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This thesis is concerned with the connection between Lie algebras with multiple
brackets and the topology of partially ordered sets. From a partially ordered set
(poset) one obtains a simplicial complex, called the order complex, whose faces are
the chains of the poset. There is a long tradition of using topological properties
of the order complex to study various geometric and algebraic structures.

It is a classical result that the multilinear component of the free Lie algebra is
isomorphic (as a representation of the symmetric group) to the top (co)homology
of the order complex of the proper part of the poset of partitions II,, tensored with
the sign representation. We generalize this result in order to study the multilinear
component of the free Lie algebra on n generators with multiple compatible Lie
brackets. We consider the poset of weighted partitions II'?, introduced by Dotsenko
and Khoroshkin in their study of a certain pair of dual operads and we introduce
a new poset of weighted partitions II* that allows us to generalize the result. The
maximal intervals of II!V provide a generalization of the lattice II,, of partitions,
which we show possesses many of the well-known properties of II,,; the new poset
I1* is a generalization of both II,, and IT1¥. Indeed, IT} ~ II,, and 112 ~ II%,

An important combinatorial tool for studying the topology of the order
complex is provided by the theory of shellability. We prove that the poset IT¥ with
a top element added is EL-shellable and hence Cohen-Macaulay. This enables us
in the case k = 2 to use the poset theoretic Mobius function to recover results of

Dotsenko-Khoroshkin and Liu giving the dimension of the multilinear component



of the free doubly bracketed Lie algebra Lies(n) as n™~!. We show that the Mobius
invariant of each maximal interval of IT? is given up to sign by the number of rooted
trees on node set {1,2,...,n} having a fixed number of descents. Moreover, we
construct a nice combinatorial basis for the homology of these intervals consisting
of fundamental cycles indexed by such rooted trees, generalizing Bjorner’'s NBC
basis for the homology of II,,. We also show that the characteristic polynomial of
IT has a nice factorization analogous to that of II,,.

EL-shellability and other properties of the more general poset II¥ enable us to
answer questions posed by Liu on free multibracketed Lie algebras. In particular,
we obtain various dimension formulas and multicolored generalizations of the
classical Lyndon and comb bases for the multilinear component of the free Lie
algebra. We obtain and rely on an interesting bijection between the colored
Lyndon trees and the colored combs. This bijection is a generalization of the
classical bijection between the classical Lyndon trees and combs.

The multilinear component of the free multibracketed Lie algebra decomposes
in a natural way into more refined components according to the number of brackets
of each type used in its generators. Indeed, for a weak composition p = (1, pa, . . .)
we consider the component Lie(y) whose generators contain f; brackets of type
j for each j. We prove that the generating function of dim Lie(u) is an e-
positive symmetric function, that is, it has positive coefficients in the basis of
elementary symmetric functions. We give various combinatorial descriptions of
the e-coefficients in terms of leaf-labeled binary trees and in terms of the Stirling
permutations introduced by Gessel and Stanley.

We also use poset theoretic techniques to obtain a plethystic formula for the
Frobenius characteristic of the representation of the symmetric group on the

multilinear component of the free multibracketed Lie algebra.
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Chapter 1

Introduction

There is a long tradition of using topological properties of the order complex of
partially ordered sets to study various geometric and algebraic structures. This
thesis is concerned with the connection between Lie algebras with multiple brackets
and the topology of a family of partially ordered sets of weighted set partitions.
We start by discussing classical results on the multilinear component of the free
Lie algebra and the poset of partitions II, and we proceed to describe how this

work generalizes the classical results to the free multibracketed Lie algebras.

1.1 The free Lie algebra

Recall that a Lie bracket on a vector space V' is a bilinear binary product [-, ] :

V xV — V such that for all z,y,2z € V,

[,y + [y,2] =0 (Antisymmetry), (1.1.1)

[z, [y, 2]] + [z, [, y]] + [y, [2,2]] = 0 (Jacobi Identity). (1.1.2)

Throughout this paper let k denote an arbitrary field. The free Lie algebra on

n] == {1,2,...,n} (over the field k) is the k-vector space generated by the
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elements of [n] and all the possible bracketings involving these elements subject
only to the relations (1.1.1) and (1.1.2). Let Lie(n) denote the multilinear
component of the free Lie algebra on [n], i.e., the subspace generated by
bracketings that contain each element of [n] exactly once. We call these bracketings
bracketed permutations. For example [[2,3],1] is a bracketed permutation in
Lie(3), while [[2,3],2] is not. For any set S, the symmetric group &g is
the group of permutations of S. In particular we denote by &, := &y, the
group of permutations of the set [n]. The symmetric group &, acts naturally
on Lie(n) making it into an &,-module. A permutation 7 € &, acts on
the bracketed permutations by replacing each letter ¢ by 7(i). For example
(1,2) [[[3,5],[2,4]],1] = [[[3,5],[1,4]],2]. Since this action respects the relations
(1.1.1) and (1.1.2), it induces a representation of &,, on Lie(n). It is a classical

result that
dim Lie(n) = (n — 1)\

Although the &,-module Lie(n) is an algebraic object it turns out that the

information needed to completely describe this object is of combinatorial nature.

1.2 The poset of partitions II,

A (set) partition of [n] is a disjoint collection { By, . .., B} of subsets (called blocks)
of [n] such that U’_, Bj = [n]. We will very often use the notation By|By|---|B; to
denote a partition of [n]. For two partitions {4, A, ..., A} and {By, By, ..., B;}

of [n] we define the order relation

{A1, Ag, o A <A By, B,y Bi}



1213 132 123

112]3
Figure 1.1: I3

if every block A; is contained in some block B; and we say that {A4;, As, ..., A} is a
refinement of { By, Ba, ..., By}. We denote by I1,, the partially ordered set (or poset
for short) of partitions of [n| ordered by refinement, see Figure 1.1 for the Hasse
diagram of II3 (the set brackets and commas have been omitted in the figure).

The poset 11, has a bottom element

0:={{1},{2},.... {n}}

and a maximal element 1 = {[n]}. The covering relations are given by

{AleQ, "'7AS} < {Bl, B27 ceey Bt}

if { By, Ba, ..., By} is obtained from {A;, As, ..., As} by merging exactly two blocks,
i.e., {B1, By, ..., Bi} = {A1, As, ..., A, }\{A4;, A; JU{A;UA; } for two different blocks
A; and A;. For example 143|27|5|8 < 143|257|8 since the block 257 is obtained by
merging the blocks 27 and 5 while the rest of the blocks remain equal.

It is well-known that the Mobius invariant of II,, is given by

prr, (0,1) = (=1)" " (n - 1)},



and that the characteristic polynomial (see [40, Example 3.10.4]) by

X, (2) = (z—1)(z —2)...(x —n+1). (1.2.1)

To every poset P one can associate a simplicial complex A(P) (called the order
complex) whose faces are the chains (totally ordered subsets) of P. See Appendix
A for a review of poset topology and poset (co)homology.

The symmetric group &, acts naturally on II, and this action induces
isomorphic representations of &,, on the unique nonvanishing reduced simplicial
homology H,_3(II,,) and cohomology H"3(I,) of the order complex A(II,) of

the proper part II, := IT, \ {0,1} of II,. It is a classical result that

Lie(n) ~s, H, 3(II,) ® sgn,,, (1.2.2)

where sgn,, is the sign representation of G,,.

Equation (1.2.2) was observed by Joyal [28] by comparing a computation of the
character of H,_3(IL,) by Hanlon and Stanley (see [38]), to an earlier formula of
Brandt [11] for the character of Lie(n). Joyal [28] gave a proof of the isomorphism
using his theory of species. The first purely combinatorial proof was obtained
by Barcelo [2] who provided a bijection between known bases for the two &,,-
modules (Bjorner’'s NBC basis for H,_3(II,) and the Lyndon basis for Lie(n)).
Later Wachs [44] gave a more general combinatorial proof by providing a natural
bijection between generating sets of H"3(IL,) and Lie(n), which revealed the
strong connection between the two &,,-modules. Connections between Lie type
structures and various types of partition posets have been studied in other places
in the literature, see for example [3], [4], [24], [21], [17], [43], [12], [30].

The moral of equation (1.2.2) is that we can describe Lie(n) and understand

its algebraic properties by studying and applying poset theoretic techniques to the



5

combinatorial object II,,. This observation will play a central role throughout this

thesis.

1.3 Free doubly bracketed Lie algebra

Two Lie brackets [e, o|; and [e, e], on a vector space V' are said to be compatible if
any linear combination of the brackets is also a Lie bracket on V', that is, satisfies
relations (1.1.1) and (1.1.2). As pointed out in [14, 29|, compatibility is equivalent

to the mized Jacobi condition: for all x,y,z € V,

[z, [y, z]2]1 + [2, [z, yl2]1 + [y, [2, )21+ (Mixed Jacobi) (1.3.1)

[x’ [y’ 2]1]2 + {Z> [l‘, 9}1]2 + [ya [Z? x]lb = 0.

Let Lieg(n) be the multilinear component of the free Lie algebra on [n] with
two compatible brackets, that is, the multilinear component of the k-vector space
generated by (mixed) bracketings of elements of [n| subject only to the five
relations given by (1.1.1) and (1.1.2), for each bracket, and (1.3.1). For each
i, let Lies(n,i) be the subspace of Liey(n) generated by bracketed permutations
with exactly ¢ brackets of the first type and n — 1 — ¢ brackets of the second type.
The symmetric group &,, acts naturally on Lies(n) and since this action preserves
the number of brackets of each type, we have the following decomposition into

S,,-submodules:

Lies(n) = @Ez’eg(n,i). (1.3.2)

Note that interchanging the roles of the two brackets makes evident the &,,-

module isomorphism



Liey(n,1) ~g, Lies(n,n — 1 —1)

for every i. Also note that in particular Lie(n) is isomorphic to the submodules
Liey(n,1) wheni=0ori=mn—1.

It was conjectured by Feigin and proved independently by Dotsenko-
Khoroshkin [14] and Liu [29] that

dim Liey(n) = n""1. (1.3.3)

In [29] Liu proves the conjecture by constructing a combinatorial basis for

Lies(n) indexed by rooted trees giving as a byproduct the refinement
dim Lies(n, i) = |Tn.il, (1.3.4)

where 7, is the set of rooted trees on vertex set [n] with i descending edges (a
parent with a greater label than its child).

The Dotsenko-Khoroshkin proof [14, 15] of Feigin’s conjecture was operad-
theoretic; they used a pair of functional equations that apply to Koszul operads to
compute the SLy x &,-character of Lies(n). They also proved that the dimension

generating polynomial has a nice factorization:

n—1 —

Zdlmﬁzeg n, i)t = H n—j)+jt). (1.3.5)

=0 j=1

Since, as was proved by Drake [16], the right hand side of (1.3.5) is equal to
the generating function for rooted trees on node set [n] according to the number

of descents of the tree, it follows that for each ¢, the dimension of Liey(n, i) equals
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the number of rooted trees on node set [n] with i descents. (Drake’s result is a

refinement of the well-known result that the number of trees on node set [n] is

n—l')

1.4 The poset of weighted partitions [I?

Although Dotsenko and Khoroshkin [14] did not use poset theoretic techniques in
their ultimate proof of (1.3.3), they introduced the poset of weighted partitions
IT as a possible approach to establishing Koszulness of the operad associated
with Lies(n), a key step in their proof. In this thesis we explore properties for 1T
analogous to the ones for 11, described in Section 1.2.

A weighted partition of [n] is a set { B}, By, ..., B{'} where {By, By, ..., B;} is
a partition of [n] and v; € {0,1,2,...,|B;| — 1} for all i. The poset of weighted
partitions TI¥ is the set of weighted partitions of [n] with order relation given by

{AT AS? LAY} < {B}*, By?, ..., B;*} if the following conditions hold:
® {Al,AQ, ---;As} < {Bl,B27 ...,Bt} in Hn
o if B, =A;, UA;,U...UA,; then vy — (w;, +w;, +... +w;,) € {0,1,....,1—1}.

Equivalently, we can define the covering relation by
{ATY AS? LAY} < {B]Y, By?, ..., Bt}

if the following conditions hold:
(] {AhAQ,...,AS} < {Bl,BQ,...,Bt} n Hn
o if B, = A; UA;, where i # j, then vy — (w; + w;) € {0, 1}

e if B, = A, then v, = w,.



M \ I
120(30 13020 10]230 12430 13120 10]23!

Figure 1.2: Weighted partition poset for n = 3

As an example, II¥ is illustrated in Figure 1.2.

The poset I has a minimum element

0:={{1}°,{21° ... {n}°}

and n maximal elements

{[n°}, {ln]'}, - A"

We write each maximal element {[n]’} as [n]’. Note that for all 7, the maximal
intervals [0, [n)?] and [0, [n]*~'~7] are isomorphic to each other, and the two
maximal intervals [0, [n]°] and [0, [n]"~!] are isomorphic to IT,,.

The basic properties of II,, mentioned in Section 1.2 have nice weighted analogs
for the intervals [0, [n]’]. For instance, the &,-module isomorphism (1.2.2) can be
generalized. The symmetric group acts naturally on each Lies(n,i) and on each
open interval (0, [n]?).

It follows from operad theoretic results of Vallette [43] and Dotsenko-

Khoroshkin [15] that the following &,,- module isomorphism holds:

Lies(n, i) ~s, H"3((0,[n])) ® sgn,, . (1.4.1)



Note that this reduces to (1.2.2) when i =0 or i =n — 1.

In this thesis we give an alternative proof of (1.4.1) by presenting an explicit
bijection between natural generating sets of H"3((0, [n]*)) and Liey(n, i), which
reveals the connection between these modules and generalizes the bijection that
Wachs [44] used to prove (1.2.2). With (1.4.1), we take a different path to
proving the Liu and Dotsenko-Khoroshkin formula (1.3.5), one that employs poset
theoretic techniques.

An EL-labeling of a poset (defined in Section 4.1) is a labeling of the edges of
the Hasse diagram of the poset that satisfies certain requirements. Such a labeling
has important topological and algebraic consequences, such as the determination
of the homotopy type of each open interval of the poset. The so called ascent-free
maximal chains give a basis for cohomology of the open intervals. A poset that
admits an EL-labeling is said to be EL-shellable. See [6], [8] and [46] for further
information.

We prove that the augmented poset of weighted partitions
Iy o= T U {1}

is EL-shellable by providing an interesting weighted analog of the Bjorner-Stanley
EL-labeling of II,, (see [6]). In fact our labeling restricts to the Bjorner-Stanley
EL-labeling on the intervals [0, [2]°] and [0, [n]"~']. A consequence of shellability
is that ﬁz\;; is Cohen-Macaulay, which implies a result of Dotsenko and Khoroshkin
[15], obtained through operad theory, that all maximal intervals [0, [n]’] of IT? are
Cohen-Macaulay. (Two prior attempts [14, 41] to establish Cohen-Macaulayness
of [0, [n]7] are discussed in Remark 4.1.8.) The ascent-free chains of our EL-labeling
provide a generalization of the Lyndon basis for cohomology of II,, (i.e. the basis

for cohomology that corresponds to the classical Lyndon basis for Lie(n)).
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Theorem 1.4.1 (Theorem 4.1.4, Corollary 4.1.7 Theorem 4.1.9). The poset ﬁg" =
I u {i} 1s EL-shellable and hence Cohen-Macaulay. Consequently, for each i =
0,...,n — 1, the order complex A((0,[n]")) has the homotopy type of a wedge of

|Tn.i| spheres.

Direct computation of the Mobius function of IIY, which exploits the
recursive nature of II'V and makes use of the compositional formula, shows
that (—1)" "' 3" prmw (0, [n]7)# equals the right hand side of (1.3.5). From this
computation and the fact that l:[\’;;’ is EL-shellable (and thus the maximal intervals

of [T are Cohen-Macaulay), we conclude that

> dim Hy (0, 1)e = [T (00 = ) + o). (142

The Liu and Dotsenko-Khoroshkin formula (1.3.5) is a consequence of this and
(1.4.1).

By (1.4.2) and Drake’s result mentioned above, the dimension of H,,_5((0, [n]?))
is equal to the number of rooted trees on [n| with i descents. We construct a nice
combinatorial basis for H,_3((0,[n]?)) consisting of fundamental cycles indexed
by such rooted trees, which generalizes Bjorner’s NBC basis for H,,_ 3(IL,). Our
proof that these fundamental cycles form a basis relies on Liu’s [29] generalization
for Lieg(n, i) of the classical Lyndon basis for Lie(n) and our bijective proof of
(1.4.1). Indeed, our bijection enables us to transfer bases for Lies(n, i) to bases for
H"3((0,[n]")) and vice verse. We first transfer Liu’s generalization of the Lyndon
basis to H"3((0, [n])) and then use the natural pairing between homology and
cohomology to prove that our proposed homology basis is indeed a basis. (We
also obtain an alternative proof that Liu’s generalization of the Lyndon basis is

a basis along the way.) By transferring the basis for H"3((0,[n]?)) that comes
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from the ascent-free chains of our EL-labeling to Lies(n, i), we obtain a different
generalization of the Lyndon basis that has a somewhat simpler description than
that of Liu’s generalized Lyndon basis.

We also show that the Mobius invariant of the augmented poset of weighted

partitions ﬁzv is given by
g 0,1) = (~1)"(n — 1)
and that the characteristic polynomial of I}V factors nicely as

i (2) = (. —n)" . (1.4.3)

1.5 Free multibracketed Lie algebras

Liu posed the following natural question.

Question 1.5.1 (Liu [29], Question 11.7 ). Is it possible to define Liey(n) for any
k > 1 so that it has nice dimension formulas like those for Lie(n) and Lies(n)?

What are the right combinatorial objects for Lieg(n), if it can be defined?

The results developed in this thesis provide an answer to this question.

Let N denote the set of nonnegative integers and IP the set of positive integers.
We say that a set B of Lie brackets on a vector space is compatible if any linear
combination of the brackets in B is a Lie bracket. We now consider compatible
Lie brackets [-,-]; indexed by positive integers j € P and define Liep(n) to be the
multilinear component of the multibracketed free Lie algebra on [n]; that is, the
k-vector space generated by (mixed) bracketed permutations of [n] subject only to
the relations given by (1.1.1) and (1.1.2), for each bracket, and the compatibility

relations for any set of brackets. For example, [[[2,5]2,3]1, [1,4]1]3 is a generator
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of Liep(5).

A weak composition p of n is a sequence of nonnegative integers (u(1), u(2),...)
such that |u| := >, (i) = n. Let weomp be the set of weak compositions and
weomp,, the set of weak compositions of n. For u € wcomp,_,, define Lie(u)
to be the subspace of Liep(n) generated by bracketed permutations of [n] with
1(7) brackets of type j for each j. For example Lie(0,1,2,0,1) is generated by
bracketed permutations of [5] that contain one bracket of type 2, two brackets of
type 3, one bracket of type 5 and no brackets of any other type.

As before, &,, acts naturally on Lie(u) by replacing the letters of a bracketed
permutation. Interchanging the roles of the brackets reveals that for every v, u €
weomp, such that v is a rearrangement of p, we have that Lie(v) ~g, Lie(p). In
particular, if p has a single nonzero component, Lie(u) is isomorphic to Lie(n).
If 1 has at most two nonzero components then Lie(u) is isomorphic to Lie(n, 1)
for some 0 <¢<n—1.

For p € weomp define its support supp(p) = {j € P | u(j) # 0} and for a

subset S C P let

Lieg(n) := @ Lie(p).

peEWeomp,, ¢
supp(p)CS

Note that Liey(n) := Liey(n) generalizes Lie(n) = Lie;(n) and Lieg(n).

The isomorphisms (1.2.2) and (1.4.1) provide a way to study the algebraic
objects Lie(n) and Liey(n) by applying poset topology techniques to 1I,, and ITY.
In particular the dimensions of the modules can be read from the structure of the
posets and the bases for the cohomology of the posets can be directly translated
into bases of Lie(n) and Liea(n). It is then natural to look for a poset whose

cohomology allows us to analyze Lieg(n).
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1.6 The poset of weighted partitions I1*

We introduce a more general poset of weighted partitions II¥ where the weights are
given by weak compositions supported in [k]. A (composition)-weighted partition
of [n] is a set {By*, BY?, ..., B{"} where { By, Ba, ..., By} is a set partition of [n] and
pi € weompy g, with supp(p;) C [k]. For v, € weomp, we say that p < v if
w(i) < v(i) for every i. Since weak compositions are infinite vectors we can use
component-wise addition and subtraction, for instance, we denote by v + p, the
weak composition defined by (v + p)(7) := v(i) + (7).

The poset of weighted partitions 11¥ is the set of weighted partitions of [n] with
order relation given by {Af*, AY? ... Ak} < {B*, B3?, ..., B{"} if the following

conditions hold:
° {Ah AQ, vy As} S {Bla BQ, ceny Bt} in Hn and,

o If B] = Ai1 U Aig U...u Ail then V; 2 (/Lll + iy + ...+ ,u”) and ’Vj - (,u“ +

fhiy + oo+ py)| =11

Equivalently, we can define the covering relation {A}", A5% .. Ak} <

{B*, By, ..., B/"} by:
L4 {Al,AQ,...,AS}<{Bl,BQ,...,Bt} n Hn

o if B; = A;, UA,, then v; — (u;, + pi,) = €, for some r € [k|, where e, is the

weak composition with a 1 in the r-th component and 0 in all other entries.
o if B, = A, then v, = ;.

See Figure 1.3 below for an example of 1%,

The poset IT¥ has a minimum element

C) — {{1}(0,..,,0)’ {2}(0,...,0)7 e {n}(o,...,o)}
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Figure 1.3: Weighted partition poset for n =3 and k = 3

and (kaIZ) maximal elements

{[n]*} for p € wecomp,,_; and supp(u) C [k].

We write each maximal element {[n]*} as [n]* for simplicity. Note that for every
v, i € weomp,,_; with supp(v),supp(p) C [k], such that v is a rearrangement of
pt, the maximal intervals [0, [n]*] and [0, [n]#] are isomorphic to each other. In
particular, if ;4 has a single nonzero component, these intervals are isomorphic to
I1,,. If supp(p) C [2] then these intervals are isomorphic to maximal intervals of
IT*. Indeed, we can think of a composition (i,n — 1 — 7) as being the weight 7 in
I1¥. Hence II} ~ II, and 112 ~ ITI¥. We will derive results for the more general
poset IT¥ when possible and specialize these results to IT¥ when the results for the
case k = 2 have nicer combinatorial formulas and interpretations than the ones
for the general case.

The symmetric group acts naturally on each open interval (0, [n]*). Using
Wachs’ technique in Chapter 2 we give an explicit isomorphism that proves the

following theorem.

