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Abstract

In this dissertation, we explore various aspects of the singular physical sys-

tems, which are treated by using the Hamiltonian formulation of constrained

systems.

The Hamilton-Jacobi formalism, are presented for supersymmetry models

of supersymmetric particles and string. The formalism is applied to study

the dynamics of massive Brink-Schwarz superparticle and massless Seigel

superparticle with simple supersymmetry N = 1, possesses in the most pop-

ular superspace in physics R4|4. The integrability conditions are satisfied,

so the systems are integrable. We have applied the method to obtain the

classical dynamics in phase-space of massless spinning superparticles. By

proceeding in the same way, we analyze the dynamics of superparticle with

extended supersymmetric N = 2 coupled with an external superpotential,

and various applications of superstring. Firstly, we generalize this approach

for a string that is propagating in 4D superspace. Secondly, the example of

Green-Schwarz superstring, which provides the most realistic string models,

has been formulated. Besides, a mechanical model of D = 11 superstring is

constructed, and in terms of the Hamilton-Jacobi formalism the equations

of motion are derived and discussed, as total differential equations in many

variables.
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  خصـــــمل
  المقيدة الأوتارو يمات سللججاكوبي  –صياغة هاملتون 

  دادــــــــإع
  رزق العجلة معبد الكريهناء / الباحثة

  رافــإش
ـــــــر فرحــــناص/الدكتور   اتـــــــ

  

حيـث تمـت   ، جاكوبي –صياغة هاملتون  تعتمد هذه الأطروحة على دراسة الأنظمة المقيدة باستخدام

نمـاذج مختلفـة   نوقشـت   حيـثُ . و الأوتار الفائقة التنـاظر ، المثالية للأجسام المتناظرة الأنظمةدراسة 

و إيجـاد   ،بالإضافة إلى الجسيمات المثالية ذات الحركة المغزليـة ، ة الكتلةهملالمئلة و االهللجسيمات المثالية 

  .معادلات الحركة واختبار شروط التكامل لكلٍ منها

مـن   عاليـة تحتوي نموذجاً لجسـيم مثـالي يتحـرك في مجـال كهرومغناطيسـي ذو درجـات       كما 

)التناظر )2N كنظام مقيد وتم الحصول على معادلات الحركة لوصف حركة ذلك الجسيم عن طريق  =

  .جاكوبي -المعادلات التفاضلية الجزئية لهاملتون 

 –صـياغة هـاملتون    تطبيـق الأوتار الفائقة واختبار مدى قابليـة   كما تم التعرف على نظرية الأوتار و

المختلفـة للأوتـار    الأمثلةموعة من  جاكوبي للحصول على معادلات الحركة واختبار شروط التكامل

)الفائقة )1N =.  



Chapter 1

Introduction

1.1 Historical Background

The Hamiltonian formulation of singular systems is usually made through

the formalism developed by Dirac [1, 2]. In this formalism, the constraints

caused by the singularity of Hess matrix are added to the canonical Hamil-

tonian, and then the consistency conditions are worked out, being possible

to eliminate some degrees of freedom of the system. Dirac also showed that

the gauge freedom is caused by the presence of first class constraints. This

formalism has a wide range of applications in field theory and it is still the

main tool for the analysis of singular systems [3]-[5]. Despite the success of

Dirac’s method, it is always interesting to apply different formalisms to the

analysis of singular systems.

The study of new formalisms for singular systems may provide new tools
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to investigate these systems. In classical dynamics, different formalisms (La-

grangian, Hamiltonian, Hamilton-Jacobi) provide different approaches to the

problems, each formalism has advantages and disadvantages in the study of

some features of the systems and being equivalent among themselves. In

the same way, different formalisms provide different views of the features of

singular systems, which justify the interest in their study.

In this thesis, we generalize the Hamilton-Jacobi formalism that was de-

veloped by Güler [6, 7]. This approach based on Carathéodory’s equivalent

Lagrangian method [8] to write down the Hamilton-Jacobi equations for the

system and make use of its singularity to write the equations of motion as

total differential equations in many variables . The Hamilton-Jacobi formal-

ism that we study in this work was applied only to a few number of physical

examples as the electromagnetic field, relativistic particle in an external elec-

tromagnetic field, the Young-Mills field and the Einstein gravitational field

[9]-[18]. The advantage of the Hamilton-Jacobi formalism is that we have

no difference between first and second class constraints and we do not need

gauge-fixing term because the gauge variables are separated in the processes

of constructing an integrable system of total differential equations.

1.2 Hamilton-Jacobi Formalism

In this section, we study the singular systems using the Hamilton-Jacobi

formulation or ’Canonical Method’.
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The system that is described by singular Lagrangian L(qi, q̇i, t) with i =

1, ..., N , has a rank of Hess matrix

Aij =
∂2L

∂q̇i∂q̇j

, i, j = 1, . . . , n, (1.1)

equal to (N − p) , p < N . In this case we have p momenta which are

dependent on each other. The generalized momenta Pi corresponding to the

generalized coordinates qi are defined as,

Pa =
∂L

∂q̇a

, a = 1, . . . , N − p, (1.2)

Pµ =
∂L

∂q̇µ

, µ = N − p + 1, . . . , N. (1.3)

Since, the rank of the Hess matrix is (N − p), one may solve (1.2) for q̇a as

q̇a = q̇a (qi, q̇µ, Pb) ≡ ωa. (1.4)

Substituting (1.4) into (1.3), we obtain relations in qi, Pa, q̇ν and t in the

form

Pµ =
∂L

∂q̇µ

∣∣∣∣
q̇a=ωa

≡ −Hµ(qi, q̇ν , q̇a = ωa, Pa, t), ν = N − p + 1, . . . , N.

(1.5)

By mean of (1.4) and (1.5) the canonical Hamiltonian H0 is defined as

H0 = −L
(
qi, q̇µ, q̇a = ωa, t

)
+ Paωa + q̇µPµ

∣∣
Pν=−Hν

. (1.6)

The set of Hamilton-Jacobi partial differential equations (HJPDE) is ex-

pressed as

H ′
α

(
qβ; qa; Pa =

∂s

∂qa

; Pµ =
∂s

∂qµ

)
= 0, α, β = 0, 1, . . . , p. (1.7)
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where

H ′
0 = P0 + H0; (1.8)

and

H ′
µ = Pµ + Hµ. (1.9)

with q0 ≡ t and S being the action. The equations of motion are obtained

as total differential equations in many variables such as,

dqa =
∂H ′

α

∂Pa

dtα, (1.10)

dPr = −(−1)nrnα
∂H ′

α

∂qr

dtα, r = 0, 1, . . . , N, (1.11)

dZ =

(
−Hα + Pa

∂H ′
α

∂Pa

)
dtα, (1.12)

where ni = 0 , 1, (i = r , α) define the Grassmann parity of the corresponding

quantity, and Z = S (tα, qa). These equations are integrable if and only if

[19, 20]

dH ′
0 = 0, (1.13)

and

dH ′
µ = 0, µ = N − p + 1, . . . , N. (1.14)

If the conditions (1.13) and (1.14) are not satisfied identically, we consider

them as new constraints and we examine their variations. Thus repeating

this procedure, one may obtain a set of constraints such that all the varia-

tions of them vanish. We have two types of integrable systems: The first is

completely integrable systems, where the set of equations of motion and the
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action function are integrable. The second is partially integrable systems,

where the set of equations of motion is only integrable. The importance of

classification systems as they are completely integrable or partially is evident

in quantization methods, to obtain the path integral as an integration over

the canonical phase space coordinates.

1.3 Superparticle

Supersymmetries play a very important role in all field theories being rele-

vant in physics, for example: Yang-Mills theory, string theory and gravity.

Supersymmetry is a symmetry connecting the properties of bosons and those

of fermions. This symmetry can be realized on ordinary fields (functions of

space-time) by transformations that mix bosons and fermions. Supersymme-

try proposes that for every ordinary particle there exists a ”superpartner”

having similar properties except the spin which differs by 1
2
.

The relativistic particle of mass m is described by the world line action

S =
1

2

∫
dτ

(
e−1ẋ2 − em2

)
, (1.15)

wheree(τ) is the ”einbein”; which is an auxiliary field takes the role of the

metric tensor on the world-line such as g(τ) = e2(τ) [4]. Here, we achieve

space-time supersymmetry by generalizing Minkowski space, with bosonic

coordinates xµ, to a superspace with fermonic coordinates. If there are to

be N supersymmetries, we introduce N anticommuting spinor coordinates

5



θα
i i = 1, 2, ..., N , and the index α is that of a space-time spinor appropriate

to D dimensions. Now we generalize the bosonic point particle, which prop-

agates in Minkowski space, to supersymmetric point particle propagating in

superspace. The simplest and most straightforword generalization of (1.15)

is written as

S =
1

2

∫
dτ

{
e−1

(
ẋµ − iθ̄γµθ̇

)2

− em2

}
. (1.16)

The classical dynamics of superparticles are considered by applying Hamilton-

Jacobi formalism in chapter2.

1.4 String Theory

String theory is a model of fundamental physics whose building blocks are

one-dimensional extended objects (strings) rather than the zero-dimensional

points (particles) that are the basis of the standard model of particle physics.

For this reason, string theories are able to avoid problems associated with the

presence of point-like particles in a physical theory. Interest in string theory

is driven largely by the hope that it will serve to be a theory of everything.

It is a possible solution of the quantum gravity problem, and in addition to

gravity it can naturally describe interactions similar to electromagnetism and

the other forces of nature [22, 23]. There are two different types of strings.

Open strings (figure 1.1) are simply one-dimensional structures that have

two endpoints. Thus, an open string can be thought of as a line that has the

capability of moving flexibly. Closed strings (figure 1.2) are one-dimensional

6



Figure 1.1: open string

structures that lack endpoints; therefore, equating them with flexible circles.

Figure 1.2: closed string

The original version of string theory is now known as ”bosonic string

theory” and involved twenty-six spacetime dimensions. The naming of this

theory is due to its use of only bosonic particles; bosons are those particles

which have an integer spin. This meant that the theory was lacking fermions;

fermion is any particle that has an odd half-integer spin, and could not be a

grand unification theory. Superstring theory or supersymmetric string theory

added to the previous version of string theory by incorporating supersymme-

try and realizing that bosonic patterns and fermionic patterns came in pairs.

That is, there was ”symmetry” between the bosonic and fermionic patterns.
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1.5 Outline

The main argument of this thesis is devoted to make a formal generalization

of Hamilton-Jacobi formalism for singular systems to be applicable to new

areas in physics, e.g. relativistic extended objects, such as strings and mem-

branes. We have tried to develop a Hamilton-Jacobi formulation to study

the dynamics of supersymmetric singular Lagrangian systems.

The organization is as follow. Chapter 2 contains a discussion of different

models of superparticle which treated as a singular system to be investigated

by Hamilton-Jacobi approach. The third chapter opens with the Hamilton-

Jacobi formulation of superparticle with extended supersymmetric coupled

with an external superpotential. Chapter 4 is devoted to analyze the differ-

ent examples of superstring by using similar formulation. Finally, Chapter

5, contains the discussion of the obtained results and a general summary of

this thesis.
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Chapter 2

Hamilton-Jacobi Formulation

of Superparticles

Supersymmetric particles ”superparticles” was stimulated by a dynamical

developing research in the supersymmetry in the present decade with such a

new models presented by: Brink-Schwarz [24] and Siegel [25]. This aspect of

the superparticle models makes that they are instructive toy models used to

understand the superstrings and the variety of their quantization procedures.

In this chapter we try to apply the treatment of Hamilton-Jacobi for different

models of superparticle.
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2.1 Brink-Schwarz Superparticle

One may write an action for a particle moving in a superspace; which is

an extension of ordinary spacetime to include extra anticommuting coordi-

nates in the form of N two-component Weyl spinors θ, θ̄ , where θ̄ is the

conjugate of θ. Such action, firstly is written by Brink-Schwarz with simple

supersymmetry N = 1 [24],

SBS =
1

2

∫
dτ

{
e−1

(
ẋµ − iθ̄γµθ̇

)2

+ em2

}
. (2.1)

where m is the mass of the superparticle and γµ is Dirac gamma matrices.

Then a manifestly Lagrangian is

L =
1

2

{
e−1

(
ẋµ − iθ̄γµθ̇

)2

+ em2

}
. (2.2)

The singularity of the Lagrangian follows from the fact that the rank of the

Hessian Aij is one.

To find the Hamiltonian H0, one typically begins by finding the conjugate

momenta. Our conjugate momenta are defined in (1.2) and (1.3) read as

Pµ =
∂L

∂ẋµ
= e−1

(
ẋµ − iθ̄γµθ̇

)
, (2.3)

πθ =
∂rL

∂θ̇
= −iθ̄Pµγ

µ = −Hθ, (2.4)

π̄θ̄ =
∂rL

∂ ˙̄θ
= 0 = −Hθ̄, (2.5)

Pe =
∂L

∂ė
= 0 = −He. (2.6)
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where ∂r means right derivatives (A.13).

