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Abstract

Resource Allocation in Cognitive Radio Networks

by Athipat Limmanee

This thesis focuses on optimal power allocation problems for various types of
spectrum-sharing based cognitive radio networks in the presence of delay-sensitive
primary links. To guarantee the quality of service in the delay-sensitive primary
network, primary user’s outage probability constraint (POC) is imposed such that
the transmission outage probability of each primary user is confined under the pre-
defined threshold.

We first consider a cognitive radio network consisting of a secondary user (SU)
equipped with orthogonal frequency-division multiplexing (OFDM) technology able
to access N randomly fading frequency bands for transmitting delay-insensitive as
well as delay-sensitive traffic. Each band is licensed to an individual single-antenna
and delay-sensitive primary user (PU) whose quality of service is assured by a POC.
Assuming full channel state information (CSI) is available at the secondary network,
we solve the SU’s ergodic capacity maximization problem subject to SU’s average
transmit power, SU’s outage probability constraints (SOC) and all POCs by using a
rigorous probabilistic power allocation technique. A suboptimal power control policy
is also proposed to reduce the high computational complexity when N is large.

Next, we study cognitive broadcast channels with a single-antenna secondary
base station (SBS) and M single-antenna secondary receivers (SRs) sharing the
same spectrum band with one single-antenna and delay-sensitive PU. The SBS aims
to maximize the ergodic sum downlink throughput to all M SRs subject to a POC
and a transmit power constraint at the SBS. With full CSI available at the secondary
network, the optimal solution reveals that at each timeslot SBS will choose the SR

with the highest direct channel power gain and allocate the timeslot to that user. The



opportunistic scheduling aspect from the optimality condition allows us to further
analyze the downlink throughput scaling behavior in Rayleigh fading channel as M
grows large.

We then examine a cognitive multiple-access channels with a single-antenna SBS
and M single-antenna secondary transmitters sharing the same spectrum band with
a single-antenna and delay-sensitive PU. Under an average transmit power constraint
in each secondary transmitters and a POC at the primary link, we characterize the
ergodic capacity region and two outage capacity regions, i.e. common outage capac-
ity region and individual outage capacity region, in the secondary uplink network
by exploiting the polymatroid structure of the problems. Also, the derivation of the
associated optimal power allocation schemes are provided. The optimal solutions
for the problems demonstrate that successive decoding is optimal and the decoding
order can be solved explicitly as a function of joint channel state.

Finally, we investigate a transmit power allocation problem for minimizing outage
probability of a single-antenna SU subject to a POC at a delay-sensitive and single-
antenna PU and an average transmit power constraint at the SU, providing that the
SU has quantized channel side information via B-bit feedback from the band man-
ager. By using nearest neighbourhood condition, we can derive the optimal channel
partition structure for the vector channel space, making Karush-Kuhn-Tucker con-
dition applicable as a necessary condition for finding a locally optimal solution. We
also propose another low-complexity suboptimal algorithm. Numerical results show
that the SU’s outage probability performance from the suboptimal algorithm ap-
proaches the SU’s outage probability performance in the locally-optimal algorithm
as the number of feedback bits, B, increases. Besides, we include the asymptotic

analysis on the SU’s outage probability when B is large.
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Chapter 1
Introduction

In this chapter, we will first briefly describe the basic concepts of cognitive radio
networks and related works to pave the way for the more detailed contributions of the
thesis in the subsequent chapters. In Section 1.1, we provide the rationale behind
cognitive radio (CR) technology. Section 1.2 is divided into two parts. Section
1.2.1 will give an overview of information theoretic notions utilized to constitute
important performance measures in general wireless communication networks and
also address some important works related to this thesis. In Section 1.2.2, related
literature in the context of energy-efficient resource allocation problem for different
CR network paradigms will be discussed. Section 1.3 completes this chapter with

an organization of the thesis and its contributions.

1.1 Motivation

The significance of ubiquitous wireless access has been dramatically increasing in
the last decade since new wireless applications become more and more popular. For
example, a mobile phone is not just a voice-only phone as we can enjoy watching
video, talking to friends from different parts of the world or even conducting finan-
cial transactions through this device. Undoubtedly, the availability of high quality
wireless services has fueled the acute growth in mobile subscriber demands. How-
ever, the transition from voice-only communications to multimedia communications
along with the increase in the number of wireless subscribers has made wireless
spectrum severely crowded. According to the Australian radiofrequency spectrum
allocation chart in Fig.1.1, almost all frequency bands have been licensed and very

little new bandwidth remains for the rising number of wireless products [1]. The
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Australian radiofrequency
spectrum allocations cha

Figure 1.1: Australian radiofrequency spectrum allocation chart in 2009 by ACMA.

main benefit of the licensing approach is that the licensee can completely control
its assigned spectrum and unilaterally manage interference among the users and the
users’ quality-of-service (QoS). Nevertheless, the bursty nature of most data traffic
still provides a great deal of opportunities to use the vacant spectrum, even though
a licensed channel is actively used. Furthermore, Spectrum Policy Task Force has
recognized that most of licensed spectrum bands are actually not in short supply
and in fact they are quiet most of the time. This implies that the spectrum drought,
as perceived today, is mainly because of the static licensed spectrum management
policy rather than any physical shortage [2]. In 2003, the Federal Communication
Committee suggested a new concept for dynamically allocating the spectrum to en-
counter the problem of spectrum scarcity in the future. The idea is that additional
wireless devices can exploit sophisticated technology to opportunistically share the
same spectrum with the entrenched licensed users or primary users (PUs) and thus

facilitate a more efficient spectrum utilization.

The cognitive radio concept can trace its roots back to an early work by Joseph

Mitola in 1999. In [3], Mitola defined the term software defined radio (SDR). SDRs
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are wireless devices that can be rapidly upgraded and adapted to the environment in
real time, empowered by a flexible software architecture. In [4], Mitola then coined
the term cognitive radio for the SDRs that are capable of sensing the environment,
for example channel, codebook, or activity side information of the other nodes with
which they share the spectrum [5-7]. By exploiting the side information, the cogni-
tive radio users can either utilize the spectrum when they sense the spectrum hole or
simultaneously operate as long as their interferences do not degrade the QoS of the
primary transmission to an unacceptable level. Clearly, the cognitive radio users’
performances are not only bounded by their own resources, but also restricted by the
service quality in the primary networks. So, it is necessary for cognitive radio users
or secondary users (SUs) to wisely manage their resources in order to achieve maxi-
mum performance without disturbing service quality in primary links. To this end,
several optimization techniques are applied as main tools to tackle resource man-
agement problems, making optimization one of the most attractive methodologies
in this research arena.

This thesis focuses on the resource allocation problem in cognitive wireless net-
works where the transmission power budget is one of the limited resources. Essen-
tially in cognitive radio networks, the service quality in the primary network also
restricts the interference caused by the secondary network. Thus, the design of ef-
ficient power allocation strategies for the secondary network also depends upon the
specific type of wireless service in the primary network. In many common wireless
networks, real-time applications such as voice and video services constitute an im-
portant part of the overall traffic. This motivates us to investigate optimal power al-
location schemes for maximizing information theoretic performance in various types
of secondary networks under the QoS requirements in delay-sensitive primary net-

works.

1.2 Literature review

This section is divided into two parts. The first part will provide a review of the

existing literature related to information theoretic performance measures used in
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fading wireless channels. The second part will discuss some selected articles that
previously dealt with power allocation policies in cognitive radio networks, especially
for the underlay paradigm based cognitive radio network, which is the cognitive radio

paradigm of interest in the thesis.

1.2.1 Capacity in wireless channel

The channel capacity is one of the most important performance measures in wireless
communication as it represents the maximum data rate can be transmitted through
the wireless channel with asymptotically small error probability. The breakthrough
study in channel capacity was pioneered in 1948 by Shannon based on the notion
of the mutual information between input and output of a channel [8]. More specifi-
cally, capacity is defined as the mutual information maximized over all possible input
distributions. However in practical situations, a wireless channel varies randomly
and continuously over time and the transmitters cannot have infinite power budget.
Wolfowitz then considered the capacity of time-varying channel, proving that if the
channel stochastic process is assumed to be stationary and ergodic, the capacity of
the time-varying channel is the expectation of the capacity of the particular channel
state [9] and the result is the same even though the number of channel state is infi-
nite [10]. Under the assumption of stationarity and ergodicity, the maximum achiev-
able capacity assuming no constraints on delay is thus called the ergodic capacity. In
a single user scenario, [10] argued that if the transmitter and the receiver know the
channel state, i.e. perfect channel side information (CSI) is assumed, the transmitter
can adapt its power to achieve the maximum ergodic capacity subject to its average
power constraint. The optimal power control scheme is the well-known water-filling
(WF) policy. The idea is to allocate more power to the better channel power gain
while stop transmitting when the channel power gain is really poor [11]. After [10],
there were several works that looked at ergodic capacity maximization problems in
various sorts of wireless networks. In orthogonal frequency-division multiplexing
(OFDM) technology where the transmitter sends information through parallel sub-
channels, the optimal power policy to achieve maximum ergodic capacity subject to

its average power constraint is also in water-filling manner, i.e. water-filling is done



1.2. Literature review 5)

over the OFDM subcarriers, alias multi-dimension water-filling [12]. In single-input
single-output (SISO) fading multiple-access channels (MAC) with continuous fading
channel scenario, [13] showed in 1995 that the base station allocates a given time
slot (over which the fading channel remains invariant) to the user with the strongest
channel power gain only so as to maximize the ergodic uplink sum capacity in a MAC
with identical transmitters, implying that a dynamic time-division-multiple-access
(D-TDMA) is the optimal scheme. In 1998, [14] studied the analogous scenario but
investigated more general cases by considering unequal rate rewards in each user for
the sake of fairness among users. By exploiting the convexity and the polymatroid
structure of the problem, [14] rigorously proved that each point on the boundary of
the ergodic capacity region is attainable by successive decoding. Coincidentally, Tse
proposed the optimal power allocation scheme for maximizing ergodic sum downlink
capacity in SISO fading broadcast channels (BC) in 1997, showing that D-TDMA is
optimal by designating the whole time slot for the user with the strongest reception
only [15]. Then in 2001, [16] investigated the ergodic capacity region of M-user
fading BC with perfect CSI at the base station and the receivers. These results are
obtained for code-division with and without successive decoding, frequency-division
and time-division, showing that the achievable regions for frequency-division, time-
division and code-division without successive decoding are equivalent whereas the
achievable region for code-division with successive decoding has the largest capacity

region.

However, ergodic capacity is the performance measure of the long-term achiev-
able rate averaged over the time-varying channel. To average out the fluctuation of
the channel, the coded symbols must span many coherence time periods, and this
coding/decoding delay can be quite significant [12]. For applications that have a
tight delay constraint relative to the channel coherence time, this notion of capacity
is not meaningful because the user may suffer from outage. The outage event hap-
pens when the instantaneous rate drops below the encoding rate or target rate at
the receiver. Then, the decoding error probability at the receiver cannot be made
arbitrarily small regardless of the code used by the transmitter [12]. The probability

of the outage event for the corresponding target rate is called the outage probability.
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In the delay-limited case, we restrict ourselves to power control policies such that the
instantaneous mutual information is kept constant at all times, i.e. zero outage prob-
ability. The notion of delay-limitedness is inferred in many articles. Several works
on power control, such as [17] and [18], assume that a desired signal-to-interference
noise ratio must be met for every fading realization so as to the encoding rate is kept
constant. While it is straightforward that the single user delay-limited power control
policy is channel inversion, the multiple user scenario is more interesting since it
involves tradeoffs between the power and rate allocation and the interference among
the users. In [19] the authors defined the formal concept of delay-limited capac-
ity, also known as zero-outage capacity, for MAC. Similar to [14], [19] utilizes the
convexity and polymatroid structure of the problem to characterize the entire delay-
limited capacity region and the corresponding optimal power control schemes and
proves that the optimal solution is always successive decoding. Nonetheless, there
are some fading distributions for which zero outage probability cannot be achieved,
such as Rayleigh fading, since the probability that the channel is in deep fade is
non-zero [12]. Another performance measure called the e-outage capacity is also
used to define the largest rate of transmission R such that the outage probability is
less than €. In the single-user case, the well-known power strategy, called truncated
channel inversion (TCI), is the optimal solution to e-outage capacity maximization
under average transmit power constraint [20]. In [21], the authors solved the outage
minimizing problem for the M-parallel block-fading additive white Gaussian noise
(BF-AWGN) channel with perfect CSI assumed at both transmitter and receiver.
The optimal power solution suggests that deterministic schemes are generally subop-
timal but a probabilistic power allocation scheme is optimal for channel distribution
consisting of discrete fading states, i.e. the optimal solution is randomized between
zero-power and a multi-dimensional basic rate allocation policies. In [22] the authors
studied two outage scenarios for the SISO fading MAC. The first one is common out-
age where an outage must be declared simultaneously for all users and the second
one is individual outage where an outage can be declared individually. Significantly,
it was shown in [22] that finding the outage capacity region is equivalent to deriving

the outage probability region for a given rate vector. Similar to the results in [14]



1.2. Literature review 7

and [19], [22] also proved that successive decoding is the optimal decoding strategy.
In SISO fading BC, [23] looked at several types of time-division multiple-access sim-
ilar to [16] and proved by the same technique as in [22] that the outage capacity
region can be implicitly acquired by deriving the outage probability region for a
given rate vector. The results presented in [13] and [15], in [14] and [16] and in [22]
and [23] reflect the hidden relationship between MAC and BC problems. The rela-
tionship is later clarified in [24] which emphasized the duality of the capacity region
of Gaussian MAC and BC by showing that the capacity region of the Gaussian
BC under a sum power constraint is exactly the same as the capacity region of a
dual Gaussian MAC subject to the same sum power constraint instead of individual

power constraints.

In [25], the authors argued that neither the ergodic capacity nor the outage ca-
pacity is exclusively appropriate in some variable rate applications. For example in
some video or audio applications, the source rate can be adjusted due to the fading
channel conditions in order to provide multiple QoS levels. Generally, a non-zero
basic rate R is needed to ensure a minimum acceptable service quality. Therefore,
the authors solved the problem of the ergodic capacity maximization subject to
an average power constraint and the constraint that the outage probability is no
more than e for a given target instantaneous rate R. Note that the outage prob-
ability constraint is imposed on the problem in order to guarantee the minimum
QoS. The problem is also known as service-outage maximization problem, for an
M-parallel block fading channel. The derivation reveals that the optimal power
strategy is randomized between two deterministic power allocation schemes [25], i.e.
a multi-dimensional water-filling allocation and a multi-dimensional basic-rate al-
location scheme. In free-space optical communication channel, [26] examined the
service-outage maximization problem by suggesting that intensity modulation di-
rect detection optical block fading channel with Poisson receiver statistics can be
modelled as Poisson fading channel and again the optimal power solution shows the
randomization manner between two deterministic schemes. Since outage probability
is used as the QoS metric for delay-sensitive users in this thesis, the idea of proba-

bilistic power allocation technique shown in [21,25,26] serves as a vital tool to help



8 1.2. Literature review

solving problems from Chapter 2 to Chapter 4.

1.2.2 Cognitive radio network paradigms

In cognitive radio networks, the QoS of primary networks must be guaranteed, mak-
ing power control schemes in non-cognitive environments unable to be directly ap-
plied. Based on the type of available network side information, there are three main
approaches for CR to manage its resultant interference: interweave, overlay, and
underlay [6].

The interweave or spectrum sensing paradigm is regarded as the simplest ap-
proach to prevent secondary networks from degrading the QoS in primary network
by allowing SUs to transmit only the frequency band is detected to be idle. The idea
is originally outlined in [4]. In this paradigm, occupancy knowledge of the primary
users in each spectrum is required for the cognitive transmitters, making an accurate
sensing of the presence of non-cognitive users quite crucial. Theoretically, the resul-
tant interference from secondary networks is zero when primary network is active.
In practice, sensing ability is imperfect due to multipath fading of wireless channels
and the fluctuations in noise/interference level [27], leading to the the occurrence
of probability of missed detection and probability of false alarm. Also, the frame
structure of any cognitive radio system consists of a sensing time slot and a data
transmission slot, leading to the tradeoff between sensing time and data transmission
time [28]. Motivated by these limitations, the topic on resource allocation in the
interweave paradigm becomes attractive. For example, [29] considers the achievable
throughput from a queue stability perspective by deriving the optimal power control
for maximizing the cognitive users arrival rate whereas PU’s packet arrival is held
fixed to assure a certain primary average throughput. The optimal sensing time and
power allocation that maximizes the average throughput subject to the probability
of detection of the PUs under two different power constraints: peak (short-term)
transmit power constraint and average (long-term) transmit power constraint were
derived in [28] for a single frequency band and in [30] for a wideband scenario.

For the overlay paradigm, the codebook and message side information of primary

networks are presumed to be available at secondary networks. Thus, concurrent
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cognitive and non-cognitive users transmissions are allowed and the cognitive radio
users may even facilitate the transmission of the non-cognitive users. The overlay
paradigm is also referred in the information theory literature as an interference chan-
nel with asymmetric message knowledge, degraded message sets, or one cooperating
encoder [6]. One of the notable works on the overlay paradigm is [7] which addressed
four causal protocols and investigated corresponding achievable rate regions of cog-
nitive and non-cognitive users which combines Gel’'fand—Pinkser coding [31] with an
achievable rate region construction for the interference channel [32]. In the addi-
tive Gaussian noise case, this represents the similarity to dirty-paper coding [33], a
technique used in the computation of the capacity of the Gaussian multiple-input
multiple-output (MIMO) BC [34]. Providing that there is no rate degradation for the
PU in the SU’s vicinity and the primary receiver adopts a single-user decoder, [35]
characterized the largest reliable rate for the SU and also demonstrated that mul-
tiuser decoding at the primary receiver is optimal in the high-interference regime for
the viewpoint of maximal jointly achievable rates in the overlay network with a pair

of primary and secondary users.

In the underlay paradigm [6,36] or horizontal spectrum sharing [5,7], which is
the main paradigm of interest in this thesis, cognitive networks can simultaneously
share the same spectrum with primary networks. Unlike the overlay paradigm, the
cognitive radio users in underlay paradigm are assumed to have CSI of the network.
By exploiting channel knowledge, the cognitive radio users must control the amount
of their interference to avoid deteriorating the QoS of the primary networks to de-
ficient level. The simplest method is to limit interference from secondary network
to each primary receiver or the so-called interference temperature [5]. The idea of
interference temperature limit is to quantify and manage the source of interference
by real-time interactions between transmitter and receiver in an adaptive manner so
as to ensure that the total interference from the secondary network to each primary
receiver is no more than a predefined value. So, given a particular frequency band in
which the interference temperature is not exceeded, that band could be made avail-
able to cognitive radio users [5]. Motivated by the idea of interference temperature

limit, the study on the channel capacity for secondary users in underlay paradigm
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has drawn a lot of attention. Gastpar derived the behaviour of capacity of different
additive white Gaussian noise (AWGN) channels subject to a received power con-
straint at the intended receiver or at the third party in [37]. The capacity under
receive power constraints at the receiver side is shown to be very similar to that
under transmit power constraints at the transmitter side because, for such invariant
channels, the received power at the third-party receiver is merely a deterministically
scaled version of the transmitted power. Therefore, analyzing the channel capacity
problem subject to received power constraints is tantamount to analyzing it subject
to transmit power constraints. However in fading wireless channels, the secondary
network can gain benefits from the presence of channel fading, for example when the
channel gain from a secondary transmitter to a primary receiver is in deep fade, it is
more likely that the secondary transmitter can opportunistically increase transmit

power to achieve higher rate.

Based on the results of [37] and the fading property of typical wireless channels,
a number of works have addressed the design of optimal power allocation policy to
achieve maximum transmission performance in the secondary network. For point-to-
point communication in the underlay paradigm, [38] studied the SU ergodic capacity
maximization subject to either an average or a peak interference power constraint
at each single-antenna equipped primary receiver. The corresponding power con-
trol policies were derived and later used to compute the closed-form expression of
the ergodic capacity in various types of channel fading statistics. Nevertheless, [38]
overlooked the effect of transmit power budget which is a limited resource for any
wireless devices in practice. Under the identical problem considered in [38], [39] also
imposed transmit power constraint at the secondary transmitter, i.e. either an av-
erage transmit power constraint or a peak transmit power constraint, and analyzed
both ergodic capacity maximization and outage probability minimization problems
under different channel fading scenarios. In 2009, [40] investigated the analogous
scenario but assumed that the SU utilizes sensing-based spectrum sharing approach
to avoid exceeding the average interference threshold at the primary receiver. More
specifically, the model consists of two stage for each frame duration time 7. In the

first stage, the SU listens to activity of the PU with sensing time 7. In the second
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stage, the SU adapts its transmit power based on the sensing results in the remain-
ing duration time T'— 7. The optimal power allocation policies for both when PU is
active and when PU is inactive and optimal sensing time 7 were derived. In [41], au-
thors derived the optimal power allocation scheme that maximizes secondary user’s
effective capacity [42] subject to an average interference constraint (the simplified
version of outage probability constraint at the PU) in Rayleigh fading channel which
ensures the QoS of the delay-sensitive PU.

Several articles, such as [43,44], have also suggested that the secondary net-
works can further increase transmission performance by exploiting CSI between
secondary transmitter and primary receiver channels and between primary trans-
mitter and primary receiver channels. For secondary transmitter-primary receiver
channels, it is suggested that the secondary transmitter can estimate this gain by
measuring the received power of signals transmitted by the primary receiver and
under the assumption of channel reciprocity and that secondary transmitter knows
the primary receiver transmission power. For primary transmitter-primary receiver
channels, various suggestions have been made including that of eavesdropping on
primary receiver feedback to primary transmitter [45], and receiving feedback from
a cooperative SU node employed near the primary receiver [46]. Instead of using an
average interference power constraint to guarantee PU’s QoS, a new constraint called
primary capacity loss constraint (PCLC) was introduced into SU ergodic capacity
maximization problem [43]. The idea is that the SU will not cause an unsatisfactory
loss in PU’s ergodic capacity if it knows an additional CSI between the primary
transmitter and the primary receiver. The solution for the problem is called modi-
fied water-filling power control since the power level is adapted based on not merely
the channel power gain between the secondary transmitter-receiver pair, but also
the channel power gains between primary receiver and secondary transmitter and
between the primary transmitter-receiver pair. By using Jensen’s inequality, the
author also showed that the proposed SU power control policy is superior to the
conventional strategy under interference constraint by showing that the achievable
ergodic capacity region of PU and SU under PCLC is larger than that under an

average interference power constraint. Although considering PCLC instead of aver-
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age interference power constraint gives an advantage to secondary network, PCLC
is not an appropriate constraint when PU is interested in a delay-sensitive applica-
tion, such as live video streaming, because ergodic capacity does not take a tight
delay constraint into an account. Hence, primary user’s outage probability constraint
(POC) was introduced in [44] where PU’s outage probability must not exceed the
given threshold. The optimal power policies to maximize SU ergodic capacity and
to minimize SU outage probability subject to POC and transmit power constraint

(either peak or average power constraint) were provided in [44].

Optimal power allocation problems in the underlay paradigm are also extensively
studied in other types of secondary networks. There are several articles consider-
ing a parallel fading channel in secondary network where a SU is equipped with
OFDM technology. OFDM has gained reputation with the emergence of wireless
communications and wideband systems because of simplicity in channel equaliza-
tion and coding and the ability to compensate for multipath fading [47]. Espe-
cially in OFDM-based CR system, SUs will have more alternatives to enhance its
transmission efficiency, for instance, by using the spectrum slots left by PUs [48],
transmitting opportunistically through unoccupied subcarriers in the primary sys-
tems [49], or even sharing the subcarriers with PUs on the condition that the QoS
of the primary system is guaranteed [50,51]. In [51], the authors studied channel
capacity maximization of an OFDM-equipped secondary user sharing the subcarri-
ers of the orthogonal frequency division multiple access (OFDMA) based primary
system. Each subcarrier of the primary system is protected by either an interference
constraint or PCLC, i.e. hybrid protection constraint. While in [49], the effect of SU
cross-band interference to the side-by-side PU frequency bands was elaborated by
solving the total transmission rate maximization problem subject to total cross-band

interference and transmit power constraint in each subcarrier.

There are also a lot of works paying attention to the multiple-user scenario for
both cognitive MAC (C-MAC) and cognitive BC (C-BC). For example, [52] ex-
tended the results from fading non-cognitive MAC in [13,14] to fading C-MAC and
from fading non-cognitive BC in [15,16] to fading C-BC. The authors in [52] derived

the optimal power policies that maximize ergodic sum capacity for both uplink and
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downlink channel for secondary network subject to average/peak transmit power
constraint at each transmitter and average/peak interference power constraint at
each receiver. In C-BC, it was shown that the base station allocates a given time
slot to only one user so as to maximize the ergodic sum downlink capacity, imply-
ing that a dynamic time-division-multiple-access (D-TDMA) is the optimal scheme.
However, it is not always the case in C-MAC. Particularly, more than one user can
transmit at the same time when peak interference constraints are included in the
ergodic sum uplink capacity maximization problem. Recently, [53] characterized
common outage capacity region and individual outage capacity region in cognitive
MAC subject to peak interference power constraint at each primary receiver and
peak transmit power constraint at each secondary transmitter and solved the corre-
sponding optimal power control schemes. By using a similar idea proposed in [22]
for the non-cognitive MAC problem, [53] argued that the outage capacity region
can be implicitly obtained by deriving the outage probability region for a given
rate vector. Another challenging problem for the multiple-user scenario in cognitive
system is to analyze how the sum throughput in the secondary network scales as
the number of secondary users, M, grows large. Originally, Sharif and Hassibi [54]
studied how the ergodic sum downlink throughput in non-cognitive multiple-input-
multiple-output (MIMO) broadcast channel scales with number of transmit anten-
nas, number of receive antennas and number of receivers. In [54], the base station is
presumed to allocate the whole time slot to the receiver with the maximum signal-
to-interference-noise ratio with the constant power allocation policy. Note that [54]
became the first work that adopts extreme value theory to rigorously render through-
put scaling analysis. Extreme value theory is utilized to specify the possible forms
for the limiting distribution of maxima in sequences of independent and identically
distributed (i.i.d.) random variables. Apart from the telecommunication arena, ex-
treme value theory is also used in other aspects, such as geological engineering [55]
and financial risk analysis [56]. With the aid of extreme value theory, the secondary
throughput scaling is later analyzed for three types of cognitive networks, includ-
ing cognitive MAC, cognitive BC, and cognitive parallel access channel, under peak

transmit power and peak interference power constraints in [57]. Then, [58] examined
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the multiuser diversity gain due to the optimal power allocation policy in cognitive
MAC under an average interference power constraint and an average transmit power

constraint with various types of fading channel statistics.

Although the knowledge of CSI is assumed at secondary transmitters in the un-
derlay paradigm, to obtain perfect CSI theoretically requires infinite feedback bits
from receivers even in non-cognitive networks, making the assumption impractical.
Therefore, various works looked at power allocation problems using limited feed-
back scenario. Many results, for example in [59-61], even attested that allowing
the receiver to feedback a small number of bits to the transmitter can make the
performance of the system approach the optimal performance with full CSI. In [59],
outage minimization problem subject to average transmit power constraint for a
single-user non-cognitive MIMO system with quantized feedback was investigated.
With a given set of power levels, the optimal channel state partitioning can be de-
rived by using the nearest-neighbourhood condition (NNC) and the problem can be
rewritten as a function of power. Then, the optimal power control can be derived by
using Karush-Kuhn-Tucker (KKT) necessary condition. By using NNC and KKT
conditions, several papers used this approach to solve the optimization problem with
quantized feedback in various types of networks. In [62], outage probability min-
imization subject to average transmit power constraint in parallel fading channels
was solved. In cognitive radio scenarios, SU ergodic capacity maximization problem
in parallel channel subject to average transmit power constraint at the SU and av-
erage interference power constraint at PU in each subchannel was addressed in [60]
and the optimal power policy was derived accordingly. Later, [63] investigated the
same network setup as [60] but an average interference power constraint is replaced
by a peak power constraint at PU in each subchannel. The SU outage probability
minimizing problem in a narrow band network subject to average transmit power
and average interference power constraint was derived in [61]. In [60-63], various
suboptimal algorithms were elaborated to ease complexity in computational problem
in the optimal solutions and asymptotic analyses of the SU performance were also
studied. In multi-antenna radio networks systems, the resource allocation problem

is still challenging as beamforming and power control codebooks are required to be
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optimally designed. However, existing works design these codebooks independently,
i.e. either assume fixed transmission power and find the optimal beamforming code-
book [64-66] or presume an isotropic transmission at the transmitter and solve the
optimal power control [67-69]. Although [70] recently proposed a joint design of
power control and beamforming codebook for outage minimizing problem in non-
cognitive single user multiple-input-single-output (MISO) network, the problem is
even more complicated in cognitive radio environment due to constraint imposed
by the primary networks. This makes the design and analysis of limited feedback
based algorithms for coexisting multiple antenna networks a largely unchartered
research arena. In [71], the authors considered the outage minimization problem
of MISO system in secondary network under interference constraint and proposed
two cognitive beamforming algorithms for cognitive beamforming based on quan-
tized cooperative feedback from single-antenna equipped primary receiver to the
secondary transmitter based on the orthogonality of the channel between the SU
transmit beamformer and the feedback channel. Also, the effect of the cooperative
feedforward of the secondary-link CSI from secondary transmitter to the primary

receiver was examined.

1.3 Outline and contribution of the thesis

In this thesis, we focus on optimal transmission power allocation problems in specific
types of secondary networks which share the same frequency band licensed to delay-
sensitive primary links. Throughout the thesis, an outage probability constraint is
imposed at each delay-sensitive PU, i.e. the service quality in each primary link is
guaranteed by a POC.

The block diagram in Fig. 1.2 illustrates the organization and the contribution
items of the thesis. More specifically, the contributions to the thesis from Chapter

2 to Chapter 5 are as follows:
e Chapter 2

We consider a CR network with an OFDM-based SU and N delay-sensitive

PUs. The SU aims at transmitting delay-insensitive as well as delay-sensitive
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Chapter 2
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maximization in CR
for parallel channels

Chapter 3
Ergodic sum capacity
maximization in cognitive BC

- Optimal power control policy - Optimal power control policies

- Suboptimal power control policy = ;rhrotug:;pm St‘_:a"";g analyses
ue to the optimal power
control policies

Contribution of the thesis
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Figure 1.2: Block diagram of thesis structure and contribution items.

data by accessing N randomly fading frequency bands which each band is li-
censed to an individual delay-sensitive PU which is interested in meeting a
minimum rate guarantee for delay-sensitive services with a maximum allow-
able primary outage probability, i.e. POC. Typically, PUs has its own power
policy based on the CSI of its direct gain between the PU transmitter and the
PU receiver only regardless the existence of secondary networks. Under the
assumption that PUs’ power policies and CSI of the network are revealed to
the SU, we solve the SU’s ergodic capacity maximization problem subject to
SU’s average transmit power and outage probability constraints (SOC) and
all POCs or the so-called service-outage based capacity maximization for SU
with POCs. With a rigorous probabilistic power allocation technique, it allows
us to derive optimal power policies applicable to both continuous and discrete
fading channels. Also, a suboptimal power control policy is proposed in order
to alleviate the high computational complexity of the optimal policy when N

is large.
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e Chapter 3

This chapter focuses on a spectrum-sharing based fading cognitive radio broad-
cast channel (BC) with a single-antenna secondary base station (SBS) and M
single-antenna secondary receivers (SRs) concurrently utilizing the same spec-
trum band with a delay-sensitive primary user (PU). The quality-of-service
requirement for the primary user is set by an outage probability constraint
(POC). We address the optimal power allocation problem for the SBS ergodic
sum capacity (ESC) maximization in the secondary BC network subject to
POC and a transmit power constraint at SBS described by either an average
or a peak power constraint. Optimality conditions reveal that in each timeslot
(or fading block over which the channels remain invariant) SBS will choose
only one SR that has the highest value of a certain metric consisting of the ra-
tio of the SR’s direct channel gain and the sum of interference and noise at the
SR, and allocate the timeslot to that user. Furthermore, the secondary net-
work throughput scaling analysis as the number of secondary users M — o0, is
also investigated, showing that if PU utilizes an ON-OFF transmission power
control policy with a constant power when ON, the SBS ESC in the cognitive
BC scales according to log(log M). If PU applies a truncated channel inversion
(TCI) power policy (which is equivalent to the optimal power control policy
for primary outage minimization in the absence of the secondary network),
the SBS ESC scales like €, log(log M) where ¢, is the PU outage probability
threshold.

e Chapter 4

This chapter concerns a spectrum-sharing based fading cognitive multiple-
access channel (C-MAC) with a single-antenna secondary base station (SBS)
and M single-antenna secondary transmitters, simultaneously sharing the same
spectrum band with one delay-sensitive primary user (PU) and aiming to com-
municate with the SBS. The quality-of-service in primary network is guaran-
teed by a primary user’s outage probability constraint (POC) while an indi-

vidual power resource for each secondary transmitter is limited by an average
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transmit power constraint (ATPC). This chapter considers the problem of
optimal power allocation depending on whether the traffic in the secondary
network is delay-sensitive or not. In delay-insensitive traffic, we first study the
optimal power allocation policy that maximizes ergodic sum uplink capacity
subject to POC and ATPC. Then, we extend to the more generalized case,
i.e. the optimal power strategy for achieving ergodic capacity region subject
to POC and ATPC. In delay-sensitive traffic, we discuss two types of outage
situation, i.e. an outage must be declared simultaneously for all users (com-
mon outage) and outages are declared individually for each user (individual
outage). Then, the power policies to achieve the common outage capacity re-
gion and the individual outage capacity region subject to POC and ATPC are
presented. Under the assumption that each SU knows the channel state per-
fectly in a continuous fading channel scenario, the optimal power strategies for
these problems are derived by using a rigorous probabilistic power allocation
technique and the solution reveals that successive decoding is optimal and the

decoding order can be solved explicitly as a function of channel state.

Chapter 5

Finally, this chapter looks at the more practical scenario with quantized CSI
presumed in the secondary network. In this chapter, a single-antenna SU
coexists with a delay-sensitive and single-antenna PU in a narrowband under-
lay CR network and receives quantized CSI through a finite B-bit feedback
from a band manager or a cognitive radio network manager. We consider the
power allocation problem for minimizing outage probability of a single-antenna
SU under POC and average transmit power constraint at SU. Exploiting a
nearest-neighbourhood condition, we can derive the optimal channel partition
structure (CPS) for the vector channel space, making KKT condition appli-
cable as a necessary condition for finding a locally optimal power codebook.
A low-complexity suboptimal algorithm is also proposed. Furthermore, an

asymptotic analysis of the SU outage probability is also investigated.

Last but not least, Chapter 6 provides some concluding remarks as well as pos-
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sible extensions for future works.
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Chapter 2

Service-outage Capacity Maximization in

Cognitive Radio for Parallel Fading Channels

Orthogonal frequency division multiplexing (OFDM) is regarded as a potential trans-
mission technique for broadband wireless systems due to its high transmission effi-
ciency, its robustness against inter-symbol interference in frequency selective chan-
nels, and especially due to its great flexibility in dynamically allocating transmission
resources, making OFDM widely accepted as a promising candidate for future CR
systems [48]. In OFDM-based CR system, SUs will have more alternatives to en-
hance its transmission efficiency, for instance, by using the spectrum gaps left by
PUs [48], transmitting opportunistically through vacant subcarriers in the primary
systems [49], or even sharing the subcarriers with PUs on the condition that the
QoS of the primary system is guaranteed [50] [51].

This chapter will focus on a transmit power allocation problem in an OFDM-
based CR system within the underlay paradigm where an OFDM-based SU seeks
a fundamental tradeoff between maximizing its own throughput with limited re-
sources and minimizing the performance loss in the primary system. Resource allo-
cation problems in OFDM-based CR systems have already attracted wide attention.
In [12] and [72], it is shown that the water-filling power policy is the optimal trans-
mission strategy to maximize ergodic channel capacity in a conventional OFDM
system with a total ATPC across the sub-bands . This water-filling policy cannot
be used when PUs’ service quality constraints are taken into an account. In [50],
the authors derived the solution of SU’s instantaneous rate maximization problem
with transmit power constraint and an individual interference power constraint on
each subcarrier to protect the corresponding primary transmission. Then in [51], the

authors proposed a new type of constraint to protect the PU QoS, called the ‘rate
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loss constraint’ (RLC), defined as the upper bound of the PU rate loss due to SU
transmission. In [49], the authors derived the optimal power control policy for the
SUs’” sum rate-maximizing power allocation problem under the constraint that SU
cross band interference incurred by the side-by-side PU frequency bands is limited.
However, if the PUs are engaged in transmission of delay-sensitive information , the
PU outage probability constraint becomes a more suitable measure for protecting a
delay-sensitive primary user in [73,74] where the optimal power allocation problems
for the secondary ergodic and outage capacity maximization problem with a primary
outage constraint were addressed and later further extended in [44]. Finally, an ef-
fective capacity based delay QoS constraint on the SU and a PU outage constraint
was considered in [75], where the authors propose a variable-rate variable-power

based MQAM scheme to solved the associated optimization problems with full CSI.

In this chapter, we consider a CR network where an OFDM-based SU oper-
ates in an orthogonal frequency division multiple access (OFDMA) based primary
system. The SU aims to transmit both delay-sensitive and delay-insensitive infor-
mation (such as integrated voice/video and packet data) over N subcarriers of the
OFDMA-based primary system. KEach subcarrier is licensed to an individual PU
that wishes to maintain a basic rate with a certain outage probability. In other
words, we solve the SU’s ergodic capacity (SEC) maximization problem under an
SU’s outage probability constraint (SOC), N PUs’ outage probability constraints
(POCs), and an SU’s average transmit power constraint (ATPC). This problem is
closely related to the ‘service-outage capacity problem in parallel fading channel’ [25]
in the sense that if all N POCs are discarded from our problem, the two problem
become exactly the same. The idea is that as soon as the service quality of the
delay-sensitive information (voice) is ensured by a guaranteed outage probability,
any excess rate can be used to delay-insensitive information (data) in a best-effort
fashion. The problem also extends the result in [76], where only one single frequency
band is considered. Furthermore, this chapter addresses the relationship between
the feasibility of the SEC maximization problem and the problem of SU’s outage
probability (SO) minimization subject to all N POCs and an ATPC. This SO prob-
lem was initially addressed in [74] for N = 1. In this chapter, the result of [74] is
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generalized to the case when N > 1. Under the assumption that the PU in each
subcarrier has a transmission policy that is based on its own channel between its
corresponding primary transmitter and receiver only and that the SU has knowledge
of all PUs’ transmission policies as well as the full channel state information (CSI)
of the entire network, both SEC and SO problems are solved by using a rigorous
‘probabilistic power allocation’ technique, originally proposed in [21]. This method
allows us to treat the optimal power allocation problem as a convex optimization
problem and renders our power allocation results applicable to both continuous as
well as discrete fading channels. However, the optimal power control for the SEC
problem results in a high computational complexity (exponential in N) when the
number of sub-carriers, N is large. Thus motivated, we also propose a suboptimal
power control policy with a reduced real-time computational complexity to alleviate
this problem. Numerical studies illustrate the performance of the optimal power
policies and demonstrate that our proposed suboptimal policy is not only compu-
tationally efficient, but also satisfies the SOC and all POCs incurring a small SU

ergodic capacity loss.

