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SUMMARY

The contribution of this thesis is an extended high-order sandwich panel the-
ory (EHSAPT) for sandwich beams/wide panels, in which the axial stresses are taken
into account as well as the shear and transverse normal stresses in the core, and its
validation. The general nonlinear formulation of EHSAPT is given in Chapter 2.
Validation of the present theory is made by comparison with elasticity solutions and
experimental data. The accuracy of EHSAPT is assessed for the standard class of
structural analysis problems which include: static loading, static instability (global
buckling and wrinkling), free vibrations, and dynamic loading. In Chapter 3 the
static response to a half-sine distributed load applied to the top face sheet of a simply
supported sandwich beam/wide panel is solved. Validation is made with elasticity,
and Euler-Bernoulli beam, first order shear deformation theory, and HSAPT were
also included for comparison. In Chapter 4 the static global buckling critical load is
determined for a simply supported sandwich beam/wide panel under edgewise load-
ing. Validation is made with elasticity, and Allen’s formula and HSAPT are included
for comparison. In Chapter 5 the static wrinkling critical load of a simply supported
sandwich beam /wide panel is investigated. Validation includes comparison with elas-
ticity, experimental results reported in literature, and recently acquired experimental
results. Results using Hoff-Mautner’s wrinkling formula and HSAPT are also shown.
In Chapter 6 the free vibrations of a simply supported sandwich beam/wide panel
are explored, and the predicted antisymmetric and symmetric natural frequencies are
compared to experimental results found in the literature and with elasticity. The last

validation of EHSAPT is made for the dynamic response to a half-sine distributed



load with an exponential time decay applied to the top face sheet of a simply sup-
ported sandwich beam. Results are compared with elasticity. The response from using
HSAPT is also shown. Chapter 8 presents results from an impact experiment upon
a sandwich panel and comparison with EHSAPT. Finally, Chapter 9 gives overall

comments on the future work that can be done with EHSAPT.

x1



CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

Typical sandwich panels consist of two stiff metallic or composite thin face sheets
separated by a thick, lightweight core. The core could be a stiff honeycomb, soft
foam, or anything in between. This configuration gives the sandwich material system
high stiffness and strength, low weight, and high-energy absorption capability. As a
result of these desirable properties, sandwich structures have found applications in
the construction of aerospace vehicles, naval vehicles, wind turbines and civil infras-
tructure. Structures in these applications may be subjected to highly transient loads
such as blast, gusts, or impact, with surface pressure spread over the entire structure
or over a concentrated area. A good understanding of the response of suddenly loaded
sandwich structural configurations is essential in ensuring their integrity.

It is common in the analysis of sandwich panels to neglect the transverse deforma-
tion of the core [33, 2, 38]. An early theory of sandwich structures, commonly known
as the First-Order Shear Deformation Theory (FOSDT), refines classic beam/plate
theories by taking into account the shear rigidity of the core, but this theory still
assumes that longitudinal deformation is linear in the thickness coordinate and the
core is infinitely rigid in the transverse direction. FOSDT assumes a uniform shear
strain through the height of the panel. Though this model is simple, its application
is acceptable when the sandwich core is very stiff vertically and statically loaded.
In general, and especially in modern sandwich panels with cores of foam type, the
core is flexible in all directions. Hence, the assumption of a stiff core in the vertical
direction is violated, but the assumption of negligible in-plane stresses is still valid

due to low in-plane rigidity with respect to that of the face sheets. When the core



is not very stiff in the vertical direction, the FOSDT gives inaccurate predictions for
the transverse displacement under quasi-static loading [31]. More importantly, exper-
imental results [16, 21, 28, 37, 40] have shown that the core can undergo significant
transverse deformation when the sandwich structure experiences a sudden, impulsive
loading and the core plays an important role in the absorption of the impact energy.
Therefore, a more accurate sandwich panel model should account for the transverse
compressibility of the core. Consideration of the core compressibility implies that
the displacements of the upper and lower face sheets may not be identical. Another
important issue is the accurate representation of the core shear, which is a key com-
ponent in sandwich analysis since cores are typically of very low modulus and thus
transverse shear has a significant influence on the structural behavior.

Many refined theories exist in which various assumptions are made in order to
better model the stress, strain, and displacement distribution throughout the thick-
ness of a composite. Berdichevsky [3, 4] offers an approximate universal asymptotic
theory for linear and nonlinear sandwich beams and plates with geometric and ma-
terial symmetry about the mid-plane of the structure subject to static loads. This
theory can give accurate results for the structural response to a static loading or even
to a dynamic loading of long-duration, but is not suitable for highly transient loading
problems.

Numerous equivalent single layer, layer-wise, zig-zag, and mixed layer-wise theo-
ries have been proposed for the analysis of sandwich beams [1] and plates [8]. These
theories typically make the same assumption in each layer regarding the distribu-
tion of displacements and/or stresses through the thickness coordinate z, and enforce
compatibility and/or traction continuity at the interfaces. Layer-wise theories with
displacement and stress assumptions of O(2?%) to O(z?) presented in [8] give accurate
displacements, stresses (longitudinal and shear), and natural frequencies compared to

elastostatic and elastodynamic benchmarks; however, transverse normal stress/strain



results were not shown. Furthermore, these theories are often presented in an integral
sense because they rely on symbolic mathematical software to evaluate a particular
application [7].

Other theories do not make the same displacement /stress distribution assumption
for each layer of the sandwich. Hohe et al. [19] developed a model for sandwich plates
in which the transverse normal stress is constant along the transverse coordinate, z,
and the shearing stress is first order in z. A compressible sandwich panel theory
must allow for at least a linear distribution of transverse stress through the height of
the core if transverse loading is applied to just one face. Li and Kardomateas [27]
explored a higher-order theory for plates in which the transverse normal stress in
the core is of third order in z, and the shear stress in the core is of fourth order in
z. This theory gave inaccurate transverse stress distributions through the core for a
quasi-statically loaded problem.

In 1992, Frostig et al. developed the High-order Sandwich Panel Theory (HSAPT),
a compressible core theory which accounts for the transverse and shear stresses in the
core but neglects the in-plane stresses in the core [15]. Neglecting the in-plane stresses
in the core results in a constant shear stress distribution through the thickness of the
core which has been shown to be a good approximation for sandwich constructions
with very soft cores undergoing quasi-static loading [31]. Neglecting the axial stresses

in the core reduces the static equilibrium equation of elasticity to the following:

0
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Therefore a constant shear stress distribution through the thickness of the core is a
good approximation for sandwich constructions with very soft cores in static problems
[31]. However, for dynamic problems the right hand side is no longer zero but equal to
the density of the core times the axial acceleration of the core. Therefore, in dynamic

problems, if the core’s density and axial acceleration are not negligible, the shear



stress may not always be constant through the thickness.

The static formulation of HSAPT has been used to solve numerous problems.
Comparison of HSAPT with elasticity [36] and experiment [5] has shown that HSAPT
accurately predicts displacements and axial strain concentrations in the faces adja-
cent to supports and concentrated load regions. With regard to the core, however,
though HSAPT is a good approximate theory away from supports, and concentrated
load regions, it can show inaccurate shear stress and axial strain through-thickness
distributions adjacent to regions of concentrated loads and supports [36]. HSAPT has
been used to study the global buckling and wrinkling behavior of soft core sandwich
composite beams [13] and plates [11].

There are two models of HSAPT that exist in literature for dynamic problems.
The original model [14] is a mixed formulation in which the five unknowns are from
generalized displacement varialbes are: the two axial displacements at the top and
bottom face sheet uf(x,t), ul(z,t), and the two transverse displacements at the top
and bottom face sheets w!(x,t), w’(z,t), plus the uniform shear stress in the core
7¢(x). In the mixed formulation model, the accelerations are assumed to vary linearly
through the core. The second model is a displacement-based formulation in which
the five generalized displacement variables are: ul(z,t), ub(x,t), w(x,t), w®(x,t),
and the mid-core transverse displacement w§(z,t) (instead of the shear stress 7¢(z)).
In this latter model, the accelerations in the core are allowed to be nonlinear through
the core. The mixed formulation of HSAPT has been used to study the free vibrations
of sandwich beams in [14, 35]. The mixed and displacement based formulations of
HSAPT have been used to study free vibrations of sandwich plates in [34].

The theories mentioned above make the usual assumption that the axial rigidity in
the core can be neglected for sandwich beams/wide panels with very soft cores com-
pared to the face sheets. Under some circumstances, such as improvement of impact

rigidity of the sandwich panel or introduction of axial loads into the core, the effect



of the axial rigidity of the core should be considered. Frostig [12] suggested a com-
putational model that takes into account the axial rigidity of the core for sandwich
beams/wide panels for stretchable electronic applications. Furthermore, the assump-
tion of constant shear stress through through the height of the core is one that is
reduced from static equilibrium when the axial stresses in the core are neglected (see
Eqn. (1)). Dynamic equilibrium equations in which the axial inertial terms of the core
are included will not yield a constant shear stress distribution through the height of
the core. For these reasons, the formulation and validation of the extended high-order
sandwich panel theory (EHSAPT) for beams/wide panels in which the axial rigidity

of the core is included is the focus of this thesis.



CHAPTER 11

GENERAL NONLINEAR FORMULATION OF EHSAPT

Figure 1 shows a sandwich beam/wide panel of length a with a core of thickness 2¢
and top and bottom face sheet thicknesses f; and f,, respectively. The width of the
panel is b. A Cartesian coordinate system (z,y, z) is defined at one end of the panel
and its origin is placed at the middle of the core. The y-direction is not shown, but is
pointed into the page. Only loading in the x-z plane is considered to act on the panel
which solely causes displacements in the x and z directions designated by v and w,
respectively. Therefore any displacements, strains, stresses, or loads dependent upon
y are not considered. The superscripts ¢, b, and ¢ shall refer to the top face sheet,
bottom face sheet, and core, respectively. The subscript 0 refers to the middle surface

of the corresponding phase.

Figure 1: Definition of the sandwich configuration

The displacement fields of the top and bottom face sheets are are assumed to
satisfy the Euler-Bernoulli assumptions: that plane sections remain plane and per-
pendicular to the constituent’s deformed axis, and that sections are infinitely rigid

in the y and z-directions. Therefore, the displacement field for the top face sheet,



c<z<cH+ fi,is:

wh(z, 2,t) = w'(z,t) ;. ul(x,2,t) = uh(z,t) — (z —c— %) w',(x,t) (2a)

and for the bottom face sheet, —(c+ f;) < z < —¢:

wh(x, z,t) = wb(x,t) 3 ul(w,2,t) = u(x,t) — (z +c+ %) w® (1) (2b)

ST

Since large displacements and moderate rotations are considered the non-linear strains

in the face sheets read:

1
b2, 0) = w2, 1) + St 1) 3)

Tx X

If a linear analysis is pursued, the second (squared) term in Eqn. (3) is neglected.

While the face sheets can change their length only longitudinally, the core can
change its height and length. The displacement fields considered for the core follow
the resulting fields that are in the HSAPT model (see Frostig et al. [15]), and they
read:

we(z, 2, ) = wi(z,t) + wi(z, 1)z + ws(z, t) 2> (4a)
(2 1) = (1) + G5, 0)z ()2 (1) (41)

where w§ and u are the transverse and in-plane displacements, respectively, ¢f is
the slope at the centroid of the core, while w{, w§ are the transverse unknown func-
tions and u§, u§ are the in-plane unknown functions to be determined by enforcing
compatibility of the displacements at the upper, z = ¢, and lower, z = —¢, face-core
interfaces. Hence, using the compatibility condition in the transverse direction at
the upper and the lower face core interfaces (same core and face sheet transverse

displacement) yields the following distribution of the transverse displacement:

2 2

2
. B z z b z . z z .

w (I,Z,t) = (—% + @) w (l’,t) + (1 — g) IUO(J],t) + (% + @) w (C(],t) (5&)

The in-plane displacement of the core u®(z, z,t), is determined through the fulfillment

of the compatibility conditions of the in-plane direction, see second equations in Eqns.



(2a) and (2b) at z = ¢ and —c (same core and face sheet in-plane displacement at the

interface). Hence, after some algebraic manipulation they read:

2

c 22 (& < z 22 c Z2 z
u (l’,Z,t) =z <1_§> ¢0(x7t)+2_ (1_E> ug_'_ <1_C_2) uo"‘@ <1+—) ué

c? c
be2 Z b ftZ2 z t
+ 4c? (_1 + E) Wa 4c2 (1 + E) W

(5b)
Therefore, this theory is in terms of seven generalized displacement variables (un-
known functions of x and t): two for the top face sheet, wf, uf, two for the bottom
face sheet, w$, ul, and three for the core, w§, u§ and ¢S. The strains can be obtained
from the displacements using the linear strain-displacement relations. Hence, the

transverse normal strain is:

and the shear strain

. Out  oue 322\ . z 322\, 22\ z 327\,
T T T\ )t @ T ) (@)t @ e ) et
c+ fo 2c4+3f\ 5| 22
{—( 52 )z+(4—03>z w, + 1—; w
c+ fi 2+ 31\ ol
() (5 ]

(6b)
There is also a linear axial plane strain in the core
ou’
C — 6
¢, = (6¢)

which has the same structure as Eqn. (5b), but with the generalized function coor-
dinates replaced by one order higher derivative with respect to . Nonlinear in-plane
strains in the core are neglected due to the core’s low in-plane rigidity as compared
with that of the face sheets.

In the following C’fj’.b’c are the corresponding stiffness constants where we have used

the notation 1 = x, 3 = z, and 55 = zz. Only orthotropic materials are considered.



For the face sheets, the transverse stress that acts in the plane of the cross-section,

tb

zz?

ol? is much smaller than the axial stresses o2, When this stress component in the
plane of the cross-section is assumed to be null, the constitutive laws lead to the
following reduced Hooke’s law:

olh = Offe? (7)

where, in terms of the Young’s modulus, E“” the stiffness constant for a beam/wide
panel is: Ol = E’

We also assume an orthotropic core with stress-strain relations:

c c c c

Osa Cll C113 0 €
c — c c c

0. 13 33 0 €.z (8&)
c c c

Tz 0 0 55 Yoz

where the components Cy; in Eqn. (8a) is the inverse of the compliance matrix, whose
components ag; are expressed in terms of the Young’s and shear moduli and Poisson’s

ratio of the core as:

1 c V§1 c 1 c 1
E? ‘113—_@? Qs = E:)f; Qg5 = ¢ (8b)

c  __
ap =

The equations of motion and appropriate boundary conditions are derived from
Hamilton’s principle:

to
/‘&U+V—ﬂﬁ:0 (92)
t1
where U is the strain energy of the sandwich panel, V' is the potential due to the
applied loading, and T is the kinetic energy. The first variation of the strain energy
of the sandwich panel is:

U= [ [ vohoditst [ bionac. s otie s s a:
0 —c+fy —-c (9b)

ctf
+ / b Ufm&fmdz] dz

and the first variation of the external potential due to several general loading condi-

tions shown in Figure 2 is:
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Figure 2: General loading on sandwich panel. Distributed loading of the core is only
shown at the edges.

a b
— / / (R'0ug + n°ouf + g ow' + ¢Pow’ + m'éuw’, + mPéuw’,) dy da
0
+ No(£)6up(0,) — NE(t)dub(a, t)
+ NG (£)8ug(0,1) — Ny ()dug(a, 1)

+ PL(t)6w!(0,t) — P(t)éw'(a, t)

+ P (t)ow’(0,t) — PL(t)ouw’(a,t) 0
+ My (1)ow!, (0, 1) = My(t)ouw', (a,t)
+ M (1)5u’, 0,1) = M (#)ow (a, )
- /b /C (n°6u® + v°6w°) dz dy '
0 J 2=0
where 7% is the distributed in-plane force (along x), ¢*? is the distributed transverse

force (along z) and m!? is the distributed moment on the top and bottom face sheets.
Moreover, Né’b and Nﬁb are the end axial force at x = 0 and = = a respectively, ﬁg’b

and é’ib are the end shear force at x = 0 and = = a respectively, and ]\A/fé’b and M 5
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are the end moment at the top and bottom face sheets at the ends z = 0 and = = a,
respectively. Please notice the positive sense of the applied concentrated end loads
is chosen to be in the same direction as their equivalent end stress resultants. In
addition, n¢ is the distributed end axial force and v° is the end distributed shear force
applied at the ends of the core at x = 0 and x = a. All the external loads considered
are uniformly distributed in the y-direction. Since the face sheets and the core do not
exhibit bend-twist coupling the external loads considered only cause deformations in
the z-z plane.

In the following we assume that b is constant and n¢ and v° are constant and they

are only applied at the edges of the beam. In this case,

Jo

c 1 4
/ b ndu‘dz = n‘be {5 (5u8 + 5u6) + 3 (dug) — 5

—C

5wf’x + %&fo} (9d)

¢ 1 4 1
/ b v°0wdz = v°bc (§5wb + géwg + géwt) (9e)

—C

Of course, the theory can admit any variation of n¢ and v° along z; for example, a
bending moment on the core would correspond to a linear variation of n® with respect
to z. However, for most practical purposes, loads are applied to the face sheets and
not the core.
The first variation of the kinetic energy is:
6T = / ’ ( / - PP (0Pou’ + isi®)dz + / " p° (06U + o) dz
0 C+J;(C+fb) —c (10)
+ / b p(utonut + —i-wtéu')t)dz) dx
For the sandwich panels made out of orthotropic materials, we can substitute the
stresses in terms of the strains from the constitutive relations, Eqns. (7) and (8a),
and then the strains, Eqns. (3) and (6), in terms of the displacements profiles, Eqns.
(2) and (5), and finally apply the variational principle, Eqns. (9); thus we can write
a set of non-linear governing equations in terms of the seven unknown generalized

displacement variables as follows:
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Top face sheet:
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where F! is the nonlinear term:

)wt]b:ﬁt+F5

(11a)

and p' is the distributed in-plane force (along x) at the top face, and
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t 7 —Jt e _ c At c _ t
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G TP T a0 g T s T a0 8:1:28t2)w

. 02 N 2cp° 0%\
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0z2 15 ot2) P

7 82 34 dept 82 3620 3t 84
—C§3+agax2+agax4+< P —l—ft,ot) —< Jip + tp) )wt}b

6c 15 o 70 12 ) ox20t2
= - t:c + F’lf}
(12a)
where F! is the nonlinear term:
3

2

and ¢' is the distributed transverse force and m! is the distributed moment along the

top face sheet.
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Core:
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where F? is the nonlinear term:
F) = Chbfywlu’, (16b)
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and p? is the distributed in-plane force (along z) at the bottom face.

ow’ :

2 3 2 c 3 3 c 3
b o cfop® 0 . , 0 3cfy . 0 3cfypt O
[( %4z C“a 3735 aw#) %*( ¢

_|_

3or 35 Mog3 35 Oxot?

cfb . P cfypt 0P )uc—< b 0 cfb . P cfypt 0P
e

0
J— b_ —_— J—— J—
(O‘Gax TN T I aeor oz 195 T 70 0w08
7 , 0% o 4cp© 0? 3Cf ¢ b o
—C¢ by ¥ b b
* (60 Bt 0sg s oy, 4*( 15 +fb”) o1 ( 01 ) 02012
4 0% 2cp° O
—_—Cc b~ -~ c
+( 3c 33+a78x2+ 15 8t2> 0
1 0 cfoft 9 cp® O° chfip® 0 t
. (& _ & _ - - - b
T (60033 Thgn T T2 Yige T sae T a0 awae) v
=q¢ —m’, + F,
(17a)
where I is the nonlinear term:
FL = Chbfh [0+l 500 (17)

and ¢ is the distributed transverse force and m’ is the distributed moment applied

along the bottom face sheet. In the above expressions, the following constants are

defined:
. 6c . ; i1 L7\ e
Qy = £011 + il oy = 30013 + <30 60c> Css (18a)
. 11, 19  47f\ . . de . de 20\ .
Q3 = _%013 + <% + W) Css s oy = BCB + <E + ?) Cys (18b)
i i i 2 e 2 2fi c
a5 - _sz , a6 — 5013 + (g + %) 055 (180)
7 fz c fz c
067 - 013 15 + 055 5 (18d)
11 e 19f; AT
i c _ | = ¢ 1
4= 3y O (15 T30 " 120c) Css (18¢)
7 fz 7 Bcfz c
Qg = 011 70 ——CT (18f)
and
2 (& &
B = g(Cm + Css) (192)
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By =

fb+ftc o+ fi 7fbft) ce (19b)

6o BT <15 T80 120
The corresponding boundary conditions at x = 0 and a, read as follows (at each
end there are nine boundary conditions, three for each face sheet and three for the
core):
For the top face sheet:
(i) Either dul =0 or,

202 0 e 0 . 0 . 0
[( 118 )% <35 11%)“8"‘( Cna )uo"‘(@i%)ug

. Cfy . O 2 . . . 3cfy ., 0?
+ (—013 — —bCH@) wb — <5013> U}O + (%013 + 3—5011@ U)t b (20&)

_Nt C Bt
3 +

where N* is the end axial force at the top face and n¢ is the end axial force at the

the core (at the end x = 0 or = a) and the nonlinear term

u

Cﬁ( ) (20b)

(ii) Either ow® =0 or,

(_ |:2<26+3ft>cf§5 2ftcc :|¢c + |:(266_0th>0§5 Cftclcla 2:| b

15 192
B 'wc% cftcfla } i+ [(386;);1712)05?5 3cftclcla 2] .
+ (go 52) 5o+ i a—] v - (%?) g (212)
+ (1égt053 t)%—@g;—;} wt+L§U)b:
:Pt+mt+5;C+B;

where L!, are the inertial terms in the boundary condition:

ft 83 82 ¢c aQu aQuc a2ut
t __Jv 12 2 0 0 2 0 0
L =35 3500 gogp + 77 (126 5 + bega + Begg +36e5s
Puwb Pw? (21b)
3 yae +18€ft8m8t2)]
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B! is the nonlinear term:

B! = ‘Ztcflw [2uf, + (w',)?] (21c)

and P! is the end shear force at the top face and ©v° is the end shear force at the core

(at the end z =0 or = = a).

