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Abstract

This thesis focuses on various aspects of inflationary fluctuations. First, we study gravitational wave fluctu-
ations in de Sitter space. The isometries of the spacetime constrain to a few parameters the Wheeler-DeWitt
wavefunctional of the universe, to cubic order in fluctuations. At cubic order, there are three independent
terms in the wavefunctional. From the point of view of the bulk action, one term corresponds to Einstein
gravity, and a new term comes from a cubic term in the curvature tensor. The third term is a pure phase and
does not give rise to a new shape for expectation values of graviton fluctuations. These results can be seen
as the leading order non-gaussian contributions in a slow-roll expansion for inflationary observables. We also
use the wavefunctional approach to explain a universal consistency condition of n-point expectation values
in single field inflation. This consistency condition relates a soft limit of an n-point expectation value to
n — 1-point expectation values. We show how these conditions can be easily derived from the wavefunctional
point of view. Namely, they follow from the momentum constraint of general relativity, which is equivalent
to the constraint of spatial diffeomorphism invariance.

We also study expectation values beyond tree level. We show that subhorizon fluctuations in loop
diagrams do not generate a mass term for superhorizon fluctuations. Such a mass term could spoil the
predictivity of inflation, which is based on the existence of properly defined field variables that become
constant once their wavelength is bigger than the size of the horizon. Such a mass term would be seen in
the two point expectation value as a contribution that grows linearly with time at late times. The absence
of this mass term is closely related to the soft limits studied in previous chapters. It is analogous to the
absence of a mass term for the photon in quantum electrodynamics, due to gauge symmetry.

Finally, we use the tools of holography and entanglement entropy to study superhorizon correlations in
quantum field theories in de Sitter space. The entropy has interesting terms that have no equivalent in flat
space field theories. These new terms are due to particle creation in an expanding universe. The entropy
is calculated directly for free massive scalar theories. For theories with holographic duals, it is determined
by the area of some extremal surface in the bulk geometry. We calculate the entropy for different classes
of holographic duals. For one of these classes, the holographic dual geometry is an asymptotically Anti-de
Sitter space that decays into a crunching cosmology, an open Friedmann-Robertson-Walker universe. The
extremal surface used in the calculation of the entropy lies almost entirely on the slice of maximal scale

factor of the crunching cosmology.
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Chapter 1

Introduction

Our current understanding of the universe at its most fundamental level is based on Quantum Mechanics and
General Relativity. The former is responsible for the physics of particles and its interactions, and dominates
our understanding of short distance physics, when materials cease to be homogeneous and atomic structure
becomes relevant. The latter explains the motions of planets, stars, galaxies and the universe as a whole,
and dominates our understanding of physics at very large distances.

The early universe is a remarkable example of a situation that requires both General Relativity and
Quantum Mechanics to be used simultaneously. This happens for the following reason. At large distance
scales, the universe looks very homogeneous. This raised a puzzle, given that the universe is not old enough
for regions far from each other to have ever been in causal contact. To solve this problem, the inflationary
paradigm was proposed [1, 2, 3]. It is the proposal that the universe undergoes exponential expansion in
its very early stages, thus making our visible universe arise from a small region. An alternative scenario
which is described by similar equations is the following. Our universe was in a false vacuum, namely, a local
minimum of a potential, and then tunnels to the true vacuum. A bubble nucleation follows in the region
that was previously in a false vacuum. Inside of this bubble we have an expanding universe. Both of these
scenarios solve the puzzle as the visible universe arises from a region small enough to be homogeneous and
in causal contact.

One beautiful outcome of the inflationary idea is that it does more than solving the problem for which
it was designed. As we are dealing with a small region that expands, quantum mechanical effects become
important. We can visualize the local rate of expansion of the universe by the value of the potential for
a certain quantum field. We can track how much a region of spacetime expands by using this fluctuating

field in the resulting geometry as a clock. The small quantum fluctuations of this field dictate how long



inflation lasts in each region of the universe. In the end we have an inhomogeneous “reheating” surface,
which indicates the end of inflation. This means that different regions inflated more or less than an average
value, due to the quantum fluctuations of the clock. So, at the end of the inflationary period we are left
with a large universe with small inhomogeneities [4, 5, 6, 7, 8. These inhomogeneities eventually source
anisotropies in the Cosmic Microwave Background [9], and dictate the Large Scale Structure of the universe
[10, 11]. The formation of visible structure in the universe is due to quantum fluctuations of the inflationary

epoch.

1.1 Inflation and small fluctuations

To study the inflationary paradigm in more detail, we need a toy model. There are two simple models that
capture most of the features we see in the data.

The first model is de Sitter space (d.S). dS is a solution of Einstein’s equations with positive cosmological
constant. The dS background captures the essential idea of inflation, as it can be noted by writing its line
element in flat coordinates:

ds? = —dt® + 2Htdr,dxt, i=1,2,3. (1.1)

The curvature of dS' is set by the parameter H, which is its intrinsic Hubble constant. It enjoys as many
symmetries as Minkowski space, thus allowing one to make exact statements about its quantum fluctuations.
In dS inflation goes on forever, at least semiclassically. In that sense, there is no transition to a radiation or
matter dominated universe in dS. However most of the basic features of inflationary perturbations can be
understood in this simplified setting.

When we study the dynamics of quantum fluctuations on this background, we have to distinguish between
distance scales bigger or smaller than the dS “radius”, Rqs = H~'. Consider a fluctuation with a given
“comoving” wavelength. This corresponds to a Fourier mode k' conjugate to the coordinates z* in (1.1).
Its physical wavelength grows with time, as k;hlys = ef'k~1, For distances shorter than Rgg there is little
difference between the time evolution of a field in flat space and a field in dS, as it can not feel the effects of
curvature. For distances larger than Rgg, the fluctuations feel the influence of the curved spacetime. Now
consider a free massless scalar field in this background. By solving its equations of motion, one finds out
that fluctuations of this field freeze after their wavelength becomes bigger than Ryg. When treating the case
with dynamical gravity, it will turn out that the fluctuations can be written as massless fields in a quasi-dS

background.

The overall picture is the following. If we keep track of a given comoving wavelength mode, it fluctuates



in the same way as we expect in flat space, with some oscillatory behavior. As the mode’s wavelength
becomes bigger than R,;g, these fluctuations freeze. Technically, this means that the power spectrum for the
fluctuations becomes time independent. This intuitive picture of the evolution is important, so that we refer
to Rys as the “horizon”, and we distinguish the dynamics of a mode depending on whether it has “crossed
the horizon” or it is “inside the horizon”!.

From the isometries of the background, it turns out that the two point function of massless fields is fixed
up to the choice of vacuum state. There is a well motivated vacuum state, called Bunch-Davies vacuum,
which reproduces the expected behavior of fluctuations at subhorizon distances[12, 13, 14]. It turns out that
the quantum fluctuations at superhorizon distances enjoy two remarkable properties. First, their amplitude
is proportional to Hubble’s constant. Second, their spectrum is scale invariant, i.e. P, o< k3.

These are predictions of any inflationary scenario. As inflation has to end, some mechanism has to kick
in to stop it. This will produce symmetry breaking effects, thus inflationary perturbations are near scale
invariant[4, 5, 6, 7, 8].

To model the stoppage of inflation, we consider a scalar field rolling down a potential V(¢), with the
initial condition that ¢ has a non-zero expectation value in the vacuum|2, 3]. This model is called Single
Field Inflation, and contains the basic features shared by all inflationary models.

The breaking of dS symmetry is parametrized by the slope of the inflationary potential - if it is a flat
potential, the model is equivalent to a massless scalar in dS - and we assume that this scale breaking is
very small. The intuitive picture is easy to follow if we consider surfaces of constant ¢. The value of ¢
decreases as it rolls down the potential. Because of quantum fluctuations, in some regions the field moves
down in the potential more than in others. The net effect is that inflation lasts longer in regions where the
roll is slower. Inhomogeneities are generated due to quantum fluctuations of this “inflaton” field. Surfaces
of constant ¢ set constant time surfaces in a certain gauge. A fluctuation in ¢ is a time delay or advance.
This fluctuation can be written as a local change in the scale factor; thus, it is a fluctuation in the local
curvature. This curvature variable behaves like a massless field in this background, and its fluctuations are
quasi scale invariant, as the dS symmetry is slightly broken.

In both scenarios, the gravitational field itself is a quantum field, and thus gravitational fluctuations are
produced, with an almost scale invariant spectrum in single field inflation, and exact scale invariance in d.S
[15, 16, 17]. Any inflationary model will generate quantum fluctuations of the gravitational field itself, with
a scale invariant spectrum. Once we consider fluctuations in the gravitational field, the metric becomes a

dynamical variable, and its gauge symmetry needs to be treated properly. Gauge invariant observables can

1The technical reason why Rgg is referred as the horizon size is related to the description of dS from a free falling observer,
who sees a cosmological horizon at distance Rgg from its position.



be defined order by order in perturbation theory? [18, 19, 20].

The gravitational wave fluctuations behave as a massless tensor field, or as two free massless scalar fields
in the background geometry, one for each polarization mode of the graviton. The inflaton perturbations,
written as curvature perturbations, behave as a massless scalar field. Because the scalar mode is tied to
the dS symmetry breaking, its action is weighted by this factor. Thus, its fluctuations are enhanced by the
dS-breaking factor, with respect to the tensor fluctuations. This is the origin of a small tensor-to-scalar ratio,
which complicates the detection of primordial gravitational waves in the features of the Cosmic Microwave
Background (CMB) radiation.

In summary, the inflationary paradigm - which consists of a phase of quasi-de Sitter expansion - produces
quasi scale invariant scalar and tensor fluctuations, due to the inflaton and graviton fields. These fluctuations
freeze at the horizon scale, and remain frozen until their physical wavelength becomes comparable to the

size of the horizon, later in the history of the universe.

1.2 Probing details of the inflationary scenario

In the previous section we highlighted universal features of inflationary theories. To understand the infla-
tionary period better, we need to look for features that are model dependent. The two point function was
determined in a free field approximation. Properly defined field variables behave roughly as massless fields in
a quasi-dS background. However, the non-linearity of gravity automatically introduces interactions. In a free
theory, the spectrum of perturbations is Gaussian. In other words, it is fixed by the two point expectation
value of fluctuations. For example, the three point expectation value is zero, and the four point expectation
value is fixed by Wick’s theorem.

The simplest observable that carries new information about inflation beyond the free field approximation
is the three point function of inflationary perturbations. It gives rise to the so-called bispectrum in the
CMB|21, 22, 23, 24]. This is a function of two momentum variables and thus can be affected in different
ways depending on the shape of the potential. Current experiments, like the PLANCK satellite, are looking
for a non-gaussian signature in the CMB data[25]. If there exists a non-zero three point function - as the
non-linearity of gravity predicts - we will probe details of the inflationary scenario.

Defining gauge-invariant observables is a hard problem in gravitational theories. One candidate for
that are the late-time expectation values of fields. As we have to fix a gauge, in principle we compute

some gauge-invariant object. However, they are not fully gauge-invariant, as some large diffeomorphisms

2Local observables can not be gauge invariant in gravity. So, when dealing with gauge invariance in cosmological pertur-
bation theory, one should either fix the gauge a priori or talk about gauge invariance to a certain order in the generator of
diffeomorphisms.



are still allowed that maintain the metric unchanged. At the level of the three point function, this effect
translates to some “consistency conditions” that fixes a piece of the expectation values in terms of lower-
point expectation values. They arise in the same fashion as Ward identities appear in gauge theories, fixing
correlation functions that involve the longitudinal part of the gauge field. It is important to understand these
consistency conditions in detail, as they carry information about the frame dependence of our observable.

A more technical issue, not directly related to observations of the CMB, is the following. Most inflationary
calculations are done at tree level. Due to the non-linearity of gravity, an infinite tower of interaction vertices
appear in the Feynman diagrams. As a non-renormalizable theory, one should interpret computations done
in this setting as effective field theory calculations, with the cutoff set by the Planck scale. One could then
wonder whether loop diagrams can spoil the tree level prediction for inflationary observables. In other words,
we stated previously that, in a certain gauge, the inflaton field is massless. In principle, a mass term can be
generated dynamically, by loop diagrams. It is important to check whether this is possible in inflation, and
if not, what protects the effective action from having such a term. In the cause of quantum electrodynamics,
gauge symmetry forbids the appearance of a mass term for the photon. If the inflaton remains massless
beyond the tree approximation, some symmetry must protect it.

The purpose of this thesis is to explore some of these questions in specific models in detail, with the hope

to understand general features of inflationary theories and of dS space.

1.3 Overview of the thesis

The thesis is based on already published work by myself with collaborators. The goal is to understand
quantum fluctuations in the inflationary setting, from various points of view. The focus is in two and three
point expectation values, at tree level and one loop. In the last chapter we use a different probe of these
superhorizon correlations using entanglement entropy.

Chapter 2, based on [26], was written with Juan Maldacena. We study non-gaussianities in a dS back-
ground. The isometries of dS constrain the possible shapes for the three point function. As discussed in
the previous section, the inflationary scalar mode is associated to the breaking of d.S symmetry, so we focus
on gravitational fluctuations, which persist in the limit of exact dS. In a slow-roll expansion, we write the
most general three point function to order O(e°) for three graviton fluctuations. We also analyze the general
constraints of dS symmetry on more general correlation functions.

Chapter 3 is based on [27]. T argue that the non-gaussian consistency conditions, which relate soft limits
of n-point functions to n — 1-point functions, are a general consequence of diffeomorphism invariance of the

Wheeler-De Witt wavefunctional of the universe. In this language the consistency conditions are very easy



to derive, to arbitrary order in the soft leg expansion. The focus is on three point functions of single field
inflation and Einstein gravity in d.S, but the construction is easily extensible to other settings.

Chapter 4, based on [28], was written with Leonardo Senatore and Matias Zaldarriaga. We study loop
effects in the two point function of scalar fluctuations in dS. By examining in detail all the Schwinger-Keldysh
diagrams, we show that there is no backreaction of modes running in the loop at late times, inducing some
late time dependence on the power spectrum. In other words, we rule out that the one loop contribution from
short wavelength modes can produce a mass term in the effective action for a long wavelength mode. This
is a direct consequence of diffeomorphism invariance of the action, and is closely related to the soft limits
discussed in chapter 3. It is crucial that we can trust the tree level calculation to believe in the inflationary
paradigm, as we rely on the fact that fluctuations remain frozen after they exit the horizon. Such an effect
would jeopardize such an important property of the inflationary perturbations.

Chapter 5, based on [29], was written with Juan Maldacena. We study superhorizon correlations by
calculating the entanglement entropy of spherical regions. These spheres are of size much bigger than the
horizon scale. It turns out that this entropy has an interesting contribution, that grows with the number of
inflationary e-folds. We calculate this contribution for free massive scalars and for theories with holographic
duals. A curious observation is that for theories dual to crunching cosmologies, the entropy computation
is related to a specific property of the crunching cosmology. This maybe a hint to an FRW/CFT type of

duality.



Chapter 2

On graviton non-gaussianities during

inflation

2.1 Introduction

Recently there has been some effort in understanding the non-gaussian corrections to primordial fluctuations
generated during inflation. The simplest correction is a contribution to the three point functions of scalar
and tensor fluctuations. For scalar fluctuations there is a classification of the possible shapes for the three
point function that appear to the leading orders in the derivative expansion for the scalar field [30, 31, 32, 33].

In this chapter we consider tensor fluctuations. We work in the de Sitter approximation and we argue
that there are only three possible shapes for the three point function to all orders in the derivative expansion.
Thus the de Sitter approximation allows us to consider arbitrarily high order corrections in the derivative
expansion. The idea is simply that the three point function is constrained by the de Sitter isometries. At
late times, the interesting part of the wavefunction becomes time independent and the de Sitter isometries
act as the conformal group on the spatial boundary. We are familiar with the exact scale invariance, but, in
addition, we also have conformal invariance. The conformal invariance fixes the three point functions almost
uniquely. By “almost”, we simply mean that there are three possible shapes allowed, two that preserve parity
and one that violates parity. We compute explicitly these shapes and we show that they are the only ones
consistent with the conformal symmetry. In particular, we analyze in detail the constraints from conformal
invariance. In order to compute these three shapes it is enough to compute them for a simple Lagrangian
that is general enough to produce them. The Einstein gravity Lagrangian produces one of these three shapes

[34, 22]. The other parity conserving shape can be obtained by adding a [ W? term to the action, where W



is the Weyl tensor. Finally, the parity violating shape can be obtained by adding [ WQW, where W is the
Weyl tensor with two indices contracted with an e tensor. The fact that the gravitational wave expectation
value is determined by the symmetries is intimately connected with the following fact: in four dimensional
flat space there are also three possible three point graviton scattering amplitudes [35] 1. Though the parity
violating shape is contained in the wavefunction of the universe (or in related AdS partition functions), it
does not arise for expectation values [36, 37]. Thus for gravitational wave correlators in dS we only have
two possible shapes, both parity conserving.

We show that, under general principles, the higher derivative corrections can be as large as the term that
comes from the Einstein term, though still very small compared to the two point function. In fact, we expect
that the ratio of (yyy)/{y7)? is of order one for the ordinary gravity case, and can be as big as one for the
other shape. When it becomes one for the other shape it means that the derivative expansion is breaking
down. This happens when the scale controlling the higher derivative corrections becomes close to the Hubble
scale. For example, the string scale can get close to the Hubble scale. Even though ordinary Einstein gravity
is breaking down, we can still compute this three point function from symmetry considerations, indicating
the power of the symmetry based approach for the three point function. This gravity three point function
appears to be outside the reach of the experiments occurring in the near future. We find it interesting
that by measuring the gravitational wave three point function we can directly assess the size of the higher
derivative corrections in the gravity sector of the theory. Of course, there are models of inflation where higher
derivatives are important in the scalar sector [38, 39] and in that case too, the non-gaussian corrections are
a direct way to test those models [40, 41, 32]. The simplicity of the results we find here is no longer present
when we go from de Sitter to an inflationary background. However, the results we find are still the leading
approximation in the slow roll expansion. Once we are away from the de Sitter approximation, one can still
study the higher derivative corrections in a systematic fashion as explained in [30, 33, 42].

Our results have also a “dual” use. The computation of the three point function for gravitational waves
is mathematically equivalent to the computation of the three point function of the stress tensor in a three
dimensional conformal field theory. This is most clear when we consider the wavefunction of the universe as
a function of the metric, expanded around de Sitter space at late times [22]. This is a simple consequence
of the symmetries, we are not invoking any duality here, but making a simple statement 2. From this point
of view it is clear why conformal symmetry restricts the answer. If one were dealing with scalar operators,

there would be only one possible three point function. For the stress tensor, we have three possibilities, two

1In flat space, one has to complexify the momenta to have nonvanishing three point amplitudes. In de Sitter, they are the
natural observables.

20f course, this statement is consistent with the idea that such a wavefunction can be computed in terms of a dual field
theory. Here we are not making any assumption about the existence of a dual field theory. Discussions of a possible dual theory
in the de Sitter context can be found in [43, 44].



parity conserving and one parity violating. The parity conserving three point functions were computed in
[45]. Here we present these three point functions in momentum space. Momentum space is convenient to
take into account the conservation laws, since one can easily focus on the transverse components of the stress
tensor. However, the constraints from special conformal symmetry are a little cumbersome, but manageable.
We derived the explicit form of the special conformal generators in momentum space and we checked that
the correlators we computed are the only solutions. In fact, we found it convenient to introduce a spinor
helicity formalism, which is similar to the one used in flat four dimensional space. This formalism simplifies
the algebra involving the spin indices and it is a convenient way to describe gravitational waves in de Sitter,
or stress tensor correlators in a three dimensional conformal field theory. In Fourier space the stress tensor
has a three momentum I;, whose square is non-zero. The longitudinal components are determined by the
Ward identities. So the non-trivial information is in the transverse, traceless components. The transverse
space is two dimensional and we can classify the transverse indices in terms of their helicity. Thus we have
two operators with definite helicity, T+ (/;) In terms of gravitational waves, we are considering gravitational
waves that have circular polarization. These can be described in a convenient way by defining two spinors
X and ), such that A?\P = (k, |E|)“b. In other words, we form a null four vector, and we proceed as in
the four dimensional case. We only have SO(3) symmetry, rather than SO(1,3), which allows us to mix
dotted and undotted indices. We can then write the polarization vectors as &* o 026)\“)\5 (no bar), etc.
This leads to simpler expressions for the three point correlation functions of the stress tensor in momentum
space. We have expressed the special conformal generator in terms of these variables. One interesting aspect
is that this formalism makes the three point function completely algebraic (up to the delta function for
momentum conservation). As such, it might be a useful starting point for computing higher point functions
in a recursive fashion, both in dS and AdS. This Fourier representation might also help in the construction of
conformal blocks. The connection between bulk symmetries and the conformal symmetry on the boundary
was discussed in the inflationary context in [46, 47, 48, 49, 50].

The idea of using conformal symmetry to constrain cosmological correlators was also discussed in [51].
Though the point of view is similar, some of the details differ. In that paper, scalar fluctuations were
considered. However, scalar fluctuations, and their three point function, crucially depend on departures
from conformal symmetry. It is likely that a systematic treatment of such a breaking could lead also to
constraints, specially at leading order in slow roll. On the other hand, the gravitational wave case, which is
discussed here, directly gives us the leading term in the slow roll expansion.

The chapter is organized as follows. In section 2.2 we perform the computation of the most general three
point function from a bulk perspective. We also discuss the possible size of the higher derivative corrections.

In section 2.3 we review the spinor helicity formalism in 4D flat spacetime, and propose a similar formalism



that is useful for describing correlators of CFTs and expectation values in dS and AdS. We then write the
previously computed three point functions using these variables. In section 2.4 we review the idea of viewing
the wavefunction of the universe in terms of objects that have the same symmetries as correlators of stress
tensors in CFT. We also emphasize how conformal symmetry constrains the possible shapes of the three
point function. In section 2.5 we explicitly compute the three point function for the stress tensor for free
field theories in 3D, and show that, up to contact terms, they have the same shapes as the ones that do not
violate parity, computed from the bulk perspective. The appendices contain various technical points and

side comments.

2.2 Direct computation of general three point functions

In this section we compute the three point function for gravitational waves in de Sitter space. We do
the computation in a fairly straightforward fashion. In the next section we will discuss in more detail the

symmetries of the problem and the constraints on the three point function.

2.2.1 Setup and review of the computation of the gravitational wave spectrum

The gravitational wave spectrum in single-field slow roll inflation was derived in [16]. Here we will compute
the non-gaussian corrections to that result. As we discussed above, we will do all our computations in the de
Sitter approximation. Namely, we assume that we have a cosmological constant term so that the background
spacetime is de Sitter. There is no inflaton or scalar perturbation in this context. This approximation
correctly gives the leading terms in the slow roll expansion. We leave a more complete analysis to the future.

It is convenient to write the metric in the ADM form
— _N? NENY = g.-NJ = p2Ht . 21
goo + Gij y  9oi = GijiV', Gij = ¢€ eXp('Y)ZJ (2.1)

Where H is Hubble’s constant. N and N; are Lagrange multipliers (their equations of motion will not be

dynamical), and +y;; parametrizes gravitational degrees of freedom. The action can be expressed as
M2 M?2 . .
S = %/Fg(}z —6H2) = =7 / N (NR<3> — 6NH?+ N~Y(E;;E" — (Ez)2)) (2.2)

Where E;; = 5(g:;; — VilN; — V;N;) and we define MIZZQ = 87Gy. We fix the gauge by imposing that

1
2
gravity fluctuations are transverse traceless, v; = 0 and 0;v;; = 0. Up to third order in the action, we only

need to compute the first order values of the Lagrange multipliers N and N; [22]. By our gauge choice, these
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are N =1 and N; = 0 as there cannot be a first order dependence on the gravity fluctuations. Expanding

the action up to second order in perturbations we find

M3 .
Sy = %/ (37 %5 — e O 0vis) (2.3)

We can expand the gravitational waves in terms of polarization tensors and a suitable choice of solutions of

the classical equations of motion. If we write

dsk s ik.x
oy (%, 1) = / S S e a(tal L+ e (2.4)
S=+,—

the gauge fixing conditions imply that the polarization tensors are traceless, €;; = 0, and transverse k;e;; = 0.

The helicities can be normalized by ef‘je;‘JB = 4648 The equations of motion are then given by
" 2 / 2 eth
0 =ya(n) — 5%1(77) + kva(n) n=-——7 (2.5)

where we introduced conformal time, 1. We take the classical solutions to be those that correspond to the

Bunch-Davies vacuum [13], so vq(n) = \/I;?e““"(l — ikn). Here we have denoted by k = |k| the absolute
value of the 3-momentum of the wave. We are interested in the late time contribution to the two-point
function, so we take the limit where 7 — 0. After Fourier transforming the late-time dependence of the
two-point function and contracting it with polarization tensors of same helicities we find:

51,52 1/ H\
(Vi) = (2m)%6° (k + kl)ﬁ (Mpl> 484, s, (2.6)

In the inflationary context (with a scalar field), higher derivative terms could give rise to a parity breaking
contribution to the two point function. This arises from terms in the effective action of the form f f (qﬁ)WW
[52, 53]. This parity breaking term leads to a different amplitude for positive and negative helicity gravita-
tional waves, leading to a net circular polarization for gravitational waves. If f is constant this term is a
total derivative and it does not contribute. Thus, in de Sitter there is no contribution from this term. In
other words, the parity breaking contribution is proportional to the time derivative of f. Some authors have
claimed that one can get such parity breaking terms even in pure de Sitter [54]. However, such a contribution
would break CPT. Naively, we would expect that CPT is spontaneously broken because of the expansion
of the universe. However, in de Sitter we can go to the static patch coordinates where the metric is static.
For such an observer we expect CPT to be a symmetry. A different value of the left versus right circular

polarization for gravitational waves would then violate CPT.
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In the AdS case, or in a general CFT, there can be parity violating contact terms in the two point

function®. This is discussed in more detail in appendix 2.9.

2.2.2 Three point amplitudes in flat space

In order to motivate the form of the four dimensional action that we will consider, let us discuss some aspects
of the scattering of three gravitational waves in flat space. This is relevant for our problem since at short
distances the spacetime becomes close to flat space.

In flat space we can consider the on shell scattering amplitude between three gravitational waves. Due
to the momentum conservation condition we cannot form any non-zero Mandelstam invariant from the three
momenta. Thus, all the possible forms for the amplitude are exhausted by listing all the possible ways of
contracting the polarization tensors of the gravitational waves and their momenta, [35]*. There are only two
possible ways of doing this, in a parity conserving manner. One corresponds to the amplitude that comes
from the Einstein action. The other corresponds to the amplitude we would get from a term in the action
that has the form W3, where W is the Weyl tensor. In addition, we can write down a parity violating
amplitude that comes from a term of the form WWQ, where Wabcd = €abe fWeJZ 4- These terms involving
the Weyl tensor are expected to arise from higher derivative corrections in a generic gravity theory. By
using field redefinitions, any other higher derivative interaction can be written in such a way that it does
not contribute to the three point amplitude.

By analogy, in our de Sitter computation we will consider only the following terms in the gravity action

M2
Seff — /d4x |:ﬁ (; (76H2 + R) + A72 (a WabchCdmnWmnab)> + (2 7)
+ A72 (b eabefVVefchVCdmnvanab)]

Here A is a scale that sets the value of the higher derivative corrections. We will discuss its possible values
later. This form of the action is enough for generating the most general gravity three point function that is
consistent with de Sitter invariance. This will be shown in more detail in section 2.4, by using the action
of the special conformal generators. For the time being we can accept it in analogy to the flat space result.
Instead of the Weyl tensor in (2.7) we could have used the Riemann tensor. The disadvantage would be that
the R? term would not have vanished in a pure de Sitter background and it would also have contributed to the
two point function. However, these extra contributions are trivial and can be removed by field redefinitions.

So it is convenient to consider just the W3 term.

3A contact term is a contribution proportional to a delta function of the operator positions.
4In flat space, the three point amplitude is non-trivial only after analytically continuing to complex values of the momentum.
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2.2.3 Three-point function calculations

In this subsection we compute the three point functions that emerge from the action in (2.7). First we

compute the three point function coming from the Einstein term, and then the one from the W3 term.

2.2.4 Three point function from the Einstein term

This was done in [34, 22]°. For completeness, we review the calculation and give some further details. To
cubic order we can set N =1, N; = 0in (2.1). Then the only cubic contribution from (2.2) comes from the
term involving the curvature of the three dimensional slices, R(®). Let us see more explicitly why this is the
case. On the three dimensional slices we define g = e?H!g, with §ij = (€7);;. All indices will be raised and

lowered with g. The action has the form
1 . LA L
¥ — 5 / dtd3z [thR“) e TN EEY — (B,)?) (2.8)

Now we prove that the second term does not contribute any third order term to the action. To second order

in v we have E; = (¥ + [4,7])i;. Then we find
EyET — (B')? = i +o(v?) (2.9)

which does not have any third order term. Thus, the third order action is proportional to the curvature of
the three-metric. This is then integrated over time, with the appropriate prefactor in (2.8). Of course, if we
were doing the computation of the flat space three point amplitude, we could also use a similar argument.
The only difference would be the absence of the et factor in the action (2.8). Thus, the algebra involving
the contraction of the polarization tensors and the momenta is the same as the one we would do in flat
space (in a gauge where the polarization tensors are zero in the time direction). Thus the de Sitter answer
is proportional to the flat space result, multiplied by a function of |l_€;| only, which comes from the fact that
the time dependent part of the wavefunctions is different.

We want to calculate the tree level three-point function that arises from this third-order action. In order
to do that, we use the in-in formalism. The general prescription is that any correlator is given by the time
evolution from the “in” vacuum up to the operator insertion and then time evolved backwards, to the “in”

vacuum again, (O(t)) = <in ‘Te_ifH?‘”f(t/)dt/O(t)TeifHf‘"t(t/)dt/

in>. We are only interested in the late-time

5Tn [34] the AdS case was considered.
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limit of the expectation value. We find

+oo
(77 (21, )72 (22, 8) 7% (23, )) 1 400 =:-iJ/ dt’ [Hini (1), 7° (w1, 400)7" (w2, +00)7" (23, +-00)]  (2.10)

—o00
We write the gravitational waves in terms of oscillators as in (2.4). We calculate correlators for gravitons
of specific helicities and 3-momenta. Note that, because there are no time derivatives in the interaction

Lagrangian, then it follows that H3 —L3 ,. Once we put in the wavefunctions, the time integral that we

int —
need to compute is of the form Im[f?oo dnn%(l —ik1n) (1 —ikon) (1 — iksn)e!(F1tkatks)n] (in conformal time).
Two aspects of the calculation are emphasized here. One is that we need to rotate the contour to damp
the exponential factor at early times, which physically corresponds to finding the vacuum of the interacting

theory [22], as is done in the analogous flat space computation. Another aspect is that, around zero, the

ei(k1t+ka+kg)e
€

primitive is of the form — = —L — (k1 + k2 + k3) + O(e), where € is our late-time cutoff. This

divergent contribution is real and it drops out from the imaginary part. We get

S S S - % H 4 4
<vk;vk§7kg>R—<27r>563<k1+k2+k3>( ) (

Mpi) (Zkikoks) ©
[(k?kfe}j)eileil — 2€%j(k?€l2i)(k72n6§nj) + Cyclic] X (2.11)
kiko + kiks + koks kqkoks )
ki 4 ko + k3 — -
<1 2T k1 + ko + ks (k1 + ko + k3)?

The second line is the one that is the same as in the flat space amplitude. The third line comes from the
details of the time integral. Below we will see how this form for the expectation value is determined by the

de Sitter isometries, or the conformal symmetry.

2.2.5 Three point amplitude from W2 in flat space

Let us calculate the following term in flat space, to which we will refer as W?3: W“BwsW'V‘SUpW”’JQB. We

can write the following first order expressions for the components of the Weyl tensor

. 1
01 -
w 0j = 571‘]‘
y 1. )
W4, = 3 (Yrij — Yrii)
WO L 2.12
ik 5 (Yikg = Yi.k) (2.12)
Wy = 3 (=01 + dajr + 0k — 6j15ik)
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where we used that « is an on shell gravitational wave. i.e. 7 obeys the flat space equations of motion. We

also used that v;; = 0;v;; =0, N; =0, N = 1. We can then write

WP sW WP g = Wi Wk Wwmn, 4 6WO Wik, W™, + (2.13)
2.13
+12W0i0jW0jleklOi 4 8W0iojW0j0kW0km

Evaluating these terms leads us to
SB) = /A‘2 (29i5%ix ki + 3VigVnt,iVetg + 3VigVika Vit ke — 6%ij Vi1 Vet 5] (2.14)

Plugging v;; = e}jeikl'm + e?jeikz'z + e?jei’%'w where k - x = k'z; — kt, we get the following expression for the
vertex due to the W3 term:
Vivs flat = 6 Ky koks [kl kykieleded, + eyclic —

(2.15)

(k1 + ko + ks) (e}, k5 e kbel; + cyclic) — 2 kikaksel €5 €r)

By choosing a suitable basis for the polarization tensors, one can show that this agrees with the gauge

3

pv

. . . . _ My 1 Pr.o,.2 Nyt
invariant covariant expression Viys riqr = 6k1 kY€, kok5 e, kskie

2.2.6 Three point function from W? in dS

The straightforward way of performing the computation would be to insert now the expressions for the
wavefunctions in the W?2 term in de Sitter space, etc. There is a simple observation that allows us to
perform the de Sitter computation. First we observe that the Weyl tensor is designed so that it transforms
in a simple way under overall Weyl rescaling of the metric. Thus the Weyl tensor for the metric in conformal
time is simply given by W.s0(9) = H%WZWW(;U(L@ = ¢7). Note also that, for this reason, the Weyl tensor
vanishes in the pure de Sitter background. Thus, we only need to evaluate the Weyl tensor at linearized
ikn+ik.z

order®. For on shell wavefunctions v = (1 — ikn)e we can show that

Wiaso (7) = =il klgW L5, (¢ 77) (2.16)

where W/t is the expression for the flat space Weyl tensor that we computed in the previous section,

computed at linearized order for a plane wave around flat space. Thus, when we insert these expressions in

6Note that the W3 term does not contribute to the two point function.
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the action we have

0
o= /W3 :/ dnd®x(kykaksn®) (H?n?) (WTTt)? (2.17)

The whole algebra involving polarization tensors and momenta is exactly the same as in flat space. The
only difference is the time integral, which now involves a factor of the form [ dnn®e’®" o 1/ES, where we
have defined E = k1 + ko + k3, and we rotated the contour appropriately. Putting all this together, we get

the following result for the three-point function due to the W?2 term

vz ws = (2m)°6° (ky + kg + ka) X

() (3) o
2y (8 s e
Mp, A (k1 + kg + k3 )6 (ky koks)2 " I1at

where Viys_f14 was introduced in (2.15). There are also factors of 1/k? that were included to get this resuls.

(2.18)

The parity violating piece will be discussed after we introduce spinor variables, because they will make the

calculation much simpler.

2.2.7 Estimating the size of the corrections

Let us write the effective action in the schematic form

S:]\é’%l[/[\/ﬁR—GHQ\/ﬁ]+L4/W3]+~- (2.19)

where the dots denote other terms that do not contribute to the three point function. Here L is a constant
of dimensions of length. We have pulled out an overall power of M3, for convenience. The gravitational
wave expectation values coming from this Lagrangian have the following orders of magnitude

H? H* H*

(Y11 R = L (yrws = @(LH )t (2.20)

Thus the ratio between the two types of non-gaussian corrections is

Mws  raga
("R L (2.21)

We know that H?/M3, is small. This parameter controls the size of the fluctuations. In the AdS context, we
know that when the right hand side in (2.21) becomes of order one we have causality problems [55, 56, 57, 58].

We expect that the same is true in dS, but we have not computed the precise value of the numerical coefficient
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where such causality violation would occur. So we expect that

HL <1 (2.22)

In a string theory context we expect L to be of the order of the string scale, or the Kaluza Klein scale.
Thus the four dimensional gravity description is appropriate when HL < 1. In fact, in string theory we
expect important corrections when H/; ~ 1. In that case, the string length is comparable to the Hubble
scale and we expect to have important stringy corrections to the gravity expansion. Note that in the string
theory context we can still have H? /MI%l ~ g2 being quite small. So we see that there are scenarios where
the higher derivative corrections are as important as the Einstein contribution, while we still have a small
two point function, or small expansion parameter H?2 /M}%l. In general, in such a situation we would not
have any good argument for neglecting higher curvature corrections, beyond the W3 term. However, in the
particular case of the three point function, we can just consider these two terms and that is enough, since
these two terms (the Einstein term and the W3 term) are enough to parametrize all the possible three point
functions consistent with de Sitter invariance. If we define an fnr—gravity = (y77)/{(77)?, then we find that
the Einstein gravity contribution of fyr—gravity is of order one. This is in contrast to the fy for scalar
fluctuations which, for the simplest models, is suppressed by an extra slow roll factor”.

