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Abstract

There are many real-life or man-made large scale systems comprise subsystems with overlapping
parts. In other words, the subsystems are strongly coupled in the overlapping (shared) parts but
weakly interconnected otherwise. Such systems are called to have overlapping structure. Feed-
back controller with the overlapping structure, which is consistent with structure of the system,
has been used widely to control such systems. The controller with overlapping structure com-
prises of local controllers which are fed by local information in addition to shared (overlapping)
information. The overlapping controller design is based on the mathematical framework called the
inclusion principle. The design procedure has three steps. First, the expanded system (includes
the original system) comprising interconnected subsystems is generated. Then, local controllers
are designed for interconnected subsystems of the expanded system. The local controllers form
a decentralised controller. Finally, the decentralised controller is contracted (transformed) to an
overlapping controller for implementation on the original system.

In this thesis, we will present a comprehensive study of the inclusion principle for linear systems.
First, a necessary and sufficient condition for stabilisability of linear time-invariant systems with
overlapping structure is presented. The conditions are related to minimality and the concept of
quotient fixed modes (QFMs). Meanwhile, an iterative algorithm is presented to guarantee the
contractibility of decentralised output feedback control law designed for the expanded system.
Also, stabilisability of overlapping uncertain linear systems by overlapping static output feedback
controllers is studied.

Furthermore, stabilisability of linear state-delay systems with overlapping structure is investigated.
An extension of the inclusion principle is presented to design robust overlapping output feedback
controllers for linear state-delay systems. Non-commensurate communication delays are assumed

to be constant and unknown but bounded by given values. First, the expanded system is gener-
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ated using the extended inclusion principle. Then, an iterative algorithm is suggested to design
robust local controllers for the interconnected subsystems. Finally, the designed decentralised
controller which is formed by local controllers, is contracted to an overlapping controller. It is
proven that stability and performance are preserved through the contraction process. From appli-
cation viewpoint, a two-area interconnected power system experiencing communication delay and
model uncertainties is studied. The power system is decomposed into two overlapping subsystems
with tie-lines being the overlapping parts. Afterwards, the proposed overlapping design approach
is used to design an overlapping Load Frequency Controller (LFC) for the case study. Simulation
results and a quantitative criterion clearly demonstrate the improved performance obtained by the
proposed overlapping LFC compared with existing ones under different scenarios for communi-
cation delays and uncertain parameters.

Motivated by the load frequency control problem in the presence of network delays, the inclusion
principle is used to design an overlapping output feedback controller for linear uncertain input-
delay system. The network delays are unknown and time-varying but with bounded size and rate
of change. Similar to before, the expanded system is generated at the first step. Then, robust local
controllers are designed for the interconnected subsystems using a proposed iterative algorithm.
The obtained decentralised control design is then contracted to an overlapping one for implemen-
tation on the original system. The preservation of stability and performance through contraction is
proven. As an application, the inclusion principle is used to design a robust overlapping LFC for
a three-area interconnected power system experiencing time-varying input delay. The simulation
results and quantitative criteria with the proposed overlapping LFC are compared with those of

existing decentralised LFCs.
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Chapter 1

Introduction

1.1 Motivations

Control of large-scale systems plays a vital role in different engineering disciplines, [1-3]. These
systems are comprised of interconnected subsystems, which are geographically distributed and
the information is exchanged among them through communication channels. Robotic vehicles
[1], Multi-area interconnected power systems [4], and network control systems [5] are examples
of such systems, to name a few.

For large scale systems, centralised control, where information is sent to a central station for con-
trol design purposes, may not be physically feasible, due to many reasons such as information
accessibility, highly cost of implementation and considerable computational effort as all infor-
mation has to be sent to a central controller. To overcome difficulties arising from centralised
controllers, structurally constrained controllers have been proposed. These types of controllers are
more feasible, easier to implement, require no information transfer to a central controller and de-
mand much less computational effort. A common type of structurally constrained controller is the
one with block-diagonal structure which is usually called a decentralised controller. The decen-
tralised controller is formed by local controllers, which are designed for local subsystems. Each
controller uses only information of a single subsystem to generate the control input for the same
subsystem. In other words, each subsystem is controlled separately. The problem of decentralised
control design has been studied for decades due to its significant applications in many real-life
systems [4,6,7].

However, an extensive number of natural or man-made large scale systems comprise of subsys-

tems with overlapping parts (see for example, power systems [8], platoon of vehicles [9, 10],
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mechanical systems [11], and large segmented telescope [12], to name a few). In these systems,
the subsystems are strongly coupled in the overlapping (shared) parts but weakly interconnected
otherwise. In other words, such systems are called to have overlapping structure. Recognizing the
overlapping structure is advantageous as a feedback controller with overlapping structure, which
is consistent with the structure of the system, can be implemented on it. A common approach
to the design of a controller with an overlapping structure is based on the expansion-contraction
process. In this process, a mathematical framework, called the inclusion principle, which pro-
vides the conditions for a system to include another lower dimensional system is used [13]. The
expansion-contraction process to design an overlapping controller comprises three steps (i) the
original interconnected overlapping system is expanded into a higher dimensional system (ex-
panded system) with disjointed subsystems. The expansion is carried out in such a way that the
properties of the original system are transferred to the expanded one [14], (ii) local controllers are
designed for each of the disjointed subsystems of the expanded system by using standard controller
design approaches [4, 6, 15], and (iii) the local controllers form a decentralised controller which
is then contracted (transformed) to an overlapping controller for implementation on the original
system. The main advantage of this approach is that the design of overlapping controller for the
original high-dimensional overlapping system is converted into the design of local controllers for
lower-dimensional subsystems, thus reducing the complexity of the design and associated compu-
tational cost.

Furthermore, in many real-life large scale systems, behaviour of system state depends on both
present and past states. This property of the systems is called a delay. Systems with this fea-
ture are called time-delay systems, and they have been extensively studied since 1963 due to their
importance and widespread observation. So, there have been many survey papers and books on
time-delay systems [16—18]. There are many motivations to study time-delay systems which can

be explained as follows to some extent.

o Itis beneficial to model real-life systems with a high accuracy for engineering purposes such
that the the system’s behaviour can be obtained accurately through simulation. On the other
hand, internal dynamics of many real-life processes experience after-effect event. There are
chemical, biological, and engineering systems demonstrating this behaviour [19,20]. So, it

is essential to consider this behaviour in the modelling stage to achieve high performance in
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feedback loops.

o There exist network delays which are originated from actuators, sensors and other essential
components of a feedback control system. Since these components are commonly used
in various areas such as communication and control domains [21] or robotics [22], taking

communication delays into consideration is crucial.

e On the other hand, it has been shown that injection of delays in many cases can be useful
for control purposes [23]. Many case studies, such as delayed resonators [24], time delay
controllers [25,26], and limit cycle control in nonlinear systems [27], have been studied in

the open literature to investigate the advantages obtained through injection of delays.

e [t is worth mentioning that delays are often source of poor performance and even instability
when classical controllers are implemented on the dynamical system. This happens due
to resilience of time-delays to existing control design approaches. It has to be noted that
although using finite-dimensional approximations instead of delays seems to be the simplest
approach to deal with time delay systems, it may lead to high degree of complexity and

disastrous behaviour in terms of oscillation and even stability.

A very fundamental issue in time-delay systems is stability which has been widely studied due
to its importance in dynamical systems [28,29]. The study of stability was started by frequency
domain approaches [30] which is then followed by time-domain based approaches [31]. Time do-
main approaches are more common due to appearance of Matlab toolboxes such as linear matrix
inequalities (LMIs) [32] which can be used to construct appropriate Lyapunov-Krasovski func-
tion. Consequently, various stability criteria have been proposed in the literature [18]. They can
be categorized into two groups (i) delay-independent stability criteria: The stability analysis is
done disregarding nature and characteristics of delay. (ii) delay-dependent stability criteria: char-
acteristics of delay such as bounds on its size or rate of change, are considered in the stability
analysis. It is evident that since delay-independent approaches do not use any information on
delay in stability analysis, they lead to conservative results, especially in the presence of small
delays. On the other hand, the delay-dependent approaches provide more relaxed results as they
consider characteristics of delay in the stability analysis.

Finally, it is crucial to design a controller such that obtained closed loop system is robust to model’s
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uncertainties. The drawback of not accounting for uncertainties is that the designed controller may
not function according to the design specification when used in practice, as almost all industrial
models contain such uncertainties due to modelling error, approximations, and equipment aging.
Therefore, considerable attention has been given to design a robust controller such that perfor-
mance of the feedback control system is preserved regardless of changes in the plant’s parameters
[33-35].

Based on the above discussions, in the thesis, we are dealing with a system with overlapping
decomposition, which is experiencing disturbance (unknown input), network delays, and model
uncertainties. For such systems, this thesis designs a robust delay-dependent overlapping output
feedback controller based on the inclusion principle. The resultant closed loop system is robust to
both constant and time-varying communication delays and unknown energy bounded disturbance.
Finally, the load frequency controller (LFC) with overlapping structure is designed for multi-area

interconnected power systems to confirm the applicability of the thesis’s results.

1.1.1 Application

Load frequency control is essential for the successful operation of power systems, especially power
systems comprise of interconnected areas. Without it the frequency of power networks may not
be able to be controlled within the required limit band. The task of frequency control is primarily
achieved by the primary control loops through the governor droop control mechanism. However,
through governor control only, it is not possible to achieve zero steady state frequency deviation
and zero tie-line power transfer after changes in the loading condition. It is for this reason that
secondary LFC is required with aims of (i) achieving zero steady state errors in the frequency
deviations and zero tie-line power transfer, and (ii) damping out, as soon as possible, the transient
oscillations in the frequency and tie-line power deviations after changes in the load demand any-
where in the system.

Due to the major roles LFC plays, it has been a subject of much research over many decades. The
reader is suggested to read survey papers on LFC [36,37]. In some research works, centralised
LFC design based on state feedback theory has been addressed [38—40]. The centralised LFC
refers to a central (global) controller which receives measurements from all states of a power sys-

tem to generate control inputs for all areas. In other words, there exists a central control station
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Tie-line Tie-line

Centralised Controller

Figure 1.1: A centralised LFC scheme

where all calculations are done with access to all states of power system. The structure of a cen-
tralised LFC for a three-area longitudinal interconnected power system is shown in Fig. 1.1. Based
on Fig. 1.1, measured state of all areas x;; i = 1;2;3 are transferred to the centralised controller
to generate the control inputs u;; i = 1;2; 3 for the areas.

However, there are three main practical drawbacks with the centralised LFC scheme of Fig. 1.1
as follows (i) a single fault in the central control station affects the control inputs of all areas, and
consequently, performances of all areas might be degraded. (ii) communication channels have
to be installed for information transfer from all areas to the central controller. Since power sys-
tems consist of interconnected areas, which are geographically distributed and separated by large
distances, extra communication channels add more complexity, delays, and probability of faults
occurring in the communication channels. (iii) measuring all states of a power system is costly
and complicated even if it is practically possible.

To overcome the above mentioned problems, decentralised LFC has been proposed, as an alter-
native and has been studied widely [41-46]. The decentralised LFC scheme consists of local
controllers such that each controller is responsible to generate the control input for each area us-
ing the area control error (ACE) measurement, which includes the frequency and tie-line power
exchanges, from the same area. In other words, each area is controlled separately in this LFC
scheme. Figure. 1.2 demonstrates the decentralised LFC scheme for a longitudinal three-are inter-
connected power system. As observed in Fig. 1.2, control input for each area is generated using
local ACE signal, which includes frequency deviation and tie-lines.

On the other hand, decentralised LFC which is obtained by elimination of information from other

areas, leads to loss of performance compared with centralised LFC [47]. In other words, there
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Tie-line Tie-line
Area 1 Area 2 Area 3
ul u2 u3
AC ACE, ACE,
Controller 1 Controller 2 Controller 3

Figure 1.2: A decentralised LFC scheme

Tie-line Tie-line
ul Area 1l Uz Area 2 U3 Area 3
ACE1 ACE2 ACE3
Controller 1 Controller 2 Controller 3
A A A A

Figure 1.3: An overlapping LFC scheme

exists a trade-off between performance and simplicity of LFC scheme. In order to improve per-
formance without a complex LFC scheme, overlapping LFC has been suggested [4, 8,48]. In this
context, the multi-area interconnected power system is decomposed into overlapping areas such
that a tie-line between two neighbouring areas is the overlapping (shared) part between them. Once
the overlapping decomposition is determined, the overlapping LFC has to be designed. Based on
the overlapping decomposition where tie-lines are the overlapping parts, it is natural to add the
locally available overlapping (shared) tie-lines to the local controllers, in addition to local ACE
signals, to obtain enhanced performance. The scheme of overlapping decentralised control for a
longitudinal three-area interconnected power system is demonstrated in Fig. 1.3. It can be clearly
seen from Fig. 1.3 that overlapping LFC consists of local LFCs which are fed by local information
in addition to overlapping parts (tie-lines).

On the other hand, there exist time-delays in transferring measurements through communica-
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tion networks to governors and secondary controllers in real life [49], but have been neglected
in above cited approaches. It is worth recalling that time-delay can degrade LFC performance,
and may even cause instability in acute circumstances. This rather important theoretical and prac-
tical issue in the load frequency control problem has been addressed in some recent publications
[26,50-52]. Centralised state feedback LFC considering constant communication delays are de-
signed in [26,50]. However, It is usually not possible to directly measure the entire state vector.
So, decentralised output feedback LFC, which is robust to constant communication delays, is
suggested in [51] as alternative, which is easier to implement and more cost-effective than state
feedback LFC. A decentralised output feedback LFC robust to time-varying communication de-
lays is proposed in [52].

However, the above cited LFC design methods, though deal effectively with time-delays, they
cannot guarantee performance and stability against model’s uncertainties. So, this thesis aims
at designing an overlapping LFC, which is robust to communication delays (constant and time-
varying) and model’s uncertainties, to achieve (i) zero steady state deviation in frequency and tie-
line power deviations of each area (ii) better transient performance compared with existing LFCs.
To this end, an overlapping output feedback Proportional Integral (PI)-type LFC design approach
based on the inclusion principle is considered in this thesis. Two and three area interconnected
power systems experiencing constant and time-varying communication delays are considered in
Sections 3.5 and 4.5 respectively. In both case studied, extensive simulation results under different

scenarios demonstrate the advantage of robust overlapping LFC compared with existing LFCs.

1.2 Literature Review

Most of real-life systems are called large-scale either due do (i) their high dimensions which lead
to failure of traditional approaches for modelling or control in providing reasonable solutions,
(ii) they can be decomposed into lower-dimensional interconnected subsystems [53]. Control of
large-scale systems has become of a great interest over the past decades due to their applications
in various research areas, such as power systems [54], urban traffic network [55], and large space
structures [56]. To control such systems, centralised controller has been the first solution [57]. In

this context, all calculations are done in one central centre with access to all information of system.
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» Large-scale system

Centralised controller|«g

Figure 1.4: Centralised feedback control system

Large-scale system

[
S
=<

[y
N
<

[
N
<

Controller 1w Controller 2 |« Controller N |

Figure 1.5: Decentralised feedback control system

The centralised control system is shown in Fig. 1.4, where u and y are control inputs and outputs
of large-scale system respectively.

However, as discussed in Section 1.1.1, there are some drawbacks, such as reliability or com-
plexity, with the centralised feedback structure. In order to overcome problems arising from the
centralised feedback structure, decentralised controller has been proposed. In this context, first,
large-scale systems are decomposed into lower-dimensional subsystems, which are interacting
with each other through interaction signals. Examples of such systems are electrical power sys-
tem which has several local stations, or highway system comprises of local traffic stations. Then,
a local controller is designed to control each area using measurements from the same area. In
other words, each area is controlled separately. A general structure of decentralised feedback
control system is shown in Fig. 1.5. As shown in Fig. 1.5, local control input u; for the i*"
subsystem is generated using information y;. It is evident to see that as the large-scale system
is divided into lower-dimensional interconnected subsystems, computational cost decreases sig-

nificantly compared with centralised control. Finally, it has to be noted that the reliability of the
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Subsystem 1

Figure 1.6: Decomposition of three-area interconnected system with (a) longitudinal (b) loop (c)
radial

feedback control system increases considerably as the failure in one feedback loop does not affect
the overall closed loop system.

However, the simplicity of decentralised controller is obtained at the cost of performance loss. In
other words, there exists a trade-off between simplicity of feedback control system and the overall
performance. In order to improve the performance with preservation of controller’s simplicity, an
overlapping decentralised controller has been proposed [13, 58]. In this scheme, the large-scale
system is first decomposed into overlapping subsystems i.e. the subsystems with overlapping
(shared) parts. There are three main overlapping structures [59]: (i) longitudinal (chain) overlap-
ping structure (ii) loop (circle) overlapping structure (iii) radial (star) overlapping structure. These
overlapping structures for a system comprises of three-subsystems are shown in Fig. 1.6. In Fig.
1.6, three subsystems, where each one is determined by the coloured circle, have shared (overlap-
ping) parts. The shared parts have been coloured.

It is worth mentioning that comparing Fig. 1.6 with Fig. 1.5 illustrates the difference between
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Subsystem 1 _|Subsystem 2;;%\1 Subsystem /. L / i

Controller 1 .| Controller 2 .| Controller 3|+ « « « « « - .« - Controller N

Figure 1.7: Overlapping feedback control system

decentralised and overlapping decompositions. In the decentralised decomposition of Fig. 1.5,
subsystems are interconnected to each other. However, in overlapping decomposition of Fig. 1.6,
subsystems have overlapping (shared) parts.

Once the overlapping decomposition is determined, the overlapping output feedback controller has
to be designed, and implemented on the overlapping system shown in Fig. 1.6. The overlapping
controller comprises of local controllers, however, due to overlapping structure, it is advantageous
to add overlapping parts to local controllers to enhance the overall performance. Without loss of
generality but for simplification, the structure of overlapping controller for a system comprising N
subsystems in a longitudinal way is demonstrated in Fig. 1.7 In Fig. 1.7, y;;1 = 1,2,3,..., N are
the control outputs which can be measured from the i subsystem. The variable Yoi denotes over-
lapping measured outputs between subsystems i and i + 1 i.e. these outputs are available in both
areas i and i + 1 to be measured. It is evident from Fig. 1.7 that overlapping controller comprises
of local controllers where each controller is fed by local measurements as well as all overlapping
parts.

The main idea to design an overlapping feedback control system is proposed by [13] based on the

inclusion principle, which is thoroughly explained in Section 1.3.1. In this context, overlapped
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/ Original overlapping system

Subsystem 1

Design procedure Design procedure Design procedure |- - - - - Design procedure

0, 0,

Contraction process

Figure 1.8: The expansion-contraction process to design overlapping control system

spaces are first expanded to isolate the overlapped subsystems. Then, local control laws are de-
signed for disjoint subsystems. Finally, designed control laws are contracted (transformed) for
implementation on the original system. These steps have been illustrated in Figure. 1.8. As shown

in Fig. 1.8, first, the expanded system, which is determined by black dashed box, is generated
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by applying the expansion process to the original overlapping system determined by black dashed
box. In other words, the overlapping system is expanded such that overlapped parts between sub-
systems are duplicated, which leads to interconnected subsystems of the expanded system. Then,
local stabilising control laws ;i = 1,2,3,..., N are obtained for interconnected subsystems of
the expanded system through local design procedures. The aggregation of the designed control
laws leads to stabilising decentralised control law for the expanded system. Finally, through the
contraction process, the control laws u;;1 = 2,3,..., N are obtained and applied to the original
overlapping system. Under certain conditions, stability and performance of the overlapping sys-
tem with obtained control laws u;;1 = 2,3, ..., N can be evaluated. The advantage of this idea
is that design of an overlapping controller for a large-scale system is formulated as design of local
controllers for interconnected subsystems of an expanded system and thus reducing complexity
and computational effort.

The inclusion principle, which provides mathematical framework for the expansion-contraction
process for linear time-invariant systems, is initially suggested in [13,60]. It provides conditions
such that one large dynamical system (expanded system) includes another smaller dynamical sys-
tem (original system). Thus, all the information about the smaller one can be extracted from the
larger one. In the preliminary version of the inclusion principle presented in [13, 60], the state
space is only expanded i.e. it is assumed that subsystems have overlapping states while the sub-
systems have their own inputs and outputs. The extension of the inclusion principle to overlapping
states, inputs, and outputs is presented in [58]. In other words, subsystems have overlapping
inputs, states, and outputs in results of [58]. From application viewpoint, an overlapping state
feedback controller for a string of four moving vehicles has been designed based on the inclusion
principle [58]. Also, the expansion-contraction process, shown in Fig. 1.7, requires a selection
of sets of matrices, called complementary matrices. Set of necessary and sufficient conditions for
complementary matrices to satisfy is given in Theorem 2.17 of [13]. However, satisfying these
conditions is not practical especially for large-scale systems. Thus, two special cases of the in-
clusion principle, called aggregation and restriction, have been introduced in [13]. Using these
two concepts, sufficient conditions which complementary matrices should satisfy, are provided.
These conditions are more practical to satisfy and requiring less computation effort. However,

the results by [61] show that simultaneous transmission of controllability and observability from
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the original system to the expanded one is not possible through restriction and aggregation frame-
works. In other words, although the original overlapping system is minimal, the expanded system
has uncontrollable (with the restriction concept) and unobservable modes (with the aggregation
concept), which may lead to major issues in decentralised control design and achieving acceptable
performance. The transmission of controllability/observability properties from the original min-
imal system to the expanded one is the essential requirement as the decentralised control design
is done for the expanded system and then contracted for implementation on the original system.
To ensure simultaneous transmission of controllability/observability from the original system to
the expanded one, general structures of complementary matrices have been introduced in [62, 63].
The proposed structures of complementary matrices provide more freedom in selection of comple-
mentary matrices than standard restriction and aggregation, and thus, minimal expanded system
can be obtained from the minimal original system [14,64].