Since the rank of the Hess matrix is one, we can solve (2.3) for ẋµ in terms

of Pµ and other coordinates, in the form

ẋµ = ePµ + iθ̄γµθ̇. (2.7)

The canonical Hamiltonian H0 is

H0 = −L + Pµẋµ + πθθ̇ + π̄θ̄
˙̄θ + Peė

=
1

2
e

(
P 2 −m2

)
. (2.8)

The corresponding set of (HJPDE)’s according to (1.7) is

H ′
0 = P0 +

1

2
e

(
P 2 −m2

)
, (2.9)

H ′
θ = Pθ + iθ̄Pµγ

µ, (2.10)

H ′̄
θ = Pθ̄, (2.11)

H ′
e = Pe. (2.12)

Equations (2.9)-(2.12) are the constraints restricting the system. The total

differential equations for the characteristics (1.10) and (1.11) read as

dxµ =
∂H ′

0

∂P µ
dτ +

∂H ′
θ

∂P µ
dθ +

∂H ′̄
θ

∂P µ
dθ̄ +

∂H ′
e

∂P µ
de

= ePµdτ + iθ̄γµdθ, (2.13)

dP0 = −∂H ′
0

∂τ
dτ − ∂H ′

θ

∂τ
dθ − ∂H ′̄

θ

∂τ
dθ̄ − ∂H ′

e

∂τ
de

= 0, (2.14)
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dPµ = −∂H ′
0

∂xµ
dτ − ∂H ′

θ

∂xµ
dθ − ∂H ′̄

θ

∂xµ
dθ̄ − ∂H ′

e

∂xµ
de

= 0, (2.15)

dπθ = −∂H ′
0

∂θ
dτ − ∂H ′

θ

∂θ
dθ − ∂H ′̄

θ

∂θ
dθ̄ − ∂H ′

e

∂θ
de

= 0, (2.16)

dπ̄θ̄ = −∂H ′
0

∂θ̄
dτ − ∂H ′

θ

∂θ̄
dθ − ∂H ′̄

θ

∂θ̄
dθ̄ − ∂H ′

e

∂θ̄
de

= (−iPµγ
µ)dθ, (2.17)

dPe = −∂H ′
0

∂e
dτ − ∂H ′

θ

∂e
dθ − ∂H ′̄

θ

∂e
dθ̄ − ∂H ′

e

∂e
de

= −1

2

(
P 2 −m2

)
dτ. (2.18)

To check whether the set of equations (2.13) to (2.18) are integrable or not,

let us consider the total variations of the set of (HJPDE)’s. The variation of

constraints (2.9) to (2.12) respectively are:

dH ′
0 = dP0 +

1

2

(
P 2 −m2

)
de + ePµdP µ, (2.19)

dH ′
θ = dPθ + idθ̄Pµγ

µ, (2.20)

dH ′̄
θ = dPθ̄, (2.21)

and

dH ′
e = dPe. (2.22)

Making use of (2.13) to (2.18) we obtain that

dH ′
0 = 0, (2.23)
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dH ′
θ = 0, (2.24)

and

dH ′̄
θ = 0, (2.25)

are identically zero, whereas

dH ′
e = −1

2

(
P 2 −m2

)
dτ ≡ H ′′

e dτ, (2.26)

are not, where

H ′′
e =

1

2

(
P 2 −m2

)
= 0. (2.27)

is a new constraint. We notice that the total differential of H ′′
e vanish iden-

tically, i.e.

dH ′′
e = PµdP µ = 0. (2.28)

Thus the equations of motion (2.13)-(2.18) and the new constraint (2.27)

represent an integrable system. According to (1.12) the action can be written

as

dZ = −H0dτ −Hθdθ −Hθ̄dθ̄ −Hede + Pµdxµ

=

{
−1

2
e

(
P 2 −m2

)
+ Pµ

(
ẋ− iθ̄γµθ̇

)}
dτ, (2.29)

and the canonical action integral becomes

S =

∫ {
−1

2
e

(
P 2 −m2

)
+ Pµ

(
ẋ− iθ̄γµθ̇

)}
dτ. (2.30)

As a result, the phase space action (2.30) involves momenta conjugated to

the particle position, and there are constraints on the phase space variables.

By using (2.3) we obtain the original action (2.1).

13



2.2 Siegel Superparticle

The most popular superspace in physics is R4|4; (standard superspace R4|4N =

(xµ, θα
i , θ̄α̇i), i = 1, 2, ..., N), which is the direct sum of four real bosonic

dimensions and four real Grassmann dimensions (see the appendix A). The

action of massless Siegel superparticle moving in R4|4 flat superspace is [25,

26]

S =

∫ {
1

2e

(
ẋµ + iθγµ ˙̄θ − iθ̇γµθ̄ + iψγµρ̄− iργµψ̄

)2

− ραθ̇α − ρ̄α̇
˙̄θα̇

}
dτ.

(2.31)

The variables (ψ, ψ̄) are the gauge fields and the pair (ρα, ρ̄α̇) provides the

terms corresponding to (mixed) covariant propagator for fermions. Then the

Lagrangian can be written in the following way:

L =
1

2e

(
ẋµ + iθγµ ˙̄θ − iθ̇γµθ̄ + iψγµρ̄− iργµψ̄

)2

− ραθ̇α − ρ̄α̇
˙̄θα̇.

(2.32)

The momenta, canonically conjugated to the coordinates of the superparticle,

take the forms

P µ =
∂L

∂ẋµ

=
1

e

(
ẋµ + iθγµ ˙̄θ − iθ̇γµθ̄ + iψγµρ̄− iργµψ̄

)
, (2.33)

πθ =
∂rL

∂θ̇
= −iPµγ

µθ̄ − ρα = −Hθ, (2.34)

π̄θ̄ =
∂rL

∂ ˙̄θ
= iθγµPµ − ρ̄α̇ = −Hθ̄, (2.35)
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πψ =
∂rL

∂ψ̇
= 0 = −Hψ, (2.36)

π̄ψ̄ =
∂rL

∂ ˙̄ψ
= 0 = −Hψ̄, (2.37)

πρ =
∂rL

∂ρ̇
= 0 = −Hρ, (2.38)

π̄ρ̄ =
∂rL

∂ ˙̄ρ
= 0 = −Hρ̄, (2.39)

Pe =
∂L

∂ė
= 0 = −He. (2.40)

Since the rank of the Hess matrix is one, we can solve (2.33) for ẋµ in terms

of P µ and other coordinates

ẋµ = eP µ − iθγµ ˙̄θ + iθ̇γµθ̄ − iψγµρ̄ + iργµψ̄. (2.41)

The canonical Hamiltonian H0 of this system is given by

H0 = −L + Pµẋµ + πθθ̇ + π̄θ̄
˙̄θ + πψψ̇ + π̄ψ̄

˙̄ψ + πρρ̇ + π̄ρ̄ ˙̄ρ + Peė

=
1

2
eP 2 − iψγµρ̄Pµ + iργµψ̄Pµ. (2.42)

As a consequence, the set of (HJPDE)’s is obtained as,

H ′
0 = P0 +

1

2
eP 2 − iψγµρ̄Pµ + iργµψ̄Pµ, (2.43)

H ′
θ = πθ + Pµγ

µθ̄ + ρα, (2.44)

H ′̄
θ = π̄θ̄ − iθγµPµ + ρ̄α̇, (2.45)

H ′
ψ = πψ, (2.46)

H ′̄
ψ = π̄ψ̄, (2.47)
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H ′
ρ = πρ, (2.48)

H ′
ρ̄ = π̄ρ̄, (2.49)

and

H ′
e = Pe. (2.50)

The equations of motion (1.10) and (1.11) can be written as

dxµ =
∂H ′

0

∂Pµ

dτ +
∂H ′

θ

∂Pµ

dθ +
∂H ′̄

θ

∂Pµ

dθ̄ +
∂H ′

ψ

∂Pµ

dψ

+
∂H ′̄

ψ

∂Pµ

dψ̄ +
∂H ′

ρ

∂Pµ

dρ +
∂H ′

ρ̄

∂Pµ

dρ̄ +
∂H ′

e

∂Pµ

de

=

(
eP µ − iψγµρ̄ + iργµψ̄

)
dτ + iγµθ̄dθ

− iθγµdθ̄, (2.51)

dP0 = −∂H ′
0

∂τ
dτ − ∂H ′

θ

∂τ
dθ − ∂H ′̄

θ

∂τ
dθ̄ − ∂H ′

ψ

∂τ
dψ

−
∂H ′̄

ψ

∂τ
dψ̄ − ∂H ′

ρ

∂τ
dρ− ∂H ′

ρ̄

∂τ
dρ̄− ∂H ′

e

∂τ
de

= 0, (2.52)

dPµ = −∂H ′
0

∂xµ
dτ − ∂H ′

θ

∂xµ
dθ − ∂H ′̄

θ

∂xµ
dθ̄ − ∂H ′

ψ

∂xµ
dψ

−
∂H ′̄

ψ

∂xµ
dψ̄ − ∂H ′

ρ

∂xµ
dρ− ∂H ′

ρ̄

∂xµ
dρ̄− ∂H ′

e

∂xµ
de

= 0, (2.53)

dπθ = −∂H ′
0

∂θ
dτ − ∂H ′

θ

∂θ
dθ − ∂H ′̄

θ

∂θ
dθ̄ − ∂H ′

ψ

∂θ
dψ

−
∂H ′̄

ψ

∂θ
dψ̄ − ∂H ′

ρ

∂θ
dρ− ∂H ′

ρ̄

∂θ
dρ̄− ∂H ′

e

∂θ
de

=

(
iγµPµ

)
dθ̄, (2.54)

16



dπ̄θ̄ = −∂H ′
0

∂θ̄
dτ − ∂H ′

θ

∂θ̄
dθ − ∂H ′̄

θ

∂θ̄
dθ̄ − ∂H ′

ψ

∂θ̄
dψ

−
∂H ′̄

ψ

∂θ̄
dψ̄ − ∂H ′

ρ

∂θ̄
dρ− ∂H ′

ρ̄

∂θ̄
dρ̄− ∂H ′

e

∂θ̄
de

=

(
−iPµγ

µ

)
dθ, (2.55)

dπψ = −∂H ′
0

∂ψ
dτ − ∂H ′

θ

∂ψ
dθ − ∂H ′̄

θ

∂ψ
dθ̄ − ∂H ′

ψ

∂ψ
dψ

−
∂H ′̄

ψ

∂ψ
dψ̄ − ∂H ′

ρ

∂ψ
dρ− ∂H ′

ρ̄

∂ψ
dρ̄− ∂H ′

e

∂ψ
de

=

(
iPµγ

µρ̄

)
dτ, (2.56)

dπ̄ψ̄ = −∂H ′
0

∂ψ̄
dτ − ∂H ′

θ

∂ψ̄
dθ − ∂H ′̄

θ

∂ψ̄
dθ̄ − ∂H ′

ψ

∂ψ̄
dψ

−
∂H ′̄

ψ

∂ψ̄
dψ̄ − ∂H ′

ρ

∂ψ̄
dρ− ∂H ′

ρ̄

∂ψ̄
dρ̄− ∂H ′

e

∂ψ̄
de

=

(
−iργµPµ

)
dτ, (2.57)

dπρ = −∂H ′
0

∂ρ
dτ − ∂H ′

θ

∂ρ
dθ − ∂H ′̄

θ

∂ρ
dθ̄ − ∂H ′

ψ

∂ρ
dψ

−
∂H ′̄

ψ

∂ρ
dψ̄ − ∂H ′

ρ

∂ρ
dρ− ∂H ′

ρ̄

∂ρ
dρ̄− ∂H ′

e

∂ρ
de

=

(
−iγµψ̄Pµ

)
dτ − dθ, (2.58)

dπ̄ρ̄ = −∂H ′
0

∂ρ̄
dτ − ∂H ′

θ

∂ρ̄
dθ − ∂H ′̄

θ

∂ρ̄
dθ̄ − ∂H ′

ψ

∂ρ̄
dψ

−
∂H ′̄

ψ

∂ρ̄
dψ̄ − ∂H ′

ρ

∂ρ̄
dρ− ∂H ′

ρ̄

∂ρ̄
dρ̄− ∂H ′

e

∂ρ̄
de

=

(
iψγµPµ

)
dτ − dθ̄, (2.59)
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dPe = −∂H ′
0

∂e
dτ − ∂H ′

θ

∂e
dθ − ∂H ′̄

θ

∂e
dθ̄ − ∂H ′

ψ

∂e
dψ

−
∂H ′̄

ψ

∂e
dψ̄ − ∂H ′

ρ

∂e
dρ− ∂H ′

ρ̄

∂e
dρ̄− ∂H ′

e

∂e
de

=

(
1

2
P 2

)
dτ. (2.60)