In an inflationary situation we know that the fact that the fluctuations are small is an indication that
the theory was weakly coupled when the fluctuations were generated. However, it could also be that the
stringy corrections, or higher derivative corrections were sizable. In that case, we see that the gravitational
wave three point function (or bispectrum) gives a direct measure of the size of higher derivative corrections.
Other ways of trying to see these corrections, discussed in [59], involves a full reconstruction of the potential,
etc. In an inflationary context terms involving the scalar field and its time variation could give rise to new
shapes for the three point function since conformal symmetry would then be broken. However, one expects
such terms to be suppressed by slow roll factors relative to the ones we have considered here. However a
model specific analysis is necessary to see whether terms that contain slow roll factors, but less powers of LH
dominate over the ones we discussed. For example, a term of the form M#,L? f(¢)W? is generically present
in the effective action[33]. Such a term could give a correction of the order (yyy) pw2/{(vy7)r ~ €s(HL)?.
Here € is a small quantity of the order of a slow roll parameter, involving the time derivatives of f. Whether
this dominates or not relative to (2.21) depends on the details of the inflationary scenario. In most cases,
one indeed expects it to dominate. It would be very interesting if (2.21) dominates because it is a direct

signature of higher derivative corrections in the gravitational sector during inflation.

"Note that we have divided by the gravity two point function to define fyr_ gravity- 1f we had divided by scalar correlators,
we would have obtained a factor of €2.
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Notice that the upper bound (2.22) is actually smaller than the naive expectation from the point of view
of the validity of the effective theory. From that point of view we would simply demand that the correction
due to W? at the de Sitter scale H should be smaller than one. This requires the weaker bound H*L* < %
This condition is certainly too lax in the AdS context, where one can argue for the more restrictive condition
(2.22).

In summary, we can make the higher derivative contribution to the gravity three point function of the
same order as the Einstein Gravity contribution. Any of these two terms are, of course, fairly small to begin

with.

2.3 Spinor helicity variables for de Sitter computations

In this section we introduce a technical tool that simplifies the description of gravitons in de Sitter. The
same technique works for anti-de Sitter and it can also be applied for conformal field theories, as we will
explain later.

The spinor helicity formalism is a convenient way to describe scattering amplitudes of massless particles
with spin in four dimensions. We review the basic ideas here. For a more detailed description, see [60, 35, 61,
62]. In four dimensions the Lorentz group is SO(1,3) ~ SL(2) x SL(2). A vector such as k, can be viewed
as having two SL(2) indices, k. The new indices run over two values. A 4-momentum that obeys the mass
shell condition, k% = 0 can be represented as a product of two (bosonic) spinors ka® = \a)\b. Note that if we
rescale A\ — wA and \ — %5\ we get the same four vector. We shall call this the “helicity” transformation.
Similarly, the polarization vector of a spin one particle £, with negative helicity can be represented as

b

g = ) (2.23)

where we used the SL(2) invariant contraction of indices (), u) = e A%u’, where ¢, is the SL(2) invariant
epsilon tensor. We have a similar tensor €,; to contract the dotted indices. We cannot contract an undotted
index with a dotted index. Note that this polarization vector (2.23) is not invariant under the helicity
transformation. In fact, we can assign it a definite helicity weight, which we call minus one. This polarization
tensor (2.23) is independent of the choice of fi. More precisely, different choices of fi correspond to gauge
transformations on the external particles. For negative helicity we exchange \,7 ++ A,n in (2.23). For the
graviton we can write the polarization tensor as a “square” of that of the vector
e pb NG 3o
(, A)?

€+abab _ §7abdl'7 A
A m)?

(2.24)
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The product of two four vectors can be written as k.k" = —2(\, N') (X, /).

Now let us turn to our problem. We are interested in computing properties of gravitational waves at
late time. We still have the three momentum k. This is not null. However, we can just define a null four
momentum (||, k). This is just a definition. We can now introduce A and A as we have done above for the

flat space case. In other words, given a three momentum k we define A, A via
(K|, )™ = (|k| o + E.57) = A®XP (2.25)

In the de Sitter problem we do not have full SL(2) x SL(2) symmetry. We only have one SL(2) symmetry
which corresponds to the SO(3) rotation group in three dimensions. This group is diagonally embedded into
the SL(2) x SL(2) group we discussed above. In other words, as we perform a spatial rotation we change
both the a and & indices in the same way. This means that we now have one more invariant tensor, €; , which
allows us to contract the dotted with the undotted indices. For example, out of A% and M we can construct
(A, A) by contracting with €j,- This is proportional to |E |. Thus, this contraction is equivalent to picking out
the zero component of the null vector. When we construct the polarization tensors of gravitational waves,
or of vectors, it is convenient to choose them so that their zero component vanishes. But, we have already
seen that extracting the zero component involves contracting dotted and undotted indices. We can now then
choose a special [ in (2.23) which makes sure that the zero component vanishes. Namely, we choose ﬂi’ =\b
This would not be allowed under the four dimensional rules, but it is perfectly fine in our context. In other
words, we choose polarization vectors of the form

. i /\a)\i)
§+ab - = 6 b _

VR %) (226)

Notice that the denominator is just what we were calling k = \E| Note also that the zero component of £ is
zero, since this involves contracting the a and b indices. This gives a vanishing result due to the antisymmetry
of the inner product. In our case we have a delta function for momentum conservation due to translation
invariance, but we do not have one for energy conservation. The delta function for momentum conservation
can be written by contracting >, )\?S\i} with ¢ in order to get the spatial momentum. Alternatively we
can say that >, X}X? x €. This is just saying that the fourvector has only a time component.

For the graviton, we likewise take 4 = A and i = A in (2.24). With these choices we make sure that the
polarization vector has zero time components and that it is transverse to the momentum.

Everything we said here also applies for correlation function of the stress tensor in three dimensional

field theories. If we have the stress tensor operator T;;(k) in Fourier space, we can then contract it with
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a polarization vector transverse to k constructed from A and X. In other words, we construct operators of
the form TF = &' {j‘TW with €T as in (2.26). This formalism applies for any case where we have a four
dimensional bulk and a three dimensional boundary, de Sitter, Anti-de Sitter, Hyperbolic space, Euclidean
boundary, Lorentzian boundary, etc. The only difference between various cases are the reality conditions.
For example, in the de Sitter case that we are discussing now, the reality condition is (A%)* = €4 A°.

In summary, we can use the spinor helicity formalism tyo describe gravitational waves in de Sitter, or
any inflationary background. It is a convenient way to take into account the rotational symmetry of the

problem. One can rewrite the expressions we had above in terms of these variables.

2.3.1 Gravitational wave correlators in the spinor helicity variables

Let us first note the form of the two point function. The only non-vanishing two point functions are the ++
and —— two point functions. This is dictated simply by angular momentum conservation along the direction
of the momentum. Since the momenta of the two insertions are opposite to each other, their spins are also

opposite and sum to zero as they should. The two point functions are then

(Yt =% (k+ k)2 = B3k + K (2.27)

(A, A)3
where in the last formula we have used a particular expression for X in terms of . More precisely, if the
momentum of one wave if 12, with its associated A and A, then for k' = —k we can choose N = X and N = —\.
Here we have used that the matrices cfiai) are symmetric. In the first expression we can clearly see the helicity
weights of the expression. For the —— one we get a similar expression.

We can now consider the three point functions. The simplest to describe are the ones coming from the
W3 interaction. In fact, these contribute only to the + + + and — — — correlators, but not to the + + —

correlators. This is a feature which is also present in the flat space case. These non vanishing correlators

can be rewritten as

—28 x 3% x 5) -
o e = M 1
(ks Vi iy (hr T T 1 ) (R 2
- (—28 x 32 x 5)
s =M
Utk ey T (ki + k2 + k3)® (kikaks)

M = (27)38° (k1 + kg + k3) <Afm>6 (JD 2

12)(2,3)(3, 1)

5 [(1,2)(2,3)(3, 1) (2.28)

where the k,, in the denominators can also be written in terms of brackets such as k,, = —(n, 71), if so desired.

Note that, when rewritten in terms of the A, and ),, the above expressions are just rational functions of
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the spinor helicity variables (up to the overall momentum conservation delta function). One can check that
indeed the 4+4 — and — —+ vertices vanish for the W3 term, which is straightforward by using the expressions
in appendix 2.8. Note that this is not trivial because we do not have four-momentum conservation, only the
three-momenta are conserved. The parity violating interaction W2W does not contribute to the de Sitter
expectation values [36, 37].

The Einstein term contributes to all polarization components

)
i) = G (Zk> <Mpz) (k1kaks)? [k o o ka)*

—(klk‘g + k1ks + kgk?g)(kl + ko + kg) — k‘lkgkg] [(L é> <Q, §> <§), i>]2 (2.29)

4
O = ) (Z . > <MP1) 8(l<:1k12k3)5 (ks oz = Kok = ko ) (R By — )

= 5 2
kiko + k1ks + koks k1koks ) |: (1, >3 :|

ki + ko + ks — - —=5 5 2.30

(bbb - B ERREER o) (a5 6 (230

and similar expressions for — —+ and — — —. Note that the Einstein gravity contribution to +++ or — — —

is non-vanishing. This is in contradistinction to what happens in flat space, where it does not contribute to
the + + + or — — — cases. This might seem surprising, given that we had said before that the polarization
tensor contribution to the time integrand is the same as the flat space one. After doing the time integral,
in flat space we get energy conservation, which we do not have here. This explains why we got a non-
vanishing answer. In fact, the flat space amplitude is recovered from the above expressions by focusing on
the coefficients of the double poles in E = ki + kg + k3. The fact that (2.29) does not have a double pole
ensures that the flat space answer is zero for those polarizations®. Similarly, the flat space answers for W3
are obtained by looking at the coefficient of the 6! order pole in E in (2.28).

The expressions (2.29) can also be written in a form that shows explicitly the effect of changing the

helicity of one particle:

ittt R = N (k1 + k2 + k3)*((1,2)(2,3) (3, 1)) (2.31)
Ve R = N(ky + ke — k3)*((1,2)(2,3)(3,1))? (2.32)
4
2
(2m) 353 ) X
( > Mp;) (kiksks)s
kiko + k1ks + kaoks k1koks >

X | k1 + ko + ks — — 2.33
(1 2 k1 + ko + ks (ky + kg + k3 )2 (2.33)

In the next section we will show that the forms of these results follow from demanding conformal sym-

81n comparing to the flat space result, there are also factors of (k1k2ks3) that come from the normalization of the wavefunction.
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metry.

2.4 Gravitational wave correlation function and conformal sym-
metry

In this section we will show how the three point functions we discussed above are constrained by conformal

symmetry.

2.4.1 Wavefunction of the universe point of view

In order to express the constraints of conformal symmetry it is convenient to take the following point
of view on the computation of the gravity expectation values. Instead of computing expectation values
for the gravitational waves, we can compute the probability to observe a certain gravitational wave, or
almost equivalently, the wavefunction W(v). The expectation values are given by simply taking [¥(y)|? and
integrating over . This point of view is totally equivalent to the usual one, where one computes expectation
values of ~. It is useful because it makes the connection to AdS very transparent®. It also makes the action
of the symmetries more similar to the action of the symmetries in a conformal field theory. This is explained
in more detail in [22] (see also [63]).

One writes the wavefunction in the form:

¥ = exp (; / dBady(T* ()T (y))7* (2)7* (y)+ o

% / Padbyd®=(T* ()T ()T ()7 (@) W)y () + - )

The first term expresses the simple fact that the wavefunction is gaussian. From this point of view, the
quantity (T%(x)T* (y)) is just setting the variance of the gaussian. Namely, this is just a convenient name
that we give to this variance. Similarly for the cubic term, which is responsible for the first non-gaussian
correction, etc. Here we have ignored local terms that are purely imaginary and which drop out when we

take the absolute value of the wavefunction. From this expression for the wavefunction one can derive the

9n fact, the perturbative de Sitter computation is simply an analytic continuation of the perturbative Anti-de Sitter
computation [22].
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following forms for the two and three point functions [22], to leading order in the loop expansion,

1
B VR2) = —rmsresas 2.35
TS1527783 + T5L T2 T3 \x
e kL T RE L (2.36)

L (2(T %)

So we see that it is easy to go from the description in terms of a wavefunction to the description in
terms of expectation values of the metric. The complex conjugate arises from doing |¥|? and we used that
78(—E)* = 78(12:). However, if the wavefunction contains terms that are pure phases, we can loose this
information when we consider expectation values of the metric. Precisely this happens when we have the
parity violating interaction [ W2W. It contributes to a term that is a pure phase.

Here ¥ is the usual Wheeler de Witt wavefunction of the universe, evaluated in perturbation theory.
It is expressed in a particular gauge, because we have imposed the N = 1, N; = 0 conditions. The usual
reparametrization constraints and Hamiltonian constraints boil down to some identities on the functions
appearing in (2.34). These identities are precisely the Ward identities obeyed by the stress tensor in a three
dimensional conformal field theory!?. In the AdS case, this is of course familiar from the AdS/CFT point of
view. In the de Sitter case, it is also true since this wavefunction is a simple analytic continuation of the AdS
one. It is an analytic continuation where the radius is changed by ¢ times the radius. In any case, one can
just derive directly these Ward identities from the constraints of General Relativity. These identities express
the fact that the wavefunction is reparametrization invariant. For the case that we have scalar operators
(and corresponding scalar fields in dS) we get an identity of the form 8;(T;;(z) [, O(zx)) = — >, 8% (z —
:cl)ﬁx{ (ITx O(zk)). These are derived by starting with the reparametrization constraint, taking multiple
derivatives with respect to the arguments of the wavefunction, and setting all fluctuations to zero after
taking the derivatives. There is also another identity coming from the Hamiltonian constraint. This involves
the trace of T and it takes into account the dimension of the operator. Namely we have (Tj;(z) [, O(xx)) =
— > 83(x—21) A(IT,, O(zk)). From these two identities, we can derive equations for the correlation functions
if we have a conformal Killing vector ''. Alternatively, we can derive these equations simply by noticing that
a conformal reparametrization does not change the metric on the boundary, up to a rescaling (or a shift of
time in the bulk). Thus, this leaves the wavefunction explicitly invariant, without even changing the metric,

which is why we get equations on correlation functions for each isometry of the background space. From the

10Though the Ward identities are the same, some of the positivity constraints of ordinary CFT’s are not obeyed. For example,
the (T'T) two point function is negative. Thus, if there is a dual CFT, it should have this unusual property.

HIf 17 is the conformal Killing vector, then we can multiply the 0;T;; - - - equation by v7, integrate over x, integrate by parts,
use the conformal Killing vector equation 0(;v;y = %Uz‘j (0.v), use the T;; equation and obtain the equations Zs[vi(xs)azé +

WAg](Hk O(zg)) = 0. These encode all the equations obeyed by correlators that are a consequence of the de Sitter
isometries at late times. For the metric, or stress tensors, the equations contain more indices and we write them in detail below.
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general relativity point of view, this is just the statement that each isometry of the background leads to a
constraint on the wavefunction. In our case, the operators are other insertions of the stress tensor. Thus, we
can think of the coefficients (T'T) and (T'T'T) appearing in (2.34) as correlation functions of “stress tensors”.
We are not assuming the existence of a dual CFT, we are simply saying that these quantities obey the same
Ward identities as the ones for the stress tensor in a CFT. A more precise discussion of these identities can
be found in appendix 2.11 and in section 2.4.2.

The isometries of de Sitter translate into symmetries of the wavefunction. Some of these are simple, like
translation invariance. A less trivial one is dilatation invariance, or scale invariance. This simply determines
the overall scaling of the three point function in terms of the momentum. If we think of v as a dimensionless
variable, then its Fourier components have dimension minus three. Thus the total dimension of any n point
function is —3n. The delta function of momentum conservation takes into account a —3, and the remainder
is the overall degree of homogeneity in the momentum. For the two point function it is —3 and for the three
point function it is —6. It is a simple matter to count powers of momenta in the expressions we have given
in order to check that this is indeed the case.

If instead we look at correlators of the stress tensor, then in position space, we have that the operator
has dimension three, while in momentum space it has dimension zero.

The constraints from special conformal transformation are harder to implement and we discuss them in
the next section. The results of the following section are also valid in any three dimensional conformal field
theory. The general form for the three point function in position space was given in [45]. Here we study the
same problem in momentum space. The expressions we find seem a bit simpler to us than the ones in [45],

but the reader can judge by him or herself.

2.4.2 Constraints from special conformal transformations

de Sitter space is invariant under a full SO(1,4) symmetry group. The metric ds? = # makes some

of these isometries manifest. In particular the scaling symmetry changes x; — ax; and n — an. There are

also three more isometries that are given in infinitesimal form by
o= b (—n? + 2.3) - 22'(b.), n—n—2(b.3D) (2.37)

where b is infinitesimal. When 7 — 0, which is the future boundary of the space, the time rescaling acts in
a simple way on the wavefunction. In addition we can drop the 72 in the space part. The transformation
then becomes what is called a “special conformal” transformation on the boundary parametrized by Z. In

this section we study the action of these transformations in detail.
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Now we work with coordinates on the three dimensional boundary. A special conformal transformation

is given by
Sxt = 2%b" — 22" (.D) (2.38)
i dox’ Gy irj i — o7 i
¥= Bl 2(z7b" — ') — 265 (w.b) = 2M7; — 255 (2.b) (2.39)
3
1
J=det(1+%)/* ~ 1423 %, =1-2(x.b) (2.40)
3 v=1

where b' is an infinitesimal parameter. The transformation law for a tensor is

e (') 1 ( s Oxn
vieul,

- JA-n 6.%‘/”{ o al,/u,’I

) Ty, () (2.41)

where A is the conformal dimension. For a current or the stress tensor we have A = 2,3 respectively.
These transformation laws describe the (infinitesimal) action of the de Sitter isometries on the comoving
coordinates at late time.

Now, in order to compute the variation of a correlator, we are interested in its change as a function. This
means that the transformed correlator, as a function of the new variables, ' should be the same as the old
correlator as a function of z. Thus we can evaluate T"(z) (and not z’). Then we write x = 2’ — éx. In that

way we find that the change is

0y, =A2@0) Ty, =2 MYy T, — DT,
=1

D = 2%(b.0) — 2(b.x)(2.0) (2.42)
The matrix M was defined in (2.39). We now Fourier transform (2.42) . The terms that contain a single
power of z are easy to transform. They are given simply by inserting factors of © — —idg. For the term

involving a D, it is important that we first replace the x — —i0; and then we change the derivatives by

factors of k, 9, — —ik. Thus a term like

220; —id2k; = i(k;0? + 204:) (2.43)

25



We then find that the special conformal generator (up to an overall 7), now has the form

0Ty, (k) = — (A = 3)2(0.00) Ty o, (k) + 2D M, Ty, (K) — DT, ()

“in “in
=1

Mi j E(b’@w — bjak-L)

D =(b.k)d; — 2k, (b.5y) (2.45)

Where the (—3) in A — 3 comes from the commutators we had in (2.43) .

In momentum space any generator has an overall momentum conserving delta function (>, k;). Tt is
possible to pull the momentum space operator through the delta function. One can show that all terms
involving derivatives of the delta function vanish. This is argued in detail in appendix 2.10. The final result
is that we can simply act with the operator (2.45) on the coefficient of the delta function.

We would now like to express the action of the special conformal generator in terms of the spinor helicity
variables. This problem is very similar to the one analyzed for amplitudes in [60]. There it was shown that

the special conformal generator is given by

Y
b.0=b'0"""—n 2.46
OO\ ( )
The closure of the algebra implies that this simple form can only be consistent when it is applied to objects
of scaling dimension minus one (in Fourier space). In our case, we will see that (2.46) differs from the

special conformal generator only by terms proportional to the Ward identity for the corresponding tensor

(the current or the stress tensor). This will be discussed in more detail below.

2.4.3 Constraints of special conformal invariance on scalar operators

The correlation function of three scalar operators is very simple in position space and it is given by a well
known formula. In momentum space, it is hard to find an explicit expression because it is hard to do the
Fourier transform. For the case of the three point function, the answer is a function of the \E 1]- In that case

we can rewrite the special conformal generator as

. 1 0?
bk |—2(A— 2)m8‘k‘ + W (2.47)

We see that the case of A = 2 is particularly simple'?. So we consider a situation with three scalar

12Note that in this case the Fourier transform has dimension minus one, and then the special conformal generator is given
by the simple expression in (2.46).
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operators of dimension A = 2. Invariance under special conformal transformations then implies
KLOF, [ + k307, f + K5OF, f =0 (2.48)

where f is the Fourier transform of the correlator. Using momentum conservation we can conclude that all

second derivatives should be equal, for any m # n:
(0F,, = 0%, ) f (k1,2 ks) = 0 (2.49)

For each pair of variables this looks like a two dimensional wave equation. Thus the general solution is given
by f(k1, ko, /4}3) = g(kl + ko + kg) + h(k‘1 — ko — k‘3) + l(k‘g — k3 — /4}1) + m(k‘;g — k1 — kg) To fix the form of

these functions we look at the dilatation constraint:
(klakl + k28’€2 + k38k73)f(k17 kQa k3) =cC (250)

In principle, ¢ = 0. We would be tempted to conclude that this implies that each of the functions in f
should be scaling invariant. This would leave only a constant solution. One can see that a logarithm is also
allowed. The variation of a logarithm is a constant, and in position space, this is just a contact term. In
other words, we can allow ¢ # 0 in the right hand side of (2.50). Another way to see this is to consider the
Fourier transform of the dilatation constraint. When we substitute  — i we are implicitly integrating by
parts. In general we neglect the surface terms because they are not singular. In the case we are considering,
one can see that these terms are non-zero, hence ¢ # 0.

In order to fix the combination of logarithms we can impose permutation symmetry as well as a good OPE
expansion. The OPE expansion in position space says that (OOO) ~ é% as x93 — 0. This translates

|1 ]

into (0O00) ~ Ty s k1 — 0 13, We then find that only the following solution is allowed
3

f(k1, k2, ks) ~ log(ky + ko + k3) (2.51)

It is possible to check that this is also the Fourier transform of the usual position space expression, —»——.
1271323

It is also possible to show that one has simple solutions when operators of A = 2,1 are involved. This is

done as follows. After we obtain (2.51) we can express the Fourier transform of the three point function as

13This OPE requirement is imposed up to contact terms. Thus, for example, a term of the form log k2, in this limit gives
us a 62(z12) (since it is independent of k1) and is consistent with the OPE requirement, which is only imposed at separated

points. In other words, when we expand (2.51) for small El we get 2log ko + ;le + -+, we drop the first term and the second
leads to the correct OPE.
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f= H§:1 kfFQg. Then g has scaling dimension zero, and the special conformal generator on each particle

3 2
(H k?12> bk [_(A _é)gA mi) 8|8k2 g (2.52)

I=1

acquires the form

We then see that for A = 1,2 the computation is the same as what we have done above. If all operators
have A =1, then the answer is g = 1 or fa—1 = m When some operators have A = 1 and some A = 2

we cannot use permutation symmetry to select the solution, but it should be simple to find it.

2.4.4 Constraints of special conformal invariance on conserved currents

The constraints for special conformal invariance in momentum space are given by (2.45). Here we would like
to express the constraint of special conformal invariance in the spinor helicity variables. We would like to
express the special conformal generator in terms of a simple operator such as (2.46). The operator we want

PN
A

to consider is the current in Fourier space, multiplied by a polarization vector proportional to & —ab
In fact, just multiplying by this vector has a nice property, it leads to an operator of dimension minus one,
since the Fourier transform of a conserved current has dimension minus one, and this choice of polarization
vector does not modify the scaling dimension. If J is the conserved current, we take £~.J and we act with
the operator (2.46). The lambda derivatives can act on £ and also on J, when they act on J, we can express
them in terms of k derivatives. After a somewhat lengthy calculation, one can rearrange all terms so that
we get the action of (2.45) on the current, plus a term proportional to the divergence of J, or k.J. More
explicitly, we find!*

k,i
]2

i iga 0 0 ~(6:2b.9 + 2M° ‘D)JI -
Vo s ara (€)= & (3;20.0 + 20 — §;D) ' — (b.£7)

J (2.53)

The first term in the right hand side vanishes due to the special conformal generator. The second term in
the right hand side involves a longitudinal component of the current. One is tempted to set that to zero.
However, we should recall that, inside a correlation function, we get contact terms at the positions of other

charged operators. These terms are simply given by (the Fourier transform of) the Ward identity

Ei(JH (k1) Og(kg) - Op(kp)) = — Z Qi1{Oz(k2) -+ Oy(ki + k1) - - On(kp)) (2.54)
1=2

Where Q; is the charge of the operator O;. These are lower point functions. The conclusion is that there
is a simple equation we can write down, by acting with the special conformal generator in spinor helicity

variables, (2.46).

14]\72 - 6;. and D are defined in (2.45).
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Note that in position space, we normally impose the special conformal transformation at separated points.
In other words, we do not consider local terms. A local term will contribute to the three point function in
position space as

(O(2)0(y)O(2)) Locar ~ D[6*(x — y)] f(x — 2) + cyclic (2.55)

D is an arbitrary differential operator, which, when integrated by parts, will just yield an analytic func-
tion of the ks (like k%, kfki, ...). Upon Fourier transforming the first term, we see that its form will be
[analytic piece] x F'(k3) + cyclic, where F' is the Fourier transform of f. So, any piece in the three point
function that is analytic in two of its variables, like ki, k1k2, k3/k1, corresponds to a local term. Something
like k1ko is analytic in k3 but not in k1 and ks, so it is non-local.

Let us see how this works more explicitly. We can start with the —— two point function

(€ T(k1)E™ T (k2)) = 8° (k1 + k2) (2.56)

Here the right hand side of the Ward identity vanishes and indeed, this function is annihilated by (2.46).
Now we consider the three point functions of currents J* which are associated to a non-abelian symmetry.

In the bulk they arise from a non-abelian gauge theory. The Ward identity is given by

k(7 (k) T3 (k2) i (ks)) = FO[(Tj (R + ko) Ji(ks)) — (J;(k2)Ju(ks + k1)) (2.57)

Where the color factor was stripped off the two point correlators 1°.

Just as a check, let us compute the three point function for a gauge theory with a Yang Mills action in
the bulk. Since the gauge field is conformally coupled, we can do the computation in flat space. We compute
this correlator between three gauge fields in flat space, all set at ¢ = 0 and Fourier transformed in the spatial

directions. We have the usual f%¢ non-abelian coupling in the bulk. In Feynman gauge, the final answer is

o . . aiaza3 1 .
(A3 (k) AS2 (ko) ASS (Ks3)) o< 6% (k1 + ko + kg)ME[(S””” (kY — k5?) + cyclic] (2.58)

where E =Y, |ky|.1

150ne unpleasant feature of this equation, (2.57), is that the currents in the right hand side are evaluated at a shifted
momentum, so it is not trivial to express this in terms of the X\ and X variables. In this particular case, this is not a problem
since the two point functions can be explicitly computed, but this might lead to a more complicated story in the case of higher
point functions.

16This is done as follows. The three point function in the bulk is the term in square brackets. We attach the propagators. We
write the energy conservation condition as [ dt’eit’ ¥ Then we integrate over kO to localize things at t = 0. We can deform
the integration contour and we only pick the residues of each of the poles of the propagators which give rise to the factor in the
denominator. We close the contour up or down depending on the sign of ¢’. In each case, integrating over t’ gives us the factor
of 1/E.
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We now multiply by £~ for each particle to compute the — — — correlator and we get

(6 A (k)65 A% (ko) A" (k) o6 8°(Ry 4y ) 217200 <11 2 (2.59)

Note that the expectation value we started from, (2.58), is not gauge invariant. On the other hand, once we
put in the polarization vectors and we compute the transverse part, as in (2.59), we get a gauge invariant
result (under linearized gauge transformations). Note now that this expectation value is related to the
currents, via a formula similar to (2.36), which introduces extra factors of the two point function, which here

are simply factors of |k|. Thus we find
(€. (k1)&2.% (k2)€3.J% (k3)) o< kikoks (€. A" (k1)§2. A% (k2)&5. A% (k3)) (2.60)

Now let us check that this expectation value obeys the conformal Ward identity, with the operator (2.46).

The action of (2.46) on the first current is

2
bi o,iad 9 |: < )

_[1:2)(2,3)(1, >] _pigiad {)\Qa)\la@ 303, 1) Azada(1,2)(2,3)
axsone | (1,1

LD22.2)3,3) (1122233
2)\1a)\1a<1 2)(2,3)(3,1)
(1,1)3(2,2)(3,3)

(2.61)

We now use the Schouten identity - a consequence of the fact that the spinors live in a 2D space - to
simplify this further. Expressing Ay, in terms of Aj, and A1, we have (1, 1)Aaq = —(1,2)A14 + (1,2) A1, and

thus:
/\2a/\1a< 73><3 1> )\1a>\1a< ><
1L,1)*2,2)(3,3)  (1L,1)%(2,2)(3

We can do the same for A3, and then all that remains is a term proportional to A13A14, given by

3)

> )\111)\1(5,(1’ 2>
3(2

s, (2,3)(3,1)
3) 115223 (2.62)

} R S
3) (1,1)2(2,2)(3,3)

bigiaa 82 [< a2>< ’§>< )
2,2

DN [(1,2)(2,3)(3,1) — (1, 3)(1,2)(2, 3)] (2.63)

Using the momentum conservation condition we can express “cross-products” of the form (m,7n) for
m # n in terms of other brackets (the details are worked out in an appendix) through (ki + ko + k3)(m,n) =

—2(m, 0)(0, 1), where m # n # o and then the term in (2.63) is

<L 2) <273><37 1> - <L3><1’ 2><27 3> = _<2v 3>2<k72 - kS) (2'64)
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Putting the pieces together, this is the expected contribution from the Ward identity

3

S 60; (0. (k) o (2T )] =

I=1
_ fabc b 61 <27 >2 9\ _ 9 cyclic (265)

= fobe { & &2.83[ka — k3] + CyClZC}

The expectation values that we have computed for gauge fields in de Sitter can also be computed in
flat space, since gauge fields are conformal invariant!”. So, we are simply computing correlation function of
gauge invariant field strengths in R* but on a particular spatial slice. We are putting all operators at t = 0.
We can think in momentum space and consider the operators Fyy(t = 0, k), F.,(t=0, k) where we Fourier
transformed in the spatial coordinates but not in the time coordinate. Given k for each operator, we can

define A\ and X via (2.25). We then can write the operators we considered above as:
y 1. g
27 .A= k)\a)\b(F y o+ F) = —i; Fyel' 2T A= %A“Ab(F{; +F) = i Fje!

In both of these expressions, when we write Fyy, or F;; we mean the self dual and anti-self dual parts, but
the indices are summed over with the indices of the indicated \’s. These expressions involve contractions
that are not natural in flat space, but are reasonable once we break the full Lorentz symmetry to the rotation
group. These operators are set at ¢ = 0, and in Fourier space in the spatial section, with momentum k.18
One can write higher derivative operators that give rise to three point functions that are annihilated
by the special conformal generator (2.46). These operators would be aTr[F3] and bTr[FF?]. Now it is
important to put in the dS metric. The wavefunctions for A are still the same as those in flat space, if we

compute the three point functions perturbatively. These give the following three point functions'®

(77 (IR () o (2063 ki)a 1 D) 1<>1E><<223>>f<§> 7 (2.66)
(I (@I @) o (208 (P ke =i D) f;flfiﬂ? 57 (2.67)

The result (2.59), which comes from the usual Yang Mills term can be converted into a correlator of

17This is true for the tree correlators we are discussing but it is not true if loop corrections are taken into account.

18Note that both the self dual and anti-self dual parts of F' contribute to each of the helicities. The reason is that we have
defined a four momentum (|k|, k) in order to define A, X. (We could also have reversed the sign of the zeroth component to
|k| — —|k|, which exchanges A <+ \). With this definition, the time component of this four momentum is not necessarily equal
to the total four momentum of on shell waves coming in or out of the F' insertions (it can differ by a sign).

19These couplings do not require a non-abelian theory. They are antisymmetric in the Lorentz indices, thus they require an
antisymmetric tensor. Thus, we could have three abelian gauge fields F! and then the cubic couplings e; s tr [FIFJFL}, where
the trace is over the Lorentz indices.
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curents of the form

5 (A
(T ()T ()17 (3)) = 6A“’+(1)5Ab’£(;)5AC’+(3) A=0
~ (53(/;1 n ]—€»2 + Es)falazagmm (2.68)

is completely analytic in momentum space, and could be viewed as arising from a factor in the wavefunction
of the form W ~ eT"ANANA] However, we would need a term in the wavefunction with the opposite sign to
remove the — — — correlator. Thus, although it looks like a local term, it does not seem possible to remove
both the + + + and the — — — correlator with the same factor. On the other hand, (2.66) is definitely non
analytic in momentum, due to the 1/E? singularity.

The current correlators are derivatives of the wavefunction. The expectation values of A can be obtained

from them. In that case the parity violating b term in (2.66) drops out.

2.4.5 Constraints of special conformal invariance on the stress tensor

In this section we consider the constraints of conformal invariance in momentum space for the stress tensor.
We multiply the stress tensor by a convenient polarization tensor €;;T;;(k), with ¢;; = ¢ In order
to study the action of the special conformal generator it is convenient to define an operator containing an

extra power of k as

~

_ &, T5(k) POTIT

=== ;=& & = TS (2.69)

The power of k was chosen so that the special conformal generator has the simple expression given by (2.46).
The expression for ¢;; is that one that would give a naturally normalized tensor, when we take the reality
conditions into account. Again, this operator does not quite annihilate the correlator, but it produces a term
involving the Ward identity in the right hand side. Although more laborious in terms of manipulations, the
general ideas are the same as in the current case so we will be more brief in the details of the conformal
symmetry check.

We find that (2.46) acts on the stress tensor as

b.OT~ = 0.0

€l €ij 14 7] i 1. _

The first term is what we expect from (2.45) for the stress tensor, and it vanishes. The second term can be
computed by using the Ward identity. Again, such terms are analytic in some of the momenta. So if we

disregard terms that are analytic in the momenta, we can drop also the term involving the Ward identity.
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Let us first ignore this Ward identity terms and compute homogeneous solutions of the equation. Let us
consider first a general — — — three point function of the stress tensor. Such a general three point function
is given by

(TT~17) =63 kr)[(1,2)(2,3)(3, 1)1 f (1, ko, 3) (2.71)
With f a symmetric function of dimension minus six. After some algebra, using Schouten identities, we get

&

. (1,2)(2,3)3(3, 1)[k3 — ko]Ok, f+

i\aa 62 2 _
Z(U ) 8/\%8/_\% [(<172><2’3><3a 1>) f(khk% kB)] = -2

n

+ [(1,2)(2,3)(3, 1)) Liaklf + 8,314 ki + cyclic (2.72)

Although the s are linearly independent, the ks are not. A convenient way to rewrite (2.72) is to choose
special conformal transformation parameters b* to project out a few components. Let us take b* ~ ()\‘2’/\3 +

)\g)\g)i, for example. This combination was chosen so that the time component of b is zero. We find

(A23)-Ol(— = =) f] = (1,2)%(2,3)%(3,1)* {4(k, — O ) f + k3 (O, — ) f — ka(O, — O},) f}

= 0=4(0k, — Oks) f + k3(0F, — Of) f — k2(0F, — OR,) f (2.73)

It is straightforward to check that the gravity result we obtained from a W3 in interaction contribution gets
annihilated by this operator. Such a contribution is simply f = (ki + k2 + k3)~°. The Einstein contribution
is not annihilated. It gives a nonzero answer that matches the expected answer from the Ward identity.
One can solve the equation (2.73) and its two other cyclic cousins by brute force. One finds the expected

solution, mentioned above, plus a new solution that has the form

1
(k1 + ko — k3) (ko + k3 — k1) (ks + k1 — k2)]?

f= (2.74)
This new solution does not have the right limit when El — 0. Namely, if we start with Tj; (El), when the
momentum goes to zero we do not expect any singular term when k—0.In fact, an insertion of Tij(l_% =0)
corresponds to a constant metric or a change of coordinates. So, in fact this limit has a precise form. On
the other hand if we look at this limit in (2.74), we find that f ~ 1/kf, which is too singular compared to
the expected behavior.

Let us now turn our attention to the — — + correlator. We first write an ansatz of the form

(T=TT%) = 6°(Y_ kn)[(1,2)(2,3)(1,3) g kv, ko, k) (2.75)
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where g is a homogeneous function of degree six 2°. We can now use a trick to get the homogeneous solutions
of the special conformal generator. We note that if we exchange A <+ A, then the sign of |k| is changed,
but k does not change. Now, the ansatz for (2.75) differs from (2.71) precisely by such a change in the
third particle. Thus, the two solutions for g in (2.75) are simply given by the two solutions for f but with

ks — —k3. More explicitly, the two solutions are

1
9= o s — ka0 (2.76)
1

I ks + ko + k3) (ko + ks — k1) (ks + k1 — k2)]2

(2.77)

However, now both solutions are inconsistent with the small k; limit. The first solution has a problem when
El — 0 and the second when Eg — 0. Thus, both are discarded since these limits are too singular. Even
though this trick of exchanging A «+ A was useful for generating solutions of the homogeneous equation, the
full results for the correlators are not given by such a simple exchange.