(iii) Either dw', =0 or,

2t t t 3cfi ‘
(Prongs e (Cfola) (Cf0f18)8+<cf0113>

Jt e Choft Jeee Ve o (Bt 32

60 140 ”a

where M? is the end moment at the top face (at the end x =0 or = = a).

For the core:

(i) Either ou§ =0 or,
0 16¢ . 0 0
(st )b+ (s cng )+ (5005
(23)

C Cf C c f 62 4ncc
- (5013 bCH@ )w ( Cls + Cna 2) t}b: 3

(i) Either §¢5 =0 or,

16¢ 22 .0 . 0 NS P
Sy )i - (Bscng: )b+ (o g Jub+ (focn+ Sen s ot

8¢ .. . 4e . Pl
_(BCK‘) w0+(1—5013 tcna ) t]b:o

(iii) Either dw§ =0 or,

. 2 (2¢+3f) 16¢ (2¢+ 3f) 4_,
G [ 0= o+ s+ 2t g, + | = Sre 9

For the bottom face sheet:
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(i) Either dul =0 or,

B 20 0 0 w4 (Lo 0 ol
11 a 15 118 Uy 35 118 0
C 3Cf C (& f & 62

~C

where N is the end axial force at the bottom face and the nonlinear term,

b
By = 10h wh,y? (261)

(ii) Either sw® =0 or,

2(26 + 3fb) c be (386 — 47fb) c 3Cfb c
(‘ {TC% 118 3|0+ | — TC55 CH@ 2 ug
2(c+ o) e Cbe we v | 526t ThH) ne | Coe
T Gsty g i+ |t e 1 ey T
11fp 0 ok 0\ .
+ ( 50 Ciy — )%—agﬁ w’ — ag% w;
ft Cfbft t b
L L
N (60 — P2 ) 5 T a0 C”a 3|0 L )
— Pt 4 = 3 ‘i
(27a)
where L’ are the inertial terms in the boundary condition:
fo 20 OBw® o 0P 0?ub 0 0uy
Lb —Jo ¢ 1262 ¢ . ) .
e R R e e T T2
83 b aSwt <27b)
18 —3cfivm—5
T8k e Cftag;aﬁﬂ
where B? is the nonlinear term:
B =Lt b, + (270

and P’ is the end shear force at bottom face.
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(ili) Either ow®, =0 or,

2

f BCf Cf C Cf . )
K%b Mo )% bcﬂa %=\ 35 ”a 7—5’%@ u

Whoe 59N 4 fb fo re  Chofi AR )
+(60 13+O498x2 w 5 0+ 60 13 — 1400118 5 Jw b= M"— 5

(28)

where M? is the end moment at the bottom face. The superscript  denotes in the
above equations the known external boundary values.

Hamilton’s principle results in seven coupled partial differential equations, Eqns.
(11)-(17), four of which are nonlinear due to the consideration of large displacements
and moderate rotations of the face sheets. The order of the equations of motion is
18 in z, and second order in time. Therefore, there are 18 boundary conditions, 9 at
each end at x = 0 and = = a given by Eqns. (20)-(28). Since the rotations of the
face sheets are assumed to be the derivatives of the transverse displacements with
respect to x, there exists inertial terms L!, and L? in the boundary conditions in
Eqns. (21a) and (27a). The 7 generalized displacement variables of EHSAPT are:
ub(z,t), u§(x,t), ul(z,t), ¢§(x,t), w'(x,t), wi(z,t), and wb(z,t).

We have also made use of the definitions of the axial stress resultants of the top

face, bottom face, and core respectively, N** where these are defined as:

—C

ctft
N(x,t) = / bol dz = Clbfiet . No(x,t) = / bol dz = CYbfye®, , (29a)
c —c—fu

Ni(z,t) :/ bos,dz =
e (29b)

b C
Cfb(u' — ') + =2 (u&x g, b, + St o, ) ,

2 " 2

and where the nonlinear axial strains et b

are given in Eqn. (3).
Also, M*"»¢ are the moment stress resultants of the top face, bottom face, and

core about their own centroids, respectively, and are defined as:

c+fi
]\ﬂ(m,iﬁ):—/Jr bo! <z—c ét)d = bft (29¢)

Tx 11 12 ,xz )
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Mb(x,t):—/ bod (z+c+fb>d —(Jflbl];b wb, (29d)
—c—f

‘ 2cbC*
Mc(x>t):—/ bol zdz = — ¢ 013 (wb—2w8+wt)

e 3
PN g, + 6w, — o) + B, + f,,)
(29¢)
Finally, V¢ is the shear stress resultant of the core and is defined as:
Ve(x,t) = /C bri,dz =
- (29f)

CE:b {(ug —uf) + (wé’,x +wp ) + % (fbwgw + frwg,) + 8w,

Wl o

The general nonlinear governing equations and boundary conditions of EHSAPT
rewritten in terms of the stress resultants and the generalized coordinates are listed
in Appendix C. This formulation is useful when using the perturbation approach for

solving stability problems as demonstrated in Chapters 4 and 5.
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CHAPTER II1

STATIC LOADING PROBLEM

The solution to a simply-supported sandwich panel under the transversely applied

static load:

. T
¢ (z) = qosin —. (30)

using the linear formulation of EHSAPT will be shown. The accuracy of EHSAPT
or any new composite model can be readily assessed if an elasticity solution exists.
Indeed, Pagano [30] presented the three-dimensional elasticity solution for a laminated
or sandwich beam for the case of a positive discriminant of the quadratic characteristic
equation, which is formed from the orthotropic material constants, and only when
these two real roots are positive. The isotropic case, in which there are two equal real
roots, was also outlined. Recently, Kardomateas and Phan [25] extended the Pagano
[30] solution to the case of (i) negative discriminant, which results in two complex
conjugate roots of the quadratic equation and (ii) positive discriminant but with real
negative roots. The case of a negative discriminant is actually frequently encountered
in sandwich construction where the orthotropic core is stiffer in the transverse than
the in-plane directions. Results from this elasticity solution showed that the core
transverse shear is nearly constant for the very soft cores but it acquires a pronounced
distribution, nearly parabolic, as the stiffness of the core increased. The transverse
normal strain in the core was found to be nearly linear in z. It should be mentioned
that elasticity solutions that address the complex roots for the two-dimensional case
(plate) have already been presented by Zenkour [41] and Demasi [9]; however the

present formulation of EHSAPT deals with a beam (one-dimensional) configuration.
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In the next section, the static formulation of EHSAPT will be solved. The numer-
ical results for several typical sandwich panel configurations with orthotropic phases
will be compared with the results using the elasticity solution [25], the classical model

and the first order shear model as well as the Frostig et al. high-order sandwich panel

theory [15].

3.1 Solution Procedure

In this case, the boundary conditions for x = 0, a are the three kinematic conditions:
w' = w’ =wi =0 (31)

and the right hand sides of the six natural boundary conditions in (20a), (22), (23),
(24), (26a), and (28) are equal to zero.

All these are satisfied by displacements in the form:

e nw mw nw
uh = Ulcos — ;  ul=UScos — ; ¢t =®cos— ; uf=Ubcos— , (32a)
0 0 ; 0= Yo ; 0 0 ) 0 0 ;
a a a a
. T . TX . T
w'=Whsin— ;  wj=Wsin— ; w’=W"sin— . (32b)
a a a

We consider the static linear problem, which means that the load is applied quasi-
statically such that the inertial terms can be neglected, and displacements are small so
nonlinear terms Fi’{u in the governing differential equations and the nonlinear terms
BL? in the boundary conditions can be neglected.

Substituting Eqn. (32) into Eqns. (11)-(17) results in a system of seven linear

equations for the seven unknown constants U{, US, ®5, US, Wt W¢, Wb,

3.2 Numerical case study

We shall consider sandwich configurations consisting of faces made out of either
graphite/epoxy or e-glass/polyester unidirectional composite and core made out of
either hexagonal glass/phenolic honeycomb or balsa wood. The moduli and Poisson’s

ratios for these materials are given in Table 1.
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Table 1: Material properties. Moduli data are in GPa

Graphite | E-Glass | Balsa | Glass-Phenolic
Epoxy | Polyester | Wood Honeycomb
FACE FACE | CORE CORE
E 181.0 40.0 0.671 0.032
Es 10.3 10.0 0.158 0.032
Es 10.3 10.0 7.72 0.300
Gas 5.96 3.5 0.312 0.048
G351 7.17 4.5 0.312 0.048
G1a 717 4.5 0.200 0.013
V39 0.40 0.40 0.49 0.25
V31 0.016 0.26 0.23 0.25
V19 0.277 0.065 0.66 0.25

The two face sheets are assumed identical with thickness f; = f, = f = 2 mm.
The core thickness is 2¢ = 16 mm. The total thickness of the panel is defined as
hiot = 2f + 2c and the length of the beam is a = 20h;,; and width b = 1 m. The load
parameter gy = 10° N/m.

In the following results, the displacements are normalized with

3 4
Wnorm = L? : (33)
2B bf3

and the stresses with ¢o/b.

Plotted in Figure 3 is the normalized displacement at the top face sheet as a
function of z, for the case of Graphite/Epoxy faces and Glass Phenolic Honeycomb
core; this core is very soft compared to the faces with an in-plane Young’s modulus
ratio of ES/E/ < 0.001. In this figure, we also show the predictions of the simple
Classical beam theory (CL), which does not include transverse shear, as well as the
First Order Shear theories (FOSD); for the latter, there are two versions: one that is
based only on the core shear stiffness (FOSD(c)) and one that includes the face sheet
stiffnesses (FOSD(f)). Both are outlined in Appendix A. In addition, we show the
predictions of the High-Order sandwich panel theory (HSAPT). This theory, which is

based on an assumption that the in-plane rigidity of the core is neglected and yields

a constant shear stress and zero axial stress in the core, is outlined in Appendix B.
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Figure 3: Transverse Displacement, w, at the top, z = ¢ + f, for the case of

Graphite/Epoxy faces and Glass Phenolic Honeycomb core.

From Figure 3, we can see that both the Classical and FOSD (both versions) seem
to be inadequate. The Classical theory is too non-conservative and the First Order
Shear theory with face sheets included can hardly make a difference. On the other
hand, the FOSD theory where shear is assumed to be carried exclusively by the core
is too conservative; this clearly demonstrates the need for higher order theories in
dealing with sandwich structures. In this regard, both the Frostig et al. HSAPT
[15] and the present EHSAPT theories give a displacement profile which is essentially
identical to the elasticity solution. In Figure 3 we can also readily observe the large
effect of transverse shear, which is an important feature of sandwich structures. The
distribution of the axial stress in the core, 0,.,, as a function of z at the mid-span
location, x = a/2 (where the bending moment is maximum), is plotted in Figure

4, again for the case of Graphite/Epoxy faces and Glass Phenolic Honeycomb core.
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Figure 4: Through-thickness distribution in the core of the axial stress, o,,, at
x = a/2 for the case of Graphite/Epoxy faces and Glass Phenolic Honeycomb core.
The present Extended High Order theory predicts a stress very close to the elasticity.
Note that HSAPT neglects the axial rigidity of the core that yields a zero axial stress.
The Classical and FOSD theories give practically identical predictions but they are
in appreciable error by comparison to the elasticity, with the error increasing towards
the lower end of the core (z = —c¢). All curves are linear. Notice also that for the
elasticity and the Extended High Order theory there is not a symmetry with regard
to the mid line (z = 0) unlike the Classical and FOSD theories. Even though the
sandwich panel has symmetric geometry and material lay-up, the axis of zero axial
stress does not occur at the centroid of the core. This is a high-order effect that
EHSAPT captures.

The through-thickness distribution of the transverse normal stress in the core, o,
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Figure 5: Through-thickness distribution in the core of the transverse normal stress,
0., at © = a/2 for the case of E-glass/Polyester faces and Balsa Wood core.
at the midspan location, x = a/2, is shown in Figure 5 for the case of E-glass/Polyester
faces and Balsa Wood core. The E-glass/Balsa lay-up represents a panel in which
the core is moderately stiff with an in-plane Young’s modulus ratio of E¢/E{ ~ 0.02.
Only the profiles using elasticity and the Frostig et al. [15] and the Extended High
Order theories are presented, since the First Order Shear theory and the Classical
theory consider the core incompressible, i.e. zero ... Both high-order theories are
practically coinciding with the elasticity curve and all are nearly linear. However, the
theories differ when the transverse normal strain is examined in Figure 6 with the
present Extended High Order theory being very close to the elasticity.

Figures 7 and 8 show the through-thickness distribution of the transverse shear
stress in the core, 7., at * = a/10, i.e. near the ends where shearing is expected to
be significant, for the cases of Graphite/Epoxy faces and Glass Phenolic Honeycomb

core (Figure 7) and E-glass/Polyester faces and Balsa Wood core (Figure 8). For
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Figure 6: Through-thickness distribution in the core of the transverse normal strain,
€., at x = a/2 for the case of E-glass/Polyester faces and Balsa Wood core.
the very soft core case of Figure 8, the shearing stress is nearly constant and thus
for all theories the difference from elasticity is practically negligible. Indeed, the
elasticity data show that the range of the shearing stress variation is about 0.05%
of the maximum value, i.e. the shearing stress is practically constant. This case of
a very soft core would justify the neglect of the in-plane rigidity of the core that is
associated with constant shear stresses in the core, made in the Frostig et al. [15]
theory. Still, in Figure 7 one can see that the EHSAPT is practically identical to the
elasticity whereas the HSAPT shows more difference.

For the case of the E-glass/Polyester faces and Balsa Wood core, however, the
shear stress shows a noticeable distribution (about 5%) through the thickness, which is
very nicely captured by the present Extended High Order theory, which is practically

identical to the elasticity. For this sandwich configuration, it is obvious that a theory
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Figure 7: Through-thickness distribution in the core of the transverse shear stress,
Te», at * = a/10 for the case of Graphite/Epoxy faces and Glass Phenolic Honeycomb.

based on a constant shearing stress assumption (HSAPT) would not capture this

distribution.

This issue is further explored by considering a sandwich construction in which
both the face sheets and the core are isotropic. By varying the moduli ratio, we can
accordingly increase the shear stress range in the core. Thus, we assume that the
face sheets are made out of isotropic Aluminum Alloy with £y = 100 GPa and the
core is made out of isotropic material having a modulus E, such that the ratio Ey/E.
assumes the values of 50, 5 and 2. The Poisson’s ratios are assumed vy = v, = 0.30.
Figure 9 shows the shear stress distribution through the thickness. For the moduli

ratio of 2 the range is very large, with the maximum over minimum shear stress ratio
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Figure 8: Through-thickness distribution in the core of the transverse shear stress,
Tez, at & = a/10 for the case of E-glass/Polyester faces and Balsa Wood core.
being about 2. On the contrary, for the moduli ratio of 50, the shear stress range is
very small, with the corresponding maximum over minimum shear stress ratio being
only about 1.04. The present Extended High Order theory is capable of capturing
the shear stress profile in all cases, even the most demanding case of Ey/E. = 2, and
in all cases yields results that are practically identical to those from the elasticity
solution. On the contrary, a constant shear stress assumption would be applicable
only for the large ratios of E;/E..

Carrera and Brischetto [8] have shown that equivalent single layer sandwich plate
theories have significant problems in terms of accuracy for very high skin-to-core

stiffness ratios. Although we cannot make a direct comparison with their data, since

28



85 | |
Extended High: :
Order (EHSAPT) :
EJE = : Extended High
§ e VORATT T g E =5 Bl Order (EHSAPT) |
Elasticity . .;. EJE. =5
EJEc=2 | E
L T St B - e .
[ e e e ERREE SRR s
Ec" EJE, =50
r - :
NG5 oo B L S s
| d
. ! —&— Flast-2 | kS
6 [ [ “B— EHSAPT-2 |nighOrder [5]' =
v : —% — HSAPT-2 :EI-fIISEA,PT)2 5 50 ki
) . --9--Elast-5 G=%5 )
e A A Pl - CEHSAPTS [T 7
g - &— HSAPT-5 ;
3 - S S - Elast-50  |...... A .
' -3¢ — EHSAPT-50 -
~+-- HSAPT-50
45
- 05 0 05 1
zlc

Figure 9: Through-thickness distribution in the core of the transverse shear stress,
Te», at 2 = a/10 for the case of isotropic Aluminum Alloy faces and a wide range of
isotropic cores.

the study in [8] was done for plates, a similar table as Table 28 in [8] was made
to numerically assess the accuracy of EHSAPT with respect to elasticity for the
distributed loading problem shown in this paper. The widely followed First Order
Shear Deformation theory (FOSD) is also shown.

The material and geometry configurations were taken from [8]; each face sheet
has a thickness f,=f,=f=0.1 m, the total core thickness is 2c= 0.8m, and the total
height h;:=f: + fp + 2¢. A range of beam lengths, a, is examined, as denoted by
the parameter LTR = a/hyy; this range of LTRs is {4, 10, 100, 1000}. The core is
isotropic with modulus E.=1 GPa and Poisson’s ratio v. = 0.3. A range of isotropic
faces with modulus Fy and Poisson’s ratio vy = 0.3 is examined, as denoted by the

parameter FCSR = F;/E,; this range of FCSRs is 7.3 times {10', 10*, 10% and 10%}.
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Table 2: Normalized transverse displacement at mid-core (x = a/2, z = 0);

R=FCSR/LTR

|FCSR | LTR | 4 \ 10 | 100 [ 1000 |
7.3E +01 R[ 1825 7.3 0.73] 0.073
elasticity | 0.0892 0.0269 |  0.0148 | 0.0147

EHSAPT |  0.0907 0.0284 | 0.0163 | 0.0162

FOSD | 0.1321 0.0337 | 0.0152 |  0.0150

7.3E + 04 R[ 18250 7300 730 73
elasticity 3.418 2.805 0.1333 0.0161

EHSAPT |  3.725 3.013 | 0.1351| 0.0176

FOSD | 117.09 18.747 | 0.2023 |  0.0169

7.3E + 06 R [ 1.825E+06 | 7.3E+05 | 7.3E+04 | 7.3E+03
clasticity | 3.576 3.619 | 2811 | 0.1333

EHSAPT | 3914 3973 | 3.021| 0.1351

FOSD | 1.171E+04 1873.0 | 18.748 | 0.2023

7.3E+08 R [ 1.825E+08 | 7.3E+07 | 7.3E+06 | 7.3E+05
elasticity | 3.577 3.630 |  3.629 | 2811

EHSAPT | 3.916 3.987 | 3.987|  3.021

FOSD | 1.171E+06 | 1.873E+05 | 1873.0 | 18.748

Tables 2 and 3 show the value of the normalized mid-span transverse displacement
at the mid-plane (r = a/2, z = 0) and at the top face sheet (v = a/2, z = ¢+ ft/2),
respectively. The transverse displacements at the mid-plane and top locations are
presented to show the compressibility of the core (i.e. when the two displacements are
not equal). The elasticity data in the two tables show that sandwich configurations
with high FCSR and low LTR combinations exhibit the most compressibility for
this particular static problem. For example, for FCSR=7.3 * 10® and LTR=4, the
top face sheet has about twice as much displacement as that of the mid-plane. As
FCSR gets smaller (i.e. the core and face sheet properties become more similar)
and the LTR becomes higher (i.e. the beam becomes longer) the two displacements
become practically the same. Both tables also show that the FOSD theory is highly
inaccurate in predicting transverse displacement for all cases except for the low FCSR
and high LTR combinations. On the contrary, with regard to the two transverse

displacements, the EHSAPT provides results that are consistently close to those of
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Table 3: Normalized transverse displacement at top face (x = a/2, z = ¢+ f;/2);

R=FCSR/LTR
|FCSR | LTR | 4 \ 10 | 100 [ 1000 |

7.3E + 01 R 18.25 7.3 0.73 0.073
elasticity 0.0932 0.0270 0.0148 0.0147

EHSAPT 0.0956 0.0285 0.0163 0.0162

FOSD 0.1321 0.0337 0.0152 0.0150

738 + 04 R 18250 7300 730 73
elasticity 5.098 2.883 0.1333 0.0161

EHSAPT 5.664 3.108 0.1351 0.0176

FOSD 117.09 18.747 0.2023 0.0169

7.3E + 06 R | 1.825E4-06 7.3E+05 | 7.3E4-04 | 7.3E+03
elasticity 7.244 6.038 2.812 0.1333

EHSAPT 7.952 6.725 3.022 0.1351

FOSD | 1.171E+04 1873.0 18.748 0.2023

7.3E + 08 R | 1.825E4-08 7.3E407 | 7.3E+06 | 7.3E+05
elasticity 7.291 7.263 3.698 2.811

EHSAPT 7.999 7.981 4.071 3.021

FOSD | 1.171E+06 | 1.873E+05 1873.0 18.748

elasticity theory with the deviation from elasticity theory not exceeding 11%; in many
cases the EHSAPT is very accurate (< 2% deviation from elasticity). It should be
noted that Tables 2a and 2b only give transverse displacement data for two locations
and don’t capture the entire transverse displacement profile through the thickness.
Table 4 shows the the mid-plane normalized shear stress at (x=a/10, z = 0).
The EHSAPT is very accurate for low FCSR and the full range of LTRs, practi-
cally coinciding with elasticity; for the more demanding cases of higher FCSRs, the
EHSAPT is still quite accurate with the deviation from elasticity not exceeding 10%.
On the contrary, the FOSD is inaccurate in predicting shear stress for all cases; for
the high FSCRs and low LTRs, the FOSD stress values are, again, many orders of
magnitude that of elasticity. This numerical assessment (although not exhaustive
since it considers a fixed face-sheet-to-total-thickness ratio f/hi;= 0.1 and does not
consider orthotropic materials) gives further insight into the accuracy of EHSAPT

with respect to elasticity.
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Table 4: Normalized shear stress, 7,./qp, at mid-core (x = a/2, z
R=FCSR/LTR

|FCSR | LTR | 4 \ 10 | 100 [ 1000 |

7.3F 401 R 18.25 7.3 0.73 0.073
elasticity 1.327 3.373 33.828 338.29

EHSAPT 1.327 3.373 33.828 338.29

FOSD 1.816 4.541 45.410 454.10

T3E + 04 R 18250 7300 730 73
elasticity 0.0602 0.7651 32.406 334.88

EHSAPT 0.0656 0.8217 32.501 334.89

FOSD 1.8164 4.5410 45.410 454.10

7.3E 4 06 R | 1.825E4-06 | 7.3E+05 | 7.3E4+04 | 7.3E403
elasticity | 6.300E-4 | 9.890E-3 7.657 324.05

EHSAPT | 6.890E-4 | 1.085E-2 8.229 325.01

FOSD 1.816 4.541 45.410 454.10

7.3E + 08 R | 1.825E+08 | 7.3E407 | 7.3E+06 | 7.3E+05
elasticity | 6.301E-6 | 9.914E-5 0.0990 76.575

EHSAPT | 6.894E-6 | 1.089E-4 | 0.1087 | 82.289

FOSD 1.816 4.541 45.410 454.10

3.3 Conclusions

0);

Results have been presented for the case of transverse loading of a simply supported

sandwich beam by comparison to the elasticity, the Classical sandwich beam theory,

the FOSD theory and the HSAPT model, see Frostig et al. [15], for different face sheet

and core material combinations. The results show that the present extended high-

order theory is very close to the elasticity solution in terms of both the displacements

and the transverse stress or strain, as well as axial stress through the core, and, in

addition, the shear stress distributions in the core for core materials ranging from

very soft to almost half the stiffness of the face sheets. In particular, it captures the

very large range of core shear stress and the nearly parabolic profile in the cases of

cores that are not “soft”.
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CHAPTER IV

STATIC GLOBAL BUCKLING

The solution procedure using EHSAPT to determine the global buckling behavior for
a general asymmetric sandwich beam/wide plate with different face sheet materials
and face sheet thicknesses is presented. We have used EHSAPT to solve for three

cases:

Case (a): The axial load is applied exclusively to the face sheets. Large displacements
in the core are neglected (linear strain-displacement relations are modeled in

the core).

