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ABSTRACT

A STAGE-STRUCTURED DELAYED REACTION-DIFFUSION
MODEL
FOR COMPETITION BETWEEN TWO SPECIES

Chunwei Wang

June 5, 2013

We formulate a delayed reaction-diffusion model that describes competition
between two species in a stream. We divide each species into two compartments,
individuals inhabiting on the benthos and individuals drifting in the stream. Time
delays are incorporated to measure the time lengths from birth to maturity of the
benthic populations. We assume that the growth of population takes place on the
benthos and that dispersal occurs in the stream. Our system consists of two linear
reaction-diffusion equations and two delayed ordinary differential equations. We
study the dynamics of the non-spatial model, determine the existence and global
stability of the equilibria, and provide conditions under which solutions converge
to the equilibria. We show that the existence of traveling wave solutions can be
established through compact integral operators. We define two real numbers and
prove that they serve as the lower bounds of the speeds of traveling wave solutions

in the system.
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CHAPTER 1
INTRODUCTION AND BACKGROUND

1.1 Introduction

Many species, populations, communities, and ecosystems persist in environ-
ments where they spend some or all their life stages dispersing in media with strong
directional bias. Typical examples include plants with windborn seeds, aquatic or-
ganisms in streams, and marine organisms with larval dispersal influenced by ocean
currents. We focus on aquatic organisms living in streams, rivers, and estuaries
which are characterized by unidirectional net water movement. Species living in
such environments are facing the so-called “drift paradox” [1]. “Drift paradox” is
one key issue for theory in stream ecology and states that extinction is inevitable in
a closed population subjected only to downstream drift. We derive the ecological
niche for persistence and spread of populations to avoid being swept downstream
and out into habitats, where the physical or biotic environment is not conducive
to their growth and reproduction.

Various hypotheses involving some compensatory upstream movement have
been proposed as resolutions of the drift paradox. Miiller [2, 3] claimed that adult
insects balance out the downward drift of the insect larvae by flying upstream
for oviposition. Waters [4] assumed that the drift paradox would be resolved if
the species resided mainly on the benthos (the bottom of the stream) and only

the surplus over the carrying capacity would drift in the stream. Persistence in



streams could also be affected by some movement mechanisms which include refugia
in streams [5, 6, 7, 8, 9, 10] and variability effect in stream flow direction such
as turbulence [38]. Speirs and Gurney [11, 12] stated that insect swimming in
the water column and crawling on the benthos may permit the persistence of the
population. They also pointed out that Water’s hypothesis [4] neatly sidesteps the
problem of how lotic species are able to sustain population losses due to drift, and
implicit in their view is that drifting is merely a source of mortality. Experimental
studies have been conducted to provide evidence both supporting [1, 4, 14] and
contradicting [4, 15, 16] to the first hypothesis of upstream flight recolonization.
However, adult flight patterns strongly depend on the species that we considered,
and this hypothesis does not cover many important species often found in the drift
that have no aerial phases. For the statement of insects swimming in the stream
and crawling on the benthos, some experimental data were obtained [4, 17, 18, 19],
but those experiments were not conducted for the purpose of solving the drift
paradox.

Mathematical modeling studies have also been performed as the resolution
of the drift paradox. Anholt [20] used a simulation model and argued that, instead
of upstream-biased migration, density dependence was an essential factor in pop-
ulation persistence. (Density dependence: areas subjected to greater losses from
the drift will experience a higher rate of population increase.) However, his sim-
ulation results overly emphasized the effect of density dependence for persistence
and ignored the extinction that appeared in the simulations [11]. Humphries and
Ruxton [12] changed the way of parameterizing of the principal in Anholt’s model
and showed that small-scale, random undirected movements on the streambed
are enough to explain persistence of drifting organisms. Speirs and Gurney [11]
focused on the role of diffusive dispersal as the balancing mechanism for the down-

stream drift and constructed a simplified one-dimensional model with diffusion.



Their model is given by

on on 0*n

This model described a population residing in a stream, a river or an estuary
subject to advection and diffusion. Here, n(x,t) is the density of the population
per unit area, f(n) is the local per capita growth rate of the population, v is the
advection velocity and D is the diffusion coefficient. The advection term repre-
sents downstream drift and the diffusive term represents random movement. They
also applied the analytic results to four hydrodynamically disparate systems and
demonstrated that upstream diffusive movement balanced out downstream flow
for persistence.

The importance of involving diffusion is that random motion, due both
to turbulent water movement and to randomly directed movements by individual
organisms, is a key element in streams and rivers, and also a potential source of
upstream recolonization.

Based on Speirs’ model, Pachepskey [23] divided the population into two
interacting compartments: individuals residing on the benthos (the bottom of the
stream) and individuals drifting in the flow. They considered a population in which
individuals live and reproduce on the benthos, and occasionally enter the water
column to drift until they settle on the benthos again.

The importance of compartmentalization is that aquatic insect larvae spend
a considerable proportion of their time immobile on the benthos [21]. For example,
zebra mussels have two life stages: a free floating larval stage and an attached adult
stage. Larvae are planktonic for 2-4 weeks and adults are sessile. They spend 2%
of their lifetime in the water column. Moreover, the rates that insects switch
between benthos and drift can be set by insect behavior rather than by stream

hydrodynamics. For instance, some experiments showed that the entry rate to the



drift can depend on the organisms response to environmental factors such as food
abundance and density dependence [1, 21, 22], and the settling rate to the benthos
can be approximately constant for some species [17].

Pachepskey’s model was given by

9 02 9
Gt = DG — v 4y omg s

0
S = f(n)ny — pmy + ong,

where ny is the population density in the drift; n, is the population density on the
benthos; p is the per capita rate at which individuals in the benthic population
enter the drift; o is the per capita rate at which the insects return to the benthos
from the stream. In their work, they gave the critical domain size necessary for
population persistence, showed the positive effect of the stationary component on
the ability of the population to persist and spread by analyzing the propagation

speed of a population with two compartments. Some numerical results include:

1. The persistence of the population is guaranteed if, at low population den-
sities, the local growth rate of the stationary component of the population

exceeds the rate of entry of individuals into the drift;

2. Persistence and ability to spread are closely connected: if the population
cannot advance upstream against the flow, it also cannot persist on any

finite spatial domain;

3. Residence in the immobile state always enhances population persistence.

However, Pachepskey did not consider stage structure and time-delay for
the individuals to reach maturity from when they were born. A large number
of papers have been written on modeling single-species population growth with
various life stages using discrete models [25, 26, 27], continuous models [28, 29,

30, 31, 32, 33, 34], and stochastic models [35]. Aiello [24] developed a single-species



growth model with stage structure consisting of immature and mature stages using
a discrete time delay from birth to maturity. They showed that there exists a
globally asymptotically stable positive equilibrium under certain conditions and
analytically and numerically addressed oscillation properties of solutions with time-
delay being considered. But they do not consider multiple species with competition
and existence of traveling wave solutions.

In this dissertation I construct a stage-structured delayed reaction-diffusion
model with competition between two species in a stream. This model has the
benefit of synthesizing and generalizing many of the aforementioned models, while
providing a clear focus on persistence of two species in a water flow.

In the construction of our system we allow different time delays for both
species from birth to maturity and compartmentalization. We include a classical
Lotka-Volterra type term which describes the interspecific competition between
the two different species. We also involve two stages of life history, immature and
mature, for both species.

In this chapter we aim to give the reader a brief but sufficient introduction
on reaction-diffusion equations and delay differential equations so that the core
content and results of this dissertation are accessible. Section 1.2 introduces the
concept of a reaction-diffusion equation and main results of spreading speeds and
traveling wave solutions. Section 1.3 introduces delay differential equations and

the typical methodology employed to analyze and study them.

1.2 Reaction-Diffusion Equations

Reaction-diffusion equations model the movement of many individuals
in an environment or media and a local reaction kinetics such as birth, death,

and other reaction process. Reaction-diffusion systems can explain the effects of



the size, shape, and heterogeneity of the spatial environment on the persistence of
species and the structure of communities in ecology. Reaction (R(u)) and diffusion
(diffusion coefficient D) both contribute to the interesting dynamical behavior of
the solutions of the equation. We may describe the above mechanism by the

classical FKPP (Fisher’s equation) reaction-diffusion equation [36, 37]

— = D— + R(u), (1.3)

where R(u) = u(1 — u).

Diffusion can be considered as a random walk which starts at a point and
takes steps in a random direction. Fick’s laws can be used to solve for the diffusion
coefficient, D, and it addresses that the diffusive flux goes from regions of high
concentration to regions of low concentration. A special solution of the equation
(1.3) is a propagating front (also called traveling wave solution), separating two
non-equilibrium homogeneous states, one of which (u = 1) is stable and another
one (u = 0) is unstable [38, 39, 40]. Figure 1.1 depicts a numerical solution of the
FKPP equation (1.3) for six different time moments ¢t = 0, 100, 200, 400, 600, 800
with initial condition u(x,0) = f(z) = .05,

We notice, from Figure 1.1, that a small local initial fluctuation around u =
0 leads to an instability, and that develops in a nonlinear way: a front propagates
away from the initial perturbation. Finally, the uniformly stable state of u =1 is
established on the whole space interval.

In the real world, there are many cases that species live in the media where
the diffusion moves to a certain direction. For example, the seeds flow in the wind
and organisms drift in the water flow. When one direction in the random walk is

favored, an equation with a first order derivative is the result:
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FIGURE 1.1-Traveling wave solutions of FKPP equation, % 57

where R = u — u?
The fist order derivative term on the right hand side of the equation (1.4)
is called an advection term, and the equation (1.4) is called a reaction-diffusion

equation with advection.

1.3 Delay Differential Equations

Delay differential equations (DDEs) are a type of differential equation
in which the derivative of the unknown function at a certain time is given in
terms of the values of the function at previous times. We use DDEs because
many of the processes in the fields including biology, medicine, chemistry, physics,
engineering, and economics involve time delays. For example, in physical processes
acceleration and deceleration take little time compared to the times needed to
travel most distances, and in biological processes maturation time durations can
be large compared to the data-collection times in most population studies. One

simple example of DDEs is the Hutchinson equation:



Solutiopns of X' =x (1 —x (f- ¢))with r=1, 3
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FIGURE 1.2 Solutions of the Hutchinson equation, dfl(tt) =rz(l —z(t—1)/K),
where 7 = 1,3

dx(t)
dt

=rz(l —z(t—1)/K). (1.5)

The dynamics of DDEs is more complex than that of ordinary differential
equations (ODEs). Figure 1.2 shows solutions of the Hutchinson equation with
delays 7 = 1 and 3, respectively, and gives complex dynamics such as excessive
volatility and huge peak-to-valley ratios [43].

DDEs are mostly solved using the “method of steps” given initial condition
¢ : [—7,0]=R". Then the solution on the interval [0, 7] is obtained and is the

solution to the inhomogeneous initial value problem



du(t)
Tdt

u(t) = ¢(t), t € [—7,0].

This can be continued for the successive intervals by using the solution to

=—u(t—71), 7>0 (1.6)

the previous interval as an inhomogeneous term. In practice, the initial value
problem is often solved numerically. Moreover, the existence of solutions of the

initial value problem has been given in Theorem 1.1.

THEOREM 1.1. Let f, f, € C(R?), s e R and let ¢ : [s—T,s|—=R be a continuous

function. Then there exists o > s and a unique solution of the initial value problem

wlt) — £t 2(t),z(t — 7)), T>0

u(t) =o(t), t €[s—, 9]

on [s —T1,0].

Existence of solutions of delayed reaction-diffusion systems was established
by Martin and Smith [45].