Theorem 1.6.1. For p € wcomp,, 4,

Lie(p) ~e, H"((0,[n]")) ® sgn,, . (1.6.1)
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Theorem 1.6.1 is a generalization of equations (1.2.2) and (1.4.1). It reduces to
equation (1.2.2) when supp(p) C [1] and to equation (1.4.1) when supp(u) C [2].
We use Theorem 1.6.1 to give information about Lie(u) by studying the algebraic
and combinatorial properties of the poset II¥.

In [15] Dotsenko and Khoroshkin prove using operad-theoretic techniques that
the operad related to Lieg(n) is Koszul. This implies using Vallette’s theory of
operadic partition posets [43] that the maximal intervals [0, [n]#] of IT¥ are Cohen-

Macaulay. In Section 4.1 we prove a stronger property.

Theorem 1.6.2. The poset ﬁ% .= T1* U {1} is EL-shellable and hence Cohen-
Macaulay. Consequently, for each p € weomp, ,, the order complex A((0, [n]*))

has the homotopy type of a wedge of (n — 3)-spheres.

Using Vallette’s theory, Theorem 1.6.2 gives a new proof of the fact that the
operads Liey and *Com considered in [15] are Koszul.

The set of ascent-free maximal chains of this EL-labeling provides a basis for
H"=3((0, [n)*)) and hence, by the isomorphism of Theorem 1.6.1, also a basis for
Lie(p). This basis is a multicolored generalization of the classical Lyndon basis for
Lie(n). We also construct a multicolored generalization of the classical comb basis
for Lie(n) and use our multicolored Lyndon basis to show that our construction
does indeed yield a basis for Lie(pu).

We consider the generating function

Lo(x):= > dim Lie(p)x", (1.6.2)

peEWcomp,,

where x# = g+t ...

Since for any rearrangement v of p it happens that
Lie(v) ~g, Lie(p) it follows that (1.6.2) belongs to the ring of symmetric functions

Az. The following theorem gives a characterization of this symmetric function.



16

Theorem 1.6.3. We have

Z Z dim Lie () X“i—? = Z(_l)n_lhn—l(x)% ;

n>1 pewcomp,, _q n>1

where h,, is the complete homogeneous symmetric function and (-)<~'> denotes

the compositional inverse of a formal power series.

It follows from our construction of the multicolored Lyndon basis for Lie(u)
that the symmetric function L,(z) is e-positive; i.e., the coefficients of the
expansion of L,(xz) in the basis of elementary symmetric functions are all
nonnegative. We give various combinatorial interpretations of these coefficients
in this thesis. Two of the interpretations involve binary trees and two involve the
Stirling permutations introduced by Gessel and Stanley in [18]. We will now give
one of the binary tree interpretations (Theorem 1.6.4). The others are given in
Theorems 5.1.1 and 5.3.3.

We say that a planar labeled binary tree with label set [n] is normalized if the
leftmost leaf of each subtree has the smallest label in the subtree. See Figure 1.4
for an example of a normalized tree and Section 4.2 for the proper definitions. We

denote the set of normalized binary trees with label set [n] by Nor,,.

Figure 1.4: Example of a normalized tree

We associate a type (or integer partition) to each T € Nor, in the following
way: Let 7%°M2(T) be the finest (set) partition of the set of internal nodes of T

satisfying
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e for every pair of internal nodes x and y such that y is a right child of z, x

and y belong to the same block of 7¢°™P(7T).

We define the comb type A°™(T) of T to be the (integer) partition whose parts
are the sizes of the blocks of 7<°™®(T). In Figure 1.4 the associated partition is
AComb(T) = (3,2,1,1). The following theorem gives a direct method, alternative

to Theorem 1.6.3, for computing the dimensions of Lie(u).

Theorem 1.6.4. For all n,

Z dim Lie(p) x* = Z excomb(1)(X),

pEWecomp,, YeNory,
where ey is the elementary symmetric function associated with the partition \.

To prove Theorem 1.6.4 we use another normalized tree type A", related to
our colored Lyndon basis for Lie(u), which came from the EL-labeling of [0, [n]#].
We use the colored Lyndon basis to show that Theorem 1.6.4 holds with \c°mb
replaced by A", We then construct a bijection on Nor,, which takes A" to A“°mb.
This bijection makes use of Stirling permutations and leads to two versions of
Theorem 1.6.4 involving Stirling permutations.

In terms of these combinatorial objects, the dimension of Lie; has a simple

description as an evaluation of the symmetric function (1.6.2).

Corollary 1.6.5. For alln and k,

k times

——
dim Liey(n) = Y exeomspry(1,...,1,0,0,...).

From equation (1.3.5), it follows that the polynomial Z;:Ol dim Liey(n, i) t!
has only negative real roots and hence it has a property known as ~y-positivity,

i.e, when written in the basis t'(1+ ¢)" "'~ it has positive coefficients. Note that
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this polynomial is actually L, _(¢,1,0,0,...). The property of y-positivity of this
polynomial is a consequence of the e-positivity of L, (x).

A more general question is to understand the representation of &,, on Lie(u).
The characters of the representation of &,, on Lie(n) and Lies(n) were computed

in ([11, 38] and [14]). Here we consider

> chLie(p)x”, (1.6.3)

peEWeomp,, ¢

where ch Lie(n) denotes the Frobenius characteristic in variables y = (y1,v2,...)
of the representation Lie(p). The generating function of (1.6.3) belongs to the
ring Ap of symmetric functions in y with coefficients in the ring of symmetric

functions R = Ag in x. The following result generalizes Theorem 1.6.3.

Theorem 1.6.6. We have that

Z Z ch Lie(p)x! = — (— Z hn—l(X)hn(}’)) [71}7

n>1 pewcomp,, _q n>1

where (-)I7U denotes the plethystic inverse in the ring of symmetric power series

in'y with coefficients in the ring Ag of symmetric functions in x.

To prove Theorem 1.6.6 we use Theorem 1.6.1 and the Whitney (co)homology
technique developed by Sundaram in [42], and further developed by Wachs in [45].

The thesis is organized as follows: In Chapter 2 we describe generating sets of
Lie(p) and H™3((0, [n]*)) in terms of labeled binary trees with colored internal
nodes. The description makes transparent the isomorphism of Theorem 1.6.1,
which we prove using Wachs’ technique, as in [44]. In Chapter 3 we use the
recursive definition of the Mébius invariant of IT¥ to prove an analogue of Theorem
1.6.3 for the poset [T, that together with the results of Chapter 2 imply Theorem

1.6.3. When we apply the same procedure to the special case of [TV we are able to
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conclude further results, including a description of the Mobius invariant in terms
of rooted trees. We use this description to prove the factorization formula (1.4.3)
for the characteristic polynomial of I[!V. In Chapter 4 we prove Theorem 1.6.2,
and we give a description of the ascent-free maximal chains of the EL-labeling.

Theorems 1.6.3 and the version of Theorem 1.6.4 in which \c°mb

is replaced by
AL are presented in Chapter 5 as corollaries of results in the previous chapters.
In Chapter 5 we also prove Theorem 1.6.4 and we use the language of Stirling
permutations to give two additional combinatorial descriptions of the dimension
of Lie(p). In Chapter 6 we present the colored Lyndon basis and the colored comb
basis for Lie(n) and H™3((0,[n]*)). We also give the basis for H,_3((0,[n]’))
indexed by rooted trees, and we provide results on bases for H"2(I* \ {0}) in
terms of the two families of colored binary trees. We present in Chapter 7 results

on Whitney numbers of the first and second kind and on Whitney cohomology. In

Chapter 8 we prove Theorem 1.6.6.



Chapter 2

The isomorphism

Lie(p) ~g, H"((0, [n]")) ® sgny,

In this chapter we establish the isomorphism of Theorem 1.6.1. We will use this
isomorphism to study Lie(u) by understanding the algebraic and combinatorial
properties of the maximal intervals [0, [n]*] of TT~.

The generators of Lie(;1) and H*3((0, [n]*)) can be described in terms of trees.
A tree is a simple connected graph that is free of cycles. A tree is said to be rooted
if it has a distinguished node or root. For an edge {z,y} in a tree T we say that
x is the parent of y, or y is the child of x, if x is in the unique path from y to
the root. A node that has children is said to be internal, otherwise we call a node
without children a leaf. A rooted tree is said to be planar if for every internal
node its set of children has been totally ordered. In the following we will be only
considering trees that are rooted and planar and so when using the word tree we
mean a planar rooted tree.

A binary tree is a tree for which every internal node has a left and a right
child. A colored binary tree is a binary tree for which each internal node z has

been assigned an element color(x) € P. For a colored binary tree 7" with n leaves

20
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and o € &,,, we define the labeled colored binary tree (T, o) to be the colored tree
T whose jth leaf from left to right has been labeled o(j). For u € wcomp,,
we denote by BT, the set of labeled colored binary trees with n leaves and p(j)
internal nodes with color j for each 7. We call these trees p-colored binary trees.
We will often denote a colored labeled binary tree by T = (T),¢). If T is a colored
labeled binary tree, we use T to denote its underlying uncolored labeled binary
tree. It will also be convenient to consider trees whose label set is more general
than [n]. For a finite subset A of positive integers with |A| = |u| + 1, let BT 4,
be the set of p-colored binary trees whose leaves are labeled by a permutation of
A If (S,a) € BT 4, and (T, ) € BT ,,, where A and B are disjoint finite sets,
and j € P then (S5, )/ (T, 8) denotes the tree in BT aup utv+e; Whose left subtree

is (S, «), right subtree is (T, 3), and the color of the root is j.

2.1 A combinatorial description of Lie(u)

We give a description of the generators and relations of Lie(u). We can represent
the bracketed permutations that generate Lie(u) with labeled colored binary trees.
More precisely, let (T1,01) and (T3, 09) be the left and right labeled subtrees of

the root r of (T',0) € BT . Then define recursively

{[Tl, a1), [T5, 02]} if color(r) = j and n > 1
j (2.1.1)

o ifn=1.

[T> 0] =

Clearly [T, 0] is a bracketed permutation of Lie(u). See Figure 2.1.
Recall that we call a set B of Lie brackets on a vector space compatible if
any linear combination of the brackets in B is a Lie bracket. As it turns out the

description of the relations in Lie(u) are simplified by the following proposition.
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B Blue=1
Red= 2

Brown= 3

[[[[37 4}17 6]27 [17 5}3}17 [[[27 7]17 9}27 8]3]2

Figure 2.1: Example of a labeled colored binary tree (7,346152798) € BT (332
and [T, 346152798] € Lie(3,3,2)

Proposition 2.1.1. A set of Lie brackets is compatible if and only if the brackets

i the set are pairrwise compatible.

Proof. Assume that the brackets {[-,-]; | j € S} are pairwise compatible. Hence
for any 7,7 € S we have that the relation (1.3.1) holds. Now for scalars «o; € k

and a finite subset {iy,...,ix} C S define
() = Zo‘j[" -
j=1

By relations (1.1.2) and (1.3.1) and bilinearity of the brackets, we have

0= ZO&?([Q?, [ya Z]ij]ij + [Z, [‘T? y]ij]ij + [y> [Z’ x]l;]l;)

+ Z Oélaj([x7 [y7 Z]z‘j]z‘l + [Z, [x7y]ij]il + [yv [Z, x]ij]iz

1<j

+ [‘T7 [y7 Z]iz]ij + [Z’ [x7y]il]ij + [y> [z7z]il]ij)

k
= Z alaj[‘% [y7 Z]iz]ij + alaj[z7 [l’, y]iz]ij + alaj[ya [Z, x]iz]ij
1j=1

= (. {y,2)) + (2, (2, 9) + (y, (z,2)).
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This implies that (-, -) satisfies relation (1.1.2). It follows from the definition that
(-, ) also satisfies the relation (1.1.1) and hence it is a Lie bracket.
For the converse note, from the definition of compatibility, that all the brackets

in a compatible set of Lie brackets are pairwise compatible. O]

Thus we see that Lie(p) is subject only to the relations (1.1.1) and (1.1.2), for
each bracket j, and (1.3.1) for any pair of brackets i # j € [k]. If the characteristic
of k is not 2 we can even say that Lie(u) is subject only to relations (1.1.1) and
(1.3.1) for any pair of brackets i, j € [k] (including i = 7).

We denote by T;/Y,, the labeled colored binary tree whose left subtree is Y1,
right subtree is T5 and root color is j, with j € P. If T is a labeled colored binary
tree then () denotes a labeled colored binary tree with T as a subtree. The
following result is an easy consequence of relations (1.1.1) and (1.1.2) for each j,

and (1.3.1) for each pair i # j.

Proposition 2.1.2. The set{[T,0] | (T,0) € BT .} is a generating set for Lie(u),

subject only to the relations for i # j € supp(pu)

[(T1AT5) 8] + [a(T2AT1)8] = 0 (2.1.2)
[@(TA(T2AT)E] — [a((T1AT2)AT5)H] (2.1.3)
— [a(TA(T1AT4)) )

= 0

[(T2A(T2203))8] +  [(T24(T2AY3)) 5] (2.1.4)
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— [a((T1iY2) T3)8] — [a((T1402)4Y3)5]
— [(Tod(T1/03))8] — [T i(T11T5))0]
= 0.

2.2 A generating set for H"3((0, [n]"))

The top dimensional cohomology of a pure poset P, say of length ¢, has a
particularly simple description. Let M(P) denote the set of maximal chains of P
and let M'(P) denote the set of chains of length ¢ — 1. We view the coboundary
map J as a map from the chain space of P to itself, which takes chains of length d
to chains of length d+ 1 for all d. Since the image of ¢ on the top chain space (i.e.
the space spanned by M(P)) is 0, the kernel is the entire top chain space. Hence
top cohomology is the quotient of the space spanned by M (P) by the image of the
space spanned by M’(P). The image of M'(P) is what we call the coboundary

relations. We thus have the following presentation of the top cohomology
H'(P) = (M(P)| coboundary relations).

Recall that HY(P) denotes the ¢th reduced cohomology of the order complex A(P)
of P. The reader can visit Section A.3 in the Appendix for a more extensive
treatement on poset cohomology.

Recall that the postorder listing of the internal nodes of a binary tree T is
defined recursively as follows: first list the internal nodes of the left subtree in
postorder, then list the internal nodes of the right subtree in postorder, and finally
list the root. The postorder listing of the internal nodes of the binary tree of
Figure 2.1 is illustrated in Figure 2.2a.

Given s blocks Af", AL ..., A¥s in a weighted partition « and v € weomp,_,
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by v-merge these blocks we mean remove them from « and replace them by the

block (|J A;)=#*". For (T,0) € BT a,, let n(T,0) = A"

Definition 2.2.1. For (T,0) € BT, and t € [n — 1], let T, = LJtR; be the
subtree of (7', 0) rooted at the tth node listed in postorder. The chain ¢(7',0) €
M([0, [n]#]) is the one whose rank ¢ weighted partition is obtained from the rank

t—1 weighted partition by ej,-merging the blocks 7(L;) and w(R;). See Figure 2.2b.

123456789(3:3.2)
13456(21:D|2789(11.1)

1345610 |27|9<1,1,0) 8000
13456(21:1)|27(1.0.0)|8(0.0.0)9(0.0.0)
13456(21D)|2(0:0.0)] 7(0.0.0)|g(0.0.0) (0.0.0)
15(0:0:|2(0:0.0)|346(11.0)| 7(0.0.0)|g(0.0.0) | 9(0.0.0)
1(00.0)|2(0,0.0) | 346(1:1.0)| 5(0.0,0) | 7(0,0.0)| 8(0.0.0) | §(0.0.0)

1(0:0:0) [2(0.0.0) | 34(1,0.0) |5(0.0.0) | (0.0.0) | 7(0.0.0) | g (0:0.0) | 9 (0.0.0)

1(0,0,0) ‘2(0.0,()) |3(0,n,o) |4(0,0,0) ‘5(0,().0) \6(“*“’0> | 7(0,0,0) \8(“"”"’) |g(0,n,o)

(a) (T,0) € BT (33,2 (b) ¢(T,0)

Figure 2.2: Example of postorder (internal nodes) of the binary tree of Figure 2.1
and the chain ¢(7', o)

Not all maximal chains in M([0, [n]*]) can be described as ¢(T', ). For some
maximal chains postordering of the internal nodes is not enough to describe the
process of merging the blocks. We need a more flexible construction in terms of
linear extensions (cf. [44]). Let vy,. .., v,—1 be the postorder listing of the internal
nodes of T" and let j; = color(v;) for all i € [n —1]. A listing v;1), Vr(2); -, Ur(n—1)
of the internal nodes such that each node precedes its parent is said to be a linear
extension of T'. We will say that the permutation 7 induces the linear extension.
In particular, the identity permutation e induces postorder which is a linear
extension. Denote by e(T") the set of permutations that induce linear extensions
of the internal nodes of 7. For each 7 € e(T'), we extend the construction of

(T, o) by letting ¢(T,o,7) be the chain in M([0, [n]#]) whose rank ¢ weighted
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partition is obtained from the rank ¢ — 1 weighted partition by e;_, -merging the
blocks 7(L-)) and m(R; ), where L% R; is the subtree rooted at v;. In particular,
c(T,o) = ¢(T,0,¢). From each maximal chain we can easily construct a binary
tree and a linear extension that encodes the merging instructions along the chain.

Thus, any maximal chain can be obtained in this form.
Lemma 2.2.2 ([44, Lemma 5.1)). Let T be a binary tree. Then
1. eee(T)
2. Ifree(T) and 7(i) > 7(i + 1) then 7(i,i + 1) € e(T),

where 7(i,7 + 1) denotes the product of T and the transposition (i,i + 1) in the

symmetric group.

Proof. Postorder ¢ is a linear extension since in postorder we list children before
parents. Now, 7(i) > 7(i + 1) means that v, (1) is listed in postorder before v, (),
and so v;(;11) cannot be an ancestor of v.(;). This implies that 7(i,1+ 1) is also a

linear extension. L]

For any colored labeled binary tree (T',0), the chains obtained with any two
different linear extensions are cohomologous in the sense of Lemma 2.2.3 below.

The number of inversions of a permutation 7 € &,, is defined by inv(7) :=
{(i,j) | 1 <i<j<mn, 7(i) > 7(j)}| and the sign of 7 is defined by sgn(r) :=
(—1)™). For T € BT, 0 € &, and 7 € ¢(T), write &(T, 0, 7) for ¢(T,0,7) :=
o(T,0,7)\ {0, [n)*} and &T, o) for ¢(T, o) := (T, o) \ {0, [n]*}.

Lemma 2.2.3 (cf. [44, Lemma 5.2] ). Let (T,0) € BT,, 7 € e(T). Then in
H5((0, [n))),

c(T,o,7) =sgn(r)c(T, o).
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Proof. We proceed by induction on inv(7). If inv(7) = 0 then 7 = ¢ and the result
is trivial. If inv(7) > 1, then there is some descent 7(i) > 7(i + 1) and by Lemma

222, 7(i,i+1) € E(T). Since inv(7(i,i+ 1)) = inv(7) — 1, by induction we have,

c(T,o,7(i,1+ 1)) =sgu(r(i,i + 1))e(T,0) = —sgu(r)c(T, o).

We have to show then that

c(T,o,7)=—c(T,0,7(i,i+1)).

By the proof of Lemma 2.2.2 we know that the internal nodes v, and v, (1)
are unrelated in 7" and so m(L.()), T(R-@)), 7(Lry1)) and 7(Ry 1)) are pairwise
disjoint sets which are all blocks of the rank ¢ — 1 partition in both ¢(7,c,7)
and ¢(T',0,7(i,i 4 1)). The blocks m(L;’7" Rr(;)) and m(Lr(i41)’76) Rr 1)) are
blocks of the rank i + 1 partition in both ¢(7',0,7) and ¢(7,0,7(i,i + 1)). Hence
the maximal chains ¢(7, o, 7) and ¢(T, o, 7(i,i+ 1)) only differ at rank i. So if we
denote by c either of these maximal chains with the rank ¢ partition removed we

get, using equation (A.3.2), a cohomology relation given by

§(c) = (=)' (c(T,0,7) +¢(T,0,7(i,i + 1)))

as desired. ]

We conclude that in cohomology any maximal chain ¢ € M(II¥) is cohomology
equivalent to a chain of the form c(7,0). More precisely, in cohomology ¢ =
+c¢(T, o).

We will make further use of the elementary cohomology relations that are

obtained by setting the coboundary (given in (A.3.2)) of a codimension 1 chain
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in (0, [n]*) equal to 0. There are three types of codimension 1 chains, which
correspond to the three types of intervals of length 2 (see Figure 2.3). Indeed, if
¢ is a codimension 1 chain of (0, [n]*) then ¢ = ¢U {0, [n]*} is unrefinable except
between one pair of adjacent elements x < y, where [x,y] is an interval of length

2. If the open interval (z,y) = {z1,..., 2} then it follows from (A.3.2) that

i) =x(cU{z}+ - +cU{z}).

By setting §(¢) = 0 we obtain the elementary cohomology relation

(cU{z})+---+(cU{z}) =0.

Type I: Two pairs of distinct blocks of z are merged to get y. The open interval
(x,y) equals {z1, 20}, where z; is obtained by e,-merging the first pair of
blocks and 25 is obtained by eg-merging the second pair of blocks for some

r,s € [k]. Hence the Type I elementary cohomology relation is

cU{z1} = —(cU{z}).

Type II: Three distinct blocks of = are 2e,-merged to get y, where r € [k]. The open
interval (z,y) equals {z1, 29, 23}, where each weighted partition z; is obtained
from x by e,-merging two of the three blocks. Hence the Type II elementary

cohomology relation is

(€U{z}) + (€U{z}) + (cU{z}) =0.

Type III: Three distinct blocks of x are (e, + e5)-merged to get y, where r # s € [k].

The open interval (z,y) equals {z1, 22, 23, 24, 25, 26}, where each weighted
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partition z; is obtained from x by either e,-merging or es-merging two of the

three blocks. Hence the Type III elementary cohomology relation is
@U{z}) + (cU{z}) + (€U{z}) + (€U{z}) + (cU{z}) + (€U{z}) = 0.

For T € BT, let I(T) denote the set of internal nodes of Y. Recall that T/
denotes the labeled colored binary tree whose left subtree is YT, right subtree is
T, and root color is j, where j € [k]. If T is a labeled colored binary tree then
a(T)/ denotes a labeled colored binary tree with T as a subtree. The following

result generalizes [44, Theorem 5.3].

