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TOPICS IN STABILIZATION UNDER CONSTRAINTS AND
SYNCHRONIZATION PROBLEMS

ABSTRACT

by Xu Wang, Ph.D.
Washington State University
August 2012

All physical systems are operating under a variety of constraints. Control designs without taking these
constraints into account will result in performance deterioration and even instability. A major part of
the thesis is devoted to the constrained stabilization problems. The goal is to develop various controller
design methodologies to achieve stabilization under different constraints. In the case where a linear
system is subject to hard constrains on state and input, the notions of semi-global stabilization in the
admissible set and recoverable region are explicitly related to certain structural properties of the systems.
For a class of sandwich nonlinear systems consisting of cascaded linear systems and saturation elements,
necessary and sufficient conditions for semi-global and global stabilization are presented. Under these
conditions, a generalized low-gain design methodology is proposed to solve the stabilization problems.
For linear system with input saturation and multiple time delays, upper bounds on the delays are found
and corresponding controllers can be designed to achieve semi-global stabilization under input saturation

and tolerable delays.

When the issues related to internal stabilization are resolved, the research is directed to simultaneous
stabilization problems. The focus here is linear system subject to input saturation. In the case where
disturbances that are additive to the input, we complement the existing results in the literature by solving
the simultaneous stabilization problems for discrete-time linear systems subject to input saturation. Then
attention is paid to non-input-additive disturbances. This research is carried out using a progressive
approach. The results are obtained and generalized from a simple double integrator to the most general

linear systems. It is found that the simultaneous stabilization problems are solvable if the disturbances



do not contained large frequency component corresponding to the open-loop eigenvalues on the stability
margin. For those disturbances that meet this criterion, dynamical feedback controller can be constructed

to achieve simultaneous stabilization.

The rest of the thesis studies synchronization problems in multi-agent networks with uniform con-
stant communication delays. Both homogeneous and heterogenous networks are considered. In the
homogenous case, we assume that agents that are at most critically unstable. An achievable upper bound
of delay tolerance is obtained which explicitly depends on agent dynamics and network topology. For
any delay satisfying the proposed upper bounds, a controller design methodology without exact knowl-
edge of the network topology is proposed so that the multi-agent synchronization in a set of networks
can be achieved. For heterogeneous networks, under the assumption that the agents are introspective and
right-invertible, synchronization problem can be solved for an arbitrarily given delay via decentralized
dynamical controllers. The synchronization with output regulation problem in a heterogeneous network
is also investigated and solved under mild conditions. The proposed design method can be applied to the

output formation problem.
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CHAPTER 1

Introduction

1.1. Low-gain feedback

The research demonstrated in this dissertation is centered around the development, extension and
application of a core theory, that is,the low-gain theory. The low-gain feedback was originally developed
to solve the semi-global stabilization problem for linear system subject to input saturation. Four different
design methods are independently proposed in the literature, which are based on direct eigenstructure
assignment, the solution of an H,/H , algebraic Riccati equation, or the solution of an parametric Lay-
punov equation. We shall show that these four method can be unified under one theoretic framework, that
is, Hy/Ho control theory, and extended into a more general form. It will be shown in future chapters
that this H,/H low-gain feedback design can be generalized or combined with other tools and tech-
niques, such as adaptive gain scheduling and/or Model Predictive Control, to address a variety of issues

in stabilization under constraints and synchronization problems.

1.2. Internal stabilization of dynamical systems under constraints

All physical system are operating under a variety of constraints. Most constraints can be roughly
characterized into two categories, namely soft constraints and hard constraints. Soft constraints are
intrinsic property of the system, which generally result from limited capacity of physical devices. In
this case, if a quantity is subject to soft constraints, the outcome is forced to take only certain allowed
values, even though the original quantity may not. One ubiquitous type of soft constraints is saturation
nonlinearity whose output always lies in a limited range. The hard constraints are referred to those
restrictions imposed on the system by its operator or designer for reasons such as security, linearization
accuracy and etc. In contract to soft constrains like a saturation which may be overloaded, the hard
constraints can never be violated. The stabilization problem under soft and hard constraints may have

different solvability condition and require different methodologies.

Physical quantities such as speed, acceleration, pressure, flow, current, voltage, and so on, are always



limited to a finite range, and saturation non-linearities are therefore a ubiquitous feature of physical sys-
tems. One class of such systems is the class of linear systems subject to actuator saturation. Early work on
internal stabilization of linear systems subject to actuator saturation started with the seminal work of [24]
which established that a chain of integrators with order higher than two cannot be globally asymptotically
stabilized by any saturating linear control law. Continuing the theme of Fuller, [110, 120, 154, 155] es-
tablished that, in general, global asymptotic stabilization of linear systems with bounded inputs can only
be achieved using non-linear feedback laws. Moreover, this stabilization can be achieved if and only if
the given system in the absence of saturation is stabilizable and critically unstable (equivalently, asymp-
totically null controllable with bounded control (ANCBC)). We note that critically unstable systems are
those systems that have all their open-loop poles within the closed left half plane (continuous-time sys-
tems) or within the closed unit disc (discrete-time systems). The works of Sontag, Sussman, and Yang
unleashed a flurry of activity in internally stabilizing linear systems subject to actuator saturation. Along
one direction, [128, 129] proposed certain design methodologies to design appropriate controllers for
global stabilization. [68] came up with a gain scheduling based non-linear control law utilizing Ric-
cati equations. Along another direction, Saberi and his students queried as to what can be achieved by
utilizing only linear feedback control laws. In this respect, [51, 53, 50] proposed and emphasized a semi-
global rather than global framework for stabilization using bounded controls. All this early work of these

authors and others is surveyed in [5, 94, 123, 95, 32, 35], and the references therein.

Following the early phase work outlined above, during the last decade and a half, among others, our
research team probed intensely into a number of problems concerning the stabilization of linear systems
subject to input and state constraints, where the controller must guarantee that the output which is a
linear combination of inputs and states of a linear system remains in a given set (see, e.g., [87, 88, 97]
and references therein). This is a general type of hard constraints. Another progressive generalization
of linear systems subject to input saturation is so-called sandwich nonlinear systems which consist of
cascaded linear systems with static nonlinear elements, such as deadbeat and saturation, embedded in
between. The stabilization of linear system under input and state constraints is somehow related to that
of the sandwich nonlinear systems. However, there is an obvious bifurcation in controller design and

analysis owing to the inherent difference between hard and soft constraints.



In the last few decades, time-delayed system has been greeted with great enthusiasm from researchers
in recognition of its theoretical and applied importance, see [84]. Many control problems have been
extensively studied, among which stability and stabilization are of particular interest (see, for instance,
[73, 28, 72, 37, 23, 15] and references therein). When both saturation and time-delay are present in the
system, controller design can be challenging, especially when the delay is not known.

1.2.1. Simultaneous internal and external stabilization of linear systems subject to input
saturation and disturbances

Once the issues related to internal stabilization were resolved, the research was directed towards si-
multaneous external and internal stabilization. Such simultaneous stabilization also has a long history. A
well-known result in linear system theory states that asymptotically stable systems have very good exter-
nal stability properties. Thus, for linear systems the notions of internal stability and external stability in
any sense are highly coupled. However, for general non-linear systems, these two notions of stability are
vastly different. The relation between external stability and internal stability of a nonlinear systems has
been of interest to researchers, which is also one subject of this part because its theoretical importance.

A more complete review of work along this direction is given in Chapter 10 where we give a detail a

study into this problem.

For the class of linear systems subject to actuator saturations, the external disturbances may be

roughly classified into two categories.

1. Input-additive disturbances. This case can be described by the following model:

X=Ax+ Bo(u+d);

2. Non-additive disturbances, which can be written as

X =Ax+ Bo(u) + Ed.

Historically, the non-input-additive disturbances are further classified as matched disturbances if E = B

or mismatched disturbances if £ # B.

The concept of simultaneous external and internal stabilization for a linear system with actuator

saturation was first studied in [30, 31] and [47, 2] mainly for input-additive disturbances. Subsequent to



this work, there exist numerous other works on simultaneous external and internal stabilization (see e.g.
[89, 13]). The picture that emerges from all these works is that, for the case when external disturbance is
additive to the control input, all the issues associated with simultaneous external and internal stabilization
are more or less resolved, but only for continuous-time systems. In this part, we shall fill the blank by
solving the simultaneous stabilization problem for discrete-time linear with actuator saturation and input-

additive disturbances.

On the other hand, [115] studies the non-input-additive case and finds that &£, and £, stabilization
with finite gain are impossible, but &£, and {,, stabilization without finite gain are always attainable via
a dynamic low-gain feedback. Moreover, for an open-loop neutrally stable system, it is attainable via a
linear static state feedback (see [107]). Nevertheless, these results only apply to &£, and £, disturbances
for p € [1, 00) (i.e., disturbances whose “energy” vanishes asymptotically), and not to sustained signals
belonging to £ oo and £ee.

For sustained signals that are non-input-additive, clearly not all disturbances can be managed appro-
priately as, for instance, a large constant disturbance aligned (matched) with the input could overpower
the saturated control and lead to unbounded states. In view of this, a natural starting point for the study
of non-additive disturbances is the matched case where disturbances should have magnitude smaller than
the level of saturation by a known margin. As we move further, in an effort of dealing with more general
non-additive sustained disturbances, of particular interest is the study on identifying classes of distur-
bances for which a controller can be designed to yield bounded closed-loop state trajectories. In Part III,

substantial attention will be paid to address this problem.

1.2.2. Synchronization in the networks

The synchronization analysis and design in networks have received substantial attention in recent
years, partly due to the wide applications in areas such as sensor networks and autonomous vehicle
control. A relatively complete coverage of earlier work can be found in the survey paper [74], the recent

books [150, 83] and references therein.

The research can be generally divided into two categories: one studies homogeneous networks, that

is—network consist of identical agents—and the other studies heterogeneous networks in which non-



identical agents are interconnected. The study on state synchronization in homogeneous network has
been quite fruitful. Depending on what information the agents collect from the network, synchronization
in homogenous networks can be classified into two categories. In some networks, each agent measures its
own state relative to that of neighbors, which is referred to as full-state coupling [75, 76,79, 80, 82, 138];
In other networks, the agents may collect information of its output relative to that of its neighboring
agents, which we refer to as partial-state coupling [77, 139, 45, 104]. Although the work is primarily
focused on continuous-time case, synchronization in homogeneous networks of discrete-time agents has
also been studied in [76, 44, 140] (also see the references therein). A distributed observer-based syn-
chronization controller was developed in [44] which communicates information over the same network.
In [140], the author considers a very special case of neutrally stable agent with full actuation (B = ). A
network of first-order agents with Laplacian communication topology is studied in [76] where the topol-
ogy can be switching. All the aforementioned work only considers identical agents, in another word,

homogeneous networks.

In contrast to the flourishing research on synchronization in homogenous networks, relatively limited
results have been obtained for heterogeneous networks. For heterogenous networks, the notion of state
synchronization may no longer make sense as each agent possesses a set of state information which
may be inherently different from others. In this case, it is more natural to study an alternative problem
of output synchronization, that is, all the agents should agree on a set of pre-selected outputs (see, for
example, [19, 38, 152]). In this body of work, it is commonly assumed that each agent has a local
measurement of its own states, which we refer to as introspective agents. Moreover, the result on discrete-

time heterogeneous network is even sparse.

Due to the ubiquity of communication delay during the transmission of information, the research
has also been directed to synchronization in networks with time delay. Most results in the literature
consider the agent model as described by single-integrator dynamics ([7, 134, 76]), or double-integrator
dynamics ([135, 46, 9]). Specifically, it is shown by [76] that a network of single-integrator agents
subject to uniform constant communication delay can achieve consensus with a particular linear local
control protocol if and only if the delay is bounded by a maximum that is inversely proportional to

the largest eigenvalue of the graph Laplacian associated with the network. This result was later on



generalized in [7] to non-uniform constant or time-varying delays. Sufficient conditions for consensus
among agents with first order dynamics were also obtained in [134]. The results in [76] were extended
in [46, 9] to double integrator dynamics. An upper bound on the maximum network delay tolerance
for second-order consensus of multi-agent systems with any given linear control protocol was obtained.
Despite aforementioned advances, this research is still largely situated in a limited framework — that is,
homogenous networks of simple agents mostly with first order or second order dynamics. To the best of
the authors’ knowledge, the results that explicitly consider heterogenous networks of higher-order agents
and time-delay are [40, 43]. The single-output synchronization is studied in [40]. A frequency-domain
approach based on GerSgorin’s theorem and spectral radius stability theorem is proposed to design a
decentralized linear consensus controller. However, the consensus condition obtained in [40] is very
conservative (see [134]). [43] studies single-input single-output agents and undirected communication
topologies. A consensus condition is derived based on the notion of S-hull. However, the results on
synchronization in a homogenous or heterogenous network of complex agents under communication

delay remains largely unknown.

1.3. Organization

The dissertation is written as a collection of published works. There is repetitiveness, to some ex-
tent, among chapters so that each chapter presents self-contained technical results and can be read in-
dependently. Also, each chapter may have different structure and even call upon incoherent notations.

However, this only happens when no confusion is incurred.

The rest of the dissertation is divided into four parts.

1. Part I comprises Chapter 4 - 6, where we develop H»/H low-gain feedback. This is essentially

the basis of the entire work.

(a) Chapter 2: continuous-time case.

(b) Chapter 3: discrete-time case.

2. Part II comprises Chapter 4-9, which is devoted to internal stabilization of dynamical systems

under constraints.



(a)

(b)

(©

(d)

Chapter 4 and 5 consider linear systems with hard constraints on the inputs and states. Semi-
global stabilization in admissible set and recoverable region problems are solved based on

the taxonomy of constrains and a special coordinate basis.

Chapter 6 studies a class of sandwich nonlinear systems. Necessary and sufficient solvability
conditions for global and semi-global stabilization problems are obtained. Whenever these
conditions are satisfied, a generalized low-gain design is explicitly constructed to solve the

stabilization problems.

Chapter 7 and 8 solve the semi-global stabilization problem for linear systems subject to
input saturation and multiple input delays. A upper bound on the delay tolerance is found
for which a low-gain state or measurement feedback can be design to achieve semi-global

stabilization.

Chapter 9 propose a new low-and-high gain design methodology based on the low-gain feed-

back and a ultra-short-horizon MPC.

3. Part III comprises Chapter 10 - 16, in which we deal with simultaneous external and internal

stabilization of linear system subject to input saturation and disturbances.

(a)

(b)

(©)

The first objective is to establish the relation between &£, stability and internal stability of

general nonlinear systems. This is done in Chapter 10;

The second objective is to solve the remaining simultaneous external and internal stabiliza-
tion problem related to input-additive disturbances for discrete-time linear systems subject to

actuator saturation. This problem is solved in Chapter 11;

The third objective is to address two issues related to non-additive sustained disturbances.
One issue is to identify classes of non-additive sustained disturbances that are manageable,
while the other is to design feedback controller to solve the simultaneous stabilization prob-
lem for these classes of disturbances. Chapter 12-16 are devoted into achievement of this
objective. Specifically, Chapter 12 marks our first attempt to deal with non-additive distur-
bances in which we consider a matched disturbance whose magnitude is restricted within the

range of saturation. Then we move to general cases in a progressive manner from simple



double integrators (Chapter 13), chain of integrators (Chapter 14), neutrally stable systems

(Chapter 15) to eventually general linear systems (Chapter 16).
4. Part IV comprises Chapter 17 - 19, which is concerned with synchronization in the networks.
(a) Chapter 17 studies studies output synchronization and regulation problem for a heterogenous

network of discrete-time introspective right-invertible agents.

(b) Chapter 18 is concerned with synchronization in a homogeneous network of continuous-
time agents that are at most critically unstable and coupled through networks with uniform

constant communication delay.

(c) Chapter 19 will further investigate the heterogenous network of introspective right-invertible

agents. Both output synchronization and output regulation problems are studied.



Part I

Low-gain feedback theory



CHAPTER 2

H, and H, low-gain feedback — Continuous-time systems

2.1. Introduction

The low-gain feedback design methodology was first developed in [51, 52] to achieve semi-global
stabilization of linear systems subject to input saturation. Since then, it has been widely employed in
various control problems, such as output regulation with constraints, H> and H, optimal control etc
[61, 93]. The low-gain feedback can be constructed using four different approaches, namely direct
eigenstructure assignment [51, 52], H» and H, algebraic Riccati equation (ARE) based methods [61,
130], and parametric Lyapunov equation based method [159, 161]. Although these four methodologies
were independently proposed in literature, we shall show that they are all rooted in and can be unified

under two fundamental control theories, H» and H theory.

Moreover, all these designs for low-gain feedbacks only consider the case where a low gain is re-
quired in all input channels, and consequently require the asymptotic null controllability with bounded
input (ANCBC) of the given system. In this note, we introduce the concept of H, and Hs, low-gains
in a general setting where either some or all input channels have constraints of low-gain imposed upon
them. We provide explicit existence conditions and design methods which yield the classical ANCBC

condition and the four design methods as special cases.

Standard notations are used in this chapter. C~, C° and C* denote open left half complex plane, the
imaginary axis and open right half complex plane respectively. For x € R”, || x| denotes its Euclidean
norm and x’ denotes the transpose of x. For X € R™™ | X| denotes its induced 2-norm and X’
denotes the transpose of X. For a vector-valued continuous-time signal y, ||y| ¢, denotes the £, norm
of y. For a continuous-time system X' having a g x £ stable transfer function G, ||G||; and || G || o denote

respectively the standard H» and Hs norm of G.

10



2.2. Definition of H, and H,, low-gain sequences

Consider the linear time invariant continuous-time system,

| x=Ax + Bu
DI - — Dy (2.1

where x € R", u € R™ and z € R™°, Without loss of generality, we assume that D = (Imo 0) .

In what follows, a state feedback gain such as F, parameterized in a parameter ¢ is called a gain
sequence since as € changes one obtains a sequence of gains. We define below formally what we mean

by H> and H, low-gain sequences.

Definition 2.1 For the system X in (2.1), the H, low-gain sequence is a sequence of parameterized

static state feedback gains F, for which there exists an £* such that the following properties hold:

1. There exists a constant M such that || F¢|| < M for any ¢ € (0, £*];
2. A + BF, is Hurwitz stable for any ¢ € (0, £*];

3. For any x(0) € R", the closed-loop system with u = F,x satisfies lirr%) zlle, = 0.
E—>

The H low-gain sequence will depend on an, a priori given, constant y. Therefore we will call it a
y-level Ho low-gain sequence. Whenever we refer to the Ho, low-gain sequence, we always imply the

y-level H, low-gain sequence.

Definition 2.2 For X in (2.1) and for an arbitrary E € R"*?, define an auxiliary system

x=Ax+ Bu+ Ew

Yoo z = Du,

2.2)

and the infimum

y¥ = i%f{”DF(sI —A—BF) '"E|les | M(A+ BF) e C™}. (2.3)

For a given y > yp™, the y-level Hy, low-gain sequence is a sequence of parameterized static state

feedback gains F¢(E, y) for which there exists an £* such that

1. There exists a constant M such that | F(E, y)|| < M for any ¢ € (0, *];

11



2. A+ BF¢(E,y) is Hurwitz stable for any ¢ € (0, £*];

3. For system Yo, with u = F¢(E, y) and any x(0) € R”,

lim ¢ sup (z[%, - vllol%,); = 0.
&> weLs £2 £2

2.3. Properties of H, and H., low-gain sequences

Theorem 2.1 For the system X in (2.1) with a given E € R"*? and a y > y* where y* is defined
in (2.3), a sequence of feedback gains F.(FE,y) is a y-level Hs, low-gain sequence only if it is an H»

low-gain sequence.

Proof : By setting @ = 0 in the definition of H-y-level low-gain sequence, we immediately conclude

this result. u

The next theorem shows that for the closed-loop system X' in (2.1) with either an H, low-gain
controller u = Fyx or an Hy, low-gain controller u = F.(E,y)x, the magnitude of z and DF; or

DF(E,y) can be made arbitrarily small.

Theorem 2.2 The closed-loop system (2.1) with either u = Fox oru = F,(FE, y)x satisfies the follow-

ing properties:

L. limg—o [z]l £, = O,

2. limg—g DF; = 0 and lim,—9 DF.(E,y) = 0.
Proof : Owing to Theorem 2.1, we only need to prove these two properties for an H, low-gain sequence.
The fact that ||z|| £, — 0 as & — 0 for any x(0) implies that
lim || FeeAHBED |, =0,
£—0
Since || F¢|| is bounded for all ¢ € (0, e*], |4 + BF¢|| is also bounded for all ¢ € (0, £*]. This yields,

lim || FeeATBFD (4 4 BF,)| g, = 0.
e—0

12



This implies that Z € &£, and moreover limg_¢ ||Z]| £, = 0. Applying Cauchy-Schwartz inequality, we

can show that
2112 = 1z@112] < 20208120157, 2.4)

Let ¢ be fixed and t — oo. Since A + BF; is Hurwitz, ||z(¢)|| — 0. This yields that ||z(0)]|? <

2|z, 11z ]| £, - Next, let e — 0. We conclude that for any x(0) € R",
lim [|z(0)||> = lim | DFex(0)]|> = 2 lim |Z]lg, ]|zll¢, = O,
£—0 e—0 £—0
and hence lim;—,9 DF; = 0. On the other hand, (2.4) also yields
. O 0 .
Iz < 2021811587 + 1212 < 20202, 122, + 12O

Therefore, limg— ||z||¢., = 0. [ |

We emphasize that if F; is not bounded, the above theorem is not true in general.
Remark 2.1 If F; is not bounded, the above theorem is not true in general. As an example, consider the

(&) =[oa] () + [t o]

V4 = Ug.

()=l 6 1Ca) + i)

z = &xs.

system,

Choosing ug = ex, yields

Choose u; = — - %xz. Define y1 = exy, y2 = (1 +¢&)e?xp and f = %t. The closed-loop

1
(i1e)e2 1

system in the new coordinates and in the new time scale is given by

V1 0 1 ](n
) = . 2.5
(yz) [—1 —1} (yz) .
We first verify that the controller (ug,uy) is Hp low-gain. Note that ||y (0)| < &||x(0)|| provided ¢ is

small. There exists a y» independent of € such that || y2 ||z, < y2[|y(0)|| < ey2||x(0)|. Then

o0

2 2 2 2
Izlle, = elix2lle, =€ f (1+8)2848dl < ¢ly2l%, < erallx )]
0
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Therefore for any x(0), we have limg_¢ ||z||¢, = 0.

However; if we fix initial condition at (x1(0), x2(0))" = (1,0)’, we ger (y1(0), y2(0)) = (&,0) and

B L (y1(0)) _ (1
Yoo := ly2ll £, with (yz(())) B (0)

Note that Voo is independent of €. Then

V2]l £ = €Voo where

1
Izl oo = EFe)e2 V0 = 1+

and ||z | ¢, cannot be reduced to zero.

Theorem 2.2 enables us to connect to the literature and explain why the H» and y-level Ho se-
quences as defined in Definitions 2.1 and 2.2 are termed as ‘low-gain’ sequences. As we alluded to in the
introduction, the name low-gain sequence arose and has roots in one of the classical problems, namely
the problem of semi-globally stabilizing a linear system subject to actuator saturation. (For readers not

familiar with the saturation literature, we refer to [5, 32, 35, 98, 123] for more details.) To be precise, let
X = AX + Bo(ii) (2.6)

where the function o (-) denotes a standard saturation; that is, o (i) = sign(i) min{1, |u|}. Let the pair

(A, B) be stabilizable and A has all its eigenvalues in the closed left half plane.

Consider a state feedback controller, # = F,X where F; is a parameterized sequence with the pa-
rameter as ¢. If the feedback sequence F, satisfies all the three conditions posed in Theorem 3.1 of [52],
it is known as a ‘low-gain’ feedback in the context of stabilization of linear systems subject to saturation
(see also [49]). In fact, the state feedback controller u = F.% where F, is such a low-gain sequence
semi-globally stabilizes (2.6) for a small enough value of ¢. That is, there exists an £* such that for all
e € (0,&*), the closed-loop system comprising (2.6) and if = F,X is semi-globally stable with a priori
given (arbitrarily large) bounded set £2 being in the region of attraction, and moreover the smaller the

value of ¢ the larger can be the a priori prescribed set 2.

Having recalled above the classical semi-global stabilization problem of a linear system with satu-
rating linear feedbacks, we can now emphasize its connection to Theorem 2.2. As is done in classical
semi-global stabilization problem, let us first assume that all the control channels are subject to satura-

tion. Then, to see the connection between such a semi-global stabilization problem and Theorem 2.2, set

14



D = I, and thus take z = u as the constrained variable subject to saturation. In that case, Theorem
2.2 shows that the H, and y-level H, sequences as defined in Definitions 2.1 and 2.2 satisfy all the
three conditions posed in Theorem 3.1 of [52], and hence they can appropriately be termed as low-gain
sequences. Furthermore, as is evident from Theorem 2.2, they can readily achieve semi-global stabiliza-
tion of a continuous-time linear system where all control inputs are subject to saturation whenever it is

achievable.

For the general setting when D = [Imo O] for some mo < m, in the scenario of a linear system

subject to input saturation, not all the input channels are constrained. To be precise, let
§ = AE + Boo(uo) + Biui @7

where £ € R", ug € R™, uy € R™ ™0 and B = [By Bj|. Part of the inputs, as represented
by ug, are subject to saturation. In other words, we have the constrained variable z = Du = uy.
In this case, property 1 of Theorem 2.2 implies that for an initial condition x¢ in a given set and a pre-
specified saturation level A, there exists an £* such that for all ¢ € (0, £*) the closed-loop system satisfies
lz(@)|| = luo(®)|| = | DFseATBF) x|l < A for all + > 0. This implies that the saturation can be
made inactive for all time, and hence the closed-loop system can in fact be linear. Therefore, the stability

of the closed-loop system directly follows from Definitions 2.1 and 2.2.

2.4. Existence of H, and H., low-gain sequences

Theorem 2.3 For the system X in (2.1) with an arbitrarily given E € R"*? and y > y* where y* is

defined in (2.3), the H; and y-level Hy, low-gain sequences exist if and only if
1. (A, B) is stabilizable;
2. (A, B,0, D) is at most weakly non-minimum phase, i.e it has all its invariant zeros in C~ U C©.

Remark 2.2 In the special case of D = I, the invariant zeros of (A, B, 0, I) coincide with the eigen-
values of A. Hence Condition 2 requires all the eigenvalues of A are in closed left half plane. In this
case, a system that satisfies Conditions 1 and 2 is said to be asymptotically null controllable with bounded

control (ANCBC), see [119].
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Proof : For the case of H, low-gain sequence, let y; = ./trace(P) where P is the unique semi-

stabilizing solution to the continuous-time linear matrix inequality (CLMI),

/
(AP+PA PB) >0, 2.8)

B'P D'D
Itis shown in [93] that designing an H, low-gain sequence as formulated in Definition 1 can be converted
into a singular H, suboptimal control problem (see Section 2.2.2). Hence it is evident from [93] that the

H> low-gain sequence or the corresponding H>-suboptimal controller exists if and only if y; = 0, i.e.

P = 0. This is equivalent to the conditions that (A4, B) is stabilizable and

L(sT-4 —B) _ L(s1—A —B
ran 0 D = normran 0 D

for any s € C™,i.e. (4, B,0, D) is at most weakly non-minimum phase.

For the case of Hy low-gain sequence, note that designing Hs, low-gain sequence is equivalent
to solving a singular Hs, control problem. We can easily verify [113] that given y > y* the y-level
H o low-gain sequences exist if and only if, P = 0 is a semi-stabilizing solution to the continuous-time
quadratic matrix inequality (CQMI),

A'P+ PA+yT?PEE'P PB _ 0
B'P D'D)="

which is equivalent to the conditions that (A, B) is stabilizable and that the matrix pencil

s —A —-B
0 D
does not have any zeros on the open right half plane, i.e. the system is at most weakly non-minimum

phase. [ |

Remark 2.3 As shown in the foregoing discussion, the low-gain sequences achieve semi-global stabi-
lization of linear systems subject to input saturation. In order to design a low-gain sequence for the
system (2.6), one can choose D = I, in (2.1). The above theorem then shows that the necessary and
sufficient conditions for semi-global stabilization are that (A, B) is stabilizable and all the invariant ze-
ros of (A, B,0, I;,) are in the closed left half plane. It is known that the invariant zeros of (A, B, 0, 1)

coincide with eigenvalues of A. Hence Conditions 2 implies that all the eigenvalues of A are in the closed
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left half plane. Note that in this case of D = I,, conditions 1 and 2 are well known to the saturation

community as classical ANCBC conditions, see [119].

However, in general not all of the system inputs may be subject to saturation as shown in (2.7). To
design a low-gain feedback sequence for this type of system, we can choose D = [I mo 0] in (2.1). Then
the necessary and sufficient conditions as required in Theorem 2.3 are that (A, B) is stabilizable and the
invariant zeros of (A, B, 0, D) are in the closed left half plane. It can be shown that the invariant zeros of
(A, B,0, D) in this case are a subset of eigenvalues of A (see [99]). Therefore, only some eigenvalues of
A have to be constrained while the others can be completely free. Moreover, Theorem 2 identifies those
eigenvalues that need to be restricted. To illustrate this, consider a linear system with a partial input

subject to saturation,

o 0 1 0 0][x 0 0
sz _ -1 0 0 O X2 1 0
=10 02 1||xs|T|1|0@+]g|"
)'C4 1 2 0 3 X4 0 1

Clearly (A, B) is stabilizable. Matrix A has eigenvalues (j,—J,2,3). It can be identified that (j,—J)
are the invariant zeros of (A, B,0, D), which are on the imaginary axis. Hence the two conditions in

Theorem 3 are still satisfied while the two eigenvalues (2, 3) are in the right half plane.

2.5. Design of H, low-gain sequences

The H» low-gain design procedures developed here yield the classical low-gain design methods as
special cases. We note that the H, low-gain sequence as defined in Definition 2.1 for the system X
in (2.1) is equivalent to a bounded H» sub-optimal sequence of controllers for the following auxiliary

system,

x=Ax + Bu +w

22 z = Du.

Such an H» sub-optimal controller for X can be constructed using either direct eigenstructure assign-

ment method or perturbation method, see [56, 93].
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2.5.1. Direct eigenstructure assignment method

The design basically follows the “H, suboptimal state feedback gain sequence” (H>-SOSFGS) al-
gorithm developed in [55, 56]. There exists a nonsingular state transformation [x/, x.]" = Tjx such that

the system X', can be transformed into a compact Special Coordinate Basis (SCB) form:

Xa\ _ /fa 0 Xg 0 Ba E
5.3 )T« a | \x ) T B [¥ T By, |Mo T B9 2.9)

Z = Uy,
where x, € R", x, € R"¢,ug € R™, u, € R™<¢,ny+n, = nand mo+m, = m, and x denotes matrix
of less interest. The eigenvalues of A, are the invariant zeros of system X'. Theorem 2.3 implies that
(Ag, By) is stabilizable and A, has all its eigenvalues in the closed left half plane. Moreover, (A¢, B;)

is controllable. Details of SCB can be found in [99].

In order to use the eigenstructure assignment method, we need to perform another transformation

[x},.x.]" = Tz[x/,. x/.]’ such that the system can be further converted into:

Al A12 Al@ 0 Bl 0 0 Bl,o
0 A2 Az({ 0 0 Bz 0 B2,0

da=|: 1 o0 o Ba=| i : :
0 0 Ar 0 0 0 By By,
0O 0 0 0 A, By By Boi Bo

and where A, is Hurwitz stable, (A4;, B;) is controllable, and A; has all its eigenvalues on the imaginary

axis. Moreover, (A;, B;) is in the controllability canonical form as given by

0 | 0 0 0
0 0o - : 0 0

Al = N N . 1 ’ Bl =
0 0 - 0 1 0
—Uio0 —Q,1 cr —Uip;—2 —Wip;—1 1

s

For each pair (A4;, B;), let the feedback gain Fj(g) be such that A(A; + B; Fi(¢)) = —e — A(A;). Define

. c. ¢ _ =
Fa,g _ [blkdlag{Ft (8)}i=1 Oi| , E(S) — Fi(é‘zz (r,'+1+l)...(r[+l))

where r; is the largest algebraic multiplicity of eigenvalues of A;. Since (A, B.) is controllable, we can

choose a bounded F, such that A, + B, F_ is stable and has a desired set of eigenvalues. The sequence
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of feedback gains for the system X', can then be constructed as

_ Fa’g 0
Fe = ( 0 Fc) 1,Th.

Clearly, F; is bounded and A 4+ BF; is Hurwitz. It follows from [56] that F; also satisfies Property 3 in

Definition 2.1. Therefore, F, is an H, low-gain sequence.

Remark 2.4 For D = I,, the above design procedure recovers the direct eigenstructure assignment

method in the classical low-gain design of [51] for linear systems subject to input saturation.

2.5.2. Perturbation methods

The philosophy of perturbation methods used in H, low-gain design is the same as in classical H»
sub-optimal controller design, that is to perturb the data of the system so that an H, optimal controller
exists for the perturbed system and then based on continuity argument, we can obtain a sequence of H,

low-gains for the original system utilizing H» optimal control design techniques developed in [93].

For a given quadruple (A4, B, C, D), let a sequence of perturbed data (A, Be, Ce, D¢) be such that

A — A, B — B, Q_s — Qo as ¢ — 0 and Q_s is continuous at £¢ = 0 where
Oo=[C D][Cc D]. Q.=[C: D:]'[Cc Di]. (2.10)

For this perturbation (Ag, Bg, Ce, D¢) to be admissible for H, low-gain design, it has to satisfy the

following conditions:

1. The positive semi-definite semi-stabilizing solution P to the CLMI ,

[A;Ps + P.A; P.B.+ c;Ds] 0

B.P.+ D\C:  D.D, @1h)

converges to 0.

2. An H, optimal state feedback controller Fy exists for the perturbed system characterized by
(Ag, Be, Ce, D¢, I) and can, for instance, be constructed using the so-called “Continuous-time
optimal gains, fixed modes and decoupling zeros” (COGFMDZ) for left invertible system or
(COGFMDZ),; for non-left-invertible system) algorithm in [93]. (See Section 7.2)

Moreover, the obtained F, should satisfy:
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3. F; is bounded.
4. Fgis such that A + BF, is Hurwitz.

5. limg—g ||(C + DF;)(sI — A — BF,)"!|, = 0.

If (Ag, Be, Ce, D) and the corresponding F, satisfy the 5 conditions stated above, then Fg is an H»
low-gain sequence. Specifically in our problem, for the system X' in (2.1) characterized by (A, B, C, D)

with C = 0, we can use two perturbation methods to design an H» low-gain sequence.

Perturbation method I The classical perturbation that is used in H, sub-optimal control is in the form
of (A, B, C¢, D;) where C¢ and D, are such that (A, B, C,, D) has neither invariant zeros nor infinite
zeros, and

Q:— Qoase —0, Qg < Q0 with 0<g; <&, <8, (2.12)
for some B > 0 and Q, and Qy are defined in (2.10). This leads to a perturbed system

X =Ax+ Bu +w

x5
2 Zg = ng + Dgu

For this perturbation, we have:

since C,; and D, satisfy (2.12), condition 1 follows from Theorem 2.6 in Appendix.

e since the quadruple (A, B, C¢, D;) has neither finite invariant zeros nor infinite zeros, condition 2

follows from Lemma 5.6.3 in [93].
e since we do not perturb A and B, condition 4 is obvious.

e since u = Fgx is an H; optimal state feedback for the perturbed system and P, — 0, we have

that ||(Cs + D¢ Fe)(sI — A — BF;)™ ||, — 0. Then (2.12) implies that

IC + DF)GI — A — BF) s < |(Co + DeFo)(sI — A — BF)™|.

Therefore, ||(C + DFs)(sI — A— BFs)"!|» > Oase — 0.
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We find that conditions 1, 2, 4, 5 are always satisfied by this type of perturbation. It remains to
verify condition 3. We note that since C = 0 in our problem, we can always find a (C,, D) such that a
bounded F; can be constructed following (COGFMDZ) or (COGFMDZ),,;; algorithm in [93] (see

Section 7.2). In what follows, we give an example for this type of perturbation.

Example: We can perturb the auxiliary system X in its compact SCB form (2.9) as:
).Ca _ A(l 0 Xa 0 Ba
S I el S A e P
T L e [
= + )
Zs,l Qé’ 0 xC 0 0 uc
where

Q>0 and lim Q; = 0. (2.13)
e—>0

In this case,
I | Imy O
e N A
The perturbed system does not have zero structure (that is, neither invariant zeros nor infinite zeros) and

(Ce, D,) satisfies (2.12). We proceed to check condition 3.

Let X, be the positive definite solution of H, ARE,
AL Xe + XeAg + Qe — Xe1BaBLX: =0,

and choose a bounded F, such that A, + B, F, is Hurwitz. An H, optimal static state feedback gain F;

for the perturbed system can be constructed as

_[-B.X. ©
Fg — [ O FC} Tl.

F, is bounded for any mo < m and ¢ € [0, 1]. Therefore, it is an H» low-gain sequence.

Remark 2.5 For a special case of D = I, the above design procedure recovers the standard H»-ARE

low-gain design of [61].

Perturbation method II In perturbation method I, we add fictitious outputs to completely remove

zero dynamics. However, we can also directly perturb system dynamics to move those invariant zeros
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on the imaginary axis without adding outputs. Consider a perturbation (A, B, 0, D) which leads to the
following perturbed system

s X =A%+ Bu+ o
2,11 ) 7 =

Du
where A, = A+ 51 and ¢ small enough such that (4 + 51, B) is stabilizable. For the sake of clarity, we
focus on this particular choice of perturbation. The conditions required for perturbation can be verified

as follows:

e Since both (A4g, B,0, D) and (A4, B, 0, D) have the same normal rank, condition 1 follows from

Theorem 2.5 in Appendix.

e since (Ag, B,0, D) does not have any invariant zeros on the imaginary axis and has no infinite

zeros, condition 2 follows from Lemma 5.6.3 in [93].

& I3
o Note that DF,e AT BFe+2Dt — 3! DF o(A+BFo)t This implies that | DF,(s] — A — BF,)|» <
IDFe(sI — A— £ — BFe)|2. Therefore, | DF(s] — A — BF)|l2 — 0if | DFo(s] — A—£1 —
BF;)||2 — 0. We find that conditions 5 is satisfied.

e Obviously, A + BF is Hurwitz stable if A + BF + £ is Hurwitz stable. Therefore, condition 4

is satisfied.

Therefore, the conditions 1, 2, 3 and 4 can be satisfied. For this perturbation, we can always construct
a bounded H» optimal controller following (COGFM D Z),,;; algorithm. This can be done as follows.
We first find a nonsingular state transformation independent of ¢, (x; ' xg)/ xé) = T,x', such that the

perturbed system can be transformed into its SCB form,

o
[ Rt
o RON |
v
I
b
S
* O+

*
25 0 " (2.14)
+ |0 |uc+ | BY |uo+ Ew
Bc Bac

where A7 is Hurwitz stable, the pairs (45, BS)) and (A, B.) are controllable and the eigenvalues of

AY are on the imaginary axis. The eigenvalues of (1 + ) A and (1 4 ¢) A are the invariant zeros of
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the perturbed system. For a small €, (1 4 €)A_ is also Hurwitz stable. Let X, be the positive definite

solution of ARE,
(A + 51 Xe + Xe(AQ + 51) = X BYBY X = 0. 2.15)

It is shown in [159] that X strictly decreases to zero as & goes to zero and hence X, is bounded. Choose

a bounded F, such that A, + B, F, is Hurwitz. The H, low-gain sequence F; can be constructed as

0 —BY'X, 0
Fe = a e T».
¢ [0 0 FJ 2

Remark 2.6 In the special case when D = I, this method recovers the parametric Lyapunov approach

to low-gain design as in [159] for linear systems subject to input saturation.

2.6. Design of H,, low-gain sequences

Different alternate design procedures for y-level Ho, low-gain sequences we develop here recover

the classical Hso-ARE low-gain design methods in [130] as a special case.
2.6.1. Direct eigenstructure assignment method

The direct eigenstructure assignment method of y-level Ho, low-gain design can be found in [10].

In this chapter, we focus on designing y-level Hy, low-gain sequences using perturbation methods.
2.6.2. Perturbation methods

The philosophy of the perturbation methods is similar to that in H, low-gain design. However, the
conditions imposed on perturbations are more restrictive. For a given quintuple (A4, B,C, D, E), let a
sequence of perturbations (Ag, B, Ce, D¢, E¢) be such that A, - A, B — B, E, — E and Q_g —- 0
where Q and Q_s are defined in (2.10). (Ag, Be, Ce, D¢, E¢) is admissible for y-level Ho, low-gain

design if it satisfies the following conditions:
1. Define
ve = igf{H(Cg + DoF)(zI — Ag — BeF) 'Eglloo | M(As + B:F) € C™}. (2.16)

For a sufficiently small &, we have y} < y.
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2. The positive semi-definite semi-stabilizing solution P, to CQMI,

ALPe+ PeAe + ClCs + y 2P:E.E.P, P¢B. + C.D; -0
B.P, + D.C, D.D, =

satisfies P, — Qas ¢ — 0.

3. (A4, Be, Cg, D¢) has neither invariant zeros on the imaginary axis nor any infinite zeros.

Using the above, a y-level Hyo sub-optimal state feedback F¢(E,y) with y > y*(e) for the perturbed
system can be easily constructed following [112]. Moreover, such an F;(E, y) should satisfy the next

three conditions:

4. For ¢ sufficiently small, |(C + DFs(E,y))(sI — A — BF:(E,y)) " E|loo < ¥,
5. The F,(E, y) is bounded,

6. The F¢(E, y) is such that A + BF.(E,y) is Hurwitz.

If (Ag, Be, Ce, D¢, E¢) and a constructed F¢(E, y) satisfy all 6 conditions, this F,(E, y) is a y-level

H, low-gain sequence.

In our problem, for a given 5-tuple (A, B,C, D, E) with C = 0 and the given y > 0 satisfying

y > y*, two perturbation methods can be used for y-level Hoo low-gain design.

Perturbation method I Similar to that in A, low-gain design, the first perturbation is in the form of

(A, B, Cg, D, E) where C, and D, satisty (2.12). We give an example.

Example: First, we can transfer the system into the SCB form (2.9) with transformation (x}, x..)" =

Ty x. Then consider a perturbed system based on (2.9) as

i\ [Aa 07 (xa 0 B, Eq
e G =LA Ce) [t [ uoe [
00,1 z0) _| 0 O] (xa N Iy O (1o

z1)] T | VO 0 \ xc 0 0 \uc)’

where Q. satisfies (2.13). We first verify below that this perturbation is admissible for H, low-gain

design.
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e Suppose we apply any bounded F to the system (2.1) characterized by (4, B, 0, D, E) such that
A + BF is Hurwitz. Let yr = |DF(sI — A — BF) ' E| 0. It is easy to verify that ||(Cs +
DyF)(sI —A— BF)"'E| oo = YF as ¢ — 0. This together with (2.13) implies that for a given

y, there exists an £* such that for ¢ € (0, £*] conditions 1 and 4 are satisfied.

e (A, B, Cg, D.) has neither invariant zeros nor infinite zeros. One can then design a y-level Hoo

sub-optimal feedback F¢(E,y) using the techniques from [112].

e It is easy to see that C, and D, satisfy (2.12). Then condition 2 follows from Theorem 2.6 in

Appendix.

e Since we only perturb C and D and F¢(E, y) is obtained using H, control techniques, condition

6 is obvious.

It remains to check condition 5. Next we construct a y-level Hy, sub-optimal feedback F. for the

perturbed system following [112]. Let X, be the positive definite solution of Hs, ARE,
Al Xe + XeAg + Qc — XeByBL X + y >X.E4E/ X: =0,

and choose a bounded F, such that A, + B, F, is Hurwitz. The F¢(E, y) can be constructed as

—-B/X, 0
FS(E7V):[ 8 ¢ Fc} Tl

Clearly, F.(E,y) is bounded for ¢ € (0, ¢*]. Therefore, F¢(E,y) is a y-level low-gain sequence.

Remark 2.7 When D = I, the above method recovers the Hs-ARE based low-gain design for semi-

global stabilization of linear systems subject to input saturation [130].

Perturbation method II We can also directly perturb the system dynamics to move those invariant
zeros on the imaginary axis. Consider the perturbation (4 + 57, B,0, D, E) with & small enough such

that (4 + 51, B) is stabilizable. We shall focus on this particular choice of perturbation.

e Given A + 51 4 BF Hurwitz stable, we have || DF(s] — A — BF) 'E|looc < |DF(sI — A —

51— BF )1 E||0o. This implies that conditions 1 and 4 are satisfied.
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e Since (A + %I , B,0, D) always have the same normal rank as that of (4, B, 0, D), the condition

2 follows from Theorem 2.5 in Appendix.

e Since (4 + %I , B,0, D) does not have any invariant zeros on the imaginary axis, the condition 3

1s satisfied.

e A+ BF is Hurwitz if A + %I + BF is Hurwitz.

Therefore, Conditions 1, 2, 3, 4 and 6 are satisfied for sufficiently small ¢. Moreover, one can always

design a bounded y-level Ho, state feedback as in [112] as follows:

The perturbed system can be transformed into its compact SCB form using a nonsingular state trans-

formation: [x; x5 xé]/ = Thx as:
X, Ay + 31 0 0 x;
x$ | = 0 A9+51 0 xQ
) Xe * * A. + %I X
S 0 B E; 2.17)
+ 0 |uc+ | BY |uo+ | EQ |
BC Bac EC
z = Uy,

where A} is Hurwitz, (A., B.) is controllable and (A$, BY) is controllable. For a sufficiently small &,
A, + %I is Hurwitz as well. Let X, be the positive definite solution of Hs, ARE,

(AQ 4+ £1)' Xe + Xe(AG + £1) — X BOBY X, + y 2X EQEY X, = 0.

Let F. be bounded and such that A, + B, F, is Hurwitz, and the y-level H, sub-optimal controller is

given by

0 —BYX, 0
C

Since X, is bounded, F,(E, y) is bounded. Therefore, F.(E,y) is a y-level Hso low-gain sequence.

Appendix

Existence of H, optimal controller

Consider the system,

XxX=Ax+ Bu+w

Za: z = Cx + Du,

(2.18)
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We recall the following existence conditions of H» optimal static state feedback controller for system

I

Theorem 2.4 For the system X, in (2.18), H, optimal state feedback controller of a static type exists if

and only if

1. (A, B) is stabilizable;
2. X, does not have any invariant zero on the imaginary axis;

3. X, does not have any infinite zero of order greater or equal to 1.

Proof : The results follow from Lemma 6.6.5 and Lemma 6.6.1 in [93]. [ |

Continuity of solution of CQMI

Here our concern is the continuity of semi-stabilizing solution of the following CQMI associated

with the 5-tuple (4, B,C,D,E)and y > y*

AP+ PA+C'C +y 2PEE'P PB+C'D
[ B'P+D'C pp |=% (2.19)
where
y* o= i%f{H(C + DF)(sI —A—BF) 'E|ls | M(A+ BF) € C™} (2.20)

We recall the following theorem from [114]:

Theorem 2.5 Consider a 5-tuple (A, B,C, D, E). Suppose (A4, B) is stabilizable, (A, B, C, D) does
not have any invariant zeros in CT, and y > y*. Let a sequence of perturbed data (A, Bg, Ce, D¢, Ey)
converges to (A4, B, C, D, E). Moreover, assume that the normal rank of C.(sI — Ag)_lBg + Dg is
equal to the normal rank of C(s/ — A)~!B + D for all &. Then, the smallest positive semi-definite
semi-stabilizing solution of CQMI (2.19) associated with (A4, B., C¢, D¢, E.) converges to the smallest

positive semi-definite semi-stabilizing solution of CQMI associated with (4, B, C, D, E).
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In the perturbation method I of both H> and Hs, low-gain design, we use perturbations which do

not necessarily preserve the normal rank. In this case, we use the following:

Theorem 2.6 Consider a 5-tuple (4, B,C, D, E) and y > y*. Suppose a sequence of perturbations

(Cg, D) converges to (C, D), and satisfies the following conditions:
1. Q. is continuous at & = 0;
2. there exists a B such that for 0 < g1 < &5 < 8, we have Q_gl < Q_gz,

where Q; is defined in (2.10). Then the semi-stabilizing solution to CQMI (2.19) associated with

(A, B, C¢, D¢, E) converges to the semi-stabilizing solution of CQMI (2.19) associated with (4, B, C, D, E).

Proof : The case y = oo was proved in [136]. We shall prove this result for a finite y.

First, we need to show that given y > y*, for sufficiently small &, we have y > y} where y is
defined in (2.20) with (4, B, C, D, E) replaced by (Ag, B, Cg, D¢, E¢). This follows from the fact that
there exists a stabilizing state feedback u = Fx such that the Ho, norm from w to z equals yo < y. The

transfer matrix G, .; from w to z, satisfies,
Gecl (S)/Gs,cl (s) =G (S)/Gcl (s) + GO(S)/(Q_s - QO)GO(S)
where G is the transfer matrix from w to z while Gy is defined by
1 -1
Go(s) = F (sI] —A—BF) " E.
Since Gy has a finite Ho norm and Q_s — QO we find that

lim [[Ggcrlloo = [IGetlloo = vo < ¥

el0
Next we investigate

xoPexo = sup inf { ||z€||§62 — )/2||w||§62 | x € L2 } ,
weL, u

where x(0) = x¢. Since Q_g > QO for small ¢, we find that

xo Pexo > x¢ Poxo

28



for small ¢. If we choose u = F x, we obtain

0 < xoPexo < § sup |zell, —v*|wlF, [u = Fxg.
weLor

We always have for any 7,
la +bI1> < (1 + Dllal® + (1 + p)lb]>.

Let y; be such that Yo < y1 < y such that for all sufficiently small ¢ we know the Hs, norm from w to
Zg is less than yq for the feedback u = Fx. With u fixed by u = Fx, we can write z; = zx, + 2z, Where
Zyx, 1S the output for initial condition x¢ and w = 0 and zy, is the output for initial condition x¢o = 0 and
disturbance w. Let L be such that

2
||XXO||$2 = xéLXO

where xy, is the state for initial condition xo and w = 0. Choose

. v —yi
2y?
We find
2 2 2 2
2 Y-ty 5 Y-ty 2
Izele, < yz_yjz [QcllxoLxo + 5w,

But then if w is such that

|w]? > Bx{Lxo 2.21)

where § > B, for all sufficiently small ¢ with

2074 vD)

- WHQ_SH

Be
we have
2 2 2
lzele, — v llwlg, <O

for u = Fx. We find that for w for which (2.21) is satisfied we obtain for a suboptimal u already a
negative cost. Since

: 2 2 2
sup inf {1z, = y2Jwl}, | x € £2 >0,
weLo u

we can without loss of generality assume that w satisfies

Jw[* < BxyLxo (2.22)
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provided ¢ is small enough. By setting u = F'x + v the above inf-sup problem is equivalent to
sup inf { ||Zg||°2<£2 — )/2||w||°2<£2 |u=Fx+ v} >0
weL, VEL2
Since we showed that w can be, without loss of generality, assumed to be bounded, it is clear that in the
above optimization for ¢ = 0 we can also assume without loss of generality that v is bounded as well,
ie.

[vll2 = Nxol

If the system is left-invertible from v to z then as v gets sufficiently large in &£, norm then the cost can
be made arbitrarily large. If the system is not left-invertible we can split the input in a part which has
no effect on the output and a part which has a left-invertible effect on the output. The latter has to be
bounded for a bounded cost. The first can be set to zero without loss of generality. But with v and w
bounded we can find M such that

Ixll2 < Mlxol,

but then
sup inf { zel%. — v w3 }
epzveéﬁz | 8”562 vl ||,§£2

< su inf{zz—zw2 v<Nx}
< sup inf {lzely, —v2wl, | ol < Nl

< sup inf {[1z0l%, = v?Iwl, | Ivll2 < Nlxoll | + 110z = Coll M xol”

weL, VEL2

= sup inf {|z03, = ?Iwl, | + 10c — OollM ol

weE, VEL2

= x4 Poxo + Qs — QoM ||x0 ]|
where in each case u = Fx + v. In conclusion, we find
xgPoxo < xqPexo < xoPoxo + [ Qe — QollM [ xo|,

which implies that P, — Pp as e | 0. [ ]
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CHAPTER 3

H, and H,, low-gain feedback—-Discrete-time systems

3.1. Introduction

This chapter is a discrete-time counterpart of Chapter 2. We define the concept of H, and Ho
low-gains in a general setting where part of or the complete input is restricted to a low gain feedback.
Although the philosophy and structure of this chapter are essentially the same as in previous one, many

technical aspects of the design and analysis are very different from continuous-time case.

3.2. Definitions of discrete-time H, and H,, low-gain sequences

We first recall some standard notations. C®, C© and C® denote open unit disk, unit circle and
outside of closed unit disk. For x € R”, ||x|| denotes its Euclidean norm and x” denotes its transpose.
For X € R™"™ || X| denotes its induced 2-norm and X’ denotes its transpose. For a vector-valued
discrete-time signal y, we define the £, norm for p € [1, 00), and o, norm as

1y le, := (Z Zyip(k)) :

k=0i=1
[¥lleeo := sup max |y;(k)|.
k>0 1<i<n

Consider a discrete-time system X having a g x £ stable transfer function G. Then the H, norm of the

discrete-time system X or, equivalently, of the transfer matrix G is defined as
21
1 . . 1/2
G2 = (2—trace [ G(e/®)G*(e/*)dw ) : 3.1)
b/
0

where * denotes complex conjugate transpose, or equivalently as

0 1/2
IGll2 = (t [Z g(k)g(k)’D , (3.2)

k=0

where g(k) is the unit impulse response matrix of G(s).

The Hyo norm of G is defined as

IGlloo = sup  Omax|[G(e’®)]. (3.3)

—nT<w<m
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Consider next the following linear time invariant discrete-time system:

| px = Ax 4+ Bu

X . — Du (3.4)

where x € R?, u € R, z € R™0 and px represents x(k + 1). Here the variable z represents a desired

variable that can be constrained as required. Without loss of generality, we assume that
D =[In, 0].

This is because for a general D there always exist non-singular matrices U and V such that UDV =
[Tmo 0]

In what follows, a state feedback gain such as F; parameterized in a parameter ¢ is called a gain
sequence since as € changes one obtains a sequence of gains. We define below formally what we mean

by discrete-time H» and H, low-gain sequences.

Definition 3.1 Discrete-time H, low-gain sequence: For the system X in (3.4), the discrete-time H»
low-gain sequence is a sequence of parameterized static state feedback gains F, for which there exists

an &* such that the following properties hold:

1. A+ BF; is Schur stable for any ¢ € (0, £*];

2. For any x(0) € R”, the closed-loop system with u = Fx satisfies
lim |2].¢, = 0.

The discrete-time H, low-gain sequence will depend on an a priori given data y, hence we define
it as discrete-time y-level Ho, low-gain sequence to explicitly indicate such a dependence. When we
refer to a discrete-time Hy, low-gain sequence, we always imply discrete-time y-level Hoo low-gain

sequence.

Definition 3.2 Discrete-time ,-level H,, low-gain sequence: For the system X' in (3.4) and an arbitrary

given E € R™*?, define an auxiliary system

NV px=Ax+Bu+ Ew

Yoo - — Du (3.5)
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and infimum
y* = i%f{”DF(zI —A—BF) 'Ell | M(A + BF) € C®}. (3.6)

Letay > y* be given. The y-level Hy low-gain sequence is a sequence of parameterized static state

feedback gains F(E, y) for which there exists an ¢* such that the following properties hold:

1. A+ BF(E,y) is Schur stable for any ¢ € (0, £*];
2. For the system Yo with u = F¢(E, y)x and any x(0) € R”,

lim { sup (|27, — y*wl?,)¢ = 0.
&> wel, 2 2

Remark 3.1 Unlike in continuous-time case, we do not require boundedness of Fg or F.(E,y) as a
function of . However, from the perspective of applications, a bounded F¢ or F¢(E, V) is desirable and

in fact can always be constructed.

3.3. Properties of discrete-time H, and H,, low-gain sequences

The first theorem shows the relationship between the discrete-time H» and y-level Hyo low-gain

sequences.

Theorem 3.1 For the system X in (3.4) with a given E € R"*?P and a y > y* where y* is defined
in (3.6), a sequence of feedback gains F.(FE,y) is a y-level Hso, low-gain sequence only if it is an H»

low-gain sequence.

Proof : By setting w = 0 in the definition of y-level Ho, low-gain sequence, we immediately conclude

this result. [ |

For the closed-loop system consisting of system X in (3.4) and either a discrete-time H» low-gain
controller u = Fyx or a discrete-time Hoo low-gain controller u = F.(E, y)x, the next theorem shows

that the magnitude of z and DF; or DF¢(E, y) can be made arbitrarily small.

Theorem 3.2 The closed-loop system comprising of (3.4) and either u = F,x oru = F.(E,y)x

satisfies the following properties:
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L. limg—o [Iz]l¢,, = 0,

2. limg—9 DF; = 0 or limg—9 DF(E,y) = 0.

Proof : Owing to Theorem 3.1, we only need to prove these two properties for a discrete-time Hy low-

gain sequence. Since
I2ll¢oe =< llzlles

the fact that ||z||, — 0 as & — 0 for any x(0) immediately yields 1. Moreover,
2O = [[DFex(0)[| < l|2l¢o -

Therefore, |z||;,, — 0 as & — 0 for any x(0) implies that || DF¢|| — 0 as ¢ — 0. [ |

Like in continuous-time case, Theorem 3.2 enables us to connect to the literature and explain why
the discrete H, and y-level Hy, sequences as defined in Definitions 3.1 and 3.2 are termed as ‘low-gain’
sequences. For the sake of completeness, we borrow the following remark from previous chapter. As
we alluded to in introduction, the name low-gain sequence arose or has roots in one of the classical
problems, namely the problem of semi-globally stabilizing a linear system subject to actuator saturation.
(For readers not familiar with saturation literature, we refer to [5, 32, 35, 98, 123] for more details.) To

be precise, let us consider a linear system
pX = AX + Bo (i) (3.7)

where the function o (-) denotes a standard saturation; that is, o (#) = sign(u#) min{1, |u|}. Let the pair
(A, B) be stabilizable and A has all its eigenvalues within or on the unit disc. Consider a state feedback
controller,

i = F.x, (3.8)

where F is a parameterized sequence with the parameter as ¢. If the feedback sequence Fy satisfies all
the three conditions posed in Theorem 3.1 of [52], it is known as a ‘low-gain’ feedback in the context of
stabilization of linear systems subject to saturation (see also [49]). In fact, the state feedback controller

i = Fx where F is such a low-gain sequence semi-globally stabilizes (3.7) for a small enough value
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of ¢. That is, there exists an £* such that for all ¢ € (0, £*), the closed-loop system comprising (3.7) and
(3.8) is semi-globally stable with a priori given (arbitrarily large) bounded set §2 being in the region of

attraction, and moreover the smaller the value of ¢ the larger can be the a priori prescribed set £2.

Having recalled above the classical semi-global stabilization problem of a linear system with satu-
rating linear feedbacks, we can now emphasize its connection to Theorem 3.2. As is done in classical
semi-global stabilization problem, let us first assume that all the control channels are subject to satura-
tion. Then, to see the connection between such a semi-global stabilization problem and Theorem 3.2,
set D = I, and thus take z = u as the constrained variable subject to saturation. Then, Theorem
3.2 shows that the discrete H» and y-level Hy sequences as defined in Definitions 3.1 and 3.2 satisfy
all the three conditions posed in Theorem 3.1 of [52], and hence they can appropriately be termed as
low-gain sequences. Furthermore, as is evident from Theorem 3.2, they can readily achieve semi-global
stabilization of a discrete-time linear system where all control inputs are subject to saturation whenever

it is achievable.

We now proceed with the general setting, where we assume without loss of generality D = [I mo 0]
for some m < m. This means, in the scenario of a linear system subject to input saturation, all the input
channels are not necessarily constrained, that is some are constrained and others are not. To be precise,

we can assume the following system configuration
p€ = A& + Boo(uo) + Biui 3.9

where £ € R"?, ug € R, uy € R™™0 and B = [Bo Bl]. Partial inputs as represented by uq are
subject to saturation. In another word, we have the constrained variable z = Du = ug. In this case,
property 1 of Theorem 3.2 implies that for an initial condition x¢ in a given set and a pre-specified
saturation level A, there exists an &¢* such that for all ¢ € (0,&*) the closed-loop system satisfies
lz(k)|| = lluo(k)|| = | DFe(A + BFs)*xo|| < A for all k > 0. This implies that the saturation
can be made inactive for all the time, and hence the closed-loop system can in fact be linear. Therefore,

the stability of the closed-loop system directly follows from Definitions 3.1 and 3.2.
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3.4. Ecxistence of discrete-time H, and H., low-gain sequences

We have the following theorem regarding the existence of discrete-time H» and y-level H, low-gain

sequences.

Theorem 3.3 For the system X in (3.4) with an arbitrarily given E € R"*? and y > y* where y* is

defined in (3.6), the discrete-time H; and y-level H, low-gain sequences exist if and only if

1. (A, B) is stabilizable;

2. (A, B,0, D) is at most weakly non-minimum phase!.

Proof : Consider the case of discrete-time H» low-gain sequence. Define y; = y/trace(P) where P is

the semi-stabilizing solution of the discrete-time linear matrix inequality (DLMI) 2,

B’ PA D'D + B'PB (3.10)

|:A’ PA—-P A'PB ]

> 0.
According to Definition 2.4.1 in [93], a discrete-time H» low gain sequence is equivalent to a H» sub-
optimal control sequence with y; = 0, i.e. P = 0. Then it follows from Theorem 4.4.8 in [93] that
P = 01is aunique positive semi-definite semi-stabilizing solution if and only if (4, B) is stabilizable and

(A, B,0, D) has no invariant zeros in €%®. Note that a system characterized by a quadruple (4, B, 0, D)

is always right invertible and does not have any infinite zero structure.

Consider next the case of discrete-time y-level Hy, low-gain sequence. Following [113], we can
easily verify that given y > y* the discrete-time y-level Hso- low-gain sequences exist if and only if,
P = 0 is a semi-stabilizing solution to the Discrete Algebraic Riccati Equation (DARE)?,

B’ PAY B'PA
— A'PA i
p=ara-|fpa] e[ fod]
where

G(P):[D(;D _V921}+[g]}>[3 E].

I system characterized by a quadruple (A4, B, C, D) is said to be at most weakly non-minimum phase if all its invariant
zeros are in C® U CO. The detailed definitions can be found in [145].

2The definition of semi-stabilizing solution of DLMI is given in [93] as Definition 4.4.4 on page 130.

3For the definition of semi-stabilizing solution of DARE, see [114].
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This is equivalent to the conditions that (A, B) is stabilizable and that the matrix pencil
z[ -A —B
0 D

does not have any zeros in C®, i.e. the system is at most weakly non-minimum phase. [ |

Remark 3.2 As shown in the foregoing discussion, the low-gain sequences achieve semi-global stabi-
lization of linear systems subject to input saturation. Consider the system (3.7). In order to design a
low-gain sequence for this system, one can choose D = I, in (3.4). The above theorem then shows that
the necessary and sufficient conditions for semi-global stabilization are that (A, B) is stabilizable and
all the invariant zeros of (A, B, 0, I,) are in the closed unit disc. It is known that the invariant zeros of
(A, B, 0, I;;) coincide with eigenvalues of A. Hence Conditions 2 implies that all the eigenvalues of A
are in the closed unit disc. Note that in this particular case of D = I,, Conditions 1 and 2 are well

known to the saturation community as classical ANCBC conditions, see [119].

However, in general all the system inputs may not have to be subject to saturation as shown in (3.9).
To design a low-gain feedback sequence for this type of system, we can choose D = [I mo O] in (3.4).
Then the necessary and sufficient conditions as required in Theorem 3.3 are that (A, B) is stabilizable
and the invariant zeros of (A, B, 0, D) are in the closed unit disc. It can be shown that the invariant zeros
of (A, B,0, D) in this case are a subset of eigenvalues of A (see [99]). Therefore, only some eigenvalues
of A have to be constrained while the others can be completely free. Moreover, Theorem 2 identifies
those eigenvalues that need to be restricted. This can be illustrated by the following example. Consider

a linear system with a partial input subject to saturation,

pX1 0O 1 0 O X1 0 0
px2 | _|—=1 0 0 O] [x2 1 0
oxs| =10 0 21 X3 + 1 o(ug) + 0 Ui. 3.11)
PX4 1 2 0 3 X4 0 1

Clearly (A, B) is stabilizable. Matrix A has eigenvalues (j,—J,2,3). It can be identified that (j,—J)
are the invariant zeros of (A, B, 0, D), which are on the unit circle. Hence the two conditions in Theorem

3 are still satisfied while the two eigenvalues (2, 4) are strictly outside unit circle.
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3.5. Design of discrete-time H, low-gain sequences

In this section, we present the design of discrete-time H, low-gain sequences. We emphasize that
we present different alternate procedures. Thus the designer has a choice of choosing one method or
the other. The design procedures we develop here yield the classical low-gain design methods as special

cases.

The discrete-time H, low-gain sequence as defined in Definition 3.1 for the system X' in (3.4) is

equivalent to the H, sub-optimal sequence of controllers for the following auxiliary system,

px = Ax + Bu + w
223
z = Du

provided that both conditions in Theorem 3.3 are satisfied. (This can be seen from Definition 2.4.1 in
[93] with )/;‘ = 0.) Such an H, sub-optimal sequence of controllers for X, can be constructed using
either direct eigenstructure assignment method or perturbation method, see [57] and Chapter 11.3.2 in

[93].
3.5.1. Direct eigenstructure assignment

The design basically follows the SOSFGS algorithm developed in [57]. There exists a nonsingular
state transformation [x[, x.]" = T}x such that the system X can be transformed into a compact Special
Coordinate Basis(SCB) Form:

5 [ﬂ;ﬂ = [A*a 14(1)0] [ii] + [lgc] et [gj uo + o (3.12)

zZ = luo,
where x, € R, x, € R", up € R™°, u, € R, ng + n, = n and mg + me = m, and * denotes a
matrix of not much interest. The eigenvalues of A, are the invariant zeros of system X'. In view of the
properties of SCB, Theorem 3.3 implies that (A4, By) is stabilizable and A, has all its eigenvalues in the

closed unit disc. Moreover, (A¢, B¢) is controllable. Detailed definitions and properties of SCB can be

found in [99].

In order to use the eigenstructure assignment method, we need to perform another transformation
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[x,,x.) = Tz[x], x_]" such that the system can be further converted into:

5] |

V4

PXa
PXc

-

= Uo,

Ag 0
* Ac

where T = T» T}, A, and B, are in the following form:

A
0

R
S

A1z
A>

0 0

Ay

Ayy

Ay
0

o O

0
Ao

JEJ+]

0 By
up + ug + Tw
o+ [
[ B, 0 0
0 B> 0
0 0 By
| Bo,1 Bo2 B, 4

’

(3.13)

and where A, is Schur stable, (A;, B;) is controllable, and A; has all its eigenvalues on the unit circle.

Moreover, (A;, B;) is in the controllability canonical form as given by

0
0

0
| —i0

1
0

0
—0i,1

—Qin;—2

_ai,ni—l_

For each pair (4;, B;), let the feedback gain F;(¢) be such that

A(4i + BiFi(e)) = (1 —&)A(Ai).

3.14)

Define L B
Fi(e) 0 -« 0 0 0
0 F(e) -+ 0 0 0
Fae=| i i A
0 0 - 0 Fye) 0
| 0 0 - 00 0]
where
Fi(e) = Fi(s2 it D-Cet )y

and r; is the largest algebraic multiplicity of eigenvalues of A4;.

Since (A., B¢) is controllable, we can choose F, such that A, + B, F, is stable and has a desired set

of eigenvalues.
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The sequence of feedback gains for the system X', can then be constructed as

F, 0
Fa = |: 8’8 Fc] T2T1.

Clearly, A + BFy is Schur stable. It follows from [57] that, for any x(0) € R", F; also renders,
lim [12]l¢, = 0.
Therefore, F; is a discrete-time H, low-gain sequence.

Remark 3.3 In a special case of D = I, the above design procedure recovers the direct eigenstructure
assignment method in the classical low-gain design developed in [52] for stabilization of discrete-time

linear systems subject to input saturation.

To highlight the explicit nature of the above method and to illustrate the constructive procedures, we
design a discrete- Hy low-gain sequence for the example given in (3.11). Note that for this system, A and

B are already in the form of (3.13) and (3.14) where

O I R B

With a bit of algebra, we find
Fi(e) =[1-(1—¢)% 0].

It is easy to verify that A1+ By Fy(¢) has eigenvalues at (1 — &) j, —(1 — €) j). Choose F, = [—3.75 —5]
so that A¢ + B F¢ has eigenvalues at (0.5, —0.5). The discrete Hp low-gain sequence can then be con-

structed as

Fo 1-(1-2% 0 0 0
& 0 0 —3.75 —5|°

3.5.2. Perturbation methods

There exists a classical perturbation method that has long been used in discrete-time H» suboptimal
controller sequence design, see for instance chapter 11.3.2 in [93]. The philosophy of perturbation
methods used in discrete-time H» low-gain design is the same as for H, sub-optimal controller sequence
design, that is to perturb the data of the system so that an H, optimal controller exists for the perturbed
system and then based on continuity argument, we can obtain a sequence of discrete-time H» low-gains

for the original system utilizing H» optimal control design techniques developed in [93].
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In the discrete-time H, low gain design, we consider a perturbation of the auxiliary system X5 as

follows:

px = Agx + Bou + 1o

&€ .
DI 2 = Cox + Dyu (3.15)
where (4., B, C,, D¢) are such that A, — A, B — B, Q_8 — QO as ¢ — 0 where
Oo=[0 D]'[0 D]. Q¢=[C: D¢]'[Cc Di]. (3.16)

In order for this perturbation (Ag, Bg, Ce, D) to be admissible for discrete-time H, low-gain design, it

has to satisfy the following conditions:

1. The smallest positive semi-definite semi-stabilizing solution P to the DLMI ,

|:C8'C8+A8/P8A8_Pa A;P838+C‘4D8j| >0, 3.17)

B.P;A; + D.C.  D.D.+ BLP.B,

converges to 0.

2. H, optimal state feedback controller of a static type u = Fgx exists for the perturbed system X5.

Moreover, such an F; should satisfy the next two conditions:
3. Fgis such that A + BF; is Schur stable.

4. F, satisfies that || (C + DFg)(zI — A — BF;)"!|2 — 0ase — 0.

If (Ag, Be, Ce, D) and one constructed sequence of Fy satisfy all the 4 conditions stated above, such a

sequence of Fy is a discrete-time H» low-gain sequence.

Remark 3.4 Since Fg is obtained from H, optimal controller design, we immediately see that A+ B, F
is Schur stable and ||(Cs + D¢ Fg)(zI — Ag — BeF)™ 1|2 — 0. But these do not necessarily imply that
A + BFj is Schur stable and | DFe(z1 — A — BF,)"!|2 — 0 as & — 0 even though the condition 1 is

satisfied.

Remark 3.5 One can construct the desired Hy optimal static state feedback controller u = F¢x using,

for instance, the (DOGFMDZ);; or (DOGFMDZ)),,;; algorithm in [93] (Chapter 8.2, page 309).

We shall present two perturbation methods to design a discrete-time H» low-gain sequence.
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Perturbation method I:

The classical perturbation that is used in H, sub-optimal controller sequence design is in the form

(A, B, Cg¢, D,) where C, and D, are such that (A4, B, C¢, D) has no invariant zero, and

Qs — Qgpase — 0,

Qs < Oc, with 0 <) <& <P (3.18)

for some B > 0 and Q, and Q are defined in (3.16). For this perturbation, we have:

e since C, and D, satisfy (3.18), condition 1 follows from Theorem 3.6 in Appendix.

e since the quadruple (A4, B, C,, D) does not have invariant zeros, condition 2 follows from Theo-

rem 3.4 in Appendix.

e since we do not perturb 4 and B, condition 3 is obvious.

e since u = Fgx is an H, optimal state feedback for the perturbed system and P, — 0, we note
that || (Cs + D¢ Fg)(zI — A — BF,;)"!|| — 0. Then (3.18) implies that

IDFe(zI — A= BFe) " 2= |[(Co+ D Fe)(z] — A= BF) ™' ||2.
Therefore, | DFe(zI — A — BF;)"!|2 — 0ase — 0.

We find that conditions 1, 2, 3, and 4 are always satisfied by this type of perturbation. The discrete
H; low gain F; can be constructed following the ((DOGFMDZ) or (DOGFMDZ)y;; algorithm in [93]
(Chapter 8.2, page 309). In what follows, we give two examples for this type of perturbation which
recover, in a special case of D = I, the standard H>-ARE low-gain design for a discrete-time linear

system subject to input saturation.

Example 1: One choice of perturbation for system X is (A, B, C¢, D¢) where

0 D
C. = 0 , Dg=el],
JO: 0
and Q. € R™" is such that
0r>0 and lim Q, = 0. (3.19)
e—>0
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Clearly, (A, B, C¢, D) does not have invariant zeros, and (C,, D,) satisfies (3.18). Let X, be the positive

definite solution of the H, DARE,
Xe = A'XeA+ Qs — A'BX:(B'X:B + D;Ds)_leB'A. (3.20)
The H, optimal static state feedback for the perturbed system can then be constructed as
Fe=—(B'X:B+ D.D;) 'B'XA.

F satisfies all the required conditions and hence is a discrete-time H, low-gain sequence for the original
system. Moreover, when my = m, it recovers the standard H,-ARE based low-gain design for a linear

system subject to input saturation [61].

Example 2: We can also perturb the auxiliary system X in its compact SCB form (3.12) as:

Ce)=T ]z [+ [ o i
)= Lol e Ul e

where Q. satisfies (3.19). In this case,

0 0 Imy O
e=|ve o] 2= 3)

The perturbed system does not have invariant zeros and (Ce, D;) satisfies (3.18). Let X, be the positive

s

definite solution of H, DARE,
Xe = AyXeAq + Qe — A XeBa(I + By X:By)™' By X: A

and choose F, such that A, + B F_. is Schur stable. An H» optimal static state feedback gain F; for the

perturbed system can be constructed as

ﬂ:—ﬂ+%&&ﬂﬁ&% 0.
0 F,

F, satisfies all 4 conditions and hence is a discrete-time H> low-gain sequence.

When my = m, i.e. D = I, the above perturbation method also recovers the standard H,-ARE

low-gain design developed in [61].
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Perturbation method II:

In perturbation method I, we add fictitious outputs to completely remove zero dynamics. However,
we can also directly perturb system dynamics to move those invariant zeros on the unit circle without

adding outputs. Consider a class of perturbation (4., B., 0, D;) where

and ¢ small enough such that ((14+¢) A, (14¢) B) is stabilizable and (1+¢) A does not have eigenvalues on
the unit circle. For the sake of clarity, we focus on this particular choice of perturbation. The conditions

required for perturbation can be verified as follows:

e since ((1+¢e)A,(1+¢)B,0, (14¢)D) has the same normal rank as that of (A4, B, 0, D), condition

1 follows from Theorem 3.5 in Appendix.

e since ((1 + &)A,(1 + €)B,0,(1 + ¢)D) does not have any invariant zeros on the unit circle,

condition 2 follows from Theorem 3.4 in Appendix.

e Obviously, any F; for which (1 4+ €)A + (1 + &) BF; is Schur stable also yields that A + BF; is

Schur stable. Therefore, condition 3 is satisfied.

e Note that
(1 + &)DF((1 4+ €)A + (1 + &) BF,)* = (1 + &)**' DF,(4 + BF,).

This together with (3.2) implies that | DFg(zI — A — BF;)|2 < |(1 + &)DFe(zI — (1 + &)A —
(1+ &) BF)||2. Therefore, | DFe(zI — A— BF¢) "2 — 0if ||(1 + &) DFe(z] — (1 +&)A—(1+

€)BF,;)~!||, — 0. We find that condition 4 is satisfied.

Hence there exists an ¢* such that for any ¢ € (0, £*], all 4 conditions are satisfied. For this specific per-
turbation, we can directly construct a discrete-time H, optimal controller following the (DOGFMDZ)y;i

algorithm. This can be done as follows: the perturbed system can be transformed into its compact SCB

form using a nonsingular state transformation: [x‘?/ x[?/ xé] = T3x as such:
pxQd A2 0 07 [xS 0 B2
5o pxd =0 +e)| 0 A 0 [ | x|+ (A +e)| 0 |uc+ (1+¢e) | BY |uo+ Tz
210 pXc *x *x A Xe B Bac
z = (14 &)uy,

3.21)
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where A2 is Schur stable, the pairs (45, BY) and (A, B.) are controllable and the eigenvalues of A4S
are on the unit circle. The eigenvalues of (14¢) A and (1+ e)A(? are the invariant zeros of the perturbed
system. For a small &, (1 + &) A2 is also Schur stable. Moreover, T3 is independent of ¢. Let X, be the

positive definite solution of DARE,
oz Xe = AG XeAG — AT XeBY(1 + BY X BY) ' BY X A, (3.22)

and choose F, such that A; + B, F, is Schur stable. The discrete-time H, suboptimal controller sequence

F; can be constructed as

0 —( +BYX:B))'BY X, A9 0
Fe = Ts.
0 0 Fe

Since all the conditions are satisfied, we conclude that F is a discrete-time H, low gain sequence.

