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Abstract

The concept of renormalization group (RG) flow is one of the most novel and broad-
reaching aspects of quantum field theory (QFT). The RG flow is implemented by constructing
effective descriptions of a QFT at decreasing energy scales. One reason that RG flow is useful
is that often one is interested in low-energy properties of theories with complicated short-
distance structures. RG flows are subject to C' theorems in relativistic QFT. The C' theorems
order the space of Lorentz-invariant QFTs. RG flows generically begin at scale-invariant
fixed points known as conformal field theories (CFTs) and end in trivial massive theories.
With tuning, the RG flows may end at non-trivial CFTs. Each CFT has an associated
dimensionless C' value. The C' theorem states that under RG flow from a UV to an IR fixed
point, the C' value decreases.

In this Dissertation I present the F-theorem, which is a C' theorem in three spacetime
dimensions. I show that the correct quantity to consider is the Euclidean free energy of
the CF'T conformally mapped to the three-sphere, known as the F' value. After motivating
the F-theorem, I develop tools for calculating the F' value in a variety of CFTs, with and
without supersymmetry, including free field theories and gauge theories with large numbers
of flavors. T also show that the F' value is itself a useful quantity for probing the gauge/gravity
duality and understanding other aspects of CFT, such as the scaling dimensions of monopole
operators. The F' theorem is closely related to quantum entanglement entropy. At conformal
fixed points, the F' value is equal to minus the renormalized entanglement entropy (REE) in
flat Minkowski space across a circle. Away from the fixed points, the REE is a monotonically
decreasing function along the RG flow. I compute the REE in a variety of holographic and
non-holographic theories. I conclude the Dissertation by discussing a somewhat surprising

result: the REE is not stationary at conformal fixed points.



Acknowledgements

Over the past five years, I have had the pleasure of working with an absolutely amazing
group of people. First, I want to thank my adviser, Igor. His intuition for physics constantly
impresses me. But what I find even more impressive is his dedication to me and his other
students. I certainly would not have accomplished nearly as much as I did over the past few
years if it wasn’t for Igor’s eagerness to involve me in research. I know that early on in my
graduate career, I didn’t always say things that made sense. And sometimes I would repeat
a calculation four or five times before I finally got the right answer, or didn’t. And I know
that I still do these things, from time to time. So most of all, I want to thank Igor for his
patience and his advice. I really couldn’t ask for a better adviser.

I would also like to thank my many collaborators who I have worked with at Prince-
ton. It has been a pleasure working with all of you, Annika Peter, Daniel Jafferis, Grigory
Tarnopolsky, Igor, Jeongseog Lee, Joe Formaggio, Josh Spitz, Kfir Blum, Lauren McGough,
Mariangela Lisanti, Raffaele D’Agnolo, Samuel Lee, Silviu Pufu, Simone Giombi, Subir
Sachdev, Tatsuma Nishioka, and I look forward to more collaborations in the future. You
are all amazing researchers, and more importantly interacting with you has made my work
experience fun and memorable.

I want to especially thank Silviu and Mariangela. While technically Silviu is my academic
nephew, I really consider him my second adviser. He taught me so much of what I know
about string theory and quantum field theory, not to mention Mathematica. We have had
the pleasure of writing seven papers together, and I hope there are many more to come.

Mariangela introduced me to the Dark Side. Over the past year she has taken me from a
curious student, interested in learning more about dark matter, to an active phenomenologist.
We have already written four papers together, with more forthcoming. I'm confident our
collaboration will continue for many years. It saddens me that I cannot include our work in

this Dissertation.



I also want to thank Chris Tully. Chris took me in for my experimental project during my
first year, and he gave me the unforgettable experience of spending the summer at CERN.
Lately, it has been a pleasure discussing relic neutrinos and the PTOLEMY experiment with
Chris. I hope we continue to stay in touch once I have left Princeton, as I have benefited
greatly from our discussions.

Despite how wonderful my academic experience at Princeton has been, by far the best
thing that happened to me over the past five years was meeting my future wife, Cynthia
Gerlein. I want to thank Cynthia for encouraging me to work hard and follow my passion.
Additionally, I want to thank Cynthia for teaching me how to use Matlab and helping me
write some of the numerical code used in this Dissertation.

My whole family — my parents, older brother Sean, and older sister Steph — have been
incredibly encouraging throughout my whole PhD. It is so much easier to work hard knowing
that your whole family is supporting you and believes in you. Thank you all so much for
everything.

And to my housemates, Brin, Loren, and Pip, it has been a great past few years. It

saddens me that we all graduating and moving away; I hope we stay close.



To my family.



Contents

[1__Introductionl
(1.1 C-Theorems in QFT| . . . . . ..

(1.2 Entanglement entropy in quantum mechanics| . . . .. ... ... ... ...

(1.2.1 Example: two-spin system|

(1.3  Entanglement entropy in QFT] . .

(1.3.1 Example: System of weakly

interacting spins| . . . . . . .. ... ...

(1.4 Methods for calculating entanglement entropy| . . . . . . . . . .. ... ...

[1.4.1 Mapping to R x HY. . . .

[1.4.2 Mapping to the g-fold branched covering of S¢ . . . . . . . ... ...

[2.2  Perturbed Conformal Field Theory]

[2.2.1 Beta tunction and the running coupling/. . . . . . . . ... ... ...

[2.2.2  Free energy on S9. . . . .

11
19
23
25
27
27
30
34
35



2.4.3 Chern-Simons Theory| . . . . . . ... ... .. ... ... .. .... 50
2.5 Double trace deformationsl . . . . . . . ... o000 51
5.1 Bosonic double trace deformationl . . . . . .. ... ... ... ... 51
2.5.2  RG flows in O(NN) vector models| . . . . ... .. ... ... ..... 56
2.5.3 Fermionic double trace deformationl . . . . . . . . .. ... ... ... 58

[3 Entanglement Entropy of 3-d Conformal Gauge Theories with Many Fla- |

[ vors| 63
.1 TIntroductionl. . . . . . . . .. 63
[3.2  Mapping to S° and large Np expansion| . . . . . . . . . . . .. .. ... ... 66
[3.3  Gauge field contribution to the free energy| . . . . . . . . ... ... 72

[3.3.1  Performing the Gaussian integrals| . . . . . .. ... ... ... ... .. 72
[3.3.2  Diagonalizing the kernel K*(r,7")] . . . .. ... ... ... ... 73
[3.3.3  Contribution to the free energy| . . . . . . . .. ... ... ... ... 78
£3.3.4  Generalization to U(N..) theory| . . . . ... ... ... ... ..... 79
[3.4  SUSY gauge theory with flavors| . . . . . . . . ... . ... ... ... .. .. 81
[3.4.1 N =4theory| . . . . . . .. ... 81
[3.4.2 N =3theory| . . . .. ... ... 82
[3.4.3  Non-chiral N =2 theory| . . . . . ... ... ... ... ... ..., 85
[3.4.4  Chiral N =2 theoryl . . . . .. ... ... ... .. 89
3.5 Discussionl . . . . . .. 92

[4  AdS Description of Induced Higher-Spin Gauge Theory| 94
(4.1 Introduction and summary|. . . . . . . . . . ... 94
4.2 Double-trace deformations with higher-spin operators| . . . . . . . . . .. .. 100

[4.2.1  General strategy| . . . . . .. ... 102
4.3 Explicit field theory calculations|. . . . . . .. .. ... ... 0L, 104




4.3.1 Symmetric traceless tensor harmonics on S° . . . . . ... ... ... 104

M.3.2 Particular cases . . . . . . ... 107
[4.3.3 A conjecture for arbitrary spin|. . . . . . ... ... 111

4.4 Conserved Currents and Gauge Symmetries| . . . . . . . ... ... ... .. 112
4.5 'The calculation in AdS: general setup|. . . . . . .. ... ... .. ... ... 118
(4.6  Massive spin s fields in AdS| . . . . . ... oo o 121
[4.6.1 Some lower spin examples| . . . . . ... ..o 121
[4.6.2  Arbitrary spinl. . . . .. ... 122

4.7 Massless higher-spin fields in AdS and gauge symmetries| . . . . . . . . ... 128
4.8 Comments on halt-integer spins| . . . . . . . .. ... ... ... 134
4.9 Calculation of Weyl anomaliesinevend .. ... ... ... ... ...... 136
[> On Shape Dependence and RG Flow of Entanglement Entropy| 141
.l Introductionl . . . . . . .. 141
(5.2 The (2 4 1)-dimensional entanglement entropy in free massive theories|. . . . 144

[5.3 Holographic computation of the (2 + 1)-dimensional entanglement entropy in |

| gapped backgrounds| . . . . ... ..o o 147
b.3.1 IR behavior of the EF foracirclel . . . . . . .. 0.0 0000 150

[5.3.2 IR behavior of the EE for a general entangling surtace] . . . . . . .. 151

[>.4  An example: CGLP background ot M-theory| . . . . . . ... ... ... ... 153
[.4.1 The renormalized entanglement entropy in the UV and the IR |. . . . 156

[5.4.2  Tests of the shape dependence of the entanglement entropy|[. . . . . . 157

[>.5 Shape dependence of the entanglement entropy in (3 + 1)-dimensional CFT|. 159

[5.5.1 The entanglement entropy for a wedgel . . . . . . . . ... ... ... 159

[5.5.2  T'he entanglement entropy for a cone| . . . . . . . . . ... ... ... 165

[6 Is Renormalized Entanglement Entropy Stationary at RG Fixed Points?| 169




[6.2  Strip entanglement entropy at small mass|. . . . . . .. ... ... ... ... 171

[6.3 Disk entanglement entropy at small mass{ . . . . . .. ... ... ... .... 175
[6.4 Non-stationarity from holography| . . . . . . . ... ... .. ... ... ... 178
(6.5 A toy model: the massive scalar on H* x S*| . . . . . ... .. ... ... ... 181
[7_Conclusion| 183
(Bibliography| 186

10



Chapter 1

Introduction

Degrees of freedom decrease with energy.

Consider a crystal of table salt. The effective number of degrees of freedom of this
system increases with the energy of my probe. At low energies, I can excite vibrational
modes within the lattice, but I cannot resolve the individual lattice sites. If I probe the
system at higher energies, the complexity increases. I can irradiate the material and knock
out inner-shell electrons within the constituent atoms. At even higher energies, I can resolve
the atomic nuclei, for example, by exciting nuclear transitions. As I keep increasing the
energy of my probe, I don’t even see individual nuclei. Eventually, I don’t even see protons
and neutrons. Instead, I see the quarks and gluons buried inside.

It is intuitive that the number of degrees of freedom should decrease with energy; if I
have less energy, I have fewer options. This is something we all experience in our lives. But
sometimes physics qualitatively changes between different energy scales. In these cases, it
may not be straightforward to even have a common definition of ‘degrees of freedom’ that is
valid at high and low energies. After all, the physics of quarks and gluons sure looks different
from crystals of salt. It even looks quite different from the physics of neutrons and protons.

What do we mean by degrees of freedom? Is there really a universal quantity that always
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decreases with energy, even when the systems undergo drastic transitions as we lower the
energy? These are, at a high-level, the motivations for the work in this Dissertation.

I address these questions within the framework of relativistic, unitary quantum field
theory (QFT). Many interesting, real world systems are described by such theories. Within
this context, quantities C' that may be calculated uniquely in all QFTs and that decrease
with energy in all circumstances are said to obey a C-theorem. It is instructive to think of
the C' values as roughly measuring the degrees of freedom, with the analogy above in mind.
However, in other ways — as I mention below — the C' values are notably different from the

normal notions of degrees of freedom.

C-theorems constrain how systems evolve with energy.

In four (spacetime) dimensional relativistic QFT, a proposal for a C' theorem was given by
Cardy in the 1980’s [1]. Only recently, in 2011, was his proposal — called the a-theorem
— finally proven [2]. Over the past 20 years, the a-theorem has been a useful tool for
understanding aspects of four-dimensional QFT. QFT is four spacetime dimensions is
interesting because it has direct application to particle physics.

Cardy’s a-theorem is based on Zamolodchikov’s c-theorem [3]. The c-theorem gives
an appropriate measure of degrees of freedom in two spacetime-dimensional QFTs. The
c-theorem is not directly useful for particle physics, since real spacetime is four dimensional.
However, it still had and continues to have many interesting applications. This is for two
reasons; (i) many condensed matter and statistical systems, under the right conditions, are
described by two-dimensional QFTs, and (ii) the world-sheet of string theory is described
by a two-dimensional QFT. QFT is a commonly used tool in multiple subfields of physics,

and so understanding the basic structure of QFT tends to have impacts across the field.

0dd dimensions are different.
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Historically, the c-theorem was proposed the year I was born — 1986 — and Cardy’s a-
theorem paper came 2 years later. With that said, for nearly twenty five years there was no
known measure for the degrees of freedom in three-dimensional QFT. That’s not to say that
people didn’t try, but no conjecture withstood further scrutiny. And that’s also not to say
that people didn’t care. Many real-world systems are described, under certain conditions, by
three-dimensional QFTs. For instance, the critical point of the water-vapor phase diagram
is described by one of the simplest (to formulate) three-dimensional QFTs — the 3-D Ising
model. In field theory language, this is the critical point obtained by perturbing a free scalar
field theory by a ¢* deformation, while keeping the mass of the field tuned to zero. This
field theory is extremely hard to solve in practice, and one often must resort to numerical
tools in order to make predictions. Other physical systems described by non-trivial three-
dimensional QFTs include critical points found in insulating antiferromagnets and d-wave
superconductors and between quantum Hall states, among many other examples.

Why are odd-dimensional field theories different from even dimensional field theories?
A crucial difference — the one that is important here — is that odd-dimensional field theories
do not, for the most part, have quantum anomalies, while even-dimensional QFTs do. A
quantum anomaly occurs when a symmetry of the classical theory is not respected quantum
mechanically. In even dimensions there exists a conformal anomaly; theories that classically
are scale invariant acquire a scale dependence at the quantum level. The quantum breaking
of scale invariance is associated with a coefficient, and it is this coefficient (a in 4-D, ¢ in
2-D) that satisfies a C-theorem in two and four spacetime dimensions. In three dimensions,
this term simply does not exists, since the conformal symmetry is not anomalous. We must

try something else.

C-Theorems Order the Landscape of RG Flows
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It is useful to be more precise about the idea of ‘degrees of freedom decreasing with
energy.” In QFT, decreasing the energy-scale of a system is called renormalization group
(RG) flow. The word ‘flow’ is meant to imply that the RG only goes one direction. RG flows
generally begin and end at conformal fixed points. At conformal fixed points, the QFTs
are called conformal field theories (CFTs). These theories — at least classically — have no
dependence on scale. In particular, this means that they are invariant under the RG flow,
since the RG is associated with a change of scale. The high-energy fixed point is called the
UV fixed point, while the low-energy one is called the IR fixed point.

C-theorems provide an ordering on the space of QFTs. These concepts are nicely visu-
alized with the help of the following analogy. We can imagine the landscape of QFTs as the
physical landscape of a mountainside. RG flow is the action of going down the mountain,
just like a river. And, like a river, we are not allowed to go back up the mountain.

Suppose I point to two points on this mountain and ask “is it possible for a river to flow
between these two points?” If the first point is higher than the second, then the answer is
“possibly yes.” But if the first point is lower, then the answer is “definitely no.”

The C-theorems give us a concept of height. In particular, they give us a quantity C' that
always decreases under RG flow. That is, Cyy > Cig, just like the quantity called ‘height’
in our analogy. In this analogy, the conformal fixed points may be visualized as basins, or
lakes. These are places where the RG flow ends.

Just like rivers, RG flows only go down to lower energies. The flow down a mountainside
takes place along a unique path. Contrast this to going up the mountain. If I am standing at
a lake — a conformal fixed point — I may go back up the mountain in many different directions.
Going down is more unique than going up. The concepts are illustrated in Fig. [I.1]

The analogy here is meant to be intuitive, but there are important differences as well
between RG flow and the flow of water down a mountainside. The latter phenomena obeys a
gradient flow; that is, rivers always take the path of steepest descent. This is not necessarily

true with RG flows.
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Figure 1.1: RG flows may be visualized as the paths of rivers down mountains. These flows
begin and end at places where there is no gradient (CFTs). The C-theorem tells us that
Cyv > Chg; that is, C' decreases under RG flow. This is analogous to the decrease in height,
or gravitational potential energy, along the flow of the river.

I introduced the concept of RG flow in the context of decreasing the energy of my
probe. Since energy and length are inversely proportional, I may also think of RG flow
as increasing the minimum length scale in my system. For example, suppose I have a
lattice with lattice-spacing €. At each lattice site, I have a fundamental degree of freedom,
perhaps an atom. If I clump together the behavior of nearby atoms, I can rewrite my
theory in terms of an effective theory with lattice spacing, say, 2¢. By repeating this
exercise, I flow between the fundamental UV theory with lattice spacing € to the low-energy

(IR) effective theory, with some large effective lattice spacing. If the low-energy theory is

a conformal fixed point, then, in fact, the theory does not depend on the lattice spacing at all.

What about thermal entropy?
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It is important to distinguish ‘C” from the normal counting of free-field degrees of freedom.
In four dimensional field theory, we normally say that the real scalar field has one degree of
freedom, while the photon has two degrees of freedom, corresponding to the two physical
polarization states. On the contrary, the a coefficient of the photon is 62 times that of the
real scalar. The C-coefficients do not necessarily match our intuition. These coefficients
should simply be thought of as ordering coefficients on the space of QFTs.

The standard counting of free-field degrees of freedom may be recovered from the thermal
entropy Siherm Of a system. More precisely, in a relativistic theory Finerm < Ciherm 1'%, Where
T is the temperature, Fiperm is the Helmholtz free energy, and d is the spacetime dimension.
The quantity ciherm is a dimensionless quantity that, in four spacetime dimensions, is twice
as big for the photon as it is for the real scalar field. It is a characteristic of the underlying
theory. But does it satisfy a C-theorem? That is, does ciherm always decrease under RG
flow? It turns out that in two spacetime dimensions, ¢iperm does satisfy a C-theorem, but in
higher dimensions it does not. It is non-trivial that thermal entropy does not order QFTs
in three and four spacetime dimensions [4-7]. In practice, though, it is often the case that

Ctherm does decrease under RG flow, even though it does not do so in all cases [4,5].

Thermal entropy — quantum entanglement entropy in QFT

Just a few years ago, C-theorems were mysterious. Over the past few years, a much
clearer picture has emerged. It is this picture that I will describe in this Dissertation.

In 2011 we proposed the F-theorem [8,9]. The F-theorem is the conjecture that the
ground-state Euclidean free energy on the three-sphere satisfies a C-theorem in three dimen-
sions. Around the same time that we proposed the F-theorem, an independent group of
researchers proposed another seemingly independent C-theorem in three dimensions [10,/11].

They proposed that the entanglement entropy of the ground state decreases under RG flow.
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The entanglement entropy is a uniquely quantum entropy that may be computed even at
zero temperature. There is an important qualitative difference between theories at zero tem-
perature and finite temperature. When 1" > 0, one has contributions from all of the excited
states of the theory, while at zero temperature we are only sensitive to the ground state.

Entanglement entropy measures the quantum entanglement across a spatial surface. The
entanglement C-theorem proposal took that surface to be a circle. The RG flow is easily
implemented by simply increasing the radius of the circle.

Shortly after our independent proposals, it was realized that the F-theorem and the
entanglement C-theorem were actually the same. The reason is that at conformal fixed
points, the FEuclidean free energy of the CFT on the three-sphere is equal to the ground-
state entanglement entropy in flat spacetime across a circle [11].

Casini and Huerta proved the F-theorem in 2012 |12]. They did so by using the relation to
entanglement entropy and explicitly constructing a function that is monotonically decreasing
as the radius of the circle increases. Their proof holds for all unitary relativistic QFTs in
three spacetime dimensions.

These ideas also led to a unified understanding of C-theorems in two, three, and four
dimensions. In D dimensions, the appropriate quantity to consider at the conformal fixed
points is the Euclidean free energy of the theory on the D-sphere. Equivalently, this is
equal to the ground-state entanglement entropy of the theory in flat spacetime across the
(D —2)-sphere. In even dimensions, the appropriately regularized versions of these quantities
are dominated by a conformal anomaly term. The coefficient of this term gives us exactly ¢
in D =2and ain D = 4. In odd dimensions, there is no conformal anomaly term. However,
there is still a finite contribution to the free energy, which in D = 3 we call F. Just like a
and ¢ decrease monotonically under RG flow, F' also satisfies a C-theorem. However, only
in D = 2 is the zero-temperature quantum entanglement entropy directly related to the
finite temperature thermal entropy. We have conjectured that entanglement entropy pro-

vides a C-theorem in all dimensions, but so far this has only been proven for D = 2,3, and 4.
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This Dissertation

In this Dissertation I introduce the F-theorem. Chapter [2| is a slightly modified ver-
sion of the paper [9], which is where we first explained the F-theorem in generality. This
chapter gives simple examples of RG flows where we may compute F' in the UV and the
IR and see explicitly see that it decreases. This chapter also begins to develop tools for
computing F' on the three-sphere.

Chapters [3| and 4| are modified versions of the papers [13] and [14], respectively. I include
these chapters because they develop tools for calculating F' in more non-trivial field theories.
Chapter (3] discusses three-dimensional gauge theories with large numbers of flavors. Chap-
ter [4]is closely related; here I consider higher-spin gauge theories instead of just spin-1 gauge
theory. These chapters also show that F' is useful as a general probe of field theory. For
example, I show that we may use I’ to provide non-trivial tests the gauge-gravity duality.
These tests arise from computing F' on both sides of the duality.

Chapters [f] and [6] which are based on the papers [L5] and [16], respectively, focus on the
RG flow instead of the conformal fixed points. Away from the conformal fixed points, one
should calculate the entanglement entropy instead of the three-sphere free energy. Chapter
shows how to do this holographically, while in chapter [6] I show how to numerically calculate
the free-field massive entanglement entropy using lattice techniques. This dissertation ends
in chapter [6] with an open question concerning the stationarity of entanglement entropy.

I have chosen to base this Dissertation on the papers [9,/13-16] because they tell a cohesive
story. However, due to space constraints I must leave out many other works of mine that
are also related to this story, namely [8,17-21].

The remainder of this Introduction reviews some of the basic results and concepts needed

to understand the later chapters.
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1.1 (C-Theorems in QFT

In this subsection we review the D = 2 c-theorem and the D = 4 a-theorem. We then

introduce the F-theorem and its connection to entanglement entropy.

C-theorems in D =2 and 4

The first example of a C-theorem in QFT was given in two-dimensions by Zamolodchikov [3],
who used the two-point functions of the stress-energy tensor to define the Zamolodchikov
c-function that had the desired properties. The Zamolodchikov c-function has the additional
property that at the RG fixed points it coincides with the Weyl anomaly coefficient ¢, which is
given by the expectation value of the trace of the stress-energy tensor on a curved (Euclidean

signature) manifold:

(T",) = —1—62R. (1.1)

Here R is the curvature scalar, and we normalize ¢ so that it equals unity for a real conformal
scalar field.

In four dimensions there are two Weyl anomaly coefficients, a and ¢, such that

!/

1672

<Taa> = ‘ Wabchade - 2CLE4 -

2
=163 V2R, (1.2)

where W,p.q is the Weyl tensor and F, is the Euler density, which has the normalization
Joid'z\/gEy = 2. Cardy has conjectured [1] that it should be the a-coefficient that de-
creases under RG flow. He was led to this conjecture by the observation that, since in
two-dimensions we can isolate ¢ by considering |. 52 d2x\/§<T ®,), we can naturally single out
a in four dimensions by considering the analogous integral on S*. This follows because the
Weyl tensor vanishes on the four-sphere. Cardy’s conjecture that the quantity a obeys a

C-theorem is called the a-theorem.
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Recently a general proof of the a-theorem was constructed in |2, where the authors ex-
plicitly constructed a function that is monotonically decreasing along RG-flow, stationary
at conformal fixed points, and equal to the a-anomaly coefficient at those fixed points. This
work was preceded by more than 20 years of evidence towards the a-theorem. Considerable
evidence came from studying 4-D supersymmetric field theories, where a is determined by
the U(1)g charges [22]. The prescription for determining the superconformal R-charges is
called a-maximization [23|, which states that at superconformal fixed points the correct R~
symmetry locally maximizes a. This has passed many consistency checks that rely both on
field theoretic methods and on the AdS/CFT correspondence [24-26]. For large N supercon-
formal gauge theories dual to type IIB string theory on AdSs x Y5, Y5 being a Sasaki-Einstein
space, a-maximization is equivalent to the statement that the Sasaki-Einstein metric on Y; is
a volume minimizer within the set of all Sasakian metrics on this space [27]. This equivalence

was proved in [28}29)].

The F-theorem

As already mentioned, a long-standing problem in QFT is to find a three-dimensional C-

theorem. This is of particular interest since there are an abundance of fixed points in three

dimensions with relevance to real world systems. However, since there is no conformal

anomaly in 3-D, the trace of the stress-energy tensor simply vanishes at conformal fixed

points. Over the years there have been a number of attempts at constructing a C-theorem

in 3-D. One such proposal was to consider the free energy at finite temperature 7' [4,/5]:
_TD/2)¢(D)

Fr = TCThermVD—lTDa (1.3)

where D is the dimension of space-time, Vp_; is the spatial volume, and crpery, is a dimen-
sionless number normalized so that a massless scalar field gives crperm = 1. However, it was

recognized right away that ¢rperm may increase under RG flow if the UV is not asymptotically
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free [4,5]. For example, ¢rherm increases under RG flow from the critical D = 3 O(N) model
to the Goldstone phase described by N —1 free fields [6,7]. This rules out the possibility of a
CTherm-theorem. The quantity ¢rpem also violates another requirement for a good c-function:
it varies along lines of fixed points. This may be seen, for example, in the four-dimensional
N = 4 supersymmetric Yang-Mills theory [30].

The F-theorem is a C-theorem in D = 3 [8,9]. A general proof of the theorem was
proposed in [12]. In fact, the F-theorem naturally extends to all spacetime dimensions D.
At the conformal fixed points, one is instructed to conformally map the CFT to the D-sphere

and compute the Euclidean free-energy

F = —log|Zgn]|, (1.4)

where Zgp is the partition function. Since CFTs have no scale-dependence by definition,
the regularized free energy should have no dependence on the radius R of the SP. However,
in even dimensions D there is a conformal anomaly, and scale-invariance is not respected

quantum mechanically. We may explicitly compute the dependence of F' on R, and we find

% — D / P JGT") (1.5)

In even dimensions, we may integrate this equation so that F' ~ aplog R, where ap is the
a-type Weyl anomaly coefficient (¢ in D = 2, and a in D = 4). In even-dimensions, Cardy
has conjectured that the a-type anomaly satisfies a C-theorem [9].

In odd-dimensions D, the right-hand side of vanished identically. F' has no depen-
dence on R since there is no conformally anomaly. Integrating we find that F' ~ Fj,
where Fj is a dimensionless number, called the F-value, that characterizes the CFT. The
F-theorem proposes that in odd-dimensions, Fy satisfies a C-theorem.

Jafferis [31] conjectured that the 3-D analogue of a-maximization is that the R-symmetry

of N = 2 superconformal theories in three dimensions extremizes F', and in [8] this was sharp-
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ened into the principle of F-maximization, which proposes that the F'-value of the IR CFT
is locally maximized by the trial R-charge. The principle of F-maximization passed many
theoretical tests [31-41] before being proven in [42]. Also, for large N theories with AdSy x Y7
dual descriptions in M-theory, F-maximization is correctly mapped to the minimization of
the volume of the Sasaki-Einstein spaces Y7 [8,|43].

The principle of F-maximization was part of our original motivation for conjecturing the
F-theorem [§]. In that paper, we considered various RG flows between CFTs with N' > 2
supersymmetry, and in all examples we found that Fyy > Fir. Moreover, we found that F
remained constant for exactly marginal deformations. F-maximization naturally leads to the
F-theorem in the context of N/ > 2 RG flows induced by superpotential deformations of the
UV theory. At the level of the localized partition function, the superpotential deformations
have the effect of constraining the R-symmetry. In the IR, we are instructed to maximize
F over the appropriately constrained R-symmetry, while in the UV the same functional is
maximized but without the constraints. Naturally, this then implies that Fyy > Fig for

these RG flows.

Connections to entanglement entropy

The D-sphere free energy F' at conformal fixed points is related to entanglement entropy
(EE). We will review EE and its connection to F' in detail in the following subsections. Here,
we summarize the relationship.

In D-dimensions, the EE S(R) in flat Minkowski spacetime across a spatial (D — 2)-
sphere of radius R is dominated by the area-law term: S(R) o< (R/€)P~2, where € is the
short-distance cut-off. At conformal fixed points, we should remove the power-like divergent
terms in € to construct a renormalized EE. In D odd, the renormalized EE has no dependence
on R, while in D even there is a logarithmic dependence on R because of the conformal

anomaly. A direct calculation, which we review below, shows that in both D even and odd,
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S(R) = —F at conformal fixed points [10,[11]. That is, the renormalized EE is exactly equal
to minus the renormalized D-sphere free energy.

Casini and Huerta used the EE to construct an entropic proof of the c-theorem in D =
2 [44]. Their proof of the F-theorem in D = 3 is similar [12]. Away from the conformal fixed

points, one is instructed to compute the renormalized EE across the circle of radius R [45]

F(R) = —S(R) + RS'(R). (1.6)

This is a finite function for theories that are conformal in the UV. For a CF'T this function
takes the constant value Fy. An important property of F(R) is that in the limit of large R
it approaches the IR F-value Fig [45]. Furthermore, '(R) = RS”(R). It was shown in [12]
that for any Lorentz invariant field theory S”(R) < 0. This demonstrates that F(R) is a

non-increasing function and therefore proves the F-theorem.

1.2 Entanglement entropy in quantum mechanics

In this subsection I briefly reviewing the concepts of quantum entanglement, entanglement
entropy, and Rényi entropy. Suppose the Hilbert space H of a quantum system has a basis
of orthonormal states {|is)}. A general normalized state [¢)) in the Hilbert space may be

written as a superposition of the basis vectors:

) =D edlibs), D el =1. (1.7)

S

The state |¢) is called a pure state. The expectation value of an observable operator O in a
pure state |1} is given by (O) = (¥|Oy). We may also define the density matrix p, = |1)(¢)|
and write (|O]yY) = tr(pyO), where the trace is over the Hilbert space H.

Quantum mechanical systems may also be in mixed states. Mixed states are defined as

quantum states where the density matrix cannot be written in the form p = |¢)(¢| for some
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pure state |¢). However, the density matrix p may still be used to compute the expectation
value of an observable operator O in a mixed state: (O) = tr(pO). The most general density

matrix is given by

P:Zps|¢s><¢s|7 Zps: L. (18)

This says that the probability the mixed state is found to be in the pure state |1);) is ps.
The von Neumann entropy S of some quantum mechanical state with density matrix p

is defined by
= —tr(plogp). (1.9)
Using the expansion for |¢) in eq. ((1.8]) we may write

S==Y p.log(ps). (1.10)

From this equation it clear that only when p describes a pure state does S = 0. If p describes
a mixed state then S > 0.

A natural generalization of the von Neumann entropy is the Rényi entropy S, [46./47]:

1 1
SqE1_qlog(trpq):1_qlog<2pg> , q>0,q#1. (1.11)

It is clear that the Rényi entropies are also strictly positive for mixed states and zero for
pure states. Note that lim, ,; S, = S, so a computation of the Rényi entropies also gives the
von Neumann entropy.

Now suppose the Hilbert space H may be written as a direct product H = Ha ® Hp,

and let the system be in a pure state with density matrix p. We define the reduced density
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matrix of p in Hy to be

Pa :tera (112)

where trp is defined to be a trace over Hg. The entanglement entropy is then the Von

Neumann entropy of the reduced density matrix ps [48]:

Sa=—tr(palogpa) = —tr(pglogpp). (1.13)

The state |¢) is said to be entangled between H 4 and Hp if S4 > 0.

