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The open spin—% XXZ quantum spin chain with general integrable boundary
terms is a fundamental integrable model. Finding a Bethe Ansatz solution for this
model has been a subject of intensive research for many years. Such solutions for
other simpler spin chain models have been shown to be essential for calculating
various physical quantities, e.g., spectrum, scattering amplitudes, finite size cor-
rections, anomalous dimensions of certain field operators in gauge field theories,
etc.

The first part of this dissertation focuses on Bethe Ansatz solutions for open
spin chains with nondiagonal boundary terms. We present such solutions for some
special cases where the Hamiltonians contain two free boundary parameters. The
functional relation approach is utilized to solve the models at roots of unity, i.e.,

s
p+1

for bulk anisotropy values n = where p is a positive integer. This approach
is then used to solve open spin chain with the most general integrable boundary
terms with six boundary parameters, also at roots of unity, with no constraint
among the boundary parameters.

The second part of the dissertation is entirely on applications of the newly

obtained Bethe Ansatz solutions. We first analyze the ground state and compute



the boundary energy (order 1 correction) for all the cases mentioned above. We
extend the analysis to study certain excited states for the two-parameter case. We
investigate low-lying excited states with one hole and compute the corresponding
Casimir energy (order % correction) and conformal dimensions for these states.
These results are later generalized to many-hole states. Finally, we compute the
boundary S-matrix for one-hole excitations and show that the scattering ampli-
tudes found correspond to the well known results of Ghoshal and Zamolodchikov
for the boundary sine-Gordon model provided certain identifications between the

lattice parameters (from the spin chain Hamiltonian) and infrared (IR) parameters

(from the boundary sine-Gordon S-matrix) are made.
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Chapter 1: Introduction

Exact solutions to some fundamental physical systems such as the hydrogen
atom and the harmonic oscillator have played crucial roles in the development of
physics. Sytems that can be solved exactly are said to be “integrable.” Such exact
solutions allow many of the physical properties of these systems such as the spec-
trum, scattering amplitudes, correlation functions, etc., to be determined exactly
without resorting to any sort of approximation methods. Historically, Yang [1]
in his solution of the problem of particles in one dimension with repulsive delta
function interaction and Baxter [2] in his solution of the eight vertex statistical
model independently showed that these integrable models satisfy a special non-
linear equation, known as the Yang-Baxter equation (YBE). This equation is a
crucial condition of integrability. The YBE also arises as the condition of factor-
izability of the multiparticle S-matrix of 1 + 1 dimensional integrable quantum
field theory models, such as the sine-Gordon model [3]. For systems with bound-
ary, Zamolodchikov and Cherednik [4, 5] introduced the reflection equation, also
known as the boundary Yang-Baxter equation (BYBE), that ensures boundary
integrability. Ghoshal and Zamolodchikov [6] demonstrated such boundary inte-
grability in certain 1 + 1 dimensional boundary quantum field theories through
their formulation of boundary scattering matrices that obey BYBE.

A quantum spin chain is a fundamental prototype of integrable models. Such
chains come with two topologies, “closed” and “open.” Originally, Heisenberg
[7] introduced the isotropic closed spin—% XXX quantum spin chain in 1928. A

few years later, Bethe proposed an ansatz, called Bethe’s hypothesis, to solve
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the model [8]. Hulthen studied the antiferromagnetic ground state of this model
[9] using Bethe’s hypothesis. This method, now known as the coordinate Bethe
Ansatz, was later used by others to obtain further important results on closed
spin-3 XXX and XXZ (anisotropic) spin chains [10]-[13]. Gaudin and Alcaraz et
al. utilized the method to solve the open spin—% XXZ quantum spin chain with
diagonal boundary terms [14, 15] It also served as an important tool to study other

models, e.g. delta-function interaction problem [16].

Bethe Ansatz has since been a powerful method to solve integrable models.
Over the years, it has been subjected to numerous investigations and applied to
solve many quantum systems. In the late 1970’s, an alternative method with
common mathematical background to coordinate space Bethe Ansatz was devised.
This method, which relies on diagonalization of transfer matrices, is known as the
Quantum Inverse Scattering Method (QISM) or the algebraic Bethe ansatz (ABA)
[17]-[22]. It requires a reference state from which the desired Bethe states can
be constructed. ABA has been used to solve many simpler quantum spin chain
models, e.g., open spin—% XXZ quantum spin chain with diagonal boundary terms
[23]. However, obtaining such a reference state for more general quantum spin
chains has proven to be a formidable task and still is an open problem. Recently,
an ABA solution for the corresponding open spin chain with nondiagonal boundary
terms with constrained boundary parameters was proposed [24], where a proper
“reference” state for this model was found. This Bethe Ansatz solution was also
derived using certain functional relations [27, 28] and the Q-operator [29], which

do not require the construction of reference states.

We note that Bethe Ansatz is only one of the possible routes towards integra-
bility. Recently, Baseilhac and Koizumi [30] and Galleas [31] proposed solutions

for the generic case of the open spin—% XXZ quantum spin chain using g-Onsager



3

algebra and nonlinear algebraic relations, respectively. However, computations
of thermodynamic properties such as finite size corrections and S-matrices using
these methods are still unclear at the present. In this dissertation, we restrict
our investigation of integrable quantum spin chains using strictly Bethe-Ansatz-
type solutions derived from functional relations. In the following sections of this

chapter, some of the above-mentioned results will be briefly reviewed.
1.1 Conditions of integrability

For quantum integrable models, YBE and BYBE ensure bulk and boundary
(for models involving boundaries) integrability, respectively. These are nonlinear
equations involving R(u) and K (u) matrices, which are the solutions of these
equations '. The matrix R(u) is defined as an operator acting on the tensor
product space V ® V', where V generally is a A/-dimensional complex vector space

Cyr. Similarly, the matrix K (u) is defined as an operator acting on V. We review

them separately below.

1.1.1 Yang-Baxter equation

We first define the permutation matrix, Pxr ® y = y ® x for all vectors x and

y. The YBE can be written as
ng(u — U>R13(U)R23(1}) = Rgg(v)ng(u)ng(u — U) (11)

where R;; are operators on V @ V ® V, with Rijs = R® 1,R3 = 1 ® R and
R13 = PogR12Po3, where Pog = 1 ®P is the permutation matrix acting nontrivially
on the second and third spaces and trivially on the first. Evidently, R acts
nontrivially on the first and second spaces and trivially on the third. Similarly,

Ry3 acts nontrivially on the first and third spaces and trivially on the second, etc.

!Studies on YBE and BYBE and their solutions have significantly advanced the subject of
quantum groups, where these solutions arise from the representations of the quantum groups.
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The independent variable u (or v) is called the “spectral parameter.” One can
interpret (1.1) as factorized scattering of three particles in bulk [3]. As we shall
see, the trigonometric solution with V' = Cy of the YBE is of particular interest to
us since it yields the R matrix of the spin—% XXZ quantum spin chain given below,

R(u) = : (1.2)

S O O Q
oo oo
oo o O
QO OO

where
a=sinh(u+mn), b=sinhu, c¢=sinhy (1.3)
and 7 is the bulk anisotropy parameter.

1.1.2 Boundary Yang-Baxter equation

The BYBE can be written as [4, 5]
ng(u — U)Kl(U)Rzl(U + ’U)KQ(U) = KQ(U)RlQ(U/ + U)Kl(U)Rgl(U — U) (14)

where R;; is defined as before. The matrix K (u) acts on space V, with K; =
K®1,Ky,=1® K. As usual, u and v are spectral parameters. Analogous to the
YBE (1.1), the BYBE (1.4) can be seen as scattering of particles from a boundary.
As for the YBE, various solutions of the BYBE have been found. The most general
matrix K (u) of the open spin—% XXZ quantum spin chain was found by de Vega
and Gonzélez-Ruiz [32] and independently by Goshal and Zamolodchikov [6] by

solving (1.4) directly using the R matrix (1.2).
1.2 Spin—% XXZ quantum spin chains

Construction of spin chains requires two crucial “building blocks”, namely the

R and K matrices introduced above. In the following sections, we review the



5

construction of both the closed and open spin—% XXZ quantum spin chains from

these matrices.

1.2.1 Closed spin chain

The closed spin—% XXZ chain is constructed from only the R matrix (1.2). The

transfer matrix can be expressed as
t(u) = tro To(u) (1.5)
where Tp(u) is the monodromy matrix defined as a product of R matrices,
To(u) = Ron(u) - -+ Ro1(u) (1.6)

where Ry, (u) is an operator on

<<—o
<
<les
<z

QV - QVE®  ® (1.7)

where “0” is the “auxiliary space” over which the trace try is taken, and n takes the
values of 1,2..., N representing the “quantum spaces.” The monodromy matrix

obeys the fundamental relation
ROO’ (U - U)To(u)Tol(U) = TO/ (U)To(u)ROO/ (U - U) (18)

which can be proven using (1.1) and the fact that Ry, commutes with Ry, for

n # n'. The transfer matrix has the following important commutativity property
[t(u), t(v)] = 0 (1.9)

The Hamiltonian can be constructed from the logarithmic derivative of the transfer

matrix,

N -
H = sinh n(ZL log t(u)|u=o — ) cosh nl



N—-1
= Z Hn,n—‘rl + HN,l y
n=1

1 A
Hij; = sinhnPi;R;;(0) — 3 cosh il

1
= 3 (O’iUﬁ_H +olo¥. | + coshn O’ZUZ_H) (1.10)

where 0 , 0¥, 0% are the standard Pauli matrices, 7 is the bulk anisotropy parame-
ter, and the prime indicates differentiation with respect to the spectral parameter.

One then can readily conclude that [H,t(u)] = 0.

1.2.2  Open spin chain

The transfer matrix ¢(u) of the open spin chain is given by [23]

A

t(u) = tro Ky (u)To(u) Ky (u)To(u), (1.11)

where Tp(u) and Ty(u) are the monodromy matrices,

~

T[)(U) = RON(U) tee R()l(u) s T()(U) = R()l(u) te RON(U>, (112)

and tro again denotes trace over the “auxiliary space” 0. K*(u) and K_(u) are
the K matrices corresponding to the left and right boundaries of the open spin
chain, respectively. One can relate the transfer matrix to the open spin chain

Hamiltonian H using (see [23])
t'(0) = 2H tr K7 (0) + tr K*(0)’ (1.13)

More discussions on these subjects are found in subsequent chapters where solu-

tions of open XXZ spin chains and applications of these solutions are presented.
1.3 Algebraic Bethe Ansatz

In this section, we review the ABA approach, applied to the case of the closed

spin—% XXZ spin chain. A crucial element to this approach is the R matrix (1.2)
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discussed above. Detailed information on this approach can be found in [22]. The

monodromy matrix Tp(u) is a 2 X 2 matrix in the auxiliary space,

To(u) = ( é% ggz; ) , (1.14)

where the elements of this matrix are operators acting on the quantum space V&V,

These operators obey the following set of algebraic relations encoded in (1.8),

AWB() = S B - 5= BAG),
D0 B() = fio— B - 5= BD(). (1.15)

where a, b and ¢ are given by (1.3).
The following reference state w, (ferromagnetic state with all spins up) is an

eigenstate of A(u) and D(u)

w+:<é>®...®<é> (1.16)

namely,
Alw)wy = sinh™ (u+n)wy,  D(u)wy = sinh™ (u)w, (1.17)

Further, it is annihilated by C(u), C(u)wy = 0. B(u) can be used as a creation

operator to form so-called Bethe states,
B(w) -+ B(unm)ws = |us, ..., un). (1.18)

From (1.5), (1.14)-(1.18), it can be shown that the Bethe state |uy, ..., up) is an

eigenstate of the transfer matrix ¢(u) = A(u) + D(u),

t(u)|ug, ... unr) = Awgug, ..o ung)|ug, ..o ung) (1.19)



with the eigenvalue

: Qu—mn) . v, Qutn)

Au;u, ... up) = sinh™ (u + n)~—=——"% + sinh" (u 1.20
provided the zeros u, of the function
M

Q(u) = [] sinh(u — ua) (1.21)
a=1

satisfy the following Bethe Ansatz equations,
(sinhlus +u)yy gy sinhs —ua by gy
sinh(ug) oy sinh(ug — uq — 1)
0< M < ];[ (1.22)
which also naturally arise from the analyticity of the eigenvalue A(u;uy,...,uy).

Quantities of interest such as the energy can now be calculated from the solution
of (1.22) using

NP 1
E =sinh"n

N
— cosh 1.23
= sinh(uq + 1) sinh(u,) Ty cosh (1.23)

which can be derived from (1.10) and (1.20). Equations (1.20) and (1.22) are
the desired solution of this model that one could use to compute further various
physical quantities of the quantum spin chain e.g., bulk scattering amplitudes of
spinons. In the following chapters, we shall derive such Bethe Ansatz type equa-
tions for more general open quantum XXZ spin chains and utilize these solutions
to determine various important physical quantities. Completeness of these solu-
tions can be numerically checked for small number of sites using a method which

we describe below.
1.4 McCoy’s method

In this section, we describe a method pioneered by Barry McCoy and his

collaborators [33, 34|, known as ‘McCoy’s method’, to check completeness of Bethe
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Ansatz type solutions. It is based on the transfer matrix of the model. One works
with newly defined spectral parameters, x = e" and bulk anisotropy parameter,
q = e". McCoy’s method consists of four main steps (cf.[28]):

(a) We fix an arbitrary (generic) value x, of the spectral parameter, for which
we compute the eigenvectors |A) of the transfer matrix ¢(zo). These eigenvectors
are independent of the spectral parameter (due to the commutativity property of
the transfer matrix (1.9)).

(b) Next, we determine the eigenvalues A(z) as Laurent polynomials in z by
acting with ¢(z) on the eigenvectors found in (a).

(c) We further set Q(z) = M, apz® (from (1.21)), and determine the coeffi-

cients ay from the relation (1.20), i.e., A(x)Q(x) = h(xq)Q(%) + h(z)Q(zq), where
) = (=)

2

(d) Finally, we factor the polynomials @Q(x), the zeros of which are the Bethe
roots one is looking for.
We tabulate results (energy and Bethe roots) for the ground state of the closed
spin—% XXZ quantum spin chain with even N, obtained using this method in Table
1.1. We also demonstrate the completeness of the solution (1.22) numerically for
N = 4 in Table 1.2. The number of Bethe roots M is not fixed and is related to

the spin 5.,
N
S, = i(; — M) (1.24)

The “£” can be attributed to the charge conjugation symmetry of the model.
This symmetry also implies a two-fold degeneracy of states with nonzero S,, e.g.,
in Table 1.2., states with £ = —2.0 and 2.0 are two-fold degenerate, with spin
S, = £1. Another example is the reference state with all spin up (or down) with
M = 0, namely S, = +2 (or S, = —2) which also gives the two-fold degeneracy.

The nondegenerate states, e.g., £ = —3.62258 and 2.20837 have S, = 0, giving
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M = 2. Finally, note that there also exist states with much higher degeneracy,
e.g., EF = 0. For these states, in addition to energy and spin, other quantities like

the momentum should be taken into consideration to distinguish them.

N | M | ground state energy, FE shifted Bethe roots g = uq + 4

2 11 -2.70711 0

41 2 -3.62258 -0.226301, 0.226301

6 | 3 -5.08036 -0.336515, 0, 0.336515

8 | 4 -6.61973 -0.411590, -0.101612, 0.101612, 0.411590

Table 1.1: Ground state energy and Bethe roots of the closed spin—% XXZ chain
in the massless regime (imaginary 7), for n = .

Energy, E' | degeneracy | M | shifted Bethe roots @i, = uy + 2
-3.62258 1 2 -0.226301, 0.226301
-2.0 2 1 0
1 0
-1.41421 1 2 0,2
0 7 1 -0.440687
1 -0.440687
1 0.440687
1 0.440687
2 -0.329239 + 7, 0.329239
2 0.329239 + 7, -0.329239
92 _non
27 2
1.41421 2 0 -
0 .
2.0 2 1 5
1 =
2.20837 1 2 + 0.600211 + F

Table 1.2: Complete set of 2¢ energy levels and Bethe roots of the closed Spin-%

XXZ chain in the massless regime, for n = %r.
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Chapter 2: Bethe Ansatz For Special Cases of an
Open XXZ Spin Chain

The open XXZ quantum spin chain with general integrable boundary terms [32]
is a fundamental integrable model with boundary, which has applications in con-
densed matter physics, statistical mechanics and string theory. The Hamiltonian

can be written as ?[6, 32]

1
H = Ho+ > sinh n [ coth a_ tanh f_o7 + cosech a_ sech _( cosh 0_o7
+ isinh6_o}) — coth oy tanh 5, 0% + cosech a; sech 3 (cosh 6, 0%

+ isinh0,0%)], (2.1)

where H,, 11 is given by

1N—1

Ho = 2 > (UZU£+1 + 040,41 + coshy UfLUfLH) ; (2.2)

n=1
o®,0Y,0% are the standard Pauli matrices, n is the bulk anisotropy parameter,
as , (4,04 are arbitrary boundary parameters ® and N is the number of spins.
Although this model remains unsolved, the special case of diagonal boundary
terms was solved long ago [14, 15, 23], and some progress on the more general case
has been achieved recently by two different approaches. One approach, pursued by
Cao et al. [24] is an adaptation of the generalized algebraic Bethe Ansatz [21, 35]
to open chains. Another approach, which was developed in [25]-[28] and which we

pursue further here, exploits the functional relations obeyed by the transfer matrix

ZNote that this Hamiltonian is related to the transfer matrix as encoded in (1.13)

3Under a global spin rotation about the z axis, the bulk terms remain invariant, and the
boundary parameters 61 become shifted by the same constant, §+ — 64 + const. Hence, the
energy (and in fact, the transfer matrix eigenvalues) depend on 64 only through the difference
0_ —0,.

12
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at roots of unity. It is based on fusion [36], the truncation of the fusion hierarchy
at roots of unity [40, 41], and the Bazhanov-Reshetikhin solution of RSOS models
[37, 38]. Similar results had been known for closed spin chains [39, 40, 41].

Both approaches lead to a Bethe Ansatz solution for the special case that the
boundary parameters obey a certain constraint. Namely, (following the notation
of the second reference in [27] where o ,5_,6_ and a, ,[3,,0, denote the left
and right boundary parameters, respectively, and N is the number of spins in the

chain),
a + B+ oy + By =£(0- —04) +nk, (2.3)

where k is an even integer if N is odd, and is an odd integer if N is even. See
Appendix 1 for details on the Bethe Ansatz solution for this case. This solution
has been used to derive a nonlinear integral equation for the sine-Gordon model
on an interval [42, 43], and has been generalized to other models [44]. However,
completeness of this solution is not straightforward, as two sets of Bethe Ansatz
equations are generally needed in order to obtain all 2V levels [28]. Related work
includes [44]-[50].

Despite these successes, it would be desirable to find the solution for general val-
ues of the boundary parameters; i.e., when the constraint (2.3) is not satisfied. In
the functional relation approach, the main difficulty lies in recasting the functional
relations (which are known [26, 27] for general values of the boundary parameters)
as the condition that a certain determinant vanish. In this chapter, we present the
solution of this problem (and hence, the Bethe Ansatz expression for the transfer
matrix eigenvalues) for the special cases that all but one of the boundary param-
eters are zero, and the bulk anisotropy has values n = % , % ,.... These results

are extended to cases where any two of the boundary parameters {a_, oy, 5, 5, }

are arbitrary and the remaining parameters are either n or im/2. We also present
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Bethe Ansatz solutions for cases with at most two arbitrary boundary parameters

and the bulk anisotropy has values n = & &

2.1 Transfer matrix and functional relations

The transfer matrix ¢(u) of the open XXZ chain with general integrable bound-
ary terms is given by (1.11). The R matrix is given by (1.2). KT (u) are 2 x 2

matrices whose components are given by [6, 32]

K{;(u) = 2(sinha_ cosh 8_ coshu + cosh a_ sinh 5_ sinh u)

Ky(u) = 2(sinha_ cosh 8- coshu — cosh a_ sinh 5_ sinh u)

Ko(u) = e’ sinh2u, Ky (u) = e sinh 2u, (2.4)
and
K (u) = —2(sinhay cosh 3, cosh(u + 1) — cosh a; sinh 8, sinh(u + 7))
K (u) = —2(sinhay cosh 8, cosh(u + 1) + cosh a sinh 3, sinh(u + 7))
Kh(u) = —e sinh2(u+n), K3 (u) = —e % sinh 2(u +n), (2.5)

where a= , B+ , 0+ are the boundary parameters. * For n # im/2, the first derivative

of the transfer matrix at u = 0 is related to the Hamiltonian (2.1),

H=c1t'(0) + ¢, (2.6)
where
g = - (16 sinh?" !y cosh nsinh o sinh a4 cosh B_ cosh ﬁ+) - ,
6 — _Sinh22;£208h2n- (2.7)

4Following [27, 28], we use a parametrization of the boundary parameters which differs from
that in [6, 32]. Specifically, the matrices KT (u) are equal to those appearing in the second
reference in [27] divided by the factors k4, respectively.
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and I is the identity matrix. For u = 0, the transfer matrix is given by
t(0) = col, co = —8sinh?" 5y cosh sinh a_ sinh o, cosh f_ cosh 3, . (2.8)
For the special case n = in/2 (i.e., p=1),

t(0) =0, '(0) = dpl, dy = (—=1)N8isinh ar_ sinh ay cosh 5_ cosh £,(2.9)

and the Hamiltonian (2.1) is related to the second derivative of the transfer matrix

at u =0 [25],
H=dit"(0),  dy = (—1)"*(32sinha_ sinhay cosh f_cosh )" . (2.10)
In addition to the fundamental commutativity property
[t(u) , t(v)] =0, (2.11)
the transfer matrix also has 7 periodicity
t(u+im) =t(u), (2.12)
crossing symmetry
t(—u—mn)=1t(), (2.13)
and the asymptotic behavior

eu(2N+4) +n(N+2)

t(u) ~ —cosh(6_ —6) NI I+... for uwu—o00. (2.14)

s
p+17

For bulk anisotropy values n = with p = 1,2,..., the transfer matrix

obeys functional relations of order p + 1 [26, 27|

tw)t(u+mn)...t(u+ pn)

— du—ntlu+ntlu+2n)...tut+(p—1)n)
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— O(w)t(u+2n)t(u+3n) ... t(u+ pn)
— O(u+n)t(u)t(u+3n)t(u+4n) ... t(u+ pn)
— (w2 t(u)t(u+ n)t(u+4n) .. tu+pn) — ...
— O(u+(p—Dmt(utu-+mn) ... tu+ (p—2)n)

+ ...=f(u). (2.15)
For example, for the case p = 2, the functional relation is

t(u)t(u+n)t(u+2n) —o(u—n)t(u+mn) —o(uw)t(u+2n) — 6(u+n)t(u)
= f(u). (2.16)

The functions §(u) and f(u) are given in terms of the boundary parameters

O‘3F753F70¥ by

o(u) = do(u)or(u),  flu) = folu)fi(u), (2.17)

sinh 2u sinh(2u + 4n)
sinh(2u + n) sinh(2u + 3n) ’
61(u) = 2*sinh(u 41+ a_)sinh(u +n — a_) cosh(u + 1+ B_) cosh(u +n — 5_)

So(u) = (sinhwsinh(u 4 2n))*" (2.18)

x sinh(u 4+ n + ay ) sinh(u 4+ n — ay) cosh(u +n + (5 ) cosh(u +n — By),

(2.19)
and therefore,
d(u+im) = d(u), d(—u—2n) =9d(u). (2.20)
For p even,

folu) = (=D)NT272PNginh®N ((p 4 1)u) , (2.21)
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filtw) = (=128
sinh ((p + 1)a_) cosh ((p + 1)4_) sinh ((p + 1)axy ) cosh ((p + 1)3.)
x cosh? ((p + 1)u) — cosh ((p + 1)a_) sinh ((p 4+ 1)3_) cosh ((p + 1)a )
< sinh (p+ 1)) sin? ((p + 1)u) — (~1) cosh ((p + 1)(0_ — 8,))

xsinh® ((p+ 1)u) cosh® ((p + 1)u) ) (2.22)
For p odd,

folw) = (=1)N27Nsinh®Y ((p 4 1)u) tanh® (p+ L)u) ,  (2.23)

i) = =27 (
cosh ((p + 1)a) cosh ((p 4 1)5-) cosh ((p + 1)ay.) cosh ((p + 1) 54
x sinh? ((p 4+ 1)u) — sinh ((p + 1)a_) sinh ((p + 1)3_) sinh ((p + 1)ary)
x sinh ((p +1)84) cosh? ((p + 1)u) + (=1)" cosh ((p + 1)(6- — 6.))

xsinh® ((p+ 1)u) cosh® ((p + 1)u) ). (2.24)
Hence, f(u) satisfies

flutn)=fw),  fl=u)=f(u). (2.25)

We also note the identity
,
fo(w)* =TT do(u + jn) . (2.26)
7=0
The commutativity property (2.11) implies that the eigenvectors |A) of the
transfer matrix t(u) are independent of the spectral parameter uw. Hence, the

corresponding eigenvalues A(u) obey the same functional relations (2.15), as well

as the properties (2.12) - (2.14).
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2.2 Bethe Ansatz solution: Even p, one arbitrary boundary param-
eter

We henceforth restrict to even values of p (i.e., bulk anisotropy values n =

%’r , % ,...), and consider the various special cases that all but one of the boundary

parameters are zero.

