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Abstract

Feedback interconnections often arise in the modelling and control of dynamical systems.
This thesis considers the robustness of uncertain linear time-varying feedback systems in
continuous time.

Robust stability results are developed in terms of a generalisation of the v-gap metric
for causal linear time-varying systems, which in the special case of time-invariant systems
reduces to the well-known metric introduced by Vinnicombe. The robust stability results
motivate the v-gap metric as a measure of distance between open-loop systems from
the perspective of quantifying the difference in closed-loop behaviour. The approach
taken is operator-theoretic and it is underpinned by the existence of normalised strong
representations of open-loop system graphs; this is known to hold given a stabilisable and
detectable time-varying state-space realisation, for example. It is shown that the robust
stability conditions are also necessary when the variation with time is periodic.

While the v-gap alone offers a sensible measure of uncertainty in a feedback inter-
connection, the use of integral quadratic constraints to encapsulate known aspects of the
uncertainty is shown to lead to a potential reduction in conservatism in robustness analy-
sis. Formalising this involves establishing the pathwise connectedness of sufficiently small
v-gap metric balls in the graph topology, using a linear fractional transformation (LFT)
characterisation of the metric. Central to the LFT characterisation is the existence of a
J-spectral factorisation, which is also shown herein for time-varying systems with stabil-
isable and detectable state-space models and for distributed-parameter transfer functions
in the constantly proper subclass of the Callier-Desoer algebra.

As an application of the theoretical developments, a sampled-data approximation
problem is rigorously formulated with respect to the v-gap measure of error and optimally
solved. The formulation involves development of a modelling framework within which it
is possible to represent both types of system of interest and have a well-defined v-gap
distance. The aforementioned LFT characterisation of the v-gap plays an important
role in recasting the approximation problem as a sequence of convex feasibility problems

solvable by standard H®° synthesis tools.
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Chapter 1

Introduction

Uncertainty is inherent in system modelling inasmuch as any mathematical model can
at best approximate the behaviour of a real-world process. It may arise due to as-
pects of the dynamics of real systems not being representable by the class of models
used or the precise numerical values of the various parameters of the model only being
determinable to some degree of certainty. This dissertation is mainly concerned with
quantifying uncertainty within the context of feedback interconnections. These commonly
arise in modelling and control of dynamical systems, for both analysis and synthesis
purposes [DFT92, ZDG96, ZD98, DP00, Vin01, Kha02, AMOS]. In practice, physical sys-
tems can often be modelled as feedback interconnections of a component with a simple
structure, linear time-invariant (LTI) for example, with another component which may
be time-varying or uncertain. Feedback control, on the other hand, is widely applied
for alleviating the effects of any unmeasured disturbances acting on the system and un-
certainty about the system dynamics. Robust stability and performance of uncertain

feedback interconnection is therefore an important problem to investigate.

The need to quantify the uncertainty to which a feedback interconnection is in-
sensitive spawned the development of the gap metrics in the literature [ZES80, ES85,
GS90, QD92, Vin93]. Of these, the v-gap metric [Vin93, Vin01] emerges to be the least
conservative for finite-dimensional LTI systems, as far as a generalised robust stabil-
ity margin is concerned. In addition, it has a clear frequency response interpretation.
A unified v-gap metric and integral quadratic constraint (IQC) based robust stability
framework, established for linear time-invariant (LTI) systems in the series of publica-
tions [CJK12, CJK10, CJK09, JCKO08], is generalised in [JC10, JC11] to accommodate
causal linear systems that are time-varying with potentially unbounded gain over the
space of doubly infinite finite-energy signals. In particular, a generalised v-gap distance
is defined, assuming the existence of certain normalised strong representations of the sys-

tem graphs, which is the case for various classes of linear systems, including those with
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2 Chapter 1. Introduction

time-varying state-space realisations that are stabilisable and detectable. The main re-
sults in [JC10, JC11] establish that the generalised v-gap metric enjoys homotopy-type
robustness properties when combined with IQC conditions. It remained unclear whether
the metric could be used to quantify feedback robustness non-conservatively, as is the case
for LTI systems [Vin93, VinO1]. In this thesis, aspects of this issue are addressed. The
definition of closed-loop stability is first formulated in a manner that is seamlessly com-
patible with the generalised v-gap metric, whereby the double-axis Paradox of Georgiou
& Smith [GS95] does not arise via the implicit encapsulation of an arrow of time [GS10].
The following are developed by combining the ideas in [Vin93, VinO1] and [JC10, JC11]:
(i) sufficient conditions for robust stability; (ii) properties of the topology induced by the
v-gap metric; and, (iii) for a class of linear periodically time-varying (LPTV) systems,
the so-called strong necessity robustness condition. These motivate the generalised v-
gap metric as a tool for studying the robustness of linear time-varying (LTV) feedback

systems.

An operator-theoretic robust stability theory for LTV systems defined on singly infi-
nite (i.e. with a fixed ‘initial’ time) discrete time is reported in [Fei98] and the references
therein. This setting has the advantage that the inverses of causal systems are causal
and closed-loop stabilisability is equivalent to the existence of strong left and right graph
representations/symbols [DS93]. These are not known to hold in continuous time. Ro-
bust stability is studied in [Fei98] in terms of a discrete time-varying generalisation of
the Georgiou’s formula of the gap metric [Geo88]. By contrast, this thesis considers
continuous-time systems on doubly infinite signal spaces in a manner consistent with the

original development of the v-gap metric in a time-invariant setting [Vin93, Vin01].

The v-gap metric is closely related to the standard gap metric, in that they are both
useful measures of feedback uncertainty and they induce the same topology (at least
on LTI systems), which is often called the graph topology. Variants of the robustness
properties of the v-gap metric can also be found expressed in terms of the gap met-
ric [GS90, FGS93, CV02]. A few notes are in order. Firstly, the gap metric theory is pre-
dominantly developed for systems on signal spaces with support on a positive half-line. On
the contrary, the definitions of the generalised v-gap metric and feedback stability used in
this thesis do not attribute special significance to a particular time instant separating the
past and the future, as is consistent within a time-varying context. Secondly, the issue of
causality of feedback interconnections is addressed upfront, amounting to a proper treat-
ment of closed-loop stability [GS10]. Thirdly, the generalised v-gap metric is amenable
to a characterisation in terms of a linear fractional transformation (LFT) [Can06], which
is useful in the study of the pathwise connectedness of v-gap metric balls in the graph

topology, as well as the numerical synthesis of a system to lie within a specified v-gap



distance from another, as discussed further below.

Feedback stability analysis via integral quadratic constraints (IQCs) is known to offer
generality over small-gain [Zam66], passivity [Wil72], and circle/Popov criterion [HM68]
based approaches, in terms of exploiting known system structure to reduce conservatism
in stability analysis [MR97, Jén01]. The IQC framework was first developed for the
feedback interconnection of a stable LTI system and a stable uncertain system that may
be non-stationary and even nonlinear. In [RM97], nonlinear open-loop unstable systems
are accommodated directly, without recourse to methods such as loop transformations,
in conjunction with homotopies that are continuous with respect to the generalised gap
metric from [GS97, JSV05]. The work [JC10, JC11] is similar in spirit, but rather involves
the generalised definition of closed-loop stability and the generalised v-gap metric for
linear time-varying systems. In this thesis, the additional flexibility engendered by IQCs
is reconciled with a v-gap ball based robustness result described above, by establishing
that the latter can be recovered within the unified IQC / v-gap homotopy framework
of [JC10, JC11]. This involves a proof that any v-gap metric ball of a radius less than
the maximal stability margin of its centre is path-connected with respect to the graph
topology. Towards this end, the aforementioned linear fractional characterisation of the v-
gap metric [Can06] plays a crucial role, in that it provides a bijective continuous mapping
between a unit ball of stable systems and a v-gap ball of a specified size, as already seen in a
finite-dimensional time-invariant context [CJK12, CJK10]. The LFT is contingent on the
existence of a certain J-spectral factorisation of a graph symbol expression. In this thesis,
the results are established for more general classes of linear systems; specifically, time-
varying finite-dimensional state-space systems and time-invariant distributed-parameter

systems in the Callier-Desoer algebra.

To illustrate an application of the theory developed in this thesis, the problem of
model approximation is considered in terms of the v-gap metric as the measure of error.
A systematic approach to approximation is to formulate it in terms of a constrained
optimisation problem, where the constraints reflect the structure to be imposed on the
systems involved and the cost is a measure of approximation error. Here, attention is
restricted to the problem of approximating a given LTI system by a periodic sampled-
data system, which arises commonly in situations where feedback controllers designed
using continuous-time algorithms are to be implemented using digital hardware. This
problem has been considered in [CV04], in which the pointwise gap metric is the measure
of approximation error. While a solution is identified therein, it remained unclear whether
the class of systems employed completely characterise behaviour as required to rigorously
introduce the v-gap metric. This issue is addressed in this thesis via the development

of a framework that is sufficiently rich to equivalently represent all of the system types



4 Chapter 1. Introduction

involved.

A direct formulation of the solution to the problem of optimal sampled-data ap-
proximation with dynamic input-output weightings is developed. The approach involves
the aforementioned LFT characterisation, constructed from a single J-spectral factori-
sation; by contrast, a more complicated three-term factorisation, which underlies the
DGKF solution to the standard H* control problem [DGKF89, ZDG96]|, is utilised
in [CV04]. The proposed algorithm is a bisection search yielding a finite sequence of
convex LFT synthesis problems which can be solved using standard H® sampled-data
methods [BP92, Yam94, CF95, CG97]. For completeness, a corresponding system of linear
matrix inequality (LMI) feasibility conditions, which can be efficiently tested via standard
optimisation tools [BV04], is provided based on [GA94].

Overview of contents

Chapter 2 introduces the notation and reviews necessary preliminaries on basic signals
and systems theory. In particular, notions of operator equivalence, causality, and Wiener-
Hopf / Hankel operator classes are presented. Importantly, this chapter states the list of
assumptions made on the operators considered in this thesis, regarding in particular the
existence of normalised strong graph representations/symbols. These are verified for three
generic classes of linear systems — (i) time-varying finite-dimensional state-space systems,
(ii) distributed-parameter time-invariant systems, and (iii) periodic systems with finite-
dimensional transfer function ‘realisations’ in the lifted domain, which include systems
with a sampled-data structure. All these classes are reconsidered in future chapters.

Specifically, (i) and (ii) appear in Chapter 4, while (iii) in Chapters 3 and 5.

The notion of closed-loop stability and the generalised v-gap metric are presented
in Chapter 3 for causal LTV systems having normalised strong/coprime graph symbols.
Before this, some results on Fredholm / Wiener-Hopf / Hankel operators are provided.
Several v-gap based robustness results are derived, including a bound on the residual
stability margin in the presence of perturbations on a component of a feedback intercon-
nection and bilateral bounds on the induced norm of the difference between the closed-loop
operators. For the class of periodic systems considered in Chapter 2, a strong necessity

condition for robust stability is also established in terms of the generalised v-gap metric.

In Chapter 4, a unifying framework encompassing both the v-gap metric and IQC
based analysis is reviewed. Therein, known structure of the uncertain components of a
feedback connection can be characterised by 1QCs and exploited to reduce conservatism

in stability analysis. The associated additional flexibility is reconciled with the v-gap ball



based stability results of Chapter 3 by showing that the latter can be recovered within the
combined IQC and v-gap homotopy based framework. To this end, path-connectedness
of v-gap balls in the graph topology plays a central role. This is established by exploiting
a linear fractional characterisation of the v-gap metric and the existence of a certain J-
spectral factorisation, which is shown to be true for the classes of finite-dimensional LTV

systems and distributed-parameter LTI systems introduced in Chapter 2.

Chapter 5 considers the problem of model approximation with respect to the v-gap as
the measure of error. Part of this effort involves developing appropriate system representa-
tions via the Fourier transform and time-lifting isomorphisms, so as to be consistent with
the definition of the v-gap. The LFT characterisation of the metric is again employed,
in this case to transform the approximation problem into a finite sequence of feasibility
problems, from which an optimal solution may be found. More specifically, the problem
of optimal sampled-data approximation of continuous-time LTI systems is examined and
an LMI-based numerical algorithm proposed. The class of periodic systems considered in

Chapter 2 plays a crucial role in this respect.

Finally, in Chapter 6, the main contributions of this work are summarised. Potential

directions for future research are also identified.
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Chapter 2

Signals and Systems

This chapter establishes the basic notation and operator-theoretic setting for the thesis.
A recurring theme of this thesis is the study of linear operators via their graphs. The
notion of equivalence of operators in terms of an isomorphic relation between their graphs
is introduced in Section 2.1. In addition, generalised Wiener-Hopf and Hankel operators,
which are important in the study of time-varying systems as demonstrated in [JC10,
JC11], are defined.

In Section 2.2, we identify assumptions on the class of linear operators considered
throughout this thesis in accordance with [JC10, JC11]. Loosely speaking, we assume
that a system graph can be represented as the range of (resp. kernel) of a causal, bounded
operator which is causally left (resp. right) invertible. To justify these assumptions, each
is verified for three general classes of linear systems, which also arise later in the thesis.
In Section 2.3, time-varying systems with finite-dimensional state-space realisations that
are stabilisable and detectable [IS04, MC10] are considered. Distributed-parameter time-
invariant systems in the Callier-Desoer algebra [CD78, CZ95| are examined in Section 2.4.
Finally, Section 2.5 considers a class of periodic systems taken from [CV04], which include

those with a sampled-data structure.

The development of this chapter is based on [JC10, JC11]. Standard references for
the functional analysis concepts used here are [Kat80, Kre89, GGK90, Rud91].

2.1 Notation and basic operator theory

The real and complex numbers are denoted R and C, respectively. The transpose of
a matrix M € RP*™ is denoted MT € R™*P and the complex conjugate transpose of

M € CP*™ ig denoted M* € C™*P. The maximum and minimum singular values of an

7



8 Chapter 2. Signals and Systems

M € CP*™ are denoted (M) and o(M), respectively. We denote by Z, T and D the

integers, the unit circle and the open unit disc in the complex plane, respectively.

For a linear operator mapping between Hilbert spaces X : dom (X) C Hi — Ha, its
kernel is denoted by
ker (X) := {z € dom (X) | Xz = 0},

its image by
img (X) := {y € Ha |y = Xz for some z € dom (X)},

and its graph by

u

gX::{[y] € Ha x H1 : u € dom (X) andy:Xu}.

Given X C dom (X), X|x denotes the restriction of X to X. We define, respectively, the

upper and lower gains of X as

7(X) = sup [ Xwlly, and y(X):= inf [[Xw]z,.

lwlle, =1 [wll#, =1

X is said to be bounded if dom (X) = #; and J(X) < co.

We denote by £ (H1,Hz) the Banach space of all bounded linear operators mapping
between the Hilbert spaces H; and Hz. An operator X € Z(Hi,Hs) is compact if
for any bounded sequence {zj} in H1, {Xz;} has a convergent subsequence in Ha. A
compact operator X € Z(H,H) on a separable Hilbert space H is of the Hilbert-Schmidt
class [GGK90, Chapter VIII] if

oo
Z | Xe;]|3, < oo for any orthonormal basis {e,}o; of H.
i=1

An important result on compact operators, exploited several times in this thesis, is stated

below.

Lemma 2.1.1 ([Kat80, Thm II1.4.8]). Given two bounded linear operators X € £ (Ho, H1),
Z € ZL(Ha,Hs) and a compact operator Y € Z£(Hi,Hz), the composition ZYX €
L (Ho, H3) is compact.

The unique Hilbert adjoint of an X € £ (H1,Hz2) is denoted X* € Z(H2,H1) and
(Xw, v)g, = (w, X v)g, Yw € Hi,v € Ha.

It holds that img (X)" = ker (X*) and ker (X)= = climg (X*), where L denotes the
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orthogonal complement and cl(-) the closure of a subspace. As such, ker (X*X) = ker (X).
Furthermore, the following identities hold: (X*) = 4(X); when X has a bounded inverse,
(X! = 1/9(X) and y(X*) = y(X). Given any X,Y € Z(H1,Ho), ¥(X +Y) >
¥(X) = 3(Y). Finally, if [¥] : H1 — Ha x Hg satisfies X*X + Y'Y =1 (ie. it is
an isometry) or if [X Y} : Hi1 X Ho — Hg is such that XX* + YY" =1 (ie. it is a
co-isometry), then ¥*(Y) = 1 — 7*(X).

2.1.1 Equivalence of operators

Two normed spaces V) and Vs are said to be isometrically isomorphic if there exists a
bijective bounded linear operator ® : V; — Vs, such that ||®vi]ly, = |vi|ly,, Vo1 € V1.
When this is the case, we denote the isomorphic relationship between V; and Vs via the
isomorphism @ by Vi 2 V,. In line with the input-output approach adopted in this thesis,

we study the relationships between operators by way of their graphs.

Definition 2.1.2. Two operators X : dom (X) C A1 - Ay and Y : dom (Y) C V1 — s

are said to be equivalent if there exists an isomorphism

X Vo
%
X1 V1

such that ¥x ®29%®1 &, When this is the case, we denote it as X ®29%1 Y. When
X1 = Ao, Y1 = Vo and &1 = Py = P, we use the shorthand notation ® to denote & ¢ P
and say X 2Y if ¥x ® 4. Note that if X is a bounded linear operator, then X ®29®1 Yy
implies 7(Y) = ¥(X) and 7(Y) = 7(X).

P, 0

Dy O Py =
2 1 0 &

Remark 2.1.3. Given a linear operator X : dom (X) C A} — X and an isomorphism

P,0, [iﬂ = Bﬂ note that [] € (®2® ®,)%x = y = 0. Thus, (B2 ® B,) U is

the graph of a linear operator Y : dom (Y) C Y1 — Vs defined by Y := u s ®:X& 1w,
for v € dom(Y) := ®;dom (X). Indeed, Y is such that X ®2€®1 Y since clearly
Gx P29®1 @y, Tt is therefore the case that ¥x ®29®1 % is equivalent to the following

collection of conditions:

1. dom (X) %1 dom (Y);
2. img (X) %2 img (Y);
3. Yu = ®;X®] 'u,Vu € dom (Y).

Definition 2.1.4. We use the notation X #29%1 Y to denote X is defined by and
equivalent to Y via ®o P P;.
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Remark 2.1.5. Given two operators A : dom (A) C Vo, — V3 and B : dom (B) C V; —
Vs, note that
dom (AB) = {x € dom (B) | Bz € dom (A)}.

In the special case where img (B) C dom (A), we have then dom (AB) = dom (B).

Lemma 2.1.6. Given linear operators A : dom (A) C Vo — V3, B:dom (B) C V) — Vs,
C:dom (C) C X3 — A3, and D : dom (D) C X} — X5 and isomorphisms ®1 : V1 — X,
Dy 0 Vy = Xy and @3 1 V3 — X, suppose that img (B) C dom (A), A ®38%2 C and
B ®28®1 D. Then img (D) C dom (C) and AB ®3£®1 CD.

Proof. From Remark 2.1.3, A ®38%2 C is equivalent to

(a) dom (A) %2 dom (C);
(b) img (A) % img (C);

(c) Cu= ®3AP; " u,Vu € dom (C);
and B ®29%1 D is equivalent to

(d) dom (B) %! dom (D);
(e) img (B) %2 img (D);

(f) Du = ®,B® " u, Vu € dom (D).

Now, suppose u € img (D). Then ®,'u € img(B) by (e). Since img(B) C dom (A),
we have ®;'u € dom (A). This implies ®2®,'u = u € dom (C) by (a), and hence
img (D) C dom (C). By Remark 2.1.5,

dom (AB) =dom (B) and dom (CD) = dom (D),

and therefore dom (AB) 2! dom (CD) by (d).

We show now img (AB) %3 img(CD). Note that img(AB) = ABdom(B) =
Aimg (B) and similarly img (CD) = Cimg (D). Suppose y € Aimg(B), whereby
y = Au, for a u € img(B) C dom(A). By (c), we then have y = ®;'CPu =
®3y = CPyu. Note that ®ou € img (D) by (e), and hence ®3y € Cimg (D). Therefore,
®;img (AB) C img (CD). The fact that ®;' img (CD) C img (AB) follows by reversing

the preceding argument.
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Finally, note that for any u € dom (CD) = dom (D),
CDu = ®3A®, 'Du = ®3A8, ' ®,B® 'u = $3AB®| v,

where the first equality follows from (c¢) and the proven fact that img (D) C dom (C), and
the second equality from (f). Putting all the results together, we have, by Remark 2.1.3,
Yan T3L*1 Yep. O

2.1.2 Causal mappings of finite-energy signals

In line with the v-gap metric based analysis [Vin93, Vin01, CJK12, JC10, JC11], operators
mapping between finite-energy continuous-time signals are of central concern. Define the

Hilbert space

o0

L3 = {gi) :R—>R™ ' lloll2 := (o, ¢>2% < 0o, where (u,v)s = /

—0o0

u(t)To(t) dt } .

In general, the codomain of functions in L%g may also be taken as C™ or any Hilbert space.
In the sequel, we assume compatibility between the input-output spaces of component

operator mappings in compositions. Define the following two subsets of L]?Q:

Lt = {pe L | ¢(t) =0Vt € R\I} for some I C R;
L*:={¢ec Ly | M6 =0, forsome 7 e R} = | J L ),

TER

where IT; denotes the truncation operator at time 7 € R defined by

x(t) t<T

. T2 2 . R
]._.[7— . LR — L(—OO,T)’ HTZU(t) = { 0 ‘>

Clearly, Lﬁ is the orthogonal direct sum of L% ) and L[QT ) for any 7 € R. Note that

the closure of L** in L is equal to L%. For a linear operator X : dom (X) C L% — L3,

—00,T

define respectively its graph and truncated graph as

“

and ¥y :=%x N L?

[T,00)"

€ L3 : u € dom (X) andy:Xu};
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Similarly, its inverse graph and truncated inverse graph are defined respectively as

|

and 9 =% NL?

[7,00)"

€ L3 :y € dom (X) andu—Xy};

We conclude this subsection with the definition of causality, which is an important
notion in systems theory and has been widely studied the literature; see, for example,
[Wil69, Sae70, FS82, GS93, CV02, GS10].

Definition 2.1.7. A linear operator X : dom (X) C L% — L3 is said to be causal if for
all 7 € R, T1,%x is the graph of a linear operator, i.e.,

Yr
Ur

vr e R,V

] € I1,%x, we have that u, =0 = y, = 0.

A similar definition can be made in terms of the inverse graph.

If dom (X) = L%, then the above definition is equivalent to
I, X(I-II,) = 0 Vr € R.

By contrast, X is said to be anti-causal if (I-T1;)XIL, = 0 V7 € R. If X is simultaneously
causal and anti-causal, it is called memoryless. Note that X € Z (L%%,L%{) is causal if,

and only if, X* is anti-causal.

Lemma 2.1.8. An operator X : dom (X) C L3 — L% for which L** C dom (X) is such
that TL X(I — I1,) = 07 € R if, and only if, XLfmo) cL? _\VreR.

[1,00)

Proof. (=) For any 7 € R and u € L[27',oo)7 note that Xu = X (I — II;)u, and therefore
IT, Xu = IL, X (I — I1;)u = 0, where the last equality holds by hypothesis. Consequently,
Xu € L? ) («<=) Suppose, to the contrary, that there exist a 7 € R and a u € L[27—,oo)

[T7m
such that T, X(I — IT;)u # 0. Let v := (I — I )u € L[Qﬂoo), so that IT,Xv # 0. This
implies Xv ¢ L[ZT 50) contradicting the hypothesis. O

2.1.3 Wiener-Hopf and Hankel operators

Generalised Wiener-Hopf (a.k.a. Toeplitz) and Hankel operators are defined here. These
operators are useful in the study of linear time-varying systems; see e.g. [IS04]. As

reported in [JC10, JC11], they are crucial in v-gap metric based stability analysis of
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time-varying feedback systems, in conjunction with the theory of Fredholm operators, as

detailed in the next chapter.

Definition 2.1.9. Given X € .Z (L%, L3), define
1. the Wiener-Hopf operator relative to the ‘initial’ time 7 as

Txr = -T)X|p L} ., —~L

2 .
[r,00)
2. the forward Hankel operator relative to the ‘initial’ time 7 as

Hy = (I- )X | : L? — L?

—00,T) (700’7) [T,OO);
3. the backward Hankel operator relative to the ‘initial’ time 7 as

e .12 2
HX’T T HTX‘L[%',OO) : L[Tvoo) — 1;(70077')7
It is straightforward to show from first principles that the adjoints of these operators are
given by
(Tx,r)" = Tx-~ (Hi )" =Hy! 5 (Hy!)" =Hy.

see for e.g., [JC10, Lem. 2| for a standard proof.

Definition 2.1.10. A causal X € Z (L%, L3) is said to have non-singular instantaneous
gain if

ilel]% 352%1 (HTHX‘img(Hwa*HT)) > 0.

Remark 2.1.11. The concept of instantaneous gain arises in the earlier study of well-
posedness of feedback interconnections for possibly nonlinear systems [Wil71, DV75].
As observed in [JC10, JC11], it is useful for defining graphs of causal operators; see
Lemma 2.1.13 after the following.

Lemma 2.1.12 ([JC10, Lem. 5]). If a causal X € Z(L%, L%) has non-singular instan-

taneous gain, then for all T € R,

1. the Wiener-Hopf operator Tx , is injective; and

2

r00) 1 causal.

2. the algebraic inverse T;(IT timg (Tx ) = L

Proof. Suppose for some 7 € R, there exists a non-zero w € ker (Tx ;) C L[QT 50)" Then
for sufficiently large 6t > 0, we have (IL,y5 — I )w = II, 5w # 0. It follows that

HT+6tX(HT+5t - HT)w = HT+5tXHT+6tw = HT+5txw =0,
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where the second equality holds by the causality of X. This contradicts the hypothesis of
non-singular instantaneous gain and thus Tx ; must be injective for all 7 € R, whereby

the algebraic inverse T;(lT timg (Tx +) — L[2¢, o0) 18 well-defined.

Now suppose to the contrary that T)—ClT is not causal for some 7 € R, i.e. there exist
§ >0 and y € img(Tx,) N L*[T + §,00) such that with u := T;(}Ty € L[27',oo)’ we have
II, su # 0. Observe that

0= HT+5y = HT+§TX,TU = HT+5XHT+§U
= HT+6X(HT+5 - HT)ua

where the second last equality follows from the causality of X and the last from IL.u = 0.
This contradicts the hypothesis that X has non-singular instantaneous gain. Therefore,

T)—CIT must be causal for all 7 € R. O

Lemma 2.1.13 ([JC10, Rem. 3]). Given a causal operator G := [N ]| € L (L%, Lg), if

M has non-singular instantaneous gain, then

GL*" ={ve L} | v=Guw;we L*'} = | ] img(Tq,)
TER

is the graph of a causal operator P :img (M|;2+) C L} — L% which satisfies

P =TNn.Txd  forall T € R.
’img(ML2 ) N7 My f

[7;00)

Proof. Note for any 7 € R and [¥] € img(Tg ), there exists by definition a v € L[Qﬂoo)
for which y = TN ;v and u = Ty rv. If u = 0, then v = TK/IlJu = 0, where TR/I{T exists by
Lemma 2.1.12. This implies y = 0 and hence G L** is the graph of an operator; call it P.
To show causality of P, suppose Il u = 0 for some 71 > 7, then Il v = I1, TM{ Lu =0,
since by Lemma 2.1.12 TK/I{T is causal. This implies II,y = II, Tn ;v = 0, where the
last equality follows by the causality of TN -, as required for P to be causal. O

2.2 Representations of system graphs

Following [JC10, JC11], the developments of closed-loop robustness results in the forth-
coming chapters are underpinned by the following assumptions on the existence of ‘strong
graph representations/symbols’ for causal linear operators. In Sections 2.3, 2.4, and 2.5,
we present classes of systems for which the assumptions are satisfied; namely, finite-

dimensional time-varying state-space systems, distributed-parameter time-invariant sys-
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tems, and generic periodic systems with finite-dimensional ‘realisations’; of these, the
first two classes mentioned have already been examined in [JC10, JC11], and the last is
adapted from [CV04].

