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The main purpose of this dissertation is to construct, for various well known
families of topological categories and some of their generalizations, a member of the
family that is universal in the sense that every member of the family is isomorphic
to the pullback, along its so called classifying functor, of the said universal family
member. This is carried out by first constructing a topological category that is
universal for the family of all topological categories and then by defining various
family universal categories by describing their classifying functors. A further refine-
ment is made by placing restrictions on the classifying functors themselves, thus
obtaining various “restricted” families of topological categories along with their
corresponding “restricted universal categories”. These constructions and results
are first described in the more general setting of horizontal structures. We will
show that all horizontal structures can be obtained by pulling back the universal
horizontal structure along an appropriate classifying functor and as a consequence,
by restriction, every topological category can be realized as the pullback, along its

classifying functor, of the universal topological category.
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CHAPTER 1

INTRODUCTION

Topological functors were introduced by Herrlich (in terms of the existence
of certain initial lifts in [10]) and by Wyler (in terms of contravariant functors
to the category of complete lattices in [21]) among others in the early 1970s as a
result of axiomatizing the properties that many categories share: topological and
pretopological spaces [16], filter and stack convergence spaces [18], limit spaces
[17], bornological spaces [1] etc. The most important feature of these categories is
the existence of final (and initial) structures, in particular, for topological spaces
the formation of induced (and coinduced) topologies, which can be viewed as lifting
properties of the underlying set functor U : Top — Sets. In general, a functor
FE — B between categories F and B is said to be a topological functor and F
a topological category over B, if it satisfies certain horizontal lifting conditions.
Several aspects of topological spaces can be extended to topological categories,
which can then serve as“realms” in which to formulate and test various topological
notions.

Many of the familiar examples of topological categories, nearness and uniform
spaces [9], grill spaces [18], along with the examples listed above result from gener-
alizing some particular aspect of the notion of topological space, while others, such

as: the categories of pairs, relations, preorders and families have other origins.



In the second chapter the 2-category of horizontal structures over a category
A (denoted by H,) is defined as a supercategory of topological categories over A.
The so called horizontal morphisms of these horizontal structures behave much like
those morphisms (continuous functions) f : (X,7) — (Y, o) in Top where o is
the topology coinduced on Y by f, in the sense that given any other topology p on
Y such that f: (X,7) — (Y, p) is continuous (f = f in Sets), f factors through
f in Top. Using the Grothendieck construction, H4 will be shown to be naturally
equivalent to the functor category CAT#. Horizontal structures, just as topological
structures, are pullback stable; this fact will lead to the definition of a contravariant
2-functor H : CAT — 2—Cat which assigns H 4 to a category A, and for a functor
F:A— B, H(F): Hg — H, acts via the canonical pullback construction.
The natural (strong-lax) isomorphism [ based on the Grothendieck construction
shows that H is a representable 2-functor. The representing object must be a
suitable collection of categories large enough to contain the large categories used
later (in particular the category of posets), but it must be a category itself and as
such an object in CAT; its objects must form a proper class (the objects of CAT
form a conglomerate). This universe of categories will be denoted by bCAT. With
bCAT the representing object for H, the universal object is the image of the identity
functor 1 : bCAT — bCAT under the functor [ by the enriched version of the

bCAT
Yoneda Lemma. f 1 will be referred to as the wniversal horizontal structure

bCAT
and denoted by CAT,; the universality of CAT, means that every horizontal
structure is isomorphic to a pullback of CAT, P hoAT along some functor. In
particular, considering functors in CoP4 C bCAT#, the resulting universal object

is the universal topological category CoP,; (CoP is the category of cocomplete

posets with cocontinuous functors).



In the third chapter we will describe the classifying functors for some familiar
topological categories and for their more general versions. The categories discussed
all resemble Top, the category of topological spaces and continuous functions. The
generalization of Top is achieved in two steps. First a topology will be defined on a
suitable poset rather than as a subset 7 of the powerset P(X) of some set X; then
the topology will be viewed in terms of its characteristic function x, : P(X) — 2
which will then be replaced by a function 7 : A — M with appropriate proper-
ties. The elements of the poset M give the degree of membership of the elements
of the poset A in the topology defined by 7. The definition of 7 will include
as special cases all of the different versions of fuzzy topologies that appear in the
literature ([4],[8],[19],[24]). The universal member of this family of topological
categories will be identified through its classifying functor.

The fourth chapter deals with categories whose objects are (po)sets with some
kind of convergence structure defined on them. Stack convergence spaces, filter
and local filter convergence spaces, limit spaces and pretopological spaces will be
described through their respective classifying functors. Each convergence structure
is defined via a convergence function ¢ : S(X) — P(X) or ¢ : F(X) — P(X)
where S(X) and F(X) denote the set of all stacks and filters on X, respectively
and ¢ associates to a stack (filter) the set of points of X to which it converges. To
generalize the categories listed above, P(X) will again be replaced by an appro-
priate poset; as a consequence stacks and filters will become down segments and
ideals of the poset (due to the reverse ordering). The classifying functors will be
subfunctors of one another, since they are obtained by putting restrictions on the
convergence function. There will thus be obtained a restricted family universal

category for each of the convergence types discussed.



CHAPTER 2

FOUNDATIONS

Horizontal Structures

Definition 2.1 cf. Definition 7.1.1 in [3] A 2-category C is defined by the

following data:
(1) a class of objects called 0-cells,

(2) for each pair a,b of O-cells a category C(a,b) (often required to be small); (the

objects of C'(a,b) are called 1-cells and its arrows are called 2-cells),

(3) for each triple a, b, ¢ of 0-cells, a bifunctor

Cabe : Cla,b) x C(b,c) — C(a,c),

(4) for each 0-cell a, a functor u, : 1 — C(a, a).

These data are required to satisfy the usual associativity and unit axioms. Given
1-cells f,g,h in C(a,b) and 2-cells a : f = g and B : g = h, the composition of «
and £ in the category C(a,b) will be denoted by 5 ® «, and given 2-cells a: f = ¢
in C(a,b) and ¢ : k=1 in C(b,c)

/ k
a Jbhee
~L 7~
g

l
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Cabe(a, ) + kf = lg will be denoted by ¢ * a. The composition map cqp. being a
functor implies that the interchange law (1 * 5) ® (p*a) = (8 © ) * (¢ ® ¢) holds

/YN 7hN

for the 2-cells as pictured: a ——=b——=c.
NCANE

Depending on possible size restrictions imposed on the collection of objects and
morphisms of categories, we’ll adopt the following notation: CAT will denote the
quasicategory of all categories (as in Definitions 3.49 and 3.50 in[1]), Cat the cat-
egory of all small categories and bCAT will denote a category with categories (not
necessarily small) as objects such that bPCAT is an object in CAT. CAT, Cat and
bCAT are 2-categories. If A is a 2-category, so are A°P ( 1-cells reversed) and A

(2-cells reversed).

Given a category A, the functor category bCAT4 is a 2-category with functors
F : A — bCAT the 0-cells, natural transformations « : F' = G the 1-cells and for
a, B : F = G, the 2-cells (modifications) m : a ~ [ are defined as follows: each 1-
cell « : F' = @ is a collection of functors (arrows in bCAT) {ay, : F(a) — G(a)}aca
and a 2-cell m : o ~ [ is then a collection of natural transformations {m, : a, =
Bataca such that for f:a — bin A, 1gy * mq = myp * 1py (see diagram below)
where 1p; and 1gy are the identity natural transformations on the functors F'f
and G f respectively, and % denotes the standard horizontal composition of natural

transformations (cf. page 43 in [14]).



S
!
=
<=
3
D
=

Each m, again consists of components (arrows in the category G(a)) corresponding
to objects x of F(a): (mg)s : aq(x) — Ba(x). (To avoid the clutter of multiple
pairs of parentheses, (m,), will sometimes be written simply as m,,: for example,
the image of the arrow (m,), under a functor ¢, will be written as ¢, (mg,) rather
than ¢, ((mg).)). Given functors F,G : A — bCAT and natural transformations
a,B,v : F = G, composition of arrows (2-cells) m : @ ~» S and n : § ~ v in
bCATA(F,G) is defined for a € A by (n ® m), = ng - mg where ng - m, is the
standard vertical composition of natural transformations (page 42 in [14]) with the
component for z € F(a) given by the composition of arrows in the category G(a):
(N OM) gz = NazMaz : () — Yao(x). This definition implies that composition of
arrows in PCATA(F, G) is associative. The identity 2-cell 15 : @~ aon a: F = G
consists of the collection of identity arrows {14, () |a € A and x € F'(a)} in G(a).

Given a triple of objects F, G, M in bCAT#, the composition functor

: BCATA(F, G) x bCATA(G, M) — bCATA(F, M) is defined for o : F = G

CFGM

and ¢ : G = M by the composition of functors; for an object ain A | ¢, (, ©)q =

©Ya © aq. (Note: ¢, (o, p) will be denoted by pa; thus (pa), = @, © ay.)
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The horizontal composition ¢,..,,(m,n) = n xm of 2-cells m and n as pictured

below
« 2
7
XA
B »

is given for an object a in A

F(a) @ G(a) 177 M(a)
Ba Ya

by (n*m)y = ng * Mg : Pa © g = P, © B, Where ng * m, is again the horizontal
composition of natural transformations: for z € F(a), (n, * mg), is given by the

diagonal arrow of the commutative square below.

(na)aa (z)

(a0 aq)(w) (Ya 0 ag)(x)
putmes) | [ o)

(a0 Ba) (1) 2250, (4, 0 8,) (x)

For ¢ to be a functor, it must preserve identities and composition: Given

FGM
an identity two cell (14,1,) in bPCATA(F,G) x bCAT4(G, M), the component of
Cren (la, 1) corresponding to objects a in A and x in F'(a) is 14, (a, (x)), the identity
arrow on the object ¢, (. (z)) in the category M (a), which is the same as the
corresponding component of ICFGM(Q:W) = lyoa. Cpey Preserving the composition
of 2-cells translates for my,mso,ny and ns as pictured below

s ey

to (me®mq) * (ny®ny1) = (n1xmy)® (ng*ms), which for an object a in A becomes

the standard interchange law for the natural transformations (my)q4, (m2)a, (71)q
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and (ng),. Given an object F' in bCAT#, the unit 1-cell in bCATA(F, F) is the
identity natural transformation 1p : F' = F consisting of the identity functors
lp(a) : F'(a) — F(a) for an object a in A and the unit 2-cell on 1r consists of the
identity arrows {1, |z € F(a)}. The associativity and unit axioms hold as a direct

consequence of the definitions involved.

Definition 2.2 Let P : E — B be a functor. Given an object b € B, the
categorical fiber of P over b is the subcategory P~1(b) of E defined to have as
objects e € F such that P(e) = b and as morphisms f : e — ey in E such that
P(f) = 1p. The morphisms in the categorical fiber over any object are called vertical
morphisms. V(E) will denote the subcategory of E that has the same objects as F,
and its morphisms are the vertical morphisms of E. (V(E) is a subcategory of E,
since composition of vertical morphisms gives vertical morphisms and the identity

morphisms are vertical.)

Definition 2.3 Given a category A and subcategories R and L, (R, L) is called
a splitting of A, if for each f : a — bin A, f has a unique decomposition as f = Ir

with [ € L and r € R.

Definition 2.4 Given P : E — B and a splitting (H,V) of E, (E,V,H) will
be called a horizontal structure over B if it satisfies the following properties: (i) V'
is a subcategory of V(F), and (ii) each morphism f : a — b in B lifts uniquely
to any given domain in the fiber over a in F, with the lift f in H. The morphisms

of H will be called horizontal morphisms. Then given a horizontal structure over
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B, every morphism t : e; — e in F factors uniquely as t = vh with v € V and

h € H, and h is the unique horizontal lift of P(¢) to domain e;.

Remarks 2.5 (i) H and V, being subcategories, contain all the identity mor-
phisms of E; condition (ii) in the definition above then implies that H NV =
{le}eck.

(ii) For morphisms f : a — band g : b — c in B, if f is the horizontal lift of f
to domain e in E and g is the horizontal lift of g to cod(f), then gf = gf: H being
a subcategory means that gf is in H, therefore both gf and gf are horizontal lifts

of gf to the same domain; by the uniqueness of horizontal lifts then, gf = ¢f.

(iii) The horizontal lift of an isomorphism is an isomorphism: Suppose f :a — b

is an isomorphism in B, f is its horizontal lift to domain e in £ and f—! is the

horizontal lift of f~! to domain cod(f) "¢ &; by (i) above, f-1f = f-1f = 1,

which means that both f~—!f and 1. are horizontal lifts of 1, to domain e; then
by the uniqueness of horizontal lifts, we have that f~1f = 1, and by a similar

argument f f~1 = 1. Hence f~1 is the inverse of f in E.

Definition 2.6 Define the 2-category Hp of horizontal structures over B as
follows: The O-cells are horizontal structures (E,V, H) 2, B as in Definition 2.4.
The 1-cells are functors ® : F; — FE5 such that for the 0-cells (Ey, Vi, Hy) ANy
and (Es, Vs, Hs) EEN B, P, = ®P, and that ® preserves both the horizontal and
vertical morphisms, i.e., h € H; = ®(h) € Hyand v € V7 = ®(v) € Va. (Such
functors also preserve the horizontal-vertical decomposition of arrows.) The 2-cells

of Hp are natural transformations o : ® = W such that for each object e in Fy,
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ae : ®(e) — U(e) is a vertical morphism in Va. For each pair (Eq, Vi, Hy) B

and (Fso, Vs, Hs) P20 B of 0-cells, the 1-cells ® : £y — FE5 and 2-cells o : & = ¥

must form a category (will be denoted by Hp(E;, E3)). Composition of arrows

in the category Hp(FE1, F>) is defined componentwise: given objects ®, ¥, and
>

T

T and arrows a : & = W and f: ¥V = Y in Hp(E1, Ey), E; L>E2, the

e

T

composition f ® a : & = T is defined for each object e in Fy by (5 ® a)e = Seae :
®(e) — Y(e). The associativity of composition of 2-cells then follows from the
associativity of composition of morphisms in Fs. Since both a. : ®(e) — U(e)
and B, : ¥(e) — T(e) are in V5 and V5 is closed under composition, S.a. is in
Vo as well, so f ® a is well defined. For each triple (E;, V;, H;) N B, i=1,2,3
of 0-cells, we must have a bifunctor ¢ : Hg(FE1, E2) x Hg(Fs, E3) — Hp(E1, Es3).

For 1-cells, ¢ is the usual composition of functors. For 2-cells a : &7 = ¥; and

5 : (1)2 = \Ij27
(03] (o2
A A
El \U/CV E2 \U/,B E3
N~ ~———T
1 2

cla,B) = Bxa: Po®; — Wy is defined by the usual horizontal composition
of natural transformations, i.e., for each object e of Ej, as the diagonal of the

commutative square below:

(PZ(I)I (6) m} \1’2(1)1 (6)

Qg(ae)l J/\Ilz(ae)

Bwq (e
(1)2\111(6> LH) \112\111(6>

The functoriality of ¢ follows from the standard interchange laws for the vertical and

horizontal composition of natural transformations: (§*3)o (y*a) = (Boa)*(do7).
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BT

E

As the unit 1-cells are the identity functors and the unit 2-cell on a 1-cell

® : F — F is the identity natural transformation given by the identity arrows
1le : e — e for any object e of E, the required unit axioms and associativity axioms

hold.

Definition 2.7  (cf. Definition 7.2.1 in [3]) Given two 2-categories A and B, a
functor F' : A — B on the underlying categories A and B is a 2-functor if for
each pair of objects a and b in A, F induces a functor Fy;, : A(a,b) — B(Fa, F'b)
such that Fj; is compatible with composition and units, i.e., such that the following

diagrams commute:

A(a,b) x A(b,c) —fete s A(a,c)

FabXFbcl J/Fac

B(Fa,Fb) x B(Fb,Fc) “£2fre, B(Fa, Fc)

1—> A(a,a)

\ lFaa
UFa

B(Fa, Fa)

Definition 2.8  (cf. Definition 7.2.2 in [3]) Given two 2-categories A, B and
two 2-functors F,G : A — B, a natural transformation o« : F = G is a 2-
natural transformation, if for each pair of objects a, b in A, the following diagram

of categories commutes:
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Ala,b) —2% B(Fa, Fb)

u [,

B(Ga,Gb) —22— B(Fa,Gb)
Both functors R, and S, above act via composition: for f : Fa — Fb,

R.(f) = apo f and for a 2-cell ¢ in B(Fa, Fb), Ry(p) =14, *¢; for g : Ga — Gb,

Sa(g) = g o a, and for a 2-cell v in B(Ga, Gb), So(7) =7 * 14, -

The purpose of the following (2.9 - 2.11) is to define a 2-functor

I : CAT°P — 2 — Cat, where 2 — Cat is the category of 2-categories, 2-functors

and 2-natural transformations.

Construction 2.9  Given categories A and B, a functor F' : A — B induces a

2-functor F* : hCATE — bCATA as follows: For a functor T : B —» bCAT,
F*(T) = T o F; given a pair of objects Ty, Ty in bCATB,  F* must define a functor
Fy o : bCATB (T, Ty) — bCATA(Ty o F, T, o F). Given a natural transformation

a : Ty = Ty with components {ay : T1(b) — T2(b) |b € B}, Fyy(a):TioF =
Ty o I is defined to be the natural transformation with (Ff,(a))s = o, as its
component corresponding to an object a in A. FY'5(c) will be denoted by a.. Given

I-cells @, B and a 2-cell m : a ~ B in bCATE (T, Ty)

with components the arrows {mp, : ap(z) — Bp(x)} in To(b) for b in B and

x € T1(b), the corresponding 2-cell Fy'5(m) (denoted below for short by mp)
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AR

N
TioF \'/mF To0o F
\B:%

F

has components {(m, ). : apq(x) — Bra(z)} for a in A and z in T1(F(a)).
For an identity 2-cell 1, on « : T1 = T3, FY{5(1l,) has components the identity
arrows a,, () BN ., (z) in ToF(a); FY, then preserves identities. Since the
vertical composition of 2-cells is defined componentwise, by composition of arrows
in a category, Fy, preserves composition as well. The compatibility of Fy, with
horizontal composition is equivalent to the commutativity of the diagram below

(the subscripts for the composition functor ¢ were omitted).

bCATE (T, Ty) x bCATB (T, T3) —L bCATE (T, T3)

Fl*,zxpg,sl lFl*S

bCATA(T) o F, Ty o F) x bCATA(Ty 0 F, T3 0 F) —5— bCATA(Ty 0 F, T30 F)

For a 1-cell (o, ¢) in bCATB(T1,Ty) x bCATB(Ty,T3), c(a,p) = pa is defined via
composition of functors; for an object b in B, (pa), = pp o ap : T1(b) — T5(b)
and then FY3;(¢a) is the natural transformation with component for a in A the
functor (pa)pq = Yraoap, : T1F(a) — T5F (a). Going the other way around the
diagram gives first the natural transformation (Fy o X I3 3)(, ¢) = (o, ¢, ), whose
image under the composition functor c is again g pap with components ¢p, 0 ap,

for an object a in A. The diagram then commutes for 1-cells.