221 a_#0

For the case that all boundary parameters are zero except for a_ (or, similarly,
a ), we find that the functional relations (2.15) for the transfer matrix eigenvalues

can be written as

det M =0, (2.27)
where M is given by the (p +1) x (p+ 1) matrix
A(uw) —h(u) 0 0 —h(—u+pn)
—h(=u)  AMu+pn) —h(ut+pn) ... 0 0
: ; : - : : (228)
—h(u + p*n) 0 0 o —h(-u—plp—1)m)  Alu+pn)

(whose successive rows are obtained by simultaneously shifting u +— w« + pn and
cyclically permuting the columns to the right) provided that there exists a function

h(u) which has the properties

h(u+2im) =h(u+2(p+1)n) = h(u), (2.29)
hu+(p+2)n) h(-u—(p+2)n) = 6u), (2.30)
f[ h(u+2jn) + ﬁ h(—u—2jn) = f(u). (2.31)

To solve for h(u), we set
h(u) = ho(u)hi(u), (2.32)

with

sinh(2u + 2n)

ho(u) = (—=1)Y sinh®" (u + n) snh(2u 1 1)

(2.33)



19

Noting that

ho(u + (p+2)n) ho(—u — (p+2)n) = do(u),

ﬁho<u+2jn>=1jho<—u—2jn> — fow). (2.34)

J=0

where dp(u) and fo(u) are given by (2.18) and (2.21), respectively, we see that

hq(u) must satisfy

hi(u+ (p+2)n) hi(—u—(p+2)n) = d&i(u), (2.35)
f[ ha(u+ 2jm) + ﬁ hai(—u—2jn) = fi(u). (2.36)

Eliminating hy(—u — 2jn) in (2.36) using (2.35), we obtain

() — 2w + T8+ (25— 1) =0, (2.37)
where
= f[ hi(u 4+ 25n) . (2.38)

Solving the quadratic equation (2.37) for z(u), making use of the explicit expres-
sions (2.19) and (2.22) for 6,(u) and fi(u), respectively, we obtain
z(u) = 272"V cosh® ((p + 1)u) sinh ((p + 1)u)
X (sinh ((p + 1)u) £ sinh ((p + 1)a_)) . (2.39)
Notice that this expression for z(u) has periodicity 27, which is consistent with

(2.38) and the assumed periodicity (2.29). Corresponding solutions of (2.38) for
hq(u) are

cosh( (u =+ a_ —i—n))

hi(u) = —4 cosh® usinh usinh(u F o) (2.40)
cosh ( (uFa_ — 7]))
In short, a function h(u) which satisfies (2.29) - (2.31) is given by
inh(2 2
h(u) = (=1)"*'4sinh®Y (u + n)w cosh? usinh u
cosh Lu+a_ +
X sinh(u — a_) <2 i ) (2.41)

(] \

Cos.h(1 u—a_—n).
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The structure of the matrix M (2.28) suggests that its null eigenvector has the

form (Q(u),Q(u+pn),...,Q(u+p®n)), where Q(u) has the periodicity property
Qu+ 2im) = Q(u) . (2.42)

It follows that the transfer matrix eigenvalues are given by

Q(u — pn)

Q(u + pn)
Au) = h(u)———=+ h(—u+p , 2.43
(1) = () LI ¢ () ] (243
which evidently has the form of Baxter’s T'Q) relation. We make the Ansatz
M 1 1
Q(u) = [] sinh (2(u - u])> sinh (2(u +u; — pn)> : (2.44)
j=1
which has the periodicity (2.42) as well as the crossing property °
Q(—u+pn) = Qu). (2.45)

The asymptotic behavior (2.14) is consistent with having M (the number of zeros

u; of Q(u)) given by
M=N+p+1, (2.46)

which we have confirmed numerically for small values of N and p. Analyticity of

A(u) implies the Bethe Ansatz equations

) _ Qu=pm) gy (2.47)

h(—u; + pn) Quj +pn)’

To summarize, for the special case that p is even and all boundary parameters
are zero except for a_, the eigenvalues of the transfer matrix (1.11) are given by
(2.43), where h(u) is given by (2.41), and Q(u) is given by (2.44) and (2.46), with

zeros u; given by (2.47).

®Note that A(u) = A(—u+ pn) = A(—u — n), where the first equality follows from (2.43) and
(2.45), and the second equality follows from the im periodicity of A(u) (which, however, is not
manifest from (2.43).)
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We observe that for the special case that we are considering, the corresponding
Hamiltonian is not of the usual XXZ form. Indeed, ¢'(0) (the first derivative of
the transfer matrix evaluated at u = 0) is proportional to o%,. Hence, to obtain a
nontrivial integrable Hamiltonian, one must consider the second derivative of the

transfer matrix. We find

N-1
t"(0) = —16sinh® 'y coshnsinha_ ( {a}”{, > H, ,nﬂ}
n=1

) - sinhn . .
+ (N coshn + sinhntanhn)oy, + SiIﬂl(L010N> , (2.48)

where H,, 1 is given by

T

H, i1 = (Jflanﬂ +oloy . + coshn Ufzafzﬂ) . (2.49)

N | —

222 B_#£0

For the case that all boundary parameters are zero except for 5_ (or, similarly,
B+), we find that the functional relations (2.15) for the transfer matrix eigenvalues

can again be written in the form (2.27), where now the matrix M is given by

A(uw) —h(u) 0 . 0 —h(—u—n)
—h(—u—(p+1)n) Alu+pn) —h(u+pn) ... 0 0
: ) : , : . 2.50)
—h(u .—i-an) 0 0 v —h(=u—(@*+1)n) Alu+p?n)
if h(u) satisfies
h(u+2ir) =h(u+2(p+1)n) = h(u), (2.51)
h(u+(p+2)n) h(—u—mn) = 6(u), (2.52)
p p
I ru+2in) + [T h(—u— 25+ 1)n) = f(u). (2.53)
j=0 j=0

Proceeding similarly to the previous case, we now find

sinh(2u + 2n)
sinh(2u + n)
x (coshu + (~1)%isinh _) . (2.54)

h(u) = (=1)Y4sinh®Y (u +n) sinh? u cosh u
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The transfer matrix eigenvalues are now given by

Q(u + pn) Qv — pn)

A(u) = h(u + h(—u—n , 2.55
(1) = () ST 4 (=) S (255)
with
o 1 1
Q(u) = ] sinh (2(u - uj)> sinh (2(u +u; + 7})) , (2.56)
j=1
which satisfies Q(u + 2i7) = Q(u) and Q(—u —n) = Q(u); and
M=N +p. (2.57)
Moreover, the Bethe Ansatz equations for the zeros u; take the form
Mug) QU =pm) gy (2.58)
h—u;—n)  Qu; +pn)
For this case, t'(0) = 0, and
t"(0) = —16 coshnsinh®Y 5 (o7 + sinh B_ o7) o5 . (2.59)

Higher derivatives yield more complicated expressions.

223 0. #0

For the case that all boundary parameters are zero except for #_ and 6, (quan-
tities of interest depend only on the difference §_ — 6. ), we find that the functional
relations (2.15) for the transfer matrix eigenvalues can be written in the form

(2.27), where the matrix M is given by

A(u) —h@)(—u —n) 0 . 0 —h M (u)
_pM u U — (2) —Uu — e
h ( +1) A( :+ ) h=( | 21) ) (:3 (.J 2.60)
—h®) (—u— (p+ 1)n) 0 0 oo —hD(utpy) Alu+p)

(whose successive rows are obtained by simultaneously shifting v — u + n and

cyclically permuting the columns to the right), if the functions A (u) and h®) (u)
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satisfy
A (4 im) =" (u+ (p+ 1)) = MPw), k=1,2, (2.61)
Y (u+1n) B2 (—u—n) = du), (2.62)
p p
MY+ jin) + [ A® (—u—jn) = f(u). (2.63)
j=0 j=0
We find
inh(2 2
AY(w) = (=1)Nef+0 sinh®™ (u + n)w sinh?2u,
inh(2 2
AP w) = (—=1)Ne==% sinh®V (u + n)sw sinh?2u.  (2.64)
The transfer matrix eigenvalues are given by
- +1)
Au:h(l)uM+h(2)_U_nc2(u77 2.65
(1) = KO ) S5 1 = ) (2.65)
with, for NV even,
oM
Q(u) = [] sinh(u — u;), (2.66)
j=1
which satisfies Q(u + im) = Q(u); and
1
M = §(N+p). (2.67)
The Bethe Ansatz equations for the zeros u; take the form
D (s ,
Qh () __Qlutn) gy (2.68)
W (=uj—n)  Qu; —n)
For this case, also t'(0) = 0, and
t"(0) = —16coshnsinh®™ 77( coshf_ coshf, ooy + icoshf_sinhf, ofo¥,
+ isinhf_coshf, o{o} —sinhf_sinh 6, J%J?\,) : (2.69)
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2.3 Bethe Ansatz solution: Even p, two arbitrary boundary param-
eters

In Section 2.2, we obtained Bethe Ansatz solutions for the transfer matrix
eigenvalues of the open XXZ chain for the special cases that the bulk anisotropy

parameter has values

Y p:274767"'7 (2'70)

and one of the boundary parameters {o_, oy, 5_, B, } is arbitrary, and the remain-
ing boundary parameters are zero. Here we show that those results can readily be
extended to the cases that any two of the boundary parameters {«_,a,[_, 34}
are arbitrary and the remaining boundary parameters are either n or i /2. (We
assume that 6_ = 0, = 6.) For these cases, the corresponding Hamiltonians have

the conventional local form (see, e.g., [28])

N-1
1
H = E Hy py1 + 3 sinhn{coth a_tanh 3_o7
n=1

+ cosech a_ sech B_( cosh o7 + isinh 0o}) — coth vy tanh 3, 0%

+ cosech a sech 31 (cosh Ooy, + isinh 60}’\,)} : (2.71)

where H,, ,,+1 is given by (2.49). The corresponding energy eigenvalues are related

to the eigenvalues A(u) of the transfer matrix ¢(u) (1.11) by

0
E=¢ a—ul\(u) o T €2 (2.72)
where
1

1 = - B 3 . 1 9N—1 )

16 sinh o cosh 3_ sinh o cosh (3, sinh n coshn

inh® 7 + N cosh?
- _ smh”n + [V cosh™n . (2.73)

2 coshn
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2.3.1 «a_,«a, arbitrary

For the case that a4 are arbitrary and S+ = 7, we find that

J fi(u)? —4 ﬁ 01 (u+ (2 —1)n) = 272" cosh® ((p + 1)u) sinh ((p + 1)u)
X [sinh ((p+ Da_) = (1) sinh ((p + 1)y )] -

(2.74)

The key point is that the argument of the square root is a perfect square. For
definiteness, we henceforth restrict to even values of N. It follows that the quantity

z(u) appearing in (2.37) is now given by (cf. (2.39))

2(u) = 2727V cosh? ((p 4 1)u) [sinh ((p + 1)u) % sinh ((p + 1)a_)]

X [sinh ((p + 1)u) Fsinh ((p+ Day)] . (2.75)
Corresponding solutions of (2.38) for hy(u) are (cf. (2.40))

hi(u) = 4cosh®(u —n)sinh(u F a_)sinh(u £ o)
cosh ( uta_ + 77)) cosh (%(u Foay + n))

3
. 2.76
ot (Huza —m) o (sua—m)

X

Hence, for h(u) = ho(u)hy(u) we can take (cf. (2.41))

sinh(2u + 2n)

) = st ) Gy oSt (=)
inh( ) sinh(u + )cosh(é(u+oz+n)) COSh(%(u—a++n))
x sinh(u — a_)sinh(u + o |
™ cosh (%(U —a_ — 77)) cosh (%(u ta, — 77))

(2.77)

which indeed satisfies (2.29)-(2.31). The transfer matrix eigenvalues and Bethe

Ansatz equations are given by (2.43), (2.44), (2.47), with (cf. (2.46))

M=N+2p+1. (2.78)
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2.3.2 [(_, (3. arbitrary

For the case that fi are arbitrary and a4 = 7, we find that

Jfl(u)Q —4 ﬁ o (u+ (27 —1Dn) = 272 3sinh? ((p 4 1)u) cosh ((p + 1)u)
< [sinh ((p+ 1)3-) — sinh ((p+ )8
(2.79)
and therefore
z(u) = 272 Dsinh? ((p + 1)u) [cosh ((p + 1)u) £ isinh ((p + 1)3-)]
x [eosh ((p+ 1)u) Fisinh ((p+ 1)84)] - (2.80)

Thus, we take the function h(u) to be (cf. (2.54))
sinh(2u + 2n)
sinh(2u + 7)
X (coshwu + isinh 3_) (coshu — isinh 3, ) , (2.81)

h(u) = 4sinh®™(u+n) sinh?(u — 1)

which indeed satisfies (2.51)-(2.53). The transfer matrix eigenvalues and Bethe

Ansatz equations are given by (2.55), (2.56), (2.58), with (cf. (2.57))

M=N+2p—1. (2.82)
2.3.3 «_,[_ arbitrary

For the case that a_ , 3_ are arbitrary and a, = in/2, ;. =7, we find that

\lfl(U)z —4 f[ 61 (u+ (25 —1)n) = 27% ¥ cosh® ((p+ 1)u)sinh ((p + 1)u)

X [sinh ((p + 1)a-) + (=1)%icosh ((p + 1)8-)] |

(2.83)
and therefore

z(u) = 2727V cosh? ((p + 1)u) [sinh ((p + 1)u) % sinh ((p + 1)a_)]

ya
2

x[sinh ((p+ 1)u) £ (=1) i cosh ((p + 1)8-)] - (2.84)



27

For h(u) we take

sinh(2u + 2n)
sinh(2u + n)

cosh (%(u +a_+ 77))
cosh (%(u —a_ — 77))

h(u) = 4sinh®™(u+n) cosh(u — n) coshu

x sinh(u —a_) (sinhw+icoshfp_), (2.85)

which satisfies (2.29)-(2.31). The transfer matrix eigenvalues and Bethe Ansatz

equations are given by (2.43), (2.44), (2.47), with (cf. (2.46))
M=N+p. (2.86)

Similar results hold for the case that a , 3, are arbitrary and a_ = im/2, f_ =1,
etc.

We have checked these solutions numerically for chains of length up to N =
6, and have verified that they give the complete set of 2V eigenvalues. Hence,
completeness is achieved more simply than in the case that the constraint (2.3) is
satisfied [28].

We emphasize that, in contrast to the solution for the case that the con-
straint (2.3) is satisfied, these solutions do not hold for generic values of the bulk
anisotropy. Indeed, these solutions hold only for n = & & = Also, while the
Q(u) functions have periodicity im for the case that the constraint (2.3) is satisfied
and for the case treated in Section 2.2.3, the Q(u) functions have only 2im period-
icity for the cases treated in Sections 2.2.1 and 2.2.2. (See Eqs. (A1.10), (2.66),
(2.44) and (2.56), respectively.)

Two key steps in our approach for solving for the function A(u) (which permits
the recasting of the functional relations (2.15) as the vanishing of a determinant
(2.27)) are solving the quadratic equation (2.37) for z(u), and factoring the result,
such as in (2.38). For the special cases solved so far (namely, the case (2.3) consid-

ered in [24, 27, 28|, and the new cases considered here), the discriminants of the



28

corresponding quadratic equations are perfect squares, and the factorizations can
be readily carried out. However, for general values of the boundary parameters,
the discriminant is no longer a perfect square; and factoring the result becomes a

formidable challenge. Perhaps elliptic functions may prove useful in this regard. °

2.4 Bethe Ansatz solution: Odd p, two arbitrary boundary param-
eters

The famous Baxter T'— @ relation [35], which schematically has the form

t(u) Qu) = Q) + Q(u"), (2.87)

holds for many integrable models associated with the sly Lie algebra and its defor-
mations, such as the closed XXZ quantum spin chain. This relation provides one
of the most direct routes to the Bethe Ansatz expression for the eigenvalues of the
transfer matrix ¢(u).

We present a generalization of this relation which involves more than one Q(u),

tu) Qi(u) = Qa(u) + Qa(u"),
t(u) Qa(u) = Qu(u")+ Qu(u"). (2.88)

This structure arises naturally in the open XXZ quantum spin chain for special
values of the bulk and boundary parameters. We expect that such generalized
T — @ relations, involving two or more independent Q(u)’s, may also appear in
other integrable models.

We find here (again by means of the functional relations approach) that by
allowing the possibility of generalized T'— @ relations, we can obtain Bethe- Ansatz-
type expressions for the transfer matrix eigenvalues for the cases that at most two

of the boundary parameters {a_, a, 5_, B} are nonzero, and the bulk anisotropy

6An attempt along this line for the case p = 1 was considered in [25].
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has values n = %’ , %T ,.... In order to derive the generalized T — () relation, it is
instructive to first understand why we are unable to obtain a conventional relation

with a single Q(u).
2.5 An attempt to obtain a conventional T' — () relation

In order to obtain Bethe Ansatz expressions for the transfer matrix eigenvalues,
we try (following [38]) to recast the functional relations as the condition that the
determinant of a certain matrix vanishes. To this end, let us consider again the

(p+1) x (p+ 1) matrix given by [27]

Alu) — Hates 5(0 . 0 —h(u)
~h(u+n) Au+n) =22l 0 0
pgy = | D A T |  f2s9)
—% 0 0 oo —h(u+pn) Alu+pn)

where h(u) is a function which is im-periodic, but otherwise not yet specified.
Evidently, successive rows of this matrix are obtained by simultaneously shifting
u — u + n and cyclically permuting the columns to the right. Hence, this matrix

has the symmetry property
SMu)S™ = M(u+n), (2.90)

where S is the (p+ 1) X (p+ 1) matrix given by

010 00
001 ...00

S=1: : -~ |, SPHl =1, (2.91)
000 ...0°1
1 00 00

This symmetry implies that the corresponding 7' — @) relation would involve
only one Q(u). Indeed, if we assume det M(u) = 0 (which, as we discuss below,

turns out to be false for the cases which we consider here), then M(u) has a null
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eigenvector,
M(u) v(u) =0, (2.92)
The symmetry (2.90) is consistent with
S o(u) =v(u+n), (2.93)

which in turn implies that v(u) has the form

v(w) = (Qu),Qu+n),....Qu+pn),  Qlutir)=Q(u). (2.94)

That is, all the components of v(u) are determined by a single function Q(u). The
null eigenvector condition (2.92) together with the explicit forms (2.89), (2.94) of
M (u) and v(u) would then lead to a conventional T'— @ relation.

One can verify that the condition det M(u) = 0 indeed implies the functional

relations (2.15), if h(u) satisfies

L P d(u+ gn)
w4 Jn) + (2.95)
};IO jl;[o h(u+ jn) -
Setting
p
) = H (u+ jn), (2.96)

it immediately follows from (2.95) that z(u) is given by

)= 5 (1) = AW) | (297)

where A(u) is defined by

p

Au) = f(u)? — 4] 6(u + jn). (2.98)

J=0

We wish to focus here on new special cases that A(u) is a perfect square. 7

For odd values of p, A(u) is also a perfect square if at most two of the boundary

"When the constraint (2.3) is satisfied, A(u) is a perfect square; these are the cases studied in
[26]. For even values of p, A(u) is also a perfect square if at most one of the boundary parameters
is nonzero; these are the cases studied in [51].
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parameters {a_, ay, 5, B, } are nonzero. We henceforth restrict to such parameter
values. In particular, we assume that 7 is given by (2.70), with p odd (i.e., bulk
anisotropy values 1 = %T , %r ,...). For definiteness, here we present results for the
case that a_, B_ # 0 and a; = f; = 0+ = 0. (In Section 2.6.2, we present results
for the case that a4 # 0 and f+ = . = 0; and similar results hold for the other
cases.) Moreover, we also restrict to even values of N. (We expect similar results
to hold for odd N.)

For such parameter values, it is easy to arrive at a contradiction. Indeed, on
one hand, the definition (2.96) together with the assumed im-periodicity of h(u)
(which is required for the symmetry (2.90)) imply the result z(u) = z(u + n). On

the other hand, (2.98) together with (2.17)-(2.20) and (2.23)- (2.26) imply

A(w) = 25 fy(u) (cosh(p+ 1)a_) + cosh((p+ 1)5-)

x  sinh?((p 4 1)u) cosh((p + 1)u) . (2.99)

Hence, it follows from (2.97) that z(u) # z(u + 1), which contradicts the earlier
result. We conclude that for such parameter values, it is not possible to find a
function h(u) which is im-periodic and satisfies the condition (2.95). Hence, for
such parameter values, the matrix M(u) given by (2.89) does not lead to the
solution of the model, and we fail to obtain a conventional T' — () relation.

We remark that if either ooy or a_ is zero, then the Hamiltonian is no longer
given by (2.1), since the coefficient ¢; (2.7) is singular. Indeed, as noted in [51],
t'(0) is then proportional to o%. Hence, in order to obtain a nontrivial integrable

Hamiltonian, one must consider the second derivative of the transfer matrix. For

the case a_,(_ # 0,

N-1
t"(0) = —16sinh®¥ ! ncoshn(sinh a_ cosh 5 {Jf\,, > H, ,n+1}

n=1

+ sinh a_ cosh B_ (N coshn + sinhn tanhn)oy,
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+ sinhn (o] + sinh G_ cosh a_o7) 0}%) : (2.100)

where H,, ,41 is given by (2.49). The case ay # 0, for which the Hamiltonian

instead has a conventional local form, will be discussed in the following section.
2.6 The generalized T — @) relations

Instead of demanding the symmetry (2.90), let us now demand only the weaker

symmetry
TMWT ' =Mu+2n), T=5%, (2.101)

where S is given by (2.91). Indeed, (2.90) implies (2.101), but the converse is not

true. A matrix M(u) with such symmetry is given by

A(u — A 0 - 0 Ou—m)

o R (u) o TR (un)

—p Au+ —h@(u+ 0 0

(u) (u. n) (u n) . . . (2.102)
—h® (u —n) 0 0 coe =hD(u+(p—1n) Alu+pn)

where hM(u) and h®(u) are functions which are im-periodic, but otherwise not
yet specified.
This symmetry implies that the corresponding T' — () relations will involve two

Q(u)’s. Indeed, assuming again that

det M(u) =0, (2.103)
then M (u) has a null eigenvector v(u),

M(u) v(u) =0. (2.104)
The symmetry (2.101) is consistent with

T v(u) = v(u+2n), (2.105)
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which implies that v(u) has the form
v(u) = (Qi(u), Qa(u) ..., Qi(u—2n), Qa(u—2)) , (2.106)
with
Qr(u) = Qy(u+ir),  Qy(u) = Qy(u+in). (2.107)

That is, the components of v(u) are determined by two independent functions,

Q1(u) and Qa(u). The null eigenvector condition (2.104) together with the explicit

forms (2.102), (2.106) of M(u) and v(u) now lead to generalized T — @ relations,
_ O(u) Qs(u) ( ) Qa(u—2n)
M ome ey a0 B
W/ Ql(u —n) Q1(u+77)
(=)= * K Do) (2.109)

Since A(u) has the crossing symmetry (2.13) and 6(u) has the crossing property
(2.20), it is natural to have the two terms in (2.108) transform into each other under

crossing. Hence, we set
3 (u) = bW (—u — 27), (2.110)
and we make the Ansatz

M,
Qi(w) = [[sinh(u—uf")sinh(u+uf” +1),

j 1

Qo(u) = Hsmh u—u2))smh(u+u +3n), (2.111)
7j=1
which is consistent with the required periodicity (2.107) and crossing properties

Qi(u) = Qi(—u—mn),  Q2(u)=Qx(-u—3n). (2.112)
Analyticity of A(u) (2.108), (2.109) implies Bethe-Ansatz-type equations for

the zeros {u(»l) (‘2)} of Q (u) , Q2(u), respectively,

sy KOW) —n) Qi —2m)
©) OOy oDy j=1,2,... M,
O(uj " —mn) h(u;”) Q2(u;")
AW (4 @ 4 9
52“)3) — _W7 J=1.2... M. (2113)
h®) (ug™ + 1) Q1(u;”)
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Note that the function A (u) has not yet been specified, nor has the impor-
tant assumption that AM(u) has a vanishing determinant (2.103) yet been verified.
These problems are closely related, and we now address them both.

