis mainly exploits the eigen-
value distribution of large random matrices. For examples, it has been used to derive
the asymptotic performance of linear multiuser receivers in CDMA communications in
early 2000 (see [95]), single-cell broadcast channels with RCI for various channel condi-
tions [58,59,62,101], base station cooperations in downlink multicell networks (see e.g.,
[33,109]). The asymptotic performance measure becomes a deterministic quantity and
can have close-form/compact expressions. Hence, it can be used to derive the optimal
parameters for the system design. Moreover, it can provide a good approximation of,

hence insights on, the system performance in the finite-size or even small systems.

Similar to [5] and [111], we perform the feedback optimization in interference-coordination
scheme (CBf). As in [111], we also investigate the feedback optimization for the analog
and digital feedback schemes. However, different from those works, we do not assume
the intra-cell TDMA in each cell, and hence each user experiences both intra-cell and
inter-cell interference. We also consider a different type of precoder i.e., the RCI. More-
over, we also analyze the feedback optimization for different level of cooperations be-

tween the base stations, including the MCP setup, and try to capture how we allocate
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resources available at the user side as the the interfering channel gain varies.

The rest of the chapter is structured as follows. The system model is described in
Section II. It starts with the channel model, and the expressions of the transmit signal,
precoder and the corresponding SINR for each MCP and CBf. In the end of the section,
the feedback schemes and true channel model in terms of the channel estimate at the BSs
and the channel uncertainty for the analog and digital feedback are presented. The main
results for the noisy analog feedback and digital feedback and for different types of co-
ordination are discussed in Section III and IV, respectively. In each section, we begin by
discussing the large system result of the SINR for the MCP and CBf and then followed
by deriving the corresponding optimal feedback allocation; optimal (uplink) power for
the analog feedback and optimal pit partitioning for the digital feedback. The optimal
regularization parameter for the RCI precoder is also derived for both types of feedback
and cooperation. The end of each section provides numerical results that depict how the
optimal feedback allocation and the SINR of each user behave as the interfering channel
gain varies. In Section V, we provide some numerical simulations that compare the per-
formance of the system under the analog feedback and digital feedback. The conclusion

are drawn in the Section VI and some of the proofs go to the appendices.

7.2 System Model

We consider a symmetric two-cell broadcast channel, as shown in Figure 7.1, where each
cell has K single antenna users and a base station equipped with N antennas. The chan-
nel between user k in cell j and the BS in cell 7 is denoted by row vector hy, ;; where
hyj; ~ CN(0,Iy) and hy ;5 ~ CN(0,ely), for j = 1,2and j = mod (j,2) + 1. We
refer to the hy ; ; as direct channels and h,, ; ; as cross or “interfering” channels. We find
it useful to group these into a single channel vector hy, ; = [hy ;1 hy ;2]

We consider an FDD system and assume that the users to have perfect knowledge of
their downlink channels, hy, ; ; and hy, ; ;. Each user feeds back the channel information
to the direct BS and neighboring BS through the corresponding uplink channels. The BSs

estimate or recover these channel states and use them to construct the precoder.
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Cell 1 Cell 2

Figure 7.1: System model for a symmetric two-cell broadcast channel.

The received signal of user k in cell j can be written as
Yk, = i jaxa + by joxo + g,

where x; € CV*1,j = 1,2 is the transmitted data from BS i, and ny ; ~ CN(0,03) is the
noise at the user’s receiver. The transmitted data x; depends on the level of cooperation
assumed, and will be described in more details in Sections 7.2.1 and 7.2.2: we restrict
ourselves to linear precoding schemes, more specifically RCI precoder. We assume each
BS’s transmission is subject to a power constraint E [HXZHZ] = P,. In the MCP case, we
relax this constraint to a sum power constraint so that E [||x||?] = Z?:1 P; = P;. In the

analysis, we assume P, = P, = P, and denote v4 = P;/ 03.

As already mentioned, in practical scenarios, perfect CSI is difficult to obtain and the
CSI at the BSs is obtained through feedback from the users. We are particularly interested
in the channel model where we can express the downlink channel between the user k in

cell j and BS i as
hy i =/ ¢k,j,iflk,j,i + Ek,j,ia (7.1)

where ﬁk ;i represents the channel estimate, and Ek ;i the channel uncertainty or estima-

tion error. The channel estimates are used by the BSs to construct the precoder.

The transmitted signal, precoder and SINR for each user for each cooperation scheme

will be presented in the following subsections.
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721 MCP

As previously mentioned, in the MCP, both BSs share the channel information and data
symbols for all users in the network. Therefore, we may consider the network as a broad-
cast channel with 2N transmit antennas and 2K single antenna users. The BSs construct
the precoding matrix using their channel estimates. In this work, we consider the RCI
precoding, for which the precoding or beamforming vector for user % in cell j, wy;, can
be written as [69]

PN -1 ~
Wi = ¢ <HHH+ aIQN) Y

Where hk}] - [hk7]71 hk7]72] al’ld H — I:h171 h271 s hK,l h172 h272 M hK,Q] . Let W = W/C.

The transmitted data vector can be expressed as

K
x=c ) Wijsk,
j=1k=1
where s,; ~ CN(0,1) denotes the symbol to be transmitted to user & in cell j. It is also
assumed that the data symbols across the users are independent, i.e., E[ssH | = Iog with

T

S =[s11 ... SKk1 812 ... Sk2]'. cis a scaling factor ensuring the total power constraint is

met with equality (E[xx/] = P,):
= B
Tr { (A7H + )

TSR
HH H}
The received signal at user k in cell j can be written as

Ykj = hyjx +ng

~ o~ -1 <
— by, (A7H + L) Hs 4y

-1

~ o~ -1 < o~ T~ ~
= chy; (HHH + OéIQN) hk;H7jSk,j + chy, ; <HHH + OZIQN) HkHJSk,j +ng;,

where hy, ; follows the channel model (7.1) with ﬁk,j = [flm,l I~1k7j72]. The term }AI;W- and

si,j are obtained from H and s by removing the row corresponding to user £ in cell j
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respectively. Hence, the SINR for user k in cell j can be expressed as

2

hk:,j (I/‘\IHI/‘\I + OéIQN) - ﬁf

2
¢ J

SINR; ; =

~ o~ 1 < ~ ~ o~ -1 :
CQth (HHH + CMIQN> HkHij,j (HHH + OzIQN) thj + 0'3

7.2.2 Coordinated Beamforming

In this scheme, the base stations only share the channel information, so that, for cell j, x;

can be expressed as

K
Xj = ¢j > Wijskj,
k=1
where sj; ~ CN(0,1) denotes the data symbol for user k in cell j; 032» = m We

let
-1

Wii=|oIn+ > b hng | by,

which is an extension of regularized zero-forcing to the coordinated beamforming setup
[109]. Note that designing the precoding matrix at BS j requires local CSI only (the }Alk”
from BS j to all users, but not the channels from the other BS to the users). The SINR of

user k in cell j can be expressed as
2 S2
5B, W]

2 ~ 2 2’
Y byl +og
(K',3")#(k,35)

SINR},; =

where, once again, hy, ; ; and hy, ; ;» follow (7.1).

7.2.3 Analog Feedback through AWGN Channel

In the analog feedback scheme, proposed in [54], each user feeds back the CSI to the base
stations using the linear analog modulation. Since we skip quantizing and coding the
channel information, we can convey this information very rapidly [54]. We also consider

a simple uplink channel model, an AWGN channel. A more realistic multiple access
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(MAC) uplink channel model could be a subject for future investigation. Each user in
cell j feeds back its CSI hy, ; orthogonally (in time). Since each user has to transmit 2.,V
symbols (its channel coefficients), it needs 2x /N channel uses to feed back the CSI, where

k > 1. User k in cell j sends
1

hy, A7, (7.4)
where A; is a diagonal matrix such that the first V diagonal entries are equal to A;; and
the remaining diagonal entries are equal to Az, with \;; = 2vk P, Ajj = 2¢1(1 — v)kP,
and P, is the user’s average transmit power per channel use. Equation (7.4) satisfies the
uplink power constraint E[||hy, jA]% |?] = 26N P,. Thus, the power allocated to feedback
the direct and interfering channel is controlled by v € [0, 1]. We should note that in (7.4),
it is assumed that « is an integer. If KN is an integer, we can modulate the signal (7.4)

with 2N x 2k N spreading matrix [8,54] and the analysis presented below still holds.

Now, let by, £ = 1,2,--- ,2N, be the /th element of hy, ;, A be the corresponding ele-
ment on the diagonal of A, and ¢, = E[b/b;]. When this channel coefficient is transmitted,

the signal received by the coordinating BSs is

1y
Ye=+VXA by +ny = / A\pby + 0y,
eln

where n,, € C2V*1 ~ CN(0, 02Iy) is the noise vector at the coordinating BSs and 1y is

a column vector of length NV with all 1 entries. Using the fact that the path-gain from the

users in cell j to BS j is ¢, the MMSE estimate of b, becomes
- -1
be = v/ Meed” [Meeepp” + 021an] v

and its MMSE is of@ = e — Mesp” [Meerpp? + 021 ] ~! b. We should note that {by} are
mutually independent. By using the property of MMSE estimation, we can express hy, ; ;

as
hkv.jvi = hk7]7l + hk7j7i’ (7‘5)

where flk” represents the channel estimate, and flk ;i the channel uncertainty or esti-

mation error. Note that the entries of each vector flk” and ﬂkz ; are independent and
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identically distributed (i.i.d.) and distributed according to CN (0, w;;) and CN (0, 6;;), re-

spectively, where

1 . Vﬁ/u .
T =1 = ] =1
+vyu? J I
0ji y Wi = (7.6)

. . 6(171/)7)/»“ . .
m, J# i, T+, # 1,

and ¥, = 2vuk(1 + €) with 7, = NP,/o2. The channel estimates are used by the BSs
to construct the precoder. Since each §;; and w;; are identical for all users, we denote

0g = 0jj,0c = 5j3, wqg = wj; and we = w;;- From (7.6), we have wg =1 — 64 and w. = € — ..

