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Abstract

In the first part of this dissertation, we study the dynamics of isolated and clean
quantum systems out of equilibrium. We initially address the Kibble-Zurek (KZ)
problem of determining the dynamical evolution of a system close to its critical point
under slow changes of a control parameter. We formulate a scaling limit in which
the nonequilibrium behavior is universal and discuss the universal content. We then
report computations of some scaling functions in model Gaussian and large-N prob-
lems. Next, we apply KZ scaling to topologically ordered systems with no local order
parameter. In the examples of the Ising gauge theory and the SU(2), phases of the
Levin-Wen models, we observe a slow, coarsening dynamics for the string-net that un-
derlies the physics of the topological phase at late times for ramps across transitions
that reduce topological order. We conclude by studying quenches in the quantum
O(N) model in the infinite N limit in varying spatial dimensions. Despite the failure
to equilibrate owing to an infinite number of emergent conservation laws, the quali-
tative features of late time states following quenches is predicted by the equilibrium
phase diagram.

In the second part of this dissertation, we explore the relationship between entan-
glement and topological order in fractional quantum Hall (FQH) phases. In 2008, Li
and Haldane conjectured that the entanglement spectrum (ES), a presentation of the
Schmidt values of a real space cut, reflects the energy spectrum of the FQH chiral
edge. Specifically, both spectra should have the same quasi-degeneracy of eigenvalues
everywhere in the phase. We offer an analytic, microscopic proof of this conjecture
in the Read-Rezayi sequence of model states. We further identify a different ES that
reflects the bulk quasihole spectrum and prove a bulk-edge correspondence in the ES.
Finally, we show that the finite-size corrections of the ES of the Laughlin states reveal

the fractionalization of the underlying quasiparticles.
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Chapter 1

The Kibble-Zurek Problem:

Universality and the Scaling Limit

1.1 Introduction

The study of critical points and their associated continuum limits or field theories
has been a central and enormously productive exercise in statistical mechanics and
condensed matter physics[l| This study began with the problem of equilibrium finite
temperature transitions, was then extended to their dynamics and thereafter to the
interplay between criticality and finite size effects [72]82]. This development has since
been replayed in the theory of zero temperature quantum phase transitions [172, [164].
Needless to say, the development of powerful field theoretic methods, most notably
conformal field theory in (141) dimensions [56] and most recently the gauge gravity
duality [1], have significantly advanced this line of work. In all these cases, the field
theoretic approach not only describes the critical point, but also the regions of the

phase diagram adjacent to it.

!Chapter based on work with Amir Erez, Steven S. Gubser and S. L Sondhi [39].



Figure 1.1: Monte Carlo simulation of domain growth in the d = 2 Ising model at
T = 0 after a quench from T = oo. The system size is 256 x 256, and the snapshots
correspond to 15, 60 and 200 Monte Carlo steps per spin. Reproduced from Ref. [10§].

A new dimension to the study of the passage through critical points was introduced
by Kibble [106] in the context of the expanding universe, since recast in the language
of critical phenomena by Zurek [208]. Their proposal, the “Kibble-Zurek mechanism,”
is a theory of the defects generated in a system being cooled through a continuous
symmetry-breaking phase transition at a small, but finite rate. Near the transition,
the equilibrium relaxation time of the system diverges. It is therefore inevitable that
a system being cooled at a finite rate fall out of equilibrium on the approach to
the transition. Consequently, the system arrives in the broken symmetry phase with
different spatial regions realizing different orientations of the broken symmetry, and
topological defects as a result. The mechanism predicts the scaling of the number of
these defects with ramp time [208, 209] and has been tested in a variety of systems
[43, 95, 162, 6, 129], although quantitative agreement has been established only in zero
dimensional annular Josephson junctions [I133] and in pattern-forming steady-state
transitions [59, 33]. Two reasons for the disagreement between theory and experiment
are spatial inhomogeneities and the finite extent of the sample. The Kibble-Zurek
mechanism can be extended to account for both effects; recent experiments in ion

crystals [153, 192] that test these extensions are very promising?

2Confirmation is still lacking in transitions in thermodynamic systems that are not described
within mean field theory.



The Kibble-Zurek mechanism has also been generalized to the setting of quan-
tum phase transitions by Dziarmaga [61], [62], Polkovnikov [143] and Zurek et al.
[210], where the role of temperature is played by a non-symmetry breaking control
parameter, and to ramps across multi-critical points [58| [57]. The scaling of other
physical quantities like excess heat with quench time has also been investigated [51].
Polkovnikov and coworkers have further paid attention to the interplay between finite
system size and parameter velocity.

The general problem posed by the work of Kibble and Zurek is that of a slow
passage through a critical or multicritical point which we shall term the Kibble-
Zurek (KZ) problem (often referred to by the oxymoronic term “slow quench”). This
problem is then characterized by a critical point with its equilibrium physics and a
“protocol”, which is a particular path in the parameter space of the problem that
touches the critical point. In the limit of asymptotically slow motion in parameter
space, we expect that the physics is dominated by the critical point and hence is,
in an appropriate sense, universal. An important task of theory is then to isolate
this universal content and compute it. We should note that the study of universality
in the KZ problem, especially in the quantum setting, is a part of a wider current
study of non-equilibrium quantum dynamics; for a broader perspective, see the recent
colloquia [62, 147].

In previous studies of critical phenomena, two ideas have proven extremely useful.
The first is the idea of the scaling limit in which various quantities of interest, such
as thermodynamic densities and correlation functions, are postulated to obey certain
homogeneity relations. This set of scaling functions along with the critical exponents
captures the full universal content associated with a given critical point. The second
is the renormalization group which provides an understanding of the origin of this

universality and a full computation of its content.



In this chapter and the next, we will make progress on the first front: we will
formulate a scaling limit for the KZ problem and report model computations of the
resulting scaling functions for a few classical and quantum problems. In appropri-
ate limits, these scaling functions will reduce to those in the equilibrium and the
coarsening problems. Except for recent work by Deng et al. [55], Biroli et al. [I4]
and De-Grandi et al. [52] discussing scaling functions in specific cases, the need for
defining full scaling functions has been largely overlooked in the literature. Our con-
tribution is to formalize the idea as a scaling limit for all physical quantities for any
pairing of a critical point and a protocol.

The second part of the program, beyond our ambition at present, would be the
construction of a renormalization group flow. Such a program has been fruitfully pur-
sued in sudden quench studies in classical models with stochastic dynamics (see [31]
and references therein). We offer two modest steps in that direction in the next chap-
ter. First, in the classical context, we formulate the path-integral previously written
down only for sudden quenches to the KZ problem. This is, in principle, amenable to
analysis by standard equilibrium renormalization group techniques. Second, we will
prove universality with respect to protocol choice for some model classical and quan-
tum problems. Specifically, we will show that the expectation that only the behavior
of the protocols in the vicinity of the critical points is important is, in fact, correct.

In this chapter, we will also offer a tripartite classification of possible protocols
based on their “topology”—i.e. whether they cross, turn around at or end at the
critical point. The scaling of quantities such as the defect density and the excess
heat with quench time has been previously generalized [169], 51] to arbitrary positive
power-law behavior of the protocol on time near the critical point, that is, the first
two kinds of protocols in our classification. Our contribution is the definition of a
third class of power-law protocols that asymptotically end at the critical point and

the identification of an interesting member—the marginal end critical protocol—that



generates a one parameter family of non-equilibrium deformations of the equilibrium
critical state worthy of further study.

Our presentation naturally splits into two chapters. In this chapter, we will intro-
duce the K7 scaling theory. In the next, we will report computations of KZ scaling
functions in model theories and prove universality with respect to protocol choice.
We begin, in Section [I.2] by defining the protocols of interest and introducing the
well known KZ time and length. In Section [1.4] we lay out the scaling formalism for
the KZ problem—the definition of the KZ scaling limit and the resulting scaling func-
tions. We also discuss how the KZ scaling functions universally interpolate between
the early equilibrium physics and the late time thermalization/coarsening physics.

We conclude with a few comments.

1.2 Classification of Protocols

1.2.1 Equilibrium description of the critical point

Consider a multicritical point in d spatial dimensions. Let {O;} denote the set of
relevant operators that couple to conjugate fields {h;} and have scaling dimensions
{A;}. At the critical point, we set (O;)eq = 0. The set of scaling dimensions {A;} and
a host of scaling functions constitute the static universal equilibrium content of this
critical point. Along with the dynamical exponent z obtained from the time-dynamics,
they determine the universality class of the critical point. Let § parameterize a path
in the space of conjugate fields {h;} such that ¢ is zero at the critical point. For every
such path, define the correlation length exponent v to be 1/(d — A), where A is the
scaling dimension of the most relevant operator that has a projection along the path
near 6 = 0. Along the path, the correlation length then diverges as 6" close to the

critical point.
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Figure 1.2: Phase diagram of an Ising Magnet (d > 1). PM denotes the paramagnetic
phase, while FM denotes the ferromagnetic one. The two ordered configurations are
shown in blue. The critical point is at h = 0,7 = T,.. The red dashed line is the line
of first order points that terminates at the critical point.
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A useful example to keep in mind, particularly for the next section, is the Ising
critical point. The phase diagram of an Ising magnet is shown in Fig. [I.2l The
relevant operators at the critical point (red dot) are the scalar energy operator and
the scalar magnetization, coupling to the conjugate fields of temperature (T") and the
longitudinal magnetic field (h) respectively. The first order line in the phase diagram
(red dashed line) is of no relevance here.

Unless mentioned otherwise, all length /time-scales are dimensionless and are mea-

sured in units of some microscopic length/time.

1.2.2 Protocols in ¢

Consider a system prepared in equilibrium at ¢ = —oo at some fixed distance 6_ > 0
away from the critical coupling § = 0 being evolved in time along the path 0(t)
in conjugate field space. For simplicity, we restrict ourselves to paths with a unique
tangent most relevant operator near 6 = 0. The KZ dynamics refines the classification
of critical points discussed above using two pieces of data. The first is the symmetry of
the path. If the most relevant operator along the path respects all the symmetries of

the critical theory, the path is non-symmetry breaking, else it is symmetry-breaking.



In the example in Fig. |1.2 only the paths along the temperature axis at h = 0 are
non-symmetry breaking. The second is the leading order behavior of §(t) near the

critical point (strictly speaking, the critical coupling) which we classify below.

s ;

Figure 1.3: Clockwise from top left: examples of Trans-Critical (TCP), Cis-Critical
(CCP) and End-Critical (ECP) protocols. The critical point (CP) is at 6 = 0. The
TCP and CCP pass through the CP at t = 0, while the ECP asymptotically ap-
proaches the CP as t — oco. The leading order expansion of ¢ is valid in the shaded
region.

e Trans-Critical Protocols (TCPs): These protocols take the system across the
critical point. They smoothly interpolate ¢ between §_ > 0 as t — —oo and

0y < 0 ast — oo, crossing the critical point at ¢ = 0. An example of a TCP is

d(t;7) = —do tanhé : (1.1)



We will shortly show that the dynamic scaling functions are universal with
respect to the behavior of the protocol near ¢ = 0. In anticipation of this result,
we classify the entire family of analytic TCPs by their leading order behavior

in a time-scale 7 near ¢t = 0 as

0_ t — —o00
0(tT) =9 G (-H)* t—0 (1.2)
5+ t — 00

with a odd. a =1 is the linear protocol, a = 3 the cubic and so on.

Cis-Critical Protocols (CCPs): These protocols keep the system in a single phase
and touch the critical point at ¢ = 0. They smoothly interpolate § between §_
ast — —oo and 0y > 0 as t — oo through the critical point at £ = 0. An
example of a CCP is

§(t;7) = & tanh? ! . (1.3)

T

Eq. (1.2) with a even classifies CCPs. a = 2 is the quadratic protocol, a = 4

the quartic and so on.

End-Critical Protocols (ECPs): End-Critical-Protocols (ECPs) keep the system
in a single phase while asymptotically approaching the critical point. They
smoothly interpolate between §_ as t — —oo and 0 as t — co. The asymptotic
approach to the critical point may be with or without a time-scale. Here we

restrict ourselves to the family of scale-free protocols:



where a < 0 and 7 is the time-scale over which the protocol behavior smoothly
changes from being a constant to a power law. Unlike in the above two cases,

a is not required to be integer valued.

1.3 The Kibble-Zurek length and time

A system evolving from ¢ = —oo by a TCP, CCP or an ECP with large |a| must
fall out of equilibrium near the critical point due to critical slowing down. This is
signaled by a diverging relaxation time & ] The time at which the system falls
out of equilibrium is defined to be the KZ time t,. The KZ time defines a KZ
length [, ~ t}(/ “. I, manifests in dynamic correlation functions as a crossover scale
between equilibrium and non-equilibrium correlations. More intuitively [106, 209], in
an ordering transition, order is unable to form on scales larger than [, due to the
finite quench rate, and domains of broken-symmetry phase of size [, persist in the
ordered phase (see Fig.[L.1)). We now separately consider the cases of TCP/CCP and
ECP.

1.3.1 TCPs/CCPs

The scaling of the KZ length and time with 7 follows essentially from considerations
in Refs. [210, 143, [169], which we recapitulate here. For pedagogical reasons, we
will first present Zurek’s original argument for a linear ramp [208] before the general

scaling law.

3Near a quantum phase transition, this implies a vanishing many-body gap.
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There are two time scales for a slow linear ramp through a critical point. The

first is the instantaneous equilibrium correlation time:

&t ) ~o(t; )™
—t —vz
- (7)
If the evolution of the system is adiabatic up to time ¢, then its correlation time ¢ is

& (t; 7). The second time scale is the time interval to the critical point, y,(t):

xi(t) = —t

Initially (¢t = —7), x¢ > &. The system is far from the critical point, its correlation
time is small and the evolution is adiabatic. However, as the ramp proceeds, Y
decreases while & increases. At t = —t,, the two are equal and the evolution cannot
possibly remain adiabatic as the time that it would take to equilibrate at t = —t is

the time interval to the critical point!

Eilti; T) = Xeltx)

vz
= tK = Tvz+l

The time scale, t,, is known as the KZ time. We will soon see that it sets the scale
for universal non-equilibrium physics near the critical point.

The generalization to other protocols is straightforward. We define £(¢;7) and
&(t;7) to be the instantaneous correlation length and time if the system were in
equilibrium at §(¢; 7). The crucial quantities that determine ¢, are the change in the
correlation time over a correlation time, Stft, and & itself. When Stft L& or St < 1,
&; is changing slowly enough for the system evolution to be adiabatic. This is the case
for t < —7. As & diverges at the critical point, there must come a time —t, > —7

11



when it is of order one.

ft(tK;T) =1

avz+1
T
=>1lx = (W) . (15)

1.3.2 ECPs

The asymptotic behavior of & categorizes the ECPs into three. |a.| = 1/(vz) below.

e Non-adiabatic : When |a| > |a.|, & diverges at the critical point. The system

falls out of equilibrium at ¢, given by Eq. (1.5) where a is now negative.

e Adiabatic : When |a| < |a.|, & is zero at the critical point. When 7 is large,

the evolution is adiabatic for all times.

e Marginal : When |a| = |a.|, & is independent of ¢ at the critical point and
the only length scale in the problem is ¢'/#. The system is marginally out of

equilibrium on this scale in a sense that will become clear soon.

As we are interested in universal behavior out of equilibrium, |a| > |a.| henceforth.

1.4 The KZ Scaling limit

The introduction of ¢, and [ is reminiscent of the introduction of finite size cutofls in
the theory of equilibrium critical behavior, and we are led to analogs of the finite size
scaling limit and finite size scaling functions. We define the KZ scaling limit to be the
limit 7 — oo when time and length scales are measured in units of the diverging KZ
scales, t, and l,. 6(t;7) — 0 in this limit, and the system is arbitrarily close to the
critical point, evolving non-adiabatically for all ¢/t (the shaded region in Fig. [L.4b).

The marginal ECP is special and we discuss it separately at the end of this section.
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We now turn to the definition of the scaling functions that arise in the KZ scal-
ing limit. We discuss the scaling functions of various physical quantities and their
asymptotic forms in specific cases. We initially consider classical critical points and
discuss asymptotic forms when the transition is ordering. We then comment on the
special features of quantum critical points.

Our notation is to denote the absolute value of any vector k by k, and to use &
and f respectively to refer to the scaled length and time, 2/l and t/t,. We reserve

calligraphic lettering for scaling functions.

5A

(@) (@)

1
1
I
1
I
I
I
1
1
7

i ———

<
t t

Figure 1.4: Left: 0 as a function of t close to t = 0 with KZ times shown for a
slow (2, dashed) and fast (1, solid) ramp. In the slower ramp, the system falls out
of equilibrium earlier (|tx,| > |tx,|) but at a smaller distance from the critical point
(0(—tx2) < 0(—txy)). Right: The correlation length of a system ramped at a finite
rate (solid) vs &(t; 7) (dashed). KZ split dynamics into (i) Adiabatic (ii) Sudden and
(ili) Post-quench (here coarsening) regimes. The KZ scaling limit describes (ii) with
(i) and (iii) as asymptotes.
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1.4.1 TCPs and CCPs

Scaling forms of correlation functions

Consider the scalar operator O with scaling dimension A. We assume that the theory
has translational and rotational invariance [} The KZ scaling forms for the one and

two-point connected correlation functions are

1 t
(O(x,t))r = Go(t;T) ~ Z_Ago (t_>
(O(x,)0(X', 1)) = Goo(|x — x|, t,t; 7)
1 x—x'| t
~ @goo (T) Ea a) . (16)

When we use ~ to indicate a scaling form of a correlation, as in (1.6)), we have
a precise limiting statement in mind. For example, in the case of the two-point

connected correlator, what we mean is

) s
T—*00 ZK tre tx

t
lim l?(AGOO(CB,t,t/;T) = goo (£ T ) s (17)

where 7 —* oo means the limit where 7 — oo with o i and % held fixed.

The scaling forms of all higher order cumulants and cross-correlators with other
relevant operators are straightforward extensions of the form in Eq. . Note that
Go can be identically zero. This is the case, for instance, in a zero-field temperature
quench through the Ising critical point in Fig. [1.2] when O is the spin operator. The
finite ramp rate prevents order from forming on scales longer than the KZ length,

and (O),, the average magnetization, remains zero at all times.

4With weak disorder, the KZ scaling forms apply to disorder averaged connected correlation
functions. When the disorder distributions are broad, the typical moments satisfy the proposed
scaling.
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Asymptotic form near equilibrium

By construction of the protocol, we should recover equilibrium scaling forms in certain
limits as ¢ — +oo. However, the precise limits are subtle and we derive them below.
Recall that the equilibrium scaling limit is the limit of § — 0 holding = /£ and (t—t")/&?
fixed, wherein the two-point correlator has the scaling form,
x t—1t
O 000,05 ~ £ 2205, (L1210 (18)
& &
The ~ symbol here is distinct from that in the previous subsection.
We consider the limit in which the KZ scaling form Eq. (1.7) reduces to the
equilibrium scaling form Eq. (1.8)). First, we observe that the relation,

—av

Ll (1.9)

te

v/l _ g(t T)
z/E(t;T) Ik

implies that /¢ is fixed whenever & and  are held fixed. Similarly, ¢/£* and ¢//€* are
also fixed by ¢ and . Thus, an alternative to the KZ scaling form Eq. (1.7) involving

the same two arguments as the equilibrium scaling form may be given:

t—t t+t
lim €4Goo(x,t,1';7) = G50 (f, S ) : (1.10)
T—*00 5 é“z tx

When [t| > tg, the system is in instantaneous equilibrium on length and time-
scales, £ and &; respectively. This is the limit in which ng) must reduce to Goe,. Thus,
in the limit (f + #') — 400 holding z/¢ and (t — t')/&* fixed:

2) E t—t t—i-t/) - Ged (z t—t/> 111
gOO (f’ fz ’ tK (e]e] é-) fz . ( )
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For the original KZ scaling form Eq. (1.7)), this translates to the requirement,

~

Goo (i, 1, 1) ~ P2 G (5470 (7 — §1) v (1.12)

in the same limit. As expected, {(t;7)/&(t;7) — 1 so that there is a single diverg-
ing length in the equilibrium system. Furthermore, time-translation invariance is
recovered.

In the example of a temperature ramp through the Ising critical point (Fig. |1.2)),
the equilibrium equal-time connected spin-spin correlation function decays exponen-
tially on a length scale £ on either side of the critical point; consequently, Eq.

when 7 = # must asymptote to

goo(i': tAa f) ~ A exp(_i'gya) .

Asymptotic form for coarsening dynamics

It is generally believedﬂ that a system quenched to an ordered phase with multi-
ple vacua undergoes coarsening, whereby each local broken-symmetry region grows
in time and the system is asymptotically statistically self-similar on a characteristic
length scale, l.,(t) > & Put another way, the two point function heals to its equi-
librium value on the scale ¢ within each “domain”, and is exponentially suppressed
between domains, each of growing length [, > &. It is very useful to visualize coars-
ening. In Fig. [1.1] we show snapshots of the evolution of the 2d Ising model with

Glauber dynamics [81]. The system is in contact with a heat bath, whose tempera-

ture is varied linearly: T;TC = _7'5 Domains of up (down) spins are shown in white
[

(black). At late times, both kinds of domains grow as the system attempts to establish

long-range order.

SFor a recent dissent, see Olejarz et al. in Phys. Rev. E 83, 05144 (2011) who have noted that
the 3d Ising Model does not coarsen at zero temperature. More generally, the KZ scaling forms
asymptote to the long-time behavior in the sudden quench.

16



In the late time regime, dynamical scaling is expected to hold when there are no
growing scales competing with the characteristic length scale of the domains, [.,. For

example, as t,t — 00,

(O(x,1)0(0,'))5 ~ €256 ( l:z o zjy)) , (1.13)

where I, (t) =t = fawr%jl
zq is a dynamic exponent specific to coarsening. The coarsening scaling forms in
various models are reviewed in [22].

When present in the KZ problem, we expect coarsening physics to emerge deep
in the ordered phase, i.e. as ,# — co, on the length scales loo(t), leo(t'). Proceeding
as in the previous sub-section, we conclude that as f,# — oo holding z/l.(t) and
x/leo(t') fixed, the two-point function must have the limiting form:

i <355 (5.3
Note that the limiting equilibrium form requires holding z/£(t) fixed and that
loo(t)/£(t) diverges as T — oo.

In the simplest case of Model A dynamics for spins with N-components, zg = z = 2
and le(t) ~ +/t in the infinite-N limit. Although this phenomenology holds for
systems with and without topological defects, the specific form of the equal-time

spin-spin correlation function depends on the presence of topological defects [22].

Scaling form of the non-equilibrium correlation length

The non-equilibrium correlation length &,. is defined to be the inverse of the decay
constant on the longest length scales of the two-point equal-time correlator in real

space. In equilibrium, this length is the cross-over scale in correlation functions
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between fluctuations dominated by one fixed point and another. A particularly simple

definition of &, is,

L [ dz? 22G oo (2, t,t;T)
el _\/ J dxd Goo(w,t,1:7) _—

and is useful when G, is always positive. A more general definition is through the
smallest imaginary part of the poles of Gy, (k,t,t;7) in k-space; we will elaborate on
this when the necessity arises. Biroli and coauthors [14] recently discussed the KZ
scaling form of &,. in non-symmetry breaking TCPs. They observed that &,, must
asymptote to the equilibrium correlation length, £(t;7), as £ — —oo; that it must
scale according to the critical coarsening form, ¢y/*, when [f| ~ O(1); and that it

must asymptote to the coarsening length l., as ¢ — co. Their proposed scaling form

can be derived from that of GG, and can be re-written as

t

Ene(t57) ~ Ui Lye (—) . (1.15)

2%

The asymptotic behavior of &, for £ — 400 formally translates to the limits

x|~ & — —o0
Lye(z) ~ (1.16)
|z]° r — 00.

Absent coarsening physics, the right asymptote reproduces the instantaneous corre-
lation length.
Scaling form of the number of defects

An intuitively appealing picture of the lack of order on length scales greater than the
KZ length is through topologically protected point defects of characteristic separation

I, and/or defects of dimension p with characteristic separation [, in any hyperplane
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of co-dimension p. This picture is really only meaningful if the separation between
defects is much larger than the equilibrium correlation length; a constraint met only
in the coarsening regime, t > t.. In the coarsening regime, the density of a defect
of dimension p in the hyperplane of co-dimension p should scale as 1/l.,(t; 7). At

fixed positive £, this reproduces the celebrated scaling of the defect density with 7,

av(d—p)

1\
Density of defects ~ (Z_) ~ T avatl (1.17)

K

The above scaling with 7 has been verified in experiments in 0-dimensional annu-
lar Josephson junctions [I133] and in non-linear optical and hydrodynamical systems
undergoing steady-state transitions [59 B3]. It is worth noting that the frequently
cited experiments [44, [19] in liquid crystal systems do not test this critical scaling,
but instead test the coarsening scaling forms. Although we have presented the above
as a natural scaling ansatz, it may be derivable from the known scaling of correla-
tion functions, for example, by the methods of Halperin-Liu-Mazenko for classical

transitions [90, [125].

Scaling forms of thermodynamic analogs

The dynamics of classical systems is typically modeled phenomenologically by stochas-
tic differential equations, possibly with conservation laws [99]. It is often useful to
reformulate the stochastic dynamics in d-dimensions in terms of a path integral in
(d+1) [98,[130]. For Gaussian noise, the generating functional of correlation functions

of the fundamental field O(x, ) is

ZJ] = /DO(m,t) exp (—/ddxdt (L + J(:p,t)O(x,t))) .
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Here J is the source for O, and £ is a local Lagrangian density in which parameters
of the protocol (like 7) appear as couplings. When hyper-scaling is obeyed, all KZ
scaling forms follow from the scaling of the associated free energy.

In this formulation, it is natural to define a time-dependent free energy density.
We divide the (d+ 1)-dimensional space-time into a stack of spatial slices with volume
L% and temporal length At. Neglecting boundary effects, we compute the free-energy

density of a slice:

—log(Z)
f(t;7) = lim (1.18)
Lo LAt

where

t+AL
Z(t) :/DOexp <—/ dd:v/ dtﬁ) :
x€[-L,L]¢ t

For time-independent 9, f is also time-independent, and its leading non-analytic
dependence on 6 is fn, ~ §“¢. When § varies with time, we conjecture a scaling form

for fua(t;7) in the KZ limit :

Faalt:7) ~ l%]—‘ (é) . (1.19)

When t/t,, < —1, the system is asymptotically in equilibrium. Thus,

" t avd
]:( ) ~ (t_> when t/t, < —1. (1.20)

tK K

This is also the expected asymptotic form of F if the system does not coarsen for

t/te > 1.
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1.4.2 ECPs

The definition of the scaling limit, the KZ scaling forms of various observables and
their asymptotic behavior when the system is subjected to a non-adiabatic ECP

closely follows the TCP discussion. Qualitatively:

e When ¢ — 0, the system evolution is adiabatic and equilibrium scaling forms

are recovered on the scale of the instantaneous correlation length and time.

e The long-time behavior of a sudden quench to the critical point is recovered in
the limit £ — oo. On a growing length scale l.,(t) = t'/#, the system appears
self-similar and satisfies dynamical scaling (Eq. (L.13)). On length scales x
much smaller than [ (), correlations have relaxed to their critical form, while

for x> l.,(t) the system coarsens.

e Scaled times near 1 probe a universal early-time regime of a sudden quench,
i.e. t < & o where & is the relaxation time before the quench. In the sudden

quench, this regime is tied to boundary criticality [104].

When |a|lvz = 1 in Eq. (1.4), & is a constant for t > 7. By suitably re-defining

constants, Eq. (1.4) can be re-written as :

5(t) = - oo (1.21)

(O >

The key distinction between the marginal ECP and all the other protocols is that
there is only one growing length scale t'/# everywhere in the power-law regime. At
late times, we expect the system to appear self-similar on this scale. This leads us to

the scaling limit : x,t — oo at fixed 6 holding x/t"/* fixed.



1 r t
GOO(I7 t’t/) ~ tgA/ngO (t17; P) . (122)

We emphasize that the scaling functions above do not connect to the adiabatic limit.
They are distinct from GoL. Unfortunately, this also implies that they necessarily
contain some non-universal data. The source of this non-universality will be clearer
in the example of the quantum Gaussian theory in the next chapter (Sec. , where

we are nevertheless able to identify interesting non-equilibrium behavior.

1.4.3 Quantum systems

We comment below on the major differences that arise in the treatment of quantum

systems.

e The scaling of the correlation functions proceeds as before. However, the analogs
of thermodynamic quantities of interest for protocols that begin with the system
at T' = 0 are now the excitation energy density in excess of the energy density
in the adiabatic ground state, or “heat” density [51] ﬁ and the entropy density
for which plausible definitions can be constructed from the diagonal entropy
[145], 144] or the entanglement entropy of a macroscopic subregion. These are

respectively expected to exhibit the scaling forms

q(t; ) ~ z;él“Q (i) (1.23)
S(t:7) ~ és (i) | (1.24)

For an isolated quantum system, by construction of the protocol, s and ¢ are
constant as t — —oo. As t — 00, s and ¢ also tend to a constant provided the

system thermalizes to the Gibbs or the generalized Gibbs ensemble.

6See [144] for a discussion of why the total excitation energy is sensibly called heat. For infinite
systems where one needs to work with intensive quantities though, a heat density is not a useful
concept especially when macroscopic subregions exhibit thermal equilibration.
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e For protocols that begin with the system in equilibrium at 7" > 0, a new dimen-
sionless parameter, kgT'/(h/ty), now enters the quantum problem. Along with
the quantities held fixed as the quench time is taken to be arbitrarily large in
Sec. [1.4.1] we also hold Tt fixed. For example, the scaling form for the 2-point

unequal time correlation function is now

1 ot
(00,006~ 535G (i Tt ).
K K K K
The definition of the entropy goes through as before but the excitation en-

ergy density is now measured with respect to the energy density that would be

obtained in a strictly adiabatic evolution |Z|

e The excess energy density in the system is vanishingly small in the limit of large
7. Thus, the evolution of the system on the scales ., [ is effectively in the
quantum critical region at non-zero temperature T'. If the phase transition does
not persist at T' # 0, the scaling phenomenology is as presented in the previous
section. However, if there is a transition, two diverging KZ time scales, one
associated with the classical transition and the other with the quantum, emerge

in the 7 — oo limit and a richer scaling limit can be formulated.

e Integrable quantum systems allow the existence of sharply defined quasiparti-
cle excitations; their density resolved by momentum can serve as a uniquely
quantum observable for CCPs and ECPs. When the vacuum is not unique, it
is not straightforward to define quasiparticles and separate them from domain
walls and other topological defects. Currently, we are not aware of an inte-

grable system above one dimension where this question can be properly posed

“For an isolated system at finite temperature, the dynamics involves starting with a typical state
with the thermodynamic limit energy density. At high temperatures, a typical state must look
“classical”; this suggests that the behavior of the entanglement entropy and issues of many-body
localization [5] need further examination.
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[191] (in one dimension there is no real distinction between quasiparticles and
domain walls). Note that the definition of the thermodynamic quantities of
heat and entropy do not rely on integrability. For instance, in a cyclic process
like a CCP, ¢(t; 7) when t > t, is the difference of the system’s energy density

between symmetric time points.

1.5 Comments
We conclude this chapter with four comments.

e The Kibble-Zurek picture was initially proposed for a linear ramp through a
thermal transition. The time-dynamics was decoupled into three regions: the
adiabatic regime for ¢ < —t,, the diabatic or sudden or impulse region from —¢,
to tx when the system is frozen, and the post-quench regime for ¢ > ¢, when
the system is unfrozen and evolves through domain growth [209], defect-anti-
defect annihilation etc. Recently [14], this picture was extended to account for
evolution in the impulse regime using critical coarsening results. The KZ scaling
forms introduced in this article also probe dynamics in the impulse regime with

the adiabatic and the post-quench regimes acting as asymptotic limits.

e A finite system dimension L can be readily accommodated in our scaling forms
in the combination L/l,. The results obtained through adiabatic perturbation

theory [143], [146] can therefore be fitted within this framework.

o We expect that the KZ scaling forms are unchanged by the inclusion of inter-
action terms in the dynamics that are irrelevant to the critical theoryfl In the
classical setting, the reformulation of the dynamical problem in d-dimensions as

an inhomogenous statistical problem in (d+ 1)-dimensions allows us to establish

8We exclude dangerously irrelevant operators from this discussion as they will modify the asymp-
totic behavior in the KZ scaling limit.
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this by standard power-counting arguments. The quantum case is more subtle

and needs to be treated case-by-case.

As the free Gaussian theory is the stable critical point in d > 4, the KZ scal-
ing forms that we calculate below in that theory are universal for d > 4. In
the classical setting, interaction terms in the Gaussian theory can be treated
as perturbations to the action defined in Sec. and will modify dynamics
only on time-scales t;,; that are parametrically larger than ¢,. In the quantum
case, these terms induce scattering between the free quasi-particles of the un-
perturbed theory on time-scales t;,; that are parametrically larger than ¢,. In
either case, t;;/tx — oo in the scaling limit and the effects of these terms drop

out.
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Chapter 2

KZ scaling functions in model

theories

Near a critical point, the equilibrium relaxation time of a system diverges and any
change of control/thermodynamic parameters leads to non-equilibrium behavim[].
The Kibble-Zurek problem is to determine the dynamical evolution of the system
parametrically close to its critical point when the change is parametrically slow. In
the previous chapter, we presented an extended and pedagogical discussion of the
universal content in the Kibble-Zurek problem. We argued that the non-equilibrium
behavior in the limit of an infinitely slow ramp is controlled entirely by the critical
point and the details of the trajectory of the system in parameter space (the proto-
col) close to the critical point. Together, they define a universality class consisting
of critical exponents—discussed in the seminal work by Kibble and Zurek—and scal-
ing functions for physical quantities, which have not been discussed hitherto. In the
previous chapter, we remedied this oversight in the literature by formally defining

a scaling limit for physical quantities near classical and quantum transitions for dif-

!Chapter based on work with Amir Erez, Steven S. Gubser and S. L Sondhi [39].
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ferent sets of protocols and discussing the physics that the scaling functions could
capture.

In this chapter, we discuss the physics that the scaling functions do capture in a
few model theories. We compute and discuss a few scaling functions in three model
theories: the classical O(N) vector model endowed with Model A dynamics in the
Gaussian and large-N approximations and the quantum O(N) model in the Gaussian
approximation. We further prove that the scaling functions are universal with respect
to protocol choice. We also show that the end-critical protocol (ECP) in which the
critical point is approached asymptotically at late times with the system marginally
out of equilibrium leads to logarithmic violations to scaling and anomalous dimensions
even in the simple Gaussian problem.

We note that a recent paper by Kolodrubetz et al. reports analogous results for the
transverse field Ising model in (1+1) dimensions [I17]. This work complements our
own results on the quantum Ising universality class above the upper critical dimension

(3 + 1) where the critical theory is Gaussianﬂ

2.1 Classical Systems with Model A dynamics

We illustrate the universality of the KZ scaling limit and explicitly compute scaling
functions of a vector operator gg in the simplest setting: Model A [99] dynamics with
a Landau-Ginzburg-Wilson (LGW) free energy. Model A dynamics is dissipative
and obeys no conservation laws. Let gg be an N-component vector field in d = 3

dimensions. The dimensionless LGW free-energy and the equation of motion are,

2 Anticipating our classification, this statement is strictly true only for the cis- and end-critical
protocols. The dangerously irrelevant interaction needs to be included to properly study the trans-
critical protocols.
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respectively,

P [ |3 (V3R 4 rldP + Sldlt) - VEne,]
0Po oF

% = gl TG (2.1)

x and t are dimensionless and measured in units of the inverse cutoff A= and A~*
respectively. (, is a zero-mean spatially uncorrelated white-noise stochastic variable
for every a. The variance of (, is chosen to be 2 so that the long-time limit of the
structure factor computed from the equation of motion when F' is time-independent

is equal to the equilibrium structure factor:
(Cal3,8)Cp(X, 1)) = 20450° (x — X)O(t —1'). (2.2)

2.1.1 Gaussian Limit

In this limit, we drop the ¢* term in F. The critical point is at 79 = 0,h* = 0,
i.e. at the origin in the (1o, h*) parameter space. Let us restrict ourselves to paths
in this space that lie along the axes and include the origin. The equilibrium theory
is sensible only at the origin and when 7y > 0. We can therefore study CCPs and
ECPs along the non-negative ry axis (0 = 7o) . Luckily, we can also study TCPs
along the same axis as the time-dependent fields are finite even when ry < 0. This
physically uninteresting protocol is pedagogically useful. The critical exponents for
all such paths are v = 1/2, z = 2. In the remainder of the discussion, § = ry and
h® u = 0.

