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Eulerian quasisymmetric functions were introduced by Shareshian and Wachs in
order to obtain a g-analog of Euler's exponential generating function formula for the
Eulerian polynomials. They are defined via the symmetric group, and applying the stable
and nonstable principal specializations yields formulas for joint distributions of
permutation statistics. We consider the wreath product of the cyclic group with the
symmetric group, also known as the group of colored permutations. We use this group to
introduce colored Eulerian quasisymmetric functions, which are a generalization of
Eulerian quasisymmetric functions. We derive a formula for the generating function of
these colored FEulerian quasisymmetric functions, which reduces to a formula of
Shareshian and Wachs for the Eulerian quasisymmetric functions. We show that applying
the stable and nonstable principal specializations yields formulas for joint distributions of
colored permutation statistics. The family of colored permutation groups includes the
family of symmetric groups and the family of hyperoctahedral groups, also called the
type A Coxeter groups and type B Coxeter groups, respectively. By specializing our

formulas to these cases, they reduce to the Shareshian-Wachs g-analog of Euler's



formula, formulas of Foata and Han, and a new generalization of a formula of Chow and

Gessel.
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Introduction

A permutation statistic is a map f : S,, — N where .5, is the symmetric group and
N is the set of nonnegative integers. The modern study of enumerating permutations
according to statistics began in the early 20" century with the work of MacMahon
[19], [20]. He studied four fundamental permutation statistics, namely the descent
number, excedance number, inversion number, and major index, which we denote by
des, exc, inv, and maj respectively. ' In particular, he was the first to observe the

now classic result that des and exc are equidistributed [20], that is

An(t) = Z tdes(ﬂ') — Z teXC(T{')'

7T€Sn 7T€Sn

The polynomials A, (t) are well-studied and called the Eulerian polynomials. ? They

were first introduced by Euler in the 18" century in the form

% =5 (k + 1)tk (1)

k>0

Euler also established the following formula for the exponential generating function

for the Eulerian polynomials

ZAn(t)Z—T _ (1=t (2)

etr — te*
n>0

!Defined in Chapter 1.
2It is also common to define the Eulerian polynomials to be tA,,(t).



The permutation statistics inv and maj have frequently been used in the literature
to obtain g-analogs of classical results. One of the earliest instances of this is Carlitz’s

[5] formula for a ¢g-analog of Euler’s original definition (1) of the Eulerian polynomials

Ewesn qmaj(ﬂ')tdes(w) -
(t; Q)n+1 B kzzo[k - Hqt ‘ (3)

A more recent instance is the following formula for the bivariate distribution of

maj and exc due Shareshian and Wachs [31], [32]

Z qmaj(ﬂ')texc(ﬂ') 2" _ (]‘ B tq) Gqu(z) (4)
[n],! exp,(tgz) — tgexp,(2)

n>0
TESh

which is a g-analog of Euler’s formula (2). To prove this formula, they introduce a
family of quasisymmetric functions @, ;x(x), called Eulerian quasisymmetric func-
tions, where x denotes the infinite set of variables {x;,z5,...}. They compute the

following generating function formula

ko 1—t)H(rz
R e 5)

n,5,k>0

where H(z) := 37,50 hi(x)2" and h;(x) is the complete homogeneous symmetric func-
tion of degree i. The Eulerian quasisymmetric functions are constructed (and so
named) because applying the stable principal specialization (i.e. setting z; = ¢'~1)

to (5) yields the formula (4). The following formula of Foata and Han

Z qmaj(w)pdes(w)texc(ﬂ)rﬁx(w) z" _ Z pk(l — tQ) (Za Q)k(tqz7 Q)k (6)
= Py Dnr 2 (12w (250 — taltaz; )]
TESn -

was obtained subsequently to (4), and can be obtained by applying a different spe-
cialization to (5) called the nonstable principal specialization. The Eulerian qua-

sisymmetric functions are also quite interesting in their own right, and many other



properties are investigated in [31], [32].

The symmetric group belongs to a family of groups known as Coxeter groups, and
is also called the type A Coxeter group. Some of the earliest results on permutation
statistics for general Coxeter groups were obtained by Reiner [22], [23], [24], [25], and
Brenti [4]. The inv and des statistic have natural Coxeter group generalizations. For
the hyperoctahedral group (the type B Coxeter group) we will denote the Coxeter
descent statistic by desg. Adin and Roichman [2] introduced an analog of the major
index statistic for the hyperoctahedral group, which they called the flag major index,
denoted fmaj. Adin, Brenti, and Roichman [1] use fmaj and another statistic fdes to
obtain a type B analog of Carlitz’s identity (3). More recently Chow and Gessel [6]

obtain a different type B analog of (3), which is given by

ZWEB quaj (m) tdess (7
(%) n+1

' > 2k + 15, (7)

k>0

A new result (Theorem 2.4.13) presented in this thesis is the following type B

analog of (6), which reduces to (7) by settingt =r =s =1,

Z z" quaj(ﬂ) tfexc(Tr)pdeSB () ,r,ﬁx+ () Sneg(w)
7E€By

-y P (1= 2¢°) (% )u(Pd*2 )i | ®

o 1z [(1+ 598) (25 ¢)k — (8267 + sqt) (2622 ¢*)i]
This formula includes fexc, which is a natural type B analog of exc, as well as two
additional type B statistics fix? and neg. Foata and Han introduced fexc and showed
it is equidistributed with the statistic fdes of Adin, Brenti and Roichman. Our formula
(8) is similar, but not equivalent, to a formula of Foata and Han [12] which involves
fdes rather than desg and reduces to the type B analog of (3) due to Adin, Brenti

and Roichman, while ours reduces to (7). However both (8) and the similar formula



of Foata and Han reduce to the following type B analog of (4) when p approaches 1

andr=s=1

2" tfexc(w) fmaj(m) __ (]‘ B tq) EXPg2 (Z) 9
Z | q o 2,2, _ : ( )
= [n]g! exp,2 (t2¢?z) — tgexp,(2)
7r€_Bn

Equation (8) is a special case of formula (10) below involving permutation statis-
tics on a more general class of groups that contain both the symmetric group and
the hyperoctahedral group. The groups in this class are wreath products Cy ¢ .S,, of
the cyclic group Cy with the symmetric group 5, also called colored permutation
groups. Some of the earliest results on permutation statistics for colored permuta-
tion groups were obtained by Reiner [22], Steingrimmsson [35], and Poirier [21]. Our
formula (10) reduces to the following colored permutation generalization of Carlitz’s

identity (3) and the Chow-Gessel type B analog of Carlitz’s identity (7), 3

ﬂagmaj(w)tdes* (m)

ZWGCNZSn q nyk
— = [Nk +15t",
(ta q )n—f—l >0
where flagmaj and des™ are generalizations of maj and des for Cy 0 S,,.
Our more general formula (Theorem 3.3.1) for a multivariate distribution of col-

ored permutation statistics is

Z 2" gexe(m) fix(m) geol(m) i) pes” ()
7€CNISn

| P ) auteza) (D (i) (I rmsnzian) (10)

>0 (1023 @)1 [(1 +3 0 5m> (z19)1 — (tq +3 Sm) (tqz; Q)l]

This formula is similar, but not equivalent, to a formula of Foata and Han [13] which

3This colored permutation generalization of Carlitz’s identity was also independently obtained
by Chow and Mansour [7].



involves a different descent statistic. We also obtain the following colored permutation

generalization of (9) and (4) *

n>0 [n]q'
TeCNUS,

B equ(roz)(l —tq) (Hz;i Equ(—smz) equ(rmsmz)> )

(1 + 3N sm> exp,(tqz) — (tq + 3N sm> exp,(2)

Our proof of (10) and (11) involves a nontrivial generalization of techniques de-

veloped by Shareshian and Wachs in order to prove (4). We introduce a family of
quasisymmetric functions which we call colored Eulerian quasisymmetric functions.
They are a generalization of the Eulerian quasisymmetric functions of Shareshian and
Wachs. We obtain the following generating function formula for our colored Eulerian

quasisymmetric functions, which generalizes (5)

S 0, e H(ro2)(1 = 1) (TI0Z) B(=sm2) H (rmsn?) e

&ggf(v) <1+Zm 1Sm> H{tz) - <t+zm 13m> H{(z)
fenN-1

where E(z) := 37,5 €i(x)2" and ¢;(x) is the elementary symmetric function of degree
i. We show that applying the stable and nonstable principal specializations to (12)
yields (10) and (11), respectively.

We begin in Chapter 1 with notation and preliminaries for the symmetric group.
We define the fundamental permutation statistics discussed above, and examine some
classic results. Next we briefly discuss symmetric and quasisymmetric functions. This
allows us to study the permutation enumeration techniques developed by Gessel and
Reutenauer [15] in Sections 1.6, and those of Shareshian and Wachs [31], [32] in

Section 1.7.

4Equation (11) was also independently obtained by Foata and Han [13].



In Chapter 2 we define general Coxeter groups and some natural statistics on them.
We see how the symmetric group, or type A Coxeter group, fits into this family of
groups. Next we define the type B Coxeter group, also called the hyperoctahedral
group, and study its combinatorial description as the signed permutation group. We
define several statistics for the signed permutation group, which are analogous to
their symmetric group counterparts. We then examine type B analogs of classic type
A results, including our new result (8), and its consequence (9).

In Chapter 3 we define wreath products of cyclic groups with symmetric groups,
and their combinatorial interpretation as colored permutation groups. This family of
groups includes the symmetric group and the hyperoctahedral group, but is in general
different from the family of Coxeter groups. We discuss statistics for this group and
examine several results. In particular we present our new results given in (10) and
(11), and show how they imply (8) and (9).

We introduce our colored Eulerian quasisymmetric functions in Chapter 4 and
prove a fundamental lemma regarding this family of quasisymmetric functions. We
then show how our formulas for multivariate distributions of colored permutation
statistics follow from (12).

The bulk of our remaining work is to then prove (12). In Chapter 5 we begin
by obtaining a combinatorial description of the monomials appearing in each colored
Eulerian quasisymmetric function. From this combinatorial description, we deduce
a recurrence relation which is equivalent to the desired generating function formula.
Chapter 6 is devoted to establishing this recurrence relation, which must be done
separately for two different cases.

We close with Chapter 7 by presenting some recurrence and closed formulas, which
are equivalent to (12). These formulas are also specialized to obtain recurrence and

closed formulas for (10) and (11). In conclusion, we discuss some of our future work.



Chapter 1

The Symmetric Group

1.1 Preliminaries

For n > 1 let S,, denote the symmetric group on the set [n] := {1,2,...,n}, i.e. the
group of bijections from [n] to itself with multiplication given by function composition.
It will also be convenient to define Sy := {#} where 6 denotes the empty word. An

element 7 € S, is called a permutation and it can be written in two-line notation

We can also write a permutation as a product of cycles. Let iy,1o,...,1;, be distinct
positive integers, a cycle

(il, ig, ceey Zk)

denotes a bijection which maps ¢; to 4,4 for j = 1,2,....k — 1, maps 4 to 7;, and

each integer not appearing in the cycle is mapped to itself. Given any 7 € .5,,, it can



be written as a product of disjoint cycles. For example
3,2,1,5,6,4 = (1,3)(2)(4,5,6).

We let Id denote the identity permutation which maps each integer in [n] to itself.

1.2 Permutation Statistics and Eulerian Polyno-
mials

A permutation statistic f is a map from the union of all symmetric groups to the
set of nonnegative integers, which we denote by N. The modern study of permutation
statistics was initiated by MacMahon [20]. We will see that there are several naturally
defined permutation statistics which have connections to other areas of mathemat-
ics, and lead to some beautiful results. Here we define some of these permutation
statistics.

Definition 1.2.1. Let 7 € S,,.

e The set of fixed points of 7, denoted FIX(r), is defined by

FIX(7) :=={i € [n] : w(i) = i}.

e The number of fixed points, denoted fix(7), is defined by

fix(m) == |[FIX(7)|.

e The descent set of 7, denoted DES(7), is defined by

DES(m) :={ien—1]:7() >n(i+1)}.



e The descent number, denoted des(7), is defined by

des(m) := |DES(m)].

e The excedance set of m, denoted EXC(7), is defined by

EXC(m):={i€n—1]:7(i) > i}.

e The excedance number, denoted exc(7), is defined by

exc(m) := |EXC(m)].

e An inversion of 7 is a pair (7 (i), 7(j)), such that 1 < i < j < nand 7(i) > 7(j).
The inversion number of 7, denoted inv(r), is defined to be the number of

inversions of .

e The major index of 7, denoted maj(r), is defined by

i€DES(r)

The major index is named after Major Percy Alexander MacMahon, who intro-
duced this statistic along with descent number and excedance number. Given two

permutation statistics fi, fo, we say they are equidistributed if

[{m € S s fulm) =k} [ = [{m € Sn: falm) = k}|

for all n, k € N. Equivalently, fi, fo, are equidistributed if the following polynomial
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identity holds for all n € N

Z phi(m) — Z tf2(m)

TESy TESR

MacMahon [20] was the first to observe in the early 20" century that the descent
number and excedance number are equidistributed. Here we describe a bijection
called Foata’s First Fundamental Transformation (see [14]), which shows that these

statistics are equidistributed.

Theorem 1.2.2 (MacMahon). Descent number and excedance number are equidis-

tributed. Equivalently,

Z tdes(ﬂ) _ Z texc(ﬂ')

TI'ESn ﬂ'ESn

for alln € N.

Proof. Given w € S,,, write w in cycle notation where
1) each cycle is written with its largest element first,
2) the cycles are written in increasing order of their largest element.
Then let w be the permutation in one-line notation obtained by removing paren-

thesis. For example if
w=25,6,87,21,93,4=(1,5,2,6)(3,8)(4,7,9) = (6,1,5,2)(8,3)(9,4,7),

then

w=06,1,5,2,8,3,9,4,7.

Next we describe the inverse of the map w — w. Given a permutation w, we
call w; a left-to-right maximum if w; > w; for j = 1,2,...,4 — 1. So if w +— w, then
placing a left parenthesis before each left-to-right maximum of w, and then placing

right parenthesis before each left parenthesis and at the end of w, takes us back to w
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written in cycle form. Therefore this map is a bijection.

This map also has the property that ¢ ¢ DES(w) if and only if w(w(i)) > w(4).
Let wexc(w) = [{i € [n] : w(i) > i} |, called the number of weak excedances of a
permutation. Thus n — des(w) = wexc(w).

Let b: .S, — S, be the involution which replaces ¢ by n + 1 — i and rewrites the

word in reverse order. That is, if w = wy, wo, ..., w,, then
b(wy,we,..,wy,) =n+1—w,,n+1—w,_q,....,n+1—w.

It follows that w; < i if and only if b(w)(n+1—4) =n+1—w; >n+1—1i. Thus
wexc(b(w)) = n — exc(w).

If we apply the map b followed by the hat map, we have the desired result. That
is,

—

exc(w) =n — wexc(b(w)) = des(b(w)).
[

Note that while descent number and excedance number are equidistributed, in
general they are not equal. For example if 7 = 3,2, 1, then des(7) = 2 and exc(7) = 1.
It so happens that des and exc have an intimate connection with the Eulerian
polynomials, which we denote by A,,(t) for n € N. Euler introduced these polynomials

in the 18" century in the form

% =S (k1)

k>0

in order to study the Dirichlet eta function. Euler also proved (see [17]) the following

generating function formula for these polynomials

ZAn(t)Z—T _d=te (1.1)

et — te?
n>0
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In the mid 20" century, after MacMahon’s result that des and exc are equidistributed,
Riordan [27] discovered the following combinatorial interpretation of the Eulerian

polynomials (see also [10]):

An(t) _ Z tdes(ﬂ) _ Z texc(ﬂ) (12)

71'6571 WESn

for all n € N. In fact, equation (1.2) is the modern definition of the Eulerian polyno-
mials. !

Later on we will see that inversion number plays an important role in the study
of the symmetric group as a Coxeter group. MacMahon [19] was the first to prove
that inversion number is equidistributed with major index. Here, we choose to give

a sketch of Foata’s [9] bijective proof that maj and inv are equidistributed.

Theorem 1.2.3 (MacMahon). The permutation statistics magjor index and inversion

number are equidistributed.

Proof. We describe Foata’s second fundamental transformation ® : S, — S,; we
refer the reader to [9] for the proof that ® is a bijection and has the property that
maj(w) = inv(®(w)) for all w € S,,. Let P denote the set of positive integers. Given
a € P, and a word w = wy, ws, ..., w, consisting of distinct positive integers different

from a, the factorization of w induced by a is
W= qq-Qg---qp, Where

1) if w, < a, then the last letter of each «; is less than a and all other letters of
a; are greater than a,
2) if w, > a, then the last letter of each «; is greater than a and all other letters

of «; are less than a.

Tt is also common to define the Eulerian polynomials to be tA,,(t)
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Given a word «, let & be the word obtained from o by moving the last letter to

the front. Let

where w = a1 - ag - - - is the factorization of w induced by a.

Then & is defined recursively by
O (wy) = wy,

O (wy, we, ..., wy,) = Fy, (P(wy, wa, ..., wy_1)) - Wy.

For example, consider w = 3,6,4,1,2,5 € S;.
®(3)=3

®(3,6) = F5(3) -6 = 3,6
$(3,6,4) = Fy(3,6) =3,6-4=6,3,4
®(3,6,4,1) = F1(6,3,4) =6-3-4-1=6,3,4,1
D(3,6,4,1,2) = F5(6,3,4,1) = 6,3,4,1-2 = 1,6,3,4,2
®(3,6,4,1,2,5) = F5(1,6,3,4,2)-5=1-6,3-4-2-5=1,3,6,4,2,5.

And for this example we see that maj(w) =2+ 3 =5, and inv(®(w)) = 5.
[

As was the case with descent number and excedance number, we note that in
general inversion number is not equal to major index. For example if 7 = 1, 3,2, then

inv(r) = 1 and maj(w) = 2.
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1.3 ¢-analogs of Eulerian Polynomials

The permutation statistics inv and maj are frequently used to obtain g-analogs of
classic results. In general, a g-analog of an object has the property that by setting
q = 1, one recovers the original object. Of course there are many g-analogs of any
given object, and there are no objective criteria for what is considered to be a good
g-analog. Here we define a few commonly used g-analogs.

Definition 1.3.1. Let n € N.

e The g-analog of n, denoted [n),, is defined by

e We define two g-analogs of the exponential function. The first is denoted exp,

and is defined by

)

exp,(2) == Z [Z,Z]q!.

>0

e The second is denoted Exp, and is defined by

(2) 5i
Equ(z) = Z q[i]—q!’

i>0

n

k) is the binomial coefficient.

where (

We note that for n > 1, [n], = (1 —¢")/(1 — ¢). Thus

(1= —=¢)---(1=¢") (60
[nlg! = [g[2]g - -+ [n]g = A—q(l—q) - (1—q = =g
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where for n € N we define (a; q),, by

For n = 0, we also have [0],! = (¢;¢)o/(1 — ¢)° = 1.
Our first example of using permutation statistics to obtain g-analogs was first
proved by Rodrigues [28], it is a formula for g-counting permutations according to

inversion number.

Proposition 1.3.2. For n € N we have

Z g™ = [n]q!-

ﬂ'ESn

Proof. Given m € S, let a; = |{(j,7) : (4,7) is an inversion of 7} |, and let I(m) be

the inversion table of 7 defined by
I(m) :== (a1, a2, ..., an) € T,

where T,, := [0,n — 1] x [0,n — 2] x ... x [0,0]. It follows that

n

inv(mr) = Z a;.

=1

Next we show that the map I : S,, — T, which maps 7 to I(m) is a bijection. It
suffices to show this map is surjective, so suppose we are given (ay, as, ..., a,) € T),.
We construct a permutation 7 in one-line notation by starting with the empty word
and successively inserting n,n—1,...,1. If n,n—1,...,741 have already been inserted,
then we insert ¢ immediately after the letter in position a;, so that there are a; letters

to the left of i that are larger than 7. It follows that the resulting permutation = € S,
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satisfies I(m) = (a1, aq, ..., a,). Then

Z qinv(ﬂ) _ Z qa1+...+an _ H < qai> — [n]ql
0

TESY (a1yeyan)€Ty i=1 \a;=
]

We note that MacMahon’s [19] proof of the fact the inv and maj are equidis-

tributed follows from the formula

Z qmaj(W) = [n]g!,

WESn

which he proved after Rodrigues had obtained the result given in Proposition 1.3.2.

