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The lattice B, of subsets of the set {1,2,...,n} ordered by inclusion and the
lattice II,, of partitions of {1,2,...,n} ordered by refinement are two of the most
fundamental examples in the theory of partially ordered sets (posets). A natural
well-studied g—analogue of the subset lattice is the lattice B, (q) of subspaces of
the n-dimensional vector space Iy over the field F, with ¢ elements ordered
by inclusion. There are many justifications for viewing this as a g¢—analogue. One
comes from the fact that the number of maximal chains of B, is n!, while the
number of maximal chains of B, (q) equals the g—analogue of n! which is defined
by

[n]g! == [nlg[n — 1. [1]q,
where [n],:=1+¢+---+¢"'. Another justification comes from studying
the topology of a certain simplicial complex associated with the poset, called the
order complex. The order complex associated with B, is homeomorphic to a

single sphere of dimension n — 2, while the order complex associated with B, (q)



has the homotopy type of a wedge of q(g) spheres of dimension n — 2.

It is well-known that the order complex associated with II,, has the homotopy
type of a wedge of (n —1)! spheres of dimension n — 3. Various g—analogues of
the partition lattice II,, have been proposed over the years, starting with the
Dowling lattices introduced in a 1973 paper of Dowling. Posets studied by Welker
and by Hanlon, Hersh, and Shareshian involve direct sum decompositions of
vector spaces over IF,. While these posets have interesting properties analogous
to those of II,, such as having the homotopy type of a wedge of spheres, none
have the desirable property that the number of spheres is a g—analogue of (n—1)!.
The g—analogue proposed in this thesis is the poset II,(¢) of direct sum
decompositions of subspaces of Fy whose summands all have dimension at
least 2, ordered by inclusion of summands. This is actually a ¢—analogue of a
poset that is isomorphic to II,, namely the poset of partitions of subsets
of {1,2,...,n} in which each block has size at least 2. We show that the order
complex associated with II,(g) has the homotopy type of a wedge of f(q)[n—1],!
spheres of dimension n —3 where f(¢q) is a polynomial in ¢ that is equal to 1
when ¢ is set equal to 1.

In order to prove this result, we initiate a study of a much more general class
of posets, which includes I, I1,,(¢), and the k—equal partition lattices introduced

by Bjorner, Lovész, and Yao in 1992. The k-equal partition lattice IT-* is



the subposet of II, consisting of partitions for which each block has size
at least k£ or 1. In this general class, the roles of B, and B,(q) in the
definitions of II, and II,(q) are played by an arbitrary geometric lattice L. We
use shellability theory to prove that the order complex associated with a general
k—equal decomposition lattice TI7* has the homotopy type of a wedge of spheres
in varying dimensions when % > 2 and just in dimension n —3 when £ = 2.
Shellability theory also enables us to derive a complicated formula for the number
of spheres in each dimension. The nontrivial step of reducing the complicated
formula in the case of ng( =1I,,(¢) to the desired f,(q)[n —1],! formula

q)

uses Stanley’s theory of exponential structures.
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Chapter 1

Introduction

From a combinatorics perspective, the application of topology to the theory
of partially ordered sets greatly enriched the field. Beginning with the Md&bius
function and its connection to the reduced Euler characteristic of the order complex
of a poset, poset topology has become an important tool itself, with applications
to subspace arrangements and complexity theory, among other things. For further
information on topology of posets, see [21].

Given any finite poset P, define a chain as any totally ordered subset of P,
and define the order complex A(P) of P as the abstract simplicial complex whose
faces are the chains of P. Using simplicial homology over the ring of integers 7Z,
the reduced homology associated to the order complex A(P) is then denoted
by j:lvj(P), and the reduced cohomology is then denoted by ]?j(P), so that by
slight abuse of terminology, we can discuss (co)homology of posets. The rank of
the reduced homology group E(P) is called a reduced Betti number of P, and
is denoted by 3i(P).

Certain posets have additional structure which we make use of to analyze

topological results of their order complex combinatorially. Let P be a poset; a



lower bound of two elements z,y € P is an element z € P such that z <z and
z < y. Upper bounds are defined similarly. A lattice is defined as a poset such
that every pair of elements has both a greatest lower bound and a least upper
bound. For pairs of elements x and y, if it exists then the greatest lower bound
is denoted x A y, and if it exists, the least upper bound is denoted = V y.

A poset P is ranked or pure if for every element =z, every maximal chain
whose largest element is x has the same length, denoted p(x), and called the
rank of x. If P has unique elements 0 and 1 such that for all z € P,
0 <z <1,then P is called bounded. Let P be bounded; define the proper part
of P by P:=P—{0,1}.