One can verify that the condition det M(u) = 0 indeed implies the functional
relations (2.15), if AV (u) satisfies

f) =) TT ot i+ oo T dwrin, @1

where

? 1 3. h (u+jn)
1= 0 2. P (u+ jn)
It immediately follows from (2.114) that w(u) is given by

) £/ A(u
w(u) = A ) : (2.116)
2HJ 02,..‘ (U +]77)

where A(u) is the same quantity defined in (2.98).

w(u) = (2.115)

2.6.1 a,#o,ﬁf#Oanda+=ﬁ+zei=O

We consider the case that p is odd, and that at most a_ and _ are nonzero. For
this case, \/A(u) is given by (2.99). It follows from (2.116) that forp =3,7,11,...

the two solutions for w(u) are given by

w(u) = coth® <;(p—|—1)u> :

w(w) <cosh((p + 1)u) — cosh((p + l)a_)> <cosh((p + 1)u) — cosh((p + 1)ﬁ_)>
cosh((p + 1)u) 4 cosh((p + 1)a—) ) \ cosh((p + 1)u) + cosh((p + 1)5-)
x coth* <;(p—i—1)u> , p=3,7,11,...; (2.117)
and for p=1,5,9,... the two solutions for w(u) are given by
cosh((p + Du) — cosh((p + 1)a) an (1
wlu) = (Cosh((p + 1)u) + cosh((p + 1)« )) coth (2(]? + 1)u> ’
_ (cosh((p+ 1)u) + cosh((p + 1)5-) on (1
wlu) = <cosh((p + 1)u) — cosh((p+1)p )) coth <(p +1) )

p=1,5,9,.... (2.118)
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There are many solutions of (2.115) for AV (u) (with h®(u) given by (2.110))
corresponding to the above expressions for w(u), which also have the required im

periodicity. We consider here the solutions

1
A (u) = —4sinh®™ (u + 27), M2:§N—|—p—1, M, =M, +2,

p=3,7,11,... (2.119)

and
—2cosh(u + a_) cosh(u — a_) cosh(2u) sinh®™ (u + 27) ,
My =M,=iN+2p—1, p=9,17,25,...
_ . 12N
WO () = 2 cosh(u + a_) cosh(u — ) cosh(2u) sinh™" (u + 27) , (2.120)

My=My= N+23p—1), p=5,1321,...
2 cosh(u + a_) cosh(u — a_) cosh(2u) sinh® (u + 27)
MlZMQZ%N+2, p:]_,

corresponding to the first solutions for w(u) given in (2.117), (2.118), respectively.
We have searched for solutions largely by trial and error, verifying numerically
(along the lines explained in [28]) for small values of N that the eigenvalues can
indeed be expressed as (2.108), (2.109) with Q(u)’s of the form (2.111).

Note that the values of M; and M, (i.e., the number of zeros of Q;(u) and
Q2(u), respectively) depend on the particular choice for the function AV (u). Our
reason for choosing (2.119), (2.120) over the other solutions which we found is that
the former solutions gave the lowest values of M; and Ms, for given values of N
and p. (It would be interesting to know whether there exist other solutions for
hM (1) which give even lower values of M; and M,.) Our conjectured values of
M, and M, given in (2.119), (2.120) are consistent with the asymptotic behavior
(2.14). Moreover, these values have been checked numerically for small values of
N (up to N = 6) and p (up to p = 21). That is, we have verified numerically that,
with the above choice of A" (u), the generalized T — @ relations (2.108), (2.109)

correctly give all 2V eigenvalues, with Q(u) and Qy(u) of the form (2.111) and
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with M; and M, given in (2.119), (2.120). We expect that similar results can be
obtained corresponding to the second solutions for w(u).

We propose that for the case that p is odd and that at most av_, 3_ are nonzero,
the eigenvalues A(u) of the transfer matrix ¢(u) (1.11) are given by the generalized
T — @ relations (2.108), (2.109), with Q;(u) and Qa(u) given by (2.111), h®(u)
given by (2.110), and h()(u) given by (2.119), (2.120). The zeros {uy) ,uﬁz)
of Q1(u) and Q2(u) are solutions of the Bethe Ansatz equations (2.113). We
expect that there are sufficiently many such equations to determine all the zeros.
As already mentioned, similar results hold for the case that at most two of the

boundary parameters {«_, a,_, 31} are nonzero.

2.6.2 o+ 7é0 and 6i :(gi =0

Here we consider the case that ar # 0 and Sy = 6+ = 0, for which the

Hamiltonian is local,

N-1
1
H = > Hypi+ 5 sinhn(cosech a_of + cosech Oz+0]’%> . (2.121)
=1

3

as follows from (2.1). For this case, the quantity y/A(u) is given by (2.99) with G-

replaced by a, namely,

Au) = 277 fy(u) (cosh((p + 1)a_) + cosh((p + 1)a )

x sinh?((p + 1)u) cosh((p 4+ 1)u) . (2.122)
It follows that the two solutions for w(u) (2.116) are given by

w(u) = coth® (;(p—i-l)u) :

(cosh((p + 1)u) — cosh((p + 1)a_)> <cosh((p + 1)u) — cosh((p + 1)a+)>
cosh((p + 1)u) + cosh((p + 1)a_) ) \ cosh((p + 1)u) + cosh((p + 1)ay)

1
x coth?™ (2(p+1)u> , p=23,7,11,..., (2.123)



37

w(u) = coth?V*? (;(er 1)u> :

(COSh((p + 1)u) — cosh((p + l)a_)> <Cosh((p + 1)u) — cosh((p + 1)oz+)>
cosh((p + 1)u) + cosh((p + 1)a—) ) \ cosh((p+ 1)u) + cosh((p + 1)a)

w(u) =
1
x coth?V 2 <2(p—|— 1)u> ., p=1,5,9,.... (2.124)

For simplicity, let us once again consider just the first solutions for w(u) given
in (2.123) and (2.124), which are independent of ay. Corresponding solutions of
(2.115) for AV (u) (with A (u) given by (2.110)) are
1 1
A (u) = 4sinh® (u + 2n), M, = GN+5Bp 1), Mi=M+2,

p=3,7,11,...(2.125)

and
—2cosh(2u) sinh® usinh*V (u +2n), M; =M, =iN+2p—1,
p=9,17,25,...
2 cosh(2u) sinh? usinh®" (u + 2n) My =My,=:N+3(p-1
M () = ’ 1 2 =3 5
W (w) p=5.13.21,. .. (2.126)
2 cosh(2u) sinh® usinh®V (u +2n),  M; =My =N +2,
p=1.

That is, the eigenvalues A(u) of the transfer matrix t(u) (1.11), for  values (2.70)
with p odd and for ar # 0 and L = 0. = 0, are given by the generalized T'— @
relations (2.108), (2.109), with Q;(u) and Q(u) given by (2.111), h®(u) given by
(2.110), and AW (u) given by (2.125), (2.126). The zeros {u!”, v} of Qi(u) and
()2(u) are solutions of the Bethe Ansatz equations (2.113).

We have argued that the eigenvalues of the transfer matrix of the open XXZ
chain, for the special case that p is odd and that at most two of the boundary
parameters {a_, oy, f_, B4} are nonzero, can be given by generalized T' — @) rela-
tions (2.108), (2.109) involving more than one Q(u). Although we have not ruled
out the possibility of expressing these eigenvalues in terms of a conventional T"— ()

relation, the analysis in Section 2.5 suggests to us that this is unlikely.
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It should be possible to explicitly construct operators Q1(u), Q2(u) which com-
mute with each other and with the transfer matrix ¢(u), and whose eigenvalues
are given by (2.111). There may be further special cases for which the quantity
A(u) (2.98) is a perfect square, in which case it should not be difficult to find the
corresponding Bethe Ansatz solution. The general case that A(u) is not a perfect
square and/or that n # im/(p + 1) remains to be understood.

Generalized T — () relations are novel structures, which merit further investiga-
tion. The corresponding Bethe Ansatz equations (e.g., (2.113)) have some resem-
blance to the “nested” equations which are characteristic of higher-rank models.
Such generalized T' — @ relations, involving two or even more Q(u)’s, may also
lead to further solutions of integrable open chains of higher rank and/or higher-

dimensional representations. (For recent progress on such models, see e.g. [44].)



Chapter 3: Bethe Ansatz For General Case of an
Open XXZ Spin Chain

There remains the vexing problem of solving the model when the constraint (2.3)
is not satisfied, i.e., for arbitrary values of the boundary parameters. Our goal has
been to solve this problem for the root of unity case. Some progress was already
achieved in [51, 52], where Bethe-Ansatz-type solutions for special cases with up
to two free boundary parameters (and with the remaining boundary parameters
fixed to specific values) were proposed. For those special cases (as well as for the
cases where the constraint (2.3) is satisfied), the quantity A(u) defined by (2.98),

namely
p
Au) = f(u)® —41_[05(U+J'77) (3.1)
j=
is a perfect square. However, for generic values of boundary parameters, A(u) is
not a perfect square, and it had not been clear to us how to proceed. It is on this
generic case that we focus in this chapter.

We find, for generic values of the boundary parameters, expressions for the
eigenvalues A(u) of the transfer matrix ¢(u) in terms of sets of “@Q functions”
{a;(u),b;(u)}, whose zeros are given by Bethe-Ansatz-like equations. (See (3.42),
(3.43) for p > 1; and (3.69), (3.70) for p = 1.) Such generalized T" — () relations,
involving more than one () function, appeared already for certain special cases
[52], and were used in [53] to compute the corresponding boundary energies in
the thermodynamic limit. We have verified the T" — @) relations numerically for

small values of p and N, and confirmed that they describe the complete set of 2V

eigenvalues.

39
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3.1 The case p > 1

We treat in this section the case n = iw/(p+1) with p > 1, i.e., bulk anisotropy
values n = & & .. Following Bazhanov and Reshetikhin [38], we first recast the
functional relations for the transfer matrix eigenvalues A(u) as the condition that
a matrix M (u) have zero determinant. The equations for the corresponding null
eigenvector, together with a key Ansatz (3.38)-(3.39), then lead to the desired set of
generalized T'— @ relations for A(u) (3.42), (3.43) and the associated Bethe-Ansatz

equations (3.45)-(3.52).
3.1.1 The matrix M (u)

Our objective is to determine the eigenvalues A(u) of the transfer matrix ¢(u).
As noted earlier, the transfer matrix satisfies a functional relation (2.15). By virtue
of the commutativity property (2.11), the eigenvalues satisfy the same functional
relation as the corresponding transfer matrix, as well as the properties (2.12) -

(2.14). Hence, for example, for p = 2 the eigenvalues satisfy
Aw) AMu+n) AMu+2n) — 5(u) AMu+2n) —6(u+n) Alu)
— du+2n) Au+n) = f(u). (3.2)

The first main step is to reformulate the functional relation as the condition

that the determinant of some matrix vanish. To this end, let us consider the

(p+1) x (p+ 1) matrix M(u) given by

A(u) —ma (u) 0 . 0 0 —Npt1(w)
—ni(u)  Alu+n) —ma(u) ... 0 0 0
s z S z . (33)
0 0 0 coo mnpa(u) Alu+(p—1)n)  —mp(u)
—Mpy1 () 0 0 . 0 —n,(u) A(u+pn)

where the matrix elements {m;(u) ,n;(u)} are still to be determined. Evidently,

this matrix is essentially tridiagonal, with nonzero elements also in the lower left
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and upper right corners. One can verify that in order to recast the functional

relations as
det M(u) =0, (3.4)

it is sufficient that the off-diagonal matrix elements {m;(u),n;(u)} be periodic
functions of u with period im, and satisfy the conditions
m;(u) nj(u) = o(u+(j—1)n), j=1,2,...,p+1, (3.5)
p+l p+l
[Tm() + 1T ni(w) = flu). (36)
j=1 j=1
We now proceed to determine a set of off-diagonal matrix elements {m;(u) , n;(u)}
which satisfies these conditions. Using (3.5) to express n;(u) in terms of m;(u),
and then substituting into (3.6), we immediately see that the quantity z(u) =

H?ii m;(u) must satisfy

z(u)—l—zglwﬁ)é(u—l—jn) = f(u). (3.7)

This being a quadratic equation for z(u), we readily obtain the two solutions

=5 (f = /AW | (38)

where the discriminant A(u) is the quantity (2.98),
, p
A(w) = F(w? — 4] 8(u+ jin). (39)
j=0
In short, we must find a set of matrix elements {m;(u),n;(u)} which satisfies (3.5)
and also
p+1
1 my() = (), (3.10)
j=1
where 2% (u) is given by (3.8).
In previous work [27, 51, 52] we considered special cases for which A(u) is

a perfect square. However, for generic values of the boundary parameters, A(u)
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is not a perfect square. Hence, the off-diagonal matrix elements cannot all be
meromorphic functions of u.
In order to determine these matrix elements, it is convenient to recast the

expression for z%(u) into a more manageable form. Noting that (see (2.18), (2.21)

and (2.23))
jli[of?o(qujn) = fo(u)?, (3.11)
we see that
Au) = folu)* Ar(u), (3.12)
where we have defined
Av(w) = fi(u)? — 4 H Si(u + ). (3.13)

It follows from (3.8) and (3.12) that
ZH(u) = folu) 217 (u), (3.14)

where

() = ; ( Filu) + ,/Al(u)) . (3.15)

Using the explicit expressions for d;(u) (2.19) and fi(u) (2.22), (2.24), one can

show that Aj(u) (3.13) can be expressed as

2
Ay (u) = 4sinh®(2(p + 1)u) Y pu, cosh™(2(p + 1)u) (3.16)
k=0
where the coefficients p, which depend on the boundary parameters, are given in

the Appendix (A2.1), (A2.2) for even and odd values of p, respectively. It follows
from (3.15) and (3.16) that

A (u) = 5 (filw) £ g1(u) Y(w) (3.17)

N | —
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where we have defined
g1(u) = 2sinh(2(p + 1)u) (3.18)

and

Y(u) = J > py cosh*(2(p + D)u) (3.19)

k=0

which we take to be a single-valued continuous branch obtained by introducing
suitable branch cuts in the complex u plane.® One can see that Y(u) has the

properties
Y(u+n) =Y, Y(-u)=Y(u). (3.20)
It follows from (2.25), (3.17) and (3.18) that
Alutn) =z #(-u) =2 (u). (3.21)

In short, z*(u) is given by (3.14), where zi"(u) is given by (3.17) - (3.19), and has
the important properties (3.21).
In order to construct the desired set of matrix elements, it is also convenient

to introduce the function h(u),

h(u) = ho(u) hy(u), (3.22)
where ho(u) is given by
ho(u) = (—=1)Y sinh®™ (u + n)m : (3.23)
and satisfies
ho(u) ho(—u) = do(u—1), (3.24)
i[oho(u + ki) = kf[oho(—u —kn) = folu). (3.25)

8We assume that the boundary parameters have generic values, and therefore, the function
Zi:o pu cosh®(2(p + 1)u) is not a perfect square. The branch points are zeros of this function.
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Moreover, hy(u) is given by °
hi(u) = (—=1)N 4 sinh(u + a_) cosh(u + B_) sinh(u + a ) cosh(u + 34) , (3.26)
and satisfies
hi(u) hi(—u) = 61 (u —n). (3.27)

We are finally ready to explicitly construct the requisite matrix elements:

m](u) = h(_u_jn)a nJ(U):h<U—|—j77), ]:17277297
o ) s (e
" bt h(—u—kn) Tl ha(—u —kn)’
2T (u 2 (w) holu

i:l h(u + kn) B Hi:l hy(u + k‘n) ’

Indeed, using (3.24), (3.27) and the fact

() () = I 6(u-+ ju) (3.29)

(which follows from (3.8) and (3.9)), it is easy to see that the condition (3.5) is
satisfied. It is also easy to see that the condition (3.10) (with 2z~ (u) on the RHS)

is also satisfied. We note here for future reference that

Npi1(u) = mps1(—u), (3.30)

which follows from (3.21). We also note that if the constraint (2.3) with ¢; = €3 =
€3 = 1 is satisfied, then [T,_,hi(u + kn) = zi(u), as follows from the identity
(A1.8). Hence, for this case, n,41(u) = h(u), and the matrix M (u) reduces to the

one considered in [27].

9Presumably, one can use the more general expression hy(u) = (—1)V 14 sinh(u+a_) cosh(u+
€10-) sinh(u 4 eaay ) cosh(u + €304 ), where ¢; = +1, which also satisfies (3.27). However, for
simplicity, we restrict to the special case €; = 1.
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3.1.2 Bethe Ansatz

The fact (3.4) that M(u) has a zero determinant implies that it has a null

eigenvector v(u) = (vi(u),va(u), ..., vpp1(u)),
M(u) v(u) =0. (3.31)
We shall assume the periodicity
vij(u+ir) =vj(u+ (p+ 1)) = v;(u), j=1,...,p+1, (3.32)

which is consistent with the periodicity M(u+im) = M(u). It follows from (3.31)

and the expression (3.3) for M(u) that
Alu+ (G = 1)) vi(u) =y (w) vj () +my(u) v (u),
j=1,2,...,p+1, (3.33)
where v;4,+1 = v; and nj 1,41 = n;. Shifting u — u — (j — 1)n, we readily obtain
A(u) vi(u) = h(=u—n) va(u) + npsa(u) vpa(u),
A(w) vj(u=(G=1)n) = h(u) vja(u—(G=1)n) +h(-u—n) via(u— (G- n),
j:2737"‘ 7p7

A(u) Vpg1 (U — ) = h(u) Up(“ —pn) + mpa(u — pn) vi(u —pn). (3.34)

The crossing properties of the eigenvalue A(—u —n) = A(u) (2.13) together with

(3.30) suggest a corresponding crossing property of v(u), namely,
vi(—u) = vpro_j(u), j=1,2,...,p+1. (3.35)

In particular, for j = £ 4 1 (which occurs only for p even !), this relation implies

that ve . (u) is crossing invariant,

vr g (—u) = vz (u). (3.36)
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Moreover, (3.35) implies that at most |£ |41 components of v(u) are independent,
say, {vi(u),... ;viz;1(u)}, where [ | denotes integer part.
Substituting the explicit expression for n,.;(u) (3.28) into (3.34), we obtain

the relations

21 (u) ho(u)

it )
Aw) vyl = G~ 1m) = () o1 — G ) A=) vy (5= ),

jzz,...,LgJH, (3.37)

Aw) or(u) = h(=u—=n) va(u) +

which evidently resemble a system of generalized T'— () equations. However, since
A(u) is an analytic function of u for finite values of u 1, the functions v;(u) cannot
be analytic due to the presence of the 2 (u) factor in (3.37).

We therefore propose instead the following Ansatz:
0j(w) = a;(w) £ bi(w) Y(w),  j=1,2,...[F]+1, (3.38)

where Y (u) is the function (3.19), and a;(u) , b;(u) are periodic, analytic functions

of u,
2M, 2M, »
aj(u) = A; [] sinh(u (a’)), JHsmhu—uk )), j7£§+1,
k=1
T . (a%Jrl) ( 7+1)
agii(u) = Apyy []sinh(u—w, > ) sinh(u+u, 2"),
k=1
(bP Dy, (bp+1)
beii(u) = By H sinh(u —uy 2" )sinh(u+u, 2 ), (3.39)

whose zeros {u,(fj ) ,u,(cbj )}, normalization constants {4;, B;}, and also the integers
M, , My are still to be determined. ' The forms (3.39) for a;(u) and b;(u) evidently

have the periodicity and crossing properties

aj(u+im) = a;(u), bj(u+im) = b;(u), j=1,....p+1,

0This is a well-known consequence of the transfer matrix properties (2.11) - (2.14).
HSince the normalization of the null eigenvector v(u) is arbitrary, one of the normalization
constants, say Bj, can be set to unity.
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a§+1(_u) = a%ﬂ(u) , b§+1(_u) = bgH(U) , (3.40)

which reflect the corresponding properties of v;(u) (3.32), (3.36) and of Y (u) (3.20).
We have obtained numerical support for this Ansatz, which we discuss at the end
of this section.

We now substitute the Ansatz (3.38), as well as the expression for zi (u) (3.17),
into (3.37). Since A(u) and Y (u)? (but not Y (u) !) are analytic function of u, we
can separately equate the terms that are linear in Y (u), and the terms with even
(i.e., 0 or 2) powers of Y (u). In this way we finally arrive at the generalized T'— Q)

equations:

ho(u)
21101 hy(u + kn) [fl (u) ar(—u)

+ () Y () bi(-u),

Au) ai(u) = h(—u—=n) as(u) +

(3.41)

A(w) aj(u— (G =1Dn) = hu) aja(u— (G =1)n) + h(=u—=n) aja(u— (G = n),

j:2,...,L§J+1, (3.42)

ho(’d)

A(u) by(u) = h(—u—n) ba(u) + 2T, hn(u + k)

[ fi(u) by(=u) + g1(u) ar(—w)]

A(u) bj(u—(j—1)n) = h(uw) bj_1(u—(j—1)n) +h(—u—n) bj(u—(j—1)n),

jz2,...,[§j+1, (3.43)

where az o(u) = az(—u) and ap%s(u) = CL%I(—U) for even and odd values of p,
respectively, and similarly for the b’s.
The asymptotic behavior A(u) ~ e*CN+4) for 4 — oo (2.14) together with the

T — @ equations imply the relation

My =M, +p+1. (3.44)
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An analysis of the u-independent terms yields relations among the normalization
constants and sums of zeros (3 u(aj) Y ul(bj )), which we do not record here.

As usual, analyticity of A(u) and the T'— @) equations imply Bethe-Ansatz-like

equations for the zeros {ul(aj )} of the functions {a;(u)},

ho(—ui™ —m) A" ai(= W5+mwﬁby<ﬁbbmﬂ$%
o (™) 2az (™) I (=™ =) THy b (™ + kn)
(a5) . (aj)
h(—u,* — (Y
Eav)“l —m_ —““(“l()) j:2,...,L§j+1, (3.45)
h(w "+ (5 —1)n) ajpr(u )

and for the zeros {ul(bj )} of the functions {b;(u)},

ho(—ui™ =) filu™) bi(=u™) + g1 (™) ar(—u™)
o) 26 ha(—u™ — ) Ty ha (™) + k)
(b5) . (b5)
h(—u;” — b;_
EbA)ul . am o _ _Jl(“l(b_)), i=2,... ,LgJJrl. (3.46)
h(w " + (G — 1)n) bj+1(uz )

Moreover, there are additional Bethe-Ansatz-like equations for the normalization
constants. Indeed, noting that ho(u) has a pole at u = —3, it follows from the

analyticity of A(u) and the T — @ equations (3.42) that

Ui Ui
az) = al-3), (3.47)
1 1 D
ajfl((i - 3)77) = aj+1((§ - 3)77) ) J= 27 ) LEJ +1 (3 48)

In obtaining the first equation (3.47), we have made use of the identity
U a U
k=0
The equations (3.47), (3.48) evidently further relate the normalization constants
{A;}. Similarly, the ' — @) equations (3.43) imply

h(3) = b(-3), (3.50)
bl =) = bl —im,  G=2,.15+1, @51
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which relate the normalization constants {B;}. Finally, noting that the first (i.e.,
j = 1) T — @ equation in the set (3.43) has the factor [I{_; hi(u + kn) in the

denominator which can vanish, e.g. at u = —a_ — 1, leads to the relation

fil=a_—=n) bi(a_+1)=—g(-a_—n) a(a_+n), (3.52)

which relates the normalization constants A; and B;. A similar analysis of the first
equation in (3.42) gives an equivalent result, by virtue of the identity fi(ug)?* =
91(u0)?Y (ug)? if ug satisfies T[)_ 1 (ug + jn) = 0, which follows from (3.13) and
the fact (3.16) that Ay (u) = g1(u)?Y (u)?

The energy eigenvalues of the Hamiltonian (2.1) follow from (2.6)-(2.8) and the
T — @ relations (3.42),

A _ a;(=(j =)  ai (= —1)n)  #(0)
E =c;N(0) 4+ ¢c2 = c1e9 [— aj(_(]. ) + aj—l(_<j 1) + h(O)] + 9 (3.53)

where j can take any value in the set {2,...,|5] +1}. For j # & + 1, it follows
that
1 Ae . (aj_1) .
E = 3 sinh 7 Z {coth + (j — 1)n) — coth(u, """ + (j — 1)7])}

1 1
+ 5 sinh 7 (coth _ + tanh G_ 4 coth ay + tanh 3,) + §(N — 1) coshn,

(3.54)

which does not depend explicitly on the normalization constants. For j = £ + 1,

there is an additional contribution from the term % in (3.53), since this
J

aj(u) is crossing invariant. It follows that

sinh n

1
2
M, 2M,
) (ap ) ¢ (a
{Z coth g +%) — coth(y, A ] Zcoth 2 Pﬁ)} +...,
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where the ellipsis denotes the terms in (3.54) that are independent of Bethe roots.
If one works instead with the 7" — @ relations (3.43), one obtains the same results
(3.54), (3.55), except with sums over the b roots.

