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String theoretic considerations imply the existence of a Dirac-like operator, known
as the Dirac-Ramond operator, on the free loop space of a closed string manifold.
We study the index bundle of the Dirac-Ramond operator associated with a family
m . Z — X of closed spin manifolds. We work instead with a formal version of
the operator, the twisted Dirac operator @ ® Q> ST Mc. Its index bundle is an
element of K(X)[[g]]. In the case where the total space Z is a string manifold, we
show that the Chern character of this index bundle has certain modular properties.
We then use the modularity to derive some explicit formulas for the Chern character
of this index bundle. We also show that these formulas identify the index bundle with

an L(Eg) bundle in a special case.
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Chapter 1

Introduction

In the 1980’s several genera valued in the ring of modular forms were introduced.
The elliptic genera originated in work of Ochanine [22] and Landweber and Stong
[19], and were soon after given an interpretation through physics. By extending the
path integral proof of the Atiyah-Singer index theorem to a certain supersymmetric
nonlinear sigma model, it was shown by Alvarez, Killingback, Mangano, and Windey
in [1] and [2] that the elliptic genera could be viewed as the equivariant index of a
certain twisted Dirac like operator on the free loop space. They also showed that the
index of the untwisted version of this operator, known as the Dirac-Ramond opera-
tor, could be computed; this produced another genus called the string genus. The
string genus is also known as the Witten genus because independently around the
same time Witten greatly further elucidated the relationships between quantum field
theory, genera, and index theory in [28] and [29]. More recently, Alvarez and Windey
have shown that their earlier work can be extended to the case of families of Dirac-

Ramond operators. The index theorem proved in [3] for the Dirac-Ramond operator



is the elliptic analogue of the original cohomological version of the Atiyah-Singer
index theorem for a family of Dirac operators [6].

No one has given a general mathematical construction for the Dirac-Ramond
operator on the full loop space, though there are some partial results (see e.g. [25] for
the case when the manifold is flat). Each manifold can be embedded in its loop space
via constant maps, and the Dirac-Ramond operator can be defined rigorously on the
normal bundle given by this embedding as in [24] or [26]. It is well known (see [15], for
instance) that the index of this operator is given by a certain formal sum of twisted
A\—genera. From this perspective, the index of the Dirac-Ramond operator can also be
obtained by considering the operator as a formal sum of twisted Dirac operators, or
equivalently as the usual Dirac operator twisted by a formal sum of bundles. This is
the viewpoint we will take below in the family case, defining the index bundle of the
Dirac-Ramond operator to be the formal sum of index bundles from the appropriate
twisted Dirac operators. Note that such an object has been considered by Liu and
Ma in [21] and subsequent work where they achieved considerable rigidity results.

The outline of this thesis is as follows. In Chapter 2 we discuss the necessary
ingredients for constructing a family of Dirac operators and the index bundle of a
family. We start by defining Clifford algebras, and spin groups, and studying their
representation theory. This gives rise to spinor bundles on Riemannian manifolds
with a spin structure, and the Dirac operator. The index theory for a single operator
and a family of operators is then discussed. In Chapter 3 we introduce the Dirac-
Ramond operator as a formal sum of twisted Dirac operators. After defining a family
of these operators as the formal sum of families of the appropriate twisted Dirac
operators, we obtain the index bundle as a certain formal power series with (virtual)
vector bundle coefficients. We then show derive a formula for the Chern character
of this bundle and show that it agrees with that obtained by Alvarez and Windey.

In Chapter 4, we review some of the theory of modular forms. We then investigate



the modular properties of the index bundle obtained from a family of Dirac-Ramond
operators. In the case of certain families of string manifolds, we show that the Chern
character of the family index takes values in cohomology with coefficients in the ring
of (quasi)modular forms. This was also done in [3], but here we obtain the result
by a new method. We show by way of an example how one can use modularity
to generate relations between the index bundles associated to the various operators
used in defining the Dirac-Ramond operator. These sorts of relations are similar
to the “anomaly cancellation formulas” which arise in physics. Some results of the
same type, but on the level of differential forms, were derived using elliptic genera
in [14]. We make heavy use of the theory of Jacobi-like forms in order to derive
an explicit formula describing the Chern character of the index bundle for the Dirac-
Ramond operator in terms of the components of the Chern character for some twisted
Dirac operators and Eisenstein series. In Chapter 5, we apply the above formalism
in the case where the manifold has dimension 8 and the parameterizing space has
dimension less than 16. We then use the formulas from Section 3 to show that under
certain conditions the index of the family of Dirac-Ramond operators is equal in
(K(X) ® Q)[[¢]] to a vector bundle associated with the basic representation of the

loop group for Fg.



Chapter 2

The Dirac Operator

In the following, by manifold we will always mean a smooth connected manifold

without boundary.

2.1 The Spin Group

Let (V,(-,-)) be an n-dimensional vector space over a field K (K is either R or C)

with a symmetric bilinear form.

Definition 2.1. Let T(V) = @2 ,V* =KoV @ (V@ V) @ ... denote the tensor
algebra of V-and I(V)) C T(V') be the two-sided ideal generated by all elements of the
form (v,v) - 14+ v ®wv. The quotient CL(V,(-,-)) := T(V)/I1(V) is called the Clifford

algebra of V' with respect to (-, -).

We will often suppress the mention of the bilinear form, writing C1(V') instead of
Cl(V, (-,-)), when it is clear from context which bilinear form is being used. One can
see that K and V' are canonically identified with subspaces of C1(V'). Moreover, C1(V)
is a K-algebra under the multiplication induced by ®, which we will often omit. The

Clifford algebra has the following universal property.



Proposition 2.2. Let V be a vector space over K with a symmetric bilinear form
(-,-) and let i : V. — CI(V) be the inclusion map. If A is any unital K-algebra and
¢V — A satisfies ¢p(v)> = —(v,v) for all v € V, then there is a unique algebra
homomorphism ¢ : CL(V) — A such that ¢ = ¢ o i.

As a vector space, C1(V) is isomorphic to A(V') via the map ClI(V) — A(V') defined
on generators by

€ip---Cip > € NN €

where i; < ... < ix and 0 < k < n. Thus the space CI(V) has dimension 2". Note
that the map is not an isomorphism of algebras unless (-, -) = 0.

We will restrict from now on to the case when V' is a real vector space of dimension
n and (-,-) is an inner product. An orthonormal basis ey, ..., e, for V then satisfies
e = —1 and e;e; = —eje; for i # j. We will also be interested in Clg(V) =
Cl(V ® C, (-, -)¢c), where (-, )¢ is the extension of (-,-) by complex bilinearity. It is
straightforward to check that Clg(V) ~ CI(V) ® C. There is the following fact which

can be found, for instance, in [20] or [23]:

Proposition 2.3. Let V' be a real vector space of dimension 2r. Then Clc(V) has

gust one irreducible representation of (complex) dimension 2".

Proof. We will only show existence of the representation. In order to do so we will
use the construction of what is known in physics as a fermionic Fock space. Let
J : V. — V be a complex structure on V that is compatible with (-,-). That is, J
satisfies J* = —Id and (Jz, Jy) = (z,y) forall z,y € V. Then V@ C =V, ® V_,,
where V; is the +7 eigenspace of J ® 1. Note that V,; are isotropic subspaces since
(x,y) = (Jx, Jy) = —(x,y) for all x,y € V.,. Because of this, the Clifford subalgebra
A = CI(V;) C Clg(V) is isomorphic to A(V;). We will define the representation
p: Cle(V) — Endc(A) by defining it first on V' and then showing that it satisfies the

defining Clifford relation. It will follow then by Proposition 2.2 that p extends to a



representation of the full Clifford algebra. For u € V;, w of V_;, and ¢ € A define

p(u)y = V2u A (0
P(WW = _\/§Lw¢-

Here ¢, is the interior product, an antiderivation which is characterized by

bo(WAV) = ty(u) Av+ (—1)%Wy A, (v) Vu,v e A (2.1a)

and

ty(u) = (w,u)c Yu eV, C A (2.1b)
Thus for an arbitrary element v = u 4+ w € V ® C with v € V; and w € V_; we have

p(0) = V2(uN1p — 1,1))

for all ¢» € A. The operators uA and ¢, are known as creation and annihilation

operators, respectively, and they satisfy the following relations:

(un)> = 0 (2.2a)
(lw)?> = 0 (2.2b)
LU AN FUuUNt, = (w,u)c. (2.2¢)

The first identity is obvious and the last two follow from (2.1a) and (2.1b). For

instance,

(Lt A +U A 1)) = 1y (u) A — U A Ly (V) + 1 A 1y (W)

= (w, u)c)



forall u € V;, w € V_;, and ¢ € A. Hence

p(0)2 = (V2u A =v20)2 = —2{w, w)ey = —(v,0)c

so that p extends to a representation of Clg(V) on A ~ A(V;). From the construction

it is clear the the representation is irreducible. O

The algebra CI(V) has a natural Z/27Z grading C1(V) = C1°(V)) @ CI'(V) where

the even (resp. odd) part is the span of all elements e;,...e;, where s is even (resp.

s

odd). Notice that for any 0 # v € CI(V), v - (—v/|[v]|*) = 1. We can now make the

following definition.

Definition 2.4. Let (-,-) denote the usual Fuclidean inner product on R"™. The spin
group Spin(n) is the multiplicative group generated by all v € CI°(R™, (-, -)) such that

[Jo][* = 1.

For any x € R™ with ||z||* = 1 and any v € R" we have in CI(R")

rv(—27) = vz = v — 22(x,0) € R™ (2.3)

Note that this has a geometric interpretation as a reflection of v in a hyperplane
orthogonal to z. Since all elements of Spin(n) are products of an even number of unit

vectors in R™ we have the Lie group homomorphism

7 : Spin(n) — SO(n)

which is obtained by iterating (2.3) to become

7(21...208) (V) := T1... TopVTop... 71 = X1... 000 (T1...T0p) (2.4)



Proposition 2.5. The map 7 : Spin(n) — SO(n) is a two-sheeted covering map.

Furthermore, Spin(n) is the universal cover of SO(n) for n > 3.

Since T is a covering map, the induced map 7, : spin(n) — so(n) must be a Lie
algebra isomorphism. We will describe this map more explicitly.

The usual commutator bracket [a,b] = ab — ba on the Clifford Algebra CI(R")
gives it the structure of a Lie algebra. Let E;; denote the matrix with 1 in the (4, j)
place and 0 elsewhere. The matrices F;; — Fj;; form a basis for the space of skew

adjoint matrices s0(n). One can check that the map
1
Eij — Eji — 561‘6]' (25)

is an injective Lie algebra homomorphism of so(n) into CI(R"). In fact, by dimension
counting we see that this map defines a Lie algebra isomorphism between so(n) and
the Lie subalgebra Cly(R") C CI(R") spanned, as a vector space, by the elements e;e;
for i # j.

Notice that spin(n) = Cly(R"). This is evident because for any ¢ < j we can
define v : (—1,1) — Spin(n) by ~(t) = (cos(t)e; + sin(t)e;)(— cos(t)e; + sin(t)e;) =
cos(2t) + sin(2t)e;e;. Then (0) = 1 and +'(0) = e;e;. Hence the collection of all e;e;
for all i < j is a subset of spin(n). Since Cly(R"™) is then a subspace of spin(n), and

both spaces have the same dimension, they coincide.

Lemma 2.6. Let e; Aej for i < j denote the generators E;j — Ej; of the Lie algebra
so(n). Then the Lie algebra isomorphism T, : spin(n) — so(n) induced from (2.4) is

gwen in the basis {e;e;}ic; by

T.(eie;) = 2e; N e,



Proof. First note that for any v, w € R", if we define v Aw : R" — R" by (vAw)(z) =
(v, x)w — (w,w)v then as v A w is a skew-symmetric endomorphism of R" it defines
an element of so(n). One easily see that e; Ae; is, as a matrix, the E;; — E;; described
above.

Recall from (2.4) that the map 7 was defined for g € Spin(n) by 7(g9)r = gzg*

for any x € R™. The derivative of 7 then satisfies 7,(-)(z) = [, z]. On a basis element

e;ej € spin(n) we see

T.(eie;) () = e;ejx — xee;
= eie;r + (e;x + 2(e;, x) )e;
= e;e;x + 2e;(e;, ) — e;(ejz + 2(ej, )

=2(e; Nej)(x)

]
An immediate consequence of this is that for any v, w € R",
1 1
7, (vAw) = Z[U,w]. (2.6)

Since Spin(2r) is in CI(R*") and hence in Cle(R*"), the representation of Cle(R*")
by endomorphisms of A from Proposition 2.3 restricts to a representation of Spin(2r).
The element I' := i"e;...e. € Clo(R*) satisfies I? = 1. Hence A = AT @& A~
where A* is the +1 eigenspace of I'. Since also #I' = 'z for all + € CI°(R*)
the elements of Spin(2r) preserve this decomposition. That is, AT and A~ each
provide a representation of Spin(2r). These are called the half-spin representations of
positive and negative chirality, respectively. To see that they are irreducible, we could
notice from the proof of Proposition 2.3 that the representation A was identified with

A(V;), where V; was the +i eigenspace of a complex structure J ® 1 on C*". The
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decomposition A = AT @ A~ is then A(V;) = A™(V;) @ A°Y(V;). And it is clear

from the construction that Spin(2n) acts irreducibly on each component.

