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I studied the existence of periodic solutions to the abstract semilinear evolution

equation

du

i A(t)u(t) + F(t,u(t)), t >0
in a Banach space X, where A(t) is a T-periodic linear operator on X (not necessarily
densely defined); and F' : [0,00) x D(A) — X is continuous and T-periodic in ¢.
The idea is to combine Poincare map technique with fixed point theorems to derive
various conditions on the operator A(t) and the map F'(¢,u) to ensure that the abstract
evolution equation has periodic solutions. Three cases are considered: (i) If A(t) = Ais
time-independent and is a Hille- Yosida operator, conditions on F’ are given to guarantee
the existence of mild periodic solutions; (ii) If A(t) is time-dependent and satisfies the
hyperbolic condition, sufficient conditions on A(¢) and F' are presented to ensure the
existence of mild periodic solutions; (iii) If A(¢) = A is time-independent, is a Hille-
Yosida operator and generates a compact semigroup, the existence of mild periodic
solutions is also discussed. As applications, the main results are applied to establish
the existence of periodic solutions in a delayed periodic red-blood cell model; age-

structured models with periodic harvesting, diffusive logistic equations with periodic

coefficients, and periodic diffusive Nicholson’ blowflies equation with delay.
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Chapter 1

Introduction

The aim of this work is to study the existence of periodic solutions for the following

abstract semilinear equation

U~ Ault) + F(u(t), 120 (L.1)

and abstract semilinear evolution equation

% = A(t)u(t) + F(t,u(t)), t>0 (1.2)
in a Banach space X, where A is a linear operator on X (not necessarily densely de-
fined) satisfying the Hille-Yosida condition; A(¢) is a T-periodic linear operators on X
(not necessarily densely defined) satisfying the hyperbolic conditions (A1)-(A3) intro-
duced by Tanaka [1995, 1996], which will be specified later; and F : [0, 00) x D(A) —
X is continuous and 7'-periodic in ¢.

One aspect of studying the existence of periodic solutions is the Massera Theorem.

Massera [1950] studied the existence of 7'-periodic solutions for the following ordinary

differential equation

du
— = ftu(t), teR (1.3)



where f : R x R — R is continuous and 7T-periodic in ¢. He proved that the existence
of T-periodic solutions of equation (1.3) is equivalent to the existence of a bounded
solution on R, of equation (1.3). Important facts, results and references on periodic
solutions of ordinary differential equations can be found in Farkas [1994].

The problem on the existence of periodic solutions for differential equations in in-
finite dimensional spaces has been investigated in various directions. One of them is to
generalize the Massera Theorem to infinite dimensional systems. In fact, Massera and
Schiffer [1959] studied the relationship between the periodic solutions and bounded
solutions for the linear equation

d

d_:: = A(u+ f(t), t>0 (1.4)
in infinite dimensional spaces. Chow [1973] and Chow and Hale [1974] established
the existence of a periodic solution under the existence of a bounded solution for the

nonhomogeneous linear functional differential equation

W = Lt w) + (), (15)
where u; € C, := C([—r,0],R), L : (=00, +00) x C;. — R is continuous, linear with
respect to the second argument and 7'-periodic in ¢, 7" > r, and f is continuous and
T-periodic. They proved that Massera Theorem holds for equation (1.5) by showing
that the Poincaré map defined by P : ¢ — ur(-, ¢, f), where ur(-, ¢, f) is the unique
mild solution of equation (1.5) initiated at ¢, has a fixed point.

Priiss [1979] studied (1.1) under the condition that A generates a Cy-semigroup
{U(t) }+>0 of type (M, w), D(A) is closed, bounded and convex, F' is continuous and 7'-
periodic in ¢. By constructing a Poincaré map and using Schauder’s fixed point theorem

and k-set contraction argument, he proved the existence of mild 7-periodic solutions

when U (t) is compact for ¢ > 0 or w < 0 and F’ is compact.



By applying Horn’s fixed point theorem to the Poincaré map, Liu [1998] and Ezzinbi
and Liu [2002] established the existence of bounded and ultimate bounded solutions of
evolution equations with or without delay, implying the existence of periodic solutions.
Kato et al. [2002] studied the periodic solution of abstract linear inhomogeneous differ-
ential equations in Banach space and presented a Messera type theorem. Benkhalt and
Ezzinbi [2004] and Kpoumie et al. [2018] proved that under some conditions, the exis-
tence of a bounded solution for some nondensely defined nonautonomous partial func-
tional differential equations implies the existence of periodic solutions. The approach
was to construct a map on the space of 7T-periodic functions from the corresponding
nonhomogeneous linear equation and use a fixed-point theorem concerning set-valued
maps to prove the existence of a fixed point for this map. Li [2011] used analytic semi-
group theory to discuss the existence and stability of periodic solutions in evolution
equations with multiple delays. Li et al. [1999] proved several Massera-type criteria
for linear periodic evolution equations with delay and applied the results to nonlinear
evolution equations, functional and partial differential equations.

Nguyen and Ngo [2016b,a] investigated the abstract semilinear evolution equation
(1.2) when A(t) is T-periodic, F'is T-periodic in ¢ and satisfies the p-Lipschitz condi-
tion || F'(t,z1) — F(t,x2)|| < @(t) |[z1 — x2|| for ¢(t) being a real and positive function
belonging to an admissible function space. They proved the existence of periodic so-
lutions to (1.2) in the case that the family {A(¢)};>o generates a strongly continuous,
exponentially bounded evolution family. They started with the linear equation (1.4)
and used the Cesaro limit to prove the existence of periodic solutions. Then they con-
structed a map from periodic solutions of (1.4) and used the admissibility of function
spaces combined with the Banach fixed point argument to prove the existence of a

unique fixed point of the constructed map. The existence and uniqueness of a periodic



solution of (1.2) follows from the existence and uniqueness of the fixed point. Naito
et al. [2000] developed a decomposition technique to prove the existence of periodic
solutions to periodic evolution equations in the form of (1.4). Vrabie [1990] studied
the existence of periodic mild solutions to nonlinear evolution inclusions that include
equation (1.1).

In this paper, we study the existence of mild periodic solutions of the abstract semi-
linear equation (1.1) and abstract semilinear evolution equation (1.2) in a setting that
includes several types of equations such as delay differential equations, first-order hy-
perbolic partial differential equations, and reaction-diffusion equations. In chapter 2,
we recall some preliminary results on semigroups generated by a Hille-Yosida operator,
the evolution family and the existence theorem of solutions of nonhomogeneous linear
equations (2.1) and (2.5). In chapter 3, we start with the linear equations (2.1) and (2.5)
to show the existence of mild periodic solutions, whose initial value is controlled by
the norm of the input function f(¢). Using this result and the fixed point argument, we
prove the existence of mild periodic solutions of (1.1) and (1.2) under some assumptions
on F. At the end of chapter 3, we also discuss the case where the semigroup {U (¢) }+>¢
generated by A in (1.1) is compact for ¢ > 0 and give existence theorem of mild pe-
riodic solutions of (1.1). The approach is also to start with the linear equation (2.1) to
show the existence of mild periodic solutions of it and use this result combined with
the Schauder’s fixed point theorem to prove the existence of mild periodic solutions
of (1.1). In chapter 4 we use the main results of this paper to discuss the existence of
periodic solutions in several types of equations and biological models, age-structured
models with periodic harvesting, diffusive logistic models with periodic coefficients,
functional differential equations including red blood cell models with delay, and par-

tial functional differential equations including diffusive Nicholson’s blowflies equation



with delay. A brief discussion on the conclusions and future study is given in Chapter

5.



Chapter 2

Preliminaries

In this chapter, we consider the nonhomogeneous linear Cauchy problem

du
== Au(t)+_f(t), t=>0, 2.1)
u(0) =z € D(A).

where the linear operator A is densely or non-densely defined in a Banach space X, the
function f : RT™ — R™ is continuous and T-periodic.

First we make the following assumptions.

Assumption 2.0.1. (a) A: D(A) C X — X is a linear operator and there exist real
constants, M > 1 and w € R, such that (w,00) C p(A) and ||(A] — A)™"|| <
M

mfornZland)\>w;

(b) » € Xo = D(A);
(¢) f:]0,00) — X is continuous.

A linear operator A : D(A) C X — X satisfying Assumption 2.0.1 (a) is called a

Hille-Yosida operator.

Remark 2.0.1. Note that the renorming lemma (Lemma 5.1 in Pazy [1983]) holds. By

M

exactly the same argument as in Pazy [1983], we see that if ||(A] — A)™"|| < Ty for

6



n > 1and A > w, then there exists a norm |.| on X which is equivalent to the original
norm ||.|| on X and satisfies ||z|| < |z| < M ||z|| forz € X and |(A\] — A)™"| < (/\_%w)n
forn > 1 and A\ > w. That is, without loss of generality, M can be chosen to be 1.

Definition 2.0.1 (Magal and Ruan [2007, 2009]). A continuous function  : [0, 00) —

X is called a mild (or an integrated) solution to (2.1) if

u(t) =Ua(t)r + lim tUA(t — 8)AN — A) 1 f(s)ds. (2.2)

A—400 0

forall ¢t > 0.
The existence theorem for (2.1) is as follows:

Theorem 2.0.2 (Da Prato and Sinestrari [1987]). Under Assumption 2.0.1, there exists
a unique mild solution to (2.1) with value in Xo = D(A). Moreover, u satisfies the
estimate

t
lu@®)ll < Me*" ||| +/ Me“ || £(s)]| ds (2.3)
0

forallt > 0.

If D(A) # X; that is, A is nondensely defined, let X, = D(A). If f(t) = 0,
then the family of operators {Ua(t) }1>0 with Ua(t) : Xo — Xo, t > 0, defined by
Ua(t)xr = u(t) for all t > 0 is the Cy-semigroup generated by Ay, the part of A in X,.
For the rest of the article, we denote by {U4(t) }+>0 the semigroup generated by Ay.

Kato [1970] initiated a study on the evolution family of solutions of the hyperbolic

linear evolution Cauchy problem

du
i A(t)u(t), t>s 24
u(s) =r e X

in a Banach space X. To recall some results about the linear evolution Cauchy problem

(2.4), we make the following assumptions.



Assumption 2.0.3. (A1) D(A(t)) := D isindependent of ¢ and not necessarily densely
defined;

(A2) The family {A(t)};>0 is stable in the sense that there are constants M/ > 1 and

w € R such that (w, 00) C p(A(t)) for ¢ € [0, 00) and

k
H)\I Alt

for A > w and every finite sequence {tj};?:l with0 < t; <ty < ... < ¢, and

oM
=D —w)*

k=1,2,..
(A3) The mapping t — A(t)x is continuously differentiable in X for each x € D.

Now we recall some classical results due to Kato [1970].

Theorem 2.0.4 (Kato [1970]). Let { A(t), D(A(t))}+>0 be a family of linear operators
on a Banach space X satisfying Assumption 2.0.3 such that D is dense in X. Then the
Cauchy problem (2.4) is well-posed and the family of operators { A(t) };>o generates
an evolution family {U (t, s) }+>s>0. Moreover, for x € D the map t — U(t, s)x is the

unique continuous function which solves the Cauchy problem (2.4).

For A >0,0< s<tandz € D, set

[%]
Ust.s)z= ] (I—2A@N)™

i=[2]+1

Theorem 2.0.5 (Tanaka [1996]). Let {A(t)}i>0 be a family of linear operators on a
Banach space X satisfying Assumption 2.0.3. If x € D satisfies the condition that
A(s)r € D, then there exists an evolution family {U(t,s)}s>s>0 defined on D by

Ul(t,s)r = limy_,o+ Ux(t, s)x uniformly for v € D and satisfying:

(i) U(t,s)D(s) C D(t) forall 0 < s < t, where D(t) := {x € D : A(t)x € D};



(ii) forall v € D(s) andt > s, the mapping t — U (t, s)x is continuous in D;

(iii) for all x € D(s) andt > s, the mapping t — U (t, s)x is continuously differen-
tiable with

o U(t,s)x = A(t)U(t, s)x

and

ofU(t,s)x = —U(t, s)A(s)x.

Theorem 2.0.6 (Oka and Tanaka [2005], Tanaka [1996]). Assume that { A(t)}:>o sat-

isfies Assumption 2.0.3. Then the limit

U(t,s)r = lim Uy(t,s)x

A—0t

exists for r € D, 0 < s < t, where the convergence is uniformon T' .= {(t,s) : 0 <

s < t}. Moreover, the family {U (t, s) : (t,s) € '} satisfies the following properties:
(i) Forx € D,\ > 0and 0 < s < r < t, one has
Unt,t)r ==

and

Ux(t, s)x = Ux(t,r)Ux(r, s);
(ii) U(t,s): D — D for (t,s) € T;
(iii) U(t,t)r =z and U(t,s8)x = U(t,r)U(r,s)x forx € Dand 0 < s <r < t;
(iv) the mapping (t,s) — U(t, s)x is continuous on T for any x € D;

) |U(t,s)z|| < Me*t*) ||z|| for x € D and (t,s) € T.
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In the following, we give some results on the existence of solutions for the following

non-densely defined nonhomogeneous linear evolution Cauchy problem

du
= = Al + (), t€(0.a) 2.5)
u(0) =z,

where f : [0,a] — X is a function. The following theorem gives a generalized variation

of constant formula for equation (2.5).

