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Abstract

he multi target tracking (MTT) problem is essentially that of estimating the presence and
T associated time trajectories of moving objects based on measurements from a variety of
sensors. Tracking a large number of unknown targets which move close and cross each other
such as biological cells becomes difficult. The targets being tracked may randomly appear and
disappear from the field of view, they may be temporarily obscured by other objects, may merge
and split, may spawn other targets, and may cross or travel very close to each other for exten-
ded periods of time. Sensor measurements also present a number of challenging characteristics,
such as noise which introduces location errors and may cause missed detection of targets, false

measurements which do not belong to a valid target of interest, ghosting, misidentification etc.

A new approach to this problem is proposed by first formulating the problem in a random
set finite framework and then using the Particle Markov Chain Monte Carlo (PMCMC) method
for solving the problem. Under the random finite set (RFS) framework originally proposed by
Mabhler, a multi-target posterior distribution is propagated recursively via a Bayesian framework.
The intractability of the posterior distribution is computed by using the PMCMC method that uses
the sequential Monte Carlo outputs for the Markov Chain Monte Carlo (MCMC) method.

A RFS is a finite-set valued random variable. Alternatively, RFS can be interpreted as a ran-
dom variable that is random in number of elements and in the values of these elements themselves
and that the order of its elements is irrelevant. As a result, the RFS framework is a mathemat-
ically rigorous tool for capturing all uncertainties of its elements and its cardinality. With the
uncertain properties of the MTT problem, the RFS framework is naturally used to formulate the
MTT problem to capture the essence of MTT problem and then allows the multi-target posterior
distribution to be propagated via a Bayesian framework. The first contribution of this dissertation
is to derive the posterior distribution for the trajectories of the targets that is the special case for
the multi-target posterior distribution. The multi-target posterior distribution is intractable so an
approximation method such as PMCMC is required. PMCMC methods proposed by [4] use the
Sequential Monte Carlo (SMC) algorithm to design an efficient high dimensional proposal dis-
tribution for the Markov Chain Monte Carlo (MCMC) method. The premise of this method is to
sample from any distribution which has no closed form solution and which applying the traditional
MCMC method or SMC method fails to give a reliable solution or is unfeasible on its own. The
second contribution is to derive a RFS based PMCMC algorithm and implement this algorithm
for the multi-target tracking problem when targets move close and/or cross each other in a dense

environment and the number of targets is unknown.
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Chapter 1

Introduction

arget tracking is the process of extracting information about one or more targets of interest
T based on the data or measurements collected from one or more sensors. Target tracking
is challenging for one or more of the following reasons: 1) the origin of the measurements is
unknown; 2) a measurement generated from a target is corrupted by noise; 3) the sensor(s) may
not detect the target(s); and 4) the number of targets is unknown. The difficulty increases in direct
proportion to the number of these conditions which apply. The successive estimates of target states
conditional on all available measurements give a trajectory of the target which is called a track.
Some typical applications of target tracking are military applications such as surveillance, air-to-
air defence, battle field intelligence and defence; and non-military application such as robotics,

image processing, automatic control and medicine [|8,|17,[22}/65]].

1.1 Motivation and scope

Assume that sensors have collected a large number of measurements at time steps 1, 2 and 3 which
are represented as planes Z1, Z and Zs respectively in Figure[I.1] We consider the two following

scenarios

(P.1) Only one target moves in the region of interest in a noisy and cluttered environment and
the sensor(s) may not reliably detect the target in Figure [I.2]. This problems is called
single target tracking in clutter.

(P.2) More than one target move in the region of interest in a noisy and highly dense cluttered
environment. This problem is called multi target tracking (MTT) and is considered
more challenging than single target tracking. Consider Figure |1.3] where the tracks
in the region are represented by different colors. The problem becomes even more
difficult when a large unknown number of targets move close to each other, may also
cross each other. In addition, they may spawn other targets or die unpredictable which
increases the difficulty of the problem. Such problems occur in medicine when tracking
the biological cell movement which plays an important role for understanding the cell

development and helps in detecting cancer cells.

There are many existing techniques in the literature for handling problems (P.1) which take the

uncertainty of measurement origin and missed detections into account including the nearest neigh-
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Figure 1.2: A possible underlying trajectory of Figure 1.3: Possible underlying trajectories of
target where the target at time 2 is not detected the targets where tracks are represented by lines
by the sensors. of different colors.

bor standard filter [8]], probabilistic density association filter (PDAF) [8l/11] and their variants; and
RFS-based technique [[172,|182].
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For problem (P.2), many conventional techniques, which combine data association methods
and Bayesian filtering, were derived to track multiple targets provided that the number of targets
is moderate and targets do not move too close to each other. If the number of targets is known and
moderate, the global nearest neighbor filter [8},14,|17]], Joint PDAF [8}|17] or their variants can be
applied. If the number of targets is unknown and moderate, the multiple hypothesis tracking can
be used [16,{145./160]]. In the last decade, new techniques were derived to deal with MTT problems
based on random finite set (RFS) theory which deals with finite-set-valued random variable with
the properties that its number and values are random and the order of its elements is not important
[60,/101]]. Modeling the MTT problem in the RFS framework not only captures the uncertainty
caused by the four above-mentioned difficulties but also allows the full multi-target Bayesian filter
to be propagated in a similar way as the single-target Bayesian filter. The advantage of these
techniques compared to conventional techniques is that the number of targets can be estimated
in an optimal manner along with their states. For the problem described in (P.2), the existing
techniques break down when there is a large unknown number of targets and when tracks are
closely-spaced and crossing each other. Even the current RFS-based techniques break down under

these conditions.

This thesis addresses and proposes a solution for the tracking problem under such conditions.
The proposed method is based on the use of the batch processing to estimate a set of tracks (the tra-
jectories of targets) from the multi-target posterior distribution obtained from a Bayesian recursive
framework. The complicated Bayesian recursion, which results from multiple integrals of a se-
quence of sets, can be solved by sampling methods in order to find a sample which maximizes the
multi-target posterior distribution. This method involves three issues: 1) Formulate the posterior
distribution of trajectories of targets conditional on all measurements available which captures all
information about target states and their labels. This distribution is also the distribution of a se-
quence of multi-target states; 2) Find independent samples from this posterior distribution where
each sample is a sequence of multi-target states over all time scans; and 3) Find the optimal estim-
ator which can deal with a set of tracks where the number of track is random and the number of

states in each track is also random.

In this thesis, the first two issues are addressed while the last issue is briefly considered as a
question for further research. The first two issues are solved by the development of a Bayesian
multi-target batch processing algorithm based on RFS modeling and a Particle Markov Chain
Monte Carlo (PMCMC) numerical approximation with a Gaussian Mixture Probability Hypo-
thesis Density (GM-PHD) initialization. This algorithm is capable of tracking a large number of
unknown targets in very high density situations and in a highly dense cluttered environment. This
contribution has been published in Fusion 2011 [185].

1.2 Organization

This dissertation is organized as follows
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Chapter 2] presents single-target Bayesian filtering. Bayesian filtering is the foundation for
most of the approaches for single target tracking. At each time when measurements are received,
the new estimate of the target state is obtained by combining the new information from the meas-
urements with the current estimate. The two most popular approaches to estimate the target states,
Minimum Mean Square Error Estimation (MMSE) and Maximum A Posterior (MAP) Estimation,
are also introduced. Some special cases and approximations of the Bayes filter such as the Kalman
filter and the particle filter are presented.

Chapter [3| summarizes the random finite set (RFS) theory. Concepts like the transition density
and likelihood functions for multi-target tracking are introduced leading to the formulation of
Bayesian multi-target filtering in the RFS framework [3]].

Chapter 4| describes Particle Markov Chain Monte Carlo (PMCMC) methods [4,/70], a nu-
merical approximation which combines the Markov Chain Monte Carlo (MCMC) and sequential
Monte Carlo (SMC) methods by utilizing the strength of each of these methods. The approach of
PMCMC is to use the SMC algorithm to design efficient high dimensional proposal distributions
for MCMC algorithms when these high dimensional proposal distributions cannot be satisfactorily
sampled using either SMC or MCMC on its own.

Chapter [5] reviews the target tracking in clutter. It discusses the traditional techniques which
deal with single-target tracking [8}|10}/14}/17,/116L/121] and multi-target tracking [8/118}|123] in
clutter by applying data association techniques and filtering algorithms. Data association problem
in multi-target tracking problem assigns each measurement to a target and then this measurement
is used to update the target state through filtering technique so that the trajectories of each tar-
get can be estimated recursively. A new approach for target tracking based on random finite set
(RFS) framework is introduced Section[5.2] Random finite set based single target tracking filtering
[[182] is introduced in Subsection This Subsection also describe the mathematically rigor-
ous Bayes’ recursion for tracking a target that generates multiple measurements in the presence of
clutter. Subsection presents the multi-target tracking algorithms based on RFS. One of the
most popular approach, e.g. the PHD filter derived by Mahler [96]] which is an approximation of
the full multi-target Bayesian filtering, is presented. A closed form solution, the Gaussian mixture
PHD filter (GM-PHD) recursion is also presented in this Subsection.

Chapter [6] which contains the main contribution of this thesis, proposes a new technique for
multi-target tracking under high target density and clutter. Section formulates the problem in
a RFS framework, and derives the Bayesian recursion for propagating the posterior distribution
of the target trajectories. This posterior distribution is computationally demanding as all possible
pairings of measurement and targets must be considered. The complexity of the problem is re-
duced by the introduction of an auxiliary variable which is expressed as a relationship between
target labels and measurement indices at a time instance. Section [6.3] proposes a viable solution
for estimating this posterior distribution which has no closed form expression by using Particle
Marginal Metropolis-Hastings Algorithm (PMMH) which is an PMCMC method.

Chapter [/ illustrates the PMMH algorithm for RFS based Multi-target tracking described in
Chapter 6] on a simulation example and evaluates its performance. Some discussion and perform-

ance evaluation are presented in this Chapter.
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Chapter [§] summarizes the dissertation. Future research direction for tracking closely spaced

and crossing targets at low computational cost are outlined.

1.3 Contributions

This thesis presents a number of contributions to the area of multi-target tracking. Four minor but
important contributions are presented in Chapters 2}{5] These contributions serve as a foundation
to the development of the three major contributions of this thesis, related to Bayesian multi-target
batch processing. The proposed method is based on RFS modeling and PMCMC numerical ap-
proximation with the Gaussian Mixture Probability Hypothesis Density (GM-PHD) initialization
and it is capable of tracking a large number of unknown targets in very high density situations and
in a highly dense clutter environment. Chapters[6]and [7]contain the three major contributions. The

contributions are summarized as follows

1. The first minor contribution is a comprehensive overview of Bayesian filtering for single
target tracking and estimation presented in Chapter 2] This representation of Bayesian
filtering is the foundation for most of the tracking techniques such as the conventional
target tracking techniques found in Chapter [5and the derivation of Bayesian filtering for
multi-target tracking found in Chapter 3.2}

2. The second minor contribution of this thesis is an overview of random finite set theory
presented in Chapter [3.1] This overview and the Bayesian filtering in Chapter [2]lead to the
modeling of multi-target tracking problems and the derivation of the multi-target Bayesian
recursions found in Chapter[3.2] The multi-target Bayesian recursion is a fundamental tool
for deriving all the RFS-based techniques presented in Chapter[5.2]

3. The third minor contribution is a focussed overview of the various simulations and sampling
methods presented in Chapter and Chapter 4| In this overview, new sampling meth-
ods, particle Markov Chain Monte Carlo (PMCMC) methods which use the output of the
Sequential Monte Carlo (SMC) method as the Markov Chain Monte Carlo (MCMC) up-
date, are presented. They are important techniques which are able to sample from a com-
plicated distributions and the main contributions of this thesis are based upon these tech-
niques.

4. The final minor contribution of this thesis is a concise summary of target tracking tech-
niques found in the literature presented in Chapter 5| This summary shows the develop-
ment of existing techniques as they attempted to address increasingly complicated prob-
lems arising over time. This includes conventional techniques existing for the past 50 years
and the RFS-based techniques existing for a decade or so. These two kinds of techniques
are still under development (especially the RFS-based techniques) to give better solutions
to the multi-target tracking problem. As a result, this summary has shown that there is no
existing technique which can handle the problem where a large number of dense targets

move and cross each other in noisy and cluttered environment.



6 Introduction

5. The first major contribution of the thesis is the RFS-based formulation of the MTT prob-
lem where a large number of dense targets move close and cross each other and can be
found in Chapter[6.2] In this chapter, the posterior distribution of a track set (trajectories
of the targets) is derived based on the Bayesian recursion. By formulating an augmented
multi-target state as an extension of the multi-target state, conditional on all available meas-
urements the posterior distribution of a set track is a posterior distribution of a sequence of
the augmented multi-target states. The posterior of the track set is computationally intract-
able when there exists a large number of dense and crossing targets in densely cluttered
environment and in highly dense clutter and the introduction of augmented auxiliary vari-
able is needed. Conditional on all available measurements, a posterior distribution of track
set and a sequence of the augmented auxiliary variables is derived.

6. The second major contribution is the derivation of an Algorithm using PMCMC method
for sampling from the posterior distribution of a track set and a sequence of augmented
auxiliary variables. This algorithm can be found in Chapter[6.3] In this chapter, the discus-
sion of the disadvantages of using two powerful sampling techniques such as the MCMC
and SMC on their own leads to the idea of choosing the approximation methods which
combine the strength of these techniques to generate sample from this distribution such as
the Particle MCMC (PMCMC) methods derived in [4]]. A well known property of MCMC
as well as PMCMC is that the rate of convergence depends on the initial distribution. Thus
an estimate from a popular filtering technique such as GM-PHD filter is used as the initial
state of a Markov chain in order to reduce the computational cost of PMCMC.

7. The last major contribution of this thesis is the simulation and associated discussion found
in Chapter[7] The simulation illustrates the performance of the algorithm which show that
the algorithm is capable of tracking a large unknown number of dense targets in a highly
dense cluttered environment.

The publications based on this thesis are
Conference:
- A.-T. Vu, B.-N. Vo, and R. Evans, "Particle Markov Chain Monte Carlo for Bayesian
Multi-target Tracking," Proc. 14th Annual Conf. Information Fusion, Chicago, USA,
2011. (Best Student Paper Award Finalist).
Journal:

- A.-T. Vu, B.-N. Vo, and R. Evans, "Particle Marginal Metropolis-Hastings Algorithm

for Bayesian Multi-target Tracking". In preparation



Chapter 2

Bayesian Filtering

he purpose of tracking is to extract information about the targets from the available meas-
T urements. The target tracking is usually deemed successful when the useful properties of
the targets are efficiently obtained from the observations. In practice, tracking aims to estimate
the trajectories of the targets observed in the area of interest. This chapter provides an overview
of Bayesian filtering for single target, which is based on general Bayesian filtering [3,21}44]] or

[9,22] (Bayesian filtering for target tracking).

The outline of the chapter is as follows. Section [2.1] introduces a common model for single
target tracking. Section [2.2] describes the Bayes approach which is the central foundation for
most target tracking techniques. Section [2.2.2] introduces the two most common estimators for
target tracking. Section [2.3]is devoted to presenting the Bayes filter and its application to target
tracking.

2.1 Single Target System Model

The target which is tracked can be an air-craft, a person, a weather balloon, a biological cell etc.
The target states and target behavior are normally unknown. Depending on the type of the target
and the (noisy) environment, the target behavior can be modeled systematically with or without the
presence of the noise. The measurements obtained from the target can be e.g. radar measurements
or video images. Based on the type of the measurements, the measurements can also be modeled
systematically in order to establish the relationship between target states and the measurements.
In practice, the target states are hidden and only partially observed in the observation space or
can only be measured with error. In general, the available measurements are noisy and are not
the same as target states (see Figure [2.1). Furthermore, the measurements are received at regular
time interval therefore the target dynamic system or measurement system can be modeled as the

discrete time system as follows.

Ateach time ¢, the target state is represented by the vector z; taking values in a state space X C

IR™*, and is indirectly observed via a noisy measurement vector z; taking value in a measurement
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Observation space

Figure 2.1: Based on [97]. When a target moves, it generates target states ;1 and x; on the state
space. The target motion and the target states x;_1, oy are only known through the measurements
zi—1, 2 generated from the target states respectively on the measurement space.

space Z C IR™=. The time evolution of target state is described by

F;_1x4_1 + Byur + v, for linear system ;
Ty = 2.1

fr—1(@i—1,ur) + viy for non-linear system .

where

e F,_; is the state transition matrix of the linear system model at time ¢ — 1,

e f;_1(-) is the transition function for non-linear system at time ¢ — 1,

e B, is the control-input matrix which is pre-multiplied with the control vector u,,

e v, is the process noise which is assumed to be drawn from a zero mean multivariate normal

distribution with covariance Q, v ~ N (vt;0, Qy).

(2-T) specifies the transformation of any given target state ;1 at time ¢ — 1 to a new state z,
taking vector noise vy into account.

The target state x; is observed by the noisy measurement

Hi;xy + w, for linear system,;
= { tTt t y (2.2)

be(xt) + wy, for non-linear system.

where

e H, is the observation matrix which maps the true state vector into the measurement space

at time ¢,

e h:(-) is the known observation function at time ¢,

e w; is the observation noise which is assumed to be drawn from a zero mean multivariate

Gaussian white noise with covariance Ry, wy ~ N (wy; 0, Ry).

Let T be the duration of surveillance and let 7 = {1,...,T'} be the set of time indices. The
initial state x1, and the noise vectors at each time step va, ..., v, wy,...,wr are all assumed to
be mutually independent. By this assumption and the form of (2.1), the sequence of target state
{z¢ : t € T} follows a first order Markov processﬂ Given the probability distribution po (1)

Isee definition of the first order Markov process in
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of the initial state =1, the time evolution of the target state is alternatively described by a Markov
transition density fy,_1(-|-) (t > 1) where

Fje—1 (ze]ai—1) 2.3)

is the probability density of the target state x; at time ¢ given the target state x;_1 at time ¢ — 1 i.e.
it describes how the target state at time ¢ — 1 moves to a new target state at time .
Similarly, the measurement vector at time ¢ is alternatively modeled by the likelihood function
G1(+]-) where
Gt (2¢|@e) 2.4)

describes at time ¢ how likely it is that the target state x; generates the measurement 2;.

2.2 Bayes Approach

The Bayesian approach is widely used in statistical inference, and in many areas of science and
engineering. In target tracking, it is the standard approach to modeling and the development of
target tracking algorithms. When new measurements are collected from the sensor(s), the current
estimate of the target state is updated by combining the new information in the new measurements
with the previous estimate of the target state. This update process can be implemented recursively
in time, and it is formalized using the Bayes’s theorem which was first developed by Thomas
Bayes [12]. The material can be found in many mathematical books such as [3,21] or in target

tracking literature e.g.[22].

2.2.1 Bayes Theorem

Bayesian estimation consider the problem of estimating a random variable = based on measure-
ments of another random variable z. In such estimation problems the conditional density p(z|z)
plays an important role. It is also called the posterior distribution since it describes the distribution
of x after having obtained the measurement z.

Bayes theorem relates p(z|z) to p(z|z) and p(x) and states that

p(z|z)p(x)

Pel) = ey de

In target tracking x is usually a target state at a specific time or a sequence of the target states.

Similarly, z is a measurement at a specific time or a sequence of the measurements.

2.2.2 Bayes Estimators

Let £(z) be an estimator of = given measurement z and let L(z,£(2)) be the loss function or

cost function e.g. squared error. The Bayes risk of #(z) is defined as E, .[L(z,2(z))] where
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the expectation is taken over the joint distribution of x and z. This defines the risk function as a
function of £(-). An estimator £(z) is said to be a Bayes estimator if it minimizes the Bayes risk.
The estimator which minimizes the posterior expected loss E,.[L(x,(z))|z] for each z where
the expectation is with respect to the conditional distribution of = given z also minimizes the Bayes
risk and therefore is a Bayes estimator. The most frequent Bayes estimators are the Minimum Mean

Square error (MMSE) and the maximum a posterior probability (MAP) estimators.

2.2.2.1 Minimum Mean Square Error (MMSE) Estimator

MMSE uses the mean square error (MSE) as the risk function. Thus the Bayes risk is called the

squared error risk and defined as
MSE(2(2)) = By .[(2(2) — x)?] (2.5)

where the expectation is taken with respect to the joint distribution of x and z. This can be also

written as
MSE((2)) = Bu:[(2(2) — 2)%] = E.(By:[(2(2) — 2)?|2]) (2.6)

where the expectation £, is with respect to the conditional distribution of x given z, and E is

the expectation with respect to the distribution of z. Hence the Bayes estimator

X(z) = arg(n;in E..[(2(2) —2)?] = arg(n;in E.(E,[(8(2) — z)?[2])
= argmin E,.[(8(2) — 2)?|7] 2.7

That is the MMSE estimator is the X(z) such that E,|,[(£(z) — x)?|z] is minimum. Equivalently,

setting the derivative of E,|,[(2(z) — x)?|z] to zero, we have

e l(6(2) — 21 = B 2() o)) = 26(:) - El) =0, @8)

Therefore, the MMSE estimate %(z) of the x is simply the mean of a posterior distribution
%(z) = Elz|z] = /:zp(x|z)dm (2.9)

and it is also called the Expected A Posteriori (EAP) estimator 101}, p.63]

2.2.2.2 Maximum A Posteriori (MAP) Estimator

Maximum a posteriori (MAP) estimator maximizes the posterior probability distribution

%(z) = argmax p(z|z) = argmax p(z|z)p(z). (2.10)
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2.3 Bayes Filter and Its Implementations

Estimating the target states from noisy observations is an important problem in engineering and
it can be found in many text books [3,9,(75]]. In the context of target tracking, the Bayes filter
is the standard approach to recursive state estimation. The main algorithm development in this
thesis Chapter [6] is utilizing the posterior distribution as derived in the Bayes filter. Given the
measurement history z1; = (21, ..., 2), the (discrete) estimation problem involves computing an
estimate of the state x;. The problem is called (discrete) smoothing if ¢ < [, (discrete) filtering if
t = [ and (discrete) prediction if ¢ > [. Filtering and prediction are used in real time operation to
estimate the current and future states given the measurement or data up to time /. The accuracy of
the estimate can be improved by smoothing when more observations are accumulated. Since the
probability density of the state x; given the state history x14—1 = (21,...,2¢1) is modeled as
Pept—1 (Te|r1:0-1) Pep— (@e|z10-1) = ft|t_1(a:t|:vt,1) for the model given in (2.3))) with initial
density po(z1) and that the probability density of the observation py.(z1.¢|z1.¢) is given, Bayes
rule allows one to calculate the posterior probability density p1.¢(21:¢|21:¢). The posterior density
p1:t(w1:¢|21:4) is of importance for estimation problem because it encapsulate all the information
about the state trajectories available from the measurements and prior information. In the fol-
lowing, a summary of the Bayes filter is given as well as some of its applications to linear and

non-linear system models. The reader is referred to [45}|69L/147]] for further details.

2.3.1 Bayes Filter

The Bayes filter for target tracking computes the posterior density of the target state given the
history of measurements and the initial density. The posterior distribution encapsulate all the in-
formation about the target states and depends on the likelihood function and the prior distribution.
Here the prior distribution is determined by the dynamic system model for the target and the prior

distribution; and the likelihood function can be found from the measurement model.

Given an initial distribution pg. Let 1. = (x1,...,2¢) and 214 = (21,...,2). Applying

Bayes rule, the posterior distribution of the target state up to time ¢ is given by

p(Zl:t|$1:t)p(x1;t>

2.11
p(zlzt) ( )

pl:t($1:t|21:t) =

where p(z14) = [ p(z1:4|71:¢)p(21.4)dx 14 is @ normalizing constant, p(x1.;) is the prior density,

and p(z1:¢|z1.) is the likelihood. The likelihood is calculated as follows

p(zlzt\fm:t) = p(zt|$1:t> Zl:tfl)p(ztfﬂl‘l:ta Zl:t72) .. -p(21|$1:t)

= Gt (ze|@) Ge—1(ze—1|ze—1) - .. g1 (21]21)

—
=



12 Bayesian Filtering

where (a) holds because of the measurement model in (2.2)). We have

p(z1:641) = [ p(zrat1|@141)p(T141) AT 12041

p(2t+1 |$1:t+1, Zl:t)p(Z1:t|iL‘1:t+1)p($1:t+1)d$1:t+1

P(Ze1]|T1a41, 21:6)P (2108, T1t41 ) AT 1241

|
— Y~

P(zes1]@1:e41, 21:0)P(Teg1 210, T1:4) P (2108, T1:t ) dT 1041

§(2t+1\fb’t+1)pt+1|t($t+1|2’1:t)d50t+1/p(let,xlzt)dl’Lt

(ze41)21:)p(21:¢) (2.12)

S

Using Bayes recursion, the posterior distribution at time ¢ 4 1 is

p(zrr1|rrer)p(2141)
P(Z1:t+!)
= p(zr] e 2u0)p (2@ 1) (T |21 (@)
B p(zi11]21:40)p(21:0)
(@ p(zre|r1e)p(w1e) Ger1 (Zeq1]zer1)p(Teg1|Tig)
B P(let) p(2t+1|2’1:t)
Ge+1 (21| we1) Fryape (@)
p(2e41l21:0)

pl:t+1($1:t+1|z1:t+1) =

b
(:) pl:t($1:t|21:t)

(2.13)

where p(zi11]214) = [ Ger1 (Zev1|Ter1)pege (e 1] 210 ) dor e by @I2); (a) holds because of
because of the measurement model in (2.2)); and (b) holds because the dynamic system is a hid-
den Markov process i.e. fyi1¢(zir1|ee) = p(ze41]e1). By @T3), filtering recursion is also

calculated

D1 (Tet1]|z1641) = /p1:t+1($1:t+1\z1:t+1)d$1:t

G Zt41|X =
= gtJ]rol(,(zt:|1,|21$1) /ft+1\t(l't+1|a7t)p1:t($1:t|zl:t)d$1:t

a) g Z e =
(:) Gir1(zer1|Tes1) /ft+1|t($t+1|$t)pt<xt’21:t>dxt (2.14)
p(zt+1|21:t)

where (a) holds because p;(x¢|z1:t) = [ p1:¢(21:4|21:4)dx14—1. Thus given initial distribution pg
and the dynamic model and the measurement model, the Bayes filter can be computed in three
steps

Initialization: Given an initial distribution pg which is usually to be an independently and
identically distributed distribution or a Poisson distribution. The calculation of (2.14) can be

divided in 2—step procedure: predict and update step
Predict:

Py (Ter1]21e) = /ft+1|t($t+1!wt)pt(ﬂct\zlzt)dxt. (2.15)
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Update:

Ge+1(Zet1|Te1 ) o1y (Teg1]21:2)
pei1(zep1|ziei) = ARl . (2.16)
P(zi41]21:4)

The propagation of the posterior distribution p;11,¢ > 0 over time is illustrated in Figure

Figure 2.2: Illustration of the propagation of probability density function over time

Due to the multiple integral on the right hand side in the posterior density (2.16)), the full
implementation of the Bayes filter is generally intractable in practice.

Given the posterior distribution p;(2¢|21.1) at time ¢, an optimal estimate of the state vector at

time ¢ given the history of measurements z;.; can be obtained using the estimators described in

(29) and as follows

KP4 (214) = MMSE (21,) = Blwy|z14] = /$tpt($t|21:t)d93t
%A (214) = arg sup pt (@ |21:1)

The following sections will discuss some approximations of the Bayes filter for single target track-
ing. In a linear system with Gaussian noise and Gaussian initial distribution, all posterior distribu-
tions in the Bayes recursions are Gaussian and hence completely determined by their mean values
and covariance matrices. The Kalman filter (KF) propagates their means and covariance matrices
and is described in Section [2.3.2.1] For Gaussian linear system with Gaussian noise, Bayes filter
is KF. Approximations based on the KF for non-linear systems are described in Sections [2.3.2.2]
and [2.3.2.3] Another approximation of Bayes filter is the Particle filter (PF) which is presented in
Subsection m Figure shows the relationship between KF and PF.

*This figure is based on ||
3This graph is based on the graph .
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Particle Filter: --- — {w,gi)l,xgi_)l}i]\il — {wt(ft),l,xiff,l}ﬁil g {wgi)aﬁgi) gil -
0 4 0
. | Prediction | Update |

Bayes Filter: -+ — py_1(-[214-1) — Pye—1 (|21:6-1) —— pe(-|21) —> -+
v v v

Kalman Filter: -+ — N (5241, P—1) = N (55 2y¢—1, Pye—1) —= N (584, P) — -+

Figure 2.3: Single-target Bayes Filter and two of its implementations

2.3.2 The Kalman Filter and Its Variants

This section presents the Kalman filter (KF) which is the optimal Bayes filter for linear Gaussian
systems and is described in Subsection An approximation for non-linear system is to
linearize the non-linear systems along the state trajectories and applying the KF to the linearized
systems. This approach is called the extended Kalman filter (EKF), and it is described in Subsec-
tion When the system is too skewedlﬂ the Unscented Kalman filter (UKF) was derived to
improve the performance of the EKF and is presented in Subsection The material in this
section can be found in books on tracking e.g. [[101}|147]] or in books in general filtering e.g. [3|]

2.3.2.1 The Kalman Filter

Kalman filter (KF) was first developed by Kalman [81]] and applied ubiquitously in many areas
such as control system, tracking etc. KF is popular because it is easy to implement and it provides
the closed form solution of the Bayes filter for Gaussian linear system. This section sketches its
derivation.

The KF assumes a linear system given by

xy = Fy_1mi-1 + Byug + vy (2.17)
Zt = Ht.ilft —+ wy (218)
The initial state, and the noise vectors at each step x1,v2, ..., vr,wy,...,wr are all assumed to

be mutually independent where vy, w; are zero mean vector valued Gaussian random variable with
covariance matrices 0 and R, respectively. The initial state is a Gaussian vector with mean E[x1]

and covariance cov(z1). The KF is represented by two variables for ¢ > 1:

e I, state estimate at time ¢ given observations up to time ¢ (t > 1),

e P, the error covariance matrix where the error is defined as x; — Z;.

The state vector I; contains information about the target at time ¢ based on the measurement

collected up to time ¢ and the error covariance matrix P; describes the uncertainty in Z;.

“Skewness is a measure of the asymmetry of the probability distribution of a real-valued random variable, e.g when
the distribution is symmetric then there is zero skewness.
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Denote £1 = F[z1] and P; = cov(x1). Attime ¢t — 1,¢ > 1, the state estimate £;_1 and the

associated covariance P;_; are given. Then at time ¢, the state estimate £; and covariance estimate

P, are constructed in two steps: Prediction and Update; as summarized in Figure [2.4]

System model Estimates Predict Update
(time t) (timet — 1) (time t) (time t)
Covariance Clczvarlatfe Covariance
P -1 P, = (I — Wi H;)Py;_y

F P FL +Q

e T

Ve = 2t — Zt|t—1
S = HtPt|t—1HtT + Ry
W, =Py, HIS;!

Updated state

B State Measurement
t N A N
Tt—1 \Zt|t1 = HiZy1
State at time ¢ Predicted state
vy = F 11 > | Typ—1 = Fi181
—|—Btut + vt +Btut
Hy Ut
Zt = Htl,’t aF Wt W

Ly = Tyjt—1
+WtVt

Figure 2.4: One cycle in the Kalman filter equation for a linear system

Prediction:

By the assumption of Gaussian process noise with E[v;] = 0 for ¢ > 0; the independence

of the noise vector v, and the state x;_1; and x; is Gaussian distribution, the predicted density

Piji—1(w¢|21:4—1) in @.13) is the following Gaussian density
pt|t71(xt‘zlzt—1) = N (2; §7t|t717 Pt|t71)

where £, and Py;_; are given by

By = Blay—1] = Elzi|21:4-1] = E[Fio124-1 + Byug + ve|21:4-1]

0 F,_1E[x¢—1] + E[Byu| + E|vi] = Fi_181-1 + Bruy

(2.19)

Pt|t—1 = E[(fft\t—l - i“t|t—1)(1’t|t—1 - fﬁt|t—1)TT] = El(z: — i’t|t—1)(xt - :%t\t—l)TT|z11t*1]

(b)

£ FRaPa F + @y

= Bl(Foiwim1 — g + o) (B — Foade + o) 2101

(2.20)
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where F77 denotes the transpose of F; (a) holds since u, and vy are statistically independent of
z1:4—1 and E(v;) = 0; and (b) holds because of system model in and and (c) because
vy is statistically independent of x;_;.

Update:

Having extrapolated the target state Z;,_; at time ¢ from £;_;, the KF updates the predicted
state £y, using 2, the measurement collected at time ¢, theorem 3.2 and theorem 3.3 in [0, 219-
220] as follows

&y = Elwd|z1] = B0 + Wiy (2.21)

where the matrix W; is the Kalman gain and the difference v, = 2y — H, ti‘t|t_1 between the actual
measurement 2, and the predicted measurement H;Z,;_; in (2.21) is called the measurement
innovation or the residual. The matrix W in (2.21) is the gain that minimizes the a posteriori error

covariance
P; = cov[xy — B¢]. (2.22)

By the assumption of Gaussian measurement noise with £ [w;] = 0 and covariance matrix cov[w;] =
Ry; the independence of noise vector v; and the state x;_1; and the linear system model sin (2.17))
and (2.18), the covariance P; in (2.22)) becomes

P; = cov[zy — 2] = covlwy — (Zyp—1 + Wirn)] = covlay — (Zy—1 + Wize — Hyypy—1))]
= cov[z; — Tyjp—1 — Wi (Hywy + wy — Htfﬁt\t—l)]
= (I — WiHy)cov[wy — &y 1] (I — WeHy) ™" + Wicov w ] W™
= (I = WeH) Py (1 — Wi Hy)"" + W, R,W/™. (2.23)

Since %Pt = R; > 0,P;in is minimum when dthPt = 0. It follows that
Wy =Py H] " (HPy 1 H" + Ry) ™" (2.24)
The covariance of the measurement innovation z; — H;Z;; 1 can be computed as follows
Sy = HPy, H{" + Ry. (2.25)
Substitute (2.24) and (2.25)) into (2.23), the covariance matrix P; can be rewritten as follows
Py =Py — WS W/ (2.26)
Thus the posterior density at time ¢ is a Gaussian of the form [69} p.335-336]
prje(e|21:6) = N (245 24, Py )

where 2, is given in (2.21) and P is given in (2.26).
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It can also be shown that when the Gaussian assumption of x1, v,,,, m > 2 and w,,n > 1 are
dropped, the KF is the best linear estimator which produces an estimate minimizing a mean square
error 3, p.46]. For further details, the reader is referred to [3, p.46-49].

As shown when the system is a Gaussian linear system, the KF is the optimal Bayes filter.
However, when the process is non-linear, other methods must be sought. In the next section, the

Extended KF is presented as an approximation method.

2.3.2.2 The extended Kalman Filter (EKF)

In the EKF, the non-linear state transition and measurement models are linearized and the KF
is applied to the linearized equations [3, p.195-205], [[147, p.19-22]. The state transition and

measurement models are given by

xr = feo1(ze—1,we) + vt (2.27)
2t = be(we) + wy (2.28)

where v, w; are process noise and measurement noise with covariance ); and R; respectively.
The EKF assumes that initial distribution is Gaussian with mean Z; and covariance P and is
constructed in two steps: Prediction and Update
Prediction:
At each time step ¢, the process model is linearized around the previous estimate Z;_1

using a first order Taylor series expansion,

oy & fro1 (Be—1, w) + Fioi (-1 — 821) + vy (2.29)
where F;_1 = Oft—1 Zy_1,uy ). with the gradient derivative i1 Z1_1,ug). The expansion ([2.29)

ignores the high order terms because x;_; is assumed to be close to the Z;_1. Applying the linear

KF prediction formula, the predicted state £;;_; and predicted estimate covariance Py;_; are

i’t|t71 =Fi 181+ ft—l(»’@t—la Ut) —Fadi1 = ft—l(i’t—h Ut) (2.30)

Py = Fy Py 1 FLy + Qo (2.31)

Hence the predicted distribution py; 1 (z¢|21:) is approximated by a Gaussian with mean Byp—q
and covariance Py;_1.

Update:

At each time step ¢, the measurement model is linearized around the estimate Z;; 4
using a first order Taylor series expansion,

2t R By (Ry—r) + Hi(r — Tye—1) +wy (2.32)

where H; = %(:ﬁﬂt_l). The high order terms are ignored in the expansion (2.32)) because

zy is assumed to be close to the ;1. Applying the linear KF update formula, the predicted
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measurement, the update state estimate &; and update estimate covariance P, are

Ztjt—1 = Hﬁﬁq + be(Bepe—1) — Htlﬁgt,1 = be(Zy—1)
Ty = By—1 + Wiy = By + Wiz — 244-1) (2.33)
Py =Py — WS, ' Wi (2.34)

where W; and S; are given as for the KF in (2.24) and (2.26)) respectively.

At each time ¢ > 1, the EKF approximates the posterior distribution p;(z¢|21.¢) with a Gaus-
sian with mean £, and covariance P; by linearizing f;(-) and b, (-) in the non-linear system models
(2.27) and respectively. If the system models are severely non-linear, the Gaussian property
of the posterior distribution is violated. In these cases, the performance of EKF will be unreliable
(see example in [[147, p. 21-22]. Unlike its linear counterpart, Julier [80] shows that the extended
Kalman filter in general is not an optimal estimator because it linearizes all non-linear system so

that the KF can be applied. This linearization causes two well-know drawbacks:

1. The state estimate is unreliable if the assumption of local linearity is incorrect.
2. The derivation of the gradient derivatives bt 't (41¢—1) and/or 5&(@ 1, ut) is complicated

and difficult in most application.

In addition, if the initial estimate of the state is wrong, or if the process is modeled incorrectly,
the filter may quickly diverge. Another problem with the EKF is that the estimated covariance
matrix tends to underestimate the true covariance matrix and therefore risks becoming inconsist-
ent in the statistical sense without the addition of "stabilizing noise". Attempts to improve the
extended Kalman filter led to the development of the Unscented Kalman filter (UKF) which was
derived by Julier [79.[80]] and detailed in the next subsection.

2.3.2.3 Unscented Kalman filter (UKF)

The assumed initial distribution is the same as for the EKF, that is an n, dimensional Gaussian
with mean Z; and covariance P;. At each time ¢ — 1, ¢ > 2 instead of linearizing the function
f; and b, the UKF assumes that the posterior distribution p;_1 (z;—1|z14—1) is approximately by
Gaussian with mean 2,1 and covariance P;_1 i.e. pr_1(wi—1|214-1) =~ N (2—1; 811, P1_1).
The UKF is constructed to propagate the mean and covariance to time ¢ through the nonlinear

system (2.27) and (2.28) as follows

1. 2n, + 1 points are chosen to capture the true mean z;_; and covariance P;_; to represent

N(xy_1;8-1,Pi_1) by zi | = &1+ o' fori =0,...,2n, where

- Wo = ku/ (g + ku), Wi = 1/2(ng + Ky, are the weight associated with the

tth point,
- 0" = 0,07 =+ (\/(na +ru)Pi 1) where (\/(n, + #,)Py1) s the jth
j
row of the matrix square root of (n, + nu)Pt_l,j =1,...,n,.

2. Each point is predicted as a%i“fl = ft,l(:f:i_l, ut),
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3. The predicted state £;; 1 and its covariance Py;_; are calculated

2Ny

Byjem1 = Wil (2.35)
i=0
2n ) ]

Py = Z Wi @41 — Zeje—1) (Tt — Beje—1, u)"" 4+ Q (2.36)
i=0

4. The update state ; and its covariance P, are calculated as

By = g1 + W, (2.37)
— 2z Tr
P, =Py — WtPﬂtlet (2.38)
where the innovation 14, the innovation covariance Pfﬁq and the cross-correlation matrix
Pt‘”‘j_l and Unscented Kalman gain W; are calculated as
2Ny
_ _ 12 = _ A
Vt = 2t = Zgje—15 Zijt—1 = Z WiZj 1 Zyp1 = ht(xﬂtfl)?
i=1
2N4
2z _ (5t _ 5t . Tr
tlt—1 = Zm(zt\t—l Zt|t71)(zt\t—1 Zt|t71) + Ry
i=0
2Nz

%71 = Z ‘/V'i(zz\t—l - Zt|t—1)(ji\t71 - i‘t|t—1)T7
i=0
Wi = Pfﬁ:—1( 5\1—1)_1

The UKF outperforms the EKF for nonlinear system when the probability distributions are mono-
modal or not heavily skewed. A more general filter, Particle filter, is derived to deal with systems
with heavily skewed (asymmetric) and/or multimodal probability density function. The general
idea behind the particle filter is to represent the posterior distribution by a set of random samples
with associated weights. The advantage of this filter is that when the number of samples is very
large, these samples represent the posterior distribution very well. Estimates of mean and cov-
ariance of the states or any function of the states are easily compute from these samples, and the

accuracy of the estimates will improve as the number of samples increases.

