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A novel finite element capable of arbitrary cracking in solids under coupled thermo-
mechanical loading has been formulated and implemented into the commercial software
package ABAQUS as a user-defined element. The thermal-mechanical augmented finite
element method (TM-AFEM) is an extension of the Augmented Finite Element Method (A-
FEM) which includes temperature degrees of freedom (DoFs) so steady-state or transient
temperature evolution and their direct effects on fracture processes in solids can be explicitly
considered. The formulation incorporates a thermo-mechanical cohesive zone model (TM-
CZM) to account for load and heat transfer across the intra-element weak and strong
discontinuities (i.e. material interfaces and cracks). A novel condensing method is used to
express the internal DoFs, both mechanical and thermal, as explicit functions of the external
DoFs. It has been demonstrated through several numerical examples that, the TM-AFEM can
provide a general framework for realistic simulation of thermal fracture problems both at
single elemental level and at structural level. The advantages of the TM-AFEM include: (1)
arbitrary crack initiation and propagation without a priori knowledge of the crack path; (2)
greatly improved numerical efficiency as compared to similar advanced methods such as X-
FEM or PNM because the TM-AFEM does not need extra external DoFs for crack evolution;

and (3) the capability of accounting for multiple, complex crack evolution and interactions.
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Chapter 1 Introduction
1.1 Overview

This chapter is part literature review and part discussion of the relevant topics
concerning a novel augmented finite element method (A-FEM) for fracture in the context
of coupled temperature-mechanical problems. The importance of a numerical model
capable of predicting thermal fracture is put in context by first discussing the engineering
applications and problems of interest. Thermal fracture involves integrating the theories
of classical (linear) thermo-elasticity and fracture mechanics. Emphasis is placed on the
derivation of equations relevant to numerical simulation of thermal fracture in a finite

element method (FEM) context.

1.2 Why is Simulation of Thermal Fracture Needed?

Space planes, nuclear fusion reactors, gas turbines and aircraft engines are all
applications where the high heat flux environment is hostile and damaging for typical
metallic engineering materials. A solution has been to protect these metal substrates with
ceramic thermal barrier coatings (TBCs). This results in a layered material system where
the coating is a thin film subjected to residual stress. Hutchinson et. al. [1]-[2] studied
such a material system and in particular cracking of pre-tensioned films. For an elastic,
homogeneous film-substrate system where the substrate is infinitely thick, they proposed
a dimensionless number Z that quantifies the driving force for the different cracking
patterns that can occur. A related class of materials, ceramic matrix composites (CMCs),
have similarly been applied to high heat flux applications. Integral textile CMCs for
example have been fabricated into components such as rocket nozzles, turbine engine

combustor liners, thermal protection systems, and hypersonic flow path components [3].



Failure of the material in any of these applications can be catastrophic and highly
undesirable from an engineering point of view. Thermal stress induced fracture in high
temperature materials is an ongoing area of research. Knowledge of the failure
mechanisms of these materials is invaluable for their design and application.

Thermal loads have been observed to cause the ceramic coatings to crack, delaminate
and spall [4], [5]. For purposes of the design of high temperature systems, much work has
been done to study the mechanisms of crack initiation and propagation in TBCs under
high heat flux conditions for various parameters such as coating thickness, coating
composition, maximum heat flux and duration of heating cycles [2], [6]-[16]. Studies
investigating the influence of heat flux conditions on the behavior of cracked structures
have provided evidence that the energy release rate due to thermal effects could be
significant [17]-[21]. This has also been shown to be the case for interface cracks in high
temperature coatings under steady state heat transfer where the energy release rate has
appreciable dependence on the assumed conductance across the crack surfaces [2], [22]-
[24].

Simulation based engineering offers an enticing incentive in research and
development for these high temperature materials, and by extension the systems they
form the components of, because calibrated simulations can potentially greatly decrease
the number of actual, physical tests necessary to ensure design requirements are met,
thereby expediting the development process and lowering the costs associated with
performing a full matrix of validation tests [25]. In the greater context, the purpose of

simulating fracture in a thermo-mechanical environment is to expand the range of



applicable engineering materials and to provide rich information relevant for design that
may be difficult if not impossible to obtain experimentally.

Modeling the thermal fracture prevalent in these high temperature material systems is
a great challenge. Differences in properties of the materials that constitute the composites
lead to complex local distributions of temperature and stress. The situation is exacerbated
by the wide range of possible loading conditions, both thermal and mechanical, that in
reality interact with each other in coupled thermo-mechanical process. Furthermore,
numerical simulations must take into account the temperature dependence of material
properties that can result in drastic changes in structural behavior. For example, it has
been observed that a brittle material can behave in a ductile manner in a high temperature
environment [26]. Successful simulation requires the integration of thermo-elasticity,
fracture mechanics and advanced numerical methods for arbitrary cracking. As a first
step towards this endeavor, the focus of this dissertation is to develop and implement a

method for the analysis of thermo-elastic solids capable of arbitrary cracking.

1.3 Thermo-elasticity

Here the basic relations of a classical (linear) thermo-elastic body as detailed in [27]

are presented. The linear thermo-elastic process involving u,, &;,

Oy 0, q. (ie.
displacement, strain, stress, temperature change and heat flux, in that order)

corresponding to body forces b, and an external heat source r acting on body Q is

described by the following set of equations in index notation
1
&; :E(ui"i +uj,l.), (1.1

o, +b = pii,, (1.2)



—q, +r=C0-9M:,. (1.3)
O; = Cijklgkl +Mg,-‘9’ (1.4)
q =—k.0.. (1.5)

[/

Here, p and C, are the density and specific heat at zero strain respectively. Likewise,
Cyu» M, and k, are the elasticity, stress-temperature and thermal conductivity tensors.

Absolute temperature is denoted by $, and 4, >0 is a constant reference temperature

such that the body is stress free at this temperature, i.e.
o, (t=0,9,)=0. (1.6)
A linear thermo-elastic body assumes small strain conditions

|€i1'

where e is a small number. If the elasticity and thermal conductivity tensors are

& <€, (1.7)

Ja)<

invertible, the elastic compliance tensor K, , the thermal expansion tensor 4, , the

thermal resistivity tensor A; and the specific heat at zero stress C are given by

-1
Ky = (C;'/'kl) ; (1.8)
-1
Ay = (ky) ) (1.9)
A, =—K, M, (1.10)
Co=C,-8M, 4. (1.11)

These quantities must satisfy the conditions

Kijkl = Kjik[ = Kij[k = Kklij’ (1.12)
4y =4, C;>0, (1.13)
K004 > 0, (1.14)



A =4

i» 499, > 0. (1.15)
The preceding equations apply to a homogeneous anisotropic material. When the body is
inhomogeneous, the quantities p,C E’kij’M p and Cijkl are material functions, dependent
on their location within the body.

For a homogeneous isotropic body and assuming small strain deformation (i.e.

M, = —(3/1 + 2/1) a9, ), Equations (1.1)-(1.5) simplify to

g, =%(ui,‘, +u,). (1.16)

o, +b = pi,, (1.17)

~q, +r=C0+(31+2u)adé, . (1.18)
o, =2us, + A&, S, — (34 +2u)abs,, (1.19)
g, =-k0,,, (1.20)

where 4 and g are the Lamé constants, « is the coefficient of thermal expansion, £ is
the thermal conductivity coefficient and o, is the Kronecker delta. The material

properties must satisfy the conditions

p>0, u>0, 31+2u>0,

(1.21)
k>0, C,>0,

Eliminating strain, stress and heat flux from Equations (1.1)-(1.5) gives the so called

displacement-temperature description

1

pii = (Cyu,, )J +(M ,‘9)’]‘ +b, (1.22)

C.0=(k0,) +3Mu, +r. (1.23)
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These equations are the displacement-temperature description of the linear thermo-elastic

process in a body Q.

1.4 Fracture Mechanics

Fracture mechanics is concerned with the study of cracks and attempts to characterize
a material's resistance or "toughness" to fracture [28]. Illustrated in Figure 1.1 are the
three fracture modes in solids. The opening mode (mode I) occurs when a tensile stress
acts normally to the plane of the crack. The sliding mode (mode II) concerns the shear
stress that is perpendicular to the crack front and parallel to the crack plane. Finally, the
tearing mode (mode III) is when the shear stress is parallel to both the crack plane and the

crack front. The most common mode in brittle fracture is mode L.

y

Mode I: Mode II: Mode III:
Opening In-plane shear Out-of-plane shear

(a) (b) (©)

Figure 1.1: The three fracture modes: (a) opening (b) in-plane shear and (c) out-of-plane shear.

The work of Inglis [29] in 1913 demonstrated that in the presence of sharp corners,
notches or cracks, nearby local stress is magnified many times from the far field applied
stress. In other words, a stress concentration factor x based on geometry determines the

magnitude of the stress field near a crack tip or flaw.



Griffith's paper in 1920 [30] set forth the notion of an energy balance criterion based
on the viewpoint of minimum potential energy for fracture. According to Griffith, two
conditions must be met for crack growth. First, the stress at the crack tip reaches the
critical value needed to break the material bonds. Second, the magnitude of the strain
energy released equals to or exceeds the magnitude of surface energy needed to create

new crack surfaces. This condition can be expressed as

du, de
» > o (1.24)

where U, is the strain energy, U, is the surface energy and da is the crack length

increment. While this theory is in excellent agreement for brittle materials such as the
glass that Griffith studied, inconsistencies result when applied towards other engineering

materials that exhibit some degree of ductility.

1.4.1 Linear Elastic Fracture Mechanics

The basis of linear elastic fracture mechanics (LEFM) is Irwin's modification [31] to

Griffith's energy criterion. The energy dissipation due to plastic deformation U, is

accounted for via an extra term in the energy balance equation proposed by Griffith as

dU >dU7 dUp L2
S > + . )
da da da (1.25)

For brittle materials, the surface energy term dominates. In ductile materials, the plastic
dissipation term dominates. Irwin's modification also introduces a stress intensity factor
K defined for all three cracking modes. K in general is a function of the applied stress

o, , the crack length a and the specimen geometry factor Y

K=0cYNra (1.26)



and has the property of being additive for the same type of loading, which allows for a
single K to be derived as the sum of individual loads for a complex loading system by
the principle of superposition.

Stresses and displacements are proportional to K, and their respective fields can be

expressed as

o, = Lfy (9) + higher order terms, (1.27)
2xr
u, = K~\rg, (9) + higher order terms, (1.28)

where (r, 9) is a polar coordinate system at the crack tip as shown in Figure 1.2, » is the
distance from the crack tip and ¢ is the angle with respect to the plane of the crack. The
functions f; (9) and g; (9) are dimensionless functions that depend on the geometry.

K is related to the strain energy release rate G, which is the energy dissipated during

fracture per unit of newly created crack surface area, given by

d(U-V)
dA

G=- : (1.29)

where U is the potential energy available for crack growth, V' is the work done by
external loads and A is the crack area. It has been shown in [32] that for a crack in mode
I loading

—, plane stress

o , (1.30)
-V :
K; . plane stain

where E is Young's modulus and v is Poisson's ratio.



Figure 1.2: Polar coordinates at the crack tip for a plate with a crack under applied tensile stress.

Equation (1.27) implies that at the crack tip, i.e. » =0, o, approaches infinity but in

reality, once the stress reaches the yield strength of the material, plastic deformation
occurs in a localized region surrounding the crack tip. The approximate size of this so-

called plastic zone can be shown to be

K2

r,=—
2 b
2o,

) (1.31)

where 7, is the radius of plastic zone and o, is the yield strength of the material. The

equations of LEFM are not valid in this plastic zone.

However, if small scale yielding (SSY) conditions apply, i.e. the geometry of the

crack is much larger than the plastic zone, in the region r, <r<<a, the equations of

LEFM hold and the criterion for crack growth is

K>K. (132)
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The quantity K_ is the fracture toughness, a material property that characterizes a

material's resistance to fracture and defines the onset of crack extension. Alternatively,
another criterion for crack growth is
G>G., (1.33)

c

where G, is a material property independent of applied loads and specimen geometry

known as the critical fracture energy or toughness.

1.5 Cohesive Zone Models

For fracture of "brittle" materials such as glass and many ceramics where the crack tip
plastic deformation is small and fracture energy is low, LEFM is an excellent analysis
method. But for "ductile" materials where fracture energy is high, LEFM is inapplicable
because the size of the nonlinear zone ahead of the crack tip is significant when
compared to the dimensions of the cracked geometry [33]. Furthermore, LEFM can only
be used to analyze bodies with preexisting cracks. These two restrictions severely limit
the utility of LEFM for a large variety of materials such as metals, cement and many
composites. A different approach that overcomes these shortcomings is the so called
cohesive zone model (CZM) first proposed by Dugdale [34] and Barenblatt [34]-[35]. It
has been widely used to model crack growth in a variety of different materials including
concrete [37], ceramics [38], polymers [39], metals [40] and interfaces between different
material regions [41].

The CZM is understood as a constitutive assumption that in general is composed of

three main parts [42]
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1) The stress-strain behavior of the material in the absence of cohesive cracks.
2) The initiation criterion to determine the condition of crack formation and
orientation.
3) The evolution law for the cohesive crack that in its most basic form relates the
stress between cohesive surfaces to the separation between them.
As an example, for quasi-brittle materials, the standard formulation for CZMs assumes a
linear elastic isotropic stress-strain behavior where the initiation criterion for cracks is

when the maximum principal stress o, reaches a predefined cohesive strength &, and

the formed crack is oriented perpendicular to the principal stress direction associated with

o, . This is the so-called maximum principal stress criterion. The evolution law for mode

I is taken to be a traction-separation curve as seen in Figure 1.3 where o is the cohesive
stress and o is the separation between the cohesive surfaces. This formulation assumes
that the fracture energy G, (the area under the traction-separation curve) is constant and
no energy dissipates outside of the cohesive zone. As Hillerborg introduced in [43], if the
traction-separation law in Figure 1.3 is approximated as a linear curve, a characteristic

length or cohesive zone length, /_,, can be defined as

EG

lcoh = Azc > (134)
(2

where E is the elastic modulus. This length scale relates to the size of the cohesive zone
ahead of the crack tip for a very large specimen.
In the literature, popular CZMs differ mainly in shape and model parameters. Any

two of the three independent parameters (cohesive strength &, fracture energy G, and

critical separation ¢,) are sufficient to define a CZM [44]-[46]. The attractiveness of
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CZM lies in its simplicity and adaptability in defining multiple mechanisms for a wide
range of materials. A cohesive law can be defined to represent several mechanisms in a
fracture process zone. Examples include the modeling of the fracture process across
delamination and splitting cracks [47], [48], human cortical bone [49], [50] and failure in

composites [51], [52].

Crack ip ~ Cohlesive
crack

/O'Zf(d)

5 o

Figure 1.3: General definition of the traction-separation law for CZMs.

1.6 Thermo-Mechanical Cohesive Zone Models

CZMs have primarily been used in analyzing problems of mechanical loading only. A
small though substantial body of research has been done on the topic of fracture in a
coupled thermo-mechanical context. The effects of a temperature dependent cohesive
zone was investigated by Costanzo and Walton [53] for steady-state dynamic crack
propagation in a heat conducting elastic body. Their results indicated that temperature
dependent solutions significantly differed from those derived purely from mechanical
dependence. Bjerke and Lambros [54], under the assumption that excess fracture energy
supplied in the crack tip region is converted into heat within the cohesive zone,

demonstrated that a thermally dissipative cohesive zone model gives results in excellent
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agreement with experiment for temperature predictions around the crack for the case of a
single craze during dynamic fracture of polymethyl methacrylate (PMMA). Both of these
works reveal a set of fracture problems where temperature effects cannot be ignored and
the capability of CZMs in incorporating these temperature effects. Three related works by
Hattiangadi and Siegmund [55]-[57] may be the earliest adoption of extending CZM to
include the heat transfer process for implementation within FEM. These works focused
on developing cohesive conductance laws to model the heat transfer in front of the crack
tip, within the fracture process zone and across the separated crack. Their basic approach
was to regard the heat transfer process in an interface context, and their formulation gave
full consideration to the observation that material deterioration influences the
conductance and stress carrying capability of the cohesive zone with the resulting model
possessing a coupling between stress and heat analysis. Later work built upon this
thermo-mechanical cohesive zone model (TM-CZM) framework to establish laws
suitable for analysis of heterogeneous solids and structural systems with
contacting/interacting components [58] and thermo-mechanical fatigue of solders in
electronic chip packages under active power cycling [59]. Implemented as a cohesive
element within FEM, the drawback of CZMs and TM-CZM:s is that only problems where
crack locations are known a priori are applicable since cohesive elements need to be pre-

defined in a structural mesh.

1.7 Numerical Methods for Arbitrary Cracking in Solids

The use of cohesive elements in the preceding section where a priori knowledge of
crack locations is required is the first of two main approaches to modeling of cohesive

fracture within the FEM framework: (1) discrete inter-element cracks and (2) discrete
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intra-element cracks. When the crack path is known in advance, the discrete inter-element
cracks approach allows for crack growth to evolve from the initial boundary value
problem. But for arbitrary cracking problems, remeshing, which is computationally
expensive, is necessary. Discrete intra-element cracking obviates the need to remesh by
accounting for the discontinuity at the element level. Some recent advanced numerical
methods developed to model arbitrary cracking problems in solids take the discrete intra-
element approach. They include the extended finite element method (X-FEM) [60]-[65]
and the phantom node method (PNM) [66]-[72]. Extra nodal DoFs (as in X-FEM) or
phantom nodes (as in PNM) are added within the finite element framework to account for
discrete discontinuities. For simulation of non-interacting cracks, these methods have
been shown to be relatively mesh independent and computationally efficient. In modeling
complex crack configurations where cracks can merge and branch, however, the extra
DoFs associated with each crack creates an extra numerical burden for tracing their
interaction. Another disadvantage of these methods is the difficulty of integration into
standard FE programs because dimensions of local and global stiffness matrices must be
dynamically modified in accordance with crack interaction [63], [73]. Thus a method that
reduces or eliminates the need for additional DoFs or nodes is highly desired.

Two methods have been devised to reduce or eliminate the need for additional DoFs
or nodes. The first is the phase-field method [74]—[76] which reduces the need of varying
DoFs by approximating a fracture surface with a highly concentrated yet continuous
phase-field to smooth the boundary of the crack over a small region. Fracture surfaces
then need not to be tracked algorithmically. This method has the major advantage of

allowing the fracture surfaces to evolve from the solution of a coupled system of partial
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differential equations but at the price of mesh dependence. Sharp discontinuities
associated with an interface or a crack surface require an extremely refined mesh to
resolve and thus the computational cost is extremely high. Furthermore, there are serious
ambiguities regarding the nonzero stresses at crack wake surfaces.

The second method, the embedded discontinuity approach, undertaken by several
research groups [77]-[82] is an extension of earlier research in smeared localization
models [83]-[85]. In this method, displacement jumps with certain deformation modes
(constant and/or linear mode) are used in addition to the normal continuous displacement
field to enrich the elemental strain field. Coefficients of the deformation modes are
considered as additional DoFs that are either assigned to additional nodes as a global DoF
such as in [82], [86] or fully condensed at the elemental level as in [80], [81]. Condensing
the internal DoFs is preferred because it eliminates the extra DoFs. However, in many
cases the assumed deformation modes are not permissible with the subdomain elemental
deformation modes. Thus stress locking is possible with this method. Another difficulty
is that the process of embedding multiple discontinuities in an element to allow for
arbitrary crack merging and branching is tedious and difficult.

The novel Augmented Finite Element Method (A-FEM) solves the aforementioned
disadvantages of the various methods by constructing augmented elements that can treat
arbitrary intra-element cracking without additional nodes or DoFs. It has been
demonstrated in [87]—[89] that this novel formulation has the following advantages: (1) it
does not need to assume deformation modes a priori for discontinuities as in the standard
embedded discontinuity approach; (2) it permits smooth transition from a weak

discontinuity to a strong one; (3) it allows for repeated elemental augmentation to enable
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multiple, interactive intra-element discontinuities; and (4) it can be implemented easily
into any standard FE packages, including commercial software packages as an add-in to

the element library.

1.8 Research Goal

The ultimate goal of this study is to extend the work of Liu, Mohammed and Yang
[87]-[89] on arbitrary fracture in solids from a purely mechanical process to a thermo-
mechanical one so that it can be applicable to a wider range of engineering problems of
interest. The novel A-FEM procedure for arbitrary cracking in solids augments standard
finite elements (FEs) with internal nodes that are condensed out of the global FE
equations using stress continuity relations and utilizes a CZM to eliminate the singularity
at the crack tip. By introducing a temperature degree of freedom (DoF) to the
formulation, the mechanical process must be coupled with the thermal one via a
coefficient of thermal expansion and a TM-CZM becomes necessary to describe the crack
behavior which now needs to account for both load and heat transfer across the crack
surface.

To do so, the basic principles of a TM-CZ element are first introduced in Chapter 2.
Details of the thermo-mechanical cohesive law are discussed and improvements to
cohesive stress integration schemes are given in this chapter. The chapter concludes with
numerical examples that demonstrate the results of the improvements as well as the
capabilities of the element in modeling heat transfer across a cohesive surface.

Chapter 3 uses the condensation procedure of the novel A-FEM and its key concepts
and assumptions to derive the formulation for the thermo-mechanical augmented finite

element method (TM-AFEM) a simple case, the 1D quasi-static, steady state heat transfer
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problem. An argument is made for simplifying the thermo-mechanical cohesive law that
describes cohesive stress and heat flux upon crack separation by assuming that upon
separation, the heat transfer can be modeled as an interface problem with a constant
coefficient of heat transfer. This removes the dependence of temperature on the crack
separation and reduces the degree of nonlinearity and the complexity of the resulting FE
equations for the general problem of arbitrary cracking during a thermo-mechanical
process.

The integration of the TM-CZ law into the A-FEM framework given in Chapter 4
produces a 2D TM-AFEM capable of modeling arbitrary fracture under both mechanical
and thermal influences. Furthermore, the mechanical and heat transfer processes are
related via the coefficient of thermal expansion which relates the temperature change of
the material as a thermal strain. The TM-AFEM element is evaluated with comparison to
known analytical and numerical solutions.

This dissertation concludes with Chapter 5 where the TM-AFEM element is used in a
variety of numerical examples. A general discussion of the strengths and future
improvements to the TM-AFEM element implemented from the current derivation

follows. The chapter ends with possible avenues for future work.



Chapter 2 Two-Dimensional Thermo-Mechanical Cohesive Element
2.1 Overview

This chapter begins from the problem statement of a body with a cohesive crack
under thermo-mechanical loading. First, from the conservation laws and boundary
conditions, the strong form of the problem is presented. The weak form of the problem is
then defined following a general finite element procedure. Then the problems associated
with traditional integration schemes for cohesive stress integration are addressed and
several improvements are given. The chapter concludes with the results of validation tests
for a TMCZ element and examples demonstrating the improvements of new integration

schemes. Significant portions of this chapter are reprinted from [90].

2.2 Problem Statement

Consider the body defined as a domain Q bounded by I that is partially divided by a

crack denoted as the internal boundary I', shown in Figure 2.1. Cracks are defined as

internal cohesive surfaces that can transfer heat and load before they completely fail. The
domain is subjected to a prescribed displacement (u) and a traction ( t ) boundary

condition on the boundaries ", and T',, respectively. Likewise, the temperature 6 and

heat flux g are prescribed on boundaries I’y and I" .

18
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Figure 2.1: Body cut by a cohesive crack under thermo-mechanical loading.