2.2 Spin Manifolds

We now wish to consider a parameterized version of the linear algebra which was
developed in the previous section. Once some groundwork has been laid out we will
be able to define the Dirac operator. This section follows closely parts of chapter II
in [20].

Let m : E — M be an oriented rank n real vector bundle over a manifold M.
Assume the bundle is equipped with a Euclidean structure g : £ & E — R. Let

Pso(E) be the principal bundle of oriented orthonormal frames on E.
Definition 2.7. A spin structure on E is a principal Spin(n)-bundle Psyinm)(E)

together with a two-sheeted covering map

€ 1 Popin(n) (E) = Pso(m) (E)

such that £(pg) = £(p)7(g) for allp € P and g € Spin(n). Here 7 : Spin(n) — SO(n)
is the double covering defined in (2.4). Note that a morphism of principal bundles

defined in this way is automatically an isomorphism of principal bundles.

Two spin structures Pspinm)(E) and Py, (E) on E are isomorphic if there is a

Spin(n) equivariant map such that the following diagram commutes

PSPin(") (E) Pépin(n) (E>
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There is the following result regarding existence and classification for spin struc-

tures on a given vector bundle.

Theorem 2.8. Let E — M be an oriented vector bundle over a manifold M. There
exists a spin structure on E if and only if the second Stiefel-Whitney class wo(FE)
vanishes. Furthermore, if wa(E) = 0 then the distinct spin structures on E are in

bijective correspondence with the elements of the set H'(M, Zsy).

From now on, we will primarily be interested in the case of the the vector bundle
E =TM — M, where M is an oriented 2r-dimensional Riemannian manifold. If
a spin structure exists on T'M, then M with a choice of spin structure is called a
spin manifold. We will talk about spin structures on M when really meaning spin
structures on T'M and write Pso2ry (M) in place of Psor)(T'M). and similarly for

PSpin(Qr) (M)

Definition 2.9. Let 7 : P — M be a principal G-bundle and p : G — GL(V) be a
representation of G on the vector space V. There is an action of G on P XV given by
g+ (p,v) = (pg~ "', p(g)v). The orbit space of this action is denoted by P x, V. Then

the associated vector bundle is defined to be w, : P x,V — M where the map m is

defined by

mpl(p, v)] = 7(p).

Note that trivializing neighborhoods {U,} for P also serve as trivializing neigh-
borhoods for P x, V. Furthermore, if P has transition functions gz : Uy N Us — G,
then P x, V has transition functions po g, : Us NUz — GL(V).

Let po. be the defining representation of SO(2r) on R*. The action of SO(2r) on
R?" extends to an action on Cle(R*") producing a representation Clg(pg,) : SO(2r) —

GL(Cl¢(R?")). This leads to the following definition.
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Definition 2.10. Let M be an oriented 2r-dimensional Riemannian manifold. The

Clifford bundle on M 1is the complex vector bundle
Cle(M) := Psogzr)(TM) Xcic(par) Cle(R™).

The bundle T'M is a bundle which assigns to each point in M a vector space with an
inner product and Clc (M) is the bundle which assigns to each point the corresponding

Clifford algebra. In fact, Clg(M) could equally well have been constructed as

P rme)/1(TM)
k=0
where I(T'M) is the subbundle of @, , TM ®* which has as fiber at each point © € M
the ideal generated by all elements v ® v + ||v||? for v € T'M,.
We now have bundles of Clifford algebras and, as mentioned above, we are inter-

ested in bundles of modules for these algebras.

Definition 2.11. Let M be a 2r-dimensional spin manifold. The (complex) spinor
bundle on M 1is the bundle

S = PSpin(Zr) (TM) XM A.

Here @ Spin(2r) — GL(A) is the representation obtained by restricting the repre-

sentation p : Cle(R*") — End(A) from Proposition 2.3.

The bundle S is a bundle of modules for the bundle of Clifford algebras Clg(M).
Notice that the sections of Clc(M) form an algebra and the sections of S are a
module over this algebra.

Recall the decomposition into half-spin representations A = AT @& A~ where A™
and A~ are the +1 and —1 eigenspaces of I' = i"'e;...e5,. We can form a global section

of Clg(T'M) defined as I'(z) = i™ey,...e9,, where ey, ..., ea,., is a positively oriented
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orthonormal basis for T'M,. One can check that the section I' is independent of
the choice of basis and hence well defined. We conclude there is a decomposition

S = St @ S~. Alternatively, these bundles could have been defined by
S* = Pspinan (TM) X ¢ A*.

The last piece needed to define the Dirac operator is a connection on the spin

bundle S (and hence on the subbundles S*). First we recall the following concepts.

Definition 2.12. A covariant derivative V on a vector bundle £ — M is a linear

map ['(E) — T(T*M ® E) satisfying

V() =df @+ [V

for all f € C*(M) and ¢ € E.

Definition 2.13. Let P — M be a principal G-bundle. A connection w on P is a

Lie algebra valued 1-form w € Q' (M) ® g. such that

d
w (Eh_op exp(tV)) =V forallV e€g, and

g'w=Ad,w for all g € G acting on P.

For any oriented vector bundle £ — M of rank 2r equipped with a Euclidean
structure, a connection on the principal bundle Pso2(£) induces a covariant deriva-
tive on F, and conversely, any covariant derivative on FE, satisfying a certain com-
patibility condition with the metric on E, induces a connection on Psoor)(E) (see
20, Proposition 4.4]). Furthermore, a connection on any principal G-bundle P — M
induces a covariant derivative on any vector bundle over M obtained from P as an

associated vector bundle.
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Let w € Q'(P,s0(2r)) be the connection on Pz, (M) induced by the Levi-Civita
connection on M. We define a new connection @ € Q*(P, spin(2r)) called the spin

connection which is the lift of w to spin(2r). That is, w satisfies

where 7 : Spin(2r) — SO(2r) is the map defined in (2.4). The connection on the
spinor bundle S is then the connection induced by the spin representation.
Making use of Lemma 2.6, one can see that in a local trivialization of T'M, if the

Levi-Civita connection induces the covariant derivative

d + Z Qijei A €;
i<j
where 2;; is a skew symmetric matrix of 1-forms, then the connection on the spinor

bundle S with respect to the induced local trivialization (see the comments after

Definition 2.9) will be

1
d + 5 Z Qijeiej.

1<j

Denote this connection by V.

Definition 2.14. Let M be a spin manifold and S — M be the spin bundle con-

structed above. The Dirac operator on a spin manifold M s the operator
C®(S) - C*(T"M @ S) — C>(S)

where the first arrow is given by the covariant derivative V and the second arrow is

Clifford multiplication (after using the metric to identify TM and T*M ).
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If ey, ..., e, is an oriented orthonormal basis for T, M then

d =Y eV

at v € M.

Note that since Clifford multiplication maps A* to AT the Dirac operator decom-
poses as @ = @ & @ where § : C*(S%) — C*(SF). There is a Hermitian metric
(+,+) on S which one can use (together with the volume form dV on M) to define the

Hilbert space
1) = (v € T(S): WIF = [ (w)av < oo},

The space C™(S) is dense in L*(S). We will also be interested in the Sobolev space

Lﬁ$={¢6N$:AHWMMV<w}

where || - || is the norm on 7" M ® S induced by the metric on M and the metric on
S. Tt can be shown that the Dirac operator then defines a self-adjoint operator ¢ :
Li(S) — L*(S). As the index theory for self-adjoint operators is not very interesting
(their index always being zero), we will focus only on the chiral Dirac operators J"
in what follows, and denote it by @ instead.

We will also be interested in twisted (chiral) Dirac operators. Let £ — M be a
complex Hermitian vector bundle with a connection V¥. The bundle S ® F is a also

a bundle of modules for Cl¢ (M) since for ¢p € S, 0 € E, and v € Cle(M) we have

v-(YR0o)=(v-Y)®o.

We can also equip the bundle S ® E with the tensor product connection V¥

V®E =V @1+ 1g0 VE.
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The twisted Dirac operator
J°C®(STRE) = C®(T"M ® ST® E) = C®(S™ ® )

is defined again by covariant differentiation followed by Clifford multiplication.

2.3 The Index Theorem

Let M be a compact, oriented, even-dimensional manifold (recall all manifolds are
assumed to be without boundary) of dimension d with vector bundles F and F' over
M. Let D : C*(E) — C*(F) be a differential operator of order m. For f € C*(E)

we have in local coordinates

o amf
(Df); = Z ag; 8204] + lower order terms

|la|=m
Here we are using the multi-index notation: a denotes the d-tuple (aq, ..., aq), |a] =
Z a;, and 0/02% = 9™ [02*...0/02*¢. Clearly aj} is symmetric in the o indices and
itiis not difficult to show that for each 4, j it transforms as an element of Sym™ (7™ M).

Taking into account the 7, 7 indices a defines the symbol of D
o(D) € Sym™(T*M) @ Hom(E, F).

An operator D is elliptic if o(D)(n,...n) € Hom(E, F') is invertible for all nonzero
nelT*M.
The Dirac operator,

§:0%(ST) = C=(87)

is a first order operator whose symbol corresponds to the map
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o(@) : T"M x St — S~

given by Clifford multiplication on spinors. For any n € T*M we have o(@)(n)*) =
—||n|?® for all ¢ € ST, so o(@)(n) is invertible whenever i # 0 and hence { is elliptic.
It is easy to see that the above goes through with minor modifications to show that
twisted Dirac operators are also elliptic.

As noted in the previous section, the Dirac operator extends to an operator ¢ :
Li(ST) — L*(S™). Similarly, after equipping a coefficient bundle E with a Hermitian
metric, there is the twisted Dirac operator J" I*(ST®FE) = L*(S”®FE). Itis a
classical result that any elliptic operator on a compact manifold is Fredholm, therefore
Dirac operators and twisted Dirac operators are Fredholm operators. The index of a

Fredholm operator P is defined as
Ind P := dim ker P — dim coker P. (2.7)

The famed Atiyah-Singer Index Theorem [5] gives the formula for the index of a

twisted Dirac operator

Ind §* = / A(M) ch(E). (2.8)

To briefly explain the formula we let zi,...,24/2 denote the roots for the tangent
bundle TM. The z;’s are defined so that the total Pontryagin class p(M) = 1 +
p1(M) + pa(M) + ... satisfies

d/2

p(M) = [T( +42)

i=1

Then ﬁ(pl,pz, o) = Hffl sinﬁzﬁﬂ) € H*(M,Q). Specifically, the first few terms are

AM) =1 - 2—14])1(]\/[) - % (Tp1(M)? — dpo(M)) + ...
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If 41, ...,y are the formal Chern roots for the vector bundle £ — M, then the Chern

character is defined by

ch(F) := Ze“ =r+c(E)+ %(cl(E)2 —2c(E)) + ...

2.4 The Index of a Family

Let m : Z — X be a fiber bundle with fibers Y, where X, Y, and Z are compact
oriented manifolds of dimension n, m and d = m + n, respectively. The following
is true whether we use (co)homology with coefficients in R, @, or Z. By Poincaré
duality we have isomorphisms PD : H'(X) — H,,_;(X) and PD : H'(Z) — Hy_(Z).
The map [, : H(Z) — H'"™(X), is known as integration over the fiber (or the Gysin

homomorphism), is then defined by the following diagram

Hi(2) 2 ()

™

Hy (Z) —— Hy_i(X)

In de Rham cohomology the map fY is the integration of differential forms over the
fiber.

We note two properties of the map fy. First, H*(X) is clearly a module over itself
and the ring homomorphism 7* : H*(X) — H*(Z) makes H*(Z) into a module over

H*(X) as well. The first property is that fY is a module homomorphism, that is

[r@nn=o [ (2.9)

for all w € H*(X), n € H*(Z). Second, if n € H*(Z) we have
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/an/)(/yn- (2.10)

Here f , means evaluation on the fundamental class (or equivalently, integration over
the fiber applied to the fiber bundle Z — {pt}) and similarly for [,. Notice that if we
are working with de Rham cohomology and fY is given by integration of differential
forms, then this last property is merely the Fubini theorem.