The integrability conditions (1.13) and (1.14) imply that the variations of

the constraints (2.43)-(2.50) should be identically zero. One notices that

dH ′
0 = 0, (2.61)

dH ′
θ = 0, (2.62)

and

dH ′̄
θ = 0. (2.63)

are identically zero, whereas the variations of

dH ′
ψ =

(
iPµγ

µρ̄

)
dτ ≡ H ′′

ψdτ, (2.64)

dH ′̄
ψ =

(
−iργµPµ

)
dτ ≡ H ′′̄

ψdτ, (2.65)

dH ′
ρ =

(
−iγµψ̄Pµ

)
dτ − dθ ≡ H ′′

ρ dτ, (2.66)

dH ′
ρ̄ =

(
iψγµPµ

)
dτ − dθ̄ ≡ H ′′

ρ̄ dτ, (2.67)

and

dH ′
e =

(
1

2
P 2

)
dτ ≡ H ′′

e dτ. (2.68)
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are not. Therefore we obtain the following set of additional constraints;

H ′′
ψ = iPµγ

µρ̄, (2.69)

H ′′̄
ψ = −iργµPµ, (2.70)

H ′′
ρ = −iγµψ̄Pµ, (2.71)

H ′′
ρ̄ = iψγµPµ, (2.72)

and

H ′′
e =

1

2
P 2. (2.73)

Calculations show that the total differential of H ′′
ψ, H ′′̄

ψ
, H ′′

ρ , H ′′
ρ̄ and H ′′

e

vanish identically, i.e.

dH ′′
ψ = 0, (2.74)

dH ′′̄
ψ = 0, (2.75)

dH ′′
ρ = 0, (2.76)

dH ′′
ρ̄ = 0, (2.77)

and

dH ′′
e = 0. (2.78)

Thus the equations of motion (2.51) - (2.60) and the new constraints (2.69)

- (2.73) represent an integrable system. Since the equations of motion are
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integrable, the action can be written as

dZ = −H0dτ −Hθdθ −Hθ̄dθ̄ −Hψdψ −Hψ̄dψ̄

−Hρdρ−Hρ̄dρ̄−Hede + Pµdxµ

=

{
Pµ

(
ẋµ + iθγµ ˙̄θ − iθ̇γµθ̄ + iψγµρ̄− iργµψ̄

)

− ραθ̇α − ρ̄α̇
˙̄θ − 1

2
eP 2

}
dτ. (2.79)

We now present a phase-space action for the superparticle,

S =

∫ {
Pµ

(
ẋµ + iθγµ ˙̄θ − iθ̇γµθ̄ + iψγµρ̄− iργµψ̄

)

− ραθ̇α − ρ̄α̇
˙̄θ − 1

2
eP 2

}
dτ. (2.80)

In the Hamiltonian framework, there are first class constraints, which are

combined with second class constraints, which are simply formulated by ap-

plying Hamilton- Jacobi rather than Dirac’s method. Since the system is inte-

grable, we can obtain the canonical reduced phase-space coordinates without

using any gauge fixing condition, which would be suitable for quantization.

2.3 Spinning Superparticle

This section is concerned with theories describing spinning particles that are

formulated in terms of actions possessing local world-line supersymmetry.

These classical actions are obtained by adding a finite number of spinor

or vector coordinates to the usual space-time coordinates. Generalizing to

superspace leads to corresponding types of ”spinning superparticle”. The
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spinning superparticle model is described by the action [27]

S =

∫ {
1

2e

(
ẋµ − iθ̄γµθ̇ − eh̄γµh

)2

+
i

2

(
ψµ − h̄γµθ

) d

dτ

(
ψµ − h̄γµθ

)

+
i

e
χ
(
ψµ − h̄γµθ

)(
ẋµ − iθ̄γµθ̇ − eh̄γµh

)}
dτ.

(2.81)

In such a space-time one can define, in addition to the usual coordinates, a

spinor of real fermionic supermultiplets (θ, h), which define an anti-commuting

and a commuting Majorana spinor; is a real spinor which is equal to its

charge conjugate θ̄ = θ, in the target space-time, respectively, and (ψµ, χ)

are Grassman (fermionic or odd) variables which describe spinning degrees

of freedom.

From the action (2.81), we have the singular Lagrangian

L =
1

2e

(
ẋµ − iθ̄γµθ̇ − eh̄γµh

)2

+
i

2

(
ψµ − h̄γµθ

) d

dτ

(
ψµ − h̄γµθ

)

+
i

e
χ
(
ψµ − h̄γµθ

)(
ẋµ − iθ̄γµθ̇ − eh̄γµh

)
. (2.82)

The momenta, canonically conjugated to the coordinates of the spinning

superparticle, are

Pµ =
∂L

∂ẋµ
=

1

e

(
ẋµ − iθ̄γµθ̇ − eh̄γµh

)
+

i

e
χ
(
ψµ − h̄γµθ

)
(2.83)
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πθ =
∂rL

∂θ̇
= −i

(
Pµγ

µθ̄ +
1

2
ψµγ

µh̄
)
≡ −Hθ, (2.84)

π̄θ̄ =
∂rL

∂ ˙̄θ
= 0 ≡ −Hθ̄, (2.85)

πh =
∂rL

∂ḣ
= 0 ≡ −Hh, (2.86)

π̄h̄ =
∂rL

∂ ˙̄h
= − i

2
ψµγ

µθ ≡ −Hh̄, (2.87)

P µ
ψ =

∂L

∂ψ̇µ

=
i

2

(
ψµ − h̄γµθ

)
≡ −Hψ, (2.88)

Pχ =
∂L

∂χ̇
= 0 ≡ −Hχ, (2.89)

and

Pe =
∂L

∂ė
= 0 ≡ −He. (2.90)

Since the rank of the Hess matrix is one, we can solve (2.83) for ẋµ in terms

of Pµ and other coordinates as

ẋµ = ePµ − iχ
(
ψµ − h̄γµθ

)
+ iθ̄γµθ̇ + eh̄γµh. (2.91)

The canonical Hamiltonian H0 is obtained as

H0 = −L + Pµẋµ + πθθ̇ + π̄θ̄
˙̄θ + πhḣ + π̄h̄

˙̄h + Pψψ̇ + Pχχ̇ + Peė

=
1

2e

{
ePµ − iχ

(
ψµ − h̄γµθ

)}2

+ ePµ

(
h̄γµh

)
. (2.92)

By means of relations (2.84) - (2.90) the set of (HJPDE)’s is,

H ′
0 = P0 +

1

2e

{
ePµ − iχ

(
ψµ − h̄γµθ

)}2

+ ePµ

(
h̄γµh

)
= 0, (2.93)
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H ′
θ = πθ + i

(
Pµγ

µθ̄ +
1

2
ψµγ

µh̄
)

= 0, (2.94)

H ′̄
θ = π̄θ̄ = 0, (2.95)

H ′
h = πh = 0, (2.96)

H ′̄
h = π̄h̄ +

i

2
ψµγµθ = 0, (2.97)

H ′
ψ = P µ

ψ −
i

2

(
ψµ − h̄γµθ

)
= 0, (2.98)

H ′
χ = Pχ = 0, (2.99)

H ′
e = Pe = 0. (2.100)

The equations of motion (1.10) and (1.11) can be written as

dxµ =
∂H ′

0

∂P µ
dτ +

∂H ′
θ

∂P µ
dθ +

∂H ′̄
θ

∂P µ
dθ̄ +

∂H ′
h

∂P µ
dh +

∂H ′̄
h

∂P µ
dh̄

+
∂H ′

ψ

∂P µ
dψµ +

∂H ′
χ

∂P µ
dχ +

∂H ′
e

∂P µ
de

=

{
ePµ − iχ

(
ψµ − h̄γµθ

)
+ e

(
h̄γµh

)}
dτ

+ iθ̄γµdθ, (2.101)

dP0 = −∂H ′
0

∂τ
dτ − ∂H ′

θ

∂τ
dθ − ∂H ′̄

θ

∂τ
dθ̄ − ∂H ′

h

∂τ
dh− ∂H ′̄

h

∂τ
dh̄

− ∂H ′
ψ

∂τ
dψµ −

∂H ′
χ

∂τ
dχ− ∂H ′

e

∂τ
de

= 0, (2.102)

dPµ = −∂H ′
0

∂xµ

dτ − ∂H ′
θ

∂xµ

dθ − ∂H ′̄
θ

∂xµ

dθ̄ − ∂H ′
h

∂xµ

dh− ∂H ′̄
h

∂xµ

dh̄

− ∂H ′
ψ

∂xµ

dψµ −
∂H ′

ρ

∂xµ

dχ− ∂H ′
e

∂xµ

de

= 0, (2.103)
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dπθ = −∂H ′
0

∂θ
dτ − ∂H ′

θ

∂θ
dθ − ∂H ′̄

θ

∂θ
dθ̄ − ∂H ′

h

∂θ
dh− ∂H ′̄

h

∂θ
dh̄

− ∂H ′
ψ

∂θ
dψµ −

∂H ′
χ

∂θ
dχ− ∂H ′

e

∂θ
de

= − i

e

(
ePµ − iχψµ

)
h̄γµχdτ − i

2
ψµγ

µdh̄− i

2
h̄γµdψµ, (2.104)

dπ̄θ̄ = −∂H ′
0

∂θ̄
dτ − ∂H ′

θ

∂θ̄
dθ − ∂H ′̄

θ

∂θ̄
dθ̄ − ∂H ′

h

∂θ̄
dh− ∂H ′̄

h

∂θ̄
dh̄

− ∂H ′
ψ

∂θ̄
dψµ −

∂H ′
χ

∂θ̄
dχ− ∂H ′

e

∂θ̄
de

=
(
− iPµγ

µ
)
dθ, (2.105)

dπh = −∂H ′
0

∂h
dτ − ∂H ′

θ

∂h
dθ − ∂H ′̄

θ

∂h
dθ̄ − ∂H ′

h

∂h
dh− ∂H ′̄

h

∂h
dh̄

− ∂H ′
ψ

∂h
dψµ −

∂H ′
χ

∂h
dχ− ∂H ′

e

∂h
de

=
(
− ePµh̄γµ

)
dτ, (2.106)

dπ̄h̄ = −∂H ′
0

∂h̄
dτ − ∂H ′

θ

∂h̄
dθ − ∂H ′̄

θ

∂h̄
dθ̄ − ∂H ′

h

∂h̄
dh− ∂H ′̄

h

∂h̄
dh̄

− ∂H ′
ψ

∂h̄
dψµ −

∂H ′
χ

∂h̄
dχ− ∂H ′

e

∂h̄
de

= −
{

i

e

(
ePµ − iχψµ

)
χγµθ + ePµγ

µh

}
dτ − i

2
ψµγ

µdθ

− i

2
γµθdψµ, (2.107)

dP µ
ψ = −∂H ′

0

∂ψµ

dτ − ∂H ′
θ

∂ψµ

dθ − ∂H ′̄
θ

∂ψµ

dθ̄ − ∂H ′
h

∂ψµ

dh− ∂H ′̄
h

∂ψµ

dh̄

− ∂H ′
ψ

∂ψµ

dψµ −
∂H ′

χ

∂ψµ

dχ− ∂H ′
e

∂ψµ

de

=
i

e

{
eP µ − iχ

(
ψµ − h̄γµθ

)}
χdτ − i

2
h̄γµdθ − i

2
γµθdh̄

− i

2
γµθdψµ, (2.108)
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dPχ = −∂H ′
0

∂χ
dτ − ∂H ′

θ

∂χ
dθ − ∂H ′̄

θ

∂χ
dθ̄ − ∂H ′

h

∂χ
dh− ∂H ′̄

h

∂χ
dh̄

− ∂H ′
ψ

∂χ
dψµ −

∂H ′
χ

∂χ
dχ− ∂H ′

e

∂χ
de

=
i

e

{
ePµ − iχ

(
ψµ − h̄γµθ

)}(
ψµ − h̄γµθ

)
dτ, (2.109)

dPe = −∂H ′
0

∂e
dτ − ∂H ′

θ

∂e
dθ − ∂H ′̄

θ

∂e
dθ̄ − ∂H ′

h

∂e
dh− ∂H ′̄

h

∂e
dh̄

− ∂H ′
ψ

∂e
dψµ −

∂H ′
χ

∂e
dχ− ∂H ′

e

∂e
de

=

{
1

2
P 2 +

1

e2
χ2

(
ψµ − h̄γµθ

)2

+ Pµ

(
h̄γµh

)}
dτ. (2.110)

Using the integrability conditions (1.13) and (1.14) we obtain the variations

of the constraints (2.93) - (2.100),

dH ′
0 = 0, (2.111)

dH ′̄
θ = 0, (2.112)

are identically zero, whereas the variation of

dH ′
θ = −

{
i

e

(
ePµ − iχψµ

)
χγµθ

}
dτ + iPµγ

µdθ ≡ H ′′
θ dτ, (2.113)

dH ′
h =

(
− iPµh̄γµ

)
dτ ≡ H ′′

hdτ, (2.114)

dH ′̄
h = −

{
i

e

(
ePµ − iχψµ

)
χγµθ + ePµγ

µh

}
dτ ≡ H ′′̄

hdτ, (2.115)

dH ′
ψ =

{
i

e

(
ePµ − iχ

(
ψµ − h̄γµθ

))
χ

}
dτ ≡ H ′′

ψdτ, (2.116)

dH ′
χ =

{
i

e

(
ePµ − iχ

(
ψµ − h̄γµθ

))(
ψµ − h̄γµθ

)}
dτ ≡ H ′′

χdτ, (2.117)

dH ′
e =

{
1

2
P 2 +

1

e2
χ2

(
ψµ − h̄γµθ

)2

+ Pµ

(
h̄γµh

)}
dτ ≡ H ′′

e dτ. (2.118)
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are not. Therefore we obtain the following set of additional constraints;