2.3.3 Particle Filter

The particle filter is an approach derived to deal with non-linear non-Gaussian system where the
conventional techniques fail. Since its first appearance in 1993 [61]], the particle filter has become
a useful approach for finding numerical solutions to estimation problem when there is no general
analytic (closed form) expression for the probability distribution in (2.16). This section is based
on the tutorial and overview articles in [5,20,46]. The particle filer is a suboptimal filter and

it performs sequential Monte Carlo (SMC) estimation based on random samples or point mass
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approximations to the posterior distributions in the Bayes filter [[147]. A summary of the basic

idea is presented in the following.

Letl; : X' = X x...x X +— R™: be a function of the parameters to be estimated. [; is

assumed to be integrable with respect to p1.¢(z1:¢|21.+) given in (2.13). We would like to compute

(1) = E(l(212)) = / (@) pree (210|210 ) A (2.39)

For example, if we want to estimate the mean of target state 1. up to time ¢, then we use the func-
tion l¢(x1.t) = x14. The computation of (2.39) is infeasible when there is no analytic solution to
integration. One can resort to Monte carlo methods by sampling the target probability distribution

p1:t(71:|21:¢ ). Denote

7Tt(331:t7 Zl:t)

7 (2.40)

pl:t(xlztlzl:t> =
where the normalizing constant
Zi = [ o, 1) dan (2.41)

may be unknown.

The perfect Monte Carlo sampling which is used to approximate any probability distribution is
summarized in Subsection [2.3.3.1] When it is difficult to sample from the probability distribution
or it is only known up to a normalizing constant, then important sampling is often used and it is
described in Subsection [2.3.3.2] Sequential Monte Carlo is used to reduce the computations by
applying Monte Carlo sampling to the posterior distribution py.(x1.¢|21.¢) utilizing the previously
drawn samples {z7,,_;,7 = 1,..., N}. Itis presented in Subsection[2.3.3.3).

2.3.3.1 Perfect Monte Carlo Sampling

If p1.4(x1:4|21:+) can be sampled, then Monte Carlo sampling is carried out by drawing N inde-
pendent and identically distributed samples {7}, from the distribution py.;(x1.|21.¢). Based
on the samples the distribution p;.(+|21.+) can be approximated by
1 X
N Z S(xty — 1)
n=1
where 4(+) is the Dirac delta function. The expectation of a function [; : X! = X x ... x X

R™: given by

I= /lt(xlzt)]?lzt(ﬂflztle:t)dxlzt (2.42)
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can be estimated by & S>3, 1,(27,,). By the law of large numbers, & >0, l;(27,,) will under

natural conditions almost surely converge to I [43], i.e.

N
g : n~>oo paresd L

Moveover, the rate of convergence is only dependent on the number of samples N but it is not

dependent on the dimension of x1..

Often the distribution is only known up to a proportionally constant. This is for example the
case for the posterior distribution p1.;(z1:¢|21.¢) in Bayes filter. A possible solution for this type of

distributions is to use important sampling which is described next.

2.3.3.2 Importance sampling

Consider now the case when it is difficult to sample from the distribution p1.¢(z1.¢|21.¢) in (2.40).
The distribution p1.;(z1:¢|21) is general of the non-standard form such as a non-linear non-
Gaussian model, a mixture model or the product of non-linear non-Gaussian models/mixture mod-
els. Computing this distribution in closed-form may be intractable so resorting to the numerical
methods to sample from this distribution is an option. The idea behind importance sampling
(IS) methods is to sample from a distribution is gy.1(x1:t|21.¢) instead of p1.¢(x1.¢|21.4) Where the
supportﬂ of q1:¢(21:¢|21:¢) contains the support of p1.;(x1:4|21:¢) [43]. q1:4(21:4|21:¢) is called an
importance distribution. We have that

1) = Blhlena)) = [ torpataradardon, = LG )t

JUzr)wi(z1:4) qre (1| 210 ) dary

— (2.43)
Jwi(@1:4)quee (w10 214 ) g
where wy(x1.1) is known as the importance weight and is given by
. 7Tt($1:ta Zl:t)
(1) = ————%, (2.44)
Q1:t(x1:t‘21:t)
and by (Z4T),
Eg . (wi(z1e)] = [wi(z14)qre(zie)dere = Z. (2.45)
An approximation of Z; is
1N
=% Z wy (). (2.46)
n=1

Sthe support of a function is the set of domain where the function is not zero.
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Therefore, if N weighted particles {27, w;(z7,)}N_; are i.i.d. samples from the importance

distribution qy.(x1:¢ !Zu), then the distribution (1., 21¢) can be approximated by

1 N
D" wn(al)b (@ — aly).
n=1

By a weighted particle {7, w;(27,)}2_, we understand that 27, are sampled from the import-
ance distribution q1.¢(x1:¢|21.+) and w¢ (2., ) are computed according to (2.44). Since by (2.40)) the
posterior distribution py.¢(1.¢|21:¢) is proportional to m¢ (1.1, 21:¢), the distribution py.;(z1:¢|21:¢)

can be approximated by
Py (z|z10) = S0l We(af,) 8 (210 — 27) (2.47)

where the normalized importance weights w; (z%.,) are

—om o\ wt<x7f:t)
) = S of) 249

Thus, an estimate of I(l;) is
N
In(e) = [ o) Pulosdland)dore = 3 b(wh)w(aty) (249)
n=1

If the mean and variance of I;(x1) satisfy I(l;) < oo,07 = var(ly(x1.)] < oo then from the

strong law of large numbers, I (I;) converges almost surely to I(l;), that is [57, theorem 1]

N—oo

IN(lt) —as‘—> I(lt) (250)

Moreover, under these conditions the central limit theorem says that /N [In (1) — I(l;)] will
converge in distribution to the standard normal distribution A (0, Ji) as n approaches infinity
[57, theorem 2], i.e.

VN[In (1) — I(1)] 2225 N(0,07). 2.51)

where o is given by [57]

2
2 oD (xlzt‘zlzt)
op = [ |[ly(x1y) = I(l) " ——————dx1. (2.52)

i = [l 1P o
From (2.5T)), the convergence rate of this estimate does not depend on the dimension of the integ-
rand. It only depends on the sample size N. In order to reduce the number of computations, the
IS is modified to compute an estimate Py (21:¢|21:t) of p1.¢(x1:¢|214) by reusing the past samples

{z%,_y,n = 1,..., N}. This modification called Sequential Importance Sampling (SIS) uses an
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importance distribution of the following form

Qe (1) 21:4) = Q—1(Tr—1]21:0—-1) @ (Tt X 1201, 21:2) (2.53)
¢
= qi(z1) H ¢i(xilr1i-1, 2) (2.54)
=2

since conditionally on x1.4—1, x; is statistically independent of 21.;_1.

2.3.3.3 Sequential importance sampling

A sample z.; can be generated recursively in time by a sample x; ~ qt(mt\xl;t,l, z;) at present

time ¢ and then use (2.33)). The importance weight w;(z1.;) is calculated recursively

_ 7Tt(331:t,21:t) _ 7Tt—1(961:t—1721:t—1) 7Tt($1:uZl:t)Ql:t—l($1:t—1!21:t—1)
wt($1:t) = =
Ch:t(xl:t\zu) Q1:t—1(96‘1:t—1!21:t—1) 7Tt—1($1:t—1, Zl:t—l)%:t(wht!m:t)
(@) wt71($1;t71)pt($t’ Ze|Tre—1, 21:6-1)
Qt(ﬁUt\lﬁlzt—l,Zt)

t
pi(xiazi’xlzi—lazl:i—l)
= wi(x (2.55)
1 l)g qi(@ilr1io1, 2i)

where (a) holds because of (2.33) and
T (T1:ts 214) = P28, Te|T1:6-1, 200-1) Te—1 (T1-1, 21:0-1)

The SIS algorithm is summarized below where each time ¢, zi*,n = 1..., N samples are gener-

ated.

Algorithm 1 : Sequential Importance Sampling

e Attime ¢t = 1: draw the samples 27 ~ ¢1(z1),n = 1,..., N and compute the weight
p(z1)
wy(2h) = —=% (2.56)
( 1 ) T (xl)
and the normalized weights w7} = ,\1,‘”(7%?) .
Zn:l w1 (l‘?)
e Attimet = 2,...,T: draw the samples z}* ~ q(x¢|z},;_1),n = 1,..., N and the weights

are calculated as in (2.55)).

pt(itt, Zt|961:t—1, Zl:t—l)
(2 |27y, 21:t)

wt(l‘?:t) = wtfl(xrll:t—l) (2.57)

and the normalized weights

—n wt<x?:t)
= _s\las 2.58
S wn () (29)

Degeneracy problem
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pt(ivt, Zt|961:t—1, Zl:t—l)

Let t) =
e at($1.t) qt(xt\xm—bzt)

, (2:533) can be written as follows

t
wi(z1:) = wi(z1) [ [ i) (2.59)
i=2

Then the variance of Z;(N) is

Var[Zi(N)] = E[(Z(N) — E[Z(N)])Q]

— B S wileh) - NS 207 = B () - 20
= - t(X1g) — N =4t — t t
Nn:1 1:t N N2 — 1:t
1
=Nz > Varlw(aty)] = < Var|(wi(ei))]
n=1
1
= & (B} (210)] - 27) (2.60)
Then the ratio between the variance of Z; (N) and Z} is
Var(Z,(N 1/1
M[Zé()] =N (ZQE[UJ?(HH O] - 1) : (2.61)

Hence, we have

VarlZpa(N)] _ 1 ( RIS <x1;t+1)]—1> _ 1 <E[wg(x1:t)a§+1(x1:t+1)] _1>

2 2 22
i Ziq N Zj at+1(331:t+1)

N
1 [ Elwf(x14)] E[at2+1 (1:441)]
"N -1 2.62

N ( Zt2 at2+1(x1:t+1) ( )

where Q11 (21:441) = Eqlowr1(z1441)] = [ g1 (@141 @1 (g1 218, 26401 ) dTsn -
By Varlagi1(21441)] = Elofy 1 (21041)] — @74 (21:041) > 0,

and E[a7 | (z1:441)], @741 (z1:441) > 0, the following is true

Elogi1(x1:41)]
aziy(r1a+1)

> 1. (2.63)

Therefore,

M _ 1 <E[wt2($1:t)] E[at+1 x1: t+1 1

2 - 2
Zi N Zj 7,1 (T1041)

_ E[Oét2+1(l‘1:t+1)]1< [w?( xlt 1> 41 ( [0F 1 (z1:641)] _1>
E

a1524-1(351:t+1) N O‘t+1(x1 t+1)
_ Blof,, (w1441)] Va""[Zt(N)] L1 ( [oF 41 (z1:041)] 1)
afq (T1441) z; N\ &2, (21:041)
- VaT[Z(N)]
7?2 '

(2.64)
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From (2.64), it follows that the variance of resulting estimates increases exponentially over time ¢.
As a result, after some iterations only one particle survives. Thus resampling technique addresses

this problem and is introduced in the next section.

2.3.3.4 Resampling

Resampling is a technique which helps to solve the degeneracy problem by eliminating the low
weighted samples and multiplying the high weighted samples. Consider Py (r1.¢|21¢) given in
(2.47) which is the IS approximation of the distribution p1:t<961:t\21;t)- This IS approximation is
based on the weighted samples which are drawn from the important sampling g;(x1.¢|21.¢) and may
not be a good approximation of plzt(xlzt\zlzt). As a result, the degeneracy problem can arise as
shown earlier. To obtain samples which are approximately distributed according to the distribution
p1:t(71:¢|21:4), resampling method is applied by simply drawing new samples based on the IS
approximation Py (21.t|z1.¢) given in and use these resampled valued in the approximation
of the distribution p1.¢(z1.¢|21.¢). There are many resampling methods in statistics. Four popular

approaches in the literature are

Stratified resampling [52]]

Systematic resampling [83]]

Residual resampling [87]]

e Multinomial resampling [77, p.31-92], [13} p.441-448]
The comparison between the resampling techniques is discussed in [42]]. Some version of particle
filters are derived from SIS by choosing an appropriate choice of sampling distribution and/or
modifying the resampling step in order to overcome the degeneracy problem. Examples are
Bootstrap filter [61]], Regularized Particle filter [[124], auxiliary resampling importance resampling
[139], and local linearization particle filter [45167].






Chapter 3
Random Finite Set (RFS) for Filtering

andom finite sets play a crucial role in the generalization of the single target Bayes filter
Rto the multi-target Bayes filter which is used in multi-target tracking. A Random finite set
(RFS) is a finite-set-valued random variable. An RFS is different from a random vector in two
important aspects: 1) the number of elements in an RFS is random while the number of entries in
a vector is fixed, 2) the order of the elements are irrelevant for an RFS, but the order of the entries
in a vector is important. Another property which distinguishes an RFS from a random vector is
that the elements constituting the random vector may be the same but all the elements in an RFS
are different.

The purpose of this section is twofold. Firstly, some key concepts in the theory of RFSs are
introduced in Subsection [3.1] Then Subsection [3.2] models the multi-target tracking problem in
an RFS framework, and it also introduces multi-target Bayes filtering and estimation in an RFS
framework. Definitions of the mathematical concepts used in this Chapter are given in Appendix
[A.T] Most of the material in this Chapter is based on [60], [I01], and [40} p.111-156]

3.1 Background on Random Finite Set

This section briefly provides the basic concepts of the RFS which are used in the formulation of
the multi-target tracking problem. A random set is introduced by generalizing the notion of a

random vector to a random set.

3.1.1 Mathematical Preliminaries

Let (), 0(Q),P) be a probability space and (U,U) be an abstract measurable space. Typically
U will be the Borel o—algebra generated by the open sets of U, i.e. the smallest c—algebra
containing all open sets of U. A random element is defined as a measurable mapping £ : Q) — U.
Since the mapping is measurable, ¥ 1(A) € o(Q) for any A € U. The probability measure on
U induced by Zis Py = PoX ™! : U/ — [0,1] where Py (A) = PoX 1 (A) = P(Z71(A)) =
P({we Q:X(w) € A}) for A € Y. Ttiscommontouse P(X € A) = P({w € Q : X(w) €
A}). Different spaces U give different random elements.

27
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e When U = R (resp. R%), the random element is called a random variable (resp. a random
vector)

e When U is a class of subsets of some space X (e.g. X € R%, d € {1,2,...}), the random
element . is called a random set. When U is a collection of finite sets of a topological space
(X, T(X)), X is called an RFS.

An RFS can be defined mathematically as follows
Definition 3.1: A random finite set %. is a measurable mapping from Q) to F(X)
:Q0— FX)
where F (X)) is the space of all finite subsets of X equipped with the myope topologyﬂ[ 109, p.3-5].

In multi-target tracking problem, we often deal with a space which is the product of continu-
ous space (e.g. the state space in tracking) and a discrete space (e.g. the space of target labels in
tracking). Such a space is called a hybrid space. In the single target tracking problem, the dis-
crete space reduces to a singleton set and hence the hybrid space reduces to the state space. The

following section deals with hybrid space in general.

3.1.1.1 Hybrid Space

A hybrid space is the Cartesian product of X' and a finite discrete space K i.e X = X x K.
An element s = (x,k) € X consists of an Euclidean part z € X C R? and a discrete part
k € K. Let S C X. Then for any k € K, we define S(k) = {# € X : (z,k) € S} s0
S = Urex S(k) x {k}. Here S(k1) x {k1} and S(k2) x {ko} are disjoint if k; # k. In general,
forany S C X" = X x...xX, S(k1,...,ky,) is defined as S(k1,...,k,) = {(21,...,2,) €
X" ((z1,k1), ..., (zn, ky)) € S}soS = Utks,oo k) ekcn Sk, ooy kn) X {(k1y... kn)}

The RFS on the hybrid space is defined in the obvious fashion by extending Definition [3.1]

from the state space to the hybrid space as follows.
Definition 3.2: A random finite set & on a hybrid space is a measurable mapping from Q) to F (X)
X:0— F(X)

where F(X) is the space of all finite subsets of X equipped with the myope topology on the hybrid
space X [60, p.137].

Denote by CX the collection of all closed subsets of X, by K the collection of all compact
subsets of X and by G* the collection of all open subsets of X. The myope topology is defined

as follows. For any open subset G C X and any compact subset K C X, define the collections of

Mntuitive explanation of this topology can be found in |60} p.94], [101} p.712] or [|168| p.47].
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closed subsets hitting G and missing K as

Ag ={SeC¥:8nG # 0} (3.1
AR ={ScC¥:5nK = 0} (3.2)

respectively. The myope topology has the bas
BE ={AXNAs, N...NAg, :n>0,Ke KX G; e GX). (3.3)

This is called the hit-or-miss topology.

Denote by F,,(X) the collection of all finite subsets of X which contain exactly n elements. If
n = 0, then F,,(X) = {0}. It can be shown [60, p.132] that F,,(X) € o(C*) and hence F,,(X)
is measurable with respect to o (CX).

The closed (resp. open, compact) subsets of X" are those S C X" such that S(k1, ..., k)
are closed (resp. open, compact) for all (ki ...,k,) € K™ [60, p.135]. The hybrid space has a
topology which is the product topology of the Euclidean on X and the discrete topology on K.
This means that for any open subset S C X, S(k) is open for all k € K.

Definition 3.3: The product measure X\ = )\ x ¢ on the space X is referred to as the (unit) hybrid
Lebesgue measure where X is the (unit) Lebesgue measure on X and ¢ is the counting measure on
KC. We say that a set S C X is measurable if S(k) is Lebesgue-measurable for every k € K. Then
the hybrid measure is defined by

A(S) =D AS(k)) (3.4)

ke
Generally, S C X" is measurable if S(k1, ..., ky) is measurable and
N(S)= > AN(S(ki,... k) (3.5)
(k1,....kn )€K

where A1(S) = X(S) for S C X.

Suppose that volume in the space X is measured in units of K, then A(A,) is the volume
Lebesgue measure of a neighborhood of A, of  in units of K, and A(A; x {k}) is the volume
hybrid Lebesgue measure of a neighborhood of A, x {k} of (z, k) in units of K.

In an obvious way, the concept of Lebesgue integral is extended to the hybrid space [60,
p.136].[168, p.50]

Definition 3.4: a) f X" — R™ is an integrable function if and only if the functions

foro ke @ X" — R™ defined by fr,, . g, (T1,...,2n) = f((x1,k1),. .., (zn, kn))
are Lebesgue-integrable for every (k1, ..., k,) € K"

2The definition of a base in Appendix
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b) Let S C X" be measurable and &; = (x;,k;) fori = 1,...,n. Then for each integ-
rable f, the hybrid integral of f on S is

= > /swl,...,kn) Frron (@15 z)A(d) . A (dy)

(k1y.mskin ) EKT

The concept of a probability measure is also extended to the hybrid space [60, Definition 6, p.
136]

Definition 3.5: A set function P defined on the measurable subsets S of X is a probability measure
if it has the form P(S) = P({w € Q : {(w) € S}) where & = (x, k) is a random variable on
X. Then the set functions P(U) = P(U x {k}) = P(z € U,k € {k}) are measures|on X
for any measurable subset U of X and for any k € K. Since S = Wy S(k) x {k}, we have
P(S) = Y 1cx Pr(S(k)) where | denotes the disjoin union operator.

This definition allows us to transform between the probability measure on the hybrid space and
the measure on X. A set derivative also exists on the hybrid space if P is absolutely continuous

with respect to the hybrid measure

Proposition 3.1: Let P be a probability measure as defined in Definition If P is absolutely
continuous with respect to the hybrid measure \, then there exists an almost everywhere integrable

unique function f on X such that for any measurable subset S C X

P(S) = [ M) (36

3.1.2 Measure and Integral of RFSs

This section aims to outline the construction of the measure and the integral of RFSs which are
based on the conventional probability. This section is based on [[171]] and [101} p.711-716].

Let X be a measurable mapping from Q) to F(X) as in Deﬁnition . induces a probability
measure Py on X which is defined for any Borel subset O of F(X)

Ps(0) =P(Z10)) =P({w e Q:X(w) € O}). (3.7)

Denote x : W2, X" — F(X) as the mapping of vectors to finite sets defined for each n by
x(&1,-.,6) = {&,. .., &} where X0 = {0}. Then for any Borel set © C F(X), the measure
4 is defined as

= 3 (1(0)n X7
0) =

#0) Z n!Kn

n=0

(3.8)

3This is not a probability measure as mentioned in [|60, Definition 6, p. 136] otherwise P cannot be a probability
measure
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Note that the term K} in each sum will cancel out with K7} of the hybrid measure
A" (X—l (O0)N xn) .

Assume that the probability measure Py induced by the RFS X is absolutely continuous with
respect to the measure u. By the Radon Nikodym theorem there exist an almost everywhere

unique integrable function gy, : F(X) — [0, c0) such that

Py(0) = /O 9 (2)u(dZ) (3.9)

By the definition of the measure y in (3.8)), (3.9) can be rewritten as

/ng(Z)u(dZ) = Z/Omfn )u(dZ) (3.10)
= Z/ {glaafn})K;nj‘n(dglgn) (3-11)

for any Borel set O C F(X). Note that the sum of the right hand side in (3.11) holds because
each term of the sum is unitless. This is because gy, is unitless and A™ has unit of K. In the sequel
a particular kind of integrable finite set function is our interest and it is defined in the following

Definition

Definition 3.6 (Global density): A global density (function) is a non-negative, integrable finite set

function whose total set integral is unity.

By this Definition, non-negative, integrable finite set function gy is a global density because
| s(@u(2) = Pe(F(X)) = 1.
F(X)
The non-negative, integrable finite set function gy, in (3.9) is a global density because

/ 92(2)u(Z) = Px(F(X)) = 1.
F(X)

3.1.3 Finite Set Statistic (FISST)

This section summarizes the construction of key concepts such as set derivative, set integral in the
finite set statistics (FISST) formulation of the multi-target tracking problem. The global density in
Definition [3.6]is a particular set derivative which is of main interest for multi-target tracking. The
concepts set derivative and set integral are not normal as the normal concepts in ordinary calculus.
Their definitions requires a suitable transformation between the product space X", n = 1,2,...
and the space F(X) (i.e. the collection of finite subsets of X).
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Denote by F<,(X) the collection of all finite subsets of X which contain no more than n
elements. Define a mapping which transforms a set of elements in the space X", n > 0 to a finite

set of X in the space F<,,(X) as follows

Yot X Fepn(X) (3.12)
&.: (Elw'wgn) = X(.%‘) = {gla"'vfn}v

This mapping is many-to-one. In order to make the mapping between X" and F,,(X) bijective,
we define the lexicographic ordering denoted by < between two elements &, € X where £ =
(z,k1), ¢ = (y,k2), x = (x1,...,24) and y = (y1,...,y4) as follows. & < ( if one of the

following statements is true

o ki < ko

e ki =koand z1 < 11

o k1 =ko,x1 =y and x2 < 1o

o ki =ko,x; =y, fore=1,...)k <dand xx11 < Y11
Let [X]" = {(&,...,&) € X" : & < & < ... < &, }. Then by [60, Proposition 2, p.133], the
mapping x, : [X]" — F,(X), which is the restriction of the map x., to [X]", is a homeomorph-
ism (equivalence of topological spaces) between the two spaces [X]™ and F,, (X).

Let f : X" — R" (r > 1) be completely symmetric functimﬂ Define f* : F,(X) — R”
by f*({&,...,&}) = f(&,-..,&). By (B:12), the composite function f* o x,, = f almost
everywhere where o denotes the composite symbol. Inversely let F' : F,,(X) — R". Define
F*: X" =5 R" by F*(&1,...,&) = F({&,...,&.}) for all distinct &1, . . ., &, (note that F™* is
undefined on a set of measure zero).

The correspondences of f — f* and F' — F™* set up a one-to-one correspondence between
the measurable (resp. continuous) almost everywhere defined symmetric functions on X" and the

measurable (resp. continuous) functions on F,,(X) [[60, Proposition 3, p.135].

3.1.3.1 Set Derivative and Its Properties

Like ordinary calculus in which an inverse operation of the Lebesgue integral is the derivative,
the set integral also has an inverse operation which is called a set derivative which is defined in
Definition below. We also summarize some basics properties of the set derivative and set
integral which involves the belief measure [60, p.150-170]. These properties is useful for deriving
the multi-target system model which is introduced in Section[3.2]

The following set derivative is base on [[60, Definition 12, p.145-146] and [171}, 4.5].

Definition 3.7 (Set Derivative): Ler ® : CX — [0,00) be a set functiof| on X and let & =
(z,u) € X. If it exists, for any closed subset S of X the set derivative of ® at & is the set function

4 f(z1,22,...,2pn) is called symmetric or totally symmetric if and only if it is invariant under any permutation of
variables.
S A set function is a function whose input is a set.
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defined by
0P oy qo o PUS = (Bay x {k}) U (Bai x k) = (S — (Bay x {k}))
E(s) N glggo B, A Bz,i) G139

where E@ j is a sequence of closed balls converging to {x}; and where By, ; is a sequence of open
balls whose closures converge to {x}.

If§ ¢ S, 3.13) can be written as follows

0P L . DP(SU (B, xk)) —D(S)

(3.14)

Note that %%(S ) has unit of K, ! because the denominator \(B, ;) in (3.13) and (3.14) has
unit of K.
It has been shown in [[60, p.147-148] that the set derivative of a set function is also a set

function and thus we can iterate the process by the following definition.

Definition 3.8: For any closed subset S C X. The iterated set derivative of order n is defined as

e (5) = o P
0&nt1--- 081 0&n+108n ... 081

(S) (3.15)

where &1,. .., &1 € X

When the set derivative of order n,n > 0 is well defined, the order of differentiation does not

matter. The concept of iterated set derivative is defined as follows

Definition 3.9: Let @ be a set function. Letn > 1 and let Z = {1, ...&,} C X be a finite subset
with n distinct elements. Assume that all iterated set derivative of © exist. Then for any closed
subset S of X, the set derivative of ® is defined as

0P ond

7z = 5 e, 310
‘3(5) — ®(S) 3.17)
50 R

226 =52 (s) = a(s) @1

The following proposition generalizes the sum and the product rules for the derivatives to the

case of set derivatives

Proposition 3.2: Let ® and Y be the set functions and let a,b € R be scalars. Assume that the
set derivatives of ® and Y exist. Then the set derivatives of a® + bY and ®Y also exist and are

given by
5(a®+bY) . 6D ¥
5(DYF) 5P 5¥
S) = —(8) 75— (5 3.20
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forall S C X. IfY, Z C X are finite subset withY N Z = (). Then

5 8(®), . oD
vz = swon®
forall S C X.

The set integral is naturally given by the following definition.

Definition 3.10: Letr @ : F(X) — [0,00) be a set function. Let f be the function defined by
f(2) = g%(@) for any finite subset Z € F(X) and let S be closed subset of X. Then the set

integral of f concentrated at S is

00 1 _ _
[ £z = 30 1 [ e DA - Ade) G.21)

where S™ = S X ... x S denotes the Cartesian product of S taken n times, and we assume the
convention that S° = {0} and [, £({0})X(d0) = £({0}). Let O be any measurable subset of C*
(i.e O € a(CX)). The set integral of f concentrated on O is defined as

Lt = [, @)

n=0

>~ 1 ) ]
- nzz:o n! /an(Oﬂ}'n(X)) F({€1 - Enb)A(dEL) - AdEn) (3.22)

where xp, : X" — F,(X) is the function defined in (3.12) by xn (&1, ..., &n) = {&1, ..., &n} with
the added condition that & # &;,1 # j so x;; (O N F, (X)) is a measurable subset of X™.

It can be shown that (3.21)) is the special case of (3.22). Indeed, for any O € o(CX), by the
myope topology particularly by (3.1) there exists a closed set S such that

O=(As)={CecC¥:0NS #0}°={CecC¥:CNS =0}
={CcecX:.CccCS} (3.23)

where 5S¢ denotes the complement of S so S¢ is open. Then forn = 0,1, ...
Xn (ONFp(X)) = 5™ (3.24)

By convention, denote x, ' (O N Fy(X)) = S°.

3.1.3.2 Belief Functional and Global Density

This section introduces a method for construction of the global density function of an absolutely
continuous RFS. A direct construction from the probability measure is impractical in most cases.

However, it can also be derived from the belief functional defined below. The relationship between
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the belief functional and the global density function is derived by applying the set derivative in
Definition 3.7

Definition 3.11: The belief functional of an RFS ¥. is defined as
Be(5) =P(ECS) =P({weQ:X(w) CS}) (3.25)
for any closed S C X.
By (3.23),
Ps(0)=Pg({CcCX:CCS}) =P(XCS)=ps(9).

for some closed S C X. Since By (5) is a restriction of Py, (O) to a smaller class of measurable
subsets of 7 (X), by [109} p.30] and [101} p.713] it has been shown that Py (Q) is equivalent to
Bx(9).

Applying the properties of the RFS X, the belief functional By (S) can be expanded as shown

in the following theorem for any closed subset S C X.
Theorem 3.1: Let 3. be an RF'S with belief functional
Bs(S)=PECS) =P{we:%(w) S} (3.26)

for any closed subset S C X. Then By (S) can be factorized as follows

Bs(S) = px(i)gzi(S") (3.27)
=0
where
ps(i) =P(Z[=14) >0 (3.28)

as a discrete probability distribution which gives the number of elements in ¥ and gs. ; () is the

probability measure on X*
gz.i(S) = P(Z(w) C S||Z| = i) (3.29)
with qzﬂ-(S’O) =1

The following definition shows the relationship between the absolute continuity of gy ; and the

absolute continuity of an RFS .

Definition 3.12: Let 3. be an RFS. Then X. is absolutely continuous if the probability measures qs. ;

are absolutely continuous with respect to the product hybrid measure on X for everyi = 1,2, . ..
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If g5, ; (S?) is absolutely continuous with respect to hybrid measure, then by Proposition 3.1]it

follows that

ami(S) = [ 16 M) . A(d)

for some density function f (©) which, without loss of generality, assumed to be completely sym-
metric. Then by Definition [3.12] X is absolutely continuous. Then applying Definition [3.8] the

following holds for j,n > 0 [60, p.159-160]

_Mazs gy = JOE. ), i =mn;
0&1 ... 0&, 0, it j £ .

Then from Theorem 3.1} we find that

0" By, _ gz n
681...0&, ) =px(n )551 0&n @)

=nlpg(n)f*(&,. .., &)

Therefore the belief functional of RFS X for any closed set S C X is

50 o - -
B2(5) = L2 0) + Z s e A - Ade)

=y ‘2‘%(@)6@2)

where 62@ (0) = Bx(?) = p=(0) and (1a) holds by (3.21).
By (3:23) for any O € o(C™X) and absolutely continuous X, we have
P(XeO)=P(ECS)=p8x(9)

for some closed subset .S of X. Thus, by (3.24) we also have

6%2 X1 "By o -
PEEO) =B+ [ L T e DA@a) M)

(1) 5&
= |, %7 (0)6(dZ)

where (1b) holds by (3:22).
It is easy to see that B %54 (0) is also a global density function since
1)
[ 22 0)5(a2) & (%) = Pz € X) =
x 07

where (1a) holds by (3:33) and (3.34).

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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Denote by

f(2) = P2 (0) (3.38)

for all finite subset Z C F(X), then fy, is a global density. In particular,

671
fr({&1,...,&)) = (sglﬂfsgn

Then (3.34) and (3.37) can be rewritten compactly and respectively as follows

(0).

By(S) = /S £5(2)6(d2) (3.39)

P(Ze0) = /O £(2)5(d2). (3.40)

Denote the cardinality distribution of RFS X by f(n). Then taking integral on X" both side of
(3-31) with respect to A", we have

1 §n } B}
fr(n) = p(|Z| = n) = ~ /Xn &(@)A(dél) L N(dgy) (3.41)
= % fs({&1,. .., & )A(dEL) .. A(dE) (3.42)

L JXn

Then it is easy to see > oo fx(n) = 1.

If there are m RFS X4, ... %,,, (3.38) can be generalized as in the following definition.

Definition 3.13: Ler 21, . . ., X, be absolutely continuous finite random subsets of X. For closed
sets S1,...,Sm C X, their joint belief functional is

Bs, ., (S, oy Sm) =P(Z1 C 81,00, B0 C ) (3.43)

The joint global density of these random finite sets is the multi-variable set function

0By, .5, (St Sm)
f51. 2 (21, Zy) = ngl(; 7z

@,...,0).

In practice, the joint global densities of RES is assumed to be statistically independent. The

following proposition gives the joint densities of such random sets

Proposition 3.3: Let 21, . .. , X, be statistically independent, absolutely continuous finite random

subsets of X. Their joint density exists and is given by
5w (Z1, . Z) = [ £ (Z0)

for all finite sets Z1, ..., Z, CX.



38 Random Finite Set (RFS) for Filtering

3.1.4 Probability Theory and FISST

This section shows the relationship between integral defined as finite set statistics (FISST) in
Section |3.1.3|and the integral defined as the conventional probability theory in Section This
section is based on [[171} p.6] and [[101, Appendix F, p.711-716].

As shown in [[171], Proposition 1,p.6] that for any close subset .S of X, we have

USZ _/X(@ Si)gz(z)u(dZ) (3.44)

B Z nl /3 K gs ({61, &a)AdG) . An) (3.45)
= /SK;C_|Z|QZ(Z)5(Z) (3.46)

Note that A(¢;),i = 1,...,n have unit of K. Furthermore, by definition of the belief functional,

Bx(S) =Px(lH 5. (3.47)
i=0

Then by (3:34) and (3:46)), we have 5P2 =(Z)=K 12l 55% (0). This shows that the density function
gs in (3.9) can be calculated through the belief functional by the following proposition.

Proposition 3.4: Let g5, : F(X) — [0,00) be an integrable function such that (3.9) holds. For
any finite set Z € F(X) then

B
_ 12198z
9:(Z) = K;; . (0). (3.48)

Note that g5, (Z) is unitless density because (@) have units of K 2. Then p(|Z| = n) the
cardinality distribution of RFS X in (3.41)) is

p(IZ] =n) = px(n /K g=({&1s - &P A(dEr) - .. A(dEy) (3.49)

3.1.5 Some Important Multi-target Probability Distribution

In this section, some important multi-target probability densities are introduced such as independ-
ent identically distributed (i.i.d) cluster processes and multi-target Poison processes [101} p.343-
375].

By and (3.32), the global density gs.(Z) for any finite subset Z = {&1,...,&,} C Xis

2(2) = KPSE0) = KI5 P (0) = K ()t (61, 6) G50)

Note that f(") (&, ..., &,) has unit of K.
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3.1.5.1 Independent Identically Distributed Cluster Processes

When &;,i = 1...,n are i.i.d random elements on X, f(")(¢1,...,&,) = [T, f(&). Note that
£ (-) denote the joint density whereas f(-) denotes the density on X'. Note that f(-) has unit of
K, 1. Hence the global density gs.(Z) in (3.50) for i.i.d cluster processes is

9:(2) = K Inlps (n) f(&1) .. (&) = K210 (12)) T] £(€) (3.51)

{ez

3.1.5.2 Multi-target Poison Processes

If the discrete probability distribution py (n) is the Poisson distribution with mean 7, and &;,7 =

1...,narei.i.drandom elements on X then (3.57) is written as
7 — Kl7lgp €A _ K121, )2l 150
92(2) = K1 2]! 7zl 1 /(&) = ke ] £(€) (3.52)
IS4 tez

which is called a multi-dimensional Poisson distribution. For any finite subset Z C X, any RFS

¥ having g5 (Z) as its distribution is a multi-target Poisson process. The function

v(€) = nf () (3.53)

is called intensity density of the Poisson process and has unit of K . Thus (3.52) is alternatively
written in terms of the intensityy(-) as

92(2) = KFlem U T v(9) (3.54)
&ez

where (7,1) = [x 7(§)A(d€) = .

3.1.5.3 Multi-Bernoulli Processes

This section adopts some formulas from [172} p.29-30] and [[101], p.368-370]

Bernoulli:

Similar to a Bernoulli trial, a Bernoulli RFS X on X is empty with probability 1 —r, r > 0,
singleton with probability r where the element is distributed according to the probability distribu-
tion p, and zero otherwise. Thus the Bernoulli RFS X is completely determined by {r, p} and its
probability density 7y (X) is

1—r, X =10
me(X) =1 Kyrp€), X ={¢} (3.55)
0, otherwise.
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Alternatively, (3.35) can be rewritten as
m(X) = KX (=) 7 (rpy (20)) X (3.56)

where py (X)) = p(&) if X = {¢}, px(X) = 1if X = 0 and px(X) = 0 otherwise.

Multi-Bernoulli:

Assume that ¥ is the union of m independent Bernoulli RFS X¢,7 = 1, ..., m with a probab-

ility of existence r* and probability density p’ respectively, i.e.
m .
r=[Jz (3.57)

Then X is called a multi-Bernoulli RFS and its probability density 7y, (X) is written as follows

’z”;l(l_ri% X:@’
n
) =4 KX IDPwne I =) X=nsm
{Jla,]n}Q{l,,n} k=1 l€{17’m}7{11)7]n}
JiFIriFT
0, | X| =n>m.

(3.58)
In (3.58] - the first product of the second line is the distribution of n independent Bernoulli RFSs
2 k= ..,n which each of them is a singleton while the second product is the distribution
ofm—n 1ndependent Bernoulli RFSs X, 1 ¢ {j1, ..., Jjn} which each of them is empty.

Alternatively, (3.58) can be rewritten in the compressed form as follows

m n
X) =M Ia- X (&) (3.59)
=1 {jlw'wj?’b}g{lr'w } =1
ji#j'rvi;é'r
By (3.49), the corresponding cardinality distribution of (3.59) is
1 _ < <
p(n) = — K me ({6 &a)A(dEr) - A(d€n)
n: J|X|=n
ol (=) 2 Hl—rJ/cH /phc &) A(dEr)
i=1 {jlv---vjn}g{lv-"vn}k:l k=1
ji#jrvi#r
m n ] m
1 i rlk 1 iyt
S VT TR DI | ey | (R R SR | B
n! - L 1—rik n! - 1 —rik
i=1 {71530} C{1,...,n} k=1 i=1 1< < <n<n k=1
JiFjr, i?ér

m

“T[a-r) % Hl_m (3.60)

i=1 1< <...<jn<n k=1
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3.1.5.4 Binomial independent and identical distributed (i.i.d.) cluster Processes

If 7' = rand p* = pforalli = 1,...,n then (3.59) reduces to i.i.d. cluster process and the
cardinality in (3.59) reduces to

p(n) = <m> (1 —r)mmm, (3.61)

n

Moreover, the probability density (3.59) reduces to the following simple form

n

m({&1s -, &}) = Konlp(n) [T (&) (3.62)

=1

3.1.5.5 Probability-generating functionals

This subsection is also based on [40, p.111-156] and [96]]. The probability-generating functionals
can often transform difficult mathematical problems into simpler ones. Let 1 () be a non-negative
real-valued function of £ € X that has no unit measurement. Let Z be finite subset of X, i.e.
Z € F(X), define the power of h with respect to Z to be

- HEGZ h(§), otherwise. .

In similar to the definition of probability-generating function, the probability generating functional
(p.g.fl.) Gy of an RFS X on X

Gslh] = E[h*] = E [E[hznzy = n]] =Y p(n)E[R*||Z| = n] (3.64)
n=0
where
E[h¥||Z| = n] = / W&o tnd P (dey, . &) (3.65)
X'n

where P, () is the joint probability distribution on X". By (3:26)), (3.28) and (3:29) , we have

P({&1,..., &} C | d&) = p(n) Pa(dgy, ..., dn) (3.66)
i=1
where P, (+) is given in (3.63). On the other hand, we have

P((E, &) € Jdg) @RI, &) e (] de) 367

=1
1 5nﬁz _ -
Wl 661 .06, WA M) ey

—~
=
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where (a) hold by (3:33) and (b) hold by (3.36). Thus, (3.64) becomes

Gelh] =3 | wlESdp(n)P(dg,. .. dg) (3.69)
n=0
DY [ neetp((e, 6 e (U i) (3.70)
n=0"X" i=1

®) S {517---»§n}i 5nﬁz \ \ © Z&
Oy [ n T D) A _/Xh Z(0)07 371

n=0

where (a) holds by (3.66) and (3.67), (b) holds by (3.68) and (c) holds by (3.21).
By (3.44), (3.46), (3.48)), (3.70) and (3.71)), we also have

— Z _ 4
Gl = [ o o Wos(2ma2) = [ W os(Dyutaz) 6:72)

where 1 is given in (3.8). The probability-generating functionals have the following properties
Relation to probability-generating function of the random number

If (&) = cis a constant nonnegative real number for all £ € X. Then by (3.72)) we have

Galt] = | o P Z)n(a2)

O+ > 5 [ K GDAE) A
n=1""

W s (0) + epe (1) + ps(2)... = G (h)

where (a) holds by (3.49) and G/x|(h) is the probability-generating functional of the random
nonnegative integer |%|.