Theorem 2.0.7 (Tanaka [1995]). Let v € D and f € L*([0,a), X). Then the limit

t

u(t) :=U(t,0)z + lim Ux(t,r)f(r)dr (2.6)

A—01 0

exists uniformly for t € [0, a|, and u is a continuous function on [0, al.

As in Tanaka [1995, 1996], for € D a continuous function v : [0,a] — X is called
a mild (or an integrated) solution of equation (2.5) if it satisfies (2.6). Furthermore, we

have the following estimate.

Lemma 2.0.1 (Kpoumig et al. [2018]). Assume that f € L'([0,a], X). If u is a mild

solution of (2.5), then

t
lu@®)]] < Me" ||| +/ Me“t= || f(s)]| ds. 2.7
0



Chapter 3

Existence of Periodic Solutions

In this chapter we will present our main results on the existence of periodic solutions in
systems (1.1) and (1.2) under different conditions..
3.1 Time-independent operators

We first assume that the operator is time-independent and consider the nonhomogeneous

linear equations

d
5= Au(t) + f(1) (3.1)
dt
and the semilinear equation
du
- = Au(t) + F(t,u), (3.2)

where A : D(A) C X — X isalinear operator, f € C([0,00), X)and F' € C([0, 00) x

D(A), X) are both T-periodic in ¢.

We have the following results for the nonhomogeneous linear equation (3.1).

Theorem 3.1.1. Assume that A is a Hille-Yosida operator with M > 1 and w € R,
f € C([0,00), X) is T-periodic, i.e. f(t+T) = f(t)forallt > 0. Further, suppose

that w < 0. Then the linear equation (3.1) has a unique mild T-periodic solution uy(t).

11
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Moreover, we have

T

ewT '

luo(O)I] < N sup [[f(s)ll, N =7
s€[0,7 -

Proof. Since A is a Hille-Yosida operator, the Cauchy problem (2.1) has a unique mild

solution u(t) : [0,00) — D(A) ont € [0,00) for each x € D(A) by Theorem 2.0.2.
Now by the variation of constant formula, we have

t

u(t) =Ua(t)r + lim Ua(t — s)AA — A)~* f(s)ds, (3.3)

A—400 0

where {Ua(t)}+>0 is the Cy-semigroup generated by A on D(A). Let Pr : D(A) —
D(A) be the Poincaré map, i.e.,
T

Pr(z) =u(T) = Ua(T)z + lim UA(T — s)AM — A) " f(s)ds.  (3.4)

A——+o00 0

Since by assumption w < 0, ||U4(T)| < Me*T. Without loss of generality (W.L.O.G.),
assume that M = 1 (see section 1.5 Lemma 5.1 in Pazy [1983] for the proof). Then
|UA(T)|| < e*T < 1. Thus, the operator I — U4(T) is invertible and Pr(z) = z has a
unique solution

T

zo= (I —Ua(T))™" lim Ua(T — s)ANN — A) 1 f(s)ds, (3.5)

A—+00 0

1.e., xg is a unique fixed point of Py.

Now let ur(t) = u(t + T'), where u(t) is the unique solution of (2.1) with initial



13

value x(. Then

up(t) =Ua(t +T)zo + hrf - Ua(t +T — s)MA — A) "' f(s)ds
A—=+00 J
T
= Ua()Ua(T)z0 + A1n+n Ua(t)UA(T — s)ANN — A) " f(s)ds
—+00 0
+ lim - Ua(t +T — s)MA — A) "1 f(s)ds
A——+o00 T

t

— Us(u(T) + lim [ Ua(t — ONAN — A)"LF(0+T)do

A—+o0 f
= Ua(t)ur(0) + AETOO Ot Ua(t — 0NN — A) "L f(0)do.
Since ur(0) = u(T") = xo, ur(t) is also a mild solution of (2.1) with initial value z.
By the uniqueness of solutions, ur(t) = u(t). Thus, we have u(t + T') = w(t) for
t €[0,00).
Moreover, by (3.5), we have

Hanm JTULT = AN — A)~L f(s)dsH

[|zol| <

11— Ua(T)|
limy 400 H/\I Al SUPse0,1) “f H f “(I=)ds
- 1= [UA(D)]]
< sup S
= s )]
ie., [|uo(0)] < Lr SUPseio.) |If(s)||. This completes the proof. [ |

Now we make the following assumptions.

Assumption 3.1.2. (H1) A is a Hille-Yosida operator on X; i.e., there exist M > 1

and w € R such that (w, c0) C p(A) and [[(A] — A)™"(| for A > w,

x) S Gew )"
n > 1;

(H2) F : [0,00) x D(A) — X is continuous and Lipschitz on bounded sets; i.e., for
each C' > 0 there exists Kp(C') > Osuchthat ||F(t,u) — F(t,v)| < Kp(C) ||lu — v

fort € [0,00) and ||u|| < C'and |jv|| < C;
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(H3) F :[0,00) x D(A) — X is continuous and bounded on bounded sets; i.e., there

exists Lp (T, p) > 0 such that ||F'(¢t,u)|| < Lp(T,p) fort < T and ||u| < p.
With these assumptions, we have the following result for equation (3.2).

Theorem 3.1.3. Let Assumption 3.1.2 hold with w < 0 and F' being T-periodic in t.

Suppose that there exists p > 0 such that (N+T)Kp(p) < land (N+T)Lp(T,p) < p,

where N = & Then the semilinear equation (3.2) has a mild T'-periodic solution.

Proof. Denote
B, ={v e CRy, D(A)),v(t +T) = v(t), |v]| = i lo(s)]l < p}-
se|0,

By Theorem 3.1.1, for each v € B, let f(t) = F\(t,v(t)), then (3.1) has a mild 7-

periodic solution
t

u(t) = Ua(t)u(0) + lim Ua(t — DA — A)LE( o(1))dl. (3.6)

A—+oo [
Define an operator ¢ on B, by ¢(v)(t) = u(t). Then

w . by M
le(0) ()] < Me! [u(0)[| + lim [ MU= ——|IF(l,0(1))| dI.
A—400 0 )\ w

W.L.0.G., let M = 1 (See Lemma 5.1 in section 1.5 of Pazy [1983]) . Since ||u(0)|| <

% SUPse(o,1) |.f(s)]|, we have

sup [[F'(s, v(s))l,

l6@)OI < N sup |[F(s,v(s))l| + lim T
—+o0 — W sel0,T]

s€[0,7

sup [[¢(v)(®)[| < (N +T) sup [[F(s,v(s))|| < (N +T)Lp(T,p) < p.
s€[0,T s€[0,T]

So ¢ maps B, to B,. Furthermore, let vy, v, € B,. Then

¢(v1)(t) = P(v2)(t) = ua (t) — ua(?)

= Ua(t)(u1(0) — u5(0))

+ lim [ Ua(t — )M — A)7Y(F(s,v1(s)) — F(s,v2(5))),

A——+o00 0
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l¢(v1(2) = d(v2(®)]] < Me" [Jur (0) — uz(0)|

A
+AETOO 0 Mew(t—s)m||F(371)1(3))—F(s,vg(s))HdS.

Again let M = 1. Since [[u1(0) — uz(0)[| < Nsupeioq [[F(s,v1(s)) — F(s,v2(3))]],

by the result in Theorem 3.1.1, we have

lo(v1)(t) — G(v2) (D) < e'N sup [[F(s,vi(s)) — F(s,va(s))|

s€[0,7
+ lim T sup [|[F(s,vi(s)) — F(s,v2(s))ll,
A—+00 — W se[0,7]

sup [¢(v1)(t) — ¢(v2) (]| < (N +T)Kp(p) sup |vi(s) —va(s)ll-

5€[0,T] s€[0,T]

So it implies that

[p(v1) = @(v2) || < (N +T)Kp(p) sup [lvr(s) —vals)]-

s€[0,T
Since (N + T')Kr(p) < 1, by Banach Fixed Point Theorem, ¢ : B, — B, has a fixed

point; i.e., there exists u € B, such that

t

u(t) = Ua(t)u(0) + lim Ua(t — )M — A) ' F(s,u(s))ds,

A—+00 0

which is a T-periodic solution for (3.2). |

3.2 Time-dependent operators

Now consider the linear evolution equation

du
= Alt)ult) + £(1 (3.7)
and the semilinear evolution equation
du
— Alt)u(t) + F(t,u), (3.8)

i
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where A(t) is a T-periodic linear operator on a Banach space X, f : R, — X is
continuous and 7'-periodic, and F' : R, x X — X is continuous and 7'-periodic in ¢.

We make the following assumptions.

Assumption 3.2.1. (A1) D(A(t)) := D isindependent of ¢ and not necessarily densely

defined;

(A2) The family {A(t)}+>0 is stable in the sense that there are constants A/ > 1 and

w € R such that (w, 00) C p(A(t)) for t € [0, 00) and
k

[T = Ag;)

j=1

<M
S et

for A > w and every finite sequence {tj};?zl with0 < t; <ty < ... < t; and

k=1,2,..
(A3) The mapping ¢t — A(t)x is continuously differentiable in X for each z € D.

For A > 0,0 < s <t,and z € D. Set

(x]
Ust,s)z =[] (I—AA(N)a. (3.9)

i=[$]+1

>l

Then the generalized variation of constant formula of (3.7) with initial value u(0) = x
is given by
t
u(t) =U(t,0)r + lim Ux(t,r)f(r)dr. (3.10)
A—0t 0

Now we state and prove the results for the nonhomogeneous linear evolution equa-
tion (3.7).
Theorem 3.2.2. Let Assumption 3.2.1 hold, Me“T < 1, f € C([0,00),X), f(t +

T) = f(t) fort € [0,00), and w < 0. Then the linear evolution equation (3.7) has a

u(0)|| < Nsupsep [1.f(s)|l, where

unique mild T-periodic solution u(t). Moreover,

— MT
N = 1—MewT"
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Proof. By assumption, the variation of constant formula (3.10) holds. Let Py : D — D

be the Poincaré map

Pr(z) =u(T) =U(T,0)x + lim TUA(T, r)f(r)dr. (3.11)

A—0t Jo
Since ||U(T,0)|| < MevT < 1, I — U(T,0) is invertible. Pr has a unique fixed point
which is given by # = (I — U(T,0)) " limy o+ [, Ux(t, ) f(r)dr.
Now let u(t) be the unique solution with initial value u(0) = x. Let ur(t) =

u(t+T). Then

T+t
ur(t) = U(t+T,0)z + lim UN(T +t,7)f(r)dr

A—0TF 0
T
=U(t+T,TU(T,0)x + /\lirglJr Ux(T +t, T)U\(T,r)f(r)dr
- 0
T+t

+ lim Ux(T +t,r)f(r)dr

A—0t T

T
:U(t—I—T,T)U(T,O)qu/\lilrglJr U,\(T—I—t,T)/ Ux(T,r)f(r)dr
- 0

t+T

+ lim U\(T +t,r)f(r)dr

A—01 T

=U(t,0)U(T,0)x +U(T +t,T) /\lir(r)l /T Ux(T,r)f(r)dr
=0t Jo

t+T

+ lim U\(T +t,r)f(r)dr

A—0T T
T
=U(t,0)U(T,0)x + U(t,0) lim Ux(T,r)f(r)dr
A—0T 0
4T

+ lim U\(T +t,r)f(r)dr

A—01 T

= U(t,0)[U(T,0)z + lim /O Un(T, ) f(r)dr]

t

+ lim Ux\T+t, T+ s)f(T+ s)ds

A—0t 0

= U, 0)u(T) + lim, /O Us(t, 5) f(s)ds

=U(t,0)z+ lim [ Ux(t,s)f(s)ds.

A—0t 0
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So ur(t) is a solution of (3.7) with initial value ur(0) = z. By uniqueness, uy(t) =

u(t), i.e. u(t +T) = u(t) for t € [0, 00). Furthermore,

||£L‘||:H<]—U(TO | hm/ Ux(T,r)f(r)dr

A—0t 0

P
= I - U T,0)]] ot / IO ) f ()l dr

1 (3]
ST U@l (I = AAGN) Y| 1)) dr

[T 00 9/ H]
/\

S0 —)E £ )] dr
= | -u(T,0)] UTO )| amo+
< - -
= 1= U(T,0)] U T,0)|| x~o0+ ()| dr

1 ln(l )\u)
< lim _ M —w(T-r) d
B |1_||U(T,O)|||A—>0+ 0 1—/\c,u £ (r)l dr

MT
< — su )
=1 _ MewT SE[OI;] 1 ()
This completes the proof. -

Remark 3.2.1. Note that since the method in the proof of Lemma 5.1 in section 1.5 of
Pazy [1983] does not work for the family of operators A(t), we cannot assume M to be

1 in this case.

In order to study the semilinear evolution equation (3.8), we introduce the following

definition.

Definition 3.2.1. A continuous function v : R, — X is called a mild (or an integrated)

solution of equation (3.8) if it satisfies the following

t

u(t) = U(t,0)u(0) + lim Ux(t,o0)F(o,u(o))do, t>0. (3.12)

A—0t 0

Next we establish the existence of periodic solutions for the semilinear evolution

equation (3.8).
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Theorem 3.2.3. Let Assumption 3.1.2 (H2) (H3) and Assumption 3.2.1 hold, w < 0,
Me*T < 1, F(t+T,-) = F(t,-) for t > 0. Suppose that there exists p > 0 such that
M(N + T)Kp(p) < 1L and M(N + T)Lp(T,p) < p, where N = 2L Then the
semilinear evolution equation (3.8) has a mild T'-periodic solution.