1.2.1 Example: two-spin system

We illustrate the above points with a simple example: two spin—% degrees of freedom, with
Hilbert space H = Ha ® Hp. We take the basis of H4 to be {| 1)a,| J)a} and the basis of
Hp tobe {| N5,| )5} Consider the pure state in H

W) = cosf| Dal Vg +sind] Da| Np, 0<0< g (1.14)

Before calculating the entanglement entropy, let us think intuitively about the entanglement
of this state. Suppose we have two observers Adam and Bob who measure the spin states
of A and B, respectively. Suppose Adam performs his measurement first. When 6 = 0,
Adam will always measure spin-up, and Bob will always measure spin-down. The opposite
happens when 6 = 7/2. These states are not entangled because Adam’s measurement does
not effect Bob’s subsequent measurement. On the contrary, when 6 # 0,7/2 sometimes
Adam will measure spin-up and sometimes he will measure spin-down. When he measures
spin-up Bob will measure spin-down and vice versa. These states are entangled because
Adam’s measurement determines Bob’s. When 6 = 7/4 by symmetry we know that half of

the time Adam will measure spin-up and half of the time he will measure spin-down. This
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case seems to the one of maximal entanglement. Now let us confirm our intuition with a
calculation of the entanglement entropy.
The density matrix for this state is simply p = |¢)(¢)|. The reduced density matrix in

H 4 is easily calculated to be

pa = cos” 0] D) a(l [a+sin®0] L)all |a, (1.15)

which gives the entanglement entropy
Sy = —(cos® flog cos® O + sin? O log sin? 0) . (1.16)
In fig. [I.2) we plot the entanglement entropy Sy as a function of #. The entanglement entropy

Sa
log(2) |

o
INERE
NI

Figure 1.2: The entanglement entropy S, of the state |¢)) between the sub-spaces H4 and
Hp. Notice that the maximum is at 6 = 7 /4.

is maximal at § = 7/4, where Sy = log2. As expected, the entanglement entropy vanishes

at 0 =0,7/2.
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1.3 Entanglement entropy in QFT

We would like to generalize the ideas of Rényi and entanglement entropy to quantum field
theory. Consider a field theory in D = d + 1 dimensions on flat Minkowski space-time R®!.
Let the vacuum |0) of the theory have density matrix p = |0)(0|. We introduce a space-like
‘entangling surface’ ¥, which separates R? into two spaces A and B such that AU B = R?
and AN B = 0. We will be especially interested in the case where X is a (d — 1)-sphere
in the spatial dimensions of radius R. We call this entangling surfaces ¥ga-1, and we let A
be the space inside of the sphere and B be the space outside. The reduced density matrix
ps = trp|0)(0] is given by integrating out the degrees of freedom outside of the sphere.

We can then calculate the entanglement entropy and the Rényi entropies using eqgs. (|1.13))

and (1.11]), respectively, for ps.

1.3.1 Example: System of weakly interacting spins

Before embarking in earnest on a calculation in QFT, it is useful to consider a toy example
that will demonstrate some of the main structure of entanglement entropy in field theory.
We consider a simple lattice model in 2 spatial dimensions of very weakly interacting spins.
Each spin is paired up with one of its nearest neighbors, so that if there are N spins then
there are N/2 pairs. A pair of spins does not interact with any other pair. The spins are
arranged on a square lattice of length e. We illustrate this setup in figure [I.3] The form
of the interaction is to put the ground-state of each pair in the maximally entangled state
\%ﬂ M 1)+ 4] 1)). This example may seem contrived, but it is designed to illustrate an
important point about the nature of entanglement entropy.

We want to calculate the entanglement entropy of the ground-state across a circular
entangling surface S of radius R. Label the region inside of the circle by A and region
outside by B. The only pairs which contribute to the entanglement entropy are those which

have one spin in A and one spin in B. Each such pair has entanglement entropy equal
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Figure 1.3: A simple dimer state, where the red circles denote the pairs of spins, which
are arranged on a square lattice of spacing €. The spins will always be measured to be in
opposite spin states. The pairs of spins do not interact with each other. The dotted black
circle is the entangling surface of radius R, the region A is the interior of the circle, and B
is the region outside of the circle. We really want to consider the limit R/e > 1.

to log2. For large R, the number of such pairs scales like the circumference of the circle
divided by the lattice spacing €. Thus we find that the entanglement entropy of this system

is approximately

2
Sy~ 0™ 02 (1.17)
€

where « is some un-important, order one numerical constant that counts more precisely

how many spin pairs are intersected by the circle.

Our simple example illustrates what is know as the area law for the entanglement entropy

in quantum field theory (see, for example, ref. [49]):

(-1
Si=gay Vol(X)ed™t + -+ g Vol(Z)l/ ([@=De=1 4 g0 log <V01(E)) + Sy, (1.18)
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where € is the short distance cut-off of the theory. The constants g;_; through ¢; depend on
the UV behavior of the theory. The constant gy is expected to be universal. If we rescale
€, the coefficient gy remains unchanged, though the e-independent term Sy will receive a
shift. Thus, when gy # 0 we conclude that Sy is also not physical. However, when gy equals
zero then it appears that Sy has a well defined meaning independent of the UV cut-off. At
conformal fixed points we will see that when d is odd gy is non-vanishing and when d is even
go vanishes. This is because gq is proportional to the anomaly coefficient that multiplies the
Euler density, and there are no anomalies when D = d + 1 is odd. Also note that while it
must be true that S, > 0, there are no obvious positivity requirements for gy and Sp.

Heuristically, the e-dependent terms in eq. come from quantum fluctuations across
Y. These fluctuations take place at the UV length scale €. The ‘number’ of fluctuations that
occur across Y is then schematically given by Vol(X)e?~!, which gives the leading term in
eq. . In fact, our quantum mechanical dimer model can be thought of as a toy model
for vacuum fluctuations, where each pair of spins is thought of as a particle anti-particle
pair.

We will be especially interested in the entanglement and Rényi entropies of QFTs at
conformal fixed points. A (d + 1)-dimensional relativistic CFT on R%! is a field theory
which is invariant under conformal transformations (see, for example, ref. [50]). The group
of conformal transformations includes, in addition to the usual Poincaré symmetries, scale
transformations and special conformal transformations. Relativistic theories that are in-
variant under scale transformations are expected to be invariant under the full conformal
group.

One reason we are interested in CFTs is the following. Consider a D-dimensional many-
body quantum system with Hamiltonian H(g), where g is some parameter of the theory.
Suppose there is a special value of g, which we call g., where the system undergoes a con-
tinuous phase transition. When g = g. we say that ¢ is at a quantum critical point (QCP).

For g near g. the correlation length ¢ scales as ¢ ~ |g — g.|”” > ¢, where v > 0 is a critical
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exponent and € is the lattice spacing. This implies that it is not necessary to know the details
of the UV theory in order to describe the properties of the low-energy degrees of freedom
near a QCP. If the low-energy degrees of freedom have linear dispersion relations, then the

theory is well approximated by a relativistic CFT.

1.4 Methods for calculating entanglement entropy

We would like to calculate the EE across the entangling surface »ga-1 introduced in the
previous section. This section summarizes the methods introduced in [10,/11] and references

therein. Let us use a Cartesian chart, with metric
d
ds® = n,datds” = —(da")? + Z(dmi)Q : (1.19)

=1

At 2° = 0, the surface S9! of radius R is described by the equation » < R, where

r = /(@)2+---+ (292 and R is the radius of the sphere. The causal development of
this region, which we call D, is the region in space-time such that any time-like or null curve
which passes through D must necessarily intersect the S9! at 2° = 0. This implies that D

is given by the intersection of two cones in space-time:

D={r+2°<R}n{r—2<R}, —-R<2"<R. (1.20)

In general there is no simple expression for the reduced density matrix on D. However, when
we have a CF'T it is possible to conformally map the region D to the Rindler wedge R of
Minkowski space. In the Rindler wedge the density matrix describes a thermal state with
respect to boosts about the origin. This is the Unruh effect [51], but we are getting ahead
of ourselves. First let us illustrate the conformal map between D and R explicitly.
Consider Minkowski space with coordinates X* and metric ds* = 1,,dX*dX". The

Rindler wedge of Minkowski space is the causal development of the X° = 0 slice correspond-
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ing to the right-half plane X! > 0 for all X¢, ¢ > 2:

R={X'"+X°>0}n{X'-X°>0}, —oco<X' X'<o0,i>2. (1.21)

An explicit conformal mapping of R to D is given by

B Xt — (X - X)COH
C1-2(X-O)+(X-X)(C-O)

o + 2R*C* (1.22)
where we take C* = (0,1/(2R),0,...,0). This is a combination of a special conformal trans-
formation plus a translation, so the metric can only change by an overall conformal factor.
Indeed, it is straightforward to verify that this is the case. Since we are studying CFTs, this
overall conformal factor is irrelevant. It is also easy to see that that the coordinates x* given
in exactly cover D.

The vacuum |0) of the entire Minkowski space is a pure state with density matrix p =
|0)(0]. We want to obtain the non-trivial reduced density matrix inside of D. If our theory
is conformally invariant, we may equivalently consider the reduced density matrix inside
the Rindler wedge R. The Unruh effect states that if one takes the vacuum of a QFT
in Minkowski space and reduces to the Rindler wedge, the resulting state is thermal with
respect to translations along the directions of boosts. Let us make this more precise. We

define new coordinates ¢ and z such that

Xlionzeﬂ/R, z>0, VteR, (1.23)
so that the metric is the Rindler metric:
22 d ~
ds? = _ﬁdtQ +d2” 4+ (dX7)?. (1.24)

=2

31



Notice that the Rindler coordinates naturally cover only the Rindler wedge of Minkowski
space. The parameter R is arbitrary and is put in so that ¢ has dimension of length. The
precise statement of the Unruh effect is that the vacuum of Minkowski space restricted to
the Rindler wedge is described by a thermal state at inverse temperature g = 27 R, with the
Hamiltonian H, being the operator that generates translations in the Rindler time ¢. From
the point of view of the Cartesian chart, H, generates boosts around the origin. The density

matrix of a thermal state at inverse temperature [ is given by

e‘ﬂﬁ*

P:Z,

7 = tr(e_’BHt) : (1.25)

Note that Z is simply the thermal partition function. With this definition we can calculate

thermal expectation values:
1
_ — —BEn
(0) =t(p0) = — > e (n|Ofn) (1.26)

where the states {|n)} are the eigenstates of H, with eigenvalues {E,}.

The thermal partition function of a QFT in Lorentz signature is equivalent to the Eu-
clidean path integral, where we analytically continue to imaginary time by defining 7 = it
and compactify 7 on a circle of radius equal to the inverse temperature 3 (see, for exam-
ple, [50]). Now let us calculate the Rényi entropies S, given in eq. (L.11)). We see that the
first step is to compute the quantity tr p?, which in turn requires us to compute the thermal

partition function

1

Z, =trexp(—2nqRH;) = e’ o= 27qu]:q’

(1.27)
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where the inverse temperature is § = (2m¢R). The quantity Z, is equal to the Euclidean
partition function of the QFT on the space

22

2
ds =

d
dr® +dz* + ) dX}, (1.28)
=2

where now 0 < 7 < 2wgR. If we define the angle §# = 7/R, then it is clear that the metric in
eq. ((1.28) describes flat space where, for ¢ # 1, there is a line of conical singularities at z = 0.
When ¢ = 1 there is no conical singularity. Before moving on, notice that F, = —log|Z,|
is the Euclidean free energy. The thermal free energy F; is by convention taken to be this
quantity times the temperature.

We are now in a position to given an expression for the Rényi entropies across > ga-1 in
terms of Euclidean path integrals:

1 tre 27 g F — F,  2wRq(F, - F)

= 1 =
S 1—g¢q °8 (tre=2mlHe)a 1—g¢q 1—g¢q

(1.29)

Let us think about how to calculate the entanglement entropy S;. Taking the limit ¢ — 1

in ((1.29), one obtains

S =— = —Siherm(1/(27R)) , (1.30)
dr T=1/(27R)

where Siperm(7") is the thermal entropy at temperature 7. In general, the definition of the

Helmholtz free energy is

F(T) = E(T) = TSherm(T) , (1.31)

where E(T) = tr(p,H,) is the total energy. It follows immediately from (T.30) and (T.31))
that S; = —27R[Fy, — E(1/27R)] = —F, + F.
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In D odd, E(1/(27R)) = 0 since the trace of the stress-energy tensor vanishes. In D
even, F(1/(2rR)) does not vanish, and it is proportional to the a-type anomaly coefficient.
However, the energy only gives a finite shift to S;, and S; ~ log R. Thus, in both D even
and odd we may write S; = —JF7, where it is understood that both sides of the relation refer

to the properly renormalized, universal quantities.

1.4.1 Mapping to R x H?

Notice that the metric in eq. (1.28]) may be written as

R2
ds® = (dT2 +=
¥

A2+ de] ) , (1.32)

1=2

with 2 = z/R. This implies that by applying a conformal transformation we can map the
theory from the Rindler wedge to the space S' x H¢, where H¢ is the hyperbolic space of
radius R. We subsequently refer to this space simply as H,gdﬂ). The metric on H,gdH) may

be written in slightly more convenient coordinates:

ds? = R*(dr? + dn* + sinh® ndQ? ), (1.33)

where 0 < 7 < 2mq, 0 < n < oo, and d?_, is the volume element on the unit S92,

The spaces H? are non-compact, which implies their volumes are infinite and require
regularization. The proper regularization of these volumes uses a hard cutoff at some value
n=mno [11]:

dr??RE (M
Vol(Hd) = YN (g n 1) /0 dn sinh?~! n. (1.34)
2
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The case of most interest is when d = 2, which gives

6770 6_770
Vol(H?) = 27 R? {7 — 1+ } : (1.35)
Taking the finite part of this expression as 7y goes to infinity gives us the regularized volume
Vol(H?) = —27R?. When d is odd the regularized volume picks up a logarithmic divergence.
For example, in d = 3 we find the regularized volume Vol(H?) = —27R3log(R/¢), where we

have redefined the UV regulator to be the short distance regulator e.

1.4.2 Mapping to the ¢-fold branched covering of S¢

The metric in eq. (1.33) may be conformally mapped to the metric on the g-fold branched

covering of S¢:

dst, = R? [cos® 0dr? + df” + sin® 0dQ;_,] | (1.36)

where the ranges of the coordinates are 0 < 7 < 2mq, 0 < ¢ < 2w, and 0 < § < 7/2. This
space is referred to as C’,gdﬂ) [52]. The conformal equivalence of the metrics on Hédﬂ) and
C’édﬂ) is made explicit by identifying sinhn = cosf, which implies ds? = cos? fds%. Note
that when ¢ = 1 the space C’,gdﬂ) is simply the round sphere S, Thus we have shown

that the entanglement entropy of a CFT across the entangling surface ¥ gqa-1 is equivalent to

minus the free energy of the CFT conformally coupled to curvature on the sphere S9+1,
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Chapter 2

The F-Theorem

This chapter is a lightly-modified version of the paper [9].

2.1 Introduction

In this chapter I will introduce the F' theorem. In particular, I will subject the F-theorem to
tests that do not rely on supersymmetry. Supersymmetric tests of the I’ theorem were first
performed in [8]. Our approach here is similar to Cardy’s [1] who, in the absence of a proof
of the a-theorem, presented some evidence for it in the context of a CFT on S* perturbed
by weakly relevant operators. (His work generalizes similar calculations in d = 2 [3}/53].) In
sections and we use the perturbed conformal field theory on S? to present evidence
for the F-theorem. We also discuss other odd-dimensional Euclidean theories on S¢ where
similar perturbative calculations provide evidence that (—1)@~Y/2log|Z| decreases along RG
flow. In the particular case d = 1 these calculations were carried out in [54}55] providing
evidence for the g-theorem[l] In section 2.4 we review the calculations of F for theories
involving free massless boson, fermion, and vector fields. We show that these values are

consistent with the F-theorem for some RG flows. In section 2.5 we consider another class

'The d = 1 dynamics is often assumed to take place on the boundary of a d = 2 conformal field theory.
A proof of the g-theorem in this context was given in [56].
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of examples which involve RG flows in large N field theories perturbed by relevant double-
trace operators. In these cases, the theories flow to IR fixed points, and Fig — Fyy can be
calculated even when the double-trace operator is not weakly relevant [5759]. The results
are consistent with the F-theorem. An explicit example of this kind is the critical O(N)
model. In particular, we show that the flow from the critical O(/N) model to the Goldstone
phase, which was earlier found to violate the c¢rpem-theorem [6,7], does not violate the

F-theorem.

2.2 Perturbed Conformal Field Theory

In this section we discuss Euclidean conformal field theories perturbed by a slightly relevant
scalar operator of dimension A = d — ¢, where 0 < ¢ < 1. Our approach follows closely
that in [1,3./53H55]. To keep the discussion fairly general, we will work in an arbitrary odd
dimension d throughout most of the following calculation, though the case of most interest
to us is d = 3. Our calculations generalize those carried out for d = 1 to provide evidence

for the g-theorem [54.|55,/60]. We take the action of the perturbed field theory to be
S = S+ Ao / devV/GO(x), 2.1)

where Sy is the action of the field theory at the UV fixed point, \g is the UV bare coupling
defined at some UV scale p, G is the determinant of the background metric, and O(x) the

bare operator of dimension A.

2.2.1 Beta function and the running coupling

For the purposes of finding the beta function it is sufficient to work in the flat R?. For the

CFT on RY, conformal invariance fixes the functional form of the connected two-point and
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three-point functions [61], and we choose the normalization of O to be such that

1

(OO =

c (2.2)
<O($)O(y)0(2)>0 = d—e d—e d—c ’
[z —yl" "y — 2" |2 — 2
for some constant C'. These correlators correspond to the OPE
1 CO(z)

O(z)O(y) = =5 — ... as T — Y. (2.3)

|z =y |z =y

In the perturbed theory, the coupling runs. The beta function is |1, 50]E|

dg ’/Td/2

Blg) = p—- Cog*+0(g°) (2.4)

where p is the renormalization scale, and g = Ap~¢ is the dimensionless renormalized cou-
pling. Integrating this equation with the boundary condition g(ug) = go < 1, where p is a

UV cutoff, we obtain the running coupling

(1) = (@)E_Wf‘/?@_g%

() - ()

One can understand the two equations above from the following RG argument. Correlation

+0(gp) - (2.5)

functions in the interacting theory differ from the ones in the free theory by an extra insertion

of

o—do[dizO@) _ 1 —Ao/ddﬂfO /dd / | dy O(z)O(y) + ..., (2.6)
xr— y>f

where the condition |z —y| > Mio comes from imposing the UV cutoff . In obtaining an

effective action at some scale p, one simply isolates the contribution from modes between

2This equation differs from eq. (9) in [1] by the sign of the second term because our coupling g differs
from the one in [1] by a minus sign.
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energy scales py and u: for example, we write the last integral in (2.6]) as

d%y CO(z
/ d'y O(x)O(y) =/ ddyO(:v)O(y)+/ y—dQJr (2.7)
|z—y|> |z—y[> Lcp—yl<L [z —y|

Ko

where in the region t <l|lr—y| < i we only exhibited the contribution from the second
term in the OPE (2.3). The first term in eq. should be thought of as arising from the
effective action at scale u, while the second term should be interpreted as a renormalization
of the coupling. Combining with , one can deduce that the effective coupling A(u)
is:

Vol(S4) F — i} . (2.8)

He G

OX2 d OX2
Ap) = Ao — —20 L T W A

2 1] Lt 2¢
L<le—yl<t [ =y

Using Vol(S971) = 27%2/T'(d/2), one can further check that this expression agrees with
provided go = Aopto “ and g(u) = A(u)p™*

If C < 0 then both terms in the beta function are positive; thus, g grows along the
flow, and the fate of the IR theory depends on the coefficients of the ¢ and higher order

terms. However, if C' > 0 then there exists a robust IR fixed point at

L(5)e o 2
* .9
g - 7Td/20 +O(€ )7 ( )

whose position depends on the coefficient of the g3 term only through the terms of order €2.

2.2.2 Free energy on S¢

From now on, let us consider the field theory on a d-dimensional sphere S¢ of radius a.
Putting the field theory on S¢ effectively sets the RG scale p to be of order 1/a. For
convenience we will set u = 1/(2a) and express our answers in terms of the renormalized
coupling ¢ at this scale. In the following computations we will also send the UV cutoff

1o — oo after appropriately subtracting any UV divergences.
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The metric on S? is most conveniently described through stereographic projection to R?

because in these coordinates the metric is manifestly conformally flat:

d d

a2 = 2T N, P = Y (@), (2.10)

(1+ |x|2)2 i=1 i—1

In the unperturbed theory, the connected correlation functions of O on S¢ can be obtained

from those in flat space given in eq. (2.2) by conformal transformation:

(OO, = iz
Y . (2.11)
(OOWOEN, = e
where
s(z,y) = 2a ] > (2.12)

(1+[21%) (1 + Iy

is the “chordal distance” between points x and y.

The path integral on S3 has UV divergences that should be subtracted away. After
this regularization, which we will perform through analytic continuation, one can essentially
remove the UV cutoff py by sending it to infinity. The resulting regularized path integral
Zo(Ao) depends on the bare coupling Ag. As is standard in perturbative field theory, one can
write down the following series expansion for log |Z(Ag)| in terms of the connected correlators

of the unperturbed theory:

Z(Xo)

log 2(0)

-y i [die/Ge [ oGO 0w (23

n=1
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We have (O(z))g = 0 because the unperturbed theory is a CFT. Using the definition F' =

—log Z, we can write the first few terms in the above expression as

2 3
0F(Ao) = F(Xo) — F(0) = 207, %13 + O, (2.14)

T2

where

a)2erd+1/2 _4d
I, = / 'V G / G (0(@)0()), = 22 a :

_ d d d _ i+ )/2g3 T (_g + %)
I = /d x@/d y@/d VG O@OWOE), = T o

These integrals were evaluated through analytic continuation in e from a region where they
are absolutely convergent |[1].

One can simplify equation by expressing it in terms of the renormalized coupling
g instead of the bare coupling Ay and performing a series expansion in €. Solving eq.

for A\p (with gy — oo and p = 1/(2a)), one obtains

/2

/\0(2a)5 =4g + T (c_l)

¢ +0(g). (2.16)
Substituting this expression together with the expressions for I and I3 from eq. (2.15)) into
eq. (2.14) gives

ap1 2rdtl 1 1 7d/2
OF(q) = (—1)=2 ——eq® + = Cq® + O(g* 2.17
(9) = (1) i 59 +3F(g) 9"+ 0(g")| , (2.17)

where we expanded each coefficient of g™ to the first nonvanishing order in e. By comparing

this formula with the beta function (2.4), we observe that, to the third order in g, the
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derivative of the free energy is proportional to the beta function:

dF B a1 e

-

Blg) + O(g%) . (2.18)

The proportionality between dF'/dg and [(g) to this order in perturbation theory is not
unexpected: one can show that dF'(g)/dg equals the integrated one-point function of the

renormalized operator O,

‘;—]; = uf/ddm@(Oren(az)h. (2.19)
This one point function is required by conformal invariance to vanish at the RG fixed points.
To the order in g we have been working at, both the beta function and the one point function
of O are quadratic functions, so the fact that conformal invariance forces them to have the
same zeroes implies that they must be proportional. To higher orders in perturbation theory,
we expect that dF'/dg will equal $(g) times a nonvanishing function of g.

One can also note that for both signs of C' the beta function 3(g) is negative to second
order in perturbation theory. Eq. then tells us that the quantity F = (—1)%}7 is
a monotonically decreasing function of the radius of the sphere in all odd dimensions. We
interpret this behavior as a monotonic decrease in F along RG flow between the UV and IR
fixed points. F is stationary at conformal fixed points, supporting the F-theorem in three
dimensions and the g-theorem in one dimension.

Recall that when C' > 0 there is a perturbative fixed point at the value of the coupling

g* given in (2.9). Eq. (2.17) tells us that the difference between the free energy at this

perturbative fixed point and that at the UV fixed point g = 0 is

(d—2)1' 7%

FG) =~ g —isce

(2.20)
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The case of most interest is d = 3, where

nled

e (2.21)

5F(9*)|d:3 =

We will be able to reproduce this expression in a specific example in section [2.5.1]
The arguments above relied heavily on O(zx) being a scalar operator. If instead O(z) is

a pseudo-scalar, then the relation

(O(=21)O(=23) ... O(=))o = (—1)™O(21)O(x2) . .. O(an))o - (2.22)

implies that the integrated n-point functions of O(x) vanish if n is odd. In particular I3 =0
in equation , and so the first non-linear correction to the beta function is of order
g%; it comes from integrating the four-point function of O(x) as opposed to the three-point
function as was the case for a scalar operator. Because the form of the four-point function is
not fixed by conformal invariance but rather depends on the details of the theory, it is hard
to say anything general in this case. A specific example of a slightly relevant pseudo-scalar
deformation is discussed in section [2.5.3) with the deformation coming from a fermionic

double trace operator.
2.3 Towards a more general proof of the F-theorem
Let us consider a CFT on S¢ perturbed by multiple operators,

S =Sy + N / A GO (), (2.23)

where the bare operators O; have dimensions A; = d—e¢; with ¢; > 0, and S is a conformally-
invariant action. In section we studied the special case where there was only one such

perturbing operator.
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In terms of the dimensionless running couplings ¢°, which we will denote collectively by

g, a simple application of the chain rule gives

dF ., JOF .o dgt
ﬁ(g)agi, B'(g) =

(2.24)

dlog,u: dlog

where we introduced the beta functions 3%(g). Differentiating the partition function with

respect to ¢°, one can see that the gradients 0F /g are given by the general relation:

aF _ luéi/ddx\/a <Oreni<x>>)\

g’
ai1 27rd+1 ]
= (—1)"F i (g) &

(2.25)

In the last line of this eq. (2.25]) we have defined the matrix h;;(g), which can be thought of
as a metric on the space of coupling constants. Consequently, introducing F = (—1)%}7’ as

in the previous section, we havd’]

dr
dlogp

Bihijﬁj . (2.26)

In principle, the entries of the matrix h;;(g) could be singular for certain values of the
coupling. A sufficient condition for the F-theorem to hold is that h;;(g) is strictly positive
definite for all g. We will see that this is the case at least perturbatively in small g.

The perturbative construction of 3%(g) and h;;(g) generalizes the computation in sec-
tion . We can choose our operators O;(z) so that in flat space the two and three-point

functions at the UV fixed point are

5
2.27
(0:(£)0, (9)Ou())o = Cat 2
i i\Y)Vk 0= -y MDA, —Ay ly — Z’A]-—I-Ak—Ai L Bt

3This equation is analogous to that derived for the c-function in two dimensional field theory [3], where
it contains a metric on the space of coupling constants well-known as the Zamolodchikov metric.
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for some structure constants Cjj;. The corresponding OPE is

0i()0;(y) = — 0 Oule) ooy, (299)
jz =y Jr—y[TTT
where ij = §lel¢j. These correlators yield the beta functions
i dgi i
Be) =iy, = —as' + Z gt +0(g?) (2.29)
and the free energy
di1 27Td+1 1 ;
) 7 ]
We see that (2.25) is satisfied with
hij(g) = i + O(g) (2.31)

so the matrix h;;(g) is positive definite to first nonvanishing order in g. Of course, as
long as the perturbative expansion converges, h;;(g) will continue to be positive definite at
the very least in a small neighborhood of g = 0. A potential route towards proving the
F-theorem is to construct the metric h;;(g) non-perturbatively and demonstrate that it is
positive definite. Such an approach was undertaken in [56] for one-dimensional field theories

that can be realized as boundaries of two-dimensional field theories.

2.4 F-values for free conformal fields

2.4.1 Free conformal scalar field

In this section we calculate the free energy of a free scalar field conformally coupled to the

round S?. Similar results have appeared in [62}(63].
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In d-dimensions the action of a free scalar field conformally coupled to S¢ is given by

Sy = % / Az NG {(v¢)2+ 4é__21)3¢2 . (2.32)

We take the radius of the round S? to be a, so that the Ricci scalar is R = d(d — 1)/a®. Up

to a constant additive term,

—2 R (2.33)

1
Fs = —log|Zs| = Slogdet [11°Os] ,  Os==V*+ 4(d-1)

where g is the UV cutoff needed to properly define the path integral. At the end of the day

Fs will not depend on g or a in odd dimensions. When d > 2, the eigenvalues of Og are

1 d d
N = — ° 142 >0, 34
A aQ(n—l—2) (n —|—2> n>0 (2.34)

and each has multiplicity

2n+d—1)(n+d—2)!
My, = BT ) (2.35)

The free energy is therefore

1 & d d
Fg = 5 ;mn [—2log(,u0a) + log (n + 5) + log (n -1+ 5)] : (2'36)

This sum clearly diverges at large n, but it can be regulated using zeta-function regulariza-
tion. By explicit computation, one can see that, unlike in even dimensions, in odd dimensions

we have

imn =0, (2.37)
n=0
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d | Fy

3| L (2 log 2 — L“”) ~ 0.0638

5 | 5 (2log2+ 2 - D) ~ 574 x 1079

7 | b 410g2+8125<7(r2)—107f§) ) ~7.97 x 107

9 | 5t (10log2+ S — 2 LKM 550 131 x 1074

11| o (281log2 4 TG | 194066) _ 1218CID) _ 850¢0) 1027?%“)) ~ 237 x 1077

Table 2.1: The F-value for a free conformal scalar field on S¢.

so there is no logarithmic dependence on ppa. This is in agreement with the fact that there is
no conformal anomaly in this case. The remaining contribution to this sum can be computed

from the function

100 my, My ]-OO My + My
- + =g Pt e 238
SP IR eyl i e I DO s e (2:38)

whose derivative at s = 0 formally gives (2.36]). One can check that m,,+m,,_ is a polynomial
of degree d —1inn—1 + £, so the sum in ([2.38]) converges absolutely for s > d and can be
evaluated in terms of ((s — k;,g — 1), with k ranging over all even integers between 0 and

d— 1. In d = 3, for example, we have m,, = (n + 1)2 and m,, +m,_1 = 2 (n + %)2 +1 50

29
1d 1 1 1

For other values of d, see table 2.1l These results agree with earlier work [62-64]. For all

! <21 2 3C(3)) ~ 0.0638. (2.39)

S T 16 2

odd d we note that the the free energy on S? equals minus the entanglement entropy across

5472 calculated in [65].
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2.4.2 Free massless fermion field

In this section we calculate the free energy of a free massless complex Dirac fermion on the

round S¢ We begin with the free fermion action
Sp = / A%z NG (iID)y . (2.40)

Unlike in the case of the free conformal scalar action, the conformal fermion action does not

contain a coupling between the fermion fields and curvature. The free energy is given by

Fp=—log|Zp| = —logdet [1i5'Op] ,  Op=ilp. (2.41)

The eigenvalues of Op are

1 d
+— — >0 2.42
- (n+ 2) . n=0, (2.42)
each with multiplicity
n+d—1
m, = dim -~ . (2.43)
n

Here, dim 7 is the dimension of the gamma matrices in d dimensions. For odd d, dim~ = 2%

in the fundamental representation.

One can then write (2.41)) as
Fp=-2 i My, | —log(poa) + log ( n + d (2.44)
n=0 2 ’

and again one can check that >~ 7, = 0 in odd dimensions using zeta-function regular-

ization, so there is no logarithmic dependence on pga. To compute Fp, one can write it
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d | Fp/dim~

3| L <210g2+L<3>) ~0.110

5| 2 (610g2 1) %@) ~ —2.16 x 102

7 | 2 (201082 + 511f-,§fz) TR 4 G0 ) > 461 107

0 | 51 (701082 4 206 | 220) | e 25358(9)) ~ —1.02 x 1073

11 | o (25210g2 + Z23CE) | 69124C6) 4 STTSCD) | 18T0c9) 1023“”)) ~232x 107

Table 2.2: The F-value for a free massless Dirac fermior; field on S¢. Here, dim~ is the
-1
dimension of the gamma matrices on S and is equal to 2"z in odd dimensions d.

formally as the derivative at s = 0 of the function

2 Z . (2.45)

One can check that m, is a polynomial of degree d—1 in n+ g, so the sum in (2.45|) converges
absolutely for s > d and can be expressed in terms of ((s — k, %), with k& ranging over the
even integers between 0 and d — 1.
For d = 3, m, = (n+2)(n + 1), and the F-value of a massless Dirac fermion is
log2  3((3)

Fo =20(-2,3/2) - 5¢/0,3/2) = 22 + 20 5 0019, (246)

This result agrees with earlier work [64]. E| For other values of d, see table The F-value

of a Majorana fermion is one half the result in table 2.2

4We note that Fp/Fs is not a rational number and is quite large, ~ 3.43. For comparison, we note that
the contribution of a d = 3 massless Dirac fermion to the thermal free energy is 3/2 times that of a massless
real scalar. In d = 4 the a-coefficient of a massless Dirac fermion is 11 times that of a conformal scalar,
while its contribution to the thermal free energy is 7/2 times that of a massless scalar. Only in d = 2 does
the c-coefficient of a massless Dirac fermion equal that of a massless scalar.
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2.4.3 Chern-Simons Theory

In three dimensions U(N) Yang-Mills theory does not have a UV fixed point. Instead, we
will consider U(N) Chern-Simons gauge theory with level k. The F-value for N = 1 is

1 log k, while for N > 1 it was found to be [66]

N-1 .
N
Fes(k, N) = 5 log(k + N) = 3 (N — j) log <2 sin TN> . (2.47)

j=1

In the weak coupling limit & > N, and for sufficiently large N, this expression may be
approximated by %N 2 (logﬁ + %) Thus, somewhat surprisingly, the CS theory has a
large F-value, even though it has no propagating degrees of freedom.

In four dimensions, one of the first tests of the a-theorem was provided by the SU(N)
gauge theory coupled to Ny massless Dirac fermions in the fundamental representation [1].
This theory is asymptotically free for Ny < 11N/2. If this is the case, then in the UV the
a-coefficient receives contributions from the N2 —1 gauge bosons and the N;N free fermions.
In the IR, it is believed that chiral symmetry breaking produces N]% — 1 Goldstone bosons,
which are the only degrees of freedom that contribute to ajr. The asymptotic freedom
condition Ny < 11N/2 imposes an upper bound on the IR value of a that is restrictive
enough to not violate the a-theorem [1].

