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In this work we studied a nonlocal spatial model on continuous time and space.
Based on Levins’ metapopulation framework, we developed a population model with
nonlocal dispersal. The dispersal is modeled by an integro-differential equation.

In the first chapter, we studied the well-posedness of a single species model. We
established the existence and uniqueness of solution, and proved a version of maxi-
mum principal as well as comparison theorem. To study the stability of equilibria,
we considered an eigenvalue problem and provided an estimation of the eigenvalue.
Then we gave the condition of having a stable positive equilibrium, which biologi-
cally implies the persistence of species; and we also gave the condition of a stable zero
equilibrium, which means the species goes extinct.

In the second chapter, we investigated the two species competition model. We did
the stability analysis for the zero equilibrium and two semi-trivial equilibria. Also
we have a sufficient condition for the existence of a coexistence equilibrium. Then
we studied the evolutionarily stable strategy for this model. Ideal free dispersal is
a kind of conditional strategy which feature dependence on environments and leads
to an equilibrium distribution where there is no net movement of individuals and
any location has the same environmental fitness. Suppose two competing species are

identical except their dispersal strategy. We showed that a species with ideal free



dispersal can invade when rare while the other species’ dispersal is not ideal free.

In chapter three we are interested in the spreading speed on a infinite domain. The
case of single species has been treated in an SIS epidemiology model. For two species
competition, we proved the existence of spreading speed and showed that for each
wave speed greater than the spreading speed, there exists a traveling wave solution

connecting the two semi-trivial equilibria for the system.
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Chapter 1

The Well-posedness of a Metapopu-
lation Model with Nonlocal Disper-
sal

1.1 Background

Dispersal mechanisms are a very important factor in the persistence, interaction, and
evolution of species especially in habitats that are spatially heterogeneous. There
are several ways that dispersal and its effects have been modeled in spatial ecology.
They reflect various assumptions about the nature of the dispersal process and its
connections to population dynamics. One type of model, the patch occupancy type of
metapopulation models in Levins’ [44] and Hanski [31], [32], do not treat population
dynamics explicitly, but instead describe the probability that a population will be
present on any given patch. These can be related to population models, by thinking
of each patch as the space it takes for one individual. This is essentially the idea
underlying the Hamilton and May [54] type model.

There are two broad classes of models that do include population dynamics. One
class typically assumes that adult individuals are mobile, that the reproduction pro-

cess is independent of dispersal, and that individuals compete for resources other than



space itself. The other class typically assumes that adult individuals are not mobile,
but produce seeds or larvae that are mobile, so that reproduction and dispersal are
combined into a single process, and that dispersers compete for space to settle. Our
model is similar to the second type of population model, but in continuous time and
space.

Metapopulation patch occupancy models were introduced by [44]. They treat
the environment as a collection of discrete patches that may become extinct, but
unoccupied patches may be colonized by individuals dispersing from other patches.
Such models have been used to study many types of populations, including butterflies
Hanski [30] and reef fish ( [2], [39]; to name a few). Levins’ model describes a system
of infinitely many identical patches, then describes how colonization and extinction
determine the fraction of patches occupied. Let k be the fraction of habitat potentially
suitable for some species. n is the fraction of patches occupied and k — n is thus the
patches available. The change with time of n is determined by:

C;—?:cn(k—n)—en

Levins’ model [44] is spatially implicit. It assumes the habitat patches are all
the same and thus the parameters are constants, that the dispersal rates between
any two patches are the same, and that there are infinitely many patches so that
the fraction occupied is a continuous variable. Hanski’s model [30], an extension of
Levins’ model, can be viewed as spatially explicit. It assumes a set of habitat patches
in which species occur at a dynamic colonization-extinction equilibrium. Let p; be the

probability that patch ¢ is occupied, and let ¢;; be the colonization rate from patch j



to i. Let e; be the extinction rate of patch 7. Hanski’s model is:

ngi =(1-p) ;Cijpj — €&D;

Mouquet and Loreau [48] introduced a model that is considered to be similar to Han-
ski’s for multiple species. They showed that immigration is a key factor determining
persistence and extinction for any single species in a metacommunity. Mouquet and
Loreau [55] and [56] studied the dynamics of the metacommunity network in which
communities are linked by dispersal.

For the two types of population dynamical models, the class where all individuals
are mobile includes reaction-diffusion models and their discrete diffusion analogues
Cantrell and Cosner [6], integrodifferential models similar to reaction-diffusion models
but with nonlocal dispersal (see Bates and Zhao [5], Hetzer, Nguyen and Shen [36],
Hutson, Martinez, Mischaikow and Vickers [38]), and some types of integrodifference
models in discrete time (see Kot et al. [42], etc). The second class, where adults are
sessile but seeds or larvae disperse so that reproduction is combined with dispersal,
include the type of models introduced by Hamilton and May [54], and Comins et
al. [19], and used to study the evolution of dispersal in organisms with these life
histories (see Levin and Muller-Landau [43]).

Our model is similar in concept to these latter types of models, combining the
ideas coming Hanski and Mouquet-Loreau models with a general modeling viewpoint
similar to [54], [19] and [43]. Our model captures competition for space and dis-
persal together with reproduction, but in a heterogeneous environment, explicit in
space. It also tracks population dynamics, and uses continuous space, so it uses con-

tinuous kernels, representing nonlocal diffusion. Dispersal by the integral operator



Jo Kz, y)u(y)dy (Holt [37]) is similar to Coville [22], Hetzer, Nguyen and Shen [36],
Hutson, Mischaikow Martinez and Vickers [38].

There are various ways to model dispersal. The class of reaction-diffusion models is
used to study unconditional dispersal based on derivations from random walks. The
extension to conditional dispersal with spatial variation, has the form of reaction-
advection-diffusion or integro-difference models (Cantrell and Cosner [6]). Reaction-
diffusion models have the restrictive assumptions that the movement is derived from
a random walk, which is not suitable model for the dispersal of seeds. They may be
good models for animals in cases where migration and other long-distance dispersal
can be ignored. However, they are not such good models for organisms that may
have long distance dispersal, or for seeds or larvae that can be moved long distances
by winds, or currents or animal dispersers. Lou and Ni [49], [50], [51] studied the
cross-diffusion system that arises from population dynamics. There are some other
modeling approaches that address long distance movement. One particular type are
position saltation processes, which have been discussed for the movements involving
alternating pauses and jumps across long distances (see Hadeler [29] and Othmer
et al. [59]). In contrast, Hutson et al. [38] derived continuous time models in with

dispersal is described by an integral operator. This class of nonlocal spatial models:

w(x,t) = /Q J(x, y)u(y, t)dy + b(x)u(z,t) + f(z,u(x,t)), (1.1.1)

which was then studied in [5]. A Lotka-Volterra competition model was studied
in [36]. Cantrell et al [10] investigated the evolutionary stability of ideal free dispersal
strategies for nonlocal models. Kao et al. [40] studied the competition of one species

with random dispersal and the other with nonlocal dispersal. Coville [22] studied the



existence of principal eigenfunctions for the model:

JIED A+ atwo = po
The only way these model differ from reaction-diffusion models is that they allow
long distance movement as well as local movement.

The above models assume that the reproduction process is separated from move-
ment. However, for some sessile animals like sponges, corals, oysters, and some plants,
adult organisms do not move but produce seeds, eggs or juveniles that can move long
distance, then settle in some location, reproduction and movement cannot be sep-
arated. There are some models more related to our models in that we make this
assumption, but assume discrete time. Kot and Schaffer [42] proposed the integrod-

ifference models for population ecology.

Nea(z) = / ke, 9)f (N:(y): y)dy

They described species with a growth phase and a dispersal phase which produce
seeds in discrete time period on continuous habitat. Van Kirk et al. [61] studied the
role of dispersal and environment heterogeneity for discrete-time models. Hardin et
al. [33], [34], [35] studied survival and extinction of the population under different
dispersal strategies. This integro-difference model assumes the adults do not move
but produce juveniles or seeds that can disperse long distances. The nonlinear inte-
grodifference equations with a product of dispersal kernel and growth rate model the
mechanism that dispersal and reproduction occur simultaneously, because the seeds

or larvae have to disperse to find places to settle and survive. The Hamilton and



May [54] model is based on a similar idea in a metapopulation framework. Those
authors studied the dispersal strategies on discrete patches. The reproductive agents
(offspring, seeds, etc.) disperse away from their birth location. Comins et al. [19] ex-
tended the work to transient environments and general probability distributions for
the number of progeny. They allowed more than one organism to occupy each site.
Hamilton and May, and Comins et al., were motivated by trying to understand the
evolution of dispersal. They wanted to see what strategies were evolutionarily stable.
Then Levin et al [43] studied more general situations which are still in discrete space,
but where the dispersal is defined by a kernel. Muneepeerakul et al. [57] investigated
the evolution of a class of dispersal kernels in metacommunities.

Our model, continuous in time and space, uses the population dynamical model

proposed by Holt and Keitt [37].

u = [K(z) — u(x,t)] /Q k(x,y)u(y, t)dy — d(x)u(z,t) (1.1.2)

This model replaced the colonization term in Levins’ model with a nonlocal integral
Jo k(z,y)u(y, t)dy. k(z,y) is the "dispersal kernel”. The term (k — n) was replaced
by [K(z) — u(z,t)] where K(x) represented the maximum fraction of suitable sites
of the heterogeneous habitat and u(x,t) depends on the location x and time ¢. d(z)
described the extinct rate at point x along the gradient. Holt and Keitt [37] studied
the process of colonization and extinction in environments with spatial gradients in the
availability of suitable habitat. They look a metapopulation approach, and suggested
that there were two ways to model such a process: analytic continuum models and
spatially explicit simulations. They used a simulation model. In this work, we will

develop and use the analytic continuum model.



The quantity k(x,y) is a "dispersal kernel”, which can be written as k(z,y) =
D(z,y)r(y). D(x,y) is the transition probability from y to z, and it satis-
fies [, D(z,y)dy = 1. r(y) is the reproduction rate at x along the gradient.
Jo, k(z,y)u(y, t)dy describes the contribution to colonization at each site by colonists
emanating from all other sites. The dispersal kernel k(z,y) usually decreases with
increasing the distance |z — y[. This term is similar to [, J(z,y)u(y,t)dy in (1.1.1)
except k(z,y) is a product of D(x,y) and r(y). The product of these two terms
describes the reproductive agents, which are mobile and disperse from y to x. This
is similar to [, k(z,y)f(N:(y); y)dy except it is continuous in time. K(z) is the po-
tential habitat available for organisms at each site and K(z) — u(x,t) is the habitat
unoccupied. This integrodifferential equation with the colonization term is an exten-
sion of Levins’ metapopulation framework. The model treats competition for space
in a way that is mathematically similar to Hanski or Mouquet-Loreau’s models, but
is continuous in space; and it uses the nonlocal integral to characterize the dispersion,
which is a good model for sessile animals like sponges, corals, or oysters, along with
some plants, which produce larvae or seeds that can move long distances.

In this chapter, we will first establish the existence and uniqueness of solution
for single species model. Then we will prove a version of maximum principle and
comparison theorem. For stability analysis, we will study the linearized system around
zero equilibrium. Since the nonlocal model may not have an eigenfunction associated
with the spectral bound, we will consider an equivalent eigenvalue problem where the
Krein-Rutman theorem (See Amann [1]) may apply. Once we have the estimation
of principal eigenvalue, we can give sufficient conditions for zero equilibrium to be

stable or unstable.



1.2 Existence, Uniqueness of solution and some
properties.

Let €2 € R™ be a connected open domain. In applications, n =1,2 or 3.

Our model is:

e = [K () — u(z, )] fo K, y)uly, )y — d(z)uz, 1
u(z,0) = up(x) (1.2.1)

z € Q)

Here u(x,t) represents the population density that already occupied at = and K(x)
is the potential suitable site. Assume we have 0 < u(z,0) < K(x). For the model
to make sense, we further need 0 < u(z,t) < K(x) for ¢ > 0 (this is to be proved
in Maximum Principle). k(x,y) represents the population dispersal rate from z to y

and it is nonnegative on Q x Q and is continuous w.r.t z. d(z) is the death rate.

Remark 1.1. The kernel k(x,y) can be written as the product: r(y)D(z,y). r(y)
1s the rate of production of seeds or juveniles, per capita, by population at location
y. D(x,y) denotes the rate of movement from y to x and satisfies fQ D(z,y)dy = 1.
This assumption on D(x,y) reflects the idea that there is no loss or gain of population

in transit, other than what is described by the death rate d(z).

1.2.1 Existence and Uniqueness of Solution

In this section, we are going to show the existence and uniqueness of system (1.2.1).

Let C([0,T],C(£2)) = X be the space of continuous function from [0, 7] to C(€2).
We have u(x,t) € C([0,T],C(2)). Let Z C C([0,T],C(Q2)), and Z = {u(x,t)|u € X :



maz gy o |u(,t) — ug(z)| < M}. Assume ug(z) € C(Q).

Theorem 1.2. Let K(x), d(z) be positive and continuous on Q. Assume k(z,y) >0
is bounded on Q x Q and it is continuous with respect to © and measurable with respect
toy. u(x,0) =wug(z). Assume [, k(z,y) is bounded, i.e. max,cq | [, k(z,y)dy| < co.

There exists a unique solution for system(1.2.1) on [0,T] for some T > 0.

Proof. Here uw € Z,0 <t < T, and 0 < T, M < 1 are constants to be determined
later.

Integrate (1.2.1) from 0 to t, we have

F(u)(x) = u(x,0) +/O [/Q k(x,y)u(y, s)dy[K(x) — u(z, s)] — d(x)u(x, s)]ds (1.2.2)

We are going to use (1.2.2) to construct a contraction mapping in order to prove
the existence and uniqueness by applying Contraction Mapping Theorem.
We use norms: [ju(z,t)|| = maxp rjxq [u(,t)|.

For u € Z, |Ju|| < |luoll + M < [Juo| + 1 = U.

IF )| < lluoll + T [m(_?XI/Q/f(w,y)dyl -max [K ()] - Ug

+ max| / k(e y)dy| - U2 + max |d(x)] - U
Q Q Q

So the integral on the right side of (1.2.2) converges.
We require F(u) € Z.
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I (u) = wo(2) || = H/O {/Q k(x, y)uly, s)dy[K (x) — u(z, s)] — d(x)u(z, s) }ds||
< mgXl/Qk(fE,y)dyl lull - Imax K (@) + fJul] -t + maxd(z) - [lul - ¢
< max ] /Q k(x,y)dy| - Uy - [rngx K(x)+ Uy -t+ max d(x)-Uy-t

<t (constant - Uy + constant - Ug)

Select T7(M) small enough such that for 0 < ¢t < T7(M) we have

1F (u) = uo(x)[| < M

so F(u) € Z. Next we want to show that we can choose T' < T;(M) such that

IF (u) = F)|| < Cllu— ]

for u,v € Z,C < 1, and ug(x) = vo(x)

IN

|F(w) - F )]
H / ([ ket $1ay{F () = uta, 9] = da)uta.s) Yds

- / ([ K)ot gl (o) — oo, 9)] = dia)ota, ) Jas]

||/{/ (e, p)luly, s) — (g s)ldy - K(2) — d(x) - [u(a, 5) — v(z,s)] -
[ty )ute, ) = vl )ute,) + ol ula ) = oy, oo, dyds]

{Cillu = vl + Coflu = vf| + Csllu —vl[} - ¢
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¢ < max| [ Kyl |K @I € < d(o)],

Cs < max| [ kle,)dy] -l + 1) <200 [ ka)dy
Q Q

We pick T' < min{T} (M), m} and M = 1, then obtain a contraction on Z.
By the contraction mapping theorem, there exists a unique u* € Z such that

F(u*) = u*. Then

u* = u(x,0) +/0 [/Q k(z,y)u*(y, s)dy[K(z) — u*(x, s)] — d(x)u*(x, s)]ds. (1.2.3)

So u* satisfies the equation and the integrand on the right side of (1.2.3) is continuous
so u* is differentiable in ¢ and satisfies (1.2.1) thus it is the unique solution for the
system.

]

Remark 1.3. The domain Q) is not necessarily bounded. If it is bounded and k(z,y)
1s bounded on 2, then the integral fQ k(x,y)dy is automatically bounded. If Q is not
bounded but the kernel k(x,y) satisfies some appropriate conditions, then the integral
is also bounded. For example, if k(x,y) = k(z —y), and k(x — y) has the form of a

Gaussian or exponential kernel, then fQ k(y)dy = ko < oo is still valid.
We have the following hypothesis on kernel k(z,y):

Hypothesis 1.4. (1) The kernel k(x,y) > 0 is bounded for all z,y € €, and
Jo k(z,y)dy < oo.
(2) k(z,y) > 0 on Q and for any continuous function ¢(x) > 0 on Q with ¢(z) > 0

for some x, we have [, k(z,y)o(y)dy > 0.



12

1.2.2 Maximum Principle and Comparison Theorem

In this section we will derive a maximum principle and comparison theorems that will
be important for later analysis. We will define the super-(sub-) solution which will

be used in the stability analysis.

Theorem 1.5. (Mazimum Principle)

(1) If for any fized x, u(z,0) < K(x) and u(z,t) is a solution of (1.2.1), then
u(z,t) < K(x) fort > 0.

(11) If we assume further that u(x,0) > 0, u(x,0) > 0 on some open subset of €2,
k(xz,y) > 0 and Q is bounded, and we assume (2) in Hypothesis 1.4, then u(z,t) > 0

fort € [0,T] where u(x,t) exists.

Proof. (I) Suppose u(z,0) < K(z).

If u(z,0) = K(x), then w(z,t)|=0 = —d(x)K(x) < 0. If u(x,0) < K(z), then by
continuity, there exists a small enough ¢ > 0 such that u(x,t) < K(x) on (0,1).

So for any x there is an interval (0, €(x)) in which u(z,t) < K(x).

Let to(x) = inf{t > 0 : u(z,t) = K(z)}, we have to(x) > 0.

If to(x) < T, so to(x) < 400, then for any z, by (1.2.1), uy(2,t)]i=ty(x) < 0.

However, since u(z,to(x)) = K(x) by continuity, u(z,t) has a maximum relative
to t on (0,ty(x)) at t = to(x), and by the definition of ¢o(x) we have u(x, )i @) > 0.
This is a contradiction.

So to(x) = 00, so to(z) > T, ie. u(z,t) < K(x) for all ¢t € [0,T].

(IT)

Suppose 0 < u(z,0) < K(x). We already have u(z,t) < K(z) for t > 0.

Let a(x,t) = e™u(x,t), then u(z,t) > 0 if and only if @(z,t) > 0 for t > 0. By
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(1.2.1)

Gy (z,t) = ati(x,t) + e - /Q k(x,y)u(y, t)dy[K (z) — u(x,t)] — d(x)u(x,t) (1.2.4)

Note that if u(x, t) = 0, then it is an equilibrium and thus a solution. If u(x,0) > 0
and u(z,0) # 0, then we have 0 < ky < [, k(z,y)u(y,0)dy < [, k(x,y)K(y)dy = ks
for some positive number ki, ko, by continuity of u(z,0) and hypothesis on k(zx,y).

Also we have a(x,0) = u(z,0), and

(z,0) (1.2.5)

= [a — d(2)]i(z, 0) + ([ k(z, y)u(y, 0)dy) K (z) — ([, k(z, y)uly, 0)dy)i(z, 0)

Thus,
Uy (x,0) > [a — d(x) — ko]u(z,0) + k1 K () (1.2.6)

Hence by choosing a > maxg d(z) + ko, we can get @, (x,0) > 0 for each z.

Let to(z) = inf{t > 0 : a(x,t) = 0}. So u(x,ty(x)) = 0. Then for some ¢ > 0 small
enough, we have u(z,t) > 0.

We want to show inf,cq to(z) is strictly larger than 0. Suppose inf,cq to(z) = 0,
then there must exists a sequence (x,,fo(x,)) converging to (zo,to(x)) = (xo,0),
xo € Q. For each x, we have @(w,,to(z,)) = 0 and @(zp,0) = 0. The continuity of
k(z,y), K(z) and d(z) implies @ (z,t) is continuous. Since we have u(x,, to(z,)) =
0 but @(z,,t) > 0 for 0 < t < to(z,), we must have @ (z,,to(x,)) < 0. Since
(T, to(zn)) = (20,0) as n — oo, we have u;(z9,0) < 0 by continuity. However, we

also have @(z,,to(x,)) = 0, so again by continuity, we must have a(z,0) = 0. It
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then follows by (1.2.6) that @:(x,0) > k1 K (x9) > 0, which is a contradiction. Thus,
these is a t* > 0 such that @(z,t) > 0 for all 2 if 0 <t < t*.

We want to see that @(z,t) > 0 for all £ > 0 where the solution exists. Let
t** = sup{t : a(z,s) > 0 for all zif 0 < s < t}. We know that t** > ¢* > 0, and by
continuity we have u(x,t**) > 0. Also, if t** < oo, then for any n = 1,2, 3, ... there
must be some £, € (t**,¢** + 1) such that @(Z,,t,) < 0 for some &,. If @(Z,,1,) =0,
let t, = t,. If @(2n,1,) < 0, then by the intermediate value theorem there is a
tn € [t 4+ 1] with @(2,,1,) = 0 (since @(&n,t) > 0 for ¢ < t**). It also follows
from i(d,,t) > 0 for t < ¢** that , > ** in this case as well. Hence, we have a
sequence (i, t,) with £, > t**, t, — t** as n — oo, and @(Zy,1,) = 0. Since  is
bounded, we must have a subsequence (%n) of (Z,) that converges to some Zy, so that
(o, ™) = 0 by continuity (since (Zy,1,) — (&0, t™) and @(y, &) = 0.)

