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ABSTRACT

PROPERTIES OF GENERIC AND ALMOST EVERY
MAPPINGS IN VARIOUS NONLOCALLY COMPACT
POLISH ABELIAN GROUPS

Susan L. Calcote White

May 12, 2007

In a nonlocally compact Polish abelian group GG, we will consider two notions
of smallness of subsets of G. Those subsets of G which are topologically small are
said to be meager, and those which are measure-theoretically small are Haar null.
We will say that a property P holds for a generic g € G if the property holds on
the complement of a meager subset of G, and P holds for almost every g € G
if the property holds on the complement of a Haar null set. Thus the phrase “a
randomly chosen element of G is likely to have property P” may be understood to
have two different meanings in this paper.

The spaces Z% and C(R™),n > 1, the continuous self-maps of Z and R",
respectively, are both nonlocally compact Polish abelian groups. In this paper
we will study properties of generic and almost every mappings in Z# and C(R),
and properties of generic mappings in C(R™). In the space ZZ, we show that the
behavior of a generic ¢ € ZZ is quite different than the behavior of almost every
¢ € ZF. We will show that in the space C(R), the behavior of a generic f € C(R)
is analogous to the behavior of a generic ¢ € Z# in several ways, but the analogies

between the spaces Z% and C(R) seem to cease when the properties of almost every

f € C(R) are considered. In fact, many of the properties of functions in C(R) that

in



we consider in this paper are shown to be H-ambivalent; that is, the properties
hold on a set which is neither Haar null nor the complement of a Haar null set. We
will present preliminary results concerning the behavior of a generic f € C(R").
We will show that several of the properties which hold for a generic f € C(R)
also hold in the more general setting of a generic f € C(R™), although the proofs
techniques differ. Finally, we will close with a discussion of future directions that

this work may take.
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CHAPTER 1
INTRODUCTION

1.1 Introductory Remarks

Suppose that we are given a collection of objects, and we would like to
know how likely it is that a randomly chosen object of the collection behaves in
a certain way. Intuitively, we say that if the size of the set of objects which do
not exhibit the prescribed behavior is negligible or small in some sense, then a
randomly chosen object is likely to exhibit the behavior. In the space of real num-
bers R, there are at least two natural notions of smallness, one topological and the
other measure-theoretic. We say that a subset of R is topologically negligible if it
is meager in R, and it is measure-theoretically negligible if its Lebesgue measure is
zero. There are many examples of subsets of R which are small in both senses (for
example, the rational numbers QQ or the standard Cantor set), but it can be shown
that R can be written as the disjoint union of a meager set and a set of Lebesgue
measure zero. Thus these two notions of smallness are not related; neither class of
small sets includes the other.

These two notions of smallness hold in the more general setting of locally
compact Polish abelian groups. Since all Polish groups are topological spaces,
the topological notion of meagerness holds. Moreover, any locally compact Pol-
ish abelian group admits a unique (up to a multiplicative constant) translation-
invariant o-finite Borel measure which is finite on compact sets and positive on

nonempty open sets. Hence, in a locally compact abelian Polish group, a set whose



Haar measure is zero is negligible in a measure-theoretic sense.

However, no nonlocally compact Polish abelian group admits a Haar mea-
sure. In 1972, J.P.R. Christensen generalized the concept of Haar measure zero
sets to abelian Polish groups which may be nonlocally compact [12]. Christensen
defined the Haar null set as a measure-theoretically negligible subset of a Polish
abelian group, and he showed that the notions of Haar measure zero and Haar
null are equivalent in a locally compact Polish abelian group. In 1992, the notion
of Haar null sets was reintroduced by Hunt, Sauer, and Yorke in the setting of
infinite dimensional Banach spaces [23]. Their terminology differed from Chris-
tensen’s; they used the term “shy” rather than Haar null, and they referred to the
complement of a Haar null set as a “prevalent” set. Mycielski provided a definition
of Haar null sets for nonabelian Polish groups in [35].

With these definitions in mind, we see that the phrase “a randomly chosen
element g of a Polish abelian group G is likely to have property P” may be inter-
preted in two different ways in this paper. We say that a property P holds for a
generic g € G if the set on which P does not hold is meager in GG, and we say that
P holds for almost every g € G if the set on which G does not hold is Haar null.
The complement of a meager (respectively, Haar null) set is said to be comeager
(co-Haar null). In this paper we are interested in investigating which properties of
various nonlocally compact Polish abelian groups are likely to hold on a randomly
chosen element. In Chapter 2, we will provide the necessary background informa-
tion concerning meager and Haar null subsets of Polish abelian groups.

The notion of Haar null is more recent than the notion of meagerness, so
while there are many well-known results concerning meager subsets of various Pol-
ish groups, there is a growing body of literature concerning Haar null subsets. For

example, consider the following pair of theorems concerning C([0, 1], R), the space



of continuous real-valued functions on the closed unit interval. The first is a clas-
sical result of Banach’s, and the second more recent result is due to Hunt [25] in

1994.
THEOREM (Banach). A generic f € C([0,1],R) is nowhere differentiable.
THEOREM (Hunt). Almost every f € C([0,1],R) is nowhere differentiable.

Of course it is not always the case that a subset of a group is both comea-
ger and co-Haar null. As another example, consider the space consisting of all
permutations on N, denoted by S, which is a nonabelian Polish group under
the group operation composition of functions. We have the following results, the
first well-known, and the second due to Dougherty and Mycielski in 1994 [17]. Of
particular interest is the fact that the properties of a generic 0 € S, and almost

every o € S, are in some sense complementary.

THEOREM (Folklore). A generic ¢ € Sy, has no infinite cycle, and infinitely

many cycles of length k for all k € N.

THEOREM (Dougherty-Mycielski). Almost every o € So has infinitely many

infinite cycles and only finitely many finite cycles.

These two theorems concerning S,, are the motivating results for our work
in the space Z?, which consists of all (continuous) functions from Z to Z. Although
both S, and Z?% are groups consisting of self-maps of a countably infinite set, there
are important differences between them. ZZ is an abelian Polish group with group
operation pointwise addition; moreover, Z# includes any mapping from Z to Z,
while S, includes only bijections from N to N. In Chapter 3, we will state and
prove our results concerning properties of generic and almost every mappings in

Z*. By associating each ¢ € Z% with a graph [y, we will establish a setting in



which the structure of elements of Z* may be studied. We find it quite interesting
that although the groups have very different structure, we have obtained results
for Z* which are analogous to the Folklore and Dougherty-Mycielski Theorems
for S, stated above. We have also found that, with most of the properties that
we considered for the elements of ZZ, the behavior of a generic ¢ with respect to
the property is either complementary or “almost” complementary to the behavior
of almost every ¢. For example, we will show that a generic ¢ is surjective and
almost every ¢ is not surjective. We will also show that a generic ¢ is not injective
and almost every ¢ is “almost” injective, in the sense that ¢ is injective on the
complement of a finite set. Other properties of elements of Z# will also be discussed
in Chapter 3.

After completing the results of Chapter 3, we focused our attention on the
space of continuous real-valued functions on R, denoted by C(R). We anticipated
that, just as some of our results in Z% were analogous to the known results for
Seo, it would be the case that our results in C(R) would be analogous to those in
ZE. For the properties of a generic f € C(R), this was indeed the case. In Section
1 of Chapter 4, we will state and discuss our results concerning the properties of
generic elements of C(R). The first main result of Chapter 4, which is stated as
Theorem 4.1, shows that there are several ways in which the behavior of a generic
f € C(R) exhibits behavior which is similar to that of a generic ¢ € ZZ. For
example, a generic f € C(R) is surjective and non-injective, as is a generic ¢ € Z%.
A generic ¢ € ZZ has the property that every point has infinite (hence, unbounded)
preimage under ¢, while a generic f € C(R) has the property that every point has
uncountable and unbounded preimage under f. Another analogous result between
the two spaces is that a generic f has the property that the forward orbit of z

under f, denoted by orb(f,z) = {z, f(z), f*(z)...}, is bounded for all z € R,



while a generic ¢ € ZZ has the property that orb(¢,n) is finite for all n € Z.

Our result concerning the boundedness of the (forward) orbits of all points
for a generic f € C(R) led us into the area of dynamical systems as we began to
consider properties of the orbits and w-limit sets of a generic f. (The w-limit set
of z under f, denoted w(f,z), is defined as the set of all subsequential limits of
orb(f,z), when orb(f,z) is viewed as a sequence.) If a generic f € C(R) has the
property that every point has bounded orbit, what else might we say about these
orbits? Are some or all of the orbits finite? If some orbit orb(f,z) is infinite,
then is its associated w-limit set w(f, ) finite? In Theorem 4.2, we will classify
the structure of the orbits and w-limit sets of a generic f € C(R) and show which
scenarios may occur.

The structure of w-limit sets of elements in C([0, 1}), the space of continuous
self-maps of the unit interval, have been well-studied. Agronsky, Bruckner, and

Laczkovich proved the following in [2].

THEOREM (Agronsky-Bruckner-Laczkovich). A generic f € C([0,1]) has the

property that w(f,z) is nowhere dense and perfect for a generic x € [0, 1].

Lehning in [30] offered a simpler proof of this result which applied to a
more general setting: Lehning showed that in the space of continuous self-maps of
a compact N-dimensional manifold X, a generic f has the property that w(f,z)
is nowhere dense and perfect for a generic z € X. In our setting, C(R), we are
considering self-maps of a space which is o-compact, but not compact. Neverthe-
less, in Theorem 4.2 of Chapter 4, we will show that the property of Agronsky,
Bruckner, and Laczkovich is true of a generic f € C(R) as well; i.e., a generic
f € C(R) has the property that w(f,z) is nowhere dense and perfect for all z in
a comeager subset of R. The remainder of our results in Theorem 4.2 concern the

meager subset of R for which the w-limit sets of a generic f € C(R) are not perfect.



What types of orbits and w-limit sets may occur on this meager subset of R? In
[2], it is proven that a generic f € C([0,1]) has the property that the set of points
with finite orbit (hence, finite w-limit set) is dense in [0, 1]; we will show that for
a generic f € C(R), the set of points with finite orbit is c-dense in R. We will
also show that the set of all points which have infinite orbit and finite w-limit set
is c-dense in R, and the set of points with infinite orbit and non-perfect infinite
w-limit set is unbounded in R.

In Section 2 of Chapter 4, we will state and prove our results concerning
the properties of a generic f € C(R"),n > 1, in Theorem 4.3. This theorem is
the result of our efforts to generalize the results of Section 4.1 to the space C(R").
We have found that, just as in C(R), a generic f € C(R") has the properties that
f is a surjection, the preimage of every point is uncountable and unbounded, the
(forward) orbit of every point is bounded, and the set of periodic points is un-
bounded. Thus some of the results in Theorem 4.1 are implied by Theorem 4.3;
however, the proof techniques differ and so we include the statements and proofs
of both theorems separately. We will close Chapter 4 with a brief discussion of
the difficulties involved in the problem of finding which types of w-limit sets might
occur for a generic f € C(R").

In Chapter 5, we will turn our attention to the properties of almost every
f € C(R). Here is where the analogies between the spaces ZZ and C(R) seem to
cease. In the space ZZ, the set of surjections is both comeager and Haar null.
While the set of surjections in C(R) is comeager in C(R), we will prove in Chapter
5 that it is neither Haar null nor co-Haar null; i.e., it is H-ambivalent. We will
show in Theorem 5.1 that many comeager subsets of C(R) are H-ambivalent. For
example, the set of all f such that every point of R has unbounded preimage under

f, the set of all f which are of monotonic type at no point, and the set of all f



which are monotone at no point, are all sets which are comeager in C(R) and are
H-ambivalent.

While in Section 1 of Chapter 4, our work led us into the area of dynamical
systems, in Chapter 5 our work leads to a study of the differentiability properties
of functions in C(R). One of the results, namely, (6) of Theorem 5.1, is of particu-
lar interest. Recall that Hunt proved that the set of all f € C([0,1],R) that have
finite derivative at some point is Haar null. Hunt’s result was improved by Koldf

in [29].

THEOREM (Kolar). The set of all f € C([0,1],R) such that f has a finite one-
sided approximate derivative (hence, a finite one-sided derivative) at some point is

Haar null
In [44], Zajicek proves the following.
THEOREM (Zajicek).

1. The set of all f € C([0,1],R) such that f'(x) € RU{xoco} for some x € (0,1)

1s H-ambivalent.

2. For any fized a € (0,1), the set of all f € C([0,1],R) such that f has

derivative +00 at a s H-ambivalent.

Zajitek notes that the sets in (1) and (2) are each comeager subsets of

YN

C([0,1],R), and so the “ ‘Haar null case’ differs from the ‘category case...” 7 (page
1144, [44]). The results of Hunt, Kolaf, and Zajicek extend to C(R) by a simple
argument. In (6) of Theorem 5.1, we will strengthen (2) of Zajicek’s result by prov-
ing that, for any fixed a € R, the set of all f € C(R) such that f has derivative +o0
at a and f has a knot point at all = # a is not Haar null. (The term knot point is

defined in Chapter 5.) This result is interesting in its own right because, as a con-

sequence, we are able to provide an explicit example of uncountably many pairwise



disjoint universally measurable non-Haar null subsets of C(R). Christensen asked
in [12] whether any family of mutually disjoint universally measurable non-Haar
null subsets of a Polish abelian group is at most countable. Dougherty in [16]
showed that in many nonlocally compact Polish abelian groups, there exist such
families of non-Haar null subsets which are uncountable. Solecki in [41] proved
that such an uncountable family exists in every nonlocally compact Polish abelian
group. With our result, we are able to provide an explicit example of such a family
in the group C(R).

Although many of the properties of functions in C(R) under consideration
in this paper are H-ambivalent, we will show in Theorem 5.2 that we have found
several properties which hold for almost every f € C(R). We will prove that the
set of functions f which are of monotonic type on no interval is co-Haar null. It
follows that the set of all f which are monotone on no interval is co-Haar null, and
that the set of noninjective functions is co-Haar null; these sets are both comeager
in C(R) as well. We will see in Chapter 3 that almost every ¢ € Z? is injective on
a co-finite set; as a contrast, we will show in Chapter 5 that almost every f € C(R)
has the property that given any bounded set FF C R, f is noninjective on the
complement of F. We will show that a generic f € C(R) has the property that
the preimage of every z € R is uncountable; in Chapter 5, we will see that almost
every f € C(R) has the property that the preimage of every point is either empty
or uncountable for a generic z € R. We will also show that f(R) is either a line or
a ray in R for almost every f € C(R).

Finally, in Chapter 6, we will close with a discussion of open questions
and future directions that this work may take. Before we proceed to Chapter 2,
we provide the reader with a table which defines the notation that will be used

throughout this paper.



A O N Z

1.2 Table of Notation

set of natural numbers {1,2,3,...}

set of integers {...,-2,-1,0,1,2,...}

set of rational numbers

set of real numbers

first infinite ordinal, cardinality of N

such that

there exists

for all

empty set

intersection, union

complement of S

set difference between the sets S and T, defined as SNT*
closure of the set S

interior of the set S

boundary of the set S, defined as S\Int(S)
cardinality of the set S

length of the interval I

space of all self-maps of Z

domain of the function o

support of the measure

space of all continuous self-maps of X
space of all continuous maps from X to Y
forward orbit of z under f, defined as .-, f™(z)
omega-limit set of  under f

open ball of radius € centered at f



CHAPTER 2
PRELIMINARIES

In the space of real numbers R, there are at least two natural notions of
smallness. We consider a set S to be small in the sense of category if S is a meager
subset of R, and we consider S to be small in the sense of measure if S is a set
of Lebesgue measure zero. Neither notion of smallness implies the other. While
some subsets of R, such as the standard Cantor set, are small in both senses, it is
not difficult to construct subsets of R which are simultaneously meager in R and
of full Lebesgue measure. (For example, see Theorem 1.6 of [37] or Example 1.1 of
[36].) Observe that these two classes of sets, the meager sets and the (Lebesgue)

measure zero sets, share certain properties, listed below.
1. Every meager [measure zero] set has empty interior.
2. The translate of a meager [measure zero] set is also meager [measure zero).
3. Every subset of a meager [measure zero] set is meager [measure zero].
4. The countable union of meager [measure zero] sets is meager [measure zero].

Intuitively, we would hope that given any definition of “smallness” of sets in a
topological space, the class of all such small sets would also satisfy these four
properties.

In a more general setting, consider a locally compact abelian Polish group
G. A Polish group G is a topological group whose topology is separable and

completely metrizable; G is abelian if its group operation is abelian. Recall that a

10



set K C G is compact if every open cover of K has a finite subcover; that is, given
any collection U of open sets whose union contains K, there is a finite collection
{Un,...,Up} € Usuchthat K C |J;_, U;. We say that G is locally compact if every
point in G has an open neighborhood with compact closure. Every locally compact
abelian Polish group G admits a unique (up to a multiplicative constant) o-finite
Borel measure, called the Haar measure, which is finite on compact sets, positive
on nonempty open sets, and translation invariant [27]. Thus for such a group G,
there are topological and measure-theoretic notions of smallness which satisfy the
four properties above. However, if G is not locally compact, then a translation-
invariant measure with nice properties such as those of the Haar measure does not
exist [31]. In 1972, J.P.R. Christensen showed in [12] that the concept of Haar
measure zero could be generalized to nonlocally compact abelian Polish groups.
He defined the notion of the “Haar zero” set for such groups. We will see that
the class of all such sets satisfies the four properties listed above, and thus it is
a reasonable definition of measure-theoretic smallness in the setting of nonlocally
compact Polish abelian groups.

In this chapter, we will give the necessary definitions and background results
which will be used in the following chapters. Throughout this chapter, G will be
used to denote a Polish abelian group (unless stated otherwise), and X will be used
to denote a complete metric space. In the first section, we state the topological
definitions and theorems which will be used in this paper, and we discuss the
topologies on the spaces ZZ and C(R"),n > 1. In the second section, we will
introduce Christensen’s definition of “Haar zero” sets and provide some of the

history, definitions, and theorems related to this idea.
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2.1 The Categories of Baire

Many of the topological definitions and theorems of this section are due to
R. Baire. These definitions and theorems are standard and may be found in texts
such as [38] or [34]. Although our work in this paper will be in Polish groups, we
state the results of this section for any complete metric space X so that the results
may be presented in the most general possible setting. Since every Polish group is
a complete metric space, the results of this section hold for Polish groups.

We say that D C X is dense if D = X. A set E C X is nowhere dense if
the interior of its closure is empty; equivalently, E C X is nowhere dense if (E)°

is dense. A subset A of X is said to be dense in itself if it contains no isolated

points. If A C X is closed and dense in itself, then A is perfect.

DEFINITION 1. A set E C X 1is meager (or, of the first category) in X if E
is the countable union of nowhere dense sets. The complement of a meager set is
said to be comeager (or, residual) in X. We say that a generic z € X has
property P if

{z € X : z does not have property P}

s meager in X.

The word “typical” is sometimes used in place of “generic.” In Baire’s orig-
inal terminology, subsets of X are classified as belonging to one of two categories.
The smallest sets, topologically speaking, are the meager sets, which are of the
first category. All sets which are not meager are of the second category. In this pa-
per we will not use the terms first category, second category, and residual; rather,
we will use the terms meager, nonmeager, and comeager. We now state Baire’s

Theorem.

12



THEOREM (Baire). Let {U,}nen be a countable collection of dense open subsets

of a complete metric space X. Then, () .y Un 1s dense.

neN

As a corollary, we obtain the following. Note that the corollary is significant

in that it guarantees that any meager subset of X must have empty interior.

COROLLARY (Baire Category Theorem). No nonempty open subset of a complete

metric space X 1s meager in X.

The following characterization of comeager subsets of X will be very useful
when we prove results of a topological nature in the following chapters. Recall
that a set is said to be a Gy subset of X if it is the countable intersection of open

subsets of X.

PROPOSITION 2.1. A set W is comeager in X if and only if W contains a dense

Gs subset of X.

The final proposition of this section will be used repeatedly in Chapters 4

and 5. The proof is not difficult and is not shown here.

PROPOSITION 2.2. Let W C X. Suppose that for all x € X and € > 0, there
exist y € Be(z) and n > 0 such that B,(y) € W. Then W contains a dense open
subset of X.

Before we proceed to the next section, we include some remarks concerning
the topologies of the groups under consideration in this paper. In the group ZZ,
we will use the product topology, and in the group C(R"),n > 1, we will use the
compact-open topology. We will give a basis for each of these topologies below.
Recall that a collection B of open subsets of X is a basis for the topology on X
if for each open subset U of X and each x € U, there exists B, € B satisfying

x € B, C U. Note that the open subsets of X are the unions of sets in B. X

13



is said to be separable if it contains a countable dense subset of X. Since X is a

complete metric space, X is separable if and only if X has a countable basis.

2.1.1 Product Topology on ZZ

Z* is defined as the space of all continuous mappings ¢ : Z — Z. Let Z
be given the discrete topology; i.e., every subset of Z is open in Z. Observe that,
when Z is given the discrete topology, every mapping from Z to Z is continuous.
We endow ZZ% with the product topology obtained from the discrete topology on
7. A basis for the product topology on ZZ is defined as follows. Let Z<% be the
set of all functions ¢ such that, for some finite subset F' of Z (depending on o),

o: F — 7. For each 0 € Z<% let
(0] = {¢ € ZZ : ¢(n) = o(n) ¥n € dom(a)},

where dom(c) denotes the domain of . Then the set {[o] : 0 € Z<?} is a basis
of clopen sets for the product topology on Z% A metric d on Z% is defined by
d(é,¢) = 27", where ¢(n) # ¥(n) and ¢(m) = ¢¥(m) for all m € Z satistying
|m| < |n|. The metric d induces the product topology on Z% obtained from the

discrete topology on Z [6].

