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A model of a three species intraguild predation community is proposed. The
model is realized as a system of cross-diffusion equations which allow the intraguild prey
species to adjust its motility based on local resource and intraguild predator densities.
Solutions to the cross-diffusion system are shown to exist globally in time and the
existence of a global attractor is proved. Abstract permanence theory is used to study
conditions for coexistence in the ecological community. The case where the intraguild
prey disperses randomly is compared to the case where the intraguild prey disperses
conditionally on local ecological fitness and it is shown that the ability of the intraguild
prey to persist in the ecological community is enhanced if the intraguild prey utilizes a
movement strategy of avoiding areas with negative fitness. A finite element scheme is

used to numerically simulate solutions to the system and confirm the analytical results.
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Chapter 1

Introduction

In December, 2008, the Proceedings of the National Academy of Sciences ran a 76
page special issue highlighting the field of movement ecology (Vol 105, No. 49). In
[20] the authors claim there are roughly 26,000 papers in the literature that refer to
organismal movement. Clearly, movement of organisms has been an area of intense
interest for the ecological community; however, there is still a considerable amount
of work to be done in using precise mathematical models for non-random organis-
mal movement. In particular, one important direction is examining how non-random
movement strategies at the organism level affect the population dynamics in an eco-
logical community.

In this thesis I examine one particular ecological community module: intraguild
predation. Intraguild predation refers to an interaction where two species compete
for a resource and one of these species preys on the other; it is a blend of competition
and predator-prey dynamics. In the model we develop herein, we explicitly model
the dynamics of three species: the resource, the intraguild prey and the intraguild

predator. We will examine how non-random dispersal strategies employed by the



intraguild prey affect community population dynamics.

Intraguild predation has been observed in wide variety of ecological communities
including: avian [17], [37], [36], both large and small mammals [14], [33], [41], reptile
9], insect [29], fish [21] and bacteria [30]. In fact, any ecosystem with a complex food
web is likely to have examples of intraguild predation within it. In [7] a database of
113 food webs was analyzed for presence of intraguild predation and it was found to
be present at high frequencies throughout.

One of the earliest attempts to rigorously model intraguild predation (IGP) was
by Holt and Polis in [19] where basic ODE models were developed for the three species
community. One of the conclusions reached in [19] was that their model with strong
IGP was particularly prone to species exclusion, even though communities with strong
IGP seem widespread in nature. Holt and Polis suggested numerous lines of future
research on mechanisms to stabilize coexistence states in IGP communities. One of
these was to allow for a heterogeneous environment.

Dr. Priyanga Amarasekare at the UCLA Department of Ecology was the first
to model IGP in a heterogeneous environment; first with random movement [5], and
then with non-random movement strategies (density, habitat and fitness dependent
were all considered) [6]. Both of these models use an environment consisting of 3
distinct patches, each with a different level of resource productivity. The dynamic
equations take the the form of an ODE for each species in each patch. Due to the
size of the system (9 equations) all conclusions were based on numerical simulations
of the systems. In this thesis we will model the IGP system using a system of partial
differential equations that model space explicitly as a continuous two dimensional
region. The system will only have 3 equations, so it will be much more feasible to

understand the dynamics using analytical techniques.



Numerous papers in ecology and biology journals have appeared citing examples
where the intraguild prey (IGPrey) employs nonrandom dispersal in foraging behav-
iors and habitat selection in an apparent effort to reduce its risk of predation [29],
[37], [36], [14], [33], [41]. In the model we develop in this thesis, the IGPrey will
employ non-random dispersal strategies that account for local resource availability
and predation risk. We assume that the resource and intraguild predator (IGPreda-
tor) will disperse randomly. We will analyze what effects the non-random dispersal
strategies have on the long-term population dynamics in the community.

There has been some past work modeling IGP communities that have incorpo-
rated negative penalties into the functional response terms of the IGPrey in areas of
increased IGPredator density in an effort to model prey vigilance, adaptive foraging,
and other anti-predation behavior [22], [32]. This differs significantly from the model
we propose below where we model space explicitly and allow the IGPrey to actively

avoid areas that it judges to be “bad”.



Chapter 2

A Model for Intraguild Predation
with IGPrey Movement Strategies

2.1 Development of Model

We will use a system of partial differential equations to model the population dy-
namics of the three species as functions of space, x, and time, t. The domain for the
space variable z describes a point in a two dimensional region,  C R?, with smooth
boundary denoted by 0f). Throughout this thesis we will only be considering the case
of a reflective boundary, i.e. no-flux boundary conditions.

We will assume that the resource and IGPredator disperse through random move-
ment that will be modeled by pure diffusion. The IGPrey’s dispersal will be modeled
with a cross-diffusion term that depends on local resource and IGPredator densities.
One of the earliest ecological models to employ cross-diffusion to model conditional

dispersal was proposed by Shigesada, Kawasaki and Teramoto in [38]. They pro-



posed a PDE system with cross-diffusion to model two interacting species that have

a propensity to avoid crowding from both interspecifics and conspecifics:

0

% = Ay + Buau + Broug) u]

0

% =A [(042 + Boruq + 522U2) u2] ) (2’1)

The parameters (17 and [y are called self-diffusion pressures and represent the
propensity to avoid conspecifics. 12 and [y are called cross-diffusion pressures and
indicate the degree to which interspecifics avoid each other. It was shown in [38] that
for certain parameter choices a system of this form can lead to spatial segregation of
the populations. Since this model was first proposed, numerous other models (e.g.
23], [35], [28] and [34]) employing cross-diffusion to model interacting populations
in ecological communities have been proposed and analyzed (but not an intraguild
predation community module).

One of the main difficulties with cross-diffusion models is proving that solutions
do not become unbounded in finite time (which is clearly an undesirable property for
systems modeling population dynamics). Cross-diffusion systems are a special case
of quasilinear parabolic systems.

In a series of papers, [2], [4] and [3] Herbert Amann proved some key results for

systems of quasilinear parabolic equations. Amann considered systems of the form

%—}—A(t,u)u:f(x,t,u,au) in Qx.J,

B(t,u)u =0 on 09 x J, (2.2)

u(z,0) = ug on .



where A is a normally elliptic operator for all u € G C RY, J is the interior of
the maximal interval of existence, and B(t,u) is an appropriate boundary operator
(note this is a system of N component equations). Some regularity conditions are
also imposed on f (see [3] for full details). Let Cf be functions in C*(Q,RY), 0 <
k < 2, satisfying the prescribed boundary conditions required of B. Let GF = {u €

CE;u(2) C G}. Then we can state Amann’s culminating result:

Theorem 2.1.1 (Theorem 1 [3]). Given any ug € G?, there exists a unique classical

solution defined on a mazimal interval of existence, J(uo)
U(', U(]) S C<J(u0)7 gO) N C<j(u0)7 C2<§7 RN)) n Cl<j(u0)7 C(ﬁa RN))

of the quasilinear parabolic system (2.2). Moreover, u is a global solution, that is
J(ug) = [0,00), provided u(J(ug) N [0,T],up) is, for each T € J(ug), bounded away

from 0G and bounded in H*P for some p > n with p > 2 and some s with

1 <s<min{(1+1/p),(2—n/p)}.

If f is affine in the gradient, we can choose s=1.

In the theorem above, H*? is a fractional order Sobolev space when s is noninteger.
The “affine in the gradient” condition on f requires that if f involves Vu terms, that it
is linear in these terms. The system we will construct below will satisfy this condition,
so we will be able to use the Sobolev space W' in this theorem. In combination with
this result, Corollary 7.4 of [4] shows that in the case where A and B are not time-
dependent (2.2) generates a semiflow on WP, We will come back to this in Chapter

4. Amann goes on to prove in Theorem 3 of [3] that in some special cases of A(u)



weaker a priori bounds on u are sufficient for global existence. Namely, if A(u) is an
upper-triangular differential operator, i.e. the rth-component equation only depends
on the components w,, U1, ..., uy, then knowing that u(-,t) is bounded away from
8G and bounded in L* for each T € J (up) is sufficient to conclude that the solution
is global (i.e. J(ug) = [0, 00)).

We will assume that the motility of the IGPrey is given by a function M (u,w) that
is twice differentiable in both of its arguments and is uniformly bounded below for
all u,w > 0. This will be sufficient to make A(u) normally elliptic. Our assumption
that the resource and IGPredator disperse randomly means that we can write our
system as an upper-triangular system, and hence, we will have some powerful global
existence results at our disposal. We will continue this discussion in Chapter 3.

The term motility refers to the function p(z) in the diffusion equation

% = Alp(z)u] in Q . (2.3)

This form of diffusion arises from specific assumptions made in the random-walk

formulation prior to taking the diffusion limit. The assumption that the chance of

moving from a location is a function only of the conditions at the current location
leads to this kind of diffusion limit. The more classical diffusion equation

% =V - (d(z)Vu) inQ, (2.4)

uses a diffusivity function d(x), and is a result of assuming that the chance of departing

a given location depends on averaging conditions between the point of departure and



the point of arrival and then taking the diffusion limit. See [42] for a discussion of
the derivations of these two diffusion models.

For models of organismal movement, it makes sense to think that the choice of
whether to move or not should be based on local conditions, and not necessarily
an averaging of conditions between point of arrival and departure. Since Shigesada,
Kawasaki and Teramoto introduced their cross-diffusion model in [38], the use of
density dependent motility functions has seen widespread use in ecological modeling.

In order for the IGPrey to benefit from a non-random dispersal strategy, there
should be some sort of environmental heterogeneity present (especially since we will
be imposing no-flux boundary conditions). In the case of no-flux boundary condi-
tions and a homogeneous environment, we could expect to see spatially constant
equilibrium solutions. We will incorporate heterogeneity into our model by varying
resource productivity throughout the domain 2. This naturally leads to the concept
of “good” and “bad” habitat regions vis a vis areas without sufficient resources to
support a consumer vs. areas with sufficient resource productivity levels. We will
assume that the resource follows logistic growth with spatially varying reproduction
rate and carrying capacity in the absence of the two consumer species.

We will assume that both consumer species, the IGPrey and the IGPredator, have
their population levels decline due to natural mortality in the absence of the resource
or prey (i.e. they are not generalist). We will also impose self-limiting growth terms
to represent crowding effects.

All predation/consumption terms will use Holling Type II functional responses
(saturating functional responses). (From here out we will use the vocabulary of
predator /prey interactions as opposed to resource/consumer, even for consumption

of the resource species.) This type of functional response is derived by assuming that



the predator must spend a certain amount of time handling any prey that it has
encountered in its search, and thus there is a upper bound on the amount of prey per

unit time that a predator can consume, regardless of the local prey density.

2.2 The Model Equations

We are finally ready to state our model equations. As mentioned above, (2 is assumed
to be a domain in R? with smooth boundary. We will use u(z,t) to denote the density
of the resource species, v(x,t) for the IGPrey and w(z,t) for the IGPredator. The

full system of equations is:

ou

i diAu+ f(z,u,v,w)u

20— A M, w)o] + gl v, )0 (2.5
8_w = dsAw + h(u,v,w)w in Q,

ot
U(l’,O) = UO(Z') ) U(SC,O) = Uo(l’) ) U)(J?,O) = wO(x>7

ou Ov Ow

a—n = a—n = a—n =0 on 8@,

where the per-capita growth rates (or “fitness” functions), f, g and h are given by

av a2W
_ B _ . 2.6
f($, u, v, w) T(LU) wiu 1+ hlalu 1+ hgagu ( )
e1a1u asw
_ _ o 2.7
9(u, v, w) 14+ hiaiu 1+ hsasv e =0
h(u,v,w) = R LA H2 — Wsw . (2.8)

14 ashou 1+ hsasv
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The constants di, and d3 are the motility of the resource and IGPredator respec-
tively. The function M (u,w) is the motility of the IGPrey. It is assumed that the
IGPrey changes its movement strategy based on the local density of the resource as
well as the IGPredator. Specific choices for the function M are discussed in later
chapters. Any choice for M will need to be twice differentiable in u and w. In

addition, there must be a positive constant d such that
M(u,w)>d>0. (2.9)

The function r(z) is the spatially varying resource productivity which affects both
resource growth rate and carrying capacity (the local carrying capacity in the absence
of v and w would be 7(z)/w;). We assume that r(z) is C*(Q) for some a € (0,1) and
that r(x) > 0 on .

The parameters p; and puo are the natural mortality rates of the IGPrey and
IGPredator and w;, wy and ws are the self-limiting/crowding coefficients for each
species.

The a; parameters are the attack rates, the h;’s are the handling times and the e;’s
are the conversion efficiencies of each predation/consumption functional response.

We will assume that a;, h;, e;, u;, w; and d; are all positive for ¢ = 1,2,3. In

addition, we will assume that

€1 €9 €3
— > d —+—> 2.10
I, (1 an Iy + s M2, ( )

or else it would not be possible for the energetic gains from any amount of resources

and prey consumption to exceed the mortality rates of the IGPrey and IGPredator.
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Note that we have imposed Neumann conditions in (2.5). These are actually no-
flux conditions for the system. It is clear that the boundary flux of the resource and
IGPredator are merely g—z and 3—?5 respectively. However, for the IGPrey the flux

across the boundary is

0 dv | OMou _ OM dw

We see from (2.11) that if g—z = 0 in addition to the conditions already imposed on
u and w then we will have no-flux for the v-component equation as well. Conversely,
in order to achieve no-flux in the v equation and maintain no-flux in the v and w
equations we would have to impose g—:; = 0. Thus, no-flux and Neumann boundary
conditions are equivalent for (2.5).

We will now prove that for nonnegative initial conditions in W?(Q) (2.5) has

unique solutions that are global (exist for ¢ € [0, 00)).



Chapter 3

Global Existence and the Global
Attractor

3.1 Abstract Theory

In Chapter 1 we stated results from Amann concerning the existence of unique global
solutions to (2.5) under certain a priori conditions. The G used to state Amann’s
results will be an open neighborhood of the positive octant in R? in our case, so
G will consist of triples of continuous functions that take function values in this
neighborhood. Amann’s result requires that (u(t),v(t),w(t)) is bounded away from
0G and that ||u(t)]eo, ||v(t)]| e and ||w(t)||e are bounded on [0,T") for all T > 0. Being
bounded away from 9§ is not a problem, as it is a result of the system (2.5) having
nonnegative solutions for all nonnegative initial data (which we will show below).
However, the a priori L> bounds can be difficult to establish.

In [25], Dung Le studies a two component cross-diffusion system and improves
on Amann’s result for this specific case. Le considers a two species system where
each species exhibits random diffusion and self-diffusion, but only one of the species
exhibits cross-diffusion. He shows that if an L> a priori bound can be established on

the species without cross-diffusion terms and a L™ a priori bound can be established

12
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for the species with cross-diffusion (where n is the number of space dimensions), then
the solutions exist globally in time. Moreover, he shows that the Holder norms of
the solution components are ultimately uniformly bounded (definition given below),
leading to the existence of a global attractor for the system. This result is what we
will use to prove global existence for solutions to (2.5) and establish the existence of
a global attractor, which will be a key component of the analysis in Chapter 4. We

will need a precise definition for ultimately uniformly bounded, taken from [25].

Definition 3.1.1. Given an initial boundary value problem or the form (2.5), define
O = {Jex | e WP (P}

where Jg © Ry is the mazimal interval of ezistence for the solution of (2.5) with
initial conditions (ug, vo, wo) = E Let P be the set of functions w : © — R such that

there exists a continuous function Co(||€]|) satisfying
w(t, &) < Co(lI€]), for all € € WEP(Q))?, and t € Je.

Additionally, if Jg: [0,00) there exists a positive constant Co, such that

limsupw(t,&) < Cse for all € € [WP(Q)].

t—o0
Then P is the set of ultimately uniformly bounded functions with respect to (2.5).

We will use a priori bounds on the solutions to (2.5) to show that appropriate

functions, frequently norms of solutions to (2.5) or functions thereof, are in P.
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Although the system we are considering here has three components instead of
two, Le’s results may be directly extended to our system (mainly because our extra
component is a standard reaction-diffusion equation). Since we are considering a

domain in R? we will need to show that ||ull € P, |[v|l2 € P and ||w]|s € P.