However, for 0 < e < t**, we have

$E*
ﬁ,(.fo, t**) = ”ZL(ZIAZ'(), t* — 6) + / ﬂt(fi'(), S)dS
t**—e

¥

=u(Zo, ™ —€) + / (a —d(x))u(zo, s)ds

t**—e

e [ Kot K )~ i s

*k

We have @(z,s) > 0 and u(Zg,s) < K(Z) for t** —e < s < t**, so we have
w(Zo, t™*) > 0, contradiction.
So t* cannot be a finite number. This shows u(z,t) > 0 for ¢ > 0 where the

solution exists, i.e. [0,7]. O

Corollary 1.6. (Global Existence) From the Mazimum Principle, we have 0 <

u(z,t) < K(z) for all t where u(x,t) exists. Similarly if v(z,t) satisfy (1.2.1),
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0 < w(x,t) < K(x) where v(x,t) exists. Let [0,T] be the existence interval in The-
orem 1.1. Since the constants Cy to C3 and Uy depend only on the coefficients of
(1.2.1) and the supremum of the initial data, and since u is uniformly bounded on
[0,T] by the Maximum Principle, we can repeat the argument of Maximum Principle

and Comparison Theorem on [0,T) to [T, 2T] using u(z,T) as initial data and so on.

Definition 1.7. We say that u(x,t) is a super-(sub-)solution if

w = (YK ) — ule )] [ Keg)uly iy = dia)ute.

Theorem 1.8. (Comparison Theorem)

Suppose u(z,t) and v(z,t) satisfy (1.2.1).

a) If 0 < v(x,0) < u(z,0) < K(z), then 0 < v(x,t) <u(x,t) < K(x) forallt >0
where both u(x,t),v(z,t) exist.

b) Moreover, if v(x,0) < wu(z,0) for some x, and Hypothesis 1.4 holds, then
v(x,t) <u(x,t) for allt > 0 where both u(z,t),v(x,t) exist.

c) Suppose Q is bounded. uy(x,t) is a sub-solution and us(x,t) is a super-solution
with uy (z,0) < ug(x,0). Then uy(z,t) < us(x,t) fort > 0 where both ui(x,t), us(x,t)

exist.

Proof. We are going to prove the theorem by showing that e®(u(x,t) — v(z,t)) =
w(z,t) satisfies an equation with a solution that is uniquely determined and non-
negative. We will do that by using the contraction mapping theorem on a problem
related to (1.2.1).

a) Clearly if u(z,0) = v(z,0) then u(z,t) = v(z,t). If u(z,0) > v(x,0), u(x,0) >
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v(x,0) for some z, let & = e™u and © = e*v. So we have

(@, 1) = (a— d(@))ilz, t) + K(z) /

Q

=(a —d(z))u(z,t) + K(w)/ﬂk(x,y)ﬂ(y,t)dy —/Qk(w,y)ﬂ(y,t)dy cu(z, 1)
=(a —d(z))u(z,t) + K(x) /

Q

k(e )iy, )dy — / Bz, y)uly, O)e®ulz, )dy

ko)l t)dy — | blop)uly Ody - i)
Q
We have a similar expression for o(z,t). Let w =4 — 0, so 4 = w + ¥ and v(z,t) =

u — w(z,t) - e ™,

We have w > 0 if and only if u > v if and only if u > v.
w(z,0) = wo(z). Let [0,T,] be the intersection of the existence intervals of w and v

given by Theorem 1.5.

Then
w = o d@)w(zt) + K() / Bz, y)uly, H)dy
- / Kz, y)uly, e dy - u(z, £) + / Ko, y)o(y, H)edy - v(z, )
Q Q

— [a— d(@)w(z, t) + K(2) / ke, y)uw(y, t)dy

- [ kel ye (ula. ) = o(a.0)
—/k(:v,y)u(y,t)dyv(:p,t)e“t—I—/k(:p,y)v(y,t)eatv(x,t)
Q

Q

— o — (@)l t) + K(2) / Bz, y)wly, H)dy

- [ kapyutyidyote.t) - [ Koyl g,
Q Q
~la—d(e) ~ [ K g)utp. oo,

+H[K (x) — u(z,t) + w(z, t)e™] /Q k(x,y)w(y,t)dy
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Equation for w(z,t) can be also written as

1%—m—duwjék@wwwxwww%w+u«m—wuxﬂ/k@wmwimy

(1.2.7)

We now show that equation (1.2.7) with initial condition w(z,0) = u(z,0)—v(x,0)
has a unique solution that is nonnegative, and then since w(z,t) = e (u(x,t)—v(z, 1))
satisfies (1.2.7), that must be the unique solution.

We can choose a large enough such that a — fQ y,t)dy > 0. Since
u(z,t) < K(x), the choice of a does not depend on w. In the same way that (1.2.2)

is the integration of (1.2.1), integrate (1.2.7) and we have for t € [0, Tp],

w(x,t) =w(zx,0) —i—/o [a —d(z) — /Q k(z,y)u(y, s)dy|lw(x, s)ds
—I—/O [K(x) —u(x,s) +w(x,s)e_as]/gk(x,y)w(y, s)dyds

Suppose 0 < w(z,0) < %,0 <wu,v < K(z), My =2maxqK (x). Let

M(w) = M%®+ﬁh— — Jo k( y, 8)dylw(w, s)ds

+ LK (x) = ulx, ) +wlx, s)e=] [, k( y, s)dyds.

Here we use the fact that u(z,t) < K(x) such that the term fOt[K(x) — u(z,s) +
o] [ k( , 8)dyds is nonnegative to get M(w) > 0. Let Z := {w :
w(x, t) >0, supQX[O,T]w(ac, t) —w(z,0) < My}, and we want to show that by selecting

T > 0 small enough, M(w) maps Z into itself. |w(z,t)|| < |wol + My = Wh.
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lull < Uo.

[M(w) —w(z,0)|| = ||/0 la — d(x) —/Qk(ﬂmy)U(y,S)dy]W(%S)dS
—l—/o [K(x) — u(x,s) —l—w(x,s)eas]/Qk(x,y)w(y, s)dyds||
< lllta+ max |d(o)] + flull masx | iz, y)dy) -

z€Q zeQ) JQ

H(mazgeq K () + [Jul] + [lwl] mgg/ k(x, y)dy)llwl]| - ¢
r Q

Suppose 0 < w < M, since all terms above are bounded, we can choose T7; > 0
small enough such that M(w) < M, for 0 <t < Ty provided t < T7.

Next we want to prove M is a contraction mapping. For any 0 < p,q < M, with

p(ZL‘, 0) = Q(x> 0)7

M(p) — M(q) = / la—d(z) - / Kz, y)uly, )dyl[p(z, ) — gz, 5)]ds
n / K(z) — ulz,s) + plz, s)e™] / ke, y)p(y, )dyds
- / K(2) - ulz, 5) + qlz, 8)e] / ke, )a(y, $)dyds
- / la—d(z) - / ke, y)uly, s)dyl[p(e, ) — gz, 5)]ds
0 Q
n / K (2) - u(z, 9) / k(e 9)(p(y. 3) — aly, 5))dyds
; / plz, s)e / ke, 9) (p(y, 5) — a(y, 5))dyds
- / (4, 5) — pla, 5))e / Kz, y)qly, s)dyds
0 Q
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Since each term is bounded, we have
[M(p) = M)l <Cy-tllp—qll + Co - tllp — all + Cs - lp — qll + Ca - tllp —

Here 0 < C} < maxgla — — Jo K( y, s)dy] <
0< Gy < max| J k<x,y>dy\ max |K<x>\,
0 < Cs < My x maxg | [, k(z,y)dyl,
0 < Cy < 2My x maxgq | [, k(x,y)dy|.

So we can select 0 < Ty < T} with Ty small enough such that
[M(p) = M(g)| <C-|lp—q|l =C- max |]p—q|
QX[O,TQ}

with C' < 1.

We can conclude that for given u(z,t), v(x,t) the equation (1.2.7) has a unique
solution @ on (0,73) for some 75 > 0. Furthermore, w > 0. However, w is also a
solution of (1.2.7), so @ = w on [0, T5] and hence w > 0. Further, the constants C; to
C, depend only on the coefficients of the model so this argument can be repeated on
[T, 2T5], [2T%, 3T5] and so on. So the result holds on [0, 7] where the solution exists.
So w >0 on [0,T].

b)

We have u(z,0) > 0 by hypothesis, so by Theorem 1.8 we have 0 < u(x,t) < K(x).
Then for (1.2.7) w(x,t) has a unique solution on Q x [0,7y] with w(z,t) > 0. We

have

w = a— d(z) - / k(e y)uly, Ddyluw (e, t) + (K () — o(z, 1) / Bz, y)uly, H)dy

Q
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with w > 0 on [0, T5].

It is easy to see at the points where w(x,0) > 0 or v(z,0) < K(x) we have
we(x,0) > 0.
Because u(z,0) # v(x,0) we must have w(z,0) > 0 for some z; € 2. We have

w(z,t) > 0 by part a), so for any z € €,

wy > [K(x) —v(z,t)] /Q k(z,y)w(y,t)dy > 0.

Since w(z,0) > 0 for x = x1, we must have w(xy,t) > 0 on some interval 0 < t < €(z1),

so by the hypothesis on k(z,y) we must have for any z € Q

/ k(z,y)w(y,t)dy >0 on 0 <t < e(x).
Q

Also, we have v(z,t) < K(z) for ¢ > 0 by the maximum principle. Thus, we have
wy(z,t) >0 for 0 <t < €(xy) for any x, with w(x,0) > 0 and w(z,0) > 0. It follows
that w(z,t) > 0 for 0 < t < e(z;) for all z € Q. Thus w(z,t) > 0 on Q x (0, €] for
some €y with €(z1) > €y > 0.

Thus, at t = ¢y we have 0 < v(z,€¢) < u(z,€9) < K(x). So the equation satisfies
wy(x, €0) > 0,w(x, ) >0

Now let to(x) = inf{t > € : w(z,t) = 0}. So to(x) > ¢ for all z. If there is a

finite number t* = infg ¢o(x), then by continuity w(z,t*) = 0 and for any 0 < § <
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€0, w(z, t* —d) > 0.

t*
w(z, t*) = w(x, t* —9) +/ wg(z, s)ds
5

Each term in the right hand side is positive but w(z,#*) = 0. So we have a
contradiction.

So we have for w(z,0) > 0 if w(xp,0) > 0 for some xg, then w(z,t) > 0 for all
t > 0 as long as it exists. And thus 4 > v so u > v.

¢) Suppose € is bounded. Let w(z,t) = [ug(x,t) — ui(z,t)]e™

wy(x,t) > [K(.ﬂ:)—ul(:c,t)]/k(a:,y)w(y,t)dy—i—w(a:,t)[a—d(x)—/ k(x,y)ua(y,t)dy]

) ) (1.2.8)
w(z,0) > 0. Consider (1.2.8) for 0 < ¢t < T for some fixed t. We will show that for
any €y > 0 we have w(z,t) > e > 0 on Q x [0,7] so that w(z,t) > 0 on Q x [0,7].
Suppose € > 0 is given. Let z(z,t) = w(x,t) + ee®, where b and € are positive and

will be chosen later. We have z(x,0) > €. From (1.2.8) we get

zi(z,t) > [K(x) — ui(x,t)] / k(x,y)dy(z(y,t) — eebt)

Q

+[a—d(x) — /Q k(x, y)us(y, t)dy](z(z,t) — b dy + ebe™

wat) > (K (x) — w (. £)] / Kz, 9)=(y, O)dy + [ — d / ke, y)us(y, O)dy)=(z, )
Fedo— [K(x) — ui(e,1)] / Kz, y)dy — [a— d / k(e y)ua(y, Oy

(1.2.9)
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Choose b > 0 large enough that

DK (@) - sl ) / ko, y)dy ~ o = de) ~ [ ke p)ulydg) > 0

2 )

Then z:(x,0) > 0 and z(z,t) > 0 for small ¢ by continuity.

Let to(z) = inf{t : z(z,t) = 0}. We have to(z) > 0 for each 2 € Q. Let
t* = inf{to(z) : z € Q}. We have t* > 0. Suppose t* = 0. Then there exists a
sequence {x,} € Q with to(x,) — 0 as n — oo. Also, by continuity, z(z,,t(z,)) = 0.
Choose a subsequence of {x,} such that x, — z*. Again by continuity, z(z*,0) = 0.
This contradicts z(x,0) > 0 on €2, so we must have t* > 0.

Suppose now that ¢* < T for some T" < oco. Let t** = sup{t € [0,7T] : z(z,t) >
0 for t<t*}. We have t** < t* < T. If t** < T we have z(z,t) > 0 for t < ™.
Repeating the argument used at the end of the proof of Maximum Principle Part
(IT), we obtain z(z,t) > 0 on [0, nt**] for arbitrary n > 0. It is a contradiction, so we
must have t** > T and then ¢t* > T. Thus, z(x,t) > 0 on Q x [0,7]. It follows that
w(z,t) > —ee’ on Q x [0,T]. Choose € > 0 small enough so that ee® < ¢;. Then we
have w(z,t) > —¢y for 0 <t < T. Since ¢y > 0 was arbitrary, we have w(z,t) > 0
for 0 < ¢t < T so that ug(z,t) > wuy(z,t) for 0 < ¢t < T. Since T was arbitrary,

uz(x,t) > uy(x,t) for t > 0.

We have a weaker condition on kernel k(z,y):

Hypothesis 1.9. (1) The kernel k(xz,y) > 0 is bounded for all v,y € Q, and

fQ k(x,y)dy < oo.

(2) There exist positive constants ko and 0 such that k(x,y) > co > 0 for all



23

x,y € Q satisfying |z — y| < 9.

Corollary 1.10. Part (1) of Theorem 1.5 remains valid under the weaker condition

Hypothesis 1.9 and ) is connected.

Proof. We have from maximum principle (I) that if u(z, t) is a solution of (1.2.1) with
u(z,0) > 0 then u(z,t) > 0.

Let w(w,t) = e¥®@ty(x,t). Then

wp = MK () — u(z, )] / Kz, y)uly, H)dy

By maximum principle (I) we have w;(z,t) > 0 on €, so if w(x,ty) > 0 for some
to then w(z,t) > 0 for t > ¢y and hence u(x,t) > 0 for t > .

Suppose u(z,0) > 0 for € B, (2y) N for some v > 0 and zy € Q (here B, (o) is
the ball of radius vy centered at xy). By the hypothesis on k(x,y) we have w;(z,0) > 0
for all x € Bs,(z9) N Q, so for any ¢ > 0 we have w(z,t) > 0 and thus u(z,t) > 0.
For € B, .a5(w) N Q we then have wy(x,t) > 0 for any ¢ > 0, so w(x,t) > 0 and
hence we have u(z,t) > 0. This argument can then be repeated to show u(x,t) > 0
on B,y ns(o) NQ for N =2,3,4,.... Any point in Q will belong to B, () N for

some N, so u(z,t) > 0 for t > 0.

1.3 Stability of Equilibria

1.3.1 Preliminary

In the following definitions and theorems are from Amann [1].
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Definition 1.11. 1. Let V be a real vector space. An ordering in 'V is called linear
of

(i) x <y impliesc+ 2 S y+ 2z forall z € V.

(ii) v < y implies ax < ay for all o € Ry :=[0,00).

A real vector space together with a linear ordering is called an ordered vector space.

2. Let 'V be an ordered vector space. Let P:={x € V | x 2 0}. And P satisfies
the following properties:

(i) P+ P C P;

(ii)) R, P C P;

(i) PN (—P) ={0}.

Such a nonempty subset P of a real vector space V is called a cone. Every cone

P defines a linear ordering in V' by

the ordering induced by P. The elements in

P:=P\{0}={z €V |z2=0,2#0}

are called positive and P is said to be the positive cone of the ordering.

3. Let E be a Banach space ordered by a cone P. Then E is called an ordered
Banach space (OBS) if the positive cone is closed.

4. Let V and W be ordered vector spaces with positive cones P and @), respectively.
A linear operator T : V. — W s called positive if T(P) C @ and strictly positive if

T(P) C Q. If (W,Q) is an ordered Banach space and Q has nonempty interior, then
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T is called strongly positive if T(P) C Q.

5. Let E be a Banach space and P be the positive cone. P is total if P— P = F.

We define K to be the positive cone in C'(Q) if K = {u € C(Q) : u(x) > 0,Vz €
Q}. For every u(z) € C(Q), there exists uy,uy € K such that u(x) = u;(z) — ug(x).

Then the positive cone K is total in C(Q).

Theorem 1.12. (Krein-Rutman) Let (C, K) be an ordered Banach space with total
positive cone. Let L(C) denote the space of bounded linear operators from C' into
itself. Suppose that T € L(C) is compact and has a positive spectral radius (7).
Then r(T) is an eigenvalue of T and of the dual operator T*, with eigenvectors in P

and in P*, respectively.
The following theorem we consider strongly positive compact operators.

Theorem 1.13. Let (C,K) be an ordered Banach space whose positive cone has
nonempty interior. Let T" be a strongly positive compact endomorphism of C'. Then
the following is true:

1. The spectral radius r(T') is positive;

2. r(T) is a simple eigenvalue of T having a positive eigenvector and there is no other
eigenvalue with a positive eigenvector;

3. r(T) is a simple eigenvalue of T* having a strictly positive eigenvector;

4. For every y € K = K\{0}, the equation

Ax—Txr=y

has exactly one positive solution if X\ > r(T'), and no positive solution for X < r(T).

The equation r(T)x — Tx = —y has no positive solution.
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5. For every S € L(C) satisfying S > T,r(S) > r(T). If S —T is strongly positive,
then r(S) > r(T).

1.3.2 Positive Equilibrium

To study the persistence and extinction of the system, we want to analyze the sta-
bility of equilibria. Since we have the comparison theorem, the super-(sub-)solution
approach shows that if the zero equilibrium is stable, then the species go extinct. If
the zero is not stable, then the system will persist.

We make the following hypotheses:

Hypothesis 1.14. (i) Q is a bounded domain in this case, k(x,y) is uniformly Lip-

shitz w.r.t. x, and maxqg.q |k(x,y)| < co.

(ii) f(x) = 5((5)) is uniformly Lipschitz and there exists di,ds > 0 such that

VIEQ,0<d1§[d(((5)) < dy < 0.
(iii) k(z,y)(y)dy > 0 for all v € Q if Y(x) > 0, ¢ € C(Q) and ¥(x) > 0 for

some xq € €.

To study the stability of zero, we linearize the equation at zero and get:

u = K (z) / ke, y)uly, Hdy — d(@)u(z, )

Define M¢[¢](z) = % Jo k(z,y)o(y)dy. Then for eigenvalue problem —A¢(x) =

M¢[¢](x), we have the following theorem:

Theorem 1.15. Assume Hypothesis 1.4 and 1.14. Then there exists an eigenpair
(A, &) satisfying

K(z)
d(x)

() = / Kz, 9)b(y)dy
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Proof. Suppose S C C(Q) is bounded so that for v € S we have |Ju|| < Uy. If

v = My[u] for some |Ju|| < Uy, then

loll < ds / ke, y)llulldy < do(mazgalk(z,))|2UUs

and for z,y € Q,

o(@) —o(y)| = () / bz, 2u(z)dz — f(y) / Ky, =)u(z)dz]

< /() / k(. 2) — k(y, 2)Ju(2)dz] + |(F(2) — F()) / bz, y)u(z)d
Kz, 2) — Ky, )

S [sup\f(x)|sup( |x—y| )UO
+oup(HE =N sup gy, 2y 010 o
< Cilz —y

for some constant Cy. Thus, M; maps bounded sets in C(£2) into sets of functions
that are uniformly bounded and equicontinuous, which have compact closure by the
Arzela-Ascoli theorem. Hence M is compact. By the assumptions on k(z,y), My is
strongly positive, so the Krein-Rutman theorem applies. It follows that there exist

é(z) >0, A\, > 0 so that
Apgb = Mf[qb]a

SO

“yjee) = 50 [ kot




28

Remark 1.16. The hypothesis 1.4 can be replaced by Hypothesis 1.9: there exists 6 >

0 and ¢y > 0 such that for all z,y € Q satisfying |z —y| < § we have k(z,y) > ¢y > 0.

Proof. Let T[w fQ y,t)dy where k(z,y) satisfies Hypothesis (1.9). The

spectral radius of T is still positive. To see that, take

1) = [ Koy = | ko) 1y =co- [0l =2

Qs

where Qo = {y : |r —y| <0} N Q. Then

T%(1) > ~T(1)

and so on. So we have ||T%|| > ~*. - #(T) = limy_o0 || T%||F > v > 0.