We have seen that inversion number and major index both provide us with
nice g-analogs of the formula for the number of permutations in S,. We have
also seen that the Eulerian polynomials can be expressed using descent number
or excedance number. By pairing either des or exc, with either maj or inv (i.e.
(des, maj), (des, inv), (exc, maj), or (exc,inv)), one obtains a g-analog of the Eulerian
polynomials. We remark that these bivariate distributions are all different for n > 5.

The first result on these distributions was obtained by Carlitz, it pairs des and maj.

Theorem 1.3.3 ([5]). For n € N we have

Z s qmaj(w)pdes(w) Z .
(P; D1 >0
One can also consider g-analogs of the generating function formula for the Eulerian

polynomials given in Equation (1.1). One such g-analog due to Stanley pairs inv with

des.
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Theorem 1.3.4 ([33]). We have

Z () () A 11 ‘
[n],! Exp(z(t—1)) —t

A different g-analog of Equation (1.1) was discovered by Shareshian and Wachs.

It pairs maj and exc and also enumerates fixed points.

Theorem 1.3.5 ([32, Corollary 1.3]). We have

Z qmaj(ﬂ*)texc(ﬂ)rﬁx(ﬂ) z" _ (1 - tQ) equ(rz)
= [n]q! exp,(tqz) — tqexp,(2)
TESy

Each of the above mentioned ¢-analogs of Eulerian polynomials was obtained by
very different methods. Our main results are obtained by non-trivially extending the
methods used by Shareshian and Wachs in obtaining Theorem 1.3.5. Their methods
include nontrivial extensions of methods involving symmetric and quasisymmetric
functions that were developed by Gessel and Reutenauer [15] in order to enumerate
permutations by descent set and cycle type.

Foata and Han obtain an extension of Theorem 1.3.5, which can also be obtained

using the above mentioned techniques of Shareshian and Wachs.

Theorem 1.3.6 ([11]). We have

Z qmaj(w)pdes(w)texc(ﬂ),rﬁx(Tr) 2" _ pl(l - qt)(Z, Q)I(ZtQ> Q)l .
= P @1 2 (210 [(25.0)1 — ta(ztg; )]
TESn -

1.4 Symmetric Functions

As mentioned above, symmetric functions will play an important part in the proofs
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of our results. While the study of symmetric functions is quite rich, we cover just a

few of the basic results that we will need. For a more thorough treatment see [34]

and [29]. We will consider symmetric functions over the ring Q.

Definition 1.4.1. Let x denote the infinite set of variables {1, x9,...}. Forn € N, we

call @« a weak composition of n if & = (aq, ag, ...) is an infinite sequence of nonnegative
ay, .00

integers such that > a; = n. Let 2* denote the monomial x{"z52.... A formal power

series is called homogeneous of degree n if it has the form

where the sum is over all weak compositions of n and ¢, € Q.

A formal power series f(x) over the ring Q is called a symmetric function if

f(xlax% ) = f(xcr(l)axa(Q)a )

for every permutation o of the positive integers.
We let Sym" denote the set of all homogeneous symmetric function of degree n.
Since the product of two symmetric functions is symmetric, we define the algebra of

symmetric functions, denoted Sym, by

Sym := Sym" @ Sym' & Sym? @ ...

Next we examine various bases for Sym. In each case will we require the notion of a
partition of n. We call \ a partition of n and write A n if A= (A; > Ao > ... > A\g)
is a weakly decreasing sequence of positive integers such that > X\, = n. We also
consider the sequence consisting of a single zero to be the only partition of zero. Note
that for weak compositions of n € N, we allowed entries to be zero and we did not

require the sequence to be weakly decreasing. We let Par(n) denote the set of all
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partition of n, and Par = J,., Par(n).

Definition 1.4.2. For A = (A, Ao, ..., \x) F n, let (A1, \g, ...) denote the weak compo-
sition obtained from A by extending it by zeros. We define the monomial symmetric

function, denoted m,, by
my = my(X) := Zx“ € Sym",
«

where the sum is over all weak compositions o which can be obtained from (A1, Ao, ...)
by a distinct permutation of the entries of (A1, Ag, ...).

For example

m) =1,
m(l) — E Zi,
i>1
ma) = E LiLj,
i>52>1
2
m(2) = E :xw
i>1
_ 2,
men) = L Ly
§,§>1,i#]

From these definitions, it is clear that f € Sym" if and only if f = >, cxmy

where ¢y € Q. Thus we have the following immediate proposition.
Proposition 1.4.3. The set {m, : A\ € Par} is a basis for Sym.

The next two bases we discuss are the elementary symmetric functions, and the

complete homogeneous symmetric functions. We will make frequent use of them.

Definition 1.4.4. For n € N, let 1" denote the partition consisting of n ones. First



20

we define e,, by

en = ep(X) :=myn = E Ty Tiy =+ T, -
11>12>.. >t >1

For A = (A1, Ag, ..., \) € Par, the elementary symmetric function, denoted ey, is

defined by

ex = ex(X) :=ex,€x, €,

Next, for n € N we define h,, by

hp = hp(x) = ka = Z Ty Ty -+ T, -

AFn 11212 >in>1

For A = (A1, Ag, ..., A\x) € Par, the complete homogeneous symmetric function, denoted
hy, is defined by
h)\ = h)\<X) = hkth s h)\k.

While it is clear that the elementary and the complete homogeneous symmetric
functions are indeed symmetric, it is less obvious that they are bases for Sym. We

refer the reader to [34] for a proof of the following proposition.

Proposition 1.4.5. The set {e, : A € Par}, and the set {hy : A € Par} are both bases

for Sym.

Moreover, there is an interesting relationship between these two bases. To see
this, we first note that they are multiplicative bases. Thus we may define an algebra
endomorphism w : Sym — Sym by setting w(e,) = h, for all n € N, and then
extending linearly and multiplicatively. Hence for any A € Par we have w(ey) = hy.

The interesting fact here is that w?(ey) = ey (see [34]).

Proposition 1.4.6. The algebra endomorphism w described above is an involution,

i.e. w? is the identity map. Equivalently w(h,) = e,.
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and
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In addition to their role in this proof, we will see these formal power series throughout

this paper.

It is clear that

It is also clear that

if we recognize that

It follows that

H(2)E(—z) = (Z Wﬂ) (Z en(—2)"

n>0

thus for n > 1 we have
n

> (—1)eihn_; = 0.

=0

(1.3)

(1.4)

Conversely, suppose Y . ,(—1)"u;h,—; = 0 for all n > 1 for some collection of

u; € Sym with ug = 1. Then by induction this implies u; = ¢; for all 7. Now we apply

w to Equation (1.4) to obtain
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where the last equality is obtained by replacing ¢ with n—i. It follows that w(h;) = e;
as desired.

[]

The interested reader should see [34] and [29] for more on symmetric functions.
In particular, the Schur symmetric functions are arguably the most interesting basis
for Sym. There are several different definitions of the Schur symmetric functions,
and it is not obvious they are equivalent. Moreover, they play a central role in the

connection between symmetric function theory and representation theory.

1.5 Quasisymmetric Functions

In addition to our use of symmetric functions, quasisymmetric functions are also
prominently featured in this work (as the title suggests). The study of quasisymmetric
functions began with the work of Gessel and Stanley. In the subsequent section we
provide an example of how quasisymmetric functions may be used in permutation
enumeration. Informally, a quasisymmetric function is a formal power series which
is invariant under shifts of the indices, which is a weaker condition than that of a
symmetric function.

Definition 1.5.1. A formal power series f(x) with coefficients in Q is called qua-

sisymmetric if for any sequence of positive integers (a1, as, ..., ), the coefficient of

a1 .02 | Qk
Lj) Lj, Ly

in f(x), equals the coefficient of
xalxaz . xozk

i1 “ig ik
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in f(x) whenever j; > jo > ... > jx and iy > iy > ... > i;. For n € N, let QSym"
denote the set of all homogeneous quasisymmetric functions of degree n. Since the
product of two quasisymmetric functions is also quasisymmetric, we define the algebra

of quasisymmetric functions, denoted QSym, by
QSym = QSym" @ QSym' & QSym* & ...

The most obvious basis for QSym consists of the monomial quasisymmetric func-

tions, which we define now.

Definition 1.5.2. Let a = (a1, ag, ..., @) be a finite sequence of positive integers. If
> a; = n we call a a composition of n. For any sequence « of positive integers, the
monomial quasisymmetric function, denoted M,, is defined by

M, = M,(x) := Z P R

i1 Vig ik
11>09>... >0, >1

We also define the sequence consisting of a single zero to be the only composition of

zero, so that M) := 1.

For example, o = (2, 1) is a composition of 3 and

M2,y = Z xij
i>j>1
The coefficient of x3z; in M3, is one, and the coefficient of 1275 in M,y is zero,
hence My 1) is quasisymmetric but not symmetric.
Clearly, the set {M,, : a is a composition of n} forms a basis of QSym". We will
be more concerned with another basis, namely the fundamental quasisymmetric func-

tions of Gessel.

Definition 1.5.3. For n € N and a subset 7' C [n — 1], we define the fundamental
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quasisymmetric function, denoted Fr,,, by

Fry, = FT,n(X) = Z Ly Lig ** * Ty, -
112122 20n>1
ij>i41 if JET

We also define Fp, := 1.

One thinks of the set T as telling us which inequalities of the indices must be

strict. For example

Fy3 = Z TiT Ty

i>j>k>1

Using the principle of inclusion-exclusion, one can prove that each monomial

quasisymmetric function of degree n can be expressed as a linear combination of

fundamental quasisymmetric functions of degree n, and vice versa. Hence the set
{Fr,:T C[n— 1]} is a basis for QSym" (see [34]).

We conclude this section by noting the following identities

F(D,n = hn and F[n—l],n = €n. (1.5)

1.6 Necklaces and Ornaments

Quasisymmetric functions have been useful in the study of permutation enumer-
ation. In this section, we examine how Gessel and Reutenauer used quasisymmetric
functions in enumerating permutations of a given descent set and cycle type [15].
As mentioned previously, techniques introduced here will be extended and play an
important role in proving further results.

The idea starts with encoding the descent set (see Definition 1.2.1) of a permu-

tation as a fundamental quasisymmetric function. Indeed, given m € S, we have
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DES(7) C [n — 1], and we associated a fundamental quasisymmetric function with 7
by defining

Fﬂ- = FN(X) = FDEs(ﬂ-),n(X>.

For example 7 = 3,2,4,1 € Sy, DES(7) = {1, 3}, and

Fr = F{1,3},4 = E Lijy LigTigTiy -

11>12>13>04>1

As mentioned in the beginning of this chapter, a permutation = € S, can be
written as a product of disjoint cycles. The lengths of these cycles are unique, and
form a partition A of n which we call the cycle type of a permutation, and write
A(m) = A So for example if 7 = (3,1,5)(2)(4,6,7), then A(w) = (3,3,1). One
significance of cycle type is that for w, 0 € S,,, 7 is conjugate to o (i.e. # = 707! for
some 7 € S,) if and only if A(7) = A(o).

To enumerate the permutations of a given descent set and cycle type, Gessel and

Reutenauer [15] consider the sum

Ly=Ly(x) = Y Fi(x). (1.6)
TESK
A(m)=A

They show that L) is actually a symmetric function, and has a nice combinatorial
description in terms of necklaces and ornaments, which we define now.

Definition 1.6.1. Consider the alphabet P of positive integers. Recall that a word
of length n over P is a sequence of n letters, not necessarily distinct. The cyclic group
of order n acts on the set of words of length n by cyclic rotation. So if z is a generator
of this cyclic group and v = vy, vs,...,v, is a word, then z - v = vy, v3,...,v,,v1. A
circular word, denoted (v), is the orbit of v under this action. The length of (v) is
just the length of v. A circular word (v) is called primitive if the size of the orbit is

equal to the length of the word v. Equivalently, (v) is not primitive if v is a proper
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power of another word. For example the circular word (1,2, 1) is primitive, while
(1,2,1,2) is not primitive since 1,2,1,2 = u? where u = 1,2. We call a primitive
circular word (v) over P a necklace. One can visualize (v) as a circular arrangement
of letters obtained from v by attaching the first and last letters together. For each
position of this necklace one can read the letters in a clockwise direction to obtain an
element from the orbit of the circular action on v.

For example, consider the word v = 2,2,4, 1,3, and corresponding necklace (v) =

(2,2,4,1,3). The orbit of v under the action of cyclic rotation is

v=2,24,1,3
z-v=2,4,1,3,2
22 v =4,1,3,2,2
20v=1,3224
2w =23224,1

Alternatively, we can label a position y on (v) and consider a finite word u, of

length 5 obtained by reading the letters of (v) cyclically starting at position y, i.e.

(2, 2, 4, 1, 3)

Y Y1 Y2 Y3 Ya

With this labeling, we see that u,, = 2 - v for ¢ =0, 1,2, 3, 4.

An ornament R is a multiset of necklaces. Formally, R is map from the set of
necklaces to N with finite support, i.e. R((v)) is the multiplicity of the necklace (v) in
the multiset R. By arranging the lengths of the necklaces in R in weakly decreasing
order, we obtain a partition A = (A1, g, ..., \x) and we say the ornament R has cycle
type A, and write A(R) = \. The set of all ornaments of cycle type A is denoted R(\).

Given a necklace (v) where v = vy, s, ..., v,, the weight of a necklace, denoted
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wt((v)), is the monomial

Wt((V)) 1= Ty, Tyy - -+ Ty

n*

Let 1 denote the set of all necklaces. The weight of an ornament R is denoted wt(R),
and is defined by

wt(R) == J] wt((v)").

(v)en

For example, if

R={(1,4,1),(1,4,1),(3,2,1,6)},

then

Wt(R) = 212401212421 T3ToT 1 Tg = T- o037 376,
A key result of [15] is the following:

Theorem 1.6.2 ([15]). For n € P and A - n, we have

RER(N)

Proof. We give a sketch of the proof by describing the bijection between the mono-
mials of the left and right hand sides above. Let s = (s1 > s > ... > s,,) be a weakly
decreasing sequence of positive integers. Given m € S, we say that s is DES(7)-
compatible if i € DES(7) implies that s; > s;.1. Let Com(\) denote the set of all
pairs (7, s) such that A\(7) = A and s is DES(7)-compatible. Define the weight of the
pair (7, s), denoted wt((m,s)), to be the monomial

wt((m,8)) 1= @5, Ts, -+ - X

n*

It follows that

L= Y wi((x,s)).

(m,8)eCom(N)
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Next we describe a weight preserving map f : Com(\) — R(A). Given (7, s) €
Com(\), first write 7 in cycle form. For each cycle (i;, 1o, ..., i) appearing in 7, include
the necklace (s;,, Siy, ..., 85, ) in the multiset f((m,s)). If the necklace (s;, si,, ..., Si,)
already belongs to f((m, s)), then increase its multiplicity by one. We note here that
Gessel and Reutenauer prove that (s;,, Si,, ..., ;) is primitive, which is not obvious.

For example if 7 =5,6,7,3,1,2,8,4 = (1,5)(2,6)(3,7,8,4), then
s =6,6,6,4,3,3,3,2 is DES(7)-compatible since DES(7w) = {3,4,7}. Thus (m,s) €
Com(\) where A = (4,2,2). Then

f((m,s)) ={(6,3),(6,3),(6,3,2,4)} € R(N). (1.7)

Given R € R()), we describe f~'(R). If R has repeated necklaces, then place
some linear order on each set of repeated necklaces. Next we want to linearly order the
positions on all necklaces in R. Given a position z, let w, denote the infinite word
obtained by reading letters in that necklace clockwise starting from that position.
Given two words u,v, we say that u is lezicographically larger than v if for some
positive integer k we have u; = v; for i < k, and u; > vg. Given two positions x,y in
our ornament R, we say x > y if w, is lexicographically larger than w,, or w, = w,
and z is in a larger repeated necklace than y. This linearly orders all of the positions.
A permutation 7 in cycle form is obtained by replacing the letter in position x with
i, if  is the i*® largest position. We let s be the weakly decreasing rearrangement of
all the letters appearing in R, and f~*(R) = (7, s).

For example consider the following ornament R with positions labeled v, o, ..., ys.

Note we must choose a linear order on the repeated necklaces.

R = (6, 3) < (6, 3) , (6, 3, 2, 4)

Y1 Y2 Ys  Ya Ys Ys Y7 Ys
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Then the word at each position is the following:

wy, = 6,3,6,3,6,3, ...
wy, = 3,6,3,6,3,6, ...
wy, = 6,3,6,3,6,3, ...
wy, = 3,6,3,6,3,6, ...
wy, =6,3,2,4,6,3,2,4, ...
Wy, = 3,2,4,6,3,2,4,6, ...
wy, = 2,4,6,3,2,4,6,3, ...
wy, =4,6,3,2,4,6,3,2, ...

The lexicographically largest word occurs at positions y;,y3. By the order we
chose on necklaces, y3 is the largest position, followed by 7;. So we place a 1 in
position y3, and a 2 in position y;. The next largest word is in position ys, so we
place a 3 in position y5. Continuing in this way, we obtain a permutation 7 in cycle

form,
R = (6, 3) < (6, 3) , (6, 3, 2, 4,)
T = (2, 6) (1, 5) (3, 7, 8 4)

and a sequence s = 6,6,6,4,3,3,3,2. By comparison with (1.7), we see f~! f((7,s)) =
(7, s) for this example. Of course a rigorous proof would involve checking that these
maps are well-defined, weight preserving, and inverses. We refer the reader to [15].

[]

Gessel and Reutenauer use this result to express the number of permutations of
a given descent set and cycle type in terms of a certain scalar product of symmetric
functions (or equivalently, a scalar product of characters of S, representations). We
will not discuss this result, instead we examine how they enumerate various subsets
of S,, according to descent number and major index. The main tools used here are

the stable and nonstable principal specializations.
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Definition 1.6.3. The stable principal specialization, denoted ps, is the ring homo-
morphism ps : QSym — Q[q] (where Q|g] denotes the ring of formal power series in

variable ¢ over Q) defined by

ps(z;) = ¢! for all 4.

For | € N, the principal specialization, denoted ps;, is the ring homomorphism

ps; : QSym — Q|g] defined by

¢t ifi<i<li
ps;(z;) =
0 if i > 1

Lemma 1.6.4 ([15, Lemma 5.2]). For n € N we have

(Fpo(a)) = T
ps n\L)) = 5
’ (¢ Dn
and
T,
p q 1€
> psy(Fro(@)p = ————

The proof of this very useful lemma is obtained by rewriting the indices of sum-
mation on the left hand side in such a way that allows one to compute the sum using

geometric series. To apply this lemma, consider any subset A C S,, of permutations,

and define
Ly= LA(X) = ZFTF(X) = ZFDES(ﬂ'),n(X)'

TEA TEA
Recall from Definition 1.2.1 that [DES(7)| = des(m) and maj(m) = >, ppg(r) i- Using

Lemma 1.6.4 the following theorem is obtained.
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Theorem 1.6.5 ([15, Theorem 5.3]). Forn € N and A C S,, we have

Z A qmaj(ﬂ)
ps(La) = =" —~—,
(4 n
and
ZW pdes(ﬂ)+1qmaj(7r)
> p'psi(La) = =4 -

By appropriate choice of A, this theorem is used by Gessel and Reutenauer [15] to
study the distribution of des and maj among involutions, derangements, and cyclic

permutations.

