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0.3 Abstract

In this thesis some singular physical systems are quantized us-
ing the canonical formulation and the Dirac’s method. The
two methods represent the Hamiltonian treatment of the con-
strained systems. Dirac’s method introduced the primary con-
straints, then constructing the total Hamiltonian. The consis-
tency conditions are checked on the primary constraints. The
equations of motion in this method are in ordinary differential
equation form. In the canonical method the equations of mo-
tion are total differential equations in many variables. These
equations are integrable if the integrability conditions are iden-
tically satisfied.

Path integral quantization of three different systems, are
studied, free relativistic spinless particle, relativistic spinless
particle in an external electromagnetic field and a charged par-
ticle moving in a constant magnetic field. In the study, the inte-
grability conditions are satisfied, so the systems are integrable.
Consequently the path integral quantization is obtained directly
as an integration over the canonical reduced phase space coor-
dinates. This makes the canonical method simpler than Dirac’s

method.



0.4 Arabic Abstract



Chapter 1

Introduction

This work is mainly concerned with the path integral quan-
tization of singular systems (constrained systems), which are
characterized by singular Lagrangian. In this chapter we will
make a brief review for the singular systems, important basic
definitions, primary and secondary constraints, first and second
class constraints, and consistency conditions. The main objec-
tive of this thesis is to study the path integral quantization of
some constrained systems using two different approach, Dirac’s

approach and the canonical approach.

1.1 Historical Background

The study of constrained systems for the purpose of quantiza-

tion was initiated by Dirac [1,2], where he sets up the formalism
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for treating singular systems and constraints. He showed that
in the presence of the constraints, the numbers of degrees of
freedom of the dynamical system was reduced. His approach
are subsequently extended to continuous systems [3].

The presence of constraints in the singular Lagrangian theories
makes one be careful when applying Dirac’s method, especially
when first class-constraints arise. Dirac showed that the alge-
bra of Poisson’s brackets determine a division of constraints
into two classes: the first-class constraints and the second-
class ones. The first-class constraints which have zero Poisson’s
brackets with all other constraints in the subspace of phase
space in which constraints hold. Constraints, which are not
first-class, are by definition second-class. In the case of second-
class constraints Dirac introduced a new Poisson brackets, the
Dirac brackets, to attain self-consistency. However, whenever
we adopt the Dirac method, we frequently encounter the prob-
lem of the operating ordering ambiguity. In order to avoid
this problem, Batalin, Fradkin and Tyutin (BFT) developed a
method by enlarging the phase space with some extra variables
such that the second-class constraints being converted into first-

class ones, which are considered as generators of gauge trans-



formations, this will lead to the gauge freedom. In other words,
the equations of motion are still degenerate and depend on the
functional arbitrariness, one has to impose external gauge fix-
ing constraint for each first-class constraint, which is not always
an easy task [4].

Folloing Dirac, there is another approach for quantizing con-
strained systems of classical singular theories which is the path
integral approach given by Faddeev [5]. This approach has ap-
plied when only first-class constraints are present. It was shown
by Faddeev that gauge-fixing condition should be imposed for
each first-class constraint in order to convert the system into
second-class constraints. By this is meant, the introduction of
some constraints, y, = 0, are supposed to have vanishing Pois-
son bracket with the canonical Hamiltonian H In order to elim-
inate the unphysical variable. However Faddeev’s Hamiltonian
path integral method for a singular Lagrangian is generalized to
the case when the second-class constraints appear in the theory
by Senjanovic [6]. Moreover Fradkin [7] considered quantization
of bosonic theories with the first and second-class constraints
and its extension to include fermions in the canonical gauges.

More, Gitman and Tyutin [8] discussed the canonical quantiza-



tion of singular theories as well as the Hamiltonian formalism of
gauge theories in an arbitrary gauge. Recently, an alternative
approach was developed by Buekenhout, Sprague and Faddeev
[9,10] without following Dirac step by step. In this formalism
there is no need to distinguish between first and second-class
or primary and secondary constraints. Where the primary con-
straint is a set of relations connected between the momenta and
the coordinates.

The general formalism is then applied to several problems,
quantization of the massive Yang-Mills field theory, Light-Cone
quantization of the self interacting scalar field theory, and quan-
tization of a local field theory of magnetic monopolies, etc.

A most powerful approach for treating constrained systems
is the canonical approach [11,12]. The Hamilton-Jacobi ap-
proach which is called canonical method has been developed to
investigate the constrained systems. Several constrained sys-
tems were investigated by using the canonical method [13-17].
The equivalent Lagrangian method is used to obtain a set of
Hamilton-Jacobi Partial Differential Equations (HJPDE). In
this approach, the distinction between the first and second-

class constraints is not necessary. The equations of motion are



written as total differential equations in many variables which
require integrability conditions. In other words, the integra-
bility conditions may lead to a new constraint. Moreover, it
is shown that gauge fixing, which is an essential procedure to
study singular systems by Dirac’s method, is not necessary if
the canonical method is used [18-20]. Simultaneous solutions
of the canonical equations with all these constraints provide to
obtain the set of canonical phase space coordinates, besides the
canonical action integral is obtained in terms of the canonical

coordinates.
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1.2 Constrained Systems