By the Krein Rutman Theorem we obtain a positive eigenvalue o with a nonneg-
ative eigenfunction ¢(z) > 0 on Q. Suppose ¢(z) > 0 on a subset g C Q. Apply
T on ¢ we get T[¢](x) = op(x) >0o0n Q ={z:|x—y| <d for y e Qy}. Then
T%¢)(x) = 0?¢p(z) >0on Qy ={z: |z —y| <d for y e O}, and so on. Since 2
is connected, repeat this process N times and we will eventually get €25 covering €2
and o™V ¢(z) > 0 on Q. The eigenfunction ¢(z) is thus proved to be positive on 2.

O

The next two theorems are similar from the analysis from Coville [22].

Theorem 1.17. Define A = {\ € R | 3¢ € CT(Q)\{0}, s.t. M¢[p] + Ap(z) < 0} and
w(My) =supA. Then pu(My) is well defined.

Proof. For 0 < ¢ =1, 9 € C(Q) Let ¢(x) ) - Jo k(z,y)dy € L= If X < —||¢]|oo,
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then

M9 + M < () — lellec) <0

So A is nonempty.
On the other hand, M{[¢] > 0, V¢ € C*(€2). Thus 0 is upper bound of A.
co (M) is well defined. [

Theorem 1.18. The quantity p[My] equals the principal eigenvalue obtained from

Theorem 1.15.

Proof. For all )\, satisfying the eigenvalue problem, we have A\, € A. Thus A\, <
sup\ = p[My].
On the other hand, if there exists A’ € A, such that X' > A, then there exists

¢ € int(C*(Q)), such that

/(@) / ke, 9)b(y)dy + No(x) < 0,

We also have

f(x) / k(. 9)by(y)dy + Apy(z) = 0.

Since ¢(x) > 0

Zp(—f))mx) / ko, 9)d(y)dy + Né(@)] < f(x) / Bz, 9)6p(0)dy + Apyl(a)
f(x) / k(s )0 (y)dy — [ (2) / k(x,w%dy > (N = A)d(x) > 0

Thus,

/(@) / (e, ) (w(y) — w(z))dy > 0,z €
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Let w(z) = if(—(;)) € C(Q). Suppose w(z) achieves its supremum at T € , i.e.
supg{w(z)} = w(z), T € Q.

Then we obtain an inequality

0 < f(2) / Kz, y) (w(y) — w(z))dy < 0.

Contradiction. So we must have \ = Ap-

Theorem 1.19. Assume Hypothesis (1.4)(1), (1.9) and (1.14). Let g(z,y) =
f(z)k(z,y), then there exist gi,g2,0 > 0, for all x,y € §, such that |x — y| < 0,
we have 0 < g1 < g(z,y). Suppose also g(z,y) < go for all (x,y).

So an estimation of =X is g1 - |[QN Bsjo| < =A< go - Q]

Proof. Consider the eigenvalue problem

K(z)
o | oy = 2ot (13.1)
That is ,
/Qg(x>y)¢(y)dy = —\p(2) (1.3.2)

By Krein-Rutman theorem we know —\ > 0 exists and we know that there exists

¢(xz) > 0 such that for any = € Q,

/Qg(x,y)qﬁ(y)dy = —\o(x)
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Since g(z,y), ¢(z) > 0, we have for any z € Q

/B g SOy < —0()

%
Thus
/ / 9 y)é(y)dydz < — / o(x)d.
B%(z)ﬁﬂ B (2)NQ2

If z,y € B%(z) N Q, then |z —y| <, so g(z,y) > g1.

[N9)

/ / 16(y)dyd < —\ / b(a)da
B% (2)NQ Bg (z)NQ2

so that

a11Bs () QY O(y)dy < —A / o(2)da.

Bé (Z)QQ Bé (Z)ﬂQ
2 2

Since the integrals on the left and right sides are positive and equal, we have
01| Bs(:)N Q| < A

for any z € 2. Hence

—A Z g1’B5/2 N Q‘

On the other hand, ¢(z) is integrable on the bounded domain Q and g(z,y) < gs, so

[ otayda = [ [ gta oty
< [ [ stttz = gl [ o)y

Again, the integrals on both sides are positive and are equal to each other so —\ <
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92(9].

Thus we have

K(x)
d(x)

| oty = 9(o) = (<A = Do) = y0(a).

The next lemma explains the situation when the initial condition is itself a sub-

or super-solution:

Lemma 1.20. Suppose that k(x,y) has the property k(z,y) > g1 > 0 if |z —y| < d
for some g1,6 > 0. If u(x,t) is a solution of (1.2.1) with 0 < u(x,0) < K(x) where
u(z,0) = ug(z) € C(Q) such that

(1) If

0 < [K(x) — uo(x)] /Qk(:c, y)uo(y)dy — d(x)uo(x), (1.3.3)

then u(x,t) is increasing in t and as t — oo, u(x,t) — w*(r) where u*(x) is the

smallest equilibrium for (1.2.1) satisfying u(x,0) < u(z,t) < K(x).
(2) If the inequality is replaced with
0> [K(z) — up(z)] / k(x,y)uo(y)dy — d(x)up(x), (1.3.4)
0

then u(x,t) is decreasing in t and as t — oo, u(x,t) — uw*(x) where u*(x) is the

largest equilibrium for (1.2.1) that is less than u(zx,0).

Proof. By (1), ug(x) is a sub-solution to (1.2.1), and u(x,t) is a solution to (1.2.1)
and thus is a super-solution. We have u(z,0) = ug(x) so by Theorem 1.8 we have

u(z,t) > up(z). By (1) we also have u;(z,0) > 0 so that for each z € Q, there is a t(x)
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such that u(z,t) > ug(x) for 0 < t < to(x). Pick some zg € Q; then for 0 < § < to(w0)
we have u(z,0) > ug(x) for all z and u(zg,d) > ug(xo). (b) of Theorem 1.8 implies §
is independent of x. Let v(x,t) = u(x,t +J). Then v(x,t) is a solution. By Theorem
1.8 with v(z,0) = u(x,d), so v(z,0) > u(z,0) for all x and v(x,0) > u(z,0) for some
x, so v(x,t) > u(x,t) by Theorem 1.8. Thus u(x,t + ) > u(zx,t), so that u(z,1)
is increasing. For each z € Q we have u(x,t) < K(x) for t > 0 by Theorem 1.5.
Thus, for each x we have u(z,t) — u*(z) as t — oo for some u*(z) < K(z). By the

monotone convergence theorem u*(x) is measurable and

/k’(l‘,y)U(y,t)dy%/k(xyy)U*(y)dy-
Q Q

Since u(z,t) — u*(x) as t — oo, we have u(z,t,) — u*(x) for any sequence t,, — oo.
Then, u*(z) must be an equilibrium for (1.2.1), because if not then for some z we
would have w;(z,t) > 0 with u(x,t) = u*(z), contradicting u(z,t) — u*(x) as t — oo.
Finally, if «™ is a equilibrium of (1.2.1) with u™(z) > u(z,0) = uy(z), then u**(z) is
a solution of (1.2.1) so by Theorem 1.8 we have u**(z) > u*(z). Hence u*(z) is the
minimal equilibrium larger than ug(z).
The proof for the case (2) is identical except that in that case u(z,t) decreases to

the largest equilibrium less than ug(z).

There are two kinds of hypotheses of the kernel k(z,y)

(i) Hypothesis 1.4: [, k(z,y)¢(y)dy > 0 for all z € Q if ¢(x) > 0, ¢(z) > 0 on an
open set.

Or,

(ii) Hypothesis 1.9: There exist g1,0 > 0 so that if |z — y| < ¢ then k(z,y) > g1.
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Under (i) the operator M; is strongly positive so we can use Theorem 1.13. How-
ever, we can prove something with a weaker condition (ii) because in that case there
is still a principal eigenvalue 7, > 0 and the comparison principle and maximum
principle hold.

Next we assume the stronger hypothesis 1.4 and show that with (ii) v = 0 is

locally stable if , < 0 and unstable if v, > 0.

Theorem 1.21. Suppose that Hypothesis 1.4 is satisfied and that v, < 0. Then u =0

15 locally asymptotically stable.

Proof. Let ¢(x) > 0 be an eigenfunction for ~,, normalized so that ¢(z) < K(z).

Then we have % Jo Kz, 9)o(y)dy — ¢(x) = v,0(x).
There will be a constant ¢ such that ¢,(z) > ¢ on 2. Let u. = e¢. We have
K@) = ud | b))y = dla)u(a)
— )l [ Kooty - o) - lote) [ kot (189

Q

< d(x)erpo(x)

so for any € with 0 < € < 1, the solution to (1.2.1) with u(x,0) = u.(x) is decreasing
by Lemma 1.20.

Claim: In this case, (1.2.1) does not have any positive equilibrium less than or
equal to ¢ for all x.

Now choose € > 0 small enough that maxu.(x) < ¢g, and let us(x, t) be the solution
to (1.2.1) with us(x,0) = u.(x). We have minu(x) > 0. ug(z,0) = u.(z). By (1.3.5)
and the Lemma, uy(z,t) decreases to the largest equilibrium less than wus(x,0) which

in this case is 0. Hence, any solution v(z,t) of (1.2.1) with v(z,0) <minu.(z) must
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have lim;_,oov(x,t) = 0 by Theorem 1.8. Hence if v, < 0, the zero equilibrium is

locally asymptotically stable.

Proof. (Proof of the Claim) Suppose there is such an equilibrium. Call it v*(z).

Let ¢ = inf{e | ed(x) > v*(x) for all x € Q}. Since ¢(z) > ¢o > v*(z) > 0, we
have 0 < ¢* < 1.

Let u;(x,t) be the solution to (1.2.1) with u(x,0) = ue(x). Then u(x,0) > v*(z)
and wu,v* are both solutions of (1.2.1) so wuy(z,t) > v*(z) for all x and ¢. Also, for
some 7 € Q) we must have u;(Z,0) = v*(x). Finally, by (1.3.5), we have u;:(7,0) < 0,

so for small ¢ > 0 we have

v (Z) <wuy(Z,t) < uy(z,0) = v*(x),

which contradicts the hypothesis that v*(z) is an equilibrium. Hence, in this case,

(1.2.1) cannot have any equilibrium with maximum less than ¢y.

]

If we assume Hypothesis 1.4 that [, k(z,y)¢(y)dy > 0 for any ¢(z) > 0 with ¢(z)

positive on an open set, then the operator

is strongly positive, then Theorem 1.13 applies.
This can be used to show nonexistence of a positive equilibrium if , < 0 (thus zero

equilibrium is globally stable) and uniqueness of the positive equilibrium if v, > 0.
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Lemma 1.22. Suppose hypothesis 1.4 holds and vy, < 0. Then there is no positive

equilibrium for (1.2.1) with 0 < u*(z) < K(z).
Proof. Suppose u*(z) > 0 is an equilibrium of (1.2.1). Let

S{ol(0) =1 [ Koty

and

T(g)(x) = 22— 0 @) / ke, 9)d(y)dy

Since u*(x) is a solution of (1.2.1), by Theorem 1.5 we have u*(z) < K(z). So both
S and T are strongly positive.

u*(z) satisfies

So r(T) = 1.

We already have r(S) —1 =1, <0, so r(S) < r(T).

However, (S—T)¢(z) = ﬁ(iﬁ) Jo k(z,y)d(y)dy is strongly positive, so r(S) > r(T).
Contradiction.

]

Theorem 1.23. If Hypothesis 1.4 holds and v, < 0, then u(x,t) = 0 is globally

asymptotically stable.

Proof. Note that if uy(z) = K(z), then (1.3.4) is satisfied. So if u(z,t) is a solution to
(1.2.1) with u(z,0) = K(z), then u(z,t) is decreasing and as t — oo, u(z,t) — u*(x)
where @*(z) is the largest equilibrium for (1.2.1) and u*(x) < K(z).

Since 7, < 0, by previous lemma there is no positive equilibrium of (1.2.1), we
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must have u(z,t) — 0.
However, Theorem 1.8 implies that if there is v(x,t) satisfying (1.2.1) and 0 <
v(x,0) < K(z), then 0 < v(z,t) < u(x,t), and so v(z,t) — 0 as t — co. Thus 0 is

globally asymptotically stable. O]

If 4, > 0, for small € > 0 we have as in (1.3.5) that u. = e¢ satisfies

[K@y—m@n/kuwwxw@—dumxw
@ (1.3.6)

=mewuwf%/k@ww@mwwm>o

Q

Thus, by Lemma 1.20, the solution of (1.2.1) with initial data u(x,0) = u.(z)
increases toward an equilibrium u*(z) > 0. Since € > 0 can be arbitrarily small,
u*(z) will be the minimal positive equilibrium of (1.2.1).

The next lemma shows that the positive equilibrium «*(z) is unique when it exists.
So if v, > 0, u(x,t) starting from u.(z) goes to the unique positive equilibrium u*(x)

as t — o0o.

Lemma 1.24. If hypothesis 1.4 holds and v, > 0, then equilibrium u*(x) in this
case exists and is the minimal equilibrium of (1.2.1). Moreover, u*(x) is the unique

positive equilibrium of (1.2.1).

Proof. Suppose v** > 0 is any other equilibrium of (1.2.1). We have u™* > u*(z) since
u*(z) is minimal. Also, since u**(z) and u*(z) are both solutions of (1.2.1) it follows

from Theorem 1.8 that if u**(z) > u*(x) for some x then u**(z) > u*(z) for all z.
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Let

Then r(S) = 1 because Su* = u* > 0, and r(T") = 1 because Tu** = u** > 0.

But (S —T)¢ = % Jo k(z,y)d(y)dy is strongly positive since u**(x) >
u*(z). So r(S) > r(T") which is a contradiction. Thus w*(z) is the unique positive
equilibrium.

]

Theorem 1.25. Suppose Hypothesis (ii) holds, and ~, > 0, then u*(x) is globally

asymptotically stable.

Proof. If u(z,0) < K(x) and u(x,t) satisfies (1.2.1) then by Theorem 1.8 we have
u(z,t) < v(z,t) where v(z,0) = K(z). As in the proof that 0 is globally asymp-
totically stable we have that K (x) satisfies (1.3.4), so v(z,t) decreases to the largest
equilibrium that is less than K (x), which is u*(z).

If u(x,0) > 0, u(x,0) > 0 for some z, then we have u(z,d) > 0 for some 6 > 0 by
Theorem 1.8. We can choose € > 0 so that e < u(x,d) and e¢ satisfies (2.5.21). Let
w(z,t) be the solution of (1.2.1) with w(x,0) = ep(x), then by Lemma 1.20 we have
w(z,t) increasing to the minimal equilibrium of (1.2.1) that is larger than e¢, which
is u*(z).

Also, if z is the solution of (1.2.1) with z(z,0) = u(z,d) then z(x,t) > w(z,t) by
Theorem 1.8; also, by uniqueness u(z,t + ) = z(z,t). Hence, u(z,t + J) is bounded

below by w(x,t), and w(z,t) — u*(z) as t — oco. It follows that u(x,t) is bounded
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below by w(x,t — §) for t > §, so for t > § we have w(x,t —J) < u(x,t) < v(z,t),
with w(z,t — ) — u*(x) and v(z,t) — u*(x) as t — oo. Hence u(z,t) — u*(z) as
t — 00.

]

Corollary 1.26. From Theorem 1.19, Theorem 1.23 and 1.25, we have the following:
(1) If g2 - |2] < 1, then zero equilibrium is asymptotically stable.
(2) If g1 - |20 Bsja| > 1, then as t — oo, the equilibrium u*(x) is asymptotically

stable.

1.4 Conclusions

For our nonlocal metapopulation model on continuous time and space, we obtained
the existence and uniqueness for the solution for all ¢ > 0 by applying contrac-
tion mapping theorem. This result holds for both € finite or on infinite domain.
Maximum principle and comparison theorem are valid if 2 is finite and Hypothesis

1.9 is satisfied. However, to apply Krein-Rutman theorem on eigenvalue problem

—A\p(x) = 5((5)) Jo K( y)dy — é(x), we need Hypothesis 1.4, which is stronger
than Hypothesis 1.9. By the approach of super-(sub-) solution, we have the sta-
bility analysis of zero equilibrium and the unique positive equilibrium under some

conditions based on the estimation of the principal eigenvalue.



Chapter 2

Two Species Competition Model

2.1 Background

In Chapter 1, we studied some basic properties for the nonlocal metapopulation model
for single species. In this chapter, we will look at the coexistence and extinction for a
two-species competition system. The Lotka Volterra competition model of population
dynamics is based on logistic equations and describes species competition for common
resources. The Lotka Volterra competition system with random dispersal usually has
the following form

ur = di Au~+ ufay (x) — by (x)u — e (x)v], €
(2.1.1)

v = doAv + v[ag(z) — bo(z)u — ca(x)v], =€ Q

This system, describing the dynamics of two competing species, has been widely
investigated. The functions a;(z), b;(x), ¢;(z), ¢ = 1,2 are assumed to be smooth and
nonnegative on 2 x (0, +00). d; are the diffusion constants and they are positive. The
functions a;(z) represent the growth rates, by (), co(x) represents the self-regulation of
each species and ¢;(z), ba(z) account for competition. Cosner and Lazer [21] studied

the existence and stability of coexistence states for this model under two types of

40
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growth and boundary conditions.
Hetzer, Nguyen and Shen [36] considered the Lotka-Volterra competition with

nonlocal dispersal:

U = dl[/ k(z,y)uly, t)dy — u(z,t)] + ulai(z) — by(z)u — 1 (x)v], =€
@ (2.1.2)
vy = dg[/Q k(z,y)v(y, t)dy — v(x,t)] + v]ag(z) — ba(x)u — co(x)v], = € Q

The system describes the population dynamics with two competing species, where
dispersal is affected by long distance interaction.
In our model, we consider the competition for space between two species. The

model is:

w = [K(z) — a(z)u(x,t) — b(x)v(z,t)] | ki(z,9)uly,t)dy — di(x)u(z,t), =€ Q

v = [K(z) — a(x)u(z, t) — b(x)v(z, )] | ko(z,y)v(y,t)dy — do(x)v(2,t), =€ Q

J
J
(2.1.3)

a(x) is the size of individual of species u, b(x) is the size of species v. k;(x,y) are the
dispersal kernel of u, v respectively. e;(x) are the death rate of each species. Chesson
et al. [14] [15] and [16] have a different modeling setup but with the similar idea that
species compete for spaces. It is different from the previous models where the two
species compete for resources.

Another important feature is the dispersal strategy of organisms. How the species
distribute in space leads to spatial distributions and biological invasions, and colo-
nizations. The evolution of dispersal strategies is a problem of particular interest in

spatial ecology, especially what dispersal strategies can be selected over the evolution
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process. A strategy is said to be evolutionarily stable if it cannot be invaded by a
small population of mutants using any other strategy. We will investigate the evo-
lutionary stability of a nonlocal dispersal strategy in a metapopulation framework.
Cressman et al. [23] showed that the ideal free distribution is an evolutionarily stable
strategy in a two-patch environment metapopulation model, from the aspect of game
theory. A metapopulation is a collection of local populations distributed across a
network of patches. Dispersal is viewed as the rate of colonization where individuals
can recolonize a habitat once the local population has gone extinct.

Our study is based on an extension of Levins metapopulation model which as-
sumed a infinite number of identical patches where the colonization is also driven
by the dispersal of focal organisms. The modeling viewpoint is generally similar to
the idea in Hamilton and May [54]. [54] assumed that the adults do not move while
they produce offspring such that only one propagule (carrying capacity of each site
is one) stays at home, while the others are migrants. This is a dispersal strategy
which is shown to be evolutionary stable in contrast to the strategy where adults
keep propagules at their own sites, even though the migrants in the dispersal strat-
egy suffer a mortality rate during the dispersal process. The migrants and local
organisms compete for space, and dispersal occurs together with reproduction, in
a heterogeneous environment (sometimes temporally invariant). Comins et al. [19]
extended the result to transient environments and allowed more than one organism
to occupy each site. [19] showed that the migration rate can be chosen to maximize
the proportion of sites occupied by considering exogenous extinction. On the other
hand, Hanski’s spatially explicit patch occupancy model, which is an extension of
Levins’ metapopulation model with a similar assumption, and Mouquet and Loreau

studied the dynamics of the metacommunity model where communities are linked by
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dispersal. Our model (2.1.3) is continuous in time and space.

The ideal free distribution is caused by a form of conditional dispersal, known
as balanced dispersal, which results in an equilibrium population that will have the
same fitness at each location ( [12]). This dispersal strategy is evolutionarily stable in
a considerable number of situations (Fretwell et al. [28]). The ideal free distribution
is a theory about how organisms would locate themselves if they were omniscient
and able to move as they wanted. See Cantrell et al. [13], Cantrell, et al. [7], [8],
[9], Cosner et al. [20], Cantrell et al. [10]. [9] investigated the ideal free dispersal
strategy in discrete patchy environments. In contrast to Cressman et al’s approach
of game theory which based on comparing payoffs at equilibrium, they addressed
the mechanisms and dynamics in their model. In [20] the authors extended the
results developed for discrete diffusion models to the case of nonlocal dispersal models
and found conditions of determining evolutionarily stable dispersal strategies. They
showed that the ideal free dispersal strategy is likely to evolve and persist. For random
dispersal, Dockery [25] showed that the mutant with smaller dispersal rate can not
only invade the resident species but also drive it to extinction. Hutson [38] suggested
that the slower dispersal is favored in nonlocal dispersal. Cantrell et al. [10] introduced
a more general class of ideal free dispersal kernels that are indeed evolutionarily
stable. In [24] the authors investigated the effect of cost-associated forced movement
for spatial metapopulation dynamics by considering a food chain between patches.