Eq. is linear in (E and hence diagonal in Fourier space. It can be explicitly

solved for any protocol 0(t;7) = ro(t;7) and a fixed noise realization:

t
p(k,t) = / dt’ e~ o W R0t () ¢ (2.3)

—0o0
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We have dropped the component label of gg for brevity. Memory of the initial con-
dition at ¢ = —oo is lost on the time-scale 1/ro(—o0;7) and is therefore absent in

the solution above. The equal time structure factor for each component, defined as

((k, 1) p(K' 1)) = (2m)%0° (k + K )Gy (K, £ 7), i

¢
Gk, t;T) = 2/ dt’ e 2 dt" (K ro(t)) (2.4)

—0o0

Scaling limit for tanh TCP

The universality of the scaling limit with respect to details of the the protocol is
already apparent when we consider the simple TCP ry(¢;7) = — tanh(¢/7). This is
an example of a protocol that is linear near the critical point, i.e. a = 1 in Eq. ((1.2)).

Consequently, the KZ time and length scales are

Re-writing Eq. (2.4) in units k = ki, and £ = t/t,,

i ; R
di'e2 [i i (k?—tx tanh (i /t))

Gk, t;7) = 2tK/

—00

As T — 00, t, tanh(#” /t,;) — " and the KZ scaling form of the two-point equal time

correlation function is

GM(ka t; 7') ~ ligw(];’a tA)

t 7 > A
~ 12 / 2df e =2 Jir " (R2=1") (2.5)

—00

Observe that the scaling function only depends on the leading behavior of the protocol

near the critical point. For all protocols such that ro(¢;7) ~ —t/7 in the vicinity of
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zero time, the scaling form of the structure factor is the expression that we have just

derived.

Scaling functions for all TCPs and CCPs

Wick’s theorem informs us that all higher order cumulants of ¢ only depend on
G, The details of the protocol enter the expression of GG, only in the combination

txro(t; 7). In the scaling limit, for any a in Eq. (1.2)), it is easily seen that

-t

n(tir) ~ (1) (26)

K

The scaling function of the equal time correlation function for any protocol with the

near-zero behavior in Eq. (1.2) is therefore

i Co
AP 2 Jor A" (P4 (=1")")

Goo(h 1) = 2 /

—00

As seen from the Fig. for the linear TCP, G,, and L, match equilibrium forms

asf—>—ooand];:>>1:

- e &)
ligw( jt) ~ §2 gw(kg(t)) - k2E(t)? + 1
1
Ene ~ ULy = (—t)1/2 . (2.7)

Observe that G,,(0,0) is finite, indicating the suppression of order on length scales
longer than l,. As t — oo, the non-equilibrium correlation length grows without
bound for TCPs due to the inverted potential. For CCPs, on the other hand, all
scaling forms asymptote to the equilibrium forms at large positive times.

In Appendix 7 we compute the partition function in (3+1) dimensions and

demonstrate the validity of the scaling hypothesis for the free-energy density fya.
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Figure 2.1: G,,(k,7) vs k at fixed time slices for the linear TCP. The blue, red and
green solid lines are respectively at ¢ = 0.2,0 and —0.2. The green dashed line is
the correlator if the system were in equilibrium at £ = —0.2. Inset: The scaling
form of the non-equilibrium correlation length vs ¢ in solid. The dashed line is the
instantaneous correlation length in units of I, £(t;7)/lx.

Scaling functions for the ECPs

The scaling functions of the non-adiabatic ECPs is identical to that of the
TCPs/CCPs when a < —1/vz. Their asymptotic behavior may also be verified
to be in agreement with Sec.[1.4.2] The more interesting case is the marginal ECP

ro(t) = 0/t. Independent of the early-time regularization on the time-scale 7, G,

has the asymptotic form in Eq. (1.22):

G¢¢(k7 t) ~1 gczw(k\/i)

_ e md 292 40+1
g¢¢(‘r) - 2A0+2 0 ye "y :
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As promised, G,,(z) is distinct from G;¢(z) and the non-equilibrium correlation length
is a multiple of the instantaneous one £(t) = /t/60 at late times. The system exhibits

critical coarsening and relaxes to the critical point as t — oc.

2.1.2 Large-N limit

In the infinite N limit, the LGW theory is exactly solvable in terms of 1 and 2-point
correlators. All higher order correlators follow by the application of Wick’s theorem.
The 1 and 2 point correlators are known exactly in equilibrium and can be reduced
to quadrature with Model A dynamics. The theory in d = 3 that we discuss here
exhibits non-trivial critical behavior and affords us a probe of symmetry-breaking
paths and coarsening physics.

Assume in Eq. that hi # 0 for i = 1 and zero otherwise. This specifies all
one-point correlators for ¢ > 1 to be zero. The two-point connected correlator for
every component is the same and is a function of the variable m? = rq + u(¢2). The

well-known self-consistency equations relating (¢), G, and m? are

ro+u (/A (;l:;?) Goo(k) + <q§if>2> =m? (2.8)

(o) = 1 29

where A is a cutoff on the maximum allowed |k|.

The third equation that completes the theory in equilibrium is,

. 1
The critical point in the equilibrium theory is at rg = 7. = —uA/27% and h® = 0.

The two relevant operators that couple to rq and h® are respectively ]5\2 and ¢, with

scaling dimensions 1 and 5/2 in d = 3. They are respectively non-symmetry breaking
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and symmetry-breaking. Consequently, we can study all three kinds of protocols
along the ¢ axis (v = 1,z = 2) or along any of the h* axes (v = 2/5,z = 2).
The equation of motion ({2.1]) for Model A dynamics is

9¢a(k, )

o =~ m?)da(k,t) +h*(2m)°0 (k) + Ca (2.11)

This specifies the functional dependence of G,,(k,t;7) on m? and completes the

dynamical theory.

Scaling limit for TCPs and CCPs along the r, axis

Here h® = 0 and §(t;7) = ro(t; 7) — .. Eq. (2.9) implies that the one-point correlator
for all components is zero: (¢,) = 0. We henceforth drop component subscripts. We
will make frequent use of the Gaussian result (2.4)), which we reproduce here for the

reader’s convenience:

t
GM(k’ ;7 TO) =2 / dt' e=? [ dt" (k2 +ro (7))

—00

The notation G, (k,t; 7;ry) emphasizes that G,, depends on r¢(t; 7).
Observe that the solution to Eq. (2.11)) is exactly that of the free Gaussian case—
Eq. (2.3)—with ro(t; 7) replaced by m?(t; 7). Consequently, the third equation that

completes the dynamical theory is
Gk, t;7) = Gk, t;7;m%) (2.12)

where the right hand side refers to the Green’s function of ([2.12]) with ry(¢; 7) replaced

by m?(t; 7). The critical value r. of 7o in this notation is,

b &k
Te = —U/ WGGM(I{:’ t, T5 0) . (213)
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One can now re-express ([2.8)) as

A 3
m?(t;7) = 0(t; 7) —I—u/ % [G¢¢(/€,t;7;m2)

— Gk, t;T; 0)} . (2.14)
Let us now take the scaling limit. The KZ length and time scales are t, =
(t%/ 50)%+1 and [, = /tx. Dimensional considerations imply that the scaling form

of m?(t;7) is m?(t;7) ~ M?3(f)/I2. Using the leading order behavior of the protocol

near the critical point, §(t;7) ~ (—£)%/l,, we derive the following scaled form of

Ea. @10)

4 2 / df’ / h dgk —2J$df”u%2+w>

e—2f5 df”ffz) —0 (2.15)

We note the following points:

1. The cutoff A appears in the unscaled equation only as the upper limit on the
momentum integral. In the scaling limit, the upper limit ~ Al — oo and the

scaled relation is cutoff-independent.
2. The scaled relation, being a limiting form, is simpler than the unscaled one.

3. The relation above is unchanged by keeping higher order terms in r4(¢; 7). This
is tantamount to proving the universality of all correlators with respect to details

of the protocol away from the critical point in the scaling limit.

34



Figure 2.2: G,,(k,1) vs k at fixed time slices for the linear TCP. The blue, red and
green solid lines are respectively at £ = 0.5,0 and —0.5. The green dashed line is the
correlator if the system were in equilibrium at ¢ = —0.5. Inset: Ly vs ¢ (solid) and

&/lx (dashed).

Scaling forms for the linear TCP

Fortunately, Eq. (2.15) can be solved when a = 1. The choice u = /87 simplifies

pre-factors and makes apparent the form of the solution. Defining

A~ t o Aq2047 A ! f
F(d) = 2l @MW) or MA(F) = 1) (2.16)
the solution is

F) = =330(1/3)e* (L Ai(2) + AT (£2)) .
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Ai is the Airy function of the first kind and I' is the gamma function. We may reduce

G, to quadrature:

i .
d£/€—2fft, di’" (E2+ M2 ("))

Y

g(boﬁ(]%af) = 2/

—00

and compute all higher cumulants using Wick’s theorem.
As t — —o0, we recover the equilibrium behavior in Eq. ([2.7) with & ~ 1/(—t).

The results from the coarsening literature [22] in this theory are :

leo (t) = \/%

Geo(Kleo(t)) = exp(—2(kleo (1))

We should therefore expect that Lne ~ Vi and Goo ~ 1972 exp(—2k%t) as § — co. As is
seen from Fig. 2.2 both asymptotes are correctly predicted for £,.. We have checked

this for G,, as well. This verifies that the asymptotes predicted in Eq. ((1.16) and in

Eq. (1.14) are correct in this theory.

Scaling limit for TCPs and CCPs along h; axis
Setting ro = 7., we can explore symmetry-breaking protocols along the h' axis. The
implicit relation from the self-consistency equations for the linear TCP is
i 2 ) .
PN ~ ~ f(t)— f(
/ dirin/ )| = / gir L = 1(1) (2.17)

|1§_ 7§/|3/2

— OO —00

Although scaling is guaranteed, we cannot proceed further as the solution to this

equation is not known.
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2.2 Gaussian Quantum Field Theories

We now turn to the KZ problem near quantum critical points. Again, it will prove
instructive to investigate the class of ferromagnetic critical points with O(N) sym-
metry. We will consider the simplest non-trivial case, that of Gaussian scalar fields.

The Lagrangian we consider is,
1 2 12
L= 3 [0,00"¢ —m?¢?] (2.18)

where we permit m? to depend on time (6§ = m?) . Standard critical exponents include
z = 1 (owing to relativistic symmetry when m is a constant) and v = 1/2 (owing to

the Yukawa form of the Green’s function for static sources when m is a constant).

2.2.1 Second quantization

The second quantized treatment of ¢ is based on the expansion

P(x,t) = / (;iTk)deik'xqsk(t) , (2.19)
where we set
Sc(t) = flt)a + [y (t)al (2.20)

and impose the commutation relations
ax, al.] = (27)%6%(k — K') . (2.21)

Owing to rotational symmetry, the mode functions fi(¢) and Green’s functions only
depend on the magnitude of the momentum k. The mode functions fi(¢) satisfy the

mode equation

[% + Qi(t)] fu(t) =0, (2.22)
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where

Qi) = k2 +m*(t). (2.23)

One must also impose the Wronskian condition

fifi = fufi =i (2.24)

in order to obtain standard commutation relations between ¢ and its conjugate
T = gbf( Once the mode functions f; are specified, a Fock space vacuum |0) can be
defined through the conditions ax|0) = 0.

In general, Eq. is hard to solve exactly. However, the techniques of WKB
provide an approximate solution when €2, is real, positive and varying “slowly

enough”; to this end, let us define the oscillatory, positive frequency WKB solution:

Fult) = \/ﬁexp {—i / v Qk(t’)} | (2.95)

where the lower limit of integration can be specified at our later convenience. If one
defines d(t) through the equations ¢ (t) = fe(t)aw(t) + fr(t)al  (t), and requires
lax(t),al (1)) = (2m)%0%(k — K') for all ¢, then (fp(t), fi(t)) and (fi(t), f£(t)) are
related through the standard Bogoliubov transformation.

As m? is slowly varying and positive at large negative times, the evolution is adi-
abatic and we require that the fj coincide asymptotically with the positive frequency
WKB solutions f; as t — —oco. Thus |0) is the “out” vacuum in the parlance of
[15, 113], and we assume that our system has been prepared in this vacuum. All

expectation values unless otherwise indicated are with respect to this state.
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2.2.2 The scaling limit

In the classical context, we first solved the complete dynamical problem for arbitrary
initial condition and protocol choice. We then established that all local physical
quantities reduced to universal forms independent of the details of the protocol away
from the critical point and the initial conditions in the KZ scaling limit. We repeat
the same exercise here by using WKB methods to solve Eq. for a general
TCP/CCP in m?(t; 7).

Assume that the system is initially prepared in the vacuum state. The solution to
Eq. is well-approximated by the positive oscillatory WKB solution fk at early
times, and by a linear combination of the WKB solutions, fk and f,’;, at late times,
as long as the frequency, 1/Q, is much larger than the rate at which the frequency
changes, |dlog Q/dt|. This yields the condition, |[dm™!/dt| < 1. Within the window

[t| < 7, we use the leading order expansion for m?(¢; 7) in ¢/,
2 2 _t “ t
m=(t;7) =mg | — l+a—+...|, (2.26)
T

to conclude that the WKB solutions are valid as long as |t| > t, or |[{| > 1. Note

that ¢, using Eq. (L.5) is,
_2
tye = 724 /mZ . (2.27)
Directly solving the mode equation using the expansion in Eq. (2.26)) yields a solution
valid in the region || < 7 or |{| < 7/tx. Thus, the overlap in the ranges of the validity

of the direct solution and the WKB one is:

1<<£<<tl. (2.28)

K

We are now in a position to take the KZ scaling limit whereby 7 — oo and all

quantities are measured in units of the KZ length and time. We first notice that the
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region of overlap in Eq. (2.28)) diverges. The mode equation near t = 0 also simplifies
in scaled units. We see from Eq. (2.24)) that f; carries dimensions of v/%, so its scaling

form is

where k = [,k as usual and [, = . The scaled mode equation in the window [t| < T

before any limits are taken is

2 ]
th + QZ(t)} fi=0, (2.30)
where Q2 = k2 4+ /m2({) and
o . thl tet)’
m (Zf)Z(—t) 1+a17+a2 T + ... . (2.31)

In the KZ scaling limit, ¢, /7 — 0 and the corrections in the square bracket vanish,

resulting in the simpler scaled mode equation,

2
L;igz + k24 (—i)a} fi=0. (2.32)
The goodness of the approximation is parametrically controlled by the smallness of
the parameter ¢, /7. Corrections to the diverging overlap in the ranges of the validity
of the solution to the scaled equation above and the WKB one is also controlled
by the same small parameter t, /7. Thus, the solution to Eq. picked out by
starting with a positive frequency WKB solution at early times is the same as the
one picked out by applying the early-time positive frequency condition directly to the
solutions of the limiting equation, Eq. . This is the sense in which the mode
functions in the scaling limit are universal. It is worth noting that these considerations

are merely an elaboration of the standard arguments used to justify turning point
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formulas in standard WKB treatments of the time-independent Schrodinger equation
in the geometric optics limit.

Finally, let us note that the above considerations will not apply to the marginal
ECP. For a given non-universal regularization of the protocol at small time (¢t < 7),
the direct solution to the mode equation in the power-law regime (¢t > 7) has no
overlap with the positive frequency WKB solution at early times. As we discuss
later, this implies that some information about the short time regularization must

enter the scaling limit.

2.2.3 Quasi-particles, heat density and diagonal entropy

As the Gaussian problem is integrable, quasi-particles are well-defined and infinitely
long-lived. The quasi-particle number at momentum k, N}, is defined as the expec-

tation value of the occupation of mode k and has the scaling form,

N (f) = (@ (Ha(D))
- Qﬁﬁragf,; i fif?. (2.33)
The excess energy density is given by ¢(¢t;7) = [ d®k/(27) QN and is easily seen to
obey the scaling form conjectured in Eq. . A definition of the entropy density
of the system at each instant of time is through the diagonal entropy density. The
diagonal entropy density, s, is the entropy density of the diagonal components of the
density matrix p(t;7) in the many-body adiabatic basis. In the Gaussian problem, s

is additive in the label k and this definition simplifies to,

_ dk
5(t7 T) = - W Z Pmk,mk log(pmk,mk) .
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Here ppxmx is the absolute value squared of the overlap between the time-evolved
wave-function [¢(t)), and the my, excited state of the harmonic oscillator labeled by
k. The integral only runs over half the volume in k-space as the modes, k and —k,
are coupled by the Hamiltonian. p,x mnx can be directly computed in the Schrodinger
picture because the time-evolved wavefunction is known in terms of the mode func-
tions. In the eigenbasis of the operator ¢y defined in Eq. , the wavefunction is

a Gaussian [49],

d'k 1 fi(®)
(Pr|)) oc exp [_/ (2m)d (’fk(t)‘Q - ka(t)) ¢k¢k]

up to normalization and time-dependent phases. In the scaling limit, fj(¢) ~ v/tx fk(f)

and s has the scaling form predicted in Eq. ((1.23]). As all that is at issue is the scaling
of the mode functions fi(¢), the scaling forms of correlation functions may also be

easily verified.
Goo(k, t;7) = [ W) ~ tel [ () ~ tiGoop(k, 1) . (2.34)

2.2.4 Linear protocol

We now turn to a particular protocol, namely the linear quench, where the KZ time
is tx = (7/m2)Y/3. For this case the mode equation can be solved in closed form to

give

fi(h) = \/g [Bi(f — ) i Ai(l — k)|, (2.35)
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where Ai and Bi are Airy functions of the first and second kind. The scaling function

of the two-point function from Eq. (2.34)) is:
T 207 7.2 207 7.2
Goo( 1) = 3 (A1 (F — k?) + Bi(i — k )) . (2.36)

As a check we may retrieve the equilibrium result when ¢ — —oo holding k¢ or k /v —t
fixed.

—_

Gk, 1) ~

(2.37)

el

20

The equilibrium result is not retrieved when ¢ — oo because of the pathology of the

inverted ¢? term when ¢ > 0. Instead, Ges grows exponentially with t. From Gyp We

can calculate the non-equilibrium correlation length,

:(Ai(F)? + Bi()?)
§ne~tK\/ A B (2.38)

whose scaling form L, is plotted in Fig. |2 ( ). At large positive t, L. grows poly-
nomially instead of exponentially with time, despite the instability of the adiabatic
theory with an inverted ¢? term. As the adiabatic problem is pathological for ¢ > 0,
we can only sensibly talk of quasiparticle occupations and thermodynamic quanti-
ties as long as ¢ < 0. In Fig. , we plot N;(f) and S;(f) for various values of k
(the behavior of the excess energy density can be inferred from the number of quasi-
particle excitations). The contribution to the total quasi-particle density from the

high-wavenumber (/Ac > \/—t) modes for t < —1 is finite only if d < 6:

< 4k . 1 ,
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Figure 2.3: Gy for the linear TCP. The blue, red and green solid lines are respectively
at t = 0.5,0 and —0.5. The green dashed line is the correlator if the system were in
equilibrium at £ = —0.5. Inset: Ly vs t (solid) and &/, (dashed).

The total quasi-particle density, and consequently the energy and entropy density, are
ill-defined in the scaling limit within this integrable model when d > 6. Additionally,
observe that A diverges at t = 0 because the gap, €, between the ground and

excited state of the oscillator at k = 0 closes at £ = 0.

Figure 2.4: Left: Quasiparticle number N (#) for k = 0,0.25,0.5. Right: Diagonal
entropy S; for k = 0,0.01,0.1,1 from top to bottom in the linear TCP.

44



2.2.5 CCP - Quadratic protocol

We now turn to a case where the adiabatic problem is well-defined for all ¢ — the
quadratic CCP. The KZ time here is ¢, = (7/mg)'/2. The scaling forms of the mode

functions and the equal-time two point function are :

PN k2 ;
fild) =274 "5 D, e (—V2e )
k2

g¢¢(AvtA) = %|D1J§ifc2 (_\/§B_Tt)|2- (2.39)

D, (z) is the parabolic cylinder function.

As t — +00 holding k€ or k / ¢ fixed, we recover the equilibrium forms,

—_

Gk, 1) ~

(2.40)

»

20

The retrieval of the equilibrium form as ¢ — oo is by no means guaranteed. Recent
work [I17] suggests that this question is intimately tied to the de-phasing of the off-
diagonal terms in the time-averaged density matrix in the instantaneous eigenbasis.
If the off-diagonal terms do not de-phase, which would be the case for example for
the quartic quench, then equilibrium behavior is not expected as t — co.

The Gaussian theory imposes further structure on correlators because each mo-
mentum mode evolves independently of the others. Consider the time-evolution of
the wavefunction of the harmonic oscillator labelled by k in the Schrodinger picture.
Expanding it in the eigenbasis of the Hamiltonian at time # and suppressing the label
k,

[¥) & Aol0(8)) + Ai[1(F)) ... .

The time-evolution is adiabatic when > 1 and each |A4;| approaches a constant. The

relative phase between A;,; and A; on the other hand grows as : f t Q,;(f’)dt’ ~ 2.
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Figure 2.5: Left: Gyy for the quadratic CCP. The blue, red and green solid lines are
respectively at ¢ = 0.5,0 and —0.5. The green dashed line is the correlator if the
system were in equilibrium at ¢ = —0.5. Right: Ly, vs ¢ (solid) and &/, (dashed).

This is the origin of the oscillations of period 1 /f at large positive ¢ at each /%, seen
for example in Gyy(k, f) in Fig. (a).

The simple definition of &, in Sec. has to be modified as Gy ( k , f) has multiple
poles in the complex /%—plane for late times. The pole with the smallest imaginary
part determines the decay constant (1/£,.) over the longest length scales in the two-

point function in real-space. The non-equilibrium correlation length is plotted in

Fig. (b) As t — 400, the envelope of &,. behaves as,
- 1
fne(t) ~ .

i1
This confirms the prediction in Eq. (1.16]) for CCPs with no coarsening physics. For

the reason discussed above, it also exhibits characteristic oscillations of period 1/ at
long times.

Finally, we plot N} (f) and S;(#) for various values of k in Fig. . In each
oscillator, the quasiparticles and entropy is essentially produced in the time-interval

|ﬂ < 1. At late times, both quantities settle to a constant dependent on k. For
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Figure 2.6: Left: Quasiparticle number N (%) for k = 0,0.25,0.5. Right: Diagonal
entropy S; for k = 0,0.01,0.1,1 from top to bottom in the quadratic CCP.

example,

A

N (t) — e as £ — oo

As was the case for the linear quench, the total quasiparticle and entropy density is

finite only if d < 6.

2.2.6 The Marginal ECP

The relativistic Gaussian theory provides an ideal setting to study the new non-
equilibrium states that arise in the marginal ECP. The protocol is defined by
Eq. — m(t) smoothly transitions from a constant to 6/t over the time-scale 7
and &, the parameter that controls adiabaticity, equals 1/6 for ¢t > 7. Our naive
expectation is that the mode function is of a universal scaling form, fi(t) = v/t f (kt),
in the scaling limit ¢ — oo, k — 0 with kt held fixed.

This expectation is violated on two fronts even in the Gaussian problem. The
first is that the marginal ECP is by construction unable to entire “forget” its early
time regularization. More precisely, observe that our choice of protocols implies that

|dm™' /dt| < 1 when t < 7 while |[dm~'/dt| = 1/0 when t > 7. The latter result
A7



shows that for small enough k, it is not possible to reach the power law regime while
remaining adiabatic, in contrast to our discussion of the TCP and CCP cases; thus
we should expect that some non-universal information must make its way into the
putative scaling regime. The second and more striking violation is that of scaling.
When 6 > 1/2 and |dm~!/dt| is closer to obeying the condition of adiabaticity, scaling
is violated “mildly” and all physical quantities are periodic functions of log(t). When
0 = 1/2, scaling is violated logarithmically. The most dramatic violation of scaling is
when 0 < 6 < 1/2. Here the adiabaticity condition is strongly broken and the scalar
field acquires an anomalous dimension.

Let us now describe how these features emerge in the long time, small momentum

form of the mode functions. The mode equation for ¢t > 7:
d2
— 2.41
(4 1+ %) £ =o. (2.41)

Define A\ = ‘ }l— 02| and

p

ix, if 6>1/2

h(A) =40, if §=1/2 (2.42)
A, if 0<1/2.
\

Setting k = 0, Eq. (2.41)) is solved as:

V(e (4 7). oAy

Vt(u+wvlog (%)), ifo=1/2.

fo(t) =

The units of ¢ are chosen such that fo(7) ~ /7. The particular A-dependent pre-
factors are chosen to simplify the solution at all k. v and u are non-universal constants

in the equation above. They depend on the detailed pre-asymptotic form of the
48



protocol and are fixed by the solution to the differential equation with the full time
dependance of the mass.
Let us now turn to k # 0. For times greater than 7, the mode equation is solved

by the linear combination,
Fu(t) = Vit [cs (k) Tay (Kt) + ey (k) Yipy (Kt)] - (2.43)

J,(z) and Y, (z) are the Bessel functions of order v of the first and the second kind.
The functions c¢;(k) and cy (k) are presently undetermined except for the requirement
of smoothness in k. However, if we examine the region t > 7 at small kt, we can
obtain their leading order behavior by requiring that they match smoothly to the
k = 0 forms presented earlier. This localizes the non-universality to the constants
u,v discussed already. For § < 1/2 and k smaller than some non-universal ko, this

leads to the leading behavior:

cy (k) = U(kT))\

cs(k) = u(kr)™ — v( cot A . (2.44)

For 6 > 1/2, we simply replace A by iA. For § = 1/2, we find

T
ey (k) = 50

kteY
2

cj(k) =u—wvlog (2.45)

v is the Euler-Mascheroni constant. We emphasize that the mode-function and con-
sequently all physical quantities are well-approximated by Eq. with the forms
of ¢; and ¢y above for t > 7 and k < k.
We now turn to the physical implications of these solutions for an arbitrary choice
of (u,v) that satisfy the constraint imposed by the Wronskian condition Eq. (2.24).
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Figure 2.7: Gyy(kt) and N (kt) vs kt when A = 0.1 and u/7* = —2.5i.

First consider the case 0 < 6 < 1/2, which is strongly non-adiabatic in the sense that
|dm™'/dt| = 1/0 is greater than 2 and may be large. The mode function in Eq. ([2.43)

can be re-written in the form

ilt) = 112 (3) [gmct) " (3) g_<kt>] . (2.46)

g+ and g_ are linear combinations of the two Bessel functions and involve the con-
stants u, v. Observe that in the limit of large ¢ (¢ > 7) with kt fixed, the ratio of the
second to the first term in the expression above decreases as (t/7)~% . Thus, in the

scaling limit, f(¢) simplifies to

Filt) ~ Wt F(Rt) ~ u'tY M%. (2.47)

u' = u/7* above. The scaling forms predicted in Sec. do not hold. Instead, the
form above is the one expected when the field ¢ has an anomalous dimension A. The

scaling form of G4, with the modified dimension of ¢ is

Gog(k,t) ~ 172G 4 (kt) (2.48)

3The reader may worry about dropping the second term at the zeros of g (kt). Fortunately, the
correction to fi(t) due to g_(kt) at these points decreases as t — co.
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In real-space, this implies that the equal-time two-point correlator decays as 1/z4-172A

at fixed z/t. Analogously, the quasi-particle number Ng(t) has the scaling form

t22 N (kt). The scaling functions are:

Goo (kt) = |u'* f2

N (kt) = |u')? |(kt)Oke f + i/ (kt)2 + (0)2f|?
21/ (kt)? + () '

They are shown in Fig. 2.7 Three comments are in order. First, in the marginal
ECP, £ ~ t and the time-scale for a change in m is the same as £ = &;. We therefore
expect that the non-equilibrium correlation length &,. also grow linearly in time.
This is indeed the case; the oscillations in Gu(kt) ~ t in Fig. are of order one
period and indicate a peak at r ~ ¢ in the real-space correlator Gss(r/t). Second,
the excess energy density above the instantaneous vacuum decreases as 1/t'72*. The
marginal ECP thus leads the system to the critical point through a family of new,
non-equilibrium states. Finally, all scaling functions are known up to a multiplicative

constant (u') in the scaling limit.

Figure 2.8: Gyp(k,t)/t and Ng(t) vs kt when A = ¢ plotted at three equally spaced
time on the log(t) scale : t = 10 (red), 10e™/3 (green) and 10e2™M/3 (blue). The
dashed line is the adiabatic response. (u,v,7) are chosen to be (1/3/2,1,1).
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Let us consider the case § > 1/2, which is weakly non-adiabatic in the sense that
|dm™t/dt| = 1/0 is less than 2 and may be small. A re-writing of the mode function
informs us that the scaling is violated only by phases:

filt) = Vi [(f)' gu (kt) + (f)ﬂ| g_<kt>] . (2.49)

T

These phases affect other physical quantities in the scaling limit, but in relatively
mild ways as compared to the previously seen factors of ¢*. For instance, at late

times holding kt fixed,

G¢¢(/€, t) ~ tg¢¢(kt, Gi‘)\l lOg(t/T)) s (250)

where we have expressed t1M = ¢ilMlog?

in order to emphasize that this quantity is
periodic in logt. The scaling function N}, is also periodic in logt. The two “almost-
scaling” functions Gy, and Ny (t) are plotted in Fig. for three equally spaced
values of logt? within a decade. The late time behavior of G4 in the marginal ECP
differs markedly from the adiabatic response, show as a dashed line in the plot.
The period oscillations in the two-point correlator imply that &, ~ ¢. The smaller
excess energy density proportional to 1/t is an indicator that the system is closer
to being in equilibrium than for the strongly non-adiabatic case 0 < # < 1/2. In a

tz|)\| — €i|)\\ logt

sense, the factors of can be regarded as introducing only “logarithmic”

modifications of scaling.

The case § = 1/2 displays the properties of both the cases discussed above. The

relations in Eq. (2.45)) imply the form

fi(t) = Vt[gs (kt) +log(t/T)g-(kt)] .
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At late times with kt fixed, the second term dominates the first and the mode function

has the scaling form

fiu(®) ~ uv/tlogt Jo(kt)

All scaling forms are thus modified by pre-factors of powers of logt. The logarithmic
violation of scaling is similar to the weakly non-adiabatic case 8 > 1/2, while the
modification of the dimension of ¢ is similar to the strongly non-adiabatic case. The
quasi-particle number here diverges logarithmically in time.

The excess energy density injected into the system decreases as ¢ increases in the
strictly Gaussian theory. The marginal ECPs thus define a family of non-equilibrium
states that lead to the critical point that are universal when the Gaussian fixed
point is stable. The vanishing excess energy density further suggests that the non-
equilibrium states generated by the marginal ECP survive even when the fixed point
is not Gaussian.

Finally, let us comment on the ECP in the transverse field Ising model in (141)
dimensions which is famously a model of free fermions. Here v =1 and z = 1 so the
relevant power is now a = 1. The explicit solution of the fermionic mode equations
exhibits the analogs of our weakly non-adiabatic regime with corrections to scaling
that are periodic in logt. Connecting this behavior to our Gaussian results discussed
above by continuation in the number of dimensions is an interesting challenge for

future work.

Analogies to dS;.1/CFT,

We showed above that in the long time limit of the solution to the mode-equation
in the strongly non-adiabatic case Eq. (2.46]), the scalar field acquires an anomalous

dimension A. If we instead took the opposite limit of small time (£ ~ 7), the second
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term is more important that the first and the anomalous dimension of the scalar field

is —A. Thus, the effective scaling dimension of ¢ in dimension d is

A = % + A, (2.51)

at short and long times respectively. Readers familiar with the (A)dSy11/(C)FTy
literature, in particular [178, 202], will note a similarity between the result Eq. (2.48))
and the d-dimensional field theory Green’s function obtained in the presence of a

double-trace deformation. We can make the analogy closer by noting that the modi-

fied scalar field
p=tz ¢
obeys an equation of motion which follows from the Lagrangian

1
L= 5\/=det gas (9" Qupdip = MP¢) (2.52)

where g, is the metric of de Sitter space, dSgy1:

2

L
ds® = t—Q(—dtQ + di?). (2.53)

The length scale L is arbitrary. The de Sitter mass must be given by

M2L2:92+d2_1

(2.54)

in order for the equation of motion from Eq. (2.53)) to agree with Eq. (2.41)). The
dimensions Eq. (2.51)) are closely related to the usual ones in dS/CFT:

d [ 1
= — _ 212 —= —
Ap=g4\ 7 ML =8+ 5 (2.55)
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The difference arises due to an important distinction between the late-time Green’s
function Eq. and the d-dimensional field theory two-point function. Examples
of the latter could be computed in dSgy1 in terms of early time (that is, small ¢)
properties of mode functions associated to the “out” vacuum: that is, mode functions
which are purely positive frequency at late times. Our computation is the reverse of
this, in the sense that we investigate late-time properties of mode functions associated
with an “in” vacuum. Late time corresponds to the deep interior of dS;.; (more
precisely, it is a corner of the global covering space far from the boundary at ¢t = 0).
Another difference (of lesser consequence) is that in the normal parlance of dS/CFT
[178], time flow would be reversed, so that what we call ¢ = 0 is the far future while
t — oo is the far past.

In the window kt < 1, fi(t) is k-independent and equal to fo(t):
£ fu(t) m apt® + bot™ (2.56)

where by, a, are known in terms of u,v,7, and in particular have a definite ratio.
This setup now bears a strong resemblance to double-trace operator deformations in
AdS/CFT [202]. In AdS/CFT, the relativistic conformal symmetry of the boundary
theory is broken by the multi-trace deformation. The presence of different powers
of x in the real-space Green’s function dependent on the energy scale 1/7 signals a
similar breakdown of scaling. The same can be said of the weakly non-adiabatic case,
but comparisons with a boundary field theory are harder in this case because the
field theory would have to be non-unitary, similar to violations of the Breitenlohner-
Freedman bound [23] in AdS/CFT. However, the dS;;; formulation does offer
some further intuition regarding the weakly non-adiabatic case: Eq. shows that

large 0 implies large M?L?. This in turn implies that the Compton wavelength of the
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massive scalar is much smaller than the Hubble scale of dSy, 1, which is precisely the

condition one needs in order to justify a geometric optics approximation.

2.3 Concluding Remarks

Our primary purpose in the previous two chapters has been to systematize the uni-
versal content of the KZ problem and to emphasize that all physical quantities give
rise to universal scaling functions that span the entire crossover from equilibrium at
early times to the late time state. We have presented model computations that bear
out this logic. Experiments directed towards observing this broader scaling picture
would be highly desirable. We note that the scaling ideas presented here do not rely
on the existence of a local order parameter and generalize straightforwardly to the
Rajantie-Hindmarsh mechanism [97] as we will discuss in the next chapter.

An obvious challenge is to extend such computations to more physically realizable
problems where the field theories are not as simple. Another obvious challenge is to
formulate a renormalization group procedure that makes the universality manifest—
beyond the case of stochastic classical models with the associated functional integral
formalism discussed here.

A byproduct of our analysis has been the identification of an especially inter-
esting ECP which is able to produce anomalous dimensions already at the Gaus-
sian level, through a mechanism similar to the way anomalous dimensions emerge
in (A)dS/CFT. A deeper understanding of this phenomenon and its examination in

interacting contexts is also a fit subject for further exploration.
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2.A Scaling form of f(¢;7) in the Gaussian theory

with Model A dynamics

To determine the generating functional in one higher dimension, we follow the three

steps prescribed in [130, 98]:

e Define ¢, as the solution of the equation of motion in Eq. (2.1)) for a given noise

history ¢ : Joéc¢(k,t) = ((k,t). J is a linear operator in the Gaussian theory.
e Rewrite Z as [ d(P(¢) exp(J¢¢). The noise distribution, P(¢), is Gaussian.

e Recognize that the probability distribution for ¢, is related to the noise distri-
bution as Py(¢¢) = P(T ¢¢)det(T).