In the following we will be interested in families of (twisted) Dirac operators

parameterized by a compact manifold X.

Definition 2.15. By a family of compact spin manifolds, we will mean a triple F =
(m, Z,X), where Z and X are compact manifolds and w : Z — X has the structure of
a fiber bundle with structure group Diffg(Y'). Here, Y is some compact spin manifold
equipped with a spin structure and Diffg(Y') denotes the spin structure-preserving

diffeomorphisms of Y.

Given a family of compact spin manifolds F = (7, Z, X) with fibers Y, := 7 (X)),
define the vertical vector bundle V' := ker (7, : TZ — TX). This bundle has fibers
which are tangent to the fibers of 7 : Z — X. This is easy to see: since if ¢ : Y, — Z

denotes the embedding we have the following commutative diagram,

and 7, is an isomorphism on the fibers, so the bundle i*V' — Y, is isomorphic to the
bundle 7Y, — Y,.
The constructions from Section 2.2 applies to each of the spin manifolds Y,. Hence

there are bundles Clc(Y,) and S, = ST @ S~ for each 2 € X. Given a vector bundle
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E — Z, it provides a coefficient bundle by restriction E|y, — Y,. That is, we can
form a family of Dirac operators with coefficients in £. We will denote this family
by @E

The index of a single Fredholm operator is an integer. The index of a family
P of elliptic operators P, : C*°(E,) — C*(F,) parameterized by a compact space
X is an element of K(X) defined as follows. For each x € X, one has the finite
dimensional subspaces ker P, and coker P, of C*°(E,) and C*(F,), respectively. If
these vector spaces gave rise to the vector bundles ker P and coker P over X, the

desired generalization of (2.7) would be
Ind P := ker P — coker P € K(X). (2.11)

This need not be the case, however, as there is the possibility that, as = varies,
the dimensions of ker P, and coker P, may jump. It is only the difference in their
dimensions that is fixed by invariance of the index under continuous perturbations.
Thus ker P and coker P need not be vector bundles. However, Atiyah and Singer
have shown in [6, Section 2] that one can define the index of a family in a way which

reduces to (2.11) when dim ker P is constant. We quote the result.

Theorem 2.16. Let F = (7w, Z,X) be a family of compact manifolds and € and F
be two smooth vector bundles over Z. Let P, : I'(E,) — I'(F,) be a family of elliptic
operators. Then there exists a finite set of sections (si,...,5,) of F over X such
that for each € X the map P, : C! & ['(E,) — T'(F,) given by ﬁx(tl, ety @) =
Z t;sjlz, + Pu(@) is surjective for all x € X. The vector spaces ker P, form a vector

bundle over X, and the element
[ker P] — [CY] € K(X)

depends only on the operator P.
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The original formula for the Chern character of the index bundle for a family
of elliptic operators is given in [6, Theorem 5.1]. For the case of a family of Dirac

operators twisted by a coefficient bundle £ — Z the formula is

ch(Ind ') = /Y A(V)ch(E) € H*(X,Q) (2.12)

where / : H*(Z,Q) — H*™(X,Q) is the integration over the fibers map, (see [7,
Y
Theorem 4.17] or [20, Corollary 15.5]).



Chapter 3

The Dirac-Ramond Operator

3.1 The Index of a Single Operator

Let M be a compact spin manifold of even dimension d. For any vector bundle

W — M we have a sequence of vector bundles {W,,} defined by the generating series

) SeWe =D _¢"W, (3.1)
j=1

n=0

where W¢ denotes the complexification of W and S;(W¢) = C +tWe +t2S*(We) + ...

is a formal power series with vector bundle coefficients. One has, for instance,

Wy =C
Wy = We
Wy = S*We @ We

Wi = S*We @& (We @ We) @ We

22



23

We can use these bundles as coefficients for the usual chiral Dirac operator @ on
M to obtain the twisted Dirac operators §" " : C*(Ste@W,) — C*(S™ ®@W,) where
ST and S~ are the spinor bundles of positive and negative chirality, respectively. By

(2.8), the index of these operators are
Indg"" = /ME(TM) ch(W,) forn=0,1,2, .. (3.2)
Now we define the Dirac-Ramond operator on M as the formal series of operators
D= i g
n=0

Equivalently, if we allow for “g-vector bundles,” that is, formal power series in ¢ whose

coefficients are vector bundles, then we can view it as the the twisted Dirac operator,
D:C™(5T @ (X) Sy TMc) = C(S™ @ (R) S TM).
n=1 n=1

Extending the definition of index to each coefficient of the formal operator ) as

md =3 ¢"Indd" ", (3.3)
n=0

the calculation of this index is straightforward. We will essentially do it below when

we prove the family index theorem. After using

d/2
ch(Sym, (TMe)) = [ ]

i=1

1
(1 —tew)(1 — te—=i)’

(3.4)

where x1, ..., 24/2 are the formal roots for T'M the result can be written in any of the

following ways:
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/24 /2

_qY / Ti Gl (M)

d
(@) Jur 1 o (2, q)

ez d/2 o, 2
~ n(g)? /M geXp > 5 Gaml(@)a" |

n=1

Here 6(z, q) is the Jacobi theta function, o(z, q) is the Weierstrass sigma function, and
Gan(q) is the Eisenstein series of weight 2n. The definitions of all of these functions
and some of the relations between them can be found in Appendix A. With the
assumption that M is spin the equation (3.3) implies that (3.5) is an element of
Z[[g]]. The expression on the RHS of (3.5) makes sense for any compact oriented

manifold and more generally lies in Q[[g]]. The factor of

d/24 0 ‘
=J[a-¢) (3.6)

j=1

q
n(q)?

is not very interesting. We will often choose to omit it, defining

ind ) = ZS%)Z Ind ). (3.7)

This normalization makes ind I) the g-expansion of a modular form of weight d/2
when py (M) = 0 and a quasimodular form of the same weight otherwise. The second
line of (3.5) indicates that ind I is an elliptic analogue of the index of the usual Dirac
operator: sinh(x/2) is a periodic function on ‘R with simple zeros at every point
in the lattice 2miZ, while the Weierstrass sigma function o(z,7) is a (quasiperiodic)
extension of this to the complex plane and the two dimensional lattice 27i(Z & 7Z).

2miT

Here we have used the change of variables ¢ = ¢“™", common in the study of modular
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forms, where 7 is an element of the upper half complex plane. Based on this similarity
we will define the following for a rank r real vector bundle W over M with roots

Wiy -eey Wi /2

r/2 .
aW) =[] S € HOLQllal)) = H- (M, @) a])

In the case when M is a string manifold (that is, M is a manifold with p,(M) = 0),

then we can write

indlﬁ:/Ma(TM,q). (3.8)

Example 3.1. Let M be an 8-dimensional manifold M with p;(M) = 0, the (nor-
malized) index of the Dirac-Ramond operator ind I) is a modular form of weight 4
(see Section 4.1). The space of weight 4 modular forms is spanned by the Eisenstein
series F4(q). Thus we need only compare the terms which are constant in ¢q. Taking

¢ — 0 in (3.3) shows that on M

Ind P(q = 0) = Ind §.

Since the factor (3.6) takes the value 1 at ¢ = 0, then the normalized index (3.7) also
satisfies ind [)(¢ = 0) = Ind@. From (4.7), we see that E,(q) is normalized so that

its constant term is 1. Therefore,

ind ) = (Ind @) E4(q). (3.9)

The index of the Dirac-Ramond operator on M is then

!Since we are working only with rational cohomology, we ignore the subtler condition that
p1(M)/2 should equal 0 in integral cohomology.
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. o 73
ind P = (I d(‘ﬁ)n(q)gﬂl(q) (3.10)

= (Ind @)(qj(q))"® = (Ind @) (1 + 248¢ + 4124¢* + ...).

Here j(q) is the j-invariant for elliptic curves.

3.2 A Family of Dirac-Ramond Operators

Let F = (m, Z, X) be a family of compact spin manifolds with fibers diffeomorphic
to Y. Recall there is the vertical vector bundle V. — Z given by V := kerm,.
Applying the generating sequence (3.1) to V' we get a sequence of vector bundles V,
over Z. Given a family of compact spin manifolds, we will define a family of Dirac-
Ramond operators to be the ¢ series with the coefficient of ¢" being the family of

Dirac operators twisted by V,
o0
Vn
D:=> ¢
n=0

We are thus led to our main object of study.

Definition 3.2. Let F = (7, Z, X) be a family of compact spin manifold. Let V, be
the sequence of vector bundles obtained as above. The index of the family of Dirac-

Ramond operators is defined to be

Ind Jp := iq” md @™ € K(X)[[q]). (3.11)



27

The Chern character ch : K(X) — H*(X, Q) extends naturally to a map K (X)|[¢]]
— H*(X,Q)[[¢]]. In particular,

ch(Ind Ip) = Zq ch(Ind §'"™) € H*(X,Q)[[q]].

We can calculate this Chern character easily by applying the usual Atiyah-Singer

index theorem for families (2.12) coefficient by coefficient.

Proposition 3.3. Let F = (m,Z,X) be a family of compact spin manifold whose
fibers Y, = 71 (x) are of even dimension m. Let V — Z denote the vertical bun-

dle. Then

ch(Ind D) = 7(7]:;/)2; /Y a(V, q)eCom V), (3.12)

Proof. The equation (3.12) is an equation in H*(X,Q)[[¢]]. We establish (3.12) by
showing equality for each coefficient of ¢". On the LHS, we get the coefficient of ¢"
by applying the Chern character to Ind @ which is /YA\(V) ch(V},), see (2.12). Let
Y1, ---, Ymy2 be the formal variables for the vertical bundle V. Making use of (3.4) and

the formulas from the appendix we have

m/24 m/2 119 m/2 19 9/(0 q)

q Yi oG2(0) q
(Vq 2(q)y?
o(yna) H

q
n(g)™

0(vi, q)
m/2

B Yi/2 1
B 1} sinh(y;/2) ]1;[1 (1 —glevi)(1 —gle %)
A(V) ch (@ sq]-%)) .

After integrating over the fiber we can identify the coefficient of ¢" as / A(V) ch(V,,)
Y

and the result follows. O

We are interested in the formal definition (3.11) because our formula (3.12) matches

that of [3]. In the spirit of that paper, from now on, given a family of Dirac-Ramond
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operators we will denote the Chern character of the index bundle by
Sch(F;q) == ch (Z ¢"Ind a”) = q"ch(Indd"™) € H (X, Q)[lgl],  (3.13)
n=0 n=0

using the letter “S” because this Chern character is of a “stringy” version of the usual

index bundle. By the proposition we have

Sch(F;q) = q m/&(V,q)eGQ(q)pl(V). (3.14)
Y

At times we will prefer to use instead

sch(F;q) := n(4) Sch(q) = / a(V, q)eConv), (3.15)
%

qm/24

Similar to (3.7), the latter definition will have better modular properties as we will

see in the next section.



Chapter 4

Modular Properties of the Index
Bundle

From now on we restrict ourselves to so called string families of compact spin man-
ifolds F = (m, Z, X), that is, families of compact spin manifolds with p;(Z) = 0. It
follows that each of the manifolds Y, = 7~ '(x) is a string manifold. To see this, let
1:Y, <= Z be the inclusion map. Then the restriction i*1"Z splits as T'Y, & IN,, where
N, — Y is the normal bundle to Y, in T'Z. Since 7 : Z — X is locally trivial, N, is

trivial. Therefore, p;(N,) = 0 and hence

One can always split the tangent bundle to Z, though non-canonically, as TZ =

V @ n*(TX). Consequently, p1(V) = —7"p;(X) and thus

/Ypl(V)" = (—1)71/}/7?*]31()()" = (—1)"p1(X)"/ 1=0 forallneN. (4.1)

Y

After a short review on modular forms we will show that if F is a string family
and X is a string manifold, then sch(F;¢q) is an element of the cohomology of X with
coefficients in modular forms. If X is not string then the coefficients will be quasi-

modular forms. As a consequence of this we will be able to derive many relationships

29
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between the homogeneous components of ch(Ind (?V") for various n. Finally, we will
obtain a formula for the case when X is not string which expresses Sch(F; q) entirely

in terms of modular forms, the components of ch(Ind (?V") for various n, and p;(X).

4.1 Modular Forms

In this section we briefly recall some definitions and some basic facts related to mod-
ular forms and quasimodular forms. Most all our definitions of specific functions are
consistent with [15]. T'wo other excellent references for this section are [18] and [31].

We start with a basic definition.