In this chapter, we will provide proof of the existence and uniqueness of solutions
to the model and prove a version of maximum principle and comparison theorem
for our continuum nonlocal metapopulation model. The stability of the equilibrium
(0,0) in this model and the two semi-trivial equilibria will be studied. In the case

that none of these three equilibria is stable, we will give a condition of the existence of
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coexistence state and a specific example. For evolutionarily stability analysis, we will
investigate the model via competition models between two species that are identical
except for their dispersal strategy. The discrete patch model for this scenario is the
Mouquet-Loreau model for metacommunity network in which communities are linked
by dispersal. Cantrell, Cosner, Lou, Schreiber [11] studied the dispersal strategy
for Mouquet- Loreau model. In this model, dispersal occurs during the process of
recruitment. The species with an ideal free dispersal strategy will invade successfully

in this case.

2.2 Existence and Uniqueness

2.2.1 The model

Let

up = [K(x) — a(z)u(z,t) — b(z)o(z,1)] / k(z, y)uly, t)dy — di(x)u(z,1)
2 (2.2.1)

v = [K(2) — a(x)ulz,t) = b(z)o(z, t)] /Q ka(x, y)u(y, t)dy — do(z)o(z,1)

where wu(z,t),v(x,t) are population density of two species respectively. K(z)
represents the potential suitable site for both species. kj2(z,y) are dispersal kernel
for two species and d; o(z) are extinction rate. The variable a(z) represents the
individual size of species u which may depend on the location x and b(x) represents
the individual size for species v. For the system setup, we assume that the individuals
(offspring, juveniles) of two species compete for the space, which results in the form

that two equations have the same a(z) and b(z).
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2.2.2 Existence and Uniqueness of Solution

Suppose we start with @(z,0) = @y = (u(x,0),v(z,0)) = (ug,v0). W = (u,v) €
[C([0, 7], ()]

Let S C [C([0,T],C(2))]?. X is the set of continuous functions from [0,T] to
C(Q). S = {w(z,t) = (u(z,t),v(z,t) | ulz,t),v(z,t) € X and || — @l < M}.
Here ||W]| = supgo 1y [u(z,t)] + supgyo ) [v(7,t)| and 0 < M, T < 1 are constants
to be determined later.

We have Vi € S, ||@]| < ||@o + M < |||l + 1 := Wo. ull < [lug + | :=
Uo.|lvll < [lvo + 51 = Vo

Forw € S, 0 <t <T, define F(w) = (Fi(u), Fa(v))

Fi) = u(w,0) + fy ([K(x) = ale)u(z, s) = ba)o(, 1]
- Jo k(e y)uly, t)dy — dy(x)u(x
Fa(v) = vl 0) + fy ([K(x) ale
< Jo ka(, y)v(y, t)dy — do(z)v(z

>d$ (2.2.2)
)

First, we have

171 (w)]

<([IE(@)Il + sup |a(z)] - [lu(z, s)[| + sup [b(z)[[|v(z, 5)]]] -/le(fv,y)dl’dy g\

+lldr (2)[[)Uo - £ + [luo

Similar for F5(v). So the integrals converge.
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Then we want to show F () € S.

[1F1 () = uoll
< ([IIK($)||+Sgp|a(l’)|-HU(@’?S)H+Sl§12p|b(x)|\|v(x,8)ll]-/le(%y)dxdy-lﬁl
+lldy(2)[HUo - ¢

< constant - M -t

We can select T7 (M) small enough such that for 0 < ¢ < 77 (M) we have

| Fulw) — wo(a)]| < 3

Similarly, we can select T5(M) such that for 0 < ¢ < T5(M) we have

|1 Fofo) — ol <

So F(w) € S.

Next we want to show that we can choose T' < T3(M) such that
[ F (i) = F (i) || < Clldy — ]

for i, Wy € S,C < 1, and starting from the same Wy = (ug, vo).
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| F1(u1) — Fi(ug)|
.y / {/ B (2, s (4, 8)dy (K (2) — a(@)un(z, 8) — by (2, )] — dy (@) (2, 5)}ds

—/ {/ ki(z, y)us(y, s)dy[K(x) — a(z)us(x, s) — bug(z, s)] — dy(x)us(z, s) }ds||
- ||/{/K (el () = waly, )y = () - s () = (e, )|

b\

—a(z) ulxs—ugxs ki(x,y)ui (y, s)dy]

Funle ) Ralen) - ) = ua(y.5)) o]
—b(:z:) vi(z, s) — va(x, 5) /lexyulysdy

+uvy(z, 5)[/ ki(z, y)(ui(y, s) — ua(y, 5))dy]>||

:Cl Hul—UQH t—|—02 ||U1—U2|| t

Here, Cy = supq | [, k1 (2, y)dy] - (Sup | K ()] +sup |dy ()] +sup [a(@)[ ([[ur || + [Juz]]) +
sup !b(x)l\vzlll)’ Cy = sup [b(w)[ - supq | Jq kr (@, y)dy - [|u]
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| Faen) = Falws)|
- / ([ o s)on (4915 () = alo)s () = b ,9)] = dafa)on (. 5) Y
- / ([ oo 9)eata A9 1 () = alo)un(a, ) = baua(a o)) = da(oo.s) Y|
-1/ ¥ [ K@) bl plen(y5) = wnly )y = ) - s ,) = )

~a(w) ([ ) = vl )| kol p)ory, )iy

Funle ) Kalen) - (01(0.5) = val. )]

—b(x)([vl(as ) = e 91| kol p)ealy, )iy

sor(es) | alo )1, = ool )]

:Cg'|’U1—U2H't+04'||U1—U2||'t

Here C3 = supq | [, k2(x, y)dy|- (sup | K (z)|+sup |da(x)|+sup |a(x)|- ||uz||+sup |[b(x)|-
(Joall + HUQH)>> Cy = supla(z)| - supq | Jq ka(2,y)dy] - [[onl]
Let C = maxz{Cy + Cy, Cy + C3}. Select ¢ < min{Ty(M),To(M),$}, M = 1, we

have

[F(@)y = F(u)]| < |y — o]

with o < 1. Thus F is a contraction on S.
Theorem 2.1. There exists a unique solution for system (2.2.1) for some [0,T].

Proof. By Banach fixed point theorem, there exists a unique w* such that F(@*) =
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w*. So by the previous discussion, there exists a solution to

u =u(x,0)+ /0 [/Q ki(z,y)u*(y, s)dy[K(x,t) — a(z)u*(x, s) — b(x)v*(z, )]
—dy(z)u*(x, s)]ds

v* =w(z,0) +/0 [/Q ko(z,y)v*(y, s)dy| K (x,t) — a(x)u*(x, s) — b(x)v*(z,t)]
—do(z)v* (2, 5)]ds.

As in the case of a single equation, the integrands are continuous, so u*(z), v*(x) are
differentiable and satisfy (2.2.1).

[]

Remark 2.2. Similar to the single equation, to obtain the existence of solution, the
domain § is not necessarily bounded. For example, if k(x,y) = k(z —y) is Gaussian
kernel and Q = R, then we need [, k;(y)dy = k; < 0o and can also obtain the existence

of solutions.

In the following context, we have the following hypotheses:

(H1) k(x,y) > 0is a C" function, [, k(z,y)dz < oo, [, k(z,y)dy < co and there
is 0 > 0 such that for any z € 2, we have k(x,y) > 0 for y € Q and ||z — y|| < .

(H2) k(z,y) > 01is a C! function, [, k(x,y)dzr < oo, [, k(z,y)dy < co and for all
¢(z) >0 on Q and ¢(x) > 0 for some z, we have [, k,y)dy > 0.

(H1) is a weak assumption on the kernel (Hypothesis 1.9). (H2) is a strong

assumption (Hypothesis 1.4).
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2.3 Maximum Principle

Theorem 2.3. Suppose k;(z,y) > 0 and satisfy (H1) and (H2) fori=1,2

(1) If 0 < a(x)u(z,0) + b(x)v(z,0) < K(z), and (u(z,t),v(x,t)) is a solution of
the system, then a(x)u(z,t) + b(x)v(z,t) < K(x), and either u =0 or u > 0, either
v=0orv>0 fortel[0,T] where (u(z,t),v(z,t)) exists.

(11) If we further assume u(x,0) > 0, v(z,0) > 0 on some open subset of 2, then

uw(z,t) >0 and v(z,t) >0 fort € [0,T] where (u(z,t),v(x,t)) exists.

Proof. 1f u = 0, then it becomes the single species model for v. Similarly if v = 0.

Let u,v > 0. For t =0, u,v > 0 and u,v > 0 for some z € ().

At points where a(z)u(z,0) + b(z)v(z,0) = K(x), we have u; = —d;(z)u(x,0),
vy = —dso(x)v(x,0).

If a(x)u(z,0) + b(x)v(x,0) = K(x), then either u > 0 or v > 0; so since
u(z,0) > 0, v(z,0) > 0, (a(x)u(x,t) + b(x)v(x,t)); < 0 at t = 0. Otherwise
a(z)u(z,0) + b(z)v(x,0) < K(x). In either case there exists an interval (0,%y(z))
such that a(z)u(z,t) + b(z)v(x,t) < K(x) at point z.

We could have u(z,0) = 0 (or v(z,0) = 0). If so, then u(x,t) =0 (or v(x,t) =0),
and the system reduces to the single equation model.

In any other case we would have u(z,0) > 0 for some z, v(z,0) > 0 for some z.

Since (H2), we get us(x,0) > 0, vi(x,0) > 0 at any point where u(x,0) = 0
(v(x,0) = 0) and a(z)u(z,0) + b(x)v(z,0) < K(x). For such values of z we have
u(x,t) >0 for 0 < t < ty,(x) (v(x,t) >0 for 0 <t < ty,(x)). We also get u(z,t) >0
for 0 < t < t1,(z) by continuity if u(x,0) > 0 (similar for v).

Consider the case u(z,0) = 0 and a(x)u(z,0) + b(x)v(z,0) = K(x). We already

know that if a(x)u(z,0) + b(z)v(z,0) = K(z), then as above, (since u(z,0),v(z,0) >
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0) we must have a(z)u(z, 0)+b(x)v(z,0) < 0so that K (z)—a(x)u(z,t)—b(z)v(x,t) >
0 on some interval (0,to(x)). Also, if v = 0 and a(x)u(z,0) + b(x)v(x,0) = K(z),
then us(x,0) = 0. If u(x,0) > 0 and u(x,0) > 0 somewhere, then by (H2),

/ b (2, y)uly, 0)dy > 0
Q

and then by continuity [, k1(x, y)u(y,t)dy > 0 on some interval 0 < ¢t < ty(x). We

have

w + dy(z)u(z, t) = [K(x) — a(z)u(x,t) — b(z)v(z, t)] /Q ki(z,y)u(y, t)dy

SO

[u(e, )e™ @], = " [K (2) — a(z)u(z, t) - bz)v(z,1)] /le (z, y)u(y, t)dy

SO

u(z,t) = /0 e~ (@)(t=9) [K(x) — a(z)u(x,t) — b(z)v(z,t)] /Q ki(z,y)u(y, s)dyds.

The expression inside the integral will be positive for 0 < ¢ < min{to(x), t2(x)} so
again u(z,t) > 0 on 0 < t < ty,(z) for some ¢1,(x) > 0. Hence for each z, u(z,t) >0
on 0 <t < ty,(x). Similarly for v(x,t).

Let t§(x) = sup{t : a(z)u(z,s) + b(z)v(z,s) < K(x) for 0<s <t}

Similarly, let ¢} = sup{t : u(z,s) > 0 for 0 < s < t}, th = sup{t : v(z,s) >
0 for 0<s <t} Then ti(x), ti(x) and t3(z) are all positive.

Claim: ¢j(x) > min{t}(x), t5(z)}.



Proof of claim:

If t3(z) < min{tj(z),t5(x)}, note that we have a(z)u(x,ti(x)) + b(x)v(x, ti(x)) =
K(z), but a(x)u(x,t) + b(x)v(z,t) < K(z) for 0 < t < tj(x), so (a(x)u(x,t) +
b(x)v(x, b)) > 0 at t = ti(x).

On the other hand, since K(z) — a(x)u — b(z)v = 0 at (z,t{(x)), if t7(z), t5(z) >
ty(z), then w,o > 0 at (z,t5(x)) so uy = —di(x)u(z,ti(z)) < 0, v, =
—dy(x)v(z,t5(x)) < 0, and since a(x)u + b(x)v = K(x) at (x,ti(z)), one of those
inequalities must be strict, so (au+bv); < 0 at (z,t;(z)), which gives a contradiction.

Thus the claim holds true.

Let gi(x,t) = [, k1(2, y)uly, t)dy.

We have u(z,0) > 0 for all z € Q, u(z,0) > 0 for some z € Q. So by hypothesis
(H2) on ky(x,y), we have g;(x,0) > 0 for all . Also, g; is continuous.

Let t5(z) = inf{t > 0: g1(z,5) >0 for 0 < s < t}. Suppose inf,.qt;(z) = 0.
We must have g;(z,t;(z)) = 0 by definition of ¢}(z) and continuity. Also there exist
(@, ti(xy,)) so that g1 (zn, th(2,)) — 0, t;(z,) — 0asn — oco. Choosing a subsequence
we get x, — 2 80 0 = g1 (x,, t5(x,)) — g1(x*,0) > 0. This is a contradiction. Thus,
we must have inf,cqti(2) = t;* > 0.

For 0 <t < }*, we have gi(z,t) = [, ki(z, y)u(y, t)dy positive for z € Q. (Simi-
larly, there is a ¢3* so that [, ka(x, y)v(y, t)dy is positive on 0 < t < t5*).

Suppose tj(z) < t5(x) with t7(z) < t5*. We must have u(z, tj(z)) = 0.

Claim: This yields a contradiction. (If t5(x) < tj(x) < t*, we get a contradiction
by a similar argument.)

Proof of claim: If #(x) < t5(z) with tj(z) < t}*, then for 0 < t < t;* we have
t <tj(x) so K(x) — a(x)u(x,t) — b(x)v(z,t) > 0, and also ¢;(x,t) > 0. Furthermore,

we must have u(z,tj(x)) = 0, with u(x,t) > 0 for 0 < ¢ < tj(x). We must also
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have w(z,t) > —di(z)u(z,t) on (0,t5(z)), with u(x,e) > 0 for some ¢ with 0 <
¢ < ti(x). However, this implies u(z,t) > e @ E9y(z,¢) > 0 on (0, (z)), so
that u(z, i (z)) > e~ 1@EHE)=y(z €) > 0, contradiction. Hence in this case we get
t3* < tj(z) < ti(x). Thus the claim holds true.

A similar argument shows that if t5(z) < ¢j(z), there is a t5* with ¢* < ti(x) <

It follows that inf,cq ¢5(x) > min{#}*, t&*} > 0.

Suppose t5* = inf,cqti(z) > 0, for some z. Then there exists a sequence
(T, ti(x,)) with tf(x,) — t§*. Choose a convergent subsequence; then relabel it
as T, so that z,, — x*. We have u(x,,tj(z,)) = 0 so u(x*,t5*) = 0 so t§* > t;(z*).
But by definition we have t5* < ¢i(z) for all z, so t§* = tj(2*) and so tj(z) > tj(z*)
for all z; also, t7(z) > min{t;*,t:*} > 0 for all z, so tj(z*) > 0.

We have u(z*, t5*) = u(x*, t;(z*)) = 0.

However, consider again @& = e ®)ty, we have
i = [K(2) — a(o)ulz, £) — b(e)o(z, t)]eh @ / ko (2, y)uly, t)dy
Q
So
t
i ) = / K (2) — a(x)u(z, ) — b(z)o(z, 5)]eh @ / k(2 y)uly, 5)dyds
0 Q

Hence a(x*,t5(z*)) > 0 since K(x) — a(x)u(x,t) — b(x)v(z,t) > 0 for 0 < t < tj(z*)
with ¢§(z*) > t(z*) and by previous analysis we know u(y,s) > 0 on 0 < t < tj(z*)
so a(x*, t5(z*)) > 0. So u(x*, t5(z*)) > 0, a contradiction.

It follows that t§* = oo so tj(x) = oo for all z. (A similar argument shows
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t5(z) = oo for all z) and then tj(z) = oo for all .
This shows u(z,t) > 0, v(x,t) > 0 and K(z) — a(x)u(z,t) — b(z)v(z,t) > 0 for

t> 0.

Corollary 2.4. Global Ezxistence
Let u(z,0) > 0 and v(z,0) > 0, a(x)u(z,0) + b(x)v(z,0) < K(z), then

(u(z,t),v(z,t)) exists for all t > 0 where the solution exists.

Proof. In the case either u(x,t) = 0 or v(z,t) = 0, the global existence follows
from the single species model. If not, from Maximum principle we have u(zx,t) > 0,
v(z,t) > 0 and K(z) — a(x)u(z,t) — b(x)v(x,t) > 0 for t € [0,7]. These inequalities
imply uniform bounds on u, v and the quantities determined 7" are in the proof of
Theorem 2.1. This argument can be repeated on [T, 271, [27,3T] and so on. So we

obtain the global existence of the system. O

2.4 Comparison Principle and Global Existence

Let X = C(Q,R) be equipped with the maximum norm, and

Xt ={ue X |u(zx) >0,z €},

Xt =Int(X1) ={ue X |u(z) > 0,7 € Q}.
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For given uy,us € X, we define

up < ug(ug > uy) if uz—uy € X,

U K U2<u2 > Ul) Zf Uy — U € Xt

Define the following orderings in X x X:

(u1,v1) <1 (1) (ug,v2) if w < (K ug),vr < (K)vg,

(ul,vl) <5 (<<2)(u2,1)2) Zf u < (<< ’LLQ),Ul > (>>)U2.

7<y (K1)” is the usual order and ” <, (<5)” is the called the competition ordering.

We assume (H1) and (H2) in following context.

Theorem 2.5. Monotonicity

a) If (0,0) <q (us,v;) fori = 1,2. (ui(z,0),v1(x,0)) <o (ua(z,0),v2(z,0)) and
K(x)—a(z)u;(x,0)—=b(z)v;(z,0) < K(z), then (ui(x,t),v1(x, 1)) < (ug(z,t),va(x,t))
fort > 0.

b) If ui(z,0) < uz(z,0),v1(x,0)) > va(z,0) for some x € Q and a(x)u;(x,0) +

b(z)vi(z,0) < K(x), then (ui(z,t),v1(x,t)) <Ko (uz(z,t),v9(x,t)) fort > 0.

Proof. a) Define:

u(z,t) = ug(x,t) — ui(x,t) + e, @(x,t) = u(w,t)e.

v(w,t) = vy (z,t) — vz, t) + €€, B(w,t) = v(x, t)e’.

By previous theorem, all solutions are nonnegative with au+ bv < K(z). So they
are uniformly bounded and we can pick

a > margeqisof —[K(x) — a(@)uy — b(@)vo]([, ki(z,y)dy) + [a(z) —
b()] fo kr(z, y)ur (y, t)dy — di(z), —[K () — a(z)us — b(z)vi]( [ ka(z, y)dy) + [a(z) —
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b(@)] Jo ke (@, y)va(y, t)dy — da()},

I& > mazzeoiso{di(z)  +  a(x) [y ki(z,y)ui(y, t)dy, da(x)  +
b(x) fo k2 (@, y)va(y, t)dy}

Claim: u > 0, v > 0 for all £ > 0 where u, v exist.

Suppose otherwise, there exists tg € [0,7], to = inf{t € [0,7) | u(z,t) < 0 or
v(z,t) <0 for some z € Q}.

Since u(z,0) > 0,v(z,0) > 0, then by continuity, we have t, > 0.

Then for ¢ € [0,%y), u(x,t) > 0 and v(z,t) > 0.

For t € (0, o],
Uy e Pt
=  [K(x) —a(x)uz(z,t) — b(x)vy(x, t)] /Q ki(z,y)u(y, t)dy + b(zx)v(z,t)
[ Bt 0y + (6~ o) - ato) [ a0

+ee® (o — [K(z) — a(z)uy — b(x)vs)
[ Il )d) = o) = o) [ I g)anon )+ ()

> [K(z) = a(z)us(z, 1) = b(z)vy(z, 1)] g ka (2, y)uly, t)dy

+b(z)v(z,t) / ki(x,y)ui(y,t)dy

Q

(B - du(x) - a(z) / b (e, ) (9, ) dy (i, 1)

Q

v

0



57

ﬁt . €_B't

:u«@—a@mmaw—mmmuwnlfxaww%w@

+a(o)ulet) [ Fale, sy + o, )(8 = dale) = ba(o) | Falo.p)ealo )
e (o= [K(a) = aliyur = b)) | oo )dy) — lata) = bGo)]
[t sty 1y + )

> (K@) = aaun(e.t) = be)or(o.0)] [ Falap)oly. iy

ta(z)ulz, b) /

(ﬁﬂa@w@ﬁﬂy+w—dx@—b@»/%anwwwimmew

9)
>0

c Uz, t) > 0 for ¢ € [0, to).

u(x,t) > 0 for t € [0,%]. A similar argument shows v(z,t) > 0 on [0, ).
Contradiction!