Of particular interest has been the problem of contractibility of stabilising decentralised control
laws designed for the linear expanded system to stabilising overlapping decentralised control laws
for the original systems. It has been demonstrated in [58] that any decentralised control law
designed for the expanded system cannot be contracted (transformed) to stabilising overlapping
control for implementation on the original system, and the designed decentralised control law has
to be modified to be contractible. However, the performance and even stability is not guaranteed
once the designed decentralised control law is modified, and these properties have to be inspected
again. To overcome this problem, the extension principle has been proposed in [65-67]. It has been
shown that if the extension principle is used to generate the expanded system, then any designed
decentralised static controller for the expanded system is contractible to overlapping controller for
implementation on the original system. However, the expanded system obtained by the extension
principle is not minimal, and consequently the expanded system may not be stabilisable. The
problem of contractibility has been extensively studied in [68] where it has been discussed that
observer (estimator) and feedback gains are contractible in the case of aggregation and restriction
respectively. Furthermore, many real-life systems such as chemical systems [69], electrical circuits
[70], and mechanical systems [71] have been represented by descriptor models (generalized state
space models). So, due to wide appearance of descriptor systems, [72] has presented the inclusion

principle framework for descriptor systems. The main objective is to determine conditions under
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which the solutions of a descriptor system can be reproduced with solutions of a larger descriptor
system. It has been shown that the inclusion principle framework for descriptor systems is more
sophisticated than those of linear time invariant systems. Finally, it is widely accepted that many
physical large-scale systems can be modelled as interaction of continuous and discrete systems
[73]. Such systems are called hybrid systems. The extension of the inclusion principle has been
given for hybrid systems [74], and its application has been illustrated in control of vehicle flight
formation control with hybrid model [75].

All the above cited approaches deal with linear time invariant systems. However, since large scale
systems with overlapping decomposition are likely to experience network delays and parametric
uncertainties, the inclusion principle should be extended to deal with control of overlapping un-
certain time-delay systems due to the importance of communication delays and uncertainties as
mentioned in Sections 1.1. The inclusion principle has been extended in [76] to design an over-
lapping state feedback controller for uncertain continuous-time state delay systems. Measuring
all states of large-scale systems, however, is costly and requires high computational cost even if
it is possible. Thus, an overlapping robust, output feedback controllers for uncertain discrete time
systems with constant communication delays is presented in [77]. However, there are two major
drawbacks with [76,77]. First, delay-independent design procedures of [76,77] are conservative as
no information on delay nature and its characteristics are involved in design procedures. Second,
the decentralised control design is done based on the bigger-dimensional of the expanded system,
thus, no benefits are taken from the decentralised structure of the expanded system.

The inclusion principle in all above mentioned research works have been applied to linear time-
invariant systems. The inclusion principle, however, for linear time-varying systems was first
introduced in [78, 79] where time-invariant transformations are used in the inclusion principle
concept. The conditions have been determined such that a time-varying linear system includes
smaller time-varying linear system. These results are then extended by [80] where time-varying
transformations are used in the inclusion principle definition. Finally, the extension of the in-
clusion principle to non-linear systems without inputs and outputs is presented in [81, 82]. The
sufficient conditions have been derived such that a non-linear system includes another smaller
non-linear system. Stability of Lotka-Volterra equations as a class of non-linear systems which

are used to model ecosystems [83], are investigated in [81,82] The inclusion principle for heredi-
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tary dynamical systems, as another class of non-linear systems, has been introduced in [84].

1.3 Preliminaries

In this section, all preliminaries required to derive main results of this thesis are given.

1.3.1 The Inclusion Principle

The inclusion principle has been used extensively in the domain of large scale systems since the
early eighties. This principle provides the mathematical scheme such that a larger system contains
all the essential information about the smaller system. In other words, solutions of the larger
system include solutions of the smaller one. In this section, the summary of the inclusion principle
is given.

Consider pair of linear time invariant systems as:

DI X
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7(t) = Cx(t) (1.1

with u(t), x(t), and y(t) are m, n, and I dimensional vectors of input, state, and output respec-
tively. Also, #(f) € R™, %(t) € R", and §(t) € R are input, state, and output of system 5
respectively where 171 > m, 7i > n,[ > 1. Let V, R, and T be full column rank matrices, and U,
Q, and S are full row rank matrices such that UV = I,;, QR = I,,;, ST = I;. Then, the following

definition describes the inclusion principle [58].

Definition 1.1. The System % includes system X. if there exists quadruple (U, V, R, S) such that for
any initial state xo and any input u(t), choices ¥y = Vxg and i(t) = Ru(t) result in x(t; xo, u) =

UX(t; %o, 1) and y(t) = Sy(t) forall t > 0.

The inclusion principle implies that all the essential information about the smaller system 2.,

e.g. stability or performance, can be extracted from the behavoiur of larger system . This is the



16 Introduction

prime feature of the inclusion principle.

Remark: The choice of basis does not have any effect on the inclusion principle. To show this,
let ¥ includes X based on definition 1.1. Let change of basis in both systems X and ¥ be ¥ = Ex
and ¥ = E~'#% respectively. Then, it can be easily seen that %(t; %o, u) = UX%(t; VX, i) and
y(t) = Sii(t), where V.= E-'VE~!and U = EUE.

The next step is to obtain straightforward relations between matrices of X. and X. First, the follow-

ing expressions have been introduced [58].
A=VAU+M, B=VBQ+N, C=TCU+L (1.2)

where M, N, and L are complementary matrices with appropriate dimensions. A proper selection
of the complementary matrices M, N, L is required for £ to include X. This is addressed in the

following theorem based on definition 1.1 [58].

Theorem 1.1. The system % is an expansion of ¥. in (1.1) if and only if
UMV =0, UM"'NR=0 SLM~'V =0, SLM'NR=0 (1.3)

fori=1,2,...,1.

However, choosing the complementary matrices based on the Theorem 1.1 is not trivial for
large 7i. To solve this problem, special cases of the inclusion principle called restriction and

aggregation have been presented in [58].

Definition 1.2. The dynamical system Y. is restriction of ¥. if there exist transformations V,R, T
such that for arbitrary xo and u(t), choices Xy = Vxo and ii(t) = Ru(t) lead to X(t) = Vx(t)
and §(t) = Ty(t) forall t > 0.

Definition 1.3. The dynamical system X. is aggregation of . if there exist transformations U, Q, S
such that for arbitrary xo and u(t), choices xo = UZXy and u(t) = Qii(t) lead to x(t) = UX(t)
and y(t) = Sij(t) forall t > 0.

Based on definition 1.1, it can be clearly seen that since UV = I, ST = I, and QT = I, we

can say that the system ¥ includes X if definition 1.2 or 1.3 holds.



1.3 Preliminaries 17

Next, based on definitions 1.2-1.3, certain conditions which complementary conditions should

satisfy are given as follows [58].

Theorem 1.2. The system X. is restriction of ¥. if and only if:

MV =0, NR=0, LV=0 1.4)

It is evident that conditions (1.3) hold if conditions of (1.4) hold. This is consistent with the

fact that if the system ¥ is restrcition of X, then ¥ includes X, however, the vice-versa is not true.

Theorem 1.3. The system X is aggrgation of ¥. if and only if:

UM =0, UN=0, SL=0 (1.5)

Similarly, we can say that the system X includes X if set of conditions (1.5) holds. It is worth
mentioning that advantages of the restriction and aggregation definitions are introducing more

straightforward conditions, (1.4)-(1.5), for selection of complementary matrices.

1.3.2 Overlapping Decentralised Control

In this section, application of the inclusion principle in overlapping decentralised control design is

introduced.

1.3.3 Overlapping Decomposition

In order to clarify the overlapping decomposition, consider the following overlapping structure for

the system X given in (1.1):

X1 (¢ An A | A x1(t) Bi1 Bz | Bis up(t)
o= - T - - - r.=- - T - - -
Xo(t = | Axn : A 1 Axs x2(t) + | By : By 1 Bys le(t) ’
[ — T —_ = 4 - —_ = T —_ = d
X3 (t | Asi 1 A A x3(t) Bs1 1 Bs Bss us(t)

Cii Ci2 | Ci3 x1(t)

= | Cu  CoiCo xo(f) (1.6)

| Can | Cz Ca3 x3(t)
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where A;; € R™M*",

B;j € R"*™i, and C;; € REM with i,j = 1,2,3. The dashed lines

denote that this system is composed of two overlapping subsystems, 21 and >, which are shown

in (1.7). Based on the overlapping decomposition, 15, X2, and y» correspond to overlapping parts

of the input, state, and

output spaces, respectively. This overlapping structure can be generalized

for any number of interconnected overlapping subsystems, but the structure with two overlapped

subsystems has been extensively used as a prototype in the literature [14,62,76, 85].

21:

ZQZ

xl(t) _ A Anp X1(t> n A1z x3(t)_|_
Xz(t) Ay Ax xZ(t) Aoz
Bi1 B2 uq (t) N Bis (o),
By Bp us(t) By
]/1(1‘) Cnn Cn2 x1<t> Ci3
= x3(t)
y2(t) Cn Cx xZ(t) Cys
X2 (t) _ Ay A x2(t) n Axp (B4
X3(t) Ay Az x3(t) Az
B B us(t B
2 B 2(t) L | B ()
B3, B3z uz(t) B3
yz(t) Cn Co3 Xz(t) Cxn
- x1(t) (1.7)
]/3(t) Csz Css X3(t> Cs

The overlapping decentralised static output feedback controller, with the structure consistent with

the structure of the original system X, consists of two static controllers K; and K, given in (1.8).

P CICN B A RO
| w() || K K || ) |
K : () || kDK | el .
z: |0 L@ (1.8)
i uz(t) 1 ko ka | ya(t) ]
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Figure 1.9: Closed loop system with overlapping output feedback controller

The implementation of overlapping decentralised output feedback controller is shown in Fig.1.9.

Using (1.8), the overlapping output feedback controller K can be shown as follows:

(1) TR S - WA
un(t) | = | Ky KK KD || v (19)
us(t) o kY K] [

K

In order to use the inclusion principle to design the overlapping controller K, first, the expanded
system which includes the original system X based on definition 1.1 has to be generated. To
this end, the singular transformations V, R, T have to be chosen appropriately. Based on the

overlapping decomposition of (1.6), the full column rank transformations are chosen as:

I, 0 0 I, 0 0 L, 0 0
0 I, 0 0 I, O 0 I, 0
V= "  R= " T = b (1.10)
0 Ii’lz 0 0 Imz 0 0 112 0
0 0 Iy 00 Iy, | 0 0 1, |

It has to be noted that the singular transformations are chosen such that the overlapping dynamics

are duplicated in the expanded space through 7(t) = Ru(t),%(t) = Vx(t), and §(t) = Ty(t).



20

Introduction

According to the singular transformations V, R, T, the full row rank transformations U, Q, S are:

I, 0 0 0 L,
U 1. 1 B

- 0 Elnz Elnz 0 ’ Q - O
0 0 0 I, 0

(', 0 0 0

1.1
S - 0 EIIZ EIIZ O
0o 0 0 I

L 3

0 0

1 1

E Imz i Imz
0 0

(1.11)

Now, the complementary matrices can be chosen using (1.4) or (1.5). In the sequel and without

loss of generality, structures of the complementary matrices using the set of conditions (1.4) are

shown.
(0 Mp —Mp O] [0
0 M —M 0 0
M — 2 2 CN=
0 —Mszzs Mz O 0
(0 My My O 0
[0 Lp —Lip O ]
[ 0 Ly —L» O ’
0 —Lzz Lz O
| 0 Ly —Lyp 0]

where M;j, Nj;, Lj; are arbitrary entries.

Nip
Ny
— N33
Ny

—Ni2
—N2
N33
—Ny

o o o O

(1.12)

Since the idea of the inclusion principle is expansion of the original system X to comprise two

weakly interconnected subsystems, it is desired to provide maximum zero off-diagonal blocks in

the expanded system’s matrices [58]. To this end, the complementary matrices M, N, and L in
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(1.12) are chosen as follows.

0 AL —3Ap
0 1An —1Ap
M= 2 2
0 —3An 3Ax»
0 —1An  §Asp
0 1Cn —-3Cn
0 3Cn —3Cn
L 2 2
0 —3Cn 3C»
0 —3Cn 3Cx

o O

0 3Bp —3Bp 0]
0 1Bn —3B»n 0
0 —1Bn 3Bn O '
0 —3Bx 3Bn 0

(1.13)

Finally, substituting the complementary matrices (1.13) and singular transformations (1.10)-(1.11)

into (1.2) leads to the expanded system X given in (1.1) as follows:

An A, 0 Ags

2 | | An Az i 0 Ap
S Rl i
| Az 0 : A Ass |

_ Cin Co2 : 0 Cis _

n) | | Ca i 0 Cx
AON NN S sy
| Ca1 0 : Ca2 Cas |

Bi1 Biz, 0 By

|
Byy Bn | 0 By ity (t)
R ,
By 0 1 Bn B (1)

|
Bsi 0 1By Bs

(1.14)

As shown by dashed lines in (1.14), the expanded system consists of two interconnected subsys-

tems 4 and ¥, as shown below:

- . A A |
21 . xl(t) = Xl(t) —+
| Az Az
. i C2 Cp2 | _
(t) = 71(t)
| Ca C2

A |
X2(t)
A
Ciz |
71 (t)
Co3
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R
U —— ¥
Tl y
2 2
uz; = y2
Z,
Us Ya
K, "

- . Ax Ax | An | _ By By | _ By |
Yo X(t) = To(t) + %1(t) + i (t) + i1 (t),
| A Ass Az B3, Bss Ba;
~ i Cn Cx | _ Ca
() = () + 71 (t)
| G2 Cs Ca1
where flT = (xlTrsz) sz = (sz,Xg) yl = (le’sz) ]?2 = (]/2r1/3) (”1/”2) “2T =

(ul,ul). The description of states show that the overlapping parts u(t), x ( ), y2(t) have been
duplicated to disjoint the overlapping subsystems.
Afterwards, local static output feedback controllers K; and K; are designed for the interconnected

subsystems of the expanded system, as given in (1.15):

PO IO B I RO
ua(t) B k][ w0
N ORI s e B G i
2 T @ (1)
uz(t) kyy ks, y3(t)

The implementation of local feedback gains on the expanded system is demonstrated in Fig.
1.10. The designed local controllers are then used to form a decentralised controller Kp =
Blkdiag{Ky, Ky}, where Blkdiag denotes Block-diagonal matrix. The decentralised gain Kp is

then contracted to an overlapping controller for implementation on the original system as shown
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in Fig. 1.9. The definition of contractibility is given next [58]. diag

Definition 1.4. Let the system Y. includes the system Y. by definition 1.1. Then, the designed decen-
tralised control law ii(t) = Kpi(t) for the expanded system % is contractible to an overlapping
control law u(t) = Ky(t) to be implemented on the original system X if for any initial state xo,

the choice ¥y = V xq leads to RKy(t) = Kpij(t).

Definition 1.4 implies that if the decentralised controller Kp is contractible to the overlapping

controller K, then the closed loop:

%(t) = (A+ BRpC)x(t) (1.16)
includes (or is expansion of) the closed loop:

x(t) = (A+ BKC)x(t) (1.17)

Thus, all the essential information such as stability or performance corresponding to the original
closed loop system (1.17) can be extracted from the expanded closed loop system (1.16).

In the sequel, the necessary and sufficient condition for contractibility is given [58].

Theorem 1.4. Let the system Y. includes the system Y. based on definition 1.1. Then, the controller

Kp is contractible to the overlapping controller K if and only if

KpCA'V = RKCA!,

KpCA'BR = RKCA'B (1.18)

fori=0,1,2,...,71—1.

However, the contractibility conditions (1.18) are reduced to one simple condition when the

expansion is done through the restriction concept given in definition 1.2. [58]

Theorem 1.5. Let the system . includes the system Y. by definition 1.2. Then, the controller Kp

is contractible to the overlapping controller K if and only if KpT = RK.

If the contractibility condition of theorem 1.5 holds, then the overlapping controller K can be

obtained by K = QKpT. However, based on structures of K and Kp and transformations R and T
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(1.10), it can be clearly seen that in order to satisfy the contractibility condition, the decentralised

controller Kp has to be modified as follows [58]:

(1 ~(1
AR 1 i) 0 0
#(1 #(1 =(2 =(2
A RN S »
b A 0 1(12(1) _H;(Z)) Al '
21 2 22 11 12
0 0 k2 3%

(1 (1
WoOR o
- 1 - - -
K= | d) LR £ 120
7(2 7(2
0 kél) kéZ)

On the other hand, if the system X includes the system X by aggregation definition 1.3, then the

contractibility definition has become:

Definition 1.5. Let the system . includes the system ¥. by definition 1.3. Then, the designed decen-
tralised control law ii(t) = Kpi(t) for the expanded system % is contractible to an overlapping
control law u(t) = Ky(t) to be implemented on the original system X if for any initial state xo,

the choice Xy = Vxq leads to Ky(t) = QKpi(t).
The following theorem determines the contractibility condition based on definition 1.5:

Theorem 1.6. Let the system Y. be expansion of ¥. by definition 1.5. Then, the decentralised

control law 1i(t) = Kpij(t) is contractible to overlapping control law if and only if QKp = KS.

Similar to theorem 1.5, it can be shown that the decentralised control Kp has to be modified
in order to satisfy the contractibility condition.
Once the overlapping controller K is obtained through the contraction process, it has to be im-
plemented on the original system X. Steps of designing the overlapping controller based on the

inclusion principle are demonstrated in Fig. 1.11.
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Step 2:
Decentralised
( : : control design
Step 1: Step 3:
System Controller
expansion contraction

Step 4:
Controller
implementation

Figure 1.11: Scheme of overlapping controller design

1.3.4 Controllability/Observability in The Inclusion Principle

One fundamental question in the inclusion principle is whether the properties of the original sys-

tem such as controllability/observability are transmitted to the expanded system through the ex-

pansion process. To ensure simultaneous transmission of controllability/observability from the

original system to the expanded one, first, general structures of complementary matrices intro-

duced in [62] are presented through the following theorem.

Theorem 1.7. The system %. includes ¥. based on definition 1.1 if and only if:

M;i,

[MZZ + M33]i72 X [ M1 My + Moz Moy } =0,

[Mas + Ma3] ™% x [ Npy1 Nopp+ Npz Ny ] =0,

[May + Ma3) 2 x [ M1 Mo + Moys My, ] =0,
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L1
Los+ Las | [Ma + Mszs) ™% x [ Nyt Ny + Ny Ny | =0 (1.21)
Ly
foralli=2,--- ,ftandj=2,---,7i+ 1, where:

0 Mo —Mi> 0
M M M M
M— 21 2 23 24 (122)
—Mpy —(Mxp+ My +Msz) Mz —My
0 Mg My 0

and N and L have the same structure as the matrix M when substituting M;; by Nj; and L;;

respectively.

It has to be mentioned that conditions (1.21) are more straightforward than those of theorem
1.1. The conditions of (1.21), however, can still be simplified by taking into consideration that

they can be satisfied in two ways. Either the right brackets in (1.21) are zero, i.e.

[ My Mo+ My My } =0,

[ N1 Ny + Noz Nog ] =0 (1.23)

Or the left brackets in (1.21) are zero, i.e.

M, Lo
Mys + M3z | =0, Lyz+ Ly | =0 (1.24)
My, Ly

Using the new conditions on complementary matrices, the following theorem has been given in

[14] regarding minimality of the expanded system.

Theorem 1.8. Let the expanded system . be constructed from the minimal system Y. such that the
complementary matrices M, N, L satisfy either conditions (1.23) or (1.24). Then, the expanded

system . is both controllable and observable.
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1.3.5 Overlapping Time-Delay Systems

As mentioned in Section 1.2, the inclusion principle has been extended for continuous [76] and
discrete time [77] large-scale systems, experiencing communication delays and model uncertain-
ties. In the sequel, some of the relevant results of [76] are given.

The following uncertain state-delayed system S is borrowed from [76]:

S:  x(t) = (A+AA)x(t) + (Ag+ AAY)x(t — d) + (B + AB)u(t) + Biw(t),
z(t) = Cx(t) + Du(t),
X (to): ) (to) , —d S to S 0 (1.25)

where ¢ (1) is the initial condition. w(#) € RY is an unknown input (disturbance), and z(¢) € R?
is the controlled output. Definition of the other variables are the same as those of (1.1).

The norm bounded uncertainties AA, AA;, AB are assumed to be expressed as follows:

Hy 0 O Ea
| a4 aA; BB|=| 0 H, 0 |F|E (1.26)
0 0 Hp Ep

where Hu, Hy, Hp, E4, E;, Ep are known matrices with appropriate dimensions, and F is an un-
known matrix with Lebesgue measurable entries such that FTF < .

Similar to (1.25), consider larger system S as follows:

S: () = (A+AA)E(t) + (Ag+ AA)X(t —d) + (B + AB)u(t) + Brw(t),

z(t)
()= (ty), —d<t;<0 (1.27)

Cx(t) + Du(t),

The uncertainties AA, AAd, AB are assumed to be norm-bounded with the following structures:

[AA A, AB]: 0o H, o |F|E (1.28)
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Now, let the following inequalities related to systems S and S hold for any square integrable signal

w(t):

1z (), < v llw (Bl

12l < 7 llw (#)]]; (1.29)

It can be clearly seen that smaller values of Hy, performance indexes <y and 4 denote better perfor-
mance as they determine the effect of unknown input (disturbance) on the controller output vector.
Thus, the primary objective in robust control design is minimizing He, performance index.

In the sequel, a new definition of the inclusion principle considering He, performance index is

provided [76]:

Definition 1.6. A pair (S,) includes (or is expansion of) the pair (S, ) if there exists a pair of
transformations (U, V) such that for any initial condition ¢(to), any input u(t) and any distur-

bance w(t), the choice ¢(ty) = Vo(to) leads to x(t) = UZ(t) and § = 1.

In order to derive relations between the system S and larger system S, consider the following

relations similar to (1.2):

A=VAU+M, AA=VAAU, C=TCU+IL,
B=VB+N, AB=VAB, A;=VA;U+ M,

Bi=VBi+M;, AC=CU+IL, (1.30)

Based on the relations (1.30), necessary and sufficient conditions which complementary matrices

should satisfy are given by the following theorem:

Theorem 1.9. The pair (S, %) includes the pair (S, ) if and only if:

UMV =0, UM™'M;V =0, UM™'N=0,

UMIM; =0, LV =0, (1.31)

foralli=1,2,...,1.