H ′′
θ =

{
− i

e

(
ePµ − iχψµ

)
h̄γµχ

}
= 0, (2.119)

H ′′
h =

(
− iPµh̄γµ

)
= 0, (2.120)

H ′′̄
h = −

{
i

e

(
ePµ − iχψµ

)
χγµθ + ePµγ

µh

}
= 0, (2.121)

H ′′
ψ =

{
i

e

(
ePµ − iχ

(
ψµ − h̄γµθ

))
χ

}
= 0, (2.122)

H ′′
χ =

{
i

e

(
ePµ − iχ

(
ψµ − h̄γµθ

))(
ψµ − h̄γµθ

)}
= 0, (2.123)

and

H ′′
e =

{
1

2
P 2 +

1

e2
χ2

(
ψµ − h̄γµθ

)2

+ Pµ

(
h̄γµh

)}
= 0. (2.124)

One notices that the total differential of H ′′
θ , H ′′

h , H ′′̄
h
, H ′′

ψ, H ′′
χ and H ′′

e vanish

identically, i.e.

dH ′′
θ = 0, (2.125)

dH ′′
h = 0, (2.126)

dH ′′̄
h = 0, (2.127)

dH ′′
ψ = 0, (2.128)

dH ′′
χ = 0, (2.129)

and

dH ′′
e = 0. (2.130)
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Thus the equations of motion (2.101) - (2.110) and the new constraints

(2.119) - (2.124) represent an integrable system. Since the equations of mo-

tion are integrable, the action can be written as

dZ = −H0dτ −Hθdθ −Hθ̄dθ̄ −Hhdh−Hh̄dh̄

−Hψdψµ −Hχdχ−Hede + Pµdxµ

=

{
1

2
eP 2 +

1

2e
χ2

(
ψµ − h̄γµθ

)2

− i

2
ψµ

(
h̄γµθ̇ − ˙̄hγµθ

)

+
i

2

(
ψµ − h̄γµθ

)
ψ̇µ

}
dτ. (2.131)

We now present a phase-space action for the spinning superparticle,

S =

∫ {
1

2
eP 2 +

1

2e
χ2

(
ψµ − h̄γµθ

)2

− i

2
ψµ

(
h̄γµθ̇ − ˙̄hγµθ

)

+
i

2

(
ψµ − h̄γµθ

)
ψ̇µ

}
dτ. (2.132)

It is no surprise that the above result is simply the result of the spinning

particle [28], added to anticommuting sectors of the superspace, as in the

action (2.132).

In the case of superparticle, there are first and second-class constraints,

the occurrence of second-class constraints arises from the fact that the Grass-

mann momenta, conjugate to the fermionic variables, are non-independent

phase-space variables. The Hamilton-Jacobi formalism has an advantage that

there is no difference between first and second class constraints and we do

not need a gauge-fixing term because the gauge variables are separated in the

processes of constructing an integrable system of total differential equations.
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Chapter 3

Massive Superparticle

This chapter is devoted to study the superparticle with extended supersym-

metric (i.e., those containing more than one spinor generator) model, we

apply the Hamilton-Jacobi formulation on the simplest extended N = 2 su-

persymmetric massive superparticle and we examine this model when the

minimal coupling with an external N = 2 superpotential is introduced.

3.1 N = 2 Massive Superparticle Model

The action, which reproduces the desired massive superparticle in D = 4,

N = 2 target superspace looks as follows: [29]

S =

∫
dτ

{
1

2

(
ω2

g
− gm2

)
+ m

(
θα

iθ̇
i
α + θ̄α̇i

˙̄θ
α̇i

)}
. (3.1)

where ωµ = ẋµ + iθα
iσ

µ
αα̇

˙̄θ
α̇i − iθ̇α

i σµ
αα̇θ̄α̇i, i = 1, 2, ..., N. Here g is the

worldline einbein.
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The corresponding Lagrangian is written as

L =
1

2

(
ω2

g
− gm2

)
+ m

(
θα

iθ̇
i
α + θ̄α̇i

˙̄θ
α̇i

)
. (3.2)

The Hamiltonian analysis begin with the introduction of the momenta vari-

ables according to equations (1.2) and (1.3), which read as

Pµ =
∂L

∂ẋµ
=

1

g

{
ẋµ + i

(
θα

iσµ
αα̇ ˙̄θα̇i

)
−

(
iθ̇i

ασµ
αα̇θ̄α̇i

)}
=

ωµ

g
, (3.3)

πi
α =

∂rL

∂θ̇α
i

= −iPµσ
µ
αα̇θ̄α̇i + mθi

α = −Hθi
α
, (3.4)

π̄α̇i =
∂rL

∂ ˙̄θα̇i
= iPµθ

α
i σµ

αα̇ + mθ̄α̇i = −Hθ̄α̇i
, (3.5)

pg =
∂L

∂ġ
= 0 = −Hg. (3.6)

We can solve (3.3) for ẋµ in terms of Pµ and other coordinates to obtain

ẋµ = gPµ − i

(
θα

iσµ
αα̇ ˙̄θα̇i

)
+

(
iθ̇i

ασµ
αα̇θ̄α̇i

)
. (3.7)

The canonical Hamiltonian H0 is

H0 = −L + Pµẋµ + πi
αθ̇α

i + π̄α̇i
˙̄θα̇i + pgġ

=
1

2
g

(
P 2 + m2

)
. (3.8)

Following the Hamilton-Jacobi formalism we obtain the set of HJPDE’s,

H ′
0 = P0 +

1

2
g

(
P 2 + m2

)
, (3.9)

H ′
θi
α

= πi
α + iPµσ

µ
αα̇θ̄α̇i −mθi

α, (3.10)

H ′̄
θα̇i

= π̄α̇i − iPµθ
α
i σµ

αα̇ −mθ̄α̇i, (3.11)
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H ′
g = pg. (3.12)

The equations of motion read as

dxµ =
∂H ′

0

∂Pµ

dτ +
∂H ′

θi
α

∂Pµ

dθα
i +

∂H ′̄
θα̇i

∂Pµ

dθ̄α̇i +
∂H ′

g

∂Pµ

dg

= gP µdτ + i

(
σµ

αα̇θ̄α̇i

)
dθα

i − i

(
θα

i σµ
αα̇

)
dθ̄α̇i, (3.13)

dP0 = −∂H ′
0

∂τ
dτ −

∂H ′
θi
α

∂τ
dθα

i −
∂H ′̄

θα̇i

∂τ
dθ̄α̇i − ∂H ′

g

∂τ
dg

= 0, (3.14)

dPµ = −∂H ′
0

∂xµ
dτ −

∂H ′
θi
α

∂xµ
dθα

i −
∂H ′̄

θα̇i

∂xµ
dθ̄α̇i − ∂H ′

g

∂xµ
dg

= 0, (3.15)

dπi
α = −∂H ′

0

∂θα
i

dτ −
∂H ′

θj
β

∂θα
i

dθβ
j −

∂H ′̄
θβ̇j

∂θα
i

dθ̄β̇j − ∂H ′
g

∂θα
i

dg

= (iPµσ
µ
αα̇)dθ̄α̇i + mdθi

α, (3.16)

dπ̄α̇i = −∂H ′
0

∂θ̄α̇i
dτ −

∂H ′
θj
β

∂θ̄α̇i
dθβ

j −
∂H ′̄

θβ̇j

∂θ̄α̇i
dθ̄β̇j − ∂H ′

g

∂θ̄α̇i
dg

=

(
−iPµσ

µ
αα̇

)
dθα

i + mdθ̄α̇i, (3.17)

and

dpg = −∂H ′
0

∂g
dτ −

∂H ′
θi
α

∂g
dθα

i −
∂H ′̄

θα̇i

∂g
dθ̄α̇i − ∂H ′

g

∂g
dg

=
1

2

(
P 2 + m2

)
dτ. (3.18)

The next step is the exploration of the set of (3.13) to (3.18) are integrable

or not. The variation of H ′
0, H ′

θ, and H ′̄
θ
,

dH ′
0 = 0, (3.19)
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dH ′
θi
α

= 0, (3.20)

and

dH ′̄
θα̇i

= 0, (3.21)

are identically zero, whereas

dH ′
g =

1

2

(
P 2 + m2

)
dτ ≡ H ′′

g dτ. (3.22)

are not, with

H ′′
g =

1

2

(
P 2 + m2

)
= 0. (3.23)

is a new constraint. We notice that the total differential of H ′′
g vanish iden-

tically, i.e.

dH ′′
g = PµdP µ = 0. (3.24)

Thus the equations of motion (3.13) - (3.18) and the new constraint (3.23)

represent an integrable system. According to (1.12) the action can be written

as

dZ = −H0dτ −Hθi
α
dθα

i −Hθ̄α̇i
dθ̄α̇i −Hgdg + Pµdxµ

=

{
−1

2
g

(
P 2 + m2

)
− ipµσ

µ
αα̇θ̄α̇iθ̇α

i + mθi
αθ̇α

i

+ iPµθ
α
i σµ

αα̇
˙̄θα̇i −mθ̄α̇i

˙̄θα̇i + pµẋ
µ

}
dτ. (3.25)

The phase-space action integral can be written as

S =

∫ {
−1

2
g

(
P 2 −m2

)
+ m

(
θα

iθ̇
i
α + θ̄α̇i

˙̄θ
α̇i

)}
dτ. (3.26)
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3.2 N = 2 Massive Superparticle Coupled to

External Superpotential

We start from the following action of N = 2 massive charged superparticle

with charge e, coupled to an external superpotenital; superpotential is a

gauge invariant function in superspace. [29]

S(e) =

∫
dτ

{
1

2

(ωµωµ

g
− gm2

)
+ m

(
θα

iθ̇
i
α + θ̄α̇i

˙̄θ
α̇i)}

+ ie

∫
dτ

(
ωµAµ + θ̇α

i Ai
α + ˙̄θα̇iĀ

α̇i
)
. (3.27)

Here we restrict ourselves by the electromagnetic U(1) group case, with gauge

superfields AM(xµ, θ, θ̄) = (Aµ, A
i
α, Āi

α̇). The form of the Lagrangian func-

tion, is obtained from (3.27)

L =
1

2

(ωµωµ

g
− gm2

)
+ m

(
θα

iθ̇
i
α + θ̄α̇i

˙̄θ
α̇i)

+ ie
(
ωµAµ + θ̇α

i Ai
α + ˙̄θα̇iĀ

α̇i
)
. (3.28)

To find the canonical Hamiltonian H0, one typically begins by finding the

conjugate momenta, which read as

Pµ =
∂L

∂ẋµ
=

1

g

{
ẋµ + i

(
θα

iσµ
αα̇ ˙̄θα̇i

)
−

(
iθ̇i

ασµ
αα̇θ̄α̇i

)}
+ ieAµ, (3.29)

πi
α =

∂rL

∂θ̇α
i

= −iPµσ
µ
αα̇θ̄α̇i + mθi

α + ieAi
α = −Hθi

α
, (3.30)

π̄α̇i =
∂rL

∂ ˙̄θα̇i
= iPµθ

α
i σµ

αα̇ + mθ̄α̇i + ieĀα̇i = −Hθ̄α̇i
, (3.31)
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pg =
∂L

∂ġ
= 0 = −Hg, (3.32)

pAµ =
∂L

∂Ȧµ

= 0 = −HAµ , (3.33)

pAi
α

=
∂L

∂Ȧi
α

= 0 = −HAi
α
, (3.34)

pĀα̇i
=

∂L

∂ ˙̄Aα̇i

= 0 = −HĀα̇i
. (3.35)

We can solve (3.29) for ẋµ in terms of Pµ and other coordinates to get

ẋµ = gPµ − i
(
θi

ασαα̇
µ

˙̄θα̇i

)
+

(
iθ̇i

ασµ
αα̇θ̄α̇i

)
− iegAµ. (3.36)

Then the canonical Hamiltonian H0 is obtained as

H0 = −L + Pµẋµ + πi
αθ̇α

i + π̄α̇i
˙̄θα̇i

+ pgġ + pAµȦµ + pAi
α
Ȧi

α + pĀα̇i

˙̄Aα̇i

=
1

2
g

{(
Pµ − ieAµ

)2

+ m2

}
. (3.37)

Following the Hamilton-Jacobi formalism we obtain the set of HJPDE’s,

H ′
0 = P0 +

1

2
g

{(
Pµ − ieAµ

)2

+ m2

}
, (3.38)

H ′
θi
α

= πi
α + iPµσ

µ
αα̇θ̄α̇i −mθi

α − ieAi
α, (3.39)

H ′̄
θα̇i

= π̄α̇i − iPµθ
α
i σµ

αα̇ −mθ̄α̇i − ieĀα̇i, (3.40)