Similar to ODEs, many properties including stability of linear DDEs can be
characterized and analyzed using the characteristic equation. The characteristic

equation associated with the linear DDE with discrete delays

dx(t)
dt

= Apx(t) + Ajz(t — 1) + ... + Apx(t — 1)
is
d@t(—)\[ + AO + Alefn)‘ + ...+ Anean)\) = 0.
Because of the exponential in the characteristic equation, the DDE has
infinitely many eigenvalues and thus is more complicated to analyze its properties.
There are some studies being done to determine the stability of DDEs [41, 42, 43].

Aiello and Freedman [46] developed a time-delay model of single-species growth

with stage structure and showed that under suitable hypotheses there exists a



globally asymptotically stable positive equilibrium. Zhang et al. [64] studied
the stability and travelling waves for a time-delayed population system with stage
structure. However, it is known that some delay systems experience a change in
stability as the time delay increases, while such systems do not experience such

changes, the stability problem has not been solved for many general DDEs.
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The Spreading Speed

In mathematics, many studies have been done to explain why species persist
and even spread against the downstream flow and how quickly a population is
advancing or retreating in its environment. As a mechanism to quantify spread we
consider the asymptotic behavior of the solution as x approaches infinity, and this is
called the spreading speed introduced by Aronson and Weinberger [47, 48, 49]
for reaction-diffusion equations. We focus on the spreading speed and traveling
wave solutions as resolutions of the drift paradox.

For the classical reaction-diffusion equation (1.3) we define the spreading

speed ¢* in the following sense:

1. If 0 < u(z,0) < 1 and wu(z,0) = 0 for all sufficiently large x, then for any

positive €

lim { max u(x,t)} = 0. (1.7)

200 | fa|>(c* o)t

2. For every positive number ¢ there exists a positive number r, such that if
0 < u(x,0) <1, and if u(x,0) > o on an interval of length r,, then for any
positive e,

lim { sup (1-— u(x,t))} = 0. (1.8)
P00 | 2l <(e*—ept
The first statement says that ¢* is an upper bound for the spreading speed.

If ¢* is the asymptotic rate of spread, then we would expect that at time ¢, the

support of the solution would have grown by ¢*t. Thus, points outside the expected

support of the solution (Jz| > (¢* + €)t) should not have individuals present. In
other words, if we always move faster than the rate of spread of the population,
we should always be in front of the advancing population.

Alternatively, the second statement says that ¢* is a lower bound for the
spreading speed. If we always move more slowly than the population (|z| < (¢* —

€)t) then we should always be behind the leading edge of the advancing population.

11



FIGURE 1.3—Spread of the solution of FKPP equation with the speed of ¢* =
2y/DR'(0)

In this case, the population will approach the steady-state, 1, over a long period
of time.

Connecting the first and second statements we conclude that c¢* is the
asymptotic rate of spread of the solutions of the reaction-diffusion equation (1.3).

Aronson and Weinberger [48, 49] proved that the spreading speed of FKPP
equation (1.3) is given by ¢* = 2,/DR'(0) and the compact initial data expands
at speed c*.

The formula c¢* = 2\/W’(0) can be obtained a similar formula through an

abstract operator Q, the time one solution map of (1.3),

u(z,t) = Qluol(x), uo = u(0,x) (1.9)

and its linearization map M defined by

M) = [ " ule — yymly)dy, (1.10)

o0
where u is a vector of population distributions of species, Q is the time one solu-
tion map which models the growth, interaction, and migration of the species, and

|y

m(y) = R’(O)%/lﬂ—De’ﬁ is a nonnegative bounded measure [51]. In [51] Wein-

berger also provided the formula of the spreading speed ¢* for the reaction-diffusion

equation with advection (1.4), ¢* = v+ 2,/DR/(0).

12



For a nonlinear multi-species reaction-diffusion system, there are multiple
spreading speeds. The slowest spreading speed ¢* and the fastest spreading speed
¢ are given by Weinberger et al. [52] and Li et al. [61]. An upper bound of
all spreading speeds ¢ is also given in [52]. Moreover, if the nonlinear system
is dominated by a linear system in the direction of the vector corresponding to
the principal eigenvalue of the generating matrix, then the nonlinear system has
a unique spreading speed (i.e. ¢* = c¢}), which is equal to that of the linear
system [52]. This is known as linear determinacy. Li [53] studied partially
degenerate cooperative reaction-diffusion systems, and the result can be applied
on Pachepskey’s model (1.2).

In the next section we will discuss how the spreading speed is related to

traveling wave speeds.
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FIGURE 1.4—Traveling wave solution of the reaction-diffusion equation u(x,t) =
w(x — ct) with w(—o0) =1 and w(+o00) = 0 exists if and only if ¢ > ¢*.
Traveling Wave Solutions

We consider the continuous-time problems such as the reaction-diffusion

system
u; =Du,, — Eu, +f(u), (.11)
u(0,z) = up(x)
where D := diag(dy, ds, ...,dy) and E := diag(es, eq, ..., €;) are constant diagonal
matrices. A traveling wave of the reaction-diffusion system (1.11) with speed ¢ is
a solution in the form of W (x — ct), where ¢ is a positive constant.

Note that traveling wave solutions do not explicitly depend on time. Indeed,
they are solutions retaining their shapes which are translated by a fixed length for
each iteration of time. Thus the solutions travel in space at the rate of ¢ over time.

There have been a number of investigations of traveling wave solutions and
asymptotic behavior in terms of spreading speeds for various evolution systems in-
cluding nonlinear reaction-diffusion systems [54, 55, 56] and time-delayed reaction-
diffusion systems [57, 58, 59, 62]. Weinberger, Lewis and Li [52, 60, 61] developed
the theory of spreading speeds and monotone traveling wave solutions for cooper-
ative or competition models. For the reaction-diffusion equations (1.11) without
the advection term, it has been proved that the spreading speed ¢* can be char-
acterized as the slowest speed of a class of traveling wave solutions when all the

diffusion coefficients d; > 0 [61]. Furthermore, the above statement holds if all

the linear determinacy conditions are satisfied when some but not all d; =0 [53].

14



Under appropriate assumptions, when ¢ > ¢* there exists a traveling wave solution
w(x — ct) which is non-increasing, and when ¢ < ¢* there is no traveling wave
solution with speed c.

For a delayed Lotka-Volterra type competition model, Al-Omari and Gour-
ley [63] showed that for ¢ > ¢, where ¢ is some number, the system has a nonde-
creasing traveling wave solution connecting two mono-culture equilibria. Liang and
Zhao [67] discussed the existence of spreading speed and traveling wave solutions
for general delayed systems. Recently, Li and Zhang [62] proved the existence of
traveling wave solutions that connect a mono-culture equilibrium and a different
mono-culture equilibrium.

The connection between spreading speeds and traveling wave speeds is sig-
nificant because it is often more accessible to calculate the minimum speed of

traveling waves than it is to calculate the spreading speed.
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CHAPTER 2
THE MODEL

In this chapter we introduce a stage-structured delayed reaction-diffusion
model for competition between two species in a stream. The construction of our

model can be divided into two steps:

1. The Delayed Reaction-Diffusion Equations For Single Species With
Stage Structure: Construction of the delayed reaction-diffusion equations
is used to describe the growth processes of a single species with advection,

diffusion, and stage structure in a stream.

2. The Lotka-Volterra-type Competition Model Between Two Species:
We introduce another species with similar growth processes while considering
the Lotka-Volterra-type competition between the adult members to describe
the interaction between two species in a stream subjected to advection and

diffusion.

2.1 Delayed Reaction-Diffusion Equations
For Single Species With Stage Structure

We begin with an extension of Pachepskey’s model (1.2) as a delayed reaction-
diffusion two-patch model with age structure. In our single species model, there
are two interacting compartments: individuals residing on the benthos and indi-
viduals drifting in the flow, as was stated in Pachepskey’s model. Individuals live

and reproduce on the benthos, and occationally enter the water column to drift

16



until they settle on the bethos again. We assume that only adult members on the
benthos could switch themself between two compartments and the immature in-
dividuals always stay on the stationary compartment until they grow to maturity
during a period of time. Therefore, we describe our assumption by introducing
the stage structure among the population on the benthos and using n;; and ny,, to
represent the population density of immature members and the population density
of mature members on the benthos, respectively. Moreover, we incorporates a time
delay which represents the time from birth to maturity of the benthic population.

Before giving our model for single species, we make the following assump-

tions:

1. Assume that the rate of drift entry is constant, but the model we present is
formulated in a way that allows us to easily modify and improve these factors

in future work.

2. Assume that (a) transfer between mobile and stationary compartments is
via a Poisson process, (b) individual movement can be described as a com-
bination of advection corresponding to the one-dimensional medium with
a unidirectional flow as experienced by the organisms and diffusion corre-
sponding to the heterogeneous stream flow and individual swimming, and
(¢) reproduction occurs on a local scale, i.e. adult members lay eggs where
they emerge. These assumptions are intuitively reasonable and have been

used in plant population models as well [23, 64].

Our delayed reaction-diffusion two-compartment model with age structure

for one species is given by:

17



Ong — q%ng _ e% + ONpyy, — Ny

ot Oz
i = 1y, — By — re” T (t — 7, ) (2.1)

agl;m = re Py, (t — 7, 1) — % — My + 0Nyg.
Here, the last term on the right hand side of the second equation represents the
individuals on the benthos born at time ¢ — 7 that are still alive at time ¢ and have
reached maturity and arrived at x. The death rate of the mature on the benthos

is modelled by quadratic term, as in the logistic equation.

Table 2.1 gives a description of each parameter mentioned above.

2.2 Two Species Lotka-Volterra-type Competition Model

We next introduce another species with similar growth processes. In order
to study how two competing species can persist in streams for some common and
limited resource, we use the Lotka-Volterra formulation and add an additional
term for each species to account for the species’ interactions. We assume that the
competition only occurs between the benthic adult individuals and all interactions

must be harmful. Our Lotka-Volterra-type competition model is given by:

ong) _ o o'’ on) 0 (1)
o = g5 — a1 + 61nbm —o01ny
ongy (1) (1) i, (1)
e = ryny,, — Biny, —rie” i, (t —T1,)
g g, (1) ri(n{)” (1) (1) (1), (2)
=i iy (E— T ) — e = Gyny,, oy — gy, 09
) n® ) (2.2)
Oy _ g, — ey —|—5n2)—an(2)
ot 2 6x2 2752 bm 21t
2)
Ong; (2) 72.,(2)
S = Tl — Bgnbz — roe~P2m2p, (t — Ty, )
(2)
on r2(n ) 2 2 1) (2
5 = Trae 527271( )(t — T, T) — s — 5271,()”2 + Ugné) c2n,§mnbn1,

where all the parameters have the same descriptions as those in Table 2.1 with
the indices ¢+ = 1,2 indicating the first and second species, respectively, that we

consider. As we mentioned at the beginning of this section, we include an addi-
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TABLE 2.1

One Species Model - Parameter Descriptions

Parameter Description of Parameter

na(x,t) population density in the drift at time ¢ and point x

i (, 1) population density of immature members on the benthos at time
t and point x

Npm (2, 1) population density of mature members on the benthos at time ¢
and point x

d diffusion coefficient

e advection speed experienced by the organisms

) rate at which adult individuals on the benthos enter the drift

o rate at which adult individuals return to the benthos from drift-
ing

r birth rate of the population

15} death rate of the population

T time delay from birth to maturity

K maximum population density that the environment can carry

(carrying capacity)

19



TABLE 2.2

Simplified Competition Model - Simplified Parameter Descriptions

Parameter Description of Parameter

n,(f) population density of adult members of the ith species on the

benthos at time ¢ and point z, 1 = 1,2

r; rate combining two factors: the per capita birth rate and the
survival rate of the immature for the ith species during the im-

mature stage, 1 = 1,2

tional term for each species to account for their competitions. The parameter c;
represents the effect the second species has on the mature of the first species and ¢
represents the effect the first species has on the mature of the second species. Also,
the definition of a competitive Lotka-Volterra system assumes that all c-values are
positive.

