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The degeneration of lumbar intervertebral discs (IVDs) has been implicated as a possible 

cause of low back pain which affects more than 600 million people worldwide. Abnormal 

mechanical loading is thought to be a primary etiological factor leading to degenerative 

changes in the discs. The abnormal mechanical loading could initiate disc degeneration 

through two pathways: causing the failure of disc structures, and disturbing the balance 

between cellular anabolic and catabolic activities.  The latter one is thought to be the main 

pathway. However, the mechanism of extracellular mechanotransduction is not fully 

understood, neither the abnormal mechanical loading is quantified. The objectives of this 

dissertation were to develop mathematical models to characterize the biomechanics and 

mechanobiology of discs in order to quantify the abnormal mechanical loading and 

delineate how the cells perceive and respond to mechanical stimuli.  

 

A new constitutive model for hydration-dependent aggregate modulus of soft and hydrated 

materials was developed based on the biphasic theory and transport models, and it was 

validated with experimental results on hydrogel and cartilage tissues.  An anisotropic 

multiphysics model was developed based on the continuum mixture theory and employed 

to characterize the nonlinear couplings among anisotropic and large solid deformation, 



 
 

 
 

anisotropic transport of interstitial water and solutes, and the electro-osmotic effect in the 

disc. Numerical simulations demonstrated that this model is capable of systematically 

predicting the mechanical and electrochemical signals within the disc under various 

loading conditions. This anisotropic multiphysics model was then further developed by 

incorporating a continuum damage model to investigate the initiation and propagation of 

damage in the annulus fibrosus (AF). The simulated results showed that damages initiate 

in different regions under compression, flexion, and compression-flexion. The posterior 

AF was shown to be more susceptible to structure failures as it may be damaged under all 

three loading conditions with sufficient high magnitudes. 

 

A cell volume dependent glycosaminoglycan (GAG) synthesis mathematical model was 

developed to quantitatively describe the response of cell biosynthetic behaviors to 

extracellular mechanical stimuli. It was found that our proposed mathematical model is 

able to describe the change of GAG synthesis rate in isolated cells and in cartilage with 

variations of the osmotic loading or mechanical loading. Then, a multiscale mathematical 

model was developed based on the cell volume dependent GAG synthesis model and 

biphasic theory to quantify the effect of mechanical loading on GAG synthesis. This 

multiscale mathematical model was shown to be capable of predicting the effect of static 

load (creep load) on GAG synthesis in bovine tail discs. This model was also used to 

investigate the effect of static and diurnal loads on GAG synthesis.  

 

These models developed in this dissertation provide numerical approaches to quantify the 

abnormal mechanical loading which may cause disc degeneration. These mathematical 



 
 

 
 

models are important in understanding the etiology of disc degeneration, as well as in 

preventing and treating disc degeneration.  These models are also important in designing 

scaffolds and optimizing loading conditions to grow engineered disc tissues.  
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Chapter 1  
 
Introduction 
 

Degeneration of intervertebral discs (IVDs) is a significant socio-economic concern, 

affecting millions of people in the United States each year. During degeneration, the disc 

undergoes a cascade of biological, chemical, electrical and mechanical changes, including 

the loss of cellularity and activities, the reduction of proteoglycan (PG) and water contents,  

the decrease in disc volume, and resultantly the failure in tissue-level structure and 

functions. Abnormal mechanical loading is thought as one of the primary causes of disc 

degeneration. Abnormal mechanical loading has been suggested to initiate disc 

degeneration through two pathways. It may directly cause the failure of disc structure, such 

as rupture of the cartilaginous endplate (CEP) and/or fissure in the annulus fibrosus (AF).  

The other pathway is through cell-mediated remodeling in response to the mechanical 

stimuli. The balance between cellular anabolic and catabolic activities is disturbed under 

abnormal mechanical loading, and resultantly causing degenerative changes in the disc. 

The cell-mediated remodeling pathway appears to be the main pathway that abnormal 

mechanical loading initiates disc degeneration. 

1.1 Motivation, Specific Aims, and Significances 
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Although many experiments at multi-levels (from molecular to tissue levels) and 

interdisciplinary (biochemical and biomechanical) studies have been conducted to 

understand the effect of abnormal mechanical loading on disc degeneration, it is still very 

challenging to systematically compile and analyze these experimental results and findings 

to quantify these effects on the multi-physical behaviors of the disc, let alone to reveal the 

mechanism of disc degeneration, to diagnose early disc degeneration, or to develop optimal 

treatment strategies for disc degeneration. This is mainly due to the couplings among the 

biological, chemical, electrical, and mechanical behaviors within the disc. The objectives 

of this dissertation are to develop mathematical models to characterize the biomechanics 

and mechanobiology of discs in order to quantify the abnormal mechanical loading and 

delineate how the cells perceive and respond to mechanical stimuli. More specifically, this 

goal will be accomplished with the following specific aims: 

 

Specific Aim #1: To develop biomechanical models to characterize disc mechanical 

behaviors.  A new hydration dependent aggregate modulus model will be developed for 

soft and hydrated tissues. An anisotropic multiphysics model will be developed and 

validated for discs. Then, this anisotropic multiphysics model will be employed to quantify 

the mechanical loading that may initiate damages in the annulus fibrosus by incorporating 

a continuum damage model. 

 

Specific Aim #2: To develop mechanobiological models to characterize the responses 

of cellular biosynthetic behaviors to mechanical stimuli. This model will be employed 
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to analyze the biosynthetic responses of isolated cells and cells embedded within the disc 

tissue to mechanical stimuli. 

 

With the development of the biomechanical and mechanobiological models, if validated, 

they can be widely used for basic research and clinical application. Firstly, these models 

can be used to systematically and quantitatively analyze the existing multi-level and 

interdisciplinary experimental results to understand the mechanism of disc degeneration 

caused by abnormal mechanical loading. This application could help to reduce the amount 

of new experimental studies by: 1) digging new results from the past experiments; 2) 

designing new experiments with optimized parameters. Secondly, these models can be used 

to help prevent disc degeneration by quantifying the abnormal mechanical loading that may 

cause disc degeneration. Thirdly, these models can be used to predict the development of 

degeneration process and treatment outcomes, which could be helpful in choosing the 

treatment timing and treatment approaches. Fourthly, these models are also important in 

designing scaffolds and optimizing loading conditions to grow engineered disc tissues. 

 

After this introductory Chapter 1, seven more chapters are presented to achieve the goal 

of this dissertation: 

 

In Chapter 2, a background of the IVD and its structure, composition, biomechanics, 

mechanobiology, and degeneration is given. A review of biomechanics and 

mechanobiology mathematical models of the IVD is also presented.  

1.2 Outline of This Dissertation 
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In Chapter 3, hydration-dependent constitutive models for the mechanical properties of 

soft tissue and hydrogels are developed and verified for soft and hydrated tissues. The 

development and validation of such models are presented in this chapter. Moreover, the 

limitations and the potential applications of such models are discussed.  

 

In Chapter 4, an anisotropic multiphysics model for IVDs is developed based 

on the continuum mixture theory to characterize the couplings among anisotropic and large 

solid deformation, anisotropic transport of interstitial water and solutes, and electro-

osmotic effect in the IVD. The validation of this model with experimental results is 

presented.  

 

In Chapter 5, a computational model is developed to investigate the initiation and 

propagation of damage in the AF. The computational model is based on the anisotropic 

multiphysics model developed in Chapter 4 and a continuum damage model. The initiation 

and propagation of damage in the AF under compression, flexion, and compression-flexion 

are simulated. 

 

In Chapter 6, a mechanobiology mathematical model to quantitatively describe the cell 

volume dependent GAG synthesis rate in the cartilaginous tissues is developed.  This 

model is validated with experimental results and shown to be able to describe the change 

of GAG synthesis rate in isolated cells or in the cartilage with variations of the osmotic 

loading or mechanical loading.  
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In Chapter 7, a multiscale mathematical model is developed to quantify GAG synthesis 

rate in the discs under mechanical loading. This multiscale model is validated with 

experimental results. This model is also applied to investigate the effect of static and 

diurnal loads on GAG synthesis.  

 

In Chapter 8, a summary is given to reflect the presented important findings and 

contribution, and recommendations for further work are given to show the potential 

applications of proposed biomechanical and mechanobiological models.  

 



 
 

6 
 

Chapter 2  
 
Background 
 

The intervertebral disc (IVD) is a soft, hydrated, and avascular tissue lying between two 

adjacent vertebrae in the spinal column.  There are 23 IVDs in the human spine (6 in the 

cervical region, 12 in the thoracic region, and 5 in the lumbar region), and they occupy 

about one-third of the spinal column height, see Figure 2-1 (a).  The lumbar IVD is about 

7-10 mm in thickness and 40 mm in diameter (anterior-posterior plane) (Urban and Roberts, 

2003).  

 

Each IVD comprises a central gelatinous core, i.e., the nucleus pulposus (NP), a 

surrounding fiber-reinforced lamellar ring, i.e., the annulus fibrosus (AF), and two thin 

cartilaginous endplates (CEPs) which connect the NP and AF with the superior and inferior 

vertebral bodies, see Figure 2-1 (b). The structure and composition of each component are 

distinct, indicating a unique mechanical role for each.  

 

The NP is highly gelatinous, and it composed of randomly oriented collagen fibers 

embedded in a water-proteoglycan (PG) gel. Water is the major component of the NP, 

making up 75-90% of the wet weight of NP. The content of PG is about 40% of the dry

2.1 Structure and Composition of the Intervertebral Disc 
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 weight of NP, and the type of the PG is predominated by aggrecan. Collagen, primarily 

type II, makes up about 25% of the dry weight of NP (Adams and Muir, 1976; Antoniou 

et al., 1996).  

 

The AF structure is comprised of a series (15-25 layers) of concentric lamellae, see Figure 

2-1 (c). Structure and composition of the AF continuously vary in the radial direction. The 

thickness of the lamella decreases from the innermost layer to the outmost layer (from 

about 0.4 mm to about 0.1 mm). Each lamella consists of a series of parallel fiber bundles, 

but the orientation is alternative in the adjacent lamellae (Cassidy et al., 1989; Marchand 

and Ahmed, 1990).  The AF is also mostly composed of water which makes up 65% to 80 % 

of the wet weight of AF. The solid matrix consists of mainly collagen (40% to 90 % of the 

dry weight of AF), PG (10% to 35 % of the dry weight of AF), and other proteins (5% to 

40% of the dry weight of AF) (Antoniou et al., 1996). The contents of type I and type II 

collagens in the AF change gradually and inversely in the radial direction, with type I 

collagen content increasing from inner AF to outer AF (Eyre and Muir, 1976). The contents 

of water and PG have the similar distribution across the AF, with higher content in the 

inner AF (Antoniou et al., 1996).  
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Figure 2-1 (a) Schematic of the human spine, adopted from www.mayfieldclinic.com; 
(b) Schematic of IVD structure; (c) Schematic of AF lamellar structure; adopted from 
(Smith et al., 2011). 
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The CEP is a thin (about 0.6 mm) horizontal layer of hyaline cartilage (Roberts et al., 1989). 

The CEP is also composed of water (about 60% of the wet weight of CEP), collagen (60% 

to 80% of the dry weight of CEP), and PG (about 20% of the dry weight of CEP) (Roberts 

et al., 1989; Setton et al., 1993). The composition and thickness are heterogeneous, with 

higher water and PG contents and thinner thickness in the central region than those in the 

peripheral region (Moon et al., 2013; Roberts et al., 1989). 

 

The disc tissue is a mixture of water, PG, collagen, and other proteins.  The network of 

collagen, together with the trapped PG, forms the porous solid matrix.  The structure of PG 

is like a bottlebrush, which consists of a central protein core with glycosaminoglycan 

(GAG) side chains, see Figures 2-2. Chondroitin-6-sulfate (CS) and keratan sulfate (KS) 

are the primary GAGs in the disc (Rosenberg and Schubert, 1967), and they contain 

charged acidic groups (  and ), see Figure 2-2 (c). The negatively charged groups 

are fixed to the solid matrix, and their density is defined as the fixed charge density (FCD). 

They attract counter-ions, such as , to maintain the tissue in the electro-neutrality 

condition. Thus, the osmolarity in the tissue is higher than that in the ambient environment. 

This imbalance of ion concentrations across the disc leads to an electro-osmotic effect that 

imbibes water into the porous solid matrix and causes the tissue to swell. The driving force 

for water movement is the gradient of water chemical potential. At the equilibrium state, 

the difference of fluid pressure between the inside of disc and the ambient environment is 

called Donnan osmotic pressure or swelling pressure (Donnan, 1924).   

 

2.2 Biomechanics of the Intervertebral Disc 
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The NP has a high GAG content, thus has a high swelling pressure and water content due 

to the electro-osmotic effect, which makes the NP possesses both solid and fluid 

mechanical characteristics (Iatridis et al., 1996).  Thus, the NP can be represented as a 

biphasic material which usually is characterized by elastic moduli and hydraulic 

permeability (Mow et al., 1980). Confined or unconfined compression tests are widely used 

to measure the biphasic material properties of NP (Heneghan and Riches, 2008; 

Johannessen and Elliott, 2005; Perie et al., 2005). The viscoelastic feature of NP is due not 

only to the interaction between the solid matrix and interstitial water but also to the intrinsic 

viscoelasticity of the solid matrix (Iatridis et al., 1997b).  

 

 

 

The AF also contains GAG, but its content is less than that in the NP (Antoniou et al., 

1996), thus the electro-osmotic effect is lower than that in the NP. The GAG, along with 

type II collagen and other proteins, makes up the ground matrix of the AF. This ground 

 
Figure 2-2 Diagram of PG structure and GAG structure, adopted from (Hardin et al., 
2011) 
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matrix also possesses both solid and fluid mechanical characteristics, and thus can be 

represented as a biphasic material. The obliquely oriented collagen fiber bundles are 

embedded in the ground matrix, which provide the tensile strength to the AF. The tensile 

properties of AF have been found to be nonlinear, heterogeneous, anisotropic, and 

viscoelastic with uniaxial and biaxial tension tests (Ebara et al., 1996; Galante, 1967; 

O'Connell et al., 2012). The tensile properties also have been found to vary from the outer 

AF to inner AF, and from anterior AF to posterior AF due to the variation of collagen 

content, the ratio between type I and type II collagen contents, and the orientation of the 

fiber bundles (Eyre and Muir, 1976; Holzapfel et al., 2005; Skaggs et al., 1994).  

 

The CEP can also be characterized as a biphasic material according to its composition. 

Experimental studies of its biomechanical properties are far less than those of NP and AF. 

But, interestingly, the hydraulic permeability of CEP has been found to depend on the flow 

directions, which may be important in maintaining the water content in the disc (Ayotte et 

al., 2000; Ayotte et al., 2001).  

 

The biomechanical function of the disc is to transmit axial load, resist shear load, absorb 

shock, and to provide flexibility to the spine. The disc achieves these mechanical functions 

through its unique tissue composition and structure. The swelling tendency of NP is 

restrained by the AF and CEPs, whereas water and electrolytes can inflow and outflow 

through AF and CEPs.  Thus, the interactions of multiphasic components (solid, fluid, and 

ions) cause the coupling of multi-physical (mechanical, electrical, and chemical) behaviors, 

which gives the disc its unique mechanical functions.   
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Mechanical loading on the disc generates a complex extracellular environment, including 

high level of stresses and strains arising from the deformation of extracellular matrix, high 

magnitude of hydrostatic pressure, shear stress caused by interstitial fluid flow, 

electrokinetic effects caused by the interactions among fixed charge groups and mobile 

charged ions, and others (Setton and Chen, 2006), see Figure 2-3. All these extracellular 

environment factors can be varied by mechanical loading.  Extensive in vivo and/or in vitro 

experiments have been conducted to study the effects of mechanical stimuli on the 

biological processes at the cellular, tissue, organ, and organismal level, or, briefly, to study 

the mechanobiology of IVD (Chan et al., 2011; Setton and Chen, 2006).  

 

 
Figure 2-3 Illustration of complex extracellular environment generated by mechanical 
loading, adopted from (Setton and Chen, 2006). 

 

The effects of static compression on the biological processes within the disc tissue have 

been shown to depend on the magnitude of the loading and the anatomic regions, which 

2.3 Mechanobiology of the Intervertebral Disc 
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have been reviewed in details in literature (Setton and Chen, 2004). For example, Ohshima 

et al experimentally studied the effects of static compression (0.5kg-15kg) on the synthesis 

of GAG and collagen (represented by the incorporation of 35S-sulphate and 3H-prolin, 

respectively) within the bovine tail discs (Ohshima et al., 1995). They found that the 

synthesis rates in the NP and inner AF are highest under a 5-10 kg load. 

 

The effects of dynamical loading on the biological processes within the disc tissue have 

been shown to depend on the magnitude, amplitude, frequency, duration of the loading, as 

well as on the anatomic regions, which have been reviewed in details by Chan et al (Chan 

et al., 2011). For example, Maclean et al investigated the metabolic response of rat disc 

cells to dynamic loading with different magnitudes and frequencies (Maclean et al., 2004). 

They found that in the NP with the load magnitude of 1 MPa the anabolic genes are 

stimulated at 0.01 Hz and catabolic genes are stimulated at 1 Hz, whereas dynamical 

loading at all frequencies (0.01, 0.2, 1 Hz) at 1 MPa significantly stimulate the catabolic 

mRNA.  

 

The effects of osmotic pressure on metabolic activities of disc cells have attracted a lot of 

research efforts because the osmolarity in the disc is higher than that in other tissues 

(Johnson et al., 2014). Ishihara et al experimentally investigated the biosynthetic responses 

of bovine NP cells to variations of osmolarity in the culture medium by adding NaCl or 

sucrose (Ishihara et al., 1997). They found that the cells exhibit the maximum GAG 

synthesis rate at osmolarity in the medium close to the in vivo value (about 430 mOsm), 

regardless of the type of osmolyte, and at osmolarity larger or smaller than the in vivo value, 
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the GAG synthesis rate drops significantly.  Some other researchers also found that the 

cells in the NP explant exhibit a higher synthesis rate of GAG when the osmolarity in the 

medium is raised (using polyethylene glycol) close to the in vivo value (van Dijk et al., 

2011; van Dijk et al., 2013). 