For appropriate 2-cells m and n, the commutativity of the diagram translates

to (n*xm)p = np*xmp. The components of both 2-cells corresponding to an object
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a in A are natural transformations pp, 0 ap, = VYpg © Bre (where m : a ~ 8 and
n: @ ~> ). By the definition of nx m, (n* m)p, = np, * mp,. The diagram then

commutes for 2-cells as well.

The unit axiom is equivalent to the commutativity of the diagram below:

1 7o CATB(T,T)

*
w FTT
TF

CATA(TF,TF)

Since the unit 1-cells have as components the identity functors and the unit 2-cells
have identity arrows as components both of which are preserved by F™*, the diagram

above does commute. F* : CATZ —s CAT4 is then a 2-functor.

Lemma 2.10 A natural transformation o : F' = G for the functors

F,G: A — B induces a 2-natural transformation o : F* = G* where F*,G* :

CATB — CATA are the 2-functors defined in the previous construction.

Proof.  'The component o of a* corresponding to an object T' in CAT?® must be
shown to be a natural transformation (a 1-cell in CAT#) o% : TF = TG. The
component (ak), of ak corresponding to an object a € A is the functor defined
by the image of the arrow ay : F'(a) — G(a) in B under the functor T’ (o), =
T(ag) : TF(a) — TG(a). Given a pair of objects Ty, Ty in bCATE, the following

diagram must commute for o* to be a 2-natural transformation:
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bCATE (T, Ty) —Ei+bCATAG}R15F)

GT,QJ/ lRa*

bCATA(TLG, ToG) 22 bCATA(T\F, ToG)

where R, and S~ are as in Definition 2.8. For a 1-cell ¢ : T} = T5 and an object
a in A, the commutativity of the diagram means T5(ay) 0 ¢, = @, © T1(cy); this

equality follows from the naturality of ¢:

T\F(a) —Xs TyF(a)

Ti(aw) | | 72600

TiG(a) —5% ThG(a)

For a 2-cell m in CAT®(Ty, T»)

the commutativity of the square above translates to the commutativity of the dia-

gram below:

/N
TWF \//mF TF
N
Yr
ar, =Ti(a) arq, =Tz(a)
PG
f—/\
TlG [ ma TZG

&v%

Ya

*

Since 1, (q) * My = Mg * 17, (o) follows from the definition of 2-cells in CAT4, «

is a 2-natural transformation.
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Proposition 2.11  The previous two constructions define a 2-functor

I : CAT® — 2 — Cat with K acting on 0, 1 and 2-cells as follows: K(A) =

bCATA, K(F)=F* and K(a) = a*.

Proof.  Given categories A and B, K must induce a functor 45 : CAT(A, B) —

2 — Cat(hCATEB bCATA) such that the following diagram commutes:

bCAT (A, B) x bCAT(B,C) — bCAT(A,C)
’CABX’CBC\L l,CA,C

2-Cat(CATE, CAT4) x 2-Cat(CATC, CATP) —5— 2-Cat(CAT®, CAT4)

For 1-cells F: A— B and G: B — C, (GF)* = F*G* holds since for T in
CATC, (GF)*(T) = T(GF) and F*(G*(T)) = F*(TG) = (TG)F; for ¢ : T} = Ty

in CATY, both (GF)*(p) and F*G*(¢) result in the natural transformation
Yop : TIGF = ToGF ( as defined in Construction 2.9).

Given 2-cells ¢, (and then ¢* and 7*) as pictured,

A CATA
=R Fy é; F}
B —r CAT?
| == |G ar | 2 g
C CATC

the commutativity of the diagram translates to the equation (y*p)* = ¢* xv*. For

T in CATY, by Lemma 2.10, the component of (v * ¢)* corresponding to T is the
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natural transformation (v * @)% : TG1Fy = TGoF; that has as the component for
a in A the functor ((y* ¢)¥)e : TG1F1(a) — T'G2F»(a) which is the image of the
arrow (7 * ¢)q @ G1Fi(a) — G2F3(a) in C under the functor T: ((y* ¢)h)e =

T((y*®)a), where (7% ¢), is the diagonal of the commutative square (in C) below.

FYFla
GlFl(Q) —_— GQFl(G)

lea)l Greda lGZ(soa)
"
G1Fs(a) ——= G2F3(a)

Foa
Since (for ¢ = 1,2) FG}(T) = TG, F;, by the definition of F}* (Construction 2.9)
Ff(vy) = (7;)p, and on the other hand (by Lemma 2.10), (v;), = T(y,,) and
or .. =TG;(¢), applying the functor T' to the diagram above gives the commutative
square, whose diagonal, by the definition of the horizontal composition of natural

transformations in 2-Cat is ((¢* *y*)71)qa:

T(vp, o )=F1 (v7)(a)

TGy Fi(a) = F{G{(T)(a) TGy Fi(a) = FYG5(T)(a)
TGi(pa) =0y, (" 0")r)0 TGa(¢a) =¥y,
TG Fy(a) = F5G}(T)(a) TGy Fy(a) = F5G3(T)(a)

T (g, )=F5 (7))

Thus (v % ¢)* = v* % p* since the components of the natural transformations are

equal. K 4p must also honor the vertical composition of natural transformations:
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g

A T B . The component of K(8 ® a) = (8 ® a)* corresponding to an object a
N\ VA

in A and T in CAT? is T(B,0a4), whereas the corresponding component of K(3) ®

Kla) = B* ® a* is T(aq)T(Ba); since T is a functor, we have that T(Bya,) =

T(aq)T(Bs). As a direct consequence of the definitions involved, all unit axioms

are satisfied as well, and therefore IC is well defined.

Definition 2.12  (cf. Definition 7.5.1 in [3]) A 2-functor F' : A — B is called a
lax 2-functor, if it preserves composition and identities up to coherent 2-cells, i.e.,
for every triple of objects a, b, c in A, there is a natural transformation d,,. and for
every object a in A, there is a natural transformation ¢, such that the following

diagrams commute.

A(a,b) x A(b,c) £ A(a,c)
FabXFbc (Sa% Fac
B(Fa, Fb) x B(Fb, Fc) < B(Fa, Fc)
1— > A(a,a)

uFa,
1—*> B(Fa, Fa)

The natural transformations d and € must satisfy the following coherence axioms.
(The component of §,p. corresponding to the pair of arrows (f,g) will be denoted

by 0y 4 rather than (dapc)(f,g)-)
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Coherence with composition: for any triple of arrows a RN NN A A, we

must have 5gf,h ® (1Fh * (5f79) = (5f,hg ® ((59’;1 * 1Ff)~

Coherence with units: 61, 5 © (1pf *&,) = 1py and 051, © (6p * 1py) = 1py (see
diagrams below).

1Fh*5f,g

FhoFgoFf—— s FhoF(gof)

Of,9%1Fy 8gf,h

0f,hg

F(hog)o Ff ————=F(hogo[)

1pr*eq *1
Ffolp, — = FfoF(L,) Lpyo Ff ——> F(1,) o Ff
1rf 014.f lryf 05,1,
Ff——=F(fol,) Ff— F(10f)
1Ff lFf

F will be called a strong-lax 2-functor when the natural transformations d,. and ¢,
are natural isomorphisms for any objects a, b and c. (Such functors are also referred

to as pseudo, or weak functors.)

The purpose of the constructions outlined in (2.13 - 2.19) is to define a strong-lax

2-functor H : bCAT® — 2 — Cat.

Remark 2.13 Given a morphism ® : [(Eq, V1, Hy) LN B] — [(F2, Va, Ho) EEN
B] of horizontal structures over B, if h : x —> y is the horizontal lift of h: a — b
to domain z in Ej, then ®(h) : ®(z) — ®(y) is the horizontal lift of h to domain

®(x) in Es: since ® is assumed to preserve horizontal morphisms, ® (k) is horizontal,

and P, = P,® implies that it covers h, so it is the horizontal lift of h to domain
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®(x) by the uniqueness of horizontal lifts. Adopting the notation & for a lift of an

arrow h to a domain in E7, and h for the lift of h to a domain in Es5, we have that

®(h) = h.

Construction 2.14  Given a functor F' : A — B and a horizontal structure
(E,V,H) 5 B over B, the canonical pullback of E *. B along F' defines a
horizontal structure (E¥,VE HT) P—F> A over A. The objects of Ef' are pairs
(a,x) where a and x are objects in A and E respectively such that F(a) = P(x);
the morphisms are pairs (f,g) with f a morphism in A and g a morphism in F
such that F(f) = P(g). Composition of morphisms is defined componentwise. The
horizontal structure (EX, V' H) is given by VI = {(a, x) (la9) (a,y)} withg e V
and by HY' = {(a, ) () (b,y)} where h is in H. In the pullback square below, the
functors P¥" and G are defined in the obvious way: P¥(a,z) = a, PF(f,g9) = f
and similarly G(a,x) =z, G(f,g) = g. It follows from the definitions that both

VE and HT are subcategories of ET', and clearly VI C V(ET).

(EF, VE HF) —S— (E,V,H)

o B

A — B

The unique horizontal lift of f : @ — b in A to domain (a,z) in B is

(f,Ff) : (a,z) — (b,T) where Ff is the unique horizontal lift of Ff : F(a) —
F(b) to domain z in E; thus T = Cod(F f). The unique factorization of a morphism
(a,z) (7.9) (b,y) in E¥ is (f,g) = (1,v)(f, h) where vh is the unique factorization

of gin FE.
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Remark 2.15  The canonical pullback of F ) along the identity functor
14 : A — A results in an isomorphic copy E'4 of E with objects (a,z) such that
P(x) = a and morphisms (f, g) such that P(g) = f; thus the objects and morphisms

of E'4 are of the form (P(x),z) and (P(g), g), respectively.

Lemma 2.16  Given a morphism ® : By — F5 of horizontal structures over B
and a functor F : A — B, ® induces a morphism ®F : Ef' — EL of the pullback

horizontal structures.

Proof.  On objects ®'(a,z) = (a, ®(x)) and on morphisms ®%'(f, g) = (f,®(g)).
Since ®f" preserves vertical morphisms and P;®f = P & is a morphism of

horizontal structures, i.e., it is a one cell in H4.

Construction 2.17 Given morphisms &,V : F; — F5 of horizontal structures
over B and a natural transformation o : ® = W, pulling o back along a functor
F : A — B gives a natural transformation of : ®f = ¥¥. For an object (a,x)
in Bf, af, ) = (la,as) : ®7(a,2) = (a,®(2)) — ¥(a,2) = (a,¥(z)), where
ay @ (z) — ¥(x) is the component of the natural transformation « for the object
xin Eq; (1,4, ay) is clearly a vertical morphism, and for (a,x) (f—’g>) (b,y) in Ef’, the

following diagram commutes

(1a70‘z)
(a,@(az)) E— (GJ?\IJ('I))
(f@(g)l J(f,\lf(g))

(b, ®(y)) 2 (b, 0(y))

since by the naturality of a, ¥(g)a, = a,P(g).
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Construction 2.18 Given a functor F': A — B, F gives rise to a 2-functor

Hp : Hg — Ha as follows: (E,V,H) -2 B is sent to (EF,VF, HF) L5 A as
in Construction 2.14. For a pair of objects (E;,V;, H;) B, B, i =1,2in Hp,
Hp must define a functor Hr, . : Hp(E1, Ey) — Ha(E{,E5). (We'll write
Hp, , instead of Hpy, , .) For a morphism ® : E; — FEj of horizontal structures
(an object in Hg(E1, Ey) as defined in 2.6), Hp(®) = ®! as in Lemma 2.16.
For a natural transformation a : ® = ¥ (an arrow in Hp(E1, E2)), Hp(a) =
af : ®F 5 WF as defined in Construction 2.17. Given arrows & = ¥ £ T in
Hp(E1, Ey), (Bo®a)l = (BF ®al), since for an object (a,x) in EY, (5904)@@) =
(Lay (BO@)2) = (1o, (B2002)) = (Las B2)O(la, @) = Bf, Ol oy = (B70a") (40)-
For the identity 2-cell 1 : ® — ® in Hp(FEy, E»), 1" : ® — ®F is clearly the
identity 2-cell in H(EY, EY). H(F) must also satisfy the following compatibility
conditions to be a 2-functor. Compatibility with composition translates into the

commutativity of the following diagram for objects Fq, Fs and E3 in Hp.

Hp(Ey, Es) x Hp(Fa, E3) —— Hp(Ey, Es)
HF1,2><HF2,3J’ lHFl,B

Ha(EY, EY) x Ha(E3, E5)) —— Ha(E{, EY)

For the diagram above to commute on the object level, we must have (¥®) =
UEPF for functors ® : By — Ey and ¥ : E; — E3. Given an object (a,x)
in EX', (V@) (a,2) = (a,V®(x)) and (VF®)(a,2) = V(a,®(x)) = (a, ¥P(x));
similarly for an arrow (f,g) : (a,2) — (b,y) in E¥, since the functors ® and
U act on the second coordinate, (¥®)F(f,g) = ¥ (®F(f,g9)) = (f,¥®(g)). For

the diagram to commute for arrows a : &1 — ¥y and § : &3 — ¥, we must
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have B x o = (B * a)f'. For an object (a,z) in Ef, the components of the
natural transformations in question are (by Construction 2.17 and Definition 2.6)
as follows: (3 * O‘)(F:z,:c) = (1o, (B* @)z) = (14, ¥2(az) 0 B, () and (BF xa¥) (40 =
V3 (fa,0) © Bor () = U5 (1 02) © BG4, (ay) = (Lay W2()) © (L, Ba, (@) =
(14, ¥2(az) © Be, (2)). Compatibility with units means that for an object F in Hp,
with 1y : F — FE the identity functor, (lE)F = 1gr and that for a functor ®
in Hp, with 1¢ the identity 2-cell on ® we have (13)f = 14r. By Lemma 2.16,
(1g)f(a,7) = (a,1p(x)) = (a,x) for an object (a,x) in E¥ and similarly for a
morphism (f,g) in EF, (1p)"(f,9) = (f.16(9)) = (f,9), so (1g)" = lgr. By
Construction 2.17, (14,){;@) = (1o, (1a)2) = (1, lo)) and (1or)(a,0) = (las o)),

we have that (1) = 14#, and the 2-functor Hp : Hg — H 4 is well defined.

Remark 2.19 For the identity functor 14 : A — A the corresponding 2-functor
H,, : Hy — H, is an isomorphism of categories, since pulling back an object
Ey Py Ain H 4 along the identity functor results in an isomorphic copy Ei"‘ of Fq

(see Remark 2.15), and for horizontal structures E; and Es over A,

Hy, : Hio(E1, Ey) — HA(EllA , E21A) gives a bijection on both the classes of 1-cells

and 2-cells.

Lemma 2.20 A natural transformation 0 : F = G of functors F,G : A — B
defines a 2-natural transformation Hy : Hp = Hg where Hp, Hg : Hg — Hyx

are the 2-functors defined in Construction 2.18.

Proof. For an object (E,V,H) Lo Bof H B, the corresponding arrow Hy, :

EFY — EC is the functor defined as follows: For an object (a,z) in EY', Hy,_(a,x) =
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(a,T) where T is the codomain of the horizontal lift 6, : * — T of 0, : F(a) —
G(a) to domain z in E. For a morphism (f,g) : (a,z) — (b,y), He,(f,9) :
(a,T) — (b,7) is constructed as follows: let h be the horizontal lift of h = G'fof, =
0, 0o Ff : F(a) — G(b) to domain z in F and G f be the horizontal lift of G f to
domain . We then have both x 0—_“> T z> Z and h covering h. Since H is a
subcategory and both 0, and G f are in H, so is G f 06, and then by the uniqueness
of horizontal lifts we have Gf 00, = h : * —» z. We also have z -5 y i yin E;
let vh* be the horizontal-vertical decomposition of f,g. Since P(h*) = P(vh*) =

P(0y9) = 0,P(g) = O,Ff = h, h* is also a horizontal lift of h, so h* = h. Then
z = cod(h*) = dom(v), and we have T E) Z — 7. For morphisms then, Hy,
is defined by Hy,(f,q) = (f,vGf) : (a,T) — (b,7). We must still show that
Hy,, preserves composition and identities. Given morphisms (a, z) (7:9) (b,y) (90
(c,t) in EF, we have that Hy(f*,g*) o Ho(f,g9) = (f*f,v*Gf*vGf) where v* is
the vertical component of the horizontal-vertical decomposition of 8.¢g* (see figure
below) and Hy(f*f,g9*g) = (f*f,v*G(f*f)) where vf is the vertical component of
the horizontal-vertical decomposition of f.g*g. (A.g*g = v*(G(f*f)0,).) Thus it
is left to show that v*Gf* vGf = v!G(f*f). Let v"h® be the horizontal-vertical
decomposition of Gf* vGf. Then Gf* vGf = v”h® means that h° covers Gf*Gf =
Gf*f and it is a horizontal morphism with domain 7; the same holds for Gf* f, so
by the uniqueness of horizontal lifts, > = Gf*f. Then we have that on one hand
0.9 = v'Gf*Ohg = v'Gf*vGfl, = v*v°h°0, = U*mega; on the other
hand, it follows from the definition of v¥, that f.g*g = vﬁwa. Then by the

uniqueness of horizontal-vertical decompositions, we have that v*v” = v, which

then shows that v!G(f * f) = v*0"G(f * f) = v*v’h* = v*Gf*vG .
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EC /\G(f*f)
(f* *G_f* . T e_a — G_f _
v ——Z :
ey e Iy Sy
(f%. a, ) N N '~~~~~{W*
(f.9) . ()| 2@ Y T t———%
— z z s z :
' (b,y) : : S : :
(a.) T
5 00
Fl) ——G(@) p
A LN i
P F "Fo)—2~cp) B
T : :
A —e>—e—>—e ﬂe Ff*\ ). N
B F(c) ———= G(¢)

Given an object (a,z) in EF, 1(, ) = (14, 15); we must show that Hy, (14,1,) =
(1a, 1z). By the definition of Hy,, Hg,(14,1s) = (1a,v1g(a)) where v is the vertical
component of the horizontal vertical decomposition of 0,1, = éa; since O, :x — T
can be written as 6, = 1556“ v = 1. Moreover, ?(a) being a horizontal lift is in H,
and it is in V' as well, since it covers the identity on G(a) in B; therefore % =1z

which shows that vlg,) = 1z

For Hy to define a 2-natural transformation, the following diagram of categories

must commute:
HF(E1 v E2)

Hp(E1, Es)

HG(ELE2)J( lHA(LHeEQ)

G oy Halop 1) F G
Ha(EY, By) ————— Ha(EY, EY)

HA(E57E2F>

Following the object (functor) ® : £y — E5 of Hg(FE1, Es) first horizontally and

then vertically gives the functor Hy, ®F : Ef — E§. Given an object (a,z) in
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E, @ (a,z) = (a, ®(x)) and Hy,_(a, ®(z)) = (a, ®(x)) where ®(z) is the codomain
of the horizontal lift of 0, : F'(a) — G(a) to domain ®(x) in Es; following ® in the
other direction results in the functor ®“Hy,, . Now Hy, (a,z) = (a,Z) where I is

the codomain of the horizontal lift of §, to domain x in E;, and ®%(a, ) = (a, ®(z)).