The rest of this chapter is organized as follows. Section 2.1 presents the sys-
tem model. We formulate SEC maximization problems in Section 2.2. Section 2.3
demonstrates the derivation on the optimal solution for the SEC problem, discusses
the feasibility of SEC problem and its relationship with the extended SO minimiza-
tion problem, and proposes a low-complexity suboptimal power scheme for the SEC
maximization problem. Illustrative numerical results are provided in Section 2.4

followed by some concluding remarks in Section 2.5.

9y
ox*

List of notations in Chapter 2 : denotes the derivative of y over x evaluated at

r = x*. <, = denote componentwise strict inequality and componentwise inequality
N

in RV, respectively. (x) = > ;. [z]" = max(0,z). 1{Z} represents indicator
i=1

function, i.e. 1{Z} =1 if the event 2 is true and it is zero for otherwise.
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2.1 System model

We consider a cognitive radio environment with NV primary transmitter-receiver pairs
(PT-PR) and a single OFDM-based secondary transmitter-receiver pair (ST-SR).
The SU can access all N frequency bands of which the ¢-th band is licensed to the i-
th PU (PU;) fori € {1,2,..., N} in an OFDMA-based primary system. All channels
involved in this cognitive radio network are assumed to be block fading additive white
Gaussian noise (BF-AWGN) channels [21]. The instantaneous channel power gains in
the 7-th subchannel for the link PT;-PR;, ST-SR, PT;-SR, and ST-PR; are denoted
by ¢, hi, a;, and [;, respectively. Let v; 2 [g:, hiy i, ;] and v 2 (1, v0, ..., VN]
represent the combined channel state vector. The vector fading process v is presumed
to be stationary and ergodic with a cumulative density function F'(v). The additive
noises at PR and SR in ¢-th subchannel are assumed to be independent Gaussian
random variables with zero mean and variance N;. We assume that SU transmitter
has full CSI of v, i.e. all channel gains in the network, while the i-th PU has full

CSI for the direct channel power gain g; between PT; and PR, only.

Remark 2.1.1. In our problem formulation, we do not allow the primary users
to share the N channel bands to avoid PUs causing interference to each other.
Consideration of PU generated mutual interference or an appropriate scheduling
policy that allocates each band to a distinct PU in every fading block will render
our problem formulation rather complex and is beyond the scope of our work. Note
however that it is easy to extend the results in this chapter to the case where each
primary user has a distinct set of subcarriers (so that the primary users do not cause
interference to each other) that it can use, although this will result in an increased

complexity for the power allocation problem.

Remark 2.1.2. Note that the assumption of full CSI at the ST of all channels is not
realistic for a practical cognitive radio system, as much as in any existing wireless
communication systems. In particular, obtaining full channel information of the
SU-PR channels and PT-PR channels may be difficult. In recent literature however,
some practical schemes have been suggested for obtaining such information at the

ST in [43]. For ST-PR channels, it is suggested that the ST can estimate this gain by
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measuring received power of signals transmitted by the PR and under the assumption
of channel reciprocity and that ST knows the PR transmission power. For PT-PR
channels, various suggestions have been made including that of eavesdropping on PR
feedback to PT [77], and receiving feedback from a cooperative SU node employed
near the PR [46], while information about ST-SR channels can be obtained via
classical channel feedback and training schemes. Furthermore, power allocation for
the secondary user’s ergodic capacity maximization under average transmit power
and average interference (peak interference) (at the primary receiver) constraints
in a spectrum sharing scenario with quantized CSI (or limited feedback) has been
investigated in [60]. Design and analysis of such limited feedback based design for the
service-outage considered in this current submission is a considerably much harder
problem and will be investigated in future work. The results obtained in this chapter
based on full CSI will serve as a benchmark for any such future results based on

partial or imperfect CSI.

Remark 2.1.3. We have addressed the above issue of possible unavailability of full
CSI at the ST further by illustrating the effect of imperfect or partial CSI at the
ST in terms of SU ergodic capacity loss. We have carried out a sensitivity analysis
with respect to noisy estimated CSI of the PT-PR channels ¢;, 1 = 1,2,..., N. For

further details, see Figure 2.6 in Section 2.4.

Our main focus is on the service-outage based power allocation problem which
combines the concepts of ergodic capacity and outage capacity. Let P,;(g;) rep-
resent PU,;’s power strategy as PU;’s power policy is assumed to be determined
by the direct channel power gain g; between PT,; and PR; only, due to a com-
mon assumption that the PUs are generally oblivious to the presence of the SU.
P.(v) = [Pa(v),..., Psy(v)] denotes SU’s power allocation strategy as a function
of the channel state v, where P,;(v) is the transmission power for the i-th band.
The instantaneous transmission rates r,; for the i-th PU and ry for the SU can be

N
defined as ry; (v, Pyi(v)) = log(1 + %}%) and r,(v,P(v)) = > ruv, Py(v)) =
B i=1

N
> log(1+ #g():)]\fo) Note that we drop the constant % and use natural logarithm
i=1 1 pi\Ys

for simplicity and g; is in fact an element of v . Let r); and 7 denote the service
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rates of PU; and the SU, respectively, and r = [0, 75, ... 70y ]. In this work, we
assume that each PU adopts an ON-OFF power control policy, i.e. P,;(g;) = P if
and P,;(g;) = 0 oth-

i > gri = (cjgip%, i.e. g¢; is good enough to support rm,
erwise. In the absence of any SU transmission, PU,;’s outage probability becomes
€ = Pr {log (1 + gi—P”') < roi}. Therefore, when the SU is active, PU;’s commu-
nication is protected as long as €;; < Pr {log (1 + m) <y, } < €pi, Where
€pi 1s the outage probability threshold of PU;. Define €, = [e,1, ..., €,n] and let e
represent the SU outage probability threshold. Note that the results in this chapter
can be extended to any other transmission power policy for the primary users as

long as this policy is known to the SU.

2.2 Problem formulation

The service-outage problem in this chapter can be formulated as follows:
N
PI:(II%};O E [ ;Tsi(l/, Psi(”)):|
N N
st.  (a) E L; Psi(lj):| < P, (b) Pr {Z ri(V, Py(v)) < r?} < ¢
(c) Pr {Tpi(ya Py(v)) < 7”0} < €, Vi

(2.1)
It was shown in [21,25] that for such outage-based optimization problems, a de-
terministic power allocation policy is not optimal in general, especially for discrete
fading channel distributions. Similar to [25] we show that (2.1) can be solved by
using a probabilistic power allocation technique, i.e. by treating P(v) as a prob-
abilistic power allocation scheme with a conditional probability density function
(PDF) fp,»(ps|v), having transmit power Py;(v) through i-th subchannel with
conditional PDF fp |, (ps | ¥). Note also that such a probabilistic power allocation
policy helps transform the above optimization problem (2.1) into a standard convex
optimization problem following similar lines as in [25]. ps(V) = [ps1(¥), ..., psn (V)]
where p,;(v) indicates a deterministic power allocation policy for the i-th subchan-

nel. With the assumptions of ergodicity of the fading channels and perfect CSI at
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the SU transmitter, we have

Elrsw,P,w))] = [ [rs(v,ps(¥)) fp.v(Ps | v)dps(v)dF (v)
E[(Ps(v))] = ff Ps(¥)) fp.v(Ps | v)dps(vV)dF (v)
Pr{ry(v,P (1/)) < ro} = [ [ 1(rs(v,ps(v)) <72) fo,1(Ps | V)dps(V)dE (v)

Pr {rp, v, P;(v } J[1 (rpz V,psi(V)) < Tgi) fru v (Dsi | V)dpsi(v)dF (v)
(2.2)

where all conditional PDFs are nonnegative, i.e. fp |, (ps|v) > 0and fp,u(psi | V) >
0, and [ fp,» 1v(Ps | ¥)dps(v) and ffpm\ (psi | V)dps;(v) are 1 for all i.

Adapting a technique similar to the one used in [25], we define the 4 weighting
functions and 4 corresponding deterministic power schemes for each of the subchan-

nels as shown in (2.3) and (2.4) below.

N
wy (V) = Pr {rm-(l/, P;(v)) > rgi, S ra(v, Py(v)) > 1Y v}
i=1
N
we; (V) = Pr {rp, v,P,(v)) < rgi, S rg(v, Py(v)) > 1Y | V}
i=1 (2.3)
N
ws; (V) = {sz v, Py(v)) > 10, > 1si(v, Pa(v)) < 1l | I/}
i=1
N
wy (V) = {rm v, Py(v)) <1, > rai(v, Pu(v)) < rl | 1/}
i=1
N .
pli(’/) - E Psz(V) | sz( 7]751( )) Z T2i7 ;Tsi(vvpsi(l/)) Z T27V
N =
puv) = E Psz-(u) | 7oV, i (V) <75 3 TV psi(v)) = 10w
: v - (2.4)
p3i(”) = E Psi(V) ’ Tpi(”?])si(y)) Z 7"22‘7 ;Tsi(y7psi(y)) < 7“2,1/
p4i(y) = E Psi(V) | Tpi(yvpsi(y)) < Tgn Z: rsi(yvpsi(u)) < 7’2,’/

Note that the weighting function wy;(v) represents the probability of using the de-
terministic power strategy pg;(v), which is computed as the expectation of the prob-

abilistic power control Py;(v) within the set that corresponds to wy;(v).
N
Let w,(v) = Pr {Z ri(V, Py(v)) > r?| V}. It follows that wy (V) = we(v) —
wy;(¥) and wy(v) = 1 —_wa(u) —ws;(v) for all i. Also, let X, be a Bernoulli random
variable which is equal to 1 with probability w;, and 0 for otherwise. We now have

the following Lemma the detailed proof of which can be found in Appendix A.l.
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Essentially, given an arbitrary feasibly policy, one can construct a randomized policy
as stated in the Lemma below and show that this policy satisfies all the constraints

and achieves an equal or better rate than the arbitrary feasible policy.

Lemma 2.2.1. There exists an optimum solution P%(v) of problem (2.1) of the form

4
Pi(v) = kZlel*ci (v)p;,;(v) where
- ) ) 0
e (1) ;Tsi(l& W?u(”) + me(”)) 75 20,
Ppi(gi) !
3 (e - 0) - pw

+
+ws; (v) [é (%Agi) - No) _pgi(’/)] > 0,

(2) wi;(v)

e Pi—1

(8) wiy(v) + w3, (v) = wi;(v) + wi;(v) = wiv),  (4) kﬁ?lw?;i(V) =1

(5) Efwi;(v) + wy;(v)] = Elwg(v)] = 1 ¢,

a

(6) Elwiyv) + wiy)] = 1— e (1) E [ﬁ 5 w;;,.<u>pzi<u>] < Pa.

i=1 k=1

foralli,j € {1,2,...N} and i # j. n

Using Lemma 2.2.1, (2.1) can be rewritten as

| S w0 ) + (00) — ) 0)
b w5 ) + (1= walv) — w05i0) (v, i)
St () B | wunv) + (o) - wn)pv)
+ wsi(V)psi (V) + (1 — wa (V) — w3;(V)) pui(V)] < P,
®) Elw) > 1-c (O Blog®)+us®)] > 162

N : .
(@) {eri(” ) () 4 @e)mwi0) ) g 01 > ()
=1

? we (V) wq (V)
P (a; + P (g +
(6) U)M(l/) é (%.Z(QI) — No) — pli(y) + wgi(l/) é (% — No) — pgi(l/> Z O,VZ

(f) waw) —wii(w) >0,¥i  (9) 1— wa(v) — ws(v) >0,Vi

(h) wy(v), ws;(v) > 0,Vi.
(2.5)



2.3. Main results 29

where Vi stands for Vi = 1,2,..., N. It can be shown that (2.5) is a convex opti-
mization problem. The proof of convexity can be found in Appendix A.2. For conve-

i : @iPyi(g)+No \ T
nience, we define p,s(v) = [prs1(V), ..., prs v (V)] With p,s, (V) = (M(y) - Ph—>

N
where p(v) satisfies Y 74 (V, prsi (V) = 10, and is derived by minimizing S~ | ppe; ()
i=1

N
subject to Y. 74V, prsi(¥)) > 0. Note that u(v) is obviously strictly positive. Also,
i=1

+
define p,,;(v) = + (M - No) 50 that 1 (V, prpi(V)) = 17,

Bi erpi 1 pr*

2.3 Main results

In this section, we will focus on solving the optimization Problem (2.1) by a func-
tional optimization technique similar to [25] and conclude with results regarding the
feasibility of this problem.

First, note that the Lagrangian for (2.5) can be written as follows

l("apki(’/)awa(y)v wli(”)a w3i(”)7 A, Sa, S, Q(V)v ui(”)v’)’i(y)vni(’/))

= wa(v) [sa + é(rsi(u,pm(v)) — Ap2i(V) +7i(v)) — ]Z:V:l rsi W, pai(V)) — Apus(v) + i) | +
éwu(l/) (si +rsiW,p1i(¥)) — Ap1i(v) — (rsi(V, p2i(v)) — Ap2i(v)) — vi(v)) +
;le&'(l/) (si +7rsi(W,p3i(¥)) — Apsi(vV) — (rsi(W, pai (V) — Apai(v)) — ni(v)) +

M=

q(v) <Z

rsi (v, TUL"((,',')) pL(v) + %p%(m) - r2> +
1
ui(V) (w1 (V) [Prp,i (V) — p1i(V)] + w3i(¥) [prpi (V) — p3:(V)])

M=

i=1

(2.6)
where A, s,, si, qv), u;(v),7:(v), and n;(v) are the nonnegative Lagrange multipliers
corresponding to constraints (2.5a) to (2.5g). From the associated (necessary and

sufficient) KKT conditions, we have for i =1,2,... N,

al(..) ) =0, pp(v)>0
Opi(v) { <0, pi;(v)=0 =0
oIy
5] =" (2.8)
ol(...) =0, w;,wv)>0 N
B 0] { o )0 Jfor m=1,3. (2.9)
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N

A (E Y wiw)phi ) + (wi ) — wi; ())ps(v)
i=1

+ws;(W)ps; (v) + (1 — w, (v) — w3 (v)) p; (v)]

So (Ew,(v)] = (1 —€)) =0

a a

— Pay) =0

s; (B fwy;(v) + wy;(v)] = (1 — i) = 0

N *(v w*(v) —w*. (v
Cw) (Zm(v, “’”((V))pw) 1 (wa®) ~ i) ey rS)

=0
i=1 a wi(v)

u; (v) (sz(V) [p:p,i(’/) _PL'(V)] + w3; (V) [p:p,i(’/) —sz’(’/)]) =0
Vi () [wy (v) — wi;(v)] =0,

i W) [1 — wg(v) — w3;(v)] = 0,
wi; (v), wy;(v) = 0,

pr(v) >0, k=1,2,3,4

2.3. Main results

Using the conditions from (2.7) to (2.19), the Lagrangian at the optimal solution

for each state v must satisfy

Z(V7p2i(y)7 wZ(V)vwTi(”)awgi(V)vai(v)v Xk? 827 S*,’Y:(V), 771*(1/))

[rai(v, P:0)) — XD3(0)] — i i, () — A*pZL-(V)}) n

f: wi; (W) [(rsi (v, p1;(v)) = A'p (V) = (rsi(v, p3; (V) — A"p3;(v))] +

=

2wy (W) [(rsi(v, p3; () = A"p3; () — (rsi (v, p3; (V) — APl (v))] +

N
Sqwa (V) + ; s; [w];(v) + w3, (V)]

We now define the “subchannel benefit functions” as follows

Bri(v. 05 ), N 5T 2 Briw S ralv,p(v) - NpL(v) + s
Boi(v. 05 (V),N) 2 By = ralv,py(v) - N py(v)
By, p5y(v), N, 57) 2 By 2w ph(v) — Npy(v) + st
B p5),N) 2 Buiw = ralv,pyv) - Npy(v)

Also, define py (¥, \*) = [puws1 (¥, X*), ..., pus.n(V, X)) where py 7 (v, A*)

(

(2.20)

(2.21)

1 aiPpi(gi)+No
)\*

hi

With the above definitions and notations, Theorem 2.3.1 below summarizes the opti-

mal solution to Problem (2.1). The detailed proof can be found in in Appendix A.3.

)
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Theorem 2.3.1. There exists a minimum average power Py, such that if Py, =

Pain, we have P;(v) = (Xu:, (V) + Xug, ¥))Prs,i(V). If Pay > Puin,

Piv) = pupi,X) + Xug, @) [(prsi®) = Puga®@, X)) = (pupi@. A) = prpi(®)) "]

_'_Xwé‘l (V) [(prs,i(y) - pwf,i(’/7 )\*)>+} + Xwgz (V) [_ (pwf,i(V7 )\*) - prp,i(y))+] ;

where
0, Bripy < PBoiy
wy;(v) = k1, W), PBriy = PBoiy > wy,; (V) = w, (V) — wi;(v),
wi(Wv), PBriy > Boiy
0 3 %31',1/ < %41',1/
wy (V) =4 K5(v), Bsiy = PBaip » wyW)=(1—w,(v)) —wsV),
L—wi(v), PBsip > Paiv
0, s+ Y Brivt Y, Boiv— Y, Bup
1€ 1€.S 1€ NS
<> Bsiv+ D>, Buiv— Y, Bsiv
€53 IS 1€S3N.SY
ko), sat+ > Briv+ > Boiv— D, By
* _ 1€ PSSP 1€ES1NS s
wa(’/) -
- Z ,%)31'7,,4- Z ,%741'7,,— Z f%)?n',u
1€.S3 PSS 1€.S3N.Sy
1, si4+ > Briv+ Y, PBoiv— >, Pliv
1€ 1€ 1€ 1NS
> > PBsiv+ >, Buiv— Y, Bsiy
€SS PSS I€ES3NSY

where .7} is the set of subchannel i that use power policy p;;, 0 < k};(v) <
wiv), 0 < k5;(v) < 1 —wi(v), and 0 < ki(v) < 1. X, s&, and sf, k};(v),

a’

N
kS, (V) and KX(v) are the solutions to E{ Pg;(”)} = P, Ewiv) > 1— ¢,
i=1

and E [w};(v) +wi;(v)] > 1 — €, for all i, respectively. O
Discussions on the optimal power control scheme:

e P, denotes the minimum average power required by the SU to make Problem
(2.1) feasible. A discussion on the feasibility condition will be provided in

Section IV.A.

e For continuous fading channels, .1 N % and %3 N .%,; are empty sets since



32

2.3. Main results

PBrip = By and ABs;,, = PBuai, can occur with probability of measure zero
for every ¢, making the optimal power allocation scheme deterministic, i.e.
only one deterministic power strategy is used for each v. Obviously, there are
at most 2V + 1 possible candidate power control policies, i.e. each channel
can use Pyf; O Prp; Or all channels use p,s. When N = 1, this reduces to
only 3 possible power policies, as presented in [76]. This raises the question
regarding the necessity of using a probabilistic power allocation policy for con-
tinuous fading channels. The justification behind using a probabilistic power
allocation law as a candidate for an optimal policy is twofold. First and fore-
most this transforms Problem (2.1) to a convex optimization problem (2.5)
which can then easily be solved using the necessary and sufficient KKT con-
ditions. In addition, this makes the optimal power allocation law applicable
to general fading distributions which may have discrete components. In the
case of continuous fading distributions (as considered in the Numerical results
section), the probabilistic power allocation law simplifies to a switching policy
amongst a number of deterministic policies (as explained above). In this case,
the benefit of using a probabilistic power allocation technique lies in making
the original problem convex and thus easily solvable. More details on this can

be found in [25] for the non-cognitive setting.

In order to compute the optimal power allocation policy, we first compute
Prs(V) and py (v, A*) and p,,;(v) for every subchannel for a given v. Then,
the possibility of using each of these deterministic schemes is checked, e.g.
Prs(¥) can be used only when p, (v, \*) < ps(v) for all subchannels and,
for the i-th subchannel, p,,;(¥) can be used only when p,,;([¥) > pu7i(v, \*).
From the remaining deterministic power allocation policies, for a given chan-
nel state, SU selects the power policy that results in the largest value of the
Lagrangian function (2.20), which can be interpreted as the total benefit for
the SU. Essentially, for a price of \* % P (v), the SU gets a rate r5(v, P%(v))
and gains a benefit of s} if SU is nz):t1 in outage and gains a benefit of s} if
the i-th PU is not in outage. Note that these power allocation policies are

computed (for every channel state) as a function of a fixed set of values of
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the Lagrange multipliers. In order to determine the optimal values of the La-
grange multipliers, one can use either subgradient based iterative methods or
other appropriate numerical search methods in order to satisfy the average SU

transmit power and the SU and PU outage probability constraints.

Note that for every channel realization, one has to find an optimal policy
from a set of 2¥ + 1 policies, which can be computationally prohibitive to
implement in real time if N is large. Thus motivated, we propose a suboptimal
power scheme in Section IV.B which reduces the number of candidate power

allocation policies to just three for each channel realization.

e Additionally, we emphasize the role of A* in the derived optimal power alloca-
tion scheme. When \* is large, implying that the SU has a low power budget
P,,, SU is more likely to adopt the policy P*(v) = p,s(v) to support its tar-
get rate. However, if \* is small corresponding to a high SU P,, budget, it
tends to use p,p;(¥) in each subchannel to avoid causing disruptions to PU;’s
communication. Also, if all POCs and SOC are dropped, \* simply controls
the threshold corresponding to the well known water-filling power allocation

policy represented by pu, (V).

2.3.1 Feasibility of the service-outage problem

It can be seen from Theorem 2.3.1 that an average power budget P,, > Py, is
required for Problem (2.1) to be feasible, i.e. the SU requires a minimum average
power P, to at least support the service rate while satisfying all the POCs. The
feasibility of the problem (2.1) is therefore directly related to the problem of SU
outage capacity maximization subject to all N POCs and an average SU transmission
power constraint. In order to compute P, it is therefore necessary to address
the optimal power control problem for SU’s outage probability (SO) minimization

problem subject to all POCs and ATPC.

The SO minimization problem subject to N POCs and SU’s ATPC can be ex-
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pressed as follows:

N
Pf%zi)léo Pr {121 re(V, Py(v)) < 7’2}
st.  (a) E [g: Psi(v)] < Pa, (b)) Pr{rn(v,Pyv)) <19} < €:,Vi

- (2.22)
Note that Problem (2.22) can be regarded as an extension of [74] to the N > 1 case.
This problem can also be solved using the probabilistic power allocation technique.
By using the definition of wj;(v) and pj;(v) as shown in (2.3) and (2.4), we can
prove the following result shown in Theorem 2.3.2 which presents the optimal power

allocation policy for Problem (2.22). The proof is similar to that of Theorem 2.3.1

and is therefore omitted to avoid repetition.

Theorem 2.3.2. The optimal solution for (2.22) is P};(v) = (X, (V) +Xuws, (V))prsi(V)

Xuws (V)prs,i(v), where

wiv) ,ie.H
wy;(v) = { . ;o wy(V) = wa(v) —wi(v),
0 ¢ M

. 1—wi(v) ,ie 7 . . .
ws;(v) = { . ny ,ww) = (1 —w,(v)) — wy(v),
, 2

1 ZS*<1—A*Z})T“()+ZS:
16/ 1—1 ieH

w;(”): 520(”) E S*_I_A*Zprsz( )+ Z S;
iy = e

0 ZS’">1—A*Z})T“()—l—ZS’;k
L zef =1 €M

where 7 = {j|rp;(v,0) > 7" i+ and M = {m|rpm(V, Drom) > rgm}, and M C F.

N

A*, SF and K}, (v) are solutions to the constraints E {Z Ps*i(y)} = P, and
i=1

Ewj;(v) + w3 (V)] > 1 — €y for alli. ]

Table 2.1 reveals the possible non-negative weighting functions wy;(v) in each
subchannel and corresponding power control policies py;(v) for a given channel state
v, leading to the final result in Theorem 2.3.2 which shows that there are 2 determin-
istic power schemes involved in this problem. Either the SU is OFF in order to allow

an outage or it is ON with power policy p’,(v). In other words, the SU decides to
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Table 2.1: Three possible cases in i-th subchannel for a given v

Cases Power allocation policy Candidate non-negative wg;

*

0 * * * % *
Tpi(Vs Prs,i) > Tpi and | pj; = prs; and p3; =0 wy; = w,, wy; =1-—w,

rpi(v,0) > Tgi

0 _ _ _ _
Tpi(V, Drs,i) < Ty and | p5; =prs;and pi;, =0 wi; =1 —wj; = wy,

. 0 * *
Tpi(v,0) > Tpi wi, =1—w}

. X 0 * . * X ok %
Tpi(V, Drs,i) < rpi and | p5; =prs; and pj; =0 wi; =1 —wy; = wy,

. 0 * *
rpi (¥, 0) <71 wy;, =1—w}

N
gain a benefit of Y S when it keeps silent and a benefit of 1—A* >~ p,o;(v)+ > SF
i€ g i=1 icH
when it is active. It is to be noted also that S} represents the benefit when PU; is
not in outage. It is not hard to show that the solution above can be specialized to

the one proposed in [74] when N = 1 and can also be specialized to the solution of

the SO minimization problem without POCs in parallel fading channels [21].

We now go back to the discussion on feasibility of Problem (2.22) and how to
compute Pu;,. Clearly, it is directly related to SU’s es-outage capacity which can
be computed through the solution to Problem (2.22). Let C, (Pyy,1),€p,) stand for
SU’s es-outage capacity with POCs given fixed rg, €, €5, and Py,. CES(Pav,rg,ep)
is the maximum instantaneous rate at which the SU can transmit with an outage
probability e, under POCs. So, problem (2.1) is feasible iff the SU target rate

rd < CES(Pav,rg,ep). For simplicity, let Py, (r?, r°

o Tp,€p) = Puin be the minimum SU

average power needed to support r with outage probability €, while satisfying all
N POCs. Hence, the feasibility condition for our main problem is then P,, > Pyin.
If P,y = Puin, then pi(v) = p;(v) = prs(v) and pi(v) = p;(v) = 0 due to Theorem
2.3.2.

To compute P, we search for the optimal A* and all S} that solve E[w}(v)] =
1 — €, Elwy; ) + w3, (v)] > 1 — €, for all i. Once A* and S} are obtained, P, can

be computed as E[(P*)].
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2.3.2 Proposed suboptimal power control

The optimal solution to Problem (2.1) shows that the optimal power allocation
policy can be evaluated to be one of at most 2V 4 1 candidate policies for every
channel realization v, based on the pre-computed Lagrange multipliers A, s,, and
all s;, leading to a high computational complexity when N is large. In this section
we will investigate a suboptimal power control policy which can help lower this
computational burden. Note that the Lagrange multipliers A, s,, and all s; can be
computed off-line as they depend on long term average constraints, and thus only
on the channel statistics and not on the instantaneous channel values. Below we
show that our suboptimal power allocation scheme reduces the number of candidate
power control policies from at most 2V 4 1 candidate policies to only at most 3
candidate policies.

We first make some useful observations about the optimal power allocation so-

lution presented in Theorem 2.3.1.

o If 57 = 0, the optimization problem reduces to N separate optimization sub-
problems coupled by the same \*, allowing each subchannel of SU to select a
power strategy between pyr;(¥) and pufi(V) — (Pwsi(V) — Drpi(v))" indepen-
dently of the strategies used in other subchannels. Roughly speaking, the SU
is always allowed to transmit with p,r;, when pyr; < prpi. Otherwise, SU has
to decide whether py,r;(¥) or p,,;(v) will return a higher benefit. It is not hard
to show that if there exists some s = 0, the corresponding power control in
that ¢-th subchannel is p, ;. Furthermore, note that there is no need to use

the strategy p,s(v) since the SOC is inactive.

o If s> > 0 and s; = 0 for all 7, there are just two candidate power strategies
which are py (V) + (Prs(¥) — Puws(¥))™ and pys(¥). In this case, all POCs are

inactive.

e The least complicated circumstance arises when both s and all s} are zero.

The optimal power control is just ps(v).

e The most complicated scenario arises when both s’ and all s} are positive. In
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this case, the SU can either decide to transmit with p, (V) +(prs(¥) —Puws(¥))*

or select whether to transmit with pyz;(v) or with puri(V) — (Pwri(V) —
Prpi(@))T in the i-th band for a given channel state v. Thus the SU has
to select one strategy out of at most 2V + 1 strategies for every realization
v. Moreover, the tradeoff between satisfying the SU service rate and avoid-
ing causing PU outages makes the optimal power strategy impossible to be

selected independently in each subchannel.

The proposed suboptimal power control will therefore focus on the worst case sce-
nario when both s? and some or all s} are positive, so that the number of candidate
power strategies in each v is substantially reduced while sacrificing a small SU er-
godic capacity loss. Note that for the first three cases above, the suboptimal power
control is kept the same as the optimal one due to its low complexity. However,
the remaining power strategies must be selected carefully since the SU must satisfy
both SOC and all POCs. Below we describe how we choose the three candidate
power vector policies P, Py and P3) which constitute the suboptimal power control
policies for each v.

(1): Py = puys(v) is utilized when SU decides to neglect the outage situation for all
PUs and SU itself.

(2): Py = pus(¥) + (Prs(¥) —puws(¥))T is kept as one of the candidates since it helps
SU support its service rate.

(3): For P3, we assign the i-th power element to be Ps; = p,,; for s; = 0. For
st >0, Py = pusi(V) — (Dwsi(V) — prpi(v)) . Note that this power policy is used to
prevent PUs’ outage situation in all subchannels (1 power policy) instead of consid-
ering all possible candidates that can protect each subchannel (up to 2V policies) in
the optimal solution.

In our proposed suboptimal power control, the number of candidate power strategies
reduces from at most 2% 4 1 to just 3 for each v. Furthermore, it is not hard to

show that this suboptimal scheme is in fact optimal when N = 1.
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2.4 Numerical results

In this section, we will illustrate via simulation results the performance of the opti-
mal solutions to the service-outage based capacity optimization problem (2.1), the
generalized SO minimization problem (2.22), and also the performance of the subop-
timal power allocation policy. All channel power gains are assumed to be mutually
independent and exponentially distributed (Rayleigh fading) with unit mean. Noises
at all PR and SR for each subchannel are presumed to be equal and AWGN with
a normalized unit variance, i.e. Ny = 1. This allows us to consider the SU and PU
transmit powers and the SU average transmit power constraint in unitless terms,
and thus expressed in dB. Note also that the SU average transmission power can be
regarded as the average transmit SNR at the SU transmitter. We assume that all
PUs are symmetric with identical transmit power P,; = 15 dB, identical maximum
outage probability €, = 0.1, and identical service rates, the exact value of which
will be specified within the individual simulation descriptions below. The SU out-
age probability threshold ¢, is also set to be 0.1. The units of the service rates for
SU and PU are expressed in nats/transmission. In the various figures illustrating
the simulation results, R, (in nats/transmission) denotes the SU ergodic capacity

achieved under various combinations of primary and secondary outage constraints.

2.4.1 SO minimization problem

Fig. 2.1 illustrates the SU outage probability performance of the optimal solution
to Problem (2.22) for N = 2 subchannels with ) = 0.8, ] = 2 when r); =
0.4. The results for the SO minimization problem without POCs are also included
as a lower bound to the solution to Problem (2.22). Noticeably, POCs make the
outage probability graph saturate in the high average power region, i.e. the SU
cannot reduce its outage probability substantially regardless of how large its average
transmission power budget is. Also as expected, the SU can have a lower outage
probability when the service rate is lower. For a fixed r¥ = 0.8, Fig. 2.2 illustrates

the SU outage probability performance for various values of 'rgi. Clearly, SU can

achieve a lower outage probability when PUs’ service rates are decreased. However,
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SU outage probability minimization (2 subchannels, €5 = 0.1, ¢, = 0.1, rgi =04)
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Figure 2.1: SU outage probability performance from SU outage probability mini-

mization problem with POCs with varying 79 (e, = 0.1,e, = 0.1,79, = 0.4)

one may wonder why the SU outage probability with higher PUs’ target rates are
marginally better in the low SNR region (indicated by the green oval). This is due
to the ON-OFF PU power control policy. In particular, in the low SNR region, with
higher rgz-, PU; is more likely to turn OFF and thus be in outage since the threshold
of gr; is high. This allows the SU more opportunities to transmit. However, at high
SNR, POCs become active and they get stricter with higher nga thus restricting
the SU transmission opportunities, and increasing its outage probability. In Fig.2.3,
we compare the SU e,-outage capacities with POCs and without POCs for N =
4 subchannels. Obviously, the one without POCs will serve as an upper bound
of the one with POCs. The results also show that the under the POCs, the SU
outage capacity eventually saturate and cannot increase any further, regardless of
the average transmission power. This implies that the SU cannot have a service rate
r9 to be more than a certain ‘maximum target rate’, say rJ,,,x when the POCs
are present. This observation is important for Problem (2.1) since this problem is
feasible iff P,, > Pyin where P, is the minimum power that can support SU e,-

outage capacity rJ when the POCs are present. Hence, if 7) > 10,/ v, then Ppy

becomes infinity.
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SU outage probability minimization (2 subchannels, ¢, = 0.1,¢,; = 01,77 = 0.8 )
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Figure 2.2: SU outage probability performance from SU outage probability mini-

mization problem with POCs with varying 7j; (€, = 0.1,¢, = 0.1,7); = 0.4)

2.4.2 SEC maximization problem

In Fig.2.4, we compare the the SU ergodic capacity achieved by the optimal solution
to Problem (2.1) with related bounds for 2 subchannels with 79 = 0.6 and ), = 0.4.
The performance of the optimal solution to Problem (2.1) is denoted by (P1). The
optimal SU ergodic capacity performance when the POCs are discarded and only
SOC is present, is represented by (P3), and the SU ergodic capacity performance
with the POCs present and SOC discarded is represented by (P2), whereas (P4)
represents the SU e;-outage capacity with all the POCs present. As expected, (P1)
and (P4) start at the same point P, = Pyin, which is the minimum power necessary
for feasibility of Problem (2.1). As the available average power P,, increases, the
SU ergodic capacity achieved as a solution to Problem (2.1) can enter up to three
different stages, as shown in Fig. 2.4. In the first stage, the ergodic capacity graphs
(P1) and (P3) are identical since POCs are still inactive. Once at least one POC
becomes active (in the second stage), (P1) is upper bounded by both (P3) and
(P2). Eventually, as P,, increases even further, (P1) becomes identical with (P2)
when the SOC become completely inactive in the third stage. However, it should

be clarified that there may not always be a third stage as illustrated by Fig.2.5(a)
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OFDM: 4 subchannels, rgi =04, =016 =01
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Figure 2.3: SU outage capacity versus average power budget from SU outage prob-
ability minimization problem with 4 subchannels (e, = 0.1,e, = 0.1,79, = 0.4)

s Tpi
where ¥ is varied while all 7’21‘ are still kept at 0.4. Note that in the third stage, the
SU outage constraint becomes inactive, thus, in this stage the SU ergodic capacity
results should be independent of r¥. As seen in Fig.2.5(a), the SU ergodic capacity
graphs of 7 = 0.4 and r? = 0.6 become strictly positive at different P,, (due
to different P, requirements), but they become exactly the same when P,, is
high enough which implies that they reach the third stage where SOC becomes
inactive. However,this is not the case when r? is considerably high such that the
power strategy p,s is unavoidable for some channel states. Indeed, when % = 0.8,
the SU ergodic capacity does not enter the third stage no matter how high P,, is,
as illustrated by Fig.2.5(b), via the performance gap with the SU ergodic capacities
for 1 = 0.4 and r? = 0.6. Additionally, in Fig. 2.6, the effect of a noisy estimated
channel gain between each PT; and PR; on the SU average rate performance is
demonstrated. More specifically, we model the noisy estimated version of g; using
the well established model used in [63,78]. Let the complex channel amplitude gain
between PU; and SU be a,;. Thus, g; = |a,,|°, and the noisy estimated version of a,
is modelled as ay; = pag;+ ﬂni, where 0 < p < 1 is the correlation coefficient

between true and the estimated channel amplitude. n; is the estimation error of i-th
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OFDM: 2 subchannels, rgi =046y = 0.1,) =0.6,¢,=0.1
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Figure 2.4: Average SU rate performance from SU Ergodic capacity maximization
problem with POC and SOC with related bounds (e,; = 0.1, €, = 0.1,7); = 0.4,77 =
0.6)

subchannel which is distributed according to a complex normal distribution with
zero mean and unit variance. Thus, the estimated channel power gain becomes
gi = |dg,i|27 which has an exponential distribution with unity mean identical to that
of g;. Figure 2.6 illustrates the effect of p on the SU average rate when N = 2,
r9 = 0.6 nats/transmission, r); = 0.4 nats/transmission for all ¢, and the maximum
primary and secondary outage probabilities are 0.1. Note that in designing the
power allocation policy, ¢; is used instead of g;, but the Lagrange multipliers are
chosen such that the PU and SU outage constraints as well as the SU average
power constraint are satisfied. Compared to the case of perfect knowledge of g; (i.e.
p = 1), the average rate loss for the SU is measured as approximately 6.4925%,
10.1505% and 20.3530% for p = 0.95, 0.9 and 0.8, respectively for fixed P,, = 15
dB. (indicated by blue dashed line). This result indicates that, as p decreases, the
unreliability in estimated channel gain increases and thus places more restriction on
the SU power policy in order to protect QoS in each primary link. Also, the SU
requires more average power to make the problem feasible if p decreases (indicated

by the black dashed oval), since g; also affects the term hy N This results in

aPp(g:)+
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the SU misinterpreting the ON-OFF status of PU; and allocating incorrect power

to the individual subchannels.