2.1.2 Compact-Open Topology on C(R"),n > 1

For any n € N, the space R" is defined as the set of all n-tuples of real

numbers. Elements of R™ are of the form

X = (Z1,Za, ..., Tn),
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where 21, ..., 2, € R. (When n = 1, we will write z rather than x.) The Euclidean

distance between two points x and y in R” is given by

The metric topology on R" induced by d is compatible with the product topology
on R™. We denote by C(R") the space of all continuous mappings from R" into
R™. The space C(R") is endowed with the compact-open topology, which has as a

subbasis all sets of the form
S(K,U) ={f € CR"): f(K) C U},

where K C R" is compact and U C R" is open [34]. The collection of all finite
intersections of subbasis elements forms a basis for the compact-open topology in
C(R™).

For f,g € C(R™), we define || f — g ||[-~npp= max xe[-n . {1d(f (%), g(x))}.

Then a metric p on C(R") is given by

(1
o(f,9) = sup {mm {N’ If - g”[’N,N]n}} :

The metric p metrizes the compact-open topology in C(R") [18]. In Chapters 4

and 5, we will assume that an arbitrary basis element is of the form

B.(f) = {9 € C(R"): p(f,9) < ¢},

where f € C(R") and € > 0.

2.2 Haar Null Sets in a Polish Abelian Group

A topological group is a group G endowed with a topology such that the

mapping (z,y) — zy~! from G x G to G is continuous. G is said to be locally
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compact if each point in G has an open neighborhood whose closure is compact.
Any group, when endowed with the discrete topology, is a locally compact topo-
logical group [13]. We say that G is a Polish abelian group if G is a topological
abelian group whose topology is separable and completely metrizable. For exam-
ple, R, with the usual topology and the group operation of addition, is a locally
compact Polish abelian group. Moré generally, if X is a separable Banach space,
then (X, +) is a Polish group [27].

The spaces Z% and C(R") are nonlocally compact Polish abelian groups;
each space has the group operation of pointwise addition. We will show that ZZ is
nonlocally compact. Let ¢ € Z% and let U C Z% be a basis element containing ¢.
Since U is an element of the basis for the product topology on ZZ, U is of the form
HneZ Un, where U, C Z for all n, and U,, # 7Z for at most finitely many n. Note

that every compact subset of ZZ is contained in a set of the form []__, K,,, where

nez
K, is a finite subset of Z for all n. Since U C U, the set U cannot, be compact.
Every locally compact Polish abelian group admits a Haar measure; how-
ever, no nonlocally compact Polish abelian group admits such a measure [31]. In
the absence of a reasonable translation-invariant measure on a nonlocally compact
Polish abelian group G, Christensen sought to define some notion of measure zero
sets in G with properties which are analogous to the properties of Haar measure
zero sets in a locally compact Polish abelian group. Christensen called such sets
“Haar zero” sets [12]. Today the preferred term for such sets is “Haar null” (see
(29, 41, 44], for example); we will follow this convention. One might wonder if the
notions of Haar null and Haar measure zero are equivalent in a locally compact
Polish abelian group. Christensen answered this question in the affirmative. In

addition, he showed that the class of Haar null sets in a Polish abelian group is a

o-ideal.
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Before we give Christensen’s definition of Haar null, we include some re-
marks concerning the measurability of sets. Let G be a Polish space; ie., G is
a separable completely metrizable topological space. A set A C G is said to be
unwersally measurable if it is p-measurable for any o-finite Borel measure p on G
[27]. A subset A of G is analytic if there exists a Polish space Y and a continuous
function f : Y — G such that f(Y) = A. The complement of an analytic set
is said to be co-analytic. A subset of G is Borel if it belongs to the o-algebra
generated by the open subsets of G. Every Borel subset of a Polish space G is
analytic, and every analytic subset of a Polish space G is universally measurable

[13]. Every co-analytic subset of G is universally measurable as well.

DEFINITION 2. A uniwersally measurable subset A of a Polish abelian group G 1is
Haar null of there exists a Borel probability measure p on G with the property that
WA+g) =0 forallg € G. We call u a test measure for A. More generally, a
set is said to be Haar null if it is contained in a universally measurable Haar null
set. A set is co-Haar null if its complement is Haar null. We say that almost

every (ae) g € G has property P if the set
{g € G : g does not have property P}

18 Haar null.

In Chapters 3 and 5, we will prove that certain subsets of ZZ and C(R) are
Haar null. Each of the sets under consideration in these chapters is either univer-
sally measurable set or the subset of a universally measurable Haar null set; we
will not include a discussion of the measurability of each of the sets individually.

Twenty years later after Christensen’s paper was published, Hunt, Sauer,
and Yorke reintroduced the idea of Haar null sets in the setting of infinite dimen-

sional Banach spaces [23]. Their terminology differed from Christensen’s; they
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referred to Haar null sets as “shy sets” and co-Haar null sets as “prevalent sets.”
Hunt, Sauer, and Yorke were unaware of Christensen’s earlier work in the area and
published an addendum to their paper in which they acknowledged the equivalence
of the definitions of shy and Haar null sets [24]. Mycielski in [35] observes that
the definition of Haar null is valid in a nonabelian Polish group if one replaces
“u(A+g) =0 for all g € G” with “u(g;Ags) = 0 for all g1, g, € G” in the defini-
tion.

Hunt, Sauer, and Yorke make several interesting observations in [23]. For
example, if A is a Haar null subset of G and u is its test measure, then it may be
assumed without loss of generality that the support of p, denoted by supp(u), is
contained in a compact subset of G. (The support of u is defined as the small-
est closed set whose complement has p-measure zero [13].) They also note that
in an infinite dimensional space, often a convenient choice for a test measure is
the Lebesgue measure supported on a finite dimensional subspace. We will use
this technique in Chapter 5. The following simple example shows how this tech-
nique might be used to show that for a fixed interval I, almost every f € C(R)
is not constant on I. Let S; be the set of functions in C(R) which are constant
on the fixed interval /. We will show that S; is Haar null. For each k € [0, 1],
let ¥ : R — R be defined by ¢x(xz) = kz. For all Borel subsets B of C(R),
let w(B) = A{k : ¢ € B}), where A is the Lebesgue measure on R. Note
that u is a Borel probability measure supported on the one-dimensional subspace
K = {¢y : k € [0,1]} of C(R). Let h € C(R). The claim is that u(S; + h) = 0.
Suppose that there exist fi, fo € Sy such that fi +h = i, and fo+h = ¢,. Then
f1— f2 is also constant on I, and (f) — f2)(z) = (k1 — ko)z. If k1 # ko, then f1 — fo
is not constant on I. Thus k; = ko, and so f; = fo. It follows that the cardinality

of the set (S;+ h) N K is at most 1, and so u(S; + h) = 0. Thus Sy is Haar null.
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Hunt, Sauer, and Yorke also observe that all co-Haar null (or, prevalent)
sets are dense. It immediately follows that every Haar null set has empty interior,
and so the class of Haar null sets satisfies each of the four properties of small sets
listed at the beginning of the chapter.

In [33], Matouskovéa gives the following characterization of Haar null sets in
the setting of separable Banach spaces. The definition is useful in that it weakens

the requirement for the test measure p.

PROPOSITION. Let X be a separable Banach space and let A be a Borel subset
of X. A vs Haar null if and only if for every § > 0 and r > 0, there exists a Borel
probability measure p on X with supp(p) C B,(0) such that u(A+z) < 6 for all
re X.

It is often the case that, given a Polish abelian group G and a property P,
the set

{9 € G : g has property P}

is neither Haar null nor co-Haar null. Using terminology by Zajitek in [44], we will
say that such a property is H-ambivalent, and in addition, we will say that the set
on which an H-ambivalent property holds is H-ambivalent. H-ambivalent subsets
of G are analogous to subsets of G which are nonmeager but not comeager in G.
In order to show that a set is not Haar null, we will use the following well-known

lemma. (A proof is given in [44].)

LEMMA 2.1. Let S be a subset of a Polish abelian group G. Suppose that given
any compact subset K of G, there exists g € G such that K + gk € S. Then S

18 not Haar null.
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CHAPTER 3
7%, THE BAER-SPECKER GROUP

Let Z denote the set of integers. We denote by ZZ the space of all mappings
¢ : Z — 7. Z* may be defined as the countably infinite direct product of copies
of Z, and may also be denoted by Z~, Z~, Z%, or HNO Z. The group Z* has the
cardinality of the continuum.

The group Z% is referred to as the Baer-Specker group. Two classical results
concerning the Baer-Specker group were proven by R. Baer and E. Specker. Recall
that an abelian group G is said to be a free abelian group if there exists a free set
of generators X = {z,}ac4 such that every element of G can be written uniquely
as a finite linear combination of elements of X. Any free abelian group is uniquely
determined by the cardinality of the index set A, up to isomorphism [20]. Baer
proved in [4] that the group ZZ is not a free abelian group, and Specker proved in
[42] that every countable subgroup of ZZ is a free abelian group. (See Theorem
19.2 of [20] for a proof of these results.) Other algebraic properties of ZZ have been
well-studied. Coleman in [14] provides an overview of many of the known results
concerning Z%.

In this chapter we are interested in identifying properties of elements of
Z* which are likely to hold on a randomly chosen element of Z%. Our work was

inspired by the following pair of theorems.

THEOREM 3.1 (Folklore). A generic o € Sy, has no infinite cycle, and infinitely

many cycles of length k for all k € N,
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THEOREM 3.2 (Dougherty-Mycielski, [17]). Almost every o € Sy, has infinitely

many infinite cycles and only finitely many finite cycles.

In these two theorems, we see that the structures of a generic o € S, and
almost every o € S, are quite different. In fact, we see in these two theorems that
S« may be decomposed into two “small” sets: the set of functions which have at
least one infinite cycle, which is meager in S,,, and the set of functions which have
no infinite cycle, which is Haar null. If we now consider the set of all self-maps of
7Z, what types of results might we expect? Is there a decomposition of ZZ into two
small sets? We shall see that we will obtain results concerning the properties of
a generic and almost every ¢ € Z% which are analogous to the results seen in the
theorems above. In addition, since the functions in Z# include but are not limited
to the permutations of Z, we are able to investigate a broader range of properties
of functions in Z# than in S,,. With this in mind, one may ask whether a generic
¢ € 7 is, say, surjective. If so, does the opposite property hold for almost every
#? Our results concerning the structure of a generic and almost every ¢ € ZZ are
given in Theorems 3.3 and 3.4. Before we state those results, we will provide the
reader with the necessary definitions and terminology regarding elements of ZZ,

which will be given in Section 3.1.

3.1 Directed Graphs of Mappings in Z*

7% is defined as the space of all mappings ¢ : Z — Z. ZZ is a nonlo-
cally compact Polish group, endowed with the product topology, with the group
operation of pointwise addition. The sets ¢*(n) and P, 4 are the preimage and

predecessor set of n under ¢, respectively, and are defined as

67 (n) = {m € Z: ¢(m) = n)
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and

P,s={m € Z: ¢*(m) = n for some k € N}.

Observe that ¢='(n) C P, 4, and if ¢¥(m) = n for some m € Z and k > 1, then
the inclusion is strict.

Given any permutation ¢ of N, it is well-known that o may be written as the
product of pairwise disjoint cycles. This representation of ¢, known as its cyclic
decomposition, is unique up to ordering of the cycles and inclusion or omission
of 1-cycles [39]. Thus the cyclic decomposition of a function in S, completely
characterizes the function. Clearly we are not able to use cycle notation, as it is
understood for permutations, to characterize elements of Z%Z. We must establish
some other setting in which we are able to uniquely represent elements of ZZ. In
order to do so, we will borrow some ideas from graph theory.

To each ¢ in Z%, we will associate a graph I'y. Using a graph to represent a
function is not without precedent. For example, the authors of [22] describe a func-
tional digraph as a directed graph in which the “out-degree” of each vertex is one,
and in [8], permutation graphs, where graphs are used to represent permutations

of a set, are considered. The graph I'y is defined as follows.

DEFINITION 3. Let ¢ € Z%. The graph associated with ¢, denoted by Ty, is
the directed graph whose vertex set is 7, and whose edge set consists of all directed

edges (ny,ny) where ¢p(ny) = ng.

Throughout the remainder of the section, it is assumed that [y, denotes a

graph associated with some ¢ € ZZ.

DEFINITION 4. /8] Let n,m be vertices (not necessarily distinct) in I's. A path

of length k from n to m is a sequence of vertices
n=ng,Ny,...,kp—1 =M
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such that either (n;,n;i1) or (nie1,m;) is an edge for e = 0,1,...,k — 2. Ifn is
a fixzed point of ¢, we say that n,n is a path of length 1 from n to n. We will
also allow paths of length 0 by defining each single vertex of T'y as a trivial path of
length 0.

We now give the definition of a component of a graph I';,. Roughly speaking,
we may think of a component of a graph I';, as a set of vertices which are somehow
related or connected to each other under the mapping ¢. This idea is made precise

in the definition and proposition that follow.

DEFINITION 5. Let n,m be vertices of a graph I'y. We say that n = m if there
exists a finite path fromn to m. Note that = defines an equivalence relation on Z.
Let [n], denote the equivalence class of n under the relation =. We say that [n],

is a component of I'y. The graph T'y is connected if it has only one component.

PROPOSITION 3.1. Let n,m be vertices in I'y. Then n = m if and only if one

of the following occurs.
1. ¢"(n) =m for somer € N.
2. ¢*(m) =n for some s € N.
3. ¢"(n) = ¢*(m) for some r,s € N.

Proof. Only the implication (=) needs to be proven. Let n = m and suppose that
neither (1) nor (2) occurs. Let n = ng,ny,...,nk—1 = m be the path between n
and m. Observe that if (ng,n;) and (ng_», nk_1) are directed edges, then it must
be the case that for some 2 < ¢ < k — 2, both (n;,n;11) and (n;,n;_1) are edges,
contradicting that ¢ is a well-defined function. By the same argument, it cannot
be the case that (ny,ng) and (ng_y,nk—_o) are edges of I'y. So either (ny,ng) and

(nk_a,ny_1) are edges, or (ng,nq) and (nk-1,nk_2) are edges. Assume the former.
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Then for some 1 <i < k — 2, the vertex n; has two edges leaving it, and ¢ is not
well-defined. So, (ng,n;) and (ng_1, nx_o) are edges. Then it must also be the case
that (n1,n,) and (ng_9,nk.3) are edges, and so on, until we have ¢"(n) = ¢°(m)

for some r,s € N, ]

Our final definition is for the cycle of a graph I';. The term cycle will be
understood to have two different meanings in this paper — one for the permutations
in the space S, and another for the digraphs of mappings in the space Z*. The
usage of the term is standard in both settings. To avoid confusion, the reader
should be aware of the space we are working in so that the correct meaning of the
term will be clear. Note that the definition of cycle in the space S allows for

infinite cycles, while all cycles in Z* must be finite.

DEFINITION 6. Suppose that {ng,ny,...,ng_1}, where k > 1, is a set of distinct
vertices in a graph L'y such that ng,ny, ..., ng_1,n9 s a path in I'y. Then we say
that {ng,n1,...,nk_1}, together with the edges of the path, is a cycle of length
k in the graph T'y. A cycle of length 1 represents a fized point of ¢, and is said to

be a loop in T'y.

In the next proposition, we show that, if C is a cycle in a graph I's, then no
vertex of the cycle can have more than one edge of the cycle entering it. Intuitively,
we may think of the edges of a cycle as being directed in either a clockwise or a

counterclockwise direction.

PROPOSITION 3.2. {ng,ny,...,ng_1} is a cycle in Ty if and only if either

A(Ni(modk)) = Tt 1(modk) fOr all i, o G(Nit1(modk)) = Mi(modr) for all i.

Proof. The direction (<) is true by definition of cycle. Now suppose that

{no,n1, ..., M1}
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is a cycle in I'y. So there is a path from ng to ng, and one of the three cases given
in Proposition 3.1 must occur. Observe that we cannot have ¢"(ng) = ¢*(ng) = n;
for some 7,s € N and 1 < i < k — 1, for then the vertex ny would have two edges

leaving it. So by Proposition 3.1, ¢"(ng) = ng for some r € N, in which case either

G(Mifmodk)) = Mit1(modk) fOr all 4, OF A(Nis1(modk)) = Mi(moar) for all 4. O

Note that in a graph I'y, any two distinct cycles can have no vertex in
common. In our final proposition of the section, we show that any component of

a graph I'y has at most one cycle.
PROPOSITION 3.3. Each component of a graph Iy is either acyclic or unicyclic.

Proof. Let Cy = {no,...,nk-1} and Cy = {mq,...,m;_;} be distinct cycles in a
graph I'y. Suppose that C; and C5 belong to the same component of I',. Note that
C} and Cy have no vertices in common, so for some ¢ and 7, there is a path from n;
to m;. Let n;,vq,...,vs,m; be the vertices in the path, where vy, ...,vs ¢ C;UCs.
There must be a directed edge from v; to n;, for if not, n; has two edges leaving it
and ¢ is not well defined. Similarly, (v2,v1), ..., (m;,vs) must all be directed edges.

But now m; has two edges leaving it, which contradicts that ¢ is well-defined. [

Now that we have provided the necessary background information, we pro-

ceed to the next section.

3.2 Structure of Generic and AE Mappings in Z*

We begin by presenting the main results of the chapter in Theorems 3.3 and
3.4. We posed the question earlier in the chapter: is a generic ¢ surjective? Is the
opposite true of almost every ¢? Both questions are answered in the affirmative in
Theorems 3.3 and 3.4. We find that there are other ways in which the behavior of

a generic ¢ differs significantly from the behavior of almost every ¢. For example,
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not only is a generic ¢ not injective, but it has the property that every point has
infinite preimage. By contrast, we cannot say that almost every ¢ is injective (see
Proposition 3.6), but we can say that almost every ¢ is injective on a co-finite set.
In some sense, we may consider a generic ¢ as “strongly” not injective and almost
every ¢ as “almost” injective.

Theorems 3.1 and 3.2, above, were the inspiration for our work in Z%. In
light of this, Properties (3)-(5) of Theorems 3.3 and 3.4 are of particular interest.
By comparing Theorem 3.1 and Property (4) of Theorem 3.3, we see that a generic
0 € Sy has infinitely many cycles of length k for all k¥ € N, and a generic ¢ € Z%
has the property that I'y has infinitely many cycles of length & for all £ € N.
Consider the second property of Theorem 3.1, namely, that a generic o € Sy, has
no infinite cycle. This means that for any n € N ¢"(n) = n for some r € N; ie.,
the set

orb(o,n) = {n,a(n),c*(n),a*(n),...}

is finite. By Property (3) of Theorem 3.3, a generic ¢ has the property that every
component of I', contains a cycle. Thus, given any n € Z, the forward orbit of
n under ¢ eventually terminates in a cycle; i.e., orb(¢,n) is finite. Now compare
the behavior of almost every ¢ € S, with that of almost every ¢ € ZZ. By the
theorem of Dougherty and Mycielski, almost every ¢ has only finitely many finite
cycles. By Properties (3) and (5) of Theorem 3.4, almost every ¢ has the property
that only the finite components of I'y contain cycles, and there are only finitely
many finite components, so [, has only finitely many (finite) cycles. Dougherty
and Mycieski also showed that almost every ¢ has infinitely many infinite cycles,
so for infinitely many n € N, orb(o,n) is infinite; the same is true of almost every

¢ € Z* by Properties (3) and (5) of Theorem 3.4.
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THEOREM 3.3 (Structure of Generic Mapping in Z?). A generic ¢ € Z*

has the following properties.

b~

. @ 18 a surjection.
2. ¢~1(n) is infinite for alln € 7Z.
3. Every component of I'y contains exactly one cycle.

4. For all k € N, T'y has infinitely many components with cycles of length k.

(&

. T’y has infinitely many infinite components and no finite component.

THEOREM 3.4 (Structure of Almost Every Mapping in Z%). Almost every

¢ € Z% has the following properties.

—~

. ¢ 1s not a surjection and Z \ ¢(Z) is infinite.

2. P4 18 finite for all n € Z. Moreover, there exists a finite set Fy C Z such

that ¢ is injective on Z \ Fy.
3. A component of I'y contains a cycle if and only if it is a finite component.
4. Ty has only finitely many cycles.

5. Ty has infinitely many infinite components and only finitely many finite com-

ponents.

The proofs of these theorems require a series of lemmas and corollaries,
which comprise much of the remainder of the chapter. Lemmas 3.1-3.4 and Corol-
lary 3.1 will be used to prove Theorem 3.3. Proposition 3.4, below, will be used in

several of the proofs that follow; the proof is straightforward and is not included

here.
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PROPOSITION 3.4. Fizxn,ny,ny € Z and k € N.

The following sets are open in Z”.

1. A, ={¢peZ%: ne¢(Z)}

2. By = {6 € 2% |6~ (p(n))] > k)

3. C, = {¢ € Z” : [n]4 contains a cycle}

4. Dpi = {¢ € Z% : Ty contains n cycles of length k}
LEMMA 3.1. The set of surjections in ZZ, given by

S={pel": ¢(Z)=1},

is comeager in Z*.