In three dimensions we cannot construct similar tests involving U(/N) Yang-Mills theory
coupled to fundamental fermions because the UV theory is not conformal. Instead we con-
sider Chern-Simons gauge theories. As a first example take the U(1) Chern-Simons gauge
theory coupled to Ny massless Dirac fermions of charge 1. For k >> 1 this theory is weakly

coupled, so the F-value is

1 log2  3¢(3)
Fvailogk—i-Nf( 1 2 + O(Ns/k) . (2.48)

+
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Now, let us add a mass for the fermion. The IR fixed point is then described by the
U(1) Chern-Simons gauge theory with CS level k + N;/2 generated through the parity
anomaly [67,68], where the sign is determined by the sign of the fermion mass. Therefore,
the IR free energy is 3 log(k = Ny/2). It is not hard to check that this is smaller than (5.43).

Now we consider U(N ), Chern-Simons gauge theory coupled to N massless fundamental

Dirac fermions. For k£ > N this is a weakly coupled conformal field theory whose F-value is

1o, k 3 log2  3((3) 9

Now, let us add a U(Ny) symmetric mass for the fermions. The IR fixed point is then
described by the U(N) Chern-Simons gauge theory with CS level k £ N;/2. Therefore,
Fir = Fes(k £+ N¢/2,N). It is not hard to check that Fyy > Fig for any Ny if k£ > N. The

comparison is the simplest if, in addition, we assume k > Ny. Then

1 ko 3\ N;N?
Fr~-N2(1 o 2.
™9 (Og2ﬂN+2) @m o (2.50)

making it obvious that Fyy > Fgr.

2.5 Double trace deformations

In this section we study the change in free energy under a relevant double trace deformation
in a d-dimensional large N field theory, starting from a UV fixed point and flowing to an IR

fixed point. Some of this section is a review of the earlier work [57-59].

2.5.1 Bosonic double trace deformation

Consider a bosonic single trace operator ® within the UV conformal field theory. Let the
dimension of this operator, A, lie inside the range (d/2 — 1,d/2). The lower limit on the

dimension is the unitarity bound. We impose the upper limit on the dimension because we
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will be adding the operator ®2 to the lagrangian and we want this to be a relevant operator.
There are general arguments [57,/69] that this deformation will cause an RG flow to an IR
fixed point where ® has dimension d — A.

We begin with the partition function

7 = /ngexp (—SO - %/d%@qﬂ) = Z, <exp (—%/ddx\/a@2)>o . (2.51)

where, as in section Ao is the bare coupling defined at the UV scale pg, ® is the bare
operator, and expectation values (--- )y are taken with respect to the conformal action Sp.
The measure D¢ is schematic for integration over all degrees of freedom in the theory. We
are interested in calculating the difference d FA between the free energies of the IR and UV

fixed points,

(SFA = —log 7
0

. (2.52)

We explicitly write 0 Fa as a function of the UV scaling dimension A to emphasize the
dependence of the IR free energy on the UV scaling dimension of the single trace operator
P.

As in [57] we proceed through a Hubbard-Stratonovich transformation. That is, we

introduce an auxiliary field o so that

Z% _ fDaexp(%olfddx\/éaz) /Da <eXp V A’z G (QLAOUHMD)DO . (2.53)

In this context, large N implies that the higher point functions of ® are suppressed relative

to the two-point function by factors of 1/N, where we take N large. This allows us to write
1 2
<exp ( / dda:\/aa(x)cb(m))> — exp [§<< / dda:\/aa(x)cb(x)) > +O(1/N)] - (2.54)
0 0
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The integral in equation (2.53)) is then simply a gaussian integral, which integrates to give

1
OFA = §trlog(K), (2.55)

where

0(z —y) + doa® (@(z)P(y)), - (2.56)

We choose to normalize the operator ® so that the perturbing operator ®? has the same
normalization as the operator O in section [2.2] Specifically we take the two-point function

of ® on the round S? to be given by

(B(2)D(y))o = %ﬁ (2.57)

We then proceed by expanding the right hand side of equation (2.57)) in S? spherical har-

monics using

1 1 .
o~ > Y ()Y (), (2.58)

where we normalize the Y,,,,,(z) to be orthonormal with respect to the standard inner product
on the unit S¢. The g, coefficients in equation (2.58)) can be found in [57], where they are

shown to be

_ ﬂ,d/22d—AF(% —A) T(n+A)

In = F(A) F(d—i—n—A)’ n>0. (2.59)

The expression for 6 Fa (2.55)) was evaluated using dimensional regularization in [58] .
Here we briefly review their argument. The eigenvalues of the operator K only depend on

the angular momentum n through the g, coefficients of equation (2.59)). States on the sphere
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S? with angular momentum n have the degeneracy m, given in equation (2.35). One can

therefore write the change in free energy as
1 o
OFx =5 ) malog [1+Xoa"*2g,] . (2.60)
n=0

Because d — 2A > 0, in the IR limit a® 22 goes to infinity. Continuing to dimension d < 0,

the sum in equation ([2.60]) converges and 0 Fa becomes
- (n+ A
0FA = - Zmn log (M) , (2.61)

where in simplifying equation (2.60)) one uses > m, = 0 as in eq. (2.37).
The sum in equation (2.61)) is evaluated exactly in [58]. In odd dimensions they find
d(0Fs)  (—1)@D/272(d — 2A) sec [ (A — )] tan [ (A — 2)]

_ . (2.62)
dA 2T'(1 + d) T(1—AT(1—d+A)

The result agrees exactly with the dual calculation in AdSy;; [58]. In the case of most

interest, where d = 3, it reduces to the following simple expression:

d((SFA) ™ 3
A= (A= DA = D)(A - 2)cot(nd). (2.63)

As a last step, we integrate eq. (2.63) with respect to A to get the final expression for § Fa,

- 32
VNG _E/A dr(x —1)(x — g)(x — 2) cot(mx) . (2.64)

The upper limit of integration in eq. is chosen to be 3/2 because we know that

dFa—3/2 = 0, as can be seen directly in eq. , where each term in the sum vanishes when

A =d/2. The reason why 6Fa_3/» = 0 is that when A = d/2 the operator ®* is marginal.
In figure we plot 0 Fa over the allowed range of A when d = 3 (solid curve). There
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Figure 2.1: The change in free energy 6 F between the UV theory and the IR theory when
the UV theory is perturbed by a double trace operator O?, where O has dimension A

The allowed range of A corresponds to the solid section of the curve. The UV theory is
non unitary when A < 1/2 (dotted), and the double-trace deformation is irrelevant when
A > 3/2 (dashed).

are two cases of special interest. The first is when A = 1, which corresponds to the O(N)

models we discuss in section [2.5.2] The numerical value for the difference in the free energy
between the IR and UV fixed points in this case is

SFa_, = —% ~ —0.0152.

(2.65)

The second case of interest is when A = 1/2, so that the operator ®* corresponds to adding

a mass term for the free scalar field ®. In this case d F' evaluates to

1 3¢(3
0Fa=1/2 = 16 <2 log2 — Q;T(Q )) ~ —0.0638. (2.66)

The change in free energy in equation (2.66) is simply minus the free energy of a massive
real scalar field in equation (2.39). This makes sense since in this case we simply integrated

out the real free scalar field . This result can be thought of as a check of our procedure.
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There is one further consistency check we can easily perform. If we take A = (3 —¢€)/2,
then the IR fixed point is the perturbative fixed point of section [2.2l The coefficient of the
three point function C is easily calculated to be C' = 4/4/2 in this case. Equation (2.21))

predicts that the difference in free energy between the IR and UV fixed points is

n2ed

0Fa=@-op = =gz +0(€). (2.67)

Indeed, expanding the integral in equation for A = (3 — €)/2 with € small reproduces
exactly equation (2.67]). This provides another consistency check between the double trace
calculation and the perturbative calculation.

In Fig. 2.1 we also show §F, for A > 3/2 (dashed) and A < 1/2 (dotted). In the former
case, the UV double-trace deformation is irrelevant, and so it is not surprising that 0 F is
positive; we are exchanging the UV and IR fixed points. When A < 1/2, the UV fixed point
is non-unitary and the F-theorem is not required to hold. Indeed, for A less than ~ 0.2658

there is a region where 6 F is positive[]

2.5.2 RG flows in O(N) vector models

In this section we discuss RG flows in the O(N) vector models and compare the free en-
ergies of the various fixed points. We begin with the classical O(N) model action in flat

3-dimensional Euclidean space,

= = - = - S\ 2
S[®] = %/d% [8@-8®+m8®2+;\—](\][ (3-9) ] : (2.68)

where ® is an N -component vector of real scalar fields. The F-value of the UV fixed point of

this theory is of course just that of N massless free scalar fields: Fiyf = £ (2 log2 — 3%)

If we take m? > 0, then all N scalar fields become massive in the IR and we end up with the

°Similarly, the Zamolodchikov c-theorem [3] is not applicable to non-unitarity theories. For explicit
violations of the c-theorem in non-unitary theories see, for example, [70}/71].
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trivial empty theory whose F-value vanishes. The critical model comes from maintaining the
vanishing renormalized mass. This theory has a non-trivial IR fixed point. The difference
between the IR and UV F-values is given in equation (2.65). Therefore for large N the

F-value of the IR fixed point in the critical O(N) model is

,_ N ¢3)) _¢B)
Fh = — (2log2 — 3>~ | — 22 + O(1/N). 2.69
5= g (2062352 ) - <D o) (2.69)
The free and critical O(NN) vector models have been conjectured [72] to be dual to the min-
imal Vasiliev higher-spin gauge theory in AdS, [73-75], with different boundary conditions.
Recently, this conjecture has been subjected to some non-trivial tests [76-78], and new ideas
have appeared on how to prove it [79,80]. It would be very interesting to match our field

theory results for Fp and F2$

using the higher spin theory in Euclidean AdS,.

Now consider perturbing the critical O(XN) model by the scalar mass term with m2 < 0.
As the theory flows to the IR the potential breaks the symmetry from O(N) to O(N — 1),
and so by Goldstone’s theorem we pick up N — 1 flat directions in field space. In the far IR

these Goldstone modes simply become N — 1 free massless scalar fields, with F-value

N1 ¢(3)
Foolastone = ——— ( 2log2 —3>2 ) . 2.7
Goldst 16 ( og 37T2> (2.70)
Thus,
1 3
Foolastone — Feny = T (2 log 2 — 5%) ~ —0.0486 (2.71)

in agreement with the conjectured F-theorem.

This conclusion should be contrasted with the evolution of the thermal free energy coef-
ficient ¢rherm. In the critical O(N) model ¢rperm = 4N/5+ O(1) [6,[7], while in the Goldstone
phase ¢rherm = N — 1. Thus, for large enough N the flow from the critical O(/N) model to

the Goldstone phase rules out the possibility of a ¢rpenm theorem. On the other hand, the
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coefficient of the stress-energy tensor 2-point function ¢ decreases when the O(N) model
flows from the critical to the Goldstone phase [81]. Thus, such a flow does not rule out the
possibility of a ¢r theorem.

Another interesting O(NN) model to consider is the d = 3 Gross-Neveu model with N
massless Majorana fermions 1 and the interaction term (i)'1)*)2. This model has an inter-
acting UV fixed point where the pseudoscalar operator 1)1/ has dimension 1+O(1/N). The

IR fixed point is described simply by N free fermions. Thus, we find that

Fée{,m:i\é@l 2+3€( ))+§2) O(1/N) ,
Ffﬁrm—fé@l 2+3%).

The higher-spin duals of these theories in AdS, were conjectured in [82,83], and recently

(2.72)

these conjectures were subjected to non-trivial tests [76,(77]. It would be interesting to derive

the results (2.72) using the higher-spin gauge theory in Euclidean AdSy.

2.5.3 Fermionic double trace deformation

In this section we study the change in free energy under a fermionic double trace deformation
in a large N field theory on S¢. The calculation proceeds analogously to that in section m,
where we deformed the UV fixed point by a bosonic double trace deformation. The difference
is that we replace the bosonic operator ®(x) by a fermionic, single-trace operator x(x). In
this section we will assume that y is a complex Grassmann-valued spinor field. In order to
obtain the difference in free energy between the IR and UV fixed points when y is Majorana,
all one has to do is divide the final result by two.

Let the dimension of the operator y be A, with A inside the range [(d —1)/2,d/2]. The
lower limit on the dimension is the unitarity bound on spinor operators. The upper limit
on the dimension comes from requiring the operator yx to be relevant. Just as in the case

of the bosonic double trace deformation, one can argue that the double-trace deformation
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will induce an RG flow that takes the theory to an IR fixed point where x has dimension
d— A [59].
We want to compute the F-value of the IR fixed point, so we need to calculate the free

energy of the theory on the round S¢. The partition function on S is given by

Z =2 <exp (—Ao/ddx\/axx) >0 : (2.73)

where \q is the coupling of dimension d — 2A. The calculation of the expectation value in
equation (2.73) was presented in [59], and here we summarize their derivation. First, we

introduce a complex auxiliary spinor field n and write

2 ! /DnDn <eXp U d'zVG (ﬁn + V(X + XU))} >

Zy - fDnDﬁ exp(f ddx\/afm) 0

(2.74)

Just as in the bosonic case, the assumption of large N comes into play by taking the expec-

tation value inside of the exponential, giving
<exp { [ G+ xm} > — exp [)\0 [ @G [ atGnte) el nt) + o1/
(2.75)

We assume that n-point functions, with n > 2, are suppressed by inverse power of N. The
integral in equation (2.74) is then Gaussian. Exponentiating the result to give the change

in free energy 0 FA we find

~

dFA = —trlog(K), (2.76)
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where

- 1

K(z,y) = \/@5(% —y) + Aoa? (x()X(y)), - (2.77)

In flat space we choose the fermion two-point function to have the normalization

G(z,y) = (x(2)X(¥))y = % (2.78)

We need to find the eigenvalues and degeneracies of the operator G on the sphere. This

problem is solved in [59] and here we simply quote the resultﬁ The eigenvalues

T(n+A+1/2)

—_— |
I T +d—A+1/2)

n>0 (2.79)

come in conjugate pairs and are indexed by the integer n that runs from zero to infinity. In
equation (2.79) we leave off any n independent proportionality factors, because as we will
see below these factors do not contribute to the free energy in the IR limit. At each level n
there is a degeneracy m,, given in equation (|2.43]).

Analytically continuing to the region of the complex plane where Re(d) < 1, the trace in

equation ([2.76)) converges and in the IR limit we can write

T'(n+A+1/2)

SFr =23 il .
A D CTntd—A+1/2)

n=0

(2.80)

The sum in equation (2.80) is easily evaluated using the methods in [58]. After a simple

calculation one finds the result (specifying to three-dimensions)

o [ 1 3 5 3
__2r SN 3N, ) (281
O Fa A dz (x 2> <:L‘ 2) (a: 2) tan(mz), Ae <1, 2) (2.81)

6See section 5.3 of that paper.
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In figure we plot the change in free energy 0 F over this range of A.
N

~0.05
~0.10}

~015"

020

Figure 2.2: The change in free energy 6 F between the IR theory and the UV theory when
the UV theory is perturbed by a a double trace operator yx, where x is a fermionic operator
of dimension A.

Just as in the bosonic case, we can check this procedure by evaluating 6 F when y has
the dimensionality A = 1 of a free spinor field. The integral in equation (2.81]) evaluates to
1 3
§Fa_q = —= (2log2 + 3$B) © 919, (2.82)
8 2
Comparing to equation (2.46[), we see that this is the F-value of a massless complex spinor
field. Intuitively this makes sense, because in this case all we have done is to integrate out
a massive free complex spinor.

We note that, as in section 2.5.1, JF vanishes for A = 3/2 where the double-trace
operator is marginal. One might be tempted to expand equation (2.81]) for A near 3/2 and
attempt to compare with the perturbative result in equation (2.21]). One would quickly find
that this does not work. Indeed, letting A = (3 — €)/2 we see that

€

5FA:(3,€)/2 = —g + 0(63) . (283)
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The leading change in the free energy is order ¢ while in the perturbative calculation of
section the change in free energy is order €.

The resolution is that the perturbing operator O = Y is a pseudo-scalar, as can be seen,
for example, from the fact that the correlation functions of an odd number of O(z;) change
sign under z; — —z;. From eq. , one can compute explicitly the connected correlation

functions in flat space:

(O(z)0(y)O(2))o = 2i dim() E(Ij;(f ;| f;)fyzﬂ;)_];j );Afi)lk 7

(2.84)
<O($)O<y)0(z)0(w)>0 - dlm(ﬁ)/) (Qszwaxwyz + 2Xzyszzzyw + 2X:rysz:1:wyz
+ X:vyszzwzw + X:ryxwazzw> )
where we have defined
_ (a=b)-(c—4d
Xavea = la — b|2A+1 e — d|2A+1 : (2.85)

That the n-point functions change sign under reflection implies that only odd powers of the
coupling appear in the beta function, and also that only even powers of the coupling appear
in an expansion of the free energy as in eq. . We believe that all coefficients in the
expansions of the beta function and 6F as power series in the coupling constant are O(e),
as can be checked explicitly for the case of the four-point function in . It follows that
the IR fixed point does not occur when the coupling ¢ is small. One would therefore need
to calculate all the terms in eq. in order to find the change in the F-value along the
RG flow.
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Chapter 3

Entanglement Entropy of 3-d
Conformal Gauge Theories with

Many Flavors

This chapter is a lightly-modified version of the paper [13].

3.1 Introduction

Many interesting quantum critical points of condensed matter systems in two spatial dimen-
sions [84H97| are described by conformal field theories (CFT) in three spacetime dimensions
where massless fermionic and/or bosonic matter interacts with deconfined gauge fields. These
include critical points found in insulating antiferromagnets and d-wave superconductors and
between quantum Hall states. Such CFTs can be naturally analyzed by an expansion in
1/Np, where Np is the number of ‘flavors’ of matter. This large Ng limit is taken at fixed
N,., where N, is a measure of the size of the gauge group e.g. the non-abelian gauge group
U(N,). Classic examples of such CFTs include three-dimensional U(1) gauge theory coupled
to a large number of massless charged scalars [98] or Dirac fermions [99,[100]. These theories

are conformal to all orders in the 1/Ng expansion, and they are widely believed to be confor-
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mal for Ngp > N, where N is a conjectured critical number of flavors dependent on the
choice of the gauge group [99,(100]. The 3-dimensional CFTs may also contain Chern-Simons
terms whose coefficients k£ may be taken to be large.

In any 3-dimensional field theory with AV > 2 supersymmetry, the S free energy F' may
be calculated using the method of localization |31,/101H103]. It has also been calculated in
some simple non-supersymmetric CFTs, such as free field theories [9}/65,(104,/105] and the
Wilson-Fisher fixed point of the O(/N) model for large N [9], which has been conjectured [72]
to be dual to Vasiliev’s higher-spin gauge theory in AdS, [74]. In this chapter we present the
calculation of F' in certain 3-d gauge theories coupled to a large number of massless flavors,
to the first subleading order in 1/Ngp. We will find that this subleading term is of order
log N.

The CFTs we study have the following general structure. The matter sector has Dirac
fermions 1,, o = 1... Ny, and complex scalars, z,, a = 1...N,. We will always take the
large Ny limit with N,/N; fixed, and use the symbol Np to refer generically to either Ny or
Nyp. These matter fields are coupled to each other and a gauge field A, by a Lagrangian of

the form

Ny N,
- Uu
L= 0" Dytha+ Y (|Duza|2 + 5|zq|* + 3 (|za|2)2> +..., (3.1)
a=1 a=1

where D, = 0, — A, is the gauge covariant derivative, and the ellipses represent additional
possible contact-couplings between the fermions and bosons, such as a Yukawa coupling.
The scalar “mass” s generally has to be tuned to reach the quantum critical point at the
renormalization group (RG) fixed point, which is described by a three dimensional CFT;
however, this is the only relevant perturbation at the CFT fixed point, and so only a single
parameter has to be tuned to access the fixed point. In some cases, such scalar mass terms

are forbidden, and then the CF'T describes a quantum critical phase. All other couplings,
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such as v and the Yukawa coupling, reach values associated with the RG fixed point, and so
their values are immaterial for the universal properties of interest in the present chapter.
The gauge sector of the CFT has a traditional Maxwell term, along with a possible
Chern-Simons term
£A:LTIF2—I—ﬁTr(F/\A—1A/\A/\A). (3.2)
2¢? 2m 3
The gauge coupling e? has dimension of mass in three spacetime dimensions. It flows to an
RG fixed point value, and so its value is also immaterial; indeed, we can safely take the limit
e? — oo at the outset. However, our results will depend upon the value of the Chern-Simons
coupling &, which is RG invariant. We will typically take the large Np limit with &/Np fixed
at fixed N, and in most of this chapter we set N, = 1 for simplicity. (This is to be contrasted
with the ‘¢ Hooft type limit of large N. where k/N, is held fixed; see, for example, recent
work [36,(106},/107].) One of our principal results, established in section , is that for the
U(1) gauge theory with Chern-Simons level &, coupled to N; massless Dirac fermions and

N, massless complex scalars of charge 1 as in (3.1) with s = u =0,

F= 1052 ;4 8+ E8) (v, -y + %log W\/(M> - (E) +.... (33)

2 8 T

This formula shows that the entanglement entropy is not simply the sum of the topological
contribution —% log k and the contribution of the gapless bulk modes, unlike in the models
of [10§]. For CFTs with interacting scalars relevant for condensed matter applications,
we have to consider the u — oo limit, and this yields a correction of order unity, with
F — F —((3)/(87?%) at this order [9]. All higher order corrections to are expected to
be suppressed by integer powers of 1/Ng, whose coefficients do not contain any factors of

log Np.
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In section [3.4 we will examine similar A" = 2 supersymmetric CFTs on S® using the local-
ization approach. We consider theories with chiral and non-chiral flavorings. The partition
function Z on S? is given by a finite-dimensional integral, which has to be locally minimized
with respect to the scaling dimensions of the matter fields [31]. For a theory with N charged
superfields we develop 1/N expansions for the scaling dimensions and for the entanglement
entropy. As for the non-supersymmetric case, the subleading term in F' is of order log N.
The coefficient of this term computed via localization agrees with the direct perturbative
calculation (|3.3)).

In the supersymmetric case it is possible to develop the 1/N expansions to a rather
high order, and we compare them with precise numerical results. This comparison yields
an unprecedented test of the validity and accuracy of the 1/N expansion. At least for
supersymmetric CFTs, we find the 1/N expansion is accurate down to rather small values
of N. We also note a recent numerical study [109], which found reasonable accuracy in the

1/N, expansion for a non-supersymmetric CFT.

3.2 Mapping to S° and large Ny expansion

Let us start by examining the case of a U(1) gauge field. After sending e? — oo, the combined
Lagrangian L, + L4 obtained from and contains two relevant couplings s and wu,
and we should first understand to what values we need to tune them in order to describe an
RG fixed point. Let’s ignore for the moment the fermions and the gauge field and focus on

the complex scalar fields. The path integral on a space with arbitrary metric is

2= [ Dasesp |- [ @i (10 + sl + 5 (1)) (3.4

66



With the help of an extra field A, this path integral can be equivalently written as

1
7Z = C/DzaD)\ exp [— /d3r\/§ <|8,,za|2 + 8|zq* — i |za]* + %)\2)] , (3.5)

where the normalization factor C defined through C [ DAexp [~ [d* (/g (5:A?)] = 1 was
introduced so that the value of the path integral stays unchanged.

In flat three-dimensional space, we can tune s = v = 0 and describe a non-interacting
CFT of N, complex scalars. If instead we tune s = 0 and send u — oo, the path integrals
(3.4) and describe the interacting fixed point that we will primarily be interested in
in this chapter. We can also send both s and w to infinity, in which case the path integrals
above describe the empty field theory. Using conformal symmetry, we can map each of these
fixed points to S* by simply mapping all the correlators in the theory. Indeed, since the

metric on S? is equal to that on R? up to a conformal transformation,

(3.7)

in all the flat-space expressions[| While the theory on S* defined this way certainly has
the correlators of a CF'T, it may be a priori not clear which action, and in particular which
values of s and u, one should choose in order to reproduce these correlators.

In order to study the free theory on S one should tune s = 3/4 and u = 0. This result

holds to all orders in N, and one can understand it as follows. The two-point connected

'This replacement certainly works for correlators of scalar operators. In the case of vector operators it
is still true that one can use (3.7) provided that the S® correlators are expressed in a frame basis, as in the
following section.
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correlator of z, on R? is

Falr) (e = — (38)

because it is the unique solution to the equation of motion following from (3.4)) with a delta-
7

function source, —V2;(Za(r)2(r'))Fo. = 0a0® (7 — 7). Using the mapping (3.7) we infer

that the corresponding two-point correlator on S® should be

(Za(r)2p(r'))fee = - . (3.9)

An explicit computation shows that (—V%s + 3/4) (za(r)2p (P52 = 80 (F — ) /\/g(r),
which is indeed the equation of motion that would follow from with s = 3/4 and
u = 0. This result was of course to be expected because a mass squared given by s = 3/4
corresponds to a conformally coupled scalar.

A more subtle issue is how to map to S the interacting fixed point, which in flat space
had s = 0 and u = co. As explained for example in [57], the generating functional of
connected correlation functions of the singlet operator |z,|? in the theory with u = oo equals
the Legendre transform of the corresponding generating functional in the theory with u = 0,
to leading order in a large NN, expansion. This result holds on any manifold, and in particular
on both R3 and 53, and it assumes the other couplings in the theory are held fixed. If we

set s =0 on R and s = 3/4 on 53, the Legendre transform assures us, for example, that to

leading order in N, the two-point correlators in the theory with u = oo are

3 CNb
<|Za<r)‘2|Zb(rl)|2>§ritical = m,
3.10
cNy (14 |F12)2 (1+ |F’|2)2 (3-10)

)

3
<|Za<r)‘2|Zb(rl)|2>csritical = 16 |F— 7’_’7’4
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with the same normalization constant ¢, which is consistent with the conformal mapping
of correlators realized through eq. . While in the free theory z, is a free field and the
operator |z,|* therefore has dimension 1, in the interacting theory |z,|? is a dimension 2
operator. To study the interacting fixed point on S* we therefore should set s = 3/4 +
O(1/Ny) and take u — oo in (3.5)).

Reintroducing the fermionic and gauge fields, we can write down the action as

1

_ ik
S = /d3r Va {waymuwa + |Dyzal* + (s — i) |2a]* + %V} + i—ﬂ /A AdA.  (3.11)

This action is of course invariant under gauge transformations, and therefore a correct defi-

nition of the path integral requires gauge fixing:
1
Z=——+ [ DADX ¢ 5*X 3.12
Vol(G) / ‘ ’ (3:12)

where Vol(G) is the volume of the group of gauge transformations, and X denotes generically
all fields besides the gauge field. One justification for this normalization of the path integral
is that for a pure Chern-Simons gauge theory on S® it yields the expected answer [66]
Z =1/ V'k, as will emerge from our computations below. Because the first cohomology of
S3 is trivial, we can write uniquely any gauge field configuration A as A = B + d¢, where
d+B = 0 and ¢ is defined only up to constant shifts. One should think of B as the gauge-fixed
version of A and of d¢ as the possible gauge transformations of A. Since the action S[A, X]
is gauge-invariant, it is independent of ¢ and only depends on B: S[A, X] = S[B, X].

We claim that

DA = DB D(d¢) = DB D'¢+/det’ (=V2), (3.13)

where D’¢ means that we're not integrating over configurations with ¢ = constant, and det’

denotes the determinant with the zero modes removed from the spectrum. To understand
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this relation, first note that the space Q7(S%) of p-forms on S® is a metric space with the
distance function D(w,w + dw) = ([ |5w|2)1/2. Then D(d¢,d¢ + dép) = ([ |d5¢\ )1/2
([0 (—V?) 5gb) after integration by parts, and also D(¢, ¢ +6¢) = ([ [6¢| ) . In other
words, for each component of ¢ in a basis of eigenfunctions of the Laplacian, the distance
between d¢ and d¢ + dd¢ is larger than the distance between ¢ and ¢ + d¢ by a factor of the
square root of the eigenvalue with respect to —V2. Eq. follows as a straightforward
change of variables.

The gauge transformations are maps from S® into the Lie algebra of the gauge group.

The volume of the group of gauge transformations Vol(G) can be expressed as
Vol(G) = Vol(H) / D', (3.14)

where H is the group of constant gauge transformations, and [ D’¢ is an integral over
the non-constant gauge transformations with the measure given by the metric function D
introduced in the previous paragraph. In the case of a compact U(1) with Vol(U(1)) = 2,

a constant gauge transformation ¢ = ¢ has ¢ € [0, 27). Therefore

Vol(H) = /0% dcw — /027r de \/F — 2m\/VoI(57). (3.15)

Combining (3.12)—(3.15)) we obtain

! 2
_ Cy/det’ (V) / Dty Dzy DB D) ¢Stz BA] (3.16)
27r\/Vol S3)

In this chapter we will use the partition function in eq. (3.16) to compute F' = —log|Z| in
the limit where Ny, N, and k are taken to be large and of the same order.
To leading order in the number of flavors we can ignore the gauge field and the Lagrange

multiplier field A. Setting s = 3/4 as discussed above, we can write down the resulting path
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integral as

Zoz/DwaDza exp {—/d%\/’( TV e + 10,26 + §|za|2)} : (3.17)

In this approximation we have a theory of free Ny Dirac fermions and [V, complex scalars

with the free energy [9)

log 2 3¢(3)

872

FOZ (Nf+Nb)+ (Nf—Nb>. (318)

To find the corrections to Fj we write (3.16]) approximately as

7 e oo CV/ et (V2 / ¢~ Sen=S5FIB] (3.19)

27/ Vol( 5'3

with

Ser[N = [ d&°r g('r’)i)\(rf—% d’r \/g(r)/d?"r”\/ NI ([za(r)]?]25( I)’2>fsrze

1Bl = 1 [ BB -3 [ @ Vat) [ Ve B (6
(3.20)
where
JH(r) = a(r) 7" a(r) + iz, (r)0" 24(r) — iza(r)0"Za(r) . (3.21)

In writing the effective action (3.20) we used (|z,(r)|?)$., = 0, which follows from the fact
that the free theory (3.17) is a CFT.
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Defining

0F\ = —log

C / D e el

det’(—A)

274/ Vol(S3)

we can then write F' = Fy + 0F)\ + 6F4 + o(N?). The quantity 6 F was computed in [9]:

(3.22)

5F4 = —log B - S5B)

Y

OF\ = B (3.23)

82

We devote the next section of this chapter to calculating 0 F4.

3.3 (Gauge field contribution to the free energy

3.3.1 Performing the Gaussian integrals

Let’s denote by K" the integration kernel appearing in S%, namely

K200 = (PO

o). (3.24)

As discussed above, when one writes A = d¢ + B the action should be independent of ¢,
so pure gauge configurations A, (r") = 0,¢(r’) are exact zero modes of the kernel K" (r,1").

Since we should integrate over the gauge-fixed field B only, the Gaussian integration of the

effective theory SYe¢[B] yields 1/4/det’(K# /(27)). Again, the prime means that we remove
the zero modes from the spectrum when we calculate the determinant.
Reinstating the radius R of the sphere measured in units of some fixed UV cutoff, the

discussion in the previous two paragraphs can be summarized as

5Py = i toe ] L ivioe -] 416 (2 \/R3V01(S3)> (3.25)
AT QWIS orR] T2 8 TR TR ’ '
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where all the operators are defined on an S® of unit radius. Out of the first two terms in
this expression, the second one is the easier one to calculate (see also [64]). The spectrum of
the Laplacian on a unit-radius S® consists of eigenvalues n(n + 2) with multiplicity (n + 1)?

for any n > 0. One first rearranges the terms in the sum as

1, V2 1 & b nn+2) =, n  log(2/R)

Then, using zeta-function regularization one writes

1 e log(2/R) d =~ n?+1 C(3) log(mR?)
Stlog [ —— | = —-28 4 _ _ .
2 Og( R?) 2 is 2= (n/R)* i T 2 (3:27)
n=1 s=0
Combining this expression with eq. (3.25) and using Vol(S5?) = 272, we obtain
1 K"l ((3)  log(87R)
OFy = ~tr'l . . 3.28
A= o8 [%R} T 2 (3.28)

The only remaining task is the computation of the first term in this equation that we perform

in the next subsection by explicit diagonalization of K*”.

3.3.2 Diagonalizing the kernel K" (r r')

Ultimately we would like to diagonalize the kernel K** on S3. However, as a warm up it is

instructive to consider the same diagonalization problem in flat space first.