The generating functional of correlation functions of ¢ so obtained is

Z[J, 7] = /ng det(J) e @kt (Z2AToAt) P+ (e )d(~ k1) (2.57)
where
0 2
J = En + k% 4 ro(t; 7). (2.58)

The functional integral is Gaussian, and the free energy density is expressed in terms

of the structure factor in Eq. (2.4]) as

ft;7) = /%log G, (k7))

The challenge in identifying f,., even in the time-independent setting, lies in subtract-
ing cut-off dependent terms from f that are analytic in 0. Here, it involves subtracting
the cut-off dependent equilibrium contribution at the critical point, f(0,00), and two

terms that are linear and logarithmic in the cut-off. On taking the KZ scaling limit
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of the terms remaining, we confirm the scaling form in Eq. (1.19):

funlt7) ~ = F (i)

e

F(t) = 6—;/0 dk <1%2 <2+ g%)ddg;?) +2 (—z?)“) .
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Chapter 3

String-Net Coarsening in

Topologically Ordered Systems

3.1 Introduction

The KZ scaling theory introduced in Chapter [1| provides an elegant framework within
which to investigate ramp dynamics of phase transitions beyond those of traditional
symmetry breaking[] These transitions could involve the destruction of the topo-
logical order of states of matter like spin liquids and the fractional quantum Hall
phases. Topologically ordered phases are not locally distinguished by any order pa-
rameter, but are characterized by emergent gauge fields and fractionalized excitations.
Their non-local structure makes them particularly robust to local perturbations and
well-suited to perform “topological” quantum computation [136]. Despite their ro-
bustness, a strong enough perturbation can drive a transition from a topologically
ordered phase to a trivial or relatively trivial (i.e. one with a smaller gauge group)

phase. For appropriately selected perturbations, this transition will be continuous.

!Chapter based on work with F. J. Burnell, Vedika Khemani and S. L. Sondhi [3§].
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This chapter addresses the KZ problem when a system is driven from a topologi-
cally ordered phase to a proximate trivial or relatively trivial phase. We do so for a
class of topological phases that possess lattice realizations where the gauge degrees
of freedom are manifest: these are the toric code/lattice Zy gauge theory [116], 109
and the string-net models of Levin and Wen [122] that realize doubled non-Abelian
Chern-Simons theories. By a combination of duality and perturbative arguments, we
show that KZ scaling in the generalized sense of Chapter [1| holds for various observ-
ables even though the canonical KZ signature of a density of topological defects is
not meaningful. We further provide strong arguments that the late time dynamics in
the scaling regime exhibits a slow coarsening of the string-net that is condensed in
the starting topologically ordered state. To our knowledge, this is the first treatment
of a quantum coarsening regime in the dynamics of an isolated quantum system. As
the extended string-nets are central to the topological character of the starting phase
EL their slow decay outside the phase is a (potential) signature of the physics of the
parent phase. The restriction to the scaling limit always brings simplification as par-
ticular gapped degrees of freedom are, at worst, dangerously irrelevant. That is, they
do not affect the scaling regime but do alter the asymptotically long time behavior
of the KZ process.

The most relevant precursor to our work is found in the cosmology literature in the
papers of Rajantie and Hindmarsh [97, [156]. They studied the non-equilibrium dy-
namics of ramps through the finite temperature phase transition in the non-compact
Abelian Higgs model; their protocol moves between the gapless Coulomb phase with
gapped matter to the fully gapped Higgs phase. However, there are three important
differences. First, their work involves finite temperature in an essential way. The
zero temperature limit of their protocol would involve exciting the system in the

gapless phase even before the transition is reached. Second, the non-compactness of

2Sensitivity to the topology of the lattice manifold requires extended degrees of freedom like
strings. The strings form nets as the phase is a liquid.
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their gauge field makes the physics of their Higgs phase qualitatively different from
that of the compact gauge models considered by us. This difference is quite visible
in our choice of observables. Third, we work on the lattice in the “electric flux”
representation, a natural choice in the condensed matter setting, while they work in
the continuum with the vector potential. Thus our discussion of string-net coarsen-
ing has no analog in their formulation. In the condensed matter literature, ramps
across topological transitions[54] in (14-1)D and sudden quenches in one of our model
systems, the perturbed toric code, have been studied before [I55], [I85]. The sudden
quenches are in a completely different limit from the slow ramps we study here as they
inject a large amount of energy into the system. Finally, low temperature spin ice
exhibits topological order in a classical limit [34] and its dynamics following quenches
is dominated by monopoles of the gauge field. However in this case, non-universal
lattice effects turn out to dominate the long time behavior [35] .

We turn now to the contents of this chapter. We begin in Sec. by reviewing the
phase diagram of the Z, gauge theory coupled to matter and describing the transitions
out of its topologically ordered phase. Readers literate in the canon of topological
phases can skim this section for our notation. Section summarizes the results of
a KZ ramp across the pure matter sector of the Zy theory which has a conventional
symmetry-breaking transition. This section also contains a new analysis of coarsening
in the (2+1)D transverse field Ising model. In [3.4] we discuss our results on the KZ
scaling functions and string-net coarsening for ramps in the pure gauge sector of the
theory, which has a confinement transition without a local order parameter. We then
generalize the scaling theory to a ramp across an arbitrary point on the critical line
in the phase diagram in [3.5] Finally, we turn to generalizations of these results
to phases with non-Abelian topological order in Sec. [3.6; specifically, we discuss a
particular transition from the SU(2), ordered phases. We end with a discussion of

generalizations to other theories.
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Figure 3.1: A section of the toric-code lattice with operators in the magnetic (left)
and electric (right) bases. Matter (7) and gauge (o) variables are located on the
sites and links respectively. The W™ operator flips a string of ¢* variables and
creates a pair of magnetic vortices at its endpoints, while the W ¢ operator flips spins
in the x basis to create a pair of electric charges linked by electric flux.

3.2 Review of the phase diagram of the Z, Gauge
Theory

The phase diagram of the (d + 1) dimensional Z, gauge theory with matter [73]
contains a topologically non-trivial (deconfined) phase and a topologically trivial
(confined-Higgs) phase. The topological order in the deconfined phase is described
by the BF theory [03]. We work in d = 2 for which the Z, theory is precisely (the
topologically ordered) Kitaev’s toric code with perturbations [109]. We start by re-
viewing the key features and the excitation spectrum of the toric code. For a good
set of lecture notes on the toric code, see [110]. We then discuss two perturbations

that drive a continuous transition to a topologically trivial phase.

3.2.1 The perturbed toric code

The toric code [109] is defined in terms of spin-1/2 degrees of freedom that live on

the links [ of a 2D square lattice:

H,o = —KZBP—PMZAS
P s
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E—KZHUZZ—FMZHUf (3.1)

P leoP s l:sedl

where the A, and Bp are “star” and “plaquette” operators. s and P denote the
sites and elementary plaquettes of the lattice, while 0P and Ol are the boundaries
of plaquettes and links. H;. can be rewritten as a gauge theory with matter by
identifying the o; variables as the gauge degrees of freedom, and introducing new spin
1/2 ‘matter’ variables, 75, on the sites of the lattice. Upon restricting the expanded

Hilbert space to the ‘physical’ subspace of gauge-invariant states
Gilv) = [v), Go=77 1] ot (3.2)

the toric code Hamiltonian (3.1]) is equivalent to the gauge-invariant Hamiltonian:

Hy=-KY [[oi-Tu)> 7 (3.3)

P leoP

Note that G defines a set of local symmetries at each site since [Hy, G5| =0V s.

In the x basis of the spin operators, it is useful to think of 7 and o as the electric
‘charges’ and ‘fluxes’ in the theory respectively: 77 = —1 (+1) if an electric charge is
present (absent) at site s, while o] = —1 denotes the presence of electric flux on link
[. In this language, we recognize the gauge-invariant condition as the lattice
Zjy version of Gauss’s law. In the conjugate z basis, the operator Bp = [],cop 0f
measures the magnetic flux through the plaquette P.

The model is exactly solvable as both terms in Hy commute with each other
and the gauge constraint GG,. The ground state is charge-free and vortex-free: a
simultaneous +1 eigenstate of 77 and Bp for all s, P. As the ground state is free of
charge, it is a loop gas of electric flux. That is, it is an equal amplitude superposition
of configurations where links with of = —1 form closed loops. The degeneracy of

the ground state manifold depends on the topology of the lattice; on the torus, it is
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four-fold degenerate. The four ground states cannot be distinguished locally. They
are labelled by the eigenvalues 4+1 of the non-local Wilson loop operators W"¢ =
Hlecnc o; along the two distinct non-contractible loops C,,. on the direct lattice.
The elementary excitations of the model are gapped and are of two types: e and
m. e denotes the presence of electric charge on site s, while m is a magnetic vortex
on plaquette P characterized by Bp = —1. e and m are individually bosonic, but

have mutual semionic statistics. The non-local string operators

wes, )= [[ woime, W(s,8)= ][] of (3.4)
leC: leC:
s,8'€0C 5,5€0C

defined respectively on the curves C' and C on the direct and the dual lattice, create
a pair of electric charges and vortices at their ends as shown in Fig. [3.1]

Hy is robust to small local perturbations and extends to a topological phase.
Nevertheless, a strong enough perturbation will eventually drive a transition into a
trivial phase. The toric code Hamiltonian perturbed by transverse fields is H =
Hpe — ), Tof + Joj; both perturbations drive continuous transitions to trivial
(spin-polarized) phases when made large. In the gauge-invariant formulation of the

Zy gauge theory with matter, the perturbed Hamiltonian takes the form

~H=KY» Bp+TyY m+J> o [[7+TD o (3.5)
P s l

s€al l

The phase diagram of this theory was explained in detail in the seminal paper by
Fradkin and Shenker [73] and has more recently been confirmed in several numerical
studies [60, 187, 194, 182] 100]. We will now briefly review this model in different

parameter regimes.
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3.2.2 Pure matter theory (I' =0)

For I' = 0, the gauge degrees of freedom are static and frozen into a vortex-free
configuration in the ground state sector. It is therefore convenient to diagonalize H
in the gauge-variant subspace where of = 1 for all [ and project the eigenstates to
the gauge-invariant subspace afterwards. The Hamiltonian then maps to the (2+1)D

transverse field Ising model (TFIM) for the matter spins:
Hipin = _JZTSZ/TSZ — Ty ZT: (36)
(ss’) 8

On tuning J, the TFIM undergoes a conventional ‘Higgs’ phase transition from a
paramagnetic phase to a symmetry-broken ferromagnetic phase. In a complementary
view, the static electric excitations e defined at the toric code point (I' = J = 0)
acquire dynamics when J # 0 and eventually condense at a critical value of J. The
transition is in the 3D Ising universality class and is detected by the local order
parameter, (7°) in the gauge-variant subspace. In the gauge-invariant subspace, T,
maps on to a non-local string operator.

After projection, the state with {of = 1} is the vortex-free configuration in the
topological sector defined by the Wilson loop W™ = 1 for both non-contractible
loops on the torus. This choice maps to a TFIM with periodic boundary condi-
tions in both directions of the torus; the remaining three topologically inequiva-
lent vortex-free configurations generate TFIMs with different boundary conditions
(periodic-antiperiodic etc.). The four-fold degeneracy of the topological phase van-

ishes in the Higgs/ferromagnetic phase.
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3.2.3 Pure Gauge Theory (J = 0)

In this case, matter is static. The ground state is in the charge-free sector (77 = 1),

and the Hamiltonian for the gauge variables in this sector is:

Hz,=-K>» Bp-TY of. (3.7)
P !

When I'/ K is small, the gauge variables are weakly fluctuating and the elementary
excitations are well-described as vortex pairs. At some critical I'/K, the vortices
condense and the gauge variables strongly fluctuate past this point. This transition
cannot be diagnosed by a local order parameter. Instead, the vortex condensate phase
is marked by the vortex pair creation operator, (WW™) # 0 for vortices separated by
long distances. In the conjugate electric field basis, flux loops become costly as I' is
increased; hence the transition is from a topological loop gas phase at the toric code
point to a phase in which flux loops become confined.

In a different language, the transition is understood as a deconfinement-
confinement transition for the static electric charge [73] and is diagnosed by
the free energy cost of creating a pair of (infinitely separated) charges. The cost is
finite in the deconfined phase, but infinite in the confined phase, and is equivalent to

the change in behavior of the expectation of the contractible Wilson loop:

W(L) = <H alz> (3.8)

leC

from a perimeter law (W (L) ~ exp(—L)) to an area-law (W (L) ~ exp(—L?)). C'is a
contractible loop and L is its perimeter.

In d = 2, the Z, Ising gauge theory is self dual [195, [116]. Thus the pure gauge
theory also maps to a (24+1)D TFIM and the confinement-deconfinement transition

belongs to the 3D Ising universality class. The details of this duality are explained
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in Ref. [116], and have been summarized in Fig. We emphasize that despite the
duality, the transition is not described by a local order parameter, as will be even

clearer in Sec. B.6l

3.2.4 The full phase diagram

The full T = 0 phase diagram of the Ising gauge theory in (2+1)D is shown in
Fig. Fradkin and Shenker [73] have shown that the confinement/Higgs transitions
are stable on moving away from the pure gauge/matter axes. Further, the Higgs
and confined phases are smoothly connected. However the diagnostics previously
discussed, like the Wilson loop, no longer differentiate between the two phases. In a
recent paper [84], Gregor et. al. have shown that an appropriately defined line tension,
related to the Fredenhagen Marcu [75, [76] order parameter studied by lattice gauge
theorists, can be used to diagnose the transition everywhere in the phase diagram.
We will use this quantity in combination with the topological ground state degeneracy

to study ramps across generic points on the critical line in the phase diagram.

3.3 Kibble Zurek I - Ramp across the Higgs tran-
sition

The KZ formalism that we developed in Chapter [1f applies straightforwardly to the
linear ramp (a TCP) across the conventional 3D Ising transition along the pure matter
line (I" = 0) if we identify the control parameter § with % The two exponents
that determine the KZ length and time are v and z. Near the 3D Ising transition,
v = 0.627 and z = 1 [68]. To avoid repetition, we only discuss the new analysis of
the scaling content at late times below. All the KZ notation below was introduced in

Chapter
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Figure 3.2: T' = 0 phase diagram of the Z, theory in d = 2 dimensions. The matter
and gauge axes are dual, and the Higgs and charge confined phases are smoothly
connected.

3.3.1 Coarsening

We now address the late time dynamics of the KZ ramp. Recall that in Sec. [I.4.1]
we stated that a classical system quenched to an ordered phase with multiple vacua
undergoes coarsening. In Sec. 2.1.2] we checked this in the example of the classical
O(N) vector model in the large-N approximation. We now generalize this idea to the
KZ ramp in the quantum TFIM.

For simplicity, let us stop the ramp in the ordered phase at some t/t, = 5>
1, while continuing to measure time and length on the scales set by tx,lx. The
superscript s denotes stopping. The system initially appears disordered. At infinitely
long times however, we expect that the system is thermal and ordered, as the (2+1)D
TFIM is not known to be integrable. Further, we expect the approach to equilibrium
to be through domain growth or coarsening, driven by the lack of long range order at

late times. The system then locally breaks the symmetry but is globally disordered,
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with long domain walls past the growing length scale, I5 () > . Assuming local
equilibration, the physics of coarsening can be captured in a hydrodynamic theory
with two slow modes: the non-conserved, scalar order parameter and the conserved
energy density.ﬂ We shall call this Model C in a slight abuse of language (properly it
refers to the theory with thermal noise included [99]). As ¢ — oo , we therefore predict

that the system obeys the dynamic scaling hypothesis, that is, it looks self-similar on

the scale of a growing length (5 (¢; 7). Define the two-point function as:
(075 (0)- = G2 (Is = |, t;7), (3.9)

and denote its scaling function by G° . At late times, the dynamical scaling hypothesis

predicts that:

G°, (i,8) ~ (I)22G% (1,15, (3.10)

1/zq
where 5 (t;7) = I <t_) and zg = 2.

K

The value of the dynamic exponent, z4, quoted above is only known numerically [115]
114]. G is a scaling function that can also be computed within Model C [115] 114}
205, 131] .

The above discussion hinges on two key assumptions. First, the infinite time state
of the system should have long-range order, that is, the late time evolution should
be in the ordered phase. More precisely, we require the excess energy density at the
stopping time ¢(£*%; 7) to be smaller than critical energy density ¢.(#%; 7), below which
the system will be ordered in equilibrium. The dominant contribution to ¢ (at £°)
is from the defect density on the scale [, frozen in at ¢t ~ t,. Assuming that these

defects evolve adiabatically for ¢ > t,, we may conservatively estimate g to scale as

3The momentum density appears as an additional conserved quantity in this field theory. It is
our current belief that this does not change the relevant power in the coarsening regime, but we are
investigating this.
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the single-particle gap 1/£(#°;7)?. As promised, this density is much smaller than the

instantaneous critical density, g, ~ 1/£%+*:

q 1 vd
d
— ~ ~ | = < 1. 3.11
L (t) (3.11)

For all ¢ > ¢*, the energy of the system is conserved and ¢ and ¢, do not change in
time. Thus, the system evolves in the ordered phase at late times.

The second assumption is that of local equilibration over hydrodynamical time-
scales. In Model C, the latter is the time-scale for domain growth by /.. It can be
inferred from Eq. to be 0te, ~ tixt' /2. On the other hand, the time-scale
for local equilibration processes on the scale [ is set by t,. The validity of Model
C as the late-time dynamical description relies on the equilibration time being much
smaller than dt.,. As the inequality t, < 0t., is parametrically controlled by ¢, the
coarsening behavior in Model C is a better and better approximation to the quantum
dynamics as ¢ — oo.

Finally, in the original KZ problem (where we don’t stop the ramp), the late time
evolution is also in the finite-temperature ordered phase as the relation ¢/q. < 1
holds for every t/t, > 1. However, the continuously changing parameter in the
Hamiltonian affects the local equilibration argument in two important ways. First,

the characteristic size of the domains grows at a slower rate:

0
1
leo(t; T) = i (%) where § = v (ﬁ — 1) + —. (3.12)

K Zd Zd

In the (2+1)D TFIM, 0 = (1 — v)/2 and is smaller than 1/z;. This slowing down

can only help in the argument given above. The second effect is that the single

particle gap A grows as 1/t,(t/t,)"* at late times. This, however, increases various

scattering times (and consequently various equilibration times) in the problem and

the applicability of hydrodynamics here becomes a delicate affair. In Appendix [3.4]
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we argue that the process that drives coarsening and increases entropy involves the
interaction of the long domain walls with the bulk quasiparticles within each domain.
As the bulk quasi-particles scatter off the walls parametrically many times before the
system parameters are changed, coarsening can at least self-consistently be justified.
We therefore conjecture that the two point function as £ — oo holding x/l.,(t) fixed

obeys dynamic scaling;:
G.. (2,8) ~ t2G (&l /leo) - (3.13)

In this process, the entropy density increases weakly in time. The late time

asymptotes for the excess energy density and the entropy density reflect this:

Q(f) ~ qot"* + "’ (3.14)

A

S(t) ~ S0 — 811?79.

The leading terms in S would be present even if the evolution were adiabatic. The
sub-leading term is the thermodynamic signature of coarsening. From this point,
every time we invoke results from coarsening, the reader should keep in mind the

subtleties presented in this section.

3.4 Kibble Zurek II - Ramp across the confine-
ment transition

We now ramp across the pure gauge theory Eq. (3.7) by tuning I'. In this case, the
transition is from a topologically ordered deconfined phase to a confined one, and
there is no description in terms of a local order parameter. Nevertheless, we will

now show that the KZ mechanism for Landau transitions discussed in the previous

71



Pure Zo Transverse field
gauge theory Ising Model

Magnetic Flux Transverse field
X z Z
Ul - I’TS/ Tg
Electric Flux Domain wall
Confined/ <«—> Ferromagnetic/
Deconfined phase Paramagnetic phase

Figure 3.3: Table summarizing the duality between the pure Z, gauge theory ((3.7)
and the TFIM in d = 2. Dark and light lines denote the direct and dual lattice
respectively.

section can be generalized to these transitions. Additionally, the loops and strings
characterizing the topological phase (string-nets) will coarsen.

Our main tool is the duality in (2 4+ 1)D between the pure gauge theory and the
TFIM summarized in Fig. [3.3] Importantly for us, the presence of electric flux on a
link (of the direct lattice) maps to a domain wall between the TFIM spins (on the dual
lattice), while the vortex operator Bp maps to the dual transverse field. The duality
also ensures that a finite temperature confined phase exists, and that coarsening is
described by the hydrodynamics of Model C.

For specificity, we begin the ramp at the deconfined toric code point in one of the
ground state sectors. The ground state is a loop gas of the electric flux lines in the
o” basis. By duality, these are the domain walls of the paramagnetic phase of the

TFIM. The system falls out of equilibrium in the deconfined phase before it is taken
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through the transition, with a network of loops of minimum size . In the confined
phase, flux loops map to the costly domain walls of the dual ferromagnetic phase.
Post the diabatic regime in the confined phase, this network of loops (string-nets) is
diluted (average size increases as l.,) as the system coarsens. More generally, we can
imagine string-nets being diluted in a generic topological theory and we will show
some examples of this in Section [3.6

As before, energy conservation requires the decreasing electric flux density to
be compensated for by an increasing bulk energy density. Essentially, the system
arrives in the confined phase (which is a vortex condensate) with a greater electric
field density and a smaller magnetic vortex density as compared to the instantaneous
ground state. The subsequent evolution through coarsening increases the typical size
of the electric flux loops to l.(t), thereby decreasing the electric field density and
increasing the bulk energy density of the vortex condensate.

Next, the two-point correlator that detects long-range order in the dual TFIM,
(127Z), maps to the vortex pair creation operator (3.4)), (W™(s,s')) that detects vor-
tex condensation. As the condensed phase is also a confining phase for charge, a
non-zero value of (W™) for long strings detects charge confinement. The asymptotic
behavior of the scaling form for (W™) is given by Eq. , identical to that of the
two-point function discussed in the pure-matter theory. In particular, in the coarsen-
ing regime, the dual TFIM is ordered on length scales less than [.,(t). Correspond-
ingly, (W™) is also non-zero on scales shorter than [.,(t) but decays exponentially on
longer length scales. Thus, the non-local string operator (W™) probes the crossover
scale from confinement to deconfinement as a function of time. Fig. [3.4a) shows the
scaling for (V™).

Finally, we can consider an interesting observable that we did not discuss in the
TFIM. This is the Wilson loop , W(R,t;7) on a curve of radius R. Were the

evolution to be adiabatic, W (R, t;7) for large R would obey a perimeter law when
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1\ (ordered)
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> TS (disordered)
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lCO

Figure 3.4: An illustration of two scaling functions showing adiabatic behavior in
the deconfined phase at early scaled times (black) and coarsening behavior in the
confined phase at late scaled times (red). The crossover on the scale ZCO = o/l in
the red curves is a signature of string-net coarsening. The hat superscript denotes
scaled variables like = ¢/t etc. (a) The scaling function of the string operator that
creates a pair of vortices at § and s ((W"™) defined in Eq. (3.4)) as a function of the
scaled vortex separation |§ — §|. This operator is dual to the two-point correlator
(r77Z) in the TFIM. (b) The logarithm of the scaling function of the Wilson loop as
a function of the scaled radius illustrating Eq. . The time dependence of é and
Zco is respectively = and #°.

t < 0 and an area law when ¢ > 0. In the KZ scaling limit, the scaling of the Wilson
loop takes the form W (R, t;7) ~ W(}?ﬁ, t), where R/l = R. Its asymptotic behavior
is:

.

exp(—R "), if f < —1

W(R, ) ~ exp(—(R#)?), ifi>1and R< (3.15)

exp(—(R/#%)), ift>1and R>> 1%,
\

These scaling forms follow simply from the picture of adiabatic evolution when ¢ <
—1 and a growing length [.,(t) separating confinement from deconfinement when
t > 1. The Wilson loop therefore also probes the crossover scale from confinement
to deconfinement as a function of time. Fig. [3.4(b) shows the scaling of the Wilson

loop.
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3.5 Kibble Zurek III - Ramp across a generic tran-
sition in the Z, theory

We will now see how the discussions of the previous two sections can be generalized
to ramps crossing any critical point in the full Z, phase diagram. First, consider
moving off the pure gauge line by introducing a small, but non-zero J. The coupling
to matter is irrelevant to the T' = 0 transition; hence, the confinement-deconfinement
transition in Fig. persists for non-zero J and remains in the same universality
class. Since the gap to charge excitations does not close on making J non-zero, we
can re-write the Hamiltonian as one with no gauge-matter coupling (to any fixed
order in J) through a canonical unitary transformation. The transformation defines
“dressed” charge and gauge operators — in the dressed variables, the ground state is
charge-free and A, is the non-zero gap to charge excitations.

As we heat the system in the process of the ramp, we also need to consider the
finite temperature phase diagram and the excited spectrum when J # 0. Although
the ground state is (dressed) charge-free, the excited states have an exponentially

small density of charge, e=2¢/Te

77, at any effective temperature T,y corresponding to
an excess energy density ¢g. The presence of charge at finite temperatures is extremely
significant for the late-time coarsening picture for two reasons. First, it destroys the
finite temperature confined phase at any non-zero J, without which a coarsening de-
scription is not meaningful. Synergistically, a finite density of charge implies that the
electric field lines naturally end somewhere. Thus, the pictures of flux-loops/domain
walls coarsening are no longer sensible at the longest length scales.

Fortunately, the Kibble-Zurek scaling limit saves us from the problems raised
above. This is because the ratio g/q. goes to zero as t/t, — oo (Eq. (3.11)) or

equivalently, the effective local temperature, T¢;s, computed from ¢ goes to zero in

the scaling limit (7¢.;s is well-defined as the system is locally in equilibrium. See

I6)



Sec. . A., on the other hand, remains finite. This implies that the ratio of the
average distance between charges to the KZ length, e®¢/Tess /1, is formally infinite in
the scaling limit. Thus, while the dressed charges modify the true long-time behavior
by ending coarsening, the scales on which they do so lie outside the KZ scaling
regime: in this way, the coupling to matter is a dangerously irrelevant variable in the
KZ problem (in the scaling limit).

While we can write scaling functions for dressed observables, the results are not
very elegant since the Hamiltonian dependent dressed operators are different at dif-
ferent points in time. A crisper solution is to use the line tension[84]/ Fredenhagen-

Marcu (FM) order parameter[75], [76] alluded to previously. This is defined as

. Wl/Q(L) . <TsZ(HleC’1/2 Ulz)7-§>

R(L) = ——,
W(L) (Iicc o7)

(3.16)

where C'is a square loop of side L and (), is the open rectangle of sides L and L/2
obtained by cutting C'in half, s, s" are the endpoints of ', and W is the contractible
Wilson loop.

As L — oo, R(L) is zero in the deconfined phase and non-zero otherwise. In
this way, R(L) acts as a test of long range “order”, and appropriately generalizes the
two-point spin correlator GG, from the pure matter theory , and the vortex pair
creation operator W™ from the pure gauge theory. In fact, in the gauge-variant
subspace {o] = 1} on the pure matter line, R(L) exactly reduces to G,.. The scaling
form and asymptotes of R(L) therefore follows from that of G,.. Of course, by duality,
an identical analysis can be carried out by perturbing away from the pure-matter line

as long as we interchange the gauge and matter degrees of freedom.

76



3.6 Extension to generalized Levin-Wen models

In this section, we generalize the Kibble-Zurek problem to transitions in which topo-
logical order is reduced as opposed to destroyed. Specifically, we consider transitions
out of a broader, non-Abelian, class of topological phases in lattice spin models of the
Levin-Wen [122] type. Along special lines in the phase diagram, we show that the dy-
namics and scaling properties are exactly equivalent to those of the Zy gauge theory.
We identify analogous observables and the coarsening degrees of freedom of the string
net that is condensed in the starting topological phase. However, we will see that the
mapping of the dynamics is not an equivalence. We then consider perturbations away
from this line, finding that as for the Z, gauge theory, in the scaling limit these other
perturbations do not alter the coarsening dynamics, but can be either irrelevant or
dangerously irrelevant perturbations.

We restrict our discussion to the subset of SU(2); models whose topological order
is that of a doubled, achiral, Chern-Simons theory with gauge group SU(2) and a
coupling constant of &k in appropriate units, though the construction of Ref. [122] is
more general. We also restrict to particular transitions that change the topological
order by condensing bosonic vortex defects; the transitions we consider here were

shown [25] to be dual (in a certain limit) to the TFIM.

3.6.1 Levin-Wen Hamiltonians with Ising transitions

The SU(2); models we study live in a Hilbert space built from tensoring a finite set
of spin variables on each link of a honeycomb lattice, o, € {0, %, 1, ..., %} These

are analogous to the set of possible electric fluxes (off = %1) in the Z, gauge theory.

The idealized Levin-Wen Hamiltonians are similar in spirit to the toric code, and are
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constructed from a set of commuting projectors

Hyw=—KY Pp—Tu) P (3.17)
P s

where P represents a plaquette, and s a site. These models can be viewed as deforma-
tions of lattice gauge theories with a continuous gauge group. They are ‘deformed’ in
the sense that their representation theory is truncated, even though the gauge group
is not discrete. In our context, a lattice SU(2) theory would have electric fluxes cor-
responding to all allowed spin values 0,1/2, 1, ..., while the models in question have
a maximum spin k/2. (We refer to the link spins as ‘electric flux’ though, more ac-
curately, they are the representations of the lattice gauge/quantum group). Instead
of describing our analysis for general values of k£, we will now specialize to k = 2 in
the interests of pedagogical simplicity and return to comment on the generalization
subsequently.

We now discuss the detailed form of the Hamiltonian for SU(2)s. The vertex
projector P, penalizes violations of angular momentum conservation, analogous to the
Gauss’s law constraint Gz = 1 in the Z, theory. If the three links entering a vertex
have spins ¢, j and [, angular momentum conservation requires [ € ¢ X j. The rules for
adding angular momentum have to be modified to be consistent with the truncation,

however. For the SU(2), model, the result is [17]:

P P O P N

0 otherwise

bol—
ol

ol
ol

(3.18)

where it is understood that the eigenvalue of Py is independent of interchanging the

spins on the three links entering the vertex.
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The plaquette term Pp projects onto states in which P has no magnetic flux, and
is written as a superposition of “raising operators”: Pp = (1+Z§/ 21 /2 Ga B 7), where
Bg raises all spins on the plaquette P by o in the truncated spin space. By “raising”
, we mean a combination of raising and lowering angular momenta in the truncated
spin space. D is the total quantum dimension, equal to 2 here, while the coefficients
a, depend on the quantum dimension[122] of the spin representation o. In SU(2),,
they are ag = 1, a1 = —Vv2, a; = 1. Bjp raises all spins in P by raising the spin on

each link [ € 9P. The action of B on a link [ with spin ¢ € {0,1/2,1} is:

Bj|0) = |3)
B?11/2) oc |0y £11) B o< [1/2)

Bi1/2) oc [1/2) Bi 1) o< |0)

The numerical coefficients are chosen such that the amplitude for creating any con-
figuration with a 0-eigenvalue under P; is 0, ensuring that the vertex and plaquette
projectors commute. Their precise value is related to the 65 symbols of the quantum
group SU(2)s, but we will not require their detailed form here. Interested readers
can consult Ref. [122] for more details.

As Pp and P, commute, the spectrum of the Hamiltonian can be determined
exactly. The ground state is a generalization (a string-net) of the loop gas ground state
of the toric code, though there can be relative sign differences between terms in the
Levin-Wen ground state wavefunction. As in the toric code, the excited eigenstates
of consist of “matter” excitations of energy I');, and “vortex” excitations, of
energy K. In the SU(2)s model there are anyonic spin-1/2 charges, fermionic spin-1
charges, and spin-1/2 or spin-1 vortices, both of which have bosonic statistics. The

spectrum can be made to correspond exactly to that of the doubled SU(2)y Chern-
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Simons theory. Accordingly the topological ground state degeneracy is known [100]
to be 9, as in the doubled Chern-Simons theory.

We can drive a phase transition in our system by perturbing the model
with transverse fields which create pairs of charges or vortices, as we did for the toric
code by adding of and of. The vortex excitations have bosonic statistics and hence
transverse fields which create vortex pairs can drive a transition to a vortex condensed
phase in which string-nets are confined. On the other hand, the analogue of the Higgs
transition is not evident for our problem as both charges are non-bosonic.

To drive the Ising transition that we are interested in, we add a transverse field
which will condense spin-1 vortices. The Hamiltonian that we will tune through this

transition is

1 1
Hsyz, = —K ) 5(1+Bp) =T P -KY EB}/2 —T (=1)*" (3.19)
s P

P l

where we have separated Pp into operators that “raise” spins by integer and half-
integer amounts, and added a transverse field perturbation, I'(—1)?°. The transverse
field creates a pair of spin-1 vortices on the plaquettes adjacent to [, and has eigenvalue
1 on integer spin links, and —1 on half-integer spin links. Because the transverse field
term squares to the identity (and all vortex creation operators commute), the vortices
are Ising like.

On every plaquette P and site s, the eigenvalues of Bh and P, are conserved,
since these operators commute with Hgy(z),- Thus, we can consider the transition
engendered by varying the ratio K /I" in the subspace of the Hilbert space where the

conditions

Po|¥) = |¥),  Bp|¥)=|¥) (3.20)
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are always satisfied. In this subspace, the transition can be mapped onto the transition
in the pure Z, gauge theory discussed in Sect. [3.2.3] and is therefore in the 3D Ising
universality class as discussed in Ref. [25]. Here we give a different derivation of this
result which focuses on the ground state wavefunctions and is better adapted to our
purposes in this chapter.

To understand the mapping between Hgy2), and Hz, , notice first that the
condition Pg|1p) = |¢) ensures that we are always working in the “charge-free” sector
where the (deformed) angular momentum is conserved at each vertex. This, together
with Eq. , stipulates that we only need to consider configurations where the
number of half-integer spins entering each vertex is even - or equivalently, configura-
tions in which half-integer spins form closed loops. Similarly, in the absence of charge
in the pure Z, theory , the gauge constraint G, in Eq. ensures that links
with electric flux (¢ = —1) form closed loops. The Levin-Wen transverse-field oper-
ator (—1)?7! assigns an energy penalty to the spin 1/2 edges that form these loops,
similar to the action of the transverse-field term o} on links with electric flux in the
Zs theory. Thus both models describe a transition in which loops (of half-integer spin
variables in the Levin-Wen case or o® = —1 variables in the Zq gauge theory case)
become confined, and vortices become condensed as I'/ K increases.

There is, however, a qualitative difference between the operators [],.5p 07 and
Bllg/ ?_both of which change the number of loops in a given configuration. While o}
simply flips the spin on the link [/, the operator BJID/ 2 maps a spin 0 or 1 link to a spin
1/2 link, but a spin 1/2 link to a superposition of a link in the state 0 and a link in
the state 1. Thus one might worry that the two operators generate the same set of
configurations (after identifying s = 0,1 with ¢® = 1, and s = 1/2 with 0, = —1),
but with different statistical weights.

We show in Appendix that this is in fact not the case. Specifically, we prove

that for any I', the ground state wave-function of either model can be expressed in
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the form

U) = ZB{FM‘D{Z}») (3.21)
g

where {l} denotes a set of links on which o; = 1/2 in the Levin-Wen model restricted
to , or of = —1 in the pure Z; gauge theory. Crucially, we find that Sy,
is the same for each set {l} in both models. Operators in the Levin-Wen model
which commute with the conditions are either diagonal in the vortex basis, or
diagonal in the spin basis and sensitive only to the spin on each edge modulo 1. The
expectation value of any such operator is therefore identical to that of its Z, analogue,
cementing the equivalence of the two models.

We conclude that within the sub-sector , the transition is equivalent to
that of the pure Zy gauge theory, and dual to that of the TFIM. It follows that
our previous discussion of string net coarsening, and the scaling of vortex creation
operators, applies mutatis mutandis to the model at hand.

Note, however, that the topological order of the initial and final phases of Eq.
is not the same as in the Z; gauge theory; there are additional deconfined
excitations on both sides of the transition. (In fact, the confined phase of Hgy g, is
a Zy gauge theory [26]). There must therefore be some operators in the Levin-Wen
model whose behavior through the ramp is not captured by the mapping to the Ising
gauge theory.