Relation to Belief functional

The probability-generating functional is related to the Belief function by this relationship

Gelts = [ o (2yutaz) & | 1Ex;gn(2)002) = [ 15 0x(2)0(02)

= [ = (0)6(dz) = B=(S)

where 15 is the indicator function, (a) holds by (3.44)-(3.46) and () holds by (3.48). Thus, it

shares the following useful property with the belief functional.

Unions of statistically independent RFSs

LetY = X!'U...UX" andlet Gs1[h], . .., Gygn[h] be the corresponding probability-generating

functionals where X?,i = 1,..., X" are statistically independent. Then for all h, we have
GZ [h] - Gzl [h] ‘e Gzn [h]

Examples of some probability generating functionals
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Based on the definition of the probability-generating functional, the processes introduced

earlier have the following p.g.fls

e p.g.fl of Poisson process is Gy [h] = e/ hET(©A(E)—n

e p.g.flof ani.i.d. cluster processes is Gy [h] = G([ h(&) f(€)A(dE))

e p.g.fl of Bernoulli process is Gx[h] = (1 —r + 7 [ h(&) F(£)A(dE))

e p.g.fl of multi-Bernoulli process is Gx[h] =[], (1 — 7+ [ h(&) F(E)A(dE))

3.2 RFS Model for Multi-target Tracking

In this section, the multi-target system model for tracking an unknown number of targets is presen-
ted in the RFS framework whose theoretical background was covered in the previous section. In
the multi-target system, the number of targets is unknown and varies with time due to the ap-
pearance and disappearance of the single targets in the surveillance area. Similarly the unknown
number of measurement also changes with time due to imperfect sensors and spurious measure-
ments not coming from targets. Furthermore, the origins of the measurements are unknown. The
multi-target tracking problem can be naturally modeled in a very flexible manner using random
finite sets. Modeling the target states and measurements at each time instant as RFSs captures the
unknown and varying number of targets and measurements; and the fact that the order of the target
states or measurement is irrelevant. The model of the multi-target tracking problem in RFS frame-
work can be found in many places from the more theoretical and mathematical oriented sources
[[60L p219-256] to the more engineering oriented sources in [[106],[92, Chapter 9,11-12]. The
specific application of the underlying RFS model for the multi-object dynamics and multi-object

measurements can be found in [96,([171]].

This section is organized as follows. First, the underlying multi-target states will be modeled
to capture the randomness of general multi-target tracking problems in Subsection [3.2.1] This
underlying multi-target states are observed by the measurements which give information about the
targets. These measurements are modeled in Subsection [3.2.2] In this section, the single target
system model from Chapter [2.1]is used to build the multi-target model.

3.2.1 Multi-target Dynamical Model

In multi-target tracking (MTT), the single targets are usually assumed to move independently in
the region of interest and the number of targets changes over time due to the spontaneous birth,
death or spawning of the new targets from existing targets (e.g. rocket). This makes the problem
more challenging than the single target tracking problem. In the following subsections, some
common approaches to constructing the multi-target state model and its Markov transition density
are discussed. In practice the common single state space is usually the hybrid space is discussed

in the previous section. However the hybrid state space will not be used until Chapter [6.2]
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3.2.1.1 Multi-target State

Given a multi-target state X; 1 = {z,..., 2], } at time ¢ — 1, each state 2’ € X;_1 is assumed
to follow a Markov process in the following sense. The single target which is given in (2.1)) either
continues to exist at time ¢ € 7,¢ > 1 with probability pg, (z’) and moves to the new state x
according to the probability density fy;_1 (z|z) in or dies with probability 1 — pg, (z") and
takes on the value (). Thus, given a single state 2’ € X;_1 at time ¢ — 1, its behavior at time ¢ is
modeled by the Bernoulli RFS

Stle—1 (2)

that is either {x} when the target survives or () when the target dies.

Denote by 8g,, | (-|z") the belief functional of an RFS Sy;_1 (). Then for any closed subset
S of X and by Theorem 3.1 we have
Bsy,, (Sla) = P(Sye—1(2") € Sla’) = px(0) +px(1)gz1(S)
=1—ps,(z') + ps, (z) /ﬂ|t71(5€\3«°/))\(d37) = /stt\tfl(y|$/)5Y

where p is the dominating measure of the form (3.8) on the Borel subsets of F(X') where the
state space & is used in place of the hybrid space X as follows

(0 = 35 20001

n=0

(3.73)

for any Borel set O C F(X). Note that K is the unit of volume on X Thus By (.S) is completely
described by the distribution of a target z’

1 —ps, (‘T,)v if St\t—l(x/) =0
fsupems Spe—1(2)|2') = § Kaps, (@) fpa (2la’), i Sy (2') = {2} (3.74)
0, otherwise.

The survival or death of all existing target from time ¢ — 1 to time ¢ is hence modeled by the RFS

Sp1(Xee) = J Sy (). (3.75)

r'eXi 1

Let X = Syp—1(X¢—1) = {#1,...,2,} and | X; 1| = m. Conditional on X;_1, the RFSs on the
right hand side of (3.75) are assumed to be mutual independent. So by (3.43)) in Definition [3.13]
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the belief functional B, of an RFS Sy, (X¢—1) for the model (3.73)) is for any S C X

ﬁsﬂt—l(S‘Xt_l) = P(Sye-1(Xi-1) € 5)

= > II PSy-1(a)eS)

Lﬂw/eXt71 Stjp—1(2/)=X; ¥’ E€Xt—1

= Z H p$/7st|t71($/)(s)'

Lﬂx’ext,I See—1(2) =Xy z'eXi 1

where
1 _pSt ('1"/)7 St|t—1(x/> = 0’
P Sy () = § s (2") [g flzla’)dz, [Sye—1(a)] =1, (3.76)
0, otherwise.

and by the product rule in (3.20) of Proposition , the global density 7 ;1 (X¢|X¢—1) of the
RFS X, By the product rule in (3.20) of Proposition [3.2]and

By (3.48) the global density 7s,, , (X¢|X¢—1) of the RFS Sy, _1(X¢—1) is

0Bs,,_
Ty (Xl Xim1) = K == (01X ). 3.77)
t

By the product rule in (3:20) and (3:19) of Proposition 3.2} (3.77) becomes

Ly
msn (XX = KN [ )
(Lﬂl)j—ﬂ ui):Xt

ui:Q) or ui:{x}gXt

where 4 denotes the disjoint union and K, is the unit of volume on space X'. Note that | X;| <

| X¢—1]. By the discussion in Section[3.1.4} 7s,, , (X¢|X;—1) is unitless and each %(m R
2’ € X;_1,x € X, has unit of K. From equation (3.16)), (3.17) and (3.76)), we have

o) pr,q)(@) =1 7pSt( ) ifu; = 0;

px/’ui _ 5 o s B '

Tul(@) o péx’ : (@) (_) pSt( )f t|t— 1(33|x/), lf U; = {x}’
0, if || > 1.

where (a) holds by (3.31) and (3.30). To express the probability density 7 4;—1(:|X¢—1) of the

RFS Syji—1 (X¢—1) in a general form, we introduce the following notation.

Let T(U, V') denote the set of all one-to-one functions taking a finite set U to a finite set V.
The set of all 1-1 function T(U, V') = (if |[U| > |V'| and we use the convention that the sum over
the empty set is zero. A one-to-one function o € T(Xy, X;_1) is used to associate the targets at
time ¢ with the targets at time ¢ — 1. Specifically, 2’ = «(z) means that the target state 2 at time
t — 1 has evolved to the state z at time ¢ (i.e. «(x) represents the previous state at time ¢ — 1 of

the target state ). A target state ' at time ¢ — 1 not associated with any target state state at time
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¢ is dead. With this notation, it follows that the transitional probability density s, , , (| X;—1) of
the RFS St‘t—l (Xt_]_) is

TSyje—1 (Xt|Xt—1) :Ka‘cth Z H (1 — DS, (.73/))
OéET(Xt,thl) x’Ethl—a(Xt)

X H ps,(a(z)) fip—1 (z|a(z)) (3.78)

Z‘EXt

where X; 1 — a(X;) means set difference and the sum is [[/cy, , (1 —ps,(2)) if X; = 0. The
form in is originally used in [172, section 2.3.2, p. 33]

A new target at time ¢ may result from either the spontaneous birth (independent of the surviv-
ing targets) which is modeled by an RFS of spontaneous births I'; or spawning from a target state
' at time ¢ — 1 which is modeled by an RFS of spawning By;_ (z’). Thus the multi-target state

at time ¢ is the union of the surviving targets, the spawned targets and the spontaneous births
Ti(Xio1) = Syp—1(Xi1) U By (Xp—1) U T (3.79)

where By, (Xi-1) = Upex, , Bep—1(2'). describes how the multi-target state may
change from X;_1 at time step ¢ — 1 to X;(X;_1) at time step .

3.2.1.2 Markov Transition Density

Assuming the three RFSs on the right hand side of are mutually independent conditional
on X;_1, the RFS transition density in (3.79) can be described in the form of the multi-target
transition density fy;_1(-|X;—1) describing the probability of the multi-target state moving from
X1 attime ¢ — 1 to X(X;—1) at time ¢. Assume that X; = X;(X;—1). By in Definition
the belief functional By, of an RFS X;(X;_1) for the model is forany S C X

Bs, (S|Xi—1) =P (Z¢(Xi-1) C 5)
:]P(Sﬂt—l(Xt*l) < S)]P(Bt\t—dXt*l) C S)P(I: € 5)
=B, 1x01 (81 Xe-1)Bp,,_, (S1Xi-1)Br, (5)
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where by 3.25), B, ,_, (- X¢—1) is the belief functional of an RFS By;_1(X;-1); and Br, as the
belief functional of the RFS I';. Then by the product rule in (3.20), we have

5
Fopo1 (X Xio1) = KFX ﬁzt (WX -1)
0Bs,,_ 0Bs,, 5B

— 51Xl tlt—1 t|t—1 T,
=KL T O T ) 30

7 ﬁs Bp,, Y]
= |Ur| T <tle—1 tltl |U2| ti—1 |U3| 2PTy
y > & (O, K 2 (0, L 1)
= Y 7w (Ui Xe1)mp -1 (Ua] Xi—1 ) 1 (Us) (3.80)
H?:lUi:Xt

where

o 7s,, , (U1|Xi-1) is given in 3.78).

Br
o T (U | X5 — |U2| “ Btje—1
Bit|t '1( 2| X¢1) z 35Uy
spawning target from X;_;.
o mr(Us) = 1Usl i@rf (@) is the spontaneous birth T;.

(0| X;—1) is the probability density of the RFS of

Note that 73 4,1 (-|X;—1) and 7 ; are unitless from the discussion in Section X, in (3.80)
also considers the new spontaneous birth and spawning target compared to only surviving targets
in X; given in (3.78). describes the time evolution of the multi-target state and incorporates
the model of target motion, spontaneous birth and spawning which are captured in the multi-target
transition density (3.80).

Assuming that I'; is a multi-target Poisson process (or Poisson RFS) with intensity function
7¢(+) and that By;_1 (') is a Poisson RFS with intensity function 3, (:|2’) (see multi-target
Poisson process in Subsection [3.1.5.2)), we have

(X)) = K[Xtlem e I1 (@
ZUGXt

- B (l"),
o1 (Xe| Xm1) = K'le 2y P H > B (zl2')
rzeXtx'e€Xiq

where (7, 1) is the expected number of spontaneously generated new targets and (B¢ (+|x), 1)

is the expected number of new targets spawned from the target state x.

Then the transition density fy;_1 (X¢|X;—1) in (3.80) simplifies to

Fyr—1(Xa| Xpa) =KL S > e T b(@]Xe-1)x

WCX aET(W X 1) zeX —W

IT  (=ps, @) [ ps.(a(@))Fy1(xla(z)) (3.81)

eXi1—a(W) zeW
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where

pp(Xe—1) = (v, 1) + Z (Brje-1 (1), 1),

xeXi_ 1

b(z|Xi-1) = ne(z) + Z Bijt—1 (2]2).

reXi_1

Here pip(X;—1) is the expected number of new targets (spontaneous birth and spawning) and
b(-|X;—_1) is the intensity function of a new target state given X;_;. Each W C X, is the set of
surviving targets which is evolved from the previous state at time £ — 1 and the second sum is

e X TT b(2(Xe—1) [ (1 —ps,(a) if W = 0.

zeXt r'eXi1

3.2.2 Multi-target Measurement Model

In multi-target tracking, the dynamical system is a hidden system so the only known information
is the measurements. However, the measurements not only consist of target generated measure-
ments but also include clutter which are measurements generated by other objects which are not
the targets of interest. In addition, sensors may not observe the present targets due to sensor

imperfection. This subsection will construct the multi-target measurement model.

3.2.2.1 Multi-target Measurement

At time ¢, each single-target state € X4, is either detected with probability pp, (z) and generates
an observation z with likelihood g;(z|z), or it is missed with probability 1 — pp, (). Thus, at
time ¢, each single-target state z € X; generates an RFS D;(xz) that can take either the value {2}
when the target is observed by a sensor or () when the target is not detected. The detection and

generation of measurements for all targets at time ¢ is hence given by the RFS

= |J Di(a). (3.82)
reXy
Assuming that, conditional on the multi-target state Xy, the measurements at time index ¢ are
independent of the states at all other time indices and that the RFSs on the right hand side of (3.82))
are mutually independent. The independence conditional on target states is a common assumption
in tracking algorithms. The probability density of the RFS Z; = ©(X}) is calculated similarly to
the RFS of the surviving targets which gives

mos(Z)X) =K% S T (1-pou(@) [ po(e(z)a(zla(z))  (3.83)
aET(Zt,Xt)$€O¢(Zt) 2€Z,
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where K, is the unit of volume on Z and g:(z|a(z)) is given (2.4). The explanation of K, is
similar to that of K in the previous section which shows that the density 71'33’15<Zt | X¢) is unitless.
If Z; = 0 the sum is [[ ¢ x, (1 — pp, (2)).

Apart from target-originated measurements, the sensor also receives a set of false/spurious
measurements or clutter which is modeled by an RFS A;. Consequently, at time ¢, the multi-target

measurement Z; is the union of target-generated measurements and clutter,

Zt = Qt(Xt) U At. (384)

3.2.2.2 Likelihood Function

Assuming that the two RFSs on the right hand side of are mutually independent, the RFS
multi-target measurement can be expressed in the form of the multi-target likelihood g;; (-] X¢).
Let wa +(|-) be the density of the RFS A, the multi-target likelihood function g;(Z;| X;) is con-
structed similarly to the Markov transition density and is given by

9(Zi|Xe) = D o (WIXe)ma(Z — W|Xy) (3.85)

WCZ;
W] <] X

When A, is a Poisson RFS with intensity xy,

Tai(Z) = e_<”t’1>KLZ‘ H re(2),
z€Z

the multi-target likelihood function g;(Z;| X, t) in (3.85) has the following form

a(Z)X) =KZ2 SN N e I w(?) T (-pp(2))

WCZi aeT(W,X¢) 2'€Z—W r€EX—a(W)

I1 po.(a(2))g(zla(2)). (3.86)

zeW

where the second sum is e~V [T ki(2') [T,ex, (1 — pp, () if W = 0. The formula in
(3-86) is originally used in [172, p.35]. The terms in the second sum have the following meanings:
the first two terms describe the clutter, the third term (the second product) expresses the missed

detections and the last product describe the target-generated measurements.

3.2.3 Multi-target Bayes Filter

Multi-target Bayesian filtering and multi-target estimation in RFS framework is presented in this
section. Applying the RFS framework to multi-target tracking was pioneered by Mahler [[106] by
using random finite sets instead of random vectors. The objective of multi-target Bayes filter is
to jointly estimate the number of targets and their states. This filter which generalize the single-

target Bayes filter is the theoretical foundation for multi-target fusion, detection, tracking and
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identification [[101}, p.483-537]. This filter can be found in many sources such as [60L92,/101L/107]

upon which this section is based.

3.2.3.1 Multi-target Bayes Filter

This section presents the Multi-target Bayes filter for the multi-target system model described
in the previous subsections. Like the single-target Bayes filter, the multi-target Bayes filter also

consists of three steps: Initialization, Predictor and Update.

Initialization: The initial step reflect the knowledge of target states before receiving measure-
ments. However, if there is limited information about the target states, the multi-target Poisson
process in section [3.1.5.2] are used with a large mean/variance 7 and a very high-variance spatial

distribution f(x) e.g. uniform distribution

po(X1) = KMemm TT f(a). (3.87)
zeX,

The density f(x) can be uniform distribution over some known region or the whole region if there
is no prior knowledge. Note that density f(x) has unit of K. Then the posterior distribution

p1(X1]Z7) is given by

91(Z1]1X1)po(X1) . .
o (X112) = T 211 Xm0 (X )pss (0X7) there exist measurements Z1; 3.88)
po(X1), otherwise.

where 15 is the dominating measure given in (3.73) and g1(Z1|X1) is multi-target likelihood
function given in (3.86). Note that g1 (Z1|X1) and po(X1) are unitless.

Predictor: Given the history of measurements up to time ¢ i.e Z14 = (Z1,...,Z;). The
predictor for multi-target Bayes filter is the analog of (2.15)) with the set integral in (3.10)

Prg1)e(Xev1|Z1:4) :/Xft+1|t(Xt+1\Xt)pt(Xt!ZLt)us(dXt) (3.89)

where f;1¢(X¢41|X¢) is given in (3.81) and is unitless. Then (3.89) is explicitly written as

follows

Prg1)e(Xer1]Z1:)

00 K—n

B nz:;) ;! /X ft+1|t(Xt’{$17 <o 7$n})pt({x1> e awn}‘let))\n(dxl ce d-%'n)

=> ol /ft+1|t(Xt|{5617-.-,xn})pt({xl,...,:cn}!let)/\(dxl).../\(da:n) (3.90)
n=0 '

where A" is the nth product (unit) Lebesgue measure on X" and defined in Section (3.1.2). Some
examples illustrating this formula can be found in [101}, p.487-490].
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Update: The update for multi-target Bayes filter is the analog of (2.16)

9t(Ze 1| Xt 1) pegr)e(Xer1| Z1ze)
X, VAR = 391
per1(Xer 1] Z1441) 2 Zuna| Z1a) (3.91)

where py 411 (X¢11/Z1:¢) is given in (3.90) and the normalizing factor p(Z;11|Z1.¢) is

p(Zes1|Z1:t) :/Xgt(Zt+1!Xt+1)Pt+1|t(Xt+1!ZLt)Ms(XtH)-

Note that all the integrals are set integrals as defined in (3.10). Examples of this update are given
in [60} p.186-187] and [101}, p.491-492].

The multi-target posterior distribution can be alternatively propagated via Bayes recursion as
follows. Given the initial distribution py and p; is calculated in (3.88). Assume that that the
posterior distribution py.;—1(X71.4|Z1.+—1) up to time ¢ — 1 is calculated, the posterior distribution

p1:t(X1:4|Z1.1) at time ¢ can be calculated using the Bayesian recursion

Sepp—1 (Xe| Xi—1) 9e (Ze] X))
p(Zi Z1:4-1)

p1¢( X141 Z1:4) = pra—1(X1:4-11Z1:0—1)

Denote f110(X1|Xo) = po(X1), the posterior distribution p1.7(X1.7|Z1.7) can be written as

follows

T (X X Zi| X
p1:T(X1:T\Z1;T) _ Ht_l ft\t 1( t’ t 1)9t( t| t). (3.92)
p(leT)

3.2.3.2 Multi-target Bayes Estimation

Unlike the single-target Bayes estimation, multi-target state estimation poses unexpected diffi-
culties due to the set integral in the posterior distribution. Traditional estimation methods such
as EAP and MAP estimators described in Section [2.2.2] do not apply to the multi-target posterior
distribution (3.91)). This was shown in [[I01] Section 14.5.1.p.494-497]. Hence Mahler introduced
two new Bayes-optimal multi-target state estimators [[101, p.494-505]. These estimators are the

marginal multitarget (MaM) estimator and the joint multitarget (JoM) estimators.

Failure of Traditional Estimators: Let p;(X;|Z;.;) denote the posterior distribution at time

t. The set integral for EAP estimator is written

XEAP(714) = / Xipe(Xe| Z1:t) ps (dXy) (3.93)

The right hand side of the equation is not defined since X; is a set and the integral of set is not
defined.

The MAP estimator is ambiguous as shown next. We consider the example 78 in [101} p.494-
495] where the targets move in one dimensional interval [0, 2], the probability of the target being

present or absent is equally 0.5 and the distance is measured in meters, the multi-target posterior
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distribution is

5, if X, =0;
pe(Xe|Z1t) =< 25, if X; ={z}and0 <z <2 (3.94)

0, otherwise.

The MAP estimator is given by

XMAP(Z1,4) = argmax py(X¢| Z1y).- (3.95)
X
Therefore XMAP(Z,..) = @ because p;(0|Z1;) = 0.5 is maximum value. However, when we

change the unit of measurements from meter to kilometer the multitarget posterior distribution
pt(X¢|Z1y) is

b, if Xy =0
pe(Xe|Z14) =< 250, if Xy = {x} and 0 < z < 0.002; (3.96)
0, otherwise.

Note that p;(X¢|Z1.¢) is unitless because we multiply the traditional multi-target state and tradi-
tional multi-target measurement with /X in (3:8T)) and (3.86). Therefore, when we change the
unit of measurements, the value of posterior distribution also changes. In this case XMAP (Z14) =
{x} where z € [0,0.002].

Marginal Multi-target (MaM) Estimator: The MaM estimator consists of two steps:

o The first step is the computation of the MAP estimate of the target number
n = argsup p(n| Z1:¢)
n

where p(n|Z1t) = & [vn ({21, ..., 20} Z14) K7 "N (d21) ... M(dzy,) from (349)and
pi(:|-) is given (3.91)
e The second step is computation of a MAP estimate of the states of the individual target
given thatn = n
XMaM (714) = arg sup pr({z1,..., 20 }|Z14)
L1y T
The MaM estimator is Bayes-optimal with respect to the risk function defined in [60, 192-194] but

it is unknown whether it is statistically consistent [101} p.497-500] (See examples in 101} Section
14.5.3, p.501-503]).

Joint Multi-target (JoM) Estimator: The JoM estimator is defined as

Clxtl

XJOM(ZM) = arg Suppt(Xt‘let)il
X |Xt|
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where c is a fixed dimensionless constant. Note that ¢ in [101}, Section 14.5.2, p.498] is a fixed
constant having the same units of measurement as the single target state . The difference between
c in this thesis and the one given in [[101}, Section 14.5.2, p.498] is due to the fact that the posterior

distribution p(X;| Z1.¢) in this thesis is unitless. The JoM also can be estimated in two steps

1. First, determine the MAP estimate for each n > 0

~

Xn(let) = arg sup pt({lila ... axn}‘let)

TlseeyTn

2. Then

~ ~ . = c"
X7oM(7,.,) = X~ (Z1.t) where n=arg suppt(Xn(let)]let)ﬁ.
n

The JoM is Bayes optimal and will converge to the true solution provided that there is enough
data [101}, p. 498]. The value c determines the accuracy of the target state estimate and the rate of
convergence. A smaller value of ¢ gives a more accurate target state estimate but a slower rate of
convergence [[101, Section 14.5.3, p. 498-500].

3.2.4 Multi-target Moment Densities

The multi-target moment density is defined as follows [60, 169] and [104}, p.8]

Definition 3.14 (Multi-target Moment Densities): For any finite set X € F(X), the multi mo-

ment density is
Dy(X|Z14) = [ K ¥ lp (X UW|Zi)ps (V)

= i /K;lXH"pt(X U{x1,..., 20} Z14)N(dz1) ... N(dzy)
n=0

where i is given in (3.73) and pi(X¢| Z1.¢) given in (3.91).
Notice that D;(0|Z1.;) = 1 because

Dy (0] Z1.4) = / (W20 s (W) = 1. (3.97)

If | X| = n then Dy(X|Z1,) is called nth multi-target moment density. Note that p;(X N
W Z1.4) s (dW) is unitless because ps is a unitless measure and p;(X N W) is unitless density
by (3:81) so D¢(X|Z1.¢) has K X! tnits. In [104, p.8], author claims that "for any multi-target
state X = {x1,..., 2}, Di({21,...,2n}|Z1) is the marginal-posterior likelihood, that is, no
matter many targets may be in the multi-target system, exactly n of them have states x1,...,z,".
When X = {z}, D¢(2|Z1.1) = Di({z}|Z14) and it is called the first-order multi-target moment

density, probability hypothesis density (PHD).
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3.3 Conclusion

RFS framework has been presented for general space such as a hybrid space which is the product
of the state space and a discrete space. The background of RFS and some operations involving
REFS such as set integration and set derivative have been introduced. The construction of global
densities using two different approaches was presented. The first one used conventional probability
and the second approach employed the belief functional. A comparison between the two global
densities showed that they were related by the derivative of belief functional at empty set (i.e.
()). Some common probability distributions of RFS were also introduced. The global densities
were applied to the multi-target tracking problem in order to formulate the transition densities and
likelihood functions. Due to RFS framework, the multi-target Bayes filter was derived and then
the multi-target Bayes estimation was derived to accommodate the RFS framework. Finally, the

multi-target moment densities were presented.



Chapter 4

Particle Markov Chain Monte Carlo
(PMCMC) Methods

arkov Chain Monte Carlo (MCMC) and Sequential Monte Carlo (SMC) methods are the
M two main methods for sampling from complicated probability distributions such as the
multi-target posterior distribution in (3.91)) or (3.92). MCMC and SMC rely on the use of other
distributions to explore the state space of interest and if these distributions are poorly chosen
or if highly correlated variables of interest are updated independently, the performance of these
methods is unreliable. This leads to the derivation of the Particle Markov Chain Monte Carlo
(PMCMC) [[4] which combines these two methods by taking the advantages of their respective
strengths.

Section introduces Markov Chain Monte Carlo methods such as the Metropolis-Hastings
(MH) algorithm and Gibbs sampler which are used to construct a Markov chain (MC) that con-
verges to the target distribution. Section 4.2| summarizes some PMCMC methods such as the
Particle Independent Metropolis-Hastings (PIMH) algorithm, the Particle Marginal Metropolis-
Hastings (PMMH) algorithm and the Particle Gibbs algorithm which can be thought of as a natural
approximation to the standard MCMC method. They use SMC approach to design efficient high

dimensional proposal distributions for MCMC.

4.1 Markov Chain Monte Carlo

Suppose we want to draw samples { X"}~ ; from a distribution 7(X|Z). In most cases, it is
difficult to sample independently from this distribution because the normalizing constant p(Z) =
[ 7(X, Z)dX is general unknown and complicated except in a few cases where the state space X’
is linear Gaussian and hidden finite. In our scope, we only consider the space of X is countabl
so the MCMC which is introduced here is to limit to the countable state space. MCMC method is
an algorithm which allows to draw samples from (6| Z) which are slightly dependent by using a
Markov chain. This section will review general MCMC methods based on [[150, p.206-214], [|58]]
and [[151]].

IA state space S is countable if S is discrete, with a finite or countable number of elements, and with S the o-field
of all subsets of S.

55
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MCMC approaches are so-named because they rely on constructing a Markov chain (MC)
which has the desired target distribution 7 as its equilibrium distribution. In MCMC, an MC is
constructed from transition kernel K(+, -) defined on X x B(X) such that K(z, -) is a probability
measure and K (-, A) is measurable for all A € o(X) where o(X) is a c—algebra of X C R?
[150]. When X is discrete, the transition kernel simply is a transition matrixE] with elements

P(X, = 2| X,_1 = ).

In the continuous case, the kernel also denotes the conditional density K(x, z’) of the transition
K(z,-), thatis

P(X € Alz) = /AK(x,x’)dm'

The following section will describe a Markov chain and its properties.

4.1.1 Markov chains

The purpose of this section is to briefly provide the foundations of a Markov chain (MC) and its
properties which are used in MCMC. For further details, the reader is referred to the books which
the material in this section are mainly based on [|19,/63.|/64} 110,/ 152L/153//156L/157]]. Classification
of MC states and their properties are introduced. the MC describes how states evolve over time.
In this section we will classify the states and describes their properties. The long term behavior of
an MC is characterized by the stationary or equilibrium distribution which is of major importance.
Background material for this section is given in Appendix [A] and Appendix [A.4] We start this
section by the definition of a Markov chain.

Let (X, X1,...) be a sequence of measurable random variables on a space S equipped with
o—algebra. A MC is defined as follows

Definition 4.1: A sequence X = (Xo, X1, ...), X0, X1, ... € Sis called a (discrete-time) Markov

chain if it satisfies the Markov condition:
P(X,| X0, X1,..., Xn-1) = P(Xp| X 1), vn>1,VXo,...,X, €5. 4.1

Markov chains X = (Xj, X1, ...) on a countable state spaceE] S are explored in the remaining

of this section.

4.1.1.1 Initial distribution and Transition Matrix

Denote by ) = [[72 Sy, the sample space on which the Markov chain X lives where S, is a

copy of S. Q) is equipped with the o-algebra F = (o2 ; S,, where S,, is a copy of S [110, p.53].

2 A transition matrix is a matrix used to describe the transitions of a Markov chain.
3See in Appendix
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Chains are determined by the probability space (Q), 7, IP) and by the different initial distributions.
Let v be an initial distribution on S, p,, is the probability distribution with initial distribution v as

on F and is constructed as follows for any A € F

pu(X€A) =) v(i)P(X € AlXg =1i)
€8

where

P(X € A|Xy =i) =) pi(X € A), (4.2)
i€S

pi(X € A) is the probability distribution on F which is obtained when the initial distribution is
the Dirac measureE] d; at 7. From the definition4.1|of the MC, the MC on the countable state space

with initial distribution v can be defined as follows.

Definition 4.2 (Countable State Space MC): A sequence X = (X, X1, Xo,...) taking values
on the probability space (Q), F,P) is a MC if for every n, any initial distribution v of a chain (i.e.

X is distributed from v) and any sequence of state {ig, i1, .. .ip}, then
n
Pu(Xo =0, X1 =i1,... Xpn = in) = v(io) [[ P(Xi = it| Xy—1 = ir—1). (4.3)
t=1

In general the transition probability that the MC visits state j from state ¢ after one time step
ie. P(X; = j|Xo = i) and that the chain visits state j at the (n -+ 1)th step from state 7 at
the nth step, i.e. P(X,+1 = j|X, = i) are not necessary the same. In order to eliminate
this complication of a general MC, the MC here is restricted to the homogeneous case where the

transition probabilities only depend on the value of the states in .S but not on the time step n.
Definition 4.3: The chain is called homogeneous if
P(Xp+1 =j|Xn =1) =P(Xy =j|Xo=1) foralln > 1;1,5 € S.
From equation (4.2)) and the homogenous property of a MC, equation (4.3) can be written as

n
pv(XO = iQ,Xl = il, . Xn = ’Ln) = U(ig) H ]P(Xl = it|X0 = ’L'tfl). (44)
t=1

The transition matrix P = (p;;) is the |.S| x |S| matrix where transition probabilities are p;; =
P(X; = j|Xo = ¢). When a MC is homogeneous, from (#.3) and formula of conditional probab-

ility, the conditional probabilities of the process X can be induced as follows

pu(XnJrl - ]’Xn = Z.van—l = ln—ly s 7X0 = ZO) = IP(XnJrl = ]’Xn = Z) (45)

4See definition in Appendix E}
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The transition matrix P describes the evolution of X one time step ahead. Similarly the nth
step transition matrix describes the evolution of X n step ahead and is defined in the following

definition.

Definition 4.4: The nth step transition matrix P* = {p;j(n) : i,j € S} is the matrix of n-step
transition probabilities p;j(n) = P (X, = j|Xo = 1).

P” can be expressed using the Chapman-Kolmogorov equation as given in the next theorem.

Theorem 4.1: For any i,j € S,

< n. (4.6)

IN
3

pij(n) =Y pix(m)prj(n—m), 0
kes

Therefore, P" = P™P" ™ the nth power of P. [4.6) is called the Chapman-Kolmogorov.

E") = P(X,, = i) be the mass function of X,,, and let p(™) for the row vector with
(n)

i

Let p
entries (p; * : i € S),n > 0. The relationship between the mass functions at different time steps

is shown in the next lemma.

Lemma 4.1: u(") = u(O)P” and hence u(m+”) = u(m)P”.

4.1.1.2 Stopping times and strong Markov property

The evolution of MCs will be explored in this subsection. It describes the strong Markov property
that is used for evaluating conditional probabilities given certain ‘random times’, called stopping

times. We start with some fundamental material on stopping times.

Definition 4.5: A random variables T : () — W is a stopping time for a MC X (with respect to a
filtratio?| Fp,n = 1,2, . ..) if for any initial distribution v the event {w € Q) : T(w) = n} € F.

The natural filtration F,,,n = 0,1,... is the o—algebra generated by (Xo, ..., X,) and a
stopping time has the property that it can be determined at time n if ¥(w) = n.

Important examples of stopping times are hitting times. Define the hitting time of a subset
ACSbyT=min{n >1:X, € A}.

Theorem 4.2 (Strong Markov property): Suppose that X is a finite-valued stopping time for a
MC X on S. Then, foranyi € S and i1,12,...,j1,.--,Jm € Sandm > 1,

]P(X‘Z+1 = jla s 7X‘Z+m = ]m|XU = iO’ s 7X‘3:—1 = iT—laX‘z = ,L)
= P(X1 = j1,e s Xon = jm| Xo = i) 4.7

Remark: The strong Markov property in (4.7) is stated m steps to the future, but it also holds
for the entire future of the chain. For any ¢ € S and B C S,

]P{(X‘IJFI, Xaqa,.. ) S B|X0, ey Xe_, Xg= Z}:]P{(Xl, Xo, .. ) € B|X0: Z} (4.8)

3See filtration in Appendix
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Another equivalent statement is that, for any bounded function f : S — R,
E(f Xxi1, Xayo.. )Xoy ooy Xoop, Xe= i} =E(f (X3, Xy ... )| Xo=1). 4.9)

Loosely speaking, the strong Markov property means that a MC regenerates or starts anew at the

stopping time.

4.1.1.3 Classification of states

Definition 4.6 (Recurrent and Transient state): A state i is called recurrent if
P(X, =iforsomen>1|Xy=1) =1

which is to say that the probability of eventual return to i, having started from 1, is 1. If this
probability is strictly less than 1, the state is called transient (see Figured.1).

1/5

1 1/5
0= SOgs ONECW OSSO
\/@ 1 6
\/@ 3/5 1
13 172 12

Figure 4.1: States ¢4, i5 and ¢ are transient whereas states 71, 45 and i3 are recurrent.

As a result of Definition 4.6} a recurrent state will be revisited several times and a transient
state may be revisited several times. One also interested in the probability of the state 7 ever being
visited.

Let fij(n) = P(X; # j,0 < I < n, X, = j|Xo = i) be the probability that the first visit
to the state j occurs the nth time stepstarts from state ¢ at time 0. Define f;; = > o fij(n)
to be the probability that the chain ever visits to the state j, starting from state 7. The state j is
recurrent if f;; = 1.

We interest in the average time the state 7 is visited. Let 7; = min{n > 1: X,, = j} be the
time the chain first visit state j, with the convention that T; = oo if the chain never visits state j.
T} is the hitting time (example of stopping time).

Definition 4.7: The mean recurrence time (i; of a state i is defined as

. Sonfiu(n), ifiisrecurrent,;
,Ui:E(Ti‘Xo:’L):{ n <) .
00, if i is transient.
Definition 4.8: A recurrent state i is called null if (1, = 00 and positive (or non-null) if p; < oo.

The return times of a state of a MC which plays important role for the convergence of a MC is

described next
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Definition 4.9: Ler d(i) = ged{n : p;;(n) > 0} be the greatest common divisor of the times at
which a return to state i is possible. State i is called periodic with period d(i) if d(i) > 1 and
aperiodic if d(i) = 1.

Definition 4.10: A state i is called ergodic if it is positive recurrent and aperiodic.

The properties of a state of the MC is summarized in Figure 4.2 Apart from the property of the

Transient

—c0<c<1

[ Null recurrent ] [ Positive recurrent ] Aperiodic
Ergodic

Figure 4.2: Classification of a state of a MC in term of p;;(n).

states of MC, the correlation between the states also plays crucial part to the convergence of the

MC. Thus, this relationship is described in the next section.

4.1.1.4 Classification of chains

This section presents the relationship between states of a Markov chain (MC) using the material

of the previous subsections.

Definition 4.11: A state i is said to communicate with state j, written v — j, if the chain may ever
visit state j with positive probability, having started from i. That is, i — j if pi;(m) > 0 for some
m > 0. A state i and j are said to intercommunicate if v — j and j — 1, in which case we write
{ L, ifi=j;

0, ifi#j.
It follows that if ¢ # 7, then ¢ — j if and only if f;; > 0. In Figure state ¢ communicates

i <> j. For completeness, define p;;(0) =

with state 75,7 = 1,...,5; state 45 communicates with state ¢;, 7 = 1, ..., 3 and intercommunic-
ates with state i4; and state 7, j = 1, ..., 3 intercommunicates with each other.
The intercommunication property results in the connection between transient, recurrent states

which is represented next.

Theorem 4.3: If i <+ j then:
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1. i and j have the same period,
2. i is transient if and only if j is transient,

3. 1 is null recurrent if and only if j is null recurrent.

1/5

1/4

1/4

1/3 172

Figure 4.3: All states of a MC are intercommunicate. State ¢ is recurrent so by theorem all
states are recurrent

172

Figure 4.4: The state of the MC in Figure are grouped in two sets: a set of recurrent states C'
and a set of transient sates 7.

Definition 4.12: A set C' of states is called:

1. closed if p;j; = 0 foralli€ C,j ¢ C,
2. irreducible if i <> j foralli,j € C

By this definition, set C' in Figure .4]is closed. Once a chain takes a value in a closed set
C then it never leaves C' subsequently. A closed set containing exactly one state is called an
absorbing state, then this state is absorbing. The equivalence class <+ is obviously irreducible.
An irreducible set C' is said to be aperiodic (or recurrent, null recurrent, positive recurrent, and so

on) if all states in C have this property.

Theorem 4.4 (Decomposition theorem): The state space S can be partitioned uniquely as

S=TUCiUCU...
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where T is the set of transient states, and the C; are irreducible closed sets of recurrent states.
The transient matrix has the form (if S =T U C1LU CoU---U Cy,)

P 0 0 --- 0
o P~ 0 - 0

P=| & i (4.10)
o o --- B, O

Q1 Q2 - Qn Q

wherePk = {pij : i,j € Ck}, Qk = {pij 1€ T,j S Ck}, Q = {pij : i,j € T}, k e
(1,2, n}.

This theorem is illustrated in Figures 4.5] The example in Figure[4.5]has the transition matrix

C:irreducible closed set T:trasient set  Cy:irreducible closed set

172 172
172

172 172

Figure 4.5: Set of states of a Markov chain is categorized into transient set and irreducible sets

Where n = 2, and the probabilities are Py = {p;; : i,j € {0,1,2,3}}, P> = {pi; : i, €
{6,7,8,9}}, @1 = {pij : i € {4,5},5 € {0,1,2,3}}, Q2 = {pi; : i € {4,5},j € {6,7,8,9}},
and Q = {pi; : i,j € {4,5}}.

The classification of MCs ends this section with few more important and popular terms.

e Two states that intercommunicate each other are said to be in the same class.

e The MC is irreducible if there is only one class - that is, all states intercommunicate each
other by Definition 4.12] In this case, by theorems 4.4 and 4.3] all states of the chain are
either positive recurrent, null recurrent or transient; and its states have the same period

e The MC is called ergodic if it is irreducible and its states have positive recurrent and aperi-

odic.

When the state space is finite, the following theorem and lemma are useful in practice [[157} The-

orem 2,p.581]
Theorem 4.5: If a finite MC is irreducible and aperiodic then it is positive recurrent.

Theorem 4.6: If an irreducible MC is aperiodic and positive recurrent then it is ergodic.
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4.1.1.5 Stationary distribution and the limit theorem

A MC X is more interesting in the long term running than in the short term. The MC may behave
randomly in general, but under some condition, the MC converges into some distribution. The
distributions in which the MC converges are called stationary distributions. This section will
discuss stationary distribution and the limit theorem.

Stationary distribution

Definition 4.13: A Markov chain with transition matrix P has a stationary distribution 7 if
w=nP. 4.11)
If X has distribution 7, then from Lemma[4.1] X, has distribution 7r for all n.

Theorem 4.7: Suppose a MC on a state space S with transition matrix P satisfies lim p;;(n) =
n—oo J
T >0, Vi, j €S If3;m =1, thenw = (1,7, ...) is the unique stationary distribution.

The following theorem shows that under some condition a MC eventually visits its particular

state.

Theorem 4.8: For any aperiodic state j of a MC, p;;(n) n—roo, Hj_l
other state then p;j(n) “—>% %

. Furthermore, if i is any

The stationary distribution is an important property of a MC, the following theorem shows
under which condition the MC has stationary distribution. and if it has stationary distribution,

what its stationary distribution is.