3.2 A Priort Bounds

We are considering solutions to (2.5) with non-negative initial conditions in [W1#(£2)]®
for some p > 2. It is relatively easy to show that the L° norms of the v and w
components are in P. We do this by bounding the reaction terms and then using the

comparison principle for second order parabolic equations, which states:

Theorem 3.2.1 (Theorem 1.19 of [11]). Suppose that L is a uniformly elliptic oper-

ator of the form

0
L= Zatha 8$J+Zb xt@mz

7,7=1 i=1
with |a;;(x,t)] and |b;j(z,t)| uniformly bounded on 2 x (0,T]. Suppose that f(z,t,u),

Ulet) ¢ C@Q x [0,T] x R). [fu,ue C>(Q x (0,T]) N CQ x [0,T]) with

%_Lﬂzf(x,t,ﬂ) in © x (0,77,
%_Lu<f(a:tu) in 2 x (0,77,

u(x,0) > u(x,0) on Q and‘T > d% on 092 x (0,T), then either w = u oruw > u on

Q% (0,7].
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We call the @ and u of Theorem 3.2.1 a supersolution and a subsolution respectively

of the semilinear parabolic equation

ou _ ou
E—Lu%—f(x,t,u) in Q, and%—o on 09). (3.1)

Note that a solution to (3.1) is also both a subsolution and a supersolution to the
equation, so we are able to compare solutions to sub or supersolutions via Theorem
3.2.1.

To establish that ||ull.c € P, we can drop the predation terms from the wu-

component equation of (2.5) to obtain the differential inequality

8U @u
< — 2 —_ = . i
m dlAU + T(CC)U wiu 1 Q, and n =0 on aQ (3 2)

Thus, u is a subsolution to the initial boundary value problem

ou

5 = d At + 7r(2)0 — wit? in Q, (3.3)
ou N
a—nzo on 092, u(x,0) = up(x),

which is a standard heterogeneous diffusive logistic equation. The solution, 4, to
(3.3) converges to a unique globally attracting equilibrium by Proposition 3.3 of [11].
Theorem 3.2.1 implies that either u = @ or u < @ on 2 x (0, 00). Therefore, ||ul/o € P.

Similarly we can bound the reaction terms in the w component equation by

€a2a2U €3asv €9 €3
— iy — <w(24+8 - . (34
v (1 + hQCLQU * 1+ aghgv He W2w> =W (hg + hg H2 WZw> ( )
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Hence w satisfies the differential inequality

ow e e
WSdsAw—i_w(h_z—i_h_Z_m_wa) ) (3.5)

The argument we used for the u-component above applies again; w is also a sub-
solution to a diffusive logistic equation whose solution is known to have a unique
globally attracting positive equilibrium (because we have assumed Z—z + Z—i > 1),
hence ||w||« € P.

Because of the presence of the cross-diffusion terms in the v equation, it becomes
much more difficult to establish that ||v||s € P. We can trace the argument made by
Le in [25] where he considers a particular 2-dimensional example at the end of the

paper. We begin by establishing the following Lemma.
t+1
Lemma 3.2.1. ||v||; € P and/ |v(s)||3 ds € P.
t

Proof. We begin by integrating both sides of the equation for the v component over

Q (the Laplacian term drops out due to the no flux boundary conditions)

d d e1a1 asw d
— [ vde= [ v — — U —wyv | dx
Q 14+ hiaiu 1+ hzasv i 2

Sﬂ/vdx—wg/qﬂdx (3.6)
hi Ja )

2
(&) %)
< = [ vdr — —= /de> .
hl/g [y (Q

Therefore, ||v]|; is a subsolution to a logistic equation that has all solutions with

positive initial conditions converging to <4 as t — oo, so ||v]|; € P.
hiws )
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Rearranging the first inequality in (3.6) we see that

1d
dr < de — —— d .
/QU x w2h1/vx o di vx, (3.7)

and integrating this from ¢ to t 4+ 1 yields

t+1
1
/ / v(z,s)* drds < / / z,s)drds+ — [ [v(z,t) —v(z,t+1)]dx
¢ Q w2h1 w2 Ja
1
/ / v(z,s)drds+ — [ v(z,t)de . (3.8)

w2 Ja

<

w2h1

t+1 t+1

Since [|v]|; € P, we have / |lv(s)|l1ds € P, so (3.8) implies / |v(s)|[3ds €
¢ ¢

P. O

It will be useful to have the following side calculation in the material to follow:

/ VA [M(u, w)v] de = / vV - (MVv + M,oVu+ MoVw) d
Q Q

—/ M|Vv]* + MywVu - Vo + MuoVw - Vodz . (3.9)
Q

Now, return to the v component equation, multiply by v and integrate, use (3.9) and

drop the negative reaction terms to arrive at the inequality

61&1UU2

1 + hlalu v
(3.10)

2dt/v d:ﬁ—/ M|V dr < — /M vVu-Vo+M,oVuw- Vvdx+/
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Use the fact that M (u,w) > d and bound the terms on the right hand side from

above to obtain

1d
—— 1ﬂdw+w{/]Vvﬁdmgb/|AQUVU-V%|+\M@va-V%hM%—E1/IP¢V
2dt Jo Q Q hi Jo

(3.11)
We will need to make use of the Gagliardo-Nirenberg Inequality in the form found in

[31]:

Theorem 3.2.2 (Gagliardo-Nirenberg). Let €2 be a domain in R™ with smooth bound-
ary and let u belong to LY(Q) and its derivatives of order m, D™u, belong to L™ (),

1 < q,7 < 00. For the derivatives D’u, 0 < j < m, the following inequalities hold:
ID7ull, < C ([ID™ull7{lullg™ + llulls) (3.12)

where

1 ] 1 1
_:l+a<——ﬁ)+(1—a)§ and q>0,

for all a in the interval

<a<l1

3 |~

(the constant, C, depending only on n,m,j,q,r,a and Q), with the following excep-

tion: If 1 <r < oo, and m — j — 2 is a non-negative integer, then (3.12) holds only

for a satisfying % <a<l.

Recall that we are considering a domain € C R2.  This will be an important

fact whenever we apply Theorem 3.2.2 (although these same results will also hold for
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Q C R'Y). We will apply this theorem with different choices of m, j,q,r,a and §. For

now, choose p=r=2,j=0,a=1/2and m=qg=¢ =1 to get

loll3 < CIVllz vl + Cloll;

— C(EIVoll) (” }) e

Ce C
< 7HW||§+2—€|lv||f+0||v||?- (3.13)

Throughout the following calculations C' will be a constant and w(t) will be a function
with lim sup,_, . w(t) bounded, and they both may change from line to line. We have

already shown that ||v||; € P, so by choosing ¢ small enough in (3.13) we have

61

e v 2dr < — /|Vv|2 de + w(t). (3.14)
1

Since ||u||» and ||w|| are in P and M, and M,, are continuous functions of u and w
we have M, and M, in P as well. Using this fact and substituting (3.14) into (3.11)

we find that

@i )" d:v+d/\Vv[2dx<w /]vVu Vol + [vVw - Vuldr +w(t).  (3.15)
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We now need a bound for [, [vVu - Vou|dz and [, |[vVw - Vu|dz. We begin with

the latter expression

/]va-Vv[d:U < / |Vol[oVw| dx
Q Q

1
< i/ ]Vv\2dx+—/z}2|Vw]2da:
2 QO 281 Q

&1 1
< §||VU||§+2—Q||U||Z||VW||3- (3.16)

To get a bound on ||v||4 we can use the Gagliardo-Nirenberg Inequality (3.12) again

but with j =0, p=4, m=¢=1,a=1/2and g=r =2
[l < ClIVollalvllz + Cllolly (3.17)
Recall that ||v]|; € P, so substituting (3.17) in (3.16) results in

€ C
/Q!Ww - Vu|dx < §1|le|!§ + Z—QIIWIIszHﬂIVwIIi +w(t)|| Vw3

C
< (i + ﬁ) V|3 +

> T Il Vwlls +w®[Vwli. (3.18)

48182

Choose €9 = % so that the ||Vv||2 terms in (3.18) are controlled by ;. This same
argument gives the analogous bound for [, [vVu - Vu|dz where ||[Vw]||] is replaced
by ||Vu||;. Now, choose €; small and ¢, large so that 2e;w(t) < d when ¢t > t,. Then

(3.18) and the analogous bound for [, [vVu - Vu|dz gives

w(t)/ |[oVu - V| + [vVw - Vo|dz < d/ (Vo2 de 4+ C(1 4+ ||lv]|3)(||[Vull; + |Vwl3)
Q Q
(3.19)
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for t > to. Substitute (3.19) into (3.15) and cancel the d [, |Vv|* dz terms to obtain
d
Zlolls < Cllollz (IVulls + 1Vell2) + CO + [Vulli + [Vw]7) fort >t (3.20)

At this point, we will need to make use of the Uniform Gronwall Lemma as found in

[39]:

Lemma 3.2.2 (Uniform Gronwall Lemma). Let g, h,y, be three positive locally in-
tegrable functions on (ty,00) such that y' is locally integrable on (ty,00), and which
satisfy

d
d—iggym for t>to,

and,

t+r t+r t+r
/ g(s)ds < ay, / h(s)ds < as, / y(s)ds < ag, for t >ty
t ¢ ¢

where r,ay, as, as, are positive constants. Then,
as a
y(t+r) < <—+a2>e LVt > .
r

From Lemma 3.2.1 we know that Ltﬂ |v(s)]|3 ds € P; so, if we can now show that
fttH |Vu(s)||; ds and fttH |[Vw(s)||ids € P, then we can use the Uniform Gronwall
Lemma on (3.20) to conclude that ||v]|3 € P (and hence ||v]|2 € P) as desired.

We will begin by considering the expression involving the w component. Using
the Gagliardo-Nirenberg inequality, (3.12), with j=¢=1,p=4, m=r=2,¢g=
and a = 1/2 yields

IVwlz < Cllwl3 sllwll + Cllwl. (3.21)
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Furthermore, from standard elliptic theory we have the standard a priori bound for

weak solutions of Aw = f
[wlla2 < C(Ifll2 + lwll2) = C([|Awlla + [[w]]2). (3.22)

We can view the solution to our parabolic problem as solving an elliptic equation at

each snapshot in time, hence at any moment in time we have
[w]l22 < C(|Awllz + [Jw]l2) - (3.23)

We will show that ftH |Aw||3 ds € P and then conclude from (3.21) and (3.23) that

t

ftH |Vwl||} ds € P. First we will show that ||[Vw||3 € P. Adding w to both sides of

t

the w-component equation yields the equality

%—Qf+w:d3Aw+wh+w. (3.24)

Multiply both sides of (3.24) by —2d3;Aw and integrate over 2 to get

—Q/dgAw (%—Z}—l—w) dx:—Q/dgAw(dgAw—l—wh—l—w) dx
Q Q

= —2/0l:2,,(Aw)2 d:v—2/d;;Aw(wh~l—w) dx
Q Q

< —2/d§(Aw)2d:c—|—/dg(Aw)zdaﬁL/(wh—l—w)de
0 0 0

S/Q(wh—i—w) dz . (3.25)
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But, ||w||ec € P which implies [|w]||, € P for all 1 < p < oo. Also —pg — wsw <

h <2+ % 50 |kl € P as well. Therefore, [,(wh +w)?dz € P. We also have
2 3

/—Awdx—/v- a—wVw -V w -Vwdx
Q ot ot
d
= —/ ( Vw) -Vwdx

Therefore,
ow d 9 9
—2d3 | Aw | = +w) dr=ds— [ |Vw|"dx +2d3 [ |Vw|*dx . (3.27)
Inserting (3.27) into (3.25) and dividing by d3 we get
d 2 2
— [ |[Vw|[dz+2 [ |Vw|*dzr < w(t) . (3.28)

Integrate the inequality above in time to conclude that |[Vwl||3 € P. Now we can

begin to show fttH |Aw(s)||3ds € P. Note that

/a—wAwdx = dg/(Aw)2 dx+/(w h)Aw dx (3.29)
o Ot Q Q

S0,

/a—wAwdx> /(w h)Aw dzx . (3.30)
o Ot Q
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Now, go back to the w-component equation, multiply both sides by (w h), integrate

over € and apply (3.30) to obtain the inequality

/G_w( h)dw:/dg(wh)Awdx+/(wh)2dxgdg/a—wAwdx+/(wh)2da:.
(3.31)

Once again, start with the w-component equation, but this time multiply both sides

by %, integrate over (2, and apply (3.31) to reach

ow\” ow ow ow
Eve = v + [ — < - 2
/Q(at) dx /ngatAwdx /Qat(wh)alas_?alg/Q tAwd:B—l—/Q(wh) dx

(3.32)

at which point we can use (3.26) to get

2
/Q(%—?) dx < —d3%/9|Vw]2d:c+/Q(wh)2 dx (3.33)

Integrate (3.33) from ¢ to t 4+ 1 to find

/t+1
t

ow ? 2 2 o 2
E(s) ds < ds /Q \Vw(z,t)|” — [Vw(x,t 4+ 1)|° dx —i—/ llw(s)h(s)||5 ds
¢

2

Sds\IVw(t)HiJr/t lw(s)h(s)]l3ds - (3.34)

We already have ||Vwl||3 € P, hence j;tﬂ } %—T(S)H; ds € P. Now, return to the w-

component equation, subtract (w h) from both sides, square both sides of the resulting
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equation, and integrate over ) and from ¢ to ¢t + 1 to obtain

[ [ ane [ ] (G ) a
< 2/:“/Q (E) dm+2/tt+1/9w2h2 d . (3.35)

Both terms on the right hand side are in P, so ftH |Aw(s)||3ds € P. We can
conclude from (3.21) and (3.23) that ftH |Vw(s)||3ds € P.
The corresponding analysis for the u component is slightly trickier. Following the

argument for w we can arrive at an inequality which corresponds to (3.28), namely

dl—/ |Vu|? de + 2d1/ Vul?dv < /(uf +u)?d (3.36)
Q
We have that f satisfies
—wiu —a1v — asw < f < r(x). (3.37)

Clearly f is bounded above by r(z). However, an upper bound on f? will involve v.

As such, it is not necessarily in P. However, from (3.37) there is an w(t) such that

/Qf dxg/ﬂw(t)(lﬂ) dz (3.38)

We established in Lemma 3.2.1 that ||v||; and ftH (s)||3ds are in P. Hence,
ftJrl | f(s)|]3ds € P. This will be a strong enough bound on f to use the Uni-

form Gronwall Lemma on (3.36) if we can also show ftJrl |Vu(s)||3ds € P. This is
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accomplished by multiplying the u-component equation by u integrating over 2 and

integrating in time to obtain

1 [ty t+1 t+1
—/ —/u2dl‘d8:—d1/ /]Vu]2d$d8+/ /quda:ds. (3.39)
2y ds /g t Q t Q

Using the fact that ||ul|s € P and rearranging yields

/ /!VUPdwds<w( +w(t / /fd:cds (3.40)

Therefore, f:ﬂ |Vu(s)||3ds € P and the Uniform Gronwall Lemma applied to (3.36)

yields ||Vul||3 € P. The inequality for the u-component that is analogous to (3.33) is

ou 2 d 2 2
/Q(E) dr < —d1%/9|Vu| d:v+/Q(uf) dz . (3.41)

Integrating this from ¢ to t 4+ 1 yields

/H—l
t

We need to use the fact that ftﬂ | f(s)]|3ds € P again (along with ||ul|. € P)

2

ou

t+1
78| ds < dil[Vu(@)ll3 +/t lus)f(s)l3 ds - (3.42)

2

to conclude ftH |lu(s)f(s)||3ds € P. Therefore the right hand side of (3.42) is all

t+1 |

ultimately uniformly bounded and f H2 ds € P. Return to the u-component

equation, subtract (u f) from both sides, square the resulting equation and integrate
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over ) and ¢t to ¢t + 1 to arrive at

t+1 t+1 o 2
/ /(dlAu)2 dx ds = / / (— - uf) dx ds
¢ Jo ¢ Ja \Ot

1 9 2 t+1
< 2/ — ds + 2/ llu(s)f(s)|l5ds . (3.43)
t t

5|
We have shown that the right hand side above is in P, so fttﬂ |Au(s)||3ds € P and

we can finally conclude from (3.20), (3.21) and (3.23) that ||v]|2 € P.