1.7 Bicolored Necklaces and Ornaments

Recall Theorem 1.3.5 which is due to Shareshian and Wachs:

Z qmaj(ﬂ’)texc(fr)rﬁx(ﬂ) z" _ (1 - tQ) equ(TZ) :
— [n],! exp,(tqz) — tgexp,(2)
TESn

where exp,(2) := >3 2"/[ily!. In this section we outline the proof of this theorem.
The proof uses nontrivial extensions of the techniques outlined in the previous sec-
tion. In Chapters 4,5,6, we non-trivially extend these techniques further to prove our
results.

The first objective is to associate a fundamental quasisymmetric function to each
permutation in such a way that applying principal specializations gets the excedance
number involved. In the previous section the descent set was used, here a different
set will be used.

Definition 1.7.1. For n > 1, let [n] denote the linearly ordered alphabet

A ={1<2<..<n<l<2<..<n}
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For 7 € S,,, define 7 to be the word over [n] obtained from 7 by replacing m; with 7;

whenever ¢ € EXC(7) (i.e., w(i) > i, see Definition 1.2.1). Then we define
DEX(m) := DES(7) C [n — 1],

where the descent set of any word over an ordered alphabet consists of all ¢ such that

w; > wip1. Also define DEX() := 0 where 6 denotes the empty word.

For example if 7 = 3,4,1,7,6,5,2 € S, then EXC(7) = {1, 2,4, 5},

7 = 3,4,1,7,6,5,2, and DEX(7) = {3,4,6}. The motivation for this definition is

3
seen by the following lemma.

Lemma 1.7.2 ([32, Lemma 2.2]). For all 7 € S,, we have

Z i = maj(m) — exc(n),

i€EDEX ()
and

des(7) ifm(l) =1
IDEX ()] =

des(m) —1 ifm(1) #1
Using DEX to associate fundamental quasisymmetric functions to permutations,

we proceed with the following definition.

Definition 1.7.3. For n,j,k > 0, and A F n, define the following subsets of .S,
Wik = {m € S, exc(m) = j, fix(7) = k},

Wy ={me S, Ar) =\ exc(m) =j}.
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The fized point Eulerian quasisymmetric functions, denoted )y, jx, are defined by

Qnjk = Qujk(X) == > Fopx(ma(X).

WEWn,]',k

The cycle type Eulerian quasisymmetric functions, denoted @), ;, are defined by
@rj = Qn;(x) = Z Fopx(x)n(X).

The goal now is to obtain a generating function formula for

i k.n
E Qn jpt’r" 2",

n,5,k=>0

Once such a formula is obtained, one can apply specializations to enumerate permu-
tations according to exc, maj, fix, and des. In order to find this formula, we discuss
a combinatorial description of @), ;. This description is inspired by the necklaces and

ornaments of Gessel and Reutenauer [15] (see Definition 1.6.1).

Definition 1.7.4. Define a linearly order alphabet
D=1<1<2<2<3<3<...

Given a letter a € D, let |a| denote the positive integer obtained by removing the bar
from a if there is one. A bicolored necklace is a primitive circular word (v) over D
such that

1. every barred letter is followed (clockwise, or cyclically) by a letter of lesser or equal
absolute value,

2. every unbarred letter is followed by a letter of greater or equal absolute value,

3. necklaces of length one may not consist of a single barred letter.

For example (1,1,1) is a bicolored necklace, and so is (2,4,4,4,4,1,1). The fol-
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lowing three circular words are not bicolored necklaces: (1,2,1,2),(1,3,2,3), (1).

A bicolored ornament is a multiset of bicolored necklaces. By arranging the lengths
of the bicolored necklaces in R in weakly decreasing order, we obtain a partition
A = (A1, Ag, ..., A\x) and we say the bicolored ornament R has cycle type \, and write
A(R) = A. The set of all bicolored ornaments of cycle type A with exactly j barred
letters is denoted R(A, 7).

Given a bicolored necklace (v) of length n, the weight of (v), denoted wt((v)), is

defined to be the monomial
Wt((v)) = Xy | Tlog| * * * Lo

Let n denote the set of all bicolored necklaces. The weight of a bicolored ornament

is defined to be

wt(R) = [ wt((v)™).
(v)€n

Theorem 1.7.5 ([32, Corollary 3.3]). Forn € P, j € N, and A - n we have

QAJ = Z Wt(R)

RER(A.j)

Proof. We give a sketch of the proof by discussing how one modifies the bijection
of Gessel and Reutenauer described in the proof of Theorem 1.6.2. Given 7© € S,,,
we call a weakly decreasing sequence s = (s; > sy > ... > s,) of positive integers

DEX(m)-compatible if i € DEX(7) implies s; > s;11. Given A F n, we define
Com(A, j) := {(m,s) : m € W, ; and s is DEX(7)-compatible} .
We define the weight of (m, s), denoted wt((7, s)), to be the monomial

wt((7,8)) 1= T4, Ts, -+ X

n*
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Thus
Qrj = Z wt((m, s)).

(m,5)€Com(A,5)

As in the proof of Theorem 1.6.2, we construct a weight preserving map f :
Com(A,7) — R(A,j). Given (m,s) € Com(A,j), let ¢ be the sequence of letters
obtained from s by replacing s; with 5; whenever ¢ € EXC(x). Next, write 7 in
cycle form. For each cycle (i;, is, ..., i) appearing in 7, include the bicolored necklace
(tiy, tiys .-, t;,,) in the multiset f((m,s)). If the necklace (¢;,,;,, ..., t;, ) already belongs
to f((m,s)), then increase its multiplicity by one. We note here that Shareshian and
Wachs prove that (¢;,,t,, ..., ;) is in fact a bicolored necklace.

For example, let 7 = 4,5,1,3,2,8,6,7 = (1,4,3)(2,5)(6,8,7) € W, ; where
A = (3,3,2), and j = 3. Note that # = 4,5,1,3,2,8,6,7, and DEX(7) = {4,5},
so s = 5,4,4,4,3,2,2,2 is DEX(7)-compatible and (7,s) € Com(\,j). Then t =
5,4,4,4,3,2,2,2, and

fl(m,8)) = (5,4,4),(4,3),(2,2,2) € R(\, ).

The inverse map is given by the same description appearing the proof of Theorem
1.6.2, except that the word at each position is over the alphabet D. So we use
the order on D to determine if the word at position x is lexicographically larger
than the word at some position y. For example, if R = (5,4,4), (4,3),(2,2,2) with
positions yi,ya, ..., ys labeled consecutively, then clearly w,, = 5,4,4,5,4,4, .. is the
largest word and we place a 1 in position y;. Since 4 > 4, the next largest word is
wy, = 4,3,4,3,..., and we place a 2 in position y4. If we continue this example, we
see that we recover (m,s) above.

While the description of the bijection of Shareshian and Wachs is somewhat similar
to that of Gessel and Reutenauer, there is much more work needed here to prove that

f is in fact well-defined, and actually a bijection. For more details we refer the reader
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to [31], [32].
]

Shareshian and Wachs use this theorem to prove that the quasisymmetric func-
tion @, is actually symmetric. Another use that we discuss next, is to establish a
recurrence for @), j . In order to accomplish this, we introduce the bicolored banners

of Shareshian and Wachs.

Definition 1.7.6. A bicolored banner is a word B over D of finite length such that
1. if B(i) is barred then |B(i)| > |B(i + 1)|,

2. if B(i) is unbarred then |B(i)| < |B(i + 1),

3. the last letter of B is unbarred.

The weight of a bicolored banner B of length n, denoted wt(B), is the monomial

wt(B) = 1) T|B(2)| " T|B(n)|-

A Lyndon word over an ordered alphabet is a word that is strictly lexicographically
larger that all its circular rearrangements. A Lyndon factorization of a word over an
ordered alphabet is a factorization into a lexicographically weakly increasing sequence
of Lyndon words. It is a fact that every word over an ordered alphabet has a unique
Lyndon factorization. We say that a word of length n has Lyndon type A\, ift A - n
and the parts of A\ equal the lengths of the words in the Lyndon factorization (see
[18, Theorem 5.1.5]). Let K(A, ) denote the set of all bicolored banners of Lyndon

type A with exactly j barred letters.
Using Lyndon factorization, the following theorem is obtained.

Theorem 1.7.7 ([32, Theorem 3.6]). There exists a weight preserving bijection from
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R(A, j) to K(A,j), consequently

forn,7 € Nand A\ n.

It is through this bicolored banner description that a recurrence for @, ;x is ob-

tained. This recurrence is equivalent to the following generating function formula for

Qnjk-

Theorem 1.7.8 ([32, Theorem 1.2]). We have

ik (=0 H(rz)
> Quin(x)tir’z T H(tz) — tH(z)

n,5,k>0

Recall from Section 1.4 that H(z2) = >_ -, hn2", from Equation (1.5) that h, =

Fy ., and from Definition 1.3.1 that [n],! = ((ﬂqq)fn. Putting all this together with

Lemma 1.6.4, we have

ps(H(z(1—q)) = _

. = equ(z).

We also recall Euler’s exponential generating function formula for the Eulerian poly-

nomials, Equation (1.1)

ZAn(t)Zn _ (1 —t)ez‘

n!l etz — ter
n>0

So in comparing Theorem 1.7.8 with Euler’s result in Equation (1.1), it is natural
to call Theorem 1.7.8 a symmetric function analog of Euler’s result. Moreover, by
replacing z — 2(1 — q), and t — tq, and applying the stable principal specialization

ps to Theorem 1.7.8, we obtain the g-analog of Equation (1.1) due to Shareshian and
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Wachs, Theorem 1.3.5

Z qmaj(ﬂ)texc(w)rﬁx(w) z" _ (1 - tQ) equ(rz) .
n>0 [n]q' equ (tQZ) - tq equ(Z)
TESy

We remark that the formula for the distribution of maj, des, exc, and fix appearing
Theorem 1.3.6 also follows from Theorem 1.7.8 by applying the principal specialization
ps;.

In the last two sections we have discussed techniques and results that will be
relevant to proving our results later on. In the next two chapters we discuss well-
known ways in which one can generalize the symmetric group. The first is a study
of Coxeter groups, and the second is to consider certain wreath products. We will

observe that there is some overlap in these two topics.



Chapter 2

The Hyperoctahedral Group

In this chapter we will see how the symmetric group fits into a larger class of groups
called Coxeter groups. First we define Coxeter groups and recognize the symmetric
group as part of this class of groups. We continue the chapter by considering the type

B Coxeter group, also called the hyperoctahedral group.

2.1 Coxeter Groups

Informally, a Coxeter group is a group that can be presented in a simple way
using generators and relations, where the generators are sometimes thought of as
reflections. Coxeter groups arise in many different areas of mathematics, some exam-
ples include symmetry groups of regular polytopes, and the Weyl groups of simple
Lie algebras. The finite Coxeter groups can be realized as reflection groups of finite
dimensional Euclidean spaces. Moreover, the finite irreducible Coxeter groups have
been completely classified: there are four infinite families, and six exceptional irre-
ducible Coxeter groups. We refer the reader to [3] for more information on Coxeter
groups.

Definition 2.1.1. A Cozeter system (W, S) consists of a group W and a set of gen-
erators S such that the following relations form a presentation of W:
1) s?=1Idforall s; € S,

2) (si8;)™%) = Id, where m(s;, s;) € {1,2,...,00} for all s;,s; € S.

39
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If m(s;, sj) = oo for some s;,s; € S, this means there is no relation of the form
(sis;)™. The group W is called a Coxeter group. Given a Coxeter system (W, S), one
can write the coefficients m(s;, s;) such that s;,s; € S as a matrix called a Cozeter

matriz.

We note that for W to be a group, m(s;, s;) = m(s;, s;) for all s;,s; € S. We also
note that two generators s; and s; commute if and only if m(s;, s;) =2

Two fundamental aspects of a Coxeter system that we will be particularly inter-
ested in are that of Coxeter length and right descent set. Later we will discuss the

connections between certain permutation statistics, and length and right descent set.
Definition 2.1.2. Let (W, S) be any Coxeter system. We can express each w € W
in terms of the generators S. If

W = S, Siy " " Sik

where s;; € S for 1 < j < k and & is minimal among all such expressions, then £ is
called the Cozeter length of w and we write [(w) = k. The expression s;,s;, - - - S;, 18
called a reduced word for w.

The right descent set of w, denoted Dg(w), is defined to be

Dr(w) :={s; € S: l(ws;) < l(w)}.

Note that since we also consider permutations as words, we will have to distinguish
between the Coxeter length of a permutation defined above, and the length of a

permutation as a word, which we may denote by length(w) =n if 7 € S,,.
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2.2 The Type A Coxeter Group

The most basic nontrivial example of a Coxeter group is the symmetric group,
also called the type A Coxeter group. To realize S, as a Coxeter group, we must
present a list of generators S so that (S,,S5) is a Coxeter system, which we call the

type A Cozeter system. For i =1,2,...,n — 1, define
7= (i,i+1) €S,

written in cycle form. The element 7; is called an adjacent transposition, and we choose
S = {m, 72, ..., 7n_1}. Given a permutation m € S,, written in one line notation, we
note that 77; is obtained from 7 by switching 7 (i) and 7 (i + 1). For example let
m=2,5,3,1,6,4 € Sg, then 77y = 2,5,3,6,1,4. From this it is clear that S generates
S,. Moreover, it is an easy exercise to verify that with these generators, S, has the

presentation

?=Id forl1<i<n-—1,

() =1d  for |i — j| > 1,

(r;7i31)2 =1d  for1 <i<n-—2,
where Id denotes the identity permutation of S,, (i.e. Id = 1,2, ...,n written in one-
line notation). Thus (S,,S) is indeed a Coxeter system. Given 7w € S,,, we let [5 ()
and DES, () denote the Coxeter length and right descent set of 7 respectively with
respect to the Coxeter system (.5, 5). We also note that the corresponding Coxeter

matrix, for say n = 6, has the form

1 3 2 2 2
31 3 2 2
m= |2 3 1 3 2
22313
2 2 2 31
Recall from Definition 1.2.1 that for 1 < ¢ < j < nand 7w € S, the pair (7 (), 7(j))
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is called an inversion of 7 if m(¢) > m(j). The inversion number of 7 is defined by
inv(m) := | {(7(i),7(j)) : (w(i),n(j)) is an inversion of 7} |.

This statistic gives us a combinatorial description of Coxeter length for S,,.

Proposition 2.2.1. Let m € S,,. Then ls(m) = inv(r).

Proof. First we show that inv(m) < [5(m). Recall that multiplying = by 7; on the

right switches the letters 7(j) and 7(j +1). Thus if 7(j) > 7(j + 1), then inv(n7;) =

inv(m) — 1. And if 7(j) < m(j + 1), then inv(77;) = inv(7) + 1. Since inv(Id) = 0, it
<

[a(m).

Next we show that [(7) < inv(w). Induct on k = inv(w). If £ = 0, then 7 = Id

follows that inv(r;, 7, - - -7, ) < k, which implies inv(m)

and [ (Id) = 0. Now let k = inv(m) > 0, and assume that [5(c) < inv(c) whenever

inv(o) < k. Since inv(7) > 0, there exists j such that 7(j) > m(j + 1). Thus
inv(n7;) = inv(r) — 1 <k,
and
Ia(rry) <inv(mr;) =inv(r) — 1=k — 1.

It follows that

Ia(m) < k = inv(m).
[l

Recall that our discussion of g-analogs began in Section 1.3. Through the work
of Rodrigues [28] and MacMahon [19], we saw that enumerating permutations by

inversion number or major index provides a nice g-analog of n!. Since [, is equal to
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inv, we update the corresponding formula now,

D= = g =)y (2.1)

TES, TESy TESn

Next we show the connection between the right descent set (see Definition 2.1.2)

of our Coxeter system (S,,5) , and the descent set from Definition 1.2.1.
Proposition 2.2.2. Let m € S,,. Then i € DES(7) if and only if 7, € Dg(r).

Proof. 1f i € DES(7), then multiplying by 7; on the right switches (i) and 7 (i + 1)
and la(77;) = inv(nr;) = inv(m) — 1 < la(7), thus 7; € Dg(m).

If i ¢ DES(7), then la(77;) = inv(n7;) = inv(m) + 1 > la(7), and 7; &€ Dg(m).

Since the Eulerian polynomial satisfies

An(t) _ Z tdes(ﬂ)’

WESn

one could consider an Eulerian polynomial (or formal power series) for any Coxeter

system (W, S) to be

Z t1Pr(w)|

weWw

2.3 The Type B Coxeter Group

Our next example of a Coxeter group is the type B Coxeter group, also called the
hyperoctahedral group, and is the focus of this chapter. It is a generalization of the
symmetric group, and it has a subgroup isomorphic to the symmetric group. The
corresponding type B Coxeter system is similar to the type A Coxeter system, except

that it contains an additional exceptional generator.
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Definition 2.3.1. For n € P, consider a set of generators S := {79, 71, T2, ..., Tu_1},

and a group with presentation

?=I1d for0<i<n-—1,
() =1d  for |i — j| > 1,
(Ti7—2’+1)3 =Id forl1<i:<n-2,

(7'07'1)4 = Id

We call the this group the type B Coxeter group, and we denote it by B,,. We call the
corresponding Coxeter system (B, S) the type B Cozeter system. Given w € B,,, we

let [g(w) denote the Coxeter length with respect to this Coxeter system.

We note that the corresponding Coxeter matrix, for say n = 5, has the form

(NI NO RN
N WO —
W = W N
=W NN
WD N

2 2 2 3

The type B Coxeter group has a nice combinatorial description as a group of signed
permutations. This is the group of bijections on the set {—n, —n + 1, ...,—1,1,2,...,n},
subject to the constraint that a signed permutation 7w must satisfy 7(—i) = —n (i) for
all i € [n] = {1,2,...,n}. Because of this constraint, it suffices to describe a signed
permutation by specifying where it maps the elements in [n]. A signed permutation

7 can be written in two-line notation

and one-line notation
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where (i) € {—n,—n+1,...,—1,1,2,...,n} and

7] = Iw(D, [7@)], s [7(0)] € S

Let sgn(m(i)) := m(:)/|m(4)|, that is the sign of 7 (7). Clearly, S, is a subgroup of the
group of signed permutations.
We can also write a signed permutation as product of cycles. Let i1,1s,...,7 €

{-n,—n+1,...,—1,1,2,....n} be integers with distinct absolute values. The cycle

(7:17 i27 ceey Zk‘)

denotes a bijection which maps |i;| to i;41 for j = 1,2, ...,k — 1, maps |ix| to 71, and
if 47 does not appear in the cycle then |i| is mapped to itself. Given any signed

permutation m, it can be written as a product of disjoint cycles. For example

m=-321-5-6,4,—7 = (1,-3)(2)(4,—5,—6)(=7) € B,

and

7| =3,2,1,5,6,4,7 € S,.

We also let Id denote the identity element of the group of signed permutations (i.e
Id = 1,2,...,n written in one-line notation).

One realizes that the group of signed permutations is the type B Coxeter group
B,,, by identifying the generators in S with elements of the signed permutation group.
We let 79 = (—1), and note that multiplying a signed permutation 7w by 75 on the
right has the effect of changing the sign of 7(1), and leaving the rest of 7 unchanged.
For 1 <i<n-—1, welet 7, = (i,7 + 1), which we also call an adjacent transposition
since multiplying 7 on the right by (i,7 + 1) has the effect of switching 7 (i) and

m(i41) without changing any signs. From this, it follows that the signed permutations
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{70, 71, ..., Tn_1} generate the entire group of signed permutations. Moreover, we leave
it to the reader to verify that they satisfy the relations in Definition 2.3.1 (see also
[3]). Thus the type B Coxeter group is equal to the group of signed permutations,
which we also call the hyperoctahedral group, denoted B,,. It will also be convenient

to define By := {0} where 0 denotes the empty word.

2.4 Statistics for the Hyperoctahedral Group

A signed permutation statistic, or simply permutation statistic, f is a map from
the union of all signed permutation groups to N. In Chapter 1 we found the study
of permutation statistics to be a rich topic. Moreover, we found that the naturally
defined statistics given in Definition 1.2.1 have a wide range of applications, and
connections to the Coxeter interpretation of the symmetric group. Thus we seek so-
called type B analogs of these statistics. First we define several permutation statistics
for B,,, and then discuss their relevance. In this definition we use the usual order on
the nonzero integers between —n and n,ie. -n< -—n+1<..<-1<1<2<...<
n.