7.2.4 Quantized Feedback via RVQ

In the digital feedback case, user k in cell j uses By ; ; and By, i3 bits to quantize or feed-
back the direct and interfering channels, respectively. The total number of feedback bits
is assumed to be fixed. It is also assumed that each user has different codebooks: U}, ; ;
with size 2875 and U, ; 5 with size 2833, to quantize the direct and interfering channel,
respectively. Moreover, these codebooks are different for each user. In this work, By, ; ; is
the same for all users and By, j ; = Bg, Vk,j = 1,2. Similarly, By, ;5 = Be,Vk, j = 1,2. The
total number of feedback bits is denoted by B, where B; = By + B..

Since the optimal codebook design for the quantized feedback is not known yet, there-
fore in this work, for analytical tractability, we consider the well known RVQ scheme.
As suggested by its name, RVQ uses a random vector quantization codebook where the
quantization vectors in the codebook are independently chosen from the isotropic distri-
bution on the N-dimensional unit sphere [36,77]. The codebook is known by the base
station and the user. The user quantizes its channel by finding the quantization vector in
the codebook which is closest to its channel vector and feedbacks the index of the quan-
tization vector to the BSs. We should note that only the channel direction is quantized.
Most of the works that employ RVQ for the feedback model assume that only channel
direction information is sent to the BSs. As mentioned in [36], the channel norm infor-
mation can also be used for some problems that need channel quality information (CQI)

such as power allocation across the channel and users scheduling [73].
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The user & in cell j finds its quantization vector for the channel hy, ;; according to

. H
Gy marg max Rl
b wg ;i€ Ui gl

The quantization error or distortion 77 ;i 18 defined as

~ 2

5 [, il o < ( hy i ))
7—..:1——28111 4 uk; .
k‘»]ﬂ Hhk,],l 2 Hhk,],Z’ ’ 3J5

It is a random variable whose distribution is equivalent to the minimum of 28 beta
random variables with parameters N — 1 and 1 (see [2,36]). Each realization of 7 ;; is

different for each user even though the users have the same amount of feedback bits.

Having obtained 1, j ;, each user sends its index in the code book and also the channel
magnitude |hy ;|| (see also [73]). By assuming that the BSs can receive the information

perfectly, the channel estimate at the BS can be written as
hy i = Byl O, (7.7)

Note that flk]Z has the same statistical distribution as hy, ;; i.e., }Alkj, ~ CN(0,€In),

where ¢;; = 1 when ¢ = j and otherwise, ¢;; = €.

From [36,37], we can model hy ; ; as follows

hyji=4/1- T;?7j7ihk,j,z‘ + Thjil kg0l 28,5 (7.8)

where zy, ; ; is isotropically distributed in the null-space of 1i;, ; ; and independent of 7 ; ;.

Moreover, it can be written as follows

L
v i TIE
Zy i = I g
It T 1 ?
Vil |

kg
. . . e . T~ 1 flkH7 iﬁk,j,z‘
where IT- is the projection matrix in the column space of hy, ; ;, ITx = Iy — ——2-

B T b, 5.4012

and vy, ;; ~ CN(0,Iy) is independent of ﬂk” It is clear that the channel model (7.8) has

the same structure as (7.1) with ¢y ;; = 1 — T,fji and h = Thjil| e g || 2 5
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7.2.5 Achievable and Limiting Sum Rate

Besides SINR}, ;, another relevant performance measure is the achievable rate. For the

user k at cell j, it is defined as
Ry, ; = logy(1 + SINRy ;). (7.9)

It is obtained by treating the interference as noise or equivalently performing single-
user decoding at the receiver. Observing (7.9), it is obvious that there is a one-to-one
continuous mapping between the SINR and the achievable rate (see also [91]). The total

sum rate, or just the sum rate, can then be defined as follows

2 K
Raum =Y > Ry (7.10)

j=1k=1

As shown later in Section 7.3 and 7.4, as K, N — oo, we have
SINRy; — SINR*™ — 0, (7.11)

where SINR™ is a deterministic quantity and also called the limiting SINR. It is also
shown that the limiting SINR is the same for all users. By using the result (7.11) and

based on continuous mapping theorem [96], the following holds (see also [101])

1
ﬁﬂi [Rsum) — Rgom — 0,
where the limiting achievable sum rate can be expressed as Rg,,, = Blogy(1 + SINR™).

For the numerical simulations, we also introduce the normalized sum rate difference,

defined as
1 00
ARsurn = WE [1RsurrJ — Rsum
ZVE[RmmJ

(7.12)

that quantifies the sum rate difference, ﬁE [Rsum] — Room, compared to the (actual) finite-

size system average sum rate.
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7.3 MCP and CBf with Noisy Analog Feedback

In this section, we will discuss the large system results and feedback optimization for
the MCP and CBf by using the analog feedback model discussed in Section 7.2.3. First,
the large system limit expression for the SINR is derived. Then, the corresponding opti-
mal regularization parameter that maximizes the limiting SINR is investigated. Finally,
the optimal v that maximizes the limiting SINR that already incorporates the optimal

regularization parameter will be discussed.

731 MCP

We start with the theorem that states the large system limit of the SINR (7.2).

~1
Theorem 7.1. Let pyar = (watwe) L/ N and g(B, p) be the solution of g(3, p) = (p + %)
In the large system limit, the SINR of MCP given in (7.2) converges in probability to a determin-

istic quantity given by

1+ %(1 + g(ﬁva,AF))2

SINRY par = Ve (B Prar) , (7.13)
e T e+ (L4 9(8, pur))’
where the effective SNR vy, is expressed as
Wy + we 1—64+¢€—0,
e = T = - (7.14)
(5d+(50+% 5d+50+%
Proof. See Appendix 7.7.1.1 O

It is obvious from above that the limiting SINR is the same for all users in both cells.
This is due to the channel statistics of all users in both cells are the same. The channel
uncertainty, captured by w, and d., affects the system performance (limiting SINR) via
the effective SNR and regularization parameter pya¢.

As discussed previously, the (effective) regularization parameter py s controls the
amount of interference introduced to the users and provides the trade-off between sup-
pressing the inter-user interference and increasing desired signal energy. The optimal

choice of py 4 that maximizes (7.13) is given in the following.
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Corollary 7.1. The optimal py, 4 that maximizes SINRJL, ., is

. 8
Pmar = %7 (7.15)
and the corresponding limiting SINR is
SINRyicoar = 9(B, priae)- (7.16)

Proof. 1t is obvious that the limiting SINR (7.13) has the same structure as (3.16). Hence,

the proof follows Appendix 3.6.1. O

It is interesting to see that the limiting SINR expression with pf; .. becomes simpler
and it depends only the cell-loading () and the effective SNR. Clearly from (7.14), v, is a
function of the total MSE, §; = d,4 + d., that can be considered as a reasonable measure of
the CSIT quality. Thus, py; ,; adjusts its value as §; changes. Now, from (7.14), it is obvious
that 7. is a decreasing function of d;. As a result, py, . is increasing with d;. In other words,
if the total quality of CSIT improves then pj; ,. gets smaller. In the perfect CSIT case, i.e.,
0y = 0, and in the high SNR, p}; . goes to zero and we have the ZF precoder.

Now, we will investigate how to allocate v to maximize the limiting SINR (7.16), or
equivalently g(5, pj; ar)- v is captured by 7. (or py; ,;) Via 64. It can be shown that g is
decreasing (increasing) in pyar (7e). Then, for a fixed 3 the limiting SINR is maximized

by solving the following optimization problem

€—0.+1—4y

max 1 e

velo

As mentioned earlier, . is a decreasing function of J;. Thus, the optimization problem

above can be rewritten as

1
min 6 = 6y + 6, = €

: 717
vel0,1] vy, + 1 + (1-v)y+1 717)

From the above, it is very interesting to note that the optimal v that maximizes SINRy;S, is

the same as the one that minimizes the total MISE, ;.
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It is easy to check that the optimization problem above is a convex program and the

optimal v, denoted by v*, can be expressed as follows

0, VES G+ 1
v =11, Ve < au1+1 (7.18)

1+ (1—/e

%ﬁﬂ, otherwise.

As a result, for /e < = +1, the BSs should not waste resources trying to learn about the
“interfering” channel states. In this situation, the coordination breaks down and the base
stations perform SCP. The completely opposite scenario, in which the BSs should not
learn the “direct” channels, occurs when /e > 7, + 1. Clearly, this can only happen if
e > 1. When /e > 4, + 1, the BSs also perform SCP but each BS transmits to the users in
the neighboring cell.

We end this subsection by characterizing the behavior of . (equivalently SINRYT),

after optimal feedback power allocation, as the cross channel gain e varies. This also

We

implicitly shows how the total MSE, §;, affects the limiting SINR. Let ¥, = (1 +6)

analyze the different cases in (7.18) separately.

1) Case \/e < = +1 : This is the case when the BSs perform SCP for the users in their

own cell. For fixed 7,, this inequality is equivalent to € < €7, where )7 > 0 satisfies
/6T = Wm Now, by taking the first derivative % and setting it to zero, the
(unique) stationary point is given by
eo— L
VVdVu
If \/&F € eXr ], it is easy to check that the limiting SINR is increasing until

e = & and then decreasmg If /vayu > 1 then € < 0, or equivalently, % < 0.

Consequently, for this case, the limiting SINR is decreasing in e. Moreover, \/€Xf" >

Vest, if the following condition holds

VY2 = 274 — Fu) = (27aYu — Yd — Fu)s (7.19)
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881 ¢ > 0, which implies that the limiting SINR always increases over e.

in which case
This behavior of 7. as a function of e can be intuitively explained as follows. When

v = 1, the total MSE is §; = where the first and second terms are ¢, and &,

s T e
respectively. As e increases, §4 decreases whereas ¢, increases. This shows that there is
a trade-off between the quality of the direct channel and the strength of the interference.
The trade-off is also influenced by parameters 4 and 7,.. As shown in the analysis, when
VYdYu > 1, the effect of cross channel to the limiting SINR dominates. In contrast, if the
condition in (7.19) is satisfied, the effect of the quality of the direct channel (6;) becomes
dominant. If the aforementioned conditions do not hold, d; causes the SINR to increase
SCP

until €57 and after that the interference from the cross channel takes over as the dominant

factor, thereby reducing the limiting SINR.