The singular Lagrangian system represents a special case of a
more general dynamics called constrained system [2]. The dy-
namics of the physical system is encoded by the Lagrangian,
a function of positions and velocities of all degrees of free-
doms which comprise the system [21]. The singular Lagrangian
can be achieved by two formulations, the Lagrangian and the
Hamiltonian formulations. The Lagrangian formulation of clas-
sical physics requires the configuration space formed by n gener-
alized coordinates ¢;, n generalized velocities ¢; and parameter

7, defined as
L = L(q;, gi; 1), i=1,...,n. (1.1)

where 7 is a parameter which henceforth will be the time on
which the coordinates ¢; depend.
For a system characterized by this Lagrangian, the action which

is a function of path in configuration space reads as

S:/L(qi,q'i;T) dt. (12)
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The action principle asserts that the path which satisfies the

classical equation is the one which brings the action to extremes

oL OL OL
— = 5q; + — 8¢; + — ot ). 1.
/tl<0qiq+0qiq+8t > (13)

In deriving (1.3), it was assumed that ¢; is dependent of ¢;,
so that d0qg; = %5%. Imposing 65 = 0, we obtain the Euler-

Lagrange equations of motion

oL d (0L
- -0 (14)

So, the Lagrangian equations are of second order.
To go over the Hamiltonian formalism, defining a generalized

momentum p; conjugate to ¢; as [21,22]

pi = g—;, (1.5)
then the momentum is function of ¢; and ¢; such that,
pi=pi(gq;) J=1,...,n (1.6)
The canonical Hamiltonian Hj is defined by
Hy = iqmi — L. (1.7)
i=1

Consider the differential of the Lagrange function (1.1) and
using eqs. (1.4), (1.5) and (1.7), then we read off the Hamilton’s
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equations of motion as

0H, 0H,

) = — ) 1.
op; b dg; (18)

It is standard national practice to define the poisson bracket of

G =

two functions f and g on phase space by [20]

of dg Of Og
.ot = Z (5% Opi  Op; an-> ’ (1.9)

thus the Hamilton’s equation may be written as

¢ = {qi, Ho}, pi = {pi, Ho}. (1.10)

So, the time evolution of any function of positions and momenta
is given by
dF oF
= {F, Ho} +
dt ot

In order to characterize the constrained systems; one evaluates

(1.11)

the time derivative of the momentum as

dp; Op; . Op; .

= - . 1.12
But we can write the Lagrangian equation of motion (1.4) as
—__y 1.13

then by using the definition (1.5) and the Lagrangian equation

of motion (1.4), we get

(1.14)



0L 0L .__aQ_L..,_O
dq; a%a(ij Y a@iian =5

Defining Hessian matrix elements A;; of second derivatives of

(1.15)

the Lagrangian with respect to velocities as

0L
A = : 1.16
7 94;0q; (1.16)
so we can solve ¢; as
oL 0L
o= A — i | . 1.17
q] ] [an an aqj q]] ( )

A valid phase space is formed if the rank of the Hessian matrix
is n. Systems, which posses this property, are called regular
and their treatments are found in a standard mechanics books.
Systems, which have the rank less than n are called singular

systems. Thus, by definition we have [2]

(1.18)

921, # 0 regular system,
Hessian = det( ) =

0¢;0q;

=0 singular system.

To clarify the situation of singular systems, it can be investi-

gated by two different approach of quantization.
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1.3 Dirac Approach

The standard quantization methods can’t be applied directly
to the singular Lagrangian theories. However, the basic idea
of the classical treatment and the quantization of such systems
were presented along time by Dirac [1,2]. And is now widely
used in investigating the theoretical models in a contemporary
elementary particle physics and applied in high energy physics,
especially in the gauge theories [8].

The presence of constraints in such theories makes one careful
on applying Dirac’s method, especially when first-class con-
straints arise. This is because the first-class constraints are
generators of gauge transformation which lead to the gauge
freedom [16].

Let us consider a system which is described by the La-
grangian (1.1) such that the rank of the Hessian matrix is
(n—r), r<n.

The singular system characterized by the fact that all veloci-
ties ¢; are not uniquely determined in terms of the coordinates
and momenta only. In other words, not all momenta are inde-

pendent, and there must exist a certain set of relations among
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them, of the form

Sm(pi, @) = 0, (1.19)
The ¢’s and the p’s are the dynamical variables of the Hamilto-
nian theory. They are connected by the relations (1.19) which
are called primary constraints of the Hamiltonian formalism.
Since the rank of the Hessian matrix is (n — r), the momenta
components will be functionally dependent. The first (n — r)
equations of (1.5) can be solved for the (n — r) components of
¢; in terms of ¢; as well as the first (n — r) components of p;
and the last » components of ¢;.

In other words

If these expressions for the ¢, are substituted into the last r
equation of (1.5), the resulting equations will yield r relations

of the form
B oL

These relations indicate that the generalized momenta p, are

Py = —H,(¢i, Pa> 4v)- (1.21)

dependent of p,, which is natural result of the singular nature

of the Lagrangian. Eq (1.21) can be written in the form
HL(Qi7PGDQV) Ep,u—f—H# %07 (122)
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which are called primary constraints [1,2].