Proof. Fix n € N and let A, be defined as in Proposition 3.4. It is not difficult
to see that A, is dense in Z*: For any basis element [o], let 7 be any function
in Z% that agrees with ¢ on the domain of ¢ and satisfies 7(m) = n for some
m ¢ dom(c). Then 7 € [0] N A,. Since A, has nonempty intersection with every
basis element, A, is dense in Z#. Now by Baire’s Theorem, S = ﬂnEZ A, is a

dense G5 in Z*, and by Proposition 2.1, S is comeager in Z%. O

The next lemma, when combined with Lemma 3.1, will be used to show

that a generic ¢ has the property that ¢—*(n) is infinite for all n € Z.

LEMMA 3.2. Let T be the set of functions ¢ in Z* such that every element of

B(Z) has infinite preimage under ¢. The set T is comeager in Z~.

Proof. Fix n € Z. Let B, = (1o Bnk, where By is defined as in Proposition
3.4. Observe that B, is the set of all functions ¢ such that ¢(n) has infinite

preimage. We will show that B, is comeager in Z%. Given any basis element [o],
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define a function 7 : Z — Z as follows. Let 7(z) = o(z) for all z € dom(o).
If n ¢ dom(c), choose some value for 7(n), say 7(n) = 1. After 7(n) has been
defined, let 7(m) = 7(n) for all m ¢ dom(s). Now 7 € B, N [o]. Thus B, is
a dense G; in Z% and is comeager in Z* by Proposition 2.1. It follows that the

countable intersection 7 = (., B, is comeager in ZZ as well. O

neZ

COROLLARY 3.1. The set of functions ¢ in Z” such that every integer has infinite

preimage under ¢ is comeager in Z*.

Proof. Let §,7T be defined as in Lemmas 3.1 and 3.2. Then SN 7 is comeager in

ZF, and any ¢ € SN T has the property that ¢~!(n) is infinite for alln € Z. O

LEMMA 3.3. The set of functions ¢ in Z% such that every component of Ty

contains exactly one cycle is comeager in Z2.

Proof. Tt was shown in Proposition 3.3 that, given any ¢ € Z%, each component of
I'y contains at most one cycle. Let C, be defined as in Proposition 3.4. It is not
difficult to show that C,, is dense in ZZ. It follows that ﬂneZ C, is a dense Gs in
v/ O

LEMMA 3.4. The set of functions ¢ in ZE such that T, contains infinitely many

components with cycles of length k for all k € N is comeager in Z%.

Proof. Let D, be defined as in Proposition 3.4 for some fixed k, n. We will show

that D, is dense in Z%. Let [o] be a basic element, with
dom(c) Uim(o) C {0,%1,...,£(m — 1)}

for some m € N. (Here im(o) denotes the set o(dom(o)), the image of dom(o)
under 0.) Let 7 be any extension of ¢ such that I'; contains the n cycles
{m,m+1,.... m+k—1},
{m+km+k+1,...,m+2k—-1},
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{m+n-Dkm+n-Dk+1,...,m+nk—1}.
Then 7 € [0] N Dy, and so Dy is dense in Z% Now Dy = (72, Dy, the set
of functions ¢ such that I'y contains infinitely many cycles of length £, is a dense
G5 in Z% and is thus comeager in Z%. Since each component contains exactly one
cycle, the set of functions ¢ such that I'y contains infinitely many components
with cycles of length k is comeager in Z%. Finally, we intersect the sets D over

all k¥ € N to obtain the lemma. O

Proof. (Proof of Theorem 3.3) Let G be the intersection of the sets defined in
Lemma 3.1, Corollary 3.1, Lemma 3.3, and Lemma 3.4. Then G is comeager in Z%.
Let ¢ € G. Clearly ¢ has properties (1) — (4) of Theorem 3.3; we need only show
that ¢ has property (5). Observe that, since every n € Z has infinite preimage
under ¢, it must be the case that every component of I'y is infinite. Also, since I'y
has infinitely many cycles by property (4), and every component contains exactly
one cycle by property (3), ', has infinitely many components. So ¢ satisfies all of

the properties of the theorem. O

This completes the proof of Theorem 3.3. The next series of lemmas will
be used to prove Theorem 3.4. In order to prove that a property holds for almost
every ¢, we must prove that the subset of ZZ on which the property does not
hold is Haar null. To do so, we must define a Borel probability measure on ZZ.
Throughout the remainder of this section, we will use the test measure p, defined
as follows. For each n € Z, let u, be the uniform probability measure on the set
{1,2,... 72|”’}‘ Let 1 be the product measure on Z%, so that for any basic open

set [o], we have

nol) = [ (o).

nedom(o)
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Then p is a measure on all Borel subsets of Z% [27].
The following notation will be used in the proofs below. We let o; ; denote
the function in Z<# which satisfies dom(o; ;) = {i} and o, ;(i) = j. Observe that

wloag)) =01if j ¢ {1,2,..., 20} and p ([o;,]) = o if j € {1,2,..., 21},

LEMMA 3.5. The set S of surjections in ZZ is Haar null.

Proof. For each pair k,n € Z, define Sy, = {¢ € ZZ : ¢(k) = n}. Note that

S=U Skn-

n€EZkCZ

Let ¢ € ZZ be arbitrarily chosen. The claim is that u(S + %) = 0. We will show
that for all € > 0, there exists n € Z such that p(|Jycz Skn +¥) <€
Let € > 0. Let [ € N be such that 2!~/ < ¢. Choose n € Z satisfying
n+¢(0) > 1,
n+yY(1l),n+9(-1) > 2,
n+¥(2),n+ ¥ (-2) > 4,

n+¥(l),n+ (=) > 2.
Observe that, if ¢ + ¢ € S;,, + v where |i| <, then (¢ + ¥)(3) =n +¥(i) > olil,

and so u(S;, +v¥) = 0. Now

“(U S’“»”“”) =p| U Sentv ] < D nlSentv) < 3 —22—k=21—’<e.

keZ |k >1+1 |ki>1+1 k=l+1

Since u (UkeZ Skon +w) is arbitrarily small depending on the choice of n, and
S+ € Upez Skn + ¥ for all n, it follows that u(S + ¢) = 0 and S is Haar

null. O
LEMMA 3.6. The set

A={¢€Z”:|¢7'(n)| = w for some n € Z}
is Haar null.
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Proof. Fix n € 7. Let
Av={p€Z" 97 (n)| = w},
and for each k € N, let
={¢ € Z": ¢(k) = n or ¢(~k) = n}.

Observe that A, C |2, Ak for all I € N. Let ¢ € ZZ be arbitrarily chosen. Now

for any k, we have
Apn + 9 C [Okntui)] U [0—knto(=k))»

50 (A + 1) < 1 ([Fknivim)] U0 kntyn]) < 5 Then

(U‘lkn‘i‘w) <Zu (A +10) Si%z———ﬁ()asl—»oo
k=l

Since A, + ¢ C Upe; Akn + ¢ for all [, we have that u (A, +¢) = 0, and so A, is

Haar null. It follows that A = |J, ., A, is Haar null as well.

nez

LEMMA 3.7. The set
L = {¢ € Z* : Ty contains infinitely many cycles}
is Haar null.

Proof. We say that a vertex n in a graph [, is a minimal vertezx of a cycle
{no,...,ng_1}ifn € {ng,..., N1} and |n| < |n;| foralle =0,...,k—1. For each

n €N, let

L, = {¢ € Z* : Ty contains a cycle whose minimal vertex is n or — n}.

Observe that £ =", U;=, L;.
Let ¢ € Z” be arbitrarily chosen. Fix m € N. Let ¢ + ¢ € L, + ¥.
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Then Im’ € Z such that |m'| > m and either (¢ + ¥)(m') = m + ¥(m'), in
which case ¢ + ¥ € [om miym)], Or (¢ + ¥)(m') = —m + ¢(m’), in which case
¢ + ’Q/J S [O’m/ —mA4(m’ ] It follows that L + 1/) C U§k|>m[o-k m+y(k )] U [Uk,—m-l—w(lc)]-
So

2 8
'u(Lm + w) S U [Uk,m+w(k)] U [O-k,‘m+w(lc)] < Z % = 5;,

lk|>m |k|>m

and for any n € N, we have
I G(L-+w) <i (L-+w)<i§=—1—§—+0a5n——>oo
hdt J = =~ HA L — e 2 on ’
Since £+ C 72, (L; + ¢) for all n, we have that u(L + 1) = 0, and £ is Haar
null. .

LEMMA 3.8. Fiz [ € N. The set
C, = {¢ € Z”: |p(n)| < |n| + for infinitely many n € Z}

1s Haar null.

Proof. Observe that C; C ;2 Ujijsn (U!;'j_l (il [O'U]). To see that this is true,

note that, for any fixed n, if ¢ € C;, then there exists iy € Z,|ip] > n such
that |¢(io)| < lio] + {5 ie., ¢(io) € {—(lio] +1),...,0,...,]éo] +{}. Then ¢ €

U!ﬁmlzo!“ [045,5], and it follows that ¢ € U5y, (Uljlf_l (il [O'”D. This is true for

any n, so (; is in the intersection of all such unions.

Let ¢ € Z%. Now p (U' o] + w) 2041

Ji]+1

2+ ) +1  3+20+2n
K U LJ [Oi,j] + w < Z 211l - on—2 —0asn— oo
lilzn \j=—(lil+) li|2n

Since C; + ¢ is contained in this union for every n, we have u(C; + ¥) = 0 and C;

is Haar null. O
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We saw in Lemma 3.6 that almost every ¢ has the property that the preim-
age of every point is finite. In the next lemma, we will use Lemma 3.6 to prove
that almost every ¢ has the property that P, ;, the predecessor set of n under @,
is finite for all n € Z. Since ¢~(n) C P, 4, Lemma 3.9 is a stronger result than

Lemma 3.6.

LEMMA 3.9. The set
]?:{¢>eZZ:EIn€ZB |Phg| = w}

1s Haar null,

Proof. Let
Fi={peF:|¢p ' (n)| <w for all n}

and

Fy={¢€ F:|¢p7'(n)| = w for some n}.

Then F = F} U F;. The set Fy is Haar null, as it is a subset of the Haar null set
A of Lemma 3.6, so we need only show that F} is Haar null to prove the lemma.
We will show that F} C Cy, where C; is the set defined in Lemma 3.8 with [ = 1.
Let ¢ € F} and let n € Z be such that P, 4 is infinite. By Konig’s Lemma
(see [27]) there exists a sequence of distinct integers (my)ren such that ¢%(my) = n
and ¢(my.1) = myg. Define an increasing sequence (N;) € N and subsequence
(mk,;) € (my) inductively as follows. Choose Ny so that Ny > |n|. Let ky = min{k :
Imi| > N1}, For j € {2,3,...}, choose N; > |my,_,| and k; = min{k : |my| > N;}.
Now |¢(my,;)| < |my,| for all j € N, and so Fy € C;. Thus Fy is Haar null. It

follows that F is Haar null. O

As a corollary to Lemma 3.9, we obtain the following result.
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COROLLARY 3.2. The set
K = {¢ € Z* : T4 contains an infinite component which contains a cycle}
is Haar null.

Proof. Let ¢ € K. Let {ng,...,nx_1} be a cycle in T'y such that the component
containing {ng,...,ng_1} is infinite. Then it must be the case that for some
n; € {no,...,Nk—1}, Pn,¢ is infinite. Now I C F, where F is defined as in Lemma

3.9, and so K is Haar null. O

In the next lemma, we see that almost every ¢ € ZZ is injective on a co-finite

set.

LEMMA 3.10. Let J be the set of all ¢ € ZZ such that there are infinitely many
pairs ki # ko € 7 satisfying ¢(k1) = ¢(ko). Then J is Haar null.

Proof. For any ¢ € J, there are two possible cases which may occur.

CASE 1. There exists a fixed k € Z such that there are infinitely many
k' € Z\ {k} satisfying ¢(k) = ¢(k'). Observe that, if this occurs, then Py ¢, the
predecessor set of ¢(k) under ¢, is an infinite set. Let J be the set all elements of
J which satisfy Case 1. Then J is a subset of F, where F is defined as in Lemma
3.9, and so J is Haar null.

CASE 2. Given any pair ki # ko with ¢(k;) = ¢(k2), there are at most
finitely many k' satisfying é(ky) = @(k2) = ¢(k’). Let T be the subset of J
consisting of all ¢ € J which satisfy Case 2. We will show that T is Haar null.

For each m € N, let
T = {¢ € 7" : $(ky) = ¢(ky) for some ky # kg, |ka| > |ki| > m}.

Then T'C (\o_, T Let ¥ € ZF be arbitrarily chosen.

Fix ky, ks € Z where, without loss of generality, we may assume |ky| > |k1].
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Consider the p-measure of the set {¢p+v € ZZ+ : ¢(k1) = ¢(k2)}. Observe that
if
¢+ v e{o+¢: (k) = ¢(ka)} Nsupp(u)

then

(@ 4+ ¥) (k1) = n for some n € supp(u,), and (¢ + ) (ko) = n — (k1) + ¥ (ky).

Then ¢ + ¢ € Unesupp (s, )[Un], where 0, € Z<% satisfies dom(c,) = {ki, ks},

on(k1) =mn, and o,(ky) = n — (k) + ¥(ks). Now

1 1 1
" U )< D wlo<s > olkal olkal — olkal”

nesupp(pik, ) nesupp(pk, ) nesupp(pig, )

Thus the p-measure of the set {¢ + v : ¢(k1) = ¢(ks)} is no more than 2,k2| Now

U U {e+v:ek)= ¢k},

lke1|>m |ka|>1k1}

SO

wTnt+v) < D > p{e+v:glk) = ¢(ks)})

[k1[Zm k2| >k

2. 2

lki|2m |k2]>]k1]

16
= — — 0asm — o0.

2m

A

Observe that T + ¢ C T, + v for all m, so we have u(T +v¢) =0 and T

is Haar null. Finally, since 7 = JUT, where J and T are Haar null, we have the

lemma. O

When components in a graph I'y are viewed as analogous to cycles in a
permutation o € S, the following lemma provides a Dougherty-Mycielski-like

result for the space ZZ.
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LEMMA 3.11. Let M be the set of all ¢ € Z% such that either Ty has infinitely
many finite components, or 'y has only finitely many components. Then, M is

Haar null.

Proof. Let L be defined as in Lemma 3.7. Observe that, for any ¢ € ZZ, if a
component of [, is finite, it must contain a cycle. So the set of functions ¢ such
that [y contains infinitely many finite components is contained in £, a set which
is Haar null by Lemma 3.7.

Now fixm € Nand let S, = {¢ € Z* : T's contains exactly m components}.

We will show that S,, is Haar null. Write S,, as the union
(Sm N (Cm+1 U j)) U (Sm N (C'm—H U j)c)’

where C,,,1 and J are defined as in Lemmas 3.8 and 3.10, respectively. Now
Sm N (Cimt1 U J) is Haar null, as it is contained in the Haar null set Cppi1 U J. We
claim that S, N (Cpp11UJ)¢ is empty. To obtain a contradiction, suppose not. Let

€ Sy N (Crny1 UJ)E Choose N € N large enough so that
o |¢(i)] > |i| + m+1 for all |i| > N, and
L4 ¢(21) 7—4 (Z’)(Zg) for all |i1‘, ‘ZQI > N.

Fix n > N and consider the vertices n,n+1,...,n+m in I'y. Since I'y has exactly
m components, at least two of these vertices must lie in the same component; say,
v € [u]y, where u,v € {n,n+1,...,n+m} and u < v. By the choice of N, |¢(u)| >
u+m+1>w, and (|qf>’“(u)|)kEN is a strictly increasing sequence. So ¢*(u) # v
for any k. Similarly, ¢*(v) # u for any k. Finally, since |¢*(u)|, ¢! ' (v)| > N
for all k,1 > 1, we have ¢*(u) = ¢(¢* Hu)) # ¢(¢" "1 (v)) = ¢'(v). So v ¢ [ul,,
a contradiction. Thus Sy, N (Cny1 U J)¢ = 0, and the set S, is Haar null. Now

Us_y S, the set of functions ¢ such that T’y has only finitely many components,
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is Haar null as well. Then M, the union of the set of all ¢ € ZZ such that 'y has
infinitely many finite components with the set of all ¢ € ZZ such that I'y has only

finitely many components, is Haar null. O

We are now ready to prove the second main theorem of the chapter, Theorem

3.4.

Proof. (Proof of Theorem 3.4) Let
H=(SULUFUKUJTUM),

where the sets in the union are defined as in Lemmas 3.5, 3.7, 3.9, Corollary 3.2,
and Lemmas 3.10 and 3.11. The set H is co-Haar null. Let ¢ € H. We claim that
¢ satisfies properties (1) — (5) of Theorem 3.4. We can easily see that properties
(2) and (3) are satisfied by the definitions of the sets F, 7, and K. Since ¢ ¢ M,
I'y has infinitely many components and at most finitely many of these components
are finite, so property (5) is satisfied. Since a component of I'y contains a cycle if
and only if it is finite, and there are at most finitely many finite components, we
have that property (4) holds. It remains to show that property (1) holds. Clearly
¢ is not surjective, since ¢ ¢ S. Now let [n], be any infinite component of Ts.
Suppose that every vertex in [n]s has an edge entering it. Then it must be the case
that P, is an infinite set, contradicting that ¢ ¢ F. So every infinite component
of I'y contains a vertex v such that no edge of I'y enters v; each such vertex v lies
in Z\ ¢(Z), and so Z \ ¢(Z) is an infinite set. Thus, property (1) is satisfied.

O

The final propositions of this chapter are included to show that the results of
Theorem 3.4 are the strongest possible. We will show that certain subsets of ZZ are
neither Haar null nor co-Haar null; i.e., these subsets are H-ambivalent. To show

that a set is not Haar null, we will use Lemma 2.1. For the remainder of the chapter,
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we will use K to denote an arbitrary compact subset of Z#, and we will assume
that K is contained in a set of the form [],., K;, where K; = {p}, p},...,p}. } and
P <piViel

Consider Property (1) of Theorem 3.4. We have that almost every ¢ has
the property that ¢(Z) is infinite, but ¢(Z) # Z and ¢(Z) “misses” infinitely many
points of Z. Can we say that for almost every ¢, ¢(Z) is bounded above or below?
Or is ¢(Z) unbounded in both directions? In the following proposition, we answer
these questions in the negative as we show that the sets of functions with these

properties are H-ambivalent.

PROPOSITION 3.5. Let

S

{¢ € Z* : $(Z) is neither bounded above nor bounded below},
Sy = {¢€Z%: $(Z) is bounded below},

Ss = {¢ € Z": $(Z) is bounded above}.

The sets S; are H-ambivalent.

Proof. First we show that none of the sets is Haar null. Let K be a compact subset
of Z%. Choose a sequence {c;}icz as follows. Let ¢o = 0, and choose the ¢; so that
P+ > pf;_ll + ¢ forall i € Z. Let ¢ : Z — Z be the function defined by
Y(i) = ¢; for all ¢ € Z. Then K 4+ C Sy, and so S; is not Haar null.

Fix N € Z and let Soy = {¢p € Z% : ¢(Z) C {N,N +1,...}}. Define a
function v : Z — Z as follows. For each i € Z, choose (i) satisfying p} +v (i) > N.
Let v € K and i € Z. Then (y +v)(i) > p! + ¥(i) > N. Thus Sy n is not Haar
null, and so Sy = {Jyegz So,v is not Haar null. By a similar argument we are able
to show that 55 is not Haar null.

Now the complement of S; contains the non-Haar null set Sy, and so S is
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not co-Haar null. By the same argument, S; is contained in the complements of

Sy and S3, so neither Sy nor Ss is co-Haar null.

O

By the second property in Theorem 3.4, almost every ¢ is injective on the
complement of a finite set. Is almost every ¢ actually injective on Z7 We see in
the next proposition that we cannot say that almost every ¢ is injective, as the set

of injections in Z% is H-ambivalent.

PROPOSITION 3.6. The set T = {¢ € ZZ : ¢(ny) # ¢(ny) for all n; # ny} is

H-ambivalent.

Proof. To see that 7 is not co-Haar null, observe that Z¢ is not Haar null because
it does not have empty interior. (For example, let o € Z<% with dom(c) = {1, 2}
and o(1) = ¢(2) = 0. Then [0] is an open set contained in the complement of Z.)

Now we show that 7 is not Haar null. Let K be a compact subset of ZZ. Let
{¢i}icz be the sequence defined in the proof of Proposition 3.5, and let (i) = ¢
for all i € Z. Then K + ¢ C Z, and so Z is not Haar null. O

Finally, by Property (4) of Theorem 3.4, almost every ¢ has the property
that T’y has only finitely many cycles. Does almost every ¢ have the property that
'y has at least one cycle? We see in the next proposition that we can draw no

conclusion as to whether or not almost every I'y has a cycle.
PROPOSITION 3.7. The set N = {¢ € ZZ : T, contains no cycle} is H-ambivalent.

Proof. To see that N is not co-Haar null, we simply show that A/¢ contains an
open set. For example, if we define 0 € Z<%* such that dom(o) = {1,2}, o(1) =
2,0(2) = 1, then we have [0] € N, and NV is not co-Haar null.

Now let K be a compact subset of ZZ. Choose a sequence {c¢; };cz as follows.
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For all ¢ € Z, choose ¢; large enough so that |i| < p! + ¢;. Let ¥(i) = ¢; for all
i € Z. The claim is that K +1¢ C N. Let v € K. Then for any ¢ € Z, we have

li| < Pt + ¢ < (y+9)(é), and so 'y, can have no cycle.
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CHAPTER 4
COMEAGER SUBSETS OF C(R*),n > 1

In this chapter we will study properties of a generic f € C(R) and a generic
f € C(R™),n > 1. Many of the results of this chapter concern the behavior of
a generic f € C(R). These results are given in Theorems 4.1 and 4.2 in Section
4.1, below. In Section 4.2, we will state and prove Theorem 4.3. This theorem
concerns the behavior of a generic f € C(R"). We will sece that several of the
properties which hold for a generic f € C(R) hold in the more general setting of
C(R™),n > 1. In fact, most of Theorem 4.1 is implied by Theorem 4.3. However,
the proof techniques used in the proof of Theorem 4.3 are different than those
used in the proof of Theorem 4.1, and so we present the theorems separately in

this paper.