2) Case v, +1 > /e > ﬁ : Here, the BSs perform MCP. By taking % in that
interval of ¢, it can be shown that we have a unique stationary which we denote as /).
We can also show that 7, is a convex function for ¢ € [0, 1] and is increasing for e > 1.
Thus, if =17 < Vel < 4 + 1, the limiting SINR will decrease for /e € [m, NG
and increase after that; Otherwise, the limiting SINR increases in the region. Here, for
Ve e [ﬁ, 1], we still can see the effect of the trade-off within J; to the limiting SINR as
e changes. In that interval, the quality of the direct channel becomes better as ¢ increases;
However, that of the cross channel decreases and this affects the SINR badly until €.
After this point, the improvement in the quality of the direct channel will outweigh the

deterioration of that of the cross channel, causing the SINR to increase.

3) Case \/e > 7, + 1: In this case, each BS performs SCP, but serves the other cell’s
users. We can establish that % > 0. Hence, for this case, the limiting SINR is increasing

in e.



160 Base Station Cooperation with Feedback Optimization

7.3.2 Coordinated Beamforming
Theorem 7.2. Let pcar = 5, and let T' 4 be the solution of the following cubic equation

1

Ty= (7.20)

Bwe Bwq
Pc.ar + 14+wel 4 + 14wgl 4

In the large system limit, the SINR of the coordinated beamforming given in (7.3) converges

almost surely to a deterministic quantity given by

4Ty |:pC/AF + gwc 7+ iwd 2]
SINRZ,,, = B (T+wela) (1+wal 4) ' (7.21)

1 C
(7«1 +0a+ 0 + gy + (1+“ZFA)2>

Proof. See Appendix 7.7.2.1 O

Similar to the MCP case, the limiting SINR expression (7.21) is the same for all users.
Comparing (7.15) and (7.22), we can see that pcar = puar for a given a. For v € [0, 1], the

optimal pc or that maximizes the limiting SINR (7.21) is given in the following.

Corollary 7.2. The limiting SINR (7.21) is maximized by choosing the regularization parameter
according to

. 1
%M—B(+%+&) (7.22)
Yd

and the corresponding limiting SINR is
SINRZ = waly, (7.23)

where Iy is T' g with pcar = pf -

Proof. Letvers = (7d—1 + 84+ 50) and ¥ = (1+§‘;’1<£A)2 + (1+§‘:§A)2. It is easy to show that
aSINRCogf,AF _Yeff — Pcar ov

—w , 7.24
8pC/AF d [’Ye ff + \11]2 apC,AF ( )

ov _26 ' 4 Yd + We
9pc,AF dpc,ar \ (14+wqla)3 " (14wela)3

Thus, it follows that pf . = 7.y is the unique stationary point and the global optimizer.

Plugging back pc ar into (7.21) yields (7.23). O

where

) > 0 with 8‘22; < 0 is given by (7.56).



7.3 MCP and CBf with Noisy Analog Feedback 161

Similar to the MCP case, the corollary above shows that the optimal regularization
parameter adapts to the changes of CSIT quality and it is a decreasing function of ¢;.
Finding v that maximizes the limiting SINR of the CBf is more complicated than in
the MCP case. It is equivalent to maximizing wyI', such that v € [0,1]: this is a non-
convex program. The maximizer v* is the boundaries of the feasible set (v = {0, 1}) or
the stationary point, denoted by »°, which is the solution of
I

Vo = — . (7.25)

ar%, .
apé,AF (1 +v ’Yu)

The point v = 0 can be eliminated from the feasible set since the derivative of the limiting

SINR with respect to v at this point is always positive.

7.3.3 Numerical Results

Since propagation channels fluctuate, the SINR expressions in (7.2) and (7.3) are random
quantities. Consequently, the average sum rates are also random. Figure 7.2 illustrates
how the random average sum rates approach the limiting sum rates as the dimensions
of the system increase. This is quantified by the normalized sum rate difference which is
defined in (7.12). The average sum rate is obtained by averaging the sum rates over 1000
channel realizations. The optimal regularization parameter and power splitting obtained
in the large system analysis are used in computing the limiting and average sum rates.
We can see that as the system size increases, the normalized sum rate difference becomes
smaller and this hints that the approximation of the average sum rate by the limiting sum
rate becomes more accurate. The difference is already about 1.3% and 0.5% for the MCP
and CBf respectively for N = 60, K = 36.

Figure 7.3 describes the applicability of the large system results into finite-size sys-
tems. We choose a reasonable system-size in practice, i.e.,, N = 10, K = 6. Then, 250
channel realizations are generated. For each channel realization, with a fixed regular-
ization parameter of the precoder, the optimal v, denoted by vy, is computed. Then the
resulting average sum rate is compared to the average sum rate that using v* from the

large system analysis, i.e., (7.18) and (7.25), for different values of e. We can see that
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Figure 7.2: The normalized sum-rate difference for different system dimensions with 5 =
0.6, ¢ =0.5v¢ = 10dB and v, = 0 dB.
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Figure 7.3: The normalized average sum-rate difference of the finite-size system by using
the vpg and v* with N = 10,5 = 0.6, 74 = 10 dB and ~,, = 0 dB.
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SINR®

() (b)

Figure 7.4: (a) The optimal v* and (b) the limiting SINR for the MCP and CBf scheme as
e varies in [0, 1] with 5 = 0.6, 74 = 10 dB, ~,, = 0 dB.

the normalized average sum rate difference, i.e., E[\Rsum%ﬁi(—uﬁ;m(u*)l] , for CBf has a peak

around 4% that can be considered as a reasonable value for the chosen system size. For
MCP, it is less than 0.47% which is about ten times smaller compared to that for CBf. To
this end, our simulation results indicate that the large system results discussed earlier
approximate the finite-system quite well.

In the following, we present some numerical simulations that visualize the character-
istics of the optimal v* (in the large system limit) and the corresponding limiting SINR
for each cooperation scheme. We are primarily interested in their characteristics when
the interfering channel gain e varies, as depicted in Figure 7.4. In general, we can see that
for the same system parameters, the CBf scheme allocates more power to feed back the
direct channel compared to the MCP. From Figure 7.4(a), we can see that for values of e
ranging from 0 up to a certain threshold (denoted by €} = €;5h. and € for MCP and CBf
respectively), the optimal v is 1: in other words, it is optimal in this range for the BSs not
to try to get information about the cross channels and to construct the precoder based
on the direct channel information only. Effectively, the two schemes reduce to the SCP
scheme when v* = 1: as a result, the same limiting SINR is achieved by both schemes.

We also observe a peculiar behavior of the limiting SINR of MCP, which we already
highlighted in the analysis of Section 7.3.1. When /e < ﬁ, i.e. when v* = 1, the
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SINR is decreasing as € increases. After that the SINR is still decreasing until e reaches
exr and then increasing: this reflects the trade-off between . and J,. Note that this initial
decrease does not occur in the perfect CSI case where the SINR is strictly increasing in e
for MCP. Similar to the MCP case, we can see that the limiting SINR of CBf is decreasing

in e when v* = 1 (SCP). Moreover, it is still decreasing when both BSs perform CBf.

7.4 Quantized Feedback via Random Vector Quantization (RVQ)

In this section, we will derive the approximations of the SINR for the MCP (7.2) and
CBf (7.3) by analyzing them in the large system limit. We use these approximations to
optimize the feedback bit allocation and regularization parameter for maximizing the
limiting SINR. This joint optimization problem can be split into two steps. First, we
derive the optimal bit allocation for the direct and cross links, i.e., the optimal B, = %
and B. = Z¢, respectively. Plugging the optimal bit allocation back into the limiting
SINR expression, we can then proceed to the second step where we obtain the optimal

regularization parameter. At the end of the section, some comparisons of the limiting

SINR and bit allocation values for the two schemes are illustrated.

741 MCP

-1
Theorem 7.3. Let py o = (14+€)~La/N and g(3, p) be the solution of g(3, p) = (p + %) :

In the large system limit, the SINR in (7.2) converges in probability to a deterministic quantity

given by
1+ M(l + Q(IBa pMQ))2
SINR®., . = ~.9(8, B aa 7.26
MCPQ i g(/B pM,Q) ’Ye'f' (1"‘9(,8,PMQ))2 ( )
where
d2
Y= (7.27)
1—d*+ ~va(1+e)

is defined as the effective SNR and

1—2-Ba 1—2-B
iV 112\/ . (7.28)
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Proof. Refer to Appendix 7.7.1.2. O

Theorem 7.3 shows that the limiting SINR is the same for all users in both cells. This is
not surprising given the symmetry in their channel statistics and feedback mechanisms.
Moreover, the only dependence of the limiting SINR on the bit allocation is via 7., which
itself is a function of d: d can be interpreted as a measure of the total quality of the chan-
nel estimates; In fact, given that B, and B. are constrained to sum up to B;, d in (7.28)
highlights a trade-off between increasing feedback bits for direct channel and cross chan-
nel. Comparing (7.13) and (7.26), we can immediately recognize an identical structure
between them. The effective SNR expressions (7.14) and (7.27) also share a similar con-
struction, where (1 + €)d? in (7.28) can be thought to be equivalent to wy + w.

Now, we move tho the first step of the joint optimization i.e., determining the optimal
bit allocation that maximizes (7.26). It is clear from (7.26) that B; and B, contributes to
the limiting SINR through d. It is easy to check that the limiting SINR is an increasing

and a convex function of d. Thus, maximizing SINR{., is equivalent to maximizing d,

i.e. solving (cf. Eq. (7.28))
[ X
max V1—zg+€/1——, (7.29)
-'L'de[Xf’l} Zd

where X; = Z‘Bf, B, = % and z4 = 2-Bi, The solution of (7.29) is presented in the

following theorem.