Case (b): Uniform axial strain is imposed through the entire height of the beam.
Again, large displacements in the core are neglected (linear strain-displacement

relations are modeling in the core).

Case (c): Uniform axial strain is imposed through the entire height of the beam.
Now, large displacements in the core are considered (nonlinear strain-displacement

relations are modeled in the core).

Cases (a) and (b) make use of the general nonlinear EHSAPT formulation given
in Chapter 2, while case (c) involves including non-linear axial strains in the core
that were not in the original formulation. It will be shown that the critical global
buckling load is nearly identical for cases (a) and (c) for a range of core materials
and geometry configurations but case (a) loading involves a simpler solution process.
Moreover, this critical load is very close to the elasticity prediction. Therefore, this
chapter will show in detail the solution procedure for finding the critical load of the

case (a) loading.
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As a benchmark, an elasticity solution for the global buckling of a sandwich
beam/wide plate was presented by Kardomateas (2010) [24]. In this paper, two
formulas were found to be the most accurate (by comparing to elasticity). These
were (a) the formula derived by Allen (1969) [2] for thick faces (note that there also
exist a corresponding formula by Allen for thin faces, but this was less accurate) and
(b) the Engesser’s (1891) [10] critical load formula where the shear correction factor
used is the one derived for sandwich sections by Huang and Kardomateas (2002) [20].
The latter shear correction formula is not exclusively based on the shear modulus
of the core, but instead includes the shear modulus of the faces and the extensional
modulus of the core, therefore, it can account for sandwich constructions with stiffer
cores and/or more compliant faces. In the analysis we shall use the Allen’s thick
faces formula as a representative of the simple formulas to compare with the High
Order theory results. Frostig’s proof that this formula would be the direct result of
the HSAPT for the case of an incompressible core will also be shown.

First the solution procedure for solving cases (a), (b), and (c), respectively, for
a simply-supported sandwich beam with general asymmetric geometry is presented.
Then results are shown for a soft and a moderate core sandwich configurations with

symmetric geometry, followed by conclusions.

4.1 Three Solution Approaches

Here we make use of the static formulation of EHSAPT that is written out in terms

of its stress resultants and generalized coordinate (see Appendix C).

4.1.1 Case (a): Loading on the Face Sheets with Linear Axial Strains in
the Core

In this case, Nt and N® are applied on the top and bottom face sheets, respectively,
such that the axial strains are equal on the top and bottom faces, and the net axial

loading on each side of the beam is —P.
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Imposing the condition of the same axial strain and the condition that the sum
of the loads on the top and bottom face sheets equals — P provides two equations for

the unknown axial loads, which are found to be:

t tp . b_ b
Np——FLP, Np——liP, (34a)
where
ab at
t — - 11ftb ’ /fb — - llfbb ’ (34b)
ap fo +aiy fi ap fo +aiy fi

and a}; = 1/E! is the compliance constant of the corresponding face sheet (i = t,b).
The critical load for an asymmetric geometry and material configuration can be

determined using the perturbation approach:

N'(z) = N)(z) + {NK(z),  (i=t,b,c) (35a)
up(x) = up(w) + Eugy(2),  wy(z) = Ewp,(x) (i =1t.b) (35b)
M'(z) = EMi(x), (i=t,b,c) (35¢)

up(®) = Euge(x),  ¢5(x) = €9, (x),  wy = wi(x),  V(x) =EVi(x) . (35d)

The additional subscript p stands for primary, or the prebuckled state, while
the additional subscript s stands for secondary, or the perturbed state, and £ is an
infinitesimally small quantity.

By considering Eqns. (34) and substituting the displacements, the stress resultants

of the face sheets, Eqn. (35a), can be written as:
N’ = —k'"P 4 £ (CY, fiug, ) (i =t,b) (36)

We assume global buckling modes for the simply-supported beam, as follows:

tb,e _ rrtbec T . c _ HC T
ug, " = Uy cos— 5  ¢g, = Pcos — (37a)
a a
. X . T
wh = Whsin == w, = W¢sin — (37b)
a a
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Substitution of the secondary terms into the buckled state equations leads to seven

algebraic equations, and these are:

T cm? . . 4 . 2w .
duy : Uy (_3_00055 + @Cn> + Usy, (_5055 15a 2011>

o 4. 20271' . At . Ger® ft7T2
Cfbﬂ— c C ﬂ 3cf C 7T
—i—Wb( 70a 30 ) +Wi— ! Wt( 35t3 Ch + a) =0 (38a)
cfmd chim’ . o[ i s
Sw Ué’(70ta3011+772 >+U0(15tgcll )‘1“1)0(3;3011 7751

3cfm m C cfyfom? 72 2
t c b 33 c c c t
+U0<3530H o )*W (@‘ o Ch — ) W (5o Ch -

30f 37r4 7r2
t t c c t to

(38b)

1

b 3 t
NeT Cfbﬂ' c Cftﬂ' c NgT
+ WP ( Z [F3 CH) + Wt (Wcﬂ - 67) =0 (38¢)

. 4 . 2cm® . 8 o 16cm? . . 2emt .
oug : U(I; (_3_6055 15a 2011)+U0 (&C&s 15a2 C'11)+U0( 055 5a 2011)

c 4 .. 27 . . (8 . 167 . 4 . 277
5¢0 : Ug (5055 35 2 Cll)+® <EC55 105 2 Cll)+U8 (_5055 35 2 Oll)

b [(Com® . 773_” o [Achm N _7751_7T _
W ( 35a3 Chi = a ) +WO"< 3a W 35a? O a ) 0 (38d)

e b (1T e (Achim pim b e, T
i o (5) () o (3) e (s - 2

o8 .. 16er® . 4 . new?
+W0 <3_6033 15 2 055) - t <3_6033 + ’;_2) = O (386)
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47 6er® . 4 2en
5/&8 . U ( Ct + 2011 + fb a2 11) + UO (_§C55 Cll)

30c > " 35a 15a2
(4. 20T T . 3cfm® . T
o <SC55 T C“) +U5< 50055 * 354 20“) o (_ 307 ! _"§5>
we (Zg,) + wt chem e =0 38f
—Wo | P + Wy 2003 1ntn 2 = (38f)
3cfpmd . T o e . . [ EHm . T
5w8: U(I))( 35 3 Cll E) + UO ( 15 3 Cll > +(I)0n( 35 3 Cll 7745
cfb7T3 c m c 3Cf c 3 4 7T2
0 <_ 7008 O T ’735) +Wb< S + 033 70a? T T30t Ch g
c 4 c bﬂ-2 t 033 Cfbft’]r c T
W (‘@C%—W) W (E_ 1400t 11 Pz ) =0
(38g)

Notice that the loading P (eigenvalue) appears in the dwf Eqn. (38b) in the term
W and in the dwf Eqn. (38g) in the term W°.

The equations can be cast in matrix form:

2
{[Kuel = 55 1Ga) [ 1 U} = {0} (39)
[K1c] is a 7x7 matrix involving material stiffnesses and sandwich dimensions, and
each element is given in Appendix D. The subscript LC denotes that the sandwich
system has linear strains in the core. Later in this study another matrix, the Kyr¢
will represent additional terms that account for nonlinear axial strains in the core.
The loading vector is represented by |G,] = [0,0,0,0,k°P,0, k! P|, if the equations
of the system are written in the order of Equs. (16a), (13), (14), (11), (17a), (15),
(12a), respectively. Seven unknown displacement amplitudes make up the vector
{U} = UL, U, @5, UL, WP W, WHT. The critical load is determined by finding the
value of P for which the system has a nontrivial solution, or finding P by zeroing the

determinant:

det{[Kre] ~ TG 1]} =0 (10
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4.1.2 Case (b): Uniform Strain Loading with Linear Axial Strains in the
Core

In this case, both face sheets and the core have the same axial strain €., = o7, /C},

for : =t,b, ¢, and imposing that the net stress resultant at each end is — P, gives:

~ ~ - P
N = —k'P ; Nb = —x'P; n’=—k"—, (41a)
2c
where
b ¢ t c
t_ ay;afy fi b ayaiy fp
K_bt2 b ¢ t .c "Li_bt2 b ¢ t .c ’<41b)
ajyai 2¢ +ajyaiy fi +ayafy fi ajyaj 2c + ajyaiy fr +ajafy fi
t b
al,al2c
KC — 11%11 (410)

ajyai, 2 + afyaf, fi + afyaf fo

and a};, = 1/E! is the compliance of the top or bottom face or core (i = ¢, b, c).

When a uniform strain exists in the core, the face sheets have a nonzero transverse
displacement at the primary state, which is due to the Poisson’s effect on the core
during compression (as opposed to the previous case). Thus, the top and bottom
face sheets have primary state transverse displacements that are equal, yet opposite
in direction, i.e. w, and —w,, respectively; furthermore they are constant along x.
Moreover, when the loading is uniform strain, the axial displacement at the primary
state in the face sheets and the core is the same, denoted by w,. Therefore, in this

case the displacements in the perturbation approach are

up(w) = up(w) + Eup(z) (i =1b,c) (42a)
P5(7) = £, () (42D)

w'(z) = w, + EW(z) , (42¢)

wh(z) = Ewi,(x) (42d)

w(z) = —w, + EW(z) . (42e)
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Since the axial stresses at the primary state are

- , w
1 _ (2 . c _ c c D
Ohep = Clillpe » 1 =10 and op,, = Cliuy, + 5, (43a)

the following relations hold true at the primary state:
Cliflupe = —K'P; OV ffup., = —k'P; 205w, +2cC5uy, = —k°P . (43D)

These relationships are also confirmed by solving the pre-buckling state equations.
Substituting these displacements into the EHSAPT governing equations again,
leads to the same system of equations as for case (a), but this time the x* are given
by Eqn. (41b) and include the contribution of the core.
Therefore, the critical load can be determined by solving the buckled state Eqns.

(38) which can be set in the form:

(Kacl = LG TIHUY = o) (442)

where [K¢] is the same as that given in Case (a) because the core still has linear axial
strains, but now |G| = |0,0,0,0,k°P, 0, k' P| where the x'’s are those given in this
section, Eqns. (41b). Note that even though there is a distributed axial load on the
core, n® = —k°P/(2c), it is not present in the loading vector because nonlinear axial
strains in the core were neglected. Again, the critical load is determined by solving
the value of P which gives a nontrivial solution to the buckled state equations, i.e.

by zeroing the determinant:

det{[Kse] - TG 11} =0, (441)

4.1.3 Case (c): Uniform Strain Loading with Non-Linear Axial Strains
in the Core

If the nonlinear axial strain in the core is considered, the axial load appears in the

“buckled state” equations for the core as well. The nonlinear axial strain for the core
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18

€op(2,2) = u (2, 2) + % [wfm(x, z)]2 , (45)

The axial stress resultant N¢, Eqn. (29b) in Chapter 2, is based on the assumption
of linear strains for the core. When nonlinear strains are included in the core, the

following term is added to Eqn. (3):

c C e c c c
NNL = 1_5 11 2w?xw0,z - wi’cwfx + 2(?1]5;)2 + 2?1)0@?1]3; + 8<w0,x)2 + Q(wé,x)Q . (46)

Again, the moment stress resultant of the core M¢ Eqn. (29e) in Chapter 2, is
based on the assumption of linear strains for the core. When nonlinear strains are
included in the core, the following term is added to (29e):

2

M, = §—0 e (wh, —wt) (3uh, + 4w, +3ut,) . (47)

and involves many terms if expanded out in terms of the unknown displacement vari-
ables. We would like to note that the solution procedure for this case becomes quite
complicated because both primary and secondary unknown displacement variables
appear in the buckled state set of equations. Later the results section will show that
the extra work required to solve both sets of equations did not make significant gains
in accuracy. We shall summarize the solution procedure for this case, which involves
the perturbation approach with the same assumed deformation as in Case (b), and
neglecting higher order terms of £. The resulting buckled state equations is:

71.2

{IKrc] + [Bnrel = 5 1Ge][ T ]HU} = {0}, (48a)

where [K¢] is the same as in Cases (a) and (b), and [Kyrc] contains the addi-

tional terms that account for nonlinear axial strains in the core:
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o000 0 o0 0]
0000 O 0 0
. 0000 O 0 0
Kyie = (Ciiupe+Ciw) [000 000 0 0 0| - (48b)
0000 &+ £ -+
0000 & -2 2
0000 —% & |

Note that [Kyrc] depends on the primary state displacements, in particular, on
Up 5, (the z-derivative of the uniform axial displacement) and w, (the uniform trans-
verse displacement of the top face sheet due to the Poisson’s effect in the axially
loaded core), see case (b). The solution to the primary state displacements can be

obtained by solving the prebuckled-state equations and are:

k'P K'P K°P
Up = —C—hx =— i r=— cr x (48c¢)
cCf
wy, = —ajjup’x (48d)

Now that the nonlinear axial strain of the core is considered, not only the loading

on the face sheets but also the loading on the core appears in the force vector:
G.=10,0,0,0,s"P, x°P, k" P]" (48e)

Again, the critical load is determined by solving the value of P which gives a

nontrivial solution to the buckled state equations, i.e. by zeroing the determinant:

7'(2

det{[KLc] + [KNLC] - ?LGC“ 1 ]} =0. (48f)

Finally, it should be noted that the solution procedure results in a usual eigen-
value problem and subsequently zeroing out a determinant. For Cases (a) and (b),
this results in a characteristic equation that is quadratic in P, and for Case (c) it

results in a cubic equation in P.
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4.2 Numerical case study

We consider a sandwich configuration with symmetric geometry (f; = f, = f) and
same face sheet material, leading to the loading condition Nt=Nb= —P/2 on the top
and bottom face sheets for Case (a) (loading on face sheets) and N* = N* = —x/ P
and n¢ = —k°P/(2¢c) for Cases (b) and (c) (Uniform Strain, Linear and Nonlinear
Core, respectively), where the x’s are given in Eqns. (41b) and (41c).

Two material system sandwich configurations will be considered: (i) carbon/epoxy
unidirectional faces with hexagonal glass/phenolic honeycomb, which represents a
sandwich with a very Soft Core (axial stiffness of core very small compared to that
of the face sheets, ES/E/ < 0.001) and (ii) e-glass/polyester unidirectional faces with
balsa wood core, which represents a sandwich with a Moderate Core (E$/E{ on the
order of 0.01). The moduli and Poisson’s ratios for these materials were given in
Table 1 of Chapter 3.

The total thickness is considered constant at h;; = 2f + 2¢c = 30 mm, the length
over total thickness a/h;,; = 30, and we examine a range of face thicknesses defined
by the ratio of face sheet thickness over total thickness, f/h;., between 0.02 and 0.20.

The results will be produced for (i) the simple sandwich buckling formula of Allen
(thick faces version), which has been proven to be the most accurate among the simple
sandwich buckling formulas, and which considers the transverse shear effects of the
core, (ii) the High Order Sandwich Panel theory (HSAPT), which takes into account
the core’s transverse shear and also the core’s transverse compressibility effects but
neglects the core’s axial stiffness effects and (iii) the present Extended High Order
Sandwich Panel Theory (EHSAPT), which takes into account all three effects, namely
the core’s transverse shear and transverse compressibility effects as well as the core’s
axial stiffness effects. The benchmark values are the critical loads from the elasticity
solution (Kardomateas, 2010) [24]. The global critical loads for the Allen thick faces

formula and the HSAPT are given in Appendix E. The results are normalized with
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the Euler load, Pgq:
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Figure 10: Percent Error (from elasticity) for the Critical Load of the various theories
for the case of Soft Core and length a = 30h;;.

Figure 10 shows the comparison of the theories to elasticity for the case of Soft

Core and length ratio a/h;;=30, as an Error %, calculated as

Pcr eor _Pcreas ici
Error% = —<htheory clasticlty 100 . (49b)

Per clasticity
We can see that the errors are of the order of £0.5%, very small, i.e. for this
sandwich configuration all predictions are very close to the elasticity. For this mate-
rial system, the Allen thick faces formula, the HSAPT and the EHSAPT Cases (a)
(Loading on Faces, Linear Core) and (c) (Uniform Strain, Non-Linear Core) are all
conservative and give practically identical results for the entire range of face sheet

thicknesses. On the contrary, the EHSAPT Case (b) (Uniform Strain, Linear Core)
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approach is less conservative and even becomes non-conservative for the very small ra-
tios of f/hio. It should also be noted that the critical loads are significantly less than

the Euler critical load, thus showing the importance of transverse shear in sandwich

structures.
14 ,
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Figure 11: Critical Load (normalized with the Euler load) for the various theories
for the case of Moderate Core and length a = 30h.

Figure 11 shows that for the Moderate Core sandwich and length ratio a/h,=30,
the theories diverge as the face sheet thickness becomes thinner compared to the
overall thickness of the sandwich cross-section. The Allen’s formula and the HSAPT
give almost identical results and are the most conservative and can be as much as
15% below the elasticity value. The EHSAPT Cases (a) (Loading on Faces, Linear
Core) and (c) (Uniform Strain, Non-Linear Core) are the most accurate, within 1% of
the elasticity value, and on the conservative side. The EHSAPT Case (b) (Uniform

Strain, Linear Core) is quite non-conservative, and can be as much as 40% above the
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elasticity value, i.e. it is the most inaccurate. This result shows the importance of
including the nonlinear axial strain in the core for the actual uniform strain loading
solution. However, it is also remarkable that the simplified approach of Case (a)
(Loading on Faces, Linear Core) is identical to the most complex approach taken

with the EHSAPT Case (c¢) (Uniform Strain, Non-Linear Core).

14 |
o : —&— Elasticity

X . . -E— EHSAPT. Case (c)

13 oo S S A — — EHSAPT, Case (b)

’ : ! --%--EHSAPT, Case (a)
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Figure 12: Critical Load (normalized with the Euler load) for the various theories
for the case of Moderate Core and length a = 20h;..

Figures 12 and 13 show the effect of length for the Moderate Core configuration,
i.e. results for a/hy,; = 20 and 10 respectively. For these shorter beam configurations,
the EHSAPT Cases (a) and (c) are consistently close to the elasticity solution for the
entire range of the face sheet thicknesses, and stay within about 1% error, i.e the most
accurate. The other theories all diverge from elasticity for small f/h;,. The Allen
thick faces formula and the HSAPT are again identical and most conservative, and the

EHSAPT Case (b) is again non-conservative and most inaccurate. Moreover, as the
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Figure 13: Critical Load (normalized with the Euler load) for the various theories
for the case of Moderate Core and length a = 10h;..

beam length decreases, in all cases the predictions become somewhat less conservative.
For the soft core configuration the EHSAPT, HSAPT, and Allen formula all predict
practically the same critical load for all three length cases examined.