In conclusion, we have shown that there are no other solution of the conformal Ward identities beyond
the ones we have already considered. It remains to be shown that the Einstein gravity answer obeys the
conformal Ward identity. One can check that the Einstein gravity answer is not annihilated by the operator
(2.46). It gives a nonzero term. This term is indeed what is expected from the Ward identity for the stress
tensor, which is the second term in (2.70). Of course, this is expected since Einstein gravity has these

symmetries. The relevant expressions are left to appendix 2.11.

2.5 Remarks on field theory correlators

In this section we compute the free field theory three point correlation function for scalars and fermions.
This is very similar to what was done in [45] in position space. Here we work in momentum space. We will
compare these expressions to the gravity ones computed above. The idea is that by considering a theory of
a free scalar and a theory with a free fermion we obtain two independent shapes for the three point function
of the stress tensor. Since we have computed the most general shapes above, this will serve as a check of our
previous arguments. In addition, the momentum space expressions for the correlators might be useful for
further studies. The two correlation functions that we obtain for scalars or fermions are parity conserving.
Our results indicate that there can be field theories that give rise to the parity breaking contribution. Such

field theories are not free, and it would be interesting to find the field theories that produce such correlators

3
20In analogy to flat space, one is tempted to write this in terms of [&]2

.37 (13) This is easy to do using the identities in

appendix 2.8, but we found simpler expressions in terms of (2.75).
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21 We will concentrate here on the free theory case??.

The computation is in principle straightforward, one simple has to compute a one loop diagram with
three stress tensor insertions. The only minor complication is the proliferation of indices. To compute the
diagram itself one needs to use the standard Feynman parametrization of the loop integral. In particular, it

is convenient to use the following Feynman parametrization:

I 2 da df
ABC /0 (A+aB 1 BOP (278)

The final expression will have several contractions of polarization tensors with 3-momenta, e.g. e%jefkezi,

kfk?e}jkfefmkieim, etc. Then one needs to use the expressions presented in the appendix to convert these

to spinor brackets. The final answers have a simpler form than the ones with the polarization tensors.

We treat first the scalar case and then the fermion case.

2.5.1 Three point correlators for a free scalar

The stress-energy tensor for a real, canonically normalized scalar field is
3 1 1 9 .9
Tij(x) = Zaigb(x)&'jgb(z) - Z¢aiaj¢(x) - g%‘a ¢*(x) (2.79)

The two point function is, up to the delta function:

(THTH) = Ll (2.80)
¢ 956 '
The three point functions are
k3 + k3 + k3 (k1koks)?
TH (k)T (k)T (ksg))y = | ——2——2 13 —
() TH )T () = |-y (BB
(k1 + ko + ks3)? < (kiks + kiks + koks) k1 koks > ((1,2)(2,3)(3,1))2
——— = (k1 + ko + k3) — — 2.81
128 (hy ko o Fa) (k1 + ks + k3) (k1 + ks + k3)2 ) | k7k3k3 (2:81)
- k3 + k3 + k3
()T )T () = [~
(k1 + ko — ks3)? (kiks + kiks + koks) k1 koks 1 ((1,2)(2,3)(1,3))°
SRR P (kg 4 ko + k) — - 2.82
128 (k1 4 k2 + ka) by + kz + Fg) (r + ko + )2 )| KZRZRS (2:82)

21 There are bounds similar to the ones derived in [58] for the parity breaking and parity conserving coefficients that appear
in a three point function. The parity conserving bounds were considered in [64]. These bounds can be derived by considering a
thought experiment where we insert a stress tensor at the origin with some energy and then we look at the angular dependence of
the energy one point function, as measured by calorimeters placed at infinity. The stress tensor at the origin has spin +2 under
the SO(2) rotation group of the spatial plane. The energy one point function as a function of the angle is (£(0)) ~ €49 4+-14e~%49,
with coefficients that depend on the parts of the stress tensor three point functions that we have characterized as coming from
(WH)3, R, (W™)3.

22Similar calculations involving the trace of the stress tensor were considered in [50].
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2.5.2 Three point correlators for a free spinor

The stress tensor for a complex Dirac spinor is given by
1 .- - . .
Tij(x) = 1 (970, ¥ — 0,07 0) + (i ¢ j) (2.83)

The two point function is

kS
++ _ 4
The three point function is given by:
[ K3+ K3 + k3 (k‘lk‘ng)?’
T+ k T+ k T+ k _ ™M 2 3 _ _
(T (k)T (k)T (ks))v i 64 (k1 + ko + k3)®
(kl + ko + k3)2 (/ﬁkg + k1ks + k’gk‘3) kikoks (<i, Q><§, 3> <3, i>)2
- — — 2.
64 (it ke k) = e T o) (b1 1 ko 1 k)2 KIRIRD (2.85)
_ [k + kS + k3
(TH (k)T (k)T (k3))y = —$
(kl + ko — ]413)2 (/451]412 + k1ks + kgk‘?,) kikoks (<i, Q><é, 3> <L 3>)2
- — — 2.
64 A ey ey oy R (S Sy S E BT (2.86)

2.5.3 Comparison with the gravity computation

We see that these results contain the general shapes discussed in gravity, but they also have an extra term
proportional to > k3. This is a contact term. Namely, it is non-zero only when some operators are on top
of each other. In position space we get a delta function of the relative displacement between two of the
insertions. These terms are easily recognized in momentum space because they are analytic in two of the
momenta. These contact terms represent an ambiguity in the definition of the stress tensor. There is no
ambiguity in taking the first derivative with respect to the metric. However, these contact terms involve a
second derivative with respect to the metric. So if we define the metric as g = e and we take derivatives
with respect to v we are going to get one answer. If we took g = 1+~ and took derivatives with respect to
~" we would get a different answer. In fact, we have the same ambiguity in the gravity results if we define
%’j = v;; + %’yz-l’ylj. In that case the two results will differ precisely by such a term. It is interesting to note
that the non-gaussian consistency condition discussed in [22] does depend on this precise definition of the
metric, since a constant y gives rise to different coordinate transformations depending on how we defined ~.
The one derived in [22] holds when the metric is defined in terms of g = e7.

We can note that if we have ng scalars and n.,, dirac fermions, then we have to sum the two contributions
to the three point functions that we have written above . If ng = 2n, , then we see that the term going

like 1/ES cancels. This is the contribution that comes from a W3 term in the bulk. This combination is
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also the one that appears in a supersymmetric theory. In fact, in a supersymmetric theory the three point
function of the stress tensor does not have any free parameters2?. It is the same as the one given by the pure
Einstein theory in the bulk, which does not contain any 1/ES terms. This is related to the fact that in four

flat dimensions supersymmetry forces the + + + and — — — amplitudes to vanish [65].

2.6 Discussion

In this chapter we have computed the possible shapes for non-gaussianity for gravitational waves in the de
Sitter approximation. Though three possible shapes are allowed by the isometries, only two arise in de-Sitter
expectation values. The parity violating shape contributes with a pure phase to the wavefunction and it
drops out from expectation values. The two parity conserving shapes were given in equations (2.11), (2.18).
One of these shapes is given by the Einstein theory. The other shape arise from higher derivative terms.
Under general principles the other contribution can be as big as the Einstein term contribution. Of course,
in such a case the derivative expansion is breaking down. However, the symmetries allow us to compute
the three point function despite this breakdown. This is expected for an inflationary scenario where the
string scale is close to the Hubble scale. This requires a weak string coupling, so that we get a small value of
H? /M}%l ~ g2. One of these shapes is parity breaking. These three point functions of gravitational waves are
expected to be small, having an fyr—gravity = % of order one. In a more realistic inflationary scenario,
which includes a slow rolling scalar field, then we expect that these results give the answer to leading order
in the slow roll expansion. It would be interesting to classify the general leading corrections to the graviton
three point function in a general inflationary scenario. This can probably be done using the methods of
[30, 31, 32, 33]. Here by assuming exact de Sitter symmetry we have managed to compute the correction to
all orders in the derivative expansion.

We have presented the result in terms of the three point function for circularly polarized gravitational
waves. We used a convenient spinor helicity description of the kinematics. These spinor helicity formulas are
somewhat similar to the ones describing flat space amplitudes. It would be interesting to see if this formalism
helps in computing higher order amplitudes in de Sitter space. The problem of computing gravitational wave
correlators in de Sitter is intimately related with the corresponding problem in Anti-de Sitter. (The two are
formally related by taking R24 — —R? 4, where R are the corresponding radii of curvature). Thus, all that
we have discussed here also applies to the AdS situation. The dS wavefunction is related to the AdS partition
function. In this case all three shapes can arise. The parity violating shape arises from the [ W2W term in

the action. These three point correlators, for Einstein gravity in AdS, were computed in [34]. It would be

230f course, to have supersymmetry we need to consider an AdS, rather than a dS bulk.
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interesting to see if the spinor helicity formalism is useful for computing higher point tree level correlation
functions. It is likely to be useful if one uses an on shell method like the one proposed in [66, 67] 24. In the
spinor helicity formalism that we have introduced, we have defined the “time” component of the momentum
to be |E |. The choice of sign here was somewhat arbitrary. When we are in four dimensional flat space, there
is a simple physical interpretation for the results we get by analytically continuing to —|I;;'|7 as exchanging
an incoming into an outgoing particle. It would be interesting to understand better the interpretation for
this analytic continuation of the correlators we have been discussing. This continuation was important in
[66, 67).

These computations of three point functions in de Sitter or anti-de Sitter are intimately related to the
computation of stress tensor correlators in a three dimensional field theory. In fact, the symmetries are
the same in both cases. Therefore the constraints of conformal symmetry are the same. The physical
requirements are also very similar. The only minor difference is whether we require the two point function
to be positive or not, etc. But in terms of possible shapes that are allowed the discussion is identical. Thus,
our results can also be viewed as giving the three point correlation functions for a three dimensional field
theory. The position space version of these three point functions was discussed in [34, 68, 69, 70]. For some
three point functions the position space version is much simpler. On the other hand, for the stress tensor,
the position space correlator has many terms due to the different ways of contracting the indices [45]. The
momentum space versions we have written here are definitely shorter than the position space ones. They are
a bit convention dependent due to the contact terms. Thus, they depend on precisely how we are defining
the metric to non-linear orders. Here we have made a definite choice. An elegant and simple way to write
correlation functions is to go to the embedding space formalism [71, 72, 73]. It is likely that one can obtain
relatively simple expressions for the three point correlators using that formalism. On the other hand, the
momentum space formalism might be useful for constructing conformal blocks, since, in momentum space,

there is only one state propagating in the intermediate channel.

2.7 Appendix A: Expression for the three point function in terms
of an explicit choice for polarization tensors

As we are studying three point functions, there is a way to define polarization tensors that are similar to the
usual “x” and “+” of General relativity. We call them X and P here, so as not to cause confusion with the

helicity labels + and —. The choice of helicity states is based on the little group of an Euclidean 3D CFT.

24Raju’s proposal [66, 67] is only for D > 4 dimensions, but it might be possible that something similar exists in D = 4.
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Basically, one takes two possible polarizations, P and X, as functions of a vector orthogonal to the plane
of the triangle and of a vector orthogonal to one of the momenta we are looking at. So, using the notation
defined in figure 2.1, we have that

eZ’m = 2(zizj — uj"uy") (2.87)

eﬁ’m = 2(u;"zj + zu]") (2.88)

And the previously discussed + and — polarizations will be given by + = P +¢X. P and X are the
polarizations known as + and X in general relativity, but we choose to use different labels so that the former

is not interpreted as positive helicity by mistake.

U ki

Figure 2.1: The 3-momenta and the auxiliary vectors used to define the polarizations.

We list here the results for the non-gaussianities due to the Einstein term and the Weyl term. The
relevant pieces are labeled by the polarization choices PPP and X X P. We always take particle three to
have polarization P. The other structures are obtained by cyclic permutation. There are no PPX and
X X X structures because they break parity, since z flips under parity so that X is odd and P is even. We
use here the notation J(ki, ko, k3) = 2(k?k3 + k?k3 + k3k3) — (ki + k3 + k3).
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4
-1
= (2 E:k J(ky, ko, k3) §k4 6§k2k2
<’Ykﬂkﬂk3>R ) ( )(MPI) 2(krFoaks ) 1, k2, k3) +

i<j
k1ky + k1ks + koks k1kaks
ki + ko + ks — - 2.89
(1 2 ki + kg + ks (k1+k2+k3)2> (2.89)
4
1 k2 + k2 + 3k2
— 2 k. ke ko ko)t L2 T3
<7k17k27k$>R ™) <Z ) <MPZ) (k1kaks)* [J( 1 ka2, ko) ks }
keko + k1 ks + koks Ky Kok )
k1 + ko + ks — - 2.90
( L k14 ko + ks (k1 + ko + k3)? (2.90)
6/ H\? 2160
PoP Py = (21)388 a —
(Viey Vo Vi ) W3 m)°d Zk‘ Mpl A a(kl+k2+k3)4(k1k2k3)2J(k1’k2’k3)
Z’f < )6 <H>2a270(k1+k2—k3)(k2+k3—k1)(k3+k1—kz) (2.00)
Mp, A (k1 + ko + k3)3(k1koks)? .
(VYo Yeadwe = —{Vh Vs Vi YW (2.92)

2.8 Appendix B: Details on the spinor helicity formalism

Here we summarize some conventions that we have used.

Metric: 7, = diag(—1,+1,+1,+1); €40 = ;€40 =

e Sigma matrices: o1, = (=%, 0'%);

Scalar product: p.q = —2(Ap, Ag)(Ap, Ag); Energies: p® =p = —(\p, Ap) = —€ap A2}

Polarization vectors used for the expressions in the appendix (normalization is not the same as the one

AP\E . A%
k and £19¢ = A

used in the previous sections for the stress tensor): £~ % = —

Starting from a three momentum k, we define a four momentum k* = (|k|, k). This obeys ktk, =
This defintion can be done for dS, AdS, or a three dimensional CFT. Note that k% = 6% A%, where 6% are
the Pauli matrices with an index lowered by €;.. These matrices are symmetric. Thus we conclude that if we
exchange A% < A\® we keep the value of E, but we change the sign of the energy kK = k. This change is not

consistent with the reality conditions which are (A*)® = el-mj\i’, (;\*)i’ = —¢;,\*. However, if we just forget
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about the reality condition, then the exchange of A <+ X is allowed. Note also that the following symmetry is
consistent with the reality conditions and it reverses the sign of k but does not change the sign of k. Namely,
the exchange A’ = A, X = —\. This is useful for the two point function, where the momentum conservation
condition forces the spatial momenta to be opposite. Note that in some formulas we write k;, which means
|k|. This can also be written in terms of k; = — (X, A).

For a given 3-momentum k= (k1, ko, k3) if we define |E| = ko then one can for example take the following

explicit choice of spinors, assuming that the reality condition is satisfied:

T
\o = ko + ks —ki+iko LN — —ki —iky _\/m (2.93)
2 "\ 2ko+ k3) ) 2(ko + k3)’ 2 .

Let us now summarize a few identities that are useful for the treatment of the three point function. For

the case of the three point function the 3-momentum conservation condition reads

3
_. _. _. E . _
MM AN EMN =T, E=hithtk=—) () (2.94)

n=1

Where the coefficient two is determined from contracting the a and a. We can contract this expression with,
say, A and Xo. The purpose of that is to derive an expression for an object of the form (m,#), which has
no interpretation as an energy, if m # n. By doing that we find that 2(1,3)(3,2) = E(1,2) and hence, we

can write the general expression:

(mn)=— > 2m. 0)(0.7) (2.95)

Where m # n # o. Also, note that the 4-momentum product of two distinct 4-momenta, in terms of the

three energies and the total energy, is given by:
N m n 1
=2(m,n)(m,n) = k" k" = —k"E" + k™ k" = g(ko —km —kn)E (2.96)

And we also use the Schouten identity, which is useful to write a given spinor A in terms of two reference
spinors p and &

(€ mA" = (& \n = (u, N)E" (2.97)
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Whenever we have an expression in terms of angle brackets we can write it completely in terms of {m,n)
brackets and the k,,, = —(m,m) brackets. Useful identities to do so are (for m # n)
(m,0) (ko + kn — km)

<m7n> = <n’0> 2 ) <’I’7’L,’ﬁ,> =

(ko — kp — kn)E
4{m,n)

(2.98)

2.8.1 Some expressions involving polarization vectors

Now, let us calculate all the possible contractions of polarization vectors and momenta of different helicities:

— \2
m,n
Ehr = —2% (2.99)
m'vn
2
£ 6 = —2% (2.100)
— A2
Embn = 2<Z’Z> (2.101)
As for contractions of momenta with polarization vectors, we have 2°
2. W) (. 7
o £ = _7<m”;><m’"> (2.102)
9 _
o £ = 7@”’"];%’ n) (2.103)

These can also be used to convert the gravity expressions into expressions in the spinor helicity variables

since the gravity polarization tensor is €;; ~ &;§;.

2.9 Appendix C: Comments on the parity breaking piece of the
two point function

As pointed out in [52] , the gravitational wave two point correlation function (or gravitational wave spectrum)
can be different for the two circularly polarized waves without breaking rotation symmetry. In fact, a bulk
coupling of the form [ f ((;S)I/V/I/I7 is enough to produce this. This mechanism requires an inflaton. One
can ask whether a parity breaking two point function is possible in de Sitter space, as some authors have
suggested [54]. Here we make some comments on the parity breaking pieces of the two point function of the
stress tensor.

The summary is that parity breaking terms are allowed in the gaussian part of the wavefunction of the

25 As there is no time component of the polarization vector, k%% ez, ~ kue* = k;e; so we are only taking the space components
into account.
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universe, or in the two point function of CFT’s. However, such terms are local, and contribute with a phase
to the wavefunction. Thus they do not lead to different amplitudes for left and right circular polarizations.

Let us start by discussing this from the wavefunction of the universe point of view. From that point of
view the question is whether there can be a parity breaking two point function for the stress tensor. One
is tempted to say that the answer is no. The argument is the following. The stress tensor is in a single
representation of the conformal group, thus its two point function should be uniquely fixed. In fact, this
is correct if we consider the two point function at different spatial points. However, there can be a parity
breaking contact term. In order to understand this, let us discuss first the case of a current, or a gauge field

in the bulk, and then discuss the case of the graviton or the stress tensor.

2.9.1 Parity breaking terms in the two point functions for currents

These were discussed in the AdS context in [74]. We just summarize the discussion here. The Fourier

transform of the conserved current two point function is (in a 3D CFT)
<Ji(k1)Jj(k2)> = (53(161 + ka2) [(6ijk2 — kikj)w{?‘_l + eeijlkl,l] (2.104)

This is consistent with conformal symmetry. It is annihilated by (2.45). The 6 term breaks parity. Since
this term is analytic in the momentum, it gives rise to a contact term in position space, a term proportional
to i€;105,0%(x — y). If we couple the current to an external source 4, and compute W[A] = Z[A.J], then
we are just adding a local term to the wavefunction of the Chern-Simons form v (A) = %/ deAdAwgzo(A)
26, This is what we would get in a dS situation if we have an ordinary # term in the bulk. In other words,
if we have a gauge field in the bulk with an interaction 6 [ Tr[F A F], then the wavefunction contains a
term proportional to the Chern-Simons action on the spatial slice. In a unitary (and gauge invariant) bulk
theory this term has a real value of 6, so that it contributes as a phase in the wavefunction. Thus, when
we compute the square of the wavefunction, this terms drops out. More explicitly, we can now compute the
wavefunction in momentum space

kik;
||

’(/J(A) = exp{—Az(k‘)A](—k‘)((S”W — + Heijskzs)} (2.105)

We see that the 6 term is imaginary if we take 6 to be real. (We use that A(k)* = A(—k)). Then, if we
compute [)(A)|? we find that the 6 term drops out if 6 is real.

Now we can ask, could it be that some unknown unitary Hamiltonian produces a wavefunction that

26For the non abelian case, we can complete this quadratic action into the full cubic one.
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contains a Chern-Simons part with a purely imaginary 67 The arguments leading to the Chern-Simons
term in the wavefunction were based purely on demanding conformal symmetry and did not rely on any
assumptions about the bulk Hamiltonian, or even its existence. All we are assuming is that we have a
wavefunction that is conformal invariant. In particular, purely from conformal symmetry, the 6 term could
be imaginary. An imaginary 6 leads to different amplitudes for the two circular polarization states of the
gauge field?7.

One problem with this is that the resulting probability amplitude is now not invariant under large gauge
transformations. This is due to the fact that the Chern-Simons action shifts by a certain real factor under a
large gauge transformation. Thus the wavefunctions produced in this way are not gauge invariant 2®. This
argument is most clear in a non-abelian situation.

However, if we ignore this problem, then we should also point out another issue. A different amplitude
for left and right circularly polarized waves violates CPT invariance??. This is most clear if we think about
the observer in static patch coordinates. This observers sees de Sitter as static. For this observer CPT
is a symmetry, it is not spontaneously broken by the background. However, CPT transforms + circular
polarization into —. Thus these amplitudes cannot be different. Note that the wavefunctions that we
discussed are the late times ones, the wavefunctions for fluctuations outside the horizon. On the other
hand, the static patch observer probes the wavefunction inside the horizon. So, here we have assumed, by
continuity, that if we get a parity breaking effect outside the horizon, then we should also see some effect

inside the horizon.

2.9.2 Parity breaking two point functions for the stress tensor

Similar arguments can be used for the two point function of the stress tensor in momentum space. The only

term we can write that breaks parity, by power counting, is
(Tij () Tnn (k) oda ~ [(€imikidjnk® + (i < §)) + (m > n)] (2.106)

This is a function of k; and k2, hence, it is analytic and corresponds to a local term in position space.

In gravity, an analog of the 6 term is the topological invariant

/ﬂmAm:/WW%%%:/WWm%ﬁwM:/WW (2.107)

27We are not assuming that we have an ordinary 6 term in the bulk, but simply that some unknown dynamics gives rise to
a 6 term in the wavefunction as in (2.105).

28This argument was suggested to us by E. Witten.

291t is not known whether CPT invariance holds in quantum gravity. In theories that have a dual CFT description, like the
ones in AdS, CPT is a good symmetry, so it seems reasonable to assume that CPT will still be a symmetry of dS.
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The last equality follows from the symmetries of the Riemann curvature. Adding this term as 6 [ WW to

the bulk action we get a contribution to the wavefunction of the form
e0Scs(w) (2.108)

where w is the spin connection. It can also be written in terms of the Christoffel connection 3°. Let us check

that this term indeed produces (2.106). We expand the Chern-Simons term to quadratic order and obtain
Scg ~ / eIF T 0., (2.109)

Using the first order expressions of the connection we find

Scs % €j1(0Ysi — Osvri)0rys;  — €k y(k)sikiy(—k)si (2.110)

where we used that v is transverse, ks7ys; = 0. This indeed reproduces (2.106).

As in the gauge field case, if § is real, this term disappears from |¥|?. On the other hand, if 6 is
imaginary, we do get an extra contribution to |¥|? which leads to a different amplitude for left and right
circularly polarized gravitational waves, as pointed out in [54].

Note that S¢g in (2.108) is not invariant under large gauge transformations of the local Lorentz indices
of the spin connection.

Again CPT invariance forbids a different amplitude for left and right circular polarization.

Note that all the remarks in this section apply to the case of pure de Sitter. In the case that we have
an inflationary background, time reversal symmetry is broken by the inflaton and we can certainly have a

parity violating two point function [52].

2.10 Appendix D: Commuting through the delta function

In this appendix we show that the action of the special conformal generator (2.45) on a correlator or
expectation value of the form §(P)M is equal to the action of the operator on M. In other words, (2.45)
commutes with the momentum conserving delta function. The point is to understand how to get all the
momentum derivatives through the momentum conserving § function. From now on all derivatives will be k

derivatives.

30In fact, we can use the relation between the two connections that comes from demanding that Dpel = 0, which is
wzb = egFfL‘VE"b — 8M63E”b In this form it has the form of a GL(N) gauge transformation, w, = gI'ug~! — 9,99~ ! with
g = e%. Of course, gauge transformations are a symmetry of the CS action. Thus we get the same action in terms of both
connections. The first (upper) and last indices of I' are viewed as the “internal” GL(N) indices of the connection.
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The delta function depends only on the sum of all momenta, let us call that P. Then the sum over all

particles of D, where a runs over particle number has the form

<Z Ea(s?’(P)) M = 6[(b.95)8%| M (2.111)

In order to derive this we have done the following. In each term the derivatives are with respect to k,, which
end up dp when acting on the § function. Then the k, in D all sum up to P. Thus we have a term of the
form P(0pOpd)M. We then integrate by parts the derivatives to act on M in such a way that we get terms
of the form in (2.111) and also terms of the form P§(P)0pOpM. Such terms vanish. Thus (2.111) is the
total contribution from terms with two derivatives on the delta function.

We can now consider terms which have only one derivative on the delta functions. There are terms

coming from D. Let us consider those first. The first term in D contributes with
2[8pj 5](2()11%)8% (2.112)

The second term gives

2[0p, 6] { (—2k2)(b.0,) — 207 (k.Ox) } (2.113)

The (3.46) and the first term in (2.113) give the action of the rotation generators on the term multiplying
the ¢ function. These would make the correlator vanish if it was rotational invariant. On the other hand, we
have indices, thus the correlator is rotational covariant. The action of the rotation generators has to results
in some action on the indices. These must arise from the action of M on the § function, producing the spin
generators. Finally we have the last term, which adds up to the dilatation generator. Such terms combine
with a derivative of a ¢ function in (2.111) and also a derivative that comes from the first term in (2.45) .

They altogether sum up to

—(b.0p0)2 {Z(Aa —3) +3-) ka.aka} (2.114)

a
The last term is computing the overall dimension of the term that multiplies the ¢ function, the 43 is taking
into account the dimensions of the § function. And the first term is the total dimension of the (Fourier
transform) of the external states. Thus, if the answer is dilatation covariant these terms will vanish. The

total dilatation eigenvalue k0 of the coefficient of the delta function is then 3 + %" (A, —3).
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2.11 Appendix E: Checking the Ward identities for the stress ten-
sor

The Ward identities come from the statement that the wavefunction of the universe is reparametrization

invariant W[g;;] = ¥[g;; + V(;v;)]. This then implies that

V! Uﬁ ;gﬂ =0 (2.115)

The stress tensor correlators are defined by taking multiple derivatives of the wavefunction and then setting

g to the flat metric. By taking multiple derivatives of (2.115) we get the Ward identity which looks like

ai<Tij (x)Th,ml (y1) -~ T, ma, (yr)) = Z Df::: 53@ - yS)<Tl1,rm (Y1) - Tlg,m; (Ys) -+~ T, mn (yr» (2.116)
s=1

where D is a first order derivative (acting on x or ys) and the indices are contracted in some way. These terms
come from acting with the metric derivatives on the explicit metric dependence in the covariant derivative,
etc. Notice that if all the points in the left hand side are different from each other, then the right hand
side is zero. In this section we will assume that all the points yq, - - - ,y, are different from each other. The
precise form of the contact terms in the right hand side depends on the precise definition of the “derivative
with respect to the metric”. If we define the stress tensor as derivatives of the from %, then the Ward
identities can be found in [45]. However, in our case, we defined the stress tensor correlators as derivatives of
the wavefunction with respect to -;;, where we write the metric as g = €7, see (2.34). This leads to slightly
different expressions. The difference is only present as extra contact terms that arise when we use the chain

lm 5

ours __ _6__ __ 6g
rule T = SyT = 5y Syl

One can keep track of these extra terms and write the precise version of the Ward identity.

For the case of the three point function, after going to Fourier space, we get the simple expression 3!

([k1&'T (k1)][6262T (k2)][€3€3T (ks)]) = €2.63 {€1-ka2.Es + Ea-kr61.Es + Ea.kaly o} [2K5 — 2k3]  (2.117)

Which, for — — — is given by:

(k1 + ko + ks) (k3 — k3)
(k1koks)?

([ €T (k1)) [€262T (ko)) (€363 T (K3)]) = 8(1,2)(2,3)°(3,1) (2.118)

From the point of view of the operator (2.46), this expression (2.118) should be multiplying a term that

31This gets simplified thanks to the fact that (T;;(—k)[£€T(k)]) = 2£°€7k3.
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goes like (k;®)€'(...). The coefficient of the three point function is then fixed by comparing this with the

result of acting on the three point functions of Einstein gravity with (2.46).

For a general — — — three point function, given by ((1,2)(2,3)(3,1))2f(k1, k2, k3), the action of (2.46) is
32
iyaa__0" 1,2)(2,3)(3, 1)) f (k1, ko, k3)| =
(U) a)‘(llaj‘il [(< ) >< ) >< ) >) f( 1, 2, 3)] -
= [(1.2)(2:3)(3. ]2 [(6 + 2600 )0l £ — KO Oy | +
+ ieijkg}iﬁ[%L 2)(2,3)%(3, D[(2, 1)(3,1) — (3, 1)(1,2)]]0%, f (2.119)
1

In order to derive this, we used Schouten to express A2, A2 each as a function of A\l and Al. As ¢!is a

g j ,
complex vector, one can show that ie*’ k{f% = ¢i. Then the third line is proportional to £*. The next step

is to write the first piece as a function of k1 and not of its components. The final result is:

2
S0 [((1,2)(2,3) (3,1 (o, k)] = ~264(1,2)(2,3°(3, ) [ks — Kalk, S+

n

+ [(1,2)(2,3)(3,1)) [;laklf +0F, f} K% + cyclic (2.120)

Although the s are linearly independent, the ks are not. A convenient way to rewrite (2.120) is to choose
special conformal transformation parameters b’ to project out a few components. Let us take b® ~ (AaA3 +

)\3)\2)i for example. The constraint is
(A2Xa).Ol(— — )] = (1,2)%(2,3)%(3,1)* {43k, — 05, )f + ka(B}, — O)f — kal@}, — BF)f} (2121

For the — — + correlator, the derivation is similar.

32When there is no index in the derivative, it is understood that we are taking the derivative with respect to the energy, or
|k|. We hope this does not cause confusion in the expressions here.
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Chapter 3

Inflationary Consistency Conditions

from a Wavefunctional Perspective

3.1 Introduction

Recently, there has been much interest in calculating non-gaussian deviations for the statistics of primordial
perturbations generated by inflation. Signatures of primordial non-gaussianity could falsify various models
of the early universe. One is in general interested in computing three point expectation values of fields,
evaluated at late times, when all modes have exited the horizon.

Maldacena pointed out [22] that there is a nice consistency check for the three point function of (single
field) inflation. Namely, when one considers a “squeezed” triangle shape, where one of the momenta is much
smaller than the others (their sum needs to be zero due to translational invariance), the three point function
can be written in terms of the tilt of the spectrum of the two point function.

The intuition behind this consistency condition is as follows. In the squeezed regime, the long wavelength
mode has exited the horizon earlier than the other modes, so its effect is to rescale the coordinates at which
one computes the power spectrum for the other, shorter wavelength fluctuations. This intuition turns out
to be correct for all models with a single field setting the natural “clock” for the inflationary period [75] ,
and is thus a way to falsify single field inflation.

The consistency condition has been checked in many different models, and was derived in various different
ways. An incomplete list of references is [75, 32, 31]. The original consistency condition concerns only the
leading term on the momentum of the long wavelength mode. Considerable progress has been made since,

by several groups, on studying subleading corrections to the squeezed limit. Also, consistency conditions
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coming from soft internal momenta were found, relevant to squeezed limits of expectation values with four
or more legs [76, 77, 78, 79, 80, 81, 82]. The derivations attack the problem from various perspectives. They
either explore the broken symmetries of the (quasi-de Sitter) background, or some residual diffeomorphism
invariance of the metric that was not completely fixed. There are also approaches that take the long mode
as a classical background perturbation over which the shorter modes evolve.

In this chapter, a different derivation of these results is provided. The object of primary interest will be
the wavefunction of the universe, ¥[h, ¢], which has information on the probability for spacetime to have a
spacelike slice with a given 3-metric and additional field profiles (for single field inflation, we also specify the
profile of the inflaton on the slice). In this formalism, the wavefunction is specified by the so-called Wheeler-
DeWitt equation [83]. We will show that coordinate reparametrization invariance of the three slice, also
known as the momentum constraint, has all the information on squeezed limits of inflationary expectation
values. In other words, all known consistency conditions follow from a symmetry of the wavefunction of the
universe, or a constraint on its form. The wavefunctional perspective was also used to derive consistency
conditions in [82].

Our situation here is analogous to the following in a gauge theory. We can compute Feynman diagrams
and find correlation functions for the gauge fields A,. These correlation functions satisfy some transver-
sality condition, which basically removes the unphysical longitudinal modes from physical observables, like
scattering amplitudes, and preserve unitarity etc. These are the Ward identities satisfied by the correlation
functions. In gauge theory, we know what the good, gauge invariant observables should be (for example,
correlations of field strengths F),,, or Wilson loops). In gravity, a good observable should be diffeomorphism
invariant.

When we compute the expectation values, there are still “longitudinal modes”, or unphysical informa-
tion, in these functions. The consistency condition basically tells us that the leading and next to leading
order terms in the squeezed limit are fixed by this pure gauge information. From the point of view of a
“metaobserver” that sees our universe from outside, these would be unphysical modes. Because we have to
pick a frame to make observations in cosmology, we would measure a squeezed non-gaussianity. The point is
that it is fixed basically by the field content of the inflationary theory, and not from the details of the field
interactions etc. This effect was recently computed and discussed in [84], in the context of translating the
inflationary expectation values to CMB fluctuations in the sky.

In [85], it was pointed out that, in fact there is an infinite number of such consistency conditions, and, at
each order in the long mode Taylor series, there should be terms fixed by diffeomorphism invariance. With

the wavefunctional approach, that becomes very clear, as the consistency conditions can be extracted from

50



a power series expansion of an expression of the schematic form:

. 5" Y 5
L hij(kp)oh(k1)0h(ka)... — "1Sh(ky + kr)Sh(kz)...

L "l

26h(ky)0h(ky + kL)... (3:1)

Where we omit indices of the other metric insertions for simplicity. These functional derivatives can be
mapped to tree level expectation values of the fluctuating fields (metric, inflaton etc.). We can expand (3.1)
around k;, = 0 and, at each order, it will provide a consistency condition. In fact, (3.1) totally determines
the form of the derivative of the wavefunction to leading and subleading orders. From quadratic order on,
we cannot fully constrain this functional derivative, and that is when the truly physical contributions to the
squeezed limit appear [84, 86].

One nice feature of this wavefunctional formalism is that it is easily extended to theories with more
fluctuating fields. Also, tracking the consequences of other symmetries of the wavefunction, like some flavor
symmetry of the scalar sector, seems to be straightforward in this language.

The chapter is structured as follows. In section 2, we review the Wheeler-DeWitt formalism, in particular
for Einstein gravity in de Sitter space, and for single field inflation. In section 3, we briefly treat the
Hamiltonian constraints and comment on their implications. In section 4, we write the consistency condition
from the wavefunctional perspective. In section 5, we derive the consequences for expectation values of fields,
focusing on three point functions. In section 6, we make a few observations on gauge/gravity duality. In
section 7 we discuss our results, followed by a few appendices on technical details. In particular, appendix B
shows a somewhat simple but still interesting extension of the consistency condition to a single field inflation

model with an additional massless scalar.

3.2 Gravity in the Schrodinger picture: the Wheeler-DeWitt equa-
tions

In the Wheeler-DeWitt approach to perturbative quantum gravity, the object of interest is the wavefunction
of the universe. It gives the probability that the spacetime has a spatial slice with given 3-metric and field
profile. The equations express the time and space reparametrization invariance of the wavefunction. The
spatial reparametrization invariance implies the so-called momentum constraint on the wavefunction, and is
an expression analogous to Gauss’ law in electromagnetism. The time reparametrization invariance encodes
the dynamics of the theory. These are properly described in the 3 + 1 decomposition of the metric, or the
ADM formalism.

In this section we review how to obtain the Wheeler-DeWitt equations from the ADM decomposition
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of the metric. We analyze two particular cases of interest, namely, Einstein gravity in de Sitter space and

single field inflation.