Two surfaces I, and T"; are created by the cohesive crack, and the traction and heat
flux vectors t and g must satisfy the following continuity conditions at the interface

ti=-t =t 2.1)

4. =—4. =4.. (2.2)
Here, the subscript ¢ denotes that the tractions and heat fluxes are on the surfaces created
by the cohesive crack while the superscripts + and — denote the respective surface
association. A local coordinate system normal and tangential to the cohesive surfaces is
denoted by n and s as seen in Figure 2.1. Assuming that the body is under static
equilibrium and undergoing transient heat transfer, load and heat balance gives

Veo+b=0, 2.3)
pc%+V°q—Q:O, (2.4)

where ¢ is the Cauchy stress tensor, b the body force vector, p the density, ¢ the

specific heat, q the heat flux surface density vector, Q the internal heat volumetric

source and Ve( ) denotes the divergence.
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It can be shown that the weak form of the balance equations are

IQG:Véu dQ:ij-au dQ+jr T+5u dr+jr+'tj, . Su’ dF+jrit; e Su; dT,2.5)

J-Qpcaa—fé'ﬁ do + jQq eVS0 dQ = jQQ59 do + Lq goo dr + jr: g 60" dr + L; q.56 dr,

(2.6)

where u_,u_,68",0. are the displacements and temperatures on the cohesive surfaces and
the condition that Ju =0 on I', and 660 =0 on I', has been used in deriving Equations
(2.5) and (2.6). The displacement and temperature jumps across the cohesive surface can
be expressed as Au, =u, —u_ and A8, =0 — 6., and using the continuity conditions of

Equations (2.1) and (2.2), the weak forms can be expressed as

[o:VoudQ=| besud+| T-sudr+[ ¢+ dr. @7

Igpc(?a—?ﬁﬁ dQ+[_q+Ve0 dQ=[ 056 dQ+ jr/ 766 dr + jrr .06, dT". (2.8)

The presence of the cohesive crack results in additional terms that reflect the

discontinuity in the displacement and temperature fields.
2.3 Finite Element Formulation for Cohesive Elements
For a finite element with n nodes, the primary variables (or nodal DOFs),

displacement u and temperature @, are approximated by interpolation functions N,

from nodal values u, and 6,
u= ZNiui . (29)
i=1

6=> N6, (2.10)
i=1

Substituting Equations (2.9) and (2.10) into Equations (2.7) and (2.8) gives
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[ o:VNdQ=] beNdQ+[ T-Ndr+[ ¢ -Ndr, @.11)

J.Qpc%N dQ+jQq-VN dQ = IQQN dQ+J'r[q_N dF+J-rf g NdI'. 2.12)

Note that the boundary integrals over I', are terms associated with the cohesive zone and

are equal to the cohesive forces and heat flows.

A cohesive element approximates the load and heat transfer between the surfaces of
the cohesive crack. Cohesive tractions and heat fluxes at the interface are considered to
be functions of the displacement and/or temperature jumps across the cohesive surfaces
depending on the cohesive laws used. A thermo-mechanical cohesive element has no

volume and mass and therefore Equations (2.11) and (2.12) reduce to

—[ TeNdr=[ ¢ Ndr=f, (2.13)

-[ gNdr=[ ¢Ndr=p. (2.14)

Since the capacitance term disappears, the steady state and transient forms of the finite
element equation are identical. To get the finite element equation for a cohesive element,

note that the general form of Equations (2.13) and (2.14) when combined must be

uu ué { } = { }
5 (2. l 5)
Ou 66 p

where K, is a submatrix in which the subscripts # and 6 denote association with the

respective displacements and temperature DOFs at each node, u and 0 are nodal

displacement and temperature vectors, and f, and p_ are the external load and heat flow

vectors. Since in the most general case, t, =t_(Au,,A6,) and g, = ¢, (Au_,Af.), the
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submatrices are simply the partial derivatives of the external load and heat flux vectors

with respect to the nodal values of the displacement and temperature

K - of, K, - of, ,
ou o0 (2.16)

K - op, B op,

“ ou’ * 60

2.4 Piece-Wise Linear Thermo-Mechanical Cohesive Law

In this section, a simple cohesive law is presented to describe the load and heat flux
across the cohesive surfaces. A key point of the cohesive laws used in this dissertation is
that they are linear piece-wise functions. In this form, the cohesive law can be indexed by
segments which allows the nonlinear equations associated with the embedded cohesive
discontinuity to be formulated using the linear equation of an assumed cohesive segment.
This greatly reduces the computational expenses required to solve the nonlinear fracture
problem because a consistency check algorithm described in [89] can be used to expedite
the solution process. The basic premise of the consistency check algorithm is that once a
cohesive segment is assumed, the local equilibrium equation with the embedded cohesive
discontinuity is linear and the solution can be obtained analytically. Whether the solution
of this linear problem is correct or not is validated by a consistency check to see if the

solution falls within the assumed segments.

2.4.1 Mechanical Cohesive Law

The mixed-mode cohesive law used in this dissertation is shown in Figure 2.2 where
0, and o, are the critical normal and shear crack separations under pure mode

conditions beyond which complete fracture occurs and cohesive stresses are zero.

Characteristic normal (&, and &,) and shear (7, and 7,) cohesive stresses mark where
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changes in cohesive stiffness occur. The overall shape of the trapezoidal curves are
determined from these stresses and the characteristic normal (0,, and o, ) and shear (J,
and 0 ,) crack separations. Cohesive stress and separations are defined in the local
coordinate system (s,n) where s is tangential and n is perpendicular to the crack plane,

( Figure 2.1).

-0 =0 -0, G, E
/ J, 5 06, O )
& N,
7
% -2,
‘ \ [_ _“__fl

J, {5,: o, 5. O,

(a) (b)

Figure 2.2: (a) Mode-I Traction Separation Law; (b) Mode-II traction Separation Law. Numbers in red
denote the respective segment numbers.

Each linear segment of the traction separation law is indexed with free indices
i, j €[1,4]. Each segment is defined in terms of a characteristic stress (7 or 6/,

characteristic crack separation (5S(i) or 5,£j )) and a constant stiffness (as(i) or a,gj )) such

that for the cohesive model

5n(1) = 5n15 5n(2) = §n2’ 5/1(3) = 5nc9 55(1) = 531’ 5v(2) = 6?2’ 53(3) = dc 2 (218)
A(i A(i-1 A A (-1
L0 EOBREICD) 40— Y — U 219
s _ st~ sW) _ sU1 :
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where 6 =7 =0 and 5}50) = 550) =0. Crack separation ranges consistent with the
indexed segments are defined as

5("*1)’ 5(i):| SV = (5(/‘*1)’ 5,51)] ' (2.20)

n n

From these relations, the piece-wise linear cohesive law may be expressed as

£(5) =5 ()] + a0 (]2, 6] <50 s |s]> 5
. ‘ ‘ o (2.21)
G(é‘n) — 6-(1—1) +O!£']) (5:1 _55/—1))’ §n c 5’1(1) && §n > 5:’
where signum function sgn () used is defined as
, 0
sgn(x)=4 0, x=0. (2.22)
-1, x<0

The variables &, and &, are the maximum crack separation reached for mode I and
mode II respectively. These maximum crack separations are solution-dependent variables
used to account for the irreversibility of the cohesive model associated with the
unloading/reloading segment indicated by index 4. They have corresponding normal and
shear cohesive stresses 6 and 7 that can be calculated from Equation (2.21). In

segment 4 then, the traction separation law is given by

7(8,)=sgn(s,) a5, |6]ed?,
_ @ 509 (223)
o(s,)=a,’s, 5, €0,
where the cohesive slopes and separation ranges for segment 4 are
) = fi , ) = 6': ’
) s, . (2.24)
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This indexing procedure applies to any piece-wise linear function and thus other cohesive
laws that can be linearized and expressed in a similar form.
Under mixed mode conditions, it is assumed that the total fracture energy G is taken
to be the sum of its mode I (opening) and mode II (shear) components
G=G,+G,, (2.25)

where the components are calculated from the traction separation law as

5’1 é‘S
G =["o(5,)ds; G, =] 7(s,)ds. (2.26)
0 0
Normal and shear crack separations then are interdependent and complete fracture is to

occur when the following critical condition is reached via [91]
i —q, (2.27)

where I', and '), are the mode I and mode II fracture toughness in the linear elastic

fracture mechanics (LEFM) context, which are equal to the total areas under the
respective traction separation curves. This mixed-mode cohesive law is further explained
in [92]-[94]. It guarantees correct mode mixity when LEFM conditions are satisfied with
the benefit of not requiring the mode mixity to be specified because it evolves as a result
of the local equilibrium of stresses.

Cohesive traction is the vector sum of normal and shear components along the crack

plane. Therefore,
S, (2.28)

where n and § are the unit vectors normal and tangential to the crack plane.
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2.4.2 Heat Transfer Cohesive Law

In the literature of thermo-mechanical cohesive zone models, the cohesive zone heat

flux ¢, is taken to be the product of a cohesive conductance coefficient /4, and the
temperature jump across the cohesive crack A8, i.e.

q. =hA0.. (2.29)
Cohesive heat transfer laws have been formulated using an assumption of both one
dimensional [55]-[57], [59] and two dimensional [58] heat transfer across the crack. In

all of these formulations, determination of %, involved consideration of fracture damage

and depending on the physical process at hand, a simple conductance law or a very
complex one derived from a micromechanics point of view that includes heat fluxes due
to bridging fibers, gas trapped in the crack and radiation.

For the purpose of this investigation, a piece-wise linear cohesive heat transfer law
that captures key aspects of heat transfer through an interface based on physical
considerations is adopted. The assumptions made in formulating the thermal part of the
thermo-mechanical cohesive law are as follows:

1) Cohesive heat flux is independent of tangential crack opening and depends
only on normal crack opening. For small deformations, it can be argued that
heat flux normal to the crack surface dominates over the tangential heat flux
because the thermal gradient is largest normal to the crack surface and the
influence of the tangential crack opening is negligible.

2) The crack conductance law as a function of normal crack opening is a curve

that can be approximated as a piece-wise linear function. As discussed earlier
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in the mechanical part of the cohesive law, the piece-wise linear form is necessary

in formulating the FE equations because a linear segment can be assumed.

3) Characteristic thermal cohesive properties are independent of temperature.

This assumption is valid if in a given temperature range thermal material

properties remain more or less constant.

4) Heat dissipation as a result of fracture is negligible. Excess fracture energy

over the amount required for crack formation does not result in heat generation on

the crack surfaces.

5) Cohesive heat transfer is reversible. Cohesive heat conductance can be

recovered if crack separations decrease.

o

>

S
|

i

>
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v
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Figure 2.3: Bilinear cohesive heat transfer law. Numbers in blue denote the respective segment number.

The cohesive heat transfer law shown in Figure 2.3 can be indexed and expressed

similarly to its mechanical equivalent. Define the characteristic heat transfer coefficient

h") | the characteristic crack separation 5,5]‘) and the constant slope ,Hik) as

S =0, 85 =3, 0% =8, O =Spes

},l\(l) = }’l\l s }'2\(2) = }’1\27 il\(3) = Oa };(4) =0 (230)

S = oo, 2.31)
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p(k) _ p(k-1)
(k) _ h - h
B, WO R 2.31)

where ke[1,4] is the cohesive segment index. Then the cohesive heat transfer
coefficient as a function of normal crack separation is

h,(8,)=h""+ (5n - 5(5,5’”), 5 edl. (2.32)
Therefore from Equation (2.29), cohesive heat flux as a function of normal crack

separation and the cohesive temperature jump is given by
q.(5,,A0.) = [ﬁ"“” e (§n — S )JA@C, 5 eAsY . (2.33)

Note that this particular form of the cohesive law can easily be changed to make the

cohesive heat transfer coefficient constant until it drops to zero at some critical separation

by imposing the conditions that o,,, = J,,, = J,,. and 120 = ﬁl = ﬁz .

2.5 Thermo-Mechanical Cohesive Element

Traction
free

surfaces ¢
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In the CZM, a cohesive law is typically formulated into a special element, the so
called cohesive element with its nodes shared with the abutting solid elements. Linear
displacement distribution along the bonding edge is preferred for a cohesive element
because it guarantees a monotonic change of crack separations within the element as it
evolves toward failure. High-order elements with mid-nodes run the risk of contact at the
mid-node pairs even if the crack separations at the corner nodes undergo monotonic
changes [95], [96]. It has been clearly demonstrated in [97] that contact at node pairs is a
major source for numerical instability. Therefore, the cohesive elements in this study are
exclusively linear with 4 nodes. The relationship between a physical crack, the cohesive
law and the cohesive element is shown in Figure 2.4. Both cohesive traction and heat flux
are present on the cohesive surfaces created by the crack and are generally functions of

the displacement and temperature jumps between the interface surfaces.

Figure 2.5: Illustration of a 4-node plane cohesive element from un-deformed configuration to deformed
configuration. The cohesive crack separations are the relative displacements between node pair 4-
1 and 3-2 and a reference line connects the midpoints between node pairs 1-4 and 2-3.

A reference line is defined as one connecting the midpoints between the node pairs 4-
1 and 3-2, marked as I and II respectively, as seen in Figure 2.5. This 4 node, linear

cohesive interface element is shown in both a reference undeformed state aligned with
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global coordinate system (x, y) and a deformed state aligned with local coordinate
system (S,n) . Each of its four nodes has displacement and temperature DOFs

u = {u, vy, v, 105, v5,1,,v, ' and 0=16,,6,,6,,0,)" . The length of the element

reference line is given by

1 I e 1 2
[e=\/(5(x3+x2)—5(x1+x4)) +(5(y3+y2)_5(y1+y4)) (239

where x,,x,,x;,x, and y,,y,,»;,, are the nodal coordinates in the global Cartesian

coordinate system. In two dimensions, Equations (2.13) and (2.14) are integrated over

this reference line to give the equivalent nodal force and heat flow vectors

{f}={F,.F FS4,Fn4}T and {p}z{Pl,PZ,P3,P4}T in the local

nl’

Fos By B 1,

n3’
coordinate system illustrated in Figure 2.6. By the continuity conditions of Equations (2.1)
and (2.2), the cohesive nodal forces and heat flows in the same node pair must be equal in

magnitude and opposite in direction, thus

L[ o (6)(1-¢) ag
Fs4 _Fsl 1
Em _Fnl l".[oo-(é:)(l_é) dé
_ _ | , (2.35)
Fy —, le.[o r(&)(&) de
F, -F, 1
Lo (e)(e) e
P1 (=P |L],a.(&)(1-¢)de
{P } = {—P } = 1 . (2.36)
: : L g.(£)(£) dé

The integrals are expressed in terms of a natural coordinate & = s//,, defined along the

length of the reference line in the local coordinate system.
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Figure 2.6: Cohesive forces and heat flows at the nodes of a deformed element.

If the cohesive law is the one described in Section 2.4, the cohesive stress and heat
flux are functions crack separation and temperature jump along the reference line. The
node pair displacement jump vector Au = {u4 — U,V =V, Uy — Uy, V=Y, }T is obtained
from the nodal displacements vector u by a linear operator matrix L, as

Au=[L,, |{u}. 2.37)
Likewise, L,, is a linear operator matrix relating the nodal temperatures 0 to the
temperature jump at the node pairs A8 = {6, —6,,6, —6,}" so that

A8 =[L,,]{6}. (2.38)
In the deformed state shown in Figure 2.7, the reference line can rotate and may no
longer coincide with the global coordinate system. Thus the node pair displacement
jumps need to be transformed into the local coordinate system to obtain the normal and

shear interface separation equivalents (9, and J, ) used in the cohesive laws.
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Figure 2.7: Deformed cohesive element with displacement jumps in global and local, crack oriented
coordinate systems.

Define the rotation angle ¢ as

¢:tan_l[y3+y2—yl—y4j’ (239)

X+ X, =X —X,

so that a rotation matrix can be expressed as

(2.40)

cos¢ sing
—sing cos¢|
Global node pair displacement jumps Au = {Au4],Av4],Au3z,Av32 }T at midpoints I and II

can be transformed to their local normal and tangential equivalents

0= {5s41 10,415 03325 0,32 }T by the relation

5= [‘; ;}{Au} - Diag[R;R][L,,]{u}. a1

Here the operator Diag[e] denotes forming a diagonal matrix where the diagonal

elements are composed of the quantity e being operated on.
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The linearly distributed crack separations and temperature jump at any point on the
reference line can be interpolated from their respective node pair values at midpoints I

and II by shape functions in terms of &. Thus at a given & on the reference line

(5.(£).5,(¢)} =[N,, (¢)]Diag[R;R][L,, ] {u}, (2.42)
AG, (5) = I:NAQ (g):l [LAQ]{B}’ (2.43)
where N, and N,, are the displacement and temperature jump interpolation matrices

respectively. Specific forms of the linear operators and the interpolation matrices are

given in Appendix A.1.

2.5.1 Cohesive Integration

The general form of the numerical integration for Equations (2.35) and (2.36) using

N integration points can be written as

2 wr(8)(1-¢4)
Fs4 _Fsl <
| |-r | 1|2 mea)i=d)
r (T F zE N , (2.44)
F: _FZ Z wr(£)(&)
Z w,o (&)(&)

P, B, | |i-4s.. 4 '
I e I,
3 ’ > wa.(8)(8)

where & = (1 +n, ) / 2 is the natural coordinate corresponding to the integration point 7,

and w, is the associated weight.
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Numerical integration of the cohesive stress, Equation (2.44), in particular
significantly effects the numerical stability, efficiency and accuracy of the cohesive
element in fracture analysis. A limitation in CZM analyses is that the characteristic mesh
size has to be less than 1/3 ~ 1/5 of the cohesive zone size to achieve reasonable
numerical accuracy and stability because of the softening part of traction-separation law
that governs the damaging processes at the crack tip regions [92], [98]. Therefore fracture
analysis at the structural level is computationally expensive since the cohesive zone size
is typically much smaller than the structural dimensions. Some researchers proposed
using reduced cohesive strength to artificially increase the cohesive zone length and
achieve numerical stability to lessen the strict requirement for mesh size [98], [99]. But
such numerical treatments should be used only when the existing crack length is much
larger than the cohesive zone length because they result in incorrect crack-tip stress fields.

In the literature, either the standard two integration point Gaussian integration (GI) or
Newton-Cotes Integration (NCI) scheme (trapezoidal rule) was used for cohesive stress
integration. However, which integration scheme or if any other scheme is more effective
in cohesive fracture analysis remains an open research topic. For fracture problems in 2D
or 3D solids, the NCI scheme appears to be a better solution because it provides a more
accurate nodal stress evaluation and is numerically more stable, while standard GI
scheme can cause undesired spurious oscillations of the traction field and hence is less
numerically stable [95], [99]. In more recent studies [51], [100], [101], which used shell
elements in conjunction with cohesive elements, a comparison reveals that the NCI
scheme resulted in an odd wrinkling mode in thin laminates undergoing delamination

process that is absent from the GI scheme, making it the more accurate of the two. In a
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subsequent section, via a simple single element comparison, it will be demonstrated that
such standard integration schemes are insufficient to resolve the nonlinear cohesive stress
distribution, inevitable in a crack-tip cohesive element, especially when the element size
is not much smaller than the cohesive zone size.

Another shortcoming of the existing cohesive elements is that, even if a much refined
cohesive element mesh is used, the resulting crack front always zigzags because the front
has to be in conformation with the bonded structural FEM mesh. In order to accurately
capture the smooth crack front, a partially bonded cohesive element has to be introduced.
To characterize an arbitrary crack front that cuts through a cohesive element, an accurate
geometric description of the crack front is needed and the cohesive stress integration over

the (intra-element) debonded zone and fully bonded zone has to be separately treated.

2.5.2 Standard Cohesive Stress Integration Schemes

To make the integration methods more easily amendable to derivation and numerical

implementation, note that Equation (2.44) can be written in matrix form as

Fv4 _Fvl WA(I_gA) 0 W]\/(l_éj\/) 0 O_A
Ey —F. 1 0 w,(1-8,) - 0 wy(I1=&y) ;A - (2.40)
F - -F, 2 W, 0 Wy Sy 0 z_.
£y —F, 0 WS 0 Wy Sy !

From Equation (2.46), it can be seen that the general form of the cohesive stress

integration matrix for standard integration schemes of N integration points is a matrix of

dimension 4 x 2N given by

WA(I_é:A) 0 WN(I_é:N) 0
/ 0 w,(1-&) - 0 w,(1-¢&,)
Togne == =e v(=en)) (2.47)
2 Wi, 0 Wyy 0

0 w,&, 0 WySy
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Since the cohesive law described in Section 2.4 is used, it can be shown that (see

Appendix A.2) the cohesive stresses at N integration points can be expressed as

= {0} +[@ ][Nas, | Diag[R; R][L,, [{u}. (2:48)

Of importance is the 2N x4 interpolation matrix N, that interpolates the node-pair
crack separations at the N natural coordinates & that correspond to the integration

points 7,. For standard integration schemes, the interpolation matrix has the general form

_l_égA 0 é:A 0
0 1-¢, 0 o
(2.49)

stdAu

l_égzv 0 éN 0
0 1_§N 0 é:N_

Both the integration and interpolation matrix are presented here because the improved

integration schemes introduced later require only simple modifications to these matrices.

2.5.3 Improved Cohesive Stress Integration Schemes

Standard integration methods like NCI and GI have fixed integration points, an
inflexibility that is a major source of numerical instability and inaccuracy. This problem
is illustrated in Figure 2.8(a) where the CZM is applied to a double cantilever beam in
mode I opening. The focus is on the region near the crack tip. In Figure 2.8(b), the stress
distribution along the reference plane of two cohesive elements (1 and 2) connected by a
shared node pair (midpoint II) is shown. The domain of these two connected reference

planes consists of three regions corresponding to the fracture zone of the physical crack,
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the cohesive zone and the elastic zone . Physically, the crack tip ends somewhere within
the first element, and at this location that marks the end of the physical crack region,
there is zero stress. In the subsequent cohesive zone, the stress is a function of crack
opening and the stress gradually increases to the peak cohesive stress at the location
where the crack opening is zero. This is now the elastic zone region where the stress in
this case drops and becomes negative to reflect the compressive stress state to the right of
the cohesive zone in the elastic region that occurs due to bending. Numerically, when the
cohesive element size approaches or is larger than the cohesive zone size as in Figure
2.8(b), the deformations or cohesive damage states at a node-pair, computed from the two
neighboring cohesive elements that share the node-pair, are significantly inconsistent
from each other because the integration points do not move to reflect the moving crack

tip and the size of the cohesive element is too large to accurately resolve the actual stress

distribution.
cohesive zone cohesive
surfaces
traction free potential
surfaces crack path
real crack | cohesive i elastic
| zone zone
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{ . stress :
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|
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Figure 2.8: (a) A DCM in mode I opening; (b) CZM of physical crack with two cohesive elements.



38

Suppose that the cohesive stress distribution is integrated using the two integration
point NCI scheme (trapezoidal rule) that approximates the stress as a linear distribution
between the stress values at the midpoints I and II for cohesive element 1 and midpoints
IT and III for cohesive element 2 as in Figure 2.9(a). Note that the integration of the
cohesive stress at midpoints I and II in cohesive element 1 fails to capture the peak in the
stress distribution. In fact, the tensile stress distribution is approximated incorrectly as a
compressive stress distribution. This results in inconsistent cohesive damage states at the
node pair midpoints and leads to significant numerical oscillation as well as convergence
difficulty. When a two point GI scheme is used as in Figure 2.9(b), the stress
approximation is much better because the integration points have shifted and are more
aligned with the actual stress distribution. But this scheme still underestimates the peak

stress because of the inflexibility of having fixed integration points.

O -node-pair midpoint

B -integration point

1 stress i i i stress
H distribution ! ! ' distribution

stress
approximation |
‘

______________________________________

i i
1 ' ' 1
cohesive | cohesive i i cohesive | cohesive
i

i element 1 i element 2 i ! element 1 i element 2
l L, / l,
(a) (b)

Figure 2.9: Approximation of stress distribution with (a) NCI scheme and (b) GI scheme.

Several improved integration methods can significantly improve the numerical

accuracy, stability and robustness of the cohesive element. Here the focus is on two
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possibilities that require only minimal modifications to the existing programs/subroutines
for cohesive stress integration. These two possible improvement techniques are (1)
increasing the number of integration points and (2) permitting the integration points to
move in accordance with the actual physical crack-tip. More integration points
theoretically better approximates the nonlinear cohesive stress distribution, and allowing
the integration points to move as needed to conform to the actual crack-tip ensures better
consistency in stress states, especially in the cases that one of the node-pairs has failed

but the other one remains bonded (thus the crack-tip is within the element).

stress
distribution

stress

/ , @ -crack tip l 0
Imp 2 Int Pt NCI QO -node-pair midpoint Imp 2 Int Pt GI

B -integration point

(a) (b)

Figure 2.10: Improved integration schemes with moving integration points for (a) NCI and (b) GI schemes.