".» € can be arbitrarily small

coug(x,t) > uy(z,t) for t > 0.

Similarly we get vy (z,t) > vo(x,t).

b)

Suppose 0 < uy(z,0) < uy(z,0), 0 < vo(x,0) < wvi(x,0), a(x)u(z,0) +
b(x)v;(z,0) < K(z) i =1,2 and uz(z,0 > uy(z,0) > 0 for some z.

Then by Maximum Principle and part a), we have for all t > 0, 0 < uy(x,t) <
ug(z,t), 0 < vo(x,t) < wvi(z,t), and us(x,t) > 0, a(z)u;(z,0) + b(x)v;(x,0) < K(z),
i=1,2.
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Also, since ug(z,0) > uy(z,0) for all z, us(x,0) > uy(z,0) for some x, we have

/le(x, y)[ug(z,0) — up(z,0)]dy >0

(by hypothesis (H2) on ki(x,y)).

Let g(z,t) = [ ki(z,y)[uz(z, t) — ui(x, t)]dy.

We have g(z,0) > 0 for all z. So if we define #,(x) as
to = inf{t > 0: g(z,t) > 0}

then to(z) > 0. We have inf,cqto(2) > 0.

As in the proof of maximum principle, suppose inf,cq to(z) = 0.

Then there exists (z,,to(z,)) with to(x,) — 0 such that g(x,,ty(z,)) — 0. By
compactness of { and continuity, we can choose a subsequence and reindex such that
xn, — 2% and g(xp, t,)(z,)) — g(2*,0), but that implies g(x*,0) = 0, a contradiction.

Thus, inf,cqto(2) =t > 0.

Now consider what happens with w(z,t) near ¢t = 0.

If we let 4 = e (uy — uyp), v = €’ (vy — vy), we get

U - e’ﬁ't

= (K (2) - a()us(e, 1) — b(z)va(e, 1) / (2, y)uly, t)dy

© b t) / k(2 y)us (9, )y + (e, £)(8 — dy(z) — a(z) / ks (2, y)eus (9, £)dy)
— (K (x) - a()us(e, 1) — b(x)va(e, 1) / ks (2, y)uly, t)dy

+ b t) / b (2 ) un (y, )y + (B — dy () — a(x)) / b (o, ) (9, €)dy (i, 1),
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Since we can choose 8 so that f — di(x) — a(z) > 0. b(z)v(z,t) > 0 and K —
a(x)ug(z,t) — b(x)ve(z,t) > 0 for ¢ > 0 by maximum principle, it follows that @, > 0
for 0 <t < t§, so that u(z,t) > 0 for 0 <t < t§.

Let t1(z) = inf{t > 0 : u(x,t) = 0}, we know t;(x) > ¢} for all z, so t] =
inf,eqti(x) > t5.

Suppose t} < oco. For t = t}, we must have u(zo,t}) = 0 for some zy. Suppose
this is the case we have u > 0 and thus v > 0 for 0 < ¢ < ¢} and for all z.

Also,

u(z,t)e "

— (- e P9 /t:([K(x)—a(x)u(x,s)—b(x)v(x,s)]
-/le(:r,y)U(y,S)dy) [1=s ds
+ [ Bantes) [ R,y

+(B — di(x) — a(z) /Q ki(z, y)ui(y, s)dy)u(z, s)] |=s ds

Vv

/tte[b(:c)v(x,s) /Q by () (9.5)dy

+(6 — dy(z) — a(x) /Q ki(z, y)ui(y, s)dy)u(z, s)] |i=s ds

> 0

since u(x,t) > 0 on 0 < t < ¢, which gives a contradiction as u(xo,t}) > 0.
So t} = oo, which implies u(x,t) > 0 for all ¢ > 0, thus us(x,t) > uy(x,t). Similar
for vy (x,t) and vo(x,t).

]

Lemma 2.6. For a solution (u(x,t),v(z,t)) starting from (u(z,0),v(z,0)) =



60

(uo(x), vo(x)):
(1) 1If

(anu»—amwam—bmwmmnékmamw%m@—dmmw@m

0> [K(z) —a(z)u(z,0) — b(x)v(x,0)] | kax,y)v(y,0)dy — do(x)v(z,0),

S~

then u(x,t) is increasing in t and u(zx,t) — u*(x) ast — oo; v(x,t) is decreasing in t
and v(x,t) — 0" (x) as t — oo. (u*(x),v*(x)) is the smallest equilibrium larger than
(u(z,0),v(x,0)) under the competing ordering.

(2) If

0> [K(z) — a(x)u(z,0) — b(z)v(z,0)] /Q ki(x,y)u(y,0)dy — di(x)u(z,0)

o<u«m—aum@nwwuwuﬂnémmww@nmy—@@w@mm

then u(x,t) is decreasing of t and u(x,t) — u*(z) as t — oo; v(x,t) is increasing
of t and v(x,t) — v*(z) ast — oo. (u"(x),v*(x)) is the largest equilibrium smaller

than (u(z,0),v(x,0)) under the competing ordering.

Proof. (1) In this case, (uo(z),vo(z)) is a sub solution, and (u(z,t), v(x,t)) is solution
thus is a super-solution. We then by comparison principle have (u(x,t),v(z,t)) >2
(uo(z),vo(x)). We also have u(x,0) > 0, v;(x,0) < 0 so that for each z € Q there
exists a to(x) such that u(z,t) > wup(x), v(z,t) < wvo(x) for 0 < t < to(z). Pick
some zg € €; then for 0 < § < to(x) we have u(xg,d) > u(zp,0). Let ui(z,t) =
u(z,t +90), vi(x,t) = v(x,t +9). Then (uy(z,t),vi(x,t)) is also a solution of system
with uy(x,0) = u(z,9), v1(x,0) = v(x,§). Souy(z,0) > u(x,0), vi(x,0) < v(x,0) and
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uy(z,0) > u(z,0), vi(x,0) < v(z,0) for some x € . Thus u(z,t) is increasing and
v(x,t) is decreasing in t. For each x € 0, we have a(x)u(z,t) +b(x)v(x,t) < K(z) for
t > 0. Thus, for each x we have u(z,t) — u*(z) and v(x,t) — v*(z). By monotone

convergence theorem

ki(z, y)u(y, t)dy — /Q ki (@, y)u*(y)dy

S— 5

kol y)o(y, t)dy — / ol )" () dy

where we have (u(z,t,),v(x,t,)) — (@*(x),v*(z)) for any sequence t, — co. Then
(w*(x),v*(x)) must be an equilibrium for the system because if not then for some x
we would have u;(z,t) > 0, vy(x,t) < 0 with (u(z,t),v(z,t)) = (@*(x),v*(z)) which
contradicting (u(z,t),v(x,t)) — (@ (z),v*(x)) as t — oo.

Finally, if (@™ (z),v™(z)) is an equilibrium with @*(z) > ue(x), v**(x) < vo(z),
then we have (@**(z),v™*(x)) >2 (u*(z),v*(z)). Hence (u*(x),v*(x)) is the minimal
equilibrium under the competing ordering.

(2) The proof for the case (2) is identical except reversing the inequalities.

Let 71, ¢1(x) be the principal eigenvalue and eigenvector of the operator

K(z)
7 (o) /Q ki (2, y)o(y)dy

Mi[¢|(z) =

respectively. And s, ¢2(x) be the principal eigenvalue and eigenvector of the operator

K(x

Mafel(a) = 5 7 [l g)ot)dy
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respectively.

Theorem 2.7. Assume v, < 1, then
(i) If v2 < 1, then (0,0) is asymptotically stable equilibrium.

(i) If vo > 1, then (0,v*(x)) is asymptotically stable equilibrium.

Proof. Suppose (u(x,t),0(z,t)) starts from (u(x,0),0(x,0)) = (f((f)),()). Let
(u(z,t),v(x,t)) be any solution starting from (ug(z),ve(z)) where ug(x) > 0,
vo(z) > 0, K(z) — a(z)ug(x) — b(x)ve(z) > 0. By comparison principle, we have
u(z,t) < a(z,t), v(x,t) > v(x,t). But by analysis for single equation, 0 is globally
stable and thus u(x,t) — 0 as t — oo by analysis for single equation. This im-
plies u(x,t) — 0 as t — oo and there will have no equilibrium (u**(z),v**(z)) with
u**(x) > 0.
()

If 75 <1, then let (u(x,t),v(z,t)) starts from (u(x,0),o(z,0)) = (0, Ilf((f))) Then

for solution (u(z,t),v(x,t)) starting from (ug(z),ve(z)), we have u(z,t) > u(z,t),
v(z,t) < v(x,t). The analysis for single equation shows that v(x,t) — 0 as t — oo
since 0 is globally stable. So then v(z,t) — 0 as t — oo. So (0,0) is asymptotically
stable.

(i)

If 75 > 1, then let (u(x,t),v(z,t)) start from (u.(x),ve(x)) = (e¢1(x), €do(x)),

where ¢;(x) are eigenvector of operator M;, i = 1,2 and € > 0. And we have

[K(x) = a(z)edy () — b(w)ea()] /Q ki(z, y)eor(y)dy — di(x)egn (v)

K(x)
() /le(x,y)cﬁl(y)dy— 1 ()]

= di(z)e(1 — 1)oi(z) <0,

< dy(x)e]
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and by selecting € > 0 sufficiently small, such that epo(z) < v*(z) and we have

(K (@) = a(w)etn (@) ~ Wa)eoa(o)] | hale,p)edals)dy - da(w)edal)

Q

= da(x)e(y2 — Dpa(x) — € (a()pr(x) + b(x)da(x)) /Q ka(z,y)ga2(y)dy > 0.

Thus (ue(x),ve(x)) is a super-solution. As t — oo, u(z,t) decreases to u**(x) = 0
and v(x,t) increases to the positive equilibrium v*(x), which is the unique positive

equilibrium for single equation. So then (0,v*(x)) is asymptotically stable.

Theorem 2.8. Assume v, < 1, then
(i) If v1 < 1, then (0,0) is asymptotically stable equilibrium.

(i) If v1 > 1, then (u*(x),0) is asymptotically stable equilibrium.

The proof is similar to previous theorem.
Next, we give a sufficient condition of the existence of coexistence state.

Let p1, 1o be the principal eigenvalue of the problems:

K(x) — b(z)v* ()
di ()

K(z) —a(z)u(z)
da()

/Q ki(x,y)i(y)dy = b (),

/Q/fz(%y)%(y)dy = p2 ().

Theorem 2.9. Suppose v1 > 1, 7o > 1, and moreover, uy > 1, ps > 1, then there

exists some positive equilibrium (u*(z),v*(x)).
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Proof. If 1y > 1, then for € > 0 small enough, (e¢(x),v*(x)) is a sub-solution since

(K () = b(x)v*(2) — a(x)eir (2)] / kr(z, y)e (y)dy — di ()€ (x)

K(x) — v*(z)

= edy ()] di(z /le(x,y)%(y)dy — 1 (2)] = a(x)e2¢1(x) /Q k1(z,y)v1(y)dy

= ddi(x)(m —1) - a(ﬂﬂ)ﬁ/Q ka (2, ) (y)dylyn () > 0

Also, we have

[K() = ba)o"(2) = aw)etn (@)] | Rala,)e” (0)dy = dafa)o’ (@)

Q

= —a(z)ey () / ko (x,y)v*(y)dy < 0.

Q

Thus if (u(x,t), v(z,t)) starts from (u(z,0),v(z,0)) = (ev1(x),v*(x)), then u(zx,t)
increases in ¢t and v(z, t) decreases. Similarly, if ps > 1, for (u(x,t), v(x, t)) starts from
(u(x,0),0(z,0)) = (u*(x), eha(x)), then u(z,t) decreases in ¢t and v(x,t) increases.

Choose € > 0 such that eyq(z) < v*(z), eh1(z) < u*(z) for all . Then we have
0 <u(z,t) <u(z,t) < K(z), 0 <v(z,t) <v(x,t) < K(x). So then (u(z,t), v(z,t))
"increases” (in the sense of compete ordering) toward a minimal positive equilibrium
(u™(z),v*™*(z)), and (u(z,t), v(x,t)) "decreases” toward a maximal positive equilib-
rium (u***(x), v*™*(z)).

We will have v**(z) < v**(z), and v**(x) > v™*(x). O

2.4.1 An Example of Coexistence in the Bounded Domain

Let Q = [-L,L]. K = Kqcoshz. ki(z,y) = ko(z,y) = 7. di(z) = do(1 + e72%) and
dg(l') = do(l + 62:8).
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Consider u(z) = ae®, v(z) = ae™™.

/_ ki(x,y)u(y)dy = / ko(z,y)v(y)dy = (e¥ — e *)r = 2rsinh L

L —L

(K(z) — u(x) —v(x)) / ki(x,y)u(y)dy = a(Ky — 2a)2r sinh L cosh x

—L

di(z)u(z) = ado(1 + e *)e” = 2ady cosh z

so (K(z) — u(x) — v(:c))ffL ki(z,y)u(y)dy — dy(x)u(x) = 0 if 2ady = 2ra(Ky —
2a)sinh L. Similarly, (K(z) — u(z) — v(x)) f_LL ko(z,y)v(y)dy — da(x)v(z) = 0 if
2ady = 2ra(Ky — 2a) sinh L.

So for the parameters satisfy 2ady = 2ra(K, — 2a)sinh L, there is a positive

equilibrium (u(z),v(x)).

Remark 2.10. In this ezample, we can see that for a one dimensional bounded do-
main, one end is more favorable (same birth rate as species v but lower death rate) for
species u and the other end is more favorable for species v. If, in addition, we have
proper constraint on the parameters, the mechanism of nonlocal dispersal will leads
to the coexistence state for the two species, i.e. species u maintain a relatively high
population density in the area where it has lower death rate and species v occupied the

other end.



66

2.5 Evolutionarily Stable Strategy

2.5.1 Single Species

Our model:

w = [K(x) — u(z, t)] /Q d(z,y)r(y)u(y, t)dy — e(x)u(z,t), z€Q, t>0 (2.5.1)

u(x,t) is the fraction of occupied sites at location z €  and time ¢. d(z,y) €
C(Q2 x Q) is the fraction of individuals moving from y to x satisfying d(x,y) > 0
and [, d(z,y)de = 1. k(z,y) = r(y)d(x,y) satisfies the hypotheses (H1) and (H2).
To avoid extinction, we need the principal eigenvalue v > 1 for the operator T[¢] =
%fg d(xz,y)r(y)o(y)dy = vp(x). This implies there is a unique globally stable
positive equilibrium u*(z). See Lemma 1.24 and Theorem 1.25.

The existence and uniqueness of solution follows from Theorem 1.2 and Corollary
1.6.

Under these conditions, the Maixmum Principle and Comparison Theorem for
single species are thus obtained. We also have global existence for (2.5.1).

The equation without dispersal is:
u = [K(x) —u(x)]r(z)u(z) — e(z)u(x) (2.5.2)

The equilibrium distribution with no diffusion is u*(z) = K(z) — igi; The fitness at

each site x characterized as growth rate is given by [K(x) — u(x)]r(z) — e(x).
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Definition 2.11. d(x,y) is an ideal free dispersal strategy if the growth rate is same
for every location (equal fitness), i.e. r(z)[K(x)—u*(x)]—e(x) = r(y)[K(y)—u*(y)| —
e(y) for all z,y € Q.

Set m(x) = r(z)K(x) — e(z) = r(z)u*(z).

Lemma 2.12. d(z,y) is an ideal free distribution strategy if and only if u*(z) =

and

/Q A, y)mly)dy = m(x) (2.5.3)

Proof. Suppose the condition of equal fitness holds.

Set r(x)[K(z) — u*(z)] —e(x) = r(y)[K(y) — u*(y)] — e(y) = C for some constant
C. Then u*(z) = K(z) — <22

Since (K (z) — u*(x)) [ d(z, y)r(y)u*(y)dy — e(z)u*(x) = 0, we have

Integrate on €2 and we get

[ [ it et - ot = [ S @)rto) — eta) ~ O

Therefore,

L) = et - oty = | (K @)r(o) - efo) - e

So C- [, Wgccdx = 0 Since we know u*(z) < K(x) so e(x) +C > 0, also

u*(z) > 0, so K(x)r(z) —e(z) —C > 0, hence C'= 0. So we have u*(z) = m(x) and
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Jo d(@,y)m(y)dy = m().
Once we have C' = 0, so that u*(z) = K (2)— 22 it follows that r(2)u*(z) = m(x).

(@)’

Since
[K(2) — u*(z)] /Q d(z, y)r(y)u*(y)dy = e(z)u*(z)
we have
e(z) _ e(@)m(z)
[ awymiuay - 2

so m(xz) = K(z)r(z) — e(z). In that case, r(z)[K(z) — u*(z)] — e(x) = 0 for all z, so
the condition of equal fitness holds.

]

Since [, d(y,x)dy = 1, we have [, d(y,z)m(z)dy = m(x), so (2.5.3) implies that
for h(z,y) = d(z,y)m(y) = d(z,y)r(y)u*(y), we have [ h(z,y)dy = o h(y, z)dy.
Suppose [, d(x,y)m(y)dy = m(z).

The next theorem is Theorem 2 in [10].

Theorem 2.13. Let h: QxQ — [0,00) be a continuous non-negative function. Then
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the following two statements are equivalent:

(i)/gh(m,y)dy-/ﬁh(y,x)dy for all €2

(13 // f@ dxdy>//h(x,y)dxdy
f() QJQ

for all f € C(Q) with f(z) >0 on Q.

() is called line sum symmetry and [, d(z,y)r(y)u*(y)dy has this property, so it

satisfies property (ii) too.

2.5.2 Stability for Single Species

If we linearize a single species model at u = 0, we get the problem

1¥@0/Qk@zw¢cwdy—etw¢@0==—A¢@ﬂ (2.5.4)

This can be written as

c [ r oty - o) = 282 255
or alternatively as
wm—TwmzAgg (256)
where To(x Wdy. T [ k(z,y)é(y)dy > 0 for all z, if ¢(x) >

and ¢(x) > 0 for some x, and k(x,y) is smooth, then T is strongly positive and has

a principal eigenvalue v, = r(T).
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The strong version of Krein-Rutman Theorem applies by the hypothesis, so

v0(z) = To(x) = p(x) > 0 (2.5.7)

has a solution ¢(z) > 0 if and only if v > ~,.

Lemma 2.14. If )\ is actually an eigenvalue, then

(i) A > 0 if and only if v, < 1, which implies the linear stability of equilibrium
u = 0.

(1) A < 0 if and only if v, > 1, which implies the linear instability of equilibrium
u = 0.

(111) X = 0 if and only if v, = 1, which gives the neutral stability.

Proof. (i)

If A > 0, then A45 = ¢(z) — Té(z) < 0. So Té(z) = ¢(x) > ¢(z). Thus

Yp > 1.

If v, > 1, then 0 < ¢(z) — y,0(x) = )\f((z)) Since % > 0 for some z, we have
A < 0.

Let u(x,0) = ep(z), then

s o= [K(2) — e6(a)] / ke, y)eo(y)dy — olx)ed(x)

Q

= (K@) / Kz, )d()dy — e(2)o(x)] — 26(x) / Kz, 9)b(y)dy

Q

— _odle) - 26() /Q k(. 9)o(y)dy < 0

So ep(x) is a super-solution and decreases as t increases. So u(z,t) — 0 as t — oc.

(i) Similarly, let u(z,0) = e¢(z). For € > 0 small enough, we have u; |,—o> 0.



71

Then u(z,t) increases as t increases. Thus zero is not stable.

]
2.5.3 Two Species Model
For two species, a model for ecological similar competitors is:
u = |[K(x,t x,t) ) dy — ez, t)u(x, t
0= [K(z, 1) —u( fg July, t)dy — e(z, t)u(z,1) (258)
vy = [K(z,t) —u(x,t) —v(z,t)] - [ D Yo(y, t)dy — e(x, t)v(x,t)

where wu(z,t),v(x,t) are the population at location z €  and time ¢ respectively.
d(x,y), D(z,y) € C(Q x Q) are the fraction of individuals moving from y to x satis-
fying d(x,y) >0, D(z,y) > 0and [,d(z,y)dz =1, [,D(x,y)dr=1. The last two
hypotheses reflect on assumption that the terms d(z,y) and D(z,y) describe move-
ment only so that all mortality is described by e(z) and there is no lose in movement.
Assume r(x) K (z) > e(x) for all z € 2 to avoid extinction.

This is a special case of competitor model (2.1.3) by setting a;(z) = b;(z) = 1
and the two species are identical except their dispersal strategy. Thus we obtain the
existence, uniqueness and even global existence for two species model from Theorem
2.1. Moreover, kernel D(z,y)r(y) and d(x,y)r(y) satisfy the hypothesis on kernel.