3.2.1 Einstein Gravity with positive Cosmological constant

Start from the action:

S:ﬁ/¢;m®R—M) (3.2)

With & = (167Gn) "L = M’Q”. Then, in the ADM decomposition, ds? = —N2dt? + h;;(N'dt + dx*)(N7 dt +
2 J

dxz7), the action reads:

1

S:H/NﬁﬂmﬂﬁfKﬁuhaﬂ,k%zgﬁ

(hij — ViNj — V;N;) (3.3)

Indices in (3.3) and from now on are raised with h* instead of the 4D metric. We are omitting some boundary

contributions which were subtracted by the Gibbons-Hawking-York term. The conjugate momenta to the

metric are:
oL ) 0L
= N =0, == i =0
SL g ' iy (3.4)
T = — = /@\/E(K” — h"K)
So the Hamiltonian will be of the form:
1{/{N[lGMMﬂ%“n%MRzAﬂ+2wNﬂU}

Gijrt = (hihji + hahjr — hijhg)

Gij ki is called the DeWitt metric!. Quantization on a basis that is diagonal in the three metric h;j corre-

sponds to promoting 7 — —ih%ﬁ. Then, variation with respect to the lapse and shift yields the equations:

P
2kvh M Oh; Shi
L]
V'h 6hi;

1In the literature, the factor of 1/\/E is usually absorbed in the definition of G, so Gpere = VRGDpew it

+ kVRh(R—2A)| U =0
(3.6)

— 2ihV; {
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3.2.2 Gravity plus a Scalar field

Now write the action as follows:

S=n / (R~ (Vé)? — 2V(9)) (3.7)

Again, using the ADM decomposition, the action reads:
g 1 . , »
S = [ VI [NURGKT = K+ )+ (6= N0 = Ni0,00,6 - 2NV () (338)

The conjugate momentum for the metric is the same, and the gravitational Hamiltonian is the same, but for

the cosmological constant. The conjugate momentum for the scalar field is:

(¢ — N'0;) (3.9)

Ty =

2/@\/5
N

The total Hamiltonian will be:

1 1
H= / {N [MGZ‘deﬂ' Inh — kVhR + 73+ kVh (R 9,00, + 2V(¢))} +

4kvh (3.10)

+2ViNj7Tij -‘rhiijai(ﬁﬂ'qg}

Now, the wavefunction W[h, ¢] is subject to the constraints:
I G +wVhR 4+ —— " — kVh (h98;00;¢ + 2V (9)) | ¥ =0
2/ iy Shaa i \FW e e
1 6V '
—20hV,; | ——=—| + h—h”@Z
[\/ﬁ 5’%} Vh ¢5¢

3.2.3 Tree level Wheeler-DeWitt equation

Write U = Exp{iW/h} and expand the equations (3.6), (3.11) to zeroth order in h. We get Hamilton-Jacobi
equations for W, of the form:

L g W OW

2kvh ikl Ohij Oy

1 oW
o, | =22 =0
[\/ﬁéhij]

+kVh(R—2A)| =0
(3.12)
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And, for single field inflation, of the form:

1 SW W 1 /sW\? y

e Gt 2 \/HR—<) — 5V (h99;00;6 + 2V =0

[ 2kvVh ]’kl6hij5hkl " 4kvh \ 00 " ( 00;¢ ((b)) (3.13)
1 oW 1 . 1) %%

| = | = —=hP0,6°- =0
L/E(Shij] Vh ¢5¢

3.3 Structure of the Wavefunction at large “volume” and time
independence

We are interested in computing the wavefunction at late times. Time is absent in the Wheeler-DeWitt
approach to quantum gravity, so, in the context of inflation, we will be looking at the wavefunction for a
spatial slice with large “volume”. In other words, take the spatial metric and redefine it as h;; = azizij. We
can then consider the asymptotics of (3.12) and (3.13) as a — oc.

The time reparametrization constraint of general relativity is encoded in the Hamiltonian constraint. In
principle, it will fix the wavefunction, given suitable boundary conditions. Here we just want to point out
that there is a “time-independent” piece of the wavefunction, which is nonlocal and encodes the superhorizon

fluctuations in inflation.

3.3.1 Pure gravity

Begin by substituting h;; = a2izij to (3.12). The Hamiltonian constraint becomes:

LGl OV Viak - a(20))

_ _Glij bl —— — =0 (3.14)
213V I ! Ohij Oy

Now write W = a3a [ Vi + aB [ VhER + Wy + O(1/a). Solving (3.14) order by order in a, we get:

o =4k

oI

B = _H\/i (3.15)
hij Wo _
(5hij

So (3.15) tells us that Wy is scale invariant, or a independent. Note that, as we consider the a — oo limit

and compute expectation values, only Wy is important, as the local terms are imaginary, so they will not

appear in [¥[h]|? = Exp[2Re (1 Wo)].
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3.3.2 Single Field Inflation

Here the method is essentially the same, though the structure of the wavefunction is more complicated. A
similar construction was carried for an arbitrary number of scalars, for a 5-D spacetime, in [63]. See also
[47, 48] for a detailed analysis of the Hamilton-Jacobi equation for single field inflation. The Hamiltonian

constraint is:

2
L 5W+mfaR ! (‘g) —m/ﬁ(aﬁifaig;ajmmsvw)) =0 (3.16)

" 2kadVh 5h” 4/{(13\/2

Now write W = a® [ \/EU( ¢)+a Vi | { d)R + O ¢)(hijai¢aj¢)] +Wo+0O(1/a). Solving (3.16) order

by order in a, we get:

1o,
8k2 [ 2 v }

? —U'® = —2x2
U'e’ s O\

; U(<I> 4),{ (3.17)
U/ q)/
U~ e
~ 0Wy U’ oWy
hlj ~ = -

Shy; U 6o

The auxiliary potential U is related to the potential V' via (3.17). The variation of Wy with respect to the
trace of the metric is related to a variation of Wy with respect to the scalar field. This relates two different
gauge choices, one in which the trace of the metric is a fluctuating degree of freedom (¢ gauge) and the
other where the scalar field fluctuates (d¢ gauge). The factor that relates one to the other is related to the
slow-roll parameter of single field inflation[46, 22, 48].

The existence of a “time-independent” piece of the wavefunction, for large volume (late times), is equiv-
alent to the statement that there are fluctuations of the metric that freeze at late times [87] . Those are the
fluctuating fields whose correlations are calculated using the in-in formalism in inflation.

With Hartle-Hawking boundary conditions, Wy can be computed explicitly. One evaluates the classical
action with a solution for the equations of motion that obeys these boundary conditions. At very early
times, the modes are in their flat space vacuum, as their physical wavelength is too small to probe any
curvature effects of spacetime. Wy has an imaginary piece that gives the tree level contribution to inflationary

expectation values [22, 14].
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3.4 Consistency condition as a Ward Identity for derivatives of
the Wavefunction

In the previous section, we showed that the wavefunction has a piece that is late time independent. Now we
want to show that the consistency condition for the cosmological correlators arises from reparametrization
invariance of the wavefunction of the universe, in particular, of Wy. We write h;; = a® (0;5+pi;) and consider
the limit of a — 0o, which would correspond to a late time slice in the semiclassical approximation.
Now we impose that the wavefunction is invariant under spatial diffeomorphisms. This means that
Ulhij + V(;vj] = lhy;]. This implies that:
3 [hij]

5\11[}7,”] = Q/dnga’ub(x)m =0=V; [%(W::sz) = O]

Equation (3.18) is the Ward identity for the wavefunction of the universe. It is a statement on its

(3.18)

reparametrization invariance. Of course, this is the same as equation (3.6). Specializing to Wy, the scale
invariant piece of the wavefunction, as in (3.15), we see that it also satisfies (3.18) with ¥ — Wy, as the
other terms that survive in the @ — oo limit automatically satisfy (3.18), as they are invariant under spatial
reparametrizations.

Let us now perform a perturbative expansion in Wy. We take the perturbations to be around the flat
metric, as 6;; +p;;. Of course, this is due to what we know about the universe being approximately flat after
inflation. The consistency conditions can be easily generalized to expansions around different backgrounds,
as the WdW equations are invariant under the choice of background metric.

As we are interested in the non-local piece of the wavefunction, we start quadratic in the metric?:

i L ety [Pl
WO[h] =9 /d d Yy <6izab(x)5ﬁcd(y)> pab( )pcd(y)+

l 3 d3udd 2 63W0[6} z P 3.19
+ 30 /d d’yd <6ﬁab($)6ﬁcd(y)ﬁef(z)> Pab( )pcd(y)pef( )+ ( )

1
+@/d3$d3yd32d3w§ﬁ - ——————pap(2)pea(y)pes (2)pij(w) + - -

We are Taylor expanding around the flat metric. Square brackets in the derivatives mean that we calculate
the derivative at the background metric. As we will be mostly dealing with Wy from here on, we will omit

the hat on iAsz

2In principle there can be a scale invariant, local contribution to the wavefunction, proportional to the gravitational Chern-
Simons term. It can be argued that this term is a pure phase [26], and thus will not contribute to the sort of correlators we
consider here. In any case, even if it were real, it would contribute a local term to expectation values, and we are interested in
consistency conditions for the nonlocal terms.
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We now work out the consequences of (3.18) to the coefficients in the perturbative expansion (3.19). The
idea is to commute an insertion of ¢/ 5ﬁij into (3.18) and then evaluate the resultant expression for h;; = d;;.

We rewrite (3.18) as:

] - () s -

The only issue here is how to commute through the Christoffel symbol. Writing I'}, = hT 4. the following

expressions are useful:

o"Ie.(x) §"hed(z)
c e F c x _|_ e
ST ) - 0ry ) Sy ) 0 (o) o)

ot zn: 5" hed(x) 0T gpe ()
= 6hiyjy (Y1) -+ Ohi g, (Yn) Ohiyji (yr)
Shed (z) b ced .
(Shcd(y) =h (ﬂf)h (3?)57nn5(.13 - y)’ 57nn -
5I‘dbc(x) - 1 ij Az i oz ij Az B
Shij(y) 2 (6"‘1 0c8(z —y) + 05 0y 0(x —y) = by 030(x y))

(3.21)
(65,64 + 5¢62)

m-n

DN | =

Second derivative

First let us just commute one insertion of §/dh,; through (3.18). We get:

B 2Wolsl
o’ (5hij(z)5hkl(y)) =0 (3.22)

Third derivative
We now commute two insertions of §/dh;; through (3.18) . We get:

9 FWold] R ST ) R
Oz <5hij(x)6hkl(y)5hmn(z)> T2 K(S Shat(2)0hmn (2) 8xi5( y) +{k < l}) +

i PRl 0 s ) - (o0
+<5 S (y)dhin () mié( )+ ime }> <5hkl(3€)5hmn(z)8xj6( y)+ (3.23)

S2Wols] 0
S ) ok (@) 92,0 )ﬂ

3.5 Consequences for expectation values

The expectation values of insertions of the metric is given by:
(hig()bua(w) ) = [ B[R] iy )b o) (324)
It is convenient to do the following before moving on. We want to write the expectation values of operators
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in momentum space. We also use a basis of polarization tensors that is traceless and transverse with respect
to the flat metric:

e =26, kel =0 (3.25)

Y] ]

Indices are contracted with 6. We call the helicity modes + and —. Angular momentum conservation and
momentum conservation tells us that the only two point functions allowed are (p*p™) and (p~p~), with the

perturbation being p;; = h;; — d;;. Now write the wavefunction as follows:

1 5 Wo[0]
U =Upeq X E dky - - dk,— f(ky) - p° (kn 2
l lX Xp{zﬁ:/ 1 n' 6hgl(k1)5hen(kn)p ( 1) p ( )} (3 6)

In terms of (3.26), the two point expectation value for gravitational wave perturbations is given by:

1

a 82Wo[s
2Regys (k:l)c;)}[zs]z (%2)

(p°* (k1)p™ (k2)) = (3.27)

Three Point Function

In terms of (3.26), the three point expectation value for gravitational wave perturbations is given by:

§3Wo[8
2Re (6h51(k1)5h52 ?IEZ])éhs?’(kg))

62Wo[6
IT;Re (QW;)LH(—M)

(3.28)

(P (k1)p®2 (ko)p®e (ks)) = —

Let us now understand how (3.23) constrains the shape of the three point function in the squeezed limit.
Start from looking at (3.22) and (3.23) in momentum space. As the background is translation invariant,
the derivatives of the wavefunction should only depend on distances between points. In momentum space,
this means that there is always a subtended momentum conserving delta function in front of an expectation
value3. Thus, an n-point expectation value will explicitly depend on n — 1 momenta, the last momentum
dependence removed by translation invariance.

Before giving the final forms for (3.22) and (3.23), we need to do one more thing. The variable we actually
use in the bulk computations is +;;, such that h;; = Exp(y);;. To cubic order, h;; = d;; + vi; + %%k’ykj.
Translating the relation for the three point derivative (3.23) will induce new contact terms in the Ward

identity, due to the use of the chain rule. In momentum space, (3.22) and (3.23) will read:

S2Wo 0]
14 /7 Ne. /1 \
0ij (k1)0vri (k2)
3The notation used in [22] and in many papers in the literature is to use a ' in front of the expectation value, e. g.

(h(k1)h(k2)) = 6(k1 + ka2)(h(k1)h(—k1))’. We will always assume that the delta function is taken care of, and use it to
eliminate one momentum variable in the various expectation values.

=0 (3.29)

’
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I §3Wo!0] .
1’(157aj(k1)5’7kl(k2)5’}’mn(/€3)
_1 {ykkzﬂ 32 Wo[d]
2 0Yal(—k3)0Ymn (k3)
. 52Wo 6] . 52Wo 6]
+67"ks3 +67"ks , — 3.30
) e () | e G )5 ma () (3.30)
52 W, 6] 52 Wo 6]
—ka — ks ; +
Vi (—k3)0Vmn (k3) Vi1 (k2)0Ymn (—k2)
; §2Wo!d] ij 62 Wy 4]
+k1a 0530y + 004 ]
b {bd % 5y (—k3)0mn (k) 8 Sy (k) 0vpe (— k)

The last line of (3.30) comes from the change of variables p — ~. The derivatives are evaluated around

, 52Wy[0)
+ 07k, -
2 Yk (—k3)5Ymn (k3)

the flat background, meaning that we set v = 0 after taking the derivative. Dummy indices are a,--- ,d in

(3.30). (3.30) encodes all consistency conditions for the three point function of inflationary perturbations.

3.5.1 Extracting the consistency condition

To get the consistency conditions of inflation, we need to consider the squeezed limit, or k&1 — 0. We want
to show that (3.30) implies an infinite number of such consistency conditions, as recently discussed by [85]
. The leading correction to the consistency condition, which is also completely fixed by the longitudinal
modes, was first discussed in [78] . Now, all one needs to do is to Taylor expand (3.30) around k; = 0. Let

us introduce the simplified notation:

iy OWhl6
DiIW, = 57'?(% (3.31)
i
Then, the three point function for gravitational waves is given by:
o s s 2Re |D;* D;2 D2 Wy
<’yk17k2ryk2> = _2R DS1DSL W, QR[ 5182 ;;282 k;;v ]2R D3 D% W, (332)
e [Dy Dy, Wo| 2Re [D}2 D%, Wo| 2Re [ D3 D%, Wy
And the consistency condition is encoded in the identity:
ki D} Dyt DR Wy =
1. . . , ,
= 5 [07*RS Dy D" Wo + 67k DY, DI Wo + 677 ks Dy, D23, Wo + 07"k D, D™, Wo— - (3.33)

—k, DM, Dy Wy — KDyl D™ WO} + k¢ [5{;553({ D, D" W + 634832 DEL D", W

Now we expand (3.32) and (3.33) around k; = 0. Assuming that limy, o k‘fDZfD,’jl Dii"Wy = 0, which

2

is true if there are no terms of the form log k; in the three point function of cosmological perturbations, we
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get:

lim D“ DEtp™r Wy =

k1—0

=3 [5j’“Dﬁk2D,Q’;”WO + 7' D™ DI W, + 67 DM, DinWo + 67" DM, D W+ (3.34)
0 - .

+ho o, -D*, Dit"Wo — 69 DM, D,Z;”WO] [5 15 D DWW + 85, DR DR W

Now, we contract (3.34) with polarization tensors for the fluctuations. We obtain:

JkgaiDsz DWWy = —€ kjk? 0

hm DSIDSQDS ek, Wo = 28k2

—5¢ D, D W (3.35)

We now see that the leading order contribution to the squeezed limit of the three point function of gravita-

tional waves is:

) 2Relimy, o [D}} D;2 D2 Wy 6525
kl <7k1 'Yk27k2> 51 51 S350 5 =
o 2Re [Dlm D*k1 WO} (2Re [Dk2 D*krz WO])

1 — 1
- _ zgk k] 55283 — (336)
2Re[D;2Dslk1WO]] l TR 53 <2Re[DZ§DS2k2WO]>]

S92 82

s1 81 i1.J 0 S28
(v k1>ejk2k%ak2 (Vrav5, )07

Which is the standard consistency condition for the gravitational wave three point function [22].

3.5.2 Scalar Fluctuations

Although there is no scalar mode in pure gravity in de Sitter space, (as is illustrated by equation (3.15))
we can still make use of (3.33) to extract the consistency condition for the inflaton, (. The reason is that
we evaluate the wavefunction at a surface of constant background field, Wyh, ¢] with 9;¢ = 0. Then, the
momentum constraint (3.11) reduces to the one in pure gravity, and thus (3.33) applies. As the ¢ mode is
also taken as the exponential of the metric, but of its trace, instead of its traceless transverse component, all
we need to do is to contract (3.33) with §%, etc. At the level of the three point function, we take our metric
to be h;; = 0;;(1 + 2¢ + 2¢?). That corresponds to the substitution v;; — 2¢d;;. In (3.33) that corresponds
to QDZjéij — Dy, where Dy, = 6/6¢,. We obtain:

. .0 B
klllglo Dlek2D—k1—k2W0 = |:(3 - kQak%) D_kQDk2W0:| = |:(3 k?g 6]62) D_kQDk2W0:| (337)
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Thus, for the three point function, we obtain:

2Re 1imk1‘)0 [Dkl Dk2 .D]€3 W()]

li Ve _

k11§0<<k1<k2 <k3> 2Re [Dg, D—_, Wo] (2Re [Dg, D_p, Wo])2

B 1 1 dlog (—2Re [Dy,, D_i, Wok3*]) (3.38)

o _QRQ[Dle—hWOJ [_ 2Re[Dk2D—k2W0]] - dlogk .
dlog [k3 _

= —(Chr Ctor ) (ChaCta) % E?Toikl:f al

3.5.3 Mixed three point functions

For three point functions of one long scalar and two short tensor fluctuations, and vice-versa, the derivation
is essentially the same. One just needs to contract (3.33) with the proper polarization tensors etc. We just

quote the final results. For a long scalar mode and short tensor modes we have:

2Relimy, 0 [Dy, D;2 D2 Wy | 65258
2Re [Dy, D_i, Wo] (2Re [D;2D*2, Wy])®

. So 83\ __
k111§0<<k1 Vea Vea )= =

o 1 ) 5253 _ dlog (=2Re [Dp2 D% Woky*]) (3.39)
N 2Re[Dy, D_, W] 2Re[Dy2 D% W] dlogk
v ssass 0108 [F3057%5)]
= _<Ck1<*k1><7k2’7—2k2>6 2% 810g kQ
While, for a long tensor mode and two short scalar modes, we get:
) s 2Relimg, o |D;* Dy, D, Wo
lim (77 CeyCy) = — e Dis D Do)
k1—0 2Re [Dle_kl Wo] (2Re [Dy, Dk, Wo))
_ | N [eijk;kgarz < 1 ﬂ _ (3.40)
2Re[D;} DY Wo] 0k3 \ 2Re[Dyy D, W]
S1 .8 %7 1.4 1.7 0
= —<’Yki7_1k1>€1]k2k§w<Ck2C7k2>
2

3.5.4 Higher order consistency conditions

Let us expand the three point function of fluctuations in a Taylor series around k; = 0. For simplicity, we

consider scalar fluctuations:

(GGGt k) = (GGt | Z0ka) + BEF (k) + ZRERLS™ (o) + - (3.41)

It was already pointed out in [22] that the leading order term Z(kq) is fixed by the two point function,
which is what we call the inflationary consistency condition. In [78] it was argued that the first order term

F*(kq) is also completely fixed by some residual conformal symmetry of the background. Reference [85]

61



studied constraints to the higher order terms in (3.41), and found general Ward identities that should be
obeyed by some combinations of gravitational wave and inflaton expectation values.

All of these consistency conditions follow from a Taylor expansion of the longitudinal mode Ward identities
(3.33). So the inflationary consistency conditions can be explained by the reparametrization invariance, or
momentum constraint, of the wavefunction of the universe. The terms that have physical content, and are
probing the primordial non-gaussianity of inflationary perturbations, start quadratic in &y in (3.41). In [84]
it was pointed out that the squeezed three point function of single field inflation gives rise to no effect in a
physical observable. This is of course consistent with the picture that the squeezed limit is totally fixed by
diffeomorphism invariance, as physical observables are diff-invariant. In other words, there is residual gauge
symmetry in the squeezed limit of expectation values of inflationary fluctuations, and these can be tracked
down from the original symmetry.

Here we derive the consistency condition discussed in [78], which completely fixes the linear term in k;
in (3.41). We also discuss the generalized consistency conditions of [85], pointing out why from quadratic
order on, the longitudinal modes do not fix completely the three point function. Note that our derivation
makes no use of conformal symmetry; we rely purely on reparametrization invariance of the wavefunction.

First, contract (3.33) with 46%6™". We get*:

k{ D Dy, Dy, Wo = [fng;%D_kS Wo — kD, D_1., Wy (3.42)

DO | =

Now, take the first order correction to the three point function in the squeezed limit. We Taylor expand

(3.32), for scalar fluctuations, to first order in k;. Comparing with the formula (3.41) we get:

1 Re limk1_>0 Ijlek2 Dkg W()

og [k3 _
Z(ke) = 5 = *(Ckz(—kﬁal 8 [}3{Cha o)

2 (Re [DkzD*kzw()])Q 8log ko (3 43)
1 /1l s ReDy,, Dy, Dy, Wi I Dy, Dy, D, W, '
Foky) = = < Mg, 0 Opg €Lk, U, 2k3 o Relimg, 0 Dy, Dy, k:; OBkgRe [DngkQWo]>
2 (Re [Dg, D1, Wo]) (Re [Dg, D1, Wo])
Now we take two derivatives of (3.33) with respect to k1 and take k; — 0. That will give:
O D DD O D Dy DW= k=L _ DD
aikll ky k2 k3WO + 07191 ki k2 k3WO = *5 Qakéaké ko —k2WO (344)

Note that the index j in (3.44) is singled out, and the left hand side is symmetric in 4, I. We contract (3.44)

4In general, the Ward identity will look like kll'D}'jl Dy, - Dy, Wo = =k Dy, 13y - Dis, Wo — -+ - — k3, Dy - - Di, 1, Wo,
i.e., it relates the n-derivative to the n — 1-derivative of the wavefunction, evaluated at shifted momenta [26].
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with 26% and §* and subtract the equations we obtain, getting:

0 82 1 . 62
lim — Dy, Dy, Dp,Wo = —k§———Dp. D_p Wy + =kl ————Dy. D_;,, Wy =
kllgloaki ki ke Vs Wo Qakgaké ko — ks o-i-2 2akgakg ko D—1, Wo
(3.45)
— Lt ii,l 0 D.. D W,
T\ k2 Oky  20k3) TTTRTO

Where we used that the second derivative of the wavefunction depends only on the absolute value of ks.

Then, plugging this back in (3.43) we get:

(3.46)

arpy_ L 1 dlog [k3(CryC—ts)]
F(kg) = *iakgz(kz) = iﬁkg [<<k2€—k2> dlog ks ]

It was observed in [77] that under the substitution k1 — kg, k2 — kg —kr /2, the linear term in (3.41), F*(kg)
is absent. One can check that changing variables from ko to kg such is the case, so (3.46) is compatible with
the claims made in [77, 78].

We can also study the case of one long tensor mode and two short scalar modes, as in [78]°. There is
a small point to be made, which is the following. We obtain from our method the object 8kaDzCDDWO.
Then, we need to contract this with a polarization tensor. But the expectation value we consider is already
contracted with the polarization tensor, so we could be neglecting a term where the derivative acts on the
polarization tensor, and the resulting tensor is contracted with the expectation value. In other words, we do
not calculate the contribution coming from (9ya€*®) Dt DDW,. We show in appendix C that this contribution
is zero, and so we capture the entire linear term in the long momentum. The consistency condition to linear

order will be:

kl.kQ k2.€1.k2

lim <7I‘21 Ck2<k3> = <PYI§1’VI§1> Z’Y(kQ) + 12 1.2 [kQakz - k%alzg] <Ck24k2> (347)
k}1*>0 4k2 k2

With Z.,(k2) can be read out from (3.40). This result agrees with the prescription given in [78], and, in
particular, with the case of single field inflation[22].

To obtain the higher order consistency conditions described in [85] , note the following. It is clear that,
taking multiple derivatives with respect to the momentum being squeezed, the best we can do is obtain
an expression for the symmetrized derivative 9(19% . .. 82'"—1D2'i) J Dy, Dy, Wy. We can project out some
components of this symmetrized derivative, and relate it to linear combinations of three point functions, as
is done in [85]. Of course, one would not expect to be able to obtain all derivatives of the wavefunction from

the Ward identity, as we are just finding the parts of the expectation value fixed by gauge invariance.

5Tn particular, we want to check equations (66) and (67) of [78].
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Let us study in more detail the case of the second derivative. We obtain:

2 § 2 b 52 ) 1
lim 7 DY + == DY | Dy D Wo = =3

83
D
oo | keort 8 T akcaks DIP ke

kl————D
% OkeOkLOKS

kD, Wo  (3.48)

There are two types of indices in some sense here, the index that is not symmetrized and the symmetrized
ones. Just as we did for the first derivative, we can either contract symmetrized indices or one symmetrized
index with the separate one. Take §*° and §¢, and after some manipulation, the best one can obtain is (we

write explicitly D¢, so there is no confusion with derivatives with respect to the scalar, D = 2D¢c):

9? 0?
1' DCC _
o) {81@%8/&1’ kT Ok ok
o } kc 83 B ka 83
T2 | P OkSOkSOKS TP OkbOKSOKS

Dgf} Dy, D, Wy =
(3.49)

} Dy, D_y, Wy

Which is not good enough to isolate what we would like, limg, _,o ﬁzkalekz Dy, Wy.
1 1

3.6 Comment on gauge/gravity duality

In gauge/gravity duality, dS/CFT [44, 43, 22] is the proposal that an asymptotically de Sitter space can
be described by a dual field theory. In the approach of [22], the proposal is that the wavefunction of the
universe with a certain 3-metric profile is equal to the partition function of a CFT, where this 3-metric is a
parameter of the partition function.

Then, the stress tensor of the dual field theory, T%, is given by functional derivatives of the partition
function with respect to the metric. So, when we take functional derivatives of ¥ with respect to the flat
background, in the dual picture we are computing correlation functions of the stress tensor in the vacuum of
the field theory. So, from the field theory perspective, the functional derivatives of the metric we considered
throughout the chapter, D D*!... U are equal to correlation functions of the stress tensor, (TWT* ...).

From this point of view, the consistency condition has a simple interpretation. (3.18) expresses the
conservation of the stress tensor of the dual theory, V,;(T%) = 0. So, (3.18) is equivalent to Ward identities
obeyed by the stress tensor, which can be found in [45]. Note, though, that we do NOT need anything like
dS/CFT or gauge/gravity duality to use the Ward identities that the T/ satisfy. These have a pure bulk
interpretation from diffeomorphism invariance.

Note also that the final equations in (3.15) and (3.17) can be interpreted as identities obeyed by the
trace of the stress tensor. (3.15) states that an insertion of the trace of the stress tensor should render any

correlation function to be zero. This means that (T --.) = 0. This is expected, as de Sitter has isometries
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at late times that are isomorphic to the conformal group [26] . For the single field case, there is no conformal
symmetry, due to the presence of the inflaton. It corresponds to the insertion of an operator that deforms
the CFT [22, 46, 47, 48]. This operator breaks the conformal symmetry, and induces a trace to the stress

tensor. The relation between the operator and the trace is given by the last equation of (3.17).

3.7 Discussion

In this chapter, we gave a different perspective on how to derive inflationary consistency conditions. The
objectives of this approach were two-fold. First, to show that the origin of these conditions stems from
diffeomorphism invariance of the wavefunction. Second, this approach seems to be generalizable to other
inflationary theories, and thus could be exploited in more generality, in the same fashion that Ward identities
are derived from symmetries of the path integral.

It is important to notice that we are always dealing with the “mathematical” squeezed limit, in the sense
of taking the long mode wave number to zero. There are several models where the consistency condition is
violated, in the sense of the ratio of the sides of the triangle being small, but not zero. This physical squeezed
limit can probe different scales in the theory, and is usually associated to the long modes not freezing at this
scale. It would be interesting to use the methods in [86] to see if one can say something in general about the
leading order term in theories that violate the consistency condition. Let us also observe that, throughout
the chapter, we used a technical assumption, namely, that limy_,q ﬁDkD --DU =06,

The consistency condition can be also stated in terms of modes that are still inside the horizon. In
our language we are always dealing with the superhorizon wavefunction. In a semiclassical setup, where
cosmology is treated as an effective field theory, we can evaluate the semiclassical wave function at a given
time slice, W[h, ¢,n]. It is not clear that this object makes sense beyond effective field theory, but for the
purposes of studying inflation as an effective theory, it is well defined and one can follow the same steps
of the previous sections. The long mode would still correspond to taking k& — 0, but the other modes in
the expectation value will be inside the horizon and the same consistency conditions would follow. The
novelty here is that expectation values with derivatives in the subhorizon modes are non-zero, and thus one
can derive new consistency conditions for those. Still, they should follow from the same diffeomorphism

invariance constraint.

6This assumption seems to have no drawbacks for the following reason: a term that violates it would have to be an analytic
function of one of the soft momenta. Thus, it is a contact term in position space and is not the piece fixed by these consistency
conditions. Also, note that if we have a field theory that produces an almost scale invariant spectrum, either the logarithm is
the indicator of an anomalous dimension coming from loop effects, or it should be discarded as it comes from a contact term
in the expectation value. Note that a term of the form log(k; + k2 + k3) is allowed on a three point function, as it satisfies the
assumption we made. An argument based on analyticity was made in [88] that such terms would violate the attractor structure
of single field models.
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The leading terms of these inflationary expectation values are thus fixed by gauge invariance. Of course,
it would be nice if we could compute observables free of these pure gauge pieces. In gauge theory we know the
answer to this question. In gravitational theories the answer is not so clear, unless there is a dual description
in terms of a field theory. From the wavefunctional point of view, this would be equivalent to regarding its
derivatives as the fundamental observables. In gauge gravity duality, these would translate to expectation
values of the stress tensor of the theory. There, the consistency condition has the interpretation that, at
zero momentum, there is an ambiguity related to the definition of the stress tensor [89].

The analysis carried in this note involved tree level expectation values. But the general structure of
the Ward Identities coming from coordinate reparametrization invariance are valid to any loop order. The
Hamiltonian constraint would necessarily involve some UV regularization, which leads to renormalization
of observables etc. (this has been already carried out for gauge theories in [90] ). But for the one-loop
cosmology and beyond, the momentum constraint remain unchanged. So there might be some generalized
consistency condition to n-loops. Maybe it can be generated recursively, just like in the recent proofs of

conservation of the inflaton ¢ outside of the horizon, which rely on the consistency condition [91, 92, 28, 93].

3.8 Appendix A: Four point functions and beyond

The procedure in the chapter can be generalized to higher order expectation values. Here we outline the
general features of this procedure. The main difference is that there are two different squeezed limits.
Namely, the limit when an external leg has zero momentum, or when an internal leg has zero momentum -
a collinear limit.

Let us illustrate that point by considering a four point expectation value of scalar fluctuations in single
field inflation. Its form, in terms of derivatives of the wavefunction, is given by”:

1

~ TL,2Re [Dy, D_p,, Wo)

Z QRG[Dkl Dk2 Da—kl—kg W0]2R6[Da_k3_k4Dk3 Dk4 Wo}
2Re I:Dgl +k2 Dikl —k2 WO]

a

{2Re[Dy, Dy, Dy, Dy, W]+

<Ck1 Ck)Q Ck3 Ck4 >
(3.50)

+ permutations}

Where the ) represents the sum over all degrees of freedom (two graviton polarizations and one scalar).
The permutations account for the different exchange channels for the internal leg, like the s, t and u channels

in four particle scattering.

"We consider only the connected part of the four point expectation value. There is an additional contribution coming from
disconnected diagrams, which is present in the free theory, which is thus Gaussian.
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The external squeezed limit is completely analogous to the one in the main text. One needs to commute
three functional derivatives through the momentum constraint and take the limit of an external momentum
to zero etc. We analyze the internal momentum squeezed limit in detail, as it has no analogue for the three
point expectation value.

Consider the limit k; — —ks. Of course, due to translation invariance, k4 — —k3. We see that the overall
denominator in (3.50) does not diverge. The only singular piece comes from the exchange diagrams that
involve two vertices, as its denominator involves a second derivative of Wy evaluated at ki + ko momentum.
The contributions from the four-derivative term and other exchange terms are thus subleading. For the
leading term, its numerator is the square of the squeezed limit of a third derivative, so we use (3.34)to relate

these to two point expectation values. Thus, to leading order in k1 + ko, we obtain:

hm <Ck1 ChoChsCha) =

= <Ck1+k2 Ckl +k2> ((Clﬁ C*kl > 0 log [kl <Ck1 C_kl >} ) <<Ck3 C*k3> 0 1og [k3 <Ck3 C—kS >]

dlog kr dlog k3 ) R G2

+Z<’7}31+k2721+k2> <€ler]k2klk{ akz <€k1€ k1>) <€ler]k2 Z 3ak2 <Ck3< k3>>

Which is consistent with the results described in [76, 79, 80].

Note that this procedure can be extended to an n-point expectation value, but the amount of diagrams
contributing beyond leading order makes the general expressions become cumbersome. This problem is
treated in detail in [85] . There, a prescription to calculate the contribution from diagrams with exchanged

particles, like the one we consider for the collinear limit, is given in detail.

3.9 Appendix B: Massless scalar spectator field

Let us analyze an example of an inflationary theory with an inflaton plus a massless scalar field, similar
to the example discussed in [94]. We have the metric, h;j, the inflaton ¢ and the spectator field o. The

condition of reparametrization invariance of the wavefunction is a simple extension of (3.13):

QVZ»[ 1 6WO] 1 ... 0Wy

R 71‘] _71]»7: .2
N Th LU 55~ it Do =2 =0 (3.52)

As in the single field case, we are interested on the wavefunction calculated on a slice of constant inflaton
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field. So we are effectively treating a momentum constraint of the form:

1 W), ¢, 0@)]] L i,
NG Shi V.

SWih(z), ¢,0(z)]
oo

2V, =0 (3.53)

Now, we take two functional derivatives with respect to the massless field, say, 62/do(y)éo(z). They
commute through the covariant derivative, and each one may hit the d;0(x) term in (3.53). Because we are
dealing with a scalar operator, it should be no surprise that we obtain a Ward identity identical to (3.42).

After going to momentum space, and using the D notation for the functional derivatives, we finally obtain:

1

KD} DY, D, Wo = 3 [fnggsDiks Wo — KD D7, W, (3.54)

So we have the same consistency condition as the one for scalar operators, namely:

1o [1(71, 1]
0log ko

kllig()(oﬁ 0k2ak3> = <C’€1 Cik1> = _n0<<k1<7k1><0k20*k2> (355)

The field o behaves as a free field in (quasi) de Sitter space, so its spectral index is the same as that of a
gravitational wave, given by n, = —2¢ [22], where the slow roll factor is related to the variation of Hubble’s
constant, eH? = —H. In fact, the computation of the three point function and the check for the squeezed
limit is quite similar to the case of two gravitons and one scalar studied in [22].

To check (3.55) we need to compute the three point expectation value using the in-in formalism. We just
state the main equations here. The quadratic actions, with corresponding (late time) two point functions

are given by:

. 2

SCC = %/dtd%(%) |:a3<2 - a(ag)2:| ) <Ck1Ck2> = (27‘()3(53(]{1 + k2)%
(3.56)

2

Spo = %/dtd% [a®6® — a(00)?], (ks Ony) = (27)76% (1 + kQ)%

The cubic action is given by equation (27) of [94] . We can integrate it by parts, following the strategy

in [22], to see that the interaction is of order €, the slow roll parameter:

Seon :/ [_ZC(80)2 _ %6(80)2 + ad; (Ig - ea28_2¢> 00;0— (3.57)
3 3 . |
— 5 Co? + 3;0‘72} - / {6 | ~CLoo — a* 00725010 + %%: }

The last term is proportional to the quadratic equations of motion, and can be removed from the action

by a proper o field redefinition[22]. This redefinition does not alter the final three point expectation value
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though, as it vanishes outside the horizon. What is left are the terms in square brackets. It is clear that,
when the ¢ mode becomes very long in wavelength, it is simply rescaling the two point Lagrangian for the o
field. This is the standard bulk intuition to justify the consistency relation. In fact, one can check that the
second term in square brackets is subleading in the squeezed limit, thus making this intuition rigorous. To
leading order in slow roll, the squeezed three point expectation value is given by:

H4 H? O?

klli§0<ck1 OkyOks > = =

kg~ aagarg T i - 3.58
4k k3 ( 6)4ek§ o3 (Chs C—rea (O 0 —k) (3.58)

An important observation is the following. Because the massless o field is free to fluctuate, it can convert
itself into ¢ fluctuations during reheating and other phases beyond inflation. Also, we assumed that there
is a quasi-de Sitter background over which the fluctuations evolve. Thus, it is not necessarily true that the
three point expectation values computed here are kept frozen and will induce temperature correlations in

the CMB.