OFDM: 2 subchannels, 10, = 0.4,¢,; = 0.1,1% = 0.6, ¢, = 0.1

7p1

35 T T T \ \

R, (nats/transmission)

| | 1 |
8 10 12 14 16 18 20
P,, (dB)

0.51.‘ e | |

Figure 2.6: The effect of the noisy primary channel estimates on SU ergodic capacity

2.4.3 Suboptimal power allocation scheme

In this part we will illustrate the performance of the suboptimal power scheme in
comparison with the optimal one. For these simulations, we use N = 16 subchannels,
r) =2, 1) =125, €, = ¢; = 0.1. In Fig. 2.7(a), it is seen that there is a small SU
ergodic capacity loss of approximately 5.36% when the suboptimal algorithm is used,
compared to the optimal power control policy, when s’ and all s} is positive (Stage
2 mentioned above). However, our suboptimal power allocation policy is chosen
carefully so that all POC and SOC are ensured, as illustrated in Fig. 2.7(b) for the
same example. It implies that the SU can possibly sacrifice a small capacity loss
by adopting this suboptimal power strategy, in return for a substantial reduction in
real-time computational complexity while still ensuring that SOC and all POCs are

satisfied.
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16 subchannels: 1 = 2,15, = 1.25, ¢, = ¢; = 0.1, Py = 15 dB.
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Figure 2.7: Performance comparison between optimal and proposed suboptimal
power strategies (N = 16)
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2.5 Conclusion

This chapter has derived an optimal power allocation policy (under full CSI at the
OFDM-based SU transmitter and receiver) in a spectrum sharing cognitive radio
network over N parallel fading channels, that maximizes SU ergodic capacity under
a SU outage probability constraint, outage probability constraints on all N primary
users, and an average transmit power constraint at the SU transmitter. As a special
case, we have also solved the secondary outage minimization problem when N > 1,
thus generalizing previous work with N = 1. The optimal solutions are derived
by using a probabilistic power allocation technique that allows our results to be
applicable to both continuous and discrete fading channels. To avoid an exponen-
tial computational complexity for deriving the SU’s optimal power policy in real
time for a given channel realization, we have proposed a low-complexity suboptimal
power control policy, which substantially reduces the number of computations in
each channel realization, while guaranteeing both PU’s and SU’s outage probabil-
ity constraints for a small loss in the SU ergodic capacity performance. Numerical

results are presented to illustrate the performance of all derived algorithms.



Chapter 3

Power Allocation in Cognitive Broadcast
Channels with Primary Outage Probability

Constraint

In this chapter, we focus on a single-input single-output (SISO) fading cognitive
broadcast channel which co-exists with a delay-sensitive primary link under aver-
age and peak transmit power constraint at the secondary base station in underlay
cognitive radio paradigm. For non-cognitive SISO fading broadcast channels, in-
formation theoretic capacity notions were investigated in, e.g. [15,16]. In [15], the
authors showed that the base station allocates a given time slot (over which the
fading channel remains invariant) to the user with the strongest reception only so as
to maximize the total throughput, implying that a dynamic time-division-multiple-
access (D-TDMA) is the optimal scheme. Later, the authors of [24] re-emphasized
the duality of the capacity region of Gaussian multiple-access channels (MAC) and
broadcast channels (BC) by showing that the capacity region of the Gaussian BC
under a sum power constraint is exactly the same as the capacity region of a dual
Gaussian MAC subject to the same sum power constraint instead of the individual
power constraints. Using this result from [24], the authors of [52] investigated the
optimal power control for ergodic sum capacity (ESC) maximization in the SISO
fading cognitive BC (C-BC) under both average/peak transmit power constraints
and PIPC/AIPC, proving that D-TDMA is the optimal scheme for achieving the
ESC in C-BC, reflecting the optimality of the opportunistic scheduling strategy.

Opportunistic user selection strategies have also motivated researchers to analyze
how the ESC scales as the number of users M increases. The analysis for through-

put scaling in non-cognitive multiple-input multiple-output (MIMO) BC is provided
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in [54]. For underlay cognitive radio networks, there are a number of works studying
multiuser diversity. For example, in [79], the authors studied the C-MAC system
under a peak transmit power constraint at each secondary transmitter and a peak
interference power constraint at the primary receiver and analyzed capacity scaling
as the ratio of the transmit power to the interference power approaches infinity.
In [80], secondary capacity gains in C-MAC are investigated with the user selection
criterion based on the strongest secondary direct channel and the weakest inter-
ference channel under a peak interference constraint. Later in [57], the multiuser
interference diversity is examined for three types of cognitive networks, including
C-MAC, C-BC, and cognitive parallel access channel (C-PAC), under peak transmit
power and peak interference power constraints. Recently, the multiuser diversity
gain due to optimal power control in C-MAC under average transmit and average
interference power constraints with various types of fading channels was investigated
in [81] [58]. In contrast to [57] and [58], in this chapter we study the MUD gain
under optimal power control for a SISO C-BC under a probabilistic interference
constraint for protecting the delay-sensitive primary’s transmission, namely, POC.

The novel contributions of this chapter can be summarized as the following:

e We derive the optimal power control policy for the ESC maximization problem
in a SISO C-BC under a PU outage probability constraint (POC), under both
average transmit power constraint (ATPC) and peak transmit power constraint
(PTPC) at the SBS transmitter assuming that perfect knowledge of all involved
channel gains at the SBS along with the PU’s transmission power control
policy. We use a rigorous probabilistic power allocation technique [21, 25,
76] in order to derive the optimal power schemes and we show that for both
ATPC and PTPC, a D-TDMA based scheme is optimal when continuous fading

channels are considered.

e We derive asymptotic scaling laws for the SBS ergodic sum capacity as the
number of SUs, M — oo when SBS uses the optimal power control policy
mentioned above, for two types of PU power control policy assuming all chan-

nels undergo independent Rayleigh fading:
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1. When the delay-sensitive PU uses an ON-OFF power control policy with
a constant power when ON to meet its basic rate requirement, we show

that the SBS ESC scales as loglog M.

2. When the delay-sensitive PU uses a truncated channel inversion (TCI)
policy (that minimizes its own outage probability under an average PU
transmit power constraint [21] in the absence of the secondary network),
we show that the SBS ESC scales according to €, log(log M) with a pre-
log factor €,, €, being the maximum allowable outage probability at the

PU receiver in presence of the SU network.

e We also present a set of comprehensive numerical results illustrating our claims
on the asymptotic throughput scaling laws as well as the effect of the various

parameters involved in the optimization problems.

The remainder of Chapter 3 is organized as follows. The description of our
system model is presented in Section 3.1. Under the assumption of full channel
side information at SBS and PU’s power strategy being known to SBS, the optimal
power control policies for the problem with ATPC and PTPC are presented in
Section 3.2. When all pertinent channels undergo independent Rayleigh fading,
Section 3.3 provides the asymptotic SBS sum throughput scaling results under the
optimal power strategy subject to either ATPC or PTPC, given PU’s power policy
is ON-OFF with a constant power when ON, showing that the SBS sum throughput
grows as log(log M). In Section 3.4, the asymptotic SBS sum throughput scaling law
of €,log(log M) is derived under Rayleigh fading and a TCI power control policy at
the PU transmitter and the optimal power control policy at the SBS with both ATPC
and PTPC. Table 3.1 summarizes the contributions in Section 3.3 and Section 3.4.
The numerical results are presented in Section 3.5 followed by some concluding
remarks in Section 3.6.

List of notations in Chapter 3 : Here is a list of important notations used in
this chapter. E[.] denotes the statistical expectation. Pr {.} represents probability.
The cumulative density function (CDF) of a random variable Z is given by Fy(z)

whereas Fz(z|Y") expresses the conditional CDF of Z given Y. Let X, be a Bernoulli
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Table 3.1: Throughput analyses in Chapter 3

Section | PU’s power policy SU power constraint | Throuput scaling result
3.3.1 ON-OFF ATPC log(log M)
3.3.2 ON-OFF PTPC log(log M)
3.4.1 TCI ATPC €p log(log M)
3.4.2 TCI PTPC €, log(log M)

random variable such that X,, = 1 with probability w and X,, = 0 with probability

1 —w. % denotes the partial derivative of y with respect to z, evaluated at x =

x*. p! represents the transpose of vector p. S¢ represents the complement of

the set §. We also use the notation f(z) = O(g(z)) as * — oo to imply that
limsup, . | % |< 00, f(x) = o(g(x)) as x — oo to imply that zh_)rgo ] % =0
and f(x) = O(g(z)) as © — oo to imply that there exist positive constants K; and
K5 such that K; < Q}LIIOIO | % |< K.

3.1 System model

We consider a cognitive fading broadcast channel (C-BC) with one secondary base
station (SBS) transmitting to M secondary receivers (SRs), sharing the same spec-
trum as a primary transmitter-receiver pair (PT-PR). All terminals involved are
equipped with a single antenna. All channels involved in this cognitive radio net-
work are assumed to be mutually independent block fading additive white Gaussian
noise (BF-AWGN) channels [21] with continuous CDFs. Let the channel gains from
SBS to the -th SR, PT to PR, PT to the i-th SR, and SBS to PT be denoted by
hi, g, a;, and [, respectively, as illustrated in Fig.3.1. Let x represent the combined
channel state vector, i.e. x = {g,5,h1,...,hy,0q,...,ap}. As usual, we assume
the primary user’s transmit power control strategy is based only on the direct gain
g between PT and PR, regardless of the interference from the secondary network.

We also assume that SBS has perfect CSI on x and primary user’s power policy, so
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that it also knows the PU’s power allocation for every realization of x.

Figure 3.1: System model for cognitive BC

In this chapter, we assume that the QoS guarantee of the delay-sensitive PU
with a target rate 7“2 allows a maximum primary outage probability of €,. In a
typical wireless fading environment, even in the absence of interference from the
secondary network, the PU may not be able to avoid an outage event when the PT-
PR channel is in deep fade. For example, with an average or peak transmit power
constraint, the PU cannot meet the target rate for a Rayleigh fading channel if it
falls below a certain threshold [21] unless it is equipped with multiple antennas. We
further presume that the PU’s power policy is designed to allow for a maximum PU
outage probability of 62 < €, in the absence of the secondary interference. In this
chapter, we assume that the PU employs either an ON-OFF power strategy with a
constant power when ON (ON-OFF) or a truncated channel inversion (TCI) power
strategy. For the ON-OFF power strategy, the PU transmits with a constant power
P,(g) = P. when g > gr = (cjg;# to meet the target rate and P,(g) = 0 for
g < gr, where Ny denotes the AWGN variance at the primary receiver. For the TCI
power control policy, the amount of the PU’s transmit power adapts according to
the direct channel gain g when the PU is ON, i.e. P,(g) = @ when g > gr
and P,(g) = 0 otherwise. Note that [21] has shown that the above TCI power policy

is the solution to the primary outage probability minimization problem subject to
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an average transmit power constraint. Note also that gy is chosen such that for
Pr(g < gr) = 62. It is worth noting that these two PU power policies are designed
based on the PU’s direct channel gain g only, reflecting the obliviousness of the PU

to the interference from the secondary network.

Let P(x) = [Pi(X), ..., Pu(x)]" where P(x) denote the SBS’s transmit power
allocated for the i-th SU receiver. The PU’s instantaneous rate expression can be

written as

(X, P(x)) = log | 1+ MgP% (3.1)
([3 ;1 P; (X)) +No

The delay-sensitive primary network has an outage probability constraint (POC)

with a target rate 'rg and a maximum outage probability threshold ¢,, such that

Prir,(x,P(x) <1} < & (3.2)

The power budget at the SBS can be either ATPC or PTPC as shown in (3.3) and
(3.4), respectively.

E|S Po| < P (33)
SR < Po (3.4)

In this chapter, we focus on solving the ergodic sum capacity maximizing problem in
the secondary downlink subject to (3.2) and either (3.3) or (3.4). Similar to [52], by
applying the MAC-BC duality result in [24], the capacity region of the C-BC can be
written in terms of the capacity region of the dual MAC under an average or peak
sum power constraint. Thus, the ergodic sum capacity achieved by the secondary

network in this problem can be written as follows

Cs = max Efrs(x,P(x))] s.t. (3.2) and either (3.3) or (3.4)
P(x)=0

where 75(x,P(x)) is the instantaneous sum rate of the auxiliary cognitive MAC
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expressed as

ROPO) = g (142 k) (35)

Note that we drop the constant 3 in the instantaneous rate expressions in (3.1) and
(3.5) and use natural logarithm for simplicity. We also assume that the AWGN

variances in each SU receiver is given by N, as well.

3.2 Optimal power strategies

This section will derive the optimal power schemes such that maximize ergodic sum
downlink capacity subject to a POC with either an ATPC in Section 3.2.1 or a
PTPC in Section 3.2.2.

The ergodic sum capacity maximization problem from the SBS to M SUs with
a POC and an ATPC, (P1), is defined as follows.

(P1) max B r:(x, P(x))] (3.6a)
st. Pri{r,(x.Px)<r} < ¢ (3.6b)

E JZV[:PZ»(X) < Pu (3.6¢)

P(Xi):; 0 (3.6d)

If the constraint (3.6¢) is replaced by Z P,(x) < Po, then we have an ergodic
sum capacity maximization problem Wlth a POC and a PTPC, labelled by (P2).
By applying the same technique as in [21,25,76], we can prove that the optimal
power control for (P1) and (P2) is randomized between two deterministic schemes,

ie. pi(x) = E[P()| (. P(x)) = 7] and pa(x) = E [P(x) | 7 (x, P(X)) < 73],
with the probability indicated by the weighting function w(x) can be expressed as

w(x) = Pr{r,(x.P(x)) =% x}.
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3.2.1 Optimal power policy for ATPC

Lemma 3.2.1. The optimal solution of the problem (P1) can be expressed by
M

P*(x) = wi)pi(x) + (1 = w(x))p2(x), where E[w(x)] > 1 -¢,, E {; Pi(x)]

and rp(x, p1(x)) > 12 for all x. O

The proof of Lemma 3.2.1 can be found in Appendix B.1. For convenience, we

+
further define Z,(g) = (% — Ng) . Reformulating (P1) by Lemma 3.2.1, we

e’

obtain

(Pl)pk&%x) Elw()rs(x, p1(x)) + (1 —w(x))rs(x; p2(x))]  (3.7a)
5.t E 1" (w(x)pi(x) + (1 —w(x))p2(x))] < P (3.7h)
Elulx)] > 1-¢ (3.7¢)

w(x) [Pp(9) — F17p1(x)] = 0 (3.7d)

pr(x) =0, Vke{1,2} (3.7¢)

0<w(x) <1 (3.71)

In a similar manner as in [25,76], the objective function can be proved to be concave
while the other constraints are linear. Hence, the problem (P1) can be solved by the

necessary and sufficient Karush-Kuhn-Tucker (KKT) optimality conditions which

hq

are provided in Appendix B.2. For convenience, define z; = BTN,

for all 7,
Pivri(x) = (55 — )" and pip(x) = %’T(g). Applying KKT conditions and the fact
that channel state is continuous, the optimal power policy can be summarized in

Theorem 3.2.1

Theorem 3.2.1. The optimal power control for (P1) is P* = X,(x)pi(x) +
M

(1 — X (Xx))P3(x), where X* and S* are the solutions to E {Z Pz*(x)} = P, and
i=1

Ew*(x)] > 1—¢, and pi(x), p3(x) and w*(x) are defined as follows

Pivri(X) W (X) =1, Pivpi(X) < Prp(x), @ = argmax 2,
Pi) =90 Pre(X) w0 () =1 Pirri(X) > Pre(x), i = argmax z,  (3.8)

0 , otherwise
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Pwri(X) w'(x) =0, i =arg max Zm,

Pai(x) = (3.9)

0 , otherwise

§ 1, $B8 > B
w(x) = o (3.10)
0, ‘@19( < ‘%27)(

where BY, = 1s(x, Pi(x)) — A*17pi(x) + S* and BT, = r:(x, p3(x)) — A17p5(x).
O

The physical interpretation of benefit function ‘@lﬁx represents the profit by using
power policy pj(x). The SBS will select the power strategy that returns the highest
profit. Proof of Theorem 3.2.1 can be found in Appendix B.3.

3.2.2 Optimal power policy for PTPC

Note that by replacing the constraint (3.7b) with 17 (w(x)p1(x)+(1—w(x))p2(x)) <
Po, we will get the reformulated version of (P2). Following the same procedure as
in the ATPC case, we start from KKT necessary and sufficient conditions provided
in Appendix B.4. Providing that channel state is continuous, the optimal power

policy can be summarized in Theorem 3.2.2.

Theorem 3.2.2. The optimal power control for problem (P2) is P* = X,: (x)P}(X)+
M
(1 — Xu:(x))P5(x), where A*(x) and S* are the solution to ) Pf(x) < Po and

i=1

Ew*(x)] > 1 — ¢, while p;(x), p5(x) and w*(x) are defined as follows

Py ywr(x) =1, Po <phpx), i = arg max z,
me
pTZ(X) - p?%P(X) >w*(X) =1, Po> p*RP(X)’ L= argrﬁg%( Zm (3'11)
0 , otherunse
Po ,w(x) =0, ¢ = argmax z,,
Pai(x) = mel (3.12)
0 , otherwise

. 1, B8 > B8
w(x) = . (3.13)
0, Bry < By,
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where B, = ry(x, Pi(X))—A ()17 P (x)+5* and B, = ri(x, P5(x))—A* ()17 P5(x)-
O

For The proof of Theorem 3.2.2 | please refer to Appendix B.5.

Remark 3.2.1. #7, = %7, happens with zero probability in continuous fading

channel scenario.

3.3 SU throughput scaling with ON-OFF power
policy at PU

In this section, we investigate the SBS throughput (ergodic sum rate) scaling laws
as the number of secondary users M goes to infinity when the PU adopts an ON-
OFF power control policy. In order to do this, we make the additional assumption
that all channel power gains are exponentially distributed with unity mean. We
then analyze the asymptotic scaling properties of the ergodic sum rate according
to the derived optimal power control laws for both ATPC and PTPC cases. From
the derived optimal solution in the ATPC case, we can divide the channel state y
into four possible cases as shown in Table 3.2. Similarly, there are also four possible

cases for the optimal power control solution derived for the PTPC case as shown in

Table. 3.3 below.

Table 3.2: Four possible cases for the fading channel state x with ATPC and ON-
OFF power policy at the PU

Case Properties Power control Outage at PU
1 |g<gr P Yes (PU turns OFF)
2 92 91, Pwpis < Prp P pis No

3 9 2 gt Pwpix = Pres ‘%IB,X < By

*
2,x pWF’i* YeS

4 g9 = 9gr, p%F,i* > Prps @fx > gfx Prp No
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Table 3.3: Four possible cases in fading channel state xy for PTPC and ON-OFF
power policy at the PU

Case Properties Power control Outage at PU
1 g <gr Py Yes (PU turn OFF)
2 | g=>gr, Po<pkp FPo No
3 9 > gr, Po > prp, e@f’x < '%)gx Po Yes
4 | g>gr, Po > pip, BY, > By, Prp No

Obviously, if S* = 0, it implies that SBS can transmit with pj;, in ATPC case
or Pp in ATPC case without making POC active, as if the primary network never
existed. This scenario then simplifies to a non-cognitive broadcast channel. With
similar technique in [54,58], we can show that the ergodic sum rate for a BC scales
like log(log M) in this case. Hence, this chapter will only study the case that S* > 0.
Recall that z; = m. Let Fg(g) be the CDF of g. First we find the CDF of z;
when g < gr and g > gr, denoted by Fz(z |S1) and Fz(z | Sy), respectively. Here
&1 denotes the set g < gr and Sf denotes the set g > gr.

h;
a; Pc+No

of g. We can show that Fz(z | SY) = (1 — %) and the probability den-

: : e\ _ d |1 _ exp(=Noz) : 1-Fz(z|5f) _ P.z+1
sity function fz(z [Sf) = £ [1 P } Since G0 T NoPiNeT B

e When g > gr, ie. x € S}, z; = which is independent on the value

2
. 1-Fz(z|S§ . ¢
ZlLIg()i [#S'f)l)] = ZILIIE.IO <m) = 0. It means that FZ(Z ‘Sl> be-
longs to the domain of attraction of the Gumbel distribution [82] as it satisfies
the Von Mises conditions. When g < g7, 2 = NLO and it is now independent on
g. Thus, the CDF z of is Fiz(z | S1) = (1 — exp(—Nyz)). By the similar proce-

dure, we can show that Fz(z | S1) also belongs to the domain of attraction of

the Gumbel distribution.

e In order to analyze how the secondary throughput scales, we have to investigate
the property of 2. = max zp, for large M. The required result is provided in
me

Lemma 3.3.1 as follows:
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. E[IOg(zmaX)l{zmaXZA*} |SC] . . E[IOg(zmaX)l{zmaXZA*} |81]
Lemma 3.3.1. Nl{linoo Toxllon 175 “ =1 and A}[Enoo ToxClon 175 =
1.
Proof. Please refer to Appendix B.6. m

e Define 6 = ‘%T(g). For g > gr, 0 = % (% —N0>. The CDF of 6 given
g > gr, Fy(0|Sy), can be expressed as 1 — where ¢, = % = &,

1
1+Co€

The above results will be used below to analyze the SBS throughput scaling laws as

M — oo, for the ATPC case and the PTPC case, respectively.

3.3.1 Throughput scaling in ATPC case

From Table. 3.2, the channel states when g > gr can be illustrated by Figure. 3.2,

all regions can be described as follows.

S ={g9<gr}
S =192 g1, 2mex S NHU{9 2 g1 2 2 A = 2L <0 < o0
83 :{QZQT,ZmaXEQ—:,OSQS%—ﬁ}

Sy Z{ngT,zmasz* kp 1 <cpg< L1 }

> A* Zmax — A* Zmax

where k, is the solution to log (k,) — k, + S* +1 = 0.

e Throughput C! = E[rs(x,P*(x))] = E[r] can be computed as follows

4
C: = Pr(S)E[r; | Sk
k=1
= Pr(8))E [log(2ax) 1y, >+
+Pr(Ss)E [log(222) I1,,..>A%}

S| + Pr(82)E [log (%) 11,0507}

S3] + Pr(8s)E [log(1 + 0zmax) | Si
(3.15)

S|

Hence, the upper-bound of C7 is

Cr < Pr(S)E [log(222) 1., 5%}
+Pr(Ss)E [log(2mes) 1, >as

= B [log(=2=) I{.,,.o0%]

S1] + Pr(82)E [10g(35) 102y
Ss] + Pr(Sa)E [log(35) 120y

5]
5]

(3.16)



3.83. SU throughput scaling with ON-OFF power policy at PU 59

Region of the sets given that g > g

10

7 8 9 10

Zmax

Figure 3.2: Region in ATPC case given that ¢ > gr when the PU uses ON-OFF
power strategy

e [t is worth mentioning that A* varies with the number of SUs M, but we do

not show it explicitly. The property of A* is emphasized in Lemma 3.3.2.

Lemma 3.3.2. A* has an upper-bound, i.e. A* < %v, and it is bounded away

from zero. O

The proof of Lemma 3.3.2 can be found in Appendix B.7.

e Note that k, = 1 when S* = 0, Pr{S,} = 0, and prp is not applied in any
channel states. As explained earlier, the throughput scaling in this case has
been analyzed already [54]. When k, approaches 0, it implies that Pr {S;} =0
and the total outage probability becomes Pr{Si} + Pr{Ss} =€) + 0 = ¢,
implying that we set €, = 62. So, the analysis will be split into 2 parts. First

is when €, > €) (0 < k, < 1) and the second is when ¢, = ¢) (k, = 0).
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Lower-bound on throughput when ¢, > 62

In set Sy, we know that kofxﬂ <1+ Ozpmax < 2=, C7 is also lower-bounded by

C: >Pr(S)E [10g<zmax)1{zmax>/\* 151] + Pr(Sy)E [IOg(Zmax)J{zmax>A* 182]
+Pr(Ss)E [log(3522) | Ss] + Pr(Sy)E [log(*5z=) | S4]

=F [log(Zmd")J{zmax>A*}} + Pr {8} log(k,)

> B [log(8) 1opzny] + log(2 - )

(3.17)

where the last inequality is from the lower bound of k, and 7. =

—66)§k0<1.

corresponding proof in Appendix B.8 shows that /C\—O (177

Lower-bound on throughput when ¢, = eg

In this case, the region Ss disappears. Therefore, the total capacity C} is

Prig<gr}E[ri|g<grl+Pr{g>gr} El[r’|g>gr]

In Appendix B.9, we have shown that

o If A*>¢, then E[rl|g>gr| > F [log(zmax)f{zmaxzf\*}

9> gr] + g log 2
o If A" <c,, then E[r}|g>gr] > E [log(zfgﬂ)l{zmap%} g > gT} + == log £=
(] - A*

Theorem 3.3.1. When PU uses ON-OFF with constant power control, the behavior
of throughput from the SBS under a POC and an ATPC with optimal power control

can be described as follows.

lim =1

as
Moo log(log M)

The proof of Theorem 3.3.1 are summarized in Appendix B.10, through the
results from Appendix B.6 to B.9.

3.3.2 Throughput scaling in PTPC case

In order to analyze the asymptotic scaling laws of the SBS ergodic sum rate, we first

observe the following facts from Table. 3.3.
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e Given g > gr, P, < 0 < oo in case 2. For 0 < # < P,, we have case 3
and 4 which are separated by the curved K(zpax). The function K(zpax) is

derived from the condition that %’fx = BB

55> Whose expression and property

are summarized in Lemma 3.3.3.

Lemma 3.3.3. The properties of K(zmax) are as follows:

- K(zmax) = -1

Zmax

+ (o + B exp(=5" — ).

Zmax

— For S* > 0, K'(zmax) > 0, i.e. K(zmax) s a strictly increasing function
if POC' is active.

The proof of are provided in Appendix B.11. Let z, be the unique root of the
equation K (zmax) = 0. (As we consider the case that POC is active, S* > 0
and the root is unique as K (zyayx) is a strictly increasing function.) The regions
when g > gr are illustrated by Figure. 3.3. Finally, we can identify the regions

as follows.

S ={g9 <gr}
Sy ={9> 97, 0< 2max < 00, P, <0< o0}
Ss ={92 97, %0 < Zmax <00, 0< 0 < K (zmax)} (3.18)

Sy :{ngTa Zo < Zmax < 00, K(Zmax) SGSPO}

U {gnga OSZmax<Zo,0§9§PO}

1
Zmax

e Notice that, as S* approaches oo, Sliinoo K(Zmax) = — < 0 which means
that Sliinoo z, tends to infinity. Thus, the region S3 vanishes, implying that
eg = Pr{S&} = ¢,. Hence, the analysis on the lower bound of throughput
is split into two parts, i.e. when ¢, > €) (0 < S* < o0) and when €, = €)

(S* = 00).
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0 Region of the sets given that ¢ > g7

P,
/

1 * Zmax
514 E[_l + (1 + Pozmax) 6Xp<—S - m)]

/

0 1 2 3 4 5 6 7 8 9 10
Zmax

Figure 3.3: Region in PTPC case given that ¢ > g when the PU uses ON-OFF
power strategy

e Throughput C* = E[r%] can be calculated as follows

S

= é P’I“(Sk)E [7": ‘Sk]
= PT(Sl)E [log(l + Pozmax) |81] + PT(SQ)E [log(log(l + Pozmax) |S2]

FPr(S3)E [log(1 + Py | Ss] + Pr(Sy) E [log(1 + 0zmax) | Si]
(3.19)

Hence, the upper-bound of C7 is

Cr < Pr(8)Elog(1 + Pyzmax) | S1] + Pr(S2) E [log(log(1 + P,zmax) | So
+Pr(8S3)FE [log(1 + P,zmax) | S3] + Pr(Ss)E [log(1 + P,2max) | S4
= F[log(1 + P,zmax)]

(3.20)
Lower-bound on throughput when ¢, > eg
4
= Z r(Sk)E[r? | Skl
=
> > Pr(Sk)E log(1 + Pozmax) | St] — Pr{Ss} 6(Ps, co, ve) (3.21)
k=1
Elo

(1 + P, ZmaX)] - 5(P07 Co, ’YE)
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€Ep—E€E

where 0(P,, ¢,,7.) = log (POCO%> and v, = 02 Appendix B.12 provides the
€ P

1—€

details of proof in this case.

0

Lower-bound on throughput when ¢, = ¢,

In this case, the region S3 vanishes. Thus, SU sum downlink capacity becomes
Pri{g<gr}Elr|g<gr]+Prig>gr} E[r}]| g > gr], where E[r}| g < gr| =

E log(1 + P,zmax) | g < gr) and it is shown in Appendix B.13 that E'[r¥ | g > gr] >
Elog(==1(2 > ¢,))| g > gT] —log (%).
Theorem 3.3.2. When PU uses ON-OFF with constant power control, the behavior
of throughput from the SBS under a POC and a PTPC with optimal power control
can be described as follows.

lim — S =1
Moo log(log M)

The proof of Theorem 3.3.2 are summarized in Appendix B.14, through the
results in Appendix B.6 and Appendix B.11 to B.13.

3.4 SU throughput scaling with TCI power policy
at PU

In this section we focus on the case where the PU uses the TCI policy and derive
asymptotic scaling laws of the SBS ergodic sum capacity when the number of SUs,
M — oo, under the assumption (identical to Section 3.3) that all channel power gains
are independent and identically exponentially distributed with unity mean. Again,
we first divide the channel state x into specific sets with the aid of the optimal power
allocation solutions in Theorem 3.2.1 for ATPC and in Theorem 3.2.2 for PTPC,
respectively shown in Table 3.4 and Table 3.5.

Under the truncated channel inversion policy, PU is ON with P,(g) = %1 where
ki = (erg — 1) No. In this scenario, no SU is allowed to transmit if A7 > %7,

since pyp(x) = 0. Similar to the previous section, we will analyze the throughput
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Table 3.4: Three possible cases in fading channel state x for ATPC with TCI power
policy at the PU

Case Properties Power control Outage at PU Probability
1 |g<gr Pivr Yes (PU turn OFF) €
2 | g>gr, B < B3, Pivr Yes € — €
3 | 9>gr, B > B, Pap =0 No 1—¢

Table 3.5: Three possible cases in fading channel state x for PTPC with TCI power
policy at the PU

Case Properties Power control Outage at PU Probability
1 |g<ogr Py Yes (PU turn OFF) €
2 | g9>gr, B < B3, Po Yes € — €
3 9> gr, BY, > By, Prp =0 No 1—¢

h

scaling laws only for the case when S* > 0. Define p; = —54-—~ Pr(9)+Ne

. The optimal SBS
power allocation solution dictates that the SBS will transmit to the user with the
maximum p, i.e. pmax, for both ATPC and PTPC. It is also worth mentioning that
we know the exact probability for each case of the channel fading state, as shown in

Tables 3.4 and 3.5, so a complicated throughput analysis by using conditional CDF's

as used in Section 3.3, can be avoided.

First, note that max +; hi < Pmax < max % regardless the value of g. Existing
EarFNO 0
results from [58,83] can be used to show that both max + hi+N and maxj\l[—i) scale
Eai 0

like log M as M — oo. Thus, as M grows large, pmax also scales like log M. Next,

we provide our detailed analysis of the SBS ergodic sum capacity scaling laws for

ATPC in Section 3.4.1 and PTPC in Section 3.4.2.
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3.4.1 Throughput scaling in ATPC case

Assume that S* > 0. From Table. 3.4, we can seperate the region 2 and 3 by

setting %’fx = %’fx,

* 1 1 + . .
Pwr = <F — > . Thus, it yields

where %fx = 5%, ‘%)2B,x = log(1 + pmaxPiyr) — APy p, and

Pmax

S* =log(fmax) — (1 - A2) = —log(Q)+Q -1 =) (3.22)

A* Pmax

where ) = /ﬁ and 0 < Q < 1. Further note that #() is a decreasing function in

Q). Thus, the region can also be expressed as follows

S ={g<ar}
32 = {g > gr,0< Q< til(S*)} = {g > g, % < Pmax < OO} (323)

83 = {9 > gT;O < Pmax < %}
where ¢71(.) is inverse function of ¢.

With the similar procedure as in Appendix B.7 in ATPC case for ON-OFF power
control at the PU, we can show that A* will not converge to zero for all M. Further,
as the probability of S, and S; are fixed, we can come up with a property of %

as shown in Lemma 3.4.1.

Lemma 3.4.1. For e, > €, % = O(log M).

Proof. As pmax scales like log M, we first assume that grows faster than

log M. It implies that, for M large enough, PT(S~2) converges to 0, which contradicts
the fact that Pr(S,) = €, — ey > 0 for all M. Next, assume that % grows
slower than log M. It means that, when M is large enough, P?"(Sg) converges to
0, which contradicts the fact that Pr(Ss) = 1 — €y, > 0 for all M. Thus, —tes =

t_l(S*)
O(log M).

Theorem 3.4.1. When PU uses TCI power control, the behavior of throughput from
the SBS under a POC and an ATPC with optimal power control can be described as
follows.

lim

cr —
M—oo log(log M) p
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For the case ¢, = 62, the proof is in Appendix B.15. The result from Lemma
3.4.1 is useful to prove Theorem 3.4.1 when ¢, > eg whose details are provided in

Appendix B.16.

The intuitive explanation for Theorem 3.4.1 is that when PU uses TCI power
control, the SBS are forced to turn off if it decides to protect primary link’s QoS
because even small amount of power can put PU in an outage. As the primary outage
probability threshold is €,, it means SBS are allowed to transmit with probability

€, which leads to the pre-log factor term.

3.4.2 Throughput scaling in PTPC case

Assume that S* > 0. From Table. 3.4, we can seperate the region 2 and 3 by setting
%fx = PBE . where %’fx = 5" and %’gx = log(1 + pmaxPo) — A*(x)Po. Note that

2,x°
in PTPC case, A*(x) = ﬁ% if Po is applied. Thus, it yields

S* =1log(1 + pmaxPo) — 22205 = —log(w) +w—1 = t(w) (3.24)
where w = ﬁ and 0 < w < 1. Further note that ¢(w) is a decreasing function
PmaxL O

in w. Thus, the region can also be expressed as follows

S = {9 <gr}

& ={9=zgr.0<w<t(5)} — {92 9r 3 (s = 1) < poax < 0}

83 = {ngTyogpmaxg % (W_1>}
(3.25)

where ¢71(.) is inverse function of ¢.

Similar to the proof of Lemma 3.4.1 in ATPC case, we can show that, for €, > eg,
% = O(log M). The result will help use prove the result in Theorem 3.4.2 when
e, > €, which is in Appendix B.18. For ¢, = €, the details of the proof is in

Appendix B.17.

Theorem 3.4.2. When PU uses TCI power control, the behavior of throughput from
the SBS under a POC and a PTPC with optimal power control can be described as
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follows.

3 s —
lim log(log M) — €p

M—o0

The intuitive reason for the appearence of the pre-log factor ¢, is similar to ATPC

case with TCI power control at PU.

3.5 Numerical results

In this section, we present some numerical results on the performance of the proposed
optimal power policies for the capacity maximization problem with POC and ATPC
or PTPC. All channel gains involved are assumed to be Rayleigh fading and the
corresponding channel power gains are taken to be exponentially distributed with
unit mean. Noises at PR and all SRs are presumed to be equal and AWGN with unit
variance, i.e. Ny = 1. Note that this allows the transmit power at the primary and
secondary transmitters to be interpreted as signal-to-noise ratio at the transmitter
side. Unless specified otherwise, the constant power P, for the primary ON-OFF
power policy is set to be 15 dB when it is ON. PU’s target rate is 7"2 = 1.25 nats per
channel use and the primary outage probability threshold €, = 0.1. For the primary
TCI power policy, we set eg = 0.05. For convenience, we further assume that all
secondary receivers are identical. The simulation results are based on a Monte-Carlo

method averaged over 10° channel realizations.

3.5.1 The effect of POC on sum ergodic capacity in C-BC

channel

Figures 3.4 and 3.5 exhibit the effect of the average transmit power budget on
the SBS downlink sum capacity when PU uses an ON-OFF power policy with a
constant power when ON for both with and without POC. Fig.3.4 shows that with
an increasing average power budget (P,,), SBS downlink sum capacity increases
for both with and without POC when PU applies the ON-OFF power strategy, as
expected. The same feature is also noticed for the PTPC case, shown in Fig.3.5.

However, the POC becomes the dominant constraint when the average power budget
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is raised further, making the rate of increase in the SBS downlink sum capacity drop
significantly compared to the case without POC. The implication of the optimal
power policies with POC is that when POC becomes active, SBS is forced to transmit
with the highest possible power that still guarantees PU’s service rate, i.e. pyp, for
some channel realizations. Nevertheless, PU can still face outage either due to its
own transmission strategy (when PU is OFF) or when SBS chooses to transmit to
maximize its sum capacity even though this strategy causes an outage to the PU.
It is also worth pointing out that Figures 3.4 and 3.5 show the benefit of multiuser
diversity. As the number of SRs M increases, the SBS downlink throughput is
enhanced as SBS has a statistically higher opportunity to obtain a high value of
Zmax. Detailed throughput scaling results are discussed next.

P.= 15dB.,T2 =1.25,¢,=0.1, ATPC

3.5 |{-o-Ergodic sum capacity with POC (M = 4) o
-8-Ergodic sum capacity with POC (M = 16)

—+Ergodic sum capacity with POC (M = 256)
-0 -Ergodic sum capacity w/o POC (M = 4)
-8 -Ergodic sum capacity w/o POC (M = 16)
-+ -Ergodic sum capacity w/o POC (M = 256)

N
[3;]
T

Ergodic sum capacity

P,, (dB)

Figure 3.4: SU ergodic sum capacity in BC problem against average transmit power
budget : r) = 1.25, ¢, = 0.1, and P, = 15 dB. with ON-OFF power policy at the
PU

3.5.2 Throughput scaling results in the secondary network

This part presents the numerical results which affirm the throughput scaling results
of Theorems 3.3.1 to 3.4.2. We also present some numerical results and intuitive
explanations regarding how the individual parameters of the problem setup affect

the SBS downlink throughput.
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Figure 3.5: SU ergodic sum capacity in BC problem against peak transmit power
budget : 7’2 = 1.25, ¢, = 0.1, and P, = 15 dB. with ON-OFF power policy at the
PU

Throughput scaling results with ON-OFF power policy at the PU

Fig.3.6 depicts the normalized throughput as a function of secondary re-

log(log M)
ceivers M for both ATPC and PTPC when the PU utilizes the ON-OFF power
policy. For these simulations, P,, for the ATPC case and Py for the PTPC case
are set to 8 dB. The results reveal that the normalized throughput converges to 1
in both cases, as stated in Theorems 3.3.1 and 3.3.2. Note that the convergence is
asymptotic in nature and for a finite number of SUs, the gap between the normalized
throughput and its asymptotic value can be appreciable.

The number of parameters affecting the SBS sum throughput include the con-
stant power P. at the PU, the PU’s target rate r , the PU’s outage probability
constraint €, and the power budget at SBS (P,, for ATPC and Py for PTPC). In
Fig.3.7, we illustrate the effect of these parameters on the SBS sum throughput with
ATPC. We use the parameter values (rg =1.25,P. = 15dB., P,, = 15dB.,¢, = 0.1)
in Fig.3.7 as the reference for the ATPC case. For convenience, the graph loglog M
is also plotted as a reference.

First, we look at the effect of secondary power budget on the SBS sum through-

put. A decrease in the secondary power budget significantly reduces the SU sum
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throughput as expected. Next, if P. is raised while the other variables are kept fixed,
0
— (erpfl)No

gr = ~—Fp5— Is reduced, making 62 decrease, and the additional outage, €, — eg,
caused by the SBS increase. Thus, SBS sum throughput increases as a result. An-
other variable that affects gr is 7“2 since gr decreases if 7"2 is decreased, leading to the
an increase in the sum throughput. Intuitively, it means that POC is less strict as
rg is reduced. Finally, the PU outage probability threshold €, affects the throughput
scaling as it also directly affects the POC. From Fig.3.7, it is seen that the SBS sum
throughput shifts downwards as €, is reduced to 0.08. This is obviously due to the
fact that the POC becomes stricter. It is observable that the results with PTPC
in Fig.3.8 are quite similar to ATPC case and the corresponding explanation are
excluded to avoid repetition. Note also that the gap between the sum throughput
curves and the first order approximation represented by the loglog M curve can be
attributed to the second order approximations which are not explicitly shown here.