Once the expanded system is generated, the decentralised state feedback controller u(t) =
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Kp#(t) has to be designed for the expanded system such that the closed loop S¢:

Se £(t) = (A+AA+ (B+AB)KpC)x(t) + (Ag+ AAy)x(t — d) + Brw(t),
z(t) = (C+ DKp) x(t)
X (to): [ (to), —d <t <0 (1.32)

is robustly quadratically stable with Hy, index  for all admissible uncertainties i.e. the closed
loop system S, is quadratically stable and the inequality ||2(), < ¥ |w(t)||, holds for zero
initial condition.

The following theorem can be used to design Kp such that the closed loop (1.32) is robustly

quadratically stable [76].

Theorem 1.10. Let the expanded system be generated using (1.30)-(1.31). If for some positive

scalars €1, €y, there exist positive-definite matrices Q and Y such that the following matrix in-

equality holds:
Wi QWZT YTEETg
* —1 0 <0 (1.33)
* * —e 1
where

-~ o~ -~ 1.~ ~ -~
Z = H HL + ByAD + (1 + —)HpHE + A4A] (1.34)

then, there exists static state feedback controller Kp = YQ™! such that the resultant expanded

closed loop system (1.32) is robustly quadratically stable with He, performance index 4.

Remark: It is evident from theorem 1.10 that design procedure is in category of delay-independent
approaches as no information on delay is used in the design procedure. So, conservative results
may be obtained by solving (1.33).

Finally, the designed robust decentralised controller Kp is contracted to an overlapping controller
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K to be implemented on the original system. The contraction is done as follows [76]:
K =KpV (1.35)
It has been proven in [76] that the closed loop system:

Se : %(t) = (A+AA+ (B+ AB)KC)x(t) + (Ag+ AAy)x(t — d) + Byw(t),
z(t) = (C+ DK),

X (to): ) (to) ,—d S to S 0 (1.36)

is quadratically stable with He, performance -y, where 4 = .

1.4 Summary

In this chapter, first, we provide the introduction to overlapping feedback control systems. To
motivate the application of such systems, a load frequency control problem is discussed. The in-
clusion principle as the mathematical framework is introduced to deal with overlapping feedback
control systems. This is then followed by surveying the existing research works on the inclusion
principle. The inclusion principle and its properties for linear systems are presented thoroughly.
Finally, designing an overlapping feedback controller for time-delay systems based on the inclu-

sion principle is investigated.

1.5 Thesis Outline

Chapter 2: Stabilisability of Overlapping Linear Systems. In the first part of this chapter, a
necessary and sufficient condition for stabilisation of linear time invariant systems with overlap-
ping parts is presented. To this end, these systems are first expanded to decouple the overlapping
parts and then a necessary and sufficient condition, which relates to their algebraic properties,
is derived. The algebraic properties are characterised in terms of minimality (full controllability
and observability) and the concept of quotient fixed modes (QFMs) of the expanded systems. In

the second part of this chapter, stabilisability of overlapping uncertain linear systems with fixed
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modes by means of overlapping static output feedback controllers is studied. The expanded sys-
tem, where the overlapping parts appear as interconnected ones, is generated. An iterative linear
matrix inequality (ILMI) algorithm is proposed to find (i) maximum upper bounds on the induced
2-norm of the uncertainties such that the uncertain expanded system is robustly stabilisable with a
decentralised static output feedback control, and (ii) a robust decentralised guaranteed static out-
put feedback cost controller for the expanded system. Finally, the returned results of ILMI are
contracted (transformed) to a robust overlapping guaranteed cost controller and upper bounds on
the uncertainties of the original system. Illustrative examples are used to confirm the results of
this chapter.

Chapter 3: Stabilisation of Overlapping Time-Delay Systems. Stabilisability of overlapping
linear continuous-time uncertain systems with constant communication delays by robust overlap-
ping output feedback controllers is studied in this chapter. To this end, an extension of the inclusion
principle is presented, where the overlapping system is first expanded into a higher dimensional
system (expanded system). Then, robust local delay-dependent output feedback controllers, for
disjoint subsystems, are designed, using a proposed LMI based iterative algorithm. Finally, the
designed local controllers are contracted to an overlapping controller to be implemented on the
original system. The preservation of stability and performance through contraction is proven. The
robust, overlapping, LFC for an uncertain two-area interconnected power system, experiencing
communication delays and parametric uncertainties is designed to verify the results of this chap-
ter.

Chapter 4: Robust Controller Design for Overlapping Uncertain Systems with Time-varying
Measurement Delay. The inclusion principle is used to design a robust, overlapping, Hs static,
output feedback controller for continuous input-delayed uncertain systems with overlapping de-
composition. The input delay is unknown but assumed to be time-varying with given upper bounds
on the size and derivative of delay. The system considered is comprising a number of overlapping
subsystems with structured, time-varying, and norm-bounded uncertainties. In this approach, the
original overlapping system is first expanded into a higher dimensional system. Then, an LMI
based delay-dependent iterative algorithm is proposed for the design of robust He local output
feedback controllers for the each of the decoupled subsystems of the expanded system. Finally,

the designed decentralised controller is contracted to a robust overlapping controller for implemen-
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tation on the original system. The preservation of stability and performance through contraction is
proven. The validity of the proposed design approach is demonstrated by designing an overlapping
LFC for an uncertain 3-area interconnected power system experiencing measurement delay. Ex-
tensive simulation results provided under different scenarios verify the accuracy of the proposed
design approach.

Chapter 5: Conclusion. This chapter concludes the thesis and provides future research directions.
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Chapter 2

Stabilisability of Overlapping Linear
Systems

In this chapter, first, a necessary and sufficient condition for stabilisation of linear time invariant
systems with overlapping parts is presented. These systems are first expanded to decouple the overlap-
ping parts and then a necessary and sufficient condition, which relates to their algebraic properties, in
terms of minimality, is derived. An iterative algorithm is suggested to design stabilising decentralised
controller such that contractibility is guaranteed. A numerical example is used to verify the results of
this section.

Then, a sufficient condition for stabilisability of uncertain linear systems by overlapping static output
feedback controllers is presented. The overlapping system is first expanded based on the inclusion
principle. Then, an ILMI algorithm is proposed to find (i) the maximum upper bounds on the induced
2-norm of the uncertainties such that the uncertain expanded system is robustly stabilisable with a
decentralised static output feedback control, and (ii) a robust decentralised guaranteed static output
feedback cost controller for the expanded system. Finally, the obtained results by ILMI are contracted

to the original space. An illustrative example is provided to confirm the accuracy of results.

2.1 Introduction

A discussed in the preceding section, expansion-contraction process based on the inclusion prin-
ciple is the useful tool in dealing with large scale systems with overlapping decomposition. The
expansion-contraction process requires a judicial selection of matrices, referred to as complemen-
tary matrices. On the other hand, a key consideration in the expansion process is the desirable
requirement for the expanded system to preserve the controllability-observability (minimality)
properties of the original system. However, the transmission of minimality from the original sys-

tem to the expanded one is not guaranteed through the standard selection of complementary ma-

33
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trices, as shown in [61]. Therefore, standard complementary matrices may render the expanded
system to be centralised unstabilisable. On the other hand, as shown in [14], the choice of general
structure of complementary matrices proposed in [62] can ensure preservation of minimality in
the expanded system. However, centralised stabilisability by static output feedback control does
not directly translate to: (i) decentralised stabilisability of the expanded system, which is the key
theme of this section, or (ii) overlapping decentralised stabilisability of the original system by the
contracted overlapping decentralised controller.

On the other hand, as mentioned in Section 1.2, of particular interest has been the problem of
contractibility of stabilising decentralised control laws designed for the expanded system to stabil-
ising overlapping decentralised control laws for the original systems. To overcome this problem,
the extension principle, as the special case of inclusion principle, has been used to guarantee con-
tractibility of decentralised output controllers [66]. This approach, however, leads to non-minimal
expanded systems, and consequently the expanded system may not be stabilisable the contractibil-
ity. It is worth recalling that decentralised stabilisability of expanded systems can be assessed in
terms of existence of QFMs [86], which are fixed modes that cannot be removed by any type of
decentralised control. If any of the QFMs is unstable, then decentralised stabilisability will not be
possible by any type of controller.

In the first part of this chapter, a necessary and sufficient condition for stabilisability of linear
time invariant systems with overlapping parts by overlapping decentralised static output feedback
controllers is presented. The conditions relate to properties of expanded system matrices and
the concept of QFMs. Then, in order to overcome the problems arising from the contractibility
conditions, we introduce a procedure where stabilising decentralised static output feedback con-
trollers designed for the expanded systems can always be contracted to stabilising overlapping

decentralised controllers for the original systems.

2.2 Preliminaries

Consider linear time invariant system 2 given in (1.1) with the overlapping decomposition deter-
mined in (1.6). In order to generate the expanded system X, first, the complementary matrices

M, N, L are chosen by theorem 1.7 and relations 1.23, which ensure simultaneous transmission
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of controllability/observability from the original system to the expanded one as discussed in theo-
rem 1.8. Then, based on conditions (1.23) and matrix L as per theorem 1.7, we obtain following

structures for complementary matrices:

(0 My —Mp 0] (0 Np —Npp 0]
0 M —M 0 0 N —N- 0
M= 2 2 N= 2 2 ’
0 —Msz; Mz O 0 —N33 N3z 0
[ 0 Lip —Lip O ]
L L L L
[ 21 2 23 24 @
—Ly —(Lpp+Lys+Laz) Lz —Lyu
0 L “Lp 0

In order to provide the expanded system’s matrices with maximum zero off-diagonal blocks, the
standard complementary matrices given in [62] are chosen. Then, matrices A, B, and C of the

expanded system % given in (1.1) through relations 1.2 are obtained as follows:

An A, 0 Agg Biy Biz, 0 B3
| |
_ An An! 0 Az . Byi Bn! 0 By
A= |- - - = = - 7 B= |- ---_-_ T - - - - 7
Ay 0 | Ax A By O | By By
| |
I Azr 0 1A Az | | Bsi 0 1 Bs Bss |

™
I

,,,,,,,,,,,,,,, 2.2)

Next, a decentralised static output feedback controller Kp = Blkdia g{Kl, KQ} is designed where
K7 and K5 are shown in (1.15). Once the design is complete, Kp should be contracted to an over-
lapping decentralised static output feedback control K (1.20) to be implemented on the original

system 2.
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Now, suppose conventional partition for Kp as Kp = RKS + Jx [87], where Jx denotes com-
plementary matrix. Then, the following theorem determines equivalent conditions as those of

theorem 1.4 based on the complementary matrix [ [87] .

Theorem 2.1. A controller Kp for ¥ is contractible to K for Y. if and only if:

(I) JxkLM™V =0,
(IT) JxLM'NR =0,

(II)Jx(TC 4+ LV) = 0 (2.3)

foralli=0,1,...,1.

2.3 Problem Statement

Consider systems X and its expansion % described in (1.1) such that the latter system includes the

former one by definition 1.1. The aims of this section are as follows:

e Deriving necessary and sufficient condition for stabilisability of X with overlapping decen-

tralised static output feedback K (1.20) through the inclusion principle.

e Designing stailisable and contractible decentralised static output feedback for the expanded

system.

2.4 Overlapping Decentralised Stabilisability

With the above preliminary materials, we now introduce main results of this section.

Theorem 2.2. Consider minimal system % with overlapping parts as shown in (1.6). Let the
minimal expanded system be constructed per theorem 1.7 with the complementary submatrices
satisfying (1.23). Then, original system ¥ is stabilisable by an overlapping decentralised static

output feedback controller K if and only if the expanded system does not have any unstable QFM.

Proof. The sufficiency of the theorem is straightforward. If the minimal expanded system ob-

tained by choice of complementary matrices as per theorem 1.7, does not have any unstable QFM
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(stabilisable via decentralised static output feedback control), then the original system is stabil-
isable through contracted overlapping decentralised static output feedback controller as shown in
[4]. Therefore, we now need to prove the necessity of the theorem, that is the minimal expanded
system does not have any unstable QFM. In order to prove necessity of the theorem, we use con-
tradiction approach, where we assume that there exists an unstable A € eig(A) in the minimal

expanded system which is a QFM i.e. as defined in [86]:
Nk, €ig(A+BRpC) # @ — det(Al — A — BKpC) =0, (2.4)

where det(.) stands for determinant, and Ngeig(.) denotes any eigenvalue of (.) which is inde-
penedent of Kp. Since expanded closed loop system A + BKpC includes original closed loop

system A 4+ BKC [4], we have:

A+ BRpC = V(A + BKC)U + My, 2.5)

with M, is the complementary matrix for closed loop expansion satisfying the condition UMEZ V=

0(i=1,2,...,1), based on theorem 1.1. Let V e RP*(1-1) pe any basis matrix formed from the

null space of U, i.e. V for matrix U = (VTV)~1VT can be:
. T
V=1[0 1, 5, 0] (2.6)

Then by constructing nonsingular matrix { = [V V] and using (2.5), we have:

o x Ao oA Al — A—BKC UM,V
7V (Al - A—BRpC)] = K Ry 2.7)
UMuv Al —-UM4V

u N _ _ .
where Cfl = . and U € R(T=")*7 is left inverse of V, can be denoted as:

U=-10 I, —I, 0 (2.8)

According to right hand side of (2.4) and using (2.7), if expanded system has unstable QFM, then



38 Stabilisability of Overlapping Linear Systems

for an arbitrary Kp, we have:

det(Al — A — BKpC) = 0 — det((AI — A — BKC)(AI — UM, V) — UMyVUM,V) = 0
(2.9)

It is easy to see that UMy VUM,V = 0as (i) VU = I; — VU concluded from ¢~ = I; and

(i) UMEZV =0 (i=1,2,..,1) concluded from theorem 1.1. So, (2.9) can be re-written as:
det(Al — A — BRpC) = det(Al — A — BKC)det(AI — UM,V) =0 (2.10)
On the other hand, pre- and post-multiplication of (2.5) to U and V respectively leads to:
UM,V = U(A+ BRpC)V (2.11)
Therefore, (2.10) becomes:
det(Al — A — BKpC) = det(Al — A — BKC)det(AI — U(A + BKpC)V) =0  (2.12)
for arbitrary Kp. In other words, (2.12) implies

det(AI — U(A + BKpC)V) =0 (2.13)

According to the structure of A, B, C (2.2), decentralised structure of Kp = Blkdiag{Kl,Kz}
(1.15) and also using (2.6) and (2.8), we have:

) k)T Ci2
AL—U(A+BRpC)V = Al - Ay — 5B | (K +&7)" Co (2.14)
(k)T Ca2

Thus, if unstable A € eig(A) is a QFM, then determinant of (2.14) should be zero for arbitrary

Kp.
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On the other hand, minimality of the expanded system implies that:
Ngeig(A+ BKC) = @ — det(Al — A — BKC) # 0 (2.15)

where K has full centralized structure:

]211 ]212 7%13 1214
7(21 1222 1223 1224
kst ka2 ks ks

1241 7(42 E43 1244

=
Il

(2.16)

Through same non-singular transformation { and same procedure as outlined above, (2.15) results
in:

det(AI — U(A + BRC)V) #0 (2.17)

Similarly, based on the structures of A, B, C and K in (2.2) and (2.16) respectively, we have:

5 . T
, (k1 —ks1)T Ci2
Al —U(A +BRC)V = Al — Ay — EB22 (kpo — ko3 + kaz — k)T Ca (2.18)
(kag — koa)T Cs2

So, minimality of the expanded system implies that determinant of (2.18) should be non-zero for
arbitrary K. However, compairing (2.14) with (2.18) reveals that det(AI — U(A + BKpC)V) =0
for arbitrary Kp is in contradiction with det(AI — U(A + BKC)V) = 0 for arbitrary K. So,
minimal expanded system cannot have any unstable QFM. This completes proof of the Theorem.

O]

2.4.1 Contractible and Decentralised Output Feedback Design

As shown in (1.19), the decentralised controller Kp has to be modified for satisfaction of the
contractibility conditions. However, it is worth recalling that performance and even stability is not
guaranteed with the modified controller. Thus, it is essential to design a decentralised controller

which does not need any modification for contractibility. To overcome the contractibility issue,
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this section presents a design procedure such that any decentralised controller Kp:

#(1) (1
BV EY o o
) )Y oo
Rp=| 2 = = (2.19)
0 0 kgz) kgz)
Lo 0 B R
is contractible to an overlapping controller K, shown below:
ki ky O
K= k3 k4 k5 (2-20)
0 ke ky

To this end, we propose an LMI based iterative algorithm similar to [15]. The result of proposed al-
gorithm in this section is a stabilisable and contractible decentralised Kp. First, the contractibility
conditions stated in theorem 2.1 are examined. Since selection of complementary matrix M with
(2.1) results in MV = 0, condition (I) of theorem 2.1 holds i.e. [xLMT1V = JxLM'MV = 0.
Similarly, condition (II) of theorem 2.1 holds because selection of complementary matrix N as
(2.1) results in NR = 0. Thus, the following conditions only remain to be satisfied for an arbi-
trary Kp:

Jk(TC + LV) =0, (2.21)

Kp = RKS + Jx (2.22)

where complementary matrix [ has a general structure:

Ju Ji2 i3 s

I = Jo1 J2 Jn Ju 2.23)

Ja1 Js2 Jzz Jaa
Jun Jo Ji Ju
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The relation (2.22) with transformations R and S given in (1.10) and (1.11) respectively, and also

the overlapping controller K (2.20) leads to:

ki+Ju 5+ % +Ji3 s
|
5 ks + ]2 %+]2:%+]23 ks + Jo4
Rp=|------ Fo-- LT (2.24)
ks+Jn S+ 5+ ks+ Jau
|
Ja1 % + x| % +Juz k7 + Ju

Comparing (2.24) with block diagonal Kp (2.19) results in:

Ji2 =13+ 7(512), Jo1 = J;1 + 7(&11), Jo2 = Jo3 + 12512), Ja3 = J3 + lzéz),

Ju=Joa+ 53, Jis=Jo+ky, Ju=0, Jg=0 (2.25)

Finally, by (2.25), matrix T (1.10) and standard complementary matrix L given in [62], con-

tractibility condition (2.21) becomes:

JxC=0 (2.26)
where
Ji Jiz + 12%) J13 0
I+ Jm+ky J
7 _ 31 21 23 22 23 24
K P2 e
J51 J23 Jos + k7 Joa + k35
i 0 Jao Jao + I~<§21) Jar ]
Ci Cip C3
_ 2C C 0
c_ 21 C» 2.27)
0 Cxn 2Cx3
| G G Cs |

With the above development, we now introduce an algorithm based on LMI to provide a con-
tractible and stabilisable decentralised static output feedback control for the expanded system as

following (see [15] for details of ILMI algorithm). The algorithm comprises the following 4 steps.
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Step 1. Select Z > 0 and solve the Riccati equation for P:
ATP+PA—-PBB'P+Z=0 (2.28)

Seti =1and X7 = P.
Step2. Solve the following optimization problem (OP) for P;, Kp, a; and J.

OP1: Minimize «; subject to the following LMI and equality constraint.

ATP + PA— X;BBTP—  (BTP +RpC)T
PBBTX; + X;BBTX; — a;P; <0, (2.30)
(BTP, + KpC) ~I;
7,C =0, (2.31)

Step 3. Let a} be the optimal value returned by the above optimization problem [88]. If a} < 0,
Kp is the decentralised stabilising and contractible static output feedback controller and the algo-
rithm stops. However, if 7 > 0, then proceed to step 4.

Step 4. Solve the following optimization problem for Kp and P;.

OP2. Minimize trace(P;) subject to LMI constraints (2.29)-(2.31) after setting a; = a}.

Denotes P;" as the solution of OP2. Seti = i + 1 and X; = P ;, then go to Step 2.

Remark: Similar to [15], it can be shown that value of & at each iteration is not larger than its
value at the preceding iteration. In other words, & does not have increasing trend in the iterative

algorithm.
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2.5 Numerical Example

Consider system 2 with the following minimal (fully controllable and observable) representation:

(1 301 2 315
L ox(t)=| 2 ;rf—ijfzh x(H)+ | 3 ;rflfjl; u(t),
|21 2 2| 31-2 2
[ 2 10 -3
yit)=1] 1 }iijf—if x(t) (2.32)
01 1

where the overlapping decomposition is determined by dashed lines.

The eigenvalues of the original system are { —4.7,0, 1.7}, which show that the original system
is unstable. In the ensuing, we expand this system as per theorem 1.7 and show that the necessary
and sufficient parts of theorem 2.2 must hold to be able to stabilise the original system (2.32) by
an overlapping decentralised static output feedback control. To check the necessity condition, we

compute complementary matrices M, N, and L as follows:

(0 15 —15 0 | (0 15 —15 0 |
0 -1 1 0 0 05 —-05 0
M: y N: 7
01 -1 0 0 —05 05 0
(0 -1 1 0| 0 1 -1 0]

L= (2.33)
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Then, via (1.2) and transformations (1.10), we obtain the following expanded system

1 3'0 | 5
) 2 2,0 2 3 1,0 4
S ()= | -_° Lol FO) 4+ |- —--- oLt a(t),
2 0 '—2 2 3 0'1 4
2 0.2 2| 30 -2 2
2 —1'0 -3]
2 2,0 0
gt = |- - ° R (1) (2.34)
0 0'—2 -2
0 0.1 1

Note that the resulting expanded system is fully controllable and observable, however, it is still un-
stable with eigenvalues {—4.7, —2,0,1.7}. Now we design a decentralised static output feedback

control Kp (2.19). But, first, note that the expanded system ¥ does not have any QFMs, since:
det(Al — A —BKpC) #0 for VA € eig(A), (2.35)

To find decentralised stabilizing and contractible static output feedback controller, the proposed
iterative algorithm is used as outlined next. In Step 1, matrix Z = 2014 is found to satisfy the
feasibility of the Riccati equation (2.28) and also provides fast convergence. After the first itera-
tion, the algorithm returns * = —0.35. Then the following decentralised static output feedback

controller is obtained for the expanded system:

[ 00053 —08177' 0 0 |
_ 0.1725 0.1725 | 0 0
Rp= | --—-- -1 P (2.36)
0 0 02071 —0.1035
0 0 100378 —0.0757 |

The controller (2.36) stabilises the closed loop system, as eig(A + BKpC) = {—2.51,—0.67 + j3.6, —0.39}.

