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Abstract

In this dissertation, we discuss some aspects of theories with extended supersymmetry
that have interesting, exactly calculable holomorphic sectors. The two classes of
theories we consider are d = 4, N = 2 effective supergravities that describe Calabi-
Yau compactifications of a Type ITA superstring, and two-dimensional theories with
N = (0,2) supersymmetry. In the first case, we study higher-derivative couplings in
the 4d N = 2 superpotential (as well as 2d N = (2, 2) superpotential in the presence
of D4 branes), which is a holomorphic function of chiral superfields. It is described by
the Gopakumar-Vafa formula in terms of BPS spectra of M-theory compactifications
(and Ooguri-Vafa formula for the 2d NV = (2,2) case). In the second class of theories,
we study another holomorphic object known as a chiral algebra, which emerges in
the cohomology of one supercharge of a two-dimensional theory with N' = (0, 2)
supersymmetry.

In chapter two, we describe a detailed derivation of the Gopakumar-Vafa formula,
as well as explain the Ooguri-Vafa formula at the end. The main idea of the derivation
is to compute the effective superspace action on a properly chosen background due to
BPS states winding the M-theory circle. A lot of technical and conceptual details, such
as how supersymmetry of the background determines the action for BPS particles,
why and in which limit the computation makes sense, are explained along the way.

In chapter three, we explore chiral algebras of NV = (0,2) theories. We explain
why these objects are invariant along the RG flows and study some of their general
properties. We give more details for theories known as N = (0,2) Landau-Ginzburg
(LG) models, and later we specialize to N = (2,2) supersymmetry, for which we
consider some concrete examples, such as LG models which flow to N/ = 2 minimal

models in the infrared.

il



Acknowledgements

[ am grateful to my graduate adviser Edward Witten for his guidance and encourage-
ment and all of the insightful advice he gave over the past four years. It was a great
honor to be his student, and I have learned a lot from it.

I also want to thank Igor Klebanov and Peter Myers for serving on my dissertation
committee, and Herman Verlinde for being a reader of this thesis.

I would like to thank the faculty, postdocs, students and staff of Princeton Uni-
versity and the Institute for Advanced Study. Over the past five years, it was a great
pleasure to have discussions with: Chris Beem, Bruno Le Floch, Igor Klebanov, Aitor
Lewkowycz-Zapirain, Victor Mikhailov, Vasily Pestun, Alexander Polyakov, Silviu
Pufu, Grigory Tarnopolskiy, Joaquin Turiaci, Herman Verlinde, Itamar Yaakov, Ran
Yakoby and Alexander Zhiboedov. I also want to thank Silviu Pufu and Ran Yakoby
for their collaboration on another project (which is not part of this thesis).

I am grateful to my undergraduate adviser Andrei Losev for educating me on var-
ious issues in theoretical physics, as well as plotting my education at the Independent
University of Moscow and the Math Department of the Higher School of Economics
of Moscow. I am grateful to everybody at those two places for creating an abso-
lutely excellent, intellectually challenging and at the same time amazingly flexible
environment. I am thankful to everybody at the Science and Education Center at the
Bogolyubov Institute of Theoretical Physics of Kiev for organizing student seminars
which serve as a great way to learn theoretical physics for anyone interested in the
subject. I am also grateful to the group of Quantum Field Theory at the Physics De-
partment of the National Taras Shevchenko University of Kiev, especially to its head
Stanislav Vilchinsky, for the personalized approach they take in educating students.

I am also deeply grateful to all my friends and family for their constant support.

v



In memory of my grandmother.



Contents

[Abstractl . . . . . . . . . iii
[Acknowledgements| . . . . . . . ... oL iv
1__Introduction| 1
[I.1 Supersymmetry| . . . . . . ... 1
(1.2 Holomorphy and supersymmetry| . . . . .. ... .. ... ... ... 5)
L3 Overview of thisthesisl . . . . . ... ... ... ... ... ... .. 8
(1.3.1 The Gopakumar-Vafa formula . . . . . . ... ... ... ... 9

[1.3.2  The Ooguri-Vata formulal. . . . . .. .. ... ... ... ... 22

(1.3.3  Chiral algebras in N' = (0,2) theories| . . . . . ... ... ... 27

2 The Gopakumar-Vata and Ooguri-Vafa formulas| 33
[2.1 'T'he Background And Its Supersymmetry|. . . . . . . . .. .. .. .. 33
[2.1.1 The Background In Five Dimensions| . . . . . . ... ... .. 33

[2.1.2  'T'he Background From A 4d Point Of View|. . . . . . . . . .. 46

[2.2  'The Schwinger Calculation With Particles| . . . . . .. ... ... .. 64
221 Overviewl . .. ... .. ... 64

[2.2.2  Massive Hypermultiplet| . . . . .. ... ... .. ... .... 65

[2.2.3  Multiple Winding, Bubbling, And Comparison To String Theory| 78

224 More General Massive BPS States. . ... ... ... ... .. 85
[2.3  The Schwinger Calculation With Fields[ . . . . . . ... ... ... .. 94

vi



2.3.1 Prelimimary Reduction| . . . . . . . ... ... ... ... ... 94

[2.3.2  Calculation For The Hypermultiplet|. . . . . . . ... ... .. 99

[2.4  Field Theory Computations of fo and fq|. . . . . . . . .. ... ... 115
[2.4.1 Additional facts about supergravity| . . . . . . ... ... .. 116
[2.4.2  More propertiesof Sol . . ... ..o 118
[2.4.3 Computation of Fo| . . . . . . . .. ... 120
[2.4.4  Computation ot Fq| . . . . . . ... . ... 133
2.45  Some further remarksl. . . . . . ... ..o 138

[2.5  The Ooguri-Vata formulaf. . . . .. ... .. ... ... ... ... .. 139
[2.5.1 Central Charges|. . . . . . . ... ... ... ... ....... 139
[2.5.2  The Computation|. . . . . . . ... ... ... .. ... .... 146
2.50.3 Further remarks . . . . . . .. ..o 0oL 150

13 Chiral Algebras in d =2, N = (0,2) theories| 151
B.1 AN =(0,2) theories| . . . . . ... ... ... 151
[3.1.1 Conventions and some generalities|. . . . . . . . . ... .. .. 151
[3.1.2  Supercurrent multiplet and RG invariancel . . . . . . . . . .. 155
[3.1.3 Chiral algebras ot superconformal theories . . . . .. ... .. 164
[3.1.4  'T'he operator cohomology and the superspace] . . . . . .. .. 167

[3.2  Landau-Ginzburg models|. . . . . . . .. ... o000 171
[3.2.1 Quasihomogeneous case| . . . . . . . . . ... ... ... ... 174

B3 N =(2,2)models. ... ... ... .. ... 188
[3.4 Examples| . . ... ... 195
[3.4.1 Degenerate examples| . . . . . . ... ... ... L. 195
.42 N =2 minimal models| . . . . .. ... ... 000 196

8.5 Some further remarksl . . . . . . .. ... oo 211

vil



[A Supergravity Conventions|

[A.1 Gamma-Matrices and Spinors| . . . . . . . . ... ... ...

[A.1.1 Four Dimensions With Euclidean Signature] . . . . . . .. ..

[A.1.2 5d Gamma-Matrices and Spinors| . . . . . . . .. .. ... ..

A2 5dSUSY ATZebral . . o o o o oo e

[A.3 11d Supergravity| . . . . . . . . . . ...

(B M2-brane on a Holomorphic Curve|

[B.1 Membrane in Superspace| . . . . . . ... ..o

[B.2  Wrapped BPS Membrane, . . . . ... ... ... ... ... .....

[B.4 Superparticle Action| . . . ... ... 0oL

(Bibliography|

viii

213
213
213
215
217
218
219
220
223

227
227
229
232
235

237



Chapter 1

Introduction

1.1 Supersymmetry

There are two principles in modern theoretical physics, fusion of which leads to the
idea of supersymmetry. One is the fundamental principle of symmetry, which is deeply
rooted in the way we experience and understand the world around us. Another is
a more heuristic idea that whatever is not forbidden by fundamental laws can take
place.

Symmetry has certainly been an extremely fruitful idea in physics since the ear-
liest days of the subject. It arises both as a fundamentel principle in describing
laws of Nature (“symmetries of equations”) and as a simplifying device allowing to
analyze properties of otherwise too complicated systems (“symmetries of solutions”).
Noether’s theorem tells us that “symmetries of equations” often lead to conserved
charges. A specific symmetry called “Lorentz invariance” has been added to the list
of fundamental laws of Nature after the discovery of Relativity — it has replaced
an obsolete “Galilean invariance”. It tells us that all quantities we use in physics
should transform in a specific way under Lorentz transformations, i.e., are classified

by representations of the Lorentz group, which in d dimensions is SO(d—1,1). In par-



ticular, conserved charges themselves are classified by representations of this group,
i.e., should be described as scalars, spinors, vectors etc.

We know examples of scalars: electric and color charges. Momentum is an ex-
ample of vector charge, which corresponds to spacetime translations, while angular
momentum provides an example of an anti-symmetric two-tensor charge, which cor-
responds to spacetime rotations. Can we go on and consider theories with charges
transforming in arbitrary representations of the Lorentz group?

There exist no-go theorems in Quantum Field Theory, which provide answers to
this kind of questions. Omne such theorem was proven by Coleman and Mandula
[1], who demonstrated that in theories with non-trivial S-matrix and mass gap it is
impossible to combine internal and space-time symmetries in a non-trivial way. In
other words, any additional conserved charges should be Lorentz-scalars. In addition
to the obvious fact that massless theories do not obey this theorem and can be
conformal (which is a non-trivial extension of the Lorentz symmetry), this theorem
had another loophole: it assumed that the algebra of symmetries was the usual Lie
algebra. Generalizing to Lie superalgebras, Haag, Lopuszanski and Sohnius proved
their more general result |2|. They found that in fact one can also have charges
transforming in spinor representations. Such charges are fermionic objects referred
to as supercharges. An improved result was that in the massive case, the symmetry
algebra should be the direct sum of the super-Poincare algebra (possibly centrally
extended) and the algebra of internal symmetries. In the massless case, conformal
symmetry is possible, so the maximal symmetry is given by super-conformal algebra.
In other words, all charges that are not in the super-Poincare or super-conformal
algebra, should be scalars]T]

So, it is natural to include charges transforming in spinorial representations of the

Lorentz group, and moreover, no known principle forbids this. Such charges, as a

'In fact, this theorem also has loopholes which allow for the existence of theories with higher-spin
symmetries.



result of spin-statistics relation, are fermionic, or Grassmann-odd objects, which of
course makes them different from bosonic charges (e.g., they cannot have expectation
values in any state). Finally, it is fairly obvious how to construct theories which
actually have such odd charges: for every boson in such a theory there should be
a fermion “superpartner” of the same mass and with the spin shifted by 1/2. Then
the theory becomes invariant under Grassmann-odd rotations between bosons and
fermions, provided that interactions are chosen in a specific way. These rotations are
called supersymmetry, and their charges are fermionic spinorial charges that we were
discussing above.

The algebra obeyed by supercharges is dictated again by representation theory of
the Lorentz group. Since supercharges live in the spinor representation, their anti-
commutator lives in the tensor product of two spinor representations. Decomposing
this tensor product into various irreducible components, we get possible conserved
charges that can appear on the right-hand side of the anticommutation relations. If
we have supercharges @), and @), of opposite chirality in 4 dimensions («, ¢ are spinor

indices), then the simplest algebra is:

{Qa: Qa} = vaa P (1.1)

where P, is the momentum generator and v* are gamma-matrices. In general, and in
general dimension, there can be more terms on the right, such as various scalar and
tensor central charges: Ze,g, ZWVZE, etc. In some cases, Lorentz generators can also
appear on the right-hand side, for example in various supersymmetric backgrounds.
One example of such deformation of the supersymmetry algebra will be explored in
the next Chapter of this thesis.

Theoretical discovery of supersymmetry dates back to early seventies (see [3-10]).

Since then it has become an area of active research involving directly or indirectly



a large part of high-energy theory community. A somewhat formal motivation for
supersymmetry that we have just described is of course not the real explanation of
its popularity. The actual reason is that theories with supersymmetry have various
very nice properties which non-supersymmetric theories do not have.

One such property is an improved ultraviolet (UV) behavior. In supersymmet-
ric theories, UV divergences are often either absent or much milder than in non-
supersymmetric theories, and behavior of radiative corrections can therefore be quite
different. This gives a framework for solving the fine-tuning problem of the Standard
Model, that is stabilizing the otherwise short-distance sensitive mass of the Higgs
boson (which was recently found to be at 125 MeV). If supersymmetry, which is
not observed in the spectrum of real-world particles, is spontaneously broken around
the weak scale, it can protect Higgs boson’s mass from high radiative corrections,
therefoe solving fine-tuning. Also, if supersymmetry is broken dynamically by small
instanton effects in the underlying theory [11,12], then the scale of this breaking is
much smaller than the Planck scale, and this solves another famous problem of the
Standard Model — the hierarchy problem. The symmetry associated to the small
parameter (weak scale)/(Planck scale) naturally becomes the supersymmetry.

All this makes supersymmetry very attractive phenomenologically, and so a lot
of work has been done in constructing realistic supersymmetric extensions of the
Standard Model. Supersymmetry is also naturally incorporated in the String Theory,
the most promising candidate for the “Theory of Everything”.

Another reason for studying supersymmetric theories (which, in a sense, prevails
in HEP-Th community) is that in theoretical physics, we like to have “theoretical lab-
oratories”, that is theories which do not necessarily describe any real-world systems
but are relatively simple and have some characteristic properties of more realistic
systems. Supersymmetric theories are a perfect example of such “theoretical labo-

ratories” they are simple enough, so that a lot of questions can be addressed, yet



complex enough to possess rich physical phenomena. For the same reason, supersym-
metry has been a source for numerous connections between physics and math, leading
to further insights into both fields. Such things happen when the subject is simple
enough to be accessible for human mind, yet complex enough to be full of interesting

and non-trivial phenomena.

1.2 Holomorphy and supersymmetry

One useful aspect of supersymmetric theories as “theoretical laboratories” is that
quite often they have exactly solvable sectors. In other words, there exist quantities
which can be computed exactly either to all orders in perturbation theory or even
non-perturbatively. Very often it is related to the fact that certain objects in the
theory are holomorphic (or meromorphic). Let us briefly review some examples of the
usefulness of holomorphy, and more generally complex geometry in supersymmetry.
The most basic result along this lines is, of course, perturbative non-renormalization
of 4d N' = 1 superpotential. It is determined by a single holomorphic function of
chiral superfields, which is, in the superspace formalism, integrated only over the half
of superspace. Using the superspace generalization of Feynman diagrams called su-
pergraph formalism, one can see that perturbative corrections come only as integrals
over the full superspace, thus not correcting the superpotential (see e.g., [13]).
Non-perturbative corrections due to instantons are nevertheless possible. How-
ever, their form is severely constrained by holomorphy. The powerful insight of
Seiberg in [14] was to promote coupling constants \; to background fields, which
was motivated by earlier ideas in string theory (there, coupling constant is an ex-
pectation value of the dilaton; its superpartner is an axion, and so Peccei-Quinn
symmetry in combination with holomorphy implies non-renormalization of the super-

potential). Then superpotential becomes holomorphic both in terms of original fields



¢ and couplings ;. From this point of view, one also has more symmetries in the
theory, some of which are broken spontaneously by the background values of ;.

Combination of these additional symmetries and holomorphy allows to constrain
general form of the exact superpotential. Using the perturbation theory input at
A; — 0, this often leads to the complete answer. One simple example where this
works is Wess-Zumino model with W, = me? + \¢? (which does not necessarily
make sense non-perturbatively though, because the theory is not asymptotically free).
In this case, promoting m and A to background fields, the most general form of effec-
tive superpotential allowed by holomorphy and symmetries is Werp = mg? f(A¢/m).
Using input from perturbation theory, one then finds Wess = Wiy, i.e., proves the
non-renormalization theorem [14]. Similar considerations provide useful insights into
the dynamics of gauge theories [14}/15]. For gauge theories, while perturbatively super-
potential receives no corrections, non-perturbative instanton corrections are possible
and can lift vacua, sometimes causing dynamical supersymmetry breaking [16].

Non-renormalization theorems hold in various dimensions and with various
amounts of supersymmetry. If we stay in 4d but increase the number of super-
charges, the theory becomes more and more restricted. In AV = 1 theories with
chiral multiplets, in addition to superpotential, there was also an independent Kahler
potential determining the kinetic energy, which is subject to non-trivial renormaliza-
tion. In gauge theories, there is also a running gauge coupling, which in a low-energy
effective Lagrangian becomes a holomorphic function of chiral superfields.

As we move to N' = 2 theories, things become more restricted. Superpotential
(which describes interactions of chiral mutliplets, if the theory is written in terms of
N = 1 superfields) is simply determined by the matter content of the theory. Pertur-
bative beta-function becomes 1-loop exact, with the possibility of non-perturbative
corrections [17]. Kahler geometry of chiral multiplets is now replaced by the hyper-

Kahler geomtery of hypermultiplets in global supersymmetry [18] or by the quater-



nionic geometry of hypermultiplets in supergravity [19|. Vector multiplets Lagrangian
(with up to two derivatives) is completely determined by a single holomorphic function
(more precisely, a local holomorphic section of a certain bundle) called prepotential.
The geometry of vector multiplets (i.e., target manifold for their scalars) is known as
the special Kahler geometry [20-22] (“rigid” special Kahler geometry in global case
and “local” or “projective” special Kahler geometry in supergravity case).

A class of “rigid” special Kahler geometries can be constructed as certain subspaces
of the moduli spaces of Riemann surfaces (see e.g., [21]). This class of geometries is at
the core of Seiberg-Witten theory, which provides a tool for studying the low-energy
effective action in 4d N' = 2 gauge theories [23,24]. The Seiberg-Witten solution
incorporates all instanton corrections to the moduli space of vacua. A good example
of supersymmetric theories being “theoretical laboratories” was the derivation of the
Seiberg-Witten solution based on a different field-theoretic approach — the instanton
counting [25]26]. The dynamics of N’ = 2 gauge theories is a rich area of research
(see |27] for review), but we will not go into more details about it.

Moving to N = 4 4d theories, there is only one globally supersymmetric theory
of this class, N' = 4 super Yang-Mills (with gauge group G), which has become a
cornerstone of many theoretical studies over the past two decades. This theory has a
lot of interesting properties: it is exactly finite with vanishing beta-function [17], so
it is superconformal. It has a non-perturbative strong-weak coupling duality called
S-duality, which inspired the discovery of its connection to Geometric Langlands
program [28]. This theory was also the first and most successful example of the
holographic principle, giving an AdS/CFT correspondence between itself and Type
I1B superstring on AdSs x S° [29-31]. Integrability at large number of colors [32] and
remarkable properties of its amplitudes [33]| has also been an active area of research.

In three dimensions, holomorphy and non-renormalization theorems start to ap-

pear in N’ = 2 theories. In these theories one non-renormalization theorem states



that superpotential depends only on chiral multiplets and cannot depend on linear
multiplets, hence cannot depend on real masses or Fayet-Iliopoulos terms. Another
theorem states that central charge cannot depend on chiral multiplets and is a linear
combination of linear multiplets, and thus of real masses and FI terms [34].

Two dimensional supersymmetric theories are of particular interest, especially
because of their relation to String Theory. Models with N' = (2,2) supersymmetry,
RG-fixed points of which may serve for compactifications of Type IIA and Type
I1B superstrings, are quite rigid. Their superpotential is exactly not renormalized,
and for theories which flow from N = (2,2) gauge theories, the only parameter
which undergoes a non-trivial renormalization is an FI term, which receives a one-
loop correction [35]. In 2d theories with N = (0,2) supersymmetry, perturbative
non-renormalization of their superpotentials still holds, however, non-perturbative
corrections due to instantons may exist, and may even render vacuum unstable [36}37].
This is crucial for constructing heterotic string compactifications and has been a
subject of multiple studies, e.g., [38-43|. There has been some growth of interest
in models with N' = (0,2) supersymmetry recently, especially gauge theories (see

e.g., [44-48]).

1.3 Overview of this thesis

In this thesis, we are going to discuss two quite unrelated projects, which however
have one thing in common — both are about holomorphic sectors in supersymmetric
theories. The first one is on Gopakumar-Vafa and Ooguri-Vafa formulas — results
about certain F-terms in effective supergravity of Calabi-Yau compactifications of
Type ITA superstring. F-terms are couplings that are supersymmetric, but can only
be written as integrals over one half of superspace, as opposed to D-terms that are

written as integrals over the full superspace.



The second one is about chiral algebra structures in the cohomology of one super-
charge in two-dimensional theories with A" = (0,2) supersymmetry. In this section

we are giving a brief review of the rest of the thesis.

1.3.1 The Gopakumar-Vafa formula

Type ITA superstring theory compactified on a Calabi-Yau threefold Y is described by
d = 4, N = 2 effective supergravity. It has 8 supersymmetries and can be described
in terms of N' = 2 superspace, which has four left-handed or negative chirality odd
coordinates @ and four right-handed or positive chirality odd coordinates . While
the so-called D-term interactions are written as integrals over the full superspace:
[d*xd*0d*d(...), the F-terms involve integration only over a half of odd directions.

In this theory a series of F-terms are known to be exactly computable. In terms

of N = 2 superspace, the interactions of interest are:
Iy = —i / Atz A1 Fo(X) (WapWHP)s. (1.2)
R4

Here Fg is a holomorphic function of N' = 2 chiral superfields X A= XA+ ... which
describe vector multiplets, and Wap = Wg4 is the so-called Weyl superfield — a
chiral superfield whose bottom component is the anti-selfdual part of the gravipho-
ton field strength (here A, B = 1,2 are spinor indices of negative chirality). Wapg
is related to W,,, with spacetime indices by contraction with gamma-matrices. The
superfields used here naturally appear in the formulation of d = 4, N’ = 2 supergrav-
ity, in which one first constructs superconformal gravity and then breaks the extra
part of its gauge supergroup (dilatations, special conformal transformations, special
supersymmetries and SU(2) x U(1) R-symmetry) by an explicitly choice of a certain
gauge slice. The N' = 2 superspace is of course more subtle than the usual NV = 1

construction. In particular, the NV = 2 chiral superfields X and W used here, in



addition to the usual chirality conditions E;X = 521/\/ = 0, satisfy an extra con-
straint (eijDiaabﬁj)Z(X )* = —96AX (and the same for W), and so are called reduced
chiral superfields (see [49-51]). Since this constraint is not holomorphic in fields (and
rather looks like a sort of reality condition), one implication of this is that both vector
multiplet scalars X and their conjugates X appear in the component expansion of X.
This ensures, for example, that Fy,(X) — the prepotential — generates kinetic terms
for all vector multiplet fields. Some of the relevant concepts will be briefly reviewed
later.

The interactions Fg4 have been the subject of multiple studies both in physical and
mathematical literature. For each g, Fy4 receives contributions only from the g-loop
order of superstring perturbation theory. One of the interesting physical applications
of these higher-derivative F-terms is that they encode corrections to the area law
for the macroscopic entropy of supersymmetric black holes [52-56]; such corrections
are crucial for the match with the microscopic counting of states performed in string
theory [57,/58]. The mathematical interest of these objects stems from the fact that
they are identified with the topological string free energies (in the large-volume limit,
to decouple the holomorphic anomaly), which encode the Gromov-Witten invariants.

These interactions were originally discovered from the topological string side [59|
and identified as certain physical superstring amplitudes [60]. Later they were rein-
terpreted by Gopakumar and Vafa [61,/62] using the space-time effective theory and
lifting to M-theory. The latter approach was recently reexamined in 63,64

Since M-theory at low energies is described by 11-dimensional effective super-
gravity, which upon dimensional reduction on a circle gives Type ITA superstring
theory, one can as well study Calabi-Yau compactifications of M-theory. They give
5-dimensional N' = 1 effective supergravity, which after reduction on a circle of course

coincides with the Calabi-Yau compactification of the Type ITA. The S!, reduction on

10



which connects M-theory with Type IIA, will always be referred to as “the M-theory
circle”.

The main result — the so-called Gopakumar-Vafa formula — gives an expression
for Fy coefficients in terms of the spectrum of BPS states in M-theory compactified
on Y x S', where S! is the M-theory circle. This provides a remarkable bridge
between the topological string and the M-theory, which can serve to transfer ideas
in both directions. Mathematically, it reinterprets the non-integral Gromov-Witten
invariants in terms of integral BPS invariants (for a recent paper discussing it in a
more general context of symplectic geometry see [65]). Physically, it demonstrates
that the BPS spectrum of the M-theory on Calabi-Yau can in principle be determined
from the Gromov-Witten invariants. Direct computation of the BPS spectrum in M-
theory is a hard problem — it involves finding the low-energy spectrum of M2-branes
wrapped on holomorphic curves, which is a simple task only for a single membrane on
a smooth curve, while for more general configurations, the membrane theory becomes
strongly coupled.

The space-time derivation of the GV formula is based on computing the contri-
bution to the Wilsonian effective action due to 5d BPS states winding the M-theory
circle. Moreover, only trajectories with non-zero winding number have to be con-
sidered. Trajectories with zero winding number naively give an ultraviolet-divergent
contribution, but as will be explained later, this contribution should be regarded as
part of the 5d effective action and need not be calculated. Only a few terms in the 5d
effective action are actually relevant to the GV formula, and these terms are known
because of their relation to anomalies.

BPS states that are massive in five dimensions are more naturally treated as par-
ticles in deriving their contribution to the GV formula, while those that are massless

(or anomalously light) in five dimensions are more naturally treated as fields. In this
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thesis we describe both particle and field theory computations, explaining numerous
related subtleties.

The computation involves three basic steps:

1. Understand the proper background.

2. Make sure computation will make sense physically.

3. Compute the effective action.

The background

The particle computation and most of the field theory computation is based on turning
on a constant graviphoton background, as suggested in [61,/62]. This background,
from the 4d perspective, can be described as a flat R* with a constant anti-selfdual
graviphoton turned on (graviphoton is a U(1) gauge field in the N' = 2 supergravity
multiplet) and with the vector multiplet scalars having some constant background
values; all other fields are vanishing. The graviphoton field is particularly important
for us simply because it appears as the lowest component of the superfield Wyp in
interactions . Therefore, for sufficiently large g, the component expansions of
these interactions are always proportional to some powers of the graviphoton. But
there are more reasons to prefer this background.

The graviphoton background, despite its simplicity, has some interesting proper-
ties, which turn out to be crucial for our computation. In contrast to naive expecta-
tions, this background preserves all 8 supercharges, but the supersymmetry algebra
gets deformed, with the deformation proportional to the vev of the graviphoton.
Lifting this background to 5d gives a certain non-tivial solution of 5d N' = 1 super-
gravity known in the literature as the “supersymmetric Godel Universe” [86]. In pure

5d N = 1 supergravity, this background is described by the following metric:

ds* = —(dt — V,dz")?* + i(dx“ﬂ (1.3)

p=1

12



where V,, = %T;V:c“, with T, being the vev of the 5d graviphoton, which is constant,
antisymmetric, and anti-selfdual in the 4d sense. If we add vector multiplets, then
additional gauge fields from vector multiplets should have vevs for their field strengths
proportional to this T .

The fact that background preserves supersymmetry is important for the compu-
tation of F-terms. From a field theory point of view, one can compute the effective
action in an expansion around any background, whether or not the background is a
classical solution and whether or not it is supersymmetric. But one generally can-
not learn anything about F-terms in a supersymmetric effective action by expanding
around a background that is not supersymmetric. In such a background F-terms mix
with D-terms and become hard to distinguish.

In field theory, one could compute F-terms by expanding around a background
that is supersymmetric but is not necessarily a classical solution. However, this may
lead to problems in string/M-theory because it does not have a satisfactory off-shell
formulation. Despite its M-theoretic origin in the UV, our calculation will be simply
a calculation in the low-energy effective field theory. From this point of view, it
seems that whether or not the background solves classical equations of motion is not
relevant for the calculation itself. But it is definitely reassuring to find out that the
background actually is a solution. Also, the 5d massive BPS particles are given by
M2 branes wrapping two-cycles inside of Y, and if we try to derive the worldline
action for these particles starting from the M2-brane action, it is important for the
background to be on-shell.

The graviphoton background is indeed a solution. This relies on two facts.
First, anti-selfdual gauge field F},, has the vanishing Maxwell stress-energy tensor
T = 5 (FuaFY — inuwFasF?). This ensures that it produces no gravitational
back-reaction. Second, the graviphoton is a very special linear combination of

elementary gauge fields entering the 4d action, with coefficients depending on the
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vector multiplet scalalrs. This linear combination has a property that it does not
produce any backreaction on scalars either. So this is indeed a solution.

The deformed supersymmetry algebra of the graviphoton background allows to
determine the relevant particle or field-theoretic actions of BPS multiplets, which we
then integrate out in order to obtain the GV formula. As we mentioned above, we have
one more technique for determining this action: by studying the world-volume action
of the M2-brane wrapped on a two-cycle inside of Y. However, this only works well if
a single M2-brane wraps a smooth curve. In general, the curve might not be smooth
and there can be multiple M2-branes wrapping it: this leads to a strongly-coupled
world-volume theory that cannot be easily accessed. On the other hand, if we fix the
BPS particle action based on supersymmetry only, this will always work, no matter
how complicated the detailed microscopic theory is. This turns out to be possible: the
relevant superparticle action is quite simple, with the charge and the mass determined
by the corresponding homology two-cycle in Y, while the deformed supersymmetry
algebra of the graviphoton background helps to fix all magnetic moments.

We should note that there is a small subset of cases for which the graviphoton
background is not helpful: to perform the field-theoretic computation of Fy and Fi,
we need another background. The reason is that the Iy interaction does not depend
on the graviphoton at all, while for I;, the computation (which works for Iy with
g > 2) becomes divergent, as we will explain later. These two cases were treated
separately in [64], and required special backgrounds. To compute Fy, we use, from
the 4d perspective, again the flat R*, but instead of turning on graviphoton, we
turn on a small and slow spacetime-dependent perturbation for the vector multiplet
scalars, and compute effective action for this perturbation. This effective action is
then directly related to Fy. To compute F;, we again take the R* and turn on a small

metric perturbation. The effective action for this perturbation is then proportional

tO.Fl.
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Does the computation make sense?

The computation itself is not that complicated: in the particle case, it is a simple in-
stanton computation in supersymmetric quantum mechanics, while in the field theory
case, it is a supersymmetric version of Schwinger’s famous derivation of the effective
action in the background electromagnetic field. However, its interpretation, and in
particular showing that the procedure makes sense physically, requires some effort.
Let us review the relevant points.

There are two observations we need to make. First, the interactions Fg(X) that
we are interested in appear at g loops in the superstring perturbation theory, so their
dependence on the four-dimensional string coupling constant gy is known. Second,
they are holomorphic quantities, so we expect that the power of holomorphy should
play a certain role in our computation.

It turns out that the computation makes sense only in a certain limit in the pa-
rameter space, but due to these two observations, the answer in that limit determines
Fg(X) completely. What is this limit?

In Type IIA string theory, Fy receives contributions from superstring worldsheets
wrapping topologically nontrivial holomorphic curves ¥ C R* x Y. They lift to M2-
branes wrapping 3 x S' € R* x S* x Y, where S! is the M-theory circle. When this
circle is large, an M2-brane on ¥ x S! can be thought of as a point particle with
the worldline S*. One can think of this as a dimensional reduction of the M2-brane
worldvolume theory on ¥. As a result, there is an infinite set of massive particles
(winding S!) organized into multiplets. When 3 C Y is holomorphic, the lightest of
these multiplets becomes BPS-saturated and shortened. All long multiplets generate
an effective interaction that is an integral over all of superspace, as explained in section
[2.2.2] Therefore, if we are interested in F-terms, only BPS multiplets matter, and to
compute the Iy’s, we must understand the contributions of 5d BPS states when the
M-theory circle is large. Therefore, one relevant limit is the limit of the M-theory
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circle being large compared to the 11-dimensional Planck scale and the length scale
of Y.

Another limit we should respect is the one where M-theory can be effectively
described by the 11-dimensional supergravity. This corresponds, in Type IIA super-
string theory, to the limit that the ten-dimensional string coupling constant g,o and
the volume of Y are large. This will be explained in more details later, but the upshot
is that going to the large-volume limit of Y is enough to determine the answer because
of holomorphy, while the large-coupling limit is enough because the dependence on

39/2¢, where e” is the radius of the M-theory circle in the

gst is known and gip = e
5d units. Moreover, this agrees neatly with this radius being very large.

M-theory structure still remains quite obscure, in particular its low energy effective
action is largely unknown, except for a few terms of low dimension. Yet, we want
to determine the interactions I4 by a lift to M-theory, so an important question
is: do we know enough about M-theory? Since the interactions /4 are terms in a
four-dimensional effective action, this question translates into the following question:
what contributions to the Iy can arise by classical dimensional reduction from five
dimensions? Any such contribution is a potential source of a difficulty, because we
do not know how to determine the complete effective action of M-theory in five
dimensions. Luckily, with very limited exceptions, the I4 do not come by classical
dimensional reduction from five dimensions. As we explain in section [2.1.2] only
certain very special terms arise this way (and only for g = 0, 1), and one knows just
enough about the M-theory effective action to determine them.

Another subtlety about interpreting interactions in (|1.2)) is related to the holomor-
phic anomaly. The interactions written in are of course holomorphic. However, it
is known that they are related to topological string partition functions, which are not
quite holomorphic, with the non-holomorphy governed by the holomorphic anomaly

equations [59]. And it is known that the low-energy effective action, or 1PI effec-
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tive action, of Type ITA compactified on Y actually involves those non-holomorphic
quantities and therefore is not quite holomorphic |60]. From the 4d space-time point
of view, non-holomorphy (and actually also non-locality) of the action is caused by
the massless particles propagation; integrating out massless particles is what intro-
duces non-locality and non-holomorphy [60]. However, the quantities written in (1.2))
are terms in the Wilsonian effective action (more precisely, we integrate out all mas-
sive degrees of freedom only and write the resulting action for massless degrees of
freedom), so they are local and holomorphic, and there is no contradiction.

If ¢! are relevant Kahler moduli, the topological string partition functions are
some non-holomorphic quantities Fg(¢,¢). In order to extract holomorphic answers,
one should treat 7' as an independent complex variable ¢ and fix it at some value %,
the “base-point”. The resulting function Fy(t, o) is holomorphic in ¢/. The standard
choice is to take the base-point at infinity, t~6 = o0o. This corresponds to the large-
volume limit of the Calabi-Yau Y in Type ITA variables. Incidentally, this is precisely
the regime at which we are doing our computation. So it comes as no surprise that
the holomorphic answers we get match exactly with the topological amplitudes with
the base-point at infinity.

Another question one should worry about is what spectrum of BPS states is rele-
vant for our problem. The way Gopakumar-Vafa formula is derived suggests straight-
forwardly that the relevant BPS states are 5d BPS states. They wind the M-theory
circle and generate effective couplings in 4d. One subtlety, which is not directly rel-
evant for the computation, but was nevertheless discussed in [63], is that those are
not the same as 4d BPS states. In general, 4d BPS states are not given by a simple
Kaluza-Klein reduction of the 5d ones, some short multiplets can recombine into long
multiplets and become non-BPS as the radius of the M-theory circle goes from infinity

to some finite value.
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The computation

The computation itself can be subdivided into several steps. The simplest and the
most basic one is to understand the contribution of a 5d massive hypermultiplet. This
multiplet can be conveniently described in the worldline formalism by a superparticle
action whose non-relativistic limit is given by:

1., ioapa. d o
I = M/dt (—1 + 51’”1’“ + §€AB€J¢A1'&'I/JB]' + TMVfFMfE > ) (14)

where 1) 4; are worldline fermions, with index ¢ = 1,2 corresponding to N’ = 2 super-
symmetry and A = 1,2 a chiral spinor index. It turns out that this non-relativistic
supersymmetric quantum mechanical action is all we really need to know in order to
calculate the hypermultiplet contribution (the answer being exact and of course rela-
tivistic). The reason is that the calculation we are doing is the instanton calculation.
The instanton solution is described by this particle winding the M-theory circle. If
we treat this circle as the “time” direction, then the solution looks like the particle
is simply at rest. We do not need full relativistic formalism to compute the action
of one particle at rest! How about the 1-loop determinant around this instanton so-
lution? It is described by a quadratic action for fluctuations around the instanton
solution, which in our case describes small deviations from the particle being at rest
— exactly the non-relativistic approximation to the action. Is there any other contri-
bution beyond this 1-loop determinant? We will argue later that the answer is no,
and of course, secretly, what stands behind this 1-loop exactness is holomorphy of
the quantity we are computing.

The next step of the computation is to generalize this to a massive BPS multiplet
of an arbitrary spin. This is where the worldline formalism becomes especially useful:
it is easy to consider arbitrary spins in this approach, while had we started with

the field-theoretic (or “second-quantized”) description, we would end up with a lot of
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technical troubles. For this part of the computation, extended supersymmetry of the
graviphoton background also becomes very useful: it allows to fix all relevant terms
of the worldline action. Leaving all the details for later sections, we just mention here
that the only way spin modifies the answer is by introducing an additional factor. It
takes the form of the trace over the spin space and describes the magnetic moment
interaction of the BPS particle with the graviphoton background.

Having computed contributions due to massive BPS states of arbitrary spins, one
could in principle obtain contributions of massless particles of any spin we need by
simply taking the mass to zero limit. This is slightly unsatisfactory because the
description we use for massive particles (non-relativistic limit of the worldline super-
particle action) breaks down for massless states. In order to be more precise, we
should use the field theory description for massless BPS states instead. There are
three types of massless multiplets which appear in the effective 5d N = 1 super-
gravity: hypermultiplets, vectormultiplets and one supergravity multiplet. Simple
considerations explained later in this thesis show that it is enough to do the com-
putation for a hypermultiplet only. The vectormultiplet contribution is simply equal
to minus the hypermultiplet answer, and the supergravity multiplet contribution is
minus twice the hypermultiplet answer. In the field theory description of the hyper-
multiplet, we can also turn on a non-zero mass. This way we can see that the massive
answer agrees with the particle computation, and that the mass — 0 limit actually
exists (since the field theory description makes sense at zero mass).

The field-theoretic computation itself is a supersymmetric version of Schwinger’s
computation of an effective action in a background electromagnetic field. One detail is
that due to supersymmetry, strictly speaking, the effective action on the graviphoton
background is zero. To get a non-zero action, one actually has to perturb the back-
ground and slightly break the SUSY. There are several ways to do that. To compute

Fgy for g > 2, it is convenient to perturb the metric by turning on an anti-selfdual

19



curvature background. So for these purposes, we put the 5d theory on My = St x M,
where M, is equipped with a hyper-Kahler metric of anti-selfdual curvature (which is
assumed to be small enough). The relevant field-theoretic action is again determined
by supersymmetry.

To find F; and Fj in the field theory approach, we need to do more work, as it turns
out that the Schwinger-like computation does not cover these two cases. To find Fy,
it is more convenient to turn on a small perturbation for the vector multiplet scalars.
Then, by computing the two-point function of these perturbations, we find Fy. To
compute Fi, it is still useful to turn on the anti-selfdual metric perturbation, but
instead of doing the Schwinger-like computation, we calculate the two-point function
of these perturbations, which boils down to calculating the two-point function of
the stress-energy tensor in flat space. This determines the R? interaction in the
effective action, where R is the Riemann tensor. Since the effective action has a term
Fi(X)(R™)? where R~ is the anti-selfdual part of R, this directly determines the J;

coupling.

The formula

The point of everything written so far in this section is to review the proper derivation
of the Gopakumar-Vafa formula. It would be incomplete to have this discussion
without writing the formula itself. The formula that we will describe shortly gives an

expression for the sum of all interactions I4 at once, namele for:

I=) Iy= —z’/d“x A0 ) " FglxMH(W?)e. (1.5)

920 920

To describe the formula, we have to introduce some notions first. Every 5d BPS
state can be characterized by its charges q; with respect to the 5d gauge fields. BPS

states correspond to M2-branes wrapping two-cycles in the Calabi-Yau Y, and there-
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fore these charges are just coordinates in the second homology group Hy(Y;7Z). If wy
is some basis in second cohomology H?(Y'; Z), then for every two-cycle Q € Ho(Y;Z),
we have simply ¢; = [, owi- We collectively denote charges as 7= (q1,-..,q,), where
by 1s the second Betti number of Y.

Five-dimensional SUSY algebra has a real central charge (, and particles of charges
¢ carry a non-trivial central charge ((¢). In terms of vevs of scalars from the 5d vector
multiplets A, the central charge is given by ((q) = >, ¢h'.

All BPS multiplets of charge ¢ form a reducible representation of the 5d rotation
group SU(2), x SU(2),. Together, they are described by a Hilbert space 7:[\(;. The
minimal such Hilbert space describes one hypermultiplet and is denoted by ﬁo. One
can think of Hy as the space of wavefunctions L2(R?) (for the spacetime motion of
the particle) taking values in (1/2,0) & 2(0,0), which describes the spin degrees of
freedom of the hypermultiplet. This combination, (1/2,0) & 2(0,0), is the most basic
massive BPS multiplet. Any other massive BPS multiplet can be described as a tensor
product [(1/2,0) & 2(0,0)] ® (j1, jo) with some representation of SU(2), x SU(2),.

We then write 7:\Lq~ = 7:[\0 ® Vg, where Vg is a vector space with an action of
SU(2)y x SU(2),. This vector space encodes the spin content of BPS multiplets of
charges ¢, and the set of such vector spaces for every ¢ describes the BPS spectrum
of the theory. Let the generator of the rotation group acting on Vz be denoted by
J*,. We also introduce an anti-selfdual rotation generator Jz = W;VgE”"H“U, where ¢¥
stands for the Einstein frame metric in 4d, and W, is the 4d constant anti-selfdual
graviphoton vev.

Another object we need to introduce is a superfield Z! = X1/X° Now we can

write the Gopakumar-Vafa formula:
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The last two factors describe the hypermultiplet contribution, the trace factor
describes the magnetic moment interaction of the BPS multiplets of arbitrary spin,
the sum over k corresponds to particles winding the M-theory circle multiple times,

and the first sum goes over the BPS spectrum of the theory.

1.3.2 The Ooguri-Vafa formula

In [66], Ooguri and Vafa proposed a generalization of the Gopakumar-Vafa story,
where one can include D4-branes in the Type ITA setup while preserving four super-
symmetries, which is a half of what one has without D4-branes. This was achieved
by wrapping D4-branes on R? x L, where R? C R* is some plane in R* and L is
a real three-dimensional submanifold in Y. It is known from the work of [67] that
the condition for this configuration to preserve half of SUSY is that L is a so-called
special Lagrangian submanifold of Y. The submanifold L of a Calabi-Yau manifold
Y is called special Lagrangian if it satisfies two conditions: 1) it is Lagrangian, i.e., it
is an n-dimensional submanifold L of a 2n-dimensional symplectic manifold Y, such
that the symplectic form of Y restricts to zero on L; 2) the holomorphic volume form
Q of Y has the property that its imaginary part vanishes when pulled-back to L. Nor-
malization of 2 is usually picked in such a way, that its real part, when pulled-back
to L, is equal to the volume form of L. This situation is sometimes referred to by

saying that Re (2 is a calibration on Y, and L is a calibrated submanifold [68§].
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In a situation when we do not turn on any fluxes, we could slightly generalize this
configuration by considering several special Lagrangian submanifolds L; and several
parallel planes R? C R*. Then wrapping N; D4-branes on every R? x L; would preserve
the same four supercharges. However, in the OV story, we also turn on an anti-selfdual
graviphoton background. As we will learn in Section [2.1.1] the anti-selfdual rotation
J = W~"3,, then appears in the SUSY algebra, and it should be preserved by the
brane configuration. This imposes additional restrictions. First of all, the planes
R? should coincide. Therefore, the most general brane configuration relevant for the
OV story consists of N; D4-branes supported on each R? x L;, where the R? factors
are the same, while L; are in general different special Lagrangian submanifolds of
Y. Another restriction is that in order for it to be a symmetry, the rotation by g
should not mix directions which are parallel to the brane with directions which are

122 23, 2% and if R? corresponds

normal to it. For example, if R* has coordinates x
to 23 = 2* = 0, then g should be proportional to g2 — J34. This means that while in
the GV story the anti-selfdual graviphoton had three free parameters (because there
are three anti-selfdual two-forms on R*), in the OV story there is only one parameter.
The graviphoton background W~ should be proportional to dz! A da? — da?® A da?.
In this situation, the effective action on R* has two types of terms. First, there
are 4-dimensional terms, which are represented as integrals over the R* (these are
just the effective action for the Type ITA superstring compactified on Y’). Second,
there are also two-dimensional terms which are supported on R?, i.e., they are written
as integrals over the subspace R? C R* where the brane is supported. These two-
dimensional terms describe degrees of freedom that propagate along the brane, as
well as their interactions with the bulk supergravity. From the two-dimensional point
of view, the bulk theory has N' = (4,4) SUSY, and the effective action supported
on R? breaks it down to AN/ = (2,2). The bulk supergravity action still has the

F-terms described by the GV-formula, just as explained in the previous subsection.
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The novelty here is that the two-dimensional action has similar terms, which are also
F-terms from the 2d point of view, and which have a similar structure and a similar
physical origin.