Proof. Let B, = {v € C(Ry, D), v(t + T) = v(t), [v] = supepq v(s)| < p}-
By Theorem 3.2.2, for each v € B, let f(t) = F(¢,v(t)), then (3.7) has a unique mild

T-periodic solution given by

t

u(t) =U(t,0)u(0) + lim Ux(t,r)F(r,v(r))dr,t > 0. (3.13)

A—07F 0
Let ¢ be an operator on B, defined by ¢(v)(t) = wu(t). Then by the argument in

Theorem 3.2.2, we have

le() @) < Me" [[u(0)]] +/0 Me“ D || (r, ()| dr,

sup [|g(v)(#)[| < MN sup [[F(r,v(r))[| + MT sup [[F(r,v(r))

t€[0,T] rel0,7T7] rel0,T7]
< M(N +T)Lp(T, p)

<.

So ¢ : B, — B,. Moreover, let v;,v, € B, then

P(v1)(t) — P(va)(t) = ur(t) — ualt)
= U(t,0)(u1(0) — u2(0))

t

+ ,\li>%1+ i Ux(t,m)[E(r,v1(r)) — F(r,va(r))]dr,

[¢(01)(t) = ¢(v2) ()] < Me" [|ua (0) — u2(0)]]

+/O Me* ) | E(r,v1(r)) — F(r,va(r))|| dr,
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sup [|g(v1) () — ¢(v2) ()| < MN sup [[F(r,01(r)) — F(r, va(r))]

te[0,T7] r€[0,T

+ MT sup [[F(r,vi(r)) — F(r,vs(r))||
rel0,T]

< M(N +T)Kp(p) sup |vi(t) —v2(2)]]-
t€[0,T]

Thus, we have

[6(v1) — d(v2)|| < M(N + T)Kp(p) [[vr = vall -

Since M(N + T)Kr(p) < 1, by Banach Fixed Point Theorem, ¢ has a fixed point

u € By e,
t
u(t) =U(t,0)u(0) + lim Ux(t,r)F(r,u(r))dr,
A—0T 0
which is a mild 7'-periodic solution for (3.8). [ |

3.3 Time-independent operators - Revisited

Now consider (3.1) and (3.2) again when A is time independent. We will investigate

the case when A is compact.

Theorem 3.3.1. Let Assumption 3.1.2 (HI) hold, f € C(]0,00),X), f(t +T) = f(t).

Assume that Ua(T') is compact on D(A). If there exists x € D(A) such that the Cauchy

problem (2.1) has a unique bounded mild solution u : [0,00) — D(A) for u(0) = z €

D(A), then the nonhomogeneous linear equation (3.1) has a mild T-periodic solution.

Proof. 1t suffices to prove that the Poincaré map Py has a fixed point =y, where
T
Pr(z) = UA(T):C—F/\lim Ua(t — s)AA — A) " f(s)ds.
—+oo Jo
By the same argument as in the proof of Theorem 3.1.1, let u(¢) be the solution with

initial value z, u(t + 7') = w(t) for ¢ > 0, which implies that u(t) is a 7T-periodic

solution of (3.1).
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Suppose Pr has no fixed point, i.e.,

x=Uu(T)xr+ lim ' Ua(T — s)ANN — A) 7 f(s)ds

A—+00 0

has no solution in D(A). Let P = U4(T) : D(A) — D(A) and

T —_—

ro = lim Ua(T — s)AXN — A)"' f(s)ds € D(A).

A——+o00 0

Then x = Pz + x has no solution in D(A). So 1 is an eigenvalue of P. Since P is

assumed to be compact on D(A), I — P is Fredholm, thus R(/ — P) is closed in D(A).
Then there exists z* € (A)/ such that z*((I — P)z) = 0 for each z € D(A) and
x*(zo) # 0. Let

T, = Pr(z) = P'z + (P" ' + ... 4+ I)x,
where z is chosen such that (3.1) has a unique bounded solution for u(0) = z. Then

() = [P "z + (P" ' + ...+ I)xg)
= 2" (P"z) + 2*[(P" ' + ... + )]

= (PY"z*(x) + [(P)" ™ + ... + I]z*(x).

Note that 2*(z) = z*(Px), so P'z*(z) = x*(x) for z € D(A). Then we get z*(z,,) =
x*(x) +nx*(zg). Let n — oo, it follows that nx*(x¢) — oo. Then x*(x¢) — oo, which
contradicts the fact that x,, is bounded, since (3.1) has a unique bounded solution for

x € D(A). Therefore, Pr has a fixed point in D(A) and (3.1) has a mild T-periodic

solution. ]

Finally we prove an existence theorem of periodic solutions for the semilinear equa-

tion (3.2) when the operator A is compact.

Theorem 3.3.2. Let Assumption 3.1.2 (HI) (H3) hold and F(t + T, x) = F(t,x) for

t >0, x € D(A). Let Uy(t) be compact on D(A) for t > 0. Suppose that there
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exists p > 0 such that (N + T)Lp(T,p) < p, where N = — 5 for w < 0, and

(N + T)e*TLp(T, p) < p, where N = %for w > 0. If for each T-periodic

f € C([0,00), X), there exists x € D(A) such that the Cauchy problem (2.1) has a

unique bounded mild solution for u(0) = x € D(A), then the semilinear equation (3.2)

has a 'T'-periodic solution.

Proof. Define

B, ={ve CR",D(A)), v(t +T) = v(t), |lv]| = sup [o(s)l| < p}-
se|0,
By Theorem 3.3.1, for each v € B,, let f(t) = F(t,v(t)). Then equation (3.1) has a

unique mild 7T'-periodic solution given by

t

u@%:UA®u®%+;q1 Ua(t — DA — A)7LE(1, v(D))dl. (3.14)
—+o0 J
Moreover,
T
mmzwf—ag*gg; Ua(T — s)AM — A) " F(s,v(s))ds, (3.15)
—+00 0

e?TT
T SUDg F(s,v(s))|l, w=>0,
TT—UA)] SWPse0,1] [1F(s,v(s)]|, w<O.

T

T
T=UAT) S ToeoT for w < 0, let

Since |

T
N et W <0,

ewTT
IEO

Then we have [[u(0)|| < Nsupyoz [|F(s,v(s))||. Define an operator ¢ on B, as
follows:
t

S(0)(t) = ut) = Us(®)u(0) + lim [ Ua(t — DA — A)"LF (L, v(1))dl.

A—400 0
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Then
[6@) @] < Me" [u(0)] + / M (o)
HLOGNEL ot o(0)] + [ D o)
0
It follows that if w < 0,

sup [[¢(v)(t)[| < [u(0)| +T sup [[F(Z,v(t))]
te[0,7] t€[0,T]

< (N+T)Lp(T,p)

<p.
Ifw >0,
sup [l¢(v)(t)]| < u(0)|| + Te*" sup [[F(t,v(t))]
te[0,T] t€[0,T
< (N +T)Lp(T, p)
<p.
So¢: B, — B,.

Next, we show that ¢ is compact. Lett > 0, u € ¢(B,). Then there exists v € B,

such that

t

w(t) = Us()u(0) + lim [ Ua(t — DA — A)"LE(1 v(l))dl.

A—400 0

Let0 < e < t, then

u(t) = Ua(t)u(0) + lim Ote Ua(t — $)AAT — A) " F(s, v(s))ds
+ Jim t: Ua(t — S)AAT — A) " F (s, v(s))ds
= Ua(t)u(0) + Ua(e) lim_ OH Ua(t — & — s)AM — A) " F (s, v(s))ds
Fotim [ Ut — A — A) (s, u(s))ds.

A—+400 t_e
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Since ||F(s,v(s))|| < Lr(t,p), MM — AT F(s,0(s))|| < 2-Lr(t,p). It then

follows that limy_, | o fot_a Ua(t —e — )M — A)"1F(s,v(s))ds is bounded, by the

compactness of Uy (¢), it follows that

t—e

{Ua(e) lim Ua(t — e — s)MA — A) ' F(s,v(s))ds,v € B,}

A——+00 0

is relatively compact in D(A). Moreover, there exists some b > 0 such that

lim /t Ua(t — $)AA — A) " F(s,v(s))ds|| < be

A——+00

—&

for v € B,. Hence, {u(t),v € ¢(B,)} is relatively compact in D(A) for each ¢ > 0.

By the periodicity, {u(0) : u € ¢(B,)} is relatively compact in D(A).
Now we show the equi-continuity of {u(t),v € ¢(B,)}. For T +¢ >t > 1 > 0,

we have

u(t) = u(r) = (Ua(t) = Ua(r))u(0) + lim_ Ot Ua(t — $)AN — A) " F (s, v(s))ds
— lim_ OT Ua(r — $)ANAT — A) 7 F(s,0(s))ds
= (Ua(t) = Ua(r))u(0) + lim_ Ot Ua(t — )AL — A)"F (s, v(s))ds
~ lim OT Ua(t — )AL — A)" F (s, v(s))ds
+ Jim_ OT Ua(t — $)AN — A) " F (s, v(s))ds
— AETOO OT Ua(T — $)AAT — A)1F(s,v(s))ds
= (Ua(t) = Ua(r)u(0) + lim_ : Ua(t — $)IMNA — A) " F(s,v(s))ds
+ lim T(UA(t —7) = DUA(T — )X — A) "' F(s,v(s))ds,

A——+00 0

ut) — u(r)]) < [UA(t) — Ua(r)] p + HAETM [ U= XL = A) (s, o(s))ds

T

+ H(UA(t —7)—1) lim Ua(T — $)AA — A)" F (s, v(s))ds|| .

A—400 0
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Since {Ux(t)}i>0 is compact on D(A), it is continuous in uniform topology. Then
limy_,, ||Ua(t) — Ua(7)|| = 0. Since ||F'(s,v(s))|| < Lp(T +¢€,p) forv € B,, 0 <

s < T + ¢, there exists C' > 0 such that

lim /t Ua(t — $)A — A F (s, v(s))ds

< C(t—r7) for v e B,.

A—+00
Then
t
. . . . 1 < T . _
Jim | 1 / Ualt = ML = A)F(s, v())ds| < lim C(t—7) = 0

uniformly for v € B,. Since {u(t) : v € ¢(B,)} is relatively compact in D(A) for

each ¢ > 0 as shown above, {u(t) — Ua(t)u(0) : v € B,} is also relatively com-

pact in D(A) for each ¢ > 0, which implies that {limy_, ;o [ Ua(T — s)A(A —

A) T EF(s,v(s))ds,v € B,} is relatively compact in D(A) for each 7 > 0. So there

exists a compact set K C D(A) such that

T

lim Ua( — $)AMAN — A) "' F(s,v(s))ds € K

A—+400 0

forallv € B,.

Since limy, o sup,ecg || (Ua(h) — I)a|| = 0 for compact K, it follows that

=0.

lim sup

t—T veEB, A—r+oo J

‘(UA(t—T) —I) lim Ua(T — $)AA — A) " F(s,v(s))ds
Summarizing the above analysis, we have

lim  sup ||u(t) —u(7)|| = 0.

t—7,t>1>0 vEB,

Similarly,

lim  sup ||u(t) —u(7)|| = 0.

t—1,7>t>0 vEB,

By periodicity, u(t) is also equi-continuous at t = 0. Now by Arzela-Ascoli theorem,

¢(B,) is relatively compact in C' = {p|p € C(R4, D(A)), p(t+71) = ¢(t)}. So ¢ has



26

a fixed point in B,; i.e., there exists u € B, such that
t

u(t) = Ua(t)u(0) + lim Ua(t — s)AAN — A) " F(s,u(s))ds,

A—+00 0

which is a mild T-periodic solution for (3.2). |

Remark 3.3.1. Note that if /" is bounded, i.e., || F'(¢,z)|| < B foreach ¢t € [0, 00) and
x € D(A), itis a special case of Theorem 3.3.2. In this case, we choose p > (N+T)B,
then ||¢(v)|| < (N + T)B < p, which implies that ¢ : B, — B,. By the argument in

Theorem 3.3.2, ¢ has a fixed point in B, which is a T-periodic solution for (3.2).



Chapter 4

Applications

The results obtained in last chapter can be applied to study the existence of periodic
solutions in several types of equations including delay differential equations, first-order
hyperbolic partial differential equations, and reaction-diffusion equations, in particular
some biological and physical models described by these equations. In this chapter we
consider age-structured population models with periodic harvesting and the diffusive

logistic equation with periodic coefficients.

4.1 Age-structured population models with periodic harvesting and
constant boundary value

Consider the following problem (Anita et al. [1998]):
Owu(t,a) + duu(t,a) + pla)u(t,a) = f(t,a) — v(t,a)u(t,a), (t,a) € Ry x [0,a™],
u(t,0) = uy,

u(t,a) =u(t+T,a),
“4.1)

where ¢ is the time variable, a is the age variable, and u(t,a) is the density of the
population at time ¢ with age a. This is a linear model for an age-structured population

(see for instance Tannelli [1995] and Webb [1985]), where pi(a) is the age-specific death

27
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rate. Moreover, the population is subject to a T-periodic external flow f(¢,a) and a T-
periodic age-specific harvesting effort v(¢, a) (see for instance Anita et al. [1998]).

(i) No harvesting. First, we are concerned with the case v(t,a) = 0.
Proposition 4.1.1. Assume that
(i) f € C([0,00),LY0,a™)), f(t,a) = f(t+T,a)fort >0,a€[0,a"),
(ii) p(a) € LY[0,a™) and there exists pi_ > 0 such that p(a) > p_ fora € [0,a™).