To make this more explicit, we consider the fate of Wilson loop operators. In the

Levin-Wen model there are two of these:

Wije(R t;7) = <H le/z(t)>

leC

Wi(R, t;7) <H Bt > (3.22)

leC
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In order not to create vortices along the curve C| these raising operators must act
with appropriate configuration-dependent complex coefficients, as discussed in Refs.
[122], 24]. Wy 5(R, t;7) is clearly the analogue of the Wilson loop operator in the Z,
gauge theory; its expectation value obeys a perimeter law in the small I'/K phase,
and an area law in the large I'/ K phase, and its universal scaling in a linear ramp is
given by Eq. . However, as the spin-1 variable remains deconfined throughout
the phase diagram, W, (R, t; 7) always obeys a perimeter law. Its expectation remains
constant in the scaling limit as the system passes through the critical point.

Though we have primarily discussed the SU(2), Levin-Wen model, the main re-
sults apply to a large family of models in which there is an excitation that behaves
like the Ising vortex [25]. Specifically, all the SU(2); models exhibit Ising transitions
in which the half-integer spins (integer spins) can be mapped onto Z, gauge configu-
rations with 0® = —1 (¢ = 1). They have two families of Wilson-line operators: the
half-integral Wilson line operators, which obey an area law in the confined phase, and
scaling relations analogous to those of Eq. ; and the integral Wilson line oper-
ators, whose expectation values do not depend on ¢,7 and which remain perimeter
law throughout the rampﬁ

It is worth mentioning that the Ising transition we have discussed here is but one of
a variety of confining transitions that can be realized in Levin-Wen models [25] [7§].
In the SU(2); model discussed above, for example, we could also add a transverse
field term of the form cosms; (which has eigenvalues (1,0, —1) for s, = (0,1/2,1),
respectively). This confines both spin-1/2 and spin 1 labels, engendering a transition
to a completely confined phase where both Wilson loop operators in Eq. obey
an area law. In this case the vortices that proliferate are not Ising-like, however, since
the operator cos 7s; does not square to 1. Very little is known about the critical theory

in this case, and we expect that the transition is not in the 3D Ising universality class,

4The Higgs transition may survive when k is a multiple of 4 as some of the charges are bosons.
Little is known about these transitions.
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so that the scaling functions and coarsening behavior will be fundamentally different

from those of the Z, gauge theory.

3.6.2 Away from the pure Z, limit

Thus far, we did not concern ourselves with the other excitations in the SU(2),
Levin-Wen model as their number was conserved in the ramp and we remained in
the subspace (25) at all times. However, the other excitations, charges of spin 1 and
1/2, and vortices of spin 1/2, will be created in a ramp if we perturb away from
the limit of Eq. by adding terms to the Hamiltonian which break the local
conservation laws. In particular, the spin 1/2 charge has anyonic statistics relative to
the condensing vortices, so that a finite density of these destroys confinement (these
are analogous to the matter sources of the Ising gauge theory). Once again, the
KZ scaling limit saves the day. These spin 1/2 charges remain gapped throughout
the transition. Thus, as for the Ising gauge theory with matter, in the scaling limit
we expect that the density of all of these excitations is vanishingly small throughout
the coarsening regime; terms violating the conservation of the spin-1/2 charge at each
vertex then act as dangerously irrelevant variables in the manner described in Section
3.5

Spin 1 charges and spin-1/2 vortices, however, have bosonic statistics relative to
the spin 1 vortex, and do not have analogues in the Z, theory. Once again, for small
perturbations which violate the exact local conservation of these excitations, they
remain gapped throughout the transition and hence do not affect coarsening in the
KZ scaling limit. Since a dilute density of such charges does not destroy confinement,
however, we expect that they will not destroy coarsening even outside of the scaling

limit.
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3.7 Concluding remarks

In this chapter, we have initiated the study of the Kibble-Zurek problem for topo-
logically ordered phases by studying the linear ramp across a transition that re-
duces/breaks topological order and written down a scaling theory for it. Interestingly,
unlike broken symmetry cases where it is natural to ramp from less to more order,
here it is more natural to ramp from more to less order. The latter leads to our
identification of the slow dynamics of string net coarsening much as the former leads
to defect coarsening a la Kibble and Zurek. Of course, one can study the reverse
protocol and the associated scaling although we have not done so here in the interests
of not taxing the reader’s patience unduly.

The basic framework here can be easily generalized to other transitions out of
topological phases; although for string-net coarsening to be visible, the gauge degrees
of freedom must have a ready identification. Examples are transitions out of Z,, phases
withn > 3ind =2+1and withn > 2ind = 3+ 1. The Levin-Wen models also offer
a “target rich” domain, although the analysis is likely to prove more complicated for
more general condensation transitions. It will also be interesting to move to contexts
with conserved currents where one can study the temporal and spatial evolution of
transport coefficients, such as the Hall conductance.

Finally, for the statistical mechanically inclined, we would like to draw attention
to our identification of gapped matter as a dangerously irrelevant variable in the
dynamical KZ context. This is clearly a more general idea—e.g. irrelevant departures
from integrability will be similarly dangerous—and it suggests that in the KZ problem,

more couplings will be classified as such than in the standard equilibrium analysis.
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3.A Scattering times in coarsening

Here, we identify the dynamical process enabling coarsening at late times alluded to
in Sec. and justify that it remains in equilibrium during the KZ ramp. The
criterion to remain in equilibrium is that the time-scale for such a process, t.,, is
parametrically smaller than the time-scale for the change in the transverse-field tr.

Using (I'ar — T'age) = —t/7, we estimate tr to be:

_FM_FMC

T ATy /dt

The system at late times has two kinds of excitations that are remnants of the para-
magnetism at early times: 1) The long domain walls of average size [, and 2) The
bulk gapped quasi-particle excitations about each ferromagnetically ordered state.
As t/t, — oo, the latter can be treated as classical particles. The average density of
these particles and their momentum is essentially determined at ¢ ~ t, and is fixed
to be ~ 1/I% and 1/l respectively. Their mass is determined by the gap A(t). The
growing mass and the long inter-particle distances as compared to the instantaneous
correlation length & justify the classical particle approximation. An average velocity

of these particles can be determined as

where p is the average momentum and m the mass. The mechanism of coarsening
proceeds through the transfer of energy between the long domain walls and these
particles. To wit, the relevant time-scale t., is the scattering time between these

particles and the wall:



Recall that the growth law when ¢ is a function of time is (Eq. (3.12))):

t\ £y =
i ~s6n (gg) (i)

where in the last step, we have substituted the critical exponents of the (2+1)D
TFIM, z = 1, z; = 2. Putting the pieces together, we see that t.,, < tr = v < 1.
This certainly holds at the 3D Ising critical point where v ~ 0.6. Thus, we conclude
that coarsening described by Model C is indeed the correct long time asymptote for
the KZ scaling functions in a linear ramp.

Finally, we observe that all dynamical processes in the (24+1)D TFIM do not
remain in equilibrium in the KZ ramp at late times. The scattering time between
quasi-particles, t,,, grows as A? in this limit and is parametrically larger than ¢r. A
hydrodynamical description, if it exists, is therefore more delicate than the case when

the ramp is stopped at some t/tx = ts.

3.B  Mapping of general SU(2);, models to the Z,
gauge theory

In this Appendix, we will discuss in more detail the mapping from the confining
transition in the SU(2), Levin-Wen model to the pure Z, gauge theory . As
discussed earlier, the transition in question involves varying K/T" in Eq. , while
restricting the Hilbert space to states with eigenvalue 1 under the vertex projector,
and the integer part of the plaquette projector. In this subspace, links with half-
integer spins form closed loops. The mapping to the pure gauge Z, theory involves
mapping half-integer (integer) spins to the presence (absence) of Z, electric flux o® =

—1 (+1). The transverse field operator (—1)?”" maps to of, and B}Dﬂ to Bp =
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[L,cop 0i- We will now show that the probability to be in any loop configuration is
the same in both theories for every choice of K/T.

We will begin with some notation. Let C' denote the collection of links on the
lattice that form closed loops, and (aq/2(C)) the probability for a configuration in C.

We will work here in the restricted Hilbert space of states for which

Ps|¥) = [¥) Bp|¥) = |¥) (3.23)

and assume that our lattice has no boundary. To make the analogy to the Z, gauge
theory, we also define the analogous operator, a,(C'), whose expectation value gives
the probability for a closed loop configuration of links with of = —1.

Our objective is to prove that, for every I' and K, {(a;,2(C)) = (a.(C)). Since
operators that commute with the conditions are either diagonal in the spin
basis and sensitive only to s; mod 1, or diagonal in the vortex basis (dual to the basis
of spin-1/2 loops), this is sufficient to prove that their critical behavior is identical.

We will carry out the proof in two steps. First, we will show the equality for the
two solvable points I' = 0, K > 0 and K = 0,I" > 0, where we can construct exactly
the ground-states in both models. We will then use perturbation theory to argue that

the result holds throughout the phase diagram.

3.B.1 Equal weighting of loops in the ground states at the

solvable points

For K =0,I" > 0, the ground state has ¢ = 1 in the Z, gauge theory, and o; € {0, 1}
for the Levin-Wen model. In this limit, for any C' we have trivially that (a;,2(C)) =
(i (C)) = 0 and the result holds.

Focusing on the opposite limit ( I' = 0, K’ > 0), let us construct the exact ground

states in the two models. We begin with the Z, gauge theory. Let |0) denote the
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state with 0% = 1,77 = 1 on all links and sites. This satisfies the Gauss law, but
is not an eigenstate of the plaquette projector. To construct such an eigenstate, we

take

[Wre) = Z > 1 Brlo)y = Z W) (3.24)

n=1 %P, PexP, {C}

where *[P,, runs over all possible distinct choices of n plaquettes on the lattice, and
N is a normalization. This sum generates all possible configurations C' of loops
with 0% = —1, weighted equally (each configuration is in fact generated twice, since
[Ip Bp =1). Since By = 1, Bp, [ pe,p, B = [1pc.rr Bp, where «P), is P, with P;

either added (if it was not originally in the set) or deleted (if it was). It follows that

S I ) ERUR 3 ol | 0

n=1 %P, PexPy, n=1 xP, PexP,

and |Urc) is a ground state.

A similar construction can be used in the Levin-Wen models. Let |¥¢) be a state
satisfying , with o; an integer for every link [ (careful inspection of these two
conditions reveals that |¥€) is a superposition of configurations of closed spin-1 loops).

Now consider:

T rw) = Z YOI —Bl/2|\11 (3.25)

n=1 %P, PecxP,

We will show presently that
2
(B}P) —1+B, BY’B.=B.BY* = BY? (3.26)
Using this fact, we have

[pe,-p, lea/Q (1 + B}gi) P, € «P,

1/2 H B1/2

1/2
PexP, .
* Hpe*PnuPi By P ¢ «IP,
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It follows that

1
5B V) = Vo) (3.27)

and |Woy) is a ground state.

Now, for any closed loop L, we can generate a configuration with o, = 1/2 on
all links in L, and no other links, by acting on |¥¢) with the product of BJID/ ? on all
plaquettes inside the loop or all plaquettes outside the loop (these are the only such
configurations on the right-hand side of Eq. ) In the Zy gauge theory the same

holds for closed loops of 6* = —1. Hence given C', we have
2
(@) = | [ T 5B 1)
1/2 = - —=bp
N PexP(C) \/§
e 1 e
= e I By
PexP(C)

2= ==

(3.28)

where *P(C') contains either all plaquettes inside, or all plaquettes outside, the closed
loops in configuration C, and the last equality is a result of imposing . Thus
for I' = 0 all possible configurations of spin-1/2 loops occur with equal probability in
the ground state of the SU(2)y Levin-Wen model.

We note that these results carry over directly to the more general case of an SU(2),
Levin-Wen model, upon replacing spin-1/2 (spin-1) with the set of all half-integer
(integer) spins, and Bll_-,/ ? (BL) with the sum of all half-integer (integer) spin-raising
terms in the plaquette operator (weighted by their respective quantum dimensions).

It remains to show that Eq. holds, which we will do for general k. We
let 73]13/ = % Yot /2.3/2,... Ao Bp denote all half-integer raising terms in the plaquette
operator, and Pp = % (1 + D omtio aaBj‘;> denote all integer terms. Following Levin

and Wen, we choose the constant D such that Pp = % <73113 + 73113/ 2) is a projector.
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We then have

(Ph+P)* = (PR)* + (P°) + PP+ PR

=2(Ph+Py”)

Now, (77113/ )2 and (P})? both contain only terms that raise the spins in P by an

integer amount, while P}JP};/ ? = 113/ 273113 contains only half-integral raising operators.

It follows that

(PH) + (P*) =2Ph,  PpP” =Py (3.29)
We also have
(Ph+ P2 (PL— P =0 (3.30)

since it can be shown[25] that (Pp + 73113/ %) projects onto flux-free states, while (Ph —

73113/ 2) projects onto states with an Ising vortex. It follows that
(PH?) = (PR =P} (3.31)

This also implies that P is a projector, and thus that the eigenvalues of P} are 0 and
1. (From Eq and the fact that Pp is a projector, it follows that the eigenvalues
of 73]13/ ? are 0, £1; when restricted to configurations where PL|W¥) = |¥), they are +1,
as one expects from the correspondence of 73113/ % to the plaquette term of the toric

code.)

3.B.2 Away from the solvable points

Next, we wish to show that the result of the previous section holds true throughout
the phase diagram. One way to do this is to invoke the result of Ref. [25], where
it was shown that within the subspace of states satisfying (3.23)), the SU(2); Levin-

Wen models are exactly dual to the transverse-field Ising model. We can identify all
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states in this Hilbert space by the configuration of dual Ising spins (together with
their topological ground-state sector, in periodic boundary conditions). The duality
relation— which also holds for the Z, gauge theory — ensures that the probability
amplitude to be in a given vortex configuration is identical in both models. The
physical operators in this Ising subspace are either diagonal in the vortex (or dual
Ising spin) basis, or diagonal in the basis of spin-1/2 loops. (These are precisely
the operators that do not cause violations of , and cannot distinguish between
edges of spin 0 and spin 1). It follows that all expectation values of such operators —
including (a;/2(C))— must also be identical to their Z, analogues (such as (a,(C'))).

Here we will take an alternative, perturbative approach to prove the desired result.
We will begin at an arbitrary point in the deconfined phase, and consider constructing
the wave-functions in both theories to some finite order in perturbation theory. These
wave functions are linear combinations of the unperturbed (Levin-Wen or toric code)

ground state, together with excited states of the form

[Way) = [ Mul®o) (3.32)
le{i}

where we have defined the transverse field operator h; = o} for the toric code, and
(—1)% for the Levin-Wen model, and |¥,) denotes the unperturbed ground state. If

[y and [y are two links bordering plaquette P, we have

Thus |Wy;) is a state with vortices on each plaquette with an odd number of edges

in the set of links {/}. It also follows that choices of {l} which differ by a product
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[1,cc i, where C* is a set of closed curves on the dual lattice, create identical excited

states, as [[,co- hi|Wo) = |Wo). Finally, we have

(Vi3 [¥an) = dpyuqry.o- (3.33)

In other words, the inner product is 1 if the combination of the two sets {{} and {I'}
of links forms a set of closed curves on the dual lattice, so that |¥gy) and [¥ ) have
vortices on the same plaquettes. Similarly, we may compute matrix elements of the

Hamiltonian within these excited states via:

(Tl H hi|V ry) = Syuqryuqery .o (3.34)
le{i}

The crucial point is that for any choice of {i},{l'}, {l”}, these matrix elements are
identical in both models. Since the weight of each unperturbed excited state in the
exact ground state can be constructed perturbatively using only matrix elements of

this form, it follows that

T) =) B Ta) (3.35)
It

with Sy the same for each set {l} in both models.

Finally, we observe that oy /2(C') and a,(C') both have the form

a =] % (1—h) (3.36)

leC

and, in particular, commute with h; on every link. (Here o, = ay/2(C), a,(C) as

appropriate). This, together with the relation (3.34)), implies that

(aw)r = Z BE} B (ol H hy o, H hi|Wo)
} }

{34V 1e{l} le{l
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in both models. We have already shown that the coefficients ﬁ{rl} are the same, and
the possible choices of {l},{l'} on which the ¢ function has support are a geometric
property of the lattice. Invoking the result of the previous subsection, we can thus

conclude that for all I' in the deconfined phase,

{1/2(C))r = {@a(C))r (3.37)

Our derivation has implicitly relied on the fact that we can construct the exact
ground state perturbatively, starting from the ground state of the toric code or Levin-
Wen solvable point. Thus the above argument fails at the critical point, and in the
phase where I'/ K is large. In this regime, however, we may make essentially the same
argument, by replacing h; with the plaquette operator, and |V ), |[¥rc) (denoted
by |Wy) in the derivation above) with |¥¢) and |0) respectively. In this case, the basis
of excited states generated will be an eigenstate of o® (toric code) or (—1)?* (Levin-
Wen). There is no need to define an analogue of C*, since if two distinct products of
plaquette projectors produce the same loop configuration state, then their product is
the identity operator.

In each phase, we can thus argue that Eq. holds to arbitrary order in
perturbation theory. It follows that as the phase transition is second order, it must

also hold at the critical point, proving the result.
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Chapter 4

The quantum O(N) model at

infinite NV

4.1 Introduction

The study of the out of equilibrium dynamics of closed quantum systems has in-
tensified greatly in recent years inspired in considerable measure by advances in the
experimental study of cold atomic systems [85, 86, 165 183, 163 16].[1-] We have
explored one important theme in this work through the study of the Kibble-Zurek
problem: the interplay between non-equilibrium dynamics and phase structure. A
second theme that we have not touched upon so far is the presence and nature of
equilibration starting from a non-equilibrium state and its relationship to integra-
bility. An interesting stream of work has postulated and examined the notion of a
generalized Gibbs ensemble (GGE) in which an integrable system relaxes to a maxi-
mum entropy state consistent with all of its constants of motion [161], [107].

A large fraction of this work has concerned itself, for natural reasons of tractability,

to systems in spatial dimension d = 1 where analytic [27], 36, 47, 51, 132, 30] and

!Chapter based on work with Arun Nanduri, Steven S. Gubser and S. L Sondhi [41].
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computational power [160, 117] can be readily brought to bear. This restriction to
d = 1 however does not allow the study of the impact of dimensionality, known to
be important for equilibrium behavior. In this chapter, we study a model where one
can move between dimensions while retaining tractability—the quantum O(N) vector
model in the infinite N limit (see Ref. [I35] for a comprehensive introduction). This
model has much to commend it. It yields an equilibrium phase diagram in the Gibbs
ensemble in various dimensions whose topology is correct for N > 3. It also yields
critical exponents which incorporate corrections beyond Gaussian critical behavior in
d < 3 and correctly locates the lower and upper critical dimension at d =1 and d = 3
respectively.

The above results assume that the Gibbs ensemble is reached. In this chapter, we
study the late time states of the model starting out of equilibrium and ask to what
extent the equilibrium phase diagram is a guide to the late time behavior. We note
that the model has certainly been the object of prior study, in the first instance from
a cosmology inspired interest in non-equilibrium field theory [21, 46, 13}, 20] and more
recently from the condensed matter/statistical mechanical viewpoint [I73, 50, [168].
We build on this work but find that there are still new things to say on this problem,
largely due to asking some fresh questions from the condensed matter/statistical
mechanical perspective.

Our results organize themselves naturally into the two themes we noted at the
outset. First, we revisit the question of equilibration in the infinite N vector model.
If the model were to exhibit equilibration, the late time state could be inferred from
the finite temperature phase diagram. In the infinite N limit, we show that not only
does the model not lead to equilibration on account of an infinite number of conserved
quantities, it also does not relax to a generalized Gibbs ensemble (GGE) consistent
with these conserved quantities. Instead, an infinite number of new conservation laws

emerge at late times and the system relaxes to an emergent GGE consistent with
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these. The emergent GGE has the same conserved quantities as a non-interacting,
purely Gaussian, vector model [28] 4] [48]. Second, we examine spatially homogenous
quenches starting from ground states in the disordered phase to the critical coupling
and into the couplings in the ordered phase. For the latter, we show that the late time
state exhibits coarsening in the sense of a diverging equal time correlation length in
d > 2 for sufficiently gentle quenches. Our numerics further suggest that the system
coarsens towards a non-equilibrium critical state as ¢ — oo. For larger quenches in
d > 2 or for any quenches in d < 2, we find that no coarsening is possible. Instead, the
late time state is disordered. For quenches to the critical point, we find no coarsening
for all d but coarsening in the scaling limit for d > 3 consistent with the lack of
scattering at the Gaussian fixed point and previous results on the Gaussian theory
[28]. Interestingly, the results on quenches are qualitatively what one would predict
assuming equilibration following an injection of energy density and yet they hold for
a system that does not equilibrate.

In the following, we document these claims. We begin with a review of the infinite
N vector model and the equations that must be solved to determine its dynamics in
Section 4.2} In Section (.3 we discuss the issue of ergodicity or equilibration. In
Section [£.4] we describe our results on global quenches into the ordered phase. In
Section 4.5 we discuss global quenches to the critical point and show that the stability
of the Gaussian fixed point for d > 4 when it comes to equilibrium behavior also
shows up in the behavior of non-equilibrium quenches provided one takes a scaling
limit similar to the KZ scaling limit. We finish with some concluding remarks in

Section and relegate some technical material to an appendix.
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Figure 4.1: Topology of the equilibrium
phase diagram of the O(N) model in
the infinite N limit in spatial dimen-
sions 1 < d < 2. The dashed lines in-
dicate the different quenches that we
study.
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Figure 4.2: |
Topology of the equilibrium phase
diagram of the O(NN) model in the
infinite N limit in spatial dimensions
d > 2. The dashed lines indicate the
different quenches that we study.

4.2 The model

4.2.1 Statics

The Hamiltonian of the quantum O(N) model in d spatial dimensions is

_1 d T2 =32 212 A 14
H_Q/da:(\l'[] + VB + (8 + |8 ) (4.1)

where ® and II are canonically conjugate N-component fields,
[@;(Z), IL;(2)] = 107 — T')0;5. (4.2)

In the limit N — oo, the equilibrium physics is soluble. In the disordered phase,

(®) = 0, the ground state of H is well-approximated by the ground state of a free

field theory with mass meg that is determined self-consistently:

(i)‘z
mzﬂzr—l—)\<%> (4.3)

<|<f>|2> /A d'k 1 o
[P\ _ N | |
: B 22 4y
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where A is the cutoff. The effective mass meg is proportional to the single-particle
gap and controls the phase diagram (Figs. , . In the disordered phase, meg > 0,
while in the ordered phase, when suitably re-defined, meg is the mass of the Goldstone
bosons and equals zero. We describe the phase diagram in greater detail in Sec. 4.4]
The solubility in equilibrium can be traced to two related sources: 1) The ground

state is a (Gaussian) symmetric product state over component indices, and 2) the

|6 |6 1
(920 - (8201 1o (1) "

factorizes to leading order in 1/N. These two features of the infinite N model in

expectation value:

equilibrium make the dynamical problem tractable as well.

4.2.2 Dynamics

Now consider preparing the system at ¢ = 0 in a product state symmetric in the

component indices{]

¥(0)) = H 18);. (4.6)

The wavefunction of each component, |3), can be freely chosen. In particular, |1/(0))
need not be Gaussian or be a ground state of the infinite NV model anywhere in the
disordered phase. In general, it does not satisfy Wick’s theorem. The evolution of

the state [¢)(0)) for t > 0 is generated by H. The Heisenberg equations of motion are:

do,

— 11,
dt

2More generally any state, such as the ground state for some value of the bare parameters, which
is well approximated by such a product state for finite point correlation functions. The dynamics is
also tractable for the class of density matrices that have product structure in the component index.
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dIL ) Ao
—L = V2D, —rd; — = |D?D,. 4.7
yr \Y r N| | (4.7)

For the rest of this article, we work in the Heisenberg picture. Remarkably, the

factorization in equilibrium in Eq. (4.5)) holds out-of-equilibrium as well:

EOk (1) 1
<—N—@w>=<—ﬁ—>@ﬁ»+0(ﬁ)~ (4.8)

As in equilibrium, this factorization leads to an effective mass in a free field the-
ory that is determined self-consistently. However, the effective mass is now time-
dependent. More formally, consider the Hamiltonian for a free field theory with the

time-dependent mass meg(t) determined self-consistently at each ¢:

A gd . . .
Halt) = 5 [ g [T+ (R + i) 1B (4.9

|(t)]*
- > . (4.10)

3
® o
=N

=
Il
=

_l’_
>

—

Above, ®; = [d'x ®;()e~*7 and Iy = [ dz TL;(Z)e* ¥ so that (@105 =
i(2m)46%(k — K')0;;. We evolve the state [(0)) with Heg. We also evolve [16(0))
with H in the limit N — oco. The formal statement is that all correlation functions
involving a finite number of components are identical in the two cases at any fixed
t. Thus, to determine observables and correlation functions, we need only solve for
the dynamics in a free field theory with mass meg(t). As in equilibrium, the infi-
nite N model out-of-equilibrium goes beyond the free field theory through the single
self-consistency condition on meg(t) (Eq. (4.10)). Henceforth, we suppress the com-
ponent index when an expectation value is independent of it. Specifically, we replace

(|B(t)[2)/N by the expectation (®2(t)) of a single component. When not indicated,

all operators in a correlation function are assumed to have the same component label.

100



A convenient way to determine correlation functions from H.g(t) is to expand

®r(t) and II;(t) in a fixed basis at t = 0:

dol(1)
II;(t) = o (4.11)

Above, the (ag, a%) and (a_g, aig) are two independent sets of fixed ladder opera-
tors with the usual commutation relations. The fz(¢) are complex-valued coefficients

known as mode functions. The commutation relations stipulate that:

fe(t) = f_p(0)
m(fz(t) f2(t)] = 1. (4.12)

Given an initial state, we may choose any fixed basis to decompose the field operators
in. This is a coordinate choice; in this article, we pick the particular fixed basis in

which:

(agag) =0,  fz(0) = f£(0). (4.13)

It is then easy to see that f;(0) and |f;(0)| fix all the coefficients in Eq. (&11]) at
t = 0. For example, Eq. (4.12)) determines the phase of f,;(()) etc. Both functions
follow from the two-point functions in the initial state:

RO

2
| /20PN )I “Ni

(@z(0)®}, (0)) = (2m) "5 (k — k)

(I (0TI}, (0)) = £ (2m)’5(k — k)

Re[(P5(0)I (0))] = Re[f;;(O)]f;z(O)N;; (2m) 6k — k). (4.14)
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if we substitute for the phase of f,;(O) from Eq. (4.12). A above is related to the

sum of the occupations of the 4k modes in the initial state:
Ne=1+4mp+n_g, (atag) = ng(2m)*6(k — k).

Finally, from H.g(t), the definition of m% in Eq. (.10, and Eq. (4.11)) , we obtain

the equations of motion for the mode functions:

(5 1R+ ms(0)) te) =0 (4.15)
A d?k
mial) =1+ 5 [ Gl A (4.16)

Given the correlation functions in Eq. (4.14) and the condition in Eq. (4.12)), we can
propagate this system of coupled second-order differential equations forward in time
to solve for f(t). We may then compute any correlation function of interest by means

of Eq. (4.11]) and the solutions for the mode functions.

4.3 Ergodicity

To determine the nature of the late time state, we need to identify all the quantities
that are conserved in the dynamics (Eq. ) First, as the evolution is gen-
erated by a Hamiltonian, the total energy is conserved. This would be true for any
isolated quantum system. Additionally at infinite N, the operators L% defined below
also commute with H in the class of states in Eq. .
LI — Tl

LZ =
k 1

(4.17)
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Thus,

d(L7)
dt

— 0. (4.18)

We use k > 0 to denote half the momenta; each k in the set labels the pair (E, —E)
Note that the component label has been suppressed in the definition of L%; there is
actually one conserved quantity for every k> 0 and component label. However, for
our class of initial states (Eq. . LZ is the same for every component and we
can safely drop the label. The conserved quantity <L%) has two interpretations. One
is the angular momentum of the 2d harmonic oscillator at k > 0 in Heg(t). The
second is in the fixed basis in which (L%) = ng —n_j. This difference is conserved as
the scattering processes that lead to exchange of momenta between pairs of bosons is
suppressed at infinite N. Finally, observe that L% is not a local operator in real space.
However, a suitable linear combination of the L at different k is. Defining I~ (1) =
i (g ’)“d L% sin(k - 77) and using Eq. ([@&17), we see that I~ (77) = [ dx (T —17) —
O(2)II(Z + 7). As promised, I~ (1) is a sum of local conserved densities. It is non-
zero only if the system is not inversion symmetric. It is worth noting that there is
a similar conserved quantity in the free Majorana field theory/ transverse field Ising
model [83], 152} [66].

There are therefore half as many conserved quantities as the number of degrees of
freedom. This is reminiscent of an integrable system in which the number of conserved
quantities equals the number of degrees of freedom. For example, the free field theory
(X = 0) is integrable and has two conserved quantities for each (k, —k) pair: the energy
in the 2d oscillator and the angular momentum L%. In such systems, the correlations

in the late time state are conjectured to be reproduced by the generalized Gibbs
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ensemble (GGE) [I61] [62] :

M

PGGE = exp(— Z ,uiOi)a

i=1
where the O; commute with the Hamiltonian and the p; are fixed by (O;) in the initial
state. In the free field theory, for some classes of initial states (including the ground
states of the free theory at any r > 0), this conjecture can be directly checked.

The collection of conserved quantities in the O(N) model at infinite N suggests
that the late time state should thermalize to the following GGE:

PGGE = €XP <—5H — ,LLEL’%) . (419)

k>0

We argue in two (possibly related) ways below that the dynamics fails to relax to
this GGE.

First, note that Eq. depends on a c-number associated with the initial
state. A reasonable expectation would be that correlation functions at late times
also depend on this c-number. However, correlation functions derived from the GGE
do not. This suggests that the GGE is not the correct description of the late-time
dynamics. In Appendix [f.A] we sharpen this intuition by showing that the structure
factor at late times depends on A. It follows that two-point function in real-space is
also a function of the A, thus proving the claim that the system does not relax to the
GGE for all local observables. We note that Ref. [13] arrived at the same conclusion by
constructing a particular non-linear combination of equal-time correlation functions
that were independent of time and involved Nz

The second argument hinges on the numerical observation that m?;(t) generically
approaches a non-negative constant, mfc, as t — oo. This implies that the different k
modes decouple and the theory is effectively free at late times. Thus, an extensive set

of conserved quantities (equal to the number of angular momenta) emerges at late
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times:
By = |z + (k> +m?)| 02, k>0 (4.20)

and the system appears integrable. As these extra conserved quantities are indepen-
dent of (L%), it is clear that the system does not relax to the strict GGE in Eq. (4.19).
However, the system does relax to an emergent GGE with the £} and Lz as conserved
quantities. The argument for the emergent GGE hinges on the theory being free once
mZz ~ m7. Define t; so that mZ; ~ m7 for t > t;. If the state of the system at t = t;
lies within the class of initial states that relaxes to a GGE under the evolution of the
free theory, then we are guaranteed that the emergent GGE is the correct description
for ¢ > ty. It is known that all initial states that are physically relevant (exponentially
decaying spatial correlations, well-defined conserved densities in the thermodynamic
limit etc.) relax to a GGE under the evolution of a free bosonic theory. The state of
the O(N) model at t = t; is physical; thus the system always relaxes to the emergent
GGE. In particular, in the sudden quenches that we discuss in the following section,
the late time state is described by an emergent GGE whenever it is disordered. By
default, whenever we say GGE, we mean Eq. . The other GGE will always be
referred to as emergent GGE.

This leaves open the possibility that there is a more restrictive GGE that includes
some unknown additional conserved quantities that will describe the late time states.
While we cannot rule this out, we (and previous workers on this problem) have not

been able to find such quantities.
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4.4 Quenches to the ordered phase

4.4.1 Problem, methods and background

We now turn to the late time behavior of protocols starting from ground states in
the disordered phase wherein the coupling is changed to a value in which the ground
state is ordered (see Figs. and . For specificity and because our interest
here is primarily in the late time behavior, we will take these protocols to be sudden
quenches, i.e. the coupling will be changed instantly to its new value. Our conclusions
will generalize mutatis mutandis to more elaborate protocols such as those of interest
in the Kibble-Zurek problem. Right after the quench, the system is in an excited state
for the new Hamiltonian, i.e. one with a non-zero energy density. For a system which
thermalizes, the late time state can be read off from the equilibrium phase diagram by
converting the energy density into an equivalent temperature. Interestingly, despite
the lack of relaxation in the quantum O(N) model at infinite N, we will find that the
phase diagram is still a good heuristic for the late time behavior when the system is
quenched, in a sense we will shortly make precise.

But first, let us describe the setup of the problem more precisely. Recall that
the mode functions are constrained by Egs. and . Polar coordinates
make these constraints more transparent. Define f; = |fz|exp(if;). Eq. then

provides a relation between the amplitude and the phase of the mode function:

—1

6. — .
SR

(4.21)

Together with the initial condition 6;(0) = 0, this allows us to reconstruct the mode

function at all ¢ from |fz(t)| alone. The equation of motion for |fz(t)| follows from
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Eq. (EI5[T):

1

d? -
(@ + ’kP + mgﬁ(t)) ‘f}}' - W =0 (4.22)
A dk
mgﬁ(t) =r+ E/WUCEFNE (423)

It suffices to solve these equations subject to the initial conditions discussed below to
determine fz(2).

We pick the initial state of the system for ¢ < 0 to be the ground state in the
disordered phase. That is, we prepare the system in the ground state of H (Eq. )
with bare coupling r = ry greater than the critical coupling r.. This state is the
ground state of a free field theory with the effective mass mg. The relation between

mg and rq is given by Eq. (4.4). In this state:

Ne=1, Quo=/[k]>+m}

Folt < 0) = \/é_ko Folt < 0) = —in/g. (4.24)

Qo above is the frequency of the harmonic oscillator at k. At t = 0, we suddenly
quench to the ordered phase (r < r.). We note that in terms of our discussion earlier,
the conserved angular momenta are all zero so that the associated chemical potentials
i in the GGE are all also zero.

For the most part we will rely on numerical solutions of the dynamical equations.
Specifically, we numerically solve Egs. subject to the initial conditions in
Eq. . We sample |fz| on a grid of points in momentum space with the infra-
red spacing 1/L and the ultra-violet cut-off A; we present data only for the largest
system sizes L in which the finite-size effects are minimalﬂ We have also ascertained

that the average energy is conserved at least to one part in 10*. The dimensional

3Some of the data involved sampling the interval with quadratic spacing.
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dependence of the late time physics is easily accessible as the spatial dimension d can
be varied continuously in these simulations. As we employ a lattice in momentum
space, we drop the delta function factors in the continuum theory from this point on.
Correlation functions that appear in the rest of the article should rightly be thought
of as structure factors.

As advertised, we are looking to use the equilibrium phase diagram to rationalize
the behavior of our solutions. To this end, we quickly review the properties of the
finite 7" equilibrium phases (see Figs. and . First, in d < 2, the system
is always disordered for all 7" > 0. Correlations decay to zero exponentially with
distance and the inverse of the effective mass, 1/meg plays the role of the correlation
length. meg > 0 in this phase. In d > 2, there are two phases for r < r. (r. is the
zero temperature quantum critical point). For T" > T.(r), the system is disordered.
As we just discussed, meg > 0 in this phase. For T' < T.(r), the system is ordered.

- -

The magnetization (®) is non-zero and the two-point function (®(z) - ®(0)) decays as
a power law 1/|Z]%2 to the positive constant |(®)[2. A numerically useful property
of such a two-point function is that the volume under the curve on long length scales
7] scales as ~ |(®)|2|7]%. The effective mass squared is zero in this phase and is,
physically, the mass of the (N — 1) Goldstone modes. At the critical temperature 7,

m?2; = 0 and the two-point function decays to zero as 1/|7]%2.

4.4.2 Results

Our first result is the one that we alluded to in Sec. .3} the late time effective
mass squared tends to a non-negative constant, mfc > 0. This is observed in all
our numerical solutions. Certainly, m?c < 0 is ruled out on grounds of stability.
Heuristically, the result follows from the averaging over many momentum modes
which oscillate at different frequencies. Once the effective mass settles, the density

matrix in the eigenbasis of H dephases and is effectively diagonal.
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The limiting behavior of the effective mass divides into two classes with very
different physical content.