H ′
g = pg, (3.41)

H ′
Aµ

= pAµ , (3.42)

H ′
Ai

α
= pAi

α
, (3.43)

and

H ′̄
Aα̇i

= pĀα̇i
. (3.44)
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The equations of motion read as

dxµ =
∂H ′

0

∂Pµ

dτ +
∂H ′

θi
α

∂Pµ

dθα
i +

∂H ′̄
θα̇i

∂Pµ

dθ̄α̇i +
∂H ′

g

∂Pµ

dg

+
∂H ′

Aν

∂Pµ

dAν +
∂H ′

Ai
α

∂Pµ

dAα
i +

∂H ′̄
Aα̇i

∂Pµ

dĀα̇i

= g
(
P µ − ieAµ

)
dτ + i

(
σµ

αα̇θ̄α̇i
)

dθα
i

− i
(
θα

i σµ
αα̇

)
dθ̄α̇i, (3.45)

dP0 = −∂H ′
0

∂τ
dτ −

∂H ′
θi
α

∂τ
dθα

i −
∂H ′̄

θα̇i

∂τ
dθ̄α̇i − ∂H ′

g

∂τ
dg

− ∂H ′
Aµ

∂τ
dAµ −

∂H ′
Ai

α

∂τ
dAα

i −
∂H ′̄

Aα̇i

∂τ
dĀα̇i

= 0, (3.46)

dPµ = −∂H ′
0

∂xµ
dτ −

∂H ′
θi
α

∂xµ
dθα

i −
∂H ′̄

θα̇i

∂xµ
dθ̄α̇i − ∂H ′

g

∂xµ
dg

− ∂H ′
Aν

∂xµ
dAν −

∂H ′
Ai

α

∂xµ
dAα

i −
∂H ′̄

Aα̇i

∂xµ
dĀα̇i

= 0, (3.47)

dπi
α = −∂H ′

0

∂θα
i

dτ −
∂H ′

θβ
j

∂θα
i

dθj
β −

∂H ′̄
θβ̇j

∂θα
i

dθ̄β̇j − ∂H ′
g

∂θα
i

dg

− ∂H ′
Aµ

∂θα
i

dAµ −
∂H ′

Aβ
j

∂θα
i

dAj
β −

∂H ′̄
Aβ̇j

∂θα
i

dĀβ̇j

=
(
iPµσ

µ
αα̇

)
dθ̄α̇i + m dθi

α, (3.48)

dπ̄α̇i = −∂H ′
0

∂θ̄α̇i
dτ −

∂H ′
θβ
j

∂θ̄α̇i
dθj

β −
∂H ′̄

θβ̇j

∂θ̄α̇i
dθ̄β̇j − ∂H ′

g

∂θ̄α̇i
dg

− ∂H ′
Aµ

∂θ̄α̇i
dAµ −

∂H ′
Aβ

j

∂θ̄α̇i
dAj

β −
∂H ′̄

Aβ̇j

∂θ̄α̇i
dĀβ̇j

=
(
− iPµσ

µ
αα̇

)
dθα

i + m dθ̄α̇i, (3.49)
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dpg = −∂H ′
0

∂g
dτ −

∂H ′
θi
α

∂g
dθα

i −
∂H ′̄

θβ̇j

∂g
dθ̄α̇i − ∂H ′

g

∂g
dg

− ∂H ′
Aµ

∂g
dAµ −

∂H ′
Ai

α

∂g
dAα

i −
∂H ′̄

Aα̇i

∂g
dĀα̇i

= −1

2

{(
P µ − ieAµ

)2

+ m2

}
dτ, (3.50)

dpAµ = −∂H ′
0

∂Aµ

dτ −
∂H ′

θi
α

∂Aµ

dθα
i −

∂H ′̄
θβ̇j

∂Aµ

dθ̄α̇i − ∂H ′
g

∂Aµ

dg

− ∂H ′
Aν

∂Aµ

dAν −
∂H ′

Ai
α

∂Aµ

dAα
i −

∂H ′̄
Aα̇i

∂Aµ

dĀα̇i

= −ie g

(
P µ − ieAµ

)
dτ, (3.51)

dpAi
α

= −∂H ′
0

∂Ai
α

dτ −
∂H ′

θβ
j

∂Ai
α

dθj
β −

∂H ′̄
θβ̇j

∂Ai
α

dθ̄β̇j − ∂H ′
g

∂Ai
α

dg

− ∂H ′
Aµ

∂Ai
α

dAµ −
∂H ′

Aβ
j

∂Ai
α

dAj
β −

∂H ′̄
Aβ̇j

∂Ai
α

dĀβ̇j

= ie dθα
i , (3.52)

dpĀα̇i
= − ∂H ′

0

∂Āα̇i

dτ −
∂H ′

θβ
j

∂Āα̇i

dθj
β −

∂H ′̄
θβ̇j

∂Āα̇i

dθ̄β̇j − ∂H ′
g

∂Āα̇i

dg

− ∂H ′
Aµ

∂Āα̇i

dAµ −
∂H ′

Aβ
j

∂Āα̇i

dAj
β −

∂H ′̄
Aβ̇j

∂Āα̇i

dĀβ̇j

= ie dθ̄α̇i. (3.53)

Now we shall test whether of the set of equation from (3.38) to (3.44) is

integrable or not. The total variation of

dH ′
0 = 0, (3.54)

dH ′
θi
α

= 0, (3.55)

dH ′̄
θα̇i

= 0, (3.56)
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dH ′
Ai

α
= 0, (3.57)

and

dH ′̄
Aα̇i

= 0. (3.58)

are identically zero, whereas the variation of

dH ′
g = −1

2

{(
P µ − ieAµ

)2

+ m2

}
dτ ≡ H ′′

g dτ, (3.59)

dH ′
Aµ

= −
{

ie g

(
P µ − ieAµ

)}
dτ ≡ H ′′

Aµ
dτ. (3.60)

are not identically zero, with

H ′′
g =

1

2

(
P 2 + m2

)
= 0, (3.61)

and

H ′′
Aµ

=

{
ie g

(
P µ − ieAµ

)}
= 0, (3.62)

are new constraints. We notice that the total differential of H ′′
g and H ′′

Aµ

vanish identically, i.e.

dH ′′
g = 0, (3.63)

dH ′′
Aµ

= 0. (3.64)

Thus the equations of motion (3.45) - (3.53) and the new constraints (3.61)

and (3.62) represent an integrable system. According to (1.12) the action

can be written as

dZ = −H0dτ −Hθi
α
dθα

i −Hθ̄α̇i
dθ̄α̇i −Hgdg

−HAµdAµ −HAi
α
dAi

α −HĀα̇i
dĀα̇i + Pµdxµ (3.65)
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The canonical action integral can be written as

S(e) =

∫ {
−1

2
g

(
P 2 + e2AµAµ −m2

)
+ m

(
θα

iθ̇
i
α + θ̄α̇i

˙̄θ
α̇i

)

+ ie

(
θ̇α

i Ai
α + ˙̄θα̇iĀ

α̇i

)}
dτ. (3.66)
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Chapter 4

Hamilton-Jacobi Formulation

of Strings

In this chapter the supersymmetry structure of superstring are treated as

singular system, to relate this structure with the constraint structure in the

Hamilton-Jacobi formulation. Different attempts to get the full set of su-

perstring constraints proceeding from the consideration of the superparticle

background were proposed in references [30]- [35].

4.1 Hamilton-Jacobi Formulation of Super-

string

The model essentially consists of 26 vector bosons of an open string in which

there are four bosonic coordinates of four dimensions and there are forty
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four Majorana fermions representing the remaining 22 bosonic coordinates,

we divide them into four groups. They are labeled by µ = 0, 1, 2, 3 and each

group contains 11 fermions. These 11 fermions are again divided into two

groups, one containing six and the other five. For convenience, in one group

we have j = 1, 2, 3, 4, 5, 6 , and in the other, k = 1, 2, 3, 4, 5. The string

action is [36]

S = − 1

2π

∫
d2σ

{
∂αXµ ∂αXµ − iψ̄µ,j ρα ∂αψµ,j − iφ̄µ,k ρα ∂αφµ,k

}
. (4.1)

Xµ , µ = 0, 1, 2, 3 are coordinates for a string that is propagating in 4 space-

time dimensions, which are related to the Lorentz Majorana spinors ψµ,j , (j =

1, ..., 6) and φµ,k, (k = 1, ..., 5) in a world-sheet supersymmetry, with ρα is 2d

Dirac matrices, and α = 0, 1 are used to refer to τ and σ respectively.

The Lagrangian density is

L = − 1

2π

{
∂αXµ ∂αXµ − iψ̄µ,j ρα ∂αψµ,j − iφ̄µ,k ρα ∂αφµ,k

}
. (4.2)

The canonical momenta world-sheet vector density is obtained as

Pµ =
∂L

∂
(
∂0Xµ

) = − 1

π

(
∂0Xµ

)
, (4.3)

πψ =
∂rL

∂
(
∂0ψµ,j

) =
i

2π
ψ̄µ,jρ0 = −Hψ, (4.4)

π̄ψ̄ =
∂rL

∂
(
∂0ψ̄µ,j

) = 0 = −Hψ̄, (4.5)

πφ =
∂rL

∂
(
∂0φµ,k

) =
i

2π
φ̄µ,kρ0 = −Hφ, (4.6)

π̄φ̄ =
∂rL

∂
(
∂0φ̄µ,k

) = 0 = −Hφ̄, (4.7)
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We can solve (4.3) for Ẋµ in terms of Pµ as

Ẋµ ≡ ∂0Xµ = −πPµ. (4.8)

The canonical Hamiltonian density is given by

H0 = Pµ

(
∂0Xµ

)
+ πψ

(
∂0ψµ,j

)
+ π̄ψ̄

(
∂0ψ̄µ,j

)
+ πφ

(
∂0φµ,k

)

+ π̄φ̄

(
∂0φ̄µ,k

)− L

=
1

2π

{
−π2P2 +

(
∂1Xµ

)(
∂1Xµ

)− iψ̄µ,j ρ1 ∂1ψµ,j

− iφ̄µ,k ρ1 ∂1φµ,k

}
. (4.9)

and the canonical Hamiltonian may be written as

H0 =

∫
dσH0

=
1

2π

∫
dσ

{
−π2P2 + (X ′)2 − iψ̄µ,j ρ1 ∂1ψµ,j

− iφ̄µ,k ρ1 ∂1φµ,k

}
. (4.10)

where X ′
µ ≡ ∂1Xµ = ∂X

∂σ
. Making use of (1.7), the set of (HJPDE)’s reads

H′
0 = P0 +

1

2π

{
−π2P2 + (X ′)2 − iψ̄µ,j ρ1 ∂1ψµ,j

− iφ̄µ,k ρ1 ∂1φµ,k

}
, (4.11)

H′
ψ = πψ − i

2π
ψ̄µ,jρ0 = 0, (4.12)

H′̄
ψ = π̄ψ̄ = 0, (4.13)

H′
φ = πφ − i

2π
φ̄µ,kρ0 = 0, (4.14)

H′̄
φ = π̄φ̄ = 0. (4.15)

40



The equations of motion corresponding to (1.10) and (1.11) have the following

expressions:

dXµ =
∂H′

0

∂Pµ

dτ +
∂H′

ψν, j

∂Pµ

dψν,j +
∂H′̄

ψν,j

∂Pµ

dψ̄ν,j

+
∂H′

φ

∂Pµ

dφν,k +
∂H′̄

φν,k

∂Pµ

dφ̄ν,k

=
(
− πPµ

)
dτ, (4.16)

dPµ = −∂H′
0

∂Xµ

dτ − ∂H′
ψν,j

∂Xµ

dψν,j −
∂H′̄

ψν,l

∂Xµ

dψ̄ν,j

−
∂H′

φν,k

∂Xµ

dφν,k −
∂H′̄

φν,k

∂Xµ

dφ̄ν,k = 0, (4.17)

dπψµ,j = − ∂H′
0

∂ψµ,j

dτ −
∂H′

ψν,l

∂ψµ,j

dψν,l −
∂H′̄

ψν,l

∂ψµ,j

dψ̄ν,l

−
∂H′

φν,k

∂ψµ,j

dφν,k −
∂H′̄

φν,k

∂ψµ,j

dφ̄ν,k = 0, (4.18)

dπ̄ψ̄µ,j = − ∂H′
0

∂ψ̄µ,j
dτ −

∂H′
ψν,l

∂ψ̄µ,j
dψν,l −

∂H′̄
ψν,l

∂ψ̄µ,j
dψ̄ν,l

−
∂H′

φν,k

∂ψ̄µ,j
dφν,k −

∂H′̄
φν,k

∂ψ̄µ,j
dφ̄ν,k

=

(
i

2π
ρ1 ∂1ψµ,j

)
dτ +

i

2π
ρ0 dψµ,j, (4.19)

dπφµ,k = − ∂H′
0

∂φµ,k

dτ − ∂H′
ψν,j

∂φµ,k

dψν,j −
∂H′̄

ψν,j

∂φµ,k

dψ̄ν,j

− ∂H′
φν,n

∂φµ,k

dφν,n −
∂H′̄

φν,n

∂φµ,k

dφ̄ν,n = 0, (4.20)
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and

dπ̄φ̄µ,k = − ∂H′
0

∂φ̄µ,k
dτ − ∂H′

φν,j

∂φ̄µ,k
dψν,j −

∂H′̄
ψν,j

∂φ̄µ,k
dψ̄ν,j

− ∂H′
φν,n

∂φ̄µ,k
dφν,n −

∂H′̄
φν,n

∂φ̄µ,k
dφ̄ν,n

=

(
i

2π
ρ1 ∂1φµ,k

)
dτ +

i

2π
ρ0 dφµ,k. (4.21)