Thus, we can conclude that, when we deal with the critical load of sandwich
structures, the present EHSAPT produces results very close to the elasticity for a
wide range of cores, as opposed to the other theories of formulas, which seem to be
accurate only when the core is very soft. It is important, however, how this theory
is implemented, in the sense that this high accuracy is obtained for either Case (a)
(Loading on Faces, Linear Core) or Case (c¢) (Uniform Strain, Non-Linear Core), but
not for Case (b) (Uniform Strain, Linear Core).

An argument that explains the apparent inaccuracy of Case (b) can be made as

follows: In Case (b), loads are distributed to both the faces and the core, but the

46



load vector G, has only the stress resultants from the faces and does not have a
contribution from the core, thus the loads of GG, would sum to a value less than the
applied load P. On the contrary, in Case (c), the load vector G, has stress resultants
from both faces and the core (because now nonlinear strains are considered in the
core) and these stress resultants would sum to P. In Case (a), loads were only applied
to the faces, so although the load vector GG, contains only the stress resultants in the
faces, these would again sum up to P.

Finally, a common observation in all these plots is that the Allen thick faces
formula and the HSAPT give almost identical predictions. In fact, it can be proven
that the HSAPT critical load resuces to that of the Allen thick faces formula if only
transverse shear effects are included (i.e. the HSAPT applied without the core’s

transverse compressibility effects). This derivation is outlined in Appendix E.

4.8 Conclusions

The following conclusions are drawn by comparing the critical loads from these dif-

ferent theories to the benchmark critical load predicted by elasticity:

(1) The EHSAPT Cases (a) (Loading on the Faces and Linear Core) and Case (c)
(Uniform Strain, Non-Linear Core) are nearly identical for both the Soft Core

and Moderate Core configurations.

(2) For the Soft Core sandwich configurations (ES/E/ < 0.001) all three theories
(Allen thick faces formula, HSAPT and EHSAPT) predict the critical load

within 1% of the critical load from elasticity.

(3) For the Moderate Core sandwich configurations (E¢/E{ < 0.01), the EHSAPT
Cases (a) (Loading on the Faces and Linear Core) and Case (c) (Uniform Strain,
Non-Linear Core) are consistently within about 1% of the critical load from

elasticity. On the contrary, the Allen thick faces formula, the HSAPT, and the
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EHSAPT Case (b) (Uniform Strain and Linear Core) diverge from elasticity for
smaller f/hy;. But the Allen thick faces formula and the HSAPT, diverge to
more conservative values whereas the EHSAPT Case (b) (Uniform Strain and
Linear Core) diverges to more nonconservative values for the smaller values of
the ratio f/hiy (i.e. thinner faces). The latter is also the least accurate and

can be in significant error for these small f/hyy ratios.

(4) In applying the various theories, it is important how the compressive loading
is implemented, in the sense that Loading on the Faces with a Linear Core
assumption gives almost identical results to the most complex case of Uniform
Strain loading and a Non-Linear Core assumption, but certainly not for Uniform
Strain loading and Linear Core assumption, for which quite inaccurate results

can be obtained for moderate cores.
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CHAPTER V

STATIC WRINKLING

The core compressibility has an important influence in the phenomenon known as
face wrinkling or local buckling. Wrinkling is a local instability phenomenon char-
acterized by short-wave buckling of the faces as opposed to global column buckling
(Euler buckling) as depicted in Figure 14. Typically, wrinkling loads are lower than
Euler Global buckling loads when the face sheets are very thin compared to the over-
all thickness of the panel. Wrinkling modes can be either symmetric or asymmetric

as shown in Figure 14. Several formulas can be found in literature for the critical
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Figure 14: Global Buckling vs Wrinkling.

wrinkling load. A whole chapter is devoted to these different formulas in Carlsson
and Kardomateas [6]. Most notable among the simple formulas is the Hoff-Mautner
formula [18] and the Allen [2] formula and the former will be used in comparing with
our results.

Another relevant study is an analytical model derived by Vonach and Rammer-

storfer [39] that leads to a single explicit equation for the critical wrinkling load
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of sandwich plates with isotropic faces and thick orthotropic cores. The authors
performed a parametric study which showed that for highly orthotropic cores (e.g.
honeycombs) wrinkling depends strongly on the in-plane stiffness of the core. Their
results matched numerical solutions well for very thick cores that can be assumed
infinitely thick, and no interaction between the face sheets exist. This finding is
important because the main difference between the recent EHSAPT and the earlier
HSAPT is that the latter does not account for the in-plane stiffness of the core.

Validation of the wrinkling results from the high order theories can be achieved
by comparing to the elasticity solution for the wrinkling of a sandwich beam/wide
plate, which was derived by Kardomateas [23]. In addition, validation can be achieved
by comparing to experimental wrinkling loads. Historically, the success of compar-
isons of experimental results to analytical wrinkling models has been limited. Several
semi-empirical derivations have been compared to various sandwich structure exam-
ples however obtaining good correlation has been hampered by inadequate testing
conditions, conservative material assumptions and manufacturing flaws [26]. Due
to the sensitivity of buckling instability to the bond between the face sheet and core
constituent, many aspects of material manufacturing and specimen preparation affect
the variations in test results for determining the critical wrinkling stress. Wrinkling
failure is a common failure mode for sandwich structures with thin face sheets and
lightweight cores. During experimental tests sandwich structures may display no or
little post wrinkling load capacity, therefore catastrophic failure is common. Addi-
tionally, wrinkling refers to a local instability where the buckling wavelengths are
typically less than the core thickness, making detection and capture of such buckling
modes difficult.

In this section the critical wrinkling load is determined using the nonlinear dif-
ferential equations of the new EHSAPT. The case study of a simply supported (S-S)

sandwich beam undergoing compressive edgewise loading with symmetric geometry
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and same face sheet materials is used for validation with two different experiments.
The first set of these experiments was performed recently by Postdoctoral student
Nathan Bailey and Senior Research Associate Dr. Mark Battley at the Center for
Advanced Composite Materials (Auckland University, Auckland, NZ) using a thin
skin sandwich structure commonly used in interior aircraft structures, namely Glass
Face/Nomex Honeycomb Core. The second set of experiments are the ones performed
by Norris et al [29] Aluminum face/Granulated-cork core specimens.

In section 4 the global buckling of sandwich beams,/ wide panels using three dif-
ferent solution procedures were presented using the EHSAPT [32]. It was found that
the EHSAPT Cases PFLC (Loading on Faces, Linear Core) and USNLC (Uniform
Strain, Non-Linear Core) are nearly identical for both the soft Core and moderate core
configurations and both are very close to elasticity predictions whereas case USLC
(Uniform Strain, Linear Core) diverges from elasticity to more nonconservative values
for moderate cores. These loading conditions are depicted in Figure 15.

This section presents the EHSAPT wrinkling formulations. Two methods of solv-
ing the EHSAPT differential equations for wrinkling were undertaken, the PFLC
(Loading on Faces, Linear Core) and USNLC (Uniform Strain, Non-Linear Core) as
described above. The two methods were investigated to see if the two approaches
would result in different wrinkling loads. Next the simple wrinkling formulas that
will be used for comparison are described. The results from the EHSAPT are com-
pared with these simple wrinkling formulas, as well as with the critical wrinkling
loads from elasticity. Moreover, compression experiments were recently conducted on
Glass Face/Nomex Honeycomb Core by Mr. Nathan Bailey and Dr. Mark Battley at
the Center for Advanced Composite Materials at University of Auckland, NZ. Their

experimental test setup is described followed by the results and conclusions.
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Figure 15: The two loading cases: (a) Loading on Faces, Linear Core (PFLC); (b)
Uniform Strain, Nonlinear Core (USNLC).

5.1 Two solution approaches using EFHSAPT

In Chapter 4 the critical global buckling load was determined using EHSAPT. The
two most accurate approaches were case (a), in which concentrated compressive loads
were applied on the face sheets and the linear strains in the core were used, and
case (c), in which an edgewise loading was applied throughout the height of core
and nonlinear axial strains had to be taken into account in order to provide accurate
results. These two solution approaches are used again, now for the study of high-order

wrinkling. In this chapter case (a) is referred to as the PFLC approach for loading P
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on the Face sheets and having Linear strains in the Core, see Figure 15a. Case (c) is
referred to as USNLC for Uniform Strain loading and NonLinear strains in the Core,
see Figure 15b.

The PFLC and USNLC solution approaches are exactly the same as that de-
scribed in sections 4.1.1 and 4.1.3, respectively, except that the global buckling mode
described by terms Z from the trigonometric functions that describe the buckled
shape need to replaced with the high-order wrinkling mode **. The wave number n
is the number of half-sine waves that would appear in the wrinkled shape once the
sandwich beam/ wide panel has reached its critical load. In order to find out the
critical wrinkling load and mode, the solution to n = 1 to a high enough value N
needs to be solved and sorted. The lowest load and its corresponding mode number

is the critical condition at which the beam/ wide panel will wrinkle.

5.2 Critical Wrinkling Load from the HSAPT and other
Wrinkling Formulas

The wrinkling formulas from HSAPT are derived in [13]. In the case of a symmetrical
construction in which the two skins are identical, the symmetric wrinkling critical load

from the HSAPT in is:

_ 2[ES, +c (EI) ol (50a)

2
cog

Pcr,HSAPT,symm

where

EI=FEl /)12, a,=nn/a. (50b)
In the case of antisymmetric wrinkling, the critical load from the HSAPT is:

(20)2G§1n27r2 Pey Pff
1+ [1 + 12E5a? P. PP

Pcr,HSAPT,antisymm = Pe - s (51&)
14 [1 I (20)122%??1;;%2] (Pe;fef)
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P, = E}, — {E 5 ] , (51b)
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Among the other simple wrinkling formulas, which are outlined in Carlsson and

Kardomateas [6], Hoff and Mautner’s formula is mostly known and used in the form:

Oer,Hof fMautner = 0.5( B, B53G5) M) (52)

where the critical stress refers to the face sheets. The cubic root form of the Hoff-
Mautner equation was derived using an energy approach for the problem of symmetric
wrinkling of a sandwich (with isotropic material and neglible axial rigidity in the core).
The theoretical approach led to a coefficient of 0.91 in front of the cubic root of the
Hoff-Mautner formulation Hoff and Mautner (1945) [18]. However, a conservative
version of the formula with a coefficient of 0.5 instead of 0.91 is commonly used. The
formula is independent of the sandwich geometry and mode of wrinkling, and has
been used as a wrinkling failure approximation for sandwich design. As can be seen
in Hoff-Mautner’s simple formula the transverse stiffness of the core in particular is
critical in improving the susceptibility of a sandwich material to wrinkling failure.
For the case of uniform strain loading on a sandwich with a symmetric configura-

tion, the Hoff-Mautner critical load can also be expressed as

Pcr,HoffMautner = Ocr,HoffMautner(sz) (53)

i.e., the entire load is assumed to be carried by the face sheets.

5.3 Comparison of Theories with elasticity

An elasticity solution to the wrinkling phenomenon of a simply supported sandwich
beam was presented by Kardomateas [23]. This elasticity solution can serve as a
benchmark to determine the accuracy of the different sandwich beam/ wide panel
theories and simple wrinkling formulas.

Tables 5 through 8 give the critical loads (normalized with the Euler load) for

sandwich beams with length ratio a/hi,; = 5 and varying thickness ratios f/hio,
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where h;y = 2(f + ¢) is the total beam thickness. The four tables correspond to the
following material configurations: Isotropic face and core with E;/E.=1,000, Isotropic
face and core with E;/E.=500, E-glass/polyester faces with PVC/R75 foam core, and
graphite/epoxy faces with glass/phenolic honeycomb core, respectively. These tables
compare the elasticity results to the wrinkling predictions from the two methods of
EHSAPT (PFLC and USNLC), the HSAPT, and the Hoff-Mautner (semi-empirical
constant=0.5). The tables also show the mode and percent Error with respect to
elasticity.

Table 5: Critical loads for £;/E,=1,000; normalized with the Euler load (w/o shear).

Superscripts a and b are for method PFLC and USNLC, respectively. A and S in the
wave numbers stand for Anti-symmetric and Symmetric, respectively

f/hior | elasticity | Hoff HSAPT | EHSAPT® | EHSAPT®
(n) (n) (n) (n) (n)
(Error%) | (Error%) | (Error%) | (Error%)
0.01 0.07381 0.04038 0.02654 0.07909 0.08228
(A24) (27) (S20) (A22) (A22)
(-45.3%) | (-64.0%) | (+7.2%) (+11.5%)
0.02 0.07393 0.04154 0.03902 0.07080 0.07212
(A12) (13) (S12) (A12) (A12)
(-43.8%) | (-47.2%) | (-4.2%) (-2.5%)
0.03 0.07288 0.04251 0.04945 0.06967 0.07040
(AT) (9) (S9) (A8) (A8)
(-41.7%) | (-32.2%) | (-4.4%) (-3.4%)
0.04 0.06489 0.04345 0.05900 0.06389 0.06391
(A1) (7) (S7) (A1) (A1)
-(33.0%) | (-9.1%) (-1.5%) (-1.5%)
0.05 0.05411 0.04439 0.05336 0.05336 0.05337
Ay () (A Ay (A1
(-18.0%) | (-1.4%) (-1.4%) (-1.4%)

For Tables 5 and 6, results are produced for the following configuration: isotropic
faces and core with £/ E,=1,000 and 500, vy = 0.35 and v. = 0. Table 7 gives results
for E-glass/polyester unidirectional facings and R75 cross-linked PVC foam core with
the facings moduli (in GPa): E/ =40, Ef = Ef =10, G}, = 3.5, GI, = G, = 4.5;

and the facings Poisson’s ratios: 1/{2 = 0.26, ygg = 0.40, Vgl = 0.065. The PVC core
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Table 6: Critical loads for £y/E,=500; normalized with the Euler load (w/o shear).
Superscripts a and b are for method PFLC and USNLC, respectively. A and S in the

wave numbers stand for Anti-symmetric and Symmetric, respectively

f/hior | elasticity | Hoff HSAPT | EHSAPT® | EHSAPT®
(n) (n) (n) (n) (n)
(Error%) | (Error%) | (Error%) (Error%)
0.01 0.1222 0.0631 0.0370 0.1370 0.1479
(A30) (34) (S24) (A26) (A26)
(-48.4%) | (-69.8%) | (+12.1%) (+21.1%)
0.02 0.1210 0.0654 0.0548 0.1162 0.1207
(A15) (17) (S14) (A15) (A15)
(-45.9%) | (-54.7%) | (-4.0%) (-0.3%)
0.03 0.1211 0.0672 0.0698 0.1143 0.1169
(A10) (11) (S11) (A10) (A10)
(-44.5%) | (-42.3%) | (-5.6%) (-3.4%)
0.04 0.1188 0.0687 0.0836 0.1128 0.1144
(AG) (9) (S9) (A7) (A7)
(-42.1%) | (-29.6%) | (-5.0%) (-3.7%)
0.05 0.1027 0.0703 0.0962 0.1003 0.1003
(A1) (7) (S7) (A1) (A1)
(-31.6%) | (-6.3%) | (-2.3%) (-2.3%)

is isotropic with modulus £ = 0.075 GPa and Posson’s ratio v = 0.3. The axial
modulus ratio of the facings and the core is close to 500. In general, we can make the
following conclusions for the isotropic core case:

(1) Sandwich structures will exhibit local wrinkling as f/h;,; becomes small (i.e. sand-
wiches with relatively thin faces), and global buckling as f/h,; becomes bigger (i.e.
sandwiches with relatively thick faces).

(2) The semi-emprical Hoff-Mautner formula is always very conservative between 18%
to 50% under that of elasticity.

(3) The HSAPT is inaccurate in predicting wrinkling loads for sandwiches with very
thin faces, underpredicting the critical load by as much as 70% for the more moder-
ately stiffer core configuration with E;/E. = 500 and f/h = 0.01.

(4) The EHSAPT is the more accurate with the USNLC approach (Uniform Strain,

Nonlinear Core) predicting slightly higher critical loads than the PFLC approach
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Table 7: Critical loads for E-glass/polyester faces and PVC/R75 foam core; normal-
ized with the Euler load (w/o shear). Superscripts a and b are for method PFLC and
USNLC, respectively. A and S in the wave numbers stand for Anti-symmetric and

Symmetric, respectively

f/hior | elasticity | Hoff HSAPT | EHSAPT® | EHSAPT®
(n) (n) (n) (n) (n)
(Error%) | (Error%) | (Error%) (Error%)
0.01 0.10230 0.05549 0.03586 0.10775 0.11583
(A30) (32) (S523) (A25) (A25)
(-45.8%) | (-65.0%) | (+5.3%) (+13.2%)
0.02 0.10120 0.05749 0.05307 0.09593 0.09932
(A15) (16) (S14) (A14) (A14)
(-43.2%) | (-47.6%) | (-5.2%) (-1.9%)
0.03 0.10080 0.05898 0.06751 0.09533 0.09720
(A9) (11) (S10) (A9) (A9)
(-41.5%) | (-33.0%) | (-5.4%) (-3.6%)
0.04 0.09096 0.06035 0.08080 0.08953 0.08957
(A1) (8) (S8) (A1) (A1)
(-33.6%) | (-11.2%) | (-1.6%) (-1.5%)
0.05 0.07596 0.06170 0.07486 0.07495 0.07497
A1) |6  |(A) | (A]) (A1)
(-18.8%) | (-1.4%) | (-1.3%) (-1.3%)

(Loading on Faces, Linear Core). In general, USNLC is more accurate the PFLC
when the beam wrinkles for all f/h;, other than 0.01. The deviation from elasticity
for the USNLC is no more than about 4%. (7) The EHSAPT PFLC approach has
good accuracy for the range of thickness ratios with at most 12% Error for the ex-
treme case of f/h;, = 0.01 for isotropic face and core with Ey/E,=500 (Table 6).

(8) The HSAPT predicts symmetric wrinkling modes, while the EHSAPT predicts

antisymmetric wrinkling modes, similar to elasticity.

Table 8 gives results for graphite/epoxy unidirectional facings and hexagonal
glass/phenolic honeycomb core with the facings moduli (in GPa): Ef = 181, EJ =
E] =103, G}, =

5.96, G{Q = G§1 = 7.17; and the facings Poisson’s ratios:

vi, = 0.28, vy, = 0.49, v, = 0.0159. The honeycomb core moduli are in (GPa):
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Table 8: Critical loads for graphite/epoxy faces and glass/phenolic honeycomb core;
normalized with the Euler load (w/o shear). Superscripts a and b are for method
PFLC and USNLC, respectively. A and S in the wave numbers stand for Anti-
symmetric and Symmetric, respectively

f/hiot | elasticity | Hoff HSAPT | EHSAPT® | EHSAPT®
(n) (n) (n) (n) (n)
(Error%) | (Error%) | (Error%) (Error%)
0.01 0.07037 0.04277 0.03947 0.07099 0.07147
(A26) (15) (S24) (A25) (A25)
(-39.2%) | (-43.9%) | (+0.9%) | (+1.6%)
0.02 0.06552 0.04371 0.05773 0.06506 0.06517
(A1) | () S14) | (A9) (A9)
(-33.3%) | (-11.9%) | (-0.7%) (-0.5%)
0.03 0.04576 0.04463 0.04558 0.04559 0.04559
AD) | () (A1) | (A1) (A1)
(-2.5%) (-0.4%) | (-0.4%) (-0.4%)
0.04 0.03577 0.04556 0.03564 0.03564 0.03564
AD (@A) | (A1) (A1)
(+27.4%) | (-0.4%) | (-0.4%) (-0.4%)
0.05 0.02988 0.04652 0.02978 0.02978 0.02978
(A1) (3) (A1) (A1) (A1)
(£55.7%) | (-0.3%) | (-0.3%) (-0.3%)
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Ef = E5 = 0.032, £ = 0.390, G5 = G5; = 0.048, G, = 0.013; and the core Posson’s
ratio v§; = v§, = v5; = 0.25. For this orthotropic core case, the following observations
are made:

(9) According to elasticity, the beam wrinkles only at f/h;,; = 0.01 and globally
buckles for the relatively thicker faces.

(10) The semi-empirical Hoff-Mautner formula is always very conservative with re-
spect to elasticity when the beam wrinkles, but can be nonconservative when the
beam globally buckles (it would not be expected to be applicable for global buckling,
anyway).

(11) The HSAPT is very conservative when the beam wrinkles, but becomes more
accurate for thicker faces.

(12) The EHSAPT (both PFLC and USNLC approaches) is very accurate even at

the extreme case of f/h;; = 0.01.

The wrinkling results display some trends that were seen when studying the global
buckling phenomenon in Phan et al [32], such as that the HSAPT tends to become
less accurate and underpredicts critical loads for very thin faces, and that both the
HSAPT and the EHSAPT (PFLC and USNLC) converge for thicker faces (bigger
f/hiot). The discrepancy between HSAPT and EHSAPT for very low f/hyy (when
the beam is most susceptible to wrinkling), but convergence for higher f/h;,; (when
the beam tends to globally buckle), indicates that including the axial rigidity of the
core is important during wrinkling. Though both high order theories have the same
order of displacements in z in the core, the theories differ in shear stress distribution
through the core. The HSAPT ignores the axial rigidity of the core, which makes
the shear stress through the thickness constant. The EHSAPT accounts for the axial
rigidity in the core and the shear stress is parabolic. In Kardomateas [23], the most

accurate formula for wrinkling of isotropic faces and cores was that of Goodier and
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Neou [17], which accounts for the compressive axial stress in the core. However the
Goodier and Neou formula no longer exhibited good accuracy when the phases were

orthotropic. The EHSAPT, however, can show good accuracy in these cases.