For more details on the second order approximations and related explanations on

the cognitive multiple-access channel case, see [58].

Normalized throughput for ON-OFF case (¢, = 0.1)
15 T T 1

145
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Figure 3.6: Normalized SBS sum throughput with ON-OFF power policy at the PU

I I I I I
500 1000 1?&0 2000 2500 3000

Throughput scaling results with TCI power policy at the PU

In this part, the TCI power policy is assumed at the PU. We plot the normalized

throughput # as a function of secondary receivers M for both ATPC and

g(log M)
PTPC in in order to illustrate the results of Theorem 5 and 6. P,, in ATPC case
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Figure 3.7: The effect of related parameters on SBS sum throughput with POC
against M for ON-OFF power policy at PU and ATPC

and Pp in PTPC case are set to be 1 dB. The results in Fig.3.9 shows that the
normalized throughput converges to €, as M is large enough. Intuitively, it is because

the secondary network cannot transmit within 1 — ¢, fraction of time.

In the scenario with TCI case, there are also various variables which affect the
SU throughput scaling, including the value of eg, the PU’s target rate 7“2, PU outage
probability constraint €, and the secondary network’s power budget (F,, for ATPC
and Pp for PTPC). Fig.3.10 and Fig.3.11 depict the effect of those variables on the
SU throughput scaling. We set the case (r) = 1.25,¢) = 0.05, Py, = 5dB., ¢, = 0.1)
in Fig.3.10 as the reference of ATPC case and the case (r? = 1.25, 62 =0.05, Pp =

p

5dB.,e, = 0.1) in Fig.3.11 as the reference of PTPC case.

Similar to ON-OFF case, the secondary power budget significantly affects the
throughput scaling. As noticed from Fig.3.10 and Fig.3.11, when P,, or P is
decreased, the throughput scaling is shifted downwards. Next, the decrement in
eg makes the throughput drop because the trucated threshold gr = —log(1 — eg)
(in Rayleigh fading model) is reduced. Although the additional outage is raised
like ON-OFF power policy, SBS will always stop transmitting if SBS decides to

protect PU when PU is active in TCI case. Further, suppose that ), > € ,, then

0

ar1 > 9r,2- With Eg = €,9,

SU can transmit when g € [gr2, gr1]. However, the

interference from PU to secondary network is really high in this additional range as
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Figure 3.8: The effect of related variables on SBS sum throughput with POC against
M for ON-OFF power policy at PU and PTPC

0
as PU transmits with power (X1

. It means the range g € [gr2 , gr1] does not
help enhance secondary throughput much, making SU throughput scaling declines as
€Y reduces. Finally, r affects the throughput scaling via POC as shown in Fig.3.10
and Fig.3.11 when 7‘2 becomes 4.00. The reason is that if the PU target rate is

reduced, POC becomes more lenient, thereby making throughput scaling raise.
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Figure 3.9: Normalized throughput in TCI power policy at the PU
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Figure 3.10: The effect of related variables on SU throughput scaling with POC
against M with TCI at PU. for ATPC

3.6 Conclusion

In this chapter, we have investigated the information-theoretic asymptotic limits of
the ergodic sum capacity of a fading cognitive broadcast channel that shares the same
frequency band as a delay sensitive PU. Under an outage probability constraint at
the PU receiver, we have derived optimal power allocation strategies to maximize the
SBS ergodic sum capacity, under an average (long term) transmit power constraint
or a peak (short term) transmit power constraint. The derivation of the power
policies is based on a probabilistic power allocation technique, which reveals that it
is optimal to allocate transmission during an entire fading block to only one SR for
a continuous fading channel scenario. Under these opportunistic SBS optimal power
allocation schemes, we have also analyzed how the SBS sum throughput scales as the
number of secondary receivers goes to infinity when all relevant channels undergo
independent Rayleigh fading. These asymptotic capacity scaling laws are derived
under two types of transmission power policies assumed at the PU: (1) an ON-
OFF policy with a constant power when ON and (2) a truncated channel inversion
policy. Rigorous theoretical analyses show that the SBS sum throughput scales like
log(log M) and ¢, log(log M) for cases (1) and (2), respectively. Numerical results

are also presented to illustrate the theoretical findings.
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Chapter 4

Power Allocation in Cognitive Multiple-access
Channels with Primary Outage Probability

Constraint

In Chapter 4, we consider SISO uplink channels in an underlay-based CR scenario
with M secondary transmitters and an SBS, sharing the same frequency band with
a delay-sensitive primary user. This chapter investigates various optimal power allo-
cation problems regarding two commonly adopted utility functions for fading chan-
nels, namely, the ergodic capacity [10] and outage capacity [21]. Ergodic capacity
determines the maximum mutual information averaged over all the channel fading
states regardless of a delay constraint while outage capacity defines the maximum
instantaneous information rate that can be supported with a given outage probabil-
ity and it is therefore a more appropriate performance indicator for delay-sensitive

applications.

Information theoretic capacity notions for non-cognitive SISO fading multiple-
access channels were investigated in, e.g. [13,14,19,22]. For non-cognitive MAC, the
authors in [13] showed that a given time slot (over which the fading channel remains
invariant) is allocated to the secondary transmitter with the strongest channel power
gain in order to maximize ergodic sum capacity. Under the same network setup
considered in [13], Tse and Hanly studied two types of information theoretic capacity
notions, i.e. ergodic capacity in [14] and delay-limited capacity (also known as zero-
outage capacity) in [19]. In [14] and [19], the idea of polymatroid structure was used
as the main ingredient to show that successive decoding is always optimal to achieve
all boundary points on ergodic capacity and delay-limited capacity regions, leading

to closed-form expressions of the optimal power policies. However, in [21] and [22],

75
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the authors argued that outage situation is unavoidable in some wireless channel
models, e.g. Rayleigh fading, and zero-outage capacity is therefore unattainable.
In [22], the authors defined two outage scenarios in non-cognitive MAC. The first
one is known as common outage where an outage must be declared simultaneously for
all users and the second one is individual outage where an outage can be declared
individually. Significantly, it was shown in [22] that finding the outage capacity
region is equivalent to deriving the outage probability region for a given rate vector.
Similar to the results in [14] and [19], in [22], the authors also proved that successive
decoding is the optimal decoding strategy. In the C-MAC scenario, [52] solved the
ergodic sum capacity maximization problem subject to a transmit power constraint
and an interference power constraint for both long-term and short-term perspectives
in the single-input-single-output (SISO) case. Under the peak interference power
constraints at PU receivers, the optimal power allocation policy for maximizing the
weighted sum instantaneous rate of multi-antenna under the peak interference power
constraints at PU receivers in C-MAC was later proposed in [84]. Recently, both the
common outage capacity region and the individual outage capacity region for SUs
in C-MAC subject to peak interference power constraint and peak transmit power
constraint were studied and the corresponding optimal power allocation strategies
were solved in [53]. This chapter, on the contrary, utilizes POC as a mean to entrench

the QoS of the single-antenna delay-sensitive PU.

This chapter considers fading C-MAC where M SUs, equipped with a single
antenna each, communicate with a secondary base station (SBS) by sharing the
same spectrum band with an existing delay-sensitive PU. The service quality of PU
is guaranteed by a primary outage probability constraint (POC). The power budget
in each secondary transmitter is limited by an average transmit power constraint
(ATPC). We assume that SUs have perfect CSI of the entire network while the
PU has power policy based on the full CSI of its own direct gain between PU
transmitter and PU receiver only and that strategy is revealed to all SUs. The novel

contributions of this chapter can be summarized as the following:

e Section 4.2 : Ergodic capacity
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1. In Section 4.2.1, we derive the optimal power control policy for the ergodic
sum uplink capacity maximization problem subject to POC and ATPC,
which is the special boundary point on the ergodic capacity region under

POC and ATPC.

2. In Section 4.2.2, we extend the problem to the generalized case, i.e. we
render the optimal power control policy to achieve any boundary points

of the ergodic capacity region under POC and ATPC.

3. In Section 4.2.3, we thoroughly discuss the optimal power allocation re-
sults between the special case (ergodic sum capacity maximization) and
the more generalized problem (ergodic capacity region). We show that
the complicated optimal power solution in the more generalized case sub-

sumes the optimal solution in the ergodic sum capacity case.
e Section 4.3 : Outage capacity

1. The definitions of common outage and individual outage are introduced

in Section 4.3.1.

2. In Section 4.3.2, we study the common outage capacity region subject
to POC and ATPC. Rather than solving the problem directly, we utilize
a technique similar to [22] in order to show that the outage capacity
region can be implicitly acquired by considering the usage probability
maximization problem subject to POC and ATPC for a given SU rate

vector r, and then derive the optimal power policy accordingly.

3. In Section 4.3.3, we derive the optimal power policy that can achieve all
boundary points on individual outage capacity region subject to POC and
ATPC by following the same procedure as when we analyze the common

outage capacity region subject to POC and ATPC

Simulation results are illustrated in Section 4.4 followed by concluding remarks in
Section 4.5.
List of notations in Chapter 4 : Here is the list of notations we use in this chapter.

EJ.] denotes the statistical expectation. Pr {.} represents probability. Cumulative
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density function (CDF) of random variable Z is given by Fj(z) whereas F(z|Y)

expresses CDF of Z given Y. Let X, be a Bernoulli w random variable such that

X, = 1 with probability w and X,, = 0 with probability 1 — w. ;ﬁ denotes partial

derivative of y with respect to x, evaluated at z = z*. P” represents transpose of
vector P. For two vectors P and Q, PQ = {P1Q1, ..., PyQun}. [x]t = max(0, z).
1 {z} represents the indicator function, i.e. 1 {2} = 1 if the event & is true and it

is zero otherwise.

4.1 System model

We consider a cognitive radio environment with a primary transmitter-receiver pair
(PT-PR) and a cognitive multiple-access channel with an SBS and M secondary
transmitters. All terminals involved are equipped with a single antenna. The pri-
mary user’s quality of service is guaranteed by a POC with a service rate 7’2 and
an outage probability threshold €,. All channels involved in this cognitive radio
network are assumed to be independent block fading additive white Gaussian noise

(BF-AWGN) channels with continuous CDFs [21].

In the C-MAC, M secondary transmitters aim to transmit the signal to the
SBS. Let ST; represent i-th secondary transmitter. As depicted in Figure 4.1, the
instantaneous channel power gains in i-th subchannel for the link PT-PR, ST;-SBS,
PT-SBS, and ST;-PR are denoted by g, h;, o, and ;. The additive noises at PR and
SBS are assumed to be independent Gaussian random variables with zero mean and
variance No. Let v = [g,a, hy, ... hy, B, .. ,ﬂM]T denote the combined channel
state vector and 8 = [, ..., Bu|T. The vector fading process v is assumed to be
stationary and ergodic, with a continuous CDF F'(v). We assume the primary user’s
transmit power control strategy is based only on the direct gain g between PT and
PR, regardless of the interference from the secondary network. We also assume that
SBS has perfect CSI on v and primary user’s power policy, so that it also knows the
PU’s power allocation for every realization of v. Let P(v) = [P(v),--- , Pu(¥)]"

which denotes the ¢-th ST’s transmit power to the SBS. The PU instantaneous rate
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expression can be written as

r,(w,Pw)) = log |1+ —220) (4.1)

M
<Z1 5iPi(V)> +No

Note that PU’s power control policy is expressed as P,(g) to reflect the PU’s obliv-
iousness to the interference caused by the secondary network and having the power
policy based on CSI of its direct gain g only. In a typical wireless fading environ-
ment, even in the absence of interference from the secondary network, the PU may
not be able to avoid an outage event when the PT-PR channel is in deep fade. For
example, with an average or peak transmit power constraint, the PU cannot meet
the target rate for a Rayleigh fading channel if it falls below a certain threshold [21]
unless it is equipped with multiple antennas. We further presume that the PU’s
power policy is designed to allow for a maximum PU outage probability of 62 < ¢, in
the absence of the secondary interference. In this chapter, PT is assumed to employ
an ON - OFF power strategy with constant power when ON (ON-OFF), i.e. the
PU transmits with constant power P,(g) = P. when g > gr = (&8;# to meet the
target rate and P,(g) = 0 for g < gy, where Ny denotes the AWGN variance at the

primary receiver.

Figure 4.1: System model for cognitive MAC

Define Py, = [Pav ;- -+, P, M]T where P,,; is the average transmit power bud-

get at the ¢-th ST. The delay-sensitive primary network requires a target rate 7’2
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and a maximum outage probability threshold €,. The average transmit power con-
straint (ATPC) and the primary outage probability constraint (POC) are described

as follows:

EP®v)] 2 Py (4.2)
Pr{r,w,P)) <} < ¢ (4.3)
For convenience, define h; = m. With a given power allocation P(v) in a

specific channel state v satisfying ATPC and POC, the following rate vectors are

achievable in this given channel state v

Cruac(v,P(v)) = {r =[ri,. o] s Yo Slog(l+ 30 hiPi(v)),¥VS C {1,..., M}}

i€S i€S (4.4)
The definition of Cprac(v,P(v)) in (4.4) is the capacity region of the equivalent
Gaussian MAC for the channel state v, corresponding to the power control P(v) in

the secondary network.

4.2 Ergodic capacity region

In this part, we will investigate the ergodic capacity region for C-MAC under ATPC
and POC. First, we look at the result for optimal power allocation policy in a
special case - ergodic sum rate maximization problem - in Section 4.2.1, i.e. when
S ={1,...,M}. Note that when M = 1, i.e. the system is reduced from cognitive
MAC to cognitive point-to-point communication, the solution has already appeared
in [44]. Later in Section 4.2.2, we will study the more general case for all possible
subsets S of the set £ = {1,..., M}, i.e. the optimal power allocation policy that

achieves all points in the boundary of the ergodic capacity region.
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4.2.1 Special case: Ergodic sum rate maximization problem

with ATPC and POC

For the instantaneous sum rate, we have S = £. Hence from (4.4), the instantaneous

sum uplink capacity in C-MAC can be described as follows:

rs(v,P(v)) = log (1 + éhﬂ%(v)) (4.5)

)

This section will focus on the ergodic sum capacity maximizing problem in C-MAC

with ATPCs and POC which can be expressed as

max Frs(v,P(v))] s.t. (4.2) and (4.3). (4.6)

P(v)>0

With the same technique as in [25], we define the two weighting functions wy(v), k =

1,2 as follows:
wy(v) = Pr {rp(u, Pv)) > 7’2 | I/}

(4.7)
wy(v) = Prir,(w.P(v)) <r|v}

It is obvious to see that wy(v) = 1 — w;(v) and we will use this fact from now on.

We also define the two corresponding power schemes as follows:
(4.8)

The definitions of wy(v), p1(v) and py(v) above lead to Lemma 4.2.1 below, the
proof of which is provided in Appendix C.1.

Lemma 4.2.1. There exists an optimum solution P*(v) of Problem (4.6) of the
Jorm P*(v) = X ) ()P (v) + (1 — Xy ) (v))P3(v) where

e (1) Elwi(w)pi(v) + (1 —wi@))p;(¥)] = Pa, (2) Elwi(w)] = 1-¢,

e'P—1

(%) wit) | (2 - N) = Tpi0] 20, @)pi) =0, k=12,

(5) 0 <wilv) < 1. O
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Then, the optimization problem in (4.6) can be rewritten as

oax s = Blo@)r @, puv) + (1 - en@)rs(v, p(v))] (4.92)

s.t. Elw(v)p1(¥) + (1 — w1 (v))p2(v)] = P, (4.9b)
Elwi(v)] > 1—¢, (4.9¢)
w (v) gfpﬁgi - N0>+ - ﬂTpl(u)] > 0, (4.9d)
0<w(v)<l1. (4.9¢)

The optimization problem (4.9) can be proved to be convex over (p; (v), p2(v), w1 (v)).

We can then write the Lagrangian associated with (4.9) as follows:

v, pr(v), w1 (v), A, s, 7(v))
— ) {mu, i) = - A a) + 5+ 70) (%(g) -3 pl,i<v>@>] (410

H1 = ) [r ) - 3 A0

i=1
where A, s, and 7(v) are Lagrange multipliers corresponding to equations (4.9b) to
(4.9d). Let i € {1,2,...,M} and k € {1,2}. The set of KKT conditions corre-
sponding to (4.9) are provided in Appendix C.2.

Using the KKT conditions, p5(v), pj(v), and w}(v) can be derived as follows:

o For pj(v), we have 0 = 2y — (1 — wi(v)) [W - A;] if p3 ,(v) > 0.

M _ - +
If 1 —wi(v) >0, it yields 1+ > p5,(v)h; = (i‘—) Let py, ¢, (v) = <Ai - 7%) :

i=1 i ’ i :
By using the fact that A\ is constant for all 7 and the channel state is contin-

uous, ph,(v) can be expressed as follows:

Prpi(¥) ,wi(v) =0, ’i:argmax’_‘—*m
paw) =4 " 1 met M (4.11)
0 , otherwise

Obviously, the optimal power allocation policy p3 is exactly the same as the
optimal power allocation policy that maximizes the ergodic sum capacity for

non-cognitive uplink channels, previously studied in [13,14]. Intuitively, this
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happens because pj; is used when the secondary network decides to put the
PU in outage and thus does not have to control the amount of interference

caused to the primary link.

e For pj;(v), we have 8?3?;(")/) = wi(v) [%ﬁ’(ﬁ;)) — Al —7*(v) ;| from the KKT

conditions.

Note that in using the policy pi(v) when wj(v) > 0, our problem is similar to
the sub-dual problem with peak interference constraint for each given channel
state v. This implication is based on the fact that P,(g) = 87 pi(v) if 7*(v) >
0. Therefore, it is obvious that the solution for pj is similar to p3 for 7*(v) = 0.

M _ _
For 7*(v) > 0, it implies that 1 + > pj;(v)h; = (W) if p},;(v) > 0.
i=1 : ' 7

Lemma 4.2.2. For pi(v), there are at most two users that are allowed to

transmit

Proof. Suppose there are || users with pj, > 0, where v € ¥ and 7 C €.

M _ i _

The condition 1+ pi ,(v)h; = (W) < (%) must hold for all v € 7.
i=1 v ! v

Note that there is only one 7*(v), but |#/| — 1 independent equations. Hence,

1 > |¥|—1. So, there are at most two users can transmit when u*(v) > 0. O

Thus, the analysis is divided into two cases, i.e. when one user transmits and

when two users transmit.

Only one user transmits :

hm
A

pwf,i(y) 7w1(v) = 17 T (V) :07 Z:al'glgllgg{

pri(v) = Prpi) wilv) =1, 7°(v) >0, i = arg A N )5
0 , otherwise
(4.12)

where pj,;(v) = épp(g).
Two users transmit :

If there are two active SUs, i.e. pj,,pi, > 0 and b # v, the two following
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conditions in (4.13) and (4.14) must hold

he Ry
L+ pi )b = 1+ p} @)k + 1}, (), = 20 (4.13)
ic€ B B
> )8 =pi,W)B P18 =Pylg) (4.14)

€€

i€ ice

(4.14) follows from the KKT conditions.

Hence, we can summarize the solution for this case as follows:

e

y 1 — * = ) — h'm
pwf,i<y) ’wl(V) =1, 7 (V) =0, (l = argrnr%g? )\_:n>

pib(”) ,’U}T(V> = 17 T*(V) > 07
(z’ € cv,b|v,b= arg max ﬁ}) ;
(p} ,(v) satisfies (4.13) and (4.14))

1
pi,w) wilv) =1, 7%(v) >0,

(z € {v,b| v,b= Arg Max ooy }) )

(p},(v) satisfies (4.13) and (4.14))

0 , otherwise
(4.15)

Remark 4.2.1. To search for pj;(v) > 0, the geometrical method proposed
in [85] can be applied. Note that the optimal solution pj ;(v) does not have a

closed-form expression when two users are allowed to transmit.

Remark 4.2.2. Despite allowing two users to transmit, the expression of the

M _ _
achievable sum rate is still the same, i.e. log(1+>_ p7;(¥)h;) = log <A+Th—”(y)ﬁ>
i=1 v Y

For wi(v), we first define two benefit functions as follows: %, (v, pj(v), A*,s*) =
By =15V, pi(V))-ATp;(v)+s* and Bo(v, ps(V),X*) = B, = 1.V, p5(V))—

M*Tpi(v). The physical interpretation of benefit functions represents the profit
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due to using the power policy pj(v). From (C.6), we get

1, %, > %
wh(v) = b (4.16)
07 %l,u < %2,1/
Note that wi(v) can take values either 1 or 0 for each given state v in the con-

tinuous fading channel case. The interpretation is that the secondary network

will use policy pj(v) if the policy 1 returns higher profit than policy 2.

Thus, the optimal solution for the problem (4.6) can be summarized in Theorem

4.2.1 as follows:

Theorem 4.2.1. The optimal power control for (4.6) is given by P*(v) = X (v)p}+
(1 — Xu:(v)) p5, where the expression of p; is defined by either (4.12) or (4.15),
the expression of p3 is defined by (4.11) and the expression of wi(v) follows from
(4.16). The Lagrange multipliers X* and s* are the solutions to E[P*(v)] <X Py, and
Elwi(v)] > 1 —¢,. O

4.2.2 General case: Ergodic Capacity Region for Secondary
Network with ATPC and POC

In this part, we extend the result in Section 4.2.1 to the more generalized case, i.e.
we consider all possible subsets S of £, by solving the optimal power policy to achieve
all the boundary points of the ergodic capacity region with POC and ATPC. Thus,
we have to consider all possibilities of the subsets S C £. To this end, we apply
the result in [14] which revealed that the capacity region of the fading MAC can be
written as the weighted sum of the capacity regions of Cprac(v, P(v)). Therefore,
the problem is formulated as follows:

max p" C, =p" Elr(v,P(v))]

rwv,P(v)), P(v)=0
5.t. r(v,P(v)) € Cuacv,P)), (4.17)
(4.2) and (4.3)
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Remark 4.2.3. It is worth noting that we also have to search for the optimal
r(v,P(v)) in this problem as all combinations of S are considered and the expression
of r;(v, P(v)) in the rate vector r(v, P(v)) is affected by the decoding order. In [14],
it was proved that because of the polymatroid structure of Cyrac (v, P(v)), for any

power control P(v), p’r is maximized at

Ry =log(1+ Bﬂ-(l)Pﬂ(l)(V))
Regy = log(1+ e B0® e —o M

E—1_
1+ _; T (i) Pr(iy (V)

where 7 is the permutation corresponding to a decreasing ordering of the components

of the vector p.

With similar procedure in Section 4.2.1, we first define w; (v), p1(v) and pa(v)

wi(v) = Pr{r@,P@)>r)|r € Cyacwv,P)),v} (4.18)
P = EPW)Inwpe) 2hr € Cuctpt) ]
p2(v) = E [P(V) | r,(v,p(v)) < rg,r € CMAC(V,p(u)),u]

For convenience, we further define ry = r(v,p;(v)) and ro = r(v,pa(v)). With

wi(v), p1(v), p2(v), r1 and ry, we can prove the following Lemma:

Lemma 4.2.3. There exists an optimum solution P*(v) of problem (4.20) of the
form P*(v) = Xy (v)PT (V) + (1 — Xz (v))P5(v) where

e (1) Elwi(w)pi(v) + (1 —wi(w))p3(¥v)] = P, (2) Elwi(v)] >1—¢,,
(3) wi(v) [Py(9) — B pi(v)] >0, (4)pilv) =0, k=12,

(5) 0< w{(v) < 17 (6) ry € CMAC(VapZ(V))a k= 172 O

The proof of Lemma 4.2.3 is provided in Appendix C.3. Via Lemma 4.2.3, (4.20)
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can be reformulated as follows:

7 L E[un@)ry = (1= wi (v))re] (4.20a)
.. Efwi(v)p1(v) + (1 —w1(¥))p2(v)] =X Pay,  (4.20b)
Elui(v)] > 1—¢, (4.20¢)

wi(¥) [Polg) — B p1(v)] >0, (4.20d)

ry € Cuacw,pe(v), k=12, (4.20¢)

0<w ()< 1. (4.201)

We will solve the optimization Problem (4.20) by a functional optimization tech-
nique similar to [25]. The Lagrangian associated with (4.20) can be written as

follows:

(v, p1(v), p2(v), w1 (V), \, s, 7(V))

= wi (W) [t = NTpi(v) + 5+ 7(v) (Polg) — BTp1(v))] + (1 —wr(v)) [0rs — NP2 (v)]
(4.21)

where A, s, and 7(v) are the nonnegative Lagrange multipliers corresponding to the

constraints (4.20b) to (4.20f), respectively.

As r} is a function of pj, the region r; € Caac(v,pj(v)) can be characterized
by 2M — 1 constraints for each k and it is not easy to visualize. Instead of applying
KKT conditions directly, we can observe that for given A**| s* and 7*(v) with an
arbitrary wj(v), the optimization problem can be decomposed to two subproblems
as follows:

Subproblem I: max  p'r; — XTp(v) + s* + 77 (v) (Py(g) — B7p1(v))

r1,p1(v)

s.t. ra € CMAC<V7p1<V)),
() (Py(9) — B7p1(v)) = 0.
(4.22)

Subproblem II: max p’ry — MTpy(v)
r2,p2(v) (4.23)

s.t. ry € Cyac(v,p2(v)).
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Indeed, the objective of (4.22) is equivalent to maximizing p’r1—(A*+7*(v)3) " p1 (V)
as s* is a long-term Lagrange multiplier and P,(g) is independent on (ry,p;). Fur-
thermore, observe that Subproblem I corresponds to capacity region with instan-
taneous interference power constraint with the threshold P,(g). When 7*(v) = 0,
the solution to Subproblem I and Subproblem II become similar and the solu-
tion was previously shown in [14]. So, now we will study the case that 7*(v) > 0
only. In other words, 7*(v) > 0 is selected such that P,(g) = B7p1(v).

Hence, define n = [, ...,nn| where n; = Af + 7%(v)5;. So for a given A* and

7*(v), (4.22) can be rewritten as

Subproblem I: max p’r; —n'p(v)
r1,p1(v) (424)

st. 11 € Cyacv,pi(v))
To solve this, we re-state Theorem 3.14 in [14] as follows:

Theorem 4.2.2.

maxpl - x—AT-y st.x(5)<¥%(y(S)) VS cé& (4.25)

X7y

where & is a monotonically increasing concave function. Define the marginal utility

functions
w(z)=w9'(z)— N, i=1,....,M

u*(z) = [miax UZ(Z)] i (4.26)

Then, the solution to (4.25) is gien by [ u*(z)dz and an optimizing point (x*,y*)
z=0

to achieve this can be found by an appropriate greedy algorithm. [

By Theorem 4.2.2, we define ¥(z) = log(1 + 2) and qi = [Mp1s,-- -, hapim]”

which can be interpreted as the vector of the received SNR from each ST to the

SBS. Hence, (4.24) becomes

M M
max y_ gt — 9 g st ri(S) <log(1+qi(S)) VS C €& (4.27)
i=1""

rL,a ;—1

Define the marginal utility functions u;(2) = £ — # in which u;(2) - dz can be
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interpreted as the difference between rate revenue ({ - dz) and power cost (- dz)
at the interference level 1 + z. Also, let u*(z) = [mlax ui(z)]+ be the the highest
marginal utility function. The user with the highest marginal utility function will
be decoded at the interference level 1 + z. Further notice that when 7*(v) > 0,
n; = A\ +7"(v)F; > Af implying that the instantaneous interference power constraint
causes an increase in the power price that each SU has to pay and the additional
cost also depends on value of 3;, i.e. whether the interference channel gain from

SU; to PU is strong or weak. With a similar technique previously used in [14], the
problem (4.27) is equivalent to.

M
max [pﬂ(l) log (1 + ¢x(1)) — %%(1)] + 22 fr(iylog | 1+ 1+i§f” - Zjﬁi G (i)
1= 97 (k)
k=1
(4.28)

where 7(.) be the permutation representing a decreasing order of the vector p.

Therefore, the optimal solution can be achieved by successive decoding for all
cases. m(.) represents the decoding order function. The signal from SU. ) is de-
coded first, treating the signal from SU 1y to SUr(ps—1) as noise. Then, the decoded
signal from SUy () is subtracted from the total received power and SUr(p7-1)’s mes-
sage is decoded while treating the signal from SUr) to SUr(ar—2) as noise. SUx
is decoded at the end. Consequently, 7(.) also reflects the priority among the users
since, for instance, SUr(y) has to deal with not merely the background noise but
also the interference from the other users. Here z corresponds to the total interfering
power received from other users while SU.(;) is decoded, making the total interfer-
ence equal 1+ z;. In other words, the solution (4.28) can be interpreted as the choice

of users that will transmit at the noise level 1 + z for z € [0, o0).

Note that in order to find the maximum utility function for a given channel
state v, there are four possible cases that need to be considered. The first case
is when p; # p; and ’-}Z— #+ ]% In this case, the two curves will intersect at most
once as ¢'(z) is monotone. Thus, only one user with the highest marginal utility
function will transmit at that interference level 1 + z. The second case is when

n

pi = pj and 1-7— —Z Without loss of generality, suppose that %— > i then there

}_L_ja
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is no power allocated to the i—th user as u;(z) < w;(z) for all z. The third case
is when p; # p; and g— = % Suppose that p; < p;. Then the i—th user will not
transmit as u;(z) < u;(z) for all z. The last case is when p; = p; and = g—;,
making u;(z) = u;(z) for all z. Thus, if u;(2) = u;(z) = u*(2), the i-th and the j-th

secondary transmitters are allowed to transmit at that interference level 1 + z.

Lemma 4.2.4. There are at most two users that satisfy ;&£ = g—ﬂ fori #j.
i J

Proof. The proof is similar to the proof of Lemma 4.2.2 by showing that there exists

. fpreg ANATHB; .
at most two SUs that satisfy 2 J;LT Bi _ JJ;LT % for i + 7. O
i J

By Lemma 4.2.4 and considering the four cases for finding the maximum utility
function, we can conclude that there are at most two users allowed to transmit at
the same interference level 1+ z and this happens only when u*(z) = u;(2) = u;(2).
Now we will investigate the rate and power obtained by each user in the specific

channel state v.
Case I: One user is allowed to transmit at the interference level 1 + z

It means the curves u;(z) and u;(z) intersect at most once. For channel state v,

the i—th user is therefore allocated the power with pj,(v) = }% [ dz and the rate
ZA,L'

i = [ zdz where A; = {2z €[0,00 ) : ui(2) = u*(2) and u;(2) > 0} such that

A;
Py (9) = ,BTPT-
Case II: Two users are allowed to transmit at the interference level 1 + z

Suppose SU,, and SU,, satisfy the conditions stated above. Then p, = py = fir (k).
Without loss of generality, we can assume that, after permutation 7(.), v = 7(K)

and b = 7(K + 1). Further, g“((g = 700 From the problem (4.28), the term

hT\'(K+1)
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related to SU, and SU;, becomes

wlog | 1+ —mt— | — =g 00

h
1+ 21 97 (i) )

1 + qW(K+1) o 777T(K+1)
1+ Z (i ) Ptac)

+ | tr(+1) l0g Ar(K+1)

. [WW(K) Nr(K+1)

— I (5) TAn(K+1) >+qw< )
= Un(K) log (1 4 I K+1 For () Gr(K) + hW(K+1)Qﬂ'(K+1)i|

1+ Z 97 (i)

= lnk) |log (1 + q”(K)Jrq“(K“)) — 9 (g k) + e

145 g i) (4.29)
(g) 1 1 qﬂ(K Tr(K+1>
= Hr(k) |log | 1+ -5 (K) (K1)
1+ Z T (i)
(b) * 7
= | pa log ( g | - Zwig I (K)
1+ Z a7
- 1 1 97 (K+1) _ DA+
+ | Ma(kx+1) lOg + 1+§ o hﬁ(K+1>qﬂ(K+1)
k=1
where Gr(k)r(k+1) = (k) + Gr(k+1) and 7(.) is another permutation such that

7(K)=n(K+1), 7(K+1) =n(K) and 7(i) = 7(i) for all i # K, K + 1.

Remark 4.2.4. The steps (a), (b) in (4.29) reveal that the solution is still successive
decoding; however, the two users are treated as if they were combined as a single

user. So in this case, the allocated power pj must satisfy the set of equations in

(4.30).

Pl :Eiifdz Jori £ n(K),n(K + 1)

A;
BW(K)Z’T,W(K) + Bw(KH)pT,W(KH) :,2\[/ dz = Gr(K)m(K+1) (4.30)
Pr(9) = ,BTPT

where A" = {2 € [0,00 ) : Un(i)(2) = Un(c11)(2) = w*(2) and wn(x)(2) > 0}. Thus,
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the sum rate from the users SU, (k) and SUr(x41) after decoding becomes 7’{,”( K+
Tla(k41) = ,4{ 1—izdz and the rate rj;, = fﬁdz for other secondary users. The
condition in (4.30) will be used in Section 4.2.3 when we discuss the relationship
between the ergodic sum capacity maximizing problem in (4.6) and the ergodic

capacity region problem in (4.20).

Remark 4.2.5. The result of (b) in (4.29) reveals that in the decoding process, the
SBS can use another permutation 7(.) such that 7(K) = n(K+1), 7(K+1) = 7(K)
and 7(i) = (i) for all i # K, K + 1 while obtaining the same result as using
permutation 7(.). In other words, although SU, and SU, transmit simultaneously
at the interference level 1 4 z, switching the decoding order between v and b at the

SBS does not affect the achievable rate.

By using the KKT conditions and the fact that continuous fading channels are
assumed, the solution for wj(v) becomes
O, TF—A*T*V+S*< TI'—A*T*I/
wi(v) = o pi() wor = Xps) (4.31)
L, p'ry —XTpi(w) +s* > plry — MTpi(v)
Note that p’r; — XTpt(v) + s* and p'ry — A*Tpj(v) serve as the benefit of using
strategy pi(v) and p5(v), respectively. The secondary network will use the strategy
that returns the highest profit.

4.2.3 Discussion

In this part we clarify the relationship between the optimal power policies in Sec-
tions 4.2.1 and 4.2.2. For the ergodic sum rate, it implies that u; = ... = puy = p.
Without loss of generality, we can assign u = 1. For power policy ps;(v) and for

a specific v, only the i—th user is allowed to transmit when ¢ = arg mig % since
me g

+
[u;(2)]" = [1’% — 2—} = u*(z) for all z. We then have

+ ) 3
7 = arg max =
] ’ & meé€ A

A _
L 1{Iiz_ﬁ_i>o} dz —[A%.—

0 , else

=

(4.32)
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The solution is exactly the same as shown in Section 4.2.1, i.e. pa(v) = pjy (V).
In the same manner, pj;(v) can be investigated. When 7*(v) = 0, the solution
is the same as (4.32) and at most one user transmits. When 7*(v) > 0, it means

BYp;(v) = P,(g). Note that in this case, we have two subcases

1. One user case

As p; = 1 for all 4, it means that there exists only the i—th user with the

AT ()

minimum
h;

( [e%e)
1 1 A 47 (v)Bi (@) Py(p)
E_Ol{u—z———m >O} dz =5~

* _
1,1( ) y (/l arg E];ngg( )\:n‘i‘T* (V)/Gm )

0 , otheruise
(4.33)

Note that (a) follows from 87 p}(v) = P,(g). So, the solution reflects the same
result as in (4.12).

2. Two users case

In this case there are two users: SU, and SU, with the minimum M =
%{f”)ﬂb, making u*(2) = [u,(2)]T = [up(2)]T for all z. Thus, the achievable

sum rate by pi(v) can be described as follows:

Ts:TI,v(V)—'—Tl,b(V): / 1+21{1+z_ P >0 dz

z2=0 (434)
~tox (57
IRSACYER P

By the definition of sum rate, it leads to 1 + Zpii(v)l_zi = /\JZW =
icE v !

W Also, B7p;(v) = P,(g). Thus, the results are the same as the

hy

COIlditiOIl n (430) Wthh (jw(K)Jr(K-i-l) = m

— 1. After rearranging, the

same result expressed in (4.13) and (4.14) can also be obtained.

The optimal values wj(v) in the derivations in Section 4.2.1 and 4.2.2 are obviously

the same.
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4.3 Outage capacity region

In this section, we will focus on outage capacity for the M-user secondary uplink
network under ATPC and POC. There are two types of outage capacity definitions
that have been previously studied, including common outage capacity and individ-
ual outage capacity in [22] for non-cognitive environment and in [53] for cognitive
environment under an instantaneous interference constraint at the primary network.
Therefore, we start Section 4.3 with the descriptions of those two outage capacities.
Prior to solving the optimal power control policies, we will show that the outage
capacity region (both common and individual) is implicitly obtained by deriving the
outage probability region for a given rate vector. Therefore, we will explicitly derive
the optimal power control policies to achieve common outage probability region in

Section 4.3.2 and individual outage probability region in Section 4.3.3, severally.

4.3.1 Definition of common outage capacity and individual

outage capacity

In both non-cognitive and cognitive MAC, there are two outage scenarios in that
have been studied, i.e. common outage capacity and individual outage capacity.

The definition of those two outage capacities are as follows:

Definition 4.3.1. A rate vector is said to be in the common outage capacity region
Co(Pav, €, €5) if and only if there exists a random power vector P(v) that satisfies
(4.2) and (4.3), and allows the rate vector to be achieved with a probability of at
least 1 — €, i.e. Pri{r, € Cyyac(v,P(v))} > 1 —€5. The common outage capacity

region s then expressed as

Co(Pay, 69, €5) = P(L)Jef{ro . Pr{r € Coacv,Pw))} > 1 —¢,} (4.35)
where F 2 {P(v): (4.2), (4.3) } O

Definition 4.3.1 reveals that the common outage capacity region consists of all

rate vectors that can be maintained with a common outage probability no larger
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than e, under ATPC and POC. It is also observable that the non-outage event or so
called usage event is declared simultaneously to all users.

Definition 4.3.2. A rate vector v, = [ro1,...,Tom)’ is said to be in the indi-
vidual outage capacity region Co(Pay, €p,€5) if and only if there exists a random
power vector P(v) that satisfies (4.2) and (4.3), and a corresponding vector of rate
allocation function r(v,P(v)) € Cyac(v,P)) for each fading state v such that

Pr{riv,P(v)) > r,;} > 1—¢€,;. The individual outage capacity region is defined as

CO(P(Z'UJ €p7€s) é U {ro . PT {Ti(ll, P(”)) Z To,i} Z 1 - €s,i7 VZ} (436)

Pv)eF

where F 2 {PW): (4.2), (4.5) }. 0

In other words, Definition 4.3.2 implies that the individual outage capacity region

consists of all rate vector that can be maintained with an outage probability vector.