Now the usual Hamiltonian H, for any dynamical system is

defined as

Ho(pi,qi) = pigi — L (1.23)
(Here the Einstein summation rule is used which is a convention
when repeated indices are implicitly summed over).
Hy will not be uniquely determined, since we may add to it any

linear combinations of the primary constraints H L’s which are

zero, so that the total Hamiltonian is [2, 3, 7]
Hy = Hy+ A H, (1.24)

where \,(q,p) being some unknown coefficients, they are sim-
ply Lagrange’s undetermined multipliers. Making use of the
Poisson brackets, one can write the total time derivative of any
function g(q,p) as

dg

g=_~ {9, Hr} = {g, Ho} + N\ {9, H,} (1.25)

where Dirac’s symbol (&) for weak equality has been used in the
sense that one can’t consider H ;L = 0 identically before working
out the Poisson brackets. Thus the equations of motion can be

written as

G ~ {q, Hr} = {q;, Ho} + N{ai, H,} (1.26)
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subject to the so-called consistency conditions. This means

that the total time derivative of the primary constraints should

be zero;

., dH] ,
H, = — ~~ {HWHT}
={H,, Ho} + \{H,, H} =0, wov=1,...,m

(1.28)

These equations may be reduced to 0 = 0, where it is iden-
tically satisfied as a result of primary constraints, else they
will be lead to new conditions which are called secondary con-
straints. Repeating this procedure as many times as needed,
one arrives at a final set of constraints or/and specifies some
of A\,. Such constraints are classified into two types, a) First-
class constraints which have vanishing Poisson brackets with all
other constraints. b) Second-class constraints which have non-
vanishing Poisson brackets. The second-class constraints could
be used to eliminate conjugated pairs of the p’s and ¢’s from
the theory by expressing them as functions of the remaining
p’s and ¢’s. The total Hamiltonian for the remaining variable
is then the canonical Hamiltonian plus the primary constraints

H), of the first type as in eq. (1.24), where H), are all the inde-
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pendent remaining first-class constraints.

The first-class constraints are the generators of the gauge trans-
formations. This will lead to the gauge freedom. Besides, A,
are still undetermined. To remove this arbitrariness, one has
to impose external gauge constraints for each first-class con-

straints. Such a gauge fixing,
x =0, (1.29)

which is a set of constraints independent of H L and equal in
number to all first-class constraints H L Such a choice makes
the whole set of constraints {H/, H/} to be second-class con-

p

straints, with
det{H), H,} # 0, pv=n—r+1,...,n. (1.30)

This is a canonical physical gauge if it does not violate the
equation of motion [3,16].
Fixing any gauge is not an easy task, since we fix it by hand

and there is no basic rule to select it.
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1.4 Canonical Path Integral Quantization

In this section, we study the constrained systems by using the
canonical method and demonstrate the fact that the gauge fix-
ing problem is solved naturally.

Let us consider a system which is described by the Lagrangian
(1.1), such that the rank of the Hessian matrix defined in (1.16)
of rank (n—r), r < n. The generalized momenta p; correspond-

ing to the generalized coordinates ¢; are defined as

oL

Do = 90, a=1,2,...,n—r, (1.31)
oL

pu=a—q,u, p=n—r-+1,...,n. (1.32)

Since the rank of the Hessian matrix is (n — r), one may solve

eq. (1.31) for g, as
Go = Cja(Qiapan qm T) = Wq (1'33)

Substituting eq. (1.33), into eq. (1.32), we get
oL

= - = —H,(¢,qv,Pa;T). 1.34
5, = ) (1.34)

Pu

Relations (1.34) indicate the fact that the generalized momenta
p, are not independent of p, which is a natural result of the

singular nature of the lagrangian.
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The canonical Hamiltonian H, is defined as

Hy = _L(in q'y, (ja = Wa, 7_) + Paa +pﬂq/‘ p=—H,’ (1'35)

The set of the Hamilton-Jacobi Partial Differential Equations
(HJPDE) is expressed as

oS oS
H/ v a» Vi — 7 > = = :O, 1.36
o(T,q,q Pi = g 0 &) (1.36)
oS oS
Hi (T, G, Gas Pi= 5 Po=—5~] =0, 1.37
M(T, G o PP = 5 PO aT> (1.37)
Eqgs (1.36) and (1.37) may be expressed in a compact form as
oS oS
H (T G, Gas Di=5—, Po=—5—] =0, 1.38
a<ﬂq,q Pi= g 0 Eﬁ) (1.38)
a=0n—7r+1,...,n.
where
H(l):po—l—HO:O, HL:pu"i_H,u:O (139)

Here H can be interpreted as the generator of time evolution
while H L are the generators of gauge transformation.
The fundamental equations of the equivalent Lagrangian method

are

0S . oS 0S
Po=5- = —Ho(4i,Gv,0a;T)s  Pa = 5o Dh=p = —-H,,

a dq,
(1.40)
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with gy = 7, and .S being the action.
The equations of motion are obtained as total differential equa-

tions and take the form [11].