5.3.1 Experimental Study

= Resin depth
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Figure 16: Details of the Test setup.

Sandwich construction consisting of a Nomex honeycomb core with a glass fiber
and phenolic resin face sheet are common in aerospace applications. The material
for this study is a beam/ wide panel consisting of 0.5 mm thick glass-phenolic face
sheets (L528-7781) and a 24.4 mm Nomex honeycomb core (HRH 10-3.0). Sandwich
beams/ wide panels were manufactured using layers of honeycomb core, adhesive
and pre-impregnated face sheets, which are consolidated in a heated press. Due to
the nature of honeycomb the core properties are anisotropic with a large transverse
stiffness compared to the in-plane properties. The stiffer ribbon direction of the
core was aligned with the loading or compression direction for all tests. Specimen
geometry is shown in Figure 16 and illustrates the area of core removed and replaced
with epoxy resin. This region of potting was required to prevent edge failure of the

structure during loading whereby the face sheet delaminates from the core at the
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Table 9: Material and Geometry Data for Glass-Phenolic Face

Honeycomb Core Sandwich

sheet and Nomex

Face sheet Core

Glass-Phenolic | Nomex Honeycomb 1/8-3.0
Thickness, mm 0.5 24.4
Width, mm 75 75
Length, mm 115 115
E,, MPa 22000 0.44
Es5, MPa 22000 0.29
Es5, MPa - 138
Glg, MPa - 40
Ggg, MPa - 25
V13 - 0.01
V31 - 3.136
Longitudinal Tensile Strength oy, MPa 300 -
In-Plane Transverse Tensile Strength oo, MPa | 300 -
Compressive Out-of-plane Strength o3, MPa | - 2.3

boundary due to the contact with the loading platen at this point. Premature edge
failure occurs at a significantly lower load than the anticipated failure mode of skin
wrinkling. After the edges were plotted they were post machined to ensure the ends
were parallel and square. The data for the materials used are in Table 9.

The residual strength testing was carried out using an edgewise compression test
method ASTM C364-07. The test fixture shown in Figure 16 was made of two identi-
cal loading plates with bars to lightly clamp the specimen to assist in preventing end
failures. A spherical head was used to evenly distribute the load over the top plate.
The load was applied at a displacement rate of 0.5 mm/min and wrinkling failure
occurred within three to six minutes.

Seven specimens were instrumented with strain gauges to measure longitudinal
or compressive strain in the center of the face sheets during edgewise loading. The
purpose of the direct strain measurement was to ensure even distribution of the load
between the face sheets. Strain was recorded to the data acquisition program in

real-time. Prior to testing, a 50 N compressive pre-load was applied and the strain

61



Table 10: Wrinkling Experiments on Glass Face/ Nomex Honeycomb Core Sandwich
specimens and comparison with theories. Superscripts a and b are for method PFLC
and USNLC, respectively. A and S in the wave numbers stand for Anti-symmetric

and Symmetric, respectively
Sample | Wrinkling Load (kN)

1 17.161
17.006
18.659
17.278
18.644
18.072
17.489

N O U W N

(Standard Deviation)

Average Experimental | Hoff-Mautner | HSAPT | EHSAPT (PFLC) | EHSAPT (USNLC)

17.758 18.57 15.281 | 17.158 17.164
(0.646) (4.6%) (-13.9%) | (-3.4%) (-3.3%)
(S17) | (S16) (S16)

in each face sheet was measured. The spherical head was then adjusted until the
strain distribution between the face sheets was within 5%. This pre-load ensured
that a more even loading distribution of the face sheets was achieved. Without this
pre-loading alignment, and adjustment of the spherical head, the average critical load
reduced by 12%.

Table 10 shows the measured critical loads P for the 7 specimens tested. The
average compressive critical load was 17.8 kN with a standard deviation of 0.646 kN.
The onset of wrinkling failure was catastrophic. The specimens were examined after
failure and the face sheets were observed to have failed between the loading platens
with a crack propagating from one edge of the specimen. It is believed that wrinkling
was the cause of failure and not face crushing because the compressive stress in the
face at the time of failure was 22% below the yield strength of the virgin face sheet
material. The variation in critical load was also very good with only a 3.6% coefficient
of variation from the seven tests (attributed to the careful alignment of the loading

platens via strain measurement). Though the variation in critical load among the

62



seven specimens was small, scatter in the experimental results may be due to the
slight waviness of the face sheets that occur during manufacturing process of the
sandwich specimens.

In Table 10, the experimental results are compared with the predictions from the
various approaches. It should be noted that the theories do not take into account ini-
tial imperfections such as waviness of the faces that can occur during manufacturing.
Therefore perfect agreement between experiment and theory is not to be expected.
Yet, both EHSAPT approaches are remarkably close to the experimental data and
provide the most accurate predictions compared to all other available approaches. In
particular, the Hoff-Mautner’s conservative formula predicts a nonconservative crit-
ical stress in the face sheets, and is within 4.6% error. Both the HSAPT and the
EHSAPT predict the wrinkling mode to be symmetric and conservative loads. How-
ever, the EHSAPT is closest to experiments (within 3.4% error for both approaches),

while the HSAPT is more conservative (underpredicting by about 14%).
5.3.2 Comparison with Wrinkling Tests in the Literature

Experimental wrinkling stresses of sandwich beams/ wide panels with 24ST clad alu-
minum face sheets and granulated-cork core (with 0.35 specific gravity) are reported
in Norris et al [29] for three different geometric core-to-facesheet thickness ratios of
2¢/f = {3.63, 2.87, 3.85}. The aluminum face sheets had a modulus E/ = 107 psi,
and the granulated-cork core had the following mechanical properties: Ef = 1.18
ksi, B = 0.52 ksi, G§; = 0.33 ksi and v§; = 0.06. The widths of all the specimens
were 2 inches. For a given sandwich configuration, only specimens that had the same
exact lengths were considered for comparison. Only 3 specimens had a length of
3.63 inches for the 2¢/f ratio of 3.63, while there were 5 specimens each for config-
urations with 2¢/f of 2.87 and 3.85. This set of experimental data was chosen for

comparison because it is known that wrinkling was the cause of failure and the tests
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Table 11: Comparison of the Theories with the Wrinkling Experiments of Norris et
al (1961) [32]. Aluminum Face/Granulated-Cork Core

Ratio Exper. | Hoft- HSAPT EHSAPT | EHSAPT
face core 2¢/f | Length | Avg. Mautner (PFLC) (USNLC)
f, in. | 2¢, in. a, in. | o, ksi| oe., ksi Oer, Ksi Oer, Ksi Ocr, Kksi

(% Error) | (% Error) | (% Error) | (% Error)
(n) (1) (1)
0.0196 | 1 51.0 | 3.63 9.817 5.986 8.264 8.51 8.491
(-39.0%) | (-15.8%) | (-13.3%) | (-13.5%)
(S4) (A2) (A2)
0.0120 | 0.75 62.5 | 2.87 10.422 | 5.986 7.452 9.19 9.175
(-42.6%) | (-28.5%) | (-11.8%) | (-12.0%)
(S5) (A4) (A4)
0.0120 | 1 83.3 | 3.85 10.418 | 5.986 6.492 9.61 9.597
(-42.5%) | (-37.7%) | (-7.8%) (-7.9%)
(S6) (A6) (A6)

had good repeatability; the standard deviation is no greater than 0.78 ksi for all 3

configurations.

Table 11 shows the average wrinkling stress in the faces from the experiments

as well as those predicted from Hoff-Mautner, HSAPT, and EHSAPT (both PFLC
and USNLC methods). The Hoff-Mautner is very conservative (generally about 40%
lower) and is the same for the three configurations because the formula is independent
of the geometry. The EHSAPT is in best agreement with the experimental data,
staying within 14% of the experimental results for the three configurations and is
always conservative. Moreover, both EHSAPT approaches are close to each other for
all three configurations. The HSAPT is less accurate, being as much as 38% below
the experimental data and becomes less accurate as the ratio of 2¢/f increases. The
predicted mode of the high-order theories are also shown in parenthesis. S and A
stand for symmetric and antisymmetric, respectively, and is followed the by the semi-
wave number. The HSAPT predicts symmetric wrinkling mode, unlike the EHSAPT,

which predicts antisymmetric wrinkling.
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5.3.3 Conclusions

The wrinkling predictions of the EHSAPT, the earlier High Order Sandwich Panel
theory (HSAPT), and the Hoff-Mautner’s semi-empirical formula are compared with
(a) predictions from elasticity and (b) wrinkling experiments. Two experimental sets
are chosen for comparison: one set is experiments conducted by the authors on Glass
face/Nomex Honeycomb core sandwich specimens and the other set is experiments
from the literature on Aluminum faces/granulated-cork core system.

In all cases the EHSAPT was the closest to both the elasticity predictions and the
experimental data. There was little difference between the two formulations of the
EHSAPT, which argues for the much simpler PFLC (Loading on Faces, Linear Core)
approach. The earlier HSAPT was in significant error for the relatively thinner faces.
The large discrepancy between HSAPT and EHSAPT for very low f/h;, (when the
beam is most susceptible to wrinkling), and the associated smaller discrepancy for
higher f/h;; (when the beam tends to buckle globally), indicates that including the
axial rigidity of the core is very important during wrinkling.

The comparison of the different wrinkling formulations with elasticity show that
in general the semi-empirical Hoff-Mautner formula is quite conservative, yet less so
than the HSAPT. The good agreement of the EHSAPT with the experiments on hon-
eycomb core sandwich specimens show that although the EHSAPT models the core
as a homogenous material with global properties, the theory can be used to predict
critical loads of nonhomogeneous honeycomb cores just as well as for homogeneous

solid cores.
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CHAPTER VI

FREE VIBRATIONS

In this section we shall study the free vibrations of a sandwich beam that is simply
supported throughout its thickness. First the solution procedure using the linear dy-
namic formulation of EHSAPT will be outlined followed by comments on finding the
natural frequencies and mode shapes using HSAPT, and FOSDT used for comparison.
Next numerical results for several sandwich configurations will demonstrate the pre-
dicted mode shapes that EHSAPT can capture. Also, comparison with experiments

from literature and elasticity will be made.
6.0.4 Solution Procedure using EHSAPT

For free vibrations of a simply supported sandwich beam we consider the unforced lin-
ear problem, which means that the right hand side in the governing differential equa-
tions (11) to (17) are zero. Since the sandwich beam is simply supported throughout
its height at both ends, the boundary conditions for x = 0, a are the three kinematic
conditions

and the right hand side of the 6 natural boundary conditions in (20a), (22), (23),
(24), (26a), and (28) are equal to zero.

The seven displacement functions are assumed to have the form:

nmx nm
ul = Ul cos ——e™mt;  ub = U§, cos —e™n (55a)
a a
nwTxr . nmwr -
@5 = BE, cos ——e“nt b = U cos ——ent (55b)
a a
. NTT . NTT . nTT
w' = Whsin —=ent ;  wi =W, sin —e“n ;. w® = WPsin —e™ . (55¢)
a a a
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which satisfy the governing equations and boundary conditions and are harmonic in
time with natural frequency w,. The parameter n corresponds to the wave number
and how many half wavelengths occur in the mode shapes. After substituting these
displacement mode shapes into the linear governing equations (excluding the nonlin-
ear terms) and rearranging the equations into matrix form, the natural frequencies

can be found by solving the following eigenvalue problem:

where the eigenvalue )\, is related the natural frequency by A, = w?. [M,] and [K,]
(given in Appendix F) are the mass and stiffness matrices, respectively, for a given
wave number n. The rows of the unforced equations of motion in (56) correspond to
Eqns. (16a), (13), (14), (11), (17a), (15), (12a), respectively. The eigenvector holds

the relative amplitude coefficients:
{Un} = {U(l)?nv U(?m CI)Sm Uénv Wg, W(]Cna Wri}T (57)

In EHSAPT, [M,] and [K,] are 7x7 matrices, therefore there are 7 eigenval-
ues/natural frequencies and 7 eigenvectors/modes shapes for a given wave number

n.
6.0.5 Solution procedure for FOSDT and HSAPT

Classical FOSDT assumes that the sandwich composite is transversely incompressible,
and assumes a constant average value of shear strain (through the height) in the core.
In our solution procedure using FOSDT, in-plane stresses in the faces and the core
are taken into account. HSAPT accounts for the transverse compressibility and the
shear in the core, considers axial stresses in the faces but neglects axial stresses in
the core.

In our solution procedure we consider rotary inertia in all of the theories. The

solution to the eigenvalues and the modes shapes of FOSDT and HSAPT are very
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similar to that outlined in Section 6.0.4 for EHSAPT in that they result in the same
eigenvalue problem of the form shown in Eqn. (56). However, the size of matrices [M,,]
and [K,] and eigenvector {U,} depend on each theory. In the appendix the details
of the mass and stiffness matrices and eigenvectors for the FOSDT and HSAPT are
given in Appendix F.1 and F.2, respectively. Once the mass and stiffness matrices
and the eigenvector are defined, the eigenvalue problem is ready to be solved.

It should be noted that [M,,] and [K,] are the size N x N, where N is the number
of generalized coordinates of the theory, and n is the wave number. Therefore, for
FOSDT the matrices are size 3x3 because there are 3 generalized coordinates: ug, wo,
and ¢g. Notice there are no superscripts because FOSDT is an equivalent single layer
theory. For HSAPT the matrices are 5x5 because there are 5 generalized coordinates:

b

t t c b
ug, ug, W', wg, and w

. For the simply supported sandwich case, these generalized
coordinates have the same form as those in Eqn. (55) (i.e. axial displacements u and
rotation ¢ have Cosine mode shapes and transverse displacements w have Sine mode

shapes).
6.0.6 Comparison with Experimental Results

The first comparison is made with the T'V-holograph measurements of Jensen and
Irgens[22]. They measured and identified antisymmetric and symmetric modes of a
simply supported sandwich beam. The antisymmetric mode is characterized by dis-
placements that are antisymmetric with respect to the beam mid-height, that is, the
face sheets move in phase with each other. The symmetric mode has a displacement
pattern that is symmetric with respect to the mid-height, that is, the face sheets
move 180 deg out of phase with respect to each other. The beam was assembled by
two steel face sheets and an H60 Divinycell plastic foam core. The face sheets were
identical with f; = f, = f = 2 mm, while the core had a height of 2¢ = 30 mm.

The beam had a span a = 300 mm with a 10 mm free end (overhang) at each side,
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and width b = 50 mm. The face and core material are assumed to be isotropic, and
the material parameters from [22] are given in Table 12. Some ratios of interests are:
E¢/E/ = 0.00026 therefore the sandwich has a very soft core compared to the face
sheets, a/H;,y = a/(2f + 2¢) = 8.8 so the beam is short, and f/H;,; = 0.06 so the

faces are thin compared to the total height of the beam.

Table 12: Material parameters of the sandwich beam from [22]

Young’s Shear
Modulus Modulus Poisson’s Density

Material E, Pa G, Pa  Ratio, v p kg/m?
Steel 210 x 10° 81 x 10° 0.30 7900
Divinycell H60 56 x 106 22 x 10° 0.27 60

Table 13: Comparison of Experiment, High Order and Classical Theories for Anti-

symmetric modal natural frequencies
Mode Experiments [22] EHSAPT HSAPT FOSDT (k=5/6) FOSDT (k=1)

1 263 251 251 211 231
2 — 935 535 427 467
3 889 868 868 641 702
4 1289 1269 1269 855 936
> 1774 1749 1749 1069 1171
6 — 2318 2318 1283 1405
7 — 2979 2979 1497 1640
8 3806 3737 3737 1711 1874
9 4621 4594 4593 1925 2108

Table 13 shows the first 9 antisymmetric frequencies from experiment, and the
predictions of EHSAPT, HSAPT, and FOSDT (when the shear correction factor
k=5/6 and k=1). It can be seen that EHSAPT and HSAPT predict practically
the same antisymmetric natural frequencies for the first 9 frequencies. The high-
order theories are within —5% of the experimentally found fundamental mode, and
are within -2% for the higher modes. Jensen and Irgens reported that they had to
slightly clamp the specimen at the supports to prevent it from sliding and this would

effect the fundamental mode more than higher modes, due to the number of nodal
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Table 14: Comparison of natural frequencies of a sandwich beam with a soft core,
Symmetric Modes
Mode Experiments [22] EHSAPT HSAPT

1 — 2492 2424
2 — 2499 2431
3 — 2508 2464
4 — 2569 2554
b} — 2744 2734
6 3358 3056 3035
7 — 3517 3473
8 — 4127 4052
9 — 4878 4767

points they affect (see [22]). Therefore, we believe that the slightly lower accuracy
at fundamental mode is due to the slightly clamped supports. The superiority of
the high-order theories is apparent when comparing the classical FOSDT with the
experimental results. FOSDT (k=5/6) and FOSDT (k=1) predict -20% and -12%
error, respectively, for the fundamental modes, and even greater error for the higher
modes, whereas EHSAPT and HSAPT improve in accuracy for higher modes.

Table 14 shows the comparison between the measured and predicted symmetric
vibrational modes. Only one symmetric mode was found in their experiments. Note
FOSDT is not shown for comparison because they treat the sandwich as transversely
incompressible. EHSAPT and HSAPT’s 6th symmetric natural frequency is within
-9% and -10% of the one experimentally found symmetric mode, respectively, whereas
EHSAPT and HSAPT’s 7th symmetric mode are within +5% and +3% of the ex-
perimentally found symmetric mode, respectively. Jenesn and Irgens did not report
the exact number of wavelength, therefore the exact mode is not known. It should
be noted that the first 4 symmetric natural frequencies predicted by EHSAPT and
HSAPT are relatively close to each other in the spectrum. When the modes are close,
they can mix and make it difficult for the TV-holograph instrument to identify the
mode. Jensen and Irgens gave this explanation for not being able to identify the

missing modes in the tables.
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It should be noted that the results were obtained from the solution procedure in
the previous section, in which the overhang was not modeled. Despite using a more

simplified model (without the overhang), the high-order theories give good results.

6.0.7 Mode shapes of EHSAPT

Mode = 1. (EHSAPT: 250826 Hz), (HSAPT: 2508153 Hz) MWode = 2 (EHSAPT: 2508.0054 Hz), (HSAPT: 2423 7671 Hz)

P L R LR LI AR L LR LARAT] ey L gy
5 i 1 [ B
Ay

Mode = 3. (EHSAPT: 8101.7556 Hz), (HSAPT. 83583004 Hz)  Mode =4 (EHSAPT. 8637 411 Hz), (HSAFT. 86464722 Hz)

Maode = 50 (EHSAPT. 10883 5802 Hz), (HSAPT. 16605.112 Hz) Mode = 6 (EHSAPT. 17207 6792 Hz)

Figure 17: Predicted mode shapes and natural frequencies of EHSAPT (solid black
line) and HSAPT (II) (gray dash dotted line) when wave number is n=1.

In this section we shall show the predicted mode shapes of EHSAPT. We used the
same material and geometric parameters in the previous section and only consider
when the wave number n = 1. Figure 17 shows the seven predicted mode shapes of
the present theory EHSAPT (solid black lines) and the 5 predicted mode shapes of
the earlier HSAPT (dashed dotted gray lines). The mid-surface of the core is also
drawn because it is independent of the top and bottom face sheets. The un-deformed

shape and the simple supports at the edges are shown with dotted black lines.
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The first mode is antisymmetric, whereas the second mode is symmetric with re-
spect to the mid-height. EHSAPT and HSAPT predict an axial compressive mode
for mode 3, but differ in the mode shape. EHSAPT predicts that the shape is
parabolic through the height, while HSAPT compresses practically uniformly through
the height. For mode 4, EHSAPT and HSAPT predict that the top and bottom face
sheets stretch axially in opposite directions. For mode 5, EHSAPT predicts that
the mid-core axially stretches while the face sheets do not, and HSAPT predicts a
very different mode shape where the mid-core is vibrating transversely independent
of the faces. This last mode of HSAPT is actually the 6th mode of EHSAPT. Lastly,
EHSAPT’s 7th mode is one in which a cubic axial wave is vibrating though the height

of the beam.
6.0.8 Comparison with elasticity

Comparison of the fundamental mode between the different theories and elasticity is
made for several typical sandwich configurations. In the following study 12 symmetric
sandwich configurations are considered which result from considering two different
face-core material combinations, two different face to height ratios, and 3 different
length to height ratios. Since the sandwich is symmetric then E! = E? = E{ and
fi = fo = f. The first material combination is graphite-epoxy faces with a glass
phenolic honeycomb core which results in a modulus ratio of E¢/ E{ ~ 0.0002. Since
the core is very soft compared to the faces this material combination is designated
as (SC) for soft-core. The second material combination is E-glass faces with a balsa
wood core and has a modulus ratio of E¢/E/ ~ 0.02. Since the core is moderately stiff
compared to the faces this material combination is designated as (MC) for moderate-
core. All the sandwich configurations in this study have a total thickness H;,; =
(2f + 2¢) = 25.4 mm. The two different face thickness to total height ratios are

foh = f/Ht = 0.02 or 0.2. These two ratios are considered as thin and thick face
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sheet configurations, respectively. Details of the geometric parameters and material
properties that were used can be found in Table 15 and Table 18, respectively. A
configuration with a soft core lay-up and thick face geometry is designated ”SCthick”,
and the other configurations follow this nomenclature. Three different length ratios

of a/Hyy = {4,10,100} are also considered in our comparison study.