Remark 4.3.1. The simple explanation of the difference of those two outage ca-
pacity notion is how we define outage event. In the common outage capacity, the
non-outage event happens when target data rates r, of all STs are satisfied. In the
individual outage capacity, the non-outage outage events are treated individually
in each ST. So for some channel realization v, the secondary network is allowed to
neglect some STs and satisfy the service requirements of the remaining STs. This
provides the secondary network more options to transmit, thus making the individ-

ual outage capacity problem more lenient than that of common outage capacity.

4.3.2 Common outage capacity

This section will consider how to achieve each boundary points of the common
outage capacity region as defined in Definition 4.3.1. Define weighting functions

Ur(v), k=1,2,3,4 and the corresponding power control for four possible situations
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that can happen.

U1(v) = Pr{rw,P@)) > r, € Chyacv,Pv))|v}
(V) = Pr {rp(v,P(l/)) < rg,ro € Cuyac(v,P(v))| 1/} (437)
Ys(w) = Pr{r,w,PW)) > r, ¢ Cyacw.Pv))|v}
Ya(v) = Pr{rw,PW)) <l r, ¢ Chyacw,Pv))|v}
piv)=  E[PW)|rw,pWw) =S r, € Cuaclv,pW)),v]
p) = E[PW)| ) <, € Conclop@ln]
ps(v) =  E[PW)|r,pW)) 21,10 & Cuaclv.pW))v]
piv) =  E[PW)|r(v,pW)) <rp.re ¢ Crac(v,p()).v]

Lemma 4.3.1. C,(P., €, €5) is achieved by a power policy P(v) of the form
4
P*(v) = > Xy, ) ¥)pPr(v) where
k=1

4

e (1) E[ir(v) + )] > 1 — e., (z)EL; wk@)pk(v)] <P,
(3) Elr () +4a0)] = 1= (4) 00) [Polg) — Apu@)] 20, k=13 .
(5)1- z bu(w) = 0, (6) plv) =0, k=12,34,

(7) @ij(lj) Z 07 k= 1727374 ) (8) r, € CMAC(vak(V))’ k= 172 [
Proof. The proof of Lemma 4.3.1 is included in Appendix C.5. O]

Lemma 4.3.1 simply describes the characteristics of the optimal solution P*(v)
which is randomized amongst the four deterministic power policies py(v). Thus, we
have to find the optimal solutions for px(v) and 1 (v). However, the common outage
capacity region and the corresponding solutions of pg(v) and ¢ (v) are difficult to
obtain explicitly by directly characterizing its boundary points. Instead, we can show
that the common outage capacity region can be implicitly obtained by deriving the
common outage probability region for each given rate vector. To do so, Definitions

4.3.3 to 4.3.5 and Proposition 4.3.1 below are required.

Definition 4.3.3. The outage probability €5 is in the common outage probability set

Oc(Pay, €y, 10) if and only if the rate vector r, € Co(P oy, €, €s).
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Definition 4.3.4. The usage probability €, is in the common usage probability set

Oc(Pav, €, 10) if and only if the rate vector v, € Co(Pay, €, 1 — €).

Definition 4.3.5. The minimum common outage probability Prym(Pay,€,,1,) is

the smallest probability in the set Oc(Pay, €, o).

Proposition 4.3.1. The common usage probability set Oc (P, €5, To) is equivalently

given by

OC(Pava €p;s I'O> = U E[¢1(”> + ¢2(V)] (439)
(Ye@).pe(W))EF

where F 2 {(Vr(v), pr(v)) : the constraints (2) to (8) in Lemma. 4.3.1}

Proof. The common usage probability €, is in the common usage probability set if
and only if the rate vector r, € Co(Puy, €y, 1 — €), which is true if and only if the

constraints in Lemma. 4.3.1 are satisfied. Then, we have

Oc(Pav,€p10) = U [0, E[h(¥) + (V)] (4.40)
(Vr ). ) EF

However, notice that if P(v) exists and E[;(v) 4+ 12(v)] = €, the function ¢ (v) +
() can be reduced such that Efy (v) + 1 (v)] = 9 for any 0 < o < €. Therefore,
the interval [0, E[¢(v) + ¢2(v)]] is no longer required, leading to the result in (4.39).

[l

Thus for a given 0 < ¢, < 1, it is clear that the common outage capacity
Co(Pav, €, €5) can be implicitly obtained when the minimum common outage prob-
ability for a given rate r, is computed where the optimal power control is applied.
In other words, for any rate vector r, such that r, € C,(Pa,€,,€s) if and only if
Proin(Pay, €5, 1) < €.

From Definitions 4.3.3 - 4.3.5, deriving for the optimal power control for the
common outage probability region is identical to solving for the optimal power policy
that maximizes the common usage probability in the set O¢(Py,, €,,T,). Hence, we
have to solve

max &5 8.t &5 € Oc(Pay, €9, To). (4.41)

Es
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With a given rate vector r,, define the set Qc(r,) = {(&, P, ;) | & € Oc(P, g, 1,) }.
Due to the convexity of the set Q¢ (r,) (the proof is in Appendix C.6), the problem

(4.41) can be rewritten as

_ max g, st g, < and P X P, (4.42)
(éS,P,sp) S QC(I'O)

By Proposition 4.3.1, a probability &, is in O¢ (P, €p, To), if and only if there exists
(Yr(v), pr(v)) that satisfies the constraints (2) to (8) in Lemma. 4.3.1 and & =
E[1(v) + ¥2(v)]. So, we have to solve

o 20 EW10) F9aw) (4.43a)
.. < P, (4.43b)

B E>+w3< N> 1 (1.43¢)

) [Py(9) —BTpe(¥)] >0, k=1,3,  (4.43d)

1— Z Pe(v) =0, (4.43¢)

r, € CMAC(V,pk<V))a k=1,2. (443f)

We will solve the optimization Problem (4.43) by a functional optimization tech-
nique similar to [25]. The Lagrangian corresponding to (4.43) can be written as

follows:

(v, p1(v), p2(v), ¢ ( V), A 5,0(v),L(v))

)
=i(v) [1 =Npi(¥) + 5+ 01 (V) (Pplg) — BTp1(v)) —T(v)]
+iba(v) [1 /\sz( T'(v)] (4.44)
(V) [N P3(v) + 5+ p3(v) (Polg) — Bp1(v)) —T(v)]
+a) [~-ATpa(v) =T ()] +T(v)

where A, s, ¢(v), I'(v) are the nonnegative Lagrange multipliers corresponding to
constraints (4.43b) to (4.43e). With these Lagrange multipliers, we can write the
KKT conditions corresponding to Problem (4.43) which is provided in Appendix C.7.

As r, is a function of p}, the region r, € Cuyac(V,p;(v)) can be described
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by 2M — 1 constraints for each k and it is not easy to visualize. Instead of using
the KKT conditions directly, we can observe that for given A*T s* and ¢%(v) with
arbitrary 15 (v), the optimization problem can be decomposed to four subproblems.

Each of them corresponds to the optimal pj.

Subproblem for p} : rn%n)( X Tpy(v) - T*(v). (4.45)
pa(v

Subproblem for pj; : max — [A*T + ¢*(v)B"] p5(v)

p3(v)

+ s =T W) + @) Bylg)]  (4:46)
s.t. o3v) [P(g) — BTps(v)] = 0.

Subproblem for p5 : max — X Tpy(v) — *(v)
p2(¥) (4.47)

s.t. v, € Cyac(v,p2(v)).

Subproblem for pj : m?u)c — [/\*T + QOT(V)/BT] p1(v)
P11V

+[s" =T () + e1(v) B (9)]
s.t. r, € CMAC(V,pl(V)),
Pi(W) [Pp(9) = BTp1(v)] = 0.

(4.48)

In Appendix C.8, we will solve for the optimal power pg(v), providing that the
corresponding 5 (v) > 0. Essentially Lemma 3.3 in [14] serves as the main tool for

obtaining pj(v) and p3(v). We then restate Lemma 3.3 in [14] as follows:

Lemma 4.3.2. Let 9(f) be a contra-polymatroid. Then the points v(w) where 7 is
the permutation on E are precisely the vertices of ff(f) Moreover, if A is a given

vector in Rﬂ‘f then a solution of the optimization problem

min AT-x st x€9(f) (4.49)
p1(v)
is attained at a point v(m*), where T is any permutation such that Ap-qy > -+ >

Ar<(ary. Conversely, if f is a set function and v(m) € g(f) for every permutation .

Then 4(f) is a contra-polymatroid. O

Define n 2 M, .- .,nu] and m; = X + ©i(v)B;. Then, we summarize the expres-

sion of the optimal solution in Proposition 4.3.2 below
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Proposition 4.3.2. Provided that 1} (v) > 0, the corresponding pj(v) can be ex-
pressed as follows: p3(v) = pi(v) = 0.

For p3(v), we have

* Bni(z‘) [exp(ro’ﬁ(i)) - 1} ’ 1 =1
P2ma(i) = i i—1 ‘
Bwi(i) eXp( Z_:l 710,7r2(7n)) — eXp( z_:l rO,TK’Q(’H’L)) , 1= 2’ R M
) ; Ax ) Ao (M)
where the permutation my satisfies - 2(1) > 2> Q(M).
T2 7o
For pi(v), we have
* Bwi(i) [exp(rom(i)) o 1] ’ 1 =1
Pim@) = i i—1 _
Bwi(i) eXp( Z_:l To,ﬂl(m)) — eXp( z_:l T077T1(m)> , 1= 2’ cee M

P1(v) [B P — Pylg)] =0

Tr(1) > Z 7777(1\/1).

Bﬂ-(l) = e

where the permutation m satisfies
Proof. See Appendix C.8. n

Remark 4.3.2. The characteristics of p} and pj are quite similar to the delay-
limited solution in [19] because the definition of pj and p} restrict these power
control schemes to always satisfy r, € C(v,px) for & = 1,2. Nevertheless, the
solutions for pj and p} are different in the sense that power price to pay in pj is A*
while power price to pay in pj is g = A*. It is because the PU must not be in outage
when the power control scheme pj is applied, according to the definition. By this
limitation, the secondary network has to pay an additional cost for pj in order to

ensure the PU’s target rate for that channel realization.

For the optimal 13 (v), we define four benefit functions corresponding to p;(v) as
follows: B = 1-XTpi(v)+s*, B5™ = 1-XTpi(v), Be™ = —NTpi(v)+s* and
PB™ = —X*Tpi(v). Note that the superscript ‘com’ stands for ‘common outage’.
According to the KKT conditions, we have that , ¢;(v) > 0 if Z" = meax B

and Yi(v) = 0 if Z"™ < max Z5™ for all k. As we consider continuous fading
J
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channels, the condition that %, = %; for 7 # k happens with probability of zero

measure. Hence, there is only one ¢} (v) = 1 corresponding to the maximum %;.

4
Theorem 4.3.1. The optimal solution of (4.43) is P*(v) = Y Xy: (v)pi(v), where
k=1

pi(v) follows from Proposition 4.3.2. ¥} (v) is determined by

1, % = max B,
Vi(v) = I fork=1,2,34. (4.50)
0, % < max %,
j

XNT and s* are the solutions to E [P*(v)] < P,y and E i) + i) > 1 —¢,.

Remark 4.3.3. It can be noticed that there are at most three power strategies
for each channel realization v as the optimal solutions p; = p; = 0. First, let us
consider the three possible scenarios from Table 4.1. In the first case, it implies that
PU faces outage, although M SUs are turned off. Therefore, it is impossible to make
1} and 93 be positive. The second case means that SU can avoid causing an outage
either by setting P* = 0 or by setting P* = pj. Otherwise, they may apply strategy
p; when they decide to cause an outage to PU. For the last case, SUs do not cause
any outage to PU despite using policy p3. That is why /5 = 0 due to the definition
in (4.37). Mathematically, it happens when p} = p3, i.e. when ¢j(v) = 0. From

Table. 4.1, we can also show that the solution in [44] is a special case when M = 1.

Table 4.1: Three possible cases in common outage problem for a given v

Cases Candidate non-negative v, Power allocation policy
TP(V>O) < 7"2 ¢;7¢Z P;PZ
TP(V’ 0) Z Tg and Tp(lj’ p;) < Tg 1/}1(7 ¢;7 ¢§ pT? p;a p§
rp(¥,0) > 1) and 7,(v,p3) > 1) Y593 Pi = P} Pj

4.3.3 Individual outage capacity

This section will investigate how to achieve each boundary point of individual outage
capacity regarding to Definition 4.3.2. To apply the probabilistic power allocation

technique, we have to know all the situation that can happen in each v and then
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assign the corresponding weighting function. We can define that by the aid of the

information below.

e Let 0 < M, < M and .¥, be the set of SUs that do not face individual outage
(subscript n stands for non-outage). Then, if there are M, users that face
outage, the remaining M, = M — M, SUs are not in outage. In other words, if
ri(v,P(v)) > r,;, then i € .7,. Otherwise, i € £\ .7,. It is obvious that there
are 2M possible sets of .#,. Hence, for 0 < j < 2™ — 1, we can fix the index of
SUs in .7, (j) for each j. Also, let the cardinality of .#,(j) be IN;. Hence, the
cardinality of .#,(0) is zero.

e For convenience, we define £(j) = [£(4,1),...,&(j, M)]T as the binary expan-
sion of j. For each vector £(j), if £(j,7) = 0, then SU; is in outage (i ¢ .7,(J)).
Otherwise, i € .7, (j)and £(7,7) = 1 (SU; is not in outage).

e Furthermore, the power control policy in the set .#,(j) may or may not cause
an outage to the PU. In other words, we still have two subcases which are

rp(v, P(v)) <1 or ry(v,P(v)) > 1.

e Therefore, we have

Pri{rw,PWw)) > ro}t = 2;11%{@' e Z()}

= ; Pr{ie Z(j), . P(v)) >0} (4.51)

oM _1

+ % Prii € Z0)nm Pw) <)

With the information above, we can define weighting function (i (v, j) as follows:

Gw,j) = Pri{rnw,PW) >, ) v}

(4.52)
G, j)= Prinv,PW)) <, 70)| v}

Note that if i € .7,(j), then Pr{r;(v,P(v)) > r,;,%.(j)} = E[C:(v,J) + (v, j)].
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For the corresponding py (v, j) for each (x(v, j), they can be expressed as follows:

pi(v.j) = E[PW)]|rw.pw) =10 Z3).v]

(4.53)
P(v.j) = E[PW)|r,pWw) <ry, Sl

Lemma 4.3.3. To achieve C,(P gy, €,,€5), there exists a power policy P(v) of the

oM _1 2
form P(v) = ZO kZ Xeuwy) V)P (v, ) where
j= =1
d (1) z E[gl(yaj)_f—gQ(uhj)]21_6872" Vi y
oM_1 2

(2)E ;0 kglgk(yh])pk(yvj) = Pafuv

oM _1

(3) ;0 EGw,j)] =1 -6,

(4) (v, 5) [Po(9) = BT pi(v,5)] >0, V5 |

(5)1_ Z ZC]C(VL]):O’ Vj,k:1,2,

j=0 k=1

(6) pk(”?]) i 07 vj? k= 172 )
(7) Ck(yvj)207 \V/jv k:1727

(8) £(j)ro € Crvacv,pr(v,j)), Vj, k=1,2. u

Appendix C.9 provides the details of proof of Lemma 4.3.3.

Similar to Lemma 4.3.1, Lemma 4.3.3 reveals that the optimal power scheme
P*(v) is randomized amongst the 2 - 2 deterministic power policies py(v,j) and
we can solve for py(v) and ¢ (v) accordingly. Following the same procedure as in
Section 4.3.2 , we will prove that the individual outage capacity region is implicitly
obtained by deriving the individual outage probability region for each given rate

vector via Definition 4.3.6 to 4.3.7 and Proposition 4.3.3 as follows.

Definition 4.3.6. The outage probability vector €, is in the individual outage prob-
ability set Or(Pay, €y, 1,) if and only if the rate vector r, € Co(Pay, €, €s).

Definition 4.3.7. The usage probability vector €5 is in the individual usage proba-

bility set O1(P oy, €,,1,) if and only if the rate vector v, € Co(Pay, €5, 1 — €).
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Proposition 4.3.3. The individual usage probability set @1(Pav,6p,ro) 1S equiva-
lently given by

O1(Pay, ), 10) = U Q... (4.54)
(Ck (’/9j)7pk(yv.j))€f

where F 2 {(GW,7),p(v, 7)) : the constraints (2) to (8) in Lemma. 4.3.3} and
Q; = Z E[C1<Vaj)+g2(yaj)]

J:i€Sn(4)
Proof. The individual usage probability vector [€1,...,€s ] is in the individual
usage probability set if and only if the rate vector r, € Co(Pay, €y, 1 — €5), which
is true if and only if all constraints in Lemma. 4.3.3 are satisfied. Using the same
idea from the proof in Proposition 4.3.1, we can obtain the result in Proposition

4.3.3. [l

With Definition 4.3.7 and Proposition 4.3.3, we have shown that, with a given €,
Co(Pay, €, €5) can be implicitly acquired with the boundary of the usage probability
region O 1(Pay, €, T,) for a given r, is solved via the optimal power allocation because
Ty € Co(Pay, €p,€5) if and only if [1 —€,1,...,1 — €501] € O1(Pay, €, To)-

Define the set Q;(r,) = {(&;,P,&,) | & € Or(P,¢,,1,)} and prove in Appendix
C.10 that Qy(r,) is a convex set and the individual usage probability region Or (P, €, T,)
is convex.

From the convexity of O7(P,,, €,,T,), the usage probability vector &, will be on
the boundary surface of O;(P,,, €,,T,) if and only if it is the solution to

max  p’ g, (4.55)

€s € @I(Pamﬁp»ro)

for some nonnegative g = [u1, ..., pn|". Together with the convexity of the set

Q;(r,) and Proposition 4.3.3, it implies that we must solve

2M_1
max Z Z wE[G (v, j) + G, j)] (4.56a)
pk(l/,]),gl(V’]) =1 ie (])
o2M_1 2

5.t E[Y Y Gw.ipew,j)| = Pa (4.56b)

§=0 k=1
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Q%Z_IE[QO/,J')] > 1-¢ (4.56¢)
cjl_oof,j) [Po(g) = B'P1(v.5)] 20, ¥j, k (4.56d)
1— ZMZ_I igk(u,j) =0 (4.56¢)
pk(v,j;; ;(:)T k=1,2 (4.56f)
(v,7) >0, k=1,2 (4.56g)
£())ro € Crac(v,pi(v.j)), Vi, k. (4.56h)

The variable p; > 0 represents the reward if the target rate of SU; is met. By
varying the given nonnegative vector p, the derived optimal power solutions will

achieve all the boundary points of @I(PM, €pyTo)-

To solve for the optimal solution, we first write the corresponding Lagrangian.

v, pr(v, ), GV, 1), A s, 0w, ), T ()

- 2 GwJ) [N 3 ) =X )+ 4 005) (Polg) —B'pw ) T W)
£5 Gl) [N )N ) - T0)| 1)

(4.57)
where A, s, ¢(v,j), and I'(v) are the Lagrange multipliers corresponding to con-
straints (4.56b) to (4.56e). The KKT necessary and sufficient conditions corre-

sponding to Problem (4.56) are provided in Appendix C.11.

Similar to the solving procedure in Section 4.3.2, the problem can be decom-
posed to 2-2M subproblems each corresponding to ¢; (v, j). Therefore, we can write

subproblems regarding to pi(v, j) and pi(v, j) as follows

Subproblem for py(v,j) :  max N;j( Y. ) —XNTpa(v,j) —T*(v)
P2d) T ie s () (4.58)

s.t. £€(j)r, € Crrac(v, p2(v, 7))
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Subproblem for p;(v,j) : max N;( > ;) — [)\*T + qb*(l/,j)ﬂT] pi(v,7)

p1(¥.j) i€ (4)
+[s* =T (v) + ¢* (v, 4) By(9)]
s.t. £(j)r, € Crrac(v,p1(v, 7)),
¢*(v,J) [Polg) —B"p1(v,j)] = 0.
(4.59)

Define n(j5) = [m(j),-..,nu(j)] and n;(5) = X\f + ¢* (v, j)B;. With the aid of Lemma
4.3.2, we can find the optimal solution for pj(v,j) and pj(v,j) as summarized in

Proposition 4.3.4 by solving each subproblem.

Proposition 4.3.4. Providing that ((v,j) > 0, the corresponding p; (v, j) for the
set S (j) for 5 =0,...,2M — 1 can be expressed as follows: For p3(v,j),

h 1(, [exp(ro.m, ) — 1] [=1
Py =93 i i1
;25
’ Bﬂ'gj(l) |: (Z_:l T07T2] )_eXp(Z rOﬂ'Q]m)) l:277Nj

where the permutation function o ;(.) is for the N; SUs in the subset .7,(j) and

. )‘Tr (1 >‘7'r (N .
satisfies 7242 > > 22350 por pr(v, j),

by ) = = ey )

hﬂlm) [eXp(TO ™, '(l)> - 1} ) =1
piﬁf() - ( i—1
] B"'lg(l) [exp( Z_:l roﬂ'l] ) _eXp( 2_:1 TO,Wl,j(m)) 5 [ = 27"'7Nj

¢*(v.5) [BPi(w,5) — Po(g)] =0

where the permutation function m ;(.) is for the N; SUs in the subset .7,(j) and

My (1) (9) My ;(N;) ()

> .2

satisfies
fi w1 1) EREIRIG))

Proof. Please refer to Appendix C.12. O

Remark 4.3.4. For the optimal p}(v, j), the solution is similar to pj(v,j) except
instead of % for all users in the subset .#,(j). The

SPRI0) 71,50

>\*
(1)
one needs to use {2—“
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interpretation is that for the strategy pi(v, 7), SUs have to avoid disturbing PU and
therefore consider the term 7, (j) as a power price, whereas the interference cost

term ¢*(v, j)3; is neglected in strategy p3(v, j).

Furthermore, it can be observed that for strategy pi(v, j) for all j is the solution
for minimizing individual outage probability subject to short-term interference power
constraint with threshold P,(¢g). That is why the solution pj(v,j) is the same as
n [53], where the short-term interference threshold is fixed. For p}(v,j) for all j,
the solution is similar to [22] which there is no interference constraint imposed in

that problem.

Remark 4.3.5. When j = 0, .%,,(j) is an empty set as there is no i € .#,(0), so all
SUs are turned OFF. If .,(j) = &, then all SUs turn ON and the solution is the

same as delay-limited case similar to [19].

For the optimal solution of (;(v,j). For simplicity, we define the benefit func-
tions " (v, j) corresponding to the power policy pi(v, j) as follows: %" (v, ;) =

Ni( 32 ) = XTpi(v,j) + s* and 25 (v, j) = N;( 30 uz) NP5 (v, j). Note
i€ (j) i€ Sn(j
that the superscript ‘ind’ represents ‘individual outage’. Applying KKT condi-

tions and the fact that we consider continuous fading channels, the condition that
By, ) = Bind(v, j') for j # j' or for k # k' happens with probability of measure
zero. Therefore there is only one (}(v,j) = 1 which corresponds to the maximum
Pir(v, j) and this leads to Theorem 4.3.2 as follows.

oM _q

Theorem 4.3.2. The optimal solution of (4.56) is P*(v) = Z Z X W)Pr(, ),
where p;(v, j) follows from Proposition 4.53.4. (i(v,j) is determmed by
1, Pi(v,j) = max Br(v,j)

“(v,j) = 3k fork=1,2and j=0,...,2M —1.
07 e%k(l/,]> < m%x t%k/(l/,j/)
]/7/

oM _q

where X7 and s* are the solutions to E [P*(V)] X Py, and >, E[(G(v,7)] > 1—¢,.
=0
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4.4 Simulation results

In this section, we present some numerical results on the performance of the proposed
optimal power policies. All channels involved are presumed to undergo Rayleigh
fading and the corresponding channel power gains are taken to be exponentially
distributed with unit mean. Noises at the PR and the SBS are assumed to be equal
and AWGN with unit variance, i.e. Ny =1 or (0 dB). Unless specified otherwise, the
constant power P, for the primary ON-OFF power policy is set to be 15 dB. when
the PU is ON. The primary outage probability is set to be 0.1. For convenience, we
further assume that all secondary transmitters are identical. The simulation results

are based on a typical Monte-Carlo method averaged over 10° channel realizations.

4.4.1 Ergodic capacity results

In this part, all channel power gains are taken to be exponentially distributed with
unit mean. Fig. 4.2 exhibits the plot of SU ergodic sum uplink capacity against
average power budget per SU with varying number of users M when PU’s target
rate is fixed at 7”2 = 0.3 nats per channel use. With an increasing average power
P,,.i, ergodic sum capacity at the SBS increases for both with and without POC as
expected. However, the POC becomes the dominant constraint when the average
power budget is raised further, leading to the significant decrement in the ergodic
sum capacity compared to the case without POC.

Using the solution in Section 4.2.2, we sketch the ergodic capacity region for
M = 2 as shown in Fig.4.3. The figure compares the region for both with and
without POC for a fixed target rate which we provide two values of fixed target
rates, i.e. when r) = 0.3 and when 7)) = 1.0. The figure reveals that when POC
is imposed, the ergodic capacity region is smaller than the one without POC. The
explanation is that SUs cannot transmit with as much power as they would like due
to the service quality protection in the primary link. The region is even smaller
if rg is raised further as POC becomes stricter. Note that the region for without
POC, one can notice that the region when 7”2 = 1.0 is slightly larger than that of
ry) = 0.3. This is because, when ) = 1.0 is large, the probability that PU will turn
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P.=15dB., 10 =03 =01
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Figure 4.2: SU ergodic sum capacity against average power budget per user : P, = 15
dB., r) = 0.3, and €, = 0.1

off is higher by the definition of ON-OFF power control and thus it causes lower
interference to the secondary network than the PU in the case of 7“2 = 0.3 does. Note
that in order to generate each point on the boundary region, we first set the value of
the pre-defined vector p = [u1, p2]T = [1, tan d], where # € [0,90°]. Then, a point on
the boundary can be generated by the optimal power control policy corresponding
to each specific value of 6, as it is varied between § = 0 to # = 90°. This way we

can obtain the entire curve of each boundary.
6, =01, P,=15dB., P,,; = 15 dB.

—=NoPOC (rg =03)
~s-No POC (rg =10)
—4-vith POC (rg =09)
—A-vith POC (rg =10)

08

Csp 061
0.4

0.2

0 I I [ Y [ I I I
0 0.2 04 0.6 08 1 12 14 16 18

Figure 4.3: Ergodic-capacity region corresponding to feasible power control policy
for the problem without POC and with POC: ¢, = 0.1, P. = 15 dB., P,,; = 15 dB.
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4.4.2 QOutage probability results

In this part, we assume that the direct channel power gains, i.e. ¢ and h;, are
exponentially distributed with unit mean whereas the cross channel power gains, i.e.
« and [;, are exponentially distributed with mean 0.5.

First, we look at how the POC affects the common outage probability. Fig. 4.4
illustrates the common outage probability performance of the optimal power control
for maximizing the common usage probability subject to ATPC and POC when
M = 2, r, to be [0.3, 0.3] and fixed ¢, = 0.1 for various PU’s target rates, i.e.
7’2 = 0.15, 0.25, 0.5. As expected, when the target rate is raised, SUs face more
common outage for a given average power constraint. For a fixed PU’s target rate
7"2 = 0.25, Fig. 4.5 depicts the common outage performance with several PU outage
probability thresholds, i.e. €, = 0.03, 0.08, 0.1, and also includes the case that POC
is discarded from the problem (e, = 1). It can be noticed that common outage
probability can be reduced further if PU outage probability threshold is increased,
i.e. the constraint becomes more lenient.

P.=15dB., ¢ =01, M=21r= [0.3, 0.3]
0.4 T T T T T

o
w
a1

o
w

o
N
3]

SU common outage prob.
o
= o
(¢ N

o
[

o
o
a1

o

10 1 12 13 14 15 16 17 18
Pyyi (dB)

©
©

Figure 4.4: Common outage probability against average power constraint per user:
P.=15dB.; ¢, =0.1, M =2, r =[0.3 0.3]

Next, Fig. 4.6 is used to illustrate the effect of the number of secondary trans-
mitters in the C-MAC network for the common outage problem against the indi-

vidual average power constraint Fp, ;. We set the target rate vectors such that each



4.4. Simulation results 111

P.=15dB., 19 =025 M =2,1=030.3]
T T T

o
~

o
w
a

o
w

€, = 1.00 (No POC)
——¢, =0.10
-6, =0.08
—-¢, =0.03

o

N

o1
T

SU common outage prob.

0.1~

4
P (dB)

Figure 4.5: Common outage probability against average power constraint per user:
P.=15dB., rg =0.25, M =2, r=10.30.3]

7o; = 0.3 for M = 1,2,3. With other parameters fixed, we can observe that, the
secondary network faces a higher common outage as the number of secondary trans-
mitters is raised. The reason is twofold. First, M SUs must either support all the
individual target rates or turn off in the common usage probability maximization
problem, so the problem becomes stricter with an increasing M. Second, the user
who decodes first must encounter the interference from the users who decode after
him. Therefore, with the increment in M, the interference signals are magnified
and each SU requires more power to support their target rates. The individual us-
age probability maximization problem is a more relaxed problem compared to the
common usage maximization problem as we do not have to satisfy all the outage
probability constraints for the target rate vector. The results in Fig.4.7 affirms
this fact. Fig. 4.7(a) reveals that, when all SUs are identical, the achievable indi-
vidual outage probability is significantly lower than the achievable common outage
probability because the secondary network in the individual outage case has more
alternatives for its power allocation policy while the secondary network in the com-
mon outage tends to keep silent, making the actual PU outage probability in the
individual outage case always higher than that of the common outage case as shown
in Fig.4.7(b).

Fig.4.8 demonstrates the effect of POC on the individual outage probability. By
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P,=15dB., 1) =025 1,;=03,¢, =01
08 \ ! ‘ ! ‘

SU common outage prob.
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Figure 4.6: Common outage probability against average power constraint per user
with M =1 and M =2: P. =15 dB,, rg =0.25,7,, =0.3

using 7’2 = 0.25,¢, = 0.1 as a reference, if we increase the PU target rate (from
rg = 0.25 to rg = 0.5) or decrease the outage probability threshold (from e, = 0.1 to
€, = 0.05), POC will become stricter and thus lessen the outage performance in each
secondary transmitter. Finally, we consider the effect of the decoding order strategy
on each SU;’s individual outage probability performance when M = 3. In Fig.4.9,
the results depict the outage probability performance both in the secondary network
(in Fig.4.9(a)) and in the primary link (in Fig.4.9(b)) due to the optimal decoding
order and another suboptimal decoding strategy which always decodes SU; first and
SUj last. As expected, Fig.4.9(a) shows that SU;z faces an outage least frequently
under the same F,,; whereas the individual outage probability for SU; is the largest
among the users. Also, the outage probability in SUs of the suboptimal decoding
order case is substantially reduced compare to that of the optimal decoding order
case. The reason is that the suboptimal decoding strategy always places SU3 in the
highest priority by decoding last. Hence, SU3 does not require power to cope with
the interference from any other users while SU; has to combat interferences from
all other users. The performance for the user whose message is decoded first for
the suboptimal strategy is, of course, worse than that of the optimal. However, it
can be seen from Fig.4.9(b) that the suboptimal decoding order creates an outage

event in the primary link more often than the optimal decoding order does. It is
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(a) Outage probability performance for common outage and individual outage
problem

P.=15dB. ¢, =01, M =2,r=10.3, 0.3]
T T

0.1~

0.081 —s—Common outage problem

—+Individual outage problem

0.07

0.06

0.05

0.04

Actual PU outage prob.

0.03

0.02

0.01

0 I I I I
-5 0 5 10 15 20

Pay,i (dB)

(b) Actual PU’s outage probability performance due to optimal power policies
in common outage and individual outage problem

Figure 4.7: Common outage probability and individual outage probability perfor-
mance against average power constraint per user: P, = 15 dB., 7’2 =0.25, M = 2,
r = 0.3 0.3
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Figure 4.8: Individual outage probability performance against average power con-
straint per user: P, =15dB., M =2, r,, = 0.3

because the suboptimal decoding strategy provides less options for SU power control
policies. For the optimal power strategy, SUs can select NV; users to transmit, leading
to Ngo (%) = 2M possible options. Also, among the selected Nj; users, there are
N;! germutjations for decoding. Thus, the suboptimal method suggests that the
complexity can be reduced if the decoding priority among the user is fixed beforehand
while sacrificing the outage probability performance in some lower-priority secondary

transmitters and outage performance in the PU’s link accordingly.

4.5 Conclusions

In this chapter, we have studied the optimal power allocation problem in a fad-
ing multiple-access cognitive radio network sharing the same frequency band with
a delay-sensitive primary user. Under a primary user outage probability constraint
and individual average power constraints for each secondary user, we have derived
the optimal power policies for achieving points the ergodic capacity region, common
outage capacity region and the individual outage capacity region, with full CSI at
all secondary transmitters for continuous fading channels. We have shown that the
problems involved in this chapter can be solved by using probabilistic power con-

trol techniques. For power control for each case, we have shown that the successive
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decoding is optimal due to the polymatroid structure of the problem. Numerical
results were presented to illustrate the effect of the primary user’s outage proba-
bility constraint on the achievable SU ergodic sum capacity and both common and

individual outage probability regions.



Chapter 5

Outage Minimization under Primary Outage

Constraint with Quantized Feedback

In this chapter, we focus on the underlay paradigm where SUs can simultaneously
transmit in the same frequency band with PUs, while ensuring the QoS level in
the primary network. Optimization problems in the spectrum-sharing scheme draw
wide attention from researchers since the performance in the primary network must
be protected while SUs aim to maximize their performance with their limited re-
sources, e.g. transmit power constraint. For instance, [39] studied SU outage proba-
bility minimization problem subject to average/peak transmit power constraint and
average/peak interference power constraint on the primary receiver. Then, [44] in-
vestigated SU outage probability minimizing problem but considered the primary
outage constraint (POC) instead of interference power constraint to ensure the QoS
in delay-sensitive PU. Recently, [76] solved the service-outage maximizing problem
for SU with POC and average transmit power constraint (ATPC).

However, the aforementioned literatures [39,44,76] assume that SUs have perfect
channel side information at transmitters (CSIT), although the CSIT is imperfect in
a practical situation. The imperfect CSIT problem is more challenging in wireless
communication research: [59,64,68,86] for example studied various types of partial
CSIT in a non-cognitive network. [59] considered the outage minimization problem
for MIMO system with quantized feedback, i.e. the transmitter will receive B-bit
feedback side information from the receiver or the band controller, which holds the
channel knowledge information of the entire network. It is worth noting that [59]
serves as a benchmark for our problem as we add POC to this problem in single-
antenna case.

Nevertheless, the study of partial CSI for cognitive radio scenario remains an

117
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uncharted area. Motivated by this fact, [87] investigated the effect of partial CSI at
the secondary transmitter on the ergodic capacity and outage capacity under aver-
age/peak intereference power constraint where the secondary transmitter has a noisy
estimate of the true CSI. Then, the effect of imperfect channel estimation between
a secondary transmitter and a primary receiver on the mean SU’s channel capacity
with impact of quantization levels on the CSI under peak transmit power and peak
interference power constraints was studied in [88]. Recently, [71] offered a practical
design of both cooperative feedback and feedforward between primary receiver and
multi-antenna secondary transmitter and analyzed SU outage probability behavior

accordingly.

This chapter aims to solve SU outage minimizing problem subject to POC and
ATPC with quantized feedback. Under the same assumption as [60] and [61], sec-
ondary transmitter receives B-bit CSI through a perfect feedback link from a band
controller who knows the entire channel power gains involved in the network. [60]
addressed OFDM-based SU ergodic capacity maximization problem subject to an
ATPC and M average interference power constraints (AIPC) with quantized infor-
mation of the vector channel space involving channel gains over all M bands. In [61],
the authors studied the SU outage minimization subject to ATPC and AIPC with a
single pair of single-antenna PU and single-antenna SU and proposed low-complexity
algorithm for suboptimal solution to the problem. They also proved the optimality
of an L-region ‘stepwise’ channel partition structure where each region corresponds

to the quantized power used in the channel state.

This chapter extends the problem in [44] to the B-bit feedback case, thus making
it non-convex. However, standard Lagrange multiplier-based optimization technique
can be used and a local optimal solution can be found via Karush-Kuhn-Tucker
(KKT) necessary conditions. It is worth noting that the structure of this work
follows that of [61] which considered outage minimization with limited feedback
in cognitive scenario using KKT condition and proposed an efficient suboptimal
algorithm. However, our work is different from [61] in three ways. Firstly, we
consider POC which is more appropriate to ensure QoS for a delay-sensitive PU than

ATIPC in [61]. Secondly, except the asymptotic analysis on SU outage probability



119

part, there is no any assumption on fading distributions of all channel power gains,
making results in this chapter more general. Thirdly, our work also considers the
practical effect of the interference channel gain from primary transmitter (PT) to
secondary receiver (SR) as opposed to [61] and previous works in [38,39] which
presume that the interference noise from primary transmitter to secondary receiver
is negligible.

The contributions for this chapter are as follows: The optimal channel parti-
tion structure (CPS) for a given power codebook is obtained. Then, assuming that
the PU transmits at constant power, we can use the optimal CPS to find a locally
optimal power codebook through KKT condition, leading to the corresponding al-
gorithm. Regardless of the type of continuous fading distribution of the channel
gains, we later prove two important properties of the optimal codebook. Firstly, we
show that the lowest power level approaches zero. Secondly, the ratio between two
adjacent power levels is constant. By the first property, we propose a suboptimal
solution by assuming that the lowest power level is zero, named ‘Zero-Forced Lowest
Power Level (ZFLP)’, which is considered as more computationally efficient than
the optimal solution and whose performance is close to the locally optimal algorithm
when the number of feedback bits B > 6, as corroborated by our simulation results.
Finally, if all channel gains are assumed to be Rayleigh fading, SU outage behaviour
approximation from that suboptimal algorithm is examined when the number of bits
is large. The simulation results suggest that the approximation is very close to the
actual SU outage probability when B > 8 and the achievable SU outage probability

performance is close to full CSI case when B > 10.

The rest of this chapter is organized as follows. Section 5.1 describes the system
model and problem statement. In Section 5.2, we examine the problem in limited
feedback scenario, derive the optimal channel partition structure (CPS) and use the
KKT condition to solve for a (locally) optimal solution. We also show that the lowest
power level converges to zero when the number of feedback bits is large, leading to a
low-complexity ZFLP algorithm for the suboptimal solution as we force the lowest
power level to be zero. Later, we analyze the outage behavior for SU when B is

large enough in Section 5.3, prior to presenting the numerical results in Section 5.4
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and ending the chapter by concluding remarks in Section 5.5.