3.10 Appendix C: Derivative of the polarization tensor

Take a three point expectation value that involves a long tensor mode. If we expand it to linear order in the

long mode, we obtain:

0

; s a c 0 c
<’7}le Ckz Ck3> = <’70Ck2 C*k2> + kl <’YI[;1 Ckz <k3> a 6l%c + Eéc a <’YI€1</€2 <’€3> +oe (359)
R ke

We want to show that the first term does not contribute in brackets does not contribute to (3.59). In order

to do that, we take derivatives of the defining expressions for the polarization tensor (3.25) and obtain:
0 0 0 k +k
< ) e =0, oy + ke 0= e, = — -t e

- (3.60)

o T

Which, when contracted with k{, will give zero. This is why we are free to contract the polarization tensor

directly with 6%,11@2?@2 Cks) to derive the linear consistency condition.

69



Chapter 4

Time Independence of ( in Single

Field Inflation

4.1 Introduction

4.1.1 Motivation

The purpose of this chapter is to prove that in single clock inflation, where there is only one relevant degree
of freedom during inflation, the correlation function of the curvature perturbation { for separations outside
the horizon is time independent at one loop level. We believe this to be a very important result to prove
for several reasons. As it becomes more and more likely that Inflation was part of the early history of our
Universe it becomes more and more important to understand how the theory behaves at quantum level, even
if the expected corrections are small. We could make an analogy with the 1950s when QED was studied to
all orders in perturbation theory. Similarly to what happened in that case, it is not so obvious that quantum
corrections are as small as one might expect. While a simple parametric analysis tells that the corrections

to the curvature perturbation should be of order

(€*) 11000 ~ (C*)free ~ 1072 tree (4.1)

no symmetry forbids the presence of potentially large infrared factors, such as

<C13>1*100P ~ k3<<l%>t2ree 10g(k’L) ’ (42)
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where L is the comoving size of the inflationary space, or of the form

<C13>1*100P ~ k3<<l§>%reth ? (43)

where H is the Hubble constant during inflation and ¢ is time. All these terms have appeared in partial
calculations of the one-loop corrections to the power spectrum [94].

Log(H/p) effects: Additionally, infrared effects of the form

<C]3>1—100P ~ kd <Cg>?ree IOg(k'/[,L) 5 (44)

with p being the renormalization scale of the theory, have been found in several papers (see references in [91]).
Strictly speaking, a correction of the form log(k/u) is not allowed by symmetries, representing a breaking of
zero-mode gauge invariance x — A\x,a — a/)\, where a is the scale factor of the FRW metric. Its presence
was due to a mistake in the implementation of a diff. invariant regularization, and this issue is addressed

in [91], where it was shown that the logarithmic running takes the form

(G 1-100p ~ K7 (C)? log(H /1) - (4.5)

Notice that if a result of the form log(k/u) were to be correct, then the effect could have been potentially
very large when k — 0.

Contrary to the case of log(k/u), logarithmic corrections of the form log(kL) or log(a(t)) ~ Ht are
allowed by symmetries.

Log(kL) effects. The factor of log(kL) can be potentially very large, as log(kL) is of order Nyeginning, the
number of e-foldings of Inflation that have occurred before the mode k has crossed the horizon. Even for the
standard inflation that we might have in our past, Npeginning can be a large enhancement factor. Furthermore
in situations where Npeginning might be large, (¢ 2> for modes exiting the horizon at the beginning of inflation
might also be significantly larger as one could be near an eternal inflation regime. The infrared factor log(kL)
does appear in the one-loop correction to the power spectrum [95, 96], and in [92] it was shown that it is
simply a projection effect that is completely removed when one computes observable quantities and that
does not affect our ability to extract predictions from inflation.

Log(a(t)) effects and the predictivity of Inflation. In this chapter we try to address the question of
whether the one-loop correction to the power spectrum is time dependent, or in other words if at loop level
( is constant after the mode k has crossed the horizon. We notice that for our current inflationary patch,

since we observe around 50 e-foldings of inflation and ¢ ~ 3 x 10~°, such a correction factor, even if present,
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would represent a correction at most of order 50 x 1079 ~ 5x 1078, From an observational perspective this is
a very small correction. Regardless of this fact, as a matter of principle if such a time-dependent factor were
to be present the consequences for the inflationary theory would be profound. Such a result would imply that
short scale fluctuations, say of the size of the horizon, can change the amplitude of a mode after it has crossed
the horizon. In standard inflation the amplitude of the short perturbations is very small and the duration of
inflation is relatively short so the resulting evolution of the long modes is negligible. However, fluctuations
might not be small during other epochs of the evolution of the universe, such as reheating and baryogenesis
or if the dynamics of inflation changes dramatically at some point. We know little about these epochs, but
if perturbations were to be large on Hubble scales during those times, the time-dependence induced on long,
observable, modes could change their amplitude significantly. We would lose the predictions of Inflation
unless we know the details of the physics governing reheating or baryogenesis, which we hardly do.

The potential for a time dependence of the power spectrum at loop level was pointed out by Weinberg
in [94]. He noticed that many diagrams naively induce a time-dependence of ¢ '. The question of weather
a time dependence persists after we sum all the diagrams has remained open. [91] addressed this issue in
certain simplified examples involving spectator fields running in the loops. Although the physics identified in
that paper will basically apply unchanged in this study, the fact of the matter is that no proper calculation in
the context of single clock inflation has been presented. Ref. [99] claims to have done this and to have found
a time dependence. In reality they only presented results for a severely truncated and simplified Lagrangian
and of course they did not recover the cancellations we identify in this chapter and thus claimed a spurious
time dependence.

Slow Roll Eternal Inflation. From a more theoretical point of view, a time-dependence of { would
have important consequences for slow-roll eternal inflation. In recent years [100, 101, 102, 104], there has
been remarkable progress in understanding slow roll eternal inflation at a quantitative level. The study of
eternal inflation (usually of the false vacuum type) has been largely motivated by the fact that the universe
is currently accelerating and by the apparent existence of a landscape of vacua in String Theory which put
together suggest that the current acceleration can be understood as resulting from an anthropic selection of
the vacuum energy made possible by an epoch of eternal inflation in our past. Another piece of motivation to
study eternal inflation relies on the perhaps mysterious connections between gravity and quantum mechanics
in the presence of a horizon. De Sitter space, with its supposedly finite entropy, represents a mystery, and

slow roll (eternal) inflation represents a natural regularization of de Sitter space. In [100] it was shown that

1Such a result would not be in contradiction with the many proofs available in the literature on the conservation of ¢ outside
of the horizon (see for example [22, 97, 98]). The fact that the constant solution is the attractor one, and not simply one of
the two solutions, was proven in [31]. All these proofs work in the limit in which all modes are longer than the horizon, so that
gradients of all fluctuations can be neglected.
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slow roll inflation undergoes a phase transition when a parameter

0- o2 éz

e 4.
. (46)

becomes less than one. At that point, the probability to develop an infinite volume goes from being strictly
zero to non-zero. This is the phase transition to eternal inflation. Subsequently, in [101], it was found that
there is a sharp upper bound to how large a finite volume can be created: the probability to produce a finite

N,

volume larger than €%V, with N, representing the classical number of e-foldings, is non-perturbatively small

from the point of view of quantum gravity:
P (Vinite > €8V¢) < e Ma/H* (4.7)

By connecting the classical number of e-foldings to the the entropy of de Sitter space Sys at the end of

inflation, this bound can be recast as
P (vﬁnite > esds/Q) < e~ Mb/H® (4.8)

This bound is a generalization to the quantum and eternal regime of the bound found in [103], that was
much stronger than the one in (4.8). Further, in [102], it was shown that this bound is actually universal:
it holds for any number of spacetime dimensions and for any number of inflating fields. Moreover it holds
unchanged also when considering higher-order corrections to the theory of gravity and of the inflaton, and it
does so to all orders in perturbation theory. In [104], it is shown that it holds also when including slow-roll
corrections. All of these results strongly suggest that the bound in (4.8) is a true fact of nature connected
to the holographic interpretation of de Sitter space.

All these new results on Eternal Inflation assumed that the ¢ two-point function at coincidence takes the
form?

(C(@)*) ~ H?t (4.9)
which is a direct consequence of its scale invariance and time-independence in Fourier space

H2
k3 -

2Studies of the phase transition to slow-roll eternal inflation have only been done at lowest order in slow-roll, where there is
basically no distinction between ¢ and d¢.

(7 ~ (4.10)
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If the two point function of the inflaton in Fourier space were to go as

H? H?
(@)~ o loa(hL) , or (G~ o HE (4.11)

then in real space it would go as

(C(x)?) ~ H'? (4.12)

and all the above-mentioned new results on slow roll eternal inflation would fail 3. Depending on the sign
of the loop correction, we would be lead to conclude that all inflationary models are either eternal or never-

eternal. This motivates us to study the possible time-dependence of ¢ at loop level.

4.1.2 Simple Arguments

There are several simple intuitive arguments that suggest that short scale fluctuations cannot induce a time
dependence on a long wavelength ¢ mode that is much longer than the horizon. The simplest and most
intuitive argument relies on the fact that at long wavelengths a ¢ mode is indistinguishable in practice from
a rescaling of the scale factor a — ae¢. This means that a time dependent ¢ is more or less equivalent to
a change in the local value of the expansion rate H: ¢ ~ §H. In order for short-scale fluctuations to create
a time-dependent long wavelength (, the short scale fluctuations should create a modulation of the Hubble
parameter that is coherent over a very large scale, the scale of the long wavelength ¢ mode.

One could imagine two mechanisms through which this could happen. The random small scale fluctuations
could lead by chance to a large scale fluctuation, but simple ‘square root of N’ type of arguments show that
this is not the case. Another option is that the short modes are sensitive to the long wavelength fluctuations
through tidal-type effects and thus their expectation values, their energy density say, varies over the long
scales and leads to a modulation in the expansion rate. This last possibility also sounds quite unreasonable.
Because of the attractor nature of the inflationary background, a long wavelength ¢ fluctuation is locally
almost indistinguishable from a rescaling of the background, with corrections that rapidly redshift to zero.
This means that short wavelength fluctuations should behave in very much the same way in the presence of
a long ¢ mode as they do in its absence (apart for a trivial rescaling of the coordinates). This is what the
so-called Maldacena consistency condition of curvature fluctuations actually states [22, 75, 31], and it has
been shown to work at tree-level in several calculations.

Perhaps a better way to illustrate the point we are trying to make is the following. Assume that short

wavelength modes running in the loop lead to a time dependence of the two point function of a long wave-

3We acknowledge David Gross for pointing this out to us.

74



length mode. This one loop calculation is just giving the change of the long modes produced by the short
modes when averaged over the short ones. If the short modes can be observed directly the effect of the
short modes on the long should lead to an observable correlation between short and long modes. In other
words, it should lead for example to a non-zero three point function in the squeezed limit. However, since
the work of Maldacena [22] we know that there is no such effect in the squeezed three point function. It is
hard to imagine that one would not be able to detect a correlation between short and long modes when both
short and long modes are measured, but that on average the short modes do lead to an evolution of the long
modes.

All of this suggests that it would be quite surprising if short modes were to induce time-dependence in a
long wavelength ¢ fluctuation *. We note that the essence of these arguments were already given by some of

us in [91].

4.1.3 Summary of the Strategy

Let us make the simple arguments above a bit more precise highlighting our strategy to prove the time-
independence of (. Since we are interested in a late time-dependence of (, we can restrict ourselves to the
case in which we let only short wavelength modes run in the loops. The constancy of ¢ when all modes
are outside the horizon was already proved in [22]. In the present case, computing one-loop effects can be
thought as solving the non-linear evolution equations for a long wavelength ¢ operator, {;,, up to cubic order

in the fluctuations. This will take the form

O[¢] = S1¢s, s, ¢ (4.13)

where S represent a generic sum of operators that are quadratic in the short wavelength (, (g, and that
can also eventually depend on (r both explicitly and implicitly through a dependence of (s on ;. Each

monomial in S can contain derivatives acting on the various (’s. The solution is schematically of the form

(L =07"15¢s,Cs, L] - (4.14)

It should be noted the (S [(s, (s,¢r]) is in general not zero. There are tadpole contributions for ¢ because at
loop level we are expanding around the incorrect background history. We will add tadpole counterterms to

the action to ensure that the background solution we started with satisfies the equations of motion. These

4There is one subtlety which has to do with the renormalization of the background. Short wavelength fluctuations do
renormalize the background, so that H(t) is different from its value at tree level when the short fluctuations are neglected. It
is important to take this fact into account properly in order for ¢ not to have a time-dependence.
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counterterms lead to additional diagrams that will cancel many of the one loop diagrams in our power
spectrum calculation.

The one loop power spectrum will be given by

(CLlr) ~ (071 [S[¢s,Cs, Cull Cu) + (O[S [Cs, Csr G = 0] O[S [Cs, s, G = 0])) - (4.15)

We call the first contribution on the right the cut-in-the-side (C1S) diagrams, while the second contribution
on the right cut-in-the-middle (CIM) diagrams.

The CIM diagrams represent the effect of the short scale modes in their unperturbed state directly on
the power spectrum of the long wavelength modes. These diagrams will not lead to any time-dependence of
the long modes simply because it is very hard for short mode fluctuations to be coherent over long scales.

Many of the C'IS diagrams cancel with diagrams coming from the tadpole counterterms. The remaining
C1IS diagrams represent instead the evolution of (7, due to the effect that (; itself has on the expectation
value of quadratic operators made of short modes. These diagrams involve the correlation between this
short-mode expectation value and the long wavelength mode itself ®. This short-mode long-mode correlation
sources (..

The Maldacena consistency condition implies that this short-mode long-mode correlation actually van-
ishes,

(O[S [¢s, s, Cr]] Co) = 0. (4.16)

This is so because the consistency condition means that in the limit in which the long mode has a wavelength
much longer than the horizon, it simply acts as a rescaling of the coordinates. So the correlation function
between short and long modes can be understood in terms of the power spectrum of the short modes
computed in a rescaled background. Since in the loop the short-mode expectation value is integrated over
all the short-mode momenta the rescaling is irrelevant and as a result there is no correlation between the
short scale power and the long mode.

Even though the former arguments are quite compelling, the calculation is very complex, and many
subtleties are hidden in the above equations. They include the identification of the Lagrangian of the (
zero-mode, that will turn out to be delicate and to affect the definition of the tadpole counterterms. Because
of diff. invariance, these counterterms will play a role even for the finite momentum correlation functions.
Additionally, it will be non-trivial to see how the Maldacena consistency condition works when dealing with
operators involving derivatives.

In summary, since the interactions are dominated by the gravitational ones, our one-loop computation

51t will become clear later that this remaining CIS diagrams depend both on the cubic and quartic Hamiltonians.
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amounts to doing a one loop calculation in gravity in an accelerating universe. This is quite a hard task, at
least for us! In particular, there are many many many diagrams involved, and many many of these naively
induce a time-dependence on . The time independence will result from cancellations among diagrams. We
will now try to move step by step to make our arguments explicit and precise, finally proving that ( is

constant outside of the horizon also at one-loop level.

4.2 An Intuitive Organization of the Diagrams

It is possible to organize the one-loop diagrams in a way that is particularly close to our intuition. This
approach was originally developed in [105] for a restricted set of theories, and it was noted in [106] that
the derivation was not consistent with the i e prescription for choosing the interacting vacuum in the past.
This approach has been generalized in [91] to more generic theories and a correct i e prescription has been
implemented. Here we will see that the implementation of the i e prescription can be performed in a very
simple way.

For concreteness let us specialize to the ¢ two-point function. We have to compute
(QUC(1)]€) = (0[Uine(t, —001) 17 (8) Uit (t, —004)]0) (4.17)
where |(2) is the vacuum of the interacting theory, |0) is the one of the free theory,
Usni(t, —00, ) = Te ooy & Hinelt) (4.18)

and the subscript ; stays for interaction picture. Finally, the symbol —oo, represents the fact that the
time-integration contour has been rotated so as to project the free vacuum on the interacting vacuum. In
practice, this amounts to choosing the contour that suppresses the oscillatory terms in the infinite past.

We start by taking expression (4.17) and inserting the unit operator

1 = Uppi(t, —00)U} (£, —00) , (4.19)
between the two (’s, to obtain
(1)) = (Ut =002 )Gt (8)Uime(t,=00) ) (U4 (1 =00)Cr (O Ui (t, —001) ) (4.20)

where we have ignored to specify the state upon which we compute the correlation function, either |Q2) or
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|0), as it is clear from the context. Ignoring for a moment the issue of the i€ prescription, we have written
the expectation of the operator ((t)? as the product of two interaction picture (r(t)’s, each evolved with
the interaction picture time evolution operator Us,;. In other words, the ((t)? correlation function is simply

given by the correlation function of the evolved ((t)’s. We can Taylor expand in H;,; to obtain

() = (4.21)
_ <<Z¢N/ dtx thN_l.../2 dty [Hone(t1), [Hont(t2), .- [Homt (t), C1(2)] .. ]])
N=0 /7o -
T

(Z S Y N A A T N U AR SR AT n>>.

Expanding (4.21) up to second order in H;,;, we obtain

() = (W) ers + () e (4.22)

where we have defined

Cwpers = 2re( [ ; it [ an o) (Halez). 1)) e
-i(/ t dnn{[Ha(0). 0] )]

— 00

epen = —( / ann(a(t). o) ( / ot [ (1), a0 ) - (4.23)

—0o0 — 00

The subscript ¢7s denotes what we call cut-in-the-side diagrams, while ¢jp; denotes cut-in-the-middle
diagrams. Here by Hs, Hy,... we mean the cubic, quartic, ... interaction Hamiltonians. We see that
the CIM diagrams are made up by evolving each of the two (’s to first order in the cubic interactions. The
C1IS diagrams corresponds to evolving only one of the two (’s, either twice with cubic interactions or once
with a quartic interaction.

This form of organizing the diagrams is particularly intuitive. If we remind ourselves that the ¢ retarded

Green’s function is given by

Gl(w.a') =0t — ') [C1(x), Cr(2)] (4.24)
we have that
(3) oL
[HP) ¢ ~GF 5 43 . (4.25)

Then the CIM diagrams approximately correspond to considering the sourcing of ¢ from the vacuum cor-

relation function of §L3/d¢. This is very similar to the case when we try to solve some equations of motion
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perturbatively. We can define the solution of order n in the perturbation as ¢(™. If we have schematically:
D@ =Mz o (@)= /dt’GC(t,t’)C(l)(t’)Q (4.26)

where D is the differential operator of the free equations of motion, of which the Green’s function is the

inverse, then the CIM diagram is represented by the following
CIM = (P ¢@)y (4.27)

The CIM diagram is diagrammatically represented in Fig. 4.1. Intuitively, it can be thought of as taking
into account of the backreaction on ¢ from the quantum variance of the operator §L3/d¢.

On the other hand, the C'IS diagrams correspond to two sort of diagrams. The ones involving the quartic
interactions, CISy, correspond to considering the effect of the expectation value of the vacuum fluctuations

of two fluctuations on the external ¢. Schematically, it is given by
D¢=¢M3 = (= /dt’GC(t,t’)dU(t’P = CISy=((®¢Wy, (4.28)

and it is represented in Fig. 4.2.
The CIS diagrams that involve two cubic interactions can in turn be divided in two subclasses. The first
are of the non-1PI form, CIS,,,,_1ps, and describe the effect of the expectation value of two fluctuations on

the ¢ zero mode, (y, and how then the zero mode affects the ( propagation. Schematically, this is given by

DG =¢M? = <9>=/dﬂ%uJMGUWF> (4.20)
D¢ =) = <@:/Wwawww&Nw = CISuon-1pr = ((¥CY)
and it is represented in Fig. 4.3. This diagram intuitively represents how a perturbation to the background
(the zero mode) affects the evolution of the finite-k modes.
The second kind of C'IS diagram, CIS;py is 1PI and corresponds to considering the sourcing on ¢ from
two fluctuations, one of which has been perturbed by an initial ¢ fluctuation.
D=0 = @ [arGn e (4:30)

D(® =W o <@=/W&mwwWM@m = CISipr=((W¢W),

and it is represented in Fig. 4.4. Physically, this represents how a fluctuation is affected by two fluctuations,
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Cut-in-the-middle (CIM) diagrams. Green continuous lines represent Green’s functions, red

Figure 4.1:

dashed lines represent free fields, and red crosses circled by a blue dotted line represent correlations of
gram represents how vacuum correlation functions of quadratic operators ¢(1)?2, (¢ M2 (1)2> source perturbed

free fields. Two crosses have to be contracted together in order for the diagram not to be zero. This dia-

correlation functions for ¢(2): (¢(2)¢(2)).

one of which has been already perturbed. If we imagine for a moment that only short fluctuations run in

the loop, this diagram would represent how a long mode affects through tidal effects the dynamics of the

short modes, and how these backreact on the long mode.

Let us finally comment on how to implement the i€ prescription. When we insert the unit operator
in (4.20), we should keep in mind that the integration contours of the time evolutors on the sides of the
expectation value are rotated, while the ones in the middle are not. This means that when we Taylor expand

in H;,:, the various terms do not really regroup and form commutators, because they are evaluated on
different contours. A solution to this problem was provided in [91] where the rotation was performed only
at very early times and the commutator form applied only at late time. Here we implement the correct ie

rotation in a different way. We perform no contour rotation, but we multiply our expression by (2= k)t

where the sum runs over all the momenta involved in the loops and € > 0, so that the time integrals are
convergent in the far past, and then take the limit ¢ — 0T. While the multiplication by e**(2%:)* is not a

rotation of the contour of integration, it converges to one in the limit ¢ — 07. It can be easily checked that

this procedure agrees with the rotation of the contour.
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Figure 4.2:
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values of quadratic operators (¢(1)?) affect the propagation of a mode ¢(®), and therefore the ¢ correlation

function: (¢(3)¢M)
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Figure 4.3: Non-1PI cut-in-the-side quartic (CISp,n—1pr) diagrams. These diagrams represent how vacuum

expectation values of quadratic operators (¢ (1)2> affect the propagation of the zero mode (;

the evolution of a mode by a non linear coupling ¢ ~ ¢ m(ég). This sources a correlation function of the

form: (¢(3)¢M)
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4.3 Loops as the integral of the three-point function

Let us consider a cubic Lagrangian of the form

Ly=>Y i (4.31)

n

where the sum over n runs over all possible monomials constituting £3. We will schematically write
£§" o DD D, (4.32)

where Dt(l"), a = 1,2,3 are the differential operator acting on ((x) in position a. It includes both time and
spatial derivatives, as well as the identity operator.

There are certain quartic diagrams which we call Quartics p,. They are the quartic diagrams with the
quartic vertices that arise because the cubic Lagrangian contains ¢, Hy O Hyg2 = 5{/5P X (5£3/5é)2/2. We

want to prove that we can write the sum of C1S;p; + CIM + Quartics s, diagrams as:

t
(CkCk) IS pr+CIM+Quartics o, = gg%/ dty a(t;)* (4.33)

1 6ci(ty) ; ekt
a(t)™ 50 ¢, (1) | Ui (t1, =00) G, 1 (1) Uine (t1, —00)) et .

> DGy, (¢, t1)2Re(

a,n
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In this formula

1 6ci(ty)
4.34
[a(t1)3+6 5D((ln)<-a (tl)] i ( )

represents the k-Fourier component of what is left of the the cubic Lagrangian term Eén) after the removal
of a(t;)3+? Dén)ﬁa(tl). (7 is again the interaction picture field.

Eq. (4.33) is a remarkably simple formula given that it sums up a very large number of diagrams. It
shows that the sum of all these diagrams can be written as a sum of integrals of three-point functions. Since
we are interested in the case in which the fluctuations running in the loop are much shorter-wavelength
than the one in the external fields, the three-point functions are computed in the squeezed limit, a fact that
simplifies largely their behavior and makes them describable using the consistency condition of three-point

functions. This will turn out to be very useful.

4.3.1 Quasi 3-point function

In order to prove the master eq. (4.33), let us start by considering the 3-point function appearing there:

2Re(

1 6L (t) ;
a(ty)3+? 51)32)@(751) 5 Uina(t15=00)Cr.t (1) Uint (b1, =00)) =

1 6l (ty)
(t1)30 6D ¢, (1)

Uint(t1, —OO)UiTm(tl, —00)Cr,k(t)Uine(t1, —00))+

2Re { (Uins(ty, —00)T [a
1.k

i T 1 02L5"M (1)
; 2< lDb [Hg(tl)a C(tl)] (a(t1)3+5 6’D((Ln)Ca(t1)6Cb(t1)> N

2 p(n)
(a(tll 1) Ly (t1) )Dl()n,out) [H:;(tﬁ,((tﬂ}] Ck(t»} , (4.35)
k

)P0 DS o (81)6C0 (1)

where

02L5" (1)
<5Dc§”)éa(t1)5éb(t1)> (4.36)

represents the removal of ¢(t;) in position b from the quadratic term (éﬁén) (tl)/éDg")Ca(tl)). Finally
Dén’om) is the derivative operator acting on (, outstripped of the time derivative. For example if Dy}, = (‘9@,
then Dl()out) = 0. The last contact terms are due to the fact that C is not the momentum conjugate to (.

The simplest way to obtain its time evolution is using 8t(U;rnt (t)Cr(t)Uint(t)). When the time derivative acts

on the U;,s it results in contact terms. We have also symmetrized its expression because L3 is hermitian.
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Straightforward manipulations lead to

1 6 (ty)
2Re( PABE 57)((12)@(12?1) U} (t1, —00)Cr e (Uit (t1, —00)) = (4.37)
o 1 6
2Re{< Z/_oo dto Hj(ts), ) 6D22)Ci(t>1)LCk(t)> (4.38)
1 s (ty) t (m) 3™ (t2)
+Z [ 3+5 D(n)ca(tl)‘| /Oodt2 Db GCk(tatQ) 52~)£m)<b(t2) k> (4'39)
1 (nout) [ 6Ls(t1) 1 525 (1)
2 sz Do <5P(t1)> (a(t1)3+5 §DE ¢ (£1)86, (1) (4.40)
1 62£gn)(t1) (n,out) 523(t1)
i (a(tl)?’*“ 5D§”>ga(t1)§g'b(t1)> Ps oP(t1) ka(t» ’
where
Ge(t,ta) = i0(t — t1)[C(), C(t1)] (4.41)

is the ¢ Green’s function from ¢; to ¢t. The second term is obtained upon noticing that

M“%)] | (4.42)

t t
[/ dto H3(t2)7 Ck (t)} =—1 / dts Z Dl(zm)GCk (t’ t2) 6D(7n)<. (t )
— 00 —o00 b o\l2) |k

m,b
and the third term through the following
_ O0H;  0L;
[H3(t1),€(t1)} =1 5P =1 5P’ (443)

where P is the momentum conjugate to ¢ in the interaction picture: P = 6£2/6é7 and we introduced Hs
because any additional (spatial) derivatives acting on P have been integrated by parts and now act on Hs.

Let us label the term in line (4.38) by I{n), the one in line (4.39) by Ién) and the one in line (4.40) by Ién):

t1 (n)
; / dty Hy(ty), L s “”] <k<t>>}, (4.44)

a(t1)** DM ¢, (1) |,
3Ly (1) " (m) oLy™ (ta)
dts D™ Gy, (t,t - ,
), [ PG D),
D(n out) 5£3 (tl) 1 52‘61(3”) (tl)
0P(t1) ) \ a(t1)*° 5D ¢, (¢1)86, ()

3+6 §D n)Ca(tl
52£(n) (tl) (n,out) 6‘53@1)
( (t1)**° splr Ca(t1)5G(t )) o oP(t) ka(t» )

™) = 2Re {<

oo

" (t) = 2 Re
m,b

() = ZRe{
b
_|_
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so that

1 6ci(ty)
a(t)** 6D ¢, (1) |,

2Re( Got)) = T (1) + T (1) + T (1) - (4.45)

We are now going to see that the CIS diagrams reduce to the sum over a and n of the integral of the Green’s

function times I{n’a), the CIM diagrams reduce to the integral of Green’s function or of its derivatives times

Iz(n’a), and finally the quartic diagrams using the quartic vertices associated to the cubic Lagrangian reduce

to the integral of Green’s function times the sum over a and n of I?(,n"a).

4.3.2 (CI1S,p; diagrams

The CIS,p; diagrams read

CISipr = —2Re / dt, / o[y (), | Ha(ta), Gu(0)]] Gul(D)) = (4.46)

(n)
2 Rez / dtl/ dtg [Hg tz ;ﬁ(n Ci(t)l)p(n)GCk(t tl)]ka(t)> =

(n
2Rez / dt: DV G, (t,t1) l / dta Hs(t2), M?n) C(t(lt))] Ck(t))
a\ll

= Z/ dty a(t:)* O DG (¢, 1) TV (1)

So the C'IS diagrams are the integral of the Green’s function times the sum over a and n of Iﬁ"’a).

4.3.3 CIM diagrams

The CIM diagrams read

t t
CIM = —<U dt, Hg(tl)yck(t)} U dts HS@Q)»Ck(t)b (4.47)
sL8M (1) 5L5™ (t5)
dt; DIV G ) dt; Dy G —s 2
n; b/ h P Ck st 5D(R)Ca (t1) ] / : D altot2) LSDzYn)Cb(tQ)]k>
() (m)
_ d (n)G(”) 5£ tl d (m) G 5[’3 (tQ)
Zn; b/ "y 2 (t’tlx Ca t1) / 2D a(tr12) 5D;()m)Cb(t2) k>

—Z/ dty a(tr)* DG, (t 1) T8 ()

n,a
so the CIM diagrams are the integral of the Green’s function times the sum over a and n of IQ(n’a).
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4.3.4 Quartic Diagrams from Cubic Lagrangian

The fact that the cubic Lagrangian depends on ( means that the interaction picture quartic Hamiltonian

receives a contribution that we call Hy 32, equal to

~ 2 ~
C16P (65 16P < ~(nouny [ 0L5\ (6L
Hige =5 5¢ <6P> 24 2.0, <6P> < 5P, |’ (448)

b,n

where in the second term we have explicitly stressed the sum over b and we have integrated by parts any
possible residual derivative (notice that the sign is re-absorbed in the definition of £~3) The resulting quartic

diagram is

Quarticg g, = (4.49)

one{(fi [_antian).c0] o =red (i [’ (‘;‘f;”)z,m G(0)

t
= —Rez {/ dtl D((zn)GCk (t’tl) X

—0o0

25" (1) \ pynoun) (L) (mouty 0Ls(t2) ) ( 0°£5" (1)
<Km K op )T 5P wgf)%(;éb ka(t)>

t
=2 / dty a(t)**? DIVGe (k1) T8 (k)

So the Quartics g, diagrams are the integral of the Green’s function times the sum over a and n of Ié"’“).

By summing the final expressions from the C1S5,p;, CIM and Quartics s,, we obtain the remarkably simple

formula in eq. (4.33), as we wanted to show.

4.4 Time-(in)dependence of ( from cubic diagrams

We can now ask ourselves if the contribution from the diagrams considered in the former section can lead

to a time dependence on the (j correlation function after the comoving mode k has crossed the horizon.

4.4.1 Quarticy, diagrams

To understand wether the diagrams considered so far can lead to a time dependence, it will turn out to be

useful to first add the quartic diagrams that are associated to the rescaling of the spatial derivatives in the
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cubic vertices. We call these Quartics,. They take the form
0Ls3
Quarticy, = — 81-6"(/d(7n , 4.50
0= 2000 [ 55010 (420

The symbol [ d¢ represents the fact that we multiply 9L3/8(9;0;'¢) by ¢ if there is no ¢ without any
derivative acting on it in 0L3/9(0;07'¢), we multiply by (/2 if there is one ¢ without any derivative acting
on it . The reason why we wish to include these quartic diagrams with the former is due to the fact
that whenever an operator contains a spatial derivative, we expect that in the presence of long ¢ mode the
coordinates are effectively rescaled in a form 9; — e~ ¢9;. As we will explain more in detail, the former
interactions do not take into account of this rescaling, which is instead implemented by the quartic terms
we are singling out. More formally, we can understand the presence of these terms in the following way. In

the ADM parametrization
ds® = —N2dt* + hj(da’ + N'dt)(da? + N'dt) , (4.51)

¢ gauge and the ( perturbation are defined by fixing the spatial diff.s by imposing the spatial metric to take
the form

hij = a(t)*e* @05, (4.52)

and the time diff.s are fixed by imposing the inflaton perturbations to be zero. This gauge choice leaves
some zero-mode spatial diff.s unfixed. For example those that are associated to a time dependent rescaling

and translation of the spatial coordinates:
= =W L0, (4.53)
with 3(t), Ci(t) generic functions of time. Under this rescaling, ¢ and N* transform as

( = (=C+B), (4.54)

N — N'=Ne P4 5t)z +e PCUt).

Thus the ¢ zero mode has not been gauge fixed. For our purposes, we therefore learn that the ¢ action must
be diff. invariant under this restricted group of diff.s. Therefore, any combination of 9; must actually take

the form e~¢0; to be diff. invariant. By Taylor expanding this exponential, we clearly see that there is a

6The last remaining option, two (’s in L3/0(0;07¢) without any derivatives acting on them, is forbidden by rotational
invariance.
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connection between linear and quadratic terms, or from cubic and quartic terms.
To be even more explicit, let us give some examples. Given a vertex in the cubic Lagrangian, we identify

the necessary vertex to be considered from the quartic Lagrangian in the following way

Ly D ((9:;0)? — Ly D —C*0:0)7, (4.55)

Ly D ((8:0) — Ly D —2¢(8:i¢)*.

4.4.2 Time independence and the consistency condition

It is useful to split formula (4.33) into the sum of two terms. Let us introduce a time ¢, quite after the

mode k has crossed the horizon k/a(ty,,,) = €outH (tk,,,), With €5t < 1. Eq. (4.33) can be written as

out

thoout t
(CkCk)Crsipr+CIM+Quartics o, = 1L </ dty +/ dt1> (4.56)
€ -0 thout

a(t1)3+5 Z Dén)GCk (t, t1)2R8<

a,n

L) ]
a(t1)3+5 5D¢(zn)Ca(t1) . Uint(t17 _OO)Ck,I(t)Umt(h, —OO)> e

The contribution from the first term represents the case where the three-point function is evaluated at a time

before the time i, ,, while the second integral represents the contribution from evaluating the contribution

out?

of the three-point function from time ¢;__, up to the present time t.

out

Clearly, the first term is time-independent. The only dependence on ¢ appears in the last term (;(¢),

the interaction picture field that is constant at t > ¢ Let us therefore concentrate on the second term.

out*
Since we are considering times when the mode k is very outside of the horizon, we can expand the Green’s

function at late times k/a(t;) < H. In conformal time, we have

H2
Ge(nm) = —- (n* =n3)0(n—m) , (4.57)

obtaining

n 1 4+5 ( t) H2 5 3
<<ka>CISin,,,+CIM+Quart¢c3,at,t & lg% /nk t dm (H771> ;Da ' 3 (77 - 771) 0(n —m)
L 8Ly (m)

2Re
< a(m)**° 5D ¢, (m)

U (11, =00) G, r(mU (1, —00)) e M loslamD/IT,
k

(4.58)

where the subscript ; in ((kck>CISIPI+C[M+QM,,M-C&& .+ refers to the fact that we are concentrating only on
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the time dependent part, and where the appearance of DY is due to the fact that the commutators of

[Cky ] and [, Ci] scale in the same way at late times. Neglecting any possible time dependence from the

terms in the second line, we see that naively the time integral diverges as

n 1 1

dn—m~— — log(—n) ~ Ht as §—0. (4.59)

+
771 Uit

We see the potential risk of linear infrared divergencies in cosmic time ¢ (logarithmic in conformal time 7)
in the case the three-point function’s contribution, that we have neglected in this formula, does not decay in

time. Contributions from terms with ’D,(ln’om)

being non-unity are clearly more convergent by powers of 7;.
Let us therefore concentrate on the three point function, which can be schematically written as a convo-

lution:

~ /d3+5q (D1Ga(t1)DaGs_ o(t1) Ultr, —00) G r(H)U (t1, —00)) (4.60)

where D o represent generic differential operators (including the identity operator) that could be present.
The integral in ¢ runs from very small wavenumbers (much smaller than k) up to infinity because we are
working in dimensional regularization.