4.1 Comeager Subsets of C(R)

Before we state and prove the two main theorems of this section, we provide
the necessary background information pertaining to the notation that will be used.
The definitions and notation are standard; see [7], for example. C(R) is a nonlocally
compact abelian Polish group with the group operation of pointwise addition,
endowed with the compact-open topology, as discussed in Chapter 2. Let f € C(R).
For any z € R, we define f°(z) = z, and for all n € N, f"*!(z) = f(f™(z)). We

denote by orb(f, z) the set

{z,f(), f(2),..} = |J ["(@).
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The w-limit set of z under f is denoted by w(f, ), and is the set of all subsequential
limits of orb(f,x), when orb(f,z) is viewed as a sequence. We say that z is a
periodic point of f if f"(z) = z for some n € N; the point z has period n if
f*(z) =z and f™(z) # x for all m < n. A point z is said to be eventually periodic
if there exists [ > 0 such that f!(z) is a periodic point. In the case that [ = 0, then
 is both periodic and eventually periodic. Observe that if |orb(f, )| < oo, then z
is either periodic or eventually periodic. Let P,(f), P(f) denote the set of periodic

points of period n under f and the set of periodic points of f, respectively; i.e.,

P.(f) = {z€R: f"(z)=2zand fM(x) # z for all m < n},

P(f) = {z€R: f*(z) =z for some n € N}.

Observe that P(f) = U2, P.(f). We denote by f~*(z) the preimage of z under f,
and this set is defined as f~*(z) = {t € R: f(t) = z}, as in the previous chapter.

In Theorems 4.1 and 4.2, we give the main results of the section. The first of
these theorems is of particular interest in light of the results of the previous chapter;
we see that there are several similarities between the properties of a generic ¢ € Z*
and a generic f € C(R). Both are surjective, for example. We saw in Chapter 3
that a generic ¢ € Z% has the property that the preimage of every point is infinite
(hence, unbounded), and here we see that a generic f € C(R) has the property
that the preimage of every point is unbounded and uncountable. Recall that a
generic ¢ € Z% has the property that every component of I's contains a cycle, and
there are infinitely many cycles of length n for all n € N. Every cycle of a graph
I's corresponds to a periodic point of the function ¢, so for all n, the set of periodic
points of period n is infinite, hence unbounded, for a generic ¢ € Z% The same
is true of a generic f € C(R). Finally, note that for a generic ¢ € Z%, given any
n € Z, the forward orbit of n under ¢ eventually ends in a cycle, so orb(¢,n) is

finite. Here, we have that for a generic f € C(R), given any =z € R, orb(f,z) is
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bounded.

In Theorem 4.2, we further investigate the properties of the orbits and w-
limit sets of a generic f. From Theorem 4.1, we have that orb(f, z) is bounded for
every x, but is it also finite? If not, is its associated w-limit set finite? We will
show that for a generic f € C(R), orb(f,z) is finite for all z in a c-dense meager
subset of R. (A set D C R is c-dense in R if for any open U C R, the set U N D
has the cardinality of the continuum.) Although the set of points with finite orbit,
known as the eventually periodic points, is c-dense in R for a generic f, we will
show in Corollary 4.4 and Proposition 4.4 that P(f), the set of periodic points, is
uncountable but not dense in R for a generic f. We will also show that orb(f, z)
is infinite and w(f, z) is finite for all z in a c-dense meager subset of R, and that
w(f,x) is a perfect nowhere dense set for all z in a comeager subset of R. Finally,
we will show that w(f,z) is a non-perfect infinite set for all x in an unbounded

subset of R.

THEOREM 4.1 (Properties of a Generic Mapping in C(R)). A generic f €

C(R) has the following properties.
1. f is a surjection.
2. f~Y(z) 1s unbounded and uncountable for all z € R.
3. P,(f) 1s unbounded, dense in itself, and not dense in R for alln € N.
4. orb(f, x) is bounded for all z € R.

THEOREM 4.2 (Classification of Orbital Structures and w-Limit Sets of

a Generic [ € C(R)). A generic f € C(R) has the following properties.

1. The set of x € R such that w(f,z) is perfect and nowhere dense is comeager

mn R.
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2. The set of € R such that orb(f,x) is finite is c-dense and meager in R.

3. The set of x € R such that orb(f, z) is infinite and w(f, x) is finite is c-dense

and meager in R.

4. The set of x € R such that w(f,z) is infinite and not perfect is unbounded

and meager in R.

For the remainder of this section, we will state and prove a series of propo-
sitions, lemmas, and torollaries which will be used to prove Theorems 4.1 and 4.2.
We include some helpful observations before we begin. We will use Proposition 2.2
often in the proofs below. To use this proposition, given an arbitrary f € C(R)
and € > 0, we must construct a function g satisfying p(f,g) < e. Observe that
if N € Nis chosen so that & < ¢, and ¢ is a function in C(R) which satisfies
| f =g lll-~~< € then we have p(f, g) < ¢, regardless of how g is defined outside
the interval [-N, N].

We will say that an interval I is a rational open interval if I = (p,q) for
some p,q € Q. The set of all rational open intervals forms a countable basis for R.
A rational closed interval is defined analogously.

The first lemma will be used to prove Property 1 of Theorem 4.1.

LEMMA 4.1. Let S be the set of all surjections in C(R). Then, S is comeager in

C(R).
Proof. Let I = (p, q) be a rational open interval, and let
Sr={feCR):ICfR)}.

We will show that S; contains a dense open subset of C(R). Let f € C(R) and
e > 0. Choose N € N so that + < e. Let g(z) = f(z) for all z € [-N, N].
_+_

Let g(N +1) = p—1 and g(N +2) = ¢ + 1. Extend g continuously to all of
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R. Now we have g € B.(f). Choose 0 < n < N;H Let h € B,(g). Then
h(N +1) < p and h{(N +2) > ¢, and since h([N +1, N +2]) is an interval, we have
(p,q) € h([N+1,N +2]). Thus B,(g9) C S;. It follows from Baire’s Theorem and
Proposition 2.1 that the set of surjections S = (1, S;, the intersection being taken

over all rational open intervals, is comeager in C(R). ]

The next set of lemmas will be used to prove Property 2 of Theorem 4.1.
We will prove that f~'(z) is unbounded for all z € R for a generic f using a
straightforward argument in Lemma 4.2. To prove that f~!(z) is uncountable for

all z, we will use a result of Bruckner and Garg.

LEMMA 4.2. There is a comeager subset U of C(R) with the property that for all
feU, fi(z) is unbounded for all z € R.

Proof. For each M, K € N, let
Uur ={f€CR): f'(z) L [-M, M]Vz € [-K, K]}

We will show that Uy g contains a dense open subset of C(R). Let f € C(R) and
e > 0 be arbitrary. Choose L € N so that L —1 > M and —El_—l < €. Define a
function g € C(R) as follows. Let g(z) = f(x) for all z € (—oo, L — 1]. For all
e [L,L+1],let g(x) = -2(K + 1)z + (1 +2L)(K +1); ie,on [L,L+1], gis
the line segment connecting the points (L, K + 1) and (L + 1,—K — 1). Finally,
extend g so that it is a continuous function defined on R. Note that g € B.(f).
Choose 0 < n < L—}r—l We claim that B,(9) € Umk. Let h € By(g). Since
I h =g ll{-2-1.0+41< 3, we have h(L) > K + % and h(L +1) < —K — 5. Then,
because h([L, L + 1]) is an interval, we have [—K, K] C h([L, L + 1]). So, for all
z € [—K, K], there exists p, € [L, L + 1] such that h(p,) = z and p, ¢ [-M, M].
Then B,(g) C Uk, and Uy i contains a dense open subset of C(R). Now the

set Ux = (\yen Un.k, the set of all functions f such that f~!(z) is unbounded
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for all z € [~ K, K], is comeager in C(R). Finally, by setting U = [,y Uk, we
obtain a comeager subset U of C(R) with the property that if f € U, then f~*(z)

is unbounded for all z € R. O

For f € C(R) and ¢ € R, we define the level of f at c to be the set {z € R:
f(z) = c}. (Observe that f~!(c) is the level of f at c.) Bruckner and Garg in [11]
proved that a generic f € C([0, 1], R) has the property that (i) the top and bottom
levels of f are singletons, (i7) there are at most countably many levels of f which
are the union of a nonempty perfect set and a singleton, and (iii) all other levels
of f are perfect. We will say that, given a function f € C(R) and a closed interval
I, if the level sets of f|; have properties (i) — (44¢), then f has the Bruckner-Garg
property on I. We will use the result of Bruckner and Garg, together with Lemma
4.1, to prove that a generic f € C(R) has the property that the preimage of every

point is uncountable.

LEMMA 4.3. There is a comeager subset W of C(R) with the property that for all

feW, f~Y(z) is uncountable for all x € R.

Proof. For each N € N, let Wy be the subset of C(R) consisting of all f which
have the Bruckner-Garg property on [—N, N], and let S be the set of surjections
in C(R). Let W = SN (Nyeny Wa). Observe that each Wy is comeager in C(R) by
the result of Bruckner and Garg, and S is comeager in C(R) by Lemma, 4.1, so the
set W is comeager in C(R). Let f € W and = € R. Since f € S, we may choose
N large enough so that the level of f at z is neither the top nor bottom level of
fli=nn), and f71(z) N [=N,N] # 0. Then since f € Wy, the level of f at = is

uncountable. O

Next we will show that a generic f € C(R) has the property that the set of

periodic points of period n is unbounded for all n € N.

47



LEMMA 4.4. There is a comeager subset V of C(R) with the property that, for all
f €V, the set P,(f) is unbounded for all n € N.

Proof. Fix M,n € N. Let
Viun={f€CR): 3z > M >3z € P,(f)}.

Let f € C(R) and € > 0 be arbitrarily chosen. Choose N € N so that =5 < ¢
and N —1> M. Let Iy,In41,...,Inino1 be disjoint closed intervals of length
1 centered at the points N,N + 1,..., N + n — 1, respectively. Let g(z) = f(z)
forall z € [-(N—-1),N -1}, g(z) = N+ 1forall z € Iy, g(z) = N + 2 for all
€ Ingr,. . wg9(x)=N+n—1forallz € Iy n o, and g(z) = Nforallz € Inin_1.
Then complete the construction of g so that it is continuous and defined on R.
Now g € Bc(f). Choose 0 < 7 < min{}, 75}. Let h € By(g). Then for any
x € Iy, we have h™(x) € Iy. Since h" : Iy — I, there exists a point y € Iy such
that h"(y) = y. Since the intervals I; are disjoint and orb(h,y) N I; # O for all 4,
the point y cannot have period less than n. So y > M is a point of period n for

the function h, and B, (g9) € V. Let V be the intersection of the sets Vi, over

all M,n € N; V is comeager in C(R) and thus we obtain the lemma. O

Next we show that a generic f has the property that the orbit of every point

is bounded.

LEMMA 4.5. There is a comeager subset B of C(R) with the property that for all

f € B, orb(f,x) is bounded for all x € R.
Proof. For each K € N, let
Br ={f € C(R) : orb(f,z) is bounded Vz € [-K, K]}.

We will show that By contains a dense open subset of C(R). Let f € C(R) and

e > 0. Choose M € N such that M > K and 5; <e. Let g be defined as
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f(M), x> M,
9(z) =< f(z), zel[-M M),

f(—M), z< M.
Observe that g € B.(f). Now choose L € N large enough so that L > M and
g(R) € [-(L —1),L —1]. Choose 0 < n < min{3,1}. Let h € B,(g) and
r € [-K,K]. Since |h(z) — g(z)| < n for all x € [~L,L] and K < L, we have
that h(z) € [~(L — 3),L — 2]. Suppose orb(h,z) is unbounded, and let n be
the smallest number such that A™(z) ¢ [—L, L]. Then h""!(z) € [~L, L] implies
|h(h*~!(x)) = g(h"~!(z))| < 1 implies h"(z) € [~(L — %), L — 3], a contradiction.
Thus B,(g) C Bk, and Bk contains a dense open subset of C(R). It follows that

B = \ken Bx is a comeager subset of C(R). O

Before we proceed, we give an example of a dense subset D of C(R) such
that for all f € D, there exists z such that orb(f, z) is unbounded. This example
demonstrates that the although the set B of Lemma 4.5 is comeager in C(R), it
has empty interior. In a sense, this proves that the result of Lemma 4.5 is the

strongest possible result concerning the size of B, topologically speaking,.

EXAMPLE 1. There exists a dense set D C C(R) such that Vf € D, there exists

x € R such that orb(f, z) is unbounded.

Proof. Let D = { fi}ren be a countable dense subset of C(R) and let (€ )en be a
decreasing sequence of positive numbers which converge to 0. For each pair f, €,
let gx; be any function in C(R) satisfying gi; € Be,(fx) and gi (z) = z + 1 for all
x outside an appropriately large interval. Then D = Uk,leN gk, is a dense subset

of C(R) with the desired property. O

The proof of Theorem 4.1 is almost complete; it remains to prove that a

generic f € C(R) has the property that P,(f) is dense in itself and not dense in R
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for all n. We will need to prove some other results first.
The next proposition will be valuable in that it will allow us to simplify the
argument in many of the proofs that follow. This proposition says that, for any

feC(R),e> 0, and a € R, there exists f* € B.(f) such that orb(f*,a) is finite.

PROPOSITION 4.1. For every a € R, there exists a dense set F, C C(R) such

that |orb(f,a)| < oo for all f € F,.

Proof. Fix a € R and let F' = {f € C(R) : |orb(f,a)| < oo}. Let f € C(R) and
¢ > 0. We will show that F N B.(f) # 0. If f € F, we are done. Assume that
FéF.

CASE 1. orb(f,a) is bounded.
Choose N € N so that the sequence (f*(a))i2, € [-N,N]. By the Bolzano-
Weierstrass Property, there exists a convergent subsequence; call the limit of this

subsequence p. Let

ki = min{j : f/(a) € B.(p)}, and

ky = min{j : f’(a) € Be(p) and j > k;}.
Choose § > 0 so that

lt—y| <d=|f(z)— fly) < % for all z,y € [-N, N], and

a, f(a), ..., f**7*(a) ¢ B5(f*"'(a)).

Define a function ¢ as follows. Let g(z) = f(z) for all z ¢ Bs(f**'(a)). Let

g(f*Ya)) = f¥(a). Define g on the remainder of the interval (f**(a) —

8. f*271(a) + %) so that g is continuous and p(f,g) < e. Then g € F N B(f).
CASE 2. orb(f,a) is unbounded.

By Lemma 4.5, the set of functions in C(R) which have bounded orbit at every

point is dense in C(R). Thus, we may choose f* € Be(f) such that orb(f*,a) is
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bounded. By Case 1, we may construct g € Be(f*) so that orb(g, a) is finite. Then
g € FnB.(f). O

The next proposition will be used in several of the proofs below; the proof

is not included here.

PROPOSITION 4.2. Let f € C(R) and n,N € N. Then for each ¢ > 0, there
exists 6 > 0 such that if g € C(R) and p(f,g) < 8, then || f* — g* ||-nm< € for
each k =1,2,...,n.

We now introduce some notation that will be used for the remainder of the
chapter. Let f € C(R) and a € R be such that orb(f,a) is finite. Then we will

write the orbit of a under f as
OT'b(f, Cl) = {CLO, Qyy ooy Qfyove van—l}’

where a = ag, f(a;) = a1 for 0 <i<mn -1, and a, = a.

The techniques used in the proof of the next proposition, Proposition 4.3,
are inspired by the techniques used in [2] to prove that a generic f € C([0, 1]) has
the property that the set of points with finite orbit under f is dense in I. In the
current setting, we prove a stronger statement. We obtain as corollaries that a
generic f € C(R) has the properties that (i) the set of points with finite orbit is
c-dense in R, (i) the set {x € R : |orb(f,z)| < n} is perfect Vn, (ii¢) the set P,(f)
is dense in itself Vn, and (iv) {z € R: f*"(z) = =} is perfect ¥n. (It was proven in
[2] that the set {z € [0,1] : f™(z) = x} is perfect for a generic f € C([0,1]), and
in [40] that P,(f) is dense in itself for a generic f € C(]0, 1]); however, the proof
techniques differ from the ones here.) Proposition 4.3 will also be useful as a tool
to simplify some of the proofs that follow. Roughly speaking, Proposition 4.3 says
that, given any function f with finite orbit at a point a, then arbitrarily close to f

we can find an open ball in C(R) such that for any h in the open ball, there exist
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at least two distinct points with orbital structure identical to that of a under f,

and these points may be chosen as close to a as we like.

PROPOSITION 4.3. Let f € C(R) be a function with the property that for some
a € R,

orb(f,a) = {ag,a1,..., 0k, ..., an-1}.
Let €,6 > 0. Then, there exist g € Be(f) and n > 0 such that for all h € B,(g),
there exist distinct points a®, b" € (a,a +8) [or, (a — &,a)] such that

orb(h,a") = {al,a", ... a},... a"_}}
and

orb(h, b") = {bh bk, bR, B )

Proof. Let f € C(R) and a € R be such that orb(f,a) is finite, and let ¢,6 > 0.
First assume that f is constant on no interval. Let I be a closed interval containing

a such that
o [ C(a—d,a+1),
o [fMID)] <5,
o [, f(I),..., f""Y(I) are pairwise disjoint intervals,
o |f(z) — f(y)] < & forall z,y € f*(I).

Let J, K be disjoint subintervals of (a,a+8). Let g(z) = f(z) for all z ¢ f"~1(I).
On the interval f"~1(I), define g to be a slight perturbation of f with the property
that

g*(J) € Int(g"(J)) and g*(K) C Int(g"(K)).

By Lemma 4.2, we may choose n > 0 so that, for all h € B,(g), the sets h*(I)

where i = 0,...,n — 1, are pairwise disjoint intervals, R*¥(J) C Int(h"(J)) and

52



h*(K) C Int(h"(K)). Choose such an 7 and let h € B,(g). Since A" 7% : h*(J) —
h*(J), there is a point z € h*(J) which is fixed under the mapping A" *. Since
R*(J),...,h""Y(J) are pairwise disjoint, this point z must be periodic under A,
with period n — k. Moreover, since x € h¥*(J), there exists a® € J such that
h*(a") = z. Now

OT'b(h, ah) - {087 a”llv cee ,(12, tee 70‘:17,—1}7

where af = a", af =z, h(al) =al,, for 0 <i<n—1, and a” = a. By the same
argument, there is a point # € h¥(K) and b* € K such that h*(b") = 7 and

OTb(h, bh) = {bg, b?, RS bga T bZ—l}‘

Now JNK = {), so a" # b", and since J, K C (a,a+§), we have a", " € (a,a+9).
Observe that by requiring that J, K be disjoint subintervals of (¢ — d,a) rather
than (a,a + &), we can produce distinct points a”, " € (a — §,a) with the desired
properties.

Now suppose that f is constant on some interval. Then let f* be a function
that is constant on no interval, p(f*, f) < £, and orb(f,a) = orb(f*,a). Proceed
as above to construct an appropriate g and 1 so that g € Bg( f*). Then we have

g € B.(f) and n > 0 satisfying the proposition. O
COROLLARY 4.1. Generic f € C(R) has the property that
{z € R:|orb(f,z)| < n}

is perfect for all n € N.

Proof. Fix n € N. Fix a closed rational interval I and let Gy, be the set of all

f € C(R) such that

Kz € R: |orb(f,z)] <n}NI|#1.
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We will show that Gj, contains a dense open subset of C(R). Let f € C(R) and
€ > 0. There are three cases to consider.

CASEl. {z e R:orb(f,z)|<n}NI|=0
Let g = f. Choose N € Nsothat I, g(I),...,¢g"(I) C (=N, N). Let @ > 0 be such
that B,(g'(I)) € (=N, N) for 0 < i < n, and a < min g<res<n{|g"(z) — ¢°(z)| :
¢ € I}. By Lemma 4.2, we may choose n > 0 so that p(h,g) < n implies that
| h* — g% |li-vv< § for 1 < k < n. Choose such an 7; then for any h € B,(g),
the points z,h(z),...,h"(x) are distinct for all z € I. Thus g € B.(f) and
Bn(g) C Gra

CASE2. {z € R: Jorb(f,z)| < n}NInt(I)| > 1
Let a € I be such that |orb(f,a)] < n. Let § > 0 be chosen so that (a—d,a+6) C I.
By Proposition 4.3, we may construct g € Be(f) andn > 0so that for all h € B, (g),
there exist distinct points a", b" € (a—6, a+3) such that |orb(k, a™)| = |orb(h, b")| =
lorb(f,a)| <mn. Thus for all h € By(g), |{x € R:|orb(h,z)| <n}NI| > 2, and so
By(g) € Grp.

CASE3. {z € R: Jorb(f,z)| <n}NnadI|l>1
By Proposition 4.3, we may choose f* € Be(f) so that |orb(f*, a*)| < n for some
a* € Int(I). By Case 2, construct g € Bs(f*) and n > 0 so that By(g) C Gra.
Then g € B.(f).