Definition 4.1. Let h = {7 € C|im(7) > 0} denote the upper half plane. A holo-
morphic function f : b — C is called a (level 1) modular form of weight k € Z if f is

holomorphic at 100 and

f (Z:I;) = (et +d)*f(r)  for all o € SL(2,7). (4.2)

The level 1 aspect of these modular forms is that they transform as (4.2) under
the full group SL(2,7Z). One could define spaces of modular forms which transform as
(4.2) only with respect to a fixed subgroup of SL(2,Z), but that will not be necessary
in the following. To develop a small amount of feel for why one might be interested

in functions with the property (4.2), notice that if f is a modular form of even weight

! __ at+b

= &5 where

k > 0 then f(7)(dr)*? is invariant under transformations 7 ~— 7

T+d ct+d)?”
c d )

quotient space SL(2,7Z)\h parameterizes the isomorphism classes of elliptic curves

b
( ¢ )E SL(2,Z). This follows simply by noting d(“t) = ( dr Since the

over C, a modular form of weight k£ can be interpreted as a section of the 2kth power

of the canonical bundle over the moduli space of elliptic curves. Note that to check
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that a function satisfies (4.2), it is enough to check it on the generators for SL(2,7Z)

1 1 0 —1
T .= and S =

0 1 1 0

1 1
To understand the holomorphic at ico condition, we note that the matrix ( )
0 1

belongs to SL(2,Z). The property (4.2) applied to this matrix shows that f satisfies
f(r+1) = f(r) for all 7 € h. Hence f is periodic with period 1. Here and in the

following we set ¢ = e2™". The function f then has the Fourier expansion,

F) =D 0™ =Yg forallr (49
n=0

n=0

2miT

The map 7 — e = ¢ sends the upper half plane into the unit disk with ioco
getting mapped to 0; the condition holomorphic at 100 can then be interpreted as the
requirement that the Fourier expansion of f is how we have written it, containing no
negative powers of ¢. In the following sections we will frequently write f(q) instead of
f(7). This is a slight abuse of notation as more correctly one would put f(q) = f(g(q))

where ¢ is any right inverse of the map 7 — €™~

= ¢, but this is more cumbersome
and the practice of using f to denote both functions f and f is common in the
literature. In fact, this presents very little problem as we will often not interpret f(q)
as a function at all. Instead we will identify f(q) as the element of C[[¢]] defined by

(4.3). We will actually be interested in those modular forms whose Fourier expansion

identify them with elements of Q][q]].

Definition 4.2. Let M* C Q[[q]] denote the set of
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such that

f(’T) _ Z an627ri7'
n=0
is a modular form of weight k. Define M = @32, M".

It is easy to see that M has the structure of a Q-vector space and also a graded ring.
We have taken the direct sum only for k in Z>( because, as we will see shortly, if f
is a modular form of negative weight then f = 0. In fact, the sum could really be

taken over only positive even integers. This follows by applying (4.2) in the case of

-1 0
( ) € SL(2,7Z) to see that if f is a modular form of weight k then
0 -1

Thus if k is odd, then f = 0. Therefore M?***! = {0} for all k € Z.
Clearly constant functions are modular forms of weight 0. Before producing any
other examples we quote the following result which plays a large role in determining

the possible modular forms for a given weight. Denote the orbit space SL(2,7Z)\h by
R.

Theorem 4.3. Let f be a nonzero modular form of weight k. For p € by, let ord,(f)
denote the order of the zero of f at p. Let ords(f) denote the smallest n such that

the coefficient a,, in (4.3) is nonzero. Then

1 1 k

§0rdi(f) + §0rd62m/3(f) + Z | ord,(f) + ords(f) = L (4.4)
pER\{i,e27”/3}

There are many consequences of this formula. Since f is assumed holomorphic, there

can be no modular forms of negative weight or of weight 2. If f is a modular form of

weight 0, and c is any value that f takes, then f(7)—c is also a modular form of weight

0. The RHS of (4.4) is zero while the LHS is nonzero; we must conclude f(7)—c¢ = 0.
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Hence the only modular forms of weight 0 are constants. For k = 4,6,8,10, or 14
we see that the space of modular forms of weight k is also one-dimensional; for if f
and g have weight k then the equation (4.4) implies that they have a unique common
zero. Since the quotient f/g is then a modular form of weight 0 and hence constant
it must be the case that f = Ag.

To produce generators for these spaces we introduce the following Eisenstein series

for k > 2

Gi(r) = Z/ m, (4.5)

m,n
where the “primed” summation means it is taken over all integers m,n except when
both m and n are zero. Since k > 2, the double summation converges absolutely and

one can check that it defines a holomorphic function on h. Since
! 1 1
li E — = E — = 2((k
oo “~ (mT +n)* o nk C(k)

is finite, the Fourier expansion of Gy, has no negative powers of ¢q. Clearly Gy(7+1) =

Gg(7), and we also easily see

HEVEEDY = P Gy(7).

m,n

Hence G (7) is a modular form of weight &k for all & > 2. Of course we know from

above that the G, vanish for all odd k. One can then obtain the Fourier expansion

Gor(7) = 2¢(2K) (1 - ;—k > ngl(n)q"> .

Here By is the 2kth Bernoulli number and o9y, _1(n) is the arithmetic function given
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by oor_1(n) = Z d?*=!. The (normalized) Eisenstein series of weight 2k is given by

din
1 4k &
E = G(r)=1- — A" 4.6
24(0) = 5 =1- 5 Z(? )a (4.6)
and is an element of M?2*,
For instance,
E4(q) = 14 240q + 2160¢* 4 67204° + ... (4.7)

Eg(q) = 1 — 504q — 16632¢* — 122976¢> — ...

There is one further normalization which we will also find useful.

By,

Gor(q) = —EE%(Q) e M,
: 1 1 :
For instance, G4(q) = %E4(q) and Gg(q) = —@Eﬁ(q). The ring structure of the

space of modular forms is easy to describe. It turns out the following holds.

Theorem 4.4. The graded ring M s a polynomial ring with generators E, and Eg.
That is, M ~ Q[Ey, E¢).

A certain class of modular forms which will be important in the following are cusp
forms, those modular forms whose g-expansion vanishes at ¢ = 0. As a function of 7
this translates to vanishing at ico and we see from (4.4) that this is not possible until
weight k = 12. In that case there is the well-known discriminant function which can

be written in terms of its g-expansion as

Eu(q)® — Es(q)?

= q — 24¢% + 252> + ... 12
1798 q q +252¢° +...e M

A(q) =
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If we denote the space of weight & cusp forms (with rational g-expansion) by S* then

there is the following exact sequence for all even k

where the first map is given by inclusion and the second by evaluating at ¢ = 0.
Since these are vector spaces the sequence is split. A section Q — M?* is given, after

noticing in (4.6) that Ej(0) # 0 when k is even, by A — AEj(q). Hence

M =QE, @ S*.

An immediate observation is that dim S* = dim M* — 1. Since also dim M*™1? =
dim M* — 1 we can be a bit more explicit by noticing that the injective linear map
MF12 5 SF defined by f(q) — A(q)f(g) must then be an isomorphism of vector

spaces. Therefore

Mk — QEk D A(Q)Mk_m.

The equation (4.6) which defined the Fourier expansion of the Eisenstein series

Eoy(7) for 2k > 2 still defines an element of Q[[¢]] in the case 2k = 2. We define

By(q)=1-24) o1(n)q" = 1 — 24q — 72¢* — 96¢° — ... (4.8)
n=1
1 .
and Gy(q) = —ﬂEQ(q). The RHS of (4.8) with ¢ = €™ converges rapidly and

defines a holomorphic function F5(7) on b. In fact, if we are careful about the order
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of summation we have

Ex :— Z m7'+n

=—0o0N=—00

)
6
B W_Z_Z (mT +n)?

One might naturally wonder if this defines a modular form of weight 2. However, we
saw above that there are no modular forms of weight 2. The function Es(7) is what
is referred to as a quasimodular form. Heuristically, it transforms under the action of

SL(2,7Z) as a weight 2 modular form should, except with a “correction” term. More

b
precisely, we have for any ( ¢ ) € SL(2,7Z)
c d
at +b 12¢
Ey <c7' n d) = (e +d)*Ey (1) + %<CT +d) (4.9)
and correspondingly
ar +b c
G2 (CT n d) = (CT + d)2G2(7') — R(CT + d) (410)

The space of quasimodular forms can be defined more directly, but we will put

them as the following.

Definition 4.5. The ring of quasimodular forms is the subring M C Ql[q]] of poly-

nomials in oy with coefficients in the ring of modular forms M. That is,

—~

M = M[E,] = Q[Ey, Ey, Eg).

Considering Es as a weight two element, M = @Zioj/\;l/k has the structure of a graded

ring and elements of M are called weight k quasimodular forms.

The ring Q[[q]] is equipped with a derivation D = qdiq. We will be interested in
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calculating how this derivation acts when restricted to the subring McC Q[[g]]- Notice

2miT

that under the map into holomorphic functions M — Hol(h) induced by ¢ = e

we have D = ﬁ%. Applying %% to the defining transformation property (4.2) we

see that given a modular form f of weight %, its derivative D f := f’ transforms as

/ CLT—I—b _ 2 pl i 1
f (c7’+d) = (et + )2 (1) + 2m,(c7'—|—d)kJr f(7).

Comparing this with (4.9) we see that the expression

U f = f/ - f—QEzf

defines a modular form of weight k£ + 2. The derivation ¥ is known as the Serre

derivative. Pulled back to M we have

ﬁk : Mk — Mk+2
defined by
k
Urf(q) = Df(q) — 5 E2(a) f(q).

Note that ¥4E4(q) € M® = QEs(q). As the constant term in 9¥4E,(q) is easily seen

to be —% we have ¥4E4(q) = —5Fq(q). Similarly, 96Es(q) = —3Es(q) = —5F4(q)*.

It follows easily from this that

Ey(q)Es(q) — Es(q)
3
Ey(q)Es(q) — E4(CI)2_

DEy(q) = (4.11)

DEs(q) =

By differentiating (4.9) we can see that E} — -5 E3 is a modular form of weight 4. We

have thus also obtained

DEy(q) = E2(Q)21; E4(Q). (4.12)
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It follows from (4.11) and (4.12) that the operator D is a map

d — —
DIQ@:Mk%Mk+2.

It is worth mentioning that A(q) satisfies J12A(7) = 0 and hence
DA(q) = Alg) Ex(q).

The last function related to modular forms which needs to be introduced is the

Dedekind eta function

n(g) = ¢TI - q".

n=0
The function n(7) = e2™/24[]>° (1 — ¢>™™7) is not a level 1 modular form, however
it is a weight 1/2 modular form with respect to a subgroup of SL(2,7Z), but this will

not be necessary for us. However,

n(@)* =q]J(1— ¢ = Alg).

4.2 The Case When The Parameterizing Space is
String

Viewing M and M as Q-vector spaces we have H*(X, M) ~ H*(X,Q) ® M and
similarly H*(X, M) ~ H*(X,Q)® M. Both H*(X, M) and H*(X, M) are naturally
identified with subrings of H*(X, Q[[¢]]) ~ H*(X,Q)[[¢]]. The integration over the
fibers map above was extended to H*(Z,Q)[[q]] — H* ™(X,Q)[[q]] coefficient by
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coefficient. It is not hard to see that this restricts to the map

/ HY(Z, M) = H*™(X, M)
Y

vt ([ ) o0

In [3], the assumption p;(X) = 0 was present throughout and the following the-
orem and its corollary were already noticed, though the modularity of the graded

components was shown by other means.

Theorem 4.6. Let F = (w, Z, X) be a string family of compact spin manifolds with
fibers Y, = w*(z) of dimension m. If we expand sch(F;q) into its homogeneous

components as an element of H* (X, Q|[q]]),
sch(F; q) = scho(F;q) +schy(F;q) + ...

then schy(Fiq) € HY(X, M%), and if py(X) = 0 then schy(Fiq) € HY (X,
MZEF) . Moreover,

schy(F; q) = ind Dy,
i.e. scho(F;q) is the string, or Witten, genus of Y.