Definition 2.4.1. Let 7 € B,,.

e The set of positive fixed points (or simply fixed points) of 7, is denoted FIX™ ()
and is defined by
FIX"(7) :={i € [n] : w(i) = i}.

e The number of fixed points of 7, denoted fix* (), is

fix*(7) := |[FIX" (7).
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The set of negative fixed points of 7, denoted FIX™ (), is defined by
FIX™ (7)) :=={i € [n] : w(i) = —i} .
The number of negative fixed points of 7, denoted fix™ (), is
fix (7)) := |[FIX™ ()]
The negative letters of 7, denoted Neg(w), are defined by
Neg(m) :={i € [n] : w(i) < 0}.
The number of negative letters of 7, denoted neg(w), is
neg(m) := |Neg(m)|.
The descent set of 7, denoted DES(7), is defined by
DES(m):={ien—1]:7@) >n(t+1)}.
The descent number, denoted des(7), is defined by
des(m) := |DES(7)].
The type B descent set of 7, denoted DESg(), is defined by

DES(r) if 7(1) >0
DESB(ﬂ') =

DES(m) U {0} if 7(1) < 0
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e The type B descent number of m, denoted desg(w), is defined by

desg(m) = |DESg()].

e An inversion of 7 is a pair (7(i), 7(7)), such that 1 < i < j <nand 7(:) > 7(j).
The inversion number of 7, denoted inv(w), is defined to be the number of

inversions of 7.

e The type B inversion number of 7, denoted invg (), is defined by

invg(m) := inv(m) — Z (7).
i€Neg()

First we seek a type B analog to Proposition 2.2.1, which stated that [, is equal
to inv for the symmetric group. While the inv defined above is the most natural
extension of inversion number, it does not have the property of being equal to [g (the
Coxeter length with respect to (B, S)), so we do not consider it to be a ”"good” type
B analog for inversion number. We do consider invg to be a good type B analog of
inversion number, because it resembles the definition of the type A inversion number,
and it has the property of being equal to lg. Brenti [4] introduced invg and proved

the following proposition.
Proposition 2.4.2. Let 7 € B,,. Then lg(7) = invg(m).

Proof. First we show invg(m) < lg(m). For 1 < i < n — 1 multiplying 7 on the
right by 7; switches 7(i + 1) and 7(7), and does not change any signs. Consequently
i € DES(n) if and only if invg(77;) = invg(m) — 1, and i ¢ DES(n) if and only if
invg(77;) = invg(m) + 1. Multiplying 7 on the right by 79 changes the sign of the
first letter of w. If w(1) > 0, then we lose m(1) — 1 inversions when multiplying on

the right by 79. And if 7(1) < 0 then we gain 7(1) — 1 inversions when multiplying
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on the right by 7y. In either case we have inv(nr) = inv(m) — 7(1) + sgn(m(1)). It

follows that

invg(77) = inv(mro) + x(r(1) > 0)w(1) = > a(i),
i€Neg(m)—{1}
where we define x(P) := 0 if the statement P is is false, and x(P) := 1 otherwise.
Thus

invg(m7y) = inv(m) — (1) +sgn(7(1)) + x (7w (1) > 0)w (1) — Z (1)
i€Neg(m)—{1}

= invg(m) + sgn(w(1)).

It follows from these results and the fact that invg(Id) = 0, that the type B inversion
number of a product of k generators is less than or equal to k.

Now we show that lg(7) < invg(w). Induct on k = invg(w). If £ = 0, then 7 = Id
and lg(Id) = 0. Now let k = invg(m) > 0, and assume that lg(0) < invg(c) whenever
invg(o) < k. Since invg(m) > 0, either DES(7) # (), or DES(7) = () and Neg(7) # 0.
If the latter holds, then the negative letters must occur at the beginning of the word
7, in particular 7(1) < 0. In either case, we claim that there exists a generator 7 such
that

invg(77) = invg(m) — 1 < k.

This follows from the fact that if DES(7) # 0,then set 7 = 7; for some i € DES(r).
If DES(7) = 0 and 7(1) < 0, then set 7 = 7.
Thus

lg(n7) <invg(n7) =invg(m) — 1=k — 1L

It follows that

Ig(m) < k = inve(m).
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As a corollary to Proposition 2.4.2, we verify that DESg provides us with a type
B analog of Proposition 2.2.2. Recall that we defined the right descent set for any
Coxeter system in Definition 2.1.1. So in the following proposition, Dg(7) refers to

the right descent set of an element 7 € B,, with respect to the Coxeter system (B, S).
Proposition 2.4.3. Let m € B,,. Then i € DESg(7) if and only if 7, € Dg(m).

Proof. In the proof of Proposition 2.4.2 we showed that if i € DESg(7), then Ig(77;) =
invg(n7;) = invg(r) — 1 < lg(7). And if i ¢ DESg(w), then lg(n7;) = inve(nr;) =
invg(m) +1 > lg(m).

0

Next we define the flag major index statistic introduced by Adin and Roichman
[2]. Tt is a major index like statistic that is equidistributed with lg and invg, thus a

good type B analog to the major index for .S, (see Theorem 1.2.3).

Definition 2.4.4. For 7 € B,,, the major index of 7, denoted maj(r), is defined by

1€DES()

The flag major index of 7, denoted fmaj(w), is defined by
fmaj(7) := 2maj(m) + neg(r).

Theorem 2.4.5 (|2, Theorem 2.2, Theorem 3.1)). The statistic fmaj is equidistributed

with lg, thus also equidistributed with invg.

Moreover, we also have the following type B analog to Equation (2.1)

Z gB™ = Z gnve(m — Z gmai(m) = ﬁ[%]q- (2.2)

mE€By, TEB, TEB, =1
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A question first posed by Foata, is to extend the formula for the bivariate distri-
bution of descent number and major index (the Carlitz identity, Theorem 1.3.3) to
the hyperoctahedral group B,. An answer to this question is given by Adin, Brenti,
and Roichman [1] in Theorem 2.4.7 below. They use the flag major index and also
introduce a descent like statistic called the flag descent number. They show that the
flag descent number is equidistributed with the cardinality of a multiset they intro-
duce called the negative descent multiset. The negative descent multiset is shown to
have a natural description as a descent set in terms of the Coxeter group definition.
They compute a formula for the bivariate distribution of the flag descent number and
the flag major index, thus providing a type B analog to Carlitz’s identity Theorem

1.3.3, and an answer to Foata’s question.

Definition 2.4.6. For 7 € B,, the flag descent number of 7, denoted fdes(r), is
defined by
fdes(m) := 2des(m) + x(7(1) < 0).

Recall that x(P) = 0 if the statement P is is false, and x(P) = 1 otherwise.

Theorem 2.4.7 ([1, Theorem 4.2]). For n € N we have

(1 =p) [T (1 = p2¢*) “

k>0

As an analog to MacMahon’s [20] classic result that excedance number and descent
number are equidistributed (Theorem 1.2.2), we consider the following excedance like

statistic of Foata and Han called the flag excedance number.

Definition 2.4.8. For m € B, the excedance set of 7, denoted EXC(r), is defined
by
EXC(m):={ien—1]:7(i) > i}.



52

The excedance number, denoted exc(7), is defined by
exc(m) = |[EXC(7)|.
The flag excedance number of 7, denoted fexc(7), is defined by
fexc(m) := 2exc(m) + neg(n).

The following theorem of Foata and Han shows that the pair (fdes, fexc) is a nice

type B analog to the pair of symmetric group statistics (des, exc).

Theorem 2.4.9 ([12]). The statistics fdes and fexc are equidistributed on B,,. Equiv-

alently,

Z tfdes(w) Z tfexc )

weBy, T€Bn
This theorem is proved by specializing the following type B analog of Theorem

1.3.6 due to Foata and Han.

Theorem 2.4.10 ([12, Theorem 1.1]). We have

n

xc(m m)  fmaj(rw xt(m)y Aix ™ (7) rrneg(r) u
(1 +t) Sfe o )tfdes( )qf aj( )Yﬁ ( )Y zneg
; gf;n v (2 ¢%)ns1

, —usq¥1Z:¢%) ¢
_ Z L/2J+1 ( qr ;] )L +1)/2) Fu(u:s,q,2),
>0 UYm 241 (USAZ; ) 41) 2]

where

Fi(uys,q,2) = (USQQZ; q2)Lr/2J(1 - 82612)(“; q2)L(r+1)/2J (u; CIQ)Lr/zj
X [(U;q2)wzj+1 ((U; q2)L(r+1)/2J ((U; q2)Lr/2j - SZQQ(USQQQ;QQ)WQJ)

—1
+50Z(uw; ) 12y (4 6%) (1) j2) = (W8 @) (ery2)))] -
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As a corollary, Foata and Han obtain the following type B analog of Theorem

1.3.5.

Corollary 2.4.11 ([12, Corollary 1.2]). We have

n

fexc(m)  fmaj(r)y AixT (m)yfix™ (1) neg(r) u_
E g S g™ Yo Yl Z" (qQ. q2)
n>0 7€Bn T

. C€XPg2 (U%)Equz ('LLSC]}/lZ) (1 - S2q2)
B Exp,2(usqZ) [equg(u52q2) — $2q% expe(u) + 5qZ (exp,e(us?q?) — exp, (w)]

Clearly, Corollary 2.4.11 implies a formula for the four-variate distribution of
(fexc, fmaj, fix ", neg). At the end of Chapter 3 we show that this formula for the
four-variate distribution of (fexc, fmaj, fix"™, neg) also follows from a new result of this
thesis, Theorem 3.3.1.

We turn our attention now to a different and more recent solution to Foata’s prob-
lem of extending Carlitz’s identity, Theorem 1.3.3, to the hyperoctahedral group B,,.
Since DESg is the right descent set for the Coxeter system (B, S) (see Proposition
2.4.3), it is the most natural analog to the type A descent set. We would like to have
a type B analog of Carlitz’s identity that involves desg, and Chow and Gessel obtain

just such a result.

Theorem 2.4.12 ([6, Theorem 3.7]). For n € N we have

Z B quaj(ﬂ)pdesB(ﬂ')
TEn =Y 2k +1]"p".
(P ¢*)ns1 ,;[ lap

Proof. Here we give a sketch of the proof from [6]. First define

Busla) = 3 g™

ﬂ'EBn
desg (m)=k

Next, the following recurrence for B, x(¢) is obtained by analyzing how fmaj and desg
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change when inserting 4+n into a signed permutation from B,,_;.

Boyi(q) = 2k +1)Bac1k(q) + ¢ ' [2n — 2k + 1),By_145-1(q), 1<k <n-—1.

n
The g-binomial coefficient is defined by

Using the above recursion and a few identities involving g-binomial coefficients, the

following identity is obtained by induction

" r+n—=k
2r + 1) = Bux(g)
k=0 n
q2
This identity is used to prove that
n r+n—=k
S r+1p"=> Y Buulg P
r>0 r>0 k=0 n
q2
n r+n—=k
= Bur(@p") Pt
k=0 r>k n
q2
_ Z quaj(w)pdesB(w) Z n+s ps.
7E€Bn 5>0 n
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The result now follows from the following identity

n+k 1

S|

kZO n (pﬂ q)n+1

]

A new result we present in this thesis, is a formula for the five variate distribution
for fmaj, fexc, desg, fix™, neg. This is a type B analog to Theorem 1.3.6 and reduces

to Theorem 2.4.12 by settingt =r =s=1.

Theorem 2.4.13.

2" j(m xc(m T xT (7 T
3 qumax ) fese(m) sy (), fx () gneg()
n>0 9/l
TI'E_Bn

= PP — 12¢%) (2 (B2 ¢ ‘
= (rz)en [(1+ sqt)(2;.¢%)k — (8267 + sqt) (225 ¢°)4]

At the end of Chapter 3 we show that Theorem 2.4.13 follows from another more
general new result of this thesis, Theorem 3.3.2. While Theorem 2.4.13 has sim-
ilarities to Theorem 2.4.10 of Foata and Han, we note that these formulas are not
equivalent. The difference is that the descent statistic in Theorem 2.4.10 is fdes, while
the descent statistic in Theorem 2.4.13 is desg. Thus Theorem 2.4.10 reduces to the
Adin, Brenti, Roichman type B analog of Carlitz’s identity (Theorem 2.4.7), while
our result in Theorem 2.4.13 reduces to the Chow-Gessel type B analog of Carlitz’s
identity (Theorem 2.4.12). We conclude this chapter by demonstrating how Theorem
2.4.13 reduces to Theorem 2.4.12.

By setting t = r = s = 1, Theorem 2.4.13 reduces to

Z z" quaj(ﬂ)pdesB(ﬂ) _ Z pk<1 - q2)<27 QQ)k(QQZ; q2)k .
= 0:¢%)nn = Gl +0)(z 6%k — (¢ + 062 6]

ﬂ'EBn
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Note that (z¢% ¢*)r = (2;¢*)rs1/(1 — 2), thus

Z 2" quaj(w)pdesB(Tr) _ Z pk(l - Q)(l + Q)(Z; q2)k
= (D q%) 1 (1= 2)[(1+q) (% ¢k — (¢ + 0)(4°2; ¢°)i]
TEB, -

B P"(1—q)(z ¢ B pF(1—q)
B ; (1—2)(z¢*)k —a(z ¢k ,; (1 —=2) —q(1 — z¢*)

pF(1—q) p* k
Z 1-9 —z1—q2k+1) ;1—2[2k+1]q D A2k + 1l

k>0 n,k>0

Now extract the coefficient of 2" from both sides to obtain Theorem 2.4.12 of
Chow and Gessel.

Some of the earliest results on enumerating signed permutations according to
statistics are due to Reiner [23]. He derives a multivariate generating function formula
involving type B descent number, major index and cycle type. His major index
is different from the major index statistics we have defined in this thesis, and is
not equidistributed with length for the hyperoctahedral group. We note that his
proof is a type B analog of the techniques of Gessel and Reutenauer discussed in
Section 1.6. To prove our results presented in this thesis, we will develop a colored
permutation, or wreath product, generalization of the techniques of Shareshian and
Wachs discussed in Section 1.7. In the following chapter, we will see that the family
of colored permutation groups includes the family of signed permutation groups.
Because of this, we are able to specialize our results to the signed permutation group.
Although our techniques and results have similarities with those of Reiner, they are

in fact different.



Chapter 3

The Colored Permutation Group

In the previous chapter we explored a way to generalize the symmetric group
using Coxeter group theory. In this chapter we consider another generalization of the
symmetric group, namely the wreath product of the cycle group with the symmetric
group, also called the colored permutation group. We will observe that there are close

connections between colored permutation groups and Coxeter groups.

3.1 Colored Permutations

First we define a wreath product in general, and then turn our attention to the
particular class of wreath products that we will be interested in. Let H, G be groups

with G acting on a set I'. Let H' be the direct product

H" =[] H,

vyel
where each H, = H. Define an action of G on H' by

g-hy=hg1,,

for g € G, v € T, and h = (h,),er € H'. The wreath product of H and G with

respect to I', denoted H i G, is the corresponding semidirect product H' x G. That

57
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is, for hy, hy € H" and g, go € G, the group multiplication in H i G is given by

(h1,91)(ha, ga) = (h1(g1 - ha), 9192)-

We will study a particular class of wreath products called colored permutation
groups.
Definition 3.1.1. For N.n € P, let Cy denote the cyclic group of order N and S,
the symmetric group on [n] = {1,2,...,n}. S, acts on [n] in the usual way, i.e. for
m €S, and i € [n], m-i = 7w(i). We define the colored permutation group to be the
wreath product Cy ) Sy, which we simply denote by Cy 1.S,,. For n = 0, it will be

convenient to define Cy 1 .Sy := {0} where 6 denotes the empty word.

In Chapter 2 we saw that the type B Coxeter group has a nice and useful combina-
torial description as a group of signed permutations. There is also a nice combinatorial
description of C'y .S, which illuminates the reason for calling this group the colored
permutation group. In this and subsequent chapters we will primarily use this combi-
natorial description. We consider an N-colored permutation of length n, or simply a
colored permutation to be a bijection on the following (ordered) alphabet of N-colored

integers from 1 to n

E={1N"T <2V <N <IN 2 <2V 2 eV P < <1 <2 < <)
(3.1)

Given such a bijection 7, we require that
7(i%) = k% implies 7(#7) = kleits mod V) (3.2)

for 1 <i<mand 0 <7 <N —1. So just as with signed permutations, it suffices to
describe a colored permutation by specifying where it maps 1°,2°, ..., n%. We usually

do this by writing a colored permutation 7 in one-line notation (i.e. a word over &),
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so (i) = m; € € denotes the i*™® letter of the colored permutation 7. We let |1;| denote
the positive integer obtained by removing the superscript, and let ¢; € {0,1,..., N — 1}
denote the superscript, or color, of the i*" letter of the word. If 7 is word of length n

over £, we denote by || the word

|| == |m1|, |72l s -y |70 -

Given any word 7 of length n over the alphabet £, 7 defines a colored permutation
if and only if |7| € S,,.
For example, elements of this group may be written in one line or two line notation
as follows:
10 20 30 40 50
7=23%5"4" 12 2! = € 031 S5,
32 50 4t 12 2!
then

’ﬂ.‘ = 375747 172 € 55'

And in particular, |73| = 4 and €3 = 1 so that 73 = |m3|® = 4%

We can also write a colored permutation 7 in cycle notation using the convention
that j% follows i“ means that m; = j%. It is easy to see that a colored permutation
decomposes into a product of disjoint cycles. Continuing with the previous example,

we can write it in cycle notation as

7= (1%,3% 4" (2%, 5").

Proposition 3.1.2. The group of N-colored permutations of length n is the wreath

product Cn 0.S,,.

Proof. Let m be a colored permutation whose letters have colors €, €, ..., €, respec-



60

tively. We identify 7 with the element (e, |7|) € Cn 1 S,, where € = (€1, €9, ...,€,) €
(Cn)"™. Given another colored permutation " with corresponding element (¢’ |7'|) €

Cy 1Sy, the wreath product multiplication is given by

(€, [7))(€, [7']) = (e(lx| - €), |7||7’]) = (,0),

where o = |7||7’|, and if we write Cy additively then §; = ¢; + e"ﬂ_l(i) mod N.

Considering the colored permutation multiplication 7', clearly |77'| = |x||7’|.
Thus by (3.2), the color of the i*® letter of the word 77’ is €; + €lr-1) mod N, as
desired.

]

It is easy to see that C71 (S, = 5, and Cy S, = B,. From our study of type

A and B Coxeter groups, we can see how to obtain generators for arbitrary Cy ¢ .5,.
For 1 <i<n-—1,let 7 := (%@ + 1)°) (we can think of 7; as the usual adjacent
transposition). Now the extra distinguished generator 7y is defined by 79(1) = 1! and
70(7) = i for 2 <4 < n. In cycle notation this can be written as 7 := (1'). Note that
multiplying a colored permutation 7 on the right by (i%, (i +1)°) switches the letters
m(i) and 7(i + 1) without changing any colors, while multiplying on the right by 7,
adds one (mod N) to the color of 7(1). Thus the elements 19, 71, 72, ..., T,_1 generate
all of Cy 1.S,,. We leave for the reader to verify that this group has the presentation
(see also [16])

2=1d fori=1,2,...,n—1,

& =1d,

()2 =1d  if i — j| > 1,

(ri7i01)> =1d  fori=1,2,...,n — 2,

(7'07'1)2N = Id

We see that for N > 2, we almost have a Coxeter system, except that 77 # Id.
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However, wreath products do provide a nice generalization of both the type A and

type B Coxeter groups, in a way that is Coxeter-like.

3.2 Statistics for the Colored Permutation Group

A colored permutation statistic, or simply permutation statistic, f is a map from
the union of all colored permutation groups to N. In this section we discuss several
permutation statistics that are colored analogs of previous statistics.