We have proven that G, contains an open dense subset of C(R). Let
G, = (); G1n, where the intersection is taken over all closed rational intervals. The
set Gy, is comeager in C(R), and if f € G, then the set {z € R : |orb(f, z)| < n}
has no isolated points. Moreover, by the continuity of f, the set is closed in R;
thus it is perfect. Finally, let G = (),cy Gn- G is comeager in C(R) and has the

desired properties. O

From the following corollary, Corollary 4.2, we obtain that Property (2) of
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Theorem 4.2 holds for a generic f € C(R).

COROLLARY 4.2. Generic f € C(R) has the property that
{z e R: |orb(f,z)] < oo}

1s c-dense in R.

Proof. First we will show that there is a comeager subset A of C(R) with the
property that, for all f € A, the set of points with finite orbit under f is dense in

R. Fix a rational open interval I and let
Ar={f € C(R): |orb(f,z)| < oo for some z € I}.

Let f € C(R) and € > 0. Fix a € I. By Proposition 4.1, there exists f* € Be(f)
with the property that |orb(f*, a)| < co. Choose § > 0 so that (a — d,a + §) C I.
By Proposition 4.3, there exist g € B<(f*) and n > 0 such that, for all h € B,(g),
there exists a" € (a — 6,a + §) satisfying |orb(h,a™)| = |orb(f*,a)| < oo. Thus
g € B(f) and By(g) € A;. Now let A = (), A;, where the intersection is taken
over all rational open intervals. The set A is comeager in C(R) and has the desired
property.

Observe that the set A N G, where G is defined as in Corollary 4.1, is
comeager in C(R). Let f € ANG. Let I be an arbitrary open interval in R. Then,
since f € A, there exists a € I such that |orb(f,a)| = n for some n. Since f € G,
there are uncountably many x € I such that |orb(f,z)| < n. Tt follows that the

set of points with finite orbit is c-dense in R for all f € ANG. ad

The proof of Corollary 4.3 below is brief, as the techniques used are very

similar to those used in the proof of Corollary 4.1.

COROLLARY 4.3. Generic f € C(R) has the property that Py(f) is dense in itself

for alln € N.
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Proof. Fix n € N and a closed rational interval I. Let Gj, be the set of all
f € C(R) such that |P,(f)NI| # 1. Let f € C(R) and € > 0 be arbitrarily chosen.

CASE 1. |P,(f)nI|=0
Proceed exactly as in Case 1 in the proof of Corollary 4.1 with the choice of g, N, «,
and 7, the only modification being that “ar < min g<,<s<n{lg"(z) —g*(z)| : z € I}”
should be replaced with “a < min{|z — ¢"(z)|: z € I}.” Then for h € B,(g) and
r € I, if h™(z) = z, we have |z — ¢"(z)| < |z — h™(z)| + |h"(z) — ¢"(z)] < %,
contradicting the choice of a. Thus g € B(f) and B,(g) C G-

CASE2. |P,(f)nI]>1
Let a € P,(f) N I. Without loss of generality, we may assume by Proposition 4.3
that a € Int(/) (see Case 3 in the proof of Corollary 4.1). Choose 6 > 0 so that
(@ — d,a +6) C I, and use Proposition 4.3 to construct g € B.(f) and n > 0
as in Case 2 in the proof of Corollary 4.1. Then for any h € B,(g), we have
|P.(h)N 1| > 2.

Now as in the proof of Corollary 4.1, the set G = (|, oy [; G1,n is comeager

in C(R) and has the desired properties.

COROLLARY 4.4. Generic f € C(R) has the property that
{zreR: f"(z) =z}
is perfect for all n € N.

Proof. Note that if for some f and n, the set {z € R: f*(z) = z} has an isolated
point, then P(f) has an isolated point for some £ < n. Thus it follows from
Corollary 4.3 that for a generic f, {x € R: f*(z) = z} has no isolated points for

any n. Moreover, this set is closed in R by the continuity of f", so it is perfect. O
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In order to prove that a generic f has the property that the set of points
with finite orbit,

{z € R:Jorb(f,z)] < oo} = | J{z € R: |orb(f,z)| < n},

n=1

is c-dense in R, we used the facts that the set on the left hand side of the equation
is dense in R, and each set in the union on the right hand side of the equation has
no isolated points. We cannot obtain a similar result for the set of periodic points,
given by

P(f) =] Pulf),

because although each set in the union on the right hand side of the equation has
no isolated points, the set on the left hand side is not dense in R. We prove in
the proposition below that a generic function f has the property that P(f) is not
dense in R. (Observe that we actually prove a stronger result: that the set of all
f with the property that P(f) is not dense in R contains an open dense subset of
C(R).)

PROPOSITION 4.4. A generic f € C(R) has the property that P(f) # R.

Proof. Let U = {f € C(R) : P(f) # R}. Let f € C(R) and ¢ > 0 be arbitrarily

chosen. Let N € N be such that % < €. Choose M € N so that M > N and

f([=N,N]) C (=M, M). Define a function g as follows. Let

4

f(—=N), z € (—o0,—N),
f(a:)a .TG[—N,N],
9(z) = F(N), z € (N, M),

—f(N)z+ f(N)(M+1), ze€[MM+1],

0, z € (M+1,00).

\

Clearly g € B.(f). Choose 0 <7 < M”lﬁ so that

By (f([=N,N)) = By(g([=M, M])) € (=M, M).
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The claim is that B,(g) € U. Observe that if h € B,(g) and y € [-M, M], then
h(y) € By(g([-M,M])) € (~M,M). Let I = [M +1,M +2]. Let h € B,(g) and
z € I. Then h(z) € (=M, M). Tt follows that h*(z) € (—M, M) for all k, and so
z ¢ P(h). Thus P(R)NI =0, and h € U. The result follows. O

Observe that it follows immediately from Proposition 4.4 that a generic
f has the property that P,(f) is not dense in R for any n. This is so because

P.(f) € P(f). We are now ready to prove Theorem 4.1.

Proof. (Proof of Theorem 4.1) Let f be an element of the intersection of the sets
comeager subsets of C(R) defined in Lemmas 4.1, 4.2, 4.3, 4.4, and 4.5, Corollary
4.3, and Proposition 4.4. Then the intersection is comeager in C{R) as well, and
clearly any element f of the intersection of these sets has properties (1) — (4) of

the theorem. O

We now turn our attention to the proof of Theorem 4.2. The proof of
Theorem 4.2 is longer and more technical than the proof of Theorem 4.1. The
main results which will be needed to prove Theorem 4.2 are Lemmas 4.6, 4.7, 4.8,
and 4.9 and Corollary 4.2.

In Lemmas 4.6 and 4.7, we will prove that a generic f € C(R) has the
property that w(f, z) is nowhere dense and perfect for a generic = € R. In the space
C([0,1]), Agronsky, Bruckner, Ceder, and Pearson proved in [1] that a closed subset
C of [0,1] is an w-limit set of some function f € C([0,1]) if and only if C is either
nowhere dense, or C' is the union of finitely many nondegenerate closed intervals.
Agronsky, Bruckner, and Lasczkovich proved in [2] that a generic f € C([0, 1]) has
the property that w(f,z) is a nowhere dense perfect set for all z in a comeager
subset of [0, 1]. Lehning used the Tietze Extension Theorem and the Kuratowski-
Ulam Theorem (see [26] and [37], respectively) to offer a simpler proof of the latter

result in a more general setting [30]. He proved that a generic f € C(X), where
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X is a compact N-dimensional manifold, has the property that w(f, x) is nowhere
dense and perfect for a generic x € X. We must be cautious in assuming that
results such as those of Agronsky, Bruckner, Lasczkovich, and Lehning hold for
the space C(R), as we are not working with self-maps of a compact space in this
setting. There are several assumptions that one has for a function f € C([0,1])
that are certainly not true of f € C(R). For example, every w-limit set for a
function f € C([0, 1]) is nonempty; however, we can construct a function f € C(R)
such that no w-limit set is nonempty. As another example, every f € C([0, 1]) has
a fixed point in [0, 1], but this is not true of every f € C(R).

Nevertheless, we have found that a generic f € C(R) has the property that
w(f, z) is nowhere dense and perfect for a generic x € R. We state and prove these
facts in the lemmas below. We will use techniques similar to those of Lehning,
although our proofs are made simpler through the use of Propositions 4.1 and 4.3.
The proofs of Lemmas 4.6 and 4.7 require the Kuratowski-Ulam Theorem (see

[37]).

THEOREM (Kuratowski-Ulam). Let X,Y be topological spaces such that Y has a

countable basis. If E C X xY s comeager in X x Y, then the set
E,={yeY:(z,y) € E}

is comeager in'Y for a genericx € X.

In Lemmas 4.6 and 4.7, let d : C(R) x R — [0, 00) be defined by
d((f? a)a (gv b)) = max{p(f, g)v la - b|}
Then C(R) x R is a complete metric space with the metric d.

LEMMA 4.6. Generic f € C(R) has the property that w(f,z) is nowhere dense

for a generic x € R.
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Proof. For all k € N, let Ej be the subset of C(R) x R consisting of all (f, ) such
that w(f, z) is contained in finitely many disjoint intervals, each of length less than
—]15. Using Proposition 2.2, we will show that Ej contains a dense open subset of
C(R) x R. Let (f,a) € C(R) x R and € > 0. By Proposition 4.1, we may assume
without loss of generality that orb(f, a) is finite. Choose N € N so that orb(f,a) C
(=N, N) and 5 < e. Choose § > 0 so that for all 7,y € [-N, N, | f(z) — f(y)| < e
whenever |z — y| < §. Choose pairwise disjoint closed intervals Iy, I, ..., I,_1
centered at ag,ay,...,a,_1, respectively, so that |[;| = |[;| < min{%,g} for all
i, 7, and U;:OI I, C (=N, N). Let g be a slight perturbation of f such that, for
i=01,...,n—=2, g(z) = aj; forall z € I;, g(z) = a; for all x € [, ;, and
g € B.(f). Note that (g9,a) € B((f,a)). Choose 0 < 7 < min{%,%}. Let
(h,c) € By((g,a)). Then it is readily verified that orb(h,c) C |J}=y L, and since
the intervals I; are closed, we have w(h,c) C U?:”Ol I

Let £ = (\,en Lk, a set which is comeager in C(R) xR. For each (f,z) € E,
w(f, z) is contained in finitely many disjoint intervals of arbitrarily small length, so
w(f, x) is a closed set with empty interior; i.e., w(f, ) is nowhere dense. It follows
from the Kuratowski-Ulam Theorem that a generic f € C(R) has the property

that w(f,z) is nowhere dense for a generic z € R. O

LEMMA 4.7. Generic f € C(R) has the property that w(f,x) is perfect for a

generic x € R.

Proof. Fix a closed interval J = [p,q] C R, and let Py C C(R) x R be the set of
all (f,z) such that |w(f, )N J| # 1. We will show that P; contains a dense open
subset of C(R) x R. Let (f,a) € C(R) x R and € > 0. Without loss of generality,
we may assume by Proposition 4.1 that orb(f,a) is finite. Observe that, with the

notation given above,
orb(f,a) = {ao, ..., ak, ..., an-1},
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we have w(f,a) = {ak,...,a,1}. Choose N and ¢ as in the proof of Lemma 4.6.
There are three cases to consider.

CASE 1. |w(f,a)NJ|=0.
Let Iy, I1, ..., I,_1 be closed pairwise disjoint intervals centered at ag, ay,. .., an_1,
respectively, so that U?:_ol I, C(=N,N), (U:.:kl Ii) NJ =0, and |[;| = |[;| < g for
all 4, j. Construct g so that g(x) = a;4; forallz € I, wherei = 0,...,n—2, g(z) =
ag for all z € I,,_1, and g satisfies g € B.(f). Now we have (g,a) € B.((f,a)).
Choose 0 < n < min{%,l—%’i}. Let (h,c) € B,((g,a)). Then w(h,c) € U, L,
and so |w(h,c) N J| = 0. It follows that B,((g,a)) C Py.

CASE 2. [w(f,a)N(p,q)| > 1.
Fix [ so that a; € (p,q). Choose Iy, I1,...,I,_1 to be closed pairwise disjoint
intervals centered at ag,ai,...,a,_1, respectively, so that U?:'Ol I; € (=N,N),
I, € (p,q), and | ;] = |I;| < min {§, %} for all 4, j. We will construct (g,b) € B(f)
and 1 > 0 so that, for all (h,c) € By((g,b)), we have |w(h, c)N(p, q)| > 2. To do so,
we need to define subintervals of the I;. For each i, let I; ; be the lower third of the
interval I;, and let I; 5 be the upper third of I;. Let b;; and b; 5 be the midpoints
of I,; and I, respectively. Observe that [;; N Lo =0 and |L;1] = |L2| = %l for
all 1. Construct g as follows. For i = 0,...,k — 1, let g(z) = bjy11 for all z € I;;.
Fori=Fkk+1,...,n—2, let g(z) = byy1 for all x € [;1, and g(z) = bi11 for
all z € L;5. Let g(x) = by for all z € I,,_1 1, and let g(z) = by for all z € I,,_; 5.
Complete the construction of g so that g is continuous on R and g € B.(f). Let
b= bp1. Observe that (g,b) € Be((f,a)). Choose 0 < n < min{ﬁ, |I°2—1|} Let
(h,c) € By((g,b)). Then orb(h, ¢) intersects both I;; and I; 5 infinitely many times,
where [; and I) 5 are disjoint and contained in (p, g), so |w(h,c) N (p,q)| > 2.

CASE 3. [w(f,a)N(p,q)| = 0 and |w(f,a) N {p,q}| > 1.

Without loss of generality, assume that a; = p for some [ € {k,...,n — 1}. By
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Proposition 4.3, we may choose f* € Be¢(f) such that w(f*,a*) N(p,q) # 0 for
some a* € Be(a). Note that (f*,a*) € B:((f,a)). By Case 2, we may construct
(9,0) € Bs((f*,a*)) and 1 > 0 so that B,((g,b)) € Py. It follows that (g,b) €
BA(f,)) and By((g,)) C Py,

Now P; contains an open dense subset of C(R) x R. Let P = (1, Py, where
the intersection is taken over all closed rational intervals. The set P is comeager in
C(R) xR, and for any (f,z) € P, w(f, ) is perfect. Thus by the Kuratowski-Ulam
Theorem, a generic f € C(R) has the property that w(f, z) is perfect for a generic
z € R.

O

Before we proceed, we remark that by Lemmas 4.6 and 4.7, a generic
[ € C(R) has the property that w(f, z) is nowhere dense and perfect for a generic
z € R. This is true by the following argument. Suppose f € C(R) has the property
that there exist comeager subsets Gp,q and G of R such that w(f, z) is nowhere
dense for all z € Gy and w(f, x) is perfect for all z € G,. Then G = Grwa N Gy
is comeager in R, and w(f, z) is nowhere dense and perfect for all z € G.

Note that with Lemmas 4.6 and 4.7 and Corollary 4.2, we have shown that
Properties (1) and (2) of Theorem 4.2 are true of a generic f € C(R). Our next
objective is to prove Property (3) of Theorem 4.2; i.e., a generic f € C(R) has the
property that the set of points with infinite orbit and finite w-limit set is c-dense
in R. We will prove this result in Lemma 4.8. Before we do so, we will need several

definitions and propositions.

DEFINITION. Let f € C(R). The function f is nondecreasing at a point
T € R if there exists § > 0 such that f(‘r) > 0forallte (z—6,z+06))\{z}.

The function f is nonincreasing at z if —f is nondecreasing at x. We say that f
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is monotone at z if f is either nonincreasing or nondecreasing at .

DEFINITION. Let f € C(R). A point z € R is said to be a point of (relative)
mazimum of f if there exists 0 > 0 such that f(t) < f(z) for all ¢t € (z — 6,z +9),
and z is a point of proper mazimum of f if there exists ¢ > 0 such that f(t) < f(z)
forallt € (x — 6,2+ )\ {«}. If z is a point of maximum or proper maximum of
—f, then f is said to have a point of minimum or proper minimum at T, respec-
tively. Moreover, x is said to be a point of extremum of f if f has a maximum or
minimum at z, and a point of proper extremum of f if f has a proper maximum

Or proper minimum at .

We used results from Bruckner and Garg [11] in the proof of Lemma 4.3
earlier in the chapter. We return to the results of [11] for additional information
concerning the behavior of a generic f € C(R). Bruckner and Garg proved that a
generic f € C([0, 1], R) is monotone at no point, and no level set of f contains more
than one point of extremum of f. For each N € N, let Ay be the subset of C(R)
consisting of all f € C(R) with the properties that () f is monotone at no point
of [-N, NJ, (i) no level set of f|;_y,nj contains more than one point of extremum
of fli-n,n), and (#44) f has the Bruckner-Garg property on [-N, N]. Each Ay is
comeager in C(R), and so A = [y An Is comeager in C(R) as well. Fix f € A.
It is clear that f is monotone at no point of R. Suppose some level of f contains
more than one point of extremum of f, say, p; and py,. Choose N large enough so
that p;,ps € (=N, N); then some level of f|_n ) contains more than one point
of extremum of f|_y n}, contradicting that f € Ay. So each level of f contains
at most one point of extremum of f. It follows that every point of extremum of

f is a point of proper extremum of f, for if not, some level of f contains more
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than one point of extremum of f. Since the set of points of proper extremum of
any function is countable, the set of points of extremum of f is countable. Now
for each N € N, let Ty = {z € R : f][__lN’N](:c) is not perfect}. Each set Ty is
countable, so

{r € R: f~!(x) is not perfect} = U Ty
NeN

is countable as well. Thus f~!(z) is not perfect for only countably many z € R.

We summarize the results of the preceding discussion in Proposition 4.5.
PROPOSITION 4.5. A generic function f € C(R) has the property that
1. f is monotone at no point.
2. The set of points of extremum of f is countable.
3. f~Yx) is not perfect for only countably many = € R.

We will now state and prove Propositions 4.6, 4.7, and 4.8, which will be

needed in the proof of Lemma 4.8.

PROPOSITION 4.6. Generic f € C(R) has the property that, given any open
interval I, there exist uncountably many x € I such that |orb(f,z)| < oo and no

point of orb(f, x) is a point of extremum of f.

Proof. Fix an open interval I. Let S be the subset of C(R) consisting of all functions

f with the following properties:

1. {z € R: |orb(f,x)| < n} is perfect for all n.
2. {z € R:|orb(f,z)|] < oo} is c-dense in R.
3. {x e R: f*(z) = x} is perfect for all n.

4. f is monotone at no point.

64



5. The set of points of extremum of f is countable.
6. f~!(z) is not perfect for only countably many z € R.

Then S is comeager in C(R) by Corollaries 4.1, 4.2, 4.4, and Proposition 4.5. Let
f € 5. The claim is that f satisfies the proposition. Let £ denote the set of points
of extremum of f. There are two cases to consider.

CASE 1. P(f)NI #0.

Since f has a periodic point in I, by Property (3), there are uncountably many
periodic points of f in /. So the set P(f)N 1 is uncountable. Observe that f must
be injective on P(f), for if not, then f is not a well-defined function. Remove from
P(f) NI all points whose orbits have nonempty intersection with E; since F is
countable, we have removed only a countable set. We are left with uncountably
many points in P(f) N I whose orbits do not intersect FE.

CASE2. P(f)nI=0.

By Properties (1) and (2), there exists n € N such that |orb(f,z)| < n for un-
countably many z € I. We will show in the following paragraph that for some
I > 1, there exists z € I such that f(z) € P(f) N Int(f(I)); then using Property
(6) and Case 1, we will complete the proof of the proposition.
Claim: For some [ > 1, there exists z € I such that
fi(z) € P(f) N Int(f/(1)).

Let O,(f) denote the set of all z € R satisfying |orb(f,z)| < n. Observe
that, by Property (4), f is constant on no interval, so the sets f(I),..., f*"}(I) are
intervals. Now if some z € O,(f) NI has the property that f(z) € 0f(I), then ei-
ther f(z) < f(y) forally € I, or f(z) > f(y) forally € I, and so € E. So, there
must be uncountably many z € O,(f) NI satisfying f(z) € O,_1(f) N Int(f(I)).
If one of these points is periodic, then { = 1 and we are done. Suppose not.

Then, since the set O,,_1(f)NInt(f(I)) is nonempty, it is uncountable by Property
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(1). As before, there are uncountably many & € O,_;(f) N Int(f(I)) satisfying
f(Z) € On-a(f) NInt(f*(I)). If one such point f(%) is periodic, then we have
f(&) = f*(z) for some z € O,(f)N 1, and [ = 2 and we are done. If no such point
f(Z) is periodic, then repeat the argument as many times as is necessary until a
periodic (possibly fixed) point is found in Int(f!(J)) for some 1 <[ < n — 1. This
completes the proof of the claim.

Now choose € O,(f) NI so that fi(z) € P(f) N Int(fY(I)). By Case
1, there are uncountably many points in P(f) N Int(f'(7)) whose orbits do not
intersect £. Since there are only countably many levels of f which are not perfect,
we may choose a point z € P(f) N Int(f{(I)) such that f~1(2), the level of f at
z, is perfect, orb(f,2) N E =0, and f~1(z) N Int(f!=1(1)) # 0. Now we will “pull
back” the point z through the intervals f=1(1), f1=2(I),..., f(I), I to complete the
proof. Choose z_; € f="HI)N f~1(2) so that z_1 ¢ E, f~'(2_1)NInt(f2(1)) # 0,
and f~'(z_;) is perfect. Continue to choose points z_, € f~(z_1) N fI=2(I),
z_3 € f7H2z_5) N f=3(I), and so on, in a similar manner. Finally we have a point
z1 € f(I) with the property that f~!(z_;) NI is uncountable. Then for any
z € (f~Hz_1)NI)\ E, we have |orb(f,z)| < oo and orb(f,z) N E = @, and this

set, s uncountable. O

PROPOSITION 4.7. Suppose that f € C(R) is monotone at no point, and x € R
is not a point of extremum of f. Then there exists a unilateral convergent sequence
of distinct points (p;)jen such that p; — x in R, f(p;) = f(z) for all j, and for

every open interval J containing some p; € (p;)jen, we have f(z) € Int(f(J)).