5.1 Problem statement and system model

We consider a single primary transmitter-receiver pair (PT-PR) and a single sec-
ondary transmitter-receiver pair (ST-SR) accessing the same frequency band in a
typical spectrum sharing scenario. All channels involved in this cognitive radio net-
work are assumed to be independent BF-AWGN channels [21]. The additive noises
at the PR and SR are assumed to be independent Gaussian random variables with
zero mean and variance Ny. As shown in Figure 5.1, the instantaneous channel
power gains for the link PT-PR, ST-SR, PT-SR, and ST-PR are denoted by g, h, «,
and (3, respectively. Let v = {g, h, a, 3} denote the combined channel state vector,
presumed to be a vector of continuous random variables. The vector fading process

v is assumed to be stationary and ergodic. We assume that the delay-sensitive PU

o ([]H% $ SR

A Feedback link T

Figure 5.1: System Model in Chapter 5

uses constant power control denoted by P. and the SU adjusts its power, ps(?),
according to the side information at secondary transmitter . Note that o = v, if
SU has full CSI for the entire network. Therefore, the rate expressions for both PU
and SU can be defined as follows

r () = log (14 7ot )

rs(v, ps(0)) = log (1 + #JFNOPS(&)) (5.1)
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Let the target rate and outage probability threshold of the PU communication be rg
and e,, respectively. As PU utilizes constant power control, PU will face outage with
probability eg, even if SU is not active: this occurs whenever g < gr = w.
Assuming that €, > 62, we will consider SU outage minimization problem subject
to average transmit power constraint (ATPC) at SU and a primary user’s outage

probability constraint (POC) in order to protect the delay-sensitive PU, defined as

follows

min  Pr {r,(v,ps(0)) <3}

ps () (
(

st Prir(v,ps(9)) <)} < ¢

() [\V]
o o
S— SN— SN— N—

E[ps(ﬁ)] < Pa’u ( .

ps(D) >0 (5.2d

where r? denotes SU target rate. As illustrated in Figure 5.1, we assume that there
is a cognitive-radio band controller (CR band controller) who can collect CSI of
the entire network v from PR and SR possibly from wireline connections, map the
obtained CSI into quantized regions and feed back the quantized information, , via
a perfect feedback link to ST using B bits. Note that when 7 = v, i.e. full CSI case,
the optimal solution is proved to be truncated channel inversion proposed in [44]

which is considered as a benchmark to our problem.

5.2 SU outage minimization problem with quan-

tized feedback

In this section, we consider the limited-feedback case in which the ST receives B
feedback bits from the band controller, the ST will transmit power corresponding
to that quantized feedback information ». With B-bit feedback, we can have a
power codebook P = [py,...,pz], where L = 2B, Without loss of generality, let
p1 > ... > pr. SU will utilize p; if ¥ € R;. We first define the indicator function,

1(X), which is equal to 1 if the event X is true and it is 0 otherwise. For convenience,
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we define variable z and I' as follows:

=3t
8 hexp(rg)—l 0 (5 3)
F = CVP(:JFNO )

where cgy = exp(r?) — 1.

It is easy to verify that the SU will face outage if it transmits with power p;

such that p; < <%, whereas the PU will be in outage if p; > x. Therefore, we can

reformulate the problem as follows

L
min Pr(R)E[1(p; < XY |R)] (5.4a)
PR = r
L
st. Y PrR)E(p; > ) [R)] < 6 (5.4D)
j=1
L
Y PrR)EP; |R)] < Pu (5.4c)
j=1
pj >0, Vi (5.4d)

Note that the problem (5.4) is nonconvex in general. Still, we can find a locally
optimal solution by using standard Lagrange multiplier-based optimization and then
applying Karush-Kuhn-Tucker (KKT) necessary condition. Hence, we first write the

Lagrangian corresponding to (5.4) as follows:

L(X,5,p,Ri) = (éPT(Rj)U(Pj <) +51(p; > x) + Ap; |Rj]> — 86p — APy

] (5.5)

where s and A are the Lagrange multipliers for POC and ATPC, respectively. Then,
the dual problem can be written as

max [pjgl&%j L()\,s,pj,Ri)} . (5.6)

In (5.5), one can notice that there is no obvious way to directly obtain a gradient
of the Lagrangian with respect to p;. However, a local optimum for (5.6) can be

solved by using the Simultaneous Perturbation Stochastic Approximation (SPSA)
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algorithm [89] with subgradient method [90]. However, it is worth mentioning that,
the SPSA approach returns a locally optimal solution and there is no explicit ex-
pression for both SU and PU outage probability, leading to very high computational
complexity and thus a very long convergence time. To reduce the complexity in
searching for optimal codebook and quantized channel partition region, we will first
derive the optimal channel partition structure (CPS) as a function of given power
codebook P. The optimal channel partition structure will help us express both SU
and PU outage probability functions in term of the power codebook, allowing us to
utilize the KKT condition to solve for a local optimum, but with faster computation

time compared to SPSA.

5.2.1 Optimal channel partition structure and searching al-

gorithm

The optimal channel partition structure (CPS) for a given codebook P can be defined

as follows.

Lemma 5.2.1. (Channel Partition Structure) For given X\, s and power code-

book P, the power control can be defined as follows.

Pi 7 DPjt1

p(Tz) =< pj, k+1§j§L,F€[CS—U ﬂ) (5.7)

Pi 7 Pj+1

pL, otherwise

where k = arg  min  p; and k becomes 0 when s = 0.
Jpi>pL+i5E

Proof. Please refer to Appendix D.1. O

It is worth noting that our CPS in Lemma 5.2.1 becomes similar to previous
result in [59] when s = 0, i.e. when POC is inactive. By Lemma 5.2.1, CPS can
be illustrated in Figure 5.2 regardless of the channel power gains involved in this
problem. Note that the grey line separates the outage and non-outage region of PU,
i.e. PU is in outage for channel state on the left-hand side of this line, while PU

does not face an outage when channel state lies in the right-hand side of the line.
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Figure 5.2: Channel partition structure with power levels for outage minimization
problem with quantized CSI case (B = 3)

Let F;(g) and Fr(I') denote the CDF of g and I'. Given that g > gr, CDF of
X is represented by Fg(z), i.e. Fg(z) = Fx(z|g > gr). Also, let 76 = 1 — Fa(gr).
Thus, (5.6) can be transformed to

max [min Go + sG1 + )\G2:| (5.8)

A8 p; >0

where G, G1 and G is expressed by

Go =IFr(%%) +1¢ il [Fg(pj) — Fg(pr)] (FF( ) FF(CPS_J'))

Pji+1

Gy =(1—-1¢)+716F%(pL) + ¢ ;;1 [Fg(pj) — Fx(pL)] (FF(;}K) B Fr(ci’g_f»

G

po (1= Fr(s) + F()) + 76 3 (- ) (Fr(552) = Fe(52)) [Fe(p,) — Fx (o)

j=1 Pji+1
L—-1
+ % py (FR(EL) - Fr(se))
j=1

Pji+1

(5.9)
Note that G describes SU’s outage probability, Gy describes PU’s outage probabil-

ity and G5 describes SU’s power usage.
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5.2.2 Locally optimal power codebook from KKT condition

The power codebook P must satisfy KK'T necessary condition for a local optimum,

e %L(. ..) =0 for all j. Let F%(x) denotes the first-order derivative with respect

to x.

For j =1,

0 =~ FL(SE) + 76 (SFF(S2) [Fx () — Fx(po)] + Fy(py) | Fr(52) — Fr(52)))
+A{[ (52 — FR(52)] — SHpuFH(SE) + a(py — ) [Fy (1) — Fy (pr)] 54 FE(52)}

v { (1P () = Fo(S)] [y () — Fe (o)) + (1 — p2)[Fe(52) — Fe(S2)] P o)}

Thus, we can write p, as a function of p; and p;, by solving 2 a Forl<j<L,pj
can be expressed as a function of p;_;, p; and pz, by solving dL The expressions of
ngj for all j can be found in Appendix D.2. By using these conditions, the algorithm
to search for a locally optimal codebook is summarized below.

Two steps for solving the optimization problem

1. For fixed values \ and s, there are L equations from 2 7 = 0 that need to be

satisfied by the locally optimal power codebook. Given p; and py, po,...,pr_1

can be computed successively from % =0forj=1,...,L —2. Then, we
J

can numerically solve p; and py, such that 8paLL =0 and 8% = (0 are satisfied.
We can implement the numerical computation in MATLAB by using function

fzero, for example.

2. To update the optimal value X and s, the subgradient method [90] can be used
by the following equations.

Sm+1 = [sm - 19m (Ep - Gl)]+

(5.10)
Ami1 = [)\m — Sm (Pav - GZ)]+

where m is the iteration number. For the m-th iteration, 9J,, and ¢, represent

the step sizes which satisfy square summable, but not summable step size, i.e.

S92 <ooand Y 9, = co and likewise for g,,.
m=1 m=1
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Remark 5.2.1. For a given F,, and ¢,, one can first assume that s = 0, i.e. POC
is inactive. Next, apply the two steps above to solve for pi,...,pr and A\. Then,
check whether the returned optimal solution satisfies POC or not. If it does, this is

the optimal solution. Otherwise, s > 0 must also be determined.

For the locally optimal solution, it is noticeable that, for given \,, and s,,, p; and
pr, must be initialized in order to compute ps,...,pr_1 and then these initialized p,
and py, must be checked via KKT condition. Hence, although it returns a locally
optimal solution, the algorithm is tedious. To alleviate the problem, we seek another
efficient suboptimal solution which performs very close to the local optimal one. Our
suboptimal approach adopts the idea from the optimal approach when the number

of bits B is large. The properties are summarized in the following subsection.

5.2.3 Proposed suboptimal algorithm

In this part, we will start from Lemma 5.2.2 which analyzes the behavior of the lowest
power level of the locally optimal codebook as the number of bits grows large. Then,

we will use the intuition from Lemma 5.2.2 for our proposed suboptimal algorithm.
Lemma 5.2.2. Llim pr = 0.

Proof. Please refer to Appendix D.3. O]

Noticeably, L-th power level p;, appears in all the KKT conditions. With a large
number of bits, repeatedly initializing both p; and p; makes the algorithm described
in Section 5.2.2 tedious. Lemma 5.2.2 suggests that as the number of bits gets
larger, p;, will approach zero. By fixing p;, = 0, the KKT conditions and searching
algorithm become less complicated, although they no longer return a locally optimal
solution to the original problem. The obtained algorithm is described below. In our
simulation results, we will compare it to another suboptimal algorithm based on the
generalized Lloyd’s algorithm with Sigmoid Function Approximation (GLA+SFA)
from [70] and described briefly in Appendix D.4

Zero-Forced Lowest Power Level Algorithm (ZFLP)
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In the algorithm for the locally optimal solution in Section 5.2.2, we have to
initialize both p; and pr. As noted earlier, the algorithm will be very slow if the
number of bits is large. Hence, rather than initializing both p; and p;, ZFLP
algorithm assumes that py is zero. The rationale behind this suboptimal algorithm
is from Lemma 5.2.2 as explained previously. This algorithm therefore reduces the

complexity in searching computation.

By assuming that p;, = 0, we have FF((;;S—LU) = Fr(oo) =1 and Fg(pr) = 0. We
can rewrite (5.8) as

max {mln Go,s + 5G1 s + NGy S} (5.11)

A8 p; >0

where Go s, G1 s and Gy 5 is expressed by

Go. = Frl5) + 70 3 [Fxry) (Fr(z2) - Fi(30))

GLs (1 - TG) + 7¢ élF (pg) (F (C.SU ) - FP(CI‘,Q—]U)>

Pj+1
J

G = % s (P50 = Fo(5) =0 X Felos) (Pr(zas) = Fr(5)

(5.12)
Based on the KKT condition, we must have ag—;f‘) = 0 for all j. For example,
when j = 1, it yields
0 =~ (1= 7aFx(m) FL(52) + 76 (Fe(5) = Fr(59)) Fy(n)

A (Fi(em) - A [1 - o) - piraFl o1)]
o1 (1= 7P (pr)) - S F(52)]

This suggests that p, can be written as a function of p;. Likewise, for 1 < j < L

(details in Appendix D.5), we can show that p,; can be determined from a given p,

ag}()....) = 0. By those facts, for given A\ and s, we first initialize

J

the value of p; so that ps,...,pr_1 can be recursively computed in term of p; by

using the conditions 85;‘_“) =0for j=1,...,L —2. At the end, the initialized p;
J

OL(..) __

must ensure that the condition o)

= 0 is satisfied. Then, we can use subgradient
method, as shown previously in (5.10), to update for A and s. The procedures are

repeated until convergence.
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5.3 Asymptotic analysis on SU outage probability
for ZFLP

In this section, we aim at analyzing the asymptotic behavior of SU outage probability
as L grows large, when all channel power gains are presumed to be exponentially

distributed, i.e. under a Rayleigh fading assumption.

Lemma 5.3.1. Regardless of the fading distributions of channel gains, we have

i:%f0r1<]’<k+landl{:+1<j<L—1asL—>oo.

Pj+1

Proof. Please refer to Appendix D.6 O

In this part, all channel power gains are further presumed to be exponentially

1

distributed, so Fr(T') = (1 - %) Fe(a) = 1= 1, where ¢, = 220222

and 7¢ = e 97. We will use the expressions on those CDF to analyze SU outage
probability when L is large. According to Lemma 5.2.2, we can assume that p;, = 0.

Also, A = Ay and s = sy, where A\ and sy are the Lagrange multipliers corresponding

to ATPC and POC in the full CSI case. From Lemma 5.3.1, let Z_j—jl ~ Pl — g for

Pi
1<j<k ~ Bl =g for k+1 < j < L — 1. For simplicity, define f;(p;) and

”p+1 PJ

fa(p;) as follows

filp;) = Ap; (1 —e 97 Fx(p;)) + e 9" Fg(py)
= \p; (1 — e 9T [1 — Hioij + e 97 [1 — 1+c10pj] (5.13)
Falpy) = s F(p) + Apy = se=o7 [1— 2] 4,

— g Co(1=X
Thus, fi(p;) = A (1 — eI [1 — 1+Cop]:|>+6 9T (li pJQ and f5(p;) = se ngjL

A. Let v; = CS]U Then, we can prove the two following lemmas.

Lemma 5.3.2. As L grows large, 6 can be approzimated from solving

A
where py = %

Proof. Please Refer to Appendix D.7 O]
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Lemma 5.3.3. As L grows large, we have k =~ 0.

Proof. Please refer to Appendix D.8 O]

By Lemma 5.3.2 and 5.3.3 , we can now write p; = pof 7 for all j. As L is large,

p; = (1 — jep), making 0 < ¢y < ﬁ and Llim 0 = 1. Next, 0 can be determined via

—00

using two following equations.

G (L) = 5 Fylp,) (Fe() ~ Fr(52)) = Froc(0,h

i Pj+1 P
(5.14)
L-1 k
Par = 5o (Fe() = Fe(5) = 7o 3 piFely) (Fes) = Fe(50)
j=1 =1
~ Farrc(0,k)
(5.15)

The expressions of Fpoc (0, k) and Farpc (6, k) are included in Appendix D.9. Fur-

ther, we can approximate k by using the fact that Llim k= k(0) = [%]
Hence, we can determine # by solving
S€p — (1 - e_gT) + )‘Pav = SFPOC(97 /{(9)) + )\fATpc(e, /{(9)) (516)

For the objective function, we finally have

es—ﬂmwfwi&@Mﬂwm—ﬂ%ﬂ

J
(d) —Ngv —g —g —Ngv Gk
~ 1 et (1 _ Pecocsye T) _ Pecocsye™9T | Pee” 10V A4(U19k) — Ay(v1)

1+ P.v1 Pe.cocsgy—1 Pecocsy—1 1+Pcv19k
cA
. —Noex Pecocgye™ 9T Pococsye 9T  Poe Y0175 cA
hm :1_6— 1_ cCoCSU _ LFcCoCsu R e A__A
L—>OO€S 14+PecA Pecocsy—1 Pecocsy—1 1+ P 1C,>\S + 4( 1_8) 4<C)\)

(5.17)
Again, the summation can be approximated by integration shown in (5.17) and

Ay(z) is expressed by

Ay(z) = Cocsye T [(No — #;Jﬂ) e~9reNococsu B (N (2 + cocsrr))

Pecocgy—1

% (5.18)
+ Pce—CEl(N()Z —+ %)]

Pecocsy—1

Remark 5.3.1. If s = 0, k becomes zero and 6 is determined from average power

e—Nov1 e—Noero e

. . NpgcA .
constraint. Then, ¢, ~ 1 — TP = 1 — Thow and Llingo & =1- o equivalent
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to the result in [61].

5.4 Simulation results

In this part, the numerical results on SU performance are illustrated for the SU
outage minimizing problem subject to ATPC and POC based on various algorithms
mentioned in this chapter. All channel gains involved are assumed to be independent
and identically distributed (i.i.d.) and exponentially distributed (Rayleigh fading)
with unit mean. Noises at PR and SR are presumed to be equal and AWGN with a
normalized unit variance. This allows us to consider the SU and PU transmit powers
and the SU average transmit power constraint in unitless terms, thus expressed in
dB. Note also that the SU average transmission power can be regarded as the average
transmit SNR at the SU transmitter. Unless specified otherwise, the simulation
parameters are set as: SU target rate 7% = 0.3, PU constant power P. = 15 dB., PU
target rate r? = 0.2 and PU outage probability threshold €, = 0.1.

Figure 5.3 compares SU outage performance of ZFLP algorithm for suboptimal
solution with local optimal solution and another suboptimal solution GLA+SA with
varying number of feedback bits B = {1,2}. SU outage performances when the
secondary transmitter has no CSIT (B = 0) and when it has full CSI (B = o0)
are also included as a reference. First, the figure shows that SU outage probability
performance from locally optimal solution is improved significantly (by about 41.5%)
with B = 1 compared to the performance in no CSI case. It confirms the benefit
of CSI feedback. Also, the results reveal that the SU outage probability of ZFLP
algorithm surpasses that of GLA+SA for any given B. For example, with a fixed
P,, = 11.5 dB, achieved outage probability from GLA+SA is e, = 0.3457 for B =1
and e, = 0.2260 for B = 2, while ZFLP can achieve ¢, = 0.2887 for B = 1 and
€s = 0.1941 for B = 2 which are approximately 16.5% and 20.17% lower than that
of GLA+SA. Further, ZFLP is considerably faster than GLA+SA. With Intel(R)
Core(TM)2 Duo CPU and 2.99GHz with 3.48GB RAM, GLA+SA took roughly
988.3412 seconds for B = 2. (SFA procedure was done with 2 x 10° samples,
starting from K = 20 with the increment of K is 1.5, ending at K = 672.3 when
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convergence is met. Note that the initial guess of power codebook may cause a
different convergence time.) On the other hand, ZFLP took just 176.51 seconds to
achieve the same level of accuracy. Thus, ZFLP is more efficient than GLA+4SFA
both from a performance and a time-consumption points of views.

Moreover, Figure 5.3 shows that, although ZFLP algorithm is for suboptimal
solution, the SU outage probability performance from ZFLP approaches that of the
optimal solution when B increases. As mentioned earlier, one has to initialize both
p1 and py, to search for po, ..., pr_1 and keep updating p; and py, till the constraints
are satisfied for the optimal solution. The outage for SU is about 0.2577 for 1 bit
and 0.1749 for 2 bits feedback in optimal solution with P,, = 11.5 dB. The result
then suggests that SU outage performance can be sacrificed for 12.0% when B = 1
and 3.1% when B = 2 by just assuming p;, = 0 to ease time consuming problem.

Note that the gap between ZFLP and the optimal are closer when B is raised.

10 =03,79=0.2,¢,=0.1,P. =15 dB.

10

....................................

= = -Without CSI (B
—~—GLA + SFA (B
—GLA + SFA (B
—=-ZFLP (B=1)
—=-ZFLP (B=2)
——Opt. (B=1)
—-Opt. (B=2)
== -Full-CSI
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SU outage probability
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Figure 5.3: SU outage probability against average power P,, with varying number
of feedback bits by the three algorithms

Next, the effect of PU target rate 7‘2 on SU outage probability performance for
quantized feedback will be inspected. With ) = {0.2,0.4}, we thus study the
performance for three varying number of feedback bits, i.e. B = {4,6,10} and for

full CSI as a reference. There are four important results shown in Figure 5.4. Firstly,
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with the same B, SU outage probability when 7“2 = 272 = 0.4 always greater than

that of when 7”2 = 70

»1 = 0.2 obviously because POC in the first case is stricter.

Secondly, under the same 7%, one additional feedback bit can reduce the gap of

>
SU outage performance. However, it can be observed that the size of the reduced
gap is smaller and smaller as B approaches infinity, i.e. full CSI case. Thirdly,
regardless the number of feedback bits and rg, the feature of achieving SU outage
probability is similar, i.e. SU outage drops significantly when P,, is low but reach
saturation when P,, is high. Intuitively, it implies that, despite having abundant
average power budget, SU cannot always enjoy using that as QoS in primary link
must be protected. Lastly, SU outage performances when B = 6 due to the optimal
approach and ZFPL suboptimal approach are almost overlapped at P,, = 11.5 dB,
the difference is about 6.6 x 1073 for rg = 0.2 where SU outage probability is around
0.1726 and about 7.3 x 107> for 7’2 = 0.4 where SU outage probability is around
0.1260. Thus, we avoid very high complexity in optimal approach by using ZFLP
when B = 10 and the results for both target rates shows that SU outage probability

performance is very close to full CSI case when B = 10.

"=03,¢,=0.1,P, = 15 dB.

|- - Full-CSL, 12, = 0.2
——Opt. (B=4,1"))
—-ZFIP (B=4,10,)
~o-Opt. (B=6,12,)
= ZFLP (B=6,1),)
—ZFIP (B=10,19,)
e =RULCST, 19, = 0.4
10" H—4-0pt. (B=4,15,)
| +-2FLP (B=14,10,)
|| -Opt. (B=6.12,)
~TFIP (B=6,10,)
[|s=2FLP (B= 10,42

N

SU outage probability
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Pav(dB)

Figure 5.4: SU outage probability against average power P,, with varying 7’2

In Figure 5.5, SU probability results based on ZFLP algorithm for B = {2,4, 6, 8}

are plotted against SU probability results from asymptotic analysis in Section 5.3.
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The result shows that the reduction in the gap between outage performance in
ZFLP and its approximation. For example, at P,, = 11.5 dB. i.e. the difference
is approximately 14.01%, 6.22%, 2.46% and 0.926% for B = 2,4, 6,8, respectively.
This is as expected because the analysis in Section 5.3 is based on the assumption
that L approaches oo, so the higher the B, the smaller the gap between the exact
and the approximated performance. Finally, the result in Figure 5.6 also confirms
our analysis in Section 5.3, where the figure shows the sketch of asymptotic ap-
proximated SU’s performance from ZFLP and the actual performance from ZFLP
against L = 2B, comparing with the corresponding full CSI performance. Notice-
ably, the curve of approximated SU performance is improved but with slower rate
for additional feedback bit and eventually reaches the performance of the full CSI
case. The simulations show that SU performance from asymptotic approximation is
indistinguishable from the simulated result from ZFLP algorithm for B > 8 and the

performance is quite close to full-CSI case when B > 10.

=030 =02 =0.1P, =15 dB.

SU outage probability
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Figure 5.5: SU outage probability from ZFLP and from asymptotic analysis against
average power P,
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Figure 5.6: SU outage probability from ZFLP and from asymptotic analysis against
L =28

5.5 Conclusion

This chapter has considered a cognitive radio network in underlay paradigm with
a single pair of PU and SU, where the PU’s service quality is protected by outage
probability constraint. Assuming that the PU uses a constant power control, SU
outage probability minimization problem subject to an ATPC and a POC under
quantized feedback scenario has been investigated. First, the optimal channel struc-
ture for a given power codebook was obtained and then a locally optimal codebook
was solved for by using the KKT necessary condition. Later, we proved that the
lowest power level, pr, approaches zero as B grows large. This fact allowed us to
propose another algorithm for suboptimal solution, called ZFLP, by assuming that
pr = 0. The numerical results showed that the SU outage performance from ZFLP
algorithm is close to the performance from a locally optimal solution for B > 10 but
offers lower computational complexity. Also, ZFLP outperforms another suboptimal
algorithm (GLA+SFA) for any given number of feedback bits. Finally, we approx-
imated SU outage probability performance with the aid of several properties of a
locally optimal power codebook when the number of bits grows large. The numerical

results illustrated the difference between exact SU outage probability performance
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with our approximation against varying number of feedback bits, showing that the

gap is nearly indistinguishable when B > 8.
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Chapter 6
Conclusions

This thesis investigated power-efficient resource alllocation strategies for underlay (or
spectrum sharing) based cognitive radio networks in fading channels coexisting in the
same frequency band with delay-sensitive primary user(s) where the service quality
of each primary user is guaranteed by an outage probability constraint. Below, we
will summarize our contributions and give possible ideas for future research related

to the topics in this thesis.

6.1 Summary

In Chapter 2, we derived the optimal power allocation strategy to maximize the
service-outage capacity for an OFDM-based secondary user in N parallel fading
channels where a distinct delay-sensitive primary user possesses a given subchannel.
With perfect channel side information at the secondary transmitter, the solution
was obtained by a probabilistic power allocation technique which reveals that the
optimal power policy is randomized among 2V 4 1 deterministic power policies. The
complexity of the optimal solution thus increases exponentially with the number of
subchannels. Hence, we also proposed a suboptimal power strategy that is random-
ized among only 3 deterministic power policies. Performance comparisons between
the sub-optmal and optimal solutions were presented.

In Chapter 3, we focused on a cognitive broadcast channel sharing the same
spectrum band with a delay-sensitive primary user with perfect channel side infor-
mation assumed at the secondary network. The optimal power policies to maximize
the ergodic sum downlink capacity subject to either an average or a peak transmit

power constraint were derived under continuous fading channel assumptions. The
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associated optimal strategy is that the secondary base station assigns the a given
time slot (or equivalently a fading block over which the channel remains invariant)
to only one user. Such a dynamic time-division multiple-access characteristic al-
lows us to investigate further how the ergodic sum capacity scales as the number
of secondary receivers, M, becomes large. We have shown that, if the PU adopts
an ON-OFF power policy with constant power control when ON, the secondary
ergodic sum throughput in BC scales according to log(log M). If the PU uses a
truncated channel inversion power control, the secondary sum throughput scales

like €, log(log M) where ¢, is the PU outage probability threshold.

In Chapter 4, we studied continuous fading cognitive multiple-access channels
with a real-time based primary user with full channel side information assumed at
the secondary base station and the secondary transmitters. In Section 4.2, we fo-
cused on the ergodic capacity notion. We initially considered the special case of
ergodic capacity acheiving region, i.e. SU ergodic sum rate maximization problem
subject to POC and average transmit power constraint at each secondary trans-
mitters. The optimal solution expresses that at most two users can simultaneously
transmit. Later, we characterized the ergodic capacity achieving region with the sim-
ilar types of constraints by using mathematical ingredients due to the polymatroid
structure of the problem, showing that successive decoding is optimal. In Section
4.3, we addressed two problems of outage capacity, i.e. common outage capacity
and individual outage capacity. We proved that common outage capacity region
and individual outage capacity region can be acquired by implicitly deriving the
minimum common outage probability and the individual outage probability region,
respectively, for a given rate vector. The optimal policies for both common out-
age probability and individual outage probability minimizing problems also reveal
that successive decoding is optimal. Additionally, the effect of decoding order was

llustrated via numerical simulations.

In Chapter 5, we examined the outage minimization problem for a single-antenna
secondary user with a delay-sensitive primary user under quantized feedback. By
using the nearest neighbourhood condition, the optimal channel partition structure

can be derived for a given power codebook. Thus, the problem can be reformulated
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in terms of the power codebook and the locally optimal power codebook is solved
accordingly by using necessary Karush-Kuhn-Tucker conditions. However, the com-
plexity in computing a locally optimal power codebook increases as the number
of feedback bits becomes large. In order to alleviate the burden on computational
complexity, we also proposed a suboptimal algorithm called zero-forced lowest power
level algorithm (ZFLP) by assuming that the lowest power level is zero, which is a
property that is achieved by the power codebook as the number of feedback bits goes
to infinity. In additon, an asymptotic analysis on the SU outage probability based
on the ZFLP algorithm was given. Numerical results were provided to validate the

performance of the ZFLP algorithm and the asymptotic approximation.

6.2 Future research

For the work on Chapter 2, the complexity to evaluate the optimal power in each
channel state increases as the number of subchannels grows, hence a suboptimal algo-
rithm was proposed. One can investigate power allocation schemes that can perform
better than our proposed suboptimal algorithm. It is also possible to consider the
optimal power control when each PU is not bounded to be just a delay-sensitive and
may possess more than one subchannels. Further, there may be more than one PU
operating in each subchannel. However, in order to analyze this case one requires
the expression of the capacity of parallel interference channels which is still a largely
unsolved problem. Also, when CSI at the OFDM-equipped secondary user is imper-
fect, one can extend this work by analyzing the power control under quantized or
noisy channel feedback.

In the work on Chapter 3 and Chapter 4, we have considered the multiuser
scenario in secondary network with only a single primary user, so it is possible to
extend this work to the case of multiple primary users in the primary network.
Also, CSI of the entire network is presumed to be available at each transmitter
which is hard to obtain in practice. Therefore, the more challenging problem is how
to design efficient power control policies given that only quantized channel feedback

is available. Essentially in typical broadcast channels where the receivers do not
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cooperate and the number of bits fed back to the base station increases with the
number of receivers. It is worth mentioning that one can consider the throughput
scaling analyses for cognitive MAC in the similar manner as we did for cognitive
BC in Chapter 3. Other types of wireless channel models, such as Nakagami-m
or Rician fading, can be considered in the future extensions as the channel model
obviously affects the throughput scaling result. Another intriguing problem is to
elaborate the resource allocation problem to a cognitive MIMO network with a
delay-sensitive primary network since in this case both a beamforming codebook
and power codebook must be appropriately designed.

Finally, the work on Chapter 5 can be extended to the case when there is no
band manager and the secondary transmitter acquires partial side information via
receiving quantized feedback directly from the secondary receiver and the primary
receiver separately and the quantized feedback design from both terminals is re-
quired for the secondary network. In brief, one can further analyze the problem
using separate scalar quantization, as opposed to wvector quantization that we have
considered in Chapter 5. Besides, other utility functions can replace the outage
probability. For example, secondary ergodic capacity maximization subject to pri-
mary user’s outage constraint and average transmit power constraint under limited
feedback is still unexplored. Another possibility for extending this work is to ana-
lyze more generalized scenarios, such as when the secondary user is equipped with
OFDM technology like the work in Chapter 2 but within a limited feedback scenario,
or when each secondary terminal is equipped with multiple antennas, or even when
there are multiple secondary and/or primary users, e.g. cognitive BC or cognitive

MAC under a quatized feedback setup.



Appendix A

Proofs in Chapter 2

A.1 Proof of Lemma 2.2.1

We first show that for an arbitrary feasible probabilistic power scheme Pg(v), we can
always construct another feasible scheme P’ (v) which is randomized among deter-
ministic power schemes py; (V) with time-sharing factors wy;(v), and performs equally
well or better than Py(v) . Since Py(v) is feasible, P4(v) satisfies all the constraints,
ie. E[(Py(v))] < Pav, Pr{rp(v, Pi(v)) <19} < €, and Pr {Z rsi(v, Ps(v)) < TO} <
€s. By the definitions of py;(v) in (2. 4) and wg;(v) in (2.3), we have the following

condition: v N
S Bl P | ) = 0]
(@) N .
S B | Puv) | 5 v palv) 2 1800
(b) N w14V Wa (V)—w1;V
= L, el pi(v) + Ly, (1)
N
where (a) follows from Jensen’s inequality since > 7y (v, ps;(V)) is concave over pg(v)
i=1
and (b) follows from the fact that F [ (V) | Z rsi(V, psi(V)) > rg,u} = %pu(u)—i-

%(w)“()pzz( v) by conditional expectatlon.

Furthermore, for all ¢, Pr{P.,(v) = p1;(v)} = w1;(v) and Pr{P.,(v) = pau(v)} =
wo;(v). Hence, wy;(v)+wsy;(v) = Pr {P’ (v) = {PSZ-(VH g: ri(W,psi(v)) > 1w ]v} =
we(v) for all i. .

In other words, Pr {P;(y) =F |:PS(I/) | iTsi(V,psi(V)) > Tg,u} | I/} = wu(v).

Therefore,

Pr {% v, PL)) = 10 u} > wy(v) and F [Pr {iﬁ’:lrsxv,P;i(u)) > 9] ”H >

E w, (V)] > 1—¢€,. This implies that the new power scheme P/ (v), if feasible, results
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in an SU outage probability performance that will not be worse than that of P (v).

Now, we will show that ry; (v, E [Py(v) | (v, psi(v)) > r9;,v]) > 1), Note that
+

when 7,;(V, psi(v)) > r, it implies py(v) < é (%Agi) - No) , i.e. the possible

%) )
P ePi—1

solution lies in a halfspace. Further, notice that E [Py(v) | rpi(v, pu(v)) = 10, v] is
a convex combination of the possible solutions in that halfspace weighted by the
probability that each solution can happen. So, E [Py (V) | (v, psi(v)) > rgi,l/} also
lies in the same halfspace due to convex set properties, which means

ro <ryuw,E [Psi(l/) | rpi(V, psi(V)) > 10 V])

pi = "pi
(0

\¢) w1;(¥) w1 (V)
= i P () T e P (V))

where (c) follows again from the definition of conditional expectation.

In addition, Pr {P,(v) = E [Psv) | (v, psi(v)) > 19, v] | v} = wu(v) +ws(v)
and it can be shown that E [Pr {ry,(v, P,(v)) > 15 |v}] > Ewu(v) +ws(v)] >

1-— €pi-
N 4
Also, E[(P.(v))] = E]D_ > wri(W)pri(v)] = E[(Ps(v))] . The feasibility of
i=1k=1
N
P’ (v) has thus been proved. Finally, it can be shown that F {Z rsi(V, P;Z(V))] =
i=1

N 4 N
E|> > wki(l/)rsi(u,pki(l/))} > F {Z rei(V, Psi(y)):|7 where the inequality follows
i=1 k=1 i=1
from Jensen’s inequality. This completes the proof.

A.2 Proof of convexity of (2.5)

Here we suppress the dependence of the determistic power policies and the weight-
ing functions on v. Let xy; = wi;pr; Where wy; = w, — wy;. Then we can map

<p1i7p2iap3iap4iaw1i7w3iaw4i7wa) to (l‘hxm$3,I4,w1i;w3i,w4i7wa)a such that (2-5)
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can be rewritten as

N 4 .
max : E [E > wirs(v, f}’;’l)]

N 4
s.t. (a) FE [Z Z ] < P, (b) ) [wu + w;;i] >1-— €pis
i=1k=1
(c) Elwy+wy] = Elwy] >1— ¢,
N
(d) X v, e + (awns) vy 40 > 0,
1=

(e) wiiprp;i(V) + w3iprpi(V) — x15 — x3; > 0,  (f) we — w1y = wa; >0,

(9) 1 —wg —w3; =wy; >0, (h) 2 >0, (i) wy > 0.
(A1)

Note that in the objective function of (A.1), wy;rs(v, i’;) is concave over (T, Wg;)

(see [25]). To show that (A.1d) is convex, we can rearrange the inequality to be

N h: 1/N Tg . K I/N .

21;11 Wa + 3P0 N, (1 + mgl)] > ween . Since t(z) = (11;[1 z) is concave on
z € RE [90], the left side of the inequality is concave with respect to (wq, 14, ¥2;),
while the right hand side is linear over w,. This results in a convex constraint
when written in the standard form. The convexity of the rest of the constraints are

obvious. This proves the convexity of (2.5).

A.3 Proof of Theorem 2.3.1

We will first solve for pi,(v) to show that there are 2" + 1 possible deterministic
optimal power schemes p*(v) and then derive the solution for all optimal weighting
functions. With wj,(v) = 0, the solution of p;,(v) has no impact on the optimization
problem. Hence, we will consider the case wy,;(v) > 0 in order to solve for pj,(v).
To avoid the repetition, we will show the derivation for pf,(v) only and the finalized

expressions for all pj,(v) for k = 2,3, 4.

N
1) V) —wi; ()
8211”57.( El 1*<:) plz( )+ a" (,,)1 - p21(ll))

_ wi(v) 1
By apy, W) - wlé(,,) wr, v) wg (V) —wy, (v) o alel(gl)-&-NOJ
o waw) Pie) wie) PR
we apply the condition in (2.7), we can now solve for pj,(v) (when wh(u )

follows:

e When ¢*(v) =0 and uf(v) =0

It yields

- az})pi(g,-HNo — A" =0 and thus pj;(¥) = puwri(v, X).
puW)iT

i
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e When ¢*(v) =0 and uf(v) >0

In this case p;i(u)+aépi(§:)+N° — N —ui(v) =0, and wi;¥)(prp; — p7;(V)) +
Wi (V) (Prpi — p5;(¥)) = 0 by u}(v) > 0 from the associated KKT conditions.
Suppose both wi;(v) and w};(v) are positive. Let p};(¥) < pyp.i, which leads to
P4 (V) > prpi which contradicts the definition in (2.4). Similarly, we cannot let
pi;(¥) > prp.i using the same argument. Then one must have pj,(v) = pi,(v) =
Prp.i(V). Again, by (2.4), we can conclude that, when ¢*(v) = 0 and u}(v) > 0,
both wi;(v) and w3;(v) cannot be positive, since identical values of pj,(v) and

p4;(v) cannot achieve the service rate for the SU on one hand (definition of

p;;(v)) and result in an outage for the SU on the other hand (definition of

P5(v))-

When ¢*(v) > 0

wi; (@)

wlz ) pL )+

p5; (V) = prsi(v) in every i-th subchannel in order to achieve mini-

First, let w};(v) > 0 and w}(v)—w};(v) > 0. Then one should have

wg (V) —wi; (¥)
wg (V)

mum power consumption.

Thus, we have

)+ B g 1) S )
(,,) St apli w;(u) Tsz apzi v = Tsz(y7prs,z v

*
Wq

S, g W)+ (v, p )| <

w(v) wg (V)

M=

i=1

(A.2)

where (d) follows from Jensen’s inequality.

The above result implies that if SU randomly switches between the strategies
pi:(v) and p3;(v), the average SU rate in that specific v will be less than r?.
But from the definition, we know that w}(v) = Pr(Zﬁil rsi(W, prsi(v)) > 1r0).
Hence the only possibility is that the equality is met if and only if pj,(v) =
p5; (V) = prsi(v). However, this is impossible due to the definition in (2.4).