This method of moving integration points is illustrated in Figure 2.10 for both NCI
and GI with two integration points. In both cases, the improvement to the stress
approximation is significant. The error of the compressive stress distribution
approximated by the NCI scheme with respect to the actual stress is dampened, and the
GI approximation now more accurately captures the rise in stress. To modify the

formulation, it is noted that the crack-tip is located somewhere along the reference line at
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(1 - 7/)]@ and the remaining bonded area is y/, in length as seen in Figure 2.10. Thus the

cohesive stress integration of Equation (2.35) has new limits and becomes

L], #(6)(1-¢)dg
Fs4 _Fs1 1
F _F L[ o(£)(1-¢)ds
= " yl . (2.50)
Fy —F, leL 7(£)(&) dég
E13 _qu | !
LI, o(6)(&)ds

From this relation, the improved general integration matrix for N integration points can

be derived to be

wy(1-&)) 0 o owyr(=8y) 0
T Tk 0 wiyd=¢) - 0 ez (=)
) WA(1_7+7/§A) 0 WN(I_y+7/§N) 0
0 wi(l=y+78,) - 0 Wy (1=7+7¢)
(2.51)

The improved interpolation matrix is derived by noting that the natural coordinate in this
case is given by & '=1-y + )£ . By substituting & ' into Equation (2.49), the improved

interpolation matrix is found to be

y(1-¢,) 0 1-y+%, 0
0 y(1-¢,) 0 -y +%,
Nimpaw = (2.51)
y(1-¢y) 0 -y +7&, 0
0 y(1-&y) 0 L=y +7&y |

The derived interpolation and integration matrices for standard methods, Equations (2.47)
and (2.49), and for improved integration methods, Equation (2.51) and (2.51), enable
simple implementation of the different integration methods. Table 1.1 summarizes a

variety of integration methods with respective integration points 7, and weights w,
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(i=A4,B,---N)explicitly given. A note on the mixed methods such as GI&SDI2. These

methods use the integration points of the first scheme for integration until one of the
node-pair states 'fails' and then the remaining bonded area is integrated with the points

given in the table.

Table 2.1: Summary of integration points and weights for various integration methods

No. of Integration Integration Points In‘;?g.r&:lt:on
Method Points Label n e [_1, 1] e:f s
S 2 (LI GI2 ~1/43,1/\3 1,1
2(1IT) NCI2 -1,1 L1
Eqni 2(?4;‘)7) & 3 (LILID) GI3 ~J3/5,0,4/3/5 5/9,8/9,5/9
3 (LILID NCI3 -1,0,1 1/3,4/3,1/3
2 (LI IMP_GI2 ~1/\3,1/\3 11
2(1L,1ID) GI&SDI2 -1/2,1/2 1,1
Improved 2(L1D) NCI&SDI2 -1/2,1/2 1,1
Eqns (2.51) & 3 (LILIT) IMP_GI3 —J3/5,0,4/3/5 5/9,8/9,5/9
(2.49) 3 (LILID) IMP_NCI3 -1,0,1 1/3,4/3,1/3
3 (LILID) GI&SDI3 -2/3,0,2/3 2/3,2/3,2/3
3 (LILID) NCI&SDI3 -2/3,0,2/3 2/3,2/3,2/3

GI2 — standard Gaussian Integration method with 2 integration points

IMP_GI2 — improved Gaussian Integration method with 2 integration points

GI&SDI2 — mixed Gaussian and subdomain method with 2 integration points

GI3 — standard Gaussian Integration method with 3 integration points

IMP_GI3 — improved Gaussian Integration method with 3 integration points

GI&SDI3 — mixed Gaussian and subdomain method with 3 integration points

NCI2 -- standard Newton-Cotes Integration method with 2 integration points (trapezoidal rule)
NCI&SDI2 -- mixed Newton-Cotes and subdomain method with 2 integration points

NCI3 -- standard Newton-Cotes Integration method with 3 integration points (Simpson’s rule)
IMP_NCI3 -- improved Newton-Cotes Integration method with 3 integration points
NCI&SDI3 -- mixed Newton-Cotes and subdomain method with 3 integration points

2.5.4 Cohesive Heat Flux Integration

Provided that the cohesive heat transfer law is of the form detailed in Section 2.4.2,
cohesive heat flux integration is very much an extension of the cohesive stress integration

detailed prior. Equation (2.45) can be rewritten as
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q,
{Pzt}:{_Pl}z |:WA(1 é:A) WN(I_gN)j| e (2.52)
P, i 2 w,&, wy Sy

q

N
As shown in Appendix A.3, the cohesive heat fluxes at N integration points can be
expressed as
q4

= Diag| {h, } +[B,][Nyas, | Diag[R; R[L,, [{u}][Nyar ][Lss ] {0} 2:53)
qy

It follows that the standard integration and interpolation matrices and their improved

counterparts for cohesive heat flux integration are

1— 1—
=t WA( <) wy(1-¢, ):|’ (2.54)
2 w,&, WwySy
0 1- §A 0 é:A
Noaow =1 : : o, (2.55)
0 1- §N 0 §N
1- §A é:A
Noaro =| 2, (2.56)
1- GEN QZN
1— 1—
p ] e w(1-) .
2 WA(1_7/+7§A) WN(I_}/—l_}/gZN)

0 y(1-&,) 0 1-y+y¢,
Nimpou =| - : : : , (2.58)
0 y(1-&) 0 1-y+y,

y(1-¢,) 1-y+%,

impA@ = (259)

y(1=¢y) 1-y+%,

Schemes summarized in Table 2.1 are readily applied to these relations.
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2.6 Element Validation

This section focuses on the mechanical and heat transfer capabilities of the described
cohesive element. A cohesive element with all eleven integration schemes listed in Table
2.1 has been implemented in ABAQUS (6.10) as a user-defined element (UEL). The
shortcomings of standard schemes for cohesive stress integration and the improvements
in accuracy and numerical stability from proposed schemes are demonstrated through a
single element and double cantilever beam (DBC) examples. Further, the basic response
of the element for heat transfer problems is also demonstrated and evaluated for both

steady state and transient cases.

2.6.1 Single Element Mode I Wedge Opening Response

All the integration schemes listed in Table 2.1 perform well and yield almost identical
results given uniform loading and with fixed fracture mode ratio. Performance among the
integration schemes significantly differ however, if there is significant stress variation
within a single cohesive element. The single element shown in Figure 2.11 demonstrates
such a case. A mode I wedge opening is modeled by the single element by having both

top and bottom edges of the cohesive element rigid while the left nodes 1 and 4 are
loaded symmetrically with an increasing vertical displacement (v4 =-y = u*) and the
right nodes 2 and 3 are hinged (u, =u, = v, = v, = 0) so that the cohesive stress at this

node-pair is always zero.
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Figure 2.11: Single cohesive element in Mode I wedge opening.

The cohesive zone length /, is 2 mm. A simple triangular shaped mode-I cohesive
law is used here where the toughness is I', =0.05 N/mm , cohesive strength is
6 =1.0 N/mm’, and the initial elastic stiffness is a,, = &/, =10’ N/mm’. The critical

separation is 0,, = 0.1 mm, and the separation corresponding to the peak stress is o, .

It can be shown that an analytical expression for the load (per unit width) and load-

point displacement can be derived as below [90]:

—— W /5, <,

F 1 oi(uw Y 1(u ) 1 () 1) 1

—= S Y ) (| . B (I<u"/8,<8,/6,),
o-le 2 3 5/11 2 5/11 5”0/5)11_1 3 5111 6 5n1 2

x \ 2 x \ 2 -1
Yw | 1 6 /8y | 1 u ) |18, 1(d,.) _1 . W15,>8,.18,),
3 5}11 2 5)1c /5)11 _1 5)14‘ /é‘nl _1 6nl 2 5)11 3 é‘nl 3

(2.60)

where u’ is the applied displacement at the left edge.
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Figure 2.12: Numerical performance of different integration methods on single element under wedge
opening mode for (a) two integration point and (b) three integration points schemes.

The reaction forces at load-point as functions of opening displacements for various
integration schemes are summarized in Figure 2.12 along with the analytical solution, the
dashed line, in the same figure as a means for comparison. The energy dissipation
associated with the entire elemental fracture process, i.e., the area enclosed by the load-
displacement curve and the two axes, should be exactly 0.1 N/mm given the specified
parameters. Figure 2.12(a) shows the numerical results obtained with 2 integration points
where a few key conclusions can be drawn.

First, both standard NCI (NCI2) and standard GI (GI2) capture the peak load rather
accurately, but the NCI2 significantly under-predicts the energy dissipation by 50%. In
this case, GI2 clearly captures the energy dissipation much better (within ~ 5%) than
NCI2. The sudden kink in the GI2 load-displacement curve is due to failure of the left
integration point. As detailed earlier, the significantly under-predicted energy dissipation
by the NCI2 is due to the premature failure prediction inherent to this method by non-
moving integration points. The non-moving integration point effect for GI2 is less
significant because the integration points of GI2 are within the range between the node-

pairs. For NCI2, the integration points are taken at the location of the node-pairs, and thus
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element failure (i.e., zero stress everywhere in the element) occurs when the left node-
pair displacement reaches the critical opening displacement (3.), because at this point the
stresses at both node-pairs become zero. Since the crack-tip is within the element, the
cohesive stress is actually non-zero everywhere except at the two node-pairs (the left
node-pair stress is zero because o, = u* > J., and the right node-pair stress is zero
because &, = 0).

Another notable result is that solution accuracy increased notably for improved
methods (IMP_GI2, GI&SDI2, and NCI&SDI2) as compared to their respective standard
integration schemes. Of all the improved methods, IMP GI2's resulting load-
displacement curve is almost an exact replica of the analytical curve. GI&SDI2 is also
very accurate except that there is a small oscillation associated with switching of
integration from Gaussian integration to subdomain integration. For NCI&SDI2, the
solution enhancement mainly comes from the switching into SDI after one of the node-
pair fails, indicated by the significantly jump of reaction force in the load-displacement
curve.

Figure 2.12(b) shows the numerical results obtained with 3 integration points.
Compared to results obtained with the two integration points in Figure 2.12(a), the
solution accuracy for both standard methods (GI3 and NCI3) has been much improved
because of the better approximation of the cohesive stress distribution with an extra
integration point. However, the effect of non-moving integration points remains
significant. The energy dissipation result of NCI3 is still under-evaluated by ~ 15%
because it still suffers from the pre-mature failure (but it is much delayed as compared to

the NCI2). Adding an extra integration point however resulted in a major improvement
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from NCI2, which underestimates the energy dissipation by 50%. Figure 2.12(b) also
shows major solution enhancement for the improved methods based on Newton-Cotes
integration, IMP_NCI3 and NCI&SDI3. The load-displacement curves of these methods
are now almost indistinguishable from the analytical result. Solution enhancement of the
Gaussian-based improved methods, IMP_GI3 and GI&SDI3, is limited because for these
methods, the results obtained with 2 integration points (IMP_GI2 and GI&SDI2) are

already sufficiently close to the analytical solution.

2.6.2 Cohesive Heat Transfer Response

3

2 Cohesive !

Element

A4

Figure 2.13: Model setup for comparison of cohesive heat transfer.

Comparison is made between the temperature distributions of bulk elements bridged
and unbridged by a cohesive element. The desired temperature gradient is created by
prescribing temperatures on the top and bottom surfaces through nodes 5-8 as seen in
Figure 2.13. To the left, the model setup consists of two standard, coupled thermal-
displacement plane stress elements in ABAQUS, CPS4T, defined by nodes 5, 6, 2, 1 and

4, 3, 7, 8 respectively, connected and sharing nodes with a TMCZ element of zero



48

thickness defined by nodes 1, 2, 3, 4. Bulk elements are thermoelastic, isotropic and
square with an area of 1 m’. The modulus is £ =100 GPa, Poisson's ratio v =0.25,
thermal conductivity K =1.0 W-m™ -K™" | density p=1.0kgm~ and specific heat
c=1.0Jkg"K". To examine only the heat transfer process, the coefficient of thermal
expansion is set to be o =0K™ to negate the thermal influence on the mechanical
loading.

A piecewise linear cohesive thermo-mechanical law described in Section 2.4 is
assumed where damage effects are neglected so that the cohesive heat transfer coefficient

is strictly a function of normal crack opening. The cohesive zone length /, is 1 m.
Normal and shear fracture parameters are assumed equal where the toughness is
=10 N/m , cohesive strength is ¢ =10° N/m”, and the initial elastic stiffness is
a, =10’ N/m’. The critical separation is §, = 0.1 m, and the separation corresponding to
the peak stress is 6, = 0.001 m. Characteristic separations for the heat transfer law are
assumed identical to the mechanical law, i.e. §,,, =3J,,, =0 and J,, . =J,. The cohesive

heat transfer coefficient is taken to be linearly decreasing from some initial value

(l;o = };1 = };2 = h,.) until normal crack separation reaches o, and 4, =0 for §, > 9, .
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Figure 2.14: Influence of cohesive heat transfer coefficient on the temperature jump across the interface.

First, the significance of the overall cohesive heat transfer coefficient /4, is examined.

Its influence on the temperature jump across the cohesive crack is shown in Figure 2.14.
From the single interface element model setup described, a temperature gradient of
AT =100 K 1s imposed by the boundary conditions €, =6, =100K and 6, =6, =0K
under a steady state condition. Mechanically, the elements are constrained to remain
static. The temperature change or jump is between node-pairs 4-1 and 3-2, which are
equal, of the thermo-mechanical cohesive element. Choice of /, has a significant effect
on the nodal temperatures of the cohesive element. Figure 2.14 shows that the thermo-
mechanical cohesive element exhibits the expected behavior in the limiting values of 4, .
As h, — 0, the temperature change A@ — 100 K because the interface surfaces become
adiabatic and the temperatures on the respective surfaces settle to the prescribed values
of the now separated domains. As s, — oo, the temperature change A9 — 0 K because

the surfaces conduct heat perfectly and behave as if no interface exists.
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Four cases are considered to demonstrate how the thermal-mechanical cohesive

element behaves: (1) mode I or normal opening —v, =-v, =v, =v, =0.15m; (2) mode
IT or tangential sliding u, =u, =0.15m ; (3) mixed mode or normal and tangential
opening u, =u, =v,=v,=0.15m ; and (4) mode I wedge or hinged opening
—v, =v, =0.15 m. Note that prescribed displacements are chosen to be larger than the

critical separation value for the cohesive law in order to see the transition from
conducting cohesive surfaces to adiabatic cohesive surfaces and allow for the evaluation
of the resulting temperature distribution and comparison with the interface free model
setup. Mechanically, elements are constrained so that the prescribed displacement is
uniform and bulk elements remain rigid. Again a temperature gradient of A7 =100 K is

imposed by the boundary conditions &, = 6, =100 K and 6, = 6, =0 K. The boundary

conditions are applied as step functions so that prescribed values are applied by the

second increment. Both steady state and transient cases are considered where
h,=1.0 W-m?-K".

It is expected that cases (1) and (3) should have identical temperature profiles because
the cohesive transfer coefficient is only a function of normal crack separation and the
boundary conditions applied in both cases result in the same normal crack separation. For
case (2), the coefficient of cohesive heat transfer remains constant and so the

temperatures at the interface nodes should settle to values that give a temperature jump of
A6 ~33 K because h, =1.0 W-m™-K' according to Figure 2.14. Case (4) should

have a temperature distribution that has features of both case (1) and (2) due to the wedge
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opening which causes node-pair 3-2 to be completely failed (therefore adiabatic) and the
node-pair 4-1 to be completely bonded (where 4, =1.0 W-m™?-K™").

Figure 2.15 shows the temperature-displacement curves of the cohesive element for
all four loading cases along with the no interface temperature at nodes 1 and 2 in the two
bulk element setup under steady state conditions. The no interface temperature represents
the temperature at the center of the distance between the applied boundary conditions and
thus is always half the value of the applied temperature gradient, 50 K. In all loading
cases the responses are as expected. For the mode I opening of case (1), Figure 2.15(a)
shows that the temperature jump between the top cohesive surface (nodes 3 and 4) and
bottom cohesive surface (nodes 1 and 2) is initially A@ ~ 33 K as expected for the given

h.. As the displacement increases and /, decreases, the temperature jump grows larger

until the temperature jump is equal to the temperature gradient when the critical
separation is reached at 0.1 m displacement. At further displacement after 0.1 m the
cohesive surfaces are adiabatic and thus cohesive surfaces temperatures remain constant.
There is a clear transition in the temperature-displacement curves from reducing heat
transfer to adiabatic surfaces. No such change occurs in case (2) because the
displacement results in a completely shear crack separation which has no effect on the
coefficient of cohesive heat transfer. From Figure 2.15(b), it can be seen that the
temperatures at the cohesive surfaces settle at temperatures such that the temperature

jump between cohesive surfaces is a constant A@ ~ 33 K because /4, remains constant.

Temperature curves in Figure 2.15(c) are identical to curves in Figure 2.15(a) indicating

that /4, is a function of normal crack separation only and the equivalency of loading cases

(1) and (3) that give the same normal separation. In case (4), the node pair temperature
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jumps reflect the cohesive damage state. Node pair 4-1 remains bonded while node pair
3-2 is completely debonded, i.e. &, =1.0 W-m™?-K "' at 4-1 and h, =0 W-m™ - K" at
3-2. This means, one node pair transfers heat at a reduced conductance while the other
does not at all. As seen in Figure 2.15(d), temperature jumps occur at both node pairs,

A6, ~ 50 K for node pair 4-1 and A6, ~ 73 K for node pair 3-2 when wedge opening

displacement reaches 0.15 m. Note that a higher temperature jump is associated with the
adiabatic, debonded pair as expected.

Transient cases are examined in a time duration of 5 seconds from an initial uniform
temperature of 0 K. As before, boundary conditions are applied as step functions so that
prescribed values are reached instantaneously. Again, it can be seen that temperature-
displacement curves in Figure 2.16(a) and Figure 2.16(c) are identical. The nonlinear
temperature-displacement curves converging to a temperature jump of A& ~ 100 K again
indicate a reduction in heat transfer capability with increasing displacement. Figure
2.16(b) shows that the temperatures at both the top and bottom cohesive surfaces
converge to their steady state temperatures so that the temperature jump is A6 = 33 K.
Similarly, the nodal temperatures-displacement curves in Figure 2.16(d) converge to

steady state values that result in temperature jumps A6, ~ 50 K for node pair 4-1 and
A@,, = 73 K for node pair 3-2. Under transient conditions, the temperature profiles for

each loading case have the same expected behavior as under steady state conditions. As
seen in Figure 2.16(a)-(d), the main difference from the steady state responses is that
transient temperature curves are nonlinear due a time dependence but converge to steady

state values as time duration becomes large.
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Figure 2.15: Temperature profile vs. displacement under steady state condition heat transfer for (a) mode I
opening (b) mode II sliding (¢) mixed mode (d) mode I wedge opening.
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Figure 2.16: Temperature profile vs. displacement under transient heat transfer for 5 seconds for (a) mode I

opening (b) mode II sliding (c) mixed mode (d) mode I wedge opening.
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2.6.3 Multiple Element Example, Mode I Opening of a DCB

To test the subroutine’s numerical capability, a model of a bonded double cantilever
beam (DCB) under mode-I transverse loading was chosen because (1) an analytical
solution is available; and (2) for a typical engineering material, the mode-I cohesive zone
is usually the smallest and poses the most numerical difficulties.

The DCBs are discretized into a mesh of 100 x 8 = 800 plane-stress solid elements
(CPS4 in ABAQUS). The thicknesses of the DCBs are fixed at 2¢ = 5.0 mm (i.e., the
mesh size along the beam thickness, /,, direction is fixed at 0.625 mm). The beam lengths
are adjusted according to the mesh sizes used as discussed below. The two halves of each
DCB are connected by a layer of cohesive elements with zero bond thickness, as shown
by the inset of Figure 2.17(a). All the DCBs are fully bonded before loading (i.e., no
initial crack with finite length) and their left edges are subjected to displacement-
controlled loading as indicated in Figure 2.17(a).

The mesh size along the cohesive crack plane (/,) is critical in assessing the numerical
performance of the cohesive zone model results. In the literature for cohesive model
analyses where standard integration methods were used, there is typically a size
constraint that /, be 3 to 5 times smaller than the cohesive zone size (/.1), 1.e., [, /I, < 1/3
~ 1/5. In this study, both /, and /., are altered systematically to assess the numerical
performance of the improved integration methods with a wider range of /. to /., ratios.
Further, there are additional numerical uncertainties associated with the use of 2D plane
elements in simulating the beam bending problems, especially when the elemental aspect
ratio ( /./l; ) is large. To minimize this uncertainty, the mesh sizes along the crack plane

are restricted to /, /[, <3 for all cases.
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The mesh size (/. ) is to be normalized by the cohesive zone length of the crack, /..
The cohesive zone size for fracture problems in beam-like structures is not only a
material constant, but also a function of structural dimension. There is no universal
solution to /., but an approximate expression that can estimate the cohesive zone size for

isotropic DCBs has been given by [102]

1
167h= 1.01(Erlj4. (2.61)

6t
This expression provides a rough estimate of the cohesive zone size and acts as a guide of
how to adjust the elastic and cohesive parameters in order to achieve different relative
mesh sizes of /.//.;, with minimal change of the mesh size /.. The beam modulus (E) is
varied from 0.5 x 10° to 1.0 x 10’ N/mm’, and the mode I cohesive strength (&) is varied
from 50 to 100 N/mm?, to achieve various cohesive zone lengths. The Poisson’s ratio of

the DCB i1s v = 0.3. The mode-I cohesive law used is a triangular type and has a fixed
fracture toughness and initial stiffness of ', =1.0 N/mm and a,, =1.0x10’ N/mm’ for
all the cases.

The cohesive zone length as a function of ET,/&°t is computed using a much
refined mesh of /., = 0.25 mm and the determination of the cohesive zone size is
illustrated by the example in Figure 2.17(a). This figure shows the opening stress
distribution in a DCB with T, =1.0 N/'mm and & =50 N/mm’. The cohesive zone

length corresponds to the interval in which the cohesive stress decreases from the peak

cohesive strength to zero, which in the figure is effectively 3.5 mm.
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Figure 2.17: (a) The opening stress distribution in a DCB with £ =10° N/mm? T'; = 1.0 N/mm, and & = 50
N/mm?; (b) Numerically determined /./¢ as a function of E r,/ &t (the curve labeled as

FEM+CZM) as compared to that obtained with the approximate expression of Equation (2.61)
(left vertical axis). The discrepancy associated with the approximate expression is also plotted in
this figure (right vertical axis).

The numerically obtained normalized cohesive zone length (/.,/f) as a function of
ET, /6%t is shown in Figure 2.17(b). Also plotted in this figure is the approximate
solution of Equation (2.61) (left vertical axis) and the numerical discrepancies associated
with it (right vertical axis). It is seen that Equation (2.61) works only when ET,/&°t is
very large, i.e. when the cohesive zone length (/.;/t) is much larger than 1. This is
expected because Equation (2.61) is derived from beam bending consideration, and in
general Equation (2.61) overestimates the cohesive zone size by 20% ~ 100%.

To investigate the mesh sensitivity of the present cohesive element, the normalized
cohesive element mesh sizes are varied from [.//¢, = 0.14 to [/l = 1.66. The simulated
load-displacement curves are compared to the analytical solution based on beam bending

analysis [72]

1
373 \7
F = (%} (2.62)

where u is the applied displacement at the load points.
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Figure 2.18: Comparison of DCB results for all integration methods with 2 integration points with
characteristic mesh size of (a) /./l.;, = 0.28; (b) I./l., =0.56; (¢) I/, =1.12;(d) ./l =1.66.

The analytical and numerical results obtained with 2 integration points are
summarized in the plots of Figure 2.18. Figure 2.18(a) compares the numerical
performance of all integration methods for mesh /. / /s, = 0.28. With such a small mesh
size, all numerical results agree very well with the analytical result. As the mesh size
increases to more than half of the cohesive zone size ( /. / /s, = 0.56, Figure 2.18(b)), the
results obtained with Newton-Cotes integration based methods, NCI2 and NCI & SDI2,
become oscillatory around the analytical curve; the curves obtained from GI based
methods (i.e. GI2, IMP_GI2, and GI & SDI2), however, remain very smooth and close to

the analytical curve. When the mesh size further increases to be slightly larger than the
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cohesive zone length (I, / I, = 1.12, Figure 2.18(c)), both NDCI & SDI2 and NCI2
results become strongly oscillatory and they significantly deviate away from the
analytical solution. Gaussian integration based methods also show some moderate
oscillations but the solution remain stable and with reasonable numerical accuracy. Even
as the mesh size becomes much larger than the cohesive zone size (/. / [, = 1.66, Figure
2.18(d)), the improved methods still capture the load-displacement curves reasonably
well although the oscillation becomes significant. The curve obtained with the NCI2 is a
clear outlier with significant numerical error.

Figure 2.19(a) gives the averaged numerical error as a function of normalized mesh
sizes. Several conclusions can be immediately drawn from this figure. First, the
numerical accuracy of the Gaussian integration based methods, GI2, IMP_GI2, and GI &
SDI2, is more than 2 times better than the standard NCI result of NCI2, if the same mesh
sizes are used. The NCI2 can achieve the similar solution accuracy only when the mesh
size is very small (/./l.; < 0.2). Second, among all the improved integration methods, the
NCI & SDI2 has much better solution accuracy for small and moderate meshes, i.e., [/l
< 0.5. However, for larger mesh size, /./l., > 0.6, the advantage diminishes and the
method is much less stable than the Gaussian based methods. Third, it appears that all the
improved methods have a convergence rate of slightly less 2, as indicated by the average
slopes of the curves in this log-log plot. This is very encouraging given the fact that the
negative slope in a cohesive law usually leads to a much lesser convergence rate

compared to the optimal rate of 2.
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Figure 2.19: Averaged numerical error for (a) 2 integration points and (b) 3 integration points as a function
of mesh size for the mode-I fracture of the DCBs.