 
Figure 2-4 Flow chart of the direct and indirect extracellular mechanotransduction 
pathways, adopted from (Iatridis et al., 2006). 

 

Upon the brief review of experimental findings on the mechanobiology of discs, the 

biosynthetic responses of disc cells to external mechanical stimuli seem to be very 

complicated. The mechanical stimuli may directly regulate cell shape and size, and hence, 

regulate cell activities and viability. For example, stretch (e.g., a 5% elongation or 15% 

area change) of rabbit AF cells could enhance the production of nitric oxide, inhibit the 

synthesis of PG, and increase cell apoptosis (Rannou et al., 2003; Rannou et al., 2004). The 

mechanical stimuli may also affect cell activities and viability indirectly, via altering the 
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localized nutrient concentration, pH, osmolarity, and other regulators (Iatridis et al., 2006), 

see Figure 2-4. For example, the concentration of glucose has been found to be the primary 

factor governing the cell viability (Bibby and Urban, 2004) and the concentration is 

affected by mechanical loading (Zhu et al., 2012).  Thus, mechanical loading can either  

directly or indirectly affect cell activities and viability and eventually results in the 

remodeling of extracellular matrix (Setton and Chen, 2006; Stokes and Iatridis, 2004).  

 

2.4.1 Low Back Pain 

Low back pain is a prevalent healthy problem, with more than 600 million people affected 

globally (Hoy et al., 2012; Hoy et al., 2014).  It is the leading cause of years lived with 

disability for several decades (Vos et al., 2012).  It causes enormous financial burdens on 

both the patient and their families, and the whole society as well. For example, the annual 

cost of low back pain was estimated to be ranging from $100 to $200 billion, including 

both direct cost and indirect cost such as loss of wages, or reduced productivity, in the 

United States alone (Katz, 2006).  Low back pain is more prevalent in men than that in 

women (Hoy et al., 2014).  It is also more prevalent in elder people, such as in those aged 

40 years old or older (Hoy et al., 2012; Hoy et al., 2014). 

 

The cause of low back pain is still not definitive yet, but the degeneration of IVD is thought 

to play an important role in it (Buckwalter, 1995; Freemont, 2009; Luoma et al., 2000). 

 

2.4 Degeneration of the Intervertebral Disc 
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2.4.2 Degenerated Intervertebral Discs 

Degeneration of IVDs occurs much earlier than that in other musculoskeletal tissue, it 

encompasses a broad set of changes in disc morphology, biochemical composition, and 

disc function (Boos et al., 1993; Miller et al., 1988; Urban and Roberts, 2003). During disc 

degeneration, the boundary between AF and NP becomes less distinctive as the NP 

becomes less gel-like and more fibrotic. The lamellae in the AF become irregular (e.g., 

bulging inward and/or radial fissure), and the collagen and elastin networks also become 

disorganized, see Figure 2-5.  Consequently, cleft and fissures occur frequently in 

degenerated discs, leading to the ingrowth of nerves and blood vessels into tissues (Urban 

and Roberts, 2003).  

 

The most significant biochemical change during disc degeneration is the loss of PG content 

(Urban and Roberts, 2003). Osmotic pressure and hydration in the disc decrease with the 

loss of PG content, which leads to the compromise of disc mechanical functions in 

supporting axial compression, absorbing shocks, and providing flexibility to the spinal 

system. While the loss of another major component, collagen, is not as obvious as the loss 

of PG because the turnover time for collagen is over 100 years which is much longer than 

the  turnover time (about 20 years) for PG (Adams and Roughley, 2006).  
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Figure 2-5 Photographs of (a) a non-degenerated disc and (b) a degenerated disc, 
adopted from (Jackson, 2010). 

 

Degeneration of the disc affects its mechanical properties. The viscoelastic shear properties 

of human NP are found to undergo alterations with disc degeneration. The instantaneous 

and dynamic shear moduli increase with degeneration, whereas the phase shift angle 

decreases with degeneration. The NP transforms from a “fluid-like” material to a more 

“solid-like” material with disc degeneration (Iatridis et al., 1997a). The biphasic material 

properties of human NP are also found to change with disc degeneration.  The effective 

aggregate modulus of NP decreases with disc degeneration while the hydraulic 

permeability increases with disc degeneration (Johannessen and Elliott, 2005). 

Degeneration of the disc also affects the mechanical properties of AF. The dynamic 

modulus of AF increases with disc degeneration, whereas the phase angle does not change 

(Sen et al., 2012). The elastic properties, such as Poisson’s ratio, failure stress, and strain 

energy density, of AF are strongly influenced by disc degeneration (Acaroglu et al., 1995). 

The elastic modulus at the toe-region in the nonlinear tensile stress-stretch curve of AF has 

a two-fold increase with degeneration (Guerin and Elliott, 2006; O'Connell et al., 2009). 

The elastic anisotropy and anatomic region-dependent tensile properties of human AF 
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remain unchanged during disc degeneration (Acaroglu et al., 1995; Skaggs et al., 1994). 

The anisotropic hydraulic permeability of non-degenerated AF tends to be isotropic with 

disc degeneration, with increases in the axial and circumferential directions and a decrease 

in the radial direction (Gu et al., 1999). The aggregate modulus of CEP from moderately 

degenerated human discs is slightly lower than that from non-degenerated human discs 

(DeLucca et al., 2016). The hydraulic permeability is found to decrease by about 50-60% 

with degeneration with a confined stress-relaxation test (DeLucca et al., 2016), but it is 

found to increase with degeneration with a permeation test (Rodriguez et al., 2011).  

 

2.4.3 Etiology of Disc Degeneration 

The cause of disc degeneration is still not clear yet, but it is generally thought that genetic 

factors, poor nutrient supply, and abnormal mechanical loading are three primary factors 

that can cause disc degeneration (Urban and Roberts, 2003), see Figure 2-6.  

 

 
Figure 2-6 Schematic showing possible causes and pathways related to disc 
degeneration. 
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Genetic factors. Several studies on human twins have shown that genetic predisposition 

plays an important role in disc degeneration (Heikkila et al., 1989; Matsui et al., 1998; 

Varlotta et al., 1991). Heritability is found to exceed 60% in a study with 326 twins 

(Sambrook et al., 1999). The mutations in genes of matrix components have been found to 

associate with disc degeneration in a Finnish population and a Japanese population 

(Annunen et al., 1999; Kawaguchi et al., 1999; Paassilta et al., 2001). Polymorphisms in 

the promoter region of the MMP-3 gene and vitamin D receptor gene also have been found 

to associate with disc degeneration (Kawaguchi et al., 2002; Takahashi et al., 2001).  

 

Poor nutrient supply. The disc is the largest avascular tissue, and thus the disc cells rely 

on diffusion of nutrients such as glucose and oxygen from the blood vessels at disc margins 

to survive (Holm et al., 1981). Nutrients can diffuse into the disc through two pathways:  

the CEP-NP pathway and the periphery AF pathway (Brodin, 1955; Nachemso.A et al., 

1970; Urban et al., 1978). The cells in the NP mainly depend on nutrients supplied from 

the capillaries above the CEP through the CEP-NP pathway, and the diffusion distance for 

the nutrients could be as far as 8 mm (Urban and Roberts, 2003; Urban et al., 1978). The 

cells in the AF mostly rely on nutrients supplied from the blood vessels at the periphery of 

AF.  

 

The cells cannot survive long with low extracellular glucose level and pH value (Horner 

and Urban, 2001). The biosynthetic behaviors of cells slow down significantly at a low 

oxygen level and pH value environment (Ishihara and Urban, 1999; Ohshima and Urban, 

1992). Thus, poor nutrient supply could compromise cell viability and activity, thus, the 
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synthesis of extracellular matrix cannot be maintained to balance the degradation, leading 

to disc degeneration (Nachemso.A et al., 1970). Many factors, such as atherosclerosis, 

sickle cell anemia, and cigarette smoking, have been found to affect the nutrients supply at 

disc margins (Jackson et al., 2015; Kauppila et al., 1997; Urban and Roberts, 2003). Poor 

nutrient supply also could be due to the calcification of CEP, in which the  pores in CEP 

could be blocked (Roberts et al., 1996).  

 

Abnormal mechanical loading.  Abnormal mechanical loading may initiate the disc 

degeneration through causing damage to the disc structure, such as the rupture of CEP 

and/or the fissure of AF (Adams et al., 2000; Allan and Waddell, 1989; Urban and Roberts, 

2003). This pathway to initiate degeneration is supported by many epidemiological studies 

which have found an association between disc degeneration and disorder with obesity, 

heavy physical work, lifting, and truck-driving (Deyo and Bass, 1989; Heliovaara, 1989; 

Pope et al., 2002). This pathway is also supported by animal model studies which have 

shown that surgical tear of AF or CEP could cause subsequent degenerative changes in the 

NP (Holm et al., 2004; Melrose et al., 1992; Osti et al., 1990). Though damage in disc 

structure is a potential cause of disc degeneration, this process may take many years to be 

apparent (Hassett et al., 2003; Kerttula et al., 2000b).  

 

Abnormal mechanical loading may also initiate disc degeneration through cell-mediated 

remodeling in response to the mechanical stimuli, and this pathway appears to be the main 

pathway through which abnormal mechanical loading initiates disc degeneration (Setton 

and Chen, 2006). Cell-mediated remodeling could be due to the change of cellular 
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metabolism activity, and could also be due to cell apoptosis (Iatridis et al., 2006).  As shown 

in Section 2.3, the disc cells exhibit different anabolic and catabolic responses to the 

mechanical stimuli, depending on the loading type, magnitude, duration, frequency, as well 

as the anatomic region of cell origin (Setton and Chen, 2004). It has been summarized that, 

in general, mechanical loading with low to moderate magnitude promotes anabolic 

response of cells, whereas loading with higher magnitudes increases the catabolic response 

of cells. For example, expression of genes related to the production of matrix component 

(collagen and aggrecan) is higher at low frequency of compressive loading (e.g., 1 MPa at 

0.01 Hz), whereas the mRNA expression of proteases (MMP-3 and MMP-13) is more 

active at higher frequency of compressive loading (e.g., 1 MPa at 1 Hz) (Maclean et al., 

2004; Walsh and Lotz, 2004). There is a homeostasis state in which the catabolic and 

anabolic responses are balanced. Disturbance tilting the balance between matrix synthesis 

and degradation could initiate degenerative changes in the disc (Iatridis et al., 2006; Lotz 

et al., 2002; Setton and Chen, 2006). Dynamic loading has been found to increase the 

transport of nutrients into the disc helping keep normal cell population to be alive and 

functional to maintain the synthesis of matrix components (Zhu et al., 2012).   

 

2.5.1 Biomechanical Models 

Many biomechanical models have been developed to study the biomechanical behavior of 

IVDs [cf. (Schmidt et al., 2013) and the references therein]. These models may be classified 

into three types, the single-phase model [e.g., (Belytschko et al., 1974; Eberlein et al., 2001; 

Schmidt et al., 2007)], the biphasic/biphasic-swelling model [e.g., (Argoubi and ShiraziAdl, 

2.5 Mathematical Models for the Intervertebral Disc 
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1996; Ehlers et al., 2009; Jacobs et al., 2014; Karajan, 2012; Laible et al., 1993; Schroeder 

et al., 2010)], and the multiphasic mechano-electrochemical model (Iatridis et al., 2003; 

Sun and Leong, 2004; Yao and Gu, 2006). The single-phase model treats the NP as an ideal 

fluid and the AF as a solid, which cannot characterize the interstitial fluid flow in the AF 

and swelling pressure (Belytschko et al., 1974). The biphasic model describes the disc as a 

mixture of fluid and solid (Mow et al., 1980). The biphasic model is able to characterize 

the interstitial fluid flow and hence, the flow caused time-dependent viscoelastic behavior 

of the disc. However, the electro-osmotic effect is not accounted for in the biphasic model. 

A shortcut is to add the swelling pressure term to the total mixture stress based on the 

Lanir’s assumption that the electro-osmotic equilibrium in the tissue is achieved 

instantaneously (Lanir, 1987). This approach is called biphasic-swelling model and it has 

been used as an approximation to include the electro-osmotic effect (Wilson et al., 2005). 

The diffusivity of ions in this type of model is assumed to be infinitely large, which is not 

physiologically relevant. Thus, a more realistic multiphasic model is developed for the disc 

(Yao and Gu, 2006) based on the mechano-electrochemical continuum triphasic theory 

(Lai et al., 1991). In this model, the solid, fluid, and solutes (e.g., ions) are modeled as 

separated phases, so all the mechano-electrochemical phenomena in the tissue can be 

described.   In this model, the solid matrix is treated as an isotropic material and undergoes 

small deformation, and the transport of fluid and ions are assumed to be isotropic.  

 

Though many models have been developed for characterizing the biomechanical behavior 

of IVDs, it is still challenging to quantitatively describe the behavior of the disc under 

various loading conditions. The major challenge arises from the complicated couplings of 
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multiple physical fields in the IVD and the anisotropic behavior of the AF. Moreover, the 

fiber bundles in the AF give the AF not only anisotropic mechanical properties but also 

anisotropic transport properties (Elliott and Setton, 2001; Gu et al., 1999; Iatridis et al., 

1998; Jackson et al., 2012).  

 

Theoretical and/or numerical models also have been used to investigate the deformation of 

cells embedded in the extracellular matrix. Baer et al and Cao et al studied the 

micromechanical environment around the disc cells and the deformation behaviors of the 

cells using biphasic finite element method (Baer et al., 2003; Baer and Setton, 2000; Cao 

et al., 2007, 2011). They found that the micromechanical environment varies dramatically 

with the anatomic region, and is also influenced by the geometry of cells. The volumetric 

strain of NP cell is found to be 1.9-3.7 times greater than that of the extracellular matrix, 

and this ratio is found to be 3.1-3.8 for AF cells (Cao et al., 2007, 2011). 

 

2.5.2 Mechanobiological Models 

Current mathematical models on the mechanobiology of the IVD mainly focus on the 

indirect mechanotransduction mechanism. Shirazi-Adl et al are the first to propose a 

theoretical model to describe the coupling of cell viability and nutrition level in IVD 

(Shirazi-Adl et al., 2010).  In this model, the cell density was assumed to vary 

instantaneously with glucose concentration.  However, this model is unrealistic, as the 

model would predict the resurrection of dead cells when the glucose level recovers after 

falling below certain critical level for cell survival (e.g., 0.5 mM). Later, Zhu et al proposed 

a more sophisticated glucose concentration dependent cell viability model (Zhu et al., 
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2012). Recently, Gu et al further coupled the biosynthesis/turnover of GAG in their model,  

and this model has  successfully simulated the long-term (over 50 years) degeneration 

process (Gu et al., 2014). Moreover, this model also has been used to predict the outcome 

of several biological treatment strategies (Zhu et al., 2016).  

 

The mechanism of mechanotransduction also has been studied with semi-numerical 

approaches. Lotz et al. experimentally evaluated the spatial variation of histologic and 

biologic data of IVD under mechanical loading, and then correlated them with the spatial 

mechanical signals (e.g., strain and hydrostatic pressure) calculated with finite element 

method to find the potential mechanism of mechanotransduction (Lotz et al., 1998; Lotz et 

al., 2002). They suggested that the mechanical loading applied on the IVD is “filtered” into 

spatial patterns of fluid pressure and matrix stress to affect cell metabolic activities (Lotz 

et al., 2002).  
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Chapter 3  
 
Constitutive Models for 
Hydration-dependent 
Mechanical Properties of 
Biological Soft Tissues and 
Hydrogels 
 

The mechanical and transport properties of biological soft tissues and hydrogels play an 

important role in governing the extracellular environment (e.g., stress, strain, and nutrition 

distributions) in such materials as discussed in Section 2.3, and the knowledge of these 

properties are important for understanding tissue growth and degeneration, or designing 

scaffolds with hydrogels for tissue engineering applications. 

 

It has been reported that the effective mechanical properties of the porous materials are 

dependent on the composition of the solid matrix and the deformation (Armstrong and 

Mow, 1982; Best et al., 1994; Hu et al., 2012; Li et al., 2003; Watase and Nishinari, 1983).  

Armstrong and Mow found a strong correlation between the equilibrium modulus and

3.1 Introductory Remarks 
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 water content in cartilage tissues.  Their results showed that the equilibrium modulus 

increases with the decrease in water content (Armstrong and Mow, 1982). In other soft 

tissues, such as AF and cornea, this correlation has also been found (Hatami-Marbini and 

Etebu, 2013; Klisch and Lotz, 2000).  The dependence of mechanical properties on water 

content has been reported in agarose gels as well (Gu et al., 2003; Normand et al., 2000). 

The mechanical properties of both soft tissues and hydrogels also are shown to depend on 

the deformation (Chahine et al., 2004; Chen et al., 2001; Stammen et al., 2001). This may 

be partially due to the change of water content caused by deformation (Lai et al., 1991; 

Mow et al., 1980). It may be also due to the intrinsic nonlinear mechanical behaviors of 

these materials (Iatridis et al., 1998). 

 

It has been found experimentally that the mechanical properties of these materials are 

correlated with their transport properties (Aoki et al., 2012; Evans and Quinn, 2005), since 

both the mechanical and transport properties of porous materials are dependent on material 

composition and structure (Armstrong and Mow, 1982; Best et al., 1994; Hu et al., 2012; 

Julkunen et al., 2008; Mow et al., 1984; Roberts et al., 1996; Williamson et al., 2001).  