Theorem 2.2.4. The set {¢(T,0) | (I,o) € BT,} is a generating set for

H"=3((0, [n]™)), subject only to the relations for i # j € supp(u)

S(a(T1AT5)B) — (—)HIT)IG (o (TLAT1)B) = 0 (2.2.1)

c(a(TA(TATS))B) + (—1)TPe(a((T1AT)AT5)5) (2.2.2)
+ ()OIl (1A AT 5)) 5)

=0

c(a(T1A(Y24T5))B) + c(a(T14 (Y24 Y5))5) (2.2.3)
(DI (S(al(T14T2)§T5)8) + Ea((T1702)iX3)5))
+ (=) (E(a(023(X1105))8) + C(a(T2i(T112))5))

=0.
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Proof. 1t is an immediate consequence of Lemma 2.2.3 that {c¢(Y)|YT € BT ,}
generates H"3((0, [n]*)).
Relation (2.2.1): This is also a consequence of Lemma 2.2.3. Indeed, first note

that

c(a(ToT1)B) = c(a( Y1 T2)B, 7),

where 7 is the permutation that induces the linear extension that is just like
postorder except that the internal nodes of T are listed before those of T;. Since
inv(r) = [I(T1)|[Z(T2)], relation (2.2.1) follows from Lemma 2.2.3. (Note that
since Lemma 2.2.3 is a consequence only of the Type I cohomology relation, one
can view (2.2.1) as a consequence only of the Type I cohomology relation.)
Relation (2.2.2): Note that the following relation is a Type II elementary

cohomology relation:

S(a(TATAT))B) + cla((T1AT2)ATS)8, )

+ (LAY 1ATS))B, ) = 0,

where 7y is the permutation that induces the linear extension that is like postorder
but that lists the internal nodes of T3 before listing the root of T A Yo, and 7
is the permutation that induces the linear extension that is like postorder but
lists the internal nodes of Y; before listing the internal nodes of T5. So then
inv(m) = |I(T3)| and inv(m) = [1(YT1)|]Z(T2)|, and using Lemma 2.2.3 we obtain
relation (2.2.2).

Relation (2.2.3): Note that the following relation is a Type III elementary

cohomology relation:
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S(a(T1A(T2iT3))B) + c(a(T1i(T24Y3))8)
+ C(a((T1fT2) T3)8, 1) + c(a((T1i )i 3)8,m)
+ C(a(TA(T1403))B,72) + c(a(T2i(T14Y3))8, )

= 0,

where as in the previous case, 7 is the permutation that induces the linear
extension that is like postorder but that lists the internal nodes of T3 before
listing the root of T; A Ty, and 7 is the permutation that induces the linear
extension that is like postorder but lists the internal nodes of T, before listing the
internal nodes of T5. So then inv(r) = [I(T3)| and inv(m) = [1(Y1)|[/(Y2)|, and
using Lemma 2.2.3 we obtain relation (2.2.3).

To complete the “only” part of the proof, we need to show that these relations

generate all the cohomology relations. We prove this in Proposition 6.1.2. O]

2.3 The isomorphism

The symmetric group &,, acts naturally on II*. Indeed, let o € &,, act on the
weighted blocks of TI¥ by replacing each element x of each weighted block of  with
o(x). Since the maximal elements of IT* are fixed by each o € &,, and the order
is preserved, each open interval (0, [n]*) is an &,-poset. Hence (see Section A.3
of the Appendix) we have that H"3((0, [n]*)) is an &,-module. The symmetric
group &,, also acts naturally on Lie(p). Indeed, let o € &, act by replacing letter

x of a bracketed permutation with o(z). Since this action preserves the number

of brackets of each type, Lie(u) is an &,-module for each p € weomp,,_;. In this
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section we obtain an explicit sign-twisted isomorphism between the &,,-modules
H"3((0, [n]")) and Lie(p).

Define the sign of a binary tree T' recursively by

| it 1(T) = 0

sgn(7T') =
(—D)H sgn(Ty) sgn(Ty) i T =Ty ATy,

where I(T") is the set of internal nodes of the binary tree 7. The sign of a colored
(labeled or unlabeled) binary tree is defined to be the sign of the binary tree

obtained by removing the colors and leaf labels.

Theorem 2.3.1. For each 1 € wcomp,,_,, there is an &,-module isomorphism

¢ : Lie(p) — H3((0, [n]")) @ sgn,, determined by

([T, 0]) = sgn(o) sgn(T)e(T o),

for all (T,0) € BT ,.

Before proving the theorem we make a few preliminary observations. The
following lemma, which is implicit in [44, Proof of Theorem 5.4], is easy to prove.

For T a binary tree, a(7")b denotes a binary tree with 7" as a subtree.
Lemma 2.3.2. For all binary trees 11,15, T3,

1. sgn(a(Ty A Ty)b) = (—1)TTVFIT son (a(Ty A T1)b)
2. sgn(a((Ty A Ty) A T3)b) = (—1)HTH sgn(a(T) A (Ty A T3))b)

3. sgn(a(Ty A (Ty A T3))b) = (= 1)HIVHIT) gon (o(Ty A (Ty A T3))b).

For a word w denote by I(w) the length or number of letters in w. We also

have the following easy relation, which we state as a lemma.
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Lemma 2.3.3. For uw,wsv € &,,, where u ,wy ,ws ,v are subwords,

sgn(uw wyv) = (—1)1 @) son (yavyw,v).

Proof of Theorem 2.3.1. The map ¢ maps generators onto generators and clearly
respects the &,, action. We will prove that the map ¢ extends to a well defined
homomorphism by showing that the relations in Proposition 2.1.2 map onto to
the relations in Theorem 2.2.4. Since the relations in Theorem 2.2.4 span all the
relations in cohomology, this also implies that the map is an isomorphism.

For each T, in the relations of Proposition 2.1.2, let w; and T; be such that
T, = (T;,w;). Let u be the permutation labeling the portion a of the tree
corresponding to the preamble «, and let v be the permutation labeling the portion
b of the tree corresponding to the tail g. Using Lemmas 2.3.2 and 2.3.3 we have
the following.

Relation (2.1.2):

O([a(T2iY1)]) = sgn(uwawiv) sgn(a(Te A T1)b)e(a( Y21 Y1)5)

= sgn(uwywyv) sgn(a(Ty A Ty)b)

. (_1)l(w1)l(w2)+|I(T1)|+|I(Tz)|5(a<T2i'T1)/3)

= sgn(uwywyv) sgn(a(Ty A Ty)b)

. (—1)(|I(T1)|+1)(‘I(T2)Hl)HI(Tl)‘HI(TQ”E(a(TQZTl)B)



= sgn(uwywyv) sgn(a(Ty A Ty)b)

. (_1)\I(Tl)\II(T2)|+15(04(T2;\T1)5)_
Hence,

¢([a(T11T2)p]) + o([(T2AT1)B]) = sgn(uwiwav) sgn(a(Ty A T3)b)

(Aa(T1302)8) = (=) (a(T2001)5)).
Relations (2.1.3) and (2.1.4):

O([((T11 ) T3)5]) = sgn(uwwywzv) sgn(a((Ty A Tz) A T3)b)

e(a((T1302)iT3)B)

= sgn(uwwowsv) sgn(a(T) A (1o A T3))b)

(DI E(a(T1/1) 1 T5) 6)-

H([a( Yol (T1173))8]) = sgn(uwqwywsv) sgn(a(Ty A (Ty A T3))b)

- (T4 (T1403))0)

= sgn(uwywawsv) sgn(a(Th A (Ty A T5))b)

. (—1)1(1“1)1(“’2)“1(%)|+|I(T2)|E(oz(Tﬁ(Tlf\Tg))B)

= sgn(uwwowsv) sgn(a(Ty A (1o A T3))b)

(=DM 0 (Ta (1105) B).

35
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Hence,

O([a(T1A(T2xT5))B]) — ¢([a((T1AT2) T3)B]) — d([(T2A(T11Y3))B])  (2.3.1)
= sgn(uwywowsv) sgn(a(Ty A (1o A'T3))b)
- (S(@(014(T21T5))8) + (1) e(a((11105)i T3)8)

+ (1) IITe(a (X0 (11T4))8)).

By setting ¢ = j in (2.3.1) we conclude that relation (2.1.3) maps to relation
(2.2.2). By adding (2.3.1) with another copy of (2.3.1) after the roles of i and
j have been switched, we are also able to conclude that relation (2.1.4) maps to

relation (2.2.3). O



Chapter 3

Mo6bius invariant of 1% and II¥

The reader is referred to the Appendix A for a review of poset topology and poset
(co)homology. For further poset topology terminology not defined here the reader
could also visit [40] and [46].

For u < v in a poset P, the open interval {w € P | u < w < v} is denoted by
(u,v) and the closed interval {w € P | u < w < v} by [u,v]. A poset is said to be
bounded if it has a minimum element 0 and a maximum element 1. For a bounded
poset P, we define the proper part of P as P := P\ {O, i} A poset is said to be
pure (or ranked) if all its maximal chains have the same length, where the length
of a chain sg < s1 < -+ < sy is £. If P is pure and has a minimal element O,
we can define a rank function p by requiring that p(0) = 0 and p(8) = p(a) + 1
whenever a < 8 in P. For example II¥ is a pure poset with rank function given
by p(a) = n — |a| for every a € 115, The length ¢(P) of a poset P is the length
of its longest chain. For a bounded poset P, let fip denote its Mobius function
(see Appendix A for the definition). The reason for the nonstardard notation p
is that we have been using the symbol i to denote a weak composition. The rank

generating function Fp(z) is defined by Fp(z) = > . p z*™.

37



38

For v = {A", ..., A=} € TIF let (o) = D7, pi. The following proposition

about the structure of IT¥ will be used in the computations below.

Proposition 3.0.4. For all a = {A!* ... A*} € II¥ and v € wcomp,,_; such

that v — p(a) € weomp |y,
1. [a,1] and 1:[75C are isomorphic posets,
2. [a,[n]”] and [0, [|o]]*=*)] are isomorphic posets,
3. [0,0] and [0, [|Ay|]] x --- x [0, [|As]]*] are isomorphic posets.

Proposition 3.0.4 is a general statement that is satisfied by any partition poset
associated to a set operad (see [43]) replacing the composition p by an element of

the given operad (see also [32]).

3.1 A formula for the Mobius invariant of the

maximal intervals of II*

Recall that x* = z .. -x’lj(k) and (-)<7'> denotes compositional inverse. We use
the recursive definition of the Mobius function fip and the compositional formula

to derive the following theorem.

Theorem 3.1.1. We have that

<—1>
_ A y" y"
Z Z firr: (O, [n]“)x“m = Z hp—1(x1, ... ,a:k)m :
n>1 pewcomp,, 1 n>1
supp(p) C[K]

where h, s the complete homogeneous symmetric polynomaial.
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Proof. By the recursive definition of the Mobius function we have that

b= S % Y gl )

pewcomp, (A)SQS[TL}M
supp (1) C[k]

= Z k@) Z i (v, [n])xHH@),

acllk HEWCOmP,, _;
p>p(a)
supp(p) C[k]

Now using Proposition 3.0.4

Sa = 303 e (0, [lal)x

ocEHﬁ Vewcomp‘a‘,l
supp(v)C[k]
||
- Z Hh|oci|—1('r17'”>xk> Z lanlka‘(oﬂ [|a|]V)XV
a€ll,, i=1 VEWCOMP)| 4| 1

supp(v)Clk]

The last statement implies using the compositional formula see ([39, Theorem 5.1.4])

that the two power series are compositional inverses. O]

3.2 The case k= 2: IV

When we let £ =2, 1 =t and x5 = 1 in Theorem 3.1.1, we obtain an interesting

product formula for the generating polynomial > 7 firrw (0, [n]?)".

Proposition 3.2.1. For alln > 1,

i
—_
3
|
—_

firr (0, [n]))t" = (=1)"* H((n — i) +it). (3.2.1)

I
=)
S
|
—

Consequently,

.
Il
=)
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Proof. Setting k =2, 1 =t and x5 = 1 in Theorem 3.1.1, we obtain that

" m— 1" etm — ¥
U — hn_ t’ ]_ _— = _ =
(z) Z i >n! Zt—l n! t—1
n>1 n>1
and
n—1 . g
W(z) = firy (0, [n] )t —
n>1 j=0 s
are compositional inverses. It follows from [19, Theorem 5.1] that the
compositional inverse of U(x) is given by
n—1 "
> 1)"‘1H((n—i)+it)—'.
n>1 i=1 "
(See [16, Eq. (10)].) This yields (3.2.1). O

Let T be a rooted tree on node set [n|. A descent of T is a node x that has
a smaller label than its parent py(x). We call the edge {z,pr(z)} a descent edge.
We denote by 7, the set of rooted trees on node set [n] with exactly i descents.

In [16] Drake proves that

i
L

n

[ Toilt = | [((n — i) +it). (3.2.2)

s
Il
=)

(2

The following result is a consequence of this and Proposition 3.2.1.

Corollary 3.2.2. Foralln>1 andi€ {0,1,...,n— 1},

ity (0, [n]") = (=1)" Y[ Tal.

We can use Proposition 3.0.4 and Corollary 3.2.2 to compute the Mobius
function on other intervals. A rooted forest on node set [n] is a set of rooted

trees whose node sets form a partition of [n]. We associate a weighted partition



41

a(F) with each rooted forest FF' = {Ti,...,T;} on node set [n], by letting
a(F) = {AT", ..., A%} where A; is the node set of T; and w; is the number

of descents of T;. For lower intervals we obtain the following generalization of

Corollary 3.2.2.

Corollary 3.2.3. For all o € II)?,
fing (0, @) = (-1 ¥[{F € F, : a(F) = a},

where F,, is the set of rooted forests on node set [n].

Next we consider the full poset @ To compute its Mobius invariant we will

make use of Abel’s identity (see [39, Ex. 5.31 ¢]),

(z+y)" = Z (Z)x(x — k) Ny + k2) (3.2.3)
k=0
Proposition 3.2.4.

g (0.1) = (~1)"(n - 1"

Proof. We proceed by induction on n. If n =1 then
i (0,1) = 1= (=D'(1 - 1)

since @ is the chain of length 1.
Let n > 1 and let o € TI¥ \ {0}. Since the interval [a, 1] in ﬁ\;‘f is isomorphic

—

to 11, (cf. Proposition 3.0.4), we can assume by induction that

frp (e, 1) = (=1 (Jaf — 1)l
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Hence by the recursive definition of the Mdobius function we have,

ip(0,1) = = > pggla )

— 1+ En: (Z) KR — k)R — (1 — )L, (3.2.4)

1=y (Z) (1 — k)F1gn*,

Substituting this into (3.2.4) yields the result. O

Remark 3.2.5. In Section 3.3 we compute the characteristic polynomial of II'

and use it to give a second proof of Proposition 3.2.4.

3.3 The characteristic polynomial of II?

For a pure poset with a 0 the characteristic polynomial is defined as

Recall that the characteristic polynomial of II, factors nicely (see equation

(1.2.1)). We prove that the same is true for II%.
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Theorem 3.3.1. For all n > 1, the characteristic polynomial of 11V is given by

g (@) = 3 iy (0, @)™ 1 = (= )

aclly

We will need the following result.

Proposition 3.3.2 (see [39, Proposition 5.3.2]). Let F* be the number of rooted

forests on node set [n] with k rooted trees. Then

IR Al S P
7= ()

Proof of Theorem 3.3.1. We have

X () = Y (0, @)zl

aclly

= Z Z ﬂ(oaa)xkil

k=1 a€ll¥
|a|=k
n

(—1)"*|FF2*=*  (by Corollary 3.2.3)

b
Il
—

I
M:

-1
(=1)"* (n )nn_kxk_l (by Proposition 3.3.2)

kE—1
k=1
n—1
n-—= 1) 1k, k
= (—n)" x
% (")
= (x —n)"!

Theorem 3.3.1 yields an easier way to calculate [Lﬁ;(ﬁ, 1).
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Second proof of Proposition 3.2.4 . By the recursive definition of Mobius function,
aclly
= —XHzJ(l)
= —(1—n)"

= (-)"(n-1)""'0O



Chapter 4

Homotopy type of the intervals of

IL;

In this chapter we use the theory of EL-shellability introduced by Bjorner [6] and
further developed by Bjorner and Wachs [8], to determine the homotopy type of

the maximal intervals of Hfl.

4.1 EL-labeling

Let P be a bounded poset. An edge labeling is a map X : E(P) — A, where £(P)
is the set of edges of the Hasse diagram of a poset P and A is a fixed poset. We

denote by

)‘(C) = 5\(5507 331)5\(5131, $2) ce 5\(%—1, $t)a

the word of labels corresponding to a maximal chain ¢ = (() =ro< o < <

21 <1y = 1). We say that c is increasing if its word of labels (c) is strictly

45
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increasing, that is, ¢ is increasing if

AMxo, 1) < M@, 29) < -+ - < M@p—1, T1).

We say that c is ascent-free (or decreasing, or falling) if its word of labels A(c)
has no ascents, i.e. AN(2;, Ziy1) £ M@ip1, Tijo), forall i =0,...,t —2.  An edge-
lezicographical labeling (EL-labeling, for short) of P is an edge labeling such that
in each closed interval [x,y] of P, there is a unique increasing maximal chain, and
this chain lexicographically precedes all other maximal chains of [z, y].

A classical EL-labeling for the partition lattice I, is obtained as follows. Let
A={(i,j) € [n—1] x[n] | ¢ < 7} with lexicographic order as the order relation on
A. If x <y in II,, then y is obtained from x by merging two blocks A and B, where
min A < min B. Let A(z,y) = (min A, min B). This defines a map X : £(II,,)) — A
(Note that A in this section is an edge labeling and not an integer partition). By
viewing A as the set of atoms of II,,, one sees that this labeling is a special case
of an edge labeling for geometric lattices, which first appeared in Stanley [37] and
was one of Bjorner’s [6] initial examples of an EL-labeling. We generalize this
labeling by providing one for I1* that reduces to the Bjorner-Stanley EL-labeling
when £ = 1.

Definition 4.1.1 (Poset of labels). For each a € [n], let 'y := {(a,0)" | a < b <
n+1, u € [k]}. We partially order I', by letting (a,b)* < (a,c)” if b < ¢ and
u < v. Note that T', is isomorphic to the direct product of the chain a +1 <
a+2<--<n+1and the chain 1 <2 < --- < k. Now define A* to be the

ordinal sum A¥ :=T, § Ty @ - & T, (see Figure 4.1).

Definition 4.1.2 (EL-labeling). If z < y in II¥ then y is obtained from x by

e,~merging two blocks A and B for some r € [k], where min A < min B.
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Figure 4.1: A3

Let

Az <y) = (min A, min B)".

This defines a map A : £(ITF) — Ak, We extend this map to \ : E(ﬁE) — A, by
letting A([n]* < 1) = (1,n 4 1), for all x4 € weomp,,_, with supp(p) C [k] (See
Figure 4.2).

Remark 4.1.3. Recall that when p has a single nonzero entry (equal to n—1), the
interval [0, [n]#] is isomorphic to II,. Note that \ reduces to the Bjérner-Stanley

EL-labeling on those intervals.

‘23(1.011) 12(0,1.0)‘3(0.0,0) 13(0,1.0)‘2(0,0,0) 1(0.0,0)‘23(0,1,0) 12(0,0,1)‘3(0,0,0) 13(0,0,1)‘2(0,()1)) 1(000 ‘23(0,0\1)

(1,2)F

Figure 4.2: Labeling A on ﬁg
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Theorem 4.1.4. The labeling \ : S(ﬁ:’;’) — A, defined above is an EL-labeling of

o~

Hk

n-

Proof. We need to show that in every closed interval of I:IE there is a unique
increasing chain (from bottom to top), which is also lexicographically first. Let p

denote the rank function of II¥. We divide the proof into 4 cases:

1. Intervals of the form [0,[n]*]. Since, from bottom to top, the last step of
merging two blocks includes a block that contains 1, all of the maximal chains
have a final label of the form (1,m)*, and so any increasing maximal chain
has to have label word (1,2)%1(1,3)"2 --- (1,n)" ' with uy <wug < -+ < upy
and u; € [k] for all 7. This label word is lexicographically first and the only

chain with this label word is (listing only the nonsingleton blocks)

0 < 12°% < 123%nteu < ... < 123...n"

2. Intervals of the form [0, a] for p(a) < n—1. Let A* ... A% be the weighted
blocks of o, where min A; < min A; if ¢ < j. For each 7, let m; = min A;. By
the previous case, in each of the posets [f), A!"] there is only one increasing
manner of merging the blocks, and the labels of the increasing chain belong
to the label set I',,,. The increasing chain is also lexicographically first.
Consider the maximal chain of [0,a] obtained by first merging the blocks
of the increasing chain in [0, A*'], then the ones in the increasing chain in
[0, A4?], and so on. The constructed chain is still increasing since the labels

in I';,, are less than the labels in I' for each i =1,...,k— 1. It is not

mi+1

difficult to see that this is the only increasing chain of [0,a] and that it is

lexicographically first.
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3. The interval [0,1]. An increasing chain c of this interval must be of the form
¢/ U{1}, where ¢ is the unique increasing chain of some interval [0, [n]*]. By
Case 1, the label word of ¢ ends in (1, n)" for some u. For ¢ to be increasing,
u must be 1. But u = 1 only in the interval [0, [n]*~Deu1]. Hence the unique
increasing chain of [0, [n]"~Yeu1] concatenated with 1 is the only increasing

chain of [0,1]. It is clearly lexicographically first.

4. Intervals of the form |a, 5] for a # 0. We extend the definition of I1* to
I1%, where S is an arbitrary finite set of positive integers, by considering
partitions of S rather than [n]. We also extend the definition of the labeling
A to ﬁg Now we can identify the interval [a, 1] with @, where S is the set
of minimum elements of the blocks of «, by replacing each block A of a by
its minimum element and subtracting the weight of A from the weight of the
block containing A in each weighted partition of [av, 1]. This isomorphism
preserves the labeling and so the three previous cases show that there is a

unique increasing chain in [a, 8] that is also lexicographically first.
O

Theorem 1.6.2 is then a corollary of Theorem 4.1.4 and the following theorem

linking lexicographic shellability and topology.

Theorem 4.1.5 (Bjorner and Wachs [9]). Let A be an EL-labeling of a bounded

poset P. Then for all x <y in P,

1. the open interval (x,y) has the homotopy type of a wedge of spheres, where
for each r € N the number of spheres of dimension r is the number of ascent-

free maximal chains of the closed interval [z,y] of length r + 2.
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2. the set
{¢| ¢ is an ascent-free maximal chain of [x,y| of length r + 2}

forms a basis for cohomology f[’"((az, Y)), for all r.