Proof. Let f € C(R) be a function which is monotone at no point, and let z be a
point which is not a point of extremum of f. Since f is not monotone at z, we may
assume without loss of generality that for all 6 > 0, there exist t1,ty € (z — 6,z)

such that t; < ty and f(f1) < f(z) < f(t2). Choose M < Y < z so that
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f(t(ll)) < f(z) < f(tY). By the Intermediate Value Theorem, we may choose
p1E (tgl), tgl)) such that f(p,) = f(z); moreover, we may require that this point p;
not be a point of extremum of f. Continue choosing points p; as follows: Choose
97V < tgj) < téj) < z, and choose p; € (tgj),tgj)) so that f(p;) = f(x) and p; is not
a point of extremum of f. Clearly the sequence (p;);en is a unilateral sequence of
distinct points which converges to z in R and satisfies f(p;) = f(z) for all j. Also,
since f is not monotone at any p; and no p; is a point of extremum of f, any open

interval J containing some p; has the property that f(J) is an interval (since f is

constant on no interval), and f(J) contains points both larger and smaller than

f(z), so0 f(z) € Int(f(J)). =

PROPOSITION 4.8. Suppose that f € C(R) is monotone at no point. Then given
any periodic point x such that no point of orb(f,z) is a point of extremum of f,
and given any open interval I containing x, there exist uncountably many y € I

such that orb(f,y) is infinite and w(f,y) is finite.

Proof. Let f € C(R) be monotone at no point, and let € R be a periodic point
of f such that no point of orb(f,z) is a point of extremum of f. Let orb(f,z) =
{xo,21,...,Tu_1}, where f(z;) = 2441 fori =0,...,n—1 and z, = 29 = z. For
each z;, let (p;) jen be the corresponding sequence with all of the properties listed
in Proposition 4.7.

Let I be an open interval containing zo. We will construct uncountably
many pairwise disjoint subsets of I in the following way.
Step 1. Choose qp,q; € IN (p?)jeN, and let Jy, J; C I be disjoint intervals centered
at qo,q1, respectively, which do not contain z,. Note that f(Jy) and f(J;) are

intervals which contain Zi(mean) as an interior point, so both f(Jy) and f(J1)

1(mod n))

contain infinitely many points of the sequence (pj

Step 2. For each 2-tuple (a;,ay) € {0,1}% choose a point g4, 4, € (pjl'(mOdn))jeN
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and an interval J,, o, centered at g, o, such that
e Jal,az g f(']al))

¢ xl(mOd n) ¢ U(al,az)e{o,l}z Ja17a27 a’nd
e the intervals J,, 4, and J,,, where a1, a, € {0, 1}, are pairwise disjoint.

Observe that each f(Jg, q,) is an interval containing (medny as an interior point.
In general, the k' step of the construction is defined as follows.

Step k. From the previous step, for each (k—1)-tuple (ay,...,ax_1) € {0,1}¥71, we
have an interval of the form f(J,,, ., ,), and for some fixed i € {0,1,...,n—1},
each interval f(J,,, q,_,) contains z; as an interior point. Choose 2* distinct points
from the sequence (p})jen as follows. For each k-tuple (a1,ay,...,ax) € {0, 1}%,
choose a point gq, 45, .ax € (pg-)jeN and an interval Jy, 4, a, centered at that point

such that
hd Jahaz,-..,ak C f(Jal,az,..-,akq)

o er ¢ U(a1,a2 ..... ak)E{O,l}k Ja11a27"'yak’ and

e the intervals Ju, 4y arr Jaraz,an_1r -+ Jar,azs a0d Joy,

where ay, as, ..., ak-1,ax € {0, 1}, are pairwise disjoint.

Continue for all £ € N. Observe that at each step k, the intervals Jy, 45,4, are all
nonempty.

Now for each (a;)jen € {0, 1}¥, let

Agyyen = {2 €R 2 € Joy, f(2) € oy ag, - - - (D) € Jayags -}

JEN
Since Jy, J1 C I, each set A(aj)jEN is a subset of I. Since the intervals J were

chosen to be pairwise disjoint, the sets Ay, are pairwise disjoint. We will

show that each set Ay, is nonempty. Suppose that some A(q,);cy = 0 for some
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(aj)jen € {0,1}*. Let m € N be the smallest number such that f™(¢) ¢ Ju, . 4

for any ¢t € J,,. Since J,, # 0, m must be at least 1. The interval J,, , s
nonempty, so let y € Jy, 4. Since Jo,. a0, C f(Ju,...am ), there exists t,,_1 €
_, such that y = f(¢;,—1). Continue working backwards to obtain points
tm-2 € Jar,amgr -+  t1 € Jy, with f(t;) = tip1. Then ¢, € J,, has the property

that f™(t1) = y € J,, a contradiction. Now there are continuum many

----- Om 419
nonempty pairwise disjoint subsets A(,;),.y of /, and for any y in some A(,), .y, we
have orb(f,y) is infinite and w(f,y) = {zo,...,ZTn_1}. O

We are now ready to prove that Property (3) of Theorem 4.2 holds on a

comeager subset of C(R).

LEMMA 4.8. Generic f € C(R) has the property that the set of x € R such that

orb(f,z) is infinite and w(f, ) is finite is c-dense in R.
Proof. Let G C C(R) be the set of all f satisfying:
1. f is monotone at no point,
2. f~!(x) is not perfect for only countably many z € R, and

3. for any open interval I C R, there exist uncountably many = € I such that

orb(f, x) is finite and no point of orb(f, z) is a point of extremum of f.

The set G is comeager in C(R) by Propositions 4.5 and 4.6. Let f € G. Fix an open
interval I, and let a € I be such that |orb(f,a)| < co and no point of orb(f,a)
is a point of extremum of f. So, we have orb(f,a) = {ag,...,ax,...,0,-1} for
some k,n. Since f is not monotone at any of the points aq, ..., ax—1 and none of
these points is a point of extremum of f, we have that f*(I) is an interval with
ar € Int(f*(1)). Now since Int(f*(I)) is an open interval containing the periodic

point ax of f, by Lemma 4.8 there are uncountably many points y € Int(f*(/))
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such that orb(f,y) is infinite and w(f,y) is finite. For uncountably many such v,
we can find uncountably many z € I such that f*(z) = y. Thus, every f € G has
the property that there are uncountably many x € I such that |orb(f, z)| = oo and

|w(f, )| < co. Since I was an arbitrarily chosen interval, we have the lemma. O

The final few results of this chapter are used to prove that Property (4) of
Theorem 4.2 holds on a comeager subset of C(R). The idea behind Propositions
4.9 and 4.10 and Lemma 4.9 is the following. We will show in Proposition 4.9
that a generic f € C(R) has the property that for any M € N, there exists a
closed interval I such that I N [—M, M] = 0 and f|; exhibits the same behavior
as a function in C([0,1]). In Proposition 4.10 we will state and give a proof for a
known result concerning a generic f € C([0,1]). Finally we will use the result of

Proposition 4.10, together with Proposition 4.9, to prove Lemma 4.9

PROPOSITION 4.9. For each M € N, let Uy be the set of f € C(R) such that,
for all f € Uy, there exists a closed interval I C R such that f(I) € I and

IN[-M,M]=0. Each set Uy, contains an open dense subset of C(R).

Proof. Fix M € N. Let f € C(R) and ¢ > 0. Choose N € N so that 1 < € and
N > M. Construct a function g as follows. Let g(z) = f(z) for all z € [-N, NJ.
Let I =[N +1,N+2]. Let g(z) = N+ 3 forall z € [N + 1, N + 2]. Extend ¢
continuously to R. Observe that g € B.(f). Choose 0 < n < min {TV%’ %} Let

h € By(g). Then h(I) C I, and so B,(g) € Un. O

PROPOSITION 4.10. A generic f € C([0,1]) has the property that there exists

z € [0, 1] such that w(f,z) is infinite and not perfect.

Proof. [43] C([0,1]) is an abelian Polish group with the metric of supremum norm.
Let W be the set of all f € C([0,1]) such that w(f,z) is infinite and not perfect

for some z € [0,1]. Let f € C([0,1]) and € > 0. Since f : [0,1] — [0,1], f has
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a fixed point. Let g be a slight perturbation of f such that g € B.(f) and ¢ has
a point a of period 3 which lies in a small neighborhood of the fixed point of f.
Let n > 0 be chosen so that for all h € B,(g), h has a point of period 3. Since h
has a point of period 3, it follows from Theorems 2.2 and 3.8 of [10] that h has a

non-perfect infinite w limit set. Thus B,(g) C W. O

LEMMA 4.9. A generic f € C(R) has the property that the set of all z € R such

that w(f,z) is infinite and not perfect is unbounded in R.
Proof. For each M € N, let
Su={f €C(R): 3z > M > w(f,z) is infinite and not perfect}.

Let f € C(R) and € > 0. By Proposition 4.9, we may choose f* € Be(f) with the
property that f*(I) C I for some closed interval I C R satisfying IN[—M, M] = 0.
By the argument used in the proof of Proposition 4.10, we may choose g € B (f*)
and n > 0 such that, for all A € B,(g), there exists z € I such that w(h,z) is
infinite and non-perfect. Now we have g € B.(f) and B,(h) C Sy. To complete

the proof of the lemma, observe that {1,,. S is comeager in C(R). d
We close the section with a proof of Theorem 4.2.

Proof. (Proof of Theorem 4.2) Let G be the intersection of the sets defined in
Lemmas 4.6, 4.7, Corollary 4.2, and Lemmas 4.8 and 4.9. This set is comeager in

C(R). O

4.2 Preliminary Results in C(R"),n > 1

In this section, we will present our preliminary results concerning properties
which hold for a generic f € C(R"). In comparing Theorems 4.1 and 4.3, we see that

several of the properties which hold for a generic f € C(R) also hold in the more
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general setting of C(R™),n > 1, although the proofs require different techniques.

In the theorem below, f~!(x) and orb(f,x) are defined as in the previous section.
THEOREM 4.3. Generic f € C(R™) has the property that:

1. f is a surjection.

2. f1(x) is uncountable and unbounded for all x € R™.

3. orb(f,x) is bounded for all x € R™.

4. The set of periodic points of period k is unbounded for all k € N.

We will prove the theorem using a series of lemmas. In the first lemma, we
will prove that a generic f € C(R™) is surjective, and has the property that f~!(x)
is unbounded for all x € R"™. The proof of the lemma uses the well-known Brouwer

Fixed Point Theorem (see, for example, page 275 of [32]).

THEOREM (Brouwer Fixed Point Theorem). Let B be the open unit ball in R™.

Then every continuous map f : B — B has a fized point.

LEMMA 4.10. A generic f € C(R™) is surjective and has the property that f~*(x)

s unbounded for all x € R™.

Proof. For each basis element B = B,(p) of C(R") and each M € N, let
Sup={f€C(R"):3qe R"> BC f(B,(q)) and B,(q) N [-M, M]"* = 0}.

We will use the Brouwer Fixed Point Theorem to show that each set Sy, g contains
a dense open subset of C(R™).

Let B = B,(p) be a fixed open ball in R", and fix M € N. Let f € C(R")
and ¢ > 0. Choose N € N so that &+ < ¢ and N > M. Choose q € R™ so

that B,(q) N [-N,N]* = 0. Let U = B,(q). Define a function g as follows. Let
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9(x) = f(x) for all x € [N, N]*. Let g(x) = 2x — 2q + p for all x € B,(q). Then
by the corollary to the Tietze Extension given in [26] (Corollary 1, page 82), we
may extend g continuously to R". Observe that g € B.(f), U N[-M, M]* = 0,
and g(U) = Bay.(p).

Choose 0 < 77 < min{ where L. € N is chosen large enough so that

r b

DT
U C [-L/L]* Let h € By(g). We will show that if B ¢ h(U), then we can
construct a map ¢ : U — U which has no fixed point, a contradiction of the

Brouwer Fixed Point Theorem. To this end, suppose that there exists some point

w € B\ h(U). Note that w ¢ h(U). Define mappings ci,...,cs as follows.

e Let ¢c; : R® — B be the radial projection mapping of R onto B = B,(p),
defined as follows. If x € B, then ¢;(x) = x. If x ¢ B, then let ¢;(x) be the
point in OU which intersects the line segment whose endpoints are x and p.

Observe that w ¢ c;h(U).

e Let ¢y : B — B be a homeomorphism of B such that co(w) = p and ¢, leaves

all points in OB fixed. Now p ¢ coch(U).

e Let ¢3: B — U be a translation of B onto U, given by c3(x) = x — p +q.

So q ¢ CgCQClh(U).
e Let ¢s: U\ {q} — U be the outward radial projection of U \ {q} onto dU.
e Finally, let ¢5 : U — U be the map given by c¢5(x) = —x + 2q.

Let ¢ = cscqcscacih. It is easily verified that ¢ is continuous and well-defined on
U, and ¢ : U — U. Suppose that c(x) = x for some x € U. Since ¢(U) C 9U,
it must be the case that x € OU. Observe that since d(h(x),g(x)) < 5, we
have d(h(x),p) > &, so c1h(x) lies on the boundary of B. Thus cyci1h(x) € 0B,

and cycpcih(x) € OU. Now c(x) = X, s0 cscseacih(x) = 2q — x. Since the

73



boundary points of U are fixed under ¢4, we have czcocih(x) = 2q — x. Then
cec1h(x) = p+ q — x. The map ¢, leaves the boundary points of B fixed, so

cih(x) = p+q—x. Then A(x) = p + ¢t(q — x) for some ¢t > 1. Now

d(h(x),9(x)) = d(p+tlq—x),p+2(x~—q))
= (2+t)d(x,q)
= (2+t)r

> 3,

contradicting that h € By(g). Hence, B C h(U) and B,(g) C Su,p- It follows that
Swu,p contains a dense open subset of C(R"), as was to be proven.

Now let S =[ M.B Swm,B, where the intersection is taken over all M € N and
all basis elements B belonging to a countable basis for R*. The set S is comeager in
C(R™). Fix f € S. Let x € R* and r > 0. Let B = B,(x). Then for each M € N,
there exists an open ball U C R™ such that UN[-M, M]* =@ and x € B C f(U).
Thus f~!(x) is unbounded. Since x was arbitrarily chosen, we have that for all

x € R™, f~}(x) is unbounded, and hence nonempty, so f is a surjection. O

In the second lemma of this section, we will prove that a generic f € C(R")
has the property that the preimage of every point in R™ under f is uncountable.
We will use the following theorem of B. Kirchheim in the proof. In the theorem,
H* denotes the s-dimensional Hausdorff measure on R™. (See [19] for a definition

of the Hausdorff measure.)

THEOREM ([28]). Let n > m > 1. Then a generic f : [0,1]" — R™ has the
property that for any x € R™, the level set f~1(x) is of non-o-finite H* ™-measure
whenever x lies in the interior of f([0,1]").

LEMMA 4.11. A generic f € C(R") has the property that f~(x) is uncountable

for all x € R™.
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Proof. Let n = m > 1, and observe that H, the zero-dimensional Hausdorff
measure, is the counting measure ([19]). Now if for some x, f~!(x) is countable,
then f~!(x) can be written as the countable union of singleton sets whose H’-
measure is one, and so f~!(x) is of o-finite H°-measure. It follows from the theorem
of Kirchheim that a generic f € C(R") has the property that f~!(x) is uncountable
for all x € Int(f([0, 1]™)).

For each N € N, let Gy be the set of all f € C(R™) with the property that
f71(x) is uncountable for all x € Int(f([—N, N|")). Each set Gy is comeager in
C(R™) by Kirchheim’s theorem. Let G = ([|yony Gn)NS, where S is the intersection
of the sets Sy, g as defined in the proof of Lemma 4.10. Observe that G is comeager
in C(R™). Let f € G and x € R”. Let » > 0. Then since f € S, we have
B.(x) C f(U) for some open U C R". Choose L € N so that U C [-L, L]".
Then B,(x) C f([-L, L"), so x € Int(f([—L, L]")). Then since f € G, f~(x) is

uncountable. O

Finally, to prove that properties (3) and (4) of Theorem 1 hold for a generic

f, we generalize the techniques used in Chapter 4.

LEMMA 4.12. A generic f € C(R™) has the property that orb(f,x) is bounded for

all x € R™.
Proof. Let K € N be fixed. Let
Ag = {f € C(R™) : orb(f, x) is bounded Vx € [-K, K|"}.

We will show that Ax contains a dense open subset of C(R™); then by intersecting
over all K € N we will have a comeager subset of C(R") with the desired properties.
Let f € C(R™) and ¢ > 0 be arbitrarily chosen. Choose N € N so that & < €
and N > K. Let P : R* — R™ be the map given by P(x) = xo, where Xq is

the nearest point to x satisfying xo € [~ N, N|*. Observe that, since [-N, N|" is
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convex, P is a well-defined continuous map. Define a function g : R® — R" by
g(x) = f(P(x)). Now g is continuous as it is the composition of the continuous
maps f and P. Moreover, since g and f agree on [~N, N|" and % < €, we have
that g € Be(f). Now choose L € N large enough so that g([—N, N|*)U[-N, N]* C
[—L, L]". Choose 0 < n < min {27, 3}. Let h € By(g) and let x € [-K, K]". So
h(x) € [=(L+ 3),L + 1], and then d(h%(x), g(h(x))) < n implies that h%(x) €
[—(L+3), L+ 3] Proceeding inductively, we see that h*(x) € [~(L + 1), L+ 3k
for all k € N; i.e., orb(h,x) is bounded. It follows that h € Ax. Now we have
By(g) € Ak, and so Ax contains a dense open subset of C(R"). We obtain the

lemma by intersecting the sets Ax over all K € N, O

LEMMA 4.13. A generic f € C(R™) has the property that the set of periodic points

of period k is unbounded for all k € N.

Proof. Fix M € N and k € N. Let
P={feCR") :3x ¢ [—M, M]" > x has period k under f}.

Let f € C(R") and € > 0. Let N € N be such that - < ¢ and N > M. Choose
Py, Py, Pr; € R* and 7 > 0 so that the closed balls B,(p,) are pairwise
disjoint and B, (p;) N [~ M, M]" = 0 for each . Construct a function g as follows.
Let g(x) = f(x) for all x € [~N, N]", and for each 4, let g(x) = P;;1(moar) fOr
all x € B,(p,;). By the corollary to the Tietze Extension Theorem given in [26]
(Corollary 1, page 82), we may extend g continuously to R™. Note that g € B.(f).
Let L € N be such that |J, B,(p;) € [~L, L]". Choose n > 0 so that if p(g, h) < n,
then || g/ —h’ ||_pn< 5 forj =1,... k. Let h € By(g). Then for any x € B(p,),
we have h*(x) € Br(p,). Since h* : B,(py) — B:(py), by the Brouwer’s Fixed
Point Theorem, there is some p € B, (p,) such that h*(p) = p. Moreover, since

h(p) € B.(py),...,h*"}(p) € B.(p,_;) and the balls are pairwise disjoint, p
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cannot have period less than k under h. Hence B,(g) € P. Now P contains an
open dense subset of C(R™). To complete the proof of the lemma, intersect all such

sets P over M € N and k£ € N. O

Proof. (Proof of Theorem 4.3). Take the intersection of the sets with the properties
given in Lemmas 4.10, 4.11, 4.12, and 4.13. This intersection is comeager in C(R")

as well. O

In Theorem 4.2, we obtained results concerning properties of the orbits and
w-limit sets of a generic f € C(R). We remarked that for any closed subset C' of
[0,1], C is an w-limit set of some function f € C([0,1]) if and only if C is either
nowhere dense, or C is the union of finitely many nondegenerate closed intervals [1].
In higher dimensions, the problem of classifying which types of w-limit sets may
occur for functions in the space C([0, 1]") is much more complicated. Some partial
results are given in {3], although the authors note that it is unknown whether
even some simple sets, such as the union of a line segment and a disk in [0, 1]?,
can be an w-limit set. To simplify the problem in C([0, 1]*), some have restricted
their study of w-limit sets to special types of mappings such as triangular [21] and
antitriangular maps [5]. In the current setting, we merely remark that extending
the results of Theorem 4.2 to the space C(R") is a difficult problem which will

require further study.
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CHAPTER 5
CO-HAAR NULL AND H-AMBIVALENT SUBSETS OF C(R)

In this chapter we are interested in studying properties of functions in C(R)
which hold on a co-Haar null subset of C(R). We will see that in many cases, a
given property holds on a subset of C(R) which is neither Haar null nor co-Haar
null. Using the terminology of [44], we say that such a property is H-ambivalent;
in addition, we will say that a set on which an H-ambivalent property holds is
H-ambivalent. In particular, we will see that there exist comeager subsets of C(R)
which are H-ambivalent. (Equivalently, there exist meager subsets of C(R) which
are H-ambivalent.) We will also see that there exist subsets of C(R) which are both
comeager and co-Haar null. However, we have found no subset of C(R) which is
both comeager in C(R) and Haar null. Thus, although we showed in Chapter 3
that Z% may be decomposed into two disjoint sets, one meager in Z# and the other
Haar null, we have found no such natural decomposition for C(R).