Evans and Quinn showed that an increase in Young’s modulus is correlated with the 

decrease of solute diffusivities in articular cartilage and cartilage-like materials (Evans and 

Quinn, 2005). The emerging quantitative magnetic resonance imaging (MRI) techniques 

have been used to probe the transport properties and water content of biological tissues 

(Chiu et al., 2001; Edelman et al., 1994; Kerttula et al., 2001; Kerttula et al., 2000a; Liess 

et al., 2002; Xia et al., 1994). However, the noninvasive determination of the mechanical 

properties of biological tissues is very challenging. 
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Many constitutive models have been proposed for the hydraulic permeability and solute 

diffusivity in porous tissues and hydrogels (Clague et al., 2000; Ehlers and Markert, 2001; 

Gu et al., 2003; Holmes and Mow, 1990; Lai and Mow, 1980). For example, Gu et al. 

proposed an empirical model for hydraulic permeability in agarose gels. This model works 

well for cartilage and agarose gels with a wide range of water content (Gu et al., 2003). 

Many constitutive models have been developed for solute diffusivity in hydrated porous 

materials as well (Masaro and Zhu, 1999). One of them is the well-known Mackie and 

Meares’ model.  In this model, the ratio of solute diffusivity in tissue to that in aqueous 

solution, i.e., the relative solute diffusivity, is a function of volume fraction of fluid (i.e., 

hydration) only (Mackie and Meares, 1955). This model was developed for small solutes 

only because the effect of solute size has not been taken into consideration. Gu et al. 

proposed a model for the spherical solutes in biological tissues and hydrogels. In this model, 

the diffusivity is an exponential function of the ratio of the solute size to the square root of 

intrinsic Darcy permeability of tissue (Gu et al., 2004). This model is able to predict the 

diffusivity of the molecules in agarose gels and in the porcine AF(Gu et al., 2004). 

 

Theoretical and empirical constitutive models have been developed for porous elastic, 

hyperelastic, and viscoplastic materials, such as ceramics and elastomeric foam, to study 

the porosity-dependent mechanical properties (Agoras and Castaneda, 2014; Danielsson et 

al., 2004; Poutet et al., 1996; Roberts and Garboczi, 2000). However, these models were 

proposed for the rigid and low porosity materials which may be not capable of predicting 

the hydration-dependent mechanical properties in biological soft tissues and hydrogels. For 
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example, Danielsson et al. developed a constitutive model for a porous hyperelastic 

material based on the micromechanics framework. They assumed that the porous material 

was represented as a thick-walled sphere and the pores were not openly connected with 

each other (Danielsson et al., 2004). This theoretical model may not be suitable for 

biological soft tissues or hydrogels since the pores in these materials are openly 

interconnected.  

 

Therefore, the objective of this chapter is to theoretically develop a new constitutive model 

for hydration-dependent mechanical properties of biological soft tissues and hydrogels. 

This study is important for developing a new technique for noninvasively assessing the 

mechanical properties of biological soft tissues using quantitative imaging methods as well 

as for designing scaffolds with proper mechanical properties for tissue engineering 

applications. 

 

A hydrated porous material (such as biological soft tissues and hydrogels) may be modeled 

as a biphasic mixture consisting of a porous solid phase and an interstitial fluid phase (Mow 

et al., 1980). Both phases are assumed to be intrinsically incompressible, but the volume 

of the whole mixture may change due to the fluid flowing in or exuding out of the mixture. 

Each phase �  ( s� �  for the solid phase and w� � for the fluid phase) has a volume fraction

�� , and the mixture is assumed to be saturated (i.e., 1s w� �� � ). Therefore, the continuity 

equation for the mixture reduces to (Ateshian, 2007; Lai et al., 1991; Mow et al., 1980; 

Nguyen-minh et al., 1998), 

3.2 Development of Constitutive Models 
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 ( ) 0w w s s� �	
 � �v v , (3-1) 

where �v is the velocity of phase � . Neglecting the body force and inertia, the 

conservation of momentum for the mixture at the quasi-static condition states: 

 	
 �σ 0 ,  (3-2) 

where σ  is the Cauchy stress in the mixture. For an isotropic mixture with linear elastic 

solid phase with infinitesimal deformation, the total stress in the mixture may be written as 

(Mow et al., 1980), 

 ( ) [ ( ) ]Tp � �� � � 	
 � 	 � 	σ I u I u u ,  (3-3) 

where p  is the fluid pressure, �  and �  are the Lamé constants, and u  is the 

displacement. A fluid volume flux (relative to the solid phase) is defined as 

( )w w w s�� �J v v and is related to fluid pressure p by Darcy’s law:  

 
w k p� � 	J ,  (3-4) 

where k  is the hydraulic permeability. Using eqs. (3-1), (3-3) and (3-4), together with the 

saturation assumption, one can derive that, 

 2

A
e H k e
t
�

� 	
�

,  (3-5) 

where 2AH � �� � is the aggregate modulus (Mow et al., 1980), and e �	
u  is the 

dilatation of the mixture. With the assumption of infinitesimal deformation, the volume 

fraction of fluid is a linear function of e  with (1 )w w w
r r e� � �� � �  (Lai et al., 1991; Nguyen-

minh et al., 1998), where 
w
r� is the fluid volume fraction at the reference state. Thus, eq. (3-

5) can be written (in terms of variable 
w� ) as, 
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2

w
wD

t
� ��

� 	
�

, (3-6) 

 

where  

 AD H k� . (3-7) 

Equations (3-5) and (3-6) are both in the form of diffusion equation. D  is the mutual 

diffusivity of fluid (water) in the biphasic mixture with intrinsically incompressible 

constituents (see Appendix), and it is also known as the cooperative diffusivity (Tanaka 

and Fillmore, 1979) or water diffusivity (Hu et al., 2012) in the literature.    

 

For the biphasic materials with intrinsically incompressible solid and fluid phases, the 

following constraints must be satisfied: 

 
0 0 0

lim 0, lim , lim 0
w w wAk H D

� � �  
� � �� � , (3-8) 

 
0

1 1 1
lim , lim 0, lim

w w wAk H D D
� � �  

� �� � � , (3-9) 

where 0D  is the diffusivity of fluid in the aqueous solution. For example, the value of water 

self-diffusion coefficient in pure water is 2.3×10-9 m2/s at 25 °C (Holz et al., 2000). 

 

The dependence of hydraulic permeability on water content of biological soft tissues and 

hydrogels may be expressed as (Gu et al., 2003), 

 ( )
1

w
b

wk a �
�

�
�

,  (3-10) 
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where a  andb  are two material parameters. It has been shown that this model works well 

for predicting the hydraulic permeability of biological tissues and agarose gels over a wide 

range of hydration from ~0.7 to ~0.98 (Gu and Yao, 2003; Gu et al., 2003).  

 

In this study, we adopted the Mackie and Meares model (Knauss et al., 1999; Mackie and 

Meares, 1955) to estimate the water mutual diffusivity, which is given by the following 

equation: 

 2 2

0

1
( ) ( )
1 2

s w

s w

D
D

� �
� �

�
� �

� �
.  (3-11) 

 

Knauss et al. showed that this model could satisfactorily predict the results of water self-

diffusion coefficient in cartilage and cartilage components over a wide range of hydration 

from 0.4 to 0.95 (Knauss et al., 1999). From eqs. (3-7), (3-10), and (3-11), the constitutive 

model for the hydration-dependent aggregate modulus can be obtained: 

 
2

2

(1 )
( )

(2 )

w b
w b

A wH A � �
�

��
�

�
, (3-12) 

where 0A D a� . Note that eq. (3-12) satisfies the constraints described in eqs. (3-8) and 

(3-9) when the value of b  is greater than 2. 

 

The aggregate modulus is a linear combination of two Lamé constants. In order to explicitly 

separate the Lamé constants from the aggregate modulus, we adopted the following model 

for the second Lamé constant (i.e., shear modulus) in the literature (Danielsson et al., 2004): 

 0 (1 )w� � �� � , (3-13) 
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where 0�  is a parameter representing the shear modulus of the solid without pores. 

 

Using the constitutive models for the aggregate modulus and shear modulus, i.e., eqs. (3-

12) and (3-13), one can determine the dependence of Poisson’s ratio (� ) of the mixture on 

water content, by  

 
2

2( )
A

A

H
H

��
�

�
�

�
. (3-14) 

 

 

In these constitutive relations for k , AH , and � , there are three unknown parameters a , 

b , and 0� . The values of these parameters can be determined by experiments. 

 

For agarose gels with concentration in the range of 2-14.8% (w/w), and the corresponding 

water content in the range of 0.98-0.88, the values of material parameters a and b  are: 

183.39 10a �� �  m4/(Ns) and 3.236b � (Gu et al., 2003).  For this type of materials, the 

variation of aggregate modulus AH  with the change of water content is presented in Figure 

3-1.  It is shown that our theoretically calculated aggregate modulus decreases nonlinearly 

with increasing hydration of the tissue. The experimental data of AH  for agarose gels, 

obtained from our previous study (Gu et al., 2003), are also plotted in Figure 3-1 for 

comparison.  

 

3.3 Applications of Constitutive Models 
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Hu et al. characterized the shear modulus of pH-sensitive hydrogels at different swelling 

conditions using an unconfined stress relaxation test (Hu et al., 2012). Based on the 

reported swelling ratio [
1 3(1 )w� � �� � ], the hydration (

w� ) of their hydrogels was 

converted and found to be in the range from 0.94 to 0.88.  Least-squared curve-fitting of 

the shear modulus of hydrogels to the model [i.e., eq. (3-13)] yielded 0 120.65� �  kPa 

(R2=0.97) and 0 117.53� � kPa (R2=0.88) for two different compositions of poly 

(DMAEMA-co-AAm) hydrogels (Figure 3-2). The linear shear model, i.e., eq. (3-13), is 

verified for highly hydrated soft materials. 

 

The constitutive relationship between the Poisson’s ratio and water content [i.e., eq. (3-14)] 

is shown in Figure 3-2.  Various values of the material parameter 0�  are used to show this 

hydration-dependent Poisson’s ratio. It is shown that the Poisson’s ratio approaches to 0.5 

as hydration is lower than 0.7. The Poisson’s ratio decreases with increasing hydration 

slightly in the range of 0.7-0.85, and dramatically in the range of 0.85-0.95. 
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Figure 3-1 Variation of aggregate modulus with water content for agarose gels. The 
solid line is model prediction [i.e., eq. (3-12)], and the square dots are experimental 
results from (Gu et al., 2003). 

 

 
Figure 3-2 Variation of shear modulus with water content. REF gels and Salt-Hi gels 
are the names defined in (Hu et al., 2012) for two different compositions of poly 
(DMAEMA-co-AAm) hydrogels. 
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Figure 3-3 Variation of Poisson’s ratio with water content for hydrogels. Poisson’s ratio 
was calculated using eq. (3-14) with the aggregate modulus of agarose gels and different 

values of 0�  (as the exact value for agarose gels is not available). 

 

Equation (3-7) can be written as,  

 A
k'D H
�

� ,  (3-15) 

where k'  is the Darcy permeability and �  is the viscosity of fluid (e.g., water). The value 

of Darcy permeability k'  represents the characteristic area of the pores in solid matrix (Gu 

et al., 2004).  Equation (3-15) indicates that the value of water diffusivity is proportional 

to the area available for water diffusion, and proportional to the stiffness of the solid matrix, 

but inversely proportional to the interactions among water molecules (viscosity). This is 

because, at the microscopic level, the larger the pore size, the lower the probability for the 

3.4 Discussion 
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water molecules to collide with the solid matrix, thus the longer the mean distance that 

water molecules could travel. When it collides with the solid matrix, the water molecule 

will lose its momentum or kinetic energy. The loss of momentum or kinetic energy of water 

molecules during the collision would be less if the stiffness of the solid matrix is higher. 

Therefore, at the macroscopic level, the water diffusivity is related to the permeability and 

aggregate modulus of a biphasic material. 

 

The mechanical properties and transport properties are related in hydrated materials, see 

eq. (3-7). That is, the diffusivity of water in these materials is related to the hydraulic 

permeability and the aggregate modulus if the material consists of intrinsically 

incompressible solid and fluid phases. Equation (3-7) indicates that it is unrealistic to have 

an isotropic hydrated material with both high stiffness and hydraulic permeability since the 

product of aggregate modulus and hydraulic permeability has an upper limit, which is equal 

to the value of water diffusivity (Figure 3-4). Understanding this limit is important for 

choosing a scaffold for in vitro engineering avascular tissues such as cartilage. For example, 

if an isotropic scaffold with high porosity is desired for the transport of nutrients, the 

material must be soft, not suitable for load support.  

 

Compared with hydrogels, biological tissues usually have more complicated composition 

and microstructure. For example, articular cartilage has been shown as an anisotropic 

material with reinforced collagen fibers embedded in the isotropic matrix (Mow and Guo, 

2002).  The experimental results of aggregate modulus ( AH ) and hydraulic permeability 

( k ) for human and animal cartilage tissues (at the macroscopic level) have been reported 
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(Athanasiou et al., 1994; Athanasiou et al., 1991; Froimson et al., 1997; Mow et al., 1989).  

We found that the values of AH k  are smaller than the value of 0D  for most cases, where 

0D  is the water self-diffusivity in pure water, i.e., the upper limit for AH k  (Figure 3-4). We 

also found that the values of AH k  are close to the values of water diffusivity predicted by 

eq. (3-11) with 
w�  in the range from 0.7 to 0.8 (Figures 3-4 and 3-5).  This range of 

hydration is consistent with the experimental results for cartilage (Mow and Guo, 2002; 

Mow et al., 1984). These results indicate that eqs. (3-7) and (3-11) can be used for the 

material properties of cartilage determined at the macroscopic level. Note that the values 

of cartilage material properties at the macroscopic level are different from those determined 

by nanoindentation tests (Oyen et al., 2012). 

 

With quantitative MRI techniques or nuclear magnetic resonance (NMR) method, one 

could measure the water content and diffusion coefficient in hydrated soft tissues such as 

articular cartilage and intervertebral disc (Chiu et al., 2001; Kerttula et al., 2001; Kerttula 

et al., 2000a; Liess et al., 2002; Xia et al., 1994). Equations (3-12) and (3-13) can be used 

to noninvasively determine the mechanical properties of biological soft tissues in vivo if 

the values of material parameters in eqs. (3-12) and (3-13) are known.  Conversely, if the 

relationship between aggregate modulus and water content is known, one could 

noninvasively determine the hydraulic permeability of soft tissues using eq. (3-7) by 

measuring water diffusivity using quantitative MRI techniques.  
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The Mackie and Meares’ model was originally developed for ion diffusion in gels by 

assuming that the polymer network acts as a rigid sieve itself is not permeable to the solute 

or solvent. The motionless polymer chains increase the movement path length of the solute 

and solvent (Mackie and Meares, 1955; Masaro and Zhu, 1999). Therefore, this model may 

be more suitable to predict the self-diffusion coefficient (diffusivity under zero chemical 

potential gradient) of water rather than the mutual diffusion coefficient.  

 

To our knowledge, there is no theoretical model for the mutual diffusivity of water in 

biological tissues and hydrogels yet.  In this study, we adopted the Mackie and Meares’ 

model to estimate the mutual diffusivity of water in biological soft tissues and hydrogels.  

 
Figure 3-4 The relationship between hydraulic permeability and aggregate modulus for 
cartilage tissues. The solid and dash lines are predicted results with eqs. (3-7) and (3-
11). 
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The water diffusivity in the agarose gel and cartilage measured by the NMR method is 

believed to be the self-diffusion coefficient of water, which can be predicted by the Mackie 

and Meares’ model (Figure 3-5). The values of AH k  for agarose gels determined by 

confined compression creep test are about 50% of the predicted values (Figure 3-5). But, 

interestingly, the values of AH k  in cartilage determined with indentation tests (Froimson et 

al., 1997) are close to the predicted values, see Figure 3-5. These may be explained by the 

difference in methods used to determine the water diffusivity and the values of AH  and k . 

For example, it has been reported that the elastic modulus for cartilage obtained from the 

indentation test is about 30-79% higher than the value determined by confined and 

unconfined compression creep tests (Korhonen et al., 2002).  

 

In this study, we derived a hydration-dependent equilibrium Poisson’s ratio model for 

agarose gels. The Poisson’s ratio for the gels approaches 0.5 as the hydration becomes 

lower than 0.7.  This means that the gel is almost incompressible at low hydrated condition, 

which is consistent with the incompressible assumption of the solid phase. For gels with 

higher water content, the Poisson’s ratio decreases nonlinearly with the increase of water 

content.  This result is consistent with the experimental data found experimentally for other 

hydrogels (Hu et al., 2012). Since the Poisson’s ratio is very sensitive to tissue hydration 

in gels with high water content, much attention should be paid to analyze the mechanical 

behavior of highly hydrated materials (e.g., nucleus pulposus).  

 

In summary, a new constitutive model for hydration-dependent mechanical properties of 

hydrated materials has been developed. This new model has been checked with 
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experimental data for hydrogels and cartilage tissues in the literature.  With this model, one 

can noninvasively measure the mechanical properties of the soft materials by determining 

the water content using NMR and MRI techniques. The model is also useful for designing 

the scaffold with proper mechanical properties for tissue engineering applications. 

 
Figure 3-5 Variation of water diffusivity in cartilage tissues and agarose gels with tissue 
water content. The weight concentration ( %c , w/w) of the gel reported in (Derbyshire 

and Duff, 1974) was converted to water content in the gel by using a linear fitted relation 

( 0.0065 0.9846w c� � � �  ), which was obtained by curve fitting (R2=0.98) our previous 

experimental results (Gu et al., 2003). The mass percentage of water in cartilage 
specimens reported in (Froimson et al., 1997) was converted to water content (i.e., 
volume fraction) by assuming the true mass density of solid matrix is 1.35 g/mm3 (Gu et 
al., 1996). 
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Chapter 4  
 
An Anisotropic 
Multiphysics Model for 
Intervertebral Discs 
 

During daily activities, IVDs act to transmit the axial load, resist shear load, and provide 

flexibility for the spine. The disc achieves these mechanical functions through its unique 

anatomic structure and tissue composition as explained in Section 2.2. Many 

biomechanical models have been developed to study the mechanical behavior of IVD as 

summarized in Section 2.5. However, it is still challenging to quantitatively describe the 

behavior of the disc under various loading conditions. The major challenge arises from the 

complicated couplings among multiple physical fields in the IVD and the anisotropic 

nature of the AF. The mechanical properties of cartilaginous tissues have been shown to 

be nonlinear and hydration dependent in Chapter 3. Moreover, the fiber bundles in the AF 

give the AF not only anisotropic mechanical properties but also anisotropic transport 

properties (Elliott and Setton, 2001; Gu et al., 1999; Iatridis et al., 1998; Jackson et al., 

2012). 