Remark 3.6 In the special case when D = I,, the above perturbation method recovers the parametric

Lyapunov approach to low-gain design developed in [161] for linear systems subject to input saturation.

3.6. Design of discrete-time H,, low-gain sequences

We present the design of discrete-time y-level Hs, low-gain sequences in this section. Similar to that
in the preceding section, we give different alternate procedures. These design procedures we develop here

recover the classical Hoo-ARE low-gain design methods in [130] as a special case.

3.6.1. Direct eigenstructure assignment

The direct eigenstructure assignment method of discrete-time y-level Hs, low-gain design can be
found in [10]. In this chapter, we focus on designing discrete-time y-level Hy low-gain sequences

using perturbation methods.

3.6.2. Perturbation methods

We now proceed to design discrete-time Ho, low-gain sequences using perturbation methods. The
philosophy of the perturbation methods is similar to that in discrete-time H» low-gain design. However,

the conditions imposed on perturbations are more restrictive. For the auxiliary system Y., consider a
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sequence of perturbations (A, B, Ce, D¢, E¢) which leads to the perturbed system: Let

px = Agx + Beu + Eqw

& .
200 ’ Zg == ng + Dgu

(3.23)

be such that A, — A, B —- B, E. — E and Q_g — Qo where Q_‘s and QO are defined in (3.16).
(Ag, B, Cg, D¢, E,) is admissible for discrete-time y-level Hso, low-gain design if it satisfies the fol-

lowing conditions:
1. Define
ve = ig_f{ll(Ce + DeF)(zI — Ag — BeF) 'Eglloo | AM(As + BsF) € C®}. (3.24)

Given y > y* where y* is defined in (3.6), for all sufficiently small ¢, we have y > y}.

2. Provided that y > yJ, consider the Hy, DARE,

B/ P, A, + D.C,T B!P.A, + D.C
Py = A.P.A, + C.C,s —[ ¢ %ﬁ):rAs ¢ *’} G(Pg)”f[ ¢ jE;Pj_As ¢ 8} (3.25)
with
DD, 0 B!
G(Py) = [ % —y_zl] + [EZ] P;[B: E] (3.26)
subject to

E.P.E; + E.P:B:(D.D; + BéPBg)TB;PsEs < yzl.
The smallest positive semi-definite semi-stabilizing solution P, satisfies P, — 0 as & — 0.

3. (Ag, B, C., D¢) does not have invariant zeros on the unit circle. Under this condition, a discrete-
time y-level Ho controller F¢(E,y) with y > yF for the perturbed system X can be easily

constructed. However, such an F¢(E, y) should also satisfy the next two conditions:
4. F¢(E,y)issuchthat A + BF(E, y) is Schur stable.
5. The closed-loop system comprising Yoo and u = F¢(E, y)x satisfies

lim ¢ sup (2117, = ¥?IlwlZ,)¢ = 0.
e—0 weez 2 2

If (A, Be, Ce, D¢, E¢) and a constructed sequence of F,(E, y) satisfy all 5 conditions, this Fg(E, y)

is a discrete-time y-level Hs, low-gain sequence.
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Remark 3.7 Given y > y}, a y-level Hy, state feedback can be constructed for the perturbed system

Yoo using the techniques developed in [112].

Perturbation method I:

Similar to the discrete-time H> low-gain design, the first class of perturbations for system Y in

(3.5) is in the form of (A4, B, C¢, D, E) where C, and D, satisfy (3.18). We give two examples.

Example 1: One classical perturbation for system X, which is widely used in the literature is (A4, B, C¢, D;, E)

where
0 D

Cg = 0 s Dg = 8[ s
VO 0

and Q; satisfies (3.19). We first verify below that this perturbation is admissible for discrete-time Hyo

low-gain design.
e Condition 1 is proved in the proof of Theorem 3.6 in Appendix.

e It is easy to see that C; and D, satisfy (3.18). Then, the condition 2 follows from Theorem 3.6 in

Appendix.

e Clearly (4, B, C¢, D.) does not have invariant zeros. One can then design a discrete-time y-level

H oo sub-optimal feedback F¢(E, y) using the techniques developed in [112].

e Since we only perturb C and D and F(E,y) is obtained using Hso optimal control techniques,

condition 4 is obvious.

Therefore, for ¢ € (0, ¢*], conditions 1, 2, 3 and 4 are all satisfied. Next, we construct a discrete-time
y-level Hyo suboptimal controller using the techniques developed in [112]. Let P, be the unique positive

semi-definite semi stabilizing solution of Hy, DARE,

B'P.AY B'P.A
— A’ _ £ -1 £
P, = A'P.A+ Q, [E,PEA] G(Py) [E,PSA] (3.27)
where
D'D 0 B’
G(Pe) = [ o £ —y_zl] + [E,} P.[B E| (3.28)

47



subject to
E.P.E¢ + E.P:B:(D.D; + B.P:B;) ' B.P.E. < y*I.

Then a discrete-time y-level Hyo, sub-optimal static state feedback can be constructed as

F.(E,y) = (B'P:B + D.D; + B'P.E(y*I — E'P,E) 'E'P,B)"!
(B'P;A+ B'P.E(y*I — E'P.E)"'E'P.A).

If we apply this u = F¢(E, y)x to the original system Y, and the perturbed system X5 with this
class of perturbation, since our perturbation satisfies (3.18), we have ||z||¢, < ||z¢||¢, for the same initial
condition x¢ and w. This implies that

sup (Iz1, = i) < sup (lzel, =y Jwl,) = o Pexo.
The last equality follows from [112]. Since P — 0 as ¢ — 0 according to Theorem 3.6 of the Appendix,
condition 5 is satisfied. Therefore, F(E, y) is a discrete-time y-level Hoo low-gain sequence. Moreover,
it recovers the Hoo-ARE based low-gain design for semi-global stabilization of linear system subject to

input saturation introduced in [130].

Example 2: Similar to that in H, low-gain sequence design, we can first transform the system into its

SCB form with transformation (x,, x)" = Ty x:
0PXa Az 07 [x, 0 ] |:Ba ] [Ea]
= + U+ Uuo+ w
Yoo, - |:ch:| |:* Ac:| |:xc:| [Bc ¢ Bac 0 E.
z = up.

Then we perturb the above transformed system. After doing so, we get

e =[] [ e [ oo+ [ o
= Lveol ]+ o] )

where Q. satisfies (3.19). For the same reasons as argued in the previous example, there exists an &*

such that for any ¢ € (0, £*], conditions 1, 2, 3 and 4 are all satisfied.

Next we construct a discrete-time y-level Hs, sub-optimal feedback F, for the perturbed system

following the design procedure in [112]. Let P, be the positive semi-definite semi stabilizing solution of
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Hs, DARE,

B/ P.A,7 B/ P.A
Pe= A PeAg+ Qc— | 954 GP) 1| 8,01
& atl eta Q&‘ [EC/IP(;AQ ( 8) E[;PEAG

where

1 0 B’
G(P,) = [0 _y_zl] + [Eﬂ P:[Ba Ea].
subject to
E/P.E, + E,P.By(I + B, P:B,) "B, P.E, < y*I,

and choose F, such that A, + B, F, is Schur stable. The F(E, y) can be constructed as

Fe 0
e = o

where
Fe = (B, PsBy + I + B, PsEo(y*I — E,PsE;) 'E,P.By)""
(ByPeA + By PsEq(y*l — EjPeEa) ™ E; PeAa).
If we apply this constructed feedback u = F.(E,y)x to the original system Yo, and perturbed

system X with this class of perturbation, since our perturbation satisfies (3.18), we have [|z[|;, <

|z || ¢, for the same initial condition x¢ and w . This implies that

sup (12117, = v*IwliZ,) < sup (l1zell7, = y*[wll7,) = xa(0)" Pexa(0)
wels wels

where x,(0) is the initial condition of x, dynamics. The last equality follows from [112]. Since P, — 0
as ¢ — 0, according to Theorem 3.6 of the Appendix, we find that condition 5 is satisfied. Therefore,

F¢(E,y) is a y-level low-gain sequence.
Perturbation method II:

We can also directly perturb the system dynamics to move those invariant zeros on the unit circle.

Consider the perturbation (A4, B¢, 0, D, E;) where
As=(1+e)A, Be=(1+¢)B, Ec=(1+¢)E

and ¢ small enough such that ((1 4 &) A4, (1 4+ €) B) is stabilizable and (1 + ¢) A does not have eigenvalues

on the unit circle. We shall focus on this particular choice of perturbation.

49



Given (1 + £)A + (1 + &) BF Schur stable, we note that | DF(z] — A — BF) ' E||c0 < ||(1 +
e)DF(zI — (1 + &)A — (1 + €) BF) 7! E||oo. This implies that conditions 1 is satisfied.

Since ((1 + ¢)A, (1 + &) B, 0, D) always have the same normal rank as that of (A4, B,0, D), the

condition 2 follows from Theorem 3.5 in Appendix.

Since ((1 4+ ¢)A, (14 ¢)B, 0, D) does not have any invariant zeros on the unit circle, the condition

3 is satisfied.

A + BF is Schur stable if (1 + €)A + (1 + &) BF is Schur Stable.

Therefore, conditions 1, 2, 3 and 4 are satisfied for a sufficiently small €. One can design a discrete-time

y-level Ho, state feedback according to [112] as follows:
The perturbed system can be transformed into its compact SCB form using a nonsingular state trans-

. . o4 o ,
formation: [xa X; X

p)'cf? A‘? 0 0 )_C[? 0 B(? Et?
5o pxd | =(+e)| 0 A 0 | [x3 |+(+e)| O |uc+ (1 +e)| BY |uo+(1+e) | EJ |w
oo, I1 pXc *x x A Xe B, Bac E.

z = Uo,

]/ = Tsx as:

(3.29)

where A2 is Schur stable, (A., B.) is controllable, (A, BY) is controllable, and AS has all its eigen-
values on the unit circle. The eigenvalues of (1 + £)A4S and (1 + &) A2 are the invariant zeros of the

perturbed system. For a sufficiently small ¢, (1 + S)A[? is also Schur stable. Moreover, 73 is independent
of €. Let P, be the positive semi-definite semi-stabilizing solution of Hs, DARE,

, o’ o7 o’ o
. [B“ ! SA“} G(P)! [Ba . A}

()2 EY P.AQ EY P.AQ
where
1
——1 0 ol
1+¢)2 B
G(Py) = P R I}+[Eg,} P [BY ES).
(1+¢)2 a

Let F, be such that A. 4+ B¢ F, is Schur stable, and the y-level H, sub-optimal controller is given by

0 F, 0
FS(E7 V) = [0 08 Fc} T3

where

Fo=H! [B(?/PSA(? + BY PLEQ(y21 — Eg’PeEg)—lE;?’PaAg]
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and
Hy, = BY'P.BY + I + BY P.EQ(y?1 — EY P.EQ) 'EQ P, BD.

Note that if we apply u = Fg(E,y) to the original system Y, and perturbed system X with
this perturbation data, we have, for the same initial condition and w, z,(k) = (1 4 €)*z(k) and hence
lzlle, < llzelle,. Therefore,

5252(”2”%2 — 3wl < 522(”28”?2 —Y2llwlIZ,) = xg (0) Pex (0).
The last inequality follows from [112]. Since P — 0 as ¢ — 0, according to Theorem 3.5 of the
Appendix, we find that condition 5 is satisfied. Therefore, F¢(E, y) is a discrete-time y-level Hoo, low-

gain sequence.

3.7. Conclusion

These two chapters can be summarized as follows:

e Four different existing approaches to low-gain design, namely direct eigenstructure assignment,
H;, and H, algebraic Riccati equation (ARE) based methods, and parametric Lyapunov equation
based method, are shown to be rooted in two fundamental control theories, H> and Hs theory.
This unification not only brings the existing methods together but also reveals the interconnections

between them.

e The second is that by making explicit the connection between the proposed low-gain design and the
stabilization of linear systems subject to saturation, the paper also gives the necessary and sufficient
conditions for semi-global stabilization of linear systems when only some but not necessarily all
the input channels are subject to saturation; this aspect has never been considered by the saturation

community.
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Appendix

Existence of H, optimal controller

Consider the system,

NV px=Ax+Bu+lw

Za z =Cx + Du. (3.30)

We recall the following existence conditions of H, optimal static state feedback controller for system X':

Theorem 3.4 For the system X, in (3.30), H;, optimal state feedback controller of a static type exists if

and only if
1. (A, B) is stabilizable;

2. X, does not have any invariant zero on the unit circle.

Proof : The results follow from Lemma 6.6.5 and Lemma 6.6.1 in [93]. [ ]

Continuity of solution of discrete-time H., Riccati Equation

In this paper, our concern is about the continuity of solutions of the DARE associated with the 5-tuple

(A,B,C,D,E)and y > y*,

/

B'PA + D'C]]

B'PA+ D'C
Y o T
P=APA+C'C [ £ pA _G(P) [ £ pA ] (3.31)
where
D'D 0 (B’
and
y* = i%f{n(c + DF)(zI —A— BF) 'E|los | A(A+ BF) € C®}. (3.32)

We recall the following theorem from [114]:

Theorem 3.5 Consider a 5-tuple (A, B,C, D, E). Suppose (A, B) is stabilizable, (4, B, C, D) does

not have any invariant zeros outside the unit disc, and y > y* where y* is defined in (3.32). Let a
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sequence of perturbed data (Ag, Be, Ce, D¢, E¢) converge to (A, B, C, D, E). Moreover, assume that
the normal rank of C¢(zI — Ag)~! By + Dy is equal to the normal rank of C(zI — A)~!'B + D for all
&. Then, the smallest positive semi-definite semi-stabilizing solution of DARE (3.31) associated with
(Ag, Be, Cs, D¢, E;) converges to the smallest positive semi-definite semi-stabilizing solution of DARE

associated with (4, B,C, D, E).

In the perturbation method I of both H, and Hs, low-gain design, we use perturbations which do

not necessarily preserve the normal rank. In this case, we need the following result. Define
Q_S = [Ce Ds]/ [Cs Ds] .

Theorem 3.6 Consider a 5-tuple (A4, B,C, D, E) and y > y* where y™* is defined in (3.6). Suppose a

sequence of perturbations (Cg, D) converge to (C, D), and satisfies the following conditions:

1. Qg is continuous at ¢ = 0;

2. there exists a B such that for 0 < g1 < &5 < §, we have Q_(81 < Q_gz.

Then the semi-stabilizing solution to DARE (3.31) associated with (A, B, C¢, D¢, E) converges to the

semi-stabilizing solution of DARE (3.31) associated with (4, B, C, D, E).

Proof : The case y = oo was proved in [137]. We shall prove this result for a finite .

First, we need to show that given y > y*, for sufficiently small &, we have y > y} where y is
defined in (3.32) with (4, B, C, D, E) replaced by (Ag, B, Cg, D¢, E¢). This follows from the fact that
there exists a stabilizing state feedback u = Fx such that the Ho, norm from w to z equals yo < y. The

transfer matrix G, .; from w to z, satisfies,

Gs,cl (Z)/Gs,cl (z) = Gg (Z)/Gcl (z) + GO(Z)/(Q_s - QO)GO(Z)

where G; is the transfer matrix from w to z while Gy is defined by

Gol(z) = [é] (zI —A— BF)'E.
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Since Gy has a finite Hs, norm and Q_6 — Qo we find that

lim [|Gecrlloo = [[Getlloo = v0 < ¥

&l0
Next we investigate

xoPexo = sup inf {1zel17, — y2wl, | x € €2}
weez u
where x(0) = xgo. Since Q_s > Qo for small ¢, we find that
x{,ngo > x6P0x0

for small ¢. If we choose u = F x, we obtain

0 < xgPexo < § sup |Izell7, — y*[wl7, | u = Fx
weéz

We always have for any 7,
la + b1 < (1 + Dlal® + A + b

Let y; be such that Y9 < y; < y and that, for all sufficiently small ¢, Hs, norm from w to z, be less
than y; for the feedback u = Fx. With u fixed by u = Fx, we can write z; = zy, + 2z where zy,
is the output for initial condition xo and w = 0 and z,, is the output for initial condition xo = 0 and
disturbance w. Let L be such that

2
lxxo 17, = xg Lo

where Xy, is the state for initial condition xo and w = 0. Choose

) = y? —vi
= >
2y;
We find
2 2 — 2 2
2 y -ty y -ty 2
IzelZ, = b1 QellxgLxo + E7"Hwl,

But then if w is such that

[w[* > BxyLxo (3.33)

where § > B, for all sufficiently small & with

2074 9vD)

- W”Q_SH

Be
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we have

2 201,112
Izellg, = v“llwllg, <0

for u = Fx. We find that for w for which (3.33) is satisfied we obtain for a suboptimal u already a
negative cost. Since

: 2 2 2
sup inf { |1ze[17, — 72wl | ¥ € 2} > 0,
wels u

we can without loss of generality assume that w satisfies
lwl* < BxgLxo (3.34)
provided ¢ is small enough. By setting ¥ = Fx + v the above inf-sup problem is equivalent to

sup inf {||Ze||§2—y2||w||%2|u=Fx+v}>0.

wel, VEL2

Since we showed that w can be, without loss of generality, assumed to be bounded, it is clear that in the
above optimization for ¢ = 0 we can also assume without loss of generality that v is bounded as well,
ie.

lvllz = Nixol-

If the system is left-invertible from v to z then as v gets sufficiently large in £, norm then the cost can
be made arbitrarily large. If the system is not left-invertible we can split the input in a part which has
no effect on the output and a part which has a left-invertible effect on the output. The latter has to be
bounded for a bounded cost. The first can be set to zero without loss of generality. But with v and w
bounded we can find M such that

Ixll2 < M|lxol,

but then

sup inf { [z:[12, = w3, |
wel, VEL2 2 2

: 2 2 2
< sup inf {1zel13, = y2Jwi, | oll2 < Nllxoll |
wel, VEL2

< sup inf {||z0l12, = y2[wl3, | vl < Nlixoll | + 110c — Goll M |02

wel, VEL2

= sup inf {[1zolZ, = y?wll?, } +11Qc — OollM |0l

wel, VEL2

= x4 Poxo + [|Qs — OollM | x0]?
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where in each case u = Fx + v. In conclusion, we find
xoPoxo < xqPsxg < xqPoxo + | Qs — Qoll M ||x0|?,

which implies that P, — Pg as e | 0.
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Part 11

Issues related to internal stabilization of
complex dynamical systems subject to
constraints
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CHAPTER 4

Semi-global stabilization of discrete-time systems subject to
non-right invertible constraints

4.1. Introduction

In this chapter we revisit the problem of stabilization of general linear time-invariant discrete-time
systems subject to constraints. Over the past decade there has been rather strong interest in this problem,
in part due to a wide recognition of the inherent constraints on the input and state in most practical control

systems. Consequently, several important results have appeared in the open literature.

It is becoming evident that the taxonomy of constraints developed in [87] plays dominant roles in
every type of control design problem, not only for continuous-time systems but also for discrete-time
systems. The taxonomy of constraints is developed by appropriately modeling the constraints in terms of
what is called a constrained output (of the given system) with its magnitude subject to some prescribed
constraint sets. It turns out that structural properties of the mapping from the input to the constrained
output vector play dominant roles in dictating what is feasible and what is not feasible. Such structural
properties have been categorized in three directions. The first direction of categorization is based on
the right invertibility of the mapping from the input to the constrained output vector. This direction
of categorization delineates the constraints into two mutually exclusive categories, 1) right invertible
constraints representing the case when the mapping from the input to the constrained output vector is
right invertible, and 2) non-right invertible constraints representing the case when the mapping from the
input to the constrained output vector is not right invertible. The second direction of categorization is
based on the so called constrained invariant zeros of the plant, i.e. the invariant zeros of the mapping from
the input to the constrained output vector. Like in the first categorization, this second categorization also
delineates the constraints into two mutually exclusive main categories, 1) at most weakly non-minimum
phase constraints representing the case when the constrained invariant zeros are in the closed left-half
complex plane for continuous-time systems or in the closed unit disc for discrete-time systems, and 2)

strongly non-minimum phase constraints representing the case when one or more of the constrained
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invariant zeros are in the open right half complex plane for continuous-time systems or outside the unit
disc for discrete-time systems. The third direction of categorization is based on the order of constraint

infinite zeros, i.e. the infinite zeros of the mapping from the input to the constrained output.

Based on such a taxonomy of constraints, two main features emerge:

e Neither the constrained semi-global nor the constrained global stabilization problem is solvable

whenever the constraints are strongly non-minimum phase.

e There exists a perceptible demarcation line between the right and non-right invertible constraints.
In particular, the solvability conditions for the constrained semi-global and global stabilization
problems via state feedback do not depend on the shape of the constraint sets for right invertible

constraints, whereas for non-right invertible constraints they indeed do so.

The initial work on stabilization of linear systems subject to constraints can be found in two special
issues of IJRNC, [5] and [98], and the references cited there. During the last decade several aspects
of control design problems for linear systems with magnitude and rate constraints on control variables
have been studied among others by the second and third authors and their students and collaborators. A
number of powerful analysis and design methods such as low gain, low-high gain, scheduled low gain,
scheduled low-high gain and many variations of them have been developed for several core control design
problems including global and semi-global internal stabilization, external stabilization, output regulation,
and disturbance rejection. They have studied stabilization (continuous-time in [89] and discrete-time in
[58]) and output regulation problems (continuous-time in [61] and discrete-time in [65]) associated with
magnitude and rate constraints on control variables. Many of these issues have also been addressed in
the book [95]. The research thrust of the second and third authors and their students has broadened to
include additionally magnitude and rate constraints on state variables. In connection with stabilization,
whenever amplitude and rate constraints on both state as well as input variables exist, a taxonomy of
all possible constraints is introduced in [87] as discussed above. The work of [87], while considering
mainly right-invertible constraints, focuses on continuous-time systems and generalizes, extends, and
covers all the existing results by then including those developed in the seminal works of Fuller [24, 25],

Sontag and Sussmann [110], Sussmann and Yang [120], as well as Sussmann, Sontag, and Yang [119],
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all of which dwell only with control magnitude saturation. The discrete-time version of results analogous
to [87], once again mainly for right-invertible constraints, are developed in [88]. Output regulation for
systems with both input and state constraints has in the mean time also been studied in the papers [96]

(continuous-time) and [108] (discrete-time).

As said above, both the works of [87] and [88] are mainly concerned with right invertible constraints.
The work of [97] continues the theme of semi-global stabilization with respect to the admissible set by
considering linear continuous-time systems however with non-right invertible constraints. We remark
here that non-right invertible constraints arise inherently due to state constraints, while the magnitude
and rate constraints only on the input belong to the right invertible constraints. The focus of this chapter
is to address the same issues as in [97] by considering discrete-time systems with non-right invertible
constraints. Although the development for discrete-time systems parallels somewhat that in continuous-

time systems, there are several fundamental differences between continuous- and discrete-time systems:

1. the solvability conditions for semi-global stabilization, unlike in continuous-time systems, requires

that the order of the constraint infinite zeros be less than or equal to one,

2. the methods of constructing appropriate controllers need to be revised as needed, and

3. some new issues arise in proofs of the results obtained, which do not exist in continuous-time

systems.

We emphasize that semi-global stabilization with respect to the admissible set requires that the con-
straints are at most weakly non-minimum phase. When constraints are strongly non-minimum phase,
semi-global stabilization can only be accomplished with respect to recoverable sets. Such stabilization
issues and construction of recoverable sets for continuous-time systems have been addressed in [116].

The discrete-time counterpart of these results will be the topic of the next chapter.

We must mention that, besides the authors and their collaborators, there have been other efforts on
dealing with state and input constraints utilizing the concept of positive invariant sets [6] and techniques
of model predictive control [8, 26, 64]. However, the available tools along these lines are computationally
very demanding and it is very difficult to guarantee feasibility in the case of state constraints using those

numerical tools.
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This chapter is organized as follows. Following the problem formulation in the next section, a taxon-
omy of constraints is reviewed in Section 4.3. This taxonomy facilitates the statements of main results of
semi-global stabilization for non-right invertible constraints in Section 4.5. Proofs of the main results for
the state feedback case are presented in Section 4.6, while Section 4.7 presents proofs for the measure-
ment feedback case. The issues involved when adding rate constraints in the non-right-invertible case

are addressed in Section 4.9. Conclusions are drawn in Section 4.10.

4.2. Problem formulation

Consider a linear discrete-time system,

x(k +1) = Ax(k) + Bu(k)
X y(k) = Cyx(k)+ Dyu(k) 4.1)
z(k) = Czx(k) + Dzu(k),

where x (k) € R” is the state, u(k) € R™ is the input, y(k) € R’ is the measured output, z(k) € R? is
the constrained output, which is subject to the constraint z(k) € & for all k > 0. The issues involved

when adding rate constraints are dealt with in Section 4.9.

The set & is a subset in R? satisfying the following assumptions. These assumptions are identical to
those in the constrained stabilization problem subject to right-invertible constraints. We refer to [87, 88]

for a full motivation.
Assumption 4.1

1. The set & is compact, convex and contains 0 as interior point.

2. C/D; =0and

In order to guarantee that the constrained output remains in §, the initial conditions must be re-

stricted. We have the following definition regarding the admissible set of initial conditions:
Definition 4.1 Define the admissible set of initial conditions V(&) as

V(&) :={x e€R" | Jusuchthat C;x + D,u € §}.
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Definition 4.2 The constrained recoverable region R.(X, &) is defined to be the set of all initial states
x(0) € V(&) for which there exists a control input such that x (k) — 0 as k — oo while z(k) € § for

all k.

Definition 4.3 Assume that u(k) = f(x(k), k) is a static control law for the system X'. The constrained
domain of attraction :RI{ (X, &) is defined to be the set of all x(0) € R” such that the state trajectory of
the closed-loop system satisfies x (k) — 0 as t — oo while z(k) € & for all k > 0. In this case we say

that the controller f achieves the constrained domain of attraction R 1{; (x,98).
We will address two problems for this system as outlined in the following problem formulations:

Problem 4.1 The constrained semi-global stabilization via state feedback problem is to find, if pos-
sible, for any a priori given compact set W C int V(§), a static state feedback u(k) = f(x(k), k) such

that the equilibrium point x = 0 of the closed-loop system is asymptotically stable with ' W C JR{{; (2, 98).

Problem 4.2 The constrained semi-global stabilization via measurement feedback problem is to

find (if possible) a parameterized family of measurement feedbacks of the form,

vk +1) = g:.(v(k), y(k), k), veR?

u(k) = he(v(k), y(k). k), (4.2)

such that for any compact set W C int V(&) and any compact set V C R there exist a measurement

feedback in this family such that the following conditions hold:

1. The equilibrium point (x,v) = (0,0) of the closed-loop system is asymptotically stable with

W x 'V contained in its region of attraction.
2. For any (x(0),v(0)) € W x 'V, we have z(t) € & forallt > 0.

4.3. Taxonomy of constraints

In this section, we review the taxonomy of constraints as developed in [87]. To do so, we let C, Co,
C® and CP° denote respectively the set of complex numbers in the entire complex plane, outside the unit

circle, inside the unit circle, and on the unit circle.

The following notions are fundamental to the taxonomy of constraints given below.
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Definition 4.4 A subsystem X', characterized by the quadruple (4, B, Cz, D7),

x(k + 1) = Ax(k) + Bu(k)
z(k) = Czx(k)+ Dzu(k),

is said to be right invertible if for any sequence z..¢(k) defined for k > 0 there exists an input u and a

choice of x(0) such that z(k) = z.(k) for all k > 0.

Definition 4.5 The invariant zeros of a linear system with a realization (4, B, C, D) are those points

A € C for which

k)LI—A —B< ks]—A -B
ran c D normran C D

where “normrank” denotes the normal rank.

The first categorization is based on whether the subsystem X', is right invertible or not. We have

the following definition:
Definition 4.6 The constraints are said to be

e right invertible constraints if the subsystem X', is right invertible.

¢ non-right invertible constraints if the subsystem X', is not right invertible.

It turns out that the location of the invariant zeros of the subsystem X', is also important in charac-
terizing the solvability of stabilization problems. We refer to these invariant zeros as constraint invariant

ZEros:

Definition 4.7 The invariant zeros of the system characterized by the quadruple (A4, B,C;, D) are

called the constraint invariant zeros of the given system Y.

The second categorization of constraints is based on the location of the constrained invariant zeros.

We have the following definition:
Definition 4.8 The constraints are said to be

e minimum phase constraints if all the constraint invariant zeros are in C®.
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e weakly minimum phase constraints if all the constrained invariant zeros are in C° U C© with

the restriction that any invariant zero in C© is simple,

e weakly non-minimum phase constraints if all the constrained invariant zeros are in C° U C©

with at least one non-simple invariant zero in C©.

e at most weakly non-minimum phase constraints if all the constrained invariant zeros are in

CPucCe.
e strongly non-minimum phase constraints if at least one constrained invariant zeros is in C®.

The third categorization is based on the order of the infinite zeros of the subsystem X, (see [99] for
a definition of infinite zeros of a system). Because of their importance, we specifically label the infinite

zeros of the subsystem X', as the constraint infinite zeros of the plant.

Definition 4.9 The infinite zeros of the subsystem Y, are called the constraint infinite zeros of the

plant associated with the constrained output z.
We have the following definition regarding the third categorization of constraints.

Definition 4.10 The constraints are said to be type one constraints if the order of all constraint infinite

zeros is less than or equal to one.

4.4. Review of results for semi-global stabilization in admissible set for right-invertible
constraints

In this section we review the necessary and/or sufficient conditions for the solvability of Problems 4.1
and 4.2, under the assumption that the subsystem X', characterized by (A, B, C;, D) is right invertible,

i.e. the system (4.1) has right invertible constraints. These results are extracted from [88].

It is worth pointing out that for the discrete-time systems the solvability conditions for the global and

semi-global constrained stabilization are the same. This is in contrast to the continuous-time case [87].

The first result is about the solvability conditions for the constrained global or semi-global stabiliza-

tion via state feedback.

64



Theorem 4.1 Consider the plant X' as given by (4.1) with the constraint set § satisfying Assumption
4.1. Assume that the constraints are right-invertible and the set & is bounded. Then the global or semi-
global constrained stabilization problem via state feedback as defined in Problem 4.1 is solvable if and

only if:
1. (A, B) is stabilizable.
2. The constraints are at most weakly non-minimum phase.

3. The constraints are of type one.

Remark 4.1 A fundamental consequence of Theorem 4.1 is that the conditions are independent of any
specific shapes of the given constraint set. That is, for the case of a right invertible system X, if the
semi-global constrained stabilization problem is solvable for some given constraint set satisfying As-

sumption 4.1, then it is also solvable for any other constraint sets satisfying Assumption 4.1.

Note that the controller needed can be chosen either as a time-invariant nonlinear controller or as a

time-varying linear controller.

For the case of measurement feedback, we have the following theorem.

Theorem 4.2 Consider the plant X' as given by (4.1) with the constraint set § satisfying Assumption
4.1. Assume that the constraints are right-invertible and the set & is bounded. Then, the semi-global
constrained stabilization problem via measurement feedback as defined in Problem 4.2 is solvable if the

following conditions hold:

p—

. (A, B) is stabilizable.

2. The constraints are at most weakly non-minimum phase.
3. The constraints are of type one.

4. The pair (Cy, A) is observable.

5. kerC)y C kerC;A.

6. ker (Cy Dy) - ker(CZ Dz).
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Moreover, conditions (1) to (3) are necessary.

Remark 4.2 Note that in the above theorem, conditions (1), (2) and (3) are necessary. Condition (4)
can be weakened by assuming only detectability. However, clearly some additional assumptions would
then be needed if undetectable states can affect the constrained output z. However, this is excluded by

condition (6). Regarding condition (5) we know that a necessary condition for solvability equals

ker (Cy) CkerC,A

z
which is equal to condition (5) given condition (6). Condition (6) is not necessary but it is a natural
condition to impose that the constrained variables z are part of the observations variables y, which is

another way to express condition (6).

Remark 4.3 The sufficient conditions as given by Theorems 4.2 are independent of any specific features
of the given constraint sets. But the solvability of the semi-global constrained stabilization problem in the
measurement feedback case is in general dependent on the shape of the constraint sets even for the case of
right-invertible constraints (An example of [88] demonstrates this). Note that this is not in contradiction
with Theorems 4.2 since we only presented there sufficient conditions for solvability. Also, we point out
that the above is in contrast with continuous-time where the solvability is always independent of the

constraint set for right-invertible systems.

4.5. Main results

Although the goal of this section is to present the main results when the constraints are non-right
invertible, at first we recall a basic result from [88] to clarify a certain issue related to non-right invertible
constraints. As mentioned in the introduction, unlike in the case of right invertible constraints, in general
the solvability conditions for semi-global stabilization in the presence of non-right invertible constraints
depend on the shape of constraint set §. We can however present one additional assumption which must

be satisfied independent of the shape of the constraint set. In this regard, we recall a result from [88].

In order to analyze these problems, we first investigate the structure of the system. By using a suitable
basis transformation, the given system can be transformed via a state space transformation 7', input basis

transformation 73, and output basis transformation 77 into its SCB [99, 92] with the state described in
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the new coordinates by

xa\ Uuop
Tx=x= ib , Tyu =u= | u. |,
C
Xd ud
and
(zp(k) Cpxp (k)
T,z =2z(k)=|zotk) | =] wuolk)

zq (k) Caxq(k)

We have that Z(k) is subject to the constraint Z(k) € & for all k > 0, where § = T;'8. Since
C]/D; = 0, it is guaranteed that the new constraint set still satisfies Assumption 4.1. The given system

(4.1) can be written in the following form:

Xq(k + 1) = Agaxa(k) + KqZ(k)
xpk + 1) = Appxp (k) + Kpz (k)
xe(k + 1) = Acexc(k) + KeZ(k) + Beluc(k) + Jaxa(k)]
xq(k +1) = ug (k) + Gaxa(k) + Gpxp(k) + Gexe(k) + Ggxg (k)
y(k) = Cyaxa(k) + Cybxb(k) + Cycxc(k) + Cydxd (k) + Dyiz(k)
zo(k)  =uo(k)
zp(k) = Cpxp(k)
zg(k) = Cgqxq(k).

T Aaa 0 r K, ~ _ [Xa
Al_(o Abb)’ Bl_(Kb)’ xl_(xb)’

Ci = (0 Cb), U1 = Z,and Z; = zp, we obtain for i = 1 the following reduced system:

5 [ Ktk + 1) = Ai%i(k) + Bivi (k)
L { Zik) = Cixi(h),

Defining

(4.3)

where both v, and Z; are constrained. Temporarily dropping the constraint on v, we can repeat the
same procedure based on finding the SCB of 3| to obtain X from X and so on. At each step of the
construction we should make sure that the matrix B,- has full column rank and the matrix Ci has full row
rank. This can be done without loss of generality. This chain ends if we obtain a subsystem ¥; which
is right invertible in the sense that Z~'i+1 satisfies éi+1 = 0. Another possibility of termination is that
at some step we get B; = 0, which obviously implies that we can end the chain. It can be shown easily
that if the pair (4, B) of the given system X is stabilizable, then all the systems Y; as defined in (4.3)

are stabilizable.

The following theorem contains some necessary conditions for constrained semi-global stabilization

when the system is not right invertible.
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Theorem 4.3 Consider the system X given by (4.1) while the constraint set § satisfies Assumption
4.1. Moreover, let the chain of systems Y (i =1,...s) be as described above. Then the semi-global
constrained stabilization problem formulated in Problem 4.1 is solvable only if the following conditions

are satisfied:

1. (A, B) is stabilizable.

2. The constraints of system X' are at most weakly non-minimum phase.

3. The constraints of system X' are of type one.

4. All the subsystems i (i =1,...,s)have at most weakly non-minimum phase constraints.

5. The subsystems f]i (i =1,...,s) with realization (4.3) satisfy,

ker C'i C ker C~’,~ /fi. 4.4)

We emphasize that the above theorem presents only necessary conditions for the solvability of the
semi-global constrained stabilization problem formulated in Problem 4.1. However, it is important to

observe that the necessary conditions of Theorem 4.3 do not depend on the shape of the constraint set §.

We proceed now to present the main results, namely the necessary and sufficient conditions for the
solvability of the semi-global constrained stabilization problems formulated in Problems 4.1 and 4.2. We

first consider the state feedback case pertaining to Problem 4.1.

Theorem 4.4 Consider the constrained system X given by (4.1) while the constraint set & satisfies
Assumption 4.1. The constrained semi-global stabilization via state feedback problem (Problem 4.1) is

solvable if and only if

1. (A, B) is stabilizable,
2. The constraints are at most weakly non-minimum phase,

3. For any x € V(&) there exists u such that Ax + Bu € V(&) while C;x + D;u € §.

We consider next the measurement feedback case pertaining to Problem 4.2.
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Theorem 4.5 Consider the constrained system X given by (4.1) while the constraint set & satisfies
Assumption 4.1. The constrained semi-global stabilization via measurement feedback problem (Problem

4.2) is solvable if

1. (A, B) is stabilizable,

2. The constraints are at most weakly non-minimum phase,

3. For any x € V(&) there exists u such that Ax + Bu € V(&) while C;x + D,u € &,
4. The pair (Cy, A) is observable.

5. We have
ker Cy, C kerC; A,

6. We have
ker (Cy Dy) C ker (CZ DZ).

Note that in the above theorem, conditions (1), (2) and (3) are necessary. Condition (4) can be
weakened by assuming only detectability. However, clearly some additional assumptions would then be
needed if undetectable states can affect the constrained output z. However, this is excluded by condition

(6). Regarding condition (5) we know that a necessary condition for solvability equals

ker (Cy) CkerC,A,
C;

which is equal to condition (5) given condition (6). Condition (6) is not necessary but it is a natural
condition to impose that the constrained variables z are part of the observations variables y, which is

another way to express condition (6).
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4.6. Proofs for the state feedback case

Using the SCB as introduced in the previous section, we can decompose the original system into two

subsystems:
Xq(k +1) = Agaxa(k) + KqpCpxp(k) + Ka28 (k)
xp(k + 1) = Appxp(k) + KppCpxp (k) + Kprl (k)
xg(k+1) = Agaxq(k) + Bglug (k) + Gx(k)] + KgZ (k)
Bt = (&) rato+ () weth )
w0 = (T )mw+ (7)o
and
o { xe(k + 1) = Acexe(k) + Belue (k) + Jaxa (k)] + KoZ(k). (4.6)

Our design methodology will amount to designing a controller for the system Y';. Finding a con-

troller for X, does not affect X'; nor the constraints. We set
Ue = _Jaxa(k) + chc(k),

where F, is any matrix for which A.. 4+ B, F¢ is asymptotically stable.

We first establish the necessity of the conditions in Theorem 4.4.

Lemma 4.1 Consider the constrained system (4.1). The constrained semi-global stabilization via state

feedback problem is solvable only if:

1. The constraints are weakly non-minimum phase.

2. For any x € V(&) there exists u such that Ax + Bu € V(&) while C,x + D,u € §.

Moreover, condition (2) implies the following:

3. The constraints are weakly non-right invertible, i.e. the matrix Cj, is injective.

4. The constraints are of type one, i.e. the matrix Cy is injective.

Proof : We first note that the first equation of X' reads as

Xq(k + 1) = Agaxa(k) + KqpCpxp(k) + Ka28(k).
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Clearly x(0) € V(&) still allows for an arbitrary initial condition x4(0) for this system (provided we
choose the other initial conditions for x3, x. and x; appropriately). On the other hand, the inputs Cpxp
and ¢ to this system are bounded. It is well known from the theory for linear systems subject to input
constraints that if the system is exponentially unstable there exist initial conditions x, (0) for which there
exists no Cpxp and ¢ such that x, converges to zero. This is clearly in contradiction with the requirements
for the semi-global constrained stabilization problem. Therefore A,, must have its eigenvalues in the

closed unit disc or, equivalently, the constraints are at most weakly non-minimum phase.

Condition (2) is clearly necessary since the existence of xg € V(&) for which there does not exist
any u such that Axg + Bu € V(&) implies the existence of a X9 € int V(&) for which there does
not exist any u such that AX + Bu € V(&) because the set V(§) is closed. But clearly semi-global
stabilization requires that for all initial conditions in the interior of V(&) we must be able to avoid
constraint violation. The fact that we cannot guarantee for initial condition X that x (1) € V(&) implies

that we will get a constraint violation which yields a contradiction.

Assume that the constraints are not weakly non-right invertible or, in other words, the matrix Cp, is
not injective. In that case, we can find a x; such that Cpx; = 0. However, since (Cp, App) is observable
there always exists some k < n such that Cp, A’gbxb (0) # 0. Without loss of generality, choose k such

that Cp, Algglxb = (. But then the initial condition,

0

i} AARA
%o = bb b

0 b
0

is in 'V(8) for all A. However,

_ v _ (ACp AR, xp + CpKpp Cpxp(0) + Cp Kpp(0)
) = £(1)

will not be in § for sufficiently large A since § is bounded. After all ACp, A’g »Xb can be made arbitrarily
large by choosing A large while all other terms are bounded since we know that Z(0) € §. Therefore

Z(1) is not in § for any input even though x(0) € V(8). This violates condition (2).

In order to establish (4), we first assume that there exists an X; such that Cy;x; = Owhile CyjAg4X;+

C4Bgu # 0 for any u. For any A there exists X(0) in 'V(8) which yields initial condition x4 (0) = A%,
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for this system (provided we choose the other initial conditions for xp, x. and x; appropriately). But
then
Caxq(1) = ACqAq4%q + CaBglugq(0) + Gx(0)] + Cz K4z (0)

can be made arbitrary large independent of our choice for u; (0) since the second term on the right cannot
cancel the first term while the third term on the right is bounded. This violates condition (2). On other
hand, if for all x,; satisfying Cyx; = 0 there exists a u such that C;Az4x4 + C4 Bgu = 0, then there
exists a matrix F such that for all x; such that Cyx; = 0 we have Cy(Agz4 + By F)xgz = 0. But this in
turn implies that Cy Bgv = 0 for some v # 0 yields that C;(Agz4 + BF)* Bv = 0 for all k which is in
contradiction with the left-invertibility of (444, Bz, C4,0). Hence Cy; By is injective (which implies the
infinite zeros are at most of order 1). The structure of the SCB then also guarantees that C,; is injective.

Since the eigenvalues of A4, must be in the closed unit disc, it can be established that the critical

part of the system is actually the x; and x; dynamics presented in the following subsystem:

xp(k + 1) = Appxp(k) + KppCpxp(k) + Kpa¢ (k)
xqgk +1) = Agaxa(k) + Bglug (k) + Gx (k)] + Kgz(k)

Xpd ¢ = (Cod) xq (k) + (é) uo (k) 4.7
w0 = (@) w00+ (7)o,

We define the admissible set for subsystem Xy, as

_ Coxp)
Vpa(8) := 3 xp € R*, x4 € R* | Juy such that ug | es;. (4.8)
Caxd

In order to establish sufficiency of the conditions of Theorem 4.4, we will construct an appropriate
controller for the system Y. We will start the construction of this controller by determining an appro-
priate controller for the system Xp;. Using condition (3), it is not difficult to construct a controller such
that the state cannot leave the set Vj 4 (/5 ). However, to establish the convergence to the origin, we need

to do some extra work which is presented in the following lemma.

Lemma 4.2 The constrained semi-global stabilization problem for X ; is solvable by a static state feed-

back,

uo = f1(xp,xg) and ug = fo(xp,x4) — GX,
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if the conditions of Theorem 4.4 are satisfied.

Proof : We first define a modified system:

xg(k +1) = (1 4+ O (App + KppCp)xg (k) + Kpat (k)
xbk + 1) = (1 + 0 Agax (k) + Bgiih (k) + Kgzt(k)

Shaoi w0 = (& )sbw (g) e
2 = (@) o+ (7) s,

Let :Rf bd (8) be the largest set of initial conditions for the system X If 4 for which there exists an input

such that the constraints are satisfied while we stay inside the set for all k. Condition (2) of Theorem 4.4
implies that for all
0
0 x (0)) 3
x7 ,(0) = e Vpa(8),
ba(0) (x§(0) bd (8)

there exist u8(0) and # 4 (0) such that

X0 (1) = ()’i‘%ﬁ;) € Vypg(8) and 7°(0) € 5.

This might no longer be the case for £ > 0, but we do claim that for any p there exists an £ > 0
sufficiently small such that

pVpa(8) C RE 4 (8) C Vpa(B). (4.9)

It is trivial to see that

RE g (B) C Vpa(B).
It remains to establish that

PVoa(8) C R 4y (3).

Let

Lk _ £k
shator = (i) e 500 = (260

where xf is controllable and xg is uncontrollable.

Choose R > n. Consider time r > R for the system Elf 4+ Since the system is controllable there

exists a § > 0 such that for any x; for which there exists x, such that

(;‘;) € §Vpa(8)
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there exists, for x]fd (0) = 0, an input it := (ug, ﬁg) such that xf(r) = —x; and xg(r) = 0 while
k) e L5 k=0,1,....,r—1
2 N s ly ooy, .

Moreover, we can choose § independent of £ and r provided £ is small enough.

Let r > n be such that for any xﬁ 1(0) € Vpg (8) we have that

0 _
(1ttry) < 97920 ®)

for all £ sufficiently small. This is clearly possible due to the fact that the system is stabilizable and hence

the uncontrollable dynamics of xg must be asymptotically stable.

Consider any initial condition x4 (0) € Vp4(8). We have an input #° for the system X ]? ; such that
z%(k) € 8. Hence for any p < 1 we can find, for any initial condition xg 1(0) € pVpg ($), an input #°
for the system Z‘g ; such that z%(k) € p& for all k. But then for £ small enough we find that there exists

i1 for which we have iﬁd(k) € (14 8)pVpq(8) and z4(k) € (1 + 8)pS fork = 0,...,r. Choose
X1 = Sxf(r).

Choose input 4, such that, for xﬁd (0) = 0, we have xf (r) = —x1 and xg(r) = 0 while z¢(k) € §8.

But then for initial condition xf; (0) € pVpy (8) and input i1; + ii, we obtain that
Ee(k) c8fork=0,...,r—1,
and

¢y _
xa(r) = (1=6) @8) + 8 (xg(zr)) e [(1=8)(1 +8)p + 8%p] Vpa(8)
€ pVpa(3).

If we repeat this construction between k = r and k = 2r and so forth it becomes clear that we can find

for any initial condition
%4q(0) € PVpa (5).

an input such that

tkye s
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for all k. Hence iﬁ FIORS pﬂ%ﬁ, bd (8). This clearly implies that (4.9) is satisfied.

For semi-global constrained stabilization we take any compact set #p,; contained in the interior of
Voa (é; ) and we construct a static controller which will stabilize the system and the constrained domain
of attraction contains J¢. But then clearly, using (4.9) we can find £ such that #,,; C 'Vlf d (). Next,
we choose a feedback f on the boundary of V,f (8) such that, for any xg ak) € B'VIf d (8), we have
x]f Jk+1) € 'Vlf (5). We expand this feedback f to the whole state space. Define g : R” — R* such

that for any x

g(x)x € Vi, (8).

Since 'Vlf d (%) is a convex set containing O in its interior, this mapping is well-defined. Then we expand

f to the whole state space by

F) = f (g(x)X).
g(x)

This expansion has the property that for any n > 0 we have xﬁ Jk+1) € n"V,f (8) for all xf 4 k) €

n'Vlf (8). Note that f is positively homogeneous, that is,

flax) =af(x),

for any o > 0.

Clearly for the system X If 4 We then have for the feedback

u§(k) = fi(xy, (k) and iis(k) = falx},(k)),

that for all initial conditions in the set 'Vlf d (8) we have xg 4k € 'Vlf d (8) for all k.

But then the feedback,

uo(k) = fi(xpa(k)) and ug(k) = f2(xpa(k)) — GE(k),

for the original system with x4 (0) = xﬁ 4(0), results in a state

L’
xpa (k) = mxbd(k)-
Hence, we obviously have xp; (k) € "V,fd (8) for all k but also x4 (k) — 0 as k — oo. [ |
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Lemma 4.3 The constrained semi-global stabilization problem for X'; is solvable by a static state feed-

back if the conditions of Theorem 4.4 are satisfied.

Proof : It is easy to verify that the admissible set of initial conditions V; (8) and Vpgy(8) for ¥ and

Xpa respectively have the relationship,
Vi(8) = R" & Vpu(8).
For any compact set # in V; () we choose a compact set #; and p < 1 such that
H C Hy D pVpa(8).

The controller ug = f_l (xpg) anduy = f_z(xbd) — G X is such that for all initial conditions in pVp4 (8),
the origin of the closed-loop system is exponentially stable. Hence there exist M > 0 and A with |A| < 1
such that

Ixpa (k)| < MAK (4.10)
for all k and for all x4 (0) € pVpa(8).

Next, let Py be the semi-stabilizing solution of the discrete-time algebraic Riccati equation,

Py = A6POA0 + C(;Co — A6P030(36P030 + DéDo)fB(/)P()Ao,

where
Aaa Kab Cb Kad Cd BaO 0
Ao=| 0 App+ KppCp KpaCa |, Bo=|Bpo 0 |,
0 KapCp Aga Bago Bg
0 C, 0 0 0
=10 o c;], Do=[0 0
0 0 0 I 0
We have
Xa
Polo]=0 (4.11)
0

for all x, € R, since the eigenvalue of A,, are in the closed unit disc. Choose a level set,

Vo(c) :={& e R"" | (k) Pok(k) <c},
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such that we have

(Co + Do(ByPoBo + D)yDo) By PoAo)E € S/3

for all £ € Vy(c). Then with the controller,

uo = f1(xpq) and ug = fo(xpq) — GX,

u o
(i) = 7.

there exists a 7" such that, for any initial state in

which we can abbreviate as

Ha ® pVpa(8),

we have

( xq(T)
xpa (T)

Let P, be the stabilizing solution of the algebraic equation,

) S Vo(C).

Pe = Ay Py Ao + C{Co + 1 — A\ P, Bo(B})PsBo + 1)~ B, P, Ag.

We have P, — Py as ¢ approach zero. Define the level set,
Ve(c) :=={E e R" | &Pt <c},

such that for & small enough we have

xq(T)
(xbd(T)) < 2V:(0).

and

(Co — Do(ByPcBo + DyDo) By PcAg)E € S
for any initial condition & € 2V, (c). Hence the feedback

Uo\ _  ps ’ Y Xa

4.12)

4.13)

is an asymptotically stabilizing controller for X1, and achieves a domain of attraction containing 2V, (c).

Next, consider the controller,

()=

f(), Xabd £ 2Ve(c)
—(ByP:Bo + DyDo)' By PeAoxapa,  Xaba € 2Ve(c).
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It is easily verified that this controller asymptotically stabilizes the system. [ |

The above lemma yields an appropriate controller for the subsystem 5. Finally, we need to construct

a controller for the original system X which will complete our proof of sufficiency for Theorem 4.4.

Proof of Theorem 4.4 : The necessity was already established in Lemma 4.1. For sufficiency, it is

easily seen that the controllers designed in Lemma 4.3 combined with a controller,

uc(k) = —Jaxq(k) + Fexc(k),

where Fp is such that A.. + B, F is asymptotically stable, solve the semi-global constrained stabilization

problem via state feedback. [ |

4.7. Proofs for the measurement feedback case

Note that the assumptions of Theorem 4.5 imply that x; and x; can be directly deduced from the

measurements. In other words, we have (in a suitable basis):

Xq (k)

yk)y=|»k|={0 C 0 0 Xb(k) +[ o Juo.
c
y3(k) 0 0 0 Cy xg (k) 0

where Cj, and Cy are injective. However, we need an observer to estimate x, and x.:

fatk + D\ _ ((Asa 0\ (%)), (Kap Kaz O Cbe(k)
(fcc(k+l))_(BcJa Acc) ()%C(k))+(Kcl Kes Bc) ué((k))

+ (i(cl) [yl(k) = CyaXq(k) — CycXp(k) — DyuO(k)] ’

Clearly,

Xa — Xq Aga — La Cya —Lg Cyc ) ()Aca - xa)
A k+1)= A k
(xc - xc) ( ) (BcJa - Lccya Ace — Lccyc Xe — X¢ ()
where L, and L. are chosen such that /Iac is asymptotically stable.
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The feedback f can be directly implemented even in the measurement feedback case since the con-

dition (5) of Theorem 4.5 guarantees that
G=(0 Gy 0 Gg)+Lg(Cya 0 Cyc 0).
Hence uy = f>(xpq) — GX is equivalent to
ug = f1(xpa) — Gpxp — Gpxq — Lay1 + Lo Dyuo.

Next, we follow the same arguments as in Lemma 4.3 with small modifications such as the inclusion of

X¢ since the observer does not allow a separate controller design for x. and x,.

It is easy to verify that the admissible set of initial conditions V($) and V4 (8) for ¥ and Zp4

respectively have the relationship,
V(8) = R & R™ @ Vpa ().
For any compact set  in 'V(8) we choose a compact set #; and p < 1 such that
H C H1DpVpa(S).

The controller ug = f_l (xpg) and uy = f_z(xbd) — G X is such that for all initial conditions in pVp4 (8),
the origin of the closed-loop system is exponentially stable. Hence there exist M > 0 and A with || < 1
such that

Ixpa (k)| < MAF (4.14)
for all k and for all x4 (0) € pVpa(8).

Next, let Py be the semi-stabilizing solution of the discrete-time algebraic Riccati equation,

Py = Ay PoAg + C{Co — Al PoBo(B}PoBo + D}y Do)T B) Py Ay,

where
Aaa Kab Cb 0 Kad Cd Bao 0 0
Ay = 0 App + KppCp 0 KpaCy By = By O 0
BcJa chCb Ace chcd Beo  Bc 0 ’
0 K pCp 0 Agd B;o 0 By
0 C, 0 O 0 0 O
Co=10 0 C; 0], and Do=10 0 0].
\0 0 0 0 I 00
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We have
Xa

Py 0 =0 (4.15)

Xc

0

for all x, € R" and x, € R"¢ since the eigenvalue of A, are in the closed unit disc while u. can

stabilize the x. dynamics without incurring cost. Choose a level set,
Vo(c) :={x € R" | x(k) Pox(k) <c},

such that we have

(Co + Do(ByPoBo + D{)DO)TB(',POAO))_C €S/3 (4.16)
for all x € Vp(c). Then with the controller,
uo = filxpa), uc =0, ug= fr(xpq) — G¥,

which we can abbreviate as
Uuo

Ue | = f_()_c)»
Ug

there exists a 7" such that, for any initial state in
Hac ® pPVpa (5),

we have

(T) € Vo(e). 4.17)

Let P be the stabilizing solution of the algebraic equation,
Py = AP, Ag + C{Co + el — Ay P, Bo(B{PeBo + DyDo) By P Ap.
We have P, — Py as ¢ approach zero. Defining the level set,
Ve(c) :={x e R" | X' PeX < c},

there exists an ¢ such that

X(T) € 2Ve(o).
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Moreover, we can guarantee that for ¢ small enough

.Xa - .%a
0 1
RN [OERIAG

0

for all k& > 0 given initial conditions for the system and the observer in the compact sets # and Hops
respectively. For ¢ small enough, we have

(Co + Do(BlyPcBo + D)yDo) By P.Ag)i € S

for any initial condition X € 2V, (c). Note that

Xa
2 | Xp f
=1z, € 3V,s(c)
Xd
implies that
Xa Xg — Xq
- | 0
e I B R (ORI
X4 0
and hence the feedback,
Uuo 0
Ue | = _(B(/)PEBO + DéDo)TB(/)PSAOX —10]x
Uy G

= F,x + Ny,

with the associated observer is an asymptotically stabilizing controller for X; and achieves a domain of

attraction containing Hops @ 2V, (c). Next, consider the following controller,

u = A 2
Sl T PG N T YA
c - 2 2
g Fex + Ny, x € %Vg(c),

together with our observer. It is easily verified that this controller asymptotically stabilizes the given
system.

4.8. Example

Consider the following system:

x(k +1) = Ax(k) + Bu(k)
y(k) = Cyx(k) + Dyu(k) (4.18)
z(k) = Czx(k) + Dzu(k)

2
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where x (k) € R*, u(k) € R3, y(k) € R3, z(k) € R? and

-1 -1 1 3\ 3 5 3
P I T T a_|2 33
—55 —3 25 55| 7 8 8|
—45 -2 15 6.5) 8 11 9
1 0 0 0 A
c,=|-05 -1 05 05]. D,=]0 0 0],
—05 1 —05 05 (0 00
—05 0 0 05 0.5 —05 —0.5
c;c=l 0 1 —05 0. D,=|05 05 05
0 -1 05 0 05 05 05

The system is subject to the constraints z(k) € § where § is given by:

05 05 —05
§={yeR|[-05 05 05 |ye[-1.1]x[-1,1]x[-1,1]
05 —05 05

The problem is to stabilize the system with a priori given set ‘W contained in its domain of attarction.

Where
0.5 0 0.5 -0.5
—-0.5 —-1.0 0.5 0.5
_ 4 _ _ _ _
W=4{yeR"| 0.5 0 05 05 y € [-10,10] x [-1,1] x [-10, 10] x [-1, 1]

-05 10 -05 05

4.8.1. State feedback case

Step 1, it is easy to verify that (A, B) is stabilizable.

Step 2, there exist a state transformation x = Ty X, a input basis transformation # = T, u and output
basis transformation Z = Tz that converts the original system into its SCB form. These transformations

are given by:

xq (k) 05 0 05 =05\ [(xi(k)
|t ] _|-05 10 05 05 || x2(k)
x| Tlos 0 —05 05 ||x30)
xg (k) \-0.5 1.0 —0.5 0.5/ \xq(k)
u()(k) 1 1 1 ul(k) Zb(k) 1 0 1 Zl(k)
uk)=luck) ] =10 1 0Jluxtk)|, z=1[zqtk)] =11 1 0]|z2(k)
ug (k) 0 1 1) \usk) zo(k) 0 1 1) \zk)

The transformed system is as follows:

[ X(k+1) = Ax(k) + Bu(k)
21 yk) = Cyx(k) + Dyu(k) (4.19)
Z(k) = Czx(k) + Dzu(k)
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where

1201\ 1 00
q-lo 302 a_l400
2 222/l 2. 2 0]
01 0 1 1 0 1
1 010 1 00
Cy=(0 1 0 0|, Dy=|0 0 0],
0 0 0 1 00 0
0100 0 0 0
C,=10 0 0 1], D,=]0 0 0],
00 00 1 00

and the system is subject to the constraints Z(k) € 8, where § is given by

§=[-11]x[-11]x[-1,1],

and W is given by
W = [-10, 10] x [-1, 1] x [-10, 10] x [—1,1].

Extract subsystem X'; composed of x,, x; and x; dynamics.

Xabd (1) = Aoxgpa (1) + Boii (1) (4.20)

“15\ Z(1) = Coxgpa(t) + Doii(k).

where
1 21 1 0 010 0 0O
Ao=10 3 2|, Bo=]|4 0], Co=|0 O 1|, Do=|0 0 O
01 1 1 1 0 00 1 00
Then extract x; and x; dynamics from ¥; and form X34,

xp(k) = 3xp(k) + 2x4(k) + 4uo(k)
xq (k) = xp(k) + xq(k) +uo(k) +ug(k)
Xpa xp (k) 4.21)
Z(t) = | xq (k)
uo(k)

Step 3, design a state feedback for subsystem X3 ;. A suitable controller is given by

uo(k)\ _ 7= _ (—3xp(x) — §xa (k)
(ud(k)) - f(xbd(k)) - ( 8 —%Xb(li) )

Step 4, design state feedback controller for subsystem X,,;. Let Py be the sem-stabilizing solution

of the discrete-time algebraic Riccati equation

Py = A6POA0 + C(/)CO — A6POB0(36POBO + Dé)Do)TB(/)P()Ao,
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we have
0.0000 0.0000 0.0000

Py =10.0000 1.5390 0.3593
0.0000 0.3593 1.2396

Then choose ¢ = 0.2 and € = 0.000004. P is the stabilizing solution of the algebraic Riccati equation,
Pe = AYPcAg 4+ CyCo + €I — Ay P Bo(BlyPe Bo + Dy Do)T By Pe Ag

We have
0.0015 0.0021 0.0009

P =10.0021 1.5421 0.3607
0.0009 0.3607 1.2401

Choose the level set
Ve(c) = {E € R’ | E/Pes < C}-
Design low gain feedback Fe = —(B(yPeBo + Dy DO)TB(’) P.Ap, that is

Fo— 0.0004 0.7192 0.4794
€7 \—-0.0001 0.3175 0.5450)"

Hence, the state feedback for ¥; is given by

(uo) f(xba):  Xapa # 2Ve(c)
td Fexapa, Xaba € 2Ve(c).

Step 5, design the state feedback controller for entire system. Let
uc(k) = —ug(k) — xa(k) — xp(k) = 3xc(k) — xq (k).

Then the controller designed in step 4 combined with this controller solves the semi-global constraint
stabilization problem for this system and we denote this controller as
uo
uc | = f(x).
Uqg

The simulation data for state feedback case is shown in Figure 1.
4.8.2. Measurement feedback case

Steps 1 and 2 are identical to state feedback case.
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Dynamic of the system in SCB form
T T T

0 100 200 300 400 500 600

Constrained output in SCB form
T T T

0 100 200 300 400 500 600

Figure 4.1: State feedback case

Step 3, we have
y(k) = CyX + Dy
Replace the xj and x4 in the controller designed for state feedback with the observation Xj and X; which
can be directly determined from the measurement.

Step 4, design an observer for x, and x.. The observer is given by

x5 (6)
falk 1) _ (1 0\ [Za)\ (2 1 1 0\|xa(k)
(ic(k+1))_(2 2) ()%c(k))+(2 2 2 1) uo(k) | *

uc(k)

3
(g) 31 (6) — 2o (k) — (k)]

Step 5, design measurement feedback for entire system. Denote
Xa
Xb
Xe
Xd

=D
I

Let Py be the solution of algebraic Riccati equation,

Py = A,P()A + CZ,CZ — /I,P()B(BIP()B + D;DZ)TB,P()/I.

We have
0.0000 0.0000 0.0000 0.0000

0.0000 1.5390 0.0000 0.3593
0.0000 0.0000 0.0000 0.0000
0.0000 0.3593 0.0000 1.2396
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Choose ¢ = 0.2 and € = 0.000004. P is stabilizing solution of the algebraic Riccati equation,
Pe=A'P.A+C.C, +¢l — AP.B(B'P.B+ D,D;)'B'PA.

We have
0.0015 0.0021 0.0000 0.0009

0.0021 1.5421 0.0000 0.3608
0.0000 0.0000 0.0000 0.0000
0.0009 0.3608 0.0000 1.2401

Choose the level set
Ve(c) = {S eR* | €' P& < C}-
Design low gain feedback F = —(B'P.B + D;DZ)TB’PG/I, that is

0.0004 0.7192 0.0000 0.4794
Fe=1 09996 0.2808 1.0000 0.5206
—0.0001 0.3175 0.0000 0.5450

Then the following measurement feedback controller solves the semi-global stabilization problem:

uo f(R), % ¢ 2Ve(e)
Ue -
Uy Fex, X €3Ve(o)

where f is the controller designed in statefeedback case. The simulation data for measurement feedback

case is shown in Figure 2.

4.9. Rate constraints

In the papers [87] (continuous-time) and [88] (discrete-time), we considered systems where the con-
strained output was subject to both amplitude and rate constraints. Many papers do not consider rate
constraints separately since one can convert rate to amplitude constraints through a system expansion.

Consider the system,
x(k +1) = Ax(k) + Bu(k)
X y(k) = Cyx(k)+ Dyu(k) (4.22)
z(k) = Czx(k) + Dzu(k),

subject to the constraint z(k) € § and z(k + 1) — z(k) € T for all k > 0. This is clearly equivalent to

x(k+1) = Ax(k) + Bx1(k)
x1(k +1) = x1(k) + v(k)
DI y(k) =Cyx(k)+ Dyxq(k) (4.23)
z(k) =Cyx(k)+ D;x1(k)
z1(k) = C:(A—=1Dx(k) + C;Bx1(k) + Dzv(k),
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Dynamic of the system in SCB form
80 T T T

xa
xb
xc| ]
xd
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Constrained output in SCB form
1 T T T
xb
xd
0.5 u0 |
0
-0.5
4 . . . . .
0 100 200 300 400 500 600

Figure 4.2: Measurement feedback case

provided x1(0) = u(0) and v(k) = u(k + 1) — u(k). Moreover the constraints of the original system

now convert to amplitude constraints: z(k) € & and z1(k) € T forall k > 0.

There are however two main drawbacks to this approach. First of all, if we have right-invertible
constraints then this expansion will result in a system with non-right-invertible constraints. Hence, for

systems with right-invertible constraints the direct approach of [87, 88] is to be preferred.

The second drawback of this expansion is the choice of the initial condition. If we can avoid con-
straint violations for a certain initial condition x(0) for the system (4.22) then there exists an initial
condition x1(0) = u(0) for the system (4.23) such that constraint violations can be avoided. It yields
conservative results if we impose semi-global stabilization in the admissible set for the expanded system
since we then suddenly need to guarantee that we can avoid constraint violations for all initial conditions

for x1(0) in the admissible set.

The following example illustrates the difficulties with the direct approach in the non-right-invertible
case. It also illustrates the difficulties in choosing u(0) appropriately which shows up in the expanded

system.
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Example 4.1 Consider the system:

0
xtk+1)=1{0 x(k) +
0

= R =
QL ™ O
S O =
- o O
<

where B = V1 — a2 with the constraints:
x1(k) e [-1,1],

uz (k) € [—&, ¢,
ur(k + 1) —uy(k) € [-6.6],

and

x3(k) + x3(k) < 7.

We claim that for any r > 0 there exists &, @ and § such that for all initial conditions in the admissible set
there exists an input which does not violate constraints in the first r steps even though there does exist an
initial condition in the admissible set for which we will get a constraint violation at some time k > r for
any input.

Choose « so close to 1 that x5(k) — x2(0) € [—1, 1] for all initial conditions with k¥ < r. On the
other hand choose « such that for x,(0) = 7 and x3(0) = 0 we have x(5r) = 3 for u»(k) = 0. This is

clearly possible.

Ifuy(k) = —x2(0) fork = 0,...,r and u,(0) = 0 then we will not have any constraint violation in

the first r steps.

On the other hand for initial condition x2(0) = /7 and x3(0) = 0 we need to choose u»(0) €

[—8, —6]. By choosing § small enough we must have that u1(5r) € [—17, —%]. On the other hand for ¢

small enough we will have x,(57) € [%, %] for any choice of u, satisfying the constraints. But then
x1(4n + 1) € [-6,-2]
and hence we have a constraint violation.

In our main results of Theorems 4.4 and 4.5, we established that guaranteeing the fact that, for all

initial conditions in the admissible set, we will still be in the admissible set one time step later, implies
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that we can stay in the admissible set forever without any constraint violations. In contrast, in the case
of rate constraints a guarantee of the fact that, for all initial conditions in the admissible set, we will still
be in the admissible set after r steps (with r being arbitrarily large), does not imply that we can stay in
the admissible set forever without any constraint violations. This shows that for rate constraints we need

a different approach which will be dependent on a suitable choice for the input at time 0.

4.10. Conclusions

For discrete-time time-invariant linear systems subject to non-right-invertible constraints, necessary
and sufficient conditions are developed under which semi-global stabilization with respect to the admissi-
ble set can be achieved by state feedback. Sufficient conditions are also developed for such a stabilization
however by utilizing measurement feedback. Such sufficient conditions are almost necessary. Controllers

for both state feedback and measurement feedback are constructed as well.
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CHAPTER 5

Computation of the recoverable region and stabilization
problem in the recoverable region for discrete-time systems

5.1. Introduction

For over a decade, Saberi and Stoorvogel as well as their coworkers and students, have focused
heavily in resolving most of the issues related to global and semi-global stabilization of linear systems
subject to both input and state constraints (see for initial work [51] in the presence of input constraints,
and the recent work in the presence of both input and state constraints that culminated in [87, 88, 97, 145]
and the references there in). For the most part, their effort was concentrated on global and semi-global
stabilization in the admissible set. The admissible set is defined as the set of initial conditions that do
not violate the constraints at time 0. Necessary and sufficient conditions as well as appropriate con-
trollers for global and semi-global stabilization in the admissible set have been developed. It turns out
that invariant zeros, infinite zeros and right-invertibility properties of the subsystem from control input
to the constrained output play a crucial role. In [87] these invariant zeros and infinite zeros are labeled
as constraint invariant zeros and constraint infinite zeros. More specifically, the taxonomy of constraints
presented in [87, 88] delineates the constraints into several categories, such as right and non-right in-
vertible constraints, minimum phase, at most weakly non-minimum phase, strongly non-minimum phase
constraints, and type one constraints, etc. For systems with right invertible constraints (the subsystem
from control input to the constrained output is right invertible), it is shown that the necessary condi-
tions for global and semi-global stabilization are that the system is stabilizable and the constraints are
at most weakly non-minimum phase (i.e. the constraint invariant zeros are in the closed left-half plane
(continuous-time) or in the closed unit disc (discrete-time)). Moreover for global stabilization one needs
an additional condition that the constraints be of type one (the order of all constraint infinite zeros is less
than or equal to one). For constraints that are right invertible and at most weakly non-minimum phase,
it is possible to achieve semi-global stabilization by a linear control; however, in general one has to use

nonlinear control laws for global stabilization [87, 88]. For the case of non-right invertible constraints,
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the complete development of necessary and sufficient conditions for global and semi-global stabilization
turns out to be very complex and challenging. Nevertheless, such conditions have been developed in [97]

for continuous-time and in [145] for discrete-time.

Out of the work that is described above, one can establish two general properties:

e There exists a perceptible demarcation line between the right and non-right invertible constraints.
In particular, the solvability conditions for the semi-global and global stabilization problems in
the admissible set via state feedback do not depend on the shape of the constraint sets for right

invertible constraints, whereas for non-right invertible constraints they indeed do so.

e Neither the semi-global nor the global stabilization problem in the admissible set is solvable when-
ever the constraints are strongly non-minimum phase (at least one of the constraint invariant zeros

is in the right half complex plane or outside the unit disc).

In view of the above properties, especially the later one, the notion of recoverable region (set),
sometimes also called as the domain of null controllability or null controllable region, arises in stabilizing
linear systems subject to constraints. Generally speaking, for a system with constraints, an initial state is
said to be recoverable if it can be driven to zero by some control without violating the constraints on the
state and input. The set of all recoverable initial conditions denoted by R ¢ is said to be the recoverable
region. The recoverable region is thus indeed the maximum achievable domain of attraction in stabilizing

linear systems subject to non-minimum phase constraints.

Paper [116] considers continuous-time systems which do not satisfy the solvability conditions for
semi-global stabilization in the admissible set, for instance, because the constraints are strongly non-

minimum phase. For such systems,

e it develops methods for constructing the recoverable region & ¢, and then

e develops methods of constructing controllers that achieve semi-global stabilization in the recover-

able region.

Also, let us emphasize that [116] provide a reduction in computation and removal of some of the com-

putational complexity involved in obtaining the recoverable regions.

91



The focus of this chapter is to address the above stated issues however for discrete-time systems.
Although the development for discrete-time systems parallels somewhat that in continuous-time systems,

there are two fundamental differences between continuous- and discrete-time systems:

1. The methods of constructing recoverable regions as well as appropriate controllers need to be

greatly revised as needed, and

2. Some new issues arise, which do not exist in continuous-time systems.

Regarding the construction of recoverable regions, the earliest literature can be traced back to 1960’s.
For the case of input constraints, J. L. LeMay in 1964 first studied the conditions for characterizing the
maximal region of recoverability and the maximal region of reachability [42]. LeMay also derived a
method for calculation of recoverable regions based on optimal control techniques. It is known that for
any state in the recoverable region there exists a time-optimal control law that drives the state to zero. This
fact builds a direct connection between the characterization of the recoverable region and time-optimal
control. There exists a vast literature in the 60’s and 70’s that were devoted to time-optimal control.
Pertinent literature is briefly reviewed in [116]. To be explicit, in connection with discrete-time systems,
we mention first the work of Choi [17, 18]. For semi-global stabilization problem, Choi [17] showed that
for exponentially unstable discrete-time linear systems subject to input constraints any compact subset
of the maximal recoverable region can be exponentially stabilized via periodic linear variable structure
controller. Also, Choi [18] showed that in general linear feedback cannot achieve global stabilization
for discrete-time unstable systems. It should be emphasized that Choi’s work deals only with the case
when the constraints are posed on the inputs. On the other hand, Cwikel and Gutman [20] developed an
algorithm to find maximal state constraint sets for discrete-time linear dynamical systems with bounded

controls and states.

To distinguish our work with that of Choi [17] and Cwikel and Gutman [20], let us emphasize that
[17] only considers input constraints, and [20] uses a simple algorithm without exploiting structure. It
is exactly the exploitation of the structure in computing the recoverable region that is the first objective
of this chapter. Our second objective is to design a state feedback controller that achieves semi-global

stabilization in the recoverable region.
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This chapter is organized as follows. After the introduction we present some preliminary results in
Section 5.2. In Section 5.3 we discuss the issues related to computing the recoverable region and present
a reduction technique which allows us to reduce the computational effort by developing an explicit rela-
tionship between the recoverable region of the full system and the recoverable region of a subsystem of
lower order. In Section 5.4 we establish that for any compact set contained in the interior of the recov-
erable region, there exists a state feedback controller that stabilizes the system and contains the chosen

compact set in its domain of attraction while satisfying the constraints.

5.2. Preliminaries and problem statement

This section discusses some preliminaries and statement of problems that will be resolved. Consider

a linear discrete-time system,

x(k +1) = Ax(k) + Bu(k)
X y(k) =Cyx(k)+ Dyu(k) k>0 (5.1)
z(k) = Czx(k) + Dzu(k),

where (A4, B) is stabilizable, x (k) € R” is the state, u(k) € R™ is the control input, y(k) € R’ is the
measured output, and z (k) € R? is the constrained output, which is subject to the constraint z(k) € &
for all k > 0, where § is a given subset in R?. Note that the case of input constraints is included as
a special case in this general setup by letting C; = 0 and D, = [ in the constrained output equation.
However, one should note the difference of input saturation from the input constraint: a saturation can

be overloaded, whereas a constraint can never be violated.

We make some general assumption on the constraint set §:

Assumption 5.1 The set § is compact, convex and contains 0 as interior point. Furthermore, we assume
that C; D, = 0 and
=@ NimC;) + (8 Nim D), (5.2)

where im C; and im D, are image spaces of C; and D;.

Remark 5.1 Note that this assumption is not restrictive. In fact, it is a general reflection of the sepa-
rability of input constraints and state constraints. (5.2) is actually the reflection of assumption on plant

data, namely C,D,; = 0. We observe that im C; reflects the state constraints while im D, reflects the
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input constraints. Therefore the decomposition of 8 as required in (5.2) only implies that we have con-
straints on states and/or inputs. We have no mixed constraints where allowable inputs depend on the

current state and conversely.

Given the constraint on the output, obviously the initial states of the system must be restricted, since,
if the initial state of the system is arbitrary then constraint violation can never be avoided. For this reason,
we need to define an admissible set of initial conditions. It is straightforward to see that if an initial state

is not in this set, then no controller can avoid constraint violation.

Definition 5.1 Given the system X in (5.1) and a constraint set § C R? satisfying Assumption 5.1,

define the admissible set of initial conditions V(&) as
V(8):={x € R" | Jusuchthat z(k) = C;x(k) + D;u(k) € 8 forallk > 0}.

In the papers [88, 145] we established under what conditions, for all compact sets J in the interior of
V(¥§), we can find a controller which avoids constraint violation for all time and for all initial conditions
in # while, additionally, guaranteeing that the state converges to zero. This is clearly not always possible.
Hence, we define the recoverable region as the largest set of initial conditions for which we can avoid

constraint violation while steering the state to the origin.

Definition 5.2 Consider the system given by (5.1) and a constraint set 8§ C R? satisfying Assumption

5.1. The set
Re(X,8) =3x(0) € V(8) | Ju suchthat lim x(k) =0
k—o00
and z(k) = C,x(k) + D;u(k) € S forallk > 0
is called the recoverable region with constraint set §.

Our goals in this chapter are two fold. At first we would like to explore the properties and compu-
tational issues in constructing the recoverable region R.(X, &) for a given system X and for a given
constraint set § by exploiting the structure of X'. Then, we would like to solve the problem of semi-

global stabilization in the recoverable region via state feedback. Before we proceed to examine these
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goals and to determine ways of achieving them, it is appropriate to mention that certain structural prop-
erties of a system play important roles in determining the properties of the recoverable region R, (X, &)
and the solvability of certain stabilization problems. Specifically, so called right invertibility, the location
of invariant zeros, and the order of infinite zeros of the subsystem X', characterized by the quadruple
(A, B, Cz, D) play prominent roles. This implies that we need to digress here to recall certain terminol-
ogy pertaining to a taxonomy of constraints. To do so, we use the standard notation that C, C®, C® and
C© denote respectively the set of complex numbers in the entire complex plane, outside the unit circle,

inside the unit circle, and on the unit circle. We recall the following definitions.

Definition 5.3 A subsystem X,,, characterized by the quadruple (A, B, C;, D;),

x(k +1) = Ax(k) + Bu(k)
z(k) = Czx(k) + Dzu(k),

is said to be right invertible if for any sequence z.¢(k) defined for k > 0 there exists an input u and a

choice of x(0) such that z(k) = z¢(k) for all k > 0.