Then, through ], obtained by algorithm and Kp in (2.36), the complementary matrix Jx is com-
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puted as:

—-0.32 —-032 049 0

273 273 256 13.34
Jxk = (2.37)
256 256 277 13.23

0 0 0.0378 0.0756

Finally, by (2.37) and Kp = RKS + Jk, we obtain the following overlapping decentralised static

output control:
033 —098, 0

K=| —256 ' —5.13, —13.34 (2.38)

0 | 0 —0.15

where (2.38) results in eig(A + BKC) = {—0.67 £ j3.6, —0.39}. Stabilisability of the original
system with (2.38) is expected as expanded closed loop (A 4+ BKpC) includes closed loop (A +
BKC). So, according to Theorem 2.2, it has been shown that necessary and sufficient condition
for stabilisability of the original system by the contracted overlappinng decentralised static output
feedback control K is that the minimal expanded system is stabilisable via decentralised static

output feedback control.



46 Stabilisability of Overlapping Linear Systems

2.6 Robust Overlapping Guaranteed Cost Control

The results reported in Section 2.1 deal with the linear systems which exhibit no parametric uncer-
tainties, whereas such uncertainties are inherent in most of real world engineering systems. The
feedback control system may not function properly if these uncertainties are not considered in the
design procedure. Now, let the uncertain expanded system be generated using the expansion of the
original overlapping uncertain linear system. To ascertain stabilisability of the expanded system,
which can be translated to stabilisability of the original overlapping system, the notion of Struc-
tured Decentralised Fixed Modes (SDFMs) was introduced in [89] to identify those modes that
always remain fixed no matter what the values of the nonzero entries of the system matrices are.
This was then followed by the introduction of Unstructured Decentralised Fixed Modes (UDFMs),
which are defined as those decentralised fixed modes (DFMs) that vanish when the nonzero pa-
rameters are changed arbitrarily [90].

This section deals with overlapping linear systems with parameter uncertainties arising from
changes to its physical components due to operating conditions. We consider the case where
such uncertainties render the system unstabilisable by structurally constrained controllers, i.e. by
controllers with overlapping structure. We then expand the system and formulate an LMI problem
to be solved iteratively to return (i) an upper bounds on the induced 2-norm of the uncertainties of
the expanded system such that the expanded system does not have any unstable fixed mode for ad-
missible uncertainties and (ii) a robust decentralised guaranteed cost controller for the expanded
system. Finally, the decentralised guaranteed cost controller and the bounds on the induced 2-
norm of the uncertainties are contracted (transformed) to the original space.

Consider uncertain continuous time systems Y. and X with quadratic performance functions | and

J respectively:

X X(t) = (A+ AA(t))x(t) + (B+ AB(t))u(t),
y() = Cx(t),
J(x0,u) = /O (T () Qux(t) + uT (£)Rou(t) )dt (2.39)
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and

o) = [ ()0 (e) + " () Roit(e) (2.40)

where Q, = QL € R™" > 0, Q, = QF € R™ > 0, R, = Rl € R™™ > 0 and
Ry = RL € R™™ > ( are state and control weighting matrices, respectively. Then, an extension

of definition 1.2 by considering quadratic cost functions | and | is presented next.

Definition 2.1. The pair (%, ]) includes the pair (%, ]) (The pair (%,]) is an expansion of pair
(%, ])) if there exists triple (V, R, T) such that for any initial state xo and any input u(t), choices
%o = Vxo and ii(t) = Ru(t) result in %(t; %o, 1) = Vx(t; x0,u), §(t) = Ty(t), and J(%o, @) =
J(xo0,u) forall t > 0.

Similar to relations (1.2), the following expressions can be used to determine relations between

matrices of ¥ and X.

A=VAU+M, B=VBQ+N, C=TCU+IL,
Rw = QTRwQ +H, Qw = uTQwu +F,
AA(t) = VAA(H)U, AB(t) = VAB(t)Q (2.41)

where M, N, L, H, and F are called complementary matrices with appropriate dimensions.
Based on definition 2.1, the conditions which complementary matrices should satisfy are given as

follows:
MV =0, NR=0, LV=0, RTHR=0, VI'FVv =0, (2.42)

After generating an expanded system by the set of relationships and conditions given in (2.41)
and (2.42) respectively, a decentralised static output robust guaranteed cost controller Kp has to
be designed for the expanded system. Robust static output feedback guaranteed cost control is

defined in [91] as follows:
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Definition 2.2. Consider the uncertain linear system ¥ given in (2.40). A static decentralised
output feedback controller Kp is a robust guaranteed cost controller for the expanded system if

the closed loop:

%(t) = (A+AA+ (B+ AB)KpC)x(t) (2.43)

is stable, and its cost function satisfies the following criterion:
J = /0 Oo(azT(t)Qwaz(t) + (RpC)TR,KpC)dt < %Py (2.44)
for all admissible uncertainties, with Xy being the initial condition of the expanded system and

P = PT > 0 is an associated cost matrix.

Once the design is complete, the control law ii(t) = Kpij(t) is contracted to a robust over-
lapping guaranteed static output cost feedback control law u = Ky. Based on theorem 1.5, the

contraction process is done as follows:
KpT = RK (2.45)

Note that the contractibility condition (2.45) leads to K = QKpT only when KpT = RQKD T.
In other words, the decentralised controller Kp is contractible to overlapping controller K when

(I —RQ)KpT = 0.

2.7 Problem Formulation

Given uncertain linear systems (2.39)-(2.40) such that (%, ]) includes (X, ]) by definition 2.1.
This section looks into the stabilisability of dynamical system (2.39) by overlapping static output

feedback controllers. In this respect, the following contributions are made:

e AnILMI algorithm is proposed to find the maximum positive scalars fi 4, fig, and associated
static output feedback controller Kp (2.19) such that for all admissible uncertainties, i.e.

HAAHE < jiy and HAEH; < jip, the closed loop:

%(t) = (A+AA+ (B+ AB)KpC)x(t) (2.46)
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18 stable, and its cost function satisfies:
J=[ & (t)Qux(t) + (KnC)"RWKpC)dt < Jo (2.47)

for a given Jo.

e The inclusion principle and proper contraction are used to obtain (i) maximum upper bounds
on the induced 2-norm of uncertainties in the original system . (2.39), and (ii) a correspond-

ing robust guaranteed static output cost feedback control with overlapping structure.

2.8 The Inclusion Principle and Unstructured Decentralised Fixed
Modes

Theorem 2.3. Consider an uncertain linear system ¥ with overlapping parts and its expansion ¥,
constructed by (2.41) through the complementary matrices satisfying (2.42). Then, the expanded
system ¥ has UDFM(s) if the original system . is unstabilisable w.r.t overlapping controller K for

some admissible uncertainties.
Proof. Let X be unstabilisable w.r.t overlapping K for some admissible uncertainty AA and AB
i.e. for arbitrary K, there exists an unstable fixed mode A € eig(A) such that:

A € Nkeig(A+ AA + (B+ AB)KC) — det(Al, — A — AA— (B+AB)KC) =0 (2.48)

Now, consider expanded system % (2.40) with contractible decentralised controller Kp. Since
expanded closed loop A + AA + (B + AB)KpC includes original closed loop A + AA + (B +
AB)KC [4], we have:

A+ AA+ (B+AB)KpC = V(A+AA+ (B+ AB)KC)U + M, (2.49)

where M,; is the complementary matrix for the closed loop expansion with M,V = 0 based on

(2.42).



50 Stabilisability of Overlapping Linear Systems

Pre-post multiply (2.49) by ! and { where { = [V V] with V given in (2.6), we get:

YA — A~ AA— (B+AB)RpC)E =

Al —A—AA— (B+AB)KC  —UMg4V
. . (2.50)
0 ALy, — UM,V
Substitute the right side of (2.48) in determinant of (2.50) to obtain:
det(Ml; — A—AA — (B+ AB)KpC) =
det(Al, — A — AA — (B + AB)KC)det (AL, — UMyV) =0 (2.51)

Equation (2.51) implies that A € Ng_eig(A + AA + (B + AB)KpC) for arbitrary Kp for some
admissible uncertainties AA and AB. That is the unstable mode A in the expanded system is a
DFM for some admissible uncertainties and hence A is a UDFM in the expanded system. This

completes the proof. O

2.8.1 Decentralised Control Design with LMIs

In the following, the results in [15] will be generalized to include parametric uncertainties in the
system matrices. An iterative algorithm based on LMI is proposed to find upper bounds fi 4, fip on
the induced 2-norm of the uncertainties and an associated decentralised guaranteed cost controller
Kp for the expanded system. Then, an overlapping guaranteed cost control is obtained through
proper contraction. But, first we introduce a well-known lemma to be used in the LMI problem

formulation.

Lemma 2.1. For any matrices X and Y of appropriate dimensions, the following inequality holds
for an arbitrary € > 0:
1
XTY +YTX <eX'X + EYTY (2.52)

Now, consider the expanded system ¥ and the corresponding cost function (2.40). If there

exist P = PT > 0, a decentralised controller Kp, and a scalar & < 0 such that for all admissible
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uncertainties HAAH; < ji4 and HABH; < jig, the following inequality holds:

(A+AA+ (B+AB)RpC)'P+P(A+AA+ (B+ AB)KpC)
+Qu + CTKER,KpC — &P < 0 (2.53)
then, the closed loop A + AA + (B+AB )KDC is stable with all of its eigenvalues placed to the
left of the line % in the complex plane. In addition, the closed loop cost function will satisfy the
condition J (%, Kp7j) < fgpfo.

Now, using Lemma 2.1, we have:

p
(ii) (AA)TP+P(AA) < e(AA)TAA + Pe'P (2.54)
Then, based on (2.54), the matrix inequality (2.53) holds if the following is true:

ATP 4+ PA + PBKpC + CTKEBTP + PAB(AB)™P + CTREKpC + e(AA)TAA + Pe'P

+Qu + CTKER,KpC — &P <0 (2.55)

Using the induced 2-norm matrix definition, the inequalities HAA Hi < fiaand |AB Hi < jip lead
to AA(AA)T < fial; and AB(AB)T < jigl;. Using these latter inequalities, it is easy to see that

(2.55) is satisfied if the following matrix inequality holds:

ATP+ PA + PBKpC + C'K

o~

(2.56)

Using (2.56), the following corollary, which provides a new sufficient condition for Kp to be a

robust guaranteed cost controller is obtained.

Corollary 2.1. The decentralised static output feedback controller Kp is a robust guaranteed cost
controller for the uncertain expanded system % (2.40) if there exist a matrix P = PT > 0, a
<

scalar & < 0 and scalar € > 0 such that for all admissible uncertainties HAAH; fia and
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HAE Hi < jip, the following symmetric matrix inequality holds:

D Py D3 Py Dy
* (Dzz 0 0 0
* x D3z 0 0 <0 (2.57)
* * x Py 0
| x * * * D55 |
where x denotes the symmetric part, and
b = ATp + DA — PBBTP + Qw —aP+ eyAIn,
®pp =P, ®3 =P, 14 = C'KY,
@15 = (BTP+ KpC)T, Dy = —€1j,
D33 = _ﬁgllﬁ, Dy = _Rz_u ’ D55 = — I (2.58)
Proof. It is easy to see that (2.56) can be written as follows:
ATP+PA —PBBTP + (BTP + KpC)T(BTP + KpC)
+PfigliP + Qu + €fials + Pe 1P+ CTRLR,KpC — &P < 0 (2.59)

Then, by applying Schur complement on (2.59), we obtain (2.57) with entries shown in (2.58). [

However, due to the existence of the term —PBBTP, (2.57) is not a standard LMI in P. In
order to transform (2.57) into a standard LMI form, which can be solved efficiently, a procedure
similar to [15] is used. To achieve this, we introduce an arbitrary matrix X = XT > 0 for which
the following inequality always holds:

XBB"X — XBB"P — PBB"X > —PBB'P (2.60)

Then, through (2.60) and schur complement, we can say that (2.59) holds if there exists a negative
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scalar & such that:

ATP+ PA+ XBBTX — XBBT™P— P p CTKL (BTP+KpO)T
PBB"X 4 Qu — &P + €jfial;

* —elj 0 0 0

Y= <0
x x  —fig'l; 0 0
* * * —R;! 0

i * * * * —Iy ]
(2.61)

The above matrix inequality is linear in P, Kp, and € for fixed fia, fip, and X. The following
iterative algorithm summarises the LMI formulation and design problem.

Step 1) Calculate P by solving the Riccati equation for nominal part of ¥ (2.40):
ATP+ PA—PBR,'B'TP+Q, =0 (2.62)

Set X = P and choose the bounds fi 4 and i3.
Step 2) Solve the following generalized eigenvalue minimization problem (GEVP) for P, Kp, €,

o

OP1: Minimize & subject to the following LMI and equality constraints:

¥ <0, pP=pPT >0,

¥ Pxg<Jo, (I-RQ)KpT=0 (2.63)

Based on Definition 2, where J(%, Kpj) < %! P%,, the constraint ¥} P%y < Jo guarantees

J (%0, Kpg) < Jo for a given Jo.

Step 3) Let &* be the outcome of OP1. If &* < 0, then the decentralised static output feedback
controller Kp is a contractible robust guaranteed cost controller with the upper bounds on induced
2-norm of uncertainties being i 4 and fig. If so, then stop. Else, go to step 4.

Step 4) Solve the following optimization problem for P, Kp and € with & = &*.
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OP2: Minimize trace(P) subject to constraints (2.63). Denote P* as the solution of OP2.

Step 5) If a predetermined tolerance is achieved HX - P*H < 4, then go to step 6. Else, set
X = P* and go to step 2.

Step 6) The expanded system may not be robustly stabilisable for the chosen bounds i 4 and fip.
If so, then decrease fi o and jip and go to step 2.

Remark: The convergence of the algorithm is similar to [15].

Remark: The largest chosen values for ji4 and jig such that the proposed iterative algorithm re-

*

: in step 3, are considered as the maximum robustness bounds of the expanded

turns negative &
system.
After obtaining the upper bounds and the associated robust guaranteed cost controller for the ex-

panded system, they have to be contracted for implementation on the original system.

Theorem 2.4. Consider overlapping linear system Y., and its expanded system %.. Let a robust
decentralised guaranteed static output cost feedback controller Kp for the expanded system Y.
(2.40) be obtained through the proposed algorithm with admissible uncertainties HAAHi < jig
and HAB H; < fig. Then, contraction of the robust decentralised guaranteed cost control Kp will
lead to a robust guaranteed cost control with overlapping structure K for . with the admissible

uncertainties satisfying ||AAH§ < 2jia and ||ABH§ < 2jip.

Proof. If the decentralised control Kp is a robust guaranteed cost control for the expanded system
) (2.40) with HAAH; < jis and HABH; < fip, then there exists P = PT > 0 such that for all

admissible uncertainties, we have:

P(A+AA+ (B+AB)KpC) + (A+AA+ (B+ AB)RpC)'P

+Qu + CTKHRKpC < 0 (2.64)
Now, pre-post multiply (2.64) by VT and V, and using (2.41), (2.42) and (2.45) we obtain:

P(A+AA+ (B+AB)KC) + (A+ AA+ (B+ AB)KC)'P

+Quw + CTKTR,KC < 0 (2.65)

with P = VTPV > 0 as V is the full column rank matrix. So, (2.65) is implying that an overlap-
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ping static output feedback control K obtained by contraction of Kp is the robust guaranteed cost
control for uncertain original system X with admissible uncertainties AA(t) and AB(#).
In order to get upper bounds on 2-norm of uncertainties AA(t) and AB(t), first of all using (2.41)

and the facts that UV = I, and QR = [, it is easy to see that:

AA(t) = UNA(t)V,

AB(t) = UAB(t)R (2.66)

Then, from induced 2-norm definition i.e. ||AB(t) Hi < jig implying AB(t)(AB(t))T < fiply,

and structures of R (1.10) and U which lead to RRT < 2I; and UUT < I, respectively, we have:

AB(AB)T = UABRRT(AB)TUT < (UAB)21;(AB)TUT

< 2fipUUT < 2figl, (2.67)
Similarly, we have:
AA(AA)T = UANAVVT(AA)TUT < (UAA)2L;(AA)TUT < 2fi,UUT < 2fial,  (2.68)

Thus, the obtained overlapping output feedback control K through contraction is a robust overlap-
ping guaranteed cost control for the original system (2.39) with admissible uncertainties satisfying

HAA||§ < 2ji and ||ABH§ < 2jip. This completes the theorem’s proof. O

2.9 Numerical Example

Consider an uncertain linear system X with the unstable nominal system described by the follow-

ing state and output equations:

0.9 + g1 (t) 0 0.01 + ga(t) ! 0
0 0.9 + g5(t 0 0.1+ qa(t

0.1+g5(f) | 0 —0.9+ge(t) 0
014+gs(t) 0 0.1+ gs(t) —3+qo(t)
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[ 0 0 ' 1+n() |
0 24 1y(t) 0
: 2(): u(t),
O.9—|—7’3(t) | 0 [ 075—|—1’4(t)
| 05+ 75(t) 1 1+r6(t) 0o |
01 0'0
yt)=10'"0 1.1 |x(t) (2.69)
1105 2 0

where x(t) = (x{ (t), x5 (), x3 (), x5 (1)) Tu(t) = (ui (1), uz (t),u3 (1)) T, andy = (yi (), y3 (1), y

are state, input, and output vectors, respectively.

The system as determined by dashed lines in (2.69), is comprised of two overlapping subsystems
where u5(t), (x1(t),x3(t))T, and y2(t) are the overlapping components of the input, state, and
output vectors, respectively.

Let (i) the weighting matrices in the quadratic cost function | in (2.39) be chosen as Q, =
diag(1,2,2,1) and Ry, = diag(1,2,1), (ii) the system uncertainty matrix AA() and the uncer-
tainty AB(t) are denoted by g;(t) and r;(t) respectively. The goal is to use the inclusion principle
to find:

e Maximum upper bounds on the induced 2-norm of the uncertainties AA(t) and AB(t) such
that for all admissible uncertainties, the uncertain system (2.69) with overlapping decompo-

sition is stabilisable by structurally constrained controller K.
e A robust overlapping guaranteed static output cost controller for the linear system (2.69).

To generate the expanded system of (2.69), first the complementary matrices satisfying (2.42)
have to be chosen [62]. Then using (2.41), the expanded system ¥ (2.40) is obtained with state
and control weighting matrices in the associated cost function Jin (2.40) as Qw = Igand R, = L.
Next, the proposed iterative algorithm is used to determine (i) the bounds on the induced 2-norm
of the uncertainties such that the expanded system does not have any DFM for all admissible
uncertainties, and (ii) a stabilising robust decentralised output feedback controller. We found that
the choice of Jy = 200, fg =1 1 1 1 1 1],fia =0.01, jip = 0.01 ensured feasibility of
the LMI problem where HAAHZ < jia =0.1and HAEHZ < /jip = 0.1. After 211 iterations,
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the ILMI algorithm returned « = —0.0022 and the following robust guaranteed cost decentralised

static output feedback controller:

[ 128 —201 0 0
_ 0 -41 0 0
0 0 41 0
0 0 25 —09 |

(2.70)

=
S
I

Contraction of (2.70) leads to the following robust overlapping guaranteed static output cost con-

troller: ‘
12.8 —20.1: 0

Q2.71)

Theorem 2.4 will confirm that the controller (2.71) is a robust guaranteed cost controller for the
original uncertain system (2.69) for all of the uncertainties within the induced 2-norm bounds
|AA], < v/2x0.01 = 0.14 and ||AB||, < /2 x0.01 = 0.14. This can be easily verified
through the following simulation:

Let the norm bounded uncertainties AA(t) and AB(t) in the original system satisfying || AA(f)]|, =
0.13 < 0.14 and ||AB(t)||, = 0.11 < 0.14 for t > 0. Using the robust overlapping guaranteed
cost control (2.71) on the original uncertain system (2.69) leads to a stable closed loop system
with the the state responses shown in Fig. 2.1, where the original system (2.69) is assumed to have
the initial condition J?g =[1 1 1 1]. The closed loop quadratic cost function is computed
as ] = 60 < Jo = 200. The uncertain system (2.69), however, is not robustly stabilisable with
respect to K (2.71) for uncertainties outside of the regions ||AA|| < 0.14 and ||AB|| < 0.14. Let

the following system parametric uncertainties be:

01 0 —001 0 0 0 0
0 01 0 —01 0 0 0

AA = AB = (2.72)
01 0 -01 0 ~04 0 025
01 0 -01 0 | | 05 0 0
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State Trajectories

o 1 2 3 4 5 6 7 8 9 10
Time(sec)

Figure 2.1: Closed loop responses with robust overlapping guaranteed cost control (2.71).

The induced 2-norms of the above uncertainties are |AA|| = 0.17 and ||AB|| = 0.66, which are
outside the stability bounds determined above, i.e. [|[AA| = 0.17 > 0.14 and ||AB|| = 0.66 >
0.14. Incorporating (2.72) into the open-loop system X (2.69) yields:

10 0 0 0 0 1
. 01 0 0 0 20
x(t) = x(t) + u(t),
00 -1 0 05 0 1
(00 0 -3 | -1 1 0
0 1 00
yt)=10 0 1 1 |=x(# (2.73)
1 05 2 0

The system (2.73) is not stabilisable by any overlapping static output controller, due to the presence
of a fixed mode at A = 1. For example, the controller (2.71) results in the closed loop system

eigenvalues being { —4.1 £ 0.4f,1,10.9}.
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2.10 Summary

In this chapter, first, necessary and sufficient condition for stabilisation of linear time invariant sys-
tems with overlapping parts has been provided via the expansion-contraction process. It is proven
that there exists an overlapping decentralised static output feedback control for the original sys-
tem if and only if the minimal expanded system is stabilisable by a decentralised output feedback
control (there exists no decentralised QFMs in the expanded system). In this case, the contracted
controller stabilises the original system. Also, an iterative algorithm is proposed to design decen-
tralised static output feedback controller which is simultaneously stabilisable and contractible. A
numerical example is used to confirm results of this section.