Proof. Since p1(Z) =0

sch(F;q) = e‘GQ(q)pl(X)/ a(V,q). (4.13)
Y
The function a(z,7) = 0(; 7 = exp (Z 22n'G2n(7')22n> is even, has @(0,7) = 1, and
) n=2 ’

is homolomorphic at z = 0. Thus it has a Taylor series expansion

A(z,7) =1+ fo(m)22 + fa(m)2* + ... (4.14)
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We have

- z ar +b =2 ar +b z 2n .
¢ (cr—l—d’cr—i—d) - (Z ﬁGQn (CT+d) (c7+d> > = (7).

n=2

Thus
- z ar +b 1t ar +b z 2+f ar +b z 4+
“ ctr+d er+d) *\er+d cT +d Nertd et +d

b
is equal to (4.14). Equating coefficients of 2" it follows that fa, (aT il ) = (e1 +

ct+d
d)*" fon (7). Hence (4.14) can be considered as a formal power series with modular

form coefficients. After identifying modular forms with their g-expansions we see that
the coefficient f,, lies in M?™. In the language of Appendix A, o(x, 7) is a Jacobi-like
form of weight 0 and index 0. We can now consider the Weierstrass sigma function o
as an element o(z,q) € M*[[z]]. Letting v, ..., Ym/2 denote the roots for the vertical

bundle V', it follows that

m/2 m/2
[Taw. o =]+ fla)y: + fil@)ys + )
n=1 n=1

=1+ fo (V) + fa(@)p1(V)? + (fa(@)® = 2fa(@))p2(V) + ...

m/2
That is, if we let Ha(yn,q) = 1+ aa(q) + as(q) + ... be the decomposition into

n=1
homogeneous components in cohomology, then as,(q) € H**(Z, M*"). Now,

sy (i) = [ agslo (4.15)

and integration over the fiber defines a map H™%(Z, M>1) — HY(X, M=),

Thus the p;(X) = 0 part of the theorem follows. If p;(X) # 0 then the factor

e~ G2 @P1X) il produce cohomology classes with coefficients that are polynomials
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in Gs(q) with coefficients in M, which is precisely M. Note that since Gs(q) has
modular weight 2 and p;(X) has cohomological degree 4, a homogeneous cohomology
class of degree 2j in sch(F;q) will still have quasimodular weight m /2 + j. The last

part follows by evaluating on a point in X. O]

The (quasi)modularity forces many relations between the characteristic classes of
the index bundles at each level. When the dimension m of the manifold Y and the

degree in cohomology are small we have the following result.

Corollary 4.7. Assume the setup of the previous theorem with p;(X) = 0. Let j be
such that % +j <14 and % + 7 # 12. Then, for each n there is c(j,n) € Q such
that

ch;(Ind @) = c(j,n) ch;(Ind @) € HY(X, Q).

Proof. From the previous theorem we know that the degree 2j component sch;(F; q)
of sch(F;q) is an element of H¥(X, M2 1) = H¥(X,Q) ® M2, For m/2 +j =
4,6,8,10,14, have M™** = QE=_;(q). Thus

sch;(F;q) = wEm . (q), for some w € H*(X,Q). (4.16)
Now also,
oy 1@)” AT nym N Viy i
SChj(fv Q> - qm/24 SChj(‘Fv Q) - H(l —q ) ZChJ(Inda )q (417)
n=1 i=0

Comparing the ¢° term in (4.16) and (4.17) we see w = ch;(Ind @#). Hence

Zchj(lnd (?w)qi = Sch;(F;q) (4.18)
__ﬁsc ) — b (Tnd ghgmr2a EE4(D)
= gy e = sl 49)a n(g)™
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The proportionality factor c(j,n) are then extracted from Ewm ;(q) ﬁ (1—¢")™™ by
n=1

taking the coefficient of ¢". Since M2 7 = {0} for all other values of m/2 + j up to

14 except 12, the result follows (trivially) for these values. ]

The above does not apply in the case of m /2 +j = 12 since M'? is 2 dimensional.
However, the methods of the proof above can be extended. Essentially, one sees that
if the dimension of M™? is s > 1, then for all n > s, ch;(Ind (?V") will be a linear
combination of ch;(Ind @"),....ch;(Ind @ ).

We will illustrate all of this very explicitly when dim Y = 8 for low degrees in
cohomology. Assume also that p;(X) = 0 and that dim X is divisible by 4. In this
situation every time a cohomology class of degree 2k appears, it will be multiplied by

a modular form of weight 4 + k. From Corollary 4.7 we know

sch<g(F; q) = cho(Ind @) E4(q) + cha(Ind @) Es(q) + cha(Ind @) Es(q) (4.19)

+ chg(Ind @) E1o(q).

The degree 0 component of the Chern character is just the (virtual) rank of the index
bundle. Set v; := rkInd (?VZ In particular vq is the virtual rank of the index bundle of
the untwisted Dirac operator, i.e. the index of the usual Dirac operator on Y. Using

(4.18) for k = 0 one obtains

o0

Ey(q) :
1/3 44 _ i
Voq = g viq'.
ot &
We can use
E
2 77?@(;]8) = 10j ()% = vog V3(1 + 248¢ + 4124¢° + ...). (4.20)

Then comparing the right hand sides of the previous two equations we get relations
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like

rkInd §'° = 2481k Ind @ (4.21)

SQVC@VC

rk Ind ¢ = 4124k Ind @

Putting £ = 2 in (4.18) gives

chy(Ind #)¢*/3 Eola) = ichg(lnd @w)qi.

n(q)?® =
E
Noting also that ql/?’M = (1 — 496¢ — 20620¢> + ...) gives
n(q)®
chy(Ind 3'%) = —496 chy(Ind §) (4.22)
cho(Ind @ “¥%) = —20620 chy(Ind §)

There are similar relations between the cohomology classes in degree 8 and 12 that one
could write out. The degree 16 cohomology classes, however, are not all proportional.
This is because they have coefficients in M'?, which is 2 dimensional. We use the

basis {E4(q)* — 728A(q), A(q)} of M'. We have

1/3 Ey(q)® — 728A(q) 1/3M
n(q)® n(q)®

= a1 +196732¢> +...) + B(q — 164> + ...).

Schg(F;q) = ag + Bq

which is to be compared with

3" chg(Ind @) = chs(Ind §"°) + chs(Ind @ )q + .

=0
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and the values of a and [ are easily read off so that (4.19) can be extended by

including
schs(F; q) = chs(Ind @) (Ey(q)* — 728A(q)) + chs(Ind %) A(q).

We could expand this in powers of ¢q. Rather than the classes chg(Ind @Vn) being
proportional for all n € N, as before, we would see that chg(Ind (?V") forn>2isa
linear combinations of chg(Ind @) and chg(Ind (?vl).

Moving to degree 20 in cohomology will give weight 14 modular forms. Here again

the Corollary 4.7 can be applied and the next term is simply in sch(F;q) is
schio(F; q) = chyo(Ind &9)E14(q).

The method for all higher degrees is a straightforward generalization of the degree

16 case. Let r denote the dimension of M", then there is a basis {fo(q), fi1(q)A(q),
o Fre(@A(q) ) for MF with £;(0) = 1 and, of course, A(q)" = ¢* + ... Simple
linear algebra can be used to find in M* a basis {¢o(q), ..., ¢»_1(q)} instead, which

satisfies ql/?’% = ¢' + O(q"). Working in this basis it is easy to see
4173
SChk_4(]:; q) = n(q) <Chk 4(Ind¢'9 ) ( )‘|‘ +Chk 4(Ind¢'9 " 1)¢r 1( ))

We restate the last part of the example in more general terms.

Proposition 4.8. Let Z — X be a string family of compact spin manifolds where

each Y, = 7 (X) has even dimension m and py(X) = 0. Let s; = dim M 2% and

{00(q), ..., 0s,-1(q)} be the basis for M= which satisfies qm/%% =q + O(q%).
Then
qm/24 Vg._l
Sely (F) = s (s (I 97)60(a) oy (10§76, 1(a))
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Before moving on we wish to point out some connection with the preceding and
anomaly cancellation. Thinking of the index bundle for the Dirac operator as the
formal difference Ind @ = ker @ — cokerd in K (X), one can define the determinant line
bundle

det @ = det(ker @) ® det(coker @)* € K(X).

As in defining the index bundle, this is not strictly true as the dimension of each
space ker @ and coker @ may individually jump. However the determinant line bundle

det @ — X can still be defined (see [12]) and one has
ci(det @) = ¢;(Ind @) = ch;(Ind @) € H*(X, Q). (4.23)

In physics, this characteristic class is referred to as an anomaly. The Proposition 4.8

produces many “anomaly cancellation formulas.” Examples of these formulas are
c1(det é?V") = a(n)ci(det @), for some a(n) € Q. (4.24)

which follow directly from Corollary 4.7 whenever dimY < 24, except when dimY =
20. The equation (4.24) holds nontrivially when dimY = 6,10, 14,18, or 22. The
operator @' = §'C 1 C®(ST @ Vi) = C®(S~ ® Vi) is almost what is known as the

Rarita-Schwinger operator. If dimY = 6 and p;(Z) = p;(X) = 0 ' then
c1(det @VC) = 246¢; (det @)

If dimY = 20 or dimY > 24 one needs to appeal more directly to Proposition 4.8.

For instance, in the case that dimY = 20 the proposition gives

/0

n(q)*

1t is sufficient to require just that p;(V) = 0 instead.

Schy(F;q) = (chy (Ind @)(E4(q)® — 740A(q)) + chy (Ind*) A(g))
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from which it follows that

SQVCEDVC)

c1(det @ — 196870c; (det @) — 4e; (det @),

4.3 Some Computational Motivation

Now we will drop the assumption that p;(X) = 0 (but maintain p;(Z) = 0). The
results will now be quasimodular rather than modular. The dimensions of the space
of quasimodular forms grow much quicker than for modular forms as one goes to
higher weights. Because of this one might expect much less rigidity in the structure
of the index bundle for a family of Dirac-Ramond operators. However, we will see
that this is not the case. In the next section we will state and prove a theorem
which generalizes (4.8) in the case p;(X) # 0. The formula within the theorem is
very complicated and in this section we will demonstrate the formula in some special
cases. In the case where the fiber Y has dimension 8 some direct computation with

the formula (3.15) (see Appendix B) shows the following

scheg(F;q) =
” (E4<q> T ﬁﬂi@ (pl(zX)) + g ) (pl(zx))Q
gy o0 (2 ;X))g) e
1

+ chy(Ind @) (Ee(q) + ﬁEé(Q) (pl(X)) * 2!(6)2Eg(q> <p1(2X))2)

+ chy(Ind &) (Eg(q) ¥ é El(q) (m (2x) ))

\)

+ chg(Ind @) E1o(q)
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where (k), = k(k+1)...(k +n — 1) is the Pochhammer symbol and f'(q) = qCZ]f(q)

Note that all of the terms with a derivative are of order ¢, so when ¢ — 0 one obtains

Sch<s(F;0) = 14 + cha(Ind @) + chy(Ind @) + che(Ind @) = ch<s(Ind @),

as expected from (3.13). Of course, the p;(X) — 0 limit reduces to the previous case
(4.19).
Using (4.25), Sch(F;q) = sch(F; q)ﬁ(l — ¢™)®, and the ¢ expansion of the

n=1

Eisenstein series the following relations are obtained
chy(Ind 3'%) = —496 chy(Ind @) + 30vop; (X)
cha (Ind @594 = —20620 chy(Ind @) + 780wep1 (X) (4.26)

chy(Ind @'%) = 488 chy(Ind @) — 42p; (X) chy(Ind @) + gyopl (X)?

chy(Ind §°V2®Y¢) = 65804 chy (Ind ) — 3108py (X) cha(Ind ) + 6610, (X)?.

The next relevant degree is 16, where the modular forms become weight 12 and
now have an extra dimension; we expect something interesting to happen. The result

can be written
schs(F; q) = chs(Ind @) (Ei(q)® — 728A(q)) + chs(Ind ") A(q)
4+ (Ef) (@) — 240A(q)> (pl(X>>4

A (4), 2

+ —C};(I?;a) <E ) + 504A(q ) < <2X >
—d;f_l?;f) <E8 — 480A(q ) (p 1<2X ) (4.27)
—Ch"‘((ll(%‘i@) (Elo(q) + 264A(q ( 1(2X )
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What we see is that the pattern of coefficients in (4.25) continues, but there are
extra terms. Notice that each of the terms Ef)(q) — 240A(q),...,E1o(q) + 264A(q)
are all order ¢>. This makes sense since after multiplying by ﬁ (1—¢™)~® the second

n=1

term will give chg(Ind ﬂvc)q and this is entirely what the coefficient of ¢ in Schg(q)
should be.