Since by Remark 2.13 ®(x) = ®(Z), we have that for objects, Hp, ®F = ®“Hy,, .

For a morphism (f,g) : (a,2) — (b,y) in Ef, on one hand Hy, ®"(f,g) =
Ho, (f,®(9)) = (f, v*G:f) where v* is the vertical component of the horizontal-
vertical decomposition of szq)(g) and G:f is the horizontal lift of Gf : G(a) —
G(b) to domain ®(Z) in Ey; on the other hand QJGHgEl (f,g9) = ®C(f,vGf) =
(f, ®(vGf)) where Gf is the horizontal lift of G'f to domain Z in E; and v is the
vertical component of the horizontal-vertical decomposition of g in E;. Since
® preserves the horizontal-vertical decomposition of morphisms, the horizontal-

vertical decomposition of 8,®(g) = ®(f,9) is ®(vG(f)ba) = ®(v)G(f)ba. Thus

®(v) = v* and ®(vG(f)) = v*G(f); hence Hyp, ®" = CIDGHQEl for morphisms

as well. The commutativity of the diagram for 2-cells translates to 1p, * af' =
OéG * 1H92:
EF orEY 1 ES and Ef' 1 EF |«CES .
~— ~ ~— ~——
\I/F H9E2 H9E2 ‘I/G

Given an object (a,z) of Ef, the corresponding component of both composite

natural transformations (by Construction 2.17) is (14, az) : (a, ®(Z) — (a, ¥(Z)).

Corollary 2.21  If the natural transformation 6 : F = G in Lemma 2.20 is a

natural isomorphism, then the components of Hy are isomorphisms as well.
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Proof. Suppose the components 6, : F(a) — G(a) of § are invertible arrows
in B; then given a horizontal structure E £, B, the corresponding component

Hy, : EF — EY is a functor with its inverse HgEl : B¢ — BT defined as fol-

lows. For an object (a,y) of EC, H;El (a,y) = (a,9) with § = cod(6z'). Then by
part (iii) of Remark 2.5, on the object level HQEHB_El = lge and HH_EIHQE = lgr.
Given a morphism (f,g) : (a,7) — (b,y) in E¢ He_El(f, 9) def (f,vFf) where v
is the vertical component of the horizontal-vertical factorization of 9?9 with 9?
the lift of 6, ' : G(b) — F(b) to domain y in E. To show that H(,_E1H9E = lgr
on the morphism level, suppose (f,g) : (a,z) — (b,y) is a morphism in EF;
Ho,(f,9) = (f,vGf) where v is the vertical component of the horizontal-vertical
factorization of G,g (@}, is lifted to domain y to get ;) and H ;El (f,vGf) = (f,v*Ff)
where v* is the vertical component of the horizontal-vertical decomposition of
FUG_]C. Since 6,9 = vGf 0, by the horizontal-vertical factorization of 8,9, and
F@G_f = v"‘F_f’GaTl (again using the horizontal-vertical factorization of 9levG_f),
we have that v* F f = @)TlvG_fm = EH_bg = g. Thus HO_;HQE = lgr and by a sim-
ilar argument, Hy, H 9_E1 = 1gc. Hence pulling back a horizontal structure along iso-

morphic functors results in isomorphic horizontal structures: F = G = EF = EC.

Proposition 2.22 The preceding constructions define a strong-lax 2-functor

H: CAT°® — 2-Cat.

Proof. For zero cells, H(A) = H,, the 2-category of horizontal structures over
A (Def. 2.6). For each pair of objects A, B in CAT, we have a functor Ha p :

CAT(A,B) — 2 — Cat(Hp, Hy) defined for F : A — B by Ha p(F) = Hp :
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Hp — H, as in Construction 2.18, and for § : F = G (F,G : A — B) by
Hap(0) = Hp as in Lemma 2.20. Given F;G,K : A — B, «a: F = G and
p:G= K in bCAT(A, B), we must have Ha p(Sa) = Ha p (8)Ha (), or using
the notation of Lemma 2.20, Hg, = HgH,. For an object (a,z) in E¥, H,(a,z) =
(a,7) € E¢ where Z is the codomain of the horizontal lift &, of o, : F(a) — G(a)
to domain x in E, and Hg(a,z) = (a,7) € EX where T is the codomain of the
horizontal lift 3, of 8, : G(a) — K(a) to domain  in E. Hg,(a,z) = (a,%) € EX
where & is the codomain of the horizontal lift (Ba), of (Ba), : F(a) — K(a) to
domain z in F. Since H is assumed to be a subcategory of E, the composition
of horizontal morphisms is horizontal; the uniqueness of horizontal lifts to a given
domain then implies that 8, o = m and hence £ = Z. Given a morphism
(f,9) : (a,2) —> (b,y) in B, on one hand Ha(f,9) = (£,0GF) : (a,7) — (5,)
where v is the vertical component of the horizontal-vertical decomposition of asg
and Hg(f,vGf) = (f,v*Kf) : (a,Z) — (b,7) where v* is the vertical component of
the horizontal-vertical decomposition of 8, v Gf. On the other hand, H salf,9) =

(f,0Kf) : (a,z) — (b,y) where ¥ is the vertical component of the horizontal-

vertical decomposition of (Sa), g = Py apg (see diagram below). We must show
then that v* = 9: we have that fyap g = (K f (Ba),) = 9K f B g, but also
Brarg = (ByvGf)ag = (vV*KfBas)ag, so v* = 9. For the identity 2-cell 1p :
F — F (F : A — B), we need to show that Hy, = 1y, : E¥ — ET. Clearly
Hi,(a,z) = (a,z) since 1, : © —> x is the horizontal lift of 1 : « — a to domain x
in £, and similarly for f:a — band g: 2 — y, Hi,.(f,g) = (f,vFf) where v is

the vertical component of the horizontal-vertical decomposition of 1,9 = g = vFf.
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(BO‘)Q E
. Ba —
Qg __—3X_ Kf
x x — . m —_—
NG :
EC y———y§———3
. N T
F F(a) G(a) ——K() = B

Qe
e

For every triple of objects A, B and C in bCAT and functors A iy ; BN C,
we have a natural isomorphism ¢ : Hr o Ho — Hgp; the component of dp ¢
corresponding to an object E Py 0 of H¢ is given by the isomorphism of the
categories (EC)F = E(GF). The objects of B¢ % B are pairs (b,x) such that
G(b) = P(x) and then the objects of (E%)¥ P A are "pairs” (a, (b,x)) with
F(a) = PY(b,x) = b, so each object (a, (b,z)) € (E®)F is of the form (a, (F(a),x))
and will be identified with (a,z) € E(GF); since F(a) = b, GF(a) = G(b) = P(x),
so (a,x) is an object in (EY)¥. The isomorphism works similarly for morphisms.
For every object A in bCAT, we have the natural isomorphism €4 : 1y, = Hi,
that for an object F in H,4, identifies x in E with (P(z),z) in E'4 and similarly

g:x — yin E with (P(g),9) : (P(x),2) — (P(y),y) in E'4 (cf. Remark 2.15).
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For one cells F' : A — B, H(F) is a 2-functor defined as in Construction 2.18.

For two cells 0 : ' = G, Hy : Hr = Hg is the 2-natural transformation with

components Hy, : Hp(E) = EF' — Hg(E) = E® defined as in Lemma 2.20.

Definition 2.23 (Definition 1.1 in [20]) Given a functor F' : B — bCAT, the
Grothendieck construction on F, denoted by [F, is the category with objects the
B
pairs (b, z) with b an object of B and z an object of F'(b). A morphism f : (b, z) —
(c,y) of [F is a quadruple f = (z, f,,y) such that f:b — c is a morphism in
B
B and « : Ff(z) — y is a morphism in F(c). Composition in [F is defined by
B
in [F, such that gf is defined in B. For an object (b, ) in [F, 1¢,) = (z,1p, 14, ).
Thz functor U : JF — B associated to F : B —» bCATjiBS defined as UF(b, x)="b
B
for objects and as UF(x, f,a,y) = f for morphisms. For Ut [F — B, the
B

categorical fiber (U )~ (b) over an object b is isomorphic to F(b).

Remarks 2.24 (i) Given a functor F': B — CAT, let Fy = UpF : B — Sets
where Uy : CAT — Sets is the functor which sends a category C' to its set of
objects. Then with Fj : B — Sets < CAT (where each set is viewed as a discrete
category), for U : [ Fy — B each fiber is a discrete category with the identities
as the only morphisms and [ Fj is the same category as the “category of elements

of Fy” in the proof of Proposition 1 in [15].

(ii) If F factors through POS (the category of partially ordered sets and order
preserving functions), i.e., F' : B — POS < CAT, then a morphism f : b — ¢

in B lifts to a morphism f : (b,x) — (c,y) in [F iff Ff(z) < y. This so called
B
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lifting condition is the same when F': B — CoP (where CoP is the category of
cocomplete posets; see Definition 2.39). For f = (x, f,a,y), the vertical morphism
a : Ff(x) =N y is unique, thus f will be written as a triple (z, f,y) and the

composition rule in Definition 2.21 simplifies to (y, g, 2) o (z, f,y) = (x, gf, 2).

Lemma 2.25  For a functor F : B — bCAT, (H,V) defined as follows gives

a splitting of the category [F. H consists of all the objects of [F and all the
B B

morphisms of the form (x, f,1pfq), F f(x)) : (b,x) — (¢, F f(x)). V is the vertical

subcategory of [F; its morphisms then are of the form (z, 1y, o, y) : (b,z) — (b, y).
B

Proof. A morphism (z, f,a,y) : (b,z) — (¢,y) in [F factors as (z, f,a,y) =
B
(Ff(z),1c,a,y)o(x, f, 1pf), F f(x)); this factorization of (z, f, o, y) as a horizontal

morphism followed by a vertical, is clearly unique.

Lemma 2.26  The splitting of [F given in Lemma 2.25 above defines a horizontal
B

structure over B.

Proof. The unique horizontal lift of f : b — ¢ in B to domain (b,z) in [F is
B

f: (x7f71Ff(m)aFf(x)) : (b7x> — (C,Ff(%))

Lemma 2.27 A natural transformation o : F = G (where F,G : A — bCAT)

induces a morphism [, a: [, F — [, G of horizontal structures (Definition 2.6).

Proof. [ is defined for (a,z) in [, F, ([, @) (a,z) = (a,aq(x)) and for

(z, f,0,9) : (a,z) — (b,y) by ([, ) (z,f,0,9) = (aa(z), f,n(0), as(y). [,a

preserves identities, since for each object a in A, «a, : F(a) — G(a) is a
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functor, so we have that for an identity arrow (z,14,1,,2) : (a,z) — (a,z),
(fra) (z,10,15,2) = (@a(2), 1o, aa(la), aa(z)) = (aa(z), 14, la,, aa(z)). To show
that [ 4 @ preserves composition, the following equality must hold for morphisms

(x, f,r,y) : (a,2) — (b,y) and (y,9,t,2) : (b,y) — (¢, 2):

([o) [y 9,t,2) o (2, £, 9)] = ([, Q) (y,9.t,2) o ([, @) (z, f,r,y). By the def-
inition of composition in [, F we have that ([, a)[(y,9,t,2) o (z, f,r,y)] =
(Jaa) (@, gf,t o Fg(r),2) = (au(2),9f,ac(t o Fg(r)),ac(2)); composing in
JAG gives ([,@)(y,9.t,2) o ([ya) (@ f,ry) = (aw(y),9,ac(t), ac(z)) o
(aa(x), frap(r), as(y)) = (aa(z), gf; ac(t) o Gg(aw(r)), ac(z). The two morphisms
then are the same if a.(t o Fg(r)) = ac(t) o Gg(ay(r)); this equality follows from

the naturality of «, which implies that a. o Fig = Gg o oy, (see diagram below).

ap

F(b) ——= G(b)
Fg Gg

F(c) —— G(c)

e
As a direct consequence of the definitions involved UF = U% o i) 4 and i) 4 (¢ preserves

vertical morphisms; it also preserves horizontal morphisms, since

(Jae) @ [, 1pfa, Ffa) = (aa(2), fren(Irsa), on(y) = (@a(@), £, Layrsa), ab(y))-

fA a: fA F— fA G is then a 1-cell in the 2-category H 4.

Construction 2.28 A category A induces a 2-functor fA : DCATA — Hyu
T

as follows: The image of a 0-cell T : A — bCAT under fA is fAT AN A, the

Grothendieck construction on T as given in Definition 2.23, and the image of a

l-cell @ : T = S is the functor [ 4 @ defined in the previous lemma. For any pair

of objects T, S in bCAT#, [, must give a functor b\CATA(T, S) — Ha([,T, [,5)
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which will also be denoted by [ 4 to avoid multiple subscripts. The image of a 2-cell
m : o~ (3, under the functor [, will be denoted by [,m (see diagram below) and

its component

= J
A@CAT—A> /.5 g Je

J45

corresponding to an object (a,z) in [ 4 is the arrow in i) 45 given as follows:
(f,m) () = (a(), 1o, (Ma)x, Ba(x)) & (@, aq(x)) — (a, Ba(x)), which is a vertical
morphism as required by Definition 2.5. For [, : \CATA(T, S) — Ha([,T, [,S)
to be a functor, it must preserve the vertical composition of 2-cells: given m : o ~~ 3
and n : f ~ ~ (with a, 8,7 : T = S) we have on one hand for objects
a and z in A and T'(a) respectively that [,(n © m)@w = [4(Naz © Maz) =
(a(2), 14, Nz © Maz,Va(x)) and ont the other hand ([, n)(ae) © (f4 M) (a2) =
(Ba(®), La;, gz, 1(@)) © (Aa(2), Las Maz, Bx)) = (a(@), 1a; Naz © G(1a)(Maz), ¥(2))-
Since S(1,) = lgq is the identity functor on S(a), S(1,)(Maz) = Me. and we
have that [,(n®m) = [,n® [,m holds componentwise. [, also preserves identity

2-cells: (fla) = (aa(®), 1o, (1a)aws ®a(2)) (Def 2.21) where (14)ar = la, (2)-
A (a,x)

The compatibility of [ 4 With composition translates into the commutativity of

the following diagram:

bCATA(T, S) x bCATA(S, R) —=— bCATA(T, R)

| !

Ha([T, [$) x Ha([S. [R) —— Ha([T.[R)
A A A A A A
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For a l-cell (a,B) in bCATA(T,S) x bCATA(S,R) both functors [B o [a
and [Ba take an object (a,z) in [T to (a,B,0q(x)) and an arrow (m,f,A,Q, Y) io
(5aaj(ac),f, Braw(0), Bran(y)). Fori; 2-cell (m,n) in bCATA(T, S) x bCATA(S, R)
we must have that [n* [m = [(n*m). This equality follows directly form ap-
plying the relevant geﬁnifions; fﬁr objects a in A and z in T'(a), the component

of both 2-cells is the following arrow in [R: (Baa(2), 14, (0 % M)az, NaVa(2)) :
A

(a, Baa()) — (a,nqva(z)) where o, B, and n are as pictured below.

JaT

Jam

Sl =) J2

Q
<=
>H
—,

> 7
A=

S
0

hCAT ——> 148

fAn

Lo\ =) Jo

:

JaBt

The unit axiom also holds as a consequence of the definitions and hence
) e bCATA — H4 as defined above is a 2-functor.

A functor T': A — B is an equivalence of 2-categories when there is a 2-functor

S : B — A and 2-natural isomorphisms T'S = 15 and ST = 14.

Lemma 2.29 The 2-functor fA of Construction 2.28 is an equivalence of the

2-categories bCATA and Ha for any category A.

Proof. A 2-functor fA_l : Hy — pCAT# will be defined along with natural
isomorphisms € and X, such that fA ofA_l 4 1y, and fA_l ofA B l,capa. Given

E2 AinH A, the corresponding functor Tg : A — bCAT is defined as follows.
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For an object a € A, Tg(a) = P~ !(a). Given a morphism f : a — b in A,
let f, denote the unique horizontal lift of f to domain z and codf, the codomain
of fy. Then the functor Tgf : P~'(a) — P~'(b) will be defined for an object
z of P71(a) by Tgf(z) = codf,. To define Trf for a morphism ¢ : x — 3 in
P~(a),let g = fy ot:x — codfy and let g = sh be the unique horizontal-vertical
factorization of g in E. Since P(g) = P(sh) = P(h) and also P(g) = P(f,t) = f,
we have that P(h) = f, which means that h is a horizontal lift of f to domain
x. Thus by the uniqueness of horizontal lifts, h = f,. Then define Tgf(t) =
s. T, f preserves identities, and since the composition of horizontal morphisms
is horizontal, it preserves compositions as well. For a 1-cell ® : £y — FEs in
Hy, fA_l ®: T, = T,, must be a natural transformation with each component
( fA_l D)y : Ty, (a) — T, (a) afunctor such that the following diagram of categories

commutes for all a i> bin A.

T, (a) M) Ty, (a)

Eq
TElfl lTEzf
)
T, (b) o, T,, (b)

Defining (f;l ®), for an object = in T}, (a) by (fA_l ®),(z) = ®(x) and for a
morphism z —— y by ( fA_l ®),(t) = ®(t), the diagram commutes since ® preserves

horizontal-vertical decompositions.