Assume d(z,y) is ideal free but D(x,y) and it is not. We are going to study the
stability of semi-trivial equilibria and prove the nonexistence of coexistence equilib-

rium.
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2.5.4 Stability of (u*(x),0)

If d(z,y) is an ideal free distribution, then (u*(z),0) = (K(z) — ig;,())

Linearization at (u*(x),0) is given by

u-equation:

2o (IK (@) = (@) = €0(2) — (@) fyd(w, y)r(y)(u* (v) + edly))dy
%@mmm+w<m

—(¥(@) + ¢(2)) [y d(z, y)u
—e()o(x)

= —A¢(x)

u*(y)dy + [K(2) — ()] fg d(z,y)r(y)é(y)dy (2:5-9)

v-equation decouples, and gives

() (y)dye — e(z)ery(x))

i le=o ([K(fv)—u (z) — ed(z) — ev(a)] [, D
(2.5.10)

= [K(z 2)] Jo D W) (y)dy — ez W(fﬂ)
= —W(SC)

That is the same type of problem as for a single species in Lemma (1.22) with T

cmw:EﬁggiﬁéDuwwwww@

We get A = 0 (for neutral stability) if y(u*) = r(T,«) = 1.

replaced by

Equation (2.5.10) is equivalent to

—\(x) /D T, Y)T y)dy — e(x)y(x) (2.5.11)
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which gives A =0 if vy, = 1 for

Tt = % / Dia,y)r(y)d()dy

We need to work with Tx¢p = 1, with T,-[¢] = L [, D(z,y)r(y)¢(y)dy. From

(2.5.11), eigenvalue problem (2.5.4) should be

(@) /ny y)dy — ()

.T

Remark: To have no loss in transit other than the background mortality e(x) we

//Dwy dydx—/p(y)dy

which is true if [, D(x,y)dz = 1 for all y,.

need

We have for v = r(T,+) that

/ D(z, y)r(y)¢(y)dy = v (x)
/D z,y)r(y)Y(y)dy = yr(x)(x)
/ / D@, y)r(y) i (y)dydz = /Q r(2)0b () da
by Fubini

//D 2, y)r(y)o(y)dyde = ~ /Qr(:v)z/)(x)dx



74

SO

[ 1wty =+ [ r@t)is

Q

so v = 1. So (u*(z),0) is neutrally stable.

2.5.5 Stability of (0,v*(z))

v*(x) satisfies

v = [K(z) —v(z,t)] /QD(LC, y)r(y, t)v(y)dy — e(x)v(x,t) (2.5.12)

We want to study the eigenvalue problem:

po(x) = [K(x) — v*(z)] / d(z, y)r(y)o(y)dy — e(x)(x) (2.5.13)

Q

For Q C R¥, this eigenvalue problem is guaranteed to have a principal eigenvalue
with a positive eigenfunction only if e(z) achieve a global maximum at some point
zo € Q, and satisfy m ¢ L*(Q). That will be true if e(z) € CN(Q) when
N =1,2, and for N > 3 we require additional condition that all derivatives of e(z)
of order N — 1 or less vanish at xy. See Coville [22] Theorem 1.1, 1.2 and Hetzer
et al. [36] Theorem 2.6. The eigenvalue problem (2.5.13) may not have a principal
eigenvalue. However, we can always construct an sub-solution arbitrarily close to the
equilibrium. By Theorem 2.6 in Hetzer et al., for any ¢ > 0, we can find an e.(x)

such that for any € > 0, |e(x) — e ()| < € for all x since e, € C*(€2). Then eigenvalue
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problem:

—w@@%—W@ﬁ—f@Héd@wV@M@My—&@M@) (2.5.14)

has a principal eigenvalue p.. It is equivalent to

—ped(r) = [K(z) — v"(z)] / d(z, y)r(y)o(y)dy — e(x)p(z) + e(z)p(x) (2.5.15)

Q

Multiply (2.5.15) by WM, then integrate both part over ). By line sum

symmetry property of d(z,y)r(y)u*(y), we have

u*(x)
0 [ T
= [ it S e - [ s [
) e(z)u”(x) e(z)u(z)
Z/QT(:(:)U (x)dx —/Q—<x) — v*(m)dx—i_/Q—K(x — v*(:c)dx

And since e(z) = [K(z) — u*(z)|r(x),

. o K(2) — v*(2) K(r) — v (@)
@) @), | [ @)
‘L Ko —v(@) O R - v@)"
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Also we have

/D 2, 9)r(y)o* (9)dy — (@) (z) = 0 (2.5.16)

Divide (2.5.16) by K(z) — v*(x), then integrate over 2.

/ z)v (m dx— / / D(x,y)r dydx—/r(x)v*(x)dx (2.5.17)
K — ¥ Q
[T

u*(z)
K(=z ) *(x)

—pe Jq K—(x e 2 o %dw > 0. —pe > po > 0, is independent

of the choice of €. The ”=" holds if and only if u*(x) = v*(z), which contradicts the

Since supg|e(x)| > 0 on Q can be arbitrarily small, and is bounded below,

fact that D(x,y) is not ideal free.
Let u(x) = 0o (z), v(x) = (1 + €)v*(x).

(o) = i) = o)) | dlo. )0ty - e(@)bota)
= SR @) - o' @) [ dg)r)ot)dy - ele)oo) + (elz) - ela))ol)

Q

%ﬂ@éﬂawwwww—a%w/aawww@@J

Q
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for p. > po and €, d small, such as

(K (2) — a(z) — v(z)] / d(x, y)r(y)u(y)dy — e(x)u(r) > 0

and

K(z) - / D(z, y)r(y)o(y)dy — e(z)o(z)
= 1) — v (@) — (6(x) + ev( / D(z, y)r(y)v* (v)dy — e(z)v* (2))
= —(1+€)(0¢(z) + ev’( /D:cy (y)dy < 0

Thus (u,v) gives a sub-solution which is independent of ¢. Then for (u(zx,0),v(x,0))
with u(xz,0) > 0, u(z,0) # 0, v(z,0) = v*(x), we get for {; > 0 small, we will
have u(z,ty) > 0 v(z,t)) < (1 + $)v*(z), so that for €, small, a(z) < u(z,ty),

v(x) > v(z,tp). Then u(x,t) > u for t > tg and u(x,t) goes to u**(x). v(x,t) < v for

t >ty and v(z,t) goes to v**(x) where (u™*(x),v**(z)) is some equilibrium.

2.5.6 Nonexistence of Coexistence equilibrium

Lemma 2.15. Suppose d(z,y) is an ideal free distribution. [, D(x,y)m(y)dy # m(x)

for some x € Q. Then the model has no coexistence equilibrium.

Proof. Divide the first equation of the two species by [K(z) — u(z,t) — v(x,t)] and



integrate, we have

Ja K(x)fu(’;ft)fv(x,t) dx
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= Jo Jod(z y)r(y)uly, t)dydz — |, K(x)e_(quzgf)m,t) dx (2.5.19)
e(z)u(z,t
Similarly,
vy e(x)v(x,t)
d t)dx — d
Zﬁa@—u@w—wm¢>x /‘( (. £)dx /z( o0 —v(@,b)
(2.5.20)
Adding these (2.5.19) and (2.5.20), we obtain:
fQ K(z) —uzz_:ﬁ))t—v(x t) dx
(z)(u(z,t)+o(z,t))
- fg u(z,t) +v(x,t))de fQ O E TN dz (2.5.21)

_ @t o)t @)~ (u@t) o)
= Jo K (2)—u(at)—o(z,) dx

Multiply the first equation in the model by [K(x)_u(x%(_xg(x DD

then integrate over

Q2. By the line sum symmetry of d(z,y)r(y)u*(y) and Theorem 2.13, we have

s y’kﬁﬁﬁgd@
// (z,y)r (y)dxdy

- !Amww@Myzzy@m%@w

Since [, d(z,y)dx =1, we have

Vv
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)(Inu),
d
/K ) — u(x —vxt)l‘

y, /u y)
// (z,y)r xdxdy /K Tl )da:

By line sum symmetry of d(x,y)r(y)u*(y) and the theorem, we get

lnu
/ K(z) —u(x,t) —v(z,1) d
e(x)u”(x)
[t > dw—/ ) e
_ / r(z)u*(z)[K(z) — u(m t) —v(z, )] — e(z)u*(z)
Q K(z) —u(z,t) — v(z,t)

v

dx

Since [K(x) — u*(z)|r(z) = e(z), we have

dx

lnu r(z)u*(z)[K(x) — u(z,t) — v(z,t)] — e(x)u*(x)
s o> |

—v(x,t) K(x) —u(x,t) — v(z,t)
then,

up + vy — u* () (Inu),

o K(2) —u(z,t) — v(z, t)d$

IA
|
S~
=
&
=
*
— &
S~—
|
£
£
=
|
=
=
~
—
(Y]
IA
(@)

If (u,v) is an equilibrium we must have u; = v; = (Inu); = 0. So we have u(x,t) +

v(z,t) = u*(x). In that case we have

K(x) —u(x,t) —v(z,t) = K(z) — u*(x)
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so that

K(z) — u*(x)

e(x) /Q’ﬁ(% y)uly)dy = u(z) (2.5.22)

The operator T'[w] = % Jo k1 (@, y)w(y)dy is strongly positive and compact, so
by Krein-Rutman Theorem it has a unique simple principal eigenvalue. By (2.5.22),
since u(z) > 0. By assumption that (u,v) is a positive equilibrium, u(x) is an
eigenfunction for the principal eigenvalue of T', and the eigenvalue is 1.

However,
K(z) — u*(x)
e(x)

so u*(x) is also an eigenfunction, so u(z) = c;u*(z) for some constant ¢;. Using the

/le(fv, y)u'(y)dy = u*(z) >0

equation for v, if (u,v) is an equilibrium and u + v = u*(z), then v = (1 — ¢1)u*.
(1 =) [K(z) — u'(z)] / D(z,y)r(y)u’(y)dy — e(z)u(2)] =0 (2.5.23)
Q
If ¢; # 1, then we must have
(K(e) = o @) | Dl (dy = (o’ () =0 (2.5.24)

Since [K(z) — u*(z)|r(z) = e(z) and u*(z) = T((::)), (2.5.24) implies

48 [ Dy - %mm 0
Q
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so that

/QD(x, y)m(y)dy = m(z). (2.5.25)

This contradicts the hypothesis

/Q Dz, y)m(y)dy # m(z),

so we obtain a contradiction unless ¢; = 1, but then (u,v) = (u*,0), so we cannot
have a positive equilibrium (u, v).

O

Since (0,v*(x)) is unstable and there is no coexistence equilibrium, then solutions
starting near (0, v*(x)) must increase in v and decrease in v as ¢ increases until they
reach another equilibrium, which must be (u*(x),0). Then we have the following

theorem:

Theorem 2.16. Suppose that d(z,y) is an ideal free dispersal strateqy and D(zx,y)
is not an ideal free dispersal strategy. Then the steady state (u*(x),0) is globally

asymptotically stable.

Remark 2.17. If both d(x,y) and D(x,y) satisfy the ideal free dispersal strategy,
then the system has positive s ready states in the form of the 1-parameter family
{(u,v) = (sm,(1 —s)m) : 0 < s < 1}. When this occurs, the steady states are not

locally asymptotically stable among positive continuous initial data.
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2.6 Conclusions and Examples

In this chapter, we extended the nonlocal metapopulation model to two species com-
petition system. First we proved the global existence and uniqueness of solution by
applying contraction mapping theorem. As in the single species model, this result can
be obtained for either (2 finite or infinite domain, under the condition that ki o(z,y) is
integrable. For the monotonicity of the system, we need 2 to be finite and hypothesis
(H1) and (H2) on kernel. We also studied the stability of two semi-trivial equilibria
and provided a sufficient condition for there is a coexistence states.

Cantrell et al. [10] studied the evolutionarily stable strategy for another nonlocal
model. For our model, we derived the mathematical description for ideal free distri-
bution strategy based on Cantrell et al. [Notes on Ideal Free Distribution| where a
discrete Mouquet-Loreau model was studied. For competition model, the two com-
peting species are assumed to be identical but have different dispersal strategies. We
showed that there is no coexistence equilibrium in this case. Stability analysis of two
semi-trivial equilibria and the monotonicity of the system gives the conclusion that
the species with ideal free dispersal strategy will not only invade by a small initial
population density but also can drive the other species to extinction.

People may wonder that is there real example that organisms are ”intellectual”
enough to evolve the ideal free dispersal strategy. Here is an example about the
how the oysters detect the surrounding environmental conditions. Zimmer-Faust and
Tamburri [65] investigated the chemical identity of planktonic oyster larvae and the
respond to waterborne chemical cues. They provided experimental evidence of larval
settlers identifying substances and oyster settlement induced by water-soluble cues.

Lillis et al. [47] studied the oyster larvae settle in response to habitat-associated
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underwater sounds. They showed that ”oyster larvae have the ability to respond to
sounds indicative of optimal settlement sites”, which make it possible to result in

equal fitness for each site in marine communities, i.e. the idea free distribution.



Chapter 3

Spreading Speed and Traveling
Wave Solution for Infinite Domain

3.1 Background

In the previous two chapters we studied the single species and two species competition
models on finite domain. In Chapter 3 we are interested in the model on infinite
domain how the species spread and the traveling wave solutions. In this case, we
need to assume the potential suitable sites and extinction rate are constants for all
area. There will be further assumptions on dispersal kernel for the convenience of
analysis.

Traveling wave solutions of partial differential equations in areas such as ecology,
and epidemiology are getting more attention. Existence and stability as well as what
initial conditions evolve to a traveling front solution, and the propagation speed of
a traveling front, are questions of interest and these have been applied to studies of
colonization, and spatial spread of epidemics. Our model, based on metapopulation

framework with non local dispersal, becomes:

ur = [ — u(z, 1) / ki (z — y)uly, t)dy — eu(z, 1)

84
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where the domain is infinite domain and the functions K and death rate e are con-
stants. The dispersal kernel k(x,y) depends only on |z —y| and satisfies for all m > 0,
S €™E(y)dy < oo.

We are interested in the two species competition model:

w = [K —u(z,t) — av(z,t)] / ki(z — y)u(y, t)dy — equ(x, t)

R

v = [K —u(z,t) — av(z,t)] /ng(x —y)u(y, t)dy — eqv(zx, t)

There are three equilibria, one trivial and two semi-trivial, and we want to study if one
species could drive the other species extinction. Suppose one semi-trivial equilibrium
is stable and the other is unstable (say species u is the winner). Under certain
conditions, if we can find a traveling wave solution connecting the two semi-trivial
equilibria then we can say that v can be invaded by a small population of u and then
go to extinction.

Reaction-diffusion equations can sometimes support solutions that are traveling
wavefronts connecting 0 and 1. This phenomenon was studied by Fisher in [27] in

models for the spatial spread of an advantageous genes.
u = Au~+u(l —u).

Fisher found traveling wave solutions for all speeds ¢ > ¢* where ¢* is the minimal
wave speed and there are no such waves of slower speed. A traveling wave solution
connecting 0 and 1 is u(z —ct) satisfies lim;—, o u(x—ct) = 0 and lim;_, o u(x —ct) =
1. We call such a result a spreading result. Kolmogorov, Petrovsky and Piscounoff [41]

proved it for models of the form w; = u,, + f(u). Aronson and Weinberger [3], [4]
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extended the results to more general equations u; = DV?u + f(u). The concept of
traveling wave has been studied in the context of combustion, the spatial spread of
population genetics, population biology and diseases, as well as phenomenon in other

fields.

Weinberger [62] studied the discrete-time recursion system

Upt1 = Q [un]

where () is a translation invariant time 7 map. He showed the existence of traveling
wave for speeds greater than or equal to the asymptotic speed of propagation, wu,.
Lui [52], [53] developed the mathematical theory and extended the methods to multi
species cooperative system. Lui’s work can be applied to partial differential, integro-
differential, or finite difference equations.

Neubert and Caswell [58] applied the results to interaction of stages of a sin-
gle species. They modeled biological invasions with integro-difference equations for
dispersal and demonstrated how to calculate the population’s asymptotic invasion
speed. Lewis et al [63] analyzed the linear determinacy for two cooperative models.
In ecology, cooperative systems can obtained by changing variables of the competition
models. Lewis, Li and Weinberger [63] and [45] extended Lui’s results and applied
them to invasion processes of models for cooperation or competition. They gave the
conditions that lead to the propagation speed of the invader agreeing with the lin-
earized problem. They studied the case that when there are only two equilibria: 0
and B > 0, the system admits a single spreading speed ¢* with hair-trigger property

in the following sense: For every positive €,
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(i) if ug vanishes outside a bounded interval and 0 < ug < 3, then

n—00 \x|2n[c*+e}

lim[ sup |un(x)|] =0;

(ii) for any constant vector w > 0, there is a positive number R, such that if

up > w on an interval of length 2R, then

lim sup |5 — un(x)|] = 0.

n—0o0 [|x>n[c*—e]

Liang and Zhao [46] developed this theory for monotone discrete and continuous-time
semi-flows with weaker compactness assumptions. In the case () is sub-homogeneous
they proved that the choice of R, can be independent of the number w. They also
established the existence of minimal wave speeds under a weaker compactness as-
sumption. Weng and Zhao [64] studied a multi-type SIS epidemic model which has
a similar form as our model. The multi-type SIS model was presented by Rass and
Radcliffe [60]. The single species case of our model is a special case of Weng and
Zhao’s model for n = 1 after changing variables. However, for two species competi-
tion, we cannot use their result because we have three equilibria in the system. Fang
and Zhao [26] studied the traveling waves for three prototypical non-compact systems
including a nonlocal dispersal competition model which allowed there is an intermedi-
ate equilibrium when there are additional equilibria between 0 and 3. For two species
competition in our model, we mainly used the theory in Fang and Zhao [26] to show

the existence of spreading speed and traveling wave solutions.
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3.2 Single Species Model

Let u(z,t) be the population density at z. The model for single species is:

w = [K —u(z,t)] /Rk;(x —y)u(y, t)dy — epu(z,t) (3.2.1)

Change variables, we obtain

u = [K —u(z,t)] /Rk(y)u(x —y,t)dy — eou(z,t) (3.2.2)

This case has been treated by Weng and Zhao [64]. This is a special case of their
model with n = 1. We have the following hypothesis on the kernel:

(H1) k(z) = kod(x,y) > 0, k(z) = k(—z), for all u € R, [, k(z)dr = ko,
Jg d(z)dz =1 and for any o > 0, [, e** f(z)dx < co.

The case with no dispersal is:
ur = [K — u(t)|kou(t) — equ(t) (3.2.3)

Lemma 3.1. If Kky < eq, then the zero equilibrium is globally asymptotically stable.

If Kky > eq, then positive equilibrium u* = K—Z—g 15 globally asymptotically stable.

Let W = [0, K]. u(x,t) € C(R xR, W). This is a special case of [64] with n = 1.

Then we have the following conclusions.
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3.2.1 Existence and Uniqueness

The following theorem is Theorem 2.1 in [64].

Theorem 3.2. For any ¢ € C(R, W), system (3.2.2) has a unique solution u(x,t; )
satisfying u(x,0;¢) = ¢ and u(-;¢) € C(R x Ry, W).

3.2.2 Comparison Principle and Super-(Sub-) solutions

Definition 3.3. A functionu € CY(RxR,, W) is called a super-solution if it satisfies

@ > [K — a(z,1) / k(e — y)aly, O)dy — cot(s, ).

A function u € C*(R x Ry, W) is called a sub-solution if it satisfies

w > [K - ulz,)] / k(e — y)uly, O)dy — cou(s, 1).

The following theorem is Theorem 2.2 in Weng and Zhao [2006].

Theorem 3.4. Let u and u be super and sub solutions respectively. If u(-,0) > u(-,0),
then a(-,t) > u(-,t) for all t > 0. Furthermore, for any ¢ € C(R, W) with ¢ Z 0, we

have u(z,t; ¢) > 0 for all (z,t) € R x (0,400).

Theorem 3.4 implies that the model (3.2.2) generates a strongly monotone semi
flow, so that the results of Liang and Zhao [46] can be used.

Weng and Zhao [64] showed in their Lemma 3.2 that if e > 0 and Kky —eg > 0
the solution map @, for (3.2.2) has only the fixed points 0 and «* in the interval
0, u*].

We have the following hypothesis
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(H2) Either eg = 0 or g > 0 and Kk — eg > 0.

3.2.3 Asymptotic Spreading Speed

Let Q:[¢](z) be the solution u(x,t) of system (3.2.2). When 7 = 1 we have time one

map (1.
Then from Theorem 2.17 in Liang and Zhao [46] and Theorem 3.1 and 3.2 in Weng
and Zhao [64], we have

Theorem 3.5. Assume (H1)-(H2). Let ¢* be the spreading speed of time one map
Q1. Then we have the following:

(1) For any ¢ > ¢, if ¢ € Cp with 0 € ¢ € u* and ¢(x) = 0 for x outside a
bounded interval, then limy o |z)>¢c u(z, t; ®) = 0.

(2) For any ¢ < c*, if ¢ € Cy» with ¢ Z 0, then limy_,o0 |zj<tc u(z, t; @) = u*.
c* is the asymptotic speed of spread of ();.

Theorem 3.6. Assume (H1)-(H2). Let ¢* be the asymptotic speed of spread of Q.

Then ¢* = infasox ([ ek(y)dy — eo).

3.2.4 Traveling Waves

The following theorem comes from Theorem 4.1 and 4.2 in [64].

Definition 3.7. A traveling wave solution of system (3.2.2) is a solution with the

form

o(s) == ¢z + ct) = u(x,t)

where ¢ > 0 is the wave speed, s = x + ct. ¢ is called the wave profile.
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The next theorem comes from Theorem 3.3 in [64].