Table 15: Geometry parameters for Thinner and Thicker faces.

Thinner faces (foh=0.02) | Thicker Faces (foh=0.2)
Ht = b (mm) 25.4 25.4
ft=fb=f (mm) 0.508 5.08
2*%c (mm) 24.384 24.384
a = 30*Ht (mm) 762 762

Table 16: Material properties. Moduli data are in G'Pa. Densities are in kg/m?.

Graphite | E-Glass Balsa | Glass-Phenolic
Epoxy | Polyester | Wood Honeycomb

FACE | FACE | CORE CORE

E 181.0 40.0 0.671 0.032
Es 10.3 10.0 0.158 0.032
E; 10.3 10.0 7.72 0.300
Gas 5.96 3.5 0.312 0.048
G31 7.17 4.5 0.312 0.048
G2 717 4.5 0.200 0.013
V32 0.40 0.40 0.49 0.25
V31 0.016 0.26 0.23 0.25
V19 0.277 0.065 0.66 0.25
p 1632 2000 250 64

Table 17 shows the comparison of fundamental frequency for the 12 different
configurations. The natural frequency given by elasticity is given in Hz, and the
percent error with respect to elasticity are given for the different theories.

For SCthin, EHSAPT and HSAPT are less than 0.1% in error from elasticity for
even a short sandwich with a/H;,; = 4. For the longer SCthin beams, EHSAPT is
slightly more accurate than HSAPT. The SCthick configuration is most demanding

when it is short (a/H;,y = 4). Here the high-order theories are within 2.4% error, and
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Table 17: Comparison of fundamental mode for several configurations. elasticity in

(Hz) and theories given as % Error with respect to elasticity
| Config. | a/hot | 4] 10| 100 |

SCthin elasticity | 2965.98 | 1071.62 | 22.57

EHSAPT | < 0.1% | < 0.1% | -0.2%

HSAPT(I) | < 0.1% | -0.1% | -0.3%

FOSDT(k=5/6) | -10.3% | -8.6% | -0.6%

FOSDT(k=1) 2.0% | -1.7% | -0.3%

SCthick clasticity | 2579.27 | 637.06 | 23.23
EHSAPT |  24% | 0.3% | -0.2%
HSAPT(I) |  24% | 0.3% | -0.2%

FOSDT(k=5/6) | -64.5% | -43.0% | -9.7%

FOSDT(k=1) | -61.1% | -37.7% | -7.1%

MCthin elasticity | 3276.42 | 676.03 | 7.27
EHSAPT | -0.4% | -0.6% |-1.0%
HSAPT(II) 3% | -5.8% | -6.9%
FOSDT(k=5/6) 5.4% | -2.0% | -1.1%
FOSDT(k=1) -1.2% | -0.8% | -1.0%

MCthick elasticity | 2770.19 | 776.42 | 10.31
EHSAPT 0.9% 0.2% | -0.7%
HSAPT(II) 0.9% 0.1% | -0.9%
FOSDT(k=5/6) | -31.3% | -18.9% | -1.1%
FOSDT(k=1) | -25.4% | -14.4% | -1.0%

the first order shear theories have more than -60% error. For this demanding case
the length of the beam to the total thickness of the facesheets a/(2f) approaches 10.
Shear of the faces would become important as the beam becomes shorter.

For MCthin and different lengths, EHSAPT is the most accurate theory with
error between -1% to -0.4%. FOSDT (k=1) is slightly less accurate than EHSAPT.
FOSDT (k=5/6) and HSAPT are up to -5% and -7% in error, respectively. For
MCthick and different lengths, EHSAPT and HSAPT have error less than 1% error.
FOSDT (k=5/6) and (k=1) have up to -30% and -25% error, respectively, when the
length is short, but improve in accuracy up to about -1% error when the length is the
longest.

In general FOSDT with £=5/6 is more inaccurate than when k=1 for all the 12
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configurations studied. For one of the more demanding configurations of SCthick
and a/Hy, = 100, FOSDT was up to -10% in error, while the high-order theories
were -0.2% in error. Table 17 shows that EHSAPT can give accurate fundamental

frequencies for a wide range of material and geometry configurations.
6.0.9 Conclusions

The dynamic formulation of EHSAPT is derived via Hamilton’s principle for a general
asymmetric sandwich configuration, and nonlinear axial strains of the face sheets are
taken into account. The solution procedure for using linear EHSAPT formulation to
determine the free vibrations of a sandwich beam/ wide panel that is simply supported
throughout its edges is explained. Comparison is made with experimental results
reported in literature for a nearly simply supported sandwich specimen. Results
show that EHSAPT give accurate results up to 2% error for higher frequencies. The
seven predicted mode shapes of EHSAPT were shown for wave number n = 1, and
revealed similar mode shapes of HSAPT plus two additional modes. Comparison is
also made with elasticity solution for the fundamental mode of 12 different sandwich
configurations that results from considering two face-core material combinations, thin
or thick faces, and three different length ratios. EHSAPT has been shown to have
good accuracy for the wide range of sandwich configurations, while FOSDT was shown
to have poor accuracy when the beam was not very long. EHSAPT was shown to
have better accuracy than HSAPT for the demanding case of sandwich beam/ wide

panel with a moderately stiff core and thin faces.
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CHAPTER VII

DYNAMIC LOADING PROBLEM

In this section we consider a simply supported sandwich beam/ wide panel that is

initially at rest, and then subjected to a load on the top face sheet of the form:

nm

¢'(z,t) =T(t) ZQ" sin (,z); o, = —. (58)

a

The loading profile is symmetric about the mid-span yet takes a general form via a
Fourier series. The next section explains the solution approach using the EHSAPT
formulation, but with the nonlinear terms excluded. Afterwards, a particular case
study of a blast load with a half-sine profile (only n = 1) is investigated. The case
study is used to assess the accuracy of EHSAPT, and HSAPT with the elastodynamic

solution used as the benchmark.
7.0.10 Solution Approach

In this approach, the nonlinear strains of the face sheets are neglected so comparison
can be made with the linear elastodynamic benchmark. Therefore, the nonlinear
terms in the equations of motion and the boundary conditions are ignored. The
boundary conditions are simply supported at both ends and throughout the entire
beam/ wide panel thickness. Therefore the solution must satisfy at = 0 and a, the

three kinematic boundary conditions:
t _ b __ ¢ __
wy = wy = wy =0 (59)

and the right hand sides of the six natural boundary conditions in (20), (22), (23),

(24), (26a), and (28) are equal to zero.
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The following displacement shape functions satisfy these boundary conditions:

uf):ZUt(t)cos%; ZUC cos—;
n=1
Z@C cos—; ZUb cos—,
w' = ZWt sm— ;o wp = Zer(t) sin ; wb:ZW,{Z(t) sin (60)
a a
n=1 n=1

Substltutmg (7.0.10) into (11) to (17) (neglecting the nonlinear terms), turns the
governing partial differential equations into linear ordinary differential equations in

time, and can be cast in the following matrix form:

(M {UL(0)} + [K{Ua (1)} = {Fu(t)} (61)

where [M,] and [K,] are the mass and the stiffness matrices, respectively, of the n'"
Fourier term, and are each 7x7 and symmetric. The elements of the mass and stiffness
matrix are given in Appendix F. The mass and stiffness matrices were arranged such
that the rows of the system of equations in (61) correspond to Eqns. (16a), (13),
(14), (11), (17a), (15), (12a), respectively, and the vector of the unknown generalized

coordinates are

{Un(t)} = {Uz(t)7 Uz(t% ®$L(t)7 UTtL(t)7 Wg(t)’ Wﬁ(t), Wrtz(t)}T (62)

and the load vector {F,(t)} = T(¢){0,0,0,0,0,0,Q,}". Eqn. (61) can be solved by
rearranging the equations into state space form (1st order differential equations in
time with the generalized coordinates and their first time derivatives as the states)
and using standard numerical integration methods to give the response in time.

In the next section we will use a particular blast loading case study to assess the
accuracy of EHSAPT as well as the earlier HSAPT that does not take into account
the in-plane stresses in the core. The solution procedure using displacements based

formulation of HSAPT[34] is outlined in Appendix F.2.
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7.0.11 Numerical Case Study of Blast

In this section the dynamic response of a simply supported sandwich panel, initially
at rest, then subjected to a temporal blast load that exponentially decays in time and
has a half-sine spatial profile along the beam/ wide panel is studied. Only the first

term in the Fourier series is needed. The applied load is:

kN
?(-T,t) = ei(t*1'25)m8510 sin (ozlx) " ap = Z (63)
m a

which decays to less than 0.1% of its original magnitude after 5.5 ms. The above
blast load parameters, as well as the material and geometry data were taken from
the experimental investigations of [16]. The faces are E-glass vinyl-ester composite:
Young’s modulus E{ = 13,600 M Pa, density p/ = 1800 kg/m?3. The isotropic core
is Corecell A300 styrene acrylonitrile (SAN) foam: Young’s modulus E¢ = 32 M Pa,
p¢ = 58.5 kg/m3, Poisson’s ratio v° = 0.3, and shear modulus G¢ = E¢/(2(1 + v°)).
The geometry of the sandwich configuration is: face thickness f; = f, = 5 mm,
core thickness 2¢ = 38 mm, width b = 102 mm, and span of beam/ wide panel
a = 152.4 mm.

The equations of motion of the form in Eqn. (61) for EHSAPT and HSAPT were
numerically integrated using ode4b function in the the commercial software Matlab.
The built-in function is based on an explict Runge-Kutta(4,5) formula which adapts
the time step until error tolerances are met. Default error tolerances were used:
relative error tolerance of le-3 and absolute error tolerance of le-6.

The transverse displacements w’, wg, and w® at the mid-span location z = a/2
versus time are shown in Figure 18. In this figure we show the results from elasticity;,
EHSAPT, and HSAPT. The two high-order sandwich beam/ wide panel theories are
practically on top of each other and display the same trend in behavior of the top,
core, and bottom displacements as elasticity, i.e. that the top face travels down first,

followed by the core, then the bottom face sheet. Differences between the high-order
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Transverse displacement at x=a/2 vs. Time
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Figure 18: Transverse displacement of the top face, middle of the core, and bottom
face at the mid-span location for elasticity, EHSAPT and HSAPT between t=0 to 2
ms (E-glass Vinyl-Ester faces/A300 Core)

theories and elasticity can be distinguished by focusing on the time between 0.4 and
1 ms when the different phases first reach their maximum values as shown in Figure
19. EHSAPT and HSAPT match the mid-height transverse displacement of elasticity.
The high-order theories over estimate the maximum displacement of the top face by
4%. The bottom face transverse displacements from EHSAPT and HSAPT do not
exactly follow elasticity, but give values within less than 6% error over the time range
in Figure 19.

Figure 20 shows the axial displacements u, u§, and uj at the edge x = 0 versus
time. EHSAPT and HSAPT capture the high cyclic behavior of u that elasticity
displays, with EHSAPT being closer in value to elasticity than HSAPT. The first
minimum in u§ of EHSAPT is 10% under elasticity, while the first minimum in wu§ of
HSAPT is 32% under elasticity. Both high-order theories and elasticity predict very

similar behavior of v} and u} with time.
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Transverse displacement at x=a/2 vs. Time
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Figure 19: Transverse displacement of the top face, middle of the core, and bottom
face at the mid-span location for elasticity, EHSAPT,and HSAPT between t=0.4 to
1 ms (E-glass Vinyl-Ester faces/A300 Core)

The transverse stress at the top and bottom face/core interfaces at the mid-
span are shown in Figure 21. EHSAPT and HSAPT predict similar behavior in
transverse stresses versus time. The high-order theories show that a tensile stress
wave occurs in the bottom face/core interface just after the blast (within the first
50 microseconds). Afterwards the compressive stress wave reaches the bottom face.
This is similar to the cavitation zone in water that occurs behind a shock wave
front. The numerical solution of elasticity could not recover this behavior so soon
after the initial blast due to numerical instabilities at very small time steps. This
cavitation phenomenon is further detailed in Figure 22 by showing that the core
moves upwards before moving downwards microseconds just after the initial blast.
The maximum compressive transverse stress at the top face/core interface predicted
by the high-order theories (at around 0.23 ms) overpredicts the elasticity value by
5%. The maximum compressive transverse stress at the bottom face/core interface

predicted by the high-order theories (at around 0.2 ms) overpredicts the elasticity
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Axial displacement at x=0 vs. Time
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Figure 20: Axial displacement of the top face, middle of the core, and bottom face
at the edge =0 for elasticity, EHSAPT ,and HSAPT between t=0 to 1.2 ms (E-glass
Vinyl-Ester faces/A300 Core)

value by 6%. The high-order theories correctly predict that the bottom face/core
interface undergoes a tensile stress at the bottom/face core interface over time. The
first maximum tensile transverse stress at the bottom face/core interface (after the
cavitation phenomenon) predicted by the high-order theories (at around 0.44 ms)
overpredicts the elasticity value by 14%.

The shear stress at the top and bottom face/core interfaces at © = 0 is shown in
Figure 23. EHSAPT is the only theory that can show the differences in the shear
stresses at the top and bottom face/core interfaces like elasticity, while HSAPT pre-
dicts that the shear stress is constant throughout the thickness and is the average
value of EHSAPT and elasticity. EHSAPT gives a minimum shear stress (most neg-
ative shear stress) at the top and bottom face/core interface under the minimum
elasticity values by -0.5%. HSAPT is within 3% and -6% of elasticity’s predictions of
minimum 7¢(z = ¢) and 7°(z = —c), respectively.

It was shown in the author’s previous work on static stability using high-order
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o, at x=a/2 vs. Time
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Figure 21: Transverse stress of the top face, middle of the core, and bottom face
at the mid-span location for elasticity, EHSAPT,and HSAPT between ¢t=0 to 1 ms
(E-glass Vinyl-Ester faces/A300 Core)

sandwich beam/ wide panel theories that HSAPT can be inaccurate for very thin face
configurations of face thickness to total height f/H,; = 0.02. Plotted in Figures 24
and 25 are the transverse shear stresses at the top and bottom face/core interfaces for
a soft core and moderate core configuration with thin face sheet ratios f/H;, = 0.02.
The soft core configuration is graphite epoxy faces with a glass phenolic honeycomb
core (E//E¢ < 0.001) and the moderate core configuration is E-glass faces with a
Balsa wood core (Ef /E¢ ~ 0.02). See Table 18 for the material data for the soft core
and moderate core configurations. Both configurations have the same H;,; = 48 mm
as before and all other geometric parameters kept the same except f/Hy is now
0.02. It can be seen from Figure 24 that for soft cores and thin faces the shear
stresses at the top and bottom face/core interfaces can be very different, as predicted
by EHSAPT. Though HSAPT predicts an average value of the shear stress at the top
and bottom face core interface for the E-glass vinyl face/A300 foam core and graphite

epoxy face/glass phenolic honeycomb core, HSAPT overpredicts the negative shear
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Transverse displacement at x=a/2 vs. Time
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Figure 22: Transverse displacement of the top face, middle of the core, and bottom
face at the mid-span location for EHSAPT and HSAPT between ¢t=0 to 50 microsec-
onds (E-glass Vinyl-Ester faces/A300 Core)

stress of the top and bottom face/core interfaces for the E-glass face/Balsa wood core

configuration by as must as 10%.
7.0.12 Discussion

In the previous numerical study it was shown that EHSAPT and HSAPT can give
reasonably close results to elasticity in the prediction of transverse displacements of
the top face, middle of the core, and the bottom face in time. Also, the high-order
theories give accurate results for the axial displacements of the top and bottom face
sheets. EHSAPT and HSAPT show different predictions for the mid-core axial dis-
placement with time, with EHSAPT being closer in value to elasticity. The high-order
theories were able to predict the cavitation phenomenon in the transverse stresses and
transverse displacements while the numerical method of the elasticity solution could
not capture this behavior so close to the initial blast. There also was a phase shift
between elasticity and the high-order theories for the prediction of the transverse

stresses. EHSAPT showed that it can capture the nonequal shear stresses at the top
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Figure 23: Shear stress at the top face and bottom face/core interfaces at the =0 for
elasticity, EHSAPT,and HSAPT between t=0 to 1 ms (E-glass Vinyl-Ester faces/A300
Core)

and bottom face/core interface with time, while HSAPT predicts a constant value
through the height of the core. It was also shown that for sandwich beams/ wide
panels with very thin faces and very soft cores (E{ /E§ < 0.001) that the difference
between the shear stress at the top and bottom face/core interface can be much dif-
ferent. For sandwich beams/ wide panels with very thin faces and moderate cores
(EfJE¢ ~ 0.02) HSAPT does not give the average value of the top and bottom

face/core interface shear stress.
7.0.13 Conclusions

The dynamic formulation of EHSAPT is presented for a general sandwich configu-
ration. The solution procedure for using EHSAPT to determine the linear dynamic
response of a sandwich beams/ wide panels that is simply supported throughout its
edges and loaded just on the top face sheet is explained. A numerical case study in-
volving the blast load with a temporal exponential decay and a spatial half-sine profile

across the top of the beam/ wide panel is used to compare EHSAPT, and HSAPT
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Figure 24: Shear stress at the top face and bottom face/core interfaces at the x=0
for EHSAPT,and HSAPT between t=0 to 0.3 ms (SCthin configuration)

to an elasticity benchmark. HSAPT predicts well the transverse displacements of
the top sheet, middle of the core, and the bottom face sheet, as well as the in-plane
displacements of the top and bottom face sheets. EHSAPT does this as well, but is
also able to capture the non uniform shear stresses by showing that the shear stress

at the top and bottom face/core interfaces can be different, while HSAPT cannot.
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Figure 25: Shear stress at the top face and bottom face/core interfaces at the x=0
for EHSAPT ,and HSAPT between t=0 to 0.3 ms (MCthin configuration)

Table 18: Material properties. Moduli data are in GPa. Densities are in kg/m3.

Graphite | E-Glass Balsa | Glass-Phenolic
Epoxy | Polyester | Wood Honeycomb

FACE | FACE | CORE CORE

E; 181.0 40.0 0.671 0.032
Es 10.3 10.0 0.158 0.032
Es 10.3 10.0 7.72 0.300
Gas 5.96 3.5 0.312 0.048
Gs1 7.17 4.5 0.312 0.048
G1a 7.17 4.5 0.200 0.013
V39 0.40 0.40 0.49 0.25
V31 0.016 0.26 0.23 0.25
V19 0.277 0.065 0.66 0.25
p 1632 2000 250 64
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CHAPTER VIII

IMPACT LOADING PROBLEM

Impact upon sandwich beams/ wide panels can occur during their manufacturing
process from dropped tools, or in service depending on the application; possible bird
strike upon a wind turbine, or debris hitting an armored tank during a nearby ex-
plosion. An impact experiment was conducted upon a sandwich beam/ wide panel
to experimentally validate the dynamic formulation of EHSAPT. The three-point
bending impact experiment was conducted upon a symmetric sandwich beam/ wide
panel that consisted of Glass CSM faces and Airex T90.320 PET foam core. The me-
chanical properties of the top and bottom faces were: Young’s modulus of the faces
E{ = 13.9 GPa and p’ = 1801.082 kg/m?. The mechanical properties of the isotropic
core were: E¢ = 270 M Pa and Poisson’s ratio v = 0.3, and density p¢ = 320 kg/m?3.
The sandwich beam/ wide panel rested on two supports on the bottom face sheets as
depicted in Figure 26.

The beam had a total length of 451 mm, a width b = 60.85 mm, face thickness
fo = fi = f = 2.24 mm, and core thickness 2c¢ = 18.5 mm. The beam was placed on
supports that were 400 mm apart, and the beam overhung 25.5 mm on both sides
of the supports (i.e. the supports were symmetric about the beam’s mid-span). A
composite tab of length 32 mm was glued to the top face sheet to distribute the
impact load, and prevent local damage from occurring at low impact energies. A
number of tests were conducted to ensure that the tab did not significantly effect the
stiffness of the beam.

Some ratios of interest are the face thickness to total height of the sandwich beam/

wide panel f/Hyx = f/(2f + 2¢) = 0.0975, so the beam had thin faces, and Young’s

87



Figure 26: Experimental setup of Three point impact experiment

modulus ratio E°¢/ E{ = 0.02, therefore the core did not have a negligible in-plane
rigidity compared to the faces.

The experiment was conducted using a Drop Weight Impact Tester from Imatek
Impact Test Systems (owned by the Centre for Advanced Composites Materials,
Auckland University, Auckland, NZ). The system includes the capability to record
transient force, displacement, velocity, energy and strains during the impact event.
The impact hammer spanned the entire width of the beam, so the loading was sym-
metric about the x — z plane of the beam. An impact mass of 10.494 kg was dropped
on the center of the beam with 1.005 m/s impact velocity, for a set impact energy of
6 Joules. The mass was allowed to hit the beam under its own weight and bounce
upwards. The test system automatically prevented it from striking the beam a second

time.

8.1 Results

A load cell recorded the force time history of the impact, shown in Figure 27. During

the 20 ms shown in the plot, the impact hammer was in contact with the specimen.
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Figure 27: Force versus time
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Figure 28: Transverse displacement of impact hammer versus time, shown as positive,
though transverse displacement is downwards.
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The load profile shows oscillations in time due to the interaction of the mass with
the elastic structure. At around 10 ms, the load is maximum and afterwards the load
decreases. From looking at the transverse displacement of the hammer with time,
shown in Figure 28, the maximum load occurs around the same time as the maximum
displacement. Also shown in Figure 28 is the prediction from EHSAPT, which follow
the experimental value quite well. However oscillations are observed from the theory,
whereas the experimental values look quite smooth with time. It is believed that
the resolution of the Imatek system might be too coarse, or perhaps it smooths
the displacement data readout. It should be noted that the maximum measured
displacement is around 7 mm which has allowed us to use the linear formulation of
EHSAPT, since displacements are small.