These terms are:
T — / 02 420 R (XS UT YW > 0. (L.7)
R2

Here the X are the same chiral superfields that appear in the GV formula, except
that now, since the D4-branes explicitly break half of the supersymmetry, we integrate
over only half as many 0’s (the ones that correspond to the unbroken supersymmetry)
and we restrict X* to depend only on those §’s. Thus the X are now viewed as
chiral superfields in a theory with (2,2) supersymmetry on R% For n > 0, R,
is a holomorphic function of the X*. Also, W) is the “parallel” component of the
graviphoton superfield Wxp that appears in eqn. in the following sense. As
explained before, the graviphoton background should be proportional to da!' A dz? —
dz3 A dz? in order to preserve supersymmetry in the presence of D4 branes. The

144

S (dat A da? —

“parallel” Componen is just the proportionality coefficient: W =
da® A da?). Finally, U°, o = 1,...,b;(L), are chiral superfields associated to the
moduli of L. These interactions are only generated by worldsheets with 2g+h—1 =n,
where g is the genus, and h is the number of boundary components.

The idea behind the OV formula is similar to what we had before. The Type ITA
construction is lifted to M-theory on R* x S! x Y. D4-branes on R? x L; become M5-
branes on R? x S x L;, while a string worldsheet ¥ with possible boundaries on the
D4-branes becomes an M2-brane worldvolume S* x ¥ with possible boundaries on the

Mb5-branes. We then compute the low energy effective action due to M2-brane states

propagating around S!. The radius of S! is taken to be large, so that the particle

20ne could also define “perpendicular” components W, and define chiral couplings that depend
both on W) and W, , however the OV formula would not determine these couplings: it works only
at W, = 0, as non-zero vevs for “perpendicular” components break the required SUSY.
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approximation is valid and the actual computation is merely the “square root” of the
computation done in the GV case. The final answer — the OV formula — is written
in terms of the spectrum of BPS states in the three-dimensional theory living on the
S1 x R? part of the M5-brane worldvolume S! x R? x L;. For the purposes of finding
this spectrum, one can think of S* x R? as just R?, as the radius of the circle is very
large.

These BPS states correspond to holomorphic curves in Y with boundaries on L;,
and each such curve represents some class in the second relative homology Ho (Y, L; Z).
This means that charges of such BPS states are parametrized by Hy(Y, L;Z), which
of course includes bulk charges in Hy(Y';7Z), but also has boundary charges which
depend on the topology of L; and describe how the M2-brane ends on the Mb5-brane.
This point will be discussed later. Denoting the boundary charges by r,, we can write
the OV formula describing the contribution of a single 3d BPS multiplet to the sum

J =Y n_oJn of interactions defined above:

[ d?xd?0 = =1 , I o
7 2n)? VgE - Z z exp | 2wik Z uZzZ + eru
k=1 1 p
W, /8
sin(mkW, /8X°)

x Try, . [(—1)" exp (—imkdgzr/4X°)] (1.8)

This expression has to be summed over the BPS spectrum of the relevant 3d theory.

Even though everything looks just like the “square root” of the GV story (up to
the presence of new charges r, and new moduli ¢4”), physical interpretation of this
result is more involved, because in three dimensions, the infrared (IR) behavior of
quantum field theories is quite different from that in five dimensions. A variety of IR
problems with the OV formula were described in [63|, but only the simplest case of
this formula was studied, when all the IR problems were absent. We are not going
to elaborate that point here. Instead, we will give a sampling of these IR issues here,
and will review the derivation of the formula in the main text.

25



One problem appears if Y is compact. Macroscopically, an Mb5-brane is effectively
supported on R?* C R5, which has a real codimension 2. It can behave as a vortex,
producing a monodromy for a certain scalar field, resulting in long range effects,
possibly relevant for the OV formula. This issue does not arise in the original example
of Ooguri and Vafa 66|, because their Y was non-compact.

Another problem appears if L is compact, even if Y is not, because of the two-form
gauge field on the M5-brane. If by(L) is positive, there are massless gauge fields living
the R? part of R? x L. Since we are in three dimensions, these force charged particles
to confine in the IR. This problem can possibly be resolved by considering only BPS
states that exist in the large-volume limit (see [63]). However, in the example of [66],
L was also non-compact, it had two non-compact directions. This means that even
though relevant BPS states propagate in only three dimensions, M5-brane gauge fields
proparate in 5 dimensions, and there is no confinement issue.

For a compact L, even if by(L) = 0, IR questions still can arise if we attempt to
generalize to the nonabelian case by placing N > 2 Mb-branes on R x L. At long
distances, these would be described by a quantum field theory on R?, which in general
is not IR-free. Again, this problem was avoided in the example of [66], since their L
was topologically R? x S* and provided two more non-compact directions.

Generalizing beyond the example of [66] would require a careful analysis of the IR
behavior of the theory, however, this is neither the subject of [63] nor the subject of
the current thesis. There can exist further subtleties even if the 3d physics is infrared-
free. It may be governed at long distances by a non-trivial topological field theory. In
this case, the BPS states may be anyonic with a long range interaction of statistical
nature. This would affect the contribution of BPS particles winding multiple times
around the M-theory circle. Again, this is just another issue we are not going to
address here. In [63] it was assumed that in the original example of Ooguri and Vafa

this does not happen, though it was not entirely clear for what reasons.
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1.3.3 Chiral algebras in N = (0,2) theories

Another topic discussed in this thesis is on two-dimensional chiral algebras emerging in
the cohomology of one of the supercharges in two-dimensional theories with N = (0, 2)
supersymmetry.

Two-dimensional theories with N' = (0,2) supersymmetry have been attracting
attention over the last couple of decades. A motivation largely came from their poten-
tial phenomenological relevance for heterotic string compactifications, which require
the internal theory to be an N' = (0,2) SCFT. But these theories are interesting
and rich quantum field theories by themselves, which makes them a good object to
study and apply various physical ideas. Thinking in that direction, gauge theories
are of course of particular importance in theoretical physics and deserve attention in
various dimensions and with various amounts of supersymmetry. But besides that,
N = (0,2) gauged linear sigma models are known to be a useful tool to construct
N = (0,2) SCTFs, and hence heterotic string vacua, as infrared (IR) fixed points of
the renormalization group (RG) flow (see [69,70] or just 71| and references therein).

Recently, the dynamics of two-dimensional N' = (0, 2) supersymmetric gauge the-
ories, both abelian and non-abelian, have seen an increasing interest, especially due
to developments in [72-74]. At the same time, more basic models of NV = (0, 2)
interacting matter without gauge fields, sometimes referred to as N' = (0,2) Landau-
Ginzburg (LG) models, have been studied, some references being [70}75,76]. These
models themselves flow to non-trivial SCF'Ts in the IR, but they also can be thought
of as a step in constructing gauge theories, because one can start from an A" = (0, 2)
LG model with global flavor symmetries and then gauging these global symmetries to
obtain an N = (0, 2) gauge theory. It is interesting to study what happens to various
properties of the IR fixed point under gauging.

We only consider theories on flat spacetime here, and they are always assumed to
have a conserved stress-energy tensor. These theories have two supercharges ), and
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@+ obeying:
{Q+>@+} =2P ., (1.9)

where we are using the light-cone notations: ¥+ = 2! 4+ 2°. Since @i = 0, we
can study the cohomology of 4. Algebra implies immediately the most basic
property of the Q -cohomology. It says that P, is a Q ,-exact operator, therefore it
annihilates cohomology classes. Since P, o d;,, it means that cohomology classes
do not depend on z™", only on z7~. After Wick rotation to Euclidean signature,
this implies that cohomology depends on the spacetime point holomorphically. This
observation was first made in |77] and then in [78] used to elucidate some properties of
N = (2,2) LG models and their IR fixed points. Then, part of the analysis from [7§]
was extended to N = (0,2) gauge theories in [79].

In the presence of supersymmetry, the stress-energy tensor becomes a part of the
so-called supercurrent multiplet, as discussed in details by Dumitrescu and Seiberg
in [80]. Using the most general such multiplet for N = (0,2) theories, it is easy to
show that the exact quantum cohomology of Q 4 is invariant along the renormalization
group (RG) ﬂow.ﬂ Detailed derivation will be discussed later, but the main idea is that
using a stress-energy tensor, one can construct an operator which acts as a conserved
charge for dilatations in the cohomology, therefore implying scaling symmetry there.

The N' = (0,2) supersymmetry algebra has a U(1) automorphism — the R-
symmetry, under which @ + and Q4 have opposite charges, while bosonic generators
are neutral. If the theory flows to the N/ = (0,2) SCFT in the IR, then R-symmetry
always becomes a physical symmetry in the IR, in particular, it has a conserved

current, which is part of the N’ = 2 super-Virasoro algebra in the IR.

3In fact, even though the cohomology is invariant along the flow, it can happen that it jumps at
the IR fixed point. This is somewhat related to the question of what space of observables should we
work with. In this thesis we will be only studying observables which are polynomial in the elementary
fields and their derivatives. We could have introduce a notion of convergence for observables and
allow series of even more general observables. Of course, the cohomology and whether it jumps in
the IR would depend on it. But then we would have to grapple with related analytic issues, which
is not part of our plan. So we will not discuss such questions here.
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Along the RG flow, the R-symmetry may or may not be a symmetry of the theory.
In case it is not, it arises as an accidental symmetry in the IR SCFT. But even if it is
a symmetry along the RG flow, it might mix with accidental global symmetries which
show up only at the IR fixed point. Such accidents really occur in (0, 2) theories and
have been studied in the literature |76]. As has been shown in [76], accidents are
very mild in N' = (2,2) theories and essentially can be excluded there. However, in
N = (0,2) they are more subtle and can really obscure the relation between the UV
and IR theories. Symmetry enhancement at the IR fixed point also means that Q 4o
cohomology can jump there, and therefore the cohomology computed in the UV might
in principle have properties that would be impossible if this were the exact answer
for the IR fixed point. We will return to this question later in this introduction.

In case the R-symmetry is an exact symmetry of the theory along the RG-flow, the
most general N' = (0,2) supercurrent multiplet becomes specialized to the so-called
R-multiplet, which includes R-symmetry current as one of its components. In this
case the RG-invariance of the -cohomology can be argued in a more familiar way.

Namely, the presence of the R-symmetry allows to twist the theory. This is done
by shifting a stress-energy tensor of the original theory by a derivative of an R-
current. The new stress-energy tensor has the property that its trace is Q -exact, so
this implies that trace vanishes at the level of cohomology. This means that there is
actually an emergent conformal invariance present in cohomology. Another fact about
the twisted stress-energy tensor is that its anti-holomorphic component is also @ 4o
exact, while the holomorphic component is only Q 4-closed. So there is a holomorphic
stress-energy tensor in cohomology.

It is trivial to observe that operator product expansion (OPE) of operators in
the original theory induces a well-defined OPE of cohomology classes. Before we
mentioned that cohomology classes depend on spacetime insertion points holomorphi-

cally (in Euclidean signature). This means that we obtain a well-defined holomorphic
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OPE in the Q ,-cohomology. This is the structure of a chiral algebra emerging in
the cohomology. As we explained in the previous paragraph, there is a holomorphic
stress-energy tensor in the cohomology. It acts on other cohomology classes through
the OPE. Therefore there is a full holomorphic Virasoro algebra acting in the coho-
mology. Such chiral algebras are often referred to as W-algebras in the literature.
However, the usual definition of W-algebras assumes that they are generated by the
stress-energy tensor and a set of primaries, while chiral algebras arising in the Q.-
cohomology of N' = (0,2) theories might be of a more general class in principle (we
will see an example later), so we will not call them W-algebras.

Twisting by the R-symmetry of the N’ = (0,2) theory is known as half-twisting
in the literature, especially when one treats N' = (2,2) theories as N' = (0,2) mod-
els and only twists by the right-moving R-symmetry. This has been studied both
in LG models and non-linear sigma models (NLSM). Chiral algebras of N’ = (0, 2)
half-twisted sigma models were studied to some extent in the literature due to their
connection to the theory of chiral differential operators. In particular, the perturba-
tive approach was developed in [81] and [82], and some non-perturbative aspects were
studied in [83] and [84].

If a theory does not have a conserved R-symmetry current along the RG flow,
but nevertheless flows to the A/ = (0,2) SCFT in the IR, we cannot tell for sure if
there is a stress-energy tensor in the cohomology along the flow, we only now that
it is there at the IR fixed point. It could be there along the flow, or it could jump
into the cohomology only at the IR fixed point (as was explained in footnote , it
depends on the analytic structure of the space of observables that we use and is not
studied here). A simplification we have in theories with a conserved R-symmetry
current present in the UV is that we can always explicitly construct a holomorphic
stress-energy tensor in the cohomology. As we explained, this is done by twisting the

physical stress-energy tensor by the correctly chosen R-symmetry current (correct
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R-symmetry is picked though the c-maximization, or a related principle which will
be explained later). In this thesis, we will concentrate only on theories which have a
conserved R-symmetry current in the UV.

A class of theories we are interested in are Landau-Ginzburg models. They are
constructed only from chiral and Fermi superfields, and the kinetic term is written
in terms of the Euclidean metric (as opposed to more general Kahler metrics in the
NLSM case). Chiral algebras of NV = (0,2) LG models have not received too much
attention in the literature. They were the main topic of [85] and will be discussed in
this thesis.

All relevant technical details about 2d (0,2) theories, such as the NV = (0,2)
superspace, supefields and Lagrangians will be reviewed at the beginning of Chapter
4. Then we will proceed to discuss the structure of the N/ = (0,2) supercurrent
multiplet and use it to prove the RG-invariance of the Q -cohomology. After that we
will study general properties of chiral algebras in (0,2) LG models with R-symmetry.
We will also specialize to the N' = (2,2) case and discuss LG models that flow to
diagonal N' = 2 minimal models in the IR. After that we will briefly mention how
gauging global symmetries of the LG model acts at the level of chiral algebras, which
is a topic of an ongoing research.

One useful fact about chiral algebras is that the knowledge of the exact chiral
algebra allows to perform some diagnostics of the theory in the IR, in particular
sometimes it can be used to prove spontaneous supersymmetry breaking. When the
chiral algebra that we find in the UV does not admit unitary representations (for
example, if it has a current subalgebra of negative level), it means that something
goes wrong in the IR. If for some complementary reasons we know that the IR CFT
with normalizable vacuum exists, this means one of two things: either an accident
happens, and the cohomology is enhanced in the IR in a way which fixes unitarity,

or supersymmetry is spontaneously broken.
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Accidental U(1) symmetries in the IR can mix with other U(1) symmetries and
with the R-symmetry, thus possibly making all U(1) current algebras consistent with
unitarity (their levels should be non-negative, and currents should be primary opera-
tors). However, if we have non-abelian symmetries of negative levels in the cohomol-
ogy, this cannot be fixed by accidents in the IR, and it really indicates supersymmetry
breaking — for example, it can happen in Gadde-Gukov-Putrov theories |73],74]. An-
other question which has to be addressed is whether the supersymmetry breaking is
complete or partial. It is known that in AV = (0, 2) theories, supersymmetry can be
partially broken down to N' = (0, 1), and it is diagnosed by the constant “space-filling
brane current” in the SUSY algebra [80]. Such constant term in the SUSY algebra
cannot be generated perturbatively and can come as an instanton effect in NLSMs
or gauge theories. The presence of this term is therefore really determined by the
theory in the UV, and partial breaking of SUSY is not a dynamical question about
the theory at the IR fixed point, but rather about the whole RG flow. We assume
that such a constant does not appear in LG theories we study, simply because they
are topologically trivial in the UV and have no room for instantons (and of course,
classically, they do not have such “space-filling branes”).

Applying chiral algebras to SUSY breaking is complementary to the usual super-
symmetric index approach. Non-vanishing of the index proves that supersymmetry is
unbroken, while non-existence of unitary representation of the chiral algebra proves
that something goes wrong in the IR, which sometimes implies SUSY breaking.

One more possibility for the IR behavior, which we excluded above by assuming
that the IR CFT has a normalizable vacuum, is when such a vacuum is absent.
This means that the spectrum of dimensions is not gapped in the IR but rather
has a continuous branch, like the free boson. Absence of normalizable vacuum also
allows for chiral algebras which do not admit unitary representations. We will see an

N = (2,2) example with this kind of behavior later.
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Chapter 2

The Gopakumar-Vafa and

Ooguri-Vafa formulas

In this chapter we give a detailed derivation of the Gopakumar-Vafa formula and in the
last section review the Ooguri-Vafa generalization. It is based entirely on papers [63]
and [64], the first of which is a joint work with Edward Witten. The motivation and
the general picture were discussed in the Introduction, so here we start right away
by analyzing the supersymmetric background relevant for the problem. Then we will
describe the worldline and the field theoretic computations of the effective action on

this background.

2.1 The Background And Its Supersymmetry

2.1.1 The Background In Five Dimensions
The Supersymmetric Godel Solution

The bosonic fields of minimal supergravity in five dimensions are the metric tensor
g and a U(1) gauge field V', whose field strength is the 5d graviphoton T = dV. To

describe the supersymmetric Gédel solution [86], we parametrize R® with coordinates ¢
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and x#, u=1,...,4. The desired solution has the property that T has no component
in the t direction, and its components in the x* directions are constant and anti-
selfdual. We set V,, = 3T, o*, where T, is constant (independent of ¢ and the z*),
antisymmetric, and anti-selfdual in the four-dimensional sense. We take the metric
to be

ds* = —(dt — V,dz")?* + i(dx“)? (2.1)

p=1
For real T~ this is a real and supersymmetric solution of 5d supergravity in Lorentz
signature. It has the special property that the 5d graviphoton can also be viewed as
the field strength of a “Kaluza-Klein” gauge field.

This is actually not a physically sensible solution, since a large circle in the hy-
perplane ¢ = 0 can be a closed timelike curve. For our purposes, we would like to
compactify the ¢ direction to a circle, and moreover we want this circle to be spacelike,
so that it can be interpreted as the M-theory circle. To make the circle spacelike, we
will set ¢ to be a multiple of —iy, where y will be a real variable of period 27. To
give the circle an arbitrary circumference 2me?, we take the relation between ¢ and y

to be t = —iye?. The solution ({2.1)) can then be written

ds? = e* (dy + B,da")* + Z(d:p“)2, (2.2)

I

where we have defined

B, = —ie”?V,. (2.3)

This compactified solution can be generalized in an obvious way to depend on another
real parameter: we give a constant expectation value to V,, the component in the y
direction of the gauge field V.

Clearly, to make the metric in eqn. (2.2)) real, we have to take V, and T~ to

be imaginary. This is not really troublesome, since a Schwinger-like calculation in
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a constant magnetic field still makes sense if the magnetic field is imaginary. (An
imaginary magnetic field in Euclidean signature is somewhat analogous to a constant
electric field in Lorentz signature, which was one of the original cases studied by
Schwinger.)

The 4d interpretation of the 5d metric (2.2)) requires some care. The 4d metric in

Einstein frame is not g,, = d,,, which we would read off from ({2.2)), but rather is
gfy =€70,,. (2.4)

It is also convenient to define

W, =4e*T,,,, (2.5)

p =
which turns out to be the 4d graviphoton. Thus

6730'/2

1
W, at, V,==T,a". (2.6)

] pv 9

B, = —i

We also write W™ as the curvature of a 4d gauge field
W, = 0,U, — 0,U,, U, =4e"?V,. (2.7)
T—, W=, V and U will be imaginary and B real. We define the 5d scalar quantity
(T2 =6""8"T,,T,.., (2.8)

raising and lowering indices using the 5d metric (2.2). But in defining a corresponding
4d scalar quantity (W™)?, we raise and lower indices using the 4d Einstein frame

metric:

(W_)2 _ gEW/gEVV/VVW'WW' _ 16@—0’("’—)2' (2'9>
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We have described the basic five-dimensional solution that is used in the compu-
tation leading to the GV formula, along with its reduction to four dimensions. This
solution has two properties that are important in deriving the GV formula: (i) it
preserves all of the supersymmetry, not just half of it, as one might expect for a
solution with an anti-selfdual graviphoton; (ii) it generalizes straightforwardly to the

case that an arbitrary number of vector multiplets are included. We describe these

two properties in sections [2.1.1] and [2.1.1}

Extended Supersymmetry

The supersymmetry algebra of the supersymmetric Godel solution (2.1)) can be de-

scribed as follows. In describing spinors, we use the obvious orthonormal frame field
et =dt —V,dz*, et =dat, pu=1,...,4, (2.10)

or the dual vector fields

0 ) )

= ot Vs (2.11)

The spinor representation of SO(1,4) is four-dimensional and pseudoreal. Since it is
pseudoreal, the supersymmetry generators in minimal 5d supergravity are actually a
pair of spinors, which we denote €, where a = 1,...,4 is an SO(1,4) spinor index
and i = 1,2 reflects the doubling needed to make the supersymmetry generator real
(note that no symmetry acting on this index is assumed). Indices are raised and
lowered using the SO(1, 4)-invariant antisymmetric tensor C, s (sometimes called the
charge conjugation matrix) and a 2 x 2 antisymmetric tensor €;;. In five-dimensional

Minkowski spacetime, the supersymmetry algebra is

{Qaiy Qﬁj} = —iF%EijPM + Caﬁgijca (212)
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where Py, M = 0,...,4 are the momentum generators, (I'Y )% are Dirac gamma-
matrices, [Y}, = (I')%Cs,, and we include the 5d central charge .

Since the graviphoton field breaks SO(1,4), it is convenient to write everything in
terms of a 4 + 1-dimensional split with coordinates z#, uy =1,...,4 and t. For this,
we introduce four-dimensional gamma-matrices v* with chirality matrix v5 = —il,
decompose (),; in terms of spinors ()4, and @ j;, A, A = 1,2 of negative and positive
chirality, and we write the momentum generators as H = —F and P,, p=1,...,4.

In 5d Minkowski spacetime, the supersymmetry algebra now reads

{Qui,QB;} = capei;(H + ()
{Q 4 QBj} = e4pcij(H — ()

{QAi7 QB]} = _ZF'ZBgUPM (213)

Now let us discuss what happens to the supersymmetry algebra when the gravipho-
ton field is turned on. The Killing spinor equation for a supersymmetry generator e

implies that it is independent of ¢ and obeys the four-dimensional equation

1 - v
0,€ — ZTup’y Pryue = 0. (2.14)

Since 7, reverses the chirality and T »"# annihilates spinors of positive chirality, this

equation is trivially satisfied for any constant spinor 7n4; of negative chirality by
€Ai = Nai, €4; =0. (2.15)

This is enough to maintain half the supersymmetry. But somewhat less trivially, if

n4; 1s a constant spinor of positive chirality, the equation can also be solved by

€i; = Misy  €4i = T;Vx“yzAnf, (2.16)
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so a constant anti-selfdual graviphoton actually preserves all of the supersymmetry.

The extended supersymmetry is certainly surprising, but if one looks more closely,
there is a surprise hidden even in the more trivial-looking supersymmetries .
In gauge theory, a background with anti-selfdual field strength F4p preserves the
supersymmetries of positive chirality. (Anti-selfduality means that Fj; = 0, so the
transformation of the gluino field A associated to a positive chirality supersymmetry
generator A is oA i=F ABGB = 0.) But the “trivial” supersymmetries in an anti-
selfdual graviphoton background have negative chirality.

Since the anticommutator of two supersymmetries will be a bosonic symmetry, we
have to understand the bosonic symmetries of this spacetime in order to understand
the supersymmetry algebra. The Killing vector fields associated to the generators H

and P, of translation symmetries are

h=——
ot

0 0

Pu= 50~ Vua. (2.17)

Note the contribution to p, that is proportional to V*#; it reflects the fact that the
graviphoton background is translation-invariant in the x* directions only up to a time

translation. Because of this contribution, the translation generators do not commute:

[P =T h

[pu, h] = 0. (2.18)

(As discussed below, the commutator of the conserved charges P, corresponding to
p, also contains a central term that is not seen in the commutator of the p,,.)
We also must consider rotation symmetries. Without the graviphoton field, we

would have a full action of Spin(4) = SU(2), x SU(2),, with SU(2), rotating spinor
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indices A, B of negative chirality and SU(2), rotating spinor indices A, B of positive
chirality. A constant anti-selfdual graviphoton field breaks SU(2),xSU(2), to U(1),x
SU(2),. The Killing vector fields that generate the unbroken rotation symmetries are
unchanged from what they would be at T~ = 0. The SU(2), generators do not appear
in the anticommutators of two supersymmetries (or of the other bosonic symmetry
generators). Thus SU(2), can be viewed as a group of outer automorphisms of the
supersymmetry algebra. However, as we discuss momentarily, the U(1), generator
does appear on the right hand side of the supersymmetry algebra. The generator of

U(1), is associated to the Killing vector field

0
S 2
J=Aveo (2.19)

We also express j in terms of standard angular momentum generators j,,:

. - , 0 0
j=T* Jpvs  Juv = xu% - l’y%. (220)

It is convenient to write J,, for the conserved angular momentum corresponding to

Juv, and set

J=T"™],, (2.21)

We also want an analogous quantity for the theory compactified to four dimensions,
but here we should be careful. In more detail J =T~ ,, ((5”‘%“8% — 5“"x”a%)7 where
87 is the standard flat metric on R*. In four dimensions, we want to make a similar
definition using the 4d graviphoton field W~ (eqn. (2.5))) and the Einstein metric g%
(eqn. (2.4))), so we define

xO’

0 0
I=W,, (gE”"x“a— — gE‘wx”%) : (2.22)
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obeying

| e(7/2

= . 2.23
= (2:23)

In discussing the supersymmetry algebra, just as at T~ = 0, we write ()4; and

Q 4; for supersymmetries whose generators are parametrized by the negative and
positive chirality spinors 74; and 7, that appear in eqns. and above.
Turning on the constant anti-selfdual graviphoton field modifies the supersymmetry
algebra in two ways. The most obvious change is that because the generators
of positive chirality supersymmetries have a contribution linear in the z*, the @ 4, do

not commute with the P,:

[Pu Qi = T T,Q:" (2.24)

Given this, there must be a correction to the anticommutator {@ 4,, @ Bj}, to avoid a
problem with the @ j; @ p;-Q ar Jacobi identity. To compute what happens, all one has
to know is that, in five-dimensional notation, if €,; and €j; are two Killing spinor fields,
then, up to possible central terms, the anticommutator of the corresponding super-
symmetries is associated to the Killing vector ﬁeldﬂ u™ = 7€ I"™e;. The graviphoton
field produces no correction to the anticommutator {Qa;, @p;} of negative chirality
supersymmetries, since eqn. (2.15)) asserts that (in the local Lorentz frame ),
there is no T~ -dependent contribution to the generators of these supersymmetries.
In computing {Q4;, Q 4 j}, we do have to take into account the T~ -dependent contri-
bution to the generator of () 4;. But this just goes into building up the T~ -dependent
part of the Killing vector field p,, (eqn. (2.17)), leaving no T~ -dependent correction to
the usual relation {Qa;, Q 4;} = —iey; Zi:l P,IY, ;- Where one does find a correction

is in the anticommutator {Q 4;, Qp;}, which acquires a term € ;¢;J.

If we use constant gamma-matrices I'™ referred to the local Lorentz frame (2.10)), this formula
will give the components of the vector field u™ in the dual basis (2.11]).
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The central charge ¢ that appears in the {Q,Q} anticommutator (eqn. (2.13)))
also appears in [P,, P,]. This should come as no surprise; it reflects the fact that in
the presence of a constant magnetic field on R* — in our case the graviphoton field
— translations only commute up to a gauge transformation. To evaluate [P,, P, |, we

use the P, - Qa; - Q; Jacobi identity. Since

p, = FAA e{Qai, Q 4j}, (2.25)

the commutator [P,, P,| can be simply computed using [P,, Q4;] = 0, eqn. (2.24)) for

[P, Q4;l, and eqn. (2.13) for {Qai, @p;}. We find that [P, P,] is proportional to
H + ¢ (and not to H, as one might have supposed from eqn. (2.18) for [p,,p,]).

Putting the pieces together, the supersymmetry algebra is

[Py P} = —iT,,(H + ()
J,P,) = 2T, P
), Qai] = QTWFIABQB
[P Qi = T 1507
{Qai, Qpj} = capei;(H + ()
{Quai, Qa;t = =il j&i; by

{Qu; @t = eapeiy(H — ¢+ J), (2.26)

with other commutators and anticommutators vanishing.

This 5d supersymmetry algebra will be our starting point in the particle-based
computation in section 2.2] In section we will perform a field theory computation
that is conveniently expressed in terms of Kaluza-Klein reduction to four dimensions.
For this, we will want a 4d version of the above algebra that arises after rotation to

Euclidean time and compactifying the time direction on a circle of radius e?. We
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write the metric as in eqn. (2.2)), and use a rescaled graviphoton field W, as in eqn.

/2

(2.5). In going to four dimensions, the gamma-matrices are scaled by e/ to refer

them to the Einstein frame because of the € in the definition of the 4d Einstein

metric in (2.4)), and accordingly to keep the supersymmetry algebra in a standard

o/4

form, the supersymmetry generators must be scaled by e?/*. Thus, we introduce 4d

supersymmetry generators Qa;, Q 4;, defined by

Oui = Q. Qi = efo/4QAj' (2.27)

Rotation to Euclidean time causes H to be accompanied by an extra factor of —i
(assuming one wishes H to remain hermitian). After compactification, H becomes a

central charge in the 4d sense. The full 4d central charge is
2 =e (4 iH) (2.28)
and the supersymmetry algebra in four dimensions is

(R
[P/“ P,,] - _ZWﬂVZ
3, P,] = 2iW,, P,

Lan— v
[37 QA@] - _éw‘uu,}/gB z'B7

Lo v
[PN’ QA@] = ZWMV,YABQ:LB7

{QAi7 QBj} = 5A35ijz

Qi Qi) = ~caseu(z — 70) (229)

As always, the moduli of the compactification do not appear explicitly in the algebra,

but they affect the possible values of the central charge. For example, if the 5d gauge
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fields have holonomies around the M-theory circle, this affects the values of H and

therefore of Z.

Generalization To Any by(Y)

So far, we have considered the supersymmetric Godel solution in pure supergravity,
but we will need its generalization to include vector multiplets. For this, we could
proceed abstractly, but it is convenient to consider the motivating example of com-
pactification of M-theory to five dimensions on a Calabi-Yau manifold Y with second

Betti number by. We introduce a basis wy, [ = 1,...,by of H?(Y,Z), and define

1

C[JK:—/WI/\WJ/\WK. (230)
6 Jy

The Kahler class w of Y can be expanded as a linear combination of the wy:

b2
w= Zvlwl. (2.31)
I=1

The v! are interpreted as scalar fields in five dimensions (they take values in a certain
Kahler cone) and their expectation values are moduli of the compactification. It turns
out that only by — 1 combinations of the b, fields v! are in 5d vector multiplets. The

volume of Y, which is

V= C]JKUIUJUK, (232)

is part of a hypermultiplet (sometimes called the universal hypermultiplet). The
remaining b, — 1 combinations of the v! are in vector multiplets. It is convenient to

define these combinations by setting

I

=" y=pi3 (2.33)
v
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so that

Cryxh'h’n® = 1. (2.34)

The h!, with this constraint, parametrize the vector multiplet moduli space in five
dimensions.

In five dimensions, a vector multiplet contains a real scalar field and a U(1) gauge
field. To find the gauge fields, we make a Kaluza-Klein expansion of the M-theory
three-form field C"

C=> V0. (2.35)
I

The V! are abelian gauge fields in five dimensions, with field strengths F! = dV7.
One linear combination of the V!, namely V = Yo hiVT with h; = Cryxh’RY, is in
the supergravity multiplet. This is the the 5d graviphoton field. To be more exact,
the graviphoton field strength is T = >, hydV’; dV is not gauge-invariant unless
the h; are constant. The orthogonal linear combinations of the V! are in vector
multiplets, together with the h!. To describe orthogonal linear combinations of the
V1 it is useful to introduce vectors hl, x =1,... by — 1 tangent to the hypersurface
(2.34), i.e., obeying h;hl = 0. These can be defined as hl = Oh!/0¢®, where ¢® are
local coordinates on the hypersurface . The linear combinations of the V! that
are orthogonal to the graviphoton ﬁeldE| are V, = >, CrohhIVE. To be more
precise, the gauge-invariant field strengths F, = >, Cryxh'h]dVE are in vector
multiplets.

The precise meaning of the statement that T = >, h;dV7 is in the supergravity
multiplet is that it appears in the supersymmetry transformation of the spin 3/2

gravitino field:

SUyy = Vase + %TNP (TP —46NTP) e+ .. (2.36)

2 This orthogonality is in the natural metric a;; = % Jy wr A #w;y on the Kahler cone. The
hypersurface metric g, = hih; ary is induced from this.
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where the ellipsis represents fermionic terms. By contrast, the V, appear along with
derivatives of scalars in supersymmetry transformations of spin 1/2 fermi fields that
are in vector multiplets. Let A* be fermionic fields related to the ¢* by supersymmetry.

Then the precise meaning of the statement that F) is in a vector multiplet is that

S\ = %aerMe + }lF]@NFMNe +.e, (2.37)
where again the ellipsis represents fermionic terms, and the index x in F'* was raised
using the metric defined in footnote [2]

Now it should be clear how to embed the original supersymmetric Godel solution
, which corresponds to the case by = 1 (no vector multiplets), in the theory with
an arbitrary number of vector multiplets. Using the same V' and the same metric
as before, we simply take the h! to be arbitrary constants, the V,, to vanish, and
V1 = h'V. This will ensure the vanishing of the right hand side of eqn. and
all desired properties are satisfied. Similarly, the compactified version of the solution

18

o —0 '6_0 - vV hI - v
ds? = ¢? (dy + Budx“)2 +e Z(dl‘”)2, BH = _ZTTVMx ) V,f = ?TV}L:C )
“w
(2.38)
again with
6—0/2
T.,= 1 W, (2.39)

Again we take T, and VMI to be imaginary and the metric to be real. If y is understood
to be a periodic variable (with period 27), we can slightly generalize this solution
by giving nonzero constant values to VyI , the components of the fields V! in the y
direction.

Each gauge field V7, for I = 1,..., by, couples to a conserved charge Q;. The Q;

are components of the homology class of an M2-brane wrapped in Y. A wrapped
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M2-brane with world volume ¥ is an eigenstate of (); with eigenvalue

QI:/EWL (2.40)

The central charge in the 5d supersymmetry algebra is ¢ = >, h!Q; (see eqn. .
Its values for a BPS particle with charges Q; = ¢q; is ¢(q) = >_; h'qs. A BPS particle
with those charges couples to the linear combination V(q) = >, ¢,V of the V', In
the background (2.38)), the field strength of V/(q) is

Fi = Z arh' T, = (@), (2.41)

So for each set of charges ¢ = {q1,q2, - . ., @, }, we will do a Schwinger calculation with
background field F, ,53} = ((¢)T,,. Part of the reason that a simple answer emerges is
that the mass m(q) of a BPS particle with charges ¢ is also proportional to ((g), so

that the ratio F'7/m(q) depends only on T,,, and not on the vector multiplet moduli.

2.1.2 The Background From A 4d Point Of View

Duality-Invariant Formalism

Here, we will describe the same background more fully from a 4d point of view[]
We primarily work in Einstein frame (which is natural in supergravity) rather than
the string frame. As we have already explained, M-theory compactification on a
Calabi-Yau manifold Y gives a theory in five dimensions with by(Y) abelian gauge
fields, of which by — 1 linear combinations are in vector multiplets and one is the
graviphoton. Upon further compactification on a circle, we get one more vector

multiplet, which comes from Kaluza-Klein reduction of the 5d metric on a circle.

3Some original supergravity references are |20,[49H51]. Our conventions are those of [87].
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Thus in four dimensions, there are by + 1 abelian gauge fields, of which by linear
combinations are in vector multiplets and one linear combination is the graviphoton.

In five dimensions, a vector multiplet contains a real scalar field; we described the
scalars in by — 1 vector multiplets via by scalar fields h! that obey a constraint .
In four dimensions, a vector multiplet contains a complex scalar field. It is convenient
to describe the scalar fields in by vector multiplets via by 4+ 1 complex scalar fields X*,

A =0,...,by that obey a gauge-invariance
XM s AXA N eU(1), (2.42)

and a constraint

Nas XAX> = -1, (2.43)

where Ny will be defined later. We will also eventually impose a condition to fix
the U(1) gauge-invariance. Alternatively, to emphasize the complex structure of the
vector multiplet moduli space, one can replace the constraint by an inequality
Nps XAX* < 0 and replace the U(1) gauge-invariance with a C* gauge-invariance
XA 5 AXA Ne .

The X* are the bottom components of superfields X* that also contain fermion
fields Q* and the field strengths F lfy of the U(1) gauge fields, which appear in the
combinations:

J
Av_ — A7_ - 1
Fo =F, — §X W, + fermions. (2.44)

Here the 4d graviphoton field strength W, will be defined later and the fermionic
terms are not important to us. Here and elsewhere in this paper, if F is a two-form

then F~ is its anti-selfdual part. The superfields X* have expansions
—i T = A 1, = 9 A=A
X = X240 Q§+§az-j9 oM T+ -—g(gzje o"GIVAXT, A=0,...,by, (2.45)
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where the 0’s are superspace coordinates of negative chirality and A = D,D* is
the Laplacian. Under the scaling 1' the field strengths F lfy are invariant (Dirac
quantization of magnetic flux gives a natural normalization of these field strengths,
so they should not be rescaled), so the #’s transform as §# — AY20 and hence the

chiral superspace measure transforms as
d*9 — A~2d%. (2.46)

The reader will note that although the X* parametrize a complex manifold, as is

manifest in the description in which they satisfy a C* gauge invariance and an in-

equality Nay X AXY < 0, there are non-holomorphic terms in the expansion ([2.45)).

Part of the reason for this is that the superfields X and their superspace derivatives
obey a linear nonholomorphic constraint.

The kinetic energy of the vector multiplets comes from a holomorphic coupling
Iy = —i / d*xd*0 Fo(X™). (2.47)

For consistency with the scaling and , the function Fj, which is called
the prepotential, must be homogeneous in the X* of degree 2. The interaction I, is
in fact the case g = 0 of the interactions /4 (defined in eqn. (1.2])) that are described
by the GV formula.

The vector multiplets can be conveniently described in a T-duality invariant lan-
guage. This makes some formulas we will need more transparent, even though, since
there is no T-duality in M-theory, T-duality is not important in the derivation of the

GV formula. One introduces the fields
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which transform as I N = AP A, just like the X*. One furthermore introduces the
symplectic form T = Y, dX* A dF, and the group Sp(2by + 2,7Z) of integer-valued
linear transformations of the whole set of fields

XA
(2.49)

~

Fi

that preserve this symplectic form. From this point of view, the equation can
be described more symmetrically by saying that the vector multiplets parametrize
(the quotient by C* of) a C*-invariant Lagrangian submanifold of C?*2+2 which we
view as a complex symplectic manifold with holomorphic symplectic form Y. One

defines

~ ~ P2 F,
Nas =2Im F, Fys = ——————
AY m f'as, AS OXAHXE
(NX)A(NX)s

Nig = Fas +i (2.50)

(X,NX)

Here (NX)) = NaxX® and (X, NX) = NasXAX®. These objects appear in the
kinetic energy of the fields X after performing 6 integrals. The constraint (2.43)) can

be written in a manifestly symplectic-invariant way:
I(XAF, — F XY = 1. (2.51)

The action of Sp(2by + 2, 7Z) on the fields XA, F) has to be accompanied by linear
transformations of the field strengths F ﬁ\y and their duals. In fact, Sp(2be +2,7Z) acts
linearly on

FAF

G+

A pv

(2.52)
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where the G, are the duals of F lﬁ\y which can be defined byﬂ:

= NasF)t (2.53)

A,LLI/

One advantage of the redundant description via pairs of fields X*, F » and also
W, G A is that this makes it possible to describe the graviphoton field in a man-
ifestly holomorphic and duality-invariant fashion. The anti-selfdual part of the 4d
graviphoton field is
Wo =2(X2Gy

pv

A — FAFD). (2.54)

In Lorentz signature, the selfdual part of the graviphoton field is the complex conju-
gate of this or
Wi, = 2(X G, — FAFAY). (2.55)

In Euclidean signature, W » 1s not the complex conjugate of W, but these formulas

remain valid. Of course, we are interested in an anti-selfdual graviphoton background
in which Wf, = 0.

It is convenient to describe the anti-selfdual and selfdual parts of the graviphoton
field using spinor indices, defined by

1 v
[, "] (2.56)

Wip = YasWow: Wi, 5

=i W 1=
Here A,B = 1,2 and A, B = 1,2 are respectively spinor indices of negative and
positive chirality. Eqn. (2.54)) shows that W5 scales with degree 1 under the scaling
XA — XAXA. More precisely, W is an anti-selfdual two-form valued in the pullback
to spacetime of a holomorphic line bundle £ over the vector multiplet moduli space;

L is characterized by the fact that W5 transforms with charge 1 under scaling. In

terms of superfields, W5 is the bottom component of a chiral superfield W4p that

4If £ is the Lagrangian density, one can define G, by G, = 2i FA’ .
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likewise transforms with charge 1 under the equivalence (2.42)), and W? = W, pW4B
is similarly a chiral superfield of charge 2. To make the charges balance, in the

interaction /g

Iy = —i / d*z d*0 Fy(X™) (WapWAB)9 (2.57)
R4

that enters the GV formula, the functions F4 must be homogeneous of degree 2 — 2g.

Background Gauge Fields In d =4

Next we explain the 4d analogs of some observations that were made in section
for d = 5.

In the supersymmetric graviphoton background, the linear combinations of field
strengths F lfl, defined in and appearing as components of the vector superfields

XA must vanish. This gives the very important relation

1—
FA = -X'w

2 w

(2.58)

which is the 4d analog of the corresponding 5d statement F’ lfy = T
A 4d particle with charges ¢ = qo,...,q, couples to the effective gauge field
given by the linear combination A,(¢) = qaA}. The field strength of A,(¢) in the

graviphoton background is

| N _
Fl“’<(j) = EQAX WNV = ZZ(@WMV (259)

Thus, the effective field strength seen by such a particle in the graviphoton back-
ground is proportional to Z2(§), the complex conjugate of the central charge 2(q) =
25", gaX™. This statement is the generalization of the fact (eqn. (2.41])) that in

d = 5, the effective field strength is proportional to the 5d central charge (.
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Now, the mass of a BPS particle in d = 4 is m(¢) = |z|. This means that the
dimensionless ratio F(q)/m(q)? that appears in the Schwinger calculation is propor-
tional to 1/2 and in particular is holomorphic. This is part of the mechanism by
which a holomorphic answer emerges from the Schwinger calculation that we perform
in terms of 4d fields in section [2.3] even though the particle masses are certainly not

holomorphic in Z.

Comparison To Perturbation Theory

Now let us explain why in Type IIA superstring perturbation theory, Fg is generated
only in genus g. We practice first with the case g = 0, corresponding to the clas-
sical approximation. We have written the above formulas in 4d Einstein frame, in
which the dilaton (which is in a hypermultiplet) does not couple directly to the Fg'’s,
which govern vector multiplets. To compare to string perturbation theory, we must
transform to the string frame, which we do by a Weyl transformation of the metric
G — € 29G,,, where G, is the metric in string frame, ¢ is the four-dimensional
dilaton, and the string coupling constant is g, = €. The Einstein-Hilbert action
ﬁ J d*z/gR becomes

QL / dte\/Ge * R(g) (2.60)

and is generated in string theory in genus 0. More generally, any genus g contribution
to the effective action for external fields from the Neveu-Schwarz (NS) sector only is
proportional to g% = exp((2g — 2)¢). But a genus g contribution to the effective
action that has in addition k external Ramond-Ramond (RR) gauge field strengths
(normalized in the standard way to satisfy ordinary Dirac quantization and standard
Bianchi identities) is proportional to ¢2¢ *™* = exp((2g — 2 + k)#). Let us see how

this works for Fy. Performing the 6 integrals in (2.47)) gives a variety of terms, among
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them

OF Ax 0*F
4 —2¢ 0 0 A 3 — ,LLI/ 261
/d x\/_< 5x DX+ sra e T ) (2.61)

where A = §‘“’f?uﬁ,, is the Laplacian defined with the string metric. Bearing in mind
that X2 is described by an NS-NS vertex operator and F»~ = FA~ — %YAW_ +...is
described by an RR vertex operator, we see that in Type ITA superstring theory, such
interactions can be generated only in genus 0. The analog of this for F is immediate.
All we have to know is that W  W=#" = g g””/W;VW;,V, acquires a factor of e*®
in transforming to the string frame and that W, comes from the Ramond-Ramond

sector. Performing 6 integrals in the definition of I4 gives a variety of terms such as

_ O*F, ) o
/d%f(( 2¢8XiAX +W? CFEA ...)e4g¢(vv MW ,,)9

(2.62)
and we see the expected scaling for interactions that in superstring perturbation

theory are generated only in genus g.