In general the numerical accuracy can be further improved by using more integration
points, especially for larger meshes and for the Newton-Cotes based method. The
numerical results obtained with 3 integration points for mesh sizes /./l.,, = 1.12 and 1.66
are plotted in Figure 2.20 (for smaller mesh sizes, the results are not much different from
those obtained with 2 integration points shown in Figure 2.18(a) and (b)). The associated
numerical error is plotted in Figure 2.19(b).

Using 3 integration points greatly improves the numerical accuracy for the Newton-
Cotes based methods. For example, from NCI2 to NCI 3 the numerical error is reduced
from ~40% to ~20% for [./l.,, = 1.12, and from ~130% to ~25% for /./l.;, = 1.66. For
Gaussian based methods, the improvement for mesh size /./l.; = 1.12 is not very much
(from 16% to 14%) but for /./l., = 1.66 the improvement is appreciable from ~40% to
20%. With the use of 3 integration points, the overall numerical accuracy of Newton-
Cotes based methods (NCI3, IMP_NCI3, and NCI & SDI3) is close to that of the
Gaussian integration based methods (GI3, IMP_GI3, and GI & SDI3). However, the
Newton-Cotes based methods are numerically less stable than the Gaussian based

methods as demonstrated in [90]. The numerical cost associated with using 3 integration
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points as compared to the 2 integration points is on average 20% with the results showing

that the numerical gain by using more than 3 integration points is minimal.
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Figure 2.20: Comparison of DCB results for all integration methods with 3 integration points with
characteristic mesh size of (a) l./l, =1.12; (b) l./l, = 1.66.

The improvement in solution accuracy by the improved methods proposed in this
paper enables the use of much larger mesh size as allowed by the standard NCI2. For
example, with an error tolerance of 10%, the proposed cohesive element allows for the
use of maximum mesh size (for 4-node plane elements) of about /./[c, ~1, which is
significantly larger than the mesh size of /./lcn < 1/3-1/5 as required by the standard

methods of NCI2 and GI2.

2.7Summary

This chapter presented and evaluated several integration schemes to investigate the
improvement if any in accuracy of the cohesive stress integration for linear cohesive
elements and ease the restriction on cohesive element size of the widely used standard
Gaussian integration (GI) and Newton-Cotes integration (NCI) method (the element size

be smaller than 1/3~1/5 of the cohesive zone size). The new cohesive stress integration
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schemes involved increasing the number of integration points (from 2 to 3) and explicitly
considering the moving crack-tip within an element. To that end, the key elements in
constructing a cohesive element, the stress integration matrices for both standard and
improved integration schemes with any number of integration points, have been explicitly
derived. The performance of eleven integration schemes, the standard GI with 2 and 3
integration points (GI2 and GI3), the improved GI with 2 and 3 integration points
(IMP_GI2 and IMP_GI3), the mixed GI and subdomain integration (SDI) with 2 and 3
integration points (GI&SDI2, GI&SDI3), the standard NCI with 2 and 3 integration
points (NCI2 and NCI3), the improved NCI with 3 integration points (IMP_NCI3), and
the mixed NCI and SDI with 2 and 3 integration points (NCI&SDI2 and NCI&SDI3),
have been evaluated through analyzing the crack propagation problem in DCBs and
comparing the numerical solutions with the analytical solutions. The key conclusions are
summarized below:

1) For the NCI-based methods, integration schemes with 3 integration points
(NCI3, IMP_NCI3, and NCI&SDI3) greatly outperform those schemes with
only 2 integration points (NCI2 and NCI&SDI2) in numerical accuracy,
stability, and robustness. NCI2 and NCI&SDI2 can lead to premature failure
of the entire cohesive element and the predicted energy dissipation can be in
significant error (up to 50%). Among the NCI-based schemes, the improved
schemes with 3 integration points (NCI3, IMP_NCI3, or NCI&SDI3) are

recommended.
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2) For the Gl-based integration methods, using 2 integration points appears to be
sufficient because additional gains on numerical accuracy by using 3 or more
integration points are limited. The improved schemes (IMP_GI2, IMP_GI3,
GI&SDI2, GI&SDI3) in general outperform the respective standard methods
(GI2 and GI3) in both numerical accuracy and stability. Among the GI-based
schemes, the standard scheme with 3 integration points (GI3) and the
improved methods with 2 integration points (IMP_GI2, GI&SDI2) are
recommended.

3) In general the Gl-based integration methods are numerically more efficient
and robust as compared to the respective NCI-based integration schemes. This
is particularly true when the element size is comparable to the cohesive zone
size, and when the fracture process is associated with a global instability.

4) The improved numerical accuracy and stability of all the improved integration
schemes enable the use of cohesive element size as large as the cohesive zone
size without significant compromise of the numerical solution accuracy.
This is a significant improvement over the existing cohesive elements which
typically require the mesh size be less than 1/3 ~ 1/5 of the cohesive zone size.

Furthermore, the addition of a thermal portion to the cohesive law allows the cohesive
element to transfer heat across the cohesive surface. In both steady state and transient
heat transfer, the TM-CZ element is able to transfer the heat between the cohesive surface
and resolve the discontinuity in the temperature field. Temperature profiles reflected

behavior given the assumption of constant coefficient of cohesive heat transfer.



Chapter 3 Single Crack Formulation for 1D ACTM-FE
3.1 Overview

This chapter details the derivation of the equations for a 1D TM-AFEM element by
first analyzing a thermo-elastic bar separately under mechanical and heat transfer
processes. It is an extension of the A-FEM procedure for the mechanical problem. The
heat transfer process adds extra temperature DoFs into the overall FE equations, and it
will be shown how the A-FEM condensation algorithm can be applied in the thermo-
mechanical problem. Mechanical and heat transfer processes are coupled by the
coefficient of thermal expansion that relates a temperature change to a strain change. For
simplicity, the heat transfer process is assumed to be steady state. The main concepts and
procedures in this chapter will be later extended to derive the formulation for a 2D TM-

AFEM element where the transient problem will be considered.

3.2 Strength of Materials Approach to a Thermo-elastic Bar

Xy =1,

Xp =
xA:lA o, 0<5M

uc

x,=0
u, F,6,R u, F,0,R u, £,6,R Oy
(a) (b) (c) (d)
Figure 3.1: A bar in longitudinal tension due to some thermo-mechanical loading progresses from (a) a
thermo-elastic stage (b) to a point of cohesive crack initiation (c) where afterwards a bridged
cohesive crack is determined by (d) a rectangular mechanical cohesive law.

64
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Consider a bar of length / and cross sectional area 4 with displacement and

temperature fields u(x) and 6 (x) respectively as shown in Figure 3.1(a). If the

displacement and temperature are assumed to be linearly distributed so that u(O) =u,,

u(l)=u,, 0(0)=6, and 6(/)=0,, the displacement and temperature fields are given
by

u(x):uz_u1x+ul, (3.1)

0(x)= x+6,. (3.2)

The bar has reference stress free temperature @, , modulus £, linear coefficient of

thermal expansion « , thermal conductivity &, density p, and specific heat c¢. It is
thermo-elastic until fracture, upon which it follows the simple rectangular mechanical

cohesive law shown in Figure 3.1(d). Let &, and ¢, bet the total strain and thermal strain

of the bar respectively. They are given by

d _
&g = u(x) =Loh (3.3)
dx [
86=a(9(x)—90)=a(02;91x—i—HI—Goj. (3.4)
Then the uniaxial stress is given by
azE(gt—ge):E(uz;ul—a(02;01x+91—90D. (3.5)

Note that the stress is a linear function of x. Suppose through some thermo-mechanical
loading, the bar builds up longitudinal tension until a critical stress & is reached. Figure

3.1(a)-(c) illustrates the stages of the fracture for the bar under arbitrary displacement and
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temperature. At the bar ends in the figures, the respective displacements, forces,
temperatures and heat flows at those points follow the sign convention of being positive

in the direction of the arrows. The same convention applies once the bar breaks into two

parts of lengths /, and /, respectively, bridged by a cohesive crack with displacement
and temperatures at the crack surfaces u,,u,,0,,0, as well as cohesive loads and heat
flows F,,F,, P, P,. The crack surfaces and bar parts are separated by crack separation &

as seen in Figure 3.1(c).

Now assuming linear displacement and temperature fields in each bar part as well

gives
= 6.-6
uA(xA):ull ule+u1, 0,(x,)=—""x,+6,, (3.6)
A A
uy (x,) = e Xy +u,, O (xB):@xB +6,. (3.7)
B B

Suppose that some thermo-mechanical loading is applied to the two separate parts so that

the crack separation ¢ increases. The uniaxial stress in each bar part is simply

o,(x,) :EA[ul'l_u' -a, (9"1_ % x,+6 —QOD, (3.8)
A A

—u, 6, -0,
o, (xB)zEB[%l e —aB[ 21 : x3+92.—.90D. (3.9)
B B

From the cohesive law and stress continuity, o (5)=o0,(l,) =0, (0) where o (&) is the

cohesive stress as a function of crack separation ¢ . Solving for the internal displacements

gives

u, =u +1, 025) +1,0,(6,-6,). (3.10)

A



67

——~—1L,0,(6,-6,). (3.11)

From Figure 3.1, the crack separation can be defined as 6 =u, —u, so that the crack
separation is

[
i]a(&) Lo, (6, -6))-La,(6,-6,). (312

A B

5:u2—u1—[%+

This relation expresses the idea that in the general case, arbitrary temperature and
displacement changes affect the crack separation. The material properties of the two bar
parts need not be the same in the general case and is reflected by subscripts A and B.

To simplify the problem, assume a homogenous material so that £ =FE, = E, and
o =ay; =a,, uniform temperature change throughout the bar, 6, =6, =60, =0, =0,
and fixed top and bottom ends, u, = u, = 0. Any induced stress and crack separation now

is completely a temperature driven process. Then the crack separation as a function of

temperature only is
5=—l@—la(«9—90). (3.13)

Note that the crack separation is a function of the cohesive stress which itself is a
function of crack separation. This nonlinear problem requires special solution methods
but it can be shown in this case, for the cohesive law shown in Figure 3.1(d), that the

separations as functions of a uniform temperature change only is

—lé—l 0-0, 0,<0<06
5(0)=1 E @(0-8). O. =% (3.14)

—la(0-6,), 0<0

uc
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In this case, it is possible to calculate the characteristic uniform temperatures that

correspond to crack initiation and complete failure as

A

(o2
6 =0,——, 3.15
c 0 Ea ( )
1(6, o
0 =6 ——| = +—|. 3.16
uc 0 a( l Ej ( )

It follows from the cohesive law that the reaction forces as functions of uniform

temperature only are
F,=-F = A6, 6 <0<86.. (3.17)

The deformation process comprises of four stages as detailed below:

1. When 6. < 0, the bar is in the thermo-elastic stage and remains intact. The
reaction forces at the fixed ends are F, =—F, =—AEa(0-6,).

2. When 6 = 6., a cohesive crack initiates and two separate domains with uniform
temperature ¢ and lengths /,, [, form. The reaction forces at the fixed ends are
F,=-F =46.

3. When 6, <6< 0,, the bar parts continue to contract as a crack separation

o . . .
o=-1 re la(60-6,) increases. Reaction forces remain constant because

cohesive stress is constant when & < J,, and are given by F, =—F, = A6 .
4. When <6

uc ?

the stress in the separated parts drop to zero so F, =—F, =0.

F,

2

(=F)

A

9 6, 0,

uc

Figure 3.2: Load-temperature curve of a fixed thermo-elastic bar contracting.
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Figure 3.2 gives the load-temperature curve through all four stages described. For a more
complicated thermo-mechanical cohesive law such as in Figure 3.3(a), the crack

separation as a function of uniform temperature in a fixed bar is

—z%—za(e—eo), 0., <0<0,
5(0)= ;(ﬁﬁ —la(60-6 )J 0.,<0<6,. (318
(1+ﬁl/E) E cu? 0 ’ cul cul
—la(@—@o), 0< 00142
where
ﬂ = _6/(50112 - 5cul)’ (3-19)

is the slope of the softening phase of the cohesive law. The characteristic temperatures

and reaction forces as functions of uniform temperature only are found to be

0.=6,-6/Ea, (3.20)
1(6 o
0 =60 ——| =4 — |, 3.21
cul 0 a( l Ej ( )
0., =0, 3,/ (3.22)
~AEa(6-6,), 0.<0<80
A6, 0,<6<0
Fo—F- . (3.23)
:=~F=1 45 ;(ﬁ% _z(x(a_eo)j_@uz , 0.,<0<0.,
(1+BI/E) E
0, 9< 981(2

Figure 3.3(b)-(c) are the curves generated from Equations (3.18) and(3.23). Because the
cohesive law is piece-wise linear, so are the crack separation temperature and load-

temperature curves.
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G, < 5(17]
5-0, .
“0'(5) - . _wz 5/.141 <6< 5(1 2
X 0, 5,<8
O
5cu1 5[,‘1[2
(a)
1)
A
o (=-F)
5&(2 O-A
5(141
O.n G 0. % ) 0.2 0.1 0. 6 .
(b) (c)

Figure 3.3: (a) Trapezoidal cohesive law. (b) Temperature-separation curve. (¢) Load-temperature curve.

Suppose the bar were fixed only at one end (u, =0) and displaced at the other

(u, =u) so that u, —u, =u . Under the simplifying assumptions of homogeneity and

uniform temperature, the crack separation becomes

5=u—éa(§)—la(6’—ﬁo).

(3.24)

Now that crack separation is a function of both temperature and displacement, it follows

then for the piece-wise linear mechanical cohesive law in Figure 3.3(a) that the crack

separation as a function of uniform temperature and displacement in for the bar is

5(u,¢9) =

u_é&-za(e-eo),

T e
E

(1+BI/E)

5m2—la(49—6?0)j, 5

u—Ila(0-6,),

0=9

cul

<8<6,,. (325

cul

0

cu?2

<0
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Likewise, reaction forces can be shown to be

AEG—a(e—eo)j, E(%—a(&—@o)j <6

F,=-F = A6, 0<5<6,, . (3.26)
Aﬂ(5 - §ct¢2 )’ 50141 < 5 < 56142
0, 0.,<0

cu?

It is not possible to derive general relations for characteristic temperatures and
displacements where critical separations occur due to the dependence of the crack
separation on both displacement and temperature. Instead, Equations (3.25) and (3.26)
are implied to be solved by a consistency check where the correct & is the § whose

value falls within corresponding range of the expression used to calculate it given inputs

(u,H).

3.3 FEM Approach to a Thermo-elastic Bar

Approximate the bar as a two node, linear 1D element with displacement and

temperature degrees of freedom u,,u,,6,,0, as shown prior in Figure 3.1(a). In the

standard FEM displacement approach, these nodal values are known. Beginning with the

initial thermo-elastic stage, the displacement and temperature at any pointx e [O,Z] can

be interpolated using shape functions

u(x)={N, (x) N, (x)}{ul}, (3.27)

0(x)={N,(x) N, (x)}{z;}, 6.29)

] —
N, (x) :Tx N, (x) =§. (3.29)
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3.3.1 Mechanical Process

The total strain in the element is found from the displacement-stain relation

g,(x)=du—(x)=%{—1 1}{”‘}=”2—_u‘, (3.30)

dx u, /
and the thermal strain, from Equation (3.4), is
g, (x)=a[0(x)-6,]=a[N,(x)6 +N,(x)6,-6,]. (3.31)

Recall Equation (3.5), the element stress then is

(j(x):Euz_ul_Ea|:Z—IXQ]+§92_90j|. (3.32)

From the expression for stress, it can be seen that the equilibrium equation is satisfied

when the temperature is uniform.

da(x):—El“(ez—al)zo—wz=91.

Consider the force equilibrium at the nodes where the reaction forces are F| and F,.

From Equation (3.32), the these reaction forces are

U, —

F=-0(0)4=-EA

+EAa (6, - 6,), (3.33)

U, —

F,=0(l)A=EA — EAa (6, -6,). (3.34)
Note that the negative sign for stress in the expression for F, accounts for the assumed

positive direction of F, creating compression at node 2. Equations (3.33) and (3.34) can

be combined into a single matrix as

I R R R ) S
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Suppose a cohesive crack initiates and the bar separates into two. Internal nodes 1' and 2"
are introduced to accommodate extra displacement and temperature DoFs at the crack
surfaces. A-FEM's approach is to condense these additional DoFs within the element so
that the discontinuous displacement can be expressed by the DoFs of the regular nodes.
The application of this procedure with extra DoFs follows.

Since each of the separated domains are thermo-elastic, the finite element equations

can be written for each as

{E }+{_EAQ(91 _90)} _ |:k11 kll':|{ul }’ (3.36)
F, EAda (6, - 6,) ke k| |u,

{Fz, } N {—EAa (6, -6, )} _ [kz,z, kz.z} {uz. } | 5
F, EAa(6, - 6,) ky, k, ||u,

where k,, =k, = EA/l, ; k,, =k,, =—EA[l, ; k,, =ky, = EA[l, ; ky, =k,, =—EA/L, .
Crack separation, i.e. the displacement jump between the two crack surfaces, is
0 =u, —u,. Resultant forces at nodes 1' and 2' follow from the cohesive law in Figure

3.3(a) as

A69 5 < 5cu1

E' = _Fz' = AG(5) - {Aﬂ(5—5€u2), 5%1 <6< 56142 .

(3.38)

Consider the first stage of the mechanical cohesive law, 6 < ¢, ,. Equations (3.36) and

FlA + —EAO((@I—QO) _ ki k|| ’ (3.39)
A6 EAa (6, - 6,) ke, k| lu,

{—Aé—} N {—EAa(@T - 90)} _ [km. kz.zHuz,} 5.40)
F, EAa(02 - ‘90) kyo  ky | U,

(3.37) become
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This can be recast as four equations

[ o} + [ Moo} = (- {Eder (6, - 6,)} (341
(koo )+ [ i} = {46} + {Edar (6, - 6,)} (342
[y ity )+ [l } = {- 46} — { B (6, 6,)), (343
(oo T} [l ot} = {2} + { B (6, - )} (3.4

Solve Equations (3.42) and (3.43) for {u, } and {u, } to get

{u } = [kl'l']il ({Aé} + {EAa(Ql, - ‘90)} — [k ], })’ (3.45)
{“2'} = [kz'z']il ({_AG} {EAa( -6 )} [ ]{”2}) (3.46)

From these relations, the internal displacements can be eliminated and the regular nodal

forces expressed as

[ ] (461
(F)= +([k”]—[k”,][kl,l,] [kl'l]){”l} , (347
+{EAa (6, - 6,)}

+[k ko] {Ede (6, - 6,)}

[k 1k ] { S}
3 "'([kzz] ]71[1‘2 2]){“2} A
{h= {Eda(o, - } (3.48)
Tk (EAa(o. -a)]
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Furthermore, the crack separation can be expressed as

leyy | [k ] {2t} . (3.49)

Assuming that nodal temperatures at regular and internal nodes are known, nodal reaction

forces F,F, and internal displacements u,,u, are functions of regular nodal
displacements u,,u, for 6 <o,

The same procedure can be applied in the softening phase, 5, <o <J,, where

internal nodal forces are now

F.=—-F, =AB(6-6,,)=AB(uy —u,)— ABS,,, . (3.50)
This results in
—BA[k,, ][k [ﬂ} {8.,}
+([k”]—[kn,][kw]* ([11-BALFT T ] k] o}
(F)- —ﬁ:/[lkn I'[B] ko] koo {1} . (3.51)
+a {Hl}
+abalky )([Bo )l ] 16} - Balk ] ' [B] Thal” (60))
~aa ([0 [k, J[Bu k]~ Balh [k ] [B] ko] ) (60)
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+ﬂApﬂqM”]*[ﬁ]%5ﬂ

_ﬂA [kzz'][kz 2! [IB:I [kll }
e +([k22]_[k22'][k2'2'] ([I —ﬂA[,B] kz'z']il)[kz'z]) {uz} , (3.52)
ta)= —aEA{6,)

rabdlkn)( Bl ] [B] T ] {60.1-[Bu]lkn ] {0.))
+aBA([1]+ [l 1B ]k | = Pl 1k [B] [k ] )60}

+([0-[A] ){6..)

N R R R A G N (O]
~akA[B] (ko] {0} + [T (01))
+abA[B] (k] +[kn]")(6)
where
I:B}:[I]-"ﬁ/l([kl'l’]_l +[k2.2,]_1), (3.54)
[B,]=[1]- plk.,]'[B] . (3.55)
[B22] = [I] - ﬂA [kz'z']il [ﬂ_}il- (3.56)

When there is no temperature change, ie. 6, =6, =6, =6, =6,, all of the derived
equations reduce to the forms obtained in the purely mechanical case. The condensation
procedure applied to the mechanical process of the 1D bar gives FE equations in terms of
original DoFs u,,u,,6,,6, . However, terms associated with the internal temperature

DoFs are also present. These can be expressed in terms of the original DoFs by applying

the A-FEM condensation procedure for the heat transfer equations as well.
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3.3.2 Heat Transfer Process

It was assumed that the temperature field is linear and given by Equation (3.28).
Assuming Fourier's law of conduction applies, the heat flux in the x direction by

conduction in the bar is given by

00 k 0,
q(x) ox I { }{92} (3-57)

Note that q(x) is not a function of x but constant throughout the bar. From Figure
3.1(a) , the heat flows at nodes 1 and 2 are denoted as P, and P, respectively. Since the

bar is a closed system, the net heat flow into it must be zero, 1.e. P, =—F,. Then

7
P =—q(0)A=k—A{1 —1}{ ‘}, (3.58)
! 6,
6
P2:q(l)A=k—A{—1 1}{ 1}. (3.59)
! 6,

Combing Equations (3.58) and (3.59) into a single matrix results in the FE equation of
heat transfer by conduction only.
R kAl 1 —1|[6
= , (3.60)
P, [ -1 116,
When the bar reaches the critical stress & and a cohesive crack divides the bar into two
parts, the heat transfer between the cohesive surfaces can be considered an interface

problem where heat flux across the surfaces is defined as
q(6)=h(5)(6,-6,), (3.61)
where h(5) 1s the cohesive heat transfer coefficient which is a function of crack

separation ¢ as shown in the heat transfer cohesive laws in Figure 3.4.
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A, 5<6,,
h, 0<& Wo)=1iln=% 5 <s5<5,
+ h (5) = ’ o 4 502 - ‘501 ¢ ¢
. 0, 0,.<0 A 0, 5,,<3
h h
50() 5&91 5092
(a) (b)

Figure 3.4: Heat transfer cohesive laws (a) rectangular (b) trapezoidal.