Three strain gauges were placed on the top face sheet and two strain gauges were
placed on the bottom face sheet of the specimen at locations detailed in Figure 29.
Comparison between measured and predicted (from EHSAPT) strain for these five
locations are shown in Figures 30 to 34. It can be observed in all comparisons that
EHSAPT follows the measured data quite well for the first 2 ms. Beyond 2 ms
high frequency oscillation in EHSAPT are more apparent (have higher amplitudes)
than the experimental data. This is believed to be due to structural damping being

neglected in the model of EHSAPT. The fundamental period of the sandwich panel,

i5o mm

}% 100 mMm
E

“a “s  Hc
}e 100 MM —>
@ Strain Gauge < icomm —>

200mm ——=

Figure 29: Locations of strain gauges A, B, C, D, and E
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Figure 31: Microstrain at location B
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Figure 32: Microstrain at location C
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Figure 33: Microstrain at location D
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predicted from EHSAPT if it were assumed to be simply supported throughout at the
support locations, would be T} = 2.3 ms. Therefore, the impact experiment spanned
about nine fundamental periods, and structural damping must have played a role
for the fundamental as well as higher frequencies in the beam. The predicted peak
strain values overestimate the measure peak strain values, which would can also be
explained by the lack of structural damping in the model.

One validation of the theory occurs in the first couple of ms just after impact.
Figure 35, shows that EHSAPT correctly predicts that the measured strain at location
C on the bottom "tensile” side of the beam the face sheet undergoes a compressive
strain before becoming tensile. Also a similar observation is made at location E on the
top ”compressive” side of the beam, that the top face sheet undergoes a tensile strain
before becoming compressive. After about 2 ms EHSAPT seems to show similar

oscillations as experiment but with bigger amplitudes due to no structural damping.

93



1400 e e e IR PP
—— Experiment 5 E 5
1200(--{ — EHSAPT

1000m”””m.mn_”m.m”””muuﬁm.m”.””.f..””m._n_j

u Strain
o
o
o

”'”””"Exﬁerknent'”””'
- Experiment, EHSAPT

0 1 2 3 4
Time [ms]

Figure 35: Microstrain at location C just after impact
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Figure 36: Microstrain at location E just after impact

8.2 Conclusions

The impact experiment in some way validated EHSAPT in the first fundamental

period of the impact. EHSAPT was able to capture very detailed features such

as compressive strain on the "tensile” side of the beam, and tensile strain on the
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”compressive” side of the beam. After about 2 ms, it is believed that neglecting
structural damping in the EHSAPT model caused high oscillation in the predicted
strains to never dissipate. Also since the beam was still being loaded during that time,
the total of energy of the beam continued to increase and in a sense kept ”feeding”
these higher modes of vibration of the beam. Therefore, it is recommended that a
structural damping model be included with comparison with real dynamic loading

experiments involving sandwich panels.
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CHAPTER IX

CONCLUSIONS

The Extended High-order SAndwich Panel Theory (EHSAPT) was presented for a
sandwich beam/wide panel that allows for the transverse shear distribution in the
core to acquire the proper distribution as the core stiffness increases as a result of
non-negligible axial stresses in the core. Thus, this theory is valid for weak or stiff
cores. The theory assumes a transverse displacement in the core that varies as a
second-order equation in z, and an axial displacement that is of third order in z,
following the displacement distributions of the High-order SAndwich Panel Theory
(HSAPT) model, see Frostig et al. [15]. The novelty of EHSAPT is that it allows
for three generalized displacement variables in the core (the axial and transverse
displacements at the centroid of the core, and the rotation at the centroid of the
core) instead of just one (mid-point transverse displacement) commonly adopted in
other available theories [19, 27]. The theory is formulated for a sandwich panel with

a general layout. The major assumptions of the theory are as follows:

(1) The face sheets satisfy the Euler-Bernoulli assumptions, and their thicknesses
are small compared with the overall thickness of the sandwich section. The face
sheets can be made of different materials and can have different thicknesses,

and they can undergo large displacements with moderate rotations.

(2) The core is compressible in the transverse and axial directions (transverse dis-
placement is 2nd order in z and axial displacement is 3rd order in z), following
the displacement distributions of the HSAPT model, see Frostig et al. [15].
The core has in-plane, transverse and shear rigidities, and it undergoes large

displacements while maintating the kinematic relations of small deformations
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due to its low in-plane rigidity as compared with that of the face sheets.
(3) The face sheets and core are perfectly bonded at their interfaces.
(4) The face sheets and core material do not exhibit bend-twist coupling.
(5) Only loads that do not cause displacements in the y-direction are considered.

Validation of the present theory was performed using several structural analysis
problems including static loading, static instability (global buckling and wrinkling),
free vibrations, and dynamic loading. The accuracy of the theory was assessed by
comparison with the elasticity solutions and with experimental data.

In the study of a static half-sine load applied to the top face sheet of a simply
supported sandwich beam/wide panel, the present extended-high order theory is very
close to the elasticity solution in terms of both the displacements and the transverse
stress or strain, as well as axial stress through the core, and, in addition, the shear
stress distributions in the core for core materials ranging from very soft to almost half
the stiffness of the face sheets. In particular, it captures the very large range of core
shear stress and the nearly parabolic profile in the cases of cores that are not ”soft”.
Results also show that the First-Order Shear Deformable Theory (FOSDT) can yield
very inaccurate results in terms of the transverse displacements and shear stress for
the range of material and geometry combinations considered.

In the study of global buckling of a simply supported sandwich panel undergo-
ing a static edgewise load, the nonlinear EHSAPT formulation was solved using a
perturbation approach, and the elasticity solution was used as the benchmark. The
results from three different solution approaches (in conjunction with the perturbation
approach) using EHSAPT revealed that accurate global buckling critical loads can
only be obtained by either applying the load to just the face sheets and only consid-
ering nonlinear deformations in the face sheets (Case(a)), or applying a more realistic

distributed load to the faces and the core and considering nonlinear deformations
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in the faces and the core (Case(c)). A third solution approach (Case(b)) in which
the load is applied to the faces and the core but large deformations in the core are
neglected give inaccurate critical loads. The accuracy of these solution approaches
using EHSAPT was examined for sandwich panels with a range of face sheet thick-
ness. HSAPT and FOSDT were shown to give less accurate critical loads as the face
sheets become thinner with respect to the total height of the sandwich panel.

PFLC (loading on the faces and linear strains in the core) and USNLC (uni-
form strain loading and nonlinear strains in the core) solution approaches, referred to
above as Case (a) and Case (c), respectively, are used to study wrinkling instability
of thin face sandwich panels. Predictions of critical wrinkling modes using these two
approaches with EHSAPT are compared to elasticity, experiments in literature, and
recent experiments that involve sandwich panels with homogeneous and honeycomb
type core material. In all sandwich panel configurations considered, including ones
with very soft and moderately soft cores, EHSAPT was closest to elasticity. The
large discrepancy between HSAPT and elasticity for configurations with very thin
face sheets indicate that the in-plane rigidity can play a significant role during wrin-
kling. Good agreement was found between EHSAPT and wrinkling experiments for
sandwich panels with solid and honeycomb cores.

The accuracy of EHSAPT for predicting antisymmetric and symmetric modal fre-
quencies is assessed by comparison with experimental results reported in literature.
The predicted modes shapes of EHSAPT are drawn and compared to HSAPT. Further
validation of the new theory is conducted by comparing the predicted fundamental
frequency with an elasticity solution. Twelve different sandwich configurations rang-
ing from soft to moderate core, thin to thick faces, and short to long beams/wide
panels are used as test cases. The classical FOSDT and HSAPT are also shown for
comparison. It is shown that EHSAPT yields accurate results for the wide range of

test cases.
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A numerical case study involving a blast load with a temporal exponential de-
cay and a spatial half-sine profile across the top of the panel is used to compare
EHSAPT and HSAPT to a dynamic elasticity benchmark. HSAPT accurately pre-
dicts the transverse displacements of the top sheet, middle of the core, and the bottom
face sheet, as well as the in-plane displacements of the top and bottom face sheets.
EHSAPT does this as well but is also able to capture the non-uniform shear stresses
by showing that the shear stress at the top and bottom face/core interfaces can be
different.

A three-point bending impact experiment was conducted on a sandwich panel
in order to validate the dynamic formulation of EHSAPT. The new sandwich panel
theory was able to accurately capture features of the collected strain gauge data on the
top and bottom face sheets within the first couple milliseconds of the impact. Beyond
this time, but still during impact, structural damping (not taken into account) was
believed to play a role.

EHSAPT has been formulated for sandwich beams/wide panel that only undergo
loads which make it deform only in the z — 2z plane. Future work can take the
displacement formulation of EHSAPT and extend it to account for deformation out
of the x — z plane, i.e., allow for bend-twist coupling, or loading in the y — z plane.
Also EHSAPT can be further formulated for plates and shells. EHSAPT in its current
or further extended form can be used to solve a number of other structural analysis
problems such as: thermal loading, effect of delamination, dynamic stability, to name
a few. EHSAPT can be turned into a finite element for use in commercial structural

analysis tools.

99



APPENDIX A

CLASSICAL AND FOSDT

A.1 Classical Sandwich Beam Theory (without shear)

The Classical sandwich theory assumes that the core is transversely incompressible
and the displacement of the top and bottom face sheets and core are the same. The

governing differential equation is:

Dll% =q'(2) , (64)

where Dy, is the bending stiffness per unit width of the beam.
In the general asymmetric case, the neutral axis of the sandwich section is defined

at a distance e from the x-axis (Figure 1):

e (ELfi+ EVfy) = Etft(ﬁ ) Ebfb<fb > (65)

Therefore, the bending stiffness per unit width, Dy, is:

2
Dy, E{{;+Etft(ft+c—e) +Ef{‘72+E{fb(J;b+c+e>. (66)

For the load of (23) the displacement is expressed as:

™

w(z) =W, SIHF . (67)
Substituting into Eqn (A1) leads to:
4
_ 4oa
Wy = Dol (68)
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A.2 First-Order Shear Sandwich Panel Theory

For the First Order Shear model, if we let 1) be the shear deformation then the

governing equations with shear effects can be written as:

Dnl/J,mm(I‘) — KJD55 ['lb(l’) —+ w,x(x)] =0 y (69)

kDss [V 2(2) + W o (7)) + ¢ (2) =0, (70)

where k = 5/6 is the shear correction factor and
D55 = G({3(26) . (71&)

In some versions of the First Order Shear model, the shear of the face sheets is

included, i.e.

Dss = G53(2¢) + Glisfi + Gl fy - (71b)
Setting
w(z) = Wysin % ; (x) =Yg cos %I ) (72)

with the load in the same manner as Eqn (23), and substituting in (A5-6) leads to:

L3 Ly,
Vg=——r--"->-"75"5°-—-qy: Wyg=—---"-— 73
0 L11L33 — L%g qo ; 0 L11L33 — L%S qo ( )
where
w2 T w2
Ly, = Dng + kD55 3 Lig = RD555 N KD55¥ . (74)
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APPENDIX B

HSAPT

This theory was first presented in [15] is expressed in terms of five unknown dis-
placement variables, the u}(z), w§(z), ub(z), wi(x) and 7°(x). The five differential
equations, adapted from Frostig et al (1992) for the present sandwich geometric and
coordinate configuration, are as follows:

Top Face Sheet:

Cﬂlflftug,:ca:(x) - TC('T) =0 ) (75)
Cs5 b ¢ ft wt Cs5 2c+ fi . o~
Core:
2c+ fp 2c+ fi (2¢)? 2c
b ot _ b _ _ ¢ ¢ =
wbte) =)= 2 Pt o) = Z )~ 3@+ G =0 (77

Bottom Face Sheet:

Oty fotg oo () +76() = 0, (78)
b Iy b Css v Css 4o 20+ o0\
C’11 12 Oa:aca:ac(qj) + 2¢ wO(x) 2¢ U)O(JT) 2 T,ac(x) =0. (79)

By setting the unknown displacement variable profiles in the form

up” = UL’ cos <7rax> - wh? =W sin (Wax) ;. 19=TC cos (E> : (80)

a

which satisfy the simply supported boundary conditions, and substituting ¢*(z) from

Eqn (23), we obtain a system of five linear equations for the Ué’b, Wé’b and T°.
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In this theory, the displacement field of the core depends on the unknown dis-

placement variables in the following way:

2
z+c 4 b - —c

5o [wo() —wg(w)] — 2%, T (2) | (81)

we(w, 2) = wh(z) +

and

(z+¢)? , (2) — {ﬁ_ (2 +c)?

" wy (T 5 " + (z + c)} wgw(x) ) (82)
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APPENDIX C

EHSAPT WITH STRESS RESULTANTS

C.1 Governing differential equations of EHSAPT

Top face sheet:

4 .22 9N L 7T . c . 0
5“6 : _Nﬁv - (5055 Clla 2) b — (%055 + %Cn@> Ug
4 . 2 . N . 47 . bc . O?
- (5055 + Cna 2) Up + (ﬂosws - %Cn@) ug

a cfy aw 0  3cfy
(.0 Y 0 4 (<L _ t_
(772 or 70 Cll@ 3) wo ( ) 35 0118 3) wy =0, (83a)
and

t t t t .t 2flt ¢ 0 cfe b
owy = —N, w0x+M — N wp 4+ 774(’% + 5 118 5 | %ot 8_+ 0118 3

0 Cft c 0 3Cft
+< 8_+ 011(9 5)U0+<_77§%+ 350118 3) 0

1 . 0? cfoft b 4 . 0? .
* (6_0 TPg T g C”a ) wo (—5033 - "5@) w
¢ 0 3cff
( C33 _'_ 88 2 + ¢ Clla 4> U}é = 0 . (83b)
Core:
C C C 82 8 (& 40 (& 82 C
oug _N < 055 + 0118 2) ( Css + 5011@> Ug

c 0 cf
+( 3055+ 0118 Q)Ut_(n&ba + bClla 3)wb

+<gaa +Cftcna 3) wh =0, (84a)
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. . . 8¢ . 403 0 9 . . 02
09y : Ve M,:p + <€C55 118 2) ¢o + <EC55 Cn@ 2> ;
. 2 82 3 2f
(_—055+ Cna 2> ug + (2 Zaa + 14bC11W) wp

8w 3 2f

and

ox ox 3¢ 3 ”7“@ “o
. 4c_, 0? . 4 02
+ < U35 + 150553 2) - (5033 - 77%@) wé =0. (84c)

Bottom face sheet:

4 2
s —ve— s - on) (G- 08) - (Los - ahps ) ub

4 2¢% . O* 47 6c . O
b . b c c c c c b
oug:  —N, + (5055 + gcnﬁ) oo+ (@055 - %Cn@) U
4 . 2 . 0%\ . 7T o C . O
- (5055 + 1_5611@) Ug — <@055 + %Cn@) ug
o 3cfy . O owg
+ (kg + g ub = s

o cf . O
<77§% — 7—5011%) wy =0, (85a)

and

59w 35 Mozs )0
Cfb c b@ Cfb c (93
_< 0_+ CH@ 3> u0+(772%_%011% uq
(& 2 3Cf C 4 (& 82 C
( C'33"‘ 88 5 ana 4) wg—l— (__0033"‘7717)@) Wy

1 c 82 Cfbft c
+ (6_6033 + 5281'2 — 140 Clla 4) wé — O, (85b)

, 0 3c ok
dwg s = Njwg o +M,—N'wg (n48x+ fb 118 3)‘250 < - beC > 6
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The following constants, which were used in the governing equations, are defined

(1=1t,b):

o1 1
772 - 30013 + <30
ay,
60c

: . 19
Ny = — 30013 (%"‘

)cgg, =

ThY
m) Cs

4c . c
[ (15

2f;
5

>OgS7

7 2 c 2 2f1 c 7 f’l c fl c
Mg = 5013 + (g + %) Css, M= 013 (15 + ) Css
o 11f de  19f; 4TS . , 2c
i | = Ce AN ; ce
778 30 (15 + 30 1200 55 774@ ,'74 3 + f 55
i c i i 2¢+3fi . i i 11fi .. i
Moa=C13 =M Ma=—7"Cs+mr, Nse=—Cl3—1ng,
6 60
and
2 C C
B = —(C13 +C5s5)
et fi fot fe Thfe\ ~e
T 15 760 120¢ ) &5

C.2 Boundary conditions of EHSAPT

(86a)

(86b)

(86¢)

(86d)

(86e)

At each end there are nine boundary conditions, three for each face sheet and three

for the core. The corresponding boundary conditions at x = 0 and =z = a, read as

follows:
For the top face sheet:
(i) Either duly =0 or,

2c? c
N (50&) St () b+

82

C f Cc 2
( Cy = =5 Chin

C C
013w0

11
30

2¢ .\ . 6c .
(1_5011) Ug 4 ( C’11) T
> t Nt—i-

e . 3Cft .
Cty + tona ;

where N is the end axial force per unit width at the top face.
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(ii) Either owh =0 or,

2(2¢+311) 2f (2c=T1) e Clt e
Ntwa M,tz - |: ( 15 t) C’55 t lla 2:| ¢O |:th55 tClla 2 b
2(0 + ft) c Cft c c (380 + 47ft) c 3Cft c
[ttt [P, w2
Jo e 9 Cff
* [( 60C% ~ 52) oz 120toﬂa |
. Owg 9  3cf?
—777 o . [néa% 7Ot Clla 3:| wé =0, (87b)

(iif) Either: dwg, =0 or,

2
Mk (Gl )on+ (7j30f1) (ftcfl) o (Sen ),

ft e Chbf Jt e 1fi . 3cff . n‘cf
( tCl3 12(;0118 5 wb tcls tcls tclla 5 w(t) = 6 d )
(87¢)

where M! is the end moment per unit width at the top face (at the end z = 0 or

T =a).

For the core:

(i) Either du§ =10 or,
c C e b 4c c c C t
N¢— 5011 U p — 1_5011 Uy — 5011 U
Lo cho e cf dn‘e
+(§Cl3 0118 2) ( Cis + tOna 2) 0= 3 (88a)
(i) Fither 0¢§ =0 or,
. 4¢3 . A A 2¢ .  Efy . 07
- M ( 011)%90 (7011>U8,x - (7@1)“6,,@ - (gcm + HCM@) wg

26 C 2-f C
+ 013 0 (3013 tc'ua 2) 6: 0. (88b)
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(iii) Either dw§ =0 or,

. 3 (2¢ + 3f) dec (2¢ + 3f1) .
Ve+ ¢0 8 gué - 10 wg,:v - 1_5w0,a: - 10 wé,a} CY55 =0.
(88¢)

For the bottom face sheet:
(i) Either dul =0 or,
2C C (& 6C (& (& C C
N — < Cn> Do T (35011> an: (15011) (35011>

35
c Cft c 82 t A7h
wg + 5013w0 30013 20 V11 g2 wy = N"+

nc

3cfb hee 2

11 a 9.2
(89a)

( Sop

where N? is the end axial force per unit width at the bottom face

(ii) Either Swl =10 or,
2(20 + Sfb) . Zfb (380 + 47fb) . 3Cfb .
wag,x_M,l;_ {TC&% 118 D) Po+ 60c Css + Clla 5 b

. —2c+7f) A cfo e
] 0+{%c55 I’C116 2] t

20+ fo) e cfo e
o |25 e Shen v

b b C b b C

+|(Les-5) 4 cﬁg’fcua St =0, (s90)

(ili) Either dw§, =0 or,

s (Sl Yon. - (e )b - (SLon Jus. - (Soon ot

1fy .  3cff .. 0? o e fo o Chof necf
‘l'( 60b013 ana 2) 5 — b013 wg + b013 120tc118 D) wt == 6 >
(89c¢)

In the above equations, the superscript ~ denotes the known external boundary

values.
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APPENDIX D

Krc MATRIX OF EHSAPT

The [Kpc] matrix of EHSAPT is symmetric and has the following elements, £;;,

,7=1,...7
AT . 6en? w’ 4 e 2em .
k]_]_ = 5055 + 35 2011 + C 1fb§ ; kl? = _5055 15 2011 ) (903)
4 . 27 7 c
ki3 = 5055 3502 20 ku= _3—00055 35 2011 ) <90b>
cfm . ™ ™ cfim® . T
157 " gps 1T 7735 ;o kg = —551 ;o ki = 7043 —70n+ t : (90c)
8 16cm?
b= 5 C5 1 Chit ks =01 ks =haz (91a)
cfb7r cfym® c m
kos = 1503 <50+ 776 ks =05 kor= —15ta3 11— 77(25 (91b)
8¢ .. 16637T2 . 4 . 20277 .
Afymd T defim 2f7T c ¢ T
kss = 3540 -3 01— b ; kss = 3a ; ks = 35t 3 Ch — 7745 : (92b)
47 . bemr . . T chm® . » T
kys = % 55 1 354 2011 Cllftﬁ ) kss = _W 1 7725 ) (93&)
s 3cfim® . T
ki = 515 NS 35t O+ 773 : (93b)
36f bﬂ'Q 4 bTr2

7 c c b c
kss = &033 Z0aA 011 12 4011 Uy 02 ; kse = _§033 _7775 ) (94a)
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Cfbftﬂ'