Assumption 2.2.1. Given a causal operator P : dom (P) C L% — L%, there exist causal
operators N,M,N, M, X,Y,X,Y € X(Li, L%&) satisfying the following properties:

1. the double Bezout identity

Y X|[N X| _
M -N||M -Y|
2. img (G) = ker (é) and 95 = 9p N L[2’r,oo) = img(Tqg,,;) = ker (T(},T> for all

T € R, where

G = [11\\;] and G i=[-M N]|

are respectively called right and left strong graph symbols/representations for P,

respectively.

Assumption 2.2.2. G*G =1 and GG = I, i.e. the strong right and left graph symbols

are normalised.

Assumption 2.2.3. HE; and HE; are compact for all T € R.

The term ‘strong’ in part 2 of Assumption 2.2.1 is borrowed from [DS93] to emphasise
that right (resp. left) graph symbols have left (resp. right) bounded causal inverses. In

this thesis, graph symbols are always taken to be strong.

Definition 2.2.4. We denote by S the set of causal operators for which all of Assump-
tions 2.2.1, 2.2.2, and 2.2.3 are satisfied.

2.3 Finite-dimensional time-varying systems

Here we summarise several basic notions for LTV systems, and refer to [IS04] for more
details. Consider the finite-dimensional continuous time-varying linear system u — y
described by

(2.1)
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wheret € Rand A, B, C, and D are continuous and bounded matrix-valued functions with
A(t) € R™™, B(t) € R™™, O(t) € RP*", and D(t) € RP*™. Welet X : R — R denote
the (invertible) principal fundamental matrix defined by the solution of X (t) = A(t)X (¢)
with X (0) = I, which exists by the assumptions on A [BAG92]. It follows that the state
transition matrix ®4(t, s) := X ()X (s)~! satisfies, for all ¢, s, € R,

d
&@A(t, s)=At)Pal(t,s), Pa(t,t) =1, and PA(t, 7)Pa(T,s) = Pa(t,s) VT € R.

Definition 2.3.1 ([Cop78]). A continuous, bounded function A : R — R™*" is said to
define an exponentially dichotomic evolution if there exist 7 € R, an associated projection
P =P2cR™", p>1,and ¢ > 0 such that

|®4(t, T)PPA(T, 5)|| < pe™ =) Vit > s

(2.2)
|®A(t, 7) (I — P)®a(T, s)|| < pe 7078 Vs > ¢,

where || - || denotes the spectral norm. This implies

img (P) ={z e R" : &y(-,7)z € L[zﬂoo)} and
ker (P) = {x € R": ®4(—, 1)z € L? }.

(_OO’T)

In particular, if P = I,,, then A is said to define an ezponentially stable evolution.

The pair (A, B) is said to be stabilisable if, and only if, there exists a continuous and
bounded F' such that A + BF defines an exponentially stable evolution. In contrast,
(C, A) is said to be detectable if, and only if, there exists a continuous and bounded L
such that A 4+ LC defines an exponentially stable evolution. We assume throughout this

section that all state-space realisations are stabilisable and detectable.

When the matrix function A in a system of the form (2.1) defines an exponentially di-
chotomous evolution, the state-space system can be equivalently interpreted as a bounded

convolution operator Z : L% — L% given by

(Zu)(t) = D(t)u(t) + C(t)DA(t, 7) P /_ ® 4 (7, 5)B(s)u(s) ds (2.3)
— C(t)Dalt,T)(I - P) /t T ou(r ) B(s)u(s)ds,  (2.4)

where 7 € R, P € R™" are such that (2.2) is satisfied for A [BAG92, Thm 1.1]. It
follows that A defines an exponentially stable evolution (i.e. P = I) if, and only if, the
corresponding Z is bounded and causal (on the entirety of Lfg). When this is the case, it

follows that the associated forward Hankel operator, HJZr; is compact for all 7 € R. To
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see this, note the Hankel factorisation HJZF; = Lo -Lc -+, where the observability operator
Lo, € Z(R", L[Zﬂoo)) and controllability operator Lo, € Z(L?(—00,7],R") are defined
by

-
(Losz)(t) :=C()Pa(t,7)zr and Lg,u:= / D4 (7, 8)B(s)u(s) ds.

— 00
Since L has finite-dimensional image and Lo, has finite-dimensional domain, both

operators are compact [Kre89, Thm. 8.1-4]. As such, HJ,~ is compact by Lemma 2.1.1.

Henceforth we denote Z in terms of its state-space realisation:

()
7= = (A, B,C, D).
C|D

Elementary operations on input-output convolution operators are briefly described below;
see [IS04, Section 2.1] for more details. First of all, the Hilbert adjoint of Z is given by
Z* = (AT, -7, BT DT). If D is boundedly invertible and A — BD~'C defines an

exponentially dichotomic evolution, then Z is boundedly invertible and

. A-BD™'C | BD™!
B -p7'c¢ | D' )’

Let Z; := (A1, B1,C1, D1) and Zg := (Ag, B, Ca, D9). A realisation for their composition

is given by

Ag 0 By
7,7y = B1Cy Ar| | | BiDs (2.5)
D10y 1| | DiDs
For any 7 € R, let
G = { [y € L[QT o) | FT € L[ZT o0y for which (2.1) is satisﬁed} :
w : :

Without assuming that A defines an exponentially dichotomic evolution, it is shown
in [MC10] that if the pairs (A, B) and (C, A) are respectively stabilisable and detectable,
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then

o A+BF | [BR'? -LR?|
NoX —1/2 pl/2 .
M _v| = | |¢+DF|| [DRTY? R ;
- - F R7Y2 0

v x] A;L/QLC’ \ 2 —(B+f/12?)
Mo-N| | | ECEL 0 R |
L . R—1/2C R—1/2 _R—1/2D

where R := I+DTD, R := I+DD” F := —R~Y(DTC+B"X), L := —(BDT+YCT)R!,
X(t) = tlim X(t;ty), Y(t) := . lim Y (t;t;), and X = X7 and Y = Y7 are respectively
F—00 i —0Q

the solutions to the time-varying single-point boundary-value differential Riccati equations

~X =X(A-BR'DTC)+ (A— BR'DTC)TX — XBR'BTX + CTR'C; X (t;;t7) = 0

Y =(A-BDTR'C)Y +Y(A-BDTR'C)T —YCTR™'CY + BR'BY; Y (t;;t;) = 0,

A A

img (G) = ker (G), 9T = img(Tg,) = ker (TG,T

GG = I, where
N
G .= [
M

Also see [ABB02, TV92], in which the same result is obtained under stronger assumptions.

are such that:

for all 7 € R, GG =1 and

N———

and G := [—1\7[ N] .

As such, a stabilisable and detectable state-space system of the form (2.1) may be
associated with a linear mapping P : img (M| 2+) C L% — L% (as in [JC10, JC11]), with
graph

Yp = GL*T = {w | w= Guo for some v € L2+} c L**. (2.6)

As discussed in Lemma 2.1.13, since the instantaneous gain of M is tinlg o(R7V2(t)) > 0, P
€
is a causal operator by the above definition of its graph. Importantly, Assumptions 2.2.1,

2.2.2, and 2.2.3 hold from the preceding developments.

Definition 2.3.2. We denote by V C S the set of causal operators with stabilisable and
detectable state-space realisations of the form (2.1) and graphs defined as in (2.6).
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2.4 Infinite-dimensional time-invariant systems

In this section, we consider the constantly proper subclass of the Callier-Desoer alge-
bra [CD78, CZ95]. Time-domain systems can be defined via multiplication operators
with symbols in this class using the continuous-time Fourier transform isomorphism, as
discussed below. For this class of systems, the v-gap metric introduced in Chapter 3 will
be shown in Section 4.6.2 to reduce to the original expression of [Vin93, Vin01, CJK12,
CJK10, CJKO09].

Define C,4 := {a +jb | a,b € R,a > o} with closure Cy .

Frequency-domain signal spaces

We define the frequency-domain signal spaces L?R (resp. H (2c+ and H %_) to comprise of
continuous-time Fourier transforms .# of functions in L3 (resp. L[20,oo) and L%_ 0070)), SO
that
2 Z r2 . 2 g 2 2 g 2
L]R ‘,{; L]]R (rebp. L[O,OO) LZ H(C+ and L(—OO,O) Z H(C,)?

with .Z : L} — LJQ»R defined by (Z f)(jw) := \/%ffooo f(t)e=7«tdt. The inner product

NN . . . Lol
and norm on L% are given by (3,02 = [ ¢(jw) (i) dw and [dl2 = (&3,
respectively. Let S, : L3 — L2 denote the continuous-time shift operator defined by
(S;u)(t) := u(t — 7). Observe that for any u € L3,

(7Sru)(jw) = e 7T (Fu) (jw),

whereby L** =, cp STL[20,OO) ZUrene “THE .

A transfer function algebra
Suppose u : [0, 00) — RPX™ satisfies e 7" u(-) € L' for some o € R, where
[e.9]
L= {qb: [0,00) — RPX™ ’ / |k (t)] dt < oo} .
0
Then for s € C,,, the Laplace transform of u is defined by

a(s) == /000 e Stu(t) dt.
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Given o € R, let A(0) denote the causal convolution algebra of integral operator kernels

fort <O

0
olt) = { ba(t) + 300, ¢id(t —t;) fort>0 " @7

where
e 7 a(") € Ll;
2.ty =0and t; > 0 for ¢ > 1;
3. §(- —t;) is the Dirac delta centred at t;;

4. 2% |ild, klle=7% < oo, for all j = 1,2,...,p and k = 1,2,...,m, where ¢;[j, k]
denotes the (7, k)th entry of ¢; € RP*™; and

5. 160 Klllo = J5 "0l K]()] db + 324 |61l Kle ™"

Each ¢ € A(0) has Laplace transform

_ / balt)edt + 3 gret,
0 i=1

defined for all s € C,. The class A(c) comprises functions that are Laplace transforms
of kernels in A(c). Every entry ¢[j, k] of a ¢ € A(c) is [CZ95, Lem. A.7.47]:

1. analytic on Cyy;
2. continuous on s = 0 + jw for w € R; and

3. bounded on Coy with sup .z [0[j, k](s)| < 6], Klllo-

Moreover,
P® Y = dyY
for any i € A(0), where ® denotes convolution product; see [CZ95, Lem. A.7.46].

(0) and define:
=10 ’quA( )forsomea<0}; and

pe A inf o(d(s)) > 0 for sufficiently large p >0 .
{s€Cos | IsI2p}
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The Callier-Desoer class B [CD78, CZ95] consists of transfer functions in which each entry
belongs to the quotient algebra

~ ~ -1 A ~ ~
A_[AOO} ::{gb:ﬁ,[fl ‘aeA_,gero}.
Indeed, B encompasses all real-rational proper transfer functions [CZ95, Thm. 7.1.16].

All & € B are proper in that for sufficiently large p > 0,

sup 7(®(s)) < oo;
{s€Coy | Is|=p}

see [CZ95, Lem. 7.2.5]. @ is called constantly proper if for some matrix ®, € CPX™,

lim [ sup o) <<f>(s) - i>oo> =0.

—00 =
L {s€Cox | |s|>p}

We use the superscript °P to denote the sub-algebra of transfer functions which are con-
stantly proper. Note, the sub-algebra ACP(O') corresponds to the Laplace transforms of
distributions in A(c) for which ¢; = 0,Vi > 1 in (2.7); see [CZ95, Lem. 7.2.5]. A symbol
¢ € A satisfies ¢(s) — ¢1 as |s| — oo in Coy [CWI0, Fact 1(c)], whereby ¢y is invert-
ible by the definition of AZ‘; and hence convolution with ¢ has non-singular instantaneous
gain (cf. Definition 2.1.10).

Importantly, every transfer function in B admits normalised doubly coprime factori-

sation, as shown in the following.

Proposition 2.4.1. Given any P € BCp, there exist NN, X,Y,X,Y € A? and M,M e
AL such that

o0

NM~'=M"'N=P;
Y X ||N X
M —-N||M -Y

M*M +N*N =1 and MM*+NN*=1 onjR.

=1 on Coy;

Proof. The proof is based on [CZ95, Thm. 7.2.8 and 7.2.14] and the spectral factorisation
result [CW99, Thm. 2.2]. See [CJK09, Thm. 1] for details. O
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Frequency-domain multiplication operators

Given any P € BCP\AC_p, we define the multiplication operator M p : dom (Mp) C
L?R — L?R associated with symbol P, by (M pu)(s) := P(s)u(s), for u in

dom (Mp) := {u € U ej“”H(QC+
TER

VreR,u € ejWH(%+ = P(u(-) € ejWH%+}

=J e {ue HZ, | P()u(-) € HZ, }.
TeER
(2.8)

If P e AP, Mp : dom (Mp) := L% — L% is defined to be (M pu)(s) := P(s)u(s).
Note that given a P € BCp, Pe A” if, and only if,

MpH(%+ C H%+ and (M p) := sup W = sgp d(P(s)) = || Pllec < o0, (2.9)
ueLj]R seCot

in which case we say P is a stable transfer function [CZ95, Thm. A.6.26].

Proposition 2.4.2. Given P € BCP, let N,M,N,M € AP e coprime factors for P
as in Proposition 2.4.1. Define G := H\H e A” and G = {—M ]\7] e A", Then
img (M¢) = ker (M) and

gMP N €ijH(%+ = img <MG’ej‘*”'H¢2:+> = ker <Mé’ej“”'H%+> V1 € R, (210)

By virtue of the above equation, G and G are respectively called right and left normalised

graph symbols for P.

Proof. We follow the standard argument in [VinO1, Prop. 1.33] and first prove (2.10)
for 7 = 0. If [¥] € 9m, ﬂH(QC+, then y = NM~'u. Let ¢ := M 'u, we obtain
[¥] = Gq. By Proposition 2.4.1, there exists [v x] € A~ such that [y x]G = I. So

qg=|[vx][¥] € H(2C+ and [Y] € img <MG|H(?: > Conversely, if [¥] € Gqg : ¢ € H(ZC+,
+
then y = NM 1y = Pu and u,y € H(%+, so (4] € 9, HH%+. As such, %MPHH(QC+ =

img (MG\H%+>. Now note that by Proposition 2.4.1, GG = 0, whereby

2 .
Inp ﬂHC+ = img (MG‘H%+> C ker <M@|H%+> .

Conversely, if [¥] € H(%+ and G[Y] = 0, then y = M~'Nu = Pu and thus [Y] €
gMPﬁH%Jr.
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The case for 7 # 0 follows the same line of arguments above by replacing throughout
H%+ with e‘j‘”HzJr7 while noting that given any ® € Ac,p,

Mg (e’ Ht, ) = “"TMoHE, C ¢“THE, Vr € R,

To see that img (M) = ker (M ), note that GG = 0 implies img (M) C ker (M ).
Conversely, suppose that [¥] € L?R and G [¥] =0, then y = M~'Nu = NM~'u. Letting
q = M~ 'u yields [¥] = Ggq. As above, since [y x]G =1, ¢ = [y x][¥] € L?R, from

which it follows that [¥] € img (M q). O

By the above proposition, given any P € 3Cp, we have

gMP = U 1mg (MG‘ejWTH%+> = U ker <Mé|ej“”'H(2:+> .

TER TER

Remark 2.4.3. If P € A” is as in Proposition 2.4.2, then
Y, = img (Mg) = ker (M) ,

which is a closed subspace in L?R, since M has a left stable inverse M|y y| [Kat80,
Thm. IV.5.2]. The proof is the same as that of Proposition 2.4.2 after replacing H%Jr
with LJQR throughout.

Equivalent time-domain systems

Definition 2.4.4. Define the set of continuous-time operators
W= {Pﬁ?MP ‘PGBCP},

where the notation ., is defined in Definition 2.1.4.

From (2.8), we have that each P € W is time-invariant in that S;%p C ¥p V71 € R,
where S, denotes the continuous-time shift operator. Furthermore, P is causal because
if u € dom (P) =.Z 'dom (M p) is an element of L[Q o0y for some 7 € R, then y := Pu €

T,

L[QT’OO), whereby II,u =0 = I,y = 0. When ® € fl?), the element ® Zi Mg of W can
be identified with several properties. First of all, in view of (2.9), ® is bounded on L%{ with
¥ (®) = (Ma) = ||®||co- Second, ® is causal by Lemma 2.1.8, since <I>L[27 ) C L[2T o0 for

all 7 € R by (2.9) and time-invariance. Also, the Hankel operator H$_0 is compact [CZ95,
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Lem. 8.2.4]. Exploiting the fact that ®S, = S, ® for all 7 € R, note

Hy = (- )@l  =0-T,)S,®8 [

00,T) —00,T)

=S (I-T)®2 S ol

©0,0) 00,7)

_ +—
= STH@’OS_T‘L(in " B

from which it follows by Lemma 2.1.1 that H:{,_T is compact for all 7 € R.

Given any P € B and the corresponding linear time-invariant (LTI) operator P ;/(;

M p, define the bounded causal operators on L%:

NEMyMEMy,NEMgM%E My, X% My, Y5 My, X% Mg, Y5 My,
where NV, N, XY, f(, Y e A® and M, M € AZZ are as in Proposition 2.4.1. By Proposi-
tion 2.4.2, img (G) = ker (G) and

“p N L[Qﬂoo) =img (Tqg,,) = ker <T(~;’T> for all 7 € R,

where G = [1\1\}[] and G = [—I\N/I N} HE_T and HJé_T are compact for all 7 € R as
noted before. Furthermore, by Proposition 2.4.1, it holds that

Y X|[N X 1
M -N||M -Y|
and G*G =T and GG" =1

In a nutshell, elements in W satisfy all Assumptions 2.2.1, 2.2.2, and 2.2.3,i.e. W C S.

Remark 2.4.5. In [JC10, JC11], each P € B is associated with a time-domain operator
P :dom (P) C L3 — L, with graph

.

where N and M are as in Proposition 2.4.1. This association is consistent with the more

j = Nib; it = M € | ejWTH(QC+},
TER

general LTV case considered at the end of Section 2.3. Since M € A‘;ﬁ, convolution
with M (i.e. the operator M ‘i M yr) has non-singular instantaneous gain in the time
domain. As such, P is linear and causal by Lemma 2.1.13. Furthermore, P Z Mp, i.e.
the above definition results in the same time-domain objects as those in W. The use of
multiplication operators as the building block for time-domain operators in this section

is motivated by the fact that in Chapter 5, systems with sampled-data structure have to
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be constructed in the absence of the coprime factors N and M.

2.5 Periodic systems

This section considers a class of periodic systems adapted from [CV04], via the time-lifting
technique [BPFT91, BP92, Yam94, CF95]. Time-domain systems are defined in terms of
frequency-domain multiplication operators as in the previous section.

Signal spaces

The following Hilbert spaces, with h > 0 as a parameter, play a central role in our study

of h-periodic systems:

i=—00

G(Liyp) = {f Z — Ly Hin% = (f, [l < oo, where (f,g)p = > (figi)e };

& (L [Oh) {fEZZ(L[oh)|fi:0>W<O}-

We define L%(L[ZO’ ny) (resp. H ]%)(L[QO ny)) to comprise of the discrete-time Fourier transform
% of the signals in K%(L[%yh)) (resp. £Z+ (L[0 py)) so that EZ(L[O h)) Z L2 (L[0 py) and
£Z+(L[0 ) % ZH D(L[O n))» Where the isomorphism [SNF70, Chapter 5]

2 65(Liy ) = L3 L) (Z1)(2) =) 2 fi
=

The inner product and norm on L%(L[zo’h)) are given by (f, g)L12r = fzeT(f(z),g(Z»Q dz
and | f HQLQ = Lerllf (2)|3dz, respectively. Similarly, we make use of the relation
T

L3 7» E%(L[QO py)s where %), denotes the time-lifting isomorphism [BPFT91, BP92,
Yam94, CF95], defined by

WLy — (L) (X nf)it) = f(hi+t),t €[0,h).

Together,
Lg 22U L3 (LG, and L, ) 22 HE(Lf )

Now let D; : £3(L? o) — 02 (L2 0,n)) denotes the discrete-time shift operator, i.e.
(Dju) (k) := u(k — i) for any i € Z. Similarly, let S, : L% — L% denote the continuous-
time shift operator defined by (S;u)(t) := u(t — 7) for any 7 € R. Observe that for any
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h>0,kEZ,anduELf§,
(ZH 1Sinu)(2) = (ZDi# ) (2) = 2X(ZH hu)(2).

Noting L** = | J SknLf o) for any h > 0, it follows U zkH]%)(Lﬁlh)) = W, L*". We
keZ keZ
may often drop the codomain of the functions in these spaces, i.e. L[20 By for notational

convenience.

Transfer functions

The following class of rational transfer functions [CV04] is the central object of study:

AeCr Be .z(LfO ny C™);
P=2w—2C(I -2A)"'B+D 5 '
€ g(c’g(L[o h)’L[O h))) (a'e') 2 9 .
’ : De ‘g(L[o,h)v L[o,h)) is causal

where by causality of D we mean IL, D(I-1II;) = 0V7 € [0,h). For any transfer function
P(z) = 2C(I — zA)"'B + D € L, we denote its non-unique realisation by (A, B, C, D).
The order/complexity of a realisation of a transfer function is defined to be the dimension
of its ‘A’ matrix. A minimal realisation is one of minimal order [Can98, Section 2.4.1].
Define the stable subclass of L as

LHy ={P e L |if (A, B,C, D) is a minimal realisation for P, then spec(A) C D},

where spec(+) the spectrum of a matrix. Note that every P € LHpy is analytic on D and

has finite infinity-norm ||P||s := sup,cp 7(P(2)).

Given P(z) = 20(I — zA)"'B + D € L, its corresponding para-Hermitian conjugate
function is given by P*(z) = B*(2I — A*)~1C* + D*. Note that unless D is memoryless,
P* ¢ L. P is invertible as an element in £, i.e. P! € L, if, and only if, its feedthrough
terem D € & (L%O,h)v L[207h)) has a bounded causal inverse. In this case, a realisation for

the inverse is given by

_( A-BD'C|BD™!
pl= . (2.11)
-p7'c | D!

Given P, = (A1, B1,C1,D1) € L and P, = (Ay, By, Cy, D3) € L of compatible dimen-
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sions, a representation of their product is given by

A1 Bi1Cy B1D, Ay 0 B,
PP, = 0 A By = BCy Ay B1Ds eL.
1 DiCo| | DiDs [Dicy @] | DDy
Likewise, for addition,
Al 0 B,
P+ P, = 0 A Bo eL.

{Cl CQJ ‘D1+D2

Definition 2.5.1. Given P € L, P is said to admit normalised doubly coprime factorisa-

tions if there exist coprime factors N, M, N, M,X,Y,X,Y € LHS such that M1, M1 e

L and

. N | =1, NM™'=M"'N="r;

M —-N||M -Y
M*M +N*N=1; MM*+ NN*=1.

Y X”N X

Proposition 2.5.2. Given any P = (A,B,C,D) € L, if D*D and DD* are Hilbert-
Schmidt operators, then P admits normalised doubly coprime factorisations as per Def-
inition 2.5.1 by construction. To be specific, let R := I + D*D and R := I + DD*.
Suppose without loss of generality that the realisation (A, B,C,D) is minimal [Can98,

Section 2.4.1], then one realisation of the required coprime factors is given by

i A+ BF \ [Bv —Lsﬂ

N X| — _
v | = | [e+pr]| Tov s :
. | F Voo

v ox1 A:LC [z —(B:LDﬂ
g ol = [VE % ,
: | sc S —SD

where
F:= —(R+B*XB)"YB*XA+ D*C); L:=—(BD*+ AYC*)(R+CYC*);

V and S are causal operators in X(L[QOJL), L[Qo,h)) with bounded causal inverses satisfying
(R+B*XB)' =VV* and (R+CYC*) 1 =85* and 0 < X = X* € C", 0<Y =

Y* € C™™ are the stabilising solutions to the discrete-time finite-dimensional algebraic
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Riccati equations'

X = (A— BR'D*C)*'X(I + BR™'B*X)"Y(A— BR™'D*C) + C*R™'C;
Y = (A—BD*R'C)Y(I+C*R'CY) Y(A—- BD*R'C)" + BR™'B*

which satisfy spec(A + BF) C D and spec(A+ LC) C D.

Proof. This mainly follows from [Can98, Lem. 5.4], where verification of the conditions
of Definition 2.5.1 is achieved by direct calculations. Additional effort is required in the
setting here to show that the square-root factors V and S can be taken to be causal and
causally invertible, as required for N, M, N,M,X,Y,X,Y, M, M~! toreside in £. This
follows by the so-called ‘triangular’ spectral factorisation results in [AHMO09, Prop 2.2 and
Thm. 3.7]. In particular, note that because B*X B and CY C* are finite-rank operators
(specifically, compositions of three finite-rank operators), they are of the Hilbert-Schmidt
class [GGK90, Cor. VIII.2.4]. Consequently, since D*D and DD* are Hilbert-Schmidt
by hypothesis, D*D + B*X B and DD* + CY C* are also Hilbert-Schmidt [GGK90, Thm.
2.3]. As such, by [AHMO09, Prop 2.2 and Thm. 3.7), [ + D*D + B*XB and I + DD* +
CY C* admit ‘triangular’ spectral factorisations, i.e. there exist causal V, V1 S S~ ¢
X(L[Qoyh), L[Qo,h)) such that

I+D'D+B*XB=V " Y(V))* and I+ DD*4+CYC*=S"1S 1),

as required. ]

In light of the preceding development, we have the following definition.

Definition 2.5.3. Define the following subsets of L:

Lcr :={P € L | P admits normalised doubly coprime factorisations};
Lpys:={P=(A,B,C,D) e L | D*D and DD* are Hilbert-Schmidt}.

Note that Lxg C Lor by Proposition 2.5.2.

Multiplication operators

Recall that (Jyoy 2"HE) = ZW,L*"T. Given a P € L\ LHF, define the associated
multiplication operator, M p : dom (M p) C L3 — L%, to be (Mpu)(z) := P(2)u(z),

'Note that the solutions X and Y exist by the minimality of (A, B, C, D) [Can98, Prop. 2.20].
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where

dom (Mp) := {u € U ZkHHQJ)
keZ
=+ {ueHE| P()u() c HE}.
keZ

if u € 27 H3 for some j € Z, then P(-)u(:) € sz?D)}

When P € LHY, Mp : dom (Mp) := L% — L2 is defined to be (M pu)(2) := P(2)u(z).
Note that given a P € £, P € LHp if, and only if,

MpH? C HY and §(Mp):= sup IM pul| g2 = sugf’y(P(z)) = ||P||s < 00,
zE

el 2 =1

in which case we say P is a stable transfer function [SNF70, Chapter 5.