Following the same procedure as in the mechanical process, the heat transfer FE

equations for the two bar parts are

a a,. || 6, P
{ 1 11}{ 1}:{ 1}, (3.62)
a,  ap |6, B,
Ay A, | |0, P,
[22 22}{2}:{2}’ (3.63)
Ay ay |6, F,
where a,, =a,, =kA/l, ; a,, =a,, =kA4/l, ; a,, =a,, =—-a, ; Ay, =,y =—a,, . The

heat flows at nodes 1' and 2' are calculated from the heat transfer cohesive law and the
temperature jump across the crack.
For the trapezoidal cohesive heat transfer law in Figure 3.4, the heat flows at the

internal nodes are

h(6,-6.)4, 5<6,
B =-P,=q(6)A=k(6-56,,)(6,—6,)4, 6, <65<6,,. (.64
0, 0.9 <O

where x = —};/ (592 —591). In the first stage of the cohesive heat transfer law, 6 <o,

the cohesive heat transfer coefficient is constant and does not depend on crack separation

0 and thus
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S
=1. (3.65)
a., ay |6, h(6,-6,)A
e fe) e, o
ay Ay || 6, P,
Following the condensation procedure gives the temperature jump as
{0,116} = [’F]il [am']il [a]16,} - [’?]71 [a ]71 [a2,]{6:}. (3.67)

where

A~

(] =[1)+ ([, ] +[aza] ). 660
The internal nodal temperatures are given by
IR | P P 7 P PO PO [ P RS
(6= i, T T] o] [ 100 - (B[] [ )f0). 0
where
[E,]=[1]-afa,, ][] o)

[E,,]=[1]-h4[a,,] " [F]". (3.72)

Then the nodal heat flows are

(3.73)

{P} _ [+([a11] - [au'][al'l']il [am] +hd [an'][al'l']il [E]il [am']il [91'1]){91 }] ’
_;;A[au'][al'l']il [’?]7] [az'Z']il [a,,]{6,}

(P)= [+([a22] - [azz'][az'z']il [a,,]+ };A[azz'][arz']il [E]il [“2'2']71 [az'z]){ez }} (3.74)

= o ) 3.
—hd[ay ][ay, ] 1[K] l[al'l'] ][al.l]{el}

This set of equations for this stage is fully determined from the original temperature DoFs

and relevant material parameters.
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In the second stage of the cohesive heat transfer law, o, <0 <9,,, the cohesive

heat transfer coefficient decreases linearly as a function of crack separation. Now

ERADRE IV
ap;  apy |6 K(5_§92)(92'_01')A
|:a2'2' az'z}{‘gz} _ {_K(5 - 592)(‘92’ - 61')‘4} ’ (3.76)
Ay ay |6 F,

and so following the condensation procedure Equation (3.67)-(3.74) become
{0,116} = [’?']71 [al'l']il [ ]{6,} - [’?]71 [az'z']i1 [a,, {6, (.77
[%']=[1]+x(5- 562)A([al,l,]’1 + [az,z,]’l), (3.78)
0=~ Na] [a {0} -x(6 =6,) Alan, ] [R] [ar2 ] [a2. )6} 379)
{0, }=-x(5- 502)‘4["2'2']_1 [’?]_1 [“1'1']_1 [a,,]{6} - [Ex '][“2'2']_1 [a,,]{6:} (3-80)

_ [all]_[all’][al'l’]_l[al'l] p
" [*’f(55@2)A[an'][allr]l [ [a,]" [al,l]]{ 1}, (3.81)

—Kk (5 - 592)A[a11,][a1.1,]71 [

_ [azz]_[azz'][az'z']_] [az'z]
" [+K(55€2)A[a22,][a2,2,]1 [’?']_1 [az'z']_l [GZ'Z]}{HZ}’ (3.82)
—x (5 - 5@2)14[“22'][“2'2']71 [’?]71 [al'l']il [a,., {6}

Al
—
L
—
N
[N}
i
|
—
Q
(S}
)
[ E—
—~—
)
——

where
[E,1=[1]-x(6-6,,)4[a,., ][] (3.83)

, “11 =11

[E,,'|=[1]-«(5-6,,)A[a,,] [£'] (3.84)
In this stage of the cohesive heat transfer law, the internal nodal temperatures given by
Equations (3.79) and (3.80) are in terms of the external nodes and crack separation ¢,

which from Equations (3.49) and (3.53) is a function of internal nodal temperatures.
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3.4 Thermo-Mechanical FE Equations

The combined set of thermo-mechanical equations derived from the mechanical and
heat transfer equations of prior sections is nonlinear and cannot be expressed explicitly in
terms of the original displacement and temperatures at the nodes because of the
dependence of the crack separation on internal temperature DoFs. However, if the
cohesive heat transfer coefficient is constant, temperature is independent of displacement.
Then temperature at the internal DoFs is fully determined by the original external DoFs
and crack separation can be expressed completely in terms of external displacement and
temperature DoFs. In this case, it is possible to follow the condensation procedure to the
end and express the complete set of thermo-mechanical equations in terms of the original
external displacement and temperature DoFs.

Such a set of thermo-mechanical equations has the general form

Kuu KMH u f f f
_IfL, N , (3.85)
0 KHH 0 |y 0 cohesive 0 O

where u={u,u,) and 0={6,,6,} are the displacement and temperature DoFs to

which f = {F,,F,}" and p={R,B} are the corresponding loads and heat flows. The
submatrix K , represents the coupling of the displacement DoFs to the temperature
DoFs due to the coefficient of thermal expansion and K, and K, represent

respectively the coupling of displacement and temperature DoFs with themselves. In

addition, there exists two extra load terms f

cohesive

and f, associated with the cohesive law

and reference temperature 6, .
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In the first stage of the mechanical cohesive law, 6 <6, , crack separation is

§=~([kor ]+ ] ){ 46}
kT [ o)
[k ] [hn ] )
+(haEA [y | e ] (€] (4] [ ]+ Edakiy ] [, J[a ] [ar]) {6}
+(hald’ [k ] [y | [R/] [ay2 ] 0] + Edafkyn ) [By )[ay0]  [a]){6)
+EAa ([ " + [k )6}
(3.86)

where E,, and E,, are given by Equations (3.71) and (3.72) respectively. The relevant

matrices and vectors in Equation (3.85) are given by

[Kuu] = [[k“] ) [kn'][kw]il [klyl] | } ) (3.87)

1

0 [kzz] - [kzz'][kz'z']i [kz'z]

EA“([I] _[kll'][kl'l']il [Ell][al'l']il [al.,]) ~haEA [kll'][kl'l']il [al'l']il [’?]7] [az‘z']il [a,.]

K,]= ,
e LLQEAZ [kzr][km']_l ["2'2']_1 [E]_] [‘Zl'l']_l [a.] _EAO‘([I] - [kzz'][kz'z']_l [Ezz][arz']_l [az'z]) ]

(3.88)

[[an - [all'][al'l']il ]

+hCA[a“,][al,l,]_l [’?]_l [al'l']_l [a1]

_hc“l[“zz'][arz']il [’?]7I [al'l’]i1 ] [

J —hCA[a”,][al,l,]_l [E]_l ["2'2']_1 [a,.]
[a]- [azz'][az'z']il [4,.,] J |

+h Al ay ] [az'z']il [’?]7] [az'z']il [ay.,]

[k [k T
fcoheszverA-{ [ ll][ 11]1}7 (390)

[ ke |

[Kee] = (3.89)

(3.91)
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In the softening phase of the mechanical cohesive law, 6., <6 <J,,,, crack separation is

> “eul

given by

6=(0-[7]")i6us}+ @BALBY (k] +Tko2] "0
+[B] Thn] ' Tl o}

-[7] [k] [k“]{uz}

(A1 ) [En] ][]

+hA[ﬁJ kmv] (2] (7] [ ] ']
[B] [ko] (B[] [2]

A BT ] [ [7] [ [022]

(3.92)

+aEA

+aEA

The relevant matrices and vectors are then

- [ =T 0 (0= AALA] Thod Jlkd =l llh ] [B] an]) ' [ke]
’ 2 0 3 0 R 8 5 3 (o (1 B 7 A U 8

(3.93)
aEA[[I]_[kn'][Bn][kl‘l']I [Ell][al‘l']il [a.] ] _(ZEA[};A[kn'][Bn][kl'l']1 ["1‘1’]4 [’F]il [“2'2']7l [4:.] J
[K ] _ +ﬁ““”AA[kl|'][k|'|']71 I:Ejlil [kz'z']i1 [az‘z‘]il [E]il [am']i] [al‘l] 7ﬁA[kll’][kl‘l’]il [B:'il [kz‘z‘]i1 [Ezz][az‘z‘T1 [az'z]
! aEA[;;A[kﬂv][Bn][kw]' [a22] " [%T" [a] ] ] _aEA[[I]—[kn][BZZ][k“]I[En][an]1 [a.] } ’
-p4A [kzr][krr]il I:B]il [kl’l']il [Ell][al'l’]il [al’l] +ﬂAﬁA[kzz*][k2'z']il I::EI] [km']il [al‘l’]il [’?]71 [az*z*]il [az'z]

(3.94)

[[an] - [all'][al'l'TI [al'l]

~hd Ay Jl 4y NG Ay B %)
+ﬁA[a11'][al'l']I[K]I[al‘l’]l[al’lJ [ ][ ] [ ] [ ] [ ] 2 (395)

Ky =
(o] i R o [”zz]_[azz'][“rr]il (2]
hA[azr][aZ'Z'] [K] [a,,,,] [a,,l] +};A[a ,][a , v]—] [E]—l [a , v]—l [a , ]
1'[FT
f =0 (3.96)
cohesive cu? 1 1
ﬁ’A[ ][ 8]

_ akA ([I] + [kll’] [Bll][kl'l’]_l - IBA[kll'][km']_l [BIl [km']_l) (3.97)

() [k (B ko]~ Bk ][k [ BT[]
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It can be seen that even in the 1D case, the thermo-mechanical FE equations are not
trivial to solve even with the simplified assumption of a constant coefficient of cohesive
heat transfer which allowed for the formulation to be in terms of the original
displacement and temperature DoFs. A nonlinearity in the set of thermo-mechanical
equations still exists because crack separation ¢ depends on the assumed segment of the
mechanical cohesive law used to derive the FE equations. However, this problem is
easily solved by a simple consistency check to ensure the crack separation calculated is

within the assumed segment.

3.5Summary

This chapter derived the set of thermo-mechanical FE equations in 1D through the
novel A-FEM's condensation algorithm. It has been demonstrated that the coefficient of
thermal expansion couples the mechanical process with the thermal one so that crack
separation is function of both displacement and temperature DoFs. The interplay of the
displacement and temperature fields either work together or against each other to evolve
fracture.

When the thermal part of the cohesive law is a function of both crack separation and
temperature jump, this thermo-mechanical coupling makes it so the set of combined
thermo-mechanical FE equations cannot be explicitly expressed in terms of the original
displacement and temperature DoFs. Special solution methods such as an iterative
technique are required to solve this nonlinear problem. However, when the thermal part
of the cohesive law assumes that the cohesive coefficient of heat transfer is constant, the
novel A-FEM condensation procedure can be applied and the set of combined thermo-

mechanical FE equations expressed in terms of original displacement temperature DoFs.



Chapter 4 Single Crack Formulation for 2-D TM-AFEM

4.1 Overview

This chapter extends the derivation for a 1D bar into two dimensions beginning from
a general formulation of the quasi-static, transient thermo-elastic problem with and
without an internal discontinuity. Mechanical and heat transfer FE equations are then
derived using the condensation procedure of the novel A-FEM with reference to the
thermo-mechanical cohesive law detailed in Section 2.4. The chapter concludes with
validation of the 2D TM-AFEM through comparison with known analytical results and

examples of the novel capabilities of the TM-AFEM.

4.2 Problem Statement

4.2.1 Thermo-elastic Domain With No Discontinuity

0

Figure 4.1:Thermo-elastic body under thermo-mechanical loading.

For the coupled thermo-mechanical problem of a domain 2 bounded by I'" in Figure
4.1, the domain is subjected to displacement u and traction t boundary conditions on

the boundaries I', and I, respectively. Likewise, the temperature 0 and heat flux g are

85
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specified on boundaries 'y and I'). The mechanical and thermal equilibrium equations
are given by
Veo+b=0, 4.1)
pc%—f+V~q+Q=0, (4.2)
where o is the Cauchy stress tensor, b is the body force vector, pis the density, ¢ is
the specific heat, q is the heat flux vector and Q is the internal heat source. Surface
tractions and heat fluxes are defined as
t=0°n, (4.3)
qg=q-°n. (4.4)
The generalized stress-strain equation for an elastic material is given by

6=C:(s-¢g,), (4.5)
where C is the fourth order stiffness tensor, € = 1/2[Vu+(Vu)T} is the infinitesimal

strain tensor due to deformation and ¢, = aA@ is the thermally induced strain. The
domain is thermo-elastic and thus given a net change in temperature A@ = 6 — 6, from a
stress free reference temperature 6,, there is a corresponding thermal induced strain
defined by the product of the change in temperature and the thermal expansion

coefficient vector a = {a a,, }T. Through the variational method, the weak forms of

xx 2

the thermo-elastic equations can be derived to be

jgc:V&u dQ:[Qb-éu dQ+jQT-5u dr, (4.6)

00
J.Qpcaé'ﬁ dQ+jQq-v50 dQ = IQQ59 dQ+IFq 50(qen)dl.  (4.7)
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Note that this set of thermo-mechanical equations is mechanically quasi-static and
thermally transient and reduces to steady state heat transfer when the time derivative term

becomes zero.

4.2.2 Thermo-elastic Domain With a Discontinuity

0 =

Figure 4.2: Thermo-elastic body with an internal discontinuity.

Suppose the domain is now separated by a discontinuity defined by the boundary I',

that divides the domain into subdomains Q" and Q" which are assumed to be thermo-
elastic. Superscripts + and — denote the respective subdomain. At the discontinuity,

define the traction and heat flux as

(4.8)

c

t. =t (Au A6 )=t =—t_,
qc = qc (Auc’Aec) = q: = _q;’ (49)
where the displacement and temperature jumps across the discontinuity are

Au, =u; —u; and A@, =0 — 6. . Equations (4.6) and (4.7) apply to both subdomains

and similarly the weak form of the mechanical and thermal equilibrium equations are
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on+ L Vou' dQ = ij+ «Su’ dQ+J‘r’ T esu’ dF+LC t'eSudl, (4.10)
jgc- L Vou dQ = Iﬂb‘ «Su dQ+J‘FI T eSu dl“+'[rc t esudQ, @11

| p+c+%59+ dQ+ [ q"+Veo dO
o ot o . (412)
n ) dr

c

=[ 076" dQ+[ 50" (q *n")dl+ [ 6, (q

[ pe -8‘97&9 dQ+ [ q =50 o
(4.13)

:IQQ’50’ dQ+[ 50 (q *n")dr+[ 66, (q; n,)dr

Note that the presence of an embedded discontinuity generates extra terms that account
for the cohesive stress and heat flux at the interface which are generalized to be functions

of both the displacement and temperature jumps across the discontinuity.

4.3 Formulation of TM-AFEM with a Single Crack

Consider a bilinear isoparametric quadrilateral element defined by 4 nodes with DoFs
u, v, 6 at each node. What follows is the derivation of the discrete finite element
equations for such an element through the evolution from no discontinuity to weak
discontinuity and finally to a strong discontinuity. The problem posed is uncoupled and
quasi-static thermo-elastic, meaning that the mechanical coupling terms in the energy and
heat conduction equations are neglected. This allows for the thermal conduction and
thermo-elastic deformation problem to be solved separately. In physical terms, this is
analogous to problems where mechanical deformations are influenced by heat transfer

but not vice versa.
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4.3.1 TM-AFEM With no Discontinuity

The element is thermo-elastic in this stage and the discrete finite element equations
are derived from the weak forms of the mechanical and thermal equilibrium equations.
Displacements and temperature are approximated over a single element using nodal

values u,,v,, 0. and shape functions N, as

U= nzeu,N,» : (4.14)
i=1

v= ile,, : (4.15)
i=1

0= iQNi . (4.16)

Substituting these approximations into Equations (4.6) and (4.7) and following standard

FEM procedure results in the discrete form of the thermo-mechanical FE equations
Ku=f+a, (4.17)
CO+K,0=p, (4.18)

where u = {u,v,,...,u,,v,} and 0={4,..,6,)" are nodal displacement and temperature

vectors respectively. The stiffness, capacitance and heat transfer matrices are

K J. u u u] dQ > (419)
K, = [B,]'[D,][B,] dO, (4.20)
C=[ IN,] pe[N,] de, (4.21)

where B is the shape function derivative matrix, D is the material matrix and N is the

shape function matrix. Subscripts u# and € denote association with either the
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displacement or temperature DoFs. The mechanical load (f = {F, ,F, ....F, ,F, } ) and
heat flow (p ={P,...,P,}") vectors are defined as
f= [N,]{b}do+ .[r[ [N,] (€ dr, (4.22)
p=[ O[N] dQ+qu[N9] dr. (4.23)
The thermal expansion load vector a={A4 .4, ....4, .4, } comes from solving the
integral
a=[ [B,]'[D,]{a}[N,]{a0} O, (4.24)

where A® = {6, —0,,...,0, —6,}" is the nodal temperature change vector. Explicit forms

of the matrices and vectors in Equations (4.19)-(4.24) are given in Appendix B.1.
A backward finite difference scheme is used to evaluate the time integration for the
transient heat transfer process to ensure compatibility with the ABAQUS solver. The

time increment at time index n is At , =t —¢ _, . Thus the time rate change of

temperature vector is calculated as

9—1

_E(Bn _enfl)’ (425)

where nodal temperatures at time indices are 0, ={6,....,6, }: and 0,_ ={6,....,6, }:_ -

4.3.2 Single Embedded Discontinuity for 4 Node Rectangular Elements

Prior to being cut, the element is thermo-elastic and standard FE equations (4.17) and
(4.18) apply. Due to some thermo-mechanical loading condition, the element eventually
reaches a state meeting the crack initiation criterion. Now the 4 node bilinear rectangular

element defined by nodes 1, 2, 3 and 4 is "cut" by a cohesive crack, i.e. augmented with
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internal nodes 5, 6, 5' and 6', into one of two subdomain configurations: (1) rectangular-

rectangular as in Figure 4.3 or (2) triangular-pentagonal as in Figure 4.4 where the

subdomains are denoted by Q" and Q. The novel A-FEM assumes that (1) the crack tip

resides at an element boundary during growth and (2) crack tip singularities are resolved

by a cohesive zone. Each crack then has length /, and is oriented at an angle ¢ to the

global Cartesian coordinate system. A local coordinate system can be defined tangential

(s) and normal (n) to the crack path. Normal (&, )and tangential (&, ) crack separations

can be calculated from the global x (Au) and y (Av) crack separations as

{é;,é'n }T = [R]{Au,Av}T,

via a rotation matrix R defined earlier in Equation (2.38).

F,

Av

F

1x2

£,6,

u,—» Eou,

F v F P06,

1y> 2y°

Va

1 2

Figure 4.3: Rectangular-rectangular subdomains cut configuration for a 4 node rectangular element

associated DoFs, loads and heat flows.

(4.26)
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k.0,
lex’u4
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Figure 4.4: Triangular-pentagonal subdomains cut conﬁguration fora4d node rectangular element with
associated DoFs, loads and heat flows.

For a 2D TM-AFEM element, internal nodes will always be 6',5' for the Q" domain
and 6,5 for the {2~ domain so that the associated augmented DoFs, loads and heat flows
can be grouped for convenience as

u, =u, = {u6,v6,u5,v5}T, u == {ué,,VG,,uS.,vs,}T, (4.27)
0, =0,=16,,6,), 0, =0,.=16,,6,)". (4.28)

Similarly, associated loads and heat flows are

f, =fs={F .F,.F,.F } £, =t ={F . F, . Fy F, }

int 6x27 627 S5x° int

a, =a,= {A()x’A6y’A5x’A5 } a;:n:as’s':{As'xaAﬁ'ysAs'xaAs'y} >

(4.29)

P = Pos = (Pu B} s P =Pes = (PR} - (4.30)
Depending on whether the subdomains are rectangular-rectangular or triangular-
pentagonal, external nodes, loads and heat flows are grouped differently. In a rectangular-
rectangular division as seen in Figure 4.3, nodes are equally divided between subdomains

so that
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u,, =up, z{“v"vuza"z}To u;, =uy, = {uss"3a”4a"4}T
fe;t f {F;x’Ey’F;x’F } ’ f;rt:f {F'}x’F;)’F:lx’F } ’ (431)

a,, =a,=1{4,.4,,4 A}, a), =a, ={4,,4 AM,A},

1x2“71y>“2x° ex 3x2473y°

0,.,=0,= {‘91’92 }T’ 0., =0, = {‘9 0 } (4.32)
P =P.={R.R}. P, =pu={P.R}
If the configuration is triangular-pentagonal as in Figure 4.4, then
U, =Up; = {ul,vl,uz,vz,u3,v3}T, u,, =u, :{”47V4}T
fe - f123 {F Ey’FZX’F;y’F;x’F } 4 fe-':ct = f {F;lx’F } ’ (433)
a,, =2, {Alx’Aly’AZX’AZy’A3x’A } ., a,, = :{A4x’A }
0,,=0,= {01902993 }T , 0,,=0, {9 }T (4.34)

T

Po =P ={R.P.B) ., P =p,={P}
What form the condensed FE equations take for the thermo-mechanical process when cut
into subdomains is detailed in the following sections.

The behavior of the original element now being cut can be considered analogous to
the net behavior of two solid elements interacting with each other through a cohesive
element. Adaptive mesh methods in the literature are based on this concept. One of the
problems with this approach is that the introduction of the internal discontinuity adds four
nodes 5, 6, 5' and 6' that greatly increases the computational expense. The novel A-FEM
solves this problem by condensing these additional DoFs and their corresponding loads
and heat flows from the FE equations so that the final form is in terms of only the original
DoFs, loads and heat flows. This same procedure is extended here for the thermo-
mechanical problem to formulate the TM-AFEM. The derivation procedure relies on the
assumption of stress and heat flux continuity across the internal crack surfaces and a

piece-wise linear thermo-mechanical cohesive law.
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From Equations (4.8) and (4.9) it follows that f,;, = —f . and ps; = —pss . In a weak
discontinuity, both the displacement and temperature are continuous across the crack
boundary, i.e., u, =uy, and 0, =0, . While in a strong discontinuity, displacement
and temperature undergo a "jump", i.e., Au, =ug, —u, #0 and A@, =0, -0, #0.
Internal loads and heat flows are determined from cohesive laws which are functions of

these displacement and temperature jumps.

4.3.3 Heat Transfer FE Equations for 4 Node TM-AFEM With Two Subdomains

Equation (4.18) represents a first order differential system with respect to time where
the time rate change in temperature is defined by Equation (4.25). Thus Equation (4.18)

can be expressed as

(R, Jjo), =tp}, + 5, [clio). @59
where
(K, )= [C]+[K,]. (436)

The heat transfer and capacitance matrices can be expressed in terms of their respective

submatrices as

> ﬁll ﬁlz

K,=|_" _ 4.37)
R2l R22

C{C“ C”} . (4.38)
CZl C22

For two subdomains Q" and Q" , the heat transfer FE equations are then

{RE §T2:| {9;1} :{prt} +L{C; C;z:| {9;1} (4.39)
R}, R}, 0.5 n P¢s ), At, | C;, C, 045 -l



95
} {9} _ {p} L L {Cg Ciz} {0} O ew
22 e65 n Pss n Atn C21 C22 e65 -1

In this case, temperature and heat flux are continuous at the bonded interface, i.e.

1
=
=Tl

4.3.3.1 Weak Discontinuity

0, =0, and p,, = —p,;. Internal nodal temperatures at time interval » can be shown

to be
(%] [Ra Jfo ), - [¥] [ Jfo ),
{06}, =106}, =| + Altn (¥ [Cm]{ﬂext}nﬁftn[‘f’]_l [C (oL} | |@an
ARSI
where

[¥]=[Rx]+[Ra]
[X]=[Ca]+[Ca]

The condensed finite element equations for transient heat transfer following the A-FEM

(4.42)

condensation algorithm are then

H {[Ru][RuJMI[RZJ SLAINES H
o | [RTR [R)-[ReJOPT[Rs)
(Lo -[ReJ[¥] ] [Ra][¥] [ci] ] {9;,} . (443)
At, i —[1’2;][‘?]71 [(c.]  [c]-[R.][¥] G
1 [en]-[R][¥][X] 0 ] { 965}
0 [ca]-[Ra ¥ [x) O

Note the transient terms include contributions from the internal DoFs of last time interval

n—1.
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4.3.3.2 Strong Discontinuity

In this case, temperature is no longer continuous but heat flux remains so. Recall the
piece-wise linear cohesive heat transfer law described in Section 2.4.2, provided this law

is assumed, the heat flow at the internal nodes are given by
Pes = —Pgs = [Hy {045 — 045} (4.44)
where
H, =T, | Diag[ {h,}+[B,][N,, | Diag[R;R]{u ;. —uy} |[N,]. (445
The integration T, and interpolation N, matrices are of the form given by Equations
(2.51) and (2.49). In the implementation of the TM-AFEM element, integration points for
GI2 given in Table 2.1 are used. Since cohesive heat transfer only depends on normal
crack separation, the temperature-displacement interpolation matrix for integration points

chosen from Table 2.1 is given by

0 1I- 0
N, = [0 | ° 0 I } (4.46)
- é:l[ é:ll

The characteristic cohesive heat transfer coefficient vector h, and slope matrix B, are

given by

A A T
h(r) — {h(p—l) B jla ﬁ(q)gég-l)} (4.47)

n n

B, = Diag[ﬁ,ﬁ”); ﬂ,f")]. (4.48)
Here, indices p, g designate the segment of the cohesive heat transfer law to which the

characteristic coefficients and slopes belong. The temperature at the internal nodes

through the novel A-FEM procedure are derived to be



where

1

[, ] [ ][] [RaJ6G ), [T (RG] {00,

1 1

=|+ A_z‘n [KA ] [Ho ] [K;2 Tl [C;1 ] {ﬂcjxt }n—l * ALZ‘ [KA ]_1 I:C; ] {e:’rx’ },1-1

e R0 e T ] TR s
e e gt ) [ [ o).