Shift Symmetries

The full power of the duality-invariant formalism sketched in section is not
really needed for our problem. The reason is that reduction on a circle from five
to four dimensions gives a natural duality frame, defined by the fields that arise in
classical dimensional reduction from the classical gauge and gravitational fields in
five dimensions. Moreover, among the U(1) gauge fields in four dimensions, there is
a distinguished one Ag = —B,, which arises from the components g,5 of the five-

dimensional metric. The other 4d gauge fields arise in Kaluza-Klein reduction of the
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5d gauge fields V!:

4
VI=Y"Alda* +of (dy+ Buda*), I=1,... b (2.63)

pn=1
Here the AZL are gauge fields in four dimensions, and the o are scalars. The holonomy

of V1 around the Kaluza-Klein circle is exp(27rial), so we expect a symmetry
of = ol +nl. (2.64)

This shift in of is generated by a gauge transformation exp(in’y) of A’ together with

a redefinition of the gauge fields
Al Al +n'A) = A —n'B,, n' €L (2.65)

Thus although the definition of Ag is completely natural, Aﬁ is only well-defined up
to an integer multiple of AY.

The gauge fields Ag and Aﬁ, or rather their field strengths dA° and dA’, appear
in the superfields X% = X0+---—|—¢92dA2+... and X1 = X! + ... 4 62dAT + ...,

The symmetries (2.65) extend to symmetries of the superfields
Xt x4 nlx° ol ez (2.66)

These transformations (accompanied by corresponding transformations of the deriva-
tives 0Fy/0X™) are the only Sp(2by+2, Z) duality transformations that are important
in the derivation of the GV formula.

The ratios Z! = X7/X? are invariant under scaling of the homogeneous coordi-

nates X* and parametrize the vector multiplet moduli space. They transform simply
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under ([2.66)):
zl szl 4! n!eZ. (2.67)

Of course, these shifts really act only on the bottom components of the Z7, which we

call Z1:

7z = 72840l ol ez (2.68)

The Z! have a simple interpretation. Consider an M2-brane wrapped on px S' x 3 C
R* x S' x Y, where p is a point in R* and ¥ C Y is a holomorphic curve. Such an
M2-brane is a supersymmetric cycle, and its action must be a holomorphic function
of the vector multiplet moduli. The charges of the wrapped M2-brane are ¢q; = fz wr
(the w; were introduced in eqn. (2.30)), and its mass is givenﬁ by the central charge
¢(q) = >, v'qr (which will be positive for a supersymmetric cycle). The real part of
the action is simply the mass times the circumference of the Kaluza-Klein circle. If

we write the metric of R* x S! x Y in the M-theory description as
dsy; = dsiy + €*'(dy + B,da")?. (2.69)

then the circumference is 2mwe?, so the real part of the M2-brane action is 2we? ) -, vigr.
On the other hand, the imaginary part of the action is just the C-field period
— pr ¢1.5 C. Recalling the definition 1) of the 5d gauge fields V!, we see that

this period is 2ra!g;. So the Euclidean action of the wrapped M2-brane is

S(q) = QWqu (7 —ial). (2.70)

It is convenient to re-express this formula in terms of the circumference of the
M-theory circle defined in 5d supergravity. The reason this is not the same as the

circumference 2we? measured in the 11d metric is that compactification from 11 di-

5We work in units in which the M2-brane tension is 1.
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mensions to 5 dimensions on the Calabi-Yau manifold Y gives a 5d gravitational
action [ d°z,/g,,VR(gu), where V is the volume of Y in the eleven-dimensional de-
scription, gy is the 5d metric in that description, and R(gy) is the Ricci scalar. In 5d
supergravity, it is convenient and usual to make a Weyl transformation to Einstein
frame, replacing gy by a 5d-metric via gy = V™*3gsq. The relation of €7 to the

radius e of the circle in the 5d description is thus ¢ = e’ /v, where v = V/3. Thus

we rewrite (2.70)) in 5d terms:

()

_ opl _ o T r_ v
S((D—Q?T;C][ (e"n' —ia"), h - (2.71)

The coefficients eh! — ia! in S(¢) must be holomorphic functions of the vector
multiplet moduli, or in other words of the Z!. Comparing the transformations (2.64)

and ([2.67)), we find the relationship
7' =o' +ie’h, (2.72)

which describes the background values of the superfield Z!. The action is thus S(q) =
—2mi Y, qrZ". However, it is more convenient to introduce a superfield S(g) whose

bottom component is S(q):

S(q)=—-2mi >y q2'. (2.73)

This is more convenient because when we perform an actual computation in section
2.2] a particle propagating around the circle has fermionic as well as bosonic collective
coordinates. Writing the action as a superfield is an easy way to incorporate the

fermionic collective coordinates.
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In the 5d description, we write the real part of the action as 2we”m(q), with m(q)

the mass of the wrapped M2-brane in that description:

m(@) = ah'. (2.74)

Since the wrapped M2-brane is BPS, this mass also equals the central charge in the

5d description:

D) =>_ ah" (2.75)

Eqn. (2.72) states in particular that Im Z! = hfe?. Recalling the constraint
(2.34), this implies the useful relation

Cryxlm Z' Tm Z7 Im ZK = &% (2.76)

Validity Of The Calculation

In M-theory on R* x S! x Y, we will perform a computation involving M2-branes
wrapped on S! x ¥ where X is a non-trivial cycle in Y. Our aim here is to describe
the range of validity of the computation, and explain why this suffices to determine
the full answer.

For M-theory to be a reasonable description, we would like Y not to be sub-
Planckian, so we can ask for its volume V) in M-theory units not to be sub-Planckian.
If we are not too close to a boundary of the Kahler cone of Y, then a wrapped M2-
brane has a size of order Vlh/ % To justify a calculation in which wrapped M2-branes
propagating around S are treated as elementary particles, we would like the S! to be
much larger than the size of the M2-branes, which will be generically of order Vﬁ/l/ ‘.
So we want

e >> V0> 1, (2.77)
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where as in (2.69)), €7 is the radius of the M-theory circle in M-theory units.
When we relate M-theory on R* x S* x Y to Type IIA superstring theory on

R* x Y, the ten-dimensional string coupling constant g;o = e? is related to 7 by [3§]
g10 = €/, (2.78)

Moreover, the metric of R* x Y in the Type IIA description is
dsfis = €7ds?,,. (2.79)
In particular, the volume of Y in the string theory description is (recall that €7 = €7 /v)
Vi = eV = €%, (2.80)

Eqns. (2.77), (2.78), and (2.80) show that in the region in which our computation

is valid, g1o and Vjjp are both large. In particular, the fact that g is large means
that, as expected, string perturbation theory is not useful in the region in which our
calculation is valid. Moreover, as explained in section 77, the fact that Va is large
means that we will not encounter the holomorphic anomaly. Notice from and

[£.30) that

1
Gro = 630/2\/V_ — 630/2931;, (281)
M

where g4 is a 4-dimensional string coupling introduced in section [2.1.2]

The interactions Fy4(X'), when expressed in string frame with Kahler moduli (and
hence Vipa) held fixed, have a known dependence on gy, as explained in section m
Due to , they have a known dependence on gy as well. So a calculation that is
only valid for g9 >> 1 can suffice to determine them.

Because of holomorphy, the same is true of a calculation that is only wvalid

for large Vita. To explain this, we use the homogeneity of Fy to write Fg(X) =
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(X9)27299(Z1 ... Z%). To avoid clutter, in the following argument, we take by = 1,
so there is only one Z. Also we write Z = « + i§ where (3 is defined in eqn. (2.72]).
The shift symmetry Z — Z + n, n € Z, implies that the general form of ®(Z) is
D(Z) = ),z cnexp(2minZ), with constants c,. (Moreover, these constants vanish
for n < 0, since an exponential blowup for large volume would contradict what
we know from supergravity.) We can write ®(2) = >, f,.(8) exp(2mwina), where
fu(B) = cpexp(—2mnp). Since each f,(/5) has a known dependence on 3, if we can
compute these functions for large (3, this will suffice to determine the whole function
®(Z). But large 8 is precisely the large volume region in which the Schwinger-like

computation is valid, so that computation can suffice to determine Fy(X).

Classical Reduction From Five Dimensions

As explained in section 7?7 of the introduction, it is important to know to what extent
the I4’s or equivalently the Fg’s can arise by classical dimensional reduction from five
dimensions. We will describe the two contributions that are known and explain why
they are the only ones.

After performing the 0 integrals, I, contributes a term to the effective action with
two derivatives, so a classical contribution to Iy must come from the two-derivative
part of the effective action in five dimension, or in other words from the minimal su-
pergravity action with vector multiplets. This contributes the much-studied classical
prepotential

I K
]_—6:1()() _ _% ZCIJKX XX '

X0
1JK

With this prepotential, and with the help of eqn. (2.76]), one finds that the constraint

(2.82)

(2.43) implies that | X°| = e~37/2/2. We choose the phase so that

X0 = —%e—?’a/? (2.83)
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After performing 6 integrals, the four-dimensional action that follows from F§'(X)

includes kinetic terms for the gauge fields:
— ﬁ / d*z\/gNasg™ g" FNTES + c.c. (2.84)

Using (22.50) for Max, and (2.72)) for the ratios X% /X0 we find a parity-violating part

of the kinetic term
3
- =2 ZCUK/ o(FI — o FOY N (F — o F) (2.85)
and a parity-conserving part

1 1
I+ = Z/ CUCL[J<FI . OzIFO) /\*(FJ _ O{JFO) o _/ BBUFO /\*}707 (286)
2 77 R4 T JRr4

where

9
arjy = _3C[JKhK + §h]hj (287)

is the metric on the Kahler cone defined in footnote 2] The parity-violating contri-

bution descends from a Chern-Simons interaction

1
——= Y Cux / VIAQVI AdUE (2.88)

2
(2m) 1JK

in five dimensions. Notice that although Z~ is not left fixed by the shift symmetries
al = of +n!, it changes only by a topological invariant, so its contribution to the
classical equations of motion does respect the shift symmetries. As is usual in such
problems, at the classical level, the shift symmetries are continuous symmetries with
no restriction for the n! to be integers. (Quantum mechanically, the shift symmetries
are broken to discrete symmetries by M2-brane instanton effects that will be studied

in section [2.2}) The parity-conserving term Z* descends from the gauge theory kinetic
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energy —3 [ ar;dV AxdV7 in five dimensions, along with the Einstein-Hilbert action,
which contributes to the kinetic energy of A°.

What about ;7 This interaction contributes four-derivative terms to the effective
action in four dimensions, so a classical contribution to I; comes from a term in
the five-dimensional effective action with four derivatives. In eleven-dimensional M-
theory, essentially only one multi-derivative correction to the minimal two-derivative
supergravity action is known. This is a term

1 1 1
Al = — (TrR?)?— —Tr R 2.
(27T)4/CA [768( PR g R (2.89)

(where R is the Riemann tensor, which is viewed as a matrix-valued two-form in
defining the trace) that was originally found [89] by its role in anomaly cancellation
in the field of an M5-brane[| In compactification on Mz x Y (where for us Y will be a
Calabi-Yau three-fold and M; = R* x S1), we consider a contribution to Al with two
factors of R tangent to Y and the other two tangent to R* x S'. This contribution
generates a Chern-Simons interaction in five dimensions m Soyear S VIATr RAR,

where
1

= 1672

Co 1

/ wiTrRA R (2.90)
Y

are the coeflicients of the second Chern class ¢2(Y) in a basis dual to the w;. Upon

reduction to four dimensions, that Chern-Simons coupling becomes

1
m Z Ca g / OéITI' R A R. (291)
1

6The full supersymmetric completion of this coupling is not known. We normalize the C field so
that the periods of its curvature G = dC differ by integer multiples of 27. See [90,/91] for detailed
formulas with other conventions.
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Again, this possesses the shift symmetry, modulo a topological invariant. This four-
dimensional interaction can be derived from

1 X! 7
Fi(X)= ——— g —_—=—— g zl 2.92
1(X) 64 - 127 - 2.1 X0 64 - 127 - 21 (2.92)

Could there be other classical contributions to Fi(X'), apart from this known
contribution? Since F;(X) is invariant under scaling, it is a function of the ratios
ZI = Xx1/x° A term in F; that is quadratic or higher order in the Z7 would violate
the classical shift symmetries. We already know about the linear terms. What about
a constant contribution? Depending on whether the constant is real or imaginary, it
would contribute a parity-violating interaction [ Tr RA R or a parity-conserving one
| Tr R A xR. The parity-violating contribution must be absent, since M-theory con-
serves parity. To generate a parity-conserving R? interaction by classical dimensional
reduction, we would have to start with [ Tr R A R in five dimensions, but reduction
of this to four dimensions gives [ ¢’Tr R A %R, with an unwanted factor of ¢”. This
factor is absent in the four-dimensional effective interaction associated to a constant
F1. Thus, there is no way to generate classically a constant contribution to F;.

What about Fy for g > 17 No classical contributions are known and we claim
that there are none. This actually almost follows from the shift symmetries. The
shift symmetries imply that F, must be independent of the ratios Z’ and hence must
be dg(X?)*729, for some constant dg.

To show the vanishing of these constants, one may use a scaling argument similar
to the one used above for F;. For this, one observes that for g > 1, I generates
among other things a 4d coupling R?F?972 in which indices are contracted using only
the metric tensor and not the 4d Levi-Civita tensor[| Such couplings can be lifted
to R?F?972 couplings in five dimensions, but as we found for g = 1, the dimensional

reduction of those couplings to four dimensions does not give the power of e” that is

"The case g = 1 is exceptional partly because this statement fails for g = 1 if F is a real constant.
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needed to match I4. Alternatively, one may argue as follows using the fact that the
4d couplings derived from I4 with g > 1 also include terms that are of odd order in
the Levi-Civita tensor €,,45, and depend only on the scalars X*, the field strengths
FI and the Riemann tensor R (and not their derivatives). We can see as follows
that these terms do not arise by reduction of covariant, gauge-invariant couplings in
five dimensions. To get such terms by reduction, the starting point should be 5d
interactions that are local, generally covariant, and gauge-invariant, and odd order
in the 5d Levi-Civita tensor (so that their reduction to d = 4 will be odd order in
the 4d Levi-Civita tensor). A 5d interaction that is covariant and odd order in the
Levi-Civita tensor cannot be the integral of a polynomial in the field strengths F lfy
and the Riemann tensor R,,.s; such a polynomial would have an even number of
indices and there would be no way to contract them with the help of any number
of copies of the metric tensor and an odd number of Levi-Civita tensors. We do
not want to use covariant derivatives of F' or R, since then we will get covariant
derivatives in d = 4. So we have to start with a 5d interaction that is gauge-invariant
and local (meaning that its variation is a gauge-invariant local function) but is not
the integral of a gauge-invariant local density. The only such interactions are the
standard Chern-Simons interactionsﬁ We have already analyzed their contributions.

In short, only some very special and known contributions to Fy and F; can arise
by classical reduction from five dimensions. Everything else can be determined by a

Schwinger-like calculation.

8This fact is widely used but not always explained. Let us say that a generally covariant inter-
action U has weight n if it scales as U — ¢ U under a global Weyl transformation Juv — e)‘g/w
(with constant A). Any generally covariant interaction is a linear combination of interactions of def-
inite weight. If U has non-zero weight n and its variation is a local gauge-invariant functional
of the metric and other fields, then U is the integral of a gauge-invariant local density, since
U= (1/n) fd%\/ggwﬁu Interactions of weight 0 are very few (in any odd dimension and
in particular in dimension 5, they are all parity-odd and proportional to the Levi-Civita tensor). It
is not hard to see by hand that the standard Chern-Simons functions are the only interactions U
of weight 0 whose variations are local and gauge-invariant but that are not themselves integrals of
locally-defined gauge-invariant densities. One can approach this last question by first classifying the
possible variations of U; in five dimensions, these must be bilinear in the gauge field strength F' or
the Riemann tensor R.
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2.2 The Schwinger Calculation With Particles

2.2.1 Overview

In this section, we come finally to the Schwinger-like calculation for massive BPS
states in five dimensions. We view an M2-brane wrapped on px S' x ¥ C R*x St xY
(where p is a point in R* and ¥ is a holomorphic curve in Y) as a supersymmetric
instanton. We work in the regime that the radius of S' is large, so the M2-brane
can be treated as a point particle coupled to 5d supergravity. The particle action is
uniquely determined by supersymmetry modulo irrelevant terms of higher dimension
(once the graviphoton is turned on, this assertion depends on the extended super-
symmetry of the graviphoton background), and this makes our considerations simple.
In appendix [B] we show explicitly how the supersymmetric particle action emerges
from an underlying M2-brane action.

In our computation, we consider only the leading order approximation to the
particle action, ignoring all sorts of couplings of higher dimension, and we integrate
over fluctuations around the classical particle orbit in a one-loop approximation. This
computation gives a result with the correct dependence on the radius e’ of the S*
to contribute to the chiral interactions Fg(X'). The terms we neglect all have extra
powers of e~? and so cannot contribute to those couplings.

In section [2.2.2] we consider the basic example of a massive BPS hypermultiplet
that arises from wrapping an M2-brane on an isolated genus 0 holomorphic curve
in 3. We evaluate the contribution to the GV formula for the case that (as tacitly
assumed above and in the introduction) the BPS state wraps just once around the S*.
In section [2.2.3] we explain what multiple winding means in this context and thereby
get the full contribution of the hypermultiplet to the GV formula. In section [2.2.4]

we evaluate the contribution of arbitrary massive BPS states to the GV formula.
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This generalization is rather simple because of the extended supersymmetry of the
graviphoton background.

As explained in the introduction, the treatment of BPS states that are massless
in five dimensions requires a different approach, based on fields rather than particles.

This is presented in section [2.3]

A Detail

We perform our calculation in terms of the variables Z! and ¢, and use the classical
constraint X° = —(i/2)e™3/2 (eqn. (2.83))) to express the results in a manifestly
supersymmetric fashion in terms of superfields X*. But that classical constraint
equation is derived from the classical prepotential Fy. Since we will be comput-
ing in particular instanton corrections to JFy, the constraint equation actually has
instanton corrections. So supersymmetry actually implies that, when the effective
action is expressed in terms of Z! and o, it has multi-instanton corrections and also
instanton /anti-instanton corrections (that is, it has terms whose Z-dependence corre-
sponds to effects of multiple BPS particles and/or antiparticles). These terms cannot
be confused with 1-instanton or multi-instanton corrections to the Fy’s, because they
have the wrong dependence on o (they vanish too rapidly for large o). But are there
multi-instanton corrections to the Fg’s, as opposed to the l-instanton contributions
that we will evaluate? One expects the answer to this question to be “no,” because
the interactions among massive BPS particles are irrelevant at long distances, as we

will explain for a related reason in section [2.2.3

2.2.2 Massive Hypermultiplet

The Free Action

The central charge ( is real in five dimensions. The mass M of a BPS particle is

M = |C|, and there are two types of massive BPS particles, with ( > 0 or ¢ < 0.
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They arise from M2-branes and their antibranes wrapped on a holomorphic curve
Y C Y (equivalently, they arise from M2-branes wrapped on % with positive or
negative orientation). We will consider the case ( > 0, and we define what we mean
by M2-branes (as opposed to antibranes) by saying that this case corresponds to
wrapped M2-branes.

Let us consider a supermultiplet consisting of BPS particles of mass M = ( at

rest. The supersymmetry algebra reduces to

{Q4i, Qpj} = 2Me;jeap, {QAi)QBj} =0={Qu; QAj}' (2.93)

In a unitary theory, the vanishing of {Q 4;, @, } implies that the operators @) 4; anni-
hilate the whole supermultiplet. On the other hand, the operators @ ;/ VM generate
a Clifford algebra. The irreducible representation of this Clifford algebra consists
of two bosonic states transforming as (0,0) under SU(2), x SU(2), = Spin(4) and
two fermionic states transforming as (1/2,0). These four states make up a massive
BPS hypermultiplet (of positive central charge). In M-theory compactified to five
dimensions on Y, such a massive hypermultiplet arises from an M2-brane wrapped
on an isolated genus 0 curve ¥ C Y. If by “supermultiplet,” we mean a set of states
that provide an irreducible representation of the full superalgebra of spacetime sym-
metries (including the rotation group Spin(4) = SU(2), x SU(2),), then a general
BPS supermultiplet at rest consists of the tensor product of the states of a massive
hypermultiplet with some representation (jg, 7,) of SU(2), x SU(2),. We consider a
hypermultiplet here, and analyze the contribution to the GV formula of a general
BPS supermultiplet in section [2.2.4]

We ultimately will perform a one-loop calculation involving small fluctuations
around a particle trajectory of the form p x St C R* x S!, for some p € R%. In this

one-loop approximation, the BPS particle is nearly at rest, meaning that it can be
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treated nonrelativistically. So we can approximate the Hamiltonian as H = M + H’,
where H' = Zi:l P3/2M is the nonrelativistic Hamiltonian; here P,, p=1,...,4 is
the momentum. We replace the supersymmetry algebra (2.13) with its nonrelativistic

limit

{Q4i,QBj} = 2Me apei;

P2
Q4 Qpt = CABSiiG ]
{QAZ-, QAj} = —ZTZA&]'P#. (2.94)

The momentum P, commutes with all supersymmetry generators, as does the non-

relativistic Hamiltonian H’:
[H', Qai] = [H’,QAj] = [H’,PM] =0. (2.95)

Eqn. tells us that ¢4; = Q4;/M+/2 (the normalization will be convenient)
obeys fermion anticommutation relations {¢;, ¥p;} = M~ 'epeij. Equ. tells
us further that the 1 4; commute with the Hamiltonian and thus obey ¢Ai =0. To
derive this equation of motion along with the anticommutation relations from an
effective action, the action must be [ dt&ie4Beiiy) 4itbpj. As for the bosonic coordi-
nates z# that represent the motion of the center of mass, the fact that the translation
generators P, are conserved and that the Hamiltonian is H' = P?/2M tells us that
up to an additive constant, the action is a free particle action % [ d¢i?. In Lorentz
signature, the constant is minus the rest energy or —M and thus the particle action
in this approximation is

I = /dt (—M + ?x"‘x'u + %8AB6Z]¢Ai¢Bj) - (2.96)
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One can think of the first two terms —M + %M i? as a nonrelativistic approximation

to a covariant action

dzM daN
COV: M/dT\/ gMNx_i (297)
dr dr

where here 7 is an arbitrary parameter along the particle path and g,y is the full 5d
metric. This action is valid for any particle orbit with a large radius of curvature.

This action (2.96)) satisfies the expected supersymmetry algebra, with

Md da* p?
il Pr =M H = (2.98)

QA@ = M\/iwAia QAZ - \/— dt uAAw dt IM

What really uniquely determines the action is that it gives a minimal realiza-
tion of the translation symmetries and supersymmetries that are spontaneously bro-
ken by the choice of superparticle trajectory. The conserved charges Qa; = M+/214;
and P* = Mi*, being linear in 14; and &*, generate constant shifts of ¢ 4; and z*,
which can be viewed as Goldstone fields for spontaneously broken symmetries. As

usual, the low energy action for the Goldstone fields is uniquely determined.

Collective Coordinates

In the instanton calculation, the zero-modes of x#(7) and 1 4;(7) will be collective
coordinates that parametrize the choice of the superparticle orbit; we will denote those
collective coordinates as x* and 1/)2). By integrating over all non-zero modes while
keeping the zero-modes fixed, we will generate an effective action [ d*zd*yp@(...).
Up to an elementary factor that is computed shortly, the zﬂffi) can be identified with
the fermionic coordinates #4; that are used in writing superspace effective actions in
four dimensions, so [ d*zd*@(...) is a chiral effective action [d*xzd*d(...). Such
an interaction is potentially non-trivial in the sense explained in section ??; that is, it
may not be possible to write it as a D-term. A 5d BPS particle with ( < 0 would have
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fermionic collective coordinates of opposite chirality and could similarly generate an
anti-chiral interaction [ d*zd*@. A superparticle that is not BPS spontaneously breaks
all supersymmetries, so it can be described with eight fermionic collective coordinates
and can only generate D-terms, that is non-chiral interactions [ d*z d*¢d*d(...).

Let us determine the normalization of the measure for integration over the col-
lective coordinates. First of all, this measure is independent of M. In fact, M can
be removed from the action by absorbing a factor of v/M in both z# and 14;, as we
will do later (eqn. (2.114])). Because the bosons z* and the fermions v 4; both have
four components, this rescaling affects neither the Gaussian integral for the non-zero
modes nor the zero-mode measure d*zd*(©).

However, it is fairly natural to factor the zero-mode measure as M2d*z- M ~2d*©),
This is based on the following observation. With the action being proportional to M,
the Gaussian integral over any non-zero bosonic mode gives a factor of 1/M'/?, and
the integral over any non-zero fermionic mode gives a factor of M'/2. To compensate
for this, in defining the path integral measure, one includes a factor of M/ for every
bosonic mode and a factor M~/? for every fermionic mode. So the bosonic and
fermionic zero-mode measures, up to constants, are M2d*z and M —2d*©).

To find the normalization of the measure for fermion zero-modes, we compare a
matrix element computed by integrating over collective coordinates to the same ma-
trix element computed in a Hamiltonian approach. Quantization of the four fermions
¥ 4; gives a four-dimensional Hilbert space 3, consisting of two spin 0 bosonic states
and two fermionic states of spin (1/2,0). If (—1)¥ is the operator that distinguishes

bosons from fermions, then the anticommutation relations can be used to show that

1
Trse(—1) " Partbpitbeatbps = N2 ABECD: (2.99)
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Now recall that such a trace can be computed by a path integral on a circle with peri-
odic boundary conditions for the fermions. The integral M2 [ d4w(0)¢ff1) @bg?wggbg

over collective coordinates should reproduce the formula (2.99)), so we want

/ 10 O YOO O _ e, (2.100)

Now we can compare the zero-mode measure d*zd*(®) to the usual measure
d4:1:d46\/g_E of a four-dimensional supersymmetric action. This comparison involves
a few steps. First, with Q4 = M+y/2¢4; and {ai,¥p;} = M 'eapeij, we have
{Quai, ¥} = \/55,43%-. So Qa; acts on the fermionic collective coordinates as
V20/0p)(O4 The 4d supersymmetry generators are Q4; = ¢ 7/*Q4; (eqn. (?7)) and
the fermionic coordinates 6 4; of superspace are usually normalized so that Q 4; acts on

them as 9/86. So we should set v/20/0p© 4 = /49 /964 or ) = \/2e=7/40 ;.

Hence
4,,.(0) _ e’
d " = Zd 0, (2.101)
where d*@ is defined so that
/d49 9,419319029[)2 = EABECD-. (2.102)

We further write d*z = d*z+/gFe 27, since 1/gF = €% according to eqn. (2.4). So

finally the zero-mode measure is
dtaxd*p @ = d*ed*e/gF — (2.103)

Although we normalized the fermion zero-mode measure by comparison to a
Hamiltonian calculation, we have not yet done the same for the bosons. This will be

done in section [2.2.2 by comparing to a counting of quantum states.
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The Action In A Graviphoton Background

Now let us turn on a graviphoton field. A particle of charge ¢ couples to an abelian

gauge field A with a coupling

daM
dr qAy—— 2.104
[ araany (2104)

(and possible non-minimal couplings involving magnetic moments, etc.), where Ay,
has time component Ay and spatial components A,. In the case of a superparticle
coupled with charges ¢ to the gauge fields of 5d supergravity, and assuming that the
background gauge field is precisely the graviphoton T~ we found in eqn. that
the effective magnetic field is ((¢)T~, where ((¢) is the central charge. For a BPS
superparticle of M = ((g), this means that we should replace ¢A, in eqn. (2.104)
with MV, where T, = 0,V, — 9,V,,. A convenient gauge choice is V,, = 2TW:C"
There is an important detail here, however. In a 5d covariant form, the action for a
charged point particle coupled to V,,, on an orbit with a large radius of curvature, is

Md N M
—M/dT\/ gMNdLLT /drvM‘Eﬁ—T. (2.105)

To apply this to the graviphoton background, we have to use the supersymmetric
Godel metric (2.1]), which depends on V,,. When we expand the square root taking this
into account, the effect is to double the coefficient of the V,2# coupling. The action

of the superparticle in the graviphoton background is thus, in some approximation,
L., i AB _ij d — v
I=M de [ -1+ ég’lf'uflflu + 55 g Jl/)AiElij + THVZEMZE . (2106)

Are there additional terms that should be included in this action? The sponta-
neously broken supersymmetries () 4; remain valid symmetries when the graviphoton
field is turned on. So they commute with the exact Hamiltonian H’ that describes

the superparticle, and hence the fields ¥4; = Q 4;/M+/2 are time-independent. Hence
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we should not add to (2.106]) a magnetic moment coupling
/dt Topie"aitn;, (2.107)

as this will give a time-dependence to ©4;. (By contrast, we will encounter such
magnetic moment couplings in section for other fermion fields along the particle
worldline.) Other interactions that might be added to are irrelevant in the
limit that the circumference of the circle is large. The precise scaling argument behind
that statement is explained at the end of this sectionﬂ

The momentum conjugate to z* is m, = 61/0i" = M(&, — T,,2"). Of course,
it obeys [r,,m,| = 0, [m,,2"] = —id;;. By contrast, the conserved momentum that

generates spatial translations is

da# — v — v
Pt =M E—QT We, | =7 — MT *ux,. (2.108)
It obeys [P,,z"] = —id;, (so it generates spatial translations, just as m, does) but
satisfies
[P, B = —2iMT,,. (2.109)

9 In determining the effective action for a BPS hypermultiplet, we have not needed the fact
that the graviphoton background preserves eight supersymmetries; the four conserved supercharges
Q@ 4; were enough. In analyzing more general BPS supermultiplets in section we will need the
full supersymmetry algebra to determine magnetic moments.
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This is part of the supersymmetry algebra. In fact, taking the nonrelativistic limit of

eqn. (2.26)), the nonrelativistic limit of the supersymmetry algebra is

[P, P,) = —2iMT;,
0, P,] = 20T, P
,Qul =~ TR lh07
[P;u QAZ‘] = T;VFEBQiBa
{Qua4i, QB } = 2Meape;;
{Qui Q5 = =" &3 P

{Q 4 QBj} = e,pgij(H' +J). (2.110)

The nonrelativistic conserved Hamiltonian H’ is not simply P?/2M, which does
not commute with the P,. H' can be conveniently written in terms of the conserved
quantities P, and T™*"L,,,, where L,, = x,m, — x,7,:

P2

HI = m - TiuyLuy. (2111)

What are the conserved supersymmetries? Clearly — because we have not added
the magnetic moment term — the charges Qa; = M+/2i4; are conserved.
To define conserved supercharges ()4, of the opposite chirality, we must modify the
definition in by replacing Mz* with the conserved charge P*. Thus the super-

symmetry generators are

—_PHT itk (2.112)

Qui = MV2pu, Q4 = VG

The nonrelativistic supersymmetry algebra (2.110)) is satisfied.
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The constant —M in the Lorentz signature action contributes +M to the energy.
So after compactifying the time direction on a (Euclidean signature) circle of cir-
cumference 2me?, the constant term in the action contributes to the path integral
a factor exp(—2me”M) = exp(—2me” >, qrh!'). However, after compactifying, the
gauge fields can have constant components a! in the t direction and these give an
imaginary contribution to the Euclidean action. As explained in eqns. and
, the effect of this is to replace e”h! by —iZ! and so to replace exp(—2me’ M)
by exp(27i >, q1Z"). To take account of the fermionic collective coordinates of the
particle orbit, we just have to extend the factor exp(2mi Y, ¢1Z") to a superfield,

namely
exp <2m' Z qul> : (2.113)
I

This factor, of course, must be multiplied by a one-loop determinant computed
using the action (2.106). The product of boson and fermion determinants is inde-
pendent of M, since M can be removed by rescaling x* and 1 4; by a common factor
1/v/M. (This scaling does not affect the path integral measure, or the zero-mode
measure d*z d4w(0).) The one-loop computation can therefore be performed using the

action

1 o d
I'=3 / dt (Jb“dcu +ie"Pey i bp; + 2waﬂfc“) . (2.114)

The particle mass M has disappeared in eqn. (2.114]), so the one-loop determi-
nant depends only on the radius e of the circle and on T,,. We can constrain this

dependence using the scaling symmetry
t—= A, v = AN Pr g o da, T, = AT, (2.115)

The measure d*z d*(® scales as A2, and the circumference 2we” scales as \, so scale-
invariance implies that the one-loop determinant has the form dz d*¢(® e=27 f(eT7)

for some function f. The meaning of the factor d*z d*)©® is that we cannot inte-
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grate over the zero-modes or collective coordinates (the integral over the z# gives oo
and the integral over (*) gives 0), so we leave them unintegrated and interpret the
result as a measure on the collective coordinate moduli space rather than a number.
Lorentz invariance implies that f is really a function of eQ‘TT;VT_ ¥ so the one-loop

determinant has the form

d*z d*o! f: (Ro=2)o (T T#)9 (2.116)
=0
wth some constants cg.

In this derivation, we used the metric ds? = —(dt — V) +3_ (dz*)?, as in eqn.
(2.1), with a periodicity in imaginary time of 2me?. To write the effective action
in conventional 4d variables, we use d*zd*y©® = d*z d49\/_E ¢ (eqn. )
Also, to express in 4d terms, we should re-express T, T7#” in terms of the
corresponding 4d quantity W, W= = 16e~T_, T~* (eqn. (2.9)). Actually, here
we should replace W~ with the chiral superfield W whose bottom component is W™.
Setting W? = W,,W"  eqn. (2.116)) becomes

93

3
d4xd40\/ %)9. (2.117)

Now we recall that X° = —ie=37/2/2 (eqn. (2.83))). Having generalized the fields to
superfields, we can integrate over the collective coordinates to get a contribution to

the effective action:

/ d*zd*0+/gF(—64)" V)9 (2.118)
XO)ZQ 2° :

This — and its generalization with a classical factor exp (27m' SraZ! ) included — is
a chiral interaction of the sort described in the GV formula and discussed throughout
this paper. It is a non-trivial F'-term in the sense explained in section ?7; it cannot be

written as [ d*zd®0(...). Suppose on the other hand that we add non-minimal terms
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to the action . Any translation-invariant and supersymmetric interaction that
we might add that has not already been included in eqn. (2.106) would scale as a
negative power of X\. Hence, a contribution to the superparticle path integral that
depends on such interactions would be similar to but with extra powers of
e~ 7. Such interactions are trivial F-terms, and it is difficult to learn very much about

them.

The Computation

Having come this far, the actual computation of the one-loop determinant using the

action ([2.114)) is not difficult.

The one-loop path integral gives a zero-mode integral times \/ det’ Dp/det’ Dp,

where Dp, D are the bosonic and fermionic kinetic operators

2 d
L S e
g2 Ty

DF = i_gABgij (2119)

and det’ is a determinant in the space orthogonal to the zero-modes. Moreover,
the real symmetric operator Dg can be conveniently factored as a product of two
imaginary, self-adjoint (and skew-symmetric) operators

D DDy, D 'd5 D ' d(S 2T, (2.120)

= , =1—0u, =i =0, — L] :
B 1572 1 dt o 2 dt o m

So det’ Dy = det’ D;-det D,. Since D; is conjugate to D, the ratio det’ Dr/ det’ Dp
actually equals 1/det Dy. This determinant can be evaluated by writing down the
eigenfunctions of Dy (which are simple exponentials) and computing the regularized
product of the corresponding eigenvalues. This is a rather standard computation.

However, we will here take a shortcut. We use the fact that a path integral

on a circle has a Hamiltonian interpretation; the path integral we want equals
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[ d*x d*© Tt exp(—2me” H'), where Tr' is a trace with the zero-modes removed.

We can pick coordinates on R* in which T~ is the direct sum of two 2 x 2 blocks:

0o T

~-T 0
(2.121)

0 —T

T 0

(We reversed the sign in the lower right block to make T~ anti-selfdual if the four
coordinates are oriented in the standard way.) A factor of 1/2 was included in eqn.

(2.121)) so that
T =T"T_,,. (2.122)

Let us compute the desired trace in the subspace corresponding to the upper block.
The corresponding Hamiltonian describes a particle moving in two dimensions in a
constant magnetic field T. The energy eigenstates are Landau bandﬂ with energies
(% + m) T, m =0,1,2,.... The density of states per unit area in any one Landau
band is d%z T/27. So for the bosonic variables that describe motion in this plane, the

one-loop path integral equals

SR - d?x Te ™7 d*z T
—T —me’T (142 = = . 2.123
2 mEZ:OeXp( T T (1+2m)) 27 1 — e 27T 47 sinh(mweT) ( )

Including an identical factor for the lower block in eqn. ([2.121f), and including the

fermion zero-modes, the full one-loop path integral gives

dizdip® T2
(47)? sinhz(ﬂe"T) '

(2.124)

10Tn speaking of Landau bands, we assume that T is real, while in the graviphoton background it is
imaginary. The determinant that we are trying to compute is holomorphic in T, so it is determined
for all T by what happens for T real.
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Including also the classical factor that was described in eqn. ([2.113), the contri-
bution of the BPS hypermultiplet to the GV formula is

diz dtyO T2
_— 271 A | — 2.125
(47)? e ZI: a sinh? (meT) ( )

Though we have derived this formula by a computation in the supersymmetric
Godel background, it gives part of the effective action in a more general background.
Since the function T/sinh(7e?T) is regular for real T, this contribution to the effective
action is regular as long as the 5d graviphoton field is real. However, in the super-
symmetric Godel background, T is imaginary and the effective action has poles if T is
large. This does not really affect our derivation. The GV formula governs couplings
that are each perturbative in T, and the computation we have performed can
be understood as a convenient way to evaluate all such perturbative contributions
together.

To express the result in four-dimensional terms, we follow the same steps

that led to eqn. (2.118). We write T = /T-#T,, = 604/2\/(W*)2, and interpret
W~ as the bottom component of a superfield W. We also use /2 = —i/2X°, and

d*zd*y® = 1d*zd*0\/gFe 7 (eqn. (2.103)). The resulting contribution to the 4d

effective action is

d*zd*0 L2
— [ ———/gFexp | 2mi qu1> e (2.126)
/ (2 ( ; sin? (an)

80
2.2.3 Multiple Winding, Bubbling, And Comparison To String
Theory

Following [61,/62], we will now explain the interpretation of this formula in string

theory.
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In perturbative string theory (either physical or topological string theory), we
should distinguish the string worldsheet ¥* from its image ¥ C Y. >* does not
necessarily have the same genus as . The map from ¥* to ¥ must be holomorphic if it
is to contribute to the amplitudes Fyg in topological string theory (or in physical string
theory, given the relation between the two), but is not necessarily an isomorphism.

In general, a non-constant holomorphic map ¢ : ¥* — > may have any degree
k > 1. The Z-dependence of a contribution from a map of degree k is a factor
exp(2mik > ; q1Z"). The formula evidently corresponds to contributions with
k = 1. This is not surprising, since in deriving the formula, we considered an M2-
brane wrapped just once on ¥ and assumed that the superparticle trajectory winds
just once around the M-theory circle.

A string theory map ¢ : ¥* — 3 of degree k will correspond in M-theory to a
configuration in which, roughly speaking, an M2-brane worldvolume has a degree k
map to S* x . There are two distinct effects in M-theory that combine to produce
this result. First, the M2-brane may wrap k; times over . Since multiple M2-branes
cannot be treated semiclassically, the rigorous meaning of this statement is that a
BPS state in M-theory may have an M2-brane charge that is k; times the homology
class [X] (in other words, k; times the charge of an M2-brane wrapped once on ).
Second, regardless of what BPS state we consider and what its quantum numbers
may be, when we use this BPS state to make an instanton in M-theory compactified
on a circle, this state may wind ks times around the circle. The relation between the
degree k measured in string theory, the charge k; of the BPS particle in units of [3],
and the number ks of times that the particle winds around the circle is k = kik,.

Thus what in string theory is the sum over the degree of the map ¢ is in the
context of the GV formula a combination of two effects: a BPS particle may be

multiply-charged and it may wind any number of times around the M-theory circle.
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In this section, we describe the effect of multiple winding, and in section [2.2.4], we
consider the effects of multiple charge.

It is easier to write down the formula that governs contributions with multiple
winding than to explain properly what it means. So we will first write down the
formula. If a point superparticle wraps k£ times around the M-theory circle, the
effective circumference of the circle becomes 27wke?. The winding also multiplies the
classical action 277 >, ¢t Z by k. To evaluate the contribution of a particle orbit of
winding number k, we also have to divide by a factor of k to account for the cyclic
symmetry between the k branches of the particle orbit. So the analog of eqn. (2.126)
with k-fold wrapping is obtained by multiplying >, ¢;Z” and €’ by k, and dividing
the whole formula by k. Summing over k gives the contribution of the given BPS

state with any winding:
d4 d4¢9 1 2w2
/ LI Z - exp <2meqIZ’> W—kr (2.127)
sin <7T8X0 )

kv W2
8X0

(In the denominator, the factor of k in sin? < > comes from substituting eT —

ke°T in the denominator in (2.125).)

However, a careful reader may find this formula puzzling. A weakly coupled
elementary point particle could wind £ times around a circle, and such a contribution
could be evaluated along the lines of the previous paragraph. Does this make sense for
a wrapped M2-brane, whose self-interactions are not small? A multiply-wound M2-
brane is not a concept that makes sense semiclassically, since a system of &k parallel
M2-branes for k > 1 is actually strongly coupled. If parallel M2-branes are separated
in a transverse direction, their interactions remain strong until the separation exceeds
the eleven-dimensional Planck scale p. (Beyond this scale, the long range forces due

to graviton and C-field exchange cancel for nonrelativistic BPS particles.)
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Ignoring the strong interactions between BPS particles in this derivation can be
justified as follows. In nonrelativistic quantum mechanics in D > 2 spatial dimen-
sions, a short-range interaction, no matter how strong, is irrelevant in the renormal-
ization group sense and is unimportant at low energies, except for the possibility that
it may generate a bound state. In explaining this, we take the Hamiltonian of a free
particle to be Hj = P?, where P is the momentum; hence P has dimension E'/? (en-
ergy to the one-half power). A short-range interaction is equivalent to H” = ¢ (z),
for some constant ¢, modulo less relevant couplings involving derivatives of a delta
function. The constant ¢ has dimension E'~P/2? and so is an irrelevant coupling if
D > 2. For application to the GV formula, we have D = 4, so the interactions are
safely irrelevant except for possibly generating bound states. (Bound states are a
short-range phenomenon that cannot be analyzed by renormalization group scaling.)
Concretely, the irrelevance of a short-range coupling for D > 2 means the following.
If a particle of mass M propagates a Euclidean distance L on a classical orbit (in our
case, the classical orbit is a copy of the M-theory circle and L = 2me? is its circumfer-
ence), the fluctuations in its position in the directions normal to the classical orbit are
typically of order \/L/—M . No matter how large M may be, \/L/—M is much greater
than the interaction range o if L is sufficiently large. Thus, at any given time, two
branches of an orbit that wraps k times around the M-theory circle are unlikely to
be within range of the interaction. The condition D > 2 ensures that this is unlikely
to happen at any time along the orbit.

What we learn from this reasoning is that we can ignore the interactions among k
parallel M2-branes except for the possibility that, when they are close together, they
form a bound state. Since the M2-brane states under consideration are BPS states,
such a bound state would be a bound state at threshold — a new BPS state with larger
charges. In fact, a bound state of r BPS states that each have charges q; would have

charges q; = rq;.

81



Because M2-branes are strongly coupled, it is not straightforward to determine if
such bound states exist (and if so for what values of  and with what spin). If bound
states exist, they are new BPS states that can themselves be treated as elementary
superparticles, when they wrap around a sufficiently large M-theory circle. Their
contribution can be evaluated by methods similar to what we have already described,
with modifications to account for their spins; see section [2.2.4] The full GV formula
involves a sum over all M-theory BPS states, possibly including bound states.