OH!
dq, = < dt,, r=0,1,...,n, 1.41
Opr (141

OH!
dpa:—ao‘dtm a=1,...,n—r, (1.42)

da

OH!
dp, = ———dt,, p=n—r+1,...,n, (1.43)

0q,

a=0n—-—r+1,...,n.
Defining

Z = S(ta, qa), (1.44)

and making use of eq. (1.41) and the definitions of generalized

momenta in (1.40) we obtain,

0S 0S
dZ = 22 dt, + 2= dg, = (—H,dt. + p.dq,
T +aqaq ( + padqa)
H/
A7 = <—Ha—|—paa 0‘> dt,,. (1.45)
Opa

Eqgs (1.41-1.43) and (1.45) are called the total differential equa-
tions for the characteristics.

Now, we will discuss the integrability conditions for Eqs (1.41-
1.43) and the action function (1.44), to obtain the necessary and
sufficient conditions that the system of total differential equa-

tions (1.41-1.43) and (1.45) be completely integrable in order
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to obtain the the path integral quantization of the constrained
system.

To any set of total differential equations [23,24].
d.ﬁCZ‘ = bia(ﬁﬂ, xj) dta. (146)
,7=1,...,n+1, a,=0,1....r<n.

These corresponds a set of partial differential equations of the

form
of
bla_ — 0- 1.4
. (1.47)
To solve the set (1.47), we introduce the following linear oper-
ator:
of
Xa — bza_. 1.4
f=bag (148)

Equation (1.46) are integrable if the corresponding set of partial
differential equations (1.48) is a Jacobi system: ” Complete

system”. In other words, the following relations should hold
(Xo, Xp)f = (XoXpg — XpXo)f =0, vV a, . (1.49)
Those relations which cannot be expressed in the form
(Xor, X)) = CLy X, (1.50)

may be added as new equations. Thus, either one obtains a

complete system or a trivial solution

f = const. (1.51)
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Now let us investigate the integrability conditions of equations
(1.41-1.43) and (1.45). To achieve this goal we define the linear
operator X, which correspond to total differential equations

(1.41-1.43) and (1.45) as
_of N OH, of  OH, Of
- Ota Opy 0q.  Oqq Opa
OH!\ Of
+ <_Ha +paa—pa) E
b OF
— [Ha? f] 5 H

a,=0,1...,r <n, a=1...,n—r.

Xaf(tﬁa Gas Pas Z)

(1.52)

Lemma. A system of total differential equations (1.41-1.43)
and (1.45) is integrable if and only if

H., H =0, VYap (1.53)
Proof. Suppose that eq. (1.53) is satisfied, then
(Xom Xﬁ)f = (onXﬁ - Xﬂon)f

= [, [ 1)~ [H [ 7~ 200, 1Y)

(1.54)
Now we apply the Jacobi relation
£, lg. ] = lo. I 711 + [0, [ ] (159
to the right of formula (1.54), we find
(X X007 = [l B - S, i) (s6)
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From (1.53) we conclude that
(Xo, X5)f = 0. (1.57)

Conversely, if the system is jacobi (integrable), then (1.57) is

satisfied for any o and (8 and we get
[H., Hé] = 0. (1.58)

Now the total differential for any function F'(ts,q,,q.) can be

written as

OF OF OF
dF: D d a P d a -~ dta
9g, " ap, P,
B (3}7 OH! OF 0H] 8F) gt

“\0¢u Opa  Opa Oqa o
_[F, H'] dt,. (1.59)

Using this result, we have
dHé = [Hé,Hg] dt,, (1.60)
and, consequently, the integrability condition (1.53) reduces to
dH! =0 Y a. (1.61)

This is necessary and sufficient condition that the system (1.41-
1.43) and (1.45) of total differential equations be completely
integrable.
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If conditions (1.61) are not satisfied identically, one may con-
sider them as a new constraint and again test the integrability
conditions, then repeating this procedure, a set of conditions
may be obtained.

The simultaneous solutions of eqs. (1.41-1.43) and (1.45) give

us trajectories of the motion in the canonical phase space as

qa Eqa(t7Q,Uz)7 paEpa(t7qM)7 /’L: 1’..""". (1'62)

In this case, the path integral representation may be written as

[18-20]

T fo OH!

(Out | S| In) = /qu“dpa exp z/ (—Ha +paa—a) dt, |-
a=1 to Pa

(1.63)

One should notice that the integral (1.63) is an integration over

the canonical phase space coordinates ¢%, p,.
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1.5 Path Integral Methods for Quantized Con-

strained Systems

1.5.1 Faddeev Popov Method

The classical dynamics of an n-dimensional system is deter-
mined by the Lagrangian, a function of the n coordinates and
their time derivatives. From the Lagrangian, we can construct
the Hamiltonian, which is a function of the phase space. In
canonical quantization, the Hamiltonian becomes an operator
which acts on Hilbert space which built from the n coordinates.
The Hamiltonian is a generator of time translations and thus
determine quantum dynamics.

For a system with n degrees of freedom and having « first-class
constraints ¢,, but no second-class constraints, Faddeeve has

formulated the transition amplitude as [5]

0w 51 10) = [ eap i [t~ )| TT atao) o),
o ;

(1.64)

Where Hj is the Hamiltonian of the system. The measure of

integration is defined by
(g, p) = (H 5(xa)5(¢>a)> det|[{xa, @a}l| | | dpidg’. (1.65)
a=1 i=1
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and x.(pi, ¢;) are the gauge-fixing condition with
L. {XCL)X(Z'} = 07
2. det]|{x 6} | # 0.