Since the Mobius invariant of a bounded poset P equals the reduced Euler
characteristic of the order complex of P (Corollary A.2.2), Proposition A.2.3 and

Theorem 4.1.5 imply the following corollary.
Corollary 4.1.6. Let P be a pure EL-shellable poset of length n. Then

1. P has the homotopy type of a wedge of spheres all of dimension n —2, where

the number of spheres is |pp(0,1)].

2. P is Cohen-Macaulay, which means that H;((z,y)) = 0 for all z < y in P

and i < l([z,y]) — 2.

In [15] Dotsenko and Khoroshkin use operad theory to prove that all intervals
of IT are Cohen-Macaulay. The following extension of their result is a consequence

of Theorem 4.1.4.

Corollary 4.1.7. For every k > 1, the posetﬁ% 1s Cohen-Macaulay. In particular,

the poset 1:[77‘1’ is Cohen-Macaulay.

Remark 4.1.8. In a prior attempt to establish Cohen-Macaulayness of each

maximal interval [0, [n]?] of IT¥

n?

it is argued in [14] that the intervals are totally
semimodular and hence CL-shellable!. In [41] it is noted that this is not the case

and a proposed recursive atom ordering? of each maximal interval [0, [n]’] is given

LCL-shellability is a property more general the EL-shellability, which also implies Cohen-
Macaulaynes; see [8], [9] or [46]

2See [8], [9] or [46] for the definition of recursive atom ordering. The property of admitting
a recursive atom ordering is equivalent to that of being CL-shellable.
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in order to establish CL-shellability. In [41, Proof of Proposition 3.9] it is claimed
that given any linear ordering {iy, j1}, {i2,j2}, -, {im, jm} of the atoms of II,

(the singleton blocks have been omitted), the linear ordering

{1, 3130, {in, 3}, Lo, 320, {i2, o}t - Lims G} %5 Loy G} (4.1.1)

satisfies the criteria for being a recursive atom ordering of [0, [n]7], where 1 < i <
n—2. We note here that one of the requisite conditions in the definition of recursive
atom ordering fails to hold when n = 4 and ¢ = 2. Indeed, assume (without loss
of generality) that the first two atoms in the atom ordering of [0,[4]?] given in
(4.1.1) are {1,2}" and {1,2}'. Then the atoms of the interval [{1,2}!,[4]%] that
cover {1,2}% are {1,2,3}! and {1,2,4}!. So by the definition of recursive atom
ordering one of these covers must come first in any recursive atom ordering of
[{1,2}',[4]?] and the other must come second. But this contradicts the form of
(4.1.1) applied to the interval [{1,2}!,[4]*] which requires the atom {1,2,3}* to
immediately follow the atom {1,2,3}! and the atom {1,2,4}? to immediately
follow the atom {1,2,4}'. The proof of Proposition 3.9 of [41] breaks down in the

second from last paragraph.

By Theorem 4.1.4, Proposition 3.2.4, Corollary 3.2.2 and Corollary 4.1.6 we

have,
Theorem 4.1.9. For alln > 1,

1. TI¥\ {0} has the homotopy type of a wedge of (n—1)""" spheres of dimension

n—2,

2. (0, [n]?) has the homotopy type of a wedge of | Tn.i| spheres of dimension n—3

forallie {0,1,...,n—1}.
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Moreover, we have the following result.

Corollary 4.1.10. For 0 <i:<n —1,

dim A"\ 0) = (n—1)""
dim H"%((0,[]) = [Tl

dim@ﬁ"‘g((ﬁ, n]") = n"t

Theorem 2.3.1 and Corollary 4.1.10 yield the following result.

Corollary 4.1.11 (Liu [29], Dotsenko and Khoroshkin [15]). For 0 <i<n —1,
dim Lies(n, i) = Tyl

4.2 The ascent-free maximal chains from the EL-

labeling

Although we do not have a simple general formula for the homotopy type of
the maximal intervals (0, [n)*) of II¥ like those appearing in Theorem 4.1.9 and
Corollary 4.1.10 for the case k = 2, we will use the ascent-free maximal chains of
the EL-labeling of Theorem 1.6.2 to give a plaesant combinatorial formula.

We will describe the ascent-free maximal chains of the maximal intervals
[0, [n]#] given by the EL-labeling of Theorem 4.1.4. A Lyndon tree is a labeled
binary tree (T, o) such that for each internal node x of T, the smallest leaf label
of the subtree T, rooted at x is in the left subtree of 7T, and the second smallest
label is in the right subtree of T,. An alternative characterization of a Lyndon
tree is given in Proposition 4.2.1 below.

For each internal node = of a labeled binary tree, let L(z) denote the left child

of x and R(z) denote its right child. For each node x of a labeled binary tree
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(T, o) define its valency v(x) to be the smallest leaf label of the subtree rooted at
x. A Lyndon tree is depicted in Figure 4.3 illustrating the valencies of the internal
nodes.

We say that a labeled binary tree is normalized if the leftmost leaf of each
subtree has the smallest label in the subtree. This is equivalent to requiring that

for every internal node z,

Note that a normalized tree can be thought of simply as a labeled nonplanar
binary tree (or a phylogenetic tree) that has been drawn in the plane following
the convention above. We denote the set of normalized labeled binary trees on
label set [n] by Nor, and the set of normalized binary trees on some arbitrary finite
subset A of P by Nor,. It is well-known that there are (2n—3)!l:=1-3---(2n—3)
phylogenetic trees on [n| and so |Nor,| = (2n — 3)!L.

The following alternative characterization of a Lyndon tree is easy to verify.

Proposition 4.2.1. Let (T,0) be a labeled binary tree. Then (T, o) is a Lyndon

tree if and only if it is normalized and for every internal node x of T we have

o(R(L(z)) > v(R(z)). (4.2.1)

Figure 4.3: Example of a Lyndon tree. The numbers above the lines correspond
to the valencies of the internal nodes
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We will say that an internal node z of a labeled binary tree (7', o) is a Lyndon
node if (4.2.1) holds. Hence Proposition 4.2.1 says that (T, 0) is a Lyndon tree if
and only if it is normalized and all its internal nodes are Lyndon nodes.

A colored Lyndon tree is a normalized binary tree such that for any node x

that is not a Lyndon node it must happen that
color(L(z)) > color(z). (4.2.2)

For y € weomp,,_4, let Lyn,, be the set of colored Lyndon trees in BT, and Lyn, =
Upewcomp, ,Lyn,. Note that equation (4.2.2) implies that the monochromatic
Lyndon trees are just the classical Lyndon trees.

The set of bicolored Lyndon trees for n = 3 is depicted in Figure 4.4.

NN

1 2
/<\ ] /<\ ]
o /<\ ] /<\ 7
1 3 1 3
Figure 4.4: Set of bicolored Lyndon trees for n = 3

We will show that the ascent-free maximal chains of the EL-labeling of [0, [1]*]
given in Theorem 4.1.4 are of the form ¢(T', o, 7), where (T, o) € Lyn, and 7 is the
linear extension of the internal nodes of T, which we now describe: It is easy to
see that there is a unique linear extension of the internal notes of (7, 0) € BT, in
which the valencies of the nodes weakly decrease. Let 77, denote the permutation

that induces this linear extension.
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Theorem 4.2.2. The set {c(T,0,77,) | (T,0) € Lyn,} is the set of ascent-free

mazimal chains of the EL-labeling of [0, [n]"] given in Theorem 4.1.4.

Proof. We begin by showing that ¢ := ¢(T, 0, 7) is ascent-free whenever (T,0) €
Lyn, and 7 = 77, . Let x; be the ith internal node of T in postorder. Then by

the definition of 7,

V(T71)) > V(Tr(2) > -0 2 0(Tr(no1)), (4.2.3)

where v is the valency. For each i, the ith letter of the label word \(c) is given by

Ai(€) = (0(L(x7(3))), v(R(z20))" = (v(2ra), v(R(22:))"™,

where u; = color(z,(;)). Note that since (T',0) is normalized, v(R(z;z))) #
v(R(x,(11))) for all i € [n — 1]. Now suppose the word A(c) has an ascent at

i. Then it follows from (4.2.3) that

v(2r3)) = V(Tr641))s V(R(2r06))) < v(R(Zr41))), and u; < Uipq. (4.2.4)

The equality of valencies implies that x.;) = L(2,(+1)) since (T, 0) is normalized

and 7 is a linear extension. Hence by (4.2.4),

V(R(L(zr(i+1)))) < 0(R(2r(i11)))-

It follows that x,(+1) is not a Lyndon node. So by the coloring restriction on

colored Lyndon trees

u; = color(z,(;)) = color(L(z,(i11))) > color(z (1)) = Uit1,
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which contradicts (4.2.4). Hence the chain ¢ is ascent-free.

Conversely, assume ¢ is an ascent-free maximal chain of [0, [n]#]. Then ¢ =
¢(T,o,7) for some bicolored labeled tree (T, 0) and some permutation 7 € &,,_;.
We can assume without loss of generality that (7,0) is normalized. Since c is
ascent-free, (4.2.3) holds. This implies that 7 is the unique permutation that
induces the valency-decreasing linear extension, namely 77 .

If all internal nodes of (7', o) are Lyndon nodes we are done. So let i € [n — 1]

be such that z,(; is not a Lyndon node. That is

V(R(L(2r)))) < v(B(27))).

Since (7,0) is normalized and (4.2.3) holds, L(z;;)) = x,4-1). Hence,
V(R(z-i-1))) < v(R(xr4;))). Since (T, o) is normalized we also have v(L(z,(;-1))) =

v(L(x.(;))). Since c is ascent-free we must have that
color(z,(;—1)) > color(z,(;),
which is precisely what we need to conclude that (7, 0) is a colored Lyndon tree.

]

From Theorem 4.1.5, Theorem 4.2.2 and Corollary 4.1.6, we have the following

corollary.

Corollary 4.2.3. For all n > 1 and for all u € wcomp,,_, with supp(u) C [k],
the order complez A((0, [n]*)) has the homotopy type of a wedge of |Lyn,,| spheres
of dimension n — 3. Consequently,

dim 7" 5((0, [n]")) = |Lyn,|
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Chapter 5

The dimension of Lie(u)

In this chapter we present various formulas for the dimension of Lie(u). We begin
by using the isomorphism between Lie(z) and H™3((0, [n]*)) of Theorem 2.3.1
to transfer information on H"=3((0, [n]*)) obtained in the last two chapters to

Lie().

Theorem 5.0.4 (Theorem 1.6.3). We have

<—1>

Z Z dim Lie(p) X“Z—T; = Z(—l)n_lhn—l(x>% ;

n>1 pewcomp,, _ 1 n>1

Proof. From Corollary 4.2.3 we have that
firg (0, [n)*) = (=1)"" dim H"*((0, [n]")).

The theorem now follows from Theorems 2.3.1 and 3.1.1 when we let k get large.

]

We have a combinatorial description for the dimension of Lie(u).

o8
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Theorem 5.0.5. For alln > 1 and p € wecomp,, 4,

dim Lie(p) = |Lyn,,|.

Proof. We know from Corollary 4.2.3 that dim H"=3((0, [n]*)) = |Lyn,|. Hence,

ul

the isomorphism of Theorem 2.3.1 proves the theorem. O]

5.1 Lyndon type of a normalized tree

With a normalized tree Y € Nor, we can associate a (set) partition #2"(T) of
the set of internal nodes of T, defined to be the finest partition satisfying the

condition:

e for every internal node x that is not Lyndon, z and L(z) belong to the same

block of 7™ ().

For the tree in Figure 5.1, the shaded rectangles indicate the blocks of 7"(7T).

Note that the coloring condition (4.2.2) implies that in a colored Lyndon tree
T there are no repeated colors in each block B of the partition 72" () associated
with Y. Hence after choosing a set of |B| colors for the internal nodes in B there
is a unique way to assign the different colors such that the colored tree T is a
colored Lyndon tree (the colors must decrease towards the root in each block of
T (T)).

Define the Lyndon type A\"(T) of a normalized tree (colored or uncolored)
T to be the (integer) partition whose parts are the block sizes of the partition
7(T). For the tree Y in Figure 5.1, we have A\b"(T) = (3,2,2,1).

Let e)(x) be the elementary symmetric function associated with the partition
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Figure 5.1: Example of a colored Lyndon tree of type (3,2,2,1). The numbers
above the lines correspond to the valencies of the internal nodes

Theorem 5.1.1. For all n,

Z dim Lie(p) x" = Z etn(r)(X). (5.1.1)

pEWCOmp,, | YeNory,

Proof. For a colored labeled binary tree ¥ we define the content (V) of G as the
weak composition p where u(i) is the number of internal nodes of ¥ that have
color i. Recall that ¥ denotes the underlying uncolored labeled binary tree of .
Note that the comments above imply that for T € Nor,,, the generating function

of colored Lyndon trees associated with T is

Z xH) = extn (1) (X). (5.1.2)

Indeed the internal nodes in a block of size i in the partition 7%™(T) can be colored
uniquely with any set of ¢ different colors and so the contribution from this block
of 7"(T) to the generating function in (5.1.2) is €;(x).

By Theorem 5.0.5,

Z dim Lie(p) x" = Z ILyn,,|x"

pewecomp,, ¢ pewWecomp,,
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— Z <M (Y)

welyn,

_ Z Z xH(¥)

YeNor, WeLyn,
v="

= Z exun (1) (X),

TeNory,

with the last equation following from (5.1.2). O

5.2 Stirling permutations

A Stirling permutation on the set [n] is a permutation of the multiset
{1,1,2,2,--- ,n,n} such that for all m € [n], all numbers between the two
occurrences of m are larger than m. The set of Stirling permutations on [n]
will be denoted by Q,. For example, the permutation 12332144 is in Q,, but
43341122 is not since 3 is between the two ocurrences of 4. Stirling permutations
were introduced by Stanley and Gessel in [18] and have been also studied by
Béna, Park, Janson, Kuba, Panholzer and others (see [10, 33, 26, 22]). For an
arbitrary subset A := {aj,as,...,a,} of positive integers, we denote by Qu,
the set of Stirling permutations of A; that is, permutations of the multiset
{ai,a1,a9,as,...,a,,a,}, satisfying the condition above.

It is known that |Q,_i| = (2n — 3)!l. So this set of Stirling permutations is
equinumerous with the set Nor,, of normalized binary trees with label set [n]. We
will present an explicit bijection between these two sets. Moreover, this bijection
has some nice properties that allow us to translate the results of Chapter 4 to the

language of Stirling permutations and to ultimately prove Theorem 1.6.4.
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5.2.1 Type of a Stirling permutation

A segment u of a Stirling permutation 6 = 6160, - - -0y, is a subword of 6 of the
form u = 60;0;,1---0,10, i.e., all the letters of u are adjacent in 6. A block in
a Stirling permutation 6 is a segment of # that starts and ends with the same
letter. For example, 455774 is a block of 12245577413366. We define By(a) to be
the block of 6 that starts and ends with the letter a, and define ég(a) to be the
segment obtained from Bjy(a) after removing the two occurrences of the letter a.
For example, By(1) = 1224557741 in 6 = 12245577413366 and Bog<1) = 22455774.

We call (a,b) an ascending adjacent pair if a < b and the blocks By(a) and
By(b) are adjacent in 0, i.e., § = 0'By(a)By(b)0". An ascending adjacent sequence
of 6 of length k is a subsequence a; < as < -+ < a;, such that (a;,a;41) is an
ascending adjacent pair for j = 1,..., k — 1. Similarly, for a Stirling permutation
0 € 9, we call (a,b) a terminally nested pair if a < b and the block By(b) is
the last block in By(a), i.e., By(a) = 0'By(b) for some Stirling permutation ¢. A
terminally nested sequence of 6 of length k is a subsequence a1 < as < --- < ag
such that (a;, a;41) is a terminally nested pair for j =1,...,k— 1.

We can associate a type to a Stirling permutation 6 € Q,, in two ways. We
define the ascending adjacent type M*(6), to be the partition whose parts are the
lengths of maximal ascending adjacent sequences; and we define the terminally
nested type A\™N(0), to be the partition whose parts are the lengths of maximal
terminally nested sequences. We will show that these two types are equinumerous

in Q,.

Example 5.2.1. If § = 158851244667723399, then the maximal ascending
adjacent sequences are 1239, 467, 5 and 8; then A (0) = (4,3,1,1), which is
a partition of n = 9. Also the maximal terminally nested sequences are 158, 27,

3,4, 6 and 9; then AT™N(0) = (3,2,1,1,1,1), which is also a partition of n = 9.
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It is easy to see that every Stirling permutation has a unique factorization
0 = By(ay)Bg(az) - - - By(as) into adjacent blocks. We call this factorization the
block factorization of 6. For example, 12245577413366 has a block factorization
1224557741 — 33 — 66. A Stirling factorization of a Stirling permutation 6 is a
decomposition § = §10? - - - 6, such that #° is a Stirling permutation for all i. Note
that the block factorization of # is the finest Stirling factorization.

Denote by k(a) := ay, the largest letter of the maximal terminally nested
sequence a = a; < ay < --- < a; of Bp(a) that contains a. In 6 =
158851244667723399, we have for example that x(1) = 8, k(2) =7 and x(7) = 7.

We define the following two types of restricted Stirling factorizations:

e The ascending adjacent factorization of 6 is the Stirling factorization 6 =
6'0% in which 6! is the shortest nonempty prefix of 6 such that if 6! = aBy(a)
and 0* = By(b)3 then a > b. For example if § = 133155442662, then the

ascending adjacent factorization of 8 is 133155 — 442662.

e The terminally nested factorization of 6 is the Stirling factorization § = 66>
in which 0 is the shortest nonempty prefix of 6 such that if ' = By(a)a and
0% = By(b)3 then k(a) > b. In the case of § = 133155442662, the terminally
nested factorization of 0 is 13315544 — 2662.

An idrreducible AA-word is a Stirling permutation that has no nontrivial
ascending adjacent factorization. It is not difficult to see that an irreducible AA-

word is a Stirling permutation of the form

Bg(al)BQ(ag) L Bg((lk) = Q17101 Q27202 * * * Ap—1Tk—10k—1 A TEAE, (521)

where a1 < as < --- < ay and 7; are Stirling permutations for each i.

An idrreducible TN-word is a Stirling permutation that has no nontrivial
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terminally nested factorization. It is not difficult to see that an irreducible TN-

word is a Stirling permutation of the form

By(a)a (5.2.2)

where k(a) < d’ for any letter @’ in a. Equivalently, an irreducible TN-word is a

Stirling permutation of the form

17102720k - 1Tg—1ArQpQ}—1 * * - A2Q1 Tk (523)

where a7 < as < -+ < a; and 7; are Stirling permutations for each i with a; < o’
for any letter @’ in 7.

The complete ascending adjacent (terminally nested) factorization of 6 is the
factorization § = 062 - - - ' that we obtain by factoring 6 into #16% by the ascending
adjacent (resp., terminally nested) factorization and then recursively applying the
same procedure to 2.

Let A be a subset of the positive integers. We define a map £ : Q4 — Qa

recursively as follows:

1. If & = mm then £(0) = mm.

2. If 0 is an irreducible AA-word a7 a1a49T2as -+ * Qjp—1Th—1Gk—105TrQ) then

£(0) = a1&(m1)a2d(m2) - - - ap—1&(Th—1) Aparas—1 - - - 201 E(T3).

3. If 0 = 062 --- 0 is the complete ascending adjacent factorization of 6 then

£(0) = £(0")&(0%) -~ €(0").
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Step (2) guarantees that £ is well-defined. Indeed, in an irreducible AA-word
of the form given in (2), we have a5 < agy1 < --+ < a; for any s. Hence, we are
inserting only letters that are greater than ag between the two occurrences of as.

The map ¢ is in fact a bijection and it is not difficult to check that its inverse

£1: Q4 — 9y is defined by:
1. If 6 = mm then £1(0) = mm.

2. If 0 is an irreducible TN-word a7 0979 * * - Q1 Ti—10LALAK_1 - * - G201 T} then

E10) = ar& M (m)arasé N (m)ag - - ap 1€ (Tho1)ag_1ax€ T (1) ay..

3. If 0 = 060" is the complete terminally nested factorization of § then

E71(0) = 71(0N)E7H(0%) - 70",

Step (2) guarantees that £~ is well-defined since in an irreducible TN-word, aj, < b

for any letter b in 7.

Example 5.2.2. Consider # = 233772499468861551. Its complete ascending

factorization is 23377249946886 — 1551; then

£(0) = £(23377249946886 — 1551)
= £(23377249946886) — £(1551)
= 26(3377)4£(99)6642¢(88) — 11£(55)

= 237734996642881155.
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Note that the maximal ascending adjacent sequences of ¢ are (246,37,1,5,8,9)
which are also the maximal terminally nested sequences of £(6).  These

observations hold in general.

Proposition 5.2.3. The map & : O — Qa is a well-defined bijection that

satisfies:

1. (i,7) is an ascending adjacent pair in 0 if and only if (i,7) is a terminally

nested pair in £(0),
2. ATN(E(9)) = XA(6).

Proof. Note that if § = 0'6%--- 6" is the complete ascending adjacent factorization
of a Stirling permutation 6, then an ascending adjacent pair can only occur within
one of the factors #°. Similarly, if § = 6'6%---6" is the complete terminally
nested factorization of a Stirling permutation 0, then a terminally nested pair
can only occur within one of the factors 6°. Hence, without loss of generality, as a
consequence of step (3) in the definitions of £ and £~!, we can assume that the word
6 is an irreducible AA-word or an irreducible TN-word. Then the first assertion
follows directly from step (2) in the definitions of ¢ and £~ and induction on the

length of #. The second assertion is an immediate consequence of the first. m

)\AA )\TN

From Proposition 5.2.3 we see that and are equidistributed on Q,.

5.3 A bijection between normalized trees and

Stirling permutations

Let Qn be the set of permutations § € Q,, where #; = 65, = 1. There is a natural

bijection ted : Q,, — Q,_1 obtained by removing the leading and trailing 1 from
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0 = 10’1 and then reducing the word 6" by decreasing every letter in {2,...,n}
by one. For example, ved(12332441) = 122133. In greater generality, for A a
subset of the positive integers, let O, be the set of Stirling permutations of A
such that both the first and last letter of the permutation is min A. Define the

map! 7 : Nory — O, recursively by:
1. If ¥ = (e,m) then F(T) = mm.

2. If T is of the form

{KTJ
’ T, )
T,

m T,

then (1) = my(T1)5(Y2) - - Y(T;-1)7(L5)m.

The function 7 is well-defined since the tree is normalized. Indeed, m is the
minimal letter and we always obtain a word with values greater than m between
the two occurrences of m. Proceeding by induction on the number of internal
nodes of T, we have that the words ~v(Y;) are Stirling permutations for each 7 and
so it is y(Y).