3.3 Existence And The Global Attractor

Now that we have the appropriate a priori bounds on the components of our system,
we can use the main result of Dung Le [25] to conclude global existence of solutions

and the existence of a global attractor. Le’s result concerns the system

% =V - (Q(u)Vu) + F(u,v)
% =V (P(u,v)Vv + R(u,v)Vu) + G(u,v) forx € QCR" t >0, (3.44)

with Neumann or Robin type boundary conditions and initial conditions in W1?(Q)
with p > n. (We have switched the u and v from Le’s original paper so that this system

matches with (2.5) more directly). It is assumed that P, Q) and R are differentiable
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in their variables and that there exists a positive constant d and continuous function

® such that

Qu) >d>0, (3.45)
P(u,v) >d >0, (3.46)
|R(u,v)| < ®(u)v. (3.47)

Also, the partial derivatives with respect to v and v can be majorized by some powers
of u and v. The assumption on the reaction terms is that there exists a nonnegative

continuous function C'(u) such that

|F(u,v)] < Cu)(1+v), Glu,v)v? < Cu)(l+ v, (3.48)

for all u,v > 0 and p > 0. His main result states:

Theorem 3.3.1 ([25] Theorem 2.2). Assume (3.45) - (3.48) hold. Let (u,v) be a
nonnegative solution to (3.44) with its mazimal existence interval I. If ||u(t)|| and

|lv(t)||n are in P, then there exists v > 1 such that

lu@llev@): lv@llevm € P- (3.49)

The proof of this theorem relies on using the L"(2) a priori bound on v, the
L>(€2) bound on u and single-equation regularity results for quasi-linear parabolic
equations from [24] to get C®*/2(Q) bounds on u for some a > 0. With this bound

on u and conditions (3.45) - (3.48), Le is able to then show that v is in L?(2) for all
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1 < ¢ < 0o. This is then used to prove a stronger regularity result for u that, in turn,
yields stronger regularity for v.

This idea can be applied to our system, (2.5), with little modification. Since u
and w have standard diffusion operators, classical parabolic regularity theory can be
applied using the a priori L*(Q2) bound on v, and the L>*(Q) bounds on u and w.
The resulting regularity results for v and w can then be used to prove v is in L%((2)
for all 1 < g < oo, which is then used to prove increased regularity for u and w and so
forth. In fact, any number of additional components could be added to the system,
as long as none of them have cross-diffusion terms in their differential operators.

It is still necessary to verify that our choice of reaction terms and the conditions
we have imposed on M (u, w) satisfy (3.45)-(3.48). Writing the Laplacian term in the

v component equation in a form analogous to (3.44) yields

oM oM ) C(350)

A[M (u,w)v] =V - (M(u, w)Vou + va—uVu + va—wVw

The conditions equivalent to (3.45)-(3.47) are that M (u, w) > d > 0 and that M (u, w)
has continuous partial derivatives up to second order. It is easy to verify that the
reaction terms defined by (2.6)-(2.8) satisfy the constraints analogous to (3.48). We

will need a nonnegative continuous function C'(u,w) such that f, g and h satisfy

lu f(z, u,v,w)| < C(u,w)(1+v), (3.51)
g(u, v, w)vP™ < Cu, w)(1 + Pt (3.52)

|w h(u,v,w)| < C(u,w)(1+0v) . (3.53)



30

Returning to (2.6)-(2.8) we see that

lu f(z,u,v,w)| < (T +wiu+ a1v + agw)u, (3.54)
g(u, v, w)vPTt < Z—llva, (3.55)
€9 €3
|w h(u, v, w)| < (h_ + ™ + o + wgw) w (3.56)
2 hs

where 7 = max r(z). Clearly there exists a C'(u,w) that will satisfy the constraints
Te

(3.51)-(3.53). It is worth noting that although we make use of the saturating func-

tional responses to achieve the bounds in (3.55) and (3.56), non-saturating functional

response terms will satisfy Le’s conditions as well. We can now formally state a global

existence theorem for (2.5).

Theorem 3.3.2. Suppose € is a bounded domain in R? with smooth boundary. Let
hi, ha, hs, ji1, plo, w1, Wa, ws, di and ds be positive constants, r(x) > 0 for x € Q and
M(u,w) > d > 0 for some d > 0 and all u,w > 0. Then for all nonnegative intial
data (ug(z), vo(x), wo(x)) € [WH(Q)])> with p > 2, (2.5) has a unique nonnegative
classical solution, (u(x,t),v(z,t),w(x,t)), that exists globally in time. Furthermore,
(2.5) induces a semiflow on [Wi’p(ﬂ)}g which possesses a global attractor and there

18 a constant v > 1 such that

||U('>t)||cv(ﬁ)a ||U('7t)||CV(§)7 ||w('7t)||0v(ﬁ) eP. (3.57)

Proof. We can conclude from the a priori bounds proved in Section 3.2 and the
generalization of Theorem 2.2 of [25] discussed above that for nonnegative initial
conditions in W'P(Q), p > 2, there is a unique classical solution, (u,v,w) to (2.5)

that exists globally in time. The fact that (2.5) induces a semiflow on [W}r’p (Qﬂ3 is a
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result of Amann’s in [4]. The global attractor comes from the fact that C¥(€2) embeds
compactly in W'?(Q) and the bound (3.57) which results from the generalizatoin of

Le’s main result of [25], Theorem 3.3.1, to three components. ]



Chapter 4

Permanence

In this Chapter we investigate the effect of the IGPrey’s movement strategy, M, on
the conditions for coexistence in the system (2.5). In particular, we would like to see
if a biologically feasible movement strategy can result in coexistence but a movement
by random diffusion would result in v being excluded from the system. We will first
establish sufficient conditions for coexistence and then investigate how specific choices

of M will affect these criteria.

4.1 The Semi-Flow Framework

We will examine the conditions for coexistence of the three species through the lens
of abstract permanence theory. Saying that the system (2.5) exhibits ecological per-

manence means that for all initial conditions where no component is identically zero,

32
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there is an asymptotic floor and ceiling for each component, i.e. there are constants

C1,Cy,t" > 0 such that

C1 <wulx,t),v(z,t),w(x,t) < Cy forallz € Q, t >t (4.1)

Permanence can also be studied via the mathematical theory of semi-dynamical
systems. Suppose (Y, d) is a complete metric space and 7 is a semiflow on Y. Assume
that Y can be written as Y = YyUQ9Y, where Y is open in Y and both Y and 9Yj are
forward invariant under 7. Then we say 7 is permanent if there is a bounded subset

U that is bounded away from 0Y; and

ing d(m(yo,t),u) = 0 ast — oo for all yp € Yy . (4.2)
ue

For the appropriate metric space, Y, permanence of the semiflow implies ecological
permanence of the system (see Section 4.6 of [11]). We will use this abstract version
of permanence to study the asymptotic dynamics of (2.5)

Amann proved in [4] that the system (2.5) with  C R" generates a semiflow, m,
on [WP(Q)]? for p > n (in our case we have n = 2). We showed in the previous
Chapter that solutions to (2.5) are actually ultimately uniformly bounded in [C"(Q)]?
for some v > 1. We know that C”(Q2) embeds compactly in C*(Q) and C'(£2) embeds
continuously in WHP(Q). Therefore, [C*(Q)]? is compactly embedded in [WP(Q)]3.
This compact embedding along with (3.57) tells us two critical points about the

semiflow, 7:
1. m is dissipative (orbits are ultimately uniformly bounded in [W'*(2)]®) and,

2. (-, t) : [WHP(Q)]P — [WP(Q))? is a compact map for ¢ > 0.
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We will actually want to set up the semiflow on the subset of [IW!*(2)]® corresponding
to nonnegative functions. It makes sense to speak of nonnegative functions in Wh?(Q)

for p > 2 because WP(Q) embeds continuously in C'(9). Let Y be defined by

3

Y = [WiP Q)] = {(u,v,w) € [Wl’p(Q)}g |u, v, w >0 for all x in Q},

with ||(u,v,w)|ly = [Jullip + [|v]l1p + [Jw]1p- Y is & complete metric space and is
forward invariant under 7. This invariance is a direct result of the maximum principle
for parabolic equations ([11], Corollary 1.18). The global existence result of Amann
in [3] states that for all initial conditions in [W1P(2)]3, the solution trajectories to
(2.5), (u(t),v(t), w(t)), are in [C*(Q)]? for all t € (0,00); so, the maximum principle
can be directly applied to the u and w equations by viewing the per capita growth
rates as time-dependent coefficients of a parabolic operator. To apply the maximum

principle to the v equation, we can first rewrite the equation as

% = M(u,w)Av +2VM (u,w) - Vv
e1a1u asw
_amt - — B L AM 4,
(1 o = wa — e + (u,w)) v, (4.3)

and recall that M (u,w) > d > 0 and M has continuous derivatives up to second order.
In fact, the maximum principle gives a stronger result than the forward invariance
of Y. It states that if any component has an initial condition that is not identically
zero, then that component will be strictly positive on Q for all ¢t > 0.

The classic result of Billotti and LaSalle [8] states that if Y is a complete metric
space, and 7 a semiflow on Y such that 7 is dissipative and 7(-,#) is compact for

some t' > 0, then m possesses a global attractor in Y. As shown above, this is the
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case for our semiflow coming from (2.5). Let A denote the global attractor for 7 in
Y.

Let Y denote the interior of Y, i.e. the triples of functions that are strictly positive
on €2, and dY be its boundary, the nonnegative triples where at least one component
vanishes at some point z in (2.

For any set, U, define the epsilon ball around U, B(U, ), by
B(U,e) = {x ey | IlllelfU |z —2'|ly < 5} ; (4.4)
and, the distance from a point z in Y to the set U by
d(a,U) = inf [l — '] (4.5

A is a global attractor for 7, so for any bounded U in Y there exists a ¢ty such that
m(U,ty) C B(A, ). Therefore, to investigate long-term dynamics of (2.5) it is only

necessary to consider what happens to initial data in B(A,¢), so we define

X = 7(B(A, ), [to, ) (4.6)

where the overline represents the closure in Y, e > 0 and ¢ty > 0. Since, 7(+,t) : Y = Y
is compact for ¢t > tg and we have taken the closure of the resulting set, X is compact.
Then take

X =m(X,t) (4.7)

for some t" > 0 (this guarantees that all elements of X with a component equal to

zero somewhere on Q will have that component zero everywhere in ). Finally, set
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S =X NaY. As in Theorem 4.1 of [11] we have that X, X and S are compact and
X, X,Sand X \ S are forward invariant under 7. Note that as per the discussion of
the maximum principle above, S will consist of triples with at least one component
identically zero, whereas X \ S will consist of triples that are all strictly positive
on Q. We will need two additional definitions before we state the acyclicity test for
permanence. Let w(y) denote the omega limit set of a point y under the semiflow 7,

and let a(u) be the alpha limit set (if it exists). For any set U in Y, define

wU) = Jw(u), (4.8)

uelU

which is actually a non-standard definition for the omega limit set of a set, but it
is what we will need below. If U is a compact invariant subset of X, we define the

stable set of U, W*(U), by
WH(U) ={ue X |w(u) #0, wu) CU}. (4.9)
and the unstable set of U by
W (U) = {u € X | w(u) #0, alu) CU} . (4.10)

If U; and U, are two compact invariant subsets of Y, we will say that U is chained to
Us and write U; — U, if there exists a u ¢ U; UU; such that w € W*(Uy)NW*(Us), i.e.
there is a full orbit, v(u) passing through u with that connects to U; as t — —oo and
connects to Us as t — 0o. We say a collection of compact invariant sets, {Uy, ..., Uy}
forms a chain if

Ul%UQ%...—)Um,
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and we say the collection forms a cycle if U, = Uj.
The acyclicity test for permanence, Theorem 4.1 of [18], states that in order to
establish permanence for the system we must show that there are pairwise disjoint

compact invariant subsets of S, A, ..., A, such that:
Lo w(S) = Ui, As,
2. no subcollection of {Ay, ..., A} forms a cycle,

3. A; is isolated with respect to m and 7g (the semiflow which results from re-

stricting 7 to S), and
4. W(A;)N(X\S)=0foreach i =1, ..., k.
In order to test 4 above, the following Lemma is useful:

Lemma 4.1.1. If u € X and U is a compact invariant subset of X such that u €
Ws(U), then
lim d(m(u,t),U)=0. (4.11)

t—o00

Proof. Suppose limy_,o d(7(u,t),U) # 0. Then there exist an ¢ > 0 and {¢,,}°°; with
t, — oo such that d(m(u,t,),U) > . Take any t' > 0. Since 7 is dissipative on
X, we know that {u,} = {n(u,t, —t')} is defined and bounded for n large enough
so that ¢, > t’. Furthermore, m(-,¢') is a compact map so 7(u,t,) = m(u,,t’) has
a convergent subsequence 7(u, t,, ) that converges to some point y € X. Therefore,
y € w(u); but, u € W*(U) implies that w(u) € U which means that y € U. This

contradicts the fact that d(y,U) > e. O
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4.2 Invasibility Criteria

First, we need to compute w(.S). We will show below that w(S) can be comprised of up
to four isolated invariant compact sets, Ay, ..., A4, which we will compute below. For
each of these sets we will need to develop sufficient criteria so that W5 (A;)N(X\S) =
(). This will be done using principal eigenvalues of various linearizations of of (2.5).

Consider the linear elliptic boundary value problem
: o9
V- (d(z)Ve¢) +m(x)p =0c¢ in Q, I 0 on 0f2. (4.12)

We say that ¢ is the principal eigenvalue of (4.12) if it is the largest value of o such
that (4.12) has a solution. Classical elliptic theory states that there is always a princi-
pal eigenvalue and that the corresponding solution (or eigenfunction), ¢ is unique up
to a scalar multiple and positive on  (see Chapter 2 of [11] for a full discussion). We
will see below that principal eigenvalues play a critical role in determining stable and
unstable sets. If the left hand side of (4.12) results from linearizing a system about
a particular point, then the sign of ¢ will determine if small perturbations from the
point of linearization will grow (¢ > 0) or shrink (¢ < 0).

We can also talk about principal eigenvalues for equations of the form
: o9
V- (d(z)Ve¢) + Am(z)p =0 in Q, o 0 on 09. (4.13)

In this case, the principal eigenvalue, A, is the smallest value of A for which (4.13)
possesses a solution. Again, the corresponding eigenfunction will be positive on €.
Theorems 2.5 and 2.6 of [11] draw a connection between these two types of principal

eigenvalues:
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Theorem 4.2.1 (Theorem 2.5 and Theorem 2.6 [11]). Suppose [, m(z)dx <0, then
then the principal eigenvalue, A, of (4.13) is positive. Furthermore, the principal

eigenvalue, &, of

V- (d(x)Vo) + Am(z)p = c¢ in Q, % =0 on 00 (4.14)

is positive if and only if 0 < A < A.
If [om(z)dx > 0 then the principal eigenvalue, &, of (4.14) is positive for all
A > 0.

Now, let’s begin to compute w(S). Clearly, (0,0,0) is an equilibrium point in our
system. Set A; = (0,0,0). If the resource is entirely absent from the system, the

resulting v — w subsystem has the form

ov asw

5 = A [M(w)v] — (,ul twpv+ = +a3h3v) v

ow €3a3v .

E = dgAU} + (m — M2 — (U3U}> w m Q, (415)
v Ow

% = % =0 on Jf).