Then there exists u(t,a) € C([0,00), L'[0,a™)) such that u(t,a) is a mild T-periodic

solution of problem (4.1).

Proof. Consider the phase space X := L'[0,a™). Define the linear operator A :
D(A) C X — X by

Ap=—¢' — pp
with D(A) = {¢ € W0,a%),(0) = 0}. Then D(A) = X. Consider the map
F: R, — X given by

F(t)(a) = f(t,a).

Then the partial differential equation (4.1) can be written as

ou ou

57 = g M@t f(#t) = Aut f(),

which can be further written as the abstract Cauchy problem (3.1).

Notice that for A > —pu_, we have A € p(A). Now let
(A= A)p = .
Then by the definition of A, we have

¢'(a) + (u(a) + N)o(a) = ¢(a).
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Solving ¢ in terms of (, we have

(= 4) ola) = ola) = [ e 00 (),

W.L.O.G. we assume that ¢(a) = 0 for @ > a™ and extend ¢(a) to the whole R . If
p— < p(a), then

a

|(AL = A)~ ngle e Mam9)= ST DT o (6) d

3o~

Ll

:/ / —Aa—s) f w(T)dr (S)dS da

0 0

S/ / e—)\(a s)— [ “(TdT|g0(s)|dsda
0 0

< / / “Na=a)-n=(0=9) |0 )| dsda
0 0

</ / e M=) =-(0=2) | o (5)| dsda
0 0

= [ [ e e p(e) dads
0
/

([ e maa)e s o) ds

=M_H/O (s ds

1 at
—— [ et
— 0
S
_>\+/J/7 SOLI.
Thus, we have
1
(M —=A)7H| <
At

So A is a Hille-Yoshida operator with M/ = 1 and w = —p_ < 0, which satisfies the
assumptions in Theorem 3.1.1. Moreover, since f € C([0,00), X ), equation (3.1) has a
unique solution for each initial u(0) € D(A) = X by Theorem 2.0.2. Therefore, there

exists a mild 7'-periodic solution u(t, a) of (4.1) as desired. [ |
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In the following, we choose specific functions and parameters which satisty the
assumptions in Proposition 4.1.1 and perform some numerical simulations to show that
there is a periodic solution.

Let T = 1,a" = 1, u(a) = 5

(t,a) = 1+ 5a(l — a)sin(27t). We can
see that y_ = 0.199. By Theorem 2.0.2, equation (3.1) has a unique solution for each
initial u(0) € D(A) = X. So all assumptions in Theorem 3.1.1 are satisfied and there

is a unique 1-periodic solution which is shown in Figure 4.1.

1.2
1.0
| S
1% 0.6
=4 0.4 A A DA D D A‘)-

Figure 4.1: A T-periodic solution of (4.1) starting at «(0,a) = 0 and with boundary

condition u(t,0) = 0, where u(a) = fa:, T =1,v(t,a) =0and f(t,a) = 1+5a(l—
a) sin(27t).

(ii) Periodic harvesting. Now we consider the case when the harvest term v(¢, a)

is nonzero and 7'-periodic in .

Proposition 4.1.2. Assume that
(i) feC([0,00), LY0,a™)), f(t,a) = f(t+T,a)fort >0, ac[0,a"),

(ii) pu(a) € L*[0,a™) and there exists p_ > 0 such that jp(a) > pu_ fora € [0,a™);
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(iii) v(t,a) € C'([0,00), L'[0,a™)), v(t,a) = v(t + T,a) and there exists v_ > 0
such that v(t,a) > v_fort >0, a € [0,a™).

Then there exists u(t,a) € C([0,00), L'[0,a™)) such that u(t,a) is a mild T-periodic

solution of problem (4.1).

Proof. Let X := L0, a™]. Define the time-dependent T-periodic linear operator A(t) :

D(A(t)) € X — X by

At)p = —¢' — pla)p — v(t,a)p

with D(A(t)) = D = {¢ € W'0,a"],p(0) = 0}. Then D(A(t)) = D = X.

Consider the map f : R, — X given by

ft)(a) = [(t,a)

Then the partial differential equation (4.1) can be written as the evolution equation (3.7).

Notice that for A > —p_, we have A € p(A(t)) for V¢t > 0. Now let ¢ € R, and let
(L= A(®)6 = ¢.
Then by the definition of A(7") we have
¢'(a) + (u(a) + v(t, a) + A)o(a) = (a).
Solving ¢ in terms of ¢, we have
(L = A®) " pla) = ola) = [ NI )
0

W.L.O.G. we assume that ¢(a) = 0 for a > a* and extend ¢(a) to the whole R, . If



- < p(a)andv_ < w(t,a)forVi € Ry, a € [0,a™], then

71

||(/\] A ngLl H/ (a—s)— [ p(r)dr— [ v(t,T) dTSO( )d

/ / e~ (r)dr— [ v(t,T)dr ()dS da
0 0
S/ /ae)\(a s)—[& u(r)dr— [ v tT)dT|90( )]dsda
0 0
§/ / e Ma=s)=p-(a=s)—v—(a=s) lo(s)| dsda
0 0
§/ / e (a=s)—v—(a=s) lo(s)| dsda
0 0
_/ / 6—)\(0, s) (a—s)—v_ s)|g0(s)|dad8
0
:/ (/ —(/\+u +v_ ada) (A+u7+v7)s|w(8)|d8
s | les)lds
)\+u_+v_/0
1 at
= | le(s)lds
)\+u_+v_/0
1
b el -
So we have
1
M — A(t) ™! _
- 401 < 5
Thus,

1
SOF o)

k
H)\I A(t

for A > —(pu_ + v_) and every finite sequence {t;}5_, with 0 < t; < ¢y <

32

L <t

and £ = 1,2, .... We have checked that (A1) and (A2) of Assumption 3.2.1 hold for

{A(t)}i>o with M = 1 and w = —(p— + v_) < 0. Moreover, (iii) implies (A3) of

Assumption 3.2.1. In addition, since f € C([0,00), X), (3.7) has a unique solution for

each u(0) € D = X by Theorem 2.0.7, .Therefore, there is a mild T-periodic solution

for problem (4.1) by Theorem 3.2.2.
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Proposition 4.1.2 indicates that if the external function f(¢,u) is continuous and
T-periodic, the mortality function x(a) is integrable and bounded from below, and the
harvesting function v(¢, a) is continuously differentiable, T-periodic in ¢, and bounded
from below, then the model has a 7-periodic mild solution.

Now we choose specific u(a), v(t,a) and f(t,a) which satisfy the assumptions in
Proposition 4.1.2 and perform numerical simulations to demonstrate the existence of
periodic solutions. Let 7" = 1, a™ = 1, u(a) = %, v(t,a) = 0.5 + 0.4a(1l —
a)sin(27t) and f(t,a) = 1+5a(1—a) sin(27t). It then follows thatw = —(u_+v_) =

—0.299 < 0. Now all assumptions in Proposition 4.1.2 are satisfied, it follows that

equation (4.1) has a unique mild 1-periodic solution, which is shown in Figure 4.2.

uoiyendod

Figure 4.2: A T-periodic solution of (4.1) starting at u(0,a) = 0 and with boundary
4

condition u(t,0) = 0, where pi(a) = 5=, T = 1, v(t,a) = 0.5+ 0.4a(1 — a) sin(2nt)
and f(t,a) = 1+ 5a(1l — a) sin(27t).
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4.2 Age-structured population models with periodic harvesting and
global population dependent boundary value

Consider the following problem (Anita et al. [1998]):

Ou(t,a) + Juu(t,a) + pla)u(t,a) = f(t,a) — v(t,a)u(t,a), (a,t) € [0,a] x Ry,

u(t,0) = f0a+ y(t, a)u(t,a)da,

u(t,a) =u(t +T,a),
4.2)

where ¢ is the time variable, a is the age variable, and (¢, a) is the density of a popu-
lation at time ¢t with age a, u(a) is the age-specified death rate, and (¢, a) is the age-
specified T-periodic birth rate. Moreover, there is a T-periodic external flow f(¢,a)
and a T-periodic age-specified harvesting effort v(¢, a).

(i) No harvesting. Once again, first we consider the case v(t,a) = 0.
Proposition 4.2.1. Assume that

(i) f € C([0,00),L'0,a")), f(t,a) = f(t + T,a) fort > 0, a € [0,a") and

at
SUP¢e(o,7] fo |f(t,a)lda < f(T);
(ii) p(a) € LY[0,a™) and there exists ji_ > 0 such that u(a) > p_ fora € [0,a™);

(iii) y(t,a) € C([0,00), L'[0,a™)), v(t,a) = Y(t + T,a) and there exists v, > 0

such that 0 < y(t,a) < vy fort >0, a € [0,a™);

(iv) (—L— + T)v. < 1 and the inequality (—=L— + T)(vyp + f+(T)) < p has

l1—e™ 1—e™

solution.

Then problem (4.2) has a mild T-periodic solution u(t,a) € C([0,00), L*[0,a™)).
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Proof. Consider the space X := R x L' (0,a™) endowed with the product norm

= |al + HSDHLI(O,aJr) :
2

Define the linear operator A : D(A) C X — X by

p 01 _ —(0)

¥ —¢' —
with D(A) = {0} x W'1(0,a™), and D(A) = {0} x L*(0,a™) # X. Define F' :

R, x D(A) = X by

el ] = (¢, a)p(a)da
¢ f(t, a)

Then the partial differential equation (4.2) can be written as the abstract semilinear

equation (3.2). Notice that for A > 1, we have A € p(A). Let

0 0
(M —A) =
¢ ©
Then
0
(M —A)! =
@ ¢
Since by definition of A
0 0
(M A) _ ¢(0) |
¢ ¢+ (n+ Ao
we have
¢(0) =0,
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Hence,
é(a) = G~ Jo () +N)ds 4 o= J5' (u(s)+N)ds /a GIS(M(THA)dT@(S)d&
0
= e oy ms)ds 4 =a— [ “(s)ds/ Ao 1A () ds
0
— G ol nls)ds | / e AL I g (5) s,
0
So
0 0
(M — A)™! = ’
v fe ol w14 o= Alams)= [ ()T (5 s
1 9 A a d “ A @ d
(M — A) _ ||gere S5 i / L OE
0 Lt

¥ o

S

/ ef)\(afs)ffsa 'M(T)dTg0<S)d8
0

! o

W.L.O.G. we assume that ¢(a) = 0 fora > a™ and extend ¢(a) to the whole R, . Since



wu(a) > p_, we have

at

/ e Ma=s)=J¢ “(T)dTgp(s)ds da

Lt A 0

= / / e ML |oo(5)| dsda
0 0

S/ / e~ Ma=9)=n=(a=9) (5| dsda

o Jo

§/ /e’\(as)“‘(as) lo(s)| dsda
o Jo

:/ / e~ Ma=s)=n-(a=5) | (5| dads
0 s

:/0 (/ e_(“*H‘)“da)e(“*H‘)s\g&(s)|ds

1 >
— d

at

1
= d

1

= 5 el

/ e—)\(a—s)—f: M(T)dTQO(S)dS
0

Moreover,

at

_ / eanffoa /L(T)dea
L1 0

at

< / o~ Otis)a g,
0

Hefx\affoa u(r)dr

B 1
TR
So we obtain
1
AN — AT < 0] + .
A e el
Ll
It follows that
1

37
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for A > —pu_. Therefore, A is a Hille-Yosida operator with M/ = 1 and w = —p_ < 0.

Moreover, since

F |t 0 _ foa ~v(t,a)o(a)da |
¢ f(t,a)
Lt ’ - |t 0 fo V(t, a)¢r(a)da
¢1 s ft.a)
fo (t,a)¢a(a)da
f(t,a)

fo (t,a)[p1(a) — ¢2(a)lda ‘
0

Assume 7(t,a) < v, then it follows that

)L

S%A 161(a) — da(a)] da

at

A A(t0)[n(a) — é(a)]da

=74 |1 — P2l

HEN|

=7+

So we have Kr(p) = 4.
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Assume that sup,¢(o 7 foa+ |f(t,a)| < f+(T), then for ||¢|| ;. < p we have

at

/0 +(t, a)é(a)da

S%r/
0

< vap+ S (T).

at

0
+/0 |f(t,a)| da

Flt -
¢

at at

6(a)| da + / f(t.0)) da

0

So Lp(T, p) = v+p + f+(T). Now we have checked conditions of Assumption 3.1.2.
Moreover, since Kr(p) = vy and Lr(T, p) = vip+ f+(T), we have (N+T)Kr(p) =

(—ZL— +T)v; < 1 and there exists p > 0 such that (N +T)Ly(T, p) = (1% +

1—e #=T —e”

T)(v4p + f+(T)) < p. In addition, the Cauchy problem (2.1) has a unique mild so-

lution for each © € D(A) and each f € C(]0,00), X) by Theorem 2.0.2. Hence, all
assumptions of Theorem 3.1.3 are satisfied and (4.2) has a mild 7’-periodic solution

u(t,a) € ([0,00), L'(0,a™)). [ |

Proposition 4.2.1 implies that if the external function f(¢,a) is continuous and T-
periodic and its integral over all ages is bounded above by f,(7'), the death rate j(a)
is integrable and bounded below, the birth rate (¢, a) is continuous, T-periodic and

bounded above by a constant v, which satisfies v, < ﬁ and there exists
n_T

l—e

p > 0 such that (w% + T)(y+p + f+(T)) < p, then the model has a T-periodic

mild solution.
Next we choose specific functions and parameters for problem (4.2) which satisfy
conditions in Proposition 4.2.1 and simulate the periodic solutions.