It is not difficult to check that the inverse 77! : Q 4 — Nor 4 can also be defined

recursively by
1. If 6 = mm then 7! (mm) = (e, m).

2. If 0 = By(m) and By(m) = By(a1)By(as) - - - By(a;_1)Bs(a;), then

7H0) = o 7 (Bolay))

!The same map has appeared before in [13].
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The tree defined in the step above is clearly normalized. So we can encode any
normalized binary tree with a permutation in Q,,. See Figure 5.2 for an example

of the bijection.

12355366244771

Figure 5.2: Example of the bijection 7

We give an alternative description of 4. First we extend the leaf labeling of
T € Nor, to a labeling # that includes the internal nodes. For each internal
node z, let 6(z) be the smallest leaf label in the right subtree of the subtree of T
rooted at x; for each leaf z, let O(x) be the leaf label of = (See Figure 5.2). Let
x1,..., T2, 1 be the listing of all the nodes of T (internal and leaves) in postorder

and let O(T) := 0(x1)0(x2) ... 0(x2,—1).

Proposition 5.3.1. For all Y € Nor,,,

where x1 s the leftmost leaf of T.

Proof. If T = (e,m) is a single node then ¥(Y) = mm = 0(Y)f(z,). If T has

internal nodes, it can be expressed as

T=(. (((x,v(x)) AT)AT)A---AT;)

(like the one in step (2) of the definition of 7).
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Let y; denote the parent of the root of Y; for each i. As a consequence of the
definition of 0, we have that 0(y;) = 6(z;), where z; is the smallest leaf of T;. By

induction, using the definition of 7,

Y(Y) = v(z)¥(T1) ... 3(Lj)v(z1)
= 0(x1)0(1)0(y1) - .- 9<Tj)9(yj)6($1)

— 0(1)0(ay).

The last step holds since the postorder traversal of Y lists first x1, followed by
postorder traversal of Y; followed by ¥y, followed by postorder traversal of T,

followed by -, and so on. O

To remove the unnecessary leading and trailing ones in 4(Y), we consider
instead the map v : Nor,, — Q,,_; defined by v(T) := ted(5(Y)) for each T € Nor,,.

We invite the reader to recall the definition of comb type A“°™(T) of a
normalized tree T given in Chapter 1 before Theorem 1.6.4 and the definition of
Lyndon type AB"(T) given in Section 5.1. Recall also the definition of ascending
adjacent and terminally nested pairs of a Stirling permutation # € Q,,, and the
associated types MA(0) and A™N(#), given in the first part of this section. We
give an equivalent characterization of these pairs. An ascending adjacent pair of
0 € Q, is a pair (a,b) such that a < b and in 6 the second occurrence of a is the
immediate predecessor of the first occurrence of b. A terminally nested pair of
0 € Q, is a pair (a,b) such that a < b and in 6 the second occurrence of a is the
immediate successor of the second occurrence of b.

For any node (internal or leaf) z of T we define the (reduced valency)

vi(z) :=v(z) — 1.
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Proposition 5.3.2. The map v : Nor, — Q,_1 is a well-defined bijection that

satisfies for each T € Nor, and internal node x of T,

1. x is a non-Lyndon node of Y if and only if (v'(R(L(x))),v*(R(x))) is an
ascending adjacent pair in y(T). Moreover, every ascending pair of y(Y1) is

of the form (v'(R(L(x))),v"(R(x))) for some internal node x of T;

2. x has a right child R(z) that is also an internal node if and only if
(v (R(x)),v"(R(R(x)))) is a terminally nested pair in (). Moreover, every
terminally nested pair of v(Y) is of the form (v'(R(z)),v"(R(R(x)))) for

some internal node x of T;
3. MA((T1)) = Ab7(T);
4. ATN(y (1)) = AmB(T).

Proof. Let T € Nor, and let z; be the ith node of T listed in postorder. We use
the alternative characterization of ¥ given in Proposition 5.3.1. We claim that:
Claim 1: The pair (0(x;),0(z;11)) is an ascending adjacent pair of 7(Y) if and only
if x; is a left child that is not a leaf and its parent P(z;) satisfies 0(P(z;)) > 0(z;).
(The latter condition is equivalent to P(z;) being a non-Lyndon node.)

Claim 2: (0(z;11),0(x;)) is a terminally nested pair of (Y) if and only if z; is a
right child that is not a leaf.

We say that 6 € (), has a first occurrence of the letter 6; at position 7 if 0; # 0;
for all 7 < i. We say that 6 € @, has a second occurrence of the letter 6; at
position ¢ if there is a j < 7 such that ¢; = 6;. Before proving these claims we first
observe that in the word (Y) = 6(Y)0(x;) (Proposition 5.3.1), there is a first
occurrence of a letter at position i if x; is a leaf and a second occurrence of a letter
if x; is an internal node. The proof of the two claims follows from the following

four cases that in turn are consequences of this observation.
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Case 1: Let z; be a left child that is not a leaf. Then x;,; is the leftmost leaf of
the right subtree of the subtree of Y rooted at P(x;). By the observation above,
the position i of ¥(T) contains the second occurrence of a letter while the position
i+ 1 contains the first occurrence of a letter. Note that 0(P(x;)) = 6(z41).
Case 2: Let x; be a left child that is a leaf. Then z;,; is the smallest leaf of
the right subtree of the subtree of Y rooted at P(z;). Hence, positions i and i + 1
contain first occurrences of letters in (1) and 0(x;) < 0(z;41) = 0(P(x)).
Case 3: Let x; be a right child that is not a leaf. Then by postorder x;; = P(x;)
and positions ¢ and i 4+ 1 contain second occurrences of letters in (T). Note that
O(x;) > 0(zi41).
Case 4: Let z; be a right child that is a leaf. Then by postorder z;;; = P(z;) and
by the definition of 6 we have that 0(z;) = 0(P(z;)) = 0(x;11).

It is not difficult to see that the two claims imply (1) and (2) after applying
the definitions of ved and v*. Parts (3) and (4) are immediate consequences of

parts (1) and (2), respectively. O

We have now four different combinatorial interpretations of the coefficients

of the symmetric function L, (x) := dim Lie(p) x* in the elementary

Zpéwcompn

symmetric function basis. Theorem 5.3.3 below includes Theorem 1.6.4.

Theorem 5.3.3. For all n,

Z dim Lie(p) x* = Z extn(r)(X)

pEWCOmMp,, ¢ YeNory,

= ) e (x)

0€Qn—1

- Z e)\Comb(’r) (X) .

Y e Nory,
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Proof. The first equality comes from Theorem 5.1.1, the third equality is
a consequence of Proposition 5.2.3, and the second and fourth equality are

consequences of Proposition 5.3.2. O

For a permutation 6 € Q, we define the initial permutation init(d) € &,, to
be the subword of # formed by the first occurrence of each of the letters in 6. For

example, init(233772499468861551) = 237496815.
Proposition 5.3.4. For any 0 € Q,, and Y = (T, o) € Nor,,
1. init((0)) = init(0)
2. o = init(F(Y)).

Proof. In the definition of £, the relative order of the initial occurrence of the letters
is not changed; which proves (1). We consider the alternative characterization of
7 of Proposition 5.3.1. Recall that 6(x;) is a first occurrence of a letter in 6(Y) if
and only if x; is a leaf of Y. Hence, part (2) follows from the fact that postorder of

the nodes of T restricted to the leaves is just left to right reading of the leaves. [

We have the following diagram of bijections:

gl 3 v
Nor,, 4_1> 9, 1 ? Q.1 ? Nor,,
Y

The following theorem is a generalization of the classical bijections between
Lyndon trees, combs and permutations in &,,_;. See Figure 5.3 for a complete

example of the bijections.

Corollary 5.3.5. The map v~ &7 is a bijection on Nor, that translates between
the Lyndon type and comb type. Moreover, the bijection preserves the permutation

of leaf labels for each tree.
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Proof. By Propositions 5.2.3 and 5.3.2,

ATy (T)) = ATHEY(T))
= X(3(1))

= Ab(T).

Proposition 5.3.4 implies that the order of the leaf labels is preserved.

7
64 7 4
1 1
5 6
2 3 2
3 5
7|3 7|3
12335526647741 12355366244771
ted || ved ted 1| | ved
§
122441553663 124425513366
§—1

Figure 5.3: Example of the bijections 7, ved and &

We can combine Theorem 1.6.3 with Theorem 5.3.3 and conclude the following

e-positivity result.

Theorem 5.3.6. We have

<—1>
e y" y"
S T )| = ex) ()
n>1 ' n>1 Y€Nory, ’
yn
= exo)(X) =,
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where A(Y) is either the Lyndon type or the comb type of the normalized tree T

and \(0) is either the AA type or the TN type of the Stirling permutation 6.

In [20] the author gives another proof of Theorem 5.3.6 that does not involve
poset topology and instead involves a nice interpretation of the compositional

inverse of exponential generating functions given by B. Drake in [16].

5.4 A remark about colored Stirling permutations

We can also define colored Stirling permutations in analogy with the case of colored
normalized binary trees. An AA colored Stirling permutation © = (0,¢) is a
Stirling permutation § € Q, together with a map ¢ : [n] — P such that for
every occurrence of an ascending adjacent pair (a, b) in 6, ¢ satisfies the condition

c(a) > ¢(b).

Example 5.4.1. If 0 = 233772499468861551, the map ¢ : [9] — P defined by the

pairs (i, c(i)):
{(1,1),(2,3),(3,3), (4,2), (5,2),(6,1),(7,1),(8,2), (9, )}

is an AA coloring, but

{(1,1),(2,2),(3,3),(4,3),(5,2),(6,1),(7,1),(8,2), (9, 1)}

is not since 24 is an adjacent ascending pair but ¢(2) = 2 < 3 = ¢(4).

In the same manner we define a TN colored Stirling permutation to the pair
© = (0, ¢), where ¢ satisfies ¢(a) > ¢(b) whenever (a,b) is a terminally nested pair.

For p € wcomp,,, we say that a colored Stirling permutation (6, c) is p-colored
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if p(i) = [e7'(i)| for all . We denote by Q4 the set of AA p-colored Stirling

permutations of [n] and Q™ the set of TN p-colored Stirling permutations of [n].

Corollary 5.4.2 (of Corollary 4.2.3 ). For alln > 1 and p € wcomp,,_,

ang (0, [n]) = (=1)" Q4 = (=1)" Q.

n

Consequently,

dim H"*((0, [n])) = 1Q"| = |37,

Proof. Note that the bijection v : Nor,, — 9,1 extends naturally to a bijection
Lyn, = QﬁA and the bijection & : Q,,_ 1 — 9,1 extends naturally to a bijection

Q;‘A = QZN . Thus the result is a corollary of Corollary 4.2.3. O

By Theorem 2.3.1,

Corollary 5.4.3. For alln > 1 and p € wcomp,, 4

dim Lie(p) = | Q] = |1



Chapter 6

Combinatorial bases

In this chapter we discuss various bases for Lie(u), H"3((0, [n]*)) and H"2(I1k \
{0}). We also present a basis for the homology H,_3((0, [n]")) of maximal intervals

of II* that generalizes a known basis for H,_3(IL,) due to Bjorner [7].

6.1 Colored Lyndon basis

Recall from Theorem 4.1.5 that the ascent-free maximal chains of the EL-labeling
of [0, [n]*] yield a basis for the cohomology H™3((0,[n]*)). Hence, Theorem
4.2.2 gives a description of this basis in terms of colored Lyndon trees. The
following result gives a simpler version of this basis. By applying the isomorphism
of Theorem 2.3.1, one gets a corresponding basis for Lie(y), which reduces to the

classical Lyndon basis for Lie(n) when p has a single nonzero component.

Theorem 6.1.1. The set {¢(T,0) | (T,0) € Lyn,} is a basis of H=3((0, [n)™))

and the set {[T, o] | (T,0) € Lyn,} is a basis for Lie(u).

Proof. By Theorem 4.2.2 and Theorem 4.1.5, the set {¢(T’, 0, 77,) | (T,0) € Lyn,,}

is a basis of ﬁ"_?’((f), [n]*)). Lemma 2.2.3 implies that we can replace 71, by any
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other linear extension and still obtain a basis for H"=3((0, [n]*)). In particular,

we can replace it by postorder. O

Theorem 6.1.1 already implies that the set of maximal chains coming from
colored Lyndon trees spans H"3((0), [n]*)); however, in order to complete the proof
of Theorem 2.2.4, and conclude that the relations in the theorem generate all the
cohomology relations, we will show that we can represent any ¢ € H"3((0, [n]"))
as a linear combination of chains in {¢(T,0) | (T,0) € Lyn,} using only the

relations in Theorem 2.2.4.

Proposition 6.1.2. The relations in Theorem 2.2.4 generate all the cohomology

relations in H"3((0, [n]")).

Proof. We use a “straightening” strategy using the relations of Theorem 2.2.4 in
order to prove the result. Recall that for an internal node = of a normalized binary
tree T € Nor,,, we define the valency v(z) to be the smallest of the labels in the
subtree of T rooted at x. We define a valency inversion in T € Nor,, to be a pair

of internal nodes (x,y) such that:
e 1 is in the subtree rooted at the left child of y,
* v(R(x)) < v(R(y)).

Let valinv(Y) denote the number of valency inversions in Y. Note for example
that a Lyndon tree is a normalized binary tree such that valinv(Y) = 0.

A coloring inversion is a pair of internal nodes (z,y) in T such that

e 1 is in the subtree rooted at the left child of y,

e color(z) < color(y).
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We denote by colinv(Y), the number of coloring inversions in Y.
Define the inversion pair of T to be (valinv(Y), colinv(Y)). We order these

pairs lexicographically; that is, we say

(valinv(Y), colinv(Y)) < (valinv(Y'), colinv(Y")),

if either valinv(Y) < wvalinv(Y’) or valinv(Y) = valinv(Y’) and colinv(Y) <
colinv(Y’"). Note that if the inversion pair of T is (0,0) then T is a colored
Lyndon tree since in particular its underlying uncolored tree is a Lyndon tree.

Now let T € BT, be a colored normalized binary tree that is not a colored
Lyndon tree. Then T must have a subtree of the form: (Y;:Y5)/ Y3, with v(Ts) <
v(T3) and i < j. We will show that ¢(T) can be expressed as a linear combination
of chains associated with colored normalized binary trees with smaller inversion
pair.

Case i = j: Using relation (2.2.2) (and relation(2.2.1)) we have that

c(a((T1,T2) T3)B) = £e(a(T1/(Y21T3))8) £ e(a((T1.T3) T2)5).

(The signs in the relations of Theorem 2.2.4 are not relevant here and have
therefore been suppressed.)
Let P(Y,) denote the parent of the root of the subtree T; in T. We then have

that

valinv(a((T1:Y2)iT3)3) — valinv(a(T1i(T21T3))8) > 1,

since the pair (P(Y3),P(Y3)) and any other valency inversion between an internal

node of T and P(Y'3) are valency inversions in the former tree but not in the later
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and no other change occurs to the set of valency inversions. We also have that

valinv(a((T1279) i T3) ) — valinv(a((T1:13):Y2)3) > 1,

since the pair (P(Y3),P(Y3)) and any other valency inversion between an internal
node of T and P(Y'3) are valency inversions in the former tree but not in the later
and no other change occurs to the set of valency inversions.

Case i < j: Using relation (2.2.3) (and relation (2.2.1)) we have that

(a((T1)12)1T5)8) = £ e(a((T14T2)T3)B)
£ e(a(Y14(T2iY3))B)
+ c(a(T11(T21Ys))B)
+ e(a((T1i03)I05)5)

+ ¢(au((T1705)iT5) ).

Just as in the previous case, all the labeled colored trees on the right hand
side of the equation, except for the first, have a smaller number of valency
inversions than that of the tree in the left hand side. The first labeled colored
tree ¢(a((Y14Y2)iY3)B) has the same number of valency inversions as that of
c(a((T1iY2)4Ys)B). However the coloring inversion number is reduced by one
and so the inversion pair is reduced.

From the two cases above we conclude that if T € BT, is a colored normalized
binary tree then ¢(Y') can be expressed as a linear combination of chains, associated
to colored normalized binary trees, of smaller inversion pair. Hence by induction

on the inversion pair, ¢(T) can be expressed as a linear combination of chains of
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the form ¢(Y’) where T’ € Lyn,. Also since by relation (2.2.1) any T € BT, is of
the form 4¢(Y’), where Y’ is a colored normalized binary tree, the same is true
for any T € BT .

Since the set {¢(Y) | T € BT ,} is a spanning set for H"3((0, [n]")), we have
shown using only the relations in Theorem 2.2.4 that {¢(T) | T € Lyn,} is also
a spanning set for H"3((0,[n]*)). The fact that {&(Y) | T € Lyn,} is a basis

(Theorem 6.1.1), proves the result. O

6.2 Colored comb basis

A colored comb is a normalized colored binary tree that satisfies the following

coloring restriction: for each internal node = whose right child R(z) is not a leaf,
color(z) > color(R(z)). (6.2.1)

Let Comb,, be the set of colored combs in BT, and Comb, be the set of the
p-colored ones. Note that in a monochromatic comb every right child has to be a
leaf and hence they are the classical left combs that yield a basis for Lie(n) (see

[44, Proposition 2.3]). Figure 6.1 illustrates the bicolored combs for n = 3.

A AAN A
N

Figure 6.1: Set of bicolored combs for n = 3
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Remark 6.2.1. Note that the coloring condition (6.2.1) is closely related to the
comb type of a normalized tree defined in Chapter 1 before Theorem 1.6.4. The
coloring condition implies that in a colored comb T there are no repeated colors
in each block B of the partition 7<°mP(T) associated to T. So after choosing |B]
different colors for the internal nodes of T in B, there is a unique way to assign
the colors such that T is a colored comb (the colors must decrease towards the

right in each block of 7%™2(T)). In Figure 6.2 this relation is illustrated.

DO —

]
[
¢

(W8]

Figure 6.2: Example of a colored comb of comb type (2,2,1,1,1,1)

Theorem 6.2.2. There is a bijection

Lyn, = Comb,,.

Proof. This is a consequence of Corollary 5.3.5. Indeed, the bijection v~ 1£+ that
translates between the Lyndon type and comb type on Nor,, extends naturally to

a bijection Lyn, = Comb,,. O
We obtain the following corollary from Corollary 4.2.3.

Corollary 6.2.3. For alln > 1 and p € wecomp,, 4,

fis (0, [n}*) = (~1)""| Comb,|

n
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and

dim H"3((0, [n]*)) = | Comb,|.
By Theorem 5.0.5 or Theorem 2.3.1 we have,

Corollary 6.2.4. For alln > 1 and p € wcomp,, 4

dim Lie(p) = |Comby,|.

Proposition 6.2.5. The set {¢(T, o) : (T, o) € Comb,} spans H"3((0, [n]*)), for

all o € weomp,,_;.

Proof. We prove this result by “straightening” via the relations in Theorem 2.2.4.

Define the weight w(T) of a colored binary tree 1" to be

where I(T') is the set of internal nodes of 7" and r(z) is the number of internal
nodes in the right subtree of z. We say that a node y of T' is a right descendent of a
node x if y is a descent of x that can be reached from = along a path of right edges.
Next we define an inversion of T' to be a pair of internal nodes (z,y) of T such that
y is a right descendent of = and color(z) < color(y). Let inv(7") be the number of
inversions of 7. The weight-inversion pair of T is (w(T),inv(T")). We order these
pairs lexicographically, that is we say (w(7T),inv(T)) < (w(1”"),inv(7")) if either
w(T) < w(T") or w(T) = w(T') and inv(T) < inv(T"). For T = (T,0) € BT,, let
w(Y) = w(T') and inv(Y) := inv(T"). Also define the weight-inversion pair of T
to be that of T'.

It follows from (2.2.1) that the chains of the form ¢(T'), where T is a normalized

colored binary tree in BT ,, span H"~3((0,[n]*)). Hence to prove the result we
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need only show that if T € BT, is a normalized colored binary tree that is not
a colored comb then ¢(T) can be expressed as a linear combination of chains of
the form ¢(Y’), where Y’ is a normalized colored binary tree in BT, such that
(w(Y"),inv(Y")) < (w(Y),inv(Y)) in lexicographic order. It will then follow by
induction on the weight-inversion pair that ¢(Y) can be expressed as a linear
combination of chains of the form ¢(Y’), where Y € Comb,,.

Now let T € BT, be a normalized colored binary tree that is not a colored
comb. Then T must have a subtree of one of the following forms: Y;7(Y2/Y3) or
T1i(Y2Ys) with i < 5 € [k]. We will show that in all these cases ¢(T) can be
expressed as a linear combination of chains with a smaller weight-inversion pair.
Case 1: T has a subtree of the form Y1/(T35/Y3). We can therefore express T as

a(Y14(Y24Y5))B. Using relation (2.2.2) (and relation (2.2.1)) we have that

(a(TiA(T2AT3))B) = £e(a((T1AT2)ATs) ) + e(a((T2]5)1T2) ).

(The signs in the relations of Theorem 2.2.4 are not relevant here and have
therefore been suppressed.)

It is easy to see that

w(a((Ti12)iT3)8) = wla((T1AT5)172)5)

— w(a(T1i(T2{Ts)8) — [1(Ts)| - 1.

Hence ¢(T) can be expressed as a linear combination of chains of smaller weight,
and therefore of smaller weight-inversion pair.
Case 2: T has a subtree of the form T;/(T2/Y5). Using relation (2.2.3) (and

relation (2.2.1)) we have that
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Aa(T1i(T24Ys))B) = £e((T14(T2i03))8)
+&(a((T1105)iTs)06)
+c(a((T1472)iT3)6)
+e(a((T1iT5)2)8)

+e(a((T147T3)iT5)0).

Just as in Case 1, all the labeled colored trees on the right hand side of the
equation, except for the first, have weight smaller than that of a(Y}(Y21Y3))0.
The first labeled colored tree a(Y14(Y2:Y3))5 has the same weight as that of

a(T1:(Y21Y3))8. However the inversion number is reduced, that is

inv (Y14 (Y2iT3))B8) = inv(a(T1i(T21Y3))8) — 1.

Hence the weight-inversion pair for the first colored labeled tree is less than that
of T := a(Y1i(T21Y3))0 just as it is for the other colored labeled trees on the
right hand side of the equation. We conclude that ¢(T) can be expressed as a

linear combination of chains of smaller weight-inversion pair. O]

Theorem 6.2.6. {¢(T,0) | (I',o0) € Comb,} is a basis for H"3((0, [n)")) and

{[T,o] | (T,0) € Comb,} is a basis for Lie(u).