The dynamics of this system are not immediately evident. Even though the reaction
terms in the first equation of (4.15) are always strictly negative, the nonlinear diffusion
prevents a comparison principle type of argument. However, we can make use of the
compact global attractor to conclude that all solutions of (4.15) with non-negative
initial conditions converge to the extinction state (0,0). To do this, we will show
that for any non-negative initial conditions, the solutions to (4.15) converge to (0,0)

in [LI(Q)]Q, and then use the compact global attractor to conclude the convergence
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is actually in X. Multiply the first equation in (4.15) by e3, add it to the second
equation and integrate over 2 (applying the divergence theorem to eliminate the

Laplacian terms) to obtain

d

= /(egv +w)dr = — / pesv + waesv? + ppw 4 waw? dx (4.16)
Q Q

We can drop the quadratic terms from the right hand side and set & = min{u, s}
to get the inequality

d
gllesv twlly < —kllesv +wlly (4.17)

and then conclude that |lesv+wlj; — 0 as ¢ — oo, hence ||v||1, ||w]j; — 0 individually.
We know that 7(-,¢) is compact for ¢ > 0, so for any nonnegative initial conditions,
and sequence of solution points at time ¢, (v, w,), where ¢, — oo there is a conver-
gent subsequence in X. However, this convergent subsequence must be converging to
(0,0) in [L*(Q))* which implies that it is converging to (0,0) in X as well. Since every
sequence of solution points has a subsequence converging to (0,0) in X, the solution
trajectory must be converging to (0,0) in X as well. We can conclude that (0,0, 0)
attracts all initial conditions where the resource is absent.

With both the IGPrey and IGPredator absent, (2.5) reduces to a diffusive logistic

equation with heterogeneous growth rate

ou _ ou
i diAu + 7r(2)u — wiu? in Q, o 0 on 0f2. (4.18)

This equation is well understood, see [11] Section 3.2 for details. Since r(xz) > 0

on 2 and we have Neumann boundary conditions, any solution to (4.18) with initial
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condition ug(z) > 0, uy not identically zero, will converge to a positive globally
attracting equilibrium u*. Set Ay = (u*,0,0).

Next, consider the u — v subsystem that arises when the IGPredator is absent

ou av

i diAu+u (r(x) —wi = hlalu)

v e1a1u )

E =A [M(U, 0)'0] +v <m — M1 — (,UQ’U> m Q, (419)
ou Ov

a—n = a—n =0 on OQ

We will show below that this system will exhibit permanence if v is able to invade

(u*,0), which will be the case if the principal eigenvalue oy of

— Ml) V1 =010 n Q, % =0 on 0f) (420)

eraiu*

A[M(u* T e
M 0o + (T

is positive. If this is the case, then there exists a compact invariant set Az in [C’i (ﬁ)] 2
bounded away from the boundary that attracts all initial data of the form (ug, v, 0)

with ug(x), vo(x) > 0 and neither uy nor v, identically zero.

Lemma 4.2.1. If o1 > 0 in (4.20), then the system defined in (4.19) exhibits perma-
nence in [W}r’p(Q)]z.

Proof. The proof is similar to that found in [26] and [27]. Let Y3 = [W}r’p (Q)]z, and

73 be the semi-dynamical system corresponding to (4.19) on Y;. We will use Yg, to
denote the interior of Y3 and 810/}, to denote the boundary of Y3 As was the case for

the full system there is a global attractor, A, for w3 and analogous to (4.6) and (4.7)

we can define X3 = 73(B(Ars, €), [to, 00)) and X3 = 7T3(X3,t/) and set S5 = X3 N dYs.
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To apply the acyclicity test for permanence to w3 we will need to consider w(S3).
For all initial conditions of the form (ug,0) where ug is positive somewhere in Q we
have 7((up,0),t) — (u*,0) as t — oo (the resulting equation is a standard diffusive
logistic equation). For initial conditions of the form (0,v9) we have m((0,v9),t) —
(0,0) as t — oo. This is because when v = 0 we have M = M (0,0) which is a
constant on 2, so (4.19) reduces to a standard reaction-diffusion equation for v with
reaction terms of the form —p;v — wyov?. All solutions to this equation converge to
v =0 ast — oo (standard comparison arguments can be employed using a spatially
constant super-solution). Therefore, w(Ss) = {(0,0), (u*,0)} which is clearly isolated

and acyclic, therefore 73 is permanent if

W*((0,0)) N (X3\ S3) =0 and, (4.21)

W ((u*,0)) N (X3 \ Sy) =0 . (4.22)

Suppose there exists a (ug,v9) € W?*((0,0)) N (X3 \ S3). Let (u(t),v(t)) =
m3((uo,v0),t). Then, by Lemma 4.1.1 lim;_,o0 ||u(?)|1, + [[v(t)]1, = 0. Let o, be
the principal eigenvalue of

o1,
on

d1 A, + r(x), = 0,4, in Q, =0 on 092, (4.23)

which is positive because 7(z) > 0 on §2. Multiply the u-component equation in (4.19)

by %, and integrate over ) to obtain

d

a,v
7 g u, dr = /leeru + wp,r(z) — uih, (wlu + m) dx . (4.24)
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Use the Divergence Theorem twice on the Laplacian term to move the differentiation

onto the v, factor and use (4.23) to get

d av
- d FUY — uh, —— | dx. 4.25
pr u¢ x = /ch uh, — u (wlu—l— 1+h1a1u) X (4.25)
Let 6 = Ta) so that
av oy
— < = 4.26
it 1+ alhlu - 2 ( )

for all (u,v) € B((0,0),&). There is a t’ > 0 such that (u(t),v(t)) € B((0,0),€) for all

t > t'. Therefore
d

pr UI/JT dx > — / wh, dx for t >t (4.27)

Thus, for ¢t > ¢’ we have ||u,||; growing at least exponentially without bound. How-

ever,

[urll < flullooll9rlle < Cllullypller]ls (4.28)

so ||ul|1, must be growing at least exponentially as well. This contradicts ||u||;, — 0.

Now, to show that W*((u*,0)) N (X3 \ S3) = 0 we will employ a similar technique
and make use of the fact that oy > 0 in (4.20). Suppose (ug,v9) € W*((u*,0)) N (X3 \
Ss) and let (u(t),v(t)) = m3((uo,v0),t). Then we must have ||u(t)—u*||1,+||v(t)]1p, —
0 as t — oo. Multiply the v-component equation of (4.19) by M (u*,0)v;, multiply

the eigenvalue equation (4.20) by M (u,0)v and then integrate over Q to get

i/M(u*,O)vlvdﬂ::/M(u*,O)le[M(u,O)v} dx
dt Jo 0
/M u*, 0 Ulv( it —ul—wgv) ., (4.29)

1 + hlalu
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and

Ul/M(u,O)vlvdx:/M(u 0)vA[M (u*,0)v]| dx
Q Q
ci1a1u
/M u, 0)vyv (1+h1a1u —,ul) . (4.30)

Apply the Divergence Theorem once to each integral with Laplacian term in (4.29)
and (4.30) and then subtract (4.30) from (4.29) and factor the resulting right hand

side to obtain

/Mu 0)vyvder =

M(u,0 * M(u,0
/Mu Ovlv{ adit — b1 — Wl — (u,0) ( e —ul) —i—alL} dx

1+ hjau M(u*,0) \ 1+ hjaju* M (u*,0)
(4.31)
Now, set K = maxgq M (u*,0) and choose ¢ > 0 such that
e1a1u M (u,0) eja u* —od
—_ - - - - > 4.32
a7 T o) T hae M) 2 o 32

for all (u,v) € B((u*,0),&). Let ' > 0 be such that (u(t),v(t)) € B((u*,0),€) for all
t > t’. Then from (4.31) and (4.32) we have

d
/Mu Ovlvdx>£/Mu 0)vyvdz for t >t (4.33)

which means that || M (u*, 0)vyv||; grows at least exponentially for all ¢ > ¢'. However,

[M (u, 0)vrv]ly < [[olloo || M (", 0)ur [y < Cllullepl M (", 0)or ][y (4.34)
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so ||v(t)]]1p — oo which is a contradiction. The last inequality above comes from the
fact that for p > n we have that W1?(Q) is continuously embedded in L>(2), so
there exists a constant C' such that || - [[oc < C|| - ||l1,-

Therefore, all conditions for (4.19) are satisfied. O

Now consider the u — w subsystem that arises when the IGPrey is absent

ou asW

A A _ _ =2

T diAu +u (r(:c) WU T, hgaQu)

ow €20l .

Fre dsAw + w (% — po — wgw) in 2, (4.35)
ou Ow

% = % =0 on 89 .

This is a standard system of the type considered in [11]. Asin [11], Section 4.5, (4.35)
will be permanent if w is able to invade (u*,0), which will be the case if the principal

eigenvalue oy of

— ,u2) Wy = 0wy in €2, % =0 on 09 (4.36)

eaoU™

dsA e
3=t + <]_ +h26L2U*

is positive. If this is the case, then there exists a compact invariant set A, in the
u — w plane that is bounded away from the axes that attracts all initial data of
the form (ug, 0, wp) with ug(x), wo(x) > 0 and neither uy nor wy identically zero.
(Alternatively, a proof analogous to Lemma 4.2.1 could be used to show permanence
in (4.35).)

If oy and oy are positive, then w(S) = A; U A; UA3U Ay (see Figure 4.1). Clearly
no subcollection of A;’s can form a cycle due to the attracting nature of Az and Ay

and the global stability of Ay in the resource only subsystem. We must now establish
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Figure 4.1: A sketch of the boundary attractors. Note that in reality each “axis” in
the figure is an infinite dimensional Banach space.

that all A’s are isolated with respect to m and 7g and that

W*({(0,0,0)0}) N (X\S) =0
We({(u*,0,00)N(X\S) =0
W (A3) N (X \S) =0

W (A)N(X\S)=0.

The first two cases follow from an argument along the lines of the proof of Lemma
4.2.1 or by a comparison argument as found in Lemma 4.5 of [11]. W*({(0,0,0)}) N
(X'\S) = 0 is a direct consequence of r(z) > 0 and W*({(u*,0,0)}) N (X \S) =0
follows from either o1 > 0 or o5 > 0. The last two cases require more care. Begin by

considering W?*(Ajs).
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Lemma 4.2.2. Suppose there ezists a continuous function h(z) such that h(x) <

h(u,v,0) for all (u,v,0) € A3 and the principal eigenvalue og of

dgAwg + iL(l’) W3 = 03 W3

is positive. Then W*(Az) N (X \ S) = 0.

Proof. Suppose there exists (ug, vy, wp) € Xo such that

lim d ((u(t),v(t),w(t)), As) =0.

t—o00

(4.37)

Choose € > 0 such that h(z) < h(u,v,w) + % for all (u,v,w) € B(As,§). Take t,

such that d((u,v,w), A3) <& for all t > to. Now multiply the w component equation

of (2.5) by w3, multiply (4.37) by w, integrate both equations, apply the divergence

theorem, and subtract to get

d -
— [ wwsdr = / wws(os + h(u,v,w) — h(x)) dz.
dt Jo 0

For t >ty we have o3 + h(u,v,w) — h(z) > %, so

d
7 wa3dx2%/52ww3dxfort>to.

This implies that ||wws||; grows without bound, and

lwwsly < [[wllsollwlly < Cllwllypllwlly,

(4.38)

(4.39)

(4.40)

which contradicts (u, v, w) € B(As, ) for t > ty. Therefore, W*(Az)N(X\S) =0. O
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The argument for W#*(.A4) is similar, but the diffusion pressure, M, further com-

plicates matters.

Lemma 4.2.3. Suppose there exists a continuous function b(z) such that b(x) <

QJE;(’S’;'J)) for all (u,0,w) € Ay and the principal eigenvalue oy of

Avy + b(z) vy = o404 in Q, % =0 on 092, (4.41)
n

is positive. Then W*(A4) N (X \ S) = 0.

Proof. As in the proof for W¥(Aj3), assume there is a (ug, v, wg) € Xy such that

lim d((u(t),v(t), w(t)), As) = 0.

t—o00

Choose ¢ > 0 such that

B(z) < g(u,v,w) o4

<M T2 (4.42)

for all (u,v,w) € B(A4E). Take ty such that d((u,v,w), Ay) < & for all ¢ > t.
Multiply the v component equation of (2.5) by v4 and multiply (4.41) by M (u,w)v

and integrate over {2 to obtain

d
— v4vdx:/v4A[M(u,w)v] dx—l—/vwg(u,v,w) dx (4.43)
dt Jo Q 0

and

/ M (u, w)vAvy dx + / M (u, w)b(x)vgv da — 04/ M(u,w)vgvdr =0 . (4.44)
Q Q Q
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Apply the divergence theorem twice to the first term in (4.44) and subtract (4.44)

from (4.43) to get

d ~
— [ vugdx = 04/ M (u, w)vvyde + / (g(u,v,w) — bM (u, w)) vugdr . (4.45)
dt Jo 0 0

From (4.42) we have that g(u, v, w)—bM (u,w) > —%(u’w) for all t > t,, and we have
also assumed that M is such that M (u,w) > d > 0 for all u,w > 0. Therefore, ||v||s

and hence ||v||;, must grow without bound which contradicts (u, v, w) € B(A,§), so

We(A) N (X S) = 0. O

Note that if A, is a single equilibrium point, (@, ), then the condition that there
exists an zo € € such that g*(u(xg),w(xp)) > 0 for all (u,0,w) € Ay reduces to the
simpler statement ¢*(@,w) > 0 at some point in 2.

We can now synthesize these results into a theorem.

Theorem 4.2.2. If the parameters of (2.5) are such that the principal eigenvalue of
(4.20), o1, and the principal eigenvalue of (4.36), o9, are positive then there exists
boundary attractors, Az and As in the u — v and u — w planes respectively bounded
away from the axes. Furthermore, if there exists continuous functions h(z) and b(x)
satisfying the conditions of Lemma 4.2.2 and Lemma 4.2.3 that yield positive o3
and o4 respectively, then (2.5) exhibits ecological permanence; and, (2.5) possesses

a componentwise positive equilibrium point.

Proof. For o1 and o9 positive we have shown that w(S) = A; U Ay U A3 U Ay which
are all compact isolated invariant sets. Furthermore, we know that A; is chained to
As, A3 and A,. A, is chained to Az and Ay; and, A3 and A4 are not chained to any

other A;. Therefore, the set {A;, Ay, A3, A4} is acyclic. Furthermore, if there exists
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h(z) and b(z) that make o3 and oy positive respectively, then W*(A4;)N(X\S) = 0 for
i =1,2,3 and 4, which would imply by the acyclicity theorem that (2.5) is permanent.
Theorem 4.6 of [11] states that if a system exhibits permanence, then the existence

of at least one componentwise positive equilibrium point is guaranteed. O

We will now investigate how the function M affects these eigenvalues. Looking at
(4.36) we see that M has no effect on oy. Examining (4.37) it appears that M does
not affect o3 either, but this is misleading. In fact, M can change the set A3 and hence
change h and in turn influence o5. This is a very indirect relationship, and not much
analysis can be done without further assumptions that give more information about
As. However, in the special case that M is independent of u, o3 will be independent
of M.

To examine the effect of M on o; and o4 it is useful to obtain the variational
formulations of these eigenvalues. We can use the fact that M > d > 0 to make the

change of variables ¥ = M (u*,0)v; in (4.20) to get the equivalent equation

. g1 . 3_¢ .
_ m) V= g VY g =0on o0, (446)

erau*
1+ hiaju*

1
A0 3 0) (

From (4.46) we see that oy has variational characterization

2 / elgu’ 2
/’vw T M(u*,0) \ 1+ hyaju* ) 9 de

peWw2(Q 2
d
/M u*, 0 w o

(see [11] Section 2.2).

(4.47)
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The variational formula for o4 is standard and requires no change of variable,

namely

—/ |w|2dx+/5(x)¢2dx
o4 = m?};( Q Q .
YeW2(Q) / wQ dI’
Q

(4.48)

4.3 Fitness Dependent Dispersal

Without knowing the specific details of the equilibrium point (u*, 0, 0) and the bound-
ary attractor A4, it may seem that the variational formulations (4.47) and (4.48) for
o1 and o4 are not very helpful. However, if M is chosen in an appropriate form, we
can make some useful observations on the effect of M. It is useful to think of M as a
perturbation away from a random diffusion movement strategy with motility ds. We
will show that if the IGPrey can increase its motility to a sufficiently high level in
areas where its linearized fitness is negative while maintaining a low level of motility
in areas where the linearized fitness is positive, then the IGPrey will be able to invade
the u — w subsystem. This type of movement amounts to the IGPrey avoiding areas
where resources are scarce and predation risk is high and feeling less diffusion pressure
in areas with abundant resources and low predation risk. In order for this type of
strategy to be biologically feasible, the IGPrey must be capable of assessing the local
level of resource availability and the frequency of predator encounters. Both of these
assumptions are reasonable for a variety of species [36], [14], [33], [41].