1.5.2 Senjanovic Method

In this section we shall generalize Faddeeve’s method to the
case when second-class constraints are present. This general-
ization is called Senjanovic method.

Consider a mechanical system with « first-class constraints ¢,,
[ second-class constraints 6, and the gauge conditions associ-
ated with the first-class constraints y,. Let the x, be chosen
in such a way that {x., xs} = 0.

Then the expression for the S-matrix element is [6]

@mwum:/m¢/3mrmmﬂgmmwmm
(1.66)

and

(07

dp(q, p) = (H 5(xa)5(¢a)> det|[{xa: @a}ll

a=1

B n
x [ [ 9(6s) det||{6a, 65}|1> | | dpi dg’. (1.67)
b=1 i=1

where Hj is the Hamiltonian of the system and du(q,p) is the

measure of integration.
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Chapter 2

The Relativistic Spinless Particle

In this chapter we will study the path integral quantization of
the actual physical systems, which illustrate the basic concepts
of the proceeding chapter.

In Section 2.1 there are essential definitions and notations in-
cluded, and we will apply the canonical method and Dirac’s
method in Section 2.2 to study the path integral quantization

of the free relativistic spinless particle.

2.1 Preliminaries

The dynamics of the continuous systems is described by a func-
tion Q(x) of space-time, rather than functions of time ¢;(¢) in
discrete systems. The discrete label 7 is replaced by the con-

tinuous label © = (ct, T). Further, in continuous systems the
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function of coordinate f(q) becomes a functional F[Q)] of fields.
The most general form of the Lagrangian in the field theory is
the functional of fields as well as their time and space deriva-
tives, that is [21],

L= /Ld?’a:, (2.1)

where
L=L(Q, 'Q,), r=1, 2, 3, p=0,1, 2, 3. (2.2)

is the corresponding Lagrangian density with

0Q,
o, = af | (2.3)
1

At this point we must decide on a metric convention for treating
covariant vectors in four-dimensional space-time. The relation

between the covariant vector A, and its contravariant partner

A" is defined as [21, 25, 26]
A, =guw A w,v=0,1,2,3. (2.4)
where its inverse is defined as
At =g A, (2.5)

where g, is the metric tensor

30



(10 0 o)

0O -1 0 O
Guv = . (26)
0O 0 -1 0

0 0 0 —1)

2.2 The Relativistic Spinless Particle System

As an example, let us consider the action of the free relativis-
tic spinles particle of mass m > 0 moving in 4-dimensional

Minkowski space z,, [3,8,16].
S:—m/@mﬂhm 1=0,1,23. (2.7)

Here z# are functions of arbitrary parameter 7 describing the
displacement of the particle along its world line, and the la-

grangian is given by

N

L =—m(d,zM)2, (2.8)

and the metric g, = diag (1, —1,—1,—1) is used.
The Lagrangian is singular since the rank of the Hessian matrix

0L
A,y = v=0,1,2,3 2.9
K oxHoxY ald (2.9)
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is three.

This system will be investigated by using the canonical method,
as illustrated in chapter one.

The generalized momenta p, conjugated to the coordinates z,

according to egs. (1.31) and (1.32) are given as

oL
Pu= 7
oz, '
o
:_m(?ﬂy, (2.10)
T,xv)2
Therefore the zeroth component is
Zo
po = —m(x_ sc'/‘)%’ (2.11)
I
and the a'" components are
Po=m——t—r, (2.12)
(Zpah)2

where

a=1,23, p1=0123.

Since the rank of the Hessian matrix is three; one may solve eq.

(2.12) for 2, in terms of p, and . as
_ ZoPa
(m2 4 [pf):

Substituting eq. (2.13) in eq. (2.11) one gets

Wa. (2.13)

po=—(m?+ |p|2)% = —H,. (2.14)
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The canonical Hamiltonian H is defined as
H :pat%:a +pofﬁo — L
= pawa — HoZo — Lls,=w,- (2.15)

Making use of eqs. (2.8) and (2.11 - 2.13), eq. (2.15) becomes

1 ala %
H:%{<ZW“ o)t (1 >}

N

m? + [p]) m? + [p]?

:%hwfgz_“ﬂ”Wﬁ+wa;%>}

i { L o o)}

m? + [p?)

(SIS

= 0.
(2.16)
Calculations show that the canonical Hamiltonian H vanishes
identically.
Now let us quantize this system by using the canonical ap-

proach.

Using egs. (1.36) and (1.37) the set of (HJPDE) reads as
H =p+H=p=0, (2.17)

H)) = po+ Hy = py + (m? + |p[?)? = 0. (2.18)
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The equations of motion are obtained as total differential equa-
tions in many variables as follows

_oH’ O0H| Pa

dr, = dr + dxy = - dxy, 2.19

Opa Opa | (m2+|pP)i " (2.19)
OH' O0H|

=— - = 2.2

dpq s dr . dxy = 0, (2.20)
OH' OH{

dpp = ———dr — —2dxg = 0. 2.21

Po d7q T g Lo ( )

To check whether this set of equations (2.19 - 2.21) is integrable
or not, let us consider the total variation of equation (2.17) and
(2.18). In fact

dH' =0, (2.22)

and

0H, 0H, 0H,
=d —d —dx,
Do + Dy To + o Ty + .