The contribution from momenta smaller than k/e,,; cannot give a time dependence. This is so because
as these modes are longer than /ey, the three-point function is evaluated when all the Fourier modes are
very outside of the horizon. A remarkable property of the cubic interaction Lagrangian of ¢, which can be
traced back to the original diff. invariance of the Lagrangian, is the fact that it can be written in a form
where there are no operators with either no derivative or just a time derivative [22]. This means that if

we decide to consider the contribution from terms where D((ln’out)

is absent, so that they are potentially IR
divergent, we are forced to consider an operator 5[31(,)")(171)/5(2),(1")(&(771))} L Cq(t1)¢_4(t1) with at least a
derivative acting on one of the two operators. This therefore leads to a time-convergent integral 7.

We are finally lead to consider the remaining part of the integral where we include modes ¢ 2 k/€ous-
These modes are at horizon crossing or well inside the horizon when the three-point function is evaluated,
and so, contrary to what happens in the former regime ¢ < k/€,ut, there is no suppression for derivatives

acting on these modes. However, in this regime we can use a remarkable property of the three-point function

in the regime k < ¢, the so called ‘consistency condition’ of the three-point function, which states that at

7Similar conclusion applies also to the case where we consider the operator
9 . .
Lo (4.61)

as even if we remove first non-local term by inserting it in the Green’s function, we are left with 8;¢¢ that has enough derivatives
to compensate for the non local term.

89



leading order in k/q < 1, k/(aH) < 1, the three-point function has the following form

(n)
<la( L9 (m) Gorm)) = (4.62)

346 cy(n) ]
M) 0D Calm) k, (k)

8<[q3+‘5 y 1 5L (m) )

1 73+ 5D ¢, (1) g ) k 2 k2
~ +0O | M —— ) |- .
£ Flogg )% . <a(m)H(m)> <q>
k

The last term represents the subleading correction to the squeezed limit. Let us understand the Max [m, E]

term. If we expand in gradients in the long wavelength fluctuation, the natural quantity to consider is
clearly the physical wavenumber k/(aH). So, this is the natural size of the correction in the squeezed limit.
The calculation of the three-point function in this limit involves a time integral in a variable that we can
call ny. Subleading corrections in the squeezed limit are contained in the integrand are proportional to
k/(a(n2)H (n2)). If the short modes g are longer than the horizon at the time 7, then the time integral is
peaked at the time 7o when the modes ¢ crossed the horizon. This gives q/(a(n2)H (1n2)) ~ 1, which gives a
correction of the form k/q. If the modes ¢ are instead still inside the horizon at 7, the integral is peaked at
M2 ~ M1, giving a correction of the form k/(a(m)H (n1)).

There are two subtleties to discuss about the above formula (4.62). The first regards the case in which
the operator 6/.3&”) (m)/ 5(7)((1”)@(7]1)) i contains spatial derivatives of the short modes, for example if it is
of the form (9;¢)?. In this case the consistency condition does not hold. The consistency condition implies
that in the squeezed limit the 3-point function follows directly from the fact that in this limit the long
mode acts as a rescaling of the spatial coordinates & — e~ ¢#. However, when we compute the 3-point
function with the usual formulas ~ [[ dt H;pe, (3], we are evolving in the interaction picture the operators
¢, not the spatial coordinates themselves. This means that evaluation of the 3-point function amounts to
effectively rescaling the argument of the operators (&) — ¢(e~%). The computation does not implement the
rescaling of the spatial derivatives, simply because they ‘go along with the ride’, unaffected by the interacting
Hamiltonian. Formula (4.62) does not hold. Although this seems to challenge the very intuitive result that
a long wavelength ( acts as a rescaling of the coordinates, diff. invariance provides a solution. The quartic
vertex Quarticg,in eq. (4.50) provides precisely the contact term necessary to rescale the coordinates in the
spatial derivative. So, eq. (4.62) holds after we add to all the diagrams considered so far also the Quarticy, .
In App. 4.8, we discuss examples of three-point functions in the squeezed limit in which one of the modes
has much longer wavelength than the others, involving short modes that are still inside the horizon and that
are acted upon by space and time derivatives. There we show that the consistency condition holds after the

addition of the relevant contact operators.
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The second subtlety in using (4.62) is that in the three-point function we are computing the last term

should be

Uint (11, —00) ¢, 1 (0) Uit (M1, —00)

which is different from (j r(n1). This is equivalent to the situation where we were to arbitrarily shut down
H;,; at t; and the theory become free after that. Even though this is not the case in the actual physical
system, it can be straightforwardly realized that this difference does not matter, because at the time t; the
k-mode is already well outside the horizon. We therefore are free to use (4.62) at leading order in k/(aH).

By substituting (4.62) into (4.58), we obtain:

<<k<k>CISlPI+CIM+Qua7'tiCS,8t+Qua7'ticai,t ~ llj)r(l) Ak t d’rh <_I-I771> (463)
3461 5£5" (1)
mouy 2 (5 3 T s 1 5({(] T 500 () q> ,
plnout) 2~ _ 0 . IR, d ; '
S ) o= Re [ g o (0%

The rotational integral is trivially performed, and the remaining momentum g-integral is a total derivative.

This leads to

n 1 4+ . H2 . .
(CkCk) CIS+CIM+Quartics o, +Quartico, t = llg(l) dm <_H771> Z plrov )? (n® = n3) 6(n—m)

kout a,n

(n)
L 0L (m) ] ) G0 (4.64)

8w <[a(m)3+5 577((1”)(@(771)

q:k/ﬁout

where the contribution from ¢ = oo is zero as the integral is made convergent in dim-reg. As we evaluate

the term

1oLy (m)
3440 3 1
q 4.65
<l a(m)3+5 5Dr(1n)4a(771) q> " ( )
q=R/€out

and we take the limit 777 — 0 as n — 0, we notice the property of the cubic (-Lagrangian that we men-
tioned before: there is no operator [5£§")(771)/(5(1)2")(@(7)1))]k that does not vanish as some power of
k/(a(m)H(n)) ~ knp — 0. This is so because in order for this term to have any chance to contribute
at late times we had to restrict ourselves to choosing an operator that had at least one derivative acting on
one of the two ( operators. Since this terms is evaluated when momenta are outside the horizon, it vanishes
as 11 — 0. This means that the resulting time integral is convergent.

We stress that there is no time dependence because, as a result of the consistency condition, the integrand

in the internal momenta g becomes a total derivative. If this had not been the case, it would have been less
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trivial to show that the result of the integration leads to a time independent answer 2.

This result can probably be stated more intuitively by simply noticing that the consistency condition
implies that in the extreme squeezed limit k < q the effect of the long mode on the dynamics is to do nothing:
its effect is simply a trivial rescaling of the comoving momenta. Since we compute the integrals over the
whole high momentum modes, this rescaling has no effect apart for changing the boundary of integration for
the most infrared modes of order k/e,,:. But the integral has no support in that region. This is a simple
explanation of the reason why the loop integral becomes a total derivative in the squeezed limit.

This is enough to make the subleading corrections time convergent. We have at this point gone through
the whole phase space in CIM + CIS + Quartics g, + Quarticy, diagrams, finding that their sum leads to

no time dependence.

A note on the counterterms: It is important to realize that (4.64) is the result of the full loops
integrals in the squeezed limit k < ¢, k/(aH) < 1. The integral is therefore UV finite, even in the limit
in which we send the number of spatial dimensions to three, or the regulator to infinity. This is a very
important consistency check. If the integral in this regime were to be UV divergent we would have had
a divergent time dependence piece and we would have needed a counterterm that cancelled the divergent
time-dependence of (. But there are no counterterms in the action that induce a time-dependence for (
because that is equivalent to inducing at quadratic level a mass for ¢ which does not happen for the terms
allowed by the symmetries. As we will see in the next section, the only quadratic counterterms that induce
a mass for  are the ones associated to the tadpole terms, that induce also a linear tadpole for (. We will

verify they will exactly cancel the time-dependence from the diagrams built with the quartic vertices.

4.4.3 Example

It is instructive to find a simple example where this can be seen explicitly. Thanks to the Effective Field

Theory of Inflation [30, 42], it is possible to find a consistent inflationary Lagrangian which has the properties

8Let us comment on the contribution of the subleading corrections in eq. (4.62), which do not take the form of a total
derivative. Those contributions are not scale invariant in the external wavenumber k, having one additional factor of k in the
numerator with respect to the leading, scale invariant contribution. This means that the resulting contribution goes to zero
at late times as (kn1)? and so they lead to a time-convergent contribution as  — 0. The fact that the contribution to the
subleading corrections in eq. (4.62) is not scale invariant comes from the following. If we consider the contribution from any
fixed momentum shell in ¢ between g ~ k/€out to g ~ vk with v > 1/€out, with v a time independent number small enough
so that ¢ is outside the horizon, the contribution from that shell of momenta goes to zero as some power of knj. This is so
because the operator [5£gn)(n1)/5(Dén)Ca (771))] . contains some derivatives of the fields. This means that the contributions
in the integrand coming from momenta outside of the horizon is peaked at those momenta at horizon crossing ¢ ~ aH, which
meanS that the subleading corrections are of the form k/q ~ k/(aH) and so the integrand goes to zero as 1 — 0. Finally,
the contribution from momenta ¢ that are inside the horizon is explicitly down by powers of k/(aH) and so they are as well
convergent.
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we discussed ?. By parametrizing the fluctuations in terms of the Goldstone boson m and going to the
decoupling limit, the algebra becomes very simple. Let us take for example the following Lagrangian in the

decoupling limit
. 1
S = /d4x NE {—HM%I (7'72 — Cﬁ(am)) + MY (t+m) (72 +..) (4.66)

where ... represent cubic or quartic terms in 7 that have one derivative acting on each fluctuation. Those
terms do not lead to any diagram with an explicit time dependence, and we neglect them here. For illustrative
purposes, let us suppose now that the function M*(t) depends linearly on time. By Taylor expanding in r,

we notice that we have the cubic interaction
L3 =0 (M*(t)) n7? . (4.67)

This interaction in very dangerous. If we imagine forming a loop with two of these vertices and using a 7 in
the first vertex to contract with the external leg, the resulting diagram will become time-dependent. This
means that time-independence can come only from a quartic interaction. Indeed, this is exactly the kind of
cubic Lagrangians that leads to a non-trivial H4 3.

Bu concentrating only on the effects proportional to (9;M%)?, the action can be recast as

—~HM3,

2
Cs

_ 4 .2 &5 2 4 .9
S= /d x\/—g [ (7? — a—Q((‘?ﬂT) > + (0, (M*(t)) mie )1 . (4.68)

The speed of sound is ¢2 = —HM3,/(—HM3Z, + M*(t)). The momentum conjugate to 7, P, is given by

== !
o7 c?

) —HM?
po 9L o (Pl + 0, (M*(1)) w) 7 (4.69)
and the Hamiltonian is therefore

P2
1a? (<518 4 9, (M3(1) )

H = Pi(m, P) — L(m, #(m, P)) = v (~EMR) %(aﬂf L)

We can identify the quartic Hamiltonian of order (9;M*)? to be

Oy (MA(t 2 5 [0 (MA(¢ 2.
. MP2W2 aa[(_Hé\jgl))]ﬂ;w; , (4.71)

s

9The Effective Field Theory of Inflation is a quite powerful new formalism to describe the theory of inflation in very general
terms. A sample of recent works that have been developing it is given by [30, 42, 31, 91, 107]
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where in the second passage we have written the expression in terms of the interaction picture fields. It can be
easily checked that this agrees with (4.48). Quartic diagrams built with H4 3 lead also to time dependence,
a time-dependence that indeed cancels the one from the cubic diagrams built with (9;(M*(t))w72. This

example is discussed in detail in appendix 4.8.2.

4.5 Time-(in)dependence of ( from quartic diagrams

In order to complete the study of the possible infrared effects we need to look at the contribution from
the remaining quartic interactions Hy D Hyy = —L4 — L49,, where L4 5, represents the terms that were
borrowed in the former section to give the Quarticy, diagrams. These remaining diagrams contribute to the

two point function as

<€k<k>Qua7‘tiC4 == (472)
— lim t dty a(t)*** ) DIV Gy, (t,11)2Re( oLy (1) Cr(ty)) ekt
e—=0 J_ o ! an “ A a(t1)3+5 5D((ln)<a(t1) k w .

Like in the former section, it is straightforward to see that the factor before the four-point function on
the left of the above formula leads to a time dependence proportional to Ht if the four-point function does
not have a suppression at late time. Contrary to what happened in the former section with the three-point
function after it was integrated over comoving monenta, there is no such a cancellation from diagrams within
H,. So there is a subset of diagrams that naively lead to a time-dependence. We are now going to show
that there is a cancellation that leads to absence of a time dependence of { at late times after adding a new
set of diagrams. These new diagrams come from effectively quartic vertices that arise when we insert the
couterterms for the tadpoles.

Let us see this in detail. At one loop order the first diagrams we should consider are the tadpole diagrams,

that can be written as

1 6cl(t)
(1) 5D ¢, (1)

t
(Ge)7ad = limy / dty aft) ) DV Ge(t (| ) ekh (4.73)

a,n

Very simple counting arguments shows that these diagrams can lead to a time dependence of the zero mode
Crk=0- If these diagrams are not zero it is because we are expanding around the wrong unperturbed history.
Indeed, by translation invariance, only the k& = 0 mode is directly affected, and the zero mode can be totally
reabsorbed in the definition of the unperturbed history. However this does not mean that these diagrams

affect only the zero mode: they can be attached with a cubic vertex to a propagator to affect the two point
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function of modes at finite k£ in a non-1PI diagram (Fig. 4.3), and possibly induce a time dependence even
there. The fact that this diagrams is not zero is clearly a nuisance.

Fortunately, these diagrams can be set to zero by inserting proper counterterms. In order to cancel tadpole
diagrams, they must start linear in the fluctuations. In principle, there are many possible operators of this
form, but luckily we can use a theorem proved in the context of the Effective Field Theory of inflation [30, 42].
It states that all the possible tadpole counterterms can be reduced to just two operators '°. In unitary gauge,

these are

Stad7counte'r = /d4$v —g [9006M4(t) + 6A(t)} . (474)

Up to one loop level, the terms starting linear in the fluctuations take the form
Spag = / dzv=g [900 (ME,IH v 5M4) ~ ME ((31{2 n H) n 5A)} , (4.75)

The coefficients H M2, and —M2 (3H? 4+ H) are uniquely fixed by the background, as proven in [30, 42],
while the terms dM* and SA represent the one-loop counterterms that are chosen to cancel the tadpole
diagrams. The most important point that we need to realize is that these operators that start linear in
the fluctuations necessarily contain higher order terms. This is so because of the non-linear realization of
time diffs. In particular this means that there will be quadratic terms that can contribute to the two-point
function effectively as one-loop terms. In this section we are going to prove that they exactly cancel the

quartic diagrams constructed with H4 that would lead to a time dependence.

4.5.1 Example:

Since the algebra quickly becomes very complicated, we use the Effective Field Theory of Inflation [30, 42]
to find a consistent inflationary model where this cancellation can be studied in the simplest context. Let

us consider the following Lagrangian in unitary gauge
S = / dizy/ =g [goo (MP%IH + 5M4) ~ M ((?,H2 + H) + 5A) + M2 (5900)3} (4.76)

and let us imagine that M$ depends rapidly linearly in time. This means that we can concentrate on that

interaction and study it in the decoupling limit. Upon reinserting the Goldstone boson 7 by performing a

10We stress that this is one of the advantages of using the Effective Field Theory of Inflation: by concentrating directly on
the fluctuations, it allows immediately to identify the operators with the correct number of fluctuating fields to be tadpole
counterterms.
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time-diff ¢ — ¢ 4 7, the Lagrangian reduces to

sz/d4x¢?g [(—1—7'r+<a7r>2) (M§1H+5M4(t+7r)) ~ M ((3H2+H) +6A>+

Mj(t + m)7?] | (4.77)

where we have stopped at quartic level and we have kept only the interactions proportional to M;3(t). By
Taylor expanding the last term, we have a vertex of the form M§7r7'r3 which, if we contract 7 as the final leg
in the Green’s function, leads to a quartic diagram that naively induces a time-dependence. Let us see how it
cancels with the operators induced by the tadpole counterterms. By the non-linear realization of time diffs.,
this same operator starts cubic, and it therefore induces a tadpole. All diagrams with only one vertex can be
most simply studied directly in the Lagrangian by taking the expectation value of the quadratic operators
contracted in the loop, and studying the resulting quadratic Lagrangian. This is equivalent to resuming
all the non-1PI diagrams obtained by multiple insertion of the same loop. So we notice that the last term

induces a tadpole term of the form
08551 = /d4x\/jg [3M§l(t)5goo((5g0°)2>] . (4.78)
This means that in order to cancel this diagram we have to choose §M* as
SM(t)* = —3M;5(t)((69™)%) . (4.79)

This is shown diagrammatically in Fig. 4.5 where we call the variables directly . The cancellation of the

tadpole terms automatically guarantees the cancellation of the non-1PI diagrams, that otherwise should be

included (see Fig. 4.6).

t= tﬁnalk t t= tﬁnnl‘

]y
53

C(gg) g(,"‘)

SM*, SA

Figure 4.5: Cancellation between the tadpole diagram and the tadpole counterterm.
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M, 5A O

Figure 4.6: Cancellation of the C'1S,,,_1pr diagrams with the CIS,,,,_1p; diagrams constructed with the
tadpole counterterms

In unitary gauge, the resulting tadpole operator in 6g%° is of the form

Stadeomter = / dizy/=g [~6g3ME(t)((65%)2)] | (4.80)

But since this has the same form as the induced tadpole operator that we have from (5900)3, then the
resulting quadratic (and higher order) terms that we obtain by expanding \/—gMj (t) will also cancel. This
removes the contribution from the quartic operators that would induce a time dependence.

This can also be checked directly at the level of m. The dangerous term M§7T7'r3 effectively gives a

contribution that in the action can be represented as
0840 = /d4x\/—g [3M§17r7'r<7'72>} , (4.81)
which is exactly cancelled by the tadpole term at second order

Shicounter = [ A5 [-3MYe+m] > [ day=g [-aiBwmai)] . @8

This is represented in Fig. 4.7. Other quadratic terms induced by this tadpole operator are of the form 7>
and (9;7)? and so do not induce time-dependent effects.

This cancellation can be intuitively summarized by noticing that the ¢ action at tree-level cannot have
any mass term once expressed around the correct background. This is so because ( constant must be a
solution of the equations of motion when the mode is outside the horizon. The counterterms for tadpole
diagrams ensure that we are around the correct history, and so the quartic diagrams must cancel with the

induced-quadratic diagrams from the tadpoles counterterms.
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Figure 4.7: Cancellation of some quartic diagrams with the tree diagrams with an insertion of a counterterm-
induced quadratic vertex.

4.6 Quartic diagrams: Verification for purely gravitational inter-
actions

Let us now move on and consider the most generic example for H; where we take generic coefficients and
we do not neglect interactions mediated by gravity. Because of the complexity of this kind of interactions,
the discussion becomes quite complicated even though all the essential points have already been highlighted
using the Effective Field Theory of Inflation in the former section. We will therefore perform the study in
several steps.

The first step will be to study the induced time dependence on the ¢ zero mode, (y. As we discussed in
eq. (4.53) and (4.54), the zero mode is not gauge fixed in the ordinary ¢ gauge. We can fix the two functions
in eq. (4.54) in the following way: first we impose periodic boundary conditions. We imagine that the system
is in a very large periodic box of comoving size L. In this way we forbid any dependence proportional to
xt. This fixes 3(t). Second, we can fix Ci(t) by imposing that the zero mode component of N* vanishes:

Ni_ () =0.

4.6.1 On the gauge choice for the zero mode

Before proceeding, it is very interesting to notice the following. At finite k, N? is determined by being the

solution of a constraint equation. At linear level, for example, the equation reads:

N’ ~ ¢ (4.83)
which can be solved at finite k£ to give
ik
N ~ ﬁg‘ . (4.84)
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In real space this term is often reported in a non-local fashion as N? ~ %é . The zero momentum limit of

that expression gives something that in real space reads as
Ni(t) ~ (at . (4.85)

By using our freedom in choosing the function 3, we decided to set this term to zero. Therefore our solution
for N is not the k — 0 limit of the solution for N? at finite k. We choose to work in a gauge where the limit
is discontinuous. Of course any gauge choice should be as good as any other one.

Working within the gauge where the limit k& — 0 of N? is continuous, that we can call ‘continuous gauge’,
raises several complications that we prefer to avoid. First of all, the continous gauge looks very unfamiliar
when there is only a zero mode present. In this case the spacetime is described by an FRW metric but
the gauge choice makes us use unusual coordinates where gg; # 0. But the situation becomes even more
complicated. For example if in the continuous gauge we naively Taylor expand the action at linear level, we

find that there is a tadpole term for the zero mode. The action starts linear, proportional to

M2 . .
S:%/délx\/jg [R+H5900+3H2+H+...} > (4.86)

~ Mg, /d% a® HO;N' ~ Mgl/d% a? ¢
where ... stands for terms that start explicitly quadratic in the fluctuations. This is of course a wrong
result, as the action for the fluctuations should start at quadratic order if we expand around a solution to
the classical equations of motion, as we are doing. The reason for the mistake is that in this case the action
has a boundary term that does not decouple in the limit in which we send the boundary to infinity. This is

due to the behavior of N?  x%. Indeed the boundary term is the Gibbons-Hawking-York one:

Sary = Mp, / PEV-hK (4.87)
v

where h is the induced metric on the boundary described by coordinates Z and K the trace of the extrinsic
curvature. It is easy to check that this boundary term cancels the tadpole for the zero mode that we obtain
from the bulk action.

The situation is instead much simpler in the ‘discontinuous gauge’ where the limit & — 0 of N; is
discontinuous. In this case, for a fixed comoving box, the boundary terms become irrelevant as we send the
boundary to infinity, and indeed the bulk action starts quadratic in the fluctuations. Furthermore, zero mode

fluctuations appear to be directly in a standard FRW slicing. We will therefore work with this discontinuous
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gauge.

4.6.2 Time-independence for the zero-mode

We are now going to prove that the zero-mode is time-independent at one-loop. In order to do this, we need
to expand the action to quadratic order in the zero-mode and independently up to quadratic order in the
non-zero-modes. We count them as independent parameters. Since we expand only up to second order in
each of the parameters, we need to solve the constraint solutions in the zero and in the short modes only at

linear level in each of those. We work in Fourier space directly, and write

N =14 6N (t) + 6No(t) (4.88)

Ni = 0 (t) .

We start from the action

S = /d%dt\/ﬁ (4.89)
1., (EjE7 - E? M3 H ) s SMA(t)
SMp TS+ NR) - =R N, (3H + H) — NOA(H) = = ¢

where the §M* and A terms represent the only two tadpole counterterms allowed by symmetries (all other
possible choices are equivalent to those [30, 42]), and should be intended as objects that are of order C,f. The

constraint equations read

Ml% {R— — (BB, E%f] n % (ME,IH +5M4) - [Mgl (3H2 + H) +6A} ~0,

and are solved by

Z\H

(E"; — 6 E' )} 0, (4.90)

3H .
dNo(t) = m( ; (4.91)
(14 0Ny) ;
ONy = ———
k= i Sk S
e—2(Co+n(t)) .. .
e = 2<p>2 (H<k62(40+ﬁ(t)) _ (H + CO)kzck(t)(l + 5N0)2) '
k2 (H + (o
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We plug back the above solutions into the action. At linear order the action is a total derivative, as it should
be. At quadratic order, the zero-mode action reads

3SMEH \ .
Sez = / B dt e3P (—3}[211H> Got)?, (4.92)

where we are writing a(t) = e’() Tt is interesting to notice that the quadratic action for the zero-mode is

not the & — 0 limit of the finite & ¢ action, the prefactor of (,% being different. This is indeed

Se2 = / Pk dt 3 (—Aﬁf) (é,;(t)c'_,;(t)—e—2p<t>k2<_,;c,;) . (4.93)

Tadpole Counterterms’ Coefficients

At this point we need to find the expressions for the tadpole counterterms 6A and §M* that ensure the

cancellation of the tadpoles for (. This is done by finding the cubic action at order (y(?, taking the

1

expectation value on the short modes and canceling the resulting tadpole coefficients !'. Leaving out the

simple algebra, the solution for the tadpole counterterms reads

aart = MECED (41 (Capca&) + B0 + (0.000) — D00 + B (~(00.0)
e (6HACOH = 3(COH? — 9B (O H + H (O H + 20O H) +
6H*((C0) + (¢0))) - (4.94)
s = MR (4 (m(men 0,00 + 50,600) + (0.60) + (0.008) ~20c0.0))

0 (SHE(CO B — 30 I + OB (O + H (GO H +2(COR)

FGH((CC) + () + 36H°(¢0)) ) -

In these expressions, a term such as (9;¢C9;¢) stands for (9;¢(Z,t)d;¢(Z,t)). A term like (C() stays for
(¢ C + C ¢)/2. No slow roll approximation has been performed nor it has ever been performed in this chapter.
There are three subtleties to stress here. The first is that the cubic action of order gog,i is not the cubic action
¢3 with one of the momenta taken to zero. As before, the limit is discontinuous and the action is different.
We do not report it here because it is very long and comes from trivial substitution of the solutions of the
constraint equations into the action. Second, in taking expectation values (¢?), one might worry about the
contribution of the zero-mode, which has a different action than 404,3 . This is irrelevant because the zero

mode has measure zero when we perform the expectation value. The difference in the action is important

U Notice that since we are working in the gauge Né = 0 and we choose a fixed comoving box in this gauge, there is no need
to introduce boundary counterterms.
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for the tadpole terms and for the non 1-PI diagrams because the (y propagator is the only one singled out by
translation invariance. Finally, the third subtlety is about the expectation values involving two derivatives
of ¢: (¢C). Here one can use the linear equation of motion for the short modes as derived from (4.93) to

relate it to expectation values of the form (CH2¢) or (¢¢).

Cancellation between quartic diagrams and diff.-enhanced tadpole counterterms

At this point we are able to address the time (in)dependence of the zero mode two-point function. In the
former section we have discussed the contribution of the diagrams involving two cubic terms. We saw that
upon the addition of some quartic diagrams, they induced no time dependence on (. We have now to deal
with the remaining quartic diagrams, that in this case come from the action of the form (2¢?.

The simplest way to evaluate the contribution of these diagrams to the (3 two-point function is to derive
the quartic action and substitute directly the quadratic pieces in the short modes with their expectation

value. For example

/ dBrdte®® G2 GC; — / dt e3> ® ¢o(6)%(¢?) , (4.95)

and then derive the resulting linear equation of motion for (y. In this way we can incorporate the effect of
this quartic diagrams by simply studying the corrections to the quadratic action. The symmetries of the
problem imply that the quadratic action will have a kinetic term COQ and a mass terms (3. There is also a
term proportional to éogo that can be reduced to a mass term upon integration by parts. Clearly a time
dependence on ((?) can come only from a non vanishing mass term. These terms read

4
Sé%? oo - (4.96)

2
[ [2%}2 (M3 e (1 (0:¢010) + 200:601€)) = 970 (M (3H(CC) + (0))

+H? (3MRH (BH(CQ) +2(¢0)) +2(0A +6MY)) ) )
(oo

T (H + 3H2)

(Mlngep(t) (3H3<5iC3iC> - 2<8i<8ié>H>

_3p30(1) <3M§,1H2H (2H<<<'> +3H?(¢¢) - 3<C¢>)

—2M(COH? + 3HY (OMZH?(CC) +2(6A —oMh)) ) )] -

After we substitute in the counterterm solutions from (4.94), and we integrate by parts the term Coéo, the
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above expression simplifies to

1‘,
- / g Mee "0 ¢ (4.97)
H2 H+3H2)

(2<aiaj<aiajg> (H + 3H2) + 2 (QH (H(H(H@gaig) + 7(8:C0:C)) — (9:C0iC))
—3H?(H(2H(9:€9,C) — (9,;¢0:C)) + <@C@C>)) +H (2<3iC3ié>H - 3H3<@C@<>))) .

Clearly, a mass term seems to have survived after we have taken into account of the quadratic terms generated
by the counterterm solutions. Unless these remaining terms are exactly those quartic terms of eq. (4.50),
the terms associated with a rescaling of the spatial coordinates in cubic vertices, we would have a time-
dependence for the (y two point function. Luckily 2, this is exactly what happens. It is indeed indicative
that all the surviving terms have spatial derivatives acting on the (’s inside the expectation values, suggesting
that they are indeed associated to a rescaling of the spatial coordinates. Let us therefore discover what are
those terms in (4.50) by first finding the cubic Lagrangian of order (p¢? and then taking the expectation

value of the finite-k modes. With the usual procedure, we obtain

p(t)
58, = / Brdt | ——
i H? (H ¥ 3H2)

(28 (33 (6o (= ((@:601€) = 9O ) + 12O 1900 ®) +6(¢0)e o)
F6OA(1)Coe2® 4 65M4goe2p<t>) — 3H* (g‘o (Ml?,1 ((@-qaio - 362p<t><g¢>H) - 4e2ﬂ<t>H)

(4.98)

~20Ae20) 4 2604 e% V) 1 2B Go ((0:¢0:C) — 3 () ) )
+3HC, (Ml%1 (f ((@-ga@ —18¢> M (¢CVH ) 2420 H)) + 652D 65M462p<f>)
~MEHH (20(0:¢0:0) +9(0)e* Do ) + MBHH (36(C0)e™ ™ H +2k%((()6o )

—2M, (e Fr2y + OMEHO e (3(C0)C + 660(CE) ) + SLMBHGo(CC)e ™)

According to the results of sec. 4.4, loops formed with cubic operators that contain spatial derivatives would

induce time dependence unless we combine them with quartic loops constructed with the operators derived

120r obviously, depending on the point of view.
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from formula (4.50). Applying it to the cubic action above, we obtain

Mglep(t)

2 (11 + 312) . e

SQuartic,ai = /dgz dt

(—440:C0:) o + 2H G (OGN + HAGo (06O I + 6HP (9,¢0:)o

FGHGo(0:601€) + BH*Go(D:CDiC) ) -

Upon integration by parts, and after using the equation of motions in terms of the form <C (), it is easy to
see that these terms are exactly the ones left out in (4.97). Notice that we do not even need to compute
explicitly the value of (9¢9¢): it cancels with the corresponding terms. This shows that one can combine
the terms in (4.97) with the diagrams built with cubic interactions to see that all those diagrams do not give
a time dependence to (3. The remaining quartic diagrams cancel with the quadratic terms induced by the
tadpole terms.

This concludes all the diagrams that appear at one loop. We see that both the 1-PI and non 1-PI
diagrams are important to cancel each other so that, even though naively many diagrams are dangerous and
can potentially give a time dependence to the (y correlation function, the time-dependence cancels in the

sum, and we conclude that the {y two-point function is time independent.

4.6.3 Time-independence for the non-zero-modes

We are now ready to begin the study of the case in which the external momentum is finite. This task is very
challenging '3, as the interactions are even more complicated than for the case of the zero mode. Luckily
we will be able to do it by employing a trick. As we discussed, the time-dependence we are interested in
ruling out is the one that appears when the wavelength of the mode is much longer than the horizon, and
the loop effect is due to short wavelength modes running in the loop (modes longer than our mode clearly
cannot induce a time dependence). For this reason, we can simplify the action by taking the leading term
in the smallness of the derivatives of the external mode.

In (-gauge, this simplification is not trivial at all. After substituting the solutions to the constraint
equations, N* becomes larger and larger as we move to finite but smaller and smaller k’s. This is due to the
fact that at finite k£, N? has the non-local-looking expression N? ~ kié /k% . Armed with the experience

of the zero-mode, we realize that it would probably be much better if we could find a gauge where N* does

13 At least for our standards.

14We stress that since we are trying to investigate if ;, becomes time-dependent, we cannot assume that C ~ k2¢/a? out of
the horizon, as it happens in the free theory. Indeed time derivatives do not count as a suppression when the mode is part of a
commutator in a Green’s function.
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not have this bad behavior at low momenta. Since at finite k£ all gauge freedoms are completely fixed by
the (-gauge conditions, this is globally impossible. However, we can do this locally. Indeed, we can find a
frame valid in a region of space very small compared to the wavelength of the mode, where the universe
looks like an anisotropic flat universe. Corrections to the results obtained in this frame will be down by
powers of k/(aH) and so will lead to a contribution that is convergent with time. Since we are dealing with
a time-dependent finite-k Fourier mode, the local frame is not a local FRW universe as it was for the zero
mode, but it is an anisotropic universe. For simplicity, we can choose to work directly with a single Fourier

mode

Co(Z,1) = Re [Eo(t) e“;'ﬂ . Re [50} -G (4.100)

Using rotational invariance, we can take the momentum k to be along the Z direction without loss of

generality. The resulting spatial metric in the ADM parametrization is given by the following:

iy = hoy = e2P(DF200(H)+220(8) 20(T1) (4.101)

hag = 2P(D+26 () —4N0() 2 (@1)
N; = 0pp(Z,t) + Ny(&,t) ,  O'Ny(&,t) =0

N =1+ 6No(t) + ON(Z,t) .

Here the fields with the argument & represent short wavelength fields that will be integrated over in the
loops. We see that there is no N, ¢(t) component. This is so because we can make N§ and aiNg vanish. The

field \g is the (traceless) anisotropic component of the metric, related to (o by

1t H
Ao(t) = _g/ dt’ ﬁg‘o ) (4.102)

up to an irrelevant constant that can be set to zero using a constant rescaling of the spatial coordinates.
The details of this change of coordinates are given in App. 4.9.

Apart from the terms proportional to g, the treatment is very parallel to the one of the former subsection.
First we find the solution to the tadpole counterterms §M* and JA. As expected, there is no tadpole for the
terms in A9 because of rotational invariance: the free vacuum expectation value of product of fields must be
rotational invariant and cannot source any anisotropy. This is indeed the case, and the solutions for §M*

and §A are exactly the same as before eq. (4.94) 1.

15 There is only one subtlety here that distinguishes this case from the former one. In the former section we were studying the
effect of loops on the zero mode, and therefore loop integrals whose range is over momenta that are shorter than the external
one, were basically running over all momenta. Here instead, since we are Taylor expanding in derivatives of the long external
mode, loops should formally include only modes that are shorter than the external one. This is hardly a problem however
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At this point we proceed to find the action for the short modes in this background. We start with the

solution to the constraint equations, that read:

3H .
SN - 4.103
oft) = NiE +HC (4.103)
SNy, = G HONy + H — ¢ Fani (6 ame)
k—ﬁ( o+ 7<0)+2k2H2 (Ck* Ck) 0
e20(t) .. 9 9 9 5
k= oS {2Hgk ( (2k2,500 + 2k2Co + K2) — 2k 40)

So (~3HG (302 + ) + (302 +2H) &) +
]

K2HC, ( k2 Ao — 2k2 <2H6N0 Y H- go))

- k;e2p(®) . . .
N; = ]:4H (k kim) Ao (3HCk - Ck) , =12,
kae2P(t) . .
3= ?};H 2 (2k% — K2,) Ao (3HCk - Ck) ;

where k2 = k2 + k2 + k2 and k2

201 = k2 + k2 — 2k2. kan; has the nice property that fd21% k2, = 0. After
substitution of the above solutions in the action, we obtain the quartic action at order (g(,f. As before
we evaluate the expectation value on the (i-modes and isolate the terms in (o (and Ag) that could lead to
a time-dependence for (3. Clearly, we need to keep track only of the terms that contain at least one Ag,

the terms quadratic in (p will cancel exactly as in the former section. Furthermore, because of rotational

invariance, terms proportional to A\o(yp are absent. We are left with
4M?2 .
s = / dx dt €33 =T (H(@Z((%() + 2<ai<ai<>) : (4.104)

S = /d%dt (—er(t)]gél) (—3H (<6§§1 8‘”“0 <<C>) VH — 6H(0;¢0:¢)

(<8§mc B0 - 200 ) O 2100 )

Here 02 = 82 + 82 + 82 while 92

20 = 02 + 07 — 202, The second expression above can be further simplified

by noticing that by rotational invariance

(G By Ly (4.105)

and similar for similar terms. After integrating by parts the term in AoAo and summing with the term in

because in order to prove that there is no induced time-dependence, we are interested in the case where the external mode k is
outside of the horizon. The contribution from modes longer than the horizon is equivalent to the contribution of modes that are
all out of the horizon. At this point, a nice property of the ¢ action tells that there are no vertices without at least a derivative
acting on one ¢ fluctuation [22]. This guarantees that when all the modes are outside of the horizon each vertex is suppress by
powers of k/(aH). So those contributions would give rise to a time-convergent contribution and can be safely ignored.
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A3, we obtain the final expression

2M3,
/ 3z dt e=P® \2—EPL (4.106)
5H4H

(—20H%29(0H<ai<ai<> — 5HY(0,¢0:C)eX D — 34O [13((E)

e =
+H? ( 5e2/() F(9,¢0:C) + e O H (1862ﬂ HEE) + 5(0;¢0; g>)

—H (5<ajaigajai<> - 662p<t>H<aigai<>)) +3He2W [T (eZMt)H@Q + 2<ai<ai<'>H)) .