In the second section, new results on robust stabilisability of uncertain linear systems with over-
lapping static output feedback control have been presented. The results show that if the induced
2-norms of the uncertainties are inside a bounded region, then it is possible to design a robust guar-
anteed static output cost controller with overlapping structure. A new iterative algorithm based on
LMI is applied to the expanded system to find a stabilising robust decentralised static output con-
troller and the maximum upper bounds on the induced 2-norm of the uncertainties. Finally, by
using proper contraction, the robust overlapping output controller and the upper bounds on the
induced 2-norm of the uncertainties are both contracted to the original uncertain system with an
overlapping decomposition. A numerical example has been presented to verify main results of this

section.
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Chapter 3

Stabilisation of Overlapping Time-Delay
Systems

In this chapter, a sufficient delay-dependent condition for the stabilisation of overlapping linear
continuous-time uncertain systems with multiple constant delays by robust overlapping output feed-
back controllers is given. The overlapping system is first expanded into a higher dimensional system
(expanded system) where the overlapping subsystems appear as disjointed from each other. Then,
robust local delay-dependent output feedback controllers, for disjoint subsystems, are designed, us-
ing an LMI based iterative algorithm. Finally, the designed local controllers are contracted to an
overlapping controller to be implemented on the original system. The preservation of stability and
performance through contraction is proven. The design approach is used to design an overlapping

LFC of an uncertain, state-delayed, 2-area interconnected power system with overlapping parts.

3.1 Introduction

In Chapter 2, stabilisability of overlapping linear systems has been studied, where the inclusion
principle is used to design an overlapping static output feedback controller for the system. Al-
though the results of Chapter 2 can be used for both certain and uncertain linear systems, their ap-
plication in the presence of communication delays is of practical concern. The importance of net-
work delays in stability analysis of complex systems has been discussed in Section 1.1. However,
so far, with the exception of [76,77], communication delays and inherit parametric uncertainty
have not received sufficient level of consideration in the design of overlapping controllers. This
is despite the fact that communication delays can degrade the system performance, and may even
cause instability. In [77], the authors designed a delay-independent, output-feedback controller

with overlapping structure for uncertain, single state-delayed, discrete-time systems. An exten-

61
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sion of the inclusion principle is used in [76] to design robust, delay-independent, state-feedback
controllers with overlapping structures for uncertain, single state-delayed, continuous-time sys-
tems. However, the above results can be improved significantly as explained next: (i) in [76,77],
the decentralised controller design is carried out using the whole higher-dimensional, expanded
system, and therefore the decentralised structure of the expanded system is not taken advantage
of; (ii) it is well known that state-feedback implementation may only be realizable, from physical
viewpoint, if state accessibility is possible and the cost of implementation is not prohibitively high;
and (iii) delay-independent approaches are, in general, more conservative than delay-dependent
approaches, for the fact that the characteristics of the delay are not used in the design procedure.

In order to address the above mentioned issues, this chapter presents an extension of the inclusion
principle, such that it is suitable for overlapping, linear, continuous-time, uncertain systems expe-
riencing constant, but unknown, non-commensurate delays. We establish a sufficient condition for
the expansion process and use LMI approach to design local delay-dependent, uncertain, multiple
state-delayed controllers for each subsystem. Then, we contract the local controllers to an over-
lapping controller to be implemented on the original system such that stability and performance
are preserved. The effectiveness of the proposed approach is demonstrated through the design of
an overlapping, robust LFC for an uncertain 2-area interconnected power system with constant
communication delays. Simulation results and quantitative comparison criterion clearly show that

an improved performance is obtained by our controller in compared with others.

3.2 Preliminaries

Let the uncertain, continuous-time system, 2, comprising N overlapping subsystems with 7 non-

commensurate delays, be presented as:

() = (A+AA (D)) x(H) + f AW x (= dy) + Bu (£) + Byw (),
k=1

x (to) = ¢ (to), —max(dy) <ty <0 3.1
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Figure 3.1: The overlapping decomposition of dynamical system (3.1)

where u(t) € R’, x(t) € R", and y(t) € R’ are input, state, and measured output vectors
respectively. w(t) € R? is the norm bounded disturbance, z(t) € IR7 is the controlled output
vector, and ¢(fp) is the state initial condition. The pointwise delays are assumed to be unknown,
but bounded by given constants hy, i.e. 0 < di < hy. Matrices A, B, Aék), By, C, C, are known

with appropriate dimensions. The structured time-varying, norm bounded uncertainty matrix,

denoted by AA(t), is assumed to satisfy the following matching condition:
AA(t) = GF4 () E (3.2)

with G, E are known matrices. Matrix F4(t) is an unknown satisfying the inequality condition
FZFA <L

The system (3.1) has N overlapping subsystems, where every two adjacent subsystems share over-
lapping states and outputs. This structure has been demonstrated in Fig. 1.7. Thus, each of the
matrices A + AA(t), A‘(ik), and C can be decomposed into overlapping blocks as illustrated in
Fig. 3.1. In Fig. 3.1, the state and output variables defined by x; € R",x; € R",x; € R™
and y; € ]RZ",]/]' € ]le,yk € Rk, respectively, are the overlapping parts of two neighboring
subsystems. The decomposition of Fig. 3.1 reflects many real-life, large scale plants, such as

interconnected power systems, as detailed in Section 3.5.
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The state equation (3.1) has a unique solution described by:

¥ (5 (0),u(t),w(t) = (t0) ¢ (0) —|—/<D(t,s) Y AN (s — dy) ds

t 0 (3.3)

+/<1> (t,5) (Bu (s) + Byw (s)) ds
0

-
—_

where ®(t,s) is the transition matrix of the matrix A + AA(t), which can be expressed through

Peano-Baker series as:

t t (%}

@ (ts) = In+/(A+AA (01))d(71+/(A+AA (Ul))/(A+AA (02)) doador + - -

S S

(3.4)

The first step in the inclusion principle is to generate an expanded system where the overlapping
subsystems of Fig. 3.1 appear as disjointed from each other. To this end, the singular transfor-
mations V : R” — R and T : R' — R’ must be chosen to transfer the original space to an
expanded one through %(¢) = Vx(t) and §(t) = Ty(t). The variables % (t) € R" and § (¢) € R
are state and measured output vectors of the expanded system, respectively. Following the over-
lapping decomposition of Fig. 3.1, the full column rank matrices V and T that can duplicate the

shared variables are selected as:

0 0 0 0 0 0 0 0 0 0
0 I, 0 0 0 0 0 I, 0 0 0 0
0 I, 0 0 0 0 0 I, 0 0 0 0
0 0 0 0 0 0 0 0 0 0
O LA 0 0 e 0 0 0 I 0 0 35)
0 0 0 I 0 0 0 0 0 I 0 0
0 0 0 0 0 0 0 0 0 0 0 0
I, O I, ©
00 0 0 0 I, O 00 0 0 0 I, 0
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Let U and S be full row rank matrices satisfying the conditions UV = I, and ST = I;. Then,
using these conditions and the transformation matrices in (3.5), the expanded system Y. can be

described as:

X (to) = ¢ (t()) ’ —max(dk) < to < 0 (3.6)
In (3.6), the system matrices can be expressed as:

A=vau+M, AP =vAPUu+My, AA(H)=VAAU,
B=VB+N, B,=VB,+N, C=TCU+H,

C,=CU+L 3.7)

where M, M, N, Ny, H, L for k = 1,...,m are complementary matrices with appropriate di-
mensions.

The solution and transition matrix corresponding to the expanded system (3.6) are similar to (3.3)
and (3.4), respectively, but with the symbol (~) added.

To state the problem addressed in this chapter, we need to introduce an extension of the classic
definition of the inclusion principle. To do so, let us consider performance levels v and ¥y for the

original and expanded systems X and % respectively such that:

12Ol < vl @y, Nzl < Vllw ®ll (3.8)

Then, an extension of the inclusion principle definition 1.6 is presented next.

Definition 3.1. The pair (i,"y‘) expressed in (3.6) and (3.8) includes, or is an expansion of, the
pair (X, ), expressed in (3.1) and (3.8), if there exist transformations (U, V,S), such that for any

initial state ¢(to), any given input u(t), and any disturbance input w(t), the state transforma-

tion g(tg) = V(to) results in x (t; @ (to) ,u (t),w(t)) = UX (¢ (to), u(t),w(t)),y(t) =
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Sij (t) and 4 = 7y forall t > 0.

3.3 Problem Statement

Consider the overlapping, static output-feedback controller u(f) = Ky(t), where the structure of

K is given as:

7777777

*************

,,,,,,,

*******

K= o (3.9)

,,,,,,,

*******

where () stands for a design parameter. The overlapping structure of the static, output-feedback
gain, K, is reflecting the overlapping decomposition of the original system demonstrated in Fig.
3.1. Applying the control law u(t) = Ky(t) to the original system (3.1) leads to the following
closed-loop system:

% (t) = (A+AA () + BKC) x (1) + kfl AW (t—d) + Byw (1),

z(t) = Cax (1), (3.10)

x (to) = ¢ (to), —max(dy) <ty <0

In the following, we use the inclusion principle of definition 3.1 to derive a sufficient condition
for the existence of structurally constrained controller (3.9) such that for all admissible delays and
uncertainties (i) the closed- loop system (3.10) is stable for w(#) = 0; and (ii) the Ho, inequality
2 ()1l < v llw (1)

5, 1s satisfied by the closed- loop system (3.10) with a minimal value of 7.
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3.4 Main Results

3.4.1 An Extension of The Inclusion Principle

In order to generate the expanded system, given in (3.6), the complementary matrices of (3.7)
have to be chosen. Theorem 3.1 below states the conditions to be satisfied by the complementary

matrices.

Theorem 3.1. The pair (%, 7) given in (3.6) and (3.8) is an expansion of the pair (%, y) described
in (3.1) and (3.8) if and only if:

UMV =0, UMMV =0, UM"'N=0, UM™'N, =0, (3.11)
SHM~'V =0, SHM'MyuV =0, SHM 'N=0, SHM ™ 'N,=0, (3.12)

LM™'V =0, LM™'Mz@V =0, LM"'N=0, LM"'N,=0, (3.13)

fori=1,...,fiandk=1,...,m.

Proof. The proof of conditions (3.11) is given in [76]. In order to prove (3.12), we use (3.7) into
descriptions of x(t) and (). Then, we substitute the resultants into the relation y(¢) = Sij(t) of
definition 3.1. It can then be clearly seen that the relation y(t) = Sij(t) holds if and only if we

have SH® (t,0) V =0, SH® (t,5) MgV =0, SH® (t,s) N = 0, and SH® (t,5) N; = 0 for

t,s > 0andk = 1,...,m. Then, using expression of transition matrix CTD(t, s) by Peano-Baker se-

ries and (3.7), it can be shown that the relation SH® (¢,0) V = 0 is equivalent to SHM!~ 1V = 0

fori =1,...,7. Similarly, it can be demonstrated that conditions SH® (t,s) MgV = 0,SH® (t,5) N = 0,
and SH® (t,s) N;, = 0 are equivalent to SHM "MV = 0, SHM"'N = 0,and SHM'~IN,, = 0,
respectively. Analogously, the set of conditions (3.13) can be proven by the relation sz(t) =

C.x(t) originated from the same controlled output vector z(¢) in (3.1) and (3.6). O

Remark: 1t is worth recalling that conditions (3.11) are the same as those given in [76]. How-
ever, the extension of the inclusion principle to an overlapping output-feedback controller requires,
in addition to those in [76], conditions (3.12)-(3.13) of theorem 3.1 to be satisfied simultaneously.
Choosing the complementary matrices based on the theorem 3.1 is not trivial for large 7. How-

ever, it is easy to see that conditions of (3.11)-(3.13) hold if the complementary matrices satisfy
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the following conditions:
MV =0, Mp V=0, N=0, N, =0, HV =0, LV =0 (3.14)

Substituting the singular transformations (3.5), and the complementary matrices satisfying (3.14)

into the relations (3.7) yield the expanded system (3.6), comprising the disjoint subsystems given

in (3.15):
N m
% (D)= (Ai+ DA () % (1) + Y (Ay + DA (0) % (8) + Y AR % (¢ — di)+
i .
Bjju; (t) + Byiw; (1),
7i ()= Cafi (1),
zi ()= Ca%; (1),
% (to)= @i (to), —max(dy) <ty <0, (3.15)
Consider the local, output-feedback control laws:
ui (t) =kig; (t), i=1,..,N (3.16)

Applying these local controllers to subsystems of (3.15) leads to the following closed-loop sub-

systems:

zi ()= Cuifi (t) (3.17)

The problem then is to design local robust controllers k; such that closed-loop subsystems (3.17)

N N
are stable with disturbance rejection level ¥ i.e. Y ||z; () ||§ <A Y ||w; (t) H% for all admissible
i=1 i=1

delays and uncertainties. The design procedure is given next.
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3.4.2 Robust Decentralised Control Design and LMI

Before addressing the design problem, note that the following relationship is always true:
T ot
YIN=-DF (x5 () -) % ()F ()] =0 (3.18)
. =
i

Also, the uncertainties of the original system AA can be translated to uncertainties AA;; and A/L]'
of (3.15). To this end, substitution of (3.2) into (3.7) leads to:

ANA(t) =GF4 (t)E (3.19)
where

G=VG, E=EU (3.20)

The uncertainty (3.20) can then be decomposed into lower dimensional sub-matrices as follows:

GijFa (t) Ejj, (3.21)

>
=
I
%
N
I
>
=
Il

Now, we can proceed to the design problem by constructing the Lyapunov-Krasovskii function as

follows:

V(x,t)= Zazf (1) P () + Y / 77 (5) T (5) ds+
k=17t
/d /+9 R, %; (s)dsdo (3.22)

where 151', Rik' ]Nik are symmetric positive-definite matrices. Let the derivative of V(x, t) in (3.22)
be taken with respect to the closed loop description (3.17). Adding the term (3.18) to the resultant

V(x,t) and using the delay upper bounds, /i, we obtain the following upper bound on V(x, t).

V(b 3ol (0w, () — 2 () CTC,E (087 () 5 ( S SIS

i=1
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where

i (t) = [ () xT(t—dv) X (t—dm)
T
SHONRE O ORE O ON (3.24)
i PiA i Pi (Ay;+AAy;) PiBui
. % —Blkdiag {]. 0 0
* * —1 0
| x * * —5%1 |
In (3.25), (*) denotes symmetric part, and
~ ~ ~ \Tx U ~ U U
(Pz: ( i + AAzz’) P+ P; (Azz + AAzz) - PZ‘BIZB?;PI + C;Czﬁ’
I A A o
(BHP,-Jrk,-CH) (Bu 1+kiCii)+(N—1)I+2 IRy
k=1
Api= [ An Ai(i—l) Ai(i+1) Ain ]
AApi= [ AAy AAjiqy DA AAiy }
A= | A .. AW ], (3.26)

Now, let the matrix inequality &; < 0 holds for all admissible delays and uncertainties. Then, we

obtain from (3.23):
y Al 2T T AT &
V(x,t) <Y 7wl (Hw; (t) -z () CiCi% (1) (3.27)
i=1

where (3.27) leads to the following conclusions:
(i)  V(x,t) < 0whenw;(t) =0, i.e., the closed loop system (3.17) is stable.
(ii)  For zero initial condition, V(0) = 0, taking integrals of both sides of (3.27) yields:

/Ooo f: —Fw! () w; (t) +z] (t)z; (H)dt < =V (c0) <0 (3.28)
i=1
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From (3.28), it is easy to show that the He, performance level 4 can be obtained through the in-
cquality X 2 ()13 < 72 1 o (1)

In the sequel, we will show how to formulate the condition &; < 0 into an LMI, which can
then be used for control design purposes. To this end, a new variable X; = XlT > 0 is in-
troduced to deal with the negative term —PZ-BZ-Z-BE D; in (3.26). 1t follows that the inequality
(X; — P) B;iB]; (X; — P) > 0, which always holds, can be expressed as:

BiX; — X;B;iB}; P, — P;B;B}X; > —P;B;;Bj; P; (3.29)

Through Lemma 2 [92], expression of uncertainties (3.21), Schur complement, and the inequality
(3.29), it can be shown that =, < 0 holds if there exist symmetric, positive-definite matrices
b, X;, Ry, Jix» and positive scalars &1;, €5, I,y such that the matrix inequality Y; < 0 shown in

(3.31) holds.

- o o S -
i PiAgni P;Ap; PByi PGii PG (BED+kCy)
«  Blkdiag {~J;} 0 0 0 0 0
* * —I+E,; e, By O 0 0 0
Yi=| « * * —521 0 0 0
* * * * eq;1 0 0
* * * * * —ey 1 0
| * * * * * * —1I ]
m
Yi = AjD; + P A + XiBiiB X — X;ByBL P, — PBiBiXi+ Y Iy + Ry +
k=1
(N =1) I+ CLCy + EffeyEy, (3.30)
Eni = Blkdiag {Eilz - Eii=1) Eigigay, oo EiN} , 331

Ghi = |: Gil e Gi(i*l) Gi(i+1) R GiN ]
The matrix inequality (3.31) is a quadratic matrix inequality (QMI), which can be converted to
a standard LMI with specified X, hy, and 4. However, the LMI with fixed parameters is known to

be conservative, and it may even be infeasible. A more relaxed LMI formulation can be obtained

<0
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by solving (3.32), where &; is a new scalar variable.

&P 0 0

. 0 0 0

Y; < (3.32)
0 0 0 |

Since P; > 0, (3.31) holds if there exists &; < 0 such that (3.32) holds. So, we solve the robust,
output-feedback control problem by using the iterative algorithm shown in Fig. 3.2 to achieve
&; < 0. In addition, the binary search (half-interval search) technique is used to minimize the
parameter ¥ in (3.32) in order to obtain adequate control performance. The iterative algorithm
of Fig. 3.2 comprises three major steps. The first step, identified by green dotted box, is the
initialization of the algorithm. The second step, identified by red dashed box, is to find the robust
gain k; with an He, performance level 4. Finally, the third step, identified by the blue dash-dotted
box, performs binary search to minimize the parameter  of (3.32).

Remark: In the red dashed box, the Optimization Problem 1 (OP1) is the GEVP. Similar to [15], it

can be shown that at any two consecutive steps, p and p + 1, the OP1 ensures that the values of &;
(p+1)  7(P)

are such that &; ;7. This implies that the iterative algorithm ensures convergence as long
as the LMI problem posed in (3.32) is feasible at the first step p = 1.

Remark: Note that the feasibility of the problem depends on the initialisation step, where the
delay margins, /1, and the Ho, performance level search interval [Ystart, Yeng] are set. It might be
necessary to adjust these margins to ensure feasibility.

Once a decentralised controller Kp = Blkdiag{k;} is obtained through the iterative algorithm of
Fig. 3.2, it is then contracted (transformed) to an overlapping controller K (3.9) for implementation
on the original overlapping system (3.1). Due to (3.14), and similar to [68], the transformation

back to the original system is done by using T of (3.5):
K=KpT (3.33)

With the above material presented, we can now state the main results of this chapter, stated in the-

orem 3.2 below, provides a sufficient condition for robust stabilisability of the original overlapping
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Start

—

R R R R
: o Determine the upper bounds h, .
e o Determine a search interval Vstaanend] °
: o Determine the tolerance 4y -~ o~ ‘,
. o Determine positive definite matrices Qi Ryi | «
. e Setamaximum number of iterations | o ; Prax :
. L .
: setl=p=1 ~ .
. Solve the Riccati equation for X; .
. AT 7 7 A 7 B B-lRT ¥ S °
. A X + XA = XiBiRi Bi X3 +Q, =0 | -
® . ceoceccoccccoosodocoocoosoeooccoecaot ::IFIag=O
I o 7: Vstart +7/end
2
| ——=
OFd- < X. = P |-g—] Let P" be outcome of
° Min ¢; i i " op2
Subject to (3.31)
I=1+1; | ¥ [}
-1 I OP2: B
P= ° Let & and k; be Min trace(Pi)
outcomes of OP1 .
I Subject to (3.31)
Set & =a, in(3.31)
v No |7end ~ Vstart | <Ay I
(A N = S—
~ No Yes | The robust controll t be found.
End Robust output gain:ki —| Flag=0 e robust controller cannot be found,| |

system (3.1).

Theorem 3.2. Contraction of a decentralised controller Kp = Blkdiag{f(i} formed out of the ro-

Change the initialization

Figure 3.2: The iterative algorithm to design robust k;

bust, local, output-feedback controllers k; with disturbance rejection level v leads to a stabilizing,

robust, overlapping, output-feedback controller K for the original system (3.1) with a disturbance

rejection level 7y, where y = 4.
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Proof. From the constructed Lyapunov-Krasovskii function (3.22) and design procedure of robust

gains k;, we know:

ii (£) <0 (3.34)

[

N ~
;C? (t)

where ;(t) and 5, are given in (3.24) and (3.25) respectively.
Using, the inequality Cl.T.]E.T]EC.. > 0 , equality (3.18), and descriptions of ; and &;, the matrix

111

inequality (3.34) results in & (t) Q¢ (t) < 0 where:

é(t)z[ﬂ(t) o (t—dy) ... ZT(t—du) wT(t)]T (3.35)
(O PpAY Pp A" PpBy |
* —Jp1 O 0 0
O= * * 0
* * ¥  —Jpm 0
| x * * * —5%1 |

m
O = pD (A +AA+ BKDC) + (A +AA+ BKDC) TPD—FC;CZ + 2 ~Dk + hkRDk (3.36)
k=1
In (3.36), Pp, Jpi, Rpx are symmetric-positive definite matrices defined as below:

Pp = Blkdiag {P;}, Jpx = Blkdiag {J;}, Rpix = Blkdiag {R;} (3.37)

fori=1,...,N.

Now, construct the full column rank matrix I'l = Blkdiag < V,V,...,V,I 3 using matrix V given
N’

m

in (3.5). Then, by pre-post multiplying €} (3.36) to IT” and II, it can be clearly seen through

relations (3.7), conditions on complementary matrices (3.14), and contraction expression (3.33),
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the matrix inequality TITQIT < 0 is equivalent to (3.38) where 7 = 4.