Theorem 7.4. SINRGY,, is maximized by allocating By = — logy (7)) bits to feed back the direct
channel information, and B. = By — By to feed back the interfering channel information, where

x7; is the positive (real) solution of the following quartic equation
4 3 2 —
rg— Xpxy + (eXi)*(zg — 1) = 0. (7.30)
Proof. The first derivative of the objective function over z, is given by

OE[d 1 1

il G L X (7.31)
ory 2\ Vi—zy 22 ;_x, '
d d 1—9:;
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OE[d] _
org

IE[d . ..
Bx[d] = —o0. Moreover, the objective function is a con-

and lim,,, x, 00, limg, 41

cave function in z,4 since

PEd 1( 1 4y 2 €Xy 1eX, ) AN
1 e I P o 3 ([Pt <0,
(1+¢) 81‘3 2 2( za) 3:3 1_ X 2 :cé

d

for x4 € [ Xy, 1]. The stationary point, z;, is obtained by setting the derivative equal to 0

and it is the non-negative (real) solution of
.%'zll — th'z + (GXt)Q(.ZUd — 1) = 0.
Since the objective function is concave over x4, ); is the global optimizer. O

Now, let us discuss how the optimal bit allocation vary with e. Since x4 = z; satisfies

(7.30), then by taking the (implicit) derivative of (7.30) w.r.t. ¢, we have

oxy 2e X2 (1 — 1)
O 4z3 —3X;x2 4 (eXy)?

>0, forX;<z;<L1.

This implies that as € increases, z}; (B%) increases (decreases). This is consistent with
the intuition that for higher ¢, more resources would be allocated to quantize the cross
channel information. At one of the extremes, i.e., e = 0, 2} = X, or B; = B;. If e =0,
x}; = X3, so that when there is no interference from the neighboring BS, all feedback bits
are used to convey the direct channel states, as expected. At the other extreme, when
€ = 00, xy = 1 or By — 0. This can be shown by setting the derivative (7.31) equal to

zero and we have

1 X/T-a4
€ B i-X
As ¢ — oo, the left hand side goes to zero and the stationarity is achieved by setting
Tqg = 1.

It is also interesting to see how d, after optimal bit allocation, behaves as the cross
channel gain varies. Let d* is d evaluated at x4 = z;. By taking %, we can show the

following property.
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Proposition 7.1. For € < 1, d* is decreasing in € and increasing for e > 1. Consequently, d* is

minimum at € = 1.

As mentioned previously, z; increases and consequently 1 — z7; decreases as ¢ in-
creases. On the other side, €,/1 — X; /27 is getting larger. So, from the calculation we can
conclude that d* is mostly affected by /1 — 7 for € < 1, while for the other values of ¢,
the other term takes over.

We now proceed to find the optimal pyq that maximizes SINRy .

Theorem 7.5. Let v} be . evaluated at d = d*. The optimal p, that maximizes SINRY,(d*) is

g

. (7.32)
Ve

Pro =
The corresponding limiting SINR is given by
SINRycy = 9 (B, Piua) -
Proof. The equation (7.26) has the same structure as (7.13) and thus, (7.32) follows. O

From Theorem 7.5, d* affects the regularization parameter and the limiting SINR via
effective SNR 7. The latter grows with d* (cf. (7.27)). Thus, pj,, declines as the CSIT
quality, d*, increases and this behavior is also observed for the cooperation schemes with
the analog feedback.

In Proposition 7.1, we established how d* changes with e. We can show that 7 has a
similar behavior but reaches its minimum at a different value of ¢ due to the last term in
the denominator in (7.27). For SINRy;S, it attains its minimum at € = €y, as described in

the next proposition.
Proposition 7.2. Suppose that € = €] satisfies

N2 ’)/d(l + 6) — %
(xa)” = Xt [va(l+e)+1+ 5] (7.33)

Then, SINRy;&,, decreasing for € < e and increasing for € > €.
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*,00

The characterization of SINRy;,, above reminds us a similar behavior of SINRy; s
after optimal power allocation. We can conclude that the limiting SINR of MCP under both

feedback schemes has a common behavior as e varies.

7.4.2 Coordinated Beamforming

Theorem 7.6. Let pco = a/N and I be the solution of the following cubic equation

1

o= (7.34)

B Be °
ch‘i‘m‘i‘ﬁ

Let og = 1 —27Ba, ¢, = 1 — 278 5, = 27Ba gnd §, = 2B, In the large system limit,

the SINR (7.3) for the quantized feedback via RVQ converges weakly to a deterministic quantity

given by
$al'%
SINRZ;, = — , (7.35)
’ 1 ¢ dbee alg
(5 + g + i + 0+ 0)
where
B og g
Bpco  pent —Be L B
Q Pee T [dFerg)? T 140g)2
Proof. See Appendix 7.7.2.2 O

As in Theorem 7.3, Theorem 7.6 shows that that the limiting SINR is the same for all
users. The quantization error variance of estimating the direct channel, 4, affects both
the signal strength (via ¢4) and the interference energy, in which it captures the effect
of the intra-cell interference. ., on the other hand, only contributes to the interference
term: It represents the quality of the cross channel and determines the strength of the
inter-cell interference. Since B; is fixed, increasing By, or equivalently reducing B, will
strengthen the desired signal and reduce the intra-cell interference: it does so, however,
at the expense of strengthening the inter-cell interference. Thus, feedback bits” allocation

is important in order to improve the performance of the system.
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To solve the joint optimization problem, it is useful to write (7.35) as follows

1—xz4
+(17xd)(G271)+6< f-;%) (G3—1)+1+e

SINRZ, = G1 ;
Ya
where z4 and X, are defined as in the previous subsection. For brevity, we denote: G| =
-1
-T% (ﬁ%) ,Go = (1+Tg) 2and G3 = (1 + e'¢) 2. The optimal bit allocation can
be found by solving the following optimization problem

. SINRX,. 7.
e SINRZ, (7.36)

The solution of (7.36) is summarized in the following theorem.

Theorem 7.7. For a fixed By, the optimal bit allocation, in terms of x4 = Q_Bd, that maximizes

SINRZ;, is given by

Xi(2=41)
B RG €< T Xpoagy) — G
L= « eXt(Ggfl)Jr\/EQXE(Ggfl)QfeXt<%+1+6G3)(0371) ,
= , otherwise.
d %+1+€G3
(7.37)
Proof. Differentiating the objective function (7.36), we get
OSINR, . —23( + 1+ €G3) + €(G3 — 1) (2Xp2a — Xy)
14 x%(w—{i+(1—xd)(G2—1)+e(1—f—;>(G3—1)+1+e>
and the stationary is given by
X, (G3—1) + \/ezxg(eg —1)2 - eXy(L +1+¢G3)(Gs — 1)
Ty = (7.38)

1
,Td+1+6G3

Now let us consider the term Z = —:c?i(% + 1+ eG3) + €(Gs — 1)(2Xxqy — X¢) in the

(o . . . OSINRZ,
numerator. It can be verified that the sign of Z is the same as the sign of T;‘“’Q. Thus,
Xq = zj will be the unique positive solution of the quadratic equation Z = 0.

It can be also checked that g—é = —21:,1(%1 + 14 €eG3) +€(Gs — 1)(2X;) < 0 and thus,
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Z is decreasing in x4. Since at x4 = 1, Z < 0, we should never allocate z; = 1. We will

allocate x4 = X; if Z < 0 at x4 = X, (this condition is satisfied whenever e < €y,). O

Unlike the MCP case where z); = X; only when ¢ = 0, in the CBYf, it is optimal for a
user to allocate all B; to the direct channel when 0 < € < €g,. Note that 2); = X; does not
imply that the cooperation breaks down or that both BSs perform single-cell processing.
It is easy to check that ey, increases when B, or 7, is decreased. This suggests that when
the resource for the feedback bits is scarce or the received SNR is low then it is preferable
for the user to allocate all the feedback bits to quantize the direct channel. So, in this
situation, quantizing the cross channel does more harm to the performance the system.
However, as € increases beyond ey, quantizing the cross channel will improve the SINR.
We can show that zj, particularly Xy, is increasing in e. In doing that, we need to take
the derivative of X, over e. It is easy to show that I'g is decreasing in e. Then, it follows
that G5 is decreasing in e. Using this fact, we can then show % > 0. So, as in the case of
MCP, this suggests that more resources are allocated to feedback the cross-channel when

€ increases.

Once we have the optimal bit allocation, we can find the optimal pc g, as we did for

the MCP. For that purpose, we can rewrite (7.37) w.r.t pc as follows

Xt,  Pca 2 P

X4, otherwise,

where for given Xy, € and 4, the threshold py, satisfies € = e,. So, we have SINRZ; (X ¢)

for pcq < pm and SINRZ (X;) for other values of pcq.

OSINRRR (Xa)

Now, let us investigate the optimal p.o when z); = X;. By evaluating Brcq =

0, we can determine the stationary point, which is given by
1 X X
P, = | (1= Xa) <( )+ eGy) [ + X+ et} + (GGl — GsGh) [—Xd 4 tD
Yd X4 Xy

g
X + (1= Xa) (1~ Xa)Gp e (1-32) G4)

— X}(Gy + eGg)’ye}
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where%zv—ldjtl—i—e—l—e(Gg—l) (1—%+§—3) andG’Qzé\apCéfQ anng:(%CéZ.