LetT = 1and p(a) = %, from the above discussion we know that w = —p_ =

—0.199, then N = ;L7 = -1 ~ 5.5417. Leta® = 1, f(t,a) = 1 + 2sin(2nt)

and y(t,a) = 0.2a*(1 — a)(1 + sin(2nt)). Then Kp(p) = 74 = 0.4 X 5= ~ 0.059
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and (N +7T) x Kp(p) ~ 6.5417 x 0.059 ~ 0.386 < 1 for each p > 0. Furthermore,
Lp(T,p) =0.059p + 3, then (N +T)Lp(T,p) < p < 6.5417 x (0.059p + 3) < p &
0.386p+19.625 < p, which means that p > 31.96. Now all assumptions of Proposition

4.2.1 are satisfied. Thus, equation (4.2) has a 1-periodic solution which is shown in

Figure 4.3.

2.0
1.8

QOO0 A A

JAANWY

1.6
1.4
1.2
1.0
0.8

uone|ndog

0.6

Figure 4.3: A T-periodic solution of (4.2) starting at u(0,a) = 1 and with global
boundary condition u(t,0) = fol v(t, a)u(t, a)da, where p(a) = <= T =1, v(t,a) =

ﬁg—a’
0, v(t,a) = 0.2a*(1 — a)(1 + sin(2~t))and f(t,a) = 1 + 2sin(27t).

Now we change the parameters a little bit such that the assumptions of Proposition
4.2.1 are NOT satisfied. Let (¢, a) = 4a®(1—a)(1+sin(27t)), then v, = 8x 7 = 1.18
and (N + T)Kp(p) = 6.5417 x 1.18 ~ 7.7192 > 1. So assumptions of Proposition
4.2.1 are not satisfied. Figure 4.4 shows a solution with the same initial value as the

previous one in this case, which is no longer periodic.

(ii) Periodic harvesting. Now we let v(t, a) be nonzero and 7'-periodic in the time

variable ¢.

Proposition 4.2.2. Asume that
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Population

,a) = 1 and with boundary condition
, T = 1,v(t,a) = 0, y(t,a)

6740,

1.0—a

u(0

Figure 4.4: A solution of (4.2) starting at
u(t,0) = folfy(t,a)u(t,a)da, where fi(a)
4a*(1 — a)(1 + sin(2t))and f(t,a) = 1 + 2sin(27t).

ft+T,a)fort >0, a € [0,a") and

(i) f € C([0,00),L'[0,a")), f(t.a)
SUPye|o,T] foa+ |f(t,a)|da < f1(T);

(ii) pu(a) € L'[0,a™) and there exists p_ > 0 such that y(a) > pu_ fora € [0,a™);
(i) y(t,a) € C([0,00), L'[0,a™)), v(t,a) = ~v(t + T,a) and there exists v, > 0

such that 0 < y(t,a) < vy fort >0, a € [0,a™);

(iv) v(t,a) € C'([0,00), L*[0,a™)), v(t,a) > v_ > 0and v(t,a) = v(t + T, a) for

t>0,a€l0,a");
<

() (e +T)ys < 1 and the inequality (——Zsr +T) (v p+ £+ (T))

p has solution.

Then problem (4.2) has a mild T-periodic solution u(t,a) € C([0,00), L'[0,a™)).
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Proof. Consider the space X := R x L'(0,a™) endowed with the product norm

= lal + el L1 at) -

Define the time-dependent linear operator A(t) : D(A(t)) C X — X by

y 0 _ —(0)

P —¢' = pp —v(t)p
with D(A(t)) = D = {0} x W1(0,a™), and D(A(t)) = D = {0} x L'(0,a") # X.
Define F : R, x D — X by

elel’]] = 1 y(t, a)g(a)da

¢ f(t,a)

Then the partial differential equation (4.2) can be written as the evolution equation (3.8).

Notice that for A > —u_ — v_, we have A € p(A(t)) for V¢ > 0. For some ¢ € R,

let
0 6
ar-amy | |- |
¢ P
7 0
(A ] =
@ ¢
Since by definition of A(t)
ar-amy || = oo ,
¢ ¢+ A+ p+u(t)o

we have



43

Then

gb(a) _ e foa()\+u(s)+v(t,s))ds +e foﬂ()\—i—u(s)-i-v(t,s))ds /a efos()\+M(T)+U(t’7—))d7g0(s)d8
0

_ ee—Aa—foa u(s)ds—foa v(t,s)ds + /a e—)\(a—s)—f; /L(T)dT—fSa U(t’T)dTQD(S)dS.
0

Sofor A > —p_ —ov_

0
(I — A(t)"" -

¥

0
ee—Aa_foa p(s)ds— [ v(t,s)ds + foa e—)\(a—s)_fsa p(r)dr— [ v(t’T)dTQD(S)dS

and
. 0
(M —A()”
¥ o
— H Qe—ka_foa H(S)ds_foa v(t,s)ds + /’a 6_)\((1—5)_1‘: M(T)d’r—ff U(t’T)dT(,O(S)dS
0 I

< ‘6‘ Hef)\affoa /,L(T)dT*foa v(t,T)dT

> I

i

/“ o~ ANo=s)= [} u()dr— [ o o) g
0

Ll

W.L.O.G. assume ¢(a) = 0 for a > a' and extend ¢(a) to the whole R,. Since



wu(a) > p_ and v(t,a) > v_, we have

Il

/ " e[ [ ot o s g
0

e~ Ma—s)= [ p(r)dr— [l v(t,r)dr lo(s)| dsda

e MNams)n-(a=s)=v-(=9) | ()| dsda
e~ Ma—s)—p—(a—s)—v_(a—s) lo(s)| dsda
e~ Ma—s)—p—(a—s)—v_(a—s) lo(s)| dads

( / e~ Ot=tudaga)eOtitv)s | o(5)| ds
1

_ d
A+M+U‘A o(s)| ds

1 at
__ v d
A+M%WA o(s)] ds

ol 21 -
Moreover,

6_)“1_‘[0‘1 ,u(T)dT—foa v(t,7)dT

Lt
at

:/ e~ ra—Jo w(r)dr—[g v(t,r)dr g,
0
at
</ o~ OFu—+v-)a g,
—Jo
</Ooe—(x+u—+v—)ada
0

1
TR
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So we obtain

7

(M —A() ™ (101 +llllo)

e Wy
_ vV_
12

Il

forallt € Ry and A > —(p— + v_). It then follows that

1

-1
o - a0 <

forallt € Ry and A > —(u— + v_) so that

k
HM Alt

for A > —(u_ + v_) and every finite sequence {tj}le with 0 < ¢t; <ty < ... <t and

1
<
T (Ao )h

k =1,2,... Hence, Assumption 3.2.1 holds for { A(t) };>o0.

Moreover, we have

0 B f0a+ ~(t,a)o(a)da
¢ f(t,a)

0 0 S 4t a)u(a)da
¢1 ¢2 f(t7 CL)

S (¢, @) (a)da
f(t,a)

I3t a) (1 (a) — do(a))da

From the discussion of the case v(¢,a) = 0, we obtain

0 0 0 0
F t7 - F t, S’Y-‘,— _

1 ®2 1 P2
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a+
where 7(t,a) < 7+. So Kp(p) = 7y Assume sup,coz [ [f(t,a)| < fo(T), then

from the discussion in the case v(¢, a) = 0, for ||¢]| ;1 < p,

0
F |t ; <o+ fo(T).

Thus, we have Lp(T,p) = v4p + f+(T). So we have checked Assumption 3.1.2
(H2)(H3) and Assumption 3.2.1 (A1)(A2), and (iv) implies Assumption 3.2.1 (A3).
Moreover, we have

B T
o (1 — e~ (p—tv)T

M(N +T)Kr(p) + 1)y <1

and there exists p > 0 such that

T

M(N + T)LF(T7 p) - (1 _ 6_(M7+U7

)T +T)(vep + [+(T)) < p.

Furthermore, Theorem 2.0.7 implies that the linear revolution Cauchy problem (2.5)
has a unique mild solution for each u(0) € D. So all assumptions in Theorem 3.2.3 are

satisfied which ensures that there is a mild 7'-periodic solution. |

Proposition 4.2.2 indicates that if the external function f(¢,a) is continuous, 7'-
periodic in ¢ and its integral over all ages is bounded above by f, (7'), the death rate
v(t, a) is integrable and bounded below by p_ > 0, the birth rate (¢, a) is continuous,
T-Periodic in ¢ and bounded above by v, > 0, the harvesting effort v(¢, a) is continu-
ously differentiable in ¢ and integrable in a, T-periodic and bounded below by v_ > 0,

the upper bound -, of the birth rate (¢, a) is bounded above by v, < - —
—(p—+v_)T

1—e

and there exists p > 0 such that (ﬁ +T)(vep+ f+(T)) < p, then the model

has a T'-periodic mild solution.
As an example, now we choose some specific functions and coefficients for problem

(4.2) such that they satisfy conditions in Proposition 4.2.2.
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Let T = 1, v(t,a) = 0.5+ 0.4a(1 — a)sin(27t) and p(a) = le.o—iaa, then w =

—p- —v- = —0299 < 0Oand N = A7 = —Lmm ~ 3.87. Leta® = 1,

f(t,a) = 1+ 2sin(27t) and (¢,a) = 0.2a*(1 — a)(1 + sin(27t)). Then Kp(p) ~
0.059, (N + T)Kr(p) ~ 4.87 x 0.059 ~ 0.28733 < 1 for all p > 0. In addition,
Lp(T,p) = 0.059p + 3, then (N + T)Lp(T,p) < p < 4.87 x (0.059p + 3) < p &
0.28733p + 14.61 < p, which means that p > 20.5. Then equation (4.2) has a mild 1-
periodic solution by Proposition 4.2.2. A solution of equation (4.2) is shown in Figure

4.5.

uone|ndog

Figure 4.5: A T-periodic solution of (4.2) starting at u(0,a) = 1 and with global
boundary condition u(¢,0) = fol ~(t, a)u(t, a)da, where p(a) = %, T=1,v(t,a) =
0.5 + 0.4a(1 — a)sin(27t), v(t,a) = 0.2a*(1 — a)(1 + sin(2nt))and f(t,a) = 1 +
2sin(27t).

Again, we change the parameters a little bit such that the assumptions of Proposition
4.2.2 are NOT satisfied. Let v(¢,a) = 4a*(1 — a)(1 + sin(27t)), then v, = 1.18 and
(N +T)Kp(p) = 4.87 x 1.18 = 5.7466 > 1. Then assumptions of Proposition 4.2.2

are not satisfied. Figure 4.6 shows a solution with the same initial value as the previous
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one, which is not periodic.

Population

Figure 4.6: A solution of (4.2) starting at ©(0,a) = 1 and with boundary condition
T =1, 0(t,a) = 0.5+ 0.4a(1 —

u(t,0) = folfy(t,a)u(t,a)da, where ji(a) = S5—,
a)sin(27t), y(t,a) = 4a*(1 — a)(1 + sin(27t))and f(t,a) = 1 + 2sin(27t).

4.3 The diffusive logistic model with periodic coefficients

This subsection is concerned with a diffusive logistic model in 7'-periodic environment.

Consider the following problem (Hess [1991], Ward Jr. [1979])

pu(t, x) = O2u(t,x) + r(thu(t, 2)[1 — LD], t e Ry, z € [0,1],
u(t,0) =wu(t,1) =1, (4.3)
u(t,z) =u(t+T,x),

where ¢ is the time variable, x is the space variable, and u(¢,x) is the density of a

population at time ¢ and location z. In the logistic term, we have a T-periodic intrinsic

growth rate 7(¢) and a T-periodic carrying capacity K (t¢). Moreover, we give constant

boundary values.
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Hess [1991] studied this kind of problem and gave existence theorems of periodic
solutions under the existence of a positive supersolution and under assumptions on the
eigenvalues of the linearized problem. I'll give the existence theorem of periodic solu-
tions to this problem under another kind of assumptions by using a different method.

Let v(t,a) = u(t,a) — 1, then

ot ) = 2o(t,x) +r(D)v(t,2) + 1[I — L) e Ry, € [0, 1],

v(t,0) =v(t,1) =0, (4.4)

v(t,z) =v(t+T,x),
where r(t) and K (t) are T-periodic. The existence of solutions for (4.3) and that for
(4.4) are equivalent. From now on, we consider (4.4).
Let X = C[0, 1]. Define

Au=1u".

Then D(A) = {u € C?0,1] : u(0) = u(1) = 0}, D(A) = C[0,1] = {u € C[0,1] :
u(0) = u(1) = 0} # C|0, 1] = X. By separation of variable (see section 4.1 in Strauss

[1992]), it follows that A generates a semigroup {U4(t) }+>o on D(A) given by

Us(0f(w) = Y22 [ (€ sin(ume)ds) sinruma)e

Define F' : R, x D(A) — X by

_ el

Flt.¢) = r(t)le + 11~ 720,

Then as before, we can rewrite (4.4) as abstract Cauchy problem (3.2).
Proposition 4.3.1. Assume that

(i) r(t) € C[0,00), there exists . > 0 such that 0 < r(t) < ry fort > 0, r(t) =

r(t+T);
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(ii) K(t) € C[0,00), there exists k_ > 0 such that K(t) > k_ fort > 0, K(t) =

K(t+T),
(iii) There exists p > 0 such that (IIITZ(T)H +T)re(p+1)(1+1£2) < p.
Then problem (4.3) has a mild T-periodic solution.