¢ vippval) . vTByvA VTBLVB, |
s —VTmV 0 0 0
d= | « * <0
s < x  =VTp,,V 0
| x * * * —21 ]

= V'PpV (A+ AA+ BKC) + (A+AA+ BKC) VI PpV+

m
4 (Z ok + hkRDk> V+cClc, (3.38)
k=1

In the following, it will be shown that the matrix inequality (3.38) is implying the robust stability of
the closed loop (3.10) for all admissible delays and uncertainties. To this end, construct following

positive definite Lyapunov-Krasovskii function using Pp, ka and Rpy of (3.37):

Ve (x,t) = xT (t) VIPpVx (t) + i /t xT () VT (Jpr) Vx (s) ds
. k=1t (3.39)
+ /dk /t+6 xT (s) VIRpxVx (s)dsdf

Let the derivative of V7 (x, t) (3.39) be taken respect to (3.10). Then, the following upper bound

on VL (x,t) can be obtained:

Vi (x, 1) < ET(HPE(H) + 7 *w’ (Hw (1) —xT (1) CICox (1) —

i /ttd xT () VIRpkVx (s) ds (3.40)
k=1"*'"%

with & given in (3.38), and
) =[T(t) *T(t—d) .. 2T(E—dw) ©T() ] (3.41)

Similar to (3.23), the inequality (3.40) through ® < 0 is implying the robust stability of the closed
loop system (3.10) with disturbance rejection <y for all admissible delays and uncertainties. So,

the theorem is proven. O
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Table 3.1: Parameters of 2-area interconnected power system

Bi(p-u.MW/Hz) | Frequency bias K; Integral gain
K,i(Hz/p.u.MW) | Power system gain Tyi (sec) Power system time constant
Ti (sec) Governor time constant | Ty (sec) Turbine time constant
Ri(Hz/p.u.MW) | Speed droop T(p.u.MW /Hz) | Tie-line coefficient

3.5 Application: Load Frequency Control

Load frequency control is crucial in the operation of power systems to maintain the frequency
and the power exchange between the areas as close as possible to the scheduled values when load
demand exceeds generation. Due to the central roles LFC plays, it has been a subject of much
research over many decades as mentioned in Section 1.1.1.

In this section, the proposed robust overlapping delay-dependent design procedure is used for LFC
design for a two-area interconnected power system, and the simulation results are compared with
those of [26,50]. The simulation results clearly demonstrate that proposed robust overlapping
LFC leads to enhanced performance compared with LFCs of [26, 50] despite the fact that less
information is used for feedback with the proposed robust overlapping controller. The reason
behind the improved performance is using delay information in the proposed design procedure,

while LFCs of [26,50] are independent of delay’s characteristics.

3.5.1 Power System Description

A model of a 2-area interconnected power system is shown in Fig. 3.3 [26]. Table 3.1 shows the
system physical parameters, which in real life are not fixed, i.e. they are uncertain, as they may
undergo changes due to variation in the operating conditions and also due to age related factors,
such wear and tear. The LFC design problem of this section deals with the presence of commu-
nication time-delays and parametric uncertainties simultaneously, captured by the following state

space model:

#() = (A+DA) x (8) + AV x (t —dy) + AP x (t — dy) + Bu (£) + Byw (1),
y(t) =Cx(t), (3.42)
z () = Cux ()



3.5 Application: Load Frequency Control 77

-

|-
>

-0

2

—~
—

SN—

1 |ap () 1 APml(t)> K R
P 1+sT,, T 14T, +\z 1+sT,, Af;(t)

Governor Turbine-Generator Power System

+

DR i w0

S

Communication

i APtie—lz (t) 27T :2
S

........... Communication )

: Delay

+‘
i

[ ACEZ(Q o0 (e (t)
+ —_
1 [AR()[ 1 | AR (Y) ;: K., .
1+sT,, T 1+sT,, +1\2 ) 1+sT,, AT (1)
— L
Governor Turbine-Generator Power System
1
P R, AP, (t)
f A

Figure 3.3: A time-delayed 2-area interconnected power system
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where the state, input, measured output, controlled output, disturbance variables and system pa-
rameter matrices are defined as follows:

The state vector:

x (1) = [Afi (1), Aput (1), Apar (8), [ ACEx, Aprie-12 (), Afa (1), Apwz (1), Apiz (1) , | ACEs];
The input vector: u (t) = [uq (t),uz (t)]; The disturbance vector: w () = [APy (t), APsp (1)];

The measured output vector: y (t) = [Apya (), ACEs, [ ACEq, Aptie—12 (t) , Apma (t) , ACEy, [ ACE;];
The controlled output vector: z (t) = [Af1 (), Aprie—12 (t),Af2 ()] with Af; being the fre-
quency deviation in Hz, AP;;,_1; is the tie-line power deviation in p.u. MW, ACE; is the area
control error in p.u.MW, Ap,,; is the mechanical power output of the generator in p.u. MW, Ap,;

is the governor valve position in p.u.MW, and Apy; is the load demand change in p.u. MW for the

it" area. The system matrices A, A(Ell), A{(iz), B, B,,C,C, are given below where the overlapping

decomposition is determined by dashed lines.
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and A A is the norm bounded uncertainty with structure shown in (3.2).

Statement of the problem: For the case where (a) the communication time delays d; and d, are
assumed to be constant, unknown, but upper bounded by 7, ie. 0<d; <7, i=1,2,and
(b) the system parameters are uncertain, design an overlapping PI-type LFC that would achieve
the following performance objectives in response to changes in the load demands: (i) zero steady
state deviation in the frequency of each area; (ii) zero tie-line power exchange in the steady state;
and (iii) acceptable transient performance. This PI-design problem can be reformatted as a static

output feedback control problem by defining the ACE signal and its integral as state variables [41].
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As a result, the feedback control law with an overlapping structure becomes

[ AP, (1) dt
ACE; (1)
ACEq (t
iy (1) ki k» ks ks O 0 O JACE ()
= Apiie—12 (1) (3.44)
uQ(t) 0 0 0 k5 k6 k7 kg
APy (F) dt
ACE; (1)
| [ACEx (t)

K

Applying (3.44) to (3.42) results in the following closed loop system:

() = (A+DA+BKC) x () + AVx (t—dy) + AP x (t — da) + Byw (£),
z (t) = Cux ()

(3.45)

Now, let induced 2-norm of the controlled outputs z(#) be bounded by the following function:
2 2
Iz (Bl < 7*llw (D)3 (3.46)

where w(t) is the load variation and y is the H, performance index. It is well-known that since
v determines the effect of load variation on controlled outputs, smaller value of 7y indicates better
performance.

The problem then is to design a static output feedback controller K of the structure shown in (3.44)
such that the closed loop (3.45) is stable with minimal Hy, performance index <y for all admissible

uncertainties and delays.

3.5.2 Case Study

In order to show the effectiveness of the proposed fixed structure LFC design, the 2-area intercon-
nected power system shown in Fig. 3.3 is studied. As reported in [26], area 1 is represented by a
generator which is equivalent to two generators and area 2 is represented by a generator which is
equivalent to four generators The aim of this exercise is to design an LFC based on the overlapping

decomposition principle to (i) provide robustness to parametric uncertainties, (ii) account for the
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Table 3.2: Nominal Values of Parameters
T (sec) | Tg (sec) | R(Hz/pu.MW) | T, (sec) | Ky,(Hz/pu.MW) | B(p.u.MW/Hz) | T(p.u.MW/Hz) | K;
Areal | 0.3 0.1 0.05 10 1 41 3 0.5
Area2 | 0.17 0.4 0.05 8 0.66 81.5 3 0.5

Table 3.3: Uncertain Parameters

Physical Quantity | Minimum | Maximum
T(puMW/Hz) |1 5
Ri1(Hz/p.u.MW) | 0.03 0.09
Ry(Hz/p.u.MW) | 0.03 0.09

communication time-delays, and (iii) achieve superior performance compared to the traditional

PI-controller acting on ACE signals. In order to compare the results of our approach with that of

[26], the parameters in the primary control loop are chosen to be the same as used in [26] and

given in Table 3.2. As the approach in [26] does not consider parameteric uncertainties, we will

use the nominal parameter values for the comparison. We will also demonstrate the robustness of

the design method to changes in the system parameters by using both upper and lower bounds.

The bounded uncertainty in the example is due to tie-line synchronising coefficient, T, and the

droop characteristic, R;, in both areas as given in the Table 3.3.
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3.5.3 Robust Delay Dependent LFC Design

Using the expansion process explained in Section 3.4.1, the expanded system, containing the two

completely disjointed subsystems X1 and ¥, is obtained where the first subsystem X is:

01 01 0 0 —01
0 -33 33 0 0
=] 200 0 —10 0 0
205 0 0 0 05
(1884 0 0 0 0
(000 0 0] [0
000 0 0 0
+10 00 —10 0 | % (t—di)+ 0
000 0 0 0
s, Looo o o] 0
0 0.1
0 0
10 | ug (t) + 0 wy (1),
0 0
L O u L 0 a
0 100 0]
it — 205000 05| o,
0 001 0
0 000 1|

0O 00 0]

0 000

0 00 0|+AAp |[%(t)+

0 000

~1884 0 0 O |
10000

Zl(t): flf
00001



3.5 Application: Load Frequency Control 83

and the second subsystem ¥, is:

~05 —1884 0 0 0
0.083 —0.083 0083 0 0
By (t) = 0 0 —588 58 0 |+AAxn [%H(t)+
0 -200 0 —10 O
| 05 405 0 0 0]
(0000 0 | 1884 0 0 0 05 |
0000 O 0 000 O
0000 0 |X(t—d)+ 0 000 0 |+AAy|x(t)+
0000 —10 0 000 O
5, . 0000 0 | | 0 000 O |
0 0
0 —0.083
0 | u2(t)+ 0 w (),
10 0
L O i L 0 i
1 0 00 0]
T (f) = 0 0 100 B0, (B) = 10000 5
—~05 405 0 0 0 01000
0 0 00 1|

Step 2) Setting Ystart = 1, Yend = 10, A’)f = 0.5, le = Rwl = 0.1I5, le = Rwl = 0.0115
and 1 = T, = 1s (delay bounds in both areas) in the iterative algorithm given in Fig. 3.2, the
following local output controllers are obtained for the interconnected areas ¥ and ¥, with He,

performance 4 = 3:

Pl

1 [—1.63 —2.54 578 3.39}

(3.47)

b

2 [—4.39 —1.68 —2.42 —5.9]
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Therefore, from (3.47) the decentralised LFC for the expanded system, denoted by Kp, is ex-

pressed as:

—-1.63 —254 -578 3.39 0 0 0 0
0 0 0 0 —439 —-168 —-242 -59

b\l
)
I

(3.48)

Contraction of (3.48) by (3.33), yields the following overlapping robust H, static output feedback

LFC:

~1.63 —254 —578 339 0 0 0
K= (3.49)
0 0 0 —439 —168 —242 —59

The output feedback LFC has the same overlapping structure as described in (3.44). Based on
theorem 3.2, the overlapping controller (3.49) is a robust LFC with ¢ = 3 for the original two-

area interconnected power system.

3.5.4 Simulation Study

In the following, the LFC given in (3.49) is tested, through computer simulation, on the 2-area
system of Fig. 3.3, and the simulation results are compared with one-term full state feedback LFC
([26], Section 4.1.1) and two-terms state feedback LFC ([26], Section 4.1.3). In the first study, let
load demand change be 0.01p.u step change in load demand in area 1 at t = 0 sec followed by
0.01p.u step change in load demand in area 2 at t = 20 sec. In the second study, the random load
demand change as shown in Fig. 3.4 is considered. In each study, three scenarios are considered.
In scenario 1, we use the nominal values of the parameters given in Table 3.2. In scenario 2, we use
the lower limits of the uncertainties as given in Table 3.3. Finally, in scenario 3, we use the upper
limits on the uncertainties as given in Table 3.3. In all the simulation studies, the communication

delays are set (as in [26]) to d; = 0.1 sec and dy = 0.6 sec.
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Figure 3.4: Random load demand changes applied to areas 1 and 2

Study 1. Step Load Demand Change:

Let the load demand change be 0.01p.u in area 1 at t = 0 sec followed by 0.01p.u step change in
load demand in area 2 at t = 20 sec. In the sequel, the simulation results for different values of
uncertain parameters are provided.

Scenario 1: In this scenario, the Matlab Toolbox DDE-BIFTOOL [93] shows that the closed
loop system is unstable with the right-most pair being {0.06 £ 1.53j}. It has been confirmed by
simulation study ([26], Fig. 3). However, the closed loop system with the proposed overlapping
LFC is stable, as expected, with the rightmost pole at { —0.86}. The responses of the closed-loop
control system for the nominal values are shown in Fig. 3.5a-3.5¢, where the responses reported

in [26] for the same conditions have been superimposed for clarity of comparison.
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Figure 3.5: Scenario 1 (nominal parameters). Solid blue line (Proposed overlapping PI-type LFC),
dotted black line (One term state feedback Controller [26]), dashed red line (Two terms state
feedback Controller [26])

Figure. 3.5a shows the tie-line power exchange between the two areas. Initially, during tran-
sient, the part of the load increase in area 1 is met by importing power from area 2, which then
will reduce to zero in the steady state. This signifies the fact that in the steady state all of the local
power demand is met locally. A careful examination of the responses shown in the Fig. 3.5a, how-
ever, demonstrates clearly the much improved response of the proposed robust output feedback
controller designed over that designed in [26]. This is despite the fact that the controller in [26]
is state feedback. The improved performance is reflected by the overshoot, settling time and the
virtually nonexistence of oscillations.

The responses of the frequency deviations in areas 1 and 2 are shown in Fig. 3.5b. Here again

our controller performs significantly better than the one term controller and slightly better than the
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two terms controller, especially to responses in load demand changes in area 2, which contains
4 rather than the 2 generators in area 1. Figure. 3.5b shows clearly the improved overshoot and
settling time response to area 2 load demand change compared with the two terms state feedback
controller of [26].

Figure 3.5¢ shows the control signals, 11, Uy generated by the three controllers. It is clear that
much less control effort (energy injection) is needed to damp out the oscillations and bring the
system to a steady state than that required by the other two controllers. This is in addition to much
less settling time and overshoot.

Scenario 2: Here we repeat the simulation study carried out in scenario 1 but with the nominal
values of the system parameters replaced by the lower limits shown in Table 3.3. In this scenario,
the open loop system is stable, with the rightmost pole placed at {—0.2 & 1.5j}. The overlap-
ping LFC leads to stable closed loop system with the rightmost pole at { —0.25}. The closed-loop

system performances under the three controllers are shown in Fig. 3.6a-3.6c.
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Figure 3.6: Scenario 2 (lower bound). Solid blue line (Proposed overlapping PI-type LFC), dotted
black line (One term state feedback Controller [26]), dashed red line (Two terms state feedback
Controller [26])

The tie-line power responses to initial change in the area 1 load demand then area 2 load
demand after 20 seconds are shown in Fig. 3.6a. It is clear that the response of the tie-line power
exchange under our controller exhibits fewer oscillations and settles quicker than the other two
controllers reported in [26].

Fig. 3.6b illustrates the responses of the frequency deviations in the two areas to the same load
demand changes. Here again the same superior performance is exhibited by our controller in terms
of overshoot and settling time.

The same analysis can be made with respect to the control signals generated by the three controllers
shown in Fig. 3.6c. It is evident from the graphs of the control signals that our controller requires
less effort (movement) to accomplish the task of achieving zero steady state error in the tie-line

power and frequency and at the same time damping out oscillations in response to load demand
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changes.

Scenario 3: Here again we repeat the simulation study carried out in scenario 1 but with the
nominal values of the system parameters replaced by the upper limits shown in Table 3.3. The
open-loop system is unstable with two complex-conjugate pairs placed in the right-hand s-plane
at {0.26 = 1.4j} and {0.01 £ 2.52j} in this case. The right-most pole, however, in the closed
loop system with the proposed overlapping LFC is placed at {—0.67 £ 2.24j}. The closed-loop
system performances under the three controllers are shown in Fig. 3.7a-3.7c. The tie-line power
responses to initial change in the area 1 load demand then area 2 load demand after 20 seconds are
shown in Fig. 3.7a. It is clear that the response of the tie-line power exchange under our controller
exhibits far superior response than the one term controller and better performance than the two
terms controller reported in [26], in terms of fewer oscillations and quicker settling time. The
same conclusions hold with respect to the responses of the frequency deviations in the two areas
and the fact that our controller requires less effort to eliminate the steady state error in the tie-line

power and frequency in both areas more quickly and efficiently than the other two controllers.
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Figure 3.7: Scenario 3 (upper bound). Solid blue line (Proposed overlapping PI-type LFC), dotted
black line (One term state feedback Controller [26]), dashed red line (Two terms state feedback
Controller [26])

Study 2. Random Load Demand Change

Let the random load demand change shown in Fig. 3.4 be applied to areas 1 and 2. In the sequel,
the simulation results compared with those of [26] for various values of uncertain parameters,
which are given in Table 3.3, are provided.

Scenario 1: The closed loop responses with the nominal parameters of uncertain parameters are

given in Fig. 3.8a-3.8c.:
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Figure 3.8: Scenario 1 (Nominal parameters). Solid blue line (Proposed overlapping PI-type

LFC), dotted black line (One term state feedback Controller [26]), dashed red line (Two terms
state feedback Controller [26])

Scenario 2: Here, the lower bound of uncertain parameters given in Table 3.3 are considered

in the simulation studies. The closed loop responses are demonstrated in Fig. 3.9a-3.9¢c, where the

responses of [26] have been superimposed for the sake of comparison.
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Figure 3.9: Scenario 2 (lower bound). Solid blue line (Proposed overlapping PI-type LFC), dotted

black line (One term state feedback Controller [26]), dashed red line (Two terms state feedback
Controller [26])

Scenario 3: Finally, let the nominal values of uncertain parameters be replaced with the max-

imum values of Table 3.3. The closed loop responses to random load demand changes are demon-
strated in Fig. 3.10a-3.10c:
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Figure 3.10: Scenario 3 (lower bound). Solid blue line (Proposed overlapping PI-type LFC), dotted
black line (One term state feedback Controller [26]), dashed red line (Two terms state feedback
Controller [26])

The discussions on simulation results are the same as before. But, it is still worth mentioning
that based on the simulation results, performance of proposed overlapping output feedback LFC

is better than state feedback LFCs of [26]. It has been confirmed through quantitative criterion in

Section 3.5.5.

3.5.5 Performance Comparison

In order to provide a quantitative comparison of the performances of our controller design ap-
proach and those reported in [26], the Integral Absolute Error (IAE) criterion of form expressed in
(3.50) below is used. The index J reflects the amount of energy required to bring the transients to

steady-state, measured by the total absolute value of area under the ACE curve. In this application,
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the energy is the amount of steam input to the turbine regulated by the governor action.

7= [ {1ACE: (5] + |ACE: ()]} at
0

(3.50)

where ¢ in study 1 (step load demand change) is 60 sec and study 2 (random load demand change)

is 200 sec.

The result of the performance index | of each of the three designs is given in Tables. 3.4-3.5.

Table 3.4: Values of assessment criterion (unit step load demand change)

Type of Controller Nominal Parameters | Lower bound of uncertain parameters | Upper bound of uncertain parameters
Proposed overlapping PI-type LFC | 0.01 0.01 0.02
One term state feedback LFC [26] | 0.06 0.03 0.17
Two terms state feedback LFC [26] | 0.03 0.03 0.03

Table 3.5: Values of assessment criterion (random step load demand change)

Type of Controller Nominal Parameters

Lower bound of uncertain parameters

Upper bound of uncertain parameters

Proposed overlapping PI-type LEC | 9.79 9.02 12.8
One term state feedback LFC [26] 30.24 18.31 76.03
Two terms state feedback LFC [26] | 15.08 16.72 15.02

It is clear from Table 3.4-3.5 that the proposed overlapping robust LFC provides better per-
formance index than the full state feedback LFCs in [26]. This outcome vindicates the results of
the simulation studies carried out in the three scenarios in Section 3.5.4. As well as the superior
performance, our controller uses local output measurements only, as opposed to the state feedback
LFC of [26] that required availability of the entire state variables in both areas to generate the local
control signals. The practical implication is that implementation of the LFCs in [26] requires extra
communication channels to be installed for information transfer and thus adds more complex-
ity, delays, computational requirements and probability of faults occurring in the communication

channels.

3.6 Summary

This chapter provides new results on stabilisability of overlapping, time-delay, continuous-time,

uncertain systems, by overlapping static output-feedback controllers. The overlapping subsys-
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tem is first expanded such that the overlapping subsystems have become disjointed. Sufficient and
necessary conditions for the expansion process are given. Then, local stabilising controllers are de-
signed for disjoint subsystems, using a LMI based iterative algorithm. A stabilising decentralised
controller is then formed out of the local controllers, and contracted to a stabilising overlapping
controller for implementation on the original system. Preservation of stability and disturbance
rejection level through contraction process is proven. The two-area interconnected power system
experiencing communication delays and parametric uncertainties is used as the case study. The
simulation results, under various scenarios, show that the proposed overlapping LFC provides a
better robust performance than the full state feedback LFCs of [26], although it uses local out-
put measurements only. This is vindicated by a quantitative assessment of the performance made
in terms of the amount of energy required to damp out the oscillation after a change in the load

demand.



This page intentionally left blank.



This page intentionally left blank.



Chapter 4

Robust Controller Design for Overlapping
Uncertain Systems With Time-varying
Measurement Delay

An extension of the inclusion principle is presented in this chapter to design a robust, overlapping,
Heo static, output feedback controller for continuous input-delayed uncertain systems with overlap-
ping decomposition. The input delay is unknown but assumed to be time-varying with given upper
bounds on the size and derivative of delay. The system considered is linear comprising a number
of overlapping subsystems with structured, time-varying, and norm-bounded uncertainties. In this
approach, the original overlapping system is first expanded into a higher dimensional system where
the overlapping subsystems are completely decoupled. Then, a delay-dependent iterative algorithm
based on LMI is proposed to design robust He, local output feedback controllers for the each of the
decoupled subsystems. Finally, the local controllers form a decentralised controller which is then con-
tracted (transformed) to a robust overlapping controller for implementation on the original system.
The preservation of stability and performance through contraction is proven. The validity of the pro-
posed design approach is demonstrated by designing an LFC for an uncertain 3-area interconnected

power system experiencing time-varying measurement delays.

4.1 Introduction

In Chapter 3, uncertain linear systems experiencing constant state-delays are studied. The inclu-
sion principle and design approach based on LMI are proposed to design robust overlapping output
feedback controllers. However, the assumption on network delays being constant might be con-
servative. They may appear due to temporary data unavailability because of physical failure of a

communication channel or cyber-attack on data packet. So, it is more relaxed to consider random

97
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or time-varying communication delays in the stability analysis. Furthermore, communication de-
lays are likely to rise in sending measurements from remote terminal units (RTUSs) to control centre
and from the control centre to the system. These delay can be combined as a single delay and be
presented as input delay. Thus, to consider more relaxed and practical conditions, this chapter
studies overlapping systems experiencing time-varying input-delay. To this end, first the inclusion
principle presented in Chapter 3 is used to expand the overlapping system. Then, a relaxed LMI
based iterative algorithm is proposed to design local controllers, which are aggregated to form
a decentralised controller. It is then contracted to overlapping controller to be implemented on
the original overlapping system. This chapter shows that stability and performance are preserved

through the contraction process.