The next step is to impose the integrability conditions and to make the above

system to be integrable. The integrability conditions (1.13) and (1.14) read

as

dH′
0 =

1

π
X ′

µdX ′µ, (4.22)

dH′
ψ = 0, (4.23)

dH′̄
ψ =

(
i

2π
ρ1∂1ψµ,j

)
dτ +

(
i

2π
ρ0

)
dψµ,j ≡ H ′′̄

ψdτ, (4.24)

dH′
φ = 0, (4.25)

dH′̄
φ =

(
i

2π
ρ1∂1φµ,k

)
dτ +

(
i

2π
ρ0

)
dφµ,k ≡ H ′′̄

φdτ. (4.26)

By using (4.16), relation (4.26) can be written as

dH′
0 =

(
−X ′

µ∂1Pµ
)
dτ ≡ H′′

0dτ (4.27)

Since the variation of H′
0, H′̄

ψ
and H′̄

φ
are not identically zero, we consider

them as new constraints,

H′′
0 = −X ′

µ∂1Pµ = 0, (4.28)

H′′̄
ψ =

i

2π
ρ1∂1ψµ,j = 0, (4.29)
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H′′̄
φ =

i

2π
ρ1∂1φµ,k = 0, (4.30)

and one should consider the total variations of them,

dH′′
0 = d

(
−X ′

µ∂
1Pµ

)
= −

{
dX ′

µ

(
∂1Pµ

)
+ X ′

µd
(
∂1Pµ

)}
, (4.31)

dH′′̄
ψ = 0, (4.32)

dH′′̄
φ = 0. (4.33)

Relation (4.31) can be written as

dH′′
0 = −

{
− π

(
∂1Pµ

)(
∂1Pµ

)
dτ + X ′

µ∂
1
(
dPµ

)}
= 0. (4.34)

Using (4.17), relation (4.34) becomes

dH′′
0 = −π

{(
∂1Pµ

)(
∂1Pµ

)}
dτ ≡ H′′′

0 dτ (4.35)

where H′′′
0 is a new constraint,

H′′′
0 = π

{(
∂1Pµ

)(
∂1Pµ

)}
= 0 (4.36)

and one should consider the total variations of H′′′
0

dH′′′
0 = πd

{(
∂1Pµ

)(
∂1Pµ

)}
= 2π

(
∂1Pµ

)
d
(
∂1Pµ

)

= 2π
(
∂1Pµ

)
∂1

(
dPµ

)
= 0, (4.37)

which is identically zero. The set of equations (4.16) - (4.21) with relations

(4.28),(4.29),(4.30) and (4.36) represent an integrable system, and the action

in phase space can be written as

S = − 1

2π

∫ {
π2P2 +

(
X ′

)2

− iψ̄µ,jρ0∂0ψµ,j − iψ̄µ,jρ1∂1ψµ,j

− iφ̄µ,kρ0∂0φµ,k − iφ̄µ,kρ1∂1φµ,k

}
dσdτ. (4.38)
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4.2 Hamilton-Jacobi Formulation of Green-

Schwarz Superstring

A form of the action describing the motion of a superstring in 11 -dimensional

Minkowski space-time has been proposed in [32],

S =

∫
d2σ

{ −gab

2
√−g

Πµ
aΠbµ − iεab

(
∂ax

µ − i

2
θ̄Γµνnν∂aθ

)(
θ̄Γµ∂bθ

)

− εabξa

(
nµΠµ

b

)
− nµε

ab∂aA
µ
b − φ

(
n2 + 1

)}
. (4.39)

where Πµ
a ≡ ∂ax

µ − i
(
θ̄Γνµnν∂aθ

)

The quantities which appear in the Green- Schwarz action are the two-

dimensional metric gab, a ten dimensional position xµ , θ is a 32 -component

anticommuting Majorana spinor of SO(2, 9); which is a rotation group,

nµ(σ, τ) is D11 vector, ξa is a d = 2 vector, Aµ
a(σ, τ) is D11 vector, and

φ(σ, τ) is a scalar. As for the Γ-matrices, we employ the 32-dimensional

Majorana representation and denote them by Γµν . In (4.39) we have set

εab = −εba , ε01 = −1.

The Lagrangian density is

L =

{ −gab

2
√−g

Πµ
aΠbµ − iεab

(
∂ax

µ − i

2
θ̄Γµνnν∂aθ

)(
θ̄Γµ∂bθ

)

− εabξa

(
nµΠµ

b

)
− nµε

ab∂aA
µ
b − φ

(
n2 + 1

)}
. (4.40)
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In more explicit form, the Lagrangian density (4.40) takes the form

L = − 1

2
√−g

{
g00

(
(∂0x

µ∂0xµ)− 2i
(
θ̄Γνµnν∂0θ

)
(∂0xµ)

)

+ 2g01

(
∂0x

µ∂1xµ − i
(
θ̄Γνµnν∂0θ

)
(∂1xµ)− i

(
θ̄Γνµnν∂1θ

)
(∂0xµ)

)

+ g11

(
(∂1x

µ∂1xµ)− 2i
(
θ̄Γνµnν∂1θ

)
(∂1xµ)

)}
+ i

(
θ̄Γµ∂1θ

)
(∂0x

µ)

− i
(
θ̄Γµ∂0θ

)
(∂1x

µ) + ξ0nµ

(
(∂1x

µ)− i
(
θ̄Γνµnν∂1θ

))

− ξ1nµ

(
(∂0x

µ)− i(θ̄Γνµnν∂0θ)

)
+ nµ∂0A

µ
1 − nµ∂1A

µ
0 − φ

(
n2 + 1

)
.

(4.41)

Now let us going to demonstrate the dynamics of physical variables in the

action. The momenta variables according to equations (1.2) and (1.3) are

Pµ =
∂L

∂ (∂0xµ)
= − g00

√−g

{
(∂0xµ)− i(θ̄Γν

µnν∂0θ)

}

− g01

√−g

{
(∂1xµ)− i

(
θ̄Γν

µnν∂1θ
)}

+ iθ̄Γµ∂1θ − ξ1nµ, (4.42)

πθ =
∂rL

∂ (∂0θ)
= −

{
Pµ

(
iθ̄Γνµnν

)
+ θ̄Γµ (∂1x

µ)

}
= −Hθ, (4.43)

π̄θ̄ =
∂rL

∂
(
∂0θ̄

) = 0 = −Hθ̄, (4.44)

πgab
=

∂L
∂ (∂0gab)

= 0 = −Hgab
, (4.45)

P0
µ =

∂L
∂
(
∂0A

µ
0

) = 0 = −HAµ
0
, (4.46)

P1
µ =

∂L
∂
(
∂0A

µ
1

) = nµ = −HAµ
1
, (4.47)
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Pξ0 =
∂L

∂
(
∂0ξ0

) = 0 = −Hξ0 , (4.48)

Pξ1 =
∂L

∂
(
∂0ξ1

) = 0 = −Hξ1 , (4.49)

Pµ
n =

∂L
∂
(
∂0nµ

) = 0 = −Hnµ , (4.50)

and

πφ =
∂L

∂
(
∂0φ

) = 0 = −Hφ. (4.51)

We can solve (4.42) for ẋµ in terms of Pµ and other coordinates

ẋµ ≡ ∂0xµ = −
√−g

g00

{
Pµ +

g01

√−g

{(
∂1xµ)− i(θ̄Γνµnν∂1θ

)}

− iθ̄Γµ∂1θ + ξ1nµ

}
+ i

(
θ̄Γνµnν∂0θ

)
. (4.52)

The canonical Hamiltonian density is given by

H0 = Pµ

(
∂0xµ

)
+ πθ (∂0θ) + π̄θ̄

(
∂0θ̄

)
+ πgab

(
∂0g

ab
)

+ P0
µ (∂0A

µ
0) + P1

µ (∂0A
µ
1) + Pξ0 (∂0ξ0)

+ Pξ1 (∂0ξ1) + Pµ
n (∂0n

µ) + πφ (∂0φ)− L

=

(
−
√−g

2g00

){
Pµ +

(
g01

√−g

)(
(∂1xµ)− i

(
θ̄Γν

µnν∂1θ
))− iθ̄Γµ∂1θ

+ ξ1nµ

}2

+

(
− g11

2
√−g

) (
(∂1x

µ)2 − 2i
(
θ̄Γν

µnν∂1θ
)
(∂1xµ)

)

− ξ0nµ

(
∂1x

µ − i
(
θ̄Γνµnν∂1θ

))
+ nµ∂1A

µ
0 + φ

(
n2 + 1

)
.

(4.53)
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The two dimensional metric is

gab =




g00 g01

g10 g11


 , (4.54)

with
∣∣gab

∣∣ = g = g00 g11− (g01)
2

, and consider N =
√−g
g00 and N1 = g01

g00 , then

the canonical Hamiltonian density can be written as

H0 = −
(

N

2

){(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)2

− Π1µΠµ
1

}

−N1

(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
Π1µ − ξ0nµ (∂1x

µ)

− iξ0nµ

(
θ̄Γνµnν∂1θ

)
+ nµ∂1A

µ
0 + φ

(
n2 + 1

)
. (4.55)

The canonical Hamiltonian may be written as

H0 =

∫
dσH0

=

∫
dσ

{
−N

2

{(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)2

− Π1µΠµ
1

}

−N1

(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
Π1µ − ξ0nµ (∂1x

µ)

− iξ0nµ

(
θ̄Γνµnν∂1θ

)
+ nµ∂1A

µ
0 + φ

(
n2 + 1

)}
. (4.56)

The complete system of constraints can be presented in the form of the set

of HJPDE’s

H′
0 = P0 − N

2

{(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)2

− Π1µΠµ
1

}

−N1

(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
Π1µ − ξ0nµ

(
∂1x

µ
)

− iξ0nµ

(
θ̄Γνµnν∂1θ

)
+ nµ∂1A

µ
0 + φ

(
n2 + 1

)
, (4.57)

H′
θ = πθ +

(
Pµ(iθ̄Γνµnν) + (θ̄Γµ

(
∂1x

µ
))

= 0, (4.58)
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H′̄
θ = π̄θ̄ = 0, (4.59)

H′
gab = πgab = 0, (4.60)

H′
Aµ

0
= P0

µ = 0, (4.61)

H′
Aµ

1
= P1

µ − nµ = 0, (4.62)

H′
ξ0

= Pξ0 = 0, (4.63)

H′
ξ1

= Pξ1 = 0, (4.64)

H′
nµ = Pµ

n = 0, (4.65)

and

H′
φ = πφ = 0. (4.66)

Now one can see that the dynamics of the variables is governed by the equa-

tions of motion of the form (1.10) and (1.11) such as

dxµ =
∂H′

0

∂Pµ

dτ +
∂H′

θ

∂Pµ

dθ +
∂H′̄

θ

∂Pµ

dθ̄ +
∂H′

gab

∂Pµ

dgab +
∂H′

A0
ν

∂Pµ

dAν
0

+
∂H′

Aν
1

∂Pµ

dA1
ν +

∂H′
ξ0

∂Pµ

dξ0 +
∂H′

ξ1

∂Pµ

dξ1 +
∂H′

nν

∂Pµ

dnν +
∂H′

φ

∂Pµ

dφ

=

{
−N

(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
−N1Π1µ

}
dτ + i

(
θ̄Γν

µnν

)
dθ, (4.67)

dPµ = −∂H′
0

∂xµ

dτ − ∂H′
θ

∂xµ

dθ − ∂H′̄
θ

∂xµ

dθ̄ −
∂H′

gab

∂xµ

dgab −
∂H′

Aν
0

∂xµ

dA0
ν

−
∂H′

Aν
1

∂xµ

dA1
ν −

∂H′
ξ0

∂xµ

dξ0 −
∂H′

ξ1

∂xµ

dξ1 − ∂H′
nν

∂xµ

dnν −
∂H′

φ

∂xµ

dφ

= 0, (4.68)
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dπθ = −∂H′
0

∂θ
dτ − ∂H′

θ

∂θ
dθ − ∂H′̄

θ

∂θ
dθ̄ −

∂H′
gab

∂θ
dgab −

∂H′
Aµ

0

∂θ
dA0

µ

−
∂H′

Aµ
1

∂θ
dA1

µ −
∂H′

ξ0

∂θ
dξ0 −

∂H′
ξ1

∂θ
dξ1 − ∂H′

nµ

∂θ
dnµ −

∂H′
φ

∂θ
dφ

= 0, (4.69)

dπ̄θ̄ = −∂H′
0

∂θ̄
dτ − ∂H′

θ

∂θ
dθ − ∂H′̄

θ

∂θ̄
dθ̄ −

∂H′
gab

∂θ̄
dgab −

∂H′
Aµ

0

∂θ̄
dAµ

0

−
∂H′

Aµ
1

∂θ̄
dAµ

1 −
∂H′

ξ0

∂θ
dξ0 −

∂H′
ξ1

∂θ̄
dξ1 − ∂H′

nµ

∂θ̄
dnµ −

∂H′
φ

∂θ̄
dφ

= −
{

N

(
Pµ + ξ1nµ

)(
iΓµ ∂1θ

)
+ N

(
∂1xµ

)(
iΓµνnν∂1θ

)