When dimY = 6, one obtains similar results. The same calculations as above

show that in this case

sche7(F;q) =

ch; (Ind @) x (4.28)

1 / p1<X) 1 " pl(X) ? 1 " pl(X) ’
<E4(Q) + @Ez;@ ( 5 ) + 2104, E(q) ( 5 ) + mﬂi (q) (T) >
+ chy(Ind ) <E6<q> + B (5) + v (259 )

+ chs(Ind §) (Eg(q) L El(q) (pl (X ))

+ ch7(Ind @) E19(q)

4.4 A General Formula

Noticing the similarity of the coefficients in (4.25) and (A.6) we are led to formulate

a general theorem which puts sch(F;q) as something akin to a “Jacobi-like form in

@”. To make this more precise we first define a map

T — H (X, M)

F(z,q) = ZX2j(Q)22j — ZXZj(q) (pl(QX))]
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The map is well defined since X is finite dimensional. To maybe abuse notation, we

1
will denote the image of an element F(z,q) under this map by F' <§p1(X ), q) and

call it a cohomological Jacobi-like form, or CJLF for short. Using this, we see that

(4.25) can be restated as

scheg(F; q) =voEy (p 1(2X ), q) Lt chy(Ind §) Eg (p 1(2X ). q) B (4.29)

+ chy(Ind @) By (p 1(2X> ) q) _, T ch(ind #)Ew (pl <2X) ’ q) <0

where for any CJLF F (%pl (X ),q) we denote its projection onto degree at most n
in cohomology by F (%pl(X), q) <n Compare (4.29) to (4.19). The general formula
for sch(F;q) given in the theorem below can be better understood by reexamining
what we have so far, and what we get by moving to the next (nonzero) degree in
cohomology. The terms that one gets from Proposition 4.8 in the p;(X) = 0 case, i.e.
those in (4.19), have modular form coefficients. Taking the Cohen-Kuznetsov lift of
these modular forms and promoting them to CJLF’s gives (4.29). Moving to degree 16
in cohomology we see from (4.27) that we get two more modular terms guaranteed by
Proposition 4.8 and four other terms having modular (cusp) form coefficients which
cancel the coefficient of ¢ in all terms containing p;(X) in (4.29) (making them order
¢*). The pattern then repeats each time you move to the next relevant degree in
cohomology, there will be some new terms which arise from Proposition 4.8, say s
of them, and another term which cancels the first s coefficient of all other terms
containing a p;(X).

To put things more formally we first need the following.

Lemma 4.9. Let ¢ € M* and put S9; = dim MFH2 - Then there is a unique element

$(2,q) = x2i(0)27 € Ty
=0
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such that xo(q) = ¢(q) and for j >0

X2i(q) € ¢ Q[[g]] N MF+.

Proof. As in Theorem A.6, a sequence of modular forms {fa}s>0 such that fo €

MF2 uniquely defines an element ¢*(z, ¢) € T pa Via

¢ (2,q) = folz,q) + 2 faz,0) + 2" fa(z,q) + .

We set fo(q) = ¢(q) and define fyy(q) for £ > 0 recursively by requiring that

Jj—1 —n)
) + 3 iy T ) — el

This recursive equation has a unique solution for each j since the equation puts sof

independent conditions on the fy, and MF28 g 55, dimensional. O
One can see that 0°(z,¢) = 0; a less trivial example follows.

Example 4.10.

Ei(2,q) = Ea(2,q) — 2°

240 ~ ( 240 240 1

4!(4)4A(2’Q) - 61(4)  41(4) 2!(12)2) AB(2,q) + -

Comparing the example with (4.29) and (4.27) we see that, up to degree 16, the
coefficient of vy in sch(F; ) is the CJLF Ei (%pl (X)), q). The following theorem asserts
that this extends to all degrees in cohomology and that all the other components of
the Chern characters of the index bundles of the various twisted Dirac operators
that show up in sch(q) also have coefficients that are a CJLF f* (%pl(X), q) for some

modular form f.
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Theorem 4.11. Let F = (w,Z,X) be a string family of compact spin manifolds

where each Y, = 7' (x) has even dimension m. Let s; = dim M2, Then

Sch(F;q) = (4.30)

m/24
o > chy(Ind #)), (pl(X) ’ q) + oy (Ind § )l (pl X Q>
7=0

n(g)™ 4= 2 2
where for each j the collection ¢;0(q), ..., ¢js;-1(q) is given by Proposition 4.8.

Proof. Consider the polynomial rings S = Q[pi, ..., pm/2] in the indeterminates p;
of weight 4i. We regard S as a subspace of the polynomial ring Q[y1, ..., Yim /2], with
indeterminates y; of weight 2i, via the degree preserving injection p; = o;(v3, ..., 42, /2),
where o; is the ith elementary symmetric function. Using the series expansion of the

exponential function one obtains
m/2 - m/2 00 9
U(z,q) = H <—Z = Hexp (Z Q—MGzn(Q)(yi)QnZQn>
=1 ’

i1 7 2Yis q) N = n=2

as an element of (Q[[g]] ® S)[[z]]. From the proof of Theorem 4.6, we see that ¢ (z, q)
actually lies in a smaller space. Namely, let S = S°@® S* @ ... be the decomposition
into homogeneous subspaces and set R = @72y M* @ SY; then 9(z,q) € R[[2]] and
the coefficient of 2" is in M?" @ S

Let r € {0,2} be the reduction of m modulo 4. Expanding

V(z,q) = 1+ 22as(q;p1) + 2 aal(q; pr, pa) + ...

we define
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U(z,q) (4.31)
_ 1 2 . (m+r)/2—2 . Ga(q)p12?
= W(Z, q) — (1 + 2%ax(q; p1) + ...+ 2 U(mr)/2—2(Q; D1, ))} €
= eCrlam= Z as;(q; pr, )22

j=(mtr)/4

Notice that the coefficient of 2™ in 3722\ as;(g;p1,...)2 ™/ is an element of

MEH @ §mH2 Qet R = D M2 @ S% then we have ¥(z, q) € R[[z] and if

U(z,q) = xo(¢; 1, ) + X1(@; p1,s )2 + X2(@5 p1y ) 2% + .

then x,(q;p1,...) € Mt g gmt2n,
Using Example A.2, we see from (4.31) that for any (yi, ..., Ym/2) € C™? it follows
that W is in either ._7;/27&1 or jﬂ;ﬂiﬂ depending on whether » = 0 or r = 2,
T2 T2

respectively. We can then form the modular combinations as in (A.8)

> 2 j( —— 2>‘ X;gj(q iy .) € MM g gmt?
(2 !

&nlaim,-) =

0<j<n/2

(4.32)

‘ d\’
and, as above, y\) = (qd_q> X- Then as in (A.7) we have

U(z,q) = &(2,9) + 26(2, ) + 2%62(2,9) + ...

where
o

(—m) v) N
Euz0) = Z Qm/g(fﬁ;"“)z%enuzn

v=

is the Cohen-Kuznetsov lift of gn with index f%. From this we obtain the important
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formula

[e'e) (e8] I ,u v) —
ng & g, ) WY
= nEZOZ €n(2:q) ;: 2 773/2291—1— V) (‘%) 2 (4.33)

Now we take z = 1 and use the identity in (4.33) with the p;’s replaced by Pontryagin
classes for the vertical bundle V' — Z. The assumption p;(Z) = 0 gives py(V) =

—m*p1(X) and since each ag;(g; p1, ...) is degree 45 in cohomology we have

/a2j<Q§p17...)€G2(q)pl(v) zeGQ(q)pl(X)/azj(q;pl,m)=0
v Y

for 25 < (m +1r)/2 — 2. Therefore,

/¢(1,q)602(q)p1(v)=/\I’(I,Q)-
Y Y

We have thus obtained

m/2

sch(F;q) = /H 3=/y\11(1,q)

o (i, q

/&) +§1 (1,q) +§2(1 q)+ ... € H*(X,Mv*) (4.34)

Note that /§j(q;p1, .)€ H¥(X, M?*%). Now, we will proceed by induction to
Y

show that for each j

jo sj—1 [(Go—37)/2]
i X -
/fjo q;p1,--.) = ch;(Ind (?V) <p1(2 >> ]]2 I(q) (4.35)

]:O 1=0

where for each j < jy the collection of ¢;,(q) := fﬁi(q) e M2Y fori=1,.., s;—1

’

are given by Proposition 4.8 and ]0 J (q) € M=+ are defined so that when jo—j =
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20 they satisfy

- D" f71(q) .
+Z C—n)l(m/2+ 754 2n)e, € ¢ Qllgll

n=

When jg — j is odd the j;‘;*j’s might as well be taken to be zero. The reason for
this is that sch;(F,q), ch;(Ind @Vi), and the &; all vanish for all odd j or all even j
depending on whether » = 0 or r = 2, respectively. It is for this reason that the

appearance of the floor function in (4.35) and the following is not all that significant.

To see why (4.35) will imply the theorem, we combine it with (4.33) and (4.34) to see

schej,(q) = (/ngj(l"ﬁ>

—fjiw l/)'(ml/2+y) (plzX))M_VL§£“‘”)(q,pl,...)

B jo pm v s—1 v, pl(X> p—v+[(v—7)/2] D“_Vf;;j(Q)
_Z > 2 ch;(Ind @) (—> (1 — ) (m/2+ ),

—~

After setting 2¢ = v — j and 8 = p — v this becomes

Jo Sj— [(Jo—3)/2] ¢ [(Go—3)/2]—¢ B f2¢0 B
p1(X) D" f:5(q) p1(X)
ZZCh (nd ") )2 ( 2 ) 2 6!(m/2ij+2€)g( 2 )

7=0 =0 =0 £=0
jo Sj— [(Jo—3)/2] ¢
2 [ pi(X) p1(X)
S st S (7 (2520)) (25
j=0 i=0 =0 <2(jo—j—2¢)

<2(jo—7)

Jo
_ Zchj(hld $V0>¢§70 <p1(2X> , q) +...4+ ch; (Ind (?VS 71) ]Sj—l ( (QX) ) <2(0—j)
2 =z(Jo—J

For j = 0, (4.35) is an equation in H°(X, M?%). As in Proposition 4.8, one
can solve scho(F;q) = [, &olg;p1,-.) = Doi%, ! cho(Ind @) os(q). This is just the
computation of the index of the Dirac-Ramond operator on Y in terms of the index

of the Dirac operator and the indices of the first so — 1 twisted Dirac operators.
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Now suppose that the formula (4.35) holds for v < jo. From (4.33) and (4.34) we

have

schy, (F,q) = / Z SIS (—%)”” (4.36)

(Jo —v)l(m/2 4+ V),

- JZ “ (jo — v)! (ml/2 + V)i (pl(zX)yo_y /Y §9 7 g; pr, -..).

Applying the induction hypothesis (4.35) to the terms with v < j, gives

T = sehyy (Fi q) — /Y €0 D15 )

jo—1 v si—1 L(Go—3)/2]
V; io—v pV—7 p1<X>
- Zo jo — V) m/2 ), ch;(Ind @) D™ fii' (@) ( )

JOTV =0 i=0 2
Jo—1s;—1
V;

= Z Z chj(Indﬁ )X

=0 i=0

179 o o
[(Jo—1-34)/2] Dido—i—2¢ ij(Q) (pl(X)>L(JO 7)/2] (4 37)

(Jo—3—20m/2+ 7 +20)j,—j-20 \ 2

£=0

where in the third line we set 20 = v — j.

From the definition we have
Schj, (F;q) Zq chy ( Ind& ).

n(g)™

m,/24

Multiplying this equation by and combining it with (4.37) gives

q)” - v v, 4 "
/ &iolaiprs o) = ZE"/)M Zq chjy(Ind@™") — Y € HY (X, M2,
Y v=0

We proceed as in Proposition 4.8 and find a basis for M2 ™ of the form {¢;,0(q),
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s ¢j075j0_1(q)} which satisfies qm/%%i)(:‘? =¢"+ O(g*0). Then

()™ = Vi
g2 Z ¢' chj(Ind @) =
=0

chjo(Ind ") 6j,0(g) + .. + e (Ind @0~ ) ., 1(q) (mod g*0).

Let Q € H¥°(X, M%HO) denote the RHS of the previous equation. Then

(fo/)ﬂ 3 ¢ chyy (Ind @) — Q) -
=0

is equal to —Y up to order ¢*o ! as an element of H*(X,Q)[[¢]]. For each (j,7) we

can find an j(;*](q) € M2+ such that

o [(Go—1-3)/2] Dio=i=26£2¢( )

J0—J = — I mod 83

S D DI Y B R et
T +ijo

which is uniquely defined since M is s;, dimensional. Thus, we have

Jo—1sj—1 Jjo—J
v (pi(X o
A=) chy(Ind ") (#) 7 (a)
j=0 i=0
Jo—1s;—1
= — Z Z chj(Indavi)x
j=0 i=0
[(Go—1—34)/2] do—i—2¢ %(Q) p1(X) L (Go—34)/2] v
— - (mod g*o)
(Jo—J =20 m/2+ j+ 20)jy—j-20 \ 2

=0

Now, since / &, = 2 — A (mod ¢*0) and each quantity is in H*°(X, M2 ) we
Y



have equality for all orders of ¢, i.e.

Sjo Jo—1s85—1 p (X)

Zchjo(lndaw)qﬁjo,i(qH 4 Chj(lndavi)( 5

and this is the induction step we wanted to show in (4.35).