4.1 Introductory Remarks 
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The objective of this chapter is to develop a more realistic anisotropic multiphysics model 

for the IVD, including the nonlinear couplings among anisotropic mechanical behaviors of 

solid matrix, anisotropic transport of interstitial fluid and ions, and electro-osmotic effect. 

Moreover, the hydration-dependent mechanical and transport properties will be 

incorporated into the model. The robustness of the proposed model will be demonstrated 

by performing 3D numerical simulations of the mechano-electrochemical behaviors of the 

disc using one set of material parameters and comparing the model predictions with those 

experimentally observed.  

 

4.2.1 Anisotropic Multiphysics Model  

The anisotropic multiphysics model presented in this study is based on the mechano-

electrochemical continuum mixture theory (Frijns et al., 1997; Gu et al., 1998; Lai et al., 

1991). The IVD is modeled as a mixture consisting of solid ( s ), fluid ( w ), cation (� ), 

and anion (�). Each constituent has a volume fraction (
�� , , , ,s w� � � �  ) relative to the 

whole mixture. 

 

Governing equations. For each constituent, the mass balance equation is given by 

 ( ) 0
t

�
� �� ��

�	
 �
�

v , (4-1) 

where 
�� and �v are the apparent density per tissue volume and velocity of constituent� , 

respectively. The concentration (moles per fluid volume) instead of density is commonly 

used for ions. The density can be converted to concentration via 
i w i iM c� �� ( ,i � � � ), 

4.2 Development of Model 
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where ic  is the concentration of ion i  per fluid volume, and iM  is the molar weight of 

ion i . Thus, the mass balance equation of ions can be written alternatively as, 

 
( )

( ) 0
w i

i w i sc c
t

� ��
�	
 � �

�
J v , (4-2) 

where ( )i w i i sc�� �J v v  is the molar flux of ion i  relative to the solid phase. 

 

Each constituent is assumed to be intrinsically incompressible with a true density, T
�� , hence 

T
� � �� � �� . Therefore, the mass balance equation for the whole mixture can be obtained 

by taking summation of all the mass balance equations for each constituent, 

 

( )

[ ( )] 0
t

�

� ��

�

�
�

�
�	
 �

�

�
� v . (4-3) 

We further assume that the mixture is saturated and the volume fractions of the ions are 

negligible, so that, 1s w� �� � . Thus, the mass balance equation for the whole mixture can 

be alternatively written as, 

 ( ) 0s w	
 � �v J ,  (4-4) 

where ( )w w w s�� �J v v  is the volume flux of interstitial fluid relative to the solid phase.  

 

The electro-neutrality condition is assumed for every point in the disc, that is, 

 0i i F

i
z c c� �� , (4-5) 
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where iz  is the valence of ion i , and Fc  is the fixed negatively charged density per fluid 

volume. The mobile ions are assumed to be monovalent in this study.  The fluid content 

and fixed negatively charged density are both deformation dependent, 

 
1w

w r J
J

�� � �
� , (4-6) 

 
1

w F
F r r

w
r

cc
J
�

�
�

� �
,  (4-7) 

where 
w
r� is the fluid content at the reference state; det( )J � F  is the volume ratio, where 

F is the deformation gradient tensor, and  
F
rc  is FCD at the reference state.  

 

The general form of the linear momentum balance equation for constituent �  is given by  

 
� � � � � �� �� 	
 � �a σ b π , (4-8) 

where �a , �σ , and �b  are the acceleration, Cauchy stress, and body force for constituent 

� , respectively, and �π  is the momentum exchange between constituent � and other 

constituents. In this study, the body force term is neglected, and the acceleration term is 

also neglected with the assumption of quasi-static condition, thus, 

 � �	 
 � �σ π 0 .  (4-9) 

 

For the whole mixture, the exchange of linear momentum must be conserved, that is, 

�

�

��π 0 . Therefore, the linear momentum balance equation for the whole mixture states, 

 	
 �σ 0 ,  (4-10) 
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where σ  is the inner part of Cauchy stress for the mixture. Applying the restriction of 

entropy inequality to the whole mixture, together with the constraints of mass balance and 

electro-neutrality condition, the stress of the mixture is given by (Ateshian, 2007; Gu et al., 

1998; Lai et al., 1991), 

 
sp� � �σ I σ ,  (4-11) 

where p  is the fluid pressure, and sσ  is the stress contributed by the solid phase. 

 

The linear momentum balance equations for fluid and ions under quasi-static condition are 

(Lai et al., 1991): 

 ( )
�� � �

��
�

� �� � 	 ��Γ v v 0 , (4-12) 

where ��Γ is a positively defined and symmetric friction coefficient tensor  (i.e., 

0�� ��� �Γ Γ ) between constituents �  and � ; and 
�

�  is the (electro)chemical potential 

per mass of constituent � . The chemical potential of fluid is given by (Gu et al., 1998; 

Lai et al., 1991), 

 0

w w i i w
T

i
p RT c� � �� �

� � � �� �� �
�  , (4-13) 

where 0

w
�  is the chemical potential at reference state, R  is the universal gas constant, T  is 

the absolute temperature, and i�  is the osmotic coefficient and it is assumed to be unity in 

this study. The electrochemical potential of ion is given by (Gu et al., 1998; Lai et al., 

1991), 

 0 ( / ) ln( ) /
i i i i i i i

cRT M c z F M� � �  � � �  , (4-14) 
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where 0

i
�  is the electrochemical potential at reference state, 

i�  is the activity coefficient 

and it is assumed to be unity in this study, cF  is the Faraday constant, and   is the electrical 

potential.  In the mixture theory the electrochemical potential is continuous across the 

boundaries, thus the electrochemical potential of fluid and ions are chosen as the basic 

variables in the numerical simulation. Considering the ill-conditioning of the logarithm 

function with small value of ic , and the arbitrary values of 0

w
�  and 0

i
� , the following 

modified electrochemical potential for fluid and ions are used in numerical simulation (Sun 

et al., 1999): 

 0( ) ( )
w ww w

T RT! � � �� �� �� �� � , (4-15) 

 0exp ( ) / ( )
i ii iM RT! � �� �� �� �� � . (4-16) 

 

From eq. (4-12), the volume flux for fluid, and molar fluxes for ions can be generally 

written as: 

 ww

( )

( )

w w w s

iw i
ww wi

i

�

� � � � �

� �

� � 	 � 	�
J v v

A A ,  (4-17) 

 

,

( )i w i i s

ji w i w j
iw ij

j

c

c c

�

� � �
�� �

� �

� � 	�
J v v

A J A
 , (4-18) 

where wwA , wiA , iwA , and ijA  are material coefficient tensors that are functions of 

friction coefficient tensors ��Γ  defined in eq. (4-12). Note that wi iw"A A  and ij ji"A A . 

 



47 
 

 
 

The above two equations can be written in terms of modified electrochemical potentials 

[i.e., eq. (4-15) and eq. (4-16)] as: 

 
w( )

i
w i

wi i
i

cRT ! !
!

� � 	 � 	�J K M ,  (4-19) 

 
,

1i i w i w j
iw ijj

j
c c � !

!�� �

� � 	�J H J D ,  (4-20) 

where 
2( )w

ww ��K A  is the hydraulic permeability tensor, 
1

wi ww wi
��M A A  is the transport  

tensor of ion i , iw iw�H A  is the convection coefficient tensor of ion i , and 

w j
ij ijRT c��D A  is the coupling diffusivity tensor of ion i  under the electrochemical 

gradient of ion j .  

 

In this study, the wiM  and iwH  are both assumed to be unity tensors (Yao and Gu, 2007). 

We also neglect the coupling frictional effects between ions, that is, ij �D 0 for i j" . In the 

following sections of this chapter, we let 
i

ii�D D . 

 

Constitutive equations.  The solid phase is modeled as a hyperelastic material. Thus,  sσ  

can be evaluated as, 
2s T

J
#�

�
�

σ F F
C

, where #  is the strain energy function, and T�C F F  

is the right Cauchy-Green deformation tensor.  The solid phase of NP and CEP can be 

modeled as isotropic material. Even though the solid phase is intrinsically incompressible, 

the solid phase is compressible as the result of inflow or outflow of fluid. Moreover, the 

microstructure of the solid phase is varying with the change of fluid content, so the 
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macroscopic mechanical properties depend on fluid content.  Thus, the strain energy 

function should be able to describe the dependency on fluid content. We adopt the 

following strain energy function for NP and CEP (Ehlers and Eipper, 1999): 

 2

1

1 1
= ( 3) ln ( ) ln( 1)

2

w
m r w w

r r

J JI J�# # � � �
� �

� �� �
� � � � � �� �

� �
,  (4-21) 

where �  and �  are the two Lame constants, 1 ( )I tr� C  is the first invariant of C , and 

2 det( )J � C  is the third invariant of C .  

 

The AF is an anisotropic tissue reinforced by two families of aligned fibers ( r
�n , 1, 2� � , 

representing the fiber directions at the reference state) which embed in the isotropic ground 

matrix. In this study, the fiber directions are assumed to be in the ο30$  orientation to the 

horizontal plane. We adopted the fiber-reinforced model proposed by Holzapfel et al. 

(Holzapfel et al., 2000), in which the free energy function are decoupled into two parts to 

account for the contributions of the ground matrix ( m# ) and the fibers ( f# ) to the 

mechanical properties, thus, 

 ( , ) ( , )w
AF m r f r

�# # � #� �C C N , (4-22) 

where r r r
� � �� %N n n  is the structural tensor. The exponential type of strain energy function 

developed by Holzapfel et al. (Holzapfel et al., 2000) is adopted to characterize the 

mechanical behavior of fibers, 

 
2

21
2

12

{ ( 1)exp[ ( 1) ] 2}
2

f f f
k I k I
k

� �

�

#
�

� � � ��H , (4-23) 
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where 1k  and 2k  are the material parameters, ( ))H  is the Heaviside step function, and 

:f rI� ��C N  is the square of the stretch of fiber in the direction of 
r
�n .  

The embedded aligned fibers also affect the transport of fluid and ions within the AF. 

Following the permeability model for fiber-reinforced porous material proposed by 

Federico and Herzog (Federico and Herzog, 2008), the anisotropic hydraulic permeability 

tensor ( AFK ) for the AF can be written as, 

 ( )AF K K K& &� � �K Q I& , (4-24) 

where K  and K&  are the permeability parallel and the orthogonal permeability, 

respectively, which are defined as, 

 (1 )f
mK K�� �(1K (1(1 , (4-25) 

and 

 
2(1 )f

mK K�& � � ,  (4-26) 

where 
f�  is the volume fraction of the fiber in current state and it is dependent on the 

volume fraction in the reference state (
f

r� ) and the deformation as, 
f f

rJ� �� , and mK  is 

the hydraulic permeability of the isotropic ground matrix.  A hydration dependent hydraulic 

permeability model was developed by Gu et al. (Gu et al., 2003) for isotropic biological 

tissue as, 

 
b( )

w

m sK a �
�

� ,  (4-27) 

where a  and b  are two material parameters. The Q  defined in eq. (4-24) is the directional 

average of the structure tensors, 
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2

1

1

2

�

� �

� �Q N , (4-28) 

where � � �� %N n n  is the structure tensor in the current state, and �n  is the fiber 

directional vector in the current state, which can be determined via the deformation tensor 

as, 

 1
r

fI
� �

�
�n Fn . (4-29) 

The hydraulic permeability tensors for the NP ( NPK ) and CEP ( CEPK ) are isotropic tensors, 

so that, 

 NP CEP mK� �K K I . (4-30) 

By analogy to the models of hydraulic permeability tensor, the diffusivity tensors ( iD ) in 

eq. (4-20) for the AF (
i
AFD ), NP (

i
NPD ), and CEP (

i
CEPD ) can be written as, 

 ( )i i i i
AF D D D& &� � �D Q I& ,  (4-31) 

 
i i i
NP CEP mD� �D D I ,  (4-32) 

with (1 )i f i
mD D�� �(1D (1(1(1(1 , and 

2(1 )i f i
mD D�& � � , where 

i
mD  is the diffusivity for the isotropic 

matrix. Gu. et al. (Gu et al., 2004) developed a hydration and ion size dependent diffusivity 

model for isotropic biological tissues, which states, 

 
0

exp( ( ) )
i i

nm
i

m

D rm
D k �

� � , (4-33) 

where 0

iD  is the ion diffusivity in aqueous solution, m  and n  are two material parameters, 

ir  is the Stokes radii for the ion, and �  is the viscosity of fluid and the value of 0.001 

Ns/m2 is used in this study. 
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4.2.2 Numerical Model 

The governing equations are discretized with mixed finite element method following the 

approach developed by Sun et al. (Sun et al., 1999), and implemented in COMSOL 

software. The displacement of solid phase and electrochemical potential of fluid and ions 

are chosen as the basic variables. The geometry of the disc is based on a parametric model 

and scaled to the dimensions of the L4-5 disc (Broberg, 1983; O'Connell et al., 2007), and 

a half of the superior and inferior vertebral bodies are included, see Figure 4-1. In this study, 

the vertebral bodies are assumed to be rigid because they are much stiffer than the disc 

tissues. We choose the state that the disc is in equilibrium in the 300 mOsm saline solution 

as the reference state for all the following numerical simulations. The boundary conditions 

are prescribed according to each of specific simulation cases. The mechanical loads are 

applied on the vertebral bodies.  

 

The parameters used in this study include the mechanical properties, transport properties, 

and electrochemical properties for AF, NP, and CEP, respectively. The values of 

mechanical properties, fluid content, and FCD are assigned uniformly in the NP and CEP, 

whereas linearly vary from the innermost AF to the outermost AF (Iatridis et al., 2007; 

Urban and Maroudas, 1979). This approach is different from the approaches in the 

literature, which usually assign the uniformly distributed mechanical properties to NP, CEP, 

and AF (or outer AF and inner AF) (Jacobs et al., 2014; Schroeder et al., 2010). Our 

approach also can alleviate numerical oscillation at the interface of AF and NP, which may 
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occur because of the jump of mechanical properties (Ruiz et al., 2013). The parameters are 

summarized in the Table 4-1. 

 

 
Figure 4-1 A schematic of the intervertebral disc showing the annulus fibrosus (AF), 
nucleus pulposus (NP), cartilaginous endplates (CEPs), and two families of fiber bundles 
in the AF. The dimensions are in millimeter. 
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Table 4-1 Material properties of IVD used in this study. 
 

Parameter AF* NP CEP References 

w
r�  0.86 to 0.77 0.86 0.75 

(Cortes et al., 2014; Urban and 
Maroudas, 1979) 

F
rc  (mM) 340 to 100 340 0 (Urban and Maroudas, 1979) 

�  (kPa) 60 to 140 60 300 (Best et al., 1994; Cortes et al., 
2014; Farrell and Riches, 2013; 
Iatridis et al., 1999; Iatridis et 

al., 1997a) 
�  (kPa) 40 to 170 40 800 

1k  (MPa) 1.18 to 5.34 N/A N/A 
(Ebara et al., 1996) 

2k  2.40 to 55.00 N/A N/A 

a   

(10-17 m4/(Ns)) 
3.10 2.48 0.13 (Cortes et al., 2014; Iatridis et 

al., 1998; Yao and Gu, 2004) 
b  2.20 2.15 5.48 

ir (nm) 0.20 (+), 0.14 (-) (Gu et al., 2004) 

0

iD  (10-9 m2/s) 1.28 (+), 1.77 (-) (Gu et al., 2004) 

m  1.29 1.25 1.29 
(Gu et al., 2004) 

n  0.37 0.68 0.37 

f
r�  0.05 to 0.23 N/A N/A (Lu et al., 1996) 

*(#) to (#) means the value linearly varying from the innermost to the outermost regions 

of AF. 



54 
 

 
 

 

Figure 4-2 Schematic diagrams for experimental protocols used in simulations in this 
study. (a) creep test, (b) bending and torsion tests, (c) six-degree of dynamic loading 
tests (dynamic shear in anterior-posterior and lateral directions, and dynamic 
compression), (d) six-degree of dynamic loading tests (dynamic flexion/extension, 
dynamic lateral bending, and dynamic torsion), (e) osmotic loading test, and (f) dynamic 
loading test. 
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We perform numerical simulations of experiments reported in the literature to demonstrate 

that the proposed model is capable of predicting the complicated coupled mechano-

eletrochemical phenomena observed experimentally. These experiments include the creep, 

bending and torsion, six-degree of freedom dynamic loading, osmotic loading, and 

dynamic loading (measuring electrical potential caused by dynamic loading) tests, see 

Figure 4-2. It is important to note that all the simulations are performed with one set of 

material parameters listed in Table 4-1. We are not trying to match or curve-fitting the 

experimental results exactly. 

 

4.3.1 Creep Test 

During most of our daily activities, the discs are subjected to the axial compressive loads. 

When a compressive load is applied, the disc height will decrease immediately and it will 

keep decreasing until reaching a new equilibrium.  During the creep process, the fluid is 

pressed out, and the support of the compressive load shifts from fluid pressure to the stress 

of solid phase. 

 

To demonstrate the capability of the proposed model to characterize the creep behavior of 

the whole disc, we performed finite element analysis of the creep process following the 

experiments conducted by O’Connell et al (O'Connell et al., 2011), in which the disc was 

compressed with 1000 N for 4 hours (O'Connell et al., 2011), see Figure 4-2 (a). The 

simulated disc height loss is 1.40 mm right after 1000 N axial load being applied at the rate 

of 10 N/s, and the loss increases to 3.14 mm at the end of the creep test. The predicted 

4.3 Numerical Examples 
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history of disc height loss is reasonably consistent with the experimental results, see Figure 

4-3.  