Definition 5.4 The invariant zeros of a linear system with a realization (4, B, C, D) are those points

A € C for which

rank Al—-A4 -B < normrank si—A4 -8
a cC D ormra cC D

where “normrank” denotes normal rank.

The first categorization is based on whether the subsystem X', is right invertible or not. We have

the following definition:
Definition 5.5 The constraints are said to be

¢ right invertible constraints if the subsystem X', is right invertible.

e non-right invertible constraints if the subsystem X', is not right invertible.

It turns out that the location of the invariant zeros of the subsystem X, is also important in charac-
terizing the solvability of stabilization problems. We refer to these invariant zeros as constraint invariant

ZE10S!
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Definition 5.6 The invariant zeros of the system characterized by the quadruple (A4, B,C;, D) are

called the constraint invariant zeros of the given system X'

The second categorization of constraints is based on the location of the constraint invariant zeros.

We have the following definition:
Definition 5.7 The constraints are said to be

e minimum phase constraints if all the constraint invariant zeros are in C®.

¢ weakly minimum phase constraints if all the constraint invariant zeros are in C® U C© with the

restriction that any invariant zero in C© is simple,

¢ weakly non-minimum phase constraints if all the constraint invariant zeros are in C® U C® with

at least one non-simple invariant zero in C©.

e at most weakly non-minimum phase constraints if all the constraint invariant zeros are in C® U

C°.
e strongly non-minimum phase constraints if at least one constraint invariant zero is in C®.

The third categorization is based on the order of the infinite zeros of the subsystem X, (see [99] for
a definition of infinite zeros of a system). Because of their importance, we specifically label the infinite

zeros of the subsystem X';,, as the constraint infinite zeros of the plant.

Definition 5.8 The infinite zeros of the subsystem X', are called the constraint infinite zeros of the

plant associated with the constrained output z.
We have the following definition regarding the third categorization of constraints.

Definition 5.9 The constraints are said to be type one constraints if the order of all constraint infinite

zeros is less than or equal to one.

Having recalled above the taxonomy of constraints, we are now in a good position to examine our

first goal of exploring the properties and computational issues in constructing the recoverable region
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R (X, 8). Since the computation of the admissible set of initial conditions V(&) is relatively trivial, we
can enquire under what conditions the recoverable region R, (X, &) coincides with the admissible set of
initial conditions V(&). It is known that R, (X, &) coincides with V(&) whenever the constraints are at
most weakly non-minimum phase and right invertible. Also, it is so for non-right invertible constraints
under certain conditions (see [97] for continuous-time and [145] for discrete-time). However, whenever
the constraints are strongly non-minimum phase, irrespective of whether they are right or non-right in-
vertible constraints, the recoverable region R, (X, §) is always a proper subset of the admissible set of
initial conditions V(&). As such, our main interest is indeed to reduce the complexity in computing the
recoverable region R.(X, §) whenever the constraints are strongly non-minimum phase. We empha-
size that such a construction is very involved where as the construction of the admissible set of initial
conditions V(&) is somewhat trivial. In order to reduce the complexities involved in the computation
of R.(X,8), we exploit here the structural properties of the given system. In fact, by exploiting the
structural properties, the recoverable region R, (X, &) for a given system is constructed by constructing
the same however for a reduced order subsystem of the given system. Such a reduction in the order
or dimension of the system generally leads to a considerable simplification in the computational effort.
One appreciates the reduction in the order of a system, when we note that in the literature so far the

recoverable region R, (X, &) is constructed at the most for fourth order systems.

We have the following problem statement which expresses formally the first goal.

Problem 5.1 For a given system X as in (5.1) along with the constraint set § satisfying Assumption
5.1, examine the properties of R.(X, §) and then explore the computational issues in constructing the

recoverable region R (X, §).

Next, our second goal of solving via state feedback the semi-global stabilization problem in the

recoverable region R, (X, §) can be formally stated as follows:

Problem 5.2 (Semi-global stabilization problem in the recoverable region R.(X, &)) Consider the
system (5.1) with the constraint set § satisfying Assumption 5.1. For any a prior given compact set ‘W
contained in the recoverable region R (X, &) find, if possible, a static state feedback u(k) = f(x(k), k)

such that the closed-loop system is asymptotically stable with a domain of attraction containing W in its
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interior and that all the constraints are satisfied, i.e. z(k) € & forall k > 0.

Regarding Problem 5.1, the properties and computational issues of the recoverable region are ex-
plored in the following section. As required in Problem 5.2, the determination of a state feedback con-

troller that achieves the semi-global stabilization in the recoverable region is done in Section 5.4.

5.3. Properties and computational issues of the recoverable region

Our goal in this section is to show how to reduce the complexities involved in computing the recov-
erable region R, (X, &) by utilizing the structural properties of the given system. For this purpose we
first express the system in terms of the Special Coordinate Basis (SCB) [99, 92] (See also, [11]) which
displays explicitly both the finite as well as the infinite zero structure of a given system. A compact form
of SCB is given in Appendix. Using suitable basis transformations for the state, input, and constrained

output spaces, we can re-write (5.1) as
i X(k +1) = Ax(k) + Bu(k)
X y(k) = Cyx(k)+ Dyu(k) (5.3)
Z(k) = Czx(k)+ Dzu(k).
The complete form of such a discrete-time system in terms of SCB and some properties of it are given in

Appendix.

In this new basis we can decompose the state into several components:

xg~ (k)
x5 (k)
X(k) = Txx(k) = | xp(k) |,
xc(k)
xq (k)

0—
a °

+

ng , np, ne and ng are the dimensions of X0~

a °

+

where n a5

x_J, xXp, Xc and x4 respectively. We have
that Z(k) is subject to the constraint Z(k) € & for all k > 0, where § = T, 8. In view of the fact
that C,D, = 0 as given in Assumption 5.1, we can re-write the constrained output z(k) in the new

coordinate system as zZ(k),
Cpxp (k)
z(k)y = | uo(k)
Caxq(k)

The decomposition of the state allows us to decompose the system X into certain subsystems. In order

98



to characterize the recoverable region efficiently, we can extract the first subsystem X+, from X,

xFk+1) = A, xF (k) + K, Coxp (k) + K5t (k)

aa“"a

xp(k +1) = (App + Kpp Cp)xp (k) + Kpol (k)
20 = () w0+ (7)ew.

has all its eigenvalues inside the closed unit disc. { (k) is defined in (5.5).

Stp (5.4)

+
where A4,,

We also make extensive use of the following subsystem of the original system:

xflk+1) = Af,xF (k) + K Cpxp(k) + K¢ (k)
xp(k + 1) = (App + KppCp)xp(k) + KprC(k)
xglk +1) = Agaxa(k) + Bglug (k) + Gx(k)] + KgZ(k)

Latpd tk)y = (Cod) xq (k) + (é) uo (k) e

w0 = () (7)cw,

iig(k) = ug (k) + Gx(k) and i (k) = (ZZ((Q)

Let Re (X +p4- 8) denote the recoverable region of subsystem X +pq With input .

In ¥ ,+,,4, we define

We claim that we can compute the recoverable region for the full system from the recoverable region

for the subsystem X, +,. We define,
Vo(2.8) ={X € R" | x41p € Re(Zy1p.8) |

where ¢ is an integer chosen larger than the maximum order of infinite zeros of the system. Next, we
define the following recursion:
Vie(E,8) = {)_c € R" | 3ii such that AX + Bii € Vi (X, 8) and
C.x+D;ie8}) (56)
fork =g —1,...,0. Our first main result claims that V{y leads to the recoverable region for the original

system.

Theorem 5.1 Consider the system X of (5.1) along with the constraint set § satisfying Assumption 5.1.
We have
Re(2.8) =T 'RAZ.8) = T 1V (2, 8).
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Remark 5.2 A special case of the above theorem is obtained when the system X is right-invertible and

at most weakly non-minimum-phase since in that case the system X+ is empty and we obtain,

in which case we can obtain the recoverable region through a finite recursion. In general, however, the
above only results in a reduction of complexity since we only need to obtain the recoverable region for a
system of lower dimension. However, note this is crucial since the classical results for computation of the
recoverable region, such as the book [86], only consider the cases n = 2 and n = 3; This is primarily

because with growing dimension the required computational effort grows dramatically.

Proof : In order to prove Theorem 5.1, we need some preparatory work. Consider the recursive definition
of Vi (8) for 0 < k < ¢. We define,
Va(Zatpa-8) = {Xatpa | Xatp € Re(Zgtp. 8) },

and

'Qk(Eaerd,é;) = {xa+bd | du such that /I()Xa-t,-bd + goﬁ € Vk+1(2a+bd, g)

and Cox,4+pg + Doii € 8 } ,

where

i AL Kl Cp K Cy i Bl 0

Ag = 0 App+ KppCp KpqCyql, Bo=|Bp 0 |,

0 KapCp Ada Bao By
) 0 C, 0 ) 0 0 y
Co=|0 0o c;|, Do=|0 0of, a=(ﬁ°).
0 0 0 I 0 d
We have the relationship,
V(2. 8) = R x Vi(Z,4pq.8) x R, (5.7)

for k = 0,...,q. This relationship between V. (X, 8) and r‘}k(za+bd, 8) for 0 < k < ¢ results from

the fact that the relationship is obviously true for k = ¢ while for k < g we note that the dynamics of

0—

Xa

and x. do not impact the constraints directly as shown by the structure of the SCB.
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It can be easily verified that Vi (X, s ) defined in equation (5.6) can be characterized as

Vi(Z,8) = {%(k) | i suchthatz(i) € & fori =k,....q

and x(q) € V4(Z,8)}. (5.8)
Similarly, Vi (Z,+pg. 8) is given by

'Qk(Zaerd,S) = {xa+bd(k) | 3 such that Z(i) € §

fori =k,...,qand x,+,4(q) € "Qq(Eaerd,g)}. (5.9)

As a first step in the proof of Theorem 5.1, the next lemma shows that '90(8 ) is the recoverable

region of X ,+5,.

Lemma 5.1 Consider the system given by (5.5) with constraint set s satisfying Assumption 5.1. We

have

Re(Zatpa:8) = Vo(Zgtpa. 8)-

Proof : First we will show that
Re(Zytpa-8) € Vo(Z 4pa-5). (5.10)

Suppose x,+p4(0) € Re (X +p4- $). By definition, we know there exist a 7 (k) such that Xg+pq (k) —
Oask — occand z(k) € & forall k > 0, which implies that, for subsystem X+, there exists a sequence
¢ (k) such that x,+, (k) approaches zero as k goes to infinity. This means that x,+,(q) € Rc(X,+5. S).
Hence we have x,+,4(q) € f?q(Emed, 8). The fact that x4 4 (k) € Vi(Z,4p4.8) for0 <k < g—1
follows then directly from (5.9) since we have no constraint violation in the interval [0, ¢]. This concludes

Xa+5a(0) € Vo(Zatpa. ).

The next step is to show that
Vo(Zatpa:B) € Re(Zatpq.8). (5.11)

Suppose x44+54(0) € "70(2(1+bd, 8) and define x;0 = x4(0). From the definition of "QO(Zaerd, 5),

there exists a control input 1 (k), say i (k), for 0 < k < g, such that x,+,,4(q) € ﬁq(zzfrbd’ 8) and
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no constraints violation occurs within the first ¢ — 1 steps. This implies that there exists a { (k) from 0
to ¢ such that x,+,(q) € Re(Z,+4,8) and the constraints are not violated. From time ¢ onward, since
X +5(q) € Re(X,+p. S), there exists an input ¢ (k) for k > ¢ that steers x,+ (k) to zero and causes no

constraints violation.

In this way we find a signal (k) for all k. Clearly, we can generate this (k) via a suitable input
(k), say tin(k), for k > 0 together with an appropriate initial condition X ;o because the x; dynamics

with inputs u¢ and 4 and output { is right-invertible by construction.

Next we note that x40 and inputs i (k) also generate the same ¢ (k) for k = 0,...,q. The special
structure of x; dynamics guarantees that the initial conditions x;q and X ;o must be the same since they
result in the same output (k) for an interval at least as long as the order of the infinite zeros. The
structure guarantees this even though the associated inputs might be different. We conclude that for our

initial conditions there exists inputs which generate the signal ¢ (k) for all k.

We have noted before that this signal ¢ is such that no constraint violations will occur. It remains to
show that x,+p 4 (k) — 0 from time g onward. As noted earlier this signal { (k) is such that x,+, (k) — 0
as k — oo, which also implies (k) — 0 as k — oo. Again the structure of x; dynamics guarantees

that x; also approaches zero as k — oo.

Hence we can find a input 2% (k) for all k& > 0 such that
li k) =0,
kl—rg) Xa+bd (k)
and no constraints violation occurs. This completes the proof. ]
Now we proceed to prove Theorem 5.1. It is obvious from Lemma 5.1 and (5.7) that
Vo(2.8) = R" x Re(Z,45q.8) x R

It is obvious that this implies that

£0(2_9 g) g VO(Z_’ /g)

It remains to prove the converse inclusion. This will be shown through an explicit controller design as

presented later in the proof of Theorem 5.2. [ |
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5.4. Semi-global stabilization in the recoverable region by state feedback controllers

The first objective of this chapter is the reduction in the computation of the recoverable region as out-
lined in the previous section. The second objective of this chapter is to solve the semi-global stabilization
problem (as stated in Problem 5.2) in the recoverable region by state feedback controllers. That is, our
intention here is to show that semi-global stabilization can be achieved by a state feedback controller

without violating the constraints for any compact subset ‘W contained in the interior of R, (X, §).

The following theorem establishes the solvability conditions for the semi-global stabilization prob-

lem as stated in Problem 5.2.

Theorem 5.2 : Consider the system X of (5.1) along with the constraint set & satisfying Assumption
5.1. The semi-global stabilization described in Problem 5.2 is solvable. More specifically, for any prior
given compact set ‘W contained in the recoverable region R.(X, &), there exists a time-invariant static
state feedback u(k) = f(x(k)) such that the closed-loop system is asymptotically stable with a domain
of attraction containing W in its interior and that all the constraints are satisfied, i.e. z(k) € & for all

k>0.

Before we start proving this theorem, it is necessary to define the following subsystem:

Xa(k +1) = Agaxa(k) + KapCpxp(k) + K28 (k)
xp(k + 1) = (App + KppCp)xp(k) + Kp28 (k)
xgk +1) = Aggxa (k) + Bglug (k) + Gx (k)] + Kgz(k)

Tt = () rato+ () woth 12

w0 = (0)mw+ (7)o

Similarly,

iig(k) = ug (k) + Gx(k) and i (k) = (;‘2((2) .

Let R¢ (X454, 8) denote the recoverable region of system X,p4.

Then let us give a brief road-map of how we prove Theorem 5.2, that is how we construct a semi-
globally stabilizing controller for the given system X'. Lemma 5.2 that follows considers the semi-global
stabilization of the subsystem X+, as given by (5.5). Based on the result of Lemma 5.2, we proceed

to construct in Lemma 5.3 a semi-globally stabilizing controller for the newly defined subsystem X,34.
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Finally, the controller constructed in Lemma 5.3 for the subsystem X3, is augmented to form a semi-

globally stabilizing controller for the given system X.

We proceed now to construct a semi-globally stabilizing controller for the subsystem X+, ;.

Lemma 5.2 The semi-global stabilization problem in recoverable region for ¥ ,+,, is solvable by a

non-linear static state feedback of the form,

uo = f1(x4+pq) and tig = fo(x4+pq)-

Proof : To start with, we transform the subsystem X+, to its controllable canonical form. That is, we

utilize a nonsingular state transformation 7

- k
= (i;ﬁki) = [atba

such that the system X ,+,, given by (5.5) is transformed to the form,
xi(k + 1)) _ (A1 A1z (x1(k) ii(k)
5 .00) \k+D 0 Azz) \x2(k)
-9 6E)-0 ) )
x2 (k)
where the dynamics of x; is controllable, the dynamics of x; is uncontrollable, and
. uo(k ))
ulk) =\ -~ .
® = (5ot
We observe that the recoverable region of system X, is given by

Re(Zgtpa-8) = TRAZg4pa-8)-

In order to construct a controller for f]a+ »d» we define a slightly modified form of f]a+ bd- Thatis,

we define the modified system,

xbk+ 1)\ A1 Az (x4 (k) Bi) ~¢
s, . (i) =a+o (7 K) (xﬁ(k))“l“)(O)” ©
- (G (e

where £ > 0 is small enough that >t is still stabilizable.

atbd
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Let ﬁ(fl f $) be the largest set of initial conditions for the system b)) f for which there exists

+bd’ +bd

an input such that the constraints are satisfied while we stay inside the set for all k£ (and where we do not
impose convergence to zero). We do claim that for any p € (0, 1) there exists an £ > 0 sufficiently small
such that

PR(Zytpa.8) CR(EL,, 1. 8) C Re(Zytpa. B). (5.13)

It is trivial to see that

j?(f]f_,_bd, 8) C Re(Zy+pa. 5).

It remains to establish that
PRA(Zatpa: ) C R(ZL 4. 8).
Y/

Consider any r > n for the system f)a +pg- Since the xf (k) dynamics is controllable there exists a

8* > 0 such that for any § € (0, 6*) and for any

(’”) €8R(E g, 8)

X2
u€
there exist, an input 7i¢ := ( ?) and initial condition ¥¢(0) = 0 such that xf(r) = —x; and xé(r) =0
u
d

while

k) e5Ls,  k=0.1,....r—1

Moreover, 6* is independent of £ and r provided £ is small enough.

Let r > n be such that for any 70 € Rc(f}aerd, 8) we have that

0 . i
(1ttr)) & 30Re( .

for all £ sufficiently small. This is clearly possible due to the fact that the system is stabilizable and hence

the uncontrollable dynamics of xg must be asymptotically stable.

Consider any initial condition ¥(0) € R¢(Z,+p4,8). We have an input i for the system X4,
such that Z(k) € §. Hence for any p < 1 we can find, for any initial condition X(0) € pﬂc(i‘a+ bd > 5),
an input p for the system 2a+bd such that Z (k) € p& for all k. But then for ¥¢(0) € pﬂ?c(f]aerd, 5)

and ¢ small enough we find that there exists a control input, say ﬁf, for which we have ¥¢(k) € (1 +
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S)pﬂ%c(f]aerd,S_) fork =0,...,r and z¢(k) € (1 4+ 8)p8 fork =0,...,r — 1. Also we observe that

if we choose § < %, we have
L
-0 8x7(r) ~ S
8x (r) = ((Sx%(}’)) € SRC(Ea+bd,8).
Then let
X1 = 8xf(r).
Hence we can choose an input, say ﬂg such that, for ¥¢(0) = 0, we have xf(r) = —x1 and xﬁ(r) =0

while z¢(k) € I—Tpg‘ But then for initial condition ¥¢(0) € pﬂc(fiaerd, 8), the input 12{ + ﬁg and

8 < min {§*, 1;—'0} we obtain that
Ze(k)e(1+8)p5+¥ge5?fork=0,...,r—1,
and

() =(1-9) (xf(r)) +8( 0 ) e [1=8)1 +8)p +8p] Re(Zytpa. 8)
x5(r) xX5(r) atbd:

€ PR j4pg.8) fork =0,....r.

This is true due to the fact that § and R, (f]a+ bd> 8) are convex and contain 0 as interior point.

If we repeat this construction between k = r and k = 2r and so forth it becomes clear that we can
find for any initial condition,

an input such that

) e s

for all k. Hence ¥£(0) € ﬁ(i‘ﬁ 8). This clearly implies that (5.13) is satisfied.

+bd’
For semi-global stabilization we take any compact set , «+pq contained in the interior of R ®) atbd> 8)
and we construct a static controller which will stabilize the system and the constrained domain of attrac-

tion contains J#,+,4. But then clearly, using (5.13) we can find £ such that #,+,,; C ﬁ(ﬁerbd’ 8).

Next, we choose a feedback f = ( f} ) on the boundary of ﬁ(i{f
2
8) we have ¥¢(k + 1) € ﬁ(flﬁ

tbd 8) such that for any ¥¢(k) €

IR(E f 8). We expand this feedback f to the whole state

+bd’ +bd’

space. Define g : R” — R+ such that for any x,

g(x)x € IR(ZL,, 5. 8).
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Since ﬁ(ff ﬁ thd 8) is a convex set containing O in its interior this mapping is well-defined. Then we

expand f to the whole state space by

o ()Y _ )
fo=(40) ="

This expansion has the property that for any n > 0 we have xﬁ spgtk + 1) € nﬁ(i‘f tbd 8) for all

k) € nﬁ(i’f bd $). Note that f is positively homogeneous, that is

flax) = af(x)
for any o > 0.

Clearly, for the system X f we then have, given the feedback

+bd
ug(k) = fi(x4(k)) and @5(k) = fr(&(k)),

that for all initial conditions in the set ﬁ(i‘f 8) we have ¢ (k) € ﬁ(i‘f P 8) forall k.

+bd’

But then the feedback,
uo(k) = f1(%(k)) and iy (k) = fo(%(k))

for the system Z~‘a+ pd With Xx(0) = %£(0) results in a state,

1

m#(k).

x(k) =
Hence, we obviously have x € ﬁ(i‘erbd, 8) for all k but also ¥(k) — 0 as k — oo.

Finally, the controller for the original system X' 45, is given by:

uo(k) = fi(TT'Z(k)) = f1(xg+,Xp. Xq) and ig(k) = f(T7'%(Kk)) = folxg+, Xp, Xa)-

Next we design a controller for the subsystem X,;; based on the state feedback established for

2 ,+pa- We have the following lemma.

Lemma 5.3 We have
Re(Zapa.8) = R x Re(Z,4pq.5), (5.14)

where R¢(Zp4.8) and Re (X +pgs 8) are the recoverable regions of X547 and X +pq respectively.

Moreover, the semi-global stabilization problem for X, is solvable.
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Proof : It is easy to verify that R.(Z,p4, 8) and R (X, +pas $) have the relationship,
Rapd (. 8) SR X Re(Zgspa.8).

We will prove the reverse implication and establish the solvability of the stabilization problem for system

X .p4 by constructing a state feedback controller for it.

For any compact set J in R x Re(Z,+pq.8) we choose a compact set #1 and p < 1 such that
H C Hy X PpR(Z gt pgs ).

The controllers ug = fi(x,+p4) and tiy = fa(x,+p,) are such that, for all initial conditions in
PR(E +pa- 8), the origin of the closed-loop system is exponentially stable. Hence there exists M > 0
and A with |A| < 1 such that

g +pa (k)| < MAX (5.15)
for all k and for all x,+,4(0) € pR(Z,4p4.5)-

Next, let Py be the semi-stabilizing solution of the discrete time algebraic Riccati equation,

Po = Ay PoAg + C{Co — Al PoBo(B{PoBo + D}y Do)T B) Py Ay,

where
Aaa Kab Cb Kad Cd BaO 0
Ao=| 0 App+ KppCp KpaCal. Bo=|Brp 0 |,
0 KapCp Aga Bago By
0 Cp 0 0 0
=0 o ¢, Do=[0 0
0 0 0 I 0
We have
xg_
Py 0 =0 (5.16)
0

for all x9~ € R"a" since the eigenvalue of 497 are in the closed unit disc. Choose a level set,
Vo(c) :={£ € R™>4 | §'Pok < c},

such that we have

(Co + Do(ByPoBo + DyDo) By PoAg)t € §/3 (5.17)
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for all £ € Vp(c). Then with the controllers ug = fi(x,+p4) and tigz = fa(x,+p4) there exists a T
such that, for any initial state in

H1 % pR(Zy+pg. 8).

we have

( Xq0-(T) ) e Vo(c). (5.18)

Xa+bd (T)

Let P be the stabilizing solution of the algebraic equation,
Pe = AyPeAg + CyCo + el — Ay P Bo(ByP:Bo + D{)DO)TB(/)PSAO.
We have P, — Py as ¢ approaches zero. Define the level set,
Ve(c) :={& € R"bd | £'Pg <c}.

Then, there exists an ¢ such that

( Xa0-(T) ) € 2Ve(c).

Xg+pa (T)

For ¢ small enough, we have
[Co = Do(ByP:Bo + DyDo)! By Pedo | € € §

for any & € 2V, (c). Hence the feedback

0—
uo\ _  ps ’ tn/ Xa

is an asymptotically stabilizing controller for X3, and achieves a domain of attraction containing

2Ve(c). Next, consider the controller,

(uo) _ )/ (xatpa), Xgbd & 2Ve(c)
ug —(ByPsBo + Dy Do) By PsAoXapd, Xaba € 2Ve(c).

It is easily verified that this controller asymptotically stabilizes the system. Hence we have
R™ X Re(Eqtpas8) C R(Eapas 5).

This completes the proof. u
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The above lemma yields an appropriate controller for the subsystem X,3,. Finally we need to
construct a controller for the original system X which will complete our proof of Theorem 5.2 but will

also complete our proof of Theorem 5.1.

Proof of Theorem 5.2 : It is easily seen that the controllers designed in Lemma 5.3 combined with a
controller

uc(k) = —Jaxq(k) + Fexe(k)

solve the semi-global constraint stabilization problem in recoverable region via state feedback, where F,
is such that A.. + B, F, is asymptotically stable and A..,J, and B, are given in the SCB form of the

system (see Appendix). ]

Let us next comment on measurement feedback controllers. For discrete-time system with measure-
ment feedback, it is not sensible to consider the recoverable region. After all, the recoverable region is
intrinsically an open-loop concept relying on our knowledge of the state which in the measurement feed-
back case is clearly not available. Moreover, in the discrete time, in contrast with the continuous time,
semi-global stabilization with measurement feedback is in general not possible. In continuous-time a
fast observer could guarantee a highly accurate estimate of the state in a short period of time in which
we do not leave the recoverable region. However, in discrete time, it might take up to n time steps before

we get a good estimate of the state and in this period of time we might leave the recoverable region.

An alternative is to use a concept such as maximum domain of attraction. Basically we look for a
measurement feedback controller with the largest constrained domain of attraction, i.e. the largest set
of initial conditions for which we can guarantee convergence to the origin without constraint violation.
However, this concept is also problematic in discrete-time system. If two controllers achieve constrained
domain of attractions R and R, respectively, then there might not exist a controller for which R U R»
is contained in its constrained domain of attraction. This is established in the following example. The
fact that this is not possible makes it impossible to decide which measurement feedback controller we

should use.
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Example 5.1 We consider the system,

Xk +1) = (8 ;)x(k) + ((1)) w(k)

y(k) :(1 O)x(k)
z(k) =x(k),

212

with a constraint set § = {x € R?> | x € [=1,1] x [=1, 1]}. Note that there is one step delay from

_31
44

the input to the output. Consider the time k¥ = 0. Suppose x(0) € [—1, 1] x [ ] we can choose
u(0) = % so that no constraint violation occurs at k = 1. Similarly, if x(0) € [—1, 1] x [—%, %], we can
choose u(0) = —% to avoid constraint violation. However if x(0) € [—1, 1] x [—%, %] which is the union
of these two regions, it is impossible to find a #(0) that guarantees no constraint violation. After all, the
measurement at time 0 does not yield any information about x,(0) and hence we can never guarantee

that the state x(1) will be in [—1, 1]. Hence, we cannot avoid constraint violation.

5.5. Appendix - Special coordinate basis

Consider a linear discrete-time system,

x(k +1) = Ax(k) + Bu(k)
X y(k) =Cyx(k)+ Dyu(k) k>0 (5.19)
z(k) = Cyx(k)+ Dyu(k).

In what follows we give a very compact version of Special Coordinate Basis (SCB) [99, 92]. Various

subsystems used in the body of the chapter are extracted from this compact version. An expanded version

of SCB can be found in [99, 92].

By using a suitable basis transformation, the above given system X can be transformed via a state
space transformation T, input basis transformation 7;,, and output basis transformation 77 into its SCB

with the state x, control #, and constrained output z described in the new coordinates by

Tox=x=|"%]. Tw=i=|u].
Xd d
and
zp(k) Cpxp(k)
T,z =2Z(k) = |zotk) | = | uo(k)
zq (k) Caxq(k)
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The constrained output Z(k) is subject to the constraint Z(k) € § for all k > 0, where § = T, 8. Since
C]/D; = 0, it is guaranteed that the new constraint set still satisfies Assumption 5.1. The given system
(5.1) can be written in the following form:

Xa(k +1) = Agaxa(k) + Kz (k)
xp(k +1) = Appxp (k) + Kpz(k)
Xe(k +1) = Acexe(k) + KeZ(k) + Belue (k) + Jaxa (k)]
xq(k +1) = Aggxq(k) + Kqz(k) + Bg[ua (k) + Gx(k)] )
y(k) = Cyaxa(k) + Cbeb(k) + Cycxc(k) + Cydxd (k) + Dyﬁ(k)
zo(k) =wuo(k)
zp(k) = Cpxp(k)
zg(k) = Cgaxq(k).

™M

Furthermore, the state x, can be decomposed into three parts, x, x2, and x;" such that
X, (k+1) = Ay x, (k) + Kjozo(k) + K pzp(k) + K ;24 (k),
0 _ 40 ,0 0 0 0
Xk + 1) = AYx2(k) + Kyzo(k) + K&z (k) + KOyza (k).
xFl+ 1) = Adxf () + Khzok) + K 2o () + KiFyza (k).

where the eigenvalues of A,,, A%, and A}, are respectively inside, on, and outside the unit circle.

SCB has many properties as it displays both the finite and infinite zero structure of a given system

Y. Specific properties of SCB used in the context of this chapter are highlighted below:

e The dynamics of x, represents the finite zero dynamics of X'. Thus, the constraint invariant zeros
of X are given by the eigenvalues of A,,. Hence, the constraints are at most weakly non-minimum

phase if and only if the state x; and thus A}, are non-existent.
e The constraints are right invertible if and only if the state x; and thus yj are nonexistent.

e Infinite zero structure is a set of integers which coincides with the set 44 of Morse [70]. SCB

displays such a set, to do so however one needs an expanded form of SCB as given in [99, 92].
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CHAPTER 6

Stabilization of a class of sandwich nonlinear systems

6.1. Introduction

Many physical systems can be modeled as interconnections of several distinct subsystems, some of
which are linear and some of which are nonlinear. One common type of structure consists of two linear
systems connected in cascade via a static nonlinearity. We refer to such systems as sandwich systems,

because the static nonlinearity is sandwiched between the two linear systems.

We focus on sandwich systems where the sandwiched nonlinearity is a saturation. Saturations can
occur due to the limited capacity of an actuator, limited range of a sensor, or physical limitations within
a system. Physical quantities such as speed, acceleration, pressure, flow, current, voltage, and so on, are
always limited to a finite range, and saturations are therefore a ubiquitous feature of physical systems.
Our primary goal is to develop design methodologies for semi-global and global stabilization of such
systems via feedback controller. We observe that the resulting sandwiched non-linear systems, as shown

in Figure 6.1 are extensive generalizations of linear systems subject to actuator saturation.

e
2
3
38
\4
4
@
25
38
N

Figure 6.1: Single-layer sandwich system

Figure 6.1 depicts a single-layer sandwich system, where the single layer refers to the saturation
element that is sandwiched between two linear systems. A natural extension of this class of systems is
depicted in Figure 6.2, which shows a single-layer sandwich system subject to actuator saturation. These
types of systems can be further extended to multi-layer sandwich systems, and multi-layer sandwich

systems subject to actuator saturation, shown in Figures 6.3 and 6.4.

Sandwiched systems such as those depicted in Figure 6.1 are a special case of so-called cascaded
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Figure 6.3: Multi-layer sandwich system

systems which are linear systems whose output affects a nonlinear system. This research was initiated in
[90] but has also been studied for instance in [102, 103]. Note that in our case the nonlinear system has
a very special structure of an interconnection of a static nonlinearity with a linear system. Moreover, in
these references the nonlinear system is assumed to be stable and the goal was to see whether the output

of a stable linear system can affect this stability.

Some researchers have previously studied linear systems with sandwiched nonlinearities. The most
recent activity in this area is the work of Tao et al. [126, 127, 124, 125]. The main technique used in
these papers is based on an approximate inversion of the nonlinearities. An example studied in these
references is a deadzone, which is a right-invertible nonlinearity. By contrast, a saturation has a very
limited range and cannot be inverted even approximately, except in a local region. The work of Tao et al.
is therefore not applicable to the case of a saturation nonlinearity. To achieve our goal of semi-global and
global stabilization, we need to deal with the saturation directly, by exploiting the structural properties

of the given linear systems.

The systems illustrated by Figures 6.1-6.4 are progressive generalizations of the class of systems
consisting of a single linear system with an actuator saturation. Over the past years there has been a
strong interest in stabilization of this class of systems. Several important results have appeared in the

literature, starting with the works of Fuller [24, 25], Sontag and Sussmann [110], Sussmann and Yang
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Figure 6.4: Multi-layer sandwich system subject to actuator saturation

[120], as well as Sussmann, Sontag, and Yang [119]. (See also two special issues of the International
Journal of Robust and Nonlinear Control [5, 94].) These works led to the development of low-gain
design methodologies for semi-global stabilization, and scheduled low-gain design methodologies for
global stabilization of linear systems subject to actuator saturation [51, 52, 49]. The scheduled low-gain
design methodology is based on the concept of scheduling, developed by Megretski [68]. Since being
developed in the 1990’s, low-gain and scheduled low-gain design methodologies have formed an integral

part of several related design methodologies, such as low-and-high-gain design methodologies.

Recent research has also focused on linear systems subject to state constraints, where the controller
must guarantee that the output of a linear system remains in a given set (see, for instance, [87, 88,
97, 145] and references therein). The approach developed in these works can be used for the class of
nonlinear sandwich systems, albeit with some drawbacks. First, the approach does not allow arbitrary
initial conditions. Instead, the initial conditions must belong to a constrained set known as the admissible
set of initial conditions to avoid constraints violation at time 0. Second, the approach is based on limiting
the input to avoid activation of all the saturations for all time, so that the closed-loop system only operates
in the linear region. This requires either further restrictions on the initial conditions or constraints on the
zero structure to be imposed. In our problem formulations, we allow that the saturation is activated and

in this way we avoid the above restrictions.

In the sequel, we first establish conditions for semi-global and global stabilizability of single-layer
sandwich systems, portrayed in Figure 6.1, and we construct appropriate control laws by state feedback.
We then extend the stabilization results to single-layer sandwich systems subject to actuator saturation,
portrayed in Figure 6.2. The design methodologies that emerge from this extension are generalizations

of the classical low-gain and scheduled low-gain design methodologies, developed for semi-global and
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global stabilization of linear systems subject only to actuator saturation. Indeed, when the first linear
system is a static and invertible, the new design methodologies reduce to their classical counterparts, and
we therefore refer to the new design methodologies as generalized low-gain design (for semi-global sta-
bilization) and generalized scheduled low-gain design (for global stabilization). We furthermore discuss
the natural extension of the results to the multi-layer sandwich systems portrayed in Figures 6.3 and 6.4.

We illustrate the results with an example.

6.2. Problem formulations and preliminaries

We first consider the single-layer sandwich systems, portrayed in Figure 6.1. We then formulate the

semi-global and global stabilization problems for this class of systems.

Single-layer sandwich systems consist of two interconnected systems, L and L», given by

| px = Ax 4+ Bu
Li: ; =Cnx. 6.1)
and
Ly: pw=Mw+ No(z) (6.2)

where x € R"!, w € R"2, u € R™ and z € R™2. px represents x for continuous-time systems and

x (k + 1) for discrete-time systems.

As will become clear in the design procedure, different saturation levels do not cause any intrin-
sic differences in controller design methodology except for some changes on ranges of certain design
parameters. Therefore, without loss of generality, we assume that all the saturation elements stud-
ied in this paper are indeed the same and equal to the standard saturation function defined as o(z) =
[01(21),...,01(zm,)]) where o1 (s) = sgn(s) min {|s|, A} for some A > 0.

The dynamics of system L can be modified to include an actuator saturation, and we refer to the
resulting system as L. Single-layer sandwich systems subject to actuator saturation therefore consist of
two systems, L and L», given by

= | px =Ax + Bo(u),

Ly: — (6.3)

and

Ly: pw=Mw+ No(z), (6.4)
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where x € R®', w € R"2, u € R™! and z € R™2.

This type of system configuration can be generalized to an interconnection of n linear systems,

namely the multi-layer nonlinear sandwich systems. Consider the following interconnection of n sys-

tems:
oxi = Aixi + Bio(u;), i=1,...,n
L;: zi =Cixj, 1=1,....,n—1 (6.5)
U =zi—1, i=2,...,n
where x; € R%,u; € R fori =1,...,n,z; €e R™i+i fori =1,...,n— 1.

Let x and u denote the state and input of the over-all sandwich systems. The semi-global and global

stabilization problems for the three sandwich systems as defined above can be formulated as follows:

Problem 6.1 Consider the (single layer, single layer with input saturation and multilayer) sandwich non-
linear systems as defined above. The semi-global stabilization problem for sandwich nonlinear systems
is said to be solvable if for any compact subset ‘W of whole state space, there exists a state feedback
control law u = f(x) such that the origin of the closed-loop system is asymptotically stable with ‘W

contained in its domain of attraction.

Problem 6.2 Consider the (single layer, single layer with input saturation and multilayer) sandwich
nonlinear systems as defined above. The global stabilization problem for the sandwich systems is said to
be solvable if there exists a state feedback control law u = f(x) such that the origin of the closed-loop

system is globally asymptotically stable.

6.3. Necessary and sufficient conditions for stabilization of nonlinear sandwich systems
6.3.1. Single layer sandwich system
In this subsection, we present two theorems that give necessary and sufficient conditions for the

solvability of semi-global and global stabilization problems as defined in Problems 6.1 and 6.2 for a

single layer nonlinear sandwich system.

Theorem 6.1 Consider the interconnection of the two systems given by (6.1) and (6.2). Both the semi-
global and the global stabilization problems, as formulated in Problems 6.1 and 6.2 respectively, are

solvable if and only if,
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1. The linearized cascaded system is stabilizable, i.e. (4, B) is stabilizable, where

A 0 B
Az(NC M) and£=(0). (6.6)

2. All the eigenvalues of M are in the closed left half plane for continuous-time systems and in the

closed unit disc for discrete-time systems.

6.3.2. Single layer nonlinear sandwich systems with input saturation

In this subsection, we present two theorems that give necessary and sufficient conditions for solving

Problems 6.1 and 6.2 for a single layer sandwich system with input saturation.

Theorem 6.2 Consider the interconnection of the two systems given by (6.3) and (6.4). Both the semi-
global and the global stabilization problems, as formulated in Problems 6.1 and 6.2, are solvable if and

only if,

1. The linearized cascaded system is stabilizable, i.e. (+4, 8) is stabilizable where 4 and 8 are given

by (6.6).

2. All the eigenvalues of A are in the closed left half plane for continuous-time systems and in the

closed unit disc for discrete-time systems.

3. All the eigenvalues of M are in the closed left half plane for continuous-time systems and in the

closed unit disc for discrete-time systems..

6.3.3. Multi-layer nonlinear sandwich systems

In this subsection, we establish the necessary and sufficient conditions for solving Problems 6.1 and

6.2 for a multi-layer sandwich system.

Theorem 6.3 Consider the interconnection of L;, i = 1,...,n as given by (6.5). The semi-global and

global stabilization problems defined in 6.1 and 6.2 are solvable if and only if
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1. (g, By) is stabilizable, where

Ay 0 0 B
B,C1 Aj 0 0
Ao = : : . . Bo=| . | (6.7)

2. All A; have their eigenvalues in the closed left half plane for continuous-time systems and in the

closed unit disc for discrete-time systems.

Remark 6.1 Note that for all three types of sandwich systems, the solvability conditions for semi-global
and global stabilization are the same. The intrinsic difference is that global stabilization, unlike the

semi-global stabilization, in general requires a nonlinear state feedback law.

Proof of Theorem 6.1, 6.2 and 6.3 : Necessity of these conditions is quite immediate. Whenever a
system needs to be stabilized through a saturated signal and it is well known, see for instance [119], that
this can only be done if the eigenvalues of the system are in the closed left half plane for continuous-
time systems and in the closed unit disc for discrete-time systems. The cascaded system is linear in a
small neighborhood around (0, 0) and hence the stabilizability of the nonlinear cascaded system clearly
requires the stabilizability of the local linear system, which is equivalent to the stabilizability of the linear

cascade systems in the absence of saturation.

Sufficiency is established in the next section by an explicit construction of a stabilizing controller. B

Remark 6.2 Note that the existence conditions are the same but semi-global stabilization allows for a

linear controller at the expense of a compact but arbitrarily large domain of attraction.

6.4. Generalized low-gain design for single layer sandwich systems

The design methodologies utilized here are generalizations of classical low-gain design methodolo-
gies for linear systems subject to input saturation. The principle behind classical low-gain design is to
create a control law with a sufficiently low gain to keep the input saturation inactive for all time. In the
semiglobal case, the gain is fixed, based on an a priori given set of admissible initial conditions; in the

global case, the gain is scheduled to be sufficiently low regardless of the initial conditions.
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For the systems considered in this paper, the principle is similar. However, there are now multi-
ple saturations, and the problem is more complex because the sandwiched saturations cannot be made
inactive from the start by using low gain. Instead, the sandwiched saturation must be deactivated by
controlling the states of the preceding subsystem toward the origin. Conceptually, the control task can
therefore be viewed as consisting of a sequence of subtasks. The ith subtask is to control the states of
the L; subsystem toward the origin, in order to deactivate the following sandwiched saturation. Once
all the sandwiched saturations have been deactivated, the last subtask consists of controlling the state
of the whole system to the origin without reactivating the sandwiched saturations. All of this should be

accomplished without activating the input saturation if it exists.

Let’s first consider a single layer sandwich systems. To accomplish the two subtasks, the control law
is divided into two terms, referred to as the L term and the L1/L, term. The L1 term is a function of
x, and the purpose of this term is to control the state of the L subsystem toward the origin, in order to
permanently deactivate the sandwiched saturation. The gain used in this term is chosen sufficiently low
to avoid activating the input saturation, by adjusting a low-gain parameter ¢y > 0. The L;/L, termis a
function of x and w, and the purpose of this term is to control the states of both subsystems to the origin
once the sandwiched saturation becomes inactive. The gain of this term is chosen sufficiently low that
it does not interfere with the L; term’s ability to permanently deactivate the sandwiched saturation, by

adjusting a low-gain parameter g5 > 0.

6.4.1. Continuous-time systems

Semi-global stabilization
We first choose F such that A 4+ BF is asymptotically stable and consider the system:

{X=(A+BF)x+Bv 6.8)

z=Cx
We have
t
z(t) = Ce(A+BF)tx(O) +/ Ce(A+BF)(t_t)Bv(r) dr
0
= CeT B 4 (0) 4 zo(r)
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Since A + BF is asymptotically stable, we know that there exists § such that
lv(r)]| <8 V>0 (6.9)

implies that ||zo(¢)] < % Next we consider the system

(:)) B (A Ve A04) (:)) * (g) v (6.10)

As is defined earlier, x denotes the state of system (6.10). Our initial objective is, for any a priori given
compact set ‘W, to find a stabilizing controller for the system (6.10) such that ‘W is contained in its

domain of attraction and ||v(7)|| < § for all T > 0.

There exists P, > 0 satisfying

A+BF 0Y A+ BF 0 BB 0 B
(NC M)Pg-i—Ps( NC M)—Pg(o 0)P8+81_o (6.11)

The following lemma is already obtained in [51].

Lemma 6.1 Consider the system (6.10) with constraint ||v(¢)|| < § and let conditions 1 and 2 of The-
orem 6.1 hold. For any a priori given compact set W € R"1172_ there exists £* such that for any

0 < ¢ < &*, the feedback:
/
v=— (1;) Poi (6.12)

achieves asymptotic stability of the equilibrium X = 0. Moreover, for any initial condition in ‘W, the

constraint does not get violated for any # > 0.

Theorem 6.4 Consider the interconnection of the two systems given by (6.1) and (6.2) satisfying condi-
tions 1 and 2 of Theorem 6.1. Let F be such that A + BF is asymptotically stable while P, > 0 is the
solution of (6.11). We define a state feedback by

/
u=Fx— (zg) P, (Z)) = Fiex + Fo 0. (6.13)

For any compact set of initial conditions ‘W € R "2 there exists €* > 0 such that for all & with
0 < & < &* the controller (6.13) asymptotically stabilizes the equilibrium (0, 0) with a domain of

attraction containing ‘W.
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Proof : Condition 2 of Theorem 6.1 immediately implies the existence of P, > 0 satisfying (6.11).

Moreover, condition 1 immediately implies
P.—0 (6.14)
as ¢ — 0. This implies that
F1,€—>F, F2’5—>0

Note that the initial conditions are in some compact set ‘W and hence there exists compact sets X and 2

such that x(0) € X and w(0) € £2.

Note that for u = F x, there exists T > 0 such that for any x(0) € X we have
|CeATERL )] < 3.

for all # > T and there exists a compact set X such that x(¢) € X for all t € [0, T]. This immediately

follows from the asymptotic stability of A + BF.

Since w(0) € £2 which is a compact set and o (z(¢)) is bounded we find that, independent of ¢, there

exists a compact set £2 such that () € 2 forall ¢ € [0, T].

Next, there exists ¢* > 0 such that for
U=rFex+ o

and ¢ < &* we have
x(1) € 2X
for all ¢ € [0, T']. This follows from the fact that F'; , — F and F, ¢ — 0 while w(¢) is bounded.

We also note that, from Lemma 6.1, there exists 8; < &* such that, for ¢ < 8;, the controller:

B\ _ (x()
'==(o) #(6in)
stabilizes system (6.10) and satisfies [|[v(7)| < & forall r > 0 given x(¢) € 2X and w(¢) € £2 over [0, T].

However, this implies z(¢) generated by (6.8) satisfies ||z(¢)|| < 1 for ¢ > T. Then the interconnection

of (6.1) and (6.2) with controller (6.13) for t > T is equivalent to the interconnection of (6.10) with
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controller (6.12) for + > T. The asymptotic stability of the latter system follows from Lemma 6.1.
Hence we have

x(t) >0, w()—0.

Since this follows for any (x(0), w(0)) € ‘W, we find that W is contained in the domain of attraction as
required. [ |
Global stabilization

We claim that the same controller given in (6.13) with scheduled low gain parameter &4 (x) solves the

global stabilization problem.

First, we are looking for a scheduling parameter satisfying:
1. g5(X) e CL.
2. g(0) = 1.
3. For any X1, X, € R"™ such that
X1 Pey(32)%1 = X3 Pey () X2,

we have

| B’ Pe, () X1ll0 <8
4. g5(X) = 0as ||X]|eo — 00.
5. {x e Rt | X' P (x)X < c }is a bounded set for all ¢ > 0.

6. &5(x) is uniquely determined given that x" P (5)X = ¢ for some ¢ > 0.

A particular choice satisfying the above criteria is given by:

6o (F) = max {r € (0.1] | (¥ P(r)¥) trace {(g) P(r) (’g)} <521, 6.15)

Then the following result has already been obtained in [68]:

123



Lemma 6.2 Consider the system (6.10) and assume (4, B) as given by (6.6) is stabilizable and the

eigenvalues of M are in the closed left half plane. The feedback:

B\ _
vV=— (O) Pg ()X (6.16)
then achieves global stability of the equilibrium x = 0.
Theorem 6.5 Consider the interconnection of the two systems given by (6.1) and (6.2) satisfying condi-

tions 1 and 2 of Theorem 6.1. Choose F such that 4 + BF is asymptotically stable. Let P, and &5 be as
defined by (6.11) and (6.15) respectively. In that case, the feedback

B /
u=Fx— (o) Py (i) 6.17)

achieves global asymptotic stability.

Proof : If we consider the interconnection of (6.1) and (6.2), then we note that close to the origin the

saturation does not get activated. Moreover, close to the origin the feedback (6.17) is given by:

/
u=Fx—(§) Pix

which immediately yields that the interconnection of (6.1), (6.2) and (6.17) is locally asymptotically

stable. It remains to show that we have global asymptotic stability.

Consider an arbitrary initial condition x(0) and w(0). Then there exists 7" > 0 such that

ICeUTBE x 0] < 1.

/
B _
vV=— (O) Pgs(;c)x

yields |[v(¢)|| < é for all + > 0. However, this implies that z(¢) generated by (6.8) satisfies ||z(¢)] < 1

for t > T. Moreover, by construction

for all + > T'. But this yields that the interconnection of (6.1) and (6.2) with controller (6.17) behaves
for ¢t > T like the interconnection of (6.10) with controller (6.16). From Lemma 6.2, global asymptotic
stability of the latter system then implies that x(¢) — 0 as ¢ — oo. Since this property holds for any
initial condition and we have local asymptotic stability we can conclude that the controller yields global

asymptotic stability. This completes the proof. [ |
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6.4.2. Discrete-time systems

Semi-global stabilization

Next, we present a generalized low-gain design to solve semi-global stabilization problem for the
discrete-time single-layer sandwich system described by (6.1), (6.2). The design is in a strict parallel
with that of continuous-time case. We start by applying a preliminary state feedback u = F'x + v where

F is such that A + BF is asymptotically stable. Consider the resulting L system:

x(k + 1) = (A + BF)x(k) + Bv(k)

2(k) = Cx(k). (©6.18)
We have
k—1 .
z(k) = C(A+ BF)*x(0) + Y | C(A+ BF)*"'"'Bu(i) (6.19)
i=0
= C(A + BF)*x(0) + zo(k). (6.20)
Define
] : (6.21)
1= . .
2Y 720 |[C(A+ BF)XB|
Since A + BF is asymptotically stable, the above summation is well defined. We know that if
lv(k)|| <81 Vk >0, (6.22)
then ||z (k)| < % Next we consider the system
x(k + 1) = Az (k) + Bv(k) (6.23)
where
_ o [ x(k) ~ (A+BF 0 _ (B
= (). as (Y 0Y 5 (8. 620

Note that Conditions 1 and 2 of Theorem 6.1 and asymptotic stability of A + BF together imply that

(,fi, B) is stabilizable and o has all its eigenvalues in the closed unit disc.

Our next objective is, for any a priori given compact set ‘W, to find a stabilizing controller for the

system (6.23) such that ‘W is contained in its domain of attraction and ||v(k)| < §; for all k > 0.
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We note that there exists a unique P, > 0 satisfying
Py = AP+ el — A PB(B P.B+ 1) B Peoh. (6.25)
The following lemma is already obtained in [52].

Lemma 6.3 Consider the system (6.23) with constraint ||v(k)|| < 81, and assume that (b, B) is stabi-
lizable and s has all its eigenvalues in closed unit disc. For any a priori given compact set W e Rrtnz

there exists an £* such that for any 0 < ¢ < &*, the feedback:
v=—(B'P:B + 1) B PAX (6.26)

achieves asymptotic stability of the equilibrium ¥ = 0 with ‘W contained in its domain of attraction.

Moreover, for any initial condition in ‘W, the constraint does not get violated for any k > 0.

We can now use Lemma 6.3 to prove that a particular family of control laws achieves semi-global

stability of the single-layer nonlinear sandwich system.

Theorem 6.6 Consider the interconnection of the two systems given by (6.1) and (6.2) satisfying Con-
ditions 1 and 2 of Theorem 6.1. Let F' be an arbitrary matrix such that A 4+ BF is asymptotically stable

while P, > 0 is the solution of (6.25). We define a low-gain state feedback by
U=Fx—(B'PB+1)'B PAX = Fiox + Fp 0. (6.27)

For any compact set of initial conditions W € R™1 1”2 there exists an ¢* > 0 such that for all & with
0 < & < ¢&* the controller (6.27) asymptotically stabilizes the equilibrium (0,0) with a domain of

attraction containing 'W.

Proof : Condition 2 of Theorem 6.1 immediately implies the existence and uniqueness of P, > 0 satis-
fying (6.25). Moreover, Condition 1 immediately implies P, — 0 as ¢ — 0. This immediately implies
that F ¢ — F and F» ¢ — 0 as ¢ — 0. Note that the initial conditions are in some compact set W and
hence there exist compact sets X and §2 such that x(0) € X and w(0) € £2. Define a family of sets

V(c1) = {x € R"*"2 | X' Pk < ¢y}
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Note that if we apply u = Fx, there exists a K > 0 such that for any x(0) € X we have
IC(A + BF)*x(0)] < &

for all k > K and there exists a compact set X such that x (k) € X forall 0 < k < K. This immediately

follows from the asymptotic stability of A + BF.

Since w(0) € §2 which is a compact set and o (z(k)) is bounded we find that, independent of ¢, there

exists a compact set £2 such that w(k) € 2 forall0 < k < K.

Next, there exists an ¢ > 0 such that for u(k) = Fjex(k) + F2co(k) and ¢ < &* we have
x(k) € 2X forall 0 < k < K. This follows from the fact that Fi1e — F and F, ¢ — 0 while w(k) is
bounded in £2. Let ¢; be such that

c1 = sup X' Pgx.

£€(0.1] _
xXe2X %82

Define a family of level sets V(c1) = {X € R*1T"2 | ¥ P.x < c1}.

From Lemma 6.3, we also note that there exists an ¢* < & such that, for & < &*, the controller
vV=—(B'P:B + 1) B P AX

stabilizes the system (6.23), and satisfies ||v|| < 81 for all k > 0 given X(K) € V(cy). This implies
that z (k) generated by (6.18) satisfies ||z(k)|| < 1 for kK > K. Then the interconnection of (6.1) and
(6.2) with controller (6.27) for k > K is equivalent to the interconnection of (6.23) with controller (6.26)
for k > K. The asymptotic stability of the latter system follows from Lemma 6.3. Hence we have
x(k) > 0, w(k) — 0. Since this follows for any (x(0), w(0)) € ‘W, we find that ‘W is contained in

the domain of attraction as required. [ |

Remark 6.3 For semi-global stabilization, we can enlarge the domain of attraction by choosing a suffi-
ciently small low-gain parameter. However, this incurs a deterioration of closed-loop performance near
the origin since a small low-gain parameter results in conservativeness in feedback gain and hence does
not allow full utilization of control capacity when the state is close to the origin. In order to rectify
this problem, a generalized low-and-high gain feedback design methodology for continuous-time sand-

wich nonlinear systems is recently introduced in [118]. It was shown that a refined performance can
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be achieved with the so-called low-and-high-gain feedback controller. Because of some inherent differ-
ences between continuous- and discrete-time systems, development of a low-and-high-gain design for

discrete-time counter-part remains an open research problem.

Remark 6.4 To implement the semi-globally stabilizing controller, it is necessary to find appropriate
low-gain parameters €. It is difficult to derive tight upper bounds on ¢ analytically, and thus the pa-
rameters are typically found experimentally, by gradually decreasing them until the desired stability is

achieved.

Global stabilization

In what follows, we show that the family of controllers defined by (6.27), with ¢ replaced by a
scheduled low-gain parameter £(x), solves Problem 6.2 for single-layer sandwich system. We consider

the scheduling introduced in Section 6.2 as given by:
2
e(¥) = max {r € 0.1] | (F'P3)|B'PrB| < 3, } (6.28)

where P, is the unique positive definite solution of algebraic Riccati equation (6.25) with ¢ = r, 81 is
defined by (6.21),
1 1
Mp = omax (P2 BB PP) + 1

and P; is the solution of (6.25) with ¢ = 1. It has been shown in Section 6.2 that this scheduling
guarantees that

[(B' Py B + 1) B Pyy x| < 81.

To prove Theorem 6.1, we need the following lemma from [68], which defines a control law that

stabilizes the linear system (6.23).

Lemma 6.4 Consider the system (6.23) and assume that (a‘g, B) as given by (6.24) is stabilizable, and

that the eigenvalues of A are within the closed unit disc. The control law
v =—(8B' Pyz)B + 1) B Pyzy AT (6.29)

achieves global stability of the equilibrium x = 0.
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We can now use Lemma 6.4 to prove that a particular family of control laws achieves global stability

of the single-layer nonlinear sandwich system.

Theorem 6.7 Consider the systems given by (6.1) and (6.2), satisfying Conditions 1 and 2 of Theorem
6.1. Choose an arbitrary matrix F such that A + BF is asymptotically stable. Let Pgx) be the unique
positive definite solution of ARE (6.25), with ¢ replaced by the scheduled low-gain parameter e(x)
defined by (6.28). Then, the control law

U= Fx — (B PyzyB + )71 B Pyzy AX (6.30)

achieves global asymptotic stability of the origin where A and B are given by (6.24).

Proof :

If we consider the interconnection of (6.1) and (6.2), then we note that close to the origin the satura-

tion does not get activated. Moreover, close to the origin the feedback (6.30) is given by:
u=Fx— (B PB+1)"'8 P A

where P; is the solution of (6.25) with ¢ = 1. This immediately yields that the interconnection of
(6.1), (6.2) and (6.30) is locally asymptotically stable. It remains to show that we have global asymptotic

stability.
Consider an arbitrary initial condition x (0) and @(0). Then there exists a K > 0 such that
IC(A+ BF)*x(0)] < 1
for k > K. Moreover, by construction
v=—(B'Pyz)B + I) ' B Pyz) A%

yields ||v(k)| < &1 for all £ > 0. However, this implies that z (k) generated by (6.18) satisfies ||z (k)| <
1 for all k > K. But this yields that the interconnection of (6.1) and (6.2) with controller (6.30) behaves
for k > K like the interconnection of (6.23) with controller (6.29). From Lemma 6.4, global asymptotic
stability of the latter system then implies that x(k) — 0 as k — oo. Since this property holds for any
initial condition and we have local asymptotic stability we can conclude that the controller yields global

asymptotic stability. This completes the proof. [ |
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6.5. Generalized low-gain design for single layer sandwich systems with input
saturation

6.5.1. Continuous-time systems

Semi-global stabilization

To construct a semi-globally stabilizing class of controllers, we begin by letting P, denote the unique

symmetric positive-definite solution of the algebraic Riccati equation (ARE)
A'Pg, + Pg,A— Pg, BB’ P;, + 11, =0. 6.31)

Define Fg, := —B’P;, and F := [F,,0] € RP*1+72) We continue by letting $;, denote the unique

symmetric positive-definite solution of the ARE

(A + BF) Pey + Poy(A+ BF) — Po, BB' Py + e21p1m = 0. (6.32)

Define %, := —B’P.,. The interconnection of (6.3) and (6.4) is now semi globally stabilized by the
control law

u=F,x+ Fe, 1. (6.33)

The low-gain parameters &1 > 0 and ¢, > 0 must be chosen sufficiently small depending on the size of

the set of admissible initial conditions, as shown by the following theorem:

Theorem 6.8 Let W C R™! "2 be a compact set, and suppose that conditions 1-3 of Theorem 6.2 are
satisfied. Then there exists an €] > 0 such that for each 0 < &1 < &7, there exists an €3 (g1) > 0 such
that for all 0 < &, < 8§ (e1), the controller described by (6.33) renders the origin of (6.3) and (6.4)

asymptotically stable with ‘W contained in the region of attraction.

Proof : Consider first the system

A=Ay +B, x= [Z] , (6.34)

with u = Fg x 4+ F¢, x, which is valid locally around the origin where both saturations are inactive.

Defining the Lyapunov function candidate V(y) = x'Pg, x + x'Pe, x, it is easily confirmed that we
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obtain the time derivative

V(y) =—e1x'x — x'Pg, BB'Peyx —2x'Pe BB P,y — e2x'
— A Pe, BB P, x

=—g1x'x — 82)(/)( — (B/Pglx + 0(8/(7)82)()/(3/})31)6 + C‘B/ﬂ)gz)().

Thus, we know that the system is locally exponentially stable. Since y(0) belongs to the compact set ‘W,

there exist compact sets X and §2 such that x(0) € X and w(0) € £2.

Because the eigenvalues of #, and therefore the eigenvalues of A, are in the closed left-half plane,
the solutions of (6.31) are such that P;; — 0 as &1 — 0 [49, Lemma 2.2.6]. Furthermore, the matrix
Fe;, = —B’'Pg, is such that the matrix A + BF;, is Hurwitz, and it follows that the eigenvalues of
the matrix A + BF are in the closed left-half plane. This in turn implies that for each ¢; > 0, the
solutions of (6.32) are such that $’;, — 0 as &2 — 0. From these considerations, we may conclude that
limg, 0 F¢, = 0, and for each e > 0, limg, 0 F¢, = 0.

We first investigate the effect of the L1 term alone; that is, the feedback matrix Fg,. Since the
matrix A 4+ BFg, is Hurwitz and Fy;;, — 0 as &1 — 0, there exists an s’f > 0 such that for all 0 <
g1 < &7 and for all x(0) € X, the input saturation remains inactive in the sense that || Fg, x(¢)|| =
| Fe, exp(A+BF€1)’ x(0)] < % (see [61, Theorem 2.8]). Let &1 be fixed such that this inequality is
satisfied, and define y > 0 such that x"P;,x < y implies ||Cx| < % and || Fg x| < %. Define
K ={x € R" | x'Ps;x < y},and let T > 0 be chosen large enough that for all x(0) € X, x(T) =
exp(A+BF€1)T x(0) e K.

Next, consider the complete control law, with both the L and the L /L, terms; thatis, u = Fg, x +
Fe, x- The L1 /L, term can be partitioned as F¢, y = F1,¢,X + F2 6,0, Where F1 ¢, — Oand F2 o, — 0
as & — 0. Since w(0) € £2 and the input o (z) to the L, subsystem is bounded, we know that there
exists a compact set £2 O £2 such that for all # € [0, T], @(¢) € 2. Using the property that 5 ., — 0
as &g — 0, we therefore see that the term ¥, ¢, can be made arbitrarily small on the time interval
[0, T'] by decreasing &. This, combined with the property that 7 ., — 0 as e — 0, shows that for
small &5, the control law on the interval [0, T'] can be viewed as a small perturbation of the control law

u = Fg x. Thus, we know that for all sufficiently small &2, x(7") € 2K is satisfied for all y(0) € W.
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Accordingly, let £5(¢1) be chosen small enough that, for all 0 < &2 < €3 (e1) and all x(0) € W, we have
x(T) € 2K. Furthermore, let €5 (g1) be chosen small enough that the following two properties hold for
all 0 < &3 < &5(e1): () X' Pgyx <4y andw € 2 implies V(x) < 9y; and (i) V(y) < 9y implies
1Fes xll < %-

We can now make several observations. At time 7', we know that x(7) € 2K and o(T) € £,
which means that x’(T) Pg, x(T) < 4y, and thus we can conclude that V(y(7)) < 9y. Furthermore,
for all y such that V(x) < 9y, we have x'P;,x < 9y, which means that x € 3K. This in turn

implies that || Fg, x| < % and |Cx| < %. Combined with the expression ||, x|| < 7. this implies

1
4 ]
that ||u| = || Fe,x + Fe, x| < 1. Thus, for all x such that V(y) < 9y, both the input saturation and
the sandwiched saturation are inactive. The proof is completed by noting that when both saturations are

inactive, V(x) is a Lyapunov function. Thus, y never escapes from the level set defined by V(y) < 9y,

and the system therefore behaves like a linear, exponentially stable system for all # > 7. [ |

Remark 6.5 7o implement the semiglobally stabilizing controller, it is necessary to find appropriate low-
gain parameters &1 and €. It is difficult to derive tight upper bounds &% and €5 (e1) analytically, and
thus the parameters are typically found experimentally, by gradually decreasing them until the desired

stability is achieved.

Global stabilization

To achieve global stabilization, we use a control law that is very similar to the semi global case. The
main difference is that, instead of being fixed, the low-gain parameters are scheduled as functions of the

state of the system.

Let Pg, (x) be the unique symmetric positive-definite solution of the ARE (6.31) with &1 = &1(x).
Define Fy, (y) := —B' P, (x) and F := [Fy,0] € RP*@+™) (where F; = —B’P; and Py is the solution

of (6.31) withe; = 1). Let P,

> (y) D€ the unique symmetric positive-definite solution of the ARE (6.32)

with &5 = &2(y). Define ¥;,(y) = —B'Pe,(y)- When the scheduled low-gain parameters &1 (x) and

£2() are properly defined, the interconnection of (6.3) and (6.4) is globally stabilized by the control law

u=Fgx)yx +e1(x)Fe, i x- (6.35)
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We now specify our requirements for the scheduled low-gain parameters 1(x) and &5(x). The

function £1: R” — (0, 1] must be continuous and satisfy the following properties:

1. There exists an open neighborhood O of the origin such that for all x € O, e;(x) = 1.
2. Forany x € R", || B P (x)X| < %

3. e1(x) > 0 = ||x|| = oo.

4. For each ¢ > 0, the set {x € R" | x’ P, (x)x < ¢} is bounded.

5. There is a function g: R>¢ — (0, 1] such that for all x # 0, £1(x) = g(x' Pg, (x)X).
A particular choice that satisfies the above conditions is

1
£1(x) = max {r € (0,1] | x’ Pyx - trace(B’' P, B) < 1 (6.36)

where P, is the solution of (6.31) with gy = r.

To define e (), first define

. {1 ¢ 1 } 1
§:=min{—, ——, —, = ,
2 4| F1ll 20 2/ P ||trace(B’ Py B)
o0
o= / |C expUA+BFD! B dr. (6.37)
0

Note that p is well-defined because A + BF; is Hurwitz. The function g5: R** — (0, 1] must be
continuous and satisfy properties 1-4 above, with x replaced by x, B replaced by 8, Py, (x) replaced by
Pe,(x)» and the number % in Property 2 replaced by 8. A particular choice that satisfies these conditions
is

e2(y) = max {r € (0,1] | ¥’ P x - trace(B' P, B) < §%} (6.38)

where &, is the solution of (6.32) with g, = r.

Theorem 6.9 Suppose that conditions 1-3 of Theorem 6.2 are satisfied. Then the controller described
by (6.35), with €1 (x) and £,() defined by (6.36), (6.38), renders the origin of (6.3) and (6.4) globally

asymptotically stable.
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Proof : We start by noting that the properties of the scheduling guarantee that

| Fe, )Xl = IB"Pe,oyxll < =, llet(0) Fey iy xll < 18" Peypyxll <6 <

N | =
| =

It follows that ||u|| < 1, and hence the input saturation is always inactive.

For sufficiently small y, both saturations are inactive, and we have €1(x) = e2(y) = 1. Thus, the
system behaves like a linear system with a linear control law u = Fjx + %7y in a region around the
origin. As in the semiglobal case, it is easy to show that the origin of the resulting system is locally

exponentially stable by using the Lyapunov function V(y) = x' P1x + ' P1x.

Define K = {x € R" | e1(x) = 1}. We wish to show that whenever x ¢ K, e1(x) is strictly
increasing with respect to time. Suppose, for the sake of establishing a contradiction, that & (x) is not

strictly increasing when x ¢ K, that is, %81 (x) < 0. Then we obtain

d
E(X’Psl )X) = = &1(x)x'x — X" Py, (x) BB' Py, ()X

d
=261 (00X ey () BB' Per o + X' (Pey () .

Since %sl(x) < 0, the properties of the ARE imply that %Psl(x) < 0. Furthermore,
/ 125) 28 2 1 ’
1261(0)x"Pe, o) BB ey 0 | = 261 () [x[[[[ Fey oy 16 < e Ix [T Frll = Sea(x)x'x,

where we have used the properties || B’ P, xll < § < ﬁ, | Pe,x)Bll = I Fe; 0|l < | F1ll, and
x ¢ K = ¢1(x) <1 = | x| > £. (The latter implication can be confirmed from (6.36) by noting
that ||x|| < ¢ = x'Pix -trace(B'P1B) < %.)

Combining the above expressions, we obtain %(x’ Pg (x)X) < —%sl(x)x/ x < 0. However, the prop-
erties of the scheduling then imply that (%81 (x) > 0, which yields a contradiction with the assumption
%81 (x) < 0. We have therefore shown that &1 (x) is strictly increasing when x ¢ K, which implies that

X converges to, and remains in, K.

Let t* > 0 be such that for all t > ¢t*, x € K. Then for all t > t*, u = Fix + v, where
V= —BP;, () x- Forallt > t*, the output z of the L subsystem is therefore described by

t
2(t) = C expABEDE=1T) y(p*) / C expAtBFNE=D) By (1) dr.

t*
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The properties of the scheduling guarantee that |v]| < § < 21_,0' Let T > t* be such that forallt > T,

A+BF —t* 1
|C expATBFOGE=EY) x(1%)|| < 5- Thenforallt > T,
t
1z@)| < [|C exp@TBEDC=D) (%) 4 / C expATBFDU=D) By(7)dr

t*

t
1
5 +/ HCexp<A+3F1><’—f> BH lv(o)] de
t*

IA

o0
1 1
- +/ HC exp(AT B! BH dr — = 1.
2 2p
0
Hence, for all t > T, the sandwiched saturation is inactive, and the system is therefore described by the

equation y = (4 + BF)y — B Pes(x) x- From [68] we know that the origin of this system is globally

asymptotically stable. [ |

Remark 6.6 To implement the globally stabilizing controller, one needs to calculate the parameter §,
which is used in the scheduling (6.38). This, in turn, requires calculating Py, Fy, and p. Py is found
by solving (6.31) with 1 = 1, and F; = —B’Py. After F1 has been found, p can be calculated by

numerical integration according to (6.37).

6.5.2. Discrete-time systems

Semi-global stabilization

We now present a generalized low-gain design for solving Problem 6.1 concerning the semi-global

stabilization of the origin of the single-layer sandwich system subject to input saturation described by

(6.3) and (6.4).
Let P1 g, = P| &, > 0 be the unique positive-definite solution of the algebraic Riccati equation
Pig = AP A+e1l —A'Prg B(B'P1g B+ 1)_1B/P1,81A, (6.39)
and define
Fie, = —(B'P1g B+ 1)"'B'P1s A (6.40)
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Next, let Py ¢, = le, ¢, > 0be the unique positive-definite solution of the algebraic Riccati equation
Prey = A Pyoyh+ 3] —A Proy,B(B Pre, B+ 1) B Ps, A, (6.41)
and define
Fagy = —(B'Pre, B+ 1)7'8' Ps s, h, (6.42)
where s and B are given by
(e 1) e=(2)
We define the following family of control laws:

U= Fie X+ Fyek. (6.43)

The family of control laws is parameterized by the parameters €1, e > 0, and we show in the next

theorem that semi-global stabilization is achieved for suitably chosen values of these parameters.

Theorem 6.10 Consider the systems given by (6.3) and (6.4), satisfying Conditions 2, 3, and 1 of Theo-
rem 6.2. For any compact set of initial conditions W € R™! 72 there exists an e} > 0 such that for any
g1 with 0 < 1 < &7, there exists an &3 (1) such that for all 0 < &2 < &5 (e1), the controller defined by

(6.43) asymptotically stabilizes the origin with a domain of attraction containing 'W.

Proof : By Conditions 2 and 3 of Theorem 6.2, we know that the eigenvalues of A and M are in the

closed unit disc. This implies that limg, ¢ P1,¢, = 0 and limg, 0 P> ¢, = 0, and hence we know that
lim Fig =0, lim F ¢, =0. (6.44)
e1—>0 g2—>0

Note that the initial conditions belong to some compact set ‘W, and hence there exist compact sets
X C R™ and £2 C R"™2 such that x(0) € X and w(0) € £2. Define a family of sets Vi(c) =
{x eR" | X'P1gx<c}
If we apply u = Fy ¢, x, it is proved in [58] that there exists an £] > 0 such that for all 0 < &1 < &7
and for all x(0) € X,
| Fre, (A + BFye)*x(0)]| < §. (6:45)

136



Moreover, there exists a K > 0, dependent on &1, such that x(K) € Vj(cy) for all x(0) € X. Here
c1 is such that x € Vi(cy) implies that |Cx| < % and || Fi ¢ x|| < %. Since w(0) € £2, where §2 is
a compact set, and o (z(k)) is bounded, it follows that there exists a compact set §2, independent of &5,

such that w(k) € £2 for all 0 < k < K. Define a family of sets

Vale) = {X € RMH"2 | X' Py x + %' Pk <c}.

Next, we note that for u = Fj ¢, x, we have x(K) € V;(c1). From (6.44) and our earlier conclusion
that w(k) is bounded for 0 < k < K, we see that if we apply u = Fj ¢, x + F, ¢, X then there exists an

€5, dependent on &1, such that for all 0 < &> < &3, the following properties hold:
° X(K) S 2V1(C]).
o If x € 2V;(c1) and w € £2, then X € 3V,(cy).

e For any x such that x € 3V,(c1), we have || F2 ¢, X| < %.

Attime k = K, we have X € 3V, (c1). This immediately implies that || F3 ¢, X[ < %. Note that for any
X € 3V2(C1)
X'Pyex < xX'Pyex + X' Pye, X < 9cq,

and hence x € 3Vi(c1). But this implies that || Fj ¢ x| < %. Therefore, we have that || Fj ¢, x +

Foe x| < 1.

.. - .. . 3
Similarly for any x € 3Vz(c1), we have x € 3V;(cy) and this implies that |Cx| < 7. Therefore,

for any x € 3'V,(c1), both saturations are inactive.

We know at time K, the closed-loop system is linear and can be written as
(k4 1) = (A4 BFy.,)%(Kk). (6.46)

It is straightforward to see that (6.46) is asymptotically stable and 3V,(c;) is invariant. We know
that the two saturations will remain inactive for all k > K. The asymptotic stability of (6.46) implies
X(k) — 0as k — oo. Since this holds for any x(0) € W, it follows that W is contained in the domain

of attraction. This completes the proof. [ |
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Global stabilization

We now present a generalized scheduled low-gain design for solving Problem 6.2 concerning the
global stabilization of the single-layer sandwich system subject to input saturation described by (6.3),
(6.4). As in previous section, this controller is formed by equipping semi-global controller (6.43) with

scheduled parameters.

Let Pig, = P| ¢, > 0 be the unique positive-definite solution of the algebraic Riccati equation

(6.39) and F ¢, be defined as (6.40) with scheduled parameter £ = £1(x).

Similar to that in the preceding section, a particular choice of scheduling is given by

e1(x) = max {r € (0,1] | (x'P1rx)|B'P1,B| < 5315 } (6.47)

1 1
where P; , is the solution of ARE (6.39) with g1 = r, My = UmaX(Plz’lBB’Plz,l) + 1 and P11 is the

solution of ARE (6.39) with 1 = 1. It has been shown that above scheduling guarantees that

[(B'Prey B+ D)7 B Prgy o = 5

Let £ > 0 be such that
1492 1
(Amax(Pl,l) + E)E = IM>B’P1 1B’

and let P> ., = P,

2.6, > 0 be the unique positive-definite solution of the algebraic Riccati equation

(6.41) and F5 ¢, be defined by (6.42) where in both (6.41) and (6.42), we take

o A—i—BFl’l 0 . B
A_( e M), 3_(0), (6.48)

and g5 = g5(x) is a scheduled parameter. Choose

8 i %1 £ ! } (6.49)
=minq—, ,— 0, .
2 27 2(3|B'PriBll + 1) 2p

where p = Y 72, |C(A + BF 1,1)k B||. Consider an associated scheduled parameter given by

2
e2(%) = max {r € (0.1] | (¥' P2, )| B'P2sB| < 37} (6.50)

1 1
where M3 = Omax(P; B8’ P}) + 1. We have ||[Fpe|| < 8. The following theorem shows that a

particular control law achieves global stability of the single-layer nonlinear sandwich system subject to

input saturation.
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Theorem 6.11 Consider the two systems given by (6.3) and (6.4), satisfying Conditions 2, 3 and 1 of
Theorem 6.2. Let Py ¢, (x) be the solution of (6.39) with &; replaced by the scheduled low-gain parameter
e1(x) defined by (6.47). Let P, ,,(x) be the solution of (6.41) with A and B given by (6.48) and &,

replaced by the scheduled low-gain parameter &5 (x) defined by (6.50). The control law
U= Fre X +e1(0) 0% (6.51)

achieves global asymptotic stability of the origin where Fy ¢, (x) and F, ¢, (x) are respectively defined by

(6.40) and (6.42) with ¢; and &, replaced by &1 (x) and &, (x).

Proof : Note that our scheduled parameter guarantees that ||u(k)|| < 1 for all k > 0. The input saturation
is always inactive.

Considering the interconnection of (6.3) and (6.4), we note that the sandwiched saturation is not
activated near the origin. Moreover, near the origin the control law (6.51)is givenby u = Fy 1x+ F2 1 x.
This means that state matrix of the interconnection of (6.3), (6.4), and (6.51) equals A+ B F> 1 which is
asymptotically stable by the properties of the algebraic Riccati equation. We have therefore established
local asymptotic stability. It remains to show that we have global asymptotic stability.

Define V. = x'Pg(x)x and Vi = {x € R" | ||x|| < £}and Vo = {x € R" | V(x) <
(Amax(P1,1)+1/2)€2}. Since || x (k)|| < ¢ implies that V(x) < )tmx(Pgl(x(k)))||x(k)||2 < Amax(P1,1)€?,
we have that V, D Vi. Moreover, from definition of £, we have that £;(x) = 1 for x € V,. We first
want to establish that V (k) is strictly decreasing in time when x & V.