Note that the third and sixth equations in system (2.2) are uncoupled from
the second and fifth equations, it is sufficient to consider a simplified system with

the second and fifth equations merged:

ont) o2V onV) (1) (1)
o = Qi — a2 +oimy, " — o1y
2

oy (1) ri(ng!) (1) (1) (1), (2)

2 =rn, (t —1,2) — — - ohny, +oing’ —cnyn, 23
on'? ol o) i n® _ @

ot~ Y2792 275 21% 27tg

oD @) ne?) s @) @ _ 0,

g =rany (t — T2, 7) — = = by Hoamy — comy Ty

Some new parameters appear in our simplified model (2.3). A description
of these parameters can be found in Table 2.2.
In next chapters, we study the system (2.3) analytically and numerically.

Before that, we summarize the importance of our extension and difficulties of the
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model study as follows:

Importance of Our Extension

1. Many biological species reproduce themselves, but it takes some time for the

subsequent generation to mature and reproduce.

2. Competition both within and between species is an important topic in ecol-
ogy, especially community ecology. Competition is one of many interacting

biotic and abiotic factors that affect community structure.

Difficulties of The Model Study

1. The system with delay differential equations is hard to analyze its global

stability using general methods.

2. Since each species has two compartments, we have four equations including
two DDEs, which increases the difficulty of the proof of existence of traveling

wave solutions and the formulation of the spreading speed.
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CHAPTER 3
NONSPATIAL SYSTEM ANALYSIS

In this chapter we consider only the nonspatial system which models the
growth and dispersal of two stage-structured interactive species without the effect
of spatial advection and diffusion. We demonstrate that the global stability of the
equilibria in the model can be completely determined. The mathematical analy-
sis involves using the fluctuation lemma and constructing sequences approaching

equilibrium points.

3.1 Nonspatial System

Based on the model (2.3), the corresponding nonspatial system is yield:

Gn(l)
e 51"1()1) - Ul”izl)
ang" (1) ri(n{)” (1) (1) 1), (2)
=y, (t —m,2) — = hny ' +ong’ —ciny ny (3.1)
8n<2) :
o = 52”1(72) -0 2”22)
an @) ra(n{?)’ @) ) 1) @)
o = 1oy, (t—To,x) — - dony” + o9ny — camy Ny

with initial conditions
ng)(t),ng)(t) >0for — 7, <t<0, and ng)(O),néi)(O) >0fori=1,2. (3.2)

It is easy to show that the system (3.1) has the trivial equilibrium E, =

(0,0,0,0), the mono-culture equilibria £ = (51’:1 ,k1,0,0) and Ey = (0,0, %252 4,),

o » Yy Ty V2

and the coexistence equilibrium

511‘117’2(01%2 - 7“1) H1T2(C1/€2 - 7‘1) 52527”1(0251 - 7”2) /€27’1(02/11 - 7’2)

E*=(
) ) ) M
(010251/@ - 7“17“2)01 C1C2R1KR2 — T T2 (0102/€1H2 - 7"17’2)02 C1CoRK1KRg — T1T2
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TABLE 3.1

Summary of Existence and Local Stability Criteria of Equilibria

Equilibrium Existence Criteria Stability Criteria
Ey always exists always unstable
FEq always exists ro < CaK1
Eo always exists r1 < C1K2
E* If cicakika > riro, The global stability analysis in section 3.3 shows that
ri <cike and 79 < coki E* is asymptotically stable
If cicakika < ri72, if 11 > c1k2 and r2 > caki.
r1 > ciky and ro > caKl

3.2 Local Stability

We study local stabilities of the equilibria by analyzing the characteristic
equations of the linearized system. Here we sketch an outline of our analysis of
local stability criteria. Table 3.1 is the summary of our analytical results.

Outline for Local Stability Criteria:

1. Find the characteristic equations of the linearized system for each equilibrium

point;

2. Analyze the local stability when there is no time delay in the system, i.e.

when 7, =0, i = 1,2;

3. Apply the theorem in [43] to the above analysis and get local stability

criteria.

3.3 Global Stability

In this section, we shall prove Theorem 3.1 on the global asymptotic sta-

bility of the equilibria F;, Fs, and E*. Since positivity implies that the system is
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persistent, by the initial condition (3.2), the persistence of the nonspatial system
(3.1) is guaranteed.

Before proceeding, we need the following lemmas.

The following two lemmas are elementary but useful in our proof. These

were proven in [65, 66].

LEMMA 3.1. (Barbalat Lemma) Let a be a finite number, and f : [a,00)—R be a
differentiable function. If imy o f(t) exists (finite) and f' is uniformly continuous

on [a,00), then lim; . f'(t) = 0.

LEMMA 3.2. (Fluctuation Lemma) Let a be a finite number, and f : [a,00)—R
be a differentiable function. If liminf, ., f(t) < limsup,_, ., f(t), then there exist
sequences {t,,} T oo and {s,} T 0o such that lim,, , f(t,) = limsup,_, . f(),

f'(tm) =0, and lim,, o0 f(sm) = liminf, o f(¢), f'(sm) = 0.

Lemma 3.2 states that for an oscillating function f, we can always find two
sequences satisfying the above conditions. Using Lemma 3.2, we can study the
long-term behavior by knowing what happens at the local minimum and maximum

points.

LEMMA 3.3. Consider the following one-species system

e

e =5y — ol

ang! (1) ri(n{)” (1) (1) (3:3)
8‘2 =rimn, (t—ﬁ,x)— Rbl —51nb +omng’.

Let (nél)(t),ngl)(t)) be the solution of system (3.3), where nél)(t),ngl)(t) > 0 for

—m1 <t <0. Then lim (ng” (1), my (1)) = (452, ).

o1

Proof. We shall prove the lemma with three cases:
Case i: When (n&l)(t), ngl)(t)) is eventually monotonically decreasing, posi-

tivity of solutions indicates that (ng)(t), nél) (t)) must approach some limit Ny > 0.

01K1
o1

This limit must be an equilibrium of (3.3) and is therefore either 0 or (2£L, k).
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The trivial equilibrium 0 is ruled out since it is unstable by the local stability
analysis in Section 3.2.
(1) 1) /0y : : :
Case ii: When (n,’(t),n, ’(t)) is eventually monotonically increasing, then

m(t —1,x) < nl()l)(t) for some sufficiently large ¢ and all 7, € [0, 7] so that

2
oniV ri(nY
Hence lim (n((j )(t), nlgl) (t)) exists and is an positive equilibrium of (3.3), i.e
t—o00
1 K
Tim (g (1), m” (1)) = (%22, k).

Case iii: (n((jl) (t),nl()l)(t)) is neither eventually monotonically decreasing
nor increasing. It means that nl(il)(t) and nl(,l)(t) have infinite sequences of local
maxima and local minima. Define

lim sup,_, ng)(t) = ndl),
liminf; . n((il)(t) =n,’,

lim sup,_, nl()l)(t) = n,()l), and

lim inf,_, o n,()l)(t) =ny .

By Lemma 3.2, there exist {tm 1 {tln 1 {S(+)} and {s§;>} such that

nfl )(tgz))%nfil) as t—00, n((il)(tg;))%nfil) as t—00,
nl(, )(sgn))—mlg ) as t—00, and nlgl)(s;))—ml()l) as t—00

where (n” (#3)) = 0 and (n{" (sE))) = 0.

1n
Since (51nbl < alné) < alnﬁll) < 51n,gl), we have o7 A ng) <4 A nl(,l),
where A n(l) El) nill) and A nl()l) = nl()l) — nl()l).
Now considering the second equation of system (3.3), we have

1), (£)\y2
W (g _ ) ri(n (s52))

o)
§5 o . (M1 (1) (55
1

0=mrn — 01my, +oing’ (s1,

Taking the limit of both sides of the above equation as t—o00, then

— 2

o nm))  m . aH
0=mrmn, ———51nb +oiny

R1
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and

(1-) 1) ne

0=mrmn, ———— —5nb +oing 7,
R1
where néli) = limy_, o nl(,l)(sgi:) —71) and néli) = limy o0 nﬁll)(Sﬁ))-

Since nl() ) < n,(jli) < nl() ), and nd) < né +) < ng), then

N6 T e o)
rlnl(,l) + alnfil) I(H’i ) _ 51”((>1)

Vv

0

Since o nd) <& n(l) and o nﬁl > 51nb then

— e
nl(,l)[rl —m:f ]>0
(1) 7"1711()1)
ny ' [r1 — P ]

v

0.

IN

If nb 7& 0, ngl) < K1, and if nb 7& 0, nl()l) > K1, then nl()) < 1(7) Thus nl(,l) :ﬁ

andAnb):O Since0<alAnd §51An,()),wehaveAnfi):O.
on)

(0,0) is locally unstable.

By Persistence Theory, nﬁl ),n,()) > 0 and tlim (ngll)(t),nél)(t)) = (%,/{1). The
—00

proof of Lemma (3.3) is complete.

Using a similar argument, we can show that tlim (nl(f) (1), néQ) (1) = (‘5(27%, Kg).
—00

THEOREM 3.1. Let Ey, Ey and E* be defined as above, then the following state-

ments are valid:

i. If 11 > c1ke, 19 < C9k1, then the mono-culture equilibrium FE is globally

asymptotically stable;

1. If 11 < c1Ko, T9 > coky, then the mono-culture equilibrium Es is globally

asymptotically stable;

1. If r1 > c1ko, 9 > Coky, then the unique coexistence equilibrium E* is globally

asymptotically stable.

26



The approach of the proof of Theorem 3.1 is mainly to use the comparison

principle which is inspired by [63] and the Fluctuation Lemma.

3.3.1 Global Stability of the mono-culture

equilibria £ and Es

We shall prove Theorem 3.1 part (i) on the global stability of the mono-
culture equilibrium point
51/@1

El = (0_17 ’%17070)

of the system (3.1), in the situation when the other boundary equilibrium

dako
7’12)
02

E2 = <07 07
of the system (3.1) is locally unstable. This means that species one out-competes

species two in the environment.

Proof of Theorem 3.1 part (i). Let Ny(t) = (nél)(t),ngl) (t)), Na(t) = (n? (t),nl(f) (1)),
and Np = (%, K1) be vectors.

Denote
limsup, ., Ni(t) = Ny, liminf, o Ni(2) = Ny,
limsup,_,., Na(t) = N3, liminf, o No(t) = Na.

Clearly, N; < Ng. And by Persistence Theory, N, > 0.

Let (nf) (1), nl(j) (t)) be the solution of the following system:

2)

8n<

== 52ng) — Jgnff) -

oy (2) ra(n)’ 2) ) (3:4)
o = oy (t — T2, 1) — o — domy, + oamy .

Then tlim (nf) (1), ng) (t)) = Vi, where V; = (%252 ).
—00

By the Comparison Principle in [44], No < Vj.
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Let € > 0 be sufficiently small such that 0 < e < £201=452) = There exists

roci
8 . .
t1 > 7 such that Ny, < V| + for all t > t; where € > 0 is a sufficiently small

number.

Let (nd 2 n,(ﬂ)) satisfy the following system:

onl” o (1) (1)
o = 0y — oiny

3.5)
(1) (1))2 (
T =g (¢ — i) = 2 (be)

(1)

5l () M

+oiny’ — anyy (ke +€).