) [(Jo—7)/2]

Jo=J
]72

(q)
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Chapter 5

The Eg Bundle

Our formal version of the Dirac-Ramond operator should arise as the restriction of
an actual operator on loop space. And it is believed (see [9], for instance) that
the actual operator on loop space should fit into the framework of a Diff(S') equiv-
ariant K-theory of loop space. It is desirable then for the index bundle Ind ) :=
> 0 q"Ind (?V" to be the restriction of a “Virasoro equivariant” vector bundle on
loop space. A nice class of algebras whose representations also furnish representa-
tions for the Virasoro algebra are affine Lie algebras. Below we will show that under
some stringent conditions we can identify the index bundle with a bundle associated
to a representation of affine Fg. In the following we will assume all spaces X and Y

are compact and any Lie group G is compact, simply connected and (semi)simple.

5.1 Classifying Spaces

For every group G there is a classifying space BG with a principal G bundle EG —
BG such that for any X the set of principal G bundles over X corresponds natu-

rally to the set of homotopy classes of maps from X to BG, denoted [X, BG]. The

o8
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correspondence is given by
[ X,BG] > f— (ffEG — X).

Suppose the cohomology ring of BG satisfies H*(BG,Z) ~ Z|cy, ..., ¢,]. Then char-
acteristic classes for the universal bundle EG are given simply by ¢;(EG) = ¢; and

for all other principal bundles f*(EG) they are given by naturality
a(["(EG)) = [Y(a(EG)) = [*(a) € H'(X,Z). (5.1)

Related to classifying spaces, we will also make use of the Eilenberg-MacLane spaces

K (G, n) which are constructed so that

G ifi=n
mi(K(G,n)) =

0 otherwise

Because of this, one can obtain the singular cohomology of X with coefficients in G

by using H"(X,G) ~ [X, K(G,n)].

5.2 Principal Fs Bundles

The homotopy groups for Eg are known to satisfy m;(Eg) = 0 for 1 < ¢ < 14 except for
m3(FEs) ~ Z. So for i < 15 the only nonzero homotopy group of BEg is m4(BFEg) ~ Z.
This makes BEg an “approximate” K(Z,4). That is, for manifolds X of dimension

at most 14 the cellular approximation theorem gives an isomorphism

[X,BEgs] ~ [X,K(Z,4)] ~ HY(X,Z). (5.2)
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This has the effect that, in low dimensions, principal Eg bundles over X are in bijective
correspondence with the elements of its fourth cohomology. Let P — X be a principal
Ey bundle over X. If EEy — BFEg denotes the universal principal Eg bundle over
the classifying space BEjg, then P = y*FEFEg for some v : X — BFEg. The bijective
correspondence in (5.2) associates the principal bundle P to the cohomology class
w, = v*(u) where u is the generator of H*(BFEg,Z).

The adjoint representation of Ey is a 248 dimensional unitary representation. Let
p : Es — U(248) denote this representation. In fact, if we compose p with the
determinant map then we get a map from Eg into U(1). Since Eg is simple, the
kernel of this map must be all of Eg. Thus we actually have image(p) C SU(248) and
we see that P is also a principal SU(248) bundle. The goal is now to compute the
Chern classes of this bundle.

To obtain the Chern classes we need a map X — BSU(248). The representation
p induces a map Bp : BEg — BSU(248). The map we need then is given by the
composition Bpoy : X — BEg — BSU(248). Since H*(BSU(248),7) = 0 we

trivially have ¢;(P) = 0. Now,

c2(P) = (Bpoy)'(c2) =7"Bp'c.

Since H*(BSU(248),7Z) and H*(BEg,Z) are both canonically isomorphic to Z, any
homomorphism between them is determined by a single integer. The integer induced
by the adjoint representation is known as the Dynkin index of Eg and has been
computed to be 60 (see [27] and references therein). We restate all this in the following

proposition.
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Proposition 5.1. Let p: Eg — SU(248) be the adjoint representation and ¢ and u
be the generators of H*(BSU(248),7Z) and H*(BEs,7), respectively. Then

Bp* : HY(BSU(248),7) — H*(BFs,7)

ca — 60u (5.3)

We now see that

ca(P) = 60w* (u).

Before we proceed we need the following.

X
Lemma 5.2. Given a spin manifold X, p1(X) is even. That is Z# € HY(X,Z).

Proof. The proof relies on the fact that c;(7TX ® C)(mod2) = wy(TX & TX). Also,

note that
wTXeTX)=wTX)w(TX)=(1+uw(TX)+w(TX)+ws3(TX)+ w4(TX))2.

Squaring out the RHS and reducing modulo 2 gives wy(TX @ TX) = wy(TX)*. We

then have
p1(X)(mod 2) = —c(TX ® C)(mod 2) = wy(TX ®TX) = wo(TX)?

If X is spin the result follows.
m

p1(X)
2

ca(P) = —30py(X). Let W = P x, C**® be the complex vector bundle over X

p1(X)

Since we then have and therefore

€ H*(X,Z), we can choose w, = —

associated to the representation p. The Chern character of W is the same as the
Chern character for P, since W can also be viewed as being associated to P as

a SU(248) bundle using the standard representation. Working with formal Chern
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variables x1, ..., To48 We see

$% + ...+ .T§48 = (LUl + ...+ 1’248)2 — 22$2$J = Cl(W)2 - 2C2(W> = _2CQ<W)
1<j
and thus

1
chy (W) = 5(1‘% o 2hg) = —co(W) = 30p1(X).

It is a result of Atiyah-Hirzebruch [4] that for any compact simple group G,
the completed representation ring R(G)”" is isomorphic to K(BG). Making use of
the Chern character we then also have an isomorphism between R(Eg)" ® Q and
H™(BEs,Q), the completion of the cohomology ring of BEg (see [8, Section 6.1]).
Under this identification a representation A is identified with ch(EEg x C") where
7 is the dimension of the representation A. From some character calculations in [27]

we can see that
ch(EEg x, C***) = 248 + 60u + 6u* + ... (5.4)
Using ~ to pull back to X we obtain,

() = 248 + 309 (X) + Spa(X)” + . (5.5)

5.3 The Basic Representation of Affine FEj

Let g be a complex finite-dimensional simple Lie algebra and (-, -) be the Killing form
on g. We will also take g to be simply laced, i.e. of type A,,,D,,, or E,. The affine

Lie algebra g corresponding to g is

g=Clt,t '/ g®CK @ Cd
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where d = t% and the bracket is defined by

ft) @ X +aK 4+ ud,g(t) @Y + K + vd]

~1(Balt) © X Y]+ (4 Y)Res o (9 (09(0)) K+ pldo) 08— v(a)(0) s X

Via the identification t = €? the first summand appearing in g can be thought of as
loops on g with finite Fourier expansion. Writing G for the compact simply connected
Lie group corresponding to g, these loops exponentiate to polynomial loops on G.
The second summand provides a central extension of this algebra. In terms of 8, the
operator d is —id%. This operator exponentiates to rigid rotations on the circle and
so the third summand provides a semidirect product with the infinitesimal generator
of such transformations. Of course, g is a subalgebra via the identification of g with
1®g.

Of all the irreducible representations of g there is a nontrivial one which is simplest
in some ways. This representation V(Ag) is known as the basic representation and

contains a highest weight vector vy satisfying
Kvg =1y and (C[t] ® g ® Cd) vy = 0.

Let W, = {v € V(Ag)|dv = —nv}. Since [g,d] = 0 each W, is a representation for g.
The character of the basic representation V(Ag) is given by (see for instance [17], or

more in the case at hand [16, equation 2])

char (V/(Ao))(q, 21, -y ) = q"/* @g(q;;;’);"zr) (5.6)

where r is the rank of g, (21, ..., 2,) represents a point (after choosing a basis) in the
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Cartan subalgebra, and the theta function is defined on the root lattice ) by

@E(Q7 Rly ey ZT) = Z e2ﬂi<77?>q”7”2/2' (57)

vEQ

We now specify all of this to the case where g = Es. The representation V' (Ag) breaks
up in terms of the W,,’s as a sequence of finite dimensional representations for Eg (the

algebra or the group) as
V(o) =1+ Wig + Wag® + ... (5.8)

where 1 denotes the trivial one-dimensional representation. It is a fact that W is
the adjoint representation p for Eg. Recall from the previous section there is an FEjg
(X)

bundle P over X corresponding to the cohomology class - For each n > 0

define the associated vector bundles W, = P x, W, over X and put
V= lc+ Wiq+Wyg’ + ... € K(X)|[q] (5.9)

where 1¢ — X is the trivial one-dimensional complex vector bundle.

Using (5.5) we see that
ch(V) = 1+ (248 4 30p1(X))q + .. (5.10)

and the rest of the terms are at least degree 8 in cohomology or at least degree 2 in
q.
The proof of the following Lemma was pointed out to me by Antun Milas. The

result can also be found in [13].
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Lemma 5.3. There is a basis for the Eg root lattice such that

Op(q, 21, .oy 28) = (5.11)
8 8 8 8

1 , . . .

3 (H 02(2miz;, q) + H 05(2miz;, q) + ZI_II 04(2miz;, q) + H 0(2miz;, q))

where 02(z,q),03(2,q), 04(z, q) are the three classical (even) Jacobi theta functions(see

Appendiz A).

Proof. Let €y, ..., €g be the orthonormal basis for the usual Euclidean lattice Z®. The

FE lattice consists of the set
{2161 + ... + zgeg € Z°|21 + ... + 23 = 0 mod 2} (5.12a)
together with a “shifted version” of this
{z161 + ... + 2363 € (Z + 1)B|21 + ... + 25 = 0 mod 2}. (5.12Db)

We can sum the theta function (5.7) over (5.12a) and (5.12b) separately. Using (A.lc)

and (A.1d) the sum over (5.12a) is

8 8
[10s@miza, 7) + [ ] 0a(2miz,, 7).
n=1

n=1

using (A.la) and (A.1b) the sum over (5.12b) is

8
H Oy (2mizy,, T) + H 0(2miz,, 7).
n=1

The equation (5.11) now follows. O
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Now, let
1 8 8
— ZeG2(n)(FE++2]) , ,
H(T, 21, ..., 28) = 3¢ 2( 8 <H Ox(z;,7) + Heg(zzﬂ') + 11104(2“7—)> .
Notice that since 0(0,7) = 0, it follows that #(z,7) = O(z) and hence
e G2 @riz)* + 4 C2miz)”) (7 iz | 2mizg) + O(28).

@Eg(T, 21, ...,Zg) =

Using the classical transformation formulas for the Jacobi theta functions and for Go

one sees that

atr+b 2z 23
ct+d er+d T er+d

) = (et +d)*H(7, 21, ..., 28). (5.13)
Let e; be the ith elementary symmetric polynomial in z7,..., 2. Since each theta
function in H(t,z1, ..., 23) is even, it can be expanded in terms of the elementary

symmetric functions e;’s
H(T, L1y eeny Zg) = CLo(T) + CL1,1(’7')€1 -+ a271(T)€% -+ a272(7')62 4+ ...

It follows from (5.13) that each a;; is a modular form of weight 4 + 2i. For i < 4,
the space of modular forms of weight 4 + 2: is one dimensional. So to determine
a;; one need only calculate its constant term. This can be done very easily using

Mathematica. One finds

H(T, 21, ..., 28) =

1 1 1 1

Ey(1) — EE6< )261 + ST 122E8(T)(§€1)2 _

1 1

5115 P75

261)3 + O(2°).
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Then

8 8 8
% (H Oy(zi, ) + H@g(zi, T) + H94(zi,7')> mod 2*
i=1 i=1 i=1

1 1 1 1 | 1
_ e~Galne (Em ~ hge R BmGe) - WE10<T><§€1>3)
_ 1_, €1 1 1" (€1>2 1 m (61)3
_E4(T)+4E4(T)(2>+2!-4-5E4(T) ) Taas e Mz) G

Using (5.6) together with (5.14) we get

Chgm(V(Ao)) = (515)

1/3 el el

ot (50 3260 (5) g2 (3) + a0 (5))

With the identification R(Fg)" ® Q ~ H**(BEs,Q), ch(V(Ag)) is an element of

H*™(BEs, Q)[[q]]. Proceeding as in the proof of Theorem 4.6 one could see further that

—~

8
nq(lq/)?’ ch(V(Ag)) is an element of H**(BFEs, M*). Now we use the map v : X — BFjg

corresponding to —@ (see Section 5.2) to pull back (5.15) to H*(X,Q)|[¢]] and

compare the degree 4 element of cohomology appearing as the coefficient of ¢ with

that in (5.5). We see that v"e; = p1(X). Thus

1/3
) = (o) + 1B (25 (5.16)

b o (B50) + gt @ (252 4 e 0l

An application of Theorem 4.11, or more directly (4.25), now gives the following

result.