Hence, to achieve r? with probability w*(v) for a given v, it can be done by
L. either wi;(v) = w;(v), w3;(v) = 0, pi;(¥) = prsi(v),

2. or ’LUL(I/) - O’ U);l(l/) - UJZ(I/)7 p;(”) = p’/‘s,i(”)‘
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Now, we will consider the two sub-cases when u}(v) > 0 and u}(v) =0

— When ¢*(v) > 0 and uf(v) >0
As uf(v) > 0 pi,(v) = prpi - However, this optimal power p};(¥) = p,p; is
not one of the conditions for ¢*(v) > 0 discussed earlier, unless p,,; = prs;i
with positive probability, which is not possible for a continuous fading
scenario. Although it is possible that p,,; = prs; for a discrete fading
scenario, this will not affect the optimal solution.

— When ¢*(v) >0 and uf(v) =0
Then, From the three conditions previously discussed, it shows that if
both wi,(v),ws,(v) > 0, then pj,(v) = p5;(V) = prsi(v), (by consid-
ering the the optimality conditions when ¢*(v) > 0 and pj;(v) > 0),
which is impossible by definition. So, if ¢*(v) > 0 and wj;(v) > 0,
then pi;(v) = prsi(v) while w};(v) = 0. Furthermore, it is impos-

sible for p};(¥) = prsi(v) to hold when p,s(v) < pur¥, \*) because

1+2%) P (0, * .
Prei(V) = ( ;3(’}) - alez(hg_zHNo) > puri(V,AY), Vi. Note that here

1+ q* (v)

wg (v)

A*

we have u(v) =

Applying a similar procedure to p;,(v), for k = 2,3,4, we obtain the closed form

solutions of all p},(v) as follows

PufiW,A"), wi;(v) >0, prs(V) 2 PuwfV, A), Puwri(V, A) < prpi(v)

pTi(”) = prs,i(’/) ) wi‘(y) > 07 pwf(ya)‘*) =< pTS(V)7 pwf,i(’/7 )‘*) S pTPﬂ'(V)
pr,i(V) ) ’LUL(I/) >0, prs (V) = pwf(u7 A*),pwf,i(yv A*) > prp,i(V)
(A.3)
. PwtiW, ), wi(v) —wi;(¥) >0, prs(V) = Puwsv, X¥)
P3i(v) = ' ' ) (A4)
prs,i(V) wi (V) —wi;(¥) >0, pup¥,\*) < prs(v)
* pwﬁi(l/,)\*), w*z(y) >07pwf,i(va)\*) <pr ,i(V)
p3i(v) = i . P (A.5)
Prpi(¥) s w3, (V) > 0,pwfi(V, A*) > prpi(V)

P5W) = puwpi@, A7), wy(v) >0 (A.6)
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Now, we will derive optimal solutions for wi,(v), w3;(v), and w}(v).

w3 (v)
Regardless of whether ¢*(v) is zero or strictly positive, we have af}i(—'(','/))) = 5; +
31
Tsi(¥, D3i(V)) — Ap3i (V) — (rsi(V, pai(V)) — Apai(v)) — nf (v) (note that when uf(v) > 0,
the term u} (V) (prpi (V) — p5;) = 0 from optimality conditions). Hence from the KKT

conditions, it follows that

) { =0, s +rsiW,p3i(v)) — Apsi(v) < (r5i(V, pai(v)) — Apai(v)) + 0 (v)

>0, si+ 71V, p3i(v)) — Ap3i(V) = (rei(V, pai(vV)) — Apai(v)) + 0 (v)
(A7)

Note for wj;(v) and wj;(v)

e Suppose that 1 —w!(v) > 0. From (A.7),

ai(...) ) )
dwy,(v) 0= w3y >0, Bsiy = Baiv +1; V) > Baiy
N wy; =0, Biip > PBaiy, 17 >0
wy; >0, Bsiy = Baip, 1y =0
al(”.) * * *
awé‘i(v) <0= Wwsz; = 0, %31',:/ < «%)41',1/ +n = %41',1/7 as 1; = 0

Then, for every %4;, + 1/, it can be replaced by either %s;, or Ba;,.

o If 1 —wi(v)=0, wi,(v) =wj,v)=0

Also, $sip < PBuiy + 1 (V) as Ol-) < () and Briy < PBuip + nf (V) because

— ows, (v) — —

n;(v) 2 0 as w,(v) = 1 —w;(v) — wy;(v) = 0.

e We then have the solution for w;(v) and wj;(v) as follows.

0, 1—wi(v)=0

'UJ;Z(V) _ 0 ’ 1- UJZ(I/) > 07 9332'71/ < r95)421/
H;i(”) ) 1- w;(lj) > 07 t@3@,1/ t@411/
1—w;(u), 1_w;1k,(y) >07 <@3@',1/ 2%411/
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where 0 < k5;(v) <1 —wi(v).

Optimal solutions for w};(v) and w}(v)

From KKT condition (2.9),

o)
>0, Bt ) = 0

wi; (v) -
_ aI(...)
—0, Pl <o
al(...) _ * * * % *(v) p1i(¥)—p3;,(¥)
i) (Si F v P)) = X0 + e T e CEE l(”;f”"%’p;i(m‘”Pp",i".”No)

—(rsi(v, p5 (V) = A'p5,(v) + 77 (v))
Remark: Again, note that the term u}(v)(p,,;(v) — p;;) = 0 due to the optimality

condition.

From KKT condition in (2.8) that 6?55'('3) = 0, we also have
17

N
* * * % * *(@)wi;v) p1;(v)—p3, (V)
sot 2 | i3 (v) = XNp5(v) + 9 (v) — T e TR A TP
a i;l ( st 2i 21 i (wxW))? 1ulg((u;p,{i(u)+( a(w);@)h( ))p;i(y)Jr lpmf(LiHNO
= )~ M) + )
1=
(A.8)

CASE 1: If ¢*(v) > 0

Since we have shown that in this case wj;(v) and w3;(v) cannot be positive at
the same time (i.e. ¥ N.% is an empty set), we have the two following cases:

CASE 1.1: wj;(v) =wi(v) >0 and w;;(v) =0 = ~v'v)>0

We have pj,(v) = p,s;(v) and the condition from 8(35,(5"('1)/) that
17

Priv = (57 + (rai(v,p};(v)) — A'p1;(v)))
(v p1;(v)—p3,(v)

:T‘V, *-V —)\**V“I'*V_q*) * * *
(rsi(v, p3;(v)) Py (V) + 7 (v) wr (V) Wi, *v(l/)+(wa(u)iwli(u))p;i(ll)+
)

aiPpi (¥)+Ng )
wi®) h;
—p5;,(¥) )

_ . * q
= (rsi(V, p3;(V)) — N'p3;(v) + 7] (v) — wE (V) py-s,i(V)-&-aiPpi;(L:HNo

For ws,(v) = 0, we can set p5,(v) = pj, ;(v) arbitrarily, resulting in %;, = PBai, +

Vi (V) > PBaip. Note that this case happens when p,;(v) < p,,;(v), i.e. i-th PU is
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not disturbed by p;(v) = pj, ;(v).
CASE 1.2: wj;(v) =0 and wi,(v) =wi(v) >0 =~/v)=0

Briw = (57 + (rsi(v, p1;(v)) — Xpj;(v)))

< (rg(v,pt.(v)) — Nk (v) +0 — qi(”) _ *p’fi(”)*_P;i(V) _
(rsi(v,p5;(V)) Py (V) W (v) Z%i((:))PTi(”)JF(wa(l;),;{:ii(v»i’ﬁi(”) aleZ}(:H»NO) (A.9)

K3

= By

As p;;(v)) can be arbitrarily set to be equal to p},(v) since wj;(v) = 0.

Note: For w!(v) >0 and ¢*(v) >0

Consider the term

N
7" W)wi; (v) p; (V) —p3;(v)
st 2 | 1@, 03 () = NP5, (V) + 9 V) — EohT e e e o) . e TN
i=1 wi(v) pu(")"" wE W) p2i(”)+ hj
* * ok * 7" ()wi,(v) p1i(¥)—p3;(¥)
Then, ry (v, p3;(v)) —A"p3; (V) +7; (v) — W) T . CHOETACIN o Ppi )+ Ng

W) PLT ey P )
can be replaced by %, for the subchannel that wj;(v) = w}(v) . Likewise, in the

subchannel that w3, (v) = w}(v), we can replace the term by %s;, as v/ (v) = 0 and

g (v)wi;(v) pi;(v)—p3;(v) =0
WL 5 ) SO
Thus, we can replace the left-hand side of (A.8) by s* + > Briv + >, Boin —
1€ 1€.S
> Py, where > Ay, appears when both wi;(v) and w3, (v) are positive.
1€ S1NS s 1€ 1N.S s
However, we have > %y, = 0 in this case because either wi(v) or wi(v) is
1€ 1N
positive in this case and . N .%5 is an empty set. Then, the following conditions

are obtained.

e D <wi(v)<1

*
a

right—hand side of (A8) by Z %32'711_’_ Z %4”, — Z %3@,, as %41",,%—7];( (I/)
1€.S3 IS 1€.S3N.Sy
is equal to either %s;,, or Ha;, as shown previously.

In this case, both wi(v) and 1 — w’(v) are positive. We can also replace the

Finally, we have

s+ Y Brivt >, Boiv— Y, Bruv= > Bsiv+t >, Buv— Y B3y
1€ES SS ) I€ES1NS 2 1€ESS PSS I€ES3N.SY

Note that the intersection term appears if both w},(v) and wj;(v) are positive

at the same time, thereby yielding %s;, = PBuip.
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The right-hand side of (A.8) can be substituted by Z (Bain +nf(v)]. Since
1 —w;(v) = wy;(v) = wj;(v) = 0 and n; (v) > 0, we then have

N
Sat 2 Brivt+ X Boiv— D Frp =) [Baip +n; V)]
1€ 1E€E.So 1€ES1NS s i=1
(e)
> Z Biv+ >, PBriv— Y, Bsiy
€3 1E€ESY 1€S3NSY

Note that (e) follows from ABs;, < Buip + 1 (V) due to the associated KKT
condition and By, < Baiy + 1 (V) because nf(v) >0 .

Hence, for ¢*(v) > 0 and w’(v) > 0, we have

0, wiw) >0, Bip < Boip

w;(’/) ) ’LUZ(I/) > Oa <%11',11 > %21',1/

Wy (V) = w,(v) — wy;(v).

CASE 1.3: wj;(v) =w};(v) =wi(v)=0 =~f(v)>0

This case happens when SU can achieve the target rate with equality (¢*(v) > 0)
but it is not selected as it is not an optimal strategy. As both wi,(v) and w3;(v)

are zero, we can arbitrarily set pj;(v) = p3;(v) = o(w}(v)), such that %y, +
7 (v) p1;(¥)—p5; (V)

b wi, ) (wg (W) —w]; ()

w (v) wlé'{(:) pl(w)+ :u;;(y)l v ph; (v)+

o(w(v)) is to ensure that the term involving (pj;(v) — p5;(v)) in the numerator

STy = Briy < PBaiy + 7 (V). The choice of
h.

approaches 0 in the limit as w}(v) — 0.

Finally, we can conclude that for ¢*(v) > 0
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(

0, si+ > Brip+ >, Boip— Y, Py
€S 1€.So 1€.S1N.S s
<Y Buiv+ Y, Buiv— Y, PBsiv
1€S3 1€.SY 1E€.S3N.SY
KaW), sat+ > Briv+ X Boiv— D, By
’ZU*(I/) _ €S SS ) 1€S1NS
a
=Y Biiv+ Y, Baip— Y. Baiy
1€.S3 1€.SY 1€.S3N.Sy
1, s+ > Briv+ Y, Boiv— Y, Bup
1€ 1€.SS 1E€ES1NS s
2 Z f%)?n‘,u + Z c95)41‘,1/ - Z %Bi,u
1€.3 1€ 1€ 3NS5y

CASE 2: If ¢*(v) =0

e Suppose that w’(v) > 0. From (A.8),

a1(...)
811);(1/) =0= wL(V) > 07 <%li,l/ = %Qi,u + 'Yz* > <@21’,1/
N wi W) =0, PBriy > PBoip, vF >0
wi W) >0, PBiriy = PBoip, 7, =0
di(...) . . ,
owy,(v) S0= wy; =0, Briy < Poip +7; = Poip, a7y =0

o If wi(v) = 0, then wj;(v) = w},(v) = 0. Note that as ¢*(v) = 0, we then
have %1iy < PBaip + 77 (v) by KKT condition and HBa;p, < HBaip + 77 (V) as

w3 (v) = 0, making v/ (v) > 0 for all i.

e We then have the solution for wj;(v) and w3, (v) for ¢*(v) = 0 as follows.

0, wi(v) =0
0, wWiW) > 0, Briy < Bo;
wi;(v) = ) = (A.10)
K1 (V), wi(v) >0, Briy = Paiy
\ w;(l/) ’ wZ(V) > 07 %M,V > <@21',1/
wy; (V) = wy (V) — wi;(v). (A.11)

where 0 < &};(v) < wi(v).

Then, as ¢*(v) = 0, for every s, + 7/ (v), it can be replaced by either %, or
%21;,1/-

There are 3 cases that we have to consider.
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L. 0<wi(v) <1

In this case, both w}(v) and 1 —w}(v) are positive and ¢*(v) = 0. Thus, we can
replace the left-hand side of (A.8) by st + > Briv+ >, Boiv— >, PBriv
1€ 1€.SS 1E€ES1NS s
and the right-hand side by Y Psip + >, PBaiv — >, PBsip. Finally, we
IS % IS 1€.S3N.Sy
have

se+ Y Briv+t Y, Boiv— Y. Brv= D Bsiv+t >, Buiv— Y Psiy

1€ 1€.So 1€.S1N.S s 1€ 1€SY 1€.S3N.SY

Again, note that the intersection term indicates the possibility of using a
randomized strategy for a given channel state v, which can happen when the

fading state is discrete.

2. wiy) =1

As w}(v) > 0, the left-hand side of (A.8) can be replaced by s + > P, +

€S
N
Yo Boiv— >, Py while Y [Py, + nf(v)] can substitute the right-hand
1€S o 1€ S1NS s =1

side of (A.8).
Since 1 —w(v) = w};(v) = w};(v) = 0 and 5/ (v) > 0, we then have

a

N
si4 > Briv+ Y, Boiv— D>, Py = [Py +n V)

1€ 1€E.S 1€ES1NS s i=1
(9)
> > Baiv+ Y, Buiv— Y. PBsiy
1€53 1€SY 1€.S3N.SY

Note that (g) follows from the fact that %z, < Baip + nf(v) due to the
associated KKT condition and Hy;, < PBui, + 1) (v) since 1 (v) > 0 for all 4.

3. wilv)=0

As 1—w(v) > 0, the right-hand side of (A.8) becomes > HBsip+ > Buiv—

1€.S3 IS

N
> Psip and the left-hand sideis s7 4+ [$aip + 77 (V) — 0] because ¢*(v) =
i€y3ﬂy4 =1

0.
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Since w}(v) = wi;(v) = w3;(v) = 0 and ~/(v) > 0, we have

Yo Bsiv+ Y. Baiv— >, Bsip =sp+ > [Py +(v)—0

1€S3 1€ESY 1E€ES3NS i=1
(R)
> sp+ > Bripvt+ >, Boip— Y, By
1€ SS%) 1€S1N.S s

Note that (h) follows from %y, < Py + 7} (V) due to the associated KKT

condition and s, < HBaiy + i (V) since v/ (v) is non-negative.

Thus in this case also, we have

0, se+ > Briv+ Y, Boiv— Y, Bup
1€ IS 1€ 1NS
< > Biv+ Y, Buip— Y, Bsiy
1€.3 1€.5 1€.3N.Sy
KaW), sa+ > Prup+ 2, $oiv— Y. Py
w*(l/) — 1€ 1€.So 1€ NS (A 12)
N )
= > Bip+ Y, Baip— Y. By
1€.S3 1€y 1€./3N.Sy
1, se+ > Brv+ Y, Boiv— Y, By
IS % ISS% 1€S1N.S
> > Bsiv+ >, Buiv— Y, Bsiy
1€53 1E€SY 1€.S3N.SY

Therefore, (A.12) always holds regardless of the value of ¢*(v).

Remark: For the continuous fading case, the condition s+ > P+ Y. PBaiv—
1€ 1€.Ss
Yo Brv =, Bsiv+ >, PBup— Y, s, issatisfied with probability of
1€ 1N 1€.S3 1E€.SY 1€S3NSy
zero measure. In other words, we can simplify (A.12) to the following:

0, si4+ > PBriv+ >, Poiv— Y, Blip< > PBsip+ >, Paiy

w*(l/) — i€ IS %) i€ES1NS 2 €SS €Sy
a
L, si+ > Brip+ >, PBoip— Y. PBriv> > Bsiv+ >, PBuiv
1€ 1€So 1€ES1NS s 1€.S3 1€E.Sy

(A.13)



Appendix B

Proofs in Chapter 3

B.1 Proof of Lemma 3.2.1

Proof. For an arbitrary feasible probabilistic power scheme P(x) with conditional
PDF fpx(P(x)| X),another feasible scheme P/(x), which is randomised between
two deterministic power schemes with time-sharing factors w(x), can achieve higher
SU average rate. The feasibility of P(x) implies that E[% Pi(x)] < P,, and
Pr{ry((),P(0) <12} < .

Since p; is feasible, we know that r,(x,p1(x)) > E[rp,(x; Ps(x)) | ro(x, P(X)) >
r9,x]. Therefore, all of possible p(x) such that 7,(x, p(x)) > rp lie in the halfspace
defined by p?(x)B8 < (iP:_l) — N0> . Thus, p1(x) must also be in that halfspace,

o 1008 < (421 - )
Construct the new probabilistic scheme P’ such that P’ = p;(x) with probability

w(x) and P’ = py(x) with probability 1—w(x), where w(x) =  Pr {r,(x,P(x)) > 5| x}.
For the PU’s outage probability based on the policy P/, we can show that

Prir,(x.P'(x)) = rp | x} 2 w(x), so Elw(x)] = 1-¢,

As E %W(X)M(X) + (1 _w(X))P2(X)} = F LiP(X)} < P,,, so the new

power control P’()x) satisfies the average transmit power constraint.

Finally, we can show that average SU rate by P’(x),

Elry(x, P'(x))]
= Ew(x)rs(xpi1(x) + (1 —w(x))rs(x, p2(x))] (B.1)
> Ers(x,P(x))]

by the aid of Jensen’s inequality for concave function. O]

153
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B.2 KKT conditions for ATPC

ol(...) =0, p;(x)>0 -
g (x) { <0, pL(x)=0 (B2)
51(..) =0, 0<w*(x)<1
(...
aw*(x) U, w (X) =0 (B'?’)
>0, w*(X) =1

A* (Poy — E [T (w(x)p1(x) + (1 — w(x))p2(x))]) =0
ST (Ew'(x)] — (1 —¢)) =0
U*(x)w*(x) [Zp(x) — B1TPi(x)] =0

P s s s
©w T T W =
x 2 e &2 £

0<w(x) <1

B.3 Proof of Theorem 3.2.1

we will derive the optimal solutions for pi(x), p3(x), and w*(x) by using the condi-

tions from (B.2) to (B.8). If w*(x) > 0, we have | —=——2; — A* = U*(x)3 | <
1+_§1PL-(X)21'

0 by (B.2) where the condition is met with equality iff pi;(x) > 0. For any j # i,

AU 0B _ AU (08
i J

fied. Notice that the numerator terms are exactly the same and z; is independent of

if p;(x) > 0 and pj;(x) > 0, the condition must be satis-

z; which happens with zero probability for continuous fading distributions. Define
_ ()

Php(x) = =% Thus,
Pivri(x) s w (x) =1, pivp(x) < prp(x), @ = argmax 2,
P00 =9 phex) w () =1, plvr(0) > Prp(x), i@ = argmax z,  (B.9)

0 , otherwise
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If (1—w*(x)) > 0, we can solve for p3; by (B.2), yielding [ —2+——2; — A* | <0.
1+§1p§¢(X)Zi

The condition is satisfied with equality iff p3;(x) > 0. Again, £ = £ happens with

zero probability for ¢ # j in the case of continuous fading channels. Therefore

N p%F,i(X) ,w*(x) =0, i = argmax z,,
Pai(x) = mel (B.10)
0 , otherwise

For w*(x), first define two benefit functions as follows.

[

B

%1»(
B

‘%)2»(

rs(x, Pi(x)) — A*17pi(x) + S*

(B.11)
(X, P3(x)) — A*17p3(x)

>

By (B.3), we get

. 1, #B8 > B8
w(x) = P (B.12)
0, HBry < Byy

B.4 KKT conditions for PTPC

=0, p; >0

ailzi&) { o :E; . (B.13)

=0, O<w*(x) <1

>0, wi(x)=1

A*(x) (Po = 1" (w()P1(x) + (1 = w(x))p2(x))) = 0 (B.15)
ST (Ew*(x)] —(1-¢)) =0 (B.16)
U*(x)w*(x) [Z(x) - B17pi(x)] = 0 (B.17)
Pr(x) =0 , k=1,2 (B.18)
0<w(x) < 1. (B.19)
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B.5 Proof of Theorem 3.2.2

we will derive the optimal solutions for pi(x), p3(x), and w*(x) by using the condi-
tions from (B.13) to (B.19).

By applying the same procedure as in ATPC case, we can obtain the optimal
power control in PTPC case. To avoid repetition, some crucial results in PTPC case

are summarized as follows.

e When 1 — w*(x) > 0, the condition | —7+——2; — A*(x) —U*(x)3 ] <0

I+ 'Zl p3;(X)%i
i=

can be acquired from KKT condition. Notice that A* = A*(x) in this case
because it is the Lagrange multiplier PTPC. The power control pj is

Po ,w*(x) =0, i = arg max z,
Pai(x) = meZ (B.20)

0 , otherwise

e When w*(x) > 0, it requires that [ —;=——2; — A*(x) | < 0. The power

1+§1P3i(x)2¢
control pj is
Fo 7w*(X):]-7 Fo Sp*RP(X)? i:argma%i Zm
me
0 , otherwise

(B.21)

e The solution for w*(x) in PTPC has the same expression as in (B.12) except
A*is replaced by A*(x), i.e. it varies with channel state x.

B.6 Proof of Lemma 3.3.1

We know that Fiz(z | Sf) = 1—% while Fiz(z | S1) = 1—exp(—Nyz). Hence, we

. . E[log(zmax)l{z ax>A*} |$f]
1 or lim max =
will prove log(log(M))

. E[log(zmax)l{zmale\*} |Sl]
to prove that ]\/1[l£>noo Tog(log (M)

= 1 only due to the similarity in the procedure

= 1.
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The normalizing constants a,; and by, for Type-I convergence can be determined

by solving for F(by) =1 — 5 and ap = 1(by), where 1 is the reciprocal hazard

function, i.e. ¥(2) = (1 — Fz(2))/fz(2).

Afterwards, we can apply recursive method to find by, and a,; as follows.

by = Nio [log M —log(1 + P.bys)]
= Nio log M — NLO log(1 + %} [log M —log(1 + P.bar)])
1 1 Pe 1 1 log(14P.b
= x5 log M — 5 log(5t log M) — -log |1+ o Ogécmg]\/z[w)] (B.22)
0 0
&logM
- 1 _ 1 P 1 N,
 No log M No 1Og(No log M) + No log %logM-i-Ol—log(l—&-Pch)]
= NiologM — Niolog (%}logM> +0 (101“’;?5\(/[]\)4))
_ 1-Fx(by) _ ( exp(=Nobar) exp(—Nobum) P.
aM = fX)((bMI;I _( li)—l-chMM )/( I1)—|—Pcl;)1\/[M [H—Pch +N0})
_ Peby+1 1 P.
= et = % (1 morrervormy) (B-23)

S5 (-8) =% (-0 ()

where £ = Ny + P, + NyP. [NLO log M — NLO log (% log M> +0 (1Oi§(%\2ﬂf)>]. Follow

the same procedure as shown in [81], we can first show that, for given g > gr,

log(Zmax)
log(log M)

converges in probability to 1. Then, define the event A.

A ={log M — A*O(log(log M)) < zmax < log M — A*O(1)} (B.24)

E[IOg(zmax)l{ZmaxZA*}‘Sf] > 1

For M is large enough, we can then show that liminf,;_ . ooz M) >

as follows.

E [10g(2max) L zmaeznst | S5 > E[log(zmax) 14 | S] > log(log M) 4+ O(1)

E [log(zmax) 14 |Sf]

E[IOg(Zma")l{Zmasz*} |Sﬂ log(log M) =1+ 0(1)

log(log M)

v

(B.25)
E2max |S5]

g il = 1, by similar procedure from the proof of

Then, we can prove that lim
M—o0

E [log(zmax) Z{zmax >A*} ‘Sf]
log(log M)

Lemma 2 in [81]. Finally, limsup,,_ . < 1 can be shown as
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follows
© Eflog(1+ zmax) | S5] < Elog(1 4 zmax) | S§]

<log(l+ FE [zmax | S¢]

= log(log M) + O(1)

E[log(zmax)l{zmale\*} |SC] —
S 2o =140(1)

(B.26)

Note that the second inequality in (B.26) follows from Jensen’s inequality and the

equality is due to ]Vljlm % = 1. By (B.25) and (B.26), we finally have
i PloBCma) L >amy 1S] _ 4

Moo log(log M)

B.7 Proof of Lemma 3.3.2

First, we will investigate the bound of A*. As ATPC is always met, we have

P, = 23: Pr(S,)E [(AL - Zn}ax)+ |Sk} + Pr(Sy)E [(A*H}*(X)ﬁ B zrja,()-’_ |84]

1

%éuzﬁ

IN

(B.27)

Suppose that ]Vl[im Ay, = 0. For € > 0, there exists M, such that, for M > M,,

L+ > (L - L) For M is large enough

Zmax - € Zmax

A3y < e Therefore, (g —
<€ erefore, (AM

7Z"xx

1
Zmax

converges to 0 in probability, implying that (l — )™ converges to 2 in probability.

Lyt >1 - with high probability. So, with an arbitrary

Zmax

Finally, it means that (£ —

M
small €, SU will violate the power constraint with high probability if A}lm A;, = 0.
Consequently, A}im Ay, > 0.

Now, we are sure that A}, will not converge to zero. Next, we will show that

when M is large enough, A}, is lower-bounded by ;EU.

3 + *
P, = kz Pr(S,)E {( v erax) |Sk} + Pr(Sy)E [(A;ﬁ(}*(x)ﬁ B zrjax> |84}

1 j
+
=5 (% - 5) 18

(B.28)
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Since

+
Jm £ | (3 - 2) 18]

. (B.29)
_ 1 M (A 1 M _ 1
- A/lllinoo A_}‘w(l - FZ (AM | SI)) _Z fA* ZmaxdFZ (Zmax | 81) iy
It is because, as M is large enough, F2/(A},;|Si) and [ Zn}ax dFY (zmax | S1)
Zmax:AM
approach zero. Finally, we have lim A}, > PE’T?ZU‘

M—oo

B.8 Lower bound on k, when ¢, > eg in ATPC with

ON-OFF power control at the primary user

Since Pr{Si} =€), Pr{Ss} = ¢, — €) and we have

ko 1
o0 F_anax o
6;0*62 = fA* S dFe(0]Sf) - dF} (2max| S) - _f dFg(9)
Zmax:E 0=0 9=gr
. (ep—€p) 0 0
Ve = =—"—=(—¢)/(1 —¢))
I oarse T r
9g=4g9rT
oo %72;21)(
= dFe (0] S§) | dFEY (2max | S§)
Zmaxfk* ( 010 ' “ ! (B30)

b

= N <1 - 1+co<°11)> dFM (Zmax | S5)

20—
A Zmax

o
S (1 - 1+ %OCO> ' f dFéw(ZmaX‘ Sf)
A* __A¥

Zmax= ko
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B.9 Lower bound on E[rf| S{] when ¢, = ¢) in ATPC

p

with ON-OFF power control at the primary

user
Bylsi = f J log(*42<)dFe (0] SF)dF}! (zmax | SF)
Zmax:A* 0:/\71*_z 1.
N mldx
A* Zmax

=+ f f IOg(l + Zmaxe)dF@(e | Sf)dF%(zmaX | Sf)

Zmax=A* 0=0
o0

B f log(%) (1 N F@(e - 1 Zmax | 81)> dFéw(Zmax | Sf)
Zmax:A*
oo
— log Zmax (1_F® 9:%_ 1 C)dFMZ Sc
Zma;(f:A* ( ) ( A Zmax ) Z ( max| 1) (B'31)
s Zmax
Zmax 1 TAE FM . .
+Zma);f=/\* FmaxCo 0g(1+CO(AL*7ZmIax))d d (Z a ‘Sl)
s Zmax
== Zmax AR M .
= Zma);[:A* Zmax —Co log(l-i—co(A—l*—zn}ax) )dFZ (Zmax | 81)
o0

= [ e log(#p)dFy (zimax| S)
Zmax*

+ f Zmax 10g( 1CO I ))dFéw (Zmax | Sf)

Zmax —Co 1+Co( -

Zmax= Zmax

The lower bound for E [r*| S¢] is split in to two cases in (B.32) for ¢, < A* and
(B.33) for ¢, > A*.

For ¢, < A*,

Elr| 8]

= T e g dEY (s 92 )

Zmax —Co

Zmax=A
oo
max ° M
+Zma):f_ . anax—co log(l_;’_co( 10 _Zmlax) )dFZ (Zmax ‘ q Z gT)
oo
> f A 1Og(zmax)dFM(ZmaX ‘ Sl) + f erar?(a_xco log( e (io_ - ) )dF%(Zmax ‘ S(lf)
st Zmax= o *  zZmax
oo
= | log(%)dF} (zmax | SF) = [ 1og(§2)dF} (zmax | S)
Zmdx_A* Zmax:A*

Zmax —Co 1+co 1
Zmax— A* Zmax

+ f “max— Jog( e = #) )dFéV[(ZmaX|Sf)

(B.32)
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> N log(2p2)dF ) (2max | SF) — log(52) [1 — FJ' (2max = A* | SF)]
+171% [1— FY (zmax = A*| 87)]
= log(Zma")dF (Zmax | S§) + [ FM(zmaX =A*| Sl)] R co log {%
Zmax=NM\*
> log(z‘““)dFZ (Zmax | SY) + f% log <&
Zmax=NM\*

= B [log(%32) Iz 2n0y | ST] + 2 log §2

For (B.32), the first inequality is from Zmec—log(Zmex) > log(#zx). The sec-

ond inequality is from the lower bound of Q(2max) = 22— 10g(1+c0( Aé"_ - >)

Zmax

which is ﬁlog +2. Note that Q(zmax) is increasing function and always nega-
A*

tive but bounded over the range A* < zp.x < co. Thus, ﬁlog% < Q(Zmax) <

log(1 e ) < 0. The last inequality is from < j‘;o log £ < 0 and increasing in Zyax,

whlle [1 — FM(zm(erx =AN|g> gT)] < 1. Further, as ¢, < A* < m, the minimum

Of 4 log A?k is — L
For ¢, > A*,
E[ry] Sf]
i M
= [ e log()dFY (o | S)
zmax:
max o M
+Zmaxf: . erax_co 1Og(1+co(é_zrjax) )dFZ (Zmax | Sf)
o

Co
= s Jog (2 )d FY (2ax | SO+ [ S Jog(Zmes )d FY (2max | S5)
Zmax—Co Zmax=NA*

+ [ e log( — ))dFéW(ZmaxISf)

Zmax —Co 1 (
C
Zmax—A + o\ A¥

Zmax
o0

> [ log(Zmx)dF} (zmax | SF) + f Zmax - log (22 ) dF ! (2max | SF)

Zmax —Co

Zmax— Co Zmax =

—l—zmaxf_ ) an;a_xco log(1+ O(Aéo_$> )dFZ (2max | ST)
¥ 2 M log(/p\—*) e M 1 c i M c
> log(%:x)dFZ () + == [ dFy () + 1=z log 3% [ dF} (zmax | S)
Zmax—Co A* Zmax:A* AT Zrnax:A*
i log(£%)
= [ log(Px)dF)(.) + [1 — F'(co| S7)] —8g
Zmax=—Co
T log(zmes)dF () + 2832)
> [ log(%mex) Z(')+1X‘i

Zmax=Co

log(£%
— B [log(2) 11, 50,y | 5| + 052
(B.33)
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For (B.33), the first inequality is from Zm<—]og(#mex) > Jog(#=ex). The second in-

max —Co

equality is due to the minimum of Znax—log(2mex) over A* <z < ¢, is A7 log(/c\—:)

max —Co A*—co

and the lower bound of Q(2mnax) Which is l_ﬁ log 2. The last inequality is because
A*

of 0 < [1—FM(co| g > gr)] <1, while log(4%) < 0. Also note that, as 0 < A* < ¢,,

=

log( %)

-

will not go to —oo.

B.10 Conclusion for throughput scaling in ATPC

case

As 0 < A* < P1 the behaviour of throughput in secondary network can be shown

Y
av

as follows.

e Upper-bound : From (3.16), we can analyze the upper-bound

\ Elog(*38) 1z max>a73] (9 4

< lim log(log M)

log(log M) —

M—o0

M—o0

(¢) is because we can also show the convergence in mean for both the set S;

and S¢ by the same technique in [81].

e Lower-bound :

0
— If6p>6p

lim —&
M—o0 log(log M)

. Zmax A <
>l ot (B log(5) 1., oa] +lo(A - 220)

T M—oo

— 3 1 max 1 1
= Jm g B 108(388) Lznazany] + M gy log(

A* Y
o To)

=1

0

— Ifep:ep
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For A* > ¢,

I o
1m [ - E—
M— oo log(log M)

> ¢ <th3>0 Toatog 7 [108(%4) J{Zmaxz“}o

+ (1 — €p) < lim 7log(lggM) (E [log(zxix)l{zmale\*} g > gT] + _7270 log >>

A*

=€, + (1 — ep) N}lm 7log(10gM)E [log(z M oA} | 9 = gT]

0 3 A* )
+ (1 o Ep) ]\/}li)noo log(logM) (I—X—‘; log %)

=1

For A* <e¢,

*

log(log M)

M—oo

1 1 Zmax
= 62 <]\4hi>noo log(log M) [log( ) J{Zmax>/\*}] >

Kﬁ))

0 : 1 max 1
+ (1 - EP) <]\}linoo log(log M) (E [log(zco )Z{ZmaxZCo} | g2 QT} + -

= 62 + (1 — 62) lim 4log(1;gM)E [log(zrgjx)l{zmaxzco} ‘ g > QT]

M—o0
0 1 1 o
+ (1 —€ ) ]\/}lmoo log(log M) (I—X—‘; log %)
=1

Finally, we can conclude that C? grows like log(log M) in ATPC case. Finally,
we can conclude that C grows like log(log M) in ATPC case.

B.11 Proof of Lemma 3.3.3

Proof. When SBS transmits by power P,, KKT condition | —+——2; — A*(x)
1+E p3;(x)zi
must equal to zero, thereby A*(x) = 52—. Also, the boundary between the

region 3 and 4 has to satisfy the condition ‘%lB,x = ‘%2»(' Therefore,

0 = %’B — 932BX = [S* 4+ log(1 4 Ozmax)] — [log(1 + Pyzmax) — A*(x) P,

1+0Zmax — * Py Zmax
1+Pozmax exp S 1+ Pozmax

0 = K(max) = i + 5 (1F Pormae) exp (5" — yzmns.)

Zmax z
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Next, we will show that K(zyay) is strictly increasing over zp.x > 0 when POC is

active, i.e. S* > 0.

K'(2) = & [1 = (552 ) exp (fs* - )|
Let f(z2) = (1112750;) exp( S* — 1+P Z) > 0. Thus,

2
f'(z) = —exp(—S*—lf}’éz> (1+}I:;z) <0, forz>0

) is decreasing for 0 < z < o0, so
f) < fz=0) <exp(-57) <1
SK'(2) =5 (10— f(2) > 22 (1 —exp(—S5*)) >0 for S*>0

22

f=
)

B.12 Expression of 6(P,, c,, )

First, we will show that S* has an upper bound in this case because we know that

Pr{Ss} = ¢, — ¢). Define 7. = (¢, — ¢,)/(1 — €)). Then, we have
Ye = f f dFe(0] g > gr) dFZ (Zmax | 9 = 97)
Zmax=%o 6=0
= J (1 m) dFY (2max | 9 > g7) (B.34)

Zmax=%o

(“ﬁmm))

Note that The inequality is from the fact that (1

IN

1 1
- 1+coK(zmax)> S (1 - 1+coK(oo)>
and K (oco) = P,exp(—S* — 1), the condition on S* in this case becomes 0 < S* <
1—vey
log(Poco=2) — 1.

According to the condition on the set 4 that %’fx > 932%(. We have

§* +10g(1 + Ozmax) > log(1+ Pozmax) — [1 = prpi—|

. log(1 4 Ozmax) > log(l + Pozmax) — S* — 1+ m > log(l 4+ Pozmax) — 5" —1
. log(l+ 0zmax) > log(1l + Pozmax) — [log(POco
. Ellog(l+ 0zmax) | Sa] > Ellog(l + Pozmax) | Sa] — 0(Po, o, Ye)

4
L CF > > Pr(Sk)FE log(1 4+ Pozmax) | Sk) — Pr{Ss} (P, co, Ye)
k=1

Z E [log(]. + Pozmax)] - 6(PO7 007,‘)/6)

1;35) — 1} —1 =1log(l+ Pozmax) — log(P0001;7€
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0

B.13 Lower bound on E|[r;|g > gr] when ¢, = ¢,

for PTPC with ON-OFF power policy at the
PU

Elry|g > gr]
= f f log(1 + zmaxPo)dFe (0| g > gT)dF%(Zmax | g > gr)
Zmax=0 =P,
00 P,
+| [ [ log(1 + zmax0)dFe (0| g > gr) | dFY (2max | 9 > 97)
Zmax=0 0=0
= | [ log(l+ zmaxPo) (1= Fo(0 = P,| g > gr)) dF) (2max | 9 > QT)]
Zmax=0

F| T e lon( ) dFY (e | 0 2 o)

Zmax —Co

Zmax =
o0

— [ 1og(1+ zmaxPo) (1 = Fo(0 = Po| g = g7)) dF} (2max | 9 > gT)) (B.35)

Zmax=0
o0
x 14+P) Zmax
= f zr:aria—co log( —L—})—-’ilgj ) dF%(ZmaX | g 2 gT)
Zmaéco:

_ f Zmax log(’z’é‘:x)dFéw(ZmaX | g Z gT)

Zmax —Co
Zmax—

+
+ f max—Jog( 23 jmdx )dFZ (Zmax | 9 > 91)

Zmax —Co
Zmax=0

o)
o+*
> f zmzi::icco 10g(zrgjx )dFéw(Zmax | g > gT)] log( )
Zmax =
T z M Po+1
2 f log( ‘él:")dFZ (Zmax‘ g Z gT) — IOg(TO)
Zmax—Co

VA Po+c
= Ellog(2222) 1 (2max > o) | g > gr] — log(—5=2)

Remark B.13.1. The second equality in (B.35) is obtained by using integration by

1 1
parts. The first inequality follows from the fact that — log( PO;OC" ) < —ZmaxJog( PO+Z“¥”‘ ) <

— Zmax—Co P, +7 -

0. The last inequality is from p— log(z"“"‘) > 0 for all 2. > 0, using ¢, instead

nax —Co

of 0 as the lower limit of integration and applying the fact that P —— log(zfcn:") >

log(#pex).
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B.14 Conclusion for throughput scaling in PTPC

case

e Upper-bound :

From (3.20), we have

(a)
C: < Ellog(1+ Pzna)] < 10g (E[(zmax)]) +og(Po + B [21])

. C .
. ]\/}linoo s < A/}linoo 71(%(1&% ) <log (E [2max)) + log(P, + E [z;jax} )) =1
(B.36)

Note that the inequality (a) from (B.36) follows from Jensen’s inequality.

e Lower-bound :

0
— |When €, > €

*

. C: . 1 . 1
A Gesin 2 0 Geogan & log(1 + Pormax)] = lim ooz 0(Fo, o, ve)

= i, wetgnn B log(ama) 1(2 2 Po)] =1

_ )
When ¢, = €

M—so0 log(log M)
= lim Elslo<or] 4 g 0

_ m Elrilozor]
P Moo log(log M) P

li
M—oo log(log M)

— O lim Elog(1+Pozmax)| 9<g7] +(1_€0) lim Elrs|g>g7]
M—o0 log(log M) P/ A oo log(log M)

Z 62 A}linoo mE log(Pozmax) | 9 < gr]

: Pot -
+(1 - eg) lim log(légM) (E [log(%](z > )| g > gT} — log ( = ))

M—oco

= 62 lim log(lgg M) [E [log(zmax) | g < gT] + IOg Po]

M—oco
+(1—ep) J\}linoo log(lggM)E [IOg(Z[E%I(Z >¢))| g > QT}

=1

Remark B.14.1. The inequality is from the fact that £ [log(1 + Pyzmax) | 9 < 97| >
E log(Pyzmax) | 9 < gr] and the result from (B.35) that E[r¥| g > gr] >

Zms P°+%
Ellog( rgjx)l(zmax >¢c)|g=>gr]— 10g<Too)'
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Finally, we can conclude that C¥ grows like log(log M) in PTPC case.