Assume that this is not the case and we can find x (k) &€ V; such that V(k 4+ 1) — V(k) > 0. Denote

e1(x(k)) and Py ¢ (x(k)) by €1(k) and Py (k) respectively. We obtain

Vik +1) = Vk) < —e1(k)x (k) x(k) — x(k + 1) Pr(k)x(k + 1) + x(k + 1) Pr(k + Dx(k + 1)—

2x (k) A’ Py (k) Bua(k) — 2v1 (k) B' P1(k) Bva (k) + va(k) B’ Py (k) Bua (k)

where vy (k) = Fy ¢, k)X (k) and va(k) = —e1(k) F> ¢, k)X (k).
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Our scheduling guarantees that ||y (k)| < % and ||va(k)|| < e1(k)§2 and hence

(k)" A" Py (k) Bua (k) || = [[v1(k)' (B P1(k)B + Dva(k)|| < 381(k)(| B'P1,1B| + 1)é2
v (k) B’ Py (k)B'va(k)|| < %e1(k) | B’ P1,1B| 62 (6.52)

lva2(k) B' Py (k) Bua (k)| < e1(k)* | B'P1,1B| 85 < e1(k) | B'P1,1B| 6.
Therefore

Vk +1) = V(k)
< — 1 (0N () (k) + x(k + D'(Pr(k + 1) = PL)x(k + 1) + 210G | B PriB| + D3
< — o1 (X' (k) (k) + x(k + 1 (Py(k + 1) = Prlk)a(k + 1) + Ser ()2 (0:33)
<—Je1(®)|x®)* + x(k + 1) (P (k + 1) = Pr(k)x(k + 1),

where we use that x (k) ¢ V; and hence ||x (k)| > £. Since V(k + 1) — V (k) > 0, the properties of our
scheduling imply that x (k + 1)'(Py(k + 1) — Py (k))x(k + 1) < 0. We get

V(k +1)—V(k) < —Ler(k)|x(K)]* < 0.

This yields a contradiction. Hence when x(k) € V; we have that V (k) is strictly decreasing, and it
follows that x (k) enters V; within finite time, say K;. When x(k) € V;, we have either V(k + 1) —
V(k) <0orx(k + 1) (Pi(k +1)— Py(k))x(k + 1) < 0, and (6.53) yields that

Vk +1) = V(k) < 2e1(k)€* < 162

This implies that V(k + 1) < Anax(P1,1)¢% + %52 and hence x(k + 1) € V,. We find that if x (k) € 'V,
then x(k 4+ 1) € V,. On the other hand, if x(k) € V,\'V; then V (k) is strictly decreasing and hence
x(k + 1) € V,. Therefore, x (k) will enter 'V, and it cannot escape from V,. On V, we have g1 (k) = 1.

The L1 system then becomes:

x(k + 1) = (A + BFy1.1)x(k) + Bvy (k)

z(k) =Cx(k), (6.54)

where ||va(k)|| < §>. We have for any k > K,

z(k) = C(A + BFy )F K x(Ky) + zo(k)
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where
k—1 '
zo(k) = Y C(A+ BF11)* ' Buy(i). (6.55)
i=K;

Given that §, < zlp as given by (6.49), we have |v(k)| < ﬁ for all k > K. But this guarantees that
llzo(K)] < % for all k > K, where zo (k) is defined by (6.55). Therefore there exists a K5 such that for
k> K>

IC(A+ BF ) ix(Kp)| < 3

and hence ||z(k)|| < 1 for k > K. We can then apply Lemma 6.4 as in the previous subsection, and
we conclude that the system therefore behaves like a stable system after a finite amount of time, and it

follows that x(k) — 0 and w(k) — 0 as k — oc. [ |

6.6. Generalized low-gain design for multi-layer sandwich systems

6.6.1. Semi-global stabilization

Now we construct a linear semi-globally stabilizing controller for the multi-layer sandwich system
which solves semi-global stabilization as formulated in Problem 6.1.
Consider the interconnection of L; as defined in (6.5). Let P; be the positive definite solution of

Riccati equation

Pe, = A, P, A + &1 ] — A Pe, Bi(B] P, Bi + 1) B Ps, A (6.56)
and define
Fs = —(BPe; Bi + 1)"' B] Py, A (6.57)
where
Ay = A1, A= (Ai_l ;i?ii__lngi_‘ :1)1) fori =2,...,n
and
Bi=(B, 0 - 0, =0 ... 0 G) (6.58)
are of appropriate dimensions. The parameters ¢;, i = 1,...,n are to be determined appropriately

shortly. We have the following theorem:
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Theorem 6.12 Consider interconnection of n systems as given by (6.5), satisfying Conditions 1, 2 of
Theorem 6.3. Let Pg; be the solution of Riccati equations in (6.56) with ¢; € (0,1],i = 1,...,n. For

any compact set W C RXi=17i , we can determine ¢;,1 = 1,...,n such that the controller

n
u=> Fexi (6.59)

i=1

renders the origin asymptotically stable with a domain of attraction containing ‘W where

xi=(x) - x). (6.60)

Proof : For simplicity of presentation, denote P, and Fg, by P; and Fj.
Conditions (1) and (2) of Theorem 6.3 and the fact that A; + B; F; is asymptotically stable imply

that

lim P; =0, Ilim F; =0 (6.61)

g;i—0 g —0
Define function V;(y;) = Z;=1 )(}Pj)(j and set V;(c) = {Xi e RXj=11 | Vilxi) < c}.

Since ‘W is compact, there exist fori = 1,...,n, compact sets 'W; such that y,(0) € W implies that

x; (0) € 'W;. Next we determine &; recursively.

Determine ¢;: Let’s consider applying a controller vy = Fyy; = Fix1.
Note that (6.61) implies the existence of an ] such that for any ¢ € (0, €]] and x1(0) € ‘W, we have
IF1(Ay + Bi F)Fx1 ()] < 2
for all kK > 0. Let ¢; be such that, x1 € Vi(cy) implies || F1x1| < 4,1%1 and ||Cix1|| < 3,1%1 Since

A1 + B F is asymptotically stable, there exists a Ky such that for all x; € W;, we have x1(Ky) €

Vi(cr).

Determine c:  Since x5(0) € W, and the input to L, is bounded, there exists a ‘W, such that
xa(k) € Wy, for k < Kj.
Let g1 be fixed. Consider applying the controller v» = Fix1 + F> 2. Due to (6.61), given x, € W,,

there exists an &5 (¢1) such that the following properties hold:
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1. Forany &5 € (0,&5(e1)], x1(K1) € 2V1i(c1).
2. Forany €3 € (0,5(¢1)], x1 € 2V1(c1) and x5 € W, imply y» € 3Va(c1).

3. Forany & € (0,&5(e1)], x2 € 3Va(cy) implies || F2 2| < 4,1%1.

Attime k = Kj, we know x» € 3Va(c1). Forany x> € 3Va(c1), [[F2x2| = 7= Also note that

X2 € 3Va(c1) implies then V1 (x1) < 9c¢; and hence Fix; < M% and |C1x1] < =2 We have
lull = |1 Fix1 + Faxzll < -

Therefore two saturations are both inactive in 3V, (c1), it is straightforward to see that with controller

V2, x2(k) € 3V, (cy) for all k > K; and moreover y,(k) — 0 as k — oo.

Let ¢ be such that y}, P> x» < c2 implies ||Cix1]| < 3”%2, €2x2]l < 3,1%2 There exists a K, such
that for all y2(K1) € 3Va(c1), we have y2(K3) € Va(cz). At time K», we get

L. x2(K2) € Va(c2).

2. |Cix1(K2)|l < 5=z and [[€2x2(K2)|| < 575

3. |Fix1 + Faxz|l < 4n1_2 forall y2 € Va(cz) and k < K».

Determine ¢3, ..., ¢,:  Consider system L;, i > 3. At this moment, ¢, ¢; and K; for j <i — 1 have

been determined in previous i — 1 steps. The resulting controller v;—; = Z};ll F; x; yields

L xi—1(Ki-1) € Vi—1(ci-1).
2. 1€ xj(Ki—)|| < gy forall j <i—1.
3. 052 Figll < gar forall yimy € Vima(cimn).

Since the input to L; is bounded and x; (0) € W;, we know that there exists a W; such that x; (k) €
'W,- for all k < K;_1. Consider the controller v; = Z;=1 Fj x;. Then (6.61) implies the existence of an

&7 (e1,...,&—1) such that the following properties hold:

1. xi—1(Ki—1) € 2Vi—1(ci—1).
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2. xi—1 € 2Vi—1(ci—2) and x; € w; imply that y; € 3V;(ci—1)-
3. xi € 3V;(ci—1) implies Fj y; < 4”_++1.

Therefore, we get at k = K;—1, xi(Ki—1) € 3Vi(ci—1), i.e Vi(x) < 9ci—1. But this implies that

Vi—1(x) < 9ci—1. Hence we have ||€; x| < 3,,%1 forall j = 1,...,i — 1 and that || F; x; || < 4n++l'
Moreover
i—1
il = 1Fxill + 1) Fixill < g2 + 52 = 5
j=1

In conclusion, the first i saturations are inactive for any y; € 3V;(ci—1). It is easy to see that with

controller v;, (k) € 3V;(c;—1) for all k > K;_; and moreover y;(k) — 0 as k — oo.
Let ¢; be such that V;(x;) < ¢; implies that ||€; x;|| < 3”%, for all j < i. There exists a K; such

that y; (K;) € V(c;) forall y;(Kij—1) € 3Vi(ci—1). Attime K;, we have

L. xi(Ki) € Vi(ci).

2. 1€ xj(Ki—1)|| < 5o forall j <.

3. | Xiey Fi sl < i forall i € Vi(es).

Repeating this procedure, we can determine €1, ..., &,, ¢n, K, and a controller u(x,) = v (xn) =

Z;;l F; xi such that for k > K, we have:

L. xn(Kn) € Vn(cn).
2. € xj(Ky)|| < 1forall j <n.
3.1 227=1 Fixjll < 1forall yj—1 € 3V;—1(co).
Then the interconnection of n systems is equivalent to
X = (An + BnFn) xn-

The stability of this system implies that y, (k) — 0 as k — oo. This completes the proof. [ |
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6.6.2. Global stabilization

In this section we construct global stabilizing controller for multi-layer systems to prove sufficiency
of Conditions 1 and 2 in Theorem 6.3. This controller is formed by assembling semi-global stabilizing

controller (6.59) with scheduled parameters.

Let Pg, (4;) be the positive definite solution of Riccati equation (6.56) and Fy, (,,) be defined by (6.57)

where ¢; = ¢;(;) is a scheduled parameter, 8B is given by (6.58) and

=2,...,n (6.62)

_ (A1 +Bi—1Fi-1n O .
E74)1 - A19 eA’l - ( Bl~€l_1 Al ’ l

where Fi | = —(B] Pe; B; + 1)7' B] P, A; withe; = 1.

We need n scheduled parameters which satisfy similar properties as given in Section 6.2. Choose

S1=1, 8 indl s by :
1= 3, j = min 4§ —, 0j—1, ) .
S n T 2 =i D22 B Pioaa Bica | + 2) 200 =i+ Dpica
(6.63)
fori = 2,...,n where ¢; is such that
1,2 87
(Amax(Pi,1) + )€ < M B BBl
and
o
pi = Y _ [ (A; + Bi ;) B}
k=0
Consider the following scheduled parameters
82
ei (i) = max{r € (0.1] | (x; Prxi) | B; PrBill < 37 } (6.64)

1 1
where y; is given by (6.60), P, is the solution of (6.56) with &; = r, M; = amax(Piz1 B; JB;Pizl) +1
and P; 1 is the solution of (6.56) with ¢; = 1. Consider the controller

i—1

ur =Y ([ [ & ) Ferirnni (6.65)

i=1j=0
with g = 1. It has been shown that our scheduling with §; defined in (6.63) guarantees that || Fy, (;) Xi |l <
% and hence ||u1|| < 1. This implies that the input saturation to the first system never gets activated. The
following theorem shows that the controller (6.65) with tuning parameters defined by (6.64) achieves

global asymptotic stability of the origin for multi-layer nonlinear sandwich system.
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Theorem 6.13 Consider interconnection of system L; given in (6.5), satisfying Conditions 1, 2 of The-

orem 6.3. The control (6.65) achieves global asymptotic stability of the origin.

Proof : For the simplicity of presentation, we denote &; (x; (k)), Py, (y; (k)) and Fg, (4, (k)) by €i(k), P; (k)
and Fj (k) respectively. But we emphasize that they always depend on ;.

When the state is sufficiently close to the origin, all saturation elements are inactive and &; (y;) = 1
foralli = 1,...,n. The state matrix of the closed-loop system is given by 4, + B, F, 1. From the

property of ARE, we know that the above matrix is asymptotically stable. Then local stability follows.

We shall prove global attractivity using induction. We have argued that for all k& > 0, the input
saturation on L remains inactive and by construction g9 = 1. Suppose there exists a K; with 1 <7 <
n —1suchthate; = 1 for j < i — 1 and the first i saturations are inactive for all k > K;. We shall
show that there exists a K; 41 such that ¢; = 1 and saturation on L; 1 will be inactive for all k > K.
By assumption, for k > Kj, the interconnection of first i systems is equivalent to the following linear

system
i = Aixi + Bivy (6.66)

where +; is given by (6.62) and v is given by

n j-1
vi =vi tuiz = Fixi + Z (1_[ e) Ejxj-
j=it+1 i=i

Define V; (k) = yx; P; xi and the family of sets V; 1 = { x; € REj=17) | Ixill <4 }and V;p =
(i € REI=17 | V; < (Amax(Piy) + 1/2)£2 }. Since x (k) € V; ; implies

Vi (k) < Aanax (P ()1 2 ) I? < Aamax (Pi,1) €2,

we find that V; 1 C V; ». Moreover, the definition of ¢; implies that ¢; (k) = 1 for y; (k) € V; ».

Evaluating V; (k + 1) — V; (k) along the trajectories yields:

Vilk +1)=Vi(k) < —ei (k) xi (k) xi (k) — i (k + 1) Py (k) xi (k + 1) + i (k + 1) Py (k + 1) xi (k + 1)—

2xi (k) A Pi (k) Bivi,2(k) — 2v1,1(k) B; Pi (k) Biv1,2(k) + v1,2(k) B; Pi (k) Biv1,2(k)
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where

n j—1
viatk) = F()gik),  viak) = Y (J]et)Filh)y k).
Jj=i41 t=i

Our scheduling guarantees that ||vy,1 (k)| < % and [|vy2(k)|| <& (k)(n —i)8;+1 and hence

i (kY A Py (k) Biv1 2(0) | = [[v1,1 (k) (8] P; (k) By + Dvrp (k)| < e (k) @52 (|| B Pi (k) B | + 1141
lv1,1(k)' B] P (k) Biv1 2 (k)| < e (k) @72 || B] Pi (k) Bt | 611

lv1,2(k) B; Pi (k) Bivi (k)| < ei(k)(n — i)? H B! P; (k)B; ” Sit1-
With the above inequalities, we have

Vilk + 1) = Vi(k)
< =& ()i )NZ + xik + 1) (Pi(k +1) = Pi(k)) i (k + 1) + &i (k) (n = i)> ("2 | B]P; (k) Bi | + 2)8i41

< =& ()i )Z + xi Gk + 1) (Pi(k + 1) = Pi(k)) i (k + 1) + 3e: (k)€

Using the same argument as in the proof of Theorem 6.11, we can show that if y; (k) ¢ V; 1 then V; (k)
is strictly decreasing and hence y; will enter V; ; within finite time. On the other hand, if y; (k) € Vi
then x;(k + 1) € V; 5. Since Vi1 C V; 2, we conclude that y; will enter V; » within finite time, say

K 1, and can not escape from it. On V; » we have ¢; (k) = 1.

Consider z; (k) = C;xj(k) = €; ;i (k) for k > K; ;. Since &; (k) = 1, we have
zi (k) = € (Ai + Bi Fr,1)* %11 i (Ki1) + zi0(k)

where
k—1

zio(k) = Z Ci(Ai + Bi F; 1)K 71 Biv12()).
Jj=K;

Our scheduling guarantees that

1
T2y € (A — BiFi )k Bi||

~ 1
vi2 < (n—i)8iv1 < 5

This implies that ||z; o(k)|| < L forall k > Ki1. Since #; + B; F; 1 is asymptotically stable, there

exists a K;+1 > Kj 1 such that for all k > K;, we have ||z; (k)| < 1.

Therefore the input saturation on L; 4+ will be inactive and ¢; = 1 for all kK > K;4;. By induction,

there exists a K, such that all the saturations are inactive fork > K,, and¢g; = 1foralli =0,...,n—1.
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Then the interconnection of n systems (6.5) and controller (6.65) is equivalent to the interconnection

of linear system

Inlk +1) = Apyn(k) + Brvr

with controller vi = F, (y,)Xn = —(By, Pe,, (3,)Bn + 1) 7' By, Pe,,(3,,)%n xn- 1t follows from Lemma
6.4 that the closed-loop system is globally asymptotically stable, i.e. y,(k) — 0 as k — oo. This shows

global attractivity of the origin and completes the proof. [ |

6.7. Generalized low-and-high-gain design for single layer sandwich systems

We have developed the necessary and sufficient conditions under which sandwich non-linear systems
and their generalizations can be stabilized either semi-globally or globally. We also developed low-
gain and generalized scheduled low-gain design methodologies for constructing appropriate stabilizing
controllers. The philosophy behind the design in the previous section can be briefly sketched as follows:
we designed a controller such that the saturation does not get activated after some finite time. Thereafter,
the design methodology reduces to a simple low gain or scheduled low gain design. However, such
design methods based on standard low-gain or scheduled low gain design methods are conservative as
they are constructed in such a way that the control forces do not exceed a certain level in an arbitrary,
a priori given, region of the state space in the semi-global case or the whole state space in the global
case. Hence the saturation remains inactive. Therefore, such generalized low-gain design methods do
not allow full utilization of the available control capacity. Design methods based on low-and-high gain
feedback design are conceived to rectify the drawbacks of low-gain design methods, and can utilize
the available control capacity fully. As such, they have been successfully used for control problems
beyond stabilization, to enhance transient performance and to achieve robust stability and disturbance
rejection [53, 54, 91]. In this section, we shall develop a generalized low-and-high gain feedback design
methodologies for semi-global and global stabilization of single layer sandwich systems. The application

of such designs to more general type of sandwich systems is still subject to future study.
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6.7.1. Continuous-time systems

Semi-global controller design

The first part of design concerned with choosing F for L system is exactly the same as in the
generalized low-gain design in Section 6.4.1. We first choose F such that A + BF is asymptotically

stable and consider the system (6.8), and then compute § according to (6.9).

Next we consider the system (6.10). Our objective is, for any a priori given compact set ‘W, to find
a stabilizing controller for the system (6.10) such that ‘W is contained in its domain of attraction and
lv(z)|| < & forall T > 0.

Let Q. > 0 be a parameterized family of matrices which satisfies % > 0 for ¢ > 0 with

limg—¢ Qs = 0. In that case, there exists for any ¢ > 0 a P, > 0 satisfying

A+BF 0Y) A+ BF 0
(NC M)P8+P8( NC M)

BB’ 0
— P, ( 0 0) P4 0, =0. (6.67)

We first show the following lemma.

Lemma 6.5 Consider the system (6.10) and assume that the pair (4, B) as given by (6.6) is stabilizable
and the eigenvalues of M are in the closed left half plane. Then, for any a priori given compact set

‘W € R there exists an &* such that for any 0 < & < &* and p > 0, the state feedback,

v =—So(1F2 (lg) P.%), (6.68)

achieves asymptotic stability of the equilibrium point x = 0 where we denote by X the state of the system
(6.10). Moreover, for any initial condition in ‘W, the constraint ||v(z)|| < & does not get violated for any

t > 0.

Proof : Note that condition 2 of Theorem 6.1 immediately implies the existence of a P, > 0 satisfying

(6.67). Moreover, condition 1 immediately implies that

P, —0 (6.69)
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as ¢ — 0. Obviously, controller (6.68) satisfies ||v|| < §. It remains to show that such a controller

achieves semi-global stabilization. Define V(X) = X’ P.X. Let ¢ be defined as

c = sup {x' Psx}.
£€(0,1]
XewW

There exists an £* such that for any ¢ € (0, &*], we have that X € £,(c) = {¥ | X'Pex < ¢},
implies that

o[l < 6

where we denote

Consider V along any trajectory,
V < =X/ Qex — 281 [0 (1520) — $1]
= —¥/ 0k — 260" [0 (1F20) — o (30)].

We have V < 0 for any p > 0. This completes the proof. [ |

Theorem 6.14 Consider the interconnection of the two systems given by (6.1) and (6.2) satisfying con-
ditions 1 and 2 of Theorem 6.1. Let F be such that A + BF is asymptotically stable while P, > 0 is
defined by (6.67). Define a state feedback law by

u = Fx —§o(132 (g) P (X)). (6.70)

]

Then, for any compact set of initial conditions W € R”*™ there exists an £* > 0 such that for all & with
0 < & < &* and any p > 0 the controller (6.70) asymptotically stabilizes the equilibrium point (0, 0)

with a domain of attraction containing 'W.

Proof : Consider any (x(0)’,w(0)")’ € W. Then there exists a T > 0 independent of particular initial

condition such that

|CeUTER )] < 5

v(t) = S0 (132 (g) P; (Z))
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By construction, we have ||v(¢)|| < & for ¢ > 0. This together with (6.9) implies that ||z(z)| < 1 for

t>T.

Since A + BF is Hurwitz stable and the input to the second system is bounded, there exists a W such
that for any (x(0), w(0)")’ € ‘W, we have (x(T), w(T)’) € W.

Then the interconnection of (6.1) and (6.2) with controller (6.70) for ¢t > T is equivalent to the
interconnection of (6.10) with controller (6.68) for ¢ > T. From Lemma 6.5, there exists an ¢* such that

forany ¢ € (0, £*] and any p > 0, the closed-loop system of (6.10) and controller (6.68) is asymptotically

stable with (x(T'), w(T)’)’ € ‘W. Therefore we have

x()—>0, w()—0.
Since this follows for any (x(0), w(0)) € W, we find that W is contained in the domain of attraction as
required. .
Global controller design

We claim that the same controller given in (6.70) with ¢ being replaced by the scheduled low gain

parameter g5(X) as defined below solves the global stabilization problem.

At first, we look for a scheduling parameter satisfying the following:

—

. &s(x) : R"*™ — (0, 1] is continuous and piecewise continuously differentiable.
2. There exists an open neighborhood @ of the origin such that eg(x) = 1 for all x € O.

3. For any X € R”*™_ we have

B\ _
[ (O) Pe (5)X|loo < 4.

4, g5(x) > 0as || X]oo = 0.
5. {x € R"™™ | X' P, (z)X < c }is abounded set for all ¢ > 0.

6. &5(X) is uniquely determined given that X' P, (3)X = ¢ for some ¢ > 0.
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A particular choice satisfying the above criteria is given by

(%' P, X) trace [(g) P, ('g)} <82y, (6.71)

Lemma 6.6 Consider the system (6.10) and assume that the pair (A, B) as given by (6.6) is stabilizable

es(x) =max{r € (0,1] |
Then we first show the following result:

and the eigenvalues of M are in the closed left half plane. Then, for any p > 0, the feedback,

/
= —§o (112 (lg ) Py (0)%), (6.72)

achieves global stability of the equilibrium point X = 0.

Proof : Obviously, controller (6.72) satisfies ||v|| < §. It remains to show that such a controller achieves

global stabilization. Define V(X) = X' P, (x)X.

Denote

Consider V along any trajectory,

V < —)E,Qas(;c))_c - 255,[ (—v) — _v] + xldps?(x)

By construction, ||%17|| < 1. We get

/dP% @ =

V <% Q4 5)% — 280 [0(1+pv)—0(8v)]+x Sy

If p > 0, we have

V< =¥ Qe + ¥ g0k,

The scheduling law (6.71) implies

V(x) trace |:(lg) P (%) (g):| = §2

whenever e5(X) # 1 or equivalently P, (z) is not a constant locally. This implies that V and ¥’ dP;“") X

are either both zero or of opposite signs. Hence for x # 0

V<0
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If not, we know x’ %2 < 0. But this implies V < —% Q¢ (%)X which yields a contradiction.

Therefore, the global asymptotic stability follows. [ |

Theorem 6.15 Consider the interconnection of the two systems given by (6.1) and (6.2) satisfying the
conditions 1 and 2 of Theorem 6.1. Choose F such that A + BF is asymptotically stable. Let P, and &g

be as defined by (6.67) and (6.71) respectively. In that case, for any p > 0, the state feedback,

/
u=Fx—3§c(1f2 ('g) Pe (0 %) (6.73)

achieves global asymptotic stability.

Proof : If we consider the interconnection of (6.1) and (6.2), then we note that close to the origin the

saturation does not get activated. Moreover, close to the origin the feedback (6.73) is given by
B /
u=Fx—(1+0p) (O) Pix,

which immediately yields that the interconnection of (6.1), (6.2) and (6.73) is locally asymptotically

stable. It remains to show that we have global asymptotic stability.

Consider an arbitrary initial condition x (0) and w(0). Then there exists a T > 0 such that
|CeUTER )] < 5

for t > T'. Moreover, by construction, the control

B /
v = —80 (52 (0) Pey(z)%)

yields ||v(?)|| < & for all # > 0. However, this implies that z(¢) generated by (6.8) satisfies ||z(¢)] < 1
for allt > T. But this yields that the interconnection of (6.1) and (6.2) with controller (6.73) behaves for
t > T like the interconnection of (6.10) with controller (6.72). Global asymptotic stability of the latter
system then implies that X(¢) — 0 as ¢ — oo. Since this property holds for any initial condition and
we have local asymptotic stability we can conclude that the controller yields global asymptotic stability.

This completes the proof. u
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Similar to the results in Section 6.4.1, the construction of our controller guarantees the saturation
does not get activated after some finite time 7 and the stabilization of sandwich non-linear systems
becomes stabilization of a linear system subject to input saturation. It is clear from the proof that 7T is
determined by the inital condition of L. Since A 4+ BF is Hurwitz stable with the preliminary feedback,
this 7' can be fairly small. However, after time 7" the design meothodology presented above yields a
regular low-and-high gain feedback controller, while in Section 6.4.1, it reduces to the classical low-gain

feedback controller. Therefore, we expect an enhanced system performance from our design techinque.

We like to emphasize that an appropriate selection of the matrix Q. plays an important role in the
design process. A judicious choice of Q. can tremendously improve the performance. This is also

illustrated by an example given in next section.

6.7.2. Discrete-time systems

6.7.3. Semi-global controller design

In this subsection, we design a controller which solves the semi-global stabilization problem for
discrete-time sandwich systems. For ease of presentation, denote X = (x’, w)’. Our design progresses in

three steps:
Step 1 Choose preliminary feedback F such that A + BF is Schur stable.
Step 2 Define § as

(04
§ =
Y k=0 IC(A+ BF) B

(6.74)

for arbitrary @ € (0, 1). Such a § is well defined since A + BF is Schur stable.

Step 3 Let Q, > 0 be a matrix function: (0, 1] — R@+Mx(+m) which satisfies dgf > 0fore >0
and lim,;_, o+ Qs = 0. Solve the ARE (6.25). Note that condition 2 of Theorem 6.1 guarantees existence

of the positive definite solution P,.

The generalized low-and-high gain feedback can be constructed as

_ . 1 P ' p B\—1B'p iz
u=Fx 80(8(1—l—”B,Pgl}”)(l—l—BPgB) BPgAx).
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We show in the next theorem that the above low-and-high gain controller solves the semi-global

stabilization problem:

Theorem 6.16 Consider the interconnection of the two systems given by (6.1) and (6.2) satisfying con-

ditions 1 and 2 of Theorem 6.1. Define a state feedback controller by

u=Fx—80 (%(1 + 2 + E/Psé)—lé’ngffc) . (6.75)

Then, for any compact set of initial conditions W € R”*™, there exists an £* > 0 such that for all & with
¢ € (0,&*] and any p € [0, 2], the controller (6.75) asymptotically stabilizes the equilibrium point (0, 0)

with a domain of attraction containing W.

Proof : Define

v = —80 (%(1 + hd + B’PSB)_IB’ngﬁ) (6.76)

Consider the system L; with the preliminary feedback ¥ = Fx + v as given by

x(k + 1) = (A + BF)x(k) + Bv(k)

2(k) = Cx(k) 6.77)
We have
k—1
z(k) = C(A+ BF)*x(0) + > C(A+ BF)*"""" Bu(i)
i=0
= C(A + BF)*x(0) + zo(k)
where
k—1
zo(k) = ) C(A+ BF)*" "' Bu(i) (6.78)
i=0

For any a priori given set of initial conditions ‘W, there exists a K > 0 such that
C(4+ BF)*x0)| <1-«a

for k > K and any x(0) € 'W.
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By construction, ||v|| < § for all k > 0. From the definition of §, we get

k—1
lz0(0) = > 1C(A + BF='BJ[u(i)|| <«
i=0

This implies that for all k > K we have ||z(k)| < 1 i.e. the sandwiched saturation remains inactive
after time K. Therefore, for all k > K, the closed-loop system is equivalent to the interconnection of the

linear cascaded system

- _(A+BF 0)._ B
xk+1)= ( NC M) x(k) + (0) v(k). (6.79)
with controller v given by (6.76).

There exists a compact set W such that for any ¥(0) € ‘W, we have X(K) € ‘W. This is due to the

fact that ‘W is compact, A + BF is Schur stable and the input to L, is bounded.

In the next lemma, we shall show that the interconnection of (6.79) and (6.76) is asymptotically

stable with W contained in its domain of attraction.

Lemma 6.7 Consider the system (6.79) and assume that the pair (4, B) as given by (6.6) is stabilizable
and the eigenvalues of M are in the closed unit disc. Then, for any a priori given compact set W € R"+7,

there exists an ¢* such that for any 0 < ¢ < ¢* and p € [0, 2], the state feedback,
v=—380(3(1+ —=2=)(I + B'P:B)"' B' P Ax), (6.80)

B P B

achieves asymptotic stability of the equilibrium point ¥ = 0 with domain of attraction containing ‘W.

Proof : First we introduce the following notation
= +BP,B)'B'P,Ax and u=|B P.B|.
Note that condition 1 of Theorem 6.1 immediately implies that
Pi—0 (6.81)
as ¢ — 0. Define V(x) = X' P.X. Let ¢ be defined as

c = sup {X'Psx}.
£€(0,1]
xew
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There exists an &* such that for any ¢ € (0, £*], we have that ¥ € £,(c) = {X | X' P.X < ¢}, implies

that

and hence

o[l <&

191 < vl < (1 + 23]

Consider V(k 4+ 1) — V (k) along any trajectory,

Vik +1)— V(k)

Note that (6.82) implies

Therefore,

=i(k) (I + B'P.B)i(k) — Z(k) Qs% (k)
—2%(k) (I + B'PsB)v(k) + v(k) B’ P, Bv(k)
= —X(k)' Qex (k) — v(k) v(k)
+ [v(k) = 5(k))'(I + B'PeB)[v(k) — (k)]
<(1 + wvk) = 5(k)] v (k) — 5(k)] — X(k)' Qe % (k)
—v(k)'v(k)
< —x(k) Qex (k) — (k) 5 (k)+

plvlk) = HLG ()] [ (k) — THE 5 (k)]

lv(k) — LBk < L1ID(K) |

plo (k) = S50 (k) — L 506)] - 500 5(K) < 0

(6.82)

We conclude V(k + 1) — V(k) < 0 for any ¢ € (0,&*], p € [0,2] and x # 0. This completes the proof.

The above lemma indicates

x(k) -0, wk)—0.

Since this follows for any (x(0), w(0)) € ‘W, we find that W is contained in the domain of attraction as

required.
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6.7.4. Global controller design

We claim that the same controller given in (6.75) with ¢ being replaced by the scheduled low gain
parameter g5 (X) as defined below solves the global stabilization problem. Specifically, the deign method-

ology follows in 4 steps:

Step 1, 2 and 3 This step is exactly the same as for semi-global stabilization given in the preceding

subsections.

Step4 We look for a scheduling parameter ¢ = &,4(X) satisfying the following:

1. g5(X) : R*™™ — (0, 1] is continuous and piecewise continuously differentiable.

2. There exists an open neighborhood @ of the origin such that e5(x) = 1 for all x € O.
3. Forany X € R"*™, we have || Fy (z)x| <§.

4. g5(x) > O as ||x|| = oo.

5. {x e R"| X' Py )X < c }isabounded set for all ¢ > 0.

6. &5(X) is uniquely determined given that X' P (3)X = ¢, for any ¢ > 0.
A particular choice satisfying the above criteria is given by

es(¥) =max {r € (0,1] |

(X' Py%)trace [B'P,B| <§*/M,}. (6.83)

1
where M), = UmM(Pl2 BB/Plz) + 1 and P, is the solution of (6.25) with ¢ = r.

We prove the following theorem:

Theorem 6.17 Consider the interconnection of the two systems given by (6.1) and (6.2) satisfying the

conditions 1 and 2 of Theorem 6.1. Choose F such that A + BF is Schur stable. Let P, and &5 be as
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defined by (6.25) and (6.83) respectively. In that case, for any p € [0, 2], the state feedback,

u=Fx—

S0 (g(l U B’Pss(,;)é)—lé’gs@)fix) (6.84)

achieves global asymptotic stability of the origin, where F', § P, () and &(X) are obtained in Step 1,2,3

and 4 respectively.

Proof : Define

v=230(3(1+ (I + B'Pe )B) ' B' P, (3)AX) (6.85)

s
| B’ Peg(z) Bl
If we consider the interconnection of (6.1) and (6.2), then we note that close to the origin the saturation

does not get activated. Moreover, close to the origin the feedback (6.84) is given by

_ _ 0 D/ p\—1 n/ 1=
u=Fx—(1+ 55z +B'P1B)”B'PyAX,

which immediately yields that the interconnection of (6.1), (6.2) and (6.84) is locally asymptotically

stable. It remains to show that we have global asymptotic stability.

Consider an arbitrary initial condition x(0) and w(0). Then there exists a K > 0 such that
|IC(A + BF)kx(0)] <1 —«a

for k > K. The definition of § implies ||zo(?)|| < « for all k£ > 0 where zg is given by (6.78). However,
this implies that z (k) generated by (6.77) satisfies ||z(k)|| < 1 for all k > K. Then the closed-loop

system becomes the interconnection of the linear cascade system (6.79) with controller (6.85).

We next show the following lemma

Lemma 6.8 Consider the system (6.79) and assume that the pair (4, B) as given by (6.6) is stabilizable
and the eigenvalues of A are in the closed unit disc. Then, for any p € [0, 2], the feedback (6.85) achieves

global stability of the equilibrium point x = 0.

Proof : Define V(X) = X’ P, (x)X. Denote

O(k) = (I + B' Py, z(k))B) ™" B' Pe, () AX
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and
p(k) = | B' Pe, k) BI-

Consider V(k 4+ 1) — V (k) along any trajectory,

V(k +1)—V(k)
==Xk +D'P, apXk + 1)+ Xk + 1P, (g7 Xk+1)
- X(k),Qgs(x(k))X(k) - ﬁﬁ(k)/ﬁ(k)

+ ) [uk) — LB 5 (k)] o (k) — L85 (k)]

Since p < 2 and by construction ||9]| < §, we get

15N < o) < (A + Ze) 5K,

This implies [[v(k) — 2E&85(k)|| < = [15(K)||. Therefore

Vik+1)—=V(k) < —X(k)/Qgs(x(k))X(k)

—x(k + 1)'Pss(x(-k)))_c(k + 1)+ x(k + 1)’P8S(x(k—+1))5c(k +1)

The scheduling law (6.83) guarantees that V(k+1)—V (k) and X (k4 1)"(Pg, (z (k1)) — Pes e (k))) X (K +1)

can not have the same signs. This implies that for x # 0 and p € [0, 2]
Vik+1)—-V(k) <O.
The global asymptotic stability follows. B The above lemma yields that X (k) — 0 as k — oo. Since

this property holds for any initial condition and we have local asymptotic stability, we can conclude that

the controller yields global asymptotic stability. This completes the proof. [ |

6.8. Simulation example

The design methods are illustrated by several numerical examples.
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6.8.1. Single layer sandwich systems

Continuous-time systems

Semi-global stabilization The two systems L and L, in (6.1) and (6.2) are given by

I 1 1 0
x)=10 0 1])x@+10]u@
Ly 0 0 0 1
z(t) = (8 é ?)x(l)
and
010 00
Ly: o()=10 0 1]w@)+|0 1]o(z())
000 11

We will design a controller to stabilize the systems with an a priori given compact set ‘W contained in its
domain of attraction, where

W={yeR | ye[-11°}

Step 1. Choose
F=(-12 -6 -7)

such that A + BF is Hurwitz stable.

Step 2. Choose § = 2.28. Then for system (6.8), we have that
lv(x)| <8 VYr>0

implies ||zo(?)] < % forall t > 0.

Step 3. We set the low gain parameter ¢ = 0.0001. After solving the associated algebraic Riccati

equation, we obtain the following state feedback:

u = (—15.2016 —6.4139 —7.2370) x

+ (0.0100 0.1869 1.7412) w

The simulation data is shown in Figure 6.5.
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Figure 6.5: Semi-global stabilization via state feedback

Global stabilization The two systems L1 and L in (6.1) and (6.2) are the same as in the preceding

example. We solve the global stabilization problem as follows:
Step 1. Choose

F=(-12 -6 -7)
such that A + BF is Hurwitz stable.
Step 2. Choose the same § = 2.28 as preceding example.
Step 3. Design a controller /

u=Fx— (g) Pgs(;))_c

where Pg () is given by (6.11) and (6.15).

The resulting simulation is shown in Figure 6.6.

. .
30 40 50

Figure 6.6: Global stabilization via state feedback
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Discrete-time systems

Consider the following two systems:

0 I 0
L] YkFD= (1 0 )x(k) + (1) u(k), (6.86)
z(k) = (1 O)x(k),

and

Lr: wk+1)= (—()6?6 8:2) w(k) + (?) o (z(k)), 6.87)

and W = [-2,2] x[-2,2]x[-2, 2] x[-2, 2]. We shall design controllers for both semi-global and global
stabilization of the origin of (6.86) and (6.87). The initial condition for simulations is x(0) = (-2, 2)’
and w(0) = (2,-2)’.
Semi-global stabilization

e Choose F = (—0.7321 0).

e From (6.21), we calculate §; = 0.366.

e Determine ¢ according to ‘W and 6;. We choose ¢ = 3 x 1073,

e The feedback controller is given by

u = (—0.7145 —0.055 —0.0740 —0.0087) X.

The simulation data is shown in Figure 6.7.

Global stabilization

e Choose F' = (—0.7321 O).
e From (6.21), we compute §; = 0.366.

e The global stabilizing controller is formed by semi-global controller together with scheduled pa-

rameter.

The simulation data is shown in Figure 6.8 and 6.9.
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Input of sandwiched saturation element

0 50 100 150 200
time
Ouput of sandwiched saturation element

state

0 50 100 150 200 0 50 100 150 200

time time
State evolution I/0 of sandwiched saturation

Figure 6.7: Semi-global stabilization of single layer sandwich system

Input of sandwiched saturation element

0 50 100 150 200
time
Ouput of sandwiched saturation element

state

0 50 100 150 200 0 50 100 150 200

time time
State evolution I/0 of saturation

Figure 6.8: Global stabilization of single layer sandwich system

6.8.2. Single layer sandwich systems with input saturation

Continuous-time systems

Consider the interconnection of (6.3) and (6.4) with

SRR
w2 vl

The L subsystem has an eigenvalue at the origin of multiplicity two; thus, it is open-loop unstable. The
L, subsystem has imaginary eigenvalues at £1; ; thus, it is marginally stable. Following the procedure in

Section 6.5, we design a semi-globally stabilizing controller for this system with ey = 10™* and &5 = 5-
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right axis) for semiglobally stabilizing controller right axis) for globally stabilizing controller

Figure 6.10: Simulation results

10~*. Similarly, we design a globally stabilizing controller according the procedure in Section 6.5, which
gives § ~ 0.03. Fig. 6.10 shows the simulation results with initial conditions x(0) = [2,2]" and w(0) =
[1, 1]’. In this example, the globally stabilizing controller uses the available control input somewhat more

efficiently than the semi-globally stabilizing controller, thereby ensuring a shorter settling time.
Discrete-time systems

Consider the systems as given by (6.88) and (6.89)

PR ((1’ _Ol)x(k) + ((1)) o u(k)),
z(k) = (1 O)x(k),

(6.88)

and
0.8 0.6 0
Ly: ok+1)= (_0.6 0.8) w(k) + (1) o(z(k)), (6.89)
and W = [-2,2] x [-2,2] x [-2,2] x [-2,2]. The initial condition for simulation is x (0) = (-2 2)’
and w(0) = (2 —2)/.
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Semi-global stabilization

e According to 'W, we choose 1 = 0.05.
e According to ‘W and &1, we choose ¢, = 3 x 1073.

e The controller is given by u = (—0.2674 —0.0442 —0.0738 0.0119) X

The simulation data and I/O of saturation elements are shown respectively in Figure 6.11 and 6.12:

L L L
0 50 100 150 200
time

Figure 6.11: Semi-global stabilization of single layer sandwich system with input saturation

Input of sandwiched saturation element Input of input saturation element

0.5 4
E]
oH

0 50 100 150 200 0 50 100 150 200
time
Ouput of input saturation element

time
Ouput of sandwiched saturation element

L L L L L L
0 50 100 150 200 0 50 100 150 200

time time
Sandwiched saturation Input saturation

Figure 6.12: 1/O of saturation elements in semi-global stabilization of single layer sandwich system with
input saturation

Global stabilization Note that the theoretical bounds on § in Theorem 6.11 as given by (6.49) certainly

suffice to prove solvability but it might be unnecessarily conservative in practice, since it is derived based
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on a worst-scenario estimation of vy, v and zg in (6.52) and (6.55). A proper § can be obtained by
relaxing one or more conservative bounds in (6.49) and reducing it again if necessary until stability is

achieved as well as reasonable performance.

e Weuse § = 0.2. This choice is verified by a simulation of an 1296-point array of initial conditions

without any observation of instability.
e M, =3.7321 and M3 = 6.5474.

e The controller is formed by the semi-global stabilizing controller together with scheduling (6.47)

and (6.50).

The simulation data is shown in Figure 6.13.

)

H“‘f‘w,
"H“‘“\”‘w
2| ‘

state
o

0 50 100 150 200 50 100 150 200

time
State evolution Time evolution of low-gain parameters
Input of sandwiched saturation element Input of input saturation element
T T T 0.2 T T
0.1
N > 0
-0.1
: . . -02 : . .
0 50 100 150 200 0 50 100 150 200
time time
Ouput of sandwiched saturation element Ouput of input saturation element
1 T T T 0.2
0.5 0.1
= o
-0.5 -0.1
-1 v - - -0.2 . . .
0 50 100 150 200 0 50 100 150 200
time time
Sandwiched saturation Input saturation

Figure 6.13: Global stabilization of single layer sandwich system with Input saturation
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6.8.3. Generalized low-and-high-gain design

Continuous-time systems

Semi-global stabilization via state feedback Consider the two systems L and L, given in (6.1) and

x(t) = (3 i)x(l) + ((1)) u(t)
L1 10
0=(p {0

Ly: w()= (8 (1)) w(t) + (} (1)) o(z(1)).

We design below a controller that stabilizes the cascaded system of L; and L, with an a priori given

(6.2),
and

compact set W to be contained in the domain of attraction of the closed-loop system, where
W={eR* | [-3,3]*}.

Step 1. Choose
F = (—22.2474 —8.4495)

such that A + BF is Hurwitz stable.

Step 2. Choose § = 2.0772 and p = 1000. Then for system (6.8), we have
lv(®)]| <6 Vr>0,

implying that ||zo(?)| < % forall t > 0.
Step 3. We set the low gain parameter ¢ = 10™*. Choose Q. = el. After solving the associated

algebraic Riccati equation, we obtain the following state feedback controller:

u = (—22.2474 —8.4495) x — 1.04910{(386.5181 25.1874) x+

(—4.8190 —198.2508) w}.

For comparison purpose, a low gain feedback controller of the form,

B/ X
e (3) )
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is also given as

u = (—23.0495 —8.5018) x+

(0.0100 0.4114) .

The simulation data is shown in Figure 6.14. For comparison, the simulation data of low-gain con-

troller is shown in Figure 6.15. As we can see, the low-high gain enhances the performance by incurring

much lower overshoot and undershoot.

x >

ol

Y
=]
e

£

L L L L L
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Figure 6.14: Semi-global stabilization via state feedback-low high gain approach
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Figure 6.15: Semi-global stabilization via state feedback-low gain approach

Global stabilization via state feedback The two systems L and L5 in (6.1) and (6.2) are the same as

in the preceding example. We solve the global stabilization problem as follows:
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Step 1. Choose
F = (—22.2474 —8.4495)
such that A + BF is Hurwitz stable.
Step 2. Choose the same § = 2.0772 as in the preceding example and p = 1000.

Step 3. Design a controller

/
u=Fx— 80(18& (f);) Pe (5)X)

where Pg () is given by (6.11) and (6.15).

The resulting simulation is shown in Figure 6.16. For comparison, the simulation data of a closed-
loop system under a scheduled low gain feedback controller is shown in Figure 6.17. Clearly, the dy-

namics achieved by the low-and-high gain feedback has a lower overshoot.
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40 M\ 2 q

30t | 2]
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B

Figure 6.16: Global stabilization via low-and-high state feedback
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Figure 6.17: Global stabilization via low gain state feedback
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6.9. Concluding remarks

In this chapter, we have considered a class of nonlinear sandwich systems, where the nonlinear
element is a saturation. At first we dealt with single-layer sandwich systems, consisting of a single satu-
ration sandwiched between two linear systems. We have established necessary and sufficient conditions
for semi-global and global internal stabilization of such systems, and we have presented generalized low-
gain and generalized scheduled low-gain design methodologies to achieve the prescribed stabilization.
We have extended the design methodology to single-layer sandwich systems subject to input saturation,

and further to multi-layer sandwich systems.

For ease of presentation, we have chosen to base the design methodologies in this paper on Riccati
equations. It is also possible to generalize the classical eigenstructure assignment method from [52] to

achieve the same results.

Current research is focused on constructing measurement feedback controllers to solve the semi-

global and global internal stabilization problems, as well as external stabilization problems.
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CHAPTER 7

Stabilization of linear system with input saturation and
unknown delay—Continuous-time

7.1. Introduction

In the last few decades, time-delayed system has been greeted with great enthusiasm from researchers
in recognition of its theoretical and applied importance, see [84]. Many control problems have been
extensively studied, among which stability and stabilization are of particular interest (see, for instance,
[73, 28, 72, 37, 23, 15] and references therein). Like time delay, actuator saturation is also ubiquitous in
control application and is well known as the bane of closed-loop performance and stability. The study
on stabilization subject to actuator saturation has a long history and still receives renewed attention.
Numerous results have been reported in the literature. Some earlier work is surveyed in [5, 94, 123, 95,
32, 35].

When both actuator saturation and input time-delay are present, controller design can be challeng-
ing. What is worse, the precise knowledge of delay is not available in most circumstances while only an
approximation, usually an upper bound, is known. In this case, [67] studied the global asymptotic sta-
bilization for chains of integrators using nested-saturation type controller originally developed in [129].
This result was later on extended to a class of nonlinear feedforward systems in [66]. Chains of in-
tegrators were also studied in [69]. A linear low-gain state feedback was constructed to achieve the
semi-global stabilization for integrator chains with input saturation and unknown input delay that has a
known upper bound which can be arbitrarily large. A different low-gain design based on the paramet-
ric Lyapunov equation was used in [162] to prove a similar result for a broader class critically unstable
systems with eigenvalues on the imaginary axis being zero. Both state and measurement feedback were

developed. However, in the measurement feedback case, delays have to be known by the observer.

In this chapter, we investigate the stabilization of general linear critically unstable system subject to
input saturation and multiple unknown constant input delays. We give nonconservative upper bounds on

the delays which are inversely proportional to the maximal magnitude of the open-loop eigenvalues on
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the imaginary axis. This makes sense because when delay is unknown, a system with highly oscillatory
behavior is obviously more difficult to stabilize than a system with dynamics that do not change “direc-
tion” so frequently. As the eigenvalues on imaginary axis move towards the origin, the upper bounds on
delay turn to infinity. For unknown input delays satisfying these bounds, a linear low-gain state or finite
dimensional measurement feedback controller can be designed to achieve semi-global stabilization. The
design in this chapter only relies on the upper bounds. This chapter recovers and expands upon the results
in [69] and [162].

The rest of the chapter is organized as follows: In Section 7.2, we formulate the stabilization prob-
lems and make necessary assumptions. Main results are presented in Section 7.3. We illustrate our
designs with a numerical example in Section 7.4. Section 7.5 is conclusion. Proofs of some auxiliary

lemmas are given in the Appendix.

The following standard notations will be used:

For a vector x € C”,

x* : conjugate transpose of x;

x|l : 2 norm of x.

For a matrix X € ">,

X* : conjugate transpose of X ;
o (X) : singular value of X;
0 (X) : maximal singular value of X ;
o (X) : minimal singular value of X;
| X : induced 2 norm;
A(X) : eigenvalue of X if X is square;

det(X) : determinant of X if X is square.
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For a continuous vector function y : [0, co) — R”,

I¥lloo : €oo norm of y:

[¥ll2 : £2 norm of y.
For a transfer function H(s) : C — C"™",
| H(s)|loo : Hoo norm of H(s).

Let € := C([—t,0], R") denote the Banach space of all continuous functions from [—7,0] — R" with
norm [|lx|lc = sup;e[— o lx (@)

We denote a diagonal matrix as

Aq
diag{4;}jL, =
Am
A standard saturation function o (-) : R — R is defined as
1, s> 1;
o(s) =4s, —-1l<s<l;
-1, s<-1.

7.2. Problem formulation

Consider the following system:

X =Ax+sz:1 Bioui(t — )],
y =Cx, (7.1)
x(0) =¢(0).0 € [-7,0]

where x € R",u; € R, y € R?, ¢ € €. Each input u; has delay 7; € [0, 7;] and T = max 7;.

We formulate two semi-global stabilization problems as follows:

Problem 7.1 The semi-global asymptotic stabilization via state feedback problem for system (7.1) is to
find a set of 7; > 0 and find, for any a priori given bounded set of initial conditions W C €2 with
7T = max{7;}, a linear state feedback controller u = F x independent of specific delay such that the zero
solution of the closed-loop system is locally asymptotically stable for any z; € [0, 7;] with ‘W contained

in its domain of attraction, i.e. the following properties hold for all 7; € [0, 7;],i = 1, ..., m:
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1. Ve > 0,36 such that if ||¢||c <6, ||x(¢)|| < eforallz > 0;

2. Vo e W, x(t) > 0ast — oo.

Problem 7.2 The semi-global asymptotic stabilization via measurement feedback problem for system

51-1—11

(7.1) is to find a positive integer ¢ > 0, a set of 7; > 0 and for any a priori given bounded set W C €;

with T = max{7;}, a linear finite dimensional measurement feedback controller independent of delay

X=Arx+ Bry, xelR?

7.2
u=Crx+ Dry, 72

such that the zero solution of the closed-loop system is locally asymptotically stable for all ; € [0, 7;]

with ‘W contained in its domain of attraction, i.e. the following properties hold for all 7; € [0, 7;]:

1. Ve > 0,36 such that if ||(¢; ¥)|lc <6, ||x(@)| < eforallt > 0;

2. Y(p;¥) € W, (x(2), x(t)) > Oast — oo.

If; =0,i =1,...,m, it is well known that the semi-global stabilization problem is solvable only
if system (7.6) is Asymptotically Null Controllable with Bounded Control (ANCBC), i.e. the following

assumption holds:

Assumption 7.1 (A, B) is stabilizable with B = [By,---, B)] and A has all its eigenvalues in the

closed left half plane.

Moreover, for stabilization via measurement feedback, the next assumption is also necessary.

Assumption 7.2 (A4, C) is detectable.

7.3. Main result

We start from designing the state and measurement feedback controllers that will solve the stabi-
lization problems. The methodology we use here are the classical H, — ARE based low-gain feedback
design (see [148]) which was originally developed in [61] in the context of semi-global stabilization of

linear systems subject to input saturation.
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Assume (A, B) is stabilizable and A has all its eigenvalues in the closed left half plane. For ¢ € (0, 1],

let P, be the solution of Algebraic Riccati Equation
APy + P.A— P.BB' P, + ¢l = 0. (7.3)
The low-gain state feedback can be constructed as
u=F, =—B'Pgx. (7.4)

The low-gain state feedback (7.4) can be implemented into a dynamic compensator, which we refer to as

a low-gain compensator

1=Ay+ BFy—K(y—Cy)

W = Foy, (7.5)

where K is chosen such that A + KC is Hurwitz stable.

In the design of (7.4) and (7.5), ¢ is called a low-gain parameter. With a properly chosen &, the
low-gain feedback (7.4) and low-gain compensator (7.5) solve Problem 1 and 2 respectively for suitably
chosen ;. To prove this, we will proceed in two steps: first, we will show that our controllers globally
asymptotically stabilize (7.1) without saturation and provide us with a non-conservative input-delay tol-
erance. Then, we will extend the result to the case where saturation is present by selecting the low-gain

parameter differently.
7.3.1. Global stabilization of linear systems with input delay

Ignoring saturation, we can write (7.1) as follows:

X =Ax + Z;’;l Biui(t — ;)
y =Cx (7.6)
x(0) = $(8), ¥6 € [-1,0].

Since the system is linear, it is possible to solve the global asymptotic stabilization problems for (7.6)
using the low-gain feedback (7.4) and compensator (7.5), which means in Problem 1 and 2, the bounded

set of initial condition ‘W is actually the entire Banach space €7 and ‘6’;’ +e,

In order to present our result, we need the following notation. For each input u; i = 1, ..., m, define

the maximal controllable frequency as

ol i=max{w € R | Jv € C", s.t. A'v = jovandv*B; # 0}. (71.7)
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i

It is clear that jw/ ,,

is the eigenvalue of A on the imaginary axis with the maximal magnitude which is

controllable via input channel u;. Now, we are ready to present the following theorem:

Theorem 7.1 For any 7; < i = 1,...,m, there exists an £* such that for any ¢ € (0, ¢*], the

i )
3Wmax

closed-loop of (7.6) and the low-gain feedback (7.4) is globally asymptotically stable for any z; € [0, 7;],

i=1,...,m.

Proof : Consider the closed-loop system

m
X=Ax+) BiFix(t—1). (7.8)
i=1

Define
Ge(s) = Fe(sI — A— BF;) "' Band D(s) = diag{e "*}"_,

The following result is classical:
Lemma 7.1 The system (7.8) is asymptotically stable if and only if
det [1 — Ge(ja))<D(jco) — 1)} £0, Vo, VY €0,7]. (1.9)

(see [21, 157))

Note that in general (7.9) has to be satisfied for all @ € R. However, due to the merit of low-gain

feedback, we are only concerned with those @’s that are in a finite number of small intervals.

Assume A has r eigenvalues on the imaginary axis which are denoted by jwg, k = 1,...,r. Given

T < 3w’,7 fori =1, ..., m, there exists a § > 0 such that
1. The neighborhoods &, := (wr — §,wr + 8), kK = 1,...,r around these eigenfrequencies, are

mutually disjoint;

2. wt; < w/3forw € & if wy is at least partially controllable through input .

Lemma 7.2 The following properties hold:
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1. If jwy is not controllable via input u; for some i, then
lim Fy(jwl — A — BF;) " 'Be; =0,
&0
uniformly in w for w € &, where e; is the standard basis of R™ and F is given by (7.4).
2. There exists ¢* such that for ¢ € (0, £*],

|Fe(jol —A—BF)"'B|| <1, Voe:=R\U,_, &.

Thanks to Lemma 7.2, we find that there exists an g1 such that (7.9) is satisfied if forall k = 1, ..., r
det[l — Gs(jw) (Dg(jw) —I)] #0, Yo € &,V €[0,%] (7.10)

provided ¢ < g; where Dy (s) equals D(s) with r; = 0 for all i’s such that the eigenvalue jwy is not

controllable via input channel i.

Let’s consider (7.10),
I = Ge(jo)(Dy(jo) = 1) =1 = (I + Ge(jo)(Dr(jo) = 1) + (D (jw) — 1)
=Di(jo) — (I + Ge(jw)(Dr(jo) = 1.
First of all, we know that for all ¢ > 0
o[l — F;(jol —A)"'B]>1, Vo
(see Section 5.4, p.122 in [1]), and this implies that
o[l + Ge(jw)] <1, Vo. (7.11)

Since Dy (jw) is unitary, it is easy to see that given (7.11), Dx(jw) — (I + Go(jw))(Dx(jw) — I) is
nonsingular if 6(15k (jw) — I) < 1. Therefore, we have the condition (7.10) holding for ¢ < ¢, if for all

k=1,..r
5(Dr(jw)—1) <1, Vo € &, V1 € [0, 7). (7.12)

This is guaranteed by our choice of § and &. [ |

In a special case where A has all its eigenvalues at the origin, the low-gain feedback can tolerate any

bounded delay that can be arbitrarily large.
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Corollary 7.1 Suppose A has only zero eigenvalues. For any 7; > 0, i = 1,...,m, there exists an
€* such that for ¢ € (0, &*], the closed-loop system of (7.6) and (7.4) is asymptotically stable for any

Ti € [0, fi],i =1,..,m.

The next theorem concerns stabilization of (7.6) via measurement feedback.

T
1 s
Omax

(7.6) and low-gain compensator (7.5) is asymptotically stable for z; € [0, 7;].

Theorem 7.2 For any 7; < 3 there exists an £* such that for ¢ € (0, £*], the closed-loop system of

Proof : The closed-loop system is given by

X =Ax+ szzl BiFiy(t — ;)
¥ =((A+ BF.+KC)y—KCx
x(0) = ¢(0), VO € [-1,0]
x(0) = ¥(0), VO € [-1,0].

(7.13)

Define
G™(s) = —Fe(sI —A— BF,)"'KC(sI —A— KC)™'B.

Obviously, G]"(s) is stable.

It follows from Lemma 7.1 that the closed-loop system of (7.6) and (7.5) is global asymptotically

stable if and only if
det[/] — G['(jw) (D(jw)—1)] #0, Vw e R,Vy €[0,7], (7.14)
We have the following lemma
Lemma 7.3 Let G¢(s) = Fy(s] — A — BF;)"!B. Then
lim (GZ'(jo) = Ge(jw)) = 0

uniformly in w.

Proof of Lemma 7.3 : See Appendix. [ |

If, by Theorem 1, there exists an &2 < g1 such that for all ¢ € (0, &3] we have (7.9) satisfied with

G.(jw), then we can find an g3 < g5 such that (7.14) holds for all € € (0, 3]. [ ]
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7.3.2. Semi-global stabilization subject to input saturation

In this subsection, we shall extend the results for linear systems to the case where input saturation is

considered and solve the semi-global stabilization problems as formulated in Problem 1 and 2.

Theorem 7.3 Consider the system (7.1). The semi-global asymptotic stabilization via state feedback

problem can be solved by the low-gain feedback (7.4). Specifically, for a set of positive real numbers

T

i
3wmax

T < ,i = 1,...,m and any a priori given compact set of initial conditions ‘W C €Z, there exists
an &* such that for any ¢ € (0, £*], the low-gain feedback (7.4) achieves local asymptotic stability of the

closed-loop system with the domain of attraction containing ‘W for any z; € [0, 7;],i = 1, ..., m.

Proof : The closed-loop system can be written as

X =Ax+ Y Bio(F;x(t — 1))
%(6) = $(8). V6 € [-%.0). (7.15)

T
7 .
Omax

Suppose T7;’s satisfy the bound 7; < Let £1 be such that the closed-loop system in the absence of

saturation, i.e. (7.8), is asymptotically stable. Then the local stability of (7.15) for ¢ < &; follows.

It remains to show the attractivity. It is sufficient to prove that for system (7.15), given W, there

exists an £* < g7 such that for ¢ € (0, £*], we have
|Fex(t —7)|| <1,Vt >0.

Then we can avoid saturation for all # > 0. The closed-loop system becomes linear and the attractivity

of zero solution is therefore guaranteed with & < ¢g.

Let us define two linear time invariant operators g, and § with the following transfer matrices:

G(s) = Fo(sI —A— BF,)"'B

A(s) = D(s) — I = diag{e™™* — 1}1,.

Note that the operators g, and § have zero initial conditions. From the proof of Theorem 7.1, we know

that (7.9) is satisfied which guarantees that there exists a  such that

ol = Ge(jow)A(jw)) > p, Yo € R, V7 € [0, 7]
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for all ¢ < ¢; and this u only depends on 7; provided that ¢ < ¢;. This implies that

(7~ Ge(s)AGH oo < &

Moreover, we already have in (7.11)
ol + Ge(jw)) <1, Vo €R

which implies ||G¢(5)|lco < 2. Note that for ¢ > 0

X = (A + BFy)x + BS(Fsx) + Bug,

where

v1 (1)
ve(t) = ol v =
vm(t)

Since vg(¢) vanishes for t > 7, ¢ € W and F; — 0, we have for any ¢ € W, |ve|lcc — 0 and

Figp(t —7), t <1,

0, t=>T.

lvell2 = 0 as e — 0.

We have

Fox(t) = Foe A BF 5 (0) + (g5 0 §)(Fex) (1) + g6 (ve)(2)

and hence
Fox(t) = (1= go 0 )™ [ e WHBFI1(0) + g, (v) 1)) (7.16)

Let we(¢) = g¢(ve)(t). By the definition of g, we have

£ =(A+ BFg)§+ Bve, £(0)=0
we = FLE.

Clearly, ||well2 < |Ge($)|loollVell2 < 2||ve|l2. Hence for any given initial condition ¢, ||we|2 — 0 as

g — 0.

Fort € [0, 7],

We (1) = Fe(A + BFe)§(t) + FeBug(1)

t
= F.(A + BFy) / eATBE)E=r) By (s)dr + FeBvg(r)
0
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Since A + BF; is bounded for all ¢ € [0, 1] and ||vg|loo — O as € — 0, we will have

sup |[we(?)]| — 0 as e — 0. (7.17)
t€l0,7]
This also implies
z
/llu')(t)||2dt —0ase— 0. (7.18)
0

From T onward, v.(¢) vanishes and
(1) = Fee BN (A + BR)E(D)

It is shown by [148] that

o
/ lw()||>dr — 0 as ¢ — 0. (7.19)
T

provided that £(7) is bounded which is obvious by noticing that

T
£(7) = [ eATBEE=D By, (1)dt
0

and [|vgllec — 0 as & — 0. Combining (7.18) and (7.19), we have shown that for any given ¢ € W,

[w|2 — O0ase — 0.

Now let us go back to (7.16). We get

IFexll2 <I(1 = Ge() D(5) ™ ool Fee “TBE 2 (0) 12 + |(1 = Ge(s) D(5)) oo lwe 2

<L) Fue U BEI 5 (0) | + L fwe ).

Since for any ¢, || FeeATBF) x(0)||, — 0 (see [148]) and vy — 0 as ¢ — 0 and p is independent of &

(provided ¢ is smaller than 1), there exists an £3 such that for ¢ € (0, 3], we get
[ Fex|2 < 3. Yo € W. (7.20)
Note that (7.16) also yields

Fi(t) = (1= ge 0 8) ! [Fee PP (A + BF)x(0) +ibu(0),
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and thus

| Fexlla <[[(1 = Ge(s) D() ™ ool FeeATBED %15 + 1|(1 — Ge(s) D(5)) ™ oo [l t0e|2

<L Foe@HBEI ] 4 L i
with ¥ = (A 4+ BF;)x(0). There exists an g4 such that for ¢ € (0, £4], we have
| Fexll2 < 5. Yo € W. (7.21)
Applying Cauchy-Schwartz inequality, we can prove that for any ¢ > 0,
(I Fex I = [ Fex (0)[|?| < 2|l Fext[l2]| Fexl,.
and
IFex (@)1 < | Fex(0)|1? + 2| Fex|2| Fexll,- (7.22)
Finally, there exists an &5 such that for ¢ € (0, 5]
IFex (O < |FegllE < 5. ¢ €W (7.23)
Let ¢* = min{ey,--- , &5}. We conclude from (7.20), (7.21), (7.22) and (7.23) that for ¢ € (0, £*],

|Fex(t —7)|| < 1,Vt > 0.

The next theorem solves Problem 2.

Theorem 7.4 Consider the system (7.1). The semi-global asymptotic stabilization via measurement

feedback problem can be solved by the low-gain compensator (7.5). Specifically, for any a priori given

compact set of initial conditions W C ‘(f’fz” and a set of positive real numbers 7; < -
max

there exists an ¢* such that for any ¢ € (0, £*], the low-gain feedback (7.5) achieves local asymptotic

stability of the closed-loop system for any 7; € [0,7;], i = 1,...,m with the domain of attraction

containing ‘W.
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Proof : The closed-loop system can be written as
X =Ax+ Y7L, Bio(Fix(t — w))
¥ =A+BF.+KC)y—KCx
x(0) = ¢(0), VO € [-7,0]
x(0) =y (0), V6 € [-7,0].

T

(7.24)

Suppose 7;’s satisfy the bound 7; <

Let 1 be given by Theorem 7.2 such that the closed-loop

7 .
3Wmax

system without saturation is asymptotically stable. Then the local stability of (7.24) for ¢ < &; follows.

Define two linear time invariant operators g»* and § with Laplacian transform

G™(s) = —Fe(sI —A— BF,) " 'KC(sI —A—KC)™'B

A(s) = D(s) — I = diag{e™™° — 1}/ ,.
From the proof of Theorem 2, we know that (7.14) holds for ¢ < ;. There exists a & > 0 such that
ol —Gl'(jw)A(jw)) > pn, Yo € R, V1 € [0, 7], (7.25)

where p is independent of € provided that ¢ < &7. It follows from Lemma 7.3 that G" (jw) — G¢(jw)
uniformly in @ where G¢(s) = Fy(s] — A — BF,)~! B. Hence given 6(G¢(jw)) < 2 for any & > 0 and

w € R, there exists an &5 such that
6(G'(jw)) <3, Vw € R. (7.26)
We also have that following lemma

Lemma 7.4 For any £ € R?",

(o,@]
lim / | Fee ATBF 247 = 0,
el0

0

where
_| 4 BF, _[B] .
A= [—KC A+BF8+1<C]B_ [o]’f =[0 £
Proof of Lemma 7.4 : See Appendix. [ |

Given (7.25), (7.26) and Lemma 7.4 hold, we can use exactly the same argument as in the proof of

Theorem 7.3 to prove that there exists an £* < g7 such that for ¢ € (0, £*],

|Fex(@—7)|| <1, Ve >0, (¢,%) € W.
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7.4. Example

Consider the following example

X1 o1 1 0 X1 0 0
X2 _ 00 0 1 X2 I 1 0 Ml(t —11)
X3 10 0 0 1 X3 0 0] |ux—1)
fC4 00 -1 0 X4 0 1
Y1 =X1, Y2 = X2.
First, we have
wrlnax =0, wrzmzx =1

The upper bounds on delay are given by

z

T1 < 00, %2<3

In this example, we choose 7; = 1 and 7, = Z%. The initial condition is given by
2
-2
x(0) =¢0) = E Vo € [-1,0].
-2

7.4.1. State feedback

Choose ¢ = 0.001. The low-gain state feedback can constructed according to (7.4) which is

F— —-0.0281 -0.2319 0.2262 —0.0587
7 1-0.0145 —0.0587 0.0512 —0.1120]"

The simulation data is shown in the following figures.
7.4.2. Measurement feedback

The low-gain compensator can be constructed as in (7.5) with

=7 =2

1 =7
k= —11 =71

7 -9
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states

20 40 60 80 100 120
time

Figure 7.1: Evolution of states

inputs

. . . . .
20 40 60 80 100 120
time

Figure 7.2: Inputs to the system

and the initial condition of the compensator is given by

2

x®) =y = || v6e[-10.

2

In this case, ¢ is chosen to be 0.0001. Simulation data is shown in Fig. 7.4.2 and 7.4.2.

7.5. Conclusion

In this chapter, the semi-global stabilization problems for general uncritically unstable systems sub-
ject to input saturation and multiple unknown input delays are solved. Nonconservative upper bounds on

delays are found for which a low-gain state feedback or a low-gain compensator can be constructed to
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states

120

3N
=)

20 40 60 80 1
time

Figure 7.3: Evolution of states

inputs

20 40 60 80 100 120
time

Figure 7.4: Inputs to the system

achieve the semi-global stabilization.

Appendix

Proof of Lemma 7.2 : To prove item (1), we first note that

Fs:(jwl — A — BF,) ! Be;
=F,(I — (joI — A)"'BF,) " Y(jwI — A)"!'Be;

=(I — Fo(jwl — A 'B)Y " 'F,(jwl — A)" ! Be;.
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Next we note that:

6(I — Fs(jol —A)™'B)y" 1 <1, Vo eR
(see [1]). Moreover, Yo € &, (jwl — A)~! Be; has no pole and therefore
I(joI —A) "' Bei|| < M. Vo € &.

for M > 0 independent of w.

But then

|Fe(jol — A~ BFe)™'Bei|| < M| Fe||. Vo € &,
and since F; converges to zero we get
| Fe(jwl — A~ BFe)™' Bej| — 0

as ¢ — 0 uniformly in &.

It remain to show item (2). By definition, det(jwl — A) # 0 for all w € £2. There exists a ; such
that

o(jol —A) > u, Yo € £2.
After all assume this is not the case. Then there exists a sequence ' € £2 such that
g(ja)il —A)—>0

as i — co. We can ensure that this sequence ' is bounded since for w satisfying || > ||A| + 1 we

have:

o(jol —A) > |o| - |A] > 1

But a bounded sequence @' has a convergent subsequence whose its limit, denoted by @, is in £2 (since

£2 is closed). The limit @ would have the property
a(jol —A) =0.

This implies @ is an eigenvalue of A which is in contradiction with definition of £2.

Choose £* such that || F;|| < £ B||~! for ¢ < &*. In that case:

o(@l —A—BF) > p—|B||Fl > %.Vo € 2,
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and hence

. -1 4
- - &€ EYTR) )
|(jol —A— BFe)™ || < 300 V0 € 82

but then

|Fe(jwl — A~ BF,)"'B|| < | Fs|l|(joI — A— BFs) '||||B]| < 1

forall w € 2.

Proof of Lemma 7.3 :

The error between G/ (s) and G¢(s) is

Gs(s) — GI'(s) =[I + Fe(s] —A— BF,)"'B| Fo(sI —A— KC)™'B

=[I + Ge(s)] Fe(sI —A— KC)™'B

From (7.11) we obtain

oI +Ge(jw)) <1,Ve>0,w €R.

Moreover,

|Fe(sI —A—KC) ' Blloo < | Fellll(s] —A—KC) ' Bl

Since F; — 0 as ¢ — 0, we immediately have that
lim (G (jw) — Gs(jw)) =0,
&l0

uniformly in w.

Proof of Lemma 7.4 : Define a system as

)2:1 = AXI + BFEXZ X (0)

X =(A+ BF; + KC)x, — KCx; , ! =§
~ x2(0)

z = Fexp

It is obvious that for any £

o0
o (A+BF 2
lzll2 = f | Fae A+ E 27,
0
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Let e = x1 — x2. In the new coordinates of (x1, e), the above system can be written as

z = Fe(x1—e)

with e1(0) = x1(0) — x2(0). We get ||z||2 < || Feell2 + || Fex1]|2-

Since A + KC is Hurwitz, there exists a y such that |e||2 < y|le(0)|| for any ¢(0) € R”. Then
[ Feel2 < v Fellle(O)]] — 0 as e — 0.

But for x1, we have
oo
IFextll2 < 1Ge(s)llooll Feell2 + / | Foe AT BE .y (0) )| 2dr
0
oo
< 27 [Fellle)] + [ [Fec 000, 0
0
where G¢(s) = Fe(sI — A — BF,)~!B. It was shown in [148] that
oo
Ef{} / || Fee B . (0))|2dr = 0.
0

and thus limg ¢ || Fex1[|2 = 0. We conclude that lim, ¢ [|z]|2 = 0.
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CHAPTER 8

Stabilization of linear systems subject to input saturation and
multiple unknown constant delays—discrete-time systems

8.1. Introduction

The aim of this chapter is to extend the results in previous Chapter to discrete-time case. The analysis
and design here is also based on a simple frequency-domain stability criterion analogous to the one for
continuous linear time-delay systems. It turns out that the results of discrete-time systems are in a
strict parallel with those of continuous-time systems. The upper bound of tolerable delays found here
is also inversely proportional to the argument of eigenvalues on the unit circle. If all the delays satisfy
the proposed upper bounds, linear state and finite dimensional dynamic measurement feedback can be

constructed using the H, low-gain design technique to achieve the semi-global stabilization.

This chapter is organized as follows. Two stabilization problems are formulated in Section 8.2.
Some preliminary results, including a stability criterion for linear discrete time-delay systems and some
key properties of H, low-gain feedback, are presented in Section 8.3. The main results of this paper are
developed in Section 8.4. In this part, we first stabilize the linearized system without saturation using the
low-gain feedback and then show that by proper selection of a tuning parameter, the same controller will
solve the semi-global stabilization problems in the presence of saturation. Proofs of several technical

lemmas used in the stability analysis are given in the Appendix.

8.1.1. Notations

The following notations are used. C, R, R, Z and N denote respectively the sets of all complex
numbers, real numbers, positive real numbers, integers and natural numbers. For any openset§ C C, 09
and € denote its boundary and closure. For zg € C and r € R™, D(zg, r) denotes an open disc centered
at zo with radius r. Among all, the unit open disc centered at the origin is of particular importance and

will be used very often, as such we denote specially

Do := DO, 1), C®:=D(0,1), C°:=3D(,]1).
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Forany K1, K € Z and K < K>,

[K1,Kx]:={keZ | K1 <k < K}.
For a vector x € C”,

x* : conjugate transpose of x;

[|x] : 2 norm of x.
For a matrix X € C"**™,

X™ : conjugate transpose of X ;
0 (X) : singular value of X;
0 (X) : maximal singular value of X;
o (X) : minimal singular value of X;
| X : induced 2 norm;
A(X) : eigenvalue of X if X is square;

det(X) : determinant of X if X is square.
For a sequence {y,} C R”,

17 lloo : £oo norm of y;

|¥]l2 : €2 norm of y.
For a discrete-time transfer function H(z) : C — C"*™,
| H||oo : Hoo norm of H(z).

Let £2,(K) denote the Banach space of finite sequences {y1,...,yg} C C" with norm || - [ec =
max; {[| yi ||}
We denote a diagonal or block diagonal matrix as

Ay
diag{4;}jL, = ,
Am
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where A; can be scalar or matrix.

A standard saturation function o (-) : R — R is defined as

1, s >1;
o(s) =15, —-1<s<l1;
-1, s<-1.

8.2. Problem formulation

Consider a discrete-time linear system subject to input saturation and delay

x(k 4+ 1) = Ax(k) + >/ Bio (ui(k — ki),
y(k) =Cx(k), (8.1)
x(0) =do+k.0€[-K,0]

where x € R*, u; € R, k; € [0, K;], K; € N and K = max{K;}. The initial condition ¢ € L% (K). Let
Ui
u=|: |, B=[B1 -+ Bnl.
Um

We can formulate two semi-global stabilization problems as follows:

Problem 8.1 The semi-global asymptotic stabilization via state feedback problem for system (8.1) is
to find, for any set of positive integers K; > 0 and a priori given bounded set of initial conditions

W C €% (K) with K = max{K;}, a delay-independent linear state feedback controller u = Fx such

that the zero solution of the closed-loop system is locally asymptotically stable for any «; € [0, K;]

with ‘W contained in its domain of attraction, i.e. the following properties hold for all ; € [0, K],

1. Ve > 0,38 such that if ||¢|leo <6, [|x(k)|| < e forallk > 0;

2. V¢ € W, x(k) > 0ask — oo.

Problem 8.2 The semi-global asymptotic stabilization via measurement feedback problem for system
(8.1) is to find an integer ¢, and find, for any set of positive integers K; > 0 and any a priori given
bounded set W C ngq (K) with K = max{K;}, a delay-independent linear finite dimensional measure-

ment feedback controller

x(k +1) = Ag x(k) + Bry(k), x(k)eRY,

u(k) = Cy(k) + Dyy(k), (8.2)
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such that the zero solution of the closed-loop system is locally asymptotically stable for all ; € [0, K;]

with ‘W contained in its domain of attraction, i.e. the following properties hold for all z; € [0, K;]:

1. Ve > 0,36 such that if ||(¢; ¥)|leo <6, ||[x(k)|| < eforallk > 0;

2. Y(p;¥) € W, (x(k), xy(k)) - 0as k — oo.

Since the input of (8.1) is bounded, it is well known that the following assumption is necessary for

semi-global stabilization.

Assumption 8.1 (A, B) is stabilizable, (A4, C) is detectable and A has all its eigenvalues in the closed

unit disc C©.

8.3. Preliminaries

In this section, we shall present stability criteria for discrete time-delay system which are the basic

of this paper and recall the standard low-gain feedback design and some of its properties.
8.3.1. Stability of discrete linear time-delay systems

Consider system

x(k+ 1) = Ax(k) + > Aix(k — ki), (8.3)
i=1

where x(k) € R"” and k; € N. Suppose A + Y /-, A; is Schur stable. The next lemma is a standard

result.