A further comment is called for. In eqn. (2.126)), we consider only £ > 0. Ex-
changing £ > 0 with £ < 0 amounts to a reflection of the M-theory circle. When
combined with a reflection of R*, which reverses the four-dimensional chirality, this
is a symmetry of M-theory. So orbits of £ < 0 generate anti-chiral couplings, just as
orbits of £ > 0 generate chiral couplings. But what about £ = 07 For k = 0, the BPS
state has no net winding, so generically it does not propagate a macroscopic distance,
even if the M-theory circle is large. Since we do not have a microscopic theory of
M2-branes, we cannot make sense of a configuration in which an M2-brane propa-
gates over a non-macroscopic distance. So we have no way to make sense of a k = 0
contribution. But intuitively, what we would want to say about such a contribution
is as follows. In M-theory on R* x S' x Y, an M2-brane wrapped on ¥ C Y and
propagating a small distance in R* x S is not, in leading order (in the inverse radius
of S1), affected by the compactification from R5 to R* x S*. So whatever contribution
it makes is part of the effective action for M-theory on R® x Y, compactified classically
from R® to R* x S'. As we stressed in sections ?? and 2.1.2] an important input to
the GV formula is that one knows the relevant effective action in five dimensions,

before compactification. So there is no need to study the k£ = 0 contributions.
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Now let us look more closely at what the formula (2.126)) means in terms of

perturbative string theory. Since

1 1 2
:—(1+x—+...), (2.128)
x

we can expand eqn. ([2.127)) in a power series in W:

d*z d*0 =1 w22 W2
— Xx0)? — 2rri zZH 1+ —— H) . (212
/ o Y exp( X! ) ( + Togray + OOV )) (2.129)

In perturbative string theory, the contribution proportional to Y29 comes from world-
sheets of genus g, as we have explained in section Thus, the formula ,
even though it reflects a single wrapped M2-brane of genus 0 and degree 1, is inter-
preted in perturbative string theory as a sum of contributions with all values k£ > 1
and g > 0.

One might expect to compute these contributions in topological string theory (and
therefore also in physical string theory, given their relationship) by counting degree
k maps from a string worldsheet >* of genus g to a given holomorphic curve ¥ C Y.
However, in general this counting is not straightforward.

Let us look at a few cases. We can specialize to g = 0 by setting WW = 0 in eqn.

(2.129)). The k = 1 contribution is

_ / dz;:;ie()(of - exp (27ri Z quI> -1 (2.130)

This contribution is not hard to understand. A genus 0 worldsheet ¥* with a holo-
morphic map ¥* — ¥ of degree 1 is unique up to isomorphism; it is isomorphic to X2,
with the map being the isomorphism. This uniqueness means that the contribution of
genus 0 worldsheets singly wrapped on X to the topological string amplitude is pre-

cisely exp (27rz' SrarZ! ) -1. The occurrence of this factor in (2.130]) is the most basic
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relation between topological string amplitudes and the physical string amplitudes
that are described by the GV formula. The remaining factor —d*z d*6 (X°)?/(2m)*
in (2.130) represents the embedding of the topological string amplitude in physical
string theory.

Still with g = 0, we see in eqn. that if we take £ > 1, in addition to the
classical action being multiplied by k, the amplitude acquires a factor of 1/k3. This
is not an integer, so this answer cannot come from a straightforward “counting” of
holomorphic maps. The factor 1/k? for a k-fold cover of a genus 0 curve was first
discovered using mirror symmetry |92]. Its interpretation in topological string theory
depends on the fact that for £ > 1, there is a nontrivial moduli space of degree k
holomorphic maps from a genus 0 worldsheet ¥* to ¥; this moduli space has orbifold
singularities, because of which the “counting” does not give an integer. See |93| for a
derivation along these lines. The GV formula has given this rather subtle factor of
1/k* without much fuss [61},62}94].

One need not look far to find further subtleties that are nicely resolved by the
GV formula. For example, for g > 0, assuming that X* is smooth, and with ¥ of
genus 0, there does not exist a degree 1 holomorphic map »* — . Thus naively
perturbative string theory does not generate contributions to the chiral interactions
Fgq with k =1 and g > 0. But such contributions are clearly visible in . As
explained in |61},62], these contributions are interpreted in topological string theory in
terms of contributions in which X* is not smooth but is a union of various components
Y7 that are glued together at singularities. For k = 1, g > 0, one of these components
is of genus 0 and is mapped isomorphically onto ¥ by a degree 1 map, and the
others are mapped to Y by maps of degree 0 (thus, they are mapped to points in
Y'). Such a degeneration of ¥* and its map to Y is sometimes called “bubbling” (fig.

. By integration over the moduli of such bubbled configurations, one can compute

84



topological string amplitudes with £ = 1 and g > 0. More generally, such bubbled

configurations contribute to a variety of topological string amplitudes.

S

Figure 2.1: A Riemann surface ¥* splits into several components ¥f. In the context of
topological string theory, ordinarily all components except one are mapped to points in Y.
The splitting off from >* of one or more components that are mapped to points in Y is called
“bubbling.” In the example shown, ¥* has genus 3 and from top to bottom the components
have genus 0, 2, and 1.

Thus [61,/62], the GV formula when interpreted in topological string theory de-
scribes a variety of multiply-wrapped and/or bubbled configurations associated to a

given BPS state.

2.2.4 More General Massive BPS States

The General Answer

It takes only a few steps to generalize the hypermultiplet computation of section [2.2.2]
to arbitrary massive BPS states. We give here a general description and explain some
explicit formulas in section [2.2.4]

In general, it is inconvenient to describe a nonrelativistic action for an arbitrary

BPS multiplet, but it is straightforward to describe a Hilbert space for this system,
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with an action of a Hamiltonian H’, conserved momentum and angular momentum

operators P* and J

v, and supercharges Q; and Q4;. We already know how to

describe the hypermultiplet in this language. The appropriate Hilbert spac ﬁo
is an irreducible representation of the action of free bosons x* and their canonical
momenta 7, as well as free fermions ¢ 4; = Qa;/M V2. The conserved momenta are
PF = 7#, the nonrelativistic Hamiltonian is

P2

H = — 2.131
. (2131)

the rotation generators act in the natural way, and the supercharges were defined
in eqn. (2.112)). These modes are needed to realize the spatial translations and
spacetime supersymmetries, but a general set of BPS states may have additional
degrees of freedom. So in general, the Hilbert space that describes BPS states with
charge ¢ = (q1,...,q,) and mass M = ((q) is 725 = Hy® Vg, where H, is the Hilbert
space for a hypermultiplet and Vy is a vector space with an actionE of the rotation
group SU(2), x SU(2),. The action on 7:[\[; of the supercharges, the momentum, and
the Hamiltonian come entirely from their action on 7:[\0, but the rotation group acts
also on Vg.

Now let us turn on the graviphoton field T ,,. We can still define free fermions by
Yai = Qai/M+/2. The momentum generators still commute with the Hamiltonian,
but instead of commuting with each other they generate the Weyl algebra [P, P,] =

—2¢MT . The minimal way to satisfy this is to deform the P* as in eqn. ([2.108):

Pt =gt — MT g, (2.132)

1 Our notation will be as follows: a Hilbert space like ’;QO labeled with a hat describes the bosonic
center of mass motion as well as the quantization of fermion zero-modes; an unhatted Hilbert space
represents the quantized fermion zero-modes only.

12This action is not necessarily irreducible, as there may be several BPS multiplets of charge §.
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We may use this formula, since the representation of the canonical commutation rela-

tions [P, P,| = —2iMT,

v [Py @] = —idl, [2#,2¥] = 0 is unique up to isomorphism,

implying that any further T~ -dependent contributions that we might add to P* that
preserve the commutation relations can be removed by a unitary transformation. So
even for T, # 0, there is a decomposition of the Hilbert space as ﬁg = 7/-20 ® Vg with
the property that the supercharges 4, = M4, and momentum generators P, act
only on the first factor. The most obvious way to satisfy the supersymmetry algebra
is to take () 4; to similarly act only on 7:[\0 and to be given by the same formula as for

the hypermultiplet:
i

V2

To explain why eqn. (2.133) gives a sufficiently good approximation to @ 4;, we use

Qi = P'T 4 Az/);‘. (2.133)

the scaling symmetry , which we extend to act on ﬁ@ (and not just ﬁo) by
saying that V; is invariant under scaling. To compute the desired effective action in
four dimensions, we have to evaluate the trace Tt’ (—1)¥ exp(—2re? H') (the symbol
Tr’ means that the trace is defined without an integral over collective coordinates).
To do this computation after scaling the time by a large factor A, since e? scales as
A, we are not interested in terms in H’ that scale as a power of A more negative than
A7l Since H' can be computed from the anticommutator {Qa;, Q 4;), this means
that we are not interested in corrections to () 4, that scale as a power more negative
than A\~%/2. In order for Q 4j to be conserved, it must be possible to write it with no
explicit dependence on z*, just in terms of the conserved charges ¥; = Qa;/M V2
and P* as well as matrices acting on Vz (In particular, we cannot make use of
the conserved angular momentum without spoiling the commutator [Q 4;, P,], which
comes out correctly if we use (2.133)).) These requirements mean that no correction to
involving T, is possible: T, scales as A~1 and the other possible ingredients

in a hypothetical correction to the right hand side of (2.133)) scale with nonpositive
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powers of A (indeed, P*, 14;, and a matrix acting on V; scale respectively as A2

1, and 1).

Since the ) 4j act only on 7/'20 and not on Vg, the same is true of
{Qai Qg = e ipcij(H +J). (2.134)

However, J = T ,J* is the sum of operators Jo and J; that act on 7/'20 and Vg,

respectively. For the hypermultiplet, V; is trivial so J; = 0 and direct evaluation of

the left hand side of (2.134]) using ([2.133) leads to the formula for H' given in eqn.
(2.111). In general, (2.134]) implies that

/ P2 4

The role of the J; term is to ensure that H’ 4+ J; acts only on 7/-20 and not on Vg.
Now to evaluate the contribution of the BPS states of charge ¢ to the GV formula,
we need to evaluate Trl (—=1)F exp(—2me® H'). The trace factors as a trace in Ho
q

times a trace in Vg. The trace in ﬁo is the one that we already evaluated in discussing

the hypermultiplet. In acting on Vg, H' can be replaced by —Jz, so the trace in Vg

e /2

4

simply gives Try (—1)" exp(2me”);). Using Jg d7 (eqn. (2.23)) and the usual

formula ¢*/2 = —i/2X°, this trace is Try,(—1)" exp(—imdz/4X°).
The contribution of BPS states of charges ¢ propagating once around the circle

to the GV formula is obtained by just including this trace in (2.126)):

d*zd*e Lr2W?
— | o= V9ETry, (—D)F exp(—indz/4X%) ] exp | 210 Y ;2" | —4—r.
| e VIl /A7) 207 ) e ()
(2.136)
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This can be extended as before to include multiple windings:

a / %\/Q—EZ %Trv(; [(=1)" exp(—inkds/4X°)]

k=1
12912
amw
X exp 27mk:2q121 _wn (2.137)
sin (”"éxvo )

To get the complete GV formula, we need to sum this formula over all possible charges
¢. But states with {(¢) < 0 do not contribute to the GV formula since they preserve

the wrong supersymmetry. The complete GV formula is thus

/da}d 9\/— Z Z TI“V exp(—iﬁkﬁq/4)c'0)]

)>0 k=1
12772
4%
X exp 27rszqIZI LA (2.138)
sin (“%‘5)

Actually, our derivation has assumed that ((¢) > 0, not just ((q) > 0, because we
have assumed that the BPS states under discussion have a strictly positive mass in
five dimensions. This means that our analysis does not apply to BPS states with
¢ = 0, since such states are always massless in five dimensions. This case requires a
different derivation, but with a suitable interpretation of what is meant by Vz and
with gg set to 0, the formula also gives correctly the contribution of BPS states
with ¢ = 0, as we will learn in section 2.3} Our derivation also breaks down for BPS
states with ¢ # 0 and ((¢) = 0, but this case is nongeneric in the sense that it arises

only if the Kahler moduli of Y are varied to approach a boundary of the Kahler cone.

Concrete Formulas

To make the formula (2.138]) explicit, we need to know how to compute the space
of BPS states of charge ¢. M-theory in general and M2-branes in particular are not

sufficiently well understood for it to be possible at present, for a given Calabi-Yau
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manifold Y, to give a full answer to this question. Potential complications include
strong coupling of multiply-wrapped M2-branes, singularities in the moduli space
of holomorphic curves in a Calabi-Yau manifold, bubbling, and the interplay of all
of these. Luckily, there are favorable situations in which it is possible to explicitly
determine the space of BPS states with charge ¢ and show that the action of the
supersymmetry algebra is as described above. Here, essentially following [62], we will
just summarize a few highlights, leaving some further details for appendix [B]

To quantize an M2-brane with worldvolume R x ¥ C R® x Y, we have to quantize
the fermions that live on the M2-brane. These transform as spinors on ¥ with values
in (positive chirality) spinors of the normal bundle to the M2-brane worldvolume. As
is usual in Kaluza-Klein reduction, the modes that have to be included in the low
energy description are the zero-modes along the compact manifold (in this case, the
zero-modes of fields propagating on ¥). Half of the M2-brane fermions transform
under SU(2), x SU(2), as (1/2,0) and half transform as (0,1/2). Zero-modes of the
(0,1/2) fermions are related by supersymmetry to infinitesimal deformations of the
complex submanifold ¥ C Y. We say that X is “rigid” or “isolated” if there are no
such fermion zero-modes, and we consider this case first.

For ¥ rigid, the effective quantum mechanics is obtained just by quantizing the
fermion zero-modes that transform as (1/2,0), along with the center of mass coordi-
nates x*; there are no other bosonic or fermionic zero-modes. The M2-brane fermions
that transform as (1/2,0) can be interpreted as differential forms on ¥. If 3 is of
genus 0, its non-zero Betti numbers are by = b, = 1. The corresponding zero-modes
are precisely the fermionic collective coordinates 1 4; that we included in studying
the hypermultiplet. However, for g > 0, one has b; = 2g, leading to additional zero-
modes consisting of 2g copies of the (1/2,0) representation of the rotation group. In
the effective quantum mechanical problem on R x Y, where R parametrizes the time,

these zero modes lead to 2g fields pa,(t), 0 = 1,..., g that correspond to (1, 0)-forms
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on ¥ and 2g more fields pa,(t), o = 1,...,g that correspond to (0, 1)-forms. The

action for these modes is
S, = /dt i ipa ip“‘%— ET_ papB (2.139)
14 et Udt o 2 ABFoFo | :
and the corresponding Hamiltonian is
<N
- ~A
Hy=—J,=-) §TABpUpf. (2.140)
o=1

The problem of quantizing the four fermions pa,, pg,, for A,B = 1,2 and
a fixed value of o, is isomorphic to the problem of quantizing the four fermions
1 4; that appear already in the study of the hypermultiplet. Quantization of this
system gives the familiar spin content 2(0,0) & (1/2,0) of a massive BPS hyper-
multiplet, described by a four-dimensional Hilbert space #. For this set of four
states, Tr(—1)F exp(—ing/8X°) = Tr(—1)"exp(2me?)) = —4sin®(mvVIW2/8X0).
The full set of fermions pa,, pp, consists of g copies of this spectrum, leading to
Tr (—1)F exp(2me”)) = (—1)9(4sin*(mv/W2/8X°))9. From (2.137), it then follows
that the contribution to the GV formula of BPS states that arise from an M2-brane

wrapped on X is

d4zdi0 <= 1 L2
(=19 Yexp | 2mik z! 64 . 2.141
/ (2m)4 kz:; k‘( ) P ( EI:QI ) sin?29(mkv/ W2 /8X0) ( )

We write Hq for the space obtained by quantizing pa,, pps, 0 = 1,...,g. Thus, Hy is
the tensor product of g copies of K, that is g copies of 2(0,0) & (1/2,0).

This description of 3y makes manifest the action of SU(2), (and the trivial action
of SU(2),). However, as preparation for the case that ¥ is not rigid, it is helpful to
describe ¥4 in another way. Here, for each value of A = 1,2, we combine together

Pas, which is a (1,0)-form on ¥, with pa,, which is a (0,1)-form on ¥, to make a
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field pa,, where y = 1,...,2g labels the choice of a harmonic 1-form on X. Let ¢,
be the intersection pairing on H'(X,Z). The canonical anticommutation relations of
Pay are {pay, pp.} = €apey.. To make this look slightly more familiar, let us denote
Pay aS Py O p_y, depending on the value of A. We also define p? = ¢¥*p_,. Then

the canonical anticommutators are

{pL, 02} = {ps+y, p+:} =0

{pL,ps:} =0 (2.142)

We can regard p, . as a set of fermion creation operators and pY as the corresponding
annihilation operators. The full space of states is a fermion Fock space, made by
repeatedly acting with p, on a “ground state” that is annihilated by p_. Since p,
is an element of the first de Rham cohomology group H'(X), the one-particle states
are a copy of H'(X). The space of k-fermion states is then the antisymmetric tensor
product of k copies of H'(X) ; we denote this as A¥H'(X). The space 34 obtained
by quantizing the fermions is obtained by summing this over k:

Hy = D, A HY(D). (2.143)

This description of 34 emphasizes its dependence on ¥, but hides the action of SU(2),.
As explained in [62], to understand the SU(2), action, it helps to recognize that %
can be interpreted as the cohomology of the Jacobian of ¥. Recall that the Jacobian
of ¥ is a Kahler manifold and that there is a natural Lefschetz SU(2) action on
the cohomology of any Kahler manifold (and more generally on the cohomology of
a Kahler manifold with values in a flat vector bundle). The SU(2), action on g4
can be understood as the natural Lefschetz SU(2) action on the cohomology of the

Jacobian.
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If ¥ is not rigid, then in general there is a moduli space M that parametrizes
the bosonic deformations of 3. The only case in which it is straightforward to de-
scribe the BPS states that arise from an M2-brane simply-wrapped on the curves
parametrized by M is the case that M is smoothﬁ and compact and parametrizes
a family of smooth curves ¥ C Y. (It is quite exceptional for all these conditions to
be satisfied.) In this case, the effective quantum mechanics problem that describes
the degrees of freedom parametrized by M and takes into account the zero-modes of
(0,1/2) fermions is the theory of differential forms on M. However, remembering the
(1/2,0) fermions, these are differential forms with values in 3. As ¥ varies, H*(X)
varies as the fiber of a flat vector bundle over M. (We do not have to worry about X
developing singularities because of our assumption that ¥ is always smooth.) Since
Hq is constructed from H'(X) as in (2.143)), it also varies as the fiber of a flat vector
bundle. The space of supersymmetric states in this situation is the de Rham cohomol-
ogy of M with values in Hg; we denote this as H*(M;¥Hg). This is the contribution
of ¥ to Vg The SU(2), action is the natural Lefschetz SU(2) action on H*(M;3H,)
(now making use of the fact that M is a Kahler manifold), and the SU(2), action
comes from the action of SU(2), on Hyg.

It is explained in [62| that H*(M;3g) has a natural interpretation in terms of 4d
BPS states in Type IIA superstring theory on Y. To determine the space of 4d BPS
states, one has to quantize a suitable D-brane moduli space. Given the assumption
that ¥ is always smooth, one can argue that this quantization gives again H*(M; 3g).
(The argument involves describing the D-brane moduli space as a fiber bundle over
M and computing its cohomology by a Leray spectral sequence.) Thus, under the
hypothesis that ¥ is always smooth, one expects that 4d BPS states always descend

in a simple way from 5d BPS states (recall from section ?? that in general one does

13Technically, by saying that M is “smooth,” we mean that the deformation theory of ¥ C Y is
unobstructed so that in particular the infinitesimal deformations of 3 represent tangent vectors to

M.
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not expect something as simple as this). The hypothesis that 3 is always smooth is
almost never satisfied. However 95|, there is a well-developed mathematical theory
in which the hypothesis that > is always smooth is replaced with the hypothesis that
¥ varies only in a Fano subvariety W C Y. Under this hypothesis, it is proved (with
a precise set of mathematical definitions that hopefully match correctly the physics)
that H*(M, %), which is the space of 5d BPS states, agrees with what one would
get in d = 4 by quantizing the D-brane moduli space. Thus this really does seem to
give an interesting and perhaps surprising situation in which 4d BPS states descend
simply from five dimensions.

The GV formula is often written in the following way. If one permits oneself to
take formal sums and differences of vector spaces, then any Zs-graded representation
of SU(2), can be expanded as @32 Ay ® Hgy, where Hy is the SU(2), representation
defined as the tensor product of g copies of 2(0) @ (1/2) and Aq is a Zs-graded vector
space with trivial action of SU(2),. In particular, the space of BPS states of charge ¢
is formally a sum &% (Ag;® Hg. Set agq = TrAM(—l)F. (Thus, a rigid curve X C Y
of genus g and homology class ¢ contributes 1 to agz, and 0 to ag g for ¢’ # g.) The

complete GV formula can be written

d*zd* 6’ L2
Lageexp | 2mik z! 64 )
/ Z Z Z 9.q ¢XP ( ; ar ) sin?29(1kvIW2/8X0)

(>0 9=0 k=1
(2.144)

2.3 The Schwinger Calculation With Fields

2.3.1 Preliminary Reduction

The group of rotations that preserves the momentum vector of a massless particle in
five dimensions is SO(3), a subgroup of the corresponding group SO(4) for a massive
particle at rest. The spin of a five-dimensional massless particle is measured by
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a representation of the double cover of this SO(3). This double cover is a diagonal
subgroup SU(2)a C SU(2),x SU(2), of the group that measures the spin of a massive
particle.

In a five-dimensional theory with minimal supersymmetry (eight supercharges),
the states of a massless particle with specified momentum are annihilated by four
of the supercharges and furnish a representation of the other four supersymmetries
along with SU(2)a. The minimal such representation transforms under SU(2)a as
W =2(0) @ (1/2) (that is, two copies of spin 0 and one copy of spin 1/2). A general
irreducible representation of supersymmetry and SU(2)a is simply the tensor product
of W with the spin j representation of SU(2)a, for some j € %Z. We write this tensor
product as R; = (j) ® W. In particular, Ry = (0) ® W = W, since (0) is the trivial
1-dimensional representation of SU(2)a.

Taking CPT into account, R; must appear in the spectrum an even number of
times if 7 is an integer but may appear any integer number of times if j is a half-
integer. The basic massless hypermultiplet H, vector multiplet V', and supergravity

multiplet G are

H = 2R,
V — R1/2
G = Ry)s. (2.145)

We expect that a combination of massless supermultiplets that could be deformed
in a supersymmetric fashion to a massive non-BPS multiplet does not contribute to
the GV formula. (We have seen in section that a massive non-BPS supermulti-
plet does not contribute to the GV formula.) For example, the combination H@®V can
be deformed by Higgsing to a massive non-BPS vector multiplet. To see this, notice

that such a supermultiplet must realize eight supercharges, four of which transform
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as (1/2,0) under SU(2), x SU(2), and four as (0,1/2). The basic such representation
is the massive vector multiplet W, ® W,, where W, admits the action of one set of
four supersymmetries and W, admits the action of the other set. (W, consists of four
states transforming as 2(0,0) & (1/2,0) while WW,. consists of four states transforming
as 2(0,0) & (0,1/2).) When we restrict to SU(2)a C SU(2), ® SU(2), and only four
supersymmetries, we can identify both SU(2), and SU(2), with SU(2)a and also
ignore the supersymmetries that act on (say) W,. Then the massive non-BPS vector
multiplet becomes W @ W = (2(0) @ (1/2)) ® W = 2Ry @ Ry, = H ® V. Accord-
ingly, we expect that the combination H @& V of massless supermultiplets does not
contribute to the GV formula.

Since W ® W can be deformed in a supersymmetric fashion to a massive non-BPS
multiplet, the same is true, for any j € %Z, of (j)@ W & W. For j > 0, this is the
same as (j) ® (2(0) @ (1/2)) @ W = Rj;1/2 ® 2R; ® Rj_1/2. So we expect that any
such combination does not contribute to the GV formula. For j = 1 or j = 1/2,
we get the combinations R3» ® 2R; @ Ryjp and Ry @ 2R/, ® Ry. Taking linear
combinations of these expressions and H ®V = 2R, ® Ry /9, we are led to expect that
R3/o ® 4Ry = G @ 2H does not contribute to the GV formula.

Granted this, the contribution of ny hypermultiplets, ny vector multiplets, and
ng supergravity multiplets is equivalent to the contribution of ng — ny — 2ng hyper-
multiplets. This combination has an interesting interpretation. The Betti numbers of
a Calabi-Yau three-fold Y obey by = 1, by = 0, and b; = bg_;. Accordingly, the Euler
characteristic of Y is x(Y) = 2+2by — b3. Generically (as long as one stays away from
boundaries of the Kahler cone of Y), massless states in M-theory compactification on
Y come entirely from classical dimensional reduction on Y of the eleven-dimensional
supergravity multiplet. With this assumption, the number of vector multiplets is
ny = by — 1, the number of hypermultiplets is ny = b3/2 (in six dimensions, b3

is always even), and the number of supergravity multiplets is ng = 1. Therefore,
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ng—ny —2ng =% —by—1=—1x(Y). So the total contribution to the GV formula
from massless states in five dimensions, away from boundaries of the Kahler cone, is
—2x(Y") times the contribution of a single massless hypermultiplet.

In section we will calculate the contribution to the GV formula of a massless
hypermultiplet. As explained in section 7?7, this calculation cannot be naturally
performed in the approach via 5d particles. But instead, since there is a natural
field theory for a 5d massless hypermultiplet, there is no problem to perform the
calculation in terms of fields. In fact, it is straightforward to generalize the field theory
computation to a bd massive BPS hypermultiplet, and we will do so. (As explained
in section 7?7, near a boundary of the Kahler cone of Y, there can be a massive BPS
hypermultiplet that is light enough so that a description in 5d field theory makes
sense.) Once one formulates the computation in 5d field theory, it is natural to make
a Kaluza-Klein reduction to four dimensions and to write the answer as a sum over
contributions of 4d mass eigenstates. There are some problems with F; and F7, but
this gives a representation of the answer for Fg, g > 2 in terms of a sum over states of
definite momentum around the M-theory circle, in contrast to the particle approach
of section that gives the answer as a sum over configurations of definite winding
number. The two representations are related by a Poisson resummation. The winding
number representation is usually more useful, moreover it holds for Fg, g > 0.

The momentum representation breaks down for Fy and F;, and our field com-
putation of Fg, g > 2 simply does not work for these two cases. The reason why
Fo is special is that it is a prepotential — this interaction simply does not talk to
the graviphoton. At the background with anti-selfdual graviphoton turned on and
supersymmetry slightly broken by the curvature (we will use this background to com-
pute Fg, g > 2), Fy still vanishes. The reason why F; breaks down is more subtle.

Schwinger calculation actually gives a finite answer for the contribution to JF; of a

state with a given compact momentum. However, the sum over momentum eigen-
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states diverges, and there is no natural way to regularize it from the 4d point of view.
One needs a different computation which would preserve the full 5d symmetry of the
problem, only then it would be possible to obtaine a finite answer for F;. For that
reason, we will treat Fy and F; separately from Fg, g > 2. Both will be computed
directly in 5d field theory, without performing a KK reduction.

The upshot of the computation is to show that the contribution to the GV formula
of a massless hypermultiplet is the obvious zero mass limit of the contribution of a
massive hypermultiplet, which was computed in section 2.2 When the answer is
stated this way, one may feel that one does not need to actually do the field theory
computation for the hypermultiplet: the computation of section is valid for a
hypermultiplet of any non-zero mass, so could not we understand the zero mass case
as a limit from non-zero mass? However, we find it instructive to do the explicit
computation with 4d mass eigenstates. It is particularly illuminating to see how an
answer emerges that is holomorphic in the 4d central charge Z, even though naively a
Schwinger-like calculation depends only on the particle mass |2|. Moreover, it turns
out that there is a subtlety in the zero mass case, first identified in [56], that is best
understood by performing a computation with 4d mass eigenstates.

We should stress that we consider the argument that was used to express the
contribution of the supergravity multiplet as —2 times the contribution of a massless
hypermultiplet to be somewhat heuristic. In the particle treatment of section [2.2] we
had a very clear argument that a massive non-BPS superparticle cannot contribute
to the GV formula. In general, we do not have an equally clear argument for the
analogous statement in field theory. For the special case of H & V, there is a clear
argument, since the deformation to a massive non-BPS multiplet can be realized
physically by Higgsing.

To interpret in the language of eqn. the statements that H@V and 2H&G

do not contribute to the GV formula, we have to be slightly formal about what we
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mean by the contribution of a massless vector multiplet V' or of the supergravity
multiplet G to the vector space Vg for ¢ = 0. To define Vz—y, we are supposed to
write the space of BPS states of given momentum as the tensor product of the space
of states for a hypermultiplet with some vector space Vz—y. Because of the fact that
the hypermultiplet H = 2R, is two copies of Ry, while V' and G are not divisible by
2, to define Vg we would have to divide by 2 — an operation that does not make
sense for vector spaces, though it makes sense for the trace that we actually need
in eqn. (2.138). Since H = 2R, and V = (1/2) ® Ry, the contribution of V' to
Vg is formally $(1/2), that is one-half a copy of the spin 1/2 representation. This
answer means that the contribution of V' to Try_(—1)" = 3Trqs(—1)" = —1, so
that the contribution of V' to the GV formula is the same as the contribution of —H.
Likewise, the contribution of G to Vg is formally $(3/2), meaning that its contribution
to Try,(—1)" is 3Trg/2) (—1)F = —2, reproducing the fact that G makes the same
contribution to the GV formula as —2H. It is unappealing that V, does not exist and
we must formally divide by 2. A possibly more natural approach is to place a factor
of 1/2 in front of the ¢ = 0 contribution in (2.138)). The intuition in doing this would
be that since BPS states with ((¢) > 0 contribute with weight 1 in and those
with ((¢) < 0 contribute with weight 0, it is fairly natural to say that BPS states
with ¢ = 0 and hence ((¢) = 0 contribute with weight 1/2. If we do this, we would

say that the contributions of H, V, and G to Vs are respectively 2(0), (1/2) and

(3/2).

2.3.2 Calculation For The Hypermultiplet
Preliminaries

We aim here to compute the one-loop effective action for a 4d BPS hypermultiplet in
the graviphoton background. Actually, in a field theory calculation, it is not difficult

to be more general, as long as the fields are slowly varying on a length scale set by
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the hypermultiplet mass (or by the graviphoton field strength if the hypermultiplet
mass vanishes). There is actually a good reason to be more general. In contrast
to the particle computation of section [2.2.2] it is difficult to do this computation
in a manifestly supersymmetric fashion, because there is no convenient and simple
superfield description of a hypermultiplet. Being able to perturb slightly around the
graviphoton background will help in expressing the answer we get in a supersymmetric
form. A simple perturbation will suffice for our purposes: rather than taking the four-
manifold on which the hypermultiplet propagates to be flat (as in the reduction to
four dimensions of the supersymmetric Godel solution), we take this metric to be
hyper-Kahler, with anti-selfdual Weyl tensor.

As remarked in footnote [, the particle computation for a hypermultiplet, as
opposed to a more general BPS multiplet, makes use only of the negative chirality
supersymmetries () 4;. The same is true in the field theory computation: the negative
chirality supersymmetries are enough to determine the action we will use. An anti-
selfdual graviphoton preserves the @) 4; even if its field strength is not Constantﬂ but
these supersymmetries are broken by anti-selfdual Riemannian curvature.

In our calculation, we will treat the scalars in vector multiplets as constants (so
that the 5d and 4d central charges ¢ and Z are constants). This means our calculation
will not determine a contribution to the effective action that does not depend on Wy,
that is a prepotential term —i [ d*zd*0F,(X*). We will see that our calculation is
also not powerful enough to fully understand F;.

We will assume that the minimal hypermultiplet action is sufficient to determine
the quantum effective action modulo D-terms. For the particle computation, we

proved the analogous statement in section [2.2.2] by a scaling argument.

14This is clear from eqn. (2.14). By contrast, a gauge field in a vector multiplet must be selfdual,
not anti-selfdual, to preserve the Q4;. See the remarks following eqn. (2.16)).
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The Action

We start with a 5d metric on My = S' x M, of the form

ds® = ¢*’(dy + B)* + ¢ “g,, dz"dz”. (2.146)

Here g,, is a hyper-Kahler metric with anti-selfdual Weyl curvature on the four-

. 6730/2

manifold My, and B, is a Kaluza-Klein gauge field. We require that B, = —i=—5—U,,
where U, is the four-dimensional gauge field whose curvature is the 4d anti-selfdual
graviphoton W . It is related to the 5d graviphoton T, by the usual equation ([2.5)).
We also adjust curvatures of the 5d gauge fields to be dV! = AT~ just like in the
graviphoton background. We will calculate the effective action in a region of My in
which the metric is very nearly flat and W, is very nearly constant — so that the
background is very close to the standard graviphoton background. And this slightly
curved background exactly preserves one of the useful features of the graviphoton
background — the only nonzero gauge field is the graviphoton.

In general, in supergravity, hypermultiplets parametrize a quaternionic manifold
X. However, for a 1-loop computation, we can approximate X by a flat manifold,
which in the case of a single hypermultiplet is just R*. We consider the general
case that the hypermultiplet has charges ¢; and hence a bare mass M =), qrh! in
five dimensions. The action is not just the obvious minimal coupling of bosons and
fermions to a gravitational background, because in five dimensions, the fermions in
a hypermultiplet have a non-minimal magnetic moment coupling to the graviphoton
field.

We denote the scalars in the hypermultiplet as ¢, X = 1,...,4. The fermions

are a pair of spinors £*” where o = 1,...,4 is a spinor index of SO(1,4) and p = 1, 2.
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The Lagrangian density is

£ = —=Dug*DVg* %MQ(qX)Z — 2ME € + E,PEP + %hl(dvf)MszrMng.

(2.147)
For M = 0, this action can be found in [96] (along with its generalization to an
arbitrary system of hypermultiplets). The mass terms can be generated by a coupling
to a U(1) vector multiplet and giving an expectation value to the scalar in the vector
multiplet. Notice that the fermion mass term explicitly breaks an SU(2) symmetry
of the massless action (acting on the p index) down to U(1).

The explicit magnetic moment term in does not actually mean that the
fermions have a magnetic moment. We have to recall that the minimal Dirac La-
grangian for a charged fermion describes a particle with a magnetic moment; one
usually says that the particle has a g-factor of 2. Also, in reduction to d = 4, a con-
tribution to the effective magnetic moment comes from the coupling of fermions to
the 5d spin-connection in the action (2.147]), which upon dimensional reduction with
the metric generates a magnetic moment coupling to the Kaluza-Klein gauge
field B, and hence to the graviphoton. (This shifts the coeflicient of the magnetic
moment term in eqn. (2.149).) The net effect for M # 0 (the M = 0 case has some
subtleties that will appear later) is that the effective magnetic moment vanishes in
four dimensions. That must be so, at least for M # 0, since the particle description
of section [2.2.2) made it clear that the fermions in a BPS hypermultiplet have no
magnetic moment. Vanishing of the effective magnetic moment will be clear in eqn.
(2.152)).

The effective action generated by the hypermultiplet is simply the difference of
the logarithms of boson and fermion determinants. A convenient way to calculate
this difference is to reduce to four dimensions, expressing the answer as a sum of

contributions of Kaluza-Klein modes of definite mass. This contrasts with the particle
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computation, where it is easier to consider orbits of definite winding number around
the Kaluza-Klein circle. A Poisson resummation will be needed to convert the answer
obtained as a sum over mass eigenstates to the answer expressed as a sum over orbits
of definite winding.

The Kaluza-Klein mode with —n units of momentum around the circle is a 4d

hypermultiplet with a 4d central charge

2= e (M —ie "n —ie "qal), (2.148)

where o are the constants that determine the holonomy around the circle of the gauge
fields V. The mass of the hypermultiplet is |2|. It will be convenient to simply think
of the hypermultiplet as a pair of complex scalars ¢%, i = 1,2, and a Dirac fermion ).
We write ¢, and ¥g (or ¢4 and 1 4) for the components of ¢ transforming with spin
(1/2,0) or (0,1/2) under SU(2), x SU(2),. After Kaluza-Klein reduction, the action

density for the n'* mode is

2

ETL Z Z —C —C
oo == > (Vud' P + [26]°) + 20, Biop + 20, DY
i=1
—cC — —C Z —cC
— 22 — 229 pYR + ZW;V%W@DL, (2.149)
where
quf) = augb - ZZU/AQb )
1 Z
D, = 0,0 + ngb%bz/; — zZUm. (2.150)

Here wzb is the Levi-Civita connection on My, and U, is the gauge field whose cur-

vature is W . Modulo possible terms of higher dimension, this action is actually
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determined by the 4d supersymmetry algebra ([2.29)), even if we consider only the Q 4;

supersymmetries and not Q..

The Computation

As long as Z # 0, the problem of evaluating the bosons and fermion determinants in
this problem can be simplified by integrating out ¢ . (The case Z = 0, which means
that M = ¢q; = 0 and n = 0, needs special care and will be treated separately.) If we
eliminate i classically by solving its equation of motion, the action density for v,
becomes

£¢L 2 . . B
=ty (122 + ézwm“” — zz) s (2.151)

2T Z
Standard Dirac algebra gives lDQ + éZW;I/yW = D, D*, showing the disappearance
of the magnetic moment. Finally, by absorbing a factor of VZ in ¢, (and the same
factor in 1, ), we eliminate the ugly factor of 1/Z in front of the kinetic enegy of .
After these manipulations the action becomes

o

= 297 (D, D" — Z2)r. (2.152)

We have to be careful to include some constant factors generated by these manip-
ulations. The Gaussian integral over ©g that is used to eliminate ©r generates a
factor of Z for every mode of 9. The rescaling of ¢);, multiplies the path integral
measure by a factor of 1/2 for every mode of ¢;. Including these factors and also the
determinants coming from functional integrals over ¢' and 1z, the path integral for

the n'* Kaluza-Klein mode gives

detr(—D? + |z|?)

Z NRr—MNj,
=) det?(—V2 + |2[2)’

(2.153)
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where dety, is the determinant in the space of left-handed fermions. Also, ng — ny, is
formally the difference between the number of right- and left-handed fermion modes;
we interpret this difference as the index of the Dirac operator, which we denote as Z.

In what follows, we write Try, for a trace in the space of left-handed fermions, and
Tr for a trace in the space of scalar fields. Also, we drop the distinction between D
and V and write simply —D? = —¢"”D,,D, for the Laplacian acting on a field of
any spin. The desired contribution to the effective action is minus the logarithm of

(2-153) or
— TIn(Z) — Try In(|2|? — D?) + 2Tr In(|2|2 — D?). (2.154)

With the help of

InA= / g(e_s — e, (2.155)
0

S

we can rewrite (2.154]) in the form

_ > d
—ZInz — / i (2Tr — Try) (e_s(‘Z‘Z_DQ) - 6_S> . (2.156)
0

S

This formula is obtained by using the representation (2.155)) of the logarithm for every
mode. When we sum over all modes, the coefficient of e™* in eqn. is formally
what we might call ny, — 2ng, where ng is the total number of modes of spin 0. On
a hyper-Kahler manifold M, with anti-selfdual Weyl curvature, the positive chirality

spin bundle is simply a trivial bundle of rank 2, so ng is the same as 2ny and hence

ny — 2ny = —Z. So an equivalent formula is
_ *“d
—ZInz— / & [(2Tr —Trp) (e_s(mQ—DQ)) - Ie_s} , (2.157)
0 S
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Using (|2.155)) one more time, this is

S

- / e (2T = Try) (=7} = 7] (2.158)

A Hilbert space 3 consisting of two states transforming under SU(2), x SU(2),
as (0,0) and two transforming as (1/2,0) was encountered in section [2.2.2] It arises
upon quantizing a Clifford algebra generated by four fermions v 4; with the familiar
anticommutation relations {1 4;,9Vp;} = €ape;j. Now we regard H as the fiber of a

vector bundle over M, and write  for the space of sections of this bundle. Clearly,

we can rewrite (2.158]) in the form

o0 d 2 2 >
—/ & (Tr;{(—l)Fe—s('Z' ~D?) —Ie‘sz>. (2.159)
0

S

We can interpret the operator exp(—s(|2|? — D?)) acting on the space 3 as exp(—sH)

where H is the Hamiltonian derived by quantizing the following superparticle action:

2 7 ;o
S = /dt <—|z|2 + % - ZUW + %g%f‘%mvtwm) . (2.160)

Here z# are local coordinates for a point in My, so that z#(t) describes a particle
orbitlﬂ in My; the 14, are fermi fields defined along the particle orbit; and V, =
o, + Z—llx'“w/‘jb%b is the pullback of the Levi-Civita connection of M, to the orbit. To
compute Tr (—1)¥ exp(—sH), we perform a path integral on a circle of circumference
s, with periodic boundary conditions for fermions, and using the Euclidean version
of the above action:

o 2 i‘Q 2 L AB
Sgp = / dr <|Z| + Z — ZzU#l"u + 55”8 ¢AivT¢Bj) . (2161)
0

15\We have normalized the kinetic energy of x* so that the bosonic Hamiltonian is P?; if the kinetic
energy were % 2, the Hamiltonian would be P?/2.
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Clearly, we have arrived at something very similar to what we had in the particle-
based calculation. However, there are a few key differences. In section [2.2.2] we had
to compute a Euclidean path integral on a circle of definite radius; this circle was
effectively just the M-theory circle. Now the radius of the circle is an integration
variable, the proper time s. Related to this, in section we were computing
the contribution of an orbit of definite winding number. Now we are computing the
contribution of a particle of definite Kaluza-Klein momentum.

Also, the computation in [2.2.2] was performed in a manifestly supersymmetric
framework. In our present computation, the starting point was not manifestly super-
symmetric (because we lacked a convenient and manifestly supersymmetric descrip-
tion of the hypermultiplet). It is easy to guess from eqn. how to express
our present computation in a supersymmetric form. But to be sure, we will per-
turb slightly around the supersymmetric Godel solution, allowing anti-selfdual Weyl
curvature, and verify that the result can be expressed in terms of superfields in the
expected way.

In doing this computation, we can assume that the radius of curvature is very large
(on a scale set by the particle mass or the graviphoton field), and that the graviphoton
field is nearly constant. This being so, the problem can be analyzed in a standard
way, using the fact that if M, were flat and the graviphoton field exactly constant, the
action would be quadratic and the path integral would be simple. The F-terms that
are described by the GV formula have contributions that, when expressed in terms
of ordinary fields (and taking the fermions to vanish and the scalars to be constants),
take the form of R? times a function of W~ only, where Rzl; is the Riemann tensor.
So in evaluating the path integral, it suffices to work to quadratic order in R, and to
ignore covariant derivatives of R or W™.

We set 2#(1) = a# + 2#(7), where z* labels a point in My, and 2#(0) = z#(s) = 0.

The path integral over z#(7) splits as an integral over a field z#(7) that vanishes at

107



7 = 0 and an ordinary integral over x*. Near z#, we use Riemann normal coordi-
nates, which are Euclidean up to second order in z#. In these coordinates, the spin
connection is

1

w®(z) = §z”RW‘lb + O(2%), (2.162)

where the O(2?%) terms can be ignored as they are proportional to the covariant
derivative of the Riemann tensor. Up to terms of order 22, the part of the action that
involves fermions is

1 .. . 1 . y ab i
§€Z]€AB¢AZ'77Z)B]' — EZ“Z RV# bgjiﬁAi’}/beiﬁBj. (2163)

The fermions 1 4;(7) have four zero-modes ¢S)i) — the modes that are independent of
7. The action contains a coupling Ry which is the only coupling that
can saturate the fermion zero-modes. Using this coupling to saturate the zero-modes
gives an explicit factor of R? in the path integral, and as we do not wish to compute
terms of higher order in R, we can drop the coupling of R to other fermion modes.