Proposition 2.5.4. Given a P € Lop, let N,M,N,M € LHGF be coprime factors for
P as in Definition 2.5.1. Define G := [V ] € LHF and G = [—M N} € LHy. Then
img (M¢) = ker (M) and

gMP ﬁzkH]%) = img (MG|ZkH112)) = ker (Mé|zkHH2)> Vk € 7.

By virtue of the above equation, G and G are respectively called right and left normalised

graph symbols for P.
Proof. The proof follows the same line of argument as in Proposition 2.5.4. O

By the above proposition, given any P € Lop, we have

keZ keZ

Remark 2.5.5. If the P € Lo in Proposition 2.5.4 is an element of LHT, then
YInip = img (M) = ker (Mé) ,

which is a closed subspace in L%, since M ¢ has a left stable inverse My y| [Kat80,
Thm. IV.5.2]. The proof is the same as that of Proposition 2.5.4 after replacing H 1%) with
L? throughout.
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Time-domain systems

Given a P € L, observe that for any i € Z, if [¥] € Yarp, i-e. y,u € 2FH?Z for some
i

k € Z and y = M pu, then € Ynrp, because 2y, 2'u € 2R HE and M p(2'u) = 2'y.

2
Consequently, the discrete-time operator Py :fp M p is a shift-invariant operator in the
sense that for all ¢ € Z, D;%p, C ¥p,. In light of the fact that WﬁlDi = Sth}jl Vi € Z,
it follows that with P . Py 2 Mp (cf. Definition 2.1.4), we have

Sinép CHpVic.

In other words, P ”ZZ " M p is a continuous-time linear periodically time-varying (LPTV)
operator with period h. Furthermore, P is a causal operator. To see this, suppose
a realisation for P € L is (A, B,C,D). Now given any [Z] € 9n,p, there exists by
definition a j € Z such that u,y € sz]%) and § = M pa. In particular,

§(2) = P(2)a(z) = (:C(I — 2A) "' B + D)a(z).
As such, [g} = g1 [Z] € 9, N Dj£%+ can be described by the convolution opera-
tion IOW99, Section 2.6]:
k—1 '
g = Y _ CA""'Bu; + Dy, Vk > j.
i=j
Since D is causal by definition, it follows that [¥] := #/; ! (9] € %p N L?[j,00) is such

that y depends causally on u. In consequence, P is causal, as claimed.

Definition 2.5.6. We define the following classes linear periodically time-varying (LPTV)

systems with transfer function representations in L:
P— {PfthMp;Peﬁ};
Pop = {PthMp:PecCFcc} CP;

Pyg := {P gZhMP:PE£HsC£CF} C Por,

where Lop and Lgg are as in Definition 2.5.3.

We verify below that all of Assumptions 2.2.1, 2.2.2, and 2.2.3 are satisfied by operators
in Pop, i.e. Pop C S.

Given any (stable) ® = (A4, B,C,D) € LHY, any [}] € 9p,, where ®4 Z Mg, can
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be described by the convolution operation [[OW99, Thm. 2.6.1]:

k—1
ye = Y CA"""'Bu; + Du,Vk € Z. (2.12)

1=—00

Since D is causal by definition, it follows that ® yfph &, is a bounded causal operator on
L§ with ¥(®) = ¥(Mg) = [|[®||s and y(®) = v(Mg) = inf.epy(®(2)). Also, for any
7 € R, the Hankel factorisation H+_ = Lo -Lc + holds, where the observability operator
Lo, e Z(C", L[ o)) and the Controllablhty operator L¢, € .Z(L? ,C™) are defined

(—o0,7)
by
k-1
(Lo rx)(t) :== <CAj(t)ac> (t— (k+j(t))h),t > 7 and Leyu = Z ARELB (W ),

in which &k := |7/h], j(t) := [(t — kh)/h], and |-| denotes the floor function. Since L¢
has finite-dimensional image and Lo, has finite-dimensional domain, both operators are
compact [Kre89, Thm. 8.1-4]. This implies that H+ is compact by Lemma 2.1.1.

Now, given any P € Lop and the corresponding LPTV operator P fff h M p, define

the bounded causal operators

NJ//}L MN,Mg//h MM,NZ/»//}LM~ ngﬁ/h MM,
X 200 My, Y 240 My X 20 M, Y 2 M,

where N, M,M,N,X,Y,X,Y € LHGP are as in Definition 2.5.1. By the properties of

coprime factors and the preceding developments, it follows that

MR

G'G =1, GG" = I, and HJ(E* and HJf*T are compact for all 7 € R, where G := [1\1\/}]

and G := [—-M N]. Moreover, by Proposition 2.5.4, we have that img (G) = ker (é) and
%p N L*[kh,0) = img (Tq kn) = ker ( & kh) for all k € Z. In fact, it can be shown that

“p N L[z,r’oo) =img(Tq,) = ker (Té,r) for all 7 € R. (2.13)

To be precise, given any k € Z and 7 € [kh, (k+ 1)h), note that img (Tg ) C L[zT?oo) and
img (Tq.») C 9p N L?[kh,c0) by (2.13), and hence img (Tg ) C % ﬂL[Qﬂoo)' Conversely,
suppose that [¥] € 9p N L[T o0)> then from (2.13) there exists a ¢ € L?[kh, o) such that

(4] = Tgrrg. In fact, it can be shown that ¢ € L[QT s0)> SO that [¥] = Tq,rq, whereby
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“p ﬂL[im) C img (Tq,r). To see this, suppose to the contrary that IT.q # 0. Let D be the
feedthrough D-term of M. Therefore, from (2.12), u(t) = (Dq)(t) and (D~ u)(t) = q(t)
for t € [kh,(k + 1)h). Note that IL;u = 0 since u € L%T’m), from which it follows that
D! is not causal, contradicting M ~! € £. Similar arguments can be used to establish
“p N L[2T,oo) = ker <T(},T>'

In summary, all of Assumptions 2.2.1, 2.2.2 and 2.2.3 hold, leading to the fact that
Por CS.

2.6 Summary

This chapter presents the preliminary material. The notion of operator equivalence is
utilised to define time-domain linear operators based on frequency-domain objects. Three
generic classes of linear systems are presented and shown to satisfy assumptions on the
existence of normalised strong graph representations/symbols. Subsequent chapters de-
velop robust stability analysis results for abstract operators assumed to admit such graph
representations and the system classes here serve as examples of operators of this kind.
Restrictions to these specific classes of systems from the abstract setting take place on
several occasions later in the thesis, where certain additional results may be derived. In

particular, see Sections 3.4, 4.6, and Chapter 5.



Chapter 3

Robust stability analysis via the

v-gap metric

In this chapter, we define a notion of closed-loop stability for continuous linear time-
varying (LTV) systems, which implicitly contains an arrow of time [GS10]. Robust sta-
bility results for feedback systems are derived. The development is underpinned only
by the assumptions on the existence of normalised strong graph symbols/representations
stated in Section 2.2. Building on the initial work in [JC10, JC11], the definition of the
v-gap metric is motivated here via a necessary and sufficient Fredholm index condition
for the stability of an uncertain feedback interconnection, contingent on a robust stability
margin of the nominal closed-loop being sufficiently large. A lower bound on robust sta-
bility margin of the perturbed feedback systems is derived thereupon. We also consider
the variation of a closed-loop mapping, used to gauge performance and robustness, as an
open-loop component of the feedback interconnection is perturbed. Uniform upper and
lower bounds on the induced norm of the difference are established in terms of the v-gap
distance between the perturbed and nominal systems. From these bounds it follows that
the v-gap metric induces the coarsest topology with respect to which closed-loop stability
is maintained in small neighbourhoods and closed-loop performance varies continuously.

All of the aforementioned results have their time-invariant roots in [Vin93, Vin01].

Towards addressing the issue of potential conservatism, with respect to the robust sta-
bility margin, in closed-loop analysis via the generalised v-gap metric, the class of causal
linear periodically time-varying (LPTV) systems introduced in Section 2.5 is considered
via the well-known time-lifting [BPFT91, BP92, Yam94, CF95] isomorphism also dis-
cussed therein. Importantly, this system class includes from an operator-theoretic point
of view finite-dimensional linear time-invariant (LTT) systems and periodic sampled-data

systems, thereby laying the foundation for the work in Chapter 5 on sampled-data ap-

33
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proximation. A necessary condition for robust stability, analogous to the LTI results
in [Vin01], is then derived. This leads to a quantitative measure of the maximal v-gap
ball of causal LPTV perturbations a feedback system can sustain while preserving internal
stability.

The chapter is organised as follows. In Section 3.1 we present some properties of
Fredholm, Wiener-Hopf, and Hankel operators, which are useful in the modelling of sys-
tem behaviour as in [JC10, JC11]. In Section 3.2 a generalised definition of feedback
stability is stated and characterised in terms of system graph symbols as in [JC10, JC11].
Section 3.3 contains the definition of the v-gap metric from [JC10, JC11], sufficient condi-
tions for robust stability, and bilateral bounds on closed-loop errors. Finally, we consider
a class of LPTV systems and derive a necessary and sufficient robust stability condition

in Section 3.4.

3.1 Preliminaries

3.1.1 Fredholm operators

The use of Fredholm theory in v-gap metric based analysis is initially suggested in [Vin93,
Vin01] to extend the concept of winding number of a closed Nyquist curve for irrational
transfer functions via the Fredholm index; see [CJK12, CJK10, CJK09] for a more com-
plete development. This is further generalised in [JC10, JC11] to linear time-varying

systems.

Definition 3.1.1. An operator X € .Z(H1,Hz) is of Fredholm type if both dim ker (X)
and codimimg (X) = dimcoker(X) = dimker (X*) are finite, where dim denotes the
dimension of a subspace and coker denotes the quotient space of the codomain by the

image. In this case, the Fredholm index of X is defined to be
ind(X) := dim ker (X) — codim img (X) .
Note that a bijective X is necessarily Fredholm with
dimker (X) = codim img (X) = ind(X) = 0.

Lemma 3.1.2. Let X € £ (H1,H2) and Z € L (Ha, Hs) be Fredholm operators. The
following hold:

(i) X* is Fredholm and ind(X*) = —ind(X);

(ii) ZX is Fredholm and ind(ZX) = ind(Z) + ind(X);
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(iii) if Y € Z(H1,H2) is such that v(X) > 7(Y), then X +Y is Fredholm and

ind(X +7Y) = ind(X);

(iv) if K € Z(Hi1,H2) is a compact operator, then X + K is Fredholm and

ind(X + K) = ind(X).

Proof. (i) See [Kat80, Cor. IV.5.14];
(i) See [GGK90, Thm. XL.3.2];

(iii) This follows from the more general [Kat80, Thm. IV.5.22], in which the relative
gain term b can be taken to be 0 because Y is bounded. See also [JC10, Lem. 1J;

(iv) See [GGK90, Thm. XI.4.2] or [Kat80, Thm. IV.5.26]. O

3.1.2 Wiener-Hopf and Hankel operators

We collect here a number of useful results on families of generalised Wiener-Hopf (a.k.a.
Toeplitz) and Hankel operators defined in Definition 2.1.9 of Section 2.1. As reported
in [JC10, JC11], these operators play an important role in v-gap metric based stability
analysis of time-varying feedback systems in conjunction with the theory of Fredholm

operators.

Lemma 3.1.3. Let X,Y € Z(L3, L%), the following hold:

(i) If X is causal then Tx , = X]lemo) and Tx - is causal for all T € R;
(i) If X and Y are causal and Tx , = Ty ; for all T € R, then X =Y.
(iii) If Tx r is causal for all T € R, then X is causal;

(iv) The mized Toeplitz-Hankel composition identity
Tyx. =Ty Tx,+Hy Hx  vreR.
If X is causal or'Y is anti-causal, then Tyx » = Ty ;Tx ., V7 € R;

(v) If X is causal, then 7(X) = supy(Tx ) and y(X) = inlf&’y(Tx,T).
TER - TeER™
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Proof. (i): See [JC10, Lem. 4]. In particular, since X is causal, HTX|L[2 = 0. Hence

:X.|L2

[r00)

Txr = (1= T)X] 2

T,00)
Causality of Tx , then follows from that of X.

(ii): Since L2 is dense in L%, given any u € L, there exists a sequence {v;} in L*T
such that v; — u. Note that X and Y are continuous because they are bounded [Kre89,
Thm. 2.7-9], whereby Xv; — Xu and Yv; — Yu. But Xv; = Ywv; Vi by hypothesis and
part (i) of the lemma, and hence Xu = Yu, by the uniqueness of the limit of a convergent

sequence. Since u € L is arbitrary, it follows that X =Y.

(iii): Suppose X is not causal, then there exists a 7 € R such that Tx , is not causal.
In particular, non-causality of X implies the existence of a 7 € R and a u € L?[#, 00)
such that with y := Xu, IL;y # 0. In other words, IT;y is a nonzero signal in L?(—oo, 7).
As such, there exists a 7 < 7 for which (I — IT;)IL;y # 0. It follows that

H%TX,TU = H%(I - HT)XU = H'?(I - HT)y = (I - HT)H?:U 7& 0,

i.e. Tx r is not causal.

(iv): See [JC10, Lem. 4]. In particular, notice that

Tyx, = (I—-TI,)YX|2

[1,00)

=(I-IL)Y(I-II,) + HT)X|L%

7,00)

=Ty, Tx, +Hy Hy!.

Furthermore, when X is causal, H)_(t = 0; whereas when Y is anti-causal, H;“(_T =0.

(v): First note that

3(X) 2 sup5(Tx) and 4(X) < inf 5(Tx.,) (3.1)
where the second inequality holds since Tx , = X| 7 by part (i) of the lemma. Also,
by the definition of 7(X), for any € > 0, there exists a u € L% such that |jullz = 1
and ¥(X) — [[Xullz2 < §. Now recall that boundedness of X implies its continuity on
L% [Kre89, Thm. 2.7-9], whereby there exists a § > 0 such that |X(u—v)|2 < & for any
v € L3 satisfying ||u — v||2 < 0. Since L*T is dense in L3, there exists a 7+ € R such that
v € L*[#,00), v(t) = u(t)Vt > 7 and ||u — v|]2 < §. Note because ||ullz = 1, [[v]2 < 1,
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whereby ITx.zvll2 | Tx 7v||2. As such,

[lv]l2
_ [Txsvl2 _ _ _
F(X) — W <AX) = |Tx 0|2 = ¥(X) = | Xv]|2
=(X) — | Xu — X(u — )2
<AX) = [[Xull2 + || X (u —v)||2
< € + € o
2 2 = €.

Since € was arbitrary, it follows from (3.1) that %(X) = sup,cr 7(Tx,r). The case for

7(X) can be shown using the same line of argument. O

Remark 3.1.4. The mixed Hankel-Toeplitz composition identity in Lemma 3.1.3(iv) has
been explored in various contexts; see, for example, [IS04], [ZM88], and [BSK06, Chapter
2]. As demonstrated in [JC10, JC11], the identity is imperative to subsequent robustness

analysis for feedback interconnections of causal linear time-varying systems.

Remark 3.1.5. By Lemma 3.1.3(iv), when X, X! € Z (L%, L%) are both causal, we
have T)_(l,r = Tx-1, for all 7 € R. This implies Tx , is Fredholm with ind(Tx ) =
ovr e R.

Lemma 3.1.6 ([JC10, Lem. 3]). Given an X € L (L%, L%) and any T € R, the Wiener-
Hopf operator Tx ; : L[QT 00) L[QT 00) has a bounded inverse if, and only if,

Y(Tx-) >0 and Tx; is Fredholm with ind(Tx ;) = 0.

Proof. Necessity is straightforward since when Tx » has a bounded inverse, it is bijec-
tive and y(Tx,;) = l/f_y(T)_éT) > 0. For sufficiency, note that 7(Tx ) > 0 implies
ker (Tx ;) = {0}, whereby codimimg (Tx ;) = dimker (Tx ;) — ind(Tx ;) = 0. Hence,
Tx ; is bijective. That the inverse is bounded follows from the bounded inverse theo-
rem [Kre89, Thm. 4.12-2]. O

3.2 Stability of feedback systems

In this section we introduce the generalised notion of closed-loop stability and derive a
useful characterisation in terms of system graph symbols/representations. While initial
versions of these appear in [JC10, JC11], some effort is required here to establish additional
useful properties of graph symbols and to rigorously account for the slightly amended

definition of feedback stability, which now implicitly embeds an arrow of time [GS10].
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In Section 3.2.1, the stability of feedback interconnections of linear time-varying sys-
tems is defined. Discussions of causality and the well-known difficulties of classical double-
axis input-output approaches to stability analysis are provided. Properties of graph sym-
bols / representations are developed in Section 2.2, leading to a useful characterisation
of closed-loop stability in Section 3.2.3. This is central to the development of the main

robustness results.

3.2.1 Feedback stability

i

Ye Yp
C P
u Up

¢ _
i
Figure 3.1: Standard feedback configuration

The feedback interconnection described by the following and illustrated in Figure 3.1

is the main object of study:
dy = Yo+ Yp; du=up+us; Yp=Pup; u.=Cy, (3.2)

where P : dom (P) ¢ L4 — L2 and C : dom (C) C L% — L% are two causal linear
operators.
Definition 3.2.1. The feedback interconnection of P and C, denoted [P, C], is said to

be internally stable if for all 7 € R, Fp ¢ is bijective, where
Fpc, : (dom(C) x dom (P)) N L% — LT
Ye N dy I P |y
Up dy, Up

C I
and sup,cg '_y(FP—,lC ,) < o0o. We say that P is feedback stabilisable if there exists a causal
C such that [P, C] is stable.

Lemma 3.2.2. If [P, C] is stable in the sense of Definition 3.2.1, then FISICT 1S neces-

sarily causal for every T € R.

Proof. According to the definition of feedback stability, Fp ¢ : dom (Fp ¢ ,) — L?*[7, 00),
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where dom (Fp ¢ ) := (dom (C) x dom (P)) N L?[r, 00), is bijective for every 7 € R. Note

that, for real 7o > 71,

Fpcr = FP7C7T1‘dom(FP’C7T2)7 (3.3)

since dom (Fp ¢ r,) C dom (Fp c ). Moreover, note that

dom (FE}C,@) = L%[m, 00) C L*[r,00) = dom (Ff_,,lcﬂ) .

For a fixed 7 € R, suppose to the contrapositive that there exist 2 € L?[r,00) and
19 > 71 for which I,z = 0 (i.e. z € L2[Tg,oo)) and l'ITQFf,lC T # 0; in other words,

suppose that FI;,lC,n is not causal. Let z1 := Fl_)’lcmx and z9 := Fl_a,lc,mf”‘ Then

Fpcrnz1 =2 =Fpcn2 =Fpcn22,

where (3.3) has been used. As such, Fp ¢, (21 — 22) = 0, which implies z; = 2o €
L?[,0), since ker (Fp ) = {0}. This contradicts the hypothesis that TI,,z; # 0.

Thus, Ff,,lc, -, must be causal, as claimed. ]

Remark 3.2.3. Lemma 3.2.2 illustrates that causality of the closed-loop mapping is
encapsulated in the definition of feedback stability. In other words, causality can be
importantly viewed as a property that is preserved through feedback interconnections
that are stable in the generalised sense of Definition 3.2.1. This is consistent with the
viewpoint in [DN70, GS10], where it is argued that a proper definition of closed-loop
stability must incorporate causality, or a so-called ‘arrow of time’. We note a non-singular
instantaneous gain assumption is used in [JC10, JC11] to guarantee causality; this appears

to be redundant in light of Lemma 3.2.2.

Example 3.2.4. Consider the feedback interconnection (3.2) involving two causal LTI

operators

P:L% — L3
Up = Yps  Yp(t) = up(t —0) —up(t) and 5.4)
C:L; — L§ '

Ye F7 Ue, uc(t) = _yc(t)a

for some § > 0. This example is taken from [Wil71, Section 4.3.2] to demonstrate that
a feedback interconnection of two bounded causal operators is not necessarily causal.
Indeed, let f be a function in L[20700) that is non-zero on [0, ) and set {gﬂ = [?c] € L[Qo,oo)'

!The feedback interconnection of the two systems described in (3.4) is said to be ill-posed in [Wil71].
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It follows that the corresponding u, satisfying (3.2) is given by u,(-) = dy(-+9) ¢ L[207 00>
whereby Fp oo = [3;} € L[20’OO) — {jﬂ € L[Qopo) is not bijective. As such, [P, C] is not

internally stable in accordance with Definition 3.2.1.

Remark 3.2.5. In Definition 3.2.1, bounded invertibility of the closed-loop operator is
required on a singly infinite space L[QT’ )’ for all possible ‘initial times’ 7 € R. A necessary
condition is that the truncated graphs 45 and ¢/ are closed subspaces of LQ[T, o0) [DS93,
Thm 6.2][FGS93, Prop. 1]; this is the case under the assumptions of Section 2.2, whereby
‘strong’ graph symbols exist; see Remark 3.2.10. Invertibility over the doubly infinite L%
is not considered since for causal systems of importance P : dom (P) ¢ L3 — L3 and
C : dom (C) C L} — L%, the Li-graphs % and 9 may not be closed subspaces of
L3 [GS95, JP00, Par04]. An example of such system, taken from [GS95], is

(Pu)(t) := /OO hi(t — T)u(r)dr =: (h; ® u)(t), teR,

—00
where
L t>0 -t <0
hit) =4 © = and  ho(t) =4 =
0 otherwise 0 otherwise

Note that Py is causal, P9 is anti-causal, and %p, C cl%p, [GS95], where cl denotes the

closure of a subspace.

Our viewpoint is consistent with the ‘behavioural’ theory of [BFP08], where system
behaviour is effectively defined on doubly-infinite time-axis while closed-loop stability

requires boundedness mappings of signals of semi-infinite support.

Remark 3.2.6. [Fei98| presents a robust stability theory in a discrete and semi-infinite
time setting (i.e. with a fixed ‘initial’ time), where invertibility and causal invertibility of
causal systems are equivalent (lower triangular matrices have lower triangular inverses).
This is not the case in general for continuous-time systems defined on the doubly infinite

time axis, motivating the importance of Lemma 3.2.2.

Remark 3.2.7. By requiring Fp ¢, to be invertible for all 7 € R, Definition 3.2.1 does
not attribute significance to any particular ‘initial time’ in line with the time-varying
setting of this thesis. The definition generalises from LTI systems, in which case it is
enough to only test bounded invertibility of Fp ¢, since this is equivalent to bounded

invertibility at any initial time by shift-invariance.
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Given a stable feedback interconnection [P, C], for each 7 € R let

d Y -1 0 I 0
My = | ‘| eL? _\— || e4p = Folo + and
{/p‘lgc [du [T,OO) [up P 0 I P.C,r 0 0 (3 5)
dy 2 Ye - T 0| 0 0 '

where dy, dy, Yp, Up, Ye, and u, satisfy (3.1). The notation reflects that these are parallel
projection operators onto and along the restricted graphs 95 and ¥, which are of
importance in robust stability and performance analysis [DGS93, FGS93, CV02]. These
operators satisfy the following identities for all 7 € R:
Wy g + Hyrrgs =1
My gr (H5¢1;||f¢gl‘1 + Hggu%@) = Tyg)ger 01 Va1, @2 € LE L ; (3.6)

— 2
Hcgér“gg (Hgév—“gg.%'l + Hcgérnggl'g) = Hgév—“g;xl le,aﬁg S L[‘r,oo)'

We define the robust stability /performance margin of the feedback interconnection (3.2)

as
-1
( supy \Heg )) if [P, C] is stable;
bp.c = (reﬂgfy< Iellvc [ ]
0 otherwise.
Similarly,
—1
up Y (e o if [P, C] is stable;
bop = <i§§7< Yo Wp)) if [P, C] is stable;
0 otherwise.

Indeed, bp,c = bc,p, since P and C are linear [DGS93]. Note that bp ¢ is a generic mea-
sure of performance in the H> loop-shaping paradigm for robust control design [MG90,
MG92, Vin01]. Generalisation to possibly nonlinear systems can also be seen in [GS97,
Vin99, JSVO05]. The following lemma offers a geometric interpretation of the robustness

margin in terms of system graphs along the lines of [FGS93, GS97].

Lemma 3.2.8. If [P, C] is stable,

bpc=inf it et
’ TeRvegg weglr  ||v]2
Proof. Since [P, C] is stable, we have
i (H ) HH%H%’]“ )2
sup grig'r | =sup sup ———=
ver | I ) TR lull2

[1,00)
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and Ilyr g - is causal, whereby H%H%gL[zr,oo) C L[Qr,oo)- It follows from the feedback
configuration (3.2) that

HH%H%*“HQ B o]l
_— sup

5 (Hw fw) = sup = i
7elve ull2 vesz ey 1V +wll2

uEL[2

7,00)

Consequently,
1 1
o= (7 (M) = inf (5 ()

1
TER \ vedg wegl v+ w2

- , lv 4+ wl|2
— inf inf —_—
TER veYT weGLT HUHQ

as claimed. 0

This section is concluded with the following well-known small-gain theorem, which
can be found in one form or another in [Zam66, Wil69, DV75, MH92, Kha(2].

Lemma 3.2.9. Given causal P : dom (P) C L% — L2 and C : dom (C) C L} — L}
such that P and C are bounded on L*T with L** C dom (P) and L?*T C dom (C), let
P, = P|L[2 : and C; := C|L[2 - If sup,ecr 7(C,P;) < 1, then [P, C] is stable.

Proof. Because ¥(C,;P;) < 1 for every 7 € R, (I — C;P;) is boundedly invertible and
F(I-CP) ) <(1- 3(CrP;)) ! [Kre89, Thm. 7.3-1]. It is straightforward to verify
using (3.2) that

Fol - | Pr
P.Cr —

1-c.p)t[-c, 1]- [(I) g]

wherefrom the claimed result follows. O

3.2.2 Properties of graph symbols

Recall the three assumptions on the existence of ‘strong graph representations/symbols’
for causal linear operators stated in Section 2.2. These assumptions underly importantly
the developments in this thesis. They are reproduced below, intertwined with several
notes on useful properties. These are exploited in subsequent sections for closed-loop

robustness analysis.
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Assumption 2.2.1. Given a causal operator P : dom (P) C L% — L3, there exist causal
operators N,M,N,M, X, Y,X,Y ¢ E(Lﬁ, L]%{) satisfying the following properties:

1. the double Bezout identity

Y X | IN X |
M -N| M -Y|
2. img (G) = ker (G) and 95 = 9% N L[zﬂoo) = img(Tqg,;) = ker (Té T) for all

7 € R, where

N ~ -
G := [ ] and G := [—M N}
M
are respectively called right and left strong graph symbols/representations for P.

Remark 3.2.10. By the properties of graph symbols in Assumption 2.2.1 and Lemma 3.1.3(iv),
it follows that Tg r has a causal left inverse Tz, and TG,’T has a causal right inverse

Ty ., where Z := [Y X] and Z = [_5(} Note that the left-bounded-invertibility of
Tq,r implies 9% = img (T ;) is a closed subspace [Kat80, Thm. IV.5.2], as is necessary

for feedback stability [DS93, Thm. 6.2][FGS93, Prop. 1]. This is also consistent with
Remark 3.2.5 about the definition of closed-loop stability.

Note that graph symbols are not unique. The time-invariant version of the following
lemma can be found in e.g. [VinO1, Prop. 1.4].
Lemma 3.2.11. Right (resp. left) graph symbols are unique to within right (resp. left)

composition with a bounded causal operator which has a bounded and causal inverse.