The major assumption that we will make about M is that it is actually a twice

differentiable function of the linearized fitness, g(u,0,w), which we will now refer to
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as g*. We will examine a one parameter family of movement strategies, { M, (g*)} >0

such that

My(g*) = dy for all real g, (4.49)
M, (0) = dy for all A >0, (4.50)
dy > My(g*) > d for all A and ¢g* > 0 and, (4.51)
M (g*) > dy and /\11320 M (g") = oo for all g* < 0. (4.52)

Condition (4.49) says that A = 0 corresponds to random diffusion with diffusion
coefficient dy. Condition (4.50) says that the motility in regions of zero linearized
fitness is dy regardless of A. (4.51) describes the motility in areas of positive linearized
fitness. In these areas, v may have lower motility, but may never have values that
drop below the level d. When the linearized fitness is negative, A increasing toward
infinity will result in ever higher motility for v. In this sense, higher values of A make
the IGPrey more sensitive to “bad” areas, i.e. areas where the linearized fitness is
negative. With higher values of A, the IGPrey will experience an increased diffusive
pressure in these “bad” areas. We will examine what happens to o; and o4 as A

increases from 0.

For each x € ), define G(z) C R by

G(z) ={r e R| g*(u(z),w(x)) = r for some (u,0,w) € Ay }. (4.53)

We will now prove that G(x) is a compact set in R for every € Q. Fix z €  and
let {r,} C G(z) and {(u,,w,)} C A4 such that ¢*(u,(z), w,(x)) = r, for all n. We

know that A4 is compact in [C1(Q)]?, so there exists a subsequence, {(un,,wn,)},
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that converges in [C'(Q)]2. This implies that the subsequence {r,, } converges in R
to the limit of {¢*(un, (2),wn, (x))}, hence {r,} is compact. It is also important to
note that G(z) does not depend on the movement strategy since A, arises from the
u — w subsystem, which is independent of M. Thus G(x) is not influenced by A in
any way. Define

r

Q@) = réﬂgig) ACR (4.54)

Note that for each x € ) the minimum in the definition of () is attained because

G(z) is compact.
Lemma 4.3.1. The function (\(z) defined by (4.54) is continuous on ).

Proof. Fix xy € Q and suppose (y is not continuous at xy. Then there is an € > 0
and a sequence {z,}2, C Q such that z,, — xo and |()(z,) — (\(70)| > € for all n.

Let {(un,w,)} € Ay be such that

G* (Un(Tn), Wn (7))

() = My (g* (un (), wa(24)))

forn=0,1,... . (4.55)

Since A4 is compact there is a subsequence, {(u,, ,w,, )}, that converges (in [C*(©2)]?)

to some function pair (@, w) in A4. Choose K large enough so that

g (uo(n, ), wo(zn,)) s .
‘MA(Q*(UO(fnk),wo(:Enk))) ()| <& forall k> K, (4.56)
g (0en) b(2n)) g'lilee) ia) | e
My(g*(@(n, ), (xn,))) Mx(g*(ﬁ(mo),w(ygo)))‘ <gforallk> K,  (4.57)
and
g (en), i(wn)) e
Mg () g ))) )| < g forall k2 K (4.58)
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Fix k > K. Suppose (\(z,,) > ((zo) + . Then (4.56) implies that

g*(uo(xnk)7 wo(xnk))
MA(Q*(Uo(fEnk), wo(xnk)))

which contradicts the minimality of (y(x,, ) for r € G(x,,). Now, suppose (\(zg) >

C\(n,) + €. Then (4.57) and (4.58) imply that

) < Ca (o) (4.60)

which contradicts the minimality of () (zo) for r € G(zo).

Therefore, we must have that ¢,(z) is continuous on . O]

If [, (%) de > 0 we can use b(z) = (a(z). Then b < W for all (u,0,w) €
A, and fﬂ )dz > 0, so the principal eigenvalue o4 of (4.41) will be positive and
v will be able to invade the boundary attractor A, if the movement strategy M, is

adopted. So, we will examine conditions that guarantee fQ (hndx > 0.

Lemma 4.3.2. Let G(x) be given by (4.53) and define = {x € Q | min G(z) > 0}.
If (2.5) is such that 0y has positive measure and {M,(g*) }aso satisfies (4.49) - (4.52),

then there exists a A such that fQ (vdz > 0 for all A > A.

Proof. Define Q, = Q\ ©;. Because A, is bounded in C(Q) and ¢* is continuous,
there exists a K > 0 such that g*(u,w) > —K for all (u,0,w) € Ay, so Qs = {x €
Q] —K < minG(z) < 0}. Note that (x\(z) > 0 on ©; and ()(z) < 0 on 2. Break

Jo, ¢ dz into two parts via

dr = min / min d:c 4.61
/S;C)\ o re G(x) Qs re G(x) M)\ ( )
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and analyze each piece separately. Begin with the €; integral. Since || > 0 there
exists a positive integer, k, such that | ;| > 0 where ;;, = {x € Oy | minG(z) >

+}. By (4.51) we have

1 Q
min de_— min deZM:C’>O. (4.62)
Q, T€G(x) M/\(’f‘) dg Q, T€G() dg
Now, fix any x € Q. For any 6 € (0, K) we have
r r r
0 > min > min —+4+ min —— 4.63
reG(z) M)\(T’) re[—K,—§] M/\(’I") re(—4,0] M)\(T) ( )

because the minimizing choice of r € G(z) must fall in either the interval [—K, —J]

or (—9,0] and both terms are nonpositive. So

r r r
min dr > min dx + min ——dz. 4.64
Qs reG(x) M)\ (7“) /Qg re[—K,—4] M>\ (7”) Qs re(—4,0] M)\(T) ( )

Now, choose § such that I € and then choose A such that £~ < -C for all
do 2 MA(T) 2|Q|

A > Aand r € [-K,—0]. Such a A exists because limy_,o, M,(r) = oo for each

r € [ K, —¢] and this interval is compact. Consequently, we will have

dx > - min rdx > mit > il > —g
2

4.65
Q, TE(=6,0] ds ds 2 ( )

. T
min
\/S—ZQ re(—6,0] M)\ (7’)

and, for A > A

r —-K C C
min dx > min @ ———dzr > / ———dr > ——. 4.66
\/Qz re[—K,—4] M)\(T‘) /92 re[—K,—4] M)\(T’) Qo 2|Q| 2 ( )
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Combining (4.61), (4.62) and (4.64) - (4.66) we can conclude that [, {, dz > 0 for
all A > A. [

As an immediate consequence of Lemma 4.3.2 we can state one of the main results

of this thesis:

Theorem 4.3.1. Suppose { My(g*)} >0 satisfies (4.50) - (4.52). If there exists a point
xo € Q with g*(u(xo),w(zo)) > 0 for all (u,w) € Ay and M(u,w) = My(g*(u,w))
for sufficiently large X, then v will be uniformly persistent in (2.5) for all initial

conditions, (ug, vy, W), with uy and vy not identically zero.

Proof. The assumption that ¢*(u(xg),w(zo)) > 0 for all (u,0,w) € Ay is equivalent
to saying that (\(z) > 0. Since () is a continuous function, we have that €; (as
defined in Lemma 4.3.2) has positive measure, which means there is a A such that
[y & () dx > 0 for all A > A. Taking b(z) = (\(v) gives o4 > 0 in Lemma 4.2.3.

Note that w > 0 and u < u* for all (u,0,w) € Ay so g*(u*,0) > ¢g*(u,w) for all
(u,0,w) € Ay, hence % > (i (z) so [, % dx > 0 and we can conclude
from (4.46) that o1 > 0.

Since oy, 04 > 0 we have W*({(0,0,0))N(X\S) = 0, W3({(u*,0,0)})N(X\S) =
0 and W5(AL)N(X\S) = 0. If we knew that W5(A3)N(X\S) = 0 we could conclude
that (2.5) was permanent. However, even if W*(A3)N(X\S) # 0 we can still conclude
that v persists for all initial conditions with ug and vy positive somewhere in €.

If wg = 0, then 7((uog, vo,0),t) — Az, which is uniformly bounded away from the
plane {v = 0}, so v will be uniformly persistent.

If wg > 0 somewhere in €2, then we must deconstruct the proof of the acyclicity

theorem, Theorem 4.1 of [18]. This proof reveals that if v is not uniformly persistent
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then one of the boundary attractors, A4;, in the plane {v = 0} (i = 1,2 or 4) would

need to satisfy either (H1) or (H2) stated below:
(H1) Wo(A) N (X\S)#0

H2) There exists a j € {1,2,3,4}, 7 # i such that A; is chained to A; by an orbit
( j j j y

in S and A; satisfies either (H1) or (H2) as well.

We know that W#(A;)N(X\S) =0, W5 (A)N(X\S) = 0 and W (A,)N(X\S) =0,
so anytime one of A, A or Ay is required to satisfy either (H1) or (H2) it must satisfy
(H2). We know that Aj is not chained to any other boundary attractor because A
attracts all boundary points in a neighborhood in S of itself, hence W"(A3) = As.
Therefore, we can never have j = 3 in (H2). So, we start with an A;, i = 1,2 or 4,
that satisfies (H2). This gives an A;, j = 1,2 or 4, j # 4, which must also satisfy
(H2). This goes on ad infinitum creating an infinite chain comprised solely of Aj,
Ay and Ay, which implies there is a subset of {4, A, A4} that forms a cycle, a
contradiction.

Therefore, we have that v is uniformly persistent in (2.5) if there is a o € Q with
g (u(zo), w(zo)) > 0 for all (u,0,w) € Ay and we take M (u,w) = My(g*(u,w)) for
A> A O

Ecologically speaking, Theorem 4.3.1 states that if there is a region in the habitat
such that the linearized fitness of the IGPrey is positive for all (u, w) in the attractor
of the u —w subsystem, then the IGPrey adopting a movement strategy of sufficiently
high motility in areas that have negative linearized fitness can allow the IGPrey to
invade and persist. Of course, an arbitrarily large motility may not be feasible for

any given species of [GPrey.
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The use of linearized fitness, ¢*(u, w), instead of actual fitness, g(u, v, w), is not
based on an ecological consideration, but rather a mathematical necessity. The per-
manence analysis would be very similar if we were using ¢ instead of g* because they
are equivalent when v = 0 and the invasion analysis for v deals with a neighborhood
of this region.

The main mathematical difficulty actually comes when establishing global exis-
tence and is due to the saturating functional response of the IGPredator consuming

the IGPrey. Suppose we were to use M (u,v,w) = M(g(u,v,w)), then

A[M (u,v,w)v] =V - [(M + vM,)Vv + vM,Vu + vM,Vw] (4.67)
and we cannot be sure that M +vM, = M + UM/(Q)% is bounded below away from

zero, which is crucial to proving global existence. Note that M’(g) < 0 so the problem
arises when it is possible to have % > 0, which would allow M + vM, to be negative
for certain positive values of v. This is the case with our choice of g because of the

__agw i
Trashao term 1n g.

4.4 Examples Of Dispersal Strategies

We will now give three examples of movement strategy families that satisfy (4.49)
- (4.52): exponential, piecewise polynomial and exponentially smoothed. Our first

example uses a family of negative exponential functions

My(g%) = (dy — d)e ™9 +d. (4.68)
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Clearly (4.68) satisfies all of the required conditions on {M,}.
Suppose we would like a movement strategy that assumes a constant motility
throughout regions where ¢g* > 0, but that increases linearly with respect to |g*|

when g* < 0. Such a family of strategies would have the form

ds for g* > 0,

—Ag*+dy for g* <O.

This has discontinuous first and second derivatives at g* = 0. However, we could
connect these linear functions over an interval near ¢g* = 0 using a function that
matches the first and second derivatives of the linear functions on each end of the
matching region. Such a family is given below using (—1/,0) as the matching region
and a degree 5 polynomial (6 degrees of freedom are needed, 3 for each connecting

point) to connect the linear functions

ds for g* >0,
My =49 =3(\g*)° —8(Ag")* — 6(\g*)* +d»  for 3£ < g* <0, (4.70)
—\g* + ds for g* < _Tl .

\

We can verify that M,(g*) is C*(R) by direct calculation. At g* = 0 we have
limg«,o- M3(g*) = limg-_,o- M{(g*) = 0 and limg._,o- Mx(g*) = dp which matches
the constant function defining M) to the right of ¢* = 0. At g* = —1/\ we have

lim  My(g*) = =3(=1)° =8(-1)* —6(=1)* +dy =1 +d> , (4.71)
g —(=1/3)*
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lim  M}(g%) = —15A(—=1)* — 32\(—1)% — 18\ (—1)* = -\ (4.72)
—(=1/2)*
and
lim My (g*) = 60A*(—1)% — 96A%(—1)* + 36A°\(—1) =0 . (4.73)
g —(=1/3)*

All of these match the corresponding values as we approach g* = —1/\ from the left.
In addition, (4.70) clearly satisfies conditions (4.49) - (4.52).

Another approach to approximating a piecewise defined function like (4.69) is to
multiply by a smoothing function. Suppose we have M, (g*) = fi(¢*) + ds for g* <0
where f), € C®((—00,0)) and lim,«_,o- fA(¢g*) = 0 and M,(g*) = ds for g* > 0, but
M, is not C? at g* = 0. We can approximate this family of movement strategies by
multiplying fy by a function of the form e¥/9". We will show below that as long as
fr does not have derivatives that blow up in particularly nasty ways at g* = 0, the
resulting product will have all of its derivatives equal to 0 at g* = 0 (in particular,
bounded derivatives would certainly qualify as would any derivatives that blow-up at

0 like g* ™ for some N > 0). We will then have the following family in C*(R):

ds for g* > 0,
My(g") = (4.74)

falg")ers" +dy for g < 0.

To see that (4.74) defines a function that is infinitely smooth at 0, consider the nth

derivative of M) as g* — 0~

n

i Zcf;> ) €)= Y AP (47)

=0
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where the C;’s are constant and the P;(1/¢*)’s are polynomials in 1/¢g*. We can

conclude from (4.75) that a sufficient condition for M,(¢*) € C*(R) is

(n)/ _«
lim f}v—%)*:o foralln>1, N >1. (4.76)
g*—0- g*Nek/g

Note that the denominator in (4.76) is increasing to oo at an exponential rate. This
allows for a very wide class of f’s to be used. Note that if f\(¢*) + dy satisfies
(4.49)-(4.52) for g* < 0 then so will the function defined by (4.74).

We will see in later chapters that an additional condition, namely

i (i) > T

becomes important when determining the local stability of certain bifurcating branches
of solutions (see Section 5.5). We also make use of this inequality when making a
practical persistence type of argument in Chapter 6. Note that (4.68) does not satisfy
this condition; and, (4.70) fails to do so if dy < 6°/5% =~ .415. However, depending on
f» and the choice of k, (4.74) can satisfy this condition (we will see a specific example

in Chapter 6).



Chapter 5

Bifurcation From The Resource
Only Equilibrium

5.1 Bifurcation in the u — w Subsystem

Consider the equilibrium problem for the u — w subsystem

ao2W
A — S =
diAu+u (r(x) wit = hgagu) 0

€a2a2U .
dgAw—i—w(%—ug—wgw) =0 HlQ,

ou Ow

o _ o0 Q.

on  On 0 ond

(5.1)

Let (u*,0) denote the unique semi-trivial equilibrium to (5.1). For ey sufficiently

small, (5.1) cannot have any coexistence equilibrium states because the per capita

growth rate in the w component equation is negative on all of €2 when

€y < thg .

62

(5.2)
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If this were the case, then integrating the w-component equation and using the no-flux

boundary condition would yield

€aa2U
—— — g — dr =0 2.3
/QU) (1 T hoagu H2 Wsw) z ) (5.3)

but if w > 0 and e; < pughsy then the integral above is negative, which would be
a contradiction. Therefore, if e; < pohy the only nonnegative solution to the w-
component equation is w = 0.