Warm-up: Diagonalization on R3

R3

oo Where we use

The first step is to calculate the two-point function of current (J*(r)J"(0))

the superscript R? to emphasize that we are in flat space. If we normalize the two-point
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functions of z, and v, to be

dp 5ab ipr _ 5ab

GO0 = [ G = o

d3p 5aﬁ’7upu ip-r i 50457‘%,‘#
<¢a( )1/},3( )>free - / (271')3 |p|2 € - E |7“|3 )

(3.29)

then the two-point function of the current may be straightforwardly calculated to be

N¢+ N, |7“|2 oMV — 2ty
JE(r)JY(ONE = S .
< (T) ( )>free 87T2 |T|6

(3.30)

It is simple to check that eq. (3.30)) is of the right form. This correlator is fixed up to an
overall constant by the requirements that it should be homogeneous of degree —4 in r (J* is

a dimension 2 operator) and that away from r = 0 it should satisfy the conservation equation

0, (J"(r)J"(0))rs = 0. Using

ezpr ezpr
/d3 =—7p|, /d3 \p] (3.31)

rl* rl°

and introducing the Fourier space representation of the kernel K* via

K (r,r') = ﬁf( (p)e? =) (3.32)
uv (27T)3 uv p ? °
one obtains [96]
N + Ny _ Pubv k
Ku(p) = —1——"1Ip !( |“| + 5w Py (3.33)

For fixed p, the eigenvalues of this matrix are

lp| (Ny+Ny |k
0 — | —— "t . 3.34
’ 2 8 Z?T ( )
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The eigenvector associated with the zero eigenvalue is as expected ip, e, corresponding to
a gauge configuration A4, = 9,¢. We will now see that on S*, while the diagonalization of
K" is significantly more complicated, the answer is equally simple: the magnitude of the
momentum p appearing in should be replaced by a positive integer label n.

Diagonalization on S?

When we work with vector fields on S® it is convenient to introduce the dreibein

2

e'(r) = dr 3.35
and work only with frame indices. For example,
()T (7))o = € (r)eL (I T (1) T (1)) fee - (3.36)

The frame indices 7 and j are raised and lowered with the flat metric, so there is no distinction
between lower and upper frame indices in Euclidean signature.
Using the transformation of correlators under Weyl rescalings in eq. (3.7]), one can im-

mediately write down the current two-point function on S3:

2 .. .
s3 Nf+Nb (1+ |T|2) |7“|2 0 — 2rtrd
free — 872 9 |r|6 .

(JH(r)J7(0)) (3.37)

As in flat space, the form of this correlator is fixed by the requirement that away from r = 0
we must have V,;(J'(r).J7(0)) = 0.

To understand the diagonalization of K% on S® we need to know that the space of square-
integrable one-forms on S?, being a vector space acted on by the SO(4) = SU(2); x SU(2)r
isometry group, decomposes into irreducible representations of SO(4) as follows. Any one-
form w can be written as a sum of a closed one-form and a co-closed one-form. The closed

one-forms on S® are of course cohomologous to zero, so they’re also exact. A basis for
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them therefore consists of the gradients of the usual spherical harmonics. Like the spherical
harmonics, they transform in irreps with j;, = jg. On the other hand, the co-closed one-forms

transform in irreps with j;, = jgr £ 1. So an arbitrary one-form can be written as

wi(r) = Z [ ST (1) + Wi VG (1) + Wi VRS ()] (3.38)
n,0,m

where we denoted by SM™ the closed component transforming in the irrep with j;, = jr =
(n—1)/2 and by V7" and Vi7" the co-closed components transforming in the irreps with
Jjr =7+ 1=n/2and j, = jg+ 1 = n/2, respectively. All the harmonics appearing in
have n > 2. For S?™ there are n? states in each irrep indexed by the integers ¢ and
m satisfying 0 < ¢ < n and —¢ < m < /. For the other two classes of vector harmonics, we
have the same bounds on m but now 0 < ¢ < n, giving a total dimension of n? — 1 for each

irrep.
The SO(4) generators commute with the kernel Kj;;, so the eigenvectors of this kernel

can be taken to be SP", Vi and V7. The spectral decomposition of K;; is therefore

Kyj(ror') = Y [saS7(r)S1 () + of VI (r)VET ()" + of VTR (I VET ()] (3.39)
n,0,m

where s,,, vZ, and vZ are the corresponding eigenvalues. These eigenvalues are independent

of £ and m because for fixed n one can change ¢ and m by acting with the SO(4) generators,

which commute with K;;. The degeneracy of s, is n? and that of v2 and v is n? — 1, with
n > 2.

Given K one can find its eigenvalues by taking inner products with the eigenvectors.

Using rotational invariance, one can actually set ' = 0 after summing over ¢ and m. For

example,

—

Vol($?) &=

n2

Sp —

> /5 A S () K (r,0)87(0) (3.40)

l m=—/

Il
o
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where the n? in the denominator is the dimension of the SO(4) irrep to which S'*™ belong.

We notice that only the harmonics with ¢ = 1 contribute, so

Vol

Z /S 3d3 r SP () Koy (r, 0)S7™(0) (3.41)

m=—1
with similar expressions for v and v, the only difference being that n* should be replaced
by n? — 1.

Using explicit formulae for the harmonics (see Appendix A of [13]), one obtains

N; + N, "
. — W;;_bl)/o d cscd % sin y [—Qn cos(ny) sin y + (1 —n? 4+ cos X(n2 + 1)) Sin(nx)]
(3.42)
and
N; + N, " u
VbR W‘;_bl) /0 dy csc® %sinx [n sin y cos(ny) + (n2 —n%cosy — 1) sin nx} + % )
(3.43)

The integration variable y appearing here is related to r through |r| = cot(x/2).

We expect s, = 0 because of gauge invariance. Both and are divergent at
x = 0, and need to be regulated. A way of regulating them that doesn’t preserve gauge
invariance is to replace csc® 5 by csc® 5, compute these integrals for values of o for which
they are convergent, and then formally set & = 6. Another way would be to assume s, = 0,

and calculate s, — sy and v,, — s, which are now convergent integrals. Both of these ways

of regulating (3.42)) and ( give

o =0, b= N HN) ikn o g nNp+ Ny) ik gy
" 16 on " 16 on

Note the similarity between these expressions and the corresponding flat-space ones in

eq. (3.34)).
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3.3.3 Contribution to the free energy

We can now evaluate the first term in (3.28)):

1 KH > vk
—tr'l = 211 n
g T8 (QWR) ;(” Jog |57

(3.45)

1 1 Ne+NN\? (kN  ¢(3) logR
| r S\ Dett
2 0% 872\/( 8 ) * (w) T T

where the second line was obtained with the help of zeta-function regularization. Combining

this expression with (3.28)) yields

1 Ni+ N\ [k
Fi=—1 _— — . 4
OF 4 5 log W\/( 3 ) +<7r> (3.46)

Note that all of the log R terms cancel in the final answer, as they should since we are

describing a conformal fixed point, for which the path integral should be independent of R.
Another check of this result is that when N; = N, = 0 we recover the standard result for
the free energy of U(1) CS theory on S* [66], 0F4 = 5 log k.

As an aside, we note that if we included the Maxwell term in , eq. would be

modified to

1 A=
—tr'l = 211
5 tr'log (QWR) > =1)log : (3.47)

n=2

IR VN
2TR Un e2R

with vl still defined as in (3.44). Of course, e* flows to infinity in the IR, so as long
as we have a non-zero CS level or non-zero numbers of flavors one can safely ignore the

contribution from the Maxwell term in (3.47). If however one studies pure Maxwell theory
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with k = Ny = N, = 0 so that v2 = 0 in (3.47), the S? free energy become

log(e*R)  ¢(3)
B + = (3.48)

FMaxwell =

The logarithmic dependence on R is consistent with the fact that the free Maxwell theory
is not conformal in three spacetime dimensions. Fyacwen decreases monotonically from the
UV (small R) to the IR (large R).

Of course, since the Maxwell theory is not a conformal theory in three spacetime dimen-
sions, it is not immediately obvious whether the entanglement entropy should have the same
dependence on log(eR) at the three-sphere free energy. However, recently it has been shown
that the renormalized entanglement entropy across the circle of radius R of the Maxwell the-
ory with compact U(1) gauge group behaves like —log(e?R)/2 in the UV (e?R < 1) and
approaches the F-value of a real conformal scalar field in the IR (e? R > 1) [110]. This work
used the duality between the gauge theory and the free compact scalar field. In the UV,
the theory is well-described by the non-compact Maxwell theory, while in the IR the theory
approaches that of the non-compact real scalar field. The entanglement entropy calculation

was performed directly using the replica trick.

3.3.4 Generalization to U(N,) theory

Eq. generalizes straightforwardly to the case of U(N,) gauge theory with Ny Dirac
fermions and N, complex bosons transforming in the fundamental representation of the gauge
group. At large k the contribution of the Tr A3 term in the Chern-Simons Lagrangian ([3.2)
to the S? partition function is suppressed by 1/ Vk, and the quadratic term proportional to
Tr A A dA is the same as that of N? U(1) gauge fields with Chern-Simons coupling k. There

are Ny Dirac fermions and N, complex bosons charged under each of these U(1) gauge fields.

2We thank D. Jafferis and Z. Komargodski for very useful discussions of the free Maxwell field on S3.
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One then just has to multiply the U(1) answer (3.46) by a factor of N2

N2 Ny + N\ [k Vol(U(N,))
0F, = TIOg W\/(T) + (%) +logW. (3.49)

The second term in this expression comes from the different gauge fixing of the U(N.) gauge
theory compared to a theory of N2 U(1) gauge fields. As explained in section [3.2] the gauge
fixing procedure involves dividing the partition function by the volume of the gauge group, so
the partition function for the U(NN,) theory has a prefactor of 1/ Vol(U(N,)) while the U (1)
theory obtained by multiplying by N2 would have a prefactor of 1/ Vol(U(1))V. We

have (see for example [64])

VOl(U(N,))  (2m) NelVem1)/2
Vol(U(1))M ~ 12l (N, — 1)l

(3.50)

Thus, for U(N,) gauge theory with Ny fundamental fermions and N, fundamental bosons

we have

N.log 2 3¢(3 N2 N+ N\ 2 E\?
=% (Nf—l—Nb)+—§7(T2)N0(Nf—Nb)+7010g W\/(—fg b) +<—>

4 T
1
—51\7(;(]\7C —1)log(27) —log (1!-2!--- (N. — D)) + ...,

(3.51)

with corrections expected to vanish in the limit of large Np. In writing (3.51]) we kept N, of
order one while scaling Ny, N,, and k to infinity with their ratios fixed. Generalizing (3.51])

to different gauge groups proceeds in a similar way.
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3.4 SUSY gauge theory with flavors

In this section we compute the free energy of U(1) Chern-Simons matter theories with N' > 2
supersymmetry coupled to a large number of flavors. These computations allow us to check
the first sub-leading correction to the non-SUSY result in the equation in a different
way. The computations in this section have as starting point the results of refs. [31,/101],
which used the technique of supersymmetric localization to rewrite the S® partition function
of theories with A/ > 2 SUSY as finite-dimensional integrals. Our computations also involve

finding the scaling dimensions of the gauge-invariant operators.

3.4.1 N =4 theory

As a warmup to the A" = 2 calculations, consider the N/ = 4 parity-preserving supersym-
metric U(1) theory consisting of N N/ = 4 hypermultiplets coupled to an N = 4 vector
multiplet. In /' = 2 notation, the AN/ = 4 vector multiplet consists of an N' = 2 vector and
a neutral chiral superfield ® of dimension 1. The N = 4 supersymmetry does not allow a
Chern-Simons term. The hypermultiplets can be rewritten as N pairs of oppositely charged
chiral-multiplets Q, of U(1) charge +1 and @, with U(1) charge —1. The N' = 4 SUSY
requires a superpotential interaction W ~ Q,®Q,. The superpotential has R-charge equal
to 2. Then the SU(2) subgroup of the SO(4)z R-symmetry, under which Q, and Q, trans-
form as a doublet, fixes the R-charge of the matter chiral multiplets to have the canonical

free-field value: Ag = A5 = 1/2. The partition function is then given by [101]

L[>  dx NT (8
7 =— 2/ 3.52
2N o CoshN(W)\) (N+ ) ( )
Expanding this at large N we find
1 N7 1 1
F=—logZ=Nlog2+ =1 — | - — :
og og +20g(2) N s (3.53)
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This large N expansion is asymptotic, but it provides a very good approximation of the
exact answer (3.52) down to N = 1—see Figure [3.1] Including more terms in (3.53) makes

the approximation worse at N = 1.
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Figure 3.1: The exact free energy of the A" = 4 theory obtained from eq. (3.52) (solid orange)
and the analytical approximation (3.53)) (dashed black).

With N pairs of hyper-multiplets we have a total of 2N physical complex bosons and

2N Dirac fermions. We then see perfect agreement of the first two terms in (3.53) with

eqs. and .

3.4.2 N =3 theory

Let us add the Chern-Simons term for the A/ = 2 abelian vector multiplet; it breaks N = 4
down to N = 3 supersymmetry. The field content is the same as that of an A/ = 4 vector
multiplet and N hypermultiplets, namely an N = 2 vector, a neutral chiral ®, and N pairs
of chiral multiplets @), and Qa charged under the ' = 2 vector. The superpotential required
by N =3 SUSY is

W=—-"024+Q,0Q,. (3.54)
41
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After integrating out the massive field @, the superpotential can be rewritten as [111]

W= 216,00 (3.55)

The conformal dimensions of Q, and Q, are still equal to 1 /2, as is required by the marginal-
ity of W and by the Z, symmetry under which Q, and Q, are interchanged and all the fields

in the vector multiplet change sign. The partition function is [101]

1 eiﬂ'k)\Q

Z=— [ dA\————.
2N cosh™ (7))

(3.56)

While this expression cannot be evaluated analytically, one can evaluate it using a saddle
point approximation in the limit where both &k and N are taken to be large. Let us define
k = 2k/(N7) and take N to infinity while keeping « fixed. The saddle point is at A = 0,

and in order to obtain a systematic expansion, one should write

7 1 AN e NER-in2 | Nr'At  NaSA\°  N(68 + 35N)7°\°

2N 12 45 i 10080 L

(3.57)

where the parenthesis contains the small A expansion of the function eN™**/2 cosh™ (mA).
Order by order in this expansion one can perform the integrals in (3.57) analytically. The

result is

z- 2 & R S 1 55

Calculating F' = —log | Z| and expanding in N, we obtain

1 Nr k?—1 42 (K% = 1)
F = Nlog2+ =~log | — V1 + K2 - O(N™*). (3.59
%82F5 Og( 2 +H>+4(/§2+1)2N 303 Az TOWT (359)
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We note that in order to calculate the O(N~) term in F' we need the expansion in to
be up to order O(A\1). The expression (3.59) is also in agreement with eqs. (3.18)) and ([3.46) -
given that the N' = 3 theory has N, = N; = 2N.

Let us extend our discussion to the non-abelian theory with gauge group U(N,). The field
content now consists of an N’ = 4 vector multiplet in the adjoint representation of the gauge
group and N pairs of chiral multiplets @, and Q,, in the fundamental and anti-fundamental
representations of the gauge group, respectively. After localization the partition function for

this theory is given by [101]

2Nc(Nc—1) Ne N, N.
7= QNN NI / H X H sinh?[m(\; — A;)] | exp | ik Z A H cosh™™(7A;)
i<j — o

(3.60)

In the limit where N./N < 1, the integral has a saddle point at A; = O [(N./N)"?].

Through next to leading order the partition function of the non-abelian theory reduces to

7 = —(QW)NC(NC:; (/]j:dj\l> (]‘_]:(5\Z — S\j)Q) €xp <_M ZC:S‘?> o (361>

2NNCNC!NTL i=1 i<j

where k is defined as in the abelian theory and 5\1 = +v/N);. We have rescaled the integration
variables so that the remaining integrals in eq. (3.61)) produce numbers independent of N.
Taking the log of eq. (3.61]) we then see immediately that

2

N,
F = N.Nlog2+ — log(N) + O(N?). (3.62)

Given that the non-abelian theory has N, = Ny = 2N, the equation above is in agreement

with eq. (3.51)).

84



3.4.3 Non-chiral N = 2 theory

Moving up one notch in complexity, we now consider the N = 2 Chern-Simons theory coupled
to the chiral fields Q, and Q, introduced above, this time without the superpotential .
The absence of the superpotential leaves the R-charges of Q, and Q, a priori unrestricted. It
was proposed in [31] that one way of finding the correct IR R-charges in an NV = 2 theory is by
calculating the partition function on S® for any choice of trial R-charges consistent with the
marginality of the superpotential and then extremizing over all such R-charge assignments.
The R-charges of Q, and Q, can be taken to be equal to some common value A because of
the following symmetries: the action is invariant under two U(N) symmetries under which
the Q, and Q, transform as fundamental vectors, as well as under a charge conjugation
symmetry that flips the sign of all the fields in the vector multiplet and at the same time
interchanges (), and Q..

As a function of A, the partition function is [31]

. /oo " emw6N(4(1—A+¢A)+e(1_A_m)) 7 (3.63)

[e.o]

where the function ¢(z) is given by

Tz i 1 : Tz i
l(z) = —zlog (1 — ™) + 3 (7722 +—Li, (¢? )) TR (3.64)
This function can be found by solving the differential equation 0,¢(z) = —mz cot(rz) with
the boundary condition ¢(0) = 0. It is a real function when z is real.
We again take N to infinity while keeping x = 2k/(Nw) fixed. In this limit one can use

the saddle point approximation to calculate the partition function (3.63)) as in the previous

section. The exponent in (3.63]) is an even function of A, so there is a saddle point at A = 0,
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and we will assume this is the only relevant saddle. To leading order in N we therefore have

F(A) = —2N{(1 — A) + O(log N) . (3.65)

This function is maximized when dF/dA = 27(A — 1) cot(rA) = 0, which implies A =
1/2+ O(N~'). We will find that this anomalous dimension affects F only at order 1/N, i.e.
the first two leading orders in the large N expansion of F' are the same for the N' = 2 theory
and the /' = 3 theory studied in the previous section.

One can develop a systematic expansion to study 1/N corrections in a similar way to
what was done at the end of the previous section for the N/ = 3 theory. The fact that now

A depends on N introduces an extra complication. We expand A as

1 Ay A
A==4—4+ =4 .. 3.66
sttt (3.66)

and we rescale A = A/v/N. One can then write

1 L, 6m2A2 + 24A N2 + \4
7 = d\e ™A A=iR)/2 1] 1 ! 3.67
TV /Oo ¢ * 12N el (3.67)

where the expansion in parenthesis is in powers of 1/N while holding ) fixed. Term by term

in this expansion, these integrals can be evaluated analytically. The free energy is

1 N 2A2 2A 1— k2 1
F(A):Nlog2+§log(lv1+nz>—(W Ly L il )——{—....

2 2 1+k%2 4(1+k%?2) N
(3.68)
Maximizing this expression with respect to A; we obtain
A = 2 (3.69)
e w2(1+ K2) '
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For k > N > 1 this result agrees with section 6.3 of . Repeating this procedure two

more orders in F' we find

1 2 1 2 —12+ k%4 —27%) + n2k4] 1 N
A= _ — — N73). 3.70
2 7m(1+kK*)N (1 + K2)3 N2 +ONT) (3:70)

This series appears to be perfectly convergent. In fig. we plot A(N) for a few values of

k using both the precise numerical result and the approximation ((3.70)).

0.50

045/

0401

035[

Figure 3.2: The R-charge A plotted as a function of N for k = 0,4/m,8/m, with darker
plots corresponding to larger x. The solid lines are calculated using the approximation in
eq. (3.70). The circles are computed by numerically maximizing the free energy with respect
to A. Note that the two computations match well even for small N.

Using egs. (3.68]) and (3.69) we find that the free energy is

2 _
F:Nlog2+llog<&\/1+/i2>+<4(H ! + 2 >l+O(N_2). (3.71)

2 2 1+r2)?2 " 72(1+k2)2) N

Using N, = Ny = 2N, we see that this expression agrees with egs. (3.18]) and (3.46)) that were
derived directly from a large N expansion without the use of supersymmetric localization.

Let us perturb the A" = 2 theory discussed above by the quartic superpotential

W= g(QaQa)2 . (372)
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Since, as can be seen from , the dimension of @, and Q, is slightly smaller than 1 /2,
the perturbation is a slightly relevant perturbation of the UV N = 2 theory. This
theory should flow to an IR fixed point where the superpotential is exactly marginal, i.e.
the IR R-charges of (), and @a are 1/2. The calculation of Fig is thus exactly the same as
for the N' = 3 superconformal U(1) theory discussed in section 4.2. The infrared theory is
conformal for any ¢, and for the special value g = 27 /k it is the N’ = 3 theory in eq. .
Eqgs. and imply that the change in free energy between the UV and IR fixed

points is

+O(N™?%), (3.73)

which can be explicitly seen to be positive, in agreement with the conjectured F-theorem [8].

Since the superpotential deformation (3.72) is only slightly relevant, one may wonder
how the result compares with the perturbative computation performed in [9]. In [9]
it was shown that if the Lagrangian is perturbed by a slightly relevant scalar operator of
dimension 3 — €, then there is a perturbative IR fixed point and Fyy — Fig o< €3. If however
the Lagrangian is perturbed by a pseudoscalar operator of dimension 3 — €, then there is no
perturbative fixed point; it was seen in an example that if a fixed point exists then one might
expect Fyy — Fir o« €. In our case, the superpotential deformation translates into
perturbations of the Lagrangian by both a scalar operator O; and a pseudoscalar operator

O,. Indeed, denoting

Qa = gba + \/5977/)(1 + 02Fa ) Qa = an, + \/501/311 + 02Fa y (374)
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we have

0L = 9201 + 9027

-2 o2
O = —8[6udath| —8|0uduth| - (3.75)
02 = _2¢aqj}a¢b§z~sb - %Ua@/)bﬁgaéf;b - @anj)bﬁsagbb - 2¢a7vzb§5a¢b +c.c.
The scaling dimensions of these operators are
A1 _9 Al -2
A(O)) =3+6—+0O(N?), A(Oy))=3+4— +0O(N?), (3.76)

N N

so the pseudoscalar operator Oy is the more relevant one. One might expect the IR fixed
point should be non-perturbative and that Fyy — Fig o« —A;/N times a function of order
one. That the IR fixed point is non-perturbative can be seen after writing g = §/N so that
g stays of order 1 as we take N to infinity. The IR coupling gir = 27/k corresponds to
gir = 4/k, which is of order one in the large N limit, meaning that the IR fixed point is non-

perturbative. That Fyy — Filg o« —A;/N times a function of order one can be immediately

seen from eqs. (3.73)) and (3.69).

3.4.4 Chiral N =2 theory

We now consider a natural generalization of the non-chiral N = 2 theory discussed in the
previous section—the chiral N = 2 theory. This theory is given by A/ = 2 Chern-Simons
theory coupled to N chiral fields ), and N anti-chiral fields @, with no superpotential.
When N = N this theory reduces to the non-chiral theory discussed in the previous section.
Without loss of generality, we now assume that N > N. Instead of dealing with N and N
it is convenient to define the following quantities,

N+ N N —N

N = =, O<pu<l. (3.77)
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The R-charges of Q, and Q,, which we denote by A and A, are not gauge-invariant
observables. Gauge invariant operators may be constructed from combinations of Q,, Qu,
and the monopole operators T),, which create m units of magnetic flux through 2-spheres

surrounding their insertion points. The R-charge of T, is given by [112,[113]

R[Tm] = Ym| T mo, (3'78)

where 7, is determined in terms of A and A, while 6 is so far arbitrary. In the F-
maximization procedure one finds that in the space of §, A, and A there is exactly one
flat direction: F remains unchanged if we send simultaneously A — A +r, A — A —r,
and § — 0 + kr for any r [§]. The R-charges of the gauge-invariant operators are of course
independent of . As long as k # 0, we can set § = 0 as a gauge choice and work only with
A and A, which are not necessarily equal when p # 0.

As a function of the R-charges A and A, the partition function we need to consider is

then

7 — /oo d\ eiwk:)\QeNZ(l—A—i—iA)—l—Né(l—A—i)\) ‘ (3‘79)
We want to calculate the partition function in the limit where N goes to infinity and & =
2k/(N7) and p are held fixed. In the large N limit we again find a saddle point at A = 0.
The saddle point equation requires A = 1/2 + O(1/N) and A = 1/2+ O(1/N). In order to

study 1/N corrections, we expand the R-charges as

A=+ —=+—=—+... A=-+—=+=+.... 3.80
St tmto =+ =+ (3.80)

Using the methods developed in the previous sections, we can calculate the free energy
perturbatively in the 1/N expansion and maximize the resulting expression term by term

with respect to the A; and A;. Going through the procedure we find the following results
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for the free energy and the R-charges:

(3.81)

Using N, = Ny = 2N, we see that the expression for F' agrees with egs. and
that were derived without the use of supersymmetric localization. The combination A + A,
which gives the R-charge of the the gauge invariant meson operators Q,Qp, is in agreement
with the pertrubative calculations in [37,[114].

We can perturb this theory by adding in the superpotentia]ﬂ
W~ Y (Qu@s)* (3.82)
a,b

Since A + A < 1 in the UV N = 2 CFT, this superpotential deformation is relevant and
causes an RG flow to the fixed point where the superpotential is exactly marginal. At the
IR N = 2 fixed point we have the constraint A + A = 1. To determine the free energy at
the IR fixed point we simply have to repeat the F-maximization procedure above subject
to this constraint. That in the UV one has to maximize F' without any constraints while in
the IR one has to maximize F under the constraint A + A = 1 means that the free energy
of the IR fixed point is necessarily at most equal to the free energy of the UV fixed point.
Indeed, we find that

2(1—p?) 1

— +O(N7?), (3.83)

Fyy — Fir = —7r2(1 T REN

3Changing the relative coefficients of the terms in (3.82) is an exactly marginal deformation [115] and
does not change F'.
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which is manifestly positive when p? < 1. When p = 1 there are no Q, fields, and so we are
not allowed to add in the superpotential deformation. The R-charges at the IR fixed point

are given by

—+O(N7?), A=1-A. (3.84)

3.5 Discussion

In this chapter we studied certain 3-dimensional gauge theories coupled to a large number
Ny of massless charged fields. Such theories are conformal for a sufficiently large Np, and
a good tool for studying them is the 1/Np expansion. In this chapter we used such an
expansion to study the disk entanglement entropy, which is related to the free energy F' on
the 3-sphere.

For the U(N..) gauge theory coupled to Ny massless Dirac fermions and N, massless scalars
we found the first subleading term in the expansion, . We have also studied the N' = 2
supersymmetric abelian gauge theory coupled to N positively charged chiral superfields ¢
and N negatively charged chiral superfields Q. In this case, F can be calculated numerically
for any N using the methods of localization. We compared these numerical results with their
1/N expansion and found excellent agreement down to small N.

An important question concerning such CFTs is whether there is a breakdown of confor-
mal invariance for sufficiently small Np. In the N' = 2 supersymmetric U(1) gauge theory,
even for a single non-chiral flavor the theory is conformal and unitary. This is indicated by
the mirror symmetry arguments [116] and confirmed by explicit calculation of the localized
path integral in [31], which indicates that the dimension of Q and Q is exactly 1/3. However,
in the non-supersymmetric U(1) theories there typically is a lower bound for the conformal

window. For example, in the extreme limit Ny = 0 we find the free Maxwell theory, which
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is not conformally invariant. We studied it on the S® of radius R in section 3 and found that
Faxwen varies logarithmically with R, eq. , indicating the lack of conformal invariance.

One possible phenomenon for small Ng is the chiral symmetry breaking in 3-dimensional
QED coupled to massless fermions [99/100]. The numerical studies of lattice antiferromagnets
[117] suggest the QED theory with N; = 8 Dirac fermions is a stable CFT, while the Ny =4
theory is unstable to symmetry breaking towards a non-conformal ground state [93]. More
generally, one of the signs of crossing the lower edge of the conformal window could be that
the assumption of conformality leads to certain gauge invariant operators having scaling
dimensions that violate the 3-dimensional unitarity bound A > 1/2.

In [8,9] it was conjectured that F' must be positive in a unitary CFT. Since as Np
decreases so does F, it is possible that F' may become negative for sufficiently small Npg.
This could serve as another criterion for theories outside the conformal window. It would be

interesting to explore the different criteria above and to see if they are related.
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Chapter 4

AdS Description of Induced

Higher-Spin Gauge Theory

This chapter is a lightly-modified version of the paper [14)].

4.1 Introduction and summary

A Conformal Field Theory (CFT) in d dimensions is dual to a gravitational theory in AdS;,4
endowed with a particular choice of boundary conditions [24-26]. For example, a local scalar
operator O(z*) with dimension A is dual to a scalar field ®(z,z#) that behaves as 2 near

the AdS boundary. The possible values of A are determined by the mass of the scalar field
in the bulk:

d d 2
AL = — + Z 2 4.1
T2 (2) s (“.1)

where the AdS radius has been set to 1. The dimension A_ is allowed only in the range
—(d/2)? <m? < —(d/2)*+1 |118,]119]; using it for greater values of m? results in an operator
dimension that violates the unitarity bound. An RG flow from a large N CFT where the

operator O has dimension A_ to another CFT where it has dimension A takes place when
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the double-trace operator O? is added to the action [57,/69]. The effect of this flow on the
partition function of the Euclidean CFT on the d-dimensional sphere has been studied in a
number of papers [9,/57,58,120,121].

These results have interesting applications to AdS,/CFTj3 dualities involving Vasiliev’s
interacting higher-spin gauge theories in AdS, [73-75,[122]. These theories have been con-
jectured to be dual to 3-d CFTs such as the critical O(N) model [72], or the Gross-Neveu
model [82,[83], or various large N Chern-Simons theories coupled to conformal matter in the
fundamental representation of the gauge group [106,107]. Such AdS/CFT dualities are often
called “vectorial” because the dynamical fields in the CF'T are N-vectors rather than N x N
matrices. In particular, the scalar O(N) model has been conjectured [72] to be dual to the
minimal type-A Vasiliev theory containing gauge fields of all even spin in AdS,, while the
Gross-Neveu model has been conjectured [82,[83] to be dual to the minimal type-B Vasiliev
theory.[] Considerable evidence has been accumulated in favor of the vectorial AdS,/CFT}3
dualities [76-78,/123-128], and we will make further use of them in this chapter.

The possibility of two different conformally invariant AdS boundary conditions extends
in an interesting way to fields of spin s > 0. For example, to a spin 1 conserved U(1) current
J,, in a 3-dimensional CFT there corresponds a massless gauge field A, in AdS, with the
boundary condition that the magnetic field Fj; vanishes at the AdS boundary z = 0. If
instead the electric field F;, is required to vanish at the boundary, then the U(1) symmetry
of the CFT becomes gauged [129]. These facts have applications to the versions of Vasiliev
theory that contain gauge fields of all integer spin in AdS,. The type A such model is dual
to the U(N) symmetric 3-d CFT of N complex scalar fields 72|, while the type B model
is dual to the theory of N Dirac fermions [82,83]. The ability to change the boundary
conditions for the spin 1 field makes it plausible [130] that the type A or B Vasiliev theory
in AdS; with the electric boundary condition on the spin 1 field is dual to 3-dimensional

CFTs where the U(1) gauge field is coupled to a large number N of conformally invariant

'An important distinction between the type A and B parity invariant Vasiliev theories is that in the
former the scalar field has positive parity, while in the latter it has negative parity [731[83].
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complex scalar or fermion fields, i.e. the 3-dimensional “induced” QED [98] restricted to the
SU(N) singlet sector. A more general, mixed boundary condition on the U(1) gauge field
in AdS, results in addition of the Chern-Simons term for the dynamical U(1) gauge field
in QED3 [129]. There is an SL(2,7Z) action on the resulting set of 3-d CFTs [129]. The
possibility of imposing modified boundary conditions on spins s < 1 in Vasiliev’s theory was
also used in [131] in constructing higher-spin duals of various supersymmetric Chern-Simons
matter theories. Besides considering the U(1) symmetries Ref. [131] also considered gauging
non-abelian symmetries. Non-abelian gauge fields can appear in supergravity as well as in
Vasiliev theory; with standard boundary conditions they correspond to non-abelian global
symmetries in the dual field theory. Changing the boundary conditions in AdSy, is expected
to lead to a non-abelian induced gauge theory in d dimensions.

Another very interesting special case is s = 2. Modifying the boundary condition for the
graviton in AdS,; makes the metric fluctuating also in the dual boundary theory [132}/133].
The resulting 3-d theory then describes a Weyl invariant gravity induced by coupling to
conformal matter. The effective action for this theory was explored at the quadratic order
for gravitons in |[132]. A further study of the modified boundary conditions in AdS, indicated
that the correspondence with 3-d induced gravity works at the full non-linear level |133].
Furthermore, the conformal graviton spectrum around flat space was found in [133] to be
free of ghost-like modes for all odd d, suggesting that these induced theories are unitary at
least in perturbation theory (on the other hand, in even d there are ghosts, as familiar in
the case of d = 4 Weyl gravity [134]). Using these ideas, we will conjecture, for example,
that modifying the graviton boundary conditions in Vasiliev’s minimal type A theory makes
it dual to the O(V) singlet sector of the Weyl invariant 3-d gravity coupled to N conformal

scalar fields ¢*, i = 1,..., N. The path integral for this theory is

_ [Dg,.] [D¢Z] _S
Z3—d gravity — /VOI(D]HA‘JJ)VOI(Weyl)e y (42)
s = / /G (g“”&ugbi&,qbi—i—%fi((bif) | (4.3)
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Similarly, it is plausible that the minimal type B Vasiliev theory with modified graviton
boundary conditions is dual to the O(N) singlet sector of the Weyl invariant 3-d gravity
coupled to N massless fermions. As for the s = 1 case, for s = 2 there is a possibility of
mixed parity-violating boundary conditions in AdS, [132,/133,/135/136], which correspond to
adding to the 3-d action the gravitational Chern-Simons term i [ tr(wAdw+2w?) [137,138].
Similarly, the A/ = 8 superconformal gravity coupled to the BLG/ABJM theory was studied
in |[139-141]. The crucial role of alternate boundary conditions in AdS, was noted there as
well.