Proof. We prove the result for right graph symbols; the case for left graph symbols can
be established similarly. Suppose we have a right graph symbol G for P and Z is a left
causal bounded inverse of G, i.e. ZG = I, then GQ is also a right graph symbol for any
Q € Q, where

Q:={Q e Z(L%. L}) | Q is boundedly invertible with Q, Q' causal} . (3.7)
To see this, note that Q~'Z is a left bounded causal inverse of GQ, and
img (TgQ,T) = img (TG;TQJ) = img (TGJ) = gﬂ V1 € R,

where the first equality follows from Lemma 3.1.3(iv) and the second from the fact that

TélT =Tq-1, V1 € R; see Remark 3.1.5.
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Conversely, suppose G, is another right graph symbol for P and Z, is a left causal
bounded inverse of G, i.e. Z,G, = I. We show below that there exists a Q € Q such
that

G, = GQ.

For any T € R and g € L[27 50 let [¥] := T, q. Since by the definition of graph symbols

img (Tg ;) = img (Tq,, ) = 95, there exists a ¢, € L? 50) such that

[,
Ta,rta =[] = Tarq
Left-composing the above with Tz, ; yields ¢, = Tz, -Tq rq; see Remark 3.2.10. Thus,

TG,T = TGa,T(TZa;TTGaT) = TGGZGG7T’ (38)

where the last equality holds by Lemma 3.1.3(iv). Similarly,

T, r=Tazg, (3.9)

Now composing (3.8) and (3.9) with Tz, and Tgz, ,, respectively, yields
I=Tzc.z.cr = Tz,GzG..r
Let Q :=ZG, and S := Z,G, we then have from the above that
Tg,r = Tgqr and Tqs,=Tsq, =1Iforall 7 €R.

By Lemma 3.1.3(ii), it follows that G, = GQ and QS = SQ =1, i.e. Q! =S, whereby
Q € Q, as required. O

Remark 3.2.12. In the semi-infinite discrete-time setting [Fei98], by exploiting Arveson’s
inner /outer factorisation in nest algebras, closed-loop stabilisability of an operator can be
shown to be equivalent to the existence of strong right and left representations on semi-
infinite time [DS93]. Therefrom, the set of all stabilising ‘controllers’ may be characterised
by the so-called Youla parameterisation. As discussed in [DS93], the equivalence proof
does not carry over to continuous-time systems since it exploits the fact that causal
bounded operators admit lower triangular matrix representations; furthermore, Arveson’s

inner/outer factorisations may not exist in continuous nest algebras [DS93, Thm. 6.1].

Assumption 2.2.2. G*G =1 and GG = I, i.e. the right and left graph symbols are

normalised.

Remark 3.2.13. Normalised right (resp. left) graph symbols are unique to within right

(resp. left) composition with a bounded wunitary memoryless operator. To see this, sup-
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pose G is a normalised right graph symbol for P. Then by Lemma 3.2.11, all other right
graph symbols may be expressed as GQ for some Q € Q, where Q is as defined in (3.7).
These are normalised if, and only if, Q is unitary, i.e. Q*Q = QQ* = I. Note that since
Q* = Q !, Q is necessarily memoryless, i.e. simultaneously causal and anti-causal. The

case for left graph symbols can be established similarly.

Assumption 2.2.3. HJCTT and HJé*T are compact for all 7 € R.
Lemma 3.2.14 ([JC10, Lem. 9]). Given causal operators Py and Pa, suppose Assump-
tions 2.2.1 and 2.2.3 hold, then H(f;é* . is compact for all T € R.

2

1

Proof. Since by hypothesis G causal, é; must be anti-causal, and hence for any 7 € R

HEG;T = (I-11,)G1G,II, = (I — IL,)G{IL, G, 11, = HJé;T(HTCN-‘:QHT).

*
+7 . . . . 7+ _ +7 .
By lemma 2.1.1, Hélf};r is compact. This implies HGQGI,T = (H L T) is compact,

since the adjoint of a compact operator is compact [Kat80, Thm. I11.4.10]. O

By convention throughout this thesis, G := [1\1\/}] denote as above a right strong graph
symbol for P, and G := [—m N] a left strong graph symbol. Similarly, [X] and [-U V]
respectively denote a right strong (inverse) graph symbol and a left strong (inverse) graph

symbol for C. Specifically, we define

so that for every 7 € R, 95 =9, N L[QT ooy = img (Tk,7) = ker (Tf{ 7)'

3.2.3 Characterisation of feedback stability via graph symbols

The stability of a feedback interconnection [P, C| can be characterised in terms of graph
symbols for P and C. This is an important ingredient in the development of v-gap based
robustness analysis, as developed in the time-invariant setting of [Vin93, Vin01, CJK12,
CJK10, CJK09, JCKO08] and generalised to time-varying systems in [JC10, JC11]. We

suppose the standing Assumption 2.2.1 holds for every causal operator in this subsection.

The notation is as introduced in the preceding subsections. In particular, given causal
operators P : dom (P) ¢ L2 — L2 and C : dom(C) ¢ L3 — L2, G and G denote
respectively right and left graph symbols for P while K and K denote respectively right
and left graph symbols for C. For the subsequent lemma, the definition of Wiener-Hopf

operators is as given in Definition 2.1.9.
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Lemma 3.2.15. Given 7 € R, the following are equivalent:

(i) Fp,cr, as defined in Definition 3.2.1, has a bounded inverse on L%T,Oo);

(ii) Tgg,, has a bounded inverse;

(ili) Tgg . has a bounded inverse.

When any of the above holds,

tl

— -1 . —
Hg;”gér = TG’TT~ TK,T and Hgg—ug; = TK’TTGK,T

KG,r Te .

where gz g - and g7 47 are parallel projections in (3.5) and (3. 6).

Proof. The proof can be found in [Can06, Prop. 3]; it is included here for completeness.

We establish the equivalence between (i) and (ii); (i) <= (iii) follows similarly.
Since %p N L2 ) = img (Ta,r) and 94 N LE ) = ker (Tg . ), we have by [FGS93,
Prop. 1 & 2] that (i) is equivalent to

img (Tq ) +ker (T, ) = L3 ) and img(Tq) Nker (Tg,) = {0} (3.10)

[T7OO

Observe that since T _ has a right causal inverse and Tq, has a left causal inverse,

as in Remark 3.2.10, we have img (TK T) = L? y and ker (Tg;) = {0}. With the

[T7OO

co-ordinatisation identities in (3.10), this implies

img (Tgq ) = img (Tg Tar) = L2 ) and ker (Tgq ) = ker (Tg T, ) = {0},

That TKG,T has a bounded inverse then follows from the open mapping theorem [Kre89,

Thm. 4.12-2]. To establish the converse of this implication, assume Ty . boundedly
invertible. Then the fact that ker (TKG T) = {0} implies img (Tq ;) Nker (Tf{ T) = {0}.

Now for any h € L[QT’OO), define e := TK,rh € L[2’r,oo)' By the bounded invertibility of

2

Tiag there exists a unique q € L[T,OO

) such that e = Tg _¢. Putting these together,
we thus have
TK,T(h - TG,Tq) =0,

ie. (h—Tg-q) € ker (Tf{ T>. Since h is arbitrary, it follows immediately that
img (Ta,7) +ker (Tg ) = L3 )

Now we show that Ilyr) g - = TG,JTIT{lGr _Tg . when (3.10) holds. To this end, note
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that (3.10) implies any h € L? can be uniquely decomposed into h = g + k with

[1;00)

g:HgEHgérhGgpﬂI} and k:Hgg”%hegéﬁL?

[T,OO) [7’700) ‘

Now since ¥%p N L[ZT 00) = img (Tg ;) and Tg , has a left causal inverse, there exists a

2 2
(7,00 [1,00)

unique q € L ) such that g = Tg rq. Correspondingly, for all h € L

Mgzl ~ TerTge, T )h =9~ TerTgg Tk (Tarq+k) =9 - Taerq =0,
whereby the claim is proved. The expression for Iy, |45 can be established similarly. O
By the equivalence of (i) and (ii) in Lemma 3.2.15, [P, C] is stable if, and only if, T

is boundedly invertible for all 7 € R and sup,cp W(TIT;G T) < 00. In turn, this is equivalent

to infrerv(Tgg,) = I(KG) > 0, where the equality follows from Lemma 3.1.3(v).
Analogously, by the equivalence of Lemma 3.2.15(i) and (iii), [P, C] is stable if, and only
if, Tgk , is boundedly invertible for all 7 € R and infrer ¥(Tgg ) = Z(GK) > 0.

Lemma 3.2.16. The following are equivalent:

1. [P, C] is stable;

2. v(KG) = in£7(TKG .) >0 and Tg . is Fredholm with ind(Tgg ) =0VT € R;
—_ Te _— 9 9 bl
3. l(éK) = inf y(Tggk ) > 0 and Ty  is Fredholm with ind(Tgy ) = 0V7 € R.

TER

Proof. By combining Lemmas 3.1.6 and 3.2.15, and noting the immediately preceding
observation as in [JC10, Lem. 8]. O

When graph symbols have the property of being normalised as in Assumption 2.2.2,

several useful identities may be derived.

Using the properties of normalised graph symbols in Assumptions 2.2.1 and 2.2.2, one

SJle o=y 3 ma ] =[]

ie. [ g} and [II;{] are right-invertible with bounded right inverses [f}* G} and

obtains

[f{* K} , respectively. Mimicking the argument in the proof of [Can06, Prop. 4], observe

that

ker ([SD — ker (G) A ker (G*) = ker (G) A img (G)* = {0},
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whereby [ } is left-invertible and the left inverse is equal to the right inverse [G* G} .

A similar argument applies to C, that is, [K*} has the left inverse [f{* K} These
imply

G'G+GG =Tand KK+ KK* =1 (3.11)

It follows that for two causal operators Py and P2 with respective right and left normalised
graph symbols G; and G, [gzgi } and [g;gi ] are isometries, while |G5G; G;G;

2Gy
and |:C~"}2G1 Gzéﬂ are co-isometries. These lead to

7(GaGy) = 12(G3Gy) = (G4 Gy) (3.12)

(G3G1) = /1 = 32(G2G1) = v(G2GY) (3.13)

Furthermore, notice that [Iggf} is an isometry while [KG Ké*} and [GK GK*}

are a co-isometries, whereby
~ ~ ok ~ K Sk ~

YKG) = /1 - 2(KG") = 1(K'G") = 1 - 2(GK') = 1(GK).  (3.14)

Similarly, [K*G* K*G} is a co-isometry, whereby

HGK) = (K'G) = /1 - 2(K*G") = /1 - 12(GK). (3.15)

Lemma 3.2.17. Ifl(GK) = Z(KG) > 0, then GK and KG are boundedly invertible.
Similarly, if l(égéi) > 0, then GQGT s boundedly invertible.

Proof. The proof is based on [JC10, Lem. 10]. First we remark that Z(GK) = l(IN{G)
from (3.14). We prove the result only for GK as the case for KG follows a similar
proof. Notice that Z(GK) > 0 implies ¥(KG") < 1 and 5(G*K) < 1 by (3.14) and
(3.15) respectively. Consequently, it holds that 3(GK'KG') = 5(KG')? < 1 and
¥(K*GG*K) = 7(G*K)? < 1. Moreover, we have from (3.11) that

I=GG" = GKK*'G" + GK'KG”
and I=K'K=K'G GK +K*GG*K.

As such, GKK*G" = I - GK'KG" and K*G'GK = I — K*GG*K are boundedly
invertible by [Kre89, Thm. 7.3-1], implying respectively that img (GK) = L3 and
ker (GK) = {0}, i.e. GK is bijective. That (GK)~! is bounded follows from the open
mapping theorem [Kre89, Thm. 4.12-2]. The second part of the lemma can be established
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using the same line of arguments along with (3.12), (3.13), and (3.11); see [JC10, Lem.
10]. O

Note that if KG or GK has a bounded causal inverse, then [P,C] is stable by

Lemma 3.2.16 and Remark 3.1.5. That the converse also holds is shown below.

Observe that when [P, C] is stable, l(KG) > 0 by Lemma 3.2.16, and hence it
follows from Lemma 3.2.17 that (KG)~! € £(L%,L2). Furthermore, by (3.5) and
Lemma 3.2.15, II = TG,TTIT(IGFTKT is causal for all 7 € R. Thus, T;{lG,T is
causal by the fact that T - has a left causal inverse and T _ has a right causal inverse;

Egl:’H(‘g(ljﬂ—

recall Remark 3.2.10. Now, using Lemma 3.1.3(iv), we have that Tk Tke, =

T(RG)%KG,T =1, ie. T(KG)fl,T is the left inverse of TKG,T' Since TRG,T is invertible,

,177_

7 € R. Tt follows by Lemma 3.1.3(iii) that (KG)™! is causal.

its left inverse is equal to its inverse, i.e. T(KG) = TIT;GT, which is causal for all

All of the above arguments hold analogously for Iy, |4,- In other words, [P,C] is

stable if, and only if, GK has a bounded causal inverse.

Remark 3.2.18. It is shown above that stability of [P, C] is equivalent to either KG
or GK being boundedly and causally invertible, where G and G are respectively right
and left normalised graph symbols for P whereas K and K are those for C. Now recall
by Lemma 3.2.11 that graph symbols are related by composition with a bounded causal
operator that has a bounded causal inverse. As such, given another (not necessarily
normalised) left graph symbol K; for C and a right graph symbol G, for P, bounded
causal invertibility of KG is equivalent of that of K{G;. A similar argument applies to
GK.

When [P, C] is stable, we have by Lemma 3.1.3(iv) that Ilgz e = Tgke) -1k,
and thus

sup (Mg ) = 50 (Tagica) 1)
—5(G(RG)K) = 7(RG) ™) = 1/2(KG)

where the second equality holds by Lemma 3.1.3(v) and the third by Assumption 2.2.2,

whereby the graph symbols are normalised. Therefore,

-1
bp.c == <suE’y <Hg6”g(/:‘r>> =v(KG) > 0.
TE

~1 N
Similarly, be.p = (supTeRﬁ (Hgg”%» — 1(GK) > 0. Using (3.14), it holds that
bp c = bc,p, which is consistent with [DGS93, Prop. 6] since P and C are linear.
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We summarise all the preceding results in the following main theorem of this section.

Theorem 3.2.19. Given a causal P : dom (P) ¢ L% — L2, for which G and G are
respectively right and left graph symbols, and a causal C : dom (C) C L%{ — L]%, for which
K and K are respectively right and left graph symbols, the following are equivalent:

1. [P, C] is stable in the sense of Definition 3.2.1;
2. KG has a bounded causal muerse;

3. GK has a bounded causal inverse;

4. v(KG) = in{{v(TKG ;) >0 and Tg, . is Fredholm with ind(Tgg ) =0Vr € R;
—_ TE —_— 9 ) 9

5. v(GK) = in}%v(TéK ;) >0 and Tgy - is Fredholm with ind(Tgy ) =0Vr € R.
- TER— ’ ’ ’

Suppose further that Assumption 2.2.2 holds, i.e. these graph symbols are normalised,

then when [P, C] is stable, we have bp c = bcp = Z(KG) = Z(GK) > 0.

3.3 Robust stability properties of the v-gap metric

The v-gap metric for linear time-varying systems is formally defined in this section. We
present sufficient conditions for robust feedback stability and properties of the v-gap
metric, as delineated in the introduction to this chapter. A robust stability result that
motivates the definition of the v-gap is derived in Section 3.3.1. That the v-gap is a
metric is shown in Section 3.3.2, together with several of its robustness and topological

properties.

3.3.1 The v-gap metric

We begin with the following important robustness result, which generalises the time-
invariant case considered in [Vin0l, Lem. 3.6]. The proof is constructed by combining
aspects of [JC10, Lem. 10 and Thm. 1]. First recall the following definition from
Section 2.2.

Definition 2.2.4. We denote by S the set of causal operators for which all of Assump-
tions 2.2.1, 2.2.2, and 2.2.3 are satisfied.

Theorem 3.3.1. Given P1,Py, C € S, suppose that ”y(égGl) <bp,c= l(élK). Then

(i) Te,ar s Fredholm for all T € R; and
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(ii) [Pg, C] is stable if, and only if, ind(TézéT,T) =0Vr e R.

Proof. (i): First, by (3.12) and hypothesis, 5(G1G2) = 7(G2G1) < l(élK) <7(GiK) <
1, where the last inequality holds since the graph symbols are normalised. As such, for
all 7 € R,

N(Tg g,a36: ) S VG1G2GyGy) <1 and Y(Tg g g:a: ) < V(G2G1G1Gy) < 1.
(3.16)
Now using (3.11), note that
Tgaiaar =1-Ta e 2ad Tgeaaar=1-Tee e 617
As such, with (3.16) it follows by Lemma 3.1.2(iii) and (3.17) that Tg aia.q: - and
TGQéIélé;,T are Fredholm with
lnd(Télé;égé}I,r) = lnd(Té2é*{é1é;7) = 1nd(I) =0.
Now note that by Lemma 3.1.3(iv) and Definition 2.1.9,
P - = =K * =K - —+
TG1G2G2G177 <TG2G1»T) TGQGl:T T Hélé;THégés{,T and
SRR A A K = AR SR * - -+
G2G1G1G,,T TG2G1,T(TG2G1,T) + HéQGT,TH G1Gs,7’
in which the composition of Hankel operators HL .. H-'t.., and Ht .. H." are

G1Gy, 7 Ga2Gy,7 G2GI,T Glé;’r
compact by Assumption 2.2.3, Lemma 3.2.14, and Lemma 2.1.1. Consequently, applying

Lemma 3.1.2(iv) yields (Tézé’{ )T and T

c:Gir(Tawar o)
ind ((Tg,q: )" Ta,a:,) = ivd (Ta,g:,(Tg,q:,)*) = 0. That Tg,g:  is Fredholm

then follows from ker <T(}2c~;f,r> = ker (<TG2(§I,7)*TG2G§,T) and ker <(T(~}2(}f,r)*) =

ker (TGQGLT(TGQG;T)*) .

(ii): Our objective is to show that

GrGl are Fredholm with

1. Z(G‘QK) > 0; and

2. Tg,x . is Fredholm with ind(Tg, g ) = ind(Tg g ) for all 7 € R,

1T

from which the claimed result follows by Theorem 3.2.19.
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To begin with, note that when j(éqK) < 1, we have by hypothesis

5(G2G1) 7(G1K
\/1— G2G1 \/ l Gl

since z — x/v/1 — 22 is monotonic on [0,1). This implies

:}/(GQGl) 1-— lz(élK) < l(GlK) 1-— ’72(GQG1), (318)
which also holds trivially when j(élK) = 1. Combining (3.13), (3.18), and (3.15) yields

1(G2GIG1K) > (G2G ) )V (G1K) = 72(G2G1)1(G1K)
> 3(GoG)y /1 — v (G K) (3.19)

Now using (3.11), we arrive at the identity

GQK = GQ (GIGI + GIGI> K= GQG;GlK + G’QGlGTK, (3.20)
whereby Z(GQK) > l(égéiélK) —5(G9G1GIK) > 0, as required by the first objective
identified above.

Because l(élK) > 0 by hypothesis and l(égéi) > 0 by (3.19), both G2G and
G1K are boundedly invertible by Lemma 3.2.17. As a result, (3.20) can be rewritten as

GoK = I+ X)G2G G K with X := GyGGK(GyG,GK)™!

Application of both parts of Lemma 3.1.3(iv) then yields

N . B +— + N
TGZK - T1+XJTG2G§,TTG1K,T +Hy x THG & TTG1K,T’ vr e R. (3.21)
+_ —
Note that Hy THG2G17TTG1K , is compact by Lemma 2.1.1, since Hégéf, is compact

by Lemma 3.2.14. Furthermore, by (3.19),

Hence by Lemma 3.1.2(iii), Tryx,- is Fredholm and ind(Ti1x,,) = ind(I + Tx,) =
ind(I) = 0 for all 7 € R. Also, since [Py, C] is stable by the hypothesis that bp, ¢ > 0,
the use of Theorem 3.2.19 implies Tg g . is Fredholm and ind(Tg g ) =0 forall 7 € R.
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All in all, applying Lemma 3.1.2, parts (iv) and (ii), to (3.21) yields Tg, k., is Fred-
holm for all 7 € R with

ind(Tg,k ,) = nd(TrixTg,a: - Ta k-
= ind(Trix,7) + ind(Tg,q: ) + ind(Tg k)

= ind(TéQéT,T)’

as required by the second objective identified above. O

Remark 3.3.2. The robustness result above is developed in terms of (normalised) left
graph symbols. On the contrary, right graph symbols are used to develop the analogous
time-invariant result in [Vin01, Lem. 3.6]. The next lemma shows the equivalence between
the two. It is of note that the derivation in [Vin01, Lem. 3.6] does not directly carry over
to the time-varying case as above, which explains the rationale behind using left graph

symbols.

Lemma 3.3.3 ([JC10, Prop. 1]). Given P1,P2 € S and any 7 € R, Ta,a:, 08 Fredholm
if, and only if, Tgsq, - is Fredholm, in which case ind(TGQGy{ ;) = —ind(Tg;a, 7)-

Proof. First we identify a few useful identities and properties of the graph symbols. Recall
from Assumption 2.2.1 that for any P € S, ¢ = img (Tq ) = ker (Té T) for all 7 € R.
It follows that

T L : €L Tl + :

“p— =img(Tg,) = ker (TG*,T) and ¥p— = ker (Té T) = img (Té* T) ,
where the last equality holds because img (Té* T) is closed. To see this, note that by
Assumption 2.2.1 and Lemma 3.1.3(iv), Tg+  has a bounded left (anti-causal) inverse
Tix* _¢*), implying that l(Té*,T) > 0, and hence img (T(;*,r> is closed [GGKO0,
Thm. XI.2.1]. Also recall that y(Tg,) > 0 since the operator has a bounded left

(causal) inverse.

Now application of Lemma 3.1.3(iv) gives

o ~x = Tx - - H-T
TG2G1»T TG277TG1,T + G2,THC-}I,T,

where the second term is compact by Assumption 2.2.3 and Lemma 2.1.1. Suppose that
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Tg,q: , is Fredholm. It follows from Lemma 3.1.2(iv) and the development above that

ind(Tg,q I:) ind(Tg, T

)
:= dim ker <Té Ta - ) dim ker < &, TTé;ﬂ')
= dim <ker ( ) Nimg ( )) — dim (ker (Té1 T) Nimg (TG§ T))
= dim (%5, N %) — (%1 N4} )

= dim (ker (TG*{,T) Nimg (TGz,T)) — dim (ker (TG§7T) Nimg (TGM))

= dimker (Tg: ;Tq,,r) — dimker (Tg; - Ta, r)

= —iﬂd(TGg,TTGl,r) = _ind(TGSGl,T)u
where causality of G; here and Lemma 3.1.3(iv) have been exploited in the last equality.

It is clear that Tgsq, - is Fredholm, as required.

Conversely, starting with the assumption that Tg;G,,r is Fredholm and reversing the

line of argument above, we have TGQGI , is Fredholm and ind(Tg3q, ) = —ind(T GG T)

O]

Motivated by Theorem 3.3.1 and Lemma 3.3.3 , we have the following definition.

Definition 3.3.4. The v-gap function §, : S x S — [0, 1] is defined as

Y(G2G1) if Tgzq,,r is Fredholm and ind(Tgsq, r) =0 for all 7 € R
0,(P1,Pg) :=

1 otherwise.

Lemma 3.3.5. The v-gap 9, is well-defined in the sense that it is independent of the

choice of normalised graph symbols.

Proof. Suppose we have two sets of normalised graph symbols for P;, denoted {G;, CN-‘rZ}
and {T';, f‘i}, where ¢ € {1,2}. Note that by Remark 3.2.13 there exist unitary memoryless
bounded operators Q; and QZ such that

from which it follows that

F(Tol1) = 7(QyG2G1Q,) = 7(G2G).

It remains to show that for any 7 € R, Tf?f‘;T is Fredholm if, and only if, T N
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is, and when this is the case, that ind(Ts = ind(Tc”;Qé’{ ,). First recall from Re-

i F7,r)
mark 3.2.13 that Q, are memoryless, whereby use of Lemma 3.1.3(iv) implies Tél L=

TQ;‘,T , and hence TQZ-,T is Fredholm with ind(TQm) = ind(TQf,r) = (. Furthermore,

Ti,ee, = Ta,-Te,a . Tar, by the second part of Lemma 3.1.3(iv). Thus, when
T, ., 18 Fredholm, we have by Lemma 3.1.2(ii) that T g is Fredholm and
ind(Ty,z; -) = nd(Tq, . Tg,a; - Ta; -

= ind(TQQ,T) + lnd(TégéT,T) + 1nd(TQ* 7_)

1
= ind(TGgé;,T)'
The converse can be established by assuming TfoI . is Fredholm and reversing the line

of argument above. O

It follows from Theorem 3.3.1 and Lemma 3.3.3 that for any P1, Py, C € S such that
bp,.c > 6,(P1,P2), [Py, C] is stable. Moreover, when 6, (P1,P2) < 1, it is necessarily
true that 0, (P, P2) = ’7(@'2(}1). It is illustrated in Section 4.6.2 of the next chapter that
in the time-invariant case, the above definition reduces to the well-known Vinnicombe’s
v-gap metric for frequency-domain objects [Vin93, Vin01, CJK12, CJK10, CJK09].

The following corollary provides a lower bound on the residual robust performance
margin that can be guaranteed when a C that achieves a certain bp, ¢ is connected in
feedback with Po, which may represent a perturbed version of P;. Its time-invariant

version can be found in [Vin93, Thm. 4.2].

Corollary 3.3.6. For any P1,P5,C €S,
arcsin bp, ¢ > arcsinbp, ¢ — arcsin g, (P, P2),

which implies the weaker inequality bp, c > bp, c — 6,(P1,P2).

Proof. The result is trivially true when [Py, C] is unstable or 6, (P, P3) > bp, c. There-
fore, suppose that the converse is true, by which 6, (P1,P2) < bp, ¢ < 1, and therefore
0,(P1,P9) = ﬁ(égGl). It follows by Definition 3.3.4, Theorem 3.3.1, and Lemma 3.3.3
that [P9, C] is stable, and as a consequence the only step left now is to establish the
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bound on bp, c. Towards this end, we make use of (3.20), which yields

bp,c = 7(G2K) > 7(6'2@?)1(@11{) — 3(G2G1)¥(GIK)

= V/1-6,(P1,P2)%p, c — 6,(P1,P2)\ /1 - b3, ¢

= cos(arcsin 0, (P, P2)) sin(arcsin bp, )
— sin(arcsin 6, (P1, P2)) cos(arcsin bp, c)

= sin(arcsin bp, ¢ — arcsin 6, (P1, P2)),

where the second equality follows from (3.13) and (3.15). The proof is completed by

taking arcsin of both sides and noting that arcsin(-) is monotonically increasing. O

3.3.2 Properties of the generalised v-gap metric

Here we establish various properties of the v-gap, including proofs for the claim that it is
a metric and that it induces the coarsest topology under which closed-loop stability and

performance are robust properties.

We first prove the metric property of d, (-, -) following the LTI development in [Vin93,
Vin01]. Recall from Definition 3.2.1 that stability of a feedback interconnection is deter-
mined only by the behaviour of its subsystems on L?>*. Furthermore, recall from Sec-
tions 2.3, 2.4, and 2.5 that given time-varying state-space realisations or frequency domain
symbols, the construction of P : dom (P) ¢ L% — L2 is such that dom (P) ¢ L*" and
so %p N L*T = %p. By virtue of these, we identify operators having the same behaviour
on L**:

P, = Py if %, N L*T = %p, N L*T. (3.22)
This identification is used in the proof of part (b) of the theorem below.