We will examine (5.1) using es as a bifurcation parameter to see when and how

coexistence states bifurcate from the semi-trivial solution, (u*,0). Write (5.1) as
F(627 (u7 w)) = 6 (54)

where F' : R x [C’i}a(ﬁ)f — [C’a(ﬁ)f for o € (0,1) such that r(z) € C*(Q). Note
that F(ey, (u*,0)) = 0 for all e5. The Crandall-Rabinowitz bifurcation theorem ([12]
Theorem 1.7) states that if e3 is such that Fi,.)(e3, (u*,0)) is a Fredholm operator
with

dim N (F(yw (€5, (u*,0))) = codim R(Flyw)(es, (u*,0))) =1 ; (5.5)

and, if N (Fluuw (€5, (u*,0))) = (yo) with

Fez,(u,w)(‘e;v (u*, 0)>y_6 ¢ R(F(u,w)(e; (u*> 0))) ) (56)

then e} is a bifurcation point for (u*,0). This means that there are a § > 0
and continuously differentiable functions ey : (—4§,6) — R and (u,w) : (=6,0) —

(G (@] with (0) = €5 and (i(0),10(0)) = (0,0) such that if e; = e5(s) and
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(u,w) = (u*,0) + syo + s(a(s),w(s)) then F(ez(s), (u*,0) + syo + s(u(s),w(s))) =0
for s € (—0,0). Furthermore, the entire solution set for F'(eq, (u,w)) = 0 in a small
neighborhood of (e}, (u*,0)) in R x [C]%;a(ﬁ)f is the line (e, (u*,0)) and the curve
(e2(s), (u”,0) + syio + s(@(s), w(s)) [12].

First, we will examine N (F{,.)(e2, (u*,0))). We have

0 di Ay + () — 2w uehy — 2 )
Fuw(ea 00 [ | = [ o T Tashar T (5.7)

(0 —d3At)y + p1o)y — %@h

—

Writing F{y (€2, (u*,0))1) = 0 in system form and rearranging yields

*

a2U

diAYy + 7)1 — 2wiu Y = 1—|—a—2h2u*¢2
—d3Atps + pathy = %% in €, (5.8)
% = % =0 on dN.
Let
Lyu = —d3sAu + pou and m(z) = Ha;—:f;wk : (5.9)

Then existence/uniqueness theory for elliptic equations implies that L;* exists and
Ly C*(Q) — C%%(Q) is a bounded linear operator ([16] Theorem 6.31). Addition-
ally, C2%(Q2) embeds compactly into C%(Q), so L;' : C*(Q) — C*(Q) is compact.
In fact, the strong maximum principle guarantees that L;' maps nonnegative func-
tions that are not identically zero into functions that are positive on all of Q which
means that L;' is a strongly positive compact linear operator on C*(Q), and so is

Lyt om(z). The Krein-Rutman Theorem (see [1] Theorem 3.2 for example) implies
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that there is a unique maximal eigenvalue for L;' om(x) that is real and simple with

positive eigenfunction. The 15 equation in (5.8) can be rewritten as

6—12102 = Ly (m(z)¢p) in Q and % = (0 on 01} . (5.10)
The smallest value of e; that can yield a solution for (5.10) is the reciprocal of the
maximal eigenvalue of L™ o m(z), so it is simple and the corresponding solution,
1o, will be positive on ). This is the smallest possible value of e; that could yield a
bifurcation. Call this value e} and fix es = e} and let ¥5 be the positive eigenfunction

corresponding to e3.

Now, examine the first equation in (5.8). Let o be the principal eigenvalue of
. _ 0z
diAz + [r(z) — 2wu']z =0z in Q, p 0 on 0f . (5.11)
n

Then, multiply the resource only equilibrium equation (4.18) by z, multiply (5.11) by

u* integrate over () and subtract to get

/Qz[dlAu*+(r(a:)—w1u*)u*]—u*[dlAz+(r($)—2w1u*)z] dx = —U/Qu*zda:. (5.12)

The Laplacian terms drop out after integrating by parts twice, leaving

/wl(u*)Qz dr = —0/ uzdr . (5.13)
0

Q

Hence o < 0. This means that the operator Lou = dy Au+(r(z)—2wu*)u is invertible.
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Ly 1+222122u* 2
N(F<u,w><e;,<u*,0>>>=< <¢ ¢> > (5.14)

Computing R(F,w)(e3, (u*,0))) is somewhat more difficult. We will resort to

using Fredholm theory and will show that

R(Flus (€5, (0", 0))) = C(@) x {fGCO‘ iy wadx—o}

- 1
We will examine for which f = the equation

f2

di Ay + (@)t — 2010 — _ [N (5.15)

—dsAhy + pigthy — TE2EE )y fa

is solvable. The following argument is adapted from [15]. Let
Lu = —dsAu + pou — esm(z)u . (5.16)
For some p > 0 such that p + uy — e3m(x) > 0 on Q define
L,w = —dsAw + pw — esm(z)w + pw (5.17)
and, for u, v € HY(Q), define

B,lu, v] = / dsVu - Vv + [p+ pe — esm(z)|uvde . (5.18)
Q
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Then B,[u, v] is an inner product on H'(Q). Let f € L*(Q) and define l(v) =
(f, v) 20 for v € H'(Q). Then If is a bounded linear functional on H'(Q2). The
Riesz Representation Theorem implies there exists a unique u € H'(2) such that
B,Ju, v] = (f, v) for all v € H(Q). Note that this u is a weak solution of L,u = f,

so we can denote u by L;l f. Now, consider the equation

Lu=f,. (5.19)

This is equivalent to
Lyu=pu+fs. (5.20)
So, u is a weak solution of Lu = f5 if and only if B,[u, v] = (pu + f5, v) for all

v € H'(Q). This is the case if and only if

U= Lgl(pu + f2)
= pL u+ L, fo (5.21)

=Ku+h

where Ku = pL;lu and h = L;lfg. This K is a bounded operator from L?(Q) to

H'(Q) and hence is a compact operator when viewed from L?*(Q) to L?(Q2). To see
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this, let g € L*(Q). From (5.18) there exists a 3 > 0 such that

BIK g} ) < BolKg, Kyl
= pB,[L,'g, K¢]
=plg, Kg)
< pllgllrzo 1 K9l 2@

< pllgllz@ 1 K9l m o) - (5.22)

So

P
159l @ < Flgllee - (5.23)

Because K is compact for L*(Q) — L*(Q), (I — K) is Fredholm index 0 as a map
from L%(Q) — L2*(2). Recall that Lu = 0 if and only if u € (¢»). But Lu = 0 if
and only if (/ — K)u =0, hence N(I — K) = (1) as well. The Fredholm alternative

implies that for any h € L*() the equation
(I -K)u=h (5.24)

has a solution if and only if (h, v) =0 for all v € N(I — K*) (where K* denotes the
adjoint of K). We will now show that N(I — K*) = (). First, we will show that
K = K* as an operator from L?(Q) — L?*(Q). Let g,h € C*(Q) be given. Define u,
v e C*(Q) by

1 1
u=-Kg and v=-Kh, (5.25)
P P

which implies

g=L,u and h=L,v . (5.26)
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The operator L, is formally self-adjoint, so

(Lyu, v) = (u, Lyv) . (5.27)

Use (5.25) and (5.26) to rewrite (5.27) as

(9, %Kh> = (%Km h) (5.28)
— 0= ((K —K*)g,h) forall g,h € C*(Q) . (5.29)

Since C*(Q) is dense in L*(Q) (5.29) must hold for any h € L?*(Q) as well. Hence
Kg= K*gfor all g € C*(Q) and we can appeal to density again to conclude K = K*
as an operator for L*(Q) — L?(Q2). Therefore, N(I — K*) = N(I — K) = (13). So
we have that Lu = f5 is solvable if and only if (h, 13) = 0 where h = L;lfg = %ng.

So, fy in the range of L if and only if

0= (Kf2, ¢2>

(fa, K™1bo)

VDI~

(fas ) (5.30)

where the last line follows from the fact that K = K* and Ky = 5. From (5.30)
we have that there exists a 1, that solves the second component equation of (5.15)
if and only if [, fotbodz = 0. Assume this is the case. Then, the first component
equation of (5.15) can be written as

asu’*
d1A¢1 + T’(ZL‘)@/Jl — 2&]1’&*77[}1 = 2

—_— . 31
1+ aghgu* 1/}2 + fl (5 3 )
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The left hand side of (5.31) is invertible, so this equation will be solvable for any

choice of f;. We can finally conclude that

R(Fluy (€5, (0", 0))) = C*() {fEC“ i fwzdx—()}

Finally, in order to assert that the Crandall-Rabinowitz bifurcation theorem applies,
we need to show that
asu

L_ a2 2U*¢ * *
Fey (e, (u,0)) | <l+¢ " 2> ¢ R(Fluw) (e, (u™,0))) . (5.32)
2

Differentiating Fy, . (€3, u*,0) (see (5.7)) with respect to e, we see that

N 0
Fey (uw) (€3, 1", 0) = : (5.33)

agu*
¢2 1+a22h2u* ¢2

If (5.32) fails, then we have [, 7%%—43dx = 0 which is a contradiction. The
Crandall-Rabinowitz bifurcation theorem now applies to F' at (e5,u*,0) and we can
conclude there is a parameterized curve of solutions to (5.4) passing through (e}, u*,0)

such that this curve and the semi-trivial solution are the only solutions in a neigh-

borhood of (e}, u*,0).

5.2 Bifurcation in the u — v Subsystem

The analysis for the bifurcation from the resource only equilibrium in the u — v

subsystem is nearly identical to the analysis of the u — w subsystem. The only real
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difference is that the u — v system should be transformed first by the substitution

z = M (u)v so that the resulting system is a semi-linear elliptic system,

a1z
di A - - =0
1Au + (r(x) Wil M)+ aﬂuu)) u
e1a1u Wo zZ .
A —_— — 4y — =0 Q 5.34
i (1 Faha M M(u)z) M) " (5:34)
ou 0z
gu_ % _ Q.
o = on 0 onod

1
This system linearized at (u*,0) and applied to the vector yields

05
a1 u*
d1A¢y +1(7)P1 — 2wiu* Py = M(u*)(ll—i— alhlu*)%
1 B ejau” :
A0t e T My arame) 2 (5:35)
Op1 Doy
% = on =0 on 0N.

As in the case of the u — w subsystem, the operator on the left hand side of the
second equation of (5.35) has an inverse that is a positive compact operator (in the
appropriate space) and the right hand side is a bounded positive operator, leading
to a maximal principal eigenvalue, %, of the equation written in terms of the inverse
operator and a corresponding positive eigenfunction. This gives a minimal eigenvalue,
e}, for the weighted eigenvalue problem in (5.35) (the second equation). This €]
becomes the candidate for bifurcation and the rest of the analysis proceeds in an

identical manner as the u — w case.
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5.3 Local Stability of the u — w Coexistence State

Let s € (—0,0) parameterize the curve of solutions to (5.1) guaranteed to exist by

the Crandall-Rabinowitz bifurcation theorem, [12] Theorem 1.7, and write

u(s) = u* + sy +u(s),

w(s) = shy + w(s),

where @(s) and w(s) are both o(|s|). We also have es(s) : (—9,d) — R with e3(0) = €5.
In [13], Crandall and Rabinowitz prove that if F, e}, (u*,0), 40, 6, e2(s) and (u(s), w(s))
are as in Section 5.1, then there are an interval I and continuously differentiable
functions o(ez) : I — R, Ules) 1 I — [012\;0‘(@)]2, p(s) @ (=4,6) — R and 7(s) :
(—0,0) — [C’?\;a(ﬁ)f such that

F(uvw) (627 (u*’ O))QE(‘%) = 0-(62)75(62> and (536)

Fluw)(ea(s), (uls), w(s)))7(s) = u(s)7(s). (5.37)

Furthermore, near s = 0 the functions pu(s) and —seb(s)o’(e3) have the same zeros
and their signs are the same when they are not zero. If x(s) is negative for s small and
positive (positive s corresponds to positive solutions since ¢, > 0), then the branch
of solutions bifurcating from (e3, (u*,0)) will be locally stable (in terms of linearized
stability). The o(ez) eigenvalues in (5.36) are monotonically increasing in ey (refer
back to (5.8) to see the full equations and the dependence on es) so o'(ef) > 0.

Therefore, if €,(0) < 0 the bifurcating branch of solutions will be unstable for small
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positive s and if €,(0) > 0 the bifurcating branch of solutions will be locally stable
for small positive s. We will now calculate €(0).

We can write the w component equation of the u—w subsystem using the notation

h(s) = h(ea(s),u(s), w(s)) as

0 = dsAw(s) +w(s)h(s) , (5.38)

and differentiate with respect to s

0 = d3A(he + 0'(8)) + h(s)(1hy + W' (s)) + w(s)h'(s) . (5.39)

Substituting s = 0 in (5.39) and using w(0) = 0 and the fact that 1 satisfies

0 = d3Adhy + h(0)ehy (5.40)

yields
0 = d3Aw'(0) + h(0)w'(0) . (5.41)

Hence w'(0) = ki), for some k. However, from the results of Crandall and Rabinowitz,
we can assume that (/(0),w’(0)) lies in the range of F, (€3, u*,0), hence k must be
zero and w'(0) = 0. If we follow a similar approach and differentiate the u equation

with respect to s and set s = 0 we find

0= dy A@(0) + ()@ (0) — 2wy (0) . (5.42)

As discussed before, the operator above is invertible and hence @/'(0) = 0 as well.
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Now, differentiate (5.39) once more with respect to s and again set s = 0 to get

0 = ds Ad”(0) + h(0)d" (0) + 21 (0) . (5.43)

We can calculate h'(0) explicitly,

oh oh Oh
h/ — / - / " /
(0) des| . ¢2(0) + o L 0) + 5~ v (0)
asu* , aes
= —=— — ) .44
1+ CLQhQU* 62(0) + (1 + aghgu*)2d}1 w3w2 (5 )

Substitute (5.44) into (5.43), multiply by 12 and integrate over {2 to obtain

0=ds /Q o A" (0) + 2 (0)"(0) 1,

*

asl , ages

202 [ ————¢€/(0 _—
+ ¢2 (]_ +a2h2u*62( )+ (1+a2h2u*)2

¢1 — w3¢2> dx . (545)

Apply the divergence theorem twice to the Laplacian term and use the fact that o
satisfies (5.40) to eliminate the terms involving w”(0). We can break up the remaining
terms into separate integrals, divide by the common factor of 2, and use the fact that

e5(0) is constant over 2 to get

a3 azes11; / 3
0:'0/—d +/—d— dx . 5.46
62( ) o 1+a2h2u* €L Q (1+a2h2u*)2 z Qw3¢2 x ( )
Therefore,
* 2
e, (0) = 22 dotat (5.47)

/ —agu*wg dx
Q 1+ azhgu*

Note that u(s) is a strict subsolution to the semi-trivial equilibrium equation with
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solution u* when s € (0,9), so u(s) < u* for s € (0,0) which implies 1; < 0 on €.
Therefore, (5.47) tells us that €,(0) > 0, and the local stability of the coexistence
solution is guaranteed for s € (0,4).

The results of the analysis in Sections 5.1 and 5.3 can be summarized in a theorem.

Theorem 5.3.1. There is a critical value €3, and 6 > 0 such that when es < €5
there is no positive equilibrium of (4.35) and when ey € (€3, e5+0) there is a positive

equilibrium of (4.35) that is locally stable.

Proof. The bifurcation of a locally stable branch of positive equilibrium solutions at
e5 was shown in Sections 5.1 and 5.3. What is left to show is that there are no positive
solutions to (5.1) when ey < 5.