Definition 3.2.1. Let 7 € Cy 1 S,,.

e For an integer k such that 0 < k < N — 1, we define the k" color fixed point

set of 7, denoted FIXy(7), by

FIXy(7) = {i € [n] : m; = "} .

e The k™ color fixed point number of 7, denoted fix, (), is defined by

fixg(m) = |FIXg(7)].

e [t will also be convenient to define the fixed point vector of 7, denoted ﬁ;((ﬂ) €
N¥, by
fix(m) := (fixo (), fixy (7), ..., fixy_1 (7).

e For an integer m such that 1 < m < N — 1, we define the m'" color set of T,

denoted COL,,(7), by
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The m'™ color number of 7, denoted col,, (), is defined by

coly, (m) = |COL,, (7).

And we define the color vector of 7, denoted col(r) € N¥=1, by

col(m) == (coly (), coly (), ..., coly_1 (7).

The descent set of 7, denoted DES(7), is defined by
DES(m):={ie€n—1]:m > mi1};

note that this is computed with respect to the order given on & in (3.1).

The descent number of 7, denoted des(7), is defined by

des(m) := |DES(m)] .

The starred descent set of 7, denoted DES*(7), is defined by

DES(r) ife; =0
DES*(7) := :
DES(mr)uU{0} ife >0

The starred descent number of 7, denoted des™(w), is defined by

des™(m) := |DES*(7)].
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For example if

1 2 3 4 5 6 7 8
= 603238,

12 49 81 g0 52 32 70 2l

then DES*(7r) = {0,2,4,5, 7}, des(w) = 4, des*(m) = 5, fix(w) = (1,0, 2), and col(r) =
(2,3).

Now we introduce the cv-cycle type (short for color vector cycle type) of a colored
permutation m € Cy 1 .S,. As noted above, m decomposes into a product of disjoint
cycles. Let A = (A > ... > \;) be a partition of n. Let @, ...,ﬁﬁk be a sequence of
g
is the sum of its components, i.e. |g! = P14+ B2+ ... + By_1. Consider the multiset

vectors in NV~! with each < )\;, where the absolute value of a vector 3 € NV-1

of pairs

P

= {00, o, ), o (s )}

We say that 7 has cv-cycle type A(m) = A if each pair (\;, 67) corresponds to exactly
one cycle of length \; with color vector ﬁ_; in the decomposition of m. Note that
Cal(w) = @ +..+ 67“ using component wise addition. Consider the following example

iIngZSg,let
1 2 3 4 5 6 7 8 9

m =

32 4t 1t 22 80 92 5L 7t 60
— (11,32)<22,41)<60,92)(51,80, 71)’
SO ;\(ﬂ-> = {(37 (2’0))7 (27 (17 1))7 (2’ (17 1))7 (27 (07 1)>}

The cv-cycle type is actually a refinement of the cycle type, which determines the

conjugacy classes of the colored permutation group. Given w € Cx .5, we say « has
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CyCIG type {<A17j1)7 (A27j2>7 ceny (Akm]k)} where
N-—1
Ji = Z mf:  mod N.
m=1

So for example the cycle type of the colored permutation above is
{(3,2),(2,0),(2,0),(2,2)}. However we will only be using the cv-cycle type in this
paper.

As mentioned in the previous chapter, the flag major index was introduced by
Adin and Roichman [2] as an analog to the major index (see Definition 2.4.4). In
fact, they introduced a more general statistic for the colored permutation group,

which we define now.

Definition 3.2.2. For m € Cy 1S, the major index of 7, denoted maj(r), is defined

by

maj(m) := Z i

1€DES(m)

The flag major index of 7, denoted flagmaj(w), is defined by
flagmaj(m) := N - maj(mw) + Z m - coly, ().

For N = 1, we see immediately that flagmaj reduces to maj, which is equidis-
tributed with Iy on C11S,. We also see that des"(r) = des(w) for all 7 € C1 1S,
For N = 2 we identify the 1-colored letters with negative letters, but the order on
& from (3.1) is not the same as the usual order on +1,+2, ..., +n. However, we still
have that flagmaj, fmaj, and lg are all equidistributed on C515,,. It is also a fact that
des™ and desp are equidistributed on C5?.S,,. In Proposition 3.3.5 below, we describe
a bijection which shows that the pair (flagmaj, des™) is jointly equidistributed with
(fmaj, desg) on Cy1S,. This bijection actually shows that several other statistics are

also jointly equidistributed on Cy 1 S,. For N > 2, flagmaj is not equidistributed
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with length in terms of the generators described above, but this statistic does play a
central role in Adin and Roichman’s [2] study of Cy .S, actions on tensor powers of
polynomial rings, and the Hilbert series of the diagonal action invariant algebra.
Haglund, Loehr, and Remmel [16] introduce another major index like statistic
called root major index. They show this statistic is equidistributed with flagmaj, and

they obtain a polynomial formula for the distribution.

Definition 3.2.3. For 7 € Cy 1 S, the root major index of 7, denoted rootmaj(m),

is defined by
rootmaj(m) := maj(m) + Z Z m - |mw(i)].

m=1{€COL, (7

Theorem 3.2.4 ([16, Theorem 4.5]). For N € P and n € N we have

S glemae) = 5T greomait) = T[N,

TeCNILSH TeCNUS, =1

The flag excedance number of Foata and Han can also be extended to the colored

permutation group.

Definition 3.2.5. For 7 € Cx 1 S, the excedance set of 7, denoted EXC(7), is
defined by
EXC(r):={i€n]:m>i}.

The excedance number of 7, denoted exc(w), is defined by
exc(m) := |[EXC(m)].
The flag excedance number of 7, denoted flagexc(), is defined by

flagexc(m) :== N - exc(m) + Z m - coly, ().
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3.3 Multivariate Distributions of Colored Permu-
tation Statistics

In this section we present some of the main results of this thesis, which enumerate
colored permutations according to various statistics.

Theorem 3.3.1. We have

_ exp,(r02)(1 — tq) <Hﬁj Exp,(—sm2) equ(rmsmz)>
(1 + Zﬁvn; sm) exp, (tqz) — (tq + Zivn; sm) equ(z).

Theorem 3.3.2. We have

Z z" texc(ﬂ) Tﬁ;‘{(ﬂ') Scal(ﬂ') qmaj(ﬂ')pdes* ()
TeCNUS,

-1

P'(1 = tq)(z; qhiltqz; q) (Hﬁ:(smz q)z) (HZ;}(TmSmZ; q)z)
>0 (7025 Q)41 [(1 +30 Sm) (@)1 — <tq N Sm) (f(]Z;Q)l} ‘

In Chapter 4 we show that Theorem 3.3.1 and Theorem 3.3.2 are obtained by

applying the stable and nonstable principal specializations respectively to our colored
permutation generalization of Theorem 1.7.8 of Shareshian and Wachs, which we state
in Theorem 4.1.3.

Next we examine some special cases of Theorem 3.3.1 and Theorem 3.3.2. First,
we see that by a simple variable substitution Theorem 3.3.2 reduces to a colored per-
mutation analog of Carlitz’s identity. This formula enumerates colored permutations
according to fmaj and des®, and is equivalent to a formula obtained independently by

Chow and Mansour [7].
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Theorem 3.3.3. We have

flagmayj pdes*

Z eCnNS, q
- . = NI+ 1)’
(P; ¢ 1 ;[ k

Proof. In Theorem 3.3.2, replace t — 1, ry — 1 for 0 < k < N — 1, s,, — ¢™ for

1<m< N —1,and g+ ¢V, to obtain

2" flagmaj(7), des™ ()
E q p
(3 @V )n+1

n>0
TeCNLSH

_ P = ™M)z ¢z ¢V

B ; (234141 [[N]4(2; M) + (1 — ¢V — [N]) (¢ 2 ¢¥)]
P = g™ (2" )iz ¢ )i /(1 = 2)

= (%) [N (2¢V) + (1= ¢V = [N (25 ¢¥)iya /(1 = 2)]

_ P —q™)(zq")
- ; (1= 2)[N]g(2;¢™ )i+ (1 = g™ = [N]g) (23 ¢V )11

p'(1—q")
(1= 2)[N]g + (1 = ¢~ = [N]g)(1 = 2¢™)

B p(1—q")
=2 (1 —=¢") = 2 ([N]g + ¢V'(1 = ¢V = [N]))
N) l

B P'(1—q _ p
=2 (1—¢") =2 ((1 = ¢")[N], +¢¥(1 = ¢V)) 2 1=z ([Nl]g + ¢™)

>0

!
p n n,l
= = 2N+ 1]7p".
> - X

[,m>0

Now extract the coefficient of 2™ from both sides to obtain the desired result.

Next we notice an interesting corollary of Theorem 3.3.2.
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Corollary 3.3.4. For N > 2 and w a primitive N root of unity, we have

2 Zn nll

n>0 >0 n,d>0

TeCNUS,

2" .
texc(w)qma_] des™ () W™ -cOlm ()
Z (3 @)1 H
Taking the coefficient of 2™ on both sides we have

Z pexc() maJ () deb*(ﬂ) (H m-eolm( W)) = (p;@)n-

TECNUSn

Proof. In Theorem 3.3.2 set r, = 1 for 0 < k < N — 1, and set s, = w™ for
1 <m < N — 1, noting that ZZ;} w™ = —1, to obtain

Z exc(m) ,ma, des (m) m-colpm
nz;() (p;CI)nHt ¢ (Hw >

TeCNISn

_ P (1 —tq)(z;q)i(tqz; @) ZP (z3q) P Z n nl 1

z2qp.
150 (2:q)i41 (—tq + 1) (tgz; @) (z; Q)11 1—

>0 >0 n,l>0
Thus
1 pi 1
Z 2fexc(Tr) qmaj(ﬁ) des* ( ( W colyy, () ) Z(qnp)l _ :
(95 @nt1 7ECNISn m=1 1>0 L=pa"

and the result follows from this.

For N = 1, we noticed that C1 .5, = S,,. Moreover, in this case the defini-
tions of the colored permutation statistics des®, exc, maj, fixy are exactly equal to the
permutation statistics des, exc, maj, fix. Theorem 3.3.1 reduces to Theorem 1.3.5 of
Shareshian and Wachs, and Theorem 3.3.2 reduces to Theorem 1.3.6 of Foata and
Han.

For N = 2, we have (3 S,, =& B,,, where the 1-colored letters are identified with



69

the negative integers. As mentioned above, the order given in (3.1) for the alphabet of
colored letters £, does not agree with the usual order on the integers. So for instance
desg(2!,3!,1%) = 2, while des*(2!,3!,1°) = 1. However, we do have the following

proposition.

Proposition 3.3.5. There exists a bijection v : B,, — Cy0.S,, such that

desp(m) = des™(y(m)), neg(m) = coly (v()), maj(m) = maj(y(m)),
fmaj(r) = flagmai(y(r),  exc(r) = exc(y(r))
fexc(rm) = flagexc(v(7)), fix*(7) = fixo(y()).

Proof. Given m € B,,, y(m) is obtained by rewriting each run of consecutive negative
letters in reverse order, then replacing positive letters with 0-colored letters, and

negative letters with 1-colored letters. For example

v(2,-1,-5,3,8, -7, —4,—6) = 2°,5' 1! 3° 8% 6!, 4 7.

It is clear that neg(r) = coly(y(7)), exc(w) = exc(y(n)), and fix" (7)) = fixg(y(7)). It
follows that fexc(m) = flagexc(y(m)). We note that in general fix ™ (7) # fix; (y(m)).
Clearly, 0 € DESg() if and only if 0 € DES* (7). Now consider ¢ > 0. If 7(7) and
7(i + 1) have different signs or are both positive, then it is clear that i € DESg(m) if
and only if ¢ € DES*(w). If 7(i) and w(i + 1) are both negative, then i € DESg(n)
if and only if |7 ()| < |7(i + 1)| if and only if i € DES*(7). Consequently desg(m) =
des™(7(m)), maj(m) = maj(y(r)), and fmaj(r) = flagmaj(y(r)).
[

Proof of Theorem 2.4.13. Consider Theorem 3.3.2 in the case N = 2. Since flagmaj(m) =

2maj(m) + col; () and flagexc(m) = 2exc(m) + coly(m) for all 7 € Cy 1.5, we replace
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g ¢* t— t*and s; — qts, 1, — 1, and 7o — r. Then apply Proposition 3.3.5 to

obtain
Z z" quaj(ﬂ)tfexc(w)pdesB (7r),r,ﬁx+ () Sneg(w)
TEB,
_ P'(1—t2¢%) (2 ¢°i(t¢* 2 ¢*):
= (rz;¢%)im [(1+ 5q8) (25620 — (262 + sqt) (12225 42)i)
as desired.

O

If we also consider Theorem 3.3.1 in the case N = 2, we can again replace q — ¢,
t — t* and s; — gts, r — 1, and 79 — r, and apply Proposition 3.3.5. The
resulting formula is for the four-variate distribution of (fmaj, fexc, neg, fix"). This
formula is already implied by Corollary 2.4.11 of Foata and Han, which is a five-

variate distribution of (fmaj, fexc, neg, fix™, fix ™).



Chapter 4

Colored Eulerian Quasisymmetric
Functions

In the preceding chapter we introduced the colored permutation group, and pre-
sented our formulas for multivariate distributions of colored permutation statistics.
In order to prove these results, we first introduce colored Eulerian quasisymmetric
functions, which are a colored permutation analog of the Eulerian quasisymmetric
functions of Shareshian and Wachs [31], [32] (see Section 1.7). Analogous to Theorem
1.7.8, we present a generating function formula for our colored Eulerian quasisym-
metric functions, the proof of which is the focus of Chapters 5 and 6. We conclude

Chapter 4 with proofs of Theorem 3.3.1 and Theorem 3.3.2.

4.1 Colored Eulerian Quasisymmetric Functions

To find a colored permutation analog of the Eulerian quasisymmetric functions, we
must decide how to associate a fundamental quasisymmetric function to each colored
permutation. For n € N, we extend the definition DEX(7) C [n — 1] from Defini-
tion 1.7.1. We will use this set in our definition of colored Eulerian quasisymmetric

functions. First, we construct a new ordered alphabet

A::{1~0<50<...<73,5}<8,

71
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where £ has the same order as defined in (3.1) above, but now the letters with a tilde
are less than the letters in £.

Definition 4.1.1. Given any colored permutation m € Cy .S, written as a word,
construct a new word 7 of length n over A as follows: if i € EXC(7), then replace ;
by 7;, otherwise leave m; alone. For example if 7 = 22,32, 1°,6° 5°, 4% € C,1 Sg, then

EXC(m) ={1,4} and 7 = 2~0, 32,10, @7 5%, 43. Then we define the set
DEX(7) := DES(7),

where the descent set of any word over an ordered alphabet consists of all ¢ such that
w; > wi1. Also define DEX(6) := 0 where 6 denotes the empty word. Using the

example above we have
DEX(2°,32,1°,6°,5°, 4%) = DES(20, 32,1°, 60, 5°, 4%) = {3, 5} .

This is a natural extension of the former definition, and Lemma 4.2.1 below will
show that it is also a useful definition.
For T' C [n — 1], recall that the fundamental quasisymmetric function of degree n

is given by (see Definition 1.5.3)

FT,n(X) = Z L1 Ly =+ T, -

11292221 >1
ij>i41 if JET

Definition 4.1.2. Let N be arbitrary but fixed, for n,j € N,@ € NV, 5 € NV-1, we
define
W, iaf = {7? € Cy1S, : exc(m) = 7, ﬁ?{(w) =a, Cal(w) = B} )
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We then define the fized point colored Eulerian quasisymmetric functions as

Given j € N and a particular cv-cycle type A = {(/\1, b, ()\2,52), s ()\k,ﬁﬁ’f)}, we
define
Wy, = {mreCyiSy: ) = A exc(r) = j},

where A\ + Ao + ... + A\, = n.

We then define the cv-cycle type colored Eulerian quasisymmetric functions by
Qs; = Q5 ;(x) = Z Fopx(x)n(X).

Recall that Cy 1Sy = {0} where 6 denotes the empty word. Then DEX(6) = 0,
des(d) = des*(A) = maj(f) = exc(d) = 0,fix(d) = col(d) = 0, and Fypo = 1, thus
Qoogs = 1. We also note that the definitions of Q iaj and Q/\ ; agree with the
definitions of @), ;x and @), ; from Definition 1.7.3, whenever E or ﬁ’ = ( for each
Ei of \.

Recall from Section 1.4 that H(z) = . ,hi(x)2" and h; is the complete ho-
mogeneous symmetric function of degree i, and E(z) = >, g ei(x)2" and ¢; is the
elementary symmetric function of degree . We now state a main theorem of this

thesis, which is a colored permutation analog of Theorem 1.7.8.

Theorem 4.1.3. Fiz N € P and let r® =r§°---r3"}' and sf = SO Then

i H(roz)(1 —1t) (HZ: E(—smz)H(rmsmz)>
n;o rsadBIZt <1+Zm 1sm> H(tz) — (t+2m lsm> H(z)

_deNV
/BGNN71
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Chapters 5 and 6 will be devoted to proving Theorem 4.1.3. The next two corol-

laries state immediate and interesting consequences of this theorem.
Corollary 4.1.4. The quasisymmetric function anﬁg(x) 15 actually symmetric.

Corollary 4.1.5. For N > 2 and w a primitive N root of unity, we have

N-1
Z Qn,j,a,ﬁ(x)zntj (H wm'ﬁm) =1.
m=1

n,j>0
_deNV
BENN71

Proof. Recall from Equation 1.3 in Section 1.4 that H(z)E(—z) = 1. Also note that
Zﬁ: w™ = —1. The corollary is obtained by setting r, =1 for 0 <k < N — 1, and

setting s, =w™ for 1 <m < N — 1. O]

4.2 Specializations

In Section 3.3 we presented our formulas for multivariate distributions of colored
permutation statistics. This section is devoted to proving Theorem 3.3.1 and Theorem
3.3.2, which are obtained by applying specializations to Theorem 4.1.3. Recall the

principal specializations from Definition 1.6.3

and
¢t if1<i<li
ps;(7;) =
0 ifie>1
Also recall from Lemma 1.6.4 that
quETi
ps(Frn(x)) = ——,
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and
p‘T|+1qu€T (

S psi(Fra(x)p' =

Therefore, we will need the following lemma, whose proof is nearly identical to the
proof of Lemma 1.7.2 (see [32, Lemma 2.2]).

Lemma 4.2.1. For every m € Cy 1 S, we have

() — f 0
DEX(r)| = 4 oL dm Al (4.1)

des™(m) if mp = 1°
and

Z i = maj(m) — exc(m). (4.2)

i€DEX(r)

Proof. First define the following sets
J:={ie[n—-1]:i¢ EXC(r) and i + 1 € EXC(7)},
K:={ie[n—-1]:i€ EXC(n) and i + 1 ¢ EXC(m)} .
As in the proof of [32, Lemma 2.2] we have K C DES(7) and
DEX(r) = (DES(r) ) J) - K
Let J={j1 < .. <} and K = {k; < ... < k;} and we consider two cases.

Case 1: Suppose 1 ¢ EXC(7).
Since n is never an excedance position, it follows that ¢ = s and j; < k1 < js <

ko < ... < j¢ < ky, thus

>, i= ) Z—Z = )

i€EDEX () i€DES(
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Since
it follows that

and (4.2) holds.

Case 2: Suppose 1 € EXC(r).
This implies that s = ¢+ 1 and that k1 < j; < ko < ... < j; < kyy1. Again using
the fact that DEX(7) = (DES(7) ) J) — K, we write

t

Sooi= > il k= (ke — )

i€DEX () i€DES(r) m=1

Since

t
EXC(m) = {1, 2,....ki} ) {m + L + 2, kg }

m=1

we have

t
exc(m) = ki + Y (kms1 — Jim)
m=1

and (4.2) holds again.

To prove (4.1), first consider the case when 7; > 1°. As noted above, this implies
that s = ¢t + 1 thus |DEX(7)| = des(w) — 1 = des™(w) — 1. If m; = 1° then s = ¢
thus [DEX(7)| = des(m) = des* (). If 7, < 1%, then s = t and |DEX(7)| = des(w) =
des™(m) — 1. O

We are now ready to show how Theorem 3.3.1 follows from Theorem 4.1.3.