Theorem 3.3.7. §,(-,-) is a metric on S.

Proof. We need to show the following for any P, Ps, P3 € S:

(a) 6,(P1,P2) = 6,(P2,Py) (symmetry);

(b) 4,(P1,P2) > 0, with 6, (P1,P2) = 0 if, and only if, P; = P2 (positive definiteness);

(c) 0,(P1,P2) <6,(P1,P3) + 0,(P2, P3) (triangle inequality).
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Throughout, let G; and G; denote right and left normalised graph symbols for P;,

respectively.

(a): From (3.12), we have 7(G2G1) = 5(G1Gy). Furthermore, by Lemma 3.1.2(i),
Ta:a,,r is Fredholm if, and only if, Tg:q,,r is, with ind(Tqsq, ) = —ind(ngghT) for
all 7 € R. Symmetry therefore holds by the definition of J, (-, -).

(b): That 0,(P1,P2) > 0 is obvious. When P; = Py, 0,(P1,P2) = 0 since GGy =1
and G1G; = 0 by Assumptions 2.2.1 and 2.2.2. Now suppose 6, (P1,P3) = 0. Note
that this implies ”y(égGl) = "y(Gng) = 0 and hence GoG1 = G1G2 = 0. As such,
by Lemma 3.1.3(iv), Tg, . Ta, - = Tg,q,, =0and Tg T, =Tg qg,, =0 for all
7 € R, and thus

img (Tg, ) C ker (TGQ,T) and img(Tg,r) C ker (Tél,r) )

But %, N L[2T7oo) = img(Tq, ) = ker (TGM) and 9p, N L[Qﬂoo) = img(Tqg, ) =
ker <T(~;2 T), implying that ¢p, N L[QT’ 00) = “p, N L[2T7OO) for all 7 € R. Consequently,

P, = P» by the identification in (3.22).

(c): First note that by Definition 3.3.4, it is always the case that §, (P, P2) < 1, hence
the triangle inequality holds vacuously if §, (P1, P3)+0, (P2, P3) > 1. Thus, suppose that

5V(P1, Pg) + 5,,(P2, Pg) < 1. (323)

This implies 0, (P1,P3) < 1 and 6,(P2,P3) < 1, whereby 6, (P, P3) = 7(G3G1) and
(SV(PQ, Pg) = ﬁ(égGg), 1.e.

Tg,a:, and Ty, g are Fredholm with ind(Tg g+ ) = ind(T

G3Gy, 3G, =0vreR

(3.24)

GaGlr)

by Definition 3.3.4 and Lemma 3.3.3.

Now notice that (3.11) gives

GG, = G} <G3G§ 4 C;};C;g) G1 = GEG3GiG, + G5GLG5Gy,
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whereby
1(G5G1) > 7(G3G3G;3G1) — (G5G3G3G)
> 7(G5G2)7(G3G1) — 7(G3G2)7(G3G1)
= 1/1-42(G2G1) > /1 —72(G3G2) \/1 —72(G3G1) — 7(G3G2)7(G3G1)
= 7(G2G1) < 7°(G3G2) + 72 (G3G1) 4 27(G3G2)7(G3G1) /1 — 73(G2G1)
- 7(G2G1) < ¥(G3G1) + 7(G3G2) = 6,(P1, P3) + 6, (P2, Ps).

where (3.13) has been used to arrive at the first equivalence relation. To complete the
proof, we show below that Tg,q - i Fredholm with ind(TégéI ;) =0foral 7 €R,
whereby 0, (P1,Ps) = 7(G2G1).

First observe that the condition (3.23) implies 7(G3G1) 4+ 7(G3G3) < 1, whereby

’?(GgG G3G2 \/1 - G3 \/l — G3G2
Combining the above with (3.12) and (3.13) yields

7(G2G3G3G)) < 7(G2G3)7(G1G3) = 7(G2G3)7(G3G1)

< \/1-72(G3G2)y/1 — 52(G5Gh) (3.25)
= 1(G2G3)7(G3Gy) < 7(G2G3G3Gy).
Now using (3.11), one obtains
G,Gl = Gy (G;G;; + G3G§> G| = G2G3G3G] + G2G3G3G. (3.26)

Since according to (3.25), l(égf};) > 0 and l(égéb > 0, we have by Lemma 3.2.17

that GG and G3G| are boundedly invertible. As such, (3.26) becomes
GQGT = (I + X)G G;G é'l with X := GgGgGgéi(égégégéi)il

Applying Lemma 3.1.3(iv) twice yields for any 7 € R,

T~ ~+ =T ~ = Tx H H_*_,
GaGlr T TIHX)GaGhr T GGl T 1 X) GGl GG
=T T~ ~+ Ta ~+ +HF o0 HZT., Ta ax H H-t., .
(I+X),7 G2G3,T GgGlT (I+X),7 G2G3 G3G17+ (I+X)G2G3, G3Gl,7

(3.27)
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Note that through (3.25),

Thus by Lemma 3.1.2(iii), Te,a:, 19 Fredholm with ind(TégéI,T) = ind(Trix,,) =
ind(I+ Tx,) = ind(I) = 0. By (3.24) and Lemma 3.1.2(ii), this means the operator
Taix)Ta,q:,Ta,qr . is Fredholm with

ind(T(I+X)7TTé2é;,TTG3éT,T) = ind(T(I—i-X),r) + ind(TG2é;7) + ind(TG:;G;q—) =0.

Note that HE;FC;* and Hf+é* are compact by Assumption 2.2.3 and Lemma 3.2.14.

23,7 G3 1,T
Thus, by Lemma 2.1.1, H H-"., Ta ~~ and H_ . ., H-T.. are com-
> DY P IHX), T GeGyr T GGy (I+X)Ga2Gh,m  G3Gy

pact. Since the sum of two compact operators is compact [Kat80, Thm. I11.4.7], applying
Lemma 3.1.2(iv) to (3.27) then yields Tg,a: , is Fredholm with
ind(T

) =ind(Tqx),T =0,

GrGlr &G LE,6r )

as required. ]

In the following theorem, we bound the errors in the closed-loop mappings due to
perturbations of P in terms of the v-gap measure of distance between the nominal and
perturbed systems; see [Vin01, Thm. 3.19] for a time-invariant equivalent. This leads to
useful topological properties of the v-gap metric. A similar result in terms of the standard
gap metric can be found in [CV02, Thm. II1.2].

Theorem 3.3.8. For any P1,P2,C € S such that [Py, C] and [P3, C] are stable,

_ 0, (P1,P2)
6,(P1,Py) <supy (Hglglugg - H%I;QH%T> < "

. 3.28
reR ~ bp, cbp,,c (3:28)

PT’OOf. Let AT = ng oL — ng 9L - We show below that AT = Hg/r”g-r ng oL
Py ll“C P lI“C C Py Py llFC
as in the proof for [CV02, Thm II1.2]. Given any u € L? ) let

[T9<x>
v; 1= Hglgiuggu and w; = Hgg”%iu (i=1,2),

so that u = v1 + w1 = vo + we. It follows that

ATu:vl—vgzwl—wQ::wEgg.
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Consequently, as Hgg”% w = w and u was arbitrary, we have that
1
AT = Hgé‘r”ggl AT = Hgérllggl Hg;QHgé‘r,

where the last equality holds because Iy 7|9z gz |g.r = 0. From Lemma 3.2.15, we
1 1
then have for any 7 € R,
_ -1 3 -1
AT - TG2’TTKG2,TTK17— - TGl’TTKGl,T

— -1 _ -1 -
=T Tg k. TaTerTgg, , Tir

Tg. (3.29)

_ -1 _ -1 _

= TK,TTglK’TTclGQ,TTKGNTK,T’

where the last equality holds by Lemma 3.1.3(iv) and causality of Gg. It follows imme-
diately that

-1 < 51/(P17P2)

_ —m—1 _ B _
sup ’Y(AT) < Sup’Y(TélK7T>7(TG1G2,T)V(TKG27T = bPthPQ,Cj

TER TER
i.e. the upper bound in (3.28) holds.

To establish the lower bound, first define
Q = (KGy) 'KGy,

so that Q,Q ™! € Z(L%, L%) are both causal; see Theorem 3.2.19. Then it follows from
(3.29) that

A, =(Tg,,Tqr — TGM)TI?;GMTKT.

Noting that ¥(Tgg, ,) < 3(KG1) < 1, and so Z(TIT;GM) > 1, one gets

sup W(AT) > sup '_Y(TGLT - TGg,TTQ,T)
TER TER

=7(G1 - G2Q) (3.30)
=7 ([Gﬁl@_l QD > 5(G2Gy),

where the first equality follows from Lemma 3.1.3(v) and the second from the fact that

[g;} is an isometry; see (3.11). It remains to confirm the Fredholm index condition in

2

the definition of the v-gap metric. First observe that if 7(G; — G2Q) > 1, then from
(3.30) we have sup,cgr (A7) > 1 and as a result the lower bound in (3.28) holds trivially.
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So we consider the case where ¥(G1 — G2Q) < 1, which in turn implies
Y(G1 — G2Q) = ¥(Gi(G1 — G2Q)) =71 - G1G2Q) < L.
Consequently, as G1G2Q =1 — (I - G]G2Q), we have
7(GiG2Q) >0 and Tg:q,q, is Fredholm with ind(Tg:g,q,r) = 07 € R,

where the latter holds by Lemma 3.1.2(iii). Because Q has a bounded causal inverse,
7(G1G2Q) > 0 implies 7(G]Gz2) > 0. Moreover, Tq  is boundedly invertible, hence
for all 7 € R, ind(Tq,;) = 0 (cf. Remark 3.1.5) and Fredholmness of Tg:g,q,r =
Ta:a,-Tq,r implies that of Tg+q, . Applying Lemma 3.1.2(ii) again, it follows that

0= ind(TG{GgQ,T) = ind(TGng,T) + ind(TQ’T) = ind(TGi‘Gg,’r) vr e R.

Application of Lemma 3.1.2(i) then yields ind(Tqsq,,r) = —ind(Tq:q,,r) = 0V7 € R,
whereby 8, (P1,P3) = 7(G2G1), as required for the lower bound in (3.28) to hold via
(3.30). O

In the sequel, the topology generated by the v-gap metric is termed the graph topology,
in line with the existing literature [Vin93, Vin01, You98, Vid84, FGS93, CV02]. The
bounds in Theorem 3.3.8 facilitate simple and direct proofs of the following properties of
the graph topology. Specifically, the graph topology is the weakest topology with respect
to which both feedback stability and performance are robust properties. The previous
work in [CV02] establishes a similar result for the standard gap metric (i.e. only semi-
infinite signal space with a fixed ‘initial’ time) in a potentially LTV setting, while [VinO1,
Chapter 7] does so for the v-gap metric in the time-invariant setting. The proofs of the

following corollaries are based on these references.

Corollary 3.3.9. Given P and a sequence {P;} in S, the following are equivalent:

(i) 0,(P,P;) — 0;

(ii) For any C such that [P, C] is stable, Iy; g — Dyzgr uniformly in 7 € R.

Proof. That (ii) implies (i) follows from the lower bound in Theorem 3.3.8 while the

converse implication from the upper bound and the robustness result Corollary 3.3.6. [

Corollary 3.3.10. When S is equipped with the graph topology, for any C € S, the
mapping X := P € S — Iy 4 is continuous at all points P in L(C) ={P €S
[P, C]| is stable}. Furthermore, the graph topology is the weakest topology on S for which
this holds.
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Proof. Corollary 3.3.6 and the upper bound in Theorem 3.3.8 guarantee that given any
P € .7(C) and € > 0, there exists a 6 > 0 such that

6,(P,P) < § = [P,C] is stable and igﬁﬁx (H%Hgg - H%{,II%{) <€,
from which continuity of X follows. For the second part, suppose 7 is a topology having
the property under consideration. This implies for any P € .(C) and € > 0, there exists
an open neighbourhood of P, denoted .4 (P,¢) € 7, such that

[P, C] is stable and sgg”y (H%]_;r”glcr — Hggn%lcﬂ-) < e, VP € N (P,e).

By the lower bound in Theorem 3.3.8, it follows that
5,(P,P) < eVP € A4 (P,e),

ie. N (P,e) CB(P):={P €S:4,(P,P) < e} In other words, any set that is open
with respect to the graph topology is also open with respect to the topology 7. 0

3.4 Robustness analysis for periodic systems

The previous section presented sufficient conditions for robust feedback stability in terms
of the v-gap metric. Here we derive a necessary condition which is analogous to the first
part of [Vin01, Thm. 3.10]. Since the proof of this result relies on explicit construction of
a perturbed system, we depart from the purely abstract setting and focus in this section
on the class of linear periodically time-varying (LPTV) systems Pyg C Pop introduced

in Section 2.5.

3.4.1 The v-gap metric for periodic systems

The same notation from Section 2.5 is used here. Given P1,Ps € Pop, by the h-
periodicity property of the operators, Sg,G5G1 = G5G1Sg, VE € Z, where S; denotes
the continuous-time shift operator and G, Gy € P are right graph symbols for P; and
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P», respectively. Consequently, for all 7 € R and &k € Z,

kahTGgGl,TJrkhSkh‘L[ZT o= S_ikn(I— H~r+kh)G§G1’L2[T+kh7w)skh‘LfT N

(I — HT)S—thSGISkh‘L[?T .

)

) (3.31)

= (- T)GiGilp

=TgsG,,

Furthermore, note that as bijective mappings the restricted shift operators S_gp| 2 [r4+kh,o00) -
L?[74kh,00) — L[Qﬂoo) and Skh’L?T,oo) : L[zﬂoo) — L*[7+kh) are both Fredholm with zero
index. Thus, it follows by Lemma 3.1.2(ii) that ind(Tq3q,,r) = ind(Tgza,,r+kn) V7 €
R,k € Z. Thus, for the system class Pop, Definition 3.3.4 of the v-gap metric then

simplifies to

’_)/(égGl) = ”éQGlHOO if TG;GLT is Fredholm
5, (P, Py) i and ind(Tg3q,,-) =0 for all 7 € [0, R)
1 otherwise,
(3.32)

where Go,G, € LH p  are respectively normalised left and right graph symbols for
P, P, € Lop as in Proposition 2.5.4.

3.4.2 A necessary condition for robust stability

The main result here characterises the maximal v-gap metric ball of perturbations a
nominal stable feedback system can tolerate before becoming unstable. It is analogous
to the time-invariant case of [Vin0l, Rem 3.11(i)]. The proof presented below borrows
ideas from [CGO00, Thm 4.2], in which the standard gap metric is studied within a largely
different setting.

Theorem 3.4.1. Given P1,C € Pyg and 5 < bopt(P1;Prs) := sup bp.c,
CePpys : [P,C] is stable
[Py, C] is stable for all Py € Pyyg satisfying 6,(P1,P2) < B if, and only if, bp, c > f.

Proof. Sufficiency is immediate from Corollary 3.3.6. For the necessity proof, suppose to
the contrary that bp, c < 3. We show below that it is possible to then construct a system
P2 € Pyg such that 6,(P1,P2) < 8 and [Py, C] is unstable.

First note that the stability of [Py, C] is equivalent to KG; having a bounded causal
inverse by Theorem 3.2.19, which in turn is equivalent to (KG1)~' € LHY. In addition,
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we have b;} c= F(KG1)™) = |(KG1) oo = [(KG1) 'K ||ss, where the last equality
holds since K is normalised, i.e. KK* = I. Let

I':=(KG)) 'K € LHY.

Since I is analytic in D, for any ¢y > 0 and €; > 0, there exists by the maximum modulus
principle a zg € {z € C: (1 — ¢g) < z < 1} such that

(bpy.c +e1) ' <7(T(20)) < blgi,C'

It follows by the definition of the induced norm that there exists u € L[20,h) such that
lu|l2 =1 and
7(T(20)) = [T (z0)ull2 > (bpy,c +e1) ™

We define Ag := CB : L[207h) — L[QOJL), where B € X(L[Qo’h), C™) maps al'(zg)u to
(—,0,- - ,Q)T for all & € C and every element in {x € L[207h) s {x,al'(z0)u)2 = 0; 0 € C}
to 0, while C := (v1,v2, -+ ,v,)T = viu € K(C”,L[Qo’h)), so that

7(Ao) < (bp,,c +€1) and T'(z0)u € ker (I +T'(20)Ao) .
As such, I +T'(z9)Ay is not invertible. Define
A(z) == ZiAO = (0,B,(/2,0) € LHY,
0

so that A(zp) = Ag, whereby it is clear that I + I'A is not invertible in LHF. We set
e1:= (B —bp, c)/2 and ¢ := €1/203, so that

1 bPhC + €1

[Alloe = 7—7(A0) <
|20l

< B.

1—¢g

Now define
Gy:=G1+Ac LHY.

Since G; is normalised, i.e. (Gl(%))*Gl(z) =IVz e DUT and ||Allc < 8 < 1, we
have inf 7 1(@2(2)) > 0. Partition conformably G; = [1\]\2} and Gy = 1\1\/7[22] and recall
that by Definition 2.5.1, G is left-invertible in LH. Given that A does not have a
feedthrough ‘D’ term in its realisation, @2 and Mg have the same feedthrough terms as
those of G1 and M, respectively. Consequently, M, is invertible in £ since M; is, and

hence G is left-invertible in £. Let the Hardy space

® is analytic in D and
HY = {(I) :D — Z(L 4y, Lio ) ‘ } .

[® oo := sup.ep Y(®(2)) < 00
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We now show that there exists a G’% € Hp such that G%G’g =1 on D (ie. G is a
legitimate graph symbol), by following the argument employed at the end of [Vin01, Pg.
144]. To this end, let C; € Pyg be such that bp, ¢, > 3, which exists by hypothesis.
Then

inf,cpy (f(l (z)ég(z))

nfy (GQ( )> = 7\\[}'1”00 = (Rl(z)@(z))

where the fact that KK 1 = I has been used. As such, G (z) has a left bounded inverse
for all z € D, and hence Go has a left inverse in HpP, which we denote by GE. Tt
follows that (<, img (M Gy | H2 ) is the graph of a multiplication operator with symbol

P = NQM;l € L; see Proposition 2.5.4. Note that P has the same feedthrough term
as that of P; € Lyg, and hence P, € Lgg.

We now proceed to show that [Py, C], where Py QZ{ " M p,, is not a stable feedback
interconnection. Let G2 be a normalised right graph symbol for P, with a left inverse
GL € CH]%?, which exists by Proposition 2.5.2. Define Q := M*1M2 € L, so that
Q lMg € L and Gy = GQQ Furthermore, note that Q = GLGQ € LHy and
Q! GLGQ € LHp’. Now observe that

(KG1)'KGy = (KG1)T'KG,Q = (1 +TA)Q,

from which it follows that K Gy is not invertible in £H B - By Theorem 3.2.19, this implies
that [P2, C] is not stable. To complete the proof, we establish below that 51,(P1, Py) < B.

First we see that GGy = G3(G1 + A)Q = (I + GFA)Q. By defining G - 2En Mg,
Go "@W’L Mg,, A7 S T M A . Q "@W’L M and noting that (G1 is normalised, we have

Y(GIA) = |G1All < [[Afloo < B < 1.
Now by Lemma 3.1.2(i), (ii), and (iii) in the order they are stated, for all 7 € [0, h),

_ind(TGzGl,T) = ind(TGfGQ,T) = ind(T([+G’1‘A)Q77) = ind(TI—FGTA,T) + lnd(TQ,T)
= ind(TQT) = 0,

where the last equality holds by Remark 3.1.5 because Q‘l € LHY, Qil 2Yn MQ_l is
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a bounded causal operator. Finally, with
Q:= {Q ‘QZ{’L Mg :Q € ﬂHHO)f’},

we have that

6,(P1,P3) = 5(G2Gy) < inf 7 ([GSFI N Q]) = inf ¥ ([G*] (G1— GzQ))

Qe GG QeL 2
= éré%ﬁ((}l - G2Q)
— Qgg}fqm |G1 — G2Q|o
= ot G = (G + AN)QQs
< Al < 8,

where the third equality follows from the fact that [gﬂ is an isometry as in (3.11). O

3.5 Summary

This chapter motivates a generalised v-gap from [JC10, JC11] as a measure of distance
between open-loop causal linear time-varying systems from the perspective of capturing
their ‘closed-loop’ difference. The development relies only on assumptions regarding the
existence of normalised strong graph symbols/representations satisfying a corresponding
Hankel operator compactness property as in [JC10, JC11], as defined in Chapter 2. Several
notions including feedback stability and robustness margin are also generalised from the
time-invariant case [Vin93, Vin01] and characterised in terms of system graph symbols
building upon the initial development in [JC10, JC11]. The v-gap metric is shown to
possess various useful closed-loop robustness characteristics. These lay the foundations for
the development of more advanced stability analysis and model approximation methods

in the forthcoming chapters.



Chapter 4

Stability analysis via the integral

quadratic constraints

The theory of integral quadratic constraints (IQCs) [MR97, J6n01] presents a general tool
for characterising the input-output behaviour of systems. It is well-documented in the
literature [MR97, RM97] that IQC based robustness analysis generalises the small-gain,
passivity, and circle/Popov criterion type stability arguments [Kha02]. The main goal
of this chapter is to corroborate the benefits brought about by incorporating IQCs into
the v-gap metric based analysis along the lines of [JC10, JC11], where IQCs are used
to characterise input/output behaviour and continuous v-gap homotopies to characterise
the robustness properties of uncertain feedback interconnections. Towards this end, the
theories are consolidated within a unified robustness analysis framework, from which a
pure v-gap metric ball type robust stability result is then shown to be recoverable. Several
intermediate results are derived along the way, each of which is interesting in its own right.
In particular, a useful characterisation of the v-gap distance in terms of a linear fractional
transformation (LFT) being stable and contractive is developed in an operator-theoretic
setting, in the spirit of [Can06, BCO7]. The LFT provides a bijective and continuous
map between a v-gap ball and a corresponding norm-ball. This is exploited to establish
that sufficiently small v-gap metric balls are pathwise connected in the graph topology.
A v-gap ball based robustness result then follows from this result within the IQC/v-gap
framework of [JC10, JC11].

In the literature, LF'T characterisation of similar kind has been used to examine various
model approximation and validation problems; see, for example, [Dav95, Vin01, Can01,
CV04]. These shift-invariant studies are closely tied to the so-called DGKF solution to
H*® optimal control problems [DGKF89, ZDG96]. A different and more direct route is

adopted here, based on a J-spectral factorisation approach. Earlier works in this direction

67
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include [Can06, BC07] and [BCO08|, where the v-gap metric for finite-dimensional linear
time-invariant (LTI) systems is characterised in terms of an LFT and a step-wise procedure

for reduced-order approximation proposed, respectively.

The LFT characterisation requires the existence of a certain J-spectral factorisation
of a normalised graph symbol expression. This is established for two generic classes
of linear systems from Chapter 2, namely time-varying systems with finite-dimensional
stabilisable and detectable state-space realisations [IS04, MC10] and multiplications by
distributed-parameter transfer functions in the constantly proper subclass of the Callier-
Desoer algebra [CD78, CZ95]. In the latter case, the definition of the generalised v-
gap metric is also shown to reduce to the more familiar winding number expression;

see [CJK12, CJK10, CJKO09, Vin93, Vin01].

This chapter has the following structure. The IQC/v-gap robust stability analysis
from [JC10, JC11] is reviewed in the next section. The aforementioned linear fractional
characterisation of the metric is developed in Section 4.2 under the assumption that a
certain J-spectral factorisation exists. A pathwise connectedness result on v-gap balls
is established in Section 4.3. The flexibility of the unified framework over that of the
v-gap alone is then demonstrated in Section 4.4. Section 4.5 contains a characterisation
of the robust stability margin. The existence of the required J-spectral factorisation is

established for specific classes of systems in Section 4.6.

4.1 A unified IQC and v-gap based robustness result

In this section, a mixed integral quadratic constraint (IQC) and v-gap metric based
feedback robustness result is presented in a general setting. It is based on the initial
developments in [JC10, JC11, CJK12, CJK10, CJK09, JCKO8].

Recall that the set of causal operators which satisfy all of Assumptions 2.2.1, 2.2.2,
and 2.2.3 is denoted by S as in Definition 2.2.4.

Definition 4.1.1 (Integral Quadratic Constraints [MR97]). An operator X € § is said
to satisfy the IQC defined by the multiplier ¥ = ¥* ¢ .,S,”(L%{, L%) if

(v, Bv)e > 0,Vv € ¥x N L*T.

This is denoted X € IQC(¥). On the other hand, X is said to satisfy the strict comple-
mentary IQC, denoted X € IQC¢(W), if there exists an € > 0 such that

(v, Bv)y < —¢||v||3, Vv € G N LT,
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Lemma 4.1.2. Given P,C €S, suppose there exists a ¥ = O* ¢ L (L%, L2) such that
P cIQC(¥) and C €lIQC(P).
Then there exists an n > 0 such that
v+ w3 > n?|v]|3  for allv € %p N L*T and w € 95 N LT,

Note that if in addition [P, C] is stable, Lemma 3.2.8 yields bp c > 1.

Proof. The proof follows from an argument employed in the proof of [JC11, Thm. 1],

which is included here for completeness. From hypothesis, we have
Je > 0 such that (w, Pw)y < —e||w|3, Yw € Y5NL*T and (v, ®v)y > 0,Yv € YpNL*T,
for any P € &2. With T := 2W + €l, these conditions become
(v, YV)y > €||v]|3, Vv € %p NL*T and  (w, Yw)s < —€||w|3,Vw € 45N LY.
It follows that for any v € % N L*' and w € 96N LT,

(012 + [w]2) < (0, Y0} — (w, Yoy = (v + w, T(v+w))2 — 2w, T (v + w))2
< [P llllo + wl3 + 21l lfwllz o+ wll:

20?0+ wl3 | e
<[ 2flv +wl3 + ; 2+ w3,

where the last inequality holds since 2zy < % + ~y? for any z,y,v € R. This implies

2 €
(14 2001 1Tl + w0l 2 el + § ol = ol

= v +wllf > n*|vll3,

for any positive n <

VIITlier2x]

In IQC-based feedback robustness analysis framework of [JC10, JC11, CJK12, CJK10,
CJKO09, JCKO08], homotopies of systems in the v-gap metric play a crucial role.

Definition 4.1.3. We say that two operators P, and Py in S are joined by a path if
there exists a homotopy of operators {Py € S : A € (0,1)} such that the mapping
A € [0,1] — Py with Py := P, and P; := P} is continuous with respect to d,(-, ).
P, and Pp are said to be connected by a weak path if for every n > 0, there exists
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P(m)={P;€S:i=1,2,...,N(n)} such that Py = P,, Py = Pj and §,(P;,P;11) <
n,Vi=1,2,..., N —1. When this is the case, the weak path is denoted by Z(P,,Py) :=
Uy=0 Z(n). An uncertainty set of operators #” is said to be (weakly) path-connected in
the graph topology if for any two elements in %, there exists a (weak) path connecting
them in # .

Theorem 4.1.4. Suppose [P, C] is stable, then [Py, C] is stable if

1. P, and Py are connected by a weak path P (Pq,Py);

2. there exists a W = W* ¢ £(L3, L3) such that

P € IQC(¥),VP € Z(P,,P,) and C €IQCH(W).