We have verified the T'— () equations numerically, for values of p and N up to
6 and for generic values of the boundary parameters, along the lines [28]. These

results are consistent with the conjecture

N -1 N -1
M, = [TJ +2p+1, M, = LTJ +p, (3.56)

which agrees with the relation (3.44). These numerical results also indicate that
our Bethe Ansatz solution is complete: for each value of N, we find sets of Bethe
roots corresponding to each of the 2V eigenvalues of the transfer matrix. As already

remarked, this numerical work provides support for the Ansatz (3.38), (3.39).

3.2 The XX chain (p =1)

The case p = 1 corresponds to bulk anisotropy value n = im/2, for which the

bulk Hamiltonian (2.2) reduces to

N-1
Ho=5 3 (onon +olon) (3.57)
n=1

N —

which is known as the XX chain. The open XX chain with nondiagonal boundary
terms was studied earlier in [25], [54]-[56].

The functional equation for the case p = 1 is given by
t(u) ttu+mn) —o(u) —6(u+n) = f(u), (3.58)

We find that a suitable matrix M (u) is given by

_( M) —m(u)
M(u) = ( Cna(u) A+ ) ) : (3.59)
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where

mi(u) = [ho(u) 81(u+n) + ho(—u—n) 27 (w)] ., (3.60)

m(u) = [o(=w) 1 (u+ 1) + ho(u +n) 2 (u)] (3.61)

Indeed, one can verify that the condition det M (u) = 0 reproduces the functional

equation (3.58). Note that

ni(u) = my(—u). (3.62)

The corresponding null eigenvector v(u) = (vi(u),ve(u)) satisfies M(u) v(u) = 0,

ie.,

Alw) vi(u) = my(u) va(u), (3.63)

Aw) va(u—mn) = ni(u—=n)vi(u—mn). (3.64)
The crossing symmetry A(—u —n) = A(u) and (3.62) suggest
vo(u) = vy (—u). (3.65)

That is, only one component is independent, say, v;(u). Substituting the explicit

expression (3.60) into the first equation (3.63), we obtain

Aw) vi(w) = s [ho(u) 61(u+n) + ho(—u—n) 2 (w)] vi(—u).  (3.66)

Similarly to the p > 1 case, we make the Ansatz

v1(u) = ay(u) + by (u) Y(u), (3.67)
where
aj(u) = A l_f sinh(u — ul™) bi(u) = Hb sinh(u — ul™). (3.68)

k=1 k=1
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Substituting this Ansatz, together with the expression for z; (u) (3.17), into (3.66),

we obtain the desired generalized T'— () equations:

AGw) ar(a) ha(—a) = [ho(w) 8y(u+ 1) + Sho(—u— 1) fi(w)] ax(~u0)

- ;ho(—u —n) g1(w) Y (u)? by(~u), (3.69)
AQ) () ha(—u) = [how) 83(u+ ) + ho(—u —n) fi(w)] b1~
~ Shol—u—n) ga(u) ax(~u). (3.70)

From the asymptotic behavior we obtain the relation
M, = M,+2. (3.71)

The corresponding Bethe Ansatz equations are

ho(—uf™ —m) 201 (uf™ + 1) as (—u")
ho(uy™) ™) an(=u™) = (™) ¥ (uf™)? by (™)
(3.72)
ho(—ui™ =) 201 (g™ + 1) b (=) -
(b1) - (b1) (b1) (b1) (b1)y ’ (3.73)
ho(w ") filw ™) bi(=w; ) — gi(w ) ar(—u; )
and, e.g.,
filas) bi(—a) = gi(a) ar(—a_). (3.74)
There are no additional relations arising from analyticity at u = —1 analogous to

(3.47), (3.50) due to the identity fi(—%) = 20:1(3).
The energy eigenvalues of the Hamiltonian (2.1) follow from (2.9), (2.10) and
the first 7' — @ relation (3.69),

E = diA(0) = dyd [_22,158; * Ziggﬂ

= i) coth ul™ + % (cotha_ + tanh f_ 4 cothay + tanh 5;) . (3.75)
I=1

Working instead with the second 7" — @ relation (3.70) gives the same result (3.75)

except with sums over b roots.
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We have verified that the above T'— () equations are well-satisfied numerically,
for values of N up to 8 and for generic values of the boundary parameters, along

the lines [28]. These results are consistent with the conjecture

N -1 N -1
M, = LTJ +3, M, = LTJ +1, (3.76)

which agrees with the relation (3.71), and in fact also with (3.56). These results
also indicate that our Bethe Ansatz solution is complete.

We have found a Bethe-Ansatz-type solution of the open spin-1/2 integrable
XXZ quantum spin chain with general integrable boundary terms at roots of unity.
All six boundary parameters are arbitrary. In particular, the boundary parameters
need not satisfy the constraint (2.3) that arose in previous work [24], [27]-][29].
Moreover, in contrast to that earlier solution, our new solution appears to give
the complete set of 2V eigenvalues in a straightforward manner. This solution is
essentially the same for both even and odd values of p, the main difference being
that, in the former case, one of the () functions is crossing invariant.

Part of the price paid for this success is that there are multiple () functions
{a;(u),b;(u)} and corresponding multiple sets of Bethe roots {ul(aj) ,ul(bj)}. How-
ever, we have already demonstrated the feasibility of performing thermodynamic
(N — o00) computations with two such sets of Bethe roots [53]. Hence, we expect
that this multiplicity of sets of Bethe roots will not cause significant computational
difficulty. A further complication is the appearance of normalization constants
{A;, B,} and their corresponding Bethe-Ansatz-type equations.

Another part of the price paid for this success is that the bulk anisotropy
parameter is restricted to the values iw/(p+1). However, we expect that it should
be possible to further generalize our solution to the case n = imp’/(p+1), where p/
is also an integer. Indeed, we expect that functional relations of order p + 1 with

the same structure (e.g., (2.15)) will continue to hold for that case, except with
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a different function f(u) that will now depend also on p’. Hence, to the extent
that a number can be approximated by a rational number, this approach should in
principle solve the problem for general imaginary values of 7. Unfortunately, this
approach does not seem to be suitable for directly addressing the problem of real
values of ), for which case the transfer matrix presumably does not obey functional
relations of finite order. Nevertheless, as in the case of the sinh-Gordon and sine-
Gordon models, it may perhaps be possible to obtain results for real values of n

from those of imaginary values of n by some sort of analytic continuation.

Although we have considered here the case of generic values of the boundary
parameters for which the quantity A(u) is not a perfect square, we find numeri-
cal evidence that our solution remains valid when A(u) becomes a perfect square.
Presumably, for such special cases, the ) functions {a;(u) ,b;(u)} are not indepen-
dent. It may be interesting to determine the precise relationship between these
@ functions and those appearing in the previously found solutions [24], [27]-[29],
[51, 52].

We have also considered the case n = imp/(p + 1), with p a positive integer,
which corresponds to the “reflectionless points” of the sine-Gordon model. Nu-
merical experiments suggest that for p odd, the transfer matrix obeys the same
functional relations (with the same function f(u) (2.23),(2.24)) as for the case
where n = im/(p + 1); hence, the same solution also holds for this case. However,
for p even, the function f(u) must be slightly modified. The resulting expression

is given in Appendix 2.

We remark that the set of off-diagonal elements (3.28) of the matrix M (u) is
not unique. Indeed, we have found other sets of matrix elements which also give
det M(u) = 0. Among all the sets which we found, the particular set presented

here has several advantages: (i) it works for both even and odd values of p; (ii) the
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corresponding T' — () relations and Bethe Ansatz equations are relatively simple;
(iii) the corresponding values of M, and M, are minimized. Nevertheless, it may be
worthwhile to continue looking for alternative sets of off-diagonal matrix elements,
which may further reduce the values of M, and M, or which may have other nice
properties.

A key step in our analysis is the Ansatz (3.38), (3.39), which allows us to
express the non-analytic quantities {v;(u)} in terms of analytic ones {a;(u), b;(u)}.
We have numerical evidence that this Ansatz is valid. However, it is not clear
whether this Ansatz is the most “economical”: there may be alternative Ansétze
which introduce fewer () functions. For example, there may be some fixed relation
between a;(u) and b;(u).

The structure of our generalized T'— () equations bears some resemblance to
that of the conventional TBA equations of the XXZ chain [56]. Presumably, this
common structure has its origin in the fusion rules and root of unity properties of
the underlying U, (sus) algebra.

Having in hand an exact solution of a model with so many free boundary
parameters, one can hope to be able to analyze a plethora of interesting boundary
behavior.

Finally, we note that it should be possible to generalize the approach presented
here to open integrable anisotropic spin chains constructed from R and K matrices
(both trigonometric and elliptic) corresponding to higher-dimensional representa-

tions and/or higher-rank algebras.



Chapter 4: Boundary Energy of The Open XXZ Chain
From New Exact Solutions

Bethe Ansatz solutions with up to two free boundary parameters have been
proposed in [51, 52]. Completeness of these new solutions is straightforward, in
contrast to the case (2.3) [28]. A noteworthy feature of the solution [52] is the

appearance of a generalized T' — () relation of the form

t(u) Qi(u) = Qau') + Qa(u”),
t(u) Qa(u) = Qu(u')+ Qi(u"), (4.1)

involving two Q-operators, instead of the usual one [35]. However, unlike the case
(2.3), these new solutions hold only at roots of unity, i.e., bulk anisotropy values
(2.70) for all positive integer values of p .

The aim of this chapter is to use the new solutions [51, 52] to investigate the
ground state in the thermodynamic (N — oo) limit. For definiteness, we focus on

two particular cases:

Case I: The bulk anisotropy parameter has values (2.70) with p even;

the boundary parameters J4 are arbitrary, and ax =7, 0. =0 [51]  (4.2)

Case II: The bulk anisotropy parameter has values (2.70) with p odd;

the boundary parameters ay are arbitrary, and Sy = 6. =0 [52]  (4.3)

We also henceforth restrict to even values of N. For each of these cases, we deter-

mine the density of Bethe roots describing the ground state in the thermodynamic

56
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limit, for suitable values of the boundary parameters; and we compute the corre-
sponding boundary (surface) energies. > We find that the results coincide with

the boundary energy computed in [42] for the case (2.3), namely, 3

sinp [ 1 sinh((v —2)w/4) 1
R dw { . -
2 J-—oo  2cosh(w/2) ' 2sinh(rw/4) 2

sinh((v — |2a+ — 1])w/2) N sinh(w/2) Cos(biw)}

+
E boundary

+ sgn(2a4 — 1)

sinh(vw/2) sinh(vw/2)
1 1
+ 5 sin p cot(pay) — 7081 (4.4)
where
T 7r
— —Z e , V= — = + ]_ s a = Z a s = b 5 45
I = L + =ipag, [x=pby (4.5)

and sgn(n) = iy for n # 0.
4.1 Case I: p even
For Case I (4.2), the Hamiltonian (2.1) becomes

1
H="H+ 3 (coshntanh B_oF + sech f_o] — coshntanh f,0% + sech f10%;) (4.6)

which is Hermitian for 1 real. The eigenvalues A(u) of the transfer matrix (1.11)

are given by [51]

_ ) Quten) Q= p)
where 14
h(u) = 4sinh® ™ (u+ n)m sinh(u — )
X (coshu +isinh 8_) (coshu —isinh 3,) , (4.8)

12For the case of diagonal boundary terms, the boundary energy was first computed numerically
n [15], and then analytically in [57].

13Here we correct the misprint in Eq. (2.29) in [42], as already noted in [43].

14We find that the function h(u) given by (2.81), to which we now refer as hyiq(u), leads to
p—1 “Bethe roots” which actually are common to all the eigenvalues, and which therefore should
be incorporated into a new h(u). In this way, we arrive at the expression (4.8), which is equal

to hold(u)z;lﬁgizfzg; and at the M value in (4.9), which is equal to Myq — (p — 1), where M4 is

given by (2.82).
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and
lj\f[ sinh ( u)) sinh (;(u + uj + 77)) , M=N+p. (4.9)

The zeros u; of ()(u) satisfy the Bethe Ansatz equations

Plw) _ Qi—pn) .y (4.10)

h(—uj—n)  Qu; +pn)’

More explicitly, in terms of the “shifted” Bethe roots u; = u; + 1,

sinh(a; + 7) 2N sinh (24 + ) sinh(a@; — 22)
sinh(a; — 2) sinh(24; — 1) sinh(a; + 22)
cosh(ti; — #) 4 isinh 8_\ (cosh(a; — Z) —dsinh 5
cosh(t; + 7) +isinh 8_ ) \ cosh(@; + 7) —dsinh 3,
_ {p cosh(3(d; — @ +n)) cosh(z(@; + @ +n) .
a kl;[l coshé(ﬂj —Up — 1)) Coshé(ﬂj +ar —mn))’ =1, MaL)
The energy eigenvalues are given by (2.6)
E = ClA/(()) + C2
Qpn) [K'(0)  Q'(pn)  Q'(0)
= ¢h — . :
OG0 (7o) T Q) Q] T 12
Using the fact
A0) = h(O)%(ﬁg) = co, (4.13)

where the second equality follows from (2.8), we arrive at the result

1 M 1
E = isinh2n - +

21 sinh(a; — 1) sinh(a; + )

1
5(]\7 —1)coshn. (4.14)

Numerical investigation of the ground state for small values of N and p (along

the lines of [28]) suggests making a further shift of the Bethe roots,

~ X n oam
j—?:u]“f‘§—7 (415)



29

in terms of which the Bethe Ansatz Eqs. (4.11) become

(COSh(ﬁJ + 127)>2N+2 mh(ﬁj +3) COSh@J - 32777)
cosh(u; — ey sinh(u; — 2) cosh(; + 37’7)
sinh(3(t; + 8- — 3)) cosh(5(ii; = 8- — 3))
sinh(5 (i + 6 + 3)) cosh(3(t; — B+ 3))
| sinh(5(a; — By — 3)) cosh(5(a; + Br — §))
sinh(3(i; — B4 + 3)) cosh(3 (i + B + 3))
17 cosh(3 (il; — iy + ) sinh(5(i; + iig + )
) kl;[l COSh(sz i — 1)) Sinh(i(fbj + i, — 1)) , M(4.16)

2
Moreover, we find that for suitable values of the boundary parameters S+ (which

we discuss after Eq. (4.38) below), the N + p Bethe roots {t1, ... ,uyy,} for the

ground state have the approximate form !°

i . s N
1'1}]':‘:? ) . j—1,2,...7§
()—I—m P j=1,2 £

7 5 g e e ey

, (4.17)

where {v; ,v](-a)} are all real and positive. That is, the ground state is described by

N «

5 ‘strings” of length 2, and % pairs of strings of length 1.

We make the “string hypothesis” that (4.17) is exactly true in the thermody-
namic limit (N — oo with p fixed). The number of strings of length 2 therefore
becomes infinite (there is a “sea” of such 2-strings); and the distribution of their
centers {v;} is described by a density function, which can be computed from the
counting function. To this end, we form the product of the Bethe Ansatz Egs.

(4.16) for the sea roots v; + “X. The result is given by

€1 (>\j)4N+491 ()‘j>2 [63(/\j)2gl+i2b7 ()\j)gl—nb, (A ')91+z‘2b+ ()‘j)gl—i2b+ ()‘j)} 71(4'18)

N/2 2 9 p2
=TT ez = Me)e2 (N +Xe) | TT 11 [92 (N — A )92()\j+)\1(:))] ;
k=1 a=1k=1

, N

J = 17"‘757

5Due to the periodicity and crossing properties Q(u + 2im) = Q(—u — 1) = Q(u), the zeros
u; are defined up to u; — u; + 2iw and u; — —u; — 7, which corresponds to ﬁj — éj + 2im and
Uj +— u] im, respectively. We use these symmetries to restrict the roots to the fundamental
region Re i; > 0 and —7 < Im u; < 7.
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where we have used the notation (4.5), as well as
=y, o =l (4.19)

and (see [42] and references therein)

en(N\) =

sinh (,u()\ + %)) s cosh (N(/\ + %))

S g PR .
sinh (u()\ — 5)) 9n(}) = enl 2“) cosh (M(A - ﬂ))

<.

Taking the logarithm of (4.18), we obtain the ground-state counting function

NA) = - {(AN + 90,0 + 202 (3) — 205()

—T14420_ (/\) — T1—i2b_ ()\) T1+22b+( ) —Ti- z2b+< )
N/2 2 p/2
=23 (A= M) + @A+ M) = 3D [r2(A = M) + (A + A7)
k=1 a=1k=1
(4.21)
where ¢, () and 7,(\) are odd functions defined by
gm(A) = m+ilne,(\) = 2tan"! (cot(np/2) tanh(uN)) ,
ra(A) = ilng,(A). (4.22)
Noting that
N/2 N/2
k=1 k=—N/2
where A\_p = — )\, and letting N become large, we obtain a linear integral equation
for the ground-state root density p(\),
1 dh o, , ,
P = o =2 )—[ AN as(h — X p(\) (4.24)
1
+ 5y {4@1()\) + 201 () — 2a3(A) 4 2a2(A) — brygi_ (A) — bi_gip_(A)

2 p/2

= brgain, (A) = broai, (A) = 307 [ba(A = ALY + ba(A+ M) }(4.25)

a=1k=1
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where we have ignored corrections of higher order in 1/N when passing from a sum

to an integral, and we have introduced the notations

1 d i sin(npu)
A) = —— -
an(A) 27 qun( ) 7 cosh(2u\) — cos(nu)’
1 d i sin(npu)
bp(A) = ——r,(A\)=—-= : 4.26
) om d\ ) 7 cosh(2uX) + cos(nu) (4.26)
Using Fourier transforms, we obtain ¢
1
p(A) =2s(\) + NR()\) : (4.27)
where
1 foo . 1 1
)\ — 7/ d —iwA g 42
s o Joo 0 ° 2cosh(w/2)  2cosh(mA)’ (4.28)
and
. 1 R ~ N N 2
Rw) = W{4a1(w) + 20y (w) — 2a3(w) + 202(w) — brazn_ (W)
) . . 2 p/2 R
— bl_QiZL (w) — b1+2ib+ (w) — bl_Qib+ (w) -2 Z Z COS(W)\EJI)) bg(&))}
a=1k=1
(4.29)
with
. sinh ((v — |n|)w/2)
= < 2 4.
) = s ™Gy e, a0
- sinh (nw/2)
= ——F—= . 4.31
by (w) sinh (ve0/2) 0<Ren<v (4.31)

Turning now to the expression (4.14) for the energy, and invoking again the
string hypothesis (4.17), we see that

1., 1
E = ——sinh"n = =
2 i1 cosh(u; — 2) cosh(u; + %)

16 Our conventions are

fr= [ sy an, 0 == [ ) do.

—00



62

N/2 1

1
= ——sinh’n{ —2
2 77{ =i sinh(v; — ) sinh(v; + )
2 p/2 1

+
az::l ;::1 cosh(v](a)

1
—(N —1)coshn

+
— 1) cosh(v; (@ 4 727)} 2

. N/2 2 p/2
_ _27211]#{2 —|—122b1 )\ga } ;(N—l)COS,U- (432)
j=1 a=1j=1

Repeating the maneuver (4.23) in the summation over the centers of the sea roots,

and letting N become large, we obtain

msinpg o N2 2 p/2 1
E = - { Yo ar(N) —a(0)+ > bl )\a } —(N —1)cospu (4.33)
H j=—N/2 a=1j=1 2
7 sin f4 00 2 p/2 Y 1
= — . {N/ dX a1 (X)) p(A) —ay1(0 +ZZZ)1)\ } §(N—1)cosu,
- a=1j=1

where again we ignore corrections that are higher order in 1/N. Substituting the

result (4.27) for the root density, we obtain
E = Ebulk + Eboundary s (434)

where the bulk (order N) energy is given by

2N si oo 1
Epur = _ﬂ/ dX a;(A) s(\) + §Ncos,u
12 —0o0
= —Nsin’ / dA 5N 4.35
e [cosh(2uA) — cos p] cosh(mA) * cos j1,(4.35)

which agrees with the well-known result [13]. Moreover, the boundary (order 1)

energy is given by

2 p/2

Eboundary = ﬂ-Sln'u{[ + Z Z bl >\ 2 } - ;COSILL, (436)

a=1j=1

where [ is the integral
[ = /_O:O X\ ar(\) [ROV) — 8(\)] = i /_Oo dw i1 (w) [R(w) — 1]
2 p/2 R
— —E;bl()\ga / dw 3(w 2@1( )+ b1 (w) —az(w) — 1

1 ¢ . . .
5 {b1+2ib, (W) + bi—2ip_ (w) + biyoin, (W) + bi_gip, (w)} } ) (4.37)
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where we have used the fact §(w)by(w) = by(w). Remarkably, the )\g»a)—dependent
contribution in (4.36) is exactly canceled by an opposite contribution from the
integral I (4.37). Writing the boundary energy as the sum of contributions from
the left and right boundaries, Eyoundary = i, + E;mndary, we conclude that

oundary

the energy contribution from each boundary is given by

" _osinp [ 1 sinh((v —2)w/4) 1
Eoundary == 2 J—oo A 2cosh(w/2){ 2sinh(vw/4) 2
sinh(w/2) cosh((v — 2)w/2) = sinh(w/2) cos(biw)} B lcos
sinh(vw/2) sinh(vw/2) 4 B H

(4.38)

One can verify that this result coincides with the result (4.4) with ay = 1. As
shown in Appendix 3, the integrals in (4.35) and (4.38) (with p even) can be
evaluated analytically.

We have derived the result (4.38) for the boundary energy under the assumption
that the Bethe roots for the ground state have the form (4.17), which is true only
for suitable values of the boundary parameters G1. For example, the shaded region
in Fig. 4.1 denotes the region of parameter space for which the ground-state Bethe
roots have the form (4.17) for p = 4 and N = 2. For parameter values outside the
shaded region, one or more of the Bethe roots has an imaginary part which is not
a multiple of 7/2 and which evidently depends on the parameter values (but in a
manner which we have not yet explicitly determined). As p increases, the figure is
similar, except that the shaded region moves further away from the origin.

A qualitative explanation of these features can be deduced from a short heuristic

argument. Indeed, let us rewrite the Hamiltonian (4.6) as
H = Ho + hio] + hio] + hiyox + hyoy , (4.39)
where the boundary magnetic fields are given by

1 1
hi = 3 coshntanh f_, hi = 3 sech (_
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Figure 4.1: Shaded region denotes region of the (3y,(-)
plane for which the ground-state Bethe roots have
the form (4.17) for p =4 and N = 2.

1 1
hy = ~5 coshnptanh 8, , A% = 5 sech 3, . (4.40)
For 5.5_ >> 0 (i.e., the shaded regions in Fig. 1), the boundary fields in the x
direction are small; moreover, hih3, < 0;i.e., the boundary fields in the 2 direction
have antiparallel orientations, which (since IV is even) is compatible with a Néel-
like (antiferromagnetic) alignment of the spins. (See Fig. 4.2.) Hence, the ground

state and corresponding Bethe roots are “simple.”

hlzIH...thNz

Figure 4.2: Antiparallel boundary fields (big, red) are com-

patible with antiferromagnetic alignment of spins
(small, blue)

On the other hand, if |G| are small (the unshaded region near the origin of
Fig. 4.1), then the boundary fields in the = direction are large. Also, if 5.3 <0
(the second and fourth quadrants of Fig. 4.1, which are also unshaded), then
hih% > 0; i.e., the boundary fields in the z direction are parallel, which can lead to
“frustration.” (See Fig. 4.3.) For these cases, the ground states and corresponding

Bethe roots are “complicated.”
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hlzTH...HLNZ

Figure 4.3: Parallel boundary fields (big, red) are not com-

patible with antiferromagnetic alignment of spins
(small, blue)

4.2 Case II: p odd
For Case II (4.3), the Hamiltonian (2.1) becomes
L.
H ="Hy+ 2 sinh 7 (cosech a_o7] + cosech ayoy) . (4.41)

We restrict ar to be purely imaginary in order for the Hamiltonian to be Hermitian.
We use the periodicity a4 — a4 + 270 of the transfer matrix to further restrict
as to the fundamental domain —7 < Qm ay < 7. The eigenvalues A(u) of the

transfer matrix (1.11) are given by [52] 17

o 0(u—mn) Qxu—n)  6(u) Qo(u+tmn)
A = 50w — ) ) AW Qi)
_ h(l)(“_”)QgZ(;)n)+h(2)<“>Q1¢§Z(:)n)’ (4.42)
where 18

8 sinh? ! (u + 2n) cosh?(u + 1) cosh(u + 2n)
sinh(2u + 3n)

O(w) = A (—u—2n),
o(w) = RV (uw)h®(u)sinh(u +n+ a_)sinh(u+1n—a_)

X sinh(u 4+ 1+ ay)sinh(u +n —ay), (4.43)

1"The function Q2(u) here as well as its zeros {u§»2)} are shifted by 7 with respect to the
corresponding quantities in [52], to which we now refer as “old”; i.e., Qa(u) = Q3'(u — 1) and

(2) _ (2) old
u;’ = u; — 1.