Proof. Corollary 6.2.3 and Proposition 6.2.5 imply that the set {¢(7,0) | (T,0) €
Comb,, } is a basis for H"73((0, [n)*)). Then, Theorem 2.3.1 implies that {[T’, o] |

(I',o) € Comb,,} is a basis for Lie(u). O
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6.3 Bases for cohomology of the full weighted

partition poset

In this section we use colored combs and colored Lyndon trees to construct bases
for H™2(I15 \ {0}).
For a chain ¢ in I1¥, let

¢:=c\{0}.
The codimension 1 chains of IT% \ {0} are of the form & where ¢ is either

1. unrefinable in some maximal interval [0, [n]"] except between one pair of

adjacent elements x < y, where [z, 9] is an interval of length 2 in [0, [n]*], or

2. unrefinable in [0,z], where 2 is a weighted partition of [n] consisting of

exactly two blocks.

The former case yields the cohomology relations of Types I, II and III given in
Section 2.2, with ¢ replaced by ¢. The latter case yields the additional cohomology

relation:

Type IV: The two blocks of x are e,-merged to get a single-block partition z,.. The
open interval (z,1) is equal to {21, 2o, ..., 2}, see Figure 6.3. Hence the

Type IV elementary cohomology relation is
(cU{z})+ (€U{z})+ -+ (cU{z}) =0.

The reader can verify, using the cohomology relations of Type I (with ¢ replaced
by, €), that the proof of Lemma 2.2.3 goes through for H"~2(IT* \ {0}). Hence
H"2(11% \ {0}) is generated by chains of the form &) where T € BT,. The

reader can also check, using the relations of Types I, I, and III, that the relations
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B Bu1+#2+e1 B B#1+M2+ez . . B Bm+u2+ek 1B B#1+uz+ek

ltl |B (12

Figure 6.3: Type IV cohomology relation

in Theorem 2.2.4 hold (with ¢ replaced by ¢). It follows from the cohomology

relation of Type IV that
(Tl Tg) + C(Tl Tg) (Tl Tg) 0. (631)

for all A C [n] and for all Ty € BT 4 and Ty € BT,

Denote the root of a colored binary tree T by root(7'), and define

BTy= |J BT,
peEWcomp,,
supp (1) C[]
Comb” := U Comb,,

peWeomp,,
supp(u)C[K]

Lynfl = U Lyn,,.

peEWecomp,,
supp () C[k]

Theorem 6.3.1. The set
{&T,0)| (T,0) € Lyn®, color(root(T)) # 1}

is a basis for H"2(I1% \ {0}).

Proof. From the EL-labeling of Theorem 4.1.4 we have that all the maximal chains
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of ﬁ:"; have last label (1,n + 1)!. Then for a maximal chain to be ascent-free it
must have a second to last label of the form (1,a)’ for a € [n] and j € [k]\ {1}. By
Theorem 4.2.2, we see that the ascent-free chains correspond to colored Lyndon
trees such that the color of the root is different from 1. It therefore follows from
Theorem 4.1.5 and Lemma 2.2.3 (with ¢ replaced by ¢) that the set is a basis for

H2(T15 \ 0). O

Proposition 6.3.2. The set
{&T,0) | (T,0) € Combt, color(root(T)) # k}

spans H™2(I1F \ {0}).

Proof. We prove, by induction on the number k() of internal nodes of T with
color k, that if Y is a normalized tree in BT then ¢(Y) can be expressed as a
linear combination of chains of the form ¢(Y’), where Y’ is a colored comb such
that color(root(Y’)) € [k — 1]. Note that if £(T) = 0, using the relations in
Theorem 2.2.4 (with ¢ replaced by ¢), we can use the straightening algorithm in
the proof of Proposition 6.2.5 to express ¢(T) as a linear combination of chains
of the form ¢(Y’), where Y’ is a colored comb with k(Y') = 0. Now let T be any
normalized tree in BT with k(Y) internal nodes colored k. Again, using the
relations in Theorem 2.2.4, we can express ¢(T) as a linear combination of chains
of the form ¢(Y'), where Y’ is a colored comb. If Y’ has its root colored k, we can
use relation (6.3.1) to express ¢(Y’) as a linear combination of chains associated
with trees T/ that look like Y’ except that color(root(Y’)) =i € [k — 1]. Then
k(Y!) = k(T) — 1 and by induction, each ¢(Y;) is a linear combination of chains

associated with colored combs whose roots have a color in [k — 1]. The same is
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thus true for each &(Y') and for &(T). Hence {&(T,0) | (T, o) € Comb’, col(root(T)) #

k} spans. O

Theorem 6.3.3. The set

{«T,o)| (T,0) € Comb?, color(root(T)) = 1}

is a basis of H"2(I1* \ {0}).

Proof. Note that Corollaries 4.1.10 and 6.2.3 together imply that |Comb?| =
n"' from every n. To construct a bicolored comb T' € Comb?, such that

color(root(7)) = 1, we can choose the right subtree, which is a leaf, in n — 1

different ways, and the left subtree, which is a bicolored comb in Combi_l, in
(n — 1)"=2 different ways. Since by Corollary 4.1.10 we know that (n — 1)"! is

the dimension of H"~2(I1%\ {0}), the theorem follows from Proposition 6.3.2. [

Conjecture 6.3.4. The set

{&T,0)| (T,0) € Combt, color(root(T)) # k}

forms a basis for H™2(I1% \ {0}).

We can combine Theorem 6.3.1 and the exact same idea of the proof of
Proposition 6.1.2 to show that the set B = {&(T,0) | (T, o) € Lyn®, color(root(T)) #
k} spans H" 2(I1%\ {0}) by using only the relations of Theorem 2.2.4 and relation
(6.3.1).  We conclude that these are the only relations in a presentation of

H"3(I1F \ {0}) since B is a basis. We summarize with the following result.

Theorem 6.3.5. The set {¢(Y) : T € BT"} is a generating set for H"3(I15\ {0}),
subject only to the relations of Theorem 2.2.4 (with ¢ replaced by ¢) and relation
(6.3.1).



89

6.4 Splitting tree basis for homology for the k =
2 case

In this section we construct a basis for homology of each maximal interval (0, [n])
of IV, which generalizes Bjorner’s NBC basis for II,,. Our basis consists of certain
naturally constructed fundamental cycles. To prove that these fundamental cycles
form a basis, we make use of a generalization of the Lyndon basis due to Liu [29],
which is different from our colored Lyndon basis. The basis we use is actually a
twisted version of the one in [29] and has an easier description; the two bases are
related by a simple bijection.

For convenience, in this section we refer to the colors 1 and 2 as blue and red

respectively.

6.4.1 Liu’s bicolored Lyndon basis

We need to define a different valency from that of the previous sections. This
valency is referred to in [29] as the graphical root. Recall that given an internal
node z of a binary tree, L(z) denotes the left child of z and R(x) denotes the right
child. For each node x of a bicolored labeled binary tree (7', ¢), define its valency

v(x) recursively as follows:

;

label of x if z is a leaf
v(2) = { min{v(L(z)),v(R(z))} if z is a blue internal node

max{v(L(x)),v(R(x))} if z is a red internal node.

\

A Liu-Lyndon tree is a bicolored labeled binary tree (T, o) such that for each

internal node x of T',
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2. if z is blue and L(x) is blue then

v(R(L(x))) > v(R(z))

3. if & is red then L(x) is red or is a leaf; in the former case,

v(R(L(2))) < v(R(z)).

Note that condition (1) is equivalent to the condition that v(L(x)) < v(R(x))
if = is blue and v(L(z)) > v(R(x)) if x is red. Note also that every subtree of a
Liu-Lyndon tree is a Liu-Lyndon tree. The set of Liu-Lyndon trees for n = 3 is

depicted in Figure 6.4.

® Red

1 2
/'(\ i 2/>\
o /'(\ ’ /<\ S
2 13 1
Figure 6.4: Set of Liu-Lyndon trees for n = 3

Let Liu,; be the set of Liu-Lyndon trees in B7,,;. When ¢ = 0, all internal
nodes are blue and it follows from the definition that Liu,, ¢ is the set of Lyndon
trees on n leaves. When ¢ = n — 1, all internal nodes are red and it follows from
the definition that Liu,,—; consists of labeled binary trees obtained from Lyndon

trees by replacing each label 5 by label n + 1 — j.
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In [29] Liu proves that {[T, o] : (T,0) € Liu,;} is a basis for Lie,; by using
a perfect pairing between Lie, ; and another module that she constructs. In the
next section, we will use the natural pairing between cohomology and homology
of (0, [n]") to prove this result.

We will need a bijection of Liu [29]. Let A be a finite subset of the positive
integers and let 0 < ¢ < |A| — 1. Extend the definitions of 7, ; and Liu,; by
letting 74, be the set of rooted trees on node set A with ¢ descents and Liua; be
the set of Liu-Lyndon trees with leaf label set A and ¢ red internal nodes. Define
Y Ta; — Liug, recursively as follows: if |A| = 1, let ¢(T") be the labeled binary
tree whose single leaf is labeled with the sole element of A. Now suppose |A| > 1
and rp € A is the root of T. Let x be the smallest child of r that is larger than
rr. If no such node exists let x be the largest child of ry. Let T, be the subtree
of T rooted at = and let T'\ T}, be the subtree of T obtained by removing 7, from

T. Now let
Y(T) =T\ T,) (1),

where

blue ifx >rr
col =

red if ¢ <rp.

It will be convenient to refer to descent edges of T (i.e., edges {x,pr(x)},
where = < pr(x)) as red edges, and nondescent edges (i.e., edges {z,pr(z)},
where = > pr(z)) as blue edges. Hence 1 takes blue edges to blue internal nodes
and red edges to red internal nodes. Consequently (T') € BT 4, if T € Ta,. By
induction we see that the valuation of the root of ¥)(T") is equal to the label of the
root of T'. It follows from this that ¢(7T") € Liua,. It is not difficult to describe

the inverse of 1 and thereby prove the following result.
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Proposition 6.4.1 ([29]). For all finite sets A and 0 <i < |A|, the map

’QD : 7?471‘ — LI'UAJ

15 a well-defined bijection.

Remark 6.4.2. It follows from Corollary 4.1.10, Theorem 6.2.6, Theorem 6.1.1

and Proposition 6.4.1 that

[ Tn.il = |Combipn—1-4| = |Lyn(i,n717¢)’ = |Liup .

It would be desirable to find nice bijections between the given sets like that of
Proposition 6.4.1 and Theorem 6.2.2 when we let ;1 = (i,n—1—1). We leave open
the problem of finding a bijection between 7,,; and Comb; ,_1_;) or Lyn(

in—1—i)"

6.4.2 The tree basis for homology

We now present a generalization of Bjérner’s NBC basis for homology of II,, (see
[7, Proposition 2.2]). Recall that in Section 3.2, we associated a weighted partition

a(F) with each forest F' = {T},..., T} on node set [n], by letting

alF) ={A7", ... A )

where A; is the node set of T; and w; is the number of descents of T;.

Let T be a rooted tree on node set [n]. For each subset E of the edge set
E(T) of T, let Ty be the subgraph of 7" with node set [n] and edge set E.
Clearly Tx is a forest on [n]. We define IIy to be the induced subposet of ITY
on the set {a(Tg) : E C E(T)}. See Figure 6.5 for an example of IIr. The

poset Il is clearly isomorphic to the boolean algebra B, ;. Hence A(H_T) is
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the barycentric subdivision of the boundary of the (n — 2)-simplex. We let pr
denote a fundamental cycle of the spherical complex A(Il7), that is, a generator
of the unique nonvanishing integral simplicial homology of A(Il7). Note that

PT = D e m(iiy) EC-

12342

@ 134241 134120 10)234!

@ 0 13120140 10)24130 10]201340
9 1(]‘20‘30|4O
(a) T (b) Ly

Figure 6.5: Example of a tree T with two descent edges (red edges) and the
corresponding poset Il

The set {pr : T € Tp0} is precisely the interpretation of the Bjérner NBC basis
for homology of II,, given in [44, Proposition 2.2], and the set {pr : T € T 1}
is a variation of this basis. Bjorner’s NBC basis is dual to the Lyndon basis
{&(T) : T € Lyn,} for cohomology of II,, (using the natural pairing between
homology and cohomology). While it is not true in general that {pr : T" € T}
is dual to any of the generalizations of the bases given in the previous sections,
we are able to prove that it is a basis by pairing it with the Liu-Lyndon basis for

cohomology.

Theorem 6.4.3. The set {pr: T € T,.;} is a basis for H,_5((0,[n])) and the set
{&(Y) : T € Liu,;} is a basis for H*3((0, [n]")).

Our main tool in proving this theorem is Proposition A.3.2 (of the Appendix),
which involves the bilinear form (,) defined in (A.3.1). In order to apply
Proposition A.3.2 we need total orderings of the sets 7,; and Liu, ;. Recall Liu’s
bijection v : T,,; — Liu,; given in Proposition 6.4.1. We will show that any linear

extension {711, 75, ..., T}z, |} of a certain partial ordering on 7, ; provided by Liu
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29] yields a matrix (pr;, (¥ (Tk)))1<jr<|7,. that is upper-triangular with diagonal
entries equal to +£1. Theorem 6.4.3 will then follow from Proposition A.3.2 and
Theorem 4.1.9 (2).

We define Liu’s partial ordering <p;, of Ta; recursively. For |A| < 2, the set
T4, has only one element. So assume that |A| > 3 and that <p;, has been defined
for all 7T ; where |B| < |A|. Let T,T" € Ta;. We say that T" < 1" if there exist

edges e of T and €’ of T such that the following conditions hold

e and €’ have the same color,

¢’ contains the root of T",

o o(Trryie}) = Q(T]{E(T’)\{e’})
o T <y 17,
o T <y 13,

where T} and T5 are the connected components (trees) of the forest obtained by
removing e from 7', and 7] and T3 are the corresponding connected components
(trees) of the forest obtained by removing €’ from 7".

Now define <y;, to be the transitive closure of the relation < on 7y ;. It follows
from [29, Lemma 8.12] that this relation is the same as the relation <., that was
defined in [29, Definition 7.11] and was proved to be a partial order in [29, Lemma
7.13].

Lemma 6.4.4. Let T,7" € T,,; and let ¢ : T,; — Liu,; be the bijection of

Proposition 6.4.1. If c(¢(T")) € M(Ily) then T <p;, T".

Proof. First note that if T,°%7T, is a bicolored labeled binary tree such that
c(T11Ty) is a maximal chain in IIp then there is an edge e of T' whose color

equals col and whose removal from 7" yields a forest whose connected components



95

(trees) Ty and Ty satisfy: ¢(Y) is a maximal chain in [I7; and ¢(Y5) is a maximal
chain in IIp,.
Now recalling the definition of v, let x be the child of the root r¢ of T", for

which
W(T) = YT\ T;) (1),

where col equals the color of the edge {x,rr}. Let e be the edge of T whose
removal yields the subtrees 77 and T, such that c¢(¢ (7" \ T.)) € M(Ily,) and
c((T))) € M(Ilz,). Then the color of e is the same as that of the edge {z,r}.

By induction we can assume that

Ty <t T'\T, and Tp <y T,.

Since e and €' := {x,rp} satisfy the conditions of the definition of <, we have

T < T’, which implies the result. O

Proof of Theorem 6.4.3. Let Ti,...,T,, be any linear extension of <p; on
Tni, where m = |T,;|. It follows from Lemma 6.4.4 that the matrix
M = (pr;,c(¥(Tk)))1<jk<m is upper-triangular, where (,) is the bilinear form
defined in (A.3.1). Since ¢(¢)(T)) is a maximal chain of Iy for all T" € T, ;, the
diagonal entries of M are equal to £1. Hence M is invertible over Z or any field.
The result now follows from Propositions 6.4.1 and A.3.2 and Theorem 4.1.9
(2). O

Remark 6.4.5. Theorems 2.3.1 and 6.4.3 yield an alternative proof of Liu’s result

that {[T,0] : (T, 0) € Liu,;} is a basis for Lie,,;.



Chapter 7

Whitney numbers and Whitney

(co)homology

In this chapter we discuss weighted Whitney numbers and Whitney (co)homology

of IT¥ and II*.

7.1 Whitney numbers and weighted uniformity

Let P denote a pure poset with a minimum element 0. Denote by Int(P) the set
of closed intervals [z, y] in the poset P. For some unitary commutative ring R (for
example k[z| or k[xy, ..., zx]) we say that a weight function wp : Int(P) — R is

P-compatible if
e for any o € P, wp(a,a) = 1 and,
e 0 <a<pin P implies wp(h, f) = wp(l, a)wp(a, B).

Equivalently, let k[Int(P)] be the unitary commutative algebra over k generated

by intervals [« 8] € Int(P) subject to the relations:

96
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e [a,a] =1 for any @ € P, and
o [0,8] =1[0,a]la, 8] for all @ < a < fin P.

Then a P-compatible weight function is just an algebra homomorphism wp :
k[Int(P)] — R. The poset II} has a natural II}-compatible weight function wyy.
Indeed, we define the map . : k[Int(P)] — k[xy, ..., x;] by letting wng(ﬁ, 0) =
1 and wng((),a) = xi"(l)---:vzj(k) for any a = {A{*,... A%} € TIF) with w =
p(e) = > pi. This extends to any interval [a, 8], by setting o (o, ) =
M (clearly a monomial in k[xy, ..., zx]), and to k[Int(P)] by linearity.
oo (0, )

The weighted Whitney numbers w;(P,wp) and W,;(P,wp) of the first and

second kind are defined as:
w;i(P,wp) = Z 7ip(0,0)wp(0, a),
acP

Wi(P,wp) = > wp(0,0q).

Note that if wp is the trivial P-compatible function defined by wp(a, ') =1
for all @« < o € P, then w;(P) := w;(P,wp) and W;(P) := W;(P,wp) are the
classical Whitney numbers of the first and second kind respectively.

Recall that for each a € II¥, we have p(a) = n — |a|. For a partition \ - n,
with ¢(\) = r and where a part of size i occurs m;(A) times, let A ~ (1) denote

the partition obtained from A\ by decreasing each of its parts by 1. Recall the

symmetric function

Lo(x):= > dim Lie(p)x", (7.1.1)

peEWcomp,,
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and for a partition A = (Aq,..., \,.), define

La(x) := Ly, (x) -+ Ly, (x).

Note that L,(x) is a homogeneous symmetric function of degree |\|. Define

m(A)! =[]0, ms(N\)!.

Proposition 7.1.1. For alln > 1, the weighted Whitney numbers of 11¥ are given

by
i , n 1
wy (I, @ny ) = (1) Z A WLA\(WJ)(%, e Th), (7.1.2)
E(A?Z?L—T
n 1
W,«(Hﬁ,@nﬁ) = Z ()\) Wh)\\(ln—r)(l’l,. .. 7Ik), (713)
AFn '
L(N)=n—r

where hy denotes the complete homogeneous symmetric function associated with

the partition .

Proof. We want to construct a weighted partition « that has underlying
(unweighted) set partition m € II,. For a block of size s in 7, any monomial

) ™ with || = s — 1 is a valid weight, so the contribution of this block

ACI
corresponds to the complete homogeneous symmetric polynomial b 1 (21, ..., xx).
Then 7 has a contribution of hy () (1=, Where A(7) denotes the integer partition
whose parts are equal to the block sizes of 7, proving equation (7.1.3).

By Proposition 3.0.4, intervals of the form [0, ] are isomorphic to products
of maximal intervals of smaller copies of IT¥. Following a similar argument as in

(7.1.3), using the fact that the Mobius function is multiplicative and Theorem

2.3.1, equation (7.1.2) follows. O
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Proposition 7.1.2. For all n > 1, the Whitney numbers of II'V are given by

w, (1Y) = (—1)’“(” . 1) n’ (7.1.4)
W, (I1%) = (Z) (n—r). (7.1.5)

Proof. Equation (7.1.4) follows from Theorem 3.3.1. To prove (7.1.5) let R, (r) =
{a € I1Y| p(ar) = r}. We need to show

|Rn(r)|=( ! )(n—r)r. (7.1.6)

n—r

A weighted partition in R,(r) can be viewed as a partition of [n] into n — r
blocks, with one element of each block marked (or distinguished). To choose such
a partition, we first choose the n — r marked elements. There are (nr_lr) ways to
choose these elements and place them in n — r distinct blocks. To each of the
remaining r elements we allocate one of these n — r blocks. We can do this in

n —1r)" ways. Hence (7.1.6) holds. OJ
( )" way (

Definition 7.1.3. A pure poset P of length ¢ with minimum element 0 and with
rank function p, is said to be uniform if there is a family of posets {P; | 0 < i </}
such that for all = € P, the upper order ideal I, := {y € P | x < y} is isomorphic

to P, where i = { — p(x).

We refer to (P, ..., P) as the associated uniform sequence. It follows from
Proposition 3.0.4 that P = II¥ is uniform with P, =II¥ | for i = 0,...,n — 1.

Note that a P-compatible weight function wp induces, for any z € P, an [,-
compatible weight function wy,, the restriction of wp to k[Int(1,)]. For a uniform
poset P, we say that a P-compatible weight function wp is uniform if for any two

elements z,y € P such that p(x) = p(y) and for any poset isomorphism f : I, —
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I,, the induced weight functions w;, and w;, satisfy @y, (2,2") = @y, (f(2), f(2'))
for all z < 2’ € I,. For example, the IT*-compatible weight function e defined
before is uniform. It is clear that for a uniform poset P with associated uniform
sequence (P, ..., FP;) and uniform P-compatible weight function wp there is a
well-defined induced P;-compatible weight function wp, for each . The following

proposition is a weighted version of a variant of [40, Exercise 3.130 (a)].

Proposition 7.1.4. Let P be a uniform poset of length £, with associated uniform
sequence (Po, ..., Py) and a uniform P-compatible weight function wp. Then the

matrices [w;—;(P;, wp,)]o<ij<¢ and [Wi_;(P;, wp,)]o<i j<¢ are inverses of each other.

Proof. For a fixed v € P with p(a)) = ¢ — i we have by the recursive definition of

the Mobius function and the uniformity of P

0ij = Z wp(a, B) Z Ap(o, )
BEP z€lo,f]
(ﬂ)*ﬁ—j
= Z Z /LP o, T wp a, ZE Z WP
= :EEP B>z
P(ZC) p(B)=t—j
L
= Z EPZ(()?‘%)WPZ(()?'%) Z is(()?B)
s=0 zeP; BEP;S
p(@)=i—s p(B)=s—j

- Z wi—s(Piv wPi)Ws—j(Ps’ is)'D

From the uniformity of the pair (II¥, ok ) and Proposition 7.1.1, we have the

following consequence of Proposition 7.1.4.