Proof. By hypothesis and Lemma 4.1.2, bp, ¢ > 7 for some n > 0. Given this 7, it
follows by hypothesis that there exists Z(n) := {P; € S : i = 1,2,..., N} such that
P, =P, Py =Py and 0,(P;,Pi11) < n,Vi = 1,2,..., N — 1. Noting that [P, C] is
stable by hypothesis, the result follows by a simple inductive argument which establishes
that [P;, C] is stable for all ¢ = 2,..., N. Specifically, suppose that [Py, C] is stable,
whereby b(Py, C) > n by hypothesis and Lemma 4.1.2 again. Since 0, (P, Pr11) <, it
follows by Corollary 3.3.6 that [Py, C] is stable. O

Corollary 4.1.5. Given a C € S and a weakly path-connected set W C S, suppose there
exists a Py € W such that [Py, C] is stable. If in addition there ezists a ¥ = ¥* €
ZL(L%, L3) such that P € IQC(®),VP € # and C € 1QC(¥), then [P, C] is stable for
alPew.

Proof. By hypothesis, for every P € #, there exists a weak path connecting it with Py.
The claim that [P, C] is stable then holds by Theorem 4.1.4. O

For analogous IQC/v-gap based results to the above, see [JC10, JC11, CJK12, CJK10,
CJKO09, JCKO08]. Moreover, [RM97] contains a similar result for nonlinear operators
developed within a different setting using the generalised gap metric from [GS97]. Other

works which exploit gap-homotopies in a similar fashion include [Vin99, JSV05].

4.2 A linear fractional characterisation of the v-gap metric

In this section, we establish a characterisation of the generalised r-gap metric based
on [Can06, BCOT7]. To be specific, given two P1,P9 € S, it is shown that 0, (P1,P2) < r
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if, and only if, the linear fractional transformation (LFT) of a certain bounded causal
operator R on Py is bounded, causal, and strictly contractive. The R involved has a
bounded causal inverse and is dependent on P; and r € (0,1). The characterisation is of
crucial importance in this thesis, forasmuch as it underlies the path-connectedness proof
in the succeeding section and is useful for tackling problems in model approximation with

respect to the v-gap measure of error as delineated in Chapter 5.

We begin with two preliminary lemmata from [Can06] stated in the form of com-
plementary integral quadratic constraints (IQCs). They clearly demonstrate the close
relationship between feedback performance margin and the v-gap metric. Recall the no-

tation introduced for operator graph symbols in Section 3.2.3, which is also used below.

Lemma 4.2.1. Given P,C € S, the following are equivalent for any r € (0,1):

1. v(GK) > r;

2. for all [4] € 95N L** =, g img (Tk,-), there exists an e > 0 such that
v (2T &&) (1] < —e][Y]I2.
(11 (v )11, < —ellitli3
Likewise, Z(GK) > rif, and only if, <[}L{] , (7“21 - G*G) [g]>2 <0 forall[Y] € 9,NL*T.

Proof. The proof is straightforward from the definition of induced gains. In particular,

since graph symbols are causal by definition, application of Lemma 3.1.3(i) yields

WTgk,)?=  inf GKq,GKq)_ = inf [4],G'G[Y]). .
o qeL[zm,”q.Fl< >2 [g]Gimg(TKr)i||[gH|2:1< >2

where the last equality holds since Tk ; is an isometry. It follows immediately that

inf 3 (Teye,) = <= (1), (PI-G'G) (1)) <o0.v[ile U ime(Tic,) - and

inf 3 (Tege,) > <= ([4), (PI-G'G)[1]) < —ell[]I3.V[H] € %img<TK,7>,

where € is some positive real number. The claimed result then follows from Lemma 3.1.3(v),
whereby l(GK) =infrcr V(Tak ) O

Lemma 4.2.2. Given P1,Pq € S, the following are equivalent for any r € (0,1) and any
i,7 € {1,2} satisfying i # j:
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2. for all [}] € 9p, N L*" =, cpimg (Tq,.r). there exists € > 0 such that
v (P GEE) (1) s elle.
(1), (1= GiGa) (1)), = €l 13

Likewise, 7(G;G;) < r if, and only if, <[g],<r21—(~}:éi> [g]>2 > 0 for all [¥] €
gpj N L**.

Proof. First note that 5(G2G) = 7(G1Gs) by (3.12), which explains the subscripts i and
j. The proof for this lemma is largely similar to that for the previous one. Specifically,

because graph symbols are causal by definition and Tg;, - is an isometry,

WTge, )= swp  (GiGyg.GiGya) = sup (14].G/G:11)
L], oy lal=t [HJeims (T, )[4,
The result follows immediately from this equality and Lemma 3.1.3(v). O

We are now ready to establish the LFT characterisation of the v-gap metric. First

define the maximal robustness margin of any P € S by

bopt (P;S) = sup bp.c. (4.1)
CeS: [P,C] is stable

Theorem 4.2.3. Given m-input p-output operators P1, Po € S and a positive number

7 < bopt (P1;S), suppose there exists a boundedly invertile causal

Rii R
R:[ 11 12

e L(L%, L3
iy CEES

such that R~ € £ (L3, L3) is causal and
2 ~ k * _Ip O
PLm — GiG =R R. (4.2)

Then the following are equivalent:

1. (5,,(P1,P2) <r;
2. the LFT operator illustrated in Figure 4.1,
F(R,Py) : dom (F(R,Py)) C L} — L%,

for which RG is a (not necessarily normalised) right graph symbol, is such that
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F(R,Py) is causal, L** C dom (F(R,P5)), and

YFR,Po)[pe+) = sup  [F(R,Po)ullz <1.

u€ L :|jull2=1

R P,

>
Lﬁ

Figure 4.1: Graphical representation of the LFT F(R, P;)

Remark 4.2.4. J-spectral factorisation in (4.2) is not unique. Specifically, given any
R that solves (4.2) and any causal Q € Z(L%, L%) such that Q™! € Z(L3,L3) is
causal and Q* [BI (I)] Q= [BI (I)], R := QR is also a solution to (4.2). Indeed, Q can
be constructed in such a way that Ro; N9 4+ RooMo has non-singular instantaneous gain

(cf. Definition 2.1.10), so that by Lemma 2.1.13

RG,L* — Ri1N2 + R12M;y 12+
R21 N3 + Roao My

is the graph of a causal linear operator F(R,P2) : img (R21 N2 + RoaMp|;2+) C Lﬁ —
Lﬁ satisfying

F(R,Py)

—1
= TryN T VreR
. 11N2+R12Mo,7 M :
1mg(R21N2+R22M2|L[2 )) R21N2+RooMo,7
7,00

This linear fractional transformation (LFT) of the pair (R, P3) is consistent with chain-
scattering formalism of [Kim97]. As an example, see [BCO8, Lem. 2], which considers
the class of finite-dimensional LTI systems with sufficiently small instantaneous gains.
The R constructed there is such that Rs; = 0 and Ryo has non-singular instantaneous
gain. Combining this with the non-singular instantaneous gain of Ms, it follows that
R21Ns 4+ RosM5 has non-singular instantaneous gain. In the special case where P that
has zero instantaneous gain, i.e. strictly causal, see Proposition 5.3.1 for a formula of

such an R.

Proof of Theorem 4.2.3. The line of proof follows the arguments underlying [Can06, Thm.
1] and [BCO7, Thm. 3]. We first note a consequence of the hypothesis r < bopt(P1;S),
whereby there exists a C € S such that [Py, C] is stable and bp, ¢ = l(élK) > r.



74 Chapter 4. Stability analysis via the integral quadratic constraints

Combining (4.2) with Lemmas 4.2.1 and 4.2.2 yields respectively

YGIK) >r < R[4, [JLR[Y]), <0.V[4] €4cNL* and (4.3)
Y(GiG1) <7 <= (RY], [ YR, = €lll¥3,V[4] € %p, N LT, (4.4)
Ly (0
C R
[ u

Figure 4.2: Graphical representation of the LFT X(R, C)

Let X(R,C) : dom (X(R,C)) C L% — L3 be the causal LFT operator illustrated in
Figure 4.2, for which RK is a (not necessarily normalised) right graph symbol X'(R, C),
i.e.

g?/f(R,C) n L[ZT,oo) = img (Trk,r) V7 € R;

see Remark 4.2.4. By (4.3), it follows that

(R[0T (2D, <0V (7] € eme) N L (4.5)

Define
(r) == {y € dom (X(R,C)) N L2, | 4= X(R,C)j € L[ZT,OO)} .

[1,00)

As such, we have from (4.5) that X (R, C)lc(,) is contractive, i.e. 5 (X(R,C)lc(r)) <1,
for all 7 € R. In fact, it can be shown that C(7) = L[Qv,oo) for all 7 € R, from which it
follows that (X (R, C)| 2+) < 1. To this end, let

F(R,Py) : dom (F(R,Py)) C LE — L}

be the causal LFT operator for which RGj is a (not necessarily normalised) right graph
symbol; see Figure 4.1 and Remark 4.2.4. Tt follows that G;R™ ! is a (not necessarily nor-
malised) left graph symbol for F(R,Py), satisfying g p,) N L%ﬂoo) = ker (TG1R71,T>
for all 7 € R. Since 7(G1G1) =0 < r, and in light of (4.4), we have

(21 LT LR D, z ellf2]]

2 A
9 , v [z] S g]—'(R,Pﬂ N L*". (46)

Define

Pi(r) = {u € dom (F(R,P1)) N L% ) | § = F(R,P1)i € Lfm)} .

[T7OO
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It follows from (4.6) that F(R,P1)|p,(r) is uniformly strictly contractive in 7 € R, i.e.
sup,er ¥ (F(R,P1)|p,(r)) < 1. Also, since [Py, C] is stable, it follows by Theorem 3.2.19
that

G1K =G R'RK

has a bounded and causal inverse, whereby Tg g-1gk . is boundedly invertible for all

7 € R; see Remark 3.1.5. As such, it can be shown as in the proof of Lemma 3.2.15 that

I FR,P)
(R, C) 1

Frrp)xro)r = [X
C(T)xP1(T)

is boundedly invertible for all 7 € R. Now suppose, to the contrapositive, that there

exists a 7 € R such that C(r) # L[gﬂoo) or Pi(r) # L[gﬂoo). Then by the large-gain

theorem [GKM97], it would follow that

Y(FR,P1)X R, C)lpcr) = 1,

where

PiC(r) :={xeC(1) | X(R,C)x € P1(7)},

contradicting sup, cg 7 (F(R,P1)|p, () < 1 and sup,cg 7 (X (R, C)l¢(ry) < 1. As such,
[27,00) and Pyi(r) = Lfmo) for all 7 € R, whereby

F(X(R,C)|p2+) < 1 and ¥(F(R,Pq)|g2+) < 1. Using the preceding development, we

are now ready to establish the equivalence of 1) and 2).

one may conclude that C(1) = L

2) = 1): First note that GoR ™" is a left graph symbol for the causal LFT F(R, Py),
as in the analogous case for F(R,P;) before. Furthermore, since 7(F(R,P2)|2+) < 1,

or equivalently, for some € > 0,

(1. [T 2D), = e N2, Y [2) € Frmpny N L7,

we have that

R [ I RIED, 2 elllé]llz VIE] € %p, N L = | img (Tay.r) -
TER

Therefore from (4.4), ’7((}2(}1) < r. Moreover, the small-gain argument in Lemma 3.2.9
can be used to conclude that [F(R,P2), X(R,C)] is stable, which by Theorem 3.2.19
is equivalent to GQR_lRK = G’QK having a bounded causal inverse. This in turn is
equivalent to [Pg, C] being stable. Using Theorem 3.3.1, we may thus conclude that for all
7 € R, Tgsq, - is Fredholm and ind(Tg;q, ,) = 0, whereby 6, (P1,P3) = 5(G2G1) < 7.
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1) = 2): Since 7(G2G) < r, it follows by (4.4) that
(R [T RED, = elll4]l5,V [4] € %o, N L,
and hence

2 ~
oV [2] € Yrmpy N LT (4.7)

(21 [T LE D, z ellf2]]

Define

[7,00)

Po(r) = {u € dom (F(R,P2)) N L2 _ | § = F(R,Pa)ii wao)} .

It follows from (4.7) that F(R,P2)|p,(r) is uniformly strictly contractive in 7 € R, i.e.
sup,er ¥ (F(R,P2)|p,r)) < 1. Thus, it remains to show that Py(r) = L[27,oo) for all
7 € R. To this end, observe that by Corollary 3.3.6, [P2, C] is stable, since 4, (P1,P2) <
r < bp, c. By Theorem 3.2.19, this implies that GQK = GnglRK has a bounded
causal inverse. The remainder of the proof is the same as the above case of showing
F(R,Py) is bounded on L*' via the large-gain theorem [GKM97]. O

4.3 Path-connectedness of v-gap metric balls

We establish that any v-gap ball of radius less than the maximal robust stability margin
of its centre, is pathwise connected in the graph topology. This is exploited in Section 4.4
to reconcile the IQCs based framework discussed in Section 4.1 with the v-gap robustness
results of Chapter 3. The proof makes use of the LFT characterisation developed in
the previous section. More specifically, the LF'T is shown to provide an invertible and
continuous mapping from a unit ball of stable causal operators to a v-gap ball of interest,
under which path-connectedness is preserved. The proof closely follows the original ideas
developed in [CJK10, CJK12] for the time-invariant case.

Theorem 4.3.1. Given P. € S for which G, is a normalised left graph symbol, an
7 < bopt(Pe;S) and any Py, Py € G, (P.) :={P €S | §,(P.,P) < r}, the following path

s continuous with respect to the v-gap metric:
0 €[0,1] — Py :=F(R,',Qy) € G,(P.),
where Qg := (1 — 0)Qy + 0Q, with

Q, .= F(R.,P;) fori=0,1,
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and R is a J-spectral factor for GZGC—’FQI; see (4.2). As such, G,(P.) is path-connected
in the graph topology. Moreover, F(R; 1, Q) C G,(P.), where Q is any convex subset of
B, :={Q € S: Q is causal and bounded on L** with 7(Q) < 1}, is path-connected.

Proof. We first show that Py € G, (P.) V8 € [0,1]. Towards this end, note that because
P; € G, (P,) for i € {1,2}, whereby §,(P.,P;) < 1 < bopt(Pc;S), Q; is bounded and
causal on L** with 5(Q,|z2+) < 1 by Theorem 4.2.3. Correspondingly, for all 8 € [0, 1],
Q, is bounded and causal on L** with

Y(Qolpz+) < (1= 0)¥(Qolp2+) +67(Qy[g2+) < 1.
Furthermore, since R. has a bounded causal inverse, it follows that
I(RCaPQ) = ]:(RC?‘F(Rc_la Q@)) = Q.

By Theorem 4.2.3, we thus have J,(P.,Pg) < r, whereby Py € G, (P,) as claimed.

Now note that since 7 < bopt (P¢; S), there exists by definition a C € S such that [P, C]
is stable and bp_c > r. By Corollary 3.3.6, we then have that [P, C] is stable for every
P € G,(P.) with bp.c > bp..c —7 =: A > 0. Furthermore, for any 61,6, € [0,1] such
that '7(@'92 Gy,) < A, application of Theorem 3.3.1 yields that for all 7 € R, TG§2 Go, 7
is Fredholm and ind(T(;;QGGl’T) = 0. As such, provided that 7(Gg,Gyg,) can be made
arbitrarily small via the choice of |#; — 61|, continuity of the path 6§ — Py in the graph
topology follows. This is now established.

To begin with, recall that for any 6 € [0, 1], the causal operator Qg|y2+ : L*T — L%
is bounded. Therefore, given that L%Q is the closure of L2, Q|2+ has a bounded linear
extension Qg : L% — L3 satisfying Qp|r2+ = Qplp2+ and 7(Qy) = 7(Qy|p2+) [Kres9,
Thm. 2.7-11]. The causality of Qg follows from that of Q, by Lemma 3.1.3(iii). Now
observe that by definition

Zy =R h@] and  Zg := [—I Qg} R.

are respectively right and left graph symbols for Py that are not necessarily normalised.

Their (non-unique) respective left and right causal bounded inverses can be taken as
(&

zZk = [0 I} R. and Z, = R;! [_OI] .

Given normalised right and left graph symbols Gy and Gy for Py € S, there exist by



78 Chapter 4. Stability analysis via the integral quadratic constraints

Lemma 3.2.11 bounded causal Xy and Xy such that Gy = Z¢Xy and Gy = XpZo.
Indeed, Xy = ZEGy and Xy = GyZ,, whereby 7(Xg) < 7(R.) and 7(Xp) < F(RZL).
Finally, notice that for any 6,62 € [0, 1],

(G, Go,) = 7(Xo,Z0,Z6,Xe,) < 7(X0,)7(Qg, — Qp,)7(Xs,)
< 2[0; — 017 (R)F(R. ),

thereby establishing continuity of the path 6 — Pjy. O

4.4 Reconciling IQC and v-gap based robust stability re-

sults

We argue in this section that v-gap homotopy-type robustness results are more general and
powerful than the ball-type ones when it is possible to exploit via IQCs known structure
of a feedback system in stability analysis following [MR97, JC10, JC11, CJK12, CJKO09].
The development relies on the pathwise connectedness result on v-gap metric balls in
Section 4.3 to recover a sufficient ball-type robust stability condition within the IQC
setting of Section 4.1.

Suppose that we are given P.,C € S such that bp_c > r for some r < bop(P¢;S).

Define the v-gap metric ball of causal operators centred at P.:
Gr(Pe) :={P €S| 0,(P:,P) <r}.
Application of Lemmas 4.2.1 and 4.2.2 yields that
P € IQC(P),VP € G,(P.) and C € IQC(¥),

where

=0 =r’1-G.G,

and G, is a normalised left graph symbol for P,.. This is originally noted in the time-
invariant case in [CJK12, CJK10, JCKO08]. Moreover, G,(P.) is path-connected (and
hence weakly path-connected) in the graph topology by Theorem 4.3.1. Therefore, it
is true that [P, C] is stable for all P € G,(P.) by Corollary 4.1.5. Notice that this
also follows directly by the v-gap ball based results, Theorem 3.3.1 or Corollary 3.3.6.
Nevertheless, Corollary 4.1.5 offers greater flexibility in robust stability analysis since it
can be applied to any path-connected subset of G,(P.), and C is only required a priori
to stabilise any element of the set. Note that IQCs may be found by exploiting known
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structure of the systems of interest [MR97, JC10, JC11, CJK12, CJK09, JCKO08|.

4.5 The optimal stability margin

A characterisation of the feedback robust stability /performance margin is derived in this
section. The proof is based, in large part, on the the time-invariant case [Vin01, Prop.
4.1]. Tt relates the performance margin to the solution of a Nehari extension problem,
whose optimal value can be expressed as the norm of a Hankel operator for certain classes
of systems. The result is used in the ensuing section to relate the existence of the J-
spectral factorisation underpinning the LFT characterisation developed in Section 4.2 to
maximal robustness margin of the system involved. See [GM89, Thm. 4.1], and [CZ95,

Thm. 9.4.3] for similar results in the linear time-invariant case.

Theorem 4.5.1. Given causal operators P and C that satisfy Assumptions 2.2.1 and 2.2.2,
the following are equivalent for any r € (0,1):

(i) [P, C] is stable and bp c > r;

(ii) Given a normalised left graph symbol G for P, the operator C has a not necessarily

normalised right graph symbol K, satisfying

=~k

(G —Ky) < V1-r2

(iii) Given K, a normalised right graph symbol for C,

inf (G —KQ) < V1 —1r2, (4.8)

QeQ

where Q := {Q € L (L%, L) | Q is boundedly invertible and Q, Q™' are causal}.

Proof. We establish that both (i) and (ii) are equivalent to (iii). We begin with the proof
for (i) = (iii). First recall { } is an isometry from (3.11). Now note that

inf 7(G" - K > inf G
QGQV( Q= Qec2(L3 L2

= Qeguzf2 ) < [ ] ) (4.9)

=4/1-72(KG) ,/1—(%10,
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where (3.14) and Theorem 3.2.19 have been used. Recall from (3.11) that [g;] is an
isometry. Set Q := b?P,C(C‘wK)*1 € Q, it follows that

L __[|1-GKQ|\ _ (1-0} )1
ey ([ ) o ], o the )

_ \/(1 — b} )2 + PAGK(GK) )b

1-b% o ——
= (1 - b%70)2 + T’bil;”(: == 1 - b%)7c,
P.C
where the second last equality holds since [%?f} is an isometry, whereby
G*K G*K . -
(&), | jexup e ©
(u, u)q lull3 [Jull3

To summarise, the lower bound in (4.9) is achievable when [P, C] is stable, from which

we have (i) = (iii).
We now show that (iii) = (i). Note that since G is normalised,

~ k

G -KQ) <1 = 7 (é(é;* - KQ)) — 5(I - GKQ) < 1. (4.10)

Thus we have l(GKQ) > 0, because GKQ = I — (I- GKQ) Since Q is boundedly
invertible, it then also follows that Z(GK) > 0. Using (4.10), we see that for all 7 € R,

Y(I - Tekq,) <7I-GKQ) <1,

which implies by Lemma 3.1.2(iii) that Tggq , =1 — (I - Tgkq,) is Fredholm with

ind(TGKQ ) = ind(I) = 0. (4.11)
Since TZQIT = Tq-1, is Fredholm as in Remark 3.1.5 and TGKQT = TGKQ —rTél‘r by

Lemma 3.1.3(iv), it follows by Lemma 3.1.2(ii) that T _ is Fredholm. Moreover, ap-
plying Lemma 3.1.2(ii) to (4.11) yields

ind(Tgy ) +ind(Tq,;) =ind(Tggq,) =0,V7 €R.

However, ind(Tq;) = 0V7 € R; see Remark 3.1.5. Therefore ind(Tgy ) = 0V7 € R,
and hence [P, C] is stable by Theorem 3.2.19. Also, we have bp ¢ > r by (4.8) and (4.9).

Clearly (iii) = (ii) by Lemma 3.2.11. To show that (ii) = (iii), we simply need
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to find a Q € Q such that K, = KQ. Such a Q exists by Lemma 3.2.11. O

4.6 Existence of .J-spectral factorisation

We consider two general classes of linear systems in this section and show existence of
the J-spectral factorisation upon which the linear fractional characterisation of the v-
gap metric (Theorem 4.2.3) and the path-connectedness of v-gap balls (Theorem 4.3.1)
are dependent to be valid. The first of these is the class of finite-dimensional linear
time-varying (LTV) systems with stabilisable and detectable state-space realisations in
Section 2.3, while the second is the class of systems associated with multiplication by an
infinite-dimensional transfer function in the constantly proper Callier-Desoer algebra in
Section 2.4.

4.6.1 Finite-dimensional time-varying systems
A simplified v-gap metric formula

Recall the class of LTV systems V considered in Section 2.3 and the notion of exponential
dichotomy in Definition 2.3.1. Given any Z € V with a state-space realisation (A, B, C, D)
that is exponentially dichotomous with respect to the projection P, suppose D has a
uniformly bounded inverse and AX := A — BD~!'C defines an exponentially dichotomous
evolution with respect to the projection P>, it follows by [GKS84, Thm. I1.5.2] that Tz -
is Fredholm for all 7 € R with

ind(Tz ;) = rank(P) — rank(P>)
= dim img (P) — dimimg (P*)
= dimker (P) — dimker (P*) .

Now given P1,Ps € V, let G; be a normalised right graph symbol for P; and Go, GQ
be respectively normalised left and right graph symbols for Ps. Suppose a state-space
realisation for G5G is given by (A, B,C, D), in which D has a bounded inverse and
A* := A — BD7!C defines an exponential dichotomy, then Definition 3.3.4 of the v-gap

distance between P; and Py can be written as

7(G2Gy) if rank(Pgsq,) — rank(PéEGl)
(5,/(P1, P2) =

1 otherwise,
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where Pg:g, and Pé;c;l are the projections defining the exponential dichotomies of A

and A, respectively.

J-spectral factorisation

The objective of this subsection is to show that the J-spectral factor in (4.2) of The-
orem 4.2.3 exists for V. To this end, the following result, which is a consolidation of
Remark 3.16, Corollary 3.26, and Theorem 4.9 from [IS04], is essential.

Proposition 4.6.1. Given an exponentially dichotomic system 3 € V of the form

>

A 0 B
G

in which A defines an exponentially stable evolution, QT = Q, and ST = S, suppose

1. gnlg | det(S(t))| > 0, where det denotes the determinant of a square matriz;
€

2. S is of a constant Jordan structure, i.e. the number of its (real) distinct eigenvalues
does not depend on time t € R;

3. the family of algebraic inverses of Wiener-Hopf operators {(TX;J)*l}Te]R s well-
defined and uniformly bounded with respect to T, i.e. there exists an n > 0 such
that

| Tx rull2 > nllull2, Vu € L[Qf,oo)’VT eR.

Then the Kalman-Popov- Yakubovich system of equations in J-form

S=VTI,nV;
L+XB=W"],,V;
X+ATX + XA+ Q=wW"J], W,

has a stabilising solution V, W, and X = X7T that is continuous and bounded on R

such that X is continuously differentiable on R and A— BV ™'W defines an exponentially
I, 0
0 _I"Yl

R := (A B, W,V) eV, R~! €V is exponentially stable (or equivalently, bounded and

causal on L% ) and

stable evolution, where Jp n, 1= [ } denotes the sign matriz of S. Furthermore, with

¥ =R*J,.R,
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I, 0

5 _1 } 3 is said to admit a J-spectral factorisation when the above is

where Jp, 1 = {

true.

Now suppose we are given an m-input p-output system P € V, for which G € V is a

normalised left graph symbol. Consider
2, =G G-, re(01).
Let G = (A, B, C, D). Using the composition of systems formula (2.5), one may write
A 0 B

_cTc —AT|| |-cTD
{DTC BTJ ‘DTD—TQI

®, =

Theorem 4.6.2. For anyr € (0, \/1 — SUP,cRr f_y2(H~J£T)>, 3. admits a J-spectral fac-

torisation:
3, =R*J p,mR.

Proof. Define S, := DTD — r?I,,,,,. We first show that g{& | det(Sr(t))| > 0 and S, is
of a constant Jordan structure, for any r € (0,1). By the normalisation property of the
left graph symbol, we have that GG~ = I, whereby D(t)DT(t) = I, for all t € R. This
implies D(t) has only p non-zero singular values, and these are all equal to unity [HJ85,
Thm. 7.3.5]. Consequently, as discussed in [HJ85, Section 0.4.6],

rank(D(t)) = rank (D” (¢)D(t)) = rank (D(t)D”(t)) = p.

Putting these together, we conclude that DT (t)D(t) has p eigenvalues equal to 1 and m
zero-valued eigenvalues. It follows that S,.(t) has p (positive) eigenvalues equal to 1 — 12
and m (negative) eigenvalues equal to —r2, for any r € (0,1). As such,

inf | det(S, (1)) = (1 — r?)Pr?™ >0

teR

and the number of distinct eigenvalues of S, (¢) is 2 for all £ € R, i.e. S, is of a constant

Jordan structure.
Now we show that inf cg 7(Tx, ) > 0, from which the claimed result then follows by

Proposition 4.6.1. To this end, fix any 7 € R. By Lemma 3.1.3(iv),

* - *Pr—+ _
(Tg )" Tgr, + (Hg! JHe I =Tgge =1,
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Define the operator

B; = G|L[2T’oo)@ker(TéJ) :

Recall that by Assumption 2.2.1, there exists a causal W € .Z(L%, L%) such that GW =T
on L%. Define

Ar = HL[QT oo>®ker(TéyT)W|L[2Tyoo)7

from which it follows that B;A; =1 on L[2¢ o0)- Furthermore, note that ker (B;) = {0},
and hence B has a left inverse, which is equal to its right inverse A, i.e. A;B; =1 on
L[2T7OO) Oker(Tg ). As such, B; is boundedly invertible, and hence y(B-) = 7(B7). Now
note that

B;k_ — HL2

[T

~ ok

)
[T, 7,00)

~
ler(tg ) G g

where TLy denotes the orthogonal projection onto X'. Note that B} = T+ _, and hence

2(B;) =T ) = /1-2(HG ).