The action then reduces to

N P A A R 1 :
Sp = / dr {Z —ig (Wyu — ﬁRW“be%fﬁ’v;‘LBwS)}) 2P Ee”eAB@DAi%DBj + |22
0
(2.164)
Now we observe that replacing iRy(©¢(© /Z by Ry has the effect of just mul-
tiplying the path integral by —7Z°. If we make this replacement, and also set wg)i) =

V26 i, and finally set z# = \/iy“, then the action becomes

s /2 2 1 .. .
Sg = / dr {% — Wy + 55%AB¢A¢¢B]< + 1221, (2.165)
0
where
W(@,0) = W, (2) + - — R\ ()e,0 08 + ... (2.166)
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is the superfield whose bottom component is W,
The constant term |Z|? in the Lagrangian density just multiplies the path integral

by exp(—s|z|?). So

- 2
sl

Trz(—1)" exp(—sH) = ———; /d4yd46’\/§
Z

s 27 1 .. .
/D'y D' exp (—/ dr (% — iZW;Vy”g'/“ + §€Z]€ABwAinj)) ,(2.167)
0

where D’ represents a path integral over non-zero modes only. Apart from the de-
coupled fermions 1 4;, the remaining path integral describes a particle in a constant
magnetic field 2. This is a very standard path integral, and one way to evaluate

it was described in section We finally learn that

e sl TW? /64
Trg(—1)" exp (=s(|2]* = D?)) = - @) /d4:cd40\/§smhz—sz/m. (2.168)
8

(The measure d*f was defined in eqn. (2.102)), and the same derivation applies here.)
When this is inserted in (2.158)), we get

*ds [ e s 4 TW? /64 sz
8

S11

To see that the integral converges near s = 0, we observe first that expanding the
integrand gives a term proportional to 1/s3 but this term is independent of W and
is annihilated by the d*¢ integral. The next term in the expansion is proportional
to 1/s, but the index theorem for the Dirac operator ensures that this contribution

cancels, so the integral converges for small s. In fact, with the help of the index

theorem, (2.169)) is equivalent to

> ds 1 » TW?/64 TW? -
— d*zd*e Izl =z . 2.170
/s <<2w>4/ ’ ﬁ(‘f sinl? E0 364 21T
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Since 2 has non-negative real part, the integral also converges at large s.

To establish holomorphy in 2, we simply rescale s — s/2%, to get:

> ds 1 W2 /64 wPW?
- dixd*e = —s/2 ) 2.171
/0 S <(27T)4 / ! \/E (e sinh? —VSZW - 364 ‘ ( )

It is very satisfying to see holomorphy emerging even though the particle mass is

certainly not holomorphic in 2.

In this calculation, we have taken Z to be a complex constant, rather than a field.
This means that we have not taken into account fluctuations in the scalar fields in
vector multiplets. When such fluctuations are included, Z becomes a chiral superfield,
and the effective action may have an additional Contributionm not determined in our

computation, that depends only on 2.

The Case 2 =0

We recall that in this derivation, we assumed at the beginning that 2 # 0. Let us
separately consider the case that 2 = 0. This case only arises if M = ¢; = 0 and
in addition the Kaluza-Klein momentum n vanishes. Looking back to the 4d action
(2.149) with which we started, we see that for 2 = n = 0, the scalars ¢* do not couple
to W—, but the fermions have a magnetic moment coupling. (Thus, the case 2 = 0
is the only case in which the fermions have a magnetic moment.) This case is simple
enough that we can get a very general answer, for arbitrary Mjy.

We recall that a Dirac fermion is equivalent to a pair of Weyl (or Majorana)
fermions. So in a notation slightly different from that in (2.149), we have two right-

handed fermions %, 9%, and two left-handed fermions ﬂi, ﬁi The fermion kinetic

16Since the action depends on the 4d superfields Z! only in the combination Y, ¢/ Z7
which appears in the central charge, any WW-independent function that we have not computed is a
function of Z only. Even without any computation of terms that are independent of W, eqn.
clearly needs some modification when Z is not constant, if only to ensure that it converges for s — 0.
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energy is
[t (Fmok + Tip3). 2172

Classically, there is a U(1) symmetry under which v}, has charge 1, ¢} has charge —1,
and ¢%, 1% are neutral. (E}: is just the transpose of ¢} , with no complex conjugation
involved, so it has charge —1 just like v}, ensuring the invariance of the fermion
kinetic energy.) However, this U(1) symmetry is violated in a gravitational field. The
net violation of the symmetry is given by the index Z of the Dirac operator. Hence,
on a four-manifold M, on which Z # 0, the fermion path integral vanishes when the

graviphoton field vanishes. The graviphoton field W~ couples to a pair of left fermions

/ A QW 2L (2.173)

Thus W™ effectively has charge 1 under the symmetry. If Z < 0, so that generically
a left fermion has |Z| zero-modes and a right fermion has none, then the insertion in
the path integral of |[Z| = —Z copies of this interaction can give a nonzero result. The
path integral is then proportional to (W~)~Z. For Z > 0, the path integral vanishes,
if the graviphoton is anti-selfdual as assumed in the above formulas for the action. (It
would be inconvenient to restrict our discussion to the case that M, is hyper-Kahler
with anti-selfdual Weyl curvature, as this forces Z > 0, while we have just seen that
the more interesting case is Z < 0.)

For some purposes, one can describe this result by saying that the effective action
contains a term —3ZlogW~, which in supersymmetric language could be derived

from an F-term

% / dzdOW? log VIV, (2.174)

(We recall from section that the effective number of massless hypermultiplets is

—x/2.) For the original calculation leading to a result along these lines, see [56].
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However, this interpretation has some limitations. First, technically, the W=Z
behavior of the path integral arises only for Z < 0, not for Z > 0. For Z > 0, it is not
possible to get a nonzero path integral by making a negative number of W™ insertions.
Moreover, the path integral of the fermions under discussion on a four-manifold of
Z > 0 does not blow up as W= for W= — 0. Rather, it vanishes identically for all
W-.

Furthermore, if one carries out the d*@ integral in , one gets, in addition to
an Zlog W “coupling,” a variety of interactions that are singular for W — 0 and look
difficult to interpret.

Most fundamentally, the problem with trying to describe this effect by a term
in the effective action such as is that the effect is fundamentally non-local.
Our derivation has shown that the effect comes entirely from integrating out particles
that are massless in four dimensions, so one should not try to incorporate it into a
4d Wilsonian effective action.

It was observed in [56] that an F-term of the form W?2log VW2 is not part of
the relation between the Fy’s and the topological string. Indeed, such an effect is
certainly not seen in the perturbative string theory calculation of [60]. The reason
is clear from a low-energy point of view: perturbation theory with the interaction
will never generate a coupling of any number of gravitons to any (positive)

number of graviphotons, since this is prevented by the U(1) symmetry.

Comparison With The Particle-Based Calculation

Since we have taken 2 to be constant, we cannot compute the hypermultiplet contri-
bution to Fy. But we can compute its contribution to Fg, g > 1.

Using the expansion

(x/2)* > 20
sinh?(z/2) - ;(1 - 2”)B2nma (2.175)
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where the B, are Bernoulli numbers (of alternating sign), and integrating over s

term by term, we get

. log2
F1= gm0y
1 B
Fy=—i 29 (42)%7%9, (2.176)

(167)% 29(29 — 2)

Since ReZ > 0, the s integral converges and determines in F; a definite branch of
log 2, namely the one with [Imlog 2| < 7/2.

Eqn. determines the contribution to Fy of a 4d hypermultiplet of given
2. To get the contribution of a 5d hypermultiplet of mass M, we have to sum
over the Kaluza-Klein momentum n. This is particularly simple for M = 0, which
only occurs for g; = 0, in which case eqn. for the central charge reduces to
2 = —ine®/? = 2nX°. The sum over n can also be performed for M # 0 (see [61]),
but this does not affect the qualitative point that we wish to make.

As discussed in section [2.3.2] for M = 0, we sum only over n # 0. The contribution

of a massless 5d hypermultipet to Fg for g > 2 is

Jréw:o - —i; (1617r)2 29(2‘229_ 2) (8”X0>2_29 - (16Z7T)2 g(2§2_g 2) (8X0)2_2QC(29—2)-
(2.177)

For g = 1, the sum over n is divergent. This should be interpreted as follows.
The one-loop effective action in five dimensions is potentially ultraviolet divergent,
but any such divergence is the integral of a gauge-invariant local expression. Such an
integral cannot contribute to Ji, as we explained in section [2.1.2] Similarly, although
our knowledge of M-theory does not give us much insight about how to regularize the
one-loop computation in five dimensions, any two regularizations that preserve 5d

covariance will differ only by the integral of a gauge-invariant local expression, and

will therefore give the same result for F;. Consequently, a computation that preserves
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5d symmetry will give a finite and unambiguous answer for ;. The computation that
we have performed was based on an expansion in Kaluza-Klein harmonics and did not
preserve the 5d symmetry. This is why it does not give a satisfactory understanding
of the contribution of a 5d field to Fj.

We would like to compare the hypermultiplet contribution to the effective action
as computed in the field-based approach to the earlier particle-based result .
The field-based calculation involved a sum over states of definite momentum around
the Kaluza-Klein circle, and the particle-based calculation involved a sum over orbits
of definite winding number. As usual (and essentially as in [62]), to convert one to
the other, one should perform a Poisson resummation. In doing this resummation, we
should remember two facts, which turn out to be related. We cannot really compare
the two computations for F;, because our field-based computation was not powerful
enough to determine the sum over Kaluza-Klein momenta in F;. And in the particle-
based computation, we do not want to include a contribution with winding number
zero, because this contribution is not meaningful in the context of the particle-based
computation.

Since we will not try to make a comparison for Fi, we will ignore the W2e /%
term in eqn. , which only contributes to F;. To avoid having to worry about
the potential divergence of the s integral for s — 0, we simply remember that the
result of the Poisson resummation should be expanded in powers of W, keeping only
terms of order > 4. Also, in performing the Poisson resummation, we will discard by
hand the contribution of winding number k£ = 0; it will be clear that this term only
contributes to Fj.

As in eqn. (2.71)), we define S(§) = 2w(e? M — iqra’) = —2miq; Z*, so that the
central charge of a particle of Kaluza-Klein momentum n is 2 = e37/2(—in+S5(q)/27).
We also rescale the Schwinger parameter by s — s2 (this can be accompanied by a

rotation of the integration contour in the complex plane, so that we still integrate
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over the positive s axis). The sum and integral to be performed are then

dizd4 ds o e TWV2/64
/ L \/_Z/ — exp ( S(q)/2m) exp(inse )sinhQ(sx/W/E%).
(2.178)

Upon using Y, ., ™ =273, ,6(0 — 2nk), we get

(2.179)
We see that, as expected from the particle computation, there is no contribution
from k£ < 0, while £ = 0 formally makes only a contribution to /7, which we discard.
Integrating over s with the help of the delta functions, promoting S(q) = —2miq; Z’
to a superfield S(§) = —2miq; Z! (to get a formula that is valid even when the Z7 are

not taken to be constants), and introducing again X, = —ie=3°/2/2, we recover the

familiar result

d4xd49 LW2W2
Z / g exp (27TZI€ZQIZI> Sm4<w—k\ﬁ> (2.180)

8x0

for the hypermultiplet contribution.

2.4 Field Theory Computations of F;, and F;

Here we will consider the field theory computations which work for Fy and F;. This
case was omitted in our previous discussion and is required for completeness. First,
we need to elaborate a little more on the 4d N/ = 2 supergravity and properties of

interactions JFg.
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2.4.1 Additional facts about supergravity

Here we review and recall some facts about N' = 2 supergravity in four dimensions,
which are required for the derivation in this section.

The formulation of 4d Poincare supergravity that we rely on is based on embed-
ding in superconformal gravity, which is gauge-equivalent to Poincare supergravity
in the sense that partial gauge fixing of the superconformal theory gives Poincare
supergravity. This naturally comes with an N = 2 superspace. Chiral superfields
of weight 2 under dilations can be considered as possible F-terms in the superspace
action of conformal supergravity. Given some superspace interaction, say an F-term
[ d*xd*0 @, to find the corresponding terms in the Poincare supergravity action, one
has to not only integrate over Grassmann coordinates 6, but also impose all gauge-
fixing constraints that reduce the superconformal gauge group to the super Poincare.

Two superconformal matter multiplets, the compensators, disappear in this gauge-
fixing. One usually chooses a vector multiplet and a hypermultiplet for this role
(see [20] for details). Thus to build an N = 2 Poincare supergravity coupled to n
vector multiplets, one starts with N = 2 superconformal gravity coupled to n + 1
vector multiplets and 1 hypermultiplet.

As already discussed before, an N = 2 vector multiplet in 4d contains a complex
scalar, a vector and a doublet of spinors. Such multiplets are described by reduced
chiral superfields X*, A = 0...n (see [49-51]), whose lowest components X* are com-
plex scalars, while the highest components are —%(Qﬁia“”ﬁj )QDMD*‘YA and involve
derivatives of complex conjugate scalars (because of the non-holomorphic constraint
satisfied by reduced chiral superfields). Recall from section that couplings of vec-
tor multiplets are described by the holomorphic prepotential Fo(X) (see [20]), which
has to be homogeneous of degree 2 to define a term in the Lagrangian of conformal
supergravity:

— / d*zd*0 Fo(X) + c.c. (2.181)
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With the usual notations F. s F As ete. for derivatives of Fy (as introduced in Section

} and Ny = 2Im F Az, the superspace expression ([2.181)) implies the kinetic term

for conformal scalars:

/ d*a/gNas D, X DV X" (2.182)

where the derivatives are covariant with respect to the superconformal gauge group.
In order to get the kinetic energy for scalars of Poincare supergravity, one has to use
a gauge condition which fixes dilatational symmetry of conformal supergravity. This
usually has a form of some constraint on the superconformal scalars X*. The freedom
to perform local dilatations in conformal supergravity corresponds to the freedom to
Weyl-rescale metric in Poincare supergravity. The standard gauge choice [20], which
guarantees that the Poincare theory emerges written in the Einstein frame and which

was used in Section [2.1.2] is

NasXAX™ = 1. (2.183)

It is usually supplemented by the U(1) R-symmetry gauge, which we picked as i.X° > 0
when the expression (2.83]) was written. A convenient choice of independent holomor-
phic scalars was:

XI

ZI:F, I=1...n. (2.184)

The standard gauge choice (2.183)) implies the following expression for | X°|? in terms

of other fields:

1 _
XOP ==, Y= —Nas 227" (2.185)

In this case, the kinetic energy for vector multiplet scalars (of Poincare supergravity)

takes the form:

Y 'M,0,2° 047, My = Ny — (Nn X )(Nye X, (2.186)
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and Y1901, is actually a Kahler metric:

Y 'M;; = InY. (2.187)

277 o577

2.4.2 More properties of F,

Recall that one of the conclusions of the section [2.1.2| was that only Fy and JF; receive
contributions from the classical dimensional reduction of 5d supergravity on a circle.
These classical parts, F¢' and F¢, were given by and . Our task in this
section is to compute the quantum corrections Fy and Fi.

In section we discussed shift symmetries. We can use them to obtain some
restrictions on how the quantum corrections to Fy depend on the scalars Z1. We
note that the only way the 5d BPS miultiplet action depends on o and h! is through
the linear combinations gra’ and grh! (as we will see in section [2.4.3). Thus, due to
holomorphy, the quantum correction to g4 should be a function of ¢;Z I From shift
symmetries, it actually should be a a function of >z 2" Thus we conclude that the
general form of the contribution of one BPS multiplet to Fg, which we will usually
denote by Fg, is:

Fo= (X0)2N " g gemihu?!, (2.188)

k>0
where we did not allow negative values of k, as the contribution oc e 2™*M M =
qrh!’ > 0 should decay faster for more massive particles, rather than exponentially
grow (the k& < 0 terms would actually have Z! replaced by Z" and would contribute

to the F-terms of the opposite chirality).

Constraints on F from parity

M-theory has a discrete symmetry which is often called “parity” and is a combination

of some orientation reversing diffeomorphism in 11d and a sign change of the 3-form
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gauge field C'. This symmetry descends in an obvious way to the symmetry of the
5d action, and then to 4 dimensions as well. The fields A} and o', which originate
from the 11d C-field, get an extra minus sign, while the field Ag, which is a Kaluza-
Klein gauge field, does not. So, to summarize, the 4d supergravity we obtain should
be invariant under the parity defined as an orientation reversal combined with the

following:

I I
A, ——A,
A — AD
ReZ' =o' — —a. (2.189)

How does it constrain the form of F47 Since d = 4, N = 2 supergravity written in
a given metric frame lifts in a unique way to the conformal supergravity, the parity
symmetry also lifts there. It can then be extended to the symmetry of the superspace
action. Since parity switches chiralities, we can conclude that the two terms of the

form:

—i / 40 Fy(X)YW?9 + i / A0 F (X)W (2.190)

are switched by parity, where the second term is the complex conjugate of the first
and @ are superspace coordinates of opposite chirality. This means, in particular,
that for all g > 0, —iF4(X) goes into iF 4(X) under parity. We are working in the
gauge where iX° > 0, and so if we consider the non-homogeneous function ]?g(Z ) =
(X9)29-2F (X)), we also find that parity complex conjugates iF4(Z), i.e., sends Fy(Z)
to —%.

Since the only effect of parity on scalars Z! is to multiply of by —1, it means

that all terms ]?Q(Z) in the GV formula should go to —.7?9(Z) under a/ — —a’. This
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condition implies that .7?9(Z ) should be imaginary at af = 0 In particular, ¢ 4 in

(2.188]) are imaginary. We will use it soon.

2.4.3 Computation of F

Now we consider a light massive hypermultiplet coupled to the 5d supergravity which
has enough scalars h! (we will explain this requirement in Section . For the
purposes of one-loop computation, the global geometry of space parametrized by
scalars in the hypermultiplet is irrelevant. So, this multiplet can be described by a
pair of complex scalars 2, i = 1,2 and a Dirac spinor ¥ in 5d. The quadratic action

on the flat background with no gauge fields turned on is:

2
Sy = /d% (Z(—\aziﬁ — M2 ) 4+ T g0 — M@C\y) : (2.191)

i=1

We want to determine its contribution to the term Fy in the 4d N = 2 effective
superpotential. Our strategy is to determine first its contribution to the 4d Kahler
metric on the vector multiplets moduli space, and then, since this metric is encoded
in Fy, to reconstruct the hypermultiplet contribution to Fj.

To find the contribution to the Kahler metric, we need to compute the effective
action governing fluctuations of vector multiplet scalars on the flat background R** x
S, which is the simplest possible background consistent with our problem.

Let us describe the precise setup. Note first that the expected answer has a known
form (2.188), in which we only have to determine the constants ¢, 4. To do this, we
can choose any convenient values for the background fields. One such field is the
radius of the M-theory circle e?, and we should choose some value for it. Before,
the computation was done in the large radius limit. This was the case because, in

the particle computation performed earlier, one was integrating out particles that

"For analytic Fg(Z), these two conditions are actually equivalent.
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were not point-like. They were given by wrapped M2-branes and thus had some
internal structure. But the computation was done in the approximation in which
those particles were treated as point-like, which made sense only if the characteristic
size of their trajectories — the radius of the M-theory circle which they wound — was
much larger than the particle size.

In the current situation, we are doing the field theory computation, so the question
of whether the particles are point-like or not becomes hidden behind the question of
applicability of the field theory description. And, as was already noted before, we
assume the field theory description to be valid for the massless or very light multiplets.
Also, we know how the holomorphic answer depends on the radius, and we
know that the coefficients c; 4 do not depend on it. Therefore, once we have the
action and know what to compute, we are free to pick any convenient value
for the radius. For simplicity, we set it equal to 1, that is ¢ = 1. We also do not
switch on holonomies, o/ = 0. We allow the 5d scalars h! to depend on the point of
R31, while they still should be invariant under translations along S*. Since the mass

of the BPS particle in 5d is expressed through its charges ¢; as:

M=> g, (2.192)
I

M (z) is allowed to fluctuate around its constant background value M, with fluctua-
tions depending only on the point of R*!. Now, to determine the Kahler metric defor-

mation, we need to find a term in the effective action which is quadratic in M (z) and

has precisely two derivatives. Since the effective action is Sepp = —iln [ Dz DWe'r,

and we are looking for
62Se sy

M (2)0 M (y) | M=const’ (2.193)
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it is clear that all we need to compute is a connected two-point function of the mass

terms:

—i < (QMZ Eds +@cxp> (2MZ Eds +WC\IJ> > : (2.194)

and then, in the momentum space representation with an external momentum p, to
extract the p?-part of the answer. This will give the one-loop Kahler metric deforma-
tion due to the light hypermultipet.

After we calculate the Kahler metric deformation, we will have to reconstruct the
prepotential deformation from it. We use notation cl and q to distinguish classical
and one-loop parts, so for example the full prepotential is Fy = F5! + Fy, were the
classical part is given by . The Kahler metric deformation is written in terms
of the scalars Z! = X7/X" of Poincare supergravity. However, Fy(X) is a function
of conformal scalars X, so to reconstruct it, we should know the expression of X°
in terms of Z! and Z. Reconstructing F( includes some subtleties, which we will

discuss in detail later, after the two-point function computation.

The two-point function computation

In this subsection we compute (2.194)). First of all, we need to know the relevant
Green’s functions on R*! x S'. Let x# be coordinates on R*! and y € [0, 27] be a
coordinate on S*. If Gy(z,y) and Dy(x,y) are the Green’s functions for bosons and

fermions respectively on R*!, i.e., they satisfy:

(0% = M*)Go(z,y) = 6@ (x)a(y),

(@ — M) Do(x,y) = 6 (2)d(y), (2.195)
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1

then the Green’s functions on R3*! x S! are just:

G(z,y) = Z Go(z,y + 2mk),

kEZ

D(x,y) = _ Do(x,y + 2k). (2.196)

kEZ

Then ([2.194) gives:

_SiMQG(SCl—m,Z/l—y2>G($2—l’17yz—y1)+iTr[D(I1—$27yl—yz)D(@—l’h%—yl)]a

(2.197)
where (z1,y1) and (x9,y,) are the space-time points where the two mass terms are
inserted. If K(x1,y1;x9,y2) denotes the expression , then the term in the

effective action is

/d4x1dy1d4x2dy2 K(x1,y1; 22, y2) M (21) M (2). (2.198)

We note that since M(x) is independent of the circle direction y, we can integrate
(2.197)) over y; and ys, or over y = y; — y2 and ys. Another obvious step is to pass to

the momentum representation for the R3! directions. Now we have

d4 ,
/dyldy2lc(xlvyl§x27y2) :/(2;;4 K (p)e®@—e2), (2.199)

and this K(p) is given by

Ko = 2 [ ay [ L (83606 — . —) ~ T [Dla. 1) Dla (y)D;
2.200
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M(p) M(-p)

q-p, k,

Figure 2.2: The two-point function of mass terms. Internal lines are labeled by the
4d momentum and the winding number.

If we substitute (2.196), this becomes:

. o d*
K(p) = —2mi Z / dy/ (2734 <8M2G0(q, y — 27k1)Go(q — p, —y — 2mks)
k1ko 0

~Tx[Doa,y — 2mh1) Dol — p, —y — 27ks)] ).

(2.201)

This quantity is represented by the Feynman diagram on Figure [2.4.3] where scalars
and bosons run inside the loop, and we label internal lines of the loop by the corre-
sponding 4d momentum and the winding number k. It is clear from the picture that
k1 + ko plays the role of the total winding number of the particle as it circles the loop
in the diagram. Another way to see it is to reintroduce non-zero constant holonomies
al. These would just shift the momentum in the circle direction by w — w + graf
and contribute an overall factor e~**'¥ hoth in Go(p,y) and Dy(p,y). Then, in the
above expression for I(p), the only effect of holonomies would be to introduce an

. I
overall factor e2mi(kitk)ara

, thus showing that k; + k5 is indeed interpreted as the
total winding number of the loop.
We need explicit expressions for Gy and Dy in a “mixed” representation, where

momentum is used for the x* directions and position coordinate is used for the y
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direction. It is easy to find that:

00 R . .
D0<p y) = / d—weiwyM Zp b = M Zp e~ lvIV/ PP+ M? + Slgn(y) 51yl 2+ M2
’ o 21 PP M 22 M? 2 ’

Wy —

_ooge PPHwr+ M2 2 /2 + M2

< dw , 1 e~ WV M2
Go(p,y) =

(2.202)

Substituting this into our expression for K(p), computing traces of gamma matrices

and considering a given fixed k = ki + ko, we get

o 4 M2 2
o Y [ [ T b
0 @2m)*\ /? + M2\/(q — p)* + M?

k1+ko=k

+ Sign(y — 2rk;)Sign(y + 27rk:2)> eIk @M =y 2mha |/ (a—p)*+ M2 (9 9()3)

For this computation and for the computation in the next section, we need the fol-

lowing two formulas:

e—27r|k|A + 6—27r|k|B e—27r\k|B _ e—27r|k|A

2w
d —ly—2mk1|A—|y+2mk2|B _
/0 DD A+B | A-B
ki1+ko=k

(2.204)

2
/ dy Z e~k A=ly+2mka | BG0m (1) — 270k )Sign(y + 27ks)
0 k1+ka=k
e—2lklA | p=2mlk|B —2nlk|B _ —2nlk|A

A+ B B A—B
(2.205)
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Applying them to (2.203]), we get:
M? +¢* — pq

/ dq
— 2mi 1 X
2m)* | /¢ + M2\/(q — p)? + M?
e~ 2mlkl\/(g=p)?+M? _ —2mlk|\/q>+M> N e 2mlkly/ @ +M> o =27lkl\/(9—p)*+M?>
V@& + M? = /(g —p)? + M? V@ + M2+ /(g —p)? + M?
e~ 2mlkl/ (=P + M2 _ —2mlkl\/@HM? —2mlkly/@ M2 eQﬂHWI

_.|_
V@ + M= \/(g—p)* + M V@ + M+ /(g —p)* + M

(2.206)

This expression is perfectly convergent for k£ # 0 and we are going to compute it

shortly, but first let us say a few words about k£ = 0.

A digression about k = 0. The case k = 0 corresponds, in the particle language,
to the contribution of closed trajectories that do not have any net winding number.
Such trajectories in R* x S' can be lifted to closed trajectories in R®. Thus the
k = 0 term should be understood as a contribution to the 5d effective action. It then
contributes to the 4d effective action through the classical dimensional reduction. As
was explained earlier, only two F-terms can receive contributions from the classical
dimensional reduction. Those are precisely the Fy and F; that are being studied
in this section. The F; term will be discussed in the next subsection, while for the
prepotential Fy, the only possible contributions from dimensional reduction originate
from the 5d action (for supergravity with vector multiplets) with no more than 2
derivatives. Such an action in 5d is completely fixed by supersymmetry in terms of
the coefficients Cryx (see [97]). Dimensional reduction then gives the prepotential
in 4d depending on these coefficients. So the only possibility for the k£ = 0
contribution to affect the Fy term in 4d is to shift the values of C;x in the 5d effective
action. This does not happen. One way to see it is to note that the 5d action has a

Chern-Simons term Cryx VI AdV? AdVE. Tt gives rise to the term Crygal FY A F/
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in the 4d action, where o = V;f are holonomies along the circle. Any quantum
computation will depend on holonomies through the combination ¢2' | and thus the

term Cryal F7 A F7 cannot be shifted ['9]

Back to the computation. Now, for k # 0, we want to Taylor expand the inte-
grand in (2.206]) and pick out the p?-term in the expansion. Schematically, there will

be two kinds of terms:

dq
/ @i [f1(*)p* + f2(a®) (pa)?] - (2.207)
In this type of integral one usually performs a Wick rotation ¢ = —ig?, and then

notes that, due to the spherical symmetry, ¢,g, can be replaced by %nw. After that,

we have:

—i/% [f1(a%) + f2(ah)az /4] pE- (2.208)

By going to spherical coordinates and recalling that the volume of the unit 3-sphere

is 272, one has to compute:

s
(2m)?
8From the string theory side, the values of C;yx are given by the string three-point amplitudes

on a sphere S? with one insertion of the NS-NS vertex operator corresponding to the scalar o and
two inservions from the R-R sector corresponding to the field strengths F iy (see [98]).

/0 " fda [A(@) + fale)a/4] p (2.200)
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We apply this to (2.206) (after Taylor expansion) and get the following expression at

the p?-order:

—27 k M2 2
e /oo ol 2kl /Mg 2 (3+47r2k2M2 4 4n%k2¢% + 67|k| /D2 +q2)

(2m)2" Jo 8 (M2 + ¢2)°/?
o= 2rlkly/ M2+ 2ﬂlk|e—2m\/M2+q]

— (]v[Q N q2)3/2 M? + q
(2.210)

By an obvious change of variables x = \/M? + ¢2, this is transformed into:

_LPQ /OO dxx(xg B MQ) e_2|k|7r$ (Iz _ M2) (3 -+ 47TQI€2M2 + 67T|]{Z|.T + 47T2k'2 (I’Q o MQ))
(27)2 o

27T‘k|€—27r|k:|x 6—27r|k|:c

2 3

(2.211)

which gives:

71_6—27r|k:|M

T (2.212)

We sum this over k # 0 (k and —k pair up) and get the corresponding kinetic term

deformation in coordinate space:

> —27rkM 1 & —27rkM
Z = (2)0" M (x) = —5 Z g 11950 hlorn’. (2.213)

k=1 k=1

8y

NJI»—l

Reconstructing 7

Now we aim to reconstruct the expression for Fy from the Kahler metric deforma-
tion we have computed. An important observation one should make first is that

the one-loop quantum corrections also include contributions to the effective action
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that describe couplings of the vector multiplets scalars Z! to the scalar curvature
R. That is, effective supergravity emerges written in a non-Einstein frame. If we
denote the corresponding one-loop contribution as %(;S(Z, Z)R, then the part of the
Lagrangian density including also kinetic energy of scalars, written at the point with

zero holonomies of = 0, is:

1 x© —2nkM

%(1 +6(Z,Z2)R + gc”thathaﬂhK -5 ; ﬁquJauhfaW. (2.214)
We could find this ¢(Z, Z) by computing the two-point function of some scalar Z’
with the metric. This would require, similar to what we did before, a calculation
of the two-point function of the mass term with the stress-energy tensor of the 5d
hypermultiplet on the flat R* x S* background. However, there is no need to do
it as the structure of N = 2 supergravity determines this function in terms of the
quantities we have already calculated, as we will see soon.

We want to compare the deformed metric on scalars in with the formulas
from the Section [2.4.1 namely with the general expression for the Kahler metric
(2.186|) in the Einstein frame. However, since the action ([2.214]) is written in a non-
Einstein frame, we have to rescale metric first, writing the action in the Einstein

frame:

1 3 — 1 _ ©_ p—2rkM
SR+ 51+ 6(Z.2)) 7 Crah! 0,07 0" h" — S (1+ (2. 2)) 7 ) i WO O h
k=1
(2.215)
Keeping only the first order corrections, we find:
3 A o ik L et IaupJ
— 5<;s(z, Z)Crich?d,h’ 9" hf — 3 > qu@h o*h’ (2.216)
k=1

which is the desired Kahler metric deformation. We want to compare it with the
deformation of (2.186) under Fy = F&! + Fy, where F¢! is the classical prepotential
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(2.82)). Such a prepotential deformation results in Ny = NS + Nis, and, through
the gauge condition Ny X A = —1, in the deformation of the expression for X°

in terms of other scalars. It is straightforward to find the first order correction of

(2.186)) at o =0 and e” = 1:

1 1 3
ZN?Ja#hIa#hJ + Z(NIthIhJ + N30)§CIJKh16th8“hK, (2.217)
Recalling the general expression for Fg (2.188) deduced from shift symmetries, one

can further write this as:

— 2720, MO" M Z k2Im (cpg)e ™2™ M

k>0

3
+ <27TM Z kIm (Ck’0>6_27rkM + Z Im (Ck70)6_27rkM> ECUKhI@#hJﬁ“hK,

k>0 k>0

(2.218)

where we used M = ¢;h!. We now want to equate this to the result of the one-loop
calculation given in . Also, it is useful to realize that at of = 0, the function
#(Z,Z) is really a function ¢(M) of M = qrh! only, simply because it is a one-loop
effect due to the particle of mass M. Equating with and slightly

rearranging, we get:

1
2 2 —2mkM
270, MOo" M k§>0 k (Im (cko) — (27T)4k3) e

3
= (gb(M) +2tM Z kIm (ck,o)e_%kM + Z Im (ck70)e_2”kM) ECIJKhlﬁuh‘Ia“hK,

k>0 k>0

(2.219)

which is the equation for the unknown coefficients c; ¢ and the unknown function

¢(M). When written in such a way and if there are enough scalars h! in the theory,
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one can showﬁ that the only possible way to satisfy it is to set both sides to zero.

Recalling that ¢, are imaginary due to parity, this gives:

i
M o M —27Tk‘M —271'/€M 9 220
a )__Z( 27)3k Z 4k3 : (2.220)
k>0 k>0
With such values of ¢, we get:
Fo= D= e e2mikaz! (2.221)
k=1

which agrees with the GV formula as claimed earlier in this thesis. It is now also

obvious that for af # 0, the expression for ¢(Z, Z) is
3 q yATE L 35 ra ,A%T
0(2.2) = —NipX'X" = —2e N3, 27" (2.222)

It would be an interesting consistency check to derive this ¢(Z, Z) by computing the
two-point function of the mass term with the stress-energy tensor in the 5d hyper-

multiplet theory.

19Tf there are enough scalars, one can find such a constant (i.e., independent of the space-time
point) infinitesimal variation 6h! that C;jxdh!8,h’0"*h% is non-zero, while 6M = q;0h! = 0
Of course, constraint Cryxh’h’h® = 1 defining the hypersurface M), should be preserved too.
Under such a variation in h!, the equation should be preserved. But since dM = 0, the
only term whose variation is non-zero is Cryxh’ 6Mh‘] 0*h®. Thus the expression in parenthesis by
which it is multiplied should be zero for the equation to hold, which immediately implies .
There are by(Y) scalars h!, I = 1...b5(Y), where by(Y) is a second Betti number of Y. To have
“enough scalars”, we can take by(Y) > 4. To show this, put d,h! = a,6h!, ie., assume that
the gradient is parallel to the variation that we are seeking with some proportionality factor a,
such that a,a” # 0 (we can obviously do that). The fact that Cryxh!h/h® = 1 is preserved
means that 6h! is tangent to Mp. Also, as mentioned above, we have ¢;0h! = 0. Also, we want
Cryx6h18,h’ 0" WX = a,a"Cr SR Sh’Sh™ # 0. When by(Y) > 4, the tangent space to My, is at
least three-dimensional, and g;dh! = 0 gives a subspace of dimension at least two. In such a space,
we can clearly find such §h! that a single condition C;;x6h!Sh?6h™ # 0 is satisfied, and this is the
variation we need, so b2(Y) > 4 is enough. However, in Subsection we will explain that the
answer we get is valid for any b (Y).
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The case of arbitrary by(Y)

In the derivation of , we used the assumption that there are enough scalars,
namely that by(Y") > 4, as explained in the footnote However, there exist Calabi-
Yau spaces with by(Y') < 4. For example, the quintic threefold has bo(Y) = 1, which
is the minimal possible value. In fact, the case of by(Y) = 1 seems to be even more
problematic, because the 5d theory obtained by compactification on such a manifold
has no vector multiplets and so no corresponding scalars. But our approach was to
compute the Kahler metric for those scalars, so their existence was essential.

A possible way around is that the formula , describing the contribution
of a single 5d hypermultiplet to Fy, is universal and holds for any by(Y"). Once we
know that the corresponding 5d BPS multiplet exists, this formula gives the answer
irrespective of how big or small by(Y) is. For bo(Y') > 4, this already follows from our
derivation, but for the cases of small b5(Y’), one has to give a separate argument.

To do this, notice that we could set up a different computation of Fy. Namely,
we could use the kinetic energy of gauge fields. It has two good properties. One
is that it is Weyl-invariant, so rescaling the metric into the Einstein frame would
not affect the one-loop deformation of the kinetic term (unlike it was for scalars in
-). Another is that the matrix of couplings Ay, defined in does
not depend on the dilatational gauge, i.e., on the expression for X°, so that the gauge
fields kinetic term deformation is directly related to Nis.. So we could just compute
the two-point function of 5d gauge fields (they exist for all b(Y'), unlike scalars), and
get Fy out of it directly. A disadvantage of such an approach is that it seems to be
much more technically involved than what we have done here, and one would also
need to know how to couple the minimal action to gauge fields in a proper
supersymmetric way. That is why we have chosen scalars for the computation. But

such an alternative computation would clearly depend only on the properties of the
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5d hypermultiplet, and not on by(Y"). Its existence establishes our claim that (2.221))

provides the universal answer.

2.4.4 Computation of F;

In this subsection we consider the same light hypermultiplet as in (2.191)), but here we
determine its contribution to F;. The term JF; gives rise to a variety of interactions
in the 4d effective action, and every one of them can potentially be used to set up a

computation of F;. We find the following term:

(Im 1) R? = (Im Fy) Ry, R (2.223)

to be the most useful for this purpose. This term can be understood as a response to
a small metric perturbation. Thus, it can be computed from the two-point function of
the symmetric stress-energy tensor of the action (2.191)). We consider a small metric

perturbation around the flat 4d Minkowski background (the R*! part of R®»! x S1):

Guv = Ny + hf,uua (2224)

and we assume no metric perturbations in the circle direction. That is, the metric

remains ds? = g, dz*dz” 4+ dy?. With the TT-gauge condition:

Wt =0

8, =0, (2.225)

we have: R? = 0,0, 09 h,,,+O(h?). So we will compute the following interaction:

8(Im F1) W™ (9%)* h . (2.226)
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If Ty is the symmetric stress-energy tensor of (2.191)), then for small perturbations
h,, of the metric, the leading order contribution to (Im F;)R* at one loop comes

from:

1 [ EC YT @D ) (). (2.227)

The useful relation to extract the one-loop answer F7' is:

/ 1Ay (T (01 )T (02) I (1)1 (3) = — G / (T FOR (022 P + . .

(2.228)
where the ellipsis stands for terms with the wrong number of derivatives.
The two-point function computation
The symmetric stress-energy tensor is
(s = i l=c - —
T ==23 2 (0600) 2 + 57 (100 =10 00) U= mul.  (2:220)

Formula (2.228) implies that, due to the tracelessness of h,,,, the n,,L term in the
expression for 7, is unimportant.

Since the leading contribution to R,,,R*** is proportional to (Oh)?, we need
to find the (p?)*-order term of the (7),,T),) two-point function. We identify the
contribution of bosons first:

2 4 4

d*p dq
8% 2 d R (—p) A —0)uqir(q—p),G(q,y)G(qg—p, —y).
X W/O y/ 2 (=p) (p)/ (2@4((1 P)utvar(q—p),G(¢,y)G (g —p, —y)
(2.230)

Because of 9,7 = 0, we have p"h,,(p) = 0, and so the important part is:

8 x 21 /O ﬂdy / (§;§4h“”(—p)hAp(p) / %quyqxqﬁ(q,y)(}(q—p, —y). (2.231)
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The contribution of fermions is:

1 d4p v Ap ﬂ
1] o) [ o

XTr { (V) — (P — D)) D(@, ) (va (@ = D)y +Y040) D(g — . —y) } . (2.232)

And for the same reason, p"h,, = 0, the relevant part is:

/ (22254 W (—p)h™ (p) / %Tr {7.4.D(q,y)v2q,D(q — p, —y)} . (2.233)

So, we have to find the (p?)2-term of this expression:

2m / dy / = 8¢, 4v000,G (4, 4)G(q — p, —y) + Tr {70 D(a, y)vrapDla — . —y) }] -

(2.234)

The following steps are as in the F{ case. We have:

2m Z / / SQMQVqu,DGO(q7 — 2mk1)Go(q — p, —y — 27ks)

+Tr { V) Do(a, y — 27k1) 7080 Do(q — p, —y — 27ks) } } ,  (2.235)

and for given k; + ko = k, we get:

240y 00q
27 / / a P
M?q(.9,090) Gt (q = P)adp) + (4 = P) ) Drdp — 4(d — P)4w g (3dp)
MRV SN T V@ + M/ (g —p)? + M?

+ 409 (7 2p)Sign(y — 27k, )Sign(y + 2771@)] e~ ly=2mkl\/ @*+ M2~ |y+27ks| (q’p)2+M62.236)
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We throw away terms proportional to p,, p,,px or p,, and get:
S oo

+q(ygp)()\Qp)Sign( —27Tk1)Slgn(y+27rk )] —|y—27k1 |/ 2+ M2 —|y+2mka|\/ (¢—p) +M2

M2 +q(qg—p))q d(wv9u)(\dp)
V@ + M2/ (q—p)? + M2

ki1+ko=

(2.237)

Computing the sums and integrating over y using the formulas ) and m

we find:
o / dq | (M? 44l = P)awInads
(2m)* | Vg2 + M2/ (q = p)* + M?
o= 2mlkl\/(a=p)2+ M2 _ —2xk|\/ 2+ M2 ) e=27lkl/@+M? | o —2rlk|\/(q—p)>+M?
VEFM = lg=pP+ M2 @ Mg —p) M

e 2mlkl/ (a=p)2+ M2 _ =2nlkl\/q*+M?  =27|k]\/@>+M? | —2mlkl\/(¢—p)*+M?

+qu - *
q gmqu)( V@ + M2 — /(¢ —p)?+ M? V@ + M+ /(g —p)?+ M?

(2.238)

Now we have to Taylor expand this to get an O(p*)-order contribution. We then
integrate over d%q at that order. We have to do the same tricks with Wick rotation

and replacing products of ¢, by symmetric combinations of 7,

/ (d4) [11(6)a4(P")" + f2(a")aug,p™(aP)" + f3(a")aud0(ap)"] —
_Z/ (d q)E [fl( ) nup( ) + fa(q );]477up( 2)2+f3(q1%3)g_477“9(p2)2 4

(2.239)

where the ellipsis represents terms that vanish upon contractions with h**h*?.
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So, after Taylor expansion, we get:

_ M2 12 _ /M2 1 a2
e 2|k|m/ M2+q k2M67T2q2 e 2|k|m/ M?+q M2q4

47

(p?)? /°° 34 [36_2|k|7f\/M2+q2M4q2
0 16 (M2+q2)9/2

4 (M2 + ¢2)° 6 (M2 + ¢2)°/?

. 56—2|k|7n/M2+q2k2M47T2q4 736—2|k|7n/M2+q2 q6 776—2\k|7n/M2+q2 k2M2ﬂ_2q6

12/(M? + ¢2)”?
e~ 2kl / M2+q2 k:4M47r4q6

384 (M2 + ¢2)""?
6—2\k|7r\/M2—+q2k4M27T4q8

1536 (M2 + ¢2)°/
136—2\k\7T\/M2+q2 k;27r2q8

96 (M2 4 ¢2)°

3e—2lklmy/ M2 +q° |k‘|M47rq2

48 (M2 + ¢2)°”
e~ 2lk|m\/M?+q? |k]M27Tq4

384 (M2 + ¢2)"/*

+€72|k|m / M2 +q> k:47r4q10
96 (M2 + ¢2)°

e—z\k\m/M2+q2 ]k]3M47r3q4 73

8 (M2 + ¢2)* 3(M?2 4+ ¢2)*

6_2|k|7m /S M?2+q2 ‘k‘,/.(_qﬁ 496—2|Ic|7r\/M2-|—q2 ‘k‘3M27T3q6

9 (M7 + )’

288 (M2 + ¢2)*
176—2|k|7r«/ M?24q2 \k\37r3q8

768 (M? + ¢2)*

288 (M2 + ¢2)*
(2.240)

Doing the same change of variables © = \/M? + ¢? as before and integrating, we get:

.<p2)2 6—27r|k|M

- : 2.241
in 247 | k| ( )
Summing over k # 0 and using ([2.228)]), we obtain:
1 0 —2rkM
Im FY = ¢ (2.242)

 16m2 £~ 64 x 3k’
k=1
so, using the fact that 7 is imaginary at a! = 0 and then extending by holomorphy:

q

] — i
Fr= 167r2,;64><3k:

2mikqr Z1

(2.243)

This is again compatible with our previous discussion.
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A word about k = 0. Just as in the Fy case, the integral is convergent
only for k # 0. The k = 0 part is again interpreted as a term in the effective
action in 5d. And this term then can or cannot contribute to F; by the classical
dimensional reduction. Before we argued that the only possible contribution to F;
from the classical dimensional reduction is of the form c; 22 I with real constants Cra-
So the only remaining question one could ask here is whether the &k = 0 part of the
one-loop answer could contribute by shifting the values of these ¢z .

The real part of F; o ¢;2Z' enters the 4d interaction [ c¢;2a’Tr(R A R), which
comes from a Chern-Simons interaction in 5d of the form [ ¢;2V! A Tr(R A R). The
imaginary part of F; corresponds to the 4d interaction [ \/§d4$ cr2h! R, which ap-
parently lifts to the 5d interaction of the form o [ v/Gd®z c;2h! R?. While the mean-
ing of the latter term is not entirely clear, the 5d Chern-Simons term was discussed
before. As explained in Section [2.1.2] it can be lifted even further, to the 11d action.