For a 2-cell o : ® = ¥ in H 4, the corresponding 2-cell fA_l a: fA_l D ~~ fA_l v
is the collection of natural transformations {(fA_1 a)g - (fA_l ?), = (fA_l U)otaca

whose components are the arrows in Tg,(a) given by components of the 2-cell a:
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For an object x € Tg, (a) C Ej, fA )z = gz @ P(x) — ¥(x). By Definition
2.6, the components of « are vertical morphisms; hence a, : ®(x) — ¥(x) is an
arrow in Tg,(a); moreover, for fA_la to be a 2-cell in bCAT#, the diagram below

must commute for f:a — bin A.

f, @
’ T, (a) @ T, (a)
[,
f Ti(f) T2 (f)
f, o)
b Tg, (b @ Tg,(b
f, e

The equality Ly, f * ( fA_l a)a = ( fA_l a)b * L1y ¢ of natural transformations for
an object z in T, (a) translates to the equation Tg, f(a,) = acodi)(x), using the
fact that for a morphism ® of horizontal structures ®(f,) = ?‘b(w) (see Remark
2.13). (Lifts of f to F; and Ey are denoted by f and ? respectively.) Tg, f(ay)
is the vertical component of the horizontal-vertical decomposition of ¥( fm) 0 Qug;
the naturality of a in the objects x and codf, however means that V(f,) o a, =
o ®(f,), where the latter is exactly the horizontal-vertical decomposition

(8% =
codfq,(m)

of U(f,)oay; thus Tg, flaz) =a = .
COdf(I)(z)

The component of the 2-natural transformation ¢ : [ o fA_l = 1lg, corre-
sponding to an object F L Aot H A is the morphism of horizontal structures
0, : [,Te — E defined for objects as 6,(a,z) = z and for morphisms as
0, (z, f,t,y) = to f,. Since f, preserves both the horizontal and vertical mor-

phisms (0, (z, f,1,Tef(x)) = f, and 0_(x,1,t,y) = t) and PO, = UT=, 6, is
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a l-cell in Hs. For 0 to be a 2-natural transformation, the following diagram of
categories must commute for any pair of objects E; and Fs. (To simplify notation,

Ty, will be denoted by T; and similarly 6g, by 6;).

HA(E17E2) —_— HA(£T1,:£T2)

l l

Ha(Ey, Ey) —— Ha([Th, E»)
A

Commutativity for a 1-cell ® : By — E5 means that ® 06y = 60 [([71®) :
A A

Ty — E»; this equality holds, since both functors take an object (a,z) in [T} to
A A

®(z), and a morphism (z, f,t,y) to ®(t o f,) = ®(¢) o?cp(m). Commutativity for a
2-cell o : @ = U means that 1,, * [([“'0) = 0% 14, ; following the definitions of the
A A

natural transformations involved yields the (vertical) arrow g, : ®(x) — ¥(z) for

the component of both natural transformations corresponding to the object (a,x).

The components 0, : [Ty — E of the natural transformation 6 are invertible
A
morphisms in Hy since we can define 0! : E — [Tg for objects by 0! (x) =
A
(z, P(x)) and for morphisms by 0_'(f : © — y) = (x, Pf,v,y) where v is the

vertical component of the horizontal vertical decomposition of f in F and have

0.'0, =1and 6,0 =1. 0 is then a natural isomorphism.

To define the 2-natural transformation A : l,cata = [~' o [, the following
A A

notation will be introduced. The image of a O-cell T, a 1-cell a : T} = T5 and

a 2-cell m : a ~ B in CAT4 under the 2-functor [~' o [ will be denoted by
A A

T*, «o* and m*, respectively. Following the definitions of [ 1 and JT we have
A A

that T*(a) = (UT)~!(a), the categorical fiber over a in [T, and for a morphism
A

fi:a—bin A, T*f : (U")"Ya) — (UT)7(b) is the functor that acts on
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objects and morphisms as follows: T* f(a,x) = (b, Tf(z)) and T* f(z, 14, s,2*) =
(T'f(@), 15, Tf(s), Tf(z%)).

Given a natural transformation o : 71 = T5, a* : T7 = T is defined by having
as components the functors o : T} (a) — 15 (a) with o (a,x) = (a,a(z)) and for
a morphism (z,1,,s,y) : (a,x) — (a,y) in the categorical fiber, o (z,1,,s,y) =
(aa(2), Lo, @a(s), a(y))-

Given a 2-cell m : a ~ B (for a,8 : T3 = T,) with components the
arrows (mg)z @ aq(x) — Bo(x) in Th(a), the components of the modifica-
tion m* : a* ~» [* corresponding to an object (a,x) in Tj(a) are the arrows
(M3)z = (@a(2), La; (Ma)z, Ba(2)) : (@, 2a(®)) — (@, Ba(2)) in T3 (a).

The component Ay : T' = T* of the 2-natural transformation A is a collection
of functors (A, )s : T'(a) — T™(a) defined as (A, )q(z) = (a,x) for objects, and
for a morphism s : + — y as (A, )u(s) = (z,14,8,y). For A to be a 2-natural

transformation, the following diagram must commute for any pair of objects 17 and

Ty in bCATA.
WCATA(TY, Ty) —~ST4 bCATA(Ty, To)

1l !

bCATA(TY, Ty) ——— bCATA(Ty, Ty)

The commutativity of the diagram means for a 1-cell a : T3 = T5 that o* %

A = A

Tl m, * @, and for a 2-cell m : a ~» B and an object a in A that Liag,)a *

Mme = My * 1 ATy )a- Both equalities hold as a direct consequence of the definitions
involved; therefore X is a 2-natural transformation. Moreover, the components of A
are invertible arrows in CAT# with (\,.);! : T* — T defined on its components the

obvious way: (\,)~!(a,z) = x for objects and (\,.);(z,14,5,y) = s for morphisms.
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The 2-functor [ : CAT4 — H, is then an equivalence of categories for any
A

category A.

Definition 2.30 A 2-natural transformation o between two lax functors

F,G: A— B is a lax natural transformation for which the diagram in Definition
2.8 commutes up to a natural transformation 7, satisfying appropriate coherence
axioms. When F' and G are strong-lax functors and 7,4 is a natural isomorphism for

every pair of objects a and b, « will be called a strong-lax natural transformation.

Proposition 2.31  There is a strong-lax 2-natural isomorphism f KK — H with
its component corresponding to a category A the 2-functor fA chCATA — Hy

defined in Construction 2.28.

Proof. For a pair of objects A and B in bCAT, the following diagram must be

shown to commute up to a natural isomorphism 7, .

bCAT(A, B) —— 2—Cat(bCATE bCATH)

| l

2—bCat(HB, HA) E— 2—bCat(bCATB, HA)

For a functor F' : A — B, the corresponding component of 7, , (will be denoted

by 7, rather than (7,,),) must be an arrow in 2—Cat(hCATE H,) , ie., a 2-

AB
natural transformation 7, : Hp o [5 = [,oF*. Given an object T in bCAT?Z,
(Hpo [p)(T) = Hp([,T) = (fBT)F is the pullback of [T along F. Its objects are

"pairs” (a, (F(a),x)) with x in TF(a) and its morphisms (f,g) with f : a — a
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in A and g : (F(a),z) — (F(ax),z.) in [5T are such that g itself is formally
a quadruple g = (z,Ff,a,z,) with a : TFf(z) — z.. On the other hand,
([4oF*)(T) = [,(TF); the objects of [,(TF) are pairs (a,z) with z € TF(a)
and its morphisms are quadruples (z, f, o, z4) : (a,x) — (a4, x4) with f : a — a,
and o : TF(f)(x) — x«. (7)7 (the component of 7, corresponding to the functor
T : B — bCAT) then will identify the the object (a,(F(a),z)) in (5 T)F with
(a,x) in [, TF and the morphism (f, (z, Ff,a,z,)) in ([ T)F with (z, f, a, z4)
in [, TF. (7). then gives a bijection both on the class of objects and the set of
morphisms of the categories ( f B T)F and f 4 T'F; it also preserves both horizontal
and vertical morphisms, so it is a functor of horizontal structures and hence defines

an isomorphism of categories: ([, T)" = [,TF.

For 7, to be a 2-natural transformation, the following diagram must commute:

bCATB(T, S) HF—IB> Ha ((fT)F,(fS)F>

[o Fl l
A
H, (fTF,fSF) —— Hy <(fT)F,fSF>
A A B A
Following a natural transformation ¢ : T = S, in bCATB(T,S) first going to
the right and then down in the diagram above gives first a functor of horizon-
tal structures f o : f T — f S as defined in Lemma 2.27, which then induces
B B B
the functor (Lemma 2.16) ([o)f : (JT)¥ — ([9)F of the pullbacks; ([o)F is
B B B B

then followed by (7). : (£S)F — {SF. The resulting functor (7,), o ([ 0)f

takes an object (a,(Fa,z)) of ([, T)F first to (a,(Fa,o,,(x))) and then to



41
(a, 0,., (x)) and takes a morphism (f, (z, F'f, o, x.)) : (a, (Fa,z)) — (as, (Fax, x))
to (0, (), f, 0p,. (@), 0p, (v4)). Following o : T' = S the other way around first
gives [0, : [TF — {SF (as defined in Construction 2.9 and Lemma 2.27) which

A A

is then followed by (7,.),; the resulting functor takes an object (a,(Fa,x)) of
(JT)F first to (a,z) and then to (a,opq(z)) and a morphism (f, (z, Ff, o, z.))
B
first to (z, f, a, z+) and then to (0., (), f, 05, (), 05, (x.)). Thus for a 1-cell g in
bCATB(T, S), (1,.)4 o(fBg)F = (TF)TOL£QF. For a 2-cell m : o ~» 1 in bCATH (T, S)
the commutativity of the diagram translates to 1(; ) * (me)F = [,m, * L,

for both horizontal compositions of 2-cells in the equality (see diagram below),

the component corresponding to an object (a,(Fa,z)) in ([T)F is the arrow
B

(0p0 (), 1a (Mpy)as e, (7)) 2 (@, 00, (2)) — (@1, (2)) 0 [, SF.

(f,o" (705
/\ /\
(J5 D" ﬂ(fB m (59" lll JuSF
\_/ \_/

(o m* (s
() Jaer
G b nre e g
Y Y

Given a natural transformation « : F' = G with F,G : A — B, we must have the
components of the natural transformations 1 a* and H, * 1 (see diagram below)

to be coherent with the components of 7.

F* Hp
e —
5CATB  |ja- bCATA |1 Ha and bCATB |1 Hp~  m. Hya.
~—— T \I{_/
G* G

A B
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For an object T in bCAT?® then, the following diagram must be shown to com-

mute:

Iy —— T

Following an object (a,(Fa,z)) (with z in TF(a)) of (fB T)F first down and

(TF)T .

then right gives: (a,(Fa,z)) — (a,2) — (a, (¢ )a(z)) = (a, T () (z))

by Lemma 2.10. The same object is taken (by Lemma 2.20) to (a,(Fa,a))

where (Fa,a) is the codomain of the horizontal lift of a, : F(a) — G(a)

to domain (F(a),a) in fB T; the horizontal lift of «, (by Lemma 2.26) is

T,0q,1,T(aq)(x
(Fa,a) ( 1,T(aa)())

(G(a),T(aq)(x)) , so following the object (a,(Fa,x)
first right, then down gives

(ta)

(a,(Fa,z)) Her (a,(G(a), T(aq)(x))) — (a,T(ag)(x)) . For objects then

the diagram above commutes.

(fs(z, F fvy))

Given a morphism (a, (Fa,r)) (b, (Fb,y)) in ([ T)" (with v :
TFf(x) — y an arrow in TF(b)), on one hand (7r),.(f, (z, Ff,v,y)) = (z, f,v,y)
and by Lemma 2.27 (onz; (x, f,v,y) = (T(ag) (@), f,T(w)(v), T(ap)(y)). On the
other hand, by Lemma 2.20, H,_((f, (=, F'f,v,y)) = ([, vG f) where v is the ver-
tical component of the horizontal-vertical decomposition of @y o (x, F'f,v,y). By
Lemma 2.26 and Definition 2.23 we have that ay o (z, F f,v,y) = (y, o, 1, Tap(y)) o
(v, Ff,v,z) = (x,apFf,Tap(v), Tap(y)) = (T(awFf)(x),1gp, Tap(v), Tap(y)) o

(x,apFf,1,T(apFf)(x)). Since « is a natural transformation, TGf o Ta, =
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Tap o TFf; we then have that Gf, the horizontal lift of Gf to domain
(Ga,Tay(z)) is (Tae(z),Gf,1,TGf o Tay(z)) = (Tau(z),Gf,1,Tay o TFf)
and then vGf = (T(apF f)(2), 16, Taw(v), Taw(y)) © (Tawa(x), Gf, 1, (e F[)) =
(Tae(z),Gf, Tay(v), Tay(y)). The image of (f,vGf) under (r.), is then

(Tag(z), f, Tap(v), Ta(y)) which agrees with (an;)(TF)T(f, (xz, Ff,v,y)) above.

The natural transformation [ is a natural isomorphism, since by Lemma 2.29

its components are invertible.

Universal Horizontal Structure

The horizontal structure [ 1 (henceforth denoted by CAT,) over bCAT that
results from taking F in LemI;Z;TZ% and 2.26 to be the identity 1 : \CAT — bCAT
has the following description: The objects of CAT, are pairs (C,z) with = an
object of the category C, and its morphism are quadruples (z,G,t,y) : (C,z) —
(D,y) with G : C — D a functor and t : G(z) — y a morphism in D. The
horizontal morphisms are of the form (z,G,1g(,, G(7)) : (C,z) — (D,G(x)) and
the categorical fiber over C' is isomorphic to C' itself. Applying Construction 2.14
to a functor F' : B — CAT and to the horizontal structure CAT, U—1> CAT, i.e.,
pulling back CAT, along F, results in a horizontal structure CATY — B that is
canonically isomorphic to [F. The isomorphism is given by identifying the object

B
(b, (Fb,z)) in CATE to (b, z) in [F and the morphism (f, (z, F f,t,y)) in CATL with
B
(z,f,t,y) in [F — B and it follows from the natural isomorphism 7 described
B

in the proof of Proposition 2.31 applied to a functor F' : B — CAT and taking

T to be the identity functor 1 : CAT — CAT. The Grothendieck construction on
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a functor F' : B — CAT is then, up to an isomorphism, the pullback along F' of
CAT, — CAT. By Corollary 2.21, pulling CAT, back along isomorphic functors
F = G : B — CAT results in the isomorphic horizontal structures CATE =~ CATS,
hence we have that F & G = [F = CATI =~ CATY =~ [G. Conversely, every
B B
horizontal structure £ — B defines a functor Tz : B —» CAT (the fiber functor)
such that jT r = E by the isomorphism 0p of horizontal structures described in
B
detail in the proof of Lemma 2.29: an object (b,x) of [Tk corresponds to z in
B
E and a morphism (z, f,t,y) in [Tk to to f, in E. We then have the following
B

pullback square showing that every horizontal structure £ P, Bisthe pullback (up
to an isomorphism) of CAT, RN CAT, which therefore will be called the Universal
Horizontal Structure.

p = E=CATTs — - CAT,
B

B CAT
T

E

Topological Structures

Definition 2.32  Let A, F and B be categories.

(1) A sink in A with codomain «a is a family of morphisms (f; : a; — a)jey,

indexed by a class J (which may be empty).

(2) Given a functor U : E — B, a U-sink is a family (e;, f; : U(e;) — b)je.
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(3) If (fj : e; — €)jes is a sink in E and (ej, f; : U(ej) — b)jes is a U-sink

such that U(f;) = f; for all j € J, then (f; : e; — €)jey is called a lift of

(ej, f; : U(e;) — b); with codomain e.

Definition 2.33 A lift (f; : e; — €) ;e of the U-sink (e;, fj : U(e;) —> b)jcs is
called a final lift if given a sink (g; : ¢; — ¢);jes such that there exists a morphism

h:b— U(c) with hf; = U(g;) for all j € J, then h lifts to a morphism h : e — ¢

Wlth ?Lf; = gj-

The dual notion of a sink (final sink) is a source (initial source).

Remark 2.34 If J = () in Definition 2.33 above, then the corresponding sink or
U-sink with codomain b is an empty set of morphisms; the final lift of the empty
U-sink with codomain b € B is e € U~1(b) such that for any ¢ € E, if there is a

morphism h : b — U(c) in B, then h lifts to a morphism h: e — c in E.

Definition 2.35 A functor U : E — B is a topological functor and E is a

topological category over B if U satisfies the following conditions:

(i) U has small fibers,

(ii) U is faithful, (i.e., mono on hom sets);

(iii) U is amnestic, (i.e., if f € E'is an isomorphism s.t. U(f) =id, then f =id);

(iv) Every U-sink has a final lift.
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Remarks 2.36 (1) The first three conditions of the definition above imply that
the categorical fiber of U is a poset: U~1(b) is a set by (i), it is a preorder by (ii)

and a partial order by (iii).

(2) Condition (iv) is equivalent to the existence of initial lifts of arbitrary U-sources;

see [1], Proposition 21.36.
(3) Final (and initial) lifts are unique by the faithfulness of U.

(4) Given an object z € U~!(b) and a morphism f : b — ¢ in B, we can view
(z, f:b— c) as a U-sink. We'll refer to the final lift f : z — y of this U-sink as

the final lift of f to domain .

(5) In a horizontal structure £ 2B , the unique horizontal lift of f : b — cin B
to domain z in E is the final lift of the P-sink (z, f : b — ¢) since if g : x — t is
such that P(g) = hf for some h : ¢ — P(t) and g = vk is the unique horizontal-
vertical decomposition of g, then lifting h to y = cod(f,) gives h : y — cod(k)

which means that g factors through f as g = (hv)f.

Example 2.37 Let Top denote the category of topological spaces and continuous
functions. The forgetful functor U : Top — Sets with U(X, 7) = X is a topological
functor, and Top is a topological category over the category of Sets. For a set
X, U™YX) = {(X,7)| 7 is a topology on X}. Since U71(X) C P%(X), U has
small fibers. Given a U-sink ((Xj,7;),f; : X; — X)s in Sets, its final lift is
(fj : (Xj,7;) — (X, 7)), where 7 is the topology coinduced on X by the functions

fj,le, 7={U € P(X)|f;1(U) €7, for all j € J}.
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Lemma 2.38 Given a topological functor U : E — B, suppose (fj : xj — ) e
is the final lift of the U-sink (xj, f; : U(x;) = b; — b)jes, and g : x — y is the
final lift of g : b — ¢ to domain x. Then gf’j cx; — y is the final lift of the U-sink

(xj,gfj : bj — C)J.

Proof.  Suppose (kj : £; — t)jcs is a sink such that U(k;) factors through gf;
for all j as U(k;) = h(gf;) with h : ¢ — U(t); then U(k;) factors through f; as
well which means that hg : b — U(t) lifts to a morphism hg : t — y in E with
k; = hgf; since (fj : #; — x);ey is a final lift. Similarly, since g is a final lift, h

lifts ot b :y — t in E.

Definition 2.39 Let CoP denote the category of cocomplete posets whose objects
are cocomplete posets and whose morphisms are functions f : (X, <) — (Y, <) that
preserve order and arbitrary suprema, and let CmP denote the category of complete
posets whose morphisms are functions preserving order and arbitrary infima. If we
view a poset (X, <) as a category, then for (z;);e;s C X, j\G/J(xj) is the colimit
of (z;) and a supremum-preserving function f : X — Y is then a cocontinuous

functor; similarly an infimum-preserving function is then a continuous functor.
Lemma 2.40 A poset is cocomplete iff it is complete.