1

el Tea] o0+ Alt [, TR ) T T €5 1400 )

In a more compact, the usual FE form is

.l

where

0

~[R.Jf,] (1] [k ] [c;}]
(e ]-[RiJie [ €3]

R ], s [c;]}
C. ][R ]lx] " [C3]
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,(4.49)

,(4.50)

[ ]=[Ra ]+ [H,]
[ngj = [ﬁgz:l+[Ho] 451)
[KA] = [K;J_[Ho]['(gz :I_l [ 0] .
I:KB] = [ngJ_[Ho][ng :I_l [ 0]
xt xt 0. 0
) oepateb ] el e
R ]-[Ru 0] R ] Il wss

(4.54)

(4.55)
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For the cohesive law assumed, the cohesive coefficient of heat transfer is a function of

normal crack separation &, only, i.e. [H,]=[H,(5,)]. It is known from the analysis of

the 1D bar in Chapter 3, that crack separation is a function of both nodal displacements
and temperature, both of which also depend on the crack separation through cohesive
thermo-mechanical cohesive law. This results in a highly nonlinear problem that is
difficult to solve in the final coupled thermo-mechanical equations because the
mechanical and heat transfer equations cannot be expressed explicitly in terms of external
DoFs only.

A simplification is to assume that the cohesive coefficient of heat transfer is constant,
i.e. independent of crack separation, and that the crack only becomes adiabatic at some

critical separation. In this case, Equations (4.47)and (4.45) become
h(ps‘J) — {};(P‘l) };(q_l) }T (456)

H,'=[T,|Diag[ {h}][N,]. 4.57)
Thus the coefficient of cohesive heat transfer is independent of crack separation. This
changes the thermo-mechanical problem into a form where mechanical and heat transfer
parts can be solved separately and sequentially. Equations (4.49)-(4.55) hold with the

substitution of H," for H,.

4.3.4 Mechanical FE Equations for 4 Node TM-AFEM With Two Subdomains

The general FE equations for the mechanical process are highly nonlinear and
complex because the thermal expansion term introduces a temperature dependence for
the crack separation when the temperature depends on the crack separation. Thus

temperature DoFs can be considered known inputs so that thermal expansion load vectors
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+
ext?

aext s

a_.a a,; can be considered known in the mechanical FE equations. Thus the

6'5'
general form of the mechanical FE equations for a 2D, 4 node bilinear element with a

single internal discontinuity is

LJ;I LJIZ {u;rxt } — {fetct } + {a:xt } fOI' Q+ (4 58)
_L+21 L, 1 (Ugs fos Ags ‘

L Ly {u;"} = {f;" } + {a;”} for Q (4.59)
| L, Ly, | [ ugs fes Ags ’

The two domains are bonded by a rigid interface so the displacement and stress is

4.3.4.1 Weak discontinuity

continuous, i.e. u, =u, and f,, = —f . With these conditions, it can be shown that the

external nodal forces are

{f;ﬁ} (L -[GA [e] -

f+

ext

[ (L JIAT L ] {u;,}
[, AT 1[L21] (L, ]-[, J[A] [, ] | lue
{ : } %LZ% [A]" [, (AT

e fi)

where [A]= [LZZ] + [L‘zz] . Furthermore, the internal forces are found to be

(4.60)

(] ] e
0T [ a2 |

6'5'
With internal forces known, tractions acting along the interface can be calculated. For

example, average normal and shear stresses along the interface in local coordinates is
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T F +F)/I
M= [R] I (4.62)
(Fps+Fy) /L,
where /, is the interface length. These stresses are used to determine the initiation of

interface debonding through the commonly used initiation criterion

_ 2 o \2
(—<a’>J +[L) =1. (4.63)
GI z-1

The bracket <o> operation is defined as <0> = (0 + |0|) / 2 and is used to be consistent with

the physical observation that compressive normal stress does not contribute to crack
initiation.
4.3.4.2 Strong discontinuity

In this case the condition f = —f,, holds while Au_ #0. There is now a crack
separation defined as the displacement jump between internal node pairs
T
Au, =gy — U = {Augg, Avg, Atgs, Avgc | (4.64)
Following the thermo-mechanical cohesive law described in Section 2.4, the cohesive

stresses between the internal node pairs 5'-5 and 6'-6 can be expressed in the local

coordinate system normal and tangent to the crack surface as
() o) 20 SOV Llikd) | (k) r
{T6 6’0-66’2.55’055} =6, +ay” {5?6'6’5716'6’5?5'5’5115'5} - (465)

The indices i, j, k,/ € [1,2,3,4] indicate the current segment of the cohesive stress in the

(i.j.k.1) (i)

thermo-mechanical cohesive zone law. o, and a, are the characteristic

cohesive stress and cohesive stiffness matrices respectively. In terms of the critical

stresses, crack separations and cohesive slopes defined in Section 2.4.1, they are given by
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G(z',j,k,l) {ZA_(H) . aii)étfifl)’ 6_(,/71) _ ar(lf—l)é-(/‘—l)’ 2ﬁ(kfl) _ a(k)é‘(k—l)’ 6_(/71) . 05,(1[)5,5[71)}]- (4.66)

aff’j ) = Diag [a_fi); aij ); af_k) ; a,ﬁ” } : (4.67)
From Equation (4.26), crack separations at the node pairs in global coordinates are
related to crack separations in local coordinates by the relation
T . T
{53'6'6’5n6'6’6s5'5’5n5'5} = Dlag[R;R] {Auﬁ'é’Ave'ssAus's’Avs's} - (4068)
Internal cohesive loads f ; and f,, are found by integrating the cohesive stresses over

the crack plane in local crack plane coordinates and rotating the final result to global

coordinates
{fos} =—{fos } = {So} +[A, J{ugs —ugs) (4.69)
where the characteristic cohesive stress and stiffness matrices in global coordinates are
given by
8, = Diag R";R" |[T, ]{c, } (4.70)
A, = Diag| R";R" |[T,][a,][N, ] Diag[R:R]. 4.71)
Let T, and N, be the integration and interpolation matrices for cohesive stress
integration and displacement interpolation along the crack plane. They are obtained from
Table 2.1 in Section 2.5.3. Unless otherwise stated, for the implementation as an
ABAQUS user subroutine, the chosen integration scheme is IMP_GI2.

Substituting Equation (4.69) into Equations (4.58) and (4.59) gives the set of

equations

([T 0 T [t =8} (15 Jfo o)
TSt (00 [ = 5.} [0 (o o

Now solving for the internal node pair crack separations gives

(4.72)
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RN URES RN 0 S,
T g

AT ] ] } {um}m

: ~[B]'[L,,] ~[B]"[A ][ ¥n] [L ]| Ve
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Crack separation is found from Equation (4.64). Using the derived equations, the fully

condensed equilibrium equation in terms of only the original external DoFs and forces
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The result is nonlinear because matrices S,, A,, A, B, ¥,, and ¥,, are all nonlinear

functions of crack separation Au_ through a, and ¢,, see Equations (4.70)-(4.77).

Because the cohesive law is piece-wise linear and assumed segments were used to derive
the aforementioned matrices, a solution algorithm unique the novel A-FEM can be

applied. A detailed discussion of the algorithm can found in [89].

4.3.5 Subdomain Configurations for TM-AFEM with a Single Crack
4.3.5.1 4 Node 2D TM-AFEM With Rectangular and Rectangular Subdomains

The original stiffness and heat transfer matrices in Equations (4.17) and (4.18) are

applied to each subdomain and partitioned into submatrices to give

I:qulm I:LJIZ ]4><4 | { u;, } _ {f34 } N {334}
[Lzl lM L), Ugs: fos Ags

4x4 |

L]
[RTZ :'2><2 {934 } _ {p34 }_,_L I:C;rl ]2x2 [CL :|2><2 {9;“ }
ro, 0 ol 8 [en) | Lo

2x2 | 2x2

for QO

1
+
21

[Ri ..
[Rai],,

(4.79)

All [Lf/] and [Lﬂ (i, j =1,2) stiffness submatrices are 4 x4 while all heat transfer

and capacitance submatrices [R;] , [Ri] , [C.*] and [C;} (i,j=1,2) are 2x2

i i

because both subdomains are rectangular.
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4.3.5.2 4 Node 2D TM-AFEM With Triangular and Pentagonal Subdomains
From Figure 4.4, the finite element equations for the triangular and pentagonal

subdomains are

[]j“:'zxz I:LJIZ :|2><4_{ u, } _ { f, }4.{ a, }
I:L+2 [ng }4X4 Ug.s: f6r5r Ay
R

[ Z for Q"
[

[er:lm {94 }Z{IM }—FL [C ]m [CTZ 1x2 {9;,}
[R;z:l | 05 Pes At, [C;]X [sz 05 ),

2x2

1
+
11

4x2
:lel
:'2><1

T

+
R21

(4.82)

Note that the submatrices are no longer 4 x4 and 2x2 because the geometry of the
subdomains are triangular and pentagonal. The changes in the matrix dimensions are
indicated by the subscripts. Again, Equations (4.81) and (4.82) are valid for both weak
and strong discontinuities. The triangular and pentagonal subdomains configuration

presents two unique issues that require discussion.

First, submatrix L), is not invertible (L,, is, however) because in the triangular
subdomain the four internal DoFs, u, , cannot be fully determined from two external
DoFs, u,. The formulation of the TM-AFEM alleviates this problem through Equation

(4.74). As long as there is non-zero stiffness in the mechanical part of the cohesive law,

the matrix condition is regularized and ¥, is invertible.
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Second, there is no standard method in FEM to calculate the stiffness, heat transfer
and capacitance matrices for the pentagonal subdomain. The novel A-FEM and by
extension the implementation of the TM-AFEM uses the generalized Gaussian quadrature
rules [103] and conforming polygonal FEs [104] for the evaluation of pentagon elements.

A summary of the element shape functions and quadrature rule is found in Appendix C.

4.4 Numerical Implementation

The TM-AFEM described by the preceding formulation can easily be integrated into
existing displacement based FEM software with slight modifications. ABAQUS is the
chosen software of choice due to its capabilities in solving a variety of nonlinear FE
problems and the option of using a user subroutine coded in FORTRAN as a means of
implementing the TM-AFEM [105]. Typical of displacement based FEM software,
ABAQUS requires two inputs for element definition: (1) the Jacobian matrix, i.e. the
instantaneous element stiffness matrix, and (2) the external force array. These have been
defined for both parts of the thermo-mechanical problem in prior sections. ABAQUS
then automatically converts the inputs into an incremental scheme appropriate for
numerical analysis of specified loadings.

The TM-AFEM is built upon the same framework as the novel A-FEM and the code
is an extension of the existing one for purely mechanical problems. A more in depth
discussion of the implementation can be found in [89] but one of the main advantages of
the novel A-FEM is that it allows for a simple local crack tracking algorithm capable of
dealing with multiple, interacting cracks as opposed to global crack track algorithms such
as the level-set method used in X-FEM. Additions to the code include the option for a

quasi-static mechanical process coupled with either a steady state or transient heat
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transfer problem. For transient problems, the FE equations have been formulated with a

backward finite difference time scheme to be compatible with the ABAQUS solver.

4.5 Single Element Validation

In this section, the single TM-AFEM element is validated by comparison to the
analytical solution derived from the analysis of a 1D thermo-elastic bar. In addition, the
cohesive heat transfer response of a TM-AFEM element is compared with a TM-CZM

element that bridges two bulk ABAQUS CPS4T elements.

4.5.1 Comparison of TM-AFEM and Analytical Solutions to 1D Thermo-elastic
Bar

The 1D thermo-elastic bar problem is modeled by a single 2D 4 node quadrilateral

TM-AFEM element of size 2 mm x 2 mm with displacement and temperature DoFs
u:{ul,vl,uz,vz,u3,v3,u4,v4}T and 9={01,92,493,6’4}T. The material is homogeneous
with Young's modulus £ =1x10° N/mm’, Poisson's ration v = 0.25 and linear thermal

coefficient of thermal expansion o =1x10" K™'. The element follows the thermo-
mechanical cohesive law summarized in Figure 4.5. The mechanical portion of the
thermo-mechanical cohesive law is taken to be linear for the mechanical part with critical

cohesive stress & =10 N/mm” and critical crack separation &, = 0.01 mm in both mode I

and II. For the heat transfer portion, the simplifying assumption is that upon crack

A

initiation the cohesive heat transfer coefficient is constant, i.e. 7 =1.0 W-mm~>-K™'. In
reference to the heat transfer cohesive law in Figure 4.5(c), this is achieved by taking the

critical crack separation o, to be at infinity (numerically a very large number relative to

the scale of the critical mechanical crack separation).
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0 5<5 0, 5, <5
h
2 mm 0. . By,
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Figure 4.5: (a) Thermo-elastic element (b) Traction-separation law (c) Heat Transfer Law.

4.5.1.1 Analytical Solution to 1D Bar

The temperature € is assumed uniform and known from solving the heat transfer
problem first. It follows from the thermo-mechanical cohesive law in Figure 4.5(b)-(c)

that the displacement at crack initiation and complete failure for a given 6 are

ui=é6'+la(0—00), (4.83)

uc=5c+é6'+la(9—6?o). (4.84)

Recall that from Chapter 3, the displacement u is actually the difference in
displacements from the top and bottom of the bar. Likewise if displacement is fixed at

u < 0,, then the temperatures at crack initiation and complete failure are

u o
0=0+———, 4.85
" la Ea (4.85)
0 =6’0+L(u—5). (4.86)

C la C

It was shown in Chapter 3 that crack separation as a function of displacement and

uniform temperature is given by
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5(u,0) :u—éa(é)—la(ﬁ—ﬁo).

Thus crack separation as a function of displacement for a given € in a fixed bar is

1 (u—éo‘—la(@—ﬁo)), u <u<u,

5(u)=11-6/9, (4.87)
u—la(0-6,), u,<u
Similarly, crack separation as a function of temperature for fixed u <o, is
1 [ .
——|u-—6-1a(0-6,)|, 6.<0<0,
5(0)=141-6/5, E . (4.88)

u—la(@—@o), <86,
Note that Equations (4.87) and (4.88) are identical but depending on what is fixed and
what is variable, the ranges are dictated by either the displacements or temperatures at

crack initiation and complete failure. Thus reaction forces are functions of displacement

or temperature are

AE(%—O{(@—@O)), u<u;  6,<0
F,=-F = _Ao IA (u—L&—la(H—Ho)j—Q , u,<u<su; 60 <0<80,.
o, \1-6/6, E
0, u>u,; 0<0
(4.89)

For convenience, the stress free reference temperature is taken to be 6, =0 K from

which a uniform temperature linearly changes +100 K. From Equation (4.89) and the
material and cohesive properties assumed, load-displacement and load-temperature
curves can be tabulated and plotted as shown in Figure 4.6. The solid blue and red curves

represent load-displacement and load-temperature curves generated by displacement or
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temperature change only. With displacement change only, u,=2x10" mm and

u,=1.02x107 mm . The crack initiates almost instantaneously and immediately enters

the softening phase of the traction-separation curve until complete failure at a

displacement of u_ . Crack separation only occurs when the temperature change is

negative when it is solely dependent on temperature because only the contraction of the
bar generates tensile stress when displacement is fixed at u . In this case, the

characteristic temperatures are ¢, =—1 K for crack initiation and 6, = 50 K at complete

failure.

In the combined case of both displacement and temperature change, two curves
indicated by dashed lines are given from a negative and positive temperature change
along with the same displacement change. When the temperature change is positive, the
displacement and temperature change where complete failure occurs and the reaction
force drops to zero are u, =0.03 mm and 6, =100K . This reflects the fact that
increasing the temperature causes the bar to expand in the direction of displacement
loading, cancelling out the displacement contribution to the crack separation. When the
temperature change is negative, the displacement and temperature change at complete
failure are u, =0.006 mm and 6, = -20 K. Both displacement and temperature are such

that they both contribute to increasing the crack separation and failure occurs at a smaller

displacement and net temperature change.
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Figure 4.6: (a) Load-displacement and (b) Load-temperature curves for thermo-mechanical cohesive law.

4.5.1.2 TM-AFEM Solution to 1D Bar
To approximate the 1D problem with the 2D element, boundary conditions where

crack separation only occurs in mode I as illustrated in Figure 4.7 are enforced. In order
to directly compare with the analytical solutions derived for the 1D thermo-elastic bar,
three sets of boundary conditions are considered: (1) crack separation due to
displacement only; (2) crack separation due to temperature change only; and (3) crack
separation due to both displacement and temperature. Displacement and temperature
boundary conditions are applied linearly as a ramp function over 100 increments.

Reference stress free temperature is taken to be 6, =0 K and the heat transfer is steady

state. Results are plotted as load-displacement and load-temperature curves in Figure 4.8

for easy comparison with the analytical solution. It can be seen that the TM-AFEM

generated curves are identical with their analytical counterpart. Characteristic

displacements and temperatures at complete failure as well as peak reaction force are the

same in both cases.
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Figure 4.7: (a) Displacement only (b) temperature only (c) displacement and temperature boundary
conditions for 1D comparison.
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Figure 4.8: (a) Load-displacement and (b) load-temperature curves from TM-AFEM element.

4.5.2 Cohesive Heat Transfer Response

Here the both steady state and transient heat transfer of a single element are evaluated.
The heat transfer response of a single TM-AFEM element with an internal discontinuity
is compared to its FEM equivalent, two bulk ABAQUS CPS4T elements bridged by a
TM-CZM element derived in Chapter 2. Model setup is shown in Figure 4.9. CPS4T
elements are defined by nodes 1,2,3,4 and 5,6,7,8. The cohesive element is defined by

nodes 4,3,6,5 which correspond to the internal nodes 6,5,6',5' of the TM-AFEM element
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with external nodes 1,2,7,8. The cohesive law used is the same as in the prior section and
given in Figure 4.5(b)&(c) where the cohesive strengths & =10 N/mm® and critical crack
separation 6, = 0.02 mm are the same in both mode I and II. For the heat transfer portion,
the cohesive heat transfer coefficient is constant, h=1.0W -mm>-K" , until it becomes
zero after the separation §,, =0.01 mm is met and exceeded. Similarly, the material
properties are the same as in the prior section except the coefficient of thermal expansion
is set zero and the density and specific heat are taken to be p=1kgm~ and

c=1Jkg"K".

8 7
Internal
discontinuit
5 6 6l '
4 3 T™M-CZM ©
Cohesive
Element

A

Lxl 2

Figure 4.9 : Node numbering for comparison between two bulk CPS4T elements bridged by a TM-CZM
element and a single TM-AFEM element.

A temperature gradient of 100 K across the top and bottom surfaces of the models is
applied as initial boundary conditions, 0 K at nodes 1,2 and 100 K at nodes 7,8. Two
mechanical loading conditions are considered for both steady state and transient heat
transfer for a duration of 5 seconds. The first loading is a mode I opening where nodes 1

and 2 are fixed ( u,=u,=v,=0 ) and nodes 7 and & are displaced
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(uy =0, vy =v, =0.02 mm ). The second type of loading is a wedge opening enforced by

fixing

(-v, =

nodes 1 and 8 ( u,=v,=u,=v,=0 ) and displacing nodes 2 and 7

v, =0.02 mm ). The temperature-displacement curves for both types of loading

conditions are shown in Figure 4.10 and Figure 4.11, respectively. Overall, the

temperature-displacement curves are the same for both the single TM-AFEM and the two

CPS4T
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Figure 4

elements bridged by a TM-CZM element, indicating their equivalency.
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Displacement, mm

(b)
.10 : Temperature at nodes for (a) steady state heat and (b) transient transfer for 5 s across a
cohesive crack using TM-CZM and bulk CPS4T elements for Mode I opening.



114

In the opening stages of displacement loading for the steady state curves in Figure

4.10(a) there is a temperature jump of about 66 K (because of constant h) between
equivalent node pairs until a displacement of 0.01 mm is reached. Because of the material
and cohesive properties chosen, the applied displacement is roughly equivalent to the
separation between the cohesive surfaces. Thus the critical point after which the cohesive
surfaces become adiabatic is also at 0.01 mm. This is why after this displacement,
temperature at nodes associated with the top cohesive surface (TM-CZM nodes 5,6 and
TM-AFEM nodes 5',6") instantly jump to 100 K and temperature at nodes associated with
the bottom cohesive surface (TM-CZM nodes 3,4 and TM-AFEM nodes 5,6) drop to 0 K.
The transient temperature-displacement curves in Figure 4.10(b) approach first a thermal
equilibrium where the temperature jump between the top and bottom surfaces is 66 K.
After critical displacement of 0.01 mm, the temperature jump becomes 100 K because the
adiabatic cohesive surfaces equalize to their steady state values. Note that what appears to
be a temperature jump initially for the TM-AFEM transient curves is actually a result of
fluctuations in temperature as the numerical solution of the transient problem stabilizes.
Similarly, the slight differences in the TM-CZM and TM-AFEM curves are attributed to
numerical differences in the integration schemes used between the TM-AFEM and the

ABAQUS CPS4T clements.
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Figure 4.11 : Temperature at nodes for (a) steady state heat and (b) transient transfer for 5 s across a

cohesive crack using TM-CZM and bulk CPS4T elements for wedge opening.

In the wedge opening, the left node pairs (TM-CZM nodes 4,5 and TM-AFEM 6,6")

remain bonded while the right node pairs (TM-CZM nodes 3,6 and TM-AFEM 5,5")

undergo gradual separation and eventually debond when the critical separation for

adiabatic cohesive surfaces is reached. Both steady state and transient curves have a shift

after about 0.012 mm, slightly higher than 0.01 mm because of the wedge opening. After

0.012 mm the associated temperatures of the right node pair equalize to give a

temperature jump of about 70 K (15 K on the bottom and 85 K on the top ) and the

temperatures of the left node pair settle to a jump of 40 K (30 K on the bottom and 70 K
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on the top). The temperature jump at the left node pair after 0.012 mm is higher than the

temperature jump of 33 K at constant h (before the displacement reaches 0.012 mm)
because heat flux must increase through this node pair to preserve thermal equilibrium if
the other node pair is adiabatic. Inversely, the temperature jump at the right node pair is
less than the mode I temperature jump of 100 K at adiabatic cohesive surfaces because of
the heat flowing from the bonded node pair. Finally, it can be seen that transient
temperature-displacement curves correctly approach to their steady state values over time

(the time scale of 5 seconds corresponds with the displacement loading of 0.02 mm).

4.6 Summary

This chapter has demonstrated that the application of the A-FEM procedure can be
extended to include temperature DoFs. A temperature-displacement formulation has been
derived explicitly in terms of the original DoFs if the assumption of a constant coefficient
of cohesive heat transfer is made. Evaluation of a single TM-AFEM element reveals that
a crack can form as a result of either the interaction of thermal and mechanical processes
or the respective individual process themselves. When heated, solids tend to expand and
when cooled, solids tend to contract. Depending on the loading conditions, the expansion
or contraction due to temperature works with or against fracture of the solid. This
principle is explicitly reflected in the load-displacement curves for different temperatures.
Through single element evaluation, the mechanical and thermal response of the TM-
AFEM is demonstrated to agree with the analytical solution as well as the numerical

results obtained using explicit TM-CZM elements developed in Chapter 2.



Chapter 5 Application of TM-AFEM Elements and Future Study

5.1 Overview

In this chapter the formulated TM-AFEM element of prior chapters is applied to
simulate several thermo-mechanical engineering problems of practical interest: (1) mode
I fracture of a single edge notch test (SENT); (2) mode I fracture of a double cantilever
beam (DCB); (3) a two-layer composite beam; (4) crack density of transverse ply
cracking in cross-ply laminates; and (5) crack patterns in a thermal barrier coating (TBC)
due to thermal stress. Through these numerical examples, the capabilities of the 2D TM-
AFEM element to simulate fracture under thermo-mechanical conditions from crack
initiation to crack propagation to complete failure are demonstrated. The chapter
concludes with a discussion on TM-AFEM elements and avenues for future study and
development.

Unless stated otherwise, the thermo-mechanical cohesive law is taken to be the one

defined in Figure 4.5(b)&(c) where the relevant parameters are the cohesive strength &,
the constant cohesive heat transfer coefficient /4, and the critical crack separation 0, .

Crack initiation occurs when the strength criterion in Equation (4.63) is met. Furthermore,

normal and shear cohesive parameters are assumed equal.