Then tlim (nél)(t)a nz(&)( t)) = Uy, where U; = (22 w)
—00

o1 1

By the positiveness of € and € and Comparison Principle, Ny > U;.

€
Let ¢, > 0, there exists to > 0 such that N; > U; — for all ¢ > t,.

For ¢t > t,, let (n((f), nl(;)) satisfy the following system:

on” 2
Zﬁ = 52”1()2) - U2n£1)
ong @y neE) 5 @ @ _ U -gn (&)
ot — 12T ( - 7'2,51:) T T R 92T +oang” — K1 ’
Bnéz) ang)

Since —:— < —32-, by the arbitrariness of € and Comparison Principle, N <

&)
(n,n3)). Hence N; < Jim (7 (1), 03 (1)) = Va, where Vp = (8252 5, — 2200)

oo

€
Let €, > 0, there exists t3 > 0 such that Ny < V5 + for all t > t5. For

€

t>ts, let (nfi ), nl(ﬂ)) satisfy the following system:
anl 1 1)
e 51"1(32) - Ul”& (3.7)
e (D)2 :
T = gy (f = @) = PO — gy + o) — ey (VG + o).

. Bnl()l) Bn( )
Since —:— > —32, by the arbitrariness of ¢ and Comparison Principle, N; >

(2)
(ng),nig). Hence Ny > lim (n{ (1), ni (1)) = Us, where Uy = (22, nzata ),

o1 1

Continuing this process, we obtain two vector sequences {U,,} and {V,,},
m =1,2,3, ... such that for m > 2,

U, = (51/61’ K1 [7“1 - C1Vr22)]>

01 1
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and "
T2Um71
oKy HKa|To — ——
Vi = (222, [ aZ ]).
09 T2

Combining the above two equations, we have

daKge KaCy Vn(f,)l

Vin = .
= (22, 2
Since ”f—fl <1,
lim V@ =0.
m—0o0
Hence,
lim U, = Np.
m—0o0

Since the limits of ng), nél) , and nl()g) exist, and tlim ”1(72) = 0, then tlim n® =0,
— 00 — 00

Therefore, tlim N; = Np and tlim Ny = 0. We use the notation 0 for the
—00 —00

constant vector all of whose components are 0. That is,

0K

: 1 1 2 2 1K1

Tim (n{ (1), nf” (1), n (1), nf? (1)) = (%, 51,0, 0),

which completes the proof of Theorem 3.1 part (i). O

Similarly, we can show that when Fj is unstable, Es is asymptotically stable.

The proof of Theorem 3.1 part (ii) is omitted here.

3.3.2  Global Stability of the coexistence state E*

In this subsection, we prove Theorem 3.1 part (iii) on the global stability

of the coexistence equilibrium

B —( ikira(ciky — 1) Kira(ciky —11)  Oakeri(Caky — 12)  Kori(Caky — T2)

(crcakika — 7“17‘2)017 C1Cak1kg — 1172 (crcakihig — 7“17"2)02’ C1Co2R1R2 — T1T2
of the system (3.1). We show that when both of the mono-culture equilibria F4 and
FE5 are linearly unstable, the coexistence equilibrium E* is globally asymptotically

stable.
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Proof of Theorem 3.1 part (iii). Remark: The notations of Ny, Ny, Ny, Ny, N,
and N, are defined as same as those in the proof of part (i). To prove this statement,

it is equivalent to show that

t—o00
and
t—o0
where
" 51/117’2(611%2 - 7’1) I‘f17’2(01f€2 - 7“1) " 52527’1(02'%1 - 7’2) :‘f27’1(02f11 - 7’2)
U= ( ), Vo= (

) )
(0102511“62 - 7"17"2)01 C1CR1KR2 — T"1T2 (010251/412 - 7“17"2)02 C1CR1KR2 — T2

when F; and FE5 are both linearly unstable.
Let {NY(t)}, {N:(6)}, {MyE(t)}, and {M} (t)} be four vector sequences

where m = 1,2, 3, .... We shall need the above sequences satisfying that

m

MY <N, <N; <N}

and

M} <

m 2

=

<

=

s < N/

From positivity of solutions we obtain N{* as follows:

anH 1 1
B = oy, — oy
oy (M ri(ng)” M ()
o <y (t— T, 1) — —r - ony, +ony’ .
Hence
— 0k
N, < N¥, where N = (==X k).
01
In a similar way, we have
A v v d2K2
Ny < Ny, where NY = (——=, Ks).
)

Let €, € > 0 be sufficiently small such that ¢ < 2% Let t; > 0 be such that

3
N1<t) SN{L—F for alltZtl
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For t > ty, let m{(t) := o be a solution of the following system
my (1)
amv® v v
100 _ §um?®) _ gyt
v(2) (2)
8m18t ®© _ 'r’gmll)@) (t — 7, 2) — T2("212 ) _ 52m11)(2) + O'lel)(l) — CQ(N;L(Z) + e)mi)@),
u(2)
with appropriate initial data on [t; — 7, ¢;]. Then tlim m”f(2) = Koy — %12%)
—00

£
Since Ni(t) < N{* + for t > t,

ONa(t) _ Omi(t)
ot = ot

So Ny(t) > mj(t) and hence

HQCQ(NIL@) + 6)
T2

Ny > li%n inf m{(t) = (v1, ke — ), where vy = li{ﬂ inf mzf(l)(t)-
— —00 —+Hoo

By the arbitrariness of e, we have

I{QCQN{L(Q)

Ny > M7, where My = (v, kg — .
2

).
With similar argument, we can show that

/ﬁcle(Q)

N1 > MY, where M{" = (w1, k1 — .
1

) and uy = litrgglf mqf(l)(t).

€
Let €, € and t > 0, there exists to > 0 such that Ny > M} — for all t > t,.

Then for t > t,,

onD

1 = ot — o)

(1) (12
6”*2%(” < rln,(f)(t —T,T) — % — 51n,()1) + Ulnél) — cl(Mf@) — e)n,(f).

u(l
} ns (1) .
Denote n4(t) = ) as the solution of
ny (1)

u(l)
Ony “(t) _ 51ng(2)(t) . Ulng(l)(t)

ot
ont® u r1(n2® 2 u u v u
2815 (t) — T17’L2(2)(t o 7'1717> _ 1( :1 ) _ 51n2(2) + 01n2<1) o 01<M1 (2) _ 6)”2(2)7
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for ¢ > ¢, with appropriate initial data. Then Ny (t) < n4(t) and thus

MU(Q) _ "
Ni(t) < limsupni(t) = (Uyr, k1 — raci (M, €)), where u,; = limsup nz(l)(t).
t—00 ™ t—o00

Since € > 0 is arbitrary,

chle(Q)

Ni(t) < Ng, where N = (uy1, k1 —
1

).

Similarly,

MU(2) v
@02—1) and v, = limsup n2(1)(t)'
Ty t—o0

No(t) < N3, where Ny = (vy1, k2 —

Now one can show that the transition from the (m — 1)th to the mth step in this

iterative process is given by

v(2)

’LL(2) — K)lCle71
Nm™ = Ky — ——,
N;;L(Q) = Kg — —RZCQM:’LL(E)l

2 ’

u(2 v(2)
Mm( ) - H161r117m 7

M#L@) = Ko — %];,#1(2)
Of course, M%g&gﬁgl\% and M}, S&SESN&foreachm:
1,2,3,....
Next we need to show that M} and N}, both approach U* as m—o00 and
that M and N}, both approach V*.

Note that

K1KoC k1Ko cy NP
N =, T2 RN,y

" T r1To

By the assumption of 7y > ¢k and r9 > ok, we see that % < 1. We claim
that Na? is a monotonically decreasing sequence that is bounded below by U*(?).

We consider

2
Na®) . KiTi—Kikacl K1Kacic
N N2 T

< K1T1—K1K2C1 ‘I’ K1Kk2C1C2
rU*2) r1T2

= 1,
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so N ig monotonically decreasing. Hence NE® converges to a limit, which is

U*(Q) ]

) implies convergence of MA? . and it is eas-

Certainly, convergence of N2
ily checked that M2 has the limit V*®. The analysis for the remaining two
sequences is similar.

Now we have

(1) 0 — /€17’2(01/€2—7‘1)

lim n, ' (t) =
t—o0 C1CoK1K2 — T'1T2
and
. 2 RoT'1(CoR1 — T2
lim né )(t = ( ) .
t—o0 C1CoK1KRo — TT2
. . onW o@Dy
Since lim ndat() =0 and lim n‘ét() = 0, we have
t—o0 t—o0
. 1 d1R1T2(C1ke — T
lim n((i '(t) = ( )
t—o0 (0102f€1/f2 - 7’17’2)01
and

6 _
lim nﬁf) () = okari(Caky — Tg) .
t—00 (c1Cak1kg — T173)072

The proof of Theorem 3.1 part (iii) is complete. Therefore we complete the proof

of Theorem 3.1. ]

By the study of the local and global stability of the equilibria of the non-

spatial system (3.1), we conclude that:

1. At least one of the two interactive species with stage structure can persist in

a stream due to the fact that the trivial equilibrium Fj is always unstable.

2. One species out-competes the other one. In other words, one of them will

die out due to the competition for the limited resource in the long run.

3. However, under the conditions that the two mono-culture equilibria F; and
FE5 are both unstable, the two species can coexist and approach a stable

population density in long term. This is the explaination of the fact that the
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unique coexistence equilibrium E* is globally asymptotically stable under

certain conditions given in Theorem 3.1 part (iii).
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CHAPTER 4
EXISTENCE OF TRAVELING WAVES

In this chapter we analyze the spatial system which models spread of two
competitive species with stage structure and time delay in a stream subjected to

advection and diffusion:

ont) o onV (1) (1)
s = gt — e oy — ouny
2
ony” (1) r(ng”) (1) (1) (1), (2)
o =1y, (t—TL,x) — = =iy oy —any ', (1)
onl _ d *n o Son? ©) .
ot — G255 — €2, T 02y, " — 02y
oD ) ne?) s @) @ _ 0,
—at = Tany, ( —7'2,1’) T T e 21y, +O’271d — CaNy, "My, "

Here ng)(x, t) represents the population density of the ith species in the drift at

time ¢ and point z, nl(f)(:c, t) represents the population density of adult members
of the ith benthic species at time ¢ and point z, and the description of parameters
d;, €;, 0;, 0;, 7; and f3; can be found in Tables 2.1 and 2.2. This is the system (2.3)
which was developed in Chapter 2.

In section 4.1 we define the integral system and show that a traveling wave
solution of the delayed reaction-diffusion system is equivalent to a fixed point of a

compact integral operator. In section 4.2 we prove that via integral systems there

exist traveling wave solutions with speeds above two extended real numbers.

4.1 Integral System

Assume E; = (‘51"‘1 K1,0,0) is unstable, i.e., ry > oK.

o1

Let ng) = ‘5;% — n&l) and nl()l) =K — n(bl). We convert the competition
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system (4.1) into the following cooperative system:

O (1) 62 (1) ) (1) 1 1
o = Gk - e+ am) — oy
(1) (12
6:;@ = rlnél)(t —71,%) + —rl(tf ) _ 2r1n£1) — 51”1(71) + Ulnél) — clnl(,l)néz) + cmlnl()z)
b} (2) 82 (2) o (2) 2 2
:};i = dy 87;3 — €9 gdx +52”1() ) —agné)
(@ (2),2
gbt — TQ”I()Q) (t — 1o, x) — —TZ(ZZ ) 52”1()2) + 0'27122) + Cin()l)n,(f) — CQ/ﬁn(bQ).
(4.2)
For this system, we denote
01k1 Oako
8= (_’/{17_71’{2) (43)
01 02

and notice that 0 = (0,0,0,0) and 3 are equilibria of the cooperative system (4.2).