−N1

(
Pµ + ξ1nµ

)(
iΓµνnν∂1θ

)
+ N1

(
∂1xµ

)(
iΓµ∂1θ

)

− ξ0nµ

(
iΓµνnν∂1θ

)}
dτ −

{
Pµ

(
iΓµνnν

)
+

(
∂1xµ

)(
iΓµ

)}
dθ,

(4.70)

dπgab = −∂H′
0

∂gab
dτ − ∂H′

θ

∂gab
dθ − ∂H′̄

θ

∂gab
dθ̄ −

∂H′
gab

∂gab
dgab −

∂H′
Aµ

0

∂gab
dAµ

0

−
∂H′

Aµ
1

∂gab
dAµ

1 −
∂H′

ξ0

∂gab
dξ0 −

∂H′
ξ1

∂gab
dξ1 − ∂H′

nµ

∂gab
dnµ −

∂H′
φ

∂gab
dφ

=
1

2

{[(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)2

+ Π1µΠµ
1

](
∂N

∂gab

)

+

(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
Πµ

1

(
∂N1

∂gab

)}
dτ,

(4.71)

dPµ
0 = −∂H′

0

∂Aµ
0

dτ − ∂H′
θ

∂Aµ
0

dθ − ∂H′̄
θ

∂Aµ
0

dθ̄ −
∂H′

gab

∂Aµ
0

dgab −
∂H′

Aν
0

∂Aµ
0

dA0
ν

−
∂H′

Aν
1

∂Aµ
0

dA1
ν −

∂H′
ξ0

∂Aµ
0

dξ0 −
∂H′

ξ1

∂Aµ
0

dξ1 − ∂H′
nν

∂Aµ
0

dnν −
∂H′

φ

∂Aµ
0

dφ

= 0, (4.72)
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dPµ
1 = −∂H′

0

∂Aµ
1

dτ − ∂H′
θ

∂Aµ
1

dθ − ∂H′̄
θ

∂Aµ
1

dθ̄ −
∂H′

gab

∂Aµ
1

dgab −
∂H′

Aν
0

∂Aµ
1

dA0
ν

−
∂H′

Aν
1

∂Aµ
1

dA1
ν −

∂H′
ξ0

∂Aµ
1

dξ0 −
∂H′

ξ1

∂Aµ
1

dξ1 − ∂H′
nν

∂Aν
1

dnµ −
∂H′

φ

∂Aµ
1

dφ

= 0, (4.73)

dPξ0 = −∂H′
0

∂ξ0

dτ − ∂H′
θ

∂ξ0

dθ − ∂H′̄
θ

∂ξ0

dθ̄ −
∂H′

gab

∂ξ0

dgab −
∂H′

Aµ
0

∂ξ0

dAµ
0

−
∂H′

Aµ
1

∂ξ0

dAµ
1 −

∂H′
ξ0

∂ξ0

dξ0 −
∂H′

ξ1

∂ξ0

dξ1 − ∂H′
nµ

∂ξ0

dnµ −
∂H′

φ

∂Aµ
1

dφ

=

{
nµ

(
∂1xµ + iθ̄Γµνnν∂1θ

)}
dτ, (4.74)

dPξ1 = −∂H′
0

∂ξ1

dτ − ∂H′
θ

∂ξ1

dθ − ∂H′̄
θ

∂ξ1

dθ̄ −
∂H′

gab

∂ξ1

dgab −
∂H′

Aµ
0

∂ξ1

dAµ
0

−
∂H′

Aµ
1

∂ξ1

dAµ
1 −

∂H′
ξ0

∂ξ1

dξ0 −
∂H′

ξ1

∂ξ1

dξ1 − ∂H′
nµ

∂ξ1

dnµ −
∂H′

φ

∂Aµ
1

dφ

=

{
N

(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
nµ + N1Π1µn

µ

}
dτ, (4.75)

dPµ
n = −∂H′

0

∂nµ

dτ − ∂H′
θ

∂nµ

dθ − ∂H′̄
θ

∂nµ

dθ̄ −
∂H′

gab

∂nµ

dgab −
∂H′

Aν
0

∂nµ

dA0
ν

−
∂H′

Aν
1

∂nµ

dA1
ν −

∂H′
ξ0

∂nµ

dξ0 −
∂H′

ξ1

∂nµ

dξ1 − ∂H′
nν

∂nµ

dnν −
∂H′

φ

∂Aµ
1

dφ

=

{
N

(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
ξ1 −N∂1xµ

(
iθ̄Γµ∂1θ

)

−N1ξ1nµ

(
iθ̄Γµν∂1θ

)
+ N1ξ1

(
∂1xµ − iθ̄Γµνnν∂1θ

)

+ ξ0

(
∂1xµ + iθ̄Γµνnν∂1θ

)
+ ξ0nµ

(
iθ̄Γµν∂1θ

)

− ∂1A
µ
0 − 2nµφ

}
dτ + dAµ

1 , (4.76)

50



and

dπφ = −∂H′
0

∂φ
dτ − ∂H′

θ

∂φ
dθ − ∂H′̄

θ

∂φ
dθ̄ −

∂H′
gab

∂φ
dgab −

∂H′
Aµ

0

∂φ
dAµ

0

−
∂H′

Aµ
1

∂φ
dAµ

1 −
∂H′

ξ0

∂φ
dξ0 −

∂H′
ξ1

∂φ
dξ1 − ∂H′

nµ

∂φ
dnµ −

∂H′
φ

∂Aµ
1

dφ

= −(
n2 + 1

)
dτ. (4.77)

To check whether the set of equations (4.67) to (4.77) is integrable or not,

let us consider the total variations of the set of (HJPDE)’s. The variations

of relations (4.57)-(4.66) is listed as follows:

dH′
0 =

{
N

(
∂1xµ − iθ̄Γµνnν∂1θ

)
−N1

(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)

− ξ0nµ

}
d
(
∂1xµ

)
, (4.78)

dH′
θ =

(
iθ̄Γµ

)
d
(
∂1xµ

)
, (4.79)

dH′̄
θ = −

{
N

[
Pµ

(
iΓµ∂1θ

)
+ ξ1nµ

(
iΓµ∂1θ

)
+

(
∂1xµ

)(
iΓµνnν∂1θ

)]

−N1

[
Pµ

(
iΓµνnν∂1θ

)
+ ξ1nµ

(
iΓµνnν∂1θ

)
−

(
∂1xµ

)(
iΓµ∂1θ

)]

− ξ0nµ

(
iΓµνnν∂1θ

)}
dτ ≡ H′′̄

θdτ, (4.80)

dH′
gab =

1

2

{[(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)2

+ Π1µΠµ
1

](
∂N

∂gab

)

+

[(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
Π1µ

](
∂N1

∂gab

)}
dτ

≡ H′′
gabdτ, (4.81)

dH′
ξ0

=

{
nµ

(
∂1xµ + iθ̄Γµνnν∂1θ

)}
dτ ≡ H′′

ξ0
dτ (4.82)
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dH′
ξ1

=

{
N

(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
nµ + N1Π1µn

µ

}
dτ

≡ H′′
ξ1

dτ, (4.83)

dH′
Aµ

0
= 0, (4.84)

dH′
Aµ

1
= 0, (4.85)

dH′
nµ =

{
N

(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
ξ1 −N∂1xµ

(
iθ̄Γµ∂1θ

)

−N1ξ1nµ

(
iθ̄Γµν∂1θ

)
+ N1ξ1

(
∂1xµ − iθ̄Γµνnν∂1θ

)

+ ξ0

(
∂1xµ + iθ̄Γµνnν∂1θ

)
+ ξ0nµ

(
iθ̄Γµν∂1θ

)

− ∂1A
µ
0 − 2nµφ

}
dτ ≡ H′′

nµdτ, (4.86)

dH′
φ = −(

n2 + 1
)
dτ ≡ H′′

φdτ. (4.87)

Further analysis gives the constraints H′′̄
θ

, H′′
gab , H′′

ξ0
, H′′

ξ1
, H′′

nµ and H′′
φ,

where

H′′̄
θ = −

{
N

[
Pµ

(
iΓµ∂1θ

)
+ ξ1nµ

(
iΓµ∂1θ

)
+

(
∂1xµ

)(
iΓµνnν∂1θ

)]

−N1

[
Pµ

(
iΓµνnν∂1θ

)
+ ξ1nµ

(
iΓµνnν∂1θ

)
−

(
∂1xµ

)(
iΓµ∂1θ

)]

− ξ0nµ

(
iΓµνnν∂1θ

)}
, (4.88)

H′′
gab =

1

2

{[(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)2

+ Π1µΠµ
1

](
∂N

∂gab

)

+

[(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
Π1µ

(
∂N1

∂gab

)]}
, (4.89)
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H′′
ξ0

=

{
nµ

(
∂1xµ + iθ̄Γµνnν∂1θ

)}
= 0, (4.90)

H′′
ξ1

=

{
N

(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
nµ + N1Π1µn

µ

}
= 0, (4.91)

H′′
nµ =

{
N

(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)
ξ1 −N∂1xµ

(
iθ̄Γµ∂1θ

)

−N1ξ1nµ

(
iθ̄Γµν∂1θ

)
+ N1ξ1

(
∂1xµ − iθ̄Γµνnν∂1θ

)

+ ξ0

(
∂1xµ + iθ̄Γµνnν∂1θ

)
+ ξ0nµ

(
iθ̄Γµν∂1θ

)

− ∂1A
µ
0 − 2nµφ

}
= 0, (4.92)

and

H′′
φ = −(

n2 + 1
)

= 0. (4.93)

However, a variation of the total derivatives of (4.88)-(4.93) are

dH′′̄
θ = −

{
N

(
iΓµνnν∂1θ

)
−N1

(
iΓµ∂1θ

)}
d
(
∂1xµ

)
, (4.94)

dH′′
gab =

{(
∂1xµ + iθ̄Γµνnν∂1θ

)(
∂N

∂gab

)

+
(
Pµ − iθ̄Γµ∂1θ + ξ1nµ

)(
∂N1

∂gab

)}
d
(
∂1xµ

)
, (4.95)

dH′′
ξ0

= nµd
(
∂1xµ

)
, (4.96)

dH′′
ξ1

= N1nµd
(
∂1xµ

)
, (4.97)

dH′′
nµ =

{
N

(
iθ̄Γµν∂1θ

)
−N1ξ1 − ξ0

}
d
(
∂1xµ

)
, (4.98)

and

dH′′
φ = 0. (4.99)
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However, the variations of constraints H′
0, H′

θ, H′′̄
θ

,H′′
gab ,H′′

ξ0
,H′′

ξ1
and H′′

nµ

do not vanish identically, a new set of constraints arises. According to the

theory, this new set of constraints is added to the equations of motion of the

system.

Using the open string boundary conditions [31], x′µ = ∂1xµ = 0, for σ = 0

and σ = π the variations of the new constraints (4.88)-(4.93) are identically

zero, and the system is integrable.

4.3 Hamilton-Jacobi Formulation of D = 11

Superstring

In this section we study the superstring problem in a more simple framework

of mechanical model. Our starting point is the following Lagrangian action

[32],

S =

∫
dτ

{
1

2e
ΠµΠµ + nµżµ − 1

2
φ
(
n2 + 1

)}
. (4.100)

with

Πµ ≡ ẋµ − i
(
θ̄Γνµθ̇

)
nν − ξnµ. (4.101)

where xµ, nµ, e, φ and ξ are Grassmann even variables and θα are Grassmann

odd variables, dependent on the evolution parameter τ . The singularity of

the Lagrangian

L =
1

2e
ΠµΠµ + nµż

µ − φ
(
n2 + 1

)
, (4.102)
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follows from the fact that the rank of the Hess matrix Aij is one.