In the first case, the effective mass squared tends to a positive constant (m? > 0).
It is easily checked that this implies a finite correlation length at late times. The late
time behavior is then qualitatively the same as that of the equilibrium disordered
state. We emphasize that we are not implying thermalization: m?c is not a function
of the excess energy density and the angular momenta <L%) = 0 alone. It depends on
many properties of the initial state. Similarly, the form of the late time correlations
are not given by the appropriate GGE.

In the second case, m2; tends to zero as t — oo and the correlation length diverges
in the same limit. We shall refer to this behavior as coarsening. This case subsumes
two cases—that of strict coarsening and that of coarsening to a critical state. By strict
coarsening, we mean the analog in our system of the process in an ergodic system
in which the system is quenched from the disordered to the ordered phase and the
symmetry is only broken locally [22]. The domains of broken symmetry grow with
time; their characteristic size at late times, l.,(t), grows as t'/% where z, is a dynamic
exponent. Within each bubble, the two point function heals to its equilibrium value
|(®) |2 on a length scale & < (). On the longer length scale L,(t), it decays to zero.
In contrast, by coarsening to a critical state, we mean the analog of the the system
approaching a critical state with no length scale except l.(t) and hence no domains
exhibiting equilibrium magnetization. In either case, the system is self-similar on
the scale [.,(t) and a dynamical scaling theory emerges in the limit ¢ — oo, |l;] — 0

holding |l; |*at fixed. In this limit, the equal time structure factor has the scaling form:

(@HOOLD) ~ ﬁguéww, (4.25)
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Figure 4.3: Plot of m2¢(t) vs t for a sudden quench from the disordered phase to the
ordered phase in d = 1 + €. The green line shows mZp, the effective mass squared
predicted by the GGE. Inset shows late time. System parameters: e = 0.1, L = 1200,
A=nmro=rc+2,r=r.—1, A=1.

where G is the scaling function. When the system is strictly coarsening, the volume
under the two-point function should grow as l.,(¢)¢. That is, the structure factor at
zero momentum should as I, (t)?. Thus, § = d for strict coarsening. On the other
hand, when the system is coarsening to a critical state, the growth of the volume
under the two-point function with time is slower. Thus, ¢ < d.

To numerically confirm that the system is coarsening, we will ask that the structure
factor at late times have the scaling form predicted by Eq. . We will then use
the value of ¢ to differentiate between the two possibilities. Let us now turn to the
amplitude and spatial dimension dependence of the late time behavior of our sudden
quenches.

Consider first sudden quenches in d < 2. Relatively small system sizes are suf-
ficient to determine the late-time behavior near d = 1 rather than at d = 2. We

therefore work at d = 1 + €. Fig. E shows m2¢(t) for d = 1.1; the inset contains
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the longest time behavior. Observe that m?; can be negative in the course of the
evolution. This is not alarming because it is not the steady state behavior and does
not imply instantaneous imaginary correlation lengths. The negative values of m%;
merely indicates that (®2(¢)) < (—r). The mode functions then grow exponentially,
causing m?%; to become positive. This explains the initial oscillatory behavior of mZ;.
However, at late times, m?; settles to the positive value mfc (see inset). The green line
in both plots is the effective mass squared predicted by the GGE, m% . The system
definitely does not relax to the GGE as mZ.p is almost two orders of magnitude
larger than mfc. The equal time structure factor is plotted in Fig. at different
times. By the Riemann-Lebesgue lemma, only the time-averaged structure factor
contributes to the two-point function in real-space. Thus, the green curve is sufficient
to understand the behavior of correlations in real-space. All three structure factors
lead to exponential correlations in real-space.

The positivity of m% is not specific to our choice of initial conditions. Recall that
stability arguments dictate that mfc > 0 if the effective mass goes to a constant as
t — 0o. We now show analytically that m?g = () is physically impossible in d < 2. To

this end, suppose mfc = 0. Then, the solution for f;(t):

. B- .

[z = Ajcos(|k|t) + ﬁ sin(|k|t), (4.26)

where Ap and By are complex valued functions that depend on the initial condi-
tions. Whatever the detailed form, their amplitude must be finite and non-zero and
Im[A;Bz] = 1 (from Eq. (4.12))). The above solution has to be consistent with m;
determined through Eq. (4.16)) (or Eq. (4.23))). For d < 2, this is impossible as the

RHS is different from zero by an amount divergent in the long time limit:

A d'k 2 2—d
r+ 5/ (%)d|f,—€—| Np ~ 574 (4.27)
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Figure 4.4: Plots of (@,;(t)(b%(t)) vs |k| at different times for a sudden quench from
the disordered phase to the ordered phase in d = 1 4 €. System parameters: € = 0.1,
L=12000A=m,ro=r.+2,r=r.—1, A=1.

Therefore, m?c > () for d < 2 and the late time state is disordered. The argument at
d = 2 is more delicate; it involves showing that the RHS is different from zero by a
finite quantity.

The above proof suggests that for d > 2 different quenches can lead to a vanishing
mfc and hence coarsening. Indeed, our numerical results for d > 2 confirm this
expectation and show two kinds of late time behaviors. Shown in Fig. is the plot
of m2¢(t) at late times for a sudden quench of “small amplitude” to the ordered phase
in d = 3. We define a “small amplitude” quench to be a sudden quench in which
the injected energy density is smaller than that in the critical ensemble at r. At late
times, the effective mass is seen to oscillate about zero with a decaying amplitude.

Thus, m7 is indeed zero.
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In Fig. |4.6] we plot various structure factors: 1) at ¢ = 0, 2) the averaged structure
factor at late times and 3) the connected structure factor predicted by the GGE.
We compute the averaged structure factor only for the wave numbers |k| > 0.1,
For ¢ > 25, their amplitudes, |fz|, oscillate about the green curve. Again, by the
Riemann-Lebesgue lemma, the green curve is sufficient to compute the late time
two-point function in real-space at distances < 27/0.1 in lattice units. Observe that
despite the lack of relaxation to the GGE, the tail of the green curve falls off as 1/|k|?,
just like the curve computed from the GGE (black). In the inset in Fig. 4.6, we plot
|fo(t)] as a function of t. At early times, |fo(t)| is order one as in the initial state.
At late times, it grows linearly with ¢. This implies that the volume under the two
point function |fy|? grows as 2. This is consistent with the scenario of coarsening to
a non-equilibrium critical state, as we will show now.

We now check if the structure factor has the scaling form predicted in Eq. .
Shown in Fig. is the plot of the scaling function G vs |k[t. The curves at different |k|
collapse when zy = 1,0 = 2. As § < d, the system is coarsening to a non-equilibrium
critical state, as opposed to strict coarsening (in agreement with Ref. [I68]). Physi-
cally, when z; = 1, the size of a correlated region at time t is set by the horizon. This
is the fastest possible growth and is possibly too fast to establish long-range order.
An interesting avenue for future work is to investigate the nature of the coarsening
process in the O(N) model at infinite N limit in different spatial dimensions. Pre-
liminary results show that the system always coarsens to a non-equilibrium critical
state. However, the critical state itself varies with dimension.

On injecting an energy density greater than that in the critical ensemble at r, the

late time behavior is qualitatively the same in Figs. [1.3J4.4] Again, as was the case

for d < 2, the GGE does not reproduce the late time behavior.
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Figure 4.5: Plot of m2¢(t) vs t for a sudden quench of small amplitude (see text for
definition) from the disordered phase to the ordered phase in d = 3. The ratio of
the injected excess energy density to the critical energy density is approximately 0.7.
System parameters: L =700, A=m, ro=r.+2,r=r.—4, A =1/2.
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Figure 4.6: Plots of <<I>,;(t)<1>£(t)> vs |k| at different times for a quench of small am-
plitude from the disordered phase to the ordered phase in d = 3. The green curve is
the averaged structure factor for ¢ > 25 (see text). Inset: The amplitude of the mode

function at |k| = 0, [ fo(t)], vs t. See the label of Fig. 4.5/ for system parameters.
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Figure 4.7: The structure factor multiplied by |k|? vs |k|t for the quench of small
amplitude from the disordered phase to the ordered phase in d = 3. The six curves
that exhibit the scaling collapse predicted by Eq. are at the six smallest values
of |k|, |k| = 2rm/L, where m = 1,...6 and L = 700. We conclude that zg = 1,6 = 2.

4.4.3 The step approximation

The dimensional dependence of the late time physics is well captured by the step
approximation, first introduced in Ref. [I73]. Here, one approximates m?Z;(t) by a

step function:

m2s(t) ~ (4.28)

The initial state fixes m3. This approximation is quite coarse in that it ignores the
intricate early-time behavior of m2;(¢) visible in Fig. 4.3l However, it builds in the
late-time constancy of m2¢(t), a key feature of the infinite N dynamics. Within this
approximation, the equations of motion can be solved analytically as the dynamical
problem is equivalent to a sudden quench in a free field theory. m? is a free parameter
in this solution. It is fixed by requiring that the self-consistency relation in Eq.

hold at late times. For further details of the method, see Ref. [173].
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Although my is numerically not equal to the actual late time effective mass, my,
the two share qualitative features. Specifically, the dimensional dependence of m;
discussed in the previous subsection is reflected by m,. First, we find that for d < 2,
m? is always positive for any mg. Thus, the final state is always disordered. Second,
for d > 2, the value of m? depends on mZ. For deep quenches or “large” mg, m, > 0
and the final state is disordered. On decreasing the amplitude of the quench, the
value of m? decreases, until m? = 0. After this point, we find no solutions to the
self-consistency relation and the approximation breaks down. This breakdown is
indicative of the new physics of coarsening at late times. Note though that coarsening
cannot be captured within this approximation as the precise way in which mZ(¢)
approaches zero is important.

To summarize, the step approximation leads to a disordered state in d < 2 for
any quench and in d > 2 for a deep quench. For shallow quenches in d > 2, the

approximation breaks down, indicating new late-time behavior.

4.5 Scaling and quenches to the critical point

Thus far we have focused on the dimensional dependence of the late time physics
upon quenching to the ordered phase. Now we turn to the question of scaling for
such quenches due to proximity to the critical point separating the ordered and disor-
dered phases. This aspect of the physics has an interesting dimensional dependence
of its own which is the non-equilibrium analog of the variation of equilibrium crit-
ical behavior with dimension. We will specifically be interested in the reversion to
Gaussian critical behavior in d > 3. We will focus almost entirely on quenches to
the critical point and note at the end the generalization to quenches into the ordered

phase.
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As before, we prepare the system in the ground state in the disordered phase at
some rg > r.. The initial conditions are once again as detailed in Eq. . At
t = 0, we quench the system to the critical point.

A first observation is that in any dimension the late time state is disordered,
ie. m?p > ( for an initial non-zero mg. This is observed in our numerical solutions
but it can also be argued, on analytic grounds paralleling our demonstration that
coarsening is impossible upon quenching into the ordered phase. For d < 2, our
previous argument already suffices and for d > 2, one can extend it via a consideration
of a larger set of momenta at the critical coupling. We note that this result is again
consistent with reasoning based on the equilibrium phase diagram—injecting a non-
zero energy density at the critical coupling should lead to a finite correlation length.
However, this result hides an important difference between d < 3 and d > 3 to which
we now turn. This difference is most sharply visible if we consider a scaling limit for
sudden quenches, a close cousin of the KZ scaling limit, which makes their universal
physics manifest.

Let us first consider 1 < d < 3 where the critical point is interacting even in the
infinite NV theory. When the initial state is in the vicinity of this critical point, its
correlation length, 1/ m(l)/ “ diverges as (ro — 7.)”", where the critical exponents are
v=1/(d—1),z =1 at infinite N. On the length/time scale 1/my, the equilibrium
physics is universal. On the same scale, the dynamics following a sudden quench
is also universal in an appropriate scaling limit. This is the limit of ry — 7. when
lengths/times are measured in units of the initial correlation length/time, 1/my. In

this limit, the one and two point functions of an operator O have the scaling forms:

(O(Z, 1))y ~ Mg Golt ma) (4.29)

(O(&,)0(0,0)) g ~ M5 Goo(|Z]mo, tmo), (4.30)
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Figure 4.8: Plots of mgﬁ /mZ vs tmy at different values of Lmg in d = 2. At each Lmy,
we show the behavior for three (small) values of mg. The scaling collapse provides
strong evidence for Eq. (4.31). System parameters: A =1, r =r., A = 3.

where A is the scaling dimension of the operator O and we have used the translational
and rotational invariance of the system. The out-of-equilibrium physics in this limit
is conjectured to be universal because the quench is very shallow — only the universal
low-energy long-wavelength part of the energy spectrum at the critical point is excited
for t > 0. Those readers familiar with the Kibble-Zurek mechanism will notice that
the above scaling limit is very similar to the one in slow ramps. The correlation length
and time in the initial state play the roles of the Kibble-Zurek length and time.

The previous computations of universal correlation functions in d = 1 are in
the scaling limit described above. For example, the two-point correlation functions
computed by Calabrese and Cardy[27, 28] using boundary conformal field theory have
the scaling form in Eq. . Finally, the formalism above can be easily generalized
to the cases when (a) the dynamic exponent z # 1, (b) when the system size is finite
and (c) when the quench is not exactly to the critical point.

To test the scaling hypothesis, we consider the one-point function, (|®[2())m, /N .

Equivalently, consider the effective mass squared m2. Accounting for the finite sys-

118



0.1 M "
0.01 /
g 1
S 0.001 — Ty = 20
. —_— my ' =40
1077 my ' =80
1073 : : : : :
1.0 1.5 20 2.5 3.0 3.5 4.0
d

Figure 4.9: M (00) vs spatial dimension d computed for mg " = 20,40, 80 with Lmy =
10. The solid line is M(o0) obtained in the step approximation (Sec. at the
same system system sizes and initial conditions. System parameters: A =1, r = r., A
is d-dependent and chosen to ensure that the initial state is in the equilibrium scaling
region.

tem size L in the numerics, the scaling form of m?2; is:

mZg(t, Lymg) ~ magM(tmg, Lmy). (4.31)

We discuss the early and late time behavior of M below.

By construction in the thermodynamic limit, M(07) = 1. At ¢t = 07, m?; is
negative. This reflects the finite correlations in the initial state, unlike the ground
state at the critical point. Using the form of f3(07) in Eq. , it is easy to see

that:

M(0F) ~ —md=3. (4.32)

Thus, M(0") is negative and divergent in the scaling limit.
The full scaling function can be determined numerically. In Fig. 4.8, we show M
for Lmy = 6,20 in d = 2. The data collapses for three different values of mq at each

Lmy, providing strong evidence for Eq. (4.31)). The negative divergence of M near
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0" is not shown in order that the late time behavior be visible. Generically, we find
that M tends to a positive constant at late times. Thus, the late time state is indeed
disordered.

In Fig. M(o0) is plotted as a function of dimension for different values of
mg at fixed Lmy = 10. For all d < 3, the extrapolation to the thermodynamic limit
leads to a positive value of M as tmy — oo. The solid line is M(o0) in the step
approximation discussed in Sec. . In agreement with Eq. , M(c0) is finite
in the dynamic scaling limit. The close agreement with the numerical data points
appears fortunate rather than principled.

Now consider the case when d > 3 where the fixed point is Gaussian. If we work
directly at the fixed point, we have a free field theory, and the time-dependent mode
functions can be calculated exactly for the sudden quench to the critical point (see,
for example Ref. [2§]). In the language of this article, the computation amounts to
ignoring the self-consistency equation for the effective mass and assuming that it is
zero at all times. The result is that the correlation functions at late times have a
power-law behavior in real space at long distances (light cone effects are irrelevant
to this discussion). Now, this is at odds with the observation of a finite correlation
length in Fig. at any non-zero mg. This discrepancy is resolved if we take proper
account of the irrelevant quartic term which is dangerously irrelevant already for the
equilibrium behavior, i.e. it cannot be neglected to get proper asymptotic results.
The same is true for the non-equilibrium dynamics. This is easy to see in the step
approximation. The dependence of the late time (finite) correlation length, &y, on the

initial correlation length 1/mg is given by:

Ermg ~ mg(d‘3)/2 as mo — 0. (4.33)
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In the marginal d = 3 case, {; is only logarithmically greater than mg. Thus, if we take
the scaling limit keeping distances on the order of 1/my fixed as described in Ref. [39],
we will indeed find Gaussian behavior but this will no longer be a good description
of the truly long time asymptotics on the longest time and length scales. As in
typical problems with dangerously irrelevant variables, there are now two divergent
scales to contend with—a phenomenon likely to be much more common in the non-
equilibrium setting as has been noted already with a different example involving
string-net coarsening in Ref. [38]. Finally, we note that the dangerous irrelevance of
interactions is also germane to quenches into the ordered phase where again a scaling
limit can be defined as above. Again, we will find that in d > 3 Gaussian results
hold in the scaling regime, which will exhibit an exponential growth of the local order
parameter before being cutoff at the parametrically longer scale by the coarsening

physics we described previously.

4.6 Concluding remarks

In our current understanding, as sketched in this paper, the quantum O(N = o0)
vector model appears intermediate between generic systems that exhibit thermaliza-
tion starting out of equilibrium and integrable systems that do not. It does exhibit
stationary behavior at long times following parameter changes but it does not exhibit
thermalization. This behavior is consistent with it appearing to have only half the
number of conserved quantities appropriate for a fully integrable system. Interest-
ingly, the GGE constructed from the known conserved quantities does not describe
the late time stationary states which is inconsistent with the GGE conjecture [161].
A definitive resolution to the question of whether the GGE conjecture is false or
whether there are additional conserved quantities is desirable. In the absence of the

latter the O(N = 00) vector model would provide an example of a system exhibiting
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a large number of emergent conserved quantities at late times. In such a case, all local
properties of the system are captured by a modified emergent GGE which includes
chemical potentials for the emergent conserved quantities.

Interestingly, the late time states of the O(N = o0) vector model following
quenches exhibit “knowledge” of its equilibrium phase diagram. They exhibit coars-
ening if and only if the model exhibits a finite temperature ordered phase, which in
turn depends on the dimensionality of the system. However, this coarsening process
appears to be to a state that is critical. That is, it does not show any signatures of
developing long range order on length scales smaller than the coarsening length scale.
Elucidating the nature of this critical coarsening and its precise dependence on initial
conditions is a fit subject for future work.

We note that the temporal structure of relaxation appears to be quite complicated
at large but finite V. The infinite N theory already exhibits finite times scales for the
appearance of stationary states in the absence of coarsening and algebraic relaxation
in the presence of coarsening. This behavior is initial state dependent. For large N
we expect this behavior to give way to genuine thermalization, at least for d > 1,
on a time scale that is parametrically large in N. How much of this intricate time
dependence survives to, say, N = 3 is an interesting question.

Finally we note that in d = 3 the critical fixed point is Gaussian. In its neighbor-
hood, the scaling limit will be described by the Gaussian theory as we illustrated in
this paper for quenches to the critical point. This is potentially amenable to exper-
imental work in cold atomic systems where the N = 2 case is the critical theory of

the Mott insulator to superfluid transition with particle hole symmetry.
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4.A Lack of relaxation to the GGE

In this appendix, we show that the correlations in the late time state of the O(N)
model are not reproduced by the appropriate GGE Eq. (4.19). Define a new set of
variables linearly related to the mode functions f; in Eq. (4.11]):

9 = i/ Ny (4.34)

We interpret gi as the complex coordinate of a 2d classical particle labelled by k> 0.

Next, define the momentum of each particle to be:
=g (4.35)

When absent, the momentum subscript is implied. Then, the condition in Eq. (4.12)

implies that the angular momentum of the particle at kE>0is given by:
F=—Im[g(t)r(t)] = -N. (4.36)

This classical angular momentum should not be confused with the conserved angular
momentum L in Eq. (4.17). They are completely unrelated. The above equation
implies that [* is a constant of the motion for the classical system and is set by the

value of N. The dynamics of the classical particles is governed by the Hamiltonian:

. A 2
Ha= [ ol QR4 0ioP+ 5 ([ 1) (4.37)
F>0 >0

It is easily checked that the equations of motion derived from H, reproduce
Eq. (4.1504.16). On solving for the dynamics of the classical particles generated
by H. with fixed angular momentum [* and the initial conditions derived from

Eq. (4.14), we can compute any observable in the O(N) model through Eq. (4.11)).
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This classical interpretation is useful because it unambiguously identifies the role
of the c-number A in the solution. The radial coordinate of the classical particle,
lg(t)|, depends on the conserved angular momentum [* at late times. As the equal

time structure factor S(k,t) is given by:

S(R.1) = 25 (4.38)
k

where (®;01,) = S(k,t) (2m)*0%(k — k), (4.39)

the time-averaged structure factor at late times must depend on l% as well. The
structure factor in the GGE however is independent of this quantity. Thus, the
two do not agree and the dynamics in the O(N) model does not thermalize in the

generalized sense.
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Part 11

Entanglement

125



Chapter 5

Entanglement in the quantum Hall

phases

The quantum Hall effect is a centerpiece of modern condensed matter physics. Discov-
ered experimentally in the early 1980s [112] [I86] in semiconductor heterostructures, it
is the remarkable appearance of gapped quantum liquid phases of electrons confined
to two dimensions in a strong perpendicular magnetic field. The classic signature
of these phases is shown in Fig. (adapted from Refs. [63, I77]). If the electrons
behaved classically, then the Hall resistance R,, would increase linearly with the
magnetic field B. Instead, R,, exhibits plateaus quantized to one part in 10® of the
quantum of resistance whenever the longitudinal resistance, R,,, vanishes. There are
two kinds of plateaus: ones at inverse integer values and others at rational fractional
values. The integer valued plateaus or the integer quantum Hall (IQH) effect can
be understood with single-particle quantum mechanics in the presence of disorder
[119, T, 181, 184], 37, 150]. Each gapped IQH phase is characterized by a topological
invariant known as the Chern number in the bulk [I81], C', and a corresponding collec-
tion of C massless chiral Dirac fermions on the boundary. The transverse conductivity

04y 1s quantized to C' in units of the quantum conductance.
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The FQH effect on the other hand, poses more of a puzzle as it would not ex-
ist if the electrons did not interact with one another. Further, Landau’s theory of
symmetry breaking is of no help as the various FQH liquids have the same sym-
metries. The theory behind the FQH phases developed over the last thirty years
[120,, 88, 92, 102, 196] required a revolution in our understanding of collective phases
in which the topology of the manifold of the electron gas takes a central role [197].
These topological theories predict that the edge is gapless and a universal feature of
the phase, while the bulk is gapped and supports excitations with rational fractional
quantum numbers and exotic braiding statistics [3, 89]. Fractional charge has now
been directly observed in many experiments [53] [166], 200, 124, 193]; whether these
excitations have fractional statistics is still being settled [2, 201], 199]. Neverthe-
less, the particular phases that support non-Abelian excitations, like the Moore-Read
state[134] theoretically predicted to describe the v = 5/2 plateau [198] 203], [138], have
been a great source of excitement recently because of their potential as platforms for
topological quantum computation [77), 109, [136].

Coincidentally, the idea of a quantum computer or a simulator was put forth by
Richard Feynman [69] at about the same time as the discovery of the QH effect (1982).
Quantum information theory has developed in parallel and essentially independent of
the theory of the QH effect since then. Unlike a classical computer, a quantum com-
puter uses quantum particles to represent information [I37]. As a quantum computer
operates by the principles of quantum mechanics, it is probabilistic in nature. If we
manage to build one, we believe that such a machine will be more powerful than any
classical, probabilistic computer. Some of the power of a quantum computer stems
from entanglement. When a system is entangled, measurements on distant parts of
the system can be much more correlated than is classically allowed [7]. Thus, it be-

comes possible to teleport quantum bits [8, (18] and break public-key cryptography
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20
Magnetic Field (T)

Figure 5.1: Overlay of the Hall resistance R,, = V, /I, and the longitudinal mag-
netoresistance R,, = V. /I, vs magnetic field B of a two dimensional electron gas
of density n = 2.33 x 10" em~2 at temperature T = 85 mK. The numbers indicate
the filling factor v, defined as the number of electrons per magnetic flux quantum
¢o = hc/e. The vanishing of R,, accompanied by the plateaus in R,, at integer
and rational fractional values of v are the hallmarks of the integer and the fractional
quantum Hall effect respectively. The inset shows the geometry of the measurement.
From Refs. [63] 177].

schemes [I70, 80]. Entanglement is thus a resource for quantum computation. Its
role in the physics of the QH phases was not appreciated until relatively recently.

In 2006, Kitaev and Preskill [I11] and Levin and Wen [121] independently observed
that a measure of entanglement known as the entanglement entropy in the FQH
ground states contained a universal signature of the order in the phase. Soon after,
in 2008, Li and Haldane [123] made a remarkable conjecture. They conjectured that
one of the signatures of the FQH liquids — the low energy theory at the edge — was

manifest in an organization of the Schmidt values under a real space decomposition

that they dubbed the entanglement spectrum (ES). The signs were now everywhere.
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Entanglement was more than just a resource for quantum computation. Instead, it
was perhaps a physical principle underlying collective quantum phases, much like
Landau’s symmetry breaking paradigm.

In the second part of this dissertation, we present evidence that entanglement
indeed deconstructs the physics of FQH phases. We begin with a brief review of the
IQH effect, with a focus towards understanding the edge. In this simple setting, we
do our first calculation of the real-space entanglement spectrum and demonstrate how
it uncovers the physics at the edge. This example will hopefully help the reader build
some intuition for the ES that will be invaluable in the more complicated FQH case.
We do not review the physics of the FQH phases in this chapter; we introduce the
necessary ideas in the introductory and background sections of the two subsequent
chapters. In Chapter [0, we offer microscopic evidence for the conjecture by Li and
Haldane at a sequence of exactly solvable representatives of FQH phases (the Read-
Rezayi sequence). En route, we introduce two entanglement spectra corresponding
to two different Schmidt cuts that reveal different facets of the physics of the FQH
phases. One is an approximation to the Schmidt cut in real space that probes edge
excitations (the orbital ES), while the other is a cut in particle space that probes the
bulk excitations (the particle ES). We then provide the first microscopic proof of the
bulk-edge correspondence in the ES between these two spectra. Thus, the bulk-edge
correspondence in the energy spectrum is reflected in the ES. Finally, in Chapter [7]

we investigate the effects of finite system size on the entanglement spectrum.

5.1 The Integer Quantum Hall Effect

An electron with effective mass m* and charge —e moving on a two-dimensional

surface of extent L, x L, under the influence of a uniform magnetic field B is described
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by the Hamiltonian:

1 2

H—
2m*

(&
p+-A
&

(5.1)

Following Landau, we choose the gauge A = Bzxy. Assuming periodic boundary
conditions in the y direction, the momentum k, is a good quantum number and H

reduces to the Hamiltonian of a one dimensional harmonic oscillator with frequency

eB

m*c”

given by the cyclotron frequency, w, = As w. is independent of k,, it follows
immediately that the energy spectrum is highly degenerate. Each degenerate manifold
is called a Landau level and is labeled by n, the occupation of the harmonic oscillator.ﬂ

The degeneracy is given by the total number of flux quanta piercing the system

Ny = Berz/Ley, where the denominator 27¢/e is the flux quantum ¢y = he/e (h = 1). Of
most interest to us is the lowest Landau level (LLL) n = 0, in which the wavefunctions

have the form:

Poa0) = el ) (5.2

oo(z) = ngﬂe—ﬁ/ﬂ% (5.3)
where [ = \/g is the magnetic length. Pictorially, the wavefunction is a Gaussian
packet of width I localized about the guiding center Xy, = —k,l% in the z-direction
and has uniform amplitude in the y-direction. The quantization of k, further implies
that the guiding center coordinate is quantized to be an integer multiple of 27l% /L.

On filling the single-particle spectrum described above with N electrons, we obtain
the many-body states of an N-electron gas in the presence of a magnetic field. The
first observation is that certain filling factors v = N/N, are special. When v is an

integer, we fill » Landau levels and obtain a unique, gapped ground state. The gap to

"'We address the issue of boundary conditions in the z-direction shortly.
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Figure 5.2: a. Classical orbits of electrons moving in a radially outward magnetic
field. In the bulk, the orbits are circular. When the electrons cannot complete
their circular orbits, they skip along the edge. b. Single particle energy spectrum in a
confining potential. There is a level for every value of the guiding center X, . Overlay:
single-particle wavefunctions centered at their respective guiding center coordinates.
Colors indicate the distribution of current density, j = 7,4, within a wavefunction.
Green represents positive j,, while blue represents negative j,. Note the difference in
the ratio between green and blue in the bulk and near the edges.

adding a local charge about this state is finite. Thus, at zero temperature, we expect
the electron gas to be a featureless incompressible fluid. At first sight, this is a bit
disappointing. Do electrons in a magnetic field behave no differently from the trivial
band insulator at the same filling?

A closer look at the spatial distribution of charge currents in these states reveals
otherwise. The origin of the current imprint is classical. Classical electrons moving in
a magnetic field experience a Lorentz force that confines them to the circular orbitals
shown in Fig.[5.2h. How is this reflected in the quantum mechanical eigenstates? For

simplicity, let us restrict our attention to the lowest Landau level (LLL). The local

current density in the wavefunction g, is given by:

. —e [ . . 2eA
Jey = 5~ (%,ky P Yo, — Yok, PV, + TWO,@P) - (5.4)
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The Landau orbital wavefunctions, Eq. (5.3)), have current density:

2

i) = I = Xy exp (_(:C_T‘f(ky)) . (5.5)
The current density is uniform in the y-direction, but varies along x. To the left of
the guiding center, the current density is positive (green), while to the right, it is
negative (blue). See Fig. near x = 0. This is the manifestation of the classical
clockwise currents in the Landau basisﬂ Unfortunately, the current patten in each
Landau orbital is invisible in the many-body ground state at v = 1. The current
density in the v = 1 state is given by the sum of the current densities in the LLL
orbitals and is zero up to exponentially small corrections in the size of the system

(assuming as Ly, L, > lp). How do we expose each term in the sum?

5.2 Exposing the current imprint

5.2.1 Physical edge

There are two different ways of exposing the handedness of the current density in each
Landau orbital. The first is to create a physical edge. Again, we draw intuition from
the classical motion of electrons. When the electrons are confined to a finite region, the
classical electrons cannot complete their circular orbits at the boundaries and ‘skip’
along the edges (Fig.[5.2h.) We warn the reader that the analogy between classical and
quantum electrons comes with its dangers. It turns out that the net magnetic moment
of the classical (spinless) electrons is exactly zero as the moments of the anti-clockwise
moving electrons in the bulk and the clockwise skipping electrons on the boundary

exactly cancel. In contrast, the quantum fluid has a diamagnetic response due to the

2Had we chosen a different basis to parametrize the LLL (the coherent basis), we would have
discovered that the current density in each eigenfunction was circulating in the clockwise direction.

132



oppositely moving edge currents that we discuss below. A beautiful exposition of this
physics can be found in Ref. [140].

To create boundaries in the quantum problem, we add a potential V(x) to H
that confines the electrons in the x direction. The single particle energy spectrum
is the curve in Fig. [5.2b. Near x = 0, the potential is a negative constant, and the
eigenstates have the form in Eq. . Near z = +L,/2, the eigenfunctions remain
approximately Gaussian (like in Eq. ), but with guiding centers shifted closer
to x = 0 by an amount proportional to the magnitude of the local electric field. It
is easy to check that the eigenfunctions at the edge then carry net current [79] as
shown in Fig. [5.2b. What about the ground state of the system with edges? In
the ground state, all single particle orbitals with £ < 0 are occupied. This state
has local filling v = 1. The edges have no effect on the current density in bulk—
the current density remains zero. At the boundaries however, there are oppositely
moving currentsf’| Although the total current carried by the sample is zero, we have
identified a distinctive feature of the » = 1 droplet: the localization of the “in” and
“out” currents at different edges.

A physical consequence of the currents at the edges is the IQH effect. Suppose
we apply a voltage V, between the two edgeﬂ. Then, in steady state, there is a net
current [, in the y direction. It is easy to work out that I, is proportional to V, and
that the conductivity o, is one (v in general) in units of the quantum of conductance,

e?/(2m).

3The higher Landau levels play a crucial role in the derivation of this result. See for example
Ref. [157].

4In the clean limit, every eigenfunction in the Landau gauge carries a net current in the y direction
when subjected to a uniform electric field in the x direction. Disorder localizes many of these states.
See Ref. [79].
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5.2.2 Virtual edge

The second way to expose the handedness of the current density in each Landau
orbital involves creating a ‘virtual’ edge in the bulk through a Schmidt decomposition
and plotting the Schmidt values cleverly. To make this calculation transparent, let us
first simplify our description of the bulk. Imagine two semi-infinite IQH liquids: one
in the left half plane (L) and the other in the right- half plane (R). Both are infinite
in the z direction and of finite extent L, in the y direction. The physical boundary
at x = 0 implies that the single particle energy spectrum of the two droplets has
the form in Fig. [5.3] The z-value of each level in Fig. is its guiding center X, .
All orbitals up to the Fermi point at zero energy are occupied in the ground state.
Excitations about the Fermi point are arbitrarily cheap in the thermodynamic limit
L, — oo; thus, the system is gapless. In a low-energy theory, we keep only those

states within 2A of the boundary in both droplets:

H= > wXy, [LI(Xy,)L(Xy,) = R'(Xp,)R(Xs,) ] (5.6)

Xpy=—A

where LT(X}, ) creates an electron in the Landau orbital at = X, in the left droplet
and likewise for the right. On the length scale A about z = 0, we assume that the
spectrum in Fig. [5.3] is linear with slope w. Using the relation between the guiding
center and y-momentum, X, = —kl%, we arrive at the more familiar Hamiltonian of

two uncoupled 1-d wires of free oppositely moving chiral fermions:
A
H= > —vk[L'(k)L(k) — R'(k)R(k)] (5.7)
k=—A

where A is the momentum cutoff for the low-energy theory and v is the speed of the
electron. Note that the motion of electrons along +7 is equivalent to a current along

—1J, so the signs indeed agree with the currents shown in Fig. [5.3
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Figure 5.3: Left: Two decoupled semi-infinite IQH droplets, L and R. The arrows
indicate the direction of the currents on both edges. Center: Single particle energies
vs . The circles denote single particle levels; their color indicates the nature of
the corresponding eigenstate. Eigenstates with weight only in L (R) are colored red
(blue). The levels occupied in the many-body ground state are depicted as solid.
Right: Entanglement spectrum for a Schmidt cut at * = 0 in the N = 1 sector.

Suppose we now allow the droplets to interact with each other. This couples the

edge theories and allows fermions to hop from L to R and vice-versa:
Hipy = =AY L(k)R(k) + R (k)L(k) (5.8)
k

The interaction term opens a gap in the single particle spectrum shown in Fig. [5.4]
The energies of the two bands are Ef = £./A2 + (kv)? with single-particle eigen-

states:
k)™ = (uy L'(k) + v R (K)) |0) (5.9)

where |0) is the empty vacuum with no fermions and:

1
Ui = ; (5.10)
Ef ok
1+ (55
+ —(Ef 4 vk)
vy = . (5.11)

/ 2
a1+ <E,f;rvk)
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Figure 5.4: Left: Two coupled semi-infinite IQH droplets, L and R. The arrows
indicate the direction of the currents on both edges when A = 0 (see text). Center:
Single particle energy spectrum with two bands. The circles denote single particle
levels; their color indicates the nature of the corresponding eigenstate. Eigenstates
with weight only in L (R) are colored red (blue). The levels occupied in the many-
body ground state are depicted as solid. Right: Entanglement spectrum for a Schmidt
cut at x = 0 in the N, = 1 sector.
When k < —A/v, v, — 0 while v, — 1. The coupling can be neglected and
k)~ =~ RY(k)|0). Similarly, for k > /v, |k)~ =~ LT(k)|0). Near k = 0, X is
the only energy scale in the system and cannot be neglected. The eigenstates are
superpositions of k states on the left and right and the gap is order A. The many-
body ground state obtained by filling the lowest band is clearly gapped and has no
net current. Thus, the line = 0 will be no different than any other line in the bulk
of an IQH droplet. The information in the energy spectrum about the gapless and
chiral nature of the edge is lost.