As in the former section, if these terms were not to be exactly the ones in Quarticy, then we will have a time
dependence for the ( correlation function. To check for this, we move to the cubic action. Again, we need

simply to investigate terms proportional to )\OCE. We have

M2 er(t)
S@Cz - / P dt 21};73 (4.107)
82

<2p<t>m0 <3H ani o "““CC) H (R0 (92,6¢ — 8HZ,(C)
~2H ) (HO2,:6¢ +202,¢C)) ) -

The identification of the quartic vertices starting from the cubic vertices is slightly more complicated due to
the anisotropy. In practice, everytime in the cubic Lagrangian there are two derivatives that are contracted,
they should be thought of as originating from being contracted with the spatial metric izij, and we take the

resulting relevant quartic operator. Let us give a few examples:

Ly D (o(d:)? - Ly D —CF(3i0)* = 22060 (Fani€)? (4.108)
Ly D () — Ly D =200(9i0)* = 22060 (Pani€)*

Ls D A(8:i)? - Li D —20A(8i€)* — A§(0ani€)?

Ls D h(8:0)? — Ly D —2M(0i0)? — 20070 (Dani€)?,

Ly D (o(OaniC)? — Ly D (=G0 +2X0)60(0ani€)? = 420C0(0:C) .

Ly D (o(Oami€)? — Ly D (=260 +2%0)C0(Pani€)* — 4Xlo(0:0)*

L3 D Ao(Oani€)? — Ly D (=260 + Ao)Ao(Pani€)® — 2X5(0:¢)?

Ly D Ao(@ani€)? - Ly D (=260 +2X0)A0(@ani€)? = 420 A0 (0:0)°

where 5;“11 = (Oy, Oy, iﬂ@z). Upon implementing the promotion of the spatial derivative to include the (j

107



and Ag factors, we have
4M3,
5H(t)3
(51 (3o (3H(0:¢0.0) — (0:¢0,0)) + oo (H(D:CO€) +2(0:¢0:€) ) )
320 Ao (3H(CE) — (60))) =
= / d*zdt e+ A%Lﬁ
5H*H
(_20H362p(t)H<aZ_<8i<:-> _ 5H4<3iC3iC>62p(t)H _ 3e4”(t)H3<g"g'“>

SQuaTticﬁi = /dgm dt ep(t) )\0 (4109)

+H? (_5e2ﬂ<t>H<ai<ai<'> terOF (18e29<t>H<g'<'> + 5<ai¢ai¢>)
_H (5<ajaigajai<> - 662”(t)H<8Z—C8iC>)> 3He2PW [T (62p<t>H<¢'<'> + 2<ai<ai<'>H)) .

2

ani

where in the first passage we have used that by rotational invariance terms involving 07 . are zero and those

are equal to the same expression with (92,;)? — 4(8%)2/5, and in the second passage we have

involving 92 2

ani
performed an integration by parts. We see that this Quarticy, term is exactly the one being left out from
the loops with the quartic diagrams, and so its time-dependent contribution will cancel the one coming from

the CIS1pr + CIM + Quartics, diagrams. This completes the exploration of all the diagrams entering at

one-loop, proving that the (; correlator does not have a time-dependence even at finite momentum k.

A note on tensor modes: Since in this section we have dealt with gravitational interactions, it is
logical to wonder on the contribution of the tensor modes. Indeed, for standard slow roll inflation, at one-
loop the contribution from tensor modes is parametrically the same as the one from the ¢ short modes. One
might wonder why we could neglect them, or alternatively why time-dependent effects from loops of ( modes
cancel independently of the ones from loops of tensor modes. It is easy to realize that the contribution from
tensor modes must cancel independently. Let us analyze the various diagrams. It is pretty clear that the
diagrams built with cubic vertices will cancel independently in the same way as they independently did for
the ¢ modes. This cancellation in fact relies on the consistency condition, that holds for tensor modes as
well as for ( modes. A bit less obvious is to understand why the graviton and ¢ contribution from quartic
and tadpole terms cancel independently. The fact that the contribution of tensor modes and scalar modes is
parametrically the same is an accident of standard slow roll inflation. It is possible to engineer inflationary
models where the contribution is parametrically different. If for example we add to the Effective Field Theory
of Inflation an operator of the form (5g°°)2, we change the speed of sound of the ¢ fluctuations, without
changing the ones of the tensor modes. Since the tadpoles and the quartic loops are evaluated on the linear

solutions, this shows that those loops are parametrically different, and they have to cancel independently.
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We have explicitly verified that this is the case for the effect on the ( zero-mode.

4.7 Conclusions

Understanding the behavior of the theory of inflationary fluctuations at one-loop order, with particular
attention to the possible infrared factors, is a very important task. We have stressed how this is important
for the predictivity of inflation as well as for slow roll eternal inflation and its universal volume bound. In
general, it is also important to understand how the theory we believe to be the strongest contender for
describing the first instants in the history of our universe behaves at quantum level.

In this chapter we have proven that the (j correlation function does not receive corrections that grow
with time ~ Ht after the mode has crossed the horizon. This result is achieved by proving that there is
a cancellation among the various diagrams that would naively induce a time-dependence, if taken alone.
While this cancellation happens in an intricate way, its physical origin can be stated in a very simple form.
First, since there is a vacuum contribution to the stress tensor due to the fluctuations, it is important to
define the ¢ fluctuations around the correct one-loop spacetime background. This can be achieved either by
automatically including non — 1PI diagrams in the calculation, or, as we do here, by inserting diff. invariant
counterterms that cancel the tadpole correction. Because of diff. invariance, these tadpole counterterms
contain terms quadratic in the fluctuations that modify the ( propagator and account for a cancellation of
the time-dependence induced by many of the diagrams built from quartic vertex. Some of these quartic
diagrams indeed look very much like coming from a renormalization of the background, as they involve
vacuum expectation values of quadratic operators on the unperturbed background. It is not so surprising
that they cancel with the tadpole counterterms.

The remaining quartic vertices, that we have called Quarticp, and Quarticy,, induce a time dependence
that cancels with the one from the cubic diagrams that we call CIS1p; + CIM. The sum of all these
diagrams describes how the vacuum expectation value of the short-wavelength modes is affected by the
presence of a long-wavelength mode, and how the perturbation in this expectation value in turn backreacts
on the long-wavelength mode. Because of the attractor nature of the inflationary solution, a long wavelength
¢ fluctuation is equivalent to a trivial rescaling of the coordinates in the unperturbed background. So the
vacuum expectation value of the short-wavelength modes should not be affected at all by the presence of a
long wavelength mode making this effect disappear.

Since the ¢ fluctuations are not derivatively coupled, a feature shared also by the graviton, showing
this is not easy. In order to do it we wrote the sum of these diagrams as the three-point function between

two short-wavelength modes and one long-wavelength mode, integrated over the short-wavelength Fourier
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components. In this way, after adding the terms from Quartics, and Quarticy,, we could use the consistency
condition to show that the presence of a long-wavelength ¢ does not change the expectation value of short
modes in a way that correlates with the long mode and therefore that these diagrams do not give any time
dependence.

By accounting for all the diagrams at one loop order we proved that ¢ is a constant at this order.

There are many possible generalizations to our results. In the introduction we gave arguments that could
be easily generalized to arbitrary loops. Furthermore it would be nice to include in the treatment gravitons
both inside the loops as well as in the external legs. All of this seems doable. The physical principles

responsible for the cancellations we found should hold unchanged also for these more general cases.

4.8 Appendix A: Consistency Condition inside the Horizon

In this Appendix we discuss the three-point function in the squeezed limit in which one of the modes is
much longer than the other two. While so far the literature has always concentrated in the limit in which
the two short modes are outside of the horizon, as this is the relevant limit for observed modes in tree-level
correlation functions, at loop level we are also interested in the case in which the two short modes are inside
the horizon. We will verify that the consistency condition also holds in this regime. We will do this at
leading order in slow roll parameters.

For the case in which the short modes are still inside the horizon, the proof at leading order in slow
roll parameters is very easy. In fact, contrary to what happens when we are interested in computing the
correlation function of modes at a time when they are outside the horizon, in this case the leading interaction
is of zero! order in the slow roll parameters. Indeed, it is not true that the ¢ cubic action starts at first order
in slow roll parameters (relative to the quadratic action). This is so only up to terms that can be removed
by a field redefinition and that can therefore be evaluated at the final time. For modes that are outside of
the horizon at the time of evaluation, these vanish. For modes that are not yet outside of the horizon, they
do not, and they therefore represent the leading contribution in the slow roll expansion.

Following [22], the term we are discussing comes from the field redefinition:

§:§n+%+.__7 (4.110)
where ... represent terms suppressed by slow roll parameters. The variable (,, has a cubic action that is
suppressed by slow roll parameters, and so negligible. At this point computing the three-point function is

very straightforward. In the limit in which the long mode k3 is much longer than the horizon ks/a(n) < H
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and ks < ko >~ ki, we have

(Croy (M) ez (1) Gy () == (2m)36P) (B + Ep + EB)%<¢]€1<]€1 + GG ) (CR,) (4.111)

|
= (2m)36®) (ky + k2 + kg)ﬁat@,ﬁl)’ (G ki < ks,

where the ()’ symbol stays for the fact that we have removed the delta function from the expectation value.

Using the wavefunction of the modes at leading order in slow roll parameters

H 1

cl _ . ikn

£ = 5y e (L= k) e (4.112)
where € is the slow roll parameter € = —H/H27 we obtain

H4 ,'72
~ _ L 4.113
<Ck1 (n)(kz (W)Ckg (77)> 8Mf:,1162 klk:‘;, ( )

In order to satisfy the consistency condition, the above result should be equal to
L a[RNG

(s () Crea ()i () = = (2m)26) (et + Ky + k3)M<Cil>'<©§3>' : (4.114)

0 log k1

Notice that since the short modes are still inside the horizon, their power spectrum is not yet scale invariant,
so 0 [kf’((,fl)’} /0log k; is not slow-roll suppressed. Upon substitution of (4.112), this is indeed equal to

(4.113), verifying the consistency condition for modes inside the horizon.

4.8.1 Consistency condition for operators with spatial derivatives

Let us now consider the three-point function in the same regime of momenta as above for a derivative

operator of the form

<%&&%WM@NMMW>- (4.115)

Since when we compute the three-point function we simply evolve the operators and not their spatial deriva-

tives, the result can be trivially obtained from the one above in eq. (4.113) to be

I 2
<a(717)2 (&'C)kl (n) (81'01@ (1) Crs (77)> ~ (277)35(3)(k1 + ko + k3) a(knl)Q %at«zly <<]%3>/
= HS ) nt ky by < s )

C8MEe k3
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This operator does not satisfy the consistency condition, that reads

o 5 N O [k2(c2 Y
(s €0, () 001, )Gk ) = 0 + Rt oy Pty

CHS (14 %R)
T O8MEE kikd

(4.117)

The reason for this mismatch is that in the consistency condition we are rescaling all the momenta, including
the ones representing the external derivatives.
An operator that instead satisfies the consistency condition (4.117) is one in which the derivatives go

together with factors of e~¢*s. In the squeezed limit we have

(s @ ) O, () ) = (1.118)

1
a(n)?

)
(252 @, O i) ) — 2

— (@10, (1) (06)_, (G0 (- ss0(n) )

as it can be readily verified.

We see that the consistency condition is satisfied by considering the sum of the operator we considered
initially (0:()y, (9i(), Cks Plus a contact quartic operator of the form —2(9;¢),, (9:();, Cry 2. As we argued
in the main text, this additional contact operator comes automatically in the quartic Lagrangian, its presence
being indeed guaranteed by the residual diff. invariance that we have in { gauge. The factor of 2 apparent
mismatch in the contact operator we insert in (4.118) and the one we identify in the quartic Lagrangian
in (4.55) takes into account the combinatorial factor that we have when we contract the operator with the
external wavefunctions. This is the kind of combination of operators we consider in sec. 4.4 when we use the
consistency condition to show that some combination of diagrams do not lead to time dependence in the ¢

correlators.

4.8.2 Consistency condition for operators with time derivatives

Here we want to show that time derivatives of operators, even when inside the horizon, will obey the
consistency condition, when correlated with a long wavelength mode. In particular, we want to study a
correlation function of the form (Cy, (7)Cry (17)Cky (7)) in the regime ks < ki ~ ko, and the long mode has
exited the horizon.

As discussed in Sec. 4.4.3, there is a contribution from contact terms that is essential for the consistency
condition to be satisfied. For operators that involved spatial derivatives, we had to borrow terms from the

quartic Hamiltonian. Here, we have a very similar situation. For operators with time derivatives, these
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operators came naturally from Hy 3, i.e., the quartic Hamiltonian induced by the cubic Lagrangian. A more
rigorous parallel between these cases is made at the end of this subsection.

We will study an example in the Effective Field Theory of inflation where the speed of sound deviates
from the speed of light, and the other background quantities, like H and H, are assumed to be constant,
for effects of computing the tilt of the spectrum. The action was written in (4.66) but let us write it before

taking the decoupling limit:

S = / d*z\/—g [HMglgOO + M4(t)(6goo)2} . (4.119)

Let us further assume that M*(t) has a linear dependence in time and we will concentrate only on the
effects that are proportional to 9;(M?). That is, we imagine that M*(t) varies on time scales that are slow
with respect to H~!, but fast with respect to e ~!. Using the Stueckelberg procedure to recover gauge
invariance, we perform a diffeomorphism ¢ — ¢ + 7 and consider the limit where the longitudinal mode

decouples from the graviton. The action, up to cubic order, reads:

—HM?2 o\ 2
S = /dtdgxa3 {Héwpl lirQ —c? <8ﬂ-)
c? a

The speed of sound breaks the equivalent footing of time and space derivatives in the quadratic term, and

A0, (MA())m? + AM* ()7 — AM* ()7 (8;7T>

(4.120)

is given by
—~HM}
A=—"""7T1 (4.121)
AMA(t) — HME,
To write (Cg,CryCry) We first compute (7g, T, Tr,). In order to do it, we need the following operator

equation, in Heisemberg picture:

7(t) = (U}, (t, =00 w1 () Uime(t, —004)) =

iU (8, =00 ) [Hint (8), 71 ()] Uins (t, —004 ) + UL, (£, —00 1 )irr () Uy (£, —004 ) - (4.122)

The quantum field 7 can be written as 71 (n) = a_,7 (k,n) + aLwCl(k, n)*, with the classical wavefunction
given by:

7k, n) = (1 — icgkn)eteskn (4.123)

)
B 2\/ ECsk?’Mpl
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Then the three point function (7, (n)7k, (7)) 7k, (n)) is given by:

{7y (M) Tk (M) Thy () = /_ ! dr([H3(7), Ty (1) 7hey () Tk (1)]) +
+ i([Hs(n), Ty (M7 k, (M) 7k (1)) + 8y (M) [H3 (1), They, (0) ] 705 (1)) - (4.124)

The first term in the right hand side is the usual in-in expression, and the terms in the second line are the
extra contact terms that come from using (4.122). A straightforward computation of the three terms yields,

in the squeezed limit:

K C4t 1n)?
[ ). o) = 20)%60 (k) g EAGE D G

i([H3(n), 7y (0)]71s (1) 15 (1)) = (4.125)

C4 A 4 1 4
= il () ) e () () = (2000 (S k) 7 S Gl

So adding these terms will give us (g, (7)7k, (7)7k, (7). Now, we are interested in (Cx, (17)Cry (7)Cks (7). But

the ¢ and 7 fields are related through ¢ = —Hn + H7r [31]16) so we can write our desired correlator:

(s (m)Cea (1) G () = | (4.126)
3t (M () H? (kap)* | 1 OCE) o,

8 MG Kk3 H ot (G

cH! (km)

46M1%1 k3 (G =

, 1 d :
= —(2m)%0) (k4 + ) 5 0o (BHGRY V(R s ks <himha,
1

(27)36®) (ky + kg + ks3)

= —(2m)36®) (ky + ko + ks)

where we have used that

H?(1 + c2kin?)

(Chs (M)Cra (m)) = (2)*6P) (R + ko) deseMB ki 7 (4.127)
E ()¢ : S H (k)
(o D) = (20 -+ ) S G

Notice that the effect of the field redefinition is to remove the time derivatives associated to terms that do
not depend explicitly on k7, such as cg, so that the consistency condition works. This concludes our check
of the consistency condition for modes inside the horizon, with time derivative operators.

As a last remark, we now discuss the relation between the contact terms that contributed to (77 m), and

16There are additional quadratic corrections to this expression, but they will give corrections to the three point function that
are subleading when at least one of the modes is outside of the horizon or that are slow roll suppressed.
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the contact terms arising from the quartic Hamiltonian H, 3, which is discussed in the main text. They are
playing the exact same role: accounting for the action of the time derivative on Ujy,;. The results of this
subsection can be cast in a form that makes this connection more manifest. We use here the notation “S,
L” for short and long modes.

In the main text, we are computing a three point function of the following schematic form:

S [ ar ((sps) ham) oGt ~ [ an (s, cumlam) +... - @z

where ... are contributions to the one-loop two point function coming from other diagrams. Now, we can

recast the three point function (777) as:

(s (o)) () = <<‘5L57r ) ) 7rL(77)> , (1129)
S

and the contact term as:

i([Hs(n), ms(n)]7s(m)mr(n)) ~ — <<(;L;’)SL () (5{;5: ) (n)> . (4.130)
' S,L

So we see that if the three point function involved the full Lagrangian, the contact term would be proportional
to the squeezed quartic Hamiltonian, (H, i ’?,S’L’L>. As the one loop diagram involves a commutator instead of
a tree level four point function, we need to insert the Green’s function on the left hand side of (4.128), thus

seeing how both three point functions are affected by contact terms coming from Hy 3.

4.9 Appendix B: Local Anisotropic Universe

We aim here to provide the change of coordinates that locally takes us from the metric written in standard
¢ gauge to a form that is locally of the form of (4.101). We need to work only at linear order in the long
wavelength fluctuations (r, because in the loop we integrate over the short wavelength fluctuations (s. We

start from the metric in ADM parametrization
ds® = —N2dt* + ) 6;;a(t)%e* (da’ + N'dt) (da? + N7dt) (4.131)
ij
where in this appendix we suspend the convention of summing over repeated indices. We can perform the

following change of coordinates

2t =Pzl 4 (1), (4.132)
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without introducing perturbations in the field that is driving inflation. Since we can work at linear order in
the long modes, we can use rotational invariance to consider a long mode with wavenumber only along the
Z direction,

(1(%,t) = Re [Eo(t) ek] ., Re [50] =(o - (4.133)
It will be enough to take §;; = B(t)d;30,3. The only subtle point in this change of variables is that at linear
order in the long modes, we have

H1: .0
ii*(()elkeﬁz

Ny = {0,0,Re D

} +0(k*G) , (4.134)

which does not have a nice behavior for £ — 0. We need therefore to enforce that our change of coordinates
not only fixes to zero N? at one point, say the origin, N} = 0, but also it must set to zero 9; N7 at the origin,
(0;N7)o = 0. This will guarantee that neglected terms are suppressed in the limit & — 0.

Simple algebra shows that the solution is
- H1 -
G = /dt {0, 0, 275 7 Im M } : (4.135)
o .

The metric then takes the form of (4.101), with, in the new coordinates

Ni=o, (@Ni) —0,  (@E=¢ (f(:é‘,t),t) n g/t dt %éo(t) . (4.137)

Notice that the short mode fluctuations (g transform as a scalar under this change of coordinates

Cs(E,t) = Cs (:E‘(f, t), t) : (4.138)

The same procedure can be clearly performed at non-linear level in {7, using a generic matrix 3;;, but this

is not necessary for a one-loop calculation.
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Chapter 5

Entanglement entropy in de Sitter

space

5.1 Introduction

Entanglement entropy is a useful tool to characterize states with long range quantum order in condensed
matter physics (see [108, 109] and references therein). It is also useful in quantum field theory to characterize
the nature of the long range correlations that we have in the vacuum (see e.g. [110, 111, 112] and references
therein).

We study the entanglement entropy for quantum field theories in de Sitter space. We choose the standard
vacuum state [13, 12, 14] (the Euclidean, Hartle-Hawking/Bunch-Davies/Chernikov-Tagirov vacuum). We
do not include dynamical gravity. In particular, the entropy we compute should not be confused with the
gravitational de Sitter entropy.

Our motivation is to quantify the degree of superhorizon correlations that are generated by the cosmo-
logical expansion.

We consider a spherical surface that divides the spatial slice into the interior and exterior. We compute
the entanglement entropy by tracing over the exterior. We take the size of this sphere, R, to be much bigger
than the de Sitter radius, R > R4s = H ', where H is Hubble’s constant. Of course, for R < Rgg we expect
the same result as in flat space. If R = Ryg, then we would have the usual thermal density matrix in the
static patch and its associated entropy'. As usual, the entanglement entropy has a UV divergent contribution

which we ignore, since it comes from local physics. For very large spheres, and in four dimensions, the finite

IThis can be regarded as a (UV divergent) O(GY;) correction to the gravitational entropy of de Sitter space [113].
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piece has a term that goes like the area of the sphere and one that goes like the logarithm of the area. We
focus on the coefficient of the logarithmic piece. In odd spacetime dimensions there are finite terms that go
like positive powers of the area and a constant term. We then focus on the constant term.

We first calculate the entanglement entropy for a free massive scalar field. To determine it, one needs to
find the density matrix from tracing out the degrees of freedom outside of the surface. When the spherical
surface is taken all the way to the boundary of de Sitter space the problem develops an SO(1,3) symmetry.
This symmetry is very helpful for computing the density matrix and the associated entropy. Since we have
the density matrix, it is also easy to compute the Rényi entropies.

We then study the entanglement entropy of field theories with a gravity dual. When the dual is known,
we use the proposal of [114, 115] to calculate the entropy. It boils down to an extremal area problem. The
answer for the entanglement entropy depends drastically on the properties of the gravity dual. In particular,
if the gravity dual has a hyperbolic Friedman-Robertson-Walker spacetime inside, then there is a non-zero
contribution at order N? for the “interesting” piece of the entanglement entropy. Otherwise, the order N2
contribution vanishes.

This provides some further hints that the FRW region is indeed somehow contained in the field theory
in de Sitter space [116]. More precisely, it should be contained in the superhorizon correlations of colored
fields?.

The chapter is organized as follows. In section 2, we discuss general features of entanglement entropy in
de Sitter. In section 3, we consider a free scalar field and compute its entanglement entropy. In section 4, we
write holographic duals of field theories in de Sitter, and compute the entropy of spherical surfaces in these

theories. We end with a discussion. Some more technical details are presented in the appendices.

5.2 General features of entanglement entropy in de Sitter

Entanglement entropy is defined as follows [113]. At some given time slice, we consider a closed surface
3. which separates the slice into a region inside the surface and a region outside. In a local quantum field
theory we expect to have an approximate decomposition of the Hilbert space into H = H;, X H,,; where
H;,, contains modes localized inside the surface and H,,; modes localized outside. One can then define a

density matrix p;, = Trg,,,|1) (1| obtained by tracing over the outside Hilbert space. The entanglement

2A holographic calculation of the entanglement entropy associated to a quantum quench is presented in [117]. A quantum
quench is the sudden perturbation of a pure state. The subsequent relaxation back to equilibrium can be understood in terms
of the entanglement entropy of the quenched region. There, one has a contribution to the (time dependent) entropy coming
from the region behind the horizon of the holographic dual.
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entropy is the von Neumann entropy obtained from this density matrix:

S = _T‘rpin Ingin (51)

5.2.1 Four dimensions

We consider de Sitter space in the flat slicing

ds® =

(T (—dn? + da} + da + dx3) (5.2)

where H is the Hubble scale and 7 is conformal time. We consider surfaces that sit at constant 7 slices. We
consider a free, minimally coupled, scalar field of mass m in the usual vacuum state [13, 12, 14].

As in any quantum field theory, the entanglement entropy is UV divergent

S = Svadivergent + Svaﬁnite (53)

The UV divergencies are due to local effects and have the the form
A 2 2
SUV —divergent = C1 = + log(eH)(ca + csAm* + c4 AH?) (5.4)

where € is the UV cutoff. The first term is the well known area contribution to the entropy [110, 111],
coming from entanglement of particles close to the surface considered. The logarithmic terms involving cy
and c3 also arise in flat space. Finally, the last term involves the curvature of the bulk space3. All these UV
divergent terms arise from local effects and their coefficients are the same as what we would have obtained
in flat space. We have included H as a scale inside the logarithm. This is just an arbitrary definition, we
could also have used m [118], when m is non-zero.

Our focus is on the UV finite terms that contain information about the long range correlations of the
quantum state in de Sitter space. The entropy is invariant under the isometries of dS. This is true for both
pieces in (5.3). In addition, we expect that the long distance part of the state becomes time independent.

More precisely, the long range entanglement was established when these distances were subhorizon size. Once

31In de Sitter there is only one curvature scale, but in general we could write terms as

Slog et = /; (aRMVpgnfL‘n?n]’fn? + bRN,,n,’;n;-’ +cR + dKlf“/Ki,W + erMK;’V + .. ) (5.5)
where K are the extrinsic curvatures and i, j label the two normal directions and pu,v, --- are spacetime indices The extrinsic

curvatures also contribute to ¢z in (5.4). One could also write a term that depends on the intrinsic curvature of the surface,
Ry, but the Gauss-Codazzi relations can be used to relate it to the other terms in (5.5).
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they moved outside the horizon we do not expect to be able to modify this entanglement by subsequent
evolution. Thus, we expect that the long range part of the entanglement entropy should be constant as we
go to late times. So, if we fix a surface in comoving 2 coordinates in (5.2), and we keep this surface fixed
as we move to late times, n — 0, then we naively expect that the entanglement should be constant. This
expectation is not quite right because new modes are coming in at late times. However, all these modes only
give rise to entanglement at short distances in comoving coordinates. The effects of this entanglement could
be written in a local fashion.

In conclusion, we expect that the UV-finite piece of the entropy is given by

Ae
SUV_Finite = cs AH? + %6 log(AH?) + finite = cs—5 + cglogn + finite (5.6)
n

where A is the proper area of the surface and A, is the area in comoving coordinates (A = HAQ—%Q) The finite
piece is a bit ambiguous due to the presence of the logarithmic term.

The coefficient of the logarithmic term, cg, contains information about the long range entanglement of
the state. This term looks similar to the UV divergent logarithmic term in (5.4), but they should not be
confused with each other. If we had a conformal field theory in de Sitter they would be equal. However, in
a non-conformal theory they are not equal (cg # c¢2). For general surfaces, the coefficient of the logarithm
will depend on two combinations of the extrinsic curvature of the surface in comoving coordinates. For
simplicity we consider a sphere here*. This general form of the entropy, (5.6), will be confirmed by our
explicit computations below.

We define the “interesting” part of the entropy to be the coefficient of the logarithm, Sipt = cg. The UV -
finite area term, with coefficient c5, though physically interesting, is not easily calculable with our method. It
receives contributions from the entanglement at distances of a few Hubble radii from the entangling surface.
It would be nice to find a way to isolate this contribution and compute c5 exactly. We could only do that in

the case where the theory has a gravity dual.

5.2.2 Three dimensions

For three dimensional de Sitter space we can have a similar discussion.

A
S = dl? + SUV—ﬁnite
A (5.7)
SUV—ﬁnite = dgAH + d3 = dQWC + d3

41t is enough to do the computation for another surface, say a cylinder, to determine the second coefficient and have a result
that is valid for general surfaces [119]. In other words, for a general surface we have cg = f1 f KopKap + f2 f (Kaa)? where
f1, f2 are some constants and K, is the extrinsic curvature of the surface within the spatial slice.
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Here there is no logarithmic term. The interesting term is d3 which is the finite piece. So we define Siy, = d3.
A similar discussion exists in all other dimensions. For even spacetime dimensions the interesting term

is the logarithmic one and for odd dimensions it is the constant. One can isolate these interesting terms by

taking appropriate derivatives with respect to the physical area, as done in [120] in a similar context®.
Note that we are considering quantum fields in a fixed spacetime. We have no gravity. And we are

making no contact with the gravitational de Sitter entropy which is the area of the horizon in Planck units.

5.3 Entanglement entropy for a free massive scalar field in de

Sitter

Here we compute the entropy of a free massive scalar field for a spherical entangling surface.

5.3.1 Setup of the problem

Consider, in flat coordinates, a spherical surface S? defined by 2% + 23 + 23 = R2. We consider R, > 7.

This means that the surface is much bigger than the horizon.

s2,

=)

ts

R3

I

(a) (b) (c)

Figure 5.1: Setup of the problem: (a) We consider a sphere with radius much greater than the horizon size,
at late conformal time 7, in flat slices. (b) This problem can be mapped to half of a 3-sphere S2, also with
boundary S2, but now the equator, at late global time 75. (c) We can also describe this problem using
hyperbolic slices. The interior of the sphere maps to the “left” (L) hyperbolic slice. The Penrose diagrams
for all situations are depicted below the geometric sketches.

If we could neglect the 1 dependent terms, we can take the limit » — 0, keeping R, fixed. This then
becomes a surface on the boundary. This surface is left invariant by an SO(1,3) subgroup of the SO(1,4)

de Sitter isometry group. We expect that the coefficient of the logarithmic term that we discussed above is

5See formula (1.1) of [120].
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also invariant under this group. It is therefore convenient to choose a coordinate system where SO(1,3) is
realized more manifestly. This is done in two steps. First we can consider de Sitter in global coordinates,
where the equal time slices are three-spheres. Then we can choose the entangling surface to be the two-sphere
equator of the three-sphere. In fact, at n = 0, we can certainly map any two sphere on the boundary of de
Sitter to the equator of S? by a de Sitter isometry. Finally, to regularize this problem we can then move
back the two sphere to a very late fixed global time surface.

We can then choose a coordinate system where the SO(1,3) symmetry is realized geometrically in a simple
way. Namely, this SO(1,3) is the symmetry group acting on hyperbolic slices in some coordinate system that

we describe below.

5.3.2 Wavefunctions of free fields in hyperbolic slices and the Euclidean vacuum

The hyperbolic/open slicing of de Sitter space was studied in detail in [121, 122]. It can be obtained by
analytic continuation of the sphere $* metric, sliced by S®s. The S* is described in embedding coordinates

by X? + ...+ X2 = H~2. The coordinates are parametrized by angles in the following way:

X5 = H ' cosTg cos pg X, = H 'sintg X193 =H 'costgsinpgnios 5.8
) I 94y 14y

where n; are the components of a unit vector in R?. The metric in Euclidean signature is given by:

ds% = H™2(dr3 + cos® T (dp% + sin? pg dQ3)) (5.9)

We analytically continue X5 — iXy. Then the Lorentzian manifold is divided in three parts, related to the

Euclidean coordinates by:

TE:%—itR tRZO
R:
PE = —ITR rr >0
TR = TC /2 <tc <m/2
C: (5.10)
pE =45 —irc —oo <rg <00
TE:—g‘i"L'tL tLZO
L:
pEifiTL T‘LZO
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The metric in each region is given by:

ds%3 = H_z(—dt%3 + sinh? tR(dr% + sinh? rrdQ32))
dsz = H2(dt? + cos® to(—dré + cosh? rad032)) (5.11)
ds? = H™%(—dt2 4 sinh® t1,(dr? + sinh® r1,dQ3))

We now consider a minimally coupled® massive scalar field in dSy, with action given by S = % [ /=g(—(V¢)?—

m2¢?). The equations of motion for the mode functions in the R or L regions are

19 sinh® tg -
sinh® ¢ Ot 0 sinh? ¢

9
Vo + § - 2| utr) =0 (512)

Where Lilg, is the Laplacian in the unit hyperboloid, and the parameter v is

19  m?

When v = % (or %2 = 2) we have a conformally coupled massless scalar. In this case we should recover
the flat space answer for the entanglement entropy, since de Sitter is conformally flat. We will consider
first situations where %z > 2, s0 that 0 < v < 1/2 or v imaginary. The minimally coupled massless case
corresponds to v = 3/2. We will later comment on the low mass region, %z <2orl/2<v<3/2.

The wavefunctions are labeled by quantum numbers corresponding to the Casimir on H® and angular

momentum on S?:

H

Uplm ™ mxp(t)yplm(ﬁ 92) s — LysYpim = (1 +p2)yplm (5~14)

The Y, are eigenfunctions on the hyperboloid, analogous to the standard spherical harmonics. Their
expressions can be found in [122].

The time dependence (other than the 1/sinh¢ factor) is contained in the functions x,(t). The equation
of motion (5.12) is a Legendre equation and the solutions are given in terms of Legendre functions P?(x).
In order to pick the “positive frequency” wavefunctions corresponding to the Euclidean vacuum we need to

demand that they are analytic when they are continued to the lower hemisphere. These wavefunctions have

61f we had a coupling to the scalar curvature £ Rp?, we can simply shift the mass msz = m? + 66H? and consider the
minimally coupled one.
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support on both the Left and Right regions. This gives [122]

1 e™ —ige ™ P _ jge—im
PZp ht — —Pflp ht
2sinhp (F(V Tip+ 172y me(Coshin) = mr ey (o R>>
g emP — Z‘Jeiiﬂ-y : e~ TP _ Z‘Jefiﬂ'u
PP hitg) —
<F(u T 1) velcoshin)

Xp,o = (5.15)

P*M{/Q(cosh tL))

2 sinh 7wp Mv—ip+1/2) ¥~

The index o can take the values +1. For each o the top line gives the function on the R hyperboloid and
the bottom line gives the value of the function on the L hyperboloid. There are two solutions (two values of
o) because we started from two hyperboloids.

The field operator is written in terms of these mode functions as

QZAS(CU) = /dp Z (aaplmuaplm(m) + aiplmﬂaplm(x)) (5.16)

a,l,m

To trace out the degrees of freedom in, say, the R space, we change basis to functions that have support
on either the R or L regions. It does not matter which functions we choose to describe the Hilbert space.
The crucial simplification of this coordinate system is that the entangling surface, when taken to the de
Sitter boundary, preserves all the isometries of the H? slices. This implies that the entanglement is diagonal
in the p,l,m indices since these are all eigenvalues of some symmetry generator. Thus, to compute this
entanglement we only need to look at the analytic properties of (5.15) for each value of p.

Let us first consider the case that v is real. For the R region we take basis functions equal to the

(coshtp) and P (coshtg), and zero in the L region. These are the positive

Legendre functions P V—1/2

v—1/2

and negative frequency wavefunctions in the R region. We do the same in the L region. These should be
properly normalized with respect to the Klein-Gordon norm, which would yield a normalization factor N,.

We can write the original mode functions, (5.15), in terms of these new ones in matricial form:

X7 =Ny 3 g (ag P+ BTPY)
p q=R,L q q :>XI:M§PJNZ:1

X =NV (BOPY +as

X P quR,L( q q ) (5.17)

o=+1, PRL= PZ’:I/Q(coshtRL), X!

The capital indices (I, J) run from 1 to 4, as we are grouping both the x, and ¥,. The coefficients o and

are simply the terms multiplying the corresponding P functions in (5.15), see appendix A for their explicit
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values. As the field operator should be the same under this change of basis, then it follows that:

p=arx" =b;P'N; " = a; =b (M)}

o B - (5.18)
M=|_ , M7= = do= Y Ygobg+ 340

B @ b5 ¢=R.L

v 0

Here a! = (a,,al), b’ = (bp R, bTL,R)v and P’/ = (P g, Pr ). M is a 2 x 2 matrix whose elements are 2 x 2
matrices. The expression for M ! is the definition of 6, 7, etc. The vacuum is defined so that a,|¥) = 0.
We want to write |¥) in terms of the b 1, oscillators and the vacua associated to each of these oscillators,

br|R) =0 and by |L) = 0. As we are dealing with free fields, their Gaussian structure suggests the ansatz
[T) = e Zig=r. miblb) | RY|L) (5.19)

and one can solve for m,; demanding that a,|¥) = 0. This gives

MijYjo + 0ic =0 = mij = =0ic (7)o (5.20)
Using the expressions in (5.15) (see appendix A) we find for m:

0 V2e~PT cosmry  isinhprw

=e
v/cosh 2mp + cos 2mv

(5.21)

Mij
isinhpr  cosmv
Where 6 is an unimportant phase factor, which can be absorbed in the definition of the b oscillators. In
m;; the normalization factors N, drop out, so they never need to be computed.

The expression (5.19), with (5.21), needs to be simplified more before we can easily trace out the R
degrees of freedom. We would like to introduce new oscillators ¢z, and cp (and their adjoints) so that the

original state ¥ has the form

U) = ¥k |RY'| L) (5.22)

where |R)|L)" are annihilated by cg, c¢r. The details on the transformation are in appendix A. Here we

state the result. The b’s and c¢’s are related by:

cr = ubgr + vbk
(5.23)
cr, = ubr, + Ebz, lul> — [v]? =1
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Requiring that cg|¥) = ycTL |¥) and ¢ | V) = *ycH\I!) imposes constraints on u and v. The system of equations

has a solution with + given by

. V2
=1
\/cosh 27p + cos 27 + +/cosh 27p + cos 27 + 2

gl (5.24)

We have considered the case of 0 < v < 1/2. For v imaginary, (5.24) is analytic under the substitution
v — v, which corresponds to substituting cos2wv — cosh27miv, so (5.24) is also valid for this range of
masses. One can check directly, by redoing all the steps in the above derivation, that the same final answer

is obtained if we had assumed that v was purely imaginary.