 

During the creep, the interstitial fluid within the disc flows out through the AF periphery 

and CEP under the axial load. To our best knowledge, our proposed model is the first one 

to account for the anisotropic fluid and ions transport in the disc. Our model shows that the 

existing of fiber bundles decreases the averaged radial permeability in AF by about 10%. 

The compressive load is mainly supported by the fluid pressure, but the portion of support 

by the fluid decreases with the outflow of fluid. The fluid pressure in the NP is the largest 

and uniform across the NP, whereas the fluid pressure in AF linearly decreases from the 

inner AF to the outer AF, see Figure 4-4. The simulated results for distribution of fluid 

pressure are consistent with the experimental findings (Mcnally and Arridge, 1995). At the 

initial condition (no load) the fluid pressure in the NP is about 0.40 MPa, which is generated 

due to the higher osmolarity in the disc than that in the ambient environment, and the 

pressure is equilibrated by the tension of solid phase. Right after the 1000 N compressive 

load is applied, the fluid pressure in the NP increases to 1.33 MPa. The fluid pressure 

decreases to 1.18 MPa after 4 hours of creep test. McNally and Arridge (Mcnally and 

Arridge, 1995) reported that the fluid pressure is about 1.70 MPa in a healthy L4-5 disc 

under 1392 N compressive load. By linearly scaling  the fluid pressure with the fraction of 

compressive loads, the fluid pressure at a 1000 N compressive load in the experiment 

would be 1.22 MPa, which is close to our simulated fluid pressure in the NP (1.18~1.33 

MPa). 
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Figure 4-3 Simulated disc height loss during creep test, and compared with experimental 
results (O'Connell et al., 2011). 
 
 

 
Figure 4-4 Fluid pressure during creep test. (a) before load applied, (b) right after load 
applied, (c) after 2 hours of creep, and (d) after 4 hours of creep. 
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4.3.2 Bending and Torsion Test 

Besides the axial load, the disc is also subjected to bending and torsional loads during daily 

activities. In the experiments of Heuer et al. on the isolated human L4-5 discs, the loads 

were applied in three different directions, including flexion/extension, lateral bending, and 

axial rotation (Heuer et al., 2007). The load was applied at 1 °/s following a 15 minutes of 

creep under a 500 N compressive load, see Figure 4-2 (b). We simulated the disc under 

bending and torsional loads according to their experimental protocol, and the load is 

increased until the bending momentum reaching 5.0 Nm. The predicted ranges of motion 

under bending momentums of 2.5 Nm and 5.0 Nm are compared with experiment results, 

see Figure 4-5. It is shown that the predicted results are in the range of experimental data 

except for the axial rotation test. The stretches of fiber under the combined loads of 

compression (500 N) and bending (5.0 Nm) are shown to be less than 1.10 in most regions, 

see Figure 4-6, which are smaller than the failure stretch (1.09-1.15) (Skaggs et al., 1994).  

The stretch is higher for the fibers in the posterior/lateral-posterior regions for all the cases 

simulated, this explains why the failure occurs mostly in this region (Adams and Roughley, 

2006). 
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Figure 4-5 Simulated range of motion of disc under (a) 2.5 Nm and (b) 5.0 Nm bending 
momentums, and compared with experimental results (minimum, median, maximum) 
(Heuer et al., 2007) 

 

 
Figure 4-6 Distributions of fiber stretch under 5.0 Nm bending momentum in (a) flexion, 
(b) extension, (c) lateral bending, and (d) axial rotation. Only one family of fibers are 
shown. 
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4.3.3 Six-degree of Freedom Dynamic Loading 

The disc usually undergoes dynamic loading and has six degrees of freedom, thus, it is 

important to validate the proposed anisotropic multiphysics model with a set of six-degree 

of freedom dynamic loading experiments. Costi et al., applied 3 displacements (Dx, Dy, 

and Dz in x, y, and z axial, respectively, with +x = anterior, +y = left lateral, and +z = 

superior) and 3 rotations (Rx, Ry, and Rz around x, y, and z axial, respectively) to motion 

segments (vertebra-disc-vertebra) after equilibrated overnight under 0.4 MPa preload in a 

bath of phosphate buffered saline at 37 °C (Costi et al., 2008), see Figures 4-2 (c) and (d). 

The dynamic loads were applied at four frequencies (1, 0.1, 0.01, 0.001 Hz). The 

amplitudes of displacements were: Dx = ± 0.6 mm; Dy = ± 0.6 mm; and Dz = ± 0.25 mm. 

The amplitudes of rotation angles were: Rx = ± 3°; Ry = ± 2°; Rz = ± 2°. We simulated 

these six-degree of freedom dynamic loading experiments following the experimental 

protocol at two frequencies (1 and 0.001 Hz), and the overnight preload was simulated as 

a constant compression for 12 hours. The simulated results were only compared with the 

experimental results of 2 grade 1 discs and 5 grade 3 discs (with a mean grade of 2.4) 

because the material properties used in this study were from non-degenerated or mildly 

degenerated discs. The mechanical responses of the disc under different dynamic loading 

with different frequencies simulated with our model were mostly comparable with 

experimental measurement (Costi et al., 2008; Stokes and Gardner-Morse, 2016), see 

Figures 4-7 and 4-8.  
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4.3.4 Osmotic Loading 

 Varying the external osmolarity is an important approach to investigate the contribution 

of fixed charges to the overall mechanical function of the tissue. Stokes et al. (Stokes et al., 

2011) studied the response of human lumbar discs under constant compressive strain, in 

the bath with varying saline concentrations. They observed that varying external osmolarity 

from low to high causes a stress relaxation phenomenon. This is because the swelling 

pressure in the disc progressively reduces with time after increasing the external osmolarity. 

We simulate this stress relaxation phenomenon by following their experimental procedures. 

The disc is initially equilibrated in 0.15 M saline solution under 200 N compressive load. 

Then the compressive strain is fixed, and the bath saline concentration increases from 0.15 

M to 1.5 M, see Figure 4-2 (e). Our simulated temporal relaxation of compressive load is 

in the range of experimental results, see Figure 4-9. However, in order to guarantee 

numerical stability, we ramp the external saline concentration linearly in 10,000 seconds, 

which is longer than that used in the experiment, which may cause the simulated relaxation 

of compressive load slower than the experimental result.  

 

4.3.5 Intradiscal Electrical Potential under Dynamic Loading 

The disc cells reside in a coupled mechano-electrochemical environment. The electrical 

potential around the cells is thought to be a potential factor that affects cellular activities 

(Setton and Chen, 2006). Iatridis et al. (Iatridis et al., 2009) reported that the spatial 

distribution of intradiscal electrical potentials under dynamic loading, which were 

measured under ±200 N axial load at 0.01 Hz following a 2-hour creep under 500 N 

compressive load, see Figure 4-2 (f). We simulate this phenomenon by following their 
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experimental protocol. The amplitude of the simulated electrical potential is normalized by 

the amplitude of dynamic load and compared with the experimental results. It is shown that 

our simulated results match well with the experimental results, not only the magnitude but 

also the distribution, see Figure 4-10. 

 

A more realistic anisotropic multiphysics model of IVD is developed based on the 

mechano-electrochemical continuum mixture theory. In this model, the solid phase, 

interstitial fluid, and ions are modeled as separated phases to characterize the nonlinear 

coupling phenomena among mechanical, electrical, and chemical fields. Moreover, the 

hydration-dependent anisotropic mechanical and transport properties of the disc tissue are 

also incorporated into the model.  The numerical simulations, with one set of material 

parameters, demonstrate that this anisotropic multiphysics model is capable of 

systematically predicting disc mechanical behaviors and quantifying the mechanical, 

chemical, and electrical signals within the disc under various loading conditions.  

 

4.4 Summary of Model 
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Figure 4-9 Simulated mechanical response of disc to the change of bath saline solution, 
from 0.15 M to 1.50 M, and compared with experimental results (Mean±SD) (Stokes et 
al., 2011). 

 

Figure 4-10 Simulated distribution of electrical potential under dynamical loading at 
mid-sagittal line, and compared with experimental results (Mean±SEM) (Iatridis et al., 
2009).  
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Chapter 5  
 
Initiation and Propagation 
of Damage in the Annulus 
Fibrosus Induced by 
Mechanical Loading  
 

Abnormal mechanical loading is a major factor that can cause the degeneration of IVDs. 

One possible mechanism is that abnormal mechanical loading causes the damage in the AF, 

which is supported by the strong association between the damage of AF and the disc 

degeneration with clinical observation, postmortem studies, and animal studies (Dullerud 

and Johansen, 1995; Masuda et al., 2005; Osti et al., 1990; Sharma et al., 2009; Yu et al., 

1989). One of the typical damage patterns is the herniation of AF, which usually occurs in 

the posterior, or posterolateral AF regions (Maezawa and Muro, 1992; Ninomiya and Muro, 

1992; Veres et al., 2009). The damage in AF has been classified into rim lesion, 

circumferential tear, and radial tear (Osti et al., 1992). The rim lesion is a horizontal tear 

of the outer AF. The circumferential tear is a tear in the circumferential direction and it is 

the most common damage in both posterior and anterior AF regions. The radial tear is a 

full thickness cleft radiated from the nucleus pulposus (NP) to the outer AF.  

5.1 Introductory Remarks 
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Many in vitro experiments have been conducted to study the association of different 

loading regimes with damage in the AF.  For example, an axial compression on motion 

segments (vertebra-disc-vertebra) has been shown to cause fracture of the vertebra or CEP 

rather than the damage in AF (Brown et al., 1957; Lin et al., 1978; Roaf, 1960; Yoganandan 

et al., 1988); compression combined with flexion (compression-flexion) has been shown 

to cause damage in the posterior AF (Adams and Hutton, 1982a, b; Aultman et al., 2005; 

Mcnally et al., 1993; Tampier et al., 2007). Though these in vitro experiments have helped 

gain a significant amount of knowledge on the damage in AF, the transit process (initiation 

and propagation) of damage in the AF under mechanical loading has not been elucidated, 

which is important in quantifying the role of abnormal mechanical loading in the damage 

and degeneration of discs.  It may be difficult to track the transit process of damage in the 

discs by observing and analyzing 2D tissue sections which is a widely used in vitro 

experimental approach in studying the damage of discs (Osti et al., 1992; Veres et al., 2008; 

Wade et al., 2015). Computational modeling is an alternative approach to study the damage 

of discs. Thus, the objective of this chapter is to develop a new computational model to 

study the initiation and propagation of damage in the AF. 

 

This new computational model is based on the anisotropic multiphysics model developed 

in Chapter 4 and a continuum damage model (Balzani et al., 2006; Famaey et al., 2013).  

The anisotropic multiphysics model has been validated and shown to be able to describe 

nonlinear interactions among the multiple physical fields in the disc. The continuum 

damage model is able to model the damage of soft tissue, and it has been widely used in 

5.2 Theoretical Model 
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modeling the damage of blood vessels which have similar fiber reinforced laminated 

structure to the AF (Balzani et al., 2006; Famaey et al., 2013). 

 

In this study, we only considered the damage of the fiber bundles because: (1) the 

contribution of fiber bundles to the tensile modulus of AF is much larger than that of the 

ground matrix, and (2) the yield strain of fiber bundles under tension is much smaller than 

that of the ground matrix (Ebara et al., 1996; Fujita et al., 1997). The damage of fiber 

bundles was modeled by weighting the strain energy function of fiber bundles [eq. (4-22)] 

with a scalar damage variable, that is (Balzani et al., 2006; Famaey et al., 2013), 

 
1,2

( , ) (1 ) ( , )w
AF m r f rd� � �

�

# # � #
�

� � ��C C n , (5-1) 

where [0,1]d� '  is the damage variable. A possible evolution of the damage variable is 

given by (Balzani et al., 2006; Famaey et al., 2013), 

 max 1 expd d
�

� �
�

� �( )
� � �� �* +

, -� �
, (5-2) 

where max [0,1]d '  and �  are two damage parameters, and 
��  is the internal damage 

variable which is a function of f
�# . In this study, we assumed that the damage was 

irreversible and unhealable. Thus, the value of 
��  is related to the maximum value of fiber 

strain energy in the loading history (within the time interval 0 t./ / ) (Balzani et al., 2006; 

Famaey et al., 2013), 

 
0

ˆ( )max f f
t

� �

.
� # . #

/ /

� � , (5-3) 
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where ˆ f#  is the strain energy at the  initial damage state. The bracket, 0 , defined as 

0.5 ( )0 � � 0 � 0 �� �  , is used to filter out negative values.  

 

A quarter of the 3D motion segment (L4-L5) was generated for numerical simulation on 

the assumption that the segment is approximately symmetric along the middle sagittal and 

middle axial planes, see Figure 5-1. The theoretical model developed above was discretized 

with finite element method following the approach proposed by Sun et al. (Sun et al., 1999), 

and implemented with COMSOL software. The values of (electro)chemical potentials for 

fluid and solutes in the blood serum were assigned at the interfaces between the CEP and 

the vertebra and at the periphery of AF. The mechanical loading boundary conditions were 

applied on the top of the vertebra surface. The mechanical, transport, and electrochemical 

properties of AF, NP, and CEP are shown in Table 4-1. The vertebra was modeled as a 

rigid body. In this study, the value of ˆ f#  in eq. (5-3) was assumed to be 100 kJ/m3, 

independent of the anatomic region for the non-degenerated AF (Ebara et al., 1996). There 

are few experimental results available on the values of maxd  and �  in eq. (5-2) for human 

AF. These two parameters govern the stress-stretch curve after the damage initiated. In this 

study, the values of maxd  and �  were chosen to be 0.5 and 50 kJ/m3, respectively. These 

values were chosen based on a displacement-load curve obtained with the tensile 

experiment on animal IVDs (Pezowicz, 2010). 

5.3 Numerical Simulation 
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Figure 5-1 Schematic of a quarter of motion segment used in the numerical simulation. 
Length scale is in millimeter. 

 

The initiation of damage under each of compression, flexion, and compression-flexion 

(compression followed with flexion), was simulated in this study. In the case of 

compression, the disc was vertically compressed at a rate of 1000 N/s to 2000 N. In the 

case of flexion, the disc was flexed at a rate of 1 °/s to 11°. The flexion was simulated by 

rotating the vertebra around the y axis (Figure 5-1). In the case of compression-flexion, the 

disc was flexed at a rate of 1 °/s to 11° following a 450 N compression (applied at 1000 

N/s).  

 

In this study, an overall damage variable, D , was defined to evaluate the damage of both 

families of fiber bundles, by, 
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1,2

1
(1 )

2
D d�

� �

� �� . (5-4) 

The damage region was defined as wherever 0.9D/ in this study. The volume fraction of 

damage region was defined as the volume ratio of the damage region to the whole AF 

region. It was used to evaluate the extent of the damage in the AF.  

 

5.4.1 Compression 

The axial displacement increased nonlinearly with increasing the compressive load, see 

Figure 5-2. The displacement of the whole disc was 1.70 mm at a 2000 N of compression 

(with the rate of 1000 N/s). The damage initiated at about 700 N, then the volume fraction 

of damage region increased nonlinearly with the linear increase of the compressive load, 

see Figure 5-2.  

 

The damage initiated in the outer posterior AF, middle posterior AF (adjacent to the 

vertebra), and the junction of posterior AF and CEP, see Figure 5-3 (a). The damage in 

these three regions increased with the increase of the compressive load. Additional damage 

initiated in outer anterior and outer lateral AF when the compressive load increased to 

about 1000 N, see Figure 5-3 (b), and this damage region expanded with increasing the 

compressive load. The radial thickness of the damaged AF reached to about 0.3 mm when 

the compressive load increased to 2000 N, see Figure 5-3 (c). 

5.4 Results 
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Figure 5-2 Axial displacement of disc surface and volume fraction of damage region in 
AF under compression. 
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Figure 5-3 Damage distribution [represented by damage variable defined in eq. (5-4)] 
in AF compressed at a rate of 1000 N/s to: (a) 700 N; (b) 1000 N; and (c) 2000 N. 
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5.4.2 Flexion 

Under flexion, the damage initiated at about 5° flexion, and the volume fraction of damage 

region increased nonlinearly to about 3.3% when the disc was flexed to 11°, see Figure 5-

4. The damage initiated in the outer posterior AF adjacent to the vertebra when the disc 

was flexed to 5°, see Figure 5-5 (a). With the increase of flexion, the damage propagated 

vertically toward the mid-axial plane of the disc.  Additional damage initiated in the 

middle-to-outer posterior AF when the disc flexion was increased to 8°, see Figure 5-5 (b). 

This new damage cut through the disc vertically when the flexion was further increased to 

11°, and this damage merged with the initial damage in the outer posterior AF, forming a 

radial damage, see Figure 5-5 (c).  