Theorem 4.9: All states of an irreducible aperiodic chain C' have the same period and belong to
one of the following for all i, j € C':

1) Either the states are all transient or all null recurrent. In this case p;j(n) 2% 0 and
there exists no stationary distribution
(i1) Or else, all states are positive recurrent, that is, p;; (n) n—oo, ;le > 0. In this case
{M%:uj>0,j60}
]- . . 1, ( ) O . C 4 12
{Hfj-uj—nggopun>,3€ } (4.12)

is a unique stationary distribution where p; is the mean recurrence time of state j.

The proof can be found in [[153} p.175-177].
This theorem leads to the following criteria for ergodicity that is very important and useful for

applications.

Corollary 4.1: An irreducible aperiodic Markov chain C'is ergodic if and only if it has a station-
ary distribution given in (@.12).
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Limiting Distribution

In this subsection, the relationship between the limiting distribution, i.e. p;j(n) asn — oo

and the existence of a stationary distribution is further explored.

n—oo

Theorem 4.10: Let C be an irreducible aperiodic MC, p;;(n) —— uj_l foralli,j e C.

Theorem 4.11 (Limit distribution): A MC has a limit distribution if and only if the set S of its

states has exactly one aperiodic positive recurrent class C such that f;; = 1,Vj € Candi € S.

Theorem 4.12: For an irreducible, aperiodic MC, the following statements are equivalent.
1. The chain is ergodic.
2. The chain has a stationary distribution.
3. The chain has a limiting distribution.
When these statements hold, the limiting distribution and the stationary distribution are the same,

and they are positive.

4.1.1.6 Reversibility

Let X = {X,, : 0 < n < N} be an irreducible positive recurrent MC with transition matrix P
and stationary distribution 7r. Suppose that X,, has distribution 7 for every n. Define the ’reverse
chain' Y ={Y, : Y, = Xn_p,0 <n < N} Y is a MC by the following theorem.

Theorem 4.13: The sequence Y is a Markov chain with P(Y,, = j|Y,, = i) = ﬂpﬁ.
T
The chain Y = {Y,, : 0 < n < N} is called the time-reversal of the chain X.

Definition 4.14: Let X = {X,, : 0 < n < N} be an irreducible MC such that X,, has the
stationary distribution  for all n. The chain is called reversible if the transition matrices of X

and its time-reversal are the same, that is
ﬂ'ipij = ijjz‘ fOl’ all ’l,j (4.13)

The equations (#.13) is called the detail balance equations and is pivotal to the study of revers-
ible chains. An irreducible MC having a stationary distribution 7 is called reversible in equilib-

rium if its transition matrix P = {p;;, for all 4, j} is in detailed balance with 7

Theorem 4.14: Let P be the transition matrix of an irreducible MC X and suppose that there
exists a distribution w such that m;p;; = m;pj; for all i,j € S. Then T is a stationary distribution

of the chain. Furthermore, X is reversible in equilibrium.

4.1.1.7 Limit Theorem via coupling

Theorem 4.15: Suppose X and Y are independent, irreducible, aperiodic recurrent MCs on S

with arbitrary initial distributions, but with the same transition probabilities. Then

sup[P(X, =) — P(Y, = i)] > 0.

7
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Theorem 4.16 (Limiting distributions): If X is an ergodic MC with stationary distribution
then

sup[P(X,, = i) —m] =% 0.
i
Hence w = (m; : i € S) is the limiting distribution of X.

MC is summarized in the Figure [4.6]
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In order to construct a MC which converges to the target distribution 7, the following proper-

ties must be satisfied

1. The MC satisfies a the detailed balance condition given in Definition4.13
2. The MC is ergodic.

An irreducible aperiodic MC can be constructed by first defining the starting distribution v, and
then constructing the transition matrix P given in Definition such that the MC finally will
reach the target distribution 7 as the stationary distribution. By Theorem [.1] it can be written as

T =1y lim P™.
n—oo

At each iteration n, ™ is sampled from the distribution voP™ for n = 0,1, .... The time a MC
starts from initial distribution v until it reaches the stationary distributions 7 is called the burn-in
time.

Strictly speaking, it may never reach the stationary distribution exactly with a finite number
of steps and the burn-in period is then the period before it is sufficiently close to the stationary
distribution. Hence if the initial is close the stationary distribution, the MC converges quickly
to the stationary distribution. The two most general and very popular MCMC methods such as
Metropolis-Hastings algorithm and Gibbs sampler are designed to construct an ergodic MC which

converge to the stationary distribution 7.

4.1.2 Metropolis-Hastings Algorithm

The Metropolis-Hastings (MH) algorithm [149]] is a Markov Chain Monte Carlo method for ob-
taining a sequence of random samples from a probability distribution from which direct sampling
is difficult. The MH algorithm can draw samples from any distribution 7. This distribution is
only known up to a proportionality constant. In Bayesian applications, the normalization factor is
often computationally intractable, so the ability to generate a sample without knowing this con-
stant of proportionality is a major virtue of the algorithm. The algorithm uses a proposal density
q(-|z),z € X to generate a MC. The MH algorithm associated with target density 7 and the
proposal distribution ¢ produces the MC z(n) € X,n = 0,1,... given in Algorithm

Algorithm 2 : Metropolis-Hastings (MH) Algorithm
At iteration n = 0: initialize arbitrarily z(0)
Atiterationn =1,..., N:

e Sample y ~ ¢(-|z(n—1))

o Compute the acceptance rate

(4.14)

_ = min ﬁ(y Q(l’(n — 1)|y)
a(z(n—1,y)) = {Lﬁ(x(n—l))q(y!x(n—l))}

o If a(x(n—1),y) > u where u is sampled from the uniform distribution on [0, 1], set
x(n) = y otherwise set x(n) = x(n — 1).
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Algorithm 2] only depends on the ratios

7(y g(z(n—1ly)
f(z(n—-1))"  qylz(n—1))

and it is therefore independent of normalizing constants. Thus ¢(-|z(n — 1)) is assumed to be
known up to a constant that is independent of z(n — 1). The MC starts with x(0) such that
7(2(0)) > 0. As a convention, a(y, z(n — 1)) is 0 if both 7 (xz(n — 1)) = 0 and 7(y) = 0. Ac-
cording to [[149], the MC generated from MH Algorithm [2] converges to its stationary distribution
7 if the followings hold

o supp(m) C Uzesupp(x) supp(a(-|z)).

e 7 is bounded and positive on every compact set of its support,

o there exists positive numbers € and § such that
q(yle) > e if |-yl <o

This rationale behind this is that the proposal distribution ¢(y|x) allows moves in a neigh-
borhood of = with diameter §.
Assume that Ny is the burn-in time of the MC generated by Algorithm [2} the distribution 7 can be

approximated as follows

N
m(z)~ Y d(x(n)—=)

n=No+1

4.1.3 Gibbs Sampler

Gibbs Sampler is a special case of Metropolis-Hastings sampling wherein the random value is
always accepted (i.e. a(z(i —1),y) = 1 where a(z(i — 1), y) is given in @.14)). This sampling
is used to update each components of a state z(n) = X = (X1,...,X;) € R? where X; is the i

component of X. Denote the full conditional distribution by

m({X;,j # i}, Xi)
Jr({X;,5 # i}, Xi)dX;

m(Xil X, # i) =

which is the distribution of the ith component of X conditional on the other components. The

Gibbs sampler is

Algorithm 3 : Gibbs Algorithm
At iteration n = 0: initialize arbitrarily x(0)
Atiteration n > 0: fori = 1,...,d, where z(n) = (z1,...,24) € X C RY

e sample x;(n) ~ 7(-[z1:-1(n), Tit1.4(n — 1))

The Gibbs sampling is useful whenever the conditional distribution of each variable is feasible

to sample while the joint distribution is unknown or difficult to sample from. If joint distribution of
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all variables and the conditional distribution of any variable are difficult to sample from, the Gibbs
sampling can be replaced by the MH algorithm. Similar to the MH algorithm, if /Ny is the burn-in
time of the MC generated by Algorithm 3] the distribution 7 can be approximated as follows

N
m(z)~ Y d(x(n)—=)

n=Ng+1

4.2 Particle Markov Chain Monte Carlo methods

Particle Markov Chain Monte Carlo (PMCMC) methods are algorithms which uses the particles
sampling from SMC also known as particle filter described in Chapter [2.3.3] as proposal distri-
bution for MCMC [4]. PMCMC methods actually explore the strengths of SMC and MCMC
approaches by combining these algorithms to sample from a high dimension probability distri-
bution that cannot be satisfactorily sampled using either SMC or MCMC on its own. In this
section, we will present three PMCMC methods, the Particle Independent Metropolis Hastings
Sampler (PIMH), the Particle Marginal Metropolis Hastings (PMMH) sampler and the Particle
Gibbs Sampler.

Consider the scenario where we are interested in sampling from the posterior distribution
p(0, X1.4, Z1:4), t = 1,...,T where X1.; = (X1,...,X¢), Z14 = (Z1,...,Z;) and the random
variables X; € X C R? follows the Markov process with initial density X; ~ po(X1) and
transition density f(-|X¢—1,6), i.e.

Xy~ f("Xt—bH)

for some static parameter § € @ which may be multidimensional. X is observed indirectly by the

measurement Z; with the likelihood function g(Z| X, 0) i.e.
Zy ~ g("Xtv 0)

Given the history of measurements Z1., = (Z1, ..., Zt), the aim is to perform Bayesian inference.

When 6 is a known parameter, Bayesian inference relies on the posterior distribution

t
p(X1:4|Z1:t,0) o p( X1, Z14|0) = [] f(XilXiz1,0)9(Zi| Xi,0) (4.15)
i=1
where f(X1]|Xo,0) = po(X1,0). If  is unknown, the prior density p(6) is ascribed to 6. Then
Bayesian inference relies on the posterior distribution

t

p(X1,01Z14) o p(Xut, Z1:410)p(0) = [ [ f(XelXi-1,0)9(Z:| Xe,0)p(6) (4.16)
i=1

When the system is non-linear or non-Gaussian, p(Xlzt, 9|let) and p(X1:¢|Z1.4,0) do not admit
closed form expression. This makes the inference difficult in practice. PMCMC methods are
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approximations which provide flexible frameworks to carry out the inference. PMCMC refers
to MCMC algorithm target the distribution p(X 1.4, 0 |let) or p(X1.¢|Z1.¢,6) which relies on the
output of an SMC algorithm targeting p(X1.¢|Z1.¢,6), using N > 1 particles as a proposal dis-
tribution for a Metropolis Hastings (MH) update. Targeting the p(X1.¢,0|Z1.¢) or p(X1.4| Z1.4,0),
PMCMC algorithms are in fact *exact approximations’ to the standard MCMC algorithms in the
sense that for any fixed number N >> 1 of particles their transition kernels leave the target density
invariant. The next subsection will present the construction of the SMC targeting the distribution
p(X1:4|Z1:4,9).

4.2.1 Sequential Monte Carlo Algorithm

The general sequential Monte Carlo (SMC) Algorithm can be found in Chapter 2.3.3] In this
section, we will presents SMC with a particular proposal distribution to draw samples which are
used for the MH update in a MCMC algorithm. In sequential Monte Carlo algorithms, for any
given 6 € O the posterior densities {p(X1.¢|Z1.,0),t > 1} are sequentially approximated by the
weighted samples { X7, W N_,

N
P(X1:4|Z1:4,0) Z WS (X1 — X1t).

Specifically, these methods first approximate p(X1|Z1,6) using a proposal density ¢(X1|Z1,0)
to generate N particles X]' and use the discrepancy between these two densities ¢(XT'|Z1,6)
and p(X7'|Z1,0) as the normalizing weight W{*. To produce N < N particles approximately
distributed from p(X1|Z1,6), N’ samples are drawn from the importance sampling approximation
P(X1|Z1,6) of p(X1|Z1,0). For notational simplicity, we denote py(A|B) = p(A|B, §). Attime
t>1,

po(X1:4|Z1:4) x po (Xt Z1:t) = po(Xn:—11Z14—1) fo(Xe| Xi—1) 90 (Z4| Xy). 4.17)

This identity allows the use of samples { X7, 1, w1 (X7, 1)})\_, obtained from the previous
time step as a source of samples approximately distributed by pg(X1.4—1|Z1..—1) and extends each
such particles through the proposal density qg(X¢|Z:, X;—1) to generate the samples distributed
approximately by pg(X1:t—1|Z1:4-1) fo(Xt| Xt—1)ge(Z:| X¢). This means the proposal density is

chosen as

q0(X1:41Z1:4) = po(X1u—1, Z1:0—1)q0 (Xt | X1—1, Zt).

Our aim is to perform Bayesian inference, conditional upon some observation Z;.r for some
T > 1, based on the posterior density pp(X1.7|Z1.7) o po(X1.1, Z1.7). From (@.13)), we have

T T
po( X1, Zir) = po(X1) [ fo(Xel Ximn H (Zi| Xy). (4.18)
t=2 t=1
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If 6 € O is unknown, one ascribes a prior density p(6) to 6 and Bayesian reference is based on the
joint density pg(X1.7, Z1.7) = p(X1.7, Z1.7|0) We use the notation W, := (W, ..., W) for
the normalized importance weights at time ¢ and P(-|W) for the discrete probability distribution
on the set {1,...,N}. That is P(n|W;) = W/* where the parameter W, with W* > 0,n €
{1,...,N}and >0, W = 1.

Denote A; = (A},..., AN) where the variable A} ; represent the index of the *parent’ at
time ¢ — 1 of particle X7}, for ¢ € 7\{1}. The children particles at time ¢ choose their parent
particles at time ¢ — 1 according to the distribution 7(A;_1|W;_1) = 7]:[:1 P(A? ||W;_1) using
the standard multinomial resampling procedure. The introduction of these variables is useful for
finding the genealogy of the particles and is necessary for the description of the Particle Gibbs
sampler later in Section4.2.4]

Therefore a pseudo code of the SMC algorithm is provided below (see [4]]) to obtain samples
from pg(X1.7| Z1.7) with initial time .

Algorithm 4 : SMC Algorithm
Input: 6, Z.7 and number of samples [V, initial time ¢g. In general ¢ty = 1

Output: {X?:t? w?(XfL:t)v thv ATll:tfl}r]yzl
Attimet =tg: forn=1,..., N,

- sample X! ~ q0("| Z4,),

- compute and normalize the weights

- pe(Xl%v Zto)

Wy (X[) 1 = —=2——, (4.19)
t0< to) qH(Xg(L)‘ZtO)
X’n
ARE —Nwto( b) (4.20)
Z Wt (ngl)
m=1
- assign Wy := (W{,..., W{).
Attimet =ty +1,...,T: forn=1,..., N,
— sample A} | ~ P(-|[W;_1)
AP AP
— sample X7 ~ qq(-|Z;, X, 1), set X1y = (Xp73, X¢),
— compute and normalize the weights
po( X1k, Z1:t)
wy(X7y) = AT Lt AT
po(X, 1" Z1u-1)a0(XP| 24, X, 1)
An
 fo(XPIX ) g90(Ze XT) @21)
o n A?A ’
a0( X7 Ze, X3 1)
we(X7y)
th = ~ 1:t 7
> wi(XT%)
m=1

— assign Wy := (W}, ..., W}).
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In this description, forn = 1,..., N and ¢t € T we introduce B}’ the index of the ancestor
particle of X/ at generation ¢. More formally for n = 1,..., N we define B} = n and for
t € T\{T} we have the following backward recursion relation B}’ := Af 1 As a result for
anyn = 1,..., N we have X[\ = (Xf?,ng, e Xf%{l,Xf%) with the ancestral lineage
Bl = (BY,BY,...,B} =n). Let O = "N | T(A} = m) be the number of offsprings of
the particle m at time ¢ and s(-|W;) the corresponding distribution of O = (O}, ..., O}).

Once sample particles are collected, an approximation of the target distribution pg(X1.7|Z1.7)

is given by
N
po( X1 Zrr) = > Wid(Xvr — Xiir) (4.22)
n=1

Furthermore this SMC algorithm provides us with an estimate of the marginal likelihood of

po(Z1.1) given by

!

Po(Z1.r) H (Zi| Z14-1) (4.23)

where an estimate ﬁg(Zt|Zl;t_1)E] of pg(Z¢| Z1:4-1) is

N
Do(Zi| Z1.4-1) Z (X 14) (4.24)

with convention that py(Z1|Zy) = pe(Z1) and pp(Z1|Zo) = pe(Z1).
The Algorithm @] (#.22)) and #.24) will be used in Sections[4.2.2}4.2.4

In order to derive conditions for the proposal distribution g (X¢|X1:t—1)pe(X1:4—1|Z1:4—1) to
approximate pg(X1.t|Z1.¢) , we define, fort = 1,...,7T [4]

S = {X1y € X" : pp(X14|Z14) > 0}, (4.25)
Qf = {X14 € X" qo(X¢| X1:4—1, Zt)po(X1:¢-1] Z1:4—1) > 0} (4.26)

with the convention py(X1.0|Z1.0) := 1 and go(X1]| X 1.0, Z1) = q¢(X1|Z1). Note that S? and QY
are indeed the supports of py(X1.:|Z1.+) and the proposal distribution

q0(Xt| X1, Ze)po(X1:4—1|Z1:4—1)

respectively. The proposal distribution or importance distribution are used interchangeably through-

out the thesis

The following standard minimal assumptions is sufficient to establish the convergence of PM-
CMC algorithms

(AP1) For any # we have S? C Q% fort =1,...,T.

6See the proof in Appendix
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(AP2) Forn =1,...,Nandt =1,...,T the re-sampling scheme satisfies

E[O/"|W,] = NW/™, 4.27)
and (A" = n[W,) = W (4.28)

Assumption (AP1) shows that sampling from importance density
90 (Xt| X1:4-1, Z1)po(X1:-1]Z1:6-1)

will cover the support of pg(X1:¢|Z1.t). Assumption (AP2) is related to the re-sampling scheme.
The unbiased condition in (4.27) ensures that Algorithm [4] will propagate the most promising
particles and approximates consistently the distribution {pg(X1.¢|Z1:¢),t = 1,...,T} and the
normalizing constant {py(Z1.),t = 1,...,T}. The condition in (.28 is not usually satisfied
in practice, for computational efficiency, O is often constructed first according to distribution
s(-|W¢) such that holds (i.e. without explicit reference to A;). Please see [4] for more

details on the construction of O.

(AP3) There exists a sequence of constants {c; : t = 1,..., T} such that for any X;,; € )?t,
w(Xi4) < e (4.29)

(AP4) There exists a probability v(-) on X and 0 < wy,, Wpr, Em,ep < 0o such that for any
t=1,...,T and any X;; € X?,

Wiy, < Wy (X1:) < wpr and

emV(Xy) < qo(Xe| X121, Z1) < epv(Xy) (4.30)

As discussed in [4]], assumption (AP3) aids rapid convergence of SMC and assumption (AP4)
mitigates the propagation of errors. The impact of these assumptions on the performance of a
particular PMCMC algorithms will be addressed below.

4.2.2 Particle Independent Metropolis Hastings Sampler

Assume that 6 is known. In the standard independent Metropolis-Hastings (IMH) algorithm, the

acceptance rate can be written as follows

X5 Zor) qo( X 1w | Z1.
o = min { 1, 2Xiir|Z1r) 0 (Xrer|Zrr) (431)
po( X111 Z11) ao(XFp| Z11)

The optimal choice for proposal distribution qg(X1.7|Z1.7) is pe(X1.7|Z1.7) but in may applic-
ations this choice is impossible. The Particle Independent Metropolis Hastings Sampler (PIMH)
explores the idea of using SMC approximation of py(X1.7|Z1.7) as a proposal distribution for
MH update and is described in Algorithm 3]
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Algorithm 5 : Particle Independent Metropolis-Hastings Sampler
Input: 7.7, number of samples L and initial time ¢y. In general tg = 1.
Output: X;.7(1)
At iteration [ = 0:
- Run a SMC algorithm targeting py(X1.7|Z1.7), sample X1.7(0) ~ pg(:|Z1.7) and denote
by ﬁéo) (Z1.1) the marginal likelihood estimate.
Atiteration [ = 1,...,L:

- Run a SMC algorithm targeting pg(X1.7|Z1.7), sample X7... ~ pp(:|Z1.7), and

o = min 1,75ff)21:T) . (4.32)
ﬁa (leT)

- If @ > u where u is sampled from uniform distribution on [0, 1], set X1.7(1) = X7,
ﬁ(gl)(th) = po(Z1.7) otherwise X1.7(1) = X117 (1 — 1)715((9[)(21@) = ﬁélil)(ZLT)

Using the following extremely simple form with pp(Z1.7) as in (#23), the acceptance rate

Py (Z1.1)
ﬁélil)(zl:T

[4] and under weak assumption (AP2) theorem 2 in [4, p.292] showed that the PIMH sampler is

is shown to lead to the target distribution pg(X1.7|Z1.7) as the stationary distribution

ergodic.
When 6 is unknown, the PMMH is presented in the following section to deal with this situ-

ation.

4.2.3 Particle Marginal Metropolis-Hastings (PMMH) Sampler

When 6 is unknown and is part of the estimation problem, which in a Bayesian setting relies on

the joint posterior density
p(0, X1.7|Z1.1) o< po(X1:1, Z1:7)p(0)- (4.33)

The Particle Marginal Metropolis-Hastings (PMMH) algorithm offers the possibility of designing
a good algorithm when 6 and X;.7 are highly correlated [4]. Assume that sampling from the
conditional density pg(X1.7|Z1.7) for any 6 € © is feasible and

p(0, X1.7|Z1.1) = p(0| Z1.7)po( X7 | Z1om).

Thus the proposal density g, (6*, X7.7|0, X1.7) from (X1.7,0) to (X7., 0*) for an Metropolis-
Hastings (MH) update is suggested naturally in the following form

qm (0%, X110, X1.1, Z1.7) = a(07|0) po- (XT.1| Z1.7). (4.34)

This form shows that X7, is sampled based on the proposed 6* and we only need to sample ¢*

from q(6*|#). This proposal distribution allows us to sample #* on the smaller space ® (for which
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the proposal distribution is easier to design) instead of sampling 60, X7, on the product space
O xXxT,
From (4.34)), the MH acceptance ratio is given by

p(@*, XT:T‘ZIIT)Qm(Hv XlZT‘Q*’ Xf:T? ZliT)
p(0, X171 Z17) g (0%, XF.p|0, X171, Z1.70)
_ po~(Z1.7)a(016*)p(6*)

po(Z1.7)q(6%|0)p(0)

(4.35)

PMMH is proposed naturally whenever samples from py(X1.7|Z1.7) and the expression for the
marginal likelihood py(Z1.1) are needed [4, pp.295] by using pg(X1.7|Z1.7) and pg(Z1.7) in
place of p(X1.7|Z1.7,0) and py(Z1.7) respectively in the MMH update on the right hand side of
(@33). The PMMH sampler is given in algorithm[6]for [ = 1,..., L. The following assumption

Algorithm 6 : Particle Marginal Metropolis-Hastings Sampler
Input: Z;.7, number of samples L and initial time ¢g. In general {5 = 1.
Output: {X1.7(1),0(1)}=,
At iteration [ = 0:
- Set (0) arbitrarily,
- run a SMC algorithm targeting pg(o)(X]_;T’Z]_;T), sample X71.7(0) ~ ﬁg(o)('|Zl;T) and
denote by g o) (Z1.7) the marginal likelihood estimate.
Atiteration[ = 1,..., L:
- Sample 6* ~ q(-|0(1 — 1)),
- run a SMC algorithm targeting pg~(X1.7|Z1.7), denote by Py« (Z1.7) the marginal likeli-
hood estimate, and
- calculate the acceptance rate

= min Do~ (leT)p(G*)q(Q(l _ 1)’0*)
a= {1> Po—1)(Z1:r)p(0(1 — 1))q(6*[6(1 — 1)) } : (4.36)

If « > w where u is sampled from uniform distribution on [0, 1], set Xy.7(l) ~
ﬁg*(~|leT),9(l> = 9*, and ﬁe(l)(leT) = ﬁg*(Zl;T) otherwise XLT(Z) = X1:T(l—
1),0(1) = 0(1 — 1) and py(1)(Z1:7) = Po—1)(Z1.1).

are needed to guarantee the convergence of PMMH [4]
(AP5) The MH sampler of density pg(Z1.7)p(6) and proposal density q(6*|0) is irreducible
and aperiodic (and hence converges for py(-|Z1.7) almost all starting points).

The assumptions (AP1), (AP2) and (AP5) ensure that the sequence {(6(1), X1.7(1))} generated
by the PMMH sampler will have p(9, X1.7|Z1.7) as its limiting distribution (see [4, Theorem 4]).

4.2.4 Modified Particle Gibbs Sampler

An alternative to the MMH algorithm to sample from p(6, X1.7|Z1.7) consists of using the Gibbs
sampler which samples iteratively from p(0|X 1.7, Z1.7) and pp(X1.7|Z1.7). If the potential te-
dious design of a proposal density for 6 can be bypassed by sampling from p(6|X1.7, Z1.7),
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Particle Gibbs sampler is an option. Moveover sampling from pg(X1.7|Z1.7) is typically im-
possible so the possibility of using a particle approximation to this sampler is suggested. To re-
place samples from an SMC approximation pg(X1.7|Z1.7) by samples from py(X1.7|Z1.7) does
not admit pg (X 1;T|Z1;T) as stationary distribution since the prespecified path sample X;.7 used
as the condition for sampling 6 is ignorable. In order to assure that approximation pg(X1.7|Z1.7)
admits pg(X1.7|Z1.7) as a stationary distribution, the special type of PMCMC update is proposed
and is called Conditional SMC algorithm. This algorithm is similar to SMC but the prespecified

path X ;.7 with its ancestral lineage B;.7 is ensured to survive all the resampling steps.

4.24.1 Conditional SMC Algorithm

At each time step ¢, this algorithm generates NV — 1 particles in the standard way with the remaining
particles ascribed to a given particle and guaranteed to survive in the re-sampling step. Given a
particle X7, we denote Bl its ancestral lineage. The conditional SMC algorithm proceeds as

follows.

Algorithm 7 : Conditional SMC algorithm
Input: Z;.7; number of samples N; initial time to; and X}, and its ancestral lineage B{Z*T In
general tg =1
Output: X7, w(X7,), W, Ay, forn=1,...,N,n# B} fort=1,...,T
Attime t = tg:

e Forn # B, sample XJ* ~ qp,(-| Z;)

e Compute w(X/*) using (4.19) and normalize the weights W;* o< w(X}).
Attimet =tg+1,...,T

e Forn # B, sample A? | ~ F(-|W;_1).

e Forn # B!, sample X' ~ qg(-]Zt,XﬁLfl)

e compute w;(X?,) using Eq.(4.21) and normalize the weights W} oc w;(XT;)

Intuitively, this SMC algorithm is understood as updating N — 1 particles while keeping one
particle fixed together with its weight. Another advantage of the Conditional SMC algorithm is
that updating the sub-blocks X,., one-at-a time is possible. Forany c,d : 1 < c < d < T, a

rejection-free-way to update this sub-block proceeds in Algorithm §|

Algorithm 8 : Sub-block Update using Conditional SMC algorithm

e Sample an ancestral lineage B..q uniformly in {1,..., N}d—¢+!

e Run a conditional SMC algorithm targeting pg(XC:d|X1;C_1, Xav11, 2 ) conditional on
Xc:d and Bc:d
i Sample Xc:d ~ ﬁ@(Xc:d|Xl:c—1a Xd+1:Ta Z)

Thus the following Particle Gibbs Sampler algorithm which always accept a new sample is

presented as follows
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Algorithm 9 : Particle Gibbs Algorithm
Input: Z;.7, number of samples L and initial time ¢y. In general {5 = 1.
Output: {X1.7(1),0()}E .
At iteration [ = 0: sample 6(0), X1.77(0), B1.7(0) arbitrarily
Atiteration! =1,...,L
- Sample 6(1) ~ p(0| X1.7(l — 1), Z1.7);
- run a Conditional SMC algorithm targeting py ;) (X1.7|Z1.7) conditional on Xq.7(1 — 1)
and its ancestral lineage Bl;T(l —1);and
- sample Xy.7(1) ~ Do) (+|Z1.7) and hence By.7 (1) is also implicitly sampled

(AP6) The Gibbs sampler that defined by the conditionals p(0| X1.7, Z1.7) and pg(X1.7| Z1.7)
is irreducible and aperiodic (and hence converges for p(#, X1.7|z1.7) almost all starting
point).

The theorem 5 in [4] shows that this algorithm admits p(6, X1.7|Z1.7) as stationary distribution
and is ergodic under mild assumptions (AP1), (AP2), (APS) and (AP6).

4.3 Conclusion

PMCMC methods have been presented and can be thought of as natural approximations to MCMC
when they can not be implemented in the original form. These methods combine the strengths of
SMC and MCMC. This combination is useful for sampling from high dimensional and/or com-
plicated probability distributions that cannot be satisfactorily sampled using either SMC method
or MCMC method on its own. PMCMC methods uses the particles from SMC algorithm as the
proposal distribution for MCMC method. Different approaches to sample from complicated target
distributions by suggesting different proposal distributions have been described leading to different
PMCMC methods. The PIMH sampler was first described, and it samples from p(Xy.7|Z1.7, 0)
where 6 is known. This approach uses a very simple form for MH update by using the SMC ap-
proximation of marginal distribution pg(Z1.7). When 6 is unknown, PMMH sampler and Particle
Gibbs sampler were described to deal with distributions p(6, X1.7|Z1.7) with highly correlated
parameter X1.7 and 6.






Chapter 5

Literature Review 1n Target Tracking

&- Survey of technical papers in the area of target tracking is presented. Section[5.1|covers the
development of conventional target tracking techniques which have been around for the last
five decades. The last decades have witnessed development of new target tracking methods which

are based on random finite set (RFS) theory, and they are discussed in Section[5.2]

5.1 Conventional Target Tracking Techniques

In this section, a survey of conventional target tracking techniques is presented [7,|8,(10, |14}
17]. These conventional techniques apply data association methods along with the single-target
Bayesian filtering to solve the target tracking problem. There are two kinds of target tracking
problems, single-target tracking and multiple target tracking problems. The single-target tracking
problem requires less effort to find the solution because there is at most only one target in the re-
gion of interest. Especially, when there is no clutter, the traditional Bayesian filtering described in
Chapter [2.3.T]is employed to estimate the target states from the available measurements collected
from sensors. When the motion of a target is governed by a linear system, the Kalman filter (KF),
which was first proposed by Kalman [81]] in 1960, can be applied to estimate the target states.
If the linear system is Gaussian, the KF is an optimal Bayesian filter [3|]. When the target mo-
tion is governed by a non-linear system, the Extended Kalman filter [3[], Unscented Kalman filter
[[79[80]] or particle filter [SL20L}46L/61]] can be employed. In the case where there are measurements
which do not come from the target of interest or the target may generate many measurements, the
single target tracking problem is called single target tracking in clutter and more difficult because
the origin of the measurements is unknown. Each measurement may be either a target-generated
measurement or a false alarm. Hence the single-target Bayesian filtering is not directly applicable
and many studies [8}/10,|11}/14,{17]] are devoted to the particular problem where a target generates
at most one measurement. The conventional solutions [8]] such as nearest neighbourhood stand-
ard filter (NNSF) and the probability data association filter (PDA) have addressed this problem
by cleverly combining the data association problem with conventional Bayesian filtering and are
described in Subsection[5.1.1] For the multi-target tracking problem, much more effort is required

in order to solve the problem, and it is discussed in Subsection[5.1.2]

79
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5.1.1 Single-target Tracking in Clutter

This section addresses the data association for single target tracking in a cluttered environment
with random distributed clutter. The model of the dynamic system is assumed known and the
target motion is assumed to follow the hidden Markov system model given in in Chapter
[2.3] The target state is observed indirectly through the system given in (2.18)). Although the linear
system model is used here, the techniques to be discussed can be also used for the nonlinear system
models by carrying out linearization as in the EKF filter. The simplest approach for tracking
a target in clutter is known as the nearest-neighbor standard filter (NNSF) and is described in
Subsection [5.1.1.2] Another approach is known as Probability Data Association filter (PDAF)
and is described in Subsection [5.1.1.3] Both techniques require the definition of a validation gate
described in The objective of a validation gate is to limit the region where a target may
generate a measurement. The measurements outside this validation gate are unlikely to originate

from the target because they are too far from the expected measurement.

The following notations are used throughout this section. Let 1 be the expected number of
false alarms per unit per volume, and let V' be the hypervolume of the surveillance region. Thus
nV is the expected number of false measurements in the surveillance region. The number of
false measurements (the measurements not having originated from any targets) follows a Poisson

process with parameter nV’

The locations of false measurements are modeled as independently and identical distributed

(i.d.d.) random variables with uniform probability density function V1.

5.1.1.1 Validation of Measurement

In this section which is based on [8]] we introduce the validation gate. Assume the linear model
and (2.18) for the target motion and the target generated measurements. In a clutter en-
vironment, the sensors also observe false measurements which are not coming from the targets
of interest such as thermal noise, terrain reflections, clouds etc. Assume that the predicted target
state at time ¢ is given by Z;;_1 in (2.19). Then the predicted measurement is HiZy;—1 and the
associated measurement covariance S; is given in (2.23). The target-generated measurements at

time ¢ conditional on the history of measurement Z;.;_; is normally distributed
(2| Z1:4-1) = N (265 HiZye—1, St)- (5.1

It is impractical to consider all measurements available when updating the state estimate because
of the cluttered environment. In order to only consider the measurements z; at time ¢ which has

a high probability (given in (5.1))) of being generated from a target with predicted state Byp-1, @
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validation gate (region) is defined as follows

Vilv) ={z€Z: [z - Ht@ﬂt—l]TTSt_l[Z - Hti"t\t—l] <7} (5.2)

where -y is a parameter obtained from the chi-square distribution (see [8, Appendix C, p. 315-
319]) and Z; is the set of measurements at time ¢. The volume of the validation gate V; (7) is
given by

Vi = cn 2|82 (5.3)

where |S| is the determinant of S; and 7 is the dimension of the measurement vector. The

parameter v is chosen such that the probability

Po=P({z e Vi(v)}) 54)

that the true target-generated measurement falls in the validation gate is sufficiently high. The
target may not be detected and hence no target-generated measurement may exist in the validation

gate. This uncertainty is captured in the detection probability

pp, = P({ The true measurement is detected}). (5.5)

The set of validated measurements at time ¢ which may be originated from target states x; is

denoted by
Z;Y = Vt("y) = {21, ceey Z|Vt(’)’)|} (56)

where |V;(«y)| is the number of elements in V(). The set of all validated measurements up to

time ¢ is denoted by
Zl, = (Z27,....Z27). (5.7)

Assigning each measurement with the appropriate target is the crux of the data association

technique which is discussed in the next sections.

5.1.1.2 Nearest-Neighbour Standard Filter

The nearest neighbor standard filter (NNSF) in [8]] is the simplest technique for solving the single-
target tracking in clutter by selecting the measurement in the validated measurement closest to
the predicted measurement and using it as the target-generated measurement. The technique is

summarized as follows.

At time ¢, the validated measurement nearest to the predicted measurement is chosen

2,5 == n711n [Z — Hti’ﬂt,l]TTSt_l [Z — Ht:%t|t71]‘
2€Vi(y)
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where V() is given (5.2). Then 2; is used for updating the state of the target in the same manner

as in the Kalman filter.

The problems with this approach is that the closest measurement to the predicted target state
may not originate from the target being tracked, and error covariance matrix calculated in the filter
equations does not account for the possibility of processing an incorrect measurement. When
false measurements occur frequently, NNSF performs poorly because of its high probability of
track loss. The PDAF was first proposed in [11] to overcome this limitation of NNSF and is

described in the next section.

5.1.1.3 Probability Data Association Filter

The PDAF method considers all measurements in the validation region at current time for update
when updating the state estimate. It is a suboptimal Bayesian algorithm and is summarized as

follows.

Assume that at time ¢ — 1 the mean and covariance of the posterior distribution is £;—; and
P;_1. Then PDAF uses the predicted mean &;;_;, predicted covariance P;; _; and Kalman gain
W, in Kalman filter given in (2.19), (2.20) and (2.24) respectively to predict the state estimate at

time ¢ as follows.

Define by 0; ; the event that the measurement z; € Z;’ is target-generated and 6; o the event

that none of the measurement in the set of validated measurement is target-generated.

Let 84,4 = 1,...,|Z] | and B; o be the corresponding probabilities of 0,; and 0; o respectively

where | Z}| is the number of measurements in Z;'. Then

N (zi5 HiZyje—1, St)

Bri = ]P(Qt,i|ZiY:t) = 15, P, (5.8)
T+ ez N (2 Hilyy 1, 5t)
gl_thPG
Bro =P(0uol Z21) = —50m - (5.9)
R+ ey N (2 Hityjy 1, St)
where pp, is given in (3.3), Pg is given in (5.4)), and { = % with V; given in (5.3). It follows
that
Bto + Z Bti = 1.
ZiEZ?

Then the updated state at time ¢ is

& = Ele|21,) = Elailono, ZLIP 00l Z0) + Y Blarlbns Z3,P(04123,).  (5.10)

ZiGZZ

Elx|0., Z],] is the expectation of the updated target state at time ¢ given that z; is the target
generated measurements and F[z4|0: ¢, Z7,] is the expectation of the predicted target state (=



5.1 Conventional Target Tracking Techniques 83

updated target state when there is no measurement). These expectations are given by the KF
Elx|010, Z7,] = Zyjp-1, Elxi0p4, Z7,] = &1 + Wove(2i),i = 1,..., | Z]|
where vy(2) = z — Hy#;_,. Therefore, #; in (5.10) can be written as follows

e = Byp—1Bro + Z By—1 + W (2:)) B,
ZzEZt

= Zyp—1 + Wi Z Brive(zi)- (5.11)
2 €Lt

The covariance associated with the updated target state estimate is [[8, Eq. (6.27), p. 165]
P, = B (o — &) (e — 27| 20,) = BuoPyr + (1= Bo)Pi+ Py (5.12)
where
P, = [ - W,H;|Py, ,

T
Z ﬁtzyt Z@ Vt Z@ Z 5t17/t Zz Z Btz Vt Zz Wt "

ZZGZ ZZGZ ZZGZ

Note that (ZziEZ;Y /Bt,in(Zi))Tr = Y.,ez7 Bri(ne(z))"". PDA neither accounts for the ini-
tiation of the track on false sensor returns nor for the termination of the target track [36]. An
improvement of PDAF is introduced in [[120H122,|142,/154]] or combination of nearest neighbours
and PDA filter is proposed in [|2,35]]. Multiple models used with PDA to track the single maneuv-
ering target in clutter [[1,/73].

5.1.2 Multiple Target Tracking (MTT) Techniques

In the multi-target tracking (MTT) problem, the model of the dynamic system is assumed known
and the target motions are assumed to follow a hidden Markov system model i.e. each target is
considered to follow the single target system model given in in Chapter [2.3] Each target is
assumed to move independently and generates a measurement which may be observed by sensors.
The targets may be not detected by the sensors. These measurements generated by targets are as
before called target-generated measurements and are modeled in (2.18) in Chapter[2.3] The sensors
may detect false measurements which are not generated by any targets. The false measurements
are usually assumed to follow Poisson distribution as fir the single target tracking problem.

The multi-target tracking (MTT) problem is significantly more complicated than the single-
target tracking problem even in the case where there is no clutter i.e. the sensor do not receive
any false measurements. The added complexity comes from the uncertainty of the origins of the
measurements which need to be used for the update step. Similarly to the single target case,

many conventional techniques address this problem by employing general data association meth-
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ods [8l[15/17]] and traditional Bayesian filtering to track multiple targets. For example, the global
nearest neighbor filter (GNNF) [8L/14}/17] is a simple approach because it only considers the most
likely data association at current time by minimizing the total summed distance function which
is the sum of distances between the measurements and the predicted measurements or by max-
imizing the total summed likelihood. The KF is then employed to update tracks using this data
association. The GNNF reduces to the NNSF filter for the single target problem and hence the
GNNF also suffers from the same drawback as NNSF. Some researchers have attempted to alle-
viate this limitation by using data from consecutive scans to defer difficult association decisions
[14,/47./161]]. The Joint probability data association filter (JPDAF) was proposed as an improve-
ment to the GNN filter restricted to problems with known and fixed number of targets [8}|17]]. This
technique is the extension of PDAF to MTT problem and it is used in many tracking applications
with imaging sensors see [[17] and the reference herein. The JPDAF (8| p.222-228] requires much
more computation than PDAF because the association between measurements and multiple targets
is more complex and a measurement could have originated from more than one target. The JPDA

is presented next.

5.1.2.1 Joint Probability Data Association Filter

This section present briefly the extension of PDA given in Section[5.1.1.3]to the Joint Probability
Data Association (JPDA). The JPDA filter propagates individual states the same way as done in
the PDA filter except for the computation of the joint probabilities. The probability of a data
association event between measurement and target is marginalized out from the joint probability.