For arbitrary posets, a Hasse diagram is a directed graph whose vertices are
elements of the poset and whose edges are the covering relations of the partial
order. Let £(P) denote the set of coverings of P, and define an edge labeling as
any function ¥ :E&(P) — Z. If P is bounded and admits an edge labeling that
satisfies the conditions of Definition 2.2.3 below, then P is called FL-shellable,

and the edge labeling is called an EL-labeling. A maximal chain
OZCQ<61<"'<Cm_1<Cm:igP

is said to be falling if the labels of the chain weakly decrease as the chain is read
in increasing order. The following theorem of Bjorner and Wachs connects these
labelings to the topology of posets.

Theorem (see Theorem 2.2.5). Let P be a finite EL-shellable poset under
edge labeling V. Then A(P) has the homotopy type of a wedge of spheres.
Furthermore, for each i the number of spheres of dimension i — 2, and therefore
mnk(ﬁ:Q(ﬁ)), is equal to the number of falling chains of P (under V) of length

i.



The Boolean algebra B, is defined to be the poset consisting of all subsets of
{1,2,...,n} ordered by containment. Labeling each edge by the unique element in
the larger subset which is not in the smaller subset makes B, EL-shellable. There
is a unique falling chain; its length is n and its label sequence is n,n —1,...,1.
Therefore, A(B,) has homotopy type of a single sphere of dimension n — 2. The

edge labeling of Bjs is given in the following diagram:

{1231

The Boolean algebra is a fundamental example of a well-studied type of
lattice called a geometric lattice; Bjorner [2] showed all geometric lattices are
EL-shellable.

There is a special class of geometric lattices called the partition lattices, denoted
by II,. The elements of II, are the set partitions of {1,2,...,n}, ordered by
refinement. The edges of II,, come about by merging exactly two blocks of the
finer partition. An edge labeling which assigns to each edge the largest element of
the two merging blocks makes II, EL-shellable [22]. It can be shown that there
are (n—1)! falling chains of this EL-labeling of II,. It follows that A(II,) has

the homotopy type of a wedge of (n — 1)! spheres of dimension n — 3.



The k-equal partition lattice II-* is the induced subposet of II, consisting
of partitions that contain no non-singleton blocks of size less than integer k.
Note that when k = 2, there are no restrictions on blocks, so II>% = II,,. The
lattice II-* originated in the work of Bjorner, Lovdsz, and Yao [4] on the k—equal
problem in complexity theory, where a lower bound on the complexity of the so
called k—equal problem in computer science is given in terms of the Betti numbers
of TIZ*. The order complex A(II;*) was then shown by Bjérner and Welker [9]
to have the homotopy type of a wedge of spheres of varying dimensions. Since
I15% is not pure in general, Bjorner and Wachs [7] then extended the notion of
shellability from pure to nonpure simplicial complexes, and proved the following
result.
Theorem (see Proposition 2.5.3). The lattice 1I;* is EL-shellable for all
integers 2 < k < n. Moreover, the order complex A(H_;’f) has the homotopy
type of a wedge of spheres, where the number of spheres gd(H_ﬁk) of dimension

d is 0 unless d =n —3 —t(k—2) for some positive integer t. If k=2, then

d=n—3 and
3 <2 n—1 i
a2 =3 ) ( | ) [16: - .
t=1 jl-f,-...;_];:n’ Ji— 1,02, J¢ paley
JiZ 7

If k> 2, then for each possible d,

t .
= % ( . )H( )
P SV el S TR [ B
Jizk Vi

For ¢ a prime power and n a nonnegative integer, let B,(q) be the lattice
of subspaces of [y, the n-dimensional vector space over the field of order g,

ordered by containment. This subspace lattice is considered to be a g—analogue
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i—1

of the Boolean algebra for several reasons. Define [n], for positive

I
Q

integer n, and further, define [0],! = 1, and {ﬂ = T Note that
q

n n
when ¢ =1, [n], =n, and so [n],! =n!, and L} _ (r)
q
One reason we consider B, (¢q) to be a g—analogue of B,, is that the number

of elements of rank r of B,(q) (i.e., the number of r—dimensional subspaces)

is {Z] , while for the Boolean algebra B,,, the number of elements of rank r is
q

(:) Another reason is that the number of maximal chains of B,(q) is [n],!,
while the number of maximal chains of B, is n!; there are many results like
this for this pair of lattices. The lattice B,(q) is another example of a geometric
lattice.