Proof. It suffices to prove the following

(a) A is Hille-Yoshida operator with M = 1 and w = 0;

(b) There exists Lr(T, p) > 0 such that ||F(¢t,u)| < Lg(T,p) fort < T and |ju|| <

Ps

(c) Ua(t) is compact on D(A) for t > 0;

(d) There exists p > 0 such that (=t ey + T)r+(p + 1)(1 + 32) < p;

(A) and

(e) The Cauchy problem (2.1) has a unique mild solution for each x €

f e C(0,00),X), f(t+T) = f(t). Moreover there exits z € D(A) such that

the solution wu(t) with u(0) = x is bounded.

Note that if we rewrite (4.4) as abstract Cauchy problem (3.2), (a)-(e) cover all assump-

tions in Theorem 3.3.2. Then the existence of a mild 7-periodic solution to problem

(4.4) is guaranteed by Theorem 3.3.2. Thus, we get existence of a mild 7-periodic

solution to problem (4.3).
Now we prove (a)-(e).

(a) Lety € X. Let A > 0. Then

(M —Ap=1erp—¢" =1



Set ¢ = ¢'. Then

M—Ap=peald 7
Ap —

@/

VY + @ = VAV Ao + @) — ¢
VY — ¢ = =V AV g — @) + 1.

=

Define
w= (Vg + @),
W= (Vo — §).
Then we have
w = VIw — 1,

M—-Ap=v &
W' = —V/ b+ 9.

The first equation of (4.5) is equivalent to

e_ﬁ$w(x) = e_ﬁyw(y) — / e‘ﬁlzb(l)dl, Vo > y.
y

In (4.6) let y = 0, then we obtain

w(z) = eﬁxw(()) — eV /x e_‘mw(l)dl,
0

where w(0) = VAp(0) + $(0) = $(0). In (4.6) let = = 1, we have
1
w(y) = eV (1) + eV / e YNy (1)l
Yy

where w(1) = VAp(1) + $(1) = B(1).

The second equation of (4.5) is equivalent to
eV 0 (z) = eV Vi (y) + / eV My (D)dl, Yz > .
y
In (4.9) let y = 0, then we have

W(z) = e VM0(0) + eV / eV Map(l)dl,
0
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4.5)

(4.6)

4.7)

(4.8)

4.9)

(4.10)



where 0(0) = vV Ap(0) — $(0) = —3(0). In (4.9) let = = 1, we have

where @(1) = vVAp(1) = ¢(1) = =&(1).
From (4.7) and (4.10), we have

ezﬁxw(w) +w(x) = /x eﬁx(e\m - 67&1)1?([)6”7
0

where z € [0, 1]. Combining (4.8) and (4.11), we obtain

1
VA=) + i (z) = / VAT (VATVAL VA (1) dl.
Since w = \/Xga —pandw = \/Xgo + ¢, (4.12) and (4.13) can be written as

VXE + D+ (1= ) /” A — eV (1)l

and
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(4.11)

4.12)

(4.13)

(4.14)

1
(62\5(14) + 1)\/X<p + (62\5(1*93) —1)¢ = / e*ﬁw(e%A*AZ — eﬁl)lp(l)dl. (4.15)

Combining (4.14) and (4.15), we have the following
(62\5\—\5:5 o e‘f)‘m) foz(eﬁl N 6_ﬁ1)w(l)dl
p(r) = A 1)
<€—ﬁx o eﬁx) fxl(ezﬁ—ﬁl _ eﬁl>¢(l>dl

2V —1)

VARl AV _ Vet 4 oAyl

2V A(e2VA — 1)

f:(eQﬁ*ﬁ(“l) — eVMim2) _ 2VAVMI=2) 4 o VM@ Yy, (]) d]

2V (e2VA — 1)

(ARl VAV _ VA Vel (1)l

2V A(e2VA — 1)

JH(e2AAlal _ 2VA-VAoH) _ VAl 4 oVI=elyys (1)l

" 2V (e2VA — 1)

JH(EVAVAla—ll _ VAVt _ VA | o/l (1)l

2V (e2VA — 1)
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Since ¢ € D(A), it follows that

loll = sup [p(z)]
z€[0,1]

[H(EVA=VAlell _ VAVt _ oVAle+) | oVAloll (1) dl
2/ A (e2VA — 1)

= sup
z€[0,1]

Since e2VA~ YNzl _ 2VAVA@+) _ VA +) L oVAle—ll > () for z € [0,1] and [ € [0, 1],

we have
el
fol e2ﬁ—ﬁ|x—l| _ €2ﬁ—ﬁ(x+l) _ eﬁ(x-i-l) + eﬁ|:c—l| dl
< sup |¢Y(x)| sup
z€(0,1] (@)l z€[0,1] 2\/X(62‘A - 1)
fol (62\&—\f/\|x—l| _ 62\5\—\5(x+l) _ eﬁ(w-ﬁ-l) + e\ﬁ/\|x—l\)dl
= sup |Y(x)| sup
z€[0,1] W)l z€0,1] 2&(62\5 -1)
62\/X<l — Le\/x(m_l) — Le_\/xx + Le_\/x(x"‘l) — Le_\/xa:)
= sup [¢(z)| sup R 2 A z
z€[0,1] z€[0,1] 2&(62\5 —1)
2 1 —VX@-1) L L Ve L VA1) 1 Ve
N VoY + 7€ + i € + 7€

zef0,1] z€[0,1] 2&(62\5 -1)

(- 1)Z

< sup |¥(x)| sup A
z€[0,1] i)l z€0.1] 2V A (e2V2 — 1)
1

=~ sup [i()

A z€0,1]

1
=5 .

Now we have |[(AI — A)™'¢|| < 5 [|¢||, which implies that [|[(A] — A)~!|| < 1. So A

is Hille-Yoshida with M = 1 and w = 0, which completes the proof of (a).
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For ||o|| < pandt € [0, 1],

1+ I+p

O+ 01 - T <t 1+ D),

So we have Lr(1, p) = r*(p + 1)(1 + £2), which implies (b).
To prove (c), it suffices to prove uniform boundedness and equicontinuity of U 4 (¢)u(x)
on {u € D(A) : |lul| < My} for any My > 0. Then (c) follows from Arzela-Ascoli

Theorem. For ||u|| < My,

o

2(2/0 u(§) sin(nm§)d§) Sin(nﬂx)e*(’”’)%

n=1

Ua(t)u(z)] =

< 22( / |u(€)] [sin(nme)| d€) |sin(nmz)| e

<2 sup |u(é |Z/ sin(nm&)| d€)e —(nm)?

€€l0,1]

=2 sup |u(& |Z —e’(”7r

£€l0,1]

= ;MO Z n27T2t
n=1

8

< —M,.
= g tto
Then
8
[Ua(®)ull = sup |Ua(t)u(e)] < =M,

z€[0,1]

which implies that U (¢)u(x) is uniformly bounded on {u € D(A) : |ju|| < My} for
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any M, > 0. Now we prove equicontunuity.

Ua(t)u(z) = Ua(t)u(y)l

2(2/0 u(§) sin(nw&)dE) (sin(nmzx) — sin(nﬂy))ef(m)zt

n=1

< Z 2(/ ()] [sin(nmé)| d€) [sin(nrz) — sin(nmy)| e~ "™

<2 sup |u(¢ ]Z / |sin(n7€)| d€) |sin(nrz) — sin(nry)| e

£€[0,1]
< 20y S () — sinfnmg)| e~
<2

4 o0
— M _ —(nm)=t
- oZnﬂx yle

IN

4
—Mozmlx Y s

™

- 7r4t2M02;$|$—?/|

12
< 71-4752]\40 |l‘ - y| .

IN

n47r4t2

So Uy (t)u(x) is equicontinuous on {u € D(A) : |lul| < My} for any My > 0. This
completes the proof of (c).

(d) It follows directly from assumption (iii).

(e) Claim (a) together with Theorem 2.0.2 implies that the Cauchy problem (2.1) has
a unique mild solution for each 2 € D(A) and f € C(]0,00), X) with f(t) = f(t+T),
which is the first part of (e).

Now we check that there is a bounded solution. From the variation of constant
formula

t

u(t) = Ua(t)upg + lim Ua(t — )M — A) 1 f(s)ds

A—=+o0 [
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we first consider the first part

o0

Ua(t)up(z) = 2(2/0 ug(€) sin(n)d€) sin(nax)e ",

n=1
Then we have

o0

Ua(t)uo(z)| < sup Y |(2 /0 up(€) sin(nm€)de) | |sin(nmz)| e

z€f0,1] [,
<23 sup Juof€)] 2o
1 &€l0,1] T
— sup Jun(©)] (3 Sery
¢€fo,1] il

It follows that

lim_ sup [Ua(t)ug(x)| = 0.

t=400 1¢[0,1)
So there exists an M > 0 such that |U4(t)ug(z)] < M fort € [0,00) and x € [0, 1].
Now we consider the second part limy_, fot Ua(t — s)ANA — A)~1f(s)ds and

have

|Ua(t = $)MAL = A) 71 f(s)]

= 2(2 /0 A — A) () () sin(nag)de) sin(nma)e "™ (=9)
< 22/ H)‘ (M — A) 1“ | (s)(&)||sin(nm&)| dE(e —(nm) (t*S))

< QZ sup | f(s)(6)] Sem =),
n—1 £€10,1],s€[0,1] ™
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It follows that

/Ot Ua(t — )AL — A) ' f(s)ds

<2 s (][ 3 2t

£€0,1],7€0,1] 0

=2 sup  [f(7)(¢)

£€[0,1],7€]0,1]

=2 sup  [f(7)(E)

£€[0,1],7€[0,1]

<2 s OIS

£€l0,1],7€]0,1]

<

sup | f(7)(€)] x 2

4
m
¢efo,1],7€0,1]
8

sup | f(7)(&)]-

T ¢e(0,1],r€(0,1]

Hence, there exists an My > 0 such that

lim
A——+o00

/t Ua(t — s)AA — A) " f(s)ds| < My, V¥t > 0.
0

Combining the above two parts, we have for each uy € D(A), the solution to the Cauchy
problem (2.1) is bounded for all ¢ > 0, which completes the proof of the second part of

(e). |

Proposition 4.3.1 indicates that if the intrinsic growth rate r(¢) is continuous, 7'-
periodic and bounded above by a constant 7, the carrying capacity K (¢) is continuous,
T-periodic and bounded below by a constant k_, and there is p > 0 such that all the
parameters satisfy the inequality (m +T)ro(p+1)(1+2£2) < p, then the model
has a T'-periodic mild solution.

Now we choose specific functions and parameters. Let 7' = 1, r(t) = 0.15 +

0.1cos(27t) and K (t) = 15 + sin(2nt), then F(t, o) = (0.15 + 0.1 cos(27t)) (¢ +



D(1— s ) N

15+sin(2rt) where

_ 1
-~ H=va@IP

Ul @)] =32 /O £(€) sin(nm)de) sin(nmz)e= "

o0

2(2/0 f(&) sin(nwg)dE) sin(mrx)e_(’"m)2

sup |[Ua(1)[f(z)]| = sup

z€[0,1] z€[0,1]

- 2 —(nm)?
< s OIS 2x 2
n=1

£elo,1
in which
1
—(nm)? _
€ - e(nﬂ)2
o 1
N (nm)*
L+ (nm)? + 5= +
< 2
= (nm)?
Thus,
3 4 2 81 4.8 32 6
9x 2e-m? < 4 _ 851 8 32 6
nz:; " 71 (nm)*r w4t 30 7w 3n° 7l

z€]0,1] £€0,1]
1.e.,
6
VAW < =
T
Then
1 1
N = < ~1.24.
T—u.0] “1-%
For ||| < pandt € [0, 1]
e+ 11— ) < 02500+ 1)1 + 22,
K(t) || — 14
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Sor, = 0.25.

Then from (j=gfyy + T)r4(p + 1)(1+ 32) < p, we get 2.24 x 0.25(p + 1)(1 +

%) < p,ie. (p+1)(p+ 15) < 25p, which is also equivalent to p?> — 9p + 15 < 0,

where we get %ﬁ <p< %ﬁ, such p exists.

Now all the assumptions in Proposition 4.3.1 are satisfied, we conclude that (4.4)
has a mild 1-periodic solution, i.e., (4.3) has a mild 1-periodic solution. The graph in
Figure 4.7 shows the mild 1-periodic solution to the first equation and second boundary

condition in (4.3) with initial value v = 1, which confirms our result.

1.030
1.025
=1.020
=
51.015
S 1.010
1.005
1.000

Figure 4.7: A T-periodic solution of the diffusive logistic equation (4.3) starting at
u(0,a) = 1 and with boundary condition u(t,0) = u(t,1) = 1, where r(t) = 0.15 +
0.1cos(27t), T =1 and K(t) = 15 + sin(27t).

4.4 Retarded functional differential equations

The existence of periodic solutions in periodic functional differential equations has
been studied by many researchers (see, for example, Chow [1973] and Chow and Hale

[1974]), we refer to the classical references of Hale and Verduyn Lunel [1993] and
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Burton [1983], and the references cited therein. In this subsection, we will apply the
results in section 3 to obtain existence of periodic solutions in periodic functional dif-
ferential equations. Namely, we will first consider a general class of retarded periodic
functional differential equations, then we will consider a delayed red-blood cell model
with periodic coefficients.