1 C
ko1 = 60058~ Ta0a1 © ﬁQ a
8 . 16er? . 4 . i
ks = §C33 1502 5055 her = _§C33 — e
. Befimt . St 3 LT
b 033 704 CH 1208711 T Mgz

D.1 FElements of the K;c Matriz

(94b)

(95)

The [KLc] matrix is 7 x 7 symmetric matrix and has the following elements, k;j,

ij=1,...T

47 . 6eaZ . 4 . 2ca? .
ki = %055 + ?Cn + Cflfbai ; k= _§C55 + ?011 )

oy, 2y 7 . ek,
kis = 5055 Cn SGVES _3_00055 + _Cll ?
3c Oé?L c CJtCQy e
ks = — ?5 O —mhan 3 kg = —anBi;  kir = J;O Cty + nhau,
8 16cozn .
koo = 3_0055 —= Oy k=05 kau=hno,
c ad cfiad
ks = fb noﬁ g s ke =03 ko= ft ncﬁ T Cn,
8c c 16C n ¢ 4 c 2% n c
kss = 3055 C'11 ;o ke = _5055 Cll ’
2 an 4defray, 2f Oén c
kss = fb Ch — nian i ksg = 31 ;o ke = : ——CF) — o,
Gea? cfoiy

c b
Cli — myan

47 c n e
k?44 = ﬂ(ﬁ'&; + ?Cﬂ + Chftai X k?45 = —
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(97b)

(97¢)

(99a)

(99b)
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3cfal

3 — O + nhay, (100b)

kag = 5104n N VES

7 C 3Cf n C f n 4 C
kss = &033 7—%011 1712 Cfl 778 n ? kse = _§C33 - n?ai ) (101a)
1 . cfbf an .
8 16can . 4 .
kes = %C:a:a — O 5 ket = _§C33 - n?ai . (102)
3c 3o
bor = gy 2Ly I ot (103)
70 12
where
nmw : 1 1 7fi
n=— Ny=-CF — — |5, 104
=" =gt (30 606) 55 (104a)
o M (19 270 o i e (e A (104b)
773 - 30 13 30 60 55 774 - 15 13 15 5 55
2 2 c fl c i fl c 2c fz c
Mg = 5013 + (g 30 ) Css s M7= _3013 - (E + g) Css (104c)
A 11f; 4e  19f; AT A A 2¢
e = ——C% — [ — — | C¢ = — | = . ) Cs 104d
TIS 30 13 <15 30 + 1200> 55 7740, 774 (3 + f) 55 ( )
i c i i 2c+3fi . i
Noa = Clz = My Nra = TQ% + 17
7 11fl c i
Nga = 60 ——Cl — 15, (104e)
and
2 C C
B = _(013 + 055) ) (105a)
fo+ [ fb+ft 7fofe
C _ C 1 b
b=t 51 75 120 ) &5 (105b)
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APPENDIX E

HSAPT & ALLEN’S BUCKLING FORMULA

The sandwich buckling formula of Allen (thick faces version) considers the shear stress
in the core, and neglects the axial and transverse stiffnesses of the core. The critical
load for global buckling from this formula is given in Allen (1969) [2] for a symmetric

configuration as:

Py Py

L+5 - P.Pgs
Pcr,Allen = PE2 1+ PTEPQ — PTEPf ) (1063)
where
7T2 3 2¢ + 2
Pry = Efl? [% + M} , (106b)
72 f3 2c+ f)?
PEf - Efl_Z% ) P.= GC31< 26f> ) (106C)

i.e., Pgo respresents the Euler load of the sandwich column in the absence of core
shear strain with the bending stiffness of the core ignored, but with local bending
stiffness of the faces included; Pgy represents the sum of the Euler loads of the two
faces when they buckle as independent struts (i.e., when the core is absent) and P,
is the contribution to the buckling load due to shear.

The critical load from the High Order Sandwich Panel theory (HSAPT) is found
from solving for the load P in the governing equation for the nontrivial solution

(Frostig and Baruch, 1993) [13]:

P _ 2m2 [(EA)(ET)(2¢)g17? + 6 ESGS, 9207
P HSAPT (B A)GS, (20)3nt + 12(BA) ES(2¢)7%a2 + 24ESGS at

(107a)

where FA and F1 are respectively, the axial and bending stiffnesses per unit width
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of a sandwich beam that is geometrically uniform along the span, i.e.,

_Elf

EA=F/f EI T

(107b)

and we have defined
2
g1 = G 2P 125 gy = (BA)f+2(BA)(2e) [ +(BA)(20) +4(EI) , (107c)
This original formulation of the critical global buckling load of HSAPT can be
algebraically manipulated by making use of the Allen thick parameters above to
appear in the following form:

(202G5,7%| (Pes _ Piy
L+ [1 T T2 P.  PcPgs

(2¢)2G§ 72 | (Ppa—Pgy)
L+ [1+ 1255 a? ] .

Permsapr = Pp2 (108)

Thus, when EY goes to infinity (an incompressible core) the P.. gsapr approaches

the P ajen formula.
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APPENDIX F

M & K MATRICES OF EHSAPT

The mass matrix matrix [M,] of EHSAPT is symmetric and contains elements m;; =

nm.,

my; and o, = =F

6cp° 2bep”
my; =0 (fbﬂb + 3§ ) ;o Mg = 15,0 ; (109a)
2bc? p° bep©

= — : = 109b
mis 35 miyg 35 ( )

3bcfyptay, befipo,
mis = —J;f—g 3 mig — 0 3 mi7 = f;;é) . (109C)

16bcp”

2 = 15p ;o me3 =05 Mo =mi, (109d)

befrpCa, befipcan,
Moy — —fi—g 3 Mog — 0 3 Moy = f;;; . (1096)

16bc3 p¢ 2bc? p°

= : = 109f
33 105 ) 34 35 ) ( )

be? fypfay, be? f,pcan,
mas = ];l:g ;o omze =03 mgr= ];fg (109g)

6cp” befypCor,
Mg =b ( 3§ + ftﬂt) ;o Mys = —fl;—% ) (109h)
3b oy, )
mag =03 myr = 3befipon : (1091)
35
Acpt 3 3¢ 2 ¢ )
sy =b (i 1 (B2 BB a2 09
cp’ chfiptor
=b( — - ") 109k
st ( 15 140 ) (109k)
16bcp©
Mee — 15p y mey = Mg . (1091)
depe 3cfi” | P
=b [ et L R 109

T ( 15 T +< 0 12 )% (109m)
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The stiffness matrix [K,] of EHSAPT is also symmetric and contains elements k;; =

ka‘l
47 . 4 . 2cal .
]{ZH =b (3_06055 + Oéll)()éi) 3 k’lg =b <—§C55 + 1—5011> s (110&)
4 . 202an . T . ca .
k’13 - b —055 Cll ) kJ14 == b —@055 + gCH s (110b)
3cfra cfiad
k15 = —b ( gb — O + Ugan) i ke = b,y kir =0 (%051 + Uéan> :
(110¢)
8 16ca
k22 =b (§C§5 nCﬁ) ) k23 =0 3 k’24 = k12 3 (110d)

3
k’25 =b (—C];b%clcl + ’I]gOzn> 3 k’26 =0 X k27 =b (Cft anl ﬁéan) . (1106)

8c 16302 4 2%«
l{?33 = b <—C5C5 10 nclcl) ) k34 = b (—50505 ncvlc1> s (110f)
e fpa a . 4bcfay, A fad SO
ks —b( 25 Ot 4%0; - ; ; ky—b< % e, — 4m).
(110g)
47 cfra
kag = b (%055 + @iai) i kus = —0b ( J;boncfl + 772an) ; (110h)
3
kg = bBrau ; m:b(%%qls%). (1101)
7 4 )
k%zb(&C%—n@%+%¢0; sz—b<50%+%¢o, (110j)
1 c Q

km:b<—6§ ﬁ%”cﬁ @ﬂ@ : (110Kk)

8 16ca 4
k66 =5 (§C§3 nC’5C5) ; k}67 =—b (&C&S + néai) . (1101)

7 c t 2 t 4
/{?77 =b &033 — Mg, + Moy, . (110111)
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F.1 First Order Shear Deformable Theory (FOSDT)

For the First Order Shear model, the transverse and axial displacement field are,
respectively:

w(z, z,t) = w(x,t); ul(x,z,t) =uy— zé(x,t) (111)

nm.

The 3x3 symmetric mass matrix of FOSDT contains m;; = mj; and a,, = =
mar = b(fop” + 2¢p° + fip); (112a)

(QCbeb + fir” = 2cfip’ - fipe) s maz =0; (112b)

| oS

migs =

(f2p"+2p° + 20"+ 3¢ (fop” + fip") + 3¢ (fi0" + f20")) (112¢)

w| o

Ma2 =
Mog — 0, Mma3 = b(fbpb + 20[)6 + ftpt) (112(1)

and the 3x3 symmetric stiffness matrix of FOSDT with k;; = k;; contain:

kii = bl (2¢ES + EV fy + EL fy) ; (113a)

ba?
by = " (2eB0fy + BUfy = 2¢BLfi = BUf7) s b = 0; (113b)

b
k= G (2072 EY + E{f + BLf? + 3¢ (B + ELfy)

(113c)
+3c(EYfy + B D) + 3(4c + fo + f)RGS))
ba, .
]{?23 = —7(40 + fb + ft)k'G:ﬂ; ]{333 = —Oénkfgg (113d)

where k with no subscript is the shear correction factor, taken as either &k = 5/6 or
kE=1.
The eigenvector of FOSDT is

{U.(1)} = {Uon, ®on, Won}" (114)
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F.2 High-Order Sandwich Panel Theory (HSAPT)

The High-Order Sandwich Panel Theory accounts for the shear and transverse normal
stresses in the core and assumes that the in-plane stresses in the core are null. The dis-
placements based formulation of HSAPT has the following 5 unknown displacements
variables: uf(z), u§(x), w'(z), wb(z), and w§(z).

The axial and transverse displacement fields of the top and bottom face sheet, as
well as the transverse displacement field of the core are the same as ESHAPT shown

in Eqns. (2a), (2b), and (4a). However, this model differs from EHSAPT in that the

axial displacement field between —c < z < ¢ is defined as:
. 1z 1z z 2\
u(x, z,t) = (5 + 2—c> ub(z,t) + (5 — 2_c> ub(x,t) + (—§ + @> wg (7, 1)
o ¢ L f Lo 1 3Y 5
—=+- -+ — —2zf = — t) (115
+( <4+4 + 6+4c 2t F ek w,(z,t) (115)
i | ¢ 1 Jt L, L 5 t
LA RN [ R t
+ ((4 + 1 + 5 + 1) i T eal w', (z,1)
It should be noted that the the accelerations in the core are allowed to be nonlinear
throughout the height of the core. This distinguishes it from an earlier model of
HSAPT in which the accelerations were assumed to be linear through the height of
the core in [14].

nm.

The 5 x 5 symmetric mass matrix of HSAPT has m;; = mj; and a,, = ™

b 1
myy = 3 (Sfbpb + QC,OC) ;o Mg = gbCPc; (116a)
L e (30, + 17¢) 2 b2 (116b)
my3 = ——bcpCay, c); mis—bcpany;
13 90 Y b 1445 P
1
mis = %bcpcozn (13¢+ 15f) ; (116¢)
1 1
may = 3b(2e0°+3fip') s may = —gpbeptan (15f, + 13¢); (116d)
2 1
Moy = —4—5502006%; Mas = %bcpcan (17c+30f:); (116e)
1 202
Mas = —=b [ =2 (T14¢f,0° + 630cf2p° + 315 £3 " + 268¢%4°)
72\ 105 (116f)

+2—; (15fbpb + 4cpc)> ;
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1 48¢cp°
May = —b (— (—84¢ fypal — 32¢°p%al) + %) ; (116g)

1 2 24cp°
Mmss = —b (——cpcozi (2730 (fo+ fr) +315fp fr + 23602) — ;p ) : (116h)

72 105
1 64 192¢p© .
— —p = 3 ¢ 2 bt I 11
Ma = 5o (1050 P, + 5 ) ; (1161)
1. (24cp° 4 5 . 5 .
= — — ——cp° 8 21 : 116
Mi5 = o5 ( 5 1057 a, (8¢ + ft)) ; (116j)

ba? (2¢p¢ (134¢2 + 357 315f2) 4+ 315f2pt 1

mss =

and the 5 x 5 symmetric stiffness matrix of HSAPT with k;; = k;; contain:

bGs
ki = 031 +bfy Eyal; (117a)
bG§ bGS v, (3fp + 2¢)
kg = — 2L Ry = ——2 ; 117b
12 % 3 13 12¢ ’ ( 7 )
2 . bGS o (2¢+ 3 f1)
b= —3bG5am; i = - Lz (117c)
bGs
koo = 251 + bf a2 B (117d)
bGS v, (3fp + 2¢) 2 .
]{?23 = 31 19¢ ) k24 = gbGiﬂan; (1176)
bGS a, (2¢ 4+ 3
ko5 = —21 1(20 fo). (117f)
1 c 2 2 2 A F¢
72 c c
1 E%
kay = —b (SGglai (3f5 + 2¢) — % 3) ; (117h)
72 c
1 ¢ a? 2¢) (2 12F%
k'35 _ _b<G3104n (3fb+ C)( C+3ft> + 3) ’ <1171)
72 c c
1 96 % 1 48 E%
Faa = 22 <32cG§1ai + 3> P kas = eb <4G§1a§ (2c+3f;) — 3> . (117))
bG§ a2 (2¢+3f)%  TOES 1 .o,
— n — Et: 117k
kss 90 + 6o + 12bft £y (117k)
The eigenvector of HSAPT is
{Un} = {UgmUéanr?? W(gzqui}T (118)
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F.3 Mass and stiffness matrices for EHSAPT

The mass matrix matrix [M,] is symmetric and contains elements m;; = mj; and

nm

ay = 7:
6cp® 2bcp”
-} b . = 119
mii (fbp + 35 ) ;o Mo 5 (119a)
2bc? p¢ bep®©
= — . = 119b
mis 35 mig 35 ( )
3bc fppfox, befipta,
mis = ——‘];)g ; Mg = 0 X myy = —ft’?% . (119C)
16bcp”
Moy = 15p ;o omoz =03 moy =k, (119d)
befrpCa, befipCan,
Moy = —fli—g 3 Mog = 0 3 Moy = ftl% . (1196)
16bc3 p¢ 2bc? p°
= ; = 119f
m33 105 M3y 35 ( )
be? fopCan, be? fipton,
— . =0 =<7 7 119
mss 35 ;o M3e ; Mgy 35 (119g)
6cp® befyp©an
_ A — _XJoP Om 119h
M4y ( 35 + fip ) ;o Mas =0 ; ( )
3bcfiptan,
mae =03 Mz = 3befipan : (119i)
35
Acpt 3 3¢ 2 c ]
mss = b (fblob + 1; + <fli§b + ;08'0 ) 04721) ; Msg = Mig , (119j)
cp®  cfpfiptal
= — - . 119k
M7 = b ( 15 140 > (119k)
16bcp©
Meeg — 15p ; Mmer — ]{312 . (1191)
40,0 30 2pc 3pt
—b c t t t 2 ) 119
i ( 15 S +< 70 12 ) (119m)
The stiffness matrix [/,] is also symmetric and contains elements k;; = kj;:
a7 4 . 2ca? .
]{511 =b (3—00055 + OZI{O{?.L) ) k’lg =b (—§C55 + 1—5011> N (120&)
4 . 23k . T . ca .
klg - b (5055 - WC’H) , k14 — b (_%CSE') —|— gcn) 5 (120b)

3cfyad ,
ks = —b ( cfocty Ch + ngan) i ke =—bfa, s kir=0 (Cftancﬁ + Uéan) :

35 70
(120c)
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8 16ca?
/{22 = b (@CSCE) + 1_5710101) N k23 =0 3 k24 = klg y (120d)

3 3
ko = b (—Cf b o, + ngan> ks =0; ky=0 <Cf % e ngan> . (120¢)

15 15
8 .  l6ctaZ . 4 . 27%a .
A fpad 4befan, Afad
k35:b( ?’5 ”Ofl—nfjan) o kag = gl ; k:37:b( ?5 Cfl—n;;an> .
(120g)
47 . cfpad .
kg = b (@C’% + agai) o kg5 = —b (WCH + ngan) : (120h)
3 3
ki = bBran 3 kazr =0 ( Cg;an Cf + Uéan) . (1201)
7 4
kss = b ( —Csy —mgal +mgey | 5 kse = —=b | =Cs +mzal | (1205)
6c 3c
1 c cfbf CYi c
ks =b <&033 - ﬁql — B0 ) . (120k)
8 . 16caZ . 4 .
kv = b (écgg —nial + ngai) : (120m)

F.}, High-Order Sandwich Panel Theory (HSAPT)

The High-Order Sandwich Panel Theory accounts for the shear and transverse normal
stresses in the core and assumes that the in-plane stresses in the core are null. The
displacements based formulation of HSAPT presented in [34] has the following 5
unknown displacements variables: u(x), ub(z), w'(x), w®(z), and w§(x).

The in-plane and transverse displacement fields of the top and bottom face sheet,

as well as the transverse displacement field of the core are the same as ESHAPT

shown in Eqns. (2a), (2b), and (4a). However, this model differs from EHSAPT in
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that the in-plane displacement field between —c < z < ¢ is defined as:

. 1z 1 =z z 2N
u(x, z,t) = (5 + 2_c> ub(z,t) + <§ — 2_c> ug(m,t) + (—5 + @> wo’r(x,t)

(50 (8 e on

+ ((% + Z) + <é + 4%) z— 4%22 — 6—i2z3) w',(z,t)
It should be noted that the the accelerations in the core are allowed to be nonlinear
throughout the height of the core. This distinguishes it from an earlier model of
HSAPT in which the accelerations were assumed to be linear through the height of

the core in [14]. The transverse strain in the same as EHSAPT shown in Eqn. and

shear strains in the core is given by the relation:

. Ou(z,z) N ow(z, z)

The transverse and shear stresses in the core are found from the constitutive relation:

c .
zz)

oo = G172 (123)

c __ e
O = ESE 2T

The governing equations of motion of a simply supported sandwich beam/ wide panel
undergoing the load in Eqn. (58) using HSAPT can be cast in the following matrix

form:
(Mo {Un(8)} + [KaJ{Un(8)} = {Fu(1)} (124)

where [M,] and [K,] are the mass and stiffness matrices of the n'* Fourier term,

respectively. The 5 x5 symmetric mass matrix of HSAPT has m;; = my; and o, = "%

b 1
my = 3 (3fbpb + QCpC) i Mg = gbcpc; (125a)
=Ly (30f, + 17¢) ; 2 b (125b)
my3 = 90 CP Cin b ¢); m1445CP04n,
1
mys = %bcpcozn (13¢ + 15f4) ; (125¢)
1 1
Moy = gb (2cp" +3fip") s Mo = —%bcpcozn (15f, + 13¢) ; (125d)
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2 1
Moy = _4_5562Pcan; Mas = %bcf’can (17c+30f1); (125e)

1 [(2a?
mas = —b (;)‘g (714¢ fop® + 630cf; p¢ + 315, p* + 268¢°p°)

(125¢f)
24 b c
+E (15be + 4ep ) 3
1 2 2, ¢ 2 3 ¢ 9y, Bep”
M = =5b <ﬁ (—84¢* fypal — 32¢°p%al) + — ) (125g)
1 9 24cp°
Mas = 750 (‘ﬁ%“ai (273¢ (fy + fi) + 3153y + 236¢%) — ) U
1. /64 192¢p° .
- _—pl = 3 ¢ 2 . 125
Myy T (1050 pro, + 5 ) ; (125i)
1 24cp° 4 5 . 5 .
_ 1 2 2 211, ) ; 12
s = o ( - To5C P o (8¢ + ft))> (125)

ba? (2cp¢ (134 + 357 31517 31513 pt 1
My = an( cp ( c” + Cft+ ft>+ ftp)+—b(4cpc+15ftpt), (125k)

3780 15

and the 5 x 5 symmetric stiffness matrix of HSAPT with k;; = kj; contain:

b c
ki = 231 + bfyEla?; (126a)
c
_ WGy _bGS a0 (3, + 2¢)
b === ks = T (126b)
2, e bGSom (2¢+ 3 f1)
k14 = _gbG?)lOén; ]{,’15 = — 31 12¢ ¢ : (1260)
b C
koo = 2031 + bftaiEf; (126d)
bGS, o, (313 + 2¢ 2. .
ko = —2 1(20fb ); Koy = gbG:ﬂan; (126e)
bG o (2¢ + 3 f1)
- ; 126f
2 12¢ ’ (126f)
1 c a2 2¢) 2 AFC
b = oo (BB CAT2T g M) oy
72 c -
1 e
kor = b ( 8G5,02 (3 4+ 26) — 0 ) (126h)
72 .
1 (G502 (3fy+20) (2c+3f) | 12E5 .
Fss = 7 ( - t—) (126i)
1 96 ES 1 18Ee
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G502 (2c43f;)? N THhES
N 72 6

1. .
Ess + EbftdaiEfQ (126k)

The vector of the unknown generalized coordinates in (124) are
{Ua()} = {U(6), Uy (£), W (), Wi (1), Wi (D)} (127)

and the load vector {F,(t)} = T(t){0,0,0,0,Q,}". The ordinary differential equa-
tions in time (Eqn. (124) ) can be solved using standard numerical integration meth-

ods.
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