Theorem 3.8. Assume (H1)-(H2) and let ¢* be the asymptotic speed of spread of Q1.
Then

(1) For any ¢ > c*, the system has a traveling wave ¢(x + ct) connecting 0 to u*
such that ¢(s) is continuous and nondecreasing in s € R.

(2) For any c € (0,c*), system has no traveling wave ¢(x + ct) connecting 0 to u*.

Remark 3.9. This is equivalent that
(1) For any ¢ > c*, the system has a traveling wave ¢(x — ct) connecting u* to 0.

(2) For any c € (0,c*), system has no traveling wave ¢(x — ct) connecting u* to 0.

3.3 Two Species Competition

Then we consider the two species competition model:

w = [K —u(z,t) — av(z,t)] / ki(z —y)u(y, t)dy — equ(x,t)
R (3.3.1)
vy = [K —u(z,t) — av(z, t)] / ko(z — y)v(y, t)dy — eqv(x,t)

R

Change variables, the system becomes:

up = [K — u(z, ) — av(a, 1) / k() — y, O)dy — ez, 1)
R (3.3.2)

vy = [K —u(z,t) — av(z, t)] /erg(y)v(x —y,t)dy — esv(x,t)

Let C be the set of all bounded and continuous functions from R to R2. We use
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> (>>,>) and < (<, <) as the standard ordering in space C. Define C, := {u € C :
r>u>0} k= [pki(s)ds = [pkidi(s) =k - 1=k, i=1,2.

Similar as the single species model, we have the following hypotheses:

Hypothesis 3.10. (1) k;(x) > 0, k;j(x) = ki(—x), Vo € R, i = 1,2 and there exists
some constant ¢ > 0 such that for any p > ¢, [, e k;(x)dz < co.

(2) There ezists ko,0 > 0 such that k;(y) > ko > 0 for |y| < 6.

3.3.1 Existence, Uniqueness and Comparison Principle

The existence and uniqueness of solution can be obtained from the proof of two species

competition (See Remark 2.2). Thus we have
Theorem 3.11. There exists a unique solution for system (3.3.2)

Proof. By Banach fixed point theorem, there exists a unique w* such that F(u*) =

Ik

w*. So

u* = u(x,0) + f(f ([K —u(z,s) — av(z,t)] - [o ki(y)u(z — y,t)dy — equ(z, s)) d(%.&?))
v* =wv(z,0) + fot ([K — u(z,s) — av(z,t)] - [ ko (y)v(z — y,t)dy — exv(z, 5)) ds
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3.3.2 Comparison Principal

Definition 3.12. A function U = (u(z,t),v(x,t)) € CY(R x Ry, W) is called an

upper solution if it satisfies

T, > [K —(nt) — av(z, )] / k()i — v, t)dy — exi(z, 1)
/R (3.3.4)

U < [K —u(x,t) — av(z,t)] | ka(y)v(z —y,t)dy — esv(x,t)

A function u € CY(R x Ry, W) is called an lower solution if it satisfies

w, < (K — (e, 1) — av(z, 1) / k(w)ule — . D)dy — eru(z, 1
R (3.3.5)

v > [K - u(e, t) — av(z, 1) / Faly)u(x — . £)dy — esu(x, 1)

3.3.3 Monotonicity

Definition 3.13. A function u = (u(z,t),v(x,t)) € CYR x Ry, W) is called an

upper solution if it satisfies

uy > [K —u(x,t) — av(x,t)) / ki(y)u(x — y,t)dy — eyu(x, t)
R (3.3.6)
U < [K —u(x,t) — av(z,t)] /ng(y)ﬁ(x —y,t)dy — ev(x,t)

A function u € CY(R x R, W) is called an lower solution if it satisfies

u, < [K — u(z,t) — av(z, 1) / b (y)ule — 3, t)dy — erule, ©
B (3.3.7)
v > [K - u(e, t) - av(z, 1) / Fa(y)u(a — . )y — exn(a, )
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Theorem 3.14. (Mazimum Principle)

(i) If (0,0) <y (u(z,0),v(z,0)) and u(z,0) + av(z,0) < K, then (0,0) <;
(u(z,t),v(z,t)) and u(x,t) + av(z,t) < K for all t > 0 where (u,v) ezists.

(i) If further we assume u(z,0) > 0, v(z,0) > 0 on some z, then u(x,t) > 0 and

v(z,t) >0 fort > 0 where (u,v) ezists.

Proof. (i) Let w(z,t) = K —u(z,t) — av(z,t), we have

uy = w(w,t) [ ki(z —y)uly, t)dy — eyu(z,t)
vy = w(x,t) [ ka(x —y)o(y, t)dy — esv(z, t)
wy = —w(z,t) (f k(2 — y)uly. t)dy +a [ ka(x — y)o(y, t)dy)

+eju(x, t) + aeqv(z, t)

(3.3.8)

Then w; = —(u; + avy).

We know the original competition system has a unique solutions on some [0, 7).
If we can show that solution to (3.3.8) with initial data (ug,vo,wp) are uniquely
determined and nonnegative, then we will have u(z,t) > 0, v(z,t) > 0 and u(x,t) +
av(z,t) < K for t € [0,T] where solutions exist.

Rewrite (3.3.8) with initial data wug, vy, wo as:

ur + equ(z, t) = w(x,t) /R ki(y)u(x —y,t)dy

vy + equ(x, t) = w(z,t) /R ks (y)v(x —y,t)dy
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So we have

u(z,t) = ug(x)e " + f(f e IK —u(z,s) — av(z, s)] [, ki(y)u(z — y, s)dyds

(3.3.9)
v(z,t) = vo(z)e 2 + fot e~ 2K —u(z,s) — av(z, s)] [, ka(y)v(z — y, s)dyds
w(z,t) = wo(x)e MW 4 fg e =) (e u(z, s) + aeyv(x, 5))ds.

where I[(u,v)|(t) = [y [i[k1(y)u(z —y,s) + aks(y)v(z — y, s)]dyds, then

(eI[(“’”)](t))t = e [(u,v)](t)(eru(z, t) + aeqv(z, t))

Let
Filu,v,w](x, t) = ug(z)e™ 2 + fot e 1)K —u(z,s) — av(z, s)]
e Br(y)u(x —y, s)dyds
Folu, v, w](x, t) = vo(x)e 2" + fg e 2K —u(z,s) — av(x, s)] (3.3.10)
fR ks (y)v(z —y, s)dyds
Fslu, v, w](z,t) = wo(x)e 12O 4 f[f e~ Hw)t=9) (e u(z, 5) + aeqv(x, 5))ds.

Clearly, we have u,v,w are nonnegative and continuous, and so are JFp, Fs, F3 for
ug, Vo, Wy nonnegative. Start with space X = C(R x [0,T])* and wug, vo, wp. Let
F = (F(u,v,w), Fo(u,v,w), F3(u,v,w)). Let Z be a subspace of X, and Z =
{(w,v,w) € X | supgy oz lu— e + [Jv — e vg| + [Jw — e~ o0l || < M}
where M, T > 0 are constant to be determined later. Let k; = [, ki(y)dy, i = 1,2.

Sou>0,v>0and K —u—av > 0 for [0,¢] where solution exists. |jul| + ||v] +
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|lw|| < M + ||uol| + ||vol| + ||wo| is bounded. ||ul|, ||v], ||w]| are bounded.

() — e=“1tug]| = u/'—ﬂtﬁ(:r@/%m><x—%g@0dﬂ

[l [|ul[t

IN

| Fa(v) —voe™ | = | / et (w(l’,S) /R m(y)v(w—w)dy) ds|

< lwllkelloflt

By selecting 77 < min{3l|w|1|\l;[1||ull H}’ we can get |u(x,t) — e Mug(x)| < M/3,

M
7 3||wllkz[lv

|v(z,t) — e~ 'vg(x)| < M/3. Then for t € [0,T;], we have

Hf3<w) - 671[(“0»”0)](t)w0’|

t
= wo(e—f[(u,v)](t) _ 6—1[(uo,vo)](t)) + / e—I[(u,v)](t—s)(elu(% s) + aeqv(z, 5))
0

I(u,0))(t) = [y Jolkr()ulz —y,s) + aks(y)u(z — y, s)]dyds. The terms inside the

integral is bounded by constant depend on M and e* is Lipschitz, so we have

0 — =) < M) (1, )] () — (o, 00)) (1)

= C(M) /0 [Fa () (u(x =y, 5) — uo(y)) + aka(y)(v(z =y, 5) = vo(y))]dyds

M
< C(M)tlkillu = woll + aksllv — woll) - = C(M)Ct
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and
(| Fa(w) — e (oo)l®y0
< wol|C(M)Ct + tex||ull + aeal|v]])
By selecting T' < min{73, 3(||w0HC(M)che1||u||+ae2‘|v“)}, we have |w(z,t) — e~ lwow0)l®)] <

M/3. Then F: Z — Z.

Next we need to show F is a contraction.

IN

IN

||.F1(U1,’U1,w1) - -FI(U/Q?UQ?UJQ)H

|| / &9 (w2, 8) — wi(z, 5)) / By (y) (z — v, )dy
wy(z, 3) / B2 (4) (ua(z — 1, 8) — ua( — y, 5))dylds]

(wr = wall[Jur [} + lwa[[lur = wall) - thy

HF2 ulavlawl) f?(u27v27w2)u

H / [(wi(z, ) — wa(z, 8)) / Fay)on(x — v, 5)dy
wn(z, 3) / Ea(y) (0a(z — 4. 8) — va( — v, 5))dy]ds|

(||w1 - w2||||U1|| + ||w2||||U1 - U2||) -tk



]ﬁ(ul,vlaﬂh) —']%(U27U2;ﬂ&)

t
— (e eael) _ ol m)®) 4 / e~ T0aw))6=) (¢ (2, 5) + aeqvr (z, 5))
0

t
_ / efl[(u27v2)](t*3)(elu2($, S) + aeQUQ(xa S))
0
Here,

~Il(wre)l(t) _ o~ l(uze))()
e e |

< o) / b () [ua (& — 9, 5) — sl — v, 8))dyds
+a/0 ko (y)[vi(z =y, 8) — va(x — y, )|dyds|
< CM)[EL(|ur — ugl| + akel|vr — val|)]t
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and

| /t e HwwDlt=s) (¢ (2, 5) + aeqvy (2, 5))dyds
0
— /t e~ Hw2w2)l=9) (0 o (2, 5) + aeqvy(, 5))dyds|
0
= | /t e HwwDlt=3) (o1 (2, 5) + aeqvy (z, 5))dyds
0
— /t e Hw2w)l=5) (¢ 4y (2, 5) + aeqvy (z, ))dyds]
0
" /t e~ M202)=9) (¢ (2. 5) + acqvr (2, ) )dyds
0
— /t e Hw2v2)l0=5) (0 0 (2, 5) + aeqva(z, 5))dyds|
0
= | /t [e~ Tl oltt=s) _ o=Il(uz02)[t=9)] (g1 4y (1, 5) + aeqvy (, 5))dyds|
0
+| /t e~ Hu2wl=9)10) (4 (2, 5) — ug(x, 5)) + aea(vy(z, 8) — va(z, 5))]dyds|
0 p

< |(exllur]] 4 aealfvr ) [Fr(flur — ua|| + aks|lvr — 02||)]C(M)§|

+tler(Jur — uz) + aes(fjvr — val|)|

IN

(CLM)E + ert)||ur — s + (Do (M) + est)||vy — s

Denote

“F3<u17 U1>wl) - ]:3(U2>Uz,w2)H

< [Cr(M)t + Co(M)]t][ur — ual| + [Di(M)t + Da(M)]t|lor — val
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So

|f(ulvvl7w1) —.F<U2,U2,w2)|
< (flwr = wa|[[lua || + flwellllur = u2l]) - thy + (lwr — well[lor]| + [[wall[[vr = v2]) - the

+[CL (M)t + Co(M)]t]|ur — us|| + [D1(M)t 4+ Dao(M)]t]|vr — va|

By selecting ¢ > 0 small enough, we have [|F(ui,v1,wi) — F(ug,ve, ws)| <
| (w1, v1,wy) — (uz,ve,wy)||. Thus we have F is a contraction map.

By Contraction Mapping Theorem, F has a unique fixed point, i.e. (u*,v* w*),
satisfying F(u*, v*,w*) = (u*,v*,w*) is uniquely determined. And (u*,v*,w*) is
nonnegative. This implies (i) of the Maximum Principle.

(i)

Once we have K — u(x,0) — av(x,0) > 0 for some z, then by continuity, for some
to(x), K —u(x,t) —av(z,t) > 0 for 0 <t < to(x).

If K —u(z,0) —av(z,0) = 0, then

u(z,0) = —equ(z, 0)

ve(z,0) = —eqv(z, 0)

with either u; < 0 or v, < 0 since u(z,0) > 0, v(z,0) > 0 and K —u(z,0) —av(z,0) =
K. Thus (K — u(z,0) — av(z,0)); < 0 so again K — u(x,t) — av(z,t) < 0 for
0 <t <ty(x) for some ty(z).

Given any fixed z, suppose that

t(z) = sup{t : K —u(z,s) —av(z,s) >0 for 0<s <t} <oo.
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Then K —u(z,t) —av(x,t) > 0 on (0,t1(x)), so K —u(x,t;(z)) —av(z,t1(z)) = 0, so
(K —u(z,t) —av(z,t)), <0 at (z,t1()).

Also, (K —u(z,t) —av(z,t)); = —uy — avy, uy = —equ and v, = —eqv at (z,t1(z))
with v,v > 0 and u +av = K > 0, so u; < 0, vy < 0 and either u; < 0 or
vy < 0. So (K —u— av)i(x,t1(z)) > 0, contradiction. Thus ¢;(x) = oco. Hence,
K —u(z,t) —av(z,t) > 0 for t > 0.

Now we use the condition on kernel that there exists 0, kg > 0 such that k;(y) >

ko > 0 for |y| < 6.

u(r,t) = u(x,0)e " —i—/o e IK — u(z,s) — av(z, s)] /Rkl(y)u(x — v, s)dyds

Suppose u(x,0) > 0, v(z,0) > 0 for € B,(x¢), then by continuity there is a
to > 0 such that u(z,t) > 0, v(x,t) > 0 for t € (0,ty]. By the hypothesis on kernel

ki(y) we have for all x € B, s(x0),

t —6
u(z,t) = u(z, O)G_elt—l—/ e~ I K —u(z, s)—av(z, s)]/ ki(y)u(z—y, s)dyds > 0
0 5

for (z,t) € B,is(xo) X (0,t9]. For x € B.,ia5(x0), we also have u(z,t) > 0 for
(x,t) € Byyas(wo) x (0,%0]. Repeat this argument on B.4ys for N — oco. Then we
have u(z,t) > 0 for (z,t) € R x (0, .

We also have

2to
u(w,2ty) = u(x,tg)e " +/ e UK —u(z,s) —av(z, s)] / ki(y)u(z —y, s)dyds

to R

We can repeat this argument on ¢ € [ntg, (n + 1)to] as long as (u(z,t),v(z,t)) exists.



102

Thus we have u(z,t) > 0, v(z,t) > 0 for ¢t > 0 where (u,v) exists.

]

Theorem 3.15. (i)Let (ui(x,t),v1(z,t)) be sub-solution and (us(x,t),vo(x,t)) be
super-solution of the system. If (ua(z,0),v2(x,0)) >2 (ui(x,0),v1(z,0)), then
(ug(z,t), va(x,t)) >2 (ur(z,t),v1(x,t)) fort > 0 where the solution exists.

(i) If (ui(x,t),vi(x,t)) and (
(ur(z,0),v1(2,0)) and (uz(z,0),v2(x,0)) respectively, and (uz(x,0),va(x,0)) >3

ug(,t),v2(x,t)) are solutions starting from

(ur(z,0),v1(2,0)), then (ua(x,t),ve(z,t)) >2 (ur(x,t),vi(z,t)) for t > 0 where the
solution exists.
(i1 )Moreover, if us(x,0) > ui(x,0) and vi(x,0) > vao(x,0) on some open subset

of R, then (ua(x,t),ve(x,t)) >q (ui(x,t),v1(x,t)).

Proof. Define:

u(w,t) = ug(w,t) — uy(z,t) + e, a(w,t) = u(z,t)e’.

v(z,t) = vy (x,t) — va(x, t) + e, 0(z,t) = v(x, t)e’.

By previous theorem, all solutions are nonnegative with au +bv < K(x). So they
are uniformly bounded.

Claim: 4 > 0, © > 0 for all £ € (0,7") where solution exists.

By selecting 8 > 0 sufficiently large, we have
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th . G_B.t

> [K —ug(x,t) — aU2($at)]/

s ka(y)u(z — y, t)dy + av(z, t) / ka(y)ur(z —y, t)dy

e (F - = [ b - )

T e (o — (K - us — avp)ky — (1— a) /R ki(y)ur(e — g, )dy + 1)

> K — ug(a, 1) — avy(a, 1) /R k(y)u(e — 9, )dy + av(z, /R ka(y)us (e — y, £)dy
(g =er= [ Rt =y 0dy)ula

> 0

by e P

> [ = wa(e.t) = aun(a, )] [ Fa(w)ole = 0dy+ ) [ Faw)eate =300
@ t)(8—er=a [ ke - )d)

+ee®(a— (K —u1 — avn)ks — (1 — a) /R ko (y) s (z — y,t)dy + e2)

> [K —uy(x,t) — avy(z, t)] /ng(y)v(a: — 1y, t)dy + u(z,t) /ng(y)vg(x —y,t)dy
+ (3 —e2=a [ e =y dn)o(e. )

> 0

So we must have o > 0.

" € can be arbitrarily small
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coug(x,t) > (uq(z,t)) for ¢ > 0 where solution exists.

Similarly we get vi(x,t) > vo(z,t).

(ii) It is a special case of (i).

(iii) Let p(z,t) = e’ (ug(x,t) — ui(x, 1)), q(z,t) = (vi(z,t) — vo(x,t))e’t. Suppose

u1(z,0) < uz(x,0) on some B, (xq) at some B, (z1). Then at t =0

e Plp, = [K — ug(z,t) — avy(x,t)] /Rkl(y)(uQ(x —y,t) —u(z —y,t))dy

- / ki (y)ur(z — g, 6)dy — ex)(ua(e, €) — w (@, 1))

Ta(vy — v) / a (y)ual — v, £)dy

let 3> [; k1(y)ui(x —y,t)dy + e1 be sufficiently large, we have p, > 0 for ¢ = 0. But
this implies that p(x,t) > 0 on [0, o] for some t.

Then for x € B,,5(x1), we also have p, > 0. Repeat this process on B, 25, By13s
and so on until we have for z € R, we have p, > 0 on [0,%]. Then p(z,t) > 0 for
where p(z,t) exists, i.e. wug(z,t) > uy(z,t) for t € [0,y where ¢y only depends on
the coefficients of system. Repeat this argument on [to, 2to], [2to, 3to], etc. Then we
obtain uy(x,t) > uy(z,t), vi(x,t) > ve(z,t) for where the solution exists.

Similar argument applies for vy (z,t) > vo(z,t) for where solution exists.

]

Corollary 3.16. (Global Existence) For ¢ = (ug,vo) € S, then (u(-,t;¢),v(-, t; ¢))

exists for all t > 0.

Proof. We have the global existence for single species and thus
(u(+, t; (uo, 0)),v(-, t; (uo,0))) and (u(-,t;(0,v0)),v(-,t; (0,v9))) exists for all ¢ > 0.

Also we have (u(-,t; (ug,0)),v(-,t; (uo,0))) <o (u(-,t; (ug,v0)),v(, t; (ug,v0))) <o
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(u(-,t;(0,v0)),v(+,¢;(0,v9))). Then we obtain the global existence for the two
competitive species model.

]

Theorem 3.17. Let kj(x) = k; - d;(x), where k; is the birth rate and [, d;(x)dz =1,

fori=1,2. Ifkl;é k

without loss of generality, assume o> ’;—5 then there exists

€2 )

no coexistent equilibrium if %dl (x) > S—de(x) for all x € R.
Proof. 1f there is a positive equilibrium (u*(x),v*(z)), then it must satisfy

equ*(x)

Ja (e = y)u(y)dy’
eqv* ()

Jo ko =)o (y)dy”

K —u*(z) —av*(z) =

K —u*(x) —av*(z) =

Then, —u () [ do(z, y)v* (y)dy = kl v*(z) [ di(x, y)u*(y)dy. Integrate on R, then

since d;(y) is symmetric,

]Z—z/R/RdZ(x—y) . dydx——//dl 2 — ) ()0 () dyda

If %dl(x) > ’Z—;dg(l‘) for all x € R, this cannot be true.

Thus there exists no coexistent equilibrium. O]

Theorem 3.18. If 1 < 2, then the semi-trivial equilibrium (K — %,O) is asymp-

totically stable and (0, ;(K — 2)) is unstable.

Proof. Let u* = K — ¢, v* = %(K—Z—z) We have [, ki(x—y)dy = k; [ di(z—y)dy =
ki-1=k;, forallz e Randi=1,2.
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Let (u(z,t),v(x,t)) start from (u* — €, €).

v = [K—u*]/ng(J:—y)edy—ege—i—62[1—a]/Rk2(x—y)dy

= 2k, / dala = y)dy — s + @1~ ] [ kale = )y

1 R

Since % < Z—i, we can select € small enough such that

Vy < 6[%/{52 — 62] =0.
2

Then (u* — €, €) goes to (u*,0) as t increase. Thus (u*,0) is asymptotically stable.