Proof of Theorem 3.3.1. Using Lemma 1.6.4 and Lemma 4.2.1 we have

maj(r)

g (4.3)

ps (Quiar) = 2 Tt



7

Since h,, = Fy,, and [n] = ((lq q)';, it follows that

(4.4)

Also, since e, = Fj,_1)5, it follows that

ps (E(=(1 - q)) = Exp,(2) = >~

If we then set z — z(1 — ¢) and ¢ — tq in Theorem 4.1.3 and apply ps to both sides,

we obtain the desired result. O

Proving Theorem 3.3.2 takes more work, but is similar to the proofs of [32, Lemma

2.4 and Corollary 1.4].

Proof of Theorem 3.3.2. Again, using Lemma 1.6.4 Lemma 4.2.1 we have

2 ops (Qusas) = ¢

Z p\DEX )|+1 maJ(ﬁ)

>0 pvq +1 njaﬁ
1 des™(7)  maj(m)—j des™ () ma( )—j
= ——— »  plT gy > n
(D3 Dnt ew } q ntl oy
n,j,&,8 n.5,d,6
7(1)#1° w(1)=1°

If we define the following quantities

Xojas®:0) = 3P ( id ) :
>0
Y"vjyd'ﬁ(p? Q) = q . Z pdes maj(Tr)*j’
meW, Gad
w(1)= 10
an,j,&,ﬁ(]?u Q> = Z pdes*(ﬂ')qmaj(ﬂ)’
TeW



changes the starred descent number and the major index.

i € DES*(n) if and only if i — 1 € DES*(v(m)).

then they are related by the following equation

a, ;43P q)

4 =X, . 230,09+ —=p)Y, . -2pq).
@ (P; @)ns1 dagPr )+ ( Woiasp:d)

)

Define a bijection

o {7‘(‘ eEW, ag:m1)= 10} - W

nflzjza(_’l) 757

’

where 1) := (g — 1,1, 9, ..., 1), by setting

y(m)(@) = (Jm(i + 1) — 1)+

forl1 <i<n-1.
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(4.5)

For example, if 7 = 1Y, 3!, 2! 4% in one-line notation, then v(7) = 2!, 11,32, Tt

permutation in the domain of 4. Since w(1) = 1°, 0 ¢ DES*(m).

maj(r) = maj(y(m)) + des”(m). Thus

1 es™(m) maj(mw es™(m)—j
Vs ) = (o $ pe gl des(m)-

P Ont1 eW L
n—1,5,a(1) 3

an,17j7aa)7§(qp7 q)
AP D1

is clear that v is well-defined and a bijection, we would also like to know how =
Let m be any colored
If ¢ > 2, then
Also, 1 € DES*(n) if and only if
7(2) < 1° if and only if 0 € DES*(y(7)). It follows that des*(7) = des*(y(m)) and

Note that (1—p)/(p; @)ns1 = 1/(qp; @), so that when we substitute this expression
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for Y, ; ; 3(p,q) back in to (4.5) we get

a_ .- =z(p,q) a . o 5apq)
nj%a,ﬁ = Xn 7,0 E(pa Q> + = 17]‘70[ = .
@ (P Qns1 i @ (qp; On

—

Let a® := (ag—h, ay, as, ...,an_1), so that we can iterate this recurrence relation

to obtain
ap

n,j,0o ﬁ(ﬁ? Q)

7]7 9

—_— = E X . 7 —»(q _L)7 .
q.] (p, q)n 1 3 n—h’]’a(h)75 Q)

Recalling the definition of X . g(p, q), we have

a@Q

an,j,o‘i,g(pa Q) = qj (p> Q)nJrl Z Xn—h,j,aal),ﬁ(th’ q)
h=0

@Q

= (Pi@ns1 Y 1" Y DS, (Qn_h,j,am,g) "

>0 h=0
Lastly, we need the fact that ps;(H(z)) = 1/(z;q); and ps;(E(2)) = (—z;q); (see

[34]) to complete the proof,

Z z" pexc(m) fix(m) Scal(w) qmaj(rr) pdes*(ﬂ)
TeCNUSh

-5

n

tjr&sﬁan’j’&ﬁ(p, q)

_aeNN
ﬁENN71
— @0
— E nyj,.a 0o E l E I hl+j
2t'r"s D psl Qn—h,j,a(h),ﬁ q
n,j>0 >0 h=0
aeNN
EENN—I

— -

n— i o)
:ZPIZ(Zroql)hpSl Z Qn_h’j’a(h)’gz "(tg)r s

>0  h>0 n,j>0
aeNY ag>h
BENN71
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By Theorem 4.1.3 this is equal to

_ Z s H(roz)(1 — tq) (HZ;} E(—smz)H(rmsmz)>
o Ll <1 + o Sm> H(tqz) — <tq + Yot 8m> H{(z)

A _ N-1 , 1
Z b ((roz'q) > (1—1q) <Hm:1(8mz’q>l(7"m5mz'q> )
>0 (1 - Z’I"()ql) [(1 + Zm 1 SW) (taz:q)1 (tq + Zm 1 Sm> (% Q)l}

P (1 — tq) (2 q)iltqz; q) (HZ;}(SmZ; q)z) (Hﬁ;}(rmst; q)z) o
= (rozi g [ (1+ 202 sm) Giah = (ta+ X0l sm) (g5 )]




Chapter 5

Colored Necklaces and Colored
Ornaments

As mentioned earlier, Chapters 5 and 6 will be devoted to the proof of Theorem
4.1.3. In this chapter we introduce colored necklaces and colored ornaments. They
are a multicolored generalization of the bicolored necklaces and bicolored ornaments
of Shareshian and Wachs (see Section 1.7), which are in turn generalizations of the
monochromatic necklaces and ornaments of Gessel and Reutenauer (see Section 1.6).
We construct a bijection which shows that the cv-cycle type colored Eulerian qua-
sisymmetric functions can be expressed in terms of weights of colored ornaments.
This bijection and its proof are similar to the bicolored versions appearing in Theo-
rem 1.7.5 (see also [31], [32]). We will conclude this chapter by showing that Theorem

4.1.3 is equivalent to a certain recurrence relation.

5.1 A Combinatorial Description of the Colored
Eulerian Quasisymmetric Functions

Definition 5.1.1. Let s = (s > s3 > ... > s,,) be a weakly decreasing sequence of

positive integers. For m € Cy 1S, we say that s is DEX(7)-compatible if i € DEX(7)

implies that s; > s;,1. Then define the set Com(J, j) as follows
Com(X, j) := {(m,s) : M) = A, exc(m) = j, and s is DEX(7)-compatible} .

81
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Define the weight of the pair (m,s), denoted wt((m, s)), to be the monomial

wt((m,8)) 1= x5, Tgy + - - T

n*

From this definition, it follows that we can express the colored Eulerian quasisym-

metric functions as

Q= 3 wi(ms)).

(m,s)€Com(A,j)

Let B be an infinite totally ordered alphabet with letters and order given by
B:= {10 << <1V 11020 <2l <« <2V 20 < } (5.1)

Let u be any positive integer. We call w a barred letter, while letters without a
bar are called unbarred. For 0 < m < N — 1 we say a letter is m-colored if it is of
the form u™, we also say that u0 is O-colored. Note that only 0-colored letters may
be barred. The absolute value of a letter is the positive integer obtained by removing
any colors or bars, so |u™| = ‘@) = u.

Next we review the notion of a circular primitive word. The cyclic group of order
n acts on the set of words of length n by cyclic rotation. So if z is a generator of
this cyclic group and v = vy, v, ..., v, then z - v = vy, v3, ..., v, v1. A circular word,
denoted (v), is the orbit of v under this action. A circular word (v) is called primitive
if the size of the orbit is equal to the length of the word v. Equivalently, a word is
not primitive if it is a proper power of another word. For example the circular word
(39,3%3?) is primitive, while (42,3',42,3") is not primitive since 42,3' 42 3! = w?
where w = 4%, 3!. One can visualize (v) as a circular arrangement of letters, called a
necklace, obtained from v by attaching the first and last letters together. For each
position of this necklace one can read the letters in a clockwise direction to obtain

an element from the orbit of the circular action (see also Sections 1.6 and 1.7, and
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[15],[23],[31],[32]).

Definition 5.1.2. A colored necklace is a circular primitive word (v) over the alphabet
B, such that

1. Every barred letter is followed by a letter of lesser or equal absolute value,

2. Every 0-colored unbarred letter is followed by a letter of greater or equal absolute
value,

3. Words of length one may not consist of a single barred letter.

Note that letters with color greater than zero may be followed by any letter from
B. Also note that for a colored necklace (v), we define its color vector in the same

way we did for colored permutations. That is,
col((v)) = f e NV

means that v has exactly f; letters with color i € [N — 1].
For v = vy, v, ...,v,, we define the weight of the colored necklace (v), denoted

wt((v)), to be the monomial

Wt((?})) = $|v1|l’|v2| .. -ZE‘U”‘.

A colored ornament is a multiset of colored necklaces. Formally, a colored orna-
ment R is a map with finite support from the set 1 of colored necklaces to N. We

define the weight of a colored ornament R, denoted wt(R), to be
wt(R) = ] wt((v)™).
(v)en

Similar to the cv-cycle type of a colored permutation, the cv-cycle type X(R) of a
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colored ornament R is the multiset

AR) = {(Al,ﬁj% (A2, 52), ... <)"“67€)}

where each colored necklace of R corresponds to precisely one pair (\;, B_;) where this

colored necklace has length \; and color vector ﬁ_;

For example let N =4 and
R =(59,50,5%,3° 3% 6',70), (3%,3%), (3, 3%), (4°, 50), (2°), (1®).

Then

AMR) ={(7,(1,1,0)),(2,(1,0,1)),(2,(1,0,1)),(2,(0,0,0),(1,(0,0,0)), (1,(0,0,1))} .

Let R(j\, j) denote the set of all colored ornaments of cv-cycle type A, and exactly

7 barred letters.
Theorem 5.1.3. There exists a weight preserving bijection f : Com(X, ) — R(X, 7).

Proof. Let (m,s) € Com()\,j) where s = (sy, 82, ..., 5,). First we map (7, s) to the
pair (o, ) where o € S,, and « is a weakly decreasing sequence of n letters from B.

We let 0 = ||, and we obtain « from s by replacing each s; with one of the following
si—s0 if i € EXC(w),

si— st if ¢ =m and i ¢ EXC(7).

Then for each cycle (i, ...,9;) appearing in o, add the colored necklace (o, ..., a,)
to the multiset f((m,s)).
When doing an example, it helps to write the identity permutation as word on

top, below that the word for the colored permutation m, and below that the sequence
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s, as follows

d =1 2 3 4 5 6 7 8
n = 8 3% 22 50 12 6t 4% 79
Fo= o8 30 92 5 12 640 70
s =6 5 5 4 4 4 4 3
One can check that DEX(7) = {1,3} so that s is DEX(7)-compatible (note that s

has an optional decrease from s7 to sg). Then
o=1(1,8,7,4,5)(2,3)(6),

a = 61,5052 40 42 41 4° 30,

and

f(m,8)) = (6',3%,4° 40 42) (50,5%), (4%).

It is clear that f preserves cv-cycle type, weight, and the number of excedances
of 7 is equal to the number of barred letters in f((m,s)). Since f preserves cv-cycle
type, and since fixed points of any color cannot be excedances, it is also clear that
the colored necklaces in f((7, s)) obey rule 3 in Definition 5.1.2. To prove that rules
1 and 2 are also obeyed, we first prove the following

Claim: « is a weakly decreasing sequence with respect to the order on B given in
(5.1).

Indeed, since |a;| = s;, we know that |oy] = s; > s;11 = |ai1|. So suppose

while ;41 = s?,;. This means that i ¢ EXC(7) while

si = Sip1 and o = s,
i+1 € EXC(m). Thus ¢ € DEX(m) but s; = s;41, contradicting that s is DEX(7)-
compatible. Also, if ;11 = 57} with m; < mg, then 7 is again an element of DEX(7).
This proves the claim.

To check that rule 1 is obeyed, suppose «; is a barred letter. Then if o(i) = j,

we must have ¢ < j. By the claim above, o; > «;. To check rule 2, suppose «; is
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0O-colored and unbarred. Then (i) = j with ¢ > j and the claim tells us that «; < «;.

To show that f is well-defined, it remains to show that each word in f((7,s))
is primitive. Suppose (i, @y, ..., ;) is @ nonprimitive colored necklace in f((m, s))
obtained from the cycle (i1, i, ...,i;) of o, where i; is the smallest element of the
cycle. Thus for some divisor d of k we have (ay,, @iy, ..., @i, ) = (@i, iy, ooy i, )4 In
particular we have

Qi = Qg and i1 < id+1. (52)

Since the sequence « is weakly decreasing, this implies that o; = o, for all i € B :=
{i:i1 <i<igu1}, and BN DEX(w) = (. Moreover, either BN EXC(7) = B or 0,
and ¢; = ¢;, for all i € B. So in fact BN DES(7) = 0 and

o(iy) <olitT+1) <o(iy +2) < ... <0o(ige1)- (5.3)

From (5.3), we find that iy = 0(i1) < 0(ig+1) = Gara. Since (v, Ay, ..., ;) =
(atiy s iy, -ony g, )™, we now have o, = ay,,, With iy < ig40, similar to (5.2). The same
argument will show i3 = o(i2) < 0(ig12) = i443, and we can repeat this argument
until ix_g11 = 0(ix_q) < o(ix) = i1, contradicting the minimality of ;.

Thus far we have proved that f : Com(},j) — R(\,j) is well-defined. Next, we
will describe the inverse map g : R(X,7) — Com(}, j) and show that it is well-defined.
Let R € R(j\, j) and if R has any repeated colored necklaces, fix some total order on
these repeated colored necklaces. For each position x of each colored necklace, let w,
denote the infinite word obtained by reading the colored necklace clockwise starting
at position z. Let w, > w, mean that w, is lexicographically larger than w,, using
the order on B (see (5.1)). If w, = w, for distinct positions z,y, then it must be
that z,y are positions in distinct copies of a repeated colored necklace, since words

are primitive. We can then break the tie using the total order on repeated colored

necklaces.
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This totally orders all the positions on all of the colored necklaces of R by letting

x >y if and only if

(1) wy > wy,
or
(2) w, = w, and 7z is in a colored necklace which is larger in the total order on

these repeated colored necklaces.

If 2 is the i*" largest position of R, then we replace the letter in position z by
i. After doing this for each position, we have a permutation denoted o(R) € S,
written in cycle form. We then obtain a colored permutation denoted 7(R) by setting
m(R)(i) = (0(R)(1)) where €, is the color of the letter formerly occupying position x.
A sequence s(R) is obtained by simply taking the weakly decreasing rearrangement of
the absolute values of all the letters appearing in R. We then set g(R) = (7(R), s(R)).

For example, consider the following colored ornament
R= (5%, 50, 3% < (5%, &, 3%), (4, 3%, 3%, 41), (31), (3")
By ranking each position, we obtain o(R) as follows

R= (5', 59, 3% < (5!, B0, 39, (4!, 30 3% 44, (3", (3
Ry = (4, 2, 100 (3, 1, 9 (6 11, 7, 5 () (12)

[d=1 2 3 4 5 6 7 8 9 10 11 12
m(R)= 9° 10° 1' 2! ' 11! 5' &' 30 40 70 120 .
s(R)Y=5 5 5 5 4 4 3 3 3 3 3 3

It is easy to see that A(m(R)) = A, and that g does not depend on the ordering
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of repeated colored necklaces in R. Also, it follows from rules 1 and 2 in Definition
5.1.2 that if = is the i*" largest position, then the letter in position x is barred if and
only if i € EXC(7(R)), thus exc(m(R)) = j.

To show that g is well-defined, it remains to show that the sequence s is DEX(7)-
compatible. Suppose s; = s;11. Let = be the i*® largest position in R, and y be
the (i + 1)*™® largest position, in particular z > y. Given any word w, let F(w)
denote the first letter of the word. So s; = s;41 means that |F(w,)| = |F(w,)|. If
F(wy) > F(w,), then one can easily check that i ¢ DEX(m) as desired.

So assume F(w,) = F(w,). Let u denote the position immediately following x
cyclically, and let v denote the position immediately following y. Since x > y it
follows that u > v. Since o(R)(7) is equal to the rank of position u, and o(R)(i + 1)
is equal to the rank of position v, we have o(R)(i) < o(R)(i + 1). Since F(w,) =
F(w,), then €, = ¢, and this implies that ¢ ¢ DES(7(R)). Moreover, since either
i,i+1 € EXC(n(R)) ori,i+1 ¢ EXC(7(R)) we have ¢ ¢ DEX(7(R)). Thus the map
g is well-defined.

The proof of Theorem 5.1.3 will be complete once we show that fog = go f =id.
It not hard to see that f o g =1id, and that if we apply g o f to (7, s) we will recover
the sequence s. So we need to prove that applying g o f to (,s) will also bring us
back to the colored permutation 7.

Let (7, s) = (o, «) in the first step of f, and let p; be the position occupied by a; in
f((m, s)). Order the cycles of o from largest to smallest so that the minimum elements
of the cycles increase. Use this to order repeated colored necklaces in f((7, s)) so that

we know how to break ties if w,, = w,,. We want to show the following:
(i) if @ < j, then wy, > w,,,

and
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(ii) if 7 < j and w,, = wy,, then i is in a cycle of o whose minimum element is

less than the minimum element of the cycle containing j.
In order to prove both (i) and (ii), we first establish that
(iii) If 4 < j and w,, < w,,, then a; = a; and o (i) < o(j).

Indeed, « is weakly decreasing so that i < j implies o; > a;. And w,, < wy,
implies that o; = F'(wp,) < F(w,,) = a;, so a; = ;. This implies that o; = a; =

= «j, which means s; = s;;1 = ... = 55, ¢ = €41 = ... = ¢;, and all the letters
Q;, (i1, ..., o are either all barred or all unbarred. Since s is DEX(7)-compatible,
k ¢ DEX(m) for ¢ < k < j — 1. This implies that |7(¢)| < |7(i +1)| < ... < |7(j)],
which means that o(i) < o(i +1) < ... < o(j). This establishes (iii).

To prove (i), suppose 7 < j but wy,, < w,,. Using (iii), we have o(i) < o(j) and
a; = aj. Since F(wy,) = F(wy,), we must have w,, < wy, . Now apply (iii) again
with o(i),0(j) taking the role of 7, j. Then o?(i) < 02(j) and @, = g(j), which
implies wy_, < wp_, - Apply (i) again to obtain o3(1) < 0°(j), o2y = Qi) and
Wp s < Wp s, - By repeating this argument, we see that a,m) = agm(;) for all m,
but this implies that w,, = w,,, a contradiction.

To prove (ii), suppose i < j and w,, = w,,. Using (iii) we have o(i) < o(j), and

Wy,

(3

= w,, implies w,_, = w,, . Applying (iii) again we have o°(7) < 0°(j) and
Wp o, = Wp,,,- Repeating this argument, we have 0™ (i) < o™(j) for all m. Thus

the cycle of o containing ¢ has a smaller minimum element, than the cycle containing
7.
This completes the proof that f : Com(X,j) — R(\, ) is a bijection. O
From Definition 5.1.1, we had expressed the cv-cycle type colored Eulerian qua-

sisymmetric functions as a sum of weights of pairs (m,s). Using Theorem 5.1.3 we

can now express it as a sum of weights of colored ornaments.
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Corollary 5.1.4. For all \ and j we have

Qs;= >, wi((ms)= Y wt(R).
(m,s)€Com(A,5) ReR(Mj)
Remark 5.1.5. It is possible to use Corollary 5.1.4 to prove that (5 ; is also a symmet-
ric function. One method is to use the colored ornament description of Q) ; to derive
a colored analog of [32, Corollary 6.1], which involves plethysm (see [36]). Another

possible method is a bijective approach as in [32, Theorem 5.8].