Lemma 8.1 System (8.3) is asymptotically stable if and only if

m
det |:ZI —A- Zz_"iAi:| £0, Vz¢Do, Vii€l0,Kil (8.4)
i=1

Define for o € [0, 1]

Fy(z) = det [zl—A—(l—a)ZAi —aZz‘KfA,}. (8.5)

i=1 i=1

The results of this paper are all based on the following lemma.
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Lemma 8.2 The system (8.3) is asymptotically stable if

det (Fy(z)) #0, Vz € C°, Ya €0, 1]. (8.6)

Proof : Suppose (8.6) holds but (8.4) does not hold, that is, F;(z) has zeros in C/&g. However, since
A+ Z?;l B; F; is Schur stable, all the zeros of Fo(z) must be in the open unit disc £g. Note that the
zeros of Fy(z) move continuously as « varies. Hence, there exists «g € (0, 1] such that det(Fy,(z0)) = 0

for some zo € C©, which contradicts (8.6). [ ]

Consider a special case of (8.3) where A; = B; F;, that is,

x(k+1) = Ax(k) + Y BiFix(k —k;). (8.7)

i=1
Assume that A = A + Zl'-"zl B; F; is Schur stable. The following variation of Lemma 8.2 is more

convenient to use.

Lemma 8.3 The system (8.7) is asymptotically stable if
det[I + aG(z)(I — D(2))]#0, VzeC®, Vaelo1], (8.8)

where G(z) = F(zI — A— BF)™!'B, D(z) = diag{z™" 3, and
Fy

Proof : The proof is straightforward. Note that

det |:ZI —A-( —oz)iBiFi —aiz"“"BiFi:|
=det[z] — A— BF + alB:(} - D(z))I;]:l
=det[z] — A — BF|det[l +a(z] —A— BF)"'B(I — D(z))F]
=det[z] — A— BF|det[I + «F(zI — A— BF)"'B(I — D(2))].

Since A + BF is Schur stable, (8.6) holds if and only if (8.8) holds. [ ]

Remark 8.1 Lemma 8.2 and 8.3 are discrete-time counterparts of Lemma 2 and 3 in [158] (see also the

work in [21, 41]). However, the conditions (8.6) and (8.8) are only sufficient for discrete-time system.
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8.3.2. H; low-gain state feedback and compensator

Consider a discrete-time linear system

x(k +1)=Ax(k) + Bu(k), x(0) =xo
y(k) = Cx(k), (8.9)
z(k) =uk).

Let Assumption 8.1 hold. Recall the following definition from [147]. An H» low-gain sequence is a

family of parameterized matrices F, with & € (0, 1] such that the following properties hold
1. A+ BF; is Schur stable for any ¢ € (0, 1];
2. the closed-loop system of (8.9) and u = F x satisfies

lim|z|l, =0, Vxo € R". (8.10)
el0

The H, low-gain sequence can be constructed as
F.=—(B'P.B+ 1) 'B'P.A (8.11)
where for ¢ € (0, 1], P, is the positive definite solution of H, Algebraic Riccati Equation
P, = A'P;A+¢el — A'P.B(B'P.B+1)"'B'P,A. (8.12)

It is known that under Assumption 8.1, P; — 0, and thus F; — 0, as ¢ — 0. Moreover, we also have

the following lemma

Lemma 8.4 Define transfer function G(z) = F¢(zI — A — BF;)"' B. We have

17 4 Gelloo < V1 + Amax (B’ PeB), (8.13)

Proof : Define R(z) = I — Fe(zI — A)"'B. R(z) satisfies the following return difference equality

([105]):
R(zY(I + B'P.B)R(z) =1 +¢B'(z7'1 — A Y (zI — A)~'B.

This implies for z € C©,

(14 Amax(B'PeB)) R(z)*R(z) > I,
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and hence

1
o (I — F.(zI — A)"'B)) > ., zeC°. 8.14
o (I = Fe( ) ))‘wumax(B'PeB) (8.14)

By matrix inversion lemma,

6 (I + Fe(zI — A= BFs) "' B) < \/1 + Anax(B'P:B), z€CP°,

which yields (8.13). [ |

Remark 8.2 An immediate consequence of Lemma 8.4 is the following relations which will be useful in

our analysis.

I + Gelloo <1 := V1 + Anax(BP1B), [|Gelloc <147, Vee (0,1] (8.15)

The low-gain state feedback u = Fyx can be realized with an observer, which we refer to as low-gain

compensator

x(k +1) = Ay(k) + BF;x(k) — K (y(k) — Cx(k)), x(©) = xo.

u(k) = Fey(k). (8.16)

where K is such that A + KC is Schur stable. It can be shown that (8.16) is a generalized H, low-gain
“sequence” as it satisfies the aforementioned two properties of an H» low-gain. First, it is easy to see

A + B F; is Schur stable, where

A 0 0 -
‘A’z[—Kc A+KC+BFJ’ BZ[B] and Fe = [0 Fe].

The next lemma proves property (8.10) for the closed-loop of (8.9) and (8.16).
Lemma 8.5 The closed-loop of (8.9) and (8.16) satisfies

lim|z| =0, Vxo.yx0€ R".
el0

Proof : See Appendix. [ |
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8.4. Main result

Now we are in good position to solve the two stabilization problems formulated in Section 8.2. We
will develop the results for a linearized system ignoring saturation utilizing the low-gain state feedback
and compensator. Then it can be shown that the input of the resulting closed-loop systems can be made
sufficient small to avoid saturation for a compact set of initial conditions, which will lead to the solution

of Problem 8.1 and 8.2.
8.4.1. Global stabilization of linear discrete-time system with input delay

We first consider the stabilization problem for system (8.1) in the absence of saturation

x(k + 1) = Ax(k) + Y7L, Biu(k — ki),

yk) = Cx(k) ®.17)

Since the system (8.17) is linear, it is possible to achieve the global stabilization via linear feedback. We

shall show that this in fact can be achieved by a low-gain feedback u = Fyx with F given by (8.11).

Define

o' =max{w € [0,7] | v € C*, A'v = /v, v'B; # 0}.

max

1
max

Clearly, o}, is the largest argument of eigenvalues that are, at least partially, controllable via input u;.

i

It will be made clear in the following theorem and its proof that this w/,,

dictates the delay tolerance in

the channel u;.

Theorem 8.1 Consider system (8.17). Let Assumption 8.1 hold and F = F; be given by (8.11) and

(8.12) with ¢ € (0,1]. For any K; < Z—, there exists ¢* € (0, 1] such that the system(8.17) where

3wmax

u = F.x with F, given by (8.11) is asymptotically stable for ¢ € (0, e*] and «; € [0, K;].

In a special case where A has all the eigenvalues equal to 1, Theorem 8.1 immediately implies that any
bounded delay can be tolerated with using low-gain feedback u = Fx. This is stated in the following

corollary.

Corollary 8.1 Consider system (8.17). Let Assumption 8.1 hold and F' = F; be given by (8.11) and

(8.12) with ¢ € (0, 1]. Suppose A has all the eigenvalues equal to 1. For any given positive integers
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K;, there exists ¢* € (0, 1] such that the system(8.17) where u = Fgx with Fg given by (8.11) is

asymptotically stable for ¢ € (0, ¢*] and k; € [0, K;].

Proof of Theorem 8.1 : Consider the closed-loop system

x(k+1) = Ax(k) + Y BiFeix(k —k;).

i=1

(8.18)

where Fg ; is the ith row of F;. Let Go(z) = Fe(zl — A — BF,)" ! B. It follows from Lemma 8.3 that

the system (8.18) is asymptotically stable if

det [1 + aGe(e®) (I — D(efw)] £0, Vo e[-m 1], Yaelo1],

(8.19)

where D(z) = diag{z™"}. Due to symmetry, we only need to consider the @ € [0, 7]. Assume A

has r eigenvalues on the unit circle which are denoted by e/%¢, ¢ = 1, ...,r with wq € [0, ]. Given

K; < 3(; fori = 1,..., m, there exists a § > 0 such that

max

1. The neighborhoods &; := [wg —§,wy + 6] N[0, ], g = 1, ..., r, around these eigenfrequencies

are mutually disjoint;

2. If e/®4 is at least partially controllable through input 7,

T 1lymw ;
C()Kj <§—§(§—Kia)max), V(l)egq.

Lemma 8.6 The following properties hold:

1. If e/® is not controllable via input u; for some 7, then
lim Fs(e’®I — A— BF,)"'B; =0,
el0
uniformly in @ for w € &,.
2. There exists £* such that for ¢ € (0, &*],

|Fe(e/®] — A— BFs)'B|| < 1. Vo € 2,

where §2 := [0, 7]\ U _, &,
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Proof : See Appendix. |

Owing to Lemma 8.6, we find that there exists an &1 such that (8.19) is satisfied if forallg =1, ..., r
det[l + aGq(e’®) (1 - bq(efw))] £0, Vo € &,.Vk; € 0. K], o € [0,1] (8.21)

provided & < 1 where ]54 (e/?) equals D(e/®) with k; = 0 for all i’s such that the eigenvalue e/%¢ is

not controllable via input channel i. Clearly, ﬁq (e/®) is still unitary. Moreover, by (8.20), we find that
Re(Dg(e’®)) > 31, Vo € &,.
Let’s consider (8.21). We can write

I+aGe(e) (1= Dg(e/)) = (1 = @)1 +aDq(e/®) + a(l + Ge(e’®)) (I = Dy(e’®)).
(8.22)

Note that,
[(1 —a)l + aziq(efw)*] [(1 —a)l + abq(ef'w)] = (1 —)? +02) T +2a(1 —a)Re(Dy(e/®)) > al.
Therefore
o ((l —a)l + aﬁq(ejw)) > Ja > a.
This together with (8.22) imply that (8.21) holds if

5 ((1 + Ge(e?)) (1 — D, (ej“’))) <1 (8.23)

By (8.20), for any ¢ = 1, ..., r, there exists £ € (0, 1) solely depending on K; such that we get (I —
ﬁq(ejw)) < 1—-§; forw € &;. According to (8.13), there exists a &2 < &1 such that for ¢ € (0, &3],
(I 4+ Gg(e/®)) < 1/(1 — §,) forany ¢ = 1, ..., r. Therefore, condition (8.19) is satisfied. [ |

The next theorem is concerned with measurement feedback.

b/

Theorem 8.2 Consider system (8.17). Let Assumption 8.1 hold. For any positive integers K; <

30max’
there exists an £* such that for ¢ € (0, £*], the closed-loop system of (8.17) and low-gain compensator

(8.16) is asymptotically stable for «; € [0, K;].
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Corollary 8.2 Consider system (8.17). Let Assumption 8.1 hold and A has all its eigenvalues equal to

1. For any positive integers K;, there exists an ¢* such that for ¢ € (0, *], the closed-loop system of

(8.17) and low-gain compensator (8.16) is asymptotically stable for x; € [0, K;].

Proof of Theorem 8.2 : The closed-loop system is given by

x(k+1)=Ax(k) + Y7, Bi Fi x(k — ki)

Xk +1) = (A + BF: + KC)y(k) — KCx(k). (8.24)

It is well known that system (8.24) without delay is asymptotically stable. Define
G™(z) = —F¢(z1 — A— BF,) 'KC(zI —A— KC)™'B.
Obviously, GI*(z) is stable. It follows from Lemma 8.3 that (8.24) is global asymptotically stable if
det[l + aG™(e/®) (1 - D(ej“’))] £0, Vo € [-7, 7], Vi; € [0, Ki] Yo € [0, 1], (8.25)
where D(z) = diag{z™*/}_,. We have the following lemma
Lemma 8.7 Let G¢(z) = Fy(zI — A— BF,;)"!B. Then
lim (G;" (e?) — Ga(ej"’)) ~0

uniformly .

If, by Theorem 1, there exists an &1 such that for all ¢ € (0, &1] we have (8.19) satisfied with G.(jw),
then we can find an g5 < &1 such that (8.25) holds for all € € (0, &3]. [ ]
8.4.2. Semi-global stabilization subject to input saturation

In this subsection, we shall show that the low-gain state feedback and compensator which stabilize
the linearized systems (8.17) also solve the semi-global stabilization problem for the same linear system
with input saturation (8.1) by a proper selection of the tuning parameter & with respect to a set of initial

conditions.

Theorem 8.3 Consider the system (8.1). Let Assumption 8.1 hold. The semi-global asymptotic stabi-

lization via state feedback problem can be solved by the low-gain feedback (8.11). Specifically, for a
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T
30iax

set of non-negative integers K; < ,i = 1,...,m and any a priori given compact set of initial
conditions W C €2 (K) where K = max{K;}, there exists an ¢* such that for any ¢ € (0, &*], the

low-gain feedback (8.11) achieves local asymptotic stability of the closed-loop system with the domain

of attraction containing W for any «; € [0, K;],i = 1, ...,m.

In the special case where all the eigenvalues of A are 1, the low-gain feedback allows any bounded but

arbitrarily large input delays. This recovers the partial results in [160].

Corollary 8.3 Consider the system (8.1). Let Assumption 8.1 hold and A4 has all its eigenvalues equal
to 1. For any given set of non-negative integers K;, i = 1,...,m and any a priori given compact set of
initial conditions W C £Z_ (K) where K = max{K;}, there exists an ¢* such that for any ¢ € (0, £*], the

low-gain feedback (8.11) achieves local asymptotic stability of the closed-loop system with the domain

of attraction containing ‘W for any «; € [0, K;],i = 1, ..., m.

Proof of Theorem 8.3 : The closed-loop system can be written as

x(k) = Ax(k) + Y _ Bio(Fix(k — ki) (8.26)

i=1

Since K; < %a)r"nax, the local Lyapunov stability of the origin for sufficiently small & follows from

Theorem 8.1, that is, there exists 1 € (0, 1] such that for & € (0, £1], the origin of (8.26) is locally stable.

It remains to show the attractivity. It suffices to prove that for system (8.18) with initial condition in

‘W, there exists &2 < &1 such that for ¢ € (0, &2], we shall have that
[ Fex(k — K)|| < 1, Vk = 0.

This will imply that for system (8.26) no saturation will be active for all k > 0, and hence, the system is

linear and stable for ¢ < ;. This will complete the proof.

Define two linear time invariant operators g, and § with the following transfer matrices:

Ge(z) = Fo(zI — A— BF,)"'B

A(z) =1 — D(z) = diag{l —z " }T__,.
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Note that the operators g, and § have zero initial conditions. From the proof of Theorem 8.1, we know

that (8.19) is satisfied which guarantees that there exists a y > 0 such that
o(I + Gg(2)A(z)) > u, VzeC®, Vi; €[0,K;],
for all € < ¢; and this u only depends on K; provided that ¢ < 1. This implies that

I(I + Ge(2)A(2) oo < -

Note that for k > 0
x(k + 1) = (A + BFe)x (k) — B3(Fex)(k) + Bug(k),

where

v1(k)
ve(k) = o ovitk) =
Um(k)

Since vg(k) vanishes for k > K, ¢ € W is bounded and F; — 0, we have for any ¢ € W, ||vglloo — O

Fig(k —v), k <ki,
0, k> k.

and ||vgll > Oase — 0.

We have

Fex(k) = Fo(A + BFo)*x(0) — (g 0 8) (Fox) (k) + ge(ve) (k)
and hence
Fox(k) = (1 + ge 0 8)~! [FS(A + BF)Kx(0) + gg(vg)(k)] . (8.27)

Let we(k) = ge(ve)(k). By the definition of g¢, we have [lwellz < [|Ge(2)lloo[lvellz = (1 + n)lvell2
where 7 is given by (8.15). Hence for any given initial condition ¢, ||w¢|2 — 0 as ¢ — 0. Then from

(8.27), we get

IFexll2 <[ (1 + Ge(2)A(2) ™ ool Fe(A + BFe) x(0)l|2 + (1 + Ge(2) A(2) ™ ool well2

<L Fe(A + BF)* x(0)]|2 + & [[we 2.

Since, by (8.10), || Fs(A+ BF:)¥x(0)|2 — 0 and v, — 0 as & — 0 and u is independent of ¢ (provided ¢

is smaller than 1), there exists an &5 such that || Fx|2 < 1 for e € (0, 1] and ¢ € W. This implies that
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X < || Fex|l2 < 1fork > 0. At last, since ¢ € W, there exists €* < g, such that || Fzx <
Fex(k F, 1 fork > 0. Atl i ‘W, th i * h that || Fex (k 1

fork > —K. []

The next theorem solves Problem 2.

Theorem 8.4 Consider the system (8.1). Let Assumption 8.1 hold. The semi-global asymptotic stabi-
lization via measurement feedback problem can be solved by the low-gain compensator (8.16). Specifi-
cally, for any a priori given compact set of initial conditions W C €2 (K and a set of positive integers

K; < ﬁ, i = 1,...,m, there exists an ¢* such that for any ¢ € (0, *], the origin of the closed-loop

max

system of (8.1) and (8.16) is local asymptotic stable for any «; € [0, K;],7 = 1, ..., m with the domain

of attraction containing 'W.

Corollary 8.4 Consider the system (8.1). Let Assumption 8.1 hold and A has all its eigenvalues equal
to 1. For any a priori given compact set of initial conditions W C £2(K) and any given set of positive
integers Kj, i = 1,...,m, there exists an ¢* such that for any ¢ € (0, ¢*], the origin of the closed-loop

system of (8.1) and (8.16) is local asymptotic stable for any k; € [0, K;], i = 1, ..., m with the domain

of attraction containing 'W.

Proof of Theorem 8.4 : The closed-loop system can be written as

x(k+1) = Ax(k) + Y[ Bio(Fix(k — &;))
2k + 1) = (A + BF. + KC)y(k) — KCx (k)
x(0) =), Vo € [-K;,0]
x(©0) =1y(0), V0 € [-K;,0].

(8.28)

b4
-
3w},

ax

Suppose K;’s satisfy the bound K; < By Theorem 8.2, there exists an &1 such that for ¢ € (0, 1],

the closed-loop system without saturation is asymptotically stable. Then the local stability of (8.28) for

g < g1 follows.

Define two linear time invariant operators g7* and § with z transform

G™(z) = —F¢(z1 — A— BF,) 'KC(zI —A—KC)™'B

A(z) = I — D(z) = diag{l —z7"}"

i=1"
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From the proof of Theorem 2, we know that (8.25) holds for ¢ < 1. There exists a ;# > 0 such that
o(l + GI'(2)A(z)) > u,Vz € C°, Vi € [0, K], (8.29)

where p is independent of ¢ provided that ¢ < ¢1. It follows from Lemma 8.7 that G} (z) — G¢(2)

uniformly on C© where G¢(z) = Fe(zI — A — BF)"'B. Since ||G¢|loo < 1 + 1 for any & € (0, 1] with

n given by (8.15), there exists an ¢ such that
1GS loo = 21 + ). (8.30)

Given (8.29), (8.30) and Lemma 8.5 hold, we can use exactly the same argument as in the proof of

Theorem 8.3 to prove that there exists an ¢* < g such that for ¢ € (0, £*],

[Fex(k —K)[| =1, Vk =0, (¢.¥) € W.

8.5. Conclusion

In this paper, the semi-global stabilization problems for general uncritically unstable systems subject
to input saturation and multiple unknown delays are solved. We propose upper bounds on delays based
on a frequency-domain stability criterion for linear discrete time-delay system and constructed a low-gain

state feedback and compensator to achieve the semi-global stabilization with feasible delays.

8.6. Appendix

Proof of Lemma 8.5 : The closed-loop of (8.9) and (8.16) is given by

x(k + 1) = Ax(k) + BFsx(k) (0)
x(k +1) = (A + BFe + KC)x(k) — KCx(k) , [X 0 ] - [XO]'
z(k) = Fex(k) o :

Let e = x — x. In the new coordinates of (x, ¢), the above system can be written as
x(k+1)=(A+ BFy)x(k) — BFge(k)

e(k +1) = (A + KC)e(k) :
z(k) = Fe(x(k) —e(k))
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with e1(0) = xo — yo. We get ||z]|2 < || Feell2 + || Fex||2.

Since A + KC is Schur stable, there exists a y such that ||e|l» < y|e(0)] for any e(0) € R". Then
[ Feel2 < v Fellle(O)]] — 0 as e — 0.

But for x, we have

o0
IFexll2 < 1Ge(@)llooll Feellz + D | Fe(A + BFe)*xol)?
k=0

o0
<201+ ) Fellle)ll + D I Fe(A + BFo)*xol|?
k=0

where G¢(z) = Fe(zI — A — BF;)~' B and we use (8.15). It was shown in (8.10) that

o
lim » || Fe(A + BFg)Fxo[* = 0.
&0 k=0

and thus limg ¢ || Fex||2 = 0. We conclude that lim, ¢ [|z]|2 = 0. [ |

Proof of Lemma 8.6 : To prove item (1), we first note that

Fo(e’®I — A— BF,) ' Be;
=F.(I — (e’*I — A)"'BF,) 1 (e/®I — A)"! Be;

=(I — Fo(e’®I — A)"'B) " F,(e’*1 — A)™' Be;.

By (8.13),

(I — Fe(e’®T — A)™'B)™ ! < \/1 + Amax(B'P1B), Yo € R

Moreover, Yo € &, (jwl — A)~! Be; has no pole and therefore
(e’ — A)"!Be;|| < M, Vo € &,.
for M > 0 independent of w. But then
| Fe(e’®T — A — BF,) ' Be;|| < M| Fe||, Yo € &,
and since Fy converges to zero we get

li¢m | Fe(e/®T — A — BF)"'Be;|| = 0, uniformly in &,.
&l 0
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It remain to show item (2). By definition, det(e/“1 — A) # 0 for all w € $£2, which implies
o(e/®T=4) > 0 for w € 2. Note that o (e/“1 — A) depends continuously on £2 and £2 is closed and

bounded. There exists a (4 such that
o(e’®] — A) > pu, Vo € 82.
Choose ¢* such that || Fg|| < &||B|~! for ¢ < &*. In that case:

o/l —A—BF) > p—|B||Fell > % . Vo € 2,

and hence
I(e’®1 — A= BF)™"| < 5. Vo € 2,
but then
| Fo(e?®1 — A— BF) ' B|| < | Felll(e/1 — A— BF)"“[I|B]| <
forall w € Q2. -

Proof of Lemma 8.7 : The error between G (z) and G¢(z) is

Ge(z) =GP (z) =[I + Fe(zI —A— BFs) 'B| Fe(zI —A—KC)™'B

=[I + Ge(2)] Fs(zI —A— KC)™'B

From (8.13) we obtain

6(I + Ge(e’®)) < V1 + Amax(B'P1B), Ve € (0, 1], w € R,
where P; is the positive definite solution of (8.12) for ¢ = 1. Moreover,
|Fe(z1 = A= KC) ' Blloo < [|Fell(z2] — A= KC)™" Blloo
Since F; — O0as & — 0 and A 4+ KC is Schur stable, we immediately have that
lim GI'(e/?) — Ge(e?®) =0,

uniformly in w. u
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CHAPTER 9

A new low-and-high gain feedback design using MPC for
global stabilization of linear systems subject to input
saturation

9.1. Introduction

Stabilization of linear systems subject to actuator saturation has been extensively studied during the
past two decades and is still drawing renewed attention, largely because saturation is widely recognized
as ubiquitous in engineering applications and inherent constraints in control system designs. Many sig-
nificant results have already been obtained in the literature. Some early works in this area are summarized

in [5, 94, 123, 95, 32, 35] and references therein.

The low-gain method, proposed in [51, 53, 50], was originally developed as a linear feedback design
methodology in the context of semi-global stabilization under actuator saturation and later on extended
to the global framework with a gain scheduling [68, 31]. The low-gain feedback is parameterized by
a so-called low-gain parameter, which is determined a priori in the semi-global setting according to a
pre-selected compact set or adaptively with respect to states in the global setting. By properly selecting
this parameter, we are able to limit the input magnitude to a sufficiently small level and avoid saturation

for all time so as to stabilize the system.

On one hand the low-gain proves to be successful in solving stabilization problems, on the other
hand it does not utilize the full actuation level and hence is conservative and less capable regarding
performance. Low-and-high gain feedback designs are conceived to rectify the drawbacks of low-gain
design methods, and can make better use of available control capacity. As such, they have been used for
control problems beyond stabilization, to enhance transient performance and to achieve robust stability
and disturbance rejection, see, for instance, [53, 54, 91, 31, 89] and also Chapter 2 and 3. However, as

will be shown in this chapter, there is still a room for improvement.

Model predictive controllers (MPC) have a reputation of dealing with constraints and achieving good

closed-loop performance. It numerically solves a finite-horizon constrained optimal control problem at
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each sample. Hence, a MPC may choose to operate exactly at the constraints, while a low-gain strategy
would be to avoid the constraints. The more aggressive approach of the MPC complements the more
conservative low-gain strategy, and is an interesting approach to include in a low-and-high gain feedback

design in order to improve performance.

A drawback of MPC is the computational complexity of solving online numerically a constrained op-
timization problem (usually a quadratic program) at each sample. Guarantees of MPC stability requires
particular formulations of the finite-horizon optimal control problem, such as sufficiently long prediction
horizon and the use of a terminal cost, [121], or terminal constraints, [36]. Reduction of computational
complexity typically requires that the prediction horizon is made shorter, which comes at the cost of
more complex terminal costs and constraints, as well as sub-optimality compared to an infinite horizon

constrained optimal control formulation, see e.g. [101, 122] for examples of such reformulations.

Explicit MPC of constrained linear systems admits a piecewise affine state feedback solution to
be pre-computed using multi-parametric quadratic programming, [4]. Although online computational
complexity can be reduced by orders of magnitude, the approach is still limited by available computer
memory and the cost of off-line pre-computations, [156, 3]. Consequently, low-complexity sub-optimal
strategies are also of interest in explicit MPC in order to manage complexity due to long prediction

horizon, high system order, or many constraints, while preserving stability (see e.g. [34, 39, 27, 33]).

The key idea pursued in this chapter is to use an ultra-short-horizon MPC as the high gain strategy
in a low-high-gain feedback design, where simple constraints resulting from the low-gain design are

imposed on the MPC in order to guarantee stability.

9.2. C(lassical low-gain design and MPC

Consider a discrete-time system

Xg+1 = Axg + Bo(uyg) 9.1
where o (+) is standard saturation, i.e. foru € R™, o (1) = [o0(u1);- - ;00(Um)], oo(u;) = sign(u;) min{1, |u;|}
and sign(s) is defined as
, I, s=0
sign(s) = 9.2)
-1, s<0O.
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It is well-known that the global stabilization problem is solvable if and only if the following assumption

holds

Assumption 9.1 (A, B) is stabilizable and A has all its eigenvalues in the closed unit circle.
9.2.1. Classical ARE-based low-gain feedback design

The low-gain feedback is a sequence of parameterized feedback gains Fy satisfying the following

properties:
1. A + BF, is Schur stable;
2. limg—g F, = 0;
3. limg—q || Fe(A + BF‘g)k)cOHgoo = 0 for any xy.

The parameter ¢ is called low-gain parameter. Low-gain feedback can be design using different methods
(see Chapter 3 and references therein). One way of designing low-gain feedback based on the solution

of an H; algebraic Riccati equation (ARE) is as follows [58]:
up = Fox = —(I + B'P.B) !B’ P, Ax
where P; is the positive definite solution of ARE:
P, = A'P;A+¢l — A'P.B(I + B'P.B)"'B'P,A.

Following the argument in [58], it is straightforward to show that the control formulation can be gener-

alized by selecting a matrix R > 0 and a parameterized matrix Q. > 0 such that lim;—¢ @, = 0 and

ddQ; > 0, and choosing
uy = Fox = —(R+ B'P,B) ' B’ P, Ax 9.3)
where Pg is the solution of ARE:
P, = A'P;A+ Q. — A P.B(R+ B'P,B)"'B'P,A, 9.4
which has the property that P, — 0 as ¢ — 0 provided that Assumption 1 holds. It is shown in [58] that

(9.3) satisfies the three low-gain properties.
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The low-gain feedback has been successfully employed to solve the semi-global stabilization of a
linear system subject to input saturation given by (9.1). In this context, the low-gain parameter ¢ controls
the domain of attraction of the closed-loop system. It is clear from the properties of low-gain feedback
that with a smaller ¢, we can shrink the control input to avoid saturation for a large set of initial conditions.
Hence by tuning ¢ sufficiently small, the domain of attraction can be made arbitrarily large to contain any
a priori given compact set. To be precise, for any a priori given compact set, say ‘W, there exists £* such
that for any ¢ € (0, £*], the origin of closed-loop system of (9.1) and (9.3) is locally asymptotically stable

with ‘W contained in the domain of attraction. In this case, the resulting low-gain feedback is linear.

In order to solve the global stabilization problem, the low-gain parameter ¢ can be scheduled adap-
tively with respect to the states. This has been done in the literature, see for instance [31]. In general, the

scheduled parameter (x) should satisfy the following properties:

1. e(x) : R" — (0, 1] is continuous and piecewise continuously differentiable.
2. There exists an open neighborhood (s of the origin such that e(x) = 1 for all x € O;.
3. For any x € R”, we have || Fy(x)x| < L.
4, g(x) > Oas ||x|| = oc.
5. {x € R" | x'Pg(x)x < c }is abounded set for all ¢ > 0.
One particular choice of scheduling ¢, which satisfies the above conditions, is given in [31] as follows
e(x) = max{r € (0,1] | (x'Prx) trace(Py) < 3} 9.5)

where b = 2 trace(BB’) while P, is the unique positive definite solution of ARE (9.4) with & = r.

The scheduled version of low-gain feedback controllers for global stabilization is given by
ur(x) = Fe)X = —(B'Pe(x) B + R) ' B/ Py Ax (9.6)

where P (y) is the solution of (9.4) with ¢ replaced by &(x).
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9.2.2. MPC

Let U denote the region {u € R™ | u; € [-1,1],i = 1,...,m}. An MPC problem with prediction
horizon N can be formulated by solving the optimization problem

. N—
ming, -1 SV X, O Xk +uj Ruy + xy Pxy
S.t.

Xg+1 = Axg + Bug, Yk =0,...,N —1
upeU, Yk =0,...,N — 1,
R>0, 0>0, P>0

Under the Assumption 9.1, the optimization problem is feasible for every initial condition. By solving
the above, we obtain an open-loop optimal control sequence (ug,...,un—1). Only the first input is
applied to the system. This process is repeated at the each sample time.

The optimization problem can be reformulated in the mp-QP

J(x0) = x(Yxo + miny, Uy HUy + x, FUn
S.t.
GUy =W + Exo,

where H > 0, Uy = (ub, el u’N_l) is the optimal control sequence and Y, H, F, G, W, E can be

obtained from system dynamics and Q, R and P (see [4]).

It is shown in [14] that, by selecting P as the unique positive definite solution of the ARE
P=(A-BL)P(A—BL)+ L'RL+ Q 9.7

where

L = (B'PB + R)"'B’PA,

there is a positively invariant region O, around the equilibrium for which the MPC controller cor-
responds to uy = —Lxi, and in which no constraints are activated (i.e., the controller becomes an

unconstrained LQR controller).

Moreover, if N is chosen sufficiently large, then the MPC controller is sure to bring any initial
condition within ‘W to O, within N steps (i.e., by the end of the prediction horizon). In this case, the
MPC solution is equivalent to the solution of the infinite-horizon optimization problem

Ming, yee  Dpeg Xy Oxk + uj Rug
s.t.
Xk+1 = Axg + Bug, Yk =0,1,...
up e U, Yk =0,1,....
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and stability is therefore guaranteed.

9.2.3. Connection between scheduled low-gain and MPC

Suppose we choose in scheduled low-gain design that O, = ¢Q and R to be the same as in MPC.
Note that for x; € Oy, we have e(x;) = 1 and O, = Q. Hence for x; € O5 N O, the scheduled
low-gain controller corresponds precisely to the MPC controller uy = —Lxj. It is also easily verified

that the AREs (9.4) and (9.7) are the same, with ¢ = 1.

From the comparison above, we can conclude that the MPC and scheduled low-gain formulations
produce an “inner region” Qs N O around the equilibrium, where they share an unconstrained optimal

linear controller. However, for x outside this region, they determine the control input differently.

In the semi-global case, if we formulate the MPC problem with a weighting matrix Q. such that
limg—9 Q¢ = 0, in the inner region O, an unconstrained linear controller applies, which corresponds
precisely to an ARE-based low-gain controller (9.3). As ¢ — 0, O will expand to become arbitrarily
large. Eventually, the MPC controller within ‘W will simply be a linear controller corresponding to a

stabilizing ARE-based low-gain controller.

9.3. Low-and-high gain design using MPC

9.3.1. Classical low-and-high-gain feedback design for discrete-time system

Although in the global framework, the low-gain parameter is adapted with respect to the states so that
the control input gets as close to the admissible limits as possible while avoiding saturation, the low-gain
feedback still does not fully utilize the actuation capability, especially in the MIMO case. To rectify this
drawback, the so-called low-and-high gain feedback design method was developed in [31, 89] and also

in Chapter 11.

The low-and-high-gain state feedback is composed of a low-gain state feedback and a high-gain state
feedback as

U =up +ug = Fee)Xx + Faxg (9.8)

where Fg(x, )Xk is the scheduled low-gain feedback designed in previous section with R = [. The
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high-gain feedback is of the form,
Frxi = pFe(x) Xk
where p > 0 is called the high-gain parameter.
For continuous-time systems, the high gain parameter p does not affect the domain of attraction
and can be any positive real number. It aims mainly at achieving control objectives beyond stability,
such as robustness, disturbance rejection and performance. However, the high-gain parameter can not be

arbitrarily large for discrete-time systems. In order to preserve local asymptotic stability, this high gain

has to be bounded at least near the equilibrium. A suitable choice of such a high-gain parameter satisfies

2
p |0 mmEa] 9.9)

where P; is the solution of ARE (9.4) with R = I (see Chapter 11). This high-gain can also be adapted
respect to states and accompanied with the scheduled low-gain parameter to solve the global stabilization

problem. This result is stated in the next lemma:

Lemma 9.1 Consider system (9.1). Suppose R = I and Q. > 0 is such that

lim Q. =0, 922> 0fore > 0.

£—0 de

Let P be the solution of (9.4). The equilibrium of the interconnection of (9.1) with the low-and-high-

gain feedback
up = —(1 + "B,PSZW)(I + B Py B) ' B Py Ak (9.10)

is globally asymptotically stable.

Proof : For simplicity, we denote &(xg), Fg(x,) and Pg(y,) respectively by e, Fi and Py.

Define a Lyapunov function V;, = xl/c Py xj. The scheduling (9.5) guarantees that
(I + B'PyB) !B’ Py Axi| < 1.

Define puy = |B Py B|, v = —(I + B'P.B)"'B' P, Axj and iy = o(uy). We evaluate Vi, — Vi
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along the trajectories as

/ ~/) ~ /
Virr = Ve = —x3 QX — Ui + X [Prev1 — Prlxi+a

Since ||vg| < 1, we have

This implies that

and thus,

+ [tix — vk]' (I + B' P B) i — vi]
< —x3 Qe — Nl 1> + (1 + ) i — viel|?
+ x],c+1[Pk+1 - Pk]xk—}-l
14+px

~ 2
= —x; Ok Xg + p lliig — = v |

1+ 2
- Wukﬂvk” + Xp 1 [Pr1 — PrlXiq1-

gl < Nlaell < (1 + 20 lvll.

~  14ug 1
e — =g vl < oMl

14+px

~ 2 1 2
picllite — =55 vell™ — - llve = < 0.

Combining the above, we get for any x; # 0,

2
Vi1 = Vi < =X Qrxk — lorll® + xp 1 [Pr1 — PrdXes1

Note that the scheduling (9.5) implies that V1, — V; and x,’C 41 [Pr+1— Prlxr 41 can not have the same

signs (see [31]). Consequently, we have for x; 7 0

Vk+1 -V <0

This proves global asymptotic stability of the origin.

9.3.2. A new low-and-high-gain feedback design using MPC

The underlying philosophy behind the above low-and-high gain design is, based on the low-gain

design and its associated Lyapunov function V%, to find a high gain part and form a composed controller
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which not only renders Vj to decay every step to ensure stability but also potentially accelerates the

convergence.

With this in mind, we shall propose another low-and-high gain design methodology using MPC with
a prediction horizon N = 1. For Q > 0 and R > 0, let Q. = ¢Q, P, be the solution of (9.4) with Q,

and R and ¢ = &(x;) be determined by (9.5).

Consider the Lyapunov candidate V(x;) = )c,’< Pg(x;)Xk. We also take the same abbreviations as

used in the proof of Lemma 1. Under the constraints
up € U, Vk, ©.11)
we have that for arbitrary uj along the trajectory of (9.1),
Vw1 — Vi = —x3 Ore Xk — ug Rug + xp 1 [Peg1 — Prlxesa
+ [ug — Fiexr] (R + B' Py B)[ug — Fixy]
= —x;, Qxxg — X, F RFjxy,

— 2x3 F{ R[ug — Frxy]

+ [ug — Frxi]' B' P Blug — Fiexy]

+ X1 [Prea1 — PrlXear

where Fy, = —(R + B’ Py B)"! B’ P; A. In view of the property that Vi 1 ; — V can not have the same

sign with x,’Cle [Pr41 — Prlxg+1,toensure Vi1 — Vi < 0 for xi # 0, it is sufficient to restrict that
ZXI/cFIéR[uk — Fixi] — [ux — Fexi) B’ PeBluy — Fexi] > 0 9.12)
This can be satisfied by enforcing constraints for i = 1, ...m,

sign(Dy; xp ) (ug,; — Frixp) >0, (9.13)

[2Dg i xk — Cri(ug — Frxp)(ug i — Frixg) >0 9.14)

where Cy = B’ Py B, Dy = RFj and Cy ;, D ;, Fy; and uy ; denote the ith row of Cg, Dy, Fi and
uy. Function sign(-) is defined in (9.2). Observe that (9.13) and (9.14) hold if (9.13) and the following

constraints are satisfied:

sign(Dy i xk) [2Dgixk — Ci (ux — Frxg)] = 0. 9.15)
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Note that (9.13) and (9.15) are a conservative reformulation of (9.12).

The constraints (9.13) and (9.15) are linear in u; only for current step. We can obtain uy by solving

the following MPC problem with N =1

r{{lin J = u;cRuk + xl/c+1ka+1 (9.16)
subject to
Xk+1 = Axg + Buy 9.17)
—lI<ug; <1, i=1,..,m, (9.18)
sign(Dg i xg) (g, — Frixg) >0, i =1,...,m, 9.19)
sign(Dg ; xk) [2Dg ixk — Ci(ug — Frxg)] =0, i = 1,....m, (9.20)

where P is P, withe = 1.

This problem is always feasible since uy = Fjxy is a feasible solution. The solution to the above

MPC problem can be obtained by online solving the following convex Quadratic Programming problem

nz}}(n J =uj (R + B'PB)uy + 2x; A’ PBuy, 9.21)
subject to
—1=<wu,;, =<1, i=1..m, (9.22)
sign(Dg i xg) (g, — Frixg) >0, i =1,...,m, (9.23)
sign(Dg ; Xk) [2Dg ixk — Ci(ug — Frxg)] =0, i = 1,....m, (9.24)

The resulting . is a nonlinear function of xj, which we can denote as u, = f(xg).

Note that by a re-parametrization with introducing more parameters, an explicit solution of (9.21)-
(9.24) with affine dependence on the parameters can be obtained using multi-parametric quadratic pro-
gramming (mp-QP). This will increase complexity, but it is expected to contribute less to the added

complexity than increasing the prediction horizon N.

We have the following theorem

Theorem 9.1 The equilibrium of the closed-loop system of (9.1) and the controller u; = f(xz) con-

structed through (9.21)-(9.24) is globally asymptotically stable.
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Proof : By construction, the obtained controller u; guarantees that Vi1 — Vi < 0 for any x; # 0. The

result follows immediately. [ |

Remark 9.1 Compared with the classical low-and-high gain design, the proposed modified approach
using MPC yields an LQ optimal controller in a local region around the equilibrium. Moreover, while
preserving Vi1 — Vg, it allows more freedom in choosing uy when states are large and hence will
potentially improve the performance, however at the cost of more computational loads. On the other
hand, compared to MPC with a long prediction horizon, the modified approach achieves a guaranteed
global asymptotic stability of the closed-loop with very short prediction horizon N = 1 and it is more

computationally efficient than MPC with large N.

9.4. Example and Simulation

Consider the following system

110 0 0 o)
Xke1 =10 1 1fxg+|1 0 [O(Mkal)} (9.25)
00 1 0 1 k.2

Choose Q = I and R = I. We simulate the closed-loop systems of (9.25) with classical low-and-high
gain feedback (9.10) and modified low-and-high gain feedback defined by (9.21)-(9.24). The simulations
are initialized from 8 corner points of cubic [—4, 4] x [—4, 4] x [—4, 4]. The state evolutions are shown
in the following figures. On average, we observe a 20% — 25% improvement on the settling time and

overshoot.

9.5. Conclusion

In this chapter, we developed a new low-and-high gain feedback design methodology for global
stabilization of discrete-time linear systems subject to input saturation using an ultra-short horizon MPC.
Simulation on a triple-integrator type system shows improved performance compared with classical low-
and-high gain method. The design can also be done in a semi-global framework, in which scheduling of

¢ is not needed and computational complexity can be further reduced.
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Part 111

Simultaneous external and internal
stabilization of linear system with input
saturation
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Notation

Let C~ and C® denote the open left-half complex plane and open unit disc. C© denotes the imagi-
nary axis for continuous-time system and unit circle for discrete-time system. For x € R”, ||x|| denotes
its Euclidean norm and x’ denotes the transpose of x. For X € C"*™, || X || denotes its induced 2-norm
and X’ denotes the transpose of X . For continuous-time (discrete-time) signal y, || V|00 denotes it &£
(Loo) norm. £50(8) (£o(8)) represent a set of continuous-time (discrete-time) signals whose £o0 (£oo)

norm is less than §.

For x € R", ||x|| denotes its Euclidean norm and x’ denotes the transpose of x. For X € R™™ || X ||
denotes its induced 2-norm and X’ denotes the transpose of X. trace(X) denotes the trace of X. If X
is symmetric, Amin(X) and Anax(X) denote the smallest and largest eigenvalues of X respectively. For a
subset X C R”, X¢ denotes the complement of X. For k1,k> € Z such that k; < k>, k1, k> denotes

the integer set {k1,k1 + 1,...,k2}.
A continuous function ¢ : [0, 00) — [0, 00) is said to be a class K function if
L. ¢(0) =0;
2. ¢ is strictly increasing.

The £, space with p € [1, 00) consists of all vector-valued continuous-time signals y from R to

R” for which

o0
f Iy ()lIPdr < oo.
t=0

For a signal y € &£, the £, norm of y is defined as

P

o0
Ity ={ [ Iy
=0
The £ space consists of all vector-valued continuous-time signals y from R™ to R” for which

sup [y (D) < oo.
t>0

For a signal y € £, the £ norm of y is defined as

¥ lloo = sup [y (D).
t>0
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The ¢, space with p € [1, 00) consists of all vector-valued discrete-time signals y from Z+ U {0} to
R” for which
o0
> lly®)]? < oo.

k=0

For a signal y € {,, the £, norm of y is defined as

1
o r
Iyll, = (Z ||y(k>||f’)
k=0

The £ space consists of all vector-valued discrete-time signals y from Z* U {0} to R” for which
sup [|y (k)| < oo.
k>0
For a signal y € £, the £, norm of y is defined as
[¥lloo = sup [ly (k).
k>0
The following relationship holds for all £, spaces: for 1 < p < g < o0

ly Clp Cly Cloo.

Moreover, for any y € £, with p € [1, 00), the following properties hold:

L ylleo = I¥llps

2. y(k) > 0ask — oo.

The notations £0(8) or £(5) represent a set of continuous-time or discrete-time signals whose

Lo Or Lo norm is less than 6.
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CHAPTER 10

Relation between external and internal stability of nonlinear
systems

10.1. Introduction

A well-known result in linear system theory states that asymptotically stable systems have very good
external stability properties. Thus, for linear systems the notions of internal stability and external sta-
bility in any sense are highly coupled. However, for general non-linear systems, these two notions of
stability are vastly different. By external stability, we always refer to &£, /€, stability in this context. In
this chapter, we study the relation between external stability and internal stability of nonlinear systems.
Specifically, for a nonlinear system that is &£, /£, stable for p € [1, 00), we are interested in investigating
the internal stability of the autonomous system when the input is zero. Although the focus of this chapter
lies in continuous-time systems, as it will be remarked later, to obtain similar result for discrete-time

system is generally in a parallel and actually much easier due to the different nature of £, function space.

The research on this topic evolves mainly along two lines. The first line starts with &£, stability. An
important result that emerges in this direction is [62]. It is shown that under a fairly restrictive condition
on the structural property of the system, &£, stability implies global attractivity of the equilibrium. In
fact, it turns out that this conclusion can be attained under much weaker conditions than those in [62].
It will be shown in this chapter that under mild conditions, global &, stability ensures attractivity of the

equilibrium in the absence of input and attractivity of the origin with any &£, input.

The other line emanates from £, stability with finite gain. There is a large body of work in the
literature in this direction; see, for instance, [29, 142, 16, 62]. Along this line of research, the objective
is to conclude local asymptotic stability of the equilibrium based on &£, stability with finite gain. It was
shown in [29] that under a uniform reachability condition, global &, stability with finite gain implies
local asymptotic stability of the equilibrium. In [142], the notion of small-signal £, stability with finite
gain was introduced and its connection to attractivity of the equilibrium was established. This concept

of small-signal &, stability was extended in [16] by so-called gain-over-set stability, and it was shown
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that finite-gain &£, stability over a set in &£, space yields local asymptotic stability of the equilibrium.

In this chapter, we prove a result on the relationship between Lyapunov stability and local &£, stability

with finite gain, which further extends, to some level, the result in [16].

10.2. Preliminaries

Consider a nonlinear system
it x=f(xu), x(0) = xo, (10.1)

where x € R” and u € R™. We assume that f(-, u) is continuous. Let x (¢, 7o, 4, xXo) denote the trajectory

of X1 initialized at time 7¢ with input u and initial condition xg.

We shall investigate the internal stability of the unforced system
Xy X = f(x,0), x(0)= xo, (10.2)

under the assumption that X'y is £, stable in some sense.

We formally define the notions of &£, stability as follows:

Definition 10.1 X; is said to be globally &, stable if for xo = 0 and any u € &£, there exists a unique
solution x (-, 0,u,0) € &£,. X is said to be locally &£, stable with finite gain if there exists a § and y such

that for xo = 0 and any u with [lul|¢, < J, a unique solution exists and || x(-,0,u,0)[|¢, < ylullg,-
The domain of attraction and the notion of an &£,-reachable set are defined as follows:

Definition 10.2 The set
A(X2) = {xo € R" | x(¢,0,0,x0) > Oast — oo}

is called the domain of attraction of the system X.

Definition 10.3 A point £ € R” is an &£,-reachable point of system X'y if there exist finite 7, M and a

measurable input u : [0, T] — R™ such that x (7,0, u,0) = £ and

T
/ u(t)||Pdt < M. (10.3)
0
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The set of all £,-reachable points of Xy is called the &£,-reachable set of Xy, which is denoted as

C(RP(EI)-

Remark 10.1 The requirement (10.3) in Definition 10.3 is a weak condition that ensures that the integral
of |u@)||? over the interval [0, T] is finite. For example, any x¢ that is reachable via a signal u(t) that

is essentially bounded on [0, T'] is & p-reachable for any p € [1, 00).
The following definition of small-signal local &£ ,-reachability is adapted from [16]:

Definition 10.4 The system X'y is said to be small-signal locally &£,-reachable if for any ¢ > 0, there
exists § such that for any £ € R” with ||§]| < &, we can find a finite time 7 and a measurable input

u:[0,T] — R™ such that x(7,0,u,0) = & and |lullg, < e.

10.3. Main result

Theorem 10.1 Suppose system X is globally &£, stable for some p € [1, 00). Then A(X2) D Rp(X1).
In order to prove Theorem 10.1, we need the following lemma:

Lemma 10.1 Consider system Y. If x(-, 0,0, xo) € &£, for some p € [1, 00), then x(z, 0,0, xg) — 0.

Proof : For simplicity, we denote x (¢, 0,0, xo) by x(¢) and f(x(¢),0) by f(x(¢)) in this proof. Suppose,
for the sake of establishing a contradiction, that x(¢) — 0 does not hold. Then there exists a § > 0 such
that, for any arbitrarily large T > 0, there is a ¢ > T such that | x(z)|| > 2§. Let m be a bound on

| f(x)]|| on the closed ball B(2§). This bound exists due to continuity of f(x) with respect to x.

For some t such that | x(7)|| > 2§, let o > 7 be the smallest value such that ||x(z;)|| = &, and let #;
be the largest value such that #; < #, and || x(¢1)| = 28. Such 71 and 7, exist because x(¢) is absolutely
continuous and x € &£,. Since ||x(¢)| € B(26) forall ¢t € [t1, t2], we have, due to the absolute continuity

of the solution,

i 15}
[x@O)ll = lx @)l < [x(2) — x| = /f(x(f)) dr| < / [ f(x(@)lldTr < (12 — t1)m.
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Hence, t; —t1 = (|x(t1) || — |x(#2)||)/m = §/m. Clearly ||x(¢)|| = é forall ¢ € [z, t,], and furthermore
th — T > tp — 11 > §/m. It follows that for each 7 such that ||x(7)| > 26, we have || x(¢)|| > ¢ for all
t elt,t+38/m].

Let T be chosen large enough that

< 5p+1
/ [x(@)|? dr < . (10.4)
m
T
Such a 7" must exist, since x(t) € £,. Let t > T be chosen such that ||x ()| > 25. We have
(oS T+8/m
§ptl
[Ixora= [ o
T T
This contradicts (10.4), which proves that x () — 0. ]

Remark 10.2 The result in Lemma 1 is closely connected to Theorem 1 in [132]. The proof given above
also employs a similar computation technique as used in [132]. Here we are only concerned about
attractivity of the equilibrium whereas in Theorem 1 of [132], a result of global asymptotic stability was
proved. Therefore, only a weaker condition that x(:,0,0,x0) € &£, is required compared with [132]

where the £, norm of the trajectory needs to be a class K function of the || xo||.

Proof of Theorem 10.1 : For any xo € R,(X), there exist finite 7', M and an input uo(¢) forz € [0, T]

such that x (7, 0, ug,0) = x¢ and
T
[ Toey7ar <
0

Define

o=l 1<t0m
Clearly, u € £,. Since X is globally &£, stable, we have that x(-,0,u,0) € £,. On the other hand,
u(t) = 0 fort > T implies that after 7' the system Xy is equivalent with system X initialized at xo, i.e.
x(t,0,u,0) = x(t —T,0,0,x9) witht > T. Therefore, x(,0,0, xg) € &£, over [0, o). It follows from

Lemma 10.1 that x (¢, 0,0, x9) — 0 as ¢ — oo. This completes the proof. [ |
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Corollary 10.1 Suppose system X is globally &£, stable for some p € [1,00). If R,(X1) = R”, then

the origin of X is globally attractive.

The next theorem shows that under a certain condition on the structure of f(x, u), the origin of X

is attractive for any input u € £,.

Theorem 10.2 Suppose that Xy is globally &£, stable for some p € [1, 00). If there exist 6 > 0, m; > 0,

my > 0 and ¢ € [0, p] such that for any x with ||x|| <§
1/ Cea) |l < my + ma[lul|?, (10.5)

then for xo = Oand any u € &£, x(¢,0,u,0) — Oast — oo.

Proof : Define a generalized saturation function 6(-) : R" — R" € C! as

s)y=| |, &) =1Zsin(Ex), |xi] <8
&n(Xn) z X;i>8

Consider x(¢) = o(x(¢,0,u,0)). Note that x(¢) is still absolutely continuous on any compact interval.

Let x; and f; denote the ith element of X and f(x, u) respectively. We have

PN |xi(t)] > 8
’ | cos(Z5xi) fi (x (0, u()] < my + mallu@®)]?. |xi()] <8

Therefore, || X(t)|| < /n(mi + ma|u||9) for all t > 0. Note that |u()|¢ < 1 + |Ju(¢)||? and hence
l]|4 is locally uniformly integrable. Then it follows from [131] that X(¢) — 0 as t — 0. This implies

that x(¢,0,u,0) - Oast — 0. [ ]

Remark 10.3 In [62], in order to prove the same result as in Theorem 10.2, the following condition was

imposed on f(x,u): there exists 81, K1, Ko and a € [0, p] such that for x € R™ with || x| < 8,
1f Gl = Ka(llxll + lull) + K2 (x| + [ll|*)
Theorem 10.2 shows that the restrictions on X in the above condition are not necessary.

An immediate consequence of Theorem 10.2 is the next theorem.
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Theorem 10.3 Suppose that Xy is globally &£, stable and R, (X1) = R" for some p € [1, 00). If there

exist 6 > 0, my > 0,mp > 0and g € [0, p] such that for any x with ||x| <§

I/ ()]l < my + mo|lull?,

1

then ¥ is globally &£, stable with arbitrary initial condition." Moreover, for any xo € R” and any

ue Ly, x(,0,u,x9) - 0ast — oo.

Proof : Since R,(X;) = R”, for any xo € R”, there exist finite 7, M and a measurable input ug :

[0, T] = R™ such that x(7, 0, ug,0) = xo and

T
/nuo(z)npdz M
0

For any u € &£, define

i) = o, ren.7
Cuc-T), t>T

Then we have x(¢,0,u, xo) = x(t +7,0,u,0). Clearly u € £,. This implies that x(-,0,u,0) € £, and
hence x(-,0,u,x9) € &£,. This proves £, stability with arbitrary initial condition and it follows from

Theorem 10.2 that x(¢,0, u#,0) — 0 as t — oo and therefore x (¢, 0, u, xg) — 0 as t — oc. [ |

In what follows, we prove a theorem that is a slight generalization of results in [16].

Theorem 10.4 Suppose that X'y is locally &£, stable with finite gain and small-signal locally &£,-reachable.

Then the origin of X5 is locally asymptotically stable.

Proof : Let ¢ be an arbitrary positive real number. We need to show that there exists a § > 0 such that
X0l < & implies [|x(z,0,0,x0)|| < & forall# > 0. Toward this end, let § < § be chosen such that for

any xo € R” with ||xo] < §, there exist a finite time 7" and measurable input v : [0, T] — R such that

x(T,0,u,0) = xo and |lullg, < 35 (2115(5))1) '

This is possible due to &£, local reachability.

13 is said to be global £, stable with arbitrary initial condition if for any xo € R” and u € £,, we have x(-,0,u,x9) €
£p.
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Set u(tr) = 0 fort > T. Since X is locally &£, stable with finite gain, from Definition 10.1, there

exists y such that

r+1
[Ix0u 017 ar < [0 00? ar < y7lulf, < 5
For t > T, the system X is equivalent to X5 initialized at x(0) = xg, i.e. x(¢,0,u,0) = x(t —

T,0,0, xo). Hence we have

gP+1

/||x(t 0,0,x0)[1” dt < 357 (10.6)

It immediately follows from Lemma 10.1 that x (¢, 0,0, xo) — O as t — oo.

We proceed to show that || x(z,0,0, xg)|| < € for all # > 0. Suppose, for the sake of establishing a
contradiction, that there exists a t such that || x(z, 0,0, x¢)|| > €. Let#; < t be the largest value such that
lx(#1,0,0, x0)|| = &/2, and let £, < 7 be the smallest value such that #, > #; and || x(¢2,0, 0, xo)| = &.
Such #1 and ¢, exist because ||xg|| < £. Then ¢/2 < ||x(¢,0,0, x0)|| < eforallt € [t1,,]. Let M(e) be

abound on f(x,0) for ||x|| < e. We have, owing to the absolute continuity of x (-, 0,0, xp),
[x(72,0,0, x0) || — [[x(#1,0,0,x0) | < [[x(22,0,0,x0) —x(1, 0,0, x0)||

/ﬂWMMZS/M®w§M@®—m

This gives that t, — t; and hence that

&
Z MG
%]

o0 1

ENP +1
/||x(t,0,0,xo)||pdt z[||x(t,0,0,xo)||pdt z/(z) dt = 5.
0 t1

3]

which contradicts (10.6). Hence ||x(z, 0,0, xo)|| < € for all # > 0, which completes the proof. [
Remark 10.4 Compared with the result in [16], Theorem 10.4 requires a finite gain only within an
arbitrary small neighborhood of the origin of £, space.

Remark 10.5 We assume that f(x,u) is continuous with respect to x, which covers a large class of
dynamical systems. In fact, it can be seen from the proof that we only need continuity of f(x,u) with

respect to x at x = 0.
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Remark 10.6 The reader is also referred to a related paper [132] which presents the integral character-
izations of uniform asymptotic stability and uniform exponential stability for differential equations and

inclusions.

10.4. A remark for discrete-time systems and conclusion

Note that in the discrete-time case, x € {, automatically means x(k) — 0 as k — oo. There-
fore, under similar standard assumptions and reachability conditions as in the continuous-time case, if

applicable, all the results carry over to discrete-time systems straightforwardly.

In this chapter, we study the connection between two notions of stability of nonlinear systems,
namely Lyapunov stability and external &£,/{, stability. While no direct translation can be made be-
tween these notions of stability in general, it represents another effort in exposing the relationship be-
tween them by studying attractivity for &£, /£, stable systems with additional structural properties, such

as local reachability and bounds on the derivative.
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CHAPTER 11

Simultaneous global external and internal stabilization of
linear time-invariant discrete-time systems subject to
actuator saturation

11.1. Introduction

Our focus in this chapter is on discrete-time linear systems subject to actuator saturation and input-
additive disturbances. For continuous-time systems, a key result is given in [89]. This work, while
pointing out all the complexities involved in simultaneous global external and global internal stabiliza-
tion, resolves all such issues and develops certain scheduled low-and-high gain design methodologies to
achieve the required simultaneous global-global stabilization. Analogous results for discrete-time sys-
tems do not exist so far in the literature. Discrete-time has its own peculiarities. High-gain cannot be
as freely used as in continuous-time but also almost disturbance decoupling could always be achieved
in continuous-time case while in discrete-time case, this is not possible in general. This chapter can be
thought of as a companion to [89] as it resolves fully all the issues for discrete-time systems. In particu-
lar, we develop here the necessary and sufficient conditions for simultaneous global external and global
internal stabilization, and furthermore develop also the required design methodologies to accomplish

such a stabilization whenever it is feasible.

We organize this chapter as follows: In Section 11.2, we formulate precisely two problems studied in
this chapter, namely simultaneous global £, stabilization without finite gain and internal global asymp-
totic stabilization (G,/G), and (2) simultaneous global £, stabilization with finite gain and internal
global asymptotic stabilization (G,/G)s.. In Section 11.3, we describe controller design methodolo-
gies, and in Section 11.4, we establish the solvability conditions for (G,/G) and (Gp/G)fe and con-
struct an adaptive-low-gain and high-gain controller that solves the two problems by using a parametric

Lyapunov equation.
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11.2. Preliminary notations and problem formulation

In this section, we recall the notions of external stability for a general discrete-time nonlinear system.

Based on these notions, we formulate the simultaneous stabilization problems in this section.

Consider a system
x(k+1) = f(x(k).d(k)), x(0) =xo
y(k) = g(x(k),d(k))

with x (k) € R” and d(k) € R™. The two classical £, stabilities are defined as follows:

X

Definition 11.1 For any p € [1, oc], the system X is said to be £, stable with fixed initial condition

and without finite gain if for x(0) = O and any d € {,, we have y € {,.

Definition 11.2 For any p € [1, oc], the system X is said to be £, stable with fixed initial condition
and with finite gain if for x(0) = O and any d € {,, we have y € £, and there exists a y, such that for
any d € {p,

I¥lp < vplldllp.

The infimum over all y,, with this property is called the £, gain of the system X.

As observed in [107], the initial condition plays a dominant role in whether achieving £, stability
is possible or not. Hence any definition of external stability must take into account the effect of initial
condition. The notion of external stability with arbitrary initial condition was introduced in [107]. We

recall these definitions below:

Definition 11.3 For any p € [1, oo], the system X is said to be £, stable with arbitrary initial condi-

tion and without finite gain if for any xo € R” and any d € {,, we have y € {,.

Definition 11.4 For any p € [1, oo, the system X is said to be £, stable with arbitrary initial condi-
tion with finite gain and with bias if for any xo € R” and any d € {,, we have y € £, and there exists

a yp and a class K function ¢ (-) such that for any d € ¢,

Il = vplldllp + ¢ lxolD).

The infimum over all y,, with this property is called the £, gain of the system X.
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Now we are ready to formulate our control problems. Consider a linear discrete-time system subject
to actuator saturation,

x(k +1) = Ax(k) + Bo(u(k) + d(k)). (11.1)

where state x € R”, the output y = Xx, control input ¥ € R™, and external input d € R™. Here o(-)

denotes the standard saturation function defined as

o(u) = [o1(u1),...,01(um)]

where o1 (s) = sgn(s) min {|s|, A} for some A > 0.

The simultaneous global external and internal stabilization problems are formulated as follows:

Problem 11.1 Forany p € [1, oo], the system (11.1) is said to be simultaneously globally £, stabilizable
with fixed initial condition and without finite gain and globally asymptotically stabilizable via static time
invariant state feedback, which we refer to as (G,/G), if there exists a static state feedback controller

u = f(x) such that the following properties hold:

1. the closed-loop system is £, stable with fixed initial condition and without finite gain where the

output y = Xx;
2. In the absence of external input d, the equilibrium x = 0 is globally asymptotically stable.

Problem 11.2 Forany p € [1, oo], the system (11.1) is said to be simultaneously globally £, stabilizable
with fixed initial condition with finite gain with zero bias and globally asymptotically stabilizable via
state feedback, which we refer to as (Gp,/G)rg, if there exists a static time invariant state feedback

controller u = f(x) such that the following properties hold:

1. the closed-loop system is finite gain £, stable with fixed initial condition with finite gain and with

zero bias where the output y = x;
2. In the absence of external input d, the equilibrium x = 0 is globally asymptotically stable.

Note that the notion of global £, stability with arbitrary initial condition embeds in it the internal
stability in some sense. We also formulate below additional external stabilization problems with arbitrary

initial conditions.
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Problem 11.3 For any p € [1, oo], the system (11.1) is said to be globally £, stabilizable with arbitrary
initial condition and without finite gain via static time invariant state feedback, if there exists a static
state feedback controller u = f(x) such that the closed-loop system is £, stable with arbitrary initial

condition and without finite gain where the output y = x.

Problem 11.4 For any p € [1, oo], the system (11.1) is said to be globally £, stabilizable with arbitrary
initial condition with finite gain and with bias via state feedback, if there exists a static time invariant
state feedback controller u = f(x) such that the closed-loop system is finite gain £, stable with arbitrary

initial condition with finite gain and with bias where the output y = x.

Since global asymptotic stabilization is required in all the problems, it is well-known that the follow-

ing assumption is necessary.

Assumption 11.1

1. the pair (A, B) is stabilizable;

2. A has all its eigenvalues in the closed unit disc.

In fact, as will become clear in the sequel, Assumption 11.1 is also sufficient to solve Problem 11.1-
11.4. To see this, we first note that under Assumption 11.1, the system (11.1) can be transformed into

the form,

R O [ P R
where Ag is Schur stable, A, has all its eigenvalues on the unit circle and (A4,, By) is controllable.
Suppose (G, /G) and/or (Gp/G)y,4 of the x, dynamics can be achieved by a feedback controller u =
Jf (xy). If By, has full column rank, it is straight forward to show that u = f(x,) also achieves (G,/G)

and/or (Gp/G)y.¢ of the overall system. However, it takes some effort to reach the same conclusion in

the general case. We show this in the appendix under a generic assumption on controller structure.

Therefore, to solve Problem 11.1 to 11.4 for system (11.1), it is sufficient to solve these problems

only for the unstable sub-dynamics. In the rest of this chapter, we impose the following assumption
Assumption 11.2
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1. the pair (A, B) is controllable;
2. A has all its eigenvalues on the unit circle.

11.3. Controller design

In this section, we would like to present the controller design methodologies which we shall employ
to solve the problems formulated in Section 11.2. The controller design is based on the classical low-
gain and low-and-high-gain feedback design methodologies. The low-gain feedback can be constructed
using different approaches such as direct eigenstructure assignment [51], H» and H algebraic Riccati
equation based methods [61, 130], and parametric Lyapunov equation based method [159, 161]. In our
effort to solve the simultaneous stabilization problems, we choose parametric Lyapunov equation method
to build the low-gain feedback because of its special properties; as will become clear later on, it greatly

simplifies the expressions for our controllers and the subsequent analysis.

Since the low-gain feedback, as indicated by its name, does not allow complete utilization of control
capacities, the low-and-high-gain feedback was developed to rectify this drawback and was intended to
achieve control objectives beyond stability, such as performance enhancement, robustness and distur-
bances rejection. The low-and-high gain feedback is composed of a low-gain and a high-gain feedback.
As shown in [31], the solvability of simultaneous global external and internal stabilization problem crit-
ically relies on a proper choice of high-gain. In this section, we shall first recall the low-gain feedback

design and propose a new high-gain design methodology.

11.3.1. Low gain state feedback

In this subsection, we review the low-gain feedback design methodology recently introduced in [159,
161] which is based on the solution of a parametric Lyapunov equation. Five key properties of the
parametric Lyapunov equation are summarized in the next lemma, where the first three properties are

adopted from [161].

Lemma 11.1 Assume that (4, B) is controllable and A has all its eigenvalues on the unit circle. For any
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¢ € (0, 1), the Parametric Algebraic Riccati Equation,
(1—¢)P; = A'P,A—A'P,B(I + B'P,B)"'B'P, A, (11.3)

has a unique positive definite solution P, = W1 where W, is the solution for W of

1
W — AWA' = —BB’.
1—¢

Moreover, the following properties hold:

1. Ac(e) = A— B(I + B’P,B)~! B’ P, A is Schur stable for any ¢ € (0, 1);

2. % > (O forany ¢ € (0, 1);
3. lim P, = 0;
el0

4. There exists an £* such that for any ¢ € (0, £*],

1 _1
I[PE AP: 2| < V2

5. Let &* be given by property 4. There exists a Mg+ such that || % | < Mg~ forall e € (0, &*].

Proof : The existence of the positive definite solution P, = Wg_1 and properties 1, 2 and 3 were shown
in [161]. Regarding property 4, multiplying by Ps_l/ % on both sides of (11.3) gives
1 1
V!II — P2B(I + B'P:B) 'B' P2V, = (1 —¢)l
where V, = Psl/zAPg_l/z. Since P, — 0 as ¢ — 0, there exists an £* such that for any ¢ € (0, *]
1

1 1
I -P2B(I+B'P:B)"'B'P?>1I

Hence

VIV, <2,

or equivalently

IVell < V2.
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It remains to show property 5. Note that W, is a rational matrix in € and thus P; is a rational matrix in €.
Property 3 implies that P = &P, where P, is rational in ¢ and satisfies || P¢|| < M= for any & € (0, £*].

Hence, property 5 holds. This concludes the proof of Lemma 11.1. [ |

We define the low-gain state feedback which is a family of parameterized state feedback laws given

by
up(x) = Fpx = —(I + B'P;B) !B’ P, Ax, (11.4)
where P, is the solution of (11.3). Here, as usual, ¢ is called the low-gain parameter. From the properties
given by Lemma 11.1, it can be seen that the magnitude of the control input can be made arbitrarily
small by choosing ¢ sufficiently small so that the input never saturates for any, a priori given, set of initial

conditions.
11.3.2. Low-and-high-gain feedback

The low-and-high-gain state feedback is composed of a low-gain state feedback and a high-gain state
feedback as

urg(x) = Frgx = Fpx + Fgx (11.5)
where F7 x is given by (11.4). The high-gain feedback is of the form,
Fgx = pFrx
where p is called the high-gain parameter.

For continuous-time systems, the high gain parameter p can be any positive real number. However,
this is not the case for discrete-time systems. In order to preserve local asymptotic stability, this high gain
has to be bounded at least near the origin. The existing results in literature on the choice of high-gain
parameter for discrete-time system are really sparse. To the best of our knowledge, the only available

result is in [59, 60] where the high-gain parameter is a nonlinear function of x as
k(x) =max{z € [0, 1] | |FLx + 0zKgx|oo < A}

where Ky = —(B'P,B) "' B’ P,(A+ BFy) and o € [0, 2] (assume without loss of generality that B has
full rank). This high gain always yields a controller smaller than A in magnitude, which lacks the capa-

bility of dealing with disturbances. Furthermore, to solve the global external and internal stabilization
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problem, we need to schedule the high-gain parameter with respect to x. However, this nonlinear high-
gain parameter is also not suitable for adaptation since it will make the analysis extremely complicated.
Instead, we need a constant high-gain parameter so that the controller (11.5) remains linear. A suitable

choice of such a high-gain parameter satisfies

2
pe [0, m] (11.6)

where P is the solution of parametric Lyapunov equation (11.3).

Lemma 11.2 Consider system (11.1) satisfying Assumption 11.2. Let P, be the solution of (11.3). For
any a priori given compact set X, there exists an £* such that for any ¢ € [0, £*] and p satisfying (11.6),

the origin of the interconnection of (11.1) with the low-and-high-gain feedback
urg = —(1+p)(I + B'P.B)™' B' P Ax

is locally asymptotically stable with domain of attraction containing X.

Proof : Let ¢ be such that

c= sup x'Pgx.
£€(0,e%*]
xeX

where ¢* is given by Property (4) and (5) in Lemma 11.1. Define a Lyapunov function V(x) = x’P.x
and a level set V(c¢) = {x | V(x) <c}. We have X C V.. From Lemma 11.1, there exists an &1 < &*

such that for any ¢ € (0,e1] and x € V,,
(I + B'P,B)"'B'P;Ax| < A.
Define i = || B’ P B||. We evaluate V(k + 1) — V(k) along the trajectories as
Vik +1)—=V(k) =—¢eV(k) —o(urn) o(urm) + [o(urg) —url'(I + B'PB)[o(urg) — uL]

<—eV(k)—o(urp)olura)+ A+ wlowra) —url'lo(urm) —ur)]

= —eV(k) — S |* + plloura) — Sl |1>.

where we abbreviated uy g7 (k) and uy, (k) by uyp i and uy, respectively. Since |jur || < A and p satisfies
(11.6), we have

lurll < llo@ure)l < (1 + 2)lluz|.
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This implies that

1+ 1
lo(urr) — =Furll < Zllucl,

and thus,
ullourm) — g | — Ljug|? <.
Combining the above, we get for any x (k) € V(c),
Vik+1)—V(k) < —eV(k).

We conclude local asymptotic stability of the origin with a domain of attraction containing X. [ |

Remark 11.1 We would like to explain the role played by the high-gain parameter p in the controller
design. For semi-global asymptotic stabilization, the domain of attraction is basically determined by the
low-gain parameter ¢ provided that p lies in a proper range. When p is too large, stabilization is not
possible. This is different from continuous-time systems for which the high gain parameter p does not
have any impact on internal stability. But like continuous-time systems, p plays a dominant role in issues

other than internal stability such as external stabilization, robust stabilization and disturbance rejection.
11.3.3. Scheduling of low-gain parameter

In the semi-global framework, with controller (11.4), the domain of attraction of the closed-loop
system is determined by the low-gain parameter ¢. In order to solve the global stabilization problem, this

& can be scheduled with respect to the state. This has been done in the literature, see for instance [31].

A family of scheduled low-gain feedback controllers for global stabilization is given by
UL (x) = Fe(yX = —(B'Pexy B + 1) "' B  Py(yy Ax (11.7)

where Pg(y) is the solution of (11.3) with ¢ replaced by (x). In general, the scheduled parameter &(x)

should satisfy the following properties:

1. e(x) : R* — (0, &*] is continuous and piecewise continuously differentiable where £* is a design

parameter.
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2. There exists an open neighborhood @ of the origin such that e(x) = 1 for all x € 0.
3. Forany x € R", we have || Fy(x)x|| < 4.
4. g(x) —> Oas |x]|| — oo.

5. {x € R" | X' Py(x)x < c } is abounded set for all ¢ > 0.

Because of the specific problem facing us, we use the scheduling given in [31] which not only satisfies
the above conditions but also yields an adaptive low-gain parameter with certain properties that are

fundamental to our design,
e(x) = max{r € (0,&*] | (x' P,x)trace(P,) < ATZ} (11.8)
where ¢* € (0, 1) is any a priori given constant and b = 2trace(BB’) while P, is the unique positive

definite solution of parametric Lyapunov equation (11.3) with ¢ = r.

Note that the scheduled low-gain controller (11.7) with (11.8) satisfies
||(B/P8(X)B + I)_lB/Pg(x)Ax” < A.
To see this, observe that

I(B' Pe(x)B + 1) ™' B Py Ax|* < || B Pory Ax||?
< 1B Pl PG AP IP 1 P12
< 2| BB'|[[| Pe(x) %" Pe(yx
(where we use property 4 of Lemma 11.1)

< 2trace(BB') trace(Pe(x)) X' Pe(x)X

< A2,
11.3.4. Scheduling of high-gain parameter

As emphasized earlier, the high gain parameter plays a crucial role in dealing with external in-
puts/disturbances. In order to solve the simultaneous external and internal stabilization problems for

continuous-time systems, different methods of schedulings of high-gain parameter have been developed
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in the literature [31, 47, 89]. Unfortunately, none of them carry over to discrete-time case because the
high gain has to be restricted near the origin. In this subsection, we introduce a new scheduling of the
high-gain parameter with which we shall solve the (G,/G) and (G,/G)r, problems as formulated in

Section 11.2.

Our scheduling depends on the specific control objective. If one is not interested in finite gain, the

following scheduled high gain suffices to solve (G,/G) problem,

Po(X) = 1575, BT (11.9)
Clearly, this high gain satisfies the constraints that

po(x) =< m

We observe that this high-gain parameter is radially unbounded. However, if we further pursue finite
gain £, stabilization, the rate of growth of p(x) with respect to ||x|| as given in (11.9) is not sufficient
for us. The scheduled high-gain parameter must rise quickly enough to overwhelm any disturbances in
£, before the state is steered so large that it actually prevents finite gain. Therefore, we shall introduce a

different scheduling of high-gain parameter. In order to do so, we need the following lemma:

Lemma 11.3 Assume that 2p > 1. For any n > 1 there exists a § > 0 such that
(v + v)? <u? + nu? + po? (11.10)

forall u,v > 0.

Proof : The lemma is a known result for p > 1; see, for instance, [107]. For p € [%, 1), we have 2p > 1

and then
(Vu+v)*? < (Vu + V0)*? <u?? + qu*? + po??
where we use the lemma with p replaced by 2 p which is the known case. [ |

Let ¢* and M.« be given by Lemma 11.1 and let P* be the solution of (11.3) with ¢ = ¢*. The

scheduled high gain parameter is given by:

po(x) = m, x'Pe(x)x < ¢
Pr) =98
S(X)Amin PS(X) ’

) (11.11)
otherwise
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with

Amax P,
pr(x) = TS () (11.12)
min{ gy (x)
where
1 p =00
pa(x) = 2/
opB(e(x)) - + 1 , pe [I,OO)
1_(1_ e1(x) )p
4(1+L£1(x))

where pj, is a positive constant to be determined later and ¢, £1(x) and L are given by

¢ = A2 max{4Mb,4(1 + |B'P*B||)}, (11.13)
* ’ A2
£1(x) = max{r € (0,e"] | 2x" Prx trace(Pr) < -},
_ trace(P*)
Ls=5ap
Finally, in order to define 8(g) > 1 we first define n(e) satisfying

]p/Z <1

. p/2 3
[1—m] 5(1+n(e))[1—m

Next we choose S(¢) > 1 such that Lemma 11.3 holds for n = 75(e). In other words, B(¢) is such that

for a given p > 1/2, € and n(e)
(u +v)? < (1 + n(e)u? + B(e)v?
forallu > 0,v > 0.

11.4. Main results

In this section, we shall solve the simultaneous external and internal stabilization problems as formu-
lated in Section 11.2 using the proposed low-and-high-gain controller in Section 11.3. We first study the
simultaneous stabilization without finite gain as formulated in Problemds 11.1 and 11.3. Then we will

solve Problems 11.2 and 11.4.

The theorem given below solves the global £, stabilization with arbitrary initial condition and without

finite gain as formulated in Problem 11.3.
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Theorem 11.1 Consider the system (11.1) satisfying Assumption 11.2. For any p € [1,00], the £,
stabilization with arbitrary initial conditions and without finite gain as formulated in Problem 11.3 can
be solved by the adaptive-low-gain and high-gain controller,

u = —(1 + po(x))(I + B’ Pe(xyB) ™' B/ Py(x) Ax, (11.14)

where Pg(y) is the solution of (11.3), £(x) is determined adaptively by the scheduling (11.8) and pg(x)
is determined by (11.9).

Theorem 11.1 immediately yields the following result.

Corollary 11.1 Consider the system (11.1) satisfying Assumption 11.2. For any p € [1,o0], the
(Gp/G) as formulated in Problem 11.1 can be solved by the same adaptive-low-gain and high-gain

controller (11.14).

Proof of Theorem 11.1 : In this proof, we denote e(x(k)), po(x(k)), and Pg(x(x)) by &(k), po(k), and

P (k) respectively. This abbreviation should not cause any notational confusions.
Define v(k) = —(I+B'P(k)B) !B’ P(k)Ax(k),u(k) = v(k)+po(k)v(k)and u(k) = | B’ P(k)B]|.
We have shown that (11.8) implies that ||v(k)|co < A.

We proceed now to show global asymptotic stability. In the absence of d, we can evaluate the

increment of V' (k) along the trajectory as:
Vik +1)—V(k)
=x(k + 1'[P(k +1) = P()]x (k + 1) — (k) V (k) — [|lo(u(k)) >
+ [o(uk) —v(®)]'(I + B"P(k)B)[o(u(k)) — v(k)]
<x(k + '[Pk + 1) = P(K)]x(k + 1) — e(k)V (k) — llo(u(k))|*
+ (14 pk))o k) —v(k)] o uk)) —v(k)]
=x(k + [Pk + 1) — P(k)]x(k + 1) — (k) V (k)

— S o (oI + k) llo (u(k)) — Lo (k) 2.