Proof.  Suppose (X, <) is a cocomplete poset. For (z;)jes C X, let ,/\J(xj) =
JE
V{s € X |s < x; forall j € J}, and similarly if (X, <) is assumed to be complete,

then we can define the supremum of an arbirary subset T" of X as the infimum of

the set of upper bounds of T
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Remarks 2.41 (1) In view of the above lemma, posets that are cocomplete and

thus complete as well, will be called plete posets.

(2) Since a complete lattice is a poset in which every subset has an infimum and a
supremum (Definition 2.1 in [6]), a plete poset is a complete lattice. Morphisms in
the category of lattices (Lat) are functions that preserve both infima and suprema.

Thus CoP, CmP and Lat have the same objects, but different morphisms.

Lemma 2.42 If f*: (A, <) — (B, <) is a morphism in CoP, i.e., as a functor,
f* is cocontinuous, then it has a right adjoint f. : (B <) — (A, <) (which is
then continuous), defined as f.(b) = V{a € A| f*(a) < b}. We also have the dual
statement: if f. : (B, <) — (A, <) is a morphism in CmP, then it has a left
adjoint f* : (A, <) — (B, <) (which is then cocontinuous), defined as f*(a) =

AMb e B| f.(b) > al.

Proof.  Given a morphism f* : (A,<) — (B, <) in CoP, f, (as defined above)
preserves order, since for by < by, {a € A|f*(a) < b1} C {a € A| f*(a) < by}
and therefore f.(by) = V{a € A|[*(a) < bi} < Via € A|f*(a) < bo} = fu(ba).
f* is left adjoint to f, (written as f* - f.) if and only if for all a € A and b € B,
f*(a) < bin B if and only if a < f,(b) in A, by Theorem 1 on page 93 in [14]. So
suppose that f*(a) < b; then f.f*(a) < f.(b) since f. preserves order. By definition
fof(@) = Viz € A|f*(x) < f*(a)}, and since a € {z € A|f*(z) < f*(a)},
a < V{x e A|f*(x) < f*(a)} = fuf*(a) < f.(b). To prove the converse, assume

that @ < f.(b). Then applying f* to a < f.(b) = V{z € A| f*(z) < b} gives that
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ffa) < f*(V{z € A| f*(x) <b}) = V{f*(z)| f*(x) < b} < b by cocontinuity of

f*. The dual statement can be proven similarly.

Given a 2-category K, we can define the adjunction category Adj(K) as having
the same objects as K, and adjoint pairs [ 4 r : @ — b as morphisms, where the
direction of the morphism is given by that of the right adjoint » : a — b. (A
l-cell r : @ — b is right adjoint to [ : b — a if there are 2-cells n, : 1, = rl
and ¢, : Ir = 1, satisfying the triangle equalities.) Given [ - r and I’ - 7/, every
2-cell « : | = I’ defines a 2-cell 8 : ' = r by the following vertical composition of
2-cells: 8 = €l - a-m where 1, denotes the horizontal composition 7, * 1, and
similarly, /. = 1, x&,. Adj(K) is then a 2-category with o : [ 41" = r 41/ as
2-cells and hence we can define the following 2-funtors: II; : Adj(K) — K°P with
IL(I 4r) =1 and I;(a) = «, and 11, : Adj(K) — K with II,.(l 4 r) = r and

IT; () = B; both functors are the identity on objects.

Remark 2.43  The category POS of partially ordered sets can be viewed as a
2-category. The existence of a 2-cell a : f = g between f,g : (A,<) — (b, <)

means that for all a € A, f(a) < g(a).

If K=Plete, the category of plete posets and order preserving maps, then since
left adjoints are cocontinuous and right adjoints are continuous, the functors IL,.

and 1I; define the isomorphisms of 2-categories as pictured:

Adj(Plete) ' Pleteo? Adj(Plete) I Plete

(a5

IT;

CoP©P CmPe°
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Dropping the 2-cells, the above define isomorphisms of the categories:

Adj(Plete) = Cop°? = CmP.

Definition 2.44 A geometric morphism f: A — B is a pair of functors

f*:B— Aand f.: A— B such that f* - f, and f* is left exact (preserves all
finite limits); f. is called the direct image part of f and f* the inverse image part
of the geometric morphism (Definition 1 on page 348 in [15]). (The direction of a
geometric morphism f: A — B again agrees with that of the (continuous) direct
image part f. : A — B.) A geometric morphism with the special property that
its inverse image part has a left adjoint is called an essential geometric morphism.

(cf. page 360 in [15]).

Example 2.45 Consider a topological space (X, 7), and the resulting inclusion
i: 17— P(X) of posets; here P(X) and 7 are ordered by inclusion. Since ¢ preserves
arbitrary unions and finite intersections, it is cocontinuous and left exact, so with
its right adjoint r : P(X) — 7 (given for O € P(X) by r(O) = intO), they form

a geometric morphism h = (i 47) : P(X) — 7.

Example 2.46 Essential geometric morphisms naturally arise whenever we con-
sider two sets X and Y and a function f: X — Y if we view P(X) and P(Y) as
posets (again ordered by inclusion), then since f~!: P(Y) — P(X) preserves ar-
bitrary unions and intersections, as a poset map it is bicontinuous and hence it has
both a right and a left adjoint. Its continuous right adjoint V¢ : P(X) — P(Y) is
defined as V¢ (S) = {T' € P(Y)| f~1(T) C S} ={y € Y| f~(y) C S} by Lemma

242; h = (f~' 4Vy) : P(X) — P(Y) is then a geometric morphism. The cocon-
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tinuous left adjoint of f~1is Im f : P(X) — P(Y") (the notation 3; is also used for
Im f (cf. Theorem 2 on page 58 in [15]); h is then an essential geometric morphism
and we have 35 4 f~! 4 V. If P(X) and P(Y) are ordered by reverse inclusion (in
this case the notation P(X)°P will be used) then for (S;);cs C P(X) \J/Sj = QSj
and {]\Sj = L}Sj7 and Imf : P(X)°® — P(Y)°" becomes continuous since it pre-
serves unions which now give infima, and g = (f~! 4 Imf) : P(X)°? — P(Y)°P

again is a geometric morphism.

Definition 2.47 Let GeoCmP denote the category whose objects are plete posets
and whose morphisms are geometric morphisms and let Fss denote the category with

the same objects and morphisms the essential geometric morphisms.

We then have the following relationship between the different categories of

posets: Ess C GeoCmP C CmP = CoP°P = Adj(Plete).

Example 2.48 The power-set functor can be viewed as a functor P : Sets —
Ess C GeoCmP sending a function of sets f : X — Y to Pf = (f~! - Vy) :

(P(X),C) — (P(Y),C) as in example 2.46. In general, given an essential geo-
I
metric morphism f : A <f:> B with | : A — B the left adjoint of f*, we can

define a functor ® : Ess — GeoCmP on the object level by ®(A) = A°P and

1op
on the morphism level by ®(f) = (A°P — B°P). Now (f*)°P - [°P gives a

(f*)ep
geometric morphism. Composing the power-set functor with ® gives the func-
tor ®P : Sets — GeoCmP which sends a set X to (P(X)°P) and the function
f:X — Y to (®P)(f) = (f71°" 4 3;°P) : P(X)°® — P(Y)°P. For another

example of essential geometric morphisms (between fuzzy sets) see page 62.
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Remark 2.49 A cocomplete poset (A, <) which satisfies the infinite distributive
law b A (\j/aj) = }/(b/\aj) is called a frame, and a poset map f*: (4,<) — (B, <)
which preserves infinite joins and finite meets is called a frame morphism (cf. page
473 in Sheaves in [15]). Frames form the category Frm. A frame morphism is then
cocontinuous and left exact, so with its right adjoint f. : B — A they give a

geometric morphism f = (f* - f.) : B — A. The opposite category of Frm is

called the category of locales (Loc) and it is then a full subcategory of GeoCmp.

Theorem 2.50 Let K* : CAT°® — 2 — Cat be the subfunctor of KC defined
by K*(A) = CoPA C CATA. Then the component of the 2-natural transformation
[ : K — H corresponding to A, the 2-functor fA : CoP* — Hy (defined in 2.28),

is such that for an object T in CoP4, fA T is a topological category.

Proof. UT : [,T — A has small fibers since (U?)"!(a) = T'(a) which is a
(po)set; UT is clearly faithful and amnestic by Definition 2.22. Given a U7-sink
((aj,xj), fj :aj —b),, let @ = \/; Tf;j(z;) € T(a). Since Tf;(x;) < x for all j,
fi = (x4, fjs1u,2) : (aj,7;) — (a,z) is a morphism in [T for all j. Then the sink
(f; : (aj,2;) —> (a,)) is a final lift of the U-sink ((aj,z'j),fj :aj — a) ,, since if
for a sink (g; : (aj, ;) — (c,y)) there is a morphism h : @ — ¢ such that g; = hf;
for all j, then the cocontinuity of Th implies that Th(zx) = Th(\/Tf;(x;)) =
\V ThTfi(x;) = \/ Tg;(z;) < y, and hence h : a —» c lifts to a morphism h :

(a,z) — (c,y) in {T. Thus UT : [, T — A is a topological functor.

Note If a functor T': A — CAT factors through POS, i.e., we have T : A —»

POS — CAT, then U : [, T — A satisfies conditions (i), (ii) of Definition 2.35,
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however as far as condition (iv) goes, an arbitrary U-sink does not necessarily have a
final lift. If a U-sink ((aj,;), f; : a; — a); has a final lift then x = \/ ; F f;(z;) €
T(a) exists and the final lift is (f; : (aj,2;) — (a,z)). The converse however is

not true.

Lemma 2.51 Every topological category over A is an object in H 4, the 2-category

of horizontal structures over A.

Proof. Given a topological category E SN A, a splitting (H,V) is defined as
follows; V' = V(FE) as in Definition 2.2, and and H contains a morphism h : z — y
of F iff it is the final lift of the U-sink (x,U(h) : U(z) — U(y)). H is a subcategory
of E since given an object z € U71(a), 1, is the final lift of the U-sink (z, 1,), and
H is closed under the composition of morphisms. Given a morphism g : x — z in
E with 2 € U7 !(a) and z € U~Y(c), let h : * — y be the final lift of the U-sink
(x,U(g) : @ —> ¢). Then, since U(g) factors through U(h) as U(g) = 1.0 U(h), 1.

lifts (uniquely) to a morphism « : y — 2. Thus g factors as g = « o h.

Definition 2.52 CATrt,,, will denote the full subcategory of H4 with objects

the topological categories over A.

Theorem 2.53 Restricting the 2-functor fA_l : Hy — CAT? of Lemma 2.29 to

CATrop, gives a 2-functor (f;l)* : CATrop, — CoPA.

Proof For a topological category F N A, the corresponding functor fA_l(E) =

T, : A — CAT is defined on the object level by Tr(a) = P~!(a) which is a poset
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(see Remark (1) of 2.36) ordered by the relation x < y iff there is a morphism

«a :x —> y in the categorical fiber of P over a.

To show that P~1(a) is cocomplete, for (z;)je; C P~1(a), define ‘\/J(xj) to be
the codomain of the final lift of the P-sink (z;,1,). 7 (a) is then chocomplete
poset for all a € A. (If J = (), then the final lift of the empty P-sink with codomain
ais * € P~ Y(a) as described in Remark 2.34; in particular z is such that for any
y € P~ Y(a), 1, € A lifts to a morphism f : z =, y. Hence the final lift of the
empty P-sink with codomain a is the minimum element of the poset P~!(a).) To
show that for a morphism f:a — cin A T,f :T,(a) — T,(c) is a morphism in
CoP, we must show that T, f preserves order and least upper bounds. 7T, f is order
preserving by its definition in the proof of Lemma 2.29. Let (z;);es € P7'(a), and
x = \/J(xj); thus (z; =, x) is the final lift of the P-sink (x;,1,). Consider the

€
P—sirfk (z;,fla : @ —> ¢), and let f denote the final lift of f to domain z. Then by
Lemma 2.38, (z; E=TOE N codf = T, f(x)) is a final lift of this P-sink. For each
z;, let f; denote the final lift of f to domain x;, and let y; = codf; = T, f(z;).
Since (< of; : x; — Vy;)s is a P-sink over (z;,f : a — ¢), lifting 1. we
get that T, f(z) < Vy;. On the other hand since 7', f preserves order, z; < x
implies that y; = T, f(z;) < T, f(x) for all j, and then vy; < T, f(x). Thus

T,f(Vz;) =T, f(x) = Vy; = VF f(z;), which proves that T, f is cocontinuous and

hence it defines a functor A — CoP

Corollary 2.54  In view of Theorems 2.50 and 2.53 we have that fA defines an

equivalence of the 2-categories CATrop, and CoP? such that given a topological
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category B P, A, [T, = E; in this case we say that E is classified by the functor
A

T,:A— Cop.

By the corollary above, there is a one-to-one correspondence between topological
functors T': E — A and presheaves on the category A with values in Adj(Plete):
Every topological category defines the (fiber)functor 7', : A — Cop which, since
Cop®? = Adj(plete), can be viewed as a functor T, : A°® — Adj(Plete), i.e., a
presheaf on A. Conversely, every presheaf T : A°® — Adj(Plete) gives a functor

T : A — Cop which the defines the topological category [T
A

Universal Topological Category

Definition 2.55 The topological category [1 classified by the functor 1 :
CoP

CoP — CoP is called the universal topological category and will be denoted by

CoP,. (cf. bCAT, = [ 1 on page 43.) The objects of the universal topological

category are pairs (A,I;C)Ajvhere A is a cocomplete poset and a € A. A morphism

f:(A,<) — (B, <) in CoP lifts to a morphism f = (a, f,b) : (A,a) — (B,b) iff

f(a) <bin B.

Theorem 2.56  FEvery topological category E PoAis isomorphic to a pull-back

of the universal topological category [ 1.
CoP

Proof.  Given a topological category F £, A, by Corollary 2.54 we have that E =

[Tg where Tp : A — CoP is the functor defined in 2.29. The pullback (CoP, )=
A
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of CoP,. along T is isomorphic to [T by the isomorphism 7 of Proposition 2.31;
A
hence E 2 (CoP,)?® as shown by the pullback square below.

E= [Ty — CoP, = [1
A CoP

/| Lo

A L CoP 1 CoP

Similarly, we can view Sets,, the category of pointed sets as the universal discrete
opfibration (P : E — B is called a discrete opfibration if every morphism f :
P(e) — c¢ in B lifts uniquely to a morphism with domain e) classified by the
identity functor on the category of Sets: given any discrete opfibration P : F — B,

there is a functor F' : B — Sets such that F = fF with fF the pull-back of Sets,
B B

along F'.

E~ [F —— [1=Sets,
B Sets

r| lv

B _ Sets ——— Sets



CHAPTER 3

Classification of General Topological Structures

Categories of Topological Posets

The category Top of topological spaces and continuous functions is classified
by the functor F' : Sets — CoP defined as follows. For a set X, FI(X) = {7 C
P(X)| 7 is a topology on X}. F(X) is a poset ordered by reverse inclusion; then
it is cocomplete with V7; = N7;. For a function f : X — Y and for 7 € F(X),
Ff(r)={U € P(Y)| f~Y(U) € 7}. Ff(7) defines a topology on the set Y since f~!
preserves arbitrary unions and intersections. F' preserves suprema since F' f(V7;) =
Ff(nm) ={yeY|f(y) e} =n{y € Y| f'(y) € 75} = NFf(1;) = VF f(75),
so F'f is cocontinuous. For functions f : X — Y and g : ¥ — Z in Sets,
F(gf) = F(g)oF(f)since (gf)~! = f~1g~!. Thus the functor F is well defined and
classifies a topological category } | F by Theorem 2.50. The objects of . [ F are pairs

ets ets
(X, 7) where 7 € F(X), i.e., 7 is a topology on X, and a function f : X — Y in Sets
lifts to a morphism f : (X7) — (Y,0)in [ Fiff Ff(1) < o (by the lifting condition
Sets
in Remark 2.24 (ii)), i.e., iff 0 C F f(7), i.e., when for all U € o, f~}(U) € 7, which
means exactly that f: (X,7) — (Y,0) is continuous. Thus | F = Top. Viewing
Sets

Top as a horizontal structure over Sets, the horizontal morphisms are continuous

functions f : (X,7) — (Y, 0) with o the coinduced topology.

o7
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Definition 3.1 A subset 7 of a plete poset A is a topology in A, if 7 is closed

under arbitrary joins and finite meets.

Then for a topology 7 in A, 04,14 € 7 as 04 = V0 and 14 = AD. In case
A = P(X) (ordered by inclusion) for some set X, the above definition gives a

topology on X in the usual sense. Now we can generalize the above functor F'.

Proposition 3.2  Let T : GeoCmp — CoP be defined as follows: For a plete

poset (A, <),
(1) T(A) ={r C A|7 is a topology in A}

where the set T(A) is ordered by reverse inclusion, and for a geometric morphism

h=(h*4hy): A— B and a topology T in A,
(2) Th(t) ={be B|h*(b) € T}.

T is a well-defined functor and therefore, by Theorem 2.50, it classifies a topological
category [T over GeoCmP; moreover TP = F (where P is the power-set functor

of example 2.46) and hence Top= [ TP.

Sets

Proof.  T(A) is ordered by reverse inclusion, so for {7;};e; C T'(A), Vr; = N7j;
thus T'(A) is a cocomplete poset, since arbitrary intersection of topologies in A
is a topology. Th(r) defines a topology in B, since h* is cocontinuous and left
exact, i.e., it preserves arbitrary suprema and finite infima (in essence it preserves
topologies). Th is cocontinuous, i.e., it is a morphism in CoP, since Th(\j/Tj) =

Th(nyr;) = {b € B|h*(b) € 0m} = 0{b € BIA*(b) € 7} = NFh(r;) = VTh(7).

j
For h : A — B and g : B — C in GeoCmP, T'(gh) = T(g)T'(h); this follows
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from the fact that adjoint situations can be composed, i.e., with h = (h* - h,)

and g = (¢* - g+), ¢g*h* 4 g.h. and that g*h* is left exact when h* and g* are.

Thus [ T is a topological category; its objects are pairs (A, 7) where 7 is a
GeoCm

topology in Ij)che plete poset A, and a morphism h : A — B in GeoCmP lifts to

a morphism h : (A,7) — (B,o) in [T iff Th(t) < o in the poset T(B) (by the

lifting condition in Remark 2.24 (ii)); since T'(B) is ordered by reverse inclusion,

Th(7) < o translates to Th(r) 2 o, i.e., 0 C {b € B|h*(b) € 7}.