We denote the system (4.2) in a more general form of

ou 0*u ou

where D = diag{d;,0,d>,0}, E = diag{e;, 0, e2,0},

01Uy — 01Uy

2
nua 27“1162 — (51U2 + 01U — ClUU4 + C1R1Uy

f(u(e, t, x)) — T1u2<t - 71, x) +

dolly — O2U3

2
rouy(t — To, ) — —”}:‘; — D9ty + Oolig + CoUnlly — Cokqly,

and u := (uq, ug, ug, ug) = (n((jl), nl()l),n((f),nl(f)). Here, 6 appearing in the function

f(u(f,t,z)) represents the presence of time delays involved in the growth and

spread of the population. We use the notation
Cp := {u : u(z) is continuous, and 0 < u(z) < B for all x}. (4.5)

We are interested in a nonincreasing traveling wave solution w(c; 0, x —ct) =
(Pa(01,z—ct), dp(0a, x —ct), q(0s, . —ct), (04, z—ct)} of our coorperative system

(4.2) with speed ¢ connecting the equilibria 0 and 3.

36



Let £ =  — ct. The wave equation of the coorperative system (4.2) is

ddy(€) + (¢ — e))dy(€) + 0164() — 016a(€) = 0

COh(€) + ridy(E — em) + DS 90 y(€) — 8104(€) + 016a(€) — 1dp(E)(E) + crrtn(€) = 0 (
Ao () + (c — ex) (&) + 61 (€) — oathul€) = 0

CUR() + rathn(€ — ) — D 5, (€) + 0atpal€) + cau(E)(E) — camrthy(€) =0,

4.6)

with lime, o w(§) = 0 and lim¢_,o, w(§) = 3.

Since some diffusion coefficients d; = 0 in the cooperative system (4.2), the
compactness of solution operators cannot be guaranteed. Therefore we shall work
on the integral equation corresponding to the cooperative system (4.2) in order to

prove the existence of traveling wave solutions.

0 0
Choose > 0. Define H;(u)(¢) = £ rita(¢) , Ho(u)(§) =2 0 7

0 0

0 raua(§)

and Hz(u) = (f(u) + su)+ where

01Uy — 01Uy
2
- B2 — 2riug — O1Us + 01U — CrlUgly + C1R Uy
flu(t,z)) =1 ™
, —
dolly — O9U3
_ rou4?

P (52U4 + O2U3 + ColUoUy — Cok1Uy

There is a proper subset g of {1,...,k} such that d; = 0 for i € ¥y and
d; > 0 for i ¢ ¥y. For i € 3, if ¢ > 0, define

0 when z > 0,
(m);(z) =
%egw when x < 0,
and if ¢ < 0, define
_ice%x when x > 0,
(m,);(z) =
0 when x < 0.
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For i ¢ ¥, define

K e 1%  when z > 0,

(m.),(x) = ———
( ! 2) e 2%  when x < 0,

where
NS ,
Aig = o) ;2 e Handi -,
Let

m.(z) = diag((me)i(z), ..., (me)x(r)).

7 m.(z)dzr = 1.

Wu and Zou [69] used (m.); defined above and studied traveling wave solu-

We have that

tions for delayed reaction-diffusion systems with d; > 0 and e; = 0 for all 7. Li [53]
introduced the function similar to (m.), and investigated the existence of traveling
wave solutions for the cooperative reacion-diffusion system without time delay.

It is easy to verify that each (m,),(z) defined above has the properties that
(m.),(z) > 0, (m.),(x) is bounded, and fj;o (m,),(x)dz = 1, so that (m,),(z)
represents a probability density function.

Define the integral system

oo

T.[u)(z) = [ [me(z+cr — y)Hi()(y) + me(z + cm — y)Ha(u)(y) + me(z — y)Hs(w)(y)]dy.  (4.7)

—00

We shall consider the integral system (4.7) in the proof of traveling wave solution.

THEOREM 4.1. Assume that d; > 0 for all i. Let ¢ # 0 for all i with d; = 0.
Then w(x — ct) is a nonincreasing traveling wave solution of (4.2) connecting two
different constant equilibria O and B if and only if w is a continuous nonincreasing
function satisfying

w = T.[w](z)
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and connecting 0 and 3.

The proof of Theorem 4.1 is similar to the proof of Theorem 3.1 in [53],
we thus omit the proof here. This theorem demonstrates that a traveling wave
solution of the system (4.2) is equivalent to a fixed point of an operator of the

compact integral system (4.7).

4.2 Traveling Wave Solutions

In this section we prove the existence of traveling wave solutions for the
cooperative system (4.2). The next theorem gives us the important connection
between traveling wave solutions of the cooperative system (4.2) and those of the
integral system (4.7).

Define

DY =D + (%)1

with [ > 1 and I the 4 x 4 identity matrix. Clearly, D® approaches D as [—o0.

And the solution map operators for

Ju 0%u ou
— DO _EZ= -7
; D — E " +f(u(t — 7,x)) (4.8)

are compact.

4.2.1 Recursions With Delay

We use H to denote the habitat where the species grow, interact and mi-
grate. H is either the real line (the continuous habitat) or the subset of the real
line which consist of all integral multiples of positive mesh size h (a discrete habi-
tat). Let 7 be a nonnegative real number. We use boldface Roman symbols such

as u(f,z) to denote k-vector-valued functions of the two variables 6 and z, and
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boldface Greek letters to stand for k-vectors, which may be considered as con-
stant vector-valued functions. Here, u > v means that u*(0,z) > v(6, ) for all
i=1,2,....k 0 €[-7,0] and z € H, and u > v means that u'(0, z) > v'(0, z) for
all 7, 0 and x. We also define max{u(0,z),v(0,z)} as the vector-valued function
whose ith component at (0, z) is max{u’(, x),v*(6,z)}.

Let C be the set of all bounded continuous functions from [—7,0] x H to
R* C be the set of all bounded continuous functions from [—7,0] to R¥, and X be
the set of bounded continuous functions from #H to R*. If r € C with r > 0, we

define the set of continuous functions
Cr:={ueC:0<u<r}.

Moreover, we define the metric function d(-,-) in C by

(6, ) = Z maX|gz|<k,0e[—r,0] |p(0,x) — (0, x)] Vo, €C (4.9)

9%k
k=0

so that (C, d) is a metric space. The convergence of a sequence ¢,, to ¢ with respect
to this topology is equivalent to the uniform convergence of ¢, to ¢ on bounded
subsets of [—7,0] x H.

We study the following discrete-time recursion with delay:
W, = Qu,], n=0,1,2,... (4.10)

where wu, (0, z) = (uk(0,x),u%(0,7),...,uk(0,2)), 6 € [-7,0], and = € H represents
the population densities of k species at time n and point x with time delay 7. The
operator () is said to be order — preserving if u > v implies that Q[u] > Q|[v].
A recursion (4.10) in which @ has this property is said to be cooperative. A
function is said to be an equilibrium of @ if Q[w] = w, so that if u; = w in the
recursion (4.10), then u,, = w for all n > [. We shall study the evolution of the

solution u,, of the recursion (4.10) from a uy near an unstable constant equilibrium
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f. By introducing the new variable 1 = u — 6 if necessary, we shall assume the
unstable equilibrium 6 from which the system moves away is the origin 0.

We define the translation operator
T,[v](0,2) =v(0,z —y).

A set D € C, is said to be T-invariant if 7, [D] = D for any y € H.

We shall make the following hypotheses on Q).

HYPOTHESES 4.1.

i. Q0] =0, and there is a vector B(0) € C with B(0) > 0 such that Q[B] = B,
and if ug is any vector in C with B(0) > uy > 0, then the vector-valued
function w,, obtained from the recursion (4.10) converges to 3(0) uniformly

on [—7,0] as n approaches infinity.

1. @ s order-preserving on nonnegative functions, so that if u > v > 0, then

Qu] = Q[v] = 0.
wi. Q) is translation invariant so that Q[T,[v]] = T,[Q[V]] for all y.

. Q is continuous with respect to the topology determined by d(-,-) given in

(4.9).
v. One of the following two properties holds:

a. Q[Cg| is precompact in Cg.

b. The set Q[Cg)(0,-) is precompact in X, and there is a positive number
¢ < 7 such that Qu](0,x) = u(f + (,x) for all € [—7,—(], and the
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has the property that S[D] is precompact in Cg for any T-invariant set

D € Cg with D(0,-) precompact in X .
Hypotheses 4.1 represents a revised set of the hypotheses given in [67].

REMARK 4.1. Hypotheses 4.1 i-ii imply that Q) takes Cg into itself, and that the
equilibrium B attracts all initial functions in Cg with uniformly positive compo-
nents. In biological terms, B is a globally asymptotically stable coexistence equi-
librium. There may also be other equilibria lying between (3 and the extinction
equilibrium 0, in each of which at least one of the species is extinct. In this paper,
we assume that the recursion (4.10) has a finite number of equilibria and that the
equilibria of (4.10) are completely separate in the sense that for any two equilibria
v1(0),v9(0) € C of (4.10), if vi(0) # vi(0) for some 0 € [—7,0], then vi(0) # vi(0)
for all 0 € [—7,0].

REMARK 4.2. Li and Zhang [62] proposed the very similar hypotheses for their
delayed cooperative systems. The difference between our system and theirs is that
we divide each species into two compartments which results in the formation of two
reaction-diffusion equations and two ordinary differential equations in our model.
But those hypotheses given in  [62] for the solution operator @ can be applied for

our model.

Before proving the existence of traveling wave solution of the system (4.2),
we give the following lemma which is applied in our discussion and can be found

in [52, 67, 68].

LEMMA 4.1. (Comparison Lemma). Let R be an order preserving operator. If
u, and v, satisfy the inequalities v, < R[u,] and v, > R[v,] for all n, and if

uy < vq, then u, < v, for all n.
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4.2.2 Existence of Traveling Wave Solutions

Next, we prove the existence of traveling wave solutions of system (4.2).
Our methods and arguments are highly inspired by the earlier works in [53, 67].
However, our extended model is nontrivial and needs some new ideas and tech-
niques such as taking the limit of a sequence of functions that are fixed points of
the integral system.

Recall the cooperative system (4.2),

(1) 2. (1) (1)
on 0°n on 1 1
5 = di %8 — e+ oy — o)
(1) (142
oy’ (1) r1(n, ) (1) (1) 1) (1), (2) (2)
= =1y, (t—T1,7) + —r— = 2rny, — hny +ony — ey 'ny + ckiny
(2) 2, (2) (2)
ong’ 0ng ong (2) (2)
o = do—g. 5 — ea—5— + 0any,” — oany
(2) (2)42
ony (2) ra(ny ) 2) 1)_(2) 2)

2
— 52n,() ) +oony +cony 'ny — cakiny

o =rony, (t — T, x) —

K2

where 0 = (0,0,0,0) and B = (%51 x,, 55’;2,/@) are the only two equilibria in Cg

o1

when 79 > c9k1, and the compact system (4.8)

DEFINITION 1. A function (uq(t, z), us(t, z), va(t, ), vp(t, x)) : [-7,0) x R—RL, b >
0, with the properties that (ug,uy, vg,vy) is C* in x € R and C* int € (0,b) is

called a super-solution (sub-solution) of (4.8) on [0,b) if fort € [0,b), x € R

ug 8uy Oug
Ouy > (< d 82ub T1 (ub)2 6
ot = (_) Up P2 + rlub(t — 71, ZL’) + T 27‘1Ub — 01Up + O1Ug — CLURVp + CLR1Vp
Ovg 92vy Ovg
B 2 (S)duy gt — €2yt + 0avp — 0204

o, 9%y 7”2(%)2
T > (L)dy, 5og 4 120p(t — T2, ) — 2 - 09Uy + O2Ug + CoUpUp — Cok1Up.