Theorem 5.4. Let F = (w, Z, X) be a string family of compact spin manifolds having
fibers Y, = m7(x) of dimension 8. Suppose also that X is a compact spin manifold of

dimension less than 16. If chy(Ind @) = chy(Ind @) = chg(Ind @) = 0 then the Chern
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character of the index bundle for the family of Dirac-Ramond operators satisfies
Sch(F;q) = ch(C* ®@ V) (5.17)

where vg is the index of the Dirac operator on'Y and V € K(X)[[q]] is constructed as

above.

The fact that the RHS of (5.16) shows up in (4.28) allows us also to say something
about the case when there is a family of 6 dimensional spin manifolds. However, there
is an awkward issue with the factor (3.6). As (5.16) has the factor 1152, (1 — ¢")®
and (4.28) should be multiplied by I, (1 — ¢")~®, we must correct by a factor
of TI2%,(1 — ¢")% Recall from the end of Section 4.2 the determinant line bundle

det @ — X. We use this to state the result as follows.

Theorem 5.5. Let Z — X be a string family of compact spin manifolds having fibers
Y, = n () of dimension 6. Suppose also that X is a compact spin manifold of
dimension less than 16. If ch3(Ind @) = chs(Ind @) = ch;(Ind @) = 0 then the Chern

character of the index bundle for the family of Dirac-Ramond operators satisfies
Sch(q) = c1(det @) - H (1—4¢") (5.18)

where V € K(X)[[q]] is constructed as above. If 1¢ denotes the trivial complex rank

one vector bundle over X, then this can also be put as

Sch(g) = ch ((detd — 1c) ® V ﬁ 1—q") (5.19)



Appendix A

Elliptic Functions and Jacobi-Like
Forms

We will first recall some functions important in the study of elliptic function theory.
Let b denote the complex upper half plane and, as usual, ¢ = ™. The (odd) Jacobi

theta function 6 : C x h — C is defined by
0(z,7) = 2¢"/®sinh(z/2) H (I —=qg"e*)(1—q"e*)(1—q").
n=1

Observe that
0'(0,7) = n(r)’

where 7(7) is the Dedekind eta function defined in Section 4.1. The other three (even)

Jacobi theta functions are

03(z,7) = 2¢*/® cosh(z/2) H 1+ ¢"*) (14 q¢"e*)(1 —q")

e}

O3(z,7) = [J(1+ " 2e) (1 + ¢ 2e7%) (1 — ¢")

n=1
9]

Ou(z,7) = [ — " 2e5) (1 — " 2e75) (1 — ¢").

n=1

69
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We also list their series expansions

Oz 1) = D (—1)"gz"e™ (A.1a)

n€Z+%

Oy(2,7) = Z gz e (A.1Db)

neZ+}

O5(z,7) = Z gz e (A.1c)

nez

O4(2,7) = Z(—l)"q%ﬁe”z. (A.1d)

nez

Another important elliptic function is the Weierstrass sigma function, which is typi-

cally defined by

o(z,7) =% H (1 N E) e3t315)’,

0#vye2mi(Z+1Z) v
For our purposes, this is not a useful expression. We make more use of it in the

following identities

= zexp (— Z %ng(ﬂz%) . (A.2)

Let Hol(h) denote the space of holomorphic functions on . We will make extensive

use of the following

Definition A.1. A Jacobi-like form of weight k and index X is an element of F((z,T) €

Hol(b)|[[z]] such that

F < :art b) — (er + d) exp ( A2 ) F(z,7) (A.3)

cr+d et +d cr +d2mi
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a b
for all € SL(2,Z). We will denote the collection of Jacobi-like forms of
c d

weight k and index X by Jj x.

Jacobi-like forms satisfy one of the two transformations properties which essentially
characterize Jacobi forms. The foundations for Jacobi forms were laid out in [11] and

the generalization of Jacobi forms to Jacobi-like forms was introduced in [10] and [30].

Example A.2. Given a modular form f € M* one can use (4.10) to verify that

F(z,7) = 2" f(1)e~ ¢ is a Jacobi-like form of weight k — n and index A/2.

As with modular forms, Jacobi-like forms can be defined on subgroups of the
modular group as well, but that will not be necessary for us here. Since Jacobi-like
forms are invariant under the transformation 7 +— 7+1 they have a Fourier expansion

2miT

in terms of e“™" and hence can also be viewed as elements of C[[¢]][[z]]. We will denote

by Jok the elements of Ji » which define elements of Q[[¢]][[#]]-

Proposition A.3. Given a Jacobi-like form F(z,T) :in(T)Zj € Jix- Each x; is
j=0

a modular form of weight k+ j if A =0 and a quasimodular form of the same weight

otherwise.

Proof. Let F(z,7) = ZXR(T)Zn € Jur. Set H(z,7) = 2?3 F(z 7). Then

n=0

z ar+b
H
(c7‘+d’c7‘+d)

— exp (CT+d)2G2(T)—%(m+d) 2A(———)7 )
(( )2 )

Uy cT +d
2
(CT+d)keXp( AN )F(Z,T)

cr +d2mi

= (et +d)*H(z,7T).
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Now expand H(z,7) as a power series Z Xn(7)z". The previous equation becomes
n=0

< _ [ar+b z " =
n = d n
Sw () (a) —lrrat S ne:

so that each X, is a modular form of weight k 4+ n. Then F(z,7) = e 2G2(11A* Yoo

Xn(7)z", and it follows from this that each y, is a quasimodular form of weight

k+n. O

Hence when the y;’s have rational g-expansion, i.e. F'(z,7) is an element of Jg k. »,
then F(z,7) canonically determines an element F(z,q) of M*[[z]]. As with modular
forms we will use these notions interchangeably. Since MFi s trivial when k -+ Jis
odd, the x;(7) are necessarily zero for half of the j’s. Thus Jj » is the direct sum of

the two subspaces

T =A{F(2,7) € TenlF(z,7) = sza

Tir = 1AF(2,7) € TealF(2,7) ZXQJH \Paaia?
It is easy to verify that the following map is an isomorphism:

jl:,_)\ = T (A.4)

F(z,7)— 2zF(z,71).

Given an F(z,7) € Ji., evaluating (A.3) at z = 0 shows that F'(0,7) is a modular

form of weight k. Thus there is a map «76,1@,,\ — MF.
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Definition A.4. Given f € M" the Cohen-Kuznetsov series (or lift) of f with index
A is given by

N 2 \npn) (1
Flerm) = 32 Z P € ol ] (A5)

where (k), = (k+n—1!/(k—1)! = k(k+ 1)...(k + n — 1) is the Pochhammer

1 d
symbol and f™ () = < —) f(7). If no mention is made of the index, it will be
assumed that A = 1.

i dr

The derivation D := ﬁ% = q%, was defined in Section 4.1 where it was also

pointed out that D defines a map D : M — M2,

Example A.5.

Bi(s.0) = Bula) + {407 + 5 BY@)2 + 5@ + .
= Bula) + 15 (Bula) B2(a) — Eo(a) 2 (4.6)
¥ s (Bu(0) — 2B6(@)Baa) + Bu(@) Ba(a)?) 2* + .

It is shown in Section 3 of [11] that if f € M* and ]?(z, 7) is its Cohen-Kuznetsov
lift with index X, then f(z, ) satisfies (A.3) and so f(z,7) € Tg k- This justifies the
term [ift, as the map [ — fprovides a section for the map .7& fm MPF. In fact, all

elements of Jg i, can be constructed from Cohen-Kuznetsov lifts via the following.

Theorem A.6. Given a Jacobi-like form F(z,7) € Jgia there is a corresponding

sequence of modular forms &y, &1, &, ... such that &, € MFT™ and
F(z,7) = 50(2 T) +z€1(2 T)+ 2 52 2,7T) Zzngn Z,7) (A.7)

and an(z,T) 18, as above, the Cohen-Kuznetsov lift of &, with index \. Conversely, for
any sequence of modular forms &y, &y, &, ... satisfying &, € MFT™ the equation (A.7)
defines an F(z,7) € Jokx-
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Remark A.7. Again, since M*™ = {0} whenever k + j is odd, half of the ;s

necessarily vanish. Note that in terms of the usual expansion in (q)#’ of an F(z,7) €
=0

Jo.k.n, the sequence of modular forms are given by

Gin= 3 CUEERE I o). (A8
0<j<n/2

See Section 3 of [11] for the proof.

Given F(z,7) = ZX2n<T>22n € Joy then xo(7) is a modular form of weight 0
n=0

m/2

and hence constant. Assume yo(7) = 1. Then H F(y;, T) is expressible in terms of
i=1

the elementary symmetric functions py, ..., pp/2 in the variables TP Txd /2 1t follows

then that if we write

m/2
[ Fwim) =1+ ana(m)p1 + aza (7)p] + aza(7)p2 + .. (A.9)
=1

then each a; ;(7) is a modular form of weight 2i if A = 0 and a quasimodular form of

the same weight otherwise.



Appendix B

The Computation

In this section we show how the computations in Section 4.3 were done and hope to
elucidate the proof in Section 4.4. We assume the setup from the previous sections.
Namely, we have a string family Z — X parameterizing the compact spin manifolds
Y, =7 '(z) and V — Z is the vertical bundle. The string condition on Z allows us
to make much use of (4.1). For simplicity, we will restrict to when the dimension of
Y is 8. All, computations below were done with the help of Mathmematica.

We recall the formula for the A-class. For a vector bundle V with Pontryagin

classes p1(V), ..., pm/2(V') we have

~ 1 Tp1(V)? — 4po(V —31p1 (V)2 + 44p, (V)pa (V) — 16p3(V
AV) =1-gmV)+ ! )5760 ) ) 9é§68)02( S
(B.1)
L 3811 (V)* = 904py (V)pa(V) + 208pa(V)? + 5120 (V)pa(V) = 1924(V)

464486400

We will start with the case when dim Y = 8. Then by the usual Atiyah-Singer index

5
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theorem for families of Dirac operators we have

cho(Ind @) = /Y _4]5)%‘(/)) (B:2)
[ 44p(V)pe(V) — 16p3(V)
chy(Ind §) = /Y 967680

Recall that in the notation above we have V} = V. Some manipulations with formal

Chern variables show

h(Vz) = 8 4 py(v) + LU 200 pn (V) S 0malV) + 3V

pi(V)* = 4pi(V)2pa(V) + 2p2(V)? + Api (V)ps (V) — 4pa(V) N
20160

(B.3)

+

After multiplying this by (B.1), the index theorem (2.12) gives

chy(Ind §*) = /Y _3111)22‘/)
chy(Ind §) ::jg"13?1(V5P;223-F62p30f)

Notice that if p;(X) = 0 then p(V) = —7"p1(X) = 0 and then chy(Ind (?Vl) =
248 chy(Ind @) and chy(Ind avl) = —496 chy(Ind @) agreeing with (4.21) and (4.22),

respectively. However, when p; (V) = —7"p1(X) # 0 we have

Vey 44py (V)p2(V') — 16p3(V) —4py(V)
chy(Ind §'°) = /Y — 496 e 30—~ (- (V)
- 44py (V)ps(V) — 16p5(V) Aps(V)
= 490 /Y 067680 3001 (X) /Y 5760

= 496 chy(Ind @) + 30 cho(Ind §)p, (X),



7

agreeing with (4.26).

To see where (4.25) comes from we recall

m/2
~ T Yi Gao(T)y?
a(v, ’r)eGQ( (V) eG2(1)y;
( e
— = 2n
- HeXp(Z 2n' 271(7-)3/1 )
=1 n=1
_ G 2 G 2n 2n
=exp ) 5 C2n (T (" + o+ Yo
n=1 :

and after making use of the Newton identities which express the power sums in the

basis of elementary symmetric polynomials this can be written

~ exp ( - B0 + SR () — 2 (V) +

E@(Q)
181440

(p1(V)? = 3pi(V)p2(V) + 3p3(V)) + ) (B.4)

We will write p; for p;(V') in the following. Expanding this out we get something of

the form

a(v, 7_>er (M (V) —

E4(q)p2 N 84E5(q) E4(q)p1p2 + 48Es(q)p1ps — 48F4(q)ps N
1440 2903040

F(p1,q) —

where F'(p1, q) is some expression only depending on powers of p;. Hence,
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schea(q) = / a(V, 7)eC2mv)
Y

_ / _Eulglp> | 84E5(q) Ea(g)p1p2 + 48 Es(q)p1p2 — 48 Es(q)ps
v 1440 2903040

_ P2 1 Ey(q)Ea(q) — Es(q), 11
N /Y 1440 (E“(Q) "1 3 (_5)> *
44p1(V)p2(V) - 16p3(V)E (q>
967680 6

— cho(Ind #) <E4(q) + ip@(q) (pl (2X ) )) + chy(Ind ) E(q). (B.5)

Continuing this to higher degrees in cohomology gives (4.25).
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