Forr > 0,letC = C([—r, 0], R™) be the Banach space of continuous functions from

[—7, 0] to R™ endowed with the supremum norm

ol = sup |©(0)|gn
0e[—r,0]

Consider the retarded functional differential equations (RFDE) of the form

0 = Ba(t) + L(x,) + f(t,2,),¥t >0,

(4.16)
To =@ E C,

where z; € C is defined by z:(0) = x(t + 6) for 0 € [-r,0], B € M,(R)isann x n
real matrix, L : C — R" is a bounded linear operator given by

. 0

L) = [ o)),
here n : [—r,0] — M,(R) is a map of bounded variation, i.e. V(n,[—7,0]) =
sup Y i, 1m(0ix1) — n(0:)|| < +oo in which the supremum is taken over all subdi-
visions —r =6, <6y < ... <0, <0,.1 =0,and f : R x C — R" is a continuous
map.

Now following Liu et al. [2008] we rewrite (4.16) as an abstract non-densely defined

Cauchy problem so that our theorems can be applied. First, we write it as a PDE. Define

u € C([0,00) x [-7,0],R™) by

u(t,0) =x(t+0), vVt >0,V8 € [-r,0].
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If z € CY([—r, +00), R"™), then

ou(t, 0)
ot

So we have
du(t,0)  u(t,0)
ot 00

=0,V¢ > 0,V0 € [—r,0].

Moreover, for 8§ = (0, we have

Ou(t,0)

a5 = o'(t) = Bu(t) + L(z) + f(t.z)

= Bu(t,0) + L(u(t,.)) + f(t, u(t,.)), ¥t > 0.

Thus, u satisfies the PDE

Ou(t,0) o ou(t,0) =0

ot a0 ’
QL) — Bu(t,0) + L(u(t,.)) + f(t, u(t,.),Vt >0, (4.17)
u(0,.) =p €C.

To rewrite (4.17) as an abstract non-densely defined Cauchy problem, let X = R" x

C with the usual product norm

= [2gn + [l -
¥

Define the linear operator A : D(A) C X — X by

On _IO+BO On
A | 2| PO B0 vl ] e, (4.18)

!/

' ¥ '

with D(A) = {Oga} x C*([~7,0],R"). Then D(A) = {Opa} x C # X. Define

L:D(A) = X by
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and F': R x D(A) — X by

Ogrn f(t,
plef I ACTD
@ Oc
Set
0 n
v(t) = .
u(t)
Then the PDE (4.17) can be written as the following non-densely defined Cauchy prob-
lem
do(t) Orn -
e Av(t) + L(v(t)) + F(t,v(t)), t > 0; v(0) = € D(A). (4.19)
2

Now we give an existence theorem of periodic solutions for equation (4.16).

Assumption 4.4.1. (B1) f: R x C — R" is Lipschitz on bounded sets; i.e., for each
C' > 0 there exists K¢(C) > 0 such that || f(¢,u) — f(t,v)| < K{(C) ||u— ||

fort € [0,00) and ||u|| < C and |jv|| < C;

(B2) f:R x C — R"is bounded on bounded sets; i.e., there exists L (7', p) > 0 such

that || f(t,w)|| < Ly(T, p) fort < T and |Ju]| < p.

With these assumptions and the notation wy(B) := sup,¢,(p Re(\), we have the

following result for equation (4.16).

Theorem 4.4.2. Let Assumption 4.4.1 hold with wy(B) < 0 and f being T-periodic in
t. Suppose that there exists p > 0 such that (N +T)(K;(p) + V(n,[—7,0])) < 1 and
(N +T)(Ly(T, p) + V(n,[=7,0))p) < p, where N = —Lr7, then equation (4.16)

has a T-periodic solution.

Proof. Since (4.16) can be written as (4.19), denote G(t, v(t)) = L(v(t)) + F(t,v(t)),

it suffices to prove that
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(a) A satisfies Assumption 3.1.2 (H1) with w < 0;
(b) G :[0,00) X Ogn x C — R™ x C satisfies Assumption 3.1.2( H1) (H2);

(c) There exists p > 0 such that (N + T)Kg(p) < 1 and (N + T)La(T,p) < p,

T
where N = —r.

Then it follows from Theorem 3.1.3 that equation (4.19) has a T™-periodic mild solution,
which implies that equation (4.17) has a T-periodic mild solution with initial u(0,.) =
wo € C. Meanwhile, by Theorem 2.1 in Hale and Verduyn Lunel [1993], equation
(4.16) has a unique solution zo(t) € C'([0,00), R") with initial z¢(f) = ¢o(6) for
6 € [—r,0]. Therefore, z((t) is a T-periodic solution for (4.16).

From Lemma 7.1 in Magal and Ruan [2018], we know that A as defined in (4.18) is
a Hille-Yoshida operator with w = wy(B) < 0 and M = 1, which proves (a).

For ¢1, 2 € C such that ||¢;]| < C and ||p2|| < C, we have

O~ O~ -
¥1 Y2
and
O]Rn O]R"
= [lp1ll £ C, = [|pof| < C.
¥1 P2



Then

Ogn Ogn Ogn Ogn
< || L( ) — L( W+ || F (@, ) — F(t, )
Y1 P2 ( ©1 ) ( P2
_ J° dn(0)(01(0) — p2(0)) N f(t 1) — [t ¢2)
OC Oc

+ |f<t»§01) - f(t7§02)’R"

R

_ / dn(0)(01(8) — 2(0))

< Ki(C) |lor = @al +V (0, [=7,0]) |1 — @2

= (K;(C) + V1, [=7,0)) lr — o

)G

So there exists K¢(C) = K¢(C) + ) such that

Ogn Ogrn Ogn Ogn
G(t, ) — G(t, ) - .

= (K4(C)+V(n, [-r,0]))

< Kg(O)
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Ogrn
Furthermore, for ¢ < T and < p, we have

IA
h
_l_
=

Oc Oc

R

Op . n
So there exists Lo (T, p) = V (1, [~r,0])p + Ly(T, p) such that ||G(t, | )

'

IN

L (T, p), which completes the proof of (b).
With K(C) and Lg(T, p) given as above, (c) follows directly from the assump-

tions. [ ]

(ii) A delayed periodic red-blood cell model. Now as an example, we consider
Consider a delayed red-blood cell model with periodic coefficients which is a modifi-
cation of the model of Wazewska-Czyzewska and Lasota [1976] (see also Arino and
Kimmel [1986]):

N'(t) = —puN(t) + p(t)e YONE=) (4.20)

where N (t) denotes the number of red-blood cells at time ¢, u € (0.00) is the proba-

bility of death of a red-blood cell, p(¢) and () are positive and T-periodic continuous
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functions related to the production of red-blood cells per unit time and r is the time

required to produce a red-blood cell.

Proposition 4.4.1. Assume that
(i) pe C([0,00),R"), p(t + T) = p(t) fort > 0 and p(t) < py fort > 0;
(ii) 7 € C([0,00), R*), y(t + T) = (t) for t > 0and y(t) < 74 fort > 0;

(iii) There exists p > 0 such that (—7+T)p1v4€*? < land (=7 +T)prer* <

p.

Then equation (4.20) has a 'T'-periodic solution.

~

Proof. Equation (4.20) can be written as equation (4.16), where B = —pu, L = 0 and
f(t,p) = p(t)e7®#(=") Then it suffices to check assumptions of Theorem 4.4.2. First
note that wo(B) = —u < 0. Since L = 0, V (5, [—r,0]) = 0. For ¢y, ¢y € C([—r,0], R)

and ||¢1]| < p, |lp2]] < p, by the mean value theorem we have

(£, 01) — f(t,p2)] = |pl(t) (e D7) — g1l
< p()y ()" |1 — oo

< iy o1 — ol .

So we can pick Kf(p) = pyy+e?+?. Moreover, for ¢ € C([—r,0],R), |[¢| < p and

0<t<T,

£t 0) = |p(t)e "D < pLerre,
So we get L;(T,p) = pre’+*. Then Assumption (iii) implies (N + T)(K;(p) +
V(n,[-r,0])) < 1and (N + T)(L¢(T,p) + V(n,[-7,0])) < p in the assumption

of Theorem 4.4.2. The conclusion follows from Theorem 4.4.2. |
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Proposition 4.4.1 indicates that if the production related function p(t) is continuous,
T-periodic and bounded above by a constant p., the production related function ~(t)
is continuous, T'-periodic and bounded above by a constant 7., and there exists p >
0 such that the parameters satisfy the inequalities (HL,MT + T)pyyset? < 1 and
(=57 + T)pie?+* < p, then the model has a T-periodic solution.

Now we choose parameters for equation (4.20) such that assumptions in Proposition
4.4.1 are satisfied and perform numerical simulations to show the existence of a 7'-
periodic solution. Let 7' = 1, r = 1, u = 10, p(t) = 0.3 + 0.2sin(27t) and ~(t) =
0.15+0.05 cos(27t). It can be easily checked we have all the assumptions in Proposition

4.4.1, then there exists a 1-periodic solution, which can be seen from Figure 4.8.

0.20

.00

Figure 4.8: A T-periodic solution of the delayed periodic red-blood cell model (4.20)
with r = 1 starting at ¢(¢) = 0.2,0 € [—1, 0], where p(t) = 0.3 + 0.2sin(27t), T' =1
and y(t) = 0.15 + 0.05 cos(27t).

Now we change the parameters so that assumptions in Proposition 4.4.1 are not
satisfied. Let 7= 1,7 = 1, u = 10, p(t) = 3 + 2sin(2xt) and y(t) = 10 + 5 cos(27t).

Figure 4.9 shows a solution in this scenario.
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0.35

0.20

0.15F--{

.10 Hy-1- .- -1 -

0.05

.00

Figure 4.9: An irregular solution of the delayed periodic red-blood cell model (4.20)
with 7 = 1 starting at p(#) = 0.2,6 € [—1,0], where p(t) = 3 + 2sin(27t), T'= 1 and
y(t) = 10 + 5 cos(27t).

4.5 Partial functional differential equations

Following the settings in Wu [1996] and Ducrot et al. [2013], we can also use the results
in chapter 3 to study the existence of periodic solutions in abstract evolution equations
with delay (Liu [1998], Ezzinbi and Liu [2002], Benkhalt and Ezzinbi [2004], Kpoumie
et al. [2018]) and partial functional differential equations with periodicity (Li [2011],
Liet al. [1999]).

(i) Periodic partial functional differential equations.

Let B: D(B) CY — Y be a linear operator on a Banach space (Y, ||[|,-). Assume
that B is a Hille-Yosida operator; that is , there exist wp € R and Mp > 0 such that

(wp, +00) C p(B) and

1\ = B) ™ < % YA > wp, 0> 1.
— WB
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Set Yy := D(B). Consider the part of B in Y{, denoted By, which is defined by
Byy = By, Vy € D(By)

with

D(By) == {y € D(B) : By € Yy}.

Note that this construction is introduced for the existence theory.

For r > 0, set C' := C([—r,0];Y') endowed with the supremum norm

lelloe = sup [le(@)]]y -

0e[—r,0]

Consider the partial functional differential equations (PFDE):

WO = By(t) + L(y) + f(t w), ¥t >0, (4.21)

yo = ¢ € Cp.

where Cp := {¢ € C([-r,0;Y) : ¢(0) € D(B)}, y+ € Cp is defined by y;(0) =
y(t+0),0 € [-r,0], L : Cy — Y is a bounded linear operator, and f : R x Cg — Y
1S a continuous map.

Now we rewrite the PFDE (4.21) as an abstract non-densely defined Cauchy prob-
lem such that our theorems can be applied. First, we regard the PFDE (4.21) as a PDE.

Define u € C([0, +00) X [—7,0],Y) by
u(t,0) =y(t+0), Vt >0, V8 € [—r,0].

Ify € C'([—r,+00),Y), then

Ju(t,0)
ot

Moreover, for 8 = 0, we obtain

Ju(t,0)

50 y'(t) = By(t)+L(y)+f(t, y;) = Bu(t,0)+L(u(t,.)+f(t, u(t,.), Vt > 0.
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Therefore, we deduce that u satisfies the PDE

Ou(t,0)  Ou(t,0) -0

ot o0 )
Q4L — Bu(t,0) + L(u(t,.)) + f(t,u(t,.)), Yt >0, (4.22)

u(0,.) = ¢ € Cp.
In order to write the PDE (4.22) as an abstract non-densely defined Cauchy problem,

we extend the state space to take into account the boundary conditions. Let X =Y x C

with the usual product norm

Y
= llylly + el -
¥

Define the linear operator A : D(A) C X — X by

0 —2(0) + Bp(0 0
Al O 2| PO B0 vl | ep (4.23)

%2 %2 2
with

D(A) = {0y} x {¢ € C'([-1,0,Y), ¢(0) € D(B)}.

Note that A is non-densely defined because
X() = D(A) =0y X CB 7& X.

Now define L : Xy — X by

’ Oy _ L(p)
® Oc
and F: R x X, — X by
0 f(t,
F(t, Y ) _ ( 90>
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Let

Then we can rewrite the PDE (4.22) as the following non-densely defined Cauchy prob-

lem

dv(t) Oy
= Av(t) + L(v(t)) + F(t,v(t)), t > 0; v(0) = € Xo. (4.24)

2

To state an existence theorem of periodic solutions for equation (4.21), we make the

following assumptions.