(TrR*)? — 755 TrR*] (where the powers

Its 11d origin is an interaction @ SO 53

768
of R are with respect to the wedge product). This interaction was discovered in [89]
due to its role in the anomaly cancelation in M-theory. This suggests that c; o cannot
be shifted. Another evidence that quantum corrections cannot shift c; o appears if we
turn on holonomies a/. We know that they appear in a diagram computation only
through the factors e2™*4¢" which means that the term [ c;o0/ Tr(RAR) (which has
to be generated at a! # 0 background) cannot be shifted. Thus ¢; is not actually

shifted by the £ = 0 part of the one-loop answer, and it is enough to consider only

k # 0 terms.

2.4.5 Some further remarks

We have computed the contribution of a single light hypermultiplet to Fy and Fj.
As was explained earlier, to get a contribution from all of the massless multiplets in

the theory (that is, hypermultiplets, vector multiplets and the gravity multiplet), one
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just has to multiply the contribution of a massless hypermultiplet by —x(Y')/2, where
x(Y) is the Euler characteristic of the Calabi-Yau Y. The massless hypermultiplet
contribution is a massless limit of what we have computed here.

Note that the superparticle description, which was advocated in Section (and
which is a perfect choice for massive BPS multiplets), does not have a sensible massless
limit, even though in the answer one can formally take mass to zero. That is why
the field theoretic description was essential for the complete picture. For g > 2, the
field-theoretic computation of Fy was described in Section of this thesis. The
field-theoretic computation of Fy and F; was presented in the current Section.

Finally, we note that the results of the one-loop computation are actually exact.
This one-loop exactness follows in the usual way from holomorphy. If we go beyond
quadratic order in the action and thus consider higher-loop corrections, they will be
multiplied by extra powers of the mass M = q;h!, which will not be balanced by extra
powers of holonomies gra!. This will violate holomorphy and therefore correspond to

D-terms rather than F-terms.

2.5 The Ooguri-Vafa formula

In this section we review the derivation of the Ooguri-Vafa formula. A qualitative
discussion was given in the Introduction, so here we will only discuss the central
charges appearing in the OV formula and describe the computation. More details

can be found in [63].

2.5.1 Central Charges

BPS states that contribute to the OV formula come in the UV from M2-branes
(wrapping oriented curves) that end on the M5-brane supported on R? x L. Such

M2-branes wrap cycles in the second relative homology Hy(Y, L;Z). Just like in the
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GV case Hy(Y';Z) was the lattice of charges of possible BPS states, in the OV case,
Hy(Y, L;Z) is the lattice of corresponding charges. In the GV case, in order to write
the action of a BPS particle, we needed the Kahler moduli v?, ..., v% of M-theory on
a Calabi-Yau manifold Y, where by = by(Y") is the second Betti number of Y, as well

I around the M-theory circle. In the OV case, we

as the corresponding holonomies «
need to add moduli w”, p=1,...,b(L) of the special Lagrangian submanifold L to
the story, as well as holonomies 3* of the gauge fields living on the M5-brane. Let us
describe all these objects in more detail.

An oriented two-dimensional surface ¥ C Y that may have a boundary on L has

a homology class in the relative homology group Hs(Y, L;Z). This group is related

to Ho(Y';Z) by an exact sequence that reads in part
CHN(LZ) S Hy(YZ) D Ho(Y, L, Z) D Hi(LZ) S Hy(Y:Z)...  (2.244)

The maps « and o' take a cycle in L and map it to Y using the embedding L C Y.
The map [ is defined using the fact that a cycle ¥ C Y that has no boundary is a
special case of a cycle whose boundary is on L. And the map v maps a cycle ¥ C Y
whose boundary is in L to its boundary 0% C L.

The physical meaning of the map « is as follows. Once we introduce an M5-
brane, since an M2-brane can end on an M5-brane, some M2-brane charges might
not be conserved any more. If ¥ C Y is homologous to a cycle in L, then an M2-
brane wrapped on X can annihilate and disappear. Hence for the purpose of the
OV formula, Hy(Y;Z) should be replaced by the quotient Ho(Y;Z)/a(Hy(L;Z)),
which parametrizes charges that are carried by M2-branes without boundary and are
conserved in the presence of an M5-brane wrapped on R3x L. To keep our terminology

familiar, we will assume in what follows that e = 0. Otherwise, in all statements one
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replaces Hy(Y;Z) by Ho(Y;Z)/o(Ho(L; Z)) and replaces by(Y) by the rank of that
group, which we might call b, = t,(Y, L).

The interpretation of the map o' is as follows. If a 1-cycle in L is the boundary
0% of some ¥ C Y that represents a class in Hy(Y, L;Z), this means by definition
that 0%, when embedded in Y, is a boundary (of X) and so vanishes in H;(Y;Z). So
the image of Hy(Y, L;Z) under + is not all of Hy(L;Z), but only the kernel of «’'.

In any event, for a Calabi-Yau manifold Y, H,(Y’;Z) is always a finite group. This
means that we can set o/ = 0 if there is no torsion or we reduce modulo torsion. We
ignore torsion in this thesis and consider only Z-valued charges. At the end of this
chapter we will comment shortly on the case with torsion and refer interested readers
to [63]. With also a assumed to vanish, the long exact sequence reduces to a

short exact sequence
0— Hy(Y;Z) S Hy(Y, L;Z) 2 Hy(L:Z) — 0. (2.245)

This implies that the rank of Hy(Y, L;Z) is the sum by(Y') + by (L). That number (or
by + by (L) if aw # 0) is the total number of Z-valued charges of a BPS state in this
situation.

By mapping the Hy(Y, L; Z)-valued charge of an M2-brane with boundary on L to
H,(L;Z) via v, we learn that such an M2-brane has a charge valued in Hy(L;Z), or
in other words that it carries Z-valued charges 71, ..., that are determined by its
boundary. Concretely, these charges are dual to oriented circles ¢ C L that provide a
basis of Hi(L,Z) (modulo possible torsion). An M2-brane wrapped on ¥ has charges
7o, p=1,...,b1(L) if its boundary O is homologous in Hy(L;Z) to Zp rplP.

Since there is no natural map from Hy(Y, L;Z) to Ho(Y';Z), there is no equally
natural definition of the “bulk” charges of an M2-brane that is allowed to end on

L. However, modulo torsion, we can always pick a splitting of the exact sequence
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, and this enables us to define the bulk charges ¢, ..., g,. We will pick a fixed
splitting in what follows, though one could proceed more intrinsically. If we use a
different splitting, the ¢; are shifted by integer linear combinations of the r,,.

A way to fix splitting, using the Splitting Lemma, is by providing a left inverse
for 3 or a right inverse for v. We chose to pick a right inverse for , which is a map
d: Hi(L;Z) — Hy(Y, L;Z) such that yod = id. We define this map by saying that for
every oriented circle 7 C L from the basis of Hy(L;Z), we choose a surface o” C Y
to which it is mapped, such that do? = (¢ (we assume that H;(Y’;Z) is trivial). Then
we say that an M2-brane wrapped on X has charges qi, ..., @y v), 71, -, 75, () if X is
homologous in Hy(Y, L; Z) to 3 1,0” + 3, q18(w?!), where w! is a basis of Hy(Y;Z)
dual to the basis of H?(Y';Z) we used before.

In M-theory, if L is compact, then just like the charges ¢; that entered the GV
formula, the new charges 7, also couple to abelian gauge fields. These are abelian
gauge fields that only propagate along the support R? x L of the M5-brane, so that
macroscopically, they propagate along R3> C R5. These abelian gauge fields have a
simple microscopic origin. Along the world-volume of an M5-brane, there propagates
a two-form field (whose curvature is constrained to be selfdual). When we compactify
the M5-brane on R3 x L, the Kaluza-Klein expansion of the two-form field gives b; (L)
abelian gauge fields on R3. As we have discussed in the introduction, states that
are charged with respect to these gauge fields are actually confined. The derivation
and interpretation of the OV formula are more straightforward if L does not admit
any square-integrable harmonic 1-forms, either because L is compact with b;(L) =0
or because L is not compact and its geometry and topology ensure that harmonic
1-forms on L are not square-integrable. In this case, the symmetries associated to
the moduli of L behave as global symmetries and the r, are global charges that can

contribute to the central charge of a BPS state.
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With our choice of splitting provided by the right inverse of v, we can also define
a local coordinate system on the moduli space of special Lagrangian submanifold

M(L). If w is a Kahler form of Y, we define coordinates w” on M(L) as:

wp:/ w. (2.246)

Once we have picked the set of relative homology classes [0],. .., [¢*()], these w”
are well-defined real numbers. To check this, suppose that we replace o” by some ¢
homologous to o” in Hy(Y, L; Z). Consider the 2-chain o — g”. It represents a trivial
class in Hy(Y, L; Z), therefore the boundary do” — 0c” is a trivial class in Hy(L;Z).
This means that there exists a two-chain ¢ C L, such that dc = do” — do”. Since L

is Lagrangian, w|;, = 0, so fcw = (. Therefore we can write:

/w—/w:/w—/w—/w:/ w. (2.247)

Now, by the definition of ¢, the 2-chain ¢” — ¢” — ¢ is closed, moreover, since o and
o” are homologous in Hy(Y, L;7Z) and c is homologous to zero in relative homology,

of — g” — c is actually a boundary. Therefore, the above integral vanishes and we

/Upw = /apw. (2.248)

So w” are well-defined, they do not change as we vary the representative o”. However,

prove:

they change if we vary L itself — that is why they provide a coordinate system on
M(L). Using a more formal theory of [99], it is not hard to prove that this is indeed
a good coordinate system on M (L).

The area of a holomorphic curve ¥ C Y whose boundary is on L is determined by

its homology class or in other words by the charges ¢i,...,q, and r1,...,m,. This

143



area in M-theory units is

A= Z qro’ + Z row”, (2.249)
1 P

where v! are the Kahler moduli of Y and w”, p = 1,...,b;(L), are the moduli of L
we have just defined. (If one changes the splitting that was used to define the ¢y,
then the w? are shifted by integer linear combinations of the v’.) To find the mass
of an M2-brane wrapped on ¥ measured in the 5d Einstein frame, we make a Weyl

transformation to 5d variables
W= — Kk =—, (2.250)

as in eqn. (2.33)). Generalizing eqn. (2.74]), the mass of a BPS particle with charges

7,7 (in units in which the M2-brane tension is 1) is then
m(q,7) =Y arh’ +) k. (2.251)
I p

Assuming that ¥ has a non-empty boundary on L, and that L is suitably noncompact,
this particle propagates on R? and is a BPS particle in a 3d theory that has N’ = 2
supersymmetry (four superchanges). The 3d N' = 2 supersymmetry algebra has a

real central charge ( that equals the mass of a BPS particle, so it is given by the

formula ([2.251]):
G M) =D ah' +> k. (2.252)
I p

Now let us compactify from R®> x Y to R* x S' x Y, so that the M5-brane worldvol-
ume becomes R? x S x L. As usual, we suppose that the S! has circumference 2me?.
The real part of the action of a BPS particle of mass m(q, ) propagating around the
St is then 2me”m(q, 7) = 2me” (>, th]—i—Zp r,k?). However, just as in the derivation
of the GV formula, the action also has an imaginary part that arises from the fact that

when we compactify on a circle, the abelian gauge fields may have holonomies around
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the circle. As in our study of the GV formula, we write exp(2rial), I =1,...,by(Y),
for the holonomies of the gauge fields that arise from M-theory compactification on Y,
and we similarly write exp(27if3?), p = 1,...,b1(L) for the holonomies of the gauge
fields that live on the M5-brane. (Again the definition of the $” depends on a choice
of splitting; in a change of splitting, they are shifted by integer linear combinations of

the a’.) Then a particle of charges ¢, 7 propagating around the circle acquires a phase

exp <2m'(zl gra’ +3°, rpﬁp)>. As in eqn (2.71]), we can interpret this to mean that

the action for such a particle is

S(q,7) = 2m (Z qr(e”h’ —ial) + er(e"k;p — iﬁp)> = —2mi (Z aZt + ZTpUp> :

P I p
(2.253)
where Z! was defined in eqn. (2.72)) and similarly
UP = B° + ic"kP. (2.254)

Actually, Z! and U” are the bottom components of 2d chiral superfields Z! and U*.
As in the derivation of the GV formula, a BPS particle propagating around the circle
in R? x S has bosonic collective coordinates (its position along R?) and also fermionic
collective coordinates. To take account of the fermionic collective coordinates, it is

better to write the action as a superfield

S(q,7) = —2mi (Z aZ'+> rpup> . (2.255)
I p

As in the derivation of the GV formula, the contribution of a BPS particle to the OV

formula is given by exp(—S&) multiplied by a product of one-loop determinants.
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2.5.2 The Computation

The computation that we have to perform is not essentially new; in a sense, it is just
the square root of the very simple computation that was already described in section
[2.2.2] It is the interpretation that involves some difficulty.

We will only perform the particle computation. Even though, strictly speaking,
the field theory computation is required to find the contribution of massless BPS
states, we know from our experience with the GV formula that the massive answer
has a well-defined zero mass limit.

As with the GV formula, we consider first a BPS superparticle that has only the
two bosonic and two fermionic zero-modes that follow from supersymmetry. The basic
example is an M2-brane wrapped on a holomorphic disc ¥ C Y whose boundary is
on L. If ¥ has no infinitesimal deformations, then the 3d BPS superparticle obtained
by wrapping an M2-brane on Y has only the minimal set of zero-modes. Ooguri and
Vafa [66] give a useful exampld®| in which L is topologically S* x R?. The S is the
“equator” in a holomorphically embedded CP' C Y, and taking ¥ to be the upper
or lower hemisphere of this CP', one gets an example with only those bosonic or
fermionic zero-modes that follow from the symmetries.

In our problem, this gives a superparticle that propagates on a two-plane R? C R*.
We take this to be the two-plane 23 = z* = 0, parametrized by z! and 2. The action
that describes such a superparticle in the nonrelativistic limit is a simple truncation

to 2% = 2* = 0 of the one that we used in deriving the GV formula. A way to make

3 4

this truncation is to introduce the reflection R that acts by 23 — —23, 2* — —2
while leaving 2!, 22 fixed. This reflection is a symmetry of the bosonic part of the

action if the graviphoton field is R-invariant, which is actually the case for the choice

20 In their example, Y is the small resolution of the conifold, which can be described via a linear
o-model with gauge group U(1) and chiral superfields uq,us of charge 1 and vy, v of charge —1.
Thus Y is the quotient by U(1) of the space |u |? + |ug|? — [v1]? — |v2|?> =1. An embedding CP* C Y
is defined by v1 = vo = 0. L is defined by taking all u; and v; to be real. The symmetry U that is
introduced below acts on Y by vy — —ws, leaving fixed w1, us, and v;.
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that was already made in eqn. . We will extend R to a symmetry of the
full action including the fermions, and then the R-invariant part of eqn. ([2.106f) will
serve as our superparticle action. The extension of R to the fermions is not completely
trivial since on spinors R acts as 034 = 7374, and its square is —1, not +1. To get an
operation that squares to +1, we have to combine the matrix o34 acting on the spinor
index A of a fermion field 1 4; with a matrix that acts on the additional index@i and
also squares to —1. Let us call the combined operation R'. Then the R-invariant part
of the action is the basic superparticle action relevant to the OV formula. It
possesses the R-invariant part of the supersymmetry algebra of the action ,
and this is the appropriate symmetry for our problem.

To perform the path-integral for this problem, we simply proceed as follows. We
have projected out half of the collective coordinates from , so the zero-mode
measure will be d2zd?y© rather than d*zd*y(®. Also, we have to compute a bosonic
determinant in just one of the 2 x 2 blocks in eqn. (2.121]). This means that the one-
loop path integral just gives, in a fairly obvious sense, the square root of the result
in eqn. ([2.124). Finally, in the classical action, we have to include the charges and
moduli associated to the D4-brane and so replace >, ¢;Z7 with Y, ¢;Z" + >, U’
Putting these statements together, the result for a BPS superparticle winding once

around the circle is

d2zd2ep©) T
- — 2mi z! P _—. 2.2
5 exp | 27 ; uZ + ; U Snh(reeT) (2.256)

To go from this formula to a Type ITA effective action, we follow much the same

steps that were used to go from eqn. (2.125)) to eqn. (2.126)). We write T = 604/2 Wi,

and interpret W as the bottom component of a chiral superfield W,. We also write

21 Microscopically, the index i = 1, 2 distinguishes supersymmetries that originate from left-movers
on the string worldsheet to those that originate from right-movers. Interaction with a D4-brane
preserves a linear combination of the two types of symmetries. Which linear combination it is
depends on the eigenvalue of 034, and that is why a reflection must be defined to act on the 7 index.
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d?xd*p® = 1d?zd?0\/gFe /% (where now ¢” is the Einstein metric restricted to the
brane) and use the usual formula e3*/2 = —i/2X°. The resulting contribution to the

effective action is

|

Before discussing the interpretation of this formula, we write its obvious extension,

d21‘d29 B . I o 7TW||/8
(271')2 \/g_eXp (27TZ (; QIZ + ;Tpu )) S]n(ﬂ'WH/8XO) . (2257)

analogous to (2.127]), to the case of a superparticle that wraps any number of times

around the circle:

2,12 o0
S L (it (S D)) R

B ’ (2.258)
In deriving this formula, we have ignored superparticle interactions. It is not im-
mediately obvious that this is right, since in general, as explained in section [2.2.3]
short-range interactions are only irrelevant above D = 2 (short-range interactions in
D = 2 have been studied, for example, in |[100]). The justification for ignoring the
interactions, under some assumptions, can be found in appendix C of [63].

The formulas and have been easy to write down, but it is a little
more vexing to interpret them. Looking more closely at the spectrum of BPS particles
and symmetries of the M-theory construction, it was noted in [63] that “semions”, i.e.,
particles of fractional spin, could be present in the spectrum. This would imply long
range interactions of statistical nature that, among other things, would surely interfere
with the formula for multiple windings. This was left as a puzzle there, and so
we just move on to discuss the general case of BPS particles with arbitrary quantum
numbers.

Luckily, we find no further trouble. In the general case, we write the Hilbert

space describing BPS particles of charges ¢, 7 as 7:2@‘7 P = ﬁo ® Vg, where ﬁo is the
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Hilbert space described above that realizes the supersymmetry algebra in a minimal
way and Vg is some vector space. By arguments similar to those that we gave in
the GV case, we can assume that the supersymmetry and translation generators act
only in ﬁo, but the rotation generators .J;» and J3; and the Hamiltonian H’ will
also act in Vg In fact, it is convenient to introduce the anti-selfdual and selfdual
combinations of Ji5 and Jsy: J_ = Jio — J3y and Jy = Jio + J34. The rotation
generator J = %T_””JW that enters in the supersymmetry algebra is simply J = TJ_.
We write Jg» for the matrix by which J acts on Vg The same argument as in eqn.
(2.134) shows that in acting on Vgzz, H' is equal to —Jz Now we can repeat the
reasoning that led to eqn. {j Replacing 7/-20 by ﬁo ® Vg has the effect of
multiplying the contribution of states of charges ¢, 7" propagating once around the
circle by Try, . (—1)" exp (2me”Jg#). Reasoning as in the derivation of eqn. (2.136),
we can write this trace in two-dimensional terms as Try_ . (—1)" exp (—indg7/4X°),
where § = W J_ acts as Jzr on Vg

For k-fold winding, we have to multiply the exponent in this trace by k. The

generalization of eqn. (|2.258)) is thus simply

[ d?2d? =1 , ;
Z/ e VT 2 poxp | 2mik (D4 )
k=1 1 P
W, /8
sin(mkW, /8X°)

Try, . [(—1)" exp (—imkdz/4X°)] (2.259)

J_ and J, are generators of the two factors of SU(2), x SU(2), ~ SO(4), and the
way they enter the OV formula is similar to the way SU(2), and SU(2), enter the
GV formula. The OV and GV formulas depend respectively on the detailed J_ and
SU(2), quantum numbers of the BPS states, but J, and SU(2), only enter to the

extent that they affect the statistics of the states.
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2.5.3 Further remarks

There are some further details about the OV and GV formulas and their interpretation
that can be found in [63], though they somewhat deviate from the main topic of this
thesis (which is on exactly calculable holomorphic sectors in supersymmetric theories)
and therefore were omitted here.

One detail is related to understanding the role of holonomies a! and 3. From the
Type IIA point of view, they are periods of the B-field and holonomies of the Chan-
Paton bundle on the D4-brane respectively. They parametrize sheaf cohomology
groups H*(Y;U(1)) and H'(L;U(1)) respectively, where U(1) is a constant sheaf.
They appear as parameters of the Calabi-Yau compactification.

From the M-theory point of view, they are not parameters of the Calabi-Yau com-
pactification. Rather, they appear as holonomies of gauge fields when we compactify
M-theory on a circle. This reflects the fact that the theory on R® is a gauge theory
with the gauge group H?(Y;U(1)), and the theory on R® — with the gauge group
HY(L; U(1)).

These remarks are related to another point discussed in [63] — inclusion of the tor-
sion. In general, groups H?(Y;U(1)) and H'(L;U(1)) are not necessarily connected.
They can have a torsion part, i.e., have several connected components. This means
that M-theory compactified on Y has not only usual continuous gauge symmetries,
but also discrete gauge symmetries. Both the GV and the OV formulas can be gen-
eralized to this case if we include an extra factor x* in the trace in these formulas.
This x is an element of the discrete group — the torsion. From the point of view of
4d or 2d effective field theories, this x can be thought of as an additional discrete

parameter of the Calabi-Yau compactification.
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Chapter 3

Chiral Algebras in d =2, N = (0,2)

theories

This chapter is based on paper [85].

3.1 N =(0,2) theories

In this section we discuss some general aspects of two-dimensional (0, 2)-supersymmetric

theories and their chiral algebras.

3.1.1 Conventions and some generalities

The two-dimensional theories with (0,2) supersymmetry are characterized by the
existence of two conserved supercharges @, and @ . of positive (or right-handed)

chirality acting on the Hilbert space of the theory. They satisfy:

Q*=Q, =0,
{Q1. Q) = 2Py, (3.1)
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where 2P, . = FPy+ P is a light-cone momentum. The standard geometric realization

of supersymmetry is to consider the superspace R?? with bosonic coordinates z°, x!
and fermionic coordinates #* and 8 . Superfields are distributions on this superspace
taking values in operators acting on the Hilbert space. The supercharges Q, and @ i
act on operators (and therefore on superfields) by commutators, and the geometric

realization of this action is through the differential operators:

0 —+ O
=g T G
— 0 , 0
i (3.2)

so that for an arbitrary superfield F'; we have [Q, F|+ = Q. F, where [...]+ de-
notes a graded commutator. These operators obviously satisfy the required relation
{9+, 94} = —2i3%. We also have another pair of differential operators on R*?, D,

and D, given by:

o .+ 8
Di =7~ g
_ o .0
_D+ a§+ "‘Z&Jra T+ (33)

for which the key property is that they anticommute with Q. and Q. and hence can
be used in constructing supersymmetric Lagrangians.

We also adopt the convention in which hermitian conjugation reverses the order
of fermions, that is (6,65)" = 050;.

The basic superfields are

1) Chiral superfields satisfying D, ® = 0. The component expansion contains a

complex scalar ¢ and a left spinor v, :

d=¢+i0t, —i00 0, ¢ (3.4)
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The antichiral superfield satisfies D, ® = 0 and is given by:
6 — a + 7:@4_@_’_ + i9+g+8++5. (35)

Fermi superfields satisfying D, A = FE(®), where E(®) is a chiral superfield con-
structed as a holomorphic function of basic chiral superfields. The component

expansion contains a right-handed spinor A and an auxiliary field G:
A=A+0TG—i0"0 0., \— 0 E(®), (3.6)

where F itself has to be expanded in components. The opposite chirality Fermi

superfield satisfies D, A = —FE(®) and is given by:

A=X+0"G+i0"0 0, )—0TE(®). (3.7)

Real superfields. These will appear in two contexts. One is in the description
of the NV = (0, 2) supercurrent multiplet, which will be studied in details later.
The more familiar one is in gauge theories, the real gauge superfield, which

includes the left-moving component 2v__ = vy — vy of the gauge field:

V o=y — vy — 207 —2i0 y_ +2070 D. (3.8)
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For gauge theories, one also introduces covariant derivatives:

1
Diy =01y + 5 (vo + v1),

2
9D =38y — 0, +iV,
0 =
Di=opr— 0 D,
7_)+ = _a;% + i6+D++. (39)

All derivatives involved in the definitions of ® and A then become covariant.

The basic gauge covariant field strength is Y = [D,,D__], T = —[D,,D__]:
YT=—x_+0"(v__y +iD) +i070 Dix_. (3.10)

When we build gauge theories, fields V' and T take values in the adjoint repre-
sentation of the gauge group G, fields ® are in the representation R, and fields

A are in Ry.

If U is a real superfield, it can always be thought of as a real part of some chiral
superfield (not necessarily a local one; also we will allow for superfields which are
chiral only on-shell). We will denote the imaginary part of this chiral superfield by
U. Then U + iU is chiral on-shell and U — iU is antichiral. The relation between U
and U is:

D U = —iD,U, (3.11)
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up to equations of motion. This U is defined up to a term which is constant on-shell.

If the component expansion of U is
U =Uu -+ 2.9+X+ + 7:54»%4, ‘l‘ 9+§+a++v, (312)

where we wrote the highest component as a derivative of some function v, then the

component expansion of U is:
(7 = + 0+X+ — g—i_y_i_ — 0+§+6++U, (313)

again up to terms which vanish on equations of motion.

Note that if we want components of U and U to be local operators, then U cannot
be an arbitrary local real superfield. Its highest component, written as d, ,v above,
should be a derivative of a local field. Only in such a case v above is also local and

hence U is also the local superfield.

3.1.2 Supercurrent multiplet and RG invariance
General case

The general N' = (0,2) multiplet containing the stress-energy tensor and the super-
symmetry current was described in [80]. It is referred to as the supercurrent multiplet.

It consists of real superfields S, ,,7____ and a complex superfield W_ satisfyingﬂ:

3__S++ - D+W_ - E+W_,

E+7:___ - 3__W_,
D+7:___ - 8__W_,
DW_=C, (3.14)

LOur conventions are different from [80]
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where C' is a complex constant (a space-filling brane current). The component ex-

pansions which solve these constraints are:

St = J4+ — 2i9+5+++ - 2i§+§+++ - 29+§+T++++»

W.=-58, _—if* <T++__ + %a__ j++) 0 C+i070 0,5,
= —+ [ . = aapt

W_ = —S+__ + 16 T++__ — 58__j++ —07C —1i670 a++S+__,

_ _ 1 -
T =T ___ —670__S, _+00__5,__+ 5%9*33, [ (3.15)

Applying constraints (3.14)) to these expansions implies conservation of S, (the su-
persymmetry current), conservation of T (the stress-energy tensor) and symmetry of

T:

Op 1S4 +0__S84ht =0,
OsiTin— + 0Ty =0,

T++__ - T__++ - 0 (316)

Quite naturally, constraints (3.14) do not determine the supercurrent multiplet
uniquely. There are two types of ambiguities which preserve both the conservation
laws and the form of equations (3.14). One ambiguity corresponds to improvement

transformations:

Sy = Spy +[Dy, DY,
W_ —-W_+0__D.U,
W_—-W_+0d__D,U,

T =T _ __ +9* U, (3.17)
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where U is an arbitrary real scalar superfield. These transformations do not change
conserved charges.

Another ambiguity corresponds to the possibility of modifying the supercurrent
multiplet by another conserved current (say, corresponding to some flavor symmetry),
satisfying an additional requirement of locality which will be explained in a moment.
If we have another conserved superspace current Z ., that is a pair of real superfields
satisfying:

8__I++ + 3++I__ - 07 (318)

then we can use it to shift the supercurrent multiplet, i.e., define a new multiplet:

Sip = Spy =Sy + 14y,

W W_ =W_+-D,T__,

2
W W =W — %D+I__,
_ 1 ~
7:___ — 7:_—_ =')____+ 56__2__. (319)

Note that in the last equation we use f,,, a real superfield related to Z__ as in
. That is, Z__ is such that Z__ +4Z__ is chiral. The new superfields §++, W_
and 7____ will also satisfy the constraints . However, most conserved charges
will be shifted by this transformation. Note that for the above transformation to
make sense in a local QFT, both 7,4 and Z__ have to be local, so there is an extra
requirement on Z; 4 that not only it has to be a conserved local superspace current,
but also Z__ has to be local. In the cases of interest for us, this will actually be the

case.
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One can easily read off the action of @ on various components of the supercurrent

multiplet, and we are interested in the following;:

— . i 4
{Q4, Syii}=—i (T++++ + §8++J++) )
— : i :
{Q), 54—} =i (T++ - 58]++) ;

{@+v iy} = a++§+++7
{@+7T++——} — —8++§+__,

{Q., T }=-0__5,__. (3.20)

We see that neither component of the stress-energy tensor is annihilated by Q 4, SO
components of T by itself do not represent any @ 4-cohomology classes. However,
certain relations hold in the cohomology, in particular 7'y, — %8,, Gy is Q -exact.

If we define the “virial current” V,, as:
V__ — 0, V++ — ij++, (321)

then we have:

Th = 0"V, —{Q,,4iS,__}, (3.22)

which looks like condition for an effective scale-invariance |101]|, with the effective
current for constant dilatations given by d, = x"T,, — V,,. This current is “almost

conserved”:

ord, ={Q.,...}. (3.23)

The current d, itself is not Q ,-closed. Even though d, is not precisely conserved,
only up to Q ,-exact terms, we still can try to define a “charge” D corresponding to

this current. If we have a local operator O(0) inserted at the origin, we define the
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action of D on this operator as follows. Pick a contour C' enclosing O(0) and define:

D.00) - ¢

c

«d(2)0(0) = 74 dae,,d" (2)0(0). (3.24)

C

This definition is clearly contour-dependent, since d,(x) is not conserved. As we
deform the contour a bit, [D, O(0)] changes by [0*d,(z), O] integrated over the area
swept by the deformation of the contour. But 9"d,(x) is Q,-exact, so if O(0) is
@ ~closed, the change in [D, O(0)] under the contour deformation is @, -exact. This
means that [D, O(0)] is well-defined up to a Q_ -exact piece when it acts on @, -closed

operators. Moreover, one can check that:

[D7@+] = ©+v (3'25)

which shows that D maps Q 4-closed operators into Q 4-closed operators. So we
conclude that D is a well-defined operator in the cohomology. It generates scale-
transformations there. Since D is not Q ,-closed itself, we can say that scale trans-

formations act as outer automorphisms in the cohomology.

Emergent conformal invariance in the cohomology

In the previous subsection we considered a general N' = (0,2) theory in 2d, which a
priori did not have any R-symmetries. The lowest component j, . of the superfield

S, did not satisfy any conservation laws and, moreover, was not even accompanied

by j__. As was noted in [80], if we restrict to the case C'=0and W_ = :D,R__,
where R__ is another real superfield (and also relabel S, by Ry, ), we get what is
called an R-multiplet. The equation relating S, and W_ becomes simply 0__R . +

04+ R__ =0, so the lowest component j__ of R__ together with j, , form a conserved
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R-current. So we have:
R__=j _ —2i0%S, _ —20 S, _ —20M0 Tp\__, (3.26)

with 0445 + 0__j++ = 0. In this situation, it becomes possible to define a new

stress-energy tensor:

- i .
Ty =Thpyy + §a++J++>

7

Thy =T — 53——]++7

T =T - %a,,j,,, (3.27)

which is also symmetric and conserved (by virtue of the conservation of j), but also

it satisfies:

Thpps = Q... }, Tip_ = Q... },

T #{Q,,...}, {Q.T _}=o. (3.28)

This procedure for N' = (0, 2) theories is known as a half-twisting. The above relations
demonstrate that when it can be performed, one explicitly has the full 2d conformal
invariance in the cohomology of @ 41 the cohomology class represented by T ___
plays the role of the holomorphi(ﬂ stress-energy tensor. It is also consistent with the
fact proven in the previous subsection — that the Q ,-cohomology is invariant under
the RG flow. The RG invariance of the chiral algebra implies that it carries a useful
information about the IR fixed point.

Let us also take a closer look at the ambiguities of the supercurrent multiplet

in the presence of R-symmetry. The improvement transformations are determined

2To be more precise, we should Wick rotate to the Euclidean signature in order to have holomor-
phy.
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by a real superfield U though (3.17)), which tells us how R, ., W_ and 7____ are

improved. On R__ it acts by:
R._—R__—20__U, (3.29)
where the relation between U and U is as in (3.11), that is

U=u+ib"x,+i0 X, +670 0,40,

U = v+ 9+X+ — g+y+ — 9+5+3++u. (330)

For an improvement transformation of the R-multiplet to make sense we have to as-
sume that both U and U are local superfields. In view of the comment we made
before, this restricts the class of allowed U. While for a general supercurrent multi-
plet the improvement transformations were parametrized by an arbitrary local real
superfield U, for the R-multiplet they are parametrized by such a local real superfields
U that U is also local. Thus the R-multiplet allows a smaller class of improvements
then a general supercurrent multiplet. This is not surprising after all. For the general
supercurrent multiplet, only the stress-energy tensor and the supersymmetry currents
are conserved, so improvements should only preserve their conservation. In the R-
multiplet, on the other hand, we also have the conserved R-current, so preserving its

conservation (and the R-charge value) restricts the class of allowed improvements.
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In terms of component currents, the improvement transformation is:

Ja+ = Jet+ + 20440, joo —jo— —20__v,
Tiiir = Thppr + 030, Toyoo =T — 0440 u, T =T +0* _u,
St = S + 044X+, Sp—— =S4 — 10X+,
Siip = Siy =044 Xy, S = S +i0- X,

(3.31)

As expected, this transformation does not spoil conservation of any of these currents.
It does not shift values of any conserved charges either. Also, it is easy to check that
components T++++ and T++__ of the half-twisted stress-energy tensor are shifted by
@ -exact terms. On the other hand, T____ is shifted by 8% _(u+iv), which is, being
the lowest component of chiral superfield U + iU ,is Q 4-closed but generally is not
Q -exact. Therefore, there is a family of possible holomorphic stress tensors in the
Q ,-cohomology, corresponding to different improvements.

Another ambiguity, namely shifting by the superspace current Z;4, works in a

straightforward way:

Riv = Roy + 1oy,
R._—->R__+71 _,

T =T ___+ %a_j__. (3.32)

If we denote the components of 7,4 by:

Tip —isy — 200 Luy —2i0 Tpuy — 2070 Hy oo, (3.33)
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and introduce a local operator h__ such that
Opph—=Hy | (3.34)
then the shifting transformation in components works as:

Jat = Jat +laa,
Syttr — Syt + Lty
Sias = Syar + 14y,

Tijor > Thgga + Hiqux,

T _ =T ___—9 _h__. (3.35)

This ambiguity will naturally arise in a later discussion.

OPE in the cohomology

If we have two operators O; and O, representing nontrivial Q 4-cohomology classes,

we can consider their OPE. On very general grounds we have:

Oy (27, 277)05(0,0) = > (a™)" (&™) Onm(0,0). (3.36)

n,m

Now recall that the operator 0, acts trivially in the cohomology, that is if O is
Q_-closed, then 9, O is @, -exact, and thus so is 9, O (x7,277)02(0,0). Acting

with 0, on the right-hand side then gives a Q -exact answer, that is:

> (@) T aTT ) 00 m(0,0) = [Q4 ... (3.37)

n,m
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This implies that all terms except those with n = 0 are Q -exact. If the cohomology

classes represented by O; have scaling dimensions h;, we can then write:

Ou(a,277)05(0,0) = 3 Wok(o, 0)+[D,,...]. (3.38)

Note also that, since in the cohomology we have left-movers only, scaling dimensions
and spins coincide.ﬁ This, in particular, implies an obvious conclusion that no dimen-
sionful constants can appear in the OPE of the cohomology classes. Any dimensionful
constant will have non-trivial dimension but trivial spin, and therefore its appearance
will either break scaling or Lorentz-invariance of the OPE. Indeed, if we have some

dimensionful parameter u, then in the expression:

_ 1P _

Oy (z+, 277)05(0,0) = ; WO’“(O’()) +[Q,,...], (3.39)
dimensional analysis implies A = hy + hy — hy, — h(u)p, where h(u) is the dimension
of u, while Lorentz invariance implies A = h; + hy — hg. This is possible only for
p = 0, that is p should not be there.

All dependence on dimensionful coupling constants of the original supersymmetric
theory will therefore be hidden in the Q ,-exact term. This simple observation will
be helpful later. It will imply that one can turn off all dimensionful couplings for
the OPE computation. In the models we are going to study this will mean that it is

enough to compute OPE in the free theory.

3.1.3 Chiral algebras of superconformal theories

For superconformal theories, the N' = (0,2),d = 2 super-Poincare algebra of sym-

metries is enhanced to Vir & S/\\/i/r, where Vir denotes the left-handed Virasoro al-

3Even if the operator representing the cohomology class in the full theory is not left-moving,
the class it represents is left-moving. Since Lorentz-invariance of the full theory induces Lorentz-
invariance in the cohomology, one indeed can use the argument made in the text.
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gebra (generated by the holomorphic stress-energy tensor) and the SVir denotes the
right-handed N' = 2 super-Virasoro algebra (generated by the corresponding anti-
holomorphic currents). The left-handed algebra might be enlarged to the super-
Virasoro as well (or even some larger W-algebra) if we have more symmetries on the
left, but it graded-commutes with the A" = 2 Virasoro on the right in any case.

Let us restrict to the NS sector of the SVir. The operators 4+ and Q4 can

be identified as éfl /o and 6:1 /9 respectively — two of the fermionic generators of

SVir (we put tildes on SVir and on its generators to emphasize that this is an anti-

holomorphic algebra). In a conformal case, we have the radial quantization Hilbert
~ ~ T

space H, and we assume that it has an inner product, such that Gl_/2 = <Gf1 /2> is

a special supersymmetry generator. Part of the super-Virasoro algebra relations are:

{G:1/27GJ—F1/2} =2L_4,

{C‘tm, (éjm)f} = {éfm, 51_/2} =200 — Jo. (3.40)

Recall that in conformal case we have a state-operator correspondence. Therefore,
instead of computing the operator cohomology, we can equivalently ask for the coho-
mology of éfl /o Acting on the Hilbert space H. The second equation in shows
that, by the standard Hodge theory argument, this cohomology can be identified with
the kernel of 250 — jb. Also, in a unitary theory, it shows that 2z0 — jo > 0.

Now, every state in the Hilbert space is built by acting with Z_n, j_n, éfm G_,,n,a>
0 on a superconformal primary state. It is easy to see that all these operators except

increase the eigenvalue of QZO — jg, while éf does not change it. Therefore,

Gt1/2 1/2

if the primary state has QZO — jo > 0, then all states in its superconformal family have
QZO — jo > 0 and thus do not contribute to the cohomology. On the other hand, if
some primary state |A) has zero eigenvalue of 2L — jo, then so does éfl /2|A>, while

other states in the same conformal family have 2Ly — Jo > 0. But (2L — Jo)|A) = 0

165



and (3.40) imply that éfl jolA) = 0. Therefore, in such a case there is only one
non-trivial state in the superconformal family which contributes to the cohomology
— the primary state itself. This way we prove that in the NS sector of a unitary

N = (0,2) superconformal theory there is an isomorphism:

H(H, éfl/z) ~ {Primaries of SVir with 2Ly — Jo = 0}

= {[¥) € H: Lo|w) = Jo|¥) = GL_y[¢) = G |[) = (2Lo — Jo)|¥b) = 0,n,a > 0}

(3.41)

Notice that these are what is usually called the chiral primaries with respect to SVir.
In fact, this is essentially the construction of [102]| applied to N/ = (0, 2) theories. In
the V' = (2, 2) case, [102] describe the chiral ring of the N" = (2, 2) model by studying
the set of (anti)chiral primaries both with respect to the left- and the right-moving
super-Virasoro algebras. For the N' = (0, 2) theories, we have in only the chiral
primary condition with respect to the right-moving super-Virasoro algebra. For that
reason, the object we get is not just the chiral ring: it involves holomorphic OPEs as
part of its structure and is usually referred to as the W-algebra, or also chiral algebra.

Another remark is that for N' = (2,2) theories, the chiral algebra that we study
encodes the (¢,c¢) and (a,c) rings of [102] as a part of its structure. Indeed, by
considering the subspace of H(H, éfl /2) annihilated by 2Ly — Jy, where Ly and Jy
are from the left-moving SVir algebra, we get the space {|¢) € H : (2Ly — Jo)|¢) =
(2Lo — Jo)|[0) = 0}, which is the space of chiral primaries with respect to both SVir
and g\\/i, and therefore gives rise to the (¢,¢) ring under the OPE. Analogously,
picking the subspace annihilated by Ly + Jo, we get the (a,c) ring.

One consequence of this is that in N = (2, 2) theories, the (anti)chiral primaries,

which form the (¢, ¢) or (a, ¢) rings of the theory, always show up in the chiral algebra
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as primaries of the left-moving SVir. In the simplest cases they will generate the
whole chiral algebra, but as we will see later, there might be other primary operators

in the algebra, which are not simply elements of the (¢, c) or (a,c) ring.

3.1.4 The operator cohomology and the superspace
Classical and quantum observables

In the models we are going to study later in this paper, the chiral algebra will turn
out to be tree-level exact. As we will argue, no loop corrections will contribute to the
cohomology. However, despite our usual intuition that “tree level” means “classical”,
it is important to understand that the quantum chiral algebra in the Q -cohomology
is not the same as the classical one. The distinction comes from the way we multiply
operators.

In classical field theory, to multiply fields we use the usual point-wise multipli-
cation of functions on space-time. In quantum theory, even at the tree level, we
should subtract singularities which appear when different operators collide, which for
example gives the usual notion of normal ordering in CFT.

It might happen (and it will happen in concrete examples) that the classical
composite operator is @ ,-closed, but the singular part we need to subtract to define
the quantum operator is not Q 4-closed. This subtlety should be taken into account
when computing the chiral algebra of the theory. But still, as a step in this direction,

it is useful to understand the structure of the classical cohomology first.

Classical observables and the cohomology

Let us introduce the space of classical observables F and the space of classical su-
perobservables F. We will sometimes refer to a generic field as ¢ and to a generic
superfield as ®. Both of these spaces classically carry the structures of supercommu-

tative algebras.
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Definition 2.1: F is a supercommutative algebra of polynomials of
fields ¢ and their derivatives 0"_0[', ¢ whose coefficients are analytic func-
tions on a space-time, modulo classical equations of motion. In other words,
F=Cu,(M)[...,0,0"_07 ¢,...]/T, where C,(M) denotes analytic functions on M,
and Z denotes an ideal generated by the equations of motion and all their derivatives.

If the classical equations of motion do not depend on space-time coordinates ex-
plicitly (only through the coordinate-dependence of the generating fields), we can
introduce:

Definition 2.1’: Fj is a subalgebra of F of observables which do not depend on
a space-time point explicitly. In other words, it is generated by the same fields and
their derivatives as F (and also modulo equations of motion), but the coefficients are
taken to be just complex numbers rather than functions.

There are straightforward superspace analogs of these:

Definition 2.2: F is a supercommutative algebra of polynomials of superfields
® and their bosonic and super-derivatives 9" _07 +Dﬁﬁi<1> whose coefficients are an-
alytic functions on superspace, modulo classical superspace equations of motion.

If the superspace equations of motion do not include any explicit dependence on
a superspace point, i.e., if they have the form of a polynomial of generating fields
or_or +Dﬁﬁi® with complex coefficients, we again can define a subalgebra:

Definition 2.2: F is a subalgebra of F of superobservables which do not
depend on a space-time point explicitly. In other words, it is generated by the same
superfields and their derivatives as F (and also modulo superspace equations of mo-
tion), but the coefficients are taken to be just complex numbers rather then functions.

Our goal is to compute the cohomology of @ + acting on F in the situation when
the equations of motion do not depend on the superspace point explicitly. The first
observation is that the operator Q + only acts on the generating fields of the algebra

F, it does not act on the c-number functions which can possibly multiply these fields.
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This means that it is enough to compute the cohomology of @ + acting on Fy. To be

more rigorous, we can introduce operators of multiplication by z# called m/(z#):

YO € F, m(a")O = 2+O, (3.42)

and notice that they commute with Q +- Then we can introduce a bigrading on F by
saying that an explicit factor of (z°)"(x!)™ has degree (n,m). After this it becomes

obvious that

H(F)~ € H"(F), (3.43)

where the bar over the right hand side means that we should actually consider a
completion of this space with respect to some norm, because we have to allow infinte
sums (series) to account for the possibility of having analytic functions as coefficients.

As we mentioned, Q + does not act in any way on z*, and because of that:
H"™(F) ~ H(F). (3.44)

Therefore, from now on we will only study the cohomology in F,, which of course
only makes sense when the equations of motion do not depend on the superspace

point explicitly.