In analogy with the above discussions, it is possible to modify the AdS, boundary condi-
tions for higher-spin fields with s > 2. This modification results in gauging the corresponding
higher-spin symmetries in the 3-d boundary theoryﬂ as was proposed some time ago at the
level of the linearized approximation [132] (see also [143]) and studied more recently in the
context of the fully non-linear Vasiliev higher-spin theory [142]. The non-linearities have
the important effect that, when an s > 2 current is gauged, one may need to gauge all
remaining currents toof| In that case, the 3-d dual of a minimal Vasiliev theory in AdS,
is expected to be a Weyl invariant theory of gauge fields of all even spins induced by the
coupling to N conformal scalar or fermion fields. On the other hand, the gauged s = 1 and
s = 2 examples discussed above do not require gauging higher-spin symmetries, because the
non-linear gauge transformations for spin s < 2 form a closed subalgebra of the higher-spin
algebra. The 3-d theory where currents of all spin are gauged is clearly more complicated
than either 3-dimensional QED or the induced gravity theory in . Such an induced

higher-spin gauge theory was studied in [144], and some progress has been recently made

2 One motivation for studying the theories where some of the currents are gauged, which was stressed
in [142], is that they do not obey the theorem of [123]. This theorem requires theories with exactly conserved
higher spin currents to be free. However, when some of the currents are gauged the remaining ones are not
conserved; therefore, the theorem of [123] does not apply. For example, the 3-d QED coupled to N flavors
is obviously not a free theory, even when N is large. The theory obtained by gauging the whole set of HS
currents also does not obey the theorem of [123], being a higher spin gauge theory (in particular including
gravity), while [123] assumes a CF'T with global HS symmetries and corresponding exactly conserved currents.

3 We thank M. Vasiliev for stressing this to us.
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using twistor space techniques in the unfolded formulation [142]. It is also interesting to ask
if a truncation of this 3-d theory to a finite number of higher-spins is possible.

In this chapter we will subject these Anti-de Sitter/Induced Gauge Theory (AdS/IGT)
correspondences to some new tests in the regime where N is very large; in this limit the
Vasiliev theories in AdS; become weakly coupled while the path integrals in the 3-d theory
can be studied semi-classically. We will calculate the change in the 3-sphere free energy
F = —log|Zss| produced by the gauging of a symmetry with s > 1. We will then show that
this change agrees with the corresponding calculation in Euclidean AdS,, which uses modified
boundary conditions for a spin s gauge field. In fact, in QED3 coupled to N conformal scalar
or fermion fields the 3-sphere free energy was studied in the previous chapter with the result
Foep — Firee = %logN + O(NY). We will show that for the gauging of spin s current this
expression generalizes to

(5) . (482 — 1)

F© “log N + O(N?) . (4.4)

gauged ~ * free —

As we will discuss in section , the coefficient of % log N is the number of spin s—1 conformal
Killing tensors (equivalently, these are the conformal higher-spin currents which were found
in |145] following [146]). Each such tensor corresponds to a missing gauge invariance (a
zero mode of the operator O, defined in that takes a rank s — 1 traceless symmetric
tensor to a pure gauge mode of a spin s gauge field) in the 3-dimensional theory of the spin
s gauge field. These tensors transform in the [s — 1, s — 1] irreducible representation of the
conformal group SO(4, 1) (its Young tableaux has two rows of length s — 1) [147,/148|. The
AdS/CFT correspondence relates a conformal Killing tensor in d dimensions to a traceless
Killing tensor in AdS;4; [149]. In section [4.7] we will study this relation in detail with special
emphasis on the AdS boundary behavior of the Killing tensors.

In addition to studying the gauging of conserved higher-spin currents, we will study the

JHH2 e ps

closely related problem of deforming a 3-d CFT by a double-trace operator J,, u,....,
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where the spin s single-trace operator .J,, , .., has dimension A. If A > 3/2, then the double-
trace operator is irrelevant; such irrelevant deformations were discussed for s > 1 in |132].
For large N it is possible to show that the deformed theory possesses a UV fixed point where
the spin s operator has dimension A_ =3 — A + O(1/N). In this case, we will find using
both the 3-d field theory and AdS, calculations that

§FY) = F) — YY) = @ //A (x — g)(a: +s—1)(z —s—2)cot(mrx). (4.5)

3/2

For spin s > 1, A_ cannot satisfy the unitarity bound A® > s+ 1. The only cases where
unitarity appears to be restored is when the spin s current is conserved and has A = s + 1;
then A_ is the dimension of the dual spin s gauge field, which is not a gauge invariant
operator, so there is no obvious issue with unitarity.

While in odd dimensions d the parity invariant conformal higher-spin gauge theories have
induced non-local actions, in even d there are theories that are local and Weyl invariant for
any spin s (these local actions are the coefficients of the induced logarithmically divergent
terms [133,/150-152]). For example, in d = 4 they are the free Maxwell theory (s = 1), the
conformal gravity (s = 2) [153], and their Fradkin-Tseytlin higher-spin generalizations [134].
These conformal higher-spin theories have actions involving more than two derivatives in
contrast with the two-derivative quadratic Fronsdal actions [154]. This is evident already
for the s = 2 conformal theory whose action is the square of the Weyl tensor. The role
of the Weyl-squared gravity in the AdS/CFT correspondence has been explored for some
time [133,/150]. A relation between conformal d = 4 higher-spin theories and massless
higher-spin theories in AdSs was proposed in [151,|152]. Our approach of using alternate
boundary conditions for massless spin s gauge fields in Euclidean AdSy,; indeed relates
them to conformal spin s gauge fields on S? As an application of these ideas, in section
m we will demonstrate that the massless spin s fields in AdS;,; endowed with alternate

boundary conditions provide an efficient way for calculating the Weyl anomaly a-coefficients
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of conformal spin s theories in even d. In particular, we will reproduce the Weyl anomaly
a-coefficient of the d = 4 conformal gravity [134}/153] and conjecture a formula generalizing

it to all conformal 4-d gauge theories of integer spin s > 0:

2

a4y = 1%(1 +5)2[3 4+ 14s(1 + s)]. (4.6)

Similarly, we may consider higher-spin theories in AdS3 [155-157] whose dual d = 2 CFTs
have W symmetries |158-163]. Changing the boundary conditions in the bulk corresponds
to gauging these symmetries. From the one-loop determinants of graviton and higher-spin
gauge fields with alternate boundary conditions in AdSs, we reproduce the well-known central
charge ¢ = —26 of the bc ghosts in 2-d gravity [164], as well as its higher-spin generalization
[165]: ¢s = —2(1 +6s(s — 1)) .

4.2 Double-trace deformations with higher-spin oper-
ators

We start by analyzing the double-trace deformations with s > 1 in the case where the single-
trace spin s operator has dimension A # s+ 1. As remarked in the introduction, these
deformations are somewhat less desirable than those with A = s+ 1 due to the appearance
of operators that violate the unitarity bound. Nevertheless, the theories with A # s+ 1 are
still interesting conceptually, and they are somewhat simpler computationally because we
do not have to worry about gauge invariance. As a consequence of this fact—and we will
show this in detail in the following sections—the difference in free energies 5FE ) is order N°
when A # s+ 1, while it is order log N when A = s + 1, as advertised in and .
In this section we begin with the cases A # s+ 1 and use field theoretic arguments to
demonstrate for small values of s. In section we then discuss the implications of

gauge invariance when A = s+ 1.
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Before turning to the calculation, however, we mention two interesting features of the
result in (4.5). The first observation is that 5F§ ) is positive for 3/2 < A < 2 for all s.
When s = 0 this is required by the F-theorem [8-12]—in fact, in that case JF must be

positive when 3/2 < A < 5/2, as discussed previously. But when s > 1 one of the fixed

s=1,2 and 3
5 —s=1
4:
w3
e [
2
1
Ol
1.

Figure 4.1: 5Ff) plotted as a function of A for s =1, 2, and 3. When s = 0 this quantity
is plotted in Fig. The F-theorem does not apply to the s > 1 theories since one or both
of the fixed points is non-unitary. The exception is when A = s + 1, since in this case the
naive unitarity arguments are not valid.

points is always non-unitary, and so the F-theorem does not require 0 F' to be positive. It
is therefore interesting that 6 F f) is always positive for 3/2 < A < 2, but the significance of
this observation is unclear.

The second observation, which is also illustrated in figure , is that 0F f) diverges
logarithmically as A — 2 when s > 1. Furthermore, if we take A = s+ 1 — ¢, where € < 1,

and concentrate on the contribution of the upper integration limit in (4.5)), then we find

(45 — 1)s

SFY) = — ;

log e+ O(e") . (4.7)

This result shows, in some sense, how the result in (4.4)), which is valid strictly when A = 1+s,
emerges from the case of more general double-trace deformation. The conclusion is that

gauging a symmetry in a large N CFT makes dF' logarithmically large.
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4.2.1 General strategy

The RG flow we are considering may be constructed explicitly as follows. Let Sy be the
action of a large N CFT defined on a conformally flat background with metric g,,. We
perturb Sy by the irrelevant deformation proportional to the double-trace operator J? to

obtain the action

A
S =504 5 [ i ()75, (4.3)

where J is a symmetric traceless tensor. This theory has a UV fixed point where

M2 fhs
Jospia..us Das dimension A_ =3 — A+ O(1/N). To demonstrate this, we use the Hubbard-
Stratonovich transformation to write the action with the help of a spin s auxiliary field

h

P12 s

1
S =5, — /d3:z: Vg(x) [hm...us () JHr-Hs () 4+ Khmmush’“'”“s : (4.9)
0

A study of the induced action for hy,,,. ., shows that the last term is negligible at the
UV fixed point [132]. When the current J,,,, . is conserved, the auxiliary field h, ;. .
assumes the role of a spin s gauge field.

One can evaluate the ratio Z/Z, of the partition functions corresponding to S and Sy
perturbatively in 1/N as follows. Integrating out the fields that appear in the undeformed

action Sy, one can write the partition function of the deformed theory (4.9)) as

Z|Zy = / Dhy, . . <exp ( APz \/@hm_,_us(x)(]’“'““s(x))> : (4.10)

0

where on the right-hand side the expectation value is computed with the measure exp[—S).

Expanding the exponential and using the fact that (J,, . (z))o = 0, as appropriate for a
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CFT on a conformally flat space, one obtains
Z = Zy / Dhy,,. e Sl sl (4.11)

where the effective action for the auxiliary field is to quadratic order given by

St == [ 0Py VIOV IW b (Db (50T ) 4 (412)

The expansion in (4.12]) is given in terms of connected correlators of the spin s operator, which
are all assumed to be O(N). At large N the typical fluctuations of h,, . are O(N~1/2),
and therefore the contributions to the partition function of the higher order terms in A, ..,

that were not exhibited in (4.12)), become negligible. The functional integral (4.11)) can then

be evaluated in the saddle-point approximation:

Z ~ Zy(det K)~Y?%, (4.13)

where the operator K given as an integration kernel can be expressed as

Ky, viaivn.ve (z,y) = _<Ju1.~.us(x>Ju1.-.us <y)>80nn. (4.14)

The expression (4.13) is valid on any conformally flat space.

Specializing to the case where the background metric is that of the unit S3, (4.13]) implies

| = L irlog K + O(1/N). (4.15)
0

SFY = —log 5

To calculate (5F§9) one would therefore need to sum the logarithms of the eigenvalues of the

kernel K on S% weighted by their multiplicities.
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An explicit formula for K can be written down most easily if we parameterize S through

the stereographic projection from R3. In other words, let us introduce the metric
= ——— [(dz")* + (dz*)* + (da?)*] | (4.16)

as well as the frame

i 2

el = —" _dit. 4.17
1+ |x|2 ( )

In this frame, the kernel ({.14) is constrained by conformal invariance to bel]

- A+ 0+ D)\, |
K v (z,y) = NC . y|2 ](il(m[l,Qm .. ,Iis)ys) ’ (4.18)

where C' is an N-independent normalization constant, and

|z =yl

(4.19)

In (4.18)), the symmetrizations are performed with total weight one and include the removal

of all the traces. Importantly, the kernel K is linear in N.

4.3 Explicit field theory calculations

4.3.1 Symmetric traceless tensor harmonics on S*

The eigenvalues of K can be found with the help of rotational symmetry on S%; the eigen-
functions of K must be symmetric traceless tensor harmonics on S®. For spin 0, these

harmonics are the usual spherical harmonics on S* which transform as the (n,n) irrepf] of

4Frame indices are raised and lowered with the flat metric.
SWe write the spin j representation of SU(2) as 2j + 1.
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the isometry group SU(2); x SU(2)g—they are just traceless symmetric polynomials in the
standard embedding coordinates of S? into R*. The space of normalizable functions on S®

therefore decomposes under SO(4) as

@Pmnn). (4.20)

n=1

For every positive integer n, there are n? scalar harmonics, which we denote by Y4, (), with
0 </ <nand |m| < /¢ Explicit expressions for these scalar harmonics are given in [14].
For spin s, the space of rank s symmetric traceless tensors on S* decomposes under SO(4)

as

D Dm+sn-s). (4.21)

n=s+1s'=—s

In other words, there are 2s + 1 towers of modes indexed by s’, where there are n? — s’
modes in each tower, with n > s. We denote these harmonics by Hf;lnﬁl’f(x), with s’ </l <n
and —¢ < m < (. Explicit expressions for s < 3 are given in [14].

The reason for the decomposition is easy to state. Starting with the three SU(2)p
Killing vectors (or the corresponding one-forms obtained by lowering indices with the met-
ric), one can construct rank-s traceless symmetric tensors by taking traceless symmetric
tensor products of these Killing vectors. Angular momentum addition guarantees that these
tensors transform as (2s + 1, 1) under SU(2);, x SU(2)g. The most general rank-s traceless
symmetric tensor on S? is a linear combination of these (2s + 1, 1) tensors with coefficients
that depend on position. These coefficients are functions on S?, so they can be expanded in
the basis of scalar spherical harmonics, which as mentioned above transform as (n,n) under
SO(4). The traceless symmetric tensors therefore transform as the tensor sum of products
(n,n) ® (2s + 1,1) over all n > 1. This description yields after a shift in n.

All the harmonics in a given irreducible representation of SO(4) are eigenfunctions of

K corresponding to the same eigenvalue. Let k,, ¢ be the eigenvalue corresponding to each
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term in (4.21)):

/dgy V g(y)Km...usylmys (z,y) Hilntx( ) = kn S’H;M[Z( ) (4.22)

Then

1 [e.e] S
=5 Z Z (n* — ) log ky, o - (4.23)

n=s+1s'=—s

Because the kernel (4.18) is invariant under the Z, reflection symmetry that exchanges
SU(2), with SU(2)g, we must have k,, ¢ = k, _s. Since the eigenvalue k, ¢ doesn’t depend

on the quantum numbers ¢ and m, we can write
kn g = /2 Z/di’)x dBy / / Hilnézz * PRV Vs (.l’ y) stzlnlizl(y) ) (424>

The average over all the states in a given irreducible representation of SO(4) makes the
product H(z)*K (z,y)H(y) depend only on the relative angle between = and y. One can

then perform five of the six integrals in (4.24)), which gives

64 2 , .
fy = — / dr<r—3ZS no L (pd) KPR (1 () (4.25)

n2 — g2 1+ 7“2) M1 fhsiV1 .. Vs

where ¢ is an arbitrary unit vector, say v = (0,0,1), and Z is a tensor “zonal” harmonic

defined as
23" .o ZHL"T ) H, " (0) (4.26)

We can thus find %, ¢ by performing only a one-dimensional integral. All that remains to
do is to find explicit expressions for the tensor zonal harmonics Z*™ and the kernel K. We

will do so in specific examples.
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Before discussing the order N° corrections to §F E), however, we are already in position
to show that the log N correction vanishes when A # s+ 1. From (4.25)) and (4.18)), we see
that each k, y is proportional to N and the normalization factor C'. The log N correction to

oF XS ) is then found by evaluating the divergent sum

SFY) = (% i Z (n? —5’2)> log N + O(N°)

n=s+1 s'=—s

(4.27)

<s+ %) [§(—2,s—i— 1) — wdo,w 1)|log N + O(N?)

O(NY)

through zeta function regularization. In simplifying the second line above we have used
a standard identity for the Hurwitz zeta-function. We may use the same computation to
show that (i) the O(N') term does not depend on the normalization factor C, and (ii) if
we reinstate the radius R of the S3, the potential log R term vanishes. This latter point is
important; since there is no anomaly in 3-d, the quantity o F’ és) must not have any dependence
on the radius R through terms that cannot be removed by the addition of local counter-terms.

A log R term is an example of such a term that cannot be removed.

4.3.2 Particular cases

We now calculate the order N term in 6 F E ) explicitly for s = 0, 1, and 2, and we show that
the results are consistent with . The s = 0 calculation was performed in Sec. As
a warmup we begin by reviewing that computation in the current notation. We have also
performed the s = 3 calculation explicitly. Some of the details may be found in the original

paper [14].
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Spin 0

For s = 0 we have only one type of eigenvalue, k, . Using (4.18)) we see that the kernel is

given simply by

NC
K(ro,0)= —, 4.28
MRNCETEIE e
where we have defined
r= tang . (4.29)

To compute the zonal harmonics we use the definition in (4.26]) along with the explicit

expressions for the spherical harmonics, given in |14], and we find

ZOJZ(T@) = Z Ynfm(X: 97 ¢)Yn€m(X - 0)
tm (4.30)
ncsc y sin(ny)
272

- nOO(X7 07 ¢)YnOO(X = 0) =

The integral in (4.25) may then be performed explicitly:

NC220=2)r [T sinysinny
Fno = dx —— 2A
0 (sm %‘)

2—-2A)(n—1+A)
F'2+n—-A) '

n

(4.31)

r
=471 N Csin(wA) (
The change in the free energy may be evaluated using (4.23)), which leads to the expression

1 & L(n—1+A)
0) _ 2
I =3 2 e T Ay (4.82)

When A = 3/2 the operator J? is marginal, and so in that case we expect (5F3(% = 0. Indeed,
taking A = 3/2 in (4.32]), we see that each of the terms in the sum vanishes independently.
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The sum in (4.32) was evaluated explicitly for general A in [58], and their regularized result
is a particular case of . Below we give a more simple, though perhaps slightly less
rigorous, derivation that will be useful when going on to the more complicated, higher-spin
theories. First we take a derivative of with respect to A, and then we insert a factor

of exp[—en], € > 0, into the sum to make it convergent:

Opn0FY) = 10" [i [b(2 41— A) +p(n — 1+ A)]e"

20€¢* | 4

3—2y—2loge 13+ 6A(A—3) (4.33)
a 3 12¢€
+ %(A —1) (A — g) (A —2)cot(mA) + O(e) .

Subtracting the divergent terms from (4.33]) and using the relation 5Fg)) = f:ﬁ? dx (8$6F;£0)),

which follows from the fact that (5F3(% = 0, we arrive at the result in (4.5) with s = 0.

Spin 1

When s = 1, a similar computation—using the Appendices of [14]—gives

Am(2 — A)I'(2 — 2A) sin(rA) '(n — 1 + A)
kn,O - NC 3
A I'(n+2—A) (4.34)
bosr = 21,
n,t1 — 2 _ A n,0 -
This allows us to write JF g) as the sum
m_ 1y
IFy = 5 ; [n?log kno + 2(n® — 1) log kna] (4.35)
which simplifies to
1, [A-1] /3 L(n—1+A)
SFV = Zlog | = “n*—1)log|————2|.
- 2°g‘2—A‘+;(2" )Og F(n+2—A)‘ (4.36)
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As a first check of (4.36]), we should verify that this expression vanishes when A = 3/2.
Indeed, in this case each of the terms in the sum vanishes independently. To evaluate (4.36))

for more general A, it is again convenient to take a derivative with respect to A and to insert

€

a factor of e7“™ into the sum to make it convergent. The identity

o0

lim [283 - 1] [W(n+2—A)+¢(n—1+A)e "
. " (4.37)

_ % (m) +ZAA-3) (A _ ;) cot(TA)

then allows us to conclude that
(1) . T 3
OnOF L\’ = §A(A -3) (A - > cot(mA), (4.38)

which is consistent with (4.5)).

Spin 2

The calculation of the eigenvalues is again straightforward when s = 2, and it leads to

I'(n—1+A) A—1
— A - _
kn,O C( )F(n + 9 _ A) ) kn,l 9 _ Akmo ) (4 39)
A A(A—-1) i ‘
n72_(A—2)(A—3) n,07
where the common factor
(A) = NC 81(A —3)(A —2)(2A — 1)I'(—2A) sin(7A) (4.40)
A+1
is independent of n. We then find that ¢ F g) may be written as the sum
= (5 I'n—1+A)| 5 2A%(A — 1)
FY = “n?—5)log |t |+ = :
OFy ;(J‘ 5> o8 F(n+2—A)‘+2 Og‘(A-Q)(A—:a)z (4.41)
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When A = 3/2, each of the terms in the sum vanishes identically, leading to the expected

result 6 F%)

32 = 0. To evaluate this sum for more general A, we follow the by now familiar

procedure of taking a derivative with respect to A and inserting a factor e " into the sum

to make it convergent. Using an identity analogous to (4.37)), we find the result

OnOFY) = %”(A — 4) (A - g) (A + 1) cot(rA), (4.42)

which is consistent with (4.5]).

4.3.3 A conjecture for arbitrary spin

The spin 3 calculation is worked out explicitly in [14]. From these examples with s < 3 we

conjecture that at arbitrary integer spin s the eigenvalues are related to each other by

IF'(n—1+4+A)
F(n+2—-A)"

T2~ A)T(~1+i+A)

kno = cs(A) T(A—1) T(2+i—A)

kn,i =

kno (4.43)

Importantly, the common factor ¢,(A) is n-independent. The calculation in that
showed that o F és) does not depend on the radius R and N then also shows that 6F is) is
independent of ¢s(A). Moreover, when A = 3/2 we find that k,,; = ko, which immediately
implies that 5F3(2 = 0. To test the eigenvalue conjecture for more general A, we may

calculate Op0F f) using the identity

lim [(1+25>83_s(1+3)(1+25)] S W +2—A)+p(n—1+A) e
- DS ((o+1) = 37) (02 = )+ 58 = 1) = p{2-+i = 8) = (-1 4.8
:@(A—;) (A+s—1)(A—s—2)cot(rA),

(4.44)
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and we find the desired formula (4.5 at arbitrary integer spin. In section we prove (4.5))

for arbitrary spin s from a much simpler calculation in the bulk.

4.4 Conserved Currents and Gauge Symmetries

Let us now return to the case where A = s + 1 and the operator J,,,, ,, is a conserved
current of spin s. Specifically, we will consider the theories of N free conformal complex
scalars or Dirac fermion fields, which possess such currents of all s > 0. The conformal
theory in this case is the gauge theory for the spin s gauge field hy,,. ., With quadratic
and higher-order terms induced by the one-loop diagram with conformal matter propagating
around the loop. We will derive the result advertised in , and we will also show explicitly
that 0 F is independent of the radius R of the three-sphere. This independence of R is crucial
for the interpretation of the induced theory as a conformal theory.

For more generality, we work in d dimensions, with d odd. The restriction to odd dimen-
sions is put in to avoid the Weyl anomaly, which occurs when d is even. We return to the
even dimensional case in later sections. Note that in all d the scaling dimension of the spin
s gauge field is A_ =2 — s.

The expression , as well as its generalization to arbitrary odd d, follows from a careful
treatment of the gauge symmetry in the path integral. At the linearized level, the induced

conformal higher-spin theory has the following local symmetries’|

Opy.pis = V(11 Vpgois) F Glrpa Az oss) (4.45)

where the rank s — 1 symmetric traceless gauge parameter vy ; is the generalization of
the familiar diffeomorphisms for spin 2, and the rank s — 2 parameter \,_, generalizes the
local Weyl invariance of conformal gravity [134]. We may use this symmetry to gauge away

completely the trace of h and the remaining gauge symmetry is then obtained by

1o fhs )

SWe symmetrize with total weight one. In other words V(g pzeois) = % > oes. Vo, oops -
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restricting to the traceless part of (4.45)

Sh (4.46)

papz.ps = (Ogv)muz...us )

where the operator O, takes the rank s — 1 traceless symmetric tensor v,, ,. , to a rank s

traceless symmetric tensor, namely:

s—1 Y
(Ogv)muz..-us - v(l‘lv”WB-‘#s) o d+ 2( Q)Q(uluzv Upspa...ps)v - (4-47)

S —

One can then decompose the gauge field h,, , as

Ppisops =ty + (OQU)N1M2...M5 ’ VA% e = 0. (4.48)

The first term in represents the physical modes, while the second term represents the
pure gauge modes. The requirement V#t, , = 0 on the physical modes is a gauge fixing
condition.

After integrating out the conformally invariant matter fields, the partition function at

the conformal fixed point takes the form

1
77—~ | Dhe Seslh )
Vol(G) / ‘ ’ (449)

where G is the group of gauge transformations, and the effective action for the spin s gauge

field h is given explicitly in the quadratic approximation by

Salt] = 5 [ /o) [ /g N @K b ), 50

for some kernel K as in (4.18)) for d = 3. It is important that K oc N, where N is the number

of conformally coupled matter fields; when N is large, the quadratic approximation (4.50) to
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the effective action becomes arbitrarily accurate. The action Seg[h] is of course independent
of the pure-gauge modes, so Seg[h] = Seg[t]. Performing the split (4.48) and writing the

volume of the group of gauge transformations as an integral over gauge parameters, we have
D (’)
7 ~ 4 PO /Dteseff . (4.51)

We are interested in studying the dependence on the S¢ radius R and on the number N of
conformally coupled matter fields. While only the last factor in depends on N, the
R-dependence of each of the two factors in is more subtle. The absence of a Weyl
anomaly guarantees, however, that Z is independent of R, as we now explain.

On general grounds, the absence of a Weyl anomaly in odd dimensions means that the
integration measure in the path integral is invariant under constant rescalings of the inte-

gration variables. For instance, for a rank s traceless symmetric tensor h,, this means

Lovefts )
that Dh = D(Ah) for any constant A. We checked this fact explicitly in in d = 3: the
Jacobian D(Ah)/Dh equals A raised to the sum of the degeneracies of all symmetric traceless
tensor modes, and we checked that this sum vanishes in zeta-function regularization in d = 3.
Similar checks are straightforward to perform for other odd d.

The action in remains unchanged if we send g, — S\QQW and h;,. ;. —
As=2+d/2p. . (where iy,is,... are frame indices). Since the integration measure also
remains unchanged (because all the modes are rescaled by the same factor), it follows
that the partition function does not change either. One then concludes that the partition
function on S? is independent of R, because we can compute Z for a sphere of unit radius,
and then reinstate R by performing a scale transformation.

In order to understand the dependence of on N, we should first examine the zero

modes of the operator O,. These zero modes are important because in the numerator of the

first factor in (4.51)) we should not integrate over these modes, while in the denominator we
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should. The zero modes of O, are solutions to the conformal Killing tensor equation

s—1 Y
V(i Vpizpisops) = mg(uluzv Vuzpa...ps)v - (4.52)

S —

As shown in [148], see also [145,|146], the symmetric traceless conformal Killing tensors of

rank s — 1 form an irreducible representation of SO(d + 1, 1) of dimension

(d+ 25— 4)(d+ 25— 3)(d+ 25 — 2)(d + s — D)(d + 5 — 3)!

sl(s — 1)ld!(d — 2)! (4.53)

Ng—1 =

This is the representation of corresponding to the Young diagram

(4.54)

S 21
which has two rows of length s— 1.|Z| The representation may be labelled by the set of integers
with m; = mg = s — 1 and mg = ... = 0 corresponding to the length of each row, and we
conventionally denote it as [s — 1, s — 1].

Note that when s = 2, (4.52) reduces to the more familiar conformal Killing vector

equation

29,
Vv, + Vo, = %“ Vv, (4.55)

and it is well-known that there are n; = (d + 1)(d + 2)/2 linearly independent conformal
Killing vectors; they transform in the adjoint (antisymmetric two-index tensor) represen-
tation of SO(d + 1,1). An equivalent counting of conformal Killing tensors is in terms of

representations of SO(d + 1), where the solutions of (4.52)) transform as irreps whose Young

"The same rectangular two-row representation appears naturally in the frame-like description of higher-
spin gauge fields in AdSgy1 [147).
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diagrams have two rows: s — 1 boxes in the first row and any number of boxes in the second
TOwW.

We can now have a more detailed understanding of how each factor in depends
on R. Let us start with the denominator of the first factor, Vol(G) = [ Dv. This quantity
by itself is R-independent, as guaranteed by the absence of a Weyl anomaly and by the fact
that we are integrating over all the modes of a rank s — 1 traceless symmetric tensor. We
can split, however, the integral over all gauge parameters into an integral over the kernel of

O,, which is the stabilizer of the gauge orbits, and an integral over the transverse space:

Vol(G) = VOl(H)/D/U, Vol(H) :/ Dv. (4.56)
Ker Oy

The discussion above implies that g,, o B2, t;, ;. oc R*42 and v, ; , oc R~1+4/2,
Since Vol(H) contains n,_; integrals and each integral contributes a factor of R2~1+4/2 we

have
Vol(H) oc Rre-tl71+4/2), / D'v oc R (57 1Hd2) (4.57)

where the R-dependence of [ D'v is such that Vol(G) is R—independentﬁ The number of
integration variables in [ D'v is therefore equal to —ns_; in zeta-function regularization.

The R-dependence of the two other ingredients of (4.51)) is
/D((’)gv) o RMe-1(s724d/2) /Dt e~ Setlll ¢ Rrs-1(s—2+d/2) (4.58)

The first expression follows because that the number of integration variables equals —n,_;
in zeta function regularization—for they’re the same integration variables as in the [ D'v

integral—and because by dimensional analysis each integral contributes one fewer power

8The factor Vol(H) is also proportional to the volume of the gauge group. While for s = 1 the gauge
group is compact, an extra complication that arises when s > 1 is that the gauge group is now non-compact
and its volume is formally infinite.
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of R than each of the [ D'v integrals. The second expression in is such that the
R-dependence cancels when integrating over all rank-s traceless symmetric tensor modes.
The number of integration variables equals +ns_; in zeta-function regularization, and each
integral contributes a factor of Rs~2+%/2,

The dependence on N in comes entirely from the integrand of the second factor

where K o« N. As a consequence of there not being a Weyl anomaly, we can write

D(vVNO

7~ M/D(\/Nt) ¢~ Senl VNIl (4.59)
J D(VNv)

The second factor is now N-independent, while the first factor is proportional to

<1/\/N> Sil, simply because the denominator contains ng_; more integrals than the

numerator. Therefore

0F = ”52*1 log N + O(N®) (4.60)

In d = 3, this expression reduces to (4.4). This result was obtained in the leading large N
approximation where only the terms quadratic in the spin s gauge field needed to be included
in the induced action. In this approximation we could simultaneously gauge the currents

with spins sq, So, ..., Sk. In such a theory,
1 k
_ 0
0F = 5 log N ;1 ns,—1 + O(N”). (4.61)

When non-linear effects are included in the induced gauge theory for higher-spin gauge fields,
or equivalently in the dual Vasiliev theory in AdS,,; space, it may be necessary to gauge all

the higher-spin symmetries simultaneously [142].
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4.5 The calculation in AdS: general setup

Let us consider a free massive spin s field propagating in Euclidean AdS,y1, i.e. the hyperbolic
space H?*!. This can be described by a totally symmetric tensoxﬂ Py .., satisfying the Fierz-

Pauli equations

(V2 — /@2) Py = 0,
K2=m?>—2+ (s —2)(s+d—3),
vuhMLQ'“Hs = 07 glwh;wug---us =0. (462)

The mass term in the wave equation above is defined so that m? correspond to the physical
mass of the field[’] while the extra spin-dependent shift arises from the coupling to the
curvature of AdS (here and throughout we will set the AdS radius to one). These equations
of motion and constraints may be derived from a Lagrangian, but we will not need the details
of the general construction here. As a simple example, the s = 1 case can be described by

the Proca action

1 2
S = / d™ay/g (ZFWFW + %AMA“> . (4.63)

The equations of motion coming from this action, V#F,, = m?A4,, can be shown to be

equivalent to (4.62)) as long as m? # 0. For massive fields, the equations (4.62) describe the

(25+d—2)(s+d—3)!