We can show that the derivative is positive for pcq € [0, p%,) and negative for pcq €
(P, 00). Since SINRZ ((Xq) is defined for pcq < pw, if p%, < pn then SINRZ,,(Xq)
is increasing for pcq € [0, p%,] and decreasing for pcq € [P, pm)- If pk, > pin then

SINRZ;; o (Xq) is increasing for pcq € [0, pin)-

OSINRC o (X¢)

Then, we move to the case when z; = X;. By setting g

= 0, the stationary

point is then given by

(G + €GY) ( Xy + 1/74 + €) + €(1 — X;)(G2Gy — G3GY)
(1 - X4)GY

px, =B :

We can also show that the derivative is positive for pcq € [0,p%,) and negative
for pco € (p%,,00). Since SINRZ(X:) is defined for pco > pw, if p%, > pm then
SINRZ;(X¢) is increasing for pcq € [pm, p%,] and decreasing for pcq € [p%,,00). If
r%, < pim then SINRZ (X, ) is decreasing for pcq € [, 00)-

In what follows, by knowing the stationary point in both regions of p, we will inves-
tigate how to obtain the optimal pcq, denoted by pf, for pcq € [0,00). By inspecting
OSINRZ; (X4)/0pcq and OSINRZ; ,(X;)/Opcq we can see that that SINRZ () is con-
tinuously differentiable for the region, pco € [0, pw) and pco € [pm, 00), respectively. To
show SINRZ; () is continuously differentiable for pcq € [0,00) we need to establish

OSINRZ (2}7)/Opcq to be continuous at pcq = pg,, or equivalently

. 3SINRC°§£Q(X¢) L 8SINR8§£Q(X,5) B aSINRSELQ(Xt)
im ———————~ = lim =

(7.39)
PCQ™ Py Ipca pcQ—rg, Opeq 9pca PCQ=Pth

When pcq — py,, Xa — X; and therefore the denominator of OSINRZ;,(X4)/0pco and
OSINREY; (X;)/Opcq are equal. Let N(f) denote the numerator of f. As X; — X;, we

have
OSINRZ. (X,
lim 7./\f (W) = [B(G’Q +eG)(1/va+1+e— (1 —Xy))
pCrQ*)pth pC,Q

+ Be(1 = X3)(GaGy — G3G3) — pim(1 — X3)G5] To(1 — Xy)

— lim  X}(BG2 + BeGs + p)e

PCQ P
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:N<%mmmaa
Opca

) — lim X}(BGa + BeGs + p)re,
PC,Q=Pth

PCQ Py

where X/, = 0X,4/0pcq. We should note that lim X, = —1eGL == +£ 0. This

2 3 L
’Yd+1+€

PCQ P

shows that z7; is not continuously differentiable over pcq. It can be verified that the fol-

lowing holds

1 1
lim ~v.=—+1+e+¢(Gs—1) (—1+>

pC,Q—>p;l Yd Xt
1 1
= Z |:<’)/d + 1) Xi + 6(2Xt — 1) — GGg(Xt — 1):| =0,

since as pco — py,, from the (equivalent) condition € = ey, the term in the bracket be-
comes 0. This concludes (7.39) and therefore SINRZ; ,(z};) is continuously differentiable
for pcq € [0, 00).

By using the property above and the facts that the SINRZ; ,(X4) and SINRZ; ,(X;) are
quasi-concave (unimodal), we can determine the optimal p, and x; jointly as described

in Algorithm 7.4.1. We can verify the steps 6-13 in the algorithm by using the following

Algorithm 7.4.1 Calculate pf , and 7,

1: Compute py,
2: if py, < 0 then
3: ZL'Z = Xt.

4 Po =Y,

5: else

6: Compute p5,
7: if p%, > pm then
8: (L‘Z = Xt

9: Pea = PX,
10: else
11: x;kl =Xy
12: Peq = P}d
13: end if
14: end if

arguments: If p5, > py,, then the derivate of SINRZ; ,(X¢) is positive at pcq = py, because
SINRZ;, o (X¢) is quasi-concave. Since the SINRZ, , (}) is continuously differentiable, then

the derivative of SINRZ, ,(X¢) is also positive when pcq — pw. Since SINRZ, (X ¢) is also
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quasi-concave, consequently SINRZ,(Xg) is increasing for pcq € [0, p). This implies

that p¢, = p%,. Similar types of arguments can be also used to verify that if p5, < pwm

then pf , = p%,-

7.4.3 Numerical Results

The first two figures in this section are obtained by using a similar procedure to that
followed in the analog feedback case. Figure 7.5 shows how well the limiting sum rate
(equivalently the limiting SINR) approximates the finite-size system sum rate. The op-
timal regularization parameter and bit allocation are applied in computing the limiting
and average sum rates. As N grows, the normalized sum rate difference become smaller.
For N = 60, K = 36, it is arleady about 3.1% and 1.6% for MCP and CBf, respectively.
Figure 7.6 shows the average sum rate difference, with a fixed regularization parameter,
between the system that uses B} ¢ and By to feed back the direct channel states. Bjrs
denotes the optimal bit allocation of the finite-size system. For each channel realization,
it is obtained by a grid search. With N = 10, K = 6, the maximum normalized average
sum rate difference reaches 0.22% for MCP. It is about four-times bigger for CBf, which
is approximately 0.86%. Thus, from those simulations, similar to the analog feedback
case, the conclusions we can reach for the limiting regime are actually useful for the finite
system case.

In the following, we present numerical simulations that show the behavior of the
limiting SINR and optimal bit allocation for MCP and CBf as ¢ varies. The optimal bit
allocation is illustrated in Figure 7.7(a). As shown in Section 7.4, the optimal B, for MCP
is decreasing in € and B} = B; when € = 0. For CBf, B}, = B; when ¢ < 0.19, and after
that decreases as e grows. Overall, for given ¢, B}, for CBf is larger than for MCP, implying
the quality of the direct channel information is more important for CBf.

In Figure 7.7(b), the optimal values for the regularization parameter and bit allocation
are used. From that figure, it is obvious that SINRZ; , decreases as ¢ increases. In the case
of MCP, as predicted by the analysis, the limiting SINR is decreasing until €}, ,,, ~ 0.72
and increasing after that point. By comparing the limiting SINR for both cooperation

schemes, it is also interesting to see that for some values of ¢, i.e., in the interval when
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Figure 7.5: The total sum-rate difference for different system dimensions with 5 = 0.6,
€=0.57v; =10dBand B; = 4.
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Figure 7.6: The (normalized) average sum-rate difference of the finite-size system by
using the B} ;g and B} with N = 10,8 = 0.6, 7¢ = 10 dB and B; = 4.



7.4 Quantized Feedback via Random Vector Quantization (RVQ) 175

5 T T T T T T T T T
45
4
3.5 |\
3
2.5
2
15
1
0.5

SINR™

I S ‘ SEESs

I | T
0 02040608 1 12141618 2

€

(b)

Figure 7.7: (a) Optimal bit allocation vs. ¢, (b) Limiting SINR vs. e. Parameters: v,=10 dB,
By = 4.

CBf has B} = 0, the CBf slightly outperforms MCP. We should note that within the cur-
rent scheme, when B} = 0, CBf and MCP are not the same as single-cell processing (SCP):
under RVQ, there is still a quantization vector in the codebook that is used to represent
the cross channel (although it is uncorrelated with the actual channel vector being quan-

tized).

Motivated by the above facts, we investigate whether SCP provides some advantages
over MCP and CBf for some (low) values of e. In SCP, we use By, ;; = B; bits (Vk, j)
to quantize the direct channel. The cross channels in the precoder are represented by
vectors with zero entries. By following the steps in deriving Theorem 7.3 and 7.6, we can

show that the limiting SINR is given by

1+ 21+ g(8, ps))?
Ye + (14 9(8, ps))?

)

SINRS(?P,Q = 7e9(B, ps)

1-2-Bt

_ N1 — 1278t
where ps = N""aand v, = 2 Brier L

. It follows that the optimal ps maximizing SINRZ,,

*,00

is pi = :% and the corresponding the limiting SINR is SINR¢ s, = g(83, p5).

From Figure 7.7, it is obvious that the SCP outperforms MCP and CBf for some values
of e. For € < 0.13, the SCP outperforms MCP and CBf. Surprisingly, the CBf is still beaten
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by SCP until € ~ 0.82. This means that the SCP still gives advantages over the CBf even

in a quite strong interference regime with this level of feedback.

7.5

Analog vs. Digital Feedback

In this section we will compare the performance of the analog and quantized feedback

for each cooperation scheme. For the quantized feedback, we follow the approach in

[8,45,78,111] that translates feedback bits to symbols for a fair comparison with the analog

feedback. In this regard, there are two approaches [111]:

(i)

By assuming that the feedback channel is error free and transmitted at the uplink

rate (even though this assumption could be unrealistic in practice), we can write

_ B
By = Wt = 2klogy (1 + (1 + €)7u) - (7.40)

This approach is introduced in [8,45]. (7.40) is obtained by assuming that each
feedback bit is received by both base stations in different cells where the path-
gains from a user to its own BS and other BS are different i.e, 1 and e respectively.
We can think the feedback transmission from a user to both BSs as a Single-Input
Multi-Output (SIMO) system. The BSs linearly combine the feedback signal from
the user and the corresponding maximum SNR is (1 + €),, (see [46]). The pre-log
factor 2k N for B; in (7.40) presents the channel uses (symbols) for transmitting the
feedback bits which are the same as those for the analog feedback. « follows the
discussion in Section 7.2.3. Our approach is different from the approach in [111]
in which the user k in cell j sends the feedbacks only to its own BS j. In that case,
(7.40) becomes B; = 2k log, (1 4+ 74,).

Following [78], the second approach translates the feedback bits to symbols based
on the modulation scheme used in the feedback transmission. In the analog feed-
back, the feedback takes 2N channel uses per user. Let n be a conversion factor
that links the bits and symbols and it depends on the modulation scheme. As an

example, for the binary phase shift keying (BPSK), » = 1. Thus, we can write (see
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also [111])
nBy = 2K N. (7.41)

We should note that using this approach, for a fixed x there is no link between B;

and +,, as we can see in (7.40).

Let us assume that « = 1. Thus, with the first approach, we have X; = 2Bt —
m. The comparison of the limiting SINR based on the analog and quantized
feedback for MCP and CBf can be seen in Figure 7.8(a). It shows that the quantized
feedback beats the analog feedback in both MCP and CBf for € less than about 1. A similar
situation still occurs for CBf even for € € [0,2]. The opposite happens for MCP when e
is above 1.5. The comparison of the analog and quantized feedback with the second
approach, also with xk = 1, is illustrated in Figure 7.8(b). Similar to the previous, one can
see that the quantized feedback outperforms the analog feedback if € is below a certain
threshold. Otherwise, the analog feedback gives better performance. Those observations
can be explained by verifying whether the feedback scheme that provides better CSIT
will give a better performance. This is easier to check by looking at the MCP scheme
because from our discussions in Section 7.3 and 7.4, its performance can be measured
by the total CSIT quality, i.e., w. + wq in the analog feedback and (1 + €)d? in the digital
feedback. Plotting those over ¢, not shown here, will give the same behaviors for the MCP
as we observed in Figure 7.8. Thus, from our simulations above, the CSIT quality of the
quantized feedback is better than that of analog feedback when the cross channel gain is
below a certain threshold. The plots above also confirm that more feedback resources will
increase the system performance: for a fixed v, = 0 dB, B, in the left plot is larger than
that in the right plot and hence gives a higher (limiting) SINR for the quantized feedback
scheme.