The cohomology of @ 4 in Fy and of D, in .7?0

Take an arbitrary A € .7?0. A is some general superfield, and it can be expanded into
components with respect to the Grassmann coordinates. The most basic property it
satisfies is that the supersymmetry transformations of its components are encoded in
the way differential operators Q, and Q. act on it. This follows simply from the
fact that this holds for the generating superfields from which A is constructed and

the fact that we do not allow explicit dependence on the superspace coordinates in
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the algebra .7?0. So we have:
[Q+, Al = Q4 A, (3.45)

and the same for Q) +. Supersymmetry relates all components of A and it is straight-
forward to see that:

Proposition 2.1: If the lowest component A‘ of the superfield A € »7?0 vanishes,
then A = 0.

The algebras Fy and j-:o are related in an obvious way: any element of F; can
be found as a component of some superfield in .7/-:0. In particular, we can always
find a superfield A which contains a given element a € Fy as its lowest component.
Moreover, supersymmetry defines this A uniquely, so:

Proposition 2.2: For any a € F there exists a unique A € Fo such that a = A‘.

The problem which we are addressing is to find the cohomology of Q 4 in Fy. That
is, the classes of fields a € F, which satisfy [Q +,a] = 0, modulo those a for which
a=1[Q,,b],b e Fy. Now from the Proposition 2, we know that there exist A, B € Fo,
such that a = A| and b = B|. The equation [@_,a] = 0 implies then O, A| = 0.

There is a small subtlety here which shows why it is correct to look for the coho-
mology of D rather than Q,: D, acts on ]/-:0 by definition, while Q, = D, +2i070,
does not, as it introduces an explicit dependence on @ (therefore Q. acts from .7?0 to
a bigger space .7?) However, we can write: Dy Al = Q. A| = 0. But D, A € Fo, 50
we can apply Proposition 1 and conclude that D4 = 0. Analogously a = [@ 4. bl
implies A = D, B. This proves the

Proposition 2.3: The cohomology of @, in F, (denoted H(F)) is isomorphic
to the cohomology of D in Fy (denoted H(Fy)). The isomorphism H(Fo) — H(F)
is defined by taking the lowest component of the superfield.

This proposition shows why in the rest of the paper we are going to study the

cohomology of D .
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3.2 Landau-Ginzburg models

The N = (0, 2) Landau-Ginzburg (LG) model is described by a set of chiral superfields
®? i = 1..n and Fermi superfields A% a = 1..m. The action is (we assume summation
over repeated indices, even if they both appear upstairs or downstairs; sometimes we

will write the sum sign explicitly to avoid possible confusion):

1 i—i : 1—(1 1
S == /d2xd29 {—%@ 00— -] A“} + —/dQ:z:d6+A“Ja(<I>)\9+O +hee.,

v ™

(3.46)

where in general D, A® = E4(®) and Y, E%(®)J,(®) = 0. The classical superspace

equations of motion are:

= —1 —a aEa . ana

D,0__d =iA 8@__ 2iA 8@_7

D o__d' = —iA“a—i + 2iA" aij,
o0 0P

DL A" = —2J,(d),

DA =2J,(®). (3.47)
The supersymmetry currents of this theory are:

(A e 1 —i ;
Sttt = §¢18++¢ ;o Sy = —§¢+5++¢ )

S, = %x@“(a) _iNT.@), S, —iNL(6) — %X“Ew). (3.48)

It is not hard to find a superfield Sy such that S; 1y = D, S.i| and Siy =

—%E+S++’¢

1 P —
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If we also introduce:

W = %K“Ea — A,

T =030 + %Aaa__x“ - %a__AaK”, (3.50)
then we find that:

8__S++ - D+W_ - E+W-,
E+7:___ — 8__W_,

DyW_ =0. (3.51)

We see that these are precisely the relations of the N' = (0,2) d = 2 supercur-
rent, and moreover, the component expansions of S, ., W_ and 7____, written as
in , include the supersymmetry currents . Therefore, we have described
the supercurrent multiplet of the theory . In a generic situation, it is not an
R-multiplet, because there are no R-symmetries.

The algebra .7/-:0 is a supercommutative algebra freely generated by superfields
@i,g,A“,Ka and their derivatives (with respect to d__, 04, D, and D, applied
arbitrary number of times) modulo the relations. The relations are: the ones that
follow from {D,, D} = 2i0,, and D% = ﬁi = 0, the chirality conditions D, ®' =
0, DA = E%(®) and the superspace equations of motion as written above. All
differential corollaries of the relations should also be included as relations of course.

It is not too hard to find a set of independent generators G, so that all the relations
will be taken into account and we will have simply Fo ~ C[G], a polynomial algebra
generated by those generators.

We will now find this G. First of all, due to the chirality conditions, ®* can only

appear with the D, derivative (moreover, with at most one, because D2 = 0), and
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' with D,. The chirality condition for A% allows to replace D, A% by E%(®), while
the equation of motion D, A% = —2J,(®) allows to replace D,A® by an expression
without derivatives. Therefore it is enough to consider only bosonic derivatives acting

on A“. However the simple relation:
2i8++Aa - {D+,ﬁ+}Aa - D+E+Aa + E+D+Aa - D+Ea(©) + 254»70,(6) (352)

shows that 0, derivatives acting on Fermi superfields can also be removed. There-
fore, in the generating set G, it is enough to include only 8 A® and 9" A", with
n > 0, and the appropriate derivatives of bosonic chiral superfields. By appropriate
derivatives of bosonic chiral superfields we mean the following. First, we need to
include 9" &' and 9" 3 with n > 0. D,® and E+$i should also be included,
but there is no need to include expressions like D, 0" _®°, because, as equations of
motion for ® show, D, d__®* and EJF@__Ei can be replaced by expressions without
derivatives. Expressions like 97, @, D, 9", ®" and their complex conjugates have to
be included, they cannot be reduced to expressions without derivatives. Finally, there

is no need to include both 0, and 0__ derivatives because of:

. —i — —i —aOE* 1 a0J4
2Za++8__q) = D+D+8__CI) = D+ (ZA a@l — QZA aqﬂ) . (353)
So, to summarize, we write the generating set explicitly:
G={o" & o & 0, 3 D0 T, DI, 0 A K n>0}.
(3.54)
To emphasize once again, we claim that:
Fo ~ C[G]. (3.55)
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Using the relations satisfied by the fields, it is not hard to describe the action of D

in terms of the generators in G. We have:

E+(8E—q)l) = 07

J— ] —aaEa aJ
n _ an—1 . 9 AQ a
D (0" @) =0 (u\ g7~ 2 a@.),

D (90,0) =0, D.(D.d &) =2i0d",
Do (91, ®) = D,01,9, Dy(D.0}, @) =0,
Dy (0"_A") = 0"_E*(®),

D, (9" _A") = —20"_J,(®). (3.56)

From these formulas we can guess that polynomials of 9"_®* should be in the coho-
mology. However, we need some extra assumptions about £* and J, in order to move

further.

3.2.1 Quasihomogeneous case

As we have already learned, it is interesting to consider the case when the theory has
an R-symmetry. In such a case, we expect to have an explicit stress-energy tensor in

the cohomology. It is not hard to check that the following transformation:

+ —iep+
0" — e 07,
(I)z SN efzeaiq)z’

A — gl O (3.57)
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is a symmetry of the classical action if and only if the following quasihomogeneity

conditions are satisfied:

0,
Nal]a iq)l CL' = Jaa
« + zi:a i
OFE®
—a, b @' = £, 3.58
3} + zl:a 5% ( )

where «; and ¢, are real numbers. It is a matter of a standard calculation to find the
real conserved current ji. for this R-symmetry. It is then straightforward to write a

superfield which has it as the lowest component. The answer is:

Ris=—2 Za (cb 9,,0 — 30, ) +5> (1—a)D.0'D. B

R__ = —% Z a (@ia,ji - Eia,,cbi) - Z N (3.59)

It is not a coincidence that we called it R. In fact, one can check that the equations
of motion imply 0__R 4+ 0, R__ = 0. Therefore, higher components of R are also
conserved currents. This is the supercurrent multiplet discussed before provided we
can find another real superfield }____ (which has possibly improved stress-energy

tensor T____ as its lowest component) satisfying the required constraints. As one

can check from (3.14)), the conditionf]on Y____ is:

Dy ___ = %ﬁ+8__7€__. (3.60)
Note that D, Y ____ = —%D+8__R__ is then satisfied automatically. This defines
Y____ uniquely up to an arbitrary function of z=~,as Y. — Y+ f(z77)

preserves the above constraints. A simple computation allows to find a real superfield

4Th€ fact that this y____ together with y++++ = %[D.},.,ﬁ_;,.]j_}r_’_ and y++__ = %[D_i_, E.},.]j__
form a conserved superspace current then follows automatically.
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such that it satisfies these constraints:

v o= Z 0 a0 & - %aﬁ,@iqﬂ)} + Z [%A“&K“ ~ %8A“Ka |
(3.61)
Therefore, we actually have a supercurrent multiplet described by R.,, R__ and
Y____, which is, moreover, an R-multiplet in the terminology of [80], as reviewed
in Section m The Q 4-cohomology class represented by the twisted stress-energy
tensor 7____ from promotes to the D -cohomology class represented by the

superfield:

y=y ___ - %8__J__
i — (07 i =i
- Z [a”@ 0.8 — o (00D )]

10
2

i S a Z —_—a —a

—A9__N —=0__A"A O__(AA)|. 3.62
Ik 0NN+ o) (3.62)
This is precisely the stress-energy tensor in the cohomology as found in [79]. At first
sight, one could think that this is the end of the story. However, there are some
subtleties here, which we will now discuss.

First of all, how is this R-multiplet related to the more general supercurrent

multiplet which we found in (3.51)? The answer is simple. If we also define

V.= %ER”, (3.63)
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then R,,, V_ and Y____ form a supercurrent multiplet related to S, ., W_ and

T____ by the improvement transformation:

Riy =Sy +[Dy, D4,
V_ - W- + 8__E+U,
Yy =T ___+0* U,

U=-— %cb@"'. (3.64)

Note that the superfield U cannot be represented as a real part of some local chiral su-
perfield. Therefore this is an example of the improvement transformation allowed for
the general supercurrent multiplet but not allowed for the R-multiplet. As we will see
momentarily, there might exist several R-multiplets which are not equivalent to each
other as R-mulitplets (cannot be related to each other by the R-multiplet improve-
ments), but they all are related to the same supercurrent multiplet S, , W_,7T____
by the more general improvement described above.

So now we will discuss the possibility of having several inequivalent R-multiplets.
Note that the quasihomogeneity conditions might have more than one solution.
This corresponds to having an extra flavor U(1) symmetry, which can then mix with
the R-symmetry to give another solution of (in terms of current, this means
to replace the R-symmetry current jr by jr + jr, where jr is a Flavor symmetry
current).

The flavor symmetry does not rotate the thetas, so it acts just as:

O e P,

A — e il \O (3.65)
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The condition that this is a symmetry of the classical action is:

~ 0.J,

a’a i(I)’L - = U,

Qa/, +2i:q 50 0

- OE®
— . B D - = (. 3.66
WL 60

We can see now that if {a;, a,} is some solution of and {g;, ¢, } is some solution
of (3.66), then {a; + ¢i, &4 + ¢u} is another solution of (3.58). This is actually the
ambiguity of the supercurrent multiplet which we were discussing before. In case we
have extra superspace currents, the basic supercurrent mutiplet Sy, W_,7____ can
be shifted. Let us belabor this point somewhat further.

One can compute the current corresponding to the flavor symmetry and

find the real superfield which contains it as the lowest component:
T —— Z GAR" — % Z G (qﬂa__a" — 3'3__@1') ,
T, = —% Z ¢:D,®D. P + % Z a (6ia++<1ﬂ' - @i@H@i) . (3.67)
On shell these are conserved at the level of superfields:
04+Z__+0_-_T,,=0. (3.68)
One can do a small computation to check that the following superfield:
Foo== GAN i Z ¢ d0__ 3 (3.69)

is chiral on-shell, i.e., it satisfies D, F__ = 0 provided the equations of motion hold.

In particular, it means that this F__ gives rise to the left-moving U(1) current in the
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cohomology. But it is also true that:
ReF _=7__. (3.70)

Therefore, there exists a local expression for the superfield 7

1 =i
I =ImF_=—3 Zqia__(q) ). (3.71)

So, according to the general discussion from the Section we can shift the R-

multiplet using this Z; 4. Recall that the shift is:

Riy = Ry +ZLyy,

R_—-R__+7T__,

R VS %af. (3.72)

For the EJr—closed element 37,,,, =)y ___ — % __, we have:
VY. — %a__(z__ +il =Y ___— %8__f__. (3.73)

So the cohomology class [V____] gets shifted by —ilo__F__].

Let us summarize. We have the family of R-current multiplets generated by shifts
using the superspace current Z, .. In the cohomology this corresponds to having an
extra left-moving U(1) current [F__| generating an ambiguity of the stress-energy
tensor in the cohomology, as we can do shifts of the cohomology class [)7____] by
0__F__].

But the conformal theory to which our LG model flows in the IR supposedly
should have a unique stress-energy tensor, which thus gives a preferred stress-energy

tensor in the Q 4-cohomology. One can ask a natural question: which of the R-current
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multiplets above corresponds to the true stress-energy tensor of the theory in the IR?
The answer is simple: the correct stress-energy tensor is the one, for which the U(1)
current [F__| is a primary operator in the cohomology, at least when it is possible
to make it primary (we will discuss this point later). It is clear that this corresponds
to extremizing the central charge of the corresponding Virasiro algebra (see the next
subsection). To turn this statement into a criteria for picking the unique solution
(v, ag) of , we need to understand first how to compute the operator product

expansions (OPE) in the cohomology.

The OPE in the cohomology

The component action of the model that we study is:
S =5p+SF, (3.74)

where the D-term action is:

—a

1 — A g , —~a 1
Sp = — /d2x< —0__¢ 0, 0" — 5@/40__@/11 — A 04 A\ — éGaG

>
. NG, i ) =0\ 1 —a —
+%&-E“(¢)A Vy — %&-E (O)Y 2" + S E*(@)E (¢)), (3.75)
and the F-term is:
1 2 a YT ‘\a,/t ~a—1 —_ -
Sp=" / o (GJu(9) + G Ta(8) = NV, 0iJu(0) = NV,0Ta(@)) . (3.76)

All couplings come from the E and J-type superpotentials. Note that ¢ is dimension-
less in 2d, (and fermions are of dimension 1/2), therefore both E* and .J, should have
dimension 1. We will include an explicit coupling p of dimension 1 in the theory, and
replace E* — pE* and J, — pJ, in the above action, thinking of E%(¢) and J,(¢)
as dimensionless functions of dimensionless fields ¢* now.
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In Section [3.1.2] we saw that in order to compute the OPE of the cohomology
classes we can turn off all dimensionful couplings in the theory. In particular, we
can tune u to zero. This will remove all interactions from the above action. Thus to

compute the OPE of the cohomology classes, it is enough to consider the free theory:

1 — . 1—i ; ~a a 1 a0
Sy =~ /dzx( —0-3'0,06' = SLO__Y — MDA = SGC ) (3.77)

(e

Its correlators can be conveniently combined into superfield correlators:

(@' @.0)2(5.0)) = 59105 (=)

(A" (2, 0)A"(y, 0)) = 62—,

(3.78)
where
=g —y T, Tt =ty 40T it e+ 2i0 0T (3.79)

Now we want to compute the OPE of 37 from (3.62)) with itself. JN/ represented a

candidate stress-energy tensor in the cohomology and was given by:
~ QG o i
= 1= )00 T - T 7
y Z ( 0.0 S0
+Z { (1+ ag)A%0__A" — 5(1 — Ga)0__A°A } (3.80)

Using the OPE above, we find that:

— Y@}, (381
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where the notation {Q 4, ...} for the unimportant term is slightly inaccurate: what
we actually mean is that the term that we drop becomes Q -exact after we put

ot =0 = 0, but as a shorthand we will denote it as {Q,,...}. The central term is:

c=) (2—6a;+3a)) + (1 —3a). (3.82)

This matches the result of [79] and shows that we indeed have the stress-energy tensor
in the cohomology.

Before we found that in case there is a U(1) flavor symmetry, there is another
D -closed superfield F__, which gives rise to the left-moving U(1) current in the

cohomology. Recall that:
Foo==Y @GAN —i) q0'0__ 3. (3.83)

We can similarly compute its OPE:

ey

Fo_(2)F__(y) +{Q,,...}. (3.84)

This current creates ambiguity, as we explained before: we can replace Y by
Y+ N__F__ for any A € R and get another stress-energy tensor in the cohomology.
The unique one is picked by requiring that the [F__] cohomology class be primary
with respect to the correct stress-energy tensor, whenever it is possible to impose
such a condition. Equivalently, since shifting by the current shifts the central charge,
one can ask that the value of the central charge be extremal with respect to
the shifts (a;, @) = (v + Agi, @ + A@y). Any of these two criteria of course give the

same equation:

D (1= )+ ) Galia =0. (3.85)

a
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In a generic situation, this equation allows to pick a unique solution («;,@,) and
write a correct stress-energy tensor. If the action admits f independent U(1) flavor
symmetries described by charges (¢, q"),n = 1... f, we should write the equation
for each of them. Again, generically, one can expect this to give a condition to
pick the unique stress-energy tensor in the cohomology.

However, non-generic situations are possible, when this equation might either not
fix the stress-energy tensor completely, or might have no solutions at all. As we will
see later, this can happen for the NV = (2,2) theories. In such a case, indices a and i
take the same set of values, we have a, = a;—,, and flavor symmetries (which should
differ from the N' = (2,2) R-symmetries) have ¢, = ¢;—,. Therefore the equation
(3.85) reduces to just >, ¢; = 0, which either holds identically and therefore imposes
no constraints on «;, or does not hold at all. In a former situation, the ambiguity of
choosing the unique stress-energy tensor is not removed and is just present in the IR.
In a latter situation, there is no solution to (3.85), which means that [F__] cannot
be made primary by choosing the proper stress-energy tensor. There is an unwanted
central term in the 37]:__ OPE, which cannot be removed and signals that there is
an obstruction for the IR CFT to exist. We will see in examples that there is a flat
direction in the potential and the RG flow simply never ends at any fixed point.

One can also note that if we decide to study the gauge theory obtained by gauging
the flavor symmetry with charges (¢;, ¢a), then the above equations become related
to anomalies. Namely, the central term in the F__F__ OPE becomes just the gauge
anomaly (so it is the t'Hooft anomaly in the LG model context): we need Y, ¢ —
>, a2 = 0 for the gauge theory to exist [73]. Then equation becomes the

condition for the R-symmetry defined by charges (o, a,) to be non-anomalous [79].
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Classical and quantum chiral algebra

When we were discussing the OPE in the cohomology, we argued that, as a conse-
quence of conformal invariance, there should be no dimensionful couplings present in
the OPE. We can generalize that further to say that the chiral algebra should not
depend on any dimensionful couplings at all. Any algebraic relations that involve
dimensionful coupling constants would violate the combination of scale and Lorentz
invariance.

One of the basic facts about theories we study is that they are free in the UV.
In fact, this provides an alternative argument for why the singular part of the OPE
is independent of couplings. Short-distance singularities of operators are simply gov-
erned by the free theory, even before passing to the Q + cohomology (however, we find
the argument based on Lorentz and scale invariance in the cohomology to be more
transparent in our case).

Independence of chiral algebras on dimensionful couplings implies a useful prop-
erty, which can be thought of as a sort of non-renormalization theorem. The exact
quantum chiral algebra in our theories is “almost determined” by the classical chiral
algebra. All we need to do to find the quantum counterpart is renormalize compos-
ite operators. Composite operators can be thought of as several fundamental fields
brought into one point, and in the process we should subtract short-distance singu-
larities. It might well happen (and will happen in concrete examples later) that even
though the classical operator is in Q + cohomology, the infinite piece you have to sub-
tract is not annihilated by Q .. In this way, renormalization of composite operators
representing classical cohomology classes can remove part of the classical cohomology.
The claim is that what you obtain using this procedure is the exact answer.

To understand why this is true, we will think of an exact quantum theory as a set
of local operators, which satisfy OPE relations and operator equations of motion. As
we said, short-distance singularities are governed by the free theory, so singular part

184



of the OPE does not care about interactions and operator equations of motion. Non-
singular part of the OPE can be thought of as a definition of composite operators, and
this is the point where we should be careful, as already noted before. The remaining
thing we need to care about are operator equations of motion.

If we stare at classical equations , we can understand that they do not
have any short-distance singularities and can be made into operator equations. The
question one might ask is whether they receive any corrections at the quantum level.
If there were such corrections, they would be a result of interactions and would depend
on the dimensionful coupling?| . If this could change the answer for chiral algebra,
it would mean that the algebra depends on a dimensionful constant pu. We know
that this is impossible on general grounds, so we expect that quantum corrections to
operator equations of motion are not important for the chiral algebra computation.

In fact, thinking slightly more general, the situation might be even simpler. Sup-
pose we have some renormalizable field theory, and we define it in the path integral
approach. This means that we choose our favorite regularization to make path integral
finite-dimensional, define the action and the measure in this regularization and add
counterterms, if needed. Or, alternatively, think in terms of bare fields and couplings,
without any counterterms. The standard way to derive equations of motion which
hold under correlators, i.e., operator equations of motion, is through integration by
parts. For renormalizable field theories defined in this way, these equations of motion
hold exactly when written in terms bare fields. If we write them in terms of physical
fields and counterterms, then counterterms of course contribute to equations of mo-
tion, but their role is to renormalize composite operators that appear in equations of

motion. This becomes very clear in the example of the A\¢* theory. The equation of

°In fact, the right hand side of (3.47)) is already proportional to u, so additional terms would be
multiplied by higher powers of
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motion of the A¢* with counterterms is:

(O+m*)d = A\¢* + 6 + 500 + 51, (3.86)

and by some simple manipulations with diagrams, one can see that these three terms
on the right are precisely what one needs to define a composite operator A¢>. The
mass counterterm 6,,¢ removes singularity coming from the self-contraction in ¢?,
while the other two remove singularities coming from contractions between ¢* and
one insertion of the interaction vertex A¢*/4. It is quite obvious that this continues
to higher orders of perturbation theory, simply because the theory is renormalizable
and has only these three counterterms.

It is not completely clear how general this argument is and whether it holds for
gauge theories, but it definitely works for our LG models. Moreover, it is possible to
show that our models do not need any counterterms at all.

So our conclusion is that equations hold exactly once we properly define
composite operators appearing there. This supports our claim that to compute quan-
tum chiral algebra, we need to find the classical one and then check which part of it
survives after the renormalization of composite operators.

All these statements are true in perturbation theory. They might not hold if
non-perturbative corrections become relevant. For example, instantons might lift
cohomology classes [84], and this has to be studied separately. In our case we as-
sume that the worldsheet and the target are topologically trivial, so non-perturbative

corrections are not expected.

Non-abelian global symmetries

In addition to U(1) global symmetries, the action may also have non-abelian linearly

realized global symmetries that commute with SUSY. They generally are of the form
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' — A'®I A* — BiA’. The kinetic part of the action implies that A € U(Ng) and
B € U(Ny,), where Ng is the number of chiral superfields ®,i = 1... Ng, and Ny is
the number of Fermi superfields A% a =1... N,.

It is clear that by a unitary transformation &' — U/®7, A* — V;*A® one can always
bring A and B into the diagonal form, and in such a basis they will describe just the
U(1) global symmetry. Therefore, in order to have something new compared to the
previous discussion, we assume that the action has some U(1) global symmetries
and, on top of that, also has some non-abelian symmetries. Altogether, they close
to a subgroup G C U(Ng) x U(Na). The free theory has the full U(Ng) x U(N,)
symmetry, which is then broken to the subgroup G by the E and J superpotentials.

Embedding G C U(Ng) x U(N,) defines an (Ng + N, )-dimensional representation
of G on superfields of our model. This representation is reducible and can be decom-
posed as a direct sum of an Ng-dimensional representation Rg on chiral superfields
and an Nj-dimensional representation Ry on Fermi superfields. Let the Hermitian
generators of this subgroup in the representation Rg be called t,, « = 1... |G|, and

in the representation Ry — 7,, @ = 1...|G|. The infinitesimal transformation is:

D' — O +ic(t,) D,

A — A"+ i€ (7o) AL (3.87)
The condition on J and E for this to be a symmetry is:

(ta)é‘q)jaija(q)) + (Ta)sz(cb) =0,

(ta); D/, E*(®) — (1a)s E*(®) = 0. (3.88)
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It is straightforward to repeat what we had done for abelian symmetries and to find

the corresponding element in the D -cohomology:
T = (1) AR +i(t,) D70 T. (3.89)

If we write [ta,ts] = if,st,, then the OPE of these currents is given by:

tr(tats) — tr(Ta7s) n flgjy(y)

Tula)Tply) T g e

+{Q.,... } (3.90)

We have tr(tats) = 229045 and tr(7,73) = 2204, Where e and xp are Dynkin
indices of the representations Rg and R, respectively. Therefore, in the cohomology

we find a current algebra of G at the level r = 2(x¢ — xp).

3.3 N =(2,2) models

If in a general NV = (0,2) LG model as described before we put E* = 0, take a
to be the same sort of index as 4, i.e., just put Ny = Ng (recall that everything is

topologically trivial in our discussion) and take J,(®) = %Yg—}fj)

for some holomorphic
superpotential W (®), we get a general N' = (2,2) LG model. In such a case (0,2)

superfields are promoted to (2,2) chiral superfields:
D' =D +iV20 N — 60 O__'. (3.91)

With /' = (2,2) supersymmetry, we can go further in the discussion of general
properties of the chiral algebra in the Q 4-cohomology. First of all, let us get rid of
the trivially reducible case. Suppose that we can organize superfields @' into two

nonempty sets: {®!, ®2 ... &} [P Pst2  PNe} 5o that the superpotential
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can be written as a sum:
W(®) =w(@ &% ... &)+ WO (@ @+ pNe), (3.92)

This superpotential just describes 2 separate LG models which do not interact with
each other. The space of observables in such a model is just the graded-symmetric
tensor product of the spaces for each of the two models, and the supercharge is the
sum @ L= _Srl) + @f), where each term in the sum acts on the corresponding factor
in the graded-symmetric tensor product. It is a simple algebraic exercise to prove
that the cohomology of such a Q + is just the graded-symmetric tensor product of the
cohomologies of @S:) and @f)

Therefore, without any loss of generality, it is enough to study superpotentials
which cannot be decomposed as in , and can never be brought into such a
decomposable form by a holomorphic change of coordinates on the target. We will
assume this from now on. Note that it was shown in |76] that with such an assumption,
no accidents happen in the IR, which also simplifies life a lot.

Since we put £* = 0, quasihomogeneity conditions (3.58|) now always have at least
one solution, a, = 1,Va, a; = 0,Vi. Therefore, according to our previous discussion,

there is always a stress-energy tensor in the cohomology. It is interesting, however,

to study the case when W (®) is quasi-homogeneous itself:

Z B;®' gg = W (D). (3.93)

After all, as was noted in [103], this is the case most relevant for studying the IR fixed
point of the LG model. With this property, if we take o; = (; and a, = [i—,, we

get another solution of (3.58)). In other words, there exists a U(1) flavor symmetry

corresponding to the solution ¢; = 3;, ¢o = Pi=a — 1 of (3.66)).
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If there is only one such flavor symmetry, we can see that the equation ((3.85|)
picks a; = §; and a, = f;—, as defining the correct stress-energy tensor. Indeed,
these values satisfy , while another solution, a, = 1, a; = 0, inserted in ,
gives > . qi+ >, qa = »_;(26; — 1), which is generically non-zero. The last sum being
zero corresponds to various degenerate cases, for example if superpotential is just a
quadratic polynomial (which means that all fields are massive, the IR theory is trivial
and the chiral algebra should be trivial too). We will not concentrate on such cases.

On the other hand, there can be more flavor symmetries in the model:

O — e P (3.94)

if one can find such a system of charges ~; that:

oW
> v 25 =0 (3.95)

This gives a solution ¢; = i, Gu = Yi—=a Of . Note that both the solution ¢; = f;,
Ga = Bi—q — 1 and the solution ¢; = 7;, ¢, = Yi—, describe flavor symmetries from the
N = (0,2) point of view, since they just satisfy (3.66]). However, from the N = (2,2)
point of view, only the latter one is a flavor symmetry, while the former one becomes
the left-handed R-symmetry of the ' = (2,2) SUSY, which is seen from the fact that
®’s and A’s charges differ by one.

The action of the LG model in the (2,2) superspace is:

S = 4i / 2d0 D @ + 4i / A2xd?0 W (D) + 4i / Pz d*0 W () (3.96)

v ™ 7

The superspace equations of motion are simply:

e W

D& = (3.97)
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As was first noted in |78], we can find an element in the D -cohomology represented

by the (2,2) superfield:

J = Z (1 _26 ‘D D ¥ — zﬁiqﬂa__?) , (3.98)
which can then be expanded in components with respect to #~ and 6 : the lowest
component is the left-handed R~current, the top component is the stress-energy tensor
(which, using our earlier N' = (0,2) terminology, corresponds to the solution «; =
Bi, 0 = [i—q of ), and the fermionic components are the two left-handed
supersymmetries. Therefore, this J generates a left-moving N’ = 2 superconformal
algebra in the D_-cohomology.

If there exist additional U(1) flavor symmetries characterized by weights +; satis-

fying (3.95)), then there is another D -cohomology class represented by:
\If—lz D_3 (3.99)
=9 i Vi -, .
so the derivative:
D_VU = ny (§D<I>’D<I> +i®'0__® ) (3.100)

generates ambiguity, because we can replace J — J + AD_W¥, VA € R. Of course,
this is still the same ambiguity of the N' = (0,2) stress-tensor multiplet related to
U(1) flavor symmetries that we were discussing before. The only difference is that
by now we have dealt with the U(1) global symmetry which is the left-handed R-
symmetry from the N' = (2,2) point of view (it was described by the charges ¢; = £3;,
Go = PBi=a—1), and what we are left with in corresponds to the actual N' = (2, 2)
flavor symmetry. Similar to what we had for a more general N' = (0, 2) case, we could

have analyzed this ambiguity using the N' = (2,2) supersurrent multiplet, especially
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since its structure is described in details in the Appendix C of [80]. However, we
chose not to do this, as it would not give us anything essentially new compared to
what we have already understood.

Previous discussion of the OPE in the cohomology being determined by the free

propagators of course still holds. The free propagator of chiral superfields is:
<$i(x1, 0,)® (25, 92>> = 6 log (Riy Riy) | (3.101)
where

Ry =x] —mxy, +i070, +i05,0, +2i0, 05,

Ry =t —aft +i070, +i050, + 20, 65 (3.102)

We can compute the OPEs:

c 207,60 107
j ’9 j ’0 ~ o 12 12j ’9 o 12D,j ,6
(ﬂm 1) ($2 2) 3(1‘12)2 (r12)2 (332 2) _r12 ($2 2)
99D F(an, )~ 222 700,00 4 (@, ). (3103)
o o

where

01_2:01__02_7 gl_2:§1__027
rip =] —xy +i0, 05 —ify 0],

(3.104)

and the central charge is:

c=3) (1-28). (3.105)

(2

192



Equation encodes the N' = 2 superconformal algebra with the central charge
¢ (this equation, but in slightly different conventions, was present in |78]). Of course
we could have obtained the same value of the central charge using the more general
equation , which holds for more general N' = (0,2) LG models. One would have
to put a; = B;, &y = Pi—, there.

Notice that the central charge (3.105) is linear in ;. This means that if we
have U(1) flavor symmetries such that holds, we can no longer get rid of the
ambiguity 8; — [5; + Ay; by simply asking the central charge to take the extremal

value. This is related to the fact that the OPE of the cohomology class represented

by (3.99) with itself is regular:

(1, 00)¥(29,00) ~{Q,... }. (3.106)

So that the OPE of [¥] with [7] is the same as with [J + AD_V], YA € R. The JV¥

OPE is:
0:- 6,6 10
j(l‘l, 81)\11(5(]2, ‘92) ~ I€<r1122)2 — (i?m);\lf(l'g, 92) — ?ljD_\I/(ZE% 02)
20,0, ' —
—Ma__\lf(lﬂg,eg) — Lm(m2,02)+{@+’...}, (3107)
LS D) 1S D)

where k =) . 7;. Compare this with what one expects for the OPE of 7 with some

superconformal primary superfield P:

20,0 101
T (21,00 P (3, 05) ~ ——2L2AP (25, 6,) — 2D _P(x,,05)
(r12) T2
1010 — 20750, j —
—QD,PCUQ, 92) - ﬂa,,P(xg, 62) - LQP(JZ‘Q, 62) + {Q+, Ce }, (3108)
Iio I 1S D)

where A is the conformal dimension of P and ¢ is its R-charge. What we see is that

for non-zero values of k, ¥ is non-primary, and moreover it is not a descendant of any
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primary, as can be seen from unitarity and global superconformal invariance of the
vacuum of the IR theoryﬁ Therefore, the non-zero x becomes an obstruction for the
IR CFT to exist. This happens for example in a model with two superfields X and
Y and superpotential W = XY?2.

Notice that since the VW OPE is regular, so is the D_WD_W¥ OPE. The absence of
central term in it means, as we have mentioned in Section[3.2.T] that the corresponding
flavor symmetry can be gauged without encountering gauge anomalies. Possible non-
zero value of xk then becomes the anomaly for the right-handed R-symmetry. This
would be relevant if we were studying gauge theories.

The theory can also have non-abelian flavor symmetries, which lead, as we have
argued before, to the current algebra in the cohomology. In our discussion of general
(0, 2) theories, the level of this current algebra was given by the difference of Dynkin
indices: r = 2xg — 2x5. The first term here corresponded to the way flavor symmetry
acted on ®’s, and the second — on A’s. In the (2,2)-supersymmetric case, the flavor
symmetry acts in the same way on ®’s and A’s, as they are just components of the
(2,2) chiral superfields ®'. So re = z5. We conclude that the current algebra in the
cohomology corresponding to some flavor symmetry of the N' = (2, 2) supersymmetric

LG model always has level zero.

6The argument is as follows. Presence of the central term in (3.107) implies through the operator-
state correspondence that there is a state |¢) in the IR CFT such that G;1/2|w> = k[0) + Q,|9),

where G;1/2

state. Taking the dimension-zero component of this equality, we can assume that ¢ has dimensions
(1/2,0), so that G;1/2|’l/}> has dimension zero. Since in a unitary theory there are no operators of

is one of the superconformal generators, |0) is the vacuum state and |¢) is some

negative dimension, @ |¢) should not be there: G, /2|1/)> = £|0). Invariance of the vacuum implies

Gi—l/QG:—l/

equality implies Gjrl /2|1/)> = 0, which gives a contradiction unless x = 0.

,|¥) = 0. Since in a unitary theory (GI_l/Q)Jr = Gfl/Q, by multiplying with (1|, the last

194



3.4 Examples

In this section we will consider a few examples of applications of our machinery to
the N' = (2,2) LG models, where we can say something about the chiral algebra and

therefore draw some conclusions about the theory to which the model flows in the IR.

3.4.1 Degenerate examples

Consider the theory of two chiral superfields X and Y with superpotential
W= XY (3.109)

This theory has a non-trivial flavor symmetry. A possible charge assignment is:

vx = 2, 7y = —1, so that

oW oW
x0T v e~
Ix Ty Y

7% 0. (3.110)

As we know from the equation , there is an extra operator ¥ in the cohomology
as a result of this flavor symmetry. Since vx + vy = 1 # 0, the OPE tells us
that this operator is not primary. Moreover, as we explained in the footnote [6], an
operator satisfying cannot be made primary in a unitary CFT with invariant
vacuum. Therefore, its existence indicates that the RG flow does not end at any CFT.
In fact, the superpotential has a flat direction Y = 0, and we can conclude that the
low-energy theory describing propagation along this flat direction, as well as some
other low-energy modes, cannot be conformal. One can get a conformal fixed point
if we add a perturbation eX?"*! to the superpotential. This will actually correspond
to having the D series of minimal models at the IR fixed point, with the exact choice

of the model depending on n, even for small e. By sending ¢ — 0, the IR fixed point
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will most likely go to infinity, so that the degenerate theory W = XY? will not have
an endpoint for its RG flow.

This flavor symmetry could be gauged, however, as we have noted before, this
would make right-handed R-symmetry anomalous because of vx + vy # 0.

By considering a slightly different superpotential, namely:

W = X?Y? (3.111)

we get again a theory with a flavor symmetry, but the charges now can be chosen to
be vx = 1, 7y = —1, so that vx + vy = 0. Therefore, the bad central term does
not appear in , and the theory in the IR has a chance to be conformal, even
though the superpotential has flat directions. Also, if we gauge this flavor symmetry,
we still get a theory with the right-handed R-symmetry. We are not going to study

this example any further.

3.4.2 AN = 2 minimal models

A series of N' = (2,2) LG models are known to flow in the IR to the N' = (2,2)
minimal models. These superconformal theories are relatively simple. The central
charge is given by [104-108|:

c= - k>1, (3.112)

and there is a known spectrum of possible superconformal primaries. The A-D-E
classification of modular-invariant theories is known [109-112], and the corresponding
LG superpotentials have been identified before. So, we can try to compute the chiral
algebra both for the LG model and for the minimal model which is supposed to arise
in the IR, therefore providing more evidence for this relation, as well as demonstrating

the power of chiral algebras.
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The Ay, series

For a given k, the diagonal Aj,; minimal model is the simplest one. Its set of
primaries has a subset of k + 1 fields which are chiral primary with respect to SVir.
Let us call them Oy, s = 0,...k, where Oy = 1 is the identity operator and O, has

left-right conformal dimensions (h,h) = (m, M) and left-right U(1) charges

(¢,9) = (7337 533)- As we see, they all are chiral primaries with respect to both

SVir and SVir. Therefore, together with the A = 2 currents, they generate the chiral
algebra of the theory, as well as the anti-chiral algebra abtained analogously by taking
the cohomology of Q_.

We expect to get the same result from the LG model description. It is obtained

by considering only one chiral superfield ® with the superpotential:

(I)k+2
W(®) = . 3.113
(®) =1 (3113)
The equations of motion are
D,D_® — " =9,
D_D,®-3" =o. (3.114)

Differentiating these equations and multiplying them by arbitrary polynomials of ®,
@ and their derivatives, we get a differential ideal Z. The algebra .7?0 consists of
arbitrary polynomials of variables 8_?8TD$D’1 ® and aiaTE’iE’iE for non-negative

integers n, m, k, p, modulo the ideal Z:
Fo=C[...,0"0"D"D*® 070" D D' ®,...|/T. (3.115)

It is not hard to find another set of generators, which will generate ﬁo as a super-

commutative polynomial algebra itself. We already explained it in the context of
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general A/ = (0,2) LG models. Namely, we can take:

Gg={0"_@,07,®,D.0"_ ® D, 0", P, o _®, 8i+5, D_0"_®, E+8ﬁ+$,n > 0}.
(3.116)
All other derivatives of elementary superfields ® and ® can be expressed, using

equations of motion, as polynomials of these generators, and moreover, there are no

further algebraic relations between these generators. So we have:
Fo ~ C[G]. (3.117)

We will first compute the classical cohomology of D, acting on this space. After
that we will check which part of it survives at the quantum level, when we take care
to subtract singular parts from composite operators. It is clear that the cohomology
classes can only be destroyed by this subtraction. Indeed, suppose we define:

:AB : (z) = lim (A(z + €) B(2) — (singularine)). (3.118)

e—0

If AB was classically in the cohomology but the singular part is not D -closed, the
operator : AB : is no longer in the cohomology. If AB was not in the cohomology
even classically, then neither is : AB :, which is quite obvious. Finally, if AB was
classically D_-exact, then there is no need to consider : AB :. Even if the singular
part represented some non-trivial quantum cohomology class, we would find it by
starting with some other classical cohomology class anyways. So, we will look for
the classical cohomology first, and then check which part of it survives subtraction of

singularities]]

“In fact, computation of the classical cohomology is a hard combinatorial problem, while we are
really only interested in quantum cohomology. So we will not determine the classical cohomology
completely, only partly. As we will see, there is an N' = 2 super-Virasoro algebra in cohomology,
so our approach will be to look for those classical cohomology classes which have a chance to be
superconformal primaries at the quantum level.
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To find how D, acts on .7?0 in terms of the generators, we act with D, on the
generators from the set G and, using the equations of motion, express the result in
terms of these generators again. To explicitly describe D, , it is convenient to write
it as a sum:

Dy =dy+di, (3.119)

where dy acts as follows:

dp:0"_®+—0, 9, ®—0, DO _®~0, T®—0, D0, ®—0,
D_0" B0, Do & 20" 1®, 0", s DO, B,
(3.120)

and d; acts as:

dp:0"_® 0, 9}, ®—0, D" ®—0, DI, @0 I, @0,
D", B0, D" B0 (d), o71d %D_az_(cpkﬂ).

(3.121)

This explicitly describes how D acts on the generators, and then extends to the full
algebra ]?0 by linearity and Leibniz rule. Notice that dy is just the D, in the theory
with zero superpotential, while d; includes corrections due to the superpotential. This
splitting of D is motivated by a perturbative computation of the D -cohommology,
i.e., the spectral sequence, which we are about to perform.

Let us introduce a filtration degree on ]-A"o by saying that for generators:

Vo € G, fdeg(z) = 1, (3.122)
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which then extends multiplicatively on the whole ]-/:0. We then define:

FP = {5 e Fy: fdeg(S) > p}, (3.123)
which gives a filtration:
Fo2FOSFV S FP 5 (3.124)

Our differential D, obviously preserves this filtration. In particular, dy does not
change the filtration degree, while d; increases it by k, if £ > 0. This allows us to
apply spectral sequences to compute the cohomology of D, . But before that we will
mention a trivial technical lemma we will need later.

Lemma 5.1: Let V be a Zs-graded vector space and S(V) = ®p>05%(V) be
the graded-symmetric algebra of V. If there is a degree-1 differential d : V' — V|
i.e., d> = 0, then by the Leibniz rule it extends to a differential acting on the graded-

symmetric algebra d : S(V) — S(V'), and moreover, its cohomology is:
H(S(V),d)=S(H(V.d)). (3.125)

Now, having this Lemma, we will proceed to compute the cohomology of D

First let us consider the trivial case k = 0. Then both dy and d; do not change
the filtration degree. We can define a vector space spanned by the elements of G:
V = Span(G). Since D, = dy + d; does not change the filtration degree, it acts
as a linear operator on this V. Next we notice that F, ~ S(V), so by the Lemma
H (ﬁo,ﬁJr) =S5 (H (V, ﬁ+)). To compute the cohomology of D, acting as a linear
operator on V, we notice that all elements of G are either not D, -closed or are D_-
exact as a consequence of the equation of motion D, D_@® = &. So the cohomology

is trivial for k = 0 (stress-energy supercurrent J becomes D, -exact for & = 0 ad
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well). This could be expected because the k = 0 model is massive, and therefore the
IR theory it flows to is empty.

Now, suppose k > 0. Then at the zeroth order of spectral sequence we have:

By = FV )R, Bo=Gi(R) = P E, (3.126)
p=>0

where Gr(]?o) is the graded space associated with the filtered space ]?o, and the
differential acting on it is just dy, which preserves grading. We note that Fj ~
Span(G), the vector space spanned by the generators from G (which all have degree
1). Since dy preserves grading and, as one can easily see, Ey ~ S(E}), we just apply
Lemma and get H(Ey,do) = S(H(Ej,dy)). By inspecting equations (3.120)), we
easily find the cohomology of dy acting on E}. The answer is H(E}, dy) = Span(Sy),

where the set S is:
So={0"_® D 9" & 0""® D 9" &, n>0}. (3.127)
Therefore, we find the first term of the spectral sequence:
E, = H(Ey,dy) ~ C[Sp]. (3.128)

Now, if £ = 1, then for the first step of spectral sequence, d; becomes the dif-
ferential acting on E;. If £ > 1, then the differential acting on F; is just zero, and
Ey = H(E;,0) ~ Ey. Next, if k > 2, we find that F3 ~ F;, and so on. This procedure
goes on until we get to the k-th term of spectral sequence: E, ~ F;. As we know
from spectral sequences, the differential acting on Ej should be the degree-k part of

D, ,ie., dy. So for the next term we have:

Ek+1 ~ H(El,dl). (3129)
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Since there are no components of D of degree higher than k, the spectral sequence

collapses here and we conclude that:
H(Fo,Dy) ~ H(By, dy) ~ H(C[So], dy). (3.130)

So all we need to do now is compute the cohomology of d; acting on C[Sy|. The way

d; acts on the elements of S is:

di: 0" _®+—0, D_0"_®—0,

aﬁ@H%&mJ@ﬂ,ﬁﬁLEHMJWW. (3.131)

Even though we have considerably simplified the original problem, the direct compu-
tation of the d; cohomology is still too nasty. We can simplify it more by recalling
that we already have a stress-energy supercurrent in the cohomology, and therefore
it is enough to look for its superconformal primaries only. Our superpotential is of a

1

quasi-homogeneous class, with § = so the stress-energy supercurrent is:

k+2>
k+1 — = 1 —
=— D D b — —>PJ__P 3.132
J 2(k +2) k+2 ( )
and the corresponding central charge is ¢ = k?’—f:Q Now suppose we found some poly-

nomial P € C[Sy] which represents a D -cohomology class. We have the following
technical Lemma:

Lemma 5.2: Every d;-cohomology class [P] which is a superconformal primary
with respect to J, can be represented as a polynomial of @, D_®, D_&® and 0__®,
that is P € C[®, D_®,D_&,0__®]|.