Fix es < €} and suppose (4, w) is a positive equilibrium solution to (4.35). A
standard comparison argument yields @ < u* on €2, hence

€aaoll esau”

— i < — U . 5.48
1 + aghatl 2 251 ( )

! 14 aghzu*

Since there is a positive function, 1, that solves the second equation of (5.8), we

know that the principal eigenvalue, o, of

esasu*
2727 — 4
dsA¢ + (1 ol ,ul) O»=0¢ (5.49)

is zero. Therefore, the principal eigenvalue, ¢ of

~ 62(1,211 n ~ ]
dsA —_— = = 5.50
3 ¢+(1+a2h2ﬁ M1)¢ oo (5.50)

must be negative. Proposition 3.1 of [11] rules out the possibility of a positive solution
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to
A a 20U N
dsA — = [l — W: =0, 5.51
3 w+w(1+a2h2ﬁ H1 wsw) ( )
so no positive equilibrium solutions of (4.35) are possible. O

5.4 Comparison of Random Diffusion and Fitness
Dependent Dispersal

In the previous section we saw that a locally stable positive equilibrium to (4.35)
bifurcates from (u*,0) at eo = e5. We will now look at criteria for v to invade this
equilibrium point for the cases A = 0, i.e. M(u,w) = dy, and X large to see the effect
of the fitness dependent dispersal strategy.

For M(u,w) = ds, v will be able to invade the resource only equilibrium if the

principal eigenvalue, o of

eraqu® . ouy
do A —_— — = Q, — =0 o9 5.52
2 Avy + (1 o ,ul) =0 Qo on 0f), (5.52)
is positive. Recall the notation ¢*(u,w) = 2% — jiy — azw. If [, g*(u*,0)dz > 0

then oy will be positive regardless of the value of dy. However, if fQ g (u*,0)dz <0
then o, will be positive if and only if d—12 > Af(g*(u*,0)) (see Theorem 2.6 in [11])

where A (m(x)) is the positive principal eigenvalue of

X _ 0 on 092, (5.53)

A+ Am(z) =0 in Q, o

which is guaranteed to exist by Theorem 2.5 of [11] for any m(z) that changes signs

in Q and has [, m(z) dx < 0. Assume that d; satisfies this condition and consider the
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bifurcating branch of positive solutions to (5.1), (u(s),w(s)), for s > 0 small enough
so that the local stability is maintained and ¢*(u(s),w(s)) is positive somewhere in

Q. We know that u(s) < u* and w(s) > 0in Q, so g*(u(s), w(s)) < ¢g*(u*,0) and

AT (g7 (u(s),w(s))) > Af (¢"(u",0)) . (5.54)
If ds is such that
AT (g7 (u(s),w(s))) > d% > A (g"(u",0)) (5.55)

then the IGPrey will be able to invade the resource only equilibrium, but will not be
able to invade the locally stable positive u — w coexistence state.

Compare this to the situation when A is large, i.e. the IGPrey is employing a move-
ment strategy that avoids areas with negative linearized fitness. We saw in Theorem
4.3.1 that v will be able to invade this u — w coexistence state if g*(u(s),w(s)) > 0
at any point in € (which we have assumed is the case) if A is sufficiently large.

If g*(u(s), w(s)) is negative on all of €2, then the IGPrey will not be able to invade
the coexistence state regardless of movement strategies employed. This would be

equivalent to saying the entire domain is “bad” for the IGPrey.

5.5 Stability of the u — v Coexistence State

We will follow the same procedure used to analyze the local stability of the coexistence

state in the u — w subsystem. Let s € (—0,d) parameterize this curve of solutions



78

and write

u(s) = u* + s +u(s),

2(s) = s¢2 + 2(s) ,

where @(s) and Z(s) are both o(|s|). We also have e;(s) : (—0,d) — R with e,(0) = €.
We can use the procedure from the preceding section to calculate €}(0) and draw
conclusions about the local stability of the coexistence equilibrium. We can write the

z component equation of the u — 2z subsystem using the notation

e1a1u

= m — M1 (5.56)

g*<€17u>

and

_ g*(el S),U(S)) . W2 (s
5 = B g (eals) ul»)) ~ Migals) alm) P (5:57)

Then the z-component equation is

0= Az(s) + z(s)k(s) . (5.58)

Differentiate this with respect to s to get

0= A(¢2 + 2'(s)) + k(s) (92 + Z'(s)) + 2(s)K'(s), (5.59)

with a companion equation for @'(s). The argument employed for the u—w subsystem

transfers here without modification. We find that 2/(0) = 0 and @'(0) = 0. We can
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differentiate (5.59) with respect to s one more time and evaluate at s = 0 to obtain
0 = dzAZ"(0) + k(0)2"(0) + 2¢2k"(0) , (5.60)

where

*

/ o 0 g*<€T,U*) aiu / o
MO0 = g () O T O et 68

Substitute (5.61) into (5.60), multiply by ¢» and integrate over €2 to obtain

0= / 507(0) + K(0)2"(0)6

o (0 g*(e1,u”) aju*
202 <8u* (M(g *(et, u* ))) N ot ¢1(0) —wz¢2> dr . (5.62)

Apply the divergence theorem twice to the Laplacian term and use the fact that ¢,
satisfies (5.35) to eliminate the terms involving 2”(0). We can break up the remaining
terms into separate integrals, divide by the common factor of 2, and use the fact that
€1(0) is constant over 2 to get

Therefore,

s 5 ( g (e}, ) )
— dx
/QM<g*<e’f,u*>>2 o \ Mg (et u) ) 192
alu*¢g '
/g21+a1hlu* du

Note that u(s) is a strict subsolution to the semi-trivial equilibrium equation with

e1(0) =

(5.63)

solution u* when s € (0,9), so u(s) < u* for s € (0,0) which implies gbl < 0 on Q.
If we assume condition (4.77), then 5% (%) > 0 (because 2- > 0) and we
can conclude from (5.63) that €;(0) > 0, and the local stability of the coexistence

solution is guaranteed for s € (0, 9).
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However, if condition (4.77) is not satisfied, the analysis of Section 5.2 remains
valid and we can guarantee that the bifurcation point exists; but, we are not able to
determine its stability from (5.63) and it is possible to have a subcritical bifurcation
at (e}, (u*,0)). The results of the analysis in Sections 5.2 and 5.5 are summarized in

the following theorem.

*

Theorem 5.5.1. Suppose M (u,w) = M(g*(u,w)) and d;% (W) > 0. Then there
exists a & > 0 and critical value e} such that if ey < e} there are no positive equilibrium

solutions to (4.19) and if e; € (e}, e} + 9) there is a positive equilibrium solution to

(4.19) that is locally stable.

Proof. The existence of the locally stable bifurcating branch of equilibrium solutions
was shown in Sections 5.2 and 5.5. The proof of the nonexistence of positive equilib-
rium solutions when e; < e} makes use of the fact that % (%) > 0; but other

than this, is identical to the proof for the u — w subsystem in Section 5.3. O]



Chapter 6

The Effect of A\ on IGPredator
Invasibility

6.1 A Sufficient Condition for the IGPredator to
Invade When )\ is Large

We will now examine a sufficient condition for the IGPredator to invade any equi-
librium points of the u — v subsystem when A\ is sufficiently large. Consider the
equilibrium equations for the u — v subsystem for a particular value of A:

av
diAuy + (r(x) — Wity — 1—1—;—121%\) uy =0

€1a1u) o .
A My (ux)va] + (Ha—lhlm — p1 — wﬂ&) vy =0 in Q, (6.1)
8uA 81})\
—_— — = Q
o o 0 on 09,

81
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where

—\gre®/9) 4 dy  when g* < 0

M)\<UJ)\) = and, (62)
do when g* > 0
€1a1U)
() _ 6.3
0 (0) = Ty~ (6.3

and where we use the convention that M, = dy. This choice for M, is the expo-
nentially smoothed (as in (4.74)) version of (4.69). As in the discussion of (4.74),
this function (viewed as a function of ¢* € R) is C*°(R). The exponential terms are

chosen so that condition (4.77) is satisfied,

J{(g*)zkwm—waﬂ (6.4)
dg* \ Mx(g*) Mi(g7)? ’
and for ¢g* <0, A >0
* d * *
My (g*) — ¢*Mi(g") = —\g* @) 4 dy — g (g_iedz/(kg ) — N\el2/(Ag ))
= dy — dpe®™/N) > 0. (6.5)

Satisfying (4.77) will be used to establish the practical persistence type bounds we
are going to develop for the solutions of (6.1) below. Satisfying this condition has the
added benefit of making the positive solution to (6.1) locally stable for values of e; in

(€%, e +0). We also should note that ¢*'(u) = Tz > 0, so another consequence

of the calculations in (6.4) and (6.5) is that % < 0 when g* < 0 and A > 0.

Set

M1

L 6.6
era; — arhyp ( )

Ue =
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so that ¢*(u.) = 0. We will assume that e; > e} so that positive solutions to (6.1)
exist. We know that ej > hyu; so u, > 0. To analyze the ability of the IGPredator
to invade solutions of (6.1) it will help to make the substitution z) = My (uy)v, in

(6.1) to get an equivalent u — z system:

a12)
A —wiuy — =0
18U+ (T(;U) Wity M)\(U)\)(l + alhlu)\)) o
€1a1U) %) X :
A 4+ — — — =0 Q, 6.7
A <1 + arhjuy = M,\(U,\)Z/\> M (uy) . (67)
aU)\ aZ)\
— A Q.
on on 0 ond

Ultimately, we want to construct a pair of functions (u,v) such that for all € > 0,
h(uy, vy, 0) > h(u,v,0) — e for A sufficiently large. We can then establish sufficient
criteria for the IGPredator to invade the equilibrium point (uy,vy) when X is large.
We will construct (u,v) via a practical persistence type argument as in [10]. First we
will construct a Z such that Z > z, for all A > 0. We will then use this to construct
a monotone family of lower solutions to the wy equation, {u,} >0, such that w, is
converging pointwise to a function u. We can then use the u,’s to construct lower
solutions, z,, to the z, equation, which again limit to a function, z, as A — oo.
Finally, the lower solution pairs, (u,,z,) can be used to construct lower solutions to
the vy equation which limit to a function v as A — co. Functional analysis arguments
are employed to strengthen the convergence so that these limiting functions can be
used in an eigenvalue analysis of the IGPredator’s invasibility criteria for large .
Let u* represent the resource only semi-trivial equilibrium to (6.1) (which is inde-

pendent of A). Clearly uy < u* for all A > 0 and hence g*(uy) < ¢g*(u*) for all A > 0.
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Define
—_ « - dgg(ﬂ) . d2 €1CL1E
U = maxu () and zZ = o o \Trahm pr |- (6.8)
Then
_ €1a1U) w2 _ Fi
AZ + (— - — z) <0
1 4+ ajhquy f My (uy) ) Mx(uy)

because the term in parenthesis is negative whenever g*(u,) < 0 and when g*(uy) > 0
we have M, (uy) = dy and g*(uy) < mgxg*(u*). Thus, Z is a supersolution to the z,
equation for all A > 0. We can obtain a subsolution, u,, to the uy equation in (6.7)
by replacing z) with z and letting u, be the solution of

a1z

diAuy + (r(a:) — Wiy — W) uy, =0 in ©, % =0 on 0N (6.9)
Uy

when a positive solution exists, and 0 otherwise. There will be a positive solution to
(6.9) for sufficiently large values of A. To see this, linearize (6.9) about the trivial
solution and examine the resulting eigenvalue equation

alz

M(0)

)qbzaqb in Q, %:0011 o0. (6.10)

diAG + <7‘(x) -

As A — oo, M, (0) — oo, so for large A, (6.10) will have a positive principal eigenvalue
and a standard comparison argument will guarantee that (6.9) admits a positive

solution. This solution is unique because

0 a1z a1ZM; (uy)
= iy — ) = gy EENIN 11
ag)\ (T’(ZE) Wiy MA(@)\)) wy + M)\(g)\)2 <0 ) (6 )

see [11], Proposition 3.3.
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We can now use the fact that %% >0 and u, < wuy for all A > 0 to construct
subsolutions to the 2, equation. Let z, be the unique positive solution to
9(uy) Wa

0z
A - 2-0inQ, =2 =0 on 9N 6.12
zZy + M)\(Q,\)é)\ M)\(u*)Qg)\ m 34, an on ( )

if such a solution exists, and z, = 0 otherwise. If we want (6.12) to admit a positive
solution for large values of A, we will assume some extra conditions on the parameters
of our system. This analysis will be deferred until the end of Chapter 6.

Now, we will see that the subsolutions we have constructed to (6.7), (u,, 2, ), are
monotone increasing in A and bounded above by (u*,Z). The key observation is that
4 My(u) > 0. With this in mind, let A; < X and examine (6.9). We see that u,,

will be a subsolution to the equation for u,, and hence u,, < u,,. Knowing that u,

g(uy)
M (uy)

increases in A and examining (6.12) we see that the quantity is increasing in \.
This is because the region in which g(u,) > 0 is expanding as A increases and within
this region g is increasing in A and M, = dy. In the region where g(u,) < 0, we have
to be a little more careful as the function definition of M) is changing in A\ as well.

It will help to write M) and u, as functions that depend on a variable A and use the

chain rule to compute

d [ gluy) N\ _ d g(u(N) _ -9 oM 9 g dy du
dA (%(m)) ~dA (M(A,g(u(k)))> M(A, g)* OX " dg (M(A,g)) dud\’

(6.13)

We have 2 > 0, ) > 0 (condition (4.77)), % > 0 and % > 0 for g < 0

Q( g
9g \ M(\.g)

so, (6.13) gives 4 (ﬁi@i)) > 0 for g < 0. The quadratic term in (6.12) is negative

and the denominator is increasing in A, hence this whole term is increasing in A as

well. Therefore, z, is increasing in .



86

Since u, and z, are increasing and bounded above, they must be converging
pointwise to some functions u and z on €2. We can see that this convergence is

actually much stronger by rewriting (6.9) and (6.12) as

wy, = (A 1) (g/\ + %“l—j (r(m) Wy — #;))) (6.14)
Z = (—A+ 1) ((1 + ]\ZE\%;?\)) 2z — m gi) (6.15)

and use the fact that (—A +1)7! is a bounded linear operator from C(2) to C3*(Q)
for all « € (0,1). Take any {\,}22, converging to oo, and observe that the correspond-
ing solution pairs {(u, ,z, )} are bounded in C'(2) x C(Q) (and so are the resulting
right hand sides of (6.14) and (6.15)). Hence {(u, ,z, )} is bounded in C'**(Q) x
C'(Q) which compactly embeds in C'+#(Q) x C1+5(Q) for 0 < 3 < a. Therefore,
there exists a subsequence of {(u, ,z, )} that converges in C*™2(Q) x C2(Q) to
(u,z) (because the limit in C1*9(Q) x C'*A(Q) must agree with the pointwise limit).
We can conclude that |[(uy,z,) — (4, 2)l|c1+s@)xc1+5@) — 0 as A — oo. This follows
from the fact that if the limit were not 0, then we could select a sequence of \,’s ap-
proaching co and an € > 0 such that |[(u,,, z5,) = (&, 2)|[c1+5@)xc1+8@) > € for all A,
yet it still has a subsequence that converges to (u, z). This is clearly a contradiction.

To develop sufficient criteria for the successful invasion of an equilibrium, (uy, vy),

of the u-v subsystem by the IGPredator, we will need a lower bound for the v,’s.

Define
2\
7 where u, > u,,
Q}\ — 2 (616)
0  otherwise.
Because vy, = M;(*M) and u, < uy we have vy = Z—; whenever u, > u.. Combine this
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with the fact that z, < 2, and we get v, < wv,. Let

where u > u,,

£
v =14 d (6.17)
0

otherwise.

Now, we have (u,,v,) increasing pointwise to the bounded functions (u,v). The
IGPredator functional response function, h(u,v,w), is continuous and increasing in
both the u and v variables, hence h(u,,v,,0) is increasing pointwise to h(u,v,0). We
can now state a sufficient condition for the IGPredator to be able to invade a u — v

equilibrium point when A is large.

Theorem 6.1.1. Consider the principal eigenvalue, o, of
. [9J0)
d3A¢ + h(u,v,0)p = o¢ in Q, and p 0 on 09, (6.18)
n
that is given by

o= max <—d3/ |Vw|2dx+/h(g,y,0)¢2dx) : (6.19)
0 Q

PeWh2(Q)
ll¥]l2=1

If 0 > 0 then there exists a A > 0 such that for A > A, wy will be able to invade the

(ux, vy, 0) equilibrium.