Assume that there are a fixed number K of targets to be tracked. The dynamic system model
and measurement model for each target are given in and (2.18) respectively.

The JPDA filter does not consider different validation regions for each target. The entire sur-
veillance region is the validation region for any target when deriving the joint probability. How-
ever, the validation region for each target are used for the selection of "feasible joint events".

Denote by Z, the set of measurements at time t. Fork = 1,..., K andi € {1,...,|Z|}, let
Qﬁi = (k, i) denote the event that the measurement z; € Z; has been generated from target & at
time ¢. Moreover, let 050 = (k,0) denote the event that the target k was undetected at time ¢, and
Qg ; = (0, 1) the event that the measurement z; was not generated by any target.

Forig € {0,1,...,|Z/}and j € {0,..., K}, let o7 (0};) = k. 0™ (0},;) = i. Let ,(io, j) be
a set of Hf,w ke{0,...,K},i€{0,...,|Z} with the following properties

() 0, € Bu(io, j):

@ [{0f; € Belio, ) i > 0} = | Z];

(3) ifk # K, then ‘QM(%) # QM(Gﬁ;,) or QM(QIIZZ-) = QM(GE;,) =0;

(4)  ifi# 4 then o7 (0F,;) # o7 (6F,) or o™ (8F,;) = o7 (6F) = 0.

Then 6;(ig,j) is one of many possible joint associations between target measurement in-
dices and target indices at time ¢ which associates measurement ¢y with target j (property (1)).

Moreover, all measurements at time ¢ are either target generated or clutter (property (2)). No two
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targets generate the same measurements (property (3)) and a measurement can not be associated

with more than one target (property (4)).

Denote by
07 = {6,(io, j) : 0, (io, j) satisfies properties (1) — (4)}.

the set of associations between detected targets and measurements (i.e. excluding clutter and

undetected targets).

The key of the JPDA algorithm is the conditional probabilities of the joint association 8 (i, )

at time ¢
P (6, (0, 7)| Z1:t) ZEA‘ZH*‘QM(O‘(et(iOJ))” I1 (1-p%,)
¢ RE{L K }—07 (B4 (i0.5)))
x 1 Ny Had, ") s ™. (5.13)

uea(f:(io.j))

where p¥ D, 1s the probability of detecting the target & at time ¢, xt|t 1 1s the predicted target state of

target k at time ¢ , ¢ is a normalizing constant and 0, (4o, j) is a set with the properties (1) — (4).

There are many sets which satisfy properties (1) — (4). Let Q7 denote the collection of all
sets which satisfy (1) — (4), i.e.

QL7 = {0,(io, §) : O:(io, j) satisfies properties (1) — (4)}.

Let 8f;, i € {0,1,...,|Z

event Gf‘l It is given by

., K'} be the marginal association probability of the

Br =P Z10) = > P(0:(i,k)|Z14) (5.14)
0. (i,k) Q™

where P (0;(i, k)| Z1.¢) given in (3.13).

The updated state estimate £ t‘t and the covariance Pﬁ , of the target k, k € {1,..., K'} corres-
ponding to (5.11)) and (5.12) are as follows

”%t\t £t|t 1+Wt Z Btzl/t i)
2i €Lt

k k k \Dk D
Py = Bt,OPf\t—l + (1 - 5t,0)Pt + let{:
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k
t)t—

Kalman gain of target k and

where v (z;) = 2z — Hix | is the innovation of target k& with respect to measurement 2;, W} is

f’f = [I_ WtkHt]Pﬁt—l

Pf=WF | Y Bk ) () = 3 BEwk(z) Yo B (z0)"" | (W)

zieZt ZZ'GZt Z¢€Zt
k _ pk Trigky1—1
Wy = Pt|t—1Ht [S¢]

k

and where P i

, 1s the predicted covariance of target k£ and SF is the innovation covariance of
target k.

Some extensions and modifications of JPDA are proposed to reduce the computational cost
[51,/117], to deal with track coalescence for closely spaced targets [[14,|17}/18}/53|54]], to im-
plement the JPDA in a multiprocessor system [201f], or to track targets which share the same
measurement [[119]. For nonlinear systems or a system with non-Gaussian noise, a method based
on the JPDA and Monte Carlo methods was used to jointly estimate the target state vectors and
association probabilities [[551741[82]]. Since the JPDA filter and its variants only handle a fixed and
known number of targets and lacks track initiation, a more general technique which can handle an
unknown number of targets was proposed in [160]. This technique is called Multiple Hypothesis
tracking (MHT), and it searches all hypotheses, maintains these hypotheses and defer the decision
in order to solve the uncertainty at the current time [16}|145]]. Here a hypothesis is a joint data
association which assigns measurements to tracks such that each measurement is associated with
either a single track or a false alarm. Blackman [16]] demonstrated the advantages of MHT over
the conventional single hypothesis approaches such as GNNF and JPDA filter. The next section

presents the MHT and its variants.

5.1.2.2 Multiple Hypothesis Tracking (MHT)

Multiple Hypothesis tracking (MHT) was first derived in [[160] and it is described systematically
in [[145]]. Using Bayes rule the hypotheses are updated by assigning each of the latest meas-
urements to a false alarm, an existing hypothesis or a new track [[14,/16|17]. With this assign-
ment, MHT obviously can initialize a new track or terminate the current track, and hence can
deal with an unknown and time-varying number of targets. However it is impractical because the
computational complexity grows exponentially with the number of targets and/or the number of
measurements. Furthermore, this assignment also causes the number of hypotheses to increase
exponentially over time when more measurements are collected. Many studies have been car-
ried out with the aim of reducing the complexity by pruning and gating in order to only keeping
the high probability hypotheses for propagation [37,|38,/125[]. These hypothesis-oriented MHT
method can be improved by track-oriented MHT [231[24//411(84]]. The track-oriented MHT method
forms track hypotheses which are the collection of hypotheses generating from the same target

while the hypothesis-oriented MHT method forms hypotheses from scan to scan. The differences
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between the hypothesis-oriented MHT method and the track-oriented MHT method are: 1) the
high probability hypotheses remains from scan to scan in hypothesis-oriented MHT method and
deletes the low probability hypotheses while the track-oriented MHT method keeps high probabil-
ity tracks and discards the low probability tracks 2) Current hypotheses spawn new hypotheses
for hypothesis-oriented MHT method while hypotheses are formed after tracks formed in the
track-oriented MHT method. This pruning and gating may however also eliminate the correct
association [56]. The probabilistic MHT (PMHT), a batch algorithm, was proposed to reduce the
complexity by assuming the association variables to be statistically independent [56,/163/164].
For a linear system model, [144]] showed that PMHT outperforms JPDA in terms of track loss
and mean square estimation error under a two-target scenario. A thorough review on various
approaches is discussed in [14,/16L|17]] some references herein.

An advanced and completely different batch approach, the Markov Chain Monte Carlo data
association (MCMCDA) for multi-target tracking, was recently proposed to handle the problem
where a large number of targets moves close to each other with a low probability of detection and
high probability of false alarm [126}(127]. This technique employs a Reversible Jump Markov
Chain Monte Carlo (RIMCMC) method on the space of data associations to sample from the
posterior distribution. Such approximation not only inherit the advantages of RIMCMC method
such as sampling from the complicated posterior distribution with high dimensional parameters;
but also circumvent the ad hoc of reduction of number of hypotheses by pruning and gating. The
following summary of track-oriented MHT in [[126}/127] is presented as follows

Markov Chain Monte Carlo Data Association

Let m; be the number of measurements available at time ¢ i.e. m; = |Z;|. Define by
I, = {(t,1),...,(t,m)},my > 0 a set of augmented measurement indices at time ¢ where
(t,i) denotes an measurement index i at time ¢ and Z; = ) if m; = 0. Denote by Z{/, = J!_, T;
be a set of augmented measurement indices up to time ¢t. Let 7, & > 0 be the set of augmented in-
dices of measurements which are generated from a target k£ and 7 be the set of augmented indices
of measurements which are generated from clutter.

Let w be a partition of Z,, then the following conditions must hold

e w={r,71,...,7x} for some K

o UK 7 =12V, and 7, n7; = O for k # j.

o |7,NZj|<1foranyk=1,...,Kandj=1,...,¢t

e |7%| > 1fork > 0.
The first condition shows that each partition w represents a hypothesis whose 73, £ > 0 represents
the list of indices of augmented measurements generated from the target k. The first two require-
ments imply that all of the measurements must be assigned as a target or clutter and imply that no
two tracks can share any measurements at any time. The second last condition implies that each
track has at most one measurement at each time. The last condition says that each track has at
least one measurement otherwise it is considered as clutter.

With this definition, any partition w represent a hypothesis up to time ¢. Denote m?, =
(m1,...,my) as a sequence of measurement numbers up to time ¢ and Q)™ be a collection of all

partitions w given mZ,. Denote by Q1 = {w € O™« : mZ, € IN'} a collection of all partitions
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of all possible m?, € IN and IN! is the product of IN, (note that N* = {0,1,...}). Let T be
the duration of the scan time. By Bayes rule the posterior distribution of w can be computed as

follows

_ p(w, Z1.1) :P(Z1:T\w)p(w)
I p(w, Zi.7)dw p(Z1.1)

p(w|Z1;T) (515)

where p(w) is the prior distribution and p(Z1.7|w) is the likelihood of Z1.p given w.

We only present the multi-scan Markov Chain Monte Carlo Data Association (MCMCDA)
[[127] to find a partition w which maximizes the distribution p(w\ZLT), i.e.

& = arg max p(w|Zy.7). (5.16)

weOq.T

The state of target £ at time ¢ can be estimated by using MMSE as follows

=Y /:pfp(da:ﬂw,Zl;T)p(w|Z1;T). (5.17)

WEN .7 1T EW

This considers all w that contain a target with label k.

By using the property of reversible jump MCMC (RIMCMC), a powerful computational tool
for analysis of complex posterior distribution on spaces of varying dimensions to handle the un-
known number of targets, the main objective of MCMCDA algorithm is to construct the proposal
distribution g(w’|w) on the space ()y.p for MH update. The construction of a Markov chain is
proposed given the state of a MC w. The proposal distribution consists of eight moves grouped in

five groups:

e birth/death,

e split/merge,

e extension/reduction,
e update,

e switch.

Each group of the first three groups consists two moves where each move of the group is the
reverse of the other. Each group of the last two groups only has one move so a move and its
reverse move are the same. With this construction, the MC on space ();.7 is reversible. The

MCMCDA algorithm uses the acceptance rate

_ (W Zir)g(wlw”) _ p(w'|Zir)
p(wl|Zyir)q(ww)  p(w]|Zir)

where p(w|Zy.7) is given in (5.15). Then the MCMCDA algorithm is described as follows With
the construction of the proposal move, the switch move and the death move may make a track
labeled % in a partition w and a track labeled k in the proposed partition ' totally different tracks
but which in the estimation (5.17) is considered as being the same track. Thus it may lead to

unreliable estimates of the target states.
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Algorithm 10 : Multi-scan MCMC DA Algorithm
Input: wy, Z1.7 and number of samples L
Output: &
At iteration [ = 0:
- Setw = wg,w = wo
ForI=1,...,L:
- Sample w* ~ ¢(-|w),
- Compute the acceptance rate

p(w*Z1r)

= —F (5.18)
p(w|Zv.r)

Set w = w* if & > u where u is sampled from the uniform distribution on [0, 1],

p(W|Z1:T) > 1

Set& = wif p(&]Z1.7)

Remark 1: In general, the conventional techniques are able to deal with multi-target tracking
well in the moderate scenarios. In the severe scenarios where the density of targets is high and
the number of false measurements is large, these techniques do not give the reliable solution.
Furthermore, these techniques do not estimate the number of existing targets, the probability of
detection and the clutter rate at each time step. The new tracking algorithms based on RFS
framework are able to estimates these parameters along with the target state [100,102|]. The

based RFS techniques are briefly summarized in the following section.

5.2 RFS-based Target Tracking Techniques

The Random finite set (RFS) approach to data fusion was first pioneered by Mahler [911/106], and
later it was developed as the theory of finite set statistic (FISST) [[60]. An RFS is a finite-set valued
random variable in the sense that it is random in number of elements and in the values of these
elements. Moreover, the order of the elements is irrelevant. As a result, the RFS framework is
a mathematically rigorous tool for capturing uncertainties in its elements and its cardinality [[62].
In MTT problem, the number of target states and measurements at each time index are random
and the order of them is not important. The RFS captures these properties and is a natural way to
represent target states and measurements. Modeling the targets and measurements as RFS allows
a Bayesian problem formulation by treating the target set and the measurement set as a single
meta-target and a single meta-measurement respectively, and hence the multi-target Bayes filter is
the analogue of the single-target Bayesian filtering with the provision of the mathematical tools in
FISST [92,93,95,|]171].

5.2.1 Single-target Tracking

Considering the single target Bayesian filtering as a special case of multi-target Bayesian filtering,

[[172,/182]] addresses the more difficult problem of single target filtering with multiple measure-
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ments generated by the target, non-uniform sensor field of view, and clutter as discussed in Section
A Bayes’ recursion technique for this problem is proposed using the random finite set (RFS)
framework. In this technique, the single target model is in (2.3) and (2.4). A summary of this

technique is given in the next section (for details, see [[172,|182])

5.2.1.1 RFS measurement model

Given target state z, an RFS of measurements at time ¢ is modeled as the union of Dt(:p) the
RFS of target-generated measurement at time ¢, E¢(x) the RFS of extraneous target-generated

measurements at time ¢ and &, the RFS of clutter at time ¢, i.e.

The RFS F;(z) represents that a target may generate more than one measurement. Conditional on
x, Di(x), Fy(x) and E; are assumed to be independent. The RFS D, () is modeled as a Bernoulli
RFS with probability density given by

1—pp,(x), if Z =0;
™o, (Z|z) = § K.pp,(2)gi(2|z), if Z = {z} (5.20)
0, otherwise.

where K, is the unit of volume on space Z, pp,(z) is the probability of detection and g (z|z) is
the likelihood function.

The RFSs of extraneous measurements and clutter E; (x) and E; in (5.19) are modeled as Pois-
son RFS with intensities <z, (-|2) and ¢z, respectively. For simple notation, these two independent

RFSs are grouped together as an RFS Ay

Since two independent RFSs Ey(x) and E; are Poisson RFSs, their union A; is also Poisson RFs

with intensity

ri(zl2) = <p, (2]7) + <z, (2). (5.22)

5.2.1.2 Measurement likelihood

If an RFS Z; is given in (5.19), the likelihood function g;(Z|z) is [[172, Proposition 3.1, p.45]

5(Z)|z) = K|%! (Htpll); I se(zlz) + K'Zt‘% S aze) ] se(zlx)5.23)
2€Z¢ T zrezy 2€Zt—{z*}

The first term corresponds to a missed detection while the second term refers to a target detection.
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The probability of k. (x) having exactly n; elements is

Jz), 1) e~ (ke (). 1)
pu(male) = LD >ntf . (5.24)

Each measurement z € Z; is independent and identically distributed according to the probability

density

__rlzlr)
c(z]z) = T, 1) (5.25)

(5.23) can be alternatively rewritten in the following form

9:(Zi)x) =K7N Z1(1 = pp, () pe(| Zil|2) [] ce(zlz)+

K2 Z] = Dipp, (@)pu(Z] = 12) 3 3= 1a) T elela). 526
2*EZ: z€Z1—{z*}

The likelihood function g;(Z;|x) in (5.26)) reduces to the conventional single measurement likeli-

hood §;(z|z) when | Z;| = 1 and pp, (z) = 1.

5.2.1.3 REFS Single-target Bayes recursion

The Bayes recursion in (2.15)) and (2.16) can be generalized to accommodate the multiple meas-
urements generated by a target, non-uniform field of view, and clutter with the likelihood function

given in (5.23)) or (5.26)

Pere (41| Z14) = /JFt+1|t(3€t+1\Cﬂt)pt(a?t\zlzt)dxt (Prediction step)

Gir1(Zia| w1 ) pos 1 (@141 Z1t)
S g1 (Zea|wer) Py (w641 Z1:t)

D1 (@eg1|Z1441) = (Update step).
5.2.1.4 Closed form Solution for Linear Gaussian model

The target is assumed to follow a linear Gaussian transition and the measurements are a linear

combination of the states in Gaussian noise

Frare(2]¢) = N (23 Fi-1¢, Q1)
Grrp(2lz) = N (25 Hix, Ry).

The probability of detection is assumed to be constant, i.e. pp,(z) = pp, and the intensity of

extraneous target-generated measurements is linear Gaussian i.e.

se, (2]z) = nici (z|z) (5.27)
¢t (2]z) = N(2; 0 + 01, Qi) (5.28)



92 Literature Review in Target Tracking

where 7} is the expected number of extraneous object-generated measurements, and cf (+|-) is
the likelihood of individual extraneous observation at time ¢, O; is the extraneous measurement
matrix, o; is a constant vector, and Q; is the extraneous covariance at time ¢. The clutter has

intensity
sz (2) = njci (2)

where 7 is the mean clutter, and ¢ (-) is the density of clutter at time ¢. Then A;(x) in (5.21) is
a Poisson RFS with intensity x;(z|z) given in (5.22)) and the cardinality distribution of A;(z) is
Poisson with rate 5 + 7} and individual elements of A;(z) are i.i.d. according to the probability

density
ce(z]z) = wl, 1 (2) + w,N (250 + o1, Qy) (5.29)

where w’, = n/(n? + n}) fori =0, 1.

Assume that the posterior distribution p;_ is a Gaussian mixture of the form
Jt71 . . .
pe-1(2|Zi1) = > wi (N (zsmi_y, P y). (5.30)

i=1

The prediction and update steps are given as follows

Prediction:

Jeje—1
pt\t—1($|let71) = Z wi\t_lN(w;mi\t_l,Pf|t_1)- (5.31)
i=1

where
i _ i i _ i Tr
My—1 = Framy_y, Pt|t71 =EF P F+Q

Update: Assume that the predicted density is of the form in (5.31)) then g; (Z;|x) has the form
in [172, Eq 3.39, p.50]. Consequently the posterior distribution p;(x|Z1.¢) at time ¢ is also a

Gaussian mixture of the form

Jt
(x| Z1) = Z wyN (x; my, P}) (5.32)
i=1
where wi = %, Z{;l ¢ is the normalizing constant in the RFS single-target Bayes recur-
i=1 Wt
sion and

Jt
Gt(Ze|x)pyp—1 (2| Z1:e—1) =Y WIN (z5my, PY). (5.33)
i=1
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If the density in (5.27) is Gaussian mixture, pg is Gaussian mixture, then all the predicted

Pt¢—1 and p; are also Gaussian mixtures.

Later in 2011 [181]] proposed a forward-backward smoother to improve the performance of
this method.

5.2.2 Multi-target Tracking

Unlike conventional multi-target techniques, the formulation of the multi-target tracking problem
in RFS framework allows the multi-target posterior distribution to be propagated using the Bayes
recursion as done in the single-target Bayes filter. As discussed in Chapter [3| the definitions of
the set derivative, set integral and the global density make the computation of the multi-target
posterior distribution possible. Unlike the conventional multi-target tracking approach, the num-
ber of targets can be estimated along with their target states because the multi-target posterior
distribution of set-valued parameters also capture the uncertainty in target numbers. Due to the
computational intractability of the full multitarget Bayesian filter in practice, some researchers use
sequential Monte Carlo (SMC) approximation of the full multitarget Bayes filter to track a small
number of targets in simple application such as tracking three vehicles in terrain without clutter
[[159]], tracking pedestrians with laser range scanners [[146]]; and locating the small unknown, time-
varying number of active speakers and the voice activity interval for each speaker based on the
time-difference-of interval measurements [89,178]]. At the same time, a more general approxima-

tion of a full multi-target Bayesian filter is proposed by [[112].

In most applications, the full multitarget Bayes filter is computationally intractable so a drastic
but principled approximation was derived as a probability hypothesis density (PHD) filter in 2000
by Mabhler [96,(104]]. The PHD filter was derived under the assumption that the clutter is a Pois-
son process and the predicted multi-target distribution is approximately a Poisson distribution.
The PHD filter recursively propagates the first-order multi-target moment density or intensity and
provides the number of targets in the region by integration over the region. The estimates of the
target states are the peaks in the PHD. The advantage of the PHD filter is that the computational
complexity is at order O(mn) where n is the number of targets and m is the number of measure-
ments and it does not require data association like the traditional techniques. Furthermore, at each
time step an estimate of the target number, which cannot achieved in the traditional techniques, is

computed directly from data. Section[5.2.2.1| summarize the derivation of PHD.

5.2.2.1 Probability Hypothesis Density (PHD) Filter

The Probability Hypothesis Density (PHD) is the first-order multi-target moment density D; which
is an approximation and is developed to overcome the computational intractability of the multi-

target Bayes filter. Instead of propagating the posterior distribution as in multi-target Bayes filter,
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The PHD filter only propagate the posterior intensity, a first order statistical moment. This strategy
propagates the first moment (mean) of the single target state and is illustrated in Figure 5. I['

. Prediction Update
Bayes Filter:  --- — ptfl(X|let71§ — o1 (X|Z1-1) — pe(X|Z1t) — -+
v v v
PHD filter: coo === Dt71($|let71) —> Dt‘t_l(as|Zl;t,1) —> Dt($|Z1;t) === ooco

Figure 5.1: Multi-target Bayes Filter and its first-order multi-target moment Dy
For a RFS X on X with p;(X;|Z;.;) is given in (3.91), the definition of PHD [96, p.1154] or
intensity [39,/162] is

Definition 5.1 (Probability Hypothesis Density (PHD)): The PHD is the density Dy(x|Z1.;)

whose integral

on any region S of state space is the expected number of targets contained in S
Ni(S) = [ 1X 1 Slpu(Xi|Zu s (4X). (5.35)

where L is given in (3.73).

By definition Dy (2| Z1.;)dz is the expected number of targets in an infinitesimally small region
dx of x i.e. D¢(x|Z1.¢) is the intensity (or expected target density) at z. The PHD recursive filter
is derived in the following.

PHD Filter Equations:

Given the PHD update D;_1 (2:|Z1.4—1) at time ¢ — 1, by Definition [3.14] at time ¢ the PHD
prediction Dy;_y (2|Z1:4—1) and the PHD update Dy (x| Z;.) are given by

Dy (alZiam1) = [ K s (o} U W\ Z1s s () (536)

Di(z|Z14) = /K;lpt({x}UW]Zl;t)us(dW) (5.37)

where pyj;—1 (Xt Z1:4-1) and py (X¢| Z1.¢) are given by (3.89) and (3.91)) respectively. The assump-
tions made are analogous to the assumption given in Chapter[3.2)as follows
o Each target evolves and generates measurements independently of one another.
o Clutter is Poisson distributed with intensity x; at time ¢ and independent of target-originated
measurements.
e Spawned targets, existing targets and new born targets are statistically independent when
conditioned on the previous states.

e The predicted multi-target RFS is Poisson.

I This figure is based on [96, p.1154]
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The first three assumptions are common in multi-target tracking [8./14]. The last assumption is
made to simplify the complicated formula for updating the density p;(X;|Z1.;) by approximating
pt(X¢|Z14) with a Poisson distribution having intensity Dt|t_1(x\Zl;t_1) such that the mean is
Ny = [Dypy_1 (2] Z1:—1). [96] showed that Dy, (| Z1) in and D¢ (x|Z1:441) in
can be expanded as follows

Dyj—1(2[Z1:4-1) :/pSt(C)fﬂt—l(xK)thl(C‘letfl)dC‘F

/ﬁt|t—1("E’C)thl(qzlztfl)dg + v () (5.38)
Dt(x|Z1:t) %(1 — DDy (x))Dﬂt—l(x‘Zl:t—l)"‘
Z P, (%) ge(2]2)Dyp—1 (2] Z1:4-1) (539)

2€ 7041 ke(2) + [ pp, (€)Gt(2[C)Dyjr—1 (¢l Z1:4-1)dC

Note that

. ft|t—1 (z|¢) is the probability density that the target state ¢ at time ¢ — 1 moves to the target
state at time ¢ with surviving probability pg, (¢).

® Bye—1(+|¢) is the intensity of the RFS By;_;({) spawned at time ¢ from target ¢ at time
t—1

e 7 (x) is intensity of the birth RFS T'; at time ¢

e r; is the intensity of the clutter RFS A,

Although the PHD recursion requires less computation and is simpler than the multi-target Bayes
filter, it also involves multiple integral which has no closed form expression in general and hence
it is difficult to implement. Some approximation of the PHD filter are derived [[158}177,|198]
by using particle filter. Sidenbladh [158|] implements the PHD filter by using particle filter to
track multiple vehicles in terrain and compared the results with [159]. [158] shows that SMC
implementation of the PHD filter is much cheaper computationally than the SMC approximation
of the full multi-target Bayes filter, and it performs as well as SMC implementation of the full
multi-target Bayes filter in term of target locations. However, the target number error is high
under low signal to noise ratio (SNR).

At the same time, the relationship between conventional probability theory and FISST was
established and led to the development of a principled Sequential importance resampling (SIS)
implementation of the PHD filter (SMC-PHD) under a moderate level of measurement noise and
false alarm rates [171]]. This technique is more general than techniques in [[158|/198]]. Later the
convergence of the SMC implementation of the PHD Filter was established [32,[7676]. More re-
cently, another SMC implementation of the PHD filter was proposed by using an auxiliary particle
filter with the point process model [[190,/191].

Under the assumption of a linear Gaussian system model, the closed form solution of the
PHD filter, namely Gaussian mixture PHD (GM-PHD) filter, was established in [169,(170]. The
closed form solution overcomes not only the problem with a large number of particles but also the
unreliability of clustering techniques for extracting state estimates which is the main drawbacks
of the particle filter implementation of the PHD filter. The GM-PHD is presented next
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5.2.2.2 Gaussian Mixture PHD Filter

In order to obtain the closed form solution for the PHD filter, the following assumptions are made

1. The system model are linear given by (2.17) and (2.18)), i.e.

ﬂ|t71(l“l’/) = N(z; Fya, Q1) (5.40)
gi(2lz) = N(z; Hiz, Ry). (5.41)

2. The survival and detection probabilities are both state independent, i.e for all x € A and
forallt =1,2,...

ps, = ps, () (5.42)
pp, = pp,(T) (5.43)

3. The intensities of spontaneous birth and spawned RFSs are both Gaussian mixtures of the

form
']’Yt
= 2w Nwimy, 1) (5.44)
Jﬁt
Bt‘t 1 :L'|l‘ Zwﬁt Bt 1T —i—dﬁt 1,Q5t 1) (5.45)
where J,,, w%, m , and P’ fori =1,...,J,, are given model parameters that determine

thg shape of the spontaneous birth 1ntensity; and similarly J,wa,g’,t’ F g’til, d]é’Fl and
Q% . for j = 1,...,Jg, determine the shape of the spawning intensity of a target with

previous state z’.

Detailed explanations of these assumptions can be found in [[169]. Under these assumptions, the
GM-PHD filter expands the PHD filter as follows

Assume that the posterior PHD at time ¢ — 1 is a Gaussian mixture of the form
Jt71 . . .
D1 (2| Z1:4—1) = Y wi (N (zsmy_y, Ply). (5.46)

i=1

The prediction and update steps are given as follows

Prediction:
Dyje—1(2[Z1:4-1) = D ppp—1(2|Z1:0-1) + Dpggjp—1(2[ Z1:4-1) + Dy -1 (x| Z1:-1)  (5.47)

where the spontaneous birth is given in (5.44), the surviving PHD Dy, (2] Z1:4-1) is

Ji—1

D1 (2| Z10-1) = ps, Y wi N (wsmls e 1, Pé gy 1) (5.48)
i=1
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and where
i _ i i _ i T )
mg -1 = Fr1my_q, Pg i1 = B P Fy ) + Qs

the spawning PHD Dy ;1 (2] Z1:4—1) is

Je—1 I,

Dy ujp1 (2| Zue—r) = Y D wiqwly N(amghy, Py, o) (5.49)
i=1 j=1

and where
L , , L . . - o
Mgty =Fgymiy +dg, g, Pyt =g 1 Pg (Fgyy) "+ Qpyys
Update: Assume that the predicted PHD is of the form
Dyj—1(2]Z1:-1) = Z wg\t—lN(aj;mi\t—DPti|t—1)’ (5.50)

Then the posterior PHD Dy (x| Z7.) at time ¢ is

Dy (z]Z14) = (1 _th)Dt|t71($’ZLt—1) + Z DD,t(='I7§ z) (5.51)
2EZy
where
Jt|t71 . . .
Dpy(z;2) = Y wi(2)N (25 my,(2), By (5.52)
i=1
and where

thwatflqg (Z)

wg(z) = T )
ke(2) +pp, 2wy, yal(2)

qé(z) = N(z; Htmi|t—1a Ri + Htpf|t—1HfT)7
m§|t(2) = mi\tfl + KE(Z - Htmf‘:\tfl)v
Yo = (I = K{Hy) Py,
KZ = ti|t—1HtTr(Ht g\t—1HtTr + Rt)_l
Given that the initial PHD Dg(z) at time ¢ = 0 is a Gaussian mixture, the posterior density

D¢ (x| Z1.) is also Gaussian mixture PHD (GM-PHD) from which the individual target states can

be extracted. The expected number of target Nt|t—1 and N, associated with Dyjs—1 (z|Z1:4—1) and
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D¢ (x| Zy.+) respectively are obtained by summing the appropriate mixture weights as follows

=R N J; ) Iy )
Nye—1 = Nea(ps, + D why) + D> wh, (5.53)
i—1 i—1
R R Jele—1 4
Ny = Nyy—1(1 —pp,) + Z Z wj(2) (5.54)
ZEZt =1

The number of Gaussian components increases exponentially so a pruning procedure ([169, p.7])
was proposed to reduce the number of Gaussian components which are propagated to the next
time step. The multi-target states are extracted from the means of the Gaussian component with
weights larger than some weight threshold. The GM-PHD filter is simple and effective under linear
assumptions [[67]]. A technique for multi-sensor multi-object tracking, a more challenging prob-
lem than a single-sensor multi-object problem, employing GM-PHD filter is proposed in [[137].
Another implementation of the PHD filter for the class of conditionally linear/Gaussian models

was proposed [[111]. numerical approximation with exact computation.

At each time step, GM-PHD filter only provides the state estimates of individual targets that
may be in the surveillance region, but does not gives the target identities or labels. Thus the
GM-PHD tracker [129] was proposed by partitioning the outputs of the GM-PHD filter into the
tracks by performing track-to-estimate association or using the GM-PHD filter as a clutter filter
to eliminate some of the clutter from the measurement set before applying the data association
technique. In general, the PHD filter and its variants GM-PHD and SMC-PHD do not provide
information about the target label (or identity). In order to track multiple targets, the target labels
are added to the target states. The target labels make it possible to distinguish between tracks
(trajectories of targets). Another possibility is to associate target labels directly with each Gaussian
in GM-PHD. Yet another possibility is to propagate the target labels with the target states. Thus
the trajectories of targets can be obtained [[26},31,33},1341/49,(711/86,{128-131,/188.200]]. The GM-
PHD filter is applied in many fields such as tracking motion cells [[78]] where the cells neither move
close nor cross each other, tracking obstacles in forward-looking sonar data [27]], tracking sonar
images [26,28,30], tracking multiple objects in a large video surveillance dataset [[192], tracking
with video data [90,/135}|138]], tracking vehicles in terrain [[158]], tracking with acoustic sensors
[[193]], tracking multiple groups of targets [25}|186}(187]] and tracking a variable number of humans
[[68l137]]. Other applications of MTT problem have been surveyed and analyzed in [[100,101,{103]].

PHD filter or one of its implementations is explored to track multiple manoeuvring targets
in clutter by using multiple model methods in [[132,{134}/143,|{176]]. The filter in [[132,/134] is a
generalized version of the GM-PHD filter in [[169}170] and is extended to deal with a broader class
of problems using linear fractional transformations [133]]. The PHD filter and its implementation
such as GM-PHD and SMC-PHD are being investigated by many researchers in order to improve
the performance of multi-target tracking algorithms [[148,/194]. Another type of performance
improvement is to estimate unknown clutter intensity for PHD Filter in [[85]]. The GM-PHD filter is
used to derive the PHD-SLAM filter for the feature-based simultaneous localization and mapping
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(SLAM) problem [[113-115]] and is applied to automotive imagery sensor data for constructing a
map of stationary objects which is essential for autonomous vehicles [88]].

A generalization of the PHD filter called the group PHD filter was derived by Mahler [[94}{105]]
for detecting and tracking group objects such as squads, platoons, and brigades. For tracking
in high target density, tracking closely spaced targets and detecting targets of interest in a dense
multi-target background, the Gaussian mixture PHD filter is applied to group the targets according
the a certain attributes [25,/59]. So far not many applications of the group PHD filter have been
reported in the literature .

As mentioned in [49,/158]], the estimate of target numbers is inconsistent in the presence of
false alarms and/or missed detection. In 2006 Mahler derived a new approximation, called the
cardinality PHD (CPHD) filter which propagates not only the PHD but also the entire cardinality
distribution [98H101]. The CPHD, the second order moment, is a generalization of the PHD in
the sense that the false alarms can be a general identically independent distributed cluster process
rather than a Poisson process. However, the spawned targets cannot be modeled in the CPHD filter.
Similar to the PHD filter, the CPHD filter avoids the data association. The advantage of the CPHD
compared to the PHD filter is that it reliable estimates the number of targets directly from data.
The disadvantages of the CPHD filter are that the computational complexity is at order O(m>n)
compared to O(mn) for the PHD filter, and that it does not take into account spawning targets.
Similar to the PHD filter, the CPHD filter is inherently computational intractable in general so the
Gaussian mixture CPHD (GM-CPHD) filter, which is a closed form expression for the CPHD filter
under linear Gaussian multi-target models, is proposed by [[173[]. The GM-CPHD filter for tracking
a fixed number of targets outperforms the standard JPDA filter in simulations [174]]. Furthermore,
the GM-CPHD filter performs accurately and shows a dramatic reduction in the variance of the
estimated number of targets compared to the GM-PHD filter [173]]. Similar to the GM-PHD,
the GM-CPHD filter is also suitable for mildly nonlinear system model as shown by simulations
in [173]]. The GM-CPHD filter is applied to track ground moving targets in [[166] and to track
multiple speakers in [136}/140]. The GM-CPHD is more responsive to changes in target number
compared to the MHT algorithm [165]]. A new GM-CPHD filter for passive bearings-only tracking
was derived in [[199]]. A labeled version of the GM-CPHD was proposed in [[141]]. Similarly to the
PHD filter and its variants, the CPHD filter and its variant GM-CPHD filter have been explored
and applied to various problems in [50,/136}/140L/166].

The multi-target multi-Bernoulli (MeMBer) filter was derived by Mahler 2007 [[101] based
on the assumption that every multitarget posterior is the probability law of a multi-target multi-
Bernoulli process. The MeMBer filter has advantages such as easy implementation of the birth
model provided it is not too dense, a formal Poisson false alarm model, the number of targets which
is estimated directly rather than inferred and no measurement-to-track association. Furthermore it
is more accurate than a PHD or CPHD filter albeit more computationally demanding [[101]]. Similar
to the CPHD filter, the MeMBer filter does not have spawning model. A new MeMBer filter,
namely the cardinality balanced MeMBer (CBMeMBer) filter, was derived in [[172}/183] to reduce
the cardinality bias from the MeMBer filter which overestimates the target number. The advantage
of the CBMeMBer filter is that it has smaller computational complexity than the CPHD filter and a
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similar computational complexity to the PHD while the MeMBer filter has a higher computational
complexity than the CPHD filter. The authors of [172,[183]] implement the CBMeMBer filter
by using SMC and Gaussian mixture under low clutter and high probability of detection with
the following results: The Gaussian mixture implementation of CBMeMBer (GM-CMMeMBer)
filter is superior for linear system and mild non-linearities. If the non-linearity is severe, the SMC
implementation of the CBMeMBer (SMC-CBMeMBer) filter outperforms the CPHD and the PHD
filter. The CBMeMBer is applied to address the mobile multiple target tracking problem in [[189].
The CBMeMBer is employed to track speakers in three audio-visual sequences in [72]. Since
the development of the CBMeMBer filter, many studies have been devoted to approximating it by
particle filters such as the Gaussian particle MeMBer (GP-MeMBer) filter proposed to handle a
non-linear system with Gaussian noises [[195,(197]], a new multi-target filtering solution proposed
in [[184] to accommodate non-linear target model and unknown nonhomogeneous clutter intensity
and sensor field-of-view and a polynomial predictive particle MeMBer filter derived in [196] to
deal with situation where the target dynamics are not modeled accurately. An overview of the
approximations of the full multi-target Bayesian filter is given in Figure[5.2] The original paper

and some important papers are listed under each filter.
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Figure 5.2: Overview of the approximations of the multi-target Bayes filter and their development
together with the original works and some important papers which contributed to the development
of the filters



102 Literature Review in Target Tracking

5.3 Conclusion and Discussion

In this chapter, An overview of the development of target tracking techniques were discussed.
Both conventional techniques and RFS-based techniques were covered. These two techniques
can be applied to both single target tracking and multiple target tracking, and they are still under
development especially the RFS-based techniques. When a large number of unknown targets move
close together and cross each other or spawn other targets in a highly dense environment such as
biological cells, the existing filtering techniques do not give reliable results [22, p.191-228] or
[101}, chapter 10 and 16]. Only if the SNR is high then the PHD filter and its variants estimate the
states of the targets quite well but are unreliable when estimating the number of targets. Neither
the CPHD filter nor the MeMBer filter is suitable for this problem because none of them consider
spawning targets in its model. A solution for this problem is to use the batch processing to estimate
a set of tracks (the trajectories of targets) from the multi-target posterior distribution obtained from

Bayesian recursive framework.



Chapter 6

PMCMC Method for RFS based
Multi-target Tracking

6.1 Introduction

he cell tracking problem described in Chapter|[I.T]is characterized by high target density and
T high clutter. For the problems with these features, techniques such as Multiple Hypothesis
Tracking (MHT), Joint Probabilistic Data Association (JPDA), Joint Integrated Probabilistic Data
Association - JIPDA do not give reliable solution for the reasons given in Chapter [I.1} Tt is
however possible to use PMMH technique. In order to apply such technique, we must derive the
posterior distribution for a set of the tracks (the trajectories of targets) since it is used in the MH
algorithm. The main purpose of this chapter is to derive the posterior distribution for a sequence of
augmented multi-target states that is equivalent to the posterior distribution for a set of tracks. The
second objective of this chapter is to derive the Particle Marginal Metropolis-Hastings (PMMH)
algorithm for an RFS based Multi-target tracking.

In the multi-target tracking problem, the number of targets and the number of measurements
are variable and unknown. Moreover, the order of the target states and the measurements is irrel-
evant, e.g. the measurements (z1, zo) contains the same information as the measurements (22, 21).
There is also the possibility that there is no measurement or target state at a time instance. Due to
these features of the multi-target state and the multi-target measurement, RFSs are a natural way to
represent the collection of target states and measurements at a time instance. This representation
allows the multi-target tracking problem to be formulated in a Bayesian framework.

The first key contribution of this chapter is the formulation of the problem in the RFS frame-
work in Chapter [6.2] A possible set of different tracks (trajectories of targets) with the property
that no two different tracks share any state at any time is defined as a track hypothesis. There is
a one-to-one correspondence between the track hypothesis and the sequence of augmented multi-
target states. Thus conditional on a sequence of noisy multi-target measurements, the posterior
distribution for a track hypothesis is equivalent to the posterior distribution for the corresponding
sequence of augmented multi-target states.

Due to the complicated nature of the posterior distribution, the only viable option in order to
compute it, is to use numerical methods such as Markov Chain Monte Carlo (MCMC). However,

applying MCMC method directly is impractical because the computation of the likelihood function

103
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in the posterior distribution involves considering all possible combinations of target states and
noisy multi-target measurements. For problems such as cell tracking problem this is intractable.
In order to reduce the number of possible combinations of multi-target states and multi-target
measurements such that the problem becomes computationally tractable, at each instance time,
an auxiliary variable will be introduced to represent the relationship between target labels and
measurements indices. Furthermore, an augmented auxiliary variable is constructed to represent
the relationship between the augmented multi-target states and the multi-target measurements.
For the duration of the time scans, a sequence of augmented auxiliary variables represents the
relationship between a sequence of augmented multi-target states and a sequence of multi-target
measurements. Computation of the joint distribution is tractable using sampling techniques such
as the PMMH algorithm which is described in Section [6.3.1]

The second contribution of this chapter is the derivation in Section of a new algorithm,
namely the PMMH algorithm for RFS based Multi-target tracking, for sampling from the joint
distribution given the sequence of ordered multi-target measurements. This new algorithm com-
bines the PMMH algorithm in Section [6.3.1| with the proposal moves (based on [127]]) which are
designed to consider all possibilities of a sequence of augmented auxiliary variables.