Then the variation of equations (2.22) and (2.23) vanishes iden-

dp, = 0.  (2.23)

tically, hence, the equations of motion (2.19 - 2.21) are inte-
grable.

Because H is independent of xz,, the solutions of eq. (2.19) are

Pa
(m? + |p|?)?

xa—

To + Oa, (224)

where C,’s are constant.
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Using equation (1.44) the action integral Z = S(xg,x,) is cal-

culated as
H' H)
dZ = —Hﬂva(9 dr + —H0+paa ) dxo,
apa, apa
OH|
= | —Hy + pa—2) duy, 2.25
( 0ot+p 8pa> o (2.25)

SO we can write

"

x H
/= / (—H() +paa O) d.fl?o,
x apa

_ / (~(m2+ IpP) + paa)dry. (2.26)

Now we turn to the problem of the path integral quantiza-

tion, the S-matrix element is given as [18 - 20]

w7z
Lo

, OH|
(Out | S| In) = /IZId:Eadpa exp [z /w/ (—Ho + Da apj)dx()].

0 (2.27)

or

1

_ Zq 8H,
sty = [ T] e anacxo [ [ (~totn. ap:)dxo]

0

= /Hdwadpaexp z/ (—(m2+ ]p]2)% —I—pa:éa>dx0].

/
0

(2.28)

To check the results obtained using the canonical approach, we

will study the problem using Dirac’s method.
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The total Hamiltonian (1.24) reads as
Hy = H + \H), (2.29)

The canonical Hamiltonian (2.16) and the constraints (2.18),
which is called the primary constraints in Dirac’s method, lead

to
Hy = M = Mpo+ (m*+ A} (230

From the consistency conditions (1.28), the time derivative of

the primary constraint should be zero, that is
H), = {H}, Hp} = {H), \H}} ~ 0. (2.31)

It is obvious that the above consistency condition is identically
zero. Therefore, no further constraints is arise.

The constraint H; has been derived by distinguishing z((7).
This is of course artificial and any x,,(7) could have been chosen
instead. If we prefer manifest covariant quantities we may use

in place of Hj = 0 the constraint
H) = (p* +m?) =~ 0 (2.32)
with p? = p,p", and the total Hamiltonian is

Hr = A\H| = X (p* + m?) (2.33)

36



Equations of motion (1.26) and (1.27) read as
afﬂ = {x/ivH} +)‘{x/17H(l)}7 (234)
Pu=Apw H} + Mpu, H,}, 1 =0,1,2,3. (2.35)

Since the Hamiltonian H, given by eq. (2.16), is zero; eqs.
(2.34) and (2.35) take the following forms:

o = Mo, Hy} = X {zo, +(m* +p?) }, (2.36)
Zq = Maa, Hy} = Mz, +(m* +p%) (2.37)
po = Mpo, Ho} = A {po, +(m* + p*) } , (2:38)
Pa = Mpa, Hy} = X {pa, +(m”* +p°) }. (2.39)

Making use of eq. (1.9), eqs. (2.36 - 2.39) may be written as

2o = 2 Ao, (2.40)
To =2 \Pa, (2.41)
po =0, (2.42)
Pa = 0. (2.43)

To determine A, we introduce a gauge fixing condition y. Since
the constraint is first-class (there is only one constraint; the
primary); one may determine the gauge fixing (1.29) as [3, 8,
16]

xX=x9—7=0. (2.44)
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Differentiating eq. (2.44) with respect to the time 7, one gets
2o = 1. (2.45)

Egs. (2.40) and (2.45) lead to

1
A= —. 2.46
2po (246)

Therefore the equations of motion (2.41 - 2.43) become

: D1
r1 = , 2.47
(m? + |p[?)? 240

: D2
To = T 2.48
(m? + [p|*)2 249

. p3
L3 = 1 (249)

(m?+ |p[?)2

po =0, (2.50)
Pa = 0. (2.51)

The above equations of motion are in exact agreement with
those obtained by using the canonical method (2.19 - 2.21)

To obtain the path integral quantization, talking into our
consideration that we have one constraint (primary constraint),

we can substitute into the Faddeeve method which given in eq.
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(1.64) as

(Out | S| In) = /e:z:p [z /OO (Po ¥o + pata) dl’o] 0(xog — )

oo

< () e (75}

x [ [ dzadpa. (2.52)

dx, dpy

Integrating over xy and py, we get

(Out |5 1) = [ ea [ | (Hp + )+ pus, ) dxo]

(.¢]

x [ [ dzadpa. (2.53)

This result is in exact agreement with eq. (2.28), which is cal-
culated by the canonical method.

In this chapter the path integral quantization of the relativis-
tic spinless particle is done by the two methods, the canonical
method and the Dirac method.

The results obtained were the same in the two methods, but
there are many advantages of the canonical method such that,
no need to use the gauge fixing condition which is not an easy
task, and no need to use the Dirac delta function. This makes

the canonical method simpler than Dirac.
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Chapter 3

Charged Particle in a Constant
Magnetic Field

In this chapter, the charged particle in a constant magnetic
field will be studied by using the canonical method discussed
in chapter one. Here we consider a charged particle moving in

a constant magnetic field whose Lagrangian takes the form [27]

1

1,
L=~ a3q2)” + 5@+ a1) " (3.1)

This system came up in a study of Chern-Simons quantum
mechanics. The Lagrangian function (3.1) is singular, since the
rank of the Hessian matrix (1.16) is two.