117
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5.2 Crack Propagation in Single Edge Notch Test Configuration

A/{ﬁ7__________T»_}_,_,____ﬁ [OHONO) \/ [OHONO)
b E b
h | h i
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h TR hile=-a(o-9)
Afzjﬁf—_"'"_“’"'"__" [OHONO) O Q O
vy ; oyl

(a) (b)
Figure 5.1 : Configuration for single edge notch test for (b) mechanical loading and (b) an equivalent
thermal loading.

For a SENT configuration as seen in Figure 5.1, the stress intensity factor is given by
[1]
K, = o~ma F(a/b), (5.1)

where

3
0.752 +2.02 (Zj +0.37 (1 —sin ZZ]
Flafb) =~ tan (Z_Zj . (52

wa
COS —

is better than 0.5% accuracy for any a/b . The energy release rate then is

G=K!/E", (5.3)
where
E, plane stress
'= . 5.4
E/(l -V’ ), plane strain G4

From Figure 5.1(a), the far field displacement A is given by
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A=A +A (5.5)

nocrack crack °

where A is the displacement due to a crack free uniform stress condition and A

nocrack crack

is the displacement at remote points due to the existence of the crack. These are given by

(o3
=—2h, 5.6
5 (5.6)

nocrack

A, = %4aV2 (a/b), (5.7)

crack

v, (%) - #[099 —afb(1-afb) (1.3 ~1.2a/b+0.7 (a/b)z)}, (5.8)

with better than 1% accuracy for any a/b provided the size condition, /b > 1, applies.
Thus the far field strain is then simply

g=2 i(1+2%V2(a/b)j. (5.9)

" 2h E
In an equivalent thermal problem absent of mechanical loading, this strain manifests as a
consequence of a uniform temperature change from a stress free reference temperature 6,

given by € = —a(é’—@o). The uniform temperature change equivalent to the total far

field displacement is simply

o a
-6, =———|1+2—-V, b)|. 5.10
0 OtE'( + A 2(a/ )j (5.10)

If the toughness of the specimen, G., is known, Equations (5.1)-(5.9) completely

describe the fracture problem. LEFM holds that if G > G, the crack grows. Solving

Equation (5.1) for the stress using Equation (5.3) and equating G. for G gives

E' G, (ﬁajl
o, = e\ (5.11)
Fa/b)\20E'\ 26
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This is the critical stress that must be met in order for the crack to grow. Note that in
Equation (5.11), o, is proportional to 1/ Ja so that in the limit a —> 0, o, > . Buta
real material fails before reaching infinite stress. Thus, Equation (5.11) is only valid until
the ultimate strength of a material ¢ is reached, i.e. o, =& . A physical explanation is
that when the crack length is sufficiently small, its strength is determined by maximum

stress instead of crack size. This limiting crack length is

| E'G,
a. =
L O (a/b) 62

(5.12)

This result implies that LEFM is valid when a > a,, and indicates that a length exists

which is completely determined by material properties, i.e.

A 1
min : 5.13
[ nF*(a/b) G139
where
[=E'G.[]6*. (5.14)

In the limit as a/b—>0 , or when crack size is small, F(a/b)—>1.122 and

a,. / [ —0.2838 . From the viewpoint of nonlinear cohesive failure mechanics (NCFM),

the length [ characterizes the fracture process zone. In terms of this inherent length scale,

the normalized critical stress and displacement (nominal strain) can be expressed as

[3Y

o 1 a "
L ) (5.15)
o \/;F(a/b)(lj
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In these equations, b/ [ is included implicitly through the relation a/b= (a/ ] )(i /b)

These equations are plotted for various specimens of sizes b/ [ ={5.69,11.38, 22.75}
under the size condition that 4/b =3 in Figure 5.2 using the material properties listed in
Table 5.1. Figure 5.2(a) indicates that the limit on the validity of LEFM is not the
ultimate stress but on the minimum crack size a,,, / l , which lowers the predicted

required peak stress for crack propagation to about 90% of the ultimate strength. The

strain-crack length curves in Figure 5.2(b) show a gradual decrease from a strain of about

0.2% (that corresponds a,,, / [ ) to a sharp rise in strain as the crack approaches the width.

This behavior hints at a second rise in stress and snap-back due to the crack approaching

the free edge.

I \ 0.01 ‘
] Ji 2 —b/1=5.69
- e J1 = 1/ F
g \ - \ —b/I=1138
Z08 £3 0.008 —b=2275| |
g —b/1=5.69 4
2 ——b/=11.38 =
Soe —b=2275] | 'S 0.006
'5 ‘rmm/lef’fFﬂ\) \\ E \
=
Tos £ 0.004 \
= z
£ \
s
Z 02 \ 0.002 \

\\\ \Z—a__)
0 0
0.01 0.1 1 10 100 0.01 0.1 1 0 100
Normalized Crack Length, /i Normalized Crack Length, a/l
(a) (b

Figure 5.2: (a) Normalized crack length versus normalized critical stress and (b) ) nominal strain length
versus nominal strain for a SENT fracture configuration.
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Figure 5.3: Maximum in-plane strain contours for SENT configuration for mesh size of 1240 elements in
different stages of edge crack propagation.

A SENT model is built with a mesh size of 1240 TM-AFEM elements. Material and
geometry parameters for this model is summarized in Table 5.1. Elements are 0.5 mm in
length and smaller than the fracture process zone length of 0.879 mm to ensure adequate
resolution. Maximum in-plane strain contours for the stages of crack propagation are
shown in Figure 5.3 where areas of high strain (white contour denotes strain greater
0.5 %) indicate the presence of a crack.. Upon loading, the stress concentrates around the
initial crack of 0.5 mm in the center of the left side. The crack grows steadily as the
specimen deforms under decreasing (snap-back) loading. Upon complete failure, the

strain in the separated parts become uniform.
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Figure 5.4: Nominal strain versus normalized critical stress curves for LEFM solution and equivalent
mechanical and thermal loadings.

Respective stress-strain curves for mechanical and equivalent thermal loadings are
plotted in Figure 5.4. The analytical LEFM curve predicts a sharp snap-back behavior
upon crack extension during constant load or displacement, indicative of fast crack
growth. In anticipation of this snap-back behavior, the static mechanical analysis is run
using the arc length method (RIKS option in ABAQUS). Respective stress-strain curves
for the equivalent mechanical and thermal loadings are blue and red as indicated by the
legend. The cohesive law used by the TM-AFEM elements results in a stress strain curve
that has comparable slope (i.e. similar modulus) and shape to the LEFM solution. Peak
stress for the TM-AFEM model is less than that predicted by LEFM because the initial
crack value of 0.5 mm reduces the stress necessary for crack propagation. Both
mechanical and thermal curves reach the same normalized peak stress of but only the
mechanical curve exhibits a snap-back. The thermal loading curve fails to capture the
snap-back because the option for the arc length method is not supported for the a

temperature-displacement analysis in ABAQUS. Furthermore, the equivalent thermal
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problem is essentially a load control condition which has difficulty converging to a
solution when snap-back behavior is present. Numerical damping is used to mimic the

sudden drop in stress in the thermal loading stress-strain curve.

Table 5.1: Geometric and material properties for SENT specimen models.

Geometry Material Properties
Fracture process ) )
A 0.879 mm Poisson's ratio, Vv 0.3
zone length, /
Width, b 10 mm Young's modulus, £ 2x10° N/mm?
Half-height, h 15.5 mm Fracture toughness, G 1 N/mm
Cohesive strength, & 500 N/mm?*
Critical crack separation, 5c 4x1072 mm
Coefficient of thermal expansion, & 1x10™ K'

5.3 Double Cantilever Beam

Av \\lmilAV\WX/b) ()|<> [OENO) <)‘() [ONNO)
o 2h g:% e = e [ . -
— “_; — /Il/li/'/ e~ S~ ——

Av T~ v(x)=-av(i=sfe) ' 6(x)=A6(1-x/b)

(a) (b) (©)

Figure 5.5 : Configuration for a DCB under (a) displacement control loading (b) displacement control
wedge opening and (c) equivalent thermal condition for wedge opening.

In the preceding example, the fast crack growth resulted in a snap-back behavior in
the stress-strain curve that could not be captured by a thermo-mechanical analysis owing
to the instability of the equivalent temperature loading and unsupported arc length
method for coupled temperature-displacement analysis in ABAQUS. This section

presents the problem of a double cantilever beam (DCB) of initial crack length a, width
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b, and height 2/ that is opened from the left side by a vertical displacement Av. As
before, equivalent mechanical and thermal loading cases are considered and compared for
the geometry and material properties listed in Table 5.2. Note that the chosen coefficient
of thermal expansion is artificially high (o =1x107 K™) so that temperature effects on
the mechanical response is more easily discernible in cases a thermo-context when
comparing the load-displacement response under different uniform temperature changes.
The DCB is meshed using TM-AFEM elements in a structured meshed that is 100 x 5
where each element is 1 mm x 1 mm. In Figure 5.5(a)-(c), the initial crack a is taken to

be zero.

Table 5.2: Geometry and material properties for DCB model.

Geometry Material Properties
thickness, ¢ 1 mm Poisson's ratio, v 03
width, » | 100 | mm Young's modulus, E 1x10° | N/mm’
half-};lelght, 2.5 | mm Fracture toughness, I, 1 N/mm
Cohesive strength, & 50 N/mm”
Critical crack separation, J, 4x107 mm
Coefficient of thermal expansion, 1x107 K

First consider the typical DCB problem that has been done prior in Section 2.6.3
using the TM-CZM element. Part of the validation here is to demonstrate the equivalence
of the TM-AFEM element in modeling the same example. Recall that the analytical
solution based on beam bending analysis [2] for the problem shown in Figure 5.5 (a) is

given by

1
F (T ER )
bl 108M ) .17)
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This analytical load-displacement curve is plotted in Figure 5.6 along with numerical
results using TM-AFEM elements for a DCB model. A purely mechanical process of
imposing an opening displacement Av gives a curve that closely matches the analytical
one. This is to be expected because the behavior of the TM-AFEM element upon fracture
is the same as the TM-CZM element since the cohesive model is embedded internally by
virtue of the A-FEM formulation. Temperature effects on the baseline load-displacement

curve are considered by applying uniform temperature of 20K over a pseudo time step

of 1 concurrent with the applied displacement of 0.5 mm. The effects on the load-
displacement curve follow the trends seen in the single element validation case in Section
4.5.1. A concurrent increase in temperature during the opening of the beam shifts the
load-displacement curve up (green dashed curve) because since the material is expanding
in the direction of loading, more bending deformation (i.e. more force) is needed to
achieve the same effect as a purely mechanical loading. Conversely, a decreases in
temperature lowers the load-displacement curve (blue dashed curve) because the material
contracts and resists the direction of loading so that less force is needed to achieve the
same effect.

A direct comparison with a temperature equivalent loading for the typical DBC
loading case is difficult but in the case of a wedge opening as seen in Figure 5.5(b) where
the applied displacement is a linear function across the length of the DCB, an equivalent
temperature loading shown in Figure 5.5(c) can easily be derived. The maximum strain at
the left end in the mechanical loading is set equal to the thermal strain and solving for the
maximum temperature change at the left end gives the equivalent maximum temperature

change A6 =—Av/ah . Load-displacement curves for the same node for both of these
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loading cases are shown in Figure 5.7 where the temperature equivalent displacement is
computed as Av = —ahA@ given the known applied temperature. The curves are virtually
identical, initially increasing in load until a peak value of 50 N/mm (corresponding to the
prescribed cohesive strength) and decreasing to zero at a displacement of 0.02 mm (half
of the prescribed critical crack separation because the bottom surface displacement
accounts for the other half ). After the critical displacement, the reaction forces are zero

indicating complete failure and loss of load carrying capability.
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Figure 5.6 : Load-displacement plot for DCB comparing analytical and numerical results with the influence
of temperature.
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Figure 5.7 : Load-displacement curves for a top surface node at the left end.
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5.4 Two-Layered Composite Beam

A general two-layered composite beam of length / is shown in Figure 5.8 consisting
of two layers with Young's modulus E, and coefficient of thermal expansion ¢; bonded
together by a thin interface and subjected to temperature changes T, ( y) where i =1,2

denotes the respective layer. Respective i-th widths and heights are b, and 4, . Consider

the special case that both layer cross sections are the same and temperature changes in the

layers are constant but different, i.e.

(5.18)

(5.19)

Figure 5.8: A beam consisting of two layers bonded together.

It can be shown that for such a case, the thermal stresses along the length of the beam are

given by [3]
[@ET (B +7E,)+ a,ET, (TE, + E,)
o.(y)=—aET +3’ B 12%E1E2 (@ —aT,) , (520
where
D=(E +E,) +12EE,. (5.21)

Likewise, in the case where the temperature distribution is linear and the widths are equal,

1.€.
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b =b =h (5.22)

T(y)=4+By T,(y)=4,+B,y (5.23)

thermal stresses along the beam length are [3]

o,(y)=-a,E (4 +By)

E |2 [, By (24, = Biy) + a,Eyhy (24, + Byh, ) |(Eoh3 + E B ) . (5.24)
D | ~[oyE\h (<34, +2Bh) + &, Eyhy (34, + 2B,k ) [(Euh — Ejy )

Ey {2[%5]@2 (34, +2B.h,) + o, Eyh? (34, + 2B,y ) |(Eyhy + Ey )}
D

=3[, Eihy (24, —2Bhy)+ &, Eshy (24, + B,k ) |(E,hS — Ei)
where
D=(Eh ~ER) +4EEhh (h+h,) . (5.25)
Plots of Equations (5.20) and (5.24) are shown for their respective constant and linear
temperature distributions using the geometry and material properties given in Table 5.3.
A thermo-mechanical cohesive law is assumed where the crack is adiabatic when
formed, i.e. h=0 W/(mm*-K) , and the mechanical cohesive law is linear. The
assumption of linearity allows for the mechanical traction-separation law to be defined
completely by the cohesive strength ¢ and critical separation 8, such that the fracture
toughness is given by
G, =66./2. (5.26)
Modes I and II are assumed to have the same cohesive stress and critical separation. With
reference to the stress distributions, the cohesive strengths for layer 1, layer 2 and the
interface are assumed to be 100, 500 and 50 MPa respectively so that the crack will more

likely initiate and propagate along the interface and branch into the upper layer. Since

each element is roughly 1 mm in length, Equation (5.14) is used to estimate the
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characteristic cohesive length such that / / [,=5 to ensure adequate resolution for

modeling the cohesive zone. Fracture toughness is varied for each cohesive strength to
achieve this criterion and the corresponding critical separations are calculated through
Equation (5.26). Resulting cohesive properties are summarized in Table 5.4.

Plotted alongside the temperature distribution and thermal stresses from the analytical
solution are the numerical result from using TM-AFEM elements in a 200 x 21 element
mesh to model the composite beam. The model is divided into three material regions
corresponding to layer 1, layer 2 and the thin interface connecting the layers composed of

a single layer of elements of thickness #4,, =0.014, . Material property values of the
interface are taken to be the average of the material properties of its two connecting layer

=945%x10° 1/K and k =48x107

interface

so that £E

interface

=1285 GPa, «

interface
W/(mm-K). Equations (5.20) and (5.24) are derived from beam theory where the tensile
thermal stress is a result of the bending of the composite beam. To allow for the
composite beam to bend, boundary conditions for the numerical model are to fix
displacement in the x direction at a node coincident with the interface and to fix the
displacement in y direction for the left and right corners to prevent rotation. A reference

stress free temperature of 6, = 0K is assumed and 400 K and 300 K are prescribed on the

top and bottom surfaces of the numerical model respectively. To achieve a uniform

temperature distribution on the top and bottom layers, the interface thermal conductivity
is taken to be k,, =0x10~ W/ (mmK) Temperature and stress distributions are read

along a path along the left edge of the numerical mesh to correspond with the analytical

solution which is a function of beam height. As can be seen in Figure 5.9, the TM-AFEM
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elements model result agrees fairly well with the analytical solution. Stresses between the

analytical and TM-AFEM solution are close far away from the neutral axis but deviate

near it.
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Figure 5.9 : Temperatures and thermal stresses in a two-layered beam for (a) uniform temperature
distribution; (b) thermal stress due to uniform temperature; (c) linear temperature distribution; and
(d) thermal stress due to linear temperature.

There is a mild mismatch in the stress distribution at the interface evident in Figure
5.9(b)&(d) where the layers are bonded due to the differences in material properties and
temperature. Under certain conditions, fracture can occur and interface cracks can initiate

and propagate. The two-layer composite beam actually is a basis for modeling a material
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structure of great interest in high temperature applications, a thermal barrier coating

(TBC). TBCs will be explored in a subsequent section.

Table 5.3: Geometric and material properties for two layer bi-material composite beam.

Geometry Material Properties
Layer 1 width, 3 )
b 1 mm Layer 1 modulus, E1 151x10 N/mm
1
Layer 1 height, Layer 1 thermal expansion, 6
A 10 mm 10x10° /K
1 2
Layer 2 width,
b 1 mm Layer 1 conductivity, &, 2.09x107 W/(mm'K)
2
Layer 2 height, 3
A 10 | mm Layer 2 modulus, £, 106x10 N/mm
2
Layer 2 thermal expansion, .
Length, [ 200 | mm a 8.9x10° 1/K
2
Layer 2 conductivity, &, 7.5x107 W/(mm-K)

Table 5.4: Cohesive properties for TM-AFEM model of two layer composite beam.

Cohesive Properties

Layer 1 fracture toughness, Glc 0.3 N/mm
Layer 1 cohesive strength, (91 100 N/mm’

Layer 1 critical separation, 5(51) 6x107 mm
Layer 2 fracture toughness, G,, 10 N/mm
Layer cohesive strength, 6‘2 500 N/mm?

Layer 2 critical separation, 56(2) 4x107 mm
Interface fracture toughness, G, . 0.1 N/mm
Interface cohesive strength, &int 50 N/mm?

Interface critical separation, 0 C(im) 4x10” mm
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5.5 Transverse Ply Cracking in Cross-ply Laminates

y
IA h
0

142 z
A X
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transverse cracks

Figure 5.10: A cross-ply laminate, [0/90,/0]t, under uniaxial stress exhibiting transverse cracking in the
90-plies.

Consider the [0/90,/0]t T300/934 laminate shown in Figure 5.10 where the material
properties of each ply is given in Table 5.5. This laminate is modeled using TM-AFEM
elements under the assumption of plane strain with dimensions and material properties
shown in Figure 5.11. Note that the thermal expansion coefficient for 0 and 90-plies is
taken to be «, , the coefficient for the transverse direction (i.e. 90-ply), because a, >> ¢,
and its effect dominates assuming perfectly bonded plies. The heat transfer process is

steady state so choices for thermal conductivities and the cohesive heat transfer

coefficient are trivial provided they are larger than zero, but they chosen to have the

values £ =1.0 Wmm™'°C™" and 4 =1.0 W-mm2-°C".

hy=t 0-Plies E v,
h90 = n[/z 90-Plies E22,V23,a2
L =5mm

Figure 5.11 : Geometry and material properties for TM-AFEM models of T300/934 [0/90,/0]r laminates.
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Under uniaxial loading, transverse cracks form in the 90-plies region. The applied
stress, o, , 1s a combination of mechanical and thermal loading. Suppose that the
[0/90,/0]t T300/934 laminate at a stress free reference temperature of 6, is constrained
at both the left and right sides in the longitudinal direction. Given a uniform negative
temperature drop, A0 = 0 — 6, <0, the resulting applied stress can be shown to be

o = EllhO +E22h90

a,\G . 5.27
‘ hy + hy, 2 (527

The stress &, required to initiate a crack in n 90-plies is approximately [4]

G, = 4G, 5 , (5.28)
7h(1/Ey - v}y | E,,)

where h=nt is the ply thickness of the 90-plies. The cohesive strengths and
corresponding critical separations estimated using Equations (5.27) and (5.26) for

different number of 90-plies are listed in Table 5.6.
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O T T T T 1
0 2 4 6 8 10

Crack density, cm’!

Figure 5.12: Applied stress 6, vs. crack density in T300/934 [0/90,/0]t laminates using Equation (5.28) to
estimate cohesive strengths.
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The results of the predicted thermal stress, o, , which produces a given crack density

using TM-AFEM is compared with experimental data [5] for uniaxially loaded [0/90,/0]t
T300/934 laminates in Figure 5.12. Here, the TM-AFEM results use Equation (5.28) to
estimate cohesive strengths. It can be seen that for n =2 90-plies, the TM-AFEM result
is in excellent agreement with experimental data. It correctly captures the linear
relationship between applied stress and crack density. But for n =3 and n =4, the TM-
AFEM results under predict the required applied stress because of a corresponding drop
in cohesive strength. However, the linear relationship between applied stress and crack
density is preserved. As the number of plies increases, the strength estimated by Equation

(5.28) scales inversely with the square root of ply thickness, i.e. &, o« 1/ Jh . For even a

modest increase in the number of plies, the reduction of cohesive strength is significant
and leads to the under predicted applied stress seen in Figure 5.12. Given that the
cohesive zone size (estimated from Equation (5.14) ) is about 1 mm (about 8 ply

thickness), the inverse square root dependence on / is perhaps overestimated.
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© 600 - = o o .
2 so0 0 O I ¢ Experiment n=3
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< 100 - —Thermal n=4
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0 2 4 6 8 10

Crack density (cm™)

Figure 5.13: Applied stress o, vs. crack density in [0/90,/0] laminates using cohesive strengths that best
fit experimental data.



136

Figure 5.13 compares the experimental data with the TM-AFEM result using a best fit
approach where the cohesive strengths for the different number of plies as chosen to best
fit the experimental data. The cohesive parameters for this best fit approach are given in
Table 5.6. Cohesive stresses for the best fit approach vary within a smaller range, a 10
MPa difference in strength between » =2 and n =4, and do not drop significantly with

increasing number of plies in comparison to estimates using Equation (5.28).

Table 5.5: Mechanical properties of T300/934.

Longitudinal modulus, £ 138 GPa
Transverse modulus, E22 11.7 GPa
In-plane Poisson's ratio, v/, 0.29
Out-plane Poisson's ratio, v,, 0.4
Thermal expansion coefficient, &, 0.09 pm'm™'°C”’!
Thermal expansion coefficient, r, 28.8 pm'm™'°C’!
Critical energy release rate, GIC (90/90 interface) 228 J-m™
Lamina thickness, ¢ 0.132 mm

Table 5.6: Cohesive parameters for different number of 90 plies.

Using Equation (5.28) Best fit to data
Number of 90-plies, Mode I cohesive | Critical separation, Cohesiveﬂ Crlt.lcal s
n strength, & (MPa) 5. (um) strength, & separation, O,
: (MPa) (um)
2 114%* 4.01 120 3.80
3 92.9% 491 115 3.96
4 80.5% 5.67 110 4.15

*The values are calculated using the transverse ply strength of 44.7 MPa as reported in [6].
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5.6 Crack Patterns in Thermal Barrier Coating (TBCs) Systems

surface crack

edge crack
<+——— ceramic coating

<«——— Dbond coating

<«——— metallic substrate

mterface crack

Figure 5.14: Example of a TBC with surface, interface and edge cracks..

Frequently used metallic materials are unsuited for the high temperature
environment of systems such as jet engines, gas turbines or diesel engines where
temperature gradients can reach and exceed 1000 K. A solution to this problem is to
coat the metallic materials with a TBC, typically ceramic, that protects the metallic
materials against the adverse conditions of a high temperature environment. A generic
TBC system as shown in Figure 5.14 illustrates the three parts of a TBC: a ceramic
coating or film, a bond coating acting as the interface and the (often metallic)
substrate. Large differences in material properties of metals and ceramics subject to a
high heat flux (and therefore large thermal gradient) environment result in the
initiation of cracks that can lead to spalling of the protective coating and the eventual
failure of the material system. Thermal fracture in TBCs is an example of cracking in
pre-tensioned films which has been studied by Hutchinson and Suo under the more
general analysis of fracture in layered materials [7]. Crack patterns that result have
been found to depend on film thickness, elastic moduli of the layers, residual stress
from thermal loading as well as fracture properties [8]. Three significant mechanisms

of thermal fracture initiation and propagation in TBCs are surface cracking, free-edge
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cracking and interface cracking [9]. Surface cracks refer to vertical cracks that appear
on the ceramic coating surface. For zirconia coatings under high heat flux loading
[10]-[13], compressive stresses relax with time at high temperatures because the
coating exhibits thermally activated viscoplastic behavior. Thus when cooled, the
TBC does not return to its initial state and instead tensile stresses develop in the
ceramic coating and initiate vertical surface cracks. Edge cracks form mainly due to
the mismatch in the rate of expansion between the ceramic coating and the substrate.
Stresses that develop at the edge are singular in nature and in general experience
mixed-mode fracture. Finally the interface cracks, so called because they form along
the interface that connects the ceramic coating to the substrate, are driven by bending
moments due to the tensile stresses that develop upon cooling. These three typical
types of cracks are illustrated in Figure 5.14. In the subsequent sections, the TBC is
modeled with TM-AFEM elements, and it will be demonstrated how the arbitrary

initiation and propagation of all three types of cracks can be simulated.