As noted before, ||[v(k)| < A for all k > 0, and therefore

(ol < lo@EN] < (1 + gl
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This implies that

lo (k) — L v ()| < g5 v,

and thus,

pik) o)) — LDy (k) |2 — LD v () > < —[[v (k) |

Finally, we get
Vk +1)=V(k) < —e(k)V(k) + x(k + 1)[P(k + 1) — P(k)]x(k + 1). (11.15)

Our scheduling (11.8) implies that V(k + 1) — V(k) and x(k + 1)'[P(k + 1) — P(k)]x(k + 1) cannot

have the same sign. To see this, assume that V(k + 1) > V(k) and P(k + 1) > P (k). This implies that
e(k) < &*.

If V(k)trace(P(k)) < %2, then (11.8) implies that e(k) = &*, which yields a contradiction. If
V(k) trace(P(k)) = ATz, then V(k + 1) trace(P(k + 1)) > %2 since by assumption V(k + 1) > V (k)
and P(k + 1) > P(k). But this is impossible by our scheduling (11.8). A similar argument can be used
to establish that V(k + 1) — V(k) < Oand P(k + 1) — P(k) < 0 cannot happen simultaneously either.

Using this property, (11.15) then implies that for all x # 0,
Vik+1)—V(k) <O.

This concludes the global asymptotic stability.

What remains is to show £, stability. Similar to our earlier development, we have
Vik+1)—V(k)

< —x(k +1)[P(k) = P(k + DIx(k + 1) = e(k)V(k) = 1 I0(K)|1?

+ (k) o (k) + d(k)) — 2880 v (k) |12,

Let d; (k), v; (k) and u; (k) denote the ith element of d (k), v(k) and u(k) respectively.

If |d; (k)| < ﬁ@i (k)|, recalling that |v; (k)| < A, we have

|vi (k)] < lo1 (ui (k) + di (k)] = (1 + 25 vi ().
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Hence

k) oy (ui (k) + di (k) — 2B, ()2 — s [vi (k) < 0.
If |d; (k)| > ﬁ|v,~(k)|, we have

— e Vi ()1 + (k) |o1 (ui (k) + di (k) — %k‘)k)vi ()2
< p(k) [(1+ pk)di (k) + di (k) + (1 + p(k)d; ()1 + p(k)|di (k) [>

< ap(k)|d; (k)|?,

where a = 2u* +3)?> + 1, u* = ||B’P*B| and P* is the solution of (11.3) with ¢ = ¢*. Therefore,

we conclude that
Vik +1) = V(k) < x(k + 1Y [P(k + 1) = P()]x(k + 1) — e(k)V (k) + ap()|d()|>.  (11.16)

Note that this implies that
Vk + 1) — V(k) < max{—s(k)V (k) + ap(k)||dk)|% 0} (11.17)

since V(k + 1) — V(k) and x(k + 1)'[P(k + 1) — P(k)]x(k + 1) can not have the same sign. Let us

first address the case of p = co. We will show that there exists a ¢; such that V(k) < ¢y forall k > 0

with V(0) = 0.
If
V(k) = a4g@1d )|, (11.18)
we have
Vk +1)=V(k) <0. (11.19)

Property 5 of Lemma 11.1 yields that there exists a Mg+ independent of k and d such that V(k) >
abMg~| d ||, implies that (11.18) is satisfied and therefore V(k + 1) — V(k) < 0, where, as defined

earlier, b = 2 trace(BB’).

On the other hand, we have

Vk + 1) = V(k) < ap)|d®)|? < ap*|d||%.
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We conclude that

V(k) < V(0) + abMes ||d 1%, + ap*|1d |12 (11.20)
Property 5 of our scheduling then implies that x (k) is bounded for all £ > 0. This shows £, stability of
the closed-loop system with arbitrary initial condition.

We proceed now with the case of p € [1,00). First of all, due to the fact that ||d||ec =< ||d||p,

(11.20) implies that V (k) is bounded for all k¥ > 0. Hence by our scheduling, there exists an g¢ such that

g(k) = go forall k > 0.
Next, we consider two possible cases:

Case 1. For V(k + 1) — V(k) > 0, (11.17) implies that
Vik +1) = V(k) < —e(k)V(k) + au(k)|d(k)|>. (11.21)
Case 2. For V(k + 1) — V(k) < 0, our scheduling implies that
x(k + 1)[P(k +1)— P(k)]x(k +1) > 0.
But this implies that e(k) < e(k + 1) < &*, and thus
V(k + 1) trace(P(k + 1)) < V(k) trace(P (k)).
Hence

[V(k +1) — V(k)] race(P (k + 1)) < =V(k) trace[P(k + 1) — P(k)].

Then we have

|x(k + 1)[P(k + 1) — P(k)]x(k + 1)]

<|trace(P(k + 1) — P(k)] - |x(k + D)2
<trace(P(k + 1))
B V(k)

- V(k + 1) trace(P(k + 1))
T V(K)AminP(k + 1)
<trace(P"‘)
N /\minP(k)
<L(k)-|V(k +1) = V(k)|

AV + 1) = V()| - Ix(k + 12

Vik +1) = V(K|

AV +1) = V(k)|
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where L(k) = %. We have

Vik +1)—V(k) < I;EL(’E}C) Vk) + ap(k)||d k)| (11.22)

Given (k) € [gg,&*] forall k > 0, (11.21) in case 1 and (11.22) in case 2 ensure that

Vik+1) = V(k) < -3 (11.23)

where L = trice,(f,;) and Py is the solution of (11.3) with & = g¢. Also, g9 < 1 implies thateog/(1+L) <

1.
Applying Lemma 11.3 with 1 such that
(L+ (1= 72?2 < 1,
we find that there exists a 8 such that
Vk +1DP2 < (1+ (1= 25202V E)P + Blap*)P?(|dk)||7.
This yields
[1= 0+ - 52p)7?] 5" VP2 < plapyP A1 + VO

k=0
Since (k) > g¢ for all &,

o0
V(k)»'2 Blap)?’ P v()r>
x|lf = =< dly + ,
Il Rain P2 = (ki Po)2/2[ 1=(14m) (1= 152) /2] Il (lmin P)P/2[ 1=(14m) (1= 121) /2

(11.24)

k=0

we conclude that d € £, implies that x € £, for any x(0) € R". This concludes the proof of Theorem

11.1. [ |

We observe from (11.20) and (11.24) that as ||d ||, and x (0) become larger, the &9 becomes smaller
and the £, gain becomes larger. In order to pursue finite gain £, stabilization, it is necessary to modify

the high gain parameter. We first consider the case p = oo.

Theorem 11.2 Consider the system (11.1) satisfying Assumption 11.2. For p = oo, {, stabilization
with arbitrary initial condition with finite gain and with bias, as formulated in Problem 11.4, can be

achieved by the adaptive-low-gain and high-gain controller,

u=—(1+4 ps(X))(I + B'PyixyB) "' B’ Pyy) Ax, (11.25)
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where Pg(y) is the solution of (11.3) with & = £(x), &(x) is determined adaptively by (11.8) and py(x)
is determined by (11.11) and (11.12).

Theorem 11.2 readily yields the following corollary:

Corollary 11.2 Consider the system (11.1) satisfying Assumption 11.2. For p = oo, the (G,/G)s,
as formulated in Problem 11.2 can be solved by the same adaptive-low-gain and high-gain controller as

(11.25).

Proof of Theorem 11.2 : For simplicity, we denote Pg(x(k)), Pe, (x(k)) respectively by P (k) and Py (k)

whenever this does not cause any notational confusions.

Define v(k) = —(I + B’ P(k)B) "' B’ P(k)Ax (k) and u(k) = v(k) + ps (k)v(k). We have already
shown that the controller (11.14) along with (11.8) satisfies ||v||co < A.

Define the Lyapunov function V (k) = x(k)'P(k)x(k) and a set V(c) = {V(x) < c} where c is
given by (11.13). Owing to Property 5 of Lemma 11.1, it is easy to verify that for x(k) € V(c)¢, the

following inequality holds:
e(k)V (k) > 4e(k)Mg+bA? > 8| B’ P(k)B| A (11.26)
In the absence of d, we can evaluate the increment of V' along the trajectory as

Vik + 1) — V(k)
=x(k + 1) [Pk + 1) — P(k)] x(k + 1) — e(k)V(k) — 2v(k) [0 u(k)) — v(k)]
+ [0 (u(k)) —v(k)]" B'P(k)B [0 (u(k)) — v(k)].

Also, ||v(k)|| < A implies that —2v(k)[o(u(k)) — v(k)] < O for any p(k) > 0. Using this property, we
find that for x (k) € V(c)¢,

Vik +1)— V(k)
<x(k + 1) [Pk + 1) — P()] x(k + 1) — e(k)V (k) — 2v(k) [0 (u(k)) — v(k)] + 4| B' P (k) B|| A2

<x(k +1) [Ptk + 1) = P(k)] x(k + 1) — £Ry (k).
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The last inequality is owing to (11.26). If
x(k+ 1) [Pk +1)— Pk)]x(k +1) <0, (11.27)

the last inequality implies that V(k + 1) — V(k) < 0. But we have argued earlier that (11.27) and
V(k + 1) — V(k) < 0 cannot happen simultaneously by our scheduling (11.8). Therefore x(k +
1) [P(k + 1) — P(k)] x(k + 1) > 0. From the proof of Theorem 11.1,

x(k+ 1) [Pk + 1) — P(k)]x(k + 1) < L(k)[V(k) — V(k + 1)].

Hence, for x (k) € V(c),

Vik+1) = V(k) < — 5555055V (k).

The trajectory will enter V(c) within finite time. However, for x(k) € V(c), we have already proved in
the proof of Theorem 11.1 that
Vik+1)—V(k) <0
since in V(c¢), p(k) = po(k) = m. This proves global asymptotic stability of the origin.
We proceed to show £, stability with arbitrary initial conditions with finite gain with bias. In order

to do so, we first find an upper bound of ‘-/(Il'fzk) in terms of ||d ||co and then conclude £, stability by

observing that ||x]eo < ,/||%||oo. To this end, we note that the case V(k + 1) — V(k) < 0 is not

interesting since it is equivalent with

V(k+1) Vik)
T PGAD ~ TP (@) = 0

due to the fact that V(k + 1) < V(k) implies Apmin P(k + 1) > Anin P (k). Therefore, it will not affect
V(k)

the upper bound of TP In view of this, throughout the remainder of the proof, we only consider
Vik +1)—V(k) > 0.
Suppose V(k+1)—V (k) > 0, scheduling (11.8) implies that x (k+1)" [P(k + 1) — P(k)] x(k+1) <
0. By construction, ||v(k)|| < A. We get
Vik +1)—=V(k)
< —e(k)V(k) —2v(k) [0 (k) + d(k)) — v(k)] + 4| B’ P*B| A?

<4(1 4+ |B'P*B|)A2.

251



Since ¢ > 4(1 + | B’ P*B||) A%, we have
Vik +1)— V() <ec. (11.28)

The above inequality holds for any x (k) € R”. Since different high-gains are applied in different regions,

we have two possible cases:

Case 1: x(k) € V(c)¢. Then (11.28) implies that V(k + 1) < 2V(k). But this implies that &1 (k) <
e(k + 1) and Py(k) < P(k + 1). Let v; (k) and d; (k) denote the i th element of v(k) and d (k).

If |d; (k)| < pg(k)|vi(k)], then
—vi (k) [o(vi (k) + pr(k)vi (k) + di (k) — vi(k)] <O.
If |d; (k)| < |pg (k)vi(k)]|, we have
— i (k) [0 (vi (k) + pr(k)vi (k) + di (k) — vi (k)]
= —vi(k) [0 (vi (k) + py (k)vi (k) + di (k) — o (vi (k)]

<o) - 124i ()

_2d;(k)?
=0 ®

In summary, we find that

—2v(k) [o(uk) + d(k)) — v(k)] < —4'5(53)"2-

This yields

Vik + 1) — V(k)

<— 2Oy (k) — 20(k) [o(u(k) + d(k)) — v (k)]

&(k) ld®)11>
<—="V(k)+4 )

. 2
< - SO () |> - 1),

Clearly, V(k + 1) — V (k) > 0 requires that

2 _ lld&)|?
[x ()|~ =< o1 (k)
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Then

k k Amax P (k
s < 2 < Zes O ()1 = 201 x (k)11 < 21 d (k). (11.29)

Case 2: x(k) € V(c). We have p(k) = po(k) and hence the same controller as in Theorem 11.1 is used.

In the proof of Theorem 11.1, the following two properties have already been shown:
1. if V(k) > abMg~||d(k)|?, we have V(k + 1) — V (k) < 0;
2. Vk +1) = V(k) < ap*||d k)]
We can immediately draw the conclusion that for V(k + 1) — V(k) > 0 and x(k) € V(c),
Vk +1) < (abMes + ap™)|d(k)||.

On the other hand, (11.28) and the fact V' (k) < ¢ imply that V(k 4+ 1) < 2¢. But this implies that there

exists a A1 independent of d such that

V(k+1) abM x+ap* 2
Amin P(k+1) = 11 4 |5 (11.30)

In summary, whenever V (k) or, equivalently, % is increasing, we have either (11.30) or (11.29)

holds depending on x (k) € V(c) or not. Therefore,

bM *+
g lloo < 12805 + max{2, “Me Aty g

Using the fact that || x |2, < || %Hoo, we have

V(0 bM, «
1lloe < v/l plloo < oDy + max{v/2, |/ <Mty g (11.31)

Note that ,/% is clearly a class J function of ||x(0)||. The finite gain £, stability of closed-loop

system with arbitrary initial condition and bias follows. [ |

In Theorem 11.2, we only need to consider the case that V(x(k)) is increasing. However, this does
not work when the external input d is in £, with p € [1, oo). The decay rate of V(x(k)) when V(x(k))
is decreasing definitely has an impact on the £, norm of x. Therefore, we have to consider both cases
and obtain bounds on || x||, in terms of ||d || ,. As will be seen in the next theorem, it requires even more

complicated high-gain design and involved analysis.
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Theorem 11.3 Consider the system (11.1) satisfying Assumption 11.2. For any p € [1,00), the £,
stabilization with arbitrary initial condition with finite gain with bias problem as formulated in Problem

11.4 can be solved by the adaptive-low-gain and high-gain controller,
u=—1+pr(x))U + B’PS(X)B)_IB’PS(x)Ax, (11.32)

where Pg(y) is the solution of (11.3) with ¢ = £(x), &(x) is determined adaptively by (11.8) and py (x)
is determined by (11.11), (11.12) with p, sufficiently large.

Theorem 11.3 also produces as a special case the solution to (G, /G) . This is stated in the follow-

ing corollary.

Corollary 11.3 Consider the system (11.1) satisfying Assumption 11.2. For any p € [1,o0), the
(Gp/G)sg as formulated in Problem 11.2 can be solved by the adaptive-low-gain and high-gain con-

troller (11.32).

Proof of Theorem 11.3 : For simplicity, we denote &(x(k)), e1(x(k)), B(e(x(k))), pr(x(k)) and

p1(x(k)) by e(k), e1(k), B(k), pr(k) and pq (k) respectively and denote Py(x(k))» Pe,(x(k))> Le)(x(k))

respectively by P(k), P1(k) and L (k). This does not cause any notational confusions.

Define v(k) = —(I + B'P(k)B)"'B’P(k)Ax (k) and u(k) = v(k) + pr (k)v(k). We have already
shown that v(k) along with (11.8) satisfies ||v]|co < A.

Define the Lyapunov function V(k) = x(k)' P(k)x(k) and a set V(c) = {x | V(x) < ¢} with ¢

given by (11.13). As in the proof of Theorem 11.2, for x € V(c)¢, the following inequality holds:
e(k)V(k) > 4e(k)My<bA? > 8| B’ P(k)B| A2. (11.33)

Using exactly the same argument as used in Theorem 11.2, we conclude the global asymptotic stability

of the origin of the closed-loop system.
It remains to prove global £, stability with finite gain. The proof proceeds in several steps:

Step 1. Define a function

sP/2

/27>
(AmmPs)p/z[l—(l‘ﬁ)p ]

a(s) =

254



where &5 is a function of s as given by
* A2
es = max{r € [0,7] | s trace(Pr) < -},

and Py is the solution of (11.3) with e = g5, Ly = %. Note that if s is strictly increasing, by the
property of our scheduling, &5 is decreasing and hence A, Ps is decreasing and L is increasing. This

implies that a(s) is strictly increasing and is a class K function.

Define
el _L p/2
Gomin P72 1=\ 1= 70 707y
. /27
GanP20)2|1-(1-37555) |

where P* is the solution of (11.3) with e = ¢* and L* = %. Since c is given, &3¢, Pac, Lo and

K =

k are fixed constants. Choose p, > max{l + «, (Amin P *)P/2}. We have pr (k) > 1 for any x (k).

We can always divide the whole time horizon into a sequence of successive intervals {/;};>1 with

I; = [ki, kiz1 — 1] such that for each I;, one of the following cases holds:
1. Forany k € I;, x(k) € V(2¢c) and V(k + 1) — V(k) > 0;
2. Forany k € I;, x(k) € V2c¢)* and V(k + 1) — V(k) < 0;
3. Forany k € I;, x(k) € V(2¢) with kj+1 < o0;
4, Forany k € I;, x(k) € V(2¢) with kj 1 = oo.

Step 2. For case 1, since V(k+1)—V (k) > 0, the adaptation (11.8) implies that x (k+1)' [P(k + 1) — P (k)] x(k+
1) < 0. As in the proof of Theorem 11.2, we find
k) Amin P (k dk)|?
Vik +1) = V(k) < — @Al ® [ oy 2 - WO,
Then, V(k + 1) — V(k) > 0 implies that

1)1 = pr&)lx(R)I* =[x (k)| (11.34)

since p1(k) > 1 by construction.

Furthermore, we have already shown that for all x(k), V(k + 1) — V(k) < c¢. Hence

Vik +1) < 2V(k).
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From the definition of €1 (k) and L (k), this implies that
e1(k) <e(k+1), Li(k) > L(k + 1) and Apin P1(k) < Amin P(k + 1). (11.35)
Consider specifically k = k;+1 — 1. We have

ld(ki+1 — DII? = lIx(ki+1 — DIIP

(pr(kis =P/ = 1) x (ki1 = DI?
PpAmax P ki -1 —=1)P/2 || x (ki1 —DII?

o /2

/‘minpl(ki—i-l_l)p/2 1_(1_%)‘” i|

v

A%

4(1+L1(ki+1—1))

ppV(kip1=1)P/>
elkipi—1)  \"?
P10 1= (g £k By )

- (A+e)V(k;11)P/?
> k; p/2
AminP(ki+1)p/2{1_(1_MiL—(Jlr€;)JHD) ]

where we use (11.35), pp > 1 + « and V(k; 41 — 1) > V(k; 1) in the derivation of the last inequality.

v

We get

\Y

ld(kit1 = DI? = [x(kivr — DIP + (1 + ©)a(V(kit1)). (11.36)

then (11.34) and (11.36) yield

kiy1—1 kiy1—1

ST lx@®IP = Y IdER)P = (1 + ©)a(Vikit1).

k=k; k=k;

IA

Step 3. For case 2, the following relationship has been established in the proof of Theorem 11.1,

0<x(k+ 1) [Pk +1)— P(k)x(k + 1)]

< L()(V(k) = V(k + 1))

where L(k) = iaceg,}zk; Therefore,

(k) Amin P (k) 2
Vik+1)=V(k) = 2(1+L(k)) V) + i zanld@©l

e(k) V(k) + Amin P (k) ||d(k)||2,

= T3A+LGE) o1 k)
and hence
k Amin
Vik+1) = [1- 555%my | Vo) + 288 a ko).
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Since V (k) is decreasing, we have Apin P(k + 1) > Anin P (k) and

V(k+1) e(k) V (k) 1 2
py ey [1 - 2(1+L<k))] TonP® T @ 1R
By definition of B(k),
v+ \P/? & 1% (v \P/? Jd@®))”.
(xmmP(kH)) = [1 - 4(1iL(k>)] (AmmP(k)) + B0, e

Using standard comparison principle, we get for k > k;,

k
<#1]52k>>p/2 . 1_][ [1- 4(11(?(1))]1)/2 (AmiVn(]-fltl)ci)y/z
j=

i

- 17| 8k :
Y 1_[[ 4(liSL<s))] e DI

J=ki

r/2 )
] is decreasing. Hence,

Since V (k) is decreasing, [1 — %

2 < it 2
AminP(k) - 4(1+L(k )) A'mmp(k )
k—

k—1—j
e 7" BG) i
+ {[1 B 4<liJL(j))] } G ldDNP .

j=ki
We have
kit1—1 kiy1—2
3 (M)”Z 1 () )1’/2+ )3 BU) 1G]
Amin P (k) — e(k;) /2 \ Amin P(k;) e(j) P/2 py(j)r/2”
k=ki _|:1_4(1+L(ki))] J=ki 1_[1_4(1+L(j))]

By definition, for any x (k)
e1(k) < e(k) and Ly(k) = L(k),

and from (11.12)

p1(j)p/2 > /3(1'). > ﬂ(j). —
11— } 1_[1_ e(j) }
[ 4(1+L1(j)) 4(1+L(3))

We conclude that

ki+1—1 kit+1—2
DOx®IP < Y IdDIP + a(Vik))
k=k; k=k;
kit1—1
< Y dDIP + a(Vik)).
k=k;
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Note that a(V'(k;)) is increasing. Therefore a(V (k;)) > a(V(ki+1)). We can rewrite the above inequal-

ity as
kiy1—1 kiy1—1
ST lx®IP = Y NdDIP + (1 + eV ki) — ke (V(kigr)).
k=k; k=k;

Step 4. For case 3 and 4, if x(k) € V(c), from (11.21) and (11.22), we have
Vik+1) = V(k) < =285 Vk) + ap*ld (k).

If x(k) € V(c)* N V(2c) and V(k + 1) — V(k) > 0, then x(k + 1) [P(k + 1) — P(k)]x(k + 1) <0,

we have

Vik +1) = V(k) < — By
—2v(k)'[o(u(k) + d(k)) — v(k)]

< - @V(k) + 4||d<k>||2.

If x(k) € V(c)° N V(2¢) and V(k + 1) — V(k) < 0, then x(k + 1)'[P(k + 1) — P(k)]x(k + 1) <

L(k)(V(k) —V(k +1)). We have
1d )2
— sty V) + 4wy

< — 50 V() + 4ld ()12,

Vik+1)—=V(k) <

Hence there exists a { = max{4, au*} such that for all x(k) € V(2¢), we have
Vik+1)=V(k) < 2(1+—L(k))V(k) +¢lldo)|.

Note that our adaptation (11.8) and the fact that V(x) < 2¢ for k = k;,...,ki+1 — 1 imply that for

k=ki,....,kivx1 —1,e(k) > g3, and hence

e(k) c . .
2(1+L(k)) = 2(1i2L2c)’ )kmmP(k) > AmmP2c-

Choose 712, such that

p/2

]p/2 < 1.

E2¢ £2¢
[l_m] 5(1+n2c)[1—m
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Applying Lemma 11.3, there exists a 8, independent of d and k such that

p/2
Vik+ D2 = [1= 525 ] VIOP?2 + Bact? 21017,

Using the same comparison principle as used in case 2, we can find a constant y; dependent on €3¢, L2,

B¢ and ¢ such that

kiy1—1 kiy1—1
V(k)?/?
Yo lx@Nr s Yy AN
k=k; k=k;
kit1—2
\p/2
=y Y ld®I + o,
k=k; (Amin P2¢)P %1—[1—m] }
kit1—2
\p/2
=n Y lddl” + A
k=k; (Am‘"P(ki))p/zgl_[l_ét(l+—Ll(k[))] }
kit1—2
<yi Y ld®)NP +ca(Vki).
k=k;

For case 3 where k;j 1 < oo, consider specifically k = k;+1 — 1. Since the states are leaving V(2¢), we
have V(ki+1) — V(ki+1 — 1) > 0. Moreover, we have argued that the increment of V' (k) for any x (k)
is at most c. This implies that x (k;+1 — 1) € V(c)¢ N V(2¢). Following the same argument as used in

case 1, we have
ld(kiv1 — DII? = [[x(kit1 — DII? + (A + ©)a(V(kit1)).

Finally, we conclude for k € [k;, ki+1 — 1],

kit1—1 kit1—1
Z [x ()P <y Z (NP + ka(V(ki)) — (1 + )V (ki+1)).
k=k; k=k;

For case 4 where k;+; = 0o, we only have

ki+1 ki—i—l
DT lx®IP <1 D IdEIP + ke (V (ki)
k=k; k=k;

Step 5. In summary of previous steps, we find the following results:

e if I; belongs to case 1,

kiy1—1 kiy1—1
S @l = Y 1P — (1 + eV (kis)).
ki k=k;
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e if I; belongs to case 2,

kit1—1 kit+1—1
ST x@®IP = DY IdODIP + A+ 0)e(Vki)) — ka(V(kitr)).
k=k; k=k;

e if I; belongs to case 3,

kit1—1 kit+1—1
Yo lx®IP =y D 1d@IP + ra(Vk)) — (1 + K)a(V(kit1)).
k=k; k=k;

e if I; belongs to case 4,

kit1 kit1
ST Ax®NP <1 D 1dENP + ke (V (ki)
k=k; k=k;

Note that if /; belongs to cases 1, 3 and 4, we have either i = 1 or I;_; belongs to cases 1, 2 or 3. Then
the positive term ka(V (k;)) of I; can always be canceled by the corresponding negative term of /;_; for
i>1.

Similarly, if /; belongs to case 2, we have either i = 1 or /;_; belongs to case 1 or 3. The positive

term (1 + «)a(V(k;)) can also be canceled by the negative term of I;_; fori > 1.

In conclusion, we find that for any x(0) and k,

k k
D IxE)P < max{lyi} Y ld)]1P + (1 + ©)a(V(0)).

k=0 k=0

This completes the proof. [ |

11.5. Conclusions

It is shown that (G, /G) and (G, / G) s, problems for discrete-time linear systems subject to actuator
saturation are solvable if and only if the given linear system is stabilizable and it has all its poles within
the unit disc, i.e. if it is ANCBC. We also develop here an adaptive-low-gain and high-gain controller
design methodology by using a parametric Lyapunov equation. By utilizing the developed methodology,
one can explicitly construct the required state feedback controllers that solve the (G,/G) and (G,/G) g

problems whenever they are solvable.
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Appendix

We show in this section that for system (11.2) if a feedback controller of the form u = B’ f(xy,)
achieves (G/Gp) and/or (G/Gp)r, for the unstable dynamics x,, it also achieves (G/Gp) and/or

(G/Gp)y.g for the overall system.

Let us consider the unstable part of the input-additive case.
x;" = Axy + Byo(u +d)
Assume we have a feedback u = B}, f(xy,) such that x,, € £, and, if possible, with finite gain:
Ixulle, < cilldlle,

Note that we impose a bit of special structure on the feedback. Namely u = B], f(x,) instead of

u = f(xy) but all our standard controllers satisfy this property which is easily seen if we recall that:
—(I + B'P.B)"'B'P, A= B'P,(I + BB'P;)"'4
If we achieve (G/Gp) for the unstable dynamics then it is easily verified that we must have that
Byo (B, f(xy) +d) €Ly
while achieving (G/Gp)y.¢ for the unstable dynamics implies:
| Buo (B, f(xu) + d)ll¢, < c2lldlle, (11.37)
Now in order to incorporate the stable dynamics we want to establish that:
o (By, f(xu) +d) € &p

and ideally with a finite gain:
lo(By, f(xu) + d)lle, < cslldlle,

This implies that for stable dynamics, we shall have

1xslle, < vllo(By f(xu) + d)lle, < caylldlle,
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where y is £, gain of the pair (4y, By).
We first note that

BuU(B;f(xu) +d) = BuU(B;f(xu)) + Byd

with ||d1]l¢, < |d|l¢,- But this implies that
I Buo (By, f(xu))lle, < I1Buo (B, f(xu) + d)lle, + I Bulllld e,
In other words it is sufficient to prove that

lo(By, f (xu))lle, < callBuo (B, f(xu))e, (11.38)

to obtain that:

A

lo(B,, f(xu) + d)lle, < llo(By, fxu)lle, + lldlle,
call Buo (B, f(xu))lle, + Idlle,

call Buo (By, f(xu) + d)llg,

A

A

+ (14 calBulD Id e,

< (cac2 + 1+ calBul)) 14 ]le,

where we used (11.37).

Remains to verify (11.38) which is implied by the following static inequality:
lo(BL)llp < call Buo(Byv)ll, (11.39)

Since this is a static finite-dimensional problem and all finite-dimensional norms are equivalent, it suffices

to prove (11.39) for p = 2.

Note that we can find a matrix S such that:

B
s=s (%)

with By, surjective. Next, we note that it is sufficient to prove that:

o (Bjyw)ll2 < ¢sl|Buio (Byw) |2 (11.40)
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for some suitably chosen cs since for w = Sv we get:

lo(B,v)ll2 = C5||Bu1(7(B/ V)2

= amm(S) ”S (BMI)U(B;”)“Z

—— 1 Buo (Byv)ll2

<
- mm(S)

which yields (11.39) for suitable chosen c4. Remains to show (11.40). We consider two cases. If B,’l1 w

saturates at least one channel then

||Bu10(B w2 > (B/lw”’G(Bulw)>
> IIBL1wn||oo

——O0min (B 1)

f

where w;, = Tl is the normalized vector of w.

In that case:

lo(Byyw)ll2 < /m llo(By;w) oo
N

m

< B0 B w 2
oy 1 B Bl

On the other hand without saturation:

1Byywll2 < 1By (Byy Byy) ™" Bur Byywlla

< 1B, (Byy Byy) " iz | Bur By w2
Combining the two cases with and without saturation yields (11.40) for suitable chosen cs, i.e.

m
s > max Bl (B BL) "2
Omin(B) M Bu
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CHAPTER 12

Simultaneous external and internal stabilization of linear
system subject to input saturation and matched disturbances

12.1. Introduction

After we obtain the results in previous chapter, all the issues associated with input-additive distur-
bances have been more or less resolved. The research has moved to the non-input-additive case. In
particular, we are concerned with non-input-additive disturbances which do not vanish over time, that is,
belonging to £+0/{0 space. In this case, clearly not all disturbances can be managed appropriately as,
for instance, a large constant disturbance aligned with the input could overpower the saturated control

and lead to unbounded states.

This chapter marks our first attempt to solve the simultaneous stabilization problem for linear system
with input saturation and non-input-additive disturbances. Specifically, we investigate the semi-global
and global robust stabilization and disturbance rejection in the presence of input saturation and matched

uncertainty and disturbance. That is, we consider a system of the form,
X =Ax + Bo(u(t)) + Bf(x,1).

In this chapter, we assume the magnitude of f(x, ) is restricted. This is motivated by a simple observa-
tion that the states of a double integrator with a constant disturbance | f(x, )| = 1 will diverge to infinity
regardless of the controller we use. Therefore, we assume that | f(x,#)| < 1 — §, for any a priori given
8 €(0,1).

In the previous study of stabilization problem related to input-additive disturbances, a low-and-high-
gain and scheduled low-and-high-gain feedback design methodologies have been developed in the lit-
erature (see [91, 48]). In this chapter, we expand and generalize these low-and-high gain design and
scheduled low-and-high gain design methodologies from the input-additive case to the matched case.
This chapter is organized as follows: In Section 12.2, we formulate formally the control problems. A
low-and-high gain design is introduced in Section 12.3 which solves the semi-global robust stabiliza-

tion and disturbance rejection problem by state feedback. In Section 12.4, a scheduled low-and-high
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gain controller is constructed to solve the global counterpart by state feedback. Section 12.5 considers

semi-global observer based measurement feedback designs.

12.2. Problem formulation

Consider a linear system:

5. X = Ax 4+ Bo(u(t)) + Bf(x,1),

1y=cxr. (12.1)

where x € R*, u € R™, and y € R? are the state, control input, and measured output respec-
tively, and o () : R™ — R™ is a standard saturation defined as o(u) = [o1(41),...,0m(Um)] Where
oi(s) = sgn(s) min {|s|, 1}. Moreover, the term f(x,?) represents an unknown uncertainty or distur-

bance. Without loss of generality, we assume here that B and C have full rank.

We make the following assumptions:

Assumption 12.1 The given system (12.1) is asymptotically null controllable with bounded control
(ANCBC), or equivalently the given system (12.1) in the absence of saturation is stabilizable and has

all its open-loop poles in the closed left-half plane.

Assumption 12.2 The given system (12.1) in the absence of saturation and uncertain element f(x,?),
which is then characterized by the triple (A, B, C), is left invertible and minimum phase. Moreover, we

assume that the matrix pair (A4, C) is detectable.

Assumption 12.3 The uncertainty and disturbance f(x, ¢) is piecewise continuous in ¢ and locally Lip-
schitz in x, and satisfies

| f, )| <1—8 V(t,x)eRT xR"

for some § € (0, 1).

Assumption 12.4 The norm of f(x,) is bounded by a known function
I/ G0l < fodlxl) V(@ x) € RT xR

where fp : R — R is locally Lipschitz and satisfies fo(0) = 0.
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We present two formal problem statements, first one for the semi-global case and the second one for

the global case, utilize state feedback.

Problem 12.1 Consider the given system (12.1), and let Assumptions 12.1 and 12.3 be satisfied. The
semi-global stabilization problem is to find, if possible, for any arbitrary large bounded subset W C R”
and arbitrary small bounded subset Wy C R” containing the origin, a state feedback law u = Fx, such

that the closed-loop system satisfies the following conditons:
1. Any trajectory starting in ‘W will enter Wy and remain in ‘Wy thereafter.

2. If f(x,t) satisfies Assumption 12.4 for a certain fp, then the equalibrium point x = 0 is locally

asympotically stable with ‘W contained in its domain of attraction.

Problem 12.2 Consider the system (12.1) satisfying Assumption 12.1 and 12.3. The global stabilization
problem is to find, if possible, for any arbitrary small bounded subset Wy C R” containing the origin, a

state feedback law u = s(x, ), such that the closed-loop system satisfies the following conditons:
1. For all initial conditions in R”, the trajectories will enter Wy and remain in Wy thereafter.

2. If f(x,¢) satisfies Assumption 12.4 for a certain fp, then the equalibrium point x = 0 is globally

asympotically stable.

Next, we present a formal problem statement for the semi-global case, utilizes measurement feed-

back.

Problem 12.3 Consider the given system (12.1), and let Assumptions 12.1, 12.2, and 12.3 be satisfied.
The semi-global stabilization problem is to find, if possible, for any arbitrary large bounded subset W C
R2" and arbitrary small bounded subset Wy C R?” containing the origin, a measurement feedback law,

X = g(x,y,1),x eR"
u=h(x,t),

such that the closed-loop system satisfies the following conditons:
1. Any trajectory starting in ‘W will enter Wy and remain in 'Wy thereafter.

2. if f(x,t) satisfies Assumption 12.4 along with a given fy, the equalibrium point x = 0 is locally

asympotically stable with ‘W contained in its domain of attraction.
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12.3. Semi-global state feedback designs

In this section, we construct a low-high-gain feedback control law which can solve Problem 12.1.

Let P, > 0 be the solution of the continuous-time algebraic Riccati equation,
A'P; + P.A— P.BB'P, + ¢l =0. (12.2)

Since the system is stabilizable, such a P, always exists. Moreover, since all eigenvalues of A are in the

closed left half plane, P — 0 as ¢ — 0. The low-gain controller is then given by
u;, = —B'P.x

We choose a high gain state feedback law of the form, ugy = —pB’P.x and P, is the same as in the

low-gain feedback design while p > 0 is to be determined.

The low-high-gain state feedback control law is formed by adding together a low and high gain

feedback control. We have
u=Frg(sp)x =ur +uyg = —(1+ p)B’' P,x. (12.3)

We claim that the controller (12.3) solves Problem 12.1 for appropriately chosen ¢ and p, as stated

formally in the following theorem:

Theorem 12.1 Consider the given system (12.1) that satisfies Assumption 12.1. For any bounded sub-
sets W C R” and Wy C R” containing the origin, there exists an * such that for each ¢ € (0, £*] there
exists a p* with the property that for p > p*, the low-high-gain feedback u = Fr g x solves Problem

12.1.

Proof : Let ¢ be such that

¢ =sup{x’'Pex | £ € (0,1], x € W}.

Define V(x) = x'Pex and £,(c) = {x|V(x) < c¢}. There exists an £* € (0, 1] such that for all

x € £y(c) we have || B’ P.x|| <.
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Consider the derivative of V' = x’ P.x along the trajectory of the closed-loop system. We have
V(x) < —x'Qex  — 2X'PeBlo((1 + p)B'Pex) — B'Px —  f(x,0)].
Denote B’ Pex by v and denote the ith component of v and f(x,7) by v; and f; respectively. We have

V< =228y (x) —20'[0(v + pv) — v — f(x,1)].

‘We know that

lvil <8, and |fi] <1-—34. (12.4)

This implies that |v; + fi| < 1.

If |pvi| > | fi|, then

lvi + pvil = [vil + [pvi| = [vi| + [ fil = |vi + fil.
Together with (12.4), we get
—vi[o(vi + pvi) — (vi + fi)] <0
If |pvi| < | fi|, we have
lvi + pvil = [vil + [pvi| < [vil + [ fil.

Then (12.4) implies that |v; + pvi| < 1. Therefore, we get

“2uilo (i + pvi) — (v + )] < —2viovi — fi] < L.

Hence,

m

. ' 2

V(x) < —4m@y )+ 3 I (12.5)
i=1

Since | f;| < 1, we get

V(x) < — mln(QF) V(x) + 2p

Choose v such that £,(v) C Wy. Define

* _ MAmax (Pe)
pl - 2VAmin(Qs)'
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If p > p, we have V < 0forall x € £y(c) for which x ¢ £, (v). This implies that any trajectory

starting from ‘W will enter and remain in ‘Wy within finite time.

If f(x,t) satisfies Assumption 12.4, we can define

M = sup{@ | s € (O,C/\/ Amin(Pe)]}-

Such a M exists because fy is locally Lipschitz.

Therefore, from (12.5), we can conclude that for x € Ly(c),
. 2
V(%) < [ Amin(Qe) + %]IIXIIz-

Define

_ M?
P2 = (00

If p > p3, we have V <Oforall x € £, (c). Hence the origin is asymptotically stable with ‘W contained

in its domain of attraction. [ |

12.4. Global low-high-gain state feedback designs

In this chapter, we use the same scheduling of low-gain parameter as in [48] which is developed in

[68]. Consider
es(x)=max{r € (0,1] | (x' Prx) trace [B’PrB] <521, (12.6)

Choose the scheduled high-gain parameter py as

2 + A max (P (x
,Os(x) — oolg (lilrln)m(Q]gs(x)() ) (127)

where po is to be determined and g(x) is defined as follows: if Assumption 12.4 is not satified, g(x) = 0;
if Assumption 12.4 is satisfied, g(x) is any locally Lipschitz function such that g(x) > @. Such a
g(x) exists since fy(x) is locally Lipschitz and fy(0) = 0.

We claim that the controller constructed in the preceding section together with the scheduling low-

gain and high-gain parameters solves Problem 12.2.
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Theorem 12.2 Consider the given system (12.1) that satisfies Assumptions 12.1 and 12.3. For any

bounded subset Wy there exists p; such that the low-high-gain feedback controller (12.3) when & and

p are replaced with the scheduling parameters £;(x) as in (12.6) and ps(x) as in (12.7) with po > pg

solves Problem 12.2.

Proof : Consider the derivative of V' = x’ P(gg)x along any trajectory,

V(x) < =Amin(Q)IX]I> = 20'[o (v + pv) —v = f(x,0)] + x

As shown in the previous section,

Vi(x) <—

1dPeg ()
dr ~

mm(QSy(x)) /dP8S(X)
de(PEA (x)) V(X) + Z 2)0 + X

i=1
mm(Qey(x)) _ m /dPé‘s(x)
max(Psy(X)) [ ( ) pO] dl X

Let v < 1 be such that £,(v) C Wp. Define p; = T+. We have

V<x

1dPs;(x)
dt

X, Vpo=>psand x ¢ Ly(v). (12.8)

Assume that V > 0 for some x (1) ¢ £y (v). We have two possible cases:

1. Case I: e5(x) = 1. We have

contradiction.

dPEA

= 0. But then (12.8) implies that V' < 0. This yields a

2. Case II: g5(x) # 1. Note that V trace [ B' Py () B] = 6 whenever g5 # 1. Hence V > 0 implies

that % < 0. But (12.8) gives V < 0. This yield a contradiction.

Therefore, we conclude that V' < 0 for all x ¢ £y (v). Any trajectory will enter and remain in "Wy

after finite time.

If f(x,¢t) satisfies Assumption 12.4, we have

y _Amin(Qes(x)) /dPSS(X)
Vix) < T P o) V(x) + Zl 20; + x = x
i
A-min(Qé‘s(X)) /dP&v(x)
- _Amax(Pes(x)) V(X)(l - %) + X dt X
we get
g dPgqg(x
V< x'=5%yx  Vx#0and po > pg.

We have V < 0 for all x # 0. Therefore the origin is globally asymptotically stable.
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12.5. Semi-global observer based measurement feedback designs

Before we proceed with our design, it is necessary to introduce a Special Coordinate Basis (SCB) of

the given system (12.1) in the absence of saturation and uncertain element f(x,?). Consider

X = Ax 4+ Bu

= Cx (12.9)

where x € R”, u € R™ and y € R?. Without loss of generality, we assume that B and C have full rank.

Then, there exist nonsingular transformation matrices Iy, Iy and I, such that

y
where /
= / / / / ! U = / /

x_(xa Xp X xd)’y_(yb yd)’u_(uc ud)/’

/ /
Xp = (xb,1 xb,mb) o Kb = (xb’“ xb”"i) ’
/

/ /
xd = (xd,l Xd’md) Xd’l = (Xd,il xd’iqi) )

’ !/
yp = (Yb,l yb’mh) s yd = (yd,l/ yd,md) ’
Ug = (ud,1 ”d,md) J

and where x4, xp, X and x4 are of dimension n,, ny, n. and n 4 respectively, y; and y4 are of dimension

myp, and m 4 respectively, u. and u, are of dimension m — m, and m  respectively,

m m
n=ng+np+nc+ng, np=Yy:2ri, ng=yidqi,
mp +mg = p.

In the new coordinate basis, we have

Xa = AagaXa + Lapyp + Laaya:
Xe = AceXe + Lepyp + Leaxg + Be[EcaXxa + ucl.

Fori =1,...,my,
Xpi = Ar;Xp; + Lp;pyp + Lp,aya
Vi = CriXp,i = Xp i, -

Fori =1,...,my,
Xgi=AgXdi+ Liya + Bgilug; + Eiaxa + Eipxp + Eicxe + Eigxq]
Yai = Cq;Xdi = Xd i,

where

0 0

A,:(O 1,_1), B.=(0 ... 0 1),
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The SCB given above displays explicitly both finite and infinite zero structure of the system given in
(12.9), and has a number of important properties (see [99, 92]). We need to stress that in view of these
SCB properties, Assumption 12.2 implies that A4, is Hurwitz, and x. and u. do not exist. Hence we
have m; = m and my = p —m. Moreover, the input transformation I3, = I, in another word, we don’t

need to transform the input.

We now proceed to implement the low-and-high gain controller designed in Section 12.3 using a

high-gain observer under Assumption 12.2.

The measurement feedback is of the form:

X=AX+ Bu+ L{)(y —CX)

N 12.10
u=Fru(e p)x ( )

where Fr g (g, p) is given by (12.3) and where parameterized observer gain L({) is designed shortly as

given in (12.11).
We construct the high gain observer in following steps:

Step 1: Transform the system into the Special coordinate basis. Given Assumption 12.2 satisfied, we

have , / ’
X = (xg xl’) x;l) , V= (yl; y(’j) , U= (ud,I ud,m,)
/ /
Xp = (xb,l e xb’p_m) s xbi = (xb,il e Xb’iri)
/ /
/ /
Xg = (xd,l xd,m) , Xd; = (xd’,-l Xd’l'qi
/ /
vo=0b1 - Ybp-m) . Ya= Va1 - Yam)
Xa = AaaXa + Lapyp + Laaya,
andfori =1,...,p—m,
Xpi = Ar;Xpi + Lp;pYp + Lp;aya
Yb,i = CriXp,i = Xpj,
Fori =1,...,m,

Xgi=AgXa;+ Liyq + Bgilug; + Eiaxa + Eipxp + Eigxq]

Vdi = Cq;Xdi = Xd iy

Step 2, Since (Ay, . Cy,;) is observable, for i = 1to p —m, choose Lp; € R’"*! such that Af, =

Ay; — Lp; Cy, is Hurwitz.
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Similarly, (Ag;, Cy;) is observable. For i = 1 to m, choose Ly ; € R% %1 such that Ag, = Ag —

Ly ;Cy; is Hurwitz

Step 3, For any £ € (0, 1], define a matrix L(£) € R"*? as

Lab Lad
L(6) =Tk | Lpp + Lp(t) Lpg ryt (12.11)
0 Lagg La(¥)
where
Lp,p Lp,a Ly
Lp,p Lp,a L
Lpp = : s Lpa=| . |- Laa=1| . |
pr—mb med Lm

Ly(0) = bikdiag {Sy, () Ly,1} /1"
Lg(€) = blkdiag {Sg, () La; )7,

and S, (¢) = blkdiag {Ei }:=1 for any integer r > 1. We have following theorem

Theorem 12.3 Consider the system (12.1). Let Assumptions 12.1, 12.2, 12.3 be satisfied. There exist
e*, px and £* such that for any ¢ € (0,e*], p > p* and £ > £*, the measurement feedback controller

(12.10) solves the Problem 12.3.

In order to prove this theorem, we need to establish the following lemmas. Let ¥ denote the system,

5. | =A%+ BloG) + f(x + Te,1) + Ee]

i A (12.12)

where x € R”, u € R, ¢ € R¥ and A, is Hurwitz stable. Let P, be the solution of the Lyapunov

equation, i.e.

AL Py + PyAy = —I.
Define t = JA(E'E) and k = JA(T'T).
Lemma 12.1 Given d,€ € (0, 1). Let ¢ > 0 be such that
|B'Pex|| <1 Vxe{xeR":x'Pex <c?+ 1},

where Pg is as in (12.2). Define

max{l,(r2+1)/\max(Po)}
. Ama)((})é';‘) ’
mm{l’ Amin(Qe) }

F = V2 + 1(y/Amin(Pe) ™1 + i 3/[(22 + DAmin(Po)]™ 1),
_ 2 _ 2mM? _ 2,2
'OT - (cZ—ir-nl)y’ 'O; - lmri’:(Qs)’ p; =2mM k"

go(s)}

y = M = supse(o,F) { s
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Assume p > max{p}, p5,p3}. For the system Y that satisfies Assumption 12.1 and 12.3, and with

controller (12.3), there exists a continuous function ¥ : R” x R”™ — R™ such that the function
V(x,e) = x'Pex + (12 + 1)e’ Pye
satisfies V < —y/(x, e).
If Assumption 12.4 is not satisfied, then
(x'.e') € Ly(c* +1) = y(x,e) > y(V — “f+5
If Assumption 12.4 is satisfied, then

(x'.e'Y € Ly(c? + 1) = y(x,e) = 0.5y V.

Proof : Note that u = —(1 + p)B’P.x. We denote B’ P,x by v and denote the ith component of v

and f(x + Te,t) by v; and f; respectively. Consider the derivative of V' along the trajectory in the set
Ly(c?+1),

V =—x'Qex —2V[0((1 + p)v) — f(x + Te,t) —v] —v'v + 20 Ee — (t2 + 1)é’e.

Similar with the proof in Section 12.3, we have

N

Vo((1+ ) = f(x + Te) —v] < 335 < 2

i=1

le

Hence
y / = f-2 ! o7 241
V <—x Q@c—kZﬁ—ee = —y[V(x) - 51
i=1
Moreover, if Assumption 12.4 is satisfied and p > max{p}, p5}, we have

. 2 2
V(x) = —x'Qex + MM xtTel” ”2xp+Te" —ée
2 2 2 2
<= ¥/ Qox + MMPULPECLeP) _ 1,

2 2,2
<~ [0.5%min( Q) — M| — 0.5 — Mo 2
—0.5yV(x)
<—0.5yV(x).

The following Lemma is the same as Lemma 4 in [91], which is adapted from [133].
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Lemma 12.2 Consider the nonlinear system

z= f(z,e,t), ze€RY
é =LAe + g(z,e,t), ecR™

where £ > 0 and A is Hurwitz matrix. Assume that for the system z = f(z,0,7), there exists a
neighborhood ‘W of the origin in R” and a €; function V; : W; — R™ which is positive definte on

Wi \ {0} and proper on ‘W, and satisfies

PLF(.0.0) < =y (2),

where 11(z) is continuous on ‘W; and positive definite on {z : vi < Vi(z) < ¢; + 1} for some
nonnegative real number v; < 1 and some real number ¢; > 1. Also assume that there exist positive real

numbers « and B and a bounded function y with y(0) = 0 satisfying

I f(z.e.2) = f(z.0.0)] < y(llel) . N
lg(z.e.0)|| < alle| + B V(z.e,t) e{z € R" : Vi(z) <1 + 1} x R" x R

Let c3(€) be a class K function satisfying limy_ o C%;D = oo and P solves the Lyapunov equation
2

A’P + PA = —I. Define the function

Vi(2) In(1 + €' Pe)
V(z,e) =c———————— ¢ '
(z.e) clcl +1-T711(2) +ea( )cz(ﬁ) + 1 —In(l +¢'Pe)

and the set

W:=1{z:Vi(z) <c1 + 1} x{e:In(1 + e Pe) < cr(f) + 1}.

Then, for £ > 0, V : ‘W — R™ is positive definite on ‘W {0} and proper on W. Furthermore, for any
vz € (0, 1), there exists an £*(v3) > 0 such that, for all £ € [€*(v3), 00), the derivative of V along the
trajectories of systems satisfies V' < —r»(z, ) where 2 (z, €) is positive definite on {(z, €) : v + vy <

V(z,e) <c?+c3(l) + 1}

Next, we proceed to prove theorem 12.3.

Proof of theorem 12.3 : Consider the closed-loop system of (12.1) and (12.10),

X =Ax+ Blo() + f(x.1)]
=A%+ Bu+ L(O)(y — C%) (12.13)
u= Frg(e p)X.
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Using the state and output transformation I'y and I}, we transform the system into its SCB form,

=TIy = (x x), xd)/, );c=1“_1x=(fca X, *
We construct a new state as
F=rE x ). = ¢ <),
where eg = xg — X4, €p = Sp(£)(xp — Xp), eq = Sq()(xg — Xg),

Sp(£) = blkdiag {£7 S (O}

. i —1 m
Sa4(0) = blkdiag {£4 ;1 (O} .
We denote e = (e}, e/;)". Then the closed-loop system in the new basis is

X =A%+ Blo(u) + f(X + I'xqea,t) + Eqeal,
éq = Aeg,

épa = LApgepq + Bpplo(u) + f(X + Ivaea,t) —u + Epg Syt (D)epal,

u = Fru (e p)[X — Tnpa Sva () 'epal,

where
Eq=[Ewa ... Ema]
Abd = diag{Agl’Aiz""’Agpfm’Alcll’Aflz”"’A;m
Bpq = [0,diag{Bg,, By, ..., Bg,}'

Ewp Erg
Eyp  Ezg

Epa = : :
Emb Emd

Spa (€) = blkdiag{Sy(£), Sq ()}

and Iy = (I'q, Dypg) With Tyg € R™"a and I'ypy € R0 tna),

(12.14)
(12.15)

(12.16)

(12.17)

Consider the dynamic of X and e,. We will apply Lemma 12.1. Set e = 0 in the closed-loop

equations (12.14), (12.16) and (12.17). Then, we have
X = AZ + Blo) + f(% + Ivaea.1) + Eacal

éq = Agaeq
u = Fry(e p)Xx.
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By Assumption 12.2, A4, is Hurwitz stable. Let P, > 0 be the solution of
ALy Pa + PgAga = —1.
Following Lemma 12.1, we define
Vi(¥, eq) = X' Pe¥ 4 (12 + 1)e,, Paeq,
where T = \/m . Let ¢; > 1 be such that
cf > sup{V1(X,eq) | (x,X) € W,e € (0,1)}.
There exists an ¢* such that for any ¢ € (0, £*)
IB'P.x| <1, VY(x,%) € Ly, (c1) = {Vi(F,eq) <cf + 1}
Fix ¢ € (0, &*]. Let Ppq satisfy the Lyapunov equation
A;Jded + PpgApg = —1,

and let V3 = e, ; Ppgepq. Observe that from the definition of Sy ({), if we assume £ > 1, there exists a

k > 0 such that, for any r > 0, we have
||()?’,e£l,e;d)’|| <r= |2 <kr (12.18)

Moreover, this k is independent of £ provided that £ > 1.

We can choose v € (0, 1), a strictly positive real number such that, for all £ > 1, we have
Ly, (v) x Ly, (exp(v) — 1) C W.

Such a v exsits since Wy contains zero in its interior, Pg, P, and Py, are positive definite and (12.18)

holds for all £ > 1. It follows from Lemma 12.1 that if

* 0,2
p > max{p}, G

we get Vl < —¥1(X, eq), where

(¥.e)) €{y < Vi(X.eq) <cf+ 1} = —Y1(F,eq) <O. (12.19)
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Let p be fixed. Choose
c2(0) = In(1 + Amax (Ppy RZZT0H7)y),

where R is such that (x, X) € W implies that ||x; —Xp|| < R/2and |x; —X4]| < R/2. Obviously ¢ (£)

is of class K and satisfies
lim —5- = oo.
(o0 3O — %
We then define the Lyapunov function

20 c2(0)In(1 + e, Praepa)
A+1-V; O+ 1—In(l + epa Praepa)’

Va(X,eq.epq) =

and the set

Wy = {(X Xeq) : Vi(X,eq) < C% + 1} x {epg : In(1 + eZdedebd) < c(f) + 1} (12.20)

It then follows from Lemma 12.1 that for all £ > 0, V5 is positive definite on ‘W, {0} and proper on 'W;.

Furthermore, there exists an £* (g, p, v) such that, for all £ > £*(s, p, v), we have
Va < —¥a(%, eq, €pa),
where ¥ (X, eq.€p4) is positive definite on
W3 := {(%, eqrepq). v/2 < Va < cf + c2(0)* + 1},

It is clear that (x, X) € W implies V; < cf + c%(ﬁ) and V> < v/2 implies (x, X) € Wy. This completes
the proof of item 1 in Problem 12.3.

If Assumption 12.4 is satisfied, it follows from Lemma 12.1 that for p > max{p}, p3} and for any
v € (0, 1), we have

(X', el) € {v/4 < Vi(X,eq) <c? 4+ 1} = Y1 (F,eq) > 0.5y V.

This implies that the origin of (X, ¢;) is locally exponentially stable. Then for any a priori given neigh-
borhood # of the origin, the local asymptotic stability of the origin of (X, e4, epg) With a domain of

attraction containning J¢ follows from the standard singular perturbation result. [ |

So far we have discussed semi-global stabilization along with disturbance rejection while utilizing

measurement feedback. Along the same lines, a similar result for global stabilization can be developed.
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12.6. Conclusions

Low-and-high gain and scheduled low-and-high gain state and measurement feedback design method-
ologies are expanded and generalized to solve semi-global and global internal stabilization along with
disturbance rejection for the case of matched disturbances and uncertainties for linear systems subject to

actuator saturation.
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CHAPTER 13

Further results on the disturbance response of a double
integrator controlled by saturating linear static state feedback

13.1. Introduction

In the previous chapter, we proved that for disturbances that are exactly matched to the input and have
magnitude smaller than the level of saturation by a known margin, a nonlinear static state or dynamic
measurement feedback can be constructed to ensure a bounded closed-loop state. The assumption that the
disturbances magnitude are strictly below the saturation level is, although natural, too restrictive. From
this chapter to the end of Part II, we shall consider the general non-input additive case which does have
to be matched and can have large magnitude. Of particular interest in dealing with such disturbances, is
the study on identifying classes of disturbances for which a controller can be designed to yield bounded

closed-loop state trajectories. We begin this study with a simple double-integrator system in chapter.

The double integrator system is commonly seen in control applications including low-friction, free
rigid-body motion, such as single-axis spacecraft rotation and rotary crane motion (see [78] and refer-
ences therein). An interesting and widely studied problem is the control of double integrators subject
to input saturation. A classical result is that a double integrator with a saturating linear static feedback
provides global asymptotic stability of the origin. This result has been extended to mixed-type systems in
[141] and [153]. Many other control methods have also been proposed. A brief summary and comparison

of various methods is given in [78].

Compared with the relatively mature study of internal stabilization, the dynamic response of a double
integrator with saturating feedback to external disturbances is still not fully understood. In this chapter,
we study the disturbance response of a double integrator controlled by a saturating linear static state
feedback, as given below:

X 1 = X2
(13.1)
).Cz = o(—k1x1 — kzXz) + d.

where o represents the standard saturation function o (s) = sign(s) min{1, |s|}. The goal is to identify a
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class of disturbances for which the states of the above controlled system remain bounded. [12] and [117]
have previously studied this problem in the context of £, stability. They showed that for any k1 > 0 and
ko > 0, (13.1)is £, stable for p € [1, 2], and, moreover, the trajectories remain bounded for any d € &£,
with p € [1,2]. However, for any p > 2 there exists d € &£, that cause the states to grow unbounded
from certain initial conditions. [106] studied the notion of input-to-state stability (ISS) (see [111]) for
system (13.1), and proved that no choice of k1, k> can achieve ISS. Specifically, there exist bounded
disturbances with arbitrarily small &£, norm that cause the states to grow unbounded from certain initial
conditions. Even more dramatically, unbounded growth can be achieved by vanishing disturbances with

arbitrarily small £, norm.

[149] extended the negative result from [106] to classes of small £, signals with further restric-
tions. However, [149] also showed that boundedness of the states of (13.1) is preserved for a particular
class of small disturbances that have bounded integrals over all intervals. To be precise, let a family of

parameterized sets be defined by
1%
Gu = {d € Loo() | V11,1220, /d(z)dz <M.
51

where £.0(1) denotes the set of &£, signals of magnitude less than 1. For a given linear state feedback,
it was proven that for any M > 0 there exists a ¢* > 0 such that the states of (13.1) remain bounded
for any disturbance d(1) = ¢s(¢), where s(t) € 23 and ¢ < g*. In other words, signals with bounded
integrals can be tolerated if they are scaled down by a sufficient amount. It was furthermore shown
that a small bias in d(¢) can be tolerated while still achieving boundedness of the states. The class of
disturbances considered by [149] covers a broad class of signals, such as periodic, quasi-periodic, and

&£1 signals.

This chapter is an extension of the work in [149]. Our focus is also on disturbances with bounded
integrals; however, we strengthen the results from [149] by dispensing with the magnitude restriction on

d and removing the attenuation factor ¢. Specifically, we consider the family of parameterized sets
5]
2y =3d €foo | V1,120 >0, [d(t)dz <M. (13.2)
131
If a signal d belongs to §237 for some M > 0, we refer to it as an integral-bounded signal, and we refer
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to M as an integral bound on d.

We first prove a new negative result, namely, that for a given linear static feedback law, there always
exist integral-bounded signals that cause the trajectories of the system to grow unbounded from some
initial conditions. Our next result, however, shows that if an integral bound M is known a priori, then
k1 and k, can always be designed to ensure boundedness of the states, regardless of initial conditions.
Moreover, boundedness can be ensured also if the integral-bounded disturbance is biased by a DC signal
of magnitude less than 1. Finally, we prove an even stronger result for disturbances consisting of a finite
number of sinusoids plus a DC offset of magnitude less than 1. In this case, any internally stabilizing

linear static feedback law ensures boundedness of the states.

13.2. Main result

The first theorem shows that not every internally stabilizing static linear law can maintain bounded-

ness of the trajectories in the face of integral-bounded disturbances.

Theorem 13.1 Consider the system (13.1) with k; > 0 and k» > 0. There exists an integral-bounded

signal d and an initial condition such that x; and x, grow unbounded.

Proof : Define y; = kyjx1 + kaxa, y2 = kaxp and f = %t. Then the closed-loop system in the new
coordinates and with 7 as the time variable becomes

d - - - -
%(r) = yo(0) — A [o(y1 () — d(D)].

dr
df

(13.3)
(@) = —A[o(n(@) —dD)],

where A = k3/k; > 0. We shall construct an integral-bounded disturbance d that causes the states to

grow unbounded from a particular initial condition.

Step 1: Suppose the trajectory of (13.3) starts from A = (1, NA), for some large integer N, at time

4 = 0. We will construct a d to drive the states from point 4 to B = (1, —(N +2)A) at time 7g. Choose

d(f) = 2m sin(mt).
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Let

di(v)dt = 27 — Zsin(n ).

o—_

f
dy(f) = /d(r) dr = 2(1 —cos(wt)), da(f) =
0
Since %(O) = y,(0) — A, we see that for large N, the trajectory will initially move to the right. If
y1(f) > 1, we have
y2(f) = y2(0) — Af + Ad1(f) = NA — At + 2A(1 — cos(r7))

and

f
1@ = 31(0) + / ya(0) dt — A7 + Adi (7)
0
= y1(0) + NAT — 272 4+ Adp (D) — AT + Ady (D)
= y1(0) + NAT — 272 4+ 247 — 2 sin(w7) — A7 + 2A(1 — cos(x 7))
= 272 + (N + M7 +2x(1 = cos(ni)) — 22 sin(n i) + 1.

Given a sufficiently large N, y1(7) only has one intersection with y; = 1 for 7 > 0. This is shown in the

Appendix. For 7 = 2N + 2, we have
2
yi=-ACNEDT L (NA L ) XN +2)+1=1

and
2N+2

y2=NA—AQ2N +2)+ A / d({)di = —(N +2)A.
0
This shows that the trajectory will cross y; = 1 at B = (1, —(N + 2)A) at time ig = 2N + 2. We have

lNB l~2
/d(f)df: 0. /d(f)df <4withiy <f <b <75,
0 fl

Step 2: From 7, set d(f) = o(y1(f)). Then

dyl ~
— (1) = 5
dt() Y2
dy2 ~
7 O
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The trajectory will move directly toward the left to C = (=1, —(N + 2)A) at time 7, = ip + ﬁ

Clearly, for N sufficiently large,

t~c 172
/d@&:a /ﬂﬂ&flmmhsﬁsésk.

B 5]

Step 3: From 7¢, choose

d(f) = —2m sin(xt).

Following the same argument as in Step 1 with N replaced by N = N +2, we find that the trajectory will
re-cross y; = —lat D = (=1, (N +2)A) = (=1, (N +4)A) attime ip = ic +2N +2 = ic +2N +6.

Similarly

tb 5]
/d@&:& /ﬂﬂ&§4mmk§ﬁ§ﬁ§h.

tc 151

Step 4: From 7p, choose
d(f) = a(y1(7)).

The trajectory will move directly to the right and cross y; = 1 at E = (1,(N + 4)A) at time /g =
ip + NLM' We have
e )
/d@&:& /aa&51mm@§agg5&.
ip f
The system trajectory resulting from Steps 1 through 4 is visualized in Fig. 1. By repeating these steps,

the state grows unbounded, and we can check that the constructed disturbance signal satisfies

%]
/d(f)df <44+1+144=10=M

151

forany 0 = 74 < 11 < 5. In the original time variable 7, we calculate the integral bound as

1 R ‘
/d(t)dt = |2 f d(f)di| < 2Mm
1 %tl
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Figure 13.1: State trajectories of double integrator with A = 1

Hence, we have shown that there exists an integral-bounded signal with integral bound M = %M =

102—? that causes the states to grow unbounded for a particular initial condition. [ |

Next, we show that if an integral bound M is given a priori, then we can always design a static

stabilizing linear feedback to ensure boundedness of the trajectories.

Theorem 13.2 Let M be given. If k; and k, satisfy % > 16M, then for any d € £2)7 and any initial

condition, we have x1, x3 € £o0.

Proof : The proof of Theorem 13.2 is a consequence of Lemmas 13.1 and 13.2 which are stated and

proved below.

Lemma 13.1 Consider the system
X1 =x2+y,

(13.4)
X2 = o(—k1x1 — k2x3),
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where |y(¢)| < 2M for all ¢ > 0 and % > 16M . In that case, we have x1,x, € Lo for any initial

condition.

Proof of Lemma 13.1 : Define a positive definite function V' as

kixy kixi+kaxs
V= / o(s)ds + / o(s)ds + klxg.
0 0

This function was first introduced in [12]. Differentiating V' along the trajectories yields

V = (kixz2 + k1y)o(kix1) — 2k1x20 (k1x1 + k2x2)
+ [k1x2 + k1y — koo (k1x1 + kaxa)] o(ki1x1 + kaxz)
= kixz [o(k1x1) — o (k1x1 + kox2)] — k2o (kix1 + kax2)k1y[o(k1x1 + kax2) + o (k1x1)]

<kixz [o(k1x1) — o (kix1 + kax2)] — kao® (k1 x1 + kax2) + 2k1|y].
If |k1x1 + kaxa| > % then
—kpo? (k1 x1 + kax2) + 2kq|y| < —16Mky x % + 4k; M < 0.

Hence
V <kixa[o(kix) —o(kixy + kaxz)] < 0.
If |k1x1 + kaxa| < %, then by using Lemma B.2 in [107], we get
kix2 [o(k1x1) — o (kix1 + kax2)] < —Elxa0 (ko).
If we also have that |x,| > max{8M, é}, then

kixz [o(kix1) — o (kixt + kax2)] < —Exao(kaxa) < —4ki M,

which yields V' < 0. We therefore conclude that V' < 0 outside the region defined by |k1x; +koxs| < %

and |x2| < max{8M, %} Hence, V remains bounded, which implies that x1, x5 € £o. [ ]

Now consider the double integrator system (13.1). We construct a fictitious state

Yy =0(—kix1 —kax2) —o(—kix1 —kaxa + kay) +d, y(0)=0.

286



By defining z = x5 — y, we obtain the augmented system

X1 =z+y,
z =0(—k1x1 — ka2),
Yy =0 (—ki1x1 — kaxz) —o(—k1x1 —kaxo + kay) +d,

with y(0) = 0, z(0) = x2(0). From Lemma 13.1, we know that given % > 16M, x; and z remain

bounded provided |y| < 2M . The latter statement is proven by the following lemma.
Lemma 13.2 Consider the system
y=0W)—ol+kyy)+d, y@0)=0, (13.5)

where k» > 0, d € 27 and v is continuous. We have |y(¢)| < 2M forall ¢t > 0.

Proof of Lemma 13.2 : Define
y=d, 7(0)=0.

Since d € $2)y, the solution satisfies |y (¢)| < M for all 1 > 0. Define y = y — y. We have

y=0@) —o+ka(F + 7)), 7(0)=0.

Define a positive definite function V = 72. Taking the derivative of V with respect to ¢, we get
V=5lo@-o@+k(+ 7).

If V> M2, then |j(t)] = M > |7(¢)|, which implies that k»(7 + 7) has the same sign as 7. It then
follows that 17 < 0. Since V(0) = 0, we can conclude that V < M2 and thus |j(t)| < M forallz > 0,

and it follows that |y ()| < |y(¢)| + |y ()] < 2M forall ¢t > 0. [ |

From Lemmas 13.1 and 13.2, we know that x; and z are bounded. Since y is bounded as shown in

Lemma 13.2, we conclude that x1, x2 € Loo. [ |

An immediate consequence of Theorems 13.1 and 13.2 is that if k; and k, are arbitrary positive real
numbers, then boundedness is guaranteed if the integral bound M is sufficiently small. This is formally

stated in the following corollary.
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Corollary 13.1 For any given k1 > 0 and k; > 0, we have x1,x; € £o0 if d € 27 with M < Tok -

In the next theorem we consider integral-bounded disturbances that are biased by a DC signal. We
show that, if the magnitude of the bias is less than 1 by a known margin, and an integral bound M is

known a priori, then k1, k» can be chosen to ensure boundedness of x1, x5.

Theorem 13.3 Let M > O and § € (0, 1] be given, and suppose that d = d + d» where d is a constant

with |d1| < 1 =68 and dp € 2p7. If k1, ko satisfy kp > max{%, 48§5M

}, then x1, x2 € Loo.

Proof : The closed-loop system is given by
X1 = X2,
X2 = o(—k1x1 —kax2) +di + d>.
We construct a fictitious state
y = o(—kix1 —kaxz) —o(—kix1 —kaxz + kz2y) +da,  y(0) =0.

Lemma 13.1 shows that |y(¢)| < 2M for all # > 0. Similar to the proof of Theorem 13.2, we define

z = xp — y and convert the closed-loop system to the form
X1 =z+4y,
z =0(—kix1 —kaz) + di,
with z(0) = x2(0) and y € £o0(2M).
We also introduce another fictitious state
W =o0(—kix1 —kzz) —o(—kix1 —kaz + kow — dy)

with w(0) = 0. Following the same argument as in the proof of Lemma 13.2, we can show that |w(¢)| <

% < M forallt > 0. Define £, = x1,& =z — w = x5 — y — w. Then (13.1) can be transformed

into

El=6&+w+y,

£y = o(—k1k1 — kakr — d1) + di,
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where £1(0) = x1(0), £&2(0) = x2(0) and |w(z) + y ()| < M +2M = 3M for all ¢ > 0. Since w(r)
and y(¢) are bounded, we know that x; and x, are bounded if £; and &, are bounded.
Define 64, (s) = o(s — d1) + dy with |d;| < 1 —§. Then

1+dy, s>1+d,
0q,(8) = 3, —1+d <s<1+d, (13.6)
—1+di, s=<-1+4d;.

This function can be viewed as a generalized saturation function, which is visualized in Fig. 13.2. It is

Ga,(s)

Figure 13.2: Generalized saturation function 64, (s)

easy to verify that 64, satisfies the following properties:
1. [0g,(s)] <2
2. 504,(s) = 0and sG4,(s) = 0iff s =0
3.8 [6d1 (v +5) —0gq, (v)] >0

Moreover, it is shown in Lemma 13.3 in the Appendix that if |v| < S then

s [Gq, (v +8) — G4, (v)] = 505/2(5).

where 05/, (s) is the standard saturation function with saturation level §/2, which is defined by 05/, (s) =
sign(s) min{3/2, |s|}.

With this generalized saturation function, the closed-loop system can be rewritten as

El=6&+w+y,

£ = 04, (—k1&1 — k2&2).
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Define a positive definite function

k1§ ki1§1+kabo
V= / Ggq,(s)ds + / G4, (s)ds + k1£3.
0 0

Differentiating V' along the trajectory yields

V = (kiks + k1w + k1 y)Ga, (k1£1) — 2k16264, (k1§ + kag2)+
[ki&2 + k1w + k1y — kaba, (ki1 + k22)] G4, (k1 E1 + kat2)
= k1&2[Ga, (k1€1) — Ga, (ki§1 + ka£2)] — ka5 g, (k11 + kak2)
+ki(w + y) [Ga, (k1§1) + Ga, (k11 + k282)]

< k1&2 [G4, (k1§1) — 64, (k1E1 + k262)] — k2551 (k11 + k2&2) + 12k M.
If [k1£1 + kaEa| > 5. then

k252 (kiy + kab2) + 12k M < —$8K M 82 4 1ok 01 = 0,

and hence V < 0. If |k1 &1 + ko&5| < $ and |&2] > max{zikz, %}, then by using Lemma 13.3 we have
k182 [6a, (k1£1) — Ga, (k1£1 + ko£2)] < —k18205)2(k282) < —k1 2348 < 12k M,

and hence V' < 0. We therefore find that V' < 0 outside the region defined by |k1&1 + ka2&2| < %

and |&| < max{z%, %}. It follows that V' remains bounded, which implies that £ and & remain

bounded. [ |

Our final result concerns a special case where the disturbance consists of a finite number of sinusoids
together with a DC bias of magnitude less than 1. In this case, any internally stabilizing linear static

feedback controller guarantees that the states of the system (13.1) remain bounded.

Theorem 13.4 Consider the system (13.1) with k1 > 0 and k, > 0. Suppose that d = d; + d,, where

dj is a constant satisfying |d1| < 1 and d> is generated by an exogenous system

w = Aw, w(0) = wo,

d =Cuw,

where A is non-singular and satisfies A + A" = 0. We have x1, x, € £ for any initial condition.
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Proof : We can rewrite the closed-loop system in a compact form:

w A 0 0 w 0
X1 =10 0 1| |x1|+|0]|[o(—kix1—kax2)+di].
sz C 00 X2 1
Consider the state transformation
w 1 0 0 w
¥1|=]-C4A2 1 0||x;
X2 —CA ™V 0 1] |x
This transformation results in the system
w A 0 O w 0
X1 = 0 0 1 X1 + |0 [O (—(k1CA_2+k2CA_1)w—k1)21 —kz)zz) +d1].
X2 0 0 0f]x 1

Define v = —(k1CA™2 + ko,CA~YYw + d;. Then
0(—(k1CA™? + kyCA ™ Yw — k1 X1 —kaX2) + di = 0 (v — k1 X1 — kaXo — dy) + d;
= 0q4,(—k1X1 — k2X2 + v),

where 04, is the generalized saturation function defined in the proof of Theorem 13.3. The dynamics of

X1 and X, can now be written as

X1 = X2,
X2 = 0g, (—k1x1 —kaXxa + v).

Clearly v € £. It was shown by [12] that the (X1, X») dynamics is £ stable from v to X1 and X, for

any k1 > Oand kp > 0. [ ]

Remark 13.1 For ease of presentation, we use a standard saturation function with saturation level 1,
but all the results obtained in this chapter can easily be extended to the case where a saturation function

with arbitrary saturation level A is used.

Appendix

Intersection problem in the proof of Theorem 1

We shall show that

y1(f) = =472 + (N + M)F + 2A(1 — cos(n 7)) — 2 sin(7) + 1
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has only one intersection with y; = 1 for f > 0 and sufficiently large N. Let
- .o~ ) ~ ~ . )~ . dyy -
tp =min{t > 0: y,(¢) = 1}, tozmlnt>0.g(t):0.

Given y1(0) = 1 and % > 0, we must have 71 > fo. Note that

dy:

F(f) = —A + NA+ A+ 27 sin(xt) — 2A cos(rt).

Hencefo > N +1—2m —2 > % for sufficiently large N. However,
1) = =22+ (NA+ Q) —4r 21 + 1

Hence we have

A2 (NA+ Q)i —4A—21 <0

or equivalently

IF—(N+Dih +6>0

This implies

fl <rp, Or l‘~1 > 1)

where r1 and r, are two roots of 72 — (N + 1) + 6.

ra=N+1F(N+1)2-12

Note that

=

12
rnm=N4+1—y/(N+1)2-12= <
N+1+ (N +1)2-12

for sufficiently large N. Since we already know 71 > 7o > &, we must have 7; > r,. But then
rp=N+1+J(N+1D2=12>N+1+ /(N +1)2/4=3(N +1)
for large N. We find that f; > 3(N + 1). But for7 > 3(N + 1), we have

dyr _ _
%(z) < =3X(N 4 1) + NA + A + 247 sin(f) — 24 cos(x i)

< —1A(N + 1) + 247 sin(nf) — 24 cos(n7) < 0

for sufficiently large N. This shows that y1(f) < 1 for all 7 > 77, and hence, the only intersection with

y1 = lisatf = 1.
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Property of 64, (s)
Lemma 13.3 The generalized saturation function 6,4, defined in (13.6) with |d1| < 1 — § satisfies
5 [6a, (s +v) =G4, (V)] = 505/2(5)
for |v| < % where 03/, (s) denotes the standard saturation function with saturation level §/2 defined as
0s/2(s) = sign(s) min{/2, |s|}.
Proof : If |s| < $ we have [v + 5| <8 < 1—|dq]. By definition (13.6), we have 64, (s + v) = 5 + v.
Hence
04,(s +v)—064,(V)=5s+v—v=s5s.
If |s| > 8 it can be seen from Fig. 13.2 that
164, (s +v) — 64, (v)] > ISign(s)% +v—v|= %.

Hence s [6d1 (s +v) —0gq, (v)] > 505/2(5). [ |
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CHAPTER 14
Control of a chain of integrators subject to actuator
saturation and disturbances
14.1. Introduction

This chapter is a continuation of previous chapter onto the general case where integrator-chain has

length greater than 2. Specifically, we are interested in the following system:
XxX=Ax+ Bo(u)+ Ed, xeR" ueR, deR", (14.1)

where x, A and B are given by

M3y 0 1 0 0]
X 00 1 0 0

x=|X3|, A=1]0 0 0 0|, and B=|0], (14.2)
. Do o1 :
[ Xn_ 00 0 -+ 0] 1]

and u is a control input. The function ¢ (-) denotes a standard saturation; that is, o (u) = sign(u) min{1, |u|}.
Since there are more places where disturbances can affect the system, the situation becomes more com-
plicated compared with double integrator. Hence, it is prudent to first classify the disturbances according
to the convention. If £ = B, the disturbance is said to be matched with the control input. Otherwise,
the disturbance is said to be unmatched. We will also deal specifically with the situation B'E = 0,
in which case we say that the disturbance is misaligned with the input. The goal is to identify a class
of disturbances for which the boundedness of the state can be ensured by a static or dynamic feedback

controller.