LEMMA 4.2. For any (¢4, ¢v, Ya, Vs) € Cg, system (4.8) has a unique classical

solution
(ud(ta X, ¢d7 ¢b7 ¢da ¢b)7 U’b(tv xZ; ¢d7 ¢b7 q/)da ¢b>a Ud(t, X, qbda ¢b7 ¢d7 Qpb)7 Ub(ta X, gbda ¢b7 ¢d7 7/’b))
for (t,z) € [1,00) x R, where (uq(0,x),uy(0, ), v4(0, ), v(0,2)) = (Pa, P, Y, Up)-
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Furthermore, for any pair of super-solution (uy(t, z),uy(t, x), vg(t, ), vp(t,x)) and

sub-solution (uq(t,x),us(t,x),va(t, ), vs(t, x)) of (4.8) with

0=1(0,0,0,0) < (ua(t, ), up(t, ), va(t, z), vs(t, x))

(aa(t, ), w(t, ), va(t, x), (1, 7))

< (B Ry, 22 k) = B

o1 7 o9

al?,
alt,

IN

fort € [-7,0] and x € R, the above compound inequality holds for t > 0 and

r e R.
Proof. Define f; :C x C—X, 1=1,2,3,4, by

Ji(@a, o, ba, ) (@) = 6105(0,7) — 0104(0, 2)

fo(ba, 0. a, ) (x) = igy(—m1,2) + 0D 20,0, 2) — 8164(0, 7)
+0104(0, ) — c105(0, )1 (0, ) + c1£11(0, )

f3(0a, o, 0a, o) () = 621(0, %) — 021p4(0, 7)

fa(@a, o, ha, Vo) () = roty(—T2, @ )—%20@ 02105(0, ) + 02004 (0, )
+cop(0, )1y (0, ) — car1(0, ).

(4.11)
The system (4.8) can be rewritten as
%t = du, %;Zd — €134 + fi(Uar, Upt, Vag, V) ()
aaz;b = dub ax2 + fz(udt, Ubt,Udt,Ubt)(flf) (4 12)
a(;)td = dy, %:zd — €2 avd + f3(war, wpt, Var, vy ) ()
%Z;b =d,, 3% 3352 + fa(uge, wpt, Var, v ) (), t>0, z €R,

where gy, Ups, Vag, v € C with ug (0, x) = ug(t + 0,2), uw(0,2) = up(t + 0, x),
var(0,2) = vg(t + 0, ) and vy (0, x) = vp(t + 6, x) for 6 € [—7,0], z € R.
Let {T%,(t) }+>0, {Su, ()} 0, {Tv,(t) >0 and {S,,(t)}>0 be the solution
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semigroup on X generated by the heat equations

Ugy = dy, Alig — €1Uq 4,
ub,t - dubAUb,
Vg = dy,AVq — €204, and

Uyt = d’Ub A’Ub .

Then we can write (4.12) as the following integral equations:

Tud (t — S)f1 (Udt> Upt, Vdts Ubt)(x)ds

—

ug(t, ) = Ty, (t)uq(0, ) (z) +
up(t, ) = Sy, (1) up(0,-)(z) + | Sy, (t — 3) fo(war, wpr, Var, Vot ) (x)ds
va(t,z) = T,,(t)va(0, ) (x) + | T, (t — ) f3(war, wpt, Vat, ver) (x)ds

up(t, &) = Sy, (1)p(0,-)(z) + [ Sy, (t — 5) fa(war, Wor, Var, ver) () ds, t>0

C—==so— o Lo

(4.13)
where . 00 [(y—w)+ert]?
Toy(t) = Nz Je Tt ody,
1 Ci? _(yfac)2
— Ady, t
Sull) = k= | ¢ tdy
) 00 [(y—z)tegt]?

f e 4dyt dy,

TUd (t) = /47rdvdt e
(y—x)?
. _

Te Adyyt dy.

Under the abstract setting in Martin and Smith, a mild solution of (4.12)
is a solution to its associated integral equation (4.13). One can easily verify that
fi, 1 = 1,2,3,4 are Lipschitz continuous on any bounded subset of C x C. Let
Z = BUC(R,R") be the Banach space of all bounded and uniformly continuous
functions from R into R* with the usual supremum norm. Let Z7 = {(¢41, dao) :

(ba1, Paz) € Z,Pa;i(x) > 0, i = 1,2}. We claim that f;, i = 1,2,3,4 are quasi-
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monotone on C in the sense that

Jim Ldist(822(0) = 60 (0) + HLfy(Guz, s Vaa. V) — fi(dar, G, b o) ) = 0
Jim Ldist(812(0) = 601 (0) + Bl fa(duz: G b 1z) — fobarsfun, s i)ls 29) =0
Jim Ldist(a(0) = a1 (0) + Blfa(Gu dr2s Vi 1) — Soars o, s i)ls 29) =0
tn L dist(012(0) — i (0) + Alfs(Guz: G Ve iz) — Falbars dma, Vi, )l 27) = 0,

h—0+

(4.14)

for all ¢4, Py, Vaj, v; € Cg for j = 1,2 with (daz, v2, Yaz, Yr2) > (a1, Ger, Va1, Ye1).
From the definitions of f;, i =1,2,3,4 in (7.1) we see that

J1(@Paz, G2, Yaz, Ve2) —  fi(Par, Go1, Yar, Vi)
= 01012(0,2) — 01942(0, ) — (01051 (0, 2) — 7101 (0, 7))
= 01(d2(0,2) — 41 (0, 7)) — 01(Pa2(0, ) — ¢a1 (0, 7))

and for sufficiently small A > 0,

$a2(0,2) — ¢a1(0,2) +  h[fi(Paz, Pv2, Va2, Vu2) — f1(Par, dv1, Va1, Vo))
= (1= ho1)(¢a2(0,2) — ¢a1(0, x))

+ho1(dp2(0, ) — ¢p1(0,2))

0;

v

similarly,

Va2(0,2) = Ya1(0,2) +  R[f3(Paz, d2s Va2, Yu2) — f3(Par, Po1, Yar, V1))
= (1= ho2)(Ya2(0,2) — Yar(0, 7))

+hd2(¥2(0,2) — ¥ (0,2))

0.

v
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For fs,

fo(@az, D2, Va2, Vu2) = fa(ar, Por, Yar, Vo)

= ridua(—m,2) + 220D 9060, 2) — 6104 (0, )
+010a2(0, ) — c1Pp2(0, )2 (0, ) + c1£11p2(0, )
~[rigp(—ri, ) + POD 9 6 (0,2) — 610 (0, )
+01041(0, ) — 1061 (0, 2)p1 (0, ) + 15111 (0, )]

= (@(—71,7) = G (=71, 7)) + 01(Pa2(0, %) — ¢ (0, 7))
+erkn (Vo2 (0, ) — 1 (0, 2)) + (92(0, 2) — (0, 7))
X[ (62(0, 2) + ¢e1 (0, 7)) — 2r1 — 01 — 1 (thn2(0, @)
U010, 2))] + c1(Pw2(0, )01 (0, ) — du1(0, 2)1hi2(0, )

and for sufficiently small h > 0,

G2(0,2) = Iu1(0, ) + h[fo(Paz, vz, Vaz, ) — fo(bars Por, Yar, Y )]
= hri(d(=71, %) — ¢ (—71,2)) + ho1(da2(0, ) — ¢ar (0, 7))
+(Pp2(0, ) — Pp1 (0, )){1 — h[2r1 + &1 + c1(¢p2(0, x)
01 (0,2)) — 2 (062(0,2) + 901 (0, 7)) — crthm]}
+her (k1 — ) (Ye2(0, 2) — ¥ (0, )
> 0

since B is the only interior equilibrium of (4.8). And

Ji(az, Gv2; Yaz, Vv2) = fa(@ar, Por, Yar, V)

= rotna(—mo2) — 220 50000, 2) + 05t (0, )
+c202(0, 2)p2(0, ) — cak1pe(0, x)
—(rothp1 (=72, ) — ¢—“ 521 (0, ) 4 910a1 (0, )
+c20p1 (0, 2)1p1 (0, ) — car11p1 (0, x))

= 12(i2(—72,2) — Y1 (=72, %)) + 02(¥a2(0, 7) — Va1 (0, 7))
+(t2(0, ) = Y1 (0, 2)) [c20002(0, ) — 2 (¢h12(0, )
01 (0, 7)) — 02 — caki] + 201 (0, 2) (962(0, ) — P11 (0, 7))
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and for sufficiently small A > 0,

Ve2(0,2) = Up1(0,2) + h[fa(Paz, P2, Va2, Yo2) — fa(Par, Qo1 Yar, Yor )]
= hra(he(=72,2) = Yo (=72, 7)) + hoz(Va2(0, 2) — a1 (0, 2))
+(e2(0, ) — 1 (0, 2) {1 = A2 (¥52(0, 2) 4 ©61 (0, ) + 62
+ear1 — C202(0, )]} + heathn (0, 2) (42(0, 2) — d11 (0, 2))
> 0.

It follows that (4.14) holds. By Corollary 5 in [45], we can show the existence and

uniqueness of

(ua(t, 5 Gay o, Ya Vo), un(t, 5 Gay o, Ya, Vo), valt, 5 Gy G, Vs ), v6(t, T5 Gy o, Ya, V)
with

(Sl<t, S), 52<t, S), Sg(t, 8), S4(t, 8)) = (Sl(t — S), Sz(t — S), Sg(t — S), S4(t - S)),

(Tl(t, S),Tz(t, S), Tg(t, 8),T4(t, S)) = (Tl(t — S),T2<t — S), Tg(t — S),T4(t — S)),
fort > s >0,

(Bi(t, ¢a, Pv, Ya, Vp), Ba(t, da, dv, Ya, Vb)), Bs(t, da, db, Ya, Vp), Ba(t, da, do, Va, Vp))
= (fi1(Pa, Db Va, b)), f2(Pa, Dby Va, )5 [3(Da, Gb, Vs Ub), fa(Das db, a, Vb)),

and v* = B, v~ = 0. Moreover, by the semigroup theory given in the proof of

Theorem 1 in [45], it follows that

(ua(t, z; Ga, Go, Va, ), up(t, T3 Ga, do, Ya, o), va(t, T3 Gay Gu, Va, ), vu(L, T3 Ga, Po, Ya, s))

is a classical solution for ¢ > 7.