@)1s] on-shell degrees of freedom.

propagation of g(s) =
In the massless case m? = 0, the spin s > 1 fields become gauge fields, with linearized

gauge invariance

0Pty oy = V(1 €prgepis). (4.64)

9For d = 3 a totally symmetric traceless tensor is the only possibility for a spin s field. In higher
dimensions, more general mixed symmetry fields are possible, but we will not consider them in this chapter.

OFxcept for s = 0, where in this normalization m = 0 gives a scalar with mass-squared equal to 4 — 2d.
For d = 3, this is a conformally coupled scalar field.
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where the gauge parameter is a rank s — 1 symmetric traceless tensor. The gauge invariant
equations of motion and action are known [154], but we will not need their explicit form.
The simple equations may be still used to describe the propagation of on-shell degrees
of freedom. In this case, however, the second line of does not follow from the equations
of motion but can be imposed as a consistent on-shell gauge condition (see e.g. [149]). Due
to the usual counting of gauge symmetries, the number of propagating degrees of freedom

in this case is

(2s+d—3)(s+d—4)!
(d —3)!s!

9(s) —g(s =1) = (4.65)

In d + 1 = 4, this number gives 2 degrees of freedom for all non-zero spins, corresponding
to helicities +s. In d + 1 = 3 dimensions, there are no propagating degrees of freedom for
s > 1, and one for s = 1.

The conformal dimension of the spin s field theory operator dual to h can be obtained

(GRE

by studying the near-boundary behavior of a solution to the equations of motion. To be

concrete, if we use Poincaré coordinates for AdS; 4

2 d 2
ds? — dz"+ > i, dx; (4.66)

’
22

a solution to (4.62) behaves as z — 0 as (see e.g. [76]) hi,..., ~ 2275, where A is a root of

the equation (A 4+ s — 2)(A + 2 — d — s) = m?. The solutions to this equation are

d d 2
Aiz§:|:V, V= m2+ §+S—2 . (467)

The same bulk theory describes two different CF'T's depending on the boundary conditions

for the field hy,..,,,, and these CFTs are exactly the endpoints of the RG flow obtained from
the action in (4.8)). The boundary condition h) ~ 22-7% corresponds to the UV CFT, with

Js having dimension A_, and the boundary condition A ~ 28+~ describes the IR fixed
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point, with Js of dimension A = A, . In the massless case, A, = s+ d — 2 is the dimension
of the spin s conserved current in the free theory, while A_ = 2 — s is the dimension of the
spin s auxiliary field that becomes a dynamical gauge field in the induced theory.

The contribution of h to the free energy is given by evaluating the one-loop determinant

F&i = —log/Dh e °h

, (4.68)

Ay

where the symbol |a, indicates which boundary conditions we are to impose at small z.

Thus, the change in free energy between the UV and IR fixed points is given by
S S S 1 S S
(5Fé) = Féz — FL) =3 tr' log(—V? + K?) — tri) log(—V? + k%) , (4.69)

where the operator V? = ¢#*V,V, acts on symmetric transverse-traceless (STT) tensors of
rank s. Using the approach of [58,/120] and taking a derivative with respect to A gives the

more convenient expression

d6FY  2A —d
om? 2

8A5F§) = (2A —d) /volHd+1 (Tr G’(As)_(x,x) —Tr G(Asl(:v,m)) (4.70)

in terms of the Green’s functions G(AS)i (x,y) for the spin s field with the respective boundary
conditions. Here Tr G*)(x,z) denotes the Green’s function at coincident points traced over
the space-time indices, namely Tr G (z,7) = limy ,, g"" - g*" Gy pornwe (T, y). Of
course, the Green’s function at coincident points is divergent, but the divergence is just the
usual short-distance singularity of flat space propagators, which cancels when taking the

difference between the two boundary conditions in (4.70]) [120].
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4.6 Massive spin s fields in AdS

4.6.1 Some lower spin examples

As a warm-up we begin by considering a scalar field in d = 3. In this case the Green’s
functions may be written down simply in terms of the chordal distance uE Using the
Poincaré coordinates (4.66]), let us denote two points on AdS; by z# = (z,z') and y* =

(w,y*). Then the chordal distance is given by

ulw,y) = ETOT (gz; P =y) (4.71)

We then use the standard result for the Green’s function of the massive scalar field on AdSy,

(see, for example, [166]),

- d 1
Ga(z,y) = Gau) = Ca2u™)2F (A, A — g tgi2A—d+1; —2u7"),

S NVAN) VN A (4.72)
27 Um)@DRT2A —d+ 1)
Taking d = 3, in the short-distance limit v — 0 we find
Ga(u) = ! + O(log u) (4.73)
8m2u ’
and
1
Gs_a(u) — Ga(u) = 8—(A — 1)(A = 2)cot(rA) + O(u) . (4.74)
T

The only other ingredient needed to complete the computation is the regularized volume of

H*, which is 47%/3 (see (4.82))). Combining this fact with (4.74) and (4.70) then allows us
to reproduce (4.5)) with s = 0.

' The chordal distance u is related to the geodesic distance r by u = coshr — 1.
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The spin 1 calculation may be carried out in an analogous fashion to the spin 0 calculation

presented above. The massive bulk-to-bulk vector field propagator was worked out explicitly

in [167){7]

(G)a(u) = =[Ga(u) + La(u)] T — Ly (w) Sy, (4.75)

5%

where G'a(u) is the scalar propagator defined in (4.72)) and

1
(A—-1)(A—-2)

T, = 0,0,u, Sy = 0 ud,u.

La(u) = — [2GA(u) + (1 + u)Gy(u)],

(4.76)

Using the explicit definition of u in (4.71]), we may work out that in the limit v — 0 the
trace T# — —4 while S — 0. A straightforward calculation using the results above then
leads to equation . One may perform an analogous computation using the massive
spin 2 propagator derived in [167]. Following the same steps as above, one can evaluate the
trace of the Green’s function at coincident points. Taking the difference of the two boundary

conditions readily allows one to reproduce the CET result (4.42)).

4.6.2 Arbitrary spin

In principle one may proceed to arbitrary spin by generalizing the method presented above
for the spin 0 and 1 cases to general spin s. Thankfully, however, there is a shortcut which
saves us from having to solve for the massive bulk-to-bulk propagator at arbitrary spin.
Moreover, we may keep arbitrary the boundary spacetime dimension d > 2 in the following
calculation without adding much complexity. We begin by considering the integer spin cases,

and we comment on the generalization to half-integer spin in Section [4.8]

12The propagator we use, (4.75)), differs by an overall minus sign compared to the one in [167]. In these
conventions the propagator reduces in the flat space limit to the Fourier transform of (g, — k,k,/m?)/(k* +
2
m*).
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Let us start by recalling the familiar definition of the heat kernel for the operator —V?+x?
acting on transverse symmetric traceless spin s tensors. The heat kernel K,,...,. "' (x, 2, t)

on H%*! is a solution to the equations

9,
(a A VARE fo) Kpop, "V (2,y,t) =0,

(4.77)
Kul"'us e (.TL', Y, O) = 6(#1"’#3) (Vln'VS)(xa y) ’

where 0(,,,.....) V27 (, 2') is the STT é-function on H!. An explicit expression for the heat

AU

et which are taken to

kernel may be written down in terms of the STT eigenfunctions h
be orthonormal with respect to the standard inner product on H?! and which satisfy the

equation

4 B s

R d? R
—V?2 hgfi,us (z) = (v + — + s) e (x) (4.78)

as well as transversality and tracelessness. Here u is a multi-index labeling different eigen-
functions with the same eigenvalue under —V?2, and it corresponds to the set of integers
which specify the spherical harmonics on the S¢ boundary. Additionally, the eigenvalue in
has been shifted in such a way that A > 0. In terms of these eigenfunctions, the heat

kernel may be written formally as

Km--'/is V1-vs (x) Y, t) _ Z/ d\ B:\L;uus (l,)h)\,u V1 Vs ($/>*
0
u (4.79)

d2
exp {— (/\2+Z+S+/ﬁ2)t} .

Note that using (4.62) and (4.67]) we can write

2 d2 2 2 d ?
Nt s+t =24 (A=) (4.80)
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where A is the dimension of the dual operator. The spectral zeta function ¢ (z; ) is defined
by evaluating the trace of the heat kernel at coincident points x = y, inserting a factor of
t*~1, and integrating over t¢:

Pz 2) = %/ At Ky, e (2, 1)

A TAu vV * (481)
hm L @)
‘Z/ N T B2y

Since the space HY! is homogeneous, the zeta function does not depend on the position
r. We may define the integrated zeta function (¥ (z) to be the integral of (¥ (z,z) over
the whole space, but for the reason just given this only has the effect of multiplying the
expression in (4.81)) by a factor of the regularized volume of H¢*!. This regularized volume
may be found by writing the metric as dp? + sinh? p dQ%d and imposing a cut-off on p at a

large value p.. In even and odd dimensions this then gives [11}58104]

0 (%), dodd,
/VOlHd+1 = (4.82)

ﬂ,)d/Q

F( )lgR d even

where R is the radius of S located at p = pc. Since the integral over proper time t of the
heat kernel gives the Green’s function, it is clear from the definition (4.81]) that the spectral

zeta function is related to the trace of the Green’s function at coincident points by
Hlz=1)= /VolHd+1Tr Gg) (x,2). (4.83)

The boundary conditions for the Green’s function are determined by the boundary condi-
tions we take for the eigenfunctions h* , (). The authors of [168,/169] calculated ¢ (2)
for arbitrary spin and in arbitrary dimension d, assuming certain regularity conditions on

the eigenfunctions that correspond to imposing the A, boundary condition on the Green’s

130nly the logarithmic divergence was retained in the even d case. One may, for example, work in
dimensional regularization with d — d — ¢, and identify the 1/¢ pole with the log R divergence.
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function. To obtain the result for the A_ boundary condition, we will analytically continue
their final result to arbitrary A, as explained below.
Assuming for the moment A = A, | the zeta function (4.81) may be written in terms of

the integral over A

fVOlHdJrl 2d-1 o ()
t(2) = ( g(s) d\ =,
( ) fVOlsd T ( 0 |:)\2 + (A+ i %)2:| (484)
with g(s) the spin factor, which in d = 2 is given by g(0) = 1 and g(s) = 2 for s > 1, and in

d > 2 by

 (25+d—-2)(s+d—3)
9s) = (d—2)ls! ’

d>3. (4.85)

This spin factor is the number of propagating degrees of freedom of a massive spin s field in
d + 1 dimensions. In 3 4+ 1 dimensions, these are the familiar 2s + 1 degrees of freedom of a
massive spin s field.

The function u(A) is known as the spectral function, and it is obtained from by

summing over all discrete indices of the eigenfunctions. The result of [169] gives

e (s + 5] |r
M= i ()

We now turn to the evaluation of the integral in (4.84)), beginning with the case of most

(z)\—l— %) ’

o (4.86)

interest, d = 3. The spectral function in d = 3 may be simplified to

Noi(stlt 2
2

and from this we see that to evaluate (¥ (2) we need to compute the integral

N+ s+1 2
2
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p(A) = —

4.
6 tanh A\, (4.87)

tanh A d

—_— =A, ——. 4.88
[)\24—1/2]2’ v + ( )

I3(2) :/ dA .
0




The integral only converges for Re(z) > 2, and so we proceed by assuming Re(z) > 2,
evaluating I3(z) explicitly, and then analytically continuing to the other values of z. One

way to evaluate I3(z) is to use the identity tanh(m\) = 1 — 2(1 + €*™)~! to write
V2(1_Z)

22— 2)(1-2) ﬁ*”z_”(5+%)2
—2/OOOdM /\2+(s+%)2

The integral appearing above is now perfectly convergent for all z, and it may be evaluated

I3(z) =

(4.89)
1

I+ e [N+ 2

explicitly for specific z using, for example, the identities in |170]. The analytic continuation
necessary to extract the result for A = A_ can be done as follows. We first compute the
integral assuming A = A, so that ¥ > 0. We then interpret the final result as an
analytic function of v (for instance, by replacing |v| — v) and obtain the A_ = d — A,
boundary condition by sending v — —v.

An example of particular interest is z = 1, and in this case we find

hle~1)= (“%)2_”2] 2<z1—1>+ ”2_(“%)2 ¢(V+%) (4.90)
_i—§+0(z—1)

Substituting the result above into (4.84), we obtain an expression for (¥ (z &~ 1) with the
A, boundary condition. The pole at z = 1 is just the expected short-distance singularity
of the propagator, which will cancel when we compute the difference of the two boundary
conditions (¥ (z ~ 1) — (2 ~ 1), where the minus subscript refers to the A_ boundary con-

dition. As explained above, we find that a shortcut to obtaining ¢¥(z ~ 1) is to analytically
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continue the result in (4.90)) letting v — —V.|E| Then, making use of the identity

¢(%+y)—¢<%—y>zﬂtanuw, (4.91)

we obtain

CH(z) - d{(z)Li1 =—— (3 + —) (A —s—=2)(Ay +s—1)cot mA,, (4.92)

which, together with , immediately confirms the result for 6 F’ és) in (4.5)).

The method used to derive becomes more cumbersome when generalizing to arbi-
trary space-time dimensions. There is however a slightly more formal shortcut to evaluat-
ing based on extending the region of integration in A to (—oo, +00) and closing the

contour of integration in the complex plane. One may then argue that

¢(Mz) = (z)],_, =2 (%) g(s)u [;(AA:__;” . (4.93)

When d is odd we then find (even d will be discussed in section

s d—1)/2 F(_g) d
Op0F) = (—1) 1/ g(s)W (A - 5) (A+s—1)(A—s—d+1)

I'A—-1I'(d—1— A)cos(mA).

(4.94)

Note that when s = 0 this agrees with the result in [9,/58]. In d = 3, it leads to the result

quoted in eq. (4.5)).

Moreover, we conjecture the identity

e = a) =2t (L Y gty (| es, ) a9

[ volga Ay —d/2

14This analytic continuation becomes more subtle when A, = s+ 1, and so we treat this case separately
later.
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which is useful when A, = d+ s — 2, corresponding to a conserved current at the boundary.
Note that this expression vanishes in even d for all A, and vanishes in odd d when A, #

d + s — 2. However, when A, =d+ s — 2 and d is odd, we find

¢(z) =2 (2)] Ly = —nsas (4.96)

with ns_; defined in (4.53). We will explain the significance of these results in the next

section.

4.7 Massless higher-spin fields in AdS and gauge sym-
metries

In this section we discuss directly the case of massless higher-spin fields, the corresponding
gauge fixing and the bulk interpretation of the coefficient of log N associated to the A_
boundary conditions. As usual, in computing the one-loop partition function for a higher-
spin gauge field, we must properly gauge fix the local symmetry . Using a covariant
gauge fixing procedure and introducing the corresponding ghosts[”|the end result is that the
one-loop partition function in AdS;;; may be written as the ratio of determinants (see for

example [1715174] for the spin 2 case, and [160,{175,|176] for the generalization to arbitrary

spin)

Ziy — [det"] (V2 + (s — 1)(d + s — 2))] | (4.97)

[detSTT (V2 + (s — 2)(d + 5 — 3) — 2)]?

where each determinant is computed on the space of symmetric traceless transverse tensors.
The numerator corresponds essentially to the spin s — 1 ghost contribution. The struc-

ture of the associated kinetic operator may be obtained basically by “squaring” the gauge

15 Alternatively, one may use a procedure similar to the one discussed in Section 4 by explicitly decomposing
the higher-spin gauge field into its transverse, trace and pure gauge parts.
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transformation

/ddﬂx\/gv(mfuz...us)v(mfwmus)

(4.98)
_ /ddﬂx\/gful“'“s_l (_V2 +(s—1)(d+s— 2)) Etior >

where we have integrated by parts, restricted to transverse &1, and related commutators
of covariant derivatives to the curvature of AdS (we set the AdS radius to one).

Recall that we are interested in computing the ratio of the partition functions with
AL =d+s—2and A_ =2 — s boundary conditions imposed on the physical spin s gauge
fields. However, when computing the ghost determinant in (4.97)), we also have in principle
two choices of boundary behavior for the Green’s function associated to the kinetic operator
—~V2+ (s —1)(d+ s — 2). Working in Poincare coordinates and using (4.67)), one finds that

the two boundary conditions on the spin s — 1 transverse field with such kinetic operator are
&1_“@‘571(2, JZZ) ~ Zaicil...is,l(xi)a (5+ == d, (S_ =2 28, (499)

where 71, ...,i,_1 are indices along the flat d-dimensional boundary. As we now explain, the
choice of 64 ghost behavior is correlated with the choice Ay on the physical gauge field. To
see this, we can look at the structure of the allowed gauge transformations on the spin s
gauge field

0Py s = V(€ pss) - (4.100)

The boundary behavior of the gauge field is
Ai_sailmis(xi) s A+ =S5+ d— 2, A_=2—35. (4101)

hil‘..is<z7 xz) ~Z

In the case of the ordinary A, boundary condition, we see that in order for the gauge

transformation to preserve the boundary behavior of the spin s gauge field, we must choose

in (4.99) the &_; ~ 2¢ behavior for the ghost. The bulk gauge transformations then fall
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off fast enough at the boundary so that the bulk spin s field is dual to a gauge invariant
conserved current. On the other hand, with the alternate A_ boundary condition, h(,) is dual
to a gauge field at the boundary. In this case, we expect that the bulk gauge transformations
should reproduce in the z — 0 limit the gauge transformations in the boundary theory. From
, we see that the 6_ = 2 — 2s behavior for the ghost is precisely what we need for this
to happen, since in this case the spin s gauge field and the ghost have the same
scaling in the boundary limit.

In section [£.4) we explained that the coefficient of log N in the free energy can be under-
stood as counting the numbers of missing gauge transformations, or equivalently ghost zero
modes. We thus expect that an analogous interpretation should hold in the bulk. Indeed,

the quadratic action for the bulk spin s fields has the schematic form
S ~ N/dd+1l'\/§h(3)p(s)h(s), (4.102)

where N plays the role of the (inverse of the) coupling constant. The ghost action does not
carry N dependence. However, by general arguments (see e.g. [177] for a related discussion),

the Gaussian path integral on the spin s field gives a coupling dependence in the partition

1 ds_(ds—l_ns—l)
1 , 4103
() 109)

where dg is the dimension of the space of unconstrained spin s fields, d,_; the dimension of

function

the spin (s — 1) gauge parameter space, and n,_; the number of gauge transformations that
act trivially on the gauge field. Using a regularization such that dy = d;,_; = 0 (such as the
(-function regularization we used in the boundary), the N dependence of the one-loop free
energy will then be F' = %ns,l log N. To prove agreement with the boundary calculation, we
just have to show that we have the same number n,_; of trivial gauge transformations (or
ghost zero modes) in the bulk as we do in the boundary, and also, importantly, that such

zero modes of the gauge transformation are only present with the A_ boundary condition.
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The trivial bulk gauge transformations that we should count are the solutions to

V(,U«lg,uz...us) = 07 €M == 0, (4104)

HH3 .- s —1

namely, they are the traceless spin s — 1 Killing tensors of the AdS background. Note that
due to these are also zero modes of the ghost kinetic operator. The traceless Killing
tensors of AdS,y; are expected to be in one-to-one correspondence with the conformal Killing
tensors in the boundary CFT [149]. So we anticipate that solutions to should fall into
the [s — 1, s — 1] representation of SO(d + 1,1), and hence we should have the same number
of zero modes in the bulk and in the boundary. However, since the boundary behavior of
these modes is crucial in our analysis, it is important to analyze explicitly the solutions to
(4.104)).

Let us first look at the simplest s = 1 case. Here we are just counting solutions to

V,.£=0. (4.105)

Clearly the only solution is £ = constant over the whole AdS. If the gauge field is quantized
with the A, boundary condition, then, as we have argued above, the analysis of allowed

4 near the boundary. Therefore, as expected, this

gauge transformations requires £ ~ z
constant mode should not be counted as a trivial gauge transformation in the A, theory.
On the other hand, with the A_ boundary condition the scalar ghost should have precisely
the behavior & ~ 2" at small z (see ), and so the constant mode solving (4.105) should
indeed be intepreted as a trivial gauge transformation of the A_ theory. Of course, the
projection of this mode to the boundary (trivially) coincides with the single constant gauge

transformation on S3, leading to 6 F,—; = 1/2log N + O(N?).

For s = 2, we should look for solutions to

V& +V,6,=0. (4.106)
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These are just the Killing vectors generating the isometries of AdSy, 1, and the solution is well
known. There are (d+ 1)(d+ 2)/2 Killing vectors transforming in the adjoint representation
of SO(d +1,1). We may describe (Euclidean) AdSyy; as the hyperboloid in R411

mapXAXP=—-1 A B=0,1,...d+1, (4.107)

where n4p = (—=1,+1,...,+1). Choosing an explicit parameterization X*(2#), where z*

are coordinates on AdS,y1, the Killing vectors are given by
&P =Xx49,x7 - XP9, x4 (4.108)

For instance, in the Poincare coordinates

A < 1 2 iy T2 i
X :(5[1+;(1+z —l—xm)],;,é[l%—;(l—z —xx)}), 1=1,...,d
(4.109)
A simple calculation shows that the Killing vectors behave at small z as
P = 220 (a) + O, €8P =2 A (). (4.110)

From and the discussion thereafter, we conclude that these are truly zero modes of
the bulk gauge transformations only when the graviton is quantized with the alternate A_
boundary condition. Therefore, we reproduce the result F’ f} - F fj =5logN ind=3. As
a remark, note that the boundary limit of the AdS Killing vectors yields as expected the
conformal Killing vectors on the boundary, as one can explicitly checkIE

2
d

16We have used Poincaré coordinates for simplicity in discussing the boundary behavior. However this
result is general. For instance, using the metric dp? + sinh? p dQ%d one can reproduce the conformal Killing
vectors on S¢ from the p — oo limit of the AdS Killing vectors.

. 2+AB _  AB AB AB
lli%z & = v (xy), Vil + Vi~ —

9;;VFuiP = 0. (4.111)
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To proceed with the higher-spin cases, we can use the result |[178] that in spaces of
constant curvature (such as AdS) all Killing tensors of rank greater than or equal to two
are reducible; i.e. they can be constructed from symmetrized tensor products of the Killing
vectors. It is clear that when we take the tensor product of s — 1 Killing vectors, which
transform in the [1, 1] representation, we get a sum of irreducible representations including
in particular [s — 1, s —1]. In fact, after imposing that the resulting Killing tensor is traceless
in the spacetime indices, all representations except [s — 1,s — 1] are projected out. Let us

see this more explicitly. At rank s — 1, we construct the symmetric tensor

A1B1 +AsB Ag_1Bg—
6#1--#.9—1 = CA131,A232,--~7A3—1BS—1 [£M11 ! M22 2 s ! e } ) (4-112)

where the term in the square brackets is completely symmetrized in the spacetime indices,
and Ca, B, .. A, B, , is a constant tensor, which, by construction, is antisymmetric in each
pair of indices and symmetric under exchange of any pair. It is easy to see that this solves the
Killing tensor equation, and the theorem guarantees that there are no additional non-trivial
solutions in AdS. To impose the tracelessness condition, we note that the Killing vectors

satisfy an indentity of the form

AC_BD

— (0"

nAcng uD 43 terms — T

PPl . (4.113)

IS

PrEren =

Therefore, as long as all traces are removed from the coefficient tensor Ca,p, . 4, B, 1
we obtain a traceless Killing tensor. Finally, we note that if Ca,p, . a, ,B,, Were to-
tally antisymmetric in 3 or more indices, would vanish identically. To summarize,
Ca,By.....A, 1B, 1s constrained to be antisymmetric in each pair of indices, completely trace-
less, and such that the antisymmetrization over any 3 indices gives zero. Indeed, this can
be seen to be a realization of the [s — 1, s — 1] representation of SO(d 4 1,1). As a familiar
example, at s = 3 we see that C4, B, 4,5, is constrained to have the symmetries of the Weyl

tensor (in d+ 2 dimensions), which correspond to the [2, 2] representation. From the explicit
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tensor product construction, it is clear that the boundary behavior of these traceless Killing
tensors is &, i, , ~ 22725 From , we see that this is precisely the behavior we should
impose on the ghosts when the spin s field is quantized with the A_ boundary condition.
Therefore, we find the expected ny,_; = dim([s — 1, s — 1]) “missing” gauge transformation
in the A_ theory and reproduce from the bulk the result

S S ]-
FY) —FY) = Ss-1log N+ O(N). (4.114)

To conclude this section, let us observe that it appears to be possible to reproduce the
correct coefficient of log N also by some formal manipulations on the spectral (-function,
as discussed in Section 4.6.2, Because the overall coupling in front of the bulk higher-spin
action is proportional to N, the coefficient of %logN can be understood (see ) as
counting the dimension of the space of the physical spin s field. Therefore, we may try to

formally compute

s log N s s log N
oFS) = 8= (0 —ul)) = - B2 () - )| (4.115)
z=0

From the discussion of the previous section we see that this expression vanishes unless A =

d+ s —2 and d is odd. In that case, we may use the result in (4.96) to calculate 5Fd(i)8_2,

and one can see that this indeed leads to the expected result.

4.8 Comments on half-integer spins

So far our discussion has been restricted to the case where J, is a bosonic single-trace operator
of integer spin s. Of course, it is also possible to consider cases where J; is a fermionic single-
trace operator of half-odd-integer spin; the double-trace operator is still bosonic and can be
added to the action. The simplest case of s = 1/2 in d = 3 has already been studied in the

literature [9,59]. In this section we briefly consider generalizations of this result to higher
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half-integer spin. As we have seen, the dual AdS, calculations tend to be simpler than the
field theory calculations on S®. In this section we list some results obtained in the bulk,
leaving comparisons with the explicit field theory calculations for future work.

Following [179] we see that in the half-integer spin case the spectral function is modified

to

TA

pA) =12

16 cothm\. (4.116)

A+ 5—1—1 2
2

With the operator Jg a real fermion, the change dF f ) acquires an additional minus sign

compared to (4.69) because of the closed fermion loop. We then find that for half-integer

spin

5Fé8) = @ /3/2 (z — §)(x +s—1)(z —s—2)tan(nz), (4.117)

so that for arbitrary integer or half-integer spin we have the general formula

S ™ A
s = 46—1) (_1)23/3/2 (x_;)(x—i—s—1)(x—s—2)cot(7r(x+s)). (4.118)

Note that for spin 1/2 this agrees with the result in [9,59)].
We note that for A = s+ 1 — € we find a logarithmic divergence of the form

4s* — 1)

st — — loge. (4.119)

This again suggests that for e = 0, 6F(®) = %nfif log N, where for d = 3

gz S(4s*=1) (2s 4+ 1)!
Ng_1 =

T3 3les—2)° (4.120)
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This formula is the restriction to d = 3 of E] As we have discussed, the logarithmic
divergence in §F(*) appears for s > 1 and is associated with gauge transformations that act
trivially on the spin s gauge field. For example, for s = 3/2 such gauge transformations
are simply the 4 Killing spinors in AdS,;. More generally, for half-integer s, the Killing
tensors transform in the my; = my = s — 1 spinor representation of SO(4,1). The counting
of degeneracies of such representations is particularly simple because they are symmetric
tensors of rank 2s — 2 with spinor indices. Indeed, the formula is simply the number
of such tensors where each index takes 4 values. We note that this applies to integer s as
well. Note also that precisely vanishes at s = 0 and s = 1/2, which correspond to

the only cases in which we do not have gauge symmetries.

4.9 Calculation of Weyl anomalies in even d

In this section we discuss an interesting application of alternate boundary conditions in
AdSgyq: we will show that they provide an efficient method for finding the Weyl anomaly
coefficients of conformal higher-spin field theories in even dimensions d. In the d = 4 case
such theories were introduced in [134]; an interacting conformal higher-spin theory including
each spin once was proposed in [152].

For all d the alternate boundary conditions in AdS,,; correspond to a theory where the
dynamics of the spin s gauge field is “induced” by its coupling to the conserved current
Sy pio..ns - However, some properties of the theory depend significantly on whether d is even
or odd. In odd d the induced conformally invariant action is necessarily non-local as, for
example, in 3-dimensional QED. In even d we instead find a local conformally invariant

term multiplied by log(q?/A?). Well-known examples of this in d = 4 include F,,F* for

"For d > 3 the formula (4.53) does not apply to half-integer s because that formula was calculated with

m3 = ... = 0, which does not make sense for spinors. It is plausible that we should instead consider the

representations m; = my = s — 1 and mg = ... = 1/2. For example, for d = 5 the dimension of the
_1 1 3 5

representation with m; =my = s —1 and m3 = 1/2 is (2s+3)(25+2)(25+1)§isf)(H2)(s+2)(s+2). It would be

interesting to check by a direct calculation that this gives the correct number of fermionic Killing tensors.
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s = 1 and the Weyl tensor squared, C),,.,C*""?, for s = 2. Their appearance is due to the

structure of 2-point functions; for example,

(L) o(—q)) ~ (40 — 6,q°) log(q®/A?) . (4.121)

The logarithmic term is due to the fact that in QEDy, the quantum effects of the charged
fields lead to a logarithmic flow of the charge. Far in the IR the dynamics reduces to that
of the free Maxwell field decoupled from the charged field. This is a conformal field theory,
and we will show how considering a massless gauge field in AdS; with alternate boundary
conditions gives the familiar anomaly coefficient a; = 31 /45.@ Similarly, for s = 2 we
will obtain ay = 87/5 in agreement with the direct calculation [134,|153] in the conformal
Weyl-squared gravity.ﬂ

First, let us calculate the change in the Weyl anomaly coefficient produced by the double-
trace flows with operators J,, u,.. u, J*1#2#, where J,, u,.. 4, 18 @ spin s single-trace operator
of dimension A, extending the earlier work of [57,/58,120]. When d is even, the log R term
in the free energy on S? is identified with the anomaly a-coefficient. Using we then
find

5(125) — _27rg—(ds‘)LAdx (x— g) (x+s—1)(z—s—d+1I'(z—1I'(d—1—z)sin(rz).

(4.122)

For s = 0 this expression agrees with the results in [57,58,|120]. With s = 0,A = g +1

this formula agrees with the coefficient of the logarithmic divergence in the S¢ free energy

for a conformally coupled scalar field [104]. For instance, da(®) = —%, o — ek 23

907 ~ 756 113400 I

18We recall that a conventionally denotes the coefficient of the Euler density term in the Weyl anomaly.
By our methods we do not have access to the ¢ coefficient, which is the one associated with the square of
the Weyl tensor.

19 The relation to the notation for anomaly coefficients used in [153] is a = 23, — 431; see also [134].

137



d = 2,4,6,8 respectively. This is because in this case the Hubbard-Stratonovich field has
the dimension of a free conformal scalar.

An interesting special case is d = 4. Integrating over A we obtain the change in
the a-anomaly coefficient:

) (s (s+1)?

6a'®) = ay — agy = (A - 2)3[5(1 4 5)? — 3(A —2)?], (4.123)

where a is normalized such that a = 1/90 for a real conformal scalar field.

The higher-spin conformal gauge theories are obtained by taking A = 2 4+ s with s > 1,
but in this case we must be careful to also include the contribution of the spin s — 1 ghosts
with alternate boundary conditions. Since the ghost determinant appears in the numerator
of , the contribution of the ghosts to the anomaly a-coefficient of the induced theory

may be computed from (4.123]) with A = 3+ s (recall that for the spin s — 1 ghosts we have

ungauged
s

Ay = 61 +s—1, where 6, is given in (4.99))). More explicitly, defining a, = a8*&°*d —q

so that a, is the anomaly a-coefficient for the conformal spin s field, we have

ay = aP™ — g8 (4.124)

— Y

with aP the contribution from the physical modes and a®™5* that from the ghosts. We find

3

= S 8525 (5 4+ 5]
h ), (4.125)
ost

A = (1325 (3 9],

which leads to the result quoted in (4.6)). Using this result, we can calculate the Weyl
anomaly of the 4-d conformal gauge theory including the fields of each positive integer spin
once. One way to try constructing such an induced gauge theory is to start with /N conformal

charged scalars or fermions in d = 4 and gauge all the currents with s > 1. Using (4.6|) and
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the zeta-function regularization, we find that the sum of all Weyl anomaly coefficients

> a,= 9—10 [10¢(—3) +21¢(-5)] =0, (4.126)

where we have used the fact that ((—2n) = 0 for n > 1. Thus, the theory with such a field
content has no a-type Weyl anomaly. This provides partial evidence for the consistency of
such a conformal higher-spin theory, but the ¢ anomaly coefficient remains to be determined.