The entanglement spectrum however has the opposite behavior! It is gapped when
A =0, but is gapless when A # 0. Let us first define the entanglement spectrum [123]

in general terms. Any wavefunction of a system composed of two parts, L and R, can

be decomposed as:

) =Y Crrl|L)|R) (5.12)

where |L),|R) form an orthonormal basis for the L and R subsystems respectively

and C' is a matrix of complex numbers. The matrix C' need not to be diagonal, but
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can be diagonalized through a singular value decomposition, C' = UTDV. Here U,V
are unitary matrices and D is a diagonal matrix of real, positive numbers called the

Schmidt values. Substituting in Eq. (5.12)):

) = Z D;; (Z U}, |L>> (Z Vir |R>>
- Z Dj; |Z>L |i>R (5'13)

This is the Schmidt decomposition of the state |¢)). The Schmidt vectors |i), and |7)
form an orthonormal basis in L and R respectively. Finally, we exploit the positivity

of the Schmidt values to write,

) = Zeielﬂ |3) |i>R (5.14)

where the values ¢; define the entanglement spectrum (ES).
What is the Schmidt decomposition of the ground state of the two coupled wires?

At any A, the ground state is:

GS) = [ [ (wi; LT (k) + v R (%)) [0)

k

x ];[ (u—’jLT(k) + PJ(k:)) 10) (5.15)

Uy,

where we have dropped a global normalization factor. By expanding the above prod-
uct, we can bring Eq. (5.15)) to the form of Eq. (5.12). The expansion is naturally

organized by Np, the number of fermions in L:

GS) o [ Ri(a)[0) +ZZ—?U(/§)HRT((]) 0)+ ... (5.16)

q#k
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The first term has zero fermions in L, the second has one and so on. As states
with different numbers of fermions are orthogonal in L, every Schmidt vector can be
labelled by Ny. We say that Ny is a good quantum number for the cut. Let’s focus
on the sector with one particle in L (N =1). As (0| L(g) LT (k) |0) o< 64, the second
term in Eq. is already of the Schmidt form Eq. . Thus, the entanglement

spectrum is further labeled by momentum £,

e = —2log (@) (5.17)

Uk

dropping a constant shift due to the global normalization. The momentum resolved
entanglement spectra are shown in Figs. and 5.4, The uncoupled half-droplets
(A = 0) exhibit gapless energy spectra but infinitely gapped entanglement spectra.
At non-zero coupling A, the two switch character: the energy spectrum develops two
bands and a finite gap, but the entanglement spectrum is chiral and gapless |E| See
Fig. 5.4

The bottom-line of the above analysis is that at a physical edge, the energy spectra
are gapless and exhibit chiral propagation, while at a “virtual” edge, the entangle-
ment spectra have these properties. The entanglement spectrum is therefore a bulk
property which encodes the physics forced upon the edge by the chiral nature of
the Hall state. There is a second type of entanglement spectrum that we have not
touched upon in this introduction: the particle ES. We will see that this ES en-
codes the physics of the bulk of the Hall state and complements the real-space ES
discussed above. In the next two chapters, we explore the remarkable connection
between the bulk/edge energy spectra and the different ES in greater detail in the
context of the more exotic cousins of the IQH phases: the fractional quantum Hall

(FQH) phases that occur at fractional fillings v. These interacting phases are similar

®The ES in the Nr = 1 sector has the opposite chirality, where Ng is the number of fermions in
the right droplet. The energy spectrum of both edges is really the ES in the N, =1 and Ny =1
sectors.
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to the IQH state insofar as they are incompressible electron liquids with gapless chiral
edge modes, but detailed properties of the bulk excitations and the associated edge
theories are more complicated than the free fermions of the IQH state. For example,
the bulk charged excitations can carry fractional quantum numbers and have non-
Abelian braiding statistics. Consequently, we will find that the entanglement spectra

of virtual edges of FQH states are more interesting than the IQH one.
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Chapter 6

Bulk-Edge Correspondence in the

Entanglement Spectra

6.1 Introduction

In 2008, Li and Haldane[123] made the remarkable conjecture that the entanglement
structure of the ground state wavefunctions of the fractional Quantum Hall (FQH)
phases reflects physical properties of the phasesE] Their work connected two dis-
parate streams of research: the study of QH, or more broadly, topologically ordered
phases and quantum information theory. In detail, they constructed the orbital en-
tanglement spectrum (OES), which is an organization of the Schmidt values under
a decomposition of the spatially localized orbitals of the lowest Landau level into
two partsP| Based on a numerical study, they conjectured that the OES reflects the
universal features of the low energy spectrum of the FQH droplet with a physical

edge. In this chapter, we provide microscopic evidence for the Li-Haldane conjecture

!Chapter based on work with M. Hermanns, N. Regnault and B. A. Bernevig [40].

2Heuristically, the Schmidt cut in orbital space is the real-space cut restricted to the lowest
Landau level (LLL). The physics requiring Landau level mixing, like the physics at the IQH edge,
is invisible in the OES. The OES only probes the ‘interacting’ part of the wavefunction.
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by studying the entanglement properties of model wavefunctions (the Read-Rezayi
sequence) known to describe a family of FQH phases.

What are the features of the edge of a FQH droplet? Recall that the droplets are
gapped in the bulk, and therefore featureless at low energies. The edge is where all
the action at low energies is at. In fact, it is responsible for the singular transport
signature of the FQH droplets, first observed experimentally three decades ago[I86]:
the quantization of o,,. The edge of the FQH droplet is a gapless, chiral, one-
dimensional liquid, and is typically described by a universal critical theory like a
conformal field theory. The simplest edge theory is that of the integer quantum Hall
fluid: a single chiral free fermion (see Chapter . A bit more complicated is the
edge theory of the Laughlin fluid at ¥ = 1/3: a chiral boson. The consequence of
the universality of the edge theory is that the the low energy spectrum has universal
features everywhere in the phase. For example, the counting of the number of energy
levels as a function of the total momentum along the edge is the same everywhere in a
given FQH phase and is different for different phases with different edge theories. For
the IQH/Laughlin phases, this counting is 1,1,2,3,5..., while for the Moore-Read
phase at v =5/2, it is 1,1,3,5,. .. E| Thus, the counting of the low-energy spectrum
is a robust signature of a FQH phase. Li and Haldane provided numerical evidence
that the counting of the low-lying levels in the OES was also a robust signature of
the phase, as it was equal to the edge counting. In this chapter, we will analytically
prove this equality of counting at special points in a family of FQH phases where the
ground state is exactly known.

Another interesting feature of the FQH phases is the bulk-edge correspondence.
The Laughlin flux threading thought experiment [105] [79] provides some insight into
the meaning of this correspondence. Consider the Laughlin fluid on a disk at v = 1/m

with m odd. Imagine drilling a tiny hole into the fluid and pushing a solenoid through

3The counting depends on where the Schmidt cut is in orbital space; for details, see [123].
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it. By varying the current through the solenoid, we may modify the flux piercing the
hole. Suppose we slowly increase it from 0 to 27 in units of the flux quantum. A time
varying magnetic field induces an electric field in the bulk in the azimuthal direction.
This in turn causes a current to flow in the radial direction as o,, # 0. The reader can
easily convince herself that the total charge transported to the edge in this process is
—e/m. The flux tube in the bulk that binds the charge +e/m is actually the quasi
hole, a charged bulk excitation about the FQH vacuum. We have just demonstrated
that the process of creating a bulk charged excitation necessarily transports charge
to the edge. More formally, there is a connection between the partition function of
the bulk (which is a topological field theory) and that of the edge (a conformal field
theory). A consequence is the equality of the quasi-degeneracies in the edge and
the bulk energy spectra when plotted against suitable quantum numbers. Is there a
similar correspondence in the entanglement spectra? We will demonstrate that there
is. To wit, we need to first identify the relevant entanglement spectra. The OES is the
conjectured analog of the edge energy spectrum; in this chapter, following Ref. [176],
we conjecture that a different ES, the particle entanglement spectrum (PES), is the
analog of the bulk energy spectrum. In the PES, the Schmidt cut is in particle space.
This simulates the presence of quasi-holes in the fluid, much like a cut in orbital space
simulates a physical edge. We will show that the counting of the PES matches that
of the bulk excitation spectrum, solidifying the connection. We will then show that
there is a bulk-edge correspondence in the ES by showing that the PES and the OES
have the same counting.

To summarize, we will provide analytic evidence for the Li-Haldane conjecture
in a family of microscopic FQH wavefunctions (the Read-Rezayi sequence) in the
thermodynamic limit in two ways. First, we prove that the bulk-edge correspondence
in energy spectra is reflected in the entanglement spectra. Second, we argue that the

PES does count the bulk quasi-hole excitations. Using the bulk-edge correspondence
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of the ES, we then have a proof that the OES has the same counting as the edge
energy spectrum. In this chapter, for simplicity, we restrict the discussion to the
bosonic Read-Rezayi wavefunctions. The generalizations to fermions and the Gaffnian
wavefunction are straightforward; we refer the reader to the published article for
details[40].

A complementary field theoretic view on the Li-Haldane conjecture is given in
Ref. [154]. In this article, the authors imagine that the bulk of a FQH fluid is con-
structed by turning on a coupling between the edges of two disconnected pieces of the
same fluid. They then Schmidt decompose the ground state of the coupled system
in terms of the low-energy subspace of each piece, that is, in terms of the degrees of
freedom on the edge of each piece, and argue that the Li-Haldane conjecture holds.
This approach is very different from the microscopic view of bulk FQH wavefunctions
that we take in this chapter. This is also a good place to note that the Li-Haldane
conjecture is relatively easy to prove in non-interacting systems, such as the Integer
Quantum Hall system and topological insulators[70, 190, 45 [141]. Interacting sys-
tems are harder to tackle. Finally, the entanglement spectra of many other systems
have also been explored; see Refs. [I51, [71], 1011, 189 204 [65, [74], 188, 148, 149, 142,
1791 32], 118, 206, 139, 127, 167].

The chapter is organized as follows: first, we introduce the relevant technical
background in Sec. This includes a description of the spherical geometry, the
Read-Rezayi sequence, clustering and Jack polynomials. We then define the two
entanglement spectra, the orbital and the particle, in Sec. and discuss their prop-
erties. This leads us to our first rigorous result in Sec. [6.4] that the number of non-zero
levels in PES is bounded from above by the number of bulk quasi hole excitations.
On physical grounds, we then argue that the bound is saturated. In preparation for
the second result, we formulate the clustering properties of the model state in the

single-particle orbital basis in Sec. [6.5] Sec. contains the second result of this
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chapter: the outline of the proof for the bulk-edge correspondence in the model wave-
functions. In the same section, we illustrate the ideas of the proof with two examples
and identify the parameter range of its validity at finite size. The details of the proof

itself are in the appendices.

6.2 Background

6.2.1 Geometry

In the previous chapter, we discussed the Landau problem at integer and fractional
filling on the infinite plane. At any finite size (a finite number of particles N), the QH
droplet has an edge on the plane. The edge complicates the study of bulk properties
like the entanglement spectrum. We therefore move to a geometry with no edge: the
surface of a sphere. This technical innovation was introduced by Haldane in 1983
[88]. There are many good textbooks that derive the results stated below carefully:
for example, see [103].

Consider a sphere of radius R pierced by a radial and uniform magnetic field
with Ny flux quanta in it. The electrons are confined to be on the surface of the
sphere. On solving the Landau problem in this geometry in a certain gauge, we
find that the single-particle states of each Landau level are eigenstates of ﬁz, the z-
component of angular momentum and |E 2, the square of the magnitude of the total
angular momentum vector [88]. In the Lowest Landau Level (LLL), the degenerate
single-particle states belong to a multiplet of angular momentum L = N,;/2 and
consequently, L, € [—Ny/2,...,Ny/2]. Note that the degeneracy of the LLL is
N4+ 1. Define the spinor coordinates u = ¢*/2 cos /2 and v = e~**/?sin 0/2, where 0

and ¢ are spherical polar coordinates on the sphere. The LLL wavefunction labelled
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by L, is most conveniently written in these coordinates:

1/2
N¢+1 N¢>
47 No _ 1

Y1, (u,v) = (—1)N¢/2*LZUN¢/2+LZ pNe/2-L= (6.1)

The amplitude is uniform in the azimuthal direction and varies only along the 6
direction. L, controls the value of 6 at which the |Y7_| is maximum (6,,,,): as
L, decreases from Ny/2 to —Ng/2, 0,4, increases from 0 (north pole) to m (south
pole). The wavefunctions are polynomially localized in the 6 direction about 6,,4,.
Compare this to what we found on the infinite plane in the Landau gauge: the LLL
wavefunctions were uniform in the y direction, but Gaussian localized about a point
in the z-direction determined by £, .

The parametrization in terms of u and v is redundant as the coordinates are
constrained by the relation |u|* + |v|?> = 1. To rid ourselves of this redundancy, let us
map the surface of the sphere to the infinite plane through a stereographic projection.
This defines the complex coordinate: z = 2Rv/u. The unnormalized single-particle

wavefunctions are then given by:

Zm

22

N,
>N¢/2 ,  where m = 7¢ —L,. (6.2)

Above m = 0,1...N,. The factor in the denominator is independent of m. Thus,

any wavefunction in the LLL has the form:

(6.3)
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where F'(z) is a polynomial of z of degree N,. Similarly, any two-particle wavefunction

in the LLL has the form:

1
F(z1, 29) H L\ (6.4)
=1 (1 + 4;32)

It is clear that all the information about the wavefunction is in the polynomial F'. It
is then simpler to not carry the extra factor along by defining single-particle orbitals

m):
(zlm) =2", m=0,1...Ny (6.5)

We refer to these single-particle orbitals as the monomials as 2 is a monomial. From
this point on, we use m as the ‘angular momentum’ to label single-particle orbitals in
the text. In the figures, we use L,. The linear relation between the two is m = % —L,.

We hope that this dual notation does not confuse the reader.

6.2.2 From one to many

Let the coordinates of N bosons/fermions be zi,...zy. As the single-particle basis
of particle 7 is spanned by the monomials of z;, the many-body basis is spanned
by monomials of zy,...zy. Consider the many-body state |A) in which the orbitals
A = [A1,...Ay] are occupied. The list A is sorted in descending order. If the particles
were all distinguishable, then the wavefunction of the state in which particle ¢ occupies
orbital A; is Hf\il z?l When the particles are identical, the wavefunction has to be

symmetrized (bosons) or anti-symmetrized (fermions):

(21, . 2N |A) = S22 - V] (6.6)
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where S is the process of symmetrization/anti-symmetrization over all indices 1, j.
Note that \; # A; for any i # j if the particles are fermions. Any bosonic/fermionic
many-body wavefunction is a polynomial of the above symmetrized /anti-symmetrized
monomials. Further, a many-body wavefunction of fixed total angular momentum
L™ is a homogenous polynomial of degree L. That is, each monomial in such a
wavefunction satisfies S0 | \; = L.

Every Fock state |[A) can be labelled in two ways. We have already introduced the
first: the ordered list of occupied orbitals A\. When the degree of the monomial is fixed
to be L X is an ordered partition of L' into N parts. We can also label the Fock
state by n(\), the occupation number configuration. It is a string of length N, +1 and
contains the occupation numbers of the orbitals m = 0,1... Ny in order. For example,
if N, =2 and N = 2, orbitals 2 and 0 are occupied in the Fock state |2,0) of the 3
available orbitals. Consequently, A = [2,0],n()\) = {101} and (21, 22|2,0) = 2% + 23.
Similarly, A = [1, 1], n(\) = {020} and (21, 22|1,1) = 212 for the other Fock state at

the same total angular momentum.

6.2.3 The Read-Rezayi sequence

We now briefly discuss the properties of particular many-body wavefunctions whose
entanglement properties we will study. The experimentally relevant FQH phases are
all composed of fermions. In this chapter, we however work with the bosonic analogs
of these phases for simplicity. The proof we present can be extended to the fermionic
phases— for details, we refer the reader to the published article [40].

The Read-Rezayi sequence is a family of wavefunctions at filling factors v = k/2,
where k is an integer greater than zero [ [I59]. These wavefunctions are the exact
ground states of rotationally and translationally invariant Hamiltonians believed to be

in the bosonic v = k/2 FQH phases. The v = k/2 phases are bonafide FQH phases:

4For bosons, v can exceed one in the LLL. The fermionic analogues are at filling factor v =
k/(k + 2) smaller than one.
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the longitudinal conductivity is zero while 0., is quantized at ve?/2w. They are
gapped in the bulk, but support gapless edge excitations. The gapped quasi-particles
carry fractional charge and could have non-Abelian statistics. And remarkably, all
this exotic many-body physics is captured by the Hamiltonians of the Read-Rezayi
sequence. Our goal in this chapter is to discover all this physics from the entanglement
properties of the ground state wavefunction alone. To this end, let us summarize the
properties of the Read-Rezayi wavefunctions.

The Read-Rezayi wavefunctions of N bosons are homogenous polynomials of
z1,...2n. As the wavefunctions live in the LLL, they are holomorphic functions
of the z;. Their defining property is (k,2)-clustering. Whenever a cluster of k + 1
particles is formed at a point in real space (e.g: z; = ... zx.1), the wavefunction van-
ishes. Further, the wavefunction vanishes in a specific way as a particle approaches a
cluster of k particles: it vanishes as [[,_, (# — z)? when z = z; = ... z,. The smallest
degree polynomial that has this property is unique; this is why we call it defining.
The Hamiltonian that the wavefunction at k is the exact ground state of penalizes
(k + 1) clusters [I59, I71]. The familiar Laughlin and Moore-Read wavefunctions
[120], 134] are a part of this sequence; they occur at k = 1 and k = 2 respectively.

There is a nice language in terms of partitions and Jack polynomials in which the
clustering property of these wavefunctions is explicit. We motivate this below and

refer the reader to Refs. [89, [10, 1T} 12], 9] for more details.

6.2.4 (k,2)-admissible configurations

Suppose we had to “guess” the Read-Rezayi wavefunction. How would we proceed?
We know that the wavefunction has the following two properties: 1) there need to
be k bosons for every two flux quanta (v = k/2), and 2) it is the ground state
of a Hamiltonian that penalizes clusters of more than k£ bosons in real space. The

consequence of the second property in momentum space is that the Hamiltonian
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penalizes any configuration with more than k& bosons in a single orbital. If a single
orbital is filled with £+ 1 bosons, then the probability that the £+ 1 bosons are in the
same area A is proportional to (A/271%)*, where [ is the magnetic length. As this
is finite, the energy penalty is finite. 1) further limits the number of bosons in two
consecutive orbitals to be k. Thus, we would guess that the occupation configuration

with smallest total angular momentum satisfying 1) and 2) i}

n(Ao) = {kOKOKO . .. kOk} . (6.7)

However, this state cannot be the exact ground state as it is not translationally
invariant and the orbitals have finite overlap with one another, making the probability
of more than k£ bosons in a given area finite. Why then is it useful? It turns out
that it captures important correlations in the Read-Rezayi wavefunction because the
clusters of bosons maximally avoid each other in this configuration. We will sharpen
this connection in the next subsection.

A few comments are in order. First, note that n()\) is an example of a (k,2)-
admissible configuration. There are no more that k particles in 2 consecutive orbitals
in a (k,2)-admissible configuration. )q is the special unique (k, 2)-admissible config-
uration with the highest boson density. It is known as the root partition. Second, on
repeating the same “guessing” game for the quasi-hole states, the reader will end up
writing other (k, 2)-admissible configurations. For example, the quasi-hole state with

one extra unit of angular momentum as compared to the ground state would be:

{kOKOKO .. KOk — 11}

etc.

5 Another guess is {gg ...}. On the torus, this configuration is permitted. On the sphere however,
as the overlap of neighboring orbitals is greater than that between next nearest neighbors, this
configuration pays a higher energy cost than Eq. (6.7).
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6.2.5 Jack polynomials

A well-known family of symmetric, homogenous polynomials with liquid-like correla-
tions and special clustering properties is the family of Jack polynomials [174] 128, 67].
These polynomials are denoted by J§ and are labelled by a partition A and a parame-
ter a. Bernevig and Haldane first established a connection between these polynomials
and the Read-Rezayi wavefunctions[I0]. They showed that the Read-Rezayi ground
states and quasi-hole states are all Jack polynomials with o = —(k + 1) and (&, 2)-
admissible partitions A (corresponding to (k,2) admissible occupation configurations
n(A)). The (k,2)-admissibility of the label A is clearly no accident, but what does it
mean?

To understand the meaning of the partition label in the Jack polynomials, we need
to define ‘dominance’; ‘squeezing’ and ‘addition’. A partition p dominates another
partition v (p > v) it Y7 i > > v;Vr € 0,..., N]. An example for p and v at
k=2is:

n(p) = {202}

n(v) = {121}

A set of partitions may always be partially ordered by dominance, indicated by the
symbol ‘>’. Squeezing is a two-particle operation that connects n(u) to n(v). It
modifies the orbitals occupied by any two particles in n(u) from m; and my to m}
and m}, in n(v), such that m;+msy = m/{+m) and m; < m| < m} < my if the particles
are bosonic or m; < mj < m,, < my if they are fermionic. In the example above,
n(v) is obtained from n(u) by squeezing. Dominance and squeezing are identical
concepts: a partition pu dominates a partition v iff v can be squeezed from p by a
series of squeezing operations. Finally, the ‘sum’ of two partitions p + v is defined as

the partition with occupation configuration n(p+v) = {n;(n) +n;(v),j =0,... Ny}
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Consider the ground state of the Read-Rezayi Hamiltonian: J5 . The Jack poly-
nomial cannot be a single monomial like our approximate ground state in Eq. (6.7).
Any monomial pays a finite energy cost, while the Jack polynomial is a zero energy
state. Thus, it is a linear combination of many monomials. The key property is
that the monomials with non-zero weight in J§ all correspond to partitions that are
dominated by Ag. That is, to improve upon our guess for the ground state in the
previous subsection, we need to allow for amplitude on monomials with partitions
dominated by Ag. In fact, we could imagine systematically improving Eq. by
including configurations obtained systematically from Ay by squeezing. Ay thus gives
us a good starting point to build the actual ground state wavefunction J5, .

The amplitudes of the monomials in J§! are not arbitrary: they are heavily con-
strained by the clustering property discussed in Sec. [6.2.3] We will derive the linear
relations between amplitudes imposed by clustering in Sec. [6.5] Here, we merely
state the result that the clustering property completely specifies the amplitudes of all
monomials, given that of \g.

Finally, the Jack polynomials at @« = —(k + 1) indexed by all the other (k,2)-
admissible root configurations are the quasi-hole wavefunctions. Together, with the
ground state, they span the entire zero-mode space of the Read-Rezayi Hamiltonian.
The quasi-hole wavefunctions are also (k,2)-clustering polynomials, i.e. they vanish
as [[,on(z — z:)? when z = z; = ...z,. They provide a natural description of the

particle entanglement spectrum as we shall see in Sec.

6.3 Entanglement Matrices and Spectra

In this section, we define the two kinds of entanglement spectra that are the analogues
of the edge and bulk energy excitation spectrum. They are respectively the orbital

and the particle entanglement spectrum. We will also define their corresponding
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entanglement matrices and give an example of each. We then review some of their
properties and set the stage for the first important counting result in this chapter

about the particle entanglement spectrum.

6.3.1 The Orbital Entanglement Matrix (OEM)

The FQH model state [1)) can be written as:

) =) balA) (6.8)

where by is a complex amplitude and |\) is a Fock state. Suppose we divide the
single-particle orbitals into two parts, A and B. Let A contain the orbitals with m
values from 0 to 4 — 1 and B the remaining (/g orbitals). As the single-particle
orbitals are polynomially localized in the 6 direction (Eq. (6.1))), this partition in the
single-particle momentum space roughly corresponds to an azimuthally symmetric
spatial cut.

Consider the Fock state |A). Some of the occupied orbitals in this state belong to
A (call this set A4) and the remaining belong to B (this set is Ag). Thus, the above

expression is equivalent to:

) = bayanlAa)As) (6.9)

where by = by, r,. The matrix of coefficients by, », is the ‘full’ orbital entanglement
matrix or the ‘full’ OEM, denoted by Cs.

Observe that not all entries of C¢ can be non-zero. Take a 2-particle wavefunction
with L% = 2. We see that by, », can be non-zero only if A4 p satisfy two relations:
1) As the total number of particles is 2, the number of occupied orbitals in A and B
must be exactly 2. 2) As the total angular momentum is 2, the sum of the angular

momenta of the occupied orbitals in A and B must equal 2 as well. Thus, C; can
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have non-zero entries only when the quantum numbers of |A\4) and |Ap) satisfy: 1)
Ny+ Np = N, and 2) L4 + LE = [*'. In other words, Ct has a block-diagonal
structure labelled by two quantum numbers: the number of particles in A (N4) and
the total angular momentum of the particles in A (L4).

The notation we use henceforth for the block of C¢ with labels N A,Lf is C.

Further, we label the Fock states in A (B) with these labels by |u;) (Jv;)). Thus,

[y =" > Culualvy) (6.10)

Na,LA 4,j
An example

Let us consider the bosonic Laughlin wave function of N = 4 particles at filling
v = 1/2. The number of flux quanta, N, is 6 and L' = 12. The wave function [¢))

can be expanded in the unnormalized basis as:

) = bep\>
X
— 16,4,2,0) — 2/6,4,1,1) — 2|5,5,2,0) +4]5,5,1,1)

+206,3,2,1) — 2/5,4,2,1) +4[5,3,2,2) + 4|4, 4,2, 2)
— 2/6,3,3,0) +2|5,4,3,0) — 64,4,4,0) — 4/5,3,3,1)
— 6]6,2,2,2) +4[4,4,3,1) — 6]4,3,3,2) + 24|3,3,3, 3).

(6.11)

We will use this wavefunction several times in the chapter for illustrative purposes.
Let us partition the orbitals into two by picking A to contain the m = 0,1,2

orbitals. We will construct C with N4 = 2 at different values of L?. The terms in
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|¥) that would contribute to C at L4 = 2 ard}

C is just the arrangement of these coefficients as a matrix:

6,4) 15,5)
12,0) 1 —2
) (6.13)
I1,1)\ —2 4
where we have indicated the states labeling the rows and columns. Note that the

rank of this matrix is one. The block C with N4 = 2, L? = 3, also of rank one, is:

6,3) |5,4)
|2,1)( 2 —2) (6.14)

The block at Ny = 2,L% = 4 can be analogously determined. Fig. shows the
numerically generated OES for the 4 particle Laughlin state in the sphere geometry
at 1/2 filling with N4 = 2 and 4 = 3. The counting of the entanglement levels in

the spectrum equals the ranks of C at each L4.

Properties

We now discuss some of the general properties of C¢ and C and introduce the orbital
entanglement spectrum (OES).

Any correlation function or observable of interest in A or B can be calculated
using Cg. This is not surprising at all: Cg is merely a matrix arrangement of all

the information in the full wavefunction. Suppose we wish to calculate some 2-point

6There is a minimum value of L for given N4. This is because all configurations of non-

zero weight in the Read-Rezayi wavefunctions are obtained by squeezing the special root partition
kOkOKO . . ..
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Figure 6.1: Orbital entanglement spectrum of the v = 1/2 Laughlin state with N = 4,
N4 = 2, and orbital cut after [, = 3 orbitals. The number of non-zero entanglement
levels at each angular momentum is equal to the rank of the OEM at that angular
momentum.

function in A, (| O(2)O(2') |¢) for z,2/ € A. A few steps of algebra using the
definition in Eq. lead us to the relation:

(] O(2)0(2") [#) = Tra[CeCr O(2)O(2')] (6.15)

where Tr4 is the trace over all configurations in A. The combination C;C;' is better
known as the reduced density matrix of A. It plays the role of the partition function
for A. Similarly, the reduced density matrix of B is given by Cg¢'Cy.

The singular value decomposition of C is given by:

rank(C)

> Ciluidlvs) = > e P|U V). (6.16)

=1

The kets on the left-hand-side of Eq. (6.16]) are defined as in Eq. (6.10). |U;) and |V;)
are the singular vectors in the Hilbert spaces of A and B restricted to a fixed particle
number and z-angular momentum. They are linear combinations of the occupation
number basis vectors |;) and |v;). The &;’s are the ‘energies’ plotted as a function of

L% in the orbital entanglement spectrum (OES) introduced in [123].
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The number of finite energies (rank(C)) at each (N4, L%) is independent of the
geometry of the 2-d surface and the symmetrization factors arising due to multiple
particles occupying the same orbital. Let C¢? and C¢® be the full OEMs in the disc
and sphere geometry, or in any other two genus 0 geometries. Modifying the geometry
of the surface changes the normalization of the single-particle orbitals (the quantum
mechanical normalization); thus every by in the expansion of [¢) in Eq. in the
disc basis is multiplied by a factor A(\) = [T, V(\;) when expanded in the single-
particle orbital basis on the sphere. AN (j) is a factor relating the normalization of
orbital j on the disc to that on the sphere. The OEM’s on the disc and the sphere

are thus related as:

) = > (Cehisludh) )

2%
= > (CeGN ()N W) lp), (6.17)

2y
where the superscripts d and s refer to the disc and sphere geometries, or to any
other two genus 0 geometries. C¢® is obtained from Cg? by multiplying whole rows
and columns by normalization factors; thus rank(Cg®) = rank(Ce¢?). An identical
argument shows the rank of C;¢ to be independent of the symmetrization factors that
arise in the normalization of the many-body states constructed from normalized single-
particle orbitals. This is the promised justification for working in the unnormalized

single-particle basis.

OES of the Read-Rezayi states

We then specialize to the OEM/OES of the (k, 2)-clustering/Read-Rezayi states and
introduce the natural number of particles in A and the minimum z-angular momentum
in A. We also discuss the empirical numerical observations of the counting of the non-

zero entanglement energies of these states.
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For a given cut [4 in orbital space, the mazimum number of particles that can
form a (k,2)-clustering droplet in A is defined to be the natural number of particles

NA,nat:

NA,nat = kL(lA + 1)/2J ’ (618)

where |z is the integer part of x. Physically, N4 ,./la is very close to the original
filling . We may think of the original, homogenous QH fluid as being composed of
two droplets in A and B of Ny nat and Np e = N — Na na particles each, interact-
ing via correlated excitations along their common edge. We would thus expect the
OES at Ny pqt, called the natural spectrum, to be the low-energy sector of the full
entanglement energy spectrum and to contain information about the edge theory of
the model state. In the thermodynamic limit, the number of finite energies (level
counting) of the OES is conjectured to be identical to the counting of the modes of
the CFT describing the edge for values [4, Ny — oo such that [4/N, — const.(> 0)
and Na/Ngpa — 1.

As the particles in A avoid each other in the (k,2) clustering states, they have a

A

z,min

minimum total z-angular momentum. This is denoted by L and depends only

on Ny:

LA

Z,min

= [Na/kJ(2Na — k[Na/k] — k). (6.19)

We stress that L2, ., is the mazimum value on the z-axis of the numerically generated
entanglement spectra existing in the literature, due to the different indexing scheme
in the text and the figures. For instance, in Fig. , L?,min describes the sector of
the OES at L4 = 20.

For an arbitrary pure bosonic state of N particles, the rank of the OEM C¢ must
generically be the smaller of its dimensions. The model states are special because the

rank of the OEM block at given (N4, L) is in general much smaller than its smaller
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20
15

10

Geometrical partition LA

Figure 6.2: Left: Sketch of the partition in orbital space (part B in grey). The tracing
procedure creates a virtual edge and the orbital entanglement spectrum (OES) probes
the chiral edge mode(s) of part A. Right: OES of the v = 1/2 Laughlin state of N =9
bosons, with orbital cut /4 = 8 and N4 = 4. The minimal angular momentum L?,min
defined in the text is the L?,min = 20 sector in the plot. The entanglement level
counting at ¢ = |[L4 — LA 0,1,...,4 s (1,1,2,3,5), which is the counting of

z,min’ -

modes of a U(1) boson in the thermodynamic limit. Finite size effects appear at
LY =15.

dimension. The rank of the OEM block at given N, as a function of ¢ = |L3—L2 |E|
is called the counting of the OES. See Fig. for the OES of the Laughlin state. For
model states, it has been observed from small size numerical calculations that the
counting is universal for the first few values of ¢,[123] i.e. independent of N, N4, and
l4. The universal counting is distinct for each model state, which is why Li and Hal-
dane proposed it as a way to determine the topological order[196] of the FQH states.
For instance, for a Laughlin state the universal counting is {1,1,2,3,5,7,11,...},
while for the Moore-Read state it is {1, 1,3, 5,10, 16,...}. In the OES of the Laugh-
lin 1/2 state in Fig. [6.2] the counting is universal for £ = 0,...,4: {1,1,2,3,5...},
starting from the right edge of the spectrum. For larger ¢, finite-size corrections oc-

cur. The universal counting is identical to counting the modes of a massless, chiral

"We use absolute values to include both the convention in the pictures, where L% — L4 <0,

zZ,min
and the convention in the text, where L4 — L4 > 0.

z,min
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boson, which is the conformal field theory describing the edge of the Laughlin FQH

states.

6.3.2 The Particle Entanglement Matrix (PEM)

The orbital cut is an approximation to the real-space cut. As evident in Fig. [6.2]
the orbital cut probes the correlations across the virtual edge between A and B.
Thus, it might be expected to probe properties of a real edge. What about the
charged quasi holes in the bulk? Which entanglement spectrum is likely to probe these
excitations? The answer to this question is the particle entanglement spectrum (PES).
This spectrum was first introduced in Ref. [I76] by generalizing ideas in Ref. [94] 207].

One way to create quasi holes in the bulk is to move away from the magic filling
v = N/N, = k/2. On increasing N4 by one flux quantum for fixed N, we would
create one charged quasi-hole that binds a flux quantum in the bulk. Another way to
arrive at the same physics (v < k/2) is to decrease the number of particles N. This
is the guiding principle behind the particle cut. In the particle cut, we partition the
number of particles into groups A and B with N4 and Ng = N — N4 particles. The
mathematical definitions will be given below. Physically, it is clear why this is the cut
of choice: the configurations in A involve N4 particles in the background of Ny flux
quanta, while those in B involve Np particles in the background of N, flux quanta.
As Ny, Ng < N, we might hope that this cut probes the quasi hole excitations of the
original fluid.

The particle cut is easiest to understand in the wavefunction language. Con-

sider the model state in the unnormalized real space basis, ¥(z1,...,2y) =
Yoy balz, ..., 2n|A). For simplicity, we choose the particles at positions {z1,..., 2y, }
as group A and the remaining particles {zn,+1,...,2n8} as group B. Without loss

of generality, let Ny < Np. Each many-body basis state (z1,...,zy|A) can be
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decomposed as

(21, oan|A) =D (21wl - (g anlv) (6.20)

Y

where the sum runs over all possible orbital occupations p and v of N4y and Npg
particles respectively, such that ©+ v = A. Unlike the last section, there is no orbital

restriction. Then, ¢ can be written as:

Yz, an) = 3 balzr, .o 2an|A) (6.21)
A

:Z Z (Pf)ij<217"'7ZNA|M1'><ZNA+17‘"7ZN|Vj>7 (6'22)

A Ni+Vj =\

where the summation is over all partitions y; (v;) of Ny (Np) particles in N, orbitals.
The matrix Py is the full particle entanglement matrix (PEM). As was the case for
the OEM, the matrix elements of the PEM are directly related to the weights of the

model wave function by

(Pr)ij = bpio- (6.23)

P; also has a block-diagonal structure. This is imposed by the fixed total z-angular
momentum. (Pg);; can be non-zero only if the angular momentum of A (B), L% (L5)
satisfy the relation L4 + LP = L". We denote the block of P at fixed (L4, N4) by
P.