The Hamiltonian analysis begin with the introduction of the momenta vari-

ables according to equations (1.2) and (1.3)

P µ =
∂L

∂ẋµ
=

1

e

{
ẋµ − i

(
θ̄Γµν θ̇

)
nν − ξnµ

}
, (4.103)

πθ =
∂rL

∂θ̇
= −i

(
θ̄Γµν

)
nνPµ = −Hθ, (4.104)

πθ̄ =
∂rL

∂ ˙̄θ
= 0 = −Hθ̄, (4.105)

P µ
n =

∂L

∂ṅµ
= 0 = −Hµ

n , (4.106)

Pξ =
∂L

∂ξ̇
= 0 = −Hξ, (4.107)

Pe =
∂L

∂ė
= 0 = −He, (4.108)

P µ
z =

∂L

∂żµ
= nµ = −Hµ

z , (4.109)

and

πφ =
∂L

∂φ̇
= 0 = −Hφ. (4.110)

Since the rank of the Hess matrix is one, we can solve (4.103) for ẋµ in terms

of P µ and other coordinates

ẋµ = eP µ + i
(
θ̄Γµν θ̇

)
nν + ξnµ. (4.111)

A straightforward calculation shows that the canonical Hamiltonian H0 is

obtained as

H0 =
1

2
eP 2 + φ

(
n2 + 1

)
+ P µξnµ. (4.112)
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Following the Hamilton-Jacobi formalism we obtain the set of (HJPDE)’s,

H ′
0 = P0 +

1

2
eP 2 + φ

(
n2 + 1

)
+ P µξnµ, (4.113)

H ′
θ = πθ + iµθ̄ΓµνnνPµ, (4.114)

H ′̄
θ = πθ̄, (4.115)

H ′
n

µ
= P µ

n , (4.116)

H ′
ξ = Pξ, (4.117)

H ′
e = Pe, (4.118)

H ′
z
µ

= P µ
z − nµ, (4.119)

and

H ′
φ = πφ. (4.120)

Therefore, the total differential equations for the characteristic equations

(1.10) and (1.11) read as

dxµ =
∂H ′

0

∂Pµ

dτ +
∂H ′

θ

∂Pµ

dθα
i +

∂H ′̄
θ

∂Pµ

dθ̄α̇i +
∂H ′

nν

∂Pµ

dnν

+
∂H ′

ξ

∂Pµ

dξ +
∂H ′

ξ

∂Pµ

de +
∂H ′

zν

∂Pµ

dzν +
∂H ′

φ

∂Pµ

dφ

=
(
eP µ + ξnµ

)
dτ + i

(
θ̄Γµνnν

)
dθ, (4.121)

dP0 = −∂H ′
0

∂τ
dτ − ∂H ′

θ

∂τ
dθ − ∂H ′̄

θ

∂τ
dθ̄ − ∂H ′

nν

∂τ
dnν

− ∂H ′
ξ

∂τ
dξ − ∂H ′

ξ

∂τ
de− ∂H ′

zν

∂τ
dzν − ∂H ′

φ

∂τ
dφ

= 0, (4.122)
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dP µ = −∂H ′
0

∂xµ

dτ − ∂H ′
θ

∂xµ

dθ − ∂H ′̄
θ

∂xµ

dθ̄ − ∂H ′
nν

∂xµ

dnν

− ∂H ′
ξ

∂xµ

dξ − ∂H ′
ξ

∂xµ

de− ∂H ′
zν

∂xµ

dzν − ∂H ′
φ

∂xµ

dφ

= 0, (4.123)

dπθ = −∂H ′
0

∂θ
dτ − ∂H ′

θ

∂θ
dθ − ∂H ′̄

θ

∂θ
dθ̄ − ∂H ′

nµ

∂θ
dnµ

− ∂H ′
ξ

∂θ
dξ − ∂H ′

ξ

∂θ
de− ∂H ′

zµ

∂θ
dzµ − ∂H ′

φ

∂θ
dφ

= 0, (4.124)

dπθ̄ = −∂H ′
0

∂θ̄
dτ − ∂H ′

θ

∂θ̄
dθ − ∂H ′̄

θ

∂θ̄
dθ̄ − ∂H ′

nµ

∂θ̄
dnµ

− ∂H ′
ξ

∂θ̄
dξ − ∂H ′

ξ

∂θ̄
de− ∂H ′

zµ

∂θ̄
dzµ − ∂H ′

φ

∂θ̄
dφ

=
(
iPµΓµνnν

)
dθ, (4.125)

dP µ
n = −∂H ′

0

∂nµ
dτ − ∂H ′

θ

∂nµ
dθ − ∂H ′̄

θ

∂nµ
dθ̄ − ∂H ′

nµ

∂nν

dnν

− ∂H ′
ξ

∂nµ
dξ − ∂H ′

ξ

∂nµ
de− ∂H ′

zν

∂nµ
dzν − ∂H ′

φ

∂nµ
dφ

= −
(
2φnµ + ξPµ

)
dτ −

(
iPµΓµν

)
dθ + dzµ, (4.126)

dPξ = −∂H ′
0

∂ξ
dτ − ∂H ′

θ

∂ξ
dθ − ∂H ′̄

θ

∂ξ
dθ̄ − ∂H ′

nµ

∂ξ
dnµ

− ∂H ′
ξ

∂ξ
dξ − ∂H ′

ξ

∂ξ
de− ∂H ′

zµ

∂ξ
dzµ − ∂H ′

φ

∂ξ
dφ

= −
(
Pµn

µ
)
dτ, (4.127)

dPe = −∂H ′
0

∂e
dτ − ∂H ′

θ

∂e
dθ − ∂H ′̄

θ

∂e
dθ̄ − ∂H ′

nµ

∂e
dnµ

− ∂H ′
ξ

∂e
dξ − ∂H ′

ξ

∂e
de− ∂H ′

zµ

∂ξ
dzµ − ∂H ′

φ

∂e
dφ

= −
(1

2
P 2

)
dτ, (4.128)
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dP µ
z = −∂H ′

0

∂zµ
dτ − ∂H ′

θ

∂zµ
dθ − ∂H ′̄

θ

∂zµ
dθ̄ − ∂H ′

nν

∂zµ
dnν

− ∂H ′
ξ

∂zµ
dξ − ∂H ′

ξ

∂zµ
de− ∂H ′

zν

∂zµ
dzν − ∂H ′

φ

∂zµ
dφ

= 0, (4.129)

and

dPφ = −∂H ′
0

∂φ
dτ − ∂H ′

θ

∂φ
dθ − ∂H ′̄

θ

∂φ
dθ̄ − ∂H ′

nµ

∂zµ
dnµ

− ∂H ′
ξ

∂φ
dξ − ∂H ′

ξ

∂φ
de− ∂H ′

zµ

∂φ
dzµ − ∂H ′

φ

∂φ
dφ

= −
(
n2 + 1

)
dτ. (4.130)

To check whether the set of equations (4.121) to (4.130) are integrable or not,

let us consider the total variations of the set of (HJPDE)’s. The variations

of

dH ′
0 = 0, (4.131)

dH ′
θ = 0, (4.132)

dH ′̄
θ = 0, (4.133)

and

dH ′
z
µ

= 0, (4.134)

are identically zero, whereas the variations of

dH ′
n

µ
= −

(
2φnµ + ξPµ

)
dτ −

(
iPµΓµν

)
dθ + dzµ ≡ H ′′

n
µ
dτ, (4.135)

dH ′
ξ = −

(
Pµn

µ
)
dτ ≡ H ′′

ξ dτ, (4.136)

dH ′
e = −

(1

2
P 2

)
dτ ≡ H ′′

e dτ, (4.137)
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and

dH ′
φ = −

(
n2 + 1

)
dτ ≡ H ′′

φdτ. (4.138)

are not. Therefore we obtain the following set of additional constraints:

H ′′
n

µ
= −

(
2φnµ + ξPµ

)
, (4.139)

H ′′
ξ = −

(
Pµn

µ

)
, (4.140)

H ′′
7 = −

(
1

2
P 2

)
, (4.141)

and

H ′′
9 = −

(
n2 + 1

)
. (4.142)

One notices that the total differentials of H ′′
n

µ, H ′′
ξ , H ′′

e and H ′′
φ vanish iden-

tically, i.e.

dH ′′
n

µ
= 0, (4.143)

dH ′′
ξ = 0, (4.144)

dH ′′
e = 0, (4.145)

and

dH ′′
φ = 0. (4.146)

Thus the equations of motion (4.121) to (4.130) and the new constraints

(4.139) to (4.142) represent an integrable system. Since the equations of

motion are integrable, the action can be written as

S =

∫
dτ

{
1

2
eP 2 + nµż

µ − φ

(
n2 + 1

)}
. (4.147)
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Chapter 5

Discussion and Conclusion

The main motivation of this study is to make a formal generalization of

Hamilton-Jacobi formalism for constrained systems to be applicable to new

areas in physics, such as supersymmetric systems which including different

examples of the superparticles and superstring. In studying the superparticle

and superstring theories in flat superspace, the dynamical systems subject to

mixed fermionic first and second class constraints in an arbitrary space-time

dimension, which are difficult to be separated by Dirac’s method, so we must

introduce a gauge transforation, which is difficult to be specified. The advan-

tage of the Hamilton-Jacobi formalism is that we have no difference between

first and second class constraints and we do not need gauge-fixing term be-

cause the gauge variables are separated in the processes of constructing an

integrable system of total differential equations.

Chapter 2 presents several examples of superparticle, such as massive,
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massless and spinning superparticle. The Hamilton-Jacobi formalism of the

Brink-Schwarz superparticle present obstacles related to the mixing of first

and second class constraints, the equations of motion are obtained as total

differential equations in many variables, and the integrability conditions are

examined to be identically zero. In the same manner, we introduced the equa-

tions of motion of a massless Siegel superparticle and the result of our work

in this convention in the light of Dirac’s method [25]. In the last example, a

spinning particle mechanics was enlarged by rigid space-time supersymme-

try and some spinning superparticle models with interesting features were

studied, and the equations of motion are obtained in form of the spinning

particle added to the superparticle sectors with a common bosonic part.

The electromagnetic interaction of massive superparticles with N = 2 ex-

ternal superpotential was studied in Chapter 3. The equations of motion are

obtained for the constrained system by applying the Hamilton-Jacobi formal-

ism. One notices that our formalism does not depend on the N -extended su-

persymmetric which introduces extra degrees of freedom. In Hamilton-jacobi

formalism of the classical constraints, no need for gauge fixing of first-class

constraints, no need to eliminate second-class constraints, such as in Dirac

method [37].

In chapter 4, superstring is investigated by using the Hamilton-Jacobi

formalism. The classical mechanics of 4D superstring is introduced, and

the total variations of (HJPDE’s) are checked. The seconde example is
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Green-Schwarz Superstring. The manifest supersymmetric formulation of

Green-Schwarz superstring is very difficult to quantize because of the entan-

glement between first- and second-class constraints and the infinitely gauge

symmetry[38]. But by applying the Hamilton-Jacobi formulation which does

not differentiate between the first and second class constraints; consequently,

there is no difficulty in treating the constraints, and we do not need any

gauge fixing terms. The system is completely integrable if and only if we

use the boundary condition of the string as a constraint on such system. Fi-

nally, we present D = 11 action for mechanical system, the constraints of a

dynamical system are expressed as the set of (HJPDE)’s, then the equations

of motion are obtained. The integrability conditions are examined until a

complete system is obtained.
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Appendix A

Grassmann Variables

Grassmannian variables refer to anticommuting variables θα (α is a spinor

indices), that is, the variables obeying the relations

θα θβ = − θβ θα; α 6= β, (A.1)

θ̄α̇ θ̄β̇ = − θ̄β̇ θ̄α̇; α̇ 6= β̇, (A.2)

(θα)2 = (θ̄α̇)2 = 0. (A.3)

The generators of a n-dimensional Grassmann algebra are anticommuting

classical variables θα with (α = 1, 2, ..., n),

{
θα, θβ

}
= θα θβ + θβ θα = 0 (A.4)

A general element of a Grassmann algebra is defined as a power series of the

generators. Since (θα)2 = 0, the power series has only a finite number of
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elements.

f(θ) = f0 +
∑

α

fα θα +
∑

αβ

fαβ θαθβ + ... + f12...nθ1θ2...θn. (A.5)

The fαβ...n are ordinary complex numbers, which are antisymmetric in α, β, ..., n.

The integration rules for Grassmann variables are

∫
dθα = 0,

∫
dθα θα = 1 = −

∫
θαdθα. (A.6)

and the differentiation is defined by

∂

∂θα

K = 0; K is constant, (A.7)

∂

∂θα

θα = 1, (A.8)

∂

∂θα

(θβθγ) = δαβθγ − δαγθβ. (A.9)

Also we shall introduced a number of the relations of left and right derivatives

∂l,r

∂θα

∂l,r

∂θα′
(Ω) = (−1)nαnα′

∂l,r

∂θα′

∂l,r

∂θα

(Ω). (A.10)

∂l

∂θα

∂r

∂θα′
(Ω) =

∂r

∂θα′

∂l

∂θα

(Ω). (A.11)

∂l

∂θα

(Ω1Ω2) =

(
∂l

∂ψα

Ω1

)
Ω2 + (−1)nΩ1

nαΩ1

(
∂l

∂ψα

Ω2

)
. (A.12)

∂r

∂θα

(Ω1Ω2) = (−1)nΩ2
nα

(
∂r

∂ψα

Ω1

)
Ω2 + Ω1

(
∂r

∂ψα

Ω2

)
. (A.13)

where Ω, Ω1 and Ω2 are elements of definite parity. One notices that the

derivative of an even (odd) element is odd (even).
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