Figure 7.9 depicts the limiting SINR of the analog and quantized feedback for differ-
ent values of feedback rate. For the analog feedback, the values of feedback rate/bit is

By

Togy(1+ (17a)y,) and /& = By/2 respec-

converted by using the previous approaches: k =
tively. For MCP, we can see that initially the analog feedback scheme outperforms the
quantized feedback in both plots. However, after a certain value (threshold) of B;, the

opposite happens. A similar observation also holds for the CBf scheme. The explana-
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Figure 7.8: The comparison of the limiting SINR of the analog and quantized feedback
for different cooperation schemes. Parameters: 8 = 0.6, y4 = 10 dB, 7, = 0 dB.
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(b) B; = 2k

Figure 7.9: The comparison of the limiting SINR of the analog and quantized feedback for

different cooperation schemes vs. the feedback rates. Parameters: 5 = 0.6, ¢ = 0.6,74 =
10dB, ~, = 0 dB.
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tions for those phenomena follow the discussions for Figure 7.8. We should note that in
generating the figures, the values for B; are already determined. So, the limiting SINRs
for the digital feedback are the same in both sub-figures. For the analog feedback, since
x with the approach (7.41) is larger (with -, = 0 dB) than that with the approach (7.40),
then the training period in the former is longer and will result in a better CSIT. Thus, the
limiting SINRs for the analog feedback in Figure 7.9(b) are larger compared to those in
7.9(a).

7.6 Conclusion

In this chapter, we perform feedback optimization for the analog and quantized feedback
schemes in a symmetric two-cell network with different levels of cooperation between
base stations. In both cooperation schemes, it is shown that more resources, uplink trans-
mit power in the case of analog feedback or feedback bits in the case of quantized feed-
back, are allocated to feeding back the interfering channel information as the interfering
channel gain increases. Moreover, if the interfering channel gain is below a certain thresh-
old, the conventional network with no cooperation between base stations is preferable.
Our analysis also shows that the limiting SINR for MCP, in both analog and quantized
feedback, improves in ¢ if € is above certain threshold. This also implies that above that
threshold the (total) quality of the channel at the base stations is also getting better. Al-
though our analysis is performed in the asymptotic regime, our numerical results hint to

their validity in the finite-size system cases.
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7.7 Appendix

7.7.1 Large System Results for the Network MIMO

First, we will expand the SINR expression (7.2). Let ®;, ; = diag{¢s; 1, ¢ ;2}. Based on
~ 1 ~
(7.1) we can write hy ; = hy, ;®7 . + hy, ;. Consequently, the SINRy, ; can be expressed as

2

~ 1 ~ A~ -1~
02 (hk,jq)li,j + hk’j) (HHH + OéIQN) th,j

PO PP T~ PP -1 <~ 1 = :

by ®F 5 + by ) (HPH + alpy ) B Hyy (APH + aloy ) (hy @7+ by )7 + 03
PP -1

By applying the matrix inversion lemma (MIL) to <HH H + ol N) , we can rewrite the

SINR expression as follows

o 2
Apj + Frj

1+ Aij
¢ (Br,j + 2R[Dy ;] + Ey;) + 0f’

2

SINRy. ; = (7.42)

where

o 1~ 1 (] o~y o~ -1
Ay = Nhk,jq)]z,j <NHﬁij,j + 012N> thJ

1~ (1lapga T
Apj = 7Bk (NHkH,ij,j + phon > b

1~ (1ay= o

Froj = . (NHkHJHkJ + PI?N) hi)
1
N

1~ 1 o 1 ~g
Brj = 770 ®j; 2, < Hk,ij,j) Zy, ;P by ;

1~ 1 1~y ~ ~
Drj = w7 ® ; 2k <NHkH,ij,j> Zy. jhi,;

1~ 1oy = -
Ekj = ~tnile; (NHkH,ij,j> Zy. by

o~ o~ -1 O, .(LhZ h. .)O, .
with p = &, Op; = (%Hkb{ijJ"‘pIQN) and Z;; = [O;w-— o (b he) k”}

1+Ak,j
Note that for the analog feedback, ®; ; = I, Vk, j. In the following subsections, the large

system limit of each term in the SINR (7.42), for the analog and quantized feedback cases,

will be derived. For brevity in the presentation, we denote Q;, ; = Oy ; (%ﬁf }AIk j) Oy,
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7.7.1.1 Proof of Theorem 1: Analog Feedback case

In the analog feedback case, as previously mentioned in Section 7.3, ﬁ;” i~ CN(0,wi;Iy)

and H;“J ~ CN(0, 6;;In) are independent. We can rewrite those vectors as follows

~ 1 ~ 1
o, G2 —d..D2
hy; = gk,;G; ; and hy ; = dy ;D

where g, ; ~ CN(0,Izx) and dy, j ~ CN(0,Ioy) are independent. The diagonal matrices
GkJ and DkJ are given by Gk,j = diag{wﬂIN,wngN} and DkJ = diag{5j11N,5j21N},

respectively.

In the analysis below, we heavily use Theorem 2.5. Therefore, it is useful to define
the asymptotic variance profile for the matrix %ﬁH which is a 2N x 26N complex ran-
dom matrix. Following Theorem 2.5, in our case, we have z € [0,2], y € [0,20] and the

asymptotic variance profile is given by

p
wg 0<x<1,0<y<p

we 1<x<2,0<y<p

we 0<z<1,8<y<2p

wg 1<x<2,6<y<26.

In what follows, we will derive the large system limit for each term in (7.42).

o 11 1
1) Ap;j: It can rewritten as %ngG,ﬁj{)szk,jG,ﬁjggj. Applying Lemma 2.2 yields
A LTr (G, @70, ) 2
ki~ 3 | Ok ®p Ok | — 0.
The second term in the LHS can be written as

N 2N

1

N [E Wit/ Bk [Onylii + D wjay/Brji2[Ojlii
=1

i=N+1
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By Applying Theorem 2.5, it converges in probability to

1 2
Wit/ ¢k,j,1/ u(x, —p) dx + wjz+/ ¢k,j,2/ u(x, —p) dx
0 1

where for 0 < z <1,

1

) = =

p+ 1+uiwgtuowe + 14+ uiwetuswg

and forl <z <2,

1

U(l', _p) = U2 = N Buwe I Bwg
P 14+uiwi+uswe 14+ujwe+tuswyg

The solution of the equations above is u; = us = v where u is the positive solution of

1

Blwatwe) -~
p+ 1+u(3.)d+wc)

u =

-1
Let ¢g(3, p) be the solution of ¢(3,p) = (p + W) . Then, we can express u in
terms of g(5, p) as

1 _ _ p
U = s P)y = .
u)dwcg(ﬁ p) P= i e

We should note that wj1 + wjo = wg + we, Vj. Thus,

V Ok, j1wit + \/ P, 2%2 3.

wq + we

v v .. . bt
Agj — Ap; — 0, with A7, =

Since in the current feedback scheme ®;, ; = Ioy then fvlioj = g(B,p). Moreover, Azoj =

A is the same for all users in both cells.
2) Ay : This termis Ay j with @, ; = Ion. Thus, it follows that Ay ; — g(53, p) LN 0

1
3) Fjj: Itcanbe rewrltten as Ndk JDk jO;ka jgk ;- Conditioning on Hk j, it is ob-
vious that dy, ;, gi,; and Dk Ok, ]G ;.; are independent of each other. By Lemma 2.3, it

follows that Fj ; < 0.
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4) Dy : Expanding Dy, ;, we have

o ~ ~ ~ 1 ~
Ar i F (%hk,ij,jth) Frj (%hk,j‘I”Qk,jth,j)

Dpi =~y ®5Q bl
k,J*N k,j Qk,] k,j+

(1+ Ap)? B 1+ A
Ay (FBesQunf])
1+ Ak’j
- o)+ DY - 0ff) - D) 74

(1) pW as

Following the arguments in 3), it can be checked that D, 23500, Similarly, D, G 0.

Since Fy, ; 2% 0 then D(Q) 2% 0 and D(S) 2% 0. Thus, it follows that Dy, ; 2200.

5) By, : It can be rewritten as

Ifizw‘l2 (%ﬁka,Jﬁgj)
(1+ Ak,j)2
v = 1 N

2R [A;;J (&hk,j@ﬁ,ij,jthJﬂ

B i (7.44)
7.]

Y 2 A * 3
Ak, *By)  2R{AL B
(1+ Ak ;)2 1+ Ak,

By, =

1~
Nhk’](ﬁk ]Qk7j¢ 2 h

1)
=B+ (7.45)
From Lemma 2.2, we can show B,glj) —(N)"'Tr (Gr,; P Qr.j) 2%00. Following (3.28), we

have Q. ; = Oy ; + pa% Oy ;. By applying Theorem 2.5, we obtain

[bN |

%ZQM —>/ u(z,—p d:z:+pa/

i=laN

Consequently, we can show B,gl]) - B,(Clj) L, — 0, where
(1,00 _ Wj1Pkj1 + WjaPr 2
B, 7T = o)+ p . 7.4

Similarly, we can also show that

B> = g(8,p >+p8 9(8,9),
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BBl _ le\/%-F Wj?\/m

kg Wq + We

6) +55906.9)]

Since ®;, ; = Ly, it follows that B]gl;,w = B,(fj).’oo = B,i3}’oo. Thus, By j — B® 1Py 0, where

o1 I
B —MW[Q(BM)H%Q(B,/))]-

6) Ej;: Expanding this term gives

1k, 0. hH 217 N
~ ~ Fj (Nhk,JQthk,j) | Fr ™ A b jQu by

1
Ekv] = Nhk,]Qk,jhk] 2R 1+ Ak,j (1 =+ Ak’j)Z
i) ef o

By using the previous results, we can show El(f]) 2% 0and ES’; 5 0. From Lemma 2.2,

,

E,gl]) — (N)™'Tr (DxjQr.;) = 0. Following the steps in obtaining B,il;’oo, it is straightfor-

ward to show that E,E,lj) - E,(Clj) % 1P ) where

Ok,j1 + Ok 2 . _0 _

E(l?po — Kyt ¢ R4 - )

ot or T o 9(8,p) +paﬁg(ﬁ,p)
(1)700 i'p'

Thus, we have E}, ; — E, A 0.