Composing T : GeoCmp — CoP with P : Sets — GeoCmp, TP : Sets —
CoP classifies the topological category [ TP whose objects are pairs (X, 7) where
T is a topology on the set X, and a funcste;osn f: X — Y of sets lifts to a morphism
f:(X,7)— (Y,o)in [TPiff c CTPf(r)={0O € P(Y)| f}(O) € 7}, i.e., when
for all O € o, f~1(O) € 7, which means again that f is continuous. It is then a
morphism in Top and hence Top = [ TP. Also, TPf(r) ={0 € P(Y)| f~1(0) €

Sets
T} is exactly the topology on Y coinduced by f from 7.

The category [T of Proposition 3.2 will be denoted by TOP and can be con-
sidered as a universal category for the family of ” Top-type” categories, in the sense
that they can be obtained by pulling TOP back along some functor C' — GeoCmP.
Every functor Q* : C' — CoP that factors through T as Q* = T'Q) defines a ” Top-
type” topological category and is isomorphic to a pullback of TOP along (). In
particular, Top is the pullback of TOP along the functor P by the above proposi-

tion.

Note 3.3 If 7 C A is a topology in A then the inclusion 7 <+ A is cocontinuous

and left exact, so with its right adjoint r : A — 7 they give a geometric morphism
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r: A — 7; (example 2.45). The counit of the adjunction i 4 r gives that r(a) < a
for all @ € A, and the unit gives that for all t € 7, ¢t < r(t). Thus r(t) = ¢ for all
t € 7, which means that ri =id, i.e. r is a retraction and the unit of the adjunction
is an isomorphism. Then, G = ir : A — A is a left exact comonad on A, (G
is monotonic, idempotent and G(a) < a for all a € A), with the set of coalgebras

Ac ={z € A|G(z) = x} = 7. In fact, we have the following

Proposition 3.4 For a subset T of the cocomplete poset A, the following conditions

are equivalent,

(t) T is a topology in A;

() 1= Ag for a left exact comonad G on A;

Proof.: It follows from the note above, that () = («). Given a comonad G :
A — A with Ag its set of coalgebras, Ag is closed under arbitrary joins: given
(zj)jes € Ag, we have V(z;) = V(G(z;)) < G(Vx;) since G preserves order; we also
have G(Vz;) < V(z;), which then implies that G(Vz;) = V(G(z;)) = V(z;). If G is
left exact, then A¢ is also closed under finite meets, since for x,y € Ag, G(x Ay) =

G(z) NG(y) = z Ny. Thus A is a topology in A, which shows that (u) = (¢).

Categories of Fuzzy Topological Posets

Fuzzy subsets of a set X were originally defined by Zadeh in [23] as functions
f: X — I =10,1]; the set of all fuzzy subsets of a set X is then I*. Later Goguen
generalized the concept and defined an L-fuzzy set (or simply an L-set) on a set X

as a function p : X — L; L% is then the set of all L-fuzzy sets on X. L can be
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viewed as the truth set of p and for z € X, u(x) is called the degree of membership
of z in u. In Goguen’s papers L could be a semigroup, a poset, a lattice, a Boolean
ring, a cloo-monoid etc. Proposition 2 in [8] says that, " LX can be given whatever
operations L has, and these operations in LX will obey any law valid in L, which

extends point by point.”

In our case L will be a plete poset; L is then a plete poset as well with order and
suprema defined pointwise as stated above: for pu, v € L*, pu < v iff u(z) < v(z)
for all z € X and for p; C LX, (jgjuj)(x) = j\e/J(Mj (7)); infima in L* are defined
similarly. A function f: X — Y induces the inverse image mapping f< : LY —
LX defined via composition: given v € LY, f<(v) =vf. If L =2 = (0 < 1), then
LX =2X =2 P(X), and f© = f~! in the sense that if B € P(Y) and v, : Y —2

is the characteristic function of B, then f“v,(z) = v, f(z) = 1 iff f(z) € B, i.e.,

when x € f~1(B); so f* v, is the characteristic function of f~1(B).

As a functor, f* is bicontinuous ( f<(Vy;)(z) = (Vv;)f(z) = V(vjf(z)) =
V< (vj)(x) and similarly for infima), so it has both a right and a left adjoint. Its
continuous right adjoint h, : LX — LY is defined for u € LX by h.(u) = \/{v €
LY |vf < u} by Lemma 2.42. Then h = (f< 4 h,) : LY — LY is a geometric
morphism. Again if L =2 as above (we’ll write p, : X — 2 for example to denote
the characteristic function of S C X)), then the definition of h.(u) translates to
hapg) = V{v, € 2V v f < py} = U{T € P(Y)| f~1(T) C S} which is exactly
the definition of V; (Example 2.46). The left adjoint h* : LX — L¥ of f* again
by Lemma 2.42 is defined as h*(u) = A{v € LY |vf > u} which for L =2 translates

to h*(ug) = My, € 2V v f > sy =n{T € P(Y)| f~1(T) D S}; this set defines
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f(S) since S C fH(S) = h*(ng) € f(9) and ff~HT) ST = h*(ps) 2 f(S5).

Therefore h*(ug) = f(S5) and then h*(u) = Imf.

Then for any plete poset L we have a functor P, : Sets — HEss C GeoCmP
that sends a set X, to Pr(X) = L% ordered as above, and a function f: X — Y,
to PL(f) = (f< 4 hy) : LY — LY. Again, if L =2, then Py, is isomorphic to the

power-set functor P of Example 2.46.

The first definition of a fuzzy topology appeared in Chang’s paper [4]; he applied
the usual axioms of a topology to Zadeh’s fuzzy subsets of a set: a Chang fuzzy
topology on a set X is a function 7 : IX — 2 satisfying certain axioms. Later
Goguen replaced the unit interval with a complete lattice (with additional structure)
L and introduced the concept of L-topological spaces [7]; in both cases the subsets
of X making up the topology are fuzzy (or L-fuzzy) subsets, their membership in 7
however is ”crisp”. Sostak generalized Chang’s idea and defined a fuzzy topological
space as a pair (X, 7) where 7 : IX — I satisfying the appropriate axioms; in his
definitions both the subsets of X considered and their membership in the topology
are fuzzy. Zhang later defined an L-fuzzifying topology on a set X in [24] as a
function 7 : 2% — L satisfying certain conditions; in his case the subsets of X
considered are crisp and their membership in the topology is fuzzy. All of these
concepts (and the several other versions that appear in the literature) of a fuzzy

topology can be unified by defining a topology as a function 7 : A — M satisfying

certain properties (see Definition 3.7).
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Definition 3.5 An L-topological space is a pair (X, 7) where X is a set, L is a

plete poset and T is a topology in L™ as in Definition 3.1.(cf. the definition on page

736 in [1].)

L-topological spaces are the objects of the category L-Top. A function f :
X — Y defines a morphism f : (X,7) — (Y,0) in L-Top, if for all v € o,
f<(v) =vf € 7. If L =2, then by identifying a subset U of X with p~1(1) of its
characteristic function p: X —2, (X, 7) is a topological space and f : (X,7) —
(Y,0) is a continuous function. Thus for L =2, L-Top & Top. if L = I, then
Definition 3.5 gives a Chang fuzzy topology on X.

Proposition 3.6 L-Top = [ TPy, i.e, L-Top is isomorphic to the pullback of
Sets

TOP along the functor Pry,.

Proof. The objects of [ TPy, are pairs (X, 7) where X is aset, and 7 € TPp(X) =
Sets
T(L¥X) = {r C LX |7 is a topology in L~} as in Prop. 3.3. A function f: X — Y
lifts to a morphism f : (X,7) — (Y,0) in [ TPy iff TP f(7) < o, ie., iff
Sets

Th(t)={v e LY |vf € 7} D o (recall that T(LX) is ordered by reverse inclusion),

ie, iff forall v € o, vf € 7, as above.

When (X, 7) is either a topological space or an L-topological space, T is a crisp
subset of either P(X) or L*; or in general we defined a topology 7 in a poset A to be
a crisp subset of A satisfying the required properties. We can also consider ”fuzzy

topologies”, i.e., fuzzy subsets of a poset. More precisely identifying a topology 7 in
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a poset A by T1(1) of its characteristic function 7 : A — 2 and then replacing

2 by a cocomplete poset M leads to the following definition.

Definition 3.7 Given plete posets A and M with their bottom and top elements
denoted by 04, Opr, 14 and 1y respectively, a functionT : A — M is an M-valued

fuzzy topology (or M-fuzzy topology) in A, iff T satisfies the following conditions:

(FT1)  T(04) =T (1a) = 1ar,
(FT2)  T(uAv)>T(p)AT(v) forall pu, veA,

(FT3)  T(vuj) > AT (u;) for all p; € A.

Definition 3.8 Let M be a plete poset. An M-fuzzy topological poset is a
pair (A,7T) where A is a plete poset and T : A — M is an M-fuzzy topology
in A. M-fuzzy topological posets are the objects of the category M-FTPoS. A
geometric morphism h = (h* 4 h,) : A — B of plete posets gives a morphism

h:(A,T)— (B,S) in M-FTPoS iff for all b € B, S(b) < T (h*(b)).

Example 3.9: (1) If M =2 in Definition 3.7, then 7 !(1) is a (crisp) topology in
A in the sense of Definition 3.1; thus when A = P(X), M=2and T : P(X) — 2
satisfies the conditions of Definition 3.7, then 7 ~1(1) is a topology on the set X in

the usual sense.

(2) When A = IX| the set of all fuzzy subsets of the set X, and M=2 , then
Definition 3.7 gives Chang’s definition of a fuzzy topological space; (Definition 3.2

in [4]).
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(3) When A = L¥ for a completely distributive lattice L, and M=2, T :
LX —2 in Definition 3.7 gives Gougen’s L-topology (or L-fuzzy topology), as in
the definition on page 736 in [8].

(4) If A = [0,1]%X and M = [0,1], then T : IX — T gives Sostak’s fuzzy
topology, as in Definition 3.1 in [19].

(5) When A = P(X) for some set X and M is a completely distributive lattice,
then 7 : P(X) — M gives an M-fuzzifying topology, as in [24], page 135.

(6) When L and M are completely distributive lattices, X is a set and A = LX,
then 7 : A — M (of definition 3.7) defines an (L, M)-fuzzy topology on the set

X, as in [25], page 4.

Proposition 3.10 M-FTPoS is a topological category over GeoCmP; its classi-

fying functor Gp; : GeoCmP — CoP is defined on the object level by

(3) Gu(A)={T : A— M|T satisfies (FT1) - (FT3)},

and for a morphism h = (h* 4 hy) : A — B in GeoCmP, Gpyh : Gy(A) —

Gy (B) is defined for T : A — M by

(4) Guh(T) = Th*.

Proof. G (A) is a poset ordered as follows: T3 < T3 iff T1(a) > T2(a) for all
a € A and then suprema are defined by (V7T;)(a) = A(T;(a)). If VT; satisfies (FT1)
- (FT3), ie., if VT; € Gu(A), then Gp(A) is a cocomplete poset. VT;(04) =

A(T;(04)) = ALy = 1p and similarly (V7;)(14) = 1, thus VT, satisfies (FT1).
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VT; satisfies (FT2) since for all pu, v € A, (\j/7;-)(g AV) = /j\[7}(u V)| > /J_\[Tj(u) A
T0)] = WG] A DT0)] = (V) A (VT)(v). And similarly, VT satisfies
(FT3) since (VT;)(Yae) = ACT; (Vi) = AT, (1)) = AT (1)) = ALCYT;) )]
Next we have to show that Gah(T) : B — M satisfies (FT1) - (FT3) whenever
T : A —> M does. Gph(T)(0g) = 1y since h* is cocontinuous and T(04) = 1y,
and Gprh(T)(1g) = 1a since h* is left exact and T(14) = 1a7. Thus Gah(T)
satisfies (FT1). For p, v € B, Gyh(T)(uAv) = T(h*(uAv)) by (4). T(h*(uAv)) =
T (h*(p) A h*(v)) by the left exactness of h*. Since T satisfies (FT2), T(h*(u) A
h*(v)) > T(h*(w) A T(h*(v)) = GuhT(u) A GarhT(v). Thus GahT satisfies
(FT2). For {p;} C B, Gumh(T)(V(14)) > VGah(T)(pj) since h* is cocontinuous
and 7T satisfies (FT3). Thus Gprh(T) satisfies (FT3) as well, and then G prh(T) €

G (B). The cocontinuity of Gsh follows from the definition of V7;.

Thus Gy is a well-defined functor and [ Gy is a topological category over
GeoCmp; its objects are pairs (A, T) where A is a plete poset and 7 : A — M is
an M-fuzzy topology in A. A morphism h = (h* 4 h,): A — B in GeoCmP lifts
to a morphism A : (4, 7) — (B,S) in [ Gu iff Gy h(T) < S, ie., iff for all b € B

S(b) < Garh(T)(b) = T(h*(b)). Hence [ Gy =M-FTPoS.

Using the functor Gj; and (G2) again several familiar topological categories can
be classified and hence M-FTPoS = [ G can be considered as the universal fuzzy
top-type category in the sense that every functor Q* : C — CoP that factors
through Gj; as Q* = G Q classifies a fuzzy type topological category, as it is

isomorphic to a pullback of M-FTPoS along Q.
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1. If M=2, the functor Gp; = G2 : GeoCmP — CoP gives for each co-
complete poset A, Go(A) = {T : A — 2| T satisfies (FT1) - (FT3)} = {r C
A7 is a topology in A}, since T satisfies (FT1) - (FT3) iff T-}(1) = 7 is a
topology in Aj; thus Gy(A) = T(A). For h : A — B, Goh(T) = Th* by (4);
(Th*)~*(1) = {b € B|h*(b) € T (1) = 7} by (2) in Proposition 3.2. Thus

Gy =T and hence fSets GoP = Top.

2. Gy P classifies the category of M-fuzzifying topological spaces, i.e.,
| GuP = M-FYS; (the notation Top-(2, M) is also used in the literature).
S;}tlse objects of [ Gy P are pairs (X,7) with T € Gy P(X) ie., T : P(X) — M
is an M-fuzzifying topology in P(X). A function f: X — Y lifts to a morphism
f:(X,T) — (Y,S) in [GuP iff GuPf(T) < Sie, iff GufT(V) > S(V) for
allV € P(Y). By (4) Gy fT(V) =T f~4(V) so the lifting condition on f coincides
with the definition of a continuous function f : (X,7) — (Y,S) of M-fuzzifying
topological spaces in [24] page 135. M-FYS is then isomorphic to the pullback of

[ Gar along the power-set functor.

3. Let P : Sets — GeoCoP be the functor defined on page 62. Then
| G2Pp, = L - Top, the category of L-topological spaces. The objects of [ GaPy,
cts
Zre pairs (X,7) where X is a set and T € GoPr(X) = Go(LX) = {T : L*X —
2| T satisfies (FT1) - (FT3)} = {7 C L¥|7 is a topology in L*}, since again as
in example (1), 7-'(1) = 7 is a topology in LX. A function f : X — Y
lifts to a morphism f : (X,7) — (V,8) in [GoPp iff GoPLf(T) < S. By
the definition of P, for f : X — Y, Pr(f) = (f© 4 hs), so by (4),

Go(Prf)(T) = Tf*. The lifting condition then translates to 7 < S mean-
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ing that for all v € LY, S(v) < Tf v =T(f). Let 0 =S (1) and 7 = T (1)
be the topologies defined by the functions S : LY — 2 and 7 : LX — 2; then

S(v) < T(vf) means that if v € o, then vf € 7, as required in Definition 3.5.

4. [ Gy Pr =(L,M)-FTS, the category of (L,M)-fuzzy topological spaces. The
objects of [ G Py are pairs (X,T) where T € Gy Pr(X), ie., T : LY — M
is an M-valued fuzzy topology in LX. A function f : X — Y lifts to a mor-
phism f : (X,7) — (Y¥,8) in [GuPp iff GuPLf(T) < S ie., iff for all
v eLY GuftTw) = T(wf) > Sw). (LM)-FTS is then isomorphic to the

pullback of [ Gy along the functor Py,.

In the examples above, the plete poset M was fixed. We can however generalize
the dependence on M by defining a functor G : GeoCmP x CmP — CoP as follows.
For objects G(A, M) = Gp(A) where Gy is the functor of Proposition 3.10. For
a morphism (h,r) : (A,M) — (B, N) (where h = (h* - h,)) and for an M-fuzzy
topology T : A — M, G(h,r)(T) =rTh*: B — N. To be an N-fuzzy topology

on B, rTh* must satisfy the properties (FT1) - (FT3) of Definition 3.7.

(FT1):  rTh*(05) = rT(04) = r(1a) = r(Ay0) = Ay0 = 1y
rTh*(15) = rTh* (A, 0) = rT(1a) = r(1a) = 1y

(FT2):  rTh*(uAv) = rT(h*(u) AR () > r(Th* () A Th*(v)) =
rTh* (1) A rTh* (v)

(FT3): rTh*(Vpus) = 1TV, b (1)) = 7(Ay Th*(pg)) = ArTh* ()
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The above equalities and inequalities follow from the repeated application
of the cocontinuity and left exactness of h*, the continuity of r and the fact
that 7 satisfies Definition 3.7. Since for an object b in B and 7; : A —
M,  G(h,r)(VT;)(b) = r(VT;)(h*(b)) = r(ATj(h*(b))) = Ar(Ti(h*(b)) =
(V(rT;h*))(b) = V(G(h,r)(T;))(b), G(h,r) is cocontinuous; the functor G is then
well defined and it classifies the topological category [ G over GeoCmP x CmP.
The objects of [ G are triples (A, M, T) with 7 : A — M an M-fuzzy topology on

A; a morphism (h,r) : (A,M) — (B, N) in GeoCmP x CmP lifts to a morphism
(T, (h,r),S)

(A, M, T) (B,N,S) if and only if G(h,r)(T) < S, i.e., iff for all

bin B, rTh*(b) > S(b).
For a plete poset M, let i3 : GeoCmP — GeoCmP x CmP be the functor that

assigns (A, M) to a plete poset A and (h, 1,7) to a geometric morphism h : A — B.

Then G iy = G and hence [ Gy is the pullback of [ G along ip:

[ Gu IKe; CoP,

| | |

GeoCmP L GeoCmP x CmP G 5 CoP

All the topological categories discussed in this chapter can be obtained by pulling
back [ G along a suitable functor; [ G is then a universal object for the categories
considered above. Moreover, any functor () : C — CoP that factors through
G classifies a topological category of this family; (special cases of such functors

classifying familiar topological categories are listed on pages 67 and 68).
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Level Topologies

Definition 3.11 (cf. Discussion 1.5 in [5]) Given an M-valued fuzzy topology
T:A— M, define for allao € M, To, ={pn € A|T () > a}, the a-level topology

associated with T .