5.3.3 The density matrix

The full vacuum state is the product of the vacuum state for each oscillator. Each oscillator is labelled by
p,l,m. For each oscillator we can write the vacuum state as in (5.22). Expanding (5.22) and tracing over

the right Hilbert space we get
— - 2|,,. .
pptom = Trig ((9)(¥]) o< > [y [nip, 1, m) (s p, 1,m] (5.25)
n=0

So, for given quantum numbers, the density matrix is diagonal. It takes the form pr,(p) = (1—|7,|?)diag(1, |y [%, [vpl*, ),
normalized to Trpy, = 1. The full density matrix is simply the product of the density matrix for each value
of p,l,m. This reflects the fact that there is no entanglement among states with different SO(1,3) quantum
numbers. The density matrix for the conformally coupled case was computed before in [123].

Here, one can write the resulting density matrix as p;, = e #Ment with H,,; called the entanglement
hamiltonian. Here it seems natural to choose 8 = 27 as the inverse temperature of dS. Because the density
matrix is diagonal, the entanglement Hamiltonian should be that of a gas of free particles, with the energy
of each excitation a function of the H? Casimir and the mass of the scalar field. This does not appear to be
related to any ordinary dynamical Hamiltonian in de Sitter. In other words, take py, oc diag(1, |v,|2, [vp[%, -..)
then the entanglement Hamiltonian for each particles is H, = Epc;cp, with E, = —5-log|y,[>. For the
conformally coupled scalar then E, = p and we have the entropy of a free gas in H3. In other words, in the
conformal case the entanglement Hamiltonian coincides with the Hamiltonian of the field theory on R x H3

[124, 125).
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5.3.4 Computing the Entropy
With the density matrix (5.25) we can calculate the entropy associated to each particular set of SO(1,3)
quantum numbers

|’Yp|2

S(p,v) = =Trpr(p)log pr(p) = —log(1 — |7, |*) — 1= 2 log |, [? (5.26)
p

The final entropy is then computed by summing (5.26) over all the states. This sum translates into an
integral over p and a volume integral over the hyperboloid. In other words, we use the density of states on

the hyperboloid:
S) = Virs [ doD@)S(r.v) (5.27)

The density of states for radial functions on the hyperboloid is known for any dimensions [126]. For example,
for H3, D(p) = 2p—:2. Here Vs is the volume of the hyperboloid. This is of course infinite. This infinity is
arising because we are taking the entangling surface all the way to n = 0. We can regularize the volume
with a large radial cutoff in H3. This should roughly correspond to putting the entangling surface at a finite
time. Since we are only interested in the coefficient of the logarithm, the precise way we do the cutoff at

large volumes should not matter. The volume of a unit size H? for radius less that 7. is given by

2r. Te

Te
Vs = Ve / drsinh®r ~ 4m (e - ) (5.28)
o 8 2

The first term goes like the area of the entangling surface. The second one involves the logarithm of this
area. We can also identify r. — —logn. This can be understood more precisely as follows. If we fix a
large t;, and we go to large rp,, then we see from (5.8)(5.10) that the corresponding surface would be at an
n o« e~ "L for large rp,. Thus, we can confidently extract the coefficient ¢g in (5.6). For such purposes we can
define Vs yoq = 2m. The leading area term , proportional to e?"e depends on the details of the matching of
this IR cutoff to the proper UV cutoff. These details can change its coefficient. In appendix B, we compute
in detail the regularized volume of the hyperboloid in any dimension.

Thus, the final answer for the logarithmic term of the entanglement entropy is

S = cglogn + other terms

1

oo (5.29)
Sintr = C¢ = ;/ dPPQS(pa V)
0

with S(p,v) given in (5.26), (5.24). This is plotted in figure 5.2.
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Figure 5.2: Plot of the entropy Sintr/Sintr,—=1/2 of the free scalar field, normalized to the conformally coupled
scalar, versus its mass parameter squared. The minimally coupled massless case corresponds to v? = 9/4,
the conformally coupled scalar to v?> = 1/4 and for large mass (negative v?) the entropy has a decaying
exponential behavior.

5.3.5 Extension to general dimensions

These results can be easily extended to a real massive scalar field in any number of dimensions D. Again
we have hyperbolic HP~1! slices and the decomposition of the time dependent part of the wavefunctions is

identical, provided that we replace v by the corresponding expression in D dimensions

(D-1)2 m?
e R (5.30)

Then the whole computation is identical and we get exactly the same function S(p,v) for each mode. The

final result involves integrating with the right density of states for hyperboloids in D — 1 dimensions which

is [126]
Dy(p) = 2%’511771?7 Ds(p) = %
P+ (251)? 2 Ciip+ 5 -1
Do1(p) = 5525y Po-slp) = () P (BT |F(i;)|2 : (5.31)

D —2\?
—LHD—IYp = <p2-|- <2> >Y;D
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We also need to define the regularized volumes of hyperbolic space in D — 1 dimensions. They are related

to the volume of spheres

D
E1* Vsos Deven o2
Viro-1 rog = 7, , Vapos = (5.32)
Ve Ve o)
2

When D is even, we defined this regularized volume as minus the coefficient of logn. When D is odd, we
defined it to be the finite part after we extract the divergent terms. A derivation of these volume formulas

is given in appendix B. Then the final expression for any dimension is

Sintr == VHD_l,rcg/ dPDDfl(p)S(Z% V) (533)
0

with the expressions in (5.32), (5.31), (5.26), (5.24), (5.30). We have defined S,ey as

S =Sintr logn + - - for D even
(5.34)
S =Sintr + -+ for D odd
where the dots denote terms that are UV divergent or that go like powers of 7 for small 7.
5.3.6 Rényi Entropies
We can also use the density matrix to compute the Rényi entropies, defined as:
1
Sq = - log Trp?, ¢ >0 (5.35)
We first calculate the Rényi entropy associated to each SO(1,3) quantum number. It is given by:
__4 2 L 2q
Sq(p,v) = 1= . log(1 = |7[") = 1= . log(1 — |7,|™) (5.36)

Then, just like we did for the entanglement entropy (which corresponds to ¢ — 1), one integrates (5.36) with

the density of states for D — 1 hyperboloids:

Sq,intr = VHD*I,reg/ dPDD—l(p)Sq(p7 V) (537)
0

With Sg intr being the finite term in the entropy, for odd dimensions, and the term that multiplies log, for

even dimensions.
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5.3.7 Negativity

A measure of the quantum entanglement between two regions is the so called negativity of a system[127, 128,
129]. Tt is defined as follows. Take the density matrix p = |U)(¥| of a system (in our case, R U L). Note
that no tracing is made to write p, so it is the density matrix of a pure state for the case we consider.

If we write a basis of states for the R and L spaces and denote them as R and L?, we define the transposed
matrix p’% as follows:

(R'LI|p™ |[R*L™) = (R'L™|p|R* L) (5.38)

71|, where Tr|p| is the sum of the absolute value of the

Then, the negativity is defined as &€ = InTr|p
eigenvalues of p’X. For a pure state [127] , the negativity is equal to the ¢ = 1/2 Rényi entropy from tracing

out the L states. So it follows that:

Emr = Vito s reg / Do+ (p)S1)s(p. ) (5.39)
0

With &t being the finite term in the negativity, for odd dimensions, and the term that multiplies logn, for

even dimensions. Sy,5(p,v) is given by (5.36) with ¢ = 1/2.

5.3.8 Consistency checks: conformally coupled scalar and large mass limit

As a consistency check of (5.27), we analyze the cases of the conformally coupled scalar, and of masses much
bigger than the Hubble scale.

Conformally coupled scalar

For the conformally coupled scalar in any dimensions we need to set the mass parameter to v = 1/2.
The entropy should be the same as that of flat space. For a spherical entangling surface, the universal
term is g, logeyy /R for even dimensions, and is a finite number, g,, for odd dimensions [124, 125]. The
only difference here is that we are following a surface of constant comoving area, so its radius is given by
R = R./(Hn). So, one sees that the term that goes like log 7, in even dimensions, has the exact same origin
as the UV divergent one; in particular, we expect cg = g. for the four dimensional case, and g, is the finite
piece in the three dimensional case.

Four dimensions:

The entropy is given by (5.29)

1 [ 1\ 1
intr — — dp— sa | = an A4
Sint 7r/0 p27T2S<p 2> 90 (5:40)
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This indeed coincides with the coefficient of the logarithm in the flat space result [124].
Three dimensions:

The entropy is given by:

d’p 1 oo 1
Sintr :VHz,reg W thﬂ-pS b, 5 = 0 pdpthﬂ—ps b, 5

(5.41)
_3¢(3)  log(2)
1672 8

This corresponds to half the value computed in [130] , because there a complex scalar is considered, and also
matches to half the value of the Barnes functions in [125].

Conformally coupled scalar in other dimensions

For even dimensions, Sint, has been reported for dimensions up to d = 14 in [124], and for odd dimensions,

numerical values were reported up to d = 11 [125]. Using (5.33) we checked that the entropies agree for all
the results in [124, 125].

Large mass limit

Here we show the behavior of the entanglement entropy for very large mass, in three and four dimensions.

The eigenvalues of the density matrix as a function of the SO(1,3) Casimir are given in terms of (5.24). For
large mass, there are basically two regimes, 0 < p < |v| and p > |v|

P e 2Vl 0 <p <y
Tpl™ =

(5.42)
e 2™ |yl <p

In this regime we can approximate |y| < 1 everywhere and the entropy per mode is

S(p) ~ —|pl* log | (5.43)
Most of the contribution will come from the region p < |v|, up to 1/v corrections. This gives
Sintr v —27r v %36_27”1 d=3
Voo~ | wD@)Sp)~ @rve™™) | dpD(p) = (5.44)
HD—1 reg 0 0 v

3*6_27”/ d=4
T

which is accurate up to multiplicative factors of order (1 + O(1/v)).
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5.3.9 Low mass range: 1/2 < v <3/2

In this low mass range the expansion of the field involves an extra mode besides the ones we discussed so
far [122]. This is a mode with a special value of p. Namely p = i(v — %) This mode is necessary because all
the other modes, which have real p, have wavefunctions whose leading asymptotics vanish on the S? equator
of the S? future boundary. This mode has a different value for the Casimir (a different value of p) than all
other modes, so it cannot be entangled with them. So we think that this mode does not contribute to the
long range entanglement. It would be nice to verify this more explicitly.

Note that we can analytically continue the answer we obtained for v < 1/2 to larger values. We obtain
an answer which has no obvious problems, so we suspect that this is the right answer for the entanglement
entropy, even in this low mass range. The full result is plotted in Figure 5.2, and we find that for v = 3/2,

which is the massless scalar, we get exactly the same result as for a conformally coupled scalar.

5.4 Entanglement entropy from gravity duals.

After studying free field theories in the previous section, we now consider strongly coupled field theories in
de Sitter. We consider theories that have a gravity dual. Gauge gravity duality in de Sitter was studied in
[131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 144, 145], and references there in. When a
field theory has a gravity dual, it was proposed in [114] that the entanglement entropy is proportional to
the area of a minimal surface that ends on the entangling surface at the AdS boundary. This formula has
passed many consistency checks. It is certainly valid in simple cases such as spherical entangling surfaces
[146]. Here we are considering a time dependent situation. It is then natural to use extremal surfaces but
now in the full time dependent geometry [115]. This extremality condition tells us how the surface moves in
the time direction as it goes into the bulk.

First, we study a CFT in de Sitter. This is a trivial case since de Sitter is conformally flat, so we can
go to a conformal frame that is not time dependent and obtain the answer [114, 147]. Nevertheless we
will describe it in some detail because it is useful as a stepping stone for the non-conformal case. We then
consider non-conformal field theories in some generality. We relegate to appendix C the discussion of a
special case corresponding to a non-conformal field theory in four dimensions that comes from compactifying

a five dimensional conformal field theory on a circle.
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AdSs

Figure 5.3: The gravity dual of a CFT living on dSs. We slice AdSs with dS, slices. Inside the horizon we
have an FRW universe with H* slices. The minimal surface is an H® that lies on a constant global time
surface. The red line represents the radial direction of this H2, and the S? shrinks smoothly at the tip.

5.4.1 Conformal field theories in de Sitter

As the field theory is defined in dSy, it is convenient to choose a dSy slicing of AdS5. These slices cover only
part of the spacetime, see Figure 5.3. They cover the region outside the lightcone of a point in the bulk.
The interior region of this lightcone can be viewed as an FRW cosmology with hyperbolic spatial slices.

We then introduce the following coordinate systems:

1. Embedding coordinates:

Y2 YR YR YR =1

(5.45)
ds? = —dY? —dYZ +dY? + ...+ dY}
2. dS4 and FFRW coordinates:
(a) dS slices:
Y_1 =coshp, Yy =sinhpsinhr, Y;=sinhpcoshrn,
(5.46)
ds® = dp? + sinh? p(—dr? 4 cosh? 7(da? + cos? adQy,))
(b) FRW slices. We substitute p = ioc and 7 = —i5 4 x in (5.46).
Y 1 =coso, Yy=sinocoshy, Y;=sincosinhyn;
(5.47)

ds? = —do? 4 sin? o (dx? + sinh? y(da? + cos? adQy))
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3. Global coordinates

Y_{ =coshpgcosty, Yoy=coshpysint,, Y;=sinhpgn;
(5.48)
ds? = dp; — cosh? pngg2 + sinh? pg(da® + cos? adfy)

As the entangling surface we choose the S? at a = 0, at a large time 75 and at p = co. In terms of global

coordinates the surface lies at a constant 7,, or at

Y,
Y—O =sinh7p = tanr,z, Yi=0 (5.49)
-1
Its area is
Pgc 2pge
A= 47r/ sinh? p,dp, ~ 4 (e 8” - p;c) (5.50)
0

where py. is the cutoff in the global coordinates. It is convenient to express this in terms of the radial
coordinate in the dS slicing using sinh p; = sinhpcosh7. In the large pge, pe, 7p limit we find pge ~

pe + 75 —log2. Then (5.50) becomes

A~4 762[164_27—3 — L + 4 71 + L 1 +1
~ 2 (pe ~ - 5.51
T ( 15 2(p TB)> T (16(77 p— 2( ogeyy +logn )) (5.51)

We see that the coefficients of the two logarithmic terms are the same, as is expected in any CFT. Here

eyy = e Pe is the cutoff in the de Sitter frame and n ~ e~ is de Sitter conformal time.

5.4.2 Non-conformal theories

A simple way to get a non-conformal theory is to add a relevant perturbation to a conformal field theory.
Let us first discuss the possible Euclidean geometries. Thus we consider theories on a sphere. In the interior

we obtain a spherically symmetric metric and profile for the scalar field of the form
ds® = dp? + a®(p)d%} . 6 = $(p) (5.52)

Some examples were discussed in [148, 133, 149] 7. If the mass scale of the relevant perturbation is small
compared to the inverse size of the sphere, the dual geometry will be a small deformation of Euclidean
AdSpy1. Then we find that, at the origin, a = p + O(p?), and the sphere shrinks smoothly. In this case we

will say that we have the “ungapped” phase. For very large p we expect that loga o p, if we have a CFT as

"We are interpreting the solutions of [149] as explained in appendix A of [116]. This geometry also appears in decays of AdS
space [150, 149].
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the UV fixed point description.

FRW ds

Crunch Horli

\/
N

_ézm

Saddle
Point

Figure 5.4: The typical shape for the scale factor for the gravity dual of a CFT perturbed by a relevant
operator in the “ungapped” phase. The region with negative p? corresponds to the FRW region. In that
region, we see that a2 = —a? reaches a maximum value, @,,, and then contracts again into a big crunch.

On the other hand, if the mass scale of the relevant perturbation is large compared to the inverse size
of the sphere then the boundary sphere does not have to shrink when we go to the interior. For example,
the space can end before we get to a = 0. This can happen in multiple ways. We could have an end of the
world brane at a non-zero value of a. Or some extra dimension could shrink to zero at this position. This
typically happens for the holographic duals of theories with a mass gap, especially if the mass gap is much
bigger than H. We call this the “gapped” phase. See [135, 137, 138, 140, 145, 151, 152] for some examples.
In principle, the same field theory could display both phases as we vary the mass parameter of the relevant
perturbation. Then, there is a large N phase transition between the two regimes®.

As we go to lorentzian signature, the ungapped case leads to a horizon, located at p = 0. The metric
is smooth if a = p + O(p?®). The region behind this horizon is obtained by setting p = ic in (5.52) and
dQz, — —ds%ID. This region looks like a Friedman-Robertson-Walker cosmology with hyperbolic spatial

sections.

ds* = —do® + (a(0))?dsy;,, | a(o) = —ia(ip) (5.53)

If the scalar field is non-zero at p = 0 we typically find that a singularity develops at a non-zero value of o,
with the scale factor growing from zero at 0 = 0 and then decreasing again at the big crunch singularity.

The scale factor then achieves a maximum somewhere in between, say at o,,. See Figure 5.4.

8Since we are at finite volume we might not have a true phase transition. In de Sitter, thermal effects will mix the two
phases. We will nevertheless restrict our attention to one of these phases at a time.
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We can choose global coordinates for dSp

dsqs, = —d7? + cosh? T(COS2 adQdp_o + da2) (5.54)

We pick the entangling surface to be the SP~2 at a = 0 and some late time 5. We assume that the surface
stays at @ = 0 as it goes into the bulk. In that case we simply need to find how 7 varies as a function of p

as we go into the interior. We need to minimize the following action

S _ VsD72 /(a COShT)D72\/m (555)

4G N

The equations of motion simplify if we assume 7 is very large and we can approximate cosh 7 ~ %eT. In

that case the equations of motion give a first order equation for y = ‘;—;.

5.4.3 Non-conformal theories - gapped phase

In the gapped phase, we can solve the equation for y. Inserting that back into the action will give an answer
that will go like e(P=2)75 times some function which depends on the details of the solution. Thus, this

~27 and obtain corrections to this

produces just an area term. We can expand the action in powers of e
answer. However, if the solution is such that the range of variation of 7 is finite in the the interior, then we
do not expect that any of these corrections gives a logarithmic term (for even D) or a finite term (for odd

D). Thus, in the gapped phase we get that
Sintr =0 (556)

to leading order. The discussion is similar to the one in [153, 154] for a large entangling surface.

5.4.4 Non conformal theories - ungapped phase

In the ungapped phase, something more interesting occurs. The surface goes all the way to the horizon at
p = 0. Up to that point the previous argument still applies and we expect no contributions to the interesting
piece of the entropy from the region p > 0.

When the surface goes into the FRW region note that the Sp_s can shrink to zero at the origin of the
hyperbolic slices. If we call p = ic and 7 = x — im/2, then we see that the metric of the full space has the
form

ds? = —do® + (a(0))*[dx? + sinh? x(cos? adQp_o + da?)] (5.57)

where a(0) = —ia(io) is the analytic continuation of a(p). We expect that the surface extends up to x =0
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where the SP~1 shrinks smoothly. Clearly this is what was happening in the conformal case discussed in
the previous subsection. Thus, by continuity we expect that this also happens in this case.

More explicitly, in this region we can write the action (5.55),

V. do\?
sp—2 [ - . D—2 ~
- h (L) ya2 .
S 1Cn /(a sinh x) (dX) a (5.58)

If we first set g—; = 0, we can extremize the area by sitting at o, where a = a,,, which is the maximum value

r=oo

Figure 5.5: The typical shape for the scale factor for the gravity dual of a CFT perturbed by a relevant
operator in the “ungapped” phase. The region with negative p? corresponds to the FRW region. In that
region, we see that > = —a? reaches a maximum value, @,,, and then contracts again into a big crunch.

for a. We can then include small variations around this point. We find that we get exponentially increasing
or decreasing solutions as we go away from o,,. Since the solution needs to join into a solution with a very
large value of 75, we expect that it will start with a value of o at x = 0 which is exponentially close to oy,.
Then the solution stays close to g, up to x ~ 7p and then it moves away and approaches o ~ 0. Namely,
we expect that for o ~ 0 the solution will behave as x = 75 — log o+rest, where the rest has an expansion in
powers of e~275. This then joins with the solution of the form 7 = 75 — log p+rest in the p > 0 region. The
part of the solution which we denote as “rest”, has a simple expansion in powers of e 2™, with the leading
term being independent of 7p. All those terms are not expected to contribute to the interesting part of the
entanglement entropy. The qualitative form of the solution can be found in figure 5.5.

The interesting part of the entanglement entropy comes from the region of the surface that sits near o,,.

In this region the entropy behaves as

&D—l ~D—1
S=""2_Vyp-1 —> Sin r =
iGN 17 T 4G N

30

VD treg (5.59)
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Here we got an answer which basically goes like the volume of the hyperbolic slice H”~!. This should be
cutoff at some value x ~ 7. We have extracted the log term or the finite term, defined as the regularized
volume.

Thus (5.59) gives the final expression for the entanglement entropy computed using the gravity dual. We
see that the final expression is very simple. It depends only on the maximum value, a,,, of the scale factor
in the FRW region.

Using this holographic method, and finding the precise solution for the extremal surface one can also
compute the coefficient ¢5 in (5.6) (or analogous terms in general dimensions). But we will not do that here.

In appendix C we discuss a particular example in more detail. The results agree with the general

discussion we had here.

5.5 Discussion

In this chapter we have computed the entanglement entropy of some quantum field theories in de Sitter
space. There are interesting features that are not present in the flat space case. In flat space, a massive
theory does not lead to any long range entanglement. On the other hand, in de Sitter space particle creation
gives rise to a long range contribution to the entanglement. This contribution is specific to de Sitter space
and does not have a flat space counterpart. We isolated this interesting part by considering a very large
surface and focusing on the terms that were either logarithmic (for even dimensions) or constant (for odd
dimensions) as we took the large area limit.

In the large area limit the computation can be done with relative ease thanks to a special SO(1,D-1)
symmetry that arises as we take the entangling surface to the boundary of dSp. For a free field, this symmetry
allowed us to separate the field modes so that the entanglement involves only two harmonic oscillator degrees
of freedom at a time. So the density matrix factorizes into a product of density matrices for each pair of
harmonic oscillators. The final expression for the entanglement entropy for a free field was given in (5.33).
We checked that it reproduces the known answer for the case of a conformally coupled scalar. We also saw

—m/H which is due to the pair creation of massive

that in the large mass limit the entanglement goes as e
particles. Since these pairs are rare, they do not produce much entanglement.

We have also studied the entanglement entropy in theories that have gravity duals. The interesting
contribution to the entropy only arises when the bulk dual has a horizon. Behind the horizon there is an
FRW region with hyperbolic cross sections. The scale factor of these hyperbolic cross sections grows, has

a maximum, and then decreases again. The entanglement entropy comes from a surface that sits within

the hyperbolic slice at the time of maximum expansion. This gives a simple formula for the holographic
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entanglement entropy (5.59). From the field theory point of view, it is an N2 term. Thus, it comes from
the long range entanglement of colored fields. It is particularly interesting that the long range entanglement
comes from the FRW cosmological region behind the horizon. This suggests that this FRW cosmology is
indeed somehow contained in the field theory on de Sitter space [116, 155] . More precisely, it is contained
in colored modes that are correlated over superhorizon distances.

In the gapped phase the order N2 contribution to the long range entanglement entropy vanishes. We
expect to have an order one contribution that comes from bulk excitations which can be viewed as color
singlet massive excitations in the boundary theory. From such contributions we expect an order one answer

which is qualitatively similar to what we found for free massive scalar fields above.

5.6 Appendix A: Bogoliubov coefficients

Here we give the explicit form of the coefficients in (5.17).

" e™P Z‘Jefiﬂ'u " eTP — io.efiﬂ'l/
Ap ==~ O =0 %
R Tw+ip+1/2)° L T(v+ip+1/2) (5.60)
59 e~ TP — jgeT iV 39 e~ TP — jgeT iV ’
= === =0 """
R L(v—ip+1/2) L L(v—ip+1/2)
We also find
(v +ip+ 2)ie™tm [ s o
Yig = 2 1€ —+ e —1
J 4sinh 7mp 1 1
jemptiTy ] T jemptimv_] .
’ (5.61)
S» _F(V — ip + %)ieprrim/ iewp+i7r1u+e27rp ieﬂp+i7r1;/_eznp
J7 4 sinh p
lemPTinU L o2mp T GenpTimv_gZmp io

these were used to obtain (5.21).
We define cg and ¢, via (5.23) and the state in (5.22). We demand that cg|¥) = ’ch|\I/), cr|¥) = fycH\I/).
Using (5.23) and denoting mrr = mrr, = p, mprr = ¢ these two conditions become

(up+v— fyu()b}z + (u€ — yvp — vu)bz =0
(5.62)

(€ — i — YOp)bl + (p + © — YOC)b], = 0

which imply that each of the coefficients is zero.
From the structure of (5.62), one sees that under the substitution v — @, v — © we have the same set of

equations. If one tries to solve them together then = %; hence this ratio must be real. One can show that
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this is indeed the case and ~ is given by (5.24).

5.7 Appendix B: Regularized volume of the Hyperboloid

Here we calculate the regularized volume of a hyperboloid in D — 1 dimensions. We have to consider the

cases of D even and D odd separately. First, note that the volume is given by the integral:

Pe
Vip-1 = Vgp-2 / dp(sinh p)P~2 (5.63)
0
Now we expand the integrand:
D—2
Vygp-1 1 pe D -2
A d —1)"eP—2-2n)p 5.64
e | "Z( ) (5.60)

But the integral of any exponential is given by:

Pe 1 0, aj0
/0 dp e* = - + (5.65)

divergent, a;0

Now we treat even or odd dimensions separately.
Even D: Here, the integrand of (5.64) contains a term independent of p in the summation, which gives
rise to the logarithm (a term linear in p.). The term we are interested in corresponds to setting n = D/2—1:

)% /D -2 ~1
Vo = GO (92 s = 2
9 2

2

D D—2 D

Tz (D-2)! (-1)%

— — = Vsp-1 (5.66)
D=2 (22)1 p

Odd D: Now, there is no constant term in the integrand of (5.64). Performing the summation in (5.64),

and using (5.65), we get:

D—-1

D—2
1 > D-2\ (1" b [ D=2] (-1)"
‘/v[{D—l,reg == _2D7—2 ( n )mVSDZ =7 2 P |:_ 2 :| - VSD—l (567)
n=0

2

A more direct way to relate the regularized volumes of hyperbolic space to volume of the corresponding
spheres is by a shift of the integration contour. We change p. — p. + i¢mw. This does not change the constant
term, but we get an ¢7 from the log term. We then shift the contour to run from p = 0 along p = 6, with
0 < 0 < 7 and then from ¢7 to im 4+ p.. The 0 integral gives the volume of a sphere and the new integral

with I'm(p) = 7 gives an answer which is either the same or minus the original integral. The fact that these
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regularized volumes are given by volume of spheres is related to the analytic continuation between AdS and

dS wavefunctions [22, 156].

5.8 Appendix C: Entanglement entropy for conformal field theo-
ries on dS; x S*

Let us first discuss the gravity dual in the Euclidean case. The boundary is 5% x S'. This boundary also arises
when we consider a thermal configuration for the field theory on S*. We will consider antiperiodic boundary
conditions for the fermions along the S!. There are two solutions. One is AdS with time compactified on a
circle. The other is the Schwarzschild AdS black hole. Depending on the size of the circle one or the other
solution is favored [157, 158]. Here we want to continue S* — dS%. An incomplete list of references where
these geometries were explored is [135, 137, 138, 140, 145, 151, 152] .

As a theory on dS* we have a scale set by the radius of the extra spatial circle. At large N we have
a sharp phase transition. At finite N we can have tunneling back and forth between these phases. Here
we restrict attention to one of the phases, ignoring this tunneling. The Schwarzschild AdS solution looks
basically like the gapped solutions we discussed in general above. Here, the S, or the dS*, never shrinks to
zero. It can be viewed as a bubble of nothing. On the other hand, the periodically identified AdSg solution
gives the ungapped case, with the S* or d.5* shrinking, which leads to a hyperbolic FRW region behind the
horizon.

Gapped phase - Cigar geometry

We now consider the cigar geometry. In the UV we expect to see the divergence structure to be that of

a 5D CFT, but in the IR it should behave like a gapped 4D non-conformal theory. The metric is given by

2

f=1+r2-2 (5.68)

d
ds? = fd¢* + r’dsigs + =

ar”
f b
The period § of the ¢ circle is given in terms of 7y, the largest root of f(ry) =0, by

_Am dary
') 24413

B (5.69)

Note that Bper = 7/ V2. This solution only exists for 8 < Bmae. This geometry is shown in Figure 5.6. We

consider an entangling surface which is an S? at a large value of 75.
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Figure 5.6: The gravity dual of a 5D CFT on dS; x S'. The spacetime ends at r = rj,, where the circle
shrinks in a smooth fashion. We display an extremal surface going from 75 to the interior.

We need to consider the action

A x /drr2 cosh? 7 /1 — fr2r2 (5.70)

This problem was also discussed in [115]. Since we are interested in large 75 we can approximate this by
Agpproz = /drr2e2T 1— fr2(r)? (5.71)

If the large tau approximation is valid throughout the solution then we see that the dependence on 75 drops
out from the equation and it only appears normalizing the action. In that case the full result is proportional
to the area, €2™2, with no logarithmic term. In the approximation (5.71), the equation of motion involves
only 7/ and 7. So we can define a new variable y = 7’ and the equation becomes first order. One can expand
the equation for y and get that y has an expansion of the form y = [~2/(3r3) + 10/(27r°) — 4m/(1475) +
-] 4+ a(1/r% + ---) where a is an arbitrary coefficient representing the fact that we have one integration
constant.

This undetermined coefficient should be set by requiring that the solution is smooth at r = 7. If one
expands the equation around r = rp, assuming the solution has a power series expansion around 7y, then we
get that y should have a certain fixed value at r;, and then all its powers are fixed around that point. Notice
that if y = yp +y},(r — rp) + - - -, implies that 7 is regular around that point, since (r — r,) o< 2 where z is

the proper distance from the tip.
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The full solution can be written as

T=1TB — /OO y(’l")d'f' (572)

where y is independent of 75.

2 4 6 8 10

—50F

—100

-150

—200

=250

Figure 5.7: The regulated area Ao is defined by A¢otal = €2 Aveg + Adiv-
At large r we get T — 75 = 5z + O(1/r*) and the action (5.71) evaluates to

4 1 34
Agpproz o< €28 /dr {7‘2 + ) +0 (72)} ~ e27B <T36 + g’ + ﬁnite) = €*™B Apeg + Adiv (5.73)

We see that we get the kind of UV divergencies we expect in a five dimensional theory, as expected.

These can be subtracted and we can compute the finite terms. These are plotted in Figure 5.7 as a
function of ry,.

So far, we have computed the finite term that grows like the area. By expanding (5.70) to the next order

~27 expansion we can get the next term. The next term will give a constant value, independent of

in the e
the area. In particular, it will not produce a logarithmic contribution. In other words, there will not be a
contribution proportional to 75.

In conclusion, in this phase, there is no logarithmic contribution to the entanglement entropy, at order
1/Gy or N2.

Ungapped phase - Crunching geometry

Now the geometry is simply AdSg with an identification. This construction is described in detail in
[151, 152]. The resulting geometry has a big crunch singularity where the radius of the spatial circle shrinks
to zero. This geometry is sometimes called “ topological black hole”, as a higher dimensional generalization
of the BTZ solution in 3D gravity.

It is more convenient to use a similar coordinate system as the one used to describe the cigar geometry

in the previous case. The metric is given by (5.68), with m = 0. Those coordinates only cover the region
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outside of the lightcone at the origin, = 0. To continue into the F RW region, one needs to use r = io and
T = —im/2+ x in (5.68).
The equation in the r > 0 region is such that we can make the large 7 approximation and it thus reduces

to a first order equation for y = 7/ = ‘;—:. For small r, an analysis of the differential equation tells us that

1 10 —-7b
ym——2r3—|—--~+b(r+ 5 7’3+---> (5.74)
r

where there is only one undetermined coefficient (or integration constant) which is b (it is really non-linear

in b). This leads to a 7 which is

4 2 10-7b
Twlogrr2+-~'+c+b<r2+ 2 r4+~~) (5.75)

where c is a new integration constant. We expect that the evolution from this near horizon region to infinity
only gives a constant shift. In other words, we expect that ¢ = 7p+constant. This constant appears to
depend on the value of b that is yet to be determined. We find that b should be positive in order to get a
solution that goes to infinity and is non-singular.

We are now supposed to analytically continue into the F'RW region. For that purpose we set r = t0 and

7 = —im/2 4+ x. Thus the equation (5.75) goes into

4 2 10-17b
Xw—loga—02+---+c+b<—02+ 3 J4+"') (5.76)

Then we are supposed to evolve the equation. It is convenient to change variables and write the Lagrangian

in terms of o(x) as:

A~ /dx02 sinh? y/—(0")2 + 02(1 — 02) (5.77)

In this case, at x = 0 we can set any starting point value for o(x = 0) and we have to impose that ¢/ = 0.
Then we get only one integration constant which is 0(0), as the second derivative is fixed by regularity of
the solution to be 0”(0) = —a(0)(3 — 40(0)?). We see that its sign depends on the starting value of &(0).

Since we want our critical surface to have a “large” constant value when we get to ¢ — 0 as x — oo, we
need to tune the value of ¢(0) so that it gives rise to this large constant. This can be obtained by tuning the
coefficient in front of ¢(0). This critical value of o(0) is easy to understand. It is a solution of the equations
of motion with o’(p) = 0 (for a constant o), it is a saddle point for the solution, located at o = v/3/2. If
o is slightly bigger than the critical value, the minimal surface will collapse into the singularity, so we tune

this value to be slightly less than the critical point.
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So, in conclusion, we see that the surface stays for a while at o ~ v/3/2 which is the critical point stated

above. The value of the action (5.77) in this region is then

XC
—3\/5 dx sinh? X = 73\/§ [

16 J, 16

2Xec
€ Xe .. ] (5.78)

8 2

Here x. ~ 75 ~ logn is the value of x at the transition region. Thus, we find that the interesting contribution
to the entanglement entropy is coming from the FRW region.

The transition region and the solution all the way to the AdS boundary is expected to be universal and
its action is not expected to contribute further logarithmic terms.

In conclusion, the logarithmic term gives

leﬁldsb‘ 47(3\/3

Sintr = 4GN /8 39

(5.79)

Here we repeat this computation in another coordinate system which is non-singular at the horizon. We
use Kruskal-like coordinates [151, 152, 137] . It also makes the numerical analysis much simpler. In terms

of embedding coordinates for AdSg:

Y3 -Y2+YE4 .. +YE=-1

(5.80)
ds®> = —dY? —dY§ +dY? + ...+ dYE
The Kruskal coordinates are given by:
Y = 11_32 coshop, Y;= 11_32 sinh¢, Yy . 4= %, y2 = —yg —l—y% +...+yi
5.81
d52:(1:22)2(_@34“‘”?’2”(T—Fzz)?d(iﬁz 50

In these coordinates, the dS region corresponds to 0 < y? < 1 and the FRW region to —1 < y? < 0, with
the singularity located at y?> = —1. The AdS boundary is at y? = 1. We can relate the pair (r,7) and (x, o),

connected by the analytic continuation (r = io, 7 = —in/2 + x) to (y?,y0) by the formulas:

T = Y , sinhT = o
o Vv (5.52)
5.82
2./ 2
o= y , coshy= Yo
1—y? —y2
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The area functional gets simplified to:

A= / \/W(yé +42) [(d(y?))? + dyodyod(y?) — 4y*(dyo)?] (5.83)

Boundary

Yo

Singularity

Figure 5.8: We plot here the value of y? versus . For small 3, the solution starts very close to the surface
of maximum expansion at y? = —1/3, stays there for a while and then they go into the AdS boundary at
y? = 1. The closer yo is to the saddle point 72, = —1/3, the longer the solution will stay on this slice, giving
a contribution that goes like the volume of an H>. Then, at a time 7o of the order of the time the surface
reaches the boundary, it exits the F RW region. The interesting (logarithmic) contribution to the entropy is
coming from the volume of the H? surface along the FRW slice at y? = —1/3.

If one looks for the saddle point described in the FRW coordinates, then one obtains y? = —1/3. The
same situation can be described in simple fashion in terms of these coordinates. So y? ~ —1/3 for a large
range of 1y, and it crosses to the dS-sliced region at a time of order 75, in dS coordinates, so part of the

surface just gives the volume of an H?, as in (5.78):

cosh x¢

9 V3 3v/3 [e2xe X
A~ — 3y2 — 1 dyg = — — 24 5.84
16/0 \/ 393 v =g [ s 5t ] (5.84)

Some plots for the minimal surfaces are shown in Figure 5.8.
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