7) 2 : The denominator of ¢? can be written as follows

1 1o~ B RPN A
—T —H"H + oI —HH}= | — " dFs,a()
N r{(N ””) N } | o )

where Iy is the empirical eigenvalue distribution of HYH. From Theorem 2.5, Fanp

converges almost surely to a limiting distribution G* whose Stieltjes transform

m(2) _/OOO;Z 4G+ () _/01 w(w, 2) da.
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Therefore,
A 1 0 1
/ o M) = / o T apap mE
2% m(—p) + am()—/lu(az)Jr 2u(q:f)d:c
p)togomi=p)= [ ule.~p) +pg ulz, ~p) do.

Previously, we have shown that fol u(z, —p) = 2(wg+we)"1g(B, p) with p = 2p(wy+w.) L.
Hence, the last equation equals to 2(wy + w,) ! (g(ﬁ ,p) + ﬁa%g(ﬁ ; ﬁ)) and we have

T
9(B,p) + 5598, p)

C

The large system analysis in 1)-3) and 7) show that the signal strength, i.e, the numer-

ator of (7.42), converges to

(wd + Wc)PdQQ(ﬂv

) , (7.48)
(1+9(8.7)2 (9(8,7) + ps9(8.p) )

where we already substitute P; = 3 P,. Similarly, it follows that the interference (energy)

converges to
Py

(1+9(8,7))°

By using (3.32), we can show

(wa+ we = (3a+ 60) (1+9(8,))?) (749)

I R Bg(B,p)
908,0) + p559(8:0) = G B

By combining the large system results and denoting py s = p, we can express the limiting

SINR as in (7.13). This completes the proof.

7.7.1.2 Proof of Theorem 7.3: Quantized feedback (via RVQ) case

Observing (7.8), it is obvious that ¢, ; ; is random because it is the function of the quanti-
zation error. In opposite, it is not random in the analog feedback channel model. There-

fore, the derivation of the limiting SINR for the limited feedback channel model is quite
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different from the previous subsection. We start with the following notation. For a given

a 2N x 2N matrix X, we can partition it as follows.

11 12
Xk Xkj

Xk’j - 21 22

where X5 = (X jlim, 0 = 1,--- ,Nym = 1,--- N, Xj% = [Xpjlim,l = 1,--- ,N,;m =
N+1,--- 2N, X3} = Xy jlim, L = N+1,--- ,2N,m = 1,--- , N, and X3% = [Xj j]im, | =
N+1,---,2N,m=N+1,--- ,2N.

In the following, the large system limit for each term in the SINR is derived.

1) Ak] We can write Akj as

)

1 1 o H
Arj = N (Qb/?,j,lhk,j,lo kj 1t ¢k] 1h1w 10 kj 2+ ¢kj Qhkj 207! RLLER]

1 ~
+ 07 ol ;207 h,32> (7.50)

Since IAlk ;1 and ﬁlw}? are independent, the second and third terms converge almost

surely to 0. For the first term

wjl

1~
Nh,w,lo hl | - TrOk,l “% 0

or equivalently,

N
a.s.
Nth?lOk] k,j,1 ﬁ Z Ok,] i — 0.

By using Theorem 2.5, we have

1Y 1
Ngok,j ?g(ﬁ7p)7
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1

where p = ﬁi By using the same techniques as in [77], we can show that

1—2-Ba j=j

L
V Phji = \V 1 Tl?,j,z’ 5 _
v1-— 2—Bc  otherwise.

We should also note that the convergence in mean square sense implies the convergence

in probability. By doing the same steps for the last term of (7.50), we have

1—2"Bi4ey/1—-2Be _

i.p.

Ay - iy
k. Tre 9(B,p) — 0
2) Ay : This term is Ay ; with & ; = Iox. Hence,
Ay —9(8,p) “5 0.
3) Fy j: We can expand the term as follows
1 1 N g = =~ =~ ~ o~

By using the same steps as in deriving (7.60), it follows that each term in the right hand

side of the equation above converges in probability to 0. Hence, Fj, Py .

4) By ; : By following the representation (7.45) for By, , we can express the first term

in the right hand side as
1 _ 1 N 11T H N 1270H o 21 T°H
Byj = 3 Phgabi i Qi b + Ojabijn Qi b i o + Ok j2he 2 Qi by 51

+ ¢k,j,2hk,j,2Q%,2jth,j,g> :
The second term and the third term converge (almost surely) to 0. For the first term,

1~ ~ Wi
11 . H j1 11 a.s,
Nhk,j,le,jhk,j,l N Tl'Qk,j — 0.
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From (3.28), we have Q. ; = Oy, ; + papOk ;- Hence, we can show that

1TQ11—1§: — d+—
Nrk,j_N_ lw :L‘ LT p

- [(ﬁ, )+ (5. >].

1—|—

By doing the same steps for the last term of B,(:}, it follows that

s _1- 2-Bi e(1 - 27Be)

0 i.p.

Similarly, we can also show that

\/1 — 2-Bu +6\/1—2_Bc
1+¢€

Z

B ~ [9(6, >+f’a 9(8, p)} 250,

Combining the results together, we obtain

1—27Bae(1—278) @22+ g(8,p)g(B,p) ) RS
By — ( 1+¢ N (1+g(B,p))? ) [9(57P)+Papg<ﬂaﬂ)] — 0,

where _ _
1—2Bi4ey/1—2 5

1+e€

d=

5) Dy : We can expand Dy, ; as expressed in (7.43). Using the previous results, it

follows that D,(f]) and D( ) ; converge to 0. We can expand the first term as follows

1
Dl(f,]) = <¢kg1 k7]71Q hk,jl +¢k] 1hk’»]71Qk]hkj2+¢k]2th QQk] k,j,1
2 N 22 1'H
+ ¢13,j72hk7jv2Qk,jhk,j,2) :

Again, by following the same steps as in deriving (7.60), each term converges in proba—

( )

bility to 0 and hence D(l) 2P, Similarly, D 2. Therefore, in the end, Dy, ; —> 0.
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6) Ej;: The expansion of Ej; follows (7.47). By applying the previous results, £/ ( )

and E,g J) converge in probability to 0. El(w) can rewritten as

1 L= 11 7 H n 12 7 H ~ 21 1 H T 22 1 H
B = (Brga QU BE 1 + B sa Q%R + B2 QRbY o + iy 2QP bl ).
Since flk 1 and ﬁk ;o are independent then the second and third term converge to 0. The
’.]7 7-]7 p g

first term in the equation above can be written as

hk QILRA T i Bk ga|? o (Vi hy 1
2Js 30y 5T E >
Ik NHVk,j,lﬂﬁkleQ hyja 2 ’
-~ ~ H
y (Vigahg' )b
V]g’ i1 — =
’ hy a2

1
- Qk k
. Hi_ 2 < ’-]’1 .] 7.]7
VeI ]

1 O WH \x 1 ) 11 WH
_op [(vau,lhk,j,ﬂ NVkale,jhk,jJ])

g 12

mHhk,j,lH

Since vy, ;1 and ﬁk ;1 are independent then the second and third term in the bracket con-

verge to 0. It can be shown that

1
11 H

Vi i 1Qr v

N 2 km] k7]7

1 _ 0 _ 7.D.
~Tie [ (B, )+paﬁg(ﬁ,p)} — 0.

The large system limit for the last term of £}, ; can be done in the same way. Thus,

2B 4 9~
Ek,j_l—:_i[g(ﬁa )+p8 9(8, )]

7) 2 : We can show that

C2 _ %B(l + 6) g 0.
9(8,p) + 03598, p)

Since “% implies P then ¢ also converges in probability to the same quantity as above.

Combining the results, it follows that the signal strength and the interference con-
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verge to
(1+9(8.9))2 (908, 7) + 5:59(8.5))
and
d*g(8,p)(2+ 9(B, p))
rit o (1- SAREESRA). 7:59)

respectively. Moreover, (7.26) also follows immediately with pyq = p.

7.7.2 Large System Results for the Coordinated Beamforming

For brevity in the proof, we define the following (see also [109])

2 —1
1 ~ -~
G P

-1

1 PN
Ay = PIN‘FN Z hl{{thl,m,j
t;m)#(k,j5)
—1

]. ’\H =
Apjwi ;= | pPIn + N Z | by, ihim )
(,m)#(k,5),(K,3")

where p = §. From the definitions above, we can write the numerator of the SINRy ;

(7.3) excluding 7, as follows

2

V Phyjig oH - ~H
N PeiiArib by g Ak,

2
Mk
N

by j i Wisl* = |

L= o N = 1|2 2 3
+2R [1\72(hk:jvjAkjth,j,j)(hk,j,jAkjth,j,j)] = Pk ‘Slgj)‘ +1S12 + 5.
In the denominator, let us consider the term |hy, ; Wy ;|? that can be expanded as

follows

L ra 2 3 1
[ grwns | = (Ilgzj,)k’j’ Iy Ilgj,)k’j’> =~h (7.54)
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where

gy = 3 P e gr Ay B o B g e A o
(2) 1~ TH N H
Tjhgr = Wb By B g B g B B
I(g) = 2§R Mfl ; ‘/A /'/ﬁH ﬁ Y ‘/A /'/ﬁH
kjk'" — N kogog' ARG B gt g R GG K g |

In what follows, we will derive the large system limit for each term in the numerator and
denominator above. First, we are going to derive the large system limit for +TrA; be-
cause it will be used frequently in this section. Let ﬁj = [1A11717j e EKJ,J- 1A11,27j e ]rA1K727j]T

~ ~ o~ \—1
and hk,i,j ~ CN(O,wZ‘jIN). Then, Aj = (pIN + %Hij) and

1 1
N A = / xvp Uaray

where F; qeg. 18 the empirical eigenvalue distribution of ﬁf H j- From Theorem 2.5, this
g J
distribution converges almost surely to a limiting distribution F whose Stieltjes transform

mg(z). It can be shown that

]- a.s !
NTrAj —= mg(—p) = / u(z, —p) dzx ,
0

where

1 1
u(z, —p) = u(—p) = = B B

Buwij Buwaj
p+ 1+w1ju](—p) + 1+w2juj(—p) P+ 1+wqu(—p) + 1+weu(—p)

for0 <z <1.LetT = u(—p), then %TrAj 25 7.