By examining the properties of the (po)set of level topologies associated to a
given M-valued fuzzy topology, we’ll find conditions for a given set of level topologies

to define an M-fuzzy topology.

It is a direct consequence of the axioms (FT1) - (FT3) that for all « € M, T,

is a topology in A, i.e., T, € T(A) = the set of all toplogies in A.

The set {To}acm of a-level topologies has the following properties:

(1)  {Ta}taem C T(A) is ordered by inclusion and o < § implies that 7 C T,.
(The converse does not hold: for example if 7 : A — M is given by T (u) = 1p

for all 4 € A, then T1,, = To,, = A, so To,, € T1,,, but 1as £ 0pr.)

(2)  ({Ta}, < = C°P) is a cocomplete subposet of (T'(A), C°P) with \/ T3, =
jeJ
%ﬁj - ﬂ 7-&'

jeJ

Proof of (2): If p € () 7Ts,, then T () > B; for al j € J, which means that

jeJ
T(p) > VBj. Thus p € Ty, and consequently [ T, C Tvp,. If p € Typ,, then
jeJ
T(n) > VB;, which means that 7 (p) > §; for all j € J and hence p € () Tg,.

JjeJ
Thus Ty, € () Ts,, which then proves that Tys, = () Tg,.
jed Jjed
Since () T, = \/ Ts; in (T'(A),C°P), the inclusion {Ta}aenm — T(A) is co-
ies jed
continuous.
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Since the category PoS of posets is cartesian closed, for K, M € Pos, KM is

a poset as well and if K is a cocomplete poset, so is K™. Now let M also be a
cocomplete poset and let F,, : CoP — CoP denote the covariant hom functor
Fyp = CoP(M,_ ): CoP — CoP; then for K € CoP, F,,(K) = CoP(M,K) =
{I': M — K|T is a cocontinuous functor}, and given a morphism h : K — L
in CoP, F,,h(I') = hI'. Since both h and I' are cocontinuous, so is hI'. The
order on F,,(K) is given by I'; < I's iff I'1 () < T'y(ar) for all @« € M. Suprema
then in F', (K) are also defined by image: (\/I';)(a) = @(Fj(a)). F,, (h) is also

cocontinuous, since h is.

Then the functor T' : GeoCmP — Cop of Proposition 3.2 and F,, can be
composed: F,,T : GeoCmP — CoP gives for A € GeoCmP, F,,T(A) =
CoP(M,T(A)), and for a morphism h : A — B in GeoCoP, and I' €
CoP(M,T(A)), F,,T(h)I' = T(h)I'. F,,T then classifies the topological category

[ F,, T over GeoCmP.

Proposition 3.12  Given a cocomplete poset M, there is a natural transformation
n:G, = F,T defined as follows: for a plete poset A, na : Gpy(A) — F,,T(A) =
CoP(M,T(A)) sends the M-fuzzy topology T : A — M tonaT =17 : M — T(A)
where for « € M, T7(a) = To = {p € A|T(n) > a}, the a-level topology

associated with T (Def. 3.11).

Proof.  For each A € GeoCmP, 7, is order preserving and cocontinuous: Given
Ti, T2 : A — M, Ty < T3 means that Ti(a) > T3(a) for all @ € A which then

implies that I'r; (o) = {a € A|Ti(a) > a} 2 {a € A|T2(a) > a} = I'ry(a).
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Hence I'7; (o) < 'y (), since T'(A), the set of all topologies on A is ordered by
reverse inclusion; we then have that 1, preserves order. The fact that n, preserves
arbitrary suprema, i.e., I'y7; = VI'7;, follows, for a € M, from the equality of the
sets Iy (o) = {a € A[(VT;)(a) > a} = {a € A| A (Tj(a) > a} and V(I'7;(a)) =

V{a € A|T;(@) > a} = Na € A| T;(a) > a}.

For a morphism h : A — B in GeoCmP, the diagram

G, (A) —“ 5 CoP(M,T(A))
GM(h)l lFMT(h)
G, (B) —Z— CoP(M,T(B))

commutes, since for (7 : A — M) € Gy (A), na(T) =T, : M — T(A) with
(%) Ir(0) =Ta ={p e A[T(p) = o,

(F,Th)(T'.) = (Th)T' . : M — T(B) with (Th)I' (a) = Th(Ta) =

{ve B|h*(v) € Ta} = {v € B|T(h*(v)) > a} by (2) on page 54 and by (*) above.
Going along the diagram the other way gives for 7 € Gj;(A) and for v € B that

Guh(T)(v) :=Sw) =T (h*(v)) by (4) in Proposition 3.10, and np(S) =T'; : a

{veB|S(v)>a}={veB|T(h*(v)) > a} as above; thus Fy;Tna = ngGarh.
The natural transformation n : G,, = F,,T then defines a functor [n :

[ G, — [ F,T the obvious way.

Definition 3.13  (Def. 1.1 in [6]) Let L be a complete lattice. We say that x is
way below y, in symbols x < y, iff for directed subsets D C L the relation y < sup D

always implies the existence of a d € D with x < d.
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Definition 3.14 (Def 1.6 in [6]) A lattice L is called a continuous lattice if L is

complete and satisfies the axiom of approximation: z = \/ wu for all x € L.
uLr

Definition 3.15 (Page 119 in [2]) A (complete) lattice is called completely dis-

tributive when it satisfies the dual extended distributive laws:

/\ Ly, | = \/ [/\ xwﬁ(v)] )
c » Lc

Ay

V| Ao =/¢;[\C/ww],

for any non-void family of index sets A, one for each v € C, provided @ is the

set of all functions ¢ with domain C' and ¢(vy) € A,.

Proposition 3.16  (Corollary 3.5 in [6]) Every completely distributive lattice is

continuous.

Given a fuzzy topology T : A — M, the set {7, }aecn of associated a-level
topologies can be realized as the cocontinuos functor I', : M — (G2(A), C°P) of
cocomplete posets that sends o € M to I' () = T, € G2(A). Property (1) (page

70) implies that I is order preserving; the cocontinuity of I - follows from property

2).

The converse of the above statement holds, if M is a completely distributive

lattice:
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Proposition 3.17 If M is a completely distributive lattice (and A is a cocomplete

poset), then a cocontinuous functor I' : M — T(A) defines an M -fuzzy topology

T.: A— M in A by setting

To(w) = \/{B € M|pueT(B)}.

Proof. 7. satisfies (FT1) since I'(«) is a topology in A: 04, 14 € I'(«) for

all € M, so T.(04) = T.(la) = VM = 1. Given p,v € A, T.(u) AT (v) =

(Voslner@n) A ( V(81w e rwj)}) — V(s A ;) by the infinite dis-
i€l j€J IxJ

tributive law. Since a; AB; < oy and a; AB; < B foralli € T and j € J, I'(a; ABj) 2

I'(a;) and I'(a; AB;) 2 I'(B5). Then p, v € I'(o; AB;) for all ¢, j, and since I'(o; A B;)

is closed under finite meets, u A v € I'(a; A ;) also. Then Tr(pn Av) > a; A 5 for

all 4, j which implies that Tr(pAv) > \/(oi A Bj) = Tr(p A Tr(v). Thus FT2 holds.

To show that T.(\/ px) > AT.(ur), the complete distributivity of M is
K K

keK \jeJi

needed: given {ug}rex C A, k/\Kﬁ(uk) = A ( V {Br; € M|, € F(ﬁk,jﬂ) =
€

V < V {Br,e) € M|y € F(ﬁk,¢(k))}> where @ is the set of all functions ¢ with
$ed \keK

domain K and ¢(k) € Jg,( by the first extended distributive law). Since for any
(ﬁxed) o, /\ {Bk,(ﬁ(k)} < Bk,(b(k) for all £ € K, F(/\Bk,¢(k)) D) F(ﬂk,(ﬁ(k)) for all
keK
k. Then since pp € I'(Br,gxy) for all k, pr € T(A Br,ok)) also. T'(A Br.em)) is
K K

closed under infinite suprema, thus \/ ur € I'(ABk ¢(x)) also for any ¢ € ®. Then
K K

by definition of 7., Tr(Vux) >\ (/\ Bk,qs(k)) = A\ Tr(pr)-
K & \K K

Proposition 3.18 If M is a completely distributive lattice, then the natural

transformation n : G,, = F,, T of Proposition 3.12 is a natural isomorphism.
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Proof. We define a natural transformation \ : F,,T = G,, as follows: for

I'e F,,T(A) = CoP(M,T(A)), A, (I'): A— M is given by

Aa(D)(u) = V{B € M|u € T(B)} as in Proposition 3.17. For each A € GeoCmP,
A, is a morphism in CoP, since it is order-preseving and cocontinuous. The natural
transformation n was defined for A € GeoCmP by n,(7T) =T, : a — Ty =
{n e AT = o} A, (T)(p) = Trr(n) = V{8 € Mp el (B)}=V{B¢€
M |T(n) > B} by the definitions of I'. and T.. Let S = {f € M |T(u) > S}
Then 7 (1) € S implies that 7 (u) < VS and T () > S for all 8 € S implies that

T () > VS. Thus T(u) = VS = Tr(u) for all p € A, and hence A,n, = 1.

To show that n,A,(I') =T =T ie, ' (a) =I'(a) for all « € M, suppose
that p € I'; (o) = {p € A|T.(p) > a} for some «, ie. To(p) > a. Again let
S={p|pel(B)}, VS =t and note that S is a directed set due the cocontinuity of
I'. M being a completely distributive lattice, it is also continuous, hence t = \<ét’y.
Since v < t and t = V.S implies that v < 8 for some § € S by definition 3.31, for
every v < t, I'(y) D I'(B) for some 8 € S. Thus p € T'(7) for all v < ¢t and hence
pe N I(v) =V I'(y) =Ty, =T Then p € I'(a) also, since t = T.(p) > «a.

<t V<t
Therefore I'7;. (o) C I'(ev) for all @ € M.

If pw € T'(a), then @ € S and hence a < VS = T (). Thus p € I'. and
['(a) €T, («) for all @« € M. Therefore I'. = I', which means that n, A, =1, for
all A € GeoCop. Hence 7 is a natural isomorphism and [n: [G,, = [ F,,T is an

isomorphism categories.



CHAPTER 4

Classification of General Convergence Structures

Poset properties

Definition 4.1 A poset L is said to be directed if every finite subset of L has
an upper bound in L. Dually, L is said to be filtered if every finite subset of L has
a lower bound in L. (The definition implies that directed and filtered posets are

nonempty. )

Definition 4.2 Let L be a poset. For o C L and a € L we write:

(i) la={z e L|z <a for some a € a};

()  Ja=i{a)

(iii) a is called a lower set (or down-segment) if o = «;

(iv) a is an ideal if it is a directed lower set;

(v) An ideal of the form |a is called a principal ideal ;

(vi) An ideal « is a prime ideal if for any pair a,b of elements of L such that

aNbexists,aANbea=a€caorbcea.
(vii) An element p in L is prime if for any pair a, b of elements of L such that
aNbexists,aN\b<p=a<p orb<p.

(Note: p is a prime element iff | p is a prime ideal.)

76
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Dual notions:

(viii) ta={r € L|z>a for some a € a};

(ix) ta =1{a};

(x) a is called an upper set (or up-segment) if Ta = «;

(xi) a is a filter if it is a filtered upper set;

(xii) A filter of the form ta is called a principal filter ;

(xiii) A filter « is a prime filter if for any pair a, b of elements of L such that

aVbexists,aVbea=acaorbca.

(xiv) An element p in L is coprime iff it is a prime element of L°P.

In case the poset (L, <) = (PX, C) for some set X, upper sets are called stacks
on X and the notation [«] is also used instead of Ta. A filter in the poset (PX, C)
gives the usual notion of a filter on the set X. A principal filter generated by a
singleton 1{z} will be denoted by 1 z; filters of this form are exactly the principal
prime filters in (PX, C). In the case when P(X) is ordered by reverse inclusion, i.e.,
(L, <) = P(X)°P, a stack (resp. filter) on the set X is a lower set (resp. ideal),the
principal prime filters T2 on X become the principal prime ideals and the prime

elements are exactly the singletons {z}.

Lemma 4.3 If p is a prime element in the plete poset L and h : L — N is a
morphism in GeoCmP, then h(p) is a prime element of N and hence | h(p) is a

prime ideal in N .

Proof.  Suppose p is a prime in L and and t A s < h(p) in N. Then h*(t A s) <

h*(h(p)); h*(h(p)) < p by the adjunction h* 4 h and h*(t A s) = h*(t) A h*(s) by
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the left exactness of h*. Hence h*(t) A h*(s) < p, and since p is prime, h*(t) < p
od h*(s) < p. Suppose h*(t) < p . Then h(h*(t)) < h(p) and by the adjunction,
t < h(h*(t)) ; hence t < h(p) follows. Thus h(p) is a prime element of N and | h(p)

is a prime ideal; in fact L h(p) =} h(]p).

Lemma 4.4 Let Id(L) denote the set of all ideals of the poset L. If h: L — N

is continuous and {a;};c; C Id(L), then [ h(Ncy) = N{}h(c;)}.

Proof.  The inclusion | h(Ne;) € N{Lh(a;)} is obvious. To show that

N{lh(a;)} € Jh(Ney), suppose that © € N{Lh(a;}. Then forall j € J, = €lh(a;)
and there exists a; € a; such that < h(a;). Thus 2 < Ah(a;) = h(Aa;) since h
is continuous, and Aa; € «; for all j € J since each «; is an ideal and therefore a

lower set. Then h(Aa;) € h(Ne;) and x €} h(Na;).

Lemma 4.5 If « is a prime ideal in the plete poset L and h : L — N 1is a

morphism in GeoCmp, then | h(«) is a prime ideal in N.

Proof. Suppose s At €] h(a). Then s At < h(a) for some a € «. Since h
defines a geometric morphism, its left adjoint hA* is left exact; therefore h*(s At) =
h*(s) A h*(t). It follows form the adjunction h* 4 h that h*(h(a)) < a. Thus
h*(s) A h*(t) < a which means that h*(s) A h*(t) € a; « is a prime ideal, therefore
h*(s) € a or h*(t) € a. If h*(s) € a, then h(h*(s)) € h(a). Again by the
adjunction, h(h*(s)) > s, so s €] h(a) which proves that | h(«) is a prime ideal in

N.
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Stack and Filter Convergence Structures

For a set X, let F'(X) denote the set of all filters and S(X) the set of nonempty

stacks on X.

Definition 4.6 A Stack Convergence Structure on a set X is an order preserving
function ¢ : (S(X),C) — (P(X), <) such that x € ¢(Tz) for all z € X. In this
case the pair (X, q) is called a Stack Convergence Space. Stack convergence spaces
form the category SCo . A morphism f : (X,q) — (Y, r) is a function f: X — Y
such that for all a € S(X), f(x) € r (1 f(«)) whenever z € g(a). (cf. page 354 in

[18]).

Definition 4.7 If in the above definition S(X) is replaced by F(X), then

q: (F(X), Q) — (PX,Q) is called a Filter Convergence Structure on X and
(X, q) a Filter Convergence Space. Filter convergence spaces are the objects of the
category FCo (cf. page 348 in [18]). Morphisms in FCo are defined the same way

as in SCo.

When z € g(a) for some stack/filter a, we write & — z and we say that ”

«a g-converges to x” or "x is a limit point of a”.

Given a filter convergence structure ¢q : F(X) — P(X), consider the following

stronger conditions on ¢:

(C1) o —L z implies that (N tx) - z;
(C2) a5z and B —5 z implies that (o N G) — z;

(C3) For any {a;}jes C F(X) such that a; — x for all j € J, Na; — x.
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Definition 4.8 A filter convergence structure ¢ : F/(X) — P(X) is called a local
filter convergence structure if it satisfies (C1), a limit structure if it satisfies (C2),
and a pretopology if it satisfies (C3). Local filter convergence spaces, limit spaces
and pretopological spaces are defined the obvious way and are, respectively, objects

of the topological categories LCo, Lim and PrT.

Note 4.9 Since (C3) = (C2) = (C1) we have that LFCo D Lim D PrT; also LFCo
is a subcategory of FCo. Moreover Top is isomorphic to a subcategory of PrT, since
given a topological space (X,7), 7 defines a pretopology ¢, : F(X) — P(X) as
follows: for a € F(X), a % x iff a D N, where N, is the neighborhood filter of

x.

Note 4.10: A Stack (resp. filter) Convergence Structure can equivalently be defined
as a function K : X — P(S(X)) (resp. K : X — P(F(X))) such that 1 K(x) =
K(z) and 1 z € K(z) Vo € X in the poset (P(S(X)), <), as in [18], on page 354,
or as as a subset g of S(X) x X such that (Tz,z) € ¢ Vo € X and for o, 5 € S(X)
and o C 3, (a,x) € ¢ = (B,2) € ¢ (cf. page 18 in [17]). The equivalence of
these definitions follows from the fact that the category of Sets is cartesian closed

and therefore the following morphism sets are isomorphic:

Sets(S(X),2%) = Sets(X x S(X),2) = Sets(S(X) x X,2) = Sets(X,25X)). The
function ¢ : S(X) — P(X) that corresponds to a function K : X — P(S(X))
under the isomorphisms above is characterized as: x € ¢(«) iff « € K(x); ¢ assigns

to a stack/filter the set of its limit points, whereas K assigns to each point x the

set of stacks/filters converging to it.



81
The functor @ : Sets — CoP that classifies the topological category SCo is the

following. For a set X,
Q(X)={q:S(X) — P(X)]|q is a stack convergence structure on X}.

The order on Q(X) is defined by ¢1 < ¢ iff ¢1(a) C ¢2(a) for all a € S(X).

With infima defined by (qu) (o) = N(gj(a)), Q(X) is a complete and therefore
j j

cocomplete poset; suprema are defined by (\/qj) (o) = U(gj(a)). For a function
j j

f: X — Y ofsets, Qf : Q(X) — Q(Y) is defined as the left adjoint of

(Qf)« : QIY) — Q(X), where for (r : S(Y) — PY) € Q(Y) and o € S(X)

(Qf)« is defined by

(4-1) [(QF)+(r)l(e) = {x € X[ f(z) € r(T f()}-

[(Qf)«(r)](a) : S(X) — P(X) is continuous, preserves order and for all x € X,
T {90, x, s0 (Qf)«(r) defines a stack convergence structure on X. The
functors that classify FCo, LFCo, Lim and Prt are defined similarly. Qg : Sets —

CoP defined for a set X as
Qo(X)={q: F(X) — P(X)|qis a filter convergence structure on X}

classifies FCo. For i = 1,2, 3, let Q); : Sets — CoP be defined as
Qi(X) ={¢: F(X) — PX|q € Qo(X) and ¢ satisfies C;}. The order, infima
and suprema in Q;(X), i =0,1,2,3 are defined the same way as for the functor @

above, and also on the morphism level each @; is defined the same way as ). Then

Q1 classifies LFCo, Q5 classifies Lim, and Q)3 classifies Prt.