18Similarly to Case I, we find that the functions h(!) (u) given in Egs. (2.125), (2.126) lead to
“Bethe roots” which actually are common to all the eigenvalues, and which therefore should be
incorporated into a new h")(u). In this way, we arrive at the expression for A" (u) in (4.43) and
the corresponding M, values in (4.45).
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and
H sinh(u )smh(u + u( 9 4 n), a=1,2, (4.44)
with
1 1

As remarked earlier in this chapter, the expressions for the eigenvalues (4.42)
correspond to generalized T'— @ relations (4.1). For generic values of a, we have
not managed to reformulate this solution in terms of a single Q(u). The zeros

w\ Y of Q.(u) are given by the Bethe Ansatz equations,
j

Sy KO =) Qa(ul? )
ol =) pO @Yy Qe )
hO(w;” ) (w? + )

W —n)’

j:1727"'7M17

=

@@

1{u

h<><§> Q

5 j=1,2,...,My. (4.46)
(

(2)
J

In terms of the “shifted” Bethe roots uga) = § 9 4 2, the Bethe Ansatz equations
are
2N +1
sinh( 5 )+ 2 cosh(; e -1
sinh(w g -1 cosh( b )
sinh( 51) + a_ — ) sinh( 51) —a_—1) smh(ﬂg-l) +ay—17) smh(&gl) —ay — %)
X
sinh( §1) —a_ + 1) sinh( 51) +a_+17) smh(fé” —ay+1) smh(~§-l) +ay+1)
M, sinh(a alth) — ~,§2) +n) sin h( ne + u(g) + 1)
- @ ~(2) 0 @ o J= L My (4.47)
k=1 sinh(u; " — 4, —n)sinh(a;’ + a4y —n)
and
(2 2N+1 (2
(smh(u§ )+ g)) cosh(ug- ) _ 1)
(2 (2
smh(ug ) ) Cosh(u§- ) + 1)
My sinh(ﬂ? - ﬂ,(el) +n) Sinh(ﬂgg) + ﬂg) + 1)
=" @ @y T L Mald48)
k=1 sinh(a;” — @, —n) sinh(a,;” + ;" —n)

The energy is given by

2 M, 1

E= fsmhznzz @ 1

a=1j=1 Slnh(

(N —1)coshn. (4.49)

N |
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Indeed, for p > 1, we obtain this result by following steps similar to those leading

to (4.14). For p = 1, we use (2.9) and (2.10) instead of (2.8) and (2.6); nevertheless,
the result (4.49) holds also for p = 1.

From numerical studies for small values of N and p, and for suitable values of
the boundary parameters ay (which we discuss after Eq. (4.66) below), we find

that the ground state is described by Bethe roots {ﬂ§~1)} and {ﬂ§~2)} of the form '

(1,1) L N (2.1) . N
(1’22]{ ‘ : j—1,2,...,51 7 (272)§ ‘ . ,]—1;27751(450)
o =12, 08 v+, o i=1,2,. 8

respectively, where {vj(-a’b)} are all real and positive.

We make the “string hypothesis” that (4.50) remains true in the thermody-

namic limit (N — oo with p fixed). That is, that the Bethe roots {ﬁg-a)} for the
ground state have the form

(a,1) —
{ (0«12}{ s . ! ’2’ ,M(a,l) ) a=1,2, (451)
Uj7 +?a ]:1127“"M(a72)
where {vg(‘mb)} are all real and positive; also, M1y = M1y = 5, and Mgz = 257,
Mg = 1. Evidently there are two “seas” of real roots, namely {UJ('LU} and
(o).

We now proceed to compute the boundary energy, using notations similar to
those in Case I. Defining

ol = A (4.52)
the Bethe Ansatz equations (4.47), (4.48) for the sea roots are

61()\541,1))21\@1 _ —{91()\5-1’1)

)€1+2a— (A§171))61—2a— ()‘5'1’1))61—&-2%- ()\g'lyl))el—QcH- ()\5'1’1))}

9The periodicity and crossing properties of Q,(u) imply that the zeros uga) are defined up to
ug-a) — uga) + 47 and uga) — —uga) — 1, which corresponds to ﬂ;a) — ﬁ;a) + 47w and ﬁ;a) — —ﬂ; ),
respectively. We use these symmetries to restrict the roots to the fundamental region Jte 12§-a) >0
and —% < Sm @\ < 7.
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N/2
1,1 2,1 1,1 2,1
< T [ = A2 ea(AY + A3Y)]
k=1
Ry ey 0 @2
x 9205 = AE)go (A + A2 (4.53)
k=1

and

2,1 2,1)y—
et (AN g (AP
N/2

k=1

+1)/2 (2,1) (1,2) (2,1) (1,2)
< T [0 =X )g08 + 0] (4.54)
k=1

respectively, where 7 =1,..., % The corresponding ground-state counting func-

tions are

h(l)O‘) = 217T{(2N + 1)(]1()\) - 7”1()\) — 142a_ ()\) - Q172a_()\) - Q1+2a+(>\) — q1-2a, ()\)

i (2.1) 2.1) v L)/2 (2,2) (2.2)
=3 [ = M) + (A AP - 2= A2P) (A A)] |
k=1 k=1
(4.55)
and
1
() = {2V + Dar(h) = ()
2 1,1 1,1 )2 1,2 1,2
=S e = A MM = Y [ = A+ A)]
k=1 k=1
(4.56)

Repeating the maneuver (4.23) in the summations over the sea roots, and letting
N become large, we obtain a pair of coupled linear integral equations for the

ground-state root densities p(®(\),

1 dh®

(1) _ _ - o ! Y (2) v/
PO = o= =2 = [ A e =) pO )

b @) )~ ) — e () — a1 ()
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—-1)/2
— 1490, (A) — @190, (A Z (b2 = AZ?) + b (A + A2 |
k=1
(4.57)
and
1 dh® 00
(2 - _ _ / o Dy
PO = o = 2a) = [ AN @ = X) pO()
1 (p+1)/2 ) )
+ N{al()\)—l—ag()\)—bl()\)— S b= M) (A A )
k=1
(4.58)

It is straightforward to solve by Fourier transforms for the individual root densities.
However, we shall see that the energy depends only on the sum of the root densities,
which is given by

1

pIO) + PP () = 45(3) + RO (4.59)
where
R = a2+ 202(0) = 21(e) s (@) ~dncae ()
— 1420, (W) = G1a, (W —2ZM(Z (@A) ba(w) . (4.60)

The expression (4.49) for the energy and the string hypothesis (4.50) imply

1 2 Nz 1
E = ——sinh®n{ —
2 R T~ s+ 3
2 M2 1 1
B + —(N —1)coshn
az:; = COSh(U](~a2) 1) cosh(v; MG )} 9
i 2 N/2 2 M2
= A a0 + 2 Y s+ f( — 1) cos
r a=1j=1 a=1 j=1
2 N/2 9 Mg
_ msin . )
= LY Y i) -0+ Y Y b))
a=1j=—N/2 a=1 j=1
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7rsm,u

- / dX ax(M) [pM(A) + pP (V)] = @i (0)

2 Mg,
1
+Z Z a2) } §(N—1>COS/L. (4.61)
Substituting the result (4.59) for the sum of the root densities, we obtain
E = Epur + Eboundary ) (462)

where the bulk (order N) energy is again given by (4.35), and the boundary (order

1) energy is given by

: 2 M,
TSI [ (a 1
Eboundary - - 7 {I + Z g 2) } - 5 cos (463)

a=1

where 7 is the integral

7 - ; / O; AN (N RO = 250)] = — [ dw iy(w) [R(w) — 2]

T J—c0
= — by (A — dw §(w)qay(w) — by(w) — 1
a=1 j—1 27 —o0
1r. . . .
~5 |:a1+2a_ (W) + @1-24_ (W) + G1424, (W) + G1-24, (w)} } ) (4.64)

Once again there is a remarkable cancellation among terms involving Bethe roots
which are not parts of the seas, namely, )\g-a’Z). Writing Epoundary @s the sum of con-
tributions from the left and right boundaries, we conclude that for the parameter

values 20

1
<lay| <v— 3 (4.65)

the energy contribution from each boundary is given by

__sinp 1 cosh((v —2)w/4) 1
Eg;“”d”y B 2 J-oo e QCosh(w/Q){ 2cosh(vw/4) 2
sinh(w/2) cosh((v — 2|ay|)w/2) 1
sinh(vw/2) } IS (4.66)

20This restriction arises when using the Fourier transform result (4.30) to evaluate a1 24, (w)+
dl—Qai (w)
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This result agrees with the result (4.4) with by = 0 and a4 values (4.65). As shown
in Appendix 3, the integrals (with p odd) can also be evaluated analytically.

We have derived the above result for the boundary energy under the assumption

that the Bethe roots for the ground state have the form (4.50), which is true only

for suitable values of the boundary parameters a4, namely,

1/—1<| |<l/+1
a
9 * 9

ara_ >0, (4.67)

where v = p + 1. For parameter values outside the region (4.67), one or more of
the Bethe roots has an imaginary part which is not a multiple of 7/2 and which
evidently depends on the parameter values. One can verify that the region (4.67)
is contained in the region (4.65).

As in Case I, it is possible to give a qualitative explanation of the restriction

(4.67) by a heuristic argument. Indeed, let us rewrite the Hamiltonian (4.41) as
H = Ho + hio] + hioy, (4.68)

where the boundary magnetic fields are given by

1 1
hi = 5 sinhncosecha_, hy = 5 sinh 7 cosech o . (4.69)

For ay ~im/2 or —in/2 (i.e., ax = v/2 or —v/2), the boundary magnetic fields in
the x direction are small and parallel. Hence, the ground state and corresponding
Bethe roots are “simple.” Outside of this region of parameter space, the boundary
fields in the = direction are large and/or antiparallel, and so the ground state and
corresponding Bethe roots are “complicated.”

We have investigated the ground state of the open XXZ spin chain with nondi-
agonal boundary terms which are parametrized by pairs of boundary parameters,
in the thermodynamic limit, using the new exact solutions [51, 52| and the string

hypothesis. This investigation has revealed some surprises. Indeed, for Case I
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(4.2), the ground state is described in part by a sea of strings of length 2 (4.17),
which is characteristic of spin-1 chains [58]. For Case II (4.3), the energy depends
on two sets of Bethe roots (4.49), and in fact on the sum of the corresponding root
densities (4.61). For each case, there is a remarkable cancellation of the energy
contributions from non-sea Bethe roots.

Perhaps the biggest surprise is that, for the two cases studied here, the bound-
ary energies coincide with the result (4.4) for the constrained case (2.3), even when
that constraint is not satisfied. This suggests that the result (4.4) may hold for

general values of the boundary parameters.



Chapter 5: Boundary Energy of The General Open
XXZ Chain at Roots of Unity

As is well known, for both the closed chain and the open chain with diagonal
boundary terms, the eigenvalues of the Hamiltonian (and more generally, the trans-
fer matrix) can be expressed in terms of zeros (“Bethe roots”) of a single function
Q(u). This is in sharp contrast with the solution [53], which involves multiple
() functions, and therefore, multiple sets of Bethe roots. The number of such @)
functions depends on the value of p. (Generalized T' — ) equations involving two

such @ functions first arose in [52] for special values of the boundary parameters.)

The solution [60] has additional properties which distinguish it from typical
Bethe Ansatz solutions: the () functions also have normalization constants which
must be determined; and the Bethe Ansatz equations have a nonconventional form.
Given the unusual nature of this solution, one can justifiably wonder whether it
provides a practical means of computing properties of the chain in the thermo-
dynamic (N — oo) limit. To address this question, we set out to compute the
so-called boundary or surface energy (i.e., the order 1 contribution to the ground-
state energy), which is perhaps the most accessible boundary-dependent quantity.
For the case of diagonal boundary terms, this quantity was first computed numer-

ically in [15], and then analytically in [57].

We find that the boundary energy computation is indeed feasible. The key point
is that, when the boundary parameters are in some suitable domain, the ground-
state Bethe roots appear to follow certain remarkable patterns. By assuming the

strict validity of these patterns (“string hypothesis”), the Bethe equations reduce to

73
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a conventional form. Hence, standard techniques can then be used to complete the
computation. We find that our final result (5.44) for the boundary energy coincides
with the result obtained in [42] for the case that the boundary parameters obey the
constraint (2.3), and in [53] for special values [51, 52] of the boundary parameters

at roots of unity.
5.1 Bethe Ansatz

In this section, we briefly recall the Bethe Ansatz solution [60]. In order to
ensure hermiticity of the Hamiltonian (1.1), we take the boundary parameters (5.
real; aq imaginary; #4 imaginary. We begin by introducing the Ansatz for the

various @(u) functions that appear in our solution, which we denote as a;(u) and

b;(u):

2M, 2M,
aj(u) = A; [] sinh(u — ugl")), H sinh(u — uk )),
k=1
. p+1
g=1,...,[—/, (5.1)

2

where {u,(gaj ) ,u,(ij )} are the zeros of a;(u) and b;(u) respectively, and | | denotes

integer part. If p is even, then there is one additional set of functions corresponding

toj=28+1,
Ma (ap_) (apy)
aryi(u) = Ay I sinh(u —w;, 2" ) sinh(u +u;, 27),
k=1
b — B h(u— uy &) sinh(u + uy £ 2
pia(u) = Bpy Hsm u—u, 2 )sinh(u 4w, 2. (5.2)

The normalization constants {A;, B;} are yet to be determined ?!. We assume

that N is even, in which case the integers M, , M, are given by

N N
Ma:§+2p7 MbZE—i—p—l, (53)

210ne of these normalization constants can be set to unity.
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It is clear from (5.1), (5.2) that a;(u) and b;(u) have the following periodicity and

crossing properties,
a;(u+ir) = a;u), b(u+im) = b;(u), jzl,”,g]+L@®
a§+1(_u> = agﬂ(u) , b§+1(_u) = bgﬂ(u)- (5.5)

The zeros of the functions {a;(u)} and {b;(u)} satisfy the following Bethe

Ansatz equations

ho(—ui™ —n) _ A™) al(=u™) + gi(u “”) Y( “”)2 bi (")
ho (™) 2az (™) ha (= =) TH_y b (uf®™ + k)
(5.6)
h(—u" — jn) aiaw®™) p
(@) ) = 7((1]) ]:2,,|_§J+1, (57)
h(w, " + (5 — 1)n) aj+1(ul )
and
ho(=u™ —m) ___filw") bi(= “’”>+g< M au™) o
o) 2b(u™) ha(—uf™ =) Tho—y ha () + )
(b5) . (b5)
h o 3/ b,_ J
Cw =g hal) g B (5.9)
h(u™ + (5 = 1)) i (™)

where az,5(u) = az(—u) and ap%a(u) = a%(—u) for even and odd values of p,

respectively, and similarly for the b’s. Moreover,
h(u) = ho(u) hy(u), (5.10)

where ho(u) and hq(u) are as follows

inh(2 2
ho(u) = sinh®(u + n)w )
hi(u) = —4sinh(u+ a_)cosh(u+ (_)sinh(u + a4 ) cosh(u + G1) . (5.11)

We also define the quantities

g1(u) = 2sinh(2(p + 1)u) (5.12)
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and

2

Y(u)® =" pu cosh™(2(p + 1)u) . (5.13)

k=0

Explicit expressions for the coefficients ju, in (5.13), which depend on the boundary
parameters, are listed in the Appendix 2 for both even and odd values of p. The
function f;(u) for even and odd p are given by (2.22) and (2.24) respectively.

Moreover, there are additional Bethe-Ansatz-like equations

Ui Ui
a(d) = a1, (5.14)
(=i = amlG=dm,  G=2...15+1,  (15)

which relate the normalization constants {A;}; and also

b(3) = ba(—3), (5.16)
bl =i = balG =i, i=2. ke Gan)

which relate the normalization constants { B;}. There are also equations that relate

the normalization constants A; and By, such as

fil=a_—=n) bi(a_+n)=—g(-a-—n) a(a_+n). (5.18)

The energy eigenvalues of the Hamiltonian (2.1) are given by
L. sl (b5) : (bj-1) :
E = 3 sinhn > {coth(ul + (4 — 1)n) — coth(y, +(j— 1)77)} + Ey,
=1

) p+1
]:2,...,LTJ, (5.19)

where Ej is defined as
1 1
Ey = 5 sinh 7 (coth a_ 4 tanh f_ 4 coth oy + tanh 8,) + 5(]\7 — 1) coshn.(5.20)

For even p, there is one more expression for the energy corresponding to j = £+1,

1 & (bp) (bp.,)
E = 2sinhn{z [Coth(ul B+ i Z?) — coth(y By1) %)
=1
2M,

(bp)
— > coth(y, > + 19277)} + Ep. (5.21)
=1
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There are also similar expressions for the energy in terms of a roots {ul(aj )} [60].
5.2 Even p

In this section, we consider the case where the bulk anisotropy parameter
assumes the values (2.70), n = % , % ,.... We have studied the Bethe roots cor-
responding to the ground state numerically for small values of p and N along the
lines of [28]. We have found that, when the boundary parameters are in some suit-
able domain (which we discuss further below Eq. (5.44)), the ground state Bethe
roots {u\”, u\”’} have a remarkable pattern. An example with p = 2, N = 4 is
shown in Figure 5.1. Specifically, these roots can be categorized into “sea” roots,
{v,f(aj ),U;t(bj)} (the number of which depends on N) and the remaining “extra”

roots, {w,f(aj A, w:(b" )} (the number of which depends on p) according to the fol-

lowing pattern which we adopt as our “string hypothesis.”

* Sea foofs
30 30 *  Extrarools |

r T T T T T T J 3 T T T T T 1
20 15 48 05 08 05 10 15 20 20 45 16 95 00 05 10 15 20

Figure 5.1: Ground-state Bethe roots for p = 2, N =4, a_ = 0.6047, o, =
0.535¢, 5 = —1.882, 5, = 1.878, 0_ = 0.6¢, 0, = 0.7i.
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5.2.1 Sea roots {v,::(aj) ,Uki(bj)}

Sea roots of all {a;(u),b;(u)} functions for any even p are summarized below,

o | B 2p+3—2j N
Uzc(]) — v:(bj):ikar(W)n, k:1,,,,,5,
j:l,...,g—i-l, (5:22)

where v, are real and positive. In Figure 5.1, the sea roots are indicated with red
stars.

Note that the real parts (+9;) are independent of j. This, as we shall see,
greatly simplifies the analysis. Furthermore, for each sea root with real part +vy,
there is an additional “mirror” sea root with real part —vy, for a total of N sea
roots, provided j # £ + 1. For j = & + 1, there are only % sea roots +vy + %T
(i.e., just the root with positive real part) due to the crossing symmetry (5.5) of

: 22
the functions az,,(u) and bz 4 (u).

5.2.2 Extra roots {w]::(aj,l) ’wzc(bj)}

We next describe the remaining extra Bethe roots for even p, the number of
which depends on the value of p. In Figure 5.1, the extra roots are indicated with
black circles. Since the functions a;(u) and b;(u) have a different number of such
extra roots, we present them separately. The extra roots of the b;(u) functions

have the form

| 2%+ 1 — 2k
wit) = iwk+<l”_>n, k=1,...,p—1,

j=1,...,2+1. (5.23)

(NS

22Hence, strictly speaking, we should write the j = £ +1 equation in (5.22) separately, keeping
only the + roots. However, in order to avoid doubling the number of equations, we commit this
abuse of notation here and throughout this section.
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The real parts of the roots, wy, are not all independent. Instead, they are related

to each other pairwise as follows,
L B p
Wy = Wp—f /4}—1,...,5—1. (524)

Only Wp remains unpaired. This property proves to be crucial for the boundary
energy calculation.

There are two types of extra roots of the a;(u) functions:

. L (12
wy = w&”ziww+<p+2>n, k=1,...p—1,

2p+ 3 — 2k
2

j:L”wg+1. (5.25)

w}f(%‘v?) _ :|:ﬁ)0+< )777 k=1,...,p+1,

Note that the extra roots of the first type {w:(aj ’1)} coincide with the b roots
{w,f(bj)}; and that the extra roots of the second type {w,f(aj’z)} form a “(p + 1)-
string”, with real part wy.

As previously remarked, for j = £ + 1, only the roots with the + sign appear.

5.2.3 DBoundary energy

We now proceed to compute the boundary energy. Using the expression (5.19)

for the energy and our string hypothesis, we obtain (for p > 2)

S

1 . (b,
E = 3 sinh n{ {coth(v,j(b]) + (j — 1)n) + coth(v, i) 4 (7—1n)
k

— coth(v+( - +(—1n) — coth(vk_(bj_l) +(j— 1)’7)}
+ z_:[coth )+(j—1)77)+coth( (b )+(]—1)77)

— coth(w; ") 4 (j — 1)y) — coth(wy ¥ + (j — 1)77)}} + FEy,

j=2w~,g- (5.26)
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Recalling (5.22) and (5.23), this expression for the energy reduces to

1
h2
sin Z < sinh (7 — ) sinh (0 + %)

E =

+ FEy, v >0, (527)

independently of the value of j. Since the extra roots w,(cbj ) are independent of j,

their contribution to the energy evidently cancels, leaving only the sea-root terms
n (5.27). The same result can also be obtained (for p > 2) from the energy
expression (5.21).

We turn now to the Bethe Ansatz equations, on which we must also impose
(b5)

our string hypothesis. Choosing j = § + 1 in (5.9) with u; *” equal to the sea root
+(b%+1) ~ T :
U, = 0 + 5, we obtain
h(—7, — 1 be (0 + 2
(+772> — _2(1—32 , (5.28)
h('Ul — 5) b%(—vl — ?)
where we have made use of the fact bz, o(u) = be(—u). More explicitly, this
equation reads
sinh (0, + g) N sinh(28; 4 n) sinh(5, — 2+ a_)cosh(t; — 4 4 -
sinh(t; — ) cosh(?; + 4 — (-
_I._

sinh(; — Qg

( )

smh(2vl —n) smh(vl +4—a_)
o) e N
)c

sinh (7, + ﬂ —ay

lzla"'777
2

In obtaining this result, we have made use of the fact that the normalization
constant Bz of the function bg (u) cancels, and also that the contribution from the
extra roots on the RHS cancel as a consequence of the relation (5.24) among their
real parts.

Remarkably, as a consequence of our string hypothesis, our non-conventional
Bethe Ansatz equations have reduced to a conventional system (5.29), which can
be analyzed by standard methods. However, before proceeding further with this

computation, it is worth noting that the same equations can also be obtained

> 0. (5.29)
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starting from any j > 1. To see this, we first observe that the {A;} normalization

constants are all equal, and similarly for the {B;} normalization constants,
A1:A2:...:AP+1, BlzBQI...:BP+1. (530)

This result follows from the Bethe-Ansatz-like equations (5.14)-(5.17) and the

string hypothesis. For example, using (5.22) and (5.23) in (5.16), and remembering

the relation (5.24) among the real parts of the extra roots, we obtain By = Bs.
(b;

Hence, choosing v, ) in (5.9) to be a sea root U;r(bj) for any j € {2,...,5+1}, we

again arrive at (5.29). Moreover, in view of the identity

a; b;
a1 (") b (0 ™) . p
. = FRURNE j=2,..., 5 +1, (5.31)
ajp (o) bia(e )
where ’Ul+ (a5) — ’Ul+ ®3) is a sea root, the same result (5.29) can also be obtained from

(3.45). %

In the thermodynamic (N — oo) limit, the number of sea roots becomes infi-
nite. The distribution of the real parts of these roots {7)} can be represented by
a density function, which is computed from the counting function. Using (4.20),

we rewrite the Bethe Ansatz equations (5.29) in a more compact form,

N
a_ — )\) €2q —1(/\l) 2
el ON)EN T g, () 2ot €20, — T ea(h = M) ea(N + Ae)
1) il l)91+2¢b,()\z) Jr+2iv, (A1) kl;[l 20 = he) e2(h+ h)
N
=1, 5 (5.32)

where we have set v, = u\, 1 = tu,ar = ipar,B+ = pby. Note that the
parameters u, a4, by are all real.
Taking the logarithm of (5.32), we obtain the desired ground state counting

function

h(A) = 217r{(2N + 1D (N) +71(A) + g2a_—1(A) — r1g2i (A) + CI2a+71()\)

230nly the first set of Bethe equations (5.6), (5.8) do not seem to reduce to (5.29).
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M)tz

— rrean, () = 3 [ = M) + (0 + M)} (5.33)

k=1

where ¢,(A\) and r, () are odd functions given by (4.22). Defining A\_, = —\;, we
have

— i [QQ()\ — )\k) + Ch()\ + )\k)] = — Z q2<)\ — )\k) + QQ()\) . (534)

k=1 __ N

2

The root density p(A) for the ground state is therefore given by

pO) = =200~ [T Y a( = N) o) + [ () + b

+ az(A) +aza 1(N) = bz (A) + az2a, -1 () = brazin, (V)] (5.35)

where we have ignored corrections of higher order in 1/N when passing from a sum
to an integral, and we have used (4.26) .
The solution of the linear integral equation (5.35) for p(\) is obtained by Fourier

transforms and is given by

p(A) =2s(\) + NR(/\) , (5.36)
where
I 1
s = o /—oo doe 2cosh(w/2)  2cosh(w))’ (5:37)
and
R 1 ) . ) . .
Rw) = U+%w»@m@+m@yum@—mﬁw@ymegm
+ 0 1(w) + f2a, 1 (W)} (5.38)

with d,(w) and by, (w) given by (4.30) and (4.31) respectively.