4.2 Preliminaries

In this chapter, we are dealing with uncertain input-delayed continuous system . described as:

“4.1)

Matrix AA(t) represents time-varying norm-bounded uncertainty with the following structure:
AA(t) = GFA(t)E (4.2)

with G, E are known matrices with appropriate dimensions. F4 (¢) is unknown time-varying ma-
trix satisfying the condition F1(¢)Fa(t) < I.
The unknown time-varying input-delay d(t) in (4.1) is assumed to have the following characteris-

tics:

0<d(t) <,

0<d(t)<upu (4.3)
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where T (delay margin) and p (maximum rate of delay change) are determined from the physical
system.

Consider another larger dynamical system X as follows:

=
—~
—~
N—
Il
—

A+ANA(t)) % (t)+Bu(t—d(t)) + Bow (t),

5 g(t)=Cx(t), 44)
2(t) = G (1), '
x (0) = xg

where AA(t) represents norm-bounded uncertainty with the following structure:

AA(t) = GEA(t)E 4.5)

Let the controlled output of system X (4.1) and its expanded form ¥ (4.4) be bounded by the

following inequalities:
12 ()l < v l[w (Bl
12(B)[l; < ¥ l[w (Bl

(4.6)

It can be shown similar to Chapter 3 that the larger dynamical system X includes (or is expansion)
of the system X based on definition 3.1 if there exist complementary matrices M, N, Ny,, H, L
satisfying conditions (3.14). Then, the matrices of the expanded system is related to those of the

original system X as given in (3.7).

4.3 Problem Setup

Let system (4.1) be comprised of N overlapping subsystems where each of the matrices A +
AA(t) and C has overlapping blocks on its diagonal as illustrated in Fig. 3.1. The aim of this
chapter is to use the inclusion principle and the expanded system ¥ in order to design a robust,
structurally constrained controller, K (3.9), for system (4.1) with the overlapping decomposition

of Fig. (3.1), such that for all admissible uncertainties and delays:
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1. The closed loop:

X ()= (A+AA (1) x (t) + BKCx (t — d(t)) + Bow (1),
z(t) = Cux (), 4.7)
x(0) = xo

is asymptotically stable when w(t) = 0.

2. The Hy, inequality ||z (£)||, < v [Jw (t)]|, is satisfied by the closed loop system (4.7) with

a minimal value of 7.

4.4 Main Results

Similar to Chapter 3, the generated expanded system % (4.4) comprises of interconnected subsys-

tems can be represented as follows:

=1
J#
7i (t) = Ca%i (1),
zi (t) = Cuxi (1),
x (0) = xo; i=1,.,N

4.8)
Applying the local static output feedback gains u; (t) = k;; (t);i = 1,2,...,N to intercon-

nected subsystems of the expanded system (4.8) leads to the following closed loop system:

%i(t) = (A + AA; (1) %i (1) + :1 (Aij+ AA;j (1)) % (£) 4 BikiCi%;(t — d(t)) + Buwjw; (1),
j#i

g (t) = Cuxi (1),

x (0) = xo; i=1,..,N

4.9

The problem is then to design local static gains k; such that closed system (4.9) is robustly stable
N N

with Hy, disturbance attenuation ¥;, i.e. Y ||Zi(f)|| < ¥ 7i||@;(¢)] for all admissible uncertain-
‘ i=1

i=1

ties and delays. In the sequel, this problem is addressed_by adapting the design approach of [15].
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But, first the following relations required in the design procedure, are presented

(1) It is easy to show that the following equality always holds:

% (N =1 (1) % (1) - % HOEAGE (4.10)
i=1 j=1
i

(i) Based on well-known Newton-Leibinz formula [94], the below equality holds for appropriate

dimensional matrices Y; and T;:
N 5 3 t
Y2 (T3 (—a )T () - (t-aw) - [ &(s)ds) =0
= t—d(t)
4.11)
8 Z U
(iii) For any semi-positive definite matrix X; = | _ |, we have [94]:
ur L
N zZ U % (1)
Yr[arw Se—amy ]| " -
i=1 uz' Ll X; (t —d (t))
o (4.12)
Z; U X (t
L % (1) ds >0

/tdm[ﬂ(t) ig(t_d(t))} ar i X (t—d(t))

(iv) Based on the closed loop description (4.9), the following relation holds for any appropriate

dimensional matrix G;, H; and Ji = ]~ZT > 0:
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Now, we can proceed to the design problem by considering the well-known Lyapunov-Krasovskii
(4.14)

(0)S:%;(0)do

function as follows
R s)dsdf+
t—d(t)

N ~
=Yzl (H)Bxi(t) + / /
i=1 t+6
where P, R;, S; are symmetric positive-definite matrices. Let the derivative of V(x,t) be taken
respect to the closed loop description (4.9). Using (4.10)-(4.13), the following upper bound on

O [Tt

V(x, t) is obtained:
oo T T~ ST (1 & &
14 (x/ t) < 2’71 w; (t) w; (t) ( )C CZl ~z ( ) +€i (t) E‘igi
i=1 -
(4.15)
In (4.15), fori,j =1,2 ,N and j # i, we have:
- T
G =] (@) F-dw) f? () Wl (1) B .. fal) Tl .. w(E) |
pi (t,s) = [ ' (t) zF(t—d £l (s ]
(4.16)
Zi ~1 ~1
Li=| « L T (4.17)
* * Ri
Qi qsz _Gi + (Aii + AAZZ)TﬁiT ( ~i + éz) Bwl (131 + G ) (AHi + AAHZ)
x A CikIBIAT —J, J:Bui Ji(Ani+ AAp;)
EZ‘ - * * de - I:IIT - I:Il Nlez H (A i + AAHZ)
x % * —421 0
| x x * * -1
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In (4.16)-(4.18), (*) denotes symmetric parts and:

&= (P, + Gi) Biik;Ciy — Yi + tU; + T/ + (A + AAy)"T,,

Ri=— (1) S — Ty 7 <L — JiBB T+ (BT + KiCi) (BT + kiCa),
Ani= [Aij],
AApi= [AA;j] (4.19)

The variables in (4.17)-(4.19) have been denoted by bold letters.
Now, let the matrix inequalities Z; < 0 and I'; > 0 hold for all admissible delays and uncertainties.

Then, we obtain from (4.15):
V(x,t) < ) yiwl (t)w,; (1) — & (1) CLC.% (¢) (4.20)

Expression (4.20) leads to the following conclusions:
(i) V(x,t) < 0 when w;(t) = 01i.e. the closed loop system is stable.

(i) By taking integrals from both sides of (4.20) and with zero initial condition, we get:

/OOO %—W?wf (t)w; (t) + 21 (t) Z; (t)dt < —V (00) < 0 (4.21)
i=1

From (4.21), it can be clearly seen the inequality g 12 (1)||5 < g 72 ||w; ()||3 holds.

Therefore, it has been shown so far that satisfactilozn1 of the matrixli:;equalities H;i<0andT; >0
imply robust stability of the closed-loop system (4.9). However, &; < 0 in (4.18) is not expressed
in a standard LML To express it as LMI, Similar to Chapter 3, it can be shown that &; < 0

holds if there exist positive matrices Qi, P,R;, S, Li,Z;, Ji and appropriate dimensionally matrices

G, H;,Y;, T; feedback gain l~<i and positive scalars €;1, €;; such that the matrix inequality Y; <0,
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shown below, holds:

[ Qi + Egeﬂfii —?1 + Tal + TT + Aszil
* 7(17%);1*1"1*T}T+TLi+Q1BuB};Q1*Q~anBT
* *
* *
pi= * x
* *
* *
* *
* *
L * *
(131 + éz) AHZ ( ~1 + Gl) Bu 0 0
~ o~ ~T ~ ~ ~x\T
JiAni 0 Cikl (BLJ; + k,Cii)
0 0 0 0
—I+ E%}ieizEHl 0 0 0
* —1I 0 0
* * —1 0
* * * —1
* * * *
* * * *

where Gp; = [Gjj] with G;j of (3.21).

The matrix inequality (4.22) is QMI in Q; which can be converted to a standard LMI with fixed

Qi.

However, the LMI with fixed matrix variable is known to be conservative, and it may be

infeasible. To provide a more relaxed condition and similar to Chapter 3, a new scalar variable &;

— JiBiiBj; Qi ~J; J:Bui
TR; — I’:IIT — Hi HiBwi
* —’?,»21
* *
* *
* *
* *
* *
* *
+ Gi)éll ( + C~;1')GH1
TiGii TiGHi
I:IiGzz ~iGHi
0 0
0 0
<0
0 0
0 0
0 0
—€i1 0
* —€i2
4.22)
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is introduced. Since Qi > 0, it is evident that (4.22) holds, if there exists &; < 0 such that:

0 0 0
_ 0 %0Q; ... 0
(0 0 0 |

Thus, we solve the robust, output feedback control problem by using the iterative algorithm shown
in Fig. 4.1 to achieve &; < 0, in which feasibility of (4.23) with &; < 0 implies feasibility of (4.22).
Moreover, the binary search (half-interval search) technique is used to minimize the parameter ¥y

to obtain adequate control performance.
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Start

Determine the delay characteristics d .,z
Determine a search interval T?fstan 1Vend
Determine the tolerance 4y ~ o~
Determine positive definite matrices Qui ; Ry
Set a maximum number of iterations |max 3 Prnax

!

Setl=p=1 -
Solve the Riccati equation for Qi

'EXTQ +QiAii -Q I-S’ii Rv;iléi-irQi +Qu =0

e

e o o o o

gocccs cccccceccsccccccssscescesse e e e
I : OP1: P e = :
. Mind; - Q =J 1 Let J; bg;;tcome of :
° °| Subject to /7, >0and (4.23) .
l=1+1; | . ¥ 4 .
-1 I . OP2: 5 b
P= © . |Let & and k; be Mlntrace(Ji) [
A ° » | outcomes of OP1 ) N L
I . subjectto /7, >0 and (4.23) ¢
I : Yes — T °
. p=p+1 Set @; =a; in(4.23)

I Yend =7 ] .

I 77min :77i I

|7end _7start|<A7 I

No No
I S ] p———
. T Yes | The robust controller cannot be found,
End Robust output gain:K; |«=—| Flag=0 |——j» Change the initialization -

Figure 4.1: The iterative LMI algorithm to design robust local gains k;

The discussions on iterative algorithm of Fig. 4.1 is similar to those of Fig. 3.2 given in Chapter

3.

4.4.1 Contraction and Stability of The Original Overlapping System

Once robust local controllers k; are designed by the iterative algorithm of Fig. 4.1, the decen-

tralised (block-diagonal) controller Kp = Blkdiag{fci} is formed. It is then contracted (trans-
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formed) to an overlapping controller K of (3.9) for implementation on the original system. The
contraction is done using (3.33).
Next, we prove that the overlapping controller K is also a robust stabilising controller for the

original system with H performance -y, where v = max{%;}.

Theorem 4.1. Contraction of a decentralised controller Kp formed out of the robust, local, output
feedback controllers k; leads to a stabilizing, robust, overlapping, output feedback controller K for

the original system (4.1) with a disturbance rejection level vy, where v = max{+;}.

Proof. From the constructed Lyapunov-Krasovskii function (4.14) and design procedure of robust

gains k;, we know

N o =
(&G () <o, (4.24)
i=1

N t T L

E/td(t) ol (t,9)Ti0:(t,8) >0 (4.25)

i=1

where 51-, Ei,[)i, and T'; are given in (4.16)-(4.18).
The inequalities (4.24) and (4.25) using (4.16)-(4.18), lead to (4.26) and (4.27) shown below

respectively:
ETOE <0, (4.26)
/t 7T (¢, s)Fii(t,s) > 0 .27)
t—d(t)
where
. T
EO=[ 0 . e Fe-de) . L) T e ol oo ]
T
P0= @) . @ de-de) . dge-dn) o . Fe ]
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® & -Cp+ATHp (Pp+GCp)By |
« A CTRLBTAL—Jp  Jpby

Q= 3 N N o <0, (4.29)
* * TRD —Hg—HD HDBd
N * —’?21 ]
Zp Up Yp
¥ — x Lp TIp | >0 (4.30)

and:

& =Sp+ (Pp+Gp)(A+AA) + (A+AA)T(Pp+ Gp) + Yp + Yh +1Zp + CIC,,
@ = (pD + GD>BKD — YD + TC[D + Tg =+ (A + AA)TjD,

A= —(1 — ‘u)gp — TD — Tg + TED -+ TDEKDC + (TDBKDC)T,

Pp = Blkdiag{P;}, Sp = Blkdiag{S;,}, Gp = Blkdiag{G;}, Yp = Blkdiag{Y;}, Zp = Blkdiag{Z;},
Up = Blkdiag{U;}, Tp = Blkdiag{T;}, Lp = Blkdiag{L;}, Jp = Blkdiag{J;}

(4.31)
Then, from (4.29) and (4.30), we obtain:
Blkdiag{VT, VT, VT, 1YQBlkdiag{V,V,V,I} <0,
Blkdiag{V", VT, VIA¥BIkdiag{V,V,V} > 0 (4.32)

where V is the full column rank matrix given in (3.5). Afterwards, it can be clearly seen through

(3.43), (3.14) and (3.33), the following inequalities can be concluded from (4.32):

® © —V'CpV+(A+AA)TVTHpY VI(Pp+Gp)VBy |
« A CTKLBTVTALV — VTJpV VITpVB;
« x TVTRpV —VTALV —VTARY  VTApVB,

<0,

k% * —%1
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viZpv VTUpv VTYpV
1= * VILpv VITpVv | >0,
* * VIR,V
&= VTSpV + VT (Pp + Gp)V(A + AA) + (A+ AA)TVT(Pp + Gp)V + VIYpV
+VIYEV +7vTZpv + CIC,,
© = VT(Py+Cp)VBK — VI YpV +tVTUpV + VITEV + (A + AA) VT ]pV,
A=—-1-wV'Spv —VTTpV —VITLV + VT LpV + VI jpVBKC + C'KTBTVT ]V,

y=max{%;}; i=12,...,N (4.33)

In the sequel, it will be proven that the matrix inequalities (4.33) are implying the robust stability

of (4.7). To this end, construct the following positive definite Lyapunov-Krasovskii function:

N 0t :
Vi(x, t)=Y xT(H) VT PpVx(t) + / " )/ xT(s)VIRpVx(s)dsdo+ (o) VISpVx(o)do
= —d(t)Jt+6 ¢

—d(t)

4.34)

Let the derivative of Vi (x, f) be taken respect to the closed loop (4.7). Then, the following upper

bound on derivative of V1 (x, t) through the similar relations as (4.10)-(4.13) can be obtained:

) t
Vi (xt) < 7P (1) () =<7 () CICx (48T (0¥ ()~ [ o7 (6,9)Tlp (1,5) s
t—d(t
(4.35)
where ¥ and IT are given in (4.33). Now, similar to (4.20), it can be clearly seen than the matrix

inequalities ¥ < 0 and IT > 0 result in the robust stability of the closed loop system (4.7) with

disturbance rejection level v = max{;} for all admissible delays and uncertainties. O

4.5 Case Study: Three-Area Power System

In this section, load frequency problem is considered for a three-area interconnected power system
experiencing network delays and model’s uncertainties. First, a dynamical model of the it";i =

1,2, 3 area, comprising 3 generating units, is given in Fig. 4.2. Nominal parameters of generating



110 Robust Controller Design for Overlapping Uncertain Systems
L
Ril
AP, (t)=a. Ao 1 AR, [ 1] ARy Af (1) |
E 1+sT,, 1+sT,, D, +5sT,
j]_ AI:)'tiefi (t)
R,
Jor _tCS_» 1 ARys (t) g1 ARy (t)
'3 1+58T, 1+sTy,

Figure 4.2: Dynamic model of i*" area

Table 4.1: Nominal parameters of three area interconnected power system

Generating unit number | 1 2 3 4 5 6 7 8 9
D(pu/Hz) 0.015 | 0.014 | 0.015 | 0.016 | 0.014 | 0.014 | 0.015 | 0.016 | 0.015
Tp(sec) 0.1667 | 0.12 0.2 0.2017 | 0.15 0.196 | 0.1247 | 0.1667 | 0.187
Tr(sec) 0.4 0.36 042 | 044 0.32 0.4 0.3 0.4 0.41
Ty (sec) 0.08 0.06 0.07 | 0.06 0.06 0.08 | 0.07 0.07 0.08
R(Hz/pu) 3 3 33 27273 | 2.6667 | 2.5 2.8235 | 3 2.9412
B(pu/Hz) 0.3483 | 0.3473 | 0.318 | 0.3827 | 0.389 | 0.414 | 0.3692 | 0.3493 | 0.355
o 04 0.4 0.2 0.6 0 0.4 0 0.5 0.5

units {1,2,3}, {4,5,6}, and {7, 8,9} which are corresponding to areas 1,2, and 3 respectively, are

given in Table. 4.1 [51,52]. However, the droop characteristics (R ) and turbine time-constant (Tt )

are assumed to be uncertain with percentage uncertainty of +10% around their nominal values as

given in Table. 4.2. Then, an uncertain state space model of the three-area interconnected power

system, where each area is depicted in Fig. 4.2, can be expressed as:

(1) = (A+AA)x (t) + Bu (t) + Byw (1),

y(t) =Cx(t),
z () = Cx ()

(4.36)
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Table 4.2: Uncertain Parameters

Physical Quantity | Minimum | Maximum | Physical Quantity | Minimum | Maximum
R11 2.7 3.3 Tr11 0.36 0.44
Ry 2.7 33 TT12 0.32 0.39
Ry3 2.97 3.63 TT13 0.37 0.46
Ry 2.43 2.97 Tro1 0.39 0.48
Ry 2.34 3.86 Tt 0.28 0.35
Ry3 2.25 275 Tt23 0.36 0.44
R31 2.52 3.08 TT31 0.27 0.33
R3; 2.7 3.3 Tr32 0.36 0.44
R33 2.61 3.19 TT33 0.36 0.45
where
' (t)= | xf (1) APyenn(t) x5 (1) APyeos (t) x5 (1) }
u' ()= [ AP () AP2(H) APs(H) |
wT(t): I APdl (t) Apdz (t) APdg, (t) i|
v O=| ¥ (1) APai2(®) ¥ (1) APans(t) v (1) |
2! (t)= CAfiL(t) Af2(t) Afs(t) } (4.37)
and
T(p)—
s[(=| Afi(t) [ACE/(t) APm APy ... APrn, APy
y[()=| ACE/(t) [ACE/(t) ] =123 (438)

The matrices of state space representation (4.36) are given below where the overlapping decom-

position has been determined by d

- _-——

*******

ashed lines.:

B0 0

0:10'0

,7‘{ ‘

0 !By 0
Eo— -

0/0'0

|0 0B

By' 0 O
010'0
0 "By 0

F - =
010"'0
0 0 By
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(Ca 0'0 0 0| ] _
\ Ci Cn, 0 Cyg O
oo0lo0 o0 o | | Moo M
***** sooos 0' 1 10 0'0
00 Cp 0! 0 oo :
C = ‘ [ ’ C= 0  Ca Csz Csg, O , (4.39)
00 0 0,0 | e
FoT T TR 0 0 0 : 1 10
0 0 0'0 Cas S IR
! 0 Cs 0 1Csy Css
0 0 010 0 | - ‘
where
1 1 D;
AREA; MP; = 0 = 0 —7 0
Aji= , MP, = pi pi , AREA; = pi
DROOP, TG, 0 0 0 0 5 o
1
n blocks
0 0
1
— 0 1 1 1 1
- Rl ) CTrn T Ty Tr;
DROOP, = 5 ,  TG; = Blkdiag S P
[ 1 0 - 0 _
0 0 Tun THin
1
— 0
L RinTHin -
(4.40)

The overlapping parts are APy;,_1» and AP;;,_»3. The variable AP;;,_1; is shared between areas 1
and 2, which is consistent with the fact it is accessible by both areas. Likewise, AP;;,_»3 is shared
by areas 2 and 3, and thus is considered as the overlapping part between them. Note that since
APyj,_13 is a linear combination of AP;;,_1» and AP;;,_»3 as shown in (4.41), it has been omitted
from the list of state variables defined in (4.37)-(4.38).

APyje_13(t) = = —APjie_23(t) (4.41)

4.5.1 Problem Statement

It is well-known that a change in load demand results in frequency and tie-line power deviations.

The aim of this section is to design an LFC to achieve the following performance objectives (i)
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AP

C

AFzs (t _da (t))

Figure 4.3: Overlapping PI-type LFC in a time-delayed three-area power system

zero steady state frequency deviation in each area (ii) zero steady state tie-line power exchange
among the areas, and (iii) acceptable transient performance. In [51] and [52], LFC with decen-
tralised structures have been considered. In other words, each area is controlled separately using
a local LFC which uses the ACE signal from the same area (Fig. 1.2). In this chapter, however,
the overlapping decomposition shown in (4.39) is taken advantage of. Based on the overlapping
decomposition, the overlapping parts (tie-lines), which are locally available, can be added to lo-
cal controllers in addition to ACE signals to improve the overall performance. This will lead to
overlapping LFC. By taking time-varying measurement delays into account, the overlapping LFC

is shown in Fig. 4.3, where k;; i = 1,2, ..., 10 are feedback gains which have to be designed.
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Based on Fig. 4.3, the control law can expressed as:

ACE; (1)

/‘ACEl (t)

APyie_1 (t)

Apcz (t) = 0 0 k4 k5 k6 k7 0 0 (4-42)
APcs (1) 0 0 0 0 0 ks ko ki / ACE (1)
K APie_23 (1)
ACE; (1)

_ / ACE; (1)

It is worth mentioning that considering ACE and its integral as state variables allows us to formu-
late the PI control problem as a static output feedback problem [41,46,51].
Applying the control law (4.42) to the state space representation (4.36) results in the time-delayed

closed loop system being expressed by:

X (t)= (A+AA)x (t) + BKCx (t — T (t)) + Bjw (t),
z (t)= Cyx (t) (4.43)

The aim of this section is designing an overlapping static output feedback controller K of the
structure given in (4.42) such that the closed loop system (4.43) is asymptotically stable with a
minimal He, performance level v i.e. ||z (t)||, <y [|w (¢)||, for all admissible delays and uncer-
tainties. The simulation results are also compared with decentralised PI and Proportional-Integral-
Derivative (PID) type LFCs proposed in [51] and [52] respectively. These two controllers are
given in Table. 4.3:
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Table 4.3: Reported decentralised controllers in [51] and [52]

Ky [51] K [52]

Area
KP K[ Kp K[ KD

1 -0.2728 -0.2296 | 0.0669 -0.0615 -0.0311
2 -0.1475 -0.1773 | 0.0305 -0.0885 -0.0325

3 -0.2142  -0.2397 | 0.0704 -0.0688 -0.0302

4.5.2 Robust Overlapping LFC Design

In order to design a robust, overlapping LFC based on the results of this chapter, first, based on
the overlapping decomposition of under study power system, the singular transformations V' and

T are chosen as:

(s 00 0 0] (L 0 0 0 0]
0100 0 0100 0
0100 0 0100 0
VER®®= |0 0 00|, TER"=|0 01 0 0 (4.44)
00010 00010
00010 00010
(000 0 I L0000

Afterwards, the complementary matrices satisfying (3.14) are selected, and consequently, the ex-
panded system can be generated using (3.7). Then, the iterative algorithm of Fig. 4.1 is used to
design local robust LFCs.