5.6.1 Geometry and Thermo-elastic Properties of TBC Numerical Model

Bond Coating Alloy | 0.16 mm
Metallic Substrate 1.5mm
12mm
y

Figure 5.15 : Idealized cross section of TBC test specimen used for numerical model with TM-AFEM
elements.

Three bonded material regions consisting of the ceramic coating, bond coating alloy

and metallic substrate make up the numerical model with the dimensions as shown in
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Figure 5.15. The dimensions approximate the section of the larger TBC test specimen
subjected to approximately uniform high heat flux laser heating in [14]. Three numerical

models are made for ceramic coating thicknesses of /. =0.25, 0.75 and 1.5 mm with an

element size of approximately 0.1 mm for meshes of 2400, 3000 and 3840 TM-AFEM
elements, respectively. Surface and interface cracks form in experiment after a heating
and cooling thermal cycle because the stress relaxes at high temperature with time so that
when cooled, a net tensile stress develops and drives the formation of cracks. Thus in
reality, material behavior is both time and temperature dependent but the current
formulation and implementation of the TM-AFEM element is thermo-elastic and does not
support temperature dependent material properties. Therefore, the material properties are
assumed temperature independent, and the values are taken to be the average of the
temperature dependent properties reported in [15] for a the simulation of thermal shock
tests of a TBC over different temperature ranges. This approximation retains some
accuracy as the majority of the material properties in [15] do not exhibit significant
temperature dependence. The values of the mechanical and thermal properties used in the

numerical simulations are summarized in Table 5.7.

Table 5.7: Temperature independent thermo-elastic properties of material regions in the TBC.

. Specific . Elastic . ' Therm.al Thermal
Material Density Poisson's Expansion . .
Region Heat (kg/m3) Modulus Ratio Coefficient Conductivity
(J/kg'K) (GPa) (x10° K) (W/mK)
Ceramic
Coating 586 5257 10.67 0.25 0.87 0.89
(YSZ)
Bond
Coating 565 6291 53.50 0.30 1.07 25.0
Alloy
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. Specific . Elastic . ' Therm.al Thermal
Material Density Poisson's Expansion . .
Region Heat (kg/m3) Modulus Ratio Coefficient Conductivity
J/kg'K) (GPa) (x10° K) (W/mK)
Metallic
Substrate 434 7850 200 0.30 1.50 51.9
(Steel)

5.6.2 Determination of Cohesive Properties and Crack Initiation Criterion

The toughness of YSZ is known to range from 45-150 J'-m” [16] while most steel

172
[

alloys have a fracture toughness of close to 50 MPa-m " [17]. As an estimate, from

LEFM, the mode I fracture toughness K. is related to the fracture energy G,, in the case

of plane stress through Equation (5.3). The TM-AFEM element uses a linear traction-
separation law where the area under the curve is the fracture energy while the relation

between the critical crack separation J,, cohesive strength 6 and fracture energy G, is

given in Equation (5.26). The fracture toughness of YSZ then is assumed to be K, =0.7

MPa-m'? from which the fracture energy, G, =48.8 m™, can be obtained from

Equation (5.3). Thermal stresses on the ceramic coating surface in the cooling phase with
the effects of stress relaxation have been shown to be about 15 MPa [18]. Therefore, the
normal and shear cohesive strengths are taken to be 15 MPa so that cracks can initiate
and grow within the temperature differences applied. The critical separations in the
normal and shear directions are solved for from Equation (5.26) using the assumed

2 for both modes I and II. The cohesive strength of the

fracture toughness of 0.7 MPa-m
metallic substrate is to be the typical yield strength of steel, 350 MPa. The bond coating

is assumed to have the same fracture toughness and cohesive strength as the ceramic

coating to enable the expected interface cracks near or within the material region.
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Resulting estimated cohesive properties used in the simulations for the different material
regions are summarized in Table 5.8. Cracks initiate when the stress criterion described
in Section 4.3.4.1 is satisfied. The resulting heat flow is essentially one dimensional in

the direction of thickness so that the cooler temperatures are closer to the top surface.

Table 5.8 : Cohesive properties for the material regions of TBC for surface-interface cracks.

Normal .. Shear Shear
Fracture . Normal Critical . .
. . Cohesive . Cohesive Critical
Material Region | Toughness Separation .
(MPa-m"?) Strength (mm) Strength Separation
(MPa) (MPa) (mm)
Ceramic Coating 3 3
(YSZ) 0.7 15 6.11x10 15 6.11x10
Bond Coating 0.7 15 1.22x10° 15 1.22x10°
Alloy
Metallic Substrate 50 350 0.0714 350 0.0714
(Steel)
5.6.3 Boundary Conditions for Simulation of a TBC System
Opputsce =0 Opsunee =0
> <
u=0 : Bond Coating Alloy : u=0 : Bond Coating Alloy
» Metallic Substrate < > Metallic Substrate
> <4 P
A A AA A A A A AA A AAdA A A AA A A A A AAAAAA
V=0, Gpiom surtuce = 0 V=0, Oiomsutice = b
(a) (b)

Figure 5.16: Boundary conditions for uniform temperature change across the ceramic coating surface
favorable for (a) surface and interface cracks and (b) edge cracks.

A stress free reference temperature of g, =0 K is assumed. A temperature gradient is

applied in the transverse direction of the TBC system such that & =6 and

top surface

6,

bottom surface

= 6, . The temperature change is negative to induce tensile thermal stress and
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approximate the cooling process of a heated TBC that develops cracks. Two boundary
conditions are considered here as shown in Figure 5.16 for a steady state heat transfer
process. In the first setup, Figure 5.16(a), the left and right edges of the model are
constrained in the x direction while the bottom surface is constrained in the y direction,
allowing tensile stresses to result, predominantly in the x direction, and initiate cracks.
The second setup, Figure 5.16(b), removes the constraint in the x direction on the right

side to create a free edge where edge interface cracks can form.

5.6.4 Effect of Applied Temperature Gradient and Coating Thickness on Surface

Cracks
20 1
—+=lc=0.25mm 18 - £ 0.9 -
" -#]c=0.75mm 16 - g 0.8 -
E lc=1.50mm 14 '«g_ 07 -
S 20 & [+le=025mm 0.6 -
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Figure 5.17 : The (a) number of surface cracks initiated and (b) average crack depth as functions of 6, for
the boundary conditions in Figure 5.16(a).

Only surface cracks are considered by inhibiting cracks to form within the bond
coating material region. The results of the simulations for steady state heat transfer of an
applied thermal gradient, A@ = 6 — 6,, for the first boundary condition setup are shown in
Figure 5.17. For all three meshes, increasing the temperature change in general increases

the number of cracks initiated and the average depth of the surface cracks. Because the

simulation diverges at higher temperature difference for the largest coating thickness
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[, =1.5 mm, the trends associated with this coating thickness is unclear. However, Figure

5.17(a) shows a linear relationship between the applied temperature gradient and the
number of surface cracks that initiate. There is an increase in the rate at which cracks
initiate with the applied temperature gradient between the smaller coating thicknesses of

[.=0.25, 0.75 mm and the larger one of /, =1.50 mm . This suggests an intriguing but

unclear relationship between coating thickness and the number of surface cracks. As seen
in Figure 5.17(b), for smaller ceramic coating thicknesses, average crack depth
approaches the respective ceramic coating thickness with an increasing negative

temperature gradient (a temperature change of about A@ = -350 K for /, =0.25 mm and
AO=-450 K for /, =0.75 mm). This is because the propagating cracks are arrested at

the bonding interface from propagating due to the higher cohesive strength in the bond
coating and substrate material regions. Before divergence, average crack depth steadily

increases with a larger temperature gradient for /, =1.50 mm. In general, the cracking

behavior of the TM-AFEM models is congruent with the experimental observations of
Choules et. al. [14] that higher maximum surface temperatures prior to the cooling of
heated TBCs (i.e. higher temperature changes) cause longer surface cracks regardless of

ceramic coating thickness.

5.6.5 Crack patterns in TBC Systems

In the prior section, only surface cracks were considered. Here both interface and
edge cracks are demonstrated to naturally emerge when not inhibited. A condition is
imposed so that only horizontal cracks can initiate within the bond coating region

because it is known from experiments [10]-[14], [19]-[21] that horizontal cracks are the
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preferred mode of fracture near the interface region of the bond coating. The results of
the simulations with this condition are illustrated in Figure 5.18 and Figure 5.19 for the
two loading cases in Figure 5.16 with ceramic coating thicknesses of 0.25 mm and 0.75
mm under an applied temperature gradient of A@ =—-1000 K . The inserts in both figures
are strain contours of the TM-AFEM models where cracks are represented by solid black
lines and the element region associated with the bond coating are outlined by red

horizontal lines.

[.=0.25 mm

Bond coating _ \

Metallic substrate

[.=0.75 mm

Bond coating :

Metallic substrate

(b)
Figure 5.18: Cracking patterns as a result of applied temperature gradient of A9 =-1000 K for the boundary
condition in Figure 5.16(a) for (a) /. = 0.25 mm and (b) /. =0.75 mm.
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In the experiment by Choules et. al. [14], horizontal interface cracks form at higher
temperature changes when the number of surface cracks are lower and specifically
underneath surface cracks. This is because during cooling, the horizontal tensile stress

o, that opens surface cracks creates a bending moment that induces vertical tensile stress
o, which creates an interface crack [12]. This mechanism of thermal fracture is realized

with the TM-AFEM element model. Crack patterns for both ceramic coating thicknesses
in Figure 5.18 show a clear transition from a propagating vertical surface crack to a
horizontal interface crack for both coating thicknesses. In Figure 5.18(b), the surface
cracks curve towards the horizontal direction as they approach the interface and then
successfully transition into an interface crack. The temperature at this transition for 0.75
mm thickness is about A@ =—-558 K. The model for 0.25 mm in particular presents a
long interface crack indicative of a delamination of the ceramic coating that occurs at a
temperature gradient of A@ =—658 K. Like in experiment, interface cracks only form in
proximity to surface cracks because the former is induced by the latter. A rather
interesting result is a bifurcating crack in Figure 5.18(b) which forms at about an applied
temperature gradient of A@ =—-558 K. This cracking pattern has been well observed in
experiment [10], [13] to occur as a result of larger temperature changes.

Crack patterns in Figure 5.19 are simulated under the boundary condition in Figure
5.16(b), a favorable situation for edge cracks to form and propagate. Thus Figure
5.19(a)&(b) both exhibit an edge crack on the unconstrained right edge of the TBC model
due to the stress mismatch at the interface. Again, interface cracks form under surface
cracks for as seen for 0.25 mm in Figure 5.19(a). There is also evidence of surface cracks

attempting to curve to a more horizontal direction at the larger ceramic coating thickness
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of 0.75 mm. It is also observed that interior interface cracks underneath the surface cracks
are inhibited by the interface crack at the right edge. This is the likely result of the
relieving of the bending moment that drives the formation of interface cracks at a

particular surface crack because of the proximity of the formed interface edge crack.

I =025mm ]

Bondcoating _

Metallic substrate

[, =0.75 mm

Bond coating :

Metallic substrate

(b)
Figure 5.19: Cracking patterns as a result of applied temperature gradient of A9 =-1000 K for the free edge
boundary condition in Figure 5.16(b) for (a) /. = 0.25 mm and (b) /. =0.75 mm.

It is worth noting that the number of surface cracks allowed to initiate were found to
have a strong influence on whether interface cracks occur, and thus surface cracks were

limited to be no more than five in number for the examples in Figure 5.18 and Figure
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5.19 in order to see presence of interface cracks. More surface cracks relieve the tensile
stress in the ceramic coating and dampen the effect of the bending moment in creating
interface cracks so that a characteristic number of surface cracks exists that is sufficient
to inhibit the initiation of interface cracks. These results corroborate the experimental
observations found in [14] where the response of interface cracks to thermal load is

dependent on the morphology of surface cracks in the ceramic coating.

5.7 Discussion on the Utility of TM-AFEM Elements for Thermal Fracture

Through the various numerical examples used to evaluate the performance of the TM-
AFEM element developed in this work, it has been demonstrated that the effects of
temperature on fracture can be realistically captured. Fracture is demonstrated to be
capable of being completely temperature driven as a temperature change produces an
equivalent force loading at constrained boundaries. Since a temperature change boundary
condition is effectively an equivalent mechanical load condition, numerically it is less
stable than applying a displacement boundary condition. Use of the TM-AFEM element
may need to be accompanied with some form of numerical damping in certain problems
to ensure convergence.

The numerical example of transverse ply cracking in laminates demonstrates how
effective the TM-AFEM can be in simulating experimental results. From knowing only
basic material parameters and estimates for the cohesive strength, experimental results
can accurately be reproduced. This result gives confidence in the capabilities of the TM-
AFEM as a research and design tool.

Through the numerical example of a TBC, TM-AFEM elements have been

demonstrated to be capable of simulating the arbitrary initiation and growth of the three
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prominent crack patterns that arise in TBC systems due to thermal loading. The
numerical example shows that crack patterns are sensitive to changes in applied
temperature gradient and ceramic coating thickness. Simulation results are in reasonably
good agreement with experimental observations in spite of the idealizations in the
numerical model. This provides assurance in the capabilities of TM-AFEM elements in
correctly accounting for the basic underlying mechanisms of thermal fracture. Further, all
three crack types are successfully simulated without the need to predefine their location.
Crack patterns of each type arbitrarily initiate when the stress criterion is met and
propagate under prescribed boundary conditions.

The TM-AFEM elements however still have some limitations in their use in
simulating thermal fracture. For example, at higher temperature changes in the prior
numerical TBC examples, simulations have difficulty in converging to a solution. This is
attributed to the instability of the fracture process because of the fracture properties and
the thermal loading condition which is essentially a load-controlled scheme which is
known for unstable fracture. There is also the question of how to calibrate appropriate
thermo-mechanical properties for the cohesive zone model. This is a relatively
unexplored research area. Finally, the current thermo-elasticity based TM-AFEM needs
to be expanded to include temperature-dependent, nonlinear material properties in order

to simulate general thermo-mechanical problems.
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5.8 Future Study

The current iteration of the TM-AFEM element shows great promise as a tool for

engineering research and design. Many avenues for future development in thermal

fracture are possible. They include

1.

2.

3.

4.

5.

Inclusion of temperature dependence for material properties.

Extension of the current TM-AFEM element to 3D.

Refinement and validation of the thermo-mechanical cohesive zone law.
Finite element formulation for elastic-plastic stress analysis.

Capability for thermal creep at high temperature

This list is by no means exhaustive but represents important topics to be explored for

high fidelity simulation of thermal fracture.
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Appendix A Vectors and Matrices for TMCZ Element
A.1 Linear operators and interpolation matrices

The linear operator and interpolation matrices for node pair displacement and

temperature jumps at natural coordinate & are given by

10 0 0 001 0
0 -1 0 0 00 0 1
L, = : (A1)
0 0 -10 1000
0 0 0 -101 00
Lo 10 1 0 a2
Mo -1 0 1) '
1— 0 0
NAU= (f é R (A.3)
0 1-& 0 ¢
N, =[l-¢ ¢£] (A.4)

A.2  Stresses at the integration points

For the piece-wise linear cohesive laws described in Section 2.4.1, the cohesive stress

can be expressed as

_ A(i-1) (i-1) g (i-1) (i-1) (i-1) 0)
7(0,)=sgn(o)[c" —a, 0, +a, 0., ford T <|0,[<0,"

6(571) — 6.(j—l) _an(j)5n(j_l) + an(j)5n9 for 5n(j—1) < 5’1 < 5n(j)

(A.5)

where free indices i, j ranging from 1 to 4 reference the appropriate cohesive segment.

The cohesive stresses at N integration points can then be expressed as

[ & + as(ll)(é‘m - é‘so(m) 54
04 G+ an(IZ)(5nA - 5/10(12)) 5;1/1
- = o} [0, ]{ b (46
Ty z’.‘(lz,vfl) + as(lz,xu])(é‘SB _ 5SO(12N—])) é‘sN
ov) | 6% +a, 6, -8, 5o
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where 1,,1,, ...1,, ,,1,, are free indices each ranging from 1 to 4, indexing which

linear segment the cohesive stresses should be computed from the crack displacements.

The characteristic stress vector o, and characteristic stiffness matrix a,, at the integration
points are given by

A0 _ %U,) 5SO<1])
&) — an<12>5n0<12>
C, = , (A7)
v _ as(lm,n avo(lz,\_n

6—(12N') _ an(lw)é‘no(]“')

a0 0
0« 0
a, = - e L (A.8)
0 a7 0
0 0 o

Recall that crack separation as a function of £ along the reference line is given by

(6.(6),6, (&)} =[N, (&)]Diag[R;R][L,, ]{u}. (A9)

Therefore, crack separations at N integration points is simply

= [ Nyan, (&) | Diag[R:R][L,, [{u}. (A.10)

where N_,., 1s the general interpolation matrix for N integration points. Thus Equation

(A.6) can alternatively be expressed as
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= {6,} +[0,][ Nyn, (£) | Diag[R;R][L,,, | {u} (A1)

A.3 Heat fluxes at the integration points

For the piece-wise linear cohesive law described in Section 2.4.2, the cohesive heat

flux can be expressed as
q.(5,,A0,) = [;2“-1) = pOSED 4 /3,5"’5,1]Aec 5 eASY . (A1)
Thus the cohesive heat fluxes at N integration points can then be expressed as

4. 0,4 AD,
= Diag| {h, } +[B,]{ : : (A.13)
dn O,y AD,

where h, is the characteristic heat transfer coefficient vector and B, is the matrix

{h,}= : (A.14)

[B,] - Diag[ p:-5 80 || ¢ . a5

Normal crack separation and temperature jump are interpolated through the relations
8,(¢) =[Ny, (¢) | Diag[R:R][L,, ]{u}. (A.16)

AB, (&) =[N,, (£)][L, {0}, (A.17)
where N, is the temperature-displacement interpolation matrix that interpolates only the

normal crack separation and is defined as
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N, =[0 1-¢& 0 £&]. (A.18)

u

Therefore, the normal crack separations and temperature jumps at N integration points

are given by
(8O} = [Nstdgu (5)] Diag[R;R][L,, [{u}. (A.19)

{A0,,..A0,}" =[N0, (£)][L.,]{0}. (A.20)
where N_,,, and N_,, are the modified temperature-displacement and temperature
jump interpolation matrices. Thus alternatively, Equation (A.13) may be expressed as

CI.A

= Diag[ {h, } +[B,][Nyae, | Diag [R;R][L,, ]{u} [N 00 ][ Ly ]{0} - (A2D)
qy



Appendix B Vectors and Matrices for TM-AFEM Element

B.1

Matrices for TM-AFEM With No Discontinuity

For a 4 node quadrilateral element, relevant matrices are

u

M(ry) 0 e Ny(w)
! 0 N,(x,y) - 0
Nez[Nl(X,J’) N4(X,y)],
9
Ox
0
B =0 —|[N],
u ay [ u]
o 90
|0y Ox |
9
0.
B, = E[Ne]’
oy
E 1 v
uzl_vz 4 1 1 5
0o 0 Y
L 2
P 1-v v 0
1- 0o |,
(-2~
0 0 _2V
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0
N,(x,y)
z O-zx = O-zy
gzz = gzx = 8zy

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)
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The material matrices D, and D, assume a linear elastic, isotropic material with

constant thermal conductivity but these matrices can take alternate forms depending on

the material of interest.



Appendix C Shape Functions and Quadrature Rules for Pentagonal
Subdomains

Computation of mass and stiffness matrices in FEM require integrating shape
functions and their derivatives over the given element. From [102], sufficient numerical
accuracy is achieved integrating with six Gaussian points for a five node pentagon, and
the numerical algorithm described within for quadrature rules in 2D yields the

appropriate integration points in natural coordinates (§,Iy) and corresponding weights

given in Table C.1.

Table C.1: Gaussian Integration Points and Weights for Reference Pentagon.

Integration Point Weight & n
1 0.3888911512256 | -0.6384668826471 | 0.2755538465407
2 0.3888911512256 | 0.3811354947551 | -0.5857544067996
3 0.4229907892206 | -0.4373628915568 | -0.5193915726330
4 0.6764031747827 | 0.1239925137274 | 0.1363336383644
5 0.2510295128990 | 0.0600583693602 | 0.7940563773360
6 0.2436405209859 | 0.7791353010792 | 0.1936754226687

It is shown in [103] that shape functions for a polygonal element can either be
Wachpress, mean-value or Laplace functions and that for a regular n-polygon, Laplace

and Wachpress shape functions are identical. Consider reference convex n-polygon

defined in natural coordinates ¢ = (5,77) €eQ, as

m) i (27zm
, n = sin
n

A reference regular pentagon element is created when n =5. The Laplace interpolant on

(C.1)

§=cos(27[ j, form=1,...,n.

the physical element is constructed via an isoparametric mapping from the corresponding

reference element (the regular polygon with the same number of nodes as the physical
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element) to the physical element defined by global coordinates x = (x, y) € Q as shown

in Figure C.1.

Figure C.1: One to one isoparametric mapping of (a) arbitrary physical pentagon element to (b) reference
pentagon element.

A point p with natural coordinates ¢ =(&,7) in the interior of an n-gon element has

Wachpress basis functions given by

W (€)= (=) <
S 6) S, (1)

where

Alp. ,P:»P; : i
w ()= (P, 1:P;sP:1) _ ooty +cotd; (C3)

l( )_ A(pi—lﬁpiﬂp)A(pi’le’p) ”Q—G,«”2

Let A(a,b,c) denote the signed area of triangle [a,b,c] and have y, and &, refer to the
angles shown in Figure C.2 for the regular reference pentagon. In the natural coordinate

system of the reference pentagon, the coordinates of the vertices [pH,pi,pM,p] are

(a,a,), (b,b,), (¢,.c,) and (&,7) respectively. Then relevant vectors are defined as
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P—P; =(§—b1)e1 +(77_b2)e2>
P, =P = (al _bl)el +(a2 _bz)ez’ (C4)
P —P; = (cl _bl)el +(02 _bz)ez-

where e,, e, are unit vectors in the natural coordinate system. Vector cross product and

dot product formulas are used to find the cotangents and distance as

coty, = |(p_pi).(pil _pi) _ (é_b])(al —b1)+(§—b2)(a2 _bz) _ CoS Y, , (C.5)

(p—p,.)X(pH—pl.)| (g_bl)(az_bz)_(al_bl)(ﬂ_bz) Sin?/i

COt5l.= (pi+1_pi).(p_pi) :(Cl_bl)(g_bl)_"(cz_bz)(n_bz):COS@’ (C.6)

|(pi+1_pi)x(p_pi)| (cl_bl)(ﬂ_bz)_(é_bl)(CZ_bZ) Siné‘i

||g -G ”2 = ||p P, ”2 =(¢-b )2 +(n -0, )2 : (C.7)

Figure C.2: Barycentric coordinates for Wachpress functions.

The partial derivatives necessary are

ow, (s) ow, (s)
ON'(5) _ a¢ ON'(s) o €8)
o5 ow(e) o ow(s)

Jj=1 0g J=1 on



169

ow, (s ~
% ((6-8) +(n-5))
) 2\ 0(coty,) O(cots,)
o (<) ) ((é—bl) +(n-0b,) )( o + o —(coty, +cot&,)(2(n-b,))
on ((§—b1)2 "'(77_]72)2)
(C.9)
d(coty,) (a,—b)-coty,(a,-b,) d(coty,) (a,—b,)—coty, (b —a,)
& siny, ’ on siny, ’
d(cots,) (¢, —b)—cots, (b, —c,) d(cots,) (c,—b,)—cotd, (¢, —b)
o0& sin &, ’ on sin &, '
(C.10)

Therefore, following standard FEM, any point in the domain of the physical pentagon

element is interpolated by the Wachpress shape functions as

5 5
x=YxN"(s), y=2vN"(s), (C.11)
i=1

i=1

the Jacobian and its determinant are then

a o] [$, 006 3, M)

[9]- o o5 |_|F " oc T ¢ C12)
o & ON(e) & ONI(9) |
on on| |2y 2oy

ox 0y 0Ox O
det[J]ﬂJhéé—éé. (C.13)

The integrals associated with the pentagon subdomain can be calculated in the standard
FEM approach using the Wachpress shape functions and the integration points and

weights given in Table C.1.
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