Before we state the main results of this chapter, we give the necessary
definitions and terminology. These definitions are standard and may be found in
[11] or [9]. We say that f € C(R) is nondecreasing at x € R if there exists § > 0
such that m%@) > 0forallt € (z—4z+46)\{z}, and f is nonincreasing at
x € R if —f is nondecreasing at x. We say that f is monotone at x if f is either
nondecreasing or nonincreasing at . (These definitions were given in the previous
chapter but are restated here for completeness.) A function f is monotone on an
interval I if f is either nondecreasing at all points of I, or f is nonincreasing at all

points of I. We say that f is of monotonic type at x if the function f(z) + maz is
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monotone at z for some m € R. Finally, we say that f is of monotonic type on an
interval I if the function f(z) -+ mz is monotone on I for some m € R. Using the

notation of [9], we define the following subsets of C(R).

MNI = {f€C(R): f is monotone on no interval}

MTNI = {f€C(R): fis of monotonic type on no interval}

Il

MNP {f € C(R) : f is monotone at no point}

MTNP = {fe€C(R): fis of montonic type at no point}
It follows from Theorem 1 of [9] that

MTNPCMNPCMTNIC MNI,

and each of the inclusions is nonreversible.
For f € C(R) and = € R, we define the upper and lower derivatives of f

from the right at x as

fz) - (1)

T —t

flz) - (1)

D+f(l') — H—H-l-t_,ﬁ T —1

and D,y f(z) = lim , .,

3

respectively. The upper and lower derivatives from the left of f at z, denoted by
D~ f(z) and D_f(x), are defined analogously. We define Df(z) as the infimum
of D, f(z) and D_f(z), and Df(z) as the supremum of D*f(z) and D~ f(x).
We say that f has a knot point at z if Df(z) = 400 and Df(z) = —oo. (The
definition of knot point may vary depending on the author. For example, Zajicek
in [44] defines a knot point to be a point = at which Dt f(z) = D™ f(z) = 400
and D, f(z) = D_f(x) = —oo. Our definition is weaker and follows the example
of Bruckner and Garg in [11].) It is well-known that f is not of monotonic type at
x if and only if f has a knot point at z. Thus, MT NP is exactly the set of those
functions f for which every r € R is a knot point of f.

The main results of this chapter are given in the following two theorems.
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THEOREM 5.1 (H-ambivalent properties in C(R)). The following properties

of a function f € C(R) are H-ambivalent.
1. f is a surjection.
2. f~Yx) is unbounded for all x € R.
3. f~1(z) is bounded for all z € R.
4. fe MTNP.
5. f€e MNP,

6. For fited a € R, f has derivative +00 at a and f has a knot point at all
T # a.

7. orb(f, z) is unbounded for all x € R.
8. For any compact subset C of R, orb(f,z) is bounded for all z € C.

THEOREM 5.2 (Properties of Almost Every Mapping in C(R)). Almost

every f € C(R) has the following properties.

1. f € MTNI.

NS

. feMNI.

L

. For any bounded set F C R, f|r\r is not injective.
4. f~Y(x) is perfect for all T in a comeager subset of R.
5. f(R) is unbounded.

6. For fized a € R, f has neither a fizred point nor a point of period 2 at a.
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When Theorem 5.1 above is compared to Theorem 4.1, we see that many
comeager subsets of C(R) are H-ambivalent. Recall that a generic f € C(R) is
surjective; it cannot be said that almost every f is surjective or that almost every
f is not surjective. However, by Property (5) of Theorem 5.2, we can say that
almost every f has the property that f(R) is either a line or a ray in R. We also
saw in Chapter 4 that a generic f has the property that f~!(z) is uncountable
and unbounded for all z. Here we will see that we can draw no conclusions about
the boundedness of the preimage of every x under almost every f. However, by
Property (4) of Theorem 5.2, we have that almost every f has the property that
f~Y(z) is either empty or uncountable for a generic z € R. We show that the
sets MTNP and MNP, which are both comeager in C(R), are H-ambivalent,
and the sets MT'NI and M NI, which are also comeager in C(R), are co-Haar null.
Property (6) of Theorem 5.1 is of interest because it provides an explicit example of
uncountably many pairwise disjoint universally measurable non-Haar null subsets
of C(R); the existence of such a family of subsets in any nonlocally compact Polish
abelian group was proven by S. Solecki in [41]. Properties (7) and (8) of Theorem
5.1 address the properties of the orbit of a point x under a function f. While a
generic f € C(R) has the property that orb(f, z) is bounded for all z, this property
does not hold for almost every f. We see in Property (8) of Theorem 5.1 that if
we have some compact set C C R, then the set of all f which have bounded orbit
for all z € C is H-ambivalent. However, it is not known if almost every f has the
property that there exists a compact set Cy such that orb(f,z) is unbounded for

all z ¢ Cy.

5.1 H-ambivalent Properties in C(R)

In this section we will prove that each of the properties in Theorem 5.1 is

81



H-ambivalent. The following lemma will be used extensively in this section. It
was originally stated in Chapter 2; for ease of reading, we restate it below in the

present context.

LEMMA 5.1. Let S CC(R). If for any compact subset K of C(R), there exists a
function hi € C(R) such that K + hy C S, then S is not Haar null.

Given aset S C C(R) and a compact K C C(R), in order to define a function
h such that K +h C .S, we will use the fact that K is bounded above and below by
continuous functions. This fact is stated below as Proposition 5.1, and the proof
follows easily from the notion of equicontinuity and the well-known Arzela-Ascoli
Theorem. (See Theorem 1.23 of [15], for example.)

Let FF C C(R). We say that F is equicontinuous at a point z € R if for
all € > 0 there exists 6 > 0 such that |f(z) — f(¢t)] < € whenever |z —t] < §
and f € F. F is uniformly equicontinuous on C' C R if for all € > 0 there exists
d > 0 such that, for all f € F and all z,2’ € C satisfying |z — 2/| < §, we have
|f(z) — f(z")] < e. The set F is equicontinuous on R if F' is equicontinuous at
every ¢ € R. By the Arzela-Ascoli Theorem, if K is a compact subset of C(R),
then K is equicontinuous on R. Moreover, K is uniformly equicontinuous on any

compact subset of R.

PROPOSITION 5.1. Every compact subset K of C(R) is bounded above and below

by continuous functions.

Proof. Let K be a compact subset of C(R). We will show that K is bounded
above by a continuous function. By a symmetric argument, it will follow that K
is bounded below by a continuous function. Define a mapping « : R — R by
a(z) = sup,c{7(x)}. To show that « is continuous, fix € R and let € > 0. By

the Arzela-Ascoli Theorem, K is equicontinuous at a, so we may choose § > 0 so
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that for all v € K, |y(z) — v(a)] < £ whenever |z — a] < 6. The claim is that

2
|a(z) — a(a)| < € whenever |z —a| < §. For a contradiction, suppose the contrary.
Then there exists z € Bj(a) such that |a(z) — a(a)| > €. There are two cases to
consider.

CASE 1. a(z) > ala) +¢.

Choose g € K so that |g(z) — a(z)| < £ Since g(a) < ala) and |z — a] < 6, we

e

have g(z) < g(a) + § < a(a) + §. But a(z) > afa) + ¢ 50 g(2) > ala) + ¥, a
contradiction.

CASE 2. afz) < afa) —e.
Choose h € K so that |h(a) — a(a)| < §. Then, since h(z) < a(z), we have that
|h(a) — h(z)] > %, a contradiction of the choice of 4.

Thus « is a well-defined continuous function with the property that y(z) <
a(z) for all z € R and v € K. To find a continuous function that is a lower bound

for K, define §(z) = inf,cx{7(z)} and proceed analogously.
O

Since Proposition 5.1 will be used often, we will define the following notation
before we proceed. Given any compact K C C(R), we will use ax and Gk to denote
the continuous functions which bound K above and below, respectively. When no
confusion will arise, we will omit the subscripts and simply refer to the functions
as a and 3.

We will use Proposition 5.2, below, combined with Lemma 5.1 to prove that
Properties (1)-(3) of Theorem 5.1 are H-ambivalent. Observe that in Proposition
5.2, we have decomposed the set {f € C(R) : f~!(z) is bounded for all z} into
two disjoint subsets, given by Ss and Sg in the proposition. The purpose of this
decomposition is to demonstrate that, even when additional restrictions are placed

on the set {f : f~!(z) is bounded Vz}, the resulting set remains non-Haar null.
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PROPOSITION 5.2. Let K be a compact subset of C(R) and fix N € Z. Define
subsets Sy,...,Ss of C(R) as follows:

S = {f: f(R) S (—o0, N}

Sy = {f: f(R) C[N,00)}

Sy = {f:f(x) is unbounded Vz}
Sy = {f:f(R)=R}
Ss = {f:f'(z) is bounded Vz and f(R) # R}
S¢ = {f:f(z)is bounded Vz and f(R) = R}
Then, for each i =1,...,6, there exists h; € C(R) such that K + h; C S;.

Proof. Let K C C(R) be compact and fix N € Z. Define h; : R — R by

(2 = N —a(z), ifalz)>N
0, if a(z) < N.

It is clear that h; is a well-defined continuous map. Moreover, if v € K,
then (v + hi)(z) < (@ + hy)(z) < N for all z, so K + hy C S;. We define hy

analogously; i.e., if

then we have K + hy C .55.

Define hs : R — R as follows. For all n € N, if n is odd, let
hB(n) = _ﬁ(n) +n,

and if n is even, let

h3(n) = —a(n) —n.
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Extend h3 continuously to R. Let v € K and z € R. The claim is that (y+hs)~!(z)
is unbounded. Choose an odd positive integer m satisfying —(m + 1) < z < m.

Observe that, for all £ € NU {0}, we have

(v + hs)(m + 2k) > (B + hs)(m + 2k) = m + 2k,

and

(Y+hs)(m+2k+1) < (a+hg)(m+2k+1) = —(m+2k+1)

It follows from the Intermediate Value Theorem that (v + h3)~!(z) is unbounded,
and so K 4+ hy C S3. Now observe that S3 C S4. By setting hy = h3, we have
K+hy €8,

Let hs(z) = —0(x) + |z|. Then hs € C(R), and K + hs is bounded below
by the function (8 + hs)(z) = |z|, so clearly K + hs C Ss. To construct hg, we

modify hs. Define hg: R — R as

hola) = —B(z) + z, if z >0,
6 —6(0) + a(0) — afx) + z, if z <O.

To see that hg is continuous, one need only verify that lim, o+ he(z) =

lim, g~ he(z). Now for z > 0, K + hg is bounded below by the function (3 +

he)(x) = z, and for = < 0, K + hg is bounded above by the function (a + he)(z) =
—B(0) + «(0) + z, and thus K + hg C Ss.

O

LEMMA 5.2. Each of the sets Si,...,Se¢ as defined in Proposition 5.2 is H-

ambivalent.

Proof. 1t follows immediately from Lemma 5.1 and Proposition 5.2 that none of
the sets is Haar null. The complements of the sets 57 and S; each contain the

non-Haar null set Sy, so neither S; nor S, is co-Haar null. The complement of S;
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contains S5, so S3 cannot be co-Haar null. Since S; C S5, S, is not co-Haar null.
Finally, S5 C Sf and Sg C S4, and Sy is H-ambivalent, so neither S5 nor Sg is

co-Haar null. |

Now since S35 and S; are neither co-Haar null nor Haar null, Properties
(1) and (2) of Theorem 5.1 are H-ambivalent. Clearly the set {f € C(R) :
f7!(z) is bounded Vz} is not Haar null, and it cannot be co-Haar null because
its complement contains S3. Thus Property (3) of Theorem 5.1 is H-ambivalent as
well.

In the next part of this section, we will show that Properties (4)-(6) of The-
orem 5.1 are H-ambivalent. To do so, we will show that M N P is not co-Haar null
and MTNP is not Haar null. Since MTNP C MNP, it will follow that MT NP
and M NP are H-ambivalent.

The next lemma, which will be used to show that MNP is not co-Haar
null, follows immediately from a theorem of Zajitek, who proved in [44] that for
any fixed a € (0, 1), the set of all f € C([0,1],R) such that f has derivative +-o0 at
a is H-ambivalent. Although the lemma follows from Zajicek’s result, we provide
a proof below because the techniques used in our proof will be used again later in

the chapter.

LEMMA 5.3. Fix a € R. Then, the set
{f € C(R) : f is increasing at a}
is not Haar null.
Proof. Without loss of generality, let a = 0, and let
A= {f €C(R): f is increasing at 0}.

Let K be a compact subset of C(R). We will construct M &€ C(R) such that
K + M C A and apply Lemma 5.1. Let H : C(R) — C(R) be defined by
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H(f)(z) =

max{0, f(z) - f(0)}, z <0,
min{0, f(z) — f(0)}, z>0.

[t is clear that H is well-defined; we will show that H is continuous. Let
f € C(R) and ¢ > 0. Choose N € N so that % < ¢, and choose ¢ satisfying
0 < 26 <min{%,€e}. The claim is that p(H(f), H(g)) < € for all g € Bs(f). Let

g € Bs(f). Observe that, for any z € [N, N], we have

|(f(z) = f(0)) = (9(2) = 9(O)| < |/ (z) — g(=)[ + [f(0) — 9(0)| < 26.

So || f— f(0),9 — g(0) ll-n,m< 28. Suppose that z € [—N,0]. We will consider
three cases.
CASE 1. f(z) — f(0), g{z) — ¢(0) < 0.
Then H(f)(z) = H(g)(z) =0, so clearly |H(f)(z) - H(g)(z)| < e.
CASE 2. f(z) — f(0),g(z) — ¢g(0) > 0.
We have |H(f)(z) — H(g)(z)| = |(f(z) = £(0)) — (9(z) — 9(0))] <20 <.
CASE 3. f(z) — f(0) > 0, g(z) — g(0) < 0, or vice versa.
Then, |H(f)(z) — H(g)(@)| = |f(z) ~ f(0)] < [(f(x) = F(0)) — (g(z) — g(0))] <
(@) = g@)] + 1£(0) - 9(0)] <.
In any case, for all z € [N, 0], we have |H(f)(z) — H(g)(z)] < €. Bya
symmetric argument, for all z € [0, N], |H(f)(z) — H(g)(z)| < €. Thus
| H(f) = H(g) ll-w< ¢, and since & < ¢, we have that p(H(f), H(g)) < c.
Now define M : R — R by

M(z) = { —SupyeK(H(’Y)(JI)) +z, <0,

—infoex (H(y)(z))+ 2, z>0.

Again, M is clearly a well-defined mapping; we wish to show that M is

continuous. Since K is a compact subset of C(R) and H is continuous, the set
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H(K) is a compact subset of C(R). It follows easily from the fact that H(K) is an
equicontinuous family of functions that M is continuous at any x # 0, so we need
only verify that M is continuous at 0. Let € > 0. Since H(K) is equicontinuous at
0, we may choose 0 < ¢ < § so that |[M(y)(y)| < § for all |y| < d and y € K. If

y > 0, we have

and if y < 0, we have

(M(y)| = |- 32}13(17(7)(2/)) +yl < |- SEE(H(V)(?J))I +lyl <e

Thus M is continuous at 0, and M € C(R).

It remains to show that K + M C A. Let f € K. Let x > 0. Then
f(z) = f(0) > inf e (H(7)(z)), so f(z) — f(0) > inf e (H(7)(z)) — 2z = —M(z).
Since M(0) = 0, it follows that (f + M)(z) > (f + M)(0). By a symmetric
argument, for x < 0 we have (f + M)(z) < (f + M)(0). Hence, K + M C A, and

by Lemma 5.1, A is not Haar null. d

Observe that the definition of the function M : R — R in the previous
proof depended on the choice of K and a. For future reference, we will use Mg , to
denote the function defined in the proof above. In particular, observe that given
any compact K C C(R) and a € R, every f € K + Mg, has the property that f

is increasing at a. This function Mg , will be used in the proof of Lemma 5.5.
COROLLARY 5.1. MNP is not co-Haar null.
Proof. For any fixed a € R,

{f € C(R) : f is increasing at a} C MNP*.

Since the set on the left hand side is not Haar null by Lemma 5.3, the set M N P¢

is not Haar null. The result follows. O
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Since MTNP is comeager in C(R), a generic f € C(R) has the property
that the set of non-knot points of f is empty. Is it also the case that ae f € C(R)
has the property that the set of non-knot points is empty? In Corollary 5.2, we
will answer this question in the negative. To show that MT NP is not Haar null
using Lemma 5.1, we must show that given any compact K C C(R) there exists
h € C(R) such that K + h C MTNP. The existence of such a function A for each

compact K is guaranteed by the following, much stronger, result.

LEMMA 5.4. Given any compact set K C C(R), there exists a comeager subset G

of C(R) such that K +h C MTNP for allh € G.

Proof. Let K be a compact subset of C(R). Fix an open interval /. Without loss
of generality, let I = (0,1). For each n € N, we define sets S, and G,, as follows.
Let S, be the set of all f € C(R) such that, for all z € [%,1 — %], there exist
11,20 € (T — +, 2+ Tll) satisfying —)—ffm < —n and %ﬁ“) > n. Let G, be
the set of all h € C(R) such that K + h C S,. Observe that, if we show that G,

contains a dense open subset of C(R), then we are done, by the following argument.

Suppose that G, contains a dense open subset of C(R). Note that
ﬂ = {f € C(R) :Vz € I,z is a knot point of f}.

Let G = (oo, Gn. Then G; is comeager in C(R), and K 4 h C (7, S, for all
h € G;. Now let G = (), Gr, where the intersection is taken over all rational open

intervals. The set G is also comeager in C(R), and for any h € G, we have
K+hC{fe€C(R):VreR,zisaknot point of f} = MTNP.

We wish to prove that G, contains a dense open subset of C(R). To this
end, let f € C(R) and € > 0 be arbitrarily chosen. We will construct g € B(f)

and 1 > 0 such that B,(g9) C Gj; this technique was used often in the previous
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chapter. Since K is uniformly equicontinuous on [0, 1], we may choose § > 0 so

that for all v € K and z,2" € [0, 1], we have

—r|<d=ly
lz — 2| Iv(z) — ()|<16
Choose m € N so that

. % < min{cs,%},

o |z —7'| <L =|f(zx) - f(a')] < £ for all 2,2 € [0, 1],

o T >n
Define g as follows. Let g(z) = f(z) for all z ¢ |-, ( - £, 24+ L) For
kE=1,...,m—1,if kis odd, let
k k €
()-(2)+5
m m 4
and if k is even, let
k k €
() =1 () -5
To complete the construction of g, on each interval (— - %, —) let g be the line

passing through the points (£ — L g(£ — L)) and (£, (%)), and on each
interval (£, £ 4 L) let g be the line passing through the points (£, g (£)) and
(£+2,9(£+2)). Now g € B(f).

Choose 0 < 7 < 55 and let h € By(g). The claim is that K +h C S,,. Let

VGKandxe[%,l—E]. Sinceﬁ+%<5,wehave

k + 1 <z< k+2 1
—_— ——— x —_— — —
om m om
for some 1 < k£ < m — 3. First assume that &k is odd. Let z; = % and z9 = %
Observe that, since - < —, we have z1, 19 € (z — —, T+ ) Note that since
€
(v +9)(z1) = (v + 9)(@), (v + 9)(w2) = (v + 9)(2) > ¢
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and h € B,(g), we have

(1 +h)) = (74 W)@), (7 + ) (a2) = (7 + b)) > .

Since 2y —x < 2 and 2; — z < —2, we have
m m

Q@) - +RE) & me

=—— - d
T, — 7 _% 29 < —n an
(y+h)zs) =yt h)(z) 35 _me
Tog— & % 32 '
If k£ is even, set z; = kmﬂ and o = % and proceed in the same way. Thus

K+ h C S,. It follows that G, contains a dense open subset of C(R), as was to

be proven. ]
COROLLARY 5.2. MTNP is not Haar null.
Proof. The corollary follows immediately from Lemmas 5.1 and 5.4. O

By the next lemma, we have that Property (6) of Theorem 5.1 holds on an

H-ambivalent subset of C(R).

LEMMA 5.5. For a firzed a € R, let S be the set of all f such that f has derivative

+o00 at a and f has a knot point at all x # a. Then S is H-ambivalent.

Proof. The fact that S is not co-Haar null follows immediately from Zajicek’s
result, mentioned before Lemma 5.3 above. Now without loss of generality, let
a = 0, and let K be a compact subset of C(R). By Lemma 5.4, we may choose
hy € C(R) satisfying K + hy € MTNP. Let Mg 4, o be the continuous function
defined above. Let hy be a continuous real-valued function on R such that hy(0) = 0

and hy has the following properties:
o ho(z) < Mg, o(z) for all z <0,
o hy(x) > Mgip, o) for all z > 0,
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o hy is differentiable at all x # 0, and

e hy has derivative + oo at 0.

Let v € K. Let x # 0. Then since v + hy has a knot point at z and hy
has finite derivative at x, it must be the case that v+ h; + hy has a knot point at
z. Now observe that by the definition of My s, o and choice of hg, v + hy + hy is
increasing at 0, and since hy has derivative 400 at 0, we have that v+ hy + Ay has
derivative +o00 at 0. So, if we define h = hy + hy € C(R), then K +h C S, and by
Lemma 5.1, S is not Haar null.

O

In [12], Christensen posed the following question: in a Polish abelian group,
is any family of mutually disjoint universally measurable non-Haar null sets at
most countable? Dougherty answered this question in the negative in [16], where
he showed that in many nonlocally compact abelian Polish groups, there exists an
uncountable family of mutually disjoint non-Haar null universally measurable sets.
Solecki strengthened this result considerably in [41]; he proved that such a family
exists in every nonlocally compact abelian Polish group. In the following example,

we give an explicit example of such a family of non-Haar null sets in C(R).