 

5.4.3 Compression-flexion 

The damage initiated when the disc was flexed to about 5°, and volume fraction of damage 

region increased nonlinearly to 8.8% when the disc was flexed to 11°, see Figure 5-4. The 

damage initiated in the outer anterior AF, outer posterior AF, and the junction of posterior 

AF and CEP, see Figure 5-6 (a). The damage in these three regions expanded with the 

increase of flexion. When the disc was flexed to 9°, another damage initiated in the middle-

to-outer anterior AF and inner-to-middle posterior AF, see Figure 5-6 (b). When the flexion 

further increased to 11°, the damage in the middle anterior AF merged with the damage in 

outer anterior AF, and the damage in the middle posterior AF propagated vertically to 

become a circumferential damage, see Figure 5-6 (c).  
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Figure 5-4 Volume fraction of damage region in AF under flexion and compression-
flexion. 
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Figure 5-5 Damage distribution [represented by damage variable defined in eq. (5-4)] 
in AF under flexion at a rate of 1 °/s to: (a) 5°; (b) 8°; and (c) 11°. 
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Figure 5-6 Damage distribution [represented by damage variable defined in eq. (5-4)] 
in AF under compression-flexion at a rate of 1 °/s to: (a) 5°; (b) 9°; and (c) 11°. 
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In this study, a continuum damage model (Balzani et al., 2006) was incorporated into the 

anisotropic multiphysics model for IVDs developed in Chapter 4 to investigate the 

initiation and propagation of damage in the AF under compression, flexion, and 

compression-flexion. The continuum damage model has been widely used for modeling 

the damage of soft tissues (e.g., arterial walls) but not for the AF yet. In this study, only 

the damage of fiber bundles embedded in the AF ground matrix was modeled with the 

continuum damage model. The healing or repair of the damaged fiber bundles was not 

considered. The value of strain energy at initial damage state [ ˆ f#  in eq. (5-3)] used in this 

study was from Ebara et al.(Ebara et al., 1996), which is not dependent on the anatomic 

regions for nondegenerate AF. Values of the other two parameters [ maxd  and �  in eq. (5-

2)] were chosen based on an approximation from a displacement-load curve (Pezowicz, 

2010) since very few experimental results are available in the literature. These values could 

affect the propagation speed of damage and the final damage state, and more experimental 

studies are needed to accurately determine their values. The axial displacement was 

predicted to be 1.35 mm under 1000 N (Figure 5-2), which is within the range of 

experimental measurements (1.08-1.71 mm with an average of 1.44 mm) (O'Connell et al., 

2011). This result further demonstrates the robustness of the anisotropic multiphysics 

model developed in Chapter 4 in predicting the biomechanical behaviors of the IVD.  

 

Under axial compression, when the loading magnitude reaches a value of 700 N or higher, 

the damage was predicted to initiate and propagate in three sub-regions of the posterior AF 

simultaneously; and with further increase in axial compressive load, the damage was also 

5.5 Discussion 
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predicted to appear in the anterior AF region [Figures 5-3 (a) and (b)]. The predicted 

initiation of damage in the junction of AF and CEP in this study is consistent  with that 

from the finite element analysis by (Natarajan et al., 1994). This prediction is also 

consistent with the results from an in vitro experimental study measuring microstructure 

damage of ovine IVDs caused by pressurizing the NP (Veres et al., 2010). However, many 

in vitro experimental studies have reported that compressing a motion segment usually 

resulted in the fracture of CEP or crushing of the vertebrae rather than the damage of the 

disc (Brown et al., 1957; Lin et al., 1978; Roaf, 1960; Yoganandan et al., 1988). The 

differences between these in vitro experimental results and our predicted results are due to 

the different scales used in describing the damage. These in vitro experimental studies 

focused on the macroscale damage (or catastrophic damage) of the motion segment, and 

the failure loads were over 4000 N. In our current study, we focused on the microscale 

damage (with the volume fraction of damage region less than 7%) in the AF. The 

compressive load simulated in this study was less than 2000 N, which is much smaller than 

the failure load of the vertebral bodies and CEP.  

 

Flexion and compression-flexion have different effects on the extent of damage. The 

volume fraction of damage region under  flexion (up to 11°) was less than 3.3% (Figure 5-

4), which is small and consistent with experimental finding that a  10° flexion would not 

cause damage in ovine discs (Wade et al., 2015). The volume fraction of damage region 

was 8.8% under the combination of 450 N compression and 11° flexion, which is about 2.7 

fold of that under flexion alone (Figure 5-4). This difference, in addition to the fact that no 

damage occurred under 450 N compression (Figure 5-2), suggests that the combination of 
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compression and flexion is a more damageable loading regime. The predicted results of 

compression-flexion also indicate that  microscale damage may occur under the 

combination of physiological compression (about 160 N to 830 N during the transition 

from lying to relax standing conditions; the values  are converted with the disc area used 

in this study) (Wilke et al., 1999) and flexion (about 8° to 14° during the transition from 

erect standing to toe-touch flexion) (Veres et al., 2009). 

 

Flexion and compression-flexion also have different effects on the location of damage 

initiation. Under flexion, damage initiated and propagated only in the outer and middle-to-

outer posterior AF (Figure 5-5), whereas under compression-flexion, it initiated and 

propagated in the outer and inner-to-middle posterior AF, the junction of CEP and posterior 

AF, and the middle-to-outer, and outer anterior AF simultaneously (Figure 5-6). These 

differences are mainly due to the bulge of AF caused by compression.  The stretches of the 

fiber bundles in the inner posterior AF and anterior AF in the disc under compression-

flexion were higher compared to those under flexion (data not shown). Under compression-

flexion, the damage in the junction of CEP and posterior AF and inner-to-middle posterior 

AF (circumferential damage) could form a radial damage [Figure 5-6 (c)].  This radial 

damage may provide a channel for NP material to migrate into AF, and may consequently 

cause disc herniation or extrusion of the NP material. Damage in the outer posterior AF 

and middle-to-outer posterior AF (circumferential damage) under flexion also could form 

a radial damage [Figure 5-5 (c)], but it would not cause the migration of NP material into 

AF region. Our predicted results indicate that circumferential damages can evolve into 

radial damages.  
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This study shows that the posterior AF is more susceptible to structure failure as damage 

initiated in the posterior AF under all three loading regimes (i.e., compression, flexion, and 

compression-flexion), which is consistent with the high frequency of damage in the 

posterior AF observed in human IVDs (Haefeli et al., 2006; Rajasekaran et al., 2013; 

Vernon-Roberts et al., 1997). Damage could initiate in three different sub-regions of the 

posterior AF (outer posterior AF, middle posterior AF, and the junction of posterior AF 

and CEP). Damage in the outer AF may facilitate the ingrowth of blood vessels and nerves, 

and consequently, cause low back pain (Adams and Roughley, 2006; Freemont et al., 1997; 

Peng et al., 2005). Damage initiated in the middle posterior AF could transform into 

circumferential damage with the increase of compression or flexion. The circumferential 

damage is due to the failure of fiber bundles rather than the inter-lamellar delamination. 

Similar damage phenomenon is also observed in in vitro experiments with damage 

development in the AF caused by pressurizing the NP (Pezowicz et al., 2006; Veres et al., 

2008).  The damage initiated in the junction of inner posterior AF and CEP is common in 

clinical observations as 65% of herniated lumbar discs were diagnosed with failure of the 

CEP junction (Rajasekaran et al., 2013), and an increasing number of studies support that 

this kind of damage is a mechanism causing further disc failure or degeneration 

(Rajasekaran et al., 2013; Veres et al., 2010).  

 

This study has some limitations. Firstly, the roles of longitudinal ligaments and posterior 

elements in the deformation of disc were not considered in this study. This would limit our 

model in simulating the damage under in vivo loading condition, but it would not 

compromise the main objective of this study which is to develop a computational model to 
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simulate the damage in AF. Secondly, this study only considered the damage of fiber 

bundles in the AF, whereas the damage of ground matrix and the delamination of lamellae 

have not yet been included in the current model due to the lack of experimental results on 

human AF. 

 

In summary, a new computational model was developed to simulate and predict the 

initiation and propagation of damage in the AF of a healthy human IVD under compression, 

flexion, and compression-flexion. This computational model is important for quantifying 

damage development in human IVDs under abnormal mechanical loading conditions.  
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Chapter 6  
 
Glycosaminoglycan 
Synthesis Model for 
Cartilaginous Tissues 
 

The GAG plays an important role in cartilaginous tissues to support and transmit 

mechanical loads, and the decrease of GAG content is a sign of tissue degeneration 

(Antoniou et al., 1996; Maroudas, 1979). The GAG is produced and maintained by cells 

which live in a very complex mechno-electrochemical environment within the tissue 

(Maroudas, 1979; Setton and Chen, 2004; Snowden and Maroudas, 1972; Urban, 2002).   

A change in cell shape or volume has been known as a mechanism to perceive the alteration 

of extracellular environment by mammalian cells (Benzeev, 1991; Folkman and Moscona, 

1978; Sarkadi and Parker, 1991). Currently, it has been found that direct membrane stretch 

has little or no influence on chondrocyte metabolic activities (O'Conor et al., 2014), which 

indicates cell volume change may play a role in regulating the synthesis activities. It was 

hypothesized that the change of cell volume could be a factor in mediating 

mechanotransduction in cartilaginous tissues (Guilak et al., 1995; Wong et al., 1997). 

6.1 Introductory Remarks 



84 
 

 
 

Osmotic loading and mechanical loading have been shown to affect the synthesis of GAG 

in vitro in both explant and cell culture experiments [e.g., (Bush and Hall, 2001; Gray et 

al., 1988; Gray et al., 1989; Guilak et al., 1994; Johnson et al., 2014; Maroudas and Evans, 

1974; O'Conor et al., 2014; Sampat et al., 2013; Schneiderman et al., 1986; Urban et al., 

1993)].  For example, the extracellular osmolarity has been found to have a dose-dependent 

effect on GAG synthesis rate by isolated cells (Ishihara et al., 1997; Negoro et al., 2008); 

the cells in the NP explant exhibit a higher synthesis rate of GAG at the osmolarity level 

close to the in situ value (van Dijk et al., 2011; van Dijk et al., 2013); the GAG synthesis 

rate has been observed to decrease in osmotic loaded articular cartilages (Bayliss et al., 

1986; Schneiderman et al., 1986); a static compression has been shown to suppress GAG 

synthesis in articular cartilage (Kim et al., 1994; Schneiderman et al., 1986), whereas the 

GAG synthesis rate in bovine tail disc was found to be elevated if the static loading is less 

than 5 kg (Ohshima et al., 1995). However, there is no adequate theoretical model in the 

literature for the quantitative analysis and prediction of the effect of mechanical loading 

and/or osmotic loading on the synthesis rate of GAG in the cartilaginous tissues. Thus, the 

objective of this chapter is to develop a mathematical model to quantitatively investigate 

GAG synthesis rate by cells in cartilaginous tissues or in a culture medium under the 

mechanical and/or osmotic loading.  

 

It has been found that cells of cartilaginous tissues exhibit maximum synthesis rate ( 0

cellR , 

mole or mass per unit cell per unit time) of GAG at an in vivo state (refer to the optimal 

state, denoted by subscript 0) as mentioned in Section 6.1. Ishihara et al. experimentally 

6.2 Development of GAG Synthesis Model 
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revealed that the change of GAG synthesis rate ( cellR ) is proportional to the relative change 

of a cell volume (Ishihara et al., 1997). Based on their findings, in this study, we proposed 

a mathematical model for the relationship between GAG synthesis rate and cell volume: 

 0 0

0 0

= -
cell cell cell cell

cell cell

R R V V
R V

�� �
,  (6-1) 

where 0

cellV and 
cellV  are the cell volumes at the optimal state and current state, respectively, 

and �  is a positive parameter characterizing the effect of cell volume change on  GAG 

synthesis rate.   Curve-fitting of eq. (6-1) to the experimental results (Ishihara et al., 1997) 

of GAG synthesis rate versus the volume changes of the cells from bovine NP,  yielded 

2.41� � (R2=0.94), see Figure 6-1 (a).    

                                                                                                                                                                        

The alteration of the cell volume can be attributed to its passive or active responses to 

biophysical stimuli. In this study, we focused only on the passive response of cell volume 

to osmotic loading and/or mechanical loading.  

 

6.2.1 Effects of Osmotic Loading 

It has been shown that the passive volumetric response of isolated chondrocytes or 

chondrocyte-like cells from the IVD to osmotic loading in a culture medium can be 

characterized by Boyle van’t Hoff equation (Guilak et al., 2002; Nobel, 1969): 

 0 0

0

( 1)
cell cell

cell

V V
V

1�
1

�
� � , (6-2) 

where 01  and 1  are the osmolarities at the optimal state and current state, respectively. 

The osmolarity can be estimated by the sum of the concentration of all dissolved particles 
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(or solutes, donated by i ), that is, 
i

i
c1 �� , where 

ic  is the concentration of solute i per 

fluid volume. The parameter �  in eq. (6-2) is positive and its value is equal to the 

hydration of the cell at the optimal state (Ateshian et al., 2006).  Substituting eq. (6-2) into 

eq. (6-1), it yields: 

 0

0

(1- 1)
cell

cell

R
R

1�
1

� �   (6-3) 

where =� �� .  Curve-fitting to the experimental results (Ishihara et al., 1997) on GAG 

synthesis rate versus extracellular osmolarity, yielded 1.487� �  and 0 4041 �  mOsm 

(R2=0.91), see Figure 6-1 (b). Thus, the value of parameter �  for bovine NP cells is 0.62, 

which is close to the value (about 0.6) for mesenchymal stem cells (Sampat et al., 2013). 
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Figure 6-1 (a) GAG synthesis rate versus relative volume change of cells; (b) GAG 
synthesis rate versus extracellular osmolarity. The synthesis rates were normalized by 

the rate at 280 mOsm ( 280

cellR ) (Ishihara et al., 1997). 
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6.2.2 Effects of Mechanical Loading 

The Boyle van’t Hoff equation [i.e., eq. (6-2)] can characterize the volume change of an 

isolated cell under osmotic loading, but it is no longer valid for the cells in the tissue 

because the cells are encapsulated by the extracellular matrix (ECM) which provides 

external resistance to the deformation of the cell.  In order to estimate the cell volume 

change as a function of tissue deformation, let us consider a simple case where a spherical 

cell is encapsulated in a larger sphere of the ECM, see Figure 6-2. The radii of a cell and 

matrix at the optimal state are cr  and mr , respectively.  The cell-matrix composite (Figure 

6-2) is assumed to be subjected to a normal stress uniformly distributed at the matrix outer 

boundary, and the cell be attached to the matrix perfectly.  At equilibrium state (without 

fluid flow), the deformation of the cell-matrix composite can be estimated by a linear 

elasticity theory. The equation of equilibrium in the spherical coordinate system is,  

 2

2

1
( ) 0r

d d r u
dr r dr
� � �� �� �

, (6-4) 

where r  is the radial coordinate, and ru  is the displacement in the radial direction. The 

relative volume change (i.e., dilatation) of the cell or composite can be obtained by 

calculating the change of the radius of the cell or composite using eq. (6-4). Thus, the 

dilatation of the cell, ce  [
0 0( )cell cell cell

ce V V V� � , where 0

cellV  is again the volume of the 

cell at the optimal state for GAG synthesis], is related to the dilatation of the composite 

( e ), through 

 

3
3 3

3 3

2(1 2 )(1 )( 1 1)
( ) 1 1

2(1 2 )( ) (1 )(1 )

m c
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c m m

E ee f e
E

2 �
2 � 3 3 2 �

� �� � � �
� � � �� �� � � � �� �

,  (6-5) 
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where mE and cE are the Young’s moduli of the matrix and cell, respectively,  m2 and c2  

are the Poisson’s ratios of the matrix and the cell, respectively, c mr r� � (i.e., the ratio of 

radii), and  

 

3 32 (1 2 ) 1 2(1 )(1 2 )

3(1 )

c m m c m

m c

E E
E

� 2 2 � 2
3

2

� �� � � � � �� ��
�

.  (6-6) 

 

 

 

Figure 6-2 Schematic of a cell-matrix composite used for estimating the relative cell 
volume change. 
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From eqs. (6-1) and (6-5), the effect of local tissue deformation on GAG synthesis rate can 

be modeled as, 

 
0

1 1- ( )
cell

ccell

R e f e
R

� �� � � . (6-7) 

 

The Young’s modulus for cartilage ECM and chondrocyte are 1000 kPa and 0.35 kPa, 

respectively, and the Poisson’s ratio for ECM and chondrocyte are 0.04 and 0.43, 

respectively (Kim et al., 2008). The variation of the cell volume as a function of the 

composite dilatation is shown in Figure 6-3.  Schneiderman et al. studied the effects of 

mechanical compression on GAG synthesis in human adult femoral head cartilage 

(Schneiderman et al., 1986). Based on experimental findings of (Schneiderman et al., 1986) 

and (Kim et al., 1994), the maximum GAG synthesis rate in cartilage is achieved when no 

external load is applied to the explant; thus, we assumed that the in situ cell volume at this 

state is 0

cellV . The volume fraction of chondrocytes in cartilage is assumed as 1% (i.e., 

3 1%� � ) (Stockwell, 1979), according to eq. (6-5), ( ) 1.52ce f e e� � , in the range of 

physiological deformations,  see Figure 6-3. Curve-fitting to experimental results of  

(Schneiderman et al., 1986) on GAG synthesis rate versus tissue dilatation yielded 

2.42� � (R2=0.84), see Figure 6-4. 
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Figure 6-3 Relationship between composite dilatation ( e ) and relative cell volume 

change ( ce  ), 
3� represents the cell volume fraction in the tissue. 

 
Figure 6-4 GAG synthesis rate in human femoral head cartilage explant versus tissue 
dilatation. The dilatation was converted from hydration (Lai et al., 1991). 
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We proposed a mathematical model on cell volume dependent GAG synthesis rate [eq. (6-

1)]. This model is based on the hypothesis that the change of cell volume is a primary 

mechanism for regulating the cell metabolic activities in cartilaginous tissues, and on the 

experimental findings that the GAG synthesis rate is sensitive to the cell volume and its 

maximum value is reached at an optimal cell volume (Ishihara et al., 1997; Negoro et al., 

2008). In our model, the value of parameter� is assumed to be constant (i.e., independent 

of cell volume change). Although the physical meaning of the parameter�  is not clear at 

cellular and molecular levels, it is interesting to note that the value of parameter �  for 

isolated bovine NP cells in the culture medium under osmotic loading (� =2.41) is very 

close to  the value for human chondrocytes in femoral head cartilage explant under 

mechanical loading (� =2.42). This is because the cell volume can be changed by osmotic 

loading or mechanical loading.  It has been shown theoretically and experimentally that 

these two types of loading are equivalent if they impart to the cell with the same 

deformation (Lai et al., 1998; Schneiderman et al., 1986).  Thus, it is the change in cell 

volume rather than the loading type that regulates the GAG synthesis.  It is not a surprise 

to see the effect of osmotic loading on GAG synthesis [eq. (6-3)] for cells in the culture 

medium and the effect of static mechanical loading [eq. (6-7)] on GAG synthesis for cells 

in the explant can be delineated by a single model [eq. (6-1)], with the same value for 

parameter � .  This finding indicates that one may obtain the value of �  using isolated 

cells with an osmotic loading experiment to predict the GAG synthesis rate for cells in the 

IVD or articular cartilage under mechanical loading.  