If (u(z,t),v(x,t)) start from (e, v* — €),

4 = [K — av”] / (e — y)edy — ere — @1 — / (1 — 9)n (y)dy

ze[g/ﬁ/Rdl(x—y)dy—el]—62[1—a]/k1(a:—y)dy

2 R

Since Z—i < Z—z, we can select € small enough such that

Up > 6[%]€1 — 61] =0.
1

Then u(x,t) increases near ¢ = 0 as ¢ increases. So (€,v* — €) is asymptotically

unstable.
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3.4 Spreading Speed and Traveling Waves

In the following text, we assume £ < 72, thus the semi trivial equilibrium (0, %(K —
2)) is asymptotically unstable and (K — ££,0) is stable. Also assume %dl(w) >
lz—;dQ(x) for all z € R then there is no coexistence equilibrium. (0, 0) is the equilibrium

between them (0, £ (K — 2)) <2 (0,0) <z (K — 7£,0) under competing ordering.

3.4.1 Preliminary

The following statements and theorems are from Fang and Zhao [26].

Let (X, X™) be a Banach Lattice with the norm | - | and the positive cone X .
For any u and v in a Banach lattice, max{u, v} is defined to be the least upper bound
of u and v and min{u, v} to be the greatest lower bound of v and v.

Let M be all non increasing and bounded functions from R to X. We equip M
with the compact open topology. We say a subset S of M is bounded if {|¢(z)| : ¢ €
S,z € R} is bounded. For any u,v € X, u > (>,>)vifu—v € X (XT\{0}, IntX™).
For any u,v € M, u > v if u(x) > v(z) for all z € R. For any given subset
A C M and number s € R, define A(s) := {u(s) : u € A}. For two subsets
By, By of X, we define max{By, Bo} := {max{uj,us} : uy € By,us € By}. We use
the Kuratowski measure of non compactness in X. For any bounded set B, define:
a(B) = inf{r : B has a finite cover of diameter < r}. It is easy to see that B is
pre compact if and only if a(B) = 0. We also have a(max{ By, Bo}) < a(B1) +a(By).

For any y € R, we introduce translation operator ¢, on M by T, [u](z) = u(z —y)
for all x € R. Let the map @) : Mg — Mg where Mg :={u e M :0 <u <} and

B € IntX*. We have the following assumptions:
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(A1) (Translation invariance) T, 0 Q = Q o T}, for all y € R.

(A2) (Continuity) If uy — w in M, then Q[ux](z) — Q[u](x) in X almost every-
where.

(A3) (Point-a-contraction) There exists & € [0,1) such that for any U C Mg,
a(Q[U](0)) < ka(U(0)).

(A4) (Monotonicity) @ : Mg — Mg is monotone (order-preserving) in the sense
that Q[u] > Q[v] whenever u > v in M.

(A5) (Monostability) @ admits two fixed points 0 and S in X*, and
limy, 0oQ"w] = B for any w € X+ with 0 < w < §.

With (A1), we have (A3) equivalent to

a(QU)(z)) < ka(U(z)) YU C Mg, xeR.

Let w € X with 0 < w < . Choose ¢ to be a continuous function from R to X
with the following properties:

(B1) ¢ is a non increasing function.;

(B2) ¢(z) =0, for all z > 0.

(B3) ¢(—o0) = w.

Let ¢ and k be given real numbers with x € (0, 1]. Following [42], we define an
operator R., by Rcla](s) := max{ko(s), T_.Qa](s)} and a sequence of functions

an(c, k; s) by the recursion:

ao(c, k;s) = RP(s), anti1(c, k;8) = Reglan(c, k;)](s).

Denote R. = R.1, an(c;s) = an(c,1;s). The following lemmas are Lemma 3.2-3.6
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from [26].

Lemma 3.19. The following statements are valid:

(1) R.: Mg — Mg is order-preserving.

(2) a,(c;s) is nondecreasing in n and non increasing in both s and c.

(8) For each n, a,(c; —00) > Q"[w] and a,(c; +o00) = 0.

(4) For each s € R, a,(c; s) converges to a(c; s) in X and a(c; s) is non increasing
in both s and c.

(5) a(c; —o0) = B and a(c;+00) exists in X.

Lemma 3.20. The following statements are valid:
(1) a(c;-) € M and R.la(c;-)](s) = a(c;s) for almost all s € R.
(2) a(c,+00) € X is a fized point of Q.

Lemma 3.21. a(c; +o0) = B if and only if a,(c;0) > w for some n.

Now we define the number

¢ = sup{c: a(c; +00) = B},

then we have
Lemma 3.22. ¢y > —oo.

Now we define

¢ =supqc: a(c¢; +o00) > 0}.

Clearly, ¢! < ¢, because a(c;-) is non increasing in c¢. Since a(c; 00) is a fixed point
of @, we have ¢ = ¢, provided that @) has no fixed point in X3 other than 0 and £.

Moreover, a(c; +00) = 3 if and only if ¢ < ¢} and a(c; +00) > 0 if and only if ¢ < ¢4
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¢t and ¢, are the lower and upper bounds of rightward spreading speeds for the
discrete-time system respectively. In the case where ¢, = ¢, the system admits a
single rightward spreading speed.

The following theorem is Theorem 4.2 from [26].

Theorem 3.23. Let {Q:}i>0 be a continuous-time semi flow on Mg. Assume that
for any t > 0, Q; satisfies (A1), (A3)-(A5) with fixed points replaced by equlibria of
{Qi}i>0 in (A5). Let ¢ and ¢y be defind as before with Q = Q1 and ¢!, < ¢;. Then
the following statements are valid:

(1) For any c > ¢, there is a left-continuous traveling wave W (x — ct) connecting
B to some equilibrium By € Xg\{5}.

(2) If, in addition, 0 is an isolated equilibrium of {Q}>0 in Xp, then for any
c > ¢, either of the following holds true:

(i) There ezists a left-continuous traveling wave W (x — ct) connecting 8 to 0.

(11) {Q+}i>0 has two ordered equilibria oy, ag in Xg\{0, 5} such that there exist
a left-continuous traveling wave Wi (x — ct) connedting ay to 0 and a left continuous
wy(x — ct) connecting B to as.

(3) For any c < c, there is no traveling wave connecting 3 to 0, and for any
¢ < ¢4, there is no traveling wave connecting 3 to 0.

Further, if each @QQ; maps left-continuous functions to left-continuous functions,
then the above obtained traveling waves satisfy Q;[Q](x) = W(x — ct), for all x € R

andt > 0.
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3.4.2 Two species competition model

Recall our model (3.3.2):

u = [K —u(z,t) —av(z,t)] [5 ki(y)u(z —y, t)dy — eyu(z, t)

vy = [K —u(z,t) —av(z,t)] [ ke(y)v(z —y, t)dy — eqv(z,t)

Assume that: = < K < 2. The equilibria:
1 2

1 e
Ey:=(0,0), Ey:=(0,~(K —-2)), Ey:=(K——
a kg

Change the variable: w(z,t) = 2(K — 2) — v(z,t), we obtain the system:

w = [72 —u(z,t) + aw(z,1)] [y ki (y)ulz -y, t)dy — eru(z,t) (3.4.1)

Wy = []c;_z - u(q:, t) + CLUJ(Z’, t)] fR k2(y)'w<.§lf - Y, t)dy - kgK’lU(LU, t) + sziT—ezu(x’ t)

Then the three equilibria become:

_ 1 e _ _ e; 1 e
Eyi= (0,~(K = %)), Ei:=(0,0), Ey:=(K -~ ~(K - )
k?l a ]{32

Let @ be the time-one map of the system:

Qlul(z) = [ — u(z) + aw(2)] [ ki(y)u(z — y)dy — eru(z)
Qw](z) = [Z—z —u(z) + aw(z)] [5 k2 (y)w(x —y)dy — ke Kw(z) + %u(x)

(3.4.2)

The next Lemma is Lemma 3.3 from [64]. It will be used later in proof of Theorem

3.25.
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Lemma 3.24. Let 1(\) = K [, k1(y)eMdy — e, $o(N) = K [ ko(y)edy — koK,
then ®; satisfy the following properties:

(i) ®(N\) — oo as A decreases to 0.

(ii) ®(N) is decreasing near 0.

(iii) ®'(N\) changes sign at most once on (0,00).

(1v) limy o P(N) exists, where the limit may be infinite.

Theorem 3.25. Let ¢, > ¢} be defined as before with QQ be Q1 time-one map of
system (3.3.2). Then the following statements are valid:

(i) ¢4 is the minimal wave speed of (3.3.2) in the sense that for any ¢ > ¢,
there is a traveling wave (U(x —ct),V (x — ct)) connecting Ey to Ey, with wave profile
component U non increasing and V' non decreasing, and for any ¢ < ¢y, there is no
such traveling wave.

(ii) ¢y = ¢, and hence, system (3.3.2) admits a single rightward spreading speed.

Proof. (i) Let X = R?, 8 = E,. U is a subset of My as in (A3). Since system (3.3.2)
has a comparison principle, so does (3.4.2). It then follows that the solution map @
for (3.4.2) maps Mgp into itself. It is easy to check translation invariance property
since T, 0 Q = Qo T, for all z € R. Since all bounded sets in R? are pre compact, we
have a(U(0)) = 0 and «a(Q:[4(0)]) = 0 as in the proof of Theorem 5.1 in Fang, Zhao
[2014]. Therefore the conditions in Theorem 3.23 are satisfied. We obtain ¢, as the
minimal wave speed, in the sense that for any ¢ > ¢, there exists a left-continuous

traveling wave W (x — ct) connecting f to 0 and for any ¢ < ¢4, there is no traveling
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wave connecting 8 to 0. Moreover, since the terms of right hand side of
(3.4.3)

are differentiable with respect to ¢, the obtained traveling waves are also classical
solutions of (3.3.2).

To prove the theorem by using Theorem 3.23, we need to exclude the second
positivity in (2). Assume that (2)(ii) holds true for some ¢ > &,. Then since Ej is
the only equilibrium between 0 and 3, a; = as = FEj. Restrict the system on the

order interval [E}, Ey] and we obtain

we= [~ aw(a, ) /R Fa(y)w(z — v, )dy — ks Kw(x, ). (3.4.4)

1

Then by Theorem 3.8, there is a non increasing traveling wave W (x — ¢t) connecting

(K —£) and 0.

€2
ko

The system restricted on the order interval [E}, Ey) is:

up = [K —u(x,t)] /Rkl(y)u(m —y,t)dy — eju(z,t). (3.4.5)

Also there is a non increasing traveling wave U(xz — ct) connecting % to 0. Let

W(x —ct) = (K- 2) —W(z —ct), it is a non decreasing traveling wave connecting
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0 and (K — ) of the system:

By = [K — ai(,1)] /R k()i — v, )dy — exii(, £). (3.4.6)

(3.4.5) admits a positive spreading speed ¢ > 0, and (3.4.6) admits a positive spread-
ing speed ¢5 > 0. Thus we have ¢ > ¢j > 0. But also —¢ > ¢ > 0. Contradiction.
(i)
Assume ¢y > ¢i. By (1) and (3), 3.4.2 has a non increasing traveling wave
(Uy(x — i t), Wi (x — ¢ t)) connecting Es to Ey. .. Wi = £(K — 2). And Uy (z —cit)

is a traveling wave of (3.4.5) connecting K — = and 0. So we have ¢ > ¢ > 0. Let
Fi(\¢) ==X — K/ ki (y)edy + e;.
R
By Lemma 3.24, we have that c} is the only solution satisfies the following equations:

A >0,
Fi(\c)=0, (3.4.7)
8,\F1(/\, C) =0.

Let A} and ¢ satisfy (3.4.7). Choose a number ¢; € (c%,¢y), then ¢; > ¢& > ¢}. So
there exists Ay > 0 such that Fj(A1,¢;) > 0.
Let
Fy(\c) = Ae — Z—Z/ng(y)ewdy + koK.
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Then ¢ is the only solution of

A >0,
Fy(\,¢) =0, (3.4.8)
(9,\F2()\, C) =0.

Let A5 and ¢} satisfy (3.4.8). Since ¢; > ¢} > 0, there exists Ay such that fo(Ae,c1) > 0.

Define

€2

(1) = min{e M0, K}, (e, ) = minge o0, 2
2Q

}.

Next we show that (u(z,t),w(z,t)) is an upper solution to (3.4.2).

For all x — ¢t > —/\—llan, u(z,t) = e M@=e1) and hence,

e (= 1K = ol 0] [ ()ats = 0y + exnlo))
R
_ ekl(x—clt) ()\lcle—)\l(:ﬁ—clt) . K/ kl(y)eklydye—)\l(x—clt) + 61€_>\1(I_C1t))
R

= A\ — K/ ki (y)e¥dy + e; > 0
R

For all x — ¢t < —/\—llan, u(z,t) = K and hence,

ehi@—et) (at — [K - K] /Rk:l(y)ﬂ(y,t)dy + ela(a:,t))

=  ehlmatle K >0
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For all x — 1t < — lnkza w(x,t) = e 2@ and hence,

e2(z—cit) (U_)t _ [% — au‘;(g;7 t)] / kQ(y)u_j(x —, t)dy + /{ZgKﬁJ(I, t))
2 R

— 6)\2($—C1t) (}\2016—)\2(:1:—6115) o % k2 (y)e)\zydye—)\z(m—61t) + kQKe—XQ(:D—Clt))
2 JR

= )\2C1 —_ — k2<y>€)\2ydy + kgK >0
k2 R

For all  — ¢1t > —+ lnkza w(x,t) = 2 and hence,

Ae(@—cit) (wt — [2_2 —aw(z,t)] | ka(y)w(z —y,t)dy + k2Kw(x,t)>

2 R
— 6>\ z—c1t) (0 O—l-/{? Ke™ A2 (z— clt))

= ko K >0

(@, w) is an upper traveling wave solution of (3.4.2).
Let ¢(x) be defined as in (B1)-(B3). Choose L > 0 sufficiently large such that
(a(z—L,0),w(x— L,0)) > ¢(x). Denote (u(x — L,0),w(x — L,0)) = (x). We have,

Qi[ol(z) < Quly](2) < ((u(z — L, 1), w(x — L 1)), V=0, =R,

where @y is the solution operator of system (3.4.2), the first inequality follows from
comparison principle and the second follows from the fact that (u,w) is an upper
solution.

Let a, be defined as in the recursion and ) = (); be the time-one map. Let

a = lim,_,s a,, ag = ¢. Then,

ay(c1, ) = max{p(x), T, Qlao] (v)} < max{y(z), Q[](x + 1)}



117

Since

Ql(z+c) < ((w(r+c — L, 1), w(x+c; — L, 1))
= (min{e_)‘l(r_L), K}, min{e_’\Q(x_L), e—2})
k’QCL
S (6—)\1(1—[/), 6—>\2(.’17—L))

= (u(x — L,0),w(x — L,0)) = ¢(z).

So then a; (1, x) < ¢¥(x

).
Assume a,(c1,x) < (z), then

a1 (cr, 2) = max{p(x), T e, Qlan] (z)} < max{)(x), Q[](x + c1)} < P(x).
So we have a,(c1,z) < ¢(x) for all n > 0. Then we have

lim lim a,(c,2) < lim  lim 9¥(z) = (0,0).

T—+400 n—-+00 T—r+00 n—+00

However, lim,_, o 1iMy—s 100 (c1, ) = a(c1; +00). By the property of ¢ and ¢y,
we have a(c; +00) # FEj since ¢; > ¢ and a(c;+00) > 0 since ¢; < ;. So we must
have a(cy; +00) = E; # (0,0). Contradiction!

Thus we proved ¢, = ¢}

3.5 Conclusions

The single species model for an infinite domain has already been treated in [64] and

the conclusions of spreading speed and existence of traveling wave profiles can be
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drawn directly from the special case when n = 1.

For two species competition model, the theory of spreading speeds and monotone
traveling waves for cooperative and competitive systems of reaction diffusion equa-
tions in Weinberger et al. [63] and [45] cannot be applied because nonlocal system is
not compact. Liang and Zhao [46] extended the theory to systems with weaker com-
pactness. Their theory can be applied to the multi-type SIS model in [64], in which
the single species model for our nonlocal metapopulation model has been treated as
a special case. However, we cannot apply this theory to the two species competition
system because it can only deal with the case where there are only two equilibria. If
there is a coexistence steady state, the system can be restricted to the region where
there are only zero and the positive equilibria, and the two semi-trivial equilibria will
not be in the region. In our system, under certain conditions there will be three equi-
libria: zero and two semi-trivial equilibria. We have to deal with the case where there
is an intermediate equilibrium (zero) between the two semi-trivial equilibria. Fang
and Zhao [26] developed the theory and similar proof of their Theorem 5.3 can be
applied to our model. We do not have linear determinacy for this model but without
the additional conditions, we can still obtain the spreading speed which is also the
minimal wave speed, as well as existence of traveling wave solutions when the wave

speed is no less than the minimal wave speed.



Chapter 4
Summary and Future Study

In this project we studied a spatial model based on metapopulation framework on
continuous time and space, with nonlocal dispersal. Dispersal, which evolves in re-
sponse to any kind of alternation in the environment, has been recognized to be an
imoportant life-history trait. It plays a prominent role in metapopulation dynamics,
species invasion and hence in population dynamics ( [17]). Movement has conse-
quences for individuals as well as for populations and communities, and its effects on
inclusive fitness are ultimately the selecting forces for dispersal, migration and other
types of movement that affect the distribution of individuals ( [18]). There are a
number of observations, such as "Random dispersal in the theoretical populations”,
that have profoundly affected the study of spatial ecology. [6] provided general study
of ecological spatial modeling discussion of reaction-diffusion models. There are many
challenges in spatial ecology: the impact of space on community structure, incorpo-
rating the scale and structure of landscapes into mathematical models, and developing
the connections between spatial ecology and the three other disciplines of evolution-
ary theory, epidemiology, and economics ( [12]). [12] has provided many sections on
those topics.

In Chapter 1 we established the existence of solution of the single species model

and monotonicity of the system. We also studied an eigenvalue problem for the
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stability analysis and gave the estimation of principal eigenvalue. Then by the mono-
tonicity of system, we concluded that under certain conditions zero equilibrium is
asymptotically stable and under other conditions the unique positive equilibrium is
stable, which results in the extinction of persistence of a species. In Chapter 2 we
considered the two species competition, including competing for space and the evolu-
tion of dispersal strategies. The system is monotone under the compete ordering. In
the analysis of semi-trivial equilibria, we used the eigenvalue problem and conclusions
from Chapter 1 to obtain the stability analysis. A sufficient condition for a coexis-
tence equilibrium was given and we also showed that in the case of two competing
species with different dispersal strategy, there is no coexistence equilibrium and the
ideal free dispersal strategy is evolutionarily stable. In Chapter 3 we are interested
in the spreading speed and traveling waves on infinite domain for both single species
and two species competition model. The study of traveling waves and spreading
speed is based on semi-flows theory of monostable type with weak compactness. In
two species competition, the assumption that they compete for space leads to the
competition-exclusion. This problem needs to be treated by the theory in [26] where
extra equilibria are allowed between zero and positive equilibrium for the monostable
system.

There are several versions of existence, uniqueness of the solutions and maxi-
mum principles, comparison theorems. However, these conclusions require different
hypotheses. The existence and uniqueness of solutions are valid on both finite and
infinite domain if the dispersal kernel is integrable. However, in the case that the
variable of potential suitable site K (z) and the death rate e(x) are not constant, to
establish maximum principle and comparison theorem we need to restrict to finite do-

main {2 and have more hypotheses on the kernel k(x,y). When the domain is infinite
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and parameters are constant, we can prove the monotonicity of the system but using
different approaches and have different hypothesis on k(z,y). For the two species
competition model, unlike the general Lotka-Volterra competition model, we require
the competing parameter to be the same for both species since they are competing
for space and the parameters represent the size of each individual. Biologically this
assumption is reasonable for the model setup but it results in the case that there is
one more equilibrium between zero and positive equilibrium in the study of spreading
speed and traveling waves. Many theories cannot apply for our model and we need
the approach with a weaker compactness condition for a more general case to fix it.

There are several types of dispersal models such as reaction-diffusion equations
and the nonlocal integro-differential equation where the dispersal and reproduction
are separated. These models share some features with our model, e.g. existence
and uniqueness of solutions, monotonicity, ideal free dispersal is evolutionarily stable
strategy, etc. However, the conditions and the approaches are different. For example,
our system does not have the compactness thus the classical results do not apply. We
need to consider an equivalent eigenvalue problem in order to analyze the stability
of equilibria. In the evolutionarily stable strategy study, the lack of compactness is
also a problem and we fixed it by perturbation theory to construct an arbitrarily
small positive sub-solution. There are many problems that are not anticipated until
we worked the project out. Besides, many open topics based on this model are also
interesting. A natural question will be that can we extend the system to n > 3
species. In that case, if the n species are not cooperative with each other, then
the system will lost the monotonicity. The same problem arises when considering a
predator-prey system based on our nonlocal metapopulation model. Another topic

may be interesting is that we consider the Allee effect, i.e. the growth rate is small
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when the population density is small and individuals can benefit from the presence
of conspecifics. In this case the system will not possess the mono-stability and there

will be more than one stable steady state.
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