Corollary 7.1.5. The matrices A =

(U X, Gt Easan ()

0<i,j<n—1

and B= | X (;\)Wh,\\(lj)(){)] are inverses of each other.
eX)=j '

0<i,j<n—1
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When 21 = 2o = 1 and x; = 0 for ¢« > 3, these matrices have a simpler
form. From the uniformity of II'V and Proposition 7.1.2, we have the following

consequence of Proposition 7.1.4.

Theorem 7.1.6. The matrices A = [(—1)i_j(;j)ii_j]lgwgn and B =

[(;)ji*j]lgingn are inverses of each other.

This result is not new and an equivalent dual version (conjugated by the matrix
[(—=1)76; j]1<ij<n) Was already obtained by Sagan in [34], also by using essentially
Proposition 7.1.4, but with a completely different poset. So we can consider this
to be a new proof of that result (see also [27]).

It can be shown that when z; = 1 and x; = 0 for ¢ > 2, Corollary 7.1.5 reduces

to the following classical result since IT}, = II,,.

Theorem 7.1.7 (see [40]). Let s(i,7) and S(i,j) denote respectively, the Stirling
numbers of the first and of the second kind. The matrices A = [s(4, j)]1<i j<n and

B =[S(i,J)]1<i,j<n are inverses of each other.

7.1.1 Relation with the poset of pointed partitions

Chapoton and Vallette [12] consider another poset that is quite similar to the poset
of weighted partitions, namely the poset of pointed partitions. A pointed partition
of [n] is a partition of [n] in which one element of each block is distinguished. The

covering relation is given by

{(A1,a1), (A2, a2), ..., (As,as)} <{(B1,b1), (Ba,b2), ..., (B, by) },

where a; is the distinguished element of A; and b; is the distinguished element of

B; for each 1, if the following conditions hold:

° {Al,AQ,...,AS}<{Bl,BQ,...,Bt} in II,,
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o if By, = A; UA;, where i # j, then by € {a;,a;}
e if B, = A; then b, = a;.

Let T2 be the poset of pointed partitions of [n]|. It is easy to see that there is a
rank preserving bijection between II'V and II?. It follows that both posets have
the same Whitney numbers of the second kind. Since both posets are uniform, it
follows from Proposition 7.1.4 that both posets have the same Whitney numbers
of the first kind and thus the same characteristic polynomial. The following result

of Chapoton and Vallette [12] is therefore equivalent to Theorem 3.3.1.

Corollary 7.1.8 (Chapoton and Vallette [12]). For all n > 1, the characteristic

polynomial of IIX is given by
i (2) = (& — )™, (7.17)

Consequently,

iy (0.1) = (1) (n — 1",

One can also compute the Mébius function for all intervals of II? from (7.1.7).
Indeed, since all n maximal intervals are isomorphic to each other, the Mobius
invariant can be obtained from (7.1.7) by setting = 0 and then dividing by n.
This yields for all 4,

(~1)" gy (0, (] 8)) = "2,

which is the number of trees on node set [n]. The Méobius function on other
intervals can be computed from this since all intervals of II? are isomorphic to

products of maximal intervals of “smaller” posets of pointed partitions.
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7.2 Whitney (co)homology

Whitney homology was introduced by Baclawski in [1] giving an affirmative answer
to a question of Rota about the existence of a homology theory on the category of
posets where the Betti numbers for geometric lattices are given by the Whitney
numbers of the first kind. Whitney homology was later used to compute group
representations on the homology of Cohen-Macaulay posets by Sundaram [42] and
generalized to the non-pure case by Wachs [45] (see also [46]).

Whitney cohomology (over the field k) of a poset P with a minimum element

0 can be defined for each integer r as follows:

WH"(P) =@ H2((0,2);k).

zeP

In the case of a Cohen-Macaulay poset this formula becomes

WH™(P) = @ H*((0,2):k). (7.2.1)
zEP
p(z)=r
Note that
dim WH"(P) = |w,(P)|. (7.2.2)

where w,(P) is the classical rth Whitney number of the first kind.
Define A"Lier(n) to be the multilinear component of the rth exterior power
of the free Lie algebra on [n] with k compatible brackets. From the definition of

N Lie,(n) and equation (7.1.1) we can derive the following proposition.
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Proposition 7.2.1. For0<r<n—1and k> 1,

n 1
dim A" Liey(n) = ( >—L ~an(15). (7.2.3)
g %; A) ma)
L(A)=r

Consequently, if ALiex(n) is the multilinear component of the exterior algebra of

the free Lie algebra with k compatible brackets on n generators then

dim ALieg(n) = Z (Z) ﬁ[ﬂ\(ﬂ(k))(lk)- (7.2.4)

AFn

Equivalently,

dim ALie(n) = n![z"] exp <Z Li_l(lk)f_—!i) , (7.2.5)

i>1

where [x"|F(x) denotes the coefficient of ™ in the formal power series F(x) and

exp(r) =, 5 % (see [39, Theorem 5.1.4]).

Note that since, by equation (7.2.2), dim W H"(II¥) equals the signless rth
Whitney number of the first kind |w,(I1¥)|, Propositions 7.1.1 and 7.2.1 imply

that the dimensions of dim W H" " (I1¥) and A"Liex(n) are equal.

Corollary 7.2.2. For0<r<n—1andk > 1,

dim A" Lieg,(n) = dim W H" " (11¥). (7.2.6)

dim ALieg(n) = dim W H (IT%). (7.2.7)

where W H (I1F) := @,5oW H" (I1¥).

If a group G acts as a group of automorphisms on a poset P, this action induces
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a representation of G on W H"(P) for every r. Thus the action of &,, on II¥ turns
W H"(I1¥) into an &,-module for each r. Moreover, the symmetric group &,, acts
naturally on A" Lieg(n) giving it the structure of an &,-module. We will present
an equivariant verion of Corollary 7.2.2 in Theorem 7.2.3 below.

In [3] Barcelo and Bergeron proved the following &,,-module isomorphism for

the poset of partitions:

WH" " (II,) ~g, N Lie;(n) ®sgn,, . (7.2.8)

In [44] Wachs shows that an extension of her correspondence between generating
sets of H"3(T1,,) and Lie(n) ® sgn,, can be used to prove this result. We use the

same technique to prove:

WH""(I}) ~g, A Liex(n) @ sgn,, . (7.2.9)

A colored binary forest is a sequence of colored binary trees. Given a colored
binary forest F' with n leaves and o € &,,, let (F, o) denote the labeled colored
binary forest whose ith leaf from left to right has label o(i). Let BF,, be the
set of labeled colored binary forests with n leaves and r trees. If the jth labeled

colored binary tree of (F,0) is (1},0;) for each j = 1,...7 then define

[F,o|:=[T\,01) N+ N[T}, 0,],

where now A denotes the wedge product operation in the exterior algebra. The
set {[F,o]: (F,0) € BF,,} is a generating set for A" Lie,(n).

The set BF,, also provides a natural generating set for WH""(II¥). For
(F,0) € BF,, let ¢(F, o) be the unrefinable chain of IT1¥ whose rank i partition is

obtained from its rank ¢ — 1 partition by col;-merging the blocks L; and R;, where
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col; is the color of the ith postorder internal node v; of F', and L; and R; are the
respective sets of leaf labels in the left and right subtrees of v;.
We have the following generalization of Theorem 2.3.1 and [44, Theorem 7.2].

The proof is similar to that of Theorem 2.3.1 and is left to the reader.

Theorem 7.2.3. For each r, there is an &,,-module isomorphism

¢ N Liey(n) — WH"(II") @ sgn,,
determined by

o([F, o)) = sgn(o) sgn(F)e(F, o), (F,o0) € BF,,,
where if F' is the sequence Ty, ..., T, of colored binary trees then
sgn(F) = (—1)!IHT)++LTo12) gon (T} ) sgn(T3) . . . sgn(T)).
When k£ = 1 it is proved in [3] that
dim ALie(n) = dim WH(II,,) = n!.

The case k = 2 can be derived from the discussion above.

Corollary 7.2.4. For0 <r <n—1,

-1
dim A" " Lieg(n) = dim WH"(II})) = <n >nT.

r

Moreover if NLies(n) is the multilinear component of the exterior algebra of the
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free Lie algebra on n generators and W H(IIY) = @,>oW H"(II¥) then

dim ALiey(n) = dim WH(ITY) = (n + 1)" .

Proof. Since dim W H"(II) equals the signless rth Whitney number of the first
kind |w,(II¥)], the result follows from Theorem 7.2.3, equation (7.1.4), and the

binomial formula. ]

For a result that is closely related to Corollary 7.2.4, see [5, Theorem 2].



Chapter 8

The Frobenius characteristic of

Lie(p)

In this chapter we prove Theorem 1.6.6. We use a technique developed
by Sundaram [42], and further developed by Wachs [45], to compute group
representations on the (co)homology of Cohen-Macaulay posets using Whitney
(co)homology. We introduce and develop first the concepts and results necessary
to prove Theorem 1.6.6 in Sections 8.1 and 8.2; we give a proof of the theorem
in Section 8.3. For information not presented here about symmetric functions,
plethysm and the representation theory of the symmetric group see [31], [35], [25]
and [39, Chapter 7].

8.1 Wreath product modules and plethysm

In the following we follow closely the exposition and the results in [45].
Let R be a commutative ring containing Q@ and let Ar denote the ring of

symmetric functions with coefficients in R with variables (y1,ya,...). The power-

108
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sum symmetric functions py are defined by py = 1 and

pr=yi +ys+-- fork eP.

For a partition A - n, p, denotes the power-sum symmetric function associated
to A, L.e., px = PaPx, = Pagy» Where ¢()\) is the number of nonzero parts of A.
It is well-known that the set {p) | A F n} is a basis for the component A% of Ag

consisting of homogeneous symmetric functions of degree n.

Let Q[[#1, 22, ...]] be the ring of formal power series in variables (21,22, ...).
If g € Q[[z1, 22, ... ]] then plethysm py[g] of pr and g is defined as:
prlg] = g(=1, 25, ). (8.1.1)

The definition of plethysm is then extended to p, multiplicatively and then to all
of Ag linearly with respect to R.
It follows from (8.1.1), that if f € A% and g € Q[[z1, 23, ...]], the following

identity holds:

fl=gl = (=1)"w(f)lg]- (8.1.2)

where w(+) is the involution in Ax that maps p;(y) to (—1)" 'p;(y).

For (perhaps empty) integer partitions v and A such that v C A (that is
v(i) < A(i) for all i), let S** denote the Specht module of shape A/v and sy, the
Schur function of shape A/v. Recall that s/, is the image in the ring of symmetric
functions of the specht module S** under the Frobenius characteristic map ch,
i.e., ch SM¥ = S\/v-

We will use the following standard results in the theory of symmetric functions

and the representation theory of the symmetric group, respectively.
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Proposition 8.1.1 (cf. [31] and [45]). Let v be a non empty integer partition and
let {fi}i>1 be a sequence of formal power series f; € Z[z1,z2o,...] such that the

sum Y . fi exists as a formal power series. Then

SX [Z fz] = Z st/wa[fi]'

i>1 P=1voCr1C--Crj_1Crj=X i=1
j=1

Proposition 8.1.2 (cf. [25] and [45]). Let A = ¢ and let (my,ma,...,m;) be a
sequence of nonnegative integers whose sum is £. Then the restriction of the G-
module S* to the Young subgroup x!_,&,,. decomposes into a direct sum of outer

tensor products of &,,,-modules as follows,

t
P .= D Qs

P=voCr1C--Crp=\ i=1
[vi|—|vi—1|=m;

Recall that the wreath product of the symmetric groups &,, and &,,, denoted

m times

——
S,,[6,], is the normalizer of the Young subgroup &,, X --- x &,, of &,,,. Each
element of G,,[&,,] can be represented as an (m + 1)-tuple (oy,...,0,;7) with
7€ &, and 0; € 6, for all i € [m].

From an &,,-module W we can construct a representation W™ of &,,[&,,] on
m times

—
the vector space W®™ :=W ® - .- @ W with action given by
(01, O T) (W X - X Wiy) 1= OQ1Wr-1(1) X =+ X TpWr—1(m),

and from an &,,-module V we can construct a representation V of S, [6,] with

action given by

(01, ..y Om; T) (V) 1= T,
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called the pullback of V from &, to &,,[&,]. The wreath product module VW]
of the &,,-module V' and the &,-module W is the &,,[&,,]-module

VW] = Wem gV, (8.1.3)

where ® denotes inner tensor product.

Proposition 8.1.3 ([31]). Let V' be an &,,-module and W an &,,-module. Then

ch (V& W) 187, ) = bV eh W,

ch (VIW] 130, ) = ch Vb W],

where 15 denotes induction.

8.2 Weighted integer partitions

Now let @ be a finitary totally ordered set and let || - || : ® — P be a map. We
call a finite multiset \ = (5\1 So A o Do 5\]) of ® a ®-partition of length
((\) == j. We also define || := > ||| and say that X is a ®-partition of n
if |\| = n. Denote the set of ®-partitions by Par(®) and the set of ®-partitions
of length ¢ by Par,(®). For ¢ € ®, we denote by m¢(5\), the number of times ¢
appears in A

Let V be an &,-module, W, be an &) 4j-module for each ¢ € ® and A a ®-
partition with £ parts. Note that x4ce5,, (5 [S)j4)/] s a finite product since A is

a finite multiset. The module

® meaﬁ()\) ® ‘7:\’
ped
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is the inner tensor product of two x ¢e¢6m¢(5\) [S)14|]-modules. The first module

is the outer tensor product ®¢€¢ me"b(/\) of the 6m¢(/~\) [S)4)/]-modules me¢(/\)

cf. Section 8.1) and the second module is the pullback \A/S‘ of the restricted
( p

Sy

representation V
p iX<z>e<1>6m¢(i)

to ><¢>eq>6m¢(;\) [S)jg))] through the product of the
natural homomorphisms &,, 5, [Sign1] — S,,, () given by (01, .. T () T) 5 T

The following theorem generalizes [45, Theorem 5.5] and the proof follows the

same idea.

Theorem 8.2.1. Let V' be an &y-module and Wy be an &4 -module for each

¢ € ®. Then

g \ 18
3> ch (@ Wy g VA> [ 2 = ch(V)

AEPary(®) PeP X 9eS,,, (%) [Gl1411]

> Ch(Wqﬁ)%] ,

folali

where z4 are indeterminates with z5 == 25,0007,

Proof. Note that restriction, induction, pullback, ch and plethysm in the outer
component are all linear and inner tensor product is bilinear. Thus it is enough to
prove the theorem for V' equal to an irreducible G,-module S (the Specht module
associated to the partition n = ¢). Since the set ® is a finitary totally ordered set,
we can denote by ¢', the ith element in the total order of ®. Consider \ € Par,(®)
and let t :== max{i | ¢’ € \}. Now using Proposition 8.1.2 and the definition of a

wreath product module in equation (8.1.3) yields

t - ~ t - t
® W§m¢z (M) ® g;)\ _ ® W§m¢z (M) 2 @ ® 571-/-;1
=1

=1 PI=1voCr1C--Crp=n i=1

Vil =[vi—1l=m g ()

t

- @ (ewrtegsT

D=voCr1C--Crr=n =1 i=1

Vil =lvim1[=m 4 (N)
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- D ® (Wﬁm(”i(i) ® s//\>

D=voCr1C--Cip=n i=1

‘Vi|*|ui71\=m¢¢ ()\)

= @ ® Qilvi-1 [WW]

D=voCr1C--Crp=n i=1

Vil =[vi—1]=mi (A)

We induce and then apply the Frobenius characteristic map ch. Then using

Proposition 8.1.3 and the transitivity property of induction of representations,

we have that

L ema () A sl
ch <®W¢ - ®Sn>]

=1 t
Xi=1

S, (064
ReSIIIPl

t S5
=ch @ <® Qvi/vi-1 [Wdﬂ])

b=voCriC-Cri=n \i=1 =18, () [S 1]
Vil =vim1l=m i (A) ¢

t S5
= Z ch <® Sl’i/l’i—l [qul])

O=roCriC-Cre=n =1 Xi=16m_; 0)[6)j61)
Vil =lvi1|=m: (A) z
t ~ .
! Xi=1%m s (161
v; [vie1 )
Q) 5"/ Wiy
i=1 "

t .6 N
=1 (N 7
Vil —vi—1]=mi (X) i=1"m (N 2167

= Z ch

D=1voCr1C--Crr=n

-y .
D=1oCr1 g'“gljt:j]

S (64
m i (0[O

Vil =lvi1|=m ()

— Z ﬁch (Sw/w1[W¢i]T6m¢i(i)l¢il >

& [6
=16 Cin C.-Cry=n i=1 m i (0[S

Vil =lvi1|=m i (A)

¢
- Z H Svi/viea [ch qui]-

P=19Cr1 C---Crp=n i=1

Vil =lvi—1l=m g (A)

! S i l10|
® Qilvi-1 [WW]/[ ]\

S5

t
X;—16

m g (O]

S

=1%m ;i N1l
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[vi|—|vi-1]

Now note that s,,, ,[ch Wyzg] = 5,0, ,[ch W]z, and that s,,/, , = sp =

1if v; = v;_1. And using Proposition 8.1.1, we obtain

- A\ 1655
Z ch <® W%m(bi W ® S"/\> T 25

SePary () 1 Xi=1Gm () B

t
=X X s lwez

AePar(®) 0=1roCv 1 C--Cry=n i=1
Vil =[vi—1l=m g (A)

J
= Z HSVi/l/iilliCh W¢zZ¢z]

@leogylg---gljjflgl/j:r] =1
j>1

> ch W¢i2¢i]

i>1
Z Ch W¢Z¢
ped

:Sn

=ch 5" O

8.3 Using Whitney (co)homology to compute

(co)homology

The technique of Sundaram [42] to compute characters of G-representations on

the (co)homology of pure G-posets is based on the following result:

Lemma 8.3.1 ([42] Lemma 1.1). Let P be a bounded poset of length £ > 1 and let
G be a group of automorphisms of P. Then the following isomorphism of virtual

G-modules holds
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Recall that if a group G of automorphisms acts on the poset P, this action
induces a representation of G on WH"(P) for every r. From equation (7.2.1),

when P is Cohen-Macaulay, W H"(P) breaks into the direct sum of G-modules

WH'(P)=p @ H™((0,2):k)7g, . (8.3.1)
zEP/~
p(z)=r

where P/ ~ is a set of orbit representatives and G, the stabilizer of .
Let yu € weomp,, ;. We want to apply Lemma 8.3.1 to the dual poset [0, [n]*]*
of the maximal interval [0, [n]*], which by Theorem 1.6.2 is Cohen-Macaulay. In

order to compute WH"([0, [n]#]*), by equation (8.3.1), we need to specify a set of

orbit representatives for the action of &, on [0, [n]#]*. For this we consider the set

® = {¢ € weomp | supp(¢) C [k]}

and the map ||¢|| := |¢| + 1 for ¢ € wecomp (cf. Section 8.2). We fix any finitary
total order on ®. For any ®-partition A of n of length ¢ we denote by as, the

weighted partition {A’;\l, . ,Aé\‘} of [n] whose blocks are of the form

A =

jill&-ll] \ [illﬂj\l] :

Recall that for v, u € weomp, we say that p < v if u(i) < v(i) for every i and

we denote by v+ p, the weak composition defined by (v+ p)(i) := v(i) + pu(i). Let
Part(®) = {} € Par(®) | [\ = [lud], 3% < s

It is not difficult to see that {a; | A € Par(®)} is a set of orbit representatives

for the action of &, on [0, [n]#]*. Indeed, any weighted partition 8 € [0, [n]*]* can
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be obtained as 8 = oa; for suitable A € Par(®) and 0 € G,,. It is also clear that
ajy # oagy, for AN£N e Par’(®) and for every o € &,,. Observe that the partition

ay has stabilizer x46,, 5)[6)4]. By equation (8.3.1) applied to [0, [n]#]*,

T A * ~J ~7’— Gn
WH ([0, ) 2, D H(0x DTS s e (8.3.2)
AePark(®)
LN)=r

Note that if 7 = 2 then the open interval (ay, [n]*) is the empty poset. Hence
I:j’"_?’((oz;\, [n]")) is isomorphic to the trivial representation of X4ceS,,  5)[S)jg]-
If 7 = 1 then a5 = [n]*. In this case we use the convention that H™3((cs, [n]*))
is isomorphic to the trivial representation of x ¢€<I>6m¢(5\) [S)16)1] (see also Section
A.3 of the Appendix).

We apply Lemma 8.3.1 together with equation (8.3.2) to obtain the following

result.

Lemma 8.3.2. Forn > 1 and p € wecomp,,_; we have the following &,,-module

isomorphism
~ VN1 (M) -3 B &,
1671,571,1 —Gn i @ ( 1) H ((Ck)\, [n]#))TX¢E¢6m¢(ﬁ)[6l\¢\\}’ (833)
AEPart (®)
[A|l=n

where 1g, denotes the trivial representation of &,,.

Lemma 8.3.3. For all A € Par(®) with |\| =n and v € weompy sy, the following

X ¢e<1>6m¢(5\) (S)14/|]-module isomorphism holds:

H' ™73 (a3, [n] *E=0)) = (® (Le, )

pcd

>
SN——
S
B
>
|
w
—
Y
(@)
~
—~
>~
P
<
~—
~—
>
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Proof. The poset [0, [((N)]] is a Xpc06,,, 3)[S)gy]-poset  with the action
given by the pullback through the product of the natural homomorphisms
67%(;) Sig] — 6m¢(5\). There is a natural poset isomorphism between
[z, [n] T2 A7) and [0, [¢(M)]¥]. Indeed, for a weighted partition {B",..., B/} >
aj = {A’;\l, . ,Ai“}, each weighted block B} is of the form B; = A;, UA;,U...UA;,
and p; = u; + 3, Ai,, where |u;| = s — 1 and >_juj <v. Let

I fag, [)]72%] = [0, [((V)]"]

be the map such that T'({By",..., Bi"}) is the weighted partition in which each
weighted block B;” is replaced by {iy,ds,...,i5}". The map I' is an isomorphism
of posets that commutes with the action of X4ee&,, 5)[S)j¢)]. The isomorphism
of ><¢€q>6m¢(;\)[6H¢||]—posets induces an isomorphism of the x¢€¢6m¢(;)[6”¢u]—

modules H‘M=3((as, [n]* %)) and HO=3((0, [¢(X)]*))*. The result follows since

e~

Rsco (1GH¢H)®’”¢(5‘) is the trivial representation of X4ca®,,  5)[S)4/]- O

Let R be the ring of symmetric functions Ag in variables x = (21,29, ...).
There is a natural inner product in Ar defined for arbitrary partitions A and v,
by

(Dxs D) = Ox,

and then extended linearly to Agr. This inner product defines a notion of
convergence. Indeed, for a sequence of symmetric functions f, € Ar, n > 1,
we say that {f,},>1 converges if for every partition v there is a number N such
that (fn,pv) = (fm, pv) whenever n,m > N. We use //\; to denote the completion
of the ring of Ag with respect to this topology. It is not difficult to verify that 1/\;
consists of the class of formal power series in two sets of variables, x = (1, za,...)

and y = (y1,¥2,...), that can be expressed as ), cx(x)pa(y), where c)\(x) € Ag.
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Given a formal power series F'(y) = >, ex(x)pa(y) in A and a formal power
series g € Q|[z1, 22, . . . ]], we can extend the definition of plethysm from symmetric

functions to formal power series in ./E by
Flg = ex(x)palgl-
A

The reader can check that //\;, together with plethysm and the plethystic unit
p1(y), has the structure of a monoid.