This chapter is a further extension of the results in [106, 149] and previous chapter for n > 2. We
shall show that a result similar to the double-integrator case holds for the case n > 2 as well; namely,
that by the proper choice of feedback law, boundedness of the states can be ensured for both (i) matched,
integral-bounded disturbances; (ii) misaligned, magnitude-bounded disturbances; and (iii) a combination

of the two.

294



The chapter is organized as follows: In Section 2, we recall some standard notations and present the
main results of the paper. In Section 3, we first recall the classical low-gain feedback design, which we
use to develop a nonlinear dynamic low-gain feedback. In Section 4, we prove our main results based on

the feedback laws developed in Section 3.

14.2. Main result

We first recall some standard notations used in this chapter. Let the vectors ey, ..., e, denote the
standard basis for R”; that is, e; is a unit vector with the ith entry equal to 1. For a vector x € R”,
|x|| denotes its Euclidean norm and x” denotes its transpose. For a matrix X € R™*™_ || X || denotes its
induced 2-norm and X’ denotes its transpose. For a positive-definite matrix X € R"*", C = X 1/2 ¢

R™*™ is a non-singular matrix such that X = C’'C.

We define a class of integral bounded signal as in previous chapter

1)
200 = 3d € £oo | there exsits M > 0 such that /d(t)dt <M, Vitr>t;1>0
15}

We now present the main results. The first theorem shows that if the disturbance is misaligned with
the input (i.e., B'E = 0), then boundedness of the state can be ensured for any bounded disturbance by

using a nonlinear static state feedback.

Theorem 14.1 Consider the system (14.1) with B’E = 0. There exists a nonlinear state feedback such

that the closed-loop system satisfies the following properties:

1. In the absence of d, the origin is globally asymptotically stable.

2. Ifd € £, then x € £ for any x(0) € R”.

If the disturbance is matched with the input (i.e. £ = B), then the boundedness of the state trajecto-

ries can be preserved if the disturbance is integral-bounded.

Theorem 14.2 Consider the system (14.1) with B = E. There exists a nonlinear state feedback such

that the closed-loop system satisfies the following properties:

1. In the absence of d, the origin is globally asymptotically stable.
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2. If d € 2, then x € £ for any x(0) € R”.

We can combine the matched and the misaligned cases to obtain a more general case of mismatched

disturbances. Specifically, consider the system
X = Ax + Bo(u) + E1dy + Ezd», (14.3)

where B’Ey = 0 and E> is given by

E, = [Ez] (14.4)

o

where « is either a non-zero real number or a row vector with only non-zero elements and E5 can be an
arbitrary matrix with appropriate dimension. Based on the previous theorems, we can prove the following

result.

Theorem 14.3 Consider the system (14.3). There exists a nonlinear state feedback such that the closed-

loop system satisfies the following properties:

1. In the absence of d, the origin is globally asymptotically stable.
2. Ifdy € £oo and da € 240, then x € Lo for any x(0) € R”.

14.3. Controller design

In this section we shall construct controllers that will be used to prove our main results. We start with

a brief review of classical low-gain state feedback design.

14.3.1. Classical low-gain state feedback design

Classical low-gain feedback provides a family of parameterized stabilizing static feedback gains
that vanish asymptotically as the parameter approaches zero. The philosophy behind classical low-gain
design is that, by choosing the parameter small enough, the feedback gain can be made sufficiently
small so that the saturation remains inactive in the whole state space or within any pre-specified compact
subset. Classical low-gain design can be carried out using one of three approaches, namely, the method of

direct eigen-structure assignment [51]; the H, and Hs, ARE-based method [61, 130]; or the parametric
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Lyapunov-based method [159]. In this paper, we choose the parametric Lyapunov-based method because

of its convenient properties when applied to a chain of integrators.

Consider the system (14.1) and let P; be the unique positive-definite solution of the parametric

Riccati equation
A'P; + P.A— P,BB'P, + ¢P, = 0. (14.5)
The classical low-gain state feedback is given by
u = —B'P,x. (14.6)

It is shown in [159] that (14.6) solves the semi-global stabilization problem for the system (14.1). In the
global setting, the feedback takes the same form as in (14.6), but the low-gain parameter ¢, instead of
being fixed, is scheduled as a function of the state of the system. Such a scheduling has to satisfy the

following properties for some design parameter § < 1.

1. There exists an open neighborhood O of the origin such that for all x € O, g,(x) = 1.

2. Forany x € R", |B' P, (x)Xx| < 6.

3. g4(x) > 0 = ||x|| > o0.

4. For each ¢ > 0, the set {x € R" | x' Py, (x)x < c} is bounded.

5. There is a function g: [0, 00) — (0, 1] such that for all x # 0, £4(x) = g(x' Py, (x)X).
A particular choice of g4(x), given in [68], is

gq(x) =max {r € (0,1] | (x'P,x) x (B'P,B) < §%}, (14.7)

where P, is the solution of (14.5) with ¢ = r. Based on this scheduling, the feedback law is given by

U= _B/Psu(x)x. (14.8)
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14.3.2. Dynamic low-gain state feedback design

We now consider the chain of integrators and construct controllers that will be used to prove all the
theorems of Section 2. For the case of misaligned disturbances, which is treated in Theorem 1, we can
simply apply the classical scheduled low-gain state feedback (14.8) and (14.7) with § = 1. However, for
the matched case, treated in Theorem 2, and the combined case, treated in Theorem 3, we construct a

dynamic controller as follows:

Y = 0(=B' Py ()X),

u = _B/Psa()_c)x7 (149)
where Pg,(x) is the solution of (14.5) with
£ =¢eq(X) :=max{r €[0,1] | (¥'P,X) x (B'P,B) < }} (14.10)
and
X1
X =
Xn—1
y

14.4. Proofs of main results

We first prove Theorem 14.1 for the misaligned case B'E = 0.

Proof of Theorem 14.1 : Consider the scheduled static low-gain state feedback (14.8) and (14.7) with
§=1.

Define a Lyapunov function V(x) = x’ P, (x)x. Differentiating V'(x) along the trajectories yields

V = X' A' Py ()X + X' Po, () AX = 2 Py () BB Py (% + 2x" Py, () Ed + x'$Feat

< &V + 2x' Py () Ed + x'Feato .

In absence of d, we have that
V< —eV + x’—dpfj‘;(”x

It was shown in [48] that (14.7) implies that V and x’ dP’“"—“"‘)x can not have the same sign. Therefore,

dr
we find that

V<0
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for all x € R”. This shows global asymptotic stability. We proceed to prove Property 2. Lemma 14.1
given in the appendix implies that if B’E = 0, then there exists an M > 0 depending on system data
such that

IPM2E| < eM
for e € [0, 1].

For d € £, we have

V< —eV 20 PY2 IPY2 Elld oo + x' Fege x

£q(x) £q(x)

< =6V + 2eMVV |[d||o + x'Feate)

= —eVV(VV = 2M |ld|| o) + x' Leated

For V > 4M?||d ||, we have

y 1dPeg (x)
|/ < —calr)
X dr X.

The scheduling (14.7) guarantees that V and x’ dei#x cannot have the same sign. This implies that
V < 0for V > 4M?|d|?,. Hence, V is bounded for all # > 0. Boundedness of x follows from Property

4 of the scheduling. [ |
Next, we proceed to the matched case £ = B.

Proof of Theorem 14.2 : Consider the nonlinear dynamic low-gain state feedback controller (14.9) and

(14.10). Define y = x, — y. We have

y = 0(—B'Pg,(3)x) — (=B’ Psy)%) + d.

Note that x = x — Bx, + By = x — By. Hence
y = 0(=B'P,, 3% — B' P, (3)By) — 0(—B'Ps,()X) +d.
We therefore have
X=X—By = AX + Bo(—B'P.,(s)X) + en—1J.

In the new coordinates (X, y), the closed-loop system is given by

X = AX + Bo(—B' P, (s)X) + en—17,

. _ _ _ (14.11)
y = O’(—B/Psa(;c)x — B/PSQ()-C)By) — O‘(—B/Psa(;c)x) +d.
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We first show global asymptotic stability in the absence of disturbances. Close to the origin, we have

g4(x) = 1, and all the saturations are inactive. Equation (14.11) then reduces to a linear system

X = AX — BB'P1X + ep—17,
j =—B'P|By,

where Pj is the solution of (14.5) with ¢ = 1. Local stability is therefore obvious. To prove global

attractivity, consider the dynamics of y. Define a Lyapunov function V; = y2. We then have

Vi =25 [0(—B'Ps,z)% — B'Pe3)B7) — 0 (=B’ Ps(3)%)].
The scheduling (14.10) guarantees that |B’ P, ()X| < % Therefore, owing to Lemma 14.3 in the
appendix, we find that

Vi < —yo (B Pe,z)BY). (14.12)

This shows that y is bounded. Since B’e,—1 = 0, Theorem 14.1 implies that X is bounded for all # > 0.

Hence ¢,4(x) is bounded away from zero, which, together with (14.12) implies y — 0 as ¢t — 0.

Next consider the dynamics of X. Define another Lyapunov function V(%) = X’ P, (x)X and a set

K =15 | a(@) < gghorg)-
It can be easily seen from (14.10) that for X € K, e5(x) = 1. Differentiating V5 along the trajectory, we
have
Vo < —£4(X)Va + 2%/ Pe,(x)en—1) + x’dP”“(x’
= Pau X
< —ea(®)V2 + 2TV Pyl enall + ¥ g2 %
- = —1dPe,(5) =
< —£a(X)V2 4 2M2e4 (%) | 7]V V2 + X' —5 2 %
=~V (V2 =2 5)) + ¥ Lo ¢

Since y — 0, for given y(0) and x(0), there exists a T such that |y(7)| < min{%, } for

1
4M>+/B’'P1B
t > T. Therefore, fort > T and x ¢ K, /Vo —2M>|j| > @, and thus

y _&a(X) ~1dPey(x) =
Vo < > Vo + x X

Since V5 cannot have the same sign as X’ dl)fj#)?, we conclude that V> < 0 for ¥ ¢ K. This implies

that x will enter K within finite time after + = T and remain in K thereafter. For¢t > T and x € X,
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we have g4(X) = 1 and |y| < % All saturations are inactive and the system becomes linear. It therefore

follows that x — 0, which shows that the origin is globally attractive.

When disturbances are present, Lemma 14.2 shows that |J| € £ given d € 2. Boundedness of

x therefore follows from Theorem 14.1. [
Finally, we prove Theorem 14.3 for the combined case by using Theorems 14.1 and 14.2.

Proof of Theorem 14.3 : This proof is basically a combination of those of Theorems 14.1 and 14.2.
Consider the dynamic low-gain state feedback (14.9) and the scheduling (14.10). Define y = x,, — y.
We have

y = 0(—=B' P, (%)X) — 0(—B' P ()X) + ad>.
Note that x = x — Bx, + By = x — By. Hence
y = 0(—B'Pg,z)x) — 0(—=B' Py )X + B' P, (5)B7) + ad>.

Lemma 14.2 shows that |y| € £ given d € §24 for any y(0). We have

dq
)_C:X—B)7=A)_C+BG(—B,P8LI(;C))E)+[E1 Ez en_l] d> |,
y
where
_ E,
By = [ : ] |
Note that
B/ [E1 Ez en_l] = 0.
The rest of the proof now proceeds in the same way as the proof of Theorem 14.1. [ |
14.5. Example
We conclude the paper with an example. Consider the following system
X1 01 0]]x1 0 0 0
X2 =10 0 1||x2|+|0flow)+|[0]|di+]|1]|d>
).63 0 0 0 X3 1 1 0

where d; = sint and d, = 2. The controller u is given by (14.9) and (14.10). The simulation data is

shown in the following figure:
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Figure 14.1: Triple integrator with actuator saturation and disturbances

Appendix

The following lemma regarding the properties of P is adapted from [159].

Lemma 14.1 The parametric Riccati equation (14.5) associated with data A, B given by (14.2) has a

unique positive-definite solution P, with the following properties:

1. P is a polynomial matrix in &.
2. P, >0ase — 0.
Py
3. &L > 0foralle € [1,0).
4. There exists an M > 0 such that for any ¢ € [0, 1],

I 2
e; Peej < Me”,

where i < n and e; is a unit vector whose ith entry is 1.

Proof : The first three properties were proven in [159]. Regarding Property 4, it was shown in [159] (see
Lemma 1) that the unique positive-definite solution P, = [ Di, f]nxn to the parametric Riccati equation

associated with A, B given by (14.2) can be computed using the following recursion: fori =n—1,...,0

n
Pitin = pri+1 = (=)' {Z(—l)"pn,kﬂc;“’ek" + (—1)”6,7"8”"}
i+1
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WithC]f_i = i!(,f—ii)!andpn,nﬂ =0.Fork=j,j—1,....,1landj =n—1,...,1
Pk,j = PknPn,j+1 — Pj+1,k—1 — EPk,j+1
with p; 0 = po,;i = 0.

This shows that P is a polynomial matrix in ¢ and fori < n and j < n, p; ; is at least of order 2.

Therefore, fori < n, elf P.e; is at least of order &2. [ |

Lemma 14.2 Consider the system
y(t) = o) —ow) +k@)y) +d. (14.13)

where d € 25, and k(¢) > 0 and v(¢) are continuous. We have then y € £, for all y(0).

Proof : Define

y=d, 3(0)=y().
Since d € §240, there exists a M > 0 such that |y(¢)| < |y(0)| + M forall t > 0. Define y = y — y.

We have
V=0@) —o@+k(F+7), F=0.
Let V = 72. Taking the derivative of V with respect to ¢, we get
V=50 —0o®+kF+ ).

If V > (|y(0)] + M)2, then |§| > M + |y(0)| > |7|. But this implies that k(7 + ) has the same sign

as y. Thus
V=5l —o@+kG + 7)) <0.

Since V(0) = 0, we have V < (]y(0)] + M)? and |j| < |y(0)] + M for all t > 0. Therefore,

Iyl < |yI+ V] =2M + 2y(0). n
The following lemma was shown in [107]:

Lemma 14.3 For any w € R satisfying ||w|| < % we have

2u'[o(w) —o(w —u)] > u'o(u)
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CHAPTER 15

Control of open-loop neutrally stable systems subject to
actuator saturation and external disturbances

15.1. Introduction

In previous two chapters, we focused on systems that have all the eigenvalues at zero. Now we
shall consider systems with oscillatory behavior, that is, the open-loop neutrally stable systems. A linear
system px = Ax+ Bu is said to be neutrally stable if A has all its eigenvalues in the closed left half plane
(closed unit disc for discrete-time systems) and at least one eigenvalue on the imaginary axis (unit circle
for discrete-time systems); and all the eigenvalues on the imaginary axis (unit circle for discrete-time

systems) have Jordan block size 1.

In continuous-time case, systems consisting only of single integrators (i.e., eigenvalues at the origin
with Jordan block size 1) can be viewed as neutrally stable systems. It has been shown in previous chapter
that the state trajectories remain bounded for all initial conditions and all integral-bounded disturbances.

Moreover, this result also holds if we add a sufficiently small DC signal to the disturbances.

We shall extend the results for single-integrator systems to neutrally stable systems. Although a
similar result for discrete-time integrator-chain type system as obtained in previous two chapters is not
available yet, we do observe a substantial similarity between continuous- and discrete-time neutrally sta-
ble systems. The extension made to continuous-time system carries over to its discrete-time counter part.
Roughly speaking, we shall show that for disturbances that do not have large sustained frequency com-
ponents corresponding to the system’s eigenvalues on the stability margin, a linear static state feedback
can be employed to achieve boundedness of the trajectories for any initial condition and at the same time

yield a globally asymptotically stable equilibrium.

15.2. Problem formulation

Consider the following system

px = Ax + Bo(u) + Ed, x(0) = xo, (15.1)
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where x € R, u € R™, d € R? and px represents X for continuous-time systems and x(k + 1) for

discrete-time systems. o (-) denotes the standard saturation function defined as

sign(£1) min{1, |£1]}
o) — E (15.2)
sign(&p) min{1, |£y, |}

The pair (A, B) is stabilizable and A has all its eigenvalues in C~ U C© for continuous-time system
and C® U CO© for discrete-time system, with those on C© simple. We also assume d € £ in the
continuous-time case and d € £, in the discrete-time case.

In the sequel, we shall identify a class of disturbances for which a properly chosen linear state feed-
back u = Fx can be found such that the states of closed-loop system remain bounded for any initial
condition and that in the absence of d the origin is globally asymptotically stable. Note that system

(15.1) can be decomposed into the following form:

=[5 Rl m]ew ]
where Ay is asymptotically stable, (A, By) is controllable and A4, only has eigenvalues on C© with
Jordan size 1. Since A is asymptotically stable, d € £ or d € £ and o (-) is uniformly bounded, it
follows that the xg dynamics will remain bounded no matter what controller is used. Therefore, without
loss of generality, we can ignore the asymptotically stable dynamics and assume in (15.1) that A has
eigenvalues on C© with Jordan size 1. Equivalently, we can assume that A+ A’ = 0 for continuous-time

systems or A’A = I for discrete-time systems.

To establish the results in this paper, we shall need two fundamental lemmas.
Lemma 15.1 Suppose A + A’ = 0 and (A, B) is controllable. Consider the system
X = Ax — Bo(B'x +v1) + Bva, x(0) = xo
We have that

1. In the absence of v; and v3, the origin is globally asymptotically stable;

2. x € Lo forall vy € £, V2 € L5o(1/2) and any initial condition.
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Lemma 15.2 Suppose A’A = I and (A, B) is controllable. Consider
x(k + 1) = Ax(k) — Bo(kB'Ax(k) + v1(k)) + Bva(k), x(0) = xo.
For k such that 4« B’B < I, we have
1. In the absence of v and v, the origin is globally asymptotically stable;
2. x € €oo forall vy € £, V2 € £oo(1/2) and any initial condition.

Lemma 15.1 is similar to Lemma 2 in [62] and Proposition 1 in [151]. Lemma 15.2 basically follows
from the same argument as used in proof of Proposition 2.3 in [13]. The detailed proofs are appended at

the end of the paper.

15.3. Continuous-time systems

We first study a continuous-time system
X =Ax+ Bo(u)+ Ed

where x € R", u € R™ and d € R?. Also assume that (A, B) is controllable, A + A’ = 0and d € L.

We employ a linear static state feedback u = —B’x, which results in a closed-loop system
X = Ax — Bo(B'x) + Ed, x(0) = xo. (15.3)

Global asymptotic stability follows from Lemma 1. We focus here only on the boundedness of the

closed-loop states.
15.3.1. Extended class of disturbances

To present our results, we extend the definition of integral-bounded disturbances introduced in [149,

144, 143] by defining a new set
Roo={d e L |Viel,...,q, d(t)sinwjt € S and d(t) cos wijt € Seo}, (15.4)

where + jw;,i € 1,...,q, represents the eigenvalues of A. The set §£25, consists of those signals that re-
main integral-bounded when multiplied by sin w; ¢ and cos w; . This definition is a natural generalization

of Seo, since 200 = S for w; = 0 in a chain of integrators.
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In practical terms, a signal that belongs to £2 is a signal that has no sustained frequency component

at any of the frequencies w;,7 € 1, ..., q. To see this, note that we can equivalently write
5]
Roo=9d € oo |IM s.t.Viel,...,q,Vta >11 >0, /d(z)ej“’f’dt < M}. (15.5)
31

The integral | ttlz d(t)e’®i! dt is easily recognized as the value at w; of the Fourier transform of the signal
d(t) truncated to the interval [t1,#2]. The definition of £2o, implies that this value must be uniformly

bounded regardless of the choice of 71 and #;.

In tune with the results for the single-integrator case, we shall show in the following sections that
the trajectories of the controlled system (15.3) remain bounded for all disturbances belonging to 2.

Moreover, this result also holds if we add a sufficiently small signal that does not belong to £2.
15.3.2. Second order single-frequency system

We start by considering an example system with a pair of complex eigenvalues at & :

[g]:[_()l (1)} [i;]—[ﬂa(xz)—i-[z]d [;“;Egﬂ:xo (15.6)

Theorem 15.1 The trajectories of (15.6) remain bounded for any d € 2, and any xo.

Proof : To analyze the system, we start by introducing a rotation matrix
cost —sint
R=1|". ,
sint  cost
which represents a counterclockwise rotation by an angle ¢. The dynamics of the rotation matrix is given

. 0 1
-]

We shall study the dynamics of x from a rotated coordinate frame, and toward this end we define the

by

rotated state y = Rx. The dynamics of y is given by
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Next, define a fictitious system
y=R [ﬂ d. §(0) = xo. (15.7)
2
We know from the definition of £2, that the signal d(¢) is integral-bounded when multiplied by sin ¢ and
cost. It therefore follows that the right-hand side of (15.7) is integral-bounded, and hence y € £ .

Consider the difference between y and the fictitious state y, given by z = y — y, with dynamics

Z=-R m o([0 1]Ry)

:_Rma([o Rz +8). 2(0)=0

where § = [0, 1]R'y € £. We rotate z back to the original coordinate frame by introducing w = R'z,

thereby obtaining the dynamics
W= Rz+R':
0 1 0
= |:_1 Oi| w — [1} 0([0 1] w+48), w(0)=0.

It follows from Lemma 15.1 that w € &£. Finally, we have x = w + R’J, and hence x € £oo. [ ]

To demonstrate the importance of the disturbance belonging to §2+,, we shall now show that if d
contains a large frequency component at =, the states of (15.6) will diverge toward infinity for any
initial condition. Suppose therefore that d(¢) = a sin(¢ + ), where a is an amplitude yet to be chosen.
For ease of presentation, we assume that [e1, e2]” = [0, 1]’. Consider the dynamics of the rotated state y

from the proof of Theorem 1. We have
. 0 /
y=R H (d—o([0 1]Ry))

4 |:—sintsin(t + 9)] n [ sint }0(.)'

cost sin(t + 0) —cost

Using trigonometric identities, the dynamics can be rewritten as

_ @ [cos(2r +6) —cos(0) sint
~ 2 | sin(2z 4 0) + sin(6) _ cost o().

We have that either |sin(f)| > +/2/2 or |cos(f)| > +/2/2. Without loss of generality, we assume
|sin(f)| > +/2/2. Let a be chosen such that a > 4/+/2(1 + &), where ¢ is a positive number. For the
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trajectory y(¢), we have

t

201 = 200 + |

0

% [sin(2t + 0) + sin(A)] — cos to (-) dt|.
Noting that the last term of the integrand is bounded by +£1, and using the bound |a/2sin(f)| >

V2a /4 > 1+ ¢, we therefore have

t t

201 = [ ede—1y20] = § | [ sin2e + )

0 0

a
> et = |»200)] - 5.
This shows that y,(¢) diverges toward infinity.

15.3.3. Connection to single-integrator case

Before moving on to the case of general multi-frequency systems, it is instructive to compare some
aspects of the above example with previous results for single-integrator systems. A single-integrator

system with a saturated control input and an external disturbance has the form
Xx=o0()+ed.

In the absence of disturbances, the open-loop response of this system is stationary. It is intuitively easy to
see that a large DC bias in d would constitute a problem, because it would tend to dominate the bounded
control term o (-), thus leading to unboundedness. The absence of such a DC bias is guaranteed by d
belonging to So.

The example system above has the form

% = [_01 (1)} xt m o() + m d

In the absence of disturbances, the open-loop response of this system is oscillatory rather than stationary,
and it is less obvious why a disturbance that does not belong to §2o, may be problematic. By introducing

a rotated state y = Rx, however, we obtain the dynamics
=R ma(-) +R m d.
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In the absence of disturbances, the open-loop response of y is stationary, and the dynamics of y are
similar to the single-integrator case. In particular, it is easy to see that a large DC bias in the term R[9]d
would constitute a problem, because it would tend to dominate the bounded control term. Analogous to
the single-integrator case, the absence of such a bias is guaranteed if R[(l)]d belongs to Seo, Which is

equivalent to d belonging to 2.

In the single-integrator case, a DC bias in d can be tolerated if it is sufficiently small. Similarly, a
small signal that does not belong to £2o, can be tolerated for systems with complex eigenvalues. This is

demonstrated in the next section, which deals with general multi-frequency systems.
15.3.4. Multi-frequency systems
We first extend Theorem 15.1 to a multi-frequency neutrally stable system. Consider
X =Ax — Bo(B'x) + Ed, x(0) = xo (15.8)

where A + A = 0 and (A, B) is controllable. Without loss of generality, we assume that

A1 X1
. L ox= (15.9)
Ay Xs
0 Xo
where x; € R2,i = 1,...,s, x, € R"725 and
10 .
A,—|:_wi 0] i=1,...,s

with 2s < n. We have the following theorem

Theorem 15.2 The states of (15.8) remain bounded for any d € 24, and any xg.

Proof : Consider the matrix
Ry

Ry

where

R — cosw;t —sinw;t
"7 |sinwjt  coswit |
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Note that R is unitary, i.e. RR’ = I and moreover
R =—RA.
Define a transformed state y = Rx. As a result,
y =—RB'0c(B'R'y) + REd, y(0) = xo.

Introduce a fictitious system

j = REd, 7(0) = xo.

It follows from the definition of 24, that y € L. Next, define the difference between y and j by
z=1y—7y. We get
z=—-RBo(B'R'z+ B'R'y), z(0)=0.

Finally transform z back to the original coordinates by defining w = R’z. Note that
R = AR’

Hence

W = Aw — Bo(B'w + B'R'y), w(0) =0.

Lemma 15.1 shows that w € £o0. Since x = w + R’y and § € £ is bounded for all 7, we conclude

that x € £o. [ ]

Next, we shall prove that the states of (15.8) also remain bounded if a small signal that does not

belong to 2 is added on top of the original signal in §£24,. Consider the system
X = Ax — Bo(B'x) + E1dy + Exdy,  x(0) = xg (15.10)

where A+ A’ = 0 and (A4, B) is controllable. Without loss of generality we assume that A is in the form

of (15.9).

Theorem 15.3 The states of system (15.10) remain bounded for any x¢, any d € 2+ and dz € L0 ()

with § sufficiently small..
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Proof : Using the same sequence of transformations as introduced in the proof of Theorem 2, we get the

following transformed system
W = Aw — Bo(B'w + B'R'y) + Eady, w(0) =0

where w = x — R’y and

The fact that dy € 2+ implies that j € £ . Introduce another fictitious system
W = (A— BB W + Exdy, w(0) =0.

Since A — BB’ is Hurwitz stable and dy € £~0(6), we have that w € £, and moreover || B'W]| oo < %

for sufficiently small §.

Define w = w — w. Then w has the following dynamics

W = AW — Bo(B'W + v1) + Bvy, W

0
where v1 = B'w + B’R’J and v, = B’w. It follows from Lemma 15.1 that W € £o. Since x =

W+ W+ R'yand w, R’y € £, we conclude that x € £o. [ ]

15.4. Discrete-time systems

In this section, we deal with discrete-time systems. Consider the following system
x(k+1)=Ax(k) + Ba(u(k)) + Ed(k), x(0) = xy. (15.11)

We assume that (A, B) is controllable and A’A = 1.

We use a linear state feedback controller v = —k B’ Ax which gives a closed-loop system as
x(k + 1) = Ax(k) + Bo(—«B'Ax(k)) + Ed(k), x(0) = xo.

For « such that 4« B’ B < I, the global asymptotic stability of the origin in the absence of d follows from
Lemma 15.2. As such, as in continuous-time case, we focus here only on the boundedness of closed-loop

states with disturbances.
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15.4.1. Extended class of disturbances

As in continuous-time case, we define a set of discrete disturbances

Qoo =1{d €l |IM >0, s.t.Yi€l,....q. Ykr >k >0,

k2 k2
> dk)cos(Bik)| < M. | D d(k)sin(0;k)| < M}, (15.12)
k=k, k=k
where e/% i e 1,... , g, represents the eigenvalues of A.

250 contains signals which do not have sustained component at discrete frequency 6;. Like in the

continuous-time case, we can also rewrite the above definition as

k>
Qo0 =1{d €loo |IM >0, s.t¥iel,....q. Vky = k1 =0, | Y d(k)zf EM}, (15.13)
k=k

where z; = e/% i =1, ..., ¢, denotes the eigenvalues of A. Since d € £, the power series >0 d(z)z¥
or the z-transform of d (k) always has a radius of convergence 1. On |z| = 1, definition (15.12) implies

all partial sums of the power series is bounded at z = z;.

Note that the set £2o0 in (15.12) and (15.13) are a discrete equivalent of (15.4) and (15.5).
15.4.2. Multi-frequency systems

Next we shall prove the boundedness of closed-loop trajectories with disturbances that belong to
25 as defined in (15.12). The philosophy of the proof is basically the same as in continuous-time case.
We apply a sequence of successive rotations to state coordinates and eventually convert the non-input-
additive disturbances to input-additive disturbances using the property of §2o,. Since this procedure
has been made clear in the preceding section, we shall skip the proof for second-order single-frequency

systems and only work on the general case.
Theorem 15.4 Consider the system
x(k +1) = Ax(k) — Bo(kB'Ax(k)) + Ed(k), x(0) = xo (15.14)

where (A, B) is controllable, A’A = I and d € 2. Then for « such that 4«B’B < I, we have x (k)

bounded for all k > 0 and for any initial condition.
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Proof : Define R(k) = (A")*. Since A’A = I, R(k) represents a time-varying rotation matrix with
difference equation

Rk +1) = R(k)A’

Also define
y(k) = R(k)x(k)

The transformed system becomes
y(k +1) = y(k) — R(k)A'Bo(kB'AR'(k)y(k)) + R(k)A'Ed(k), y(0) = xo.
Introduce a fictitious system
Jk +1) = §(k) + R(k)A'Ed(k). 7(0) = xo.

Note that d € §2, implies that there exists a M > 0 such that

k>
Vika > ki >0, | > (AVFEd()| < M.
k1

Therefore, we find y € {oo. Letz = y — y. We get
z(k +1) =z(k) — R(k)A'Bo(kB'AR'(k)z(k) + kB'AR'(k)y(k)), z(0)=0.
Finally, define w(k) = R’(k)z (k). The dynamics of w is given by
w(k + 1) = Aw(k) — Bo(kB'Aw(k) + v(k)), w(0) = 0.

where v(k) = kB'AKt15(k). It follows from Lemma 15.2 that the above system is {oo stable with
respect to v given 4kB’B < I. Thus Js implies w € {o. Note that x(k) = w(k) + R'(k)y (k).

Therefore, we conclude x € £o. [ |

The next theorem shows that a small disturbance that does not belong to £25, can also be tolerated.

Theorem 15.5 Consider the discrete-time system
x(k +1) = Ax(k) — Bo(kB'Ax(k)) + E1d1(k) + E2d>(k), x(0) = xo. (15.15)
For « such that 4«B’B < I, we have x(k) bounded for all k > 0 and for any xg, d; € $2c0 and

dy € €oo(8) with § sufficiently small.
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Proof : Following the same lines as in the proof of Theorem 15.4, we shall get a transformed system
w(k + 1) = Aw(k) — Bo(kB'Aw(k) + kB"AR' (k) (k)) + E2da(k),w(k) =0
where w(k) = x(k) — R'(k)y(k) and y satisfies
Jk +1) = j(k) + R(k)A'Erdi (k). §(0) = xo,
and hence y € {o. Introduce an auxiliary system
w(k +1) = (A + BF)w(k) + Eada(k), w(0) =0,

where F is such that A + BF is asymptotically stable. Since d» € {oo(§), we find that Fw € {o.

Moreover, we have || F||co < 1/2 with sufficiently small §.

Define w = w — w. Then we get
w(k + 1) = A(k) — Bo(kB'Aw(k) + v1(k)) + Bva(k), w(0) = 0.
where v; = kB’ AW + kB’ A¥*15 and v, = Fw.

Lemma 15.2 shows that W € {o. Since x = W + w + R'(k)y, we conclude that x € £ for any

initial condition. [ |

15.5. Conclusion

In this paper, we study the dynamics of an open-loop neutrally stable linear system controlled by a
saturating linear feedback controller in the presence of external disturbances. Two classes of disturbances
have been identified for which we can achieve bounded states of the closed-loop system. This paper
extends the results for a single-integrator system as reported in [143] to a neutrally stable system. It is
evident that the class of disturbances identified in this paper is a natural extension of the class of integral-
bounded disturbances for a chain of integrator. The more general case of critically unstable systems

which have complex eigenvalues with Jordan block size great than 1 is subject to current research.

Appendix

We shall develop proof for Lemma 15.1 and 15.2. In order to do so, we need the following inequali-

ties, which were proven in [107]:
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Lemma 15.3 For two vectors u, w € R™, the following statements hold:

u'[o( + w) —o@)]| < 2v/mlwl; (15.16)
2u'[o(w) —o(w—w)] > u'o@), [w|<i; (15.17)
lu—o@)| <u'o(u); (15.18)
— o) +w] < 2L ) <1, (15.19)

where o (-) is the standard saturation function defined in (15.2).

Proof of Lemma 15.1 : Item 1 has been proven in [62]. We only prove item 2. Denote u = B’x and
define I} = %||x||3. Differentiating V; along the trajectories yields
Vi = |lx[|u’ [o(—u + v1) + v2]
< [Ix[l(u = v1)' [~ (u —v1) + va] + 2] x| v1]loo
= [lx[l {( = v1) [0 (u — v1) + o (u — v1 + v2)]
+( —v1) [~o @ —vi + v2) + 0 (v2)]} + 2] x[[v1lleo
< —5llxl@ = v)o @ —v1) + 2/m|x|[[[v2]l0o + 2l [V1]]oo-
The last inequality results from (15.16), (15.17) and the condition |Jvz| < %
Next, since A — BB’ is Hurwitz stable, there exists a P > 0 satisfying
(A— BBYP + P(A— BB') = —1I.
Define V, = x’ P x. There exists an « such that
Vo = —||x||? + 2x" P[Bo(—u + v1) + Bu + Bv]
= —||lx||* + 2x’ P[B(o(—u + v1) + u — v1) + Bvy + Bv]
< —[lx1? 4 2«l|x [l (u — v1)o (u — v1) + 2a[|x || [v2]lo0 + 20l x[[ V1 ]lco,
where inequality (15.18) is used to derive the last inequality.

Finally, define a Lyapunov candidate V' = 4aV; + V5. We find that

V < =lx11? + Bav/m + 20) | x[||v2]l 0o + 10e]x[|[[v1 oo

= —[lx] [llx]| = Ber/m + 2a) [[v2loc — 10at[[01 ]| o] -
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Hence V < 0 for ||x|| > (8a/m + 200)||v2]lo0 + 10a||v1 [|oo. Let ¢ be such that
{x | V(x) <c} D {x | lIxll < Bav/m +2a)|[v2]l00 + 10| v1 [|oo}-

We have V' < 0 for x ¢ {x | V(x) < c}. This implies that x(r) € {x | V(x) < ¢} forallz > 0. [ |

To prove Lemma 15.2, we borrow the next lemma from [107]

Lemma 15.4 Assume that A’A = I and kB’B < 21 for some k > 0 Then A = A — k BB’ A is Schur

stable if and only if (A4, B) is controllable.

Proof of Lemma 15.2 : Denote kB’ Ax by u. Define V; = ||x||2. We have that
Vitk +1) = Vyi(k) = |Ax + Bo(—u + v1) + Bua|® — ||x||?
= 2u'[o(—u + v1) + v2] + [o(—u + v1)' + V3| B'B [o(—u + v1)’ + v} ]
< 2[u —vi][o(—u + v1) + v2] + 2vi[o(—u + v1) + V2] + Zllo(—u + v1) + v2?

where we use condition 4« BB’ < I. Since ||v2]| < % and o (-) is bounded by £1, we find that v [o(—u +

v1) + v2] < 2||v1||. This yields that

Vitk + 1) = Vi(k) < 2[u — v1]'[o(—u + v1) + v2] + 5 llo(—u + v)|I* + 2 [v2 ]| + 2lvs |

=N

A

2w —v1][o(—u + v1) + va] + 2 lo(—u + v)|* + scllvall + £lvall.
Note that

2lu—vi]fo(—u 4+ v1) + v2] = 2fu —vi]'o(—u + v1) + L{u — v1]'[o(—u + v1) + 202]
< Lu—vilo(—u+v1) + £[v2?

< Lu—vil'o(—u +v1) + Lva||
where we use (15.19) and ||vz|| < % Therefore,

Vitk +1) = Vitk) < Hu— vil/o(-u + v) + e llou + o) 2 + Zlvall + £va

IA

A

fu—vilo(—u + v1) + 2 vall + vy . (15.20)
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Since 4«B’B < I, A = A—«kBB’A is Schur stable. Let P be the solution to the Lyapunov equation

APA—P+1=0.
Define V5 = || P1/2x||. We have

Va(k +1) = Va(k) = | PY2Ax + PY2Blu — vy —o(u —v1) + (va + v1)]|| — | PY/2x]|

< [|PY2Ax|| 4+ | PY2B[u — vy —o(u — v1) + (v2 + v1)]|| — | PV %x].

For x # 0, there exists a § > 0 such that

1/2 14112 _ 1/2,.2 _ 2
PTCY R PN Ll el L G < ~Blixl.
IPYV2Ax| +||PYV2x||  |[PV2Ax| + | PV2x|| ~

Obviously, the above also holds for x = 0. Hence

Valk +1) = Va(k) < =Bllx[ + | P2 B[l — v1) = —vi) | + | P2 B[ ([v2]| + [[o1])

< —Blx| + |1PV2B|(u — v1)' o —v1) + | PV2B||(Jua]l + [lo1]])  (15.21)

where we use (15.18) of Lemma 15.3.

Define V = 2«||PY/2B||Vy + V5. We obtain from (15.20) and (15.21) that
Vik + 1) = V(k) < =Bllx]| + I P2 B||[[v1]| + 4] P> B [[v2]l. (15.22)

This immediately implies that x € £, for any initial condition. [ |
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CHAPTER 16

Simultaneous external and internal stabilization of linear
systems with input saturation and non-input-additive
sustained disturbances

16.1. Introduction

Based on the construction for a chain of integrator and for neutrally stable systems in previous chap-
ters, we shall extend the results to general ANCBC systems which may have non-zero degenerate eigen-
values on the imaginary axis (continuous-time) or on the unit circle (discrete-time); in other words,
systems that are at most critically unstable. It will be shown that the same class of disturbances identified
in Chapter 15 can be tackled by a properly designed feedback controller. At the same time, the resulting

closed-loop system in the absence of disturbances is globally asymptotically stable.

The chapter is organized as follows: In the formulation section, we shall define the system and the
problem to be studied and make several necessary assumptions. Next, a special Jordan decomposition is
introduced which is instrumental in establishing our results. A special class of disturbances is introduced
in Section 16.3. After these preparations, we present the main results of this chapter and its proof in

Section 16.4. Finally, some technical results used in this chapter are given in the appendix.

16.2. Formulation

Consider the following system
px = Ax + Bo(u) + Ed, x(0) = xo, (16.1)

where x € R”, u € R™ and d € R?. px denotes the derivative px = x for continuous-time systems and
the shift operator (px)(¢) = x(¢ + 1) for discrete-time systems. o (-) is the standard saturation function,

i.e. fors € R™
sign(s1) min{1, |s1]}
o(s) =

sign(sy,) min{1, |s,,|}.
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We are interested in sustained disturbances, for which we assume in the first place that d € £, for

continuous-time systems and d € {, for discrete-time systems.

The problem we will study is to find a class of disturbances, say §2, for which the simultaneous
global £+, or £+ and global asymptotic stabilization problem is solvable, i.e. there exists a controller

u = f(x,t) possibly nonlinear and dynamic such that
1. in the absence of disturbances, the origin is globally asymptotically stable;
2. for d € £2, the states of the closed-loop system remain bounded for ¢ > 0.

Since the global asymptotic stabilization without disturbances is required, it is a classical result that

the system needs to be asymptotically null controllable with bounded control, i.e.
1. (A, B) is stabilizable;
2. A has all its eigenvalues in C°.

Such a system can be decomposed into the following form:

pxs| [As O Xg B Es
el = all)s (e [2]
where Aj is asymptotically stable, A, has all its eigenvalues on C? and (A4, B,) is controllable. Since
Ay is stable and o (+) and d are bounded, it follows that the x5 dynamics will remain bounded no matter

what controller is used. Therefore, without loss of generality, we can ignore the asymptotically stable

dynamics and assume in (16.1) that (A4, B) is controllable and all the eigenvalues of A are on C?.
Under the above assumption, we consider a linear system with input saturation and disturbances:
ox = Ax + Bo(u) + Ed, x(0) = xg (16.2)

where (A, B) is controllable and A has all its eigenvalues on (L Suppose the eigenvalues of A have

q different Jordan block sizes denoted by 71, ...,n4. Without loss of generality, we can assume x =

(x]. x5, ... ,x;)’, and A, B are in the following form
A, 0 -~ 0 B E;
A |0 A g B:Z E = E:Z (16.3)
0 0 /(I)q By Eq
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where

- A 1 0 0
Xi,1
Xi,2 0 Ai 1
Xj = : . Ai = T (A
Xini—1 A 1
L Xin; [0 o e 0 A
— (16.4)
~ _ nixn; bloclfs
Bz,l Ei,l
Bi,z Ei,2
B; = : . Ei = : ,
Bi,n,—l Ei,n,—l
Bin, | Ein,

xi,j € RPi withn = Ziq:1 n; p; and A; + A; = 0 for continuous-time systems and A;Ai = 1 for
discrete-time systems. Note that the above form can be obtained by assembling together in the real

Jordan canonical form those blocks corresponding to eigenvalues with the same Jordan block size.

We say the disturbance d is aligned if E; ,, # 0 forsomei = 1,...,q and misaligned if E; ,; = 0

foralli =1,...,q.

16.3. A special class of disturbances

We consider the following class of disturbances as defined in Chapter 15:

Q00 =

15}
defo |IM>0,s..Viel,... .0,V >1 >0, /d(r)ef‘“ifdt §M}, (16.5)
151

in continuous-time case and

15}
Qw=§d66w|aM>0, s.t.Viel,..., ¢, Yt >1t; >0, Zd(r)ef‘”f’ EM}, (16.6)

t=t)
in discrete-time case, where jw; (continuous-time) or eJ®i (discrete-time), i € 1,...,£, represents the
eigenvalues of A. Here we assume that the system has £ different eigenvalues (repeated eigenvalues are
counted once).

The integral |, ttlz d(t)e/®i* dt or summation Y72, . d (t)e/®i! is easily recognized as the value at w;
of the Fourier transform of the signal d(¢) truncated to [t1,#2]. The definition of 2o, implies that this

value must be uniformly bounded regardless of the choice of time interval. In practical terms, a signal
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that belongs to 2 is a signal that has no sustained frequency component at any of the frequencies w;,

iel,... L

To better motivate the definition of £2,, and demonstrate its importance, we recall the following

BL] - [—01 (1)} |:fc;:| + m o) + m d, (16.7)

where d(t) = asin(t + 6). This system is clearly in the form of (16.2), (16.3) and (16.4) and d

example in Chapter 15

contains a frequency component corresponding to the system’s eigenvalues at ;. It was shown that
for a relatively large a, states diverge to infinity for any initial condition and any controller. A similar

example for discrete-time systems can also be constructed.

16.4. Main results

In this section, we shall show that for aligned disturbances which either belong to §2o, and/or mis-
aligned disturbances which belong to &£ or £, a controller can be designed such that the states of the
closed-loop system remain bounded for any initial condition, at the same time the origin in the absence of
disturbances is globally asymptotically stable. Moreover, we shall show that a small aligned disturbances

which does not belong to §2+, can also be tolerated.

Without loss of generality, for any critically unstable system with input saturation and non-input-
additive disturbances as given by (16.2), (16.3) and (16.4), we can equivalently rewrite the system in the

following form
px = Ax + Bo(u) + E1dy + E2dy + Esds, (16.8)

with x(0) = x¢. In the above system, d; is misaligned and contain arbitrary disturbances that belong to
£ oo (continuous-time) or £, (discrete-time), d» contains all aligned disturbances belonging to £2, and
d3 contains aligned disturbances which do not belong to §2+, but are sufficiently small. The system data

A and B are given by (16.3) and (16.4). The E1, E, and E3 are in the form

Ei; Eia

Ey=|_" , Eyy= : (16.9)
E1,q-1 Ein;—1
Eig4 0

322



and

Ej 0
Ei=|_ ¢ | Eu=| " |. j=23. (16.10)
Ejvq Ei,ﬂj

Next we shall design a controller which solves the simultaneous external and internal stabilization
problem. Let (A, B) satisfy the assumptions made in the preceding section and P (¢) > 0 be the solution

to a Continuous Parametric Lyapunov Equation (CPLE)
A'P(e) + P(¢)A— P(¢)BB'P(¢) + ¢P(g) = 0. (16.11)
or a Discrete Parametric Lyapunov Equation (DPLE)
(1—¢g)P(e) = A'P(e)A— A'P(e)B(B'P(¢)B + 1) "' B'P(¢)A. (16.12)

with ¢ € (0,0.9]. The existence of the positive definite P(e) and its following properties were shown in

[159, 161].

1. P(e) > 0ase— 0;

2. % > ( for e > 0O;
3. P(e)isrational in &.

The special structure of E; yields the following crucial technical lemma.

Lemma 16.1 Let P(¢) be the solution to CPLE (16.11) or DPLE (16.12) associated with A and B given

by (16.3) and (16.4). For any matrix E in the form of (16.9), there exists M such that for € € (0, 1]

E\P()Ey < M&?1

Proof : See Appendix. [ |

We will construct a low-gain dynamic state feedback controller. The controller as given below has ¢

states that will transiently replace the evolution of the bottom states of each Jordan block A; in generating
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feedback input into the system.

pXi = AiXi + Bin,0(F(gq(X))X),

X ) 16.13
u = K(xp — %) + F(eq(X))X, ( :
fori =1,...,q where X = [£],%2,"---, %;]" and
xl’nl )21 xial
)Cz,nz _ . -
xb e . , X = _ : ) xl =
: Xg—1 Xini—1
xq,”q xq Xl

Note that X is the system state x with bottom state segment x; »; of each Jordan block A; replaced by
controller states X;. The feedback input is generated based on X instead of x. As will become clear in
the proof, the underlying idea behind (16.13) is that by utilizing the states of controller and the property
of £200, we will be able to convert some aligned disturbances affecting the bottom states into misaligned

disturbances which turns out to be less restricted.
The parameter K can be chosen as

—B/, continuous-time;

—«B'A, discrete-time.

where « satisfies 8« B’B < I and

Bin, A 0 -+ 0

é _ B2.,n2 ’ /i\ _ 0 Az
: S, 0
By n, 0 - 0 A

The other feedback gain F'(g4(x)) can be designed as follows

—B'P(s), (continuous);
F(S) = / -1 p/ :
—(B'P(e)B+1)""B'P(e)A, (discrete)

where P (¢) is the solution to CPLE (16.11) or DPLE (16.12). The parameter ¢ is determined by
£ = g4(X) ;= max{r € (0,0.9] | (x'P(r)x)trace(P(r)) < %} (16.14)

where b = 2trace(BB’), § = % and P(r) is the solution of (16.11) and (16.12) with ¢ = r. The

scheduling (16.14) satisfies the following properties:

1. There exists an open neighborhood @ of the origin such that for all X € O, g,(x) = 0.9.
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2. Forany x € R", || F(gq(X))X|| <.

3. 64(X) > 0 < ||X| — oo.

4. For each ¢ > 0, the set {x € R" | X' P(g4(X))X < ¢} is bounded.

5. For any x; and x2, x1 P(g4(x1))x1 < X2 P(g4(x2))Xx2 = €4(x1) > &4(x2).
(see [68, 48, 31, 146]). The main result is stated in the following theorem:

Theorem 16.1 Consider the system (16.8) with controller (16.13). We have that

1. in the absence of d;, d» and d3, the origin is globally asymptotically stable;

2. there exists a §; > 0 such that the state remains bounded for any initial condition x¢ and dis-
turbances di € Lo, do € 200, d3 € L£oo(61) (continuous time) or dy € oo, do € 200,

ds € £oo(871) (discrete time).

Proof : We shall only prove the results for continuous-time systems. The discrete-time counterpart can

be shown using a very similar argument. For continuous-time system, define

A

X1,n; — X1
~ N X2.np, — X2
X =Xp —X =

Xg.ng — Xq

‘We have that

% = A% + Bo(—B'% — B'P(£4(X))X) — Bo(—B' P(e4(%))%) + E2d> + Esds,

where
Einl
E; = EZ;”Z . j=2.3. (16.15)

Ezdz and E 3d3 contain all the aligned disturbances that affect the bottom states of each Jordan block

A;. Note that (4, B) is controllable implies that (/f, l§) is controllable. Moreover, A + A’ = 0. To
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simplify our presentation, we will denote P(g,4(X)) by P since the dependency on the scaling parameter
should be clear from the context. The closed-loop system can be written in terms of X, X as
AX + Bo(—B'PX) + E d; + JX
+B [o(—é’x _ B'PX) - a(—B’P)_c)]
% = A% + Bo(—B'% — B'PX)

—BO’(—B/P)?) + E>dy + Esds3,

X

(16.16)

where B is the same as B in (16.3) and (16.4) with B; n; blocks set to zero and

) 0
da : _

I="1. si=lo|. L= [ 0
q I ith block
a 0

It should be noted that B, E; and J are all in the form of (16.9). We first prove global asymptotic stability
without disturbances. Consider the dynamics of X. Let v = —B’ PX. Our scheduling (16.14) guarantees

that |[v]| <6 < % for any x. Then,
% = A% + Bo(=B'% +v) — Bo(v).
and define a Lyapunov function as V7 = X’X. Differentiating V; along the trajectories yields
Vi = 2% Blo(=B'% +v) —o(v)].

Since ||v|| < 1. (16.18) yields that

Vi < —X'Bo(B'%).
Since X has a bounded derivative, by Barbalat’s Lemma, this yields that lim;_ o B’ X(t) = 0 which

implies that there exists Tg such that we have ||1§’ x| < % for t > Ty and hence
x=(A- BB)x
and since this system matrix is Hurwitz stable, we have X(¢) — 0 as t — oo. For ¢t > Ty, we have that
X = AX + Bo(—B'PX) + JX

where d = J — BB’. Define V» = ¥’ Px and a set
K =% )<
= {x | V2(%) = btrace(P(0.9))}'
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It can be easily seen from (16.14) that for X € K, g4(¥) = 0.9. Next, consider the derivative of 15,

Vs = —eVo — ¥ PBB'PX + 2% PJx + ¥4 %
< —¢cVh + 2% PIX + x'dP

< —eVo + 2 V2| PV2J%| + 5 9Lx.
Note that 4, B and hence J are in the form of (16.9). Lemma 16.1 shows that there exists an M such that
IPYV2i%|| = VI PIX < e M| %]

We use here that Lemma 16.1 holds for any matrix of the form (16.9) so it also holds for £ replaced by

4. Hence

Vo < —eVs + 2e/M||X| Vz—i—x/dP

V2 [VV2 -2V MR | + ¥4 %

Since X — 0, there exists a 77 > T such that for t > 77,

~ 8
||)C|| = 43/M /b trace(P(0.9))

Therefore, for ¢t > T} and x ¢ K we have
VVa—2vM (7| = Y2

and thus
Vo, <—£V, + ¥4 %
Since V2 cannot have the same sign as x/ dP X (see [31]), we conclude that V2 <Oforx ¢ K andt > T;.

This implies that X will enter X within finite time, say 75 > T, and remain in K thereafter. For t > T,

and x € K, we have g,;(x) = 0.9 and || B'% | < % All saturations are inactive and the system becomes

BB’ P(0.9))% + JX,

l§ B)x.

(4
(

I2>>

The global asymptotic stability follows from the properties that A—BB'and A—BB'P (0.9) are Hurwitz

stable. We proceed to show the boundedness of trajectories in presence of dy and d». Define

R=e" and y = RX.
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Note that since A + A = 0, R defines a rotation matrix. Moreover, we have that R = —RA. We obtain
that

y = RBo(—B'R'y +v) — RBo(v) + RE»d> + RE3ds3

with y(0) = Xo where v = —B’PX. Let y satisfy
V= REzxd,  7(0) = Fo.
Since dp € 2o, we find that y € £ (see Chapter 15). Define y = y — y. Then
j = RBo(—B'R'j — B'R'5 4+ v) — RBo(v) + RE3ds3
with y(0) = 0. Again define z = R’y. We get
2= Az + Bo(—B'z — B'R'j + v) — Bo(v) + E3zds, z(0) =0,
Consider an auxiliary system
W= (A+ BF)w+ Eszds, w(0) =0,

where F is such that A + B F is Hurwitz stable. For a selected F , let 61 be sufficiently small such that

Idsllg., < 81 implies that || Fwl|g_, < 1/4.

Let &£ = z — w. We have that
§ = At + Bo(—B'€ + u) — Bo(v) — BFw, £(0) =0,

where u = —B’w — B'R'J + v. Since u € Lo and [|o(v) + ﬁw||xw <1/4+41/4 =1/2, it follows

from Lemma 16.3 in the appendix that £ € £,. This implies that X € £oo.

Consider the dynamics of x
X = A% + Bo(—B'PX) + BC + E1dy + J&

where ¢ = 0(—B'% — B'PX) — o (—B’PX). Since o(-) is globally Lipschitz with Lipschitz constant 1,

we have that ||¢|| < || B’%|| and thus ¢ € L.
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By differentiating V, = X’ P X, we obtain
Vz < —eVo +2x'PEdy +2x'PJX + 2)_C/PB§ + )—C/%f

< —&Vo + 2/ V5| PYV2Edy| + 2V V2 || PV?Be|

+2V Vo] P23 + 24 5.
We have already shown in Lemma 16.1 that there exist M;, M, and M3 such that
IPY2Evdi|| < ey/Milldyll.  IIPY2BE) < ey/Ma|ig|| and || P45 < ey/M3|5].
‘We obtain,
Vo = =6V VW2 = 20/ Milldi lloo = 2V/ M5 Flloo — 24/ ¢lloo | + ¥/ 4F 5.
If V2 = 24/Mi|d1 [0 + 24/M3)|Flloo + 2+/M2 ¢ || oo, we have

y —/dP—
Vo <= X550 X.

Since V2 and x’ dP 5 37 X can not have the same sign, we find that Vz < 0 for

5 e % | VW2 2 2V Mildi oo + 2V/M3]1Elloo + 2V/Ma ) o).

which, from the property (4) of scheduling (16.14), implies that X € &£+, and hence x € £. [ ]

16.5. Computational issues

The proposed controller design relies on scheduling of the parameter &, (X) which is a convex opti-
mization problem but requires online solving CPLE (16.11) or DPLE (16.12) and can be computationally
demanding for large systems. However, compared with normal Riccati equation, (16.11) and (16.12) still
have some numerical merit, for example the solution P(¢) is a rational matrix in general (see [159, 161]).
Moreover, in a special case where the system has a single input, P(¢) is a polynomial matrix and can be

solved easily and explicitly in a finite recursion. In such a case, &, (X) is not difficult to obtain.

Appendix

We shall need the following bounds from [107]:

Lemma 16.2 For two vectors 5,7 € R™, the following statements hold:
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|'lo(s + 1) — o (]| < 2/m]]l. (16.17)
25'o(t) —o(t =) = s'a(s),  iell < 3, (16.18)

s —o(s)|| < s'o(s). (16.19)
The following lemma is a core result for neutrally stable systems:

Lemma 16.3 Suppose (A4, B) is controllable and A’ + A = 0 for continuous-time systems and A’A = [

for discrete-time systems. Consider the system
px = Ax + Bo(Kx + v1) + Bva, x(0) = xo

where
—B’, continuous-time;

—kB’A, discrete-time.

and « satisfies 8«B’B < I. We have

1. In absence of vy and v, the origin is globally asymptotically stable;

2. x € £ for any initial condition and for v; € L, V2 € £50(1/2) (continuous time) or vy € Loo,

vy € £oo(1/2) (discrete time).

Proof : The result for continuous-time systems can be found in [62] (Lemma 2) and [151] (Proposition

1). The discrete-time counterpart was proved in Chapter 15. [ |

Proof of Lemma 16.1 : We only prove the result for the continuous-time case. The corresponding
discrete-time result follows from exactly the same argument. It is shown in [159] that P(0) = 0 and

P (e) is rational in €. Therefore, we can write
P(e)=ePi+&*Py+ ...+ 6P +....
Substituting P (e) in (16.11), we find P; satisfies that

PiA+ A'Py =0, (16.20)
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where A is given by (16.3). Consider the diagonal block of P;, say Pp;, corresponding to A; block.

Py ,; must satisty
AP+ P1jA; =0 (16.21)

where A; is given by (16.4). Suppose

Pii P! ]
P = _ _12
L [Plz P2

where P;; € RPi*Pi_ P, and P, are of appropriate dimension. Define

/
y=[, 0 0 .

where the eigenvectors of A4; are x; ; with associated eigenvalues A;, j = 1,..., p;. Clearly we have
A& j = Aj& ; and thus & ; is an eigenvector of A;. Note that A; has p; linearly independent eigen-
vectors. We shall have that

(AiP1; + P1i A& = 0.

This implies that

AL Py & = —A; P1iki ;.

In other words, Py ,;&;, ; is an eigenvector of /I;. associated with eigenvalue —A; for j = 1,..., p;. On

the other hand, we have a set of eigenvectors of A’ in the form of

/
Ui,j:[ o --- 0 U;’j],izl,...,pi

where v;,; are the eigenvectors of A associated with eigenvalue A;. Note that "I;' also has only p;

linearly independent eigenvectors. Therefore,

}511X‘
Pri&i; = [Puxl] € Spanvite- e iopi )

This implies that 1311xi,j =0,/ = 1,..., p;. Since x; ; forms a basis of R?/, we must have that
P11 = 0 and hence P15 = 0 due to the fact that Py ; is positive semi-definite. Recursively, applying the

above argument to P55, we shall eventually find that
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Since P; is positive semi-definite, we note that for any given matrix E1 in the form of (16.9), we must

have Py E; = 0. This implies that E i P(S)E 1 must be of order £2. [ |
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Part IV

Synchronization in multi-agent systems
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Notation and preliminaries

The following notations are used in this Chapter. For a matrix X € C"*™,

X' : transpose of X;
X* : conjugate transpose of X ;
X1 :inverse of X if it exists
0 (X) : maximal singular value of X ;
o (X) : minimal singular value of X;
| X || : induced 2 norm;

det(X) : determinant of X .
For a continuous-time transfer function H(s) : C — C™*™,
| H(s)|loo : Hoo norm of H(s).

For a vector d, we denote a diagonal matrix by D=diag{d } whose diagonal is specified by d. For column

vectors X1, ..., X, the stacking column vector of x1, ..., x, is denoted by [x1;...; X,].

For A € C™ and B € C?*4, the Kronecker product of A and B is defined as

a11B almB
AQ® B =

anlB b ant

The following property of the Kronecker product will be used:
(A® B)(C ® D) = (AC) ® (BD).
A matrix D = {d;j }nxn is called a row stochastic matrix if
1. dijj > Oforanyi, j;
2. Z;‘l=1 dij = 1fori =1,...,n.

A row stochastic matrix D has at least one eigenvalue at 1 with right eigenvector 1. D can be associated

with a graph G = (N, &). The number of nodes in N is the dimension of D and an arc (j,i) € &
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if d;j > 0. It is shown in [81] that 1 is a simple eigenvalue of D if and only if G contains a directed

spanning tree. Moreover, the other eigenvalues are in the open unit disk if d;; > 0 for all ;.

A graph G is defined by a pair (N, &) where N = {1,..., N} is a vertex set and & is a set of
pairs of vertices (i, j). Each pair in & is called an arc. G is undirected if (i,j) € & = (j,i) € &.
Otherwise, G is directed. A directed path from vertex iy to iy is a sequence of vertices {iy, ..., i} such
that (ij,ij41) € & for j = 1,...,k — 1. A directed graph G contains a directed spanning tree if there is

a node r such that a directed path exists between r and every other node.

The graph G is weighted if each arc (i, j) is assigned with a real number a;;. For a weighted graph
G, amatrix L = {{;;} with
bij = X1 i =
—ajj, i # ],
is called Laplacian matrix associated with graph G. In the case where G has non-negative weights, L
has all its eigenvalues in the closed right half plane and at least one eigenvalue at zero associated with

right eigenvector 1 (see [85]). If G has a directed spanning tree, L has a simple eigenvalue at zero and

all the other eigenvalues have strictly positive real parts (see for example [81]).
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CHAPTER 17

Synchronization in a heterogeneous network of discrete-time
introspective right-invertible agents

17.1. Introduction

In this chapter, we consider a heterogeneous network of non-identical introspective right-invertible
agents'. Both output synchronization and regulation problems are studied. We show that exchange of
information among controllers is not needed. Depending on the desired frequencies in synchronization
trajectories, different decentralized control schemes are proposed to achieve synchronization for a set of
communication topologies. The paper is organized as follows: The network structure and preliminary as-
sumptions and definitions are given in Section 17.2. The output synchronization and regulation problems

are solved in Section 17.3 and 17.4 respectively. Technical development is left in the Appendix.

17.2. Network structure

Consider a heterogeneous network of N introspective agents
Xtk 4+ 1) = A'x' (k) + B! (k),
yik) = Cyxt(k),
(k) = Cxl (),
i — SN Vi) — v
ghk) ==y dij (v (k) — y7 (k)

where x! € R, y' € R?, z' € R% and u* € R™i. The matrix D = dij} € RV*N is a row-stochastic

(17.1)

matrix that satisfies d;; > 0, d;; > 0and ) j dij = 1. This D matrix defines a communication topology
that can be captured by a directed graph G = (N, &). The set N contains all the node and & is the edge

set such that an arc (j,7) € € if d;; > 0.
Assumption 17.1 The communication topology G contains a directed spanning tree.

Under Assumption 17.1, D has a simple eigenvalue at 1 associated with right eigenvector 1 and the other
eigenvalues strictly inside the unit disk. Let A1, ..., Ay denote the eigenvalues of D such that A; = 1

and |A;| < 1,i = 2,..., N. We can define a set of communication topology as follows:

I'The definition of right-invertibility of a linear system can be found in [71]
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Definition 17.1 For § € (0, 1], let §5 denote a set of communication topologies such that
1. Assumption 1 holds;
2. |Ail <é8,i=2,...,N.

Remark 17.1 For § = 1, §; is the set of all communication topologies that satisfies Assumption 17.1.

In this case, we shall drop the subscription 1 and simply denote it as '§ but it implies § = 1.
In the network (17.1), each agent collects two measurements:

1. a network measurement ¢ € RP” which is a combination of its own output relative to that of

neighboring agents;

2. alocal measurement z' € R% of its internal dynamics.
For each agent, we make the following standard assumption.
Assumption 17.2 The agents possesse the following properties:

1. (A%, BY) is stabilizable;

2. (A4, Czi) is detectable;

3. (Ai, C;) is detectable;

4. (A", B',C}) is right-invertible.

17.3. Output synchronization

The first problem studied in this paper is the output synchronization problem. The output synchro-

nization in a heterogeneous network of the form (17.1) is defined as follows:

Definition 17.2 The agents in the network achieve output synchronization if
lim (y' (k) —y’(k)) =0, Vi, je{l,...,N}.
k—o0

The output synchronization problem is formulated below:
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Problem 17.1 Consider a heterogenous network of the form (17.1). For § € (0, 1] and a given set s,
the output synchronization problem with a set of communication topologies §j is to design a local linear
dynamical controller

Rk + 1) = ALR' (k) + BL¢ (k) + ELz (k) (172)
wi(k) = Cli' (k) + Dig' (k) + Miz' (k). '
such that the output synchronization can be achieved in the network with any communication topology

belonging to .

Remark 17.2 Since (A*, C Z’) is detectable, one can always design a local stabilizing measurement feed-
back controller so that the network achieves output synchronization in the sense that y' (k) — 0 as
k — oo. Such a case is not interested in this paper. We are aiming to reach synchronization with a

non-trivial and possibly desirable synchronization trajectory.

The synchronization trajectories considered in most applications are either bounded or polynomially
increasing. We shall also present the main results respectively for these two cases. The first theorem is

concerned with bounded synchronization trajectories.

Theorem 17.1 For the set §, Problem 17.1 with bounded synchronization trajectories is always solvable

via a decentralized dynamic controller (17.2).

Remark 17.3 Theorem 17.1 indicates that in the case of bounded synchronization trajectories, a uni-
versal synchronization controller can be constructed which solve Problem 17.1 for any communication

topology satisfying Assumption 17.1.

If unbounded synchronization trajectories are demanded, the admissible set of communication topolo-

gies has to be more restricted. This is stated in the next theorem

Theorem 17.2 For § € (0, 1) and a given set g5, Problem 17.1 with unbounded increasing synchroniza-

tion trajectories is solvable via a decentralized dynamic consensus controller (17.2).

We shall prove Theorem 17.1 and 17.2 by explicitly constructing the synchronization controllers. The

design and analysis is done in the next three subsections. First, by exploiting the self-measurement of
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each agent, we design a local pre-compensator such that the agent model can be re-shaped as asymptot-
ically identical, which we refer to network homogenizing. Next, in the resulting (asymptotically) homo-
geneous network, solvability of the output synchronization problem can be connected to that of a robust
stabilization problem. Finally, the last step is to solve this robust stabilization problem by designing a
compensator using a low-gain approach. In this stage, depending on different types of synchronization

trajectories, two controllers can be constructed.

17.3.1. Homogenization of the network

For introspective agents, their self-reflection of internal dynamics provides us with additional free-
dom to manipulate the agent models so as to disguise them as being almost identical to the rest of the

network viewed from their output. This is shown in the next lemma.

Lemma 17.1 Consider a heterogeneous network of the form (17.1). Let n; denote the maximum order

of infinite zeros of (A*, B!, C*). Suppose a triple (A4, B, C) is given such that
1. rank(C) = p.
2. (A, B, C) is invertible, of uniform rank n, > n4 and has no invariant zeros.

There exists a compensator

i _ i i i i
§'(k+ 1) = A} §' (k) + Byz' (k) + Epv' (k) (17.3)
u'(k) = Cp§'(k) + Dy’ (k),
such that the closed-loop system of (17.1) and (17.3) can be written in the following form:

(k4 1) = A% (k) + B (v' (k) + d* (k))
Yy =Cx'k), . (17.4)
dk)y =0 di (v (k) — v (k).

where d' are generated by

el(k+1)=Alel(k), i=1,..,N,

di(k) =Clei(k). (17.5)

and Aé are Schur stable.

Proof : Proof and detailed design procedure can found in Appendix 17.6.1. [ |
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Remark 17.4 We have the following observations

1. The first condition of Lemma 17.1 is natural in the sense that the new model much maintain the

same interface with the network.

2. The condition that (A, B, C) is invertible and has no invariant zero implies that (A, B) is control-

lable and (A, C) is observable.

3. We have a substantial freedom in choosing the eigenvalues of A which, as will be seen, determine

the modes in the synchronization trajectories.

Remark 17.5 It should also be noted that such a triple (A, B, C) always exists and, without loss of

generality, takes the following form:

_ _ 10 Tmg-1p _10 _
A = Ao + BF, Ao_[o 7 , B= 5| C=[1, 0]. (17.6)

and F is such that Ay + Bo F has desired eigenvalues. Such an F exists due to the fact that (Ao, Bo) is

controllable.
17.3.2. Connection to robust simultaneous stabilization problem

In this subsection, we shall show that the output synchronization in an (asymptotically) homogeneous

network (17.4) and (17.5) can be solved by equivalently solving a robust stabilization problem.

Suppose the synchronization problem for network (17.4) and (17.5) with any communication topol-

ogy in §s can be solved by a compensator

vi(k) = Cex (k). |
Let ¥ = [x?; y']. Then the closed-loop of each agent can be written as
s+ =B s+ O ey + | Blaiw)
0 A B, 0 (17.8)

yitk) =[C 0] ¥ (k) |
fk) = yik)— Y0 dijy? (k).
~N

Define ¥ = [x!;--- ; xV],
- [4 BC, - [o - - _[B
A_[O Ac]’ B_[BJ, c=|[cC O]andE—|:O]
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The overall dynamics of the N agents can be written as
Xk+1)=[In® A+ (n—D)®BC|x(k) + (Iy ® E)d(k).

Define n = [p';--- :9V] = (T ® I,,)X where ' € C" and T is such that J; = T(Iy — D)T Lisin

the Jordan canonical form and Jz (1, 1) = 0. In the new coordinates, the dynamics of 7 can be written as
nk+1)=[In® A+ JL ® BC|nk) + (T ® E)d(k).

Lemma 17.2 The network of the form (17.8) achieves output synchronization if and only if 7 (k) — 0

ask - oofori =2,...,N.

Proof : Let
n' (k) 1
0 0 )
aky=| . |=|.|®r®
0 0

If n(k) — m(k), then ¥(k) — (T~! ® I,,)m(k). Note that the columns of 7! comprise all the right
eigenvectors and generalized eigenvectors of / — D. The first column of 7! is vector 1. Hence the fact

that ¥ (k) — (T~! ® I,)7 (k) implies that
X(k) = 1®n' (k).

On the other hand, suppose the network (17.8) reaches synchronization. In this case, we shall have
(k) > 1@ 3 (k).

But then 5(k) — (T'1) ® ! (k). Since 1 is the first column of 7!, we have

1
0
T1 =
0
Therefore, (k) — (T1) ® X¥(¢) implies that n' (k) — ¥'(k) and n' (k) - Ofori =2,...,N. [ |
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Remark 17.6 It also becomes clear from Lemma 17.2 that the synchronization trajectory is given by

n' (k) which is governed by
Nk +1) = Ap(k) + (w ® E)d(k), n'(0) = (w ® I,)(0),

where w is the first row of T, i.e. the left eigenvector associated with eigenvalue 1. Note that d(k) — 0 as
k — oo. This shows that the modes of the synchronization trajectory are determined by the eigenvalues of

A and the complete dynamics depends on both A and a weighted average of the agents’ initial conditions.

Define ij = [53;--- ; nV]. Taking the dynamics of d into account, we can write
ik +1)] _[In-1® A+ JL®BC (IT ® E)Cs] [7i(k) 17.9)
etk +1)| 0 Ag e(k)|’ '
where e = [e!;...;e],

Cs = blkdiag{CI}N. |, T =10,Iy_1]. Ay = blkdiag{A:}

i=1 i=1
0

Clearly 77 — 0 for any initial condition if the system (17.9) is globally asymptotically stable. Since Ay is

and J7, is such that

Schur stable, the next lemma is straightforward:

Lemma 17.3 The network of the form (17.8) achieves output synchronization if the system
ik +1)=(Uy-1 ® A+ Jp ® BCO)ii(k), (17.10)
is globally asymptotically stable.

Due to upper-triangular structure of Iy_; ® A and (J; ® BC), the system (17.10) is essentially a family

of N — 1 subsystems:
Fk+1)=(A+0—-1)BO)i k), i=2,...N, (17.11)
where A;,i = 2, ..., N are those eigenvalues of D that are not equal to 1.

Lemma 17.4 The network (17.8) achieves output synchronization if (17.11) is globally asymptotically

stable for A;,i =2,...,N.
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Note that (17.11) can be viewed as the closed-loop of

x(k + 1) = Ax(k) + Bu(k),
{ z(k) = (1-1)Cx(k). (17.12)
and a compensator
x(k +1) = Ac (k) + Bez(k)
{ uk) = Ceyx(k) (17.13)

with unknown A satisfying |A| < §. It is easy to see that owing to linearity, (17.13) stabilizes (17.12) if
it stabilizes

{ x(k +1) = Ax(k) + (1 = 1) Bu(k), (17.14)

z(k) = Cx(k).

Therefore, we arrive at the following conclusion by the end of this subsection.

Lemma 17.5 Problem 17.1 is solved via a composite controller of (17.3) and (17.7) if the closed-loop

of (17.14) and (17.13) is globally asymptotically stable for all |A;| < .

Proof : By establishing Lemma 17.2-17.4, we have shown that if the closed-loop of (17.14) and (17.13)
is globally asymptotically stable for all || < §, then the interconnections of the closed-loop of compen-
sator (17.7) and (17.4), which is the network (17.8), will reach synchronization. This implies that the

composite controller of (17.3) and (17.7) solves Problem 17.1. [ |

So far, we have converted the output synchronization problem to a simultaneous stabilization prob-
lem. Next, depending on different types of synchronization trajectories, the design bifurcates into two

approaches.

17.3.3. Bounded synchronization trajectories

It has been shown that the eigenvalues of A dictate the modes in the synchronization trajectories. If
the trajectories are required to be bounded, we can choose A matrix in Lemma 17.1 to have only semi-
simple eigenvalues on the unit circle. This can be done by choosing proper F matrix in (17.6). Note that
in this case, we can always assume without loss of generality that A’4A = I. The controller designed
based on this type of A matrix can be easily modified by a state transformation so as to be applicable to

the agents with a more general form.
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Based on the analysis in the preceding subsection, to prove Theorem 17.1, we need to design data
(A¢, B¢, C¢) in the compensator (17.7) for which the closed-loop of (17.14) and (17.13) is globally

asymptotically stable with any |A| < 1.
We can construct (17.7) in the following form:

X (k+1) = (A+ KC)y' (k) — K¢ (k)

vi(k) =—eB Ay (k). (17.15)

where K is such that A + KC is Schur stable and ¢ > 0 is a design parameter to be chosen later. In other
words, we choose A, = A+ KC, B, = —K and C, = —&B’A. With this set of data, the closed-loop

(17.14) and (17.13) can be written as

x(k +1) = Ax(k) — (1 — X)eBB Ay (k)

x(k +1) = (A+ KC)x(k) — KCx(k). (17.16)

Lemma 17.6 There exists an ¢* > 0 such that for ¢ € (0, *], (17.16) is globally asymptotically stable

for [A| € (0, 1).

Proof : Define e(k) = x(k) — y(k). The system (17.16) can be rewritten in terms of x and e as follows:

x(k+1) = (A— (1 —A)eBB' A)x(k) + (1 — \)eBB' Ae(k)

e(k +1) = (A+ KC + (1= 0)eBB' A)e(k) — (1 — 2)e BB' Ax (k). (7.17)

Let QO be the positive definite solution of Lyapunov equation
(A+ KC)YQ(A+ KC)—Q +4I =0.
Since |A| € (0, §), there exists an & such that for ¢ € (0, g1]
(A+ KC +(1—=X1)eBB'A)*Q(A+ KC + (1 —A)eBB'A)— Q0 + 31 <0.

Consider Vi(k) = e(k)*Qe(k). Let u(k) = ¢B’Ax (k). To ease our presentation, we shall omit the
time label (k) whenever this causes no confusion.
itk +1)—Vi(k)
< —3[le|? +2 )Re(a “A)*u*B'O[A + KC + (1 — /\)BB/A]e)‘ 4|1 —A2u*B'OBu

< =3llel® + 11 = AMulplllell + 11 = AP* Ma||l|?,
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where

My =2|B'Q||A+ KC|| + 4| B'Q||BB’A|l. M>=|B'QB|.

It should be noted that M and M> are independent of ¢ and A.

Consider V5 (k) = ||x(k)||?. Note that

[A—(1—2A)eBB' AJ[A— (1 — X)eBB'A] — I

= —2Re(l —A)eA'BB’A+ |1 — A|*s*A’BB'BB’ A

There exists an &, such that for ¢ € (0, 3], séB’B < %I. Since |1 — A|?2 < 2Re(1 — A) for |A| < 1, we

get for ¢ € (0, &3],
[A— (1 —=L1)eBB'A]*[A— (1 —A)eBB'A]— A'A < —%|1 — A|?¢A’BB’A.
Hence

Va(k + 1) = Va(k)
<— L1 =AP|pll* +2Re (1 —A%)e*A'Bu — |1 — A|Pee* A'BB'Bp) + |1 — A|*¢*e* A’ BB'BB' Ae

< — 26 l1 = AP [l® + 6111 = Alllell ll + 6311 = A [lellll ]| + O2ell?,

where

01 =2|A'B||, 63 =2|A'BB'B|, 6, =4|A'BB'B’A|.
Define a Lyapunov candidate V (k) = Vi (k) + exVa (k) with
K =44 2M,y +2M}.

We get that

V(k + 1) = V(k) < —(3 —eb)le]|* — 2 + MP)[1 — A% [| ]|

+ (M1 + e61)|1 = Mllelllle]l + 6|1 = A2 (|l le]l-
There exists an g3 such that for ¢ € (0, &3],

3—¢gbrk >2.5 M;+ €01k <2M; and 03k < 1.

345



This yields that
Vik + 1) = V(k)
<=25ell> = @+ M)IT = AP ul? + @M1 = Al + [T =) l|lllle]
<—05]el> =11 = AP[ul? = (lell = Malt = Al = 11 = AP G llell = lel))?
<—05]el* = 1= APl

Since (A, B) is controllable, it follows from LaSalle’s invariance principle that system (17.17) is globally

asymptotically stable. [ |

17.3.4. Unbounded synchronization trajectories

We proceed to consider synchronization trajectories that are possibly unbounded. In most applica-
tions, those unbounded synchronization trajectories are normally polynomially increasing. This can be
achieved by choosing an A matrix that has all the eigenvalues on the unit circle, some of which may be
degenerate. It should be pointed out we can not only assign the eigenvalues of A to arbitrary locations,
but we are also able to assign the multiplicity structures of the eigenvalues as long as they are compatible,

that is, the summation of all algebraic multiplicities equals to the dimension of A.