24These new functions a, (\) and b, (\) should not be confused with the @ functions a;(u) and
b;(u) appearing earlier.
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Expressing the energy expression (5.27) in terms of the newly defined quantities

and letting N become large, we obtain

N N
27 sin p & 7 sin 2
E = — ES aiw) + Bo= =220 S ai() — an(0)} + B
[ W H —
: - 1
= —Wsmu{]\f dA ay(N) p()\)—al(O)}—i-f(N—l)cosu
I —o0 2
1
+ 5 sin p1 (cot pa_ + i tanh ub_ + cot pay + itanh pby) | (5.39)

where again we ignore corrections that are higher order in 1/N. Substituting the

result (5.36) for the root density, we obtain
E = Eyur + Eboundary ) (540)

where the bulk (order ) energy is given by

2N si oo 1
By, = —w/ dX a1 (N) s(A\) + 5]\7 COS [
% —0o0
= —Nsin’ / dX N 41
i [cosh(2uA) — cos p] cosh(m ) + 2 cos pt,(5.41)

which agrees with the well-known result [13]. The boundary (order 1) energy is
given by

i 1 1
7rsm,uI_ —COS[L+ —sinpu
7 2 2

X (cot pa_ + i tanh pb_ + cot pay + ¢ tanh pby) | (5.42)

Eboundary = -

where [ is the integral

1= [ i) (RO - 5()] = 21 " dw iy () [Rw) — 1]

_ 217r/o;dw S(w){ar(w) + bi(w) — 1

—814_21'1)7 (w) — Bl_,_gibJr (w) + dga:l(w) + d2a+_1(w)} . (543)

We further write the boundary energy as the sum of contributions from the left

+ B The energy contribution

and right boundaries, Epoundary = Fi, boundary-

boundary
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from each boundary is given by

_sinp [ o 1 {Sinh((y —2w/4) 1
2 J-oco  2cosh(w/2) L 2sinh(vw/4) 2
sinh((v — |2ax — 1|)w/2)  sinh((2iby + 1)w/2)}

sinh(vw/2) sinh(vw/2)

+
E boundary

+ sgn(2ay — 1)
1 . _ 1
+ 5 sinp (cot pay + i tanh pby) — 7 oS H- (5.44)

This result can be shown to coincide with previous results in [42, 53], namely (4.4)
and (4.38).

We emphasize that the result (5.44) has been derived under the assumption
that the Bethe roots for the ground state obey the string hypothesis, which is true
only for suitable values of the boundary parameters. For example, the shaded areas
in Figures 5.2 and 5.3 denote regions of parameter space for which the ground-state
Bethe roots have the form described in Sections 5.2.1 and 5.2.2. The a4+ and (G4

parameters are varied in the two figures, respectively.

L

~1
[

Figure 5.2: Shaded area denotes region of the (Smay ,Jma_) plane for
which the ground-state Bethe roots obey the string hypothesis
forp=2 N=2,0_=-1.882, 5, =1.878, _ = 0.6, 0, = 0.74.

53 0dd p

In this section, we consider the case where the bulk anisotropy parameter

assumes the values (2.70) with p odd, ie., n = & ,7,.... As for the even p
case, for suitable values of the boundary parameters, the ground state Bethe roots

{u,(:j),uébj)} have a regular pattern. An example with p = 3, N = 4 is shown in
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-3 -2.5 =2 -1.5 -1 =-0.5

Figure 5.3: Shaded area denotes region of the (3, ,3_) plane for which the
ground-state Bethe roots obey the string hypothesis for p = 2,
N =2 a =-1818i, ay =2.959, 6_ =0.71, 8, = 0.6:.

Figure 5.4. As before, these roots can be categorized into sea roots (the number
of which depends on N) and extra roots (the number of which depends on p)

according to the following pattern which we adopt as our “string hypothesis.”

5.3.1 Sea roots {v;f(aj),v;f(bj)}

Sea roots of all {a;(u),b;(u)} functions for odd p are given by

o _ N 2p+3—2j N
U:(]):U:(bj) _ :|:Uk+<p+2j>77, k:1,,,_’5,
1
j:1,...,p; , (5.45)

where v, are real and positive. In Figure 5.4, the sea roots are indicated with red
stars.

As in the even p case, the real parts (£7) are independent of j. This again
provides simplification to the analysis. In contrast to the even p case, now none of
the functions {a;(u),b;(u)} has crossing symmetry. Hence, there are N sea roots

for all values of j.

5.3.2  Extra roots {w,(ﬂaj’l),wl(fbj)}

We now describe the extra Bethe roots for odd p. In Figure 5.4, the extra roots

are indicated with black circles. We start with the p — 1 extra roots of the b;(u)
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= Searoots
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Figure 5.4: Ground-state Bethe roots for p = 3, N =4, a_ = 1.554i, a, =
0.948i, 3_ = —0.214, B, = 0.186, 6_ = 0.6i, 6, = 0.7i.

functions:

+(by)

wy, = 4w+ (p—Fk)n, k=1,...,p—2,
+(b; s p+2-—2j : p+1
wi =t + (2)77, j=1 (5.46)

Similarly to the even p case, the real parts of the extra roots are related to each

other pairwise,
Wy, = Wp—k—1 , k=1,...

(5.47)

so that only wp-1 remains unpaired.
2

Similarly, the extra roots of the a;(u) functions are as follows,

we ™ = o™ = i+ (p—k)n, k=1,...,p—2,
. | ) +2-2j
w;:—(].] n _ w;t_(lif) = W, + (]32]) UE
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a; ~ ] +1
wki(wQ) — iwo+(p+1—/f)777 k:1a7p+1’ ‘]:177%

(5.48)

As in the even p case, the extra roots of the first type {w,f(aj ’1)} coincide with the
b roots {w,f(bj)}. Moreover, the extra roots of the second type {w,f(aj’m} form a
“(p + 1)-string”, with real part @y.

However, in contrast to the even p case, some of the extra roots (namely, w;,(ijil)
and wz(,@) depend on the value of j. Hence, as we shall see, these extra roots will

not cancel from either the energy expression or the Bethe equations. Nevertheless,

the contribution of these roots to the boundary energy will ultimately cancel.

5.3.3 DBoundary energy

As in the case of even p, we use the energy expression (5.19) and the string

hypothesis to obtain (for p > 3)

[coth(vy ™ + (j — 1)) + coth(v, ™ + (j — 1))

Mw\z

1
E = zsinhn{k

— coth(v,j(bjfl) +(G—-1n) — coth(v,:(bjfl) +(j— 1)77)}

1

1
+ Y [coth(w ™ + (j — 1)) + coth(w, ™ + (j = 1)n)
1

—<mm@@“+u—nm—wm%@”+o—nm}+&,

3

T

p+1

. (5.49)

i=2,...,

Recalling (5.45) and (5.46), this expression for the energy reduces, independently
of the value of 7, to

1 2sinh?®7n

— E
sinh(0y — 2)sinh(0, + %)  coshn + cosh(2w,_,) + Lo,

M)tz

E = sinh?yp

k=1

(5.50)
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where vy, ,w,—; > 0. As already anticipated, the expression for the energy depends
on the extra root w,_; as well as on the sea roots.

Turning now to the Bethe Ansatz equations, following similar arguments as for
the even p case, we find again that the A normalization constants are all equal,

and similarly for the B’s,

A1:A2:...:APT+1, BlzBQZ...:BpTI. (551)
Choosing ul(bj) in (5.9) to be a sea root v;r(bj) for any j € {2,..., 21}, we obtain

(smh(vz + ))2 sinh(20; + n) sinh(9; — 2 4+ a_) cosh(v, — 2 + )

(

sinh(o; — %) sinh(29; — n) sinh(; + 4 — a_) cosh(v; + % — )
)
)

y sinh(; — 7 + ay ) cosh(v; — 2 + ﬁ+) _sinh(t — Wy — =)
sinh(0; + 2 — ay) cosh(t, + 2 — B1)  sinh(¢ — @, 1 + %n)
Xsinhf}l—i-ﬁ)pl—; ﬁ inh(9; — 0 + 1) sinh(d; + 0, + n)
sinh(0; + wy—1 + 25+n) = sinh (9 — O — 1) sinh (0, + 0 — 1)’
N o
=1, Ty Vg, Wp—1 > 0. (5.52)

In a compact form, this result can be written as

a_— /\) €24 —1(>\l) 3 N
A 2N+1 A €2 1( l + _ (N — IOV
e1 (M) g ngmib ) o O [ep1 (= A) epa (N + A)]

, (5.53)

: N
It =A) et ), =15

where 10, 1 = pX. The corresponding ground state counting function is given by

h(A) = ;ﬂ{(QN +1)qi(A) +71(A) + qaa_—1(A) = 12 (A) + G2ay—1(N)

- 7"1+2ib+()\) + @1 A=)+ g1 (A +A)
- i (oA = M) + ax(A + M) | - (5.54)

Following similar procedure as before, we arrive at the root density for the ground

state
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+ aza_—1(A) = big2i (A) + @20, —1(A) — bryain, (A) + ap—1(A — A)

+ apa(A+ V)]

where as before higher order corrections in 1/N are ignored when passing from a

sum to an integral. This yields

(0) = 25(\) + ;]R(/\) | (5.56)
where now
R 1 R . ) . .
R(w) = WM{M(W) + by (w) + a2 (w) — byon (w) — b12ib, (w)
+ aq —1(W) + G2q, —1(w) + 2 cos(Aw) &p_l(u))} . (5.57)

The energy expression (5.50) yields, as N — oo,

N
27 si 2 -
E o= —TRRES () + (N} + Eo
H k=1
7 sin 3 _
= RS aw) - a(0) + 26 (0} + By
TR e
: - ) 1
_ _”SLM{N/ A ar(A) p(A) = ar(0) + 20N} + 5 (N = 1) cos
1
+ 5 sin p1 (cot pa_ + i tanh ub_ + cot pay + itanh pby) . (5.58)

Substituting (5.56) for the root density, we again obtain
E = Epur + Eboundary ) (559)

where the bulk (order N) energy is again given by (5.41). The boundary energy

is now given by

TSN p

]

27 si < 1
7Tsm'ubl()\) — 5 CosH, (5.60)
i

1
Eroundary = — I+ 5 sin p (cot pa_ + ¢ tanh pb_ + cot pa, + i tanh pb, )
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where [ is now the integral
o] 1 [e'e) ~ R
[ = [ aX (V) [RON) = 6V)] = 5- [ dw i (w) [R(w) — 1]
1 o ) . .
= %-/—oo dw s(w){al(w) +by(w) —1
—514_2@'57 (w) — Bl+2ib+ (w) + dgai_l(w) + d2a+_1(W) + 2COS(XCU) dp_l((.U)} .

(5.61)

Using the fact that §(w)d,_1(w) = —bi(w), we see that there is a perfect cancel-
lation of the last term in (5.60) which depends on the extra root A. Thus, as in
the even p case, there is no contribution to the boundary energy from extra roots.
Proceeding as before, we find that the energy contribution from each boundary is
again given by (5.44), thus coinciding with previous results, (4.4) and (4.66).

As for even p, the derivation here is based on the string hypothesis for the
ground-state Bethe roots, which is true only for suitable values of boundary pa-
rameters. For example, the shaded areas in Figures 5.5 and 5.6 denote the regions
of parameter space for which the ground-state Bethe roots have the form described

in Sections 5.3.1 and 5.3.2. The a and (1. parameters are varied in the two figures,

N

1 2\

respectively.

Figure 5.5: Shaded area denotes region of the (Smay ,Jma_) plane for
which the ground-state Bethe roots obey the string hypothesis
forp=3, N=2 5_=-0.85, 6, =0.9,0_=0.6¢ 6, =0.7:.

We have studied the ground state of the general integrable open XXZ spin-1/2

chain (2.1) in the thermodynamic limit, utilizing the solution we found recently
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Figure 5.6: Shaded area denotes region of the (3, ,_) plane for which the
ground-state Bethe roots obey the string hypothesis for p = 3,
N=2 a =12, a, =098, 0_=0.7:, 0, = 0.6:.
in [60] which does not assume any restrictions or constraints among the boundary
parameters. However, the bulk parameter is restricted to values corresponding to
roots of unity. The key to working with this solution is formulating an appropriate
string hypothesis, which leads to a reduction of the Bethe Ansatz equations to
a conventional form. While the idea of using a string hypothesis to simplify the
analysis of Bethe equations is as old as the Bethe Ansatz itself, the particular
patterns appearing here are perhaps unparalleled in their rich structure.

The boundary energy result (5.44) was obtained previously [42] for bulk and
boundary parameters that are unconstrained and constrained, respectively; and
we have now obtained the same result for the reversed situation, namely, for bulk
and boundary parameters that are constrained and unconstrained, respectively.
Hence, this result presumably holds when both the bulk and boundary parameters
are unconstrained (within some suitable domains). Indeed, for the boundary sine-
Gordon model [6], which is closely related to the open XXZ chain, the expression
[59] for the boundary energy is valid for general values of the bulk and boundary
parameters.

Having demonstrated the practicality of this solution, we now expect that it
should be possible to use a similar approach to analyze further properties of the

model, such as the Casimir energy (order 1/N correction to the ground state
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energy), and bulk and boundary excited states.

There is an evident redundancy in the solution which we have used here: there
are many equivalent expressions for the energy (see, e.g., (5.19), (5.21)), and we
find that the Bethe Ansatz equations (5.7), (5.9) all become equivalent upon im-
posing the string hypothesis. Moreover, while there are various “extra” Bethe
roots describing the ground state, they ultimately do not contribute to the bound-
ary energy. All of this suggests that it may be possible to find a simpler and
more economical solution of the model involving fewer () functions. Ideally, one
would like to find a solution for which neither bulk nor boundary parameters are

constrained.



Chapter 6: Finite-Size Correction and Bulk Hole-Excitations

The integrable open spin-1/2 XXZ chain has been subjected to intensive studies
due to its growing applications in various fields of physics, e.g., statistical mechan-
ics, string theory and condensed matter physics. Various progress have been made
in obtaining solutions for this model, both diagonal [14, 15, 23] and general nondi-
agonal cases [24], [26]-[31]. Upon obtaining the desired solution, the next natural
question that needed to be addresed is its practicality within various contexts.
One important area where these solutions have found creditable applications is in
determining finite size corrections to the ground state energy. By relating to con-
formal invariance, these finite size corrections are shown to be related directly to
other crucial parameters like the critical indices, central charge and conformal di-
mensions [62]-[65]. There are few methods and approaches to accomplish this task.
De Vega and Woynarowich [66] derived integral equations for calculating leading
finite-size corrections for models solvable by Bethe Ansatz approach [67]. This was
then generalized to nested Bethe Ansatz models as well [68]. Another approach
was introduced by Woynarowich and Eckel [69, 70], which utilizes Euler-Maclaurin
formula and Wiener-Hopf integration to compute these corrections for the closed
XXZ chain. Others have also studied more general integrable spin chain models
e.g., XXZ diagonal [15, 57], nondiagonal cases [42], quantum spin 1/2 chains with
non-nearest-neighbour short-range interaction [71] and XXZ%(1/2, 1) which contains
alternating spins of 1/2 and 1 [72], within similar framework. Other approaches
e.g., based on NLIE (Nonlinear Integral Equations) have also been successful in

determining these effects for integrable lattice models [73] and related integrable

93
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quantum field theories, such as the sine-Gordon model with periodic [74]-[77],

Dirichlet [78]-[82] and Neumann boundary conditions [42, 43].

With similar aim in mind, utilizing an exact solution for the integrable spin-1/2
XXZ chain with nondiagonal boundary terms we found earlier for even number of
sites [52, 53|, and extending the solution to account for odd number of sites as
well, we compute the correction of order 1/N (Casimir energy) to the ground state
energy together with its low lying excited states (multi-hole states). We employ
the method introduced by Woynarovich and Eckle [69] that makes use of Euler-
Maclaurin formula [86] and Wiener-Hopf integration [87]. In particular, we com-
pute the analytical expressions for central charge and the conformal dimensions of
low lying excited states. We also compare these analytical results to corresponding
numerical results obtained by solving the model numerically for some large number

of sites.

Bethe Ansatz solution will be reviewed and extension of that result to include
the corresponding Bethe Ansatz solution for odd N makes our final result more
complete. We notice that the lowest energy state for even /N of this model has
one hole. Hence, the true ground state (lowest energy state without holes) lies
in the odd N sector. Similar behaviour are also found for the open chain with
diagonal boundary terms, for certain values of boundary parameters [88]. It is
known that (critical) XXZ model with nondiagonal boundary terms corresponds
to (conformally invariant) free Boson with Neumann boundary condition whereas
the diagonal ones are related to the Dirichlet case [43, 79, 80, 81]. Although the
model we study here has nondiagonal boundary terms, we find that the conformal
dimensions for this model resemble that of the Dirichlet boundary condition. Nu-
merical results are presented to confirm and support the analytical results. Here,

we solve the model numerically for some large but finite N and further employ an
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algorithm due to Vanden Broeck and Schwartz [83, 84] to extrapolate the results

for N — oo limit.
6.1 Bethe Ansatz

We begin this section by reviewing the Bethe Ansatz solution for the model
(4.41). Note that, this model has only two boundary parameters. Other boundary
parameters (as they appear in the original Hamiltonian in (2.1)) have been set to
zero. We restrict the values of ar to be pure imaginary to ensure the Hermiticity

of the Hamiltonian. The Bethe Ansatz equations for both odd and even N are

given by
(5(u§-1)) h(2)(u§-1) ) Qg(ugl) —) -
1) RO ) ) gJ=1,2,... M,
6(uy” —mn) hW(u;”) Q2(u;” +1n)
B (@ _ @)
<2Uj o 77) Ql(ué)-i—??) ’ ]:1,2, ,MQ. (61)
h®) (u;™) Q1(u;” —n)

where 0(u) is given by (2.17), (2.18) and (2.19). Q. (u) is given by (4.44). However,
hM (1) and h® (u) differ for odd and even values of N. The energy eigenvalues in

terms of the “shifted” Bethe roots ﬁg-a) are given by

2 M, 1 1

1
E = = sinh? n +=(N —1)coshn. 6.2
2 azzljz:; sinh(ﬂgfz) -1 sinh(agfz) + 1) 2< (6.2)

NI

where ﬂ§a) = uga) +

VIS

6.1.1 Even N

The Bethe roots ﬂga) for the lowest energy state have the form (4.51). The
Bethe Ansatz equations for the sea roots are given by (4.53) and (4.54) respectively,
where ) =1,..., % The corresponding ground-state counting functions are given

by (4.55) and (4.56) respectively. These counting functions satisfy the following
(6.3)

In (6.3) above, [ =1,2.
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6.1.2 Odd N

In this section, we present an extension of the previous results to include
solutions for odd N values. The roots distribution is similar to the previous case,
but now we have M(l,l) = M(le) = %, and M(l,g) = M(272) = % USiIlg the

following in (6.1),

AV (u) = sinh(u — o + 1) sinh(u 4+ oy + 1)
sinh®V ! (u + 27) cosh?(u + 1) cosh(u + 2)

8 sinh(2u + 3n) ’
A (u) = Y (—u — 2n), (6.4)
we obtain the Bethe Ansatz equations
-1
er S [0 (A )er a0 (A )er a0 (AY)] (6.5)
(N2 1,1 2,1 1,1 2,1
== II [0 =2A2D)e00) + 202D
k=1

(r—1)/2
1,1 2,2 1,1 2,2
< T[98 = AZ)ga (A + A3
k=1

and
-1
er ) [0 AP )er 0, A )er a0, (APY)] (6.6)
(N7 2,1 1,1 2,1 1,1
== I [e2OPY =20D)ea(aPY +A0Y)]
k=1
Ll 21)  (1.2) 21) | \(1.2)
x T [005Y = A )g03 + 40
k=1
respectively, where j = 1,... ,%. Note the presence of parameter-dependant

terms in both the equations above. One can also notice the number of extra roots

changes from % to 1

5~ for Q1(u). The ground-state counting functions for this

case read

W) = - {(@N + 1a(h) = 1) ~ sz () — d1za (V)
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N 2,1 2,1 Ll 2,2 2,2
= > [0 =2+ a0+ A2N] = X [ = AP+ AP ],
k=1 k=1
(6.7)
and
1
W) = {2V + Da(h) —r () - qu(A) — G120, (V)
(N+1)/2 —-1)/2
= Y RO e+ A - Z a3 = A) + A+ A0
k=1 k=1
(6.8)
As for even N, we again have the following
: : N+1
hO\) =7, J=1 (6.9)
where [ = 1,2. Note that (6.3) and (6.9) can be written more compactly as
. : N+1

where |...| denotes the integer part and MAL% | s the largest sea root for that

“sea.” Subsequently, we shall denote largest sea roots as uA;.

6.2 Finite-size correction of order 1/N

In this section, we shall compute the finite-size correction for the ground state
and low lying excited states. For these excited states, we restrict our analysis to
excitations by holes which are located to the right of the real sea roots. Applying

(4.51) to (6.2), we get the lowest state energy eigenvalues for chain of finite length

N,
7TSlIl 2 THJ . 2 M(a,2) "
E = “{52 > ) —a0) + X Y b))
a=1 j=— %J a=1 j=1

1
+§(N— 1) cosp. (6.11)
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where earlier notations for a,(\) and b,(\) have again been adopted. Note that
M, in (6.11), refers to number of extra roots for Q,(u). The first and third
terms in the curly bracket of (6.11) are summed over the number of sea roots and
extra roots respectively. As one considers next lowest excited state, the number of
sea roots and extra roots change. Hence, for these states of low lying excitations
(with real sea), the very same term in the first sum will again be summed over
accordingly between approriate limits dictated by the number of sea roots. As
for the summation over extra roots, the function summed over depends on the
imaginary part of these roots, especially in the presence of 2-strings. However, as
one shall see, for 1/N correction (in the N — oo limit), only the sum over the
sea roots contributes. The second sum in (6.11) contributes to order 1 correction

(boundary energy) which we have considered in Chapter 4 2.
6.2.1 Sum-rule and hole-excitations

Now we present some results based on the solution of the model (4.41) for
N =2,3,...,7. We begin with even N case. We find for even N, excited states
contain odd number of holes for each @,(u). This can be seen from the following
analysis on counting functions. For the lowest energy state the counting functions

are given by (4.55) and (4.56). By using the fact that g¢,(\) — sgn(n)m — pun and

Tn(\) — —pun as A — oo and p¥) = %%&l) we have the following sum rule
oo 1
d\ pP(\) = = (h®(c0) —h®O(A
L, et 7 (™ (c0) (A1)
11
= —(=+1 6.12
S+ (6.12)

1\ refers to the largest sea root. As before [ = 1,2. We make use of the fact that

N 3
h(® A
N

h(A) = ) (6.13)

2 Equation (4.66) for the boundary energy holds both for even and odd values of N
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From (6.12) and (6.13), we see that there is one hole located to the right of the
largest sea root. Similar analysis for low lying (multi-hole) excited states yields
the following

o 1
[ ax PV = V(o) —hO(A)

= (:+Np) (6.14)

where Ny is the number of holes (odd) to the right of the corresponding largest sea
root. To illustrate the results above, we consider the following low lying excited

states with % —1 and % — 2 sea roots and therefore different number of extra roots

6

than the lowest energy state 2. The former case is found to have one hole with

p—1

-1 and 252 extra roots in addition to a 2-string from each of the Q1 (u) and Q2 (u)

respectively. From,

N 1
1) _ Nt
h'(00) 5 + 5
hO(A) = ];[ -1 (6.15)
one has
1 11
N(h(l)(oo) —h()) = NS +1) (6.16)

Hence giving Ny = 1. The later case has three holes with % and p%l extra roots

and a 2-string from each of the Q,(u) with @ = 1,2. Similar analysis,

N 3
h(® A
(00) =5 +3
N
h(A) = 5 =2 (6.17)
yields
hO(o0) ~hO(A)) = (5 +3) (6.15)
N N2 '
26The lowest energy state has % sea roots. As for the extra roots, there are p—;l and %71 of

them for @Q1(u) and Q2(u) respectively
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giving Ny = 3. The total number of roots are the same for all these states. There
are also excited states with equal number of sea and extra roots as for the state
of lowest energy, but with position of the single hole nearer to the origin than
that of the lowest energy state, suggesting the usual bulk hole-excitation scenario,
Epoie(A@) increases as M@ — 0 where Ejq(A@) is the energy due to the presence
of holes and A\®, with ¢ = 1,2 denote the positions of the holes in both “seas.”
We shall compute the explicit expression for energy due to holes shortly.