An example

We work with the Laughlin wavefunction in Eq. (6.11]) in real space to construct

the particle entanglement matrices for Ny = 2. First, note that every basis state in
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Eq. (6.11) is actually a sum of terms in A and B. For example:

(z1,...,24/6,4,1,1) = S[z?zézizﬂ

5[2?33]5[2324] + 5[2122]5[2324] + 5[2122]S[Z3Z4] + S[Z1Z2]S[Z§Zi]

where S denotes symmetrization. On doing this decomposition for every basis state,

we can construct P at any LZ. At the smallest possible angular momentum L4 =

Lfmm = 2, the PEM and OEM are identical:
16,4) 15,5)
2,0) 1 -2
(6.24)
11, 1)\ -2 4
The Hilbert space of A at L2 = L?mzn 1 = 3 is spanned by the occupation

number states |3,0) and |2,1). |3,0) was not a member of the Hilbert space of A for
the orbital cut after 4 = 3 orbitals (discussed in the previous section), because the

orbital with index 3 belonged to B. The PEM at L? = 3 is given by:

16,3) [5,4)
13,0) [ —2 2
(6.25)
12, 1) 2 —2
Observe that the OEM (6.14) for Ny = 2, L# = 2 is a sub-matrix of the PEM. We
discuss this connection in the next section.
Fig. shows the numerically generated PES for the 4 particle 1/2 Laughlin state
for Ny = 2. The number of non-zero entanglement energies at L7 is equal to be the

rank of the corresponding PEM.
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Figure 6.3: Particle entanglement spectrum of the » = 1/2 Laughlin state with
particle cut Ny = 2. The entanglement level counting at all angular momenta L% is
equal to the rank of the PEM. L%, . defined in the text is L# = 4 in the plots.

zZ, min

Properties

The properties of the PEM follow by the same arguments as those presented for the
OEM. The reduced density matrices of part A and B are given by p, = P fP} and
P = P}P s respectively. They are block-diagonal in L2 as well. The singular value

decomposition of the PEM by:

> (P)ilid ) Z e U V), (6.26)

1,
where the singular vectors |U;) and |V;) are orthonormal vectors in the Hilbert spaces
of A and B restricted to fixed angular momentum. The plot of the ‘energies’ & vs L4
is called the particle entanglement spectrum (PES)[I76]. In Fig. is an example:
the PES of the 9 particle 1/2 Laughlin state for the particle cut N4 = 4. The counting
of the PES is defined as the number of non-zero entanglement energies as a function
of ¢ = |L} — L2,,;,|. From numerical calculations, it has been observed[I76] that the
counting of the PES is identical to the number of quasihole states of the model state
with N4 particles in Ny orbitals at all angular momenta L%. In Fig. for example,

the counting can be checked to be identical to the number of quasihole states of a
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Laughlin state with 4 particles in 16 orbitals. A universal result about the relation
between the counting of the PES and the number of quasi hole states will be presented
in Sec. . Further, we will find that the counting is universal (independent of N, N4
for the first few values of /.

Two final comments about the PEM are in order. The first is a feature of the
spherical geometry, resulting in the flatness of the spectrum in Fig.[6.4] The flatness
is reminiscent of a multiplet structure. Indeed, in the spherical geometry, the PEM is
labeled by an additional quantum number: the total angular momentum of A, (EA)Q.
Consequently, the eigenvalues of the block P with (L4)2 = (¢ + 1) are (2¢ + 1)-fold
degenerate. This multiplet structure does not play any role in our discussions about
the counting of the PES.

The second comment is that the PEM at fixed N4, L7 is ‘bigger’ than the corre-
sponding OEM at the same quantum numbers. That is, P has more rows and columns
as compared to C. It’s easy to see why: the particle cut places has no restriction on
which orbitals can be occupied. Therefore, even at fixed L%, there are configurations
that contribute to P in which orbitals with m greater and lesser than [4 are occupied.
For the same reason, C is a sub-matrix of P. It immediately follows that the counting
of the OES is always smaller or equal to that of the PES. The goal of this chapter is
to prove their equality.

Comparing Figs. [6.2}6.4, we see that the counting of the PES and the OES are

the same for the first four values of L# near the left.

6.4 Result I: Counting of the PES

Our first important result is that the number of non-zero levels in the PES at LZ is
upper bounded by the number of the bulk quasi-hole excitations. We then argue that

the lack of further symmetry in the system must imply the bound is saturated.
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. ops A
Particle partition L,

Figure 6.4: Left: Sketch of the partition in particle space. The particles of part
B that are traced out are denoted in grey. Right: particle entanglement spectrum
(PES) of the v = 1/2 Laughlin state of N = 9 bosons, with particle cut Ny = 4.
The minimum angular momentum L% defined in the text is L4 = 20 in the

z,min z,min

plot. The entanglement level counting is identical to the counting of quasiholes in
a Laughlin state of 4 particles with total flux N, = 16 at all angular momenta L.
For ¢ = |L — L2, = 0,1,...,4, the counting is universal, i.e. independent of N,:
(1,1,2,3,5).

Recall that the property that defines the k-clustered model state 1(z1, ..., 2y)
uniquely is that it is the lowest degree symmetric polynomial that vanishes when
(k + 1) particles are at the same position. Similar clustering conditions characterize
every ground-state of a pseudopotential Hamiltonian. This vanishing property must

persist when we divide the particles into two groups and re-write the model state in

Eq. (6.21) as:

)

Yz, oan) = > Y e e U - (e, e Vi), (6.27)
LA

using Eq. (6.26]) at each L2, If we choose (k+ 1) particles in group 4, say 21, .. ., 2ki1,

to be at the same position z, then the state must vanish at every L. Further, as the
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singular vectors in B form an orthonormal basis:

(2,2, Zksay -5 2n) =0 (6.28)

= 675i/2<2, ey 2y 242, 2N, [U) = 0, W,Lf' (6.29)

A similar relation holds when A and B are interchanged. We conclude that the sin-
gular vectors, (z1,...,2n,|U;) and (zn,+1, ..., 2n|V;), must also be clustering poly-
nomials that vanish when (k + 1) particles are at the same position. A basis for

clustering polynomials is the set of Jack polynomials, J¢

2, indexed by o = —(k + 1)

and the (k,2)-admissible partition 174, 10, 9]. ¢ can therefore be expanded in the

Jack basis as:

Uz, ozn) = 3 (Mp)gd (21, 2ng) T (Bnasts - 2n), (6.30)
i,J

where fi; and 7; denote (k,2)-admissible partitions of N4 and Np particles respec-
tively. The matrix M is block-diagonal in angular momentum LZ; let M refer to the
block of My at fixed value of LA. The row and column dimensions of M are much
smaller than those of P because the (k,2)-admissible partitions of N4 and Np form
a small subset of the set of all partitions of with fixed L# and LZ respectively. Nev-
ertheless, as Eq. and are equal, M and P must have the same rank. As
N4 < Npg, the row dimension of M is smaller (or equal) than the column dimension
and bounds the rank of the PEM block from above at each L4.

Let us reformulate what we have just shown in a more familiar language and argue
for the saturation of the bound. The row dimension of M is given by the number of
(k,2)-admissible configurations of N4 particles in Ny orbitals, and thus is equal to
the number of distinct bulk quasi-hole excitations of the (k,2)-clustering model state
of N4 particles at angular momentum L# on a sphere pierced by the number of fluxes

of the original state [87, [159]. Hence, we find that the rank of the PEM is bounded
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by the number of quasihole states for all angular momenta L%. Without further
symmetry-induced constraints on the entanglement matrix (we have already used all
the symmetries available in the state), we expect this bound to be saturated. In the
thermodynamic limit (N4, N — oo such that Ny/N > 0), we therefore argue that
the level counting of the entire PES is identical to the number of the bulk quasi-hole
excitations. This bound saturation can be proved exactly for the Laughlin states[64].

It is beneficial to identify a set of rows and columns in P with the same rank
as the full matrix. Consider the rows and columns labeled by the (k,2)-admissible
partitions. This sub-matrix of P is denoted by P and has the same dimensions
as M. In Appendix , we show that P and M have the same rank. P will
play a prominent role in the proof establishing the bulk-edge correspondence in the

entanglement spectra.

Configurations of Np bosons with LZ
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Figure 6.5: A cartoon of the various sub-matrices in the PEM block labeled by
the angular momentum L%. The block of the OEM labeled by (N4, L4)— C in the
figure— is a sub-matrix of the PEM block P at L2, P is a sub-matrix of P containing
all rows and columns that are labeled by (k,2)-admissible partitions of N4 and Np
particles subject to total flux Ny.
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6.5 Clustering Constraints

The second result of this chapter is a relation between the counting of the PES and
the OES, that is a bulk-edge correspondence in entanglement spectra. To relate
the two beasts, we appeal to the defining property of the FQH model states: clus-
tering. Clustering provides constraints on the coefficients of the wavefunctions and
consequently, can be used to relate the PEM and the OEM. But first, what are the
clustering constraints?

Recall that the Read-Rezayi model wave functions t(z2)(21,22 ... 2n) are single
Jack polynomials labeled by a root partition Ag (Eq. (6.7)), and a parameter a =
—(k +1). They satisfy (k,2)-clustering — they are non-zero when a cluster of k
particles is at the same point in space z = z; = 2z = ...z, but vanish as the
second power of the distance between the (k4 1)st particle and the cluster as z;41 —
z. The clustering property imposes a rich structure on v 2)(21, 22,...,2n). All
the partitions A that arise in the expansion of [¢)) in the many-body occupation
basis (|¢)) = >, bA|A)) are dominated by Ag. Furthermore, all the coefficients b,
are known up to a multiplicative constant. In the Jacks, this constant is chosen
so that by, = 1. In other words, the clustering property and the requirement to
be the densest possible wave function determine v 2)(21, 22, . . ., 2n) uniquely up to
an overall normalization constant. Here, we formulate the conditions imposed by
clustering on 4 2)(21, ..., 2n) as linear, homogeneous equations on the coefficients
by. These are called clustering constraints, and are the main tool to proof the rank

equality of the PEM and OEM in Section [6.6]
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6.5.1 Derivation

Let us introduce a ‘deletion’ operator d; for orbital 7 such that:

di|\) = 0 igA (6.31)

(A\{i}) i€ A
A\{i} is the partition with a single occurrence of the orbital i removed from it. The
‘deletion’ operators commute with each other.
We now separate the coordinates of k 4+ 1 particles from the rest and rewrite

Y2y (21, 22, ..., 2N) ast
Ny k+1 k41
l.
Yoz, on) = Y (H Z;) (zes2r - av] [ [ dile) (6.32)
ll.‘.,lk+1:0 j:1 ]:1

and form a cluster by bringing the k particles with coordinates z1, ..., 2z, to the same

position z. When 2,1 = z, the LHS vanishes and Eq.(6.32) becomes:

Ny . k+1
0= > 22 (g, o] [[ dule). (6.33)
1yl 1=0 i=1

The right-hand-side is a polynomial in an arbitrary complex number z, and has to

k+1

vanish for every power § = > i1l of z to satisfy the above equation. Thus, the

constraints on [¢)) are:

Ny 2
> oy [T d | [0) = Dslv) =o. (6.34)
l1,...1=0 7j=1

B is the z-angular momentum of (k + 1)-particles; it ranges from 0 to Ng(k + 1).
The equation above requires any clustering wave function [¢) to be simultaneously

annihilated by the destruction operators {D;,i =0... Ny(k+ 1)}.
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Figure 6.6: The configurations in the PES can be related to those of the OES using
the clustering constraints. These constraints reveal the vanishing properties of the
FQH state as particles are brought closer together. They relate the long-wavelength
properties of the FQH state when two particles are far away from each other to the
short-wavelength properties of the state when particles are close together, and hence
can be used to ‘drag’ particles from the PES Hilbert space into the more restrictive

OES Hilbert space.

6.5.2 Properties

Every value of g in Eq. yields, in general, a large number of linear relations
between the coefficients of [¢)). Let Sz be the set of all partitions of N particles
such that the sum of the z-angular momentum of (k + 1) particles is 8. For every
occupation configuration of N — (k + 1) particles, Eq. relates the coefficients
of partitions A\ € Sz in the expansion of |¢)). Examples of such relations are given in
Appendix

The set of linear, homogeneous equations in Eq. are linearly dependent.
The dimension of the null-space of the set is ezactly one for the densest possible wave
function, i.e. the vector of coefficients {b,} is uniquely determined up to an overall
multiplicative factor. Since the solution to Eq. causes ¢ to vanish when any
cluster of size greater than k is formed in real space, we conclude that the set in

Eq.(6.34]) includes all constraints imposed on ¢ (z1,. .., zy) due to clustering.
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6.6 Result II: Bulk-edge correspondence in ES

We now have all the ingredients necessary to prove the bulk-edge correspondence
in the entanglement spectra. Let us first recap our findings so far. In Sec. [6.4], we
constructed the full PEM Py for (k,2)-clustering model states and argued that the
PES level counting is equal to the number of quasihole states of the same model state
with N4 particles in Ny orbitals. For angular momenta L < L2, .+ [Na/k], the

quasihole state counting is universal, and identical to the counting of modes of the

edge CFT.

For given L4, we identified the sub-matrix P of the PEM block P, with rows
and columns labeled by (k,2) admissible partitions, which has the same rank as the
PEM block P. The block of the OEM C at (N4, L%) is a sub-matrix of the PEM
block, thus rank(P) > rank(C). In order to show that the ranks are equal, we use
the clustering constraints derived in the previous section to express the row/column
vectors of P that constitute P in terms of those that constitute the OEM block. In
the following, we will refer to this as ‘expressing the row/column vectors of P in terms
of the row/column vectors of C’. One should always think of the linear relations we
derive as linear relations between rows and columns in the bigger matrix P, which
contains both P and C. For finite system sizes, we show that the ranks are equal for
a certain range of angular momenta, which depends on N4 and [4 (see Eq. )
This proves that the PES and the OES (at fixed N4) have the same level counting
for a finite range of angular momentum. In the thermodynamic limit, this procedure
establishes the equality of the level counting of the entire PES and OES when, roughly
speaking, Ny ~ N4 nq, thus proving a significant part of the Li-Haldane conjecture.

The argument below applies equally well to row and column vectors. To keep the

discussion concise, we formulate it using row vectors alone.
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6.6.1 Systemizing the constraints

The biggest challenge in relating the row vectors of the PEM to those in the OEM for
fixed (N4, L?) lies in identifying a set of linearly independent equations in the entire
set of clustering constraints. To this end, we introduce a few quantities characterizing
a partition p. n,,(u) below refers to the occupation number of the mth orbital in
partition p. The orbital cut is after [4 orbitals.

The unit cell— We divide the single-particle orbital space such that the jth unit
cell contains the orbitals of z-angular momentum 2j and 2j+1, and j € [0, ..., Ny/2).
As the total number of single-particle orbitals is odd for the bosonic (k, 2)-clustering
states, the orbital with angular momentum N, is its own unit cell with index Ny/2.
Every orbital belongs to exactly one unit cell.

The intact unit cell— The jth unit cell of a partition p is said to be intact if the
occupation numbers of the orbitals with angular momentum 0, ...,2j+1 are identical
to those in the root configuration Eq. (6.7), i.e. if n;(1) = n;(Ng) for i =0, ...,2j + 1.
Clearly, the jth unit cell can only be intact if all unit cells 0,...,7 — 1 are intact.

The number of intact unit cells in part A— The number of intact unit cells in
part A, A,, is the number of intact unit cells to the left of the orbital cut in n(u).

Distance from the cut— If we were to number the orbitals to the right of the cut
as 1,2, ..., then the distance from the cut is defined as the sum of the indices of the
occupied orbitals to the right of the orbital cut in n(u). The distance from the cut,
K, is given by:

Ny

Ky= Y npn(p)(m—1a+1). (6.35)

m=l

K(p) = 0 for a partition p labeling a row of the OEM; for a general partition, it
represents the distance in orbital units that all the particles to the right of the cut

need to traverse to cross the cut. In Fig.[6.7] we pick as an example a generic partition
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i and identify the number of intact unit cells in A, A, and the distance from the

o
cut, K,, for two different orbital cuts.

Root configuration of part A— For given N, and L# there is a unique (k,2)-
admissible (root) configuration n(fiy), with the property that fiy dominates all the

other partitions at angular momentum L% that label rows of the PEM:

n(jio) = { k0...k0 20...010...0}. (6.36)
2[(Na—1)/k] €1
The value of x is fixed by the total particle number being Ny (z = (N4 — 1) —
k|(Na —1)/k]|). [ip has the maximum (total) number of intact unit cells possible,
[(Na = 1)/k].

K,=k+314=10

Unit cell index: 0 1 2 3 4 i 5 Unit cell index: 0 ! 2 3 4 > 6
n(u) = [k0[kO[k0[0k[33]k0[1] ") = EOIkO[k O] OK| 33|k O[1
— :
(—)A — : A, =3 K, =2k+7
/7 lA:9

Figure 6.7: The occupation configuration of a generic partition p with the unit cells,
the number of intact unit cells A, and the distance from cuts after [, =9 (top) and
[4 =10 (bottom) shown. Ny = 12 here.

6.6.2 The method

Consider P at L and the OEM block C at (N, L4) with LA = LA

z,min

+ ¢. We can
express all row vectors of P in terms of row vectors in the OEM block if the root

configuration of part A satisfies:

ANsy > K. (6.37)

For fixed 4 and N, relation (6.37) is fulfilled for angular momenta L4 — L4 =~ =

0,..., 0 With:
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Apy — kA2 — (20, +1)(x+1)  for Iy even, [y < 2[(Na—1)/k]
Umae = § DNjy — kDg (Azy — 1) — 2(x + 1)A;,  for 14 odd, 14 < 2[(Na—1)/k|
ZA—Aﬂo—l fOI'lA>2L(NA—1)/k’J,

(6.38)

where we abbreviated the difference of the total number of unit cells and those
only in A by Ay = |[(Na — 1)/k] — As. Note that Az, = min[[la/2], [(Na —
1)/k]], Asy, and & = (Ng — 1) — k| (N4 — 1)/k] depend only on N4 and l4. Thus,
for all combinations (Na,l4), Eq. gives the range of angular momenta L2 =
A

z,min’ *

- L2 i lmag for which all rows of the larger PEM block P can be expressed

as linear combinations of the rows of the OEM block C only.

For values of ¢ < /,,,., the proof can be broken into two steps —
1. If Ay, > Ky, then Ay > K for all (k,2)-admissible partitions fi < fio.

2. If A, > K, for a partition p, then the row vector labeled by p in P can be

expressed as a linear combination of row vectors in the OEM C alone.

We prove these statements rigorously in the Appendices and [6.D] The first step
shows that the A; > Kj; for all partitions fi labeling rows of P; the second assures
that all these rows can be written as linear combinations of rows in the OEM alone.

To establish the rank equality between the PEM block P and the OEM block C
with labels (N4, L), we have to express both the rows and the columns of the PEM
block in terms of those of the OEM block. An identical argument as shown above
can be repeated for the column vectors. Let 7y be the (k, 2)-admissible partition that
dominates all partitions of LZ into Np parts. For values of ¢ such that Az, > K,
and Az, > Kj,, the OEM and PEM have the same counting in finite-size and rank(P)
= rank(C).
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The heart of the proof lies in the use of the (k + 1)-clustering condition (/6.34))
at the z-angular momentum of the k particles in the right-most intact unit cell in
part A and one particle occupying an orbital to the right of the cut. This relates a
single row vector belonging to the PEM block with A, and K, to row vectors with
Ay =A,—1and K, < K, — 1. This relation is obtained by using the clustering

operator Dg with

B=2k(Ay = 1)+ (6.39)

where g7 is the angular momentum of the rightmost particle to the right of the
orbital cut. The clustering constraints thus allow us to replace a row vector whose
partition has distance K, with a linear combination of row vectors whose partitions
have distances reduced by at least one at the cost of using a single intact unit cell.
If A, > K, for a partition p, then iterating this procedure provides a linear relation
between the row vector labeled by partition i and row vectors with distance zero, i.e.
row vectors of the OEM block C.

To clarify our statements, we consider the special case of the natural spectrum,
Nao = Nanar = k[(la +1)/2], for given l4. It is straightforward to see that i4 >
2|(Na — 1)/k] and lg > 2|(Np — 1)/k], so for both the rows and columns £,,,, is
given by the third line in Eq. . For the natural spectrum, the number of intact
unit cells in part A is Ay, = Na/k—1; for part B it is Ay, = Ng/k—1. Consequently,
we can express the rows of the PEM block in terms of rows of the OEM block for
values £ = 0,...,0l4 — [(Ia +1)/2| = [14/2], and the columns for £ = 0,..., [l5/2].
Because we chose [4 < g, the bound from B is always larger or equal to that of
A. For £ =0,...,Na/k = |(la + 1)/2], we argued that the PES level counting is
universal and equal to the counting of modes of the edge CFT. Thus, we find that

rank(P) = rank(C) for L% — LA

zZ,min

= 0,...,[la/2] and both are identical to the
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conformal field theory (CFT) mode counting. We can relate this range to the explicit
examples given in Figures and where the OES and PES level counting is
indeed identical for £ = 0,...,|8/2| = 4. The range of angular momenta, for which
the ranks are equal, grows linearly with system size, when the ratio [4/Ny is kept
constant. Small deviations from the natural number of particles does not change this
picture qualitatively. In general, increasing [ 4, while keeping N4 fixed, tends to raise
lrmaz, While decreasing [4 tends to lower it.

To analyze how the finite size results carry over to the thermodynamic limit, let
us fix the ratios N4/N and l4/Ny and let N — oo. Because in that case N4 and
l4 scale with N, the number of intact unit cells in A (B) in fiy (%) denoted by Ag,
(Az,) scales with N as well. There are two different scenarios: (I) If Az, and/or Az,
grow faster than VN , then a closer look at Eq. shows that ¢,,,, — —oc in the
thermodynamic limit, 4.e. our method is not applicable. (II) If both Az, and A,
grow slower than VN , then ¢,,,, grows linear with system size.

As:

Ay ~ |Na— Nanat| s Dsy ~ |Ng — Np nat|

IN4 — Napar| must grow slower than v/N. Thus, if we choose Ny (for fixed 14/Ny)
such that in the thermodynamic limit [Na — Na |/ VN — 0— or equivalently
Na/Napat — 1— then Eq. is satisfied for all angular momenta and the counting
of the entire OES and PES is identical. This proves the bulk edge correspondence in
the (N4, la) sectors that are most relevant in the thermodynamic limit. In particular,
this includes the usual hemisphere cut ({4 = | Ny/2]) with Ny = k-| N/(2k) | particles.
For this choice of (Ny4,l4), the counting of the OES and the PES is identical for
angular momenta range (,,,, = N/k— | N/(2k)| —1 ~ N/(2k) for finite size systems.
Thus, in the thermodynamic limit, ¢,,,, — oo, and the counting of the OES and the

PES are identical for all angular momenta.
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In this section, we outlined the main steps in the proof relating the level counting
of the PES and OES; the details of the proof can be found in the appendices. For
finite size systems, Eq. (and its counterpart for the column vectors) specifies
the range of momenta at fixed (N4, L) for which the level counting of the PES and
OES are equal. For Ng/Ng e — 1, when N — oo, this range grows linearly with
system size. Hence, for this choice of (N4,l4), the entire level counting of the PES
and OES are identical in the thermodynamic limit. For Laughlin states one can prove
that the counting of the PES is equal to the mode counting of a chiral massless boson,
the CFT describing the edge[64]. Thus, the entire natural spectrum simply counts
the number of edge excitations in the thermodynamic limit. We argued in Sec.
that the same is true for the more complicated (k > 1) Read-Rezayi model states;
the PES counts the number of modes of the CFT describing the edge. Because of
the bulk-edge correspondence in the entanglement spectra shown above, we conclude
that the OES counting is equal to the number of modes of the edge CFT if we restrict
N4 to be the natural number of particles in A, as specified above. This proves a

significant part of the Li-Haldane conjecture[123].

6.6.3 Illustrative examples

The proof of the full method is presented in the appendices; here we illustrate the
more formal ideas with examples of the general method at work for the k = 1,2 wave

functions.

At k=1

Consider the v = 1/2 Laughlin state of N = 7 bosons with N, = 12 and L' = 42. Let
l4 = 6 and the number of particles in A be the natural number Ny = Ny 0t = 3. We
consider the entanglement level counting of the OES and the PES at L’Z4 =L, mintl =

L. in+3. We first verify that the conditions, Ay, > K, and A > Ky, are satisfied.
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The occupation configurations of fig and 7 are:

n(fin) = {101000|0100000} Kz =2, Az =2

n() = {000100]0010101} Kz = 3,75 =3

The cut in orbital space is indicated in the occupation configurations by the ‘|” symbol.
Hence, the method discussed in the previous section should prove the equality of the
ranks of the OEM and the PEM at this L4.

The occupation configurations of the (1, 2)-admissible partitions labeling the rows

of P are:

n(fip) = {101000|010...0} Kz =2, Az =2

=
kS
I

i {100100[100...0} K =1,A; =1

n(jiz) {010101[000...0} Kz =0,A;, =0.

12 labels a row that already belongs to the OEM block C. We now relate the row
labeled by the partition fi; to rows of the OEM block. In n(fi), only the Oth unit
cell is intact and the particle to the right of the cut occupies the orbital with index
6. Following Eq. we pick the 2-body clustering constraint at 5 = 6 (the sum of

the z-angular momenta of the particle in the intact unit cell and the particle to the

right of the cut) in Eq. (6.34)):

For every occupation number configuration of (N —2) bosons with angular momentum

(L** — B3), Eq (6.40) gives one linear relation. The appropriate occupation number
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configuration for our purpose is n([3] + v;), as:

dods (i + 7)) = |13] + 1) (6.41)

The partitions v; of LZ into Np = 4 parts label the columns of the PEM P. Eq. (6.40)

then relates the row indexed by fi; to row vectors indexed by following partitions:

n(p) = {010101|000...0} K, =0,A, =0
n(us) = {001110/000...0}  K,, =0,A,, =0

n(us) = {000300(000...0} K, =0,A, =0.
At every column index j, the explicit relation from Eq. (6.40)) is:
2<131j +Py; + sz) +P3; = 0, (6.42)

where P;; is the coefficient in P of the row labeled by p; and column labeled by v;.
We have thus related a row indexed by a partition f; with K; = 1 and Az =1
to rows indexed by partitions uq, po, u3 with distance from the cut reduced by 1 and
number of intact unit cells in A reduced by 1. These partitions label rows in the
OEM in this example. A similar procedure, using the additional clustering constraint
at 8 =9, involving the particles in the orbitals of angular momenta 2 and 7, can be

used to relate the row of P indexed by the partition iy to rows in the OEM.

At k=2

Let us now consider the Moore-Read state with N = 18, N, = 16, and L% = 144 and
perform an orbital cut after [, = 7 orbitals. Here, we are interested in relating the

rows of the PEM block to the rows of the OEM block for Ny = 8 at L4 = L4

z,min

+0=
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z,min

+ 3. The occupation number configurations of jip and 7, are:

n(fie) = {2020201]00100000} Kz =3,Az =3

n() = {0000010|01020202} Ky =2, Az = 3,

where we indicate the orbital cut by the ’|” symbol. Thus, Az, > Kj, and Ay, > Kj,,
and we can relate all rows and columns of the PEM to ones in the OEM.
The occupation configurations of the (2,2)-admissible partitions labeling the rows

of P are given by:

n(fi)) = {2020201|0010...0} Kz =3,As =3
n(iy) = {2020200/1100...0} Kz =3,4A; =

n(fiy) = {2020111]0100...0} Kz =2, Ap, =2
n(fis) = {2020110|2000...0} Kz, =2, Az, =2

n(fiy) = {2011111[1000...0} Kz, =1,A; =1.

The trailing 0's in every occupation configuration indicate that the orbitals with
L, =10,...,16 are unoccupied in the partitions labeling the rows of P. Ay > K,
is satisfied for all i =0, ..., 4, as required in step 1 in Sec. [6.6.2]

We illustrate the use of the 3—body clustering constraints by relating the row
labeled by the partition fi3 to rows labeled by partitions p; with distance K, =1
from the cut. The first unit cell is the rightmost intact unit cell in A in n(js).
Consider the 3-body clustering condition at 3 equal to the z-angular momentum of
the 2 particles in the rightmost intact unit cell and a particle to the right of the cut,
ie. at 3 =11 =2x2+7 (see Eq. (6.39)). It is beneficial to divide the clustering
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condition (6.34) into two terms:

3 (Dl + DY) 1w) =0 (6.43)
DY = dodody + 2dsdsds + 2dadads + dsdsds + dsdyds

Dﬁ) == d0d0d11 + 2d0d1d10 -+ Qdodgdg =+ ... y (644)

where Dﬁ) contains all terms involving angular momentum orbitals 0 and/or 1.
The clustering constraints in Eq. (6.43) yield a linear relation between certain
coefficients in [1), for each occupation number configuration of the remaining N — 3

particles. We choose the configurations n([7,5,4,0,0] 4+ v;), as:
‘[7, 5, 4, 0, 0] + Vj> = d2d2d7(‘ﬂ3 + I/j)), (645)

where the |v;) label the column vectors of the PEM block. Note that dadad; is the
only term in Dﬁ) that contains the angular momentum 7 orbital; all other terms
have highest angular momentum less or equal 6, and thus smaller distance to the cut.
Equivalently we can note that as Di, annihilates any configuration with an occupied
orbital of z-angular momentum greater than 7, the first term in Eq. relates the

row labeled by fi3 only to rows labeled by partitions that are dominated by fis:

n(pw) = {2011111[1000...0} K

M1

=1,A, =1
n(ue) = {2010220]1000...0} K, =1A,, =1
n(ps) = {2002120]1000...0} K., =1,A,, =1

n(ps) = {2001310/1000...0} K, =14, =1.

All the partitions above have one less intact unit cell, and smaller distance K, =

K, — 1 from the cut as compared to jis.
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The second operator in the clustering condition Eq. (6.43) acts on states with

occupation number configurations such as:

{4000110 | 100010...0}
{3100110 | 100100...0}
{3010110 | 101000...0}

{3001110 | 110000...0}.

All the above configurations have distance from the cut larger than Kj, = 2, and
more than 2 particles in angular momentum orbitals 0 and 1. Hence, they are not
dominated by the root partition \g, and have zero weight in the model wave function
(the corresponding row in the PEM is identically 0).

Thus, the clustering condition at 8 = 11 for the configuration of the remaining
particles being n([7,5,4,0,0] + v;), yields a linear relation between the row labeled

by i3 and the rows labeled by the partitions puq, ..., u4:
f)gj + 2P1j + 2P2j + ng + P4j = ()7 (646)

where P;; is the coefficient in P in the row labeled by p; and column labeled by v;.
The rows labeled by p1, ..., s can in turn be related to rows in the OEM by using

the clustering constraints at g = 7.

6.7 Concluding remarks

In this chapter, we have provided a proof that the Li and Haldane natural entangle-
ment spectrum in the thermodynamic limit is bounded from above by the number of

levels in the edge energy spectrum. Barring the presence of extra accidental symme-
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tries in the system, we argue that the bound should be saturated. In addition, we
showed that the two different entanglement spectra we considered— the PES probing
the bulk excitations and the OES probing the edge excitations— are related. In fact,
they have the same entanglement level counting for a range of angular momenta,
specified by Eq. . The universal counting is different for each model state and
provides valuable information about the topological order in the FQH state. When
restricting to the natural spectrum, we have proved that in the thermodynamic limit,
the level counting of the entire OES and PES are identical. Thus, we established
the bulk-edge correspondence in the entanglement spectra. The main tool in proving
this are the clustering constraints, which enforce the defining clustering properties
of the model states in momentum space. Our method works for both unitary and
non-unitary states that are defined as unique highest density zero-modes of Haldane
pseudopotential Hamiltonians. In particular, it can be applied to the entire Read-

Rezayi series, as well as the Gaffnian state.

6.A Rank of P

6.A.1 (k,2)-clustering states

The matrices P and M were defined in Sec. as the particle entanglement matrices
with label L4 in the (k,2)-admissible occupation configuration basis and the Jack
basis. In Sec. 6.4 we showed that the PEM and M have the same counting; in this
appendix, we show that P and M have the same rank. This proves that the counting
of the PEM equals the rank of P.

Suppose we are able to show that P = DMD’ , where DT and D’ are square
triangular matrices with 1’s on the diagonal and as such they have nonzero determi-

nant. A theorem in linear algebra states that pre/post multiplying a matrix by one of
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triangular form with nonzero determinant leaves its rank unchanged. Thus, we only
need to prove that P = DMD’ to conclude that rank(P)=rank(M).

The row and column dimensions of P and M are identical because every (k,2)-
admissible partition u labels the Jack J7. We may use partial ordering by dominance
to order the (k,2)-admissible row and column configurations such that if f, > f;,
then k <.

Consider a particular (k,2)-admissible partition fi; (7;) labeling the ith row (jth
column) of P and M. Let the coefficient of |/z;) in |J%.) be Dy and the coefficient of

[7;) in |Jg) be D’j;. The partial ordering implies that:

Dy = 0ifk>q (6.47)
D; = 1 (6.48)
D) = 0ifl>} (6.49)
D, = 1 (6.50)

In other normalizations of Jack polynomials, D;; is not necessarily one, but is always
non-zero. By the definition of a matrix with row-echelon form, DT and D’ in row-

echelon form. Recall that:

S OM[2) @ |J2) ZPUIM ® |v;) (6.51)

2%

in every block of the full PEM. |u;) and |v;) are the general occupation-basis states,
not just the (k,2)-admissible configurations. P is the sub-matrix of P labeled by

(k,2)-admissible partitions; therefore:

Py = > Mu{ulJg)(51J5) (6.52)
k,l

ie. Pij = ZDikMle/lj
k,l
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=P = DMD/, (6.53)

which proves our statement that the rank of the PEM is given by the rank of the

matrix of the coefficients indexed by the (k, 2)-admissible partitions.

6.B Two examples of clustering constraints

We write down the explicit relations imposed by the (k+1)-body clustering constraints
discussed in Sec. [6.5/on the coefficients of small wave functions at & = 1,2. Let us first
consider an example at k = 1, i.e. the 1/2 Laughlin states. The clustering constraints

are 2-body:

B
> dg_idil) =0, for 6=0,1,...,L"" (6.54)
=0

Consider the N = 3, L' = 6 wave function in the infinite plane geometry in which
the number of orbitals is not restricted to N, +1 = 5 as in the case of the sphere.
The Hilbert space is spanned by 7 partitions, {\;;i = ...7}. Their corresponding

coefficients in [¢)) are {b;,i =1...7}:
|¢> = b1|67 Oa O> + b2’57 17 0> + b3‘47 27 O> + b4’37 37 O) + b5|47 17 1> + b6|37 27 1> + b7’27 27 2) :
The relations at 5 = 0,1 respectively are:

b1|6,0,0> =0 = 0;=0

b2|5,1,0>20 = b2:0

Thus, the clustering constraints assign zero weight to A; and A\, which are not dom-

inated by the root partition A3 = [4,2,0] (n(A3) = {10101}). The values of § from

184



2 to 6 generate a set of 5 linearly dependent equations that fix 4 out of the 5 re-
maining coefficients. All the relations obtained are shown in Table [6.1l The solu-
tion in terms of the coefficient of the root partition bz is {by, by, b3, by, bs, bs, b7} =
{0,0, b, —2b3, —2b3, 2b3, —6b3 }.

Table 6.1: Possible occupation configurations and the clustering constraints for the
N = 3,v = 1/2 Laughlin state at L' = 6 on the infinite plane (no restriction to the

number of orbitals. On the sphere the first two configurations have zero weight and
the last two orbitals are missing as N, = 4

Coefficient of m,, n(u) Constraint
b1 {2000001} | 5 =0: by =0
by {1100010} | 8 = 1: by = 0
b (1010100} | =2 2b3+bs=0
b {1002000} | 8 = 3: by + bg = 0
bs 0200100} | B=4: 2bg + 2bs + by =0
be (0111000} | 8 = 5: bs -+ bg = 0
by 0030000} | B=6:  2b3+bs=0

The bosonic Moore-Read state is the clustering polynomial at £k = 2. The clus-

tering constraints involve 3 particles:

i dg—i—jdid;|e) =0, for =0,1,..., L. (6.55)

i,j=0
Consider the 6-particle wave function with L = 12. Eq. for § = 0 ensures
that the weight of the partitions [4,4,4,0,0,0], [5,4,3,0,0,0]...[12,0,0,0,0,0] not
dominated by [4,4,2,2,0,0] is zero in the wave function. The number of such parti-
tions whose coefficients are set to zero at § = 0 is the number of partitions of 12 into
at most 3 parts. Similarly, the constraints at 5 = 1 set the weights of the partitions
[4,4,3,1,0,0], [5,4,2,1,0,0],...[11,1,0,0,0,0] (the number of such partitions is the
number of partitions of 11 into at most 3 parts) in the wave function to zero. The
linear dependence of the set of constraints in Eq. is apparent in the fact that
the coefficient of the partition [7,4, 1,0, 0, 0] is set to zero by a constraint at 5 = 0 and
one at § = 1. The constraints at § = 11, 12 are also seen to give identical relations to

those at 8 = 0, 1 for this example. The configurations [5,4,3,0,0,0]...[12,0,0,0,0, 0]
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are only allowed in an infinite plane geometry. On the sphere, they would involve more
orbitals than N4 + 1 = 5 existent ones and would not appear in the Hilbert space of
the decomposition of the Moore-Read ground-state. The configurations [4,4, 4,0, 0, 0]
and [4,4,3,1,0,0] appear on the sphere but, due to the same reason as on the infinite
plane — that they are not squeezed from the root partition — have zero weight.