Since the a-type Weyl anomaly cancels in the conformal higher-spin theory, the lead-
ing term in the S* free energy of the induced theory is the log N type term that comes
from . When the a-type anomaly does not cancel in an even dimensional induced
gauge theory, this term is subdominant compared to the log R term. The sum over all of the

log N contributions in zeta-function regularization gives

log N
945

Pl Zns,l log N = (C(—=2) +4¢(=3) + 5¢(—4) +2¢(—5)) = (4.127)

where we have used (4.53)) to calculate ns_; in d = 4.
A similar calculation may be carried out in other even dimensions; for example, in d = 2

we find that for generic A the change in central charge is given by

cuv — ar = g(s)(A — 1)[(A = 1)* — 357 (4.128)

in units where ¢ = 1 for a real scalar field. When the dimension A equals the spin so that
we are dealing with a spin s gauge theory, we may include the contribution of the ghosts to

calculate c, = cgaueed — cungauged W find that

a=-1, ¢=-2[146s(s—1)] (s>2). (4.129)

139



The central charges ¢, with s > 2 agree with those in the W-gravity theories [165]; they are
the central charges of the higher-spin be ghost system with weights (s,1 — s). In particular,
for s = 2 we find the well-known result ¢ = —26 for the central charge of the ghost system
in the 2-d gravity [164]. Thus, we have found a dual AdS3 approach to the critical dimension
of the bosonic string. We note that the result for s = 2 does not include the contribution
of the conformal factor, the Liouville mode. This mode is frozen because in the dual AdSs
calculation the trace of the graviton at the boundary is kept fixed to zero. Similarly, in the
calculation of the Weyl anomaly for 4-d conformal gravity the conformal factor is frozen.
The result a; = 87/5 of [134}/153] is obtained in a “quantum Weyl gauge,” where the trace of
the graviton is set to zero off-shell, and so as receives contributions only from the traceless
gravitons and ghosts.lﬂ

As noted in [165], in zeta function regularization
> e =2[1+6¢(-1) - ¢(0)] =2. (4.130)
5=2

Thus, a conformal 2-d theory with s > 2 fields does not have a vanishing Weyl anomaly.
However, as observed in [165], it is possible to cancel the total anomaly by adding a suitable
matter sector with ¢ = —2. A well-known example is the “topological” né theory with

weights (1,0); it is the s = 1 case of the be ghost systems with weights (s, 1 — s).

200f course, in the presence of a net non-zero anomaly, the conformal factor does not really decouple and
becomes dynamical, as in the quantum Liouville theory [164]. But the result as = 87/5 does not include the
contribution of this trace mode.
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Chapter 5

On Shape Dependence and RG Flow

of Entanglement Entropy

This chapter is a lightly-modified version of the paper [15].

5.1 Introduction

The ground state entanglement entropies have emerged as a useful set of quantities for
probing quantum entanglement and the degrees of freedom of many-body ground states
(see |180-185] for reviews and references to earlier work). If we consider the entanglement
entropy (EE) of a d-dimensional spatial region and its complement, then the leading term is
typically proportional to the area of the (d — 1)-dimensional boundary in units of the lattice
spacing €. The useful information is then encoded in the sub-leading terms which depend on
the shape of the boundary. For example, in (3+ 1)-dimensional CFT, it has been found [186]
that the expansion of the entanglement entropy (EE) for a smooth closed entangling surface

Y. has the simple geometrical structure,

AZ a C 1
=a— +1 — — | (K"kS, — <kMPES 1
S=a 2 + loge <7207T /E Ry, + 2407 Z( a v 9'va l/l/)) ) (5 )
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where £}, = =677V, ng is the second fundamental form, v, = g, — nyn; is the induced

i
metric (first fundamental form) on ¥, and Ry, is the Ricci scalar of ¥, which equals twice its
Gaussian curvature. The Weyl anomaly coefficients a and ¢ are normalized above in such a
way that (a,c) = (ng + 11ny/2,n0 + 611/2), where ng and n4 /5 are the numbers of real scalar
and Dirac fields, respectively.
In (2 + 1)-dimensional CEFT the structure of the entanglement entropy for a smooth
contour ¥ in a plane is
S = 0/—2 - F, (5.2)

€

where /x is the length of the contour. There is no known expression for F in terms of
the curvature of the boundary. However, if the boundary contains a cusp of length r,,,, and
opening angle €2, then S contains an additional singular term — feusp(€2) 10g(7max/€) [187-189).
In both field theoretic [187] and holographic [188,/189] calculations, feusp(§2) turns out to be
a smooth convex function that interpolates monotonically between ~ 1/ behavior at small
angles and zero at 2 = w. However, the details of the function are not universal—the
holographic, free scalar, and free fermion calculations produce different functions feus(€2).

In this chapter we present new results on the shape dependence of entanglement entropy in
two and three spatial dimensions, studying both smooth and singular boundary geometries.
Many of our calculations rely on the geometrical approach to the calculation of entanglement
entropy [190-193] based on the gauge/gravity duality [24-26], but we also present some
purely field theoretic arguments. In three spatial dimensions we will consider EE for a conical
entangling surface with opening angle €2 and show that the calculation in AdSs produces a
term ~ % 10g*(rmax/€). For a wedge of length L and opening angle €2, we will show that
EE contains a divergent term ~ fiedge(€2)L/€. Surprisingly, we find fiedge(2) = feusp(€2)
both in the free scalar field theory and in the holographic calculations.

We also present new calculations of the renormalized entanglement entropy. In [45]/194],
some holographic calculations of the renormalized entanglement entropy JF(R) were pre-

sented. Similarly, we will calculate F(R) for the smooth Cveti¢-Gibbons-Lu-Pope (CGLP)
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solution [195] of 11-dimensional supergravity, which is a warped product of R*»! and 8-

? 22 = % This smooth warped throat is similar to the

dimensional Stenzel space [196], >
KS background of type IIB string theory [197]. The CGLP background describes RG flow
from the CFT3 dual to AdSy x V54 in the UV (for its different field theoretic descriptions,
see [113,/198]), to a gapped theory in the IR. The masses of some of the bound states in
the CGLP theory were calculated in [199]. Using the holographic approach to the entangle-
ment entropy, we will confirm that F(R) for the CGLP background is a monotonic function
that approaches zero as ~ 1/R for large R. This function exhibits an interesting second-
order phase transition at a special value of R, where the bulk surface reaches the bottom of
the throat and its topology changes. Transitions of this type have been observed in earlier
holographic calculations [45,200] (see also [192,/193,[201-203]).

Generally, for theories with a mass gap of order m, the large R expansion of the disk

entanglement entropy is expected to have the form [183,204-206]

2R X C_iom
= o 27R) — 7y + 21y 2 .
S(R) =« ; +pm(2rR) — v+ 7Tn:0 (mR)21 (5.3)

where v is the topological entangelement entropy [207,208] (in the simple cases we will
consider, v vanishes). Following [183}204,[206] we will show that the terms ~ (mR)™2""! are
related to the anomaly terms in 2n + 3 spatial dimensions.

In order to gain better insight into the structure of entanglement entropy for gapped

theories, we will generalize from a circle of radius R to an arbitrary smooth contour . In

this case, the general structure of the EE in gapped (2 + 1)-dimensional theories is

o =%

l €= _on
nga%+ﬁm€z—7+nz% 2 (5.4)

m2n+1 ’

where the coefficients ¢*,_,, are integrals of functions of the extrinsic curvature and its
derivatives [205]. The expansion of Sy, has only odd power of 1/m because on dimensional

grounds these terms are multiplied by even powers of the extrinsic curvature and its deriva-
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tives. Since in any pure state, and in particular in the vacuum, the EE of a region is equal to
that of its complement, we have the symmetry k — —k [205]. Generalizing the arguments
of 183204, 206, we give a prescription for calculating the ¢*, , for massive free scalar
and Dirac fields. Using a holographic description of large N theories with a mass gap, we
calculate the coefficients ¢, and ¢*; explicitly. We check the infrared expansion for the

specific case of CGLP background.

5.2 The (2 + 1)-dimensional entanglement entropy in
free massive theories

In this section we show how to calculate the 1/m expansion of the entanglement entropy
for massive free scalar and fermion fields in (2 4 1)-dimensions. We will take the entangling
surface to be a smooth, closed curve 3; of length ¢y, and extrinsic curvature  in the t =0
slice of flat R%1.

More generally, one could consider the case where the (2 4 1)-dimensional spacetime is
described by a general manifold M. Using the replica trick one is then able to show that the
entanglement entropy has the large mass expansion of the form given in (5.4) with 5 = —(no+
n1/2)/12 (see, for example, [184,209,210]). The integers ng and n,/, denote the numbers of
real scalar and Dirac fields, respectively, in (2 + 1)-dimensions. The coefficients ¢}, are
known explicitly in the case where 3; has vanishing extrinsic curvature [184},209,210]. We
will henceforth take M = R?! and allow the surface 3, which is taken to lie in the t = 0
plane, to have a non-trivial extrinsic curvature. We want to determine the coefficients &=
in terms of integrals of functions of the extrinsic curvature and its derivatives. Our approach
to the computation follows that of Casini and Huerta [183,/204,206], who showed how to
compute the coefficients & = c_; /R in the special case where ¥, is a circle of radius R.

The calculation proceeds by considering a higher, even dimensional QFT consisting of

free fields in R>' x T* with ¥ > 1 odd and T* the symmetric k-torus of a large volume
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Vol(T*) = L*. In the following argument one can replace T% by an arbitrary scalable k-
dimensional smooth manifold. We give the free fields a small mass M, which will act as
an infrared regulator for the conformal anomaly. We want to calculate the entanglement
entropy in this theory across the (1 + k)-dimensional surface X1, = 3 X T, which fills the
k-torus and is described by the smooth curve ¥ in the ¢t = 0 plane of R%*!. We may Fourier
decompose the field modes in the compact directions to obtain an infinite tower of massive

(2 4 1)-dimensional fields, with masses

9\ 2
mi =M+ (f) an, n; € Z. (5.5)
i=1

The entanglement entropy in the (2 + k + 1)-dimensional theory then becomes equal to the
sum over (2 + 1)-dimensional entanglement entropies for massive fields across the curve ;.

Taking the large L limit, the spectrum of masses becomes continuous and we find

k Vol(T* Le
S(EQJIZH)(M) _ ol( )1>/0 dp p*~ 15(2+1 ( /—M2+p2), (5.6)

Qkﬁk/QF(g +

where € is the UV cut-off. We now substitute the expansion of ngl)(m) given in ([5.4) into
(5-6). We see that the term in the expansion of S 2+1 ( ) which goes as 1/m* determines
the logarithmic conformal anomaly term in .S 2+kﬂ)(M ). Turning this argument around,
suppose the entropy of the (2n + 4)-dimensional theory has the anomaly term

Ser N = s;;f; log(Me) (5.7)

Yon+2 log

then we can immediately read off the coefficient & ,,

~3 . 7T(27r)"(2n — 1)” (2n+4)
Cl-on = — Vol(T2”+1) 322n+2 : (5‘8)
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The above formula is slightly modified for fermions. Dirac fermions in (2n + 4) dimensions
are in a 2""2-dimensional representation, which after dimensional reduction reduces to 27+
(2 + 1)-dimensional Dirac fermions. Thus, the right hand side of should be divided by
271 for Dirac fermions. As a corollary to this argument, we see that the absence of the log e
terms in odd dimensional CFTs implies that the IR expansion of S(EQIH)(m) contains only
odd powers of 1/m, in agreement with the arguments in [205].

Let’s see how this works explicitly when n = 0. The expression for sg’jl) is given in

(5.1). The Euler number y(3;) vanishes for 3y = 3; x S*. The two normal vectors to 3,

are within R?!, which we write with coordinates

dsly y) = —dt* + dr® +1°df” (5.9)

where 6 has period 27. One of the normal vectors to X5 is timelike, ni = (1,0,0,0), where
the fourth component is in the direction of the S! of length L, and its second fundamental
form vanishes. Suppose ¥ is defined by a curve r = R(f). Then, the other normal vector
is spacelike, ni = (0,7, —rR'(6),0)/ \/m , and this gives a second fundamental form
with non-vanishing component

R%*(0) + 2R"™*(0) — R(A)R"(0)

k‘gG — (200) 1 (R(0)2)7" = k(0) , (5.10)

where £(6) is the extrinsic curvature of the surface ¥y in the R? plane. It follows that both

ke kM and kK2, in (5.1)) become x*(6). This leads to

nr'Va

_ 1
&= —@(no + 3n1/2) ]{ds K> (5.11)
and
14 14 3
Sy = o2 _ ot )l mo £3mys e g sy (5.12)

€ 12 480m
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where we stress that n;/, the number of (2 + 1)-dimensional Dirac fermions.
In principle the calculation of the higher order corrections to the entanglement entropy
in powers of 1/m would proceed analogously. For example, to calculate the coefficient 6%5,
(5+1)

which gives the order 1/m? correction to the entropy, we would need to first calculate Sy, s

with ¥4 = 31 x T3. We then expect

st = Vol(T?)

dr\?
(Agng + Ao n&%) j{ds k' + (Bono + Bis ng%) j{ds <£> ] , (5.13)

for some coefficients (Ag, Ay/2) and (By, B1/2), which should be functions of the 6-dimensional

anomaly coefficients. We use the notation nS)Q to stress that this counts the number of

(5 + 1)-dimensional Dirac fermions. This then leads to

A Avjo 4 By s dr\ >
0”0+Tn1/2 ds k™ + Bon0+Tn1/2 ds % . (514)

This formula is consistent with the general arguments in [205].

&L = —27°

5.3 Holographic computation of the (2+1)-dimensional
entanglement entropy in gapped backgrounds

The (renormalized) entanglement entropy may be calculated holographically by following
the usual procedure for holographic entanglement entropy [190H193]. Consider a (d + 1)-
dimensional large N field theory with a D-dimensional gravitational dual. While we will
ultimately be interested in (2 4 1)-dimensional QFT, for now we keep the dimension d

general. As in [193], let the gravitational background have the Einstein-frame metric

ds?, = a(u)[du® + B(u)dxtdx,] + gijdy'dy’ drtdz, = —dt* + dr® +r*dQ2_,, (5.15)
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with a(u) > 0 and f(u) > 0 and i,j = d + 3,--- , D. The compact, internal (D — d — 2)-

dimensional manifold is taken to have a volume

V(u)

/H dy'+/det g, (5.16)

i=d+3

which is a function of the holographic radial coordinate u. We assume that u has a minimal
value ug where a p-sphere in the internal manifold shrinks to zero size, resulting in V' (ug) = 0.
At up we assume that all supergravity fields are regular, which implies a(ug) and 5(ug) are
finite. The coordinate u ranges from infinity in the far UV to ug in the far IR. Such geometries
typically describe confining gauge theories.

We further assume that the gravitational theory approaches a conformal fixed point in

the UV (u = 00), and we work in coordinates where

2u./
lim a(u) = ayy, lim V(u) = Vuv, B(u) = exp (w) +..., (5.17)
uU—00 uU—00 LUV

where ayy and Vyy are constants, and Lyy is the radius of AdSys.

We want to calculate the entanglement entropy in the QFT across a codimension two
spacelike surface 3;_1. The entanglement entropy [190-193] is calculated holographically by
finding the (D — 2)-dimensional surface ¥.p_ o, which approaches ¥; 1 at the boundary of
the bulk manifold, is extended in the rest of the spatial dimensions, and minimizes the area

functional

1 _
Sy / dP 20\ /GO (5.18)

- 4G§5) Sp-2

where Gi(rﬂ_m is the induced metric on Xp_ 5. The entanglement entropy is then given by
the functional Sy, evaluated at the extremum.
A case of particular interest is when the region ¥,4_; is the (d — 1)-sphere of radius R.

Writing the radial coordinate r as a function of the holographic coordinate u, the induced
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metric on X p_o IS

ds3, = a(u)[(1 + B(u)(9ur)*)du” + Bu)r®(u)dQ_y] + giydy'dy’ , (5.19)

which gives the following expression for the area functional in terms of the unknown function

r(u):

S = <o [ durt gV T B @

g(u) = ()8 V2 (wW)V (u) .

(5.20)

In general we need to first solve the Euler-Lagrange equation,

a2 d | (w)g(u)B(u)(Dur)
(d = 1)r 2 (u)g(u) /1 + B(u)(Dur)? = [ Tt Bwone | (5.21)
for the function r(u), then evaluate the area functional in on the solution with a UV
cut-off u < wyy, then use to construct the finite renormalized entanglement entropy.
For non-trivial backgrounds this must be done numerically. To solve the equation of motion
, we also need to specify the boundary conditions. There are two types of solutions
with different topologies.

One of them, which we will call the cylinder-type solution, terminates at u = uy where
the volume of the internal space becomes zero: V(up) = 0. One can find the form of the
solutions 7(u) for u near ugy by expanding around u = wuy:

d—1

r(u) = 1o+ m(u —up)* + O((u — up)?), ro > 0. (5.22)

The other type of solution, which we call the disk-type solution, has a tip at u = Uy, >

ug, where the radius of the sphere becomes zero: r(umy) = 0. For w near upy;,, the solutions
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behave like

r(u) = dg(Umin) U — e )12 " Y2 ‘
() 2\/25(umm)g’(umm)+g(umm)5/(umin)< min) 17+ O((U — umin)*?) . (5.23)

5.3.1 IR behavior of the EE for a circle

We may obtain the IR asymptotic behavior of the entanglement entropy for ¥; = S* through
an analytic procedure, and in doing so we show that the renormalized entanglement entropy
approaches zero in the IR from above like 1/R, where R is the radius of the S'. Note that
in this section we restrict to the physical dimension d = 2. In the following section we
generalize the computation by allowing for a general entangling surface ;.

For now, we take Y; = S* of radius R. We assume that at large R the solutions to the
Euler-Lagrange equations will be of the form r(u) = R + 6(u)/R, with §(u) independent of

R. Expanding the Euler-Lagrange equation in powers of 1/R, we find the equation

——lg(u)B(w)d"(w)] = g(u), (5.24)

which may be integrated to obtain

/

> !/ 1 “ " "
d(u) = —/u duW/uo du” g(u”) . (5.25)

Expanding the area functional in ([5.20)) and using the equation of motion in (5.24]) gives

271 L VL V “ L VL V
4G( ) € €
N uo

(5.26)

[e.9]

57 | duswAE e + 0
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where we used the boundary conditions d(u«) = 0 and §'(up) = 0 for the solution, which
make the surface term vanish. The UV cut-off € defined by

1 (2“00V0‘_ﬂ> , (5.27)

— = Qyuvy exXp
62 LUV

To compare with ([5.4)), we set the mass m to unity and use the dimensionless radius R
for convenience. We then see that we can make the identifications

o = VuvLluv 5 1 (/u“’ dug(u) — VUVLUV)
GO o\, - )

Z@/w%(/mdug(u))fd

Notice that the coefficient [ is finite and independent of the UV cut-off e. To calculate
the coefficients ¢~; we must consider a more general entangling surface. This is because
dr/ds = 0 for the circle. In the following section we generalize the above calculation to allow

for a general, smooth entangling surface, and in doing so we calculate ¢*;.

5.3.2 IR behavior of the EE for a general entangling surface

We would like to repeat the calculation in the previous section allowing for a general spacelike
entangling surface ;. While we believe that the computation can be carried out in full
generality, it is enough to restrict ourselves to a closed curve ¥; that is a boundary of a star-
shaped domainH Such a curve can be parameterized using polar coordinates by a function
RA(0). We write the entangling surface as Rj(0) = AR(6), with R(#) a smooth function
and A > 1. The IR limit corresponds to A large enough such that the extrinsic curvature is

small, k5 (0) = A™'k(0) < 1, along the entire curve.

LA star-shaped domain is a set S C R™ with the property that there exists a point z¢ € S such that the
line segments joining xg to all other points in S are contained in S.
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The induced metric on the bulk surface >Xp_, is now

ds3 = a(u) [(14 B(w)(0yr)?)du® + B(u)(r*(u, 0) + (Or)?)d6?
(5.29)

+26(u)(0pr)(0yr)do du] + gijdyidyj ,

where the radial coordinate r(u, 6) is taken to be a function of the holographic coordinate u
and the angular coordinate 6. We require that lim, . 7(u, ) = Ra(6). The area functional

for the entanglement entropy may be written as

S = ﬁ/ | ™ du g(w) /72w, 0) + @) (L B(0) (@ur)?) — B@) o E@ur

(5.30)
with g(u) and f(u) defined as before.
We assume that in the IR the solutions to the Euler-Lagrange equation give
o(u,0
r(u,0) = AR(0) + “X ) L o(1/A%, (5.31)

with §(u,6) order A°. We Substitute the ansatz in ((5.31]) into the area functional in ([5.30))

and expand in inverse powers of A up to and including terms of order 1/A:

1 2 oo
) / d / du | Ag(u)VR(OP + R (0)?
N 0 uo

+9(U)R(9) R(0)5(u)
N\ VRO IR

(5.32)
+O(1/A%),

Ok (0,6)* + 26(0)0(u, 9))

where the extrinsic curvature of the entangling surface, x(f), is given explicitly in (5.10]).

Applying the variational principle to find the Euler-Lagrange equation for §(u, 0) gives

d K(0)\/R(O)2 + R (0)2

— [g(w)B(u)8y (u, 0)] = R(6)

T g(u), (5.33)
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which may be integrated to give

/

d(u,0) = (O) VRO + /(6 /Oo du'ﬁ /u du” g(u"). (5.34)

R(0) )B(u)

We want to calculate the terms in the expansion of Sy of order 1/A3. These terms are
completely determined by the expansion of r(u, ) in (5.31)) through order 1/A. Expanding
the area function in (5.30) through order 1/A® and evaluating on the solution for §(u,6)

given in (5.34) allows us to determine the ¢*; coefficients in ([5.4)):

1 i\
&, = (f; (5%&9 T %ds (d_I:) ) —i—a(%]{ds K, (5.35)

with

!

= [ s UL d“’g<“’>r/f S [, o,

o= e (o) [ e (L, W)

5.4 An example: CGLP background of M-theory

(5.36)

The CGLP background |195] of M-theory is the gravitational dual of a gapped (2 + 1)-
dimensional field theory, which nicely illustrates the general features discussed in the previous
section. The supergravity background is a warped product of R*! and an eight-dimensional

Stenzel space [196]

5
S, (5.37)

where € is a real deformation parameter. When ¢ = 0 this equation describes an eight-

dimensional cone whose base is the Stiefel manifold Vj .
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As explained in [195,211], the Stenzel space can be parameterized by a radial
coordinate 7 ranging from 0 to oo and the seven angles in V55. At 7 = 0 a 3-sphere shrinks
to zero size, and the 7 = 0 section is a round S*.

The 11-dimensional metric is of the form of the metric in if we identify the holo-
graphic coordinate u with 7, where 79 = 0, andﬂ

1/3 () -2
_H (Z)C (0 B(r) = CQ(T;; o
V(r) = 231/87T4H7/6(7')(2 + cosh 7)%/® sinh®/? (g) sinh®?(7) .

a(7)
(5.38)

The functions H(7) and ¢(7) are defined by

6 oo 7/4 37
H(r) = (2mlp) N23/2311/4/ dt ’ A(7) = 37/ cosh” 3 |
81t (24coshryi/a (t4—1)3/2 2 (2 + cosh7)3/4

(5.39)

where N is the number of units of asymptotic G4 flux. In particular, notice that V(7 = 0) =
0, which is a result of the vanishing 3-sphere. For more details on the CGLP background
see, for example, [195211].

We begin by studying the entanglement entropy and renormalized entanglement entropy
in the simpler case where the entangling region >; is taken to be a circle of radius R. In this
case the Euler-Lagrange equation for the function r(7) in (5.21)) may be solved numerically
with the boundary condition r(7 = oco) = R. In practice, we cut the space off at some
large Tyy. For each R > 0 there exists a value 7y, (R), which is the smallest value of 7
for which the function r(7) is defined. There exists a critical value R ~ .73 for which
7(Tmin = 0) = 0. For R < R the solutions to the equation of motion describe surfaces of
disk type that behave as in for 7 near 7,;,. The topology of these surfaces is that of

a disk times V5 2. The solutions for R > R, are surfaces of cylindrical type that stretch to

2We follow the conventions of [211] and work in units where ¢ = 1.
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the bottom of the Stenzel space and behave as in ((5.22)) for 7 near 7y = 0. The topology of
these surfaces is that of a circle times the Stenzel space.

In Figure (a) we plot the numerical solutions to the equation of motion for a range

r(r)

10— —

0.5

(b)

Figure 5.1: (a) Numerical solutions to the equation of motion for the holographic entangling
surface, given by r(7), in the CGLP theory. The dotted red line indicates the critical value
R, where the solutions change from disk-type to cylinder-type. (b) A zoomed-in plot of
the UV region, with disk-type solutions, where we plot the AdS approximation in in
dotted black. (c) A zoomed-in plot of the IR region, with cylinder-type solutions, with the
analytic approximation given by d(7) in (5.25) plotted in dotted black.

of R < Ryt and R > Reit. In the far UV the solution for r(7) should approach the AdS

solution

r(1) = /R — 25/231/2¢-37/2 (5.40)

In Figure (b) we zoom in on some of the disk-type solutions in the far UV and plot the

solutions along with the asymptotic in (5.40]). In the far IR region the cylinder-type solutions
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should be well approximated by the function é(7) in (5.25). In Figure (c) we plot some
of the cylinder-type solutions along with the analytic approximation.

As was discussed in section [5.3] to calculate the renormalized entanglement entropy it is
sufficient to evaluate the entanglement entropy with a strict UV cut-off. We cut off the space
at a large 7 value 7yy. We then numerically integrate the area functional and differentiate

it to construct F. A plot of the renormalized entanglement entropy along the RG flow is

given in Figure [5.2

05 3

0.4

02

....
"y
.
-----
--------
------------

0QL e B b R
80 05 10 15 20 25 30

Figure 5.2: The renormalized entanglement entropy F(R) along the RG flow in the CGLP
theory plotted in orange. The left dotted black curve is the asymptotic UV approximation
to F(R) given in (5.43)). The right dotted black curve is the IR approximation to F(R) given
in . The dotted red line marks the value R = R.

5.4.1 The renormalized entanglement entropy in the UV and the
IR

In the far UV we can treat the CGLP M-theory background as a perturbation of the
AdSy x V59 background. From ([6.23)), we know that the UV fixed point has a renormalized
entanglement entropy

16w N2

Fyy = 5 + O(NY?y, (5.41)
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where we have used Vol(V;2) = 277*/128. To describe the RG flow in the vicinity of the UV
fixed point, it is convenient to use the effective 4-dimensional metric in the form of (6.17]).

A straightforward calculation shows that at small y the function f(y) has the expansion

fly) =1+ /33233 (5.42)

which, using (6.28)), implies the RG flow is driven by an operator in the UV field theory of
dimension A = 7/3, which is consistent with [211]. Using (6.30]), we then see that at small
R

167 N?/2

F(R) 57

(1 _ %21/332/334/3 Gy ) . (5.43)

This function is plotted together with the numerical solution in Figure 5.2, Note that it is
a very good approximation to the actual renormalized entanglement entropy for R < Reit.
We also see explicitly that OgF =0 at R = 0.

In the IR we may use and to get an asymptotic expression for the renor-

malized entanglement entropy, which gives

16w N3/2 <0.1959 1.845 x 1072
F =~ +

T 7 =3 + 0(1/35)) : (5.44)

This function is plotted in Figure |5.2] which shows that it is a good approximation to the

actual renormalized entanglement entropy at large R.

5.4.2 Tests of the shape dependence of the entanglement entropy

In this section we will consider a more general spacelike entangling surface 1, specified by the
function R(0) in polar coordinates. We want to check ({5.34]), which gives an approximation

to the cylinder-type solutions in the far IR. In particular, this equation claims that the
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variation of the bulk entangling surface ¥ away from the straight cylinder is proportional

to the combination x(6)(\/R(0)2 + R'(9)2/R(0)).

As an example, we consider the entangling surface X, plotted in Figure [5.3], which has a

small extrinsic curvature along the entire curve. A good way of measuring the accuracy of

Ruv(6)
160¢

140
120
100¢
80F
60F
40L

()

4 5

6 " (b)-0020°

Kuv(0)

0.010¢:
0.005-

—0.005F
—-0.010¢
—-0.015¢

Figure 5.3: (a) A plot of an example entangling surface ¥, described by the function
Ruyv(0) in polar coordinates, in the CGLP theory. (b) The extrinsic curvature kyy(6) for
the entangling surface Ryv(#). The extrinsic curvature is small over the whole curve.

the analytic approximation in ([5.34)) is to compare the function Ryy(6)— Rir(#) as computed

0.002ommee vV T
AR TR T I AR

~0.002} v ]

0,004/ Y

~0.008"

Figure 5.4: The function Ryy(#)—Rir(0) in the CGLP theory, with Ryy(8) plotted in fig.[5.3]

The solid orange curve is computed by numerically solving the equation of motion for the
holographic entangling surface ¥,. The dotted black curve is an analytic approximation,

which is equal to —0(7 = 0,0), with 6(0,6) given in (5.34]).

both numerically and using ([5.34)), which is done in Figure [5.4 Here the function Ri(6)

is the profile of the cylinder when it reaches 7 = 0: Rig(f) = r(7 = 0,6). The analytic
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approximation simply gives Ryv(0) — Rr(0) =~ —d(7 = 0,0), with §(0,6) given in (5.34).

The two curves match extremely well.

5.5 Shape dependence of the entanglement entropy in

(3 + 1)-dimensional CFT

The entanglement entropy for a smooth entangling surface 3 in a (3 4+ 1)-dimensional CFT
is given in (5.1)). However, if the surface is not smooth, for example if it has conical or wedge
singularities, then there may be additional contributions to . In this section we consider
the entanglement entropy for a wedge and a cone in a (3 + 1)-dimensional CFT through
both field theoretical and holographic computations. We find that wedge entanglement
entropy acquires a 1/e divergence not present in . The cone entanglement entropy has

a log? € divergence as predicted by (5.1), but its correct coefficient is twice smaller than for

a regulated version of (/5.1)).

5.5.1 The entanglement entropy for a wedge

The wedge is the surface in (3 + 1)-dimensions given by (z!,2? 23) = (rsin¢,rcos ¢, 2),
where 0 < r < oo, =0 and 2, and z ~ z + L. We have compactified the z direction on
a large circle of length L to avoid unwanted infrared divergences. We begin by using the
replica trick to calculate the entanglement entropy with this geometry for a free scalar field,

and this is followed by a holographic computation.
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The free scalar field

Using the replica trick one can show that the entanglement entropy for the massive scalar

field is given by [212]

: (5.45)

a—1

l—«

a—1
1
S = Z log Zj,
k=0

where 7}, is the partition function of a scalar field ¢, on 4-dimensional Euclidean space with

boundary conditions

Ge(@t =01) = Xagu(T,t=0"), FEA, (5.46)

where A is the region bounded by the wedge. Since the theory we consider is free, the

partition function Zj is obtained from the integral of the Green’s function:

a 1 — —
——log Zy = —= [ A" X GL(X,X) . 5.47
soslosZ= =5 [ X Gu(X. D) (5.47)
The Green’s function is the two-point correlation function of the free massive scalar and is
subject to the following conditions:

(—Ag +m?) Gp(X, X)) =6(X - X') ,

. | o (5.48)
lim Gi((Z,€), X') = ¥™a lim G4((X,e),X"), ZTeA.

e—0t e—0—

We expand the Green’s function in Fourier modes along the z-direction. The problem of
finding the 4-dimensional Green’s function then reduces to that of finding the 3-dimensional

Green’s functions for a cusp entangling surface for a tower of massive fields, with masses

2 2
Mﬁ:m2+<%) . nez. (5.49)
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Using the result in [187] for the Green’s function with a cusp entangling surface in 3-

dimensions, we find

S oo 2 =~ [ A .

Vv n=—oo

where we use 7 to denote the 3-dimensional coordinates (¢, x!, 2?). The g, are the eigenfunc-
tions of the 3-dimensional Laplace operator (—Ajz + M?2), whose eigenvalues we denote by
(A2 + M?). Using spherical coordinates with (¢, z1,22) = (pcosf, psinfsin ¢, psin 6 cos @),

the eigenfunctions are given explicitly by

J%+u()\p>

N (5.51)

gn(T) = (0, ¢)

where J is the Bessel function of the first kind. The functions 1, are the eigenfunctions of

the angular laplacian Agq on the two-sphere,

Aathy(6.6) = —v(v + 1),(6,6) / d8.do sin(O) (0, 0)F =1, (552)

subject to the boundary condition

lim ¢, (2 + ¢, ¢) = 2™k lim wy(g e ), 6el0,9]. (5.53)

e—0t 2

Preforming the integral over X in (5.50) and taking a derivative of the partition function

in ((5.47) with respect to m? gives [213]

0 L mL 1
S2 log Z), = ™ coth (7) Z (V + 5) ) (5.54)

v

The sum over the eigenvalues v is divergent and needs regularization. The computation

of the sum was carried out in detail in [187], and one finds that the regularized sum only
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depends on k and the angle of the cusp Q. After integrating (5.54]) with respect to m?, we

find that the entanglement entropy for a wedge has the angle dependent UV divergence

/e 1 S/ 9 L
Swedge = / deO& 1 Z (amz log Zk> ‘a—)l = féigglar)(Q)z + O(EO) ) (555)
k=0

where the function f$5™ () is the same function as for the cusp in (2 + 1)-dimensional

CFT [187]. It behaves as f5a™ (Q) ~ 1/Q when the angle is very small, while it becomes
zero at 2 = m where there is no cusp in the entangling surface. The function feus,(€2) is not

universal and depends on the type of matter.