As for the odd N case, we have the true ground state, namely state of lowest

energy without hole. From the counting functions, (6.7) and (6.8), we have

[Tanet0) = 5 H0e) - hO)
_ 2?\[ (6.19)
As before [ = 1,2, and we make use of the fact that
h®(c0) = ];[ +1
hO(A) = NQH (6.20)

From (6.20), we see that this state of lowest energy for odd N has no hole, signifying

the true ground state. Similar analysis for low lying excited states yields the

following
00 1
0] — _—(h® NG
") = () ~hO ()
= i(1+N ) (6.21)
- oNw2 A ‘

where Ny is the number of holes (even) to the right of sea roots. Hence, for odd
N case, there are even number of holes (for each Q,(u)), with a = 1,2, for the

excited states, e.g., for the first excited state with % sea roots,

N+1 3
h® -, °
(o0) 5 T3
N -1

hO(A) = — (6.22)
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which signifies the presence of two holes.

It is known for simpler models of spin chains e.g., closed XXZ chain that even
number of holes are present in chains with even number of spins and vice versa.
Hence, the true ground state (lowest energy state with no holes) for these models
is found to lie in even N sector. The reverse scenario (one hole in the lowest energy
state for even NV and ground state in odd N sector) we find here for this model can
be explained using some heuristic arguments based on spin and magnetic fields at
the two boundaries, similar to the one given at the end of Section 4.1 2. From
(4.67), we notice the signs of a; and a_ must be the same for boundary parameter
region of interest. Hence, in Hamiltonian (4.41), the direction of the magnetic fields
at the two boundaries are also the same (Both up or both down). This upsets the
antiferromagnetic spin arrangement at the boundaries, favouring spin allignments
along the same direction at the boundaries for chains with even N. This causes the
following: presence of odd N behaviours in the even N chain, namely the lowest
energy state for even N sector has one hole for each Q),(u). Spins at the boundaries
for the odd N chain will not experience such spin upset since the parallel magnetic
fields favours the antiferromagnetic arrangement of an odd N chain. Therefore,
the lowest energy state for odd N chain has no holes. In other words, the true
ground state exists in odd N sector. Further effects are the presence of odd and
even number of holes in chains with even and odd N respectively as shown in the

analysis above.

Now, the energy due to hole excitations can be presented. We consider first

the lowest energy state for even N case with one hole. Using

N
2
a e 1 A (a
IO TOEPYSDES /_oo aX pI(N)g(A = X) = TgA=A@)  (6.23)

2TReaders are urged to refer to Figures 4.2 and 4.3.
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for some arbitrary function g(\) and

!
o 1 dh®

where [ =1, 2, ,u)\,(f’l) = sea roots, with a = 1,2, and uj\(“) = position of the hole

for each of the @,(u), one can write down the sum of the two densities

PPN +pP0N) = da() - /Oo dN (P (X) + pP (N))az(A = X)

—00

+ jlv[aZ(A —AD) 4 ay(A =A@+ ]1V[2a1(A) + 2a5(\) — 2by(N)

— 1120 (A) = @120 (A) = @1420, (A) = @120, (V)

p—1
2
— SN = AP b (A + AY))
k=1
p+1
— S (A= A+ b (A + AN (6.25)
k=1

Defining prorar(A) = pM(A) + p®()\) and solving (6.25) using Fourier transform,

we have

N . 1 .
Protal(w) = 45(w) + NR(w)
1

+ Nj(w)(ei“’;\(l) + M) (6.26)

where piotai(w) , @2(w) and 3(w) are the Fourier transforms of piorai(n) , a2(A) and

—1)_ pespectively. Also J(w) =

a as(w)
1+az(N)

i R(w) is the contribution from the second
az(w)

square bracket in (6.25), which will not enter the calculation for Ejee(A®) and
will be omitted henceforth. The Fourier transform of hole density are the third
and the fourth terms in (6.26), which gives

prteN) = LI = 30) + T = 32 (6:27)

Using approximation (6.23) in (6.11), and making use of (6.27), one has

N sin o0
Bioe(3) = ~=8E [ dh ai(Npie)

: 2
T 5212“ 3 ay (A@) (6.28)

a=1



103

which after some manipulation yields

Tsin p & 1
4 = coshm\@

Ehole(j\(a)) (629)

Generalizing the derivation to & number of holes, one has

phole Z Z J (@) (630)

a a=1

and finally the following for the energy

. 2
X T S1n
Bhoie(AS)) = " a Yoy ——— (6.31)

« a—1 cosh 7T/\

Note that Ehole(j\g“)) increases as S\g“) — 0 as mentioned above in paragraph fol-

lowing (6.18).

6.2.2 Casimir energy

In this section, we give the derivation of 1/N correction (Casimir energy) to
the lowest energy state, for the even N case (with one hole). This result is then
generalized to include odd N values as well as the low lying (multi-hole) excited
states. We begin by presenting the expression for the density difference between

chain of finite length (with N spins), p%)(A) + p( )()\) and that of infinite length,

pOO()‘>

B0+ N =) = — [T et X d0- A = )
R BT TE S TGO A G

/_O:o dy ax(A =[N (1) + 8 (1) = ()] (6.32)

In (6.32) and henceforth, only terms that are crucial to the computation of 1/N

correction are given. Other parameter dependant terms that contribute to order 1
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correction have been omitted here 2%, Solving (6.32) yields

AN+ A0 o) = — [ -l 3 A8 - )
- [ a8 - )

(6.33)

where poo(N) = ffé(z\)) = 4s(A) and p(\) = 5= [ dw e Ifa (57 Similar equation

expressing the energy difference between finite and infinite system is also needed

to compute Casimir energy. This is given by

By— B = —~ ot [~ aa amjvﬁ_i5<A—A§’”>—p§$><m
b Y a0 -8 - 20
[ a0+ R0 - p (V)] (6.34)

Using (6.33) and the fact that p(w)a;(w) = §(w)as(w), we have

Ex— By = N”m’”‘/ d\ SU (M)l +/ dr S (NPP (N}

where SV (A 22 SO = AT = (\) and pO(N) = Lpw() = 25()) with
N N (o] 2

[ =1,2. Further, using Euler—Maclaurln summation formula [86], (6.35) becomes

N7sinp o0 1
g, = >R d\ oD\ W (N pD(A
Ey—E Ly, AR )+ gl (A)

1 / o0 1

—<1>A—/ X pD(N)p@ () + A

Poo Poc \A)P o0

T )= [ A2 +
1 /
@) pc(f)) (AQ)} (636>

12N (A2)

28Gee [53] for details
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(6.33) can also be expressed in similar form

RO+ = o) = [y O =) = 50— A)

p/(A—Al) © 2) 1
- = dy p(\ — ——pA—A
T Sy =R = Gp(h - Ao)
pPA—A
S (037
PN (A2)

As before, uA; and pAs are the largest sea roots from the two “seas” respectively.
From this point, the calculation very closely resembles the details found in Section
2 in [57]. Hence, we omit the details and give only the crucial steps. Note that
(6.37) can be written in the standard form of the Wiener-Hopf equation [87] after

redefining the terms,

WO+ = [Tdsplt =9 V(s) = [T ds plt =)

1 1 /

~ fO) - —=p(t) + ———p (t
PO = gpl0) + e e ()
1 1 /
+ O - —=pt) + ———p (¢ 6.38
U Rrroy il (6.39)
where the following definitions have been adopted
X = (A + M)
FON) = PN+ ) (6.39)

and following change in variable is used : ¢t = A — A; with [ = 1,2 From the

Fourier transformed version of (6.38), one can solve for X J(rl) (w) which is the Fourier

transfrom of Xﬁ)(t) that is analytic in the upper half complex plane ?°,

(1) 1 1w
XVw) = ——4+ ——F—
S A TYCRUTS
' 1 ' 2G  (im)e ™
b - e KT
12Ny (A) 2N 12N2p (Ay) T

(6.40)

29 Again for complete details, refer to [57]
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where G (w)Gy(—w) = 1+ az(w) and g; = 5(2 4 v — -24). For later use, note

that G, (0)? = 21,

v

From (6.12), (6.39) and (6.40), one can then determine pg\l,)(Al) and pg\?)(/\g) ex-

plicitly from
1
)= 5o () = —/ dw X (6.41)

by contour integration and some algebra. We give the result below

E\l[)(Al) ! {7T + 21a +igy + [7° 4 21T _ gj + 4720’ + dra(n +igy)] }6 42)
AN 3 3
_ 1 v 1
where a = G = (2(%1))2

Finally, using pJ()\) ~ 2¢=™ for A\ — A; and (6.36), one arrives at the desired

expression for 1/N correction to the energy,

2

T sin [ 9
En — Ew = Ecasimir = — 1-12 6.43
N c 241N ( a’) ( )
where the effective central charge is
Cerf = 1—12a°
= 1-6— (6.44)

(v=1)
We see that for this model, the central charge, ¢ = 1 (Free boson). Also c.ss is
independent of boundary parameters, unlike for the Dirichlet case [57]. This is
a feature expected for models with Neumann boundary condition. Further, from

conformal field theory, one also has the following for the conformal dimensions,

1—Ceff

A = =)
24
14

ey (6.45)

Note that the above results are derived for the lowest energy state for even N with

one hole for each @Q,(u). Reviewing the derivation above, one can notice that the
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results above can be further generalized for any N and for low lying excited states
with arbitrary number of holes, provided these holes are located to the right of the
largest sea root as mentioned in the beginning of Section 6.2. For these excited
states, the sum for S](é)(/\) in (6.32) - (6.35) will inevitably have different limits
since the number of sea roots vary. However, after applying the Euler-Maclaurin
formula, one would recover (6.36) and (6.37). In addition to that, for states with
Ny number of holes (all located to the right of the largest sea root), one uses the
more general result for the sum rule, namely (6.14) and (6.21) which eventually
yields

- G4(0)

«

(6.46)

Thus, we have the following for the effective central charge and conformal dimen-

sions for low lying excited states

(v—1)

A = m]\ffl (6.47)

Ceff = 1-6 NI2-I

Surprisingly, the results (6.45) and (6.47) appear to have more resemblance to spin
chains with diagonal boundary terms, as one could see from the —*; dependance
78]-[81], rather than “>! [43] which is the anticipated form for conformal dimen-
sions for spin chains with nondiagonal boundary terms. Indeed the theory of a free
Bosonic field ¢ compactified on a circle of radius r is invariant under ¢ — @+ 27r,

where r = [ is the continuum bulk coupling constant that is related to v by

2
5-
3? = 87r(”7_1). Further, the quantization of the momentum zero-mode I, yields
I, = %ﬁ for Neumann boundary condition and Ily = %” for the Dirichlet case,
where n is an integer. Hence, the zero-mode contribution to the energy, Fy, ~ II3

implies Ey, ~ A ~ (1) for Neumann and Ey, ~ A ~ (;%;) for Dirichlet case

respectively. More complete discussion on this topic can be found in [43, 80]. Next,
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we will resort to numerical analysis to confirm our analytical results obtained in

this section.
6.3 Numerical results

We present here some numerical results for both odd and even N cases, to
support our analytical derivations in Section 6.2.2. We first solve numerically the
Bethe equations (6.1), (4.55), (4.56), (6.7) and (6.8) for some large number of spins.

We use these solutions to calculate Casimir energy numerically from the following
E = Eyur + Eboundary + ECasimir (648>

In (6.48), E is given by (6.11). Thus, having determined the Bethe roots numer-
ically, one uses known expressions for Ep, [13] and Epoundary [93] to determine
Ecasimir- Then using the expression found above for Egggimir, namely (6.43), one

can determine the effective central charge, c.ry for that value of N,

24uN

w2 sin p

Ceff = — (E - Ebulk - Eboundary) (649)

Finally, we employ an algorithm due to Vanden Broeck and Schwartz [83, 84| to
extrapolate these values for central charge at N — oo limit. Table 6.1 below shows
the c.s¢ values for some finite even N, for the lowest energy state with one hole
(Ng = 1). Equation (6.47) predicts c.ss values of -11 and -7 for p =1 and p = 3
30 respectively which are the extrapolated values (-11.000315 and -7.000410) we
obtain from the Vanden Broeck and Schwartz method.

For odd N sector, since Ny = 0, (6.47) predicts c.;f = 1 (for the ground
state) for any odd p. We present similar numerical results for odd N in Table 6.2
below for p = 1 and p = 3. We work out the c.sy values numerically for N =
15,25,... ,65. Excellent agreement between the calculated and the extrapolated

values of 1.000770 and 1.001851 again strongly supports our analytical results.

Ny =p+1



N |cypr,p=1,v=2|cepf,p=3,v=4
16 -9.365620 -2.853872
24 -9.857713 -3.271279
32 -10.122128 -3.557148
40 -10.287160 -3.770882
48 -10.399970 -3.939554
56 -10.481956 -4.077652
64 -10.544233 -4.193784
00 -11.000315 -7.000410
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Table 6.1: Central charge values, c.rs for p =1 (ay = 0.783, a_ = 0.859) and p = 3
(ay =2.29, a_ = 1.76), from numerical computations based on N = 16,24 ,... ,64
and extrapolated values at N — oo limit (Vanden Broeck and Schwartz algorithm).

N | cypr,p=1,v=2|ceps,p=3,v=4
15 0.898334 0.531501
25 0.936128 0.634012
35 0.953433 0.692758
45 0.963360 0.731841
55 0.969797 0.760142
65 0.974311 0.781795
00 1.000770 1.001851

Table 6.2: Central charge values, c.sr for p =1 (a; = 0.926, a_ = 0.654) and p = 3
(ay = 2.10, a_ = 1.80), from numerical computations based on N =15,25,... .65
and extrapolated values at N — oo limit (Vanden Broeck and Schwartz algorithm).

From the proposed Bethe equations for an open XXZ spin chain with nondi-
agonal boundary terms, we computed finite size effect, namely the 1/N correction
(Casimir energy) to the lowest energy state for both even and odd N. We also
studied the bulk excitations due to holes. We found some peculiar results for these
excitations of this model. Firstly, the number of holes for excited states seem to
be reversed: even number of holes for chains with odd number of spins and vice
versa. However, one could explain this by resorting to heuristic arguments involv-
ing effects of magnetic fields on the spins at the boundary. We then computed the

energy due to hole-excitations. We further generalized the finite-size correction
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calculation to include multi-hole excited states, where these holes are situated to
the right of the largest sea root. Having found the correction, we proceeded to
compute the effective central charge, c.;; and the conformal dimensions, A for
the model. We found the central charge, ¢ = 1. The effective central charge is
independent of the boundary parameters, as expected for models with Neumann
boundary condition. The result for A however, turns out to be similar to mod-
els with diagonal boundary terms rather than the nondiagonal ones, to which the
model studied here belongs to.

As an independent check to our analytical results, we also solved the model
numerically for some large values of N. We used this solution to compute 1/N
correction for these large N values, then extrapolate them to the N — oo limit
using Vanden Broeck and Schwartz algorithm. Our numerical results strongly
support the analytical derivations presented here. Hence, the question about the
“Dirichlet-like” behaviour remains for now.

There are many other open questions that one can explore and address further.
For example, similar analysis involving boundary excitations can also be carried
out. This can be really challenging even for the diagonal (Dirichlet) case [79, 89].
Further, solution for more general XXZ model involving multiple @(u) functions
[60, 61], can also be utilized in similar capacity to explore these effects. Last but
not least, excitations due to other objects that we choose to ignore here, such as
special roots/holes and so forth can also be explored for these models in order to

make the study more complete.



Chapter 7: Boundary S Matrix

Factorizable § matrix is an important object of integrable field theories and
integrable quantum spin chains. As for the “bulk” case where the S matrix is
determined in terms of two-particle scattering amplitudes, the “boundary” case
can equally well be formulated in terms of an analogous “one-particle boundary-
reflection” amplitude. These bulk and boundary amplitudes are required to satisfy
Yang-Baxter [1, 2, 3] and the boundary Yang-Baxter [5, 6] equations respectively.
Methods based on Bethe equations have long been used to compute bulk two-
particle S matrices [21, 90, 91]. In [21], Fadeev and Takhtajan studied scattering
of spinons for the periodic XXX chain for both the ferromagnetic and antiferro-
magnetic cases. The bulk two-particle S matrix for the latter case coincides with
the bulk S matrix for the sine-Gordon model [3] in the limit 5% — 87, where 3 is
the sine-Gordon coupling constant. Much work has also been done on the subject
for open spin chains [42, 43, 78, 79], [92]-[95] as well as for integrable field theories
with boundary [6, 92]. In [6], Ghoshal and Zamolodchikov presented a precise
formulation of the concept of boundary S matrix for 1 4+ 1 dimensional quantum
field theory with boundaries such as Ising field theory with boundary magnetic
field and boundary sine-Gordon model. For the latter model, the authors used
a bootstrap approach to compute the boundary S matrix. They determined the
scalar factor up to a CDD-type of ambiguity. Nonlinear integral equation (NLIE)
[73, 74, 96] approach has also been used to study excitations in integrable quantum
field theories such as the sine-Gordon model [75]-[77],[97, 98] and open quantum

spin-1/2 XXZ spin chains [42, 43, 78, 79]. In fact, in [43], NLIE approach is used

111
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to compute boundary S matrix for the open spin-1/2 XXZ spin chain with nondi-
agonal boundary terms, where the boundary parameters obey certain constraint.

The bulk anisoptopy parameter however is taken to be arbitrary.

In this chapter, we compute the eigenvalues of the boundary S matrix for
a special case of an open spin-1/2 XXZ spin chain with nondiagonal boundary
terms with two independant boundary parameters (with no constraint) at roots
of unity, using the solution obtained recently [51, 53]. The motivation for the
performed computation is the fact that the Bethe Ansatz equation for this model
is unchanged under sign reversal of the boundary parameters. Hence, the usual
trick of obtaining the second eigenvalue of the boundary S matrix of an open spin-
1/2 XXZ spin chain by exploiting the change in Bethe Ansatz equation under such
sign reversal of the boundary parameters [43, 93, 94, 95] would not work here.
Consequently, identifications of separate one-hole states are necessary here. We
follow the approach used earlier for diagonal open spin chains [93, 94]. This is
a generalization of the method developed by Korepin, Andrei and Destri [90, 91]
for computing bulk S matrix. The quantization condition discussed by Fendley
and Saleur [92] is a crucial step for the calculation. The solution utilized here was
derived for certain values of bulk anisotropy parameter, u in the repulsive regime
(v = 7 € (0,3]) for odd p values. Hence, we focus only on the critical and
repulsive regime, which corresponds in the sine-Gordon model to 3% € [47,87) 31
One-hole excitations for this model occur in even N sector [99] in contrast to the
diagonal open spin-1/2 XXZ spin chain where such excitations appear in the odd

N sector [94].

Since the Bethe roots for the model consist of “sea” roots and “extra” roots,

we rely on a conjectured relation between the “extra” roots and the hole rapidity,

NG =8(r - p)
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which is confirmed numerically for system up to about 60 sites. We find that the
eigenvalue derived for the open XXZ spin chain agrees with one of the eigenval-
ues of Ghoshal-Zamolodchikov’s boundary S matrix for the one boundary sine-
Gordon model, provided the lattice boundary parameters that appear in the spin
chain Hamiltonian and the IR parameters that appear in Ghoshal-Zamolodchikov’s
boundary S matrix [6] obey the same relation as in [43] 3. The problem of finding
the second eigenvalue of the boundary S matrix requires the identification of an
independent one-hole state. In contrast to previous studies [43, 93, 94, 95], where
such state was found by reversing the signs of the boundary parameters 33, similar
strategy does not work here. Reversing the signs of the boundary parameters in the
present case leaves the Bethe equation unchanged, hence giving the same one-hole
state. Interestingly, a separate one-hole state with 2-string is found [99]. Using
a conjectured relation between “extra” roots, hole rapidity and the boundary pa-
rameters, which is again confirmed numerically for system up to about 60 sites, we
derive the remaining eigenvalue which also agrees with Ghoshal-Zamolodchikov’s

result.

7.1 One-hole state

In order to compute the spinon boundary scattering amplitude, we consider
a one-hole state. The roots distribution for such a state was found in [53]. One-
hole excitations for the open XXZ spin chain we study here appear in the even N
sector. Hence, it is sufficient to consider the results for even N case. The shifted

Bethe roots ﬂga) = ug-a) + 7 for this state have the form (4.51). The Bethe Ansatz

32Very recently, similar relations were found for the open XXZ spin chain with diagonal-
nondiagonal boundary terms in [95].
33In fact, there is a change £&4 — —¢4 in the Bethe equation for the diagonal case [94].
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equations are re-expressed in terms of counting functions, h()(\) as
OOy =75, 1=1,2 (7.1)

where h)()\) are given by (4.55) and (4.56). Further, {J;, Ja, .. ., J%} is a set of
increasing positive integers that parametrize the state 3. For states with no holes,
the integers take consecutive values. For one-hole state, there is a break in the
sequence, represented by a missing integer. This missing integer J, fixes the value

of the hole rapidity, 5\, according to
h (X)) =h@ () = J. (7.2)

If the hole is located to the right of the largest “sea” root ()\(fvl’l)), then J =

|h®(c0) — h(l)(A(ﬁ’l))J. See [99] for more details. For later use, we next define the
2

densities of sea roots as

S0 — LA

N d) (7:3)

where [ = 1,2
7.2 One-hole state with 2-string

In addition to the one-hole state mentioned in last section, there is another
one-hole state. This state is the only remaining one-hole state, which also has a

2-string. In this section, we give some brief information on the state. The shifted

Bethe roots ﬂg-a) = u§~a) + 2 for this state have the following form

M)éa,l) J=1,2,... Mg
A =12, My
M(E)“;Jrg

B _g

34Tn principle, there are two such sets of integers, {Ji(l)} and {JZ.(Q)} corresponding to the two
counting functions, h(\) and h(®()\) respectively. But, in fact these two sets of integers are
identical. Hence we choose to drop the superscript, { from J; in (7.1).
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where )\(()a), o= % and >\ are real. Here, M 1) = My = % — 1, and

Moy = 51, Mugy = 22, As before, u)\g-a’l) are the zeros of Q,(u) that form

real sea (“sea” roots) and pA\"?

are real parts of the “extra” roots (also zeros of
Q.(u)) which are not part of the “seas.” For this state, we also have u)\(()a), the
real parts of additional “extra” roots that form a 2-string.

The counting functions for this state are given by

h(l)()‘> - 217r{(2N + 1)(11()\) - 7’1()\) — q142a_ (/\) - Q1—2a,()\) - Q1+2a+(/\) - Q1—2a+(/\)

i (v-3)/2

=3 [0 A £+ AEY) } S [rah = AZY) 4 ra(d 4 AZY)]
k=1 el

—as(0 = A7) = (A + A7) — (A = AY) — A+ A} (7.5)

HO0) = 5 {N + D) - ()

T} (h-1)/2

- [92()\ - )\21’1)) + @A+ )\21 b } 3 [T2 (A — )\(12 )+ ra(h + /\](€1,2)>}
k=1 k=1

_Q3(>\—)\él)) —613()\—1-)\(()1 )—qi(A— >\ ) (/\—l—)\ )} (7.6)

The Bethe Ansatz equations for this state take the following form,
OOy =75, 1=1,2 (7.7)

where {J1, Jo, ..., J% _,} is a set of increasing positive integers that parametrize
the state. The hole for this state breaks the sequence, represented by a missing
integer. As before, the missing integer J enables one to calculate the hole rapidity,

A using
h(A) =h@(X\) = J. (7.8)

If the hole appears to the right of the largest “sea” root ()\(a 1) ), then J = [h®(c0)—

h(l)()\(ﬂa’i)l)J. More on this state can be found in [99].
2
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7.3 Boundary S matrix

In this Section, we give the derivation for the boundary scattering amplitudes

for one-hole states reviewed in Section 6.1.