Let G(y) and F(y) be in Ag. The power series G(y) is said to be a plethystic
inverse of F(y) with respect to y, if F(y)[G(y)] = p1(y). It is straightforward to
show that if this is the case, then F(y) is unique and also G(y)[F(y)] = p1(y).
Thus G(y) and F(y) are said to be plethystic inverses of each other with respect

to y, and we write G(y) = F[=!(y). Note that

> HE((0,[n]) x" = > ch H™H((0, [n])Y)) ma(x) € A,

peEWComp,, AFn—1

where m, is the monomial symmetric function associated to the partition A\. Hence

the left hand side of equation (8.3.4) below is in Ag.

Theorem 8.3.4. We have

Syt @l (0 ) = (ke Gohy)) (83.4)

n>1 peEwWecomp,, 1 n>1

Proof. For presentation purposes let us use temporarily the notation G5 :=

x¢€@6m¢(5\) [S)1¢1]- We also use the convention that

HO (a5, [n)") = 0
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whenever a5 £ [n]*. Applying the Frobenius characteristic map ch (in y variables)
to both sides of equation 8.3.3, multiplying by x* and summing over all p €

weomp,,_; with supp(u) C [k] yields

M=y x| @ ()VTHO (a5 1))

HEWCOmp,, 1 AePark(®)
supp(u) C[K] IX=n

= > x> ) (B (o, )T

peEWComp,, S\EPar“(CD)

supp (1) (k] |X=n
_ Z (_1)60\)—1 Z X2 A ch (HE(/\)—3((OC\’ [n]u-l—z >\7‘)>TGZ> ‘
AEPar(®) VEWCOMP, 5y _1
IAl=n supp () C[k]

Using the shorthand notation

Hy = H"*((0, [n]"),

Lemma 8.3.3 and summing over all n > 1 we have

hi(y)
— N Y
. . X
_ _1\¢(V)-1 I me (A v
- Z (=1) » Z x ch <®(16¢|)® # )®H£(X) > 1
AePar(®) VEWCOMD, 5y _ IS G5
supp(v) C[k]
) i R
Yt Yy e (@ue oo |
>1 e Pary (P) vEWCOmpy_y ped GS\
supp(v)C[k]
i — 5\ 7o
:Z(_l)e_l Z X Z x> ch <®(16|¢|)®m¢(A)®Héy )]
1 VEWCOMPy_1  cPar,(d) PP G

supp(v)Clk]
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Now we use Theorem 8.2.1 with z, = x?,

h(y) =Y (=D Y xUch(H) | > hygyly)x?

>1 vEwcomp,_ ¢pEwcomp
supp(v)C[k] supp(¢) C[k]

- Z(—l)g_1 Z ch(H})x" Z hi(y)hj—1(z1,. .. o)

>1 vewcomp,_ j=1
supp(v)Clk]

The last step uses the definition of the complete homogeneous symmetric
polynomial h;_i(xq,...,25). To complete the proof we let k get arbitrarily

large. [l
Proof of Theorem 1.6.6. We have

ply)=D(=0"" Y HH((0,[n]") x* [Zhn—l(x)hn<Y)]

n>1 pEWCOMp,, _ 1

= | - Z Z w (ch H"3((0, [n]”))) x* [— Z hn—l(X)hn(Y)]

n>1 pewcomp,,

==X X (B0 W) e, s, ) ¥ [—Zhn1<X>hn<Y>

n>1 pewcomp,,

- Z hnl(X)hn(Y)] .

n>1

=|- Z Z ch Lie(p) x*

n=>1 pewcomp,, 4

The first two equalities above follow from Theorem 8.3.4 and from equation (8.1.2),

respectively. Recall that for an &,,-module V' we have that

ch(V ®g, sgn,,) = w(ch V),
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which proves the third equality. Finally the last equality makes use of Theorem
2.3.1. O

In the case k = 2, Theorem 1.6.6 specializes to the following result when x; = ¢,

r9 =1 and x; = 0 for ¢ > 3.

Theorem 8.3.5. Forn > 1,

S ch Lies(n i) £ = — (-3 %hn(y)) -

n>1 =0 n>1

For a closely related result obtained using operad theoretic arguments, see [14].
One should also be able to approach Theorem 1.6.6 via operad theory.

And we obtain a well-known classical result when z; = 1, z; = 0 for ¢ > 2.

Theorem 8.3.6. Forn > 1,

Z ch Lie(n) = — (— Z hn(y)) [_1}.

n>1 n>1

We show that Theorem 1.6.6 reduces to Theorem 1.6.3 after applying an
appropiate specialization. Recall that R = Ag and consider the map E : K;g —

R][y]] defined by:

E(pi(y)) = ydia

for © > 1 and extended multiplicatively, linearly and taking the corresponding
limits to all of K}. It is not difficult to check that F is a ring homomorphism since
E' is defined on generators. Moreover, we show in the following proposition that

the specialization F maps plethysm in /Q to composition in R[[y]].
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Proposition 8.3.7. For all F,G € //\;,

Proof. Using the definition of plethysm and using the convention x* =
(xh 2k, ),

L(v)
po(y) [Z C/\(X)p/\(}’)] = Hpui (¥) [Z C)\(X)p)\(}’)]

A

L(v)

=12 e
i=1 A
Lv) o\

= Z ex(x”) Hp,\j (y")
=1 A\ j=1
£(v) 170))

- HZCA<XVi)Hp)\jW(Y>‘ (8.3.5)
=1 A\ j=1

Note that E(px,,(¥)) = ¥0xm,1 = y0x;,10,,1- Then if v has at least one part v; of

size greater than 1, equation (8.3.5) implies

E <pu(y) [Z CA(X)p)\(Y>]> =0=E(p(y)) (E (Z C/\(X)p/\(}’)>> ,

A

since E(p,(y)) = 0. If v = (1™), then

o) ()
E <pu(}’) [Z C/\(X)p/\(Y)]> =FE ( ZCA(XW> HijVi <Y)>
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o) m
= (E ZCA(X)HPAJ-(Y)
178y
E(p(w)(}’)) E ZCA(X)HPA]-(Y)
A j=1

We just proved that E (p,(y) [G]) = E (p,(y)) [E(G)] for any G € Ag. The proof
of the proposition follows by extending this result to all of /K; by linearity and

taking limits. O

Since F(pi(y)) = y, we conclude that F is a monoid homomorphism
(Kr, plethysm, pr) — (R[y]}, composition, y).

The specialization E can be better understood under the definition of the
Frobenius characteristic map. Let V be a representation of &, and YV

character, then

' j{: X pA@' )

G’EGn
where A(o) is the cycle type of the permutation o € &,,.

We have that

Z- = dim Vy—.
n! n!

E(chV) = <Z XY (0)paeo)( )) = XV(Zd)

ceS,

In particular since h,(y) = ch(1g,), the Frobenius characteristic of the trivial
representation of &,, we have that E(h,(y)) = Z—T Therefore Theorem 1.6.6
reduces to Theorem 1.6.3 after we apply the speciali.zation E.

Theorem 1.6.6 gives an implicit description of the character for the
representation of &, on Lie(n); Theorem 8.3.5 gives a description of the

character of Liey(n,i). Dotsenko and Khoroshkin in [14] computed an explicit
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product formula for the SL, x &,-character of Lies(n). From this one can

get the coefficients (as polynomials in ¢) of p, in the symmetric function

S ch Lieg(n, i) .

Question 8.3.8. Can we find explicit character formulas for the representation
of &, on Lie(pn) for general p € weomp,,_,? What are the multiplicities of the

wrreducibles?

Since Y

peweomp, ;b Lie(p) x* is a symmetric function in x with coefficients

that are symmetric functions in y, we can write

Z ch Lie(p) x" = Z Ci(y)ea(x),

pewcomp,, _, AFn—1
where C)\(y) is a homogeneous symmetric function of degree n with coefficients in
Z.

By Theorem 5.3.3, E(C\(y)) equals the number ¢, , of trees T € Nor,, of comb

type (or Lyndon type) \(T) = A. We propose the following conjecture.
Conjecture 8.3.9. The coefficients Cy\(y) are Schur positive.

The conjecture basically asserts that C(y) is the Frobenius characteristic of
a representation of dimension ¢, . An approach to proving the conjecture is to

find such a representation.



Appendix A

Notation and techniques

We recall basic notation and techniques in poset topology as well as background

information about the ring of symmetric functions.

A.1 Partially ordered sets

A partially ordered set or poset is a pair (P, <), where P is a set and < is a relation

on P satistying for every z,y, z € P the following properties:
o © <z (Reflexivity),
e r <yandy < ximplies x = y (Antisymmetry), and
e r <yandy < zimplies z < z (Transitivity).

By abuse of notation we normally refer to P meaning both the poset and its
underlying set when the context makes the difference clear. For poset terminology
not defined here see [40], [46]. The notation = < y is used as a shorthand for x <y
and x # y and x > y is used for y < x. We say that y covers x or that x is covered
by y (denoted by x < y) if < y and there is no z € P such that z < z < y. We

denote E(P) to the set of all covering relations of P. We can think of a covering
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Figure A.1: Example of the Hasse diagram of a poset.

(&

relation x < y as an arrow from x pointed to y. The Hasse diagram of a poset is
the directed graph (P, £(P)) whose vertex set is P and directed edge set is E(P).
As a convention, a Hasse diagram is drawn so that the edges are directed upward,
that is, if x < y in P then y is drawn higher than x. The Hasse diagram of the
poset on the set {a,b, ¢, d, e, f} whose covering relations are b<a,b<d,a<c,b<c
and e < f is illustrated in Figure A.1. The dual poset P* is the poset with the
same underlying set as P but with x <p« y whenever y <p x. For u < v in a
poset P, the open interval {w € P : u < w < v} is denoted by (u,v) and the
closed interval {w € P :u < w < v} by [u,v]. A poset is said to be bounded if it
has a minimum element 0 (i.e., 0 < z for all 2 € P) and a maximum element 1
(ie, x < 1forall z e P). For a bounded poset P, we define the proper part of P
as the induced subposet (a subset of P with all the relations) P := P\ {0,1}. A
poset is said to be pure ( graded or ranked) if all its maximal chains have the same
length, where the length of a chain sy < 57 < --- < s, is n. The length [(P) of a
poset P is the length of its longest chain. For a graded poset P with a minimum
element 0, the rank function p : P — N is defined by p(s) = {([0, s]). The rank
generating function Fp(z) is defined by Fp(z) = >, p 7.

We say that a map f: P — @) between posets P and () is order preserving or
a poset map if x <p y implies f(x) <g f(y). In particular, an order preserving

bijection f : P — ) whose inverse is order preserving is called an isomorphism
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b e

Figure A.2: Example of the order complex of the poset in Figure A.1

of posets and P and () are said to be isomorphic posets. In general, we would be
interested in poset properties that are preserved under isomorphisms also known as
invariants. For example, the rank generating function Fp(x) is a poset invariant.

A (finite) simplicial complez is a pair (V,C) where V is a finite set and C is a

class of subsets of V' satisfying:
o {z} €C for every z € V, and
e f AC Band B €C then A €C.

To every poset P we can associate a simplicial complex A(P) with vertex set P
and whose faces are the chains of P. A(P) is called the order complex of P and
it is the fundamental link between posets and topology. In Figure A.2 the order
complex of the poset in Figure A.1 is illustrated. Note that the points correspond
to the six chains of length 0 ({a,b,c,d, e, f}), the edges to the six chains of length
1 ({b<ab<db<ca<ecd<ce< f})and the shaded regions to the two

chains of length 2 ({b < a < ¢,b < d < ¢}).

A.2 The Mobius function

Let k be a field. Denote by Int(P) the set of closed intervals [z, y] in the poset P.
The Mébius function is the function i = fip : Int(P) — C defined recursively

as:



Or equivalently,

c

/

Figure A.3: Example of fi(0, )

p(z,x) =1, forallze P

px,y) = — Z i(x,z), forallz<yeP.

r<z<y

p(z,x) =1, forallze P

plx,y) = — Z i(z,y), forallz <yeP.

r<z<y

For a bounded poset P, we define the Mobius invariant
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(A.2.1)

(A.2.2)

In the Figure A.3 the M&bius numbers i(0,t) for all ¢ € P are shown in red.

Note that in the example fi(P) = fip(0,1) = 2.

The importance of the Mobius function in poset topology is highlighted by the

strong connection with a topological invariant given in Corollary A.2.2 below.

Theorem A.2.1 (P. Hall [23]). Let P be a finite bounded poset and let ¢; denote

the number of chains of length i in P with c_, = 1 (the empty chain). Then
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ﬂp((),i) =—C.1+¢c—¢Cc+tcg—c3+---. (A23)

Theorem A.2.1 can be restated using the order complex of P.

Corollary A.2.2.

pp(0,1) = X(A(P)) (A.2.4)

where X(A) denotes the reduced Euler characteristic of the simplicial complex A.

For the basic example of Figure A.3 note that the poset P is formed by 3
incomparable elements. Hence we have cg = 3 and —c_1 +¢yg = —1+3 =2 =
7(0,1). Also A(P) is the simplicial complex formed by 3 disjoint points whose
reduced Euler characteristic Y(A(P)) = 2.

The following consequence of the Euler-Poincaré formula is a standard result

in topology.

Proposition A.2.3. If a simplicial complex /A has the homotopy type of a wedge

of m spheres of dimension d, then

For the example of Figure A.3 we have yp(r) =22 —3x +2 = (z — 1)(z — 2).
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A.3 Homology and Cohomology of a Poset

We give a brief review of poset (co)homology with group actions. For further
information see [46].

Let P be a finite poset of length ¢. The reduced simplicial (co)homology of P
is defined to be the reduced simplicial (co)homology of its order complex A(P).
We will review the definition here by dealing directly with the chains of P, and
not resorting to the order complex of P.

Let k be an arbitrary field. The (reduced) chain and cochain complexes

Op 41 O Op—1
S Cr(P) S Cr1(P) S
r r—1 r—2

are defined by letting C,.(P) be the k-module generated by the chains of length
r in P. Note that C_;(P) is generated by the empty chain, and C,.(P) = (0) if
r < —1orr > (. The boundary maps 9, : C\.(P) — C,_1(P) are defined on chains
by

O(ag<on < <o) =Y (1) (ag < <d; < <a)
=0

where &; means that the element «; is omitted from the chain.
Define the bilinear form (,) on @fz_l C.(P) by

(e,d) = b, (A.3.1)

where ¢, ¢ are chains of P, and extend by linearity. This allows us to define the

coboundary map 0, : C,.(P) — C,41(P) by

(6:(c), ) = (¢, Oria (<))
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Equivalently,
r+1
Slag < <o) = (1)1 > (< <o <a<o <o <ay),
1=0 ae(ai_l,ai)

(A.3.2)

where a_; = 0 and Qpy1 = 1 of the augmented poset P in which a minimum
clement 0 and a maximum element 1 have been adjoined to P.
Let r € Z. Define the cycle space Z,.(P) := kerd, and the boundary space

B.(P) :=im 0,;;. Homology of the poset P in dimension r is defined by

H,(P) := Z,(P)/B,(P).

Define the cocycle space Z"(P) := kerd, and the coboundary space B"(P) :=

imd,_1. Cohomology of the poset P in dimension r is defined by

H,.(P):= Z"(P)/B"(P).

For z < y, consider the open interval (z,y) of P. Note that if y covers x

then (z,y) is the empty poset whose only chain is the empty chain. Therefore

H.((z,y)) = H"((z,y)) = 0 unless r = —1, in which case H,((x,y)) =
H'((x,y)) = k. If y = x then we adopt the convention that H,((x,y)) =
H'((x,y)) = 0 unless r = —2, in which case H,((z,y)) = H" ((z,y)) = k.

Proposition A.3.1. Let P be a finite poset of length ¢ whose order complex has
the homotopy type of a wedge of m spheres of dimension £ —2. Then F[g_g(P) and

H'2(P) are isomorphic free k-modules of rank m.

The following proposition gives a useful tool in identifying bases for top

homology and top cohomology modules.
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Proposition A.3.2 (see [46, Theorem 1.5.1], [36, Proposition 6.4]). Let P be a
finite poset of length ¢ whose order complex has the homotopy type of a wedge of m
spheres of dimension (. Let {p1, p2, ..., pm} C Zo(P) and {71,72, ..., Ym} C Z*(P).
If the matriz (< pi,y; >)ijem) is invertible over k then the sets {p1, pa, ..., pm}

and {Y1,%2, .., Ym} are bases for Hy(P;k) and H'(P;k) respectively.

Let G be a finite group. A G-poset is a poset P together with a G-action on
its elements that preserves the partial order; ie., t <y = gxr < gy in P.

Now assume that k is a field. Let P be a G-poset of length /. Since g € G
takes r-chains to r-chains, g acts as a linear map on the chain space C,(P) (over

k). It is easy to see that for all g € G and ¢ € C,.(P),

90:(c) = 0:(gc) and gd,(c) = d:(gc).

Hence g acts as a linear map on the vector spaces H,(P) and on H"(P). This
implies that whenever P is a G-poset, H,(P) and H"(P) are G-modules. The
bilinear form (-,-), induces a pairing between H,(P) and H"(P), which allows
one to view them as dual G-modules. For G = &,, we have the &,-module

isomorphism

H,(P) ~g, H"(P) (A.3.3)

since dual &,,-modules are isomorphic.

Example A.3.3. The symmetric group &,, acts naturally on II, by permuting
the letters of [n] and this action induces isomorphic representations of &,, on the
unique nonvanishing reduced simplicial homology I:[n_g(ﬁn) of the order complex

A(TT,) and on the unique nonvanishing simplicial cohomology H™~3(II,,).
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A.4 The ring of symmetric functions

For information not presented here about symmetric functions and the
representation theory of the symmetric group see [31], [35], [25] and [39, Chapter
7].

Let R be a commutative ring containing Q and y = {y1, y2, ... } an infinite set
of variables. Let R[[y]] := R[[y1,y2, .. .]] denote the ring of formal power series in

the y variables. We call a monomial, a term of the form

y' =ty

where p € weomp. If |u| = n we say that y* has degree n.
Example A.4.1. If © = (0,3,1,0,2) then y* = y3ysy? is a monomial of degree 6.

We say that f(y) € R[[y]] is homogeneous of degree n if every monomial in f

has the same degree n.

Example A.4.2.

> "yl =i+ vy vy
i>1
j>1

is homogeneous of degree 3.

Now let f(y) € R[[y]] be homogeneous of degree n. We say that f is a

symmetric function if

f($171327 . ) = f(xo—(l),%@)a .. )

for every permutation o € Gp. Let A}, denote the vector space of homogeneous
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symmetric functions of degree n and let
AR = ARG ARG ARD -
Note that multiplication in R[[y]] gives a map
Ak x AJ — AT

that makes Agr into a graded ring called the ring of symmetric functions. It is
known that the dimension of each homogeneous component A%, equals the number
of (number) partitions of n.

We describe known bases for A%. For a partition A F n the monomial

symmetric function my is defined by

my = Z YM,

peEWCOmMp \

where wcomp, is the set of rearrangements of A\. For every n > 0, the elementary
symmetric function e,, the complete homogeneous symmetric function h, and the

power sum symmetric function p, are defined by

eop = ho = po := 1,

€Ep = § YirYis = Yi, = m(l")7
11 <t < <in

hn = E my,
AFn

Pn = yz )
1>1

n times

ﬁ% . . .
where (1") :=(1,1,...,1). For a family of symmetric functions wug,u,...,
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1 1 2
2 2

3

4

Figure A.4: Example of a SSYT of shape A = (3,2, 1,1) and content u = (2,3, 1,1).

we denote by wuy, the symmetric function defined multiplicatively as wu), :=

Up U, * Un,,, s the symmetric functions ey, hy and py are defined in this manner.

Theorem A.4.3. The sets
{my | AFn}, {ex | AEn}, {hy | A n} and {pr | \F n}

n
are bases for A%.

There is yet another important basis for the space of homogeneous symmetric
functions. For a partition A - n, the Ferrers diagram of X is a two dimensional left
justified arrangement of cells (rows and columns) where row ¢ contains \; cells for
each i. A SemiStandard Young Tableau (SSYT) is a filling of the Ferrers diagram
of A with positive integers that are weakly increasing in the rows and strictly
increasing in the columns. In Figure A.4 a SSYT T of shape sh(T') = (3,2,1,1)
and content p(T) = (2,3,1,1) (two 1’s, three 2’s, one 3 and one 4) is illustrated.

For a SSYT T of shape A and content u let y7 := y* (in Figure A4 y” =

yiysysys). For A+ n, the Schur symmetric function sy is defined by

Sy 1= Z y'. (A.4.1)

T a SSYT
sh(T)=\

Theorem A.4.4. The set {s\ | \F n} is a basis for A'b.
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It is well-known (see for example [25]) that the irreducible representations of
the symmetric group &,, are also indexed by number partitions A = n. For a
partition A - n we denote by S* the irreducible Specht module indexed by \.

Let V be a representation of &, and YV its character, the Frobenius

characteristic map is defined

ch(V) = % > XY ()P (),

ceS,

where \(o) is the cycle type of the permutation o € &,,.

The map ch is a ring isomorphism between the ring of virtual representations
of &, and the ring of symmetric functions. The definition of both the Specht
modules and the Schur functions can be extended to Ferrers diagrams with skew
shapes. For (perhaps empty) integer partitions v and A such that v C A\ (that
is v(i) < A(i) for all i), let SM” denote the Specht module of shape \/v and
sy/v the Schur function of shape A/v. Then s,/ is the image in the ring of
symmetric functions of the (not necesssary irreducible) specht module S** under

the Frobenius characteristic map ch.

Theorem A.4.5. For every pair of partitions p C X,

ch SNV = S)/v-
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