Assumption 4.5.1. (C1) f: R x Cp — Y is Lipschitz on bounded sets; i.e., for each
C' > 0 there exists K;(C) > 0 such that || f(¢,u) — f(t,v)| < K¢(C)||u— ||

fort € [0,00) and ||u|| < C and ||v|| < C;

(C2) f:RxCp — Y is bounded on bounded sets; i.e., there exists L (7, p) > 0such

that || f(t,u)|| < Ly(T,p) fort < T and ||lul| < p.
With these assumptions, we have the following result for equation (4.21).

Theorem 4.5.2. Let Assumption 4.5.1 hold with wg < 0 and f being T-periodic in t.
Suppose that there exists p > 0 such that (N + T)(K¢(p) + H[:H) < 1and (N +
T)(Ly(T,p) + H[:H p) < p, where N = 1_6+3T then equation (4.21) has a T-periodic

solution.

Proof. Since (4.21) can be written as (4.24), denote G(t, v(t)) = L(v(t)) + F(t,v(t)),

it suffices to prove that
(a) A satisfies Assumption 3.1.2 (H1) with w < 0;

(b) G :[0,00) x {0y} x Cp = Y x C satisfies Assumption 3.1.2 (H1) (H2);
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(c) There exists p > 0 such that (N +T)Kg(p) < 1L and (N +T)La(T,p) < p,

T
1—evT "

where N =

It follows from Theorem 3.1.3 that equation (4.24) has a T-periodic mild solution,
which implies that equation (4.21) has a T'-periodic mild solution with initial value
u(0,.) = ¢ € Cp. Meanwhile, by Theorem 2.1 in Hale and Verduyn Lunel [1993],
equation (4.21) has a unique solution yy(t) € C'([—r,00),Y’) with initial condition
yo(0) = ¢(0) for € [—r,0]. Therefore, yo(t) is a T-periodic solution for (4.21).

From Lemma 3.6 in Ducrot et al. [2013], we know that A as defined in (4.23) is a
Hille-Yoshida operator with w = wp < 0 and M = 1, which proves (a).

For ¢1, o € Cp such that ||p1]] < C and ||¢2]| < C, we have

0 0 -
T | eoy x =D
©1 P2

and

OY OY
= [lgall < C, = lleof < C.
¥1 P2



Then
Oy OY
G(t, ) — G(t, )
l ( ¥1 ) ( ¥2 )
Oy Oy Oy
= || L( ) — L( )+ F(t,
P1 P2 ( ¥1
OY Oy OY
< |IL( ) — L( )|+ ||F' (¢
©1 P2 ( ¥1
_ [A/(gol - QOQ) n f(t7 QOI) - f(ta 902>
OC OC
= ]A;(gpl — p2) Y+ Il f(t, 1) _f(t7902)HY

< K4(C) s = all + |2 1 =

= (KAC) + | ]) lier =

— (K(0)+ |[2])

Oy
¥1

So there exists K (C) = K¢(C) +

o)

)[:‘ such that
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0
Furthermore, for ¢ < T and v < p, we have
¥
0 0 0
ae, | T Dll=le] T | +Fe | T
¥ ¥ ¥
Oy OY
<||L + ||F(t, )
¥ ¥
L(y) f(t, )
= -
Oc Oc
= [E@)||, + 17 @)y
< LH p+ Ly(T, p).
. - Oy
So there exists Lg(7T), p) = HLH p+ Ls(T, p) such that ||G(t, N < La(T, p),
¥

which completes the proof of (b).
With K(C) and Lg(T), p) given as above, (c) follows directly from the assump-

tions. |

(ii) A reaction-diffusion equation with time delay

Let us consider the following periodic reaction-diffusion equation with time delay:
Owu(z,t) = Pu(z,t) — au(z,t) — b(t)u(x,t —71), 0< <1, t>0
u(0,t) =u(1,t) =05, t >0 (4.25)
u(z,t) = ¢(t)(x), 0<x <1, —r <t <0,
where a > 0, b € C([0,00),R,) is T-periodic. We will study the existence of 7-

periodic solution of problem (4.25).
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Let v(z,t) = u(z,t) — 0.5, then we have the following equation:

O (x,t) = O*v(z,t) — av(z,t) — b(t)v(x,t — 1) —0.5a — 0.5b(¢), 0 <x <1, t>0
v(0,t) =v(1,t) =0,t >0

v(z,t) =¢(t)(x) =05, 0<z <1, —r <t <0.
(4.26)

We know that the existence of T-periodic solutions of equation (4.26) is equivalent to
the existence of 7-periodic solutions of equation (4.25).

Let X = C(0,1) and B : X — X be defined by

Bp=¢" —ad
with
D(B) = {¢ € C*([0,1],R), $(0) = ¢(1) = 0}.

Let Cp := {¢ € C([—r,0], X) : $(0) € D(B)} and define f : [0,00) x Cz — X by
f(t, @) = —=b(t)p(—r) — 0.5a — 0.5b(t).

Then equation (4.26) can be written as

WO = By(t) + f(ty), ¥ 20 427)

Yyo=¢ €Cp
Proposition 4.5.1. Assume that
(i) a>0,0<0b(t) <byandb(t+T)=0b(t)fort>0;
(ii) (=F7 +T)by < 1;
(iii) There exists p > 0 such that (;—= + T)(0.5a + 0.5b; + byp) < p.

1

Then equation (4.26) thus (4.25) has a T-periodic solution.
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Proof. Since equation (4.26) can be written as (4.27), it suffices to check assumptions
of Theorem 4.5.2.

Letv € X and let A > —a. Then
(M =Blp=v & Ata)p—¢" =1
Following exactly the same way as in the proof of part (a) of Proposition 4.3.1, we

obtain that

|(Af = B)™!| < %ﬂ VA > —a,

which implies that wg = —a < 0. For @1,y € Cp and ||p1|| < C, ||p2|l < C, we
have
1f (£, 01) = F(t, 02)l] = [[=0(E)pr(=7) — 0.5a — 0.5b(t) + b(t)p2(—7) + 0.5a + 0.5b(2)

= [[b(t)(p2(=7) = @2(=7))]
< 6@ lp2(=7) = @2(=r))|
< by llpr — oo -
So K(p) = by for Vp > 0. Moreover, for ¢ € Cp with ||¢]| < pand 0 <t < T,
1 (£, @)l = | =b(t)(=r) — 0.5a — 0.5b(t)]|
< by |||l +0.5a + 0.5b,
<byp+0.5a+0.50b,.
So we have L¢(T', p) = by p+ 0.5a + 0.50.,.. Therefore, assumptions (ii) and (iii) imply

(N+T)(Ks(p)+ HﬁH) < land (N +T)(Ls(T,p)+ HI:H p) < pin Theorem 4.5.2,

respectively. The conclusion follows from Theorem 4.5.2. |

Now we choose parameters for equation (4.26) such that assumptions in Proposition
4.5.1 are satisfied. We will perform numerical simulation to demontrate the existence

of T-periodic solutions.
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LetT =1,a = 1and b(t) = 0.15 + 0.15sin(27t). We can verify that Proposition

4.5.1 holds, so there exists a T-periodic solution, which can be seen from Figure 4.10.

0.50
0.49
0.48
0.47
o.a6 Y
0.45
0.44
0.4a3
0.42

Figure 4.10: A T'-periodic solution of the delayed reaction-diffusion equation (4.26)
with initial condition ¢(x,t) = 0.5 for t € [—1,0], x € [0, 1], where b(t) = 0.15 +
0.15sin(27t), 7 =1 and a = 1.

Now we change the parameters so that the conditions in Proposition 4.5.1 do hold.
Let T = 1,a = 1and b(t) = 1.5 + 10sin(27t). Figure 4.11 gives a solution in this
scenario.

(iii) The diffusive Nicholson’s blowflies equation. We consider the diffusive Nichol-

son’s blowflies equation (So and Yang [1998], Yang and So [1998], So et al. [2000])

Bug;,x) = 82;5;’“:) — Tu(t,x) + B(t)Tu(t — 1,2)e"t=40) ¢+ >0, x € [0,1]

(4.28)
u(t,0) =u(t,1) =0.1, t >0,

where (5(t) is T-periodic. To study existence of T-periodic solution of equation (4.28),
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[ 1.2
1.0
| 0.8
| 0.6
0.4
[ 0.2

0. \\\’_’///ll_
00'20-40 & 5 -2
x - 0.81_0

3 L 3
O 1 2 t

Figure 4.11: A solution of the delayed reaction-diffusion equation (4.26) with initial
condition ¢(x,t) = 0.5 fort € [-1,0], x € [0, 1], where b(t) = 1.5 + 10sin(2xt),
T=1anda=1.

let v(t,2) = u(t,x) — 0.1. Then we have

8”((9tt’x) = 6255(;;1) —7v(t,x) + B(t)To(t — 1, x)e PE-1o)+01]

+0.13(t)re"Pt-12)+01] 0 17 (4.29)

v(t,0) = v(t,1) =0,
We know that existence of T-periodic solutions of equation (4.29) is equivalent to the

existence of T'-periodic solutions of equation (4.28).

Let X = C[0,1] and let B : X — X be defined by
B¢ =¢" —71¢

with D(B) = {¢ € C%([0,1],R), $(0) = ¢(1) = 0}. Let C := {¢ € C([—1,0],X) :
#(0) € D(B)} and define f : [0, 00) x Cz — X by

f(t,0) = B(t)Td(—1)e DT L0 18(8) re DT 017,
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Then equation (4.29) can be written as
——~ = By(t)+ f(t,y:), Vt =20 (4.30)
Proposition 4.5.2. Assume that
(i) 7>0,0<B(t) < Byrand B(t) = Bt +T) for vt > 0;

(ii) There exists p > 0 such that (=5 +T)B+7e " (p+1.1)e? < 1 and (=L +

T)7(0.1 + Brpel™ " +0.18,er701) < p.
Then equation (4.29) thus (4.28) has a T-periodic solution.

Proof. Since equation (4.29) can be written as (4.30), it suffices to check assumptions

of Theorem 4.5.2. Let ¢ € X and let A\ > —7. Then
(M =Blp=v < A+1)p—¢" =1

By following exactly the same way as in the proof of part (a) of Proposition 4.3.1, we

obtain that

|(A = B)7!|| < YA > —T,

1
A+’
which implies that wg = —7 < 0. For ¢y, 0o € Cp and |l¢1]| < p, |[p2]| < p, we have

f(t, 1) — f(t,02) = 5@)7'@1(_1)67[%(71”0'1} + 0-15@)767[%(71”0'1} = 0.17

— B(t)Tpa(—1)ele2=DH0U g 15(¢)rele2(=DF0A g 17



80

and

£t 01) = £t 02) || < [|BE)TE1(=1)e P DT — 517y (—1)e P20 +0])
+]|0.18(t)re" 1 EDTOU _ 0 18()re 200
o R
e or (e — ()|
+[|0.18(t)re O (e D — e |
< Brre N p+1)e? o1 — ol + 0.184me™ e |1 — |

= Byre " p+1.1)e” |1 — o -

So we have K¢(p) = prre % (p + 1.1)e? for p > 0. Moreover, for ¢ € Cp with

ol < pand0 <t <T,

£t @)l = [[BE)To(=1)e ¥ L 0.1 5(H)re WD — 0,17
< Byre ! ng(—l)e‘“’(_l)H +0.18,1e ! ||e_“"(_1)H +0.17
< 7(0.1 4 Bypef Ot 4018, €270,
Hence, we have L;(T, p) = 7(0.1 4+ B4 pe? "1 + 0.18,e~°1). Therefore, assumption

(ii) implies (N + T')(Ky(p) + HiH) < land (N + T)(L(T,p) + HﬁHp) < pin

Theorem 4.5.2. The conclusion follows from Theorem 4.5.2. [ ]

Proposition 4.5.2 indicates that if the production related function §(t) is T-periodic

and bounded above by a constant 3, and there exists p > 0 such that g, <

e e 04 (= + D)7(0.1+ fipe?™0 +0.16,e770) < p, then

the model has a T'-periodic solution.
Now we choose parameters for equation (4.28) such that assumptions in Proposition

4.5.2 are satisfied. Let 7' = 1, 7 = 1 and §(¢) = 0.025 4 0.015 cos 27t in equation



81

(4.28), then it’s easy to check that assumptions of Proposition 4.5.2 are satisfied. So

there exists a T-periodic solution, which can be seen from Figure 4.12.

Figure 4.12: A T'-periodic solution of the diffusive Nicholson’s blowflies equation
(4.28) with initial condition ¢(z,t) = 0.1 for t € [-1,0], = € [0,1], where
p(t) =0.025 4 0.015cos(27t), T =1 and 7 = 1.



Chapter 5

Conclusions and Future Study

In conclusion, I gave a few theorems on the existence of periodic solutions of abstract
semilinear equations and abstract semilinear evolution equations and applied them to
age-structured models with periodic harvesting, diffusive logistic equations with peri-
odic coefficients, periodic functional differential equations including delayed red-blood
cell models, and periodic partial functional differential equations including diffusive
Nicholson’s blowflies equation.

Further studies could go towards two directions:

One is further theoretical study. So far only the existence of periodic solutions was
obtained for these equations, the next step is to study stability of the existing periodic
solutions.

The other one is application. Besides the biological and medical models I mentioned
in the application chapter, the theorems can also be applied to other models such as
periodic wave equations and periodic epidemic models (with delay, age-structure or

diffusion).
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