If «a € F(X) (and f : X — Y) then 1 f(a) € F(Y), so the definition

[(Qif)«(M)](a) ={x € X|f(x) € r(1f(a)} as in (4-1) makes sense.
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Generalized Stack Convergence Structure

Definition 4.11 Given a plete poset L, let £} denote the set of all lower sets of
L ordered by inclusion. A function ¢ : £L;, — L is a generalized stack convergence
structure in L if (i) q is order-reversing, i.e., ¢ is an L-valued presheaf on L, and
(ii) p > q(, p) for every principal prime ideal | p, or equivalently, for every prime
element p of L. The pair (L, q) is then called a generalized stack convergence space,
and is the object of the category GSCo. A morphism h : (L,q) — (N, r) in GSCo
is a geometric morphism h : L — N such that for all « € £, and prime element

p € L, h(p) > r(}h(a)) whenever p > q(«).

Theorem 4.12 GSCo is a topological category over GeoCmP classified by the
functor G : GeoCmP — CoP defined as follows: for a plete poset L,

G(L) = {q: L, — L|q is a generalized stack convergence structure in L}; for a
geometric morphism h : L — N, Gh: G(L) — G(N) is defined as the left adjoint

of (Gh)s : G(N) — G(L), where for (r: Ly — N) € G(N) and o € L,

(4-2) ((Gh)«(r))(a) = Mz € L|h(z) = r(}h(a))}.

Remark: In case (L, <) = P(X)°P, (4-2) is equivalent to (4-1).

Proof. (i) G(L) is a complete (and cocomplete) poset with the order and infima

defined as follows: ¢q; < ¢ iff ¢1() > go(e) for all & € L and (qu) () =
j

V (g;(c)). (Similarly, suprema are given by (qu) (o) = A (gj(e)).) Agj is clearly
j j j

order reversing, and p > ¢;({ p) for all j implies that p > V(g;({ p)) = (Ag;)(I p);

thus Ag; defines a generalized stack convergence structure in L.
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(ii) To see that G(h)«(r) defines a generalized stack convergence structure in
L, we must first show that (Gh).(r) is order reversing. Assume that a,8 € Ly,
and « C 3. Let A = {x € L|h(z) > r({ h(a))} and B = {z € L|h(x) >
r({ h(B))}. Then ((Gh).(r))(a) = AA and ((Gh).(r))(B) = AB. « C [ implies
that | h(a) Cl h(B), and since r is order reversing, r(] h(«)) > r({ h(B)). Thus
A C B, and hence NA > AB, ie., ((Gh)«(r))(a) > ((G(h)«(r))(B). Next we
must show that for all principal prime ideals | p of L, p > ((G(h)«(r))({ p). Let
S ={z € L|h(x) > r(} h({p))}. Then by definition ((Gh)«(r))(l p) = AS. To
prove that p > ((Gh).(r)) ({p) = AS, we’ll show that p € S, i.e., h(p) > r({Lh({p)).
By Lemma 4.3 h(p) is a prime element of N and therefore | h(p) is a prime ideal;
r: L —> N satisfies requirement (7i) in definition 4.11, hence h(p) > r(] h(p)).
Since | h(p) =] h(} p), h(p) > r(} h(] p)) also holds and therefore p € S and
p > AS = ((Gh)«(r)({ p). (Gh).«(r) then defines a generalized stack convergence

structure in L.

(ii)) Next we must show that (Gh). is contimuous, ic. [(Gh).(Ar))](a) =
A(GR)rp)(@) for all o € Lo [(Gh.(Ar)](@) = Az € L|h(@) >
(nr)(b h@)} = Mz € LIR() = V04 h@)} and [M(GR)ri)l(@) =
VI(GR)urs)(@)] =V (M € L] h(z) 2 ;I M(a))). Let T'={z € L|h(z) 2 V(r;({

h(c))} and let S; = {z € L|h(z) > r;({ h(a))} and denote AS; by s;. Also, let

AT =t and Vs; = s. Then we must show that t = s.
J

It follows from the definitions of the sets involved that 7" C S; for all j. Thus
NT > AS;, ie., t > s; for all j, which implies that ¢t > Vs;. Hence ¢t > s.
j
Since h is continuous and s; = ze/\sj{x}’ h(s;) = h(me/\sj{x}) = xe/\sj{h(x)} for

all j. Since r;(} h(e)) < h(zx) for all z € S;, 7;(] h(a)) is a lower bound for the
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set {h(x)}sres;. Therefore 7;(] h(a)) < A {h(x)} = h(s;) for all j, which then

a:GSj

implies that }/{rj(i h(a))} < \j/{h(sj)} Since s = \j/sj, s > s; for all j; with h
preserving order , we then have that h(s) > h(s;) for all j. Thus h(s) > \j/{h(sj)} >
\j/rj (J h(e)). This by definition of 7' means that s € T. Hence s > t = AT. Thus
s = t, which proves the continuity of (Gh).. Then the left adjoint Gh of (Gh), is
cocontiuous.

For the functor G to be well defined, it is left to show that for morphisms
h:L — Nandg: N — Q, (G(gh)), = (Gh). o (Gg)+. For (s : Lo —
Q) € G(Q) and a € £y, [(Glgh)).()](a) = Az € L] ghz) > sl (gh)(a))} and
[(Gh). 0 (Gg))()](@) = (GRLI(Gg)u()(@)] = Az € LIA@) = (Gg)e(s)(
h(a))} = NMx € L|h(z) > My € N|g(y) > sl (g} h(«)))}. Then the desired
equality follows directly from the fact that | gh(a) =] g({h()).

GSCo is then a topological category over GeoCmP classified by the functor G,
ie., [ G = GSCo by Theorem 2.50., making GSCo canonically isomorphic to
the Szﬁf)z:k of the universal topological category along the functor G. GSCo is the
family-universal category for topological categories with a stack convergence type
structure: any functor ) : A — CoP that factors through G defines a topological

category in this family. In particular, by composing the functor G with the functors

P and ® of Example 2.48 we obtain the following

Proposition 4.13 [ G®P = SCo.
Sets

Proof.  The objects of [ G®P = are pairs (X, ¢) where X is a set and

Sets

q€ GOP(X):

X L P(X) 2 P(X)P s {q 1 Lp(xyer — P(X)P}
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with ¢ as in Definition 4.11, i.e., ¢ is order reversing and p > ¢({ p) for all prime
elements p of P(X)°P. Since down-segments of P(X ) are exactly the stacks on X
(Lp(x)yr = S(X)), and the prime the prime elements of P(X)°P are the singletons
{z} for z € X, a function ¢ as above can equivalently be described as ¢ : S(X) —
P(X) with q preserving order and {z} C q(1x), i.e., z € q(Tz) for all z € X. Thus
q gives a stack convergence structure on X, and hence [ G®P and SCo have the
cts

same objects. )

A function f: X — Y lifts to a morphism % : (X,q) — (Y,r) in [ GOP iff

Sets

[(G®P)(f)](¢q) < r (lifting condition in Remark 2.24 (ii)). Following the actions of

the functors P, ® and G we have the following:

v 39P
x -Lv)L (P(X) g P(Y)) 2 | pxyer (F P(Y)°P

Using the notation h = ((f~1)°P EI(}p) for the geometric morphism

OP(f): P(X)® — P(Y)°?, Gh is defined by the adjunction

(Gh)x

{r:SY) — PY)} «"{q:5(X) — P(X)}

where both ¢ and r are stack convergence structures on X and Y respectively,
Gh - (Gh), and (Gh), is defined (as in Theorem 4.12) for a stack o € S(X) by
((GR).(r))(@) = A{S € P(X)°P | h(S) > r(Lh(a))}.

On one hand, due to the adjunction Gh 4 (Gh),, the lifting condition (Gh)(q) <
r as above is equivalent to ¢ < (Gh).(r) which then means that for all stacks a on
X, q(a) > (Gh)(r)(«). The relation > is now interpreted in P(X)°P, so relative to
P(X) we have that h lifts to a morphism A : (z,q) — (Y, 7) iff ¢(a) C (Gh).(r)(c)

for all & € S(X).
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On the other hand, in the definition of (Gh),. above, the relation > and the
operations A and | are all interpreted again in P(X)°? and P(Y)°P. Rewriting the
definition relative to P(X) and P(Y) and using the fact that h(S) = f(S) since
d; = Imf we obtain that [(Gh).(r)](a) = U{S C X | f(S) C r(1 f(e))} = {x €
X C | f(z) € r(1 f(a))}; then the lifting condition becomes g(a) C {x € X | f(z) C
r(1 f(a))}. This is equivalent to z € g(a) = f(z) € (1 f(a)) which is exactly the
condition that defines morphisms in SCo. Thus [ G®P = SCo which means that

Sets

SCo is isomorphic to the canonical pullback of the universal topological category

along the functors GO P.

Generalized Filter Convergence Structures

With a construction similar to the one in Theorem 4.12 we can generalize the

notion of a filter convergence structure to posets.

Definition 4.14  Given a cocomplete poset L, let Id(L) denote the set of all
ideals of L ordered by inclusion. A function ¢ : Id(L) — L is a generalized
filter convergence structure in L if (i) ¢ is order-reversing and (i) p > q(| p) for
every principal prime ideal | p. The pair (L,q) is then called a generalized filter
convergence space and is an object of the category GFCo. Morphisms in GFCo are

defined the same way as in GSCo (Definition 4.11).

The definition of morphisms in GFCo makes sense, since for an ideal « of L and
h : L — N a morphism in GeoCmP, | h(«) is an ideal of N: | h(«) is clearly a

down-segment, and for z,y €/ h(«), = < h(a) and z < h(b) for some a,b € «; since
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a is an ideal, a V b € a and therefore h(a V b) > h(a) V h(b) > x V y, which means

that x Vy €l h(a).

Remark 4.15 If in definition 4.14 (L,<) = P(X)°P for some set X, then
Id(L) = F(X) and ¢ defines a filter convergence structure on X as in Definition 4.7.

Again we’ll consider the following stronger conditions on ¢ for p a prime element

of L and «, f € Id(L):

(GC1) p > q(a) implies that p > g(an |p);
(GC2) p=>q(a) and p > ¢(B) implies that p > g(a N B);

(GC3) Forany {c;}jcs C1d(L)suchthat p > g(a ) forallj € J, p > q(jgjozj).

If (L, <) = P(X)°P for some set X, then properties (GC1) - (GC3) are equivalent

to properties (C1) - (C3).

Definition 4.16 A generalized filter convergence structure ¢ : Id(L) — L is
called a generalized local filter convergence structure if it satisfies (GC1), a general-
ized limit structure if it satisfies (GC2) and a generalized pretopology if it satisfies
(GC3).

The pairs (L, q) where ¢ is a generalized filter convergence structure in L satis-
fying (GC1), (GC2) or (GC3) are the objects of the categories GLFCo, GLim and
GPrT respectively. Morphisms in these categories are defined the same way as in
GSCo (Definition 4.11).

Clearly (GC3) = (GC2) = (GC1), therefore GPrT C GLim C GLFCo C GFCo.
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The classifying functors for the above categories are defined in the following

theorems.

Theorem 4.17  GFCo is a topological category over GeoCmP classified by the
functor Go : GeoCmP — CoP defined as follows: for a plete poset L,
Go(L) = {q : (Id)(L) — L|q is a generalized filter convergence structure in L};
for a geometric morphism h : L — N, Goh : Go(L) — Go(N) is defined again as
the left adjoint of (Goh)« : Go(N) — Go(L), where for (r : Id(N) — N) € Go(N)
and a € Id(L), ((Goh)«(r))(a) = N{z € L|h(z) > r(lh(a))}.

The proof of the above theorem is analogous to that of Theorem 4.12.

Thus GFCo = [ Gy and GFCo is isomorphic to the pullback of the univer-

eoCmP

sal topological catjgojy along the functor Gp; moreover, it is the family universal
category for topological categories with a filter convergence type structure, as any
functor Q — CoP that factors through Gy defines a category in this family. In par-
ticular, the classifying functor of FCo factors through G as shown in the following
proposition.

Proposition 4.18 FCo = [ Go®P.
Sets

Proof.  Given a set X, Go®P(X) = Go(P(X)°P) =
{¢: F(X) — P(X)|q is a filter convergence structure on X} by Remark 4.15.
Thus the objects (X, q) of = [ Go®P are filter convergence spaces. The rest of
Sets
the proof is identical to that of Proposition 4.13.

Proposition 4.19  GLFCo is a topological category over GeoCmP classified by

the functor G1 : GeoCmP — CoP defined on the object level as follows: for a plete
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poset L as G1(L) = {q : Id(L) — L|q € Go(L) and q satisfies (GC1)}. On the

morphism level Gy is defined the same way as Gy.

Proof.  Again the proof for the most part is analogous to that of Theorem 4.12. We
have to verify though that G1(L) is a complete poset. As before, order and infima
are defined as q1 < go iff ¢1(a) > @2(«) for all « € Id(L), and (/J\ g;)(a) = \j/(qj(oz)).
We have to show that /j\qj defines a generalized filter convergence structure, i.e.,
that /j\qj satisfies (GC1). Let {g,}jes be a set of generalized local filter convergence
funtions, and let « € Id(L). We have to show that for a prime element p in L,
(p > <gqj><a>) - (p > (Agy)(an m). p > (14;)(a) means by defnition that
p > \j/qj(a), and hence p > g;(«) for all j € J. Thus p > g;(an |p) for all j since
q; satisfies (GC1), and hence p > \j/qj (an{p) = (/J\ ¢;)(aN L p). We also have to
verify that for a geometric morphism h : L — N and for r € G1(N), (G1h).(r)
also satisfies (GC1). Thus we must show that for a prime pin L, p > [(G1h).(r)](«)

implies that p > [(G1h)«(r)](aN |p). So assume that p > [(G1h).(r)](a) =
Nz € L|h(z) > r(lh(a))} (as in Theorem 4.12), let

T = {z € L|h(z) > r({ h(c))} and AT = t. By the continuity of h, h(AT) =
AR(T), so we have that h(t) = h(AT) = A{h(z) € N |h(z) > r(Lh(a))}. r(lh(a))
is a lower bound for A(T) and hence r({ h(c)) < Ah(T) = h(t). This means that
t € T and therefore p € T also, since p >t = h(p) > h(t) > r(} h(c)). By Lemma
4.3 h(p) is a prime element in N and r satisfies (GC1), so h(p) > r(J h(c)) implies
that h(p) > r(Lh(c) N Lh(p)). By Lemma 4.4 | h(e)N L h(p) =] k(N | p), so we
have that h(p) > r(| h(an | p)), and hence p € {z € L|h(z) > r(} h(an | p))}.

Then p > Az € Lh(zx) > r(l h(an | p))} = [(G1h)«(r)[(en L p), so (Gih)(r)
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satisfies (GC1). The rest of the proof is analogous to that of Theorem 4.12. Thus

GLFCo= f G'1 an consequently LFCo f G1DP.

GeoCmP Sets

GLFCo is then the family universal category for topological categories with a

local filter convergence type structure.

Proposition 4.20  The category GLim is a topological category over GeoCmP
classified by the functor Go : GeoCmP — Cop defined as follows: for a plete poset
L, Gy(L)={q:1Id(L) — L|q € Go(L) and q satisfies (GC2)}. On the morphism

level G5 is defined the same way as Gy.

Proof. Again we have to verify that Go(L) is a complete poset. It is a
direct consequence of the definition of /j\qj that for any prime element p in L,
p 2 (A)(@ 1 B) whenever p > (Ag;)(@) and p 2 (Aa;)(5).

We also have to show that for a morphism h : L — N in GeoCmP and for
r € (G2)(N), (Gah)«(r) also satisfies (GC2): assume that p > [(G2h).(r)](a) =
A € L{h(z) > r(Lh(a))} and p > [(Gah).(N](8) = Az € L|h(x) > r(Lh(B)}.
Let {x € L|h(x) > r({ h(a))} = S and {x € L|h(z) > r(J h(B))} = T. Then
p > AS and p > AT, and again by the continuity of h, h(p) > h(AS) = AR(S),
and h(p) > h(AT) = AR(T). As before we have that Ah(S) > r({ h(a)) and
AR(S) > r(L h(B)) and therefore h(p) > 7({ h(a)) and h(p) > r(| h(B)) also hold.
Then, since r satisfies (GC2), h(p) > r(} h(a)N L h(B)) = r({ h(a N B)); hence
p € {x € L|h(x) > r({ h(a N B))} which implies that p > A{x € L|h(z) > r(]
h(a N B))} = [(Gh)«(r)](ac N ). Thus (Gh).(r) satisfies (GC2). The rest of the

proof is the same as for Theorem 4.12. We have then that GLim= [ G and
GeoCmP
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that Lim= | Go®P. GLim is then the family universal category for topological
Sets

categories with a limit structure.

Proposition 4.21  The category GPrT s a topological category over GeoCmP
classified by the functor Gs : GeoCmP — Cop defined as follows: for a plete poset
L, Gs3(L) ={q: IdL) — L|q € Go(L) and q satisfies (GC3)}. For morphisms

G3 is defined the same way as Gy.

It can be verified essentially in the same way as in the proof of Proposition 4.20

that both Ag; and (Gh).(r) satisfy (GC3). So again we have that GPrT= [ Gj3
! GeoCmP

and also that PrT= [ G3®P.

Sets

GPrT is then the family universal for topological categories with a pretopology

type structure.

Whether the relationships between the classical members of the families of topo-
logical categories discussed still hold for the generalized versions would be worth
investigating. Top is (isomorphic to) a bireflective subcategory of FCo. The in-
clusion functor ¢ : Top < FCo is defined as follows: an object (X, 7) in Top gives
a filter convergence structure ¢, : F(X) — P(X) on the set X by sending a fil-
ter a to ¢-(a) = {z € X|N, C a} where N, denotes the neighborhood filter of
the point x associated with the topology 7. The traditional definition of a neigh-
borhood filter, N, = {S C X |3 U € 7 with x € U C S}, can equivalently be
defined using the notation of this chapter as N, =1 (7N 1z) and then generalized

to posets; using this approach, a generalized filter convergence structure defined as
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g-(a) = V{a € A| 1 (1N 1Ta) C a} can be associated to an object (A, 1) of TOP,
to see if [T = TOP is isomorphic to a bireflective subcateogry of [ Go® = GFCo.
The family universal category could be examined for cartesian closedness in cases
when the classical member of the family, e.g. the category of filter convergence
spaces, is cartesian closed. Furthermore, the family universal category for other

types of topological structures could be identified.
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