Proof. Let 1) be the unique positive maximizer of of (6.19). Then h(uy, vy, 0)1? is a
measureable function that is increasing in A and converging pointwise to h(u, v, 0)122.
The Lebesgue Monotone Convergence Theorem implies that

lim | h(uy,vy,0)? de = / h(u, v, 0)0? d . (6.20)
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Choose A large enough so that for all A > A we have

/ h(uy, vy, 0)0° d > / h(u, v, 0)¢* dx — % . (6.21)
Q Q

Take A > A and let o) be the principal eigenvalue of
d3 Ay + h(ux, vx,0)dr = 0rdy . (6.22)

If this eigenvalue is positive, then w can invade the equilibrium point (uy, vy, 0). The

variational formula for o, gives

oy = max (—d3/|V1/1\2d1:+/h(UA,UA70>¢2dQ3)
Q) [¢) Q

PeWwh2(
ll]l2=1

> max (—dg/|V¢|2d$+/h(ﬂ>\;ﬁ)\70)@/’2dx)
Q )

Yewh2(Q)
ll¥]l2=1

> _d, / VoI do + / By, vy, 0§ da
Q Q
Q Q 2

= % >0. (6.23)
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As discussed above, we might wish to guarantee that the z,’s are non-zero for
sufficiently large A. This will be the case if there exists a region in ) with positive
measure such that u, > u, for all large \. Let 7 = max,cqr(z). Then, if

aﬁ

F—wite — — <0 (6.24)
da

we will have u, < u. everywhere for all A. This follows from the fact that if (6.24) is
satisfied, then w, is a supersolution to the u, equation, (6.9), for all A. So, a necessary
condition for z, > 0 for A large is

a1z

T > wWlUe + — . (625)
dy

In fact, this condition is also sufficient if d; is sufficiently small and A\ sufficiently
large. To show this, fix x and consider the equation

aﬁ

r(zx) :w1§+m :

(6.26)

This will have a unique positive solution (depending on \) for all z € Q when \ is
large. Call this solution &,(z). We know there is a unique solution because the left
hand side is independent of A and the right hand side is increasing (at least linearly)
in & (because M, (&) is decreasing in £) and can be made arbitrarily small at £ = 0

by choosing A large. Now, Proposition 3.16 of [11] applies to (6.9) giving the result:

Lemma 6.1.1. For a fized A > 0 such that £x(x), the solution to (6.26), is a positive
function on ), the solution, u,, to (6.9) is such that w, — &\(x) uniformly on any

closed subset of 2 as d; — 0.
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Proof. This is a direct application of Proposition 3.16 in [11]. ]

If (6.25) is satisfied, then &\(z) > u,. in a neighborhood of the point where r(z)
attains its maximum value; and, for small enough d; Lemma 6.1.1 implies that we
will have u, > wu, at this point as well.

We can use (6.6) to express u. in terms of the original system parameters, and

use the fact that u < = to get the bound

w1

&15 W1l aq 61&17
wte+ —< —mMmM—+ — | ——— — : 6.27
! d2 a1(61 — hlul) W2 (w1 + a1h17’ ,Ul) ( )

So, for (6.25) to be satisfied, it would be sufficient to have

_ w11 ay e1a1r
r>———— 4+ — | ——— — . 6.28
ai(er — hip)  wo (wl +aihir ul) ( )

This is a quadratic inequality in 7, and a more transparent condition that disentangles

the system parameters may be desired. This can be obtained by noting that

eijair €1

-1 6.29
w1 + a1h1F hl ( )

which can be used to get another, more clear, condition that will imply (6.25), namely

— h

arhi(er — pihy) waly

To recap, in order for z) > 0 for any value of X it is necessary for (6.25) to hold. In
addition, if d; is sufficiently small, then (6.25) is a sufficient condition for z) > 0 for
large values of A\. Furthermore, conditions (6.28) and (6.30) imply (6.25) (and are

easier to verify directly from system parameters).



Chapter 7

Numerical Approximation

7.1 A Finite Element Discretization

We will make use of a finite element discretization scheme that is the system analogue
to the single equation scheme described in Chapter 13 of [40]. Let © be a plane convex
domain with smooth boundary and J = (0, 7]. The numerical scheme derived in [40]

is for the parabolic problem

ur — V- (a(u)Vu) = f(u) in Q, t € J, (7.1)

u=0ond, teJ; u(-,0)=uy in Q.

We are dealing with a system of equations, but the analysis is valid unchanged (merely
more cumbersome notation). Our system has explicit x dependence in what would
be the f(u) term on the right hand side, but again the analysis is unchanged. In fact,
although not explicitly stated, the analysis treats f as a function from the function

space of u into a Hilbert space (usually the dual space to the space of test functions

91
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employed in the finite element discretization). The fact that [40] treats Dirichlet
conditions instead of Neumann again is insignificant, as Neumann conditions arise
naturally in the finite element discretization via dropping boundary integrals that
arise from using the Divergence Theorem.

It is necessary to assume that a and f are smooth functions such that

0<d<a(x,§) <M, ‘(%a(x,f)‘%—‘(%f(x,f)‘gﬂ (7.2)

for x € Q and ¢ in a neighborhood of the solution of (7.1) (the neighborhood being
taken in C(Q)). We have assumed that M (u,w) is twice differentiable and bounded
below by d, and we showed in Chapter 3 that solutions to our system have C'+(Q)
norms that are bounded in time by a constant depending on our initial conditions,
so (7.2) is satisfied for our problem.

Let 7, be a triangulation of Q with max,c7, diam(7) < h and let Sj, the the
corresponding finite dimensional space of continuous functions on {2 that are linear
when restricted to any 7 € T, (the piecewise linear approximating functions). Define
up,, to be the approximating function of ug in Sj, (by projecting it onto the finite

basis of Sy). Let k be the constant time-step size for the time discretization. The

discretized version of problem (7.1) is to find {U"}, c; C Sp, such that
(U™, x) + (a(U")VU", V) = (f(U"),x), VX € S, tn € J, (7.3)

where U° = ugy, and dU™ = W’TU”_I However, (7.3) is still a nonlinear system,

and therefore not an efficient means of obtaining an approximate solution. The first

method used to derive a linear system that approximates the solution to (7.1) replaces
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the a(U™) and f(U™) terms in (7.3) with a(U"" ') and f(U™'), yielding the linear

system
(U™, x) + (a(U VU™, Vx) = (f(U"),x), ¥X € Sh,tn € J. (7.4)

The following error estimate applies to (7.4):

Theorem 7.1.1 (Theorem 13.3 [40]). Let U™ and u be the solutions to (7.4) and

(7.1) respectively. Then under the appropriate reqularity assumptions for u we have
U™ — u(tn)|l2 < Olluo,n — uollz + C(w)(h* + k), fort, € J. (7.5)

The error estimate above is quadratic in terms of the triangulation size h, but only
linear with respect to the time step size. Quadratic accuracy in time can be achieved
by using a Crank-Nicolson time stepping scheme. Let Ur = WJFTW for n > 1 and

Ur=3ur! - %U”*Q for n > 2. The system
QU™ X) + (a(TU™)VU", V) = (f(T™),X), VX € Sp,tn € J (7.6)

is linear and yields quadratic accuracy in time (see Theorem 7.9 below). However,
we need both U° and U? to begin computing U™ via (7.6). This is accomplished by
defining U to be the solution of the linear system

<#X> - <G(UO)V (W) ’VX> = (f(U°),x), Vx €Sh; (7.7)
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and, U! determined by the solution of

1.0 _ 7170 R 1,0 _ 770
(U, x) + <a (%) VUI,Vx> = <f (%) 7X> , Vx € Sy. (7.8)

The error estimate (which is quadratic in space, h, and time, k) is given by the

following theorem:

Theorem 7.1.2 (Theorem 13.5 [40]). Let U™ be the solution of (7.6), with U' coming
from solving (7.7) and (7.8) and u the solution of (7.1). Then, under the appropriate

reqularity assumptions for u, we have
U™ —u(tn)|l2 < Clluo.n — uollz + C(u)||h? + k2||o, fort, € J. (7.9)

The scheme described in Theorem 7.1.2 was implemented using the Python pro-
gramming language and the finite element package GetFEM++ which is a free GNU
license finite element library written for C++ with implementations in C++, Matlab,

Python and Scilab (http://download.gna.org/getfem/html/homepage).

7.2 Numerical Results

Numerical solutions were run using a long thin rectangle, Q = {(z,y) € [0,1] X
[0,.025]} for the domain. The environmental heterogeneity was taken as a function

of x only:

r(z,y) = cos(2mx) +2.4. (7.10)



95

The finite element nodes were spaced h = .025 units apart and the time step, k, was

.05. The rest of the parameters used were:

dy = .01 dy = .05 ds = .001
e1 =1 ar =1 hi=.1

ey =.D ay =1 he = .1

e3 = .2 az = 2 hs =.1

wl=1 w2 =.3 w3 =4

pul =1 u2=.4

These parameters were chosen so that:
e the IGPredator and resource have low random dispersal rates;

e the IGPredator cannot subsist locally on the resource productivity in the center

of the domain, but the IGPrey can; and,

e the IGPredator is very hostile towards the IGPrey (a3 = 2), but the IGPredator

gains little from the consumption of the IGPrey (e = .2).

This creates a situation where the u — w subsystem has low IGPredator density in
the center of the domain and a much higher density towards the edges that in turn
makes g*(u,w) positive in the center of the domain and negative towards its edges.
When the IGPrey dispersed randomly with diffusion coefficient ds, these parameters
resulted in the IGPrey being driven to extinction for all initial values tried. For all of

the initial values used, the v and w components converged to the equilibrium pictured
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in Figure 7.1. Along with the resource and IGPredator equilibrium levels, Figure 7.1
shows the function g*(u,w) at this equilibrium.

This is the situation that was discussed in Section 5.4, where [, g*(u,w)dz < 0
and é < Af (g*(u,w)). Recall, the IGPrey can invade this equilibrium with random
dispersal if and only if d% > A (9% (u, w)).

Methodically varying dy to estimate the value of A] (g*(u,w)) yielded an estimate
of AT (g*(u,w)) = 500, or a critical value for dy of .002 for these parameters.

Figures 7.2 and 7.3 show coexistence equilibrium states for the system with all of
the same parameters as Figure 7.1 except that the IGPrey is using fitness dependent
dispersal. The specific choice for M, (u, w) was the exponentially smoothed piecewise

linear function

ds for g* > 0,
My(g*) = (7.11)

—Ag*e®/(A9) 1 d, for g* <0,
(with dy = .05 as in the previous case). Figure 7.2 results from choosing A = 3 and
Figure 7.3 results from choosing A = 1.5 (notice the scale diffrences for the v and M),
graphs in these two figures). In both cases, the IGPrey has nearly constant density
in the region where ¢g* > 0 and then decays sharply outside of this region. Larger

values of A result in higher IGPrey densities in this “good” region.
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Resource-IGPredator Equilibrium

Resource IGPredator

2.8 2.8 1.6 1.6
iy 14 = : 8
0 = = £
a14 g .8
a o g 0

0 0 5 1 0 0 .5 1
T

Linearized Fitness

Figure 7.1: An equilibrium solution where the IGPrey has been driven to extinction.

There is a narrow region in the center of Q2 where ¢g*(u,w) > 0.
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Coexistence Equilibrium With Fitness Dependent Dispersal

Resource IGPredator
2.8 2.8 1.6 1.6
2z 14 = 8
g 14 g 8
a o g 0
0 0 .5 1 0 0 .5 1
T T
IGPrey Motility
1 3.0 3.0
= 05 3 1.5
z . 315
5 0 g 0
0 0

Figure 7.2: The coexistence equilibrium resulting from the IGPrey employing the

fitness dependent movement strategy (7.11) with A = 3.
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Coexistence Equilibrium With Fitness Dependent Dispersal

Resource IGPredator
2.8 2.8 1.6 1.6
z 14 = 8
g 14 g 8
a o g 0
0 0 .5 1 0 0 .5 1
T T
IGPrey Motility
.02 1.6 1.6
= 0 3 8
z . s 8
5 0 g 0
0 0

Figure 7.3: The coexistence equilibrium resulting from the IGPrey employing the

fitness dependent movement strategy (7.11) with A = 1.5.



Chapter 8

Conclusion

We have proposed a model for studying the effects of fitness dependent dispersal in an
intraguild predation community module. We used a cross-diffusion system to model
the population dynamics of the resource, IGPrey and IGPredator, under the assump-
tion that the resource and IGPredator dispersed through the environment randomly
and the IGPrey employed a movement strategy based on population densities of the
resource and IGPredator.

In Chapter 3, we showed that the model system we developed has global solutions
for any choice of movement strategy, M (u,w) that was bounded below away from
zero for nonnegative u and w and is twice differentiable.

In Chapter 4, we used a semiflow framework to study ecological permanence for
the model. We restricted our choices of M (u,w) to strategies that were a function of
the IGPrey’s fitness (linearized about v = 0). We saw that if the strategy increased
motility sufficiently in response to negative fitness, then the IGPrey would be uni-

formly persistent as long as there was some point in the domain that had positive

100
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fitness for all resource-IGPredator configurations arising from the global attractor of
the u — w subsystem.

This result seems complementary to the result from standard reaction-diffusion
equations that if there is a point in the habitat where the species has positive fitness
and the random diffusion level is small enough, then the species will persist under
no-flux boundary conditions (see Proposition 3.16 of [11]). In that instance, small
motility throughout the domain leads to coexistence because the loss due to flux into
the “bad” areas is small. In our model with nonrandom dispersal, persistence is the
result of a high motility in the “bad” region, i.e. the flux out of the “bad” region is
large.

Chapter 5 showed that the conversion efficiencies, e; and es, could be used as
bifurcation parameters to study the subsystems arising when the IGPredator or 1G-
Prey is absent. We showed that there were critical levels, e} and €3, at which locally
stable (with some restrictions on M) positive equilibria bifurcated from the semi-
trivial equilibrium state (u*,0). We went on to show how the criteria for v invading
this locally stable equilibrium of the u — w subsystem differed in the case of random
diffusion vs. fitness dependent dispersal.

The last piece of analytical study of (2.5) came in Chapter 6, where we investigated
the effect of fitness dependent dispersal on the IGPredator’s ability to invade a u — v
subsystem equilibrium. We developed sufficient criteria for the IGPredator to invade
for all M of the type we have been considering.

The finite element numerical scheme developed in Chapter 7 provided simulation
results confirming that fitness dependent dispersal could facilitate coexistence in cases

where random diffusion failed to do so.
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Recall that Holt and Polis in [19] used a Lotka-Volterra ODE model to study
an intraguild predation community. They found that coexistence was most common
when resource productivity was at an intermediate level. By introducing spatial het-
erogeneity into the system through a spatially varying resource productivity, we were
able to examine the effects of nonrandom dispersal strategies for the IGPrey. We
found that fitness dependent dispersal could enhance the IGPrey’s ability to invade
and persist in the system as long as there was some region in the environment where
the resource/predation trade-off was sufficiently favorable (positive fitness). This is
likely to occur when the environment has a large variation in resource productivity.
The numerical simulations of Chapter 7 demonstrate an example where the resource
varies significantly and the coexistence is attained through a partial segregation of
the IGPrey and IGPredator. The IGPrey occupied the area with lower resource pro-
ductivity (where its competitive ability gave it an advantage) and the IGPredator
was more concentrated in areas of high resource productivity (where it was able to
subsist at high enough density to cause significant predation pressure on the 1G-
Prey). Priyanga Amarasekare found a similar segregation effect for fitness dependent
dispersal in an ODE patch model with varying resource productivity [6].

This type of spatial heterogeneity can lead to coexistence with random diffusion
as well; however, the segregation effect of the IGPrey’s fitness dependent dispersal
strategy leads to a significantly broader range of parameter values where coexistence
can occur (because it is less likely to be driven to extinction). This suggests that
an interplay between environmental and behavioral factors may be the reason why

intraguild predation communities exhibit robust coexistence.
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