Section[6.2] formulates the problem in RFS framework and then derives the posterior distribu-
tion using Bayes recursion. Section [6.3.1] derives the new PMMH algorithm to solve the problem
formulated in Section

6.2 Formulation of the MTT problem in an RFS framework

6.2.1 Multi-target System Model in Random Finite Set Framework

The multi-target system model in Chapter [3.2]is reproduced for convenience. At time ¢, a multi-
target state and a multi-target measurement are respectively represented as finite sets X; and Z;.
If n, targets are present at time ¢, the multi-target state X; = {x1,22,...,2,,} C X where
X C R™= is the single-target state space and n,, is the dimension of a single target state. Similarly,
if there are m; observations at time ¢, the multi-target observation Z; = {z1,..., z;,, } C Z where

Z C R™ is the measurement space and n is the dimension of a single-target measurement.

6.2.1.1 Multi-target State

Let 7' be the number of measurement scans. Then 7 = {1,..., T} is the set of time indices. Each
state ' € X;_1 is assumed to follow a Markov process in the following sense. The target either
continues to exist at time ¢ € 7,¢ > 1 with probability pg, (z’) and moves to the new state x
according to the probability density fy;_1 (|z") or dies with probability 1 — pg, (') and takes on
the value () . Thus, given a single state 2’ € X;_1 at time ¢ — 1, its behavior at time ¢ is modeled
by the Bernoulli RFS

St|t71(xl)
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that is either {x} when the target survives or () when the target dies. The survival or death of all

existing target from time ¢ — 1 to time ¢ is hence modeled by

St|t71(Xt—1): U St\tfl(x/)'

r’eXiq

In order to express the probability density 7 ;s (-|X¢—1) of the RFS Sy;_; (X;—1) we introduce
the following notation. Let T(U, V') denote the set of all one-to-one functions taking a finite
set U to a finite set V. The set of all 1-1 function T(U,V) = 0 if |U| > |V| and we use the
convention that the sum over the empty set is zero (|A| denotes the cardinality of the set A). A
1-1 function o € T(X;, X;—1) is used to associate the targets at time ¢ with the targets at time
t — 1. Specifically, ' = «(x) means that the target state x’ at time ¢ — 1 has evolved to the state
x at time ¢ (i.e. a(z) represents the previous state at time ¢ — 1 of the target state x). A target
state =’ at time ¢ — 1 not associated with any target state at time ¢ is dead. With this notation,
TS tlt—1 (1| X;—1) can be expressed as
7TS,t|t—1(Xt|Xt—1) = :LXt| ZaET(Xt,Xt,l) Hx'ext,l—a(xt)(l —ps;(2'))

X Izex, ps.i(a(x)) fre—1 (z]a(z)) (6.1)

where X;_1 — a(X;) means set difference, K, is the unit volume on space X and the sum is
[arex, . (1= ps, () if Xy = 0.

A new target at time ¢ may result from either the spontaneous birth (independent of the surviv-
ing targets) which is modeled by an RFS of spontaneous births I'; or spawning from a target state
a' at time ¢ — 1 which is modeled by an RFS of spawning By;_1 (). Thus the multi-target state
at time ¢ is the union of the surviving targets, the spawned targets and the spontaneous births

Xt — St‘t—l(Xt—l) U Bt|t—1(Xt—1) U rt (62)

where By;_1(Xi-1) = Upex, , Bet—1(2). The actual forms of By;_; and T'; are problem
dependent. Assume that I'; is a Poisson RFS with intensity function +; and that B;;_; is a Poisson
RFS with intensity function 3y, (-|2") spawned by the target state »’ at time ¢ — 1, then we have
that

mre(Xy) = e el g1 II (=),
€ Xy

- ’ IB — : /71
TBi-1(Xe| Xe—1) = e 2ste,y (a1 'K II > Bzl
reXt ' €Xiq

where (u,v) = [wu(x)v(z)dz, (4, 1) is the expected number of spontaneously generated new
targets, <6t|t_1(-|x), 1) is the expected number of new targets spawned from the target state x.
Assuming the three RFSs on the right hand side of (6.2)) are mutually independent conditional on
X1, the RFS transition density of (6.2) can be described in the form of the multi-target transition
density fy;—1(-|X¢—1) which gives the probability density that the multi-target state moves from
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X1 attime t — 1 to X; at time ¢. Let mg 4,1 (-|X;—1) and 7r; be the probability densities of
the RFS of spawning from X;_; and spontaneous birth I'; respectively, the multi-target transition
density (3.80) is rewritten as

foer(XelXe1) = >0 7, (U1 X 1) 7B g-1 (U2| Xo—1)7r 4 (Us) (6.3)
Lﬂ?:l Ui=Xy

Note that X; in (6.3) considers the new spontaneous birth and spawning compared to surviving
targets only in (6.1)). (6.2) describes the time evolution of the multi-target state and incorporates
the model of target motion, spontaneous birth and spawning which are captured in the multi-target

transition density (6.3).
The transition density f;;_; (X¢|X;—1) in (6.3) can be expanded as follows.

Fije—1(Xi| Xi—1) = Z Z e~ (Xe-1) H b(Z]| Xp—1) %

WCX: QET(W Xy 1) TeX —W
H (1 —ps,(z H ps.(a(z)) fye—1(z]a(z)) (6.4)
z’'eXy 1—a(W) zeW

where « is given in Section[3.2.1.T|and

pp(Xi—1) = (v, 1) + Z (Bye-1(-|2"), 1),

reXi_1

b(x|Xi-1) = ve(z) + Z 5t|t 1 x\x)

LEGXt 1

Here given X;_1, f(Xt,l) is the expected number of new targets (spontaneous birth or spawn-
ing) and b(-|X;_1) is intensity function of a new target state. Each W C X, is the set of

surviving targets which is evolved from the previous state at time ¢ — 1 and the second sum is
e D e x, 0(FXe1) Twex, , (1= ps, (7)) it W = 0.

6.2.1.2 Multi-target Measurement

At time ¢, each single-target state x € X, is either detected with probability pp, (z) and generates
an observation z with likelihood g (z|z), or missed with probability 1 — pp, (x). Thus, at time ¢,
each single-target state © € X; generates an RFS D;(z) that can take either the value {2} when
the target is observed by a sensor or () when the target is not detected. The detection and generation

of measurements for all targets at time ¢ is hence given by the RFS

Xi) = |J Di()

r€ Xy
We assume that

(A.1) No two different targets share the same measurement at any time.
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Assumption (A.1) can be interpreted as follows: if more than two targets generate the same meas-
urement, then this measurement will be arbitrarily associated with one of the targets and the other
target will be considered as not detected. Similar to the RFS of the surviving targets, the probab-
ility density of the RFS ©,(X}) is given by

W@,t<Zt’Xt) = K,|zZt‘ Z H 1 _th H th ‘O‘( )) (6.5)

OéET(Zt,Xt) xe{a(Zt) z2E€Z4

where K, is the unit volume on Z. Assumption (A.1) allows us to consider 1-1 function between
Zy and X;. If Z; = () the sum is [[ ¢ x, (1 — pp, (x))

Apart from target-originated measurements, the sensor also receives a set of false/spurious
measurements or clutter which is modeled by an RFS A;. Consequently, at time ¢, the multi-target

measurement Z; is the union of target-generated measurements and clutter,
Zt - @t (Xt) U At. (66)
By (3:80)), the multi-target likelihood function g;(Z;| X;) is given by

9(Zi|Xy) = Y 7o (UIXy)ma(Ze = U). 6.7)
UCZ;

When A; is a Poisson RFS with intensity r,

mai(Z) = e VKT ku(2)
zZ€EZ

and the multi-target likelihood function g;(Z;| X;) in has the following form [172]

w(ZdX) =k S > el L wm() [T (A-pp())

WCZy aeT(W,X¢) 2eZi—W zeXi—a(W)

[T po.(a(2))di(z]a(2)). 6.8)

zeW

where the second sun is e~ *tV [T o, k¢(2') [Tpex, (1 — pp,(z)) if W = . The terms in
the second sum have their following meanings: the first two terms describe the clutter, the third
term (the second product) expresses the missed detections and the last product describe the target-
generated measurements. The multi-target measurement in (6.6) incorporates not only target gen-

erated measurements but also clutter which are captured in the multi-target likelihood function

©3).

6.2.2 Track Hypothesis in RFS Framework

The purpose of this section is to define the track hypothesis which is a set of the trajectories of
the target states. We begin by defining a track (trajectory of single target states) which is a path
of a target over time. In terms of the states, a track is a collection of at least m™ single states on
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consecutive times with the same label where m™ is called a track gate. Denote 7 = {1,2,...,T'}
as the set of time indices; and K = {1,2,..., K} as the set of target labels where T is the
number of measurement scans, and K denotes the maximum number of target for the duration 7.

Mathematically, a track is defined as follows

Definition 6.1 (Track): Given a track gate m*, a track T is an array of the form
7= (k,t,z0,. .., Tm), m>m*—1 (6.9)

where k € K is the track label or identity, t € T is the initial time of the track, x; € X is state of
the track at time t + i for i = 0,...,m. For the track T in (6.9), we denote the instances of the
track existence, the initial time of the track, the last existing time of the track, and the track label

respectively by

T(r) ={t,t+1,....,t +m},
To(1) =t, Tp(r)=t+m
L(T) = E.

Fort' € T(1), we denote the state at time t' by

Xy <7') = T/ —¢-

A collection of tracks in which no two tracks share the same state at any time is called a track

hypothesis.

Definition 6.2 (Track hypothesis): A track hypothesis w is a set of tracks such that no two tracks

share the same label and no two tracks share the same state at any time i.e. for all 7,7 € w such
that T # 7'

1. L(7) # L(7') and
2. x¢(7) # x¢(7) forany t € (1) NZ(7).

For a track hypothesis w, we denote the multi-target state at time t by

Xi(w) = {x¢(7):7€w}.

Each element x;(7) is the state of the target label £(7) at time ¢. In order to capture the
label of the target state, each single state is augmented with the target label. Thus the augmented

single-target state space is a hybrid space

X=XxK (6.10)
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<« Target label

single state

An augmented % [X} « A single state
L =

Figure 6.1: The augmented single-target states Z live in an augmented multi-target state X, at
time ¢ = 1,2,3. The augmented single-target states at different time steps which are connected
by a line represents a track. The augmented single-target states at time step ¢ = 3 which do not
connect to other augmented single-target states at the previous time steps t = 1, 2 are new single
augmented target states.

Hereafter, if there is no ambiguity the state space and augmented state space are used inter-
changeably when referring to X. At time ¢, we denote the augmented multi-target state by X,
(note that X; € F (X)) where F(A) denotes the collection of all finite subsets of the set A. Let 7
be given in (6.9). Denote the augmented single-target state (illustrated in Figure[6.1)) of track 7 at
time ¢ € (1) by

Xi(7) = (x4(7), k)

and the augmented multi-target state of track hypothesis w at time ¢ by

X (w) = {X(7) : 7 € w}. (6.11)
Let & = (z, k). We denote the single target state of Z and the label of 7 respectively by

x(z) = =, L(%) = k.
Furthermore, the set of the labels of an augmented multi-target state X, is denoted by

LX) ={L(F):F e X}



110 PMCMC Method for RFS based Multi-target Tracking

6.2.3 Posterior Distribution

Our goal is to estimate the tracks from a sequence of noisy multi-target measurements. We are
therefore interested in the posterior distribution p(w|Z1.7). In this section we derive the expres-

sions for the posterior distribution p(w|Z1.7) given by
p(w|Zy.r) = prr(Xir| Zir)

where X1 = )N(LT(w) = ()?1, . ,)N(T) and X; = )N(t(w) fort = 1,...,T. We will propagate
the posterior distribution plzT(X 17| Z1.1) via Bayes recursion as follows.
Assume that we have calculated the posterior distribution up to time ¢ — 1. py ()~( 1:t]Z1;t) the

posterior distribution at time ¢ can be calculated using the Bayesian recursion

Foea1 (Xl Xi21) g0 (2] X0)

pl:t(Xlzt’ZLt) = P1:t-1 (Xl?t—l |Zl:t_1) p(Zt‘Zl;t_l)

starting with p1 (X1|Z1) = po(X1)g1(Z1|X1)/p(Z1) where p is the prior distribution of X.
Denote f1|0()~(1|)~(0) = po()~(1), the posterior distribution pl:T(Xl:T|Zl:T) can be written as

follows

- T Fiee1 (Xl Xem1) g (Ze| X
prr(Xvr|Zir) = e Jue-r(Xil Xi-1)ge(Z] t). (6.12)
p(leT>

The augmented multi-target transition density ft‘t,l()?t])?t_l) and the likelihood function
gt(Zt\)N(t) will be discussed next.

The multi-target transition density f;_q (X X;—1) has already been defined in (6.4). We are
now considering the augmented multi-target states which also include the target labels and hence
contains the information about the tracks. This simplifies the expression for the transition density.
Given X; and X; 1 (¢ > 1), and the multi-target transition density fy;—1 (X¢|X;—1) in (6.4), the
relationship between X;_1 and X; can be expressed as follows: At time ¢ the set of surviving
targets from the previous time step ¢ — 1 is denoted by W* = {& € X; : £(z) € L(X;_1)}.
then « in is the 1-1 mapping o* from W* C X, to X;_1 with the property o*(Z) = &' if
L(%) = L(F) for # € X;. X, — W* is the set of targets which are either born spontaneously or
spawned from a previous state 7' € X1 Intuitively, the augmented target state &' € X,_1 dies
if its label does not belong to the set of target labels at time ¢; or it survives and moves to the state
i € X, if # and #' have the same label. Furthermore, the target state T € X, is a new target if
its label does not belong to a set of target labels at time ¢ — 1. Thus for fy;_, ()N(t\f(t_l) the first
two sum in (6.4) reduces to a single term corresponding to W = W* and o« = o* and can

be written as follows
Fe—1(Xi|Xpq) =e ) T b(#|X) II (1 —ps, (&) x

FeX—W+ i/e)?t_lfa*(w*)

< II pst(a*(i))ﬁul(ila*(f))) (6.13)

zeWw*



6.2 Formulation of the MTT problem in an RFS framework 111

where b(Z|X,_1) = b(x(&)|X,_1) is the intensity of a new target & (spontaneous birth or spawn-
ing), ps, (#') = ps, (x(#')) is the surviving probability of 7 € X, 1 and pu(X;—1) = pus(Xs-1)
is the expected number of new targets. As in (6.4) the first term and the first product on the right
hand side of describes the presence of the new targets, the second product explains the dead
targets and the last product explains the surviving targets.

gt(Zy |)Z't), t > 1 is the likelihood that a set of measurements Z; will be collected given the set
of augmented target states X, at time ¢ which is independent of the target labels so gt(Zt|)?t) =
9+(Z4| X¢). For intuitive notation, we denote pp, (%) = pp, (x(Z)), §:(2|%) = g:(2|x(Z)). (6.8)
can therefore be written as

9(Z| X)) = Z e~ el H ki (2) %

WCZ; z€Z—W

> [T  @—pp. @) ] po.(al2))de(zla(z)) (6.14)

a€T(W,X,) #€ X, —a(W) zeW

where the second sumis [ (1—pp, (7)) if W = (. The posterior distribution given by (6.12))
has no closed-form expression so numerical methods such as MCMC must be used. However, dir-
ect application of MCMC to the above form of the posterior distribution is intractable when the set
of measurements and/or the number of target states at time ¢ is large because computation of the
likelihood function g;(Z| X;) in (6.12) which is given by (6.14) involves sum over all combina-
tions of elements of Z; and elements of Xt. To overcome this problem, at each time instance we
introduce an auxiliary variable which describes a possible relationship between target labels and
the measurements. The likelihood function given in can be rewritten as an alternative form

of the multi-target likelihood given in [101]]

9(Zi| X)) Ze_(’” A | e I[I  (Q-pn(@))x
VE j€9t(£()?t)) f’€§t29t(£(ff’)):0

I1 P, (2) 7 (20, (2 (2))|T) (6.15)

FEX1:0:(L(F))>0

where 6, is a mapping from £(X;) to {0,1,...,|Z|} with the following property: 6;(k) =
0: (k") > 0 implies k& = k' that is, no two targets share the same measurement at any time (as-
sumption [A.1]) and 6; = ( if X, = 0. 6, assigns the target labels to the measurement indices
if the targets are detected, and 6, assigns 0 if the measurement is not coming from a target. 6, in
(6.15) plays an auxiliary role for calculating the likelihood and therefore 6, is called an auxiliary
variable of X;. (6.13)) is the sum of all possible relations between collected measurements and
augmented single target states and each possibility is represented by a particular auxiliary variable

6;. The measurements z; € Z; on the right hand side of (6.15)) are arranged in an particular order
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so we denote Z; = 21|z,| = (21, -, 2|z,) and denote

o~ o~ kil z: y o\ -
w(Zi%0) = TT 28 T1 -pn@) I oo @aocels) 616
JiE0: ’ FeXy: FeXy:
9t(56(§)):0 9t(56(§))>0

where 'Z;Ez{; is the density of clutter, g(Z|X;,0;) in (6.16) is 1 if Z; = 0 (i.e. all targets are

undetected if X; #0)or[I.ez, é‘:t(j)) if X; = 0 (i.e. all measurements are clutter if Z; # (). Let

w(By) = e~ D) (1, 1) (el Zel} =iz (LX)

where w(6;) = e~ (Ke1) (Kt, 1>‘Zi| if Xt = (). Conditional on Xt and 0,, target-generated measure-
ments and clutter in Z; are known, then gt(Z!X’t, 0;) is the product of the density of clutter, the
densities of target-generated measurements and the probabilities of undetected target states. Then
(6.15)) can be rewritten as

gt(Zt‘Xt) = th(ZtPN(t,Qt)w(@t)- (6.17)
[

We extend 6; to an augmented auxiliary variable d; by adding the target label
0: (k) = (0:(k), k) (6.18)

where k € L£(X;) if 6; # 0 or () if §; = (). Hence (6.17) can be rewritten in terms of f; as follows

gt(Zt‘Xt) = th(zt’f(t,gt)w(gt)- (6.19)
6

The posterior distribution plzT(f(l;ﬂZl;T) in (6.12) can now be rewritten using (6.19) as
follows: Given i9(X1), at time ¢ = 1, denote f1|0()?1|)?0) = 1o(X1) and by (6.19) we have

m(%112) = >4, f1|0(X1|X0)91(Zl|X1,91)w(91)' 6.20)
p(Z1)

Denote 01.; = (01,...,0;) (t > 1). Assume that plzt_l(Xlzt_lllet_l) is calculated in term of

0141 and given by

o Tt Fii1 (Xl Xim1) 9i(Zi| X4, 0w (6)
p(Z1:-1) ’

p1:t—1()~(1:t—1!21:t—1) =
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then pi . ()? 1:t| Z1:¢) is recursively propagated as follows
> > I —I(Xt|Xt71>gt(Zt|thl)
pl:t(X1:t|let) - pl:t—l(Xlzt—1|Z1:t—1) et p(Zt|let—l)
Y0, TEZT fiim1 (Xl Xim1) g6 (Zi| X5, 05)w(65) y
P(Z1:4-1)
>4, ft|t71(Xt‘Xt—1)gt(Zt|Xta gt)w(gt)
p(Zt|Zl:t—1)
Y iz fiji1 (Xal Xiz1) gi(Zi| X5, 0;)w (65)
p(let) ‘
Denote w(fy.7) = Hle w(0;). Then plzT(X1;T|Z1;T) can be written as
> >0, HtT:1 ft|t—1()?t‘)?t—1)gt(2t’)?t7gt)w(gt)
prr(Xir|Zir) =
p(leT)
= (ﬁ w(@ )> iz fopm1 (Xel Xio1)9:(Ze] X3, 6r)
= t
él:T t=1 p(ZlT)
. Zéle w(gl:T) HtT:1 ft|t—1<Xt|Xt—l)gt(Zt|Xta gt) 6.21)
p(leT) .
Hereafter, we denote ZU = (Zl, e Zt) Bayes recursion also give us
> = 5 HT: I —1()~(t|)~(t71)gt(2t|)~(t, ét)
prr (K| Zrr, Byy) = = HE LT . (6.22)
p(Z1.7|01.7)
Then (6.21)) can be rewritten as
> Z~ . w(éltT)pliT()?liT‘ZliTv él:T)p(leT‘gl:T)
prr(Xur|Zur) = Z0 (6.23)

p(leT)

f,.1 is not random, but for the algorithmic development in the next section it is useful to treat ;.7

as random, and the probability of 1.7 can be defined as follows

gy = —wlir)
pl:T(alzT) - b w(9~1:T)‘
Then
) e o
z%p(ZLT‘QI:T) = p(@lzT\leT)p(leT)
or
yr| 7 Zy.7|01.7)w (B,
p(Or.r|Zv1) = p(Zyr|br:r)w(0rr)

p(leT) Zél:T w(élzT)
p(§1:T|leT) X w(glzT)p(leTWl:T)

(6.24)

(6.25)

(6.26)
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s0 (6.23) becomes

- - . 7. -
pl:T<X1:T|leT) = ZPl:T(X1:T|leT, elzT)p(elzT’ZI:T)pEZLT; Z w(elzT)
v p\Z1.T7 .
< Y prr(Xur| Zir, Orr)p(Orir| Z1r) (6.27)
él:T
X Zpl:T(XI:T7§1:T|Z1:T)- (628)
él:T
Hereafter, we denote Zp. as (z1:| Zils - 2L Zt|)' For notational simplicity Z, Z, X , O and

p()~(1;T|Zl;T) are used in place of Zi.p, Zi.7, X1.7, O1.7 and pl:T(Xl:T’ZI:T) respectively if
there is no ambiguity.

The variable @ is in essence a nuisance variable being marginalized out. Our aim is to sample
0, X from p(X .0 |Z ). The right hand side of (6.27)suggests that we can use MC methods as fol-
lows. For each MC iteration we first sample 6 conditional on Z and then we sample X conditional
on & and Z. This approach is called Marginal Metropolis-Hastings (MMH) sampling. The Particle
Marginal - Metropolis Hastings (PMMH) sampler [4] is an improvement of MMH by using SMC

approximation as a proposal distribution for the Metropolis-Hastings (MH) sampler.

6.3 PMMH Algorithm for RFS-based Multi-target Tracking

The method which combines MCMC method to sample @ from p(-| Z ) and SMC method to sample
X from p(X|Z,0) to get a sample (0, X) from p(X,0|Z) is called PMMH and was described in
Chapterm Using MCMC to sample directly from p(élz ) is difficult because the denominator
in (6.23) is extremely difficult to compute. However, the Metropolis-Hastings (MH) algorithm is
able to generate a sample without knowing this constant of proportionality. The MH algorithm
generates a MC by using a proposal distribution in which each new proposed sample only depends
on the current sample. The construction of the proposal distribution is described in detail with
illustrated figures in Subsection [6.3.2] In Subsection [6.3.3]the PMMH Algorithm for RFS based
Multi-target tracking is derived by combining the PMMH sampler described in[6.3.1] and the pro-
posal distribution described in Subsection[6.3.2]to generate samples from the posterior distribution
p(X,6|12).

6.3.1 PMMH Algorithm

The PMMH given in Chapter is partly reproduced for convenience. An augmented multi-
target state X and ordered multi-target measurement Z are used in place of X and Z respectively.
Given # and Z, the SMC algorithm propagates the particle {)Z'{ﬁt} and updates the weights
{Wl}forn=1,...,Nandt =1,...,T as follows:
At time ¢ = 1: Importance sampling (IS) is used to approximate p()~(1|21, 51) by using an
importance density ¢(X1|Z1,6,) as follows: N particles { X'} are sampled from ¢(X1|Z1,0;)
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and assigned importance weight {TW]*} which represents the discrepancy between the two densit-
ies. Then a resampling step is used to sample /V times from the IS approximation ﬁ(X 1 |Zl, 51)
of p(X1|Z1,01). The N particles {X n }n 1 which are obtained from the resampling step are
approximately distributed according to p(X 1 ]Z 1 61)

Attime ¢t = 2,...,T": The posterior distribution
P(X1a|Z1t, 1) o p(Xuie—1|Z1a—1, Ore—1) f(Xe| Xim1) (22 X, B1), (6.29)
suggests that the samples at the previous time ¢ — 1 which approximate the posterior distribution
p()?lzt—1|21:t—1a 9~1:t—1)
can be used at time step ¢ by extending each of these particles through the IS distribution
Q()N(t\zt, thly at)

to produce samples approximately distributed according to p(f(l;t_l |let_1, 01.01 )q(Xt |Xt_1 ,01)
where q()?t\z, X, 1, ét) is an IS distribution for f()?t]f(t_l)gt(z\f(t, 0;). The pseudocode for
the SMC algorithm is given in Algorithm [11|below. W, = (W}},..., W}¥) is the array of nor-
malized importance weights at time ¢ and defines a probability distribution on {1, ..., N} denoted

by F(-|Wy).

Algorithm 11 : SMC Algorithm
Input: Given Z 0, DSis PDys Kt the birth intensity 7, fort = 1,. T and sample number N.
Output: X1 ', W, and wi(X7,) forn =1,..., N such that Y-, W2§(X7. — Xy.7) approx-
imate p(X|0, 2)
Attime ¢t = 1:

- sample X T~ q(-|21, 01) (resampling step). Then compute

- AL XM)g(Z,| X7, 6
wy (X1) = p(XT, Z1/01) _ po(XT)g(Z1| XY, 01) (6.30)
q(X7(Z1,01) q(XT[Z1,01)

and normalize W = w1 (X7)/ SN _ wi (X)),
Att=2,...,T:
- sample A? | ~ F(-|W;_1) (resampling step), then X" ~ ¢(- |Xt tl‘ . Zy,0;) and set X7, =
(X ﬁ?ji, X™). Then compute

(X?t’zl'tyélzt)
~ A" ~
(Xu L Zia|0ia—)a(XPIX, T, 24, 6y)
FXX] tfl) (Z:|0r, X7)

= (6.31)
(Xt |Xt 1 ’Ztagt)

wt(qu:t)

and normalize W}* = wt()?ﬁt)/ 2%21 wt(fqﬂt)
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In Algorithm @, forn =1,..., N the variable A ; is the index of the "parent’ at time ¢ — 1
of particle X7}, for ¢ = 2,...,T. The variables B?T is introduced as the ancestral lineage of
the particle X I such that B}, = n and B} = A, PR fort = T — 1,...,1. Therefore, particle
Xr, = (X2 XY forn=1,...,N.

The SMC algorithm provides us an approximation of the posterior distribution p()? |Z,0) as
follows (recall that Xn=X 1)

%z

N
Z 5(X —X™)

where §(-) is the dirac delta function. In addition, the estimate of the marginal likelihood p(Z|6)
is

ﬁ(2t|21:t71a gl:t)

=

p(Z)0) =

t=1

where p(Z1]Zo,01) = p(Z110;) and

S 55 7 1 &
P(Z| Z1:4-1,014) = N S wi(X7)
n=1
is an estimate at time ¢ of
2(Zi| Z1:4-1,01) = /wt(xlzt)Q(XﬂZtathlaét)p()’zl:tfllzl:tflvgl:tfl)djzlzt- (6.32)
([6-32)) can be explained as follows
p(2t|21:t—17§1:t) = /p(Zt‘let—Lgl:t,Xlst)p(Xlzt‘let—l,él:t)d)zlst
= /p(Zt\Xt,ét)p(Xt|Xt—1)p()~(1:t—1\21:15—1,51:1:—1)01)?1:75
= /wt()zl:t)Q(Xt!Zt,)?t—l,gt)p(f(l:t—l\zu—b51:t—1)d)~(1:t (by (6.31)).

As )qu:t ~ C]<Xt|2t,)?t71, ét>p<)~(1:t71|21:t71a 91:1&71), then

N
P(Zi| Z14-1,01t) = NZ (XT)

n=1

When 6§ is unknown, estimating both X and the unknown # from the posterior distribution
(0, X |Z ) is required. The MH algorithm is employed with a proposal distribution of the follow-

ing form

q(X*,0%1X,0,2) = q(0*|0, Z)p(X*|Z, 6%). (6.33)
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This leads to an MMH algorithm with acceptance rate

(6.34)

By using p(X|Z,d) and p(Z|f) in place of p(X|Z,6) and p(Z|d) respectively in the MMH
update on the right hand side of (6.34), the PMMH sampler is given in Algorithm [12] for | =
1,....L.

Algorithm 12 : PMMH Algorithm
Input: Given Z , PS;» PD;, Kt, the birth intensity v, fort = 1,...,7 and sample number L.
Output: Sx (1), S4(1), and () forl = 1,..., L.
Atiteration [ = 1
- Set § arbitrarily. Denote S;(1) = 0, then
- run an SMC algorithm targeting p(-|Z, @), sample X ~ p(-|Z,0) and calculate p(Z|d).
Assign Sy (1) = X and v¢(1) = p(Z|A).
Atiteration [ > 1
- Propose 0% ~ q(-|S;(1 — 1), Z),
- run an SMC algorithm targeting p(-| Z, §*), sample X* ~ p(-|Z, 6*) and calculate p(Z|6*).
- calculate an acceptance rate

- if a > u, set Sx(I) = X*, v9(l) = p(Z|0*) and Sy(I) = §*. Otherwise Sx(I) =
Sx(1—1),8(1) = S5(1 —1), v6(1) =ve(l — 1) where u ~ Unif[0,1].

In order to apply the PMMH, we need to construct the proposal distribution q(-|0, Z ) in (6:34)
which is discussed in the next Subsection.

6.3.2 Design and Construction of Proposal Distribution

suggests us to sample # from the conditional probability distribution p(-|Z). Here each
sample 1.7 from p('|Zl;T) is a sequence of auxiliary variables associated with a track hypothesis.
Let © be the collection of all sequences of auxiliary variables § where each sequence correspond to
a track hypothesis. Then a sample from the distribution p(:| Z ) is an element of . Since sampling
from this distribution is difficult because the denominator in (6.23) is extremely difficult to com-
pute, an alternative is to use the Metropolis Hastings algorithm with the proposal distribution of
the form in (6.33) to generate an MC with p(0 |Z ) as its stationary distribution. Constructing the
proposal distribution which makes the MC converges quickly to its stationary distribution p(f |Z )
is the main goal of this subsection. Instead of constructing the MC on the space ®, we construct

it on an equivalent space.
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6.3.2.1 Track Hypothesis Auxiliary Variable

The space containing the track information can be constructed as follows. For a given § € ©, a

track auxiliary variable 0 is defined as follows
é’r = (k7t7j07"'7jm) (635)

where k = L(7),t = To(7) and 0;,;(k) = (js, k) fori = 0,..., m. Hence, the track auxiliary
variable f, contains information about the measurements associated with a track 7. , inherits
the following properties from track 7: 1) label i.e. £(0,) = L£(7), 2) the instances of the track
existence i.e. T(0,) = T(7), 3) the initial time of appearance To(f,) = To(7) and 4) the last
time of existence T¢(f;) = T;(7). We denote the measurement index of 0, at time t' € T(f,)
by

Ty (gfr) = Ji—t-

Hence the target (labeled) £(7) is undetected at time ¢’ if J,-(f,) = 0 or it generates the measure-

ment zy (5. if Jp (éT) > (. We also define the track hypothesis auxiliary variable
g, = {9} = w} . (6.36)

0., and 0 are equivalent representations of the association between tracks and measurements. Given
O, fort =1,...,T,0; is defined by () if ¢ ¢ Us, ca., %(0,) otherwise

0,(L£(0;)) = (3:(0,), £(0,)), 0, €0, (6.37)

Thus constructing an MC on the space of f is equivalent to constructing an MC on the space of
0., denoted by ®,,. Denote the probability going from 8, to ., given Z by q(f..- \Z ,0.,), then
q<5*|Z, g) = q(gw* ’Z7 gw)

6.3.2.2 Proposal Distribution Construction

First we make the following assumptions which are reasonable for MTT.

(A.2) The maximum speed of any target is 9.

(A.3) The maximum number of consecutive missed detection for any track is d, (d > 1).

d in Assumption (A.3) can e.g. be chosen such that the probability of d consecutive missed
detections is below an acceptable threshold.

Given a track hypothesis w, at time ¢ we denote the clutter associated with track hypothesis w
by

Ai(w) = {zj €Zi:jé¢ | {jt(éT)}}. (6.38)

TEW
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The proposal distribution ¢(6,+ |Z ,0.,) is constructed using fourteen moves called move m, m =
1,...,14 (see Figure[6.2) which are classified into eleven groups

List of Proposal Moves
Group | Type m
I Birth (B) 1
Death (D) 12
" Split (S) 7
Merge 5
- Extension (E) 2
Reduction (R) 8
v Extension Merge (EM) | 4
Birth Merge (BM) 14
A" Switch (Sw) 6
VI Extension Merge (EM)
Delete Split (DS) 13
VII Extension Merge (EM)
Delete Split (DS) 13
VIII Extension Merge (EM) | 4
X Birth Merge (BM) 14
X Update (Up) 10
XI Point Update (PUp) 11

The moves in groups I, II, III, V, and X are from [127]] while the moves of the remaining
groups are derived to speed up the convergence of the MC on the space of d,,. If a group consists
of two moves, then one move is the reverse move of the other. If a group includes only one
move, the move and its reverse move are the same. Now we will build the proposal distribution
a(0-12,8,). Let P(Z,0,,, m) be the set of all possible new track hypothesis auxiliary variables
which are constructed from move m, m = 1,..., 14. Specifically,

e If f,, = 0, only a Birth move is proposed i.e. P(Z, 8, m) = 0 form # 1.

e If |0,| = 1, neither Merge, Extension Merge nor Switch move occurs i.e. P(Z Op,m) =0
form = 4,5, 6.

Based on this construction 8,,« is chosen uniformly at random (u.a.r) from U}qf:l P(Z, gw, m).
Let Np be the number of new possible track hypothesis auxiliary variables in U}?f:l P (Z ,0,,m).

Then the proposal distribution is

if éw* S ,173:1 P(Z,éw, m);

) (6.39)
otherwise.

1
q(éw*|Z,9~w) el { (])Vp’

One @,,- is chosen w.a.r from |JX*_, P(Z, 8, m), 0% is found by (6.37).
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0, = (k1,t1,8,1,2,3,8,9,3)
0,0 = (ka,t2,9,4,5)

07" = (k37t37 17 77 6)

~ ()
GT = (kl7t17 87 1) 2)

\ gT/ = (k27t2797172)
l é e = (k37t37172)4)5)

0r = (k1,11,8,1,2,3,9,1,2)
Ore = (ks t3,1,2,4,5)

éT = (khtlagv 1’2,3>
éT’ — (k27tl276797 172) /
57" = (k37t37 172)4)5) (

INH

0~T - (k17t17871)2)3)
gT/ = (k27t27974)5)

éT = (klatl,g’ 17274)
@‘ 0. = (ko,t2,9,1,2) e = (k3,t3,1,7,6,3) ~
4
|

(

9~T = (k17t1787]-3273)
gﬂ'l = (k27t2797172)
e = (3, t3,1,2,4,5)

a

D

-~

gT == (k17t178717274) 0~7’ = (k17t17871’2’3)
< 0 = (k2,t2,9,1,2) 0. = (ko,t2,9,4,5)  »
i,

0 = (k37t371727475) 07" = (k37t371727172)

Figure 6.2: Fourteen moves of the MC on the space of §,, with track gate m* = 3 and d = 2 where
ts = t1 + 3, to = ts + 1 and th, = to — 1. Each move proposes a new track hypothesis auxiliary
variable f,,- that modifies the current track hypothesis auxiliary variable ,,. The Birth (B) move
(i — h) adds 0.« which is constructed from the set of clutter Ute At(w) to node (i) while the
Death (D) move (h — i) removes f,« at node (h) where A;(w) is given in (6.38). The Split (S)
move (¢ — a) splits 0. at node (c) while the Merge (M) move (a — c¢) combines 0. and A, at node
(a). The Extension (E) move (d — a) adds measurement index 3 after the last measurement index
of §, at node (d) while the Reduction (R) move (@ — d) removes the last measurement index 3
from 6 at node (a). Similarly, the Backward Extension (BE) move (¢ — b) adds measurement
index 6 before the first measurement index of 0~T/ at node (a) while the Backward Reduction (BR)
move (b — a) removes the first measurement index 6 from 6,/ at node (b). The Switch (Sw)
move (a <> e) exchanges measurement indices between 9~T/ and 0... The Extension Merge (EM)
move (b — ¢) merges 6. and 0, at node (b) but removes the first measurement index at 8, while
the Birth Merge (BM) move (¢ — b) adds 6., at node (b) starting at measurement index 6 then
merging to . at node (c) starting from measurement index 9. The Extension Merge (EM) move
(d — c) applies to 0, and 0./ at node (d) while Delete Split (DS) move (¢ — d) applies to 0, at
node (c). The Extension Merge (EM) move (f <> g) applies to 0, and 0. The Update (Up) move
(e < f) applies A+ while the Point Update (PUp) move (a <> h) applies to ;.
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By the construction of this proposal distribution, 6, specifies some track hypothesis w* and
hence 6* is the sequence of augmented auxiliary variables of X (w*). Hence whenever X ~
q(+|Z,0%), there exists a track hypothesis w* such that X = X1.p(w*).

In order to sample from the proposal distribution q(,+ Z ,0.,), knowing that a measurement

is clutter or potentially target-generated measurement will reduce the computation. The next sub-

section will explain this idea in more detail.

6.3.2.3 Neighborhoods of measurements

In multi-target tracking, the association between the states at scans are of importance to determine
the trajectories of targets. However, the states are hidden Markov and are only observed indirectly
through the noisy measurements. This association can be transformed equally into the association
of measurements at different time scans which can be found in neighborhoods of measurements.
This subsection will introduce a set which contains all measurements potentially generated from
the same target. Note that the introduction of this set will reduce number of possible track auxiliary
variable associated with one of the fourteen proposal moves but it does not affect the estimate of

target number as well as the RFS concept.

From now on, time scan or time index are used interchangeably. Given a measurement z

at time ¢, a measurement 2’ at time ¢t + d, d € d where d = {1,2,...,d+ 1}. 2’ is called a

d—neighbor of z (neighbor at time scan ¢ + d of z) if |2/ — z| < do. A set of these elements is

called d—neighborhood of z (or neighborhood at time scan t + d of z ) and is denoted by Ly(z, ).
1.e.

Li(z,t) = {2 € Zypq: ||/ — 2| <dv}, ded (6.40)

where || - || is the Euclidean norm on R"=. This explains the idea that if a measurement z is
generated from a target labeled 7 at time ¢ then 2’ € Ly(2,t) is a possible measurement generated
by target ¢ at time time ¢ + d.

The introduction of L4(z,t) reduces the computation of the proposal distribution by choosing
only neighbors of z as the potential target-generated measurements from the same target which
generates the measurement z. Consider a z € Z; if Ly(z,t) = () for all d € d then z may be the
last measurement generated from a target if z is a d’—neighbor of any measurement 2’ € Z;_y
where d’ € d,t —d > 0 (i.e. z € Ly(2',t — d') otherwise z is a clutter. If there exist d € d such
that Ly(z,t) # (), the target which generated measurement z potentially survives at time ¢ + d.

The union of all Ly(z,t), d € d is called neighborhood of z and denoted by L(z,t). Math-

ematically

L(z,t) = | La(z,1).

ded

An element of L(z,t) is called a neighbor of z. If L(z,t) = (), z may be the last measurement

generated from a target if 2 is a neighbor of any measurement in the previous d time scan otherwise
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zis aclutter. If L(z,t) # (), the target which generated measurement z potentially survives in the

next time scan.
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Figure 6.3: Given z € Zy,the neighborhood of z at the next consecutive time scan is L (z,2) and
Neighborhood of z at the second consecutive time scan is Lo (z,2) where d = 1.

Similarly, denote by L7 (¢) the set of measurements at time ¢ which neighborhood at time
t + d is not empty i.e.
LE(t) ={z € Zy : Lq(z,t) # 0} ; (6.41)

LB(t) is the set of all possible target-generated measurement at time ¢ which survives in the future
ie.
LP(t)={ze Lf):ded}; (6.42)

At time t if LB (t) = (), all measurements are clutter or the last measurement of a track, otherwise
any element of L (t) is a potential target-generated measurement. In particular, any measurement
of a non-empty Lf (t) and a neighbor at time scan ¢ + d may be generated from a target. For
example, in Figure 26 at time ¢ = 2 and any element of L(zg,2) = L1(26,2) U La(z6,2)
may be generated from a target where d = 2.

The next Subsection will detail how proposal distribution associated with the fourteen proposal

moves is constructed using the neighborhoods.

6.3.2.4 Proposal Moves

In this Subsection, we will discuss the construction of the moves (in groups) with illustrated fig-
ures.

The following notations will be used throughout.
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Denote by gj(Z), t € T the projection mapping that takes an element Z, = (z1,..., 2,) to
the value 0;(Z;) = z;.