Consequently,
1(B7Br) > y(BI)y(B;) =1 VHLE ).

Thus for any r € <0, \/1 — SUP,cRr ’y?(HcT;{T)>, we have

. . 2
BEA(T=nrlat | oter(ra.n) = Jaf ¥(BrB, =r71) > 0
Combining the above with the observation that
Ts, ru=—r*u,Vu € ker(Tg ), 7 € R

\T

yields the following uniform non-zero lower bound

; — supA2(H-+
Tlrgl}%j(T;;ﬁﬁ >0,Vr e <O, \/1 sup v (Hé*r)> ,

as required. ]

Remark 4.6.3. Here, we restrict to systems (A4, B, C, D) that admit uniformly bounded,
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positive semidefinite solutions to the differential Riccati equation pair:

P+PA+ATP-PBBTP =0,
Q—AQ — QAT +QCcTcQ =0,

such that A — BBTP and A — QCTC define exponentially stable evolutions and the
inverses of the positive definite blocks of P and @ are uniformly bounded; see [TV92,
(1.10)]. By the Nehari Theorem for finite-dimensional LTV systems [TV92, Section 3],
given an exponentially dichotomous state-space realisation (2.1) and the corresponding
convolution operator Z : L% — L% of the form (2.3),
inf  §(Z-Q)=supy(Hz).

Q has an exponentially reR ’

stable realisation (2.1)
An immediate consequence of this and the equivalence between (i) and (ii) of Theo-

rem 4.5.1 is the following bound on the maximal robustness margin of P € V:

bopt (P; V) := sup bpc < /1 —supy2(H T ), (4.12)
CeV:[P,C] is stable TER Gr

where G is a normalised left graph symbol for P. Analogous results in the linear time-
invariant case can be found in [GM89, Thm. 4.2], [GS90, Thm. 2], [VinO1, Section 4.1],
and [CZ95, Lem. 9.4.7]. Using (4.12), Theorem 4.6.2 implies that ¥, admits a J-spectral
factorisation for any r € (0, bopt (P; V).

4.6.2 Infinite-dimensional time-invariant systems
The v-gap metric for time-invariant systems

The same notation from Section 2.4 is used here. The v-gap metric is defined on W C S,

or directly on the frequency-domain space Z%Cp, as

(GoG) = HégGlﬂm if for all 7 € R, Tg;q, - is Fredholm
d ind(T g =0
(5,,(P1,P2) = (5V(P17P2) = and 1n ( GQGl,T)

1 otherwise,

where Tgzq, - denotes the time-domain Wiener-Hopf operator given by Definition 2.1.9
in Section 3.1. The definition above can be reformulated in terms of more familiar condi-
tions in the literature [Vin93, CJK12, CJK10, CJK09], as we demonstrate below.
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Following [IZ01], the Wiener algebra is defined as

W={o=v+p | e A}

and the sub-algebra

Let ® € W. The frequency-domain Wiener-Hopf (a.k.a. Toeplitz) operator with symbol
d is defined by
T;:=d¢€ Hg, — I, Mgi e HZ

where II, : L?R — H %Jr denotes the orthogonal projection. By contrast, the forward
and backward Hankel operators with symbol ® are defined respectively by

H! =ac H{ —TI;MgyiecHE,,

and
H ":=ae€Ht, —~1II_Mic Ht_,

where IT_ denotes orthogonal projection onto H, %7. Note the Hilbert adjoints Tg =Ts.
and (H;“)* = H;—.

First observe that following a similar argument to (3.31) in Section 2.5, one may
show by exploiting the time-invariance property that for all 7 € R, ind(TG§G17T) =
ind(Tqsq,,0); the latter of which is equal to ind(Tgsc,) by Lemma 3.1.2(ii), since
Taic0 = ﬁflTGEGIﬁ. Indeed, given any square ® € W, det(®(jw)) # 0Vw € RU{co}
if, and only if, T'g is Fredholm [GGK90, Thm. XII.3.1]. In this case, the Fredholm index

ind(Ts) := dimker (T'p) — dimimg (T's)" = —wno det(®),

where wno denotes the winding number around the origin of the curve parameterised by
w > det(®(jw)), as w decreases from 0o to —oo; i.e. 5= x the net increase in the argument
Zdet ®(jw) as the curve is traversed. Therefore, the v-gap metric can be written more
familiarly [Vin93, Vin01, CJK12, CJK10, CJK09] as

|G2G1 oo if det(G3G(jw)) # 0Vw € RU {oc0}

d det(G5G1) =0
5,(PL, Py) and wno det(G3G)

1 otherwise.
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The robust stability margin of a feedback configuration, has also an equivalent frequency-
domain representation. The feedback interconnection of Figure 3.1 in Section 3.2 is
reproduced by Figure 4.3 in the frequency domain with P,C € B?. Notice that by
Definition 3.2.1 and (3.5), feedback stability is equivalent to

P

P,C]:= | | (1-cP)! [—C I} c A7,

in which Mpc) = [dy} — [z’;] When this is the case, the robust stability margin of

dy
[P,C] is bpc :=bp.c = ||[P,C]||<}. Moreover, the maximal robustness margin
bopt (P; BY) = sup bpc = sup bp.c =t bopt (P; W).
ceB?®:[PCle AT CeW: [P,C] is stable
1dy
Ye W
C P

Up

Ue
d.

Figure 4.3: Feedback interconnection of transfer functions in B~

J-spectral factorisation

Given any m-input p-output P € B and its associated time-domain operator P i Mp,
we show here that for any r € (0, bopt (P; W)), there exists a causal R € .Z(L3, L) such
that R™! € Z(L%, L) is causal and

3, =G G-I, = R I, .R,

I, ©
0 —Ln
factorisation problem can be equivalently formulated in the frequency domain by exploit-

where J,, p, = [ } and G is a normalised left graph symbol for P. The J-spectral

ing the equivalence of operators via the Fourier transform isomorphism as
Y= G*G —r’Iyym = R*JpmR  on jR,

where 7 € (0, bopt (P; B7"Y), Ipm = [IOP 7%”}, and R,R~' € A™. Towards resolving the

existence issue, some preliminary results are needed.
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In general, we say that a & = ®* € W admits a Jp,m-spectral factorisation over AP
(resp. A?)) if there exists a spectral factor R, R~! ¢ A~ (resp. A?)) such that

P(jw) = R*(jw)JpmR(jw) Yw e R;

this is possible only if ®(jw) has p positive and m negative eigenvalues for all w € R.

Proposition 4.6.4. [IZ01, Thm. 3.2] Let ® = & € W be such that det(®(jw)) # 0 for
allw € RU{oo}. The following statements are equivalent:

(i) ® admits a Jy, m-spectral factorisation over AP

(ii) ® has no equalising vector — there exists no non-zero 4 € H%Jr such that Mot €
H2 .
(iii) Tg is boundedly invertible.

Lemma 4.6.5. Let ® = ®* € W_. If ® admits a Jpm-spectral factorisation over ACp,

then it admits a Jp ., -spectral factorisation over AP

Proof. This holds via the argument employed in Step 2 of the proof for [CW90, Thm.
1], where a special type of J-spectral factorisation (the standard spectral factorisation) is
considered; specifically, with J, ,, = J, 0 = Ip. The proof continues to hold for the general
J-spectral factorisation considered here, since multiplication by J = J~! does not change

the holomorphicity or continuity properties of a transfer function. O

We are now ready to establish the main result of this subsection.

eorem 4.6.6. Given an m-input p-output P € ACP, for any r € (0, bopt (P; B? , the
Th 4.6.6. G PeB D

transfer function ¥, = G*G — 12 Lpim € W_ admits a Jp,m-spectral factorisation over

~cp
AL

Proof. Below we proceed to show that
i) det(X,(jw)) #0Vw € RU {oo}; and
i) ker(Ty,) = {0}, which is equivalent to 3, having no equalising vector.

The assertion then follows by Proposition 4.6.4 and Lemma 4.6.5.

i). Since G is normalised, G(jw)G* (jw) = I, for all w € RU{oo}; see Proposition 2.4.1.
This implies é(]w) has only p non-zero singular values, which are all 1’s [HJ85, Thm.
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7.3.5]. As such, by [HJ85, Sec. 0.4.6],
rank(é(jw)) = rank(@*(jw)é(jw)) = rank(é(jw)é*(jw)) =p.

Together, one may conclude that G*(jw)G(jw) has p unity eigenvalues and m zero-valued
eigenvalues. It follows that ¥, (jw) has p positive and m negative eigenvalues, for any
r € (0,1) and w € RU {oo}. Finally, note that det(X,(jw)) = 0 if, and only if, zero is an
eigenvalue of ¥, (jw), by which 7) holds as claimed.

ii). Observe that for any u € ker(T), Ts,u = —r?u. Thus, ker(T's;, ) Nker(T ) =
{0}. Moreover, as established below, ker(T's,) N (H(%+ Sker(Ts)) = {0}, from which the
result follows as claimed. Specifically, by [CZ95, Lem. 9.4.7] and Proposition 2.4.1 we

have
bopt (P; BY)? = 1= 3(HF)? > 0,

and because T'5, Tz + (HCT;)*Héj = I, we conclude that

V(T s )% = inf T 5.
LG eHE |zlo=1 ©

3= 1—A(HZ) = bopu (P BT).

Now define the operator B := M | H2 cker(Tg)» whereby
+

o - — ~
B = HH%+ @ker(Té)MG* HE — HH%Jr M- |H¢2:+'

Note that B* = T ., and hence

AC

l(B*) = Z(Té*> = bopt(P§B p) > 0.

Since B has a bounded inverse A := Il H2, @ker(Té)M wl H2 where W € A™ is such

that GW = I, which exists by Proposition 2.4.1, we have 7(B) = y(B*). As such, it
follows that v(B*B) > v(B*)y(B) = bopt(P; B®)2. Thus for any r < bopt (P; B7?), we
have

Z(Tzr’H%Jr@ker(Té)) = Z(B*B - T2I) > 07

implying ker <T2T| H, eker(Té)> = {0}, as required. O

4.7 Summary

The integration of integral quadratic constraint (IQC) based system analysis with the

v-gap metric from [JC10, JC11] is reviewed in this chapter. The main significance of
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IQC conditions lies in providing a uniform lower bound on the robust stability margin
of an uncertain feedback interconnection. A powerful stability analysis method results
when this is unified with v-gap homotopies, allowing exploitation of system structure in
an explicit fashion. Reconciliation with the original v-gap framework in Chapter 3 is
carried out via a v-gap ball path-connectedness result, shown using a linear fractional
characterisation of the v-gap metric. An underlying assumption is the existence of a
certain J-spectral factorisation, which is also developed herein for two standard classes of
linear systems from Chapter 2: time-varying systems with finite-dimensional stabilisable
and detectable state-space realisations and distributed-parameter time-invariant systems

in the constantly proper Callier-Desoer algebra.



Chapter 5

Sampled-data approximation in

the v-gap metric

Approximation involves the construction of a model satisfying structural constraints, while
remaining close to another model that is perhaps less tractable. Such problems arise in
the simulation and/or design of systems from broad array of application areas [Ant05].
Error is inevitably incurred in an approximation process. Within the context of feedback
modelling or compensator design, it is more important to measure approximation error in
terms of the difference in closed-loop behaviour. Endowed with the feedback robustness
properties delineated in Chapter 3, the v-gap metric is a natural candidate to serve
this purpose. In addition, the linear-fractional characterisation developed in Chapter 4
presents an elegant way through which to approach model approximation problems in the
v-gap due to the fact that linear fractional transformations (LFTs) are well-studied in

the literature.

This chapter revisits the problem of sampled-data approximation of a continuous linear
time-invariant (LTT) system with respect to a weighted v-gap measure; see [CV04]. This is
particularly important in robust digital implementation of feedback control strategies for
continuous-time processes. A main concern in this chapter is to establish that the class of
linear periodically time-varying (LPTV) systems introduced in Section 2.5 is sufficiently
rich to equivalently represent both types of systems involved in the problem via the time-
lifting technique [BPFT91, BP92, Yam94, CF95], whereby they satisfy the assumptions
for the v-gap distance to be well-defined. Using the LFT characterisation of the v-gap
metric developed in Chapter 4, a linear matrix inequality (LMI) [GA94] based stepwise
algorithm is proposed for numerically synthesising a sampled-data approximation which
lies within the minimal v-gap distance from a nominal LTI system. The difference between

the work in this chapter, which relies on a single J-spectral factorisation underpinning the

91
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LFT characterisation, and [CV04], which employes a less-direct three-term factorisation

to establish the result, is of note.

The chapter evolves along the following lines. First in the next section model approx-
imation in the v-gap metric is formulated. Using the LFT characterisation, an equivalent
more tractable optimisation problem is proposed. Section 5.2 develops shift-invariant
representations for LTI and sampled-data systems. In Section 5.3, the sampled-data ap-
proximation problem is formulated and solved, and a system of LMI conditions is explicitly
provided to characterise the convex LFT synthesis problem arising from the proposed pro-

cedure. Finally, examples are provided to illustrate the algorithm’s numerical tractability.

5.1 General approximation problem formulation

First recall from Section 3.3 that the set of causal systems on which the v-gap metric
is defined is denoted by S. Now given subsets St and Sa, which reflect the structural
constraints on the targets of approximation and approximations, respectively, the problem

may be posed as a constrained optimisation:

For some P € St, Bopt :=inf {8 € (0, bops(P;S)) | P, € Sa such that §,(P,P,) < 8}.
(5.1)

Let Q := {Q € Z(L3,L3) | Q is boundedly invertible and Q, Q™! are causal}. As
in Theorem 4.2.3 of Chapter 4, suppose there exists a v-gap J-spectral factor R(P, 5) € Q
such that

G'G-BI=R"[! %R, B € (0,bop(P;8)), (5.2)

where G is a normalised left graph symbol for P. Then given any P, € S for which G,
is a left graph symbol, §,(P,P,) < f if, and only if, the linear fractional transformation
(LFT) depicted in Figure 4.1

F(R,P,) : dom (F(R,P,)) C L% — L3,

for which G,R™" is a left graph symbol, is causal and strictly contractive on L*t, that

is, 7(F(R,Pgy)|p2+) < 1. Correspondingly, the problem (5.1) may be recast as: Given a
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P eSSy,

JP, € Sx such that F(R,P,) is causal and
F(F(R,P,)|2+) < 1,where R(P, 8) € Q solves (5.2) |
(5.3)

Bopt:: inf {5 € (Ovbopt(P;S»

Observe that tractability of the problem (5.3) is tied with that of finding a structurally
constrained operator P, € Sy such that an LFT F(R,P,) is causal and its gain/norm
on L** is strictly bounded above by 1, where R is a v-gap J-spectral factor for P € St.

In the problem of sampled-data approximation, St corresponds to the set of finite-
dimensional LTT systems with real-rational transfer function representations and Sp con-
sists systems with a sampled-data structure, composed of a stable finite-dimensional
anti-aliasing LTI filter, a periodic sampler, a discrete-time finite-dimensional linear shift-
invariant (LSI) system, and a synchronised zero-order hold. These are further detailed in

the next section.

5.2 Shift-invariant representations for periodic systems

This section constructs shift-invariant representations for two classes of linear periodically
time-varying (LPTV) systems which appear in the problem of sampled-data approxima-
tion. Specifically, we consider the class of finite-dimensional linear time-invariant (LTT)
systems, characterised by a rational frequency-domain symbol, and a class of LPTV sys-
tems with sampled-data structure. We study them here by working with the system
graphs and establish appropriate representations of these systems in line with the v-gap

metric based robustness analysis from the previous chapters.

5.2.1 Preliminaries on system classes

Let X and )Y denote arbitrary separable Hilbert spaces. Define the following transfer

function classes with ‘rational’ realisations:
Rpxm._ ) ST C(sI—A)™'B+D
e Z(C,Z(C™ CP)) (a.e. on C)

z—2C(I —2zA)"'B+ D
€ Z(C,Z2(Xx,Y)) (ae. on C)

DPXm .= D(C™,CP).

A 6 RTLXTL. B e Rnxm.
C eRP™ D e O™ [
AeRY™ Be £(X,RY); } _

D(X,)) :Z{ CeZR"Y); DeZX,))

Also recall the notation £, Lcop, and Lgg defined in Section 2.5.
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In the sequel, we may suppress the dimensions of the classes for notational simplicity.
If the operator ‘D’ in a realisation of a transfer function is 0, we say the transfer function
is strictly proper. The order/complexity of a realisation of a transfer function is defined

to be the dimension of its ‘A’ matrix.

Remark 5.2.1. A realisation of a transfer function is not unique. A minimal realisation is
one of minimal order. Given any realisation of a transfer function in R, D or L, a minimal
realisation can be constructed via a Kalman canonical decomposition; see [IOW99, Thm.
1.13.2] for R and D, and [Can98] for L.

We define the following sub-classes with an additional condition on the spectrum of

the ‘A’ matrix in any minimal realisation of a transfer function P:

RHZ ={P€R |spec(A) CC_};

(5.4)
DHF (X,)) :={P e D(X,Y) | spec(A) C D},

where C_ denotes the open left-half complex plane and D the unit disk. Fora P € RH (%o+,
[Plloc = supsec,, 0(P(s)) < oo, where &(-) denotes the maximum singular value. On
the other hand, for a P € DH (X,)), || Pl := sup,ep 7(P(2)) < oo.

Multiplication operators with symbols in £ are as defined in Section 2.5. They can be
generalised to symbols in D(X,)) as follows. Given a P € D(X,)), define the associated
multiplication M p : dom (M p) : L2(X) — L2(Y) by (M pu)(2) := P(2)u(z), where

dom (M p) := U 2" {u € H3(X) } Mpu € H]%)(y)},
keZ

and L%(Z ) and H ]%)(Z) are respectively discrete-time Fourier transforms!' 2 of signals in

E%(Z)::{f:Z%Z

172 = 3 \fiy@@o} and

1=—00

6, (Z):={f€l3(2)|fi =0,Vi<0}.

When P € DHY, dom (Mp) := LA(X). Note that given a P € D, P € DHY if,
and only if, ¥(Mp) = ||P|lc < o0 and M pH3(X) C H3(Y); see [SNF70, Chapter 5].
On the other hand, multiplication operators with symbols in R C B? are defined as in
Section 2.4.

Fundamental to the subsequent analysis is the result that all transfer functions in R
admit normalised doubly coprime factorisations over RH (%i. Recall that a similar result

holds for Lo and Lgg; see Definition 2.5.1 and Proposition 2.5.2.
' B(2) = LR(Z); (Z0)(2) =Y 7 fie
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Proposition 5.2.2 ([ZDG96, Thm. 13.37]). Given any P € R, there exist
N,M,M,N,X,XY,Y € RHY,

such that

M -y (5.5)

Y X ||N X e
- | =1, NM™'=M"1N=Pp;
M —N

M*M +N*N=1; MM*+NN*=1.

5.2.2 Time-lifting results

The same notation from Section 2.1.1 on equivalence of operators is used in this section.

Time-invariant systems

We show that multiplication by any element in R is equivalent to multiplication by a
corresponding element in Lop via a composition of isomorphisms: the continuous-time
Fourier transform %, the time-lifting #';,, and the discrete-time Fourier transform %
(cf. Section 2.5). Note that the converse is not true. In particular, Lop is larger
than R in the sense that it can include symbols that correspond to (non-stationary)
periodic realisations in the time-domain. Our derivation makes use of an exponentially
stable normalised characterisation of the system graph. Such a characterisation naturally
admits a convolution/integral operator realisation in the time domain, as required to
directly apply the lifting isomorphism from [BPFT91, BP92, Yam94, CF95].

The following theorem demonstrates the lifting procedure of a stable transfer function.
It includes a condition for lifted transfer function invertibility. The fact that multiplication
by a stable transfer function defines an exponentially stable evolution over the doubly
infinite time is exploited in the proof. The more general case is considered later in
Theorem 5.2.5.

Theorem 5.2.3. Given P = (A,B,C,D) € RHY,, let P := (A, B,C,D) € L, where
for any x € R™ and w € L[Qo,hy
\ N h
Az = eMy; Buw = / A=) Bw(r) dr;
0
(Cz)(0) = Ce2, VO € [0, h);

(Dw)(0) = Dw(f) + /00 CeM=7) Buw(r) dr, V6 € [0, h).
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Then Mp 27n7"" Mp. Moreover, P~ € L if P71 € R.

Proof. Clearly D is causal. Note that spec(A) € D since spec(4) € C_ and thus, P €
LHY; see (5.4). Since P € RH,, i.e. A defines an exponentially stable dichotomy,
by [IOW99, Thm. 2.2.1], any [¥] € ¥p, where P 7 M p, satisfies

t
y(t) = / C’eA(t*T)Bu(T) dr 4+ Du(t), vt € R. (5.6)

Likewise, because P € LHgY, by [IOW99, Thm. 2.6.1], any [%] € 9p, where P Z Mp,
satisfies
k—1

y, = 'Z CA*"1 By, + Du,, Vk € Z. (5.7)

1=—00

We now show that P ”» P, which, together with P Z Mp and P £ M p, implies that
Mp27:7" Mp.

Given any [¥] € ¥p satisfying (5.6), for any h > 0, k € Z and 6 € [0, h),

y(kh + 0)

kh+6
= / CeAFMH0=T) Bu(7) dr + Du(kh + 0)
—00
kh kh+6
= / CeA M 0=T) Bu(7) dr + / CeAkhH0=7) Bu(7) dr + Du(kh + 6)
—00 kh

kh 0
= CeMf / eARh=7) Bu(7) dr + / Ce =) Bu(kh + 1) dr + Du(kh + 0)
- 0

[e9]

k-1 h 0
= et Z / eARP=Ih=T) By (ih + 7) dT + / Ce%~7) Bu(kh + 1) dr + Du(kh + 6)
. 0 0

1=—00

k—1 h
= Cet? Z eAh(k_i_l)/ eA(h_T)Bu(ih—i-T) dr
0

1=—00

0
+ / Cer%~) Bu(kh + 1) dr + Du(kh + 6).
0

Letting [&] := #/1, [¥] yields

k—1 h 0
y, (0) = > Cetf(eth)k—imt /O A=) Bu, (1) dr + /0 Ce=7) Bu, (1) dr + Duy(0),

1=—00

which is (5.7). In particular, [%] € ¢p. Conversely, given any [%] € 9p, by reversing the
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line of argument above, it follows that 7/}:1 [ % ] € %p. As such, % "» “%p and hence,
P 7 P.

For the final part of the lemma, observe that if D is invertible,
(Dw)(8) / CeA0=) Bu(7) dr

=D (w(9) + /0 D1Ce ) Buw(r) d7> .

Now note that the kernel of the integral operator above is norm-quadratically Lebesgue-

integrable in the following sense:

/ / D7'CeATIBY2 df dr < .

As such, the equation
0
o(6) = (Dw)(6) = w(9) + / D10 Bu(r) dr
0
is a Volterra Integral equation of the second kind, which has a unique (up to a set of

measure zero) solution w € L[QO p) given any v € L[zo h) [Tri85, Section 1.5]. Specifically,

the solution is given by the formula
w(®) = (D) / HO, 7)o(r) dr.
where the resolvent kernel H satisfies
0
H(0,7)+ D™ 'Ce=T B = / H(0,z)D~'Ce** T B dz.

This implies that D=1 = D=1D~! exists as a causal map and that D! € X(L[O B> L[o h))
by the open mapping theorem [Kre89, Thm. 4.12-2], which in turn implies the existence
of P~! € L, for which one realisation is given by (2.11) in Section 2.5. O

Throughout, we use an underline to denote the lifted equivalent of a transfer function.
Lemma 5.2.4. Given Py, P, € RH(‘(’i, define P3 := P P, € RH(‘(’i. Then we have that

P,=P,P,c LHY.

Proof. Given any X € RHg,, the corresponding X € LHyp, as defined in Theo-
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rem 5.2.3, satisfies
ﬁ%;lg_lMigWhgz_lu = M xu, (5.8)

for all u € dom (M x) = L?R; see Remark 2.1.3. In particular, for all u € LJZR, repetitive
application of (5.8) yields

FW, L\ Mp, ZW T 'u=Mp,u
= M p, (M p,u)
=FW, X \Mp ZW . F ' (Mp,u)
=FW, X '\ Mp W F '\ FW L \Mp, W, F 'u
=FW, "L Mp Mp,ZWp.F 'u.

Therefore, Mp, = Mp Mp, = Mp p, and hence, P3 = P\ Py € LH[ . O

Theorem 5.2.5. Given any P € R, there exists P € Log such that M p 2V 7! Mp.

Proof. By Proposition 5.2.2, there exist N, M, M,N, X, X,Y,Y € ’T\’,H(%O+ such that

M Y (5.9)

Y X ||N X I
- | =1I; NM'=M"'N=Pp;
M —-N

M*M +N*N=1; MM*+ NN*=1.
Applying Lemma 5.2.4 to (5.9) yields

Yy X

~ ~ =17
M -N

N X
M -Y

tion for a P := NM~! € L, where the invertibility of M in L follows from Theorem 5.2.3
since M~ € R. Similarly, {E .M } is a left coprime factor pair for P = M _1ﬂ~ )

We now show that s, W7 Ynp- First recall as in Sections 2.4 and 2.5 that

G p = img (Mgl zp2+) and 9ay, = img (Mgl gy, 2+), Where

G =

right graph symbols for P and P, respectively. By Theorem 5.2.3, Mg V7 Mg.
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Therefore, by Definition 2.1.2 and Remark 2.1.3,

. 7% -1,
img (Mq|zp2+) 2717 img (Mgl gy, 12+ ) -

All in alL B = ]\[]\4_1 S L Satisﬁes Mp "@/)Wﬁjgjil M

ro

Finally, let

G = [—M N}G’R,Héa and G := {—M ﬁ]ﬁHﬁ?

be left graph symbols for P and P, respectively. By (5.9), note that G*G = I and
GG* = I. Tt can actually be shown using these identities that G*G = I and @* =1,
ie. G and G are respectively normalised right and left graph symbols for P, whereby
P € Lop. To this end, note that for any u,v € L%,

<yv Q*@>L% = <@7 @>L% = <Gu7 GU>L?]R = <’LL, G*GU>L?]R = <U7U>L?R = <Q’ Q>L%’

where u 1= 97/,:12‘”*1g and v := ,@7/,:12”*19. A similar argument holds for G. O

Sampled-data systems

In what follows, time-lifting of a sampled-data system is performed to obtain an equivalent
multiplication operator with a transfer function in the class Lop. A sampled-data system
is one which processes (pre-filtered) information discretely in time, via sampling and hold

operations.