In order to provide a fair comparison with the reported controllers of [51,52] given in Table. 4.3,
three studies are considered. In the first study, the delay margin d is chosen to be the same as
that used in [51] to obtain Ky, i.e. d = 3 sec. In the second study, the delay margin d is chosen
to be 10 sec, which is the same delay margin used in [52] to obtain K. In both studies 1 and 2,
the nominal values of parameters given in Table 4.1 are used. However, in the third study, the

designed controller of study 2 is used to provide simulation results based on different values of
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uncertain parameters given in Table. 4.2. In all studies, to start the iterative algorithm, the max-
imum number of iterations are chosen as I,y = 4 and pye = 6. The search interval for Heo
criterion with Ay = 0.5 is chosen to be Ygtq,+ = 2 and 7,4 = 11 for area 1 and s+ = 1 and
Yend = 10 for areas 2 and 3. The intervals, for the sake of comparison, are chosen such that they
include the minimal Ho, performance levels obtained in [51,52]. The upper bound on rate of delay
change p is set 1. Also, setting Qwi =1,R, = I,e; = 400;i = 1,2,3 has shown to provide fast

convergence in the iterative algorithm.

Study 1:

Let the delay margin be d = 3 sec, then using the design algorithm of Fig. 4.1, the following
robust output feedback gains kq, ko, and k3 with He, performance levels 41 = 2.56, 7, = 1.56,

and 943 = 1.56 are obtained after 4 iterations.

Fi=| 014 —024 083 |, ko= -013 —046 —024 025 |, k=] ~1.18 —02 —024 |

(4.45)
Using (4.45), the decentralised controller is obtained as:
—0.14 -0.24 0.83 0 0 0 0 0 0 0
Kp = 0 0 0 —-013 —-046 —-024 0.25 0 0 0
0 0 0 0 0 0 0 -118 —-02 -024
(4.46)

Contraction of (4.46) using K = KpT leads to the following robust overlapping LFC gain K
(4.47):

—-0.14 -024 0.83 0 0 0 0 0
K= 0 0 —-0.13 —-046 —-024 025 0 0 (4.47)
0 0 0 0 0 -1.18 —-02 -0.24

It has to be mentioned that in order to consider the physical constraints in simulation studies, each
generator unit is modelled by the nonlinear model, as shown in Fig. 4.4, by taking generation rate

constraint (GRC) into account. The lower and upper limits of the saturation in Fig. 4.4 are chosen
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1 AR, (t) 1
T 1+5T, ﬁ?_’ _| '% Ea

Figure 4.4: Nonlinear model of a generating unit

APy (t)

» |

A

as 0.05pu /min and —0.2pu /min respectively, [51,52]

Simulation study 1: The designed controller (4.47) is tested, by computer simulations, on the
three-area interconnected power system. For a constant communication delay T = 2 sec, step
load demand changes 0.1p.u, 0.08p.u, and 0.05p.u are applied to areas 1,2 and 3 at t = 0 sec,
respectively. The responses of three areas are shown in Fig. 4.5-4.7, where the responses of K;
[51] have been superimposed for comparison. Based on Fig. 4.5b, the frequency of area 1 ex-
periences a transient decrease immediately after load exceeds generation. After the transitional
period, the local PI control generates the control signal which allows more power to be generated
to meet the load demand change. As a result, the frequency deviation gets back to zero steady state
gain. With respect to power exchange of area 1, Fig. 4.5a demonstrates a transient dip showing
the import of power from the other two areas. This is expected as area 1 experiences the highest
load demand change compared with the other two areas. After a while, the governor responds
to the load demand change, and the generated power of area 1 increases. When the generated
power meets the demanded one, the tie-line power exchange of area 1 with other areas reaches
zero steady state gain. The improved performance respect to settling time (within 3% band of
total load demand change) and frequency of oscillation obtained through robust overlapping load
frequency controller (4.47) compared with robust decentralised K; of [51] can be seen through
examination of Fig. 4.5. With respect to frequency response of area 2, Fig. 4.6b demonstrates
the transient undergo after load demand changes occur. After a short period of time, however,
local PI controller sends the control signal to allow the steam valve open more, and consequently
more power is generated. This provides zero frequency deviation after a while. Also, there is a
slight rise in tie-line power exchange suggesting the export of power from area 2, but, the power
exchange reaches zero steady state when load demand is met locally. Figure 4.6 clearly demon-

strates less oscillations with proposed overlapping controller compared with decentralised K; of
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Figure 4.5: Study 1. Step change responses of area 1 (a) tie-line power deviation (b) frequency
deviation. (c¢) ACE signal (d) control input. Solid blue line (Proposed overlapping PI-type LFC),
dash-dotted red line (decentralised PI-type LFC [51])

[51]. The improved performance obtained with the proposed overlapping controller has been ver-
ified through quantitative criteria of (4.50).

Analogously, the frequency of area 3 undergoes a transient dip which disappeared after a short
time due to existence of PI controllers. However, there exists a rise in tie-line power deviation
after load demand increases. This means that area 3 is exporting power to other areas. It is note-
worthy that the rise in tie-line power exchange is more than that of area 2 given in Fig. 4.6a. This
is expected as the smallest load demand change occurs in area 3.

Careful examination of Fig. 4.5a-4.7d reveals that the proposed controller provides better re-

sponses in respect of settling time and oscillation compared with K7 [51] in all areas.
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Figure 4.6: Study 1. Step change responses of area 2 (a) tie-line power deviation (b) frequency
deviation. (c) ACE signal (d) control input. Solid blue line (Proposed overlapping PI-type LFC),
dash-dotted red line (decentralised PI-type LFC [51])

Study 2:

In this case, the delay margin d increases to 10 sec, which is the same as that used in [52] to
obtain K;. The following robust local output feedback controllers with He, performance levels

41 = 2.56, 9, = 1.56, and 943 = 1.56 are obtained:

Fi=| 005 -009 031, k=] 002 —017 —009 006 |, k=| 047 —006 —0.09 |

(4.48)
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Figure 4.7: Study 1. Step change responses of area 3 (a) tie-line power deviation (b) frequency
deviation. (c¢) ACE signal (d) control input. Solid blue line (Proposed overlapping PI-type LFC),
dash-dotted red line (decentralised PI-type LFC [51]) .

The decentralised controller Kp = Blkdiag {121, ko, I~<3} is then contracted to the following over-

lapping structured controller:

-0.05 —-0.09 0.31 0 0 0 0 0
K= 0 0 —-0.02 —-0.17 —-0.09 0.06 0 0 (4.49)
0 0 0 0 0 —-047 —-0.06 —-0.09

Simulation study 2: The controller given in (4.49) is then applied to the same three-area inter-
connected power system under the same conditions as described in Scenario 1 except that the
network delay increases to 5 sec. The results are shown in Fig. 4.8-4.10, where the responses of
controller Ky [52] are superimposed. Based on Fig. 4.8b, the frequency drops down after load

demand increases. Due to communication delay exists in sending control input signals, the fre-
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Figure 4.8: Study 2 (constant communication delay 5 sec). Step change responses of area 1. Solid

blue line (Proposed overlapping PI-type LFC), dashed black line (decentralised PID-type LFC
[52)).

quency deviation oscillates around non-zero value until t = 5 sec after which the PI controller’s
command signal is received. Then, more power is generated, and the frequency deviation settles
to zero steady state. Moreover, since area 1 has the highest load demand change compared with
other areas, it starts importing power from other areas initially. It has been shown in AP, 1 re-
sponse of Fig. 4.8a where there is an initial dip in the response. Similar to frequency deviation, the
tie-line power deviation starts moving towards zero steady state after 5 sec when the control signal
is received. As it is evident from Fig. 4.8, the responses of closed loop systems with overlapping
and decentralised controllers are the same until = 5 sec. This is expected due to existence of
communication delays in sending control command signals from PI controllers. However, when
the command signals of PI controllers are received, the closed loop responses with overlapping

controller settle faster than decentralised PID of [52]. This enhanced performance has been con-
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Figure 4.9: Study 2 (constant communication delay 5 sec). Step change responses of area 2. Solid
blue line (Proposed overlapping PI-type LFC), dashed black line (decentralised PID-type LFC
[52])

firmed by quantitative criteria of (4.50). The improved performance with overlapping controller
is expected as the accessible tie-line power exchange (overlapping information) has been used in
addition to local ACE signals to generate control inputs. The discussion on frequency response
of Fig. 4.9b is the same as that of area 1. The frequency falls down initially. Then, due to com-
munication delay, it takes 5 sec for the PI controller to send the command signal for more power
generation. Then, the frequency moves towards zero steady state such that it settles down after
about 30 sec. On the other hand, area 2 exports power initially as shown through a small rise in
APij._». When PI controllers are taken into the action after 5 sec, power exchange gets back to
zero steady state suggesting the local power demand is met locally. Fig. 4.9 suggests that over-
lapping controller provides slightly better responses than decentralised PID controller K3 as it has

been shown through quantitative criterion (4.50). The frequency response of area 3 has the similar
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Figure 4.10: Study 2 (constant communication delay 5 sec). Step change responses of area 3.

Solid blue line (Proposed overlapping PI-type LFC), dashed black line (decentralised PID-type
LFC [52]).

behaviour as the other areas. But, there is a considerable rise in tie-line power deviation of area
3 compared with that of area 2 given in Fig. 4.10a. This is expected as area 3 experiences the
smallest load demand change. From the viewpoint of comparison, it is clear from Fig. 4.10 that
the proposed overlapping PI controller provides enhanced performance reflected by the reduction
in settling time compared with decentralised PID controller K, [52].

Simulation study 3: Using the designed LFC in scenario 2, the overlapping frequency controller
K (4.49) is tested on the same three-area power system but with time-varying communication de-
lay T(t) = 5+ 3sin(0.3t) which is in the range 2 < 7(t) < 8 sec with change rate 7(¢) < 1. The
resultant closed loop responses compared with Ky [52] are given in Fig. 4.11-4.13. Discussions

on simulation results are the same as before.
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Figure 4.11: Study 2 (7(t) € [2,8] sec). Step change responses of area 1. Solid blue line (Pro-
posed overlapping PI-type LFC), dashed black line (decentralised PID-type LFC [52]) .
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Figure 4.12: Study 2 (t(t) € [2,8] sec). Step change responses of area 2. Solid blue line (Pro-
posed overlapping PI-type LFC), dashed black line (decentralised PID-type LFC [52]) .
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Figure 4.13: Study 2 (7(t) € [2,8] sec). Step change responses of area 3. Solid blue line (Pro-
posed overlapping PI-type LFC), dashed black line (decentralised PID-type LFC [52]) .

Study 3:

In this study, the designed overlapping output feedback gain (4.49) is used to provide simulation
results for different values of uncertain parameters given in Table. 4.2. to this end, two scenarios
are examined. In the first scenario, the lower bound of uncertain parameters, given in Table. 4.2
are used. The upper bounds of uncertain parameters of Table. 4.2 are used in scenario 2. In all
scenarios, the time-varying communication delay is set as d(t) = 2 + 5(1 — e~ %2, and step
load demand changes (disturbances) 0.1pu, 0.08pu, and 0.05pu are applied to areas 1,2, and 3, at

t = 0 sec respectively. The closed loop responses are demonstrated in Fig. 4.14-4.19.
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Figure 4.14: Study 3 (lower bound). Step change responses of area 1. Solid blue line (Proposed
overlapping PI-type LFC), dashed black line (decentralised PID-type LFC [52]).
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Figure 4.15: Study 3 (lower bound). Step change responses of area 2. Solid blue line (Proposed
overlapping PI-type LFC), dashed black line (decentralised PID-type LFC [52]).
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Figure 4.16: Study 3 (lower bound). Step change responses of area 3. Solid blue line (Proposed
overlapping PI-type LFC), dashed black line (decentralised PID-type LFC [52]).
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Figure 4.17: Study 3 (Upper bound). Step change responses of area 1. Solid blue line (Proposed
overlapping PI-type LFC), dashed black line (decentralised PID-type LFC [52]).
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Figure 4.18: Study 3 (Upper bound). Step change responses of area 2. Solid blue line (Proposed
overlapping PI-type LFC), dashed black line (decentralised PID-type LFC [52]).

s

= =

g =
o -
3 4

=

= z

= =

g S

w 3
y - o

) 4

0.0§

0 10 20 30 40 50 60 - 0 10 20 30 40 50 60

Time (sec)

Figure 4.19: Study 3 (Upper bound). Step change responses of area 3. Solid blue line (Proposed
overlapping PI-type LFC), dashed black line (decentralised PID-type LFC [52]).
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4.5.3 Performance Comparison

In order to compare performance of the proposed overlapping LFC with decentralised LFCs of
[51,52] quantitatively, the integral of time multiplied absolute value of the error (ITAE) in each
area, sum of the ITAE denoted by |, and the figure of demerit (FD) of forms expressed in (4.50)

below are used [52]:

t
ITAE,= ft |ACE; ()|dt,

J= Z ITAE;,

=1

3
D= Y (0S; x 10)* + (FU; x 4)* + (TS; x 0.3) (4.50)
i=1

where OS; denotes overshoot, FU; denotes first undershoot, and T'S; denotes settling time (within
3% band of total load demand change) in the frequency deviation response of the i area. Also,
tris 45 sec in studies 1 and 2 and 60 sec in study 3.

The performance index ITAE is used to penalize the long duration errors exist in ACE responses.
The performance index FD is used to penalize overshoot, undershoot, and long duration error
in frequency response. The values of TS, performance indexes and percentage performance im-
provements compared with [51,52] in all studies are given in Tables. 4.4-4.9, for 7, = 5 sec and

(1) € [2,8] sec.

Table 4.4: Study 1. Settling time (Sec) in frequency responses

Type of controller TS; TSy TS3

Proposed overlapping PI-type LFC ~ 7.75 8.52  8.38

Decentralised PI-type LFC [51] 25.51 9.01 17.45

Percentage decrease (%) 69 5 51
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Table 4.5: Study 1. Performance indexes

Type of controller ITAE, ITAE, ITAE;s J FD

Proposed overlapping PI-type LFC ~ 2.66 1.32 1.09 498 18.69

Decentralised PI-type LFC [51] 7.2 2.68 5.27  15.15 93.59

Percentage decrease (%) 63 50 79 67 80

Table. 4.4 confirms the simulation results obtained for frequency responses of three areas. The
frequency responses with the proposed overlapping LFC, especially in areas 1 and 3, settle faster
than those with decentralised PI-type LFC of [51]. Also, Table. 4.5 shows that performance in-
dexes with the proposed overlapping controller are smaller than those with decentralised controller

K1 of [51]. This vindicates the closed loop responses of ACE signals.

Table 4.6: Study 2. Settling time (Sec) in frequency responses

Type of controller TS1(ta) TSz(ta) TS3(ta) TSi(w) TSz2(w) TS3(w)

Proposed overlapping PI-type LFC 17.2 17.57 17.38 23.66 23.66 23.66

Decentralised PID-type LFC [52] 22.39 22.68 22.53 26.91 27.15 27.15

Percentage decrease (%) 23 22 22 13 13 13
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Table 4.7: Study 2. Performance indexes (1, = 5 sec)
Type of controller ITAE(1,) ITAEy(t,) ITAEs(7) J(wm) FD(1)
Proposed overlapping PI-type LFC 8.47 6.59 3.81 18.87  82.01
Decentralised PID-type LFC [52] 15.68 7.55 6.48 29.71 137.51
Percentage decrease (%) 46 13 41 36 40
Table 4.8: Study 2. Performance indexes (1,(t) € [2,8] sec)
Type of controller ITAE (1) ITAEy(t) ITAEs(w) J(w) FD(w)
Proposed overlapping PI-type LFC 13.64 9.5 6.27 29.42  151.62
Decentralised PID-type LFC [52] 20.69 11.37 9.09 41.51 197.86
Percentage decrease (%) 34 16 31 29 23

Table 4.9: Study 3 (Uncertain Parameters): Values of performance index

Lower bound of uncertain parameters | Upper bound of uncertain parameters
Type of controller
ITAE, ITAE, ITAE; J ITAE, ITAE, ITAE; J
Proposed overlapping PI-type LFC | 13.01 5.34 4.71 23.07 16.39 6.51 7.1 30.02
Decentralised PID-type LFC [52] 16.69 9.92 7.82 34.44 17.71 17.38 10.79 45.9
Percentage decrease (%) 22 46 39 33 7.45 62 34 34
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4.6 Summary

In this chapter, the inclusion principle is used to design a robust, overlapping, static, output feed-
back controller for uncertain continuous input-delayed system with an overlapping decomposition.
The input delay is assumed to be unknown, time-varying, however, upper bounds on its magni-
tude and rate of change are available. The proposed overlapping, delay-dependent control design
approach comprises three steps (i) The original system with overlapping subsystems is expanded
into the one including disjoint subsystems (ii) robust delay-dependent decentralised controllers
with He, performance level ; are designed for low-dimensional disjoint subsystems of the ex-
panded system using the proposed iterative LMI based algorithm, and (iii) the decentralised con-
trollers are transformed (contracted) to robust, overlapping, static output, feedback controller for
implementation on the original system. It is proven that overlapping controller obtained by con-
traction, is a robust, stabilising controller for the original system with He, performance level 7,
where v = max{¥;}. The proposed LFC design approach is applied to the three-area intercon-
nected power system experiencing various communication delays and model’s uncertainties. The
simulation results and quantitative comparison criteria show that the proposed overlapping LFC

provides better performance than decentralised LFC of [51] and [52] under different scenarios.
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Chapter 5

Conclusion

5.1 Conclusions

Stabilisability of overlapping linear systems is considered in this thesis. For linear time-invariant
systems, Chapter 2 presents a necessary and sufficient condition for stabilisability of linear certain
systems with overlapping static output feedback controllers. Furthermore, it has been shown that
any decentralised control law designed for the expanded system is contractible to an overlapping
controller provided a contractibility condition is incorporated in the decentralised design proce-
dure. Stabilisability of uncertain linear systems is then studied. It has been discussed that there
exists an overlapping static output feedback gain provided that the induced 2-norm of uncertainties
are inside pre-determined bounds.

On the other hand, it has been widely well-known that time-delays have played a major role in sta-
bility and performance. Thus, Chapter 3 investigates stabilisability of linear state-delay systems.
The inclusion principle, as the mathematical tool to design overlapping control design, is extended
at first. Based on this extension, the expanded system is generated. Then, an iterative algorithm
based on LMIs is proposed to design local robust controllers for interconnected subsystems of
the expanded system. Once the decentralised controller is designed, it is then contracted (trans-
formed) to an overlapping controller to be implemented on the original system. Chapter 3 shows
that both stability and performance are preserved through the contraction process. As an applica-
tion, state-delay two-area interconnected power system is considered. The system is decomposed
to two overlapping subsystems, where tie-lines are the overlapping parts. The overlapping LFC is
designed using the proposed approach, and extensive simulation results under different conditions

are provided.
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Finally, Chapter 4 presents the overlapping output feedback design for linear uncertain system
with time-varying input delay. First, the inclusion principle is used to generate the expanded
system. Then, an iterative algorithm is suggested to design local controllers for interconnected
subsystems of the expanded system. The decentralised controller is formed from which an over-
lapping controller is obtained through the contraction process. The preservation of stability and
performance is proven through the contraction process. In this chapter, a three-area interconnected
power system experiencing time-varying input delay and model uncertainties is studied. The ro-
bust overlapping LFC is designed for the power system, and the extensive simulation results under

different scenarios compared with existing ones are provided.

5.2 Future work

In the research carried out by this thesis, the inclusion principle and design procedures are based
on linear time-invariant models. These models may not be accurate for some physical systems.
Many real-life systems may be time-varying or non-linear experiencing communication delays.
So, a future research direction can be extending the inclusion principle and all related design
procedures to time-delay, time-varying systems.

Another direction can be related to the application used in the thesis. The frequency control
in conventional power systems are studied. Recently, Microgrids (MGs) with renewable energy
resources have been suggested as a solution for economical harvesting of electrical energy with
attention to the environmental issues. Thus, great of interest has been devoted to control of MGs.
A future work can aim at controlling the frequency of MGs based on the design procedures of the
thesis.

Delay characteristics (upper bounds on its size and rate of change) are essential parameters used
in the design procedure. However, these parameters may not be available in real networks. In this
situation, delay estimators such as Smith predictor can be used for estimation. Upon estimation
of upper bounds, they can be used in the design algorithms. Another future direction related to
communication delays is associate to their types. In this thesis, network delays are assumed to
constant or time-varying. On the other hand, network delays can be stochastic in real network

environments. In this case, it is difficult to apply stability analysis of the thesis. An interesting
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direction for future work can be developing results of the thesis for linear systems experiencing
stochastic delays.

Finally, there has been a growing interest in type of systems called system of systems (SOS). These
systems are complex ones whose components are also complex. Mathematical models of SOS are
non-linear and high dimensional with communication delays. Thus, a future research direction

can be extending the inclusion principle for SOS.
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