The measurement of a target is denoted by either the symbol @ if the target is not detected
by a sensor or by z if the target generate measurement z. The first is called empty measurement
and the latter is called target-generated measurement. Furthermore, given 0, 7, is the sequence
of measurements (empty measurement or target-generated measurement) of target £(f,) and is
called the track measurement of target £(f,). For example given 8, = (k,t,jo...,jm), then

Tz = (yﬂv s 7ym) where

PN 2 € Zovss iG>0

fori =0,...,m.

As discussed in Subsection the properties (label, initial time, the last time and the dura-
tion of existence) of §, and 7 are the same apart from the properties of the track states in 7. Thus,
the track and the track auxiliary variable are used interchangeably for the properties other than the
states of the track. In order to construct the fourteen moves in detail, we first explain the purpose
of proposing these fourteen moves for solving the problem and describe briefly the characteristic

of these fourteen moves with illustrated figures.
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Sketch of Proposal moves

1.

Birth and death moves:

The purpose of the Birth move and the Death move is to deal with unknown number of
targets [127]]. These moves are illustrated in Figure The track hypothesis w reduces
the number of tracks by one for the Death move and increases the number of tracks by one

for the Birth move.

Yo
Birth 3K
\sk
~—_ I ¥, @ Y3I
Death 3’1\%# K

Figure 6.4: A Birth move is proposed from @, to - by adding a track auxiliary variable 4, - with

its track measurement 7} =

(Y5, - - -

,y4) to B, and its reverse move, a Death move is proposed

from ,,+ to §,, by removing the track auxiliary variable

2. Split and Merge moves:

When @, # 0, Split and Merge moves [127]] are a reversible pair of moves. This pair
of moves also change the number of tracks.
0.« with |‘I(5T*) * is split into two track auxiliary variables 6, and ng where
To(0) = T4(0;) + 1. If To(0) > T4(h;) + 1 this move become the Delete Split

move which is discussed later in point [5] of this subsection. The reverse, a Merge move is

In a split move a track auxiliary variable

applied to any two track auxiliary variables ., 0, € f,, in which the first target-generated
measurement of the target £(#,/) is in the d—neighborhood (d = 1) of the last target-
generated measurement of the target £(0,). If d > 1 the move is called an Extension
Merge move discussed later in point [5] of this section. The Split and Merge moves are
sketched in Figure [6.5]

¥ —)f;\
. Y4:f*

Merge
P N

N T

)

g i

Figure 6.5: The Split move divides track auxiliary variable 0« € w with 7% = (yg, 9%, . ..

split

,Y3)

into two new track auxiliary variables #, and 0, with 7, = (y&,y%,y3) and 77 = (¥, ¥, yi)
respectively. Its reverse move, the Merge move, is applied to the track auxiliary variables 6,/

and 0 to form a proposed track auxiliary variable 0,

vi € Lu(ys, T (07)).

. For the merge move it is required that
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3. Extension and Reduction move:

The objective of the Extension move [127]] is to extend the duration of a track by one or

more time scans. The Reduction move [127]] reduces the duration with one or more time

scans but not below m*. These moves are sketched in Figure

\\‘\J}-D b N Yo
—= - —= -
"\ % Reduction "\ b%
A k/_\ P
i\?{}/ N pLd a f
- Extension 2+ NG A
\\ \ \ ¢/ % a e N %
r\ & _—';"":\——-"“r/ !
(a)a € Ll(yg,‘ff(gfr)) ﬂAgf(57)+1(w) and b € Ly (a, ‘If(GT) +1) ﬁAzH& )+ o(w)
), !f;yu b :\‘\ - Yo b
"\ % Reduction ’\ %
P [_\ P
\\ // \\ /}1 a /
Extension
SZN A G
---\

()b € La(y2, T¢(07)) N Agy(g,)+2(@)

Figure 6.6: The Extension move extends the track auxiliary variable @, with 7, = (Yo, 91, Y2)
by adding a, b to T, where a, b are shown in Figure and Figure to form a track auxiliary
variable 0~ with 75 = (Yo, Y1, Y2, a,b). Inreverse, the reduction move is applied to track auxiliary
variable A+ by removing a and b from @« to form a track auxiliary variable ..

4. Switch move:

This move [[127]] considers the possibility that the measurements from two targets moving
close to each other may be switched. This move is self-reversible. The switch move
is to exchange some measurements between targets £(,) and £(f,) while keeping the
measurements from all other targets as before (see Figure[6.7).

. Extension Merge move/Birth Merge move and Extension Merge move/Delete Split
move:

The purpose of the Extension Merge move is to allow the track measurement of a current
target to be extended before merging it with other track. The Extension Merge move is
a combination of the Extension move and the Merge move. This move is proposed to
increase the probability of proposing the Extension move and then the merge move. It
may be self-reversible (see Figure[6.8)). In the reverse of the Extension Merge move there
is a possibility that a track measurement from a new born target may merge with track
measurement from the current targets. This possibility is called a Birth Merge move and
is a combination of a Birth move and a Merge move (see Figure [6.9). The Birth Merge

move may not change the number of tracks and it may be self-reversible (see Figure[6.10)).
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@ys € L1(y},To(0r) + 1) and y5 € L1 (y2, To(0r) +2)

wa yD ' /. Y '
3 v oW < oY
\ ’ Ys S \ ! ¥s ==
e - z £ | switch N > N\
\\ yg - 3 y:l Y y 1 ——y y
YU @ y' \y &/ S— T D 4“
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3K \A%:», - s Switch _*/7 y ,é
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(b) y3 € L1(y1,T0(07+) + 1) and yj € L (y2,To(0) +2)

Figure 6.7: Given 0, with track measurement 7, = (Y0, -..,y4) and 0. with track measurement
= (yb,...,ys) where To(0,/) = To(h;) + 1. A Switch move exchanges the measurements
(yg, ya) from the target £(7) with the measurement (ys, ... ,y5) from the target £(7'). Thus
0+ and §_» are formed with the sequences of measurements 77 = (Yo, y1,y2, Y5, - - -, y5) and
/%

T, = (yo,yl,yg,y4) respectively.

Another reverse of the Extension Merge move is the Delete Split move (see point 2] above)
in which a track measurement from a current target is split into two track measurement
after deleting some measurements (see Figure [6.11).

6. Backward Extension move and Backward Reduction move:
Backward Extension move and Backward Reduction move are proposed by first applying
the Death move, and then the Birth move. Thus Backward Extension move and Backward
Reduction move are derived in this thesis to increase the probability of proposing the com-
bination of Birth move and Death move. A Backward Extension considers the possibility
that the target £(f,) may appear earlier by adding new measurements to the beginning of
the track measurement of &, when the target £(0,) does not appear at the first time scans
of the sensor. Its reverse is a Backward Reduction move. This move considers that the
target may appear later. Equivalently, this move considers the first few measurements in a
track as false alarms which are deleted to form a new track auxiliary variable (see Figure
[6.12).

7. Update move and Point Update move:
The Update move and the Point Update move are proposed to deal with dense targets
and dense measurements by considering different possibilities for a target £(f,) whose
target-generated measurements have many neighbors. Particularly, the Update move [127]]

modifies the measurements since time tg of the track auxiliary variable 8, € f,, where ¢ is
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Yo Yo
Extension
/ Merge J ' o yii
\‘_fYE ) ’% bl AR A _,*
‘—}K Extension E‘%E @

NGV ; Merge ’ ;
Z \_‘)—% @ Y; -g%

Figure 6.8: Given §, with 7, = (yo,y1,v2) and 0 with 7. = (v}, ...,y}) where To(0,) =
To(A,/). The Extension Merge move is proposed by merging yo to y4 of the track measure-
ment from target £(7') where y4 € L1(y2,T(0;)). Thus track auxiliary variable f,« with
75 = (Yo, Y1, Y2, Y5, v4) and O~ with 77 = (v}, y},v5) are formed. Its reverse move, an Ex-
tension Merge move, is applied to the track auxiliary variables 57,* and 0+ to form track auxiliary
variables 0 and 0,

PR vl

20 ¥i- Birth
\ M /C@ /_k Merge

B _ ~7
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" Yy Birth
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Figure 6.9: An Extension Merge move is proposed for track auxiliary variables 8, and 8,/ with
Tp(0;) = To(,/) + 1 and vh € L1(y2,T4(0;)) to form track auxiliary variables 0+. Its reverse
move, a Birth Merge move starts at time o (-« ) + 1 with the measurement /) € Azy6.y41(W7),
add the next measurement v € Li(yh, To(0,+) + 1) and then merges to (vh,y3) where y €
L1(yy,%o(A+) + 2) to form two track auxiliary variables , and 0,/ with 7, = (yo,y1,y2) and
7. = (yp, - - -, yh) respectively where m* = 3. Note that w* is a track hypothesis of ..
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Figure 6.10: A Birth Merge move is proposed for track auxiliary variable #, with 7, =

(40, . --,y3) to form a track auxiliary variable §,« with 0.« = (a,b,y1,..

.,y3) where a €

Az 5.)-1(w) b€ Ly (a,%o(0;) —1)N Az, 5. (w) and y1 € Ly (b, To(0;)). Its reverse move is

also a Birth Merge move.

3y,
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L N 4 ‘ A
Delete % RURL

@ a € Li(y2,T4(0-)) N Ag ()41 (w) and yg € L1(a,Ty(0r) +1)
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Y, - Y,
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@ = \*-) yE .

®) yy € La(y2,T¢(0r))

Figure 6.11: An Extension Merge move is proposed for track auxiliary variables §, with 7, =
(v0,y1,y2) and O,/ with 77 = (v, ..., y4) where To(0,+) = T¢(f.) + 2 to form a track auxiliary
variable 0, with 7 = (yo, y1,%2, @, Yh, - - -, 43 ). Its reverse move, a Split Delete move, is applied
to the track auxiliary variable 0.+ to form the track auxiliary variables 0. and 0.
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Y / yn Backward ‘n.;. ‘yn

\ Reduction 5.
% Mg b K’-—-\\ \.\_/
R
@)ﬁx‘,}ﬁ Backward \~
f Extension

Figure 6.12: The Extension Backward move is applied to the track auxiliary variable , with 7, =
(40, ¥1,2) by adding two more measurement a; € Ag (5 )_o(w), a2 € Li(a1,%0(0;) —2) N
Az 5.)-1(w), 90 € Li(az, To(0,) — 1) (in this example T () > 2) to form the track auxiliary
variable @,+ with 77 = (a1, a2, yo,y1,%2). Its reverse move, the Backward Reduction move, is
applied to the track auxiliary variable #,+ to form a track auxiliary variable f, by removing the
measurements a; € 77,1 =1, 2.

not the first existing time of the target £(0,.) (see Figure|6.13]) while a Point Update move
modifies a single measurement of a track measurement (see Figures [6.14] [6.15] [6.16] and
[6.17). This Point Update move is derived in this thesis to deal with problems where targets
move close and/or cross each other.

N Y\ Ys\ g
__:{_m)’n g AR e

®) a1 € L1(y1,%o(6-) +1)N To(0.)+ o(w),a; € L1 (ai—1,%To(07) +1) QA%((;THHl(w) wherei = 2,3

Figure 6.13: The Update move is proposed for track auxiliary variables 0, with 7, = (yo, ..., ys)
from time T (9;) + 2 by deleting measurement y;, | = 2, ..., 5 and adding the new measurements
ar,v = 1,...,3 where a, shown in Figure [6.13a and [6.13b|to the track measurement 7, to form
the track auxiliary variable 0, with 75 = (yo,y1,a1,a2,as). Its reverse, the Update move is
applied to the track auxiliary variable 0.

After having introduced the purpose of these fourteen moves, the next subsection will describe the

construction of these fourteen moves.
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Figure 6.14: A Point Update move is proposed for track auxiliary variables #, with T,
(40, .--,va) at time To(f,) + 2 by exchanging the measurement yo by the measurement a;
given in Figure or Figure to form the track auxiliary variable 0, with 7% =
(Y0, y1,0a1,Y3,y4). Its reverse the Point Update move is applied to the track auxiliary variable

0.
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—::??\YD 7%: % Point Update ‘::?-"\yn "_*l
—— /

y]. .-rr_"" y3 "-._______..--'? y'_:,q'"-‘\

¥;
¥ W Point Update ; ¥ S
g e Cl e

(b)a € ATo(éf)—l(w) and y1 € Ll(al,‘zo(é-r)

Figure 6.15: A Point Update move is proposed for track auxiliary variables . with 7, =

(o, - . ., y3) at the first existing time scan T (0, ) by replacing yo by a; shown in Figure or
6.15b{to form the track auxiliary variable 0.« with 75 = (a1, y1,Y2,y3). Its reverse Point Update
move is applied to the track auxiliary variable 0.
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¥, E{l Point Update 'xf/,'.
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bl V2 _'2.\&,,;- Point Update 3/\ 2
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(b) a1 € L1(y2,%0 (éq—) +2)N Agf(gT)(w)

Figure 6.16: A Point Update move is proposed for track auxiliary variable §, with 7, =

(Yo, - --,ys3) at the last existence time scan T;(f;) of track T by replacing y3 by a; shown in
Figure or [6.16b| to form the track auxiliary variable &« with 7% = (yo,y1,y2,a1). Its
reverse Point update move is applied to the track auxiliary variable 0.

y" . / " , ' LI /.
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’ 7% _ \Va 2
P e Point Update > —-_-_-"-e___\_ ¥
y; Yn;)é Ty
21 :

@ y2 € L1(y],To(0-) + 1), y5 € L1(y2,To(0r) +2), y5 € L1(y1,T0(f7) + 1) and y3 € L1(y5, To(f,/) +2)

Yy, v Yo M)
a = et @ 5 20
' Y3/ oA Point Update , A
—_— ,
w.. o Y g — A
_ ¥ * { v * ; Point Update

(b) y3 € La(y1,%o(0r) + 1), y2 € L1(y},T0(0,/) + 1) and y5 € L1 (y2, To(f7/) +2)

Figure 6.17: A Point Update move is proposed for track auxiliary variables 6, with 7, =
(o, ---,y3) and 8 with 7 = (yh,...,v}) at the time scan T((f,) + 2 to form the track auxili-

ary variables 0.+ and §_»~ with 7% = (yo, y1, ¥, y3) and 7. = (v}, v}, y2, ¥4, ¥} ) respectively. Its
reverse the Point update move is applied to the track auxiliary variables &, and 97'* .
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(b) y1 € L1(yp, To(f7)) and y5 € La(yo, To(-))

Figure 6.18: A Point Update move is proposed for track auxiliary variables 6, with 7, =
(yo,---,y3) and . with 7/ = (y(’), ...,y}) at the time scan To(0, ) to form the track auxili-

ary variables 0.« and 0_~ with 7 = (v}, y1,%2,v3) and 7. = (0,9}, ---,¥}) respectively. Its
reverse, the Point update move is applied to the track auxiliary variables #, and 0

Point Update
e
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Y, e ¥o

(b) y3 € La(y5, Ty(0r) —2) and ) € Ly (y2,T5(0-) — 1)

Figure 6.19: A Point Update move is proposed for track auxiliary variables 6, with 7, =
(Yo,---,y3) and O with 7, = (y{,...,y}) at the time scan T;(0;) = T;(0,/) to form the
track auxiliary variables 0.« and 8_~ with 77 = (yo,v1,y2,v}) and 70 = (v, ..., y5,y3) re-
spectively. Its reverse, the Point update move is applied to the track auxiliary variables §,- and
0_r.
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Construction of Proposal moves: Let K~ = max ¢, £(7) + 1 be the target label of the

new target for the moves which increase the number of tracks in the track hypothesis w.

1.

Birth and death moves:

Birth move:

A Birth move adds a new track auxiliary variable @, such that |T(f,«)| > m* to the
track hypothesis auxiliary variable 6,, while keeping all other track auxiliary variables as
before, forming a proposed track hypothesis auxiliary variable 0« = ., U {#,+}. The
track auxiliary variable - is constructed as follows

Before constructing the Birth move, we introduce the following notations.

At time ¢ and for any 2’ € LZ(t) N A¢(w) (i.e. the measurement 2’ has not been assigned

to any existing tracks), we denote by
Ly(2,t) ={(2,d) € (£,d) : 2 € Ly(Z',t) N Apq(w)} (6.43)

the set of (z,d), z is d—neighbors of 2/, d € d. If L,,(z’,t) # 0, then there exist at least a
measurement z € Z;, 4 which is d—neighbor of an element z’. We also denote by

Zi(w)={zc LP(t)nAs(w) : (¢, d) € Ly(z,1),
Ld(Z/, t+ d/) N At+d+d’ (w) 7’5 @, de d} (6.44)

the set of elements at time ¢ for which the element z and two other measurements 2’ €
Ly(z,t), 2* € Ly (2, t +d+ d’) are not assigned to any existing tracks at time ¢, ¢t + d
and t + d + d’ respectively where d,d’ € d. We choose at least three consecutive target-
generated measurements because any measurement and its d—neigbor are always possibly
generated from the same target. By this notation, any element in this set can potentially
be the initial target-generated measurement of a new target. Then we denote by Tz (w)
the set of the time scans at which a new target may appear conditional on the current track

hypothesis w as follows
Tp(w) ={te{l,....T—m"+1} : Zy(w) # 0} (6.45)

A possible new target K~ may enter at any time scan ty € T (w). Next we will describe

how to construct

Pto(27 gw) :{(Kw*7t07j07 .. 7.7771) :j07jm > Oa]l =0or Zji S Zt0+i ﬂAt0+i(w)7

fori =1,...,m;m>m"—1}

which is a set of new track auxiliary variables starting at time index #g as follows

e Initiation: Denote Py,(Z,0,,,1) = 0 as a set of new track hypothesis auxiliary vari-
ables starting at time index t( An initial time of a new target ¢ is chosen from Tz (w)
given in (6.43). At initial time to, track auxiliary variables is assigned to a measure-

ment index j§ > 0, forn = 1,...,|Z (w)|. Then denote the set of the new track
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auxiliary variables at time {g by
Sto = {(Kw*,to,jg) P zin € Zo(w),n =1,..., ]Zo(w)|}.

We must extend each element of S;, with more measurement indices.
Existence:
(E.1) Attime ¢ = ¢y + 1: For each (K, to,j{) € Sty» n = 1,...]Ss,|. We extend

this track auxiliary variable as follows.

The neighborhood at time ¢ of z;j» which is not assigned to any existing tracks is
NLf(ng,to) = Ld(zj‘g, to) N At(w). Assign

g):to-i-l :{(Kw*7t07jg7jfn) tsn=0,..., ‘Ntf(zj(??to)’v
J? =0, Zji < N(i)(zjgvtO)vi # O} (6.46)

(E.2) Attime ¢ > to + 1: Denote Syy.4—1 = ULS;%%Q‘ Sit.4—1 as the set of the new

track auxiliary variables up to time ¢ — 1. If Sy +—1 # 0, we consider three steps as

follows

Step 1: For each 07 = (Ku»,to,j, ..., jF) € Si—1,n = 1,...,[Sppi—1]. We
want to extend one more measurement by finding the last time ¢y + [ where the
target is detected i.e. | = max{i : j7* > 0,i = 0,...,k}. We need to look for a
new measurement in the d—neighborhood of the last measurement z;» where d =
k — 1+ 1 and d is always less than or equal to d + 1. Its neighborhood at time ¢ which
is not assigned to any existing tracks at time ¢ is N (z;n, to +1) = La(zjr, to +1) N
A;(w). Then assign

Stoet ={(HKuwr 0,50 - Ji> Jita) o 8" =0, ING (zjp, to + 1)1,
Jpel = 0,25 €Ny (zjp,to+1),i# 0}.

Step 2: Denote Sy,; = ULSLOf_l‘ SP.; as the set of the new track auxiliary variables
up to time . If Sy,.x # 0 and ¢ < maxTg(w), we consider an element §,« =
(K, 0,48 > Ji—1,) € Stoxt (note that ¢ —tg = k -+ 1). If 6.« has more than
d consecutive zeros (i.e. ji = 0fori¢ > t—1tg— d — 1), remove 0.« from Sto:t-
Otherwise if 4, is the last measurement generated by the target and the duration
time of the target is larger than or equal to m* (i.e. j;_,, > Oand ¢t —tp > m* — 1),
then assign 0, U {0, } to Py, (Z ,0.,) and keep 0, for further extension.

Step 3: repeat (E.2) until max Tg(w).

Then the set of all proposed track hypothesis auxiliary variables for a Birth move (m = 1)

P(0.,2,1)= ][] P«Zb.) (6.47)
tGTB(w)
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Note that a possible Birth move could also been formed backwards in time starting with
the final time ¢ and finishing with the initial time ¢g. Such constructions are useful if we
would like to construct a feasible association which ends at a particular measurement (e.g.
Birth Merge move and Backward extension moves). In practice, when there are a large
possible new track hypotheses in the set P (4, Z, 1), the computation is very expensive.
The culling is required to reduce the size of the set.

Culling:

Culling is an implementation issue when dealing with a large number of a set. This culling
is done recursively in time as the measurement association is being built up. The cull-
ing is based on the likelihood of the measurements associated with a track. As these are
calculated in terms of the transition density ft|t_1, we will mainly consider forward con-
structions of the set of the measurement association. The exceptions are the cases when the
set of possible new track-measurement associations is so small that no culling is needed.
In those cases, either a forward or a backward in time construction can be used.

We introduce the following notations

o Let r(z§ ,» 2> d) denote a suitable function to estimate the initial target state from the
measurement z}o and its neighbor z;. In this thesis, we assume our measurements
are the position measurements of the targets. However, this formula can be extend
to other type of measurements. For example, when = = [£, (, v¢, v¢]T" where (&, ()
denotes the true target position in the two dimensional Cartesian plane, (ve, v¢) is its
velocity and z = [¢/,¢']T" = [€,(]*" + Vnoise the position of the target observed by
a sensor with a two dimensional vector noise v,,;se. Note that yTT is the transpose

of y. Then a possible function is (2, zj,d) = [z}, (zj — 2}, ) /d]"".

There are many possibilities for constructing a new track hypothesis auxiliary variable
starting with a measurement zj, € Z;, (w) because the number of elements in the set
L,(zjy,to) may be larger than 1 and in general the d—neighborhood of z;, or its neigh-
bors is large. The Birth move is reconstructed as follows with a given measurement gate
threshold g..

Denote Py, (Z,0,,2j,) as a set of samples starting from measurement z;, € Zg,(w) at
time ¢ty € Tp(w).

o Initiation: We denote a collection of the sets which consists of the track auxiliary
variable and sequence of states starting from the initial measurement z;, € Zy, (w)
at time ¢ty € Tp(w) by

Sto(2jy) = {{92*,3@0} D02 = (Ko, to, Jo), zp, = (25, 2jm, d"),
(Zj”7dn) € LW(ZjovtO)}
where 07 = (K,»,to,70) are the same for all n = 1,...,|Ly(2,,%0)| but the

initial states z}; are different in velocity, acceleration or etc. Next we will find the

next measurements which generate from this new target starting from z;,
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e Existence: Similar to the previous construction for this step, we consider two cases

as follows.

(F.1) Attime t = to + 1: We construct the next single target states of xy; where

{0m., 27} € Sy (7)) forn = 1,...,[Sy(2j,)|- We consider two steps as follows.
Similar to the previous construction, for each xy;, a collection of new sets up to time

tis

Sg):t(zjo) = {{@i’fﬁig:t : é:-ﬁ = (Kw*,to,jo,ji”);’in =0,..., ‘L1(2j07t0)|;
xig:t—l = 5”%:::—1#? =0, Zjin €Ly (Zjovto)’in # 0;

iy ~ ft|t—1('|$?—1)§§t(zj;’n|1’in) > gz}

where a measurement gate threshold g is given to make this set S7 ;(z;,) smaller
than the set in (6.46) by select the samples { (K-, to, jo, ji"), #'7 } which have the
most likely chance to occur (e (2;in lz'n) > g.).

1

|St0ft—2(Zjo)‘

(F.2) Attime t > tg + 1: Let Sto:tfl(zjo) = Un:l g):t_l(zjo).

If S+ 1(25,) # 0, we consider three steps similar to the ones in the previous con-

struction as follows.

Step 1: Similar to the previous construction, we want to extend one more measure-
ment by finding the last time ¢ + [ where the target is detected i.e. | = max{: : 5" >
0,7 =0,...,k}. Weneed to look for a new measurement in the set d—neighborhood
of the last measurement z;» where d = k — [ + 1. Its neighborhood at time ¢ which
is not assigned to any existing tracks at time ¢ is N/ (2jn, to +1) = La(zjp, to +1) N
A;(w). Then assign

Sg):t(zjo) = {{éz.;n*vxftg:t} : 0~7T_L* = (Kw*7t07jg e 7jgﬂjl?—li-1)7jlg+1 = 07

w . 7 I )
zjzifh € Ny (Zjl"?to +1),in # 0, 24041 = Ttgp—1

ot~ fya ()i lad) > g |

Step 2: Let Sto:t(zjo) = U|St0:t71(zj0)| g):t(zjo)'

n=1

If Sy,:4(2j,) # 0 and t < max Tp(w), we consider an element
0~T* - (Kw*7t07j(>)ka e szlto)

where {0+, 27 .} € Siyt(zj,) (note that t — tg = k + 1). If A+ has more than d
consecutive zeros (i.e. jf = 0fori > ¢t —ty —d — 1), remove {9~T*,xf0:t} from
Sto:t(2j, ). Otherwise if 2t 4, is the last measurement generated by the target and
duration time of the target is larger than or equal to m* (i.e. ji_, > Oandt —1{y >
m* — 1). Then assign A, U {0} to Py, (Z, 0, zj,)- The element .« still keeps for
further extension.

Step 3: repeat (F.2) until max T (w).



6.3 PMMH Algorithm for RFS-based Multi-target Tracking 137

With this new construction, the set P(,, Z,1) in can be reduced in size and is

rewritten as follows

P(l..z,1)= [ ] P«(Z.0..2).

t€Tp(w) 2€Zy(w)

Death move

A death move is the reverse of a birth move. The death move is constructed so that it
may revert to the initial track hypothesis auxiliary variable after a birth move (see Figure
. A track auxiliary variable - is removing from 6, while keeping all other track
auxiliary variables as before, forming a proposed track hypothesis auxiliary variable 8, =
0., — {0,+}. Then the set of all proposed track hypothesis auxiliary variables for a Death

move (m = 12) is
P(fo,7,12) = {0 : G = 00— {6}, € 0.1,

2. Split and Merge moves:
Split move:
The Split move is proposed for a track auxiliary variable @« by dividing .~ into two track
auxiliary variables #, and 0. if the duration time of the target £(f,+) is larger than or

equal to 2m* i.e. |[T(0,+)| > 2m* and the following conditions hold:

(SP1) The last existing time scan of the proposed target £(f,) and the first existing
time scan of the proposed target £(f,) are chosen such that the target £(,+) is
detected at those time scans.

(SP2) The duration of existence for proposed targets £(f,) and £(f,+) are larger than

or equal to m*.

Denote by #; and t; the last existing time scan of the proposed target £(0,) and the first
existing time scan of the proposed target £(f.) respectively (i.e. t1 = T;(f,) and to =
To(0,/)). Mathematically, (SP1) and (SP2) can be written as follows.

o Jt; € {Tp(f;+) +m* —1,...,T¢(f-+) — m*}, such that Jy, (6,+) > 0 and
o Jtye{t1+1,...,%T4(0+) —m* + 1} such that Jp, (0,+) > 0.

Ifty € {t1 +2,...,T¢(f+) — m* + 1}, the move is called a Delete Split move.
The Split/Delete Split move is applied to the track auxiliary 0« = (k,t,jo,...,5m) to

propose two new track auxiliary variables @, and 8. as follows

9~T = (k,t,jo, e 7jt1*t>
g’r/ - (Kw*at27jt2*t’ Tt ’jm)
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The set of all proposed track hypothesis auxiliary variables for the Split move (m = 7) is

POy, Z2,7) ={0y : O = (0 — {0-1) U{0:,0.}; 00 = (kyt,Jo, - .-, jm) € O,
m >2m* —1;0, = (k,t,50,. ., 5ty 1), 0 = (Kuw, o, jtg—ts - -5 Jm)s
tref{t+m*—1,....,t+m—m"},ji,—+ > 0,
toe{ti+1,....,Tp(0:+) —m* + 1}, jy,— > 0}.

Merge move:

The Merge move is the reverse of the Split move. When K, > 1, the merge move can take
place if there exists a pair of track auxiliary variables &, and @, such that the first target-
generated measurement from the target £(7') is a neighbor of the last target-generated
measurement from the target £(7) i.e. 2y € Ly(z;,T4(0;)) where 2 € Zsy(.,) and
zj € Zg (g, for d € d. Mathematically, the following set of possible merge move pairs is
given by

( T7§Tl) S (gw,éw) td = TQ(gT/) — Zf(gfr),d ed,

sy (0) = 7> 0,355, (0) = j > 0,2 € La(2;,T4(0:)) }

M =

=

where d = To(f,/) — T;(0;) is the distance between the first time index of the target
L(0,/) and the last time index of the target £(f,). This distance must be positive. z;; €
Lq(zj,T4(0;)) means that the first target-generated measurement of target £(0,/) must
be in the d—neighbor of the last target-generated measurement of target £(0,). Note that
the order of (f,,0,/) € M means that the track auxiliary variable @, merges to the track
auxiliary variable 0.

For any pair (0,,0,/) € M, the Merge move is constructed by combining two track aux-
iliary variables 0, = (k,t,jo,...,jm) and 0 = (K',¥', 50, ...,j) to form a single track

auxiliary variable

O =(kyt, 505+ Jm> 0,050,590,y j0),d=1t —t—m € d.
N—_——
d—1

Then the set of all proposed track hypothesis auxiliary variables for the Merge move (m =
5) is
P(éw, Z? 5) :{éw* . gw* = (gw - {gfra 677-’}) U {éT*}7 (97'7 gT/) S M7
97' = (k,t,jo,. .- ajm)ng’ = (k/7tlvj67 T ,j;l),d =t —t-me d,

57'* = (k7t7j07"'7jm707'"707j(,)7"'7j;L)}'
N—_——
d—1
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3. Extension and Reduction move:
Extension: The Extension move is proposed for 0, = (k: t, 305+ Jm) € 0., where the
last existing time scan of the target £(0;) is less than the last scan T i.e. T¢(0;) < T. A

sequence (j7,..., ") is added to 0 to form the proposed track auxiliary variable

éT* = (k,t,j07- 7.7m7jik7 7j:b)

where j5 € Aiymin(w), jF = 0o0rjf € Aypmyi(w) fori = 1,...,n—1; and A* =
(kyt +m, jm, J7, - - -, j) is constructed in the same as in the Birth move where the initial
measurement of the new target in the Birth move is the last measurement generated by the
target £(0;) at time T¢(A;) = t + m. The set of all proposed track hypothesis auxiliary

variables for the Extension move (m = 2) is

P(e‘*” ) {HW* : W* _(Nw_{gT})U{gT*};éT:(kat7j07'-'a.jm)7t+m<T;
97'* = (kvtaj()a' e 7]m7]i<7aj':)7]; € At+m+n(w);

Reduction: The Reduction move is proposed for 0« = (k,t, 5o, . .., jm) € O, if m > m*
by deleting the index measurement js,—¢+1, - - . , jm Where Zg is chosen from {fo(éT*) +
m* —1,...,%;(0;+) — 1} such that Ty, (,+) > 0. The new track auxiliary variable ; is

HNT - (ka t?jOa e 7jt07t)'

The set of all proposed track hypothesis auxiliary variables for the Reduction move (m =
8) is

P(0,,7,8) ={0 : O = (0, — {03)U{0, ;0 = (k,t, Jo, ..., Jm) € O,,m >m*

07’ = (katv.]b?' : 'ajtoft)at() —t>m" — 1}

4. Switch move:
The switch move is proposed to exchange some measurement indices between targets

L£(0,) and £(0,+) while keeping all other the measurement indices from other targets fixed

(see Figure as follows.
Firstly, we define a set M which collects all pairs of measurement indices and their time

indices which can be switched between two track auxiliary variables

M ={(0-,t0, 07, ) = 3t(07), 3yy (B71) > 050-,0,s € G5
Jto+a(L(0 )): ju>0and 3, (L£(07)) =0,l=1,...,d—1,d > 1;
Ty +ar (L(0)) = jar > 0and Ty 4 (L(F; ))
2y € La(zyr, 1) 25, € Lar zj,to)} (6.48)

||
||
=
SH
|
=
S
\%
—_
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where z; € Zyy,zj € Z%, zj € thﬁd/, Zj, € Ziy+a- The time scan tg + d is the first
time after ¢y for which the target £(f,) is detected and t{, + d’ is the first time after ¢{, for
which the target £(f,) is detected. For example, in Figure to=%0(0,)+2=1t) =
To(0) + 1. In Figure d = d' = 1 while in Figured =1, d’ = 3. The Switch
move is applied to the two track auxiliary variables 8, = (k,t, jo,...,jm) and 0, =
(K', ', 55, ...,4) attime scans to + d’ and t) + d respectively where (0, to, 0./, t}) € M
to form new track auxiliary variables 0.~ and 0. (see Figure as follows

d'—1
N . . HH . .
97’* :(k) ta]Ov sy Jto—ts Oa teey O)]é{)_t/+d’7 cee a]fiz)
gq—’* :(k,a t/7j(/)a ‘e 7j£6_t’7 0... 7O7jto—t+d7 cee 7]m)
d—1

The set of all proposed track hypothesis auxiliary variables for the Switch move (m = 6)

18

. Extension Merge move/Birth Merge move and Extension Merge move/Delete Split

move:
Extension Merge move: If |0,,| > 1, two track auxiliary variables 0, = (k,t, jo, - - . , jm)
and 0. = (K',t',jb,...,j5) € 0, are used in the Extension Merge move as follows.

Firstly, the track auxiliary variable @, is extended in the same way as for an Extension

move up to time ¢ + m’ to form
Ore = (kyt, 505+ - s Gy Jrntls - - > Gt ), Jmr > 0and m’ > m.

where j; = 0 or zj; € Appi(w) fori = m+1,....m'—1and z; , € Apypr(w).
Secondly, if at time tg = t +m’ +d € T(0,), d € d, the target-generated measurement
of target £(0,/) is in the d—neighborhood of the last target-generated measurement of
track £(0,+) (i.e. 2, € La(z; ,,t+m') where 2 4 € Ziy» F1o(077) = jj, ). then
.+ and 0, are merged measurements as follows. Here, we consider two situations for d.

Case 1: When d > 1 (see Figure for illustration)

0~T* = (k7t7j0a"'7jm7"'7jm’707'"a07j£07t/7"'7j7/7,)'
——
d—1

Case 2: When d = 1 (see Figures[6.9)and[6.8] for illustration)

gﬂ'* - (k)taj(]v"')jmvjm-‘rlw . 'ajm”jilﬁo—t’v"' 7]7/’1,)
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The construction of this Extension Merge move leaves us with the remaining elements of

0. which are not merged into @, i.e.
0. = (Kt 50, jt—p) (6.49)

where 1 is the latest time before # at which the target £(f,) is observed by a sensor. For
example, when m* = 3, in Figure[6.11] top = ¢ and there is no measurement left; in Figure
there are two measurements jj and j; left, i.e. 8~ = (k',#', 50,4, }; in Figure
there are one measurement j; left, i.e. §_~ = (k',#', j{); and in Figure there are three
measurements jj, j1 and j} leftie. 0_» = (K, ¥ 55,...,95). If|T(0_~)| > m*, the
proposed track hypothesis auxiliary variable is 0« = (0, — {07,0,/}) U {0+, 0 _~} (see
Figure [6.8)). In this case, the set of proposed track hypothesis auxiliary variables for the

Extension Merge move (m = 4) is

El(‘gowz) {‘9 9 (~ _{éTaér’})U{gT*agr’*};gT = (k’tvj()?""jm)’
( ’]07 cee 7]’;},) € éw;éT’* = (klvtlvjé)’ s 7j1€17t’)7

. = (k,t,jo,...,jm/,O,...,O,jéoft,,...,j;),d2 1,m >m;
d—1
zj, € Ay (w);ji = 00r zj, € Apyi(w) fori=m+1,...,m —1;

tp = max{i:i < to,ji_¢ >0}, t1 —t' > m* —1}.

Otherwise, the proposed track hypothesis auxiliary variable 0, = (6, — {0,,0.}) U
{A,+} (see Figures and. In this case, the set of proposed track hypothesis auxiliary
variables for the Extension Merge move (m = 4) is

EQ(gth) :{g * 9 * = (gw - {97797’}) U{gT*};gT = (kat7j07--'ajm)a

= (K, t',j0, - dn) € Ou;

( ]Ua---ajm’aoa"'707j1€0—t’a"'7j7,7,)7dZ1am/>m;
d—1

2, € Mgy ()5 Ji = 00r zj, € Agyi(w),i=m+1,. .. ,m' —1}.

The set of all proposed track hypothesis auxiliary variables for the Extension Merge move
(m =4)is

P(0,,Z,4) = E*(0,, Z) UE*(,, Z).

Birth Merge move:

A Birth Merge move is a combination of a Birth move and a Merge move. Thus, this move
is divided in two steps. The first step is a Birth move to propose O, = (K, t%,58,...,5%)
with j» > 0 (n > 0). If a d—neighbor of j; is assigned to a existing track 7, the second
step is to merge e to the existing track auxiliary variable 0, = (k:, t, 900« jm) €0, at
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time tg = t* + n + d > t as done in the Extension Merge move. If {5 = ¢, the move is
called Extension Backward move which is discussed later. Similar to the Extension Merge
move, this construction also leaves us with the remaining elements of @, which are not

merged into A, i.e
0. = (st 0 s jitr—t) (6.50)

where 1 is the latest time before o at which the target £(8;) is observed by the sensor.
There are 2 cases:
Case 1: If |T(A_~ )| < m* (see Figure|6.10), then

gT* = (k7t.7.j(.)7" . 7.j7:,707'- . 707jt0—t7'- . 7,]m)
N—_——
d—1

Thus the track hypothesis auxiliary variable is 0, = (6, — {0, }) U {0,+}. The set of all
proposed track hypothesis auxiliary variables for the Birth Merge move (m = 14) in this

case is then

BM' ={0, : 0 = (0, — {0;}) U{0:+}; 0, = (k,t, jo,- -+, Jim) € Oy to > 1,
O = (k%305 dms 0y -5 0, Gitg—ty -+ Jm), d > 1, 2ja € Ao (w),
d—1

zjs € Apoyy(w)or g7 =0,0=1,... ,nymax{i: j; > 0,i <to—t} <m* —1}.
Case 2: If |T(_+ )| > m* (see Figure , then
Orc = (K st 50, ooy 30y Gto—ts - -+ s Jm)-

Thus the track hypothesis auxiliary variable 0« = (0, — {0,}) U {0+, 8.}, and the set
of all proposed track hypothesis auxiliary variables for the Birth Merge move (m = 14) in

this case is

BM? ={0,+ : 0p» = (0 — {0:}) U {07+, 0,307 = (kyt, 50y, im) € O,y
gT* - (k7t.7j(.)7 s 7jr.ujt0—t7 s 7jm)7§7—’* - (k7t7j07 LIRS 7jt1—t)
zje € Ape (W), zjo € Apoy(w)orjf =0,0=1,....m

t1 =max{i: ji— >0}, t; —t >m" —1}.

The set of all proposed track hypothesis auxiliary variables for the Birth Merge move
(m = 14)is

P(f,,Z,14) = BM' UBMZ.



6.3 PMMH Algorithm for RFS-based Multi-target Tracking 143

Delete Split move:

As mentioned in point [2| of this Subsection, the Delete Split move delete some measure-
ment indices of a track auxiliary variable §,« before dividing it into two track auxiliary
variables 0, and 0. if the duration time of the target 5(57*) is larger than 2m* with the
same conditions as for Split move. Thus the set of all proposed track hypothesis auxiliary

variables for the Delete Split move (m = 13) is

P (0, 2,13) ={04+ : O = (0 — {0+}) U{0-,0.}; 0 = (k. t,J0, - jm) € O,
m > 2m* —1;0; = (k,t,jo, ..., jti—t), 0 = (Kus 12, Jta—t, - - Jm)
tre{t+m*—1,...,t+m—m"},ji,— >0,
toe{ti+2,...,Tp(0) —m* +1,51,_¢ > 0}}.

6. Backward Extension move and Backward Reduction move:

Backward Extension move: The Backward Extension move is proposed for a track aux-

iliary variable 8, = (k,t,jo,...,jm) € 0, where the first existing time scan of the
target £(0;) is not the first scan of the sensor (i.e. To(A,) > 1) and the first measure-
ment generated from the target £(0,) is in the neighborhood of a measurement z;-, €
Zsy(5,)-d — Lgy(d,)—a(w) at time scan To(0,) —d>1,ded.