5.2 A Recurrence for the Fixed Point Colored Eu-
lerian Quasisymmetric Functions

From Corollary 5.1.4, we obtain the following results concerning the fixed point
colored Fulerian quasisymmetric functions.

Corollary 5.2.1. Forn,j €N, @ € NV, € NV-1 we have

N-1
Qnigf = @noiali0,f— (01,02, an-1) H ha
k=0
where |d| = Zg:_ol ag, and recall that he, is the complete homogeneous symmetric

function of degree ay.

Proof. Corollary 5.1.4 implies that @, ; ; 7 is equal to the sum of weights of all colored
ornaments with exactly a; colored necklaces of length one consisting of a single k-
colored letter, for 0 < &k < N — 1. The result now follows from the fact that the
weight of «; colored necklaces of length one consisting of a single k-colored letter is

D,
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Corollary 5.2.2. Theorem 4.1.3 is equivalent to

S Qs (L= T E(=5n2) 6
=) (1 N s ) H(t2) = (1 0 sm) H(2)

Proof. In one direction, take the formula from Theorem 4.1.3 and simply set ry =
r1 =...=ry_1 = 0. For the other direction, start with (5.4) and multiply both sides
by H(roz) [12Z1 H(rmsmz). The left hand side becomes

N-1
(Zr{}z"hn> ( (rmsm)”z”hn> Z Qi g tsP

n>0 m=1 n>0 n,7>0
,BENN71
N—-1
=22 D0 Quaaats O ]
n>0 3>0 k=0
BGNN_l
aeNN
By Corollary 5.2.1, this is equal to the left hand side of Theorem 4.1.3. O]

Corollary 5.2.3. Fquation (5.4) is equivalent to the recurrence relation

Qn,j,ﬁ,ﬁ = Z Q k0.3 i + Z X (Bm > 0) Z Qi,k,@,ﬁ(m)h”*i

0<i<n—2 0<i<n—1
j—nti<k<j Jj—n+i<k<j
+x (G =0)x (|8 =n) (-1 Heﬂm,

where if § = (By, B, .... By-1) then
Bn) == (B, e, B, B = L Bt oo Br—1).

(Recall that x(P) = 0 if the statement P is false, and x(P) = 1 if the statement P is

true.)



Proof. Let
Z Q, Jﬁﬁzntj 7.

n,j=>0
BeNN-1

Then the recurrence relation is equivalent to

Z 2" Z Qi,k,ﬁ,ﬁhn—itjsﬁ

7,520 0<i<n—2
BeNN-1 J—n+i<k<j

N-1

L N-1
Z Z Z Qlk’ﬂ,@(m n— ztS Vom + Z z)’ﬁ‘sﬁnegm
m=1 m=1

n,7>0 0<i<n-—1 FeNN-1
BENN 1 Jj— n+z<k<] B

k+n—i—1

n P j
D D QuugsShe )t
n,k>0 0<i<n—2 j=k+1
B’GNN—l
k+n—i—1 N-1
) .
+Z Z Z szog M hiSim Z t + H E(—s$m2)
m=1 n,k>0 0<i<n-—1 j=k m=1

B’eNNA

Z 2" Z Qlkﬁgtks thni[n—z’—l]t

n,k>0 0<i<n—2

EGNNA
N-1
+Z Z Z QlkOﬁ(m " smhn z[n—lh‘FHE(—SmZ)
m=1 n,k>0 0<i<n—1 m=1
EENN_l
—IZtn—l |, hn2" +ZIZsm |, 2" —l—HE —SmZ)-
n>2 = n>1
If we let
A= Zt[n — 1], hy2"
n>2
and

h,z2",

I
b
3

m=1n>1
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then

Iz E(—5m2)
[ == (5.5)

Next we compute the denominator of this expression,

tn_l 1 N-1 1
1_A—B=1+§:mﬂd:1_t)+§:§:%”%<7?7>
n>2

m=1n>1

1—t

1—t+H(tz)—tz—1—t(H(z)—z—1)+Z(H(tz)—H(z))sm]

=1

1
1 —t

<1+Zsm> H(tz) — (t+25m> H(z)] :

Substituting this back into (5.5) gives the desired result. O

Thus Theorem 4.1.3 will be proved once we establish the recurrence relation in

Corollary 5.2.3, and this will be done in Chapter 6.



Chapter 6

Colored banners

The previous chapter has shown that Theorem 4.1.3 is equivalent to the recurrence
relation appearing in Corollary 5.2.3. This chapter will be devoted to establishing
this recurrence relation, thus proving Theorem 4.1.3. There are two cases which will
be treated separately, the case ‘E‘ = n and the case ‘5’ < n (recall that the absolute

value of a vector 3 € NV-1 ig ‘5’ = ZZ: Bm)-

6.1 Establishing the Recurrence, Part I

First we consider the case ‘E ‘ = n, and define

(Note that x := {x1, 2, ...} denotes our usual set of commuting variables which we
often omit, but we include here for the sake of clarity in the proof of Theorem 6.1.1).
Our goal is to compute the following recurrence relation for D E(X), and then check
that it agrees with the recurrence relation appearing in Corollary 5.2.3 in the case
when ‘ E ‘ =n.

Theorem 6.1.1. Forn € N and )5‘ =n we have
N-1 N-1
D, 5(x) = (=1)" (H eﬁm(X)> + ) X(Bn > 0)D, ) g (X (%),
m=1 m=1

94
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recalling that g(m) = (B1s s Bin=1: B — 1, Brnt1s -, Bn—1)-

Proof. Similar to the definition of R(X,7), we let R(n,j, &, E) denote the set of all
colored ornaments of size n with j barred letters, (; letters of color i € [N — 1], and
a; colored necklaces consisting of a single i-colored letter where 0 < i < N — 1 (as

usual, N is arbitrary but fixed). Hence

D, ;x)= Y wi(R).
RER(n,0,0,5)
Since ‘ 5 ’ = n, the key fact is that the colored necklace rules of Definition 5.1.2
present no restrictions, since there are no 0-colored letters in this case. Therefore
R(n, 0, 0, 5) can be viewed as a set of Gessel-Reutenauer ornaments as in Section 1.6,

but over the alphabet
{1t 17,12t 22 Nt L

For a necklace (v) over this alphabet where v = o', v, ...,v5 with v; € P and

€; € [N — 1], we define a new weight by

—~

wt((v)) := Tovr,e18vo,er * " Lop,ens

where

X =A{x11, %12, ., LI N-1,T21, 22, ooy TON—1, - }

is a set of commuting variables.

Then by [15, Theorem 3.6] we have

D, Dup)s’= 3> > wiR)

E]EETN_l ﬁ|€l\‘1N I ReR(n,0,0,5)
Bl=n Bl=n

Ti,j=T;8] T j=Ei8;
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where D,, is the quasisymmetric generating function for derangements in S,,, as de-
scribed by Gessel and Reutenauer in [15, Section 8]. By Equation (8.2) of [15], D,

satisfies the following recurrence

Next we compute the right hand side of this equation evaluated at z;; = x;s;.

First we have

Dp1(X) = Y D, ;x)s
Tq,j =S5 5€NN71
=1
Next,
N-1 N-1
hi(X) :ZiBi (Zsm> :hl(X)ZSm
Tj,j=T;S; 1>1 m=1 m=1
And finally
N-1 _N-1
en(X) = > Isires.x)= > "] es.(x
Ti j=T;Sj BENNfl m=1 B’GNNA m=1
|6]=n |B]=n
Thus
S D, 5(x)s" = Du(X)
FenN-1 T j=Tis;
|Bl=n
N-1 . _N-1
= h1<x) Z Sm Z Dn_1,§(x)sﬂ + (_1)n s’ €Bm (X>
m=1 EENN_l B‘eNN—l m=1
’E‘zn—l ’E‘:ﬂ

Extracting the coefficient of s? from both sides gives the desired result.

]

Next we show that Theorem 6.1.1 agrees with the recurrence relation appearing
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in Corollary 5.2.3 in the case that ‘5’ =n.

Corollary 6.1.2. In the case ‘6" = n, Theorem 6.1.1 establishes the recurrence

relation appearing in Corollary 5.2.3, thus proving Theorem 4.1.3 in this case.

Proof. In Corollary 5.2.3, set j = 0 and ‘ 5 ‘ = n so that the left hand side equals
Dnﬁ(x). In the first sum on the right hand side, k < j = 0. By definition, ), , 55 = 0
if £ <0, thus

Z Qi 1.5,7(X) n—i(x) = 0.

0<i<n—2
Jj—n+i<k<j

In the next sum, we note that |3(r)| = n — 1. Consequently, the only nonzero terms

are when ¢ =n — 1 and k = 0, that is

N-1 N-1
Z X (ﬁm > O) Z szog(m ( P — z Z X ﬁm > 0 n— 175(m)<x)h1(x)'
m=1 m=1

0<i<n—1
j—n+i<k<j
Lastly,
N-1 N-1
x G =0)x (|8 =) (=0 TT e, = (=" [T es, (%)
m=1 m=1
as desired.

6.2 Establishing the Recurrence, Part 11

It now remains to consider the case ‘ 5 ‘ < n for establishing the recurrence relation
in Corollary 5.2.3. For this we introduce colored banners, which are a generalization of
the bicolored banners of Shareshian and Wachs (see Section 1.7). While the content of
this section is inspired by the work of Shareshian and Wachs, our bijection appearing

in Theorem 6.2.4 and the subsequent proof are considerably more complicated than
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the corresponding bijection and proof of [32, Theorem 3.7]. Though it is not obvious,
we note that our bijection does in fact reduce to that of Shareshian and Wachs in the
case N = 1.

Definition 6.2.1. A colored banner (which we simply call a banner) is a word B of
finite length over the alphabet B such that

1. if B(i) is barred then |B(i)| > |B(i + 1)|,

2. if B(7) is 0-colored and unbarred, then |B(i)| < |B(i + 1)| or i equals the length
of B,

3. the last letter of B is unbarred.

Recall that a Lyndon word over an ordered alphabet is a word that is strictly
lexicographically larger than all its circular rearrangements. And a Lyndon factoriza-
tion of a word is a factorization into a lexicographically weakly increasing sequence
of Lyndon words. It is a fact that every word has a unique Lyndon factorization. We
say that a word of length n has Lyndon type A (where \ is a partition of n) if parts
of A equal the lengths of the words in the Lyndon factorization (see [18, Theorem
5.1.5]).

We will apply Lyndon factorization to banners, but we will do so using a new

order <p on the alphabet B as follows

11 <B 12 <B..-<p 1N_1
<B 21 <B 22 <B ...<pB 2N_1

<p3l<p3<p.. <3Vt

<pB 10 <BF<B 20 <B@<B 30 <B@<Bm (61)

(The reason for choosing this order will become apparent in the proof of Theorem

6.2.4). We define the weight wt(B) of a banner B(i),..., B(n) to be the monomial
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Z|B(1)|---T|B(n)|- And we define the cv-cycle type of a banner B to be the multiset

AB) = {(\,al), o (s ah) }

if B has Lyndon type A with respect to <g, and the corresponding word of length A;
in the Lyndon factorization has color vector /. Then K (X, 7) will denote the set of

all banners of cv-cycle type A with exactly j barred letters.

Theorem 6.2.2. There exists a weight preserving bijection from R(X, j) to K (X, j),

consequently

@x; = Z wi(B).

BeK(\.j)
Proof. The proof uses Lyndon factorization and is identical to the proof of [32, The-
orem 3.6]. O

Definition 6.2.3. A 0-colored marked sequence, denoted (w, b, 0), is a weakly increas-
ing sequence w of positive integers, together with a positive integer b, which we call
the mark, such that 1 < b < length(w). The set of all 0-colored marked sequences
with length(w) = n and mark equal to b will be denoted M (n,b,0).

For 1 < m < N — 1, an m-colored marked sequence, denoted (w,b,m), is a
weakly increasing sequence w of positive integers, together with a nonnegative integer
b such that 0 < b < length(w). The set of all m-colored marked sequences with
length(w) = n and mark equal to b will be denoted M (n, b, m).

We will use colored marked sequences in Theorem 6.2.4 below, where one can think
of the map 7 as removing a colored marked sequence (w,b,m) from a banner. The
sequence w corresponds to the absolute values of the letters removed, b corresponds
to the number of barred letters removed, and one of the letters removed has color m
while the rest of the letters removed all have color 0.

-,

Let Ko(n, j, 5) denote the set of all banners of length n, with Lyndon type having
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no parts of size 1, color vector equal to 5, and j bars. For m € [N — 1] and ,, > 0,

define
Xm = L'!'J K0(27kag(m)) X M(n B Z’j B k’m)’

0<i<n—1
J—n+i<k<j

and let X,, := 0 if §,, = 0. We also define

Xo=' W Koli,k.B) x M(n—i,j—k,0).

0<i<n—2
Jj—n+i<k<j

Theorem 6.2.4. If ‘5’ < n, then there is a bijection

N-1

v KO(”)jaE) — L‘_"J Xm

m=0

such that if y(B) = (B’, (w,b,m)), then wt(B) = wi(B')wt(w) where if w = wy, w, ..., w;
then wHw) = Ty, Ty, -+ - Ty, -

Corollary 6.2.5. Theorem 6.2.4 establishes the recurrence relation appearing in

Corollary 5.2.3 in the case that ‘5‘ < n, thus completing the proof of Theorem 4.1.5.

Proof. This follows from the fact that

> Wt(w) = s

(w,j—k)EM (n—i,j—k,m)
]

In order to prove Theorem 6.2.4, we will need the following lemma (see [8, Lemma

4.3)).

Lemma 6.2.6. Let B be a banner. If the Lyndon type of B has no parts of size
one, then B has a unique increasing factorization (with respect to <p). By increasing

factorization of B, we mean that B has the form B = By - By - ... - B4 where each B;
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has the form

Bi = (ai, ...,CLZ‘) * Ujy
——

p; times
where a; € B, p; > 0, and u; is a word of positive length over the alphabet B whose let-
ters are all strictly less than a; with respect to <pg (see (6.1)), and a; <p as <p ... <p

aq. Note that the increasing factorization is a refinement of the Lyndon factorization.

For example, the Lyndon factorization of the word
(6,1%,51,40,40, 41,47 40,32 5°, 7")

is

(61,12,5) - (49,40 4! 40 40 32). (50 71),

which has no parts of size one, so its increasing factorization is

(61,12,5") - (49,40, 4 4%) . (49,3%) . (5%, 7).

Next we prove Theorem 6.2.4. As noted at the beginning of this section, the
N =1 case of this proof reduces to the proof of [32, Theorem 3.7]. In the general case
that N > 1 (and ‘5 ‘ < n), the proof is inspired by [32, Theorem 3.7], but significantly

more complicated.

Proof of Theorem 6.2.4. Describing v (and its inverse) requires us to consider many
different cases. For convenience we will make a note of which case v(B) falls under
when considering 77! (7(B)) (and vice versa) so that one can check that v is indeed
a bijection.

First, we take the increasing factorization of B, say B = By - By - ... - By. Let

By = (a,...,a) - u,
~—

p times
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where a € B, p > 0, and u is a word of positive length over the alphabet B whose
letters are all strictly less than a with respect to the order <p from (6.1). We
observe that ‘E ‘ < n implies that a is 0-colored, since we have taken the increasing

factorization with respect to <g. For ease of notation, we will write

By = (a,...,a) -u=d" - u,
——

p times

where it is understood that a is O-colored, and the superscript p means that the letter

a is repeated p times.

Case 1, v (Case 1.1, yv71)
By = daPc where a is unbarred and ¢ € B. Since the banner rules in Definition
6.2.1 require that |¢| > |a|, this can only happen if ¢ has positive color, say ¢ has color

m > (0. Then set

V(B) = (Blv (wv b, m))u

where

B/ = Bl LN Bd_17

w:=(lal,...,|al,|c|), and b:= 0.
——

p times
For example if

Bd = (407 407 407 407 92)7

then

(w,b,m) = ((4,4,4,4,9),0,2).

Case 2, v
By = aPc, iy, 19, ...i; where a is unbarred, ¢ € B, and iy is unbarred. Again since a

is unbarred, ¢ must have positive color. Next, we find the index s such that 1 < s </
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and either one of the following subcases hold:

Case 2.1, v (Case 1.1, v71)

11 <pg iy <p .. <pg 1 are all 0-colored and unbarred. We then take s = [ and set
V(B) == (B, (w,b,m)),
where ¢ has color m > 0, and where
B =:By-.. By,

w:=(|ir], .., il , |a| , .-, |a], |c]), and b := 0.
—_——

p times
For example if
By = (4°,4° 9" 20 2° 3%),
then

(w,b,m) =((2,2,3,4,4,9),0,1).

Case 2.2, v (Case 4.2, 77 !)

11 <p ... <p1s_1 are all 0-colored and unbarred while i, is barred. Then set
v(B) := (B, (w,b,0)),

where

B'=:By-... By - By,

By = aPcigyq...9,

w=:(|i1], ..., |is]), and b := 1.
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For example if

By = (5°,5°,8%,1° 4% 40 20 71,

then

Bd = (507 507 837 207 71)7

(w,b,0) = ((1,4,4),1,0).

Case 2.3, v (Cases 1.2 and 2.1, v 1)
11 <p ... <pis_1 are all 0-colored and unbarred while 7, is positively colored, say

i, has color m > 0. Then set

V(B) = (Blv (wv b, m))u

where

BI =. Bl et Bd,1 . Bd,
By = aPcigiq.. 1,
w:=(|i1], ..., |is]), and b := 0.

For example if
Bd - (507 507 817 ]-Oa 40a 73a 62)7
then

-B~d = (50750781762)7
(w,b,m) = ((1,4,7),0,3).
Case 3, v

By = dPc,iy,1s,...1; where a is unbarred, ¢ € B, and ; is barred. Again this

implies ¢ must have positive color. First, find the index r such that i1 >pg ... >p 7,4
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are all barred while i, is unbarred (note 1 < r <[). Then find the index s such that

r < s <[ and either one of the following subcases hold:

Case 3.1, v (Case 4.3, 77 !)
ir <p ... <p i are all O-colored, unbarred, and |is| < |i,_1|, while |isi1| > |i,—1]
or s = (. Then set

Y(B) = (B, (w,,0)),

where

BI = Bl et Bd,1 . Bd,
By = alcigyq...1y,
w = (lig], lirat| s |is], i1 s |ir—al , oy 31]), and b:=1r — 1.

For example if
By = (4°,4°,6',30,30,20,1° 20 30),
then
Bd = (407 407 617 30)7

(w,b,0) = ((1,2,2,3,3),3,0).

Case 3.2, v (Case 4.2, 77 1)
ir <p ... <pis_1 are all 0-colored, unbarred, and |is_1| < |i,_1|, while i, is barred
and |ig| < |i,_1]. Then set

Y(B) = (B, (w,,0)),

where

BI =. Bl et Bd,1 . Bd,

By = aPcigyq...9,
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w = (lig|, lira1| s s |is|y lirea] s |ir—2] , -y J01]), and b:= 1.
For example if
Bd = (607 607 827§7F7@7 207 407@7 10? 91)a
then
éd - (60760782a ]-Oa 91)a

(w,b,0) = ((2,4,4,4,4,5),4,0).

Case 3.3, v (Case 3.2, v 1)
ir <p ... <p is_1 are all O-colored, unbarred, and |is_1| < |i,_1|, while iy is

positively colored, say is has color m > 0, and |is| < |i,—1|. Then set

’Y(B) = (B/7 (wa b, m))a

where ¢ has color m > 0, and where

BI = Bl et Bd,1 . Bd,

BNd = apcis+1...il,
w = (|ir], [Grs1] s oo [2s] il s Jir—a] s oy J21]), and b =17 — 1.

For example if

By = (5°,8",40,20 1° 11 13),

then

By = (5°,8%,1%),

(w,b,m) = ((1,1,2,4),2,1).
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Case 4, v
By = aPiq, 19, ...1; where a is barred and ¢; is unbarred. Then find the index s such

that 1 < s <[ and either one of the following subcases hold:

Case 4.1, v (Case 4.1, 77!)