Our design is built upon the solution of the following discrete algebraic Riccati equation (DARE)

which is also used in [44]:
Po=APA+¢el —(1— 82)A’PSB(B'PSB + I)_IB/PEA. (17.18)
The next lemma can be proved following the work in [109, 100] (see also [44])).

Lemma 17.7 For any ¢ > 0 and 6 € (0, 1), the DARE (17.18) has a unique positive definite solution P

and moreover A — (1 — A)B(B'PyB + I)~! B* P, A is Schur stable for || < §.

The compensator (17.7) can be designed as follows

X (k+1) = (A+ KC)y' (k) — K¢' (k)

i i 17.19
vik) = Fer (k). (1719

where K 1is such that A + KC is Schur stable and
Fe=—(B'P;B +1)"'B'PA. (17.20)
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In this case, A, = A+ KC, B, = —K and C, = F,. We shall prove that with this set of data, the
closed-loop of (17.14) and (17.13) is globally asymptotically stable for |A| < §. The closed-loop system

can be written as:
x(k+1)=Ax(k) + (1 —=A)BF:x(k)

x(k +1) = (A + KC)y(k) — KCx(k). (17.21)

Lemma 17.8 Let § € (0, 1) be given. There exists an ¢* such that for ¢ € (0, *], the system (17.21) is

globally asymptotically stable for || < §.

Proof : Define e = x — . The (17.21) can be written in terms of x and e as follows:

x(k+1)=[A+ (1= X)BF:x(k) — (1 — ) BF.e(k)
e(k +1) = [A+ KC — (1 — \)BF.]e(k) + (1 — A) BF.x (k)

Let QO be the positive definite solution of Lyapunov equation
(A+ KCYQ(A+ KC)—Q +41 =0.
Since Fg; — 0 as ¢ — 0, there exists an &1 such that for ¢ € (0, &1]
(A+ KC —(1—A)BF:)'Q(A+ KC — (1 —A)BF,) — Q + 31 <0.

Consider V1 (k) = e(k)*Qe(k). Let u(k) = Fex(k). To ease our presentation, we shall omit the
time label (k) whenever this causes no confusion.
Vitk + 1) — Vi(k)

<3| + 2Re((1 —A)*u*B'O[A + KC — (1 — A)BFg]e) 4|1 = A]2u*B'OBu

< =3llel® + Millplllle]l + Mz|pll?, (17.22)
where

My =4|B'O||A+ KC| +8||B"Q| egl[gﬁ]{llBFell)}, M, = 4|B'OB|.

It should be noted that M; and M> are independent of ¢ and A provided that |A|| < .

Consider V, (k) = x (k) Psx (k). We have that

Valk +1) = Va(k) < —ellx|> = (1 = )% > + 2Re((1 = 2)*e* FLB'PelA + (1 — ) BF]x)

+ |1 — A|*¢* F/BP.BF.e.
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Note that

¢*F/B'Ps[A+ (1 —A\)BF¢]x = ¢*F/B'P;Ax + (1 — A)e*F/B’' P: B
=—e¢*F)(B'P.B+ 1+ (1—A)e*F.B P:Bu

= e*[F&f + —)LF;B/PEB]M,
and hence
Valk + 1) = Va(k) < —ellx||> = (1 = §)?[|ull* + 1(a)llell ]l + 62(e)lle]?, (17.23)

where

01(e) = 4(| F[ll + 3| F{B' P Bl).  62(e) = 4| F{BP: BF¢|.

Consider a Lyapunov candidate V (k) = Vj(k) + «V>(k) with

_ My +M?
A T

In view of (17.22) and (17.23), we get
Vk +1) = V(k) < —exl|x||> = ME[|pll* = [3 = k02(e)]llell® + [M1 + «61 ()]l el le]-
There exists an ¢* < g; such that for ¢ € (0, £*],
3—kbr(e) =2, My +kbi(e) <2M;.

This yields that
Vik +1) = V(k) < —ex x> = lle® = (llell = Myl

Therefore, for ¢ € (0, £*], the system (17.21) is globally asymptotically stable.

17.3.5. Application to output formation

The formation problem is closely related to synchronization. The design procedure in preceding

subsections can be easily modified to solve the output formation problem.
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Definition 17.3 An output formation is a family of vectors {h1,...,hn}, hi € R?. The network of the

form (17.1) is said to achieve output formation if
lim [(y;(k) = hi) = (yj(k) —h;)] = 0.
k—o00

Theorem 17.3 Consider a heterogeneous network of the form (17.1). For any § € (0, 1], a given set
of communication topologies §s and a formation vector {hy,..., iy}, the output formation is always
achievable via a local compensator in the form (17.2) in the network with any communication topology

in §s.

The proof and controller design follows a similar procedure as in the output synchronization prob-
lem. First, we design a pre-compensator in the form of (17.3) for each agent to homogenize the network
utilizing its local measurements so that the agents are asymptotically identical to a new model charac-
terized by (A, B, C) for which the output formation is always achievable. The existence of such a triple

(A, B, C) is shown in the next lemma.

Lemma 17.9 For a given family of vectors {h1,...,hn} and integer ny > 0, h; € R?, there exists a

triple (A, B, C) and another set of vectors {/1, ..., hy } of appropriate dimensions such that
1. rank(C) = p,
2. (A, B, C) is invertible, of uniform rank n, and has no invariant zero,
3. Chi = hj,i =1,..,N,
4. Ah; = h;,i =1,...,N,i.e. Ahassome semi-simple eigenvalues at 1 with eigenvectors ﬁi,

5. the other eigenvalues of A are at desired locations on the unit circle.

Proof : Choose h; = h; ® 1 with 1 € R"¢ and let

Ao = blkdiag{4;;}? B = blkdiag{B;;}’ C = blkdiag{C;;}?

i=1 i=1’ =1

and

0 Igp,— 0
Aii=|:0 (""0 1)] Bii=|:1i|, Cii =[1 0],
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and A = Ao + BF for some matrix F of appropriate dimension. Obviously, Conditions 1,2 and 3 are

satisfied. What remains is to choose an F' such that conditions 4 and 5 can be satisfied.

Let F' = blkdiag{ F11, ..., Fpp} where F;; is such that A; 4+ B; F;; has all its eigenvalues on the unit

circle and at least one eigenvalue at 1. Then we get
A = Ao + BoF = blkdiag{4;; + Bii Fii}?_,. (17.24)

and hence Condition 5 is satisfied.

It remains to show Condition 4. In view of the structure of ﬁi and A, we find that Aﬁi = ﬁi if 1is an
eigenvector of A;; + B;; F;; associated with eigenvalue 1. Suppose F;; = [ fn,. ..., f1]. We observe that
ng
(Aii + BiFi)l =1 )" fi = 1.
i=1

On the other hand, the characteristic polynomial of A;; + B;; Fj; is given by
C(A) = det(A] — Ajj — Bji Fij) = A" — fid® ™ — o= o 1A — fo,

Since A;; + Bi; Fi; has at least one eigenvalue at 1, we get C(1) = 1 — an fi = 0and an fi=1

Therefore, 1 is an eigenvector of A;; 4+ B;j; Fj; fori = 1, ..., p and Condition 4 is satisfied. [ ]

Based on Lemma 17.9 and its proof, we can place p semi-simple eigenvalues of A at 1 with eigen-
vectors {ﬁl, o h N} (at most p of them can be linearly independent). We have have a complete freedom
to choose the locations of the other eigenvalues and a relative freedom to assign their multiplicity struc-
tures. Similarly as in preceding subsections, we can put only semi-simple eigenvalues on the unit circle
to ensure bounded synchronization trajectories or allow degenerate eigenvalues to have unbounded syn-
chronization trajectories. Next, depending on the type of synchronization trajectories and the resulting

choice of A, a local formation controller can be constructed for the new model as follows:

K+ 1) = (A+ KO (k) = K[ T gl ) =) = 070 =hl | (558
vi(k) = Cex'(k),
where
C. — —&B’ A, A only has semi-simple eigenvalues on the unit circle;
" |=(B'P,B+I1)"'B'P,A, A has degenerate eigenvalues on the unit circle,
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where P; is the positive definite solution of (17.18).

Proof of Theorem 17.3 : For any triple (A4, B, C) satisfying the conditions in Lemma 17.9, there exists
a shaping pre-compensator in the form of (17.3) such that the interconnection of the agents and shaping

pre-compensator can be written in the following form:

; ik + 1) = A% (k) + B (V) (k) + d'(k)) (17.26)

yi(k) = Cxi(k).
Let )Eé = %’ — h;. In view of Condition 3 and 4 in Lemma 17.9, the closed-loop system of (17.26) and
controller (17.25) can be written in terms of %! and y* as
XLk +1) = AxL(k) + BCcx' (k) + Bd' (k).
{ KK = Acx () + BoC [ LI dij (R (k) — (k)

We have already proved that the above network synchronizes. Hence

Jlim [Cx;'(k) —Cxl (k)] [(yi (k) = hi) = (3 (k) = hj)] = 0.

= lim
k—o00

Remark 17.7 We would like to emphasize that thanks to the freedom we have in choosing appropriate

(A, B, C), no restriction on formation vector needs to be imposed.

17.4. Output regulation

Despite a freedom in choosing the mode or frequencies of the synchronization trajectories, we can
not plan the trajectories arbitrarily because they are partially determined by the weighted average of
initial conditions. On the other hand, it is important in some scenario to regulate the output of the agents
to desired trajectories when the output synchronization is reached. Suppose the objective trajectories are

generated by an exo-system

x0k +1) = A% k), x°(0) = x,,

WOk) = COxO(k), (17.27)

where A° has all its eigenvalues in the closed unit disc and (4%, C?) is observable. It is reasonable to

assume that the synchronization trajectories are not geometrically increasing.
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We want to regulate each agent’s output to y°. Instead of disseminating the information of exo-
system to every agent, we assume that only the root, which is agent 1, receives such information. In this
case, the root measures its output relative to y° besides what it originally receives from the network. To

be precise, agent 1 takes the following form:

x'(k 4+ 1) = A'x' (k) + Blul(k),
k) =Clxl(k),
ylk)y = Cyxl(k),
(k) =0 dy (0 k) — ¥ (k) + 8(y1 (k) — yO(K)).

(17.28)

where § = d% > 0.

Definition 17.4 The agents in the network achieve output regulation if
kli)ngo(yi(k) —y%k) =0, Vie{l,... N}

We can formulate the regulation problem as follows:

Problem 17.2 Consider a heterogeneous network of the form (17.1). For a given exo-system (17.27), a
set §3, the output regulation problem with exo-system (17.27) and a set of communication topologies &
is to design a local linear dynamical controller (17.2) such that the output regulation can be achieved in

the network with any communication topology belonging to §s.

Before we present the result for output regulation problem, some preparatory work needs to be done.
First, we augment the network by including the exo-system as agent 0. In this augmented network, the
agent 0 does not have any network measurement. We can write network measurement of all the agents

uniformly as

N
Ek)y =Y " dij(y' (k) — y/ (k)).i =0, ... N.

j=0
where
! 0 0 0 7]
i d% % dip - din
D={djj}=|0 da dnp -+ don |, (17.29)
L 0 dn1 dn2 -+ dnn
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This D is also an row stochastic matrix and defines an augmented topology G. Moreover, since
agent 0 (exo-system) is connected to the root of the original network via an out-coming arc (0, 1), this G
also has a directed spanning tree with a new root at agent 0 (exo-system). Suppose eigenvalues of D are
denoted by )_t,-, i =0,...,N with )_Lo =1 and )_ki, i = 1,..., N are in open unit disc. For a given set Gy,
the set of augmented topologies by including agent 0 and the arc (0, 1) can be denoted by gg such that
forany G € s,

|Ai] <8, i=1,..N.

We have the following theorem:

Theorem 17.4 Consider a heterogeneous network of the form (17.1) and an exo-system (17.27). For a

given set G5, Problem 17.2 is solvable via a decentralized dynamic consensus controller (17.2).

Proof : For a given exo-system (17.27), it is shown in Appendix 17.6.2 that there exists another system

and initial condition:

=0 700 ~0 =0

xVk+1)=A4%"k), x°(0)=x
(0 k ) B ~0~0(k) ( ) 0 (1730)
yo(k) =C7x7(k)

that produces the same output as the original exo-system (17.27). Moreover, we can find a B° matrix

such that (A%, B®, C?) is invertible, of uniform rank 7, and has no invariant zero where 74 is an integer

greater than the maximal order of infinite zeros of all the agent and the observability index of (C?, A?).

We can view this system as the exo-system.

It is shown in Lemma 17.1 that a pre-compensator of the form (17.3) can be designed for agent
1,..., N such that their internal model can be shaped as asymptotically identical to the exo-system

(17.30).

Then, depending on the eigenvalues of A% a synchronization controller (17.15) or (17.19) can be de-
signed for all the agents in the homogenized augmented network with communication topologies belong-
ing to gg. If such a controller were applied to all the agents, output synchronization could be achieved.
However, the exo-system does not have any input. In fact, this is not a problem. We can assume the

controller that should be applied to exo-system has zero initial condition and the network should still
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synchronize regardless. Moreover, it should be noted that the exo-system is not associated with any net-
work measurement either. Consequently, the controller would produce zero input if it were applied to
the exo-system. This implies that we actually need not apply controller to the exo-system but only to the
agents 1, ..., N in order for the network to synchronize. Since all the agent output yi, i=1,...,N wil

synchronize with the output of exo-system, the output regulation is achieved. [ |

17.5. Conclusion

In this paper, a decentralized control scheme is developed to solve the output synchronization and
output regulation problems in a heterogeneous network of discrete-time introspective right-invertible
agents. The essence of the proposed design is two-folds: first, by exploiting the introspection and right-
invertibility property of each agent, we design a local shaping pre-compensator to manipulate the agent’s
internal dynamics as being asymptotically identical to a new model in which we enjoy a substantial
freedom in assigning its eigenstructures. Then, different synchronization controllers depending on the
two types of synchronization trajectories can be constructed on top of the new model so that the output

synchronization can be achieved for a set of communication topologies.

17.6. Appendix
17.6.1. Shaping pre-compensator design

In the appendix, we develop the proof of Lemma 17.1 and present a detailed procedure for the design
of the shaping pre-compensator. In the venture to achieve this, a Special Coordinate Basis (SCB) of linear

system developed in [99] plays a fundamental role. We shall first review this canonical decomposition

form and based on that develop some technical results that are instrumental to our proof.

Review of Special Coordinate Basis (SCB)

Consider a discrete-time strictly proper system

x(k +1) = Ax(k) + Bu(k)

y(k) = Cx(k). (17.31)
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There exist state, input and output transformation

Xa
- Xp ~ b - Uc
Ix =% = I,y =79 = Fu=1= 17.32
sX =X x| oy =Y [yd] U =1u [ud} (17.32)
X4

such that in the new coordinate, (17.31) can be rewritten as

Xa(k +1) = Aaaxa(k) + Lapys (k) + Lagya (k)
xp(k +1) = Appxp(k) + Lpgya (k)

xelk + 1) = Accxe (k) + Bette (6) + Eeaxa(k) + Lepyp(k) + Leaya (k)
Xa,j(k +1) = Ag jxa j(k) + La,jya(k) + Ba jlua,; (k) + G;x(k)],
va,j(k) =Cq jxq k), j=1,..r,

Yo = CpXp

(17.33)

Xd,1 Ug,1 Yd,1
Xg=| i |, ug=| : [ya=| :
g Uy, Va.r
where the dimension of x4, Xp, X¢, X4, X4,j> Yb» Yd» Uc and ug have dimensions ng, np. ne, ng, nq_j,

p—r,rym—randr (ng = Z;=1 ng, ;) respectively and
Aaj = [8 I""('{_l] . Baj= m . Caj=[1 0]

Some important properties of SCB are summarized as follows:

1. The invariant zeros of system (17.31) are given by the eigenvalues of A,,.

2. xp is nonexistent and I, = [ if (17.31) is right-invertible.

3. X is nonexistent and I; = I if (17.31) is left-invertible.

4. (Ac¢c, Be) is controllable and (App, Cp) is observable.

5. system (17.31) has r zeros at infinity with order ng j, j = 1,...,r.

Technical Lemmas

Lemma 17.10 (Squaring down of right-invertible systems) Suppose system (17.31) is right-invertible.
There exists a pre-compensator

x1(k +1) = Ay y1(k) + Bruy (k)

utk) = Cryi(k) + Druy(k) (17.34)

such that the interconnection of (17.31) and (17.34) is invertible.
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Proof : Since (17.31) is right invertible, there exist state and input transformations Iy and I such that
(17.31) can be transformed into its SCB form (17.33) while x, is nonexistent. To make this explicit, we

write its SCB form as follows

xa(k +1) = Agaxa(k) + Lay(k)

Xe(k +1) = Acexc(k) + Beue(k) + Eqxq(k) + Ley (k)

Xd’j (k + 1) = Ad,jxd,j(k) + Ld’jy(k) (1735)
+Bg,j[ua,j(k) + Ga,jxa(k) + Ge,jxc (k) + Gg jxq k)],

yj(k) = Cd,jxd,j (k), j = 1, e P,

Let Go = [Ge,1;-++ 5 Ge,p]. Since (A4, C) is observable, we find that (A¢¢, G.) is observable. Let F and
K be such that A.c + B.F and A, + KG_ are Schur stable. A pre-compensator can be constructed as
x1(k + 1) = (Ace + B F) x1(k) + Kv(k)

[Z:z((l/?)] - [?] v(k) + [_20] x1(k) (17.36)

We proceed to show that the interconnection (17.36) and (17.35) is invertible. Suppose v = [v; -+ ; Vp]

and define ey = x, — x1. Then

Xalk + 1) = Agaxqa(k) + Lay(k) (17.37)
Xe(k +1) = (Ace + BeF)xe(k) — BeFey(k) + Eqxq(k) + Loy (k) (17.38)
e1(k +1) = Accer(k) + Egxa(k) + Ley(k) — Kv(k) (17.39)

and

xq,j(k +1) = Ag jxq,;(k) + La jy(k) + Bq ;[vi(k) + Ga,jxa(k) + Ge,jer(k) + Gg,jxq (k)]
(17.40)

while
yj(k) = Cq,jxq, (k). (17.41)

Note that (17.37), (17.38), (17.40) and (17.41) are already in SCB form, but (17.39) is not. We need to

eliminate v from (17.39). Define X4 = [X4,1,n 4,5 " Xd,p.ny ,)- We get
Fa(k +1) = v(k) + L1y (k) + Gax(k) + Geel (k) + Gaxa k),

where Gg = [Ga,15+ i Ga,pl, Gg = [Gg,1:++ i Ga,p] and Ly is of appropriate dimension. Let e; =

e1 + KxX; whose dynamics are given by

ea(k + 1) = (Ace + KGe)ea(k) + Loy (k) + KGaxa(k) + Gaxg(k),
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where G is an appropriate matrix. Define X, = [x.;e2; x4]. We get

Yok +1) = AggXa(k) + Loy (k) + Gaxg(k) (17.42)
where
_ Acc + BcF _BcF Ea _ Lc
Aga = 0 Ace + KGe KGq |, Lg=|Lc
0 0 Aga L

and G is an appropriate matrices. Finally, we need to eliminate x; from (17.42). According to [99],
there exists a matrix M  such that

.i-a = .ia + MdXd

and x4 satisfy

Falk +1) = AgaZalk) + Lay(k) )
xq,jk +1) = Ag jxq j(k) + Lg,jy(k) + Bg j[vi(k) + GaXa(k) + Gg,jxq(k)] (17.43)
yj(k) = Cq,jxq,;(k),

with appropriate Ga. Clearly, (17.43) is SCB form and is square invertible. Note that in the original
coordinate, the pre-compensator takes the form
Xl(k + 1) = (Acc + BCF)Xl(k) + KU(k)

utky =r1 [(1)} v(k) + 17! [_12 ]Xl(k) (17.44)

Lemma 17.11 (Rank equalizing of invertible system) Suppose system (17.31) is invertible. There ex-

ists a pre-compensator

x2(k + 1) = Az xa(k) + Bav(k)

wk) = Caxa(k) (17.45)

such that the interconnection of (17.45) and (17.31) is of uniform rank.

Proof : Since (17.31) is invertible, with only a nonsingular state transformation Iy, we can put it in the

following form:

Xalk + 1) = Agaxq(k) + Lay(k)
xq,jk +1) = Ag jxq j(k) + Lg,jy(k) + Bg,j[uj(k) + Ga,jxa(k) + Gg,jxq (k)] (17.46)
yjlk) = Cq jxq k), j=1,..p
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We can add more delays to u; so that all the infinite zeros have the same order. Let r > max; ng ;. For

Xq,j wWithng ; <r, a pre-compensator can be constructed as

{ x2,j(k +1) = Az j x2,j (k) + Bz jvj(k)
ujky =0Cajx2,5,

where

0 I,—,, .— 0
A2,j=|:0 r n(‘)jij 1:|’ BZ,j=|:1:|: C2,]:[1 0]

By adding these pre-compensators to u;, all the infinite zeros will have the same order of r. We can
write them together as

x2(k +1) = Az x2(k) + Bav(k),

where x> = [x2,1:** 1 x2,pl, v = [v1:--+ s vp), u = [ug;--- ;u;] and

Ay = blkdiag{A, ;}. B, = blkdiag{B, j}. C, = I} blkdiag{C,_;}.

Proof of Lemma 1

Proof : Given Assumption 17.1, there exist non-singular state transformation I’ si and input transforma-

tion I, c’ such that (Ai, B, CJ’;) can be transformed into SCB. Without loss of generality, we assume in

the first place that the agent i is of the following form

The design of compensator (17.3) can be accomplished in three steps.

Step 1: Squaring down. It follows from Lemma 17.10 that for each agent i, there exists a pre-

compensator

xh(k+ 1) = AL ft (k) + Biud (k)

. 1 4] 1 17.47
wi(k) = Clgl(k)+ Diut (k) (17.47)

such that the interconnection of (17.1) and (17.47) is invertible.
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Step 2: Rank equalizing. Lemma 17.11 shows that a rank-equalizing compensator can be constructed

as

xh(k + 1) = AL yh(k) + Biub (k)

A 2 A2 17.48
(k) = Clyb k) (17.48)

such that the interconnection of (17.1), (17.47) and (17.48) is invertible and of uniform rank ny > ny.

Step 3: Zero decoupling and Pole placement. Using a non-singular state transformation

i

X . )?i
FSl Xll = Xl = |:iloi| ’
e d

the interconnection of (17.1), (17.47) and (17.48) can be written in the following form:

Bolk 1) = Bpgoll) + Lyyik)
Xa(k + 1) = Ay xg (k) + By[u; (k) + Do 1o (k) + Dy g (k)]
yik) =Chiyk),
where
i 0 Igp,—1) = 0 =i
ii = [0 nclo p , B;, = Ip s Cé = [Ip O:I
Note that each agent also has a local measurement Z# which consists of the original z* and compensator

states )(il and Xé- This Z* can be written in terms of 7o and ¥4 as
2 (k) = Ci (k) + C3 7}y (k).

Let
~ Al CiLi - 0 = ~
A= o 20 B =1 - i_[Ci (Ci.
[BQDB Aii + B(’;ID;] ’ [B;] , € [Cl C2]

Clearly, (A?, C?) is detectable. Then an observer based pre-feedback is designed as follows

{ Bk + 1) = AT (k) + Bl (k) — K (E (k) — CT 7 (k) (17.49)

uh(k) =—=D'F (k) + FI 7 (k) + v' (k)
where A' + K'C? is Schur stable, D! = [Df) DZ], Fi =10 F’é] and “Iii + Eéﬁé has a set of
pre-specified eigenvalues. It is easy to see that the error dynamics ¢! = ¥ — ' is asymptotically stable.
Therefore, the coupling between %o and 7, is canceled asymptotically. The mapping from v’ to y? is

described by the following dynamics:

Ak + 1) = (A5 + BL Fi) 7y (k) + BLv' (k) + Bld' (k)
yik) =Cyxk)
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and
el(k + 1) = (A" + KIChel (k)
di(k) = (D' — Fbel(k).

Note that (fffl, + B'F?, éé, C é) is invertible, of uniform rank n, and has no invariant zeros. Moreover,

/Iii + Bé F L;, has pre-selected eigenvalues.
In the original coordinate, (17.49) can be written as

Bk +1) = A"} (k) + B'o' (k) — K' (2 (k) — C" k)

; AN Nl . 17.50
wh(k) = DL 7 () + FIL R () + o' (k). (1739
|
17.6.2. Manipulation of exo-system
Consider an arbitrary exo-system
x(k+1)= Ax(k), x(0) = xo,
17.51)
(k) = Cx(k). (
There exists a non-singular state transformation x = TxX and y = T,y where
)~61 )Nci,l )71
F=| |, m=] | F=|1].
;Cp )Ei,ni )717
we have
Xtk + 1) = 4% (k) + Liy. Fi(k) =[1 0]%i(k). (17.52)
where

=l "

and L; is of appropriate dimension. The set of integers {n, ...,np} is the observability index of (C, A)

(see [11]).

Note that we can equalize the size of A; to ngy by adding shift registers to the bottom of each chain

X; with zero initial conditions. Define
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and

Xitk +1) = Aixi(k) + Liy, Ji(k) =[1 0]xi(k), (17.53)

|0 In,—1 | Li
el ) =[5]

By adding s;, we introduce several zero eigenvalues to the system. It is easy to see that (17.52) and

with

~

(17.53) generate exactly the same output y. We can write system (17.53) in a compact form as

k+1)= A(k) *1(0)
{ 5k = Cx(k), x(0) = K (17.54)
Xp(0)
where B _
*x In,—1 * 0
* 0 e x 0 1 0 -~ 00
A= |, C= :
* 0 R S P 0 0 1 0
| * 0 cee % 0 |
Choose B _
0o -+ 0
1 0
B=|: .o
0 --- 0
0 - 1]

Then (ff ,B,C ) is invertible, of uniform rank n4 and has no invariant zero.

Finally we restore the output transformation in system (17.54) as

2k + 1) = Ax (k) Xl,(o)

vk =T,Cx), 0=

: (17.55)
xp(0)
This system produces the same output as (17.52). Since non-singular output transformation does not
change invertibility and zero structure. Therefore, the triple (/I . B, TOC_’ ) is still invertible, of uniform
rank n4 and has no invariant zero. According to the property of SCB, there exists a state transformation

that put it in the form of (17.6).
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CHAPTER 18

Synchronization in a homogenous network with uniform
constant communication delay

18.1. Introduction

In this chapter, we study the multi-agent consensus problem with uniform constant communication
delay. The agents are assumed to be at most critically unstable, i.e. each agent has all its eigenvalues in
the closed left half plane. The contribution of this chapter with respect to [76, 7, 46, 9] is twofold: first,
we find a sufficient condition on the tolerable communication delay for agents with high-order dynamics,
which has an explicit dependence on the agent dynamics and network topology. For undirected network,
this upper bound can be independent of network topology provided that the network is connected. More-
over, in a special case where the agents only have zero eigenvalues, such as single- and double-integrator
dynamics, arbitrarily large but bounded delay can be tolerated. Another layer of contribution is that for
delay satisfying the proposed upper bound, we present a controller design methodology without exact
knowledge of network topology so that the multi-agent consensus in a set of unknown networks can be
achieved. When the network topology is precisely known, the controller design can be modified to be

topology-dependent and a larger delay tolerance is attainable.

The rest of this chapter is organized as follows: System and network configuration and consensus
problem formulations are given in Section 18.2. The consensus problem with full-state coupling is solved
in Section 18.3. The corresponding problem with partial-state coupling is dealt with in Section 18.4. In
Section 18.5, we discuss the special of neutrally stable systems. Some illustrative examples are given in

Section 18.6. Some technical lemmas are appended at the end of this chapter.

Finally, it should be emphasized that the results in this chapter are obtained using the low-gain tech-
niques developed in Chapter 7. Therefore, an overlap in some proofs of these two chapters is not surpris-
ing. However, some technical aspects are distinguished due to the different nature of the problems studied
in the two chapters. For the sake of completeness and clarity, all the proofs are presented independently

from those in Chapter 7.

362



18.2. Problem formulation

Consider a network of N identical agents

xi(t) = Ax'(t) + Bu(¢t), i=1,...,N,

. . 18.1
Z(1) = = Y0 lixd (0 = ). (18.1)

where x’ € R*, u' € R and z¥ € R”, r > 0 is an unknown constant satisfying r € [0, 7]. The
coefficients £;; are such that £;; < O fori # j and {;; = — ZJN# ¢;j. In (18.1), each agent collects
a delayed measurement z* of the state of neighboring agents through the network, which we refer to as

full-state coupling.

It is also common that z; may consist of the output of neighboring agents instead of the complete

state which can be formulated as follows:

% (t) = AXI (1) + Bul (1),
yf(t) = Cx'(1), ‘ i=1,...,N, (18.2)
2t ==Y Ly (- ).

where x! € R”, u' € R™ and y?,z' € RP. We refer to the agents in this case as having partial-state
coupling.

The matrix L = {{;;} € RV*N defines the communication topology which can be captured by a
weighted graph G = (N, &) where (j,i) € &€ & {;; <0anda;; = 0and a;; = —¢;; fori # j. The
G is directed in general. However, in a special case where L is symmetric, G is undirected. This L is

the the Laplacian matrix associated with G.
Assumption 18.1 The following assumptions are made throughout the chapter:

1. The agents are at most critically unstable, that is, A has all its eigenvalues in the closed left half

plane;
2. (A, B) is stabilizable and (A4, C) is detectable;

3. The communication topology described by the graph G contains a directed spanning tree.

Remark 18.1 I should be noted that under Assumption 18.1, L has one simple eigenvalue in zero and

the others lie in the open left half plane.
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It should be noted that in practice, perfect information of the communication topology is usually not
available for controller design and that only some rough characterization of the network can be obtained.
Using the non-zero eigenvalues of L as a “measure” for the graph, we can introduce the following
definition to characterize a set of unknown communication topologies. Let Aj,---, Ay denoted the

eigenvalues of L and assume A; = 0.

Definition 18.1 Forany y > 8 > 0and 7 > ¢ > 0, §g ,,, is the set of graphs satisfying Assumption

18.1 and whose associated Laplacian satisfies

|Ail € (B.y) and argA; € [—¢.¢]
fori =2,...,N.
Definition 18.2 The agents in the network achieve consensus if
tl_i)rgo(xi(t) —x/(1))=0, Vi,je{l,....,N}.

Two consensus problems for agents with full-state coupling (18.1) and partial-state coupling (18.2)

respectively can be formulated for this set of networks as follows:

Problem 18.1 Consider a network of agents (18.1) with full state coupling. The consensus problem
given a set of possible communication topologies 93, , and a delay upper bound 7 is to design linear
static controllers u! = Fz! fori = 1,...,N such that the agents (18.1) with u! = Fz! achieve

consensus with any communication topology belonging to %g ,, , for T < 7.

Problem 18.2 Consider a network of agents (18.2) with partial state coupling. The consensus problem
with a set of possible communication topologies &g , , and a delay upper bound 7 is to design linear
dynamic control protocols of the form:

)'(i :ACXi +BCZi

oyl (18.3)

fori = 1,..., N such that the agents (18.2) with controller (18.3) achieve consensus with any commu-

nication topology belonging to §g ,, , for t < 7.
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18.3. Consensus with full-state coupling

In this section, we consider agents with full-state coupling as given in (18.1) and solve Problems
18.1.
For a given set of networks &g , ,, we design a decentralized local consensus controller for any

network in gﬂ,y,w as follows:

ut = ongzi, (18.4)

where F, = B’ P.. Here P, is the positive definite solution of the Algebraic Riccati Equation (ARE)
A'P; + P.A— PsBB' Py +¢l =0. (18.5)

and ¢, as well as «, are design parameters which will be chosen according to f, y and ¢ so that the

multi-agent consensus can be achieved with any communication topology belonging to %g ,, ,,. Let

0, A is Hurwitz.
Wmax =

max{w € R | det(jwl — A) = 0}, otherwise.
The first main result of this chapter is stated in the next theorem which solves the network consensus

problem with respect to Gg ,, .

Theorem 18.1 For a given set 5, , and T > 0, consider the agents (18.1) and any coupling network

belonging to the set §g , ,. In that case Problem 18.1 is solvable if,

T
__5-v¢
‘L'<2 .

(18.6)

Wmax
Moreover, it can be solved by the consensus controller (18.4) if (18.6) holds. Specifically, for given
98,y,0 and given 7 satisfying (18.6), there exist @ > 0 and £* > 0 such that for this & and any ¢ € (0, £*],
the agents (18.1) with controller (18.4) achieve consensus for any communication topologies in 9g ,, ,

and 7 € [0, T].

Proof : It follows from Lemma 18.1 in the Appendix that Theorem 18.1 holds if for any y > 8 > 0,

7 > 0 and ¢ satisfying (18.6), there exist « > 0 and &* such that for ¢ € (0, £*], the system

% = Ax — Aae’V BF,x(t — 7). (18.7)
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is asymptotically stable for all T € [0,7], A € (B, y) and ¥ € [—¢, ¢].

Since 7 and ¢ satisfy condition (18.6), there exists an & > 0 such that
arccos(ﬁ) > ¢ + OmaxT. (18.8)

Let this « be fixed. By Lemma 18.4, (18.8) implies that aA cos(¢) > 1, and hence, A — ade/V BF, is
Hurwitz stable for ¢ € [—¢, ¢]. Then it follows from Lemma 18.3 that system (18.7) is asymptotically

stable if
det [ jwl — A+ aAefW—w”BFg] £0, (18.9)

forw e R, t € [0,7] and ¥ € [—¢, ¢].

First, we note that given (18.8), there exists a § > 0 such that
arccos(ﬁ) > ¢4+ wl, VYo|<onx+. (18.10)

Next we will split the proof of (18.9) in two cases where || < Wmax +§ and |@| > wmax + 8 respectively.

If |w| > wmax + 8, we have det(jwl — A) # 0, in another word, o (jwl — A) > 0. Hence, there
exists ;0 > 0 such that

a(jol —A) > u, Vo, st |o| > onx + 6.

To see this, note that for w satisfying |w| > @ := max{||A|| + 1, ®max + 8},
o(jol —A) > |o|—|A] > 1.
But for w with |w| € [wmax + 8, @], there exists u € (0, 1] such that
a(jol —A) = u,

which is due to the fact that o(jwl — A) depends continuously on w. Given @ and A € (8, y), there

exists €* > 0 such that |[AaBF;| < u/2 fore < &*. Then
o(jol —A+ake/V"°DBE) > p— /2> p/2.

Therefore, condition (18.9) holds for |w| > @max + §.
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It remains to verify (18.9) with || < @max + §. By the definition of §, we find that
alcos(Y —wt) > af cos(p + |w|T) > %,

and hence by Lemma 18.4, A — ade/W =7 BF, is Hurwitz stable, for ® € (—®max — 8, Omax + 8,

Ae(B,y), ¥ € —¢,¢]and T € [0, T]. Therefore, (18.9) also holds with |w| < wmax + 8. [

Remark 18.2 Some comments on implementation of the consensus controller (18.4) are worthwhile.
Four parameters are chosen sequentially in the consensus design and analysis, namely «, 8§, | and €.
First, we select the scaling parameter o in (18.8) using the given data B, ¢ and wmax. Then, § is chosen
based on network data and the choice of a and such a § will yield corresponding value of (. Eventually,

€ is determined by | and y.

Remark 18.3 The consensus controller design depends only on the agent model and parameters T, B,y
and ¢ and is independent of specific network topology provided that the network satisfies Assumption

18.1.

In the special case where wnyx = 0, i.e. the eigenvalues of A are either zero or in the open left half
plane, then arbitrarily bounded communication delay can be tolerated as formulated in the following

corollary:

Corollary 18.1 For a given set g, , and T > 0, consider the agents (18.1) and any communication
topology belonging to the set 9g ,, ,. Suppose the eigenvalues of A are either zero or in the open left half
plane. In that case, Problem 18.1 is always solvable via the consensus controller (18.4). Specifically,
for given 9g ., , and T > 0, there exist & and &* such that for any & € (0, *], the agents (18.1) with

controller (18.4) achieve consensus for any communication topologies in 9g ,, , and 7 € [0, T].

Remark 18.4 In the previous study of network consensus problem, agents are normally assumed to have
single- or double-integrator type dynamics. Based on Corollary 18.1, we find that the delay tolerance in
such cases is independent of network topology and can be made arbitrarily large. This result in no way
contradicts that in [76, 46, 9] since the goal here is to find the maximal achievable delay tolerance by
controller design whereas obtained in [76, 46, 9] are the conditions on delay for which the consensus

with certain given controller is not spoiled.
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Remark 18.5 Note that for undirected and connected networks, the Laplacian associated with G is
symmetric and hence has only real eigenvalues, i.e. we can set ¢ = 0. In this case, the upper bound of
tolerable delay is independent of network topology. However, in directed networks, we have to sacrifice

some robustness in the delay tolerance in order to cope with the complex part of Laplacian eigenvalues.

18.4. Consensus with partial-state coupling

Next, we proceed to the case of partial-state coupling and design a dynamic consensus controller

(18.3) which solves Problem 18.2.

For ¢ > 0, let P, be the positive definite solution of the ARE (18.5). A dynamic low-gain consensus

controller can be constructed as
=+ KC)y —KZ
u! = aB' Py, (18.11)
where K is such that A + KC is Hurwitz stable. « and ¢ are design parameters to be chosen later. We

shall prove that the consensus controller solves Problem 18.2.

Theorem 18.2 For a given set 93, , and T > 0, consider the agents (18.2) with any communication

topology belonging to 9 ,, ,,. In that case, Problem 18.2 is solvable if,

T
. 3¢
T <2 .

(18.12)

Wmax
Moreover, it can be solved by the consensus controller (18.11) if (18.12) holds. Specifically, for given
and y and given ¢ and T satisfying (18.12), there exist « > 0 and &* such that for any ¢ € (0, £*], the
agents (18.2) with controller (18.11) achieve consensus for any communication topology in 93 , , and

7 €[0,7].

Proof : It follows from Lemma 18.2 in the Appendix that Theorem 18.2 holds if there exist « > 0 and

€* > 0 such that for ¢ € (0, £*], the system

x(t) = Ax(t) —are/V BB P x(t — 1)

() = (A+ KC)x(t) — KCx(1) (18.13)

is asymptotically stable for any A € (8, y), ¥ € [—¢,¢] and T € [0, T].
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Define

-4 0 (Bl s
‘A’_[—Kc A+KC]’ 3_[0}’ Fe=[0 —B'F].

First of all, for A € (8, y) and ¥ € (—¢, @), there exists @ such that
Ao cos(@ + WmaxT) > 2. (18.14)

Let this o be fixed. By Lemma 18.5 in the Appendix, there exists &, such that for ¢ € (0,&1], A +
adelV BF, is Hurwitz stable for A € (B, y) and ¢ € (—¢. ). It follows from Lemma 18.3 that (18.13)

is asymptotically stable if

det [ja)l — A — akej(‘/’_wr)o‘é?}g] #0, Vo € R,
YA e (B,y), YV € (—p,p), YT €[0,7]. (18.15)
Given (18.14), there exists § > 0 such that
Aacos(p + wt) > 1, V|w| < omax + 0. (18.16)
We can show, as in the proof of Theorem 18.1, that there exists ¢, < g1 such that for ¢ € (0, &3],
condition (18.15) holds for |w| > wmax + 9.

For || < wmax + §, it follows from (18.16) and Lemma 18.5 that A + are/ V=00 B % is Hurwitz

stable. Therefore, condition (18.15) also holds with |w| < wmax + 9. [ ]

Remark 18.6 The low-gain compensator (18.11) is constructed based on the agent model and the net-
work characteristics B, v and ¢. The four parameters o, 8, | and & used in the design of controller

(18.11) are chosen with the same order and relation as in the proof of Theorem 18.1.

The next corollary is concerned with the case wpax Where the eigenvalues of A are either zero or in

the open left half plane.

Corollary 18.2 For a given set §3 , , and T > 0, consider the agents (18.2) with any communication
topology belonging to &g ,, . Suppose the eigenvalues of A are either zero or in the open left half plane.
In that case, Problem 18.2 is solvable by the consensus controller (18.11). Specifically, for given 8, y, ¢
and T > 0, there exist « > 0 and &* > 0 such that for any ¢ € (0, £*], the agents (18.2) with controller

(18.11) achieve consensus for any communication topology in §g ,, , and 7 € [0, 7].
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18.5. Special case: Neutrally stable agents

We observe that the consensus controller design in Theorem 18.1 and Theorem 18.2 for general
critically unstable agents depends on 8 which is related to the algebraic connectivity of the graph. We
next consider a special case where the agent dynamics are neutrally stable, that is, the eigenvalues of A
on the imaginary axis, if any, are semi-simple. Without loss of generality, we assume that A’ + 4 < 0
which can be obtained after a suitable basis transformation. In this case, we shall show that the consensus
controller design no longer requires the knowledge of B and hence allows us to deal with a larger set of

unknown communication topologies that can be denoted as 5y, y,¢.

Consider the agents (18.1). Assume A’ + A < 0. A local consensus controller can be constructed as
u' =¢eB'Z". (18.17)
We have the following theorem:

Theorem 18.3 For a given set & ,,, and T > 0, consider the agents (18.1) and any communication

topology belonging to the set §p,y,,. Suppose A’ + A < 0. In that case, Problem 18.1 is solvable if,

T
T< 2 (p, (18.18)
(Wmax

Moreover, it can be solved by the consensus controller (18.17) if (18.18) holds. Specifically, for given y
and given ¢ and T satisfying (18.18), there exists an £* such that for any ¢ € (0, £*], the agents (18.1)
with controller (18.17) achieve consensus for any communication topology in §y,,,, and t € [0, T].
Proof : It follows from Lemma 18.1 that Theorem 18.3 holds if the system

x = Ax — Aee’VY BB x(t — 1) (18.19)

is asymptotically stable for A € (0, ), ¥ € [—¢, ¢] and t € [0, 7], which, by Lemma 18.3, is true if and

only if

det [ja)] — A+ sAef‘/’—f“’fBB’] £0, Vo eR, A €(0,y), ¥ €[—¢.,¢], T€[0,7].  (18.20)
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There exists § > 0 such that
T +¢ <%, Yost|o| <onx+0.

For given A € (0, y), we can show with a similar argument as in the proof of Theorem 18.1 that there

exists a 4 > 0 and a &1 such that for ¢ € (0,&e;] and A € (0, )
o(jwl — A+ ere/VI?"BBY > 1, Vo s.t. |w| > wmax + 6.

Hence, (18.20) is satisfied with || > wmax + 6.

It remains to show (18.20) for |@| < wmax + &. Note that v — wt € (=7, 7) by definition of § and

hence cos(¥ — wt) > 0. Then
[A —ede!VIPTBB|* + [A — Aee/V/®TBB'] = —2Xecos(¥ —wt)BB’ <0

Since (A4, B) is controllable, we conclude that A — Age/¥—/®T BB’ is Hurwitz, and hence (18.20) also

holds, with |w| < @Wmax + 8. [ ]

The next theorem addresses the consensus problem for networks with partial state coupling. In this

case, a low-gain consensus controller can be designed as

i =(A+KC)y — Kz
ui ={;‘B/Xi,

(18.21)
where K is such that A + KC is Hurwitz.

Theorem 18.4 For a given set §g ,,, and T > 0, consider the agents (18.2) with any communication

topology belonging to §o ;.. Suppose A + A’ < 0. In that case, Problem 18.2 is solvable if,

T
. 5
7 <2 )

(18.22)

Wmax
Moreover, it can be solved by the consensus controller (18.21) if (18.22) holds. Specifically, for given y
and given ¢ and T satisfying (18.22), there exists an £* such that for any ¢ € (0, £*], the agents (18.2)

with controller (18.21) achieve consensus for any communication topology in §y,,,, and 7 € [0, T].
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Proof : It follows from Lemma 18.2 in the Appendix that Theorem 18.2 holds if there exist « > 0 and

€* > 0 such that for ¢ € (0, £*], the system

{ X(t) = Ax(t) — ere/V BB y(t — 1) (18.23)

1) =(A+ KC)x(t) — KCx(t)
is asymptotically stable for any A € (0,y), ¥ € [—¢,¢] and T € [0, 7].
Define
- | A 0 - | B = _pr
A= [—KC A+Kc] B= [o]’ Fe=[0 —eB].
By Lemma 18.6 in the Appendix, there exists 1 such that for & € (0, 1], A + ale/¥ BF, is Hurwitz

stable. It follows from Lemma 18.3 that (18.23) is asymptotically stable if
det [ja)l — A —ockej(w_m)ﬁé?:}] #0, Vo € R,
VA e (B.y), V¥ € (—p.9). VT €[0.7]. (18.24)

Similarly as before, there exist § > 0 and &5 < &1 such that for ¢ € (0, g3], condition (18.24) holds for

|a)| Z a)max + 8'

On the other hand, |w| < wmax + 8, it follows from Lemma 18.6 that A + ade/ -0 358 is Hurwitz

stable. Therefore, condition (18.24) also holds with |w| < wmax + 9. [ ]

18.6. Simulation

18.6.1. Consensus with full-state coupling with a set of communication topologies

Consider the 4 identical agents

01 1 0 00
i 00 0 1] 1 0] ;
! — 1 1
FO=1909 o0 1[FOF]g o|® (18.25)
00 —-10 0 1
2H(0) = = 75 by (1= 1)
fori = 1,...,4 with full-state coupling as given in (18.1). The communication topologies defined by

L = {{;;} belong to the set 93 5 /6. We have wnmax = 1 in this case. For this given set of data, we can

choose the parameter ¢ to be 2 x 10~* and design a consensus controller according to (18.4) and (18.5)

u = %ngi _ [0.0045 0.0540 —0.0536 0.0091] i

0.0015 0.0091 —0.0087 0.0155
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We apply this u to two networks in the set 93,5,7/6 as shown in Fig. 18.6.1 and 18.6.1. The communi-
cation delay in these two networks is T = 0.5. The corresponding simulation data are shown in Fig 18.3

and Fig 18.4.

OO

Figure 18.1: Network topology 1

18.6.2. Consensus with partial-state coupling with a set of communication topologies

Consider a network of 4 identical agents

01 1 0 00
; 00 0 1] ; 1 0] ;
) — 1 1
00 —-10 01 (18.26)
yi@)y=[1 0 0 0]x'()
) ==Y by (- 1)
with 7 = 0.5 and the same set of communication topology §3 5 /¢ as in Section 18.6.1.
We can choose ¢ = 107¢ and
K=[-10 —29 -5 -20]', (18.27)

Figure 18.2: Network topology 2
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Agent 1
Agent 2
Agent 3 4
Agent 4

-4

Figure 18.3: Evolution of the first state element of all four agents in Network 1

Agent 1
Agent 2
Agent 3| |
Agent 4

. . .
0 50 100 150 200

Figure 18.4: Evolution of the first state element of all four agents in Network 2

and design the dynamic low-gain consensus controller as follows:

10 1 1 0 -10
. -29 0 0 1] ; —291 ;
vl — 1 1
|—20 0 -1 O —20
wi (1) = [0.0003 0.0149 —0.0149 0.0007 i)
o 0.0000 0.0007 —0.0007 0.0009 X8

Consider the same two communication topologies depicted in Fig. 18.6.1 and 18.6.1. The respective

simulation data are shown in Fig. 18.5 and Fig. 18.6.
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First state variables of all four agents
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Figure 18.5: Evolution of x’i in Network 1

First state variables of all four agents
6 T T T T T T T T T

N
5* o "

o A
Agent 2
° AP Agents | |
v Agent 4

1 L L L L L L L L L
0 20 40 60 80 100 120 140 160 180 200

Figure 18.6: Evolution of x! in Network 2

18.7. Concluding remarks

In this chapter, we study the multi-agent consensus with uniform constant communication delay for
agents with high-order dynamics. A sufficient condition on delay is derived under which the multi-agent
consensus is attainable. Whenever this condition is satisfied, a controller without the exact knowledge of

network topology can be constructed such that consensus can be achieved in a set of networks.

Although this chapter focuses on unknown communication topologies, when the perfect information
about the topology is in fact available, the design procedure can be easily modified to achieve a stronger

result. In this case, input #; to each agents can be first scaled as u; = d;u; where these d; are such that
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diag{d;} L has a simple eigenvalue at zero and the rest are real and strictly positive. The existence of

such d;s is proved by [22]. Then we can design u; following the procedure proposed in this chapter.

Future research will continuous in two directions: 1. extend the results to non-identical agents; 2.

consider non-uniform and time-varying delay.

18.8. Appendix

18.8.1. Connection of network consensus to robust stabilization

Lemma 18.1 Problem 18.1 is solvable via consensus controller u’ = Fz' if the following N —1 systems
E(r) = AE (1) — A; BFE (1 — 1) (18.28)

are asymptotically stable where A;,i = 2, ..., N are the non-zero eigenvalues of the Laplacian associated

with the communication topology.

1

Proof : Define ¥ = [x';--- ; x"]. The overall dynamics of N agents can be written as

(1) = (Iy ® A)X(t) — (L ® BF)(t — 7).

Define £ = [£!;--- ;EN] = (T ® I,,)X where & € C" and T is such that J; = TLT ! is in the Jordan

canonical form and Jz (1, 1) = 0. In the new coordinates, the dynamics of £ can be written as
§() = (Iy ® AE(M) — (JL ® BF)§(t — ).

We claim that the network consensus problem is solved if £ — 0 ast — oo fori = 2,..., N. This
can be seen as follows. Let n(¢) = [£1(¢);0;--- ;0]. If £(t) — n(t), then X(t) — (T ' ® I,,)n(t). Note
that the columns of 7! comprise all the right eigenvectors and generalized eigenvectors of L. The first

column of 77! is vector 1. This implies that fori = 1,..., N

X' (1) — 1),
i.e. the network achieves consensus.

The sub-dynamics of £(1) = [£2(¢);--- ;N (1)] are

E(t) = (Iy_1 ® A)E(t) — (JL ® BF)E(t — 1) (18.29)
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where J7 is such that

0
JL == |: J—Li| .
The eigenvalues of system (18.29) are given by the roots of its characteristic equation

H(s) = det{s] — (IN—1 ® A) + ¢ *"(JL ® BF)} =0,

which, due to the upper-triangular structure of Iy _; ® A and J; ® BF , are the union of the eigenvalues

of the N — 1 systems:
Ei(r) = A8 (t) — A;BFE'(t — 1), i=2,...,N.

Then the result in Lemma 18.1 follows. [ |

Lemma 18.2 Problem 18.2 is solvable via consensus controller (18.3) if the following N — 1 systems

x1(t) = Ax' (1) — A; BC.E (t — 1)

i : h 18.30
F0) = Aexi (1) + Bez' (1) (18.30)

are asymptotically stable where A; fori = 2,..., N are the non-zero eigenvalues of the Laplacian matrix

L.

Proof : Let X' = [x’; x*]. Then for each agent, the closed-loop dynamics are

fo=[y rlro+], )50
yf(z) =[C 0]x |
20 ==Y by (- 0.

Define & = [x¥';--- ; ¥V], 5 = [y';--- s y7],
_ |4 BC R _
A—|:0 Ac]’ ;B—[Bci| and‘€—[C O].
The overall dynamics of the N agents can be written as
(1) = Iy ® A)X(t) — (L @ BE)X(t — 7).

It follows from Lemma 18.1 that for any given set g, , and T > 0, Problem 18.2 is solvable via

consensus controller (18.3) if the system

E(t) = AE(t) — A’V BEE(t — 1) (18.31)
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is globally asymptotically stable for any A € (B, ), ¥ € [—p, ¢l and T € [0, T].
g Yy asymp y y 14 Q.0

The system (18.31) has a set of eigenvalues determined by

sI—A —BC. | _
det [Ae”BcC SI_AC] =0. (18.32)

On the other hand, the eigenvalues of system (18.30) are given by

_ ST
de |:sl A de BCC] _o.

“B.C sl — A, (18.33)

It is easily verified that A € C satisfies (18.32) if and only if A satisfies (18.33).

We find that the two closed-loop systems have the same set of eigenvalues. Therefore, (18.31) is
globally asymptotically stable if (18.30) is globally asymptotically stable for any A € (8, y), ¥ € [—o, ¢]
and t € [0, T]. The result in Lemma 18.2 then follows. [
18.8.2. Stability of linear time-delay system

The following lemma is adapted from [157].

Lemma 18.3 Consider a linear time-delay system
X = Ax + Agx(t —1). (18.34)
Assume A + A, is Hurwitz. We have that (18.34) is globally asymptotically stable for T € [0, 7] if
det [ij . e—f'wad] £0, Yo eR, ¥rel0 ],
forallw € Rand 7 € [0, T].
18.8.3. Robustness of low-gain state feedback and compensator

In this subsection, we recall some classical robust properties of low-gain feedback and compensator.

Consider an uncertain system

X = Ax + 1Bu

y = Cx, (18.35)
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where (A, B) is stabilizable, (A4, C) is detectable and A has all its eigenvalues in the closed left half

plane. The u € C is input uncertainty. For ¢ > 0, let P, be the positive definite solution of ARE
A'Py + AP; — PsB'BP, + ¢l = 0.
The robustness of a low-gain state feedback u = —B’ P,x is inherited from that of a classical LQR.

Lemma 18.4 A — BB’ P, is Hurwitz stable for any u € {s € C | Re(s) > %}.

Proof : We observe that for u € {s € C | Re(s) > %},
(A— uBB'P;)*P; + P.(A— uBB'P;) = —el — (2Re(u) — 1) P.BB' P, < 0,

and hence, A — u BB’ P, is Hurwitz stable. [ |

The next lemma proves similar property of a low-gain compensator.

Lemma 18.5 For any a priori given bounded set
W C {s € C|Re(s) > 1},

there exists ¢* such that for any ¢ € (0, £*], the closed-loop system of (18.35) and the low-gain compen-

sator

X=(A+KC)y—-Ky,

is asymptotically stable for any u € W.

Proof : Define e = x — y.The closed-loop of (18.35) and (18.36) can be rewritten in terms of x and e as

X =(A—uBB'Py)x + uBB’' Pee

¢ = (A+ KC + uBB'P;)e — uBB’' Pex. (18.37)

Since Re(u) > 1, we have

(A _//LBB/PS)*PS + PE(A _//LBB/PS) S _81 - PSBB,PQ.
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Define V] = x*P.x andu = B’ Pyx.

Vi < —elx]|? — [u|?® + 2 Re(uu* B’ Pse)

< —ellx|I”> = llul* + 6(e)lle ] ul.,

where 0(g) = ||uB’ P¢||. Clearly, 6(s) — 0 as e — 0.

Let Q be the positive definite solution of Lyapunov equation
(A+KC)Q + Q(A+ KC) = -21.
Since Fg; — 0 and u is bounded in ‘W, there exists &1 such that for ¢ € (0, &1],
(A+ KC + uBF:)'Q + Q(A+ KC + uBF,) < —1.
Define V, = e*Qe. We get

Vs < —|le||* — 2Re(ue* QBu)

< —llell* + Mlle|l]lul]

where
M = max{2||nOB||}.
new

Define V = 4M?V; + 2V,. Then
V < —4MZe|x]*2 = 2|le||> — 4M>||u||* + (4M>6(e) + 2M) | e]|||u
There exist €* < g1 such that for ¢ € (0, &*],
4M?0(g) < 2M.

Hence for ¢ € (0, £*],

V < —aM2e||x|1* — le]|® = (lle]l — 2M |ju))*.

We conclude that (18.36) is asymptotically stable for any u € ‘W.
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Lemma 18.6 Consider system (18.35). Suppose A" + A < 0. For any a priori given ¢ € (0,7%) and a
bounded set

WC{seC|s#0, arg(s) € [-¢, 9]},

there exists ¢* such that for any ¢ € (0, £*], the closed-loop system of (18.35) and the low-gain compen-

sator

Xx=(A+KC)y—-Ky,

Y eBy (18.38)

is asymptotically stable for any u € 'W.

Proof : Define ¢ = x — y. The closed-loop of (18.35) and (18.38) can be rewritten in terms of x and e

as

X =(A—euBB')x + cuBB’e

¢ =(A+ KC +suBB)e — ¢juBB'x. (18.39)

Define V; = x*x and u = B'x.

Vi < —eRe(w)ull® + 2e Re(uu*B'e)

< —eRe(w)l[ul® + elp|6rlle]lul,

where 67 = 2|B|.

Let Q be the positive definite solution of Lyapunov equation
(A+ KC)Q + Q(A+ KC) = -21I.
Since u is bounded in ‘W, there exists &1 such that for € € (0, 1],
(A+ KC + euBB")*Q + Q(A + KC + euBB') < —1.
Define V, = e*Qe. We get

Vs < —|le||® — 2Re(spe* QBu)

< —llell? + elplf2lelllu]

where 6, = 2||QB]|.
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Define V = Vi + V,. Then with 83 = 61 + 0,, we have

V < —llel® — eRe(u)lull? + el |63 lel 1u]
< —llel® — eRe(w) [lull® — sec(@)bslelllu]l]
E—U—ﬂmwdmwﬂz—%ﬂdmww
— eRe(p) (L lull - sec(p)bslell)”

Since ‘W is bounded and ¢ is given, there exists ¢* < g1 such that for ¢ € (0, £*],
1
el sec(p) < > Yuew.

Hence for ¢ € (0, £*],

. 1 3
V = =3 lell? = JeRe(n) Jul%

Since (A, B) is stabilizable, we conclude that (18.36) is asymptotically stable for any u € 'W.
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CHAPTER 19

Synchronization in a heterogenous network of introspective
right-invertible agents with uniform constant communication
delay—continuous-time case

19.1. Introduction

In this chapter, we consider heterogenous networks of introspective multi-input multi-output agents
with uniform constant communication delay. We assume that the agents are right-invertible. Two prob-
lems are studied here, namely the output synchronization problem and output regulation problem. The
underlying idea is to shape the agent dynamics into a particular form by exploiting the self-knowledge
and right-invertibility property of the agents. Specifically, in the output synchronization problem, the
agents are manipulated to imitate a neutrally stable system and as such can tolerate arbitrary bounded
delay and accommodate more network uncertainties under standard assumption on the communication
topology. However, when one is more concerned with the synchronization trajectories as in the output
regulation problem, we can re-shape the agent to be the same with exo-system and regulate the agents’
outputs by providing relative output measurement of the exo-system only to one particular agent. More-
over, we propose a decentralized controller design methodology that does not require exact knowledge
of communication topologies so that these two problems can be solved for a set of unknown networks.

Finally, we show that the design proposed in this chapter also applies to a formation control problem.

19.2. Problem formulation

Consider a heterogenous network of N introspective agents

X1y = Alxi (1) + Bl (1),
YA = Cix' (),
z' (1) = C;x' (1),
§He) = 5l by (6 =)

(19.1)

where x* € R%, u' e R™, y' ¢! € RP, z' € R% and t > 0 is an unknown constant satisfying

T € [0, 7]. The coefficients £;; are such that £;; < Ofori # j and {;; = — Zj-\;i Lij.
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The matrix L = {{;;} € RVXN defines the communication topology which can be captured by a

weighted graph G = (N, &, A) where (j,i) € & & {;j <0Oanda;; = 0and a;; = —{;j fori # j.

Assumption 19.1 The communication topology G contains a directed spanning tree whose root (without

loss of generality) is agent N.

In this case, L has a simple eigenvalue at zero and the rest are located in the open right half plane.
Let A1,---, Ay denote the eigenvalues of L and assume A; = 0. When the perfect information of the
communication topology is not available, we can use the non-zero eigenvalues of L as a rough “metric”
of the graph and introduce the following definition to characterize a set of unknown communication

topologies.

Definition 19.1 Foranyy > B > Oand 5 > ¢ > 0, §g,, is the set of networks whose Laplacian

eigenvalues satisfy that
|Ail € (B.y), argA; € [-¢.¢] fori =2,....N.
In this network, each agent collects two measurements:

1. a network measurement ¢ € RP” which is a combination of its own output relative to that of

neighboring agents and is subject to a uniform constant communication delay;

2. a local measurement z¢ € R% of its internal dynamics to which the agent has an instantaneous

access.
Assumption 19.2 The agents satisfy the following properties:
1. (A%, BY) is stabilizable;

2. (A, C}’,) is detectable;

w

. (A*, B, CJ’,) is right-invertible;
4. (A', Cl)y is detectable.

The output synchronization in a heterogeneous network of agents (19.1) can be defined as follows:
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Definition 19.2 The agents in the network achieve output synchronization if
lim (' (1) =/ (1)) =0, Vi, j€{l,....N}.
t—>00
With the above defined notations, the first problem studied in this chapter is formally stated below:

Problem 19.1 Consider a heterogenous network of the form (19.1). For a given set 93, , and T > 0,
the output synchronization problem with a set of communication topologies §3 ,,, for all T < 7 is to
design a local linear dynamical controller

3= Acx + Bl + Eezt (19.2)
u' =Cly! + DL+ Mz, '
such that the synchronization can be achieved in the network with any communication topology belong-

ing to 9g ,, , forr < 7.

Note that the above synchronization problem does not impose any restriction on the synchronization
trajectories. The focus here is to solve this problem for as a large set of communication topologies and
delay as possible. On the other hand, it is important in some scenario to regulate the output of the agents
to desired trajectories when the output synchronization is reached. Let an exo-system be given as

Xr = Arxr, xr(0) = Xxp,
Yr = Crxr,

(19.3)
where A, has all its eigenvalues in the closed left half complex plane and (A,, C;) is observable. We
want to regulate each agent’s output to y,. It is reasonable to assume that the synchronization trajectories

are not exponentially increasing. In this case, we assume the root of network also measures its own output

relative to y, of the exo-system. To be precise, the root agent, which is the agent N, takes the following

form:
iV = ANXN @) + BNulN (1),
N = CZNxN(t), 104
yV = NN (p), (19.4)
¢V = Z]N:l Ny =)+ 8N —1) =yt — 1)),

with § > 0.

Definition 19.3 The agents in the network achieve output regulation if

tl_i)rgo(yi(t) — (1) =0, Vie{l,...,N}.
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We can formulate the regulation problem as follows:

Problem 19.2 Consider a heterogenous network of the form (19.1). For a given exo-system (19.3), a
set 9g ,, , and T > 0, the output regulation problem with exo-system (19.3) and a set of communication
topologies 93 ,,, for all T < 7 is to design a local linear dynamical controller (19.2) such that the output
regulation can be achieved in the network with any communication topology belonging to 9g ,, , for

T<T.

19.3. Main result

The first main result of this chapter is stated in the following theorem:

Theorem 19.1 For a given set 9, y,, and T > 0, the Problem 19.1 is always solvable via a decentralized

dynamic consensus controller (19.2).

Before we present the result for output regulation problem, some preparatory work needs to be done.
For any communication topology G, an augmented graph G can be defined by including the exo-system

denoted by e and an arc (e, N) with weight § into the topology. The Laplacian associated with G is

EATRATIREE bn 0
o1y Ly - lon 0
L=1{j=1|: D : 0 (19.5)
Lny1 Lo - N +S8 =6
0 0 - 0 0

whose eigenvalues are denoted by /_\i, i =1,...,N + 1 with )_Ll = 0. Obviously, this G also has a
directed spanning tree and thus Ai,i =2,..,N + 1 are in the open right half plane. For a given set
98 y,0- the set of augmented topologies can be denoted by 5&’ 5o such that for any G € 5-’ ;.3
IAil € (B,7), arg(X;) € [-¢,¢), i =2,...,N.

We have the following theorem:

Theorem 19.2 For a given set 93, , and T > 0, the Problem 19.2 is solvable via a decentralized

dynamic consensus controller (19.2) if the set of augmented topologies _E . satisfies:

1. ¢ <

w|q

’
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w|
|
i

[l
(Dmax

where wmax = max{w € R | det(jwl — A,) = 0}.

We shall prove Theorem 19.1 and 19.2 by explicitly constructing a synchronization or regulation con-
troller in the form of (19.2) via a progressive design approach. First, we design a local pre-compensator
to make the agents quasi-identical to a new common model, which we refer to as homogenization of
network; Next, we show that for this new network, both problems can be reduced to a robust stabilization
problem. Finally, we shall design a controller that solves the reformulated stabilization problem so that

synchronization or output regulation can be achieved in the homogenized network.
19.3.1. Homogenization of the network

For introspective agents, their self-reflection of internal dynamics provides us with additional free-
dom to manipulate the agent models so as to disguise them as being almost identical to the rest of the

network viewed from their output. This is shown in the next lemma.

Lemma 19.1 Consider a heterogenous network of the form (19.1) with communication topologies given
by 93.,,, and communication delay t < 7. Let ny denote the maximum order of infinite zeros of

(A%, B!, C"). Suppose a triple (A4, B, C) is given such that
1. rank(C) = p.
2. (A, B, C) is invertible, of uniform rank n; > n4 and has no invariant zero.

There exists a compensator
L Al &1 i i i .
éi(t) = A?Si (t) + B?Zi(t) + Exv'(2) (19.6)
u' (1) = Cp &' (1) + Dy v' (1),
such that the closed-loop system of (19.1) and (19.6) can be written in the following form:
X (1) = AX (1) + B (v (1) + d' (1))
yir) = CX' (1), (19.7)
$H() = Yooy by (¢ =),

where d' are generated by

o' (t) = AL’ (t), i=1,..,N,

di(t) = Cloi (1). (19:8)
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and AL are Hurwitz stable.

Proof : See [152]. [ ]

Remark 19.1 Lemma I shows that we can design a compensator (19.6) to make the agent identical to a
new common model characterized by a priori given triple (A, B, C) except for an exponentially decaying
exogenous signal injected in the range space of B. Moreover, we have a complete freedom to choose the

modes of A which is fundamental in proving Theorems 19.1 and 19.2.

The resulting network (19.7) can be viewed as a homogenous network affected by the exponentially
decaying disturbances d; generated by (19.8). The injection of such exponentially decaying d* turns out
to be irrelevant and the output synchronization problem in the original heterogenous network of agents
(19.1) can be reduced to the output synchronization problem in a homogeneous network with the same

communication topology.

19.3.2. Synchronization in homogeneous networks

Next, we consider the synchronization problem for the agents (19.7) as formulated in Problem 19.1.

We can choose in Lemma 19.1 the triple (A4, B, C) satisfying additional properties

T
29
=

A+A4 =0, |AMA)| < (19.9)

Such a triple (A4, B, C) always exists and in fact can be chosen in the following form:
A=T(Ag+ ByH)I'', B=TBy, C=CoI'!

and

0 I —1 0
Ap = [0 (an )p]’ By = [Ip] Co=[I, 0],

where H is such that A9 + BoH only has semi-simple eigenvalues on the imaginary axis satisfying
(19.9). H exists due to the fact that (Ag, Bo) is controllable. Then a transformation I” can be found such

that I' (Ao + BoH)I"~! is in the real Jordan canonical form and thus A + A4’ = 0.
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For the above (A4, B, C), a low-gain compensator can be constructed as

70 = (A4 KC)f' (1) — K¢ (1)
V(1) = —e B4 (1), (19.10)
where K is such that A + KC is Hurwitz stable. The existence of K is due to the fact that (A, C) is

observable.
Define ¥ = [x'; x']. Then for each agent, the closed-loop dynamics of (19.7) and (19.10) are

X(1) = AX (1) + B (0) + Ed' (1)
yie)y=Ccx'e)
§'t) = Y jen Lijy/ (t — 1),

where
A= [g A_iBIf;] B= [_OK] C=[c 0], E= [ﬂ. (19.11)
Define ¥ = [#!;--- ;¥¥]and d = [d';--- ; d™]. The overall dynamics of N agents can be written as
()= Uy ® X))+ (L®BO)X(t—1)+ (Iy ® E)d.
Let T be a non-singular matrix such that / = TLT~! is in the Jordan Canonical Form with

J(A,1) =A; =0and n = [p';--- ;9] = (T ® I,)% where n is the dimension of A. The dynamics of

n are governed by
n(t) = Uy @ Ant) +(J @ BCnt —1) + (T ® E)d.
Lemma 19.2 The interconnections of (19.7) and (19.10) reach output synchronization if ni — 0 as

t >ocofori =2,...,N.

Proof of Lemma 19.2 : Let (t) = [n'(¢);0;---;0]. If n(t) — 7(¢), then X(t) — (T7! @ I,))n(¢)
where 7 is the dimension of 4. Note that the columns of 7! comprise all the right eigenvectors and

generalized eigenvectors of L. The first column of 7! is vector 1. This implies that fori = 1,..., N

(1) — n'@).
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Define ij = [n% -+ ;7]

W0 _[Iv1®@4 AT E)C][in], [J&BC 0][it—1)
[a')(z)]_[ 0 A me}r[ 0 o] [w(t_t)] (19.12)

where 0 = [w1;...;0n], Cs = blkdiag{Csi}fvzl, I =1[0,Iy_1] and A5 = blkdialg{Ag}i=1 is Hurwitz.

and take the dynamics of d into account. We will get

Clearly n — 0 for any initial condition if the system (19.12) is globally asymptotically stable. Note that

the system (19.12) is globally asymptotically stable if and only if

det [sl 3 |:IN—1 ® A (IT@E)CS] B [J ® BC 0

—ST +
0 A, 0 O:| e :| #0, VseCT. (19.13)

Due to the upper triangular structure of both matrices in (19.13) and the fact that Ay is Hurwitz, it is easy

to see that (19.13) holds if and only if
det[s] —(In-1 ® A)— (J ® BC)e ™| #0, VseC™. (19.14)
Therefore, we have the following lemma.

Lemma 19.3 The interconnections of agents (19.7) and (19.10) achieve output synchronization if the

system
7(t) = Aii(t) + ABCij(t — 1), (19.15)
is globally asymptotically stable for [A| € (0,y), argA € [—¢, ¢] and T € [0, T].
The next lemma is proved in Chapter 18.

Lemma 19.4 Let A, B and C be givenin (19.11). Fory > > 0,9 € (=%, Z) and T > 0, there exists
an £* such that for ¢ € (0, £*], the systems (19.15) are globally asymptotically stable for |A| € (0, y),

argA € [—¢, 9] and T € [0, T].

Proof of Theorem 19.1 : For given set §p,y,, and T > 0, it follows from Lemma 19.1, 19.3 and 19.4
that there exists an £* such that for ¢ € (0, £*], the composition of (19.6) and (19.10) will solve Problem

1. |
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19.3.3. Output regulation in homogenous network

Now we consider the output regulation problem. It is shown in the Appendix that without loss of
generality, we can always manipulate the internal dynamics of exo-system (19.3) and find a matrix B,
such that (A4, By, Cy) is invertible, of uniform rank n, > ngz and has no invariant zero. Therefore,
according to Lemma 19.1, there exists a pre-compensator (19.6) such that the interconnection of (19.6)

and agent (19.1) can be written in the form of (19.7) with A, B and C replaced by A4;, By and C;.

Next, we design a controller for the homogenized network (19.7). By the definition of L in (19.5),

we can define an augmented homogenized network by including the exo-system into (19.7) as follows:

() = AF O+ By (V) +d' (1)) i =1 N +1

Y0 = G (1), (19.16)
. N - .
gty =2 byl — 1),
where agent N + 1 is the exo-system and dy1(¢!) = 0. We can not control the exo-system, i.e.

vN+1(¢) = 0. Obviously, the output regulation problem is solved if this augmented network reaches

synchronization for any communication topology in and v < 7. We shall design a controller to

B.7.6
achieve this goal.

For ¢ > 0, let P, be the positive definition solution of Algebraic Riccati Equation (ARE)
A.Pe+ PcAy — BBy B.Pe+ ¢l =0 (19.17)

and K be such that A, + KC, is Hurwitz stable. A low-gain compensator can be constructed for agent
i=1,...,N as

7)) = (A, + KC)yi(t) — K& (t),i =1,...,N.

vi(t) = — 5 Bl Pex' (1), (19.18)

We can imagine that (19.18) also apply to agent N + 1 (exo-system) but with initial condition y¥+1(0) =
0. Since ¢V *T1(¢) = 0, we shall have vV T1(¢) = 0. In view of this, we can write the dynamics of the

whole augmented network as
X(t)=(Uy @ X)) +(L® BO)X(t—1) + Iy ® E)d.

where

_ |4, —-1B.B.P, _ 0 _ . B
A= B " , B:[ ] c =[c, o], E:[’]. 19.19
[o A, + KC; -K [C 0] 0 ( )

Similarly as in preceding subsection, we can prove
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Lemma 19.5 The interconnections of agents (19.16) and controller (19.18) achieve synchronization for

any communication topology in and t < 7 if the following system

B.v.é
(1) = Aii(t) + ABCij(t — 1) (19.20)

is globally asymptotically stable for |A| € (B, 7), arg(A) € [—@, @] and T € [0, 7], where A, B and C is
given by (19.19).

The next lemma is shown in Chapter 18.

Lemma 19.6 For a given set §; ;. and T > 0, let the conditions in Theorem 19.2 be satisfied. There

s/

exists an ¢* such that for ¢ € (0, £*], the system (19.20) with (19.19) is globally asymptotically stable

for |A| € (B, 7), arg(A) € [-@, @] and 7 € [0, 7).

19.4. Application to formation

In this section, we show that the design method presented in preceding sections is also applicable to

formation problem.

Definition 19.4 A formation is a family of vectors {hy,...,hn}, hi € RP. The agents are said to

achieve output formation if
Tim [((1) = i) = (v 0) = )] = 0.

Suppose a set of communication topologies §,y,, and T > 0 are given. Let ny be the maximum
order of infinite zeros of all the agents. The controller design follows a similar procedure as in the
synchronization problem. First, we design a pre-compensator (19.6) for each agent to homogenize the
network utilizing its local measurement so that the agents are quasi-identical to a new common model

characterized by a given trip (A, B, C) which satisfies the following conditions:
1. rank(C) = p.
2. (A, B, C) is invertible, of uniform rank n,4 and has no invariant zero,

3. A+ A =0,
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4. The eigenvalues of A satisfy

T _
a)l < 222
T
Moreover, there exists a family of vectors {hi,....hn} of appropriate dimension such that for i =
I,...,N,
5. Chi = h,
6. Ahi =0
Remark 19.2 For arbitrary given vectors {hi,...,hn}, such a triple (A, B, C) always exists. One

particular choice which satisfies the above conditions is the following
A=T(Ag+ BoH)T™', B=TBy, C =CoT!

and

Ao = [8 ]("qo—l)l)i|’ Bo = [I(;,] , Cp= []p O], H = [O Ho]

where Hy is such that
- - 0 Ign,—2) 0
A BoHy = na—=2)p H
o+ Bollo |:0 0 + I 0
is non-singular and only has semi-simple eigenvalues on the imaginary axis. Hgy exists due to the fact
that (Ao, Bo) is controllable. It is easy to see that Ag + BoH has (ng — 1)p semi-simple non-zero
eigenvalues on the imaginary axis and p semi-simple eigenvalues at zero. Then a transformation T can

be found such that T(Ag + BoH)T ™! is in the real Jordan canonical form and thus A + A’ = 0. For

this triple (A, B, C), a family of vector {hy, ..., hy} can be found as
_ hi
=75 ]

Chi =[I, 0] [’ﬂ = h;.

so that

Next, a local formation controller can be designed as follows:

F(0) = (4+ KO 0) = K| LJL, by (0 =) = hy)] (192
vi(t) = —eB'y' (1),

We can prove the following result:
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Theorem 19.3 For a given set 9p,,,o, a formation {/1,...,hn} and T > 0, there exists ¢* such that for
¢ € (0, &*], the agents (19.1) with controller (19.6) and (19.21) achieve formation for any communication

topology belonging to §p 4., and 7 < T.

Proof : It follows from Lemma 19.1 that the interconnection of the agents and (19.6) can be written in

the following form:

(19.22)

{ X(1) = AX (1) + B (v (1) + d* (1))
yi() = CxX'(¢).

Let )Eé =xl— ﬁ,-. Then the closed-loop system of (19.22) and controller (19.21) can be written in terms

of ! and y' as )
(1) = AT(0) + B (v () +d' () + Ay
10 = A4+ KO (1) = K[ L) b (€5 (=)

Since Ah; = 0,i = 1, ..., N, the rest of the proof is exactly the same as in the preceding section. [ |

Remark 19.3 One thing that should be noted is that owing to the freedom we have in choosing appro-

priate (A, B, C), no restriction on formation vector needs to be imposed.

Appendix
Manipulation of exo-system

For a given exo-system (19.3), there exists a non-singular transformation X, = 7T x;, such that (19.3)
can be transformed in the following canonical form [63]:

xr = Arir

- (19.23)
r — r-vr
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where

A1 0 0 0 -+ 07
* * *x k- *
0 A, 0 0 --- 0
Ay =TAT V= % * * x 0 x| (19.24)
0 0 A,
_* * * * *_
¢C; 0.0 .- 0 O
. . 0 Co 0 - 0 0
CG=GT"=. . . R (19.25)
0 0 0 0 Cp
and
01 0 - 0
i 00 1 0
Ai = : ,
00 -~ 0 1
C;i=[1 0 0 0]

Here » denotes a possible non-zero row. Note that for the original system (19.3), A; may not have the
same size. However, by adding integrators to the bottom of each block and setting the initial conditions
of those extended states to zero, we can extend the dimension of ffi to ng > ng while system (19.23)

still produces the same output as the original exo-system (19.3).

Eventually, we can choose

B, 0 0 0 0 0
. 0 B, 0 0 0 3
Br: . . . ) Bl:

0 0 0 0 B, 1

We find that (/Ir, Br, ér) is invertible, of uniform rank n4 > n4 and has no invariant zero.
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