The idea is that having higher derivatives of ® and ® in the expression for P
will result in higher poles in the J(z,6)P(0,0) OPE, which should not be there if
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[P] is primary. Elegant proof of this statement is not available at the moment, but
calculations seem to show that it is true, so we leave it as a conjecture.

The operators ®, ®2,... ®* are all in the cohomology and are primaries — we will
write their OPE’s with J later. ®**! is exact and so is not in the cohomology, so any
polynomial of @ is just a linear combination of 1, ®, ®2 ..., ®" in the cohomology.
Since D_(P(®)) = P/(®)D_® and (D_®)? = 0, any polynomial of ® and D_® is
A(®) + D_B(®), where the second term is a descendant. Let us figure out now if
there are any other primaries in the cohomology. We try to construct d;-closed (or
equivalently, D -closed) polynomials from ®, D_®, D_® and d__®, which are not
just polynomials of ® and D_®. A simple computation shows that the most general

such combination with even statistics is:

n+1)(k+1)

E= i P,(®)(0__®)" [( D_®D & —i®0__®|, (3.133)

where P, are arbitrary polynomials, while the most general odd closed element is:
0= Cu(®)(0__2)"D_2, (3.134)
n=1

where again C), are arbitrary polynomials.

To slightly simplify computations, we notice that since the operator d; increases
the introduced above filtration degree fdeg by k, one can grade the cohomology by
this degree, and it is enough to assume that £ has a given fixed degree (i.e., it is a
homogeneous polynomial). Next, we notice that we could introduce another grading
— by the number of derivatives in the expression. If we assign the bosonic derivative
O__ a “derivative degree” 1 and the fermionic derivatives D_ and D_ a “derivative
degree” 1/2, we can see that the operator d; actually lowers the “derivative degree” by
1/2. Therefore, again, we can grade the cohomology by this degree, and it is enough
to study the cohomology within the sector with a given “derivative degree”. Fixing
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values of these two degrees — the filtration degree and the “derivative degree” — we

see that it is enough, without loss of generality, to consider:

A (n+1)(k+1)

£ = % (O__P) D_®D_& — i®0__®|,

O = ®%(0__®)"D_&. (3.135)
where s and n are non-negative integers. A simple calculation gives:
D &% = —i[s+ 1+ (n+1)(k+1)] O™ (3.136)

This suggests that any odd element of the above form O*"*! that we could have
possibly found in the cohomology would always by a descendant of some even element.
This is also true for O*° = ®*D_& = xllDJI)S“. Therefore, it is enough to study
the expression £%" given above. Can it represent a nontrivial cohomology class, and

can it be a superconformal primary?

Observables £°" and their lifting

Notice that for s > k:
di [ (0__@)""'D_®] = i£>", (3.137)

so £%" is exact for s > k. On the other hand, for s < k, £™ is obviously not exact,
because, as we can see from the equation , the image of d; always contains the
field @ at least k + 1 times, while £%" contains it s + 1 times. So we conclude that
E%™ for s < k indeed represents a non-trivial classical cohomology class.

Classical observables £%" satisfy the following multiplication rule:

gs,ngt,m — _igs—l—t—&-l,n—i—m—&—l‘ (3138)
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They can be combined with the observables ®°, for which we have:

Psgt = gothn, (3.139)

We see that ® and £%" generate a closed sector in the classical cohomology. As we
will find soon, these are not all classical cohomology classes, there exist more. But
all observables that have a chance of being superconformal primaries in the quantum
cohomology are within this sector.

The stress-energy supercurrent J that we identified before is of course among

these observables:

1
J = k—+25°v0. (3.140)

In particular:
JE = —%Hgs“v”“. (3.141)

This equation implies that the only observables which have a chance of being super-

conformal primaries at the quantum level are £5° and £%". But because of:

£ = (k+2)T®°, (3.142)

the former are simply descendants of ®°. So we only have £%" left.

Can £%" represent cohomology classes in quantum theory? It turns out that only
for n = 0. The reason is that for n > 0, the infinite piece that one has to subtract in
order to define the composite operator £%" is not Q ~closed.

Consider the simplest operator £%!. We call its lowest component e;:

er=(k+1)0__¢p_b_ —ipd(0__¢)>. (3.143)
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This is a composite operator whose precise definition requires subtraction of singu-

larities:

. - — . — 2ki —
er(a) =t ((h+ 1)0_52)0(2)5(a — 0)  i60-—5(0)olc ) ~ 220_(a) )
(3.144)
We see that the piece that we subtract is not Q ,-closed, which already suggests that

ei(x) is probably not in the cohomology. Careful computation of [@)_, e;], followed

by taking the e — 0 limit, shows that:

Querl = ~(k 4 1) |k D)6*0_v- — Jp 06| —ilk+2)[Q,. 03] (3.145)

So indeed, e; is not in quantum cohomology. We know that classical observables
should be lifted from cohomology in pairs. Therefore, the combination we got on the
right, 1 = (k + 1)¢*0__v_ — %w_(?__¢k, should be some classical cohomology class
which disappears together with e;. And indeed, it is in the classical cohomology,
as it is easy to check. Before, we found classical cohomology classes which had a
chance of being superconformal primaries, and this r; was not among them, which
suggests that it should be a descendant. Another computation shows that it is indeed

a descendant. The lowest component of 7 is:

k+1 — 7
¢‘¢*_k+2

1=Jl=3 ¢0__, (3.146)

(k+2)

it is a U(1) current in the N' = 2 super-Virasoro. A computation shows that:

jor(@Fo) = jefp = %H (k+1)¢*0__v_ —p_0__¢") +[Q....]. (3.147)

So this new operator, r; = (k+1)¢*0__1¢_ — %w,a,,&, is actually a superconformal

descendant of ¢¥1)_. One can ask a similar question: what is this ¢¥1)_? Clearly, it
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is in the classical cohomology. But in fact, ¢*1)_ = %H[Q,, #**1], and recall that we
have a relation ¢**! = 0 in the classical cohomology. Therefore ¢*7)_ also vanishes
in the classical cohomology. So we have discovered the following: classically, we have
cohomology classes e; and 7, but quantum-mechanically, we have [Q €] =r;. And
this 7, is a superconformal descendant of ¢*1)_, which is actually zero in the classical
cohomology.

This might look confusing — how is it possible that superconformal descendant
of zero is not zero? The resolution of this apparent paradox is that, actually, super-
Virasoro algebra does not act in the classical cohomology. It only acts in the quantum
cohomology by the OPE with the stress-energy supercurrent 7, while there is no no-
tion of OPE in the classical cohomology. Therefore, there is no contradiction between
the facts that ¢*¢_ vanishes in the classical cohomology, while its superconformal de-
scendant r; does not vanish classically. The fact that latter is a descendant of the
former is borrowed from the chiral algebra in the quantum cohomology. And in the
quantum cohomology, because of this relation, both of them indeed have to vanish.
This is quite satisfactory, because it also explains why r; should be lifted from the
classical cohomology — because it vanishes in quantum chiral algebra!

In fact, by taking all possible superconformal descendants of the relation ¢* = 0,
we will get a lot of (probably, infinitely many) operators which vanish in the quantum
cohomology but represent non-vanishing classical cohomology classes. They all should
be lifted from the cohomology through the mechanism which we have just described.

Also, it is not hard to convince oneself that not only £%!, but all operators £%", n >
0 get lifted from the cohomology at quantum level for the same reasons. Clearly, there
is some interesting (or at least non-trivial) mathematical structure in how classical

cohomology classes get paired and lifted from the cohomology. It is quite possible

that our observables £%" and superconformal descendants of ¢**! are not the only
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classical cohomology classes involved in this. However, we are not going to study this
question here.

We are only interested in the quantum cohomology here, so the conclusion we
need now is that the only primary operators in the cohomology are 1, ®, ®2, ... ®*.

They, together with the stress-energy supercurrent 7, generate the full chiral algebra

in the Q ,-cohomology. One can find that:

20750, 10 20750, '

T (1,00 (25, 05) ~ — | A222p 4 Z2p o T2li2g 4 L) @0 (3.148)
(ri2) I Iy T2

where h, = £ = m We see that dimensions and charges match exactly our

expectations for the Ag,; minimal model.

D and E series of minimal models

We will not go into much details about the chiral algebras of D and E series of minimal
models. Instead we will just look at some of their features, leaving a more detailed
study for the future.

The LG models which are expected to flow to Dy, o minimal models in the IR

are described by the superpotential:

2n+1

W=XY?+ (3.149)

on—+1

Consider the n = 1 theory. It has W = XY? + XTS If we make a change of

variables

(3.150)
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We will get an LG model with W = */?ng + ‘/TEU?’. This is just a pair of non-
interacting As models. Thus the theory in the IR is expected to be just Ay ® Ay, with
the chiral algebra being a tensor product as well. Recall from the previous subsection
that, for the W oc V3, the chiral algebra has only two primaries: the identity 1 and
V', and there is also a stress-energy supercurrent Jy,. Similarly for the second one:
we have 1 and U as primaries, and we have Jy. By taking the tensor product of these

two, we can identify primaries in the chiral algebra of A; ® A, as:
LV, U VU Jy — Ju. (3.151)
Going back to X amd Y, the first four are simply:
LX)V, X?-Y?2 (3.152)

Moreover, since in the cohomology V? = U? = 0, these X and Y satisfy relations in

the chiral algebra:

X24y2=0,

XY =0, (3.153)

which are just the relations of the chiral ring, so we get the familiar result (explained
in Section that operators from the chiral ring of the NV = (2,2) theory are
primaries of the chiral algebra. However, we have an extra primary operator of
dimension 1:

P=3Jv— Ju, (3.154)

which is not part of the chiral ring. The existence of this extra primary current

in the cohomology was already noticed in |113|, where the author also conjectured
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that every Dy, o model has, in addition to the generators of the chiral ring, a single
dimension-n primary in the cohomology.

We are not going to study n > 1 cases here. The only thing we want to mention
is that the spectral sequence approach we used for the A;,; models can be clearly
generalized to the Dy, case. For n > 1, the operator D, will split as a sum of three
terms:

Dy =dy+dy +dy, (3.155)

where d, corresponds to the zero superpotential, d; takes into account the effect of
XY? term in the superpotential, and d, encodes the effect of X?*™! interaction. It
should be possible, though more technical than in the Ay, case, to compute the
cohomology using this splitting and check the conjecture made in [113].

Finally, a small remark about the E series. The models Fg and Ey correspond to
superpotentials X3+Y* and X2+Y?. Therefore, their chiral algebras are immediately
identified as those of Ay® A3 and A;® A4 respectively. Therefore, they will also contain

extra primary operators, in addition to the chiral ring elements. The E7; model has:

W=X>+XY? (3.156)

therefore it has to be studied separately. In this case again we will have:

Dy =dy+dy +dy, (3.157)

where dy is a D, operator in the theory of two free chiral superfields without any
superpotential, d; takes into account the X3 term and ds takes care of XY3. It is clear
that at the second step of the spectral sequence computation, when we consider the
cohomology of dy, we will essentially get the cohomology of the As model multiplied

by the free theory described by the chiral superfield Y. Computing the cohomology
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of dsy at the next step then becomes much simpler, since we already know the answer

for As.

3.5 Some further remarks

We have only scratched the surface of the subject, demonstrating some general prop-
erties of chiral algebras of N' = (0,2) theories and giving several simple examples.
The most general property was the RG invariance of the answer, which makes chiral
algebras interesting objects to study in the context of dualities.

One obvious extension of this work would be to get a better description of chiral
algebras of N' = (2,2) LG models with quasi-homogeneous (or even general) polyno-
mial superpotentials. Our treatment allowed us to find answers in some cases, but
it would be much nicer to have a more general result, which would associate chiral
algebra to any polynomial superpotential. It would also be useful to find some classes
of N = (0,2) models in which the chiral algebra could be described completely.

But the most interesting and immediate extension is, of course, the application of
chiral algebras to gauge theories. If the LG model has some flavor symmetry, one can
gauge it by coupling to gauge multiplets. One can argue that perturbatively, the way
this gauging is implemented in the chiral algebra is as follows. If G is the gauge group,
one should first take the G-invariant subalgebra of the ungauged chiral algebra, then
tensor multiply it by the “small” be-system of dimension (1,0) (where “small” means
that zero mode of ¢ is excluded from the algebra). The ungauged chiral algebra has
a current in it which corresponds to the flavor symmetry we want to gauge. Using
this current and the be-ghosts, one can construct a BRST operator. The condition
of its nilpotency is precisely the condition that there is no gauge anomaly, i.e., that
the symmetry we want to gauge really can be gauged. Then we have to compute the

cohomology of this BRST operator. The answer is the gauged chiral algebra.
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This procedure seems to hold in perturbation theory. One way to argue it is
by writing equations of motion of the gauge theory and, similar to what we did in
this paper, computing the cohomology of D, using perturbation theory (or spectral
sequence) in gauge coupling. This approach is somewhat ugly, but it allows to argue
that the answer is as we claimed above. Another, more conceptual proof would be
to define the gauge theory using the BRST formalism and the holomorphic gauge

vyy = 0. This would give the action:
S =Sy+{Qs ¥} =S + /d% o, + /dszAD++cA, (3.158)

where 4 is the auxiliary field implementing gauge vf + =0, and we added Faddeev-
Popov ghosts. One can extend supersymmetry to act trivially on ghosts. Then the
supercharge Q 4 and the BRST charge Q5 anticommute: {Q @} = 0, and we
really have two commuting complexes. The theory is defined as the cohomology of
() B, and within that cohomology we want to find the chiral algebra in the cohomology
of Q +. Since the complexes commute, we could first find the cohomology of Q 4, and
then compute the cohomology of Q. It is quite nice to discover that the gauging
procedure we explained above arises in this way. However, some techical details still
have to be clarified, and this is a part of an ongoing research.

A question of utmost importance is to understand how the gauging procedure
should be modified to account for non-perturbative effects, such as instantons.

Another extension, which is also important for gauge theories, is to study mod-
els without R-symmetry. We can easily find gauge theories with an anomalous R-
symmetry. In case they are constructed by gauging some LG models that have (right-
handed) R-symmetry, it becomes natural to ask what special happens to their chiral

algebra during gauging.
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Appendix A

Supergravity Conventions

Here we describe in detail our supergravity conventions in dimensions 11, 5, and 4,
and also the dimensional reduction relating them. Our conventions are generally

those of [87].

A.1 Gamma-Matrices and Spinors

Euclidean gamma-matrices will always satisfy a Clifford algebra with a plus sign, e.g.,

{T';,T;} = 26;,. For a fermion 1, sometimes we write
v =9'C, (A1)
where C' is usually called the charge-conjugation matrix.

A.1.1 Four Dimensions With Euclidean Signature

The flat space 4d gamma-matrices are denoted ~,, while the curved-space matrices
are v, = €47, where e, is the 4d vielbein. Negative chirality (or left-handed) spinor
indices are denoted A, B,C,..., while positive chirality (or right-handed) ones are
denoted A, B,C, .. ..
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Indices A, B,C, ... and A, B, C,. .. are lowered or raised by antisymmetric tensors
eap and €3, where we choose as usual £15 = ¢! = 1. In lowering/raising indices,
we adhere to the so-called NW-SE (“Northwest-Southeast”) convention, when indices
are always summed in the NW-SE direction: 14 = ¥Pepa, v = e4Byp.

We choose the following representation for the 4d Euclidean gamma-matrices:

0 oy 0 —il

v = yi=1,...,3, = , (A.2)

where o; are the usual Pauli matrices. The chirality matrix is:

-1 0
Vs = Y172Y3 Ve = : (A.3)
0 1
With this choice, the “upper” or “lower” components of a 5d spinor ¢* are 4d spinors

Y4 and wA of negative or positive chirality, respectively. Moreover, gamma-matrices

with both spinor indices lowered behave under complex conjugation as follows:
()" = BB (A4)

As usual in even dimensions, there are two possible charge conjugation matrices, which
we will denote as C' and C' = —C'vs, satisfying 7/7; = Cv,C~ ! and 75 = —6%5”1

(note that v} = +* in Euclidean signature):

e 0 ~ e 0 0 1
C = Y2 Y4 = , C= —075 = , &= . (A5)
0 —e 0 ¢ -1 0

By saying that we lower/raise both left and right 4d spinor indices by &, we have

automatically picked Cind=A4.
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In Lorentz signature, fermions always carry a real structure. This is typically not
the case in Euclidean signature (for example, if the Standard Model of particle physics
is formulated in Euclidean signature, the fermions carry no real structure). For our
purposes in this paper, spinors in 4d Euclidean space can be considered to come by
dimensional reduction from 5d Minkowski spacetime, and therefore they carry a real
structure. Since the spinor representation of Spin(4) (or of Spin(4, 1)) is pseudo-real
rather than real, to define a reality condition, one has to add an extra index ¢ = 1,2
(which can also be lowered/raised by an antisymmetric tensor €;;). Then the reality

conditions for left-handed and right-handed spinors 14 and wAi respectively are:

(W‘i)* = wAzw
(WA = (A.6)

A.1.2 5d Gamma-Matrices and Spinors

We denote 5d gamma-matrices as I'q with flat index @ (or I'y; with the curved index
M). In Lorentz signature, we choose the following relation between 5d and 4d gamma-

matrices:

lgeoe =Ya,a=1...4,

In 5d Euclidean signature, we take the fifth gamma-matrix to be I's = ;.

We denote 5d spinor indices by «, 3,7, . ... They are lowered /raised by the matrix
Cop that was defined in eqn. (A.5)) (in d = 5, Lorentz invariance leaves no choice in
this matrix) and again a NW-SE rule is applied. We sometimes write a 5d spinor U®
in terms of the 4d chiral basis and think of it as a pair of Weyl spinors ¥4 and \I'A,

but with indices raised or lowered by the 5d matrix Cup = cap,Cip = —c4p- In
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particular, that is how we usually treat the bd supersymmetry algebra, writing it in
terms of the chiral components ()4; and @) 4,. Of course, such a splitting explicitly
breaks part of the Spin(4, 1) symmetry, but this part is broken by the Kaluza-Klein
reduction anyway.

To define the reality condition satisfied by 5d spinors in Lorentz signature, we first

introduce
€
B = —ilyC = : (A.8)

and define
Ve = B, (A.9)

To satisfy a reality condition, a spinor also needs an additional index i = 1,2, since
the spinor representation of Spin(4, 1) is pseudoreal. Finally, the reality condition on
W' is Ui = £%(W7)e. In terms of the chiral components WA and WA this condition

1s:

(U4 = WPiep e, = Uy,

(\I]AZ>* _ q]ngBAgji = _\I]Ai' (AlO)

The 5d spinor ¥ in (4+1)d reduces to a pair of 4d spinors ¥4? and 4. We
make the identification with the indices raised: ¢4 = WA¢ Al = PAi | Tt is necessary
to specify this because we have introduced a slightly different convention in raising

and lowering 4d spinor indices.
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A.1.3 6d and 11d Gamma-Matrices

We denote the 6d gamma-matrices along the Calabi-Yau manifold Y as5,,,n =6...11
(here we do not specify whether the index is “curved” or “flat”). The 6d chirality matrix
is ¥, = 19 - - Y11 We think about spinors on Y as (0, p)-forms for p = 0...3. If 2

are local coordinates on Y and Q;; is a metric on Y, the gamma-matrices act as:

Vo = V2QdZ A

(A.11)

We choose chirality in such a way that a covariantly constant spinor A_ of negative
chirality corresponds to an antiholomorphic (0, 3)-form €2, while a covariantly constant
spinor A\, of positive chirality corresponds to a constant function 1. We choose the

6d charge conjugation matrix Cy satisfying

T = —Ce7nCq - (A.12)

The choice of Cg lets us define a bilinear pairing ( , ) on fermions, and we require
that (A, A_) = (A, y) = 1.

Let us use calligraphic letters for the 11d indices and denote 11d gamma-matrices
by slanted capital gamma. So we write 4 for 11d gamma-matrices referred to a flat
basis and Iy, for the ones referred to a curved basis. We choose the 11d gamma-

matrices to be related as follows to the 5d and 6d gamma-matrices:

FA:a:Fa®:}//*,a:1...5

Then =1, ®@%,, n="6...11, (A.13)
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where 14 is the unit 4 x 4 matrix. In Lorentz signature (where [’ is replaced by [}),
we require:

Loly .. Ty sls. . Ty =1 (A.14)

We will use large lower-case Greek letters to denote 11d spinorial indices: (, ﬁ yee
With the above choice of the 6d charge conjugation matrix, the 11d charge conjugation

matrix C7; is related to the 5d and 6d matrices in an obvious way:
011 - 05 ® 06- (A15)

In Lorentz signature, the supersymmetry generators are an 11d Majorana fermion
7. In compactification on Y, the unbroken supersymmetries are those for which 7 is

the tensor product of A, or A_ with a 5d spinor €' or €%

n=eR N\ +e @A, (A.16)

A.2 5d SUSY Algebra

From (A.4)), (A.7) and (A.10]), one can find, in 5d Minkowski space, the SUSY algebra

compatible with the 5d reality conditions:
{Qai, Qp;} = —iei; TP + €i5Cas(, (A.17)

where ( is a real central charge. In a chiral basis, the algebra is

{Qai, @B} = capey(H + ()
{Quai, Qg = —ie Iy, Py

{Q4;, Qp;t = capeii(H — (), (A.18)
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where H = PV is the 5d Hamiltonian.

A.3 11d Supergravity

Though not explicitly used in the main part of the paper, the following form of the
11d supergravity action is implicitly assumed:
1 2, L wmwerpieie
L= 57 | ER- —G’ + T57€ ConveGry .., Go, .0,
11
_ 1 R
—EwMFMNPDN [é(w + w)] Up

E

~19g Wl ™ n + 1207 PVEP) (G +G)MNm>> (A.19)

where F is the determinant of the 11d vielbein, G is a curvature of the C-field, 1,
is a gravitino field (a Majorana vector-spinor), and hatted quantities include some
extra corrections quadratic in fermions (the exact expressions are not important to

us). The supersymmetry transformations are:

1_
5E_.//\4;l = _nFAwMu

2
5 = D@0 + T AT RCGrrpor,
3_
0CMNp = —§7IF[MN¢P], (A.20)
where
T NPOR __ 2;8 <F NPQOR 8(5[NFPQR]> (A.21)

In the action above, k17 is the 11-dimensional gravitational constant. It is actually

related to the M2-brane tension T3 (see for example [90]), the relation being:

263, (Ty)? = (27)% (A.22)
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We will work in units with 75 = 1 and thus:

2r3, = (2m)% (A.23)

A.4 Reduction from 11d to 5d

We review the dimensional reduction of 11d supergravity on a Calabi-Yau Y (an orig-
inal reference is [114]). We denote the 5-dimensional metric as G (this will hopefully
not be confused with the field strength G of the 11d C-field). We denote the Calabi-
Yau Ricci metric of Y as @, and the compatible complex structure as /. The Kahler

form of Y is w = Q(I+,-). The volume form is:
1
Vol = &Y Aw A w. (A.24)
For arbitrary (1, 1)-forms « and 3, we have identities:

BAwAw=(B,w)Vol,
ah B Aw= 7 l(0w)(8,w) ~ 2a, )] Vol,

1
xa = =200 Aw + 5(@, ww A w. (A.25)

Here the inner product on 2-forms is defined by («, 5) = @ BimsQ"" Q™.
Because Y is Ricci-flat, its Kahler form is harmonic and thus can be expanded in

a basis of harmonic (1, 1)-forms (wy):

w= Zvlwl, (A.26)
I
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where v! are Kahler moduli. Define also:

1

C[JK:—/WI/\WJ/\LUK. <A27)
6 Jy

Now let us reduce the bosonic part of the 11d action. We will be interested in the
Kahler moduli of only. (The complex structure moduli of Y give rise to hypermul-
tiplets, which decouple at low energies from the vector multiplet couplings that are
described by the GV formula.)

One can find the following formula for the 11d Ricci scalar in terms of the 5d Ricci

scalar and the Calabi-Yau metric:

1
VQR™ = /QR® —V 1,(+v/QQ™ M Qi) —/Q (Z(aMQ; oMQ) — -(Q,0uQ)(Q, 8%)) :

(A.28)

1
4

Here M is a 5d index, and covariant derivatives are with respect to the 5d metric.
The total derivative part clearly drops out of the action.

Denote the volume of Y by V. Introduce also v = V1/3 and

U[

— A.29
- (A.20)

The volume is part of a hypermultiplet, so we are not interested in the action for it

right now. Using (|A.25)), we can find:

1
/ RMWVol = V(z)R® + / Ongw A OMw A w + Z/ Onw A (0 w)
% v Y

=V(x) (R(5) + 3C1 kR 0y h? O™ BE + hypermultiplet part) . (A.30)
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Now take a look at the 3-form field. At low energies, we expand

C:ZVI/\MI,
I

G=> dV' Awy, (A.31)
I
where the V! are abelian gauge fields in five dimensions. Then
(G,G) = 6(dV)§WN(dV)]JgQGMPGNQ(wI,wJ). (A.32)

The kinetic term for C in 11 dimensions reduces in d = 5 to

— Zan(Av’-av), (A.33)
where, using (A.25):
| © 9
ary = Z Wwr A *Wy = —3C[JKh + §(Chh)1(6hh)J (A34)
Y

The 11d Chern-Simons term reduces to
1
- §CUKVI AdVT A dVE. (A.35)

So, ignoring hypermultiplets, the bosonic part of the action is (remember that %, =

272):

1
212 L5Vol = [V(x) <§R(5) + ;cuthaMhJaMhK) — ZCLIJ(dVI : dVJ)]Vol

1
—écm(vf AdVI AdVE. (A.36)
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Now make a Weyl rescaling of the 5d metric Gy — U%GMN, to bring the 5d action
to the Einstein frame:

1 3 1
272 Vol = [5 R®) 4 §CUKh18MhJ8MhK — Zau(azvf -dv7)| Vol

1
—§CUKVI AdV? A dVE 4+ hypermultiplets. (A.37)

Our conventions in this action are slightly different from those often found in the
literature. To get the action in the conventions of [96], one has to rescale by h! —

3h! and Cryx — %C 17k (and also do appropriate rescalings to get rid of the factor

2
272 coming from the gravitational constant). However, the action normalized as in
(A.37) is more convenient for us.

Some quantities that appeared in section are

hr = Cryxh’h",

9
ary = —3Cryh™ + §hIhJa

2
h[ = ga[JhJ. <A38)

The constraint Cryxh’h/h® =1 (eqn. (2.34)), which implies that hyh! = 1, was used
in the last line.

The scalar kinetic energy in 272L5 can be rewritten as:

1
— éajnghIaMhJ. (A39)

A.5 Reduction from 5d to 4d

We reduce the N = 1,d = 5 supergravity on a circle and make the field redefinitions
required to relate it to the standard N = 2, d = 4 supergravity in the Einstein frame

metric (a similar procedure was performed in [97]).
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Assume that the fifth direction is a circle parametrized by an angular variable y
(0 <y < 2m). After integrating over y, the overall factor of 1/(27?) in front of the 5d
action (|A.37) will be replaced by an overall 1/7 in front of the 4d action. This factor
is sometimes removed by rescalings, but we will find it more convenient not to do so.

Take the following ansatz for the funfbein e¢;:

—0/2,a o
e e, e B, v

e = , €q = . (A.40)
0 e’ 0 e ?

The 5-dimensional Ricci scalar R® takes the following form in terms of the 4-

dimensional Ricci scalar R™® and other fields present in the funfbein:
R(5) _ o4 o 3 o 2 1 4o 2
=e’RY +e’0o — 3¢ (0o)” — 7€ (dB)~. (A.41)

Set o' = V,|. Define the 4-dimensional gauge fields as A*, A = 0...0,(Y), where
A=1=1,...,b(Y) come from reduction of the 5-dimensional vectors, while A = 0

corresponds to the Kaluza-Klein (KK) vector:

1 1 1
A, =V, —a B,
A =-B

p w

(A.42)
The scalar kinetic term in 4d originates from the curvature term in 5d, the scalar

kinetic term in 5d and the vector kinetic term in 5d. It takes the form:

— % (%e_%auau(60h1>a“(eahj) + %G_QJGIJ(?M@I@“O‘J) . (A.43)
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If we define a complex scalar

7l =aof +ie"hl,
then the kinetic term becomes
1 I ous
— =070, 20" 7",
T

where

9% o 0

1 — — —
et = € 0im = Horo—a log Cryx(Z'—Z1\(27 — Z7)(Z" — ZK)|.

ozM

The vector kinetic term takes the standard form:
)
- ENAEFijzﬂ” +c.c.

with coefficients

. . K
N]J = —Z(egajj—?)ZC[JKOé ),
3
: J J K
N =i(earja’ — 5CUK04 at),
. ) 1
Noo = —i(e“arya’a’ —iCryxa’a’ o™ + 3¢

One can check (see (2.50])) that this corresponds to the prepotential:

1C e XTXIXE

cl
Fo = 2 X0

30)_

(A.44)

(A.45)

(A.46)

(A.47)

(A.48)

(A.49)

Another useful relation in KK reduction from d = 5 to d = 4 is the expression for

the 5d Dirac operator

1 .
D =TY (0 + ~wiT ) — iqi Vi)

4
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in terms of the 4d fields:

1 . . . . Y
D= 60/2’}/”(8” + szb%b — ZqIVMI - B,0, + zq,o/BH) +e 750, — igrale s

1 1
+§62" (dB) " vs — Ze(’/Q@a.

(A.51)

Taking o to be constant, taking VuI = h'V, = %16*0/2UM, and acting on a field with

the KK mode number —n, this reduces to:

Ly U i
D= e”/QW”DM —ie 7 (n 4 qral)ys — 35° /QWWv“ Vs,
1 7
DM = 8M + Z—lwzb’)/ab — ZZUM. <A52)

One can see that the first term in the expression for P is just a 4d Dirac operator,
the second term corrects the 5d mass term (replacing M by Z or Z depending on
the 4d chirality), and the third term shifts the 5d magnetic moment coupling. This
expression is important in the dimensional reduction of the 5d hypermultiplet action
performed in section [2.3.2

The fields that we have described can be organized in 4d supermultiplets X and

Wap as described in the main text. General references on these superfields are [49-51].
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Appendix B

M2-brane on a Holomorphic Curve

Here we derive the 5d BPS superparticle action describing an M2-brane wrapped on

a smooth isolated holomorphic curve ¥ in a Calabi-Yau manifold Y.

B.1 Membrane in Superspace

An M-theory membrane can be described as a submanifold € of dimension 3|0 living
in a superspace 9 of dimension 11|32. If the background fields are purely bosonic
(as we can assume for our purposes), then 9 is split, with reduced space some 11-
dimensional spin-manifold 91,.q and odd directions that parametrize the spin bundle

S(Mea). We consider €) as an abstract three-manifold with an embedding in 9t:
X: Q- (B.1)

Since 9 projects to its reduced space M eq, X can be projected to an embedding
X Q — M,eq. The additional information in X is a fermionic section of the pull-back
of the spinor bundle:

O e I (2, X*S(Myeq)) - (B.2)
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Here I'(€2, -) represents the space of sections, and the symbol IT tells us that © has odd
statistics. X and © are the fields that are governed by the membrane world-volume
theory. The k-symmetric action for these fields was constructed in [115,116]. Our
main reference for expanding the component action is [117]. Their conventions for 11d
supergravity are slightly different from ours and can be translated by wzb — —wib,
R — —R, ¢, — %wM, and n — %77 (here 7 is the 11d supersymmetry generator),
while also reversing the orientations of 9,4 and 2 and multiplying the action by an
overall constant.

We parametrize Q by local coordinates (%, ¢!, (2. We denote the fields on the
membrane as Zﬂ((’) = (XM(¢),0%(¢)) (an index like M with a hat denotes a
superspace index). Let E/“\% be the supervielbein, where M is a curved and A is a flat

A

superspace index. Let B ;5 be the superspace three-form gauge superfield. £ o and

Bi0p encode the target space geometry. The pull-back of the supervielbein to the
membrane is ng = E;‘%azﬂ /O¢". The induced metric is g;; = H;“H?n 4B, Where 145
is the 11-dimensional Minkowski metric. Here A, B are ordinary flat 11-dimensional

indices. Then the membrane action is:
1 .0 o~ =
S = / d3¢ [—\/—g - gew’fng“nfnnggj : (B.3)

Define the matrix:
cigk

6y—=g

It satisfies I = 1 and enters in defining the x-symmetry of the membrane action:

I =

I TRTIS L ae (B.4)

6ZMEA =0, 6ZMEL = (1~ F)Oéﬁliﬁ, (B.5)

where x(() is a local fermionic parameter. The xk-symmetry allows one to gauge away

half of the fermionic degrees of freedom on the membrane. (Instead of saying that
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the membrane has a worldvolume of dimension 3|0 and is governed by a k-symmetric
action, an equivalent point of view that has some advantages is to say that the mem-
brane worldvolume has dimension 3|8. The 3|8-dimensional membrane worldvolume
in the second point of view is obtained by applying all possible k transformations to
the 3]|0-dimensional membrane worldvolume in the first point of view. This refinement

will not be important for us.)

B.2 Wrapped BPS Membrane

We focus on the case M,.q = M x Y, where Y is a Calabi-Yau manifold and M is a
five-manifold with a large radius of curvature. In our application, M will eventually
be either Minkowski spacetime or the supersymmetric Gédel universe (also called the
graviphoton background in this paper). Let ¥ C Y be a 2-cycle inside of Y. Consider
an M2-brane wrapping . It propagates as a 5d particle on M, given that the radius
of curvature of M is large enough. More precisely, a propagating M2-brane wrapped
on Y generates a whole infinite set of 5d particles corresponding to its different in-
ternal excitations. These excitations may or may not preserve some supersymmetry,
and correspondingly the particles propagating on M form short or long multiplets of
SUSY. We are interested in those particles that preserve as much of the 5d super-
symmetry as possible, namely half of it. These arise from the supersymmetric ground
states of the internal motion. So those are the states that we must understand.

A supersymmetry of the ambient superpace 9t remains unbroken in the presence
of an M2-brane if in the M2-brane theory the supersymmetry transformation can
be compensated by a k-transformation [67]. For this to be possible, ¥ must beE] a
holomorphic curve in Y [67]. In this appendix, we will consider only the case that ¥

is isolated; in other words, we assume that it has no deformations (even infinitesimal

n [67], this is shown for a string worldsheet in a superstring theory compactified on Y. Our
case can be reduced to this by considering an M2-brane wrapping ¥ and winding the M-theory circle
once.

229



ones) as a holomorphic curve in Y. Otherwise, the moduli of ¥, along with fermionic
zero-modes that will be related to them by supersymmetry, must be quantized in
order to determine the supersymmetric states of the M2-brane.

So now we consider a membrane with worldvolume » x ~, where v C M is a
5d worldline. We parametrize 7 by a coordinate ¢ and > by a local holomorphic

coordinate z. The membrane worldvolume is parametrized as:

XMt 2,2) =2™(t), M =0...4,

X"™(t,2,2) = X"(2,2), m=6...11, (B.6)

where 2" (t) parametrizes v C M, and X™(z,%) parametrizes ¥ C Y. If M is
taken to have Euclidean signature, we replace here X° by X° = i X% We pick local
holomorphic coordinates (z, w!, w?) on Y so that X is locally defined by w! = w? = 0.

To describe the fermionic fields of the M2-brane, we first note that S(M x Y') =
S(M)® S(Y). Then we recall that on a Calabi-Yau manifold, one has an isomor-
phism S(Y) = Q%Y where Q%* is the space of (0, q)-forms, ¢ = 0,...,3. In this
isomorphism, the Dirac operator on Y is simply v/2(0 + 8 ) (where @ is the adjoint
of 0 with respect to the natural L?-scalar product). Thus the field ©% has a 5d spinor
index « and takes values in the (0, p)-forms on Y, restricted to ¥. The fact that Y is
Calabi-Yau implies various isomorphisms between bundles. Let €2 be a holomorphic
3-form on Y, normalized so that the volume form of YV is iQ A Q. Let G,z be the

restriction to X of the Kahler metric of Y and let Gi\;’w’ be the induced metric on the
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normal bundle N¥ to ¥ in Y. We write for various components of ©%:

0 = _Ewiwﬂ %am
0212 = Qoig2:G702
nglwg §§E1E2§a. (B7>

The fields y and Y are sections of the normal bundle NY (tensored with the 5d spin
bundle). They are related by supersymmetry to the normal deformations of ¥ inside
of Y. Since we are considering the case of an isolated holomorphic curve, neither
normal deformations nor fermions y, x have any zero modes. Thus we can discard
them. ©“ then reduces to
0% = 0% 4 02d% + Qurg2-G70°dT" A dW? + Vi e0°dz Adw' Adw?.  (B.8)

Because of our assumption that ¥ is rigid, in the quantization of an M2-brane
wrapping 3, the only bosonic zero-modes are the ones associated to the center of
mass motion along the five-manifold M. Hence those are the only bosonic modes in
the effective action that describes such a superparticle; they parametrize the particle
orbit v+ C M. The fermionic modes in this action arise as the zero-modes of the
internal motion, that is, the zero-modes of the fermionic variables on . We find
these modes by studying the part of the M2-brane action that is of order ©2, using
formulas in [117]. (Terms in the action of higher order in © give only irrelevant
contributions.)

First of all, with bosonic fields taken as in , one finds

l

I=-—

GZiM Iy .z + O(0%). (B.9)
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This implies that the linearized x-symmetry is:

60 = (1 -k +0(6?%

SXM = (1-T)sI"™MO +0(62). (B.10)

This can be used to gauge-away the I' = —1 part of © (up to higher orders in ©). So
we may assume that I' = 1 4+ O(6?) when acting on ©, that is (I' — 1)0 = O(©3).
This implies:

(&M Iy — G TV —i2)0 = O(0°). (B.11)

Using this and taking the ansatz (A.31) for the C-field, we find the action (using
results of [117]):
S = / dt d?z [ — 26V —i? — 2iiM Vi wrs + 4i01.:V,0 — 4/ —i20(1.V5 + ILV.)O
1 N
— 5 V —Zt2gZZ@FZgFMN@(dVI)MN(,U[Zg
1 — i
— V=GO T PN OV ) s + O(@4)],

(B.12)

where d?z = %dz A dz. Here the covariant derivative V, is defined using the pullback

to the membrane worldvolume of the Levi-Civita connection of M.

B.3 Fermionic Zero-Modes

Now we can find the fermionic zero-modes. Expanding around a membrane that

wraps  and is at rest in M = R, so that 42 = —1, the fermionic part of the action
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becomes

— _ |
/ dtd?z [4i@rzzvt@ —40(I. V5 + I:V.)0 — §QZZ@FZEFMN@(dVI)MNw[zg
1 = in5d
— 5Gor FMN@(dvf)MNw,Wj].

(B.13)

If the U(1) background fields vanish, i.e., at VI = 0, then only the first two terms in
the action survive, the Hamiltonian becomes simply H = 40(I.V; + I:V.)O, and

thus the fermion zero-modes are characterized by

Once we find the solutions in this idealized case, we can turn on the curvature of M

and a graviphoton background as small perturbations.

To solve eqn. (B.14)), we first note that
(I.V:+1I:V.) = 1,8 G.:D, D =G%(3.V:+7:V.), (B.15)

where 1, is the identity operator acting on S(R*!) and D is simply the natural Dirac
operator on Y acting on spinors with values in the pullback to X of S(Y'), the spinors
on Y. If we expand © as in (B.§]), then the components all obey the most obvious

equations:

96 =0
9(0-dz) = 0
d0(0.dz) =0
90 = 0. (B.16)
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Because Y is compact, these equations imply that ¢ and 0 are constant along >,
while #,dz and #zdz are holomorphic (1,0) and antiholomorphic (0, 1)-forms on %
respectively. The s symmetry gauge condition implies that all these modes
have left-handed 4d chirality, that is, they transform as (1/2,0) under the 4d rotation
group SU(2); x SU(2),. Thus 6 and 6 have 2 zero-modes cach, and if & has genus g,
then 6, and gg each have 2¢g zero-modes.

To match the notation that we used in section we write the constant (1/2,0)
modes of § and § as §4 = %wf and 04 = %wé“, respectively, where A = 1,2 is a
left-handed spinor index. The fields 1{* and 94 together make up the field that
in section was called ¥, i, A = 1,2. Introduce a basis of holomorphic (1,0)-
forms \,, 0 = 1...g and a complex conjugate basis of antiholomorphic (0, 1)-forms

Aoy 0 =1...g, such that:

z/ Ao A X = Oop. (B.17)
X

We expand the (1/2,0) parts of 6, and 65 in this basis:

19
0tz = 3 Z PN,
o=1
g

~ 1 —
Aqs ~A
dez—é E P Ao

o=1

(B.18)

The fields p2 and p2 were introduced in section m

If 3 were not isolated and y, X had some zero modes, then the x gauge-fixing
condition would force them to be of positive chirality in the 4d sense; that
is, they would satisfy —il'ox = +x and would transform as (0,1/2) under the 4d

rotation group. The possible role of such modes was discussed in section [2.2.4]

234



B.4 Superparticle Action

A

A p4 and turn

We now give a slow t-dependence to the fermionic zero-modes 1! and p
on the background gauge fields Vi, = h’Vj;. The mass and charges of the wrapped

M2-brane

M:/w:/d222gzz
2 b

o = /E o (B.19)

are related by the usual formulaﬂ M = q;h!.

Starting from eqn. (B.12)), it is not hard to write the action for an arbitrary
spacetime with small and slowly varying curvature and for an arbitrary worldline ~
that has everywhere a large radus of curvature. For an arbitrary worldline, the &

gauge-fixing conditions look as follows:

x'MFM
iv/—i?
j:MFM
ﬁpg = —Po,
x'MFM~ ~

e

wi = —1%

(B.20)

These conditions state that the fermions v, p,, and p, all transform as (1/2,0) under

rotations of the normal plane to the worldline.

20One might recall from eqn. that in general w = vw;, and so the mass of the BPS particle
in M-theory units is >, qrv’. The 5d Einstein frame metric is related to the 11d metric by rescaling
by a certain power of the Calabi-Yau volume, and the BPS mass in 5d Einstein frame is instead
M = q;h!. For simplicity, in this appendix, one can just assume that the volume of Calabi-Yau is 1
from the beginning, so the rescaling is unnecessary. Then w = hfw;, where C;yh!h/hE = 1.
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The action takes the form:

S = / dt[ — MV=# + ¢ Vi@ + %MaABg%Aivthj - %M\/—sz;Bging“wf
g
+ Z (iSABﬁAUthBU + 5V _szABﬁfpaB> ] :
o=1

(B.21)

Here V, is the pull-back to the particle world-line v of the Levi-Civita connection of
M, projected onto the plane normal to the worldline. And as usual, T 5 = T, 75 is
the anti-selfdual part of T in the normal plane or equivalently in the local rest frame
of the particle. One interesting thing about this action is that the kappa-symmetry
gauge (IB.20|) ensures that only the projections of T~ and of the Levi-Civita connection

ab to the plane normal to v enter this action, while the components along v drop
out automatically. If we were writing corresponding equations of motion, we would
have to impose this by hand.

To get the particle action used in section 3, one has to specialize this action to
the graviphoton background and assume that the particle is almost at rest, i.e., do
a non-relativistic expansion. In the graviphoton background, the spin-connection
contribution cancels the magnetic moment coupling of 1); and modifies it for p and p.
In the end, we get just the following familiar result (where we did not perform the

non-relativistic expansion for the bosonic kinetic energy):

S = /dt[ — MV=i2 + qViiiM + QMaAB ”wm—wB]
+Z ( PPao PBU 2TABPU,OU) ] (B.22)

All fermions transform as (1/2,0) under SU(2), x SU(2),.
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