11 <p ... <g i; are all O-colored and unbarred, so we take s = [ and set
v(B) = (B, (w,b,0)),
where
B/ = B1 e Bd—17

W= (|Z1’ ) ’22| PRERE |Zl| ) |CL| PERES} |CL|), and b := b-
——

p times
For example if

By = (59,50,50, 1° 39 59),

then

(w,b,0) = ((1,3,5,5,5,5),3,0).

Case 4.2, v (Case 4.4,~v7!)

11 <p ... <p1s_1 are all 0-colored and unbarred while i, is barred. Then set
v(B) := (B, (w,b,0)),

where
B':=By-... By - By,

Bd = apis+1...il,

w:= (|i1], |ia| ;.- |is]), and b:= 1.
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For example if

Bd = (@7 @7 @7 107 307@7 317 72)7

then

Bd = (@7 @7 @7 317 72)7
(@,5,0) = ((1,3,4), 1,0).

Case 4.3, v (Cases 1.3 and 2.2, v 1)
11 <p ... <pis_1 are all 0-colored and unbarred while 7, is positively colored, say

is has color m > 0, and |is11| < |a|. Then set
Y(B) := (B, (w,b,m)),
where
B':=Bj-..-By- By,
By = aligyq...1p,
w = (|i1], |ia|, ..., |is|), and b:= 0.

For example if

Bd - (@7 @7 207 20a 4Oa 81a@a 42)7

then

-B~d - (@7 @7 @7 42)7
(w,b,m) = ((2,2,4,8),0,1).

Case 4.4, v (Case 3.1, v 1)

11 <p ... <p 1;_1 are all O-colored and unbarred while 7; is positively colored, say
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i; has color m > 0, and |i;| < |a|. Take s = [ and set
Y(B) = (B, (w, b,m)),
where
B/ = B1 L Bd—17

W= (|Zl| ) ’22| PR |Zl| ) |CL| URRE) |CL|), and b := p.
——

p times
For example if

By = (6°,69,2°,20, 4° 5%),

then

(w,b,m) =((2,2,4,5,6,6),2,3).

Case 4.5, v (Case 2.3, 77 !)
11 <p ... <p i;_1 are all O-colored and unbarred while 7; is positively colored, say

i; has color m > 0, and |¢;| > |a|. Take s = [ and set
V(B) = (B, (w,b,m)),

where
/. 5
B :=B,-.. By, By,
Bd = apil...il_l,

w:= (|y]), and b := 0.

For example if

By = (6°,60,2°,20,4° 7%),
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then
By = (6°,6°,2°,2°,4%),
(w,b,m) = ((7),0,3).
Case 4.6, v (Case 2.3, v 1)

11 <p ... <pis_1 are all O-colored and unbarred while 74,7, are both positively

colored, say 4541 has color m > 0, and |is;1| > |a|. Then set
V(B) == (B, (w,b,m)),
where
B':=B;-...-By_1 - By,
By = aPiy...iigy0tsss...01,
w = (ligy1]), and b := 0.

For example if
Bd = (@7 @7 207 QOa 40a 73a 82)a
then
Bd = (@7 @7 20a 2()’ 40a 73)a

(w,b,m) = ((8),0,2).

Case 5, v
By = aPiy, i, ...i; where a and i; are barred. First, find the index r such that
i1 >p ... >p i1 are all barred while i, is unbarred (note 1 < r <[). Then find the

index s such that r < s <[ and either one of the following subcases hold:

Case 5.1, v (Case 4.1,77!)
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ir <p ... <p i are all O-colored, unbarred, and |i;| < |i,_1|. Then we take s =1

and set
v(B) := (B, (w,b,0)),
where
B/ = B1 et Bd—la
W= ((’ZT‘ ) ‘ir+1’ PREEY) ‘Zl’ ) ’irfl‘ ) ‘Z‘T‘72’ y e ‘Zl| ) |CL’ y ey |CL’), and b:=p+r—1.
—_———

p times
For example if

Bd - (%7 %7 @7 @7 107 207 40)7

then

(w,,0) =((1,2,4,4,6,7,7),4,0).

Case 5.2, v (Case 4.5, 77 !)
ir <p ... <p is are all O-colored, unbarred, |is| < |i,_1|, and |i,_1| < |iss1] < |al.
Then set
V(B) = (B, (w,b,0)),

where

B/ = Bl et Bd_1 . Bd,
Bd = &pi3+1...il,
w = ((|ip] s lirsal, s 18], [2rma ], lir—zl s ooy 1)), and b =1 — 1.

For example if

By = (79,70,69,40, 1° 20 50 82 19),

then

By = (79,79,5° 82 19),
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(w,b,0) = ((1,2,4,6),2,0).

Case 5.3, v (Case 2.4, v 1)
ir <p ... <p is are all 0-colored, unbarred, |is| < |i,_1|, and 541 is positively

colored, say is+1 has color m > 0, with |igy1| > |a|. If |i,_1] > |iss2|, then set

V(B) = (B/’ (w’ b, m))a

where

B':=Bj-...- By - By,

Bd = apil...llr_gl.rl.r_i_l...isir_1i5+2is+3...il,
w = (|isy1]), and b:= 0.
For example if
Bd = (%7 %7 @7 F7 ]-Oa 20a 81a 10)’
then
Bd = (%7 %7 @7 ]-Oa QOaFa ]-O)a

(w,b,m) = ((8),0,1).

Case 5.4, v (Case 2.3, v 1)

ir <p ... <p is are all 0-colored, unbarred, |is| < |i,_1|, and sy is positively
colored, say isy1 has color m > 0, with |iseq| > |a|. If |i,—1| < |isge| or if s +1 =1,
then set

Y(B) = (B, (w, b,m)),

where

BI = Bl et Bd,1 . Bd,
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By = aPiy...iigy0lsss...01,
w = (|is41]), and b:= 0.

For example if

Bd = (%7 %7 @7 F? ]-Oa 20a 81a 50)a

then

By = (79,70,69,49,1°,2° 5%),
(w’ b, m) = ((8)a 0, 1)'

Case 5.5, v (Case 4.4,77!)
ir <p ... <pis_1 are all 0-colored and unbarred while i, is barred with |is| < |i,_1].
Then set

V(B) = (B/7 (w7 b, 0))7

where

B/ = B1 et Bd_1 : Bd,
Bd = Clpis+1...il,
w = (lig|, |irs1], s |8s] s [irza ], [ir—2l s .oy [21]), and b=

For example if

Bd = (@7 @7 @7 107 207 QOaFa @a 20)a

then

Bd = (@7 @7 @a 20)a

(w,b,0) = ((1,2,2,4,5),2,0).

Case 5.6, v (Case 3.1, 77!)
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i, <p ... <p i;_1 are all 0-colored and unbarred while 7; is positively colored, say
i; has color m > 0, with |4;| < |i,_;|. Then take s = [ and set
V(B) = (B, (w,b,m)),
where
B/ — Bl T Bdfl,

W= (‘ZT| ) |?:T'+1‘ DR |7‘l‘ ) ‘Z‘T*1| ) |7:7“*2‘ PEEER |Zl| ’ |Cl| PERXD) |CLD, and b := p+r— 1.
———

p times
For example if

By = (6°,69,50,1°,20 20 4%),

then

(w,b,m) =((1,2,2,4,5,6,6),3,5).

Case 5.7, 7 (Case 3.3, v
i, <p ... <pis_1 are all 0-colored and unbarred while i, is positively colored, say

is has color m > 0, with |ig| < |i,_1]. If |is41] < |a|, then set
V(B) == (B, (w,b,m)),

where

BI = Bl teest Bd,1 . Bd,
Bd = apz'5+1...il,
W = (|Zr| , |Z.7n+1| g ey |ZS| 5 |i7’—1| s |ir—2| y eees |Zl|), and b:=7r — 1.

For example if

By = (8°2,80,50,1°,20 20 45 73),
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then

Bd == (@, @, 73),

(w,b,m) = ((1,2,2,4,5),1,5).

Case 5.8, v (Case 2.3, 77 !)

1. <p ... <pis_1 are all O-colored and unbarred while 7, is positively colored with
lis| < |ip—1|. If |igi1| > |al, then igyq must be positively colored, say is,1 has color
m > 0. Then set

’Y(B) = (B/’ (w’ b, m))a

where

B/ = B1 et Bd_1 : Bd,
Bd = &pil...isis+gis+3...il,
w:= (|isy1]), and b:= 0.

For example if

By = (80,80,50 1° 20 90 45 93)

then

By = (80,80,50,1° 20 20 4%),

(w,b,m) = ((9),0,3).

This completes the description of the map . Next we describe y~1. Suppose
we are given a banner B with increasing factorization B = By - ... - By where By =
afjy...5;, and an m-colored marked sequence (w,b,m) where 0 < m < N — 1 and
w = (wi,...,w,). Here the letter ¢ may have any color, and we do not specify its

color. For this letter only we use the superscript p to denote that a is repeated p
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times where p > 0.

Case 1, v}

Suppose m > 0, b =0, ¢ > 1, and one of the following subcases hold:

Case 1.1, v~! (Cases 1 and 2.1, ~)

wgfl >p a. If w,_1 appears ¢ — 1 or ¢ times in the sequence w, then set

— 0 0 m
Bay1 = wy_qwy_qwy

————

g—1 times

Otherwise, w,_; appears r times with r < ¢ — 1 and we set

In either case set

7 (B, (w,b,m)) := By - ...- By By 1.
For an example of this case (and for most of the cases below), refer to correspond-
ing case of 7.

Case 1.2, v~! (Case 2.3, v)

W2—1 <p a, and a is unbarred. Then set

S P 0.0 0 mi
By = a’jiwjwsy..w,_ywy Ja. i,

’7_1 (B, (W,b, m)) = Bl e Bd—l . Bd.

Case 1.3, v! (Case 4.3, v)

W(q)q <p a, and a is barred. Then set

o 00 0  ms i
B, = apwle...wqflwq J1J2---Ji;
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v (B, (w,b,m)) := By - ...- Bqg_1 - By.
Case 2, 7!

Suppose m > 0, b =0, ¢ = 1, and one of the following subcases hold:

Case 2.1, v7! (Case 2.3, v)
a is unbarred. Then set
éd = aPj 1wy 2. 71,

v (B, (w,b,m)) := By - ...- Bqg_1 - By.

For example if

Bd = (5075075()’ 81a 23,41)7
(w’bv m) = ((4)a072)>
then

By = (5°,5%,5%, 8,42 2% 4.

Case 2.2, v~! (Case 4.3, v)

a is barred and w; < |a|. Then set

Bd = apwgnjle...jl,

’)/71 (B, (w,b, m)) = B1 e Bd,1 . Bd.

For example if

By = (6°,60,49,2% 1° 3%),
(wa b7 m) - ((5)7 07 3)7

then

By = (69,60, 5% 40 22 1° 3).
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Case 2.3, v7! (Cases 4.5, 4.6, 5.4, 5.8, 7)

a is barred, wy > |a|, and we find the index s such that 1 < s < and one of the
following subcases hold:

Case 2.3.1 j; <p ... <pg j; are all 0-colored and unbarred, so we take s = [.

Case 2.3.2 j; <p ... <p js_1 are all O-colored and unbarred while j, is positively
colored.

Case 2.3.3 j; > ... >p jr_1 are all barred while j, <p ... <p 7; are all 0-colored,

unbarred, and |j;| < |jr—1]. Then take s = I.

Case 2.3.4 j; > ... > Jr_1 are all barred while j,. <p ... <pg j, are all 0-colored,
unbarred, [ji| < [jr1, and [jo1| > [jri].

Case 2.3.5 j; >p ... >p Jj._1 are all barred while j, <p ... <p js_1 are all

0-colored, unbarred, and j is positively colored with [js| < |jr—1].

Once the index s is found, we set

By = aj1ja---Jswi" Js 1 52+

and

7 (B, (w,b,m)) := By - ...- Bq4_1 - By.

Note that in Cases 2.3.1-2.3.5, j, is an unbarred letter, thus the banner rules in

Definition 6.2.1 are not violated.

Case 2.4, v~! (Case 5.3, 7)

a is barred, wy > |a|, and we find the index s such that 1 < s <[ and one of the
following subcases hold:

Case 2.4.1 j; <p ... <p js_1 are all 0-colored and unbarred while j, is barred.

Then set

B~d = apjsjljZ‘"js—lwinjs—i-ljs-&-?“jla
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7B, (w,b,m)) := By - ...- B4_1 - By.

Case 2.4.2 j; >p ... >p j._1 are all barred while j, <p ... <p js_1 are all

0-colored, unbarred, and j, is barred with |js| < |j,—1|. Then set
By i= 0% juja---jr1Jafrdri1ds1w] fss1dss2-- i,
")/71 (B, (w, b, m)) = Bl e Bd,1 . B~d.

Case 3, 7!

Suppose m > 0, b > 0, and one of the following subcases hold:

Case 3.1, v~! (Cases 4.4 and 5.6, )

w%, >p a, then set
. .,0 0 0 0,0 0 m
Bay1 = wlwP 1.0 priwiwy.wy Wy,
-1 .
v (B, (w,b,m)) := By -...- By Byy1.

Case 3.2, v~! (Case 3.3, 7)

woq <pg a, and a is unbarred. Then set
B =adPj E m F wowo WO w™ 9 y
d - ]1 q q_l..- q_b+1 1wWo.-. q—b—l q—ijjl’
1 o ~
8 (B> (wabam)) L Bl 'Bd—l 'Bd.

Case 3.3, v! (Case 5.7, v)

w%, <p a, and a is barred. Then set

~ L — — —_— 0 0 0 m . . .
By = aPwlqwO 1. w0 priwiwy. Wy Wi 12t
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v (B, (w,b,m)) :== By -...- Bg_1 - By.

Case 4, 7!

Suppose m = 0, and one of the following subcases hold:

Case 4.1, v~! (Cases 4.1 and 5.1, )

Eq >p a, then set

0
q—b>

0.0 i) 0,0
By = w0l ... wlpwiwy...w

")/_1 (B, (W,b, m)) = Bl e Bd . Bd+1.

Case 4.2, v~! (Cases 2.2 and 3.2, v)

W <p a, a is unbarred, and w,—p+1 > |j2|. Then set
S T ] -5 0,0 .0 70 S
By = alj10%w0 1...w0 prowiwy. . w, w0 bi12--1,
—1 R g
v (B, (w,b,m)) := By -...- B4_1 - By.

Case 4.3, v~! (Case 3.1, v)

Eq <p a, a is unbarred, and w,_p+1 < |j2|. Then set
ST -0 . ,0 0 0,,0 0 .
By = aP 100wl 1.0 piwiwy - wy p 2. i
_]_ g
Y (B, (w,b,m)) = Bl 'Bd,1 'Bd.

Case 4.4, v~! (Cases 4.2 and 5.5, )

Eq <p a, a is barred, and w,_p+1 > |71|. Then set

3 — 4P 0 0 0 00 0 9 S
By = aPw® w0 1.0 powiwy...wy yw py1d12-- i,
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v (B, (w,b,m)) :== By -...- Bg_1 - By.

Case 4.5, v! (Case 5.2, 7)

Wl <p a, ais barred, and wy_p+1 < [j1]. Then set
2> . P, 0,0 0 0,0 0o ;. ;
By = aPw w0 1.0 priwywy. . wy pd1j2- 1

’)/71 (B, (w,b, m)) = Bl e Bd,1 . Bd.

This completes the description of ¥~1. One can check case by case that both maps

are well-defined and in fact inverses of each other. O]



Chapter 7

Recurrence and Closed Formulas

In this chapter, we first present some recurrence and closed form formulas which
are equivalent to Theorems 4.1.3 and 3.3.1. We close with some remarks on future

work.

7.1 Recurrence and Closed Formulas

Corollary 7.1.1. Let Q,(t,r,s) denote

n(t, 7, 5) Z Qn]aﬁtjrs

3>0
_aeNV
BeNN—l

Then forn > 1, Qu(t,r,s) satisfies the following recurrence relation

N-1
Qult,r,s) = Z (~D)"h,e,rf H sy Hm

geNN m=1
peNN-1
|| +[7|=n

+niQk(t>7“, $) ik (t n—k—1],+[n— k], <Z_ sm)> )

k=0 m=1

Proof. From Theorem 4.1.3 and equation (5.5) in the proof of Corollary 5.2.3, we
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have

B —H(ryz) <HT]X;1 E(—smz)H(rmsmz)>
%% @ltre Sso (tn = 1, + ], (S0 sm) ) e

where [—1], := —t~!. Thus

(ZQntrs > ( (t[n—l]t—i-[n]t( - sm>>hnz”>

N-1
H(rq2) HE —$m2)H(rmsmz) | -
m=1

Next we take the coefficient of 2" on both sides,

;0 Qr(t,r,s)hp_k (t n —k—1], (Z sm>>

N-1
= (=) e, H gYmTHm
E o .
geNN m=1
ﬁENN71
|| +|7]=n

Solving for Q,(t,r,s) yields the desired recurrence.

Corollary 7.1.2. Forn > 1 we have

Qu(t,r,s) = Z > B, <Hhk0k>+<ghki0ki>,

1=0 ko,....k;>1
S ki=n

where
N—1
P, = Py(r,s,x) := E (=1)"h,e,r" H gYmFhm
ﬁENN m=1
peny1
| +|7|=k
and
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Proof. Using the above notation, Corollary 7.1.1 can be written as

n—1
Qu(t,r,s) = Po+ Y Qu(t,r, 8)hn_1Cry
k=0
n—1
- Pn + hnCn + Z Qk(ta r, S)hn—kCn—k
k=1

And now we show that the right hand side of Corollary 7.1.2 satisfies the same

recurrence. Indeed

1=0 ko,... Jy>1 =0
S ki=n
]
Let
Agaj,exc,ﬁ},col q,t r S Z qmaJ texc(ﬂ' fix(m) col( )
TeCNISn
n _ [n]g!
i [n — Kl![K],!
q
n [n]g!
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n [n],!

i, v ko) [p]g! [ 1] ]! ] o) [vv-aly!

if 7 € NV 7 e NV~ and |ji| + |7| = n. We now apply the stable principal specializa-
tion to Corollaries 7.1.1 and 7.1.2 to obtain a recurrence and closed form formula for

maj,exgﬁ?{,e&
A (
n

q,t,r,s).

Corollary 7.1.3. Forn > 1 we have

Amaj Lexc,fix,col (
n

q’ t? T? 8)

-1

- = o] " rﬁ<Hq(”?)s¢nm+ﬂm>

gENN v =1
peNN-1 q
|iE|+]7]=n
n—1 n o N-1
maj,exc,fix,col
=+ Ak <Q7 t,r, S) tQ[n — k- 1]tq + [Tl - k]tq E : Sm |
k=0 | k m=1

and

Amaj,exc,ﬁx,col (
n

Q7 t? 7/'7 S)

7
AN
lZ
AN

I
i
[S—y
S~—
=
<
=
2
w3
S~—
V)
35
+
=
3

1=0 ko,..ky>1 | en® ko, ..., ki1, i, U m=1
ki=n JeNN-1 q
||+|71=ky

X (1:[ tqlk; — 1tg + [kjlig Z_: Sm)

m=1
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7.2 Future work

In this paper we have generalized the main results of Shareshian and Wachs in
[31], [32]. In Sections 5-7 of [32], the authors investigate many other interesting
properties exhibited by the Eulerian quasisymmetric functions and the relevant joint
distribution formulas. We plan to present the corresponding generalizations of these
properties in a forthcoming paper. This includes (as mentioned in Remark 5.1.5) a
detailed proof that the cv-cycle type colored Eulerian quasisymmetric function Qs ;,
is in fact a symmetric function.

We expect a further study of Q5 ; to be quite fruitful. In [30], Sagan, Shareshian,
and Wachs show that the g-analog of the Eulerian numbers and their cycle type re-
finement introduced in [31], [32] provide an instance of the cyclic sieving phenomenon
(see also [26]). We suspect that our colored g-analog of the Eulerian numbers and their
cycle type refinement will also provide an instance of the cyclic sieving phenomenon.

We plan to present such results in a future paper.
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