The generalized momenta (1.31) and (1.32) are written as
oL
" g

= q1 — q3 ¢2, (3.2)
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oL
P2

04>
= G2+ g3 q1, (3.3)
oL
p3 = 8_Q3
_ 0= —Hs (3.4)

Since the rank of the Hessian matrix is two, one solve (3.2) and

(3.3) for g1 and ¢ in terms of p; and po as
G =p1+qq =uw, (3.5)

G2 =D2 — @3q1 = wa. (3.6)

The canonical Hamiltonian H is

Hy = _L|q'azwa + Pada + p/ﬂﬁa
Hy=—L+prwi + p2ws + p3 gs. (3.7)
Making use of egs. (3.1) and (3.4 - 3.6) then eq. (3.7) becomes

1 1

Ho:§pf +§p3 P13 G — Pr3 Q- (3.8)

Following the canonical approach, the corresponding set of

(HJPDE) according to eqs. (1.36) and (1.37), is

1 1
Hézpo+§p? +§p§ +p1g3qe—pagzqr =0, (3.9)
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The above equations are the constraints restricting the system.

The total differential equations (1.41), (1.42) and (1.43) are

written as

dg1 = %Zé dr + %Zé dgs,
dgy = 88[;26 dr + (leié dqs,
dqs = ZZE dr + %Zf dqs,
dp1 = —%2[16 dr — %Zé dgs,
dpy = —%Z[j dr — %Z” dgs,
dps = —%Zf) dr — %Zf’ dqs, .

(3.11)
(3.12)
(3.13)
(3.14)
(3.15)

(3.16)

Substituting eqs. (3.9), (3.10) in egs. (3.11 - 3.16), we obtain

the total differential equations of motion as

dg = [p1 + q3 q2] dr,

dgr = [p2 — @3 1] dr,

dgs = dgs,

dp1 = p2 g3 dr,

dpy = —p1 g3 dr,

dps = — [p1 g2 — p2 ] d.
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To check whether the above set of equations is integrable or
not, let us consider the total variations of H and Hj.
In fact

dHj =0, (3.23)

and

dHy = dps = [=p1 @2 + p2 @] d7 (3.24)

Since dHY is not identically zero, we have a new constraint Hj,

Hy=[p1ga —paq] = 0. (3.25)

Thus for a valid theory, the total differential of H} is identically

Z€ro,
dH} = p1dgs + g2 dp1 — padqy — qudpz = 0. (3.26)

So the system of eqs. (3.17 - 3.22) together with eq. (3.25) is
integrable.

Since the equations of motion are integrable, the canonical
phase space coordinates (qi,q2) and (p1,p2) are obtained in

terms of parameters (7, ¢q3). Now eq. (1.45) reads as

1 1

Az = (Zhdl +p2q'2—§p% —510% —P192q3 +pQQ1CJ3> dr,

1
:E(p%-l-pg )dT.
(3.27)
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Making use of egs. (3.27) and (1.63) the canonical path integral

quantization for the system (3.1) is obtained as

(01, 02,75 41,05, 7') = /dcn dqy dpy dps exp [Z /% (vt +p3) dT]
(3.28)

This path integral representation is an integration over the

canonical phase-space coordinates ¢, g2 and p1, ps.

In this system we have obtained the quantization for a singular

system of a charged particle moving in a plane under the influ-

ence of a perpendicular constant magnetic field.

The integrability conditions dH, and dH} are identically satis-

fied, and the system is integrable. Hence, the canonical phase-

space coordinates (g1, g2) and (p1, p2) are obtained in terms of

the parameters 7 and gs.

The path integral is obtained directly as an integration over the

canonical phase-space coordinates (q1, ¢2) and (p1, p2) without

using any gauge fixing condition.
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Chapter 4

Relativistic Spinless Particle in

an External Electromagnetic

Field

In chapter three we covered the path integral quantization of a
charged particle in a constant magnetic field.

In this chapter we will use the same formalism to quantize a
system of a relativistic spinless particle in an external electro-
magnetic field A,,.

The motion of a relativistic spinless particle of a charge g and

mass m is described by the singular Lagrangian [28].

22 2
L= ;”— + % tgr A p=0,1,2,3. (4.1)
e
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The singularity of the Lagrangian (4.1) follows from the fact
that the rank of the Hessian matrix (1.16) is four.