Consider a sampled-data system:
P = H;,P;SyF : dom (P) C L3 — L3, (5.10)

where

1. F f(; M g, with strictly proper F' € RH %’Jr, is a continuous-time LTI anti-aliasing

filter, and we assume (Ap, Bp,CF,0) = F is a minimal realisation;

2. Py ?;’ Mp,, with P; € DP*™, is a discrete-time LSI system, and we assume a

minimal realisation for Py is (Ag4, Bg, Cq, Dq);
3. Sy, is an ideal sampler of period h > 0, i.e. (Spu)[-| ;= u(-h); and

4. Hpy, is a zero-order-hold of the same period h and synchronised with Sy, that is
(Hpu)(+) :==u([-/h]), where |-] denotes the floor function.
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Note that Hj;, € Z(£3(RP), L) with 7(Hy,) = v/h. We now show that a sampled-data

system is equivalent to multiplication by a transfer function in Lop.

Theorem 5.2.6. Let Hp, PySyF = QW, where

€AFh BF
= € DHY (L3 ,,,C™);
<4‘7CF 0 D (Lio,ny, C™)
Q:=

Aq | Bg m
S e D(C 7L[20,h))5
Ca | Dq

h
Bpw :—/ eAr(h=7) Brw(T) dr;
0

(Caz)(0) := Caqx, (Dqu)(0) := Dgu, V0 € [0,h).

Then P = Hp,PySpF 27 n My, p,s,r- Given the transfer functions £ and ¥ above, a
possibly non-minimal realisation of HpPaSpF € LY 3" C LY is (A, B, C,0), where

Arh 0 Bp

0

e
ByCr Aq

C ([74]) (0) := DgCrz1 + Cqz2,Y0 € [0, h).

e R"™"™ B:.=

7

7

Proof. Exploiting the fact that F' € RH (‘a and following the proof of Theorem 5.2.3, it
can be shown that S,F €927 n M. Note the only difference here is that the additional
sampling operation effectively discards the anti-aliasing filter’s output between sampling
instants. For now, suppose that dom (M) = dom (M p,) and H, Py 2V 1S M, which
is established later. In particular, see (5.13) and (5.15).

The graph of P = H;,P4SiF can be characterised as

%z{

Given any [¥%] € 9p, let ug € dom (Py) be such that ug = SpFu and y = HpPgug. Define
g := Zug and [%] =W [Y]. Tt follows by the equivalences noted above that

Y
U

€ L*" (5.11)

ug = SpFu and y = HpPaug

Jug € dom (P,) satisfying }

y= Mqis = MqMgyu= Mqaoyu = My, p,s, Fu.

Clearly © € dom (Mq.[hpdghp>, since y € ZW L*. Thus, [%] € gMHthShF' Con-

. y
versely, given any [E] € gM?-Lh Sy

y() = (Mo pus,mn) () = Q)W) = Q)s(),
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where 4g := Myu. Since ¥ € DHE")?(L[ZO’h),Cm), observe that u € dom(My) =
ZW R L* and dg € Upey 2V HB(R™). Also,

y() =Q()as(-) € ZWpL**

implies 4g € dom (Mgq) = dom (M p,), where the last equality holds by our starting

assumption. Moreover, noting that with [¥] := “//glﬁf_l [y} and ug = & lag €

u
dom (P;) = dom (H;P,4) (see Remark 2.1.5 for the last equality), we have y = H,Pqus
and ug = S,Fu. In particular, [¥] € % by (5.11). Thus, P Z7» My, p,s, F, as required.

To complete the proof we show below dom (M q) = dom (M p,) and Hy Py 27292 Mq,.
Towards this end, note that since H;, € £ (£2(RP), L), we have Hy, 2”7 29% M, where

0| 0
H:= ( ) € DH (C?, L ;);  and

0| Dy (5.12)

(Dgu)(0) :=u,V0 € [0, h).

Also note that Dy Dy = Dd, DyCy = C’d, and consequently HP; = ().

We first show that dom (Mq) = dom (M p,). Suppose u € dom (M p,), then

y() == Py()u(-) € | ) Z"HZ(RP) C dom (My),
kEZ

and hence H()y(-) = H(-)Py(u(-) = Q) u(-) € Z# L, L*". That is, u € dom (Mg)
and thus dom (M p,) C dom (Mgq). To see the converse inclusion, suppose that u €
dom (Mg). That is,

2T
2 o jw jw Jwy (12
IMoulds s )= /0 1 E(e7) Pa(e? yu ()3 do < o0
2T ) )
— [ IDuPs ) u( ) do < o0
0
27 ) )
— / B Pa(ei () 2 ds < o0,
0
where the last implication follows from the definition of Dg in (5.12), whereby
|Dmzll3 = hlz[?, Vo € RP.

Thus, we have that

2m
/0 Pa )2 deo = [ Myl g < .
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i.e. u € dom (M p,), and hence dom (Mq) C dom (M p,). Altogether,

dom (Mq) = dom (Mp,). (5.13)

We now establish that H;,Py IV % MpyMp, and that M yMp, = Mg, which
follows by HP,; = Q provided dom (M ygM p,) = dom (Mgq) (see (5.14) below). Recall
that Hj, 27292 My and Py 2 Mp,, and note that img (Py) C £2(RP) = dom (Hy,).
So, by Lemma 2.1.6, HyPy 2”7 2%% MpyMp,. TFinally, note that dom (MyMp,) =
dom (M p,), which together with (5.13), implies

dom (M ygMp,) =dom (Mgq). (5.14)

Specifically, the fact that dom (M j) = L3(RP) implies that dom (M p,) C dom (M M p,).
Furthermore, we have dom (M yMp,) C dom (M p,) by definition; see Remark 2.1.5.
Thus, dom (M p,) = dom (M gy M p,). Putting everything together yields

HpPy 27192 MyMp, = Mg, (5.15)

as required. ]

5.3 Sampled-data approximation and proposed solution

The results in the preceding section establish that the transfer function class Lop is
sufficiently rich to equivalently represent both the LTI and SD system classes. Recall the
definition in Section 3.4 of the v-gap metric (3.32) on the set Pop, which is reproduced

below:

Y(G2G1) = ||G2G1 o if for all 7 € [0, ), Tgza, - is Fredholm

d ind(Tg:q. ») = 0
5, (P1,P9) := and ind( G3G, )

1 otherwise.
Following Section 5.1, sampled-data approximation can be formulated as in (5.1):
For some P € St, Bop:=inf {B € (0, bopt(P;E)) | 3P, € Sa such that §,(P,P,) < 3}.
where

bopt (P E) == sup bpc with E:= {P f{; Mp:Pe ’R} ,
CeE: [P,C] is stable
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St = {P f; Mp: P € R is strictly proper} C Per,

and

Sa = {Pu 74" Mp, : Py €Su(F.h)} < Per,
where the sampled-data structure set

Ssa(F,h) == { Py := HpPaShF € Lor | Py € D}

and the notation Hj P;Sp F is defined in Theorem 5.2.6 given a strictly proper F' € RH, %‘1
and sampling period h > 0. Let G € RH %‘1 be a normalised left graph symbol for P,
suppose there exists R, R~ ¢ RH (‘a such that

GG Pl =[5 0 R
then as demonstrated in Section 5.1, sampled-data approximation can be recast into the

following equivalent problem:

Bopr = inf {5 € (0, bopt (P E)) ‘ P, _E Sa such that F(R,P,) is causal } 7
and (F(R,Py)|2+) < 1

where R ;% M . Recall that F(R,P,) denotes an LFT for which G,R™! is a left graph
symbol, where G, is a normalised left graph symbol for P,. Let R € LHp denote the
lifted equivalent of R and F.(R, P,) € L the transfer function representation of (R, P,)
satisfying F(R,Py) 27 n Mz, (r,p,)- Denoting by G, € LH[’ a normalised left graph
symbol for P, € S,4(F,h) C L, it follows that G,R™! is a left graph symbol for F.(R, P,).
Indeed, according to the LFT setup in Figure 4.1, we have

Fe(R, Py) = (Ry1 Pa+ Ry5)(Ry Pu + Roy) ' € L,

provided the feedthrough ‘D’-term of R, P, + Ry, has a bounded causal inverse, which
is the case when that of Ry has a bounded causal inverse and that of P, is zero; see
Theorem 5.2.6. Note that F(R,P,) is causal and (F(R,Pg)|2+) < 1 is equivalent to
Fe(R,P,) € LHF and || Fe(R, Py)lloo < 1.



104 Chapter 5. Sampled-data approximation in the v-gap metric

Weighted sampled-data approximation

In sampled-data approximation, it is more convenient to formulate the problem involving

objects in Lop directly. To this end, define the inherited v-gap metric on Lop as
ou(P1, ) := 0,(P1, P2),

where P ”?Zh M p, and P2 gzh M p,. As is similar to Section 4.6.2, given P,C € Lo
(resp. R), define P fZ:/p/h Mp and C fZ:/p/h M (resp. P z Mp and C ;% M ), it follows
that closed-loop stability of [P, C] is equivalent to

[P,C] =

P _ 00 0
I] (I-cpP)™! [—C I} LHY (resp. RHE ),

When this is the case, the robust stability margin bpc = bp.c = [P, C]|| 2.

Given P € R, input-output weights W;, W, € R for which W,PW; is strictly proper,
sampling period h > 0, and strictly proper F' € RH (°C°+, the problem of optimal weighted
v-gap metric based sampled-data approximation may be formulated as the following struc-

turally constrained optimisation:

Bopt = inf {8 € (0,bops(P; R)) | 3Py € Sea(F, h) such that &, (WoPWi, WoP,W;) < 8},
(5.16)

where the maximal robustness margin

bopt (P;R) = sup bpc,
CeR: [P,C]eRHgEjr

the sampled-data structure set
Ssa(F,h) := { Py := HpPySpF € Lcr | Ps€ D},

and the notation Hp,PySpF is defined in Theorem 5.2.6. As explained before, sampled-

data approximation (5.16) may be transformed into the equivalent problem:
inf{5 € (0, bopt(P; R)) | Y(R(W,PW;, 8), Wi, W, F, h) # 0}, (5.17)

where

F.(R,W,P,W;) € LH and
Y(R, Wi, Wy, F, h) := {PaeSsd(F,h) ‘ (B, WoPalV:) D an } (5.18)

[ Fe(B, WoLPaWi)lloo < 1
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where the frequency-domain LFT is defined by F.(A, A) := (A11 A+ A1) (Agr A+ Ag) 7L,
and R(W,PW;, ) € RH(%°+ is a v-gap J-spectral factor for W,PW; € R satisfying
R1'eRH (‘a and

CiGu—B1=R"[} 5 R
with G, a normalised left graph symbol for W,PW;. An R always exists in this case, as

illustrated by the next result from [BCO08, Lem. 2|, which makes use of the J-spectral
factorisation result in [GGLD90].

Proposition 5.3.1. Given a strictly proper ® € RP*™ and a § € (0, bopt (P; R)), suppose
a minimal realisation for ® is (A, B,C,0). Define the following:

L:=-YCT,
o 52 BQ -1
Z'_1—52X 1_1—62YX )

where X andY are respectively the stabilising solutions to the generalised control algebraic
Riccati equation (GCARE)

ATX + XA+ C"C - XBB"X =0
and the generalised filtering algebraic Riccati equation (GFARE)
AY +Y A" —yCcTcy + BBT = 0.

Then the transfer function matriz R := (AR, Br, Cr, Dr) with

Ap = A+ LC; Bpr = [—L B} ;
1 T
G i ﬁl_ﬁz(L Z-0)| Dy e V1=52I, 0
' 1BTZ ’ ' 0 Bl

is such that R,R™! € 'Rli%o+ and

CiGao = Bl =R |7 ) | R,

where Gg € ’RH%’Jr denotes a normalised left graph symbol of ®.

The formulation (5.17) gives rise to the following algorithm for solving problem (5.16),

which is optimal to within a pre-determined tolerance.

Algorithm 5.3.2. Suppose we are given P,W;, W, € R for which W,PW; is strictly
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proper, a strictly proper F € RH °°+, and a fixed sampling period h > 0. The fol-
lowing bisection search yields [, in problem (5.16) to within a specified tolerance
€ € (0,bopt(P;R)), as well as a transfer function P, € Ssq(F, h) achieving Bopt:

1. Set /Bopt = bopt(P;R)7 Bmin =0, Bmaa: = bopt(P;R) — ¢, and ﬁ = /Bmaa:'
2. Construct R(W,PW;, ) as per Proposition 5.3.1, with ® := W, PW;.

3. f Y(R(W,PW;, B), Wi, W, F, h) is nonempty, set Bpqar := [ and Sope := S. Other-

wise, set Bpmin 1= 5.
4. If |8 = (Bmaz + Bmin)/2| > €, loop from Step 2 with 8 := (Bmaz + Bmin)/2-

5. If Bopt < bopt(P;R), choose a P, from the set Y(R(W,PW;, Bopt), Wi, Wo, F, h)
which is nonempty. Otherwise, problem (5.16) is unsolvable and the fixed pre-filter
F and/or sampling period h should be redesigned.

The set Y(R,W;, W,, F,h) is convex, as shown in the sequel using standard H>
sampled-data synthesis techniques described by [BP92, Yam94, CF95, CG97]. As such,
Step 3 of Algorithm 5.3.2 is a convex feasibility problem and Step 5 involves locating a

feasibility point in a convex set.

A linear matrix inequality based solution

Here we demonstrate that the set Y(R, W;, Wy, F,h) C Sgq(F,h) in Step 3 of Algo-
rithm 5.3.2, as defined in (5.18), is convex via an LMI approach [GA94] and that semidef-
inite programming methods [BV04] can be used for determining if the set is empty or not,

as well as constructing a feasible point in the latter case. We begin with a preliminary

lemma.
AR [ Br1 Br2 ]
Lemma 5.3.3. Given R = Ot D 0 €R (resp. L), suppose R"' € R
{CRQJ { 0 DR22J
(resp. L) and let
- Ry Rp] _ A ‘ [B1 B:]
Ry Ry {%J ‘ {Dogl D(}QJ 7

where

A:=Ap — BpaDpy,Cro; By = —BgroDpyy; Ba = Bpgu;
Cy:=—Cgi; Cy:=—Dpy,Cro; Diz:=—Dpi1; Dai:=—Dpy.
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Then, for any P, € R (resp. L), the chain-scattering LE'T
Fe(R,P1) == (R11P1 + Ri2)(Ra1 Py + Rao) ™!
is equal to the Redheffer’s lower LFT

Fi(R, Py) := Ryy + Ri2Py (I — RoaP1) 'Ry,

i.e. Fo(R,P) = Fi(R,P).

Proof. By noting that (Ag, Be, Ce, D) is a realisation for both F.(R, P;) and ]-"l(]:Z, p):

Ay = A +B®C; By= B +§(I)222§ Cyq= C + Q11‘I>Q§ Dy = Q12‘I)Q217

where
Ao o |Bi| |0 By|
0 0|’ 0|’ I o’
(5.19)
_ 0 I 0
C:C 07 = y = _OD 7-D:_ I
e o] ot e o pal pa )

and ® := [éi g’i] with (A1, B1, Cy, D1) being a realisation for P;. In particular, see [BCO8,
Lem. 2] and [GA94, Section 2. O

Definition 5.3.4. Given a P € RP*™, weights W; € R™*"™ and W, € RP*P for which
WoPW,; € RP*™ is strictly proper, a fixed sampling period h > 0, and a strictly proper
FeRH %oerXm’ suppose a v-gap J-spectral factor for W, PW;, constructed following the
procedure in Proposition 5.3.1, is R € RH%O+(p+m)X(p+m). Obtain R € Rwtm)x(m+p)

from R using Lemma 5.3.3 and then define

Ru R1sW,
FW;Ry1 FW;RaoW,

e R(p+m)x(m+p)

A ‘ [B1 Bz]
Let a minimal realisation of G be given by {Cl [0 D12] , with A € R"*". Note
CQJ ‘ 00

that the term Do in the realisation of GG are zero since F' is assumed strictly proper. Now

calculate the matrix exponential

Aray Qi1(h) Qua(h) e
Q<h)_[@21(h) Cm(h)] . p{h

T AT A

} € R2(n+p)x2(n+p)
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where
A.— A By € R(+p)x(n+p),
0 O
arr A or B
T 1 T._ 1 T
oL [Cl Dlg}, BB =" [Bl 0]
Lot & e [ A BB ) here
BlieD ’
Co 00
. s
A = In 0 Qll(h) 0 ’
By = I, 0|Qu(h)" ]7
I,
. ) [,
BBy = |I, 0|Q21(h)Q11(h) ol’
cr R L
D; [Cl Dlg] = —Q11(h) "' Q12(h)
12

Note Bl € Rnxm’ 01 S Rﬁxn’ and D12 € RP*P,

Theorem 5.3.5. Using the notation developed in Definition 5.3.4, let Dy L[20
L[20 h) be defined as

t
(Duw)(t) = / CleA(tiT)Blw(T) dT,
0

and suppose that®> ¥(Dy1) = ||D11||L[20 y < 1. Then we have Py € Yq (G (R, W;, W, F, h))
if, and only if, P, := HpP;SpF € Y(R, Wi, Wo, F,h), where Y is as defined in (5.18) and

Y4(G) :={P; e D | Fi(G, Py) € DH and || F(G, Py)|lso < 1}.

Proof. As in Lemma 5.3.3, we have F.(R, P,) = .B(E, P,). Furthermore, the equivalence

between

1. Fi(R, P,) € LH and | Fi(R, P,)|ls < 1 and

2. Fi(G,Py) e DHY and | Fi(G, Py)ls < 1,

is proved in [CG97, Thm 4.1] and [BP92, Thm. 6]. In particular, the realisation formulae

2One way of computing the operator norm || - ||L[20 ny G20 be found in [Dul99].
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in the statement of this theorem are from [CG97]. The result then follows from the above

equivalence.

Proposition 5.3.6 (|[GA94, Section 6]).

Fi(G, Py) € DHY and | Fi(G, Py)|lso < 1

There exists P; € DP*™ such that

O]

if, and only if, there exist symmetric matrices R, S € R™™"™ satisfying the following LMI

system:
' [ ARAT-R  ARCT | B
NE | Onip)xm A AT fr AT R | O(ngp)xm
ClRA ClRCl — Iﬁ Oﬁxm < 0,
0 I — 0 In
- L Bl Omxﬁ —Im
F vl o [ ATSA—-S  ATSB T velo
5 | (nim)xp BTSA  BTSBy— I | Oy S| Sndm)xp |,
0 I S 0 I,
- L C1 Oﬁxm *I;ﬁ
R I,
>0,
I, S
(5.20)

where img (Ng) = ker ([ﬁg D1T2D and img (Ng) = ker ({C’Q Omxm] >
Suppose that the solutions R and S to the LMIs in (5.20) are found and that
rank(l,, — RS) =k <n.
Let M, N € R™* be any two full-column-rank matrices satisfying
MNT =1, - RS

and 0 < X € R(R)x (k) be the unique solution of the linear equation

5.21
NT kan Olc><n MT ( )

Proposition 5.3.7 (GA94, Section 7]). Suppose R and S have been found satisfying
the LMIs in Proposition 5.3.6, construct Xo as in (5.21). Then there exists [éz g‘;] €

RE+P)x(k+m) gatisfying the LMI

T
A; By

Cqa Dy

Aq By
Cq Dg

PT

Hx, +Q7 Q <0,
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where

p._ Okxn Ik Okxn Okxk Okxm Okxp |
Eg Opxk  Opxn  Opxk  Opxm D,i[; 7

Q- Okxn  Okxk Okxn Ik Okxm Okxp |
L 0m><n 0m><k CZ 0m><lc Omxﬁz Omxﬁ ’
—X(;l Ap By 0(n+k)><[7
Hy = A —Xa  Opsmyxm  Co .
« Bg Omx(n+k) —Im Omxﬁ ’
L Opx(n+k) C’0 Opxm —Iﬁ
4 0 B .
Ag:i=| = Fly Byi= Yl Go= [Cl prk}-
Okxn Okxk Ok xim

Moreover, Py := (Ag, Bg, Cq, Dg) € DP*™ satisfies E(G, P;) e DHY and |]ﬂ(G7Pd)||OO <
1. Note that the order or degree of the constructed Py satisfies

deg(Py) <deg(P) + deg(F') + 2(deg(W;) + deg(W,)). (5.22)

The set of solutions of a system of LMIs is convex [BV04]. Thus, Y, (G (R,W;,W,, F, h))
is convex by Proposition 5.3.6. This in turn means that Y(R, W;, W, F, h) is also convex
by Theorem 5.3.5. In the case where Yd(G) is non-empty, Proposition 5.3.7 can be used to
identify an element of the set and hence the corresponding element in Y(R, W;, W,, F, h).
In summary, Theorem 5.3.5 and Proposition 5.3.6 can together be employed to address
the convex feasibility problem in Step 3 of Algorithm 5.3.2, while Proposition 5.3.7 can

be used subsequently to construct a feasible point in Step 5.

5.4 Numerical examples

The numerical examples in this section are generated by making use of the MATLAB
toolboxes YALMIP [L6f04] and SDPT3 [TTT99] for defining and solving LMIs, respec-
tively.

First consider a strictly proper P € R defined by P(s) = %, whose

3-dB bandwidth is approximately 140 rad/sec and bopt(P;R) = 0.849. We use unity
weights and set F'(s) = ﬁ, where b denotes the bandwidth of the anti-aliasing filter.
Figure 5.1 illustrates the value of 6, (P, Hj PySiF'), where H;P4S,F denotes the optimal
sampled-data approximation for P, obtained by applying Algorithm 5.3.2 while varying

b and h. It can be observed that a higher sampling frequency and an anti-aliasing filter’s
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bandwidth matching that of the nominal transfer function P, around 140 rad/sec, results

in better approximations with respect to the v-gap metric.

P = 0.5(s+1)/(1/20s+1)(1/55+1)

0.7

0.65

T.o0s AW OO
- L D RN AVAN
P SN ERRRTRRRRR

v-Gap &

0.35
300

Anti-aliasing filter bandwidth (rad/sec) 0 200 Sampling Frequency (rad/sec)

Figure 5.1: v-gap between P and its optimal SD approximation

Consider now a plant
K

(s +1)(m2s+ 1)’

where K = 2, 71 = 0.05, and 75 = 0.001. A transfer function of such form may model, for

P(s) =

instance, the dynamics of a DC servo motor from its input voltage to the output angular

velocity. Setting W;(s) := 32703 and W,(s) := 1, a H* loop-shaping controller [MG90] for
P may be designed to be C(s) = W,(s)Cs(s)W;(s), where Cs(s) = _1‘;15325120?31?276852;;’8850
The achieved robustness margin is b(P,C') = 0.562. Selecting F'(s) := 34%57 we discretise

Cs(s) to obtain Cs € L by: (i) Applying Algorithm 5.3.2; and (4i) Taking the Tustin’s
)

bilinear transformation (z = }fi%g with h the sampling period). The resulting closed-

loop characteristics are summarised in Table 5.1, in which C = %CA’S% and A =

Observe that approach (i) outperforms (i) significantly based on the achieved closed-
loop behaviours of their respective approximations. This owes to Algorithm 5.3.2 auto-
matically taking into account the anti-aliasing filter /' and the input and output weights
Wi, W, when executing sampled-data approximation, in such a way that is optimal in
the weighted v-gap measure of distance, with respect to which the feedback robustness
results in Chapter 3 hold true. Nevertheless, note that the more accurate approximations
are acquired at the expense of a higher controller order. Specifically, the order of Cy € D
in Cy = H,CyS,F € L for approach (ii) is 2 while that for approach (i) can be as high
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as b; see (5.22).

| Alg. | Samp. freq. [[ 6,(C,C) [ b(P,C) | Al |
(i) 100 rad/s 0.521 0.335 2.491
250 rad/s 0.342 0.403 1.504

(id) 100 rad/s 0.707 0.084 | 11.239
250 rad/s 0.652 0.146 6.099

Table 5.1: Closed-loop performances of sampled-data control systems

5.5 Summary

This chapter reconsiders the problem of optimal sampled-data approximation from [CV04]
for robust feedback design, in which the error incurred is measured by the generalised v-
gap metric from Chapter 3. An appropriate mathematical framework is developed to
rigorously define the v-gap measure of distance between an LTI and a sampled-data
system. Through the previously established linear fractional characterisation of the v-
gap metric in Section 4.2, it is shown that the approximation problem is solvable by a
line search involving at each step a convex feasibility check equivalent to the existence of
a solution to a set of LMIs. Numerical results demonstrate that the proposed algorithm

is well-suited for approximating controllers designed using robust H“°-loop shaping.
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Conclusions

This dissertation generalises the v-gap metric based framework of Vinnicombe [Vin93,
Vin01] for analysing the robustness of LTI feedback interconnections, to a general time-
varying setting based on initial developments made in [JC10, JC11]. It is rigorously
established that the incorporation of integral quadratic constraints (IQCs) with the anal-
ysis framework, as originally suggested in [JC10, JC11], provides additional flexibility
over purely v-gap ball based results. On the synthesis side, sampled-data approximation
problem [CV04] in the v-gap metric is also considered and optimally solved. Below, the

main contributions are summarised and future research directions identified.

6.1 Contributions

e In Chapter 3, a framework for closed-loop stability which implicitly incorporates an
arrow of time [GS10] is developed. This extends the initial development in [JC10,
JC11], where a redundant instantaneous gain condition was included in the defini-

tion of closed-loop stability.

e A generalised v-gap metric from [JC10, JC11] for causal linear time-varying systems
having normalised strong graph symbol representations is studied in Chapter 3.
Several v-gap ball based sufficient conditions for robust closed-loop stability are
derived in a system-theoretic setting, leading to conclusions on the nice properties

of the graph topology.

e A necessary and sufficient v-gap ball based robustness condition is established by
exploiting the periodically time-varying structure of a class of systems. This result,
together with the aforementioned ones, substantiate the fact that the v-gap metric

has been generalised in the right way.

113
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6.2

A useful characterisation of the v-gap metric in terms of a gain bound on a linear
fractional transformation (LFT) is presented in Chapter 4. Based on this charac-
terisation, pathwise connectedness of v-gap balls in the graph topology is estab-
lished, allowing for reconciliation of the more flexible IQC based system analysis
of [JC10, JC11] with the v-gap ball based results of Chapter 3.

J-spectral factorisation underpinning the LFT characterisation is shown to exist for
two generic classes of linear systems: finite-dimensional time-varying systems and

distributed-parameter time-invariant systems.

In Chapter 5, appropriate representations of finite-dimensional linear time-invariant
and sampled-data systems are developed, resulting in a well-defined v-gap measure

of distance between them.

The problem of sampled-data approximation from [CV04] in the weighted v-gap
metric is reformulated using the LFT characterisation and an iterative linear matrix

inequality based approach is proposed for optimally solving it.

Directions for further work

Development of a v-gap analysis framework similar to that in Chapter 3 to ac-
commodate nonlinear systems. Unifying this with the IQC based stability analysis
would be accomplishable using the arguments in Section 4.1, which exploit neither

the linearity property nor any function-theoretic representations.

Recall from Chapter 4 that IQC based analysis relies on homotopies which are
continuous with respect to the v-gap metric to conclude feedback stability. However,
unlike the v-gap ball type robustness results, the analysis does not explicitly account
for closed-loop stability /performance margin of the perturbed feedback systems. An
interesting research direction is to examine if this is possible, perhaps by imposing

stronger condition on the v-gap homotopies such as differentiability.

Pathwise connectedness of different types of uncertainty sets may be verified. For
instance, intersections of v-gap metric balls and a manifold of systems with dimen-
sions no larger than a fixed integer or sets which are structured in a particular

way.

In view of the solvability of sampled-data approximation in the v-gap metric in
Chapter 5, a characterisation of which structural constraints in model approximation
give rise to convex optimisation problems may be investigated via an LFT based

approach using ideas from, for instance, [RLO06].
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