Let

U0, x) = (ug(t,x), wp(t, ), v4(t, x), 0p(t, z))
and

(0, 7) = (walt, 2), up(t, x), valt, x), vo(t, 7)),
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6 € [—7,0],z€R. Then 0 < & < V¥ < 3 with & < ¥ in Cg. Again by Corollary
5in [45], we have

0 S (Ud(t, x; (1))7 ub(ta xZ; (1))7 'Ud(tv xZ; CI))a Ub(tv €T3 CI))) (4 15)
< (Ud(t, 5 \Ij)a ub(tv Z; \Ij)a Ud(t7 x5 \Il)a 'Ub(tv Z; \Ij)) < 18
fort >0, x € R.
Let v = 3 and
v = (ug(t, @), w(t, ), v4(t, ), va(t, 2)),
vt = (dd(t7 ZL’), Ub(t7 ZE), U_d<t7 .Z'), U_b(tv (L’))
and v~ = 0, respectively, we obtain
(ua(t, @), up(t, @), va(t, ), v(t, ))
S (Ud(t, X, (I))a ub(t> X, (I))a Ud<t7 xZ; (I))a Ub(ta X, (I))) (416>
< B
for t > 0 and z € R, and
0 S (ud(ta x; \I’l)a ub<t7 x; \Ij)’ /Ud<t7 xZ; \Ij)’ Ub<t7 x; \Ij)) (4 17)
< (wa(t, @), w(t, ), valt, z), 0p(t, ),
fort >0 and z € R.
It follows from (4.15)-(4.17) that
(Ed(t7 33)’ db<t7 $)7 U_d(ta :L’), Eb(tﬂ :L‘)) 2 (ﬂ(tv x)’%(ta x)>1ﬁ(t’ x)?@(t> .1'))
for all t > 0, x € R. This completes the proof. O

Lemma (4.2) together with the global stability results of system (4.8) shows
that the time ¢ solution map Q, of (4.8) with ¢ > 0 exists, and it satisfies Hypothe-

ses 4.1 i-ii since (4.8) is an autonomous system.
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LEMMA 4.3. For any t > 0, Q, satisfies Hypothesis 4.1 iv with 3 given by (4.3).

Proof. Let ®1,®, € Cg. For any € > 0 and ¢, > 0, we define

H(t7$) = |Ud(t,l’, CI)I) - Ud(t,l’; ¢2)| + |Ub(t,$’, (I)l) - Ub(t,l'; (D2)|

Hog(t, z; P1) — vg(t, x; Po)| + |vp(t, x; 1) — vp(t, 5 Do) |;
K 1= sup,e( 4] ver H(t,x);
Q.(2) =[-1,0] x[z=r,z+7], Vr>0, z€R,
|@\Qp(z) = SUP(9,2)€Q,(2) (0, z)];

€0 = ST AT
where A := 5ry + 3ry + 2(01 + 92 + 01 + 02) + (¢1 + ¢2)(2K1 + ko). Without loss

of generality, we assume K > suDge(_r g zer H (0, 7). Then, there exists (t*, )

[0, %9] x R such that H(0,z) < H(t*,2*) 4+ ¢¢ for (¢,0,z) € [0,%0] x [—7,0] x R.
Define
_(y=zte1)? _(—otegn)?
L) = ke [ ™y, Tt = b [X ey,
_(—n)? _ foooo (i’d_v?f a.

Sub (t) e \/Zmld—Ubt ffooo (& Adyyt dy’ va \/m

Then
ud(ga t) = Tud(t)ud(ov )(:L‘) + fo ud s)fl(ud87 Upsy Vds) 'UbS)(I>d$
up(€,) = Su, ()up(0,)(@) + [ Suy (t — 5) fo(tas, ps, Vas, vys) (x)ds
va(§,t) = To, (H)va(0,) () + [y T, (t — 5) f3(Uas: tps, Vas, v1s) () ds
up(&,t) = Sy, (H)vp(0, ) (z) + fo o (T — ) fa(Uas, Ups, Vas, Vps) (T)dSs.

20



We choose 0 = & and M = M(e,ty) > 0 such that for any ¢ € [0, o]

3
. _ (y—ztert)?
Adq, ;t €0
— ¢ ugt  dy <
f|y|>M LLE: ¥y= ug*’
. _ (y—ztegt)?
4dy ,t €0
— ¢ vat  dy <
f|y|>M LT Y= vg*?
) ,(yd—z)?
4 t €0
— ¢ upt dy <
fIyI>M Ardu,t Y=ws
) _<yd—z)2
4 t €0
— ¢ 't dy <
fly|>M \/Amdy, t Y=

o1



For i = 1,2 if |®1(0,2) — ®1(0, x)|q,, ) < 0, then

lug(t™, x*; @) — ug(t™, x*; Oo)|

T, (t")ua(0, z*; @q)

+ /Ot* Tt — 8) f1(uas (-5 5 1), s (v 5 P1), Vas (- 5 1), vps (-5 P1)) (27)ds

— Ty (t)ua(0, 25 @)

- /: Ty (" = ) f1(uas (s 5 Pa), s (- 3 P2), vas (-, -5 Pa), vns (-5 P2)) (%) ds
ST, (1) ua(0, 275 1) — ug(0, 27 @3))|

+*

+/ Tud(t*_S>|f1(Uds(',‘;q)l),Ubs(',';@1)7Uds<',';q)1>,vbs(‘7';@l))
0
_fl(uds('a';q)Q)aubs('a';q)Z) Uds(? 7(1)2) Ubs(? 7(1)2 ‘(ZL’*)
-
gTud(t*)H(O,x*)Jr(Sl/ T, (" — $)HL(0 ds+01/ Tt — $)H,(0, 2°)ds
o 0 0
§U+€o+5l/ (\Hs!QM(x*)JFé‘O)dSJFUl/ ([Hs|ap @) + €0)ds
0 0

to
<o +eo(1 + 01t + o1ty) + (61 + 01) / | Hy|op @) ds
0

By a similar argument, we have

lvg(t*, x*; ®1) — vg(t*, z*; Do)

S o+ 80(1 + (Sgto —+ Ugto) + (52 -+ 02) foto ‘Hs’QM(;p*)dS

o2



and

lup(t*, 275 1) — up(t™, x™; Do)

Sy (T )up(0, 275 y)
t*
+/ Suy (" — 5) fatas (-, 5 P1), ups (5 5 P1), Vas (-5 5 P1), Vs (-, -5 P1)) (27)ds
0
— S, () up(0, 275 Oy)
t*
* / Suy (T — 5) fatas (-, 5 Do), ups (-, 5 P2), Vas (-, 5 Pa), Vs (-, -5 P2)) (27)ds
0
<Su, () Jup(0, 275 1) — up(0, 275 Do)
t*
—+ / Sub(t* - S)|f2(ud8<'7 3 q)l)a Ubs(', 5 q)l)a Uds('7 ) q)l)a Ubs('; ) qDl))
0
- f2(ud8('7 °y ®2)7 ubs('a S ®2)7 ,Uds('7 S ®2)7 Ubs('7 Sy q)Q))‘(x*)ds
t*
<S. (FVH(0,2) + 11 / Su (t* — s)H,(—7, 2)ds
0
t*
+ (4r) + (51)/ S, (" — 5)Hs(0, 2%)ds
0
t*
+ (01 + 2151 + Cllig)/ Suy (t" — 8)Hs(—7,x)ds
to ’
<o+zotr [ (Hlaye) + s
0
to
+ (471 + 01 + 01 + 2¢1K1 + Cllig)/ (|H5|QM(3;*) + &0)ds
0
=0 + 60[1 + T’lto + (47‘1 + 51 + o1+ 201%1 + Cllig)to]
to
+(5T1—|—51 +O’1—|—261/€1 —|—Cllﬁ22)/ |HS‘Q]\/[(.’L'*)dS‘
0
Similarly, we have

lup(t*, 2%; 1) — vp(*, x*; Do)
S o+ 80[1 -+ Tgto + (27”2 + (52 + 09 + 2C2/€1 + Cgﬁg)to]

+(3ra + 62 + 03 + 20251 + Cakiz) [y | Halaay, (or)ds.
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Thus, we have

’Ht’QJ\{(IE*) S €0+H(t*,x*)
= g0+ |ug(t, x*; P1) — ua(t”, x*; $o)| + |up(t*, x*; D1) — wp(t*, z*; Oy)|
Fvg(t*, 2% @1) — va(t*, %5 o) | + |vp(t7, 25 P1) — vy (¥, 275 Po)|

< 40+ 80(5 + A)to +A f(fo |HS|QM($*)dS‘

It follows by Gronwall’s inequality that
|Ht|QM(:E*) < (40’ + 50(5 + A)to)ﬁAtO, YVt € [O,to]

We then obtain that for any small ¢ > 0, and compact subset ¢ C [—7,0] x R,

there exist o > 0 and a compact set Qy/(z*) such that ¢ C Qp/(z*) and
|Hile < |Hilay @ <e fortel0,t] and [®1 — P3lq,, @) < 0.

This shows that @) is continuous in ® with respect to the compact open topology
uniformly for ¢ € [0,%y]. Note that the metric space (Cg,d) is complete. By the
triangle inequality and the continuity of @); in ¢ from Lemma 4.2, it follows that
Q+(¢) is continuous in (¢; $) with respect to the compact open topology. This

competes the proof of Lemma 4.3. O
LEMMA 4.4. For any t > 0, Q, satisfies Hypothesis 4.1 v with B given by (4.3).

We can modify the proof of Lemma 3.3 in [62] by using the specific defini-
tion of Ty, Sy,, Ty, and S,, in this paper to prove Lemma 4.4. Since the argument

is almost the same, we omit the proof.

LEMMA 4.5. Assume that w)(c; 0, x — ct) is a nonincreasing traveling wave solu-
tion of (4.8) with speed c # 0 fori € ¥y. Then the family w) is an equicontinuous

family of functions.
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Proof. Define

2Dy
e "1® when x > 0,

—/\<-l)x
e 2%  when x < 0,

dV (A — D)

with
W) _ (e—e)+y/(c—eq)*+4rd"
A = 20 > 0,
0) (c—ei)— (c—e-)2+4nd(l)
Aiz = 24" 0

By Theorem 4.1, we have

w(z) = / m{) (z — ) [Hy (W) (y + er1) + Ha(wO) (y + e75) + Hs(w) (y)]dy.

(4.18)
Then we can follow the proof of Lemma 4.1 given in [53], therefore we omit

the details here. O

Define R [u](f, s) = max{k® (0, s), T_.[Q[u]](0,s)} for u € Cg.
Define a sequence of vector-valued functions a!” (c,k;0,s)0f (0,s) € [—T,0]x

‘H by the recursion
all,(c, k;0,5) = Rop[al) (e, k:)](6,5), al(c.k:0,s) = k®(6,5).  (4.19)

and denote al¥) as the limit of ag)(c, k;0,s) as n—oo. Note that al) < afj)H <pB
for all n, and ag)(c, k; 0, s) is nonincreasing in ¢ and s and continuous in (¢, k; 0, s).
Define

c(l)* :=sup{c: a(l)(c, k;0,00) = B},

and
c(l)* :=sup{c: a¥(c, k;0,00) # 0}.
Let
¢" = liminf ¢(1)* (4.20)
l—o00
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and

¢, = liminf (1)} (4.21)

l—o00

THEOREM 4.2. Assume that Hypotheses 4.1 are satisfied. Then the following

statements are true for the system (4.2):

i. If ¢ > ¢ and ¢ # 0 fori € Xy, there is a nonincreasing traveling wave solution

w(z —ct) with w(c; 0, —o00) = B and w(c; 0, 00) an equilibrium other than 3.

ii. If there is a nonincreasing traveling wave w(c; 0, x — ct) with w(c; 0, —c0) = 3

and w(c; 0,00) an equilibrium other than (3, then ¢ > ¢*.

Proof. As shown in the proof of Theorem 4.2 of Liang and Zhao [67], {ag) (c,k;0,s) :
n>1, ke (0,1]} is a family of equicontinuous functions of (¢, s) in any bounded
subset of [—7, 0] xH. Since al) is nondecreasing in n, the whole sequence al) (c,k;0,s)
converges to a function a®(c, k; 6, s) uniformly for § € [—7,0] and s on bounded
sets. In particular, a®)(c, k; 6, s) is a continuous function of (#, s). By hypothesis

4.1 iv, we take limits of (4.19) and we have
aV(c, k;0,s) = max{k®(0, s), Qla¥ (c, k;.)](4, 5 + ¢)}. (4.22)
Fix 0y € [—7,0]. For any integer g we define
Kig) 1= 5[a)(c, k: 6o, 9) +a) (e, ks By, g + 1) (4.25)

Note that Ky (g) is nonincreasing in g. Since Kj(—o0) = B(6y) and Ky (c0) = 0,

there exists g; such that

N — N —
N2 1(60) < Kl <

1800l (4.24)

for some large positive integer N.