The generalized momenta (1.31) and (1.32) read as

oL 7,
Pu = % = ? + gAH, (42)
oL
= =0=—H,. 4,
pe=57=0 e (4.3)

Since the rank of the Hessian matrix is four, we solve (4.2) for

¥, in terms of p, as
z, =ep, — egA, = w,. (4.4)
The canonical Hamiltonian H is

Hy=—L

T,=w), + DaGa + pu(jua (4'5)

Making use of egs. (4.1), (4.2) and (4.3), then eq. (4.5) becomes

e e
Ho =5 (p* —m®) —egp A" + 5 g A (4.6)

The corresponding set of the (HJPDE) according to eqs. (1.36)
and (1.37) is

e (&
Hy=po+ 50" —m?) —egpA' +54°A7=0,  (47)

H =p.+ H. =p. = 0. (4.8)
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The total differential equations (1.41), (1.42), and (1.43) are
written as

oH!,  OH!

dxt = dr + de, 4.9
s o (4.9)
OH) OH!

dp, = — oo dr — Do de, (4.10)
O0H) OH!

dpe = — Je dr — Ede (411)

Substituting eqs. (4.7) and (4.8) in to egs. (4.9 - 4.11), then

the total differential equations are

dzt = (ep! — e g A*) dr, (4.12)
0AY
dp, =eg (py — gAy) e dr, (4.13)
1 1
dpe = (—§(p2 —m?) + gp, A" — 3 92A2> dr. (4.14)

To check whether the set of eqs. (4.12 - 4.14) are integrable or
not, let us consider the total variations of Hj and H.

In fact

1 1
dH, = dp, = [—5(192 —m) +gp At = ng?] dr, (4.15)

is not identically zero.

Since dH] is not identically zero, we have a new constraint H/,

H! = [(p2 —m?) —2gp, A" + ngQ}

0. (4.16)
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The total differential of H) and H/ vanish identically, such that,
dH" = 0, (4.17)

and the equations of motions (4.12 - 4.14) are integrable.
Since the equations of motion are integrable, the canonical
phase space coordinates (g,,p,) are obtained in terms of the
parameters (7, e).

The action in eq. (1.45) reads as
dZ = {puxﬁ — g (p* —m?) + egp A — ggQA2 dr. (4.18)

Making use of egs. (4.18) and (1.63) the canonical path integral

quantization for the system (4.1) is obtained as

<ZE‘M,€,T; xL,e',7"> = /Hda:“dpu
I

X exp [z’/{pugﬂb_g(pZ_m2)—|—egpuA“_ 292A2}d71.
(4.19)

In this chapter we have obtained the quantization for an-
other singular system of a relativistic spinless particle in an
external electromagnetic field A,,.

The integrability conditions dH] and dH! are satisfied, the sys-

tem is integrable. Hence, the canonical phase-space coordinates
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x# and p, are obtained in parameters 7 and e. The path in-
tegral is obtained directly as an integration over the canonical
phase-space coordinates z* and p, without using any gauge fix-
ing condition.

The advantage of this path integral formalism is that we have
no need to enlarge the initial phase-space by introducing un-
physical auxiliary field, no need to introduce Lagrange multi-
pliers, no need to use delta functions in the measure as well
as to use gauge fixing conditions; all that is needed is the set
of Hamilton-Jacobi partial differential equations and the equa-
tions of motions. If the system is integrable, then one can
construct the reduced canonical phase-space.

In this case the path integral is obtained directly as an integra-

tion over the canonical reduced phase-space coordinates x# , p,,.
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Chapter 5

Conclusion

This work is aimed at study of the quantization of constrained
systems using both Dirac approach and the canonical approach.
The two methods, represent the Hamiltonian treatment of the
constrained systems. Where Dirac’s approach hings on intro-
ducing primary constraints, then constructing the total Hamil-
tonian by adding the primary constraints, multiplied by La-
grangian multipliers, to the usual Hamiltonian. The consis-
tency conditions are checked on the primary constrained. All
other constraints are obtained from these conditions. These
constraints are classified into two types: First and second-class
constraints, the distinction between these two types is quite
important in Dirac’s method. The equations of motion, ob-
tained using Poisson brackets, are in ordinary differential equa-
tion forms.

The gauge fixing conditions, which are not an easy task in

this approach, are necessary in order to determine the unknown
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Lagrange multipliers.

The canonical method is an alternative formulation for study-

ing singular systems. A physically important result, in this
method, is that we first exhibit the fact that a singular system
can be treated as a system with many independent variable. In
other words, the equations of motion are not ordinary differen-
tial equation but total differential ones in many variables. In
general mathematically speaking, it is not possible to solve the
equations of motion for singular systems unless they satisfy the
integrability conditions. If these conditions are not identically
satisfied, it will be considered as new constraints. This process
will continue until we obtain a complete system and the path
integral quantization can be constructed as an integration over
the canonical phase space coordinates (qq, pa)-
The gauge fixing condition are not necessary in the canonical
formulation since one dose not need to introduce Lagrange mul-
tipliers. This makes the canonical method simpler than Dirac’s
method.

Path integral quantization of three different examples, free
relativistic spinless particle, relativistic spinless particle in an
external electromagnetic field and a charged particle moving
in constant magnetic field are obtained by using the canoni-
cal method. In this method, the integrability conditions are
satisfied, so these systems are integrable, and hence the path
integral is obtained directly as an integration over the canonical
phase space.

The advantage of the canonical path integral quantization
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is that we have, no need to enlarge the initial phase space by
introducing unphysical auxiliary fields, no need to introduce
Lagrange multipliers, no need to use delta function in the mea-
sure as well as no need to use gauge-fixing conditions, all that
is needed is a set of Hamilton-Jacobi partial differential equa-
tions and the equations of motion. If the system is integrable,
then one can construct the reduced canonical phase-space. In
this case the path integral is obtained directly as an integration

over the canonical reduced phase space coordinates.
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