7.7.2.1 Analog Feedback

Based on the channel model (7.1), we have ¢y, j ; = ¢ ;7 = 1. The definitions for other
terms such as w, and J, can be seen in Section 7.2.3. Now, let us first derive the large

system limit for the numerator of the SINR;,;. We start with the term S ,E;) From Lemma
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2.2 and by applying [48, Lemma 5.1], we can show that

_max |81 - ST | <5 0.

j=12,k<K

By applying Lemma 3 in [109], we have

)

i

j= 12k<K

where £ TrA; “5 T

Since IAlk j.jr Axj and Ekm are independent then it follows that

JhJ » 0.

max hk Ak h
—12,k<K ‘ ) 1k

Consequently,
2 3 .
max ’S,i.) max ‘S,E: )| 25,
j=1,2,k<K J j=1,2,k<K J
In summary,
2 22| a.s,
max hy : wp:|© —wil*| — 0.
jo12 k<K H 55 Wi d ‘

Now, let us move in analyzing the interference term. Using the matrix inversion

o 7(D
lemma, we rewrite I, ., as

Lo hiE
i N¢kjj hk‘JJ’Ak’ B J’hk/ i, /hk’ ’Ak"J’,kM’hk,j,j'

N 2
(1 + Nhk,j,j'Ak'j',kj,j'hk,j,jf)

By applying Lemma [48, Lemma 5.1] and [109, Lemma 3] twice, we can show

h r A /h wjj/TrA ., as.) 0
j.j'=1,2 kk<K(kj) gy | N ol RGNk g T Ty J ’
Similarly,
. o hH T, L hH Wij'Wd 2| a3
G =12k <K(k])#k/ " ’N oo A kg g g o g0 g A kg g e — N TrAj | — 0.
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. 1 1 2 )
Since ;TrA; — I' and NTrAj, — —871“, we have

max J S — <_W8I‘> 250
G =12k K k) | ERT T (1w T)2 9p '
By following the same steps, we obtain
or
12— (=6 mwg— || £ 0
S LZEN SR o)) | FH D ’

and

a.s.

(3) — 0.

max ’I e
=12,k k <K (k)£ gy | R

Combining the results, we have

2%0. (7.55)

Wisr or
T (oS 5
jvj/=1,2,k,k’rél?é((k,j);é(k/’j/) ‘ wWd ( (1 ¥ Wjj/F)2 JJ ) ap

Using (7.55), the large system result for the interference term can be written as follows

K K
> ggwipP = Y0 Mugywl Y Iy wil?
a.s. Wa We or
— - g+ 90c | —.
Peoa <(1+wdF)2 + (1 + wI)? t0at > ap

-1
. . .. K
Now, we just need to derive the large system limit for cjz =Py (Z et || Wej Hz) , where

we can express ||wy;||? = ﬁhkdyjAzjth,j,j' We can show that

1 -~ 2T H 0% 2| a.s.
Thus,
P,
2 a.s. d
KA —BuwgL’
op
where we can show that
or r
= =T = . (7.56)

Buoe B
dp P+ Ty + Ty
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To sum up, from the analyses above, we can express the limiting signal energy as

1 Bwe Pwa
BPdwdF (p + (1 + )2 + 0+ wdr)2> ) (7.57)

and the limiting interference energy as

Wd We
P
! ((1 Fwal)? (14wl

+ 84 + 50) . (7.58)

Finally, the limiting SINR can be expressed as (7.21), withI'y = I" and pcar = p.

7.7.2.2 Proof of Theorem 7.6: Quantized Feedback via RVQ

In the derivation of the large system limit SINR in this section, we use some of the results
presented in the previous section. Here, we have w;; = wg = 1 and w;; = w. = €. From

(7.1), we have ¢y ji =1 — 77 ;.

First, let us consider the numerator of the SINR. By using the result from previous

section, we have

1
VA, 2% 0,

max

o)
j=12 k<K | ki

where %TrAj 2% T and T is the solution of

1
F:

B Be -
P+ T + Ther

As stated in [77], we have,
brjj 21— 2B, (7.59)

L . .
where —2 denotes convergence in mean square sense. Since almost sure convergence

and convergence in mean square imply the convergence in probability then

OrglSL 12 — (1 — 27 Bar? M g,
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By using (7.8), the term ﬁkﬂ-’j Ay; ﬁkH jjin S,ES.) can be rewritten as

1~ o~ Thgillbegill (1 L TH
N P Ak = Vi | N Ve E B
2 hk,j,j
1 wWH \h WH
~ megglbeggll (1 o (VR ) P Ak By
= L N Vi Akl — =5 :
Vi g 115 | g

. o TH .
Since vy, ;,; and hy_, ; are independent, then

a.s.

H 2300,

L viish
max — VL. i :
j=12k<K |N 31J k,g,g

1 ~
a.s., H
—5 0, and max —viiiAshl s
b ‘]:1,2,]{;SK ‘ \VA 5J5J J k?,],]

It can also be shown that

1 2 a.s. 1 L 2 a.s.
max —|lhg ;5] =1 = 0, and max —||vp i TI= -1 = 0.
j=12k<K ‘NH kil ’ j=1,2k<K NH kdo3 hk,j,jH
Hence,
1~ SH 1.p.
Nhk,j,jAkjhk,j,j — 0, (760)
and thus,

S,(é) by 0, and S,S.) LN 0.

Putting the results together, we have
by w2 — (1 —27P0)r? 25 0,

For the interference terms, by using the same steps as in the previous section, we can

show _
1 =278 w0 00\ | .
max I]gl)k/ s T - ( )a;jj a % 07
5.5/ =1,2,k K <K, (k,j)A(K ) | "R (14+w;pI)? dp
5 O ip.
max ](CQ)k/ T 6jj’2_Bjj/7 —p> 07
3" =12,k K <K,(kj)#(K g) | NI dp
and

3.3/ =1,2,k,k' <K,(k,j)#(K".j")
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where Bj; = B; when j = j" and otherwise B;;s = B..

Combining the results, we have

. (7.61)

max
3,3’ =12,k.k' <K,(k,j)#(K'.3")

Using (7.61), the large system result for the interference term can be written as follows

K K
2 2
Z |hk,j,j’wk’j/|2 = Z (hy, ;Wi " + Z 'hy, ; 5w5]

i, 1-278¢  ¢1-2"8) s\ or
- 9 Ba e Be | 22
— B<(1+r)2+ (It T2 1€ dp
By using the result from the previous results straightforwardly, we have

P
92 a.s, t
Cj — 7_5@ .

Op

Putting all the large system results, we can show that the limiting signal strength is

1 Be B
ht T .
gladd <p+ T (1+r)2> ’ (7.62)
and the limiting interference energy becomes
bd €dc
P, dqg+ 9 | . 7.
d((1+F)2+(1+eF)2+ “t ) (7.63)

Let pco = pand I'g = I'. Then, we can obtain the limiting SINR given by (7.35) from
(7.62) and (7.63) straightforwardly.






Chapter 8

Conclusion

N this thesis, we consider system performance maximization in terms of SINR or
I achievable sum rate in single-cell and multicell MISO broadcast channels with the
precoder having the RCI structure. We investigate optimal design parameters for the
precoder for some channels and various CSI conditions available at the transmitter /base
station. The results are obtained by conducting the analysis in the large system regime.
The results give hints on the system performance and behaviors in the finite dimensional
systems. Moreover, applying the optimal design parameters from the asymptotic analy-
sis to the finite-size system only incurs a small loss, sometimes negligible, in system per-
formance compared to the system optimizations in the finite-size system regimes. The

latter could be computationally expensive.

A brief summary of the results in this work can be described as follows. Ini.i.d. chan-
nel with perfect CSIT, the optimal regularization parameter of the precoder maximizing
the limiting SINR turns out to be a ratio between the cell loading and received SNR. The
same result is also obtained in the presence of spatial correlation at the transmitter side.
It is a surprising result since the limiting SINR itself is affected by the correlation. In
both cases, we also investigate the performance of the MPCI and SU precoders and ob-
serve that they are outperformed by the RCI precoder. In the context of TDD scheme, we
consider the weighted sum rate maximization of the downlink and uplink data transmis-
sions when the transmitter only has the imperfect CSI obtained from the channel train-
ing. We show that only a minimum training symbols per user, i.e., one symbol per user, is
needed if the optimal power control between the training and uplink data transmission

is performed. Allowing power allocation across the grouped users” data symbols where
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the groups have different path-losses, we show that the maximum (limiting) sum rate
is achieved by employing the water-filling strategy: a group with better path-loss gain
receives more power. Under this optimal power policy, we also investigate the multi-
mode transmission where we study the optimal number of groups communicating with
the transmitter that maximizes the sum rate. Two cases are considered. First, all groups
have the same cell-loading and the transmitter should decide whether to transmit to all
user in the groups or to none of them. In the second case, the transmitter is allowed to
send the data to only subsets of the users in the groups. In the last part of this thesis,
we explore feedback optimization in a symmetric two-cell network for different levels of
cooperation between the base stations. We take into account both the noisy analog and
digital/quantized feedback schemes. A common behavior of the limiting SINR with re-
spect to the interfering channel gain is observed. Below a certain threshold of that gain,
no-cooperation between base stations is preferred. For the multicell processing scheme
under some conditions, we observe a behavior where the limiting SINR is first decreasing
until reaching a certain value of the interfering channel gain and then increasing.

The extensions of this thesis will be more toward design optimizations in multicell
networks. Related to the last previous chapter, future works could consider a more gen-
eral channel model such as the analog feedback through MAC channels and a more prac-
tical network models. Furthermore, feedback reduction problems in which the users or

groups of users have different path-loss gains would be interesting to explore.
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