A holographic computation

Next we compute the holographic entanglement entropy for the wedge. To this end, we use

the following AdS5 metric,

B dy? — dt* + dr? + r2d¢? + d2>

2
ds "

(5.56)

For simplicity, we have set the AdS radius to 1. The central charges a and ¢ of the dual CFTy,

normalized as in (5.1)), are then determined by the 5-dimensional Newton constant [214].

a=3c=—. (5.57)

The wedge is defined by 3 = {0 <7 < ryax, ¢ = :I:%, z ~ z+ L} at the AdS boundary
= 0. The large radius cut-off r,,, and the length L are introduced to regularize the volume
of the wedge. As usual, to introduce a UV cut-off we will restrict y > €. The entanglement

entropy functional is given by

L 1
S = @/d?"/d¢ m\/rz +r2(6ry)2 + (6¢y)2 5 (558)
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where we take the holographic coordinate y to be a function of (r, ).
We must find the function y(r, ¢) which minimizes the entanglement entropy functional
and approaches the wedge at the boundary of AdSs. The scaling symmetry of the spacetime

and the wedge implies the following ansatz for the minimal surface [188,[189]:

y(r,¢) = 9(0) (5.59)

With this ansatz the initial value problem becomes first orderf

dg o (971 + g?)? _ Y
o 9\/(1+9)(m—1>7 90=9(0), ¢'(0)=0. (5.60)

It follows that the angle of the wedge determines g as

dg )
/ 92 gl+e)” (5.61)
93 1+g5)?
Integrating this equation we find that, as in the (2+1)-dimensional cusp calculation [188]/189)],
the limiting value where gy = 0 is 2 = 7.
The entanglement entropy is then found by evaluating the regularized functional in ([5.58)

on the solution to the equation of motion:

e
m/ =i

rmax/€ Jp 12— g2 /7"
+ [ dg(h(g.g —g] (5.62)
reod M e TR
o 1 (hol) 0
*@ [262 Fuedge (2 ) + O(e )] :

3Note that one must first find the equation of motion for y(r, ¢) and then subsequently substitute the

ansatz in (5.59)).
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The functions h(g, go) and f, (edge( ) are defined by
2 2
g1+g
o) = L
o dr '
Flonne(€2) = g0 — / / dg (h(g, 90) — 9) -

Just like the free scalar field calculation for the wedge, (5.55]), the holographic result has

an L/e divergence that was absent for smooth entangling surfacesﬁ A numerical plot of the

function f( o (Q) is shown in Figure , where it can be seen that it goes to zero as )

wedge

(hol)

edge( ) diverges as

approaches 7. When €2 is small f

o 0.646
Freage( @) ~ =5~ - (5.64)

A pole at © = 0 also appeared in the field theory computation (5.55)). With that said, the

function fv(vedge(Q) is different from that of the scalar field theory, foea™)(()), which appeared

in (559,

A surprising result, however, is that after an overall rescaling the function f‘fvl;?ilge(ﬁ)

agrees with function fey (Q) in [189] describing the holographic cusp anomaly in (2 + 1)-
dimensions. The normalization of the function fyedge(£2) depends on the choice of the UV

cut-off scale e. We introduce the normalized function fwedge(Q) =a fv(vlézge(ﬁ) by tuning the

constant a such that f };328(9) agrees with f{o) (€2) in the limit of Q — 0. We find a ~ 1.11

numerically, and in Figure we plot both f f(hol (©) and fé&;é)(Q) The plot shows that

wedge
#(hol)

in fact the normalized function fwedge

fcggé (€2), although the definitions (5.61)) and (5.63) appear quite different from those for

() is the same (within the numerical accuracy) as

(scalar)

the cusp in [189]. For a free scalar field the function fWedge (Q) for the wedge also turned

out to be the same as foea™(Q) for the cusp (see (5.55)). It is very interesting that the

4 Since on the sides of the wedge the extrinsic curvature vanishes, it is reasonable to think of this term
in the entanglement entropy as due to the wedge singularity.
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appropriately normalized functions f(€2) agree for the cusp and wedge geometries both in

the free and in the strongly coupled theories that we have studied.
Q)

~,

f(
7
6,
5 |
4
3
2
1

.
.
~.
.
.
.......
........
mum-

Figure 5.5: The entanglement entropy for the wedge has a 1/e divergent term, whose coef-

ficient depends on the angle of the wedge. This coefficient f&zlg)e(ﬂ) is given explicitly in

(5.61) and (5.63]), and its normalization depends on the UV cut-off e. The black dotted
line is the normalized function f"°) (Q) = af® (Q) for the wedge with a ~ 1.11 and the

wedge wedge

orange line is the function fé&;l,)(ﬁ) for the cusp in (2 + 1)-dimensions.

5.5.2 The entanglement entropy for a cone

In this section we show that when the entangling surface in (3 + 1)-dimensional CFT has
a conical singularity, the entanglement entropy acquires a log2(7"max /€) divergence. We take
the entangling surface to be the cone defined by (r,0,¢) = (r,Q,¢), where 0 < r < Tyax,
¢ ~ ¢+ 27 is the azimuthal angle, and € is the opening angle of the cone. The large distance
cut-off ., regulates the area of the cone.

To begin, we will evaluate for this surface. Even though this equation is only
valid for smooth entangling surfaces, it does provide a quick way of seeing how the log® e

divergence appears. The cone has two normal vectors in RY3, given by nllL = (1,0,0,0) and

ni = (0,0,7,0) in (t,7,6, ¢) coordinates. Only the second fundamental form associated with
ni is non-vanishing, with non-zero component k<2i>¢> = %T sin 2€). The c-anomaly term in ([5.1)
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then contributes

Tmax 27
¢ loge/ dr/ dorsind(kl,)*(g*%)°
4807 ro 0 (5.65)
__LCOSQQI 2,

T 240 sin0 ° |

In going from the first to the second line in ([5.65)), we assume that the tip of the cone is
cut-off at some short distance ry < €. Note that the a-anomaly does not give an additional
contribution to the singularity because [ Ry, = 0. The new UV divergent term vanishes
at € = 7, where there is no conical singularity, while its coefficient diverges as {2 goes to
ZEro.

A more heuristic way to obtain the log®e term, similar to an argument for the cusp
geometry in [187] is as follows. When (2 is small, the cone may be approximately decomposed
into a union of cylinders with radius R = Lsin () and the length AL, where L is the length
from the apex of the cone to one of the cylinders and AL is supposed to be small. The
logarithmic term of the entanglement entropy of the cylinder comes from the c-anomaly

given in ([5.1))

Scylinder = A log(R/e) . (566)

It follows that the entanglement entropy of the cone has the square of the logarithmic

divergence

f'max c 1 _ c 1 9
Seone ~ /6 dL 20 5n e log(Lsin§/e) = ~1805m0 log”(Tmax/€) + -+, (5.67)

which reproduces the leading behavior of (5.65) in the small €2 limit, except it is smaller by

a factor of 2. We will see below that the factor in (5.67)) is correct.
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We now present a more precise holographic derivation of the log? e divergence, which

correctly takes into account the conical singularity. We use the AdS5 metric

dy? — dt* + dr? + r*(d6* + sin® Odg)

2 __
ds® = "

(5.68)

)

so that the entangling surface is given by the cone ¥ = {0 <r <00, 0 =Q,0< ¢ < 27} at
the AdS boundary y = 0. Taking the holographic coordinate y to be a function of (r,0), we
use the conformal and rotational symmetries of AdS spacetime and the entangling surface

to restrict the ansatz to

y(r,0) = — . (5.69)

The entanglement entropy functional is then given by

dr
G(5 / /d981n9g\/g + 32+ (
___ [ dsg\/g* + g% + (1 — s%)(g')? 5.70
T dr
- _ Y la 426 ()2 + 1 — 2
2G§§)/ T/ g9V (9" +¢%)s'(9)? +1 - s(9)? ,

where we introduced the new variable s = cosf, which runs from sy = cos{2 to unity, and
redefined g(s) = g(6(s)). In the last equality, we changed the integration variable from s to
g.

The entanglement entropy is given by evaluating the EE functional in the last line

of (5.70) on the function s(g) which solves the Euler-Lagrange equation,

g95(9) L4 g9(g* +¢°)s'(9)

\/(94 +g%)s'(9)? + 1 — s(g)? dg \/(g4 T o)) (92 +1—s(g)? =0, (5.71)
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subject to the boundary condition s(g = r/€) = sg, where the UV cutoff is put at y = € in
the AdS spacetime. However, to find the leading divergences in the entanglement entropy,
it only is necessary to know the function s(g) near the boundary at g = r/¢, which we
may assume is a large number. Taking the large ¢ limit of , one may verify that the

asymptotic expansion for s(g) near the boundary is

So log g

While the solution above only satisfies the boundary conditions up to a term of order (/1)
the difference does not affect the leading two singular terms in the EE. In evaluating the
entanglement entropy functional in ([5.70) on the solution s(g) in (5.72), we must evaluate

the integral

g0 s2 1 log g sinQ7r?  cos?()
dg [\ J1—s2g——0__ 2.0 __Smor 1 O(<°) |
/ g[\/ o gt + 0 (M50)| = 55+ g s+ O)

€

(5.73)

where gy is the minimum value of g(s). Then, preforming the r integral from r = gge to

Tmax, W€ obtain the entanglement entropy for the cone:

1 [Ay  7cos?Q)

Scone = = |l55 = < . ~
4(;5\5[) 2¢2 8sinf)

log? (Tmax/€) + .. .| . (5.74)

In order to compare this result with the naive calculation in ([5.65)), we use (5.57). One
then sees that ([5.74]) is smaller than ([5.65)) by a factor of 2. As stressed above, the approach

of (5.1]) is not precise for singular entangling surfaces. It is nice, therefore, that it is only a
factor of 2 off from the precise holographic result ((5.74)).
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Chapter 6

Is Renormalized Entanglement
Entropy Stationary at RG Fixed

Points?

This chapter is a lightly-modified version of the paper [10].

6.1 Introduction

Zamolodchikov used the two-point functions of the stress-energy tensor to define a monotonic
c-function in 2 spacetime dimensions [3]. At RG fixed points the Zamolodchikov c-function
equals the Weyl anomaly coefficient ¢. An important property of the Zamolodchikov c-
function is that it is stationary at the fixed points. For example, if we consider perturbing

a CFT by a slightly relevant operator O of dimension 2 — § then

c(g) = cov — g*0 + O(g%) , (6.1)
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where g is the renormalized dimensionless coupling. More generally, in a theory with more
than one coupling constant,
dc

(). 3 9
50 = G (62)

where G5 is the Zamolodchikov metric, and 37 = u‘% is the beta-function for the coupling ¢’.
The fact that the metric G;; is non-singular guarantees the stationarity of the Zamolodchikov
c-function at any fixed point in two-dimensions.

It is of great interest to find out if these results extend to field theory in dimension d > 2.
In four-dimensional conformal field theory there are two Weyl anomaly coefficients, a and
c. Long ago Cardy conjectured [1] that it should be the a-coefficient that decreases under
RG flow. This coefficient can be calculated from the expectation of value of the trace of the

stress-energy tensor in the Euclidean theory on S*. Using conformal perturbation theory, it

is possible to establish the analogue of (6.1]) in four-dimensions [1]:

c(g) = avv — g*6 + O(g°) , (6.3)

where the perturbing operator O has dimension 4 — §.

In this chapter we address a question about the proposed C-function F(R) in three-
dimensions that has not yet been elucidated: namely, is it stationary for arbitrary pertur-
bations around a CFT?

In a general field theory which does not have a gravity dual, the calculation of REE is
a difficult problem even if we resort to numerical methods. In this chapter we consider a
particularly simple example of RG flow provided by a free massive scalar field on R?! with

the action

I= —% / &z [(0,0)° +m>¢?] . (6.4)

In this case there are efficient numerical algorithms for calculating F [206,[215]. On dimen-
sional grounds, F must be a function of ¢ = (mR)?, which is the dimensionless coupling

associated with the relevant perturbation m?¢*/2. The UV fixed point of this theory is that
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of a massless free scalar, for which the value of F is known analytically [9,/65]; therefore,

L ~In2 3¢(3)
Flo=0=Fov =" -3

~ 0.0638 . (6.5)

The stationarity of the c-function at the UV fixed point would require F'(0) = 0. However,
our numerical calculation instead indicates that F'(g) is negative at small g. In fact, it may
diverge in the limit ¢ — 0, but the limitations of our numerical work do not allow us to
make a precise statement about the small g behavior of F'(g).

Our numerical results suggest that REE does not in general define a c-function in the
Zamolodchikov sense, because it is not always stationary at conformal fixed points.[] It is
not clear how to compare this statement with the proof [12] of the monotonicity of F. If ¢
can have either sign, then F'(0) # 0 would violate monotonicity. In the example we have
considered, however, insisting on a stable UV fixed point requires that ¢ is positive. So,
there is no immediate conflict with the work of [44]. We note, however, that the absence of
stationarity means that an equation like cannot in general apply to F.

Examination of other examples where the stationarity of F can be tested is highly desir-
able. In studies of holographic entanglement entropy [190}/191], F initially appeared to be
stationary [1545]. However, a closer analysis showed that in fact the holographic EE is not

stationary [216]. The holographic calculations are presented in Sec. .

6.2 Strip entanglement entropy at small mass

Although the renormalized entanglement entropy across a circle is of our main interest, as
a warm-up we start with a slightly different but simpler quantity, the entanglement entropy

of a strip.

n (1 + 1)-dimensions the monotonic c-function derived from the entanglement entropy of a segment [44]
is not stationary with respect to m? either. In (1 + 1)-dimensions this is likely due to the fact that ¢? is not
a conformal primary field in the CFT of a massless scalar.
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The entanglement entropy between the strip of width R and its complement in (2 + 1)-
dimensional free field theory is simply related to the entanglement entropy between the
interval of length R and its complement in the (1 + 1)-dimensional theory. More precisely,

for the (2 + 1)-dimensional massive scalar field of mass m we have the relation [204]

L 5T
Ssterpl) (m7 R) = ;/ d Slittjval( + m? R) (66)
0

where /p2 + m? is the mass of the (1 + 1)-dimensional scalar field, and L is the length of
the strip. To derive this equation one first compactifies the direction parallel to the strip
to a large circle of length L. Decomposing the (2 + 1)-dimensional scalar field into angular
momentum modes along this circle and then taking L — oo leads to (6.6)).

It is useful to define the entropic c-function for the strip through

2+1
Couip = R Op Ss(tr—:—p) ; (6.7)
G211 — g2+D)
where Sg ;7 = Smp / L is the entanglement entropy per unit length. This function is

manifestly finite and cut-off independent |191-193,[203]. For the massive scalar field, Cgyip

is also simply related to the (1 + 1)-dimensional entropic c-function, defined [44] by c(t =

) R aR Slnterval7 thI‘OUgh .

Cuvnty (M) = 2i /_ " dr o/ T+ mR)). (6.8)

™ 00

We should note, however, that in general Cyip, is not expected to be a good c-function; for
example, it is not constant along lines of fixed points.

The entropic c-function for the (1 + 1)-dimensional massive scalar field is a well studied
quantity (see [183] for a review). The function interpolates between 1/3 in the UV (¢ = 0)

and 0 in the IR (¢t — o0). At small and large values of ¢ one can calculate the leading
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behavior of ¢(t) analytically [204],

1 1

ct)y==-+ +- t<1,
Zt% 2logt (6.9)
c(t):ZKl(Qt)+--~, t>1.

Unfortunately there is no known closed form expression for ¢(t) along the entire RG flow.
The function may be constructed numerically by solving an infinite sequence of nonlinear

differential equations [204]. Following this procedure leads to the curve in figure .

(1+1)
interval

scalar field as a function of ¢t = mR, where m is the mass and R is the length of the interval.
The black curve comes from a numerical calculation using the prescription in [204]. The
blue and orange curves are the analytic approximations in at small and large values of
t, respectively. The dotted red line marks the conformal value ¢(0) = 1/3.

Figure 6.1: The entropic c-function ¢ = R0 S for the (1 + 1)-dimensional massive

The function Cgyip(mR) is a monotonically decreasing function that approaches zero
exponentially fast in the IR. Using one may determine numerically its value at mR =

0 [204],

1 o0
Coup(0) = /0 dt c(t) ~ 3.97 x 102 (6.10)
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At large mR we may use the approximation for ¢(t) in the second line of to write
1 —2mR 1
C’Smp(mR) ~ 1—66 mR + 5 s mR >1. (611)

In figure we numerically plot Cg,i, along the RG flow together with the IR analytic

approximation.

0.03!
0.02|

0.01]

00 05 10 15 20

Figure 6.2: The function Cyyip, = R?0r S for the free massive scalar field in black, where

strip
Ss(frjr; ) = sfrfpl /L is the entanglement entropy per unit length across the strip of width R.

The orange curve is the IR approximation in . The dotted red line is the initial value
at t = mR = 0 given in (6.10]).

It is interesting to ask whether Cyp, is stationary at mR = 0. The first derivative of the

entropic c-function with respect to t = mR gives

t o
7/ t2
strlp 27_‘_ / .CEQ + t2 C( =+ )

1 1
V] [ W o (Wa £ 1)

O (log™* 1) (6.12)

0 4 log t’

where we used the asymptotic form of the (1 + 1)-dimensional entropic c-function

and rescaled x — tz in the second line. While this implies that C{;,(0) = 0, stationarity
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additionally requires that C7; (t)/t vanishes at ¢ = 0. This is clearly not the case since this

strip
quantity diverges as —1/(4tlog*t) as t — 0. As can be seen in figure we confirm this
behavior numerically by plotting C{;,(t)/t along with the analytic prediction.

S

1
?atCstrip

_06 0005 0010 0015 0.020
-08; e
~1.0¢

~1.2}
~14'
~16}

—1.8;— /'

Figure 6.3: The first derivative Cf; (t)/t as t = mR — 0. The black curve comes from

the numerical calculation, and the dotted orange curve comes from fitting the numerics to
the function C’,; (t)/t ~ a/(tlog®t) as t — 0. We find a ~ —0.25, which agrees with the

strip

analytic result in (6.12). This means that Cy,p is not stationary for the massive scalar field.

To summarize the results of this section, we have found that the small mass expansion

of the UV finite function for a strip of width R is

[mR|

Cstrip(mR) = 0.0397 — ————
wrip (M) 4log®(mR)

(6.13)

In the next section we will present evidence that the REE across a circle of radius R has a

similar structure, with dF/dg looking clearly negative at small g = (mR)?.

6.3 Disk entanglement entropy at small mass

The entanglement entropy for the massive scalar field across the circle of radius R may
be calculated numerically following the prescription in [183,206}215,217]. This numerical

method has passed many non-trivial checks. For example, in [206] the terms proportional
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to (mR) and 1/(mR) in the large (mR) expansion of the disk entanglement entropy were
matched numerically to the analytic predictions to high accuracy. A similar analysis in [1§]
matched the 1/(mR)? term in the large mass expansion of the EE to the analytic prediction,
and in [45] the value of the REE at mR = 0 was shown to agree with (6.5)).

The numerical procedure [183,206,215,217] expands the scalar field into modes of integer
angular momentum n. The radial direction is discretized into a lattice of N units. For each

n the discrete Hamiltonian takes the form H, = $ 3 77 + %Z” ;K7 ¢;, where m; is the

conjugate momentum to ¢; and ¢ = 1,..., N. The nonzero entries of the N x N matrix K,
are
1n_ 3 2 2 i n? 2 iyit1 i+1,i i+1/2
2 i i(i+1)

To compute the entanglement entropy we need to know the two-point correlators X =

(gidh;) = 2(K71/2);; and P = (mym;) = L(K*1/%);;. If the radius of the entangling circle R is

a half-integer in units of the lattice spacing, then we must reduce the matrices X;; and F;;

to the 7 X r matrices X/; and P}, which are defined by taking 1 <i,7 <r with r = R — %

1)

The entanglement entropy is then given by

S(R)=So+2)  Sh, (6.15)
n=1
with
Sp =t XiPr 421 X1 P+ - P — L)1 X P —
n = n-n 9 og n-n 2 n-n 9 og ntn 9 .
(6.16)

Further details of the numerical calculation can be found in [206].
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In order to achieve the continuum limit we need to take N > r > 1 and m < 1 (restoring
the lattice spacing, the latter condition is me < 1). Then mR can be either small or large,
and we can explore the REE as a function of this parameter.

In our calculations we use a radial lattice consisting of N = 200 points. We want to
calculate the entanglement entropy for .06 < mR < 2, but to minimize lattice effects we
restrict 30 < r < 50 in lattice units. To accomplish this we calculate the entanglement
entropy for m = .002 - ¢ in inverse lattice units, with ¢ = 1,...,20. To take into account
finite lattice effects, we follow [45] and for the lowest 10 angular momentum modes we repeat
the calculation on lattices of sizes N = 200+ 10- 5, with 7 = 0,...,50, and then extrapolate
to N = oco. We perform the numerical calculation for the first 3000 angular momentum
modes. We take into account higher angular momentum modes by using the asymptotic
behavior of S, derived in the original paper [16].

From the entanglement entropy we construct the renormalized entanglement entropy F

along the RG flow. A plot of this function versus (mR)? is given in figure From this

0.06)
0.05.
0.04]
0,03
0.02.
0.01
0.00.

‘ A(mR)Z

Figure 6.4: The renormalized entanglement entropy JF across the circle of radius R for the
massive real free scalar plotted in black as a function of (mR)?. In this plot it can clearly
be seen that d(,p)2F is negative and nonzero at (mR)? = 0, which implies that the REE F
is not stationary at the UV fixed point of a free massless scalar field. The dotted red line is

3¢(3
the zero mass value Fyy = IH?Q — 1%;2).
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plot we can see that O(,g)2F is clearly negative and nonzero at (mR)*> = 0. Recent, more

precise numerical calculations suggest that F ~ Fyy — 0.133(mR)? near mR = 0 [216].

6.4 Non-stationarity from holography

In this section we discuss the entanglement entropy of (24 1)-dimensional CFTs which have
gravitational duals, perturbed by relevant operators. This section is adapted from |15], but
importantly it is updated to include the recent stationarity observations found in [216]. We
will see that non-stationarity is also present in the holographic context.

We work with an effective (3 + 1)-dimensional gravitational theory, with metric

ds? = % < dy’ —dt* + dr® + r2d92) y>0 (6.17)
oy \fy) ’ -

and we assume that in the UV (small y) the metric asymptotes to AdS, with radius Lyy,

ie. f(y) =1+ O(y*), @ > 0. The entanglement entropy across a circle of radius R in the

boundary QFT is then given by the area functional

2
m Ly

B YIR r(y) 2
s=T0s [ g 1w (6.15)

where the function r(y) satisfies the Euler-Lagrange equation, € is the short-distance cut-off,
and yr is the maximal value of y for the solution.

If the effective (3 + 1)-dimensional gravitational theory comes from an exact D-
dimensional string or M-theory background, with metric as in , then we may identify

f(y) = B(v) (%) , % = “//[(;i)oz(u)ﬁ(u). (6.19)

Let us begin with the conformal limit, where we may take f(y) = 1. We also define the

(3 4+ 1)-dimensional Newton’s constant G%) = Gg\l,)) /Viv, where, in 10- and 11-dimensions,
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the Newton’s constant takes the values G4 = 876a/4g? and G\ = (3272)~1(27(,)°, re-
spectively. The solution to the equation of motion is then r(y) = 1/ R? — y?. Evaluating the

area functional on this solution and expanding in € gives

L2 R 2 2
S(R) = —WR / dy _ mhloy  mhiy (6.20)

e v 2gWe 26

Suppose that the 3-dimensional CFT comes from the near horizon limit of N M2-branes
at the tip of the cone Cy = R x Y, where Y is some 7-dimensional internal Sasaki-Einstein

space. In the large N limit the theory is well described by the supergravity background

3
dst) = ds’us, + ALYy dsy F, = — volads, » Fy = % Fy = 384L% voly , (6.21)
uv

where the radius Lyy of AdS, is quantized in plank units:

1 6 Vol(Y) LS
/ 7:$ﬂ. (6.22)
Y

- 6 6
T ﬁp

(2ml,,)5

Substituting the relation between N and Lyy in (6.22) into (6.20) gives the renormalized

entanglement entropy

276

Fyy = = N32 | — N2y, 6.23

Ry vory) O (6:23)
N

As a consistency check, we may verify that this is equal to the finite part of the Euclidean
free energy of the theory on the 3-sphere [8,218], in agreement with the general result of [11].

Now suppose that there is an RG flow in the boundary QFT caused by perturbing the
UV CFT by a relevant scalar operator O of dimension 1/2 < A < 3. The operator O is dual

to a massive scalar field in the bulk, with A(A — 3) = m?. The bulk action is then given by

1 6 1 1
]:—/d%v—g{}”_“’” $0,0 — —m*¢* + - | | 6.24
! 167TG§3) Ly 2 g 2 (6.24)
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where the dots stand for higher order terms in ¢ and the contributions of other fields, which
won’t be relevant for this discussion. When the field ¢ vanishes the equation of motion for
the metric simply gives AdSy.

For each bulk mass m, there are two possible boundary dimensions Ay [119]:

3 9
Ai:—ﬂ: m2+

- =3 (6.25)

Both boundary dimensions are allowed if 3 < A_ < %, while only A} is allowed if A, > 5/2.
The equations of motion for ¢ in the AdS, background give the following asymptotic solution

at small y,

oy, ) =y >+ [od (Z) + O()] + v* 2 [og (2) + O(y)] - (6.26)

For 3/2 < A, < 3, taking the A, boundary condition corresponds to perturbing the action
of the UV boundary CF'T to

Iy = Ty + / Pt (#)0(F), (6.27)

where O has dimension A = A,. For 1/2 < A_ < 3/2, the A_ boundary condition has this
interpretation (with ¢ replaced by ¢ in ((6.27), and O an operator of dimension A = A_).
The field ¢ has a back-reaction on the metric. Taking the A, boundary condition and

setting ¢g (Z) = ¢ constant, we find that at small y the Einstein equation gives us

3—A
fly) =1+ Z—"F2y20=20) .o (A bue). (6.28)
Taking the A_ boundary condition with ¢q () = ¢ gives [216]

Fly) =1+ Dogd/manpa o (A b)), (6.29)
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To find the first correction to the renormalized entanglement entropy as a result of the
relevant deformation of the UV CFT, with A, boundary condition, it is sufficient to evaluate

the action in (6.18)) with f(y) given in (6.28)) on the UV solution r(y) = /R*>—y?. A

straightforward calculation then gives

F(R) = Fyv <1 - 8<3 —A4)

2 p2(3-A4) | .
(%_A+)¢OR + ) (6.30)

The factor 3 — A, plays an important role; it ensures that the renormalized entanglement
entropy is not changed by marginal perturbations. When instead we take the A_ boundary

condition, we find that [216]

F(R) = Fuy (1 — ST AT (%i_A_) A /BmA g ) . (6.31)
Note that d4,F only vanishes as ¢gR3>™2 — 0 if A > 1. If the dimension A of the perturbing
operator is % < A <1, then the REE is not stationary at the UV fixed point [216].

In particular, the mass perturbation in the free scalar field theory corresponds to A =1,
and we expect O,r)2F |mr=o = const. Of course, we do not expect the overall coefficient of
(mR)? to match the holographic calculation, since the free scalar field theory does not have

a simple gravitational dual.

6.5 A toy model: the massive scalar on H? x S*

For a CFT in (2 + 1)-dimensions the calculation of the Rényi g-entropy of a disk may be
mapped to a calculation on H? x S* [11,/104], where ¢ is the radius of the circle. For a free

scalar field of mass m the free energy on this space is [17]

F,(m?) = /0 " D) [1og (1 . e—%qumRV) g/ + (mR)2] , (6.32)
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where the density of states is given by

_ Vol(H?)

DA = =

tanh(mvVA)d\ (6.33)

and the regularized volume of the hyperbolic space is Vol(H?) = —27. The formula for the

finite part of entanglement entropy is

_OF,

= — — . 34
Si 50 |, Fi (6.34)

Applying this relation at m = 0, which corresponds to a massless scalar on a disk, one

obtains Sy = —122 + ‘?éfg, in agreement with other methods [17].
The status of the calculation on H? x S* for m? > 0 is less clear since this does not
correspond to turning on mass on the original disk geometry. It is still interesting to inquire

whether S; defined above is stationary with respect to turning on m?. An explicit calculation

yields

851 7'('2 2
= R?. (6.35)
om?| ._, 16

Similarly, the calculation of the Rényi entropy can be mapped to that on the ¢-fold covering
of $3 [17]. For a massive free scalar field of mass m on this space, the derivative of S; with
respect to the mass of the scalar field is %M?:o = —%R2, which agrees in absolute value
with (4.4) but has a different sign. Either way, S; is not stationary in these toy models.

This lack of stationarity of S, which is easily established analytically, is reminiscent of the

numerical result for the disk entanglement found in the previous section.
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Chapter 7

Conclusion

In this Dissertation, I presented the F-theorem and some of its applications. The F-theorem
is useful because it orders the space of three-dimensional QFTs. If the unitary CFT A
has F-value Fj, while the unitary CFT B has F' = Fg > Fj,, then there is no RG flow
that begins at A and ends at B. The CFT F-values may be computed in two equivalent
ways; F' equals the renormalized free energy of the Euclidean CFT conformally mapped to
the three-sphere, and it also equals the renormalized entanglement entropy across a circle
in flat Minkowski space. Along the RG flow, the renormalized entanglement entropy is a
monotonically decreasing function. I demonstrated this explicitly in both holographic and
non-holographic examples.

The CFT F-values themselves are — apart from the F-theorem — useful quantities for
studying various aspects of QFT. For example, I demonstrated that they may be used as
a probe of the gauge-gravity correspondence, and I showed how they help determine the
scaling dimensions of monopole operators in N/ = 2 supersymmetric theories, through the
principle of F-maximization.

There remain many open and interesting problems related to the F-theorem. Foremost
among them, in my opinion, is physical application. Can F be measured in a lab? F

is an inherently non-local quantity, so doing this directly may be difficult. Perhaps it is
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possible to approximate F' through more-easily measurable quantities. Entanglement entropy
is certainly measurable on the lattice. Numerical lattice simulations of physical systems may
be able to compute F' in order to help identity the conformal fixed points.

At the conformal fixed points themselves, we have developed a large array of tools for
calculating F'. While there is certainly more work that can be done here, it is also important
to understand the REE away from the fixed points. Currently we have two methods for
computing the REE in these cases: (i) numerical lattice techniques, and (ii) holographic
methods. These methods may, realistically, only be applied to a very small subset of physi-
cally interesting RG flows. Better tools are needed for calculating the REE. In fact, we do
not even know how to compute the REE in the vicinity of a conformal fixed point directly
in field theory.

Developing tools for calculating the REE perturbatively near conformal fixed points is
an outstanding problem. For example, I showed in chapter [] that lattice calculations of the
real massive scalar field indicate that 0,2 F is non-vanishing at m? = 0. This indicates that
the REE is non-stationary. Ultimately, however, we need analytic methods for calculating F
perturbatively in m? near m? = 0 in order to understand the meaning of the non-stationarity.
More generally, if we deform the action at a conformal fixed point by [ d*zAO, where O is a
relevant operator in the CFT of dimension A < 3, how do we calculate F perturbatively in
A? T answered this question in the holographic context in Sec. following [216]. However,
a purely field theoretic understanding of this behavior would be instructive.

The tools for holographically calculating EE and F' are often, as indicated above, much
more developed than their field theory counterparts. With that said, there remain many
interesting open problems on the gravity side. One such problem is the calculation of the
leading term in F', F, = NFs, in the theory of N free fields. I showed in Sec. 4] how we
may calculate the first 1/N correction to F' in the bulk Vasiliev theory. The bulk 1-loop
calculations have been further developed recently in [20,219]. Still, it is fascinating, and

somewhat troubling, that we are unable to calculate the leading contribution to F' in the
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bulk. Such a calculation would probably require knowing the action for Vasiliev’s higher-spin
theory.

Over the past few years, the role of the EE across the circle has emerged as a useful
probe of QFT. In Sec. |5| I briefly described EE for more general entangling surfaces in the
holographic framework. However, in general it is much less straightforward to calculate the
EE in QFT for non-spherical entangling surfaces, even at the conformal fixed points. At
four-dimensional conformal fixed points, the universal contribution to the EE, for general
entangling surfaces, has been worked out by Solodukhin [220]. I found a similar formula,
valid for any entangling geometry, in six spacetime dimensions [18]. However, both of our
calculations are indirect and rely heavily on holography. It would be extremely useful to find
an efficient field theory method for calculating the EE across general entangling surfaces.

The Rényi entropies are also much less explored than the EE. When the entangling surface
is spherical, these entropies are related to the thermal free energies on the hyperbolic space.
A holographic prescription for the spherical Rényi entropies also exists [221]. However, there
is no proposal for how to calculate the Rényi entropies holographically when the entangling
surface is not spherical. Recently it has been shown that derivatives of the spherical Rényi
entropies with respect to the Rényi parameter are proportional to integrated correlation
functions of stress tensors on the hyperbolic space [222]. With that said, the role of the
non-spherical Rényi entropies remains mysterious. Understanding what information may be
extracted from these entropies remains an open question.

I have shown that quantum entropy is a powerful probe of QFT. Yet I have the feeling

that we are only just beginning to understand its role in nature.
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