B.15 Proof of Theorem 3.4.1 for ¢, = 62

In this case, it implies that PT’(SQ) =€ — eo = 0 and Pmax = hmax in Si. Then,

the throughput from the SBS is expressed as C = F [log(’)m")l [omax 2%, 6}

er [log(%mex)]. Thus, we can conclude that hm bg(g—gM) = €.

B.16 Proof of Theorem 3.4.1 for ¢, > 62

In this case, throughput C can be described as

C: =E]| say] +E [log Lroax z{ (B.37)

*
9>9gr, Pmath_{\(S*)}:|

Note that F [log B ] < gr pmax > A ] have been shown previously that it scales like

ey log(log M). So, we have to show that E {log Lmax 1{
(ep — €)) log(log M).

Then, we can compute the upper-bound of E {log Pmax 1{g>gT ) A }} as

scales like
92971, pmath {\()TS'*) }:|

25
follows.

1 Pmax 1 i

|: i {929T7 Pmax>ti\(s*)}:|
= E 1 pm%] X

|: og {pmaxflog M, ngT,pmath_{\(Sﬂ}:|
FE |1l pmnx 1 )
+’L¥1 |:Og {ZIOgM<pmax (i+1) log M, g>gT7Pmax_t{\W}

< log( My pr (pmax <logM, g > gr, pmax > = f\(S*))

+ Z log( M) Pr (prya = 110g M, g > g7 prua = =157 ) (B.38)

(a) .
< log(logM)PT' <g 2 9T, Pmax = JW)
+ 3% log (L) Py (g, > ilog M)

(b)
S (617 - 6p) log(

i o e0(1)
M)+ 2 log(“H2E ) O(15575)

=

E |log Lrax 1
* (C
< (& — Eg)

N2

A*
. hm 9297, Pmame}
" M—oo log(log M)
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Remark B.16.1. The inequality from (a) in is from the fact that
PT (p S IOgMa g 2 gTapmax = - 1(5* ) < PT (g > gTvpmax el 1/\(;'*)) and

Pr (e > 108 M, g > 1, pnas > =255 ) < Pr (puuas > ilog M) For (), we

use the result in [81], i.e. PT(pmaX > ilog M) < O350 O() ) because ppmax grows like

log M. In [81], it shows that Z log (L logM)O(]\jiOg()i)) is finite, leading to the result
1=1

in (c).

Thus, we have

E

log Pmdx 1 N N
{g gT} {Pmaxzti\w}

Pmax
N E[lOg 1{Q>QT}1{Pmax>A*}] + lim

lim —=2+~ = lim
M—oo log(log M) Moo log(log M)

§62+(5p_62) =

Moo log(log M)

(B.39)

The lower bound of £ {log Pmax { A }] can be obtained as follows

9>9r, Pmaxztfl(s*)

log 2 1 . >F |l L)1 )
08 {gngypmath_{\(S*)}:| - [Og(t_l(S*)) {gngapmath_iAT*)}

— log(t_I%S*))PT‘(SQ) = (Ep — 62) log(%)
(B.40)

Note that the inequality in (B.40) is from the condition pyax > %

Then, we have

E [log fmax 1

*
hm C;k _ hm E [log Prjl\litx ]{gng’ PmaxZA*}} + hm 92971, PmaxZF{ﬁ}
M—oo log(log M) M—o0 log(log M) M—00 log(log M)
E | log PRax A :|
{ngT, Pmaxzﬁ}
=¢€, + lim (57)
P oo log(log M)

log(;=1g+7)
0 _ .0 : t—(5%)
= €p + (Ep Gp) lim log(log M)

M —oco

7 (B.41)

Note that the last equality in (B.41) is from Lemma 3.4.1. Thus, we can show that

. C:
lim Toallos 31) > €p.

M—oco

Finally, we have that hm m €p-
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B.17 Proof of Theorem 3.4.2 for ¢, = eg

In this case , it implies that Pr(S,) = ¢, — €) = 0 and pmax = Amax 10 Si. Then,

the throughput from the SBS is expressed as C} = E [log(l +pmaXPO)]{§1}] =
) E [log(1 4 pmaxPo)]. Hence, we can conclude that lim

= €p.
M—o0 P

s
log(log M)

B.18 Proof of Theorem 3.4.2 for ¢, > eg

In this case, throughput C7 can be described as

€2 = B0 o] 8 [0k o)
(B.42)
As shown previously, F [log(l + pmaxPo)Z{qu}} scales like eg log(log M). Now, we

} scales like

will show that E {log(l + pmaXPO)]{
(ep — €)) log(log M).
The upper-bound of E [log(l + Pmax

9291, 1+pmaxPo> 15

Py)1 is as follows
O) {ngT, 1+pmaxPOZt,+(s*>}

E |log(1 xFo)1
[og( + Pma O) {gng,1+pmaxPOZtll(s*)}:|

= E |:10g(1 + pmaXPO)I{lgpmaxglog ]\47 gng, 1+pmaxpo>tlts*)}:|

3 E [1og<1 + puasPo)1
=1

<10g(1+POIOgM)PT (1 < pmax < log M, g > g1, 1+ pmaxFPo > e 1(5*)>

ilog MSPmde(H-l) log M, g>gr, 1+pmaxpo>tll(s>}:|

+ Z log(1+ Po(i+ 1) log M)Pr (ilogM < pmax < (i +1)log M, g = g7, 1+ pmaxPo > =1(ss ))
1=1

< 10g(1+P010gM)P7" (g > ar, 1+pmaxPO > - 1(5*)>
+ Z log(1+ Po(i +1)log M)Pr (ilog M < pmax < (i + 1) log M)

i=1
(a) o0 ;
< (ep — €9)log(1 + Polog M) + 3 log(1 + Po(i + 1) log M)O(3555777)
=1

' E 10g(1+pmaxPO) 9>a7 1+pmaxP02F1m} (b) 0

- J\/}lgloo Tog(log M) < (& —¢)
(B.43)

In (B.43), (a) follows the result that Pr(pm.x > ilogM) < O(M?(;g ) because

Pmax grows like log M, while (b) is because ZZ:llog(l + Po(i + 1) log M)O( OO(Z()Z)) is
finite [81].
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Also, the lower-bound can be computed as follows.

E |log(1 Po)1 > F |log(;=r{gm) 1
Og( +pmax O) {QZQTa1+PmaxPOZt_1l(S*)}:| B [Og(t_l(s*)) {929T71+PmaxPOZt—11(S*)}

= 10g(%)f’r(g 2> 91,1 + pmaxPo > %)
= (ep — 52) log(%)
(B.44)
% = O(log M), we then apply the facts that
E [10g(1 + pmaxPo) I{g<gry] scales like ¢, log(log M) and the results from (B.43) and

(B.44). Thus, it is not hard to prove that J\/l[im @ is upper-bounded and
—00

By Lemma 3.4.1, it reveals that

. c*
111 £

lower-bounded by ¢,, i.e. ]\}_)OO Toallos ) = €p°



Appendix C

Proofs in Chapter 4

C.1 Proof of Lemma 4.2.1

We first show that for an arbitrary feasible probabilistic power scheme P(v), we
can always construct another feasible scheme P’(v) which is randomized among
deterministic power schemes py(v) with time-sharing factors wy(v), k = 1,2, and

performs equally well or better than P(v).

By the concavity of r4(v, p(v)) over p and Jensen’s inequality, we obtain

rs(v,p1(v)) 2

Elrs(v,Ps)) | rp(v,p(v)) = 1), (C.1)
Elrs(v, 2

[rsv, Ps(v)) | (v, p(v)) <7, V]

Further, the set of all possible p(v) such that r,(v,p(v)) > 7} lies in the halfspace
defined by p”(¥)8 < P,. Due to the definition in (4.8), p;(¥) must also be in
that halfspace and it implies that pi (¥)B8 < P,. Also, note that if w;(v) = 0, the

constraint is discarded from the optimization problem. Thus, we can write

wi(v) [Pylg) = B'p1(v)] =0 (C.2)

Construct the new probabilistic scheme P’ such that P’ = p;(v) with probability
w;(v) and P’ = py(v) with probability ws(v) =1 — w; (v).

For the PU’s outage probability based on the policy P’, we can show that
Pr{r,w,P'(v)) >0 v} > wi(v), so E[w(v)] > 1—¢,

The average power of P’ does not exceed P,,, since

EP'(v)] = Elwi(v)p1(v) + (1 — wi(v))p2(v)] = E[P (V)] 2 Pa, (C.3)

171
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Now, it can be proved that P’(v) achieves higher average SU rate as follows:

Elr,v,P' (v = FElw(v)rs(v,p1(v 1 —w(v))ry(v, pa(v
[rs(v, P'(v))] . [wi(@)rs(v, p1(v)) + ( ))rs(v, p2(v))] (C.4)

> Elrs(v,P@v))]

where the inequality is due to Jensen’s inequality.

C.2 KKT conditions corresponding to Problem
(4.9)

Let i € {1,2,..., M} and k € {1,2}. From the Karush-Kuhn-Tucker (KKT) condi-

tions, we have

a(...) | =0, pp(v)>0
Opy.:(v) { <0, pj;(v)=0 €
=0, O<wi(v) <1
a8;(16.6/)) <0, wiv)=0 (C.6)
>0, wilv)=1
X (Poy = Elwr(#)p1(v) + (1 — w1 (v))p2(v)]) = 0 (C.7)
sT(Ewi(@)] - (1-¢)) =0 (C.8)
T W)wi @) [Pyl9) — BTPIW)] =0 (C.9)
pi(v) =0, k=12 (C.10)
0<wi(v) <1 (C.11)

By using the KKT conditions from (C.5) to (C.11), we can derive p}(v), p;(v), and

wi(v).

C.3 Proof of Lemma 4.2.3

We will show that, by P’(v), we can achieve a larger capacity region, i.e. Cprac(v,P(v))

CMAC(V, P/(V))

-
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Since for all .S,

Ellog(1+ 3 hiP{(v))]

€S

= Elw,(v)log(1 + > hip1i()) + (1 — w1 (¥)) log(1 + - hipei(v))] (C.12)

ieS i€8S
> Ellog(1+ 3 hiPi(v))]
i€S
where the inequality follows from Jensen’s inequality. Therefore, Cprac(v, P(v)) C
CMAC(V, P/(I/))
From the definition in (4.19), it is also evident that ry € Cprac(v, pr(v)). Note
that the policy also satisfies AIPC and POC and this can be proven by a similar

procedure as used in Appendix C.1.

C.4 KKT conditions corresponding to Problem
(4.20)

=0, pi.(v)>0
8?9;(,;(2) { <0, Ziyi o’ k=1,2. (C.13)
>0, wiw)=1
8812'&2) =0, 0<uwiv)<l1 (C.14)
<0, wi(v)=0
X (Pyy — E[wi(@)pi(v) + (1 — wi(@)p3(v)]) = 0 (C.15)
sT(Ewi(@)] —(1—¢)) =0 (C.16)
T @) wi) (Pylg) — B pi(v)) =0 (C.17)
pr(v) =0, k=1,2 (C.18)
0<wiv)<1 (C.19)
r;, € Cyacv,pr(v)), k=1,2. (C.20)
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C.5 Proof of Lemma 4.3.1

For an arbitrary feasible probabilistic power scheme P(v), we can always con-
struct another feasible scheme P’(v) which is randomized among deterministic power
schemes pg(v) with time-sharing factors ¢, (v), k = 1,2, 3, and performs equally well
or better than P(v).

As Pr{P'(v)=E[PW)|r, € Corac(v,pv)),v]| v} = ¥1 (V) + ¢o(v), it implies
that Pr{r, € Cpyac(v,P'(v))} = E[Pr{r, € Corac(v,P'(v)) | v}] = E[1(v)+1(v)] >
1 — €.

For ATPC, it is obvious that E[P’(v)] = [Z V()P (V)] = E[P(v)] 2 Pg,.

Now, we will show that r,(v, E [P(v)]|r ( p( )) >r9,v]) > 0. Note that
when 7,(v, p(v)) > 7D, it implies B7p(v) < P,(g), so the possible solution lies in a
halfspace. Further, notice that

E[P®W)|ry(v,pw)) > 10, r, € Crac(v,p(v)),v] is a convex combination of all
possible solutions that satisfy r, € Carac(v,p(v)) and r,(v,p(v)) > 7). Hence, it
implies that r) < r,(v, p1(¥)). In other words, we can write ¢ (v) (P,(g) — BT p1(v)) >
0.

Likewise, we can also write ¢53(¥) (P,(g) — B7p3()) > 0 due to the same reason.

For POC, since Pr{P'(v) = E [P(v)| r,(v,p(v)) > 1), v] | v} = 1 (v) + ¢3(v),
Pr (0 P0)) = ELP (. P0) | )] = Elin) 4 0] > 1~

Also, by the definition in (4.38), we have r, € Cpac(v,p1(v)). Likewise, r, €
Crrac(v,p2(v)).

We can then show that Cpyac (v, P(v)) C Cprac(v, P'(v)) because of the concavity
of the log function in the definition of Cysac(v, P(v)).

C.6 Proof of convexity of the set Qc¢(r,)

For a given rate vector r,, consider the two points (52”, et PM) and (5&2), e? P@)
in the set Qx(r,). By Definition 4.3.1 and Lemma 4.3.1, there must exist power

allocation policies P(l)( v) and P®(v) in the form expressed in Lemma 4.3.1 such

that, for all I = 1,2, &) = E[\"@) + v’ @)}, 1 — & = EP @) + ¢’ )] and
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PO = E[PO(v)] = [Z v (w)p]. To prove convexity of Qc(r,), we must show
that (628" + (1 — 5)55 ,55;” + (1= 8P, 6PW 4+ (1 = 6)P?®) € Qc(r,), where
§ € [0, 1. To do so, we define another random power allocation P®)(v) that is
randomized using the power policy P®) (v) with probability § and the policy P (v)
with probability 1 — &. Obviously, Pr{r, € Cyrac(w,P@ )} = El5(\"(v) +

W)+ (1= ) + 957 )] = 06 + (1= 0)e”, Pr{r,(v, PO (v)) > 10} =
B ) + v @) + (1= )P @) + 6P )] = 6 [1 = e’ + (1= 6) [1 - =7
and E[P@ ()] = 6PW + (1 — §)P@. Thus, we have (5e5" + (1 — 8)e'?, etV + (1 —
el P 4 (1 - §)P?®) € Qu(r,) and Qe (r,) is convex.

C.7 KKT conditions corresponding to Problem
(4.43)

From the associated (necessary and sufficient) KKT conditions , we have

o) | =0, pf,@)>0 B
Ipy(v) { <0, pi,)=0 Fohasd (©.21)

al(.) | =0, vi(w) =0 B
o) { <0, v =0 , k=1,2,34. (C.22)
X (Poy — E[wi(@)pi(v) + (1 - wi(@)p3(v)]) = 0 (C.23)
sTETW) +¢3v)] — (1 —¢)) =0 (C.24)
i) (Polg) = BTPi(v)) =0, k=1,3 (C.25)
v)[1 - Zw?;(v)] =0 (C.26)

k=1

pi(v) =0, k=1,2,3,4 (C.27)
Yr(v) >0, k=1,2,3,4 (C.28)

ro € Carac(v,pi(v)), k=1,2. (C.29)
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C.8 Proof of Proposition 4.3.2

Note that I'*(v), s* and ¢ (v)P,(g) are independent of py(v). Thus, subproblems
(4.45) to (4.48) can be rewritten as follows:

Subproblem for pj : Hl(l% XTpy(v). (C.30)
P4V

Subproblem for p; : I1;n(11r1) AT+ " (v)B"] ps(v)
3V

st @3(v) [Po(9) —B'ps(v)] = 0.

Subproblem for p; : min A py(v)
p2(v) (C32)
s.t. r, € Cyac(v,pa2(v)).

in [\ + i @)8] pu(v)

s.t. v, € Cyacv,p1(v)),

@i (v) [Py(9) = B"p1(v)] = 0.

(C.31)

Subproblem for pj : m
P1

(C.33)

From (C.30) and (C.31), it is obvious that p}(v) = pj(¥) = 0. Now, Lemma 4.3.2

can be applied to solve for p5(v) and pi(v). For a given rate vector r, and channel

state v, we define the set of received powers that can support r,, ¥(r*), as follows:

g@z) = {q D i = hipi, T, € CMAc(l/,p)} (C.34)

which is a contra-polymatroid with rank function: f(S) = exp(r,(S)) — 1.

i and utilize Lemma 4.3.2 above. Thus, the solution

Substitute each py; by %

for p3 is as follows:

R (i)

1 o
p* . ha(iy [eXp(Toiﬂ(i)) - 1} ) » 71 =1
2,m(i) — % i— .
(@) ﬁ() exp( ) ro,ﬂ(m)) —exp( >’ To,ﬂ(m)):| L i=2,...,M
m=1 m=1
X ¥
where the permutation 7 satisfies E“_Ellz > ... > FLWEAMI;. For p?, we have
1 .
. B o [eXP(Toiw(i)) — 1} , » i=1
1,m(e) — 7 i— .
(®) 1 exp( Y To,m(m)) —exp( > Tom( ))} L, i=2,...,.M
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i) [B pT — Py(9)] =0

3

(M)
(M)

where the permutation 7w satisfies 2”—((1; > ... >
(1

>

C.9 Proof of Lemma 4.3.3

For an arbitrary feasible probabilistic power scheme P(v), we can always con-
struct another feasible scheme P’(v) which is randomized among deterministic power
schemes py(v) with time-sharing factors 1 (v), and performs equally well or better

than P(v).
Since Pr{P'(v) = E[P(w)| Z.(j),v]| v} = &

v,j) + (v, j), it means that
Pririv,PW)) 21} = > EPr{Z0)} = > Elawj)+ew,j)] =

JHETn(j) JHESn(j)
1 — €, for all 7.
2M_1 2
For ATPC, it is obvious that E[P'(v)] = E| S Gy, j)pr(v, )] = E[P(v)] <
J=0 k=1

P...

Now, we will show that r,(v, E [P(v) | r,(v,p(v)) > 19, .7,(j),¥]) > r3. Note
that when r,(v, p(v)) > rp, it implies 87p(v) < P,(g), so the possible solution lies

in a halfspace. Further, notice that

E[PW)|ry(v,p(w)) > 15, .7.(j),v] is a convex combination of all possible so-
lutions in that halfspace weighted by the probability of each solution. Hence,
E [P(w)|ry(v,p(w)) > 15, .7,(j).v] also lies in the same halfspace due to convex

set properties, which means ¢, (v, j) (P,(9) — BT p1(v, 7)) > 0.

2M_1 2
For POC, since Pr {P'(v) = E [P(v) | r,(v,p(v)) > 10, v] v} = > 3 G(v.)),
j=0 k=1
2M_1

Priry(v,P'v))} = E[Pr{r,(v,P'(v)) | v}] = J;O ElGw,j)] 2 1-¢.

Also, we have the following constraints on p;(v,j) and pa(v,j), i.e. &€(j)r, €
Crvac(v,p1(v,))) and &€(j)r, € Crrac (v, p2(v, 7)) by the definition.

We can then show that Cysac (v, P(v)) € Crrac(v, P'(v)) because of the concavity

of the log function in the definition of Cyrac(v, P(v)).
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C.10 Proof of convexity of the set Q/(r,)

For a given rate vector r,, consider the two points (E‘gl), 6,(,1), PM) and (59, 815;2), P®)

in the set Qs(r,). By Definition 4.3.2 and Lemma 4.3.3, there must exist power

allocation policies P(Y(v) and P® (v) in the form expressed in Lemma 4.3.3 such

that, for all | = 1,2, &9) = 2 E[G,)) + G@,j)], for 1 < i < M and
Ji€Sn(j)
2M_1 _
0<j<2Y_-1 Ao, 1-¢cV =E| X% w)(u,j)] and PO = E[PO®W)] =
=0
2M_1 2
E| > > G,j)pr,7)|. To prove convexity of Q;(r,), we must show that

(0 + (1= 0)e?, 6l + (1 = 0)el?, 6PW + (1 — §)P®@) € Qs(x,), where 6 € [0, 1].
Again, we define another random power policy P (v) that is randomized using
the power policy P™M (v) with probability 6 and the policy P (v) with probability
1 — 9. By repeating a similar procedure to Appendix C.6, eventually, we can show
that Qy(r,) is a convex set. Finally, the convexity of Q;(r,) also implies that the

individual usage probability region O;(P,, €, T,) is convex.

C.11 KKT conditions corresponding to Problem
(4.56)

From the associated (necessary and sufficient) KKT conditions , we have

Op(v.9) | <o, priw.j) = T
— , Vi, k C.36
G (v, j) { <0, (i(v,j)=0 ! o
oM _1 2
AT (Pav B ! 2<:<v,j>pz<v,j>D =0 (C.37)
j=0 k=1
2M 1
5 (E 3 <f<u,j>] —(1- ep>) =0 (C.38)
§=0

¢*(v,5) [¢F W, 4) (Pp9) — B Pi(v,5))] =0, Vi, k (C.39)
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)l - v i(ﬁ(v,j)] =0, Vj (C.40)
i=0 k=1

Pi(v,§) = 0, Vj, k (C.41)

G(v,j) >0, V5, k (C.42)

£()ro € Cruac v, pr(v,5)), Vi, k. (C.43)

C.12 Proof of Proposition 4.3.4

Note that N;( > ), I'*(v), s* and ¢* (v, j)P,(g) are all independent of py (v, j).
i€5n(5)
Thus, the subproblems can be reformulated as

Subproblem for py(v,j) :  min A py(v, )
p2(”7]) <C44)

s.t. €(j)ro € Cryac(v, p2(v,4)).

Subproblem for p; (v, j) : n}in)n(j)*Tpl(v,j)
pP1(V,)

s.t. €(j)r, € Crrac(v, p1(v, 7)),
5 (v,7) [Pog) — B7pr(v,9)] = 0.

(C.45)

For a given rate vector r, and channel state v, we define the set of received

powers that can support r,, 4 (&(j)r}), as follows:

?(ﬁ(])r;) = {q L qi = hips, €(j)r, € CMAC(’/ap)}

which is a contra-polymatroid with rank function: f(S) = exp(&(j)r,(S)) — 1.
Then, we can apply Lemma 4.3.2 to solve for pj(v,j) and p3(v,j) in a similar

manner as previously shown Appendix C.8.
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Appendix D

Proofs in Chapter 5

D.1 Proof of Lemma 5.2.1

Proof. The proof of CPS is based on the nearest neighbourhood condition as a given

U corresponds to only one power level p;, i.e.

—{ |[1 +)\p3+81(pj>:1:)]

< [1@, < T)—l—)\pz—l—s](pl >$)} ,Vz’;éj}

For simplicity, define I(p;) = 1(p; < %) + Ap; + s1(pi > ).

For given A, s and power codebook P, if SU allows an outage, it uses the lowest
power level pr,. Otherwise, it can use the lowest power level p; min such that p; min >
. For v < pr, the PU will face an outage regardless of the power level that
SU uses. Also, for £ > pjmin, using power level pji, does not disturb PU as
the interference cannot pull PU to be in outage. Therefore in these two cases,

SU transmits with p; when I' € [CS—U CS—U) for j # L while using py, when I' €

Pj 7 DPj+1
0, Tgﬂ) U [Zw ]

It is important to note that p; < pp+ §7 which can be proved by a contradiction.
First, assume that p; > pr + % Then, for a given channel state that I € (c;—lU, C;—QU}
and x < pr. Thus, the Lagrangian from p; (non-outage case) becomes I(p1) = Ap; >
l(pr) = 1+ Apr, implying that even though a feedback resource is dedicated to py,

it would never be used.

The more complicated case is when p;, < & < pjmin and s > 0, since the SU can
either make PU in outage but meet SU’s target rate or use py to protect PU but

allows outage at SU. To determine this, SU compares the Lagrangian regarding to

181
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p; and pr. SU will transmit with p; to support its target rate if

lpr) > Up;)
1+Apr > APjmin + 5 (D.2)

pL+17;s > Dj,min

Otherwise, SU will allow an outage if p; min > pr, + 1—;‘9, i.e. SU tends to save power
and protect PU links rather than trying to meet target rate with very high power

Pjmin- For simplicity, define kK = arg ~ min D This implies that there is no need
Jpi>pLt+°
for the SU to check the condition in (D.2) for k+1 < j < L. O

D.2 All KKT conditions for a locally optimal so-

lution

For j =1,

0 = —SPFL(S0) + 6 (S¥FLSL)[Fy () — Fy(p2)] + Fi(m) [Fr(52) — Fr(s2)])

P1

AL IFR(52) = Fr(S2)) = S¥pFH(SE) + 76(p1 — p2)[Fy (1) — Fy (po)] S5 FL (52

< { ([Fr(55) = Fr(S9F (1) = F(p)] + (1 — p2)lFr(52) — Fr(S2)FL () }
(D.3)
For 1 <j<k+1,
0 =7 | IFx (o) ~ Prlps-0ISF FSE) + (Fr(5) — Fr(50) i)
+)\{[Fr(;ff1)—Fr(ij)]+( ~ pj-1) SEFL(EL)
1 (|Fr(E) = Fr($2)| (Fe()) = F(pv)) (D4)
+(p; — pr) [Fr(£L) - Fr(S2)] Fy (v;)

(s — p1) [Fx(p) — Fy(p >]CSUF'<C;U>)}
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For j =k +1,

0 =-76(Fg(p) = Fx () ;7 Fr (i)

Pk+1
4871 { {Fr(pc,fTUg) - FF(%)] F)/g(pk’—i—l) + [F(prs1) — Fy(pr)] 52 Fli(cb‘lf)}

DPit1 Pr+1
a { [Fr(esm) - o] + oun - pil g AL(EES)

1

r(or — p) Py (phsn) — Fi (o1)] S50 Ff(;:g)}

o (D.5)
Fork+1<j<L,
0 =0+s7 (Fp(;fg) - Fr(cg—f)) % (Pi) + [Fx(pj) — Fx(pi-O)lT# Fr(5F)
| (R - Fr(0)) + S Py - il
(D.6)
For j = L,
0 = —r6Fy () (é[m;;g) - Fp<cg;f>1)
576 { Fie(p1) -
fél[pp(;;p ~ Fr(S2)|Fg (pe) — S FL(S5)[Fg (po1) — FX@L)}}
e
{1 Fr(52) = Fr(59)] + (pr — poon) SFFH(52)
+ra 3 (IFr(E2) - Fr(S2) Py ) — F (o)
+ (py = po)[FR(EL) — Fr(S2)]Fl (p)) }
(D.7)

D.3 Proof of Lemma 5.2.2

We adopt a similar proof technique to that used in [61].
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Proof. First, (D.7) can be rewritten as

%Ff(%) [s7¢ [Fg(pr—1) — F¢(pr)] + AMpr—1 — pr))

k
= Fi(p1)e [ (1= B0+ F(50) + SNy — i) = (1= o)) (PG - Fp@f))]
+A [1 — Fr($F) + GO}
> A [1 — Fp(S2) + GO}
(D.8)

where Gy is the value of Gg at the optimum. Note that the inequality follows from

the fact that the positive term is discarded.

Now taking the limit as L — oo and assume that Llim pr, = 0, > 0. Then, we
have that

lim S FY.(%S0) [s7¢ [Fg (pr—1) — Fx (pr)] + Apr—1 —pr)]

L—o00 p2L
> lim A [1 — Fp(%u) + GO}

L—oo

> A [1 — Fp(ssu) + ég*CS’T}

>0

where GS*CS T

is the value of the objective function at the optimum when SU has

perfect CSI.

As py > py > ... > pr > 0, the sequence {pj}le is a monotonically decreasing
sequence and bounded below by ¢, thereby converging to its greatest lower bound
4y as L — oo. Hence, (pr_1 —pr) — 0 as L — oo, implying that

M S (SE) [s76 [F (pr1) = Fx ()] + Apr—1 — pi)]
= SFFL () [s76 [Fx(pr-1) = Fg (o)) + Apr-1 = pr)] (D.10)
=0

Obviously, the result in (D.10) contradicts (D.9) and the prior assumption that

LlimpL:(SL>(). O
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D.4 GLA+4SFA

This algorithm is based on the generalized Lloyd’s algorithm together with using a
sigmoid function for indicator functions approximation, first proposed in [70]. More
specifically, this algorithm again starts with a random power codebook to employ the
nearest neighbourhood condition in Lloyd’s algorithm as explained earlier. Next, the

power codebook is updated by p; ~ ;r_li% E[o(K(p; — S2)) + Ap; + so(K(pj + 7)) | R,]

1

TTeoey 18 the sigmoid function and the coefficient K
p(w)

for j=1,..., L where o(w) =
controls the steepness of the approximation. ( [70] provides more details on how to
select the value of K).

Note that, in any given region R, searching for p; is not completely exhaustive.

For j < L, all channel state ¥ € R; must result in non-outage, so the range of p;

lies between and , where [y j = max I'(v) and 'y j = mgl I'(v). For
veER;

P y P E
j = L, R; consists of the non-outage region (727€L7)z and the outage region (R9). Thus
the updated power codebook must lie in [0, —5U=]. Note that the range starts from
zero power for the case that SU will transrr;ietﬁizvith the lowest power level when it
allows outage. After the power codebook is updated, the algorithm repeats these

two steps until convergence.

D.5 All KKT conditions for ZFLP
For j =1,

0 =4 (1-76Fg(p1) FL(5E +TG<FF(cSU) FF(CI%U»F;((M)
o [(Frse) - B U)[l—mF( )~ prGFL ()] (0.11)

+p1 (1—TGF< 1) - SR (L))

For 1 <j<k+1,

0 = e | (Fr(m) - Fe(550)) Fo) + S FLED Py (07) — Fi(or-1)]

[ (Fr(gs) - Fe(52)) [1 = 76Fx(p) = pimaFy (p))] (D.12)

Pj+1
+[pj (1 = 76F 5 (p) — pj1 (1 = 76 Fg(pj-1))] - ST (CSJU)}
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For j =k +1,
0 = e Py ) S FH(EE)
Ts (TG [(a(;;g) ~ Fr()) F(opnn) + 55 Ff(ﬁ)FX<pk+l>})
+A [(Fr(;,fﬂ) - FF(%)) Fle(prt1) + ;isfl FY (525 [prs1 — pi]
R () (1~ P ()] (D.13)

— —e79 Fy () S FL(SL)

+s (TG [(Fr(,f,ffg) - FF(;%)) Fe(prt1) + ;{lef(;:fl)F)z(pkﬂ)D

+A |:(FF(CSU) — Fp(;su )) F () + 2 B (A Ik —kaGFX(pk)]]

Pk+2 Pk+1 P Pk+1

Fork+1<j<L—-1,

0 =0+s <TG [(Fr( o) — Fr(%])) Felpj) + SHFr(S2) [Fy(py) - Fx(Pj—l)]D

Pj+1 1%
A [(Fr(éfiﬁ) ~ Fe(55)) + S FL(SE) ) - i
(D.14)
For j =L -1,
0 =0+ s (70 [(1 - () Fllppoa) + 55 B2 [P(ppor) — Fy(pr-2)]])
(1 B GED) + S R G e — pral

(D.15)

D.6 Proof of Lemma 5.3.1

Proof. For 1 < j < k+ 1, we first simplify (D.4) as follows

0 = {A+ (A (Fxlpe) = Fx ) + Fie(p) (1 = Mps — o)) 76§ (725 = %)

_(.pi_ _pim
Pj+1 Pj

For k+1 < j < L, (D.6) can be simplified as follows

(D.16)

0 = s [F;((pj) (5 - &) + [Fe(m) - Fx(pjﬂ];;} + [pi -5

_ (P _ P
Pj+1 Pj

] (D.17)
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D.7 Proof of Lemma 5.3.2

For1 <j <k,

Pifi(0s) [F(y1) = Fr(vg)] = py o | 2220000 (0 — 0 0) Fi(uy)

Pj—1—Dj

As L — oo, it yields p;fi(p;)F1.(v;) [vj1 — v;] = pi—1fi(pj—1) (v; — vj—1) FL(v5).

Thus, we have - ~ Pi=L

o = 0 = 1+ €y, where 0 can be approximated from solving

U1

[1—f1(p1)+p1f{(P1)] ~ b2

vw_g_ [1ff1(%°)+7°f (%‘J)]
p1fi(p1)

PO f(T0)

where Po é % Note that f1<p0) = 1, V; = Pj-1 <M>

Pj—1—DPj

D.8 Proof of Lemma 5.3.3

For j =k +1,

P f(pest) [Fr(vesn) = Fr(veen)] = pi | L2EL0 | (01— 0) B (u)

Pk —Pk+1

k

As L — oo, 22 = Phil o [fl(pk) ];(%H?kf (?)} = K = 1 + €,. Therefore,

P Vg4l Ph42 k(B

K

~
=2

2
1-Apg) — (Copk+l>
A co(l=Apg) ,—gp —gr _CoPkt1)
o — Pkt Trcopy © pr—se (eorp 1)
Ase 9T — Co
Pk+1 | AT (Feorry)?
A 20Okt ) g o—gp  CoPhil
— 9pk+1 1+6copgy1 <1+CoPk+1)2
Pra1 | Abse 9T —Co (D 18)
(I4copp41) .
- (1=07pjy 1) (1Fcopjy1)?
T €o +1 k+1)"
_ 0 Ate (1+Copk+1)2 |: 1+0coppy1 SCoPk+1
A gr €
+se™ (1+copk+1)2:|
(b)
~ 0

where (b) is from the fact that lim # = 1+ lim ¢ &~ 1 and hm D Ppry = 1% ‘making

L—oo L—oo A

. 14co
nggo(l — OApry1) ~ s and gﬂoﬁ ~ 1+ Coprt1-
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D.9 Expressions of Fpoc(0, k) and Farpc(0, k)

For POC, (5.14) can be approximated by integration as follows.

ep— (11— e_gT)
L—

~ e 9T Z Fg(pj) Fr(vj) [vj41 — vj]
j=k+1
L—1
— 9T e~ Nov;j NO(HPCWHPc) v 0 —1
j:zk:-l—l |:1+cocjvjlj| (1+Pevj)? J [ ]
~ p—9T L 67 No Pe J
~ e Ieocsy (0 — 1) Z:O 0J+LCSU [1+9chUk+1 + (1+9chUk+1)2] exp(—Novg+16)
= V41
Lkt 67 No P,
~ €7gTCOCSU(9 — 1) f 92+COCSU |:1+9ZPcUk+1 + (1+0zP ”Uk+1)2] eXp(_NOUk+19Z)
z=0

(D.19)
exp(—Novks1y) and s(z) = 0*t(6%). By

J— 1 NO Pc
Let t(y) o y+765:f§] [1+yPcvk+1 + (1+yPcvk+1)2}

changing of variable u = 6* and du = uInfdz. Thus,

L—k—1

p— (1—e ) ~Inf [ s(z)dz= A1(ves1) — A1(ve1087FY) = Fpoc (0, k)
z=0
(D.20)
where
N0+m
A1(2) = Tt lexp(Nococsu) Er (No(cocsu + 2))] (D.21)
P, xp(—No2z) exp( c) 1 '
T 1—Pecocsy |:e 11)+ch2 + 1—P.c CSUEl (NO {ﬁ + 2}):|
Note that as L is large, gggovk+1 = Clsf;‘.
ikewise, in (5.15) can be approximated as follows.
Likewise, ATPC in (5.15 b imated as foll
L1 k
Poy =~ % 1Pij(Uj) [vjr1 — vs] + Z pi(1 = eI Fg(pj)) F(v;) [vj41 — vy

Jj=k+ Jj=1

—k—2
~ —N 69 No(14+Pevgy169)+Pe
~ jZ::o ( ovk 0(1+PCUZEQ]) ) csu [0 —1]
k-1 . ,
- _  No(14Pev167)+P.

Z:: (1 —e 97 4+ Haj—ic:;) (e Nov1 67 021132703%: ) csu [0 — 1] (D.22)

~ csu(No + F) [6 97 By (Nov16") — El(Noka@L*k*l)]
+(1 o 6_gT)(N0 + Pc)CSUEl (N[)’Ul)
+ [AQ(Uk+19L—k—1) _ Az(vk—ﬂ)] + [A?’(vlgk) - Ag(vl)]
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@ csu(No + Pe) [e797 B (Novgf* ™) — By (Novgg1657F71)]
+(1 — e_gT)(No + PC)CSUEl (N(]er)
+ [AQ(vk+10L_k_1) — Ag(vk+1)] + [A3(’U()9k+1) — A3(v09)]

= Farpc(9, k)
where
A = csuP, (€7 By (Noz + Moy 1 <o
2(2) =csule | ePe E1(Noz + Pc)+1+Pcz
A3(2) = gty | (No — prgmy ) e omeNoceest By (No (= + coesu))

_ - 12 Ng 1=

sty | (el ) e Bu(Nos + ) — Ut e s
(D.23)

and the third approximation in (D.23) is from the approximation by integration

and the first equality in (D.23) is claimed by vy = v;6.
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