EXAMPLE 2. For each a € R, let S, be the set of all f such that f has derivative
400 at a, and f has a knot point at all x # a. Then for any ay # aq, the sets
Say and S,, are necessarily disjoint. Moreover, each set S, is non-Haar null by

Lemma 5.5, and there are continuum many such sets.

The final two lemmas in this section are used to show that Properties (7)

and (8) of Theorem 5.1 are H-ambivalent.

LEMMA 5.6. The set

Ty = {f € C(R) : orb(f, z) is unbounded for all z € R}
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18 not Haar null.

Proof. Let K be a compact subset of C(R), and let 8 be a continuous function
which is a lower bound for K. Define a continuous real-valued function h on R in
such a way that (G + h)(z) > z+ 1 forallz € R. Let v € K and z € R be fixed.
Then for all kK € N,

(v+ ) (@) = (Y +R) (v +R)H (@) = (B+R) (v + 1) H(2)) > (v + ) Ha) + 1,

and so orb(y,x) is unbounded. Thus K + h C T}, and by Lemma 5.1, T} is not

Haar null. 0

LEMMA 5.7. Let C be a compact subset of R. The set

Ty ={f € C(R) : orb(f, z) is bounded for all z € C}

is not Haar null.

Proof. Let C be a compact subset of R, and choose M € N so that C C [-M, M].
Let g be the zero function in C(R). Choose € < 'M_+1 Observe that if f € B.(g),
then || f — g li-(ms1)ms1< 3755- In particular, for any f € Bc(g) and z €
[—M, M], we have |f(x)|] < 377, and so orb(f,z) is bounded. Since 75 contains

the open set B.(g), Tz is not Haar null. O
COROLLARY 5.3. The sets Ty and Ty of Lemmas 5.6 and 5.7 are H-ambivalent.

Proof. By Lemmas 5.6 and 5.7, neither set is Haar null. The complements of T}

and T, contain the sets Ty and Ti, respectively, so neither set is co-Haar null. [

5.2 Co-Haar Null Subsets of C(R)

In this section we will prove Theorem 5.2. In Lemma 5.8 we will prove that

Property (1) holds on a co-Haar null subset of C(R).
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LEMMA 5.8. The set MT' NI is a co-Haar null subset of C(R).

Proof. Suppose that g ¢ MTNI. Then g is of monotonic type on some interval J.
Now there exists m € R such that the function g,,(z) = g(x) + mz is monotone
on J. Thus the function g, is differentiable at almost every = € J; it follows that
g is differentiable at almost every z € J. Then g is an element of the set of all
f € C(R) such that f has finite derivative at at least one point, a set which is Haar
null by Hunt’s result in [25]. Since the complement of MT NI is contained in a
Haar null set, the set MTNI is co-Haar null.

O

The following two corollaries are direct results of Lemma 5.8. The first,
Corollary 5.4, gives us Property (2) of Theorem 5.2. The second, Corollary 5.5,
gives us Property (3) of Theorem 5.2 and is of interest primarily as a contrast to

the property of ae ¢ € Z% that ¢ is injective on a co-finite subset of Z.
COROLLARY 5.4. The set MNI is a co-Haar null subset of C(R).

Proof. Since the set M NI contains the set MTNI, it follows immediately from

Lemma 5.8 that M NI is co-Haar null. O

COROLLARY 5.5. Given any bounded set F' C R, ae f has the property that

flr\F is not injective.

Proof. Let F C [-M, M] for some M € N. If f is injective on R \ F, then f is
either strictly increasing or strictly decreasing on (—oo, —M) U (M, 00), in which

case f € MNI°. O

In an unpublished work (2005), U. Darji proved that in the space of abso-
lutely continuous real-valued functions on [0, 1], almost every f has the property

that f~!(z) is perfect for all x in a comeager subset of f([0,1]). We have adapted
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the techniques used in that proof to prove that an analogous result, which is Prop-
erty (4) of Theorem 5.2, is true in this setting. Note that we have chosen to state
that f~!(z) is perfect for all z in a comeager subset of R, rather than for all z in a
comeager subset of f(R). This is because we are allowing that the set f~!(z) may
be an empty set. Since the set of surjections in C(R) is H-ambivalent, it may or
may not be the case that f(R) = R, and so the lemma may be rephrased to state
that almost every f has the property that f~'(z) is nonempty and perfect for all

z in a comeager subset of f(R).

LEMMA 5.9. Ae f has the property that f~1(x) is perfect for all  in a comeager

subset of R.

Proof. We will show that if f € C(R) has the property that f~!(x) contains an
isolated point for all z in a nonmeager subset of R, then f is monotone on some

interval. Let f € C(R) be such that the set
C ={z €R: f'(z) is not perfect}
is nonmeager in R. For each rational open interval I, let
Cr={zeR:|fz)nI|=1}.

Observe that if Cy is meager in R for all I, then the set C = |J; Cr is meager
in R as well, contrary to assumption. So there exists at least one such interval [
such that C; is nonmeager in R; fix such an interval I. Now C} is nonmeager in
R. Then there exists an open set U C R such that C; is categorically dense in
U; i.e., given any open subset V of U, the set C; NV is nonmeager in R. Now
it follows from the continuity of f that U C f(I), and so the set f~HU) NI is
nonempty and open in R. Let J be an interval contained in f~HU)NI. If f is

not monotone on J, then there exist z; < 2o < 23 € J so that either f(z;) < f(z9)
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and f(z9) > f(23), or f(21) > f(22) and f(23) < f(z3). Without loss of generality,
assume the former. Choose a,b such that max{f(z1), f(23)} < a < b < f(z).
Now (a,b) C U, and by the Intermediate Value Theorem, |f~*(z) N I| > 2 for all
z € (a,b), so CrN(a,b) = 0, contradicting that C; is categorically dense in U. So
it must be the case that f is monotone on J.

Now we have that if f € C(R) has the property that f~!(z) is not perfect

for all z in a nonmeager subset of R, then f ¢ MNI. Since M NI¢is Haar null by

Corollary 5.4, the result follows.

LEMMA 5.10. Fix M € N. Then
A={feCR): f(R) C [-M, M]}

1s Haar null.

Proof. For each k € [0,1], let v, € C(R) be defined by ~x(z) = kz®. For all Borel
subsets B of C(R), define

w(B) = A({k: v € B}),

where X is the Lebesgue measure. Now p is a Borel probability measure on C(R)
with supp(p) = {7 : k € [0,1]}. Let h € C(R). The claim is that u(A + h) = 0.
Observe that if |(A + h) N supp(p)| < 1, we are done. Suppose that there exist
functions fi, f» € A such that f; +h = v, and fo + h = Y4,, where ki, ks € [0, 1].
Then,
fi=F =% — Ve

Now, for all z € R we have —2M < (fi — fo)(z) < 2M. But —2M < (k; —kg)z® <
2M for all z if and only if k; = ko = 0. So, |(A+ k) Nsupp(p)| = 1. Thus A is

Haar null. U
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COROLLARY 5.6. Almost every f € C(R) has the property that f(R) is un-
bounded.

Proof. For each M € N, let Ayy = {f € C(R) : f(R) C [-M, M]}. By Lemma
5.10, Aps is Haar null. Thus the union UMEN Ay is Haar null as well, and the

result follows. O

We conclude this chapter by proving that Property (5) of Theorem 5.2 holds

on a co-Haar null subset of C(R).

LEMMA 5.11. For fized a € R, almost every f € C(R) has neither a fized point

nor a point of period 2 at a.

Proof. Fix a € R. Let P, be the set of all f € C(R) such that f has a fixed point
at a, and let P, be the set of all f which have a point of period 2 at a. For each
k € [0,1], let vk, ¥x : R — R be given by v, = k and ¢x(z) = k(z — a). For all
Borel subsets B of C(R), let

m(B) = A({k : m € B}) and pa(B) = \{k : ¢y € B}),

where A is the Lebesgue measure. Let h € C(R). Fix f € P, and k € [0, 1] so that

f1 + h = . Suppose there exist g € P, and [ € [0, 1] satisfying g + h = . Then

a=(f-g)a)=(w—-n)a)=k-1

so l = k — a. Tt follows that given any h € C(R), |(P, + h) Nsupp(p)| < 2, and
w(Py+h)=0.

Now let h € C(R), and fix f € P, and k € [0, 1] such that f + h = 14, and
let g € Py, | € [0,1] satisfy g + h = ;. Then we have f = g + 9% — 1y, and in

particular, we have
a = f*a)
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= (9+ v —¥)*(a)
= (g+ v —¥1)(g(a))

= a+k(g(a)—a) - Ug(a) - a).

Then k(g(a) ~a) = l(g(a) — a), and since a is a point of period 2 under g, g(a) —a
is nonzero, so it must be the case that £ = [. Thus, where h is an arbitrarily chosen
function, we have (P, + h) Nsupp(pz)| < 1 and pe(Pr + h) = 0. Therefore P, and
P, are Haar null. 0
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CHAPTER 6
CONCLUSIONS AND OPEN QUESTIONS

In this paper, we have studied properties of generic and almost every map-
pings in the nonlocally compact Polish abelian groups ZZ and C(R), and properties
of generic mappings in C(R"),n > 1. In the space Z%, we proved that a generic
¢ has the property that orb(¢, n) is finite for all n € Z and ¢ has infinitely many
points of period k for all £ € N, and almost every ¢ has the property that orb(¢, n)
is finite for only finitely many n € Z. These results are interesting in light of the
well-known fact that a generic ¢ € Sy, has the property that orb(o,n) is finite
for all n € N and ¢ has infinitely many points of period k for all ¥ € N, and the
more recent result [17] that almost every o € S, has the property that orb(o,n)
is finite for only finitely many n € N. We also studied other properties of generic
and almost every mappings in Z%. We found that when some prescribed behavior
occurred for a generic ¢, it was often the case that the opposite behavior occurred
for almost every ¢. (See Theorems 3.3 and 3.4.) While we have obtained complete
descriptions of generic and almost every mappings in Z%, we have found one op-
portunity for further study in ZZ. S. Solecki has proven that in every nonlocally
compact Polish abelian group G, there exists an uncountable family of non-Haar
null universally measurable mutually disjoint subsets of G' [41]. Most of the sub-
sets of Z% that we studied are either Haar null or co-Haar null, although in the
final three propositions of the chapter we identified three subsets of ZZ which are
H-ambivalent. It would be interesting to find an explicit example of uncountably

many pairwise disjoint non-Haar null subsets of ZZ.
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After obtaining the results for the space Z% given in Chapter 3, we began to
study another group of functions, that of the continuous real-valued mappings on
R. We began by answering relatively simple questions about a generic f € C(R)
(e.g., is a generic f onto?), and we showed that several of the properties of a
generic ¢ € C(R) are also true of a generic f € C(R). A generic f is surjective, has
infinitely many points of period & for all £ € N, and has the property that ord(f, z)
is bounded for all x € R (Theorem 4.1). We studied the properties of the orbits
and w-limit sets of a generic f in greater detail in Theorem 4.2. In particular, we
found that w(f,z) is perfect for a generic x € R, orb(f,z) is finite for all z in a
c-dense subset of R, orb(f, z) is infinite and w(f, x) is finite for all z in a c-dense
subset of R, and w(f, z) is infinite and not perfect for all z in an unbounded subset
of R. However, the size of the set {x € R : w(/f, z) is infinite and not perfect} for
a generic f is not yet known. Of course it is an infinite set, but is it uncountable?
Is it c-dense in R?

We have also studied properties of generic mappings in C(R"),n > 1 (The-
orem 4.3). We have found that several of the properties which are true of a generic
f € C(R) are also true of a generic f in the more general setting of C(R"), although
the proofs are more difficult and require different techniques. While in C(R), we
determined which types of orbits and w-limit sets might occur for a generic f, we
have not obtained such results for the space C(R"). This is a more difficult problem
which will require further study.

In Chapter 5, we studied the properties of almost every f € C(R). We
found that many of the properties that are true of a generic f hold only on an
H-ambivalent subset of C(R). Thus, although in the space ZZ, there are several
properties P of which one can say “a generic ¢ has property P and almost every

¢ does not have property P,” we have not yet found such a property for mappings
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in C(R). In particular, this frustrated our attempt to find a decomposition of C(R)
into two “small” sets, one meager and the other Haar null. By Theorem 5.1, the
set {f € C(R) : orb(f,z) is unbounded Vz € R} is H-ambivalent. However, it
might be the case that almost every f € C(R) has the property that orb(f,z) is
unbounded for all z in a co-compact set. If this were true, then this result would
be analogous to the property of almost every ¢ € ZZ that orb(¢,n) is unbounded
for all n in a co-finite set. Moreover, if this set is a co-Haar null subset of C(R),
then we will have produced a decomposition of C(R) into two small sets, as the set
{f € C(R) : orb(f, z) is unbounded for some z € R} would be both comeager and
Haar null in C(R).

The set MT NP was one of the comeager subsets of C{R) that we found to
be H-ambivalent. Recall that MT NP is the set of f € C(R) such that every point
is a knot point. So, in other words, for a generic f, the set of non-knot points of
f is empty, but almost every f may or may not have a knot point. How “big” can
the set of non-knot points be for almost every f7 Does almost every f have the
property that the set of non-knot points is at most countable?

In Theorem 4.1, we proved that a generic f € C(R) has the property that
the preimage of every point is uncountable and unbounded. The set of functions in
C(R) which have unbounded preimage at every point was shown to be H-ambivalent
in Theorem 5.1, and we proved in Theorem 5.2 that almost every f has the prop-
erty that f~1(z) is a perfect (possibly empty) set for a generic z € R. It would be
interesting to find out what happens for almost every f in the case that z is not
in this comeager subset of R. Does there exist some x such that f~!(z) contains
an isolated point?

As this work progresses, we will continue to extend these results to other

non-locally compact abelian Polish groups. The ultimate goal of this research is to
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find results which hold for any nonlocally compact abelian Polish group. The proof
techniques given in this paper are each very specific to the space being studied,
so new proof techniques must be found if we hope to obtain results which apply
to any non-locally compact abelian Polish group. This leads to many promising

opportunities for further research.

102



REFERENCES

[1] S.J. Agronsky, A.M. Bruckner, J.G. Ceder, and T.L. Pearson, The structure
of w-limit sets for continuous functions, Real Anal. Exchange 15 (1989-90),
no. 2, 483-510.

[2] S.J. Agronsky, A.M. Bruckner, and M. Laczkovich, Dynamics of typical con-
tinuous functions, J. London Math. Soc. 131 (1989), no. 3, 227-243.

[3] S.J. Agronsky and J. Ceder, What sets can be w-limit sets in E™?, Real Anal.

Exchange 17 (1991-92), 97-109.

[4] R. Baer, Abelian groups without elements of finite order, Duke Math. J. 3

(1937), 68-122.

[6] F. Balibrea, A. Linero, and José Cdnovas, On w-limit sets of antitriangular

maps, Topology Appl. 137 (2004), no. 1-3, 13-19.

[6] Andreas Blass and John Irwin, Baer meets Baire: Applications of category
arquments and descriptive set theory to ZX, Abelian Groups and Modules

(K.M. Rangaswamy and D. Arnold, eds.), Dekker, 1996, pp. 193-202.

[7] L.S. Block and W.A. Coppel, Dynamics in one dimension, Springer-Verlag,
New York, 1992.

[8] Alexander Blokh, A.M. Bruckner, P.D. Humke, and J. Smital, The space of

w-limit sets of a continuous map of the interval, Trans. Amer. Math. Soc. 348

(1996), no. 4, 1357-1372.

103



[9] Jack B. Brown, Udayan B. Darji, and Eric P. Larsen, Nowhere montone func-
tions and functions of nonmonotonic type, Proc. Am. Math. Soc. 127 (1999),
no. 1, 173-182.

[10] A.M. Bruckner and J. Ceder, Chaos in terms of the map x — w(z, f), Pacific
J. Math, no. 1.

[11] A.M. Bruckner and K.M. Garg, The level structure of a residual set of con-
tinuous functions, Trans. Amer. Math. Soc. 232 (Sep., 1977), 307-321.

[12] Jens P.R. Christensen, On sets of Haar measure zero in abelian Polish groups,

Israel J. Math. 13 (1972), 255-260.
[13] Donald L. Cohn, Measure theory, Birkhauser, Boston, 1980.

[14] Eoin Coleman, The Baer-Specker group, Irish Math. Soc. Bull. (1998), no. 40,
9-23.

[15] John B. Conway, Functions of one complex variable i, second ed.

[16] Randall Dougherty, Ezamples of nonshy sets, Fund. Math. 144 (1994), no. 1,

73-88.

[17] Randall Dougherty and Jan Mycielski, The prevalence of permutations with
infinite cycles, Fund. Math. 144 (1994), no. 1, 89-94.

(18] James Dugundji, Topology, Allyn and Bacon, Boston, 1966.
[19] H. Federer, Geometric measure theory, Springer-Verlag, New York, 1969.

[20] L. Fuchs, Infinite abelian groups, vol. 1, Academic Press, New York, 1970.

104



[21]

[22]

[23]

[29]

F. Balibrea Gallego, J.L. Garcia Guirao, and J.I.Munoz Casado, On w-limit
sets of triangular maps of the unit cube, J. Difference Equ. Appl. 9 (2003),
no. 3-4, 289-304.

Frank Harary, Robert Z. Norman, and Dorwin Cartwright, Structural models:
An introduction to the theory of directed graphs, Wiley & Sons, New York,
1965.

Brian Hunt, Tim Sauer, and James Yorke, Prevalence: A translation invariant
“almost every” on infinite-dimensional spaces, Bull. Amer. Math. Soc. 27

(1992), no. 2, 217-238.

, Prevalence: An addendum, Bull. Amer. Math. Soc. 28 (1993), no. 2,

306-307.

Brian R. Hunt, The prevalence of continuous nowhere differentiable functions,

Proc. Amer. Math. Soc. 122 (Nov., 1994), no. 3, 711-717.

W. Hurewicz and H. Wallman, Dimension theory, Princeton Univ. Press,

Princeton, NJ, 1948.

Alexander S. Kechris, Classical descriptive set theory, Springer-Verlag, New
York, 1991.

Bernd Kirchheim, Hausdorff measure and level sets of typical continuous map-
pings in Euclidean spaces, Trans. Amer. Math. Soc. 347 (May, 1995), no. 5,

1763-1777.

Jan Kold¥r, Porous sets that are Haar null, and nowhere approximately differ-

entiable functions, Proc. Am. Math. Soc. 129 (2000), no. 5, 1403-1408.

105



[30] Herve Lehning, Dynamics of typical continuous functions, Proc. Amer. Math.

Soc. 123 (Jun.,1995), no. 6, 1703-1707.

[31] George W. Mackey, Borel structures in groups and their duals, Trans. Amer.
Math. Soc. 85 (1957), 134-165.

[32] Jerrold E. Marsden and Michael J. Hoffman, Elementary classical analysis,
Freeman & Co., New York, 1993.

[33] Eva Matouskova, The Banach-Saks property and Haar null sets, Comment.
Math. Univ. Carolinae 39 (1998), no. 1, 71-80.

[34] James R. Munkres, Topology: a first course, Prentice-Hall, New Jersey, 1975.

[35] Jan Mycielski, Some unsolved problems on the prevalence of ergodicity, insta-

bility, and algebraic independence, Ulam Quart. 1 (1992), no. 3, 30ff.

[36] William Ott and James A. Yorke, Prevalence, Bull. Amer. Math. Soc. 42
(2005), no. 3, 263-290.

[37] John C. Oxtoby, Measure and category, Springer-Verlag, New York, 1971.
[38] H.L. Royden, Real analysis, third ed., D. van Nostrand, Prentice Hall, 1988.
[39] W.R. Scott, Group theory, Dover, New York, 1987.

[40] K. Simon, On the periodic points of a typical continuous function, Proc. Am.

Math. Soc. 105 (1989), no. 1, 244-249.
[41] Slawomir Solecki, On Haar null sets, Fund. Math. 149 (1996), no. 3, 205-210.

[42] E. Specker, Additive Gruppen von Folgen ganzer Zahlen, Portugal. Math. 9
(1950), 131-140.

106



[43] T.H. Steele, Personal correspondence, 2006.

[44] L. Zajicek, On differentiability properties of typical continuous functions and
Haar null sets, Proc. Am. Math. Soc. 134 (2005), no. 4, 1143-1151.

107



CURRICULUM VITAE

NAME: Susan L. Calcote White

ADDRESS: 1114 Windsong Way
Louisville, KY 40207

DOB: Lake Charles, Louisiana — July 31, 1971

EDUCATION: B.S., Secondary Mathematics Education
Summa Cum Laude
McNeese State University
1988-1992

M.A., Mathematics
University of Louisville
2001-2003

Ph.D., Mathematics
University of Louisville
2003-2007

HONORS GEMS Fellowship
& AWARDS: University of Louisville, 2005-2006

University Fellowship
University of Louisville, 2003-2005

Graduate Dean’s Citation,
~ December 2003

108



PROFESSIONAL Member of Mathematical Association of America

ACTIVITIES:

2001-present,

Presented a talk at the XII Meeting on Real Analysis
and Measure Theory, a biannual measure theory

conference in Ischia, Italy
July 2006

Presented a talk at the 30th Annual Summer Symposium
in Real Analysis at the

University of North Carolina in Asheville

June 2006

Presented a talk at the 25th Annual Mathematics Symposium
at Western Kentucky University
November 2005

109



	University of Louisville
	ThinkIR: The University of Louisville's Institutional Repository
	5-2007

	Properties of generic and almost every mappings in various nonlogically compact Polish abelian groups.
	Susan L. Calcote White 1971-
	Recommended Citation


	tmp.1423685735.pdf.zbezH