6.3 Discussion 
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Since the relative volume change of the cells in the tissue is related to the local deformation 

of the tissue, an optimal loading condition exists in the tissue for cells to exhibit the 

maximum synthesis activities. For cartilage explants, the unloading condition has been 

reported to be the optimal loading condition (Kim et al., 1994; Schneiderman et al., 1986), 

whereas a compressed condition may be the optimal loading condition for IVDs in vitro 

(Ohshima et al., 1995).  

 

We developed an analytical relationship for relative volume changes between cell and 

tissue by an approximation method [i.e., eq. (6-5)]. It predicts that the ratio of relative cell 

volume change to tissue dilatation is in the range of 1.42 to 1.55 for cartilage with 1% - 

10% (Stockwell, 1979) of cell volume fraction and under less than 20% tissue deformation 

(Figure 6-3).  The ratio, with 1% of cell volume fraction, changes less than 1% when the 

Young’s modulus of ECM is increased or decreased by 5 times [Figure 6-5 (a)], whereas 

it changes by -4% to 7% (relative to the value at Poisson ratio equal to 0.04) when the 

Poisson’s ratio varies in the physiological range from 0.0 to 0.1 (Athanasiou et al., 1991) 

[Figure 6-5 (b)]. This ratio has been found to be 1.0 to 1.2 for articular cartilage 

experimentally (Guilak et al., 1995), and about 2 by numerically modeling matrix and cell 

as biphasic materials (Guilak and Mow, 2000). Our result is consistent with these previous 

findings in the literature, which indicates our eq. (6-5) is reasonably accurate for estimating 

the relative cell volume change in the tissue at equilibrium state.  
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Figure 6-5 The effects of the (a) Young’s modulus, and (b) Poisson’s ratio of ECM on 

the ratio of relative cell volume change to tissue dilatation for
3 =1%� . 
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Notice that eq. (6-5) may not be used to estimate the relative cell volume change in the 

tissue under dynamic loading conditions because of the fluid pressurization effect (Lee et 

al., 1981; Soltz and Ateshian, 2000). This fluid pressurization effect will increase the 

stiffness of the tissue under dynamic loading, and may effectively reduce the tissue 

deformation. Thus, the deformation of a cartilage explant is smaller at a higher compressive 

loading frequency than that at a lower loading frequency, provided that the loading 

amplitude remains the same.  Under this loading condition, the cell within the explant will 

experience smaller deformation at a higher frequency than that at a lower frequency.  

According to eq. (6-1), the GAG synthesis rate will be higher at a higher loading frequency.  

This analysis is consistent with the experimental findings on GAG synthesis rate reported 

in the literature (Sah et al., 1989). 

 

In summary, a new mathematical model has been developed for GAG synthesis rate in 

cartilaginous tissues and it is able to describe the change of GAG synthesis rate with 

variations of the osmotic loading or mechanical loading.  One can estimate the volume 

change of cells in a tissue by calculating tissue dilatation (relative to the optimal 

configuration). Based on this model, the loading applied to a cartilage explant should be 

reduced if the modulus of the matrix or scaffold is small at an initial stage of a repair or 

regeneration process in order to maintain cell volume at its optimum condition. One can 

also use this model to design a bioreactor system with proper extracellular environment or 

mechanical loading for growing tissue at the maximum rate of extracellular matrix 

synthesis. Incorporating this mathematical model and our previous developed cell-activity-

coupled, mechano-electrochemical theory for cartilaginous tissues (Gu et al., 2014; Zhu et 
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al., 2014), we can quantitatively investigate the role of mechanical loading in tissue growth 

or degeneration in cartilaginous tissues. 
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Chapter 7  
 
Prediction of 
Glycosaminoglycan 
Synthesis in the 
Intervertebral Disc under 
Mechanical Loads 
 

The most significant biochemical change in IVD degeneration is the loss of GAG content 

(Lyons et al., 1981). The loss of GAG directly compromises the disc mechanical roles in 

the spinal system (Adams et al., 1996; Lyons et al., 1981; Urban and McMullin, 1988; Zhu 

et al., 2014). Abnormal mechanical loading has been thought to be a major factor that 

initiates the disc degeneration (Adams and Roughley, 2006; Stokes and Iatridis, 2004; 

Urban and Roberts, 2003). It has been suggested that cell-mediated remodeling may be the 

main pathway of disc degeneration initiated by abnormal mechanical loading, aside from 

the structure failure directly caused by mechanical loading (Setton and Chen, 2006). The 

mechanism as to how the mechanical loads alter the cell biosynthetic behaviors is still

7.1 Introductory Remarks 
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 unknown.  This is because many stimuli could be a potential regulator for cell synthetic 

activities in the disc (Setton and Chen, 2004, 2006; Stokes and Iatridis, 2004). 

 

We have developed a cell volume dependent GAG synthesis theory to characterize the cell 

biosynthetic behavior in response to mechanical stimuli in Chapter 6. The theory is based 

on the hypothesis that the change of cell volume is a regulator for downstream 

posttranslational biosynthesis (Guilak et al., 1995; O'Conor et al., 2014; Wong et al., 1997). 

The deviation of cell volume from its optimal state was considered as a mechanical 

stimulus, and it was correlated with the reduction (or decrease) of GAG synthesis rate from 

its maximum value. This theory has been shown to be able to predict GAG synthesis rate 

of isolated intervertebral disc cells under different osmotic loading conditions. However, 

there is no mathematical model available to quantify the variation of GAG synthesis rate 

within the disc in response to the externally applied mechanical load. The difficulty of 

developing such a mathematical model lies in the fact that the tissue deformation and the 

GAG synthesis are two events at different scale levels.  

 

Therefore, the objective of this chapter was to develop a multiscale mathematical model to 

predict GAG synthesis within disc tissue under mechanical loading. In this study, the 

mathematical model was first developed and validated with experimental results, then used 

to investigate the GAG synthesis within the disc subjected to static and diurnal 

compressions.  
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The multiscale mathematical model was based on cell volume dependent GAG synthesis 

theory (at the cell level) (Ohshima et al., 1995) and biphasic theory for cartilaginous tissues 

(at the tissue level) (Mow et al., 1980). In this study, it was assumed that the newly 

synthesized GAG binds to the solid matrix. Thus, the mass balance equation for GAG can 

be written as (Ateshian, 2007; Gu et al., 2014; Gu et al., 1998; Lai et al., 1991), 

 ( )
GAG

s GAG GAG cell GAGc c R T
t

��
�	
 � �

�
v   (7-1) 

where 
GAGc  is the concentration of GAG (per tissue volume), 

sv  is the velocity of the solid 

matrix, GAGR  is GAG synthesis rate of each single cell, 
cell�  is the cell density (per tissue 

volume), and GAGT  is the breakdown rate of GAG (per tissue volume). Cell density 

changes with tissue deformation, that is, cell cell
r J� �� , where cell

r�  is the cell density at 

reference state, and J  is the volume ratio of tissue. GAGT was assumed to be zero in this 

study because the turnover time for GAG in the IVD is about 20 years which is much longer 

than the duration of interest in this study (Roughley, 2004).  

 

The cell volume dependent GAG synthesis theory [eq. (6-1)] developed in Chapter 6 was 

adopted to model the GAG synthetic behavior of a single cell in response to mechanical 

stimuli. In this theory, it was assumed that the relative change of GAG synthesis rate (i.e.,

GAGR ) is proportional to the relative cell volume change, and there is an optimal cell 

volume corresponding to the maximum GAG synthesis rate, mathematically, 

 01

0 0

cell cellGAG V VR
GAG cellR V

�
�

� � , (7-2) 

7.2 Development of Multiscale Mathematical Model 
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where 0

GAGR  is the maximum GAG synthesis rate, 
cellV  and 0

cellV  are the cell volumes at 

current and optimal state, respectively, and �  is a positive parameter characterizing the 

effect of cell volume change on GAG synthesis rate and it was assumed to be independent 

of  cell volume in this study. The value of �  was found to be 2.41 for isolated bovine 

intervertebral disc cells in Chapter 6, and this value was used in this study. Combining eqs. 

(7-1) and (7-2) yields,  

 0

0

( ) 1
cell cellGAG

s GAG
cell

V Vc c Q
t V

�
( )��

�	
 � �* +* +� , -
v , (7-3) 

where Q  (
0

cell GAGR��  ) is the maximum synthesis rate per tissue volume. 

 

In order to evaluate the change of cell volume within the matrix caused by the mechanical 

loading on the tissue level, a cell-matrix unit approach was adopted, in which a spherical 

cell is encapsulated in a larger sphere of the ECM, see Figure 7-1. It was assumed that the 

cell-matrix composite is subjected to a uniformly distributed normal stress at the outer 

boundary, and the cell and matrix are attached perfectly. Therefore, the relationship 

between the dilatation of cell, ce [ ( )cell cell cell
r rV V V� � , where cell

rV  is the cell volume at the 

reference state], and the dilatation of composite, e ( 1J� � ), can be established through this 

unit approach. In this study, we assumed the total cells occupy 1% of the total tissue volume 

(Bibby et al., 2001; Urban et al., 2000), thus the ratio between cell radius ( cr ) and 

composite radius ( r ) is 0.215 ( 3 0.01� ).  The cell was modeled as a single phase linear 

elastic material and the matrix was modeled as a biphasic material [eqs. (3-1) and (3-2)]. 

A hydration dependent hydraulic permeability model [eq. (3-10)] was adopted for disc 

tissue (Gu et al., 2003). 
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 The stress of the mixture is contributed by both solid and fluid phases. Under a finite 

deformation, the stress of the solid matrix can be evaluated through,
2s T

J
#�

�
�

σ F F
C

, 

where F is the deformation gradient tensor, det( )J � F , and 
T�C F F .  A strain energy 

density function for hyperelastic compressible materials was adopted for modeling the disc 

tissue (Ehlers and Eipper, 1999), which states, 

 2

1

1 1
( 3) ln ( ) ln( 1)

2

w
r w w

r r

J JI J�# � � �
� �

� �� �
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� �
, (7-4) 

where �  and �  are two Lamé constants, 1I  is the first invariant of C , and w
r�  is the fluid 

volume fraction at the reference state and it is related to the fluid volume fraction at current 

state through, 4 51w w
r J J� �� � � .  

 

This multiscale mathematical model was applied to study GAG synthesis in the live bovine 

tail IVD (Ohshima et al., 1995). The IVD was modeled as concentric cylinders with 6.0 

mm in height. The core is nucleus pulposus (NP) with 5.5 mm in radius, and the outer layer 

is annulus fibrosus (AF) with 5.5 mm in radial thickness. The AF was divided into inner 

AF and outer AF with equal radial thickness, i.e., 2.75 mm each, see Figure 7-1 (Ohshima 

et al., 1995). Only one-eighth of the disc was used in the numerical simulation because of 

the axial-symmetry of the disc geometry (Figure 7-1). Finite element method was used to 

discretize the mathematical model following the approach in (Sun et al., 1999), and it was 

implemented in COMSOL. The biphasic material properties of the tissue and cell used in 

this study were listed in Table 7-1.  

7.3 Numerical Examples 
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Figure 7-1 Schematics of (a) cell-matrix unit; (b) bovine tail IVD. Scale unit in mm. 

 
 
 
 

Table 7-1 Material properties for finite element analysis. 
 

 NP#  AF# Cell* 

�  0.04 MPa 0.14 MPa 1.29 kPa 

�  0.13 MPa 0.30 MPa 0.32 kPa 

w
r�   0.89 0.76 N/A 

k  16 40.04 10 m /(N s)

2.283

a
b

�� � 

�

 
16 40.18 10 m /(N s)

3.125

a
b

�� � 

�

 
N/A 

#The ECM of NP and AF were modeled as biphasic material (Farrell and Riches, 2013; 
Iatridis and ap Gwynn, 2004; Ohshima et al., 1995; Perie et al., 2005). 
*The cell was modeled as linear elastic material (Cao et al., 2011). 
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Several assumptions were made in the numerical model in order to compare our model 

prediction with experimental results by Ohshima et al’s study (Ohshima et al., 1995) : (1) 

the strain state under in-vivo loading condition was assumed to be an optimal condition for 

GAG synthesis in which its synthesis rate reaches a maximum value (Bayliss et al., 1986; 

Ishihara et al., 1997; Schneiderman et al., 1986), (2) the variation of maximum GAG 

synthesis rate in the axial direction was assumed to be negligible, (3) the variation of GAG 

content had no effect on mechanical properties, and (4) the maximum GAG synthesis rate 

per tissue volume (i.e., Q  in eq. (7-3)) was assumed to be uniform in the NP and linearly 

varied from inner AF to outer AF as suggested by experimental findings (Bayliss et al., 

1988; Bayliss et al., 1986; Oshima et al., 1993). 

 

In Ohshima et al’s study, the discs were undergone with unconfined compression creep 

tests with a constant load of 4.9 N, 49.0 N, 98.0 N, or 147.0 N for 8 hours, and GAG content 

synthesized (amount of incorporated 35S-sulfate) per tissue weight during the eight hours 

creep process was measured (Ohshima et al., 1995). In order to compare predicted results 

and experimental results, the unit of GAG content in mole per tissue volume was converted 

to be in mole per tissue weight by scaling tissue mass density (
tissue� ) of 1.04 g/cm3 for NP 

and 1.10 g/cm3 for AF (Gu et al., 1996).  

 

The in-vivo strain state (i.e., the optimal state) in the bovine tail disc was determined by 

adjusting in-vitro compressive loads on the disc until the simulated overall water content 

in NP reached the value in vivo (i.e., 0.86w� � ) at the end of 8-hour creep test.  The cell 

volume change (with respect to the cell volume in the optimal state) was calculated based 



104 
 

 
 

on the local tissue dilation. The spatial distributions of maximum GAG synthesis rate per 

unit tissue volume ( Q  ) in eq. (7-3) was determined by curve-fitting the distributions of 

the synthesized GAG content in the disc subjected to the 49.0 N compressive load in 8 

hours (only the medial to dorsal experimental results were used in the curve-fitting due to 

the axial-symmetry assumption) (Ohshima et al., 1995). The model validation was 

conducted by comparing model predictions of GAG content distribution in the disc with 

those measured at 4.9 N, 98.0 N, and 147.0 N compressive loads.  

 

The effects of different mechanical loading conditions on the GAG synthesis were 

investigated with this model, including one static compression (0.2 MPa) and two dynamic 

compressions with diurnal loads (0.15/0.25 MPa and 0.1/0.3 MPa in 12/12 hours shift).  

For the dynamic loading cases, the disc was compressed for two diurnal cycles under each 

loading condition, the first cycle was a preconditioning cycle and the GAG content 

synthesized during the second cycle was used to investigate the effects of different loading 

regimes on GAG synthesis.  

 

The relationship between cell dilatation and the dilation of cell-matrix composite were 

determined with the cell-matrix unit approach, see Figure 7-1. The relationships were 

similar for both the NP and AF regions. The cell dilatation was about two times larger than 

the dilatation of the cell-matrix composite (Figure 7-2). 

 

7.4 Results 
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The creep processes in bovine tail IVD under various compressive loads (from 0 to 150 N) 

were simulated. The water content averaged over the NP region was evaluated at the end 

of 8-hour creep process, which decreased from 0.89 to 0.82 with increasing the 

compressive load, see Figure 7-3. The predicted water contents under various compressive 

loads were in agreement with the experimentally measured results (Ohshima et al., 1995). 

At the end of 8-hour creep process, the strain in the disc under 58.8 N was chosen as the 

in-vivo loading condition (i.e., optimal state) because the water content averaged over the 

NP region at this condition equaled to the in-vivo water content ( 0.86w� � ).  

 
Figure 7-2 Relationship of the dilatations between cell-matrix composite ( e ) and cell 

(
ce ). 
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Figure 7-3 Effect of mechanical loading on the water content averaged over NP. 

 

The spatial distribution of maximum GAG synthesis rate was obtained by curve-fitting 

(R2=0.94) the measured GAG content (per tissue weight) from the experimental results 

under 49.0 N compressive load, see Figure 7-4. Note that only the experimental results 

from medial to dorsal were used in curve-fitting because it was assumed that the bovine 

tail disc is axial-symmetric in this study. Then, the GAG content synthesized during the 8-

hour creep process under 4.9 N, 98.0 N, and 147.0 N were predicted with the multiscale 

mathematical model. The predictions were in the range of experimental results, see Figure 

7-5. The predicted GAG synthesis rate averaged over NP, inner AF, and outer AF were 

shown in Figure 7-6, respectively. The GAG synthesis rate in discs under 4.9 N and 49.0 
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N increased with time while the rate in the discs under 98.0 N and 147.0 N first increased 

then decreased with time,see Figure 7-6.   

 

Spatial distributions of GAG content synthesized under static and diurnal loading 

conditions were predicted to be similar, with highest GAG content at the interface of AF 

and NP and decreasing toward the central NP and outer AF. The GAG content synthesized 

in the NP during a diurnal cycle with 0.1/0.3 MPa and 0.15/0.25 MPa diurnal loads was 

about 5% lower and 4% higher than the GAG content synthesized with a 0.2 MPa static 

load, respectively (Figure 7-7). The GAG contents synthesized in the AF during a diurnal 

cycle were similar to that with a 0.2 MPa static load and 0.1/0.3 MPa diurnal loads, which 

was about 12% lower than the synthesized GAG content under 0.15/0.25 MPa diurnal load, 

see Figure 7-7.  
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Figure 7-4 (a) Curve-fitting of experimental results of the synthesized GAG content 
under 49.0 N compressive load. #R2 was calculated with the experimental results from 
medial to dorsal. (b) Maximum GAG synthesis rate (per tissue weight) yielded from 
curve-fitting in (a). GAG content refers to the amount of newly synthesized GAG per 
tissue weight over a period of 8 hours. 