This move is a special situation of case 1 in a Birth Merge move when t* +n+1 =t
(see Figure [6.12)). Specifically, a Birth Merge move is applied to a track auxiliary variable

0 = (k,t,jo, - - -, jm) to propose the track auxiliary variable

Ore = (Kt —d, 48, . 5812 d0s s Jim)

where A = (k,t —d,j3,...,75_1,70) is proposed in the same way as in the Birth move.
Then the track hypothesis auxiliary variable 0, = (0, — {6,}) U {f,+}. The set of all
proposed track hypothesis auxiliary variables for the Backward Extension move (m = 3)
is

P(éw’Za 3) :{gw* :gw* = (gw - {97'}) U{gT*}ng = (kat’jOa- . 7]m) € gwat > 1;
97’* = (kat_dvj(;a"'7j5—17j07--'7jm)7t_d Z 1a
Zjs € At_d(w),zjl- € At—d-l—l(w) orj; =0,l=1,...,d—1}.

Backward Reduction move: The backward reduction move is proposed for track auxili-

ary variables - whose duration of existence is larger than m* (|T(0,+)| > m*) to form
a track auxiliary variable @, with |T(A,)| > m*. The time index t¢ for the Backward
Reduction is chosen in the set {To(f7+) + 1,%(0,+) —m* + 1} such that Jz, (0,+) > 0.
Then the track auxiliary variable 0. = (k,t,j0,---,Jm) is shorten by removing the first
to — 30(97*) measurement indices from track auxiliary variable .« to form the track aux-
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iliary variable
57— - (k’, tO?th—t) e ,jm)

Thus the proposed track hypothesis auxiliary variable 0, = (8, — {f0,+}) U {0, }. Then
the set of all proposed track hypothesis auxiliary variables for the Backward Reduction

move (m = 9) is

P(gwa Z,9) :{éw* : gw* = <9~w - {gﬂ'*}) U {gﬂ'};g‘r* = (k‘,tvjo, .. a]m) € gwam > m*;
GNT - (kat())jtoft) ce 7jm>am_t0 -1 Z m* - 1}

. Update move and Point Update move:

Update move: The Update move is applied to track auxiliary variable

97’ = (k7t7j07"'7jm) € 0.,

at the time index to € T(f,) to form a new track auxiliary variable

gT* :(k;)tajOv"')jto—t—lvjaa'”7jr.L)7 1ft0>t

O = (kyt, 50, ..., 38, iftg =t
where the update A; = (k,to — 1, jtg—t—1, 43, - - -, Jn) is constructed the same as in the
Extension move if tg > ¢t or As = (k,to,jtg—t—1,70,---,Jm) is constructed the same

as in the Birth move if {5 = ¢. Thus the proposed track hypothesis auxiliary variable
is 0« = (0, — {0,}) U{A,+}. Then the set of all proposed track hypothesis auxiliary

variables for the Update move (m = 10) is

P(éw,Z, 10) :{gw* :éw* = (éw_{éT}) U{éT*}véT = (k7t7j07"'7jm) € éw?
le {07"'7m}7§T* = (kat,jga---,j:;);;'&l<8§mij: # Js;
jf)k >O,]::jz,Z:0,,l, lfl>0,n2m*—1,j: =0or

Zjx € AHr(w) U {th+r(§7) : jprr(éq—) > 0},?“ =Il+1,... ,n}.

Point Update move: The Point Update move is applied to the track auxiliary variable §, =

(k,t,50,- .., 7m) € O, at the time index oy € T(f,) to form a new track auxiliary variable
0, as follows.

If tq is not the first existing time of the target £(f,), let ¢; be the latest time scan before
to at which the target £(f,) is observed by the sensor i.e. t; = max{i € T(f;) : i <
to, jio—i > 0}) and generates measurement Zj, s € Zy,. Letdy = tg — t1. If £p is not the
last existing time of the target L(éT), then let ¢o be the earliest time scan after £y at which
the target £(0,) is observed by the sensor i.e. t = min{i € T(f,) : i > to, ji_s, > 0}

and generates measurement Zjoy— € Zy,. Letdy =ty —tp and dp = to2 — 1.



6.3 PMMH Algorithm for RFS-based Multi-target Tracking 145

Thus, a proposed track auxiliary variable .+ is formed as follows

éT* = (kvtajf)? o ajto—t—17j.>jto—t+17 R 7]m)

where j® # ji,—¢ is chosen from one of the following situations.
e If ¢ is not in the first scan (see Figure[6.14]for illustration), we choose either

— j* = 0if to is not the last exiting time of the target £(0,) and the next target-
generated measurement z;,,_, of target L(f,) is in the dy—neighborhood of the
previous target-generated measurements z;, _, (see Figure 0.14b) i.e. j* = 0 if
to < Ty(07) and zj,, , € Lay (24, ,,t1), do € d; or

- j* > 0 if the measurement z;e at time to is a di—neighbor of the previous
target-generated measurement zj;, _, € Z, and provided ¢( is not the last exit-
ing time of the track £(), the next target-generated measurement zj, _, € Zy,
is a do—neighbor of measurement z;e € Z;, (see Figure ie. j* > 0if

Zje € Ld1 (thlfwtl) and if ty < Sf(éT), Zjty—t S LdQ (Zj-,t()), do € d.

e If ¢y is in the first scan, j® > 0 is chosen such that the next target-generated measure-
ment zj, , is a dy—neighbor of the measurement zje € Zy, i.e. zj,, , € La,(2je,t0)
(see Figure[6.15]for illustration).

Then the track hypothesis - is proposed as follows.
At time g, if j® is chosen either as zero or Ay, (w) then O+ = (A, — {0, }) U {0,+}. The
set of proposed track hypothesis auxiliary variables for the Point Update move (m = 11)

in this case is

PU'(0,,2) ={0u : 0 = (0, — {0:}) U{0-}: 0, = (Kt 0, -, jm) € O
gT* = (k7t7j07 e 7jt07t717j.7jt07t+11 s 7jWL)aj. 7& jto*t’ to € ‘Z(éT)’
j*=0o0rj®* € Ay (w)}.

Otherwise j® has already been assigned to a track. Let 8, = (K, i, ...,t!) € 0, be
the track auxiliary variable such that J;,(0,/) = j* = Jt,—4- Then 6. and A, exchange
their measurement indices at time ¢( as follows (see Figure[6.17).

If to is not the first existing time of the target £(f,/), let t} be the latest time before
to at which the target E(éT/) is observed by the sensor (i.e. Je—v > 0) and generates
measurement z;,, _,,. Let d} = to —t}. If to is not the last existing time of the target £(0,/)
(i.e. to < Tf(0,/)), let t) be the earliest time after ¢ at which the target £(8,) is observed
by the sensor and generates measurement 2y ot Let dy = t, —tg and djy = th, — t}. The
measurement indices can be exchanged between the targets £(7) and £(7') at time ¢ to

form

57'* :(ka tajO? s ajtoftflyjéo—t’ajtoft-i-l’ s 7jm)a

5 2 ./ . ./ ./
97-’* _(k 7t a]Oa v 7]t0—t’—17]tofta]to—t’ﬁ»la v 7.]77,)
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(see Figures[6.17}[6.18] and [6.19)) provided that one of the following conditions holds:
(a) The followings hold a) The target E((‘L) is not observed by the sensor (j;,—; = 0); b)
the target £(f,/) both exists before time index g (i.e. To(f,) < to) and after time
index to (i.e. to < T7(0,/)); and ¢) djy = th, —t; € d and ngé_t/ is a dj—neighbor

i/ '. . i/ U y/ i i . .
of z]tll_t, (i.e Z]t/Q—t’ €Ly (Z]t’l—t/ ,J1)) (see Figure|6.17b

(b) The target E(gT) is detected by the sensor (i.e. ji,—; > 0) and if the initial target of

L(0.) is equal to ¢ (see Figure [6.18); and Zjr,

th—t/
(i.e. Zr, € Ly, (tho—t ,t0)) (see Figure|6.18|for illustration).
2

is a neighbor of z;, _, at time ¢g

(c) The target £(0,) is detected by the sensor (i.e. ji,_; > 0) and if the final time of
the track £(7') is equal to to and zj, , is a d} —neighbor of Ziy o (e zj,,_, €
Ly, (ijl _»11)) (see Figure for illustration).

(d) The target £(0,) is detected by the sensor (i.e. js,_+ > 0) and if the target £(0,/)
both exists after time to (i.e. T¢(,+) = to) and before time to (i.e. Tp(f,/) < to);

: : ;o : A
Zj,,—. at time tq is a dj —neighbor of zy,_, (e zj, ., € Ldé(zj{/ 7t/,t1)), and
1 1

o . :
Z‘jélz—t’ is a dy—neighbor of z;, , (i.e. Zj;’zft/ € Lgy(2j,, o)) (see Figure (6.17a

for illustration).

Then the proposed track hypothesis auxiliary variable for updating the track auxiliary vari-
able 0 and 0,/ is 0 = (0~ — {0;,0,}) U{0+,0_}.
The set of all proposed track hypothesis auxiliary variables for the Point Update move

(m = 11) for this case is

PU%(0,,2) ={0u : 0, = (0 —{0,,0, 1) U{0,0_};

T* :(k’thj()? s 7jt0—t—17j.7jto—t+17 s 7jm)7

(kla t,aj(/h cee 7j£07t’717jto—tajéoft’ﬂ-lv s 7.7;)} (651)

®
T/

The set of all proposed track hypothesis auxiliary variables for Point Update move (m =
11) is

P(0,,7,11) =PUY(4,,Z) UPU?(d,, Z).

6.3.2.5 Property of the Markov chain

These fourteen proposal moves were constructed to generate samples conditional on Zand d,. A
sample 0, ~ q(-0., Z ) is one of the proposal moves constructed in Section After we
have obtained a track hypothesis auxiliary variable 6, using a MC constructed in the previous
section, a sequence of augmented auxiliary variables 6* corresponding to - can be obtained
using (6.37). We denote the corresponding distribution of §* by q(-|0, Z ). By the construction
of the proposal moves, 6, specifies a track hypothesis w* and §* is the corresponding sequence
of auxiliary variables of X1.7(w*). Hence whenever X ~ ¢(:|Z,0*), there exist some track
hypothesis w* such that X = X.p(w*).
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In practice, there are a large number of track hypothesis auxiliary variables and some of them
do not represent possible associations between measurements and true targets. Thus, reducing
the size of P(w, Z ) is very important and depends on the system model and the birth locations.
Another issue is that the computation of all track hypothesis auxiliary variables is very time con-
suming for the problems with dense clutter and targets, so reusing proposal moves not applied in

the previous time steps is an option for reducing the computations. Another option is to use culling
as described in Section [6.3.2.4] on page [I35]

Proposition 6.1: Assume that the moves for the proposal distribution q(éw* |0, Z ) have been con-
structed as in Subsections|[6.3.2.2land[6.3.2.4\and that there exists an aperiodic state of a MC. Then
the MC generated from (0,

Z,0,,) is ergodic.

Proof. The MC which is generated from the proposal moves is irreducible because any two states
can be connected through a series of birth and death moves. Thus starting from 0, € O, the MC
can reach any 0« € O,

By Theorem {.3] and assumption that there exists an aperiodic state, the irreducible MC is
aperiodic.

Furthermore, the space ©,, is finite so by Theorem [4.5] the irreducible and aperiodic MC on
the space @, is positive recurrent and then by Theorem [4.6|the MC is ergodic. O

The assumption that there exists an aperiodic state is very mild. It is easily satisfied as shown

in the following example in Figure [6.20]

The MC return to state a in 2 time steps with a Death move to a state ¢ followed by a Birth
move back to state a. It can also return in 3 time steps with a Death move to state ¢ followed by a

Birth move to state b and followed a Reduction move back to state a.

— ~

™.

P a -~
0 = (k1,t1,8,1,2,4) @/ E Q 0 = (k1,t1,8,1,2)
/
B /
D D
B
O

Figure 6.20: Example of aperiodic state

After a new track hypothesis auxiliary variable 0~sz has been obtained from the proposal dis-
tribution (0% Z1.7, 01.7), X, can be sampled from p(-|Zy.7, #%.;) in using the SMC
Algorithm [IT] The PMMH algorithm for RFS based Multi-target Tracking is described in the
following subsection by combining these two sampling techniques.
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6.3.3 PMMH Algorithm for RFS based Multi-target tracking

Initializing @ arbitrarily in Algorithm [12| makes the computation expensive. This can be allevi-
ated by using an estimate from the Gaussian Mixture Probability Hypothesis Density (GM-PHD)
tracker as the initial estimate. Using a good estimate from this popular technique may reduce the
computational cost significantly. We also keep the estimate X from the GM-PHD tracker such
that the GM-PHD only need to sample N — 1 instead of /N samples from q(\Z ,0). The SMC
modified to suit this situation is called the conditional SMC [4].

The pseudocode for the SMC Algorithm[I3|below provides us with the parameters Bi.r as the
ancestral lineage of the particle X7 1. The SMC algorithm conditional on X*k L = (X 1 XBr T)
described in Algorithm[I3]|samples N — 1 particles.

Algorithm 13 : Conditional SMC Algorithm
Attime ¢t = 1:
- if n # BY, sample X7 ~ q(-|Z1,8,) and compute w1 (X7) by using (6.30) and normalize
W oc wy (XT).
Att=2,....T:
-if n # BF, sample A7 | ~ S( [W;_1),
- then sample X7* ~ ¢(- |Xt TN 74, 0y), set X7, = (le LX) and
- compute w; (X7,) by using (631) and normalize W} o w, (X7,).

Based on the PMMH Algorithm [T2] the algorithm of the PMMH for MTT is summarized in
Algorithm [14] below.

Algorithm 14 : PMMH Algorithm for MTT

Input: Given Z , DS,, PD,, Kt, the birth intensity v, for¢ = 1,...,7T and sample number L.
Output: Sx (1), S4(1), and () forl =1,..., L.
Atiterationl = 1
- Run GM-PHD tracker to obtain X G then obtains 9~(l) from X¢ and denote By =
(1,...,1).
———
T
- Run a conditional SMC algorithm targeting p(X |Z (1 )) conditional on X& and By.7.
Then sample X* ~ p(:|Z, (1)) and calculate v¢(1) = p(Z,(1)). Then denote Sx (1) =
X*.
Atiteration [ > 1
- Propose 6* ~ q(-|f(1 — 1), Z) (see Subsection (6.3.2.4)
- Run an SMC algorithm targeting p(X|Z, 7*). Then sample X* ~ p(-|Z,0*); calculate
p(Z,0*) and the probability

o i {3 ALY ~>}
"o (l— 1)w(f)a(f+16(1 1), 2)

if @ > u, set Sx(I) = X*, yo(l) = p(Z,0*). Otherwise Sx (1) = Sx(I —1),0(1) =
0(1 —1),v9(1) =79 (I — 1) where u ~ Unif[0,1].
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6.4 Summary and Discussion

The MTT problem was formulated in a random finite set framework. Particularly, a track was
defined as a trajectory of target states equipped with a target label and the appearance time; a track
hypothesis was also defined as a set of different tracks such that no two different tracks share any
states at any time. Furthermore, augmented multi-target states were formulated as a collection of
augmented single target sates such that each augmented single target state is extended from single
target state by adding a target label. With the augmented multi-target states formulated in a RFS
framework, the posterior distribution of a sequence of augmented multi-target states was derived
via Bayes recursive framework. Furthermore, we also showed that conditional on a sequence of
noisy multi-target measurement, the posterior distribution of a track hypothesis is the same as the
posterior distribution of its corresponding sequence of augmented multi-target states.

There is no-closed form expression for the posterior distribution so numerical methods such as
MCMC are the only feasible option. However, directly applying this method is computationally
intractable when the number of targets and measurements are large because the likelihood function
in the posterior distribution considers all combinations between the target states and the measure-
ments at a time instance. An auxiliary variable at a time instance was introduced to overcome this
problem by mapping the target labels to the measurement indices. Any target label mapped to a
0 is undetected. Each auxiliary variable represents a combination between target states and meas-
urements. The augmented auxiliary variable was subsequently established to show the correlation
between the augmented target states and the measurements at a time instance. Thus, a sequence
of augmented auxiliary variables was derived to capture the relationship between the sequence of
augmented multi-target states and the sequence of the multi-target measurements.

A new algorithm, the PMMH algorithm for RFS based Multi-target Tracking which is a com-
bination of PMMH [4] and the proposal moves in Section[6.3.2.2] was derived to numerically solve
for the joint distribution p()~( N |Z ). In the next chapter we will illustrate the PMMH algorithm
for RFS based Multi-target Tracking in a simulation example.






Chapter 7

Simulation and Performance

he PMMH algorithm for RFS based Multi-target tracking is simulated and evaluated in this
T chapter. The multi-object metric for evaluating the performance of the algorithm is discussed
in Section [7.1} This metric is called Optimal Subpattern Assignment (OSPA). Simulation results
and performance evaluation of the PMMH algorithm for RFS based Multi-target Tracking are
given in section[7.2] The results are discussed in Section

7.1 Multi-object Miss-distance

Let X and Y be two finite sets where X = {x1,...,xn} and Y = {y1,...,y,} and assume
that m < n. The set X with smaller cardinality is initially chosen as a reference. We want to
determine the assignment between the m points of X and the n points of Y that minimizes the
sum of distances, subject to the constraint that distances are capped at a preselected maximum
or cut-off value c. This minimum sum of distances can be interpreted as the total localization
error, which is assigned to the points in Y by giving the points in X as reference. All points which
remain unassigned are charged with c the maximum error value. These errors can be interpreted as
cardinality errors which are penalized at the maximum rate. The total error committed is then the
sum of the localization error and the cardinality error. Remarkably, the per target error obtained
by normalizing total error by n (the largest cardinality of the two given sets) is a proper metric
[LL55]].

The OSPA metric J;E,C) is defined as follows. Let d() (z, y) := min(c, ||z — y||) for z,y € X,
and ITj denotes the set of permutations on {1,2,...,k} for any positive integer k. Then, for
p>1l,e>0,and X = {z1,....,zpn} and Y = {y1, ..., un},

o ifm<n:

ay)(X.Y) = [,1 ( min 4 @i,y +cp<n—m>>]
o if m > n: JI(DC)(X, Y):= JI(DC)(Y, X); and
o ifm=n=0d"(X,Y):=d(Y,X)=0
The OSPA distance is interpreted as a p—th order per-target error, comprised of a p—th order per-
target localization error and a p—th order per-target cardinality error. Precisely, for p < oo these

components are given by

151
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o ifm<n: ) )
ég(;,:l)oc(Xv Y) = (% minTFGHn Zznzl J(C) (:Uia yw(z) )p) ! ég(fzard<X7 Y) = (M) ’
o ifm>n:
é;;,:l)oc(X’ Y) = éz(fl)oc(y7 X)7 ég(;,:c):ard<X’ Y) = é](;,:zardO/7 X)

They can thus be interpreted as contributions due to localization only (within the optimal subpat-
tern assignment) and cardinality only (penalized at maximal distance). The decomposition of the
OSPA metric into separate components is usually not necessary for performance evaluation, but
may provide valuable additional information.

The order parameter p determines the sensitivity of the metric to outliers, and the cut-off para-
meter ¢ determines the relative weighting of the penalties assigned to cardinality and localization
errors. When p = 1, the OSPA distance can interpreted exactly as the sum of the "per-target
localization error" and the "per -target cardinality error”. For details see [[1535].

This metric is suitable for evaluating the multi-target tracking problem because at each time it
considers not only the error between the number of estimated targets and the number of true targets

but also the error between the position of estimated targets and the position of the true targets.

7.2 Simulation and Performance

In this section, we demonstrate the multi-target PMMH algorithm with a simulated sample and
evaluate its performance using the Optimal Sub-pattern Assignment distance (OSPA) [|155]]. In or-
der to apply the OSPA metric, we choose p = 2 and ¢ = max;e7 MaX,cx, prexiree (T, 2)
where X["¢ is the set of true multi-target. The surveillance area is the square region R =
[—1000m, 1000m] x [—1000m, 1000m]. We use the surveillance duration of 7' = 50 scans

with sampling interval 7, = 1 second. We denote z”" as the transpose of . The state vector

is oy = [&, Cryve,, v, |1 where (&, (;) denotes the target position on 2D Cartesian plane and
(v& , UCt) isits velocity t = 1, ..., T. Linear state and measurement models are used
= Az 1+ v,z = Cog +wy (7.1)
where
Tr
1 0 T, 0 10
01 0 T 1
4 ="
00 1 0 0 0
0 0 0 1 0 0

v and wy are zero mean Gaussian process with covariance () and R, respectively; where

T2 T
ERCEE N
2 2
Q = UU 3 R - UwIQ
L b
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o, 1s the standard deviation of the velocity process noise; o, is the standard deviation of the
measurement noise. The level of density was chosen to be moderate where the number of targets
varies from 1 to 50. The parameters were chosen according to general real tracking examples.
Targets move with initial speeds uniformly distributed between 30 and 150 meters per second so
the maximum speed is 150(m/s) and o in (6.40) is 150, o, = 5m/s and 0., = 10m. In order to
demonstrate the closely space track, the targets appear from J = 24 possible locations and can be

born at any time in these J possible locations (see Figure with intensity

where P, = diag(Pu?), P = [100,100,25,25] and u2, = ul up, um = [m,m, ™, 2] are
used to model spontaneous births in the vicinity of m»(f) 1 = 1,...,J. Target spawning is not
considered in this example. The track is confirmed if a target exists at least 3 consecutive times
so m* = 3. The ground truth from 19 of these J birth locations is plotted together with false
alarms in Figure These targets moves from top right to bottom left, or from the middle to

either top right or bottom left. Each target survives with probability Ps = 0.99 and is detected
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Figure 7.1: Location of the appearance of targets with mean mgf) and P(i), i=1,...,J

with probability Pp = 0.8, and the maximum number of consecutive missed detections of any

track is chosen as d = 2. The detected measurements are immersed in clutter that is modeled as a
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Figure 7.2: Ground truth tracks with appearance location plotted together with noisy measurements.

Poisson RFS A; with intensity
Ae = KtV u

where w is the uniform density over the surveillance region, V' = 4 x 10m?2, k; = 12.5 x
10-9)m =2 is the intensity function and ). is the average number of clutter returns per unit volume
(i.e. Ac = 50 clutter returns per scan over the surveillance region R). In this thesis, we modeled the
clutter as a Poisson process which is general form for unpredictable clutter. We haven’t simulate
the scenario in which the clutter is not Poisson process however the performance may be as good
as the same for other type of clutter model. In the case the clutter is unpredictable, the clutter can
be estimated at each time scan as in filtering algorithm [102]. In general, the parameters can be

chosen according to the underlying targets.

7.3 Numerical Result and Discussion

The problem of closely spaced and crossing targets cannot be solved reliably by popular filtering
techniques. MHT algorithm is known to break down with a large number of targets and a large
number of measurements. Our algorithm, PMMH for multi-target tracking, is designed to deal

with this problem. In the absence of a proper estimator we use the PMMH algorithm [13] and we
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stop when the last 50 accepted samples are associated with the Point Update move, indicating that
the algorithm has "settled” on a fixed number of targets. The tracks from our algorithm are plotted
against ground truth in Figure [7.3] The algorithm search and compare all possibilities of track
hypothesis with the general Poisson assumption for clutter. The variances for parameter can be
initiated large if there is uncertainty of new born target. The algorithm may not be sensitive with
the choice of parameters since the samples are drawn from the important sampling distribution
such that the support of this important sampling contains the support of posterior distribution.
Thus the performance may not be degrade much if the measurement followed slightly different

statistics to those assumed by the filter.
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Figure 7.3: The true tracks and estimated tracks from PMMH for MTT a with GMPHD estimate as the
initial state of a Markov chain.

The performance of PMMH for MTT is evaluated using the OSPA metric in Figure [7.4] In
this figure, there are some large errors which occurred at six different time scan periods, more
specifically t = 1, 5, 39, and the time intervals 9 — 10, 41 — 42 and 47 — 50. Figures[7.5|and[7.6]
explain the origin of these errors. These errors result from the miss-detections of the targets when
targets first appear or before the targets disappear from the surveillance area. Figure [7.7) shows
the targets whose states were not tracked by our algorithm. The targets which are not tracked are
labeled and their trajectories are drawn in dashed line with cyan color. For examples, at time ¢ = 1

the targets 3 and 4 are born but not observed by the sensor. The same happens for target 10 at time
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t = 5. Attime t = 9 and t = 10, the sensor does not detect target 4 before the target disappears

from the surveillance area. This is also the case for the target 10 at time ¢ = 39 and ¢ = 40.
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Figure 7.4: The error using estimates from a GM-PHD filter and using the estimates from PMMH
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Figure 7.5: Multi-target estimation errors (cardinality error and localization error) for GMPHD

and the PMMH

for MTT.

The PMMH algorithm[I3|confirmed a false alarm before the true appearance time of target 30
as an initial state of the target. The "OSPA Loc" in Figure[7.5|also shows that whenever targets are
detected during their existence period the location error seem to be small. However, the "OSPA"
in Figure[7.4]shows that there is an error during the time period between 47 and the last scan time

T = 50. This happens because the target 33 only exists during time ¢ = 47 to the last scan " = 50
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Figure 7.6: True cardinality (green line) shown versus estimated cardinality from GM-PHD filter
(red line), and PMMH for MTT (blue line).

but is only detected at every second time instant from time ¢t = 48. Therefore the PMMH for MTT

algorithm does not have enough information to distinguish this target from clutter.
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Figure 7.7: Ground truth tracks and their estimates. The states of labeled and cyan colored targets
were not detected by PMMH for MTT algorithm.

7.4 Conclusion

A batch formulation and solution based on random finite sets for the MTT problem in a cluttered
environment with low detection probabilities has been proposed. A simulation was successfully
carried out on a moderately difficult scenario with medium probability detection (Pp = 0.8). The
trajectories of a variable number of targets were tracked successfully. Tracking performance was
reliable compared to standard filtering based MTT methods. However, the computational cost is
high for the batch method.






Chapter 8

Conclusion

This Chapter closes the dissertation by giving a summary and conclusion of the contributions, and

some suggestions for further researches.

8.1 Summary and Conclusion

In this dissertation we have considered the multi target tracking problem where many targets

move close together, and may cross each other. This problem is motivated by the cell track-
ing problem in medicine where a large unknown number of cells move very close to each other,
and they may also cross each other. In addition, they may spawn other targets or die unpredictable.
The environment where the cell move may be noisy and may be heavily cluttered. Tracking the
trajectories of the targets (cells) in such environment is a most difficult problem. Conceptually this
problem can be formulated in a Bayesian setting, and the multi target Bayes filter can be used for
estimating the target states from the observed measurements. However, due to the large number
of targets and measurements the multi target Bayes filter is computationally intractable since all
possible combinations of targets and measurements must be considered, and hence computation-
ally feasible approximations must be required. Commonly used methods based on the Bayes filter
such as MHT, JPDA, JIPDA, PHD filter, GM-PHD etc, all fail to varying degrees on problems of
the type considered here.

In this thesis we have proposed a batch processing method for the MTT problem. The problem
has been approached using the RFS framework. This is a natural framework for this type of
problems since it can easily handle an unknown number of targets and measurements which in
addition also vary over time. The problem has been rigorously formulated in the RFS framework
and the MTT Bayes filter has been derived. In order to overcome the computational difficulties
with the MTT Bayes filter an auxiliary variable which associates target labels and measurements
indices at a time step has been introduced. In order to find this association between targets and
measurements we have constructed a Markov Chain based on 14 proposal moves. The Bayes filter
has then been approximated using a PMMH algorithm where an SMC method is combined with
an MCMC method. The reason for this choice is that the variables involved are strongly correlated
and SMC and MCMC on their own do not give reliable results in such cases. In the proposed

approach the samples of the target states are drawn conditionally on the auxiliary variable using

159



160 Appendix

an SMC algorithm. The PMMH algorithm has been implemented on a simulation example with
very promising results.

As illustrated by the simulation example the proposed method is a very promising batch
method for the MTT problem. The algorithm has several strengths: It is formulated in the RFS
framework which is a natural framework for dealing with an unknown and time varying number of
targets and measurements. Moreover the computational burden is greatly reduced by the introduc-
tion of the auxiliary variable without sacrificing accuracy. Finally the proposed PMMH algorithm
for approximating the posterior distribution combines the strengths of MCMC and SMC methods
thus enabling efficient sampling of strongly correlated variables. The computational cost of the
algorithm is still high and it is therefore important to choose good initial estimates and proposal
distributions in order to achieve fast convergence. In this thesis this has been achieved by initializ-
ing the algorithm using the estimate from the GM-PHD filter and constructing a MC based on 14
proposal moves for finding the association between targets and measurements.

Even though the results are very promising there are still many open questions and room for
improvements in the algorithms. The most important ones are briefly discussed next under topics

for further research.

8.2 Future Research

The main motivation for this work has been the cell tracking problem in medicine. It would
therefore be of great interest to apply the developed algorithm to real data. The data are given in
the form of cell images and therefore require image processing before measurements of the type
considered in this thesis can be obtained. In addition to the actual application to cell data it is also
of interest to develop image processing methods which takes into account that the processed data
will subsequently be used in a target tracking algorithm. The results from the target tracking could
also be fed back to the image processing algorithm, thus creating and integrated image processing
and tracking algorithm.

The computation cost is high and finding algorithm improvements which reduce the computa-
tional burden is an important practical problems. Improvements can e.g. be sought in the areas of
better initial estimates, better proposal distributions, or parallelizing the algorithm for implement-
ation on multi-core processors.

On a more fundamental level the development of a track estimator would be a significant
contribution to the field of multi-target tracking. This is a difficult problem as both the number of
targets and their trajectories need to be estimated. A cost function would have to include both the

errors in the number of targets and the errors in the target state.
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Background Mathematics

This Appendix presents some definitions and results of an probability, measures and integration.
The results are needed especially in this thesis. More details can be found in [|19439,48.(63|]

A.1 Probability and measures

Definition A.1: The set of all possible outcomes of an experiment is called the sample space and
is denoted by ).

Definition A.2: A collection o(Q)) of subsets of Q) is called a o-algebra if it satisfies

@ Deo(Q)),

(b) ifA1,As, ... €0(Q) then U2 A; € 0(Q)),

() ifAec(Q)then A° € o(Q)
where A¢ = Q) — A is the complement of A where () — A denotes the difference operation between
the two sets () and A.

Definition A.3 (Filtration): A sequence of oc—fields ¥1,Fo, ... on Q) such that
FrcFyC...CF, CF, 1 C...

is called a filtration.

Definition A.4: A measure ;. on (Q),0(Q)) is a function ju : 0(Q) — [0, 00) satisfying
(@ w(A)>0forall Aco(Q), u(d) =0,
(b)  ifA1,As...€0(Q)and A;NA; = 0 foralli # j then p(U2,A;) = >72, p(Ai)

The triple (Q), o(Q)), p) is called a measure space. The pair (2, o(Q))) is called a measurable
space. An element A € o(Q)) is called a measurable set. A probability measure is a measure
with total measure one (i.e., ;£({)) = 1); a probability space is a measure space with a probability
measure. Several further properties of a measure can be derived from the definition

e (Monotonicity) A measure is monotonic, i.e. if Ay C Ay, A1, A € o(Q)) then p(A4;) <

1(Az2)
e (Measures of infinite unions of measurable sets)

161
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— A measure p is countably subadditive: If Ay, Ao, ... is a countable sequence of sets

in (), not necessarily disjoint, then
oo o0
n(J As) <> u(A)
i=1 i=1

— A measure p is continuous from below: If Ay, Ag,... € o(Q) and A; C Ay C ...,

then the union of the sets A; is measurable, and

u((J A) = lim p(A)

’L:l 71— 00
e (Measures of infinite intersections of measurable sets): If Ay, Ay,... € o(Q) and A1 D
As D ..., then the intersection of the sets A; is measurable; furthermore, if at least one of

the A; has finite measure, then

oo
u(g A;) = lim p(4;)
If O = U2, A, for some countable sequence A; € o(Q)) with u(A;) < oo, then p is said to

be o —finite.

Definition A.5 (Measurable function): Let (X,0(X1)) and (X2,0(X2)) be two measurable
spaces. A mapping f 1 X1 — Xy is said to be measurable if the inverse images of a measur-
able set is measurable i.e. f~1(A) = {z € X : f(x) € A} € 0(Xy) for A € o(Xs).

Definition A.6: Let (), o(Q)), ) be a probability space and (S, S) be a measurable space.
Then a random variable is a measurable function X : Q) — S with the property that {w € Q) :
X (w) € B} € 0(Q) forany B € S. Such a function is said to be o (Q))-measurable

Definition A.7: Let (S, S) be a measurable space. The distribution function of a random vari-

able X : Q) — S is the probability measure p : S — [0, 1] given by u(B) = (Po X 1)(B) =
P(X(B))=P{weQ:X(w) € B})forany BES

We denote the distribution function of a random variable X by P x.

Definition A.8: Ler (X, 0(X), 1) be a measure space where y is a (nonnegative, countably ad-
ditive) measure. A set A € o(X) will be called an atom for 11 [66, 168], if

1. u(A) > 0and
2. for any proper subset B of Ai.e. B C A, u(B) = 0.

We shall say that v is purely atomic or simply atomic if every measurable set of positive measure

contains an atom. We shall say that p is nonatomic (or atomless) if there are no atoms for L.

A.2 Topology

Definition A.9: A topology T on Q) is a family of subsets of () such that
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e (conventions on empty set) ), ) € T

o (arbitrary union) if A; € T, i € I then U;c1 A; € T where I is an arbitrary set.

o (finite intersection) if Ay, Aa, ..., A, € T thenNj_A; € T.
The pair (O, T) is called a topological space. The open sets in Q) are defined to be the members
of T). A subset of Q) is said to be closed if its complement is in T) (i.e., its complement is open).

A subset of () may be open, closed, both, or neither.

A Borel set is any set in a topological space that can be formed from open sets (or, equivalently,
from closed sets) through the operations of countable union, countable intersection, and relative
complement. For a topological space T on (), the collection of all Borel sets on () forms a o—-
algebra, known as the Borel algebra or Borel o—algebra B(()). The Borel algebra on Q) is the

smallest o —algebra containing all open sets (or, equivalently, all closed sets).

Definition A.10: A collection of subset B C T is a base for the topological space if each non-
emptyset A € T can be represented as a union of of a subfamily B; of B, i.e. A = Ugep, C
where B; C B

Definition A.11: A fopological space (X, T) is said to be a Hausdorff space if for any x,y € X

x # y there are disjoint open set U, U, containing x and y respectively.

Definition A.12: A topological space (X, T) is called compact if each of its open covers has a
finite subcover. Explicitly, this means that for every arbitrary collection {U; € T : i € I} such
that X = J;c1 U, there is a finite subset J C I such that X = J;c ; U;. A set A C X is compact
in X if each of its open covers has a finite subcover i.e. if A C ;c; U; where {U; € T : i € I} is
a collection of open sets, then there is a finite subset J C I such that A C J;c; U.

Definition A.13: A topological space (X, T) is called locally compact if for each x € X there is
an open set U € T that x € U and the closure of U is compact. The closure of U is Cl(U) =
{x € X : V. NU # 0 for each open set V containing x}

Definition A.14: In a topological space (X, T), a subset A of X is said to be a dense subset of X
if CI(A) = X. A topological space (X, T) is separable if it contains a countable dense subset.

A.3 Integration of measurable function

Let (X,0(X)) be a measurable space. Let 14 be the indicator function of subset A C X, i.e
1a(z) =1ifx € Aand 14(x) = 0 otherwise. Consider a measurable function f : X — R in
the following cases

e If f is a non-negative simple function i.e. f = Y i" | ¢;14, where {A;} is a finite decom-

position of o (X'), then the integral of f with respect to the measure y is

[ f@yutin) = icmm»
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e If f is a non-negative function i.e. f : X — [0, 0] and there exist a sequence of simple
function such that 0 < f,, < f,4+1 < f for all n and lim,,_,, f, = f, then the integral of
f with respect to p is defined as the limit of the integral of simple functions

[ @) = lim [ fu(@)n(da)
X n—oo Jx
e The integral of a general measurable function f : X — [—o0, oo| with respect to  is
[ @) = [ 5 @ntds) + [ (@)n(dn)
x x x
where the positive part of f is

fz), if0< f(x) < oo;

(@) = { 0, if —oo < f(z) <0.

and the negative part of f is

The integral of f over any measurable set A € o(X) is
[ f@nld) = [ 14(@)f()u(do)

Definition A.15 (Absolutely continuous): Let p;,1 = 1,2 be o—finite j11 and ps on the same
measurable space (X,0(X)). uy is absolutely continuous with respect to a o, denoted p; < 1o
if po(A) = 0 implies that 11 (A) = 0 for A € o(X).

The Radon-Nikodym theorem says that p is absolutely continuous with respect to a uo if

there exist a measurable function f : X — [0, 00) such that

pi(4) = [ F(@)a(da).

Then f is called the Radon-Nikodym derivative or density of uo with respect to pq and is denoted
by g = du1/dus

A.4 Markov Chains

This section gives some definitions and basic results for Markov chains. More details can be found
in [394|63].
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Kronecker Delta ¢;;. If 7, j € N, the Kronecker Delta is given by
1, ifi=yj;
0ij = e
0, ifi# 7.

Dirac measure §,. Let x € S, a Dirac measure d,, on a set S (with any o-algebra of subset of

S) is defined for any A C S
0, ifx ¢ A
1, ifz € A.

5(4) = {

Definition A.16: A generating-function of a sequence a = {z; : i = 0,1,...} of a real numbers
is the function G, defined by

o0
Ga(s) = Z ais’ for s € R for which the sum converges.
=0

The sequence a; may in principle be reconstructed from the function G, by setting

where G\Y) denotes the ith derivative of the function G,. In many circumstances it is easier to

work with the generating function G, than with the original sequence.

Definition A.17 (dth order Markov process): A hidden state sequence {X;}1>1 is a d order
Markov process when conditional distribution of Xy, given the past values X; with 1 < | < k
depends on the d tuple Xy_q4,...,Xi_1 Le.

P(Xg| X1, Xpo1) = P(Xp| Xp—ay - - Xio1)

Definition A.18: [ (State space)]The state space S is called

@) countable if S is discrete, with a finite or countable number of elements, and with S the
o-field of all subsets of S.
(i)  general if it is equipped with a countably generated U-ﬁelaﬂ )

1Countably generated o-field is a o-algebra that can be generated by a countable collection of sets.
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Mathematical Proofs

Now we prove (@.24)) for ¢t > 1

1 N
po(Zi|Z14) = NZ K (B.1)

with the convention that pg(Z1|Z1.0) = pe(Z1) and Xo.1 = X;.
Let ¢ = 2, we have
po(Z12) = /pG(X1:2721:2)dX1:2 = /pe(X2,Z2!X1,Zl)pe(Xl,Zl)dX1:2
[ pox1, 204X, [ pol(Xa, 2010, 21)d o (B2)
:/99<Z2\X2)f9(X2’X1)p6(X1,Zl)dX1:2 by @.17)
— [ w(Zlx2) (e [ w(0)a(01Z)dx% ) dXs  (by GI9)
= /w(Xl)qa(X1|Zl)dX1/99(Z2|X2)f9(X2|X1)dX2
:/w(Xl)QG(X1|Zl)dX1/w(X1:2)QQ(X2|Zz,X1>dX2 (by @21)). (B.3)
From (B.2), we have
po(Z12) = /pe(X1,Zl)dX1/Pe(X27Z2|X1,Z1)dX2
= 0(21) [ pol(Xes 22| X0, 20)dX = pa( Z0)pol 221X, 21)
= po(Z1)pe(Z21Z1) (B.4)

where (a) holds by Z; are statistically independent of X; conditional on Z;. Hence by (B.3) and
(B.4), we have

po( 7)) = /w(Xl)qg(Xl\Zl)Xm (B.5)

o(Za|21) = / w(X1:2)q0(Xa|Za, X1)dXo. (B.6)
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Let ¢t = T, use the same argument for and (B.4)), we have
T
po(Z1:r) = po(Z1) [ [ po(Zil Z1:i-1)
i=1

where pg(Z;) is given in (B.3) and for ¢ = 2,..., T it follows from (B.6), we have
po(ZilZiamr) = [ w(X1)a0(X1|Z2, X1 )Xo

From Algorithm 4 and for t = 1,...,T, we have X]" ~ q9(X4|Z;, Xy—1), n = 1,..., N with
convention that gg(X1|Z1, Xo) = q¢(X1|Z1). Thus the approximation of py(Z¢|Z1.4—1) is

1 N
(Zt|Z1t 1 NZ Xt 1t

n=1
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absolutely continuous, [[64]
absorbing, [61]
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belief functional, 33|
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distribution function, [162]
EAP estimator, [T0]
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global density, [31]

initial distribution,
intercommunicate,
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MAP,[10]
Markov chain, [56]
maximum a posterior probability (MAP), [I0]

measurable space, @ @
measure, [[6]]

measure space, [[6]]
Minimum Mean Square error (MMSE), @

random finite set, 28]
random variable, [162]

set integral, [34]
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transition probability, [57]
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