Now consider a®)(c, k; 6,5 + g).
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Claim: a®(c, k;0,s) forms a family of equicontinuous function of (6, s) in
any bounded subsets of [—7, 0] x H.
For any 61,0y € [—7,0] and real numbers s; and sy, we have that for any

positive integer n,

a®(c, k;01,51) — a®(c, ks 05, 50)] < [aD(c, k;01,51) — ay (¢, k; 01, 51)]
+a®(c, k; 02, 52) — ag)(c,k;92,82)|
+|a§f)(c, k01, s1) — ag)(c,k;02,32)|.

Since aY increases to a) uniformly on bounded sets and {ag)(c, k;0,s) : n >

1, k € (0,1]} is a family of equicontinuous functions of (6, s), one can show that
the above claim is true.

Thus we can find a sequence k;—0 such that a®)(c, k;; 6, s + gi,) converges
uniformly for § € [~7,0] and s on bounded sets to a function w¥(c; 0, s) that is
nonincreasing in s.

Taking limits in (4.22) with £ = k; and s = s + gx, — ¢ and using the

translation invariance of Q, we find that
w(c;0,s —c) = Q[w(c;)](8, 5). (4.25)

So u,(,s) = w(c; 0,5 — nc) is a traveling wave solution of the recursion u,4; =
Qu,, n=0,1,2, ...

Let s approach to —oo in (4.25), then

w(c; -, —00) = lim w(¢;-,s— (n+1)c) = lim Q"[w](-,s) = Qw(¢; -, —00)]

n—oo n—oo

for Vs € ‘H, and subsequently we consider s approach to —oo, we have

w(c; -, 00) = lim w(c; s — ) = lim QIw®](-,s) = QW (c; -, 00)],

S5—00 S§—00

for Vs € H. It follows that w¥)(c; -, £00) are equilibria of Q.
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The definition (4.23) shows that as k;—0 the sequence Ky, (gx,) converges

to $[w(c; 6o, 0) + w(c; 6o, 1)]. Since w)(c; 6, s) is nonincreasing in s,

N -2

— [B(0)] = lim Ky (gx,) < w(¢;6p, —00)

and

Thus, we have w)(c; 0y, 00) # B and w®)(c; 6y, —00) = B due to the choice of N.
We have proved that (4.8) has a nonincreasing traveling wave solution w¥)(c; 6, s —
nc) with w®(c; 6y, —o00) = B and w(c; 6, 00), an equilibrium other than 3.
Since B is the only interior equilibrium of Cg, we can choose n > 0 small
enough such that there is no constant equilibrium other than 3 in the set {w €
Cs: |B—w| < n}. By the Intermediate Value Theorem, it shows that there exists

a real number s* at which |8 — w()(6y, s7)

= 1, since as s increases from —oo
to oo, the continuous function | B — w8y, s)} increases from 0 to a positive real

number. We can assume s* = 0 by translating if necessary, and we have

1B —w(0p,0)] = .

By Lemma 4.5, w() is an equicontinuous family of functions. Then using Ascoli’s
Theorem, we have that w()(z) has a subsequence {w()(z)} such that {w()(z)}

converges to w(z) uniformly on every bounded interval. Clearly,
1B — w(6,0)] =n. (4.26)

One can show that

lim / ‘mg) (z) — m.(z)| dz =0, (4.27)

=0

where (mgl))i(x) is defined in the proof of Lemma 4.5. The proof can be found in

Li [53].
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Observe that w(i) satisfies
wili)(z) = f m(” y)[Hy (W) (y + cmy)

+Hy (W) (y + em) + Hy (W) (y)]dy

o0

= [ moe = y)[H (W) (y + er)
o (4.28)
+H2( (ZI))(?J+CT2)+H3(W(lj))<y)]dy
+ f &w —y) = me(z — )| [H(WD)(y + )

+Hy (W) (y + 7o) + Ha (w9 (y)]dy.

Taking limits of (4.28), we obtain

w(z) = / me(z — ) [EL (w)(y + cn) + Hy(w)(y + em) + Ha(w)(y)ldy.

By Theorem 4.1, w(x) is a traveling wave solution of (4.2) with speed ¢*. The
condition (4.26) and the definition of 7 indicate that w(—o0) = B8 and w(o0) is
a constant equilibrium of (4.2) other than 3. This completes the proof of the
statement (i) of the theorem.

The proof of the statement (ii) is similar to the second part of the proof
of Theorem 3.1 in Li and Weinberger [61], we omit it here. So the proof of the

theorem is completed. O

REMARK 4.3. Assume that Hypotheses 4.1 are satisfied. Then the following

statements are true for the system (4.2):

i. ifc> ¢4 and c# 0 fori € ¥y, there is a nonincreasing traveling wave solution
w(z — ct) with w(c; 0,00) = 0 and w(c; 0, —c0) an equilibrium other than 0;

and

ii. if there is a nonincreasing traveling wave w(c; 0, — ct) with w(c;0,00) = 0

and w(c; 0, —o00) = B, then ¢ > &, .
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The proof is similar to that of Theorem 4.2 and can be found in [53].

In this chapter, we first constructed the integral system by defining H; (u),
H;(u), H3(u) and m.(z). Then we showed that a traveling wave solution of the
cooperative system (4.2) with a proper speed is a fixed point of a compact integral
operator. Finally we took the limit of a sequence of functions that are fixed points
of the related integral system, and Theorem 4.2 and Remark 4.3 showed that the
existence of traveling wave solutions can be established with speeds above two

extended real numbers, ¢* and ¢,
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CHAPTER 5
CONCLUSION AND FUTURE DIRECTIONS

5.1 Conclusion

In this dissertation we formulated a system of delayed reaction-diffusion
equations which modeled growth, spread and competition of two species with stage
structure. This model is an extension of the time-delayed population system with
stage structure by Zhang et al. [64]. However, there is no compartmentalization
for both species in their model. The advantage of our model is that we take
all factors of compartmentalization, stage structure and interaction between two
species into consideration in order to provide a resolution to the drift paradox in
stream ecology. To the best of our knowledge, this is the first model involving all
these factors. The underlying dynamics are very complicated, however we can still
give a complete description of the global stability and traveling wave solutions.

In Chapter 3 we analyzed the non-spatial system (3.1) in which the effect of
spatial advection and diffusion is not involved. We obtained the existence and local
stability criteria of the equilibria of the non-spatial system (3.1). Then using the
fluctuation lemma and constructing sequences approaching equilibrium points we
showed that the global stability of the equilibria in our model can be completely
determined. The mathematical methods used in our proofs are inspired by Al-
Omari and Gourley’s work [63]. By the study of the non-spatial system (3.1),

we conclude that (i) the two interactive species with stage structure can persist
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in a stream; (ii) one species out-competes the other one, and the species cannot
coexist; (iil) the two species can coexist and approach a stable population density
in long term under certain conditions (i.e. the two mono-culture equilibria E; and
E, are both unstable).

The spatial system (4.1) is analyzed in Chapter 4. We defined the integral
system and showed that a traveling wave solution of a delayed cooperative reaction-
diffusion system with a proper speed is a fixed point of a compact integral operator.
Further, we established the existence of traveling wave solutions with speeds above
two extended real numbers by taking a limit of a sequence of functions that are fixed
points of related integral systems. In biology, traveling waves are spatial transitions
from an unstable state to a stable one. In other words, the existence of traveling
wave solutions connecting two equilibria means that the unstable equilibrium is

took over by the stable one in space as time increases.

5.2 Discussion

In Chapter 4 we proved the existence of traveling wave solutions with speeds
above two extended real numbers ¢* and ¢7. We are interested in how ¢* is related
to ¢* and how ¢ is related to ¢}. We want to find conditions, under which the
linear determinacy conditions given in Weinberger et al. [52] are satisfied by (4.2),
such that ¢* = ¢f = ¢* = ¢/ and they are all equal to the unique spreading speed
of (4.2).

Li in [53] showed that ¢* = ¢} = ¢* = ¢} = ¢ for the general partially

degenerate cooperative reaction-diffusion system

ou 0%u ou

where

¢ = inf(1/p)y(u) (5.2)
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and 7y, (p) is the principal eigenvalue of the first irreducible diagonal block of the
moment generating matrix C,, of the linearized system of (5.1). He showed that ¢
can be characterized as the slowest speed of a class of traveling wave solutions by
verifying the linear determinacy conditions under appropriate assumptions.

However, in our system (4.4) the time delay is considered in the vector
function f(u(é,t,x)). Consequently the principal eigenvalue v;(x) of C), and the
corresponding eigenvector £(j) cannot be expressed explicitly. Thus the ideas used
in [53] cannot be applied in our system.

In order to verify the linear determinacy conditions, one might first write
the eigenvector &(u) as a function of the principal eigenvalue 7 (p). Then using
the fact that the wave speed equation ¢(pn) = (1/p)y(p) is a convex function
and thus the infimum in Eq. (5.2) exists, one might provide an estimation of
71 (1) and therefore show that the linear determinacy conditions are satisfied under
appropriate assumptions.

Liang and Zhao [67] developed the analytical theory on the spreading speeds
for delayed cooperative systems, which can be applied on our cooperative model

(4.2).

5.3 Future Directions

This model can be extended in several different directions:

1. Consider species interaction in the streamflow. In stream ecology,
many studies have been done to study how different organisms interact with
each other and to understand the interconnections and impacts [21, 70, 71].
Different interactions include competition among individuals of the same
species, competition and predation between different species. We may add

terms for the populations in the drift to indicate their interaction, and these
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terms can even be nonlinear (density-dependent). By analyzing the new
model, one may predict the dynamics of species in the flow such as how
the numbers of each species are influenced by its prey, its competitors, its

predators, and even diseases.

. Add age structure for adult individuals. New age structure among
adult members can be considered in the model, i.e. dividing each adult
population into two groups regarding their productivity, young adults and
old adults. Only young and healthy adult members have strong productivity,
and the old and unhealthy ones do not contribute to reproduction. One can
define n;, np,, and n,, to represent the population density of immature
members, young mature members and old members, respectively. Notice

that these three variables interact with each other.

. Density-dependent diffusion rate. If organisms are either attracted to
each other or repelled from one another, then we may replace the simple
diffusion term by a biased random motion model [72]. In reality, organisms
tend to join together at low densities and to estrange one another at high
densities. Such a density-dependent response can be modeled by a function
¥ (u) of population density [73]|, where 9 (u) is negative at low densities and

positive at high densities and u is the population density.

. Consider an Allee effect. Allee effect is the positive relationship between
population density and individual fitness [77]. In other words, at low density
the population does not grow optimally. Since many species experience an
Allee effect, we may add an Allee effect in the growth function of species.
Wang et al. [74] claimed that systems with Allee effect show destabilization
compared to a LotkaVolterra-type competitive system. However, they only

conducted phase plane analysis and numerical simulation, and the time delay
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was not considered.

. Consider stochastic fluctuations in population growth. Population
dynamics is also determined by the environmental stochasticity, which in-
cludes climate effects, effects of human interaction and effects of food re-
sources. For example, in the summer a population may grow favorably be-
cause of an abundant food supply and the agreeable climate, while in the
winter they may experience a large number of deaths and low reproduction
rate due to drought or low temperature. Our present model assumes that
the environment is temporally constant, and we may use a stochastic variable

representing the growth function to model these random effects [75, 76].
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