The 16 partitions dominated by the root partition [4,4,2,2,0,0] and their cor-
responding coefficients in v are shown in the second and first column of Table

respectively. Let us discuss the 3-body clustering at 8 = 4 in more detail:

3(dadody + 2dsdido + dadady + dadidy)|1b) = 0. (6.56)

The four terms in Eq. (6.56)) individually are:

dydodo|t)) = b1]4,2,2) + bs|3,3,2)

dsdydo|t) = bsl4,3,1) + br|4,2,2) + |3, 3,2)

dodadp|1)) = by|4,4,0) + br|4,3, 1) + b1o|4,2,2)
+b11/3,3,2)

dydydy |1) = byld, 4,0) + bgl|4, 3, 1) + b1o|4,2,2)

+b14)3,3,2) . (6.57)

The right-hand-side of each of the four terms above is a linear combination of different
occupation configurations of 3 bosons with total angular momentum L' — 5 = 8.
Since different occupation configuration states are orthogonal to each other, Eq.
can only be satisfied if the coefficient in front of every non-interacting many-body

state is zero. Thus, we obtain four constraints on the coefficients from each of the
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four occupation configurations in Eq. (6.57)):

‘4,2,2>3b1+2b7+612+b10:0
‘3,3,2>Zb3+2b8+b11+b14:0

‘4,3,1>1266+b7+bg:0

‘4, 4, 0> : b1 + b2 =0. (658)
The last relation also arises from the clustering constraint at § = 2.
All the relations imposed by the clustering constraints at § = 2,...,6 are shown

in Table[6.2] Although not obvious, in this case as in the previous, the dimension of

the null space of Eq. (6.55) is 1. This can be analytically proved by realizing that the

Moore-Read state is the densest unique ground-state of a Haldane pseudopotential

Hamiltonian which can be written in terms of the clustering operators

Table 6.2: Possible occupation configurations and the clustering constraints for the
N = 6 Moore-Read state at L' = 12

n(p)
by {20202}
by {12102}
bs {20121}
by {20040}
b; {04002}
bs {12021}
by {11211}
bs {11130}
by {03111}

bio {02301}
by {10320}
bio {10401}
bis {03030}
by {02220}
bis {01410}
big {00600}

Constraint
by +ba=0
b3 +bg =0

3bs + 6b7 +bg =0
3by + 6bg + b13 =0
6by + b5 =0

b1 + 2b7 + big +b12 =0
b3 + 2bg + b11 +b14 =0
2bg + b7 +bg =0

2by + 2b7 + bg + b1g =0

2b7 4+ 2b11 + b1a +b15 =0
2bg + 2bg + b1z + b4 =0
2b3 +bg +b7 =0

6b1 + 3by + 6b7 + 3b3 + b12o =0
6bs + 3bs + 6bg + 3bg + b1g =0
6bs 4 3bg + 6bg + 3by +b11 =0
6b7 + 3bg + 6b14 + 3bg + b15 =0
6b12 + 3b1g + 6b15 + 3b11 + b1g =0
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6.C Proof of step 1 Sec.

We now prove the statement in step 1 of Section K, < Aj, implies that
K; < Ay for all (k,2)-admissible partitions fi that are dominated by fiy. We defined

fip to be the partition that dominates all other (k,2)-admissible partitions at given

Na, L2, (Eq. (6:38)):

n(jfi)) = k0...kQ z0...010...0, (6.59)
AA(Na-/k) L

where 0 < x < k is fixed by the total particle number being N4. We are given that
Agy > K.

The main idea how to prove this statement is to reduce the distance from the
cut by squeezing particles across the cut. Squeezing with the particle just left to the
cut— at angular momentum (/4 — 1)— cannot reduce the distance, but squeezing with
any other particle to the left of the cut does. Let us in the following only consider
squeezing operations from orbitals with index m; > [4 and my < 4 — 1 to orbitals
with index m}| = my —1 and m{, = my+1. Starting from a (k, 2)-admissible partition,
there are two choices to reduce the distance to the cut by one and still retain (k, 2)-
admissibility: either one squeezes with a particle of the rightmost unit cell, which
reduces the number of unit cells by one, or one squeezes with a particle that is not
in an intact unit cell. The latter may retain (k,2)-admissibility, depending on the
occupation configuration of the remaining particles, and does not change the number
of intact unit cells. All (k,2)-admissible configurations i’ < fip can be obtained from
fip by such a series of squeezings. As Kj, < Ay, they obey Kz < Ay Let us make
this argument more rigorous in the following paragraphs.

The case when K, = 0 is trivial. All (k,2)-admissible partitions have distance
from the cut 0 and at least 0 intact unit cells; therefore K; < Ay for all (k,2)-

admissible partitions /.
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In order to prove the required statement for Kj; > 0, we consider all (k,2)-
admissible partitions g1 < fip at given, but arbitrary K; < Kj,. Let us construct
the partition p (not necessarily (k,2)-admissible) at the given distance K; = K, > 0
that is dominated by all the (k,2)-admissible partitions. This partition can always be
obtained by first reducing the distance to the cut Kj, — K times, by squeezing each
time with a particle from the rightmost intact unit cell, and afterwards squeezing all
the particles at angular momenta > (I4 — 1) to their maximally dense configuration.
The latter operation does not change the distance from the cut. Assume that the
orbital to the left of the cut is unoccupied, i.e. n;,_1(fip) = 0. If the number of
particles to the right of the cut in fig, N,.(fio), is equal to one then the occupation

number configuration of u is given by:

n(p) =k0.. . kQ(k—1)1...(k—1)1g0...0]0...01, (6.60)
284 Q(A—tA ) la=2Ap, Ky
ho — 2

where we denote the orbital cut by ‘| in the occupation configuration. For N, (fig) > 1,
n(p) is:
n(p) =§0.. . kQ(k—11...(k—1DI(k-1)0|X ... X, (6.61)

-

—Ay)

where the sequence X ... X denotes the occupation configuration of (N, (fg) + 1)
particles at distance K, that is maximally squeezed.

The configurations in Eq. and are such that the particles on the left
of the cut form the densest possible (k,2)-admissible configuration, ie. squeezing any
two particles on the left of the cut yields a configurations that is not (k, 2)-admissible.
As the particles to the right are in their most squeezed configuration, we conclude

that any (k,2)-admissible partition with distance to the cut K, dominates p.
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As compared to n(fig), the z-angular momentum of the particles to the left of the

cut in n(p) is increased by Ay, — A, while that of the particles to the right of the

o

cut is reduced by Kj, — Kj. Since n(u) has the same total z-angular momentum as

n(fio):

Ay —A, = Kz — K

o M f e

AﬁOZKﬂO = AﬂZKH'

As every (k,2)-admissible partition fi with distance K; = K, that dominates p has

at least A, intact unit cells:
— K, = Az > K (6.62)

at every distance from the cut.
The argument for n;, _1(fip) # 0 is identical to the one described above. The only

difference lies in the form of n(u):

n(p) = k0. kQ(k—D1.. (k—1)10]X .. X, (6.63)

28 2(Anig—Ap)

where the sequence X ... X is the maximally squeezed configuration of x4 1 particles

(for N, (fig) = 1) respectively k + N, (fio) (for N, (fip) > 1) at distance K,.

6.D Proof of step 2 in Sec. [6.6.2

6.D.1 Effect of dominance on the distance from the cut

We show that dominance, i.e. p > p’ implies that the distance to the cut K, > K,,, or

that squeezing cannot increase the distance from the cut. The property of dominance
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is defined by:

o> = Zn:m > Zn:ué (6.64)
=1 =1

for all n < N. Recall that p; > p; for ¢ < j, where p; and p; are the components of
the partition u. Let us denote the number of particles to the right of the cut for any

partition p by N, (x). The distance from the cut K, can then be rewritten as:

= 3 nalw)m — 1+ 1)

m=l
Ny (M

=) (i—lat1) (6.65)

i=1

=

When comparing the total distances for two partitions, p and u’, there are three
possibilities, N,.(u) = N.(1'), N.(1n) > N,.(¢') and N, (p) < N,.(¢'). We will discuss

them in that order:

Nr(p) Nr(p)
> =Y >y
=1 =1
Nr(p) Nr ()
= (wi—la+1)> Y (i—lat+1) (6.66)
i=1 =1
—K, —K,

Thus, K, > K.

o No(p) > N ():
N,«(,u’)

NT(H/)
p>p = Y = >
=1

i=1
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NT(H/)
= Z — 4+ 1) Z — s+ 1) (6.67)

As p; > 14 for all particles to the right of the cut, K, = ZZXT(M)(M —lsa+1) >
Zﬁf“/)(ui — 14+ 1). This shows that K, > K.

o Ni(p) < Np(p'):

Ny (u') Ny (1)
p> =y > Z s
=1
Ny () Np(p)
=Y (—la+D+ DY (m—lat1)
i=1 i=Np(p)+1 B
—K,, >0
Nr(u’)
> lA +1 KH/ . (668)

=1

The second term must be < 0, as the particles to the left of the cut have

angular momentum p; < 4. It is strictly negative if at least one of the pu; for

N,.(1) <i < N,.(u') is smaller that (I4 — 1).

Thus, K, > K, for every y that is dominated by px.

6.D.2 Effect of clustering constraints

We show that the (k + 1)-body clustering constraints presented in the body of the
paper (Eq. (6.34))) relate partitions p with A, > 0 intact unit cells and distance
K, > 0 from the cut to partitions x’ with number of intact unit cells given by A, —1

and distance from the cut by K, < K.
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Let us consider an arbitrary partition p with A, intact unit cells (2A,, orbitals)

and distance K,:

() ={k0.. . kQg. £0...0}, (6.69)

28, 1a—27, <K,

where we placed the orbital cut after [4 orbitals. In order to keep the discussion
general, we denote an arbitrary occupation number configuration by the sequence
z...xz. [f| For the orbitals to the right of the cut (with angular momentum > 1) two

examples of such configurations with distance from the cut, K, are:

{kO...kQx...x]0...010...0}
W—/W—/ ——’
28, la—2A, Ku—1

{k0.. . kQg...z|K,0...0}. (6.70)
N
20, La—2A,

Let us now analyze the clustering condition that involve the k particles of the
(A, —1)-th unit cell and the rightmost particle to the right of the cut in the partition
W . Remember that we chose to number the intact unit cells starting from 0.
We choose 8 = 2k(A, — 1) + py for the clustering operator and require the
remaining N4 — (k+ 1) particles to occupy the same orbitals as in n(u). For instance,
for the configuration in the first line of (6.70), we choose 8 = 2k(A,—1)+(l4—1+K},)

and require the remaining N4 — (k+ 1) particle to have the occupation configuration:

{k0...k000g...2]0...0}. (6.71)
——
20,—2  1a—2A,

8The actual occupation number configuration is not generally known or important to the proof.
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While for the second line we choose 8 = 2k(A, — 1) + 14 and the occupation number

configuration of the remaining N4 — (k + 1) particles to be:

{(k0...k000z ... x| (K, —1)0...0}. (6.72)
2A,,—2 Ia—2A,

In particular, the occupation configurations of the remaining particles have A, —1
intact unit cells.
The clustering condition relates p only to partitions that are dominated by a

partition y’ of the form H:

n() ={k0.. . kO(k — Dlg...x|Z...50...0} (6.73)
20,2 la—24,

where ... is used to indicate an occupation number configuration where the right-
most particle to the right of the cut is moved to the left by one orbital. The distance
from the cut is reduced by one: K, = K,, — 1. For our examples in Eq. (6.70]), the

dominating partition is given by:

n(p') ={k0...kQ(k—1)1g...2]0...010...0} (6.74)
20,2 a2,  K.—2

for the configuration of the first line of Eq. (6.70)), and:

n(p') ={k0... kQ(k —1)1g...x|(K,—1)0...0} (6.75)
20,2 Ia—24,,

for the configuration in the second line of Eq. (6.70]).
Using the results from Appendix [6.D.1, we conclude that all partitions p' # pu

involved in the clustering condition have A, = A, — 1 intact unit cells and distance

9Any other configuration has zero weight in the model wave function, since it is not dominated
by the root partition (6.7)
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from the cut K,y < K, —1. The (k+1)-body clustering condition yields one constraint
on the rows labeled by all the involved partitions. Thus we have shown that the row
labeled by p can be written as a linear combination of the rows labeled by partitions

p' with K,, < K, and one less intact unit cell.

6.D.3 Relating PEM rows to OEM rows

Let us assemble the results of the previous appendices to prove the following state-
ment: any PEM row labeled by a partition p with K,, < A, is linearly dependent on
rows labeled by partitions fi; with K, = 0. The latter are partitions that label the
rows of the OEM. We prove this statement by induction, starting with a row partition

p with K,, =1 and A, > 1. Such a row partition is necessarily of the form:

{kO...kQgx...2]10...0}. (6.76)

28, la—2A,

Using the (k, 2) clustering constraint for § = 2k(A,—1)+(4 and fixing the occupation

configuration of the remaining N — (k + 1) particles to be:

{k0... K000z ...2]0...0} (6.77)
—_—— S~
20,—2 Ia—2A,

the row partition (6.76]) can be related to rows labeled by fi;, which satisfying K, = 0.
This result is independent on A, as long as A, > 1.

For the induction hypothesis let us now assume that all row partitions A\; with
Ky, < K, (for given K > 1) and Ay, > K, can be written as linear combinations
of rows labeled by partitions fi; with K, = 0.

Now consider a row partition p with K, = Ky +1 and K, < A,. In Ap-
pendix we have showed that a clustering condition involving any of the particles

to the right of the cut and the k particles of the rightmost intact unit cell (to the left of
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the OEM cut) relates this partition to partitions ' with K, < K, and A, = A, —1.
This implies that the row partition y is a linear combination of the row partitions
Aj. Using the induction hypothesis yields that all partitions p with distance to the
cut K, < K, + 1 fulfilling K, < A, can be written as linear combinations of rows of
the OEM. This shows that any row partition p fulfilling K,, < A, can be written as
a linear combination of rows labeled by partitions fi; that have distance to the cut

K;; = 0. These are the partitions that label the rows of the OEM.
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Chapter 7

Haldane Statistics in the Finite
Size Entanglement Spectra of 1/m

FQH States

7.1 Introduction

For the Laughlin family of wavefunctions at filling v = 1/m, two numbers characterize
the edge theoryfl] The first is the central charge, which is one for the whole family. The
physical meaning ascribed to this number is that it is the number of fields on the edge.
In the IQH phases, for example, it is just the number of current carrying channels on
the edge and equals v. The central charge alone determines the counting of the many-
body energy spectrum, and by Chapter [0, the counting of the orbital entanglement
spectrum in the thermodynamic limit. The second number characterizing the edge
theory of the Laughlin fluid is the boson compactification radius. Physically, this
number determines the quantization of the charge carried by the excitations on the

edge, e/m. This fractional charge of an electron has been observed in shot noise

LChapter based on work with M. Hermanns, N. Regnault and B. A. Bernevig [96].
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experiments [166], 53], 42]. The energy spectrum alone is agnostic about this number
in the thermodynamic limit. However, when the edge has a finite length, the counting
differs from the thermodynamic one in a distinctive way for each m. Is counting of
the OES at finite-size also distinctive? Can the value of m be extracted from it? In
this chapter, we will answer these questions in the affirmative by conjecturing and
numerically checking a counting principle for the finite-size OES of Laughlin states.

There is a second practical motivation to understand the finite-size counting of
entanglement spectra. The power of the entanglement spectrum lies in its ability to
numerically diagnose the topological order of any given wavefunction. The proce-
dure is as follows: compute the OES of the wavefunction of interest, for example, the
exact ground state of the Hamiltonian with Coulomb interaction at filling v. Com-
pare the counting of the low-lying levels of the OES to the known counting of the
energy spectra of different edge theories. When you find a match, conclude that the
given wavefunction is in the FQH phase with that edge theory. Li and Haldane’s
conjecture[I123] implies that this procedure is perfect in the thermodynamic limit.
However, at computationally accessible system sizes, “low-lying” is hard to define.
The universal part of the spectrum strongly mixes with the spurious levels higher in
the OES of the Coulomb ground state, making it hard to separate. Using a flat-band
procedure called the conformal limit, the non-universal part of the Coulomb spec-
trum can be completely separated from a low-lying part with the same counting as
the finite-size OES of the model FQH state at the same filling by a full entanglement
gap[I80]. This also suggests a counting principle behind the finite-size level counting
of the model states.

The counting principle that we conjecture is intimately related to the counting of
the Hilbert space of the quasiholes of the Laughlin fluid. The Laughlin quasiholes are
anyons with 1/m self-statistics [3]. That is, when one quasiparticle is adiabatically

taken around the other, the wavefunction of the system picks up an Aharanov-Bohm
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phase of exp(&2mi/m). ] Haldane [89] provided an alternate definition of statistics
as the change in the dimension of the single particle Hilbert space on the addition
of one particle. Thus, the Pauli exclusion principle implies the minus sign on the
interchange of two fermions. Turning this definition on its head, Haldane showed
that the statistics of the Laughlin quasiholes follows from a generalized Pauli exclusion
principle for these particles. It turns out that configurations with no more than one
particle in m consecutive orbitals counts the Hilbert space of particles with self-
statistics 1/m. As the counting of excitations of a Laughlin droplet about the edge
are in one-to-one correspondence with the counting of quasiholes in the bulk, the
Hilbert space dimension of the quasiholes and their statistics naturally enters our
story of the finite-size counting of the OES.

In this chapter, we conjecture a counting principle for the finite-size spectra of
Laughlin v = 1/m states for any m € Z* (fermionic or bosonic). When the system
is cut in orbital space, the number of non-zero Schmidt values as a function of the
angular momentum of subsystem A exhibits Haldane exclusion statistics [89] of a
boson of compactification radius /m quantized in a box of finite orbital length. The
conjecture predicts the observed counting of the full entanglement spectrum of the
m = 2,3 states and most of the counting of the spectra of the m > 3 states. The
existence of such a counting principle lends meaning to the OES at finite size and
suggests a new interpretation of the entanglement gap in the Coulomb spectrum,
known to be non-zero in the thermodynamic limit from numerical studies [I80], as
protecting the Haldane statistics of the phase.

As promised, our counting principle shows that the finite-size OES resolves the
central charge of the edge theory, as well as the compactification radius \/m or the
fractional charge at the edge e/m, previously determined by intricate scaling argu-

ments [175, 29]. The finite-size OES thus determines all the quantum numbers of the

2The statistical phase is defined only up to a sign.
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1/m Laughlin states, and thereby— as long as the entanglement gap is finite— all
the topological properties of the Coulomb state at the same filling.

The organization of the chapter is as follows: we first review the effects of finite
size on the counting of the edge energy spectrum of the Laughlin droplet in Sec. [7.2]
We then state the conjecture for the counting of the corresponding finite-size OES in
Sec. illustrate the principle with an example and provide numerical evidence in
support of the conjecture. Finally, in Sec. [7.4] we demonstrate that the conjecture

predicts the correct finite-size counting of the OES away from the model state.

7.2 Effects of a finite bulk on the edge excitation
spectrum

The intimate connection between the OES and the edge excitation spectrum suggests
that the understanding of the finite-size effects in the latter transfers to the former.
Let us therefore investigate the effects of finite size in the energy spectrum in the
simplest case of m = 1, that is, the integer quantum Hall (IQH) droplet. Recall that
in Chapter [f], following Ref. [91], we presented the energy spectrum of the IQH droplet
with two edges in the Landau gauge in Fig. 5.2l For the reader’s convenience, we
reproduce the lowest Landau level in Fig. (a). The Fermi energy is set at zero and
the bulk filling is one. At the right edge of the droplet, a wave packet above the Fermi
level has positive group velocity and moves into the plane, while on the left edge, the
wave packet does the opposite. Again, this is the origin of the chirality at the edge.
What are the excitations above the ground state? They involve creating electron-
hole pairs about each of the Fermi points. For small momentum/energies above the
ground state (black arrows), the excitations are localized at the two edges. Thus, the
counting of the number of levels in the excitation spectrum is the same as the counting

of the excitation spectrum of two non-interacting one-dimensional wires of opposite
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@) (b)

Figure 7.1: The single particle energy spectrum of the (a) ¥ = 1, and (b) v = 1/2
droplet (see text for interpretation) with edges (also see Fig. |5.2)). The blue dots
indicate occupied orbitals in the ground state. The ground state has two Fermi points
and the allowed particle-hole excitations above it are indicated by the arrows. For
small momenta above the ground state (black arrows), the excitations are localized
at the two edges and the degeneracy is the same as in the thermodynamic limit. For
large momenta above the ground state (red arrow), the two edges interact and the
number of excitations is reduced.

chirality. Nothing changes as we take the thermodynamic limit at this stage. The
situation is different at large momenta/energy. At large momenta, the hole excitations
of the two edges are the same excitation. In contrast, in the thermodynamic limit,
the hole excitations of the two edges are always distinguishable. Thus, the number of
excitations at finite size is smaller than that in the thermodynamic limit. For a given
system size, the entire finite-size spectrum is easy to construct and the deviations from

the thermodynamic limit counting can be analytically determined at each momentum.

Thus, at least for the IQH phase with non-interacting spinless electrons, we under-
stand exactly how finite-size effects appear in the excitation spectrum. What bearing
does this knowledge have on the m > 1 Laughlin phases? There is a simple heuris-
tic picture arising from work by Haldane [89] that generalizes the IQH counting for
m > 1. The key insight is that for the purposes of counting of excitations, we can
work with free electrons even at v = 1/m, if we impose that the allowed occupation
configurations are (1, m)-admissible. A configuration is (1, m) admissible if there is
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no more than one electron in m consecutive orbitals. In Fig.|7.1(b) is shown the con-
figuration corresponding to the ground state for m = 2, that is, the densest possible
(1, m) admissible configuration. We emphasize that the occupation configuration in
Fig.|7.1{(b) is merely a caricature of the correlations in the actual Laughlin state and
is not to be literally interpreted as the many-body wavefunction. As we discussed
in Sec. , the (1, m) admissible configurations label wavefunctions with liquid-like
correlations given by Jack polynomials [10]. To count the number of excitations of the
v = 1/m liquid at momentum dk above the ground state, all we have to do is to count
the number of (1, m) admissible configurations at that momentum. These are our al-
lowed ‘particle-hole’ excitations. For example, some excitations about Fig. [7.1(b) are

counted by:

0k =0: 0010101010100
0k =1: 0010101010010
00 00
0k =2: 0010101010001
0010101001010

00 10

The first orbital in all configurations above is denoted by the thick blue line in (b).
The crossed out configurations are not (1,2)-admissible. The list is not complete
even at 0k = 0,1,2 as we have only listed configurations with excitations about the
right edge. For example, at 6k = 0, a (1, 2)-admissible configuration that should be

counted is:

0100101010010
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To connect to the m = 1 case discussed above, note that (1,1) admissible configura-
tions are just valid fermionic configurations. Thus, counting the number of particle
hole excitations at some momentum is equivalent to the number of (1,1) admissible
configurations at that momentum. Following the argument that we presented for
m = 1, we see that the counting of excitations will be reduced at sufficiently high
momenta/energy. The precise analytical formula that quantifies this reduction will
be presented for the OES in the next section.

To summarize, we have presented a cartoon of the effect of the finite size of the bulk
on the edge excitation spectrum in the 1/m Laughlin states (Fig. [7.1]). At sufficiently
high momentum/energy above the ground state, the number of excitations is smaller

than that in the thermodynamic limit.

7.3 Effects of a finite bulk on the OES

Let us now investigate the effects of the finite bulk on the OES. For a description of
the geometry, the definition and properties of the OES and the special properties of
the Laughlin model states, we refer the reader to Sections . Any undefined
symbols below refer to the same quantities as in Chapter [6] Briefly, we perform the
orbital cut after {4 orbitals. A is assumed to be the smaller sub-system 4 < Ig. The
block of the orbital entanglement matrix (OEM) at fixed number of particles in A
(N4) z-angular momentum in A, L2 is denoted by C.

We define AL, = L4

z,max

— L2, where L7 .. = mNa(N — N4)/2 is the z-angular
momentum of the configuration where the particles in A are maximally close to the
North pole. In the thermodynamic limit (I — oo before Ny — 00), the number
of levels in the OES for any m grows as (1,1,2,3,5,7,11...) for AL, = 0,1,2...,

matching the number of excitations of a chiral U(1) boson at each AL,. Corrections

to this counting occur because of the finite number of particles or orbitals in A. The
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Figure 7.2: Schematic indicating the excitations above the v = 1/2 ground state that
count the number of levels in the OES with N4 = 3 in [.,; = 7 orbitals. Haldane
statistics implies that each occupied orbital ‘blocks’ its two neighboring orbitals.
Thus, only the excited state in the right box contributes to the level counting of
the OES at AL, = 1, while the configuration arising out of the transition (arrow) in
the left box does not.

OES counting for a finite N4 as [4 — oo is different from the above U(1) counting,
but remains the same for all 1/m Laughlin states. Dependence of the OES counting
on m arises only when [, is also finite.

Let us assume for the moment that B is infinite, i.e. [z, Ng — co. We argue that
the level counting of the OES exhibits Haldane exclusion statistics by identifying
all the configurations in A with a set of (1, m)-admissible configurations with the
same quantum numbers. The latter obey the generalized Pauli principle that there is
no more than one particle in m consecutive orbitals corresponding to the statistical
interaction ¢ = m[89]. Observe that the orbital cut at [, imposes a ‘hard-wall’
potential on the subsystem A; it forbids the occupation of any orbital with L, > [4.
For values of 4 and AL, such that none of the configurations in A probe this wall, the
(1, m)-admissible configurations count the number of levels in the OES [40]. For all
other values, we conjecture that the (1,m)-admissible configurations of N4 particles
continue to count the levels in the OES, if we move the hard wall and increase the
orbital size of A to l.,; > [4. A schematic view of this counting principle is shown

in Fig. [7.2l To determine l.,;, we use the fact that there is exactly one level in the

A

OES at the minimal possible angular momentum, L7, .. This is because there is
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only one allowed configuration in A - {0...0N4]| ...} for bosonic Laughlin states
and {0...01...1| ...} for the fermionic ones, where ‘|" denotes the orbital cut. We
therefore fix l.,; such that there is ezactly one (1, m)-admissible partition at angular
momentum L7, .

(bosons) and ley = la + (m — 1)(Ng — 1)/2 (fermions).

and none at smaller angular momenta: le, = {4 + m(Ny — 1)/2

In a numerically accessible system, both A and B are of finite size. The arguments
in the previous paragraph then apply to both subsystems. We thus conjecture an
upper bound N(l4, N4, AL,) to the level counting of the OES at given Ny, l4, and

AL,, taking both subsystems into account:

Ns(la, Na, AL,) = min[N(l4, Na,AL,),N(lp, Ng,AL,)], (7.1)

where N (l,, N,,AL,) for a = A, B is the number of (1, m)-admissible states of N,
particles in lep; o = la+m(Ny—1)/2 (bosons) or lep o = la+(m—1)(N,—1)/2 (fermions)

orbitals at angular momentum AL,. It is defined by the generating function:

& 0
Z N<laa Na7 AIJZ)qALz == d —Na+Na R (72)
AL.=0 (Q)Na(Q)N];

with (¢), = [[i-,(1 — ¢') and N! =l — m(N, — 1) — 1. N(l,, No, AL,) is a
well-known quantity; it is the number of linearly independent Laughlin states of N,
particles with N added flux quanta at angular momentum AL, [158]. For nearly all
values of Ny, l4, and AL,, the bound is saturated and the observed counting is given
by Ni(la, Na, AL,). Specifically, Eq. predicts the correct level counting for the
entire OES for m = 2,3, and for most (Na,l4) sectors of the m > 3 states.

For given (Ng,14), Eq. predicts the observed counting of the full spectrum
if Ny(la,Na,AL,) simplifies to N (la, Na, AL,) for all AL, (or alternatively if it
simplifies to N(Ig, Ng,AL,) for all AL,). In other words, Eq. holds exactly

when the corrections to the thermodynamic counting are only due to the finite-size
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of a single subsystem. For the bosonic states, a necessary and sufficient condition
for this is (i) Np > min(Na, N%). For fermionic states, an additional condition
(ii) Ia — Ng < (m — 1)(N — 1)/2 has to be imposed as a consequence of the Pauli
exclusion statistics of the fermions in part B. For m = 2, 3, restricting the orbital cut
to {4 < N,/2 ensures that these conditions are satisfied. For m > 3, both conditions
can always be satisfied by choosing the system size to be sufficiently large.

When Np < min(Na, N?) ((i) does not hold), N,(l4, Na,AL,) simplifies
to N(lg, Ng,AL,) at small AL, and to N(la,Na,AL,) at large AL,. If (ii)
is not satisfied, the situation is reversed— the level counting at small AL, is
equal to N(l4, Ns,AL,), while the number of levels at large AL, is equal to
N(lg, Ng,AL,). At both ends of the spectrum, the level counting of the OES is
equal to Ny(la, Na, AL,). In fact, Eq. is the observed level counting everywhere
except possibly at a few values around ALY, when N'(l4, Na, AL%) ~ N (ly, Ng, AL?).
Near ALY, the counting is dependent on the finite sizes of A and B and Eq. is
only an upper bound. We have tested our conjecture for all possible orbital cuts at
all numerically accessible system sizes, i.e up to N = (16,15,11,11,9,9,7,7) particles
form =(2,3,...,9).

7.3.1 An example

Let us illustrate Eq. , the counting principle behind the finite-size OES counting
of the 1/m Laughlin states, with a simple example at N = 8, m = 2. Consider the
sectors of the OES at 4 = 5, Ny = 3. As l4 < I, condition (i) is satisfied and we
need only consider subsystem A. We fix l.,; 4 so that the single occupation number
configuration at L2 ;. {00003| ...}, is identified with exactly one (1,2)-admissible

configuration at the same angular momentum:

_>
0

00003/ 00 000 111] 0" «+ 0010101. (7.3)
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Figure 7.3: OES of the bosonic m = 2 Laughlin state for N = 8 and (a) N4 = 3,
la=17,(b) Ny =3,1l4 =5, (c) Na =3, l4 =4 and OES of the m = 2 state with
N =12 and (d) Ns=6 and l4 = 11 in the conformal limit. The counting of plots
(a), (b) and (c¢) should be compared to the number of (1,2)-admissible configurations
listed in Table at each AL,. In all cases, the full counting is predicted exactly by
N (la, N4, AL,), defined by Eq. (7-2).

b

where the hard wall is indicated by ‘|’. The arrows indicate angular-momentum
conserving operations that result in a (1,2)-admissible configuration. Pushing the
hard wall further to the right allows for (1,2)-admissible configurations at angular
momenta lower than L2

z,min*

OES is therefore Ny(la, Na,AL,) = N(5,3,AL,). The middle column of Table

Thus, len;,a = l4+2 = 7. The conjectured counting of the

lists the possible (1, 2)-admissible configurations of 3 particles in l.,; 4 = 7 orbitals at
every AL,. The resulting counting, (1,1,2,2,2,1,1), is identical to the counting of
the numerically generated OES, Fig.[7.3(b). We also list some of the (1, 2)-admissible
partitions of Ny = 3 particles for orbital cuts [4 = 7,4 (lenja = 9,6), in the first
and third column respectively. Their number is identical to the numerically observed

level counting shown in Fig. [7.3{(a) and (c).
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Ia=7, Nsi=3 Ia=5  Ni=3|ls=4, Ns=3
AL, =0: 101010000 | AL, = 0: 1010100 | AL, =0: 101010
AL, =1: 101001000 | AL, = 1: 1010010 | AL, = 1: 101001
AL, =2 101000100 | AL, =2: 1010001 | AL, =2: 100101

100101000 1001010 | AL, =3: 010101
AL, =3: 101000010 | AL, =3: 1001001

100100100 0101010

010101000 | AL, =4: 1000101
AL, =4: 101000001 0101001

100100010 | AL, =5: 0100101
100010100 | AL, =6: 0010101
010100100

Table 7.1: Examples of the finite-size counting of the m = 2 Laughlin state. The
number of (1, 2)-admissible partitions in [4+2 orbitals at each AL, equals the number
of levels in the OES for the cut with N, particles in [4 orbitals in Fig. [7.3]

A few general remarks about the OES counting of the model FQH states are
in order. For a generic state, one expects the rank of the OEM to be equal to
the smaller of its dimensions. What makes the model FQH states special is the
factorially many linear dependencies in their OEMs that keep the rank finite even
in the thermodynamic limit. The finite-size counting conjectured in this article is
expected to be hard to prove in general, although the level counting at both high
and low angular momenta L4 can be analytically determined. The generic U(1) level
counting in the OES of N4 particles at angular momenta AL, = 0,1,..., N% has been

LA

zZ,min

+1,..., LA .+ Nk

Z,min

rigorously shown for certain orbital cuts [40]. At L2

z,min)?

the rank of the OEM is the Hilbert space dimension of part A. For instance, in the

m = 2 Laughlin state with Ny = 3,14 = 5, there is only one level in the OES at L4

zZ,min

and LA

z,min

+ 1 corresponding to the configurations {00003 | ...} and {00012] ...} of
A. For values of L4 > L4 .+ 2 the OEM rank is less than the Hilbert space

z,min

dimension of A, indicative of the nontrivial structure of the OEM.
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Figure 7.4: Coulomb entanglement spectrum of N = 8 bosons at filling 1/2 in the
sector [4 = 7, Ngy = 3 in the conformal limit. Left: The full entanglement spectrum
with a clear entanglement gap. Right: The low-‘energy’ part of the conformal en-
tanglement spectrum. The level counting is identical to the Laughlin entanglement
spectrum in Fig. [7.3|(a).

7.4 Away from the model state

It is worthwhile to demonstrate the role of our conjecture for the Laughlin states in the
OES counting of Coulomb states at the same filling. Fig. [7.4]shows the entanglement
spectrum for the bosonic Coulomb state of N = 8 particles at filling fraction v = 1/2
in the sector [4 = 7, N4 = 3 in the conformal limit. The low-‘energy’ part— shown
in the right figure— is separated from the levels higher in the spectrum by a gap
at all L2, In contrast to the entanglement entropy calculations that rely on scaling
arguments, we can determine all the quantum numbers of the edge theory of the state
using the conjectured counting of the model OES at a single system size and a single
orbital cut. For instance, the level counting at high L? in Fig. is (1,1,2,3,5)
for AL, = 0,...,4, identical to the counting of 3 particles in any Laughlin state,
N(1a,3,AL,), as l4 — oo. From Eq. (7.2), we observe that the first discrepancy
from the counting at [, — oo is at AL, = N% + 1. In Fig. this occurs at
AL, =5, which fixes N = 4. Inserting this value into the expression for N, we find
that m = 2(Iy — 1 — N%) /(N4 — 1) = 2. As the AL, of the first finite-size correction
is the only information required, this analysis works equally well for the cases where

the conjecture only provides an upper bound to the counting.
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7.5 Concluding remarks

In this chapter, we explored the effect of the finite size of the system on the edge
excitation spectrum and the orbital entanglement spectrum. In both cases, we found
that the counting of the spectrum is reduced at large momentum above the ground
state. We showed that the physics leading to the reduced counting in both spectra
is related to the counting of the number of (1, m)-admissible configurations in a box
of finite size. This led us to conjecture that the counting of the finite-size OES
of the v = 1/m Laughlin states exhibits Haldane exclusion statistics of a boson
with compactification radius y/m in a box of known orbital length. We supported
our claim with extensive numerical evidence at many different system sizes. Our
conjecture shows that the OES determines all the quantum numbers of the Laughlin
state edge theory— its central charge through the thermodynamic limit counting, and
the compactification radius or quasi hole charge through the finite-size counting. It
suggests that the entanglement gap in the Coulomb spectrum protects the Haldane
statistics of the phase in the thermodynamic limit and thus provides us with a new
way of extracting the boson compactification radius for any state with a finite gap.
A natural direction for future research is understanding the counting of the non-
abelian states, which is complicated by more quantum numbers. More generally, we
can ask if all the quantum numbers of any chiral edge theory can be determined from
the entanglement spectrum alone. It would also be interesting to extend the analysis
in this article to two orbital cuts [29] on the torus [118, 126] or the sphere. The
resulting OES is expected to be the combination of the finite-size spectra of the two

edges if they are non-interacting.
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