109 
 

 
 

 

Figure 7-5 Model predictions of synthesized GAG content over 8-hour creep process 
under (a) 4.9 N; (b) 98.0 N; (c) 147 N compressive load. GAG content refers to the 
amount of newly synthesized GAG per tissue weight over a period of 8 hours. 
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Figure 7-6 Model prediction of GAG synthesis rate under (a) 4.9 N; (b) 49.0 N; (c) 98.0 
N; (d) 147.0 N compressive loads. 
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Figure 7-7 Comparison of synthesized GAG contents under diurnal and static loading 
conditions. Only GAG contents synthesized during the second loading cycle (i.e., 24-48 
hours) were compared. 

 

The primary goal of this study was to develop a multiscale mathematical model to predict 

the effect of mechanical loading on the GAG synthesis within the IVD. This multiscale 

mathematical model is based on the cell volume dependent GAG synthesis theory 

developed in Chapter 6 that predicts the variation of GAG synthesis rate of a cell under the 

influence of a mechanical stimulus, and the biphasic theory (Mow et al., 1980) that predicts 

the tissue deformation of IVD under mechanical loading.  These two theories describe two 

different (biological and mechanical) phenomena at different scale levels (cell level and 

tissue level) were coupled together with a cell-matrix unit approach which establishes a 

relationship between GAG synthesis rate and local tissue volume change.  

7.5 Discussions 
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In the cell volume dependent GAG synthesis theory, the variation of GAG synthesis rate 

is correlated with the variation of cell volume. The mechanism by which disc cell volume 

change is correlated with the GAG synthesis rate is currently unclear. This unknown 

mechanism is related to the positive parameter� in eq. (7-2), which was assumed to be 

independent of cell volume in this study. The model prediction is sensitive to the value of 

�  as GAG synthesis rate is proportional to its value [see eq. (7-2)]. The value of �  has 

been found to be 2.41 for isolated bovine NP cells under osmotic loading in Chapter 6, and 

this value was also found to work for both bovine NP and AF cells resided within the ECM 

in this studies.  

 

Both solid matrix of NP and AF were modeled as isotropic hyperelastic materials in this 

study.  The water contents predicted with the biphasic theory are within the range of 

experimental measurements (Figure 7-3), which indicates that the biphasic finite element 

model is able to predict the tissue volumetric strain (i.e., tissue dilatation). It is important 

to note that the effect of GAG content change on ECM material properties must be taken 

into consideration when this multiscale mathematical model is used to predict GAG 

synthesis over a long period of time. This is because the GAG has a remarked contribution 

to the effective mechanical properties of connective tissues (Canal Guterl et al., 2010; Lai 

et al., 1991).  

 

The ratio of cell dilatation to tissue dilatation was evaluated with finite element method 

based on an idealized morphology in this study, but the ratio is comparable with that 

evaluated with finite element method based on a real cell morphology (Cao et al., 2011). 
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In this study, the ratio was evaluated at a static (or equilibrium) state with the cell-matrix 

unit, which is different from creep and diurnal loading conditions.  However, this 

difference in loading condition will have a very limited influence on the prediction of GAG 

synthesis. This is because the characteristic time (or diffusion time, 
2 / [( 2 ) ]t h k� �� � , 

where h is the characteristic length of the unit) for the cell-matrix unit is in the magnitude 

of seconds, which is much smaller than the characteristic time of creep and diurnal loading 

(Gao and Gu, 2014). In the above analysis, the mechanical and transport properties of the 

matrix instead of equivalent properties of the cell-matrix unit were used in the estimation 

because the cell volume fraction is only about 1%.  Note that this relationship cannot be 

used if the IVD is under dynamical loading with frequency higher than 0.01 Hz, because 

the diffusion time is comparable with the period of dynamical loading, thus the fluid flow 

will have a significant effect on the deformation of cell (Kim et al., 2008; Soltz and 

Ateshian, 2000).  

 

The maximum GAG synthesis rates fitted by the multiscale mathematical model averaged 

over NP, inner AF, and outer AF were about 3.0, 2.6, and 1.7 ×10-9 mol/ g wet wt./hour, 

respectively (Figure 7-4), which are comparable with GAG synthesis rates measured in 

vitro with tissue samples from human IVD and bovine tail IVD  (Bayliss et al., 1988; 

Oshima et al., 1993) . The content of GAG synthesized during the creep processes predicted 

by the multiscale mathematical model were in the range of experimental measurements 

(Figure 7-5). The model is also capable of predicting the higher GAG content at the 

interface between AF and NP, which is consistent with experimental findings (Ohshima et 

al., 1995), see Figures 7-4 (a) and 7-5. The synthesized GAG content depends on both 
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maximum GAG synthesis rate ( Q ) and the dilatation of cell (or the dilatation of tissue) as 

shown in eq. (7-3). Since the maximum GAG synthesis rate was assumed to be uniform in 

the NP [Figure 7-4 (b)], the higher synthesized GAG content at the interface between AF 

and NP is due to the inhomogeneous dilatation in the NP. This inhomogeneous dilatation 

is caused by the constrained effect of the AF.  

 

The GAG synthesis rate predicted by the multiscale mathematical model was shown to 

depend on loading magnitude, loading duration, and the anatomic region (Figure 7-6), 

which is in accordance with the experimental findings (Chan et al., 2011; Lotz, 2004; 

Setton and Chen, 2004, 2006; Stokes and Iatridis, 2004).  The temporal variation of GAG 

synthesis rate depends on the tissue strain. The synthesis rate increases when the tissue 

strain approaching the strain at optimal state, and it decreases when the tissue strain 

deviates from the strain at optimal state.   The GAG synthesis rate in the outer AF was 

found to be the lowest compared with that in NP and inner AF, which is consistent with 

experimental findings (Horner et al., 2002).  

 

Several assumptions have been made in the model development and numerical simulation, 

which may affect the prediction. Firstly, we assumed the mechanical properties are 

nonlinear and isotropic for AF, which differs from its anisotropic nature. This assumption 

would affect the predicted cell dilatation and resultantly affect predicted GAG content in 

the AF. Secondly, we assumed the disc is perfectly axial-symmetric in all aspects (e.g., 

geometry, material properties, and cellular metabolic activities) in the numerical simulation, 

and only the experimental results from median to dorsal disc were used in the curve-fitting, 



115 
 

 
 

thus the model prediction matches better with experimental results at the dorsal AF than 

that at the ventral AF [Figures 7-4 (a) and 7-5]. Thirdly, we assumed the newly synthesized 

GAG binds to the extracellular matrix without considering the diffusion of GAG within 

the disc and release of GAG to the culture medium (Korecki et al., 2007), this assumption 

may not affect predicted GAG content significantly because the GAG diffusivity in the 

tissue is very low [about 5×10-8 mm2/s (Nims et al., 2014)] and its diffusion length (0.05 

mm) in 8 hours is much smaller than the length scale of the disc.  Fourthly, we assumed 

the maximum GAG synthesis rate linearly varies from inner AF to outer AF, which may 

differ from that in the real situation and affects the predicted results. This assumption may 

be a factor causing a discrepancy between model prediction and experimental result in the 

AF [Figures 7-4 (a) and 7-5]. 

 

It was found that static loading and diurnal loading have different effects on the content of 

synthesized GAG (within the same time period), and the effects of diurnal loading depend 

on the amplitude of the load (Figure 7-7).  The difference in synthesized GAG content 

between 0.2 MPa static load and 0.1/0.3 MPa diurnal loads is small (primarily in the NP), 

which agrees with experimental findings (Korecki et al., 2007). The higher GAG content 

synthesized with 0.15/0.25 MPa diurnal loads indicates that mechanical loading plays an 

important role in maintaining ECM integrity.     

 

In summary, a multiscale mathematical model was developed to predict the GAG synthetic 

activity within IVD under mechanical loading. The robustness of the model was 

demonstrated by the agreement between predicted results and experimental results.  The 
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model is important to understand the effect of mechanical loading at the tissue level on 

GAG synthesis at the cellular level. This model is also important for designing loading 

strategies to grow tissue in tissue engineering. 

  



 
 

117 
 

Chapter 8  
 
Summary and 
Recommendations for 
Future Work 
 

The degeneration of lumbar IVDs has been implicated as a possible cause of low back pain 

which affects more than 600 millions of people worldwide. Abnormal mechanical loading 

is thought to be a primarily etiological factor leading to degenerative changes to discs. The 

disc structures may fail under abnormal mechanical loading, which would result in the disc 

degeneration. Moreover, the balance between the synthesis and breakdown of extracellular 

matrix components may be disturbed under abnormal mechanical loading, which would 

cause disc degeneration through a cell-mediated remodeling pathway. Despite this, there 

is a lack of approach to quantify the abnormal mechanical loading, and there is a lack of 

knowledge on how the cell perceives and responds to the extracellular mechanical stimuli. 

Therefore, the objectives of this dissertation were twofold: (1) to develop biomechanical 

models to characterize disc biomechanical behaviors; and (2) to develop 

mechanobiological models to characterize the responses of cellular biosynthetic behaviors 

to mechanical stimuli. In order to achieve these research objectives, five studies (Chapter 

8.1 Summary 
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3 to Chapter 7) were carried out in this dissertation, and the important findings of each 

study are summarized below.  

 

In Chapter 3, a new constitutive model for hydration-dependent aggregate modulus of 

hydrated and soft materials was derived based on the biphasic theory and transport models, 

that is, 2 2(1 ) ( ) (2 )w b w b w
AH A � � ��� � � , where AH  ( 2� �� � ) is the aggregate modulus, 

w�  is the volume fraction of fluid (i.e., hydration), A  and b (>2) are two parameters 

related to the transport properties of the biphasic materials. A linear model for hydration-

dependent shear modulus in the literature was verified for hydrogels. The effects of tissue 

hydration on mechanical properties (aggregate modulus and Poisson’s ratio) were 

investigated. It was found that the value of Poisson’s ratio is very sensitive to the tissue 

hydration in soft materials with high water content. The predictions of the aggregate 

modulus and shear modulus for hydrogels by the model compared well with those from 

experimental results. This study is important for developing new techniques for 

noninvasively assessing the mechanical properties of biological soft tissues using 

quantitative MRI methods as well as for designing scaffolds with proper mechanical 

properties for tissue engineering applications. This study is also very important in modeling 

the long-term degeneration of IVD because this study provides constitutive models to 

characterize the alteration of mechanical properties during disc degeneration.  

 

In Chapter 4, a more realistic anisotropic multiphysics model was developed based 

on the continuum mixture theory and employed to characterize the nonlinear coupling 

phenomena among anisotropic and large solid deformation, anisotropic transport of 



119 
 

 
 

interstitial water and solutes, and the electro-osmotic effect in the IVD. Numerical 

simulations demonstrated that this model is capable of systematically predicting the 

mechanical and electrochemical signals within the disc under various loading conditions, 

which is essential in understanding the biomechanics and mechanobiology of IVDs. 

 

In Chapter 5, a computational model was developed to investigate the initiation and 

propagation of damage in the AF. The computational model was based on the anisotropic 

multiphysics model for IVDs developed in Chapter 4 and a continuum damage model. The 

initiation and propagation of damage in the AF under compression (up to 2000 N), flexion 

(up to 11°), and compression (450 N)-flexion (up to 11°) were simulated. The simulation 

results showed that the damage initiates in different regions under different mechanical 

loading conditions. The posterior AF was shown to be more susceptible to structure failure 

as it damages under all the three loading conditions. The damage in the posterior AF could 

initiate in the outer, middle, and inner regions. It has been found that circumferential 

damages could evolve into radial damages. The damages under compression-flexion could 

provide a pathway for the nucleus pulposus (NP) to migrate into the AF.  The 

computational model developed in this study is important in quantifying the abnormal 

mechanical loading and preventing the damage to the disc. 

 

In Chapter 6, a mechanobiology mathematical model to quantitatively describe the cell 

volume dependent GAG synthesis rate in the cartilaginous tissues was developed. This 

model was developed based on the hypothesis that the change of cell volume is a primary 

mechanism for cells to perceive the mechanical stimuli, and also based on experimental 
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findings that the maximum synthesis rate of GAG is achieved at an optimal cell volume, 

larger or smaller than this level the GAG synthesis rate decreases.  Using this model, we 

investigated the effects of osmotic loading and mechanical loading on GAG synthesis rate. 

It was found our proposed mathematical model is able to well describe the change of GAG 

synthesis rate in isolated cells and in cartilage with variations of the osmotic loading or 

mechanical loading. This model is important for evaluating the GAG synthesis activity 

within cartilaginous tissues as well as understanding the role of mechanical loading in 

tissue growth or degeneration. It is also important for designing a bioreactor system with 

proper extracellular environment or mechanical loading for growing tissue at the maximum 

synthesis rate of the extracellular matrix.  

 

In Chapter 7, a multiscale mathematical model was developed to quantify the effect of 

mechanical loading on GAG synthesis. This model was based on the cell volume dependent 

GAG synthesis theory developed in Chapter 6 and the biphasic theory.  The GAG synthesis 

(at the cell level) was coupled with the mechanical loading (at the tissue level) via a cell-

matrix unit approach which established a relationship between the variation of cell volume 

and the local tissue volume change. This multiscale mathematical model was used to 

predict the effect of static load (creep load) on GAG synthesis in bovine tail discs. The 

predicted results are in the range of experimental results. This model was also used to 

investigate the effect of static (0.2 MPa) and diurnal loads (0.1/0.3 MPa and 0.15/0.25 MPa 

in a 12/12 hours shift) on GAG synthesis. It was found that static load and diurnal loads 

have different effects on GAG synthesis in a diurnal cycle, and the diurnal load effects 

depend on the amplitude of the load. The model is important to understand the effect of 
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mechanical loading at the tissue level on GAG synthesis at the cellular level, as well as to 

optimize the mechanical loading in growing engineered tissue.  

 

In summary, mathematical models have been developed and validated to quantitatively 

describe the biomechanical behaviors of the IVD and the cellular biosynthetic responses to 

mechanical stimuli in this dissertation. These mathematical models provide numerical 

approaches to quantify the abnormal mechanical loading which may cause disc 

degeneration. These mathematical models are important in understanding the etiology of 

disc degeneration, as well as in preventing and treating disc degeneration.   

 

A series of biomechanics and mechanobiology mathematical models have been developed 

in this dissertation. Applying these mathematical models in understanding, preventing, and 

treating disc degeneration is the recommendations for the future work. More specifically, 

three future works are recommended: 

 

(1) Applying these mathematical models to understand disc degeneration. The disc 

degeneration is a slow and long-term process, thus it is difficult to investigate the 

degeneration process with experimental approaches. These mathematical models 

could be used in simulating the whole disc degeneration process caused by 

abnormal mechanical loading, with which the spatiotemporal variation of disc 

composition, extracellular signals, and overall disc biomechanical functions could 

be quantified. These quantitative information would enhance our understanding of 

8.2 Recommendations for Future Work 
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disc degeneration caused by abnormal mechanical loading. Moreover, these 

mathematical models could be combined with the cell-activity-coupled mechano-

electrochemical continuum mixture theory (Gu et al., 2014) developed by our 

research group to investigate the non-genetic factors causing disc degeneration.  

 

(2) Quantifying abnormal mechanical loading. These mathematical models could be 

used to estimate if a mechanical loading condition would initiate disc degeneration. 

This application is especially valuable in preventing disc degeneration caused by 

occupational factors (Battie et al., 2007).  

 

(3) Applying these mathematical models in treating disc degeneration. These 

mathematical models could be used to predict the disc degeneration with patient-

specific information, such as disc geometry measured from MRI. This application 

would help doctors to design an appropriate treatment strategy, and estimate the 

treatment outcome of some therapies, such as physical therapy. These mathematical 

models also could be used to design scaffolds and loading regimes to grow 

engineered disc tissue to treat degenerated discs.  
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Appendix 

We use a one-dimensional (in the x-direction) water diffusion case to show that the D  

defined in eq. (3-7) is the mutual diffusion coefficient of water. In this one-dimensional 

case, a water chamber is divided by a hydrogel specimen into the upstream and downstream 

compartments. Let us assume there is a difference in water concentration between the two 

compartments, but no difference in hydrostatic pressure between the upstream and 

downstream compartments (there may exist a pressure gradient within the hydrogel 

specimen during the diffusion process). Based on Fick’s law, the water volume flux in the 

x-direction ( w
xJ ) in the specimen may be expressed as  

 
w

w w
x

cJ D
x

6 �� �
�

 , (A1) 

where wD  is the mutual diffusion coefficient of water,6  is the partial volume of water, 

and 
wc  is the molar concentration of water (per mixture volume).  It follows from eqs. (3-

2) and (3-3) that: 

 A
p eH
x x
� �

�
� �

 , (A2) 

where 
ue
x
�

�
�

 for this one-dimensional case, and u  is the displacement in the x-direction. 

Based on Darcy’s law, i.e., eq. (3-4), we also have, 

 w
x

pJ k
x
�

� �
�

 . (A3) 

Combining eqs. (A1-A3), we have: 
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w

w
A

c eD H k
x x

6 � �
�

� �
 . (A4) 

Since the specimen is assumed to be saturated and intrinsically incompressible, the relative 

volume change (i.e., dilation, e ) at any point within the gel is due to the change in water 

volume. Thus, if the deformation is infinitesimal, we obtain:  

 ( )w w
re c c6� � , (A5) 

where w
rc  is the water concentration at 0e � . From eqs. (A4) and (A5), we can show that 

the D  defined in eq. (3-7) is the mutual diffusion coefficient of water, i.e., 

 w
AD D H k� �  . (A6) 
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