7.3.1 Eigenvalue for the one-hole state without 2-string

First, we consider the state reviewed in Section 7.1. From (4.55), (4.56), (7.3)

and (4.26), one can solve for the sum of the two densities. We recall the results

below [53],
ptotal()\) = p(l)(A) + p(Z)()\)
1
= 4s(\) + NRJF()\) (7.9)
where s(\) = W and R, ()\) is the inverse Fourier transform of R, (w) which
is given by
N 1 A
Ri(w) = Taw (261 (w) + 202 (w) — 2b1(w) = G1420 (W) — G120 (@)
pt1
2
— (1424, (W) — G1-24, (W) — 2b2 Z cos( )\( )+ Z cos(/\l(1 2)
+ dip(w) cos(w)| (7.10)

The presence of extra roots, )\,(f’Q) and the hole rapidity, ), are to be noted here?’.
Henceforth, we shall denote A,(CQ’Z) simply as )x,(f). Morever, momentum of the

excitation is given by

p(A\) = tan™! (Sinh(WS\)) - g (7.11)

From (7.11), one gets s(\) = o dfl/\ Consequently, using (7.3), one rewrites (7.9)

as

1 dhtotal()\> 2 dp()\) 1
1L dhora(A) _ 2ap(A) 1 12
N ax o Ty (7.12)

7 sin p 1
2p cosh(mwA)”

35Energy carried by the hole is given by E(\) = Such an expression for spinon

was derived in [21]
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where hyra(A) = hW(A) +h@(\) and %dh”f/\l(’\) = protar(N). After integrating

(7.12) with respect to A, taking limits of integration from 0 to A, one finds 36
~ - - 2 - A
M) = WX+ R = ZNp(A) + [TdAR()  (7.13)
0

Since hW(X) = h®(X) € positive integer and R, ()\) is an even function of

multiplying the resulting expression by 2iw and exponentiating gives

Q2PN JE [ AR () _ 4 (7.14)

Next, let us compare equation (7.14) to the Yang’s quantization condition for a

particle on an interval of length N,

PN R(Aap)R(Aal) | A (£)) = A, (£) (7.15)

where R(); ay) are the non-diagonal boundary S matrices and | A, (£)) denote the
two possible one-hole states. Note that the & in | A, (£)) represents two posssible

i by
one-hole states and not the right and left boundaries. The expression e 2 Jox AR ()

then, should be equal to one of the two eigenvalues of the Yang matrix Y'(\) defined
by

Y(A) = RN\ a4 )R(Na) (7.16)

Defining this eigenvalue as a(\, ai)a (), a_), where + and — denote the right and

left boundaries respectively, (7.14) can be rephrased as

2PN (X ay)a(Na ) =1 (7.17)
The problem thus reduces to evaluating the following

~ AT

- A
a(A ap)a(Na)=e? Jo e ) (7.18)

36Since we are only able to determine the scattering amplitudes up to a rapidity-independent
factor, the additive constant p(0) from the integration is ignored in (7.13).
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After some manipulations, we have the following,

a(\ap)a(Na) = exp {2/000 Cf:dsinh(%j\w)[ iz () ! (a2 (2w)

[T @) 1+ as(20)
. - 1, .
+ a1<2w> — b1(2w) — 5(@1_,_2&7 (2&)) + A1_92q_ (2&))

+ d1+2a+(2(.U) +d1—2a+(2w))

_ 82(2@(2: cos(2APw) + Z cos(2A{"w))]] } (7.19)

Further, using (4.30) and (4.31), one gets

3 3 * dw . ~ r2sinh(3w/2) sinh((v — 2)w/2)
a(Xap)a(Xas) = exp {2/0 ?smh(Zz)\w)[ Sinh((Qw/)s)inh((i(—l w>/2)

)

sinh(w) sinh((—v + 2a_ — 1)w)

sinh((v — 1)w) cosh(w) = 2sinh((r — 1)w) cosh(w)
sinh((v — 2a_ — 1)w)

2sinh((v — 1)w) cosh(w)

sinh(w) N ) P )
(o — Do) (kZ:jl cos(2AP ) + ; 0 (2) >w))]} (7.20)

+(a- —ay)

pt1

where (a— — ay) is a shorthand for two additional terms which are the same as
the third and fourth terms in the integrand of (7.20), but with a_ replaced by a.

The integrals involving “extra” roots )\,(62) and )\1(1) yield

p—1 p+1
© dw = sinh(w) N e
exp {2/0 - Smh(zz}\w)sinh((y — o) (kz::l cos(2APw) + ; Cos(2)\l(1)w))}
p=1 p+1

where y/ = - and

!

@AW 5y - EGHAY - ) cosh (BN 5+ 55)
k 27N > - . I X i i Y 7 s
sinh (& (A + )\,(f) -5+ Qul)) cosh (5 (A — )\1(92) — 35— 27/))
sinh (4 (A + A + 4+ 45)) cosh (4 (A — A + 4 — 1)
X ; ~ . . AVaee 3
sinh (4 (A + AV = § — 2)) cosh (15 (A — A — § + 47))
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After evaluating the rest of the integrals, (7.20) becomes

a( ap)a(Xa) = 50(5\)251(5»@7)51(5\7&9

p—1 p+1

x ﬁﬁ\/f kﬂ)‘l(l)v)‘)f(/\ka)‘l 7)\+/~L)
k=1 I=1
(7.23)
where
S i cosa (%) H T[4 (4n+ 1 - 2i0)|T [;1(471 +3 = 2i}) + 1]

7o T[4 (4n + 14 2i0) T[4 (4n + 3+ 2iA) + 1]
T[4 (40 + 4+ 2i0)|T |1 (4n + 2i3) + 1
{ 4n+4—22~)] [ (4n — 2i\) + 1
L(2n+14i)\) + ]

(2n +2+iX) + 3|12 (2n + 1 — i) + §]

2 T

\_l;l‘_l

v—

(7.24)

1
2 { 2n—z)\ —l—%} {
2[4

Si(has) = i\/cosh(,u’(j\ + ;(V ~ 2a.))) cosh(/ (3 — ;(V ~ 244)))
o T\ L(2n+1+id—1(v—2ay))+1

X HOF% i ]
F[ L(2n+ 14\ + 3 (y—2ai))—|—%}
D420+ 1— i+ §(v —201)) + 3]
[Lr(2n— ik — L(v — 2a1)) + ]
2n+ 24X — §(v - 201)) + ]
[%1( n—i\+ 1 (V—2ai))+%}
2n+2+id + (v — 201)) + 3]

!
—
‘H
—~

(7.25)

—
:—\
-1z
—
—~

The values of the “extra” roots are dependant on the hole rapidity, A and the
boundary parameters, a4. Hence, it is sensible to expect a relation between these
“extra” roots, {)\,(f),/\gl)}, the boundary parameters, a4+ and the hole rapidity,

A. Consequently, one needs to express the right hand side of (7.21) in terms of

purely a4+ and A to complete the derivation. To look for this additional relation,
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we begin with the information contained in the difference of the two densities,

pM(N) — p@(N). This leads to the following,

pairr(A) = pM(A) = pP(N)

= —R.(\) (7.26)

where R_(\) has the following Fourier transform,

R = )[ )~ ) o)~

— 2by(w Zcos 2 w Zcos ] Dw } (7.27)

Analogous to (7.12)) one gets

1 dhas(\) 1
v = AW (7.28)

where hg;rr(A) = hM(X) — h®()\) and + dhd;{{(” = paiss(N). Further, integrating

(7.28) with respect to A, taking limits of integration from 0 to A as before, one

finds
haiss(A) = hDR) —h@ (A / dAR_( (7.29)

Since h(D(X) = h®(X) € positive integer, using the fact that R_()\) is an even

function of A and exponentiating (7.29) we get

p—1 p+1

5 ~ _ = 2 f /\(2)’ )\(1)7 \
€L*dm_m = 9()\7@+)9()\7a—) H ((2)]€ (1)l~ )m =1 (7‘30)
e=1 =1\ JO N J\*‘ﬁ)

where g(S\, at) = cosh(* (v—2az))+isinh() Next, an important observation is the
cosh(*5 ” (v—2a+))—isinh(w'A)

following relation (as N — 00),
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for which we provide numerical support in Table 7.1. Although the results shown
in Table 7.1 are computed for the case where the hole appears to the right of the
largest “sea” root, we find similar results for other hole locations. From (7.30) and

(7.31), it also follows that

p—1 ptl

2 2 - s ~ - 2

I IT A0 5+ ) = = (93 ag(hoan) ) (732
k=11=1

N e e FOR AN, p=3 ] a0 FO2 AN, p=5
24 -0.999364 + 0.0356655 1 -0.999334 + 0.036496 1
32 -0.999421 + 0.0340133 1 -0.999333 + 0.036522 1
40 -0.999466 + 0.0326686 1 -0.999334 + 0.036486 1
48 -0.999502 + 0.0315413 i1 -0.999337 + 0.036419 i
56 -0.999532 + 0.0305749 i -0.999340 + 0.036336 1
64 -0.999558 + 0.0297318 i -0.999343 + 0.036243 i

p=l _ pil -
Table 7.1: TL2, 112 FOP A X) for p = 3 (o = 2.1, a_ = 1.6) and p = 5
(ay = 3.3, a_ = 2.7), from numerical solutions based on N = 24,32 ... ,64.

We stress here that the values of )\,(f) and )\l(l) used in computations above strictly

satisfy the Bethe equations (6.1). Finally, we can rewrite (7.23) as

al\ ap)aXas) = Se(N2S1 (A, a2)Si(A a)g(h ay)g(has)  (7.33)

up to a rapidity-independant phase factor. Subsequently, the complete expression
for each boundary’s scattering amplitude is given by (up to a rapidity-independant

phase factor)

a(A ar) = So(N)S1(N ax)g(A ay) (7.34)
where + and — again denotes right and left boundaries respectively.

7.3.2 Eigenvalue for the one-hole state with 2-string

We now consider the one-hole state with a 2-string, reviewed in Section 7.2.

The computation of the eigenvalue for this state is identical to the one given above.
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Hence, we skip the details and present the result. Analogous to (7.20), we have

2sinh(3w/2) sinh((v — 2)w/2)

BN, a)fN,a) = exp {2 /OOO dw sinh(QiS\w)[

w sinh(2w) sinh((v — 1)w/2)
n sinh(w) sinh((—v + 2a_ — 1)w)
sinh((v — 1)w) cosh(w) = 2sinh((r — 1)w) cosh(w)
sinh((v — 2a_ — 1)w) W
* 2sinh((v — 1)w) cosh(w) +(a- +)
sinh(w) S cos(2APw S cos(2AMw
+ Sin}sll(li<iw1))w) (cosh(2iAMw) + Cosh(Qi)\((]Q)w))]} (7.35)

which after evaluating the integrals yields

B ap)B(has) = So(M)2S1(Aas)Si(A ap)wWY, Nw(A§?, )

p=3 p—1 i
< TITI W(AS%AE”,X)f(AEf%AE”,X+ Zf) (7.36)
k=1 l=1

where

B h( (\ (a) | h(w () — (@) | -
w()\ga)y)\):\lcos (W (N+ Ay’ +1)) cosh(p/' (A — Ay +z))’ i—1.2. (737)

cosh(p/ (A + A = 4)) cosh(p' (A — A — 4))
As before, (a_ — a4 ) represents two additional terms which are the same as the
third and fourth terms in the integrand of (7.35), but with a_ replaced by a,. We

proceed to make the following conjecture to complete the derivation.

p—3 p—1

< N T < v ooaT ~ooar
wA, NwAE ) TT 1T W(A?ﬁ% AV NFOD AN A+ ) = gh+ 5 ay)

k=1 1=1 K K

~ T

X g(/\ + E,G_)

(7.38)

Like (7.31), we provide numerical support for (7.38) in Table 7.2 where we compute
the ratio ¢ = %, where d; and dy are the left hand side and the right hand side of

(7.38) respectively, for systems up to 64 sites. We believe this supports the validity
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of (7.38) at N — oo. The values of )\ff) : )\1(1) AP and AP used in computations
are obtained by solving numerically the Bethe equations (7.5) and (7.6) for the
“sea” roots and (6.1) for the “extra” roots. The correctness and validity of such
numerical solutions are checked by comparing them with the ones obtained from
McCoy’s method for smaller number of sites, e.g., N = 2,4 and 6 3". We stress here
that although the results obtained in Table 7.2 are computed for J = 1, namely
the case where the hole appears close to the origin, similar results are found for

other hole locations, e.g., J=2.,3,...

N (bap:?) ¢,p=5

32
40
48
56
64

24 1 0.967073 + 0.254500 i

0.981063 + 0.193688 1
0.987716 + 0.156259 i
0.991392 + 0.130928 1
0.993634 + 0.112654 i
0.995102 + 0.098852 i

0.990295 + 0.138982 i
0.994434 + 0.105361 i
0.996308 + 0.085849 i
0.997674 + 0.068166 1
0.998065 + 0.062174 1
0.998407 + 0.056428 i

Table 7.2: ¢ for p =3 (ay = 2.1, a_ =1.6) and p =5 (ay = 3.2, a_ = 2.7), from
numerical solutions based on N =24 .32 ,... ,64.

Using (7.38), the other eigenvalue for the Yang matrix (7.16) becomes

~ ~ am

ﬁ()V a+)ﬁ(5‘7 CL_) = SO(S‘)Z‘Sl (S‘v a+)51(5\, a—)g()‘ + ﬁ> a-i-)g(j‘ + Z(/—a CL_) (739)

hence giving the following for each boundary’s scattering amplitude (up to a

rapidity-independant phase factor),

~ ~ T

BN ax) = So(N)Si1(A, ax)g(A + —, ar) (7.40)

7.3.3 Relation to boundary sine-Gordon model

Next, we briefly review Ghoshal-Zamolodchikov’s results for the one bound-

ary sine-Gordon theory [6]. We borrow conventions used in [43, 100]. Ghoshal-

37We are only able to use McCoy’s method to exactly solve for the Bethe roots for systems up
to only 6 sites due to computer limitations.
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Zamolodchikov’s results imply that the right and left boundary S matrices
R(0;n4, U+, 7+) are given by
R(0;1,9,7) = 10(0) 71(05n,9) M(0;0,9,7), (7.41)

where M has matrix elements

MO0, 0,7) = ( LTI ) | (7.42)

Moy Ma2a

where (n+,94,v+) are the Ghoshal-Zamolodchikov’s IR parameters and 6 is the
hole-rapidity. Further,

my; = cosncoshd cosh(76) + isinnsinh 9 sinh(76) ,

mos = cosncoshd cosh(7) — isinnsinh ¥ sinh(76),

mia = i€ sinh(76) cosh(76),

mg, = ie "7 sinh(76) cosh(7h). (7.43)
where 7 = ﬁ is the bulk coupling constant. The scalar factors have the following

integral representations [43, 100]

B [ dw sinh((v — 2)w/2) sinh(3w/2)
rol0) = eXp{QZ/o o S ) (0 = Tw/2) sinh(2w) }

nOn0) = — (0. 6) o(it,6), (7.44)

cosn cosh ¥ 7

where

B ®dw . /(9 sin(fo /(2 cosh((v — Nwz/7)
o(2,0) — exp{2/0 2 sin(im — 0)w/ (2m)) sin(6w/ (2 »smh((y—1)w/2)cosh(w/2)}‘

(7.45)

Our result (7.33) and (7.39) agree with the eigenvalues of

R(O;ny, 9,7 )R(O;n_,9_,~_), provided we make the following identification,

/!

Ny = ’%(y —2a4)

0 = 7\ (7.46)
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In addition to (7.46), one should also take ¥+ = v+ = 0, since they are related to
the lattice parameters that appear in the spin chain Hamiltonian, (2.1) which have
been set to zero. The same expression is given in [43] for the corresponding open
XXZ spin chain with nondiagonal boundary terms but with a constraint among the
boundary parameters, hence suggesting that (7.46) holds true in general. As noted
above, the eigenvalues, (7.34) and (7.40) agree with the sine-Gordon boundary S

matrix eigenvalues. Hence the two eigenvalues can be related as follows,

a(\, az) B cosh(%/(y — 2a.)) +isinh(y'))
B\ as) cosh(%£ (v — 2ay)) — isinh(p/\)

(7.47)

Based on a recently proposed Bethe ansatz solution for an open spin-1/2 XXZ
spin chain with nondiagonal boundary terms, we have derived the boundary scat-
tering amplitude (equation (7.34)) for a certain one-hole state. We used a conjec-
tured relation between the extra roots and the hole rapidity, namely (7.31), which
we verified numerically. This result agrees with the corresponding S matrix result
for the one boundary sine-Gordon model derived by Ghoshal and Zamolodchikov
[6], provided the lattice and IR parameters are related according to (7.46). We
obtained the second eigenvalue (7.40) by considering an independent one-hole state
with a 2-string. This scattering amplitude (7.40), derived for the one-hole state
with 2-string also agrees with Ghoshal-Zamolodchikov’s result following conjec-
ture (7.38), which we verified numerically and identification (7.46). It would be
interesting to derive (7.31) and (7.38) analytically.

It will also be interesting to study the excitations for the more general case
of the open XXZ spin chain, namely with six arbitrary boundary parameters and
arbitrary anisotropy parameter, and derive its corresponding S matrix. Solutions
(spectrums) have been proposed for the general case, using the representation the-
ory of q-Onsager algebra [30] and the algebraic-functional method [31]. However,

Bethe Ansatz solution for this general case has not been found so far although
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such a solution has been proposed lately for the XXZ spin chain with six boundary
parameters at roots of unity [60]. In addition to the bulk excitations, one can
equally well look at boundary excitations although this can be rather challenging

even for the simpler case of spin chains with diagonal boundary terms [101].



Appendix 1

Here we briefly review the solution [27, 28] for the case that the constraint (2.3)
is satisfied, in order to facilitate comparison with the new cases considered in text.

The matrix M is then given by

A(u) —h(—u—mn) 0 e 0 —h(u)
—h(u+n) Au+n) —h(-u—2n) ... 0 0
M= . : . . : .
—h(—u—(p+1)n) 0 0 coo —h(u+pn) Alu+pn)
(A1)
where h(u) must satisfy
hu+im) = h(u+ (p+ 1)) = hlw), (AL2)
h(u+mn) h(—u—mn) = d(u), (A1.3)
p p
h(u+gn) + [ h(-u—jn) = f(u). (AL4)
=0 =0

A pair of solutions is given by h(u) = h®) (u) = hg(u)hgi) (u) with hg(u) given by
(3.23), and hgi)(u) given by
I (u) = (=1) 4 sinh(u % a_) cosh(u % B_) sinh(u £ o) cosh(u £ 34 )(A1.5)
Indeed, hg(u) satisfies
ho(u+n) ho(—u—n) = do(u),
[T butu+ ) = T (=) = folo). (ALS)
=

j=0
where dp(u) is given by (2.18), and fy(u) is given by (2.21) and (2.23) for p even

and odd, respectively. Moreover, h{® (u) satisfies

R (u+ ) WD (—u— 1) = 6, (u), (AL7)

127



128

where 01 (u) is given by (2.19); and
p

TT 25 (u+ gm) + TT A (—u — gn) = fulw) — (=1)PAFD21-2sinh? (2(p + 1)u))

Jj=0 J=0

x [(=1)N cosh ((p+ 1)(a— + ay + B+ 31)) + cosh ((p+ 1)(0- — 0,))] .

(AL8)

where fi(u) is given by (2.22) and (2.24) for p even and odd, respectively. Hence,
if the constraint (2.3) is satisfied, then the RHS of (A1.8) reduces to fi(u); hence,
all the conditions (A1.2)-(A1.4) are fulfilled. The corresponding expression for the

transfer matrix eigenvalues is given by

Q(i) (u—mn) Q(i)(u + 1)
AB(u) = h(i)(U)W + A& (—u— S (AL9)
with
M(E)
09 = T s~ st 4.
j=1
ME — ;(N—lik:), (AL.10)

and Bethe Ansatz equations

BE) (4, F) (£)(,, (&)
<1<Li) L el ?i>+n)7 j=1,..., M. (AL.11)
&) (—uy™ — 1) QM) (u} n)



Appendix 2

The coefficients y;, appearing in the function Y (u) (5.13) are given as follows.

For p even,

Ho =

+ o+ o+

pr =

g2 =

2_4,,{ — 11— cosh?((p+ 1) (0 — 6,))

cosh(2(p 4+ 1)a—) cosh(2 a4 )+ cosh(2(p+ 1)a—) cosh(2(p+ 1)8-)
cosh(2(p+ 1)a4 ) cosh(2 (
(

) (p+

) (p B-) + cosh(2(p + 1)a—) cosh(2(p + 1)54)
cosh(2(p + 1)ay) cosh(2(p + 1)) — cosh(2(p + 1)5-) cosh(2(p + 1))
[cosh((p+1)(a— + ay)) cosh((p+ 1)(B- = 81))

cosh((p+ 1)(a— — ay))cosh((p+ 1)(B- + ﬂ+))r
2(—1)" cosh((p+ 1)(6- — 64)) [COSh((P +1)(a- — ay)) cosh((p + 1)(B- — B4))

1)
+1)
+1)

cosh((p+ 1)(ar- + ) cosh((p+ 1)(3- + 5:)) } ,

214p{ cosh((p + 1)(a — ay)) [ cosh((p + 1) (o + as)

(=1)N cosh((p+ 1)(B- + 1)) cosh((p + 1)(0- — 04))]
cosh((p+1)(B- — ) cosh((p+ 1)(B- + 5))

(~1)N cosh((p + 1)(a + o)) cosh((p + 1) (0 — 0))] } ,

27 sinh?((p 4 1) (6 — 64)). (A2.1)

For p odd,

Ho

= 241’{ —1—cosh?((p+1)(6- —0))

cosh(2(p+ 1)a—) cosh(2(p + 1)a) — cosh(2(p + 1)a—) cosh(2(p + 1)5-)
cosh(2(p + 1)ay) cosh(2(p + 1)5-) — cosh(2(p + 1)a—) cosh(2(p + 1)55)
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— cosh(2(p + 1)y cosh(2(p + 1)B+) — cosh(2(p + 1)) cosh(2(p + 1))
+ [cosh((p+1)(a + ay)) cosh((p+ 1)(5- — 51))
+ cosh(p+ 1)(a — ay)) cosh((p+ 1)(B- + )]
(

— 2(=1) cosh((p+ 1)(6— — 0))] cosh((p + 1) (e — ary)) cosh((p + 1)(5— — )

+ cosh(p-+ 1)(a- + ) cosh((p+ 1)(5- +ﬁ+>>}},

p = 21-4p{cosh<<p+1><a_+a+>>[cosh<<p+1><a_—a+>>

+ (=N cosh((p+ 1)(B- — B1)) cosh((p + 1)(0- — 0,))]
+ cosh((p+1)(B- + B4)) [cosh((p + 1)(5- — 51))
+ (=1 cosh((p+ 1)(a- — ay)) cosh((p + 1)(0- — 04))] } ,

py = 27%sinh?((p+1)(0_- —6,)). (A2.2)

The modified function f(u) for the case n = imp/(p + 1), with p a positive

integer

folw) = (“D)N22N b2V (p 4 1)) |
Alw) = (~1)N2*2(
— sinh ((p+ 1)a_) cosh ((p + 1)) sinh ((p + L)as ) cosh ((p + 1)) cosh? ((p + 1)u)
+ cosh ((p+ 1)a) sinh ((p + 1)5-) cosh ((p+ 1)ay ) sinh ((p + 1)3;) sinb? ((p + 1)u)
— cosh ((p+1)(0_ — 6,))sinh? ((p + 1)u) cosh? ((p + 1)u)> . (A2.3)

Correspondingly, the coefficients g and p; are given by (A2.1) with the factor
(—1)" replaced by —1. Apart from these changes, the solution is the same as for

the case (2.70) for both odd and even p.



Appendix 3

Here we present more explicit expressions for the bulk and boundary energies.

3.0.4 Case I: p even

The integral appearing in the bulk energy (5.41) for p even is given by

00 1 00
I = / dX ar(\) S(A)ZT/ dw i (w) §(w)
—00 mJ—c0
S 1 ran (G- ). (A31)
i3 2
The parameter-dependent integral appearing in the boundary energy (4.38) is given
by
1 oo inh(w/2
Lz) = 7/ , S (w/2) cos(aw)
27 J—oo  2sinh(vw/2) cosh(w/2)
5 ) 1
= Z(—1)J+zbj_%(x/2)—§pr+1($/2), (A3.2)
j=1

where the function b,(\) is defined in (4.26). Moreover,

I oo i UL LIS
and
1 e sinh((v —2)w/4) 1
%/w“4mmMmmwwm—zm—MW- (A3.4)

It follows that the boundary energy (4.38) is given by

mn“{}h — S 1(0) + L(ilp — 1)/2) + L(bs) - 1} - oo

Ei = —
boundary 2 2 4 4

(A3.5)

where I; and I(x) are given by (A3.1) and (A3.2), respectively.
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3.0.5 Case II: p odd

The integral appearing in the bulk energy (5.41) for p odd is given by
[e§) 1 o) ~ .
L = / dX a;(N) s(\) = 2—/ dw a1 (w) $(w)
—00 T J—o0
u =z .
= {1 +2u) ] cot(ju)} . (A3.6)

J=1

The parameter-dependent integral appearing in the boundary energy (4.66) is given

by
L(z) = 217r/ R 2;?}}:((51/2;;22:&5/)2)
_ Er_sin)(xﬂ' z:: i cot(jp) sin(2zjp) | - (A3.7)
Moreover,
zlw/_oo du 4c§:§?y(¢(u/4) cigh/(g/z) ; i+ L(0)] (A38)

It follows that the boundary energy (4.66) is given by

E; = —

boundary

msinp 1 1 1 1
7{511 + 512(0) + L((p+ 1 — 2lax])/2) - Z} — 4 o8 1(A3.)

where I; and I»(z) are given by (A3.6) and (A3.7), respectively.
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