There have been several ¢—analogues of the partition lattice introduced
in the literature; the Dowling lattices [11], and the f-g—order analogues of
Bennett, Dempsey and Sagan [1] and Simion [15] are various examples. Other
examples build on the idea of subspace lattices, including the lattice of direct sum
decompositions of Fy, analyzed by Welker [23], who proved that the proper part

n—1
of this lattice has the homotopy type of a wedge of % I_I(qZ —1)fn(q) spheres of
dimension n — 2, where f,(q) is a polynomial with iri;éger coefficients.

Hanlon, Hersh, and Shareshian [13] then introduced the lattice of partial direct
sum decompositions. A partial direct sum decomposition is a set of subspaces
{U1,...,U} of [y, whose sum is direct. These partial decompositions are ordered
by {Uy, ..U} < {Wy,...,W,} if each summand U; is a subspace of some
summand W;. Using discrete Morse theory, they find that the proper part of this

n—1

1 (n )
lattice has homotopy type of a wedge of —q<2) H(qZ — 1) spheres of dimension
n

=1

2n — 3.



Both of these examples present analogues which do not have the property that
the nonvanishing Betti number of its proper part at ¢ =1 yields (n—1)!, which
is the nonvanishing Betti number of II,. Thus, one can say that they are not
true g—analogues of II,, in the purely topological sense, nor were they intended
to be. The lattice of direct sum decompositions was introduced by Stanley [18]
for the purpose of obtaining analogues of the compositional formula (see Section
7.1). The lattice of partial direct sum decompositions was introduced by Hanlon,
Hersh, and Shareshian in order to obtain a GL,(F,)-analogue of the action of
the symmetric group on the homology of the proper part of the partition lattice.

We introduce then a new ¢g-analogue II,(q) of the partition lattice. For
every positive integer n > 1 and prime power g, let II,,(¢) denote the lattice of
partial direct sum decompositions of Fy in which no summand has dimension 1.
Unlike II,, it turns out that II,(g) is not a geometric lattice. However, we show
in Theorem 7.2.1 that A(II,(g)) has the homotopy type of a wedge of spheres of
dimension n — 3, where the number of spheres is a nice g-analogue of (n — 1)!.

In order to prove this result, we first construct a g¢-analogue of II-* for
general k > 2. Define II-*(q) as the lattice of partial direct sum decompositions
of Fy in which no summand has dimension less than £. This lattice is really
a g—analogue of the lattice of partial partitions of {1,...,n} with block sizes at
least k, which is isomorphic to the k-equal partition lattice II-*. Note that
IT,2(q) = Ta(q).

Theorem (see Corollary 6.2.13). The lattice 11;%(q) is EL-shellable for all

integers 2 < k < n. Moreover, the order complex A(II=*(q)) has the homotopy

type of a wedge of spheres, where the number of spheres Bd(H,fk’(q)) of dimension

d is 0 unless d=mn—3—t(k—2) for some positive integer t. If k = 2, then



d=n—3 and
" L%J t ( ) n
Bn-s(I32(q)) = (t—1)! (A — 1 de
; AFn g ﬁ[ ! j:H1 a]
(=t L.
)\122 Vi -
where ex(N) = > NA;j and a;j(N) is the number of parts of N\ of size j. If
1<i<j<t

k > 2, then for each possible d,

~ i ;—k+1 L 62()‘)71 | n

BuH @) = Y (t=1)! (Hq“ ){?_ﬂ )qt Hq'Ha.(l/\)l'
A o/ TTgt 5
N>k Vi =1

We show that the complicated formula above reduces nicely when k = 2. We
use the theory of exponential structures developed by Stanley [18] to obtain the
following result.

Theorem (see Theorem 7.2.1). The lattice 11,,(q) is EL-shellable. The order
complez A(I,(q)) has the homotopy type of a wedge of B,_s(I1,(q)) spheres of

dimension n — 3, where

s M) = Galaa =) =1, and Golo) = (m - q>“)-

Note that gn(q)q("?) =1 when ¢ = 1, making II,(¢) an appealing ¢—
analogue of II,. To get these results, we examine the even more general situation
of decomposing a geometric lattice. Let L be a finite geometric lattice. Define
an independent set of [; to be any subset T = {zy,..,2;} € L — {0} such
that p(xy V.- V) = Z p(x;). This notion of set independence generalizes the
notions of direct sum deic:(;mpositions of finite vector spaces and set partitions of
finite sets simultaneously.

For each positive integer k, let II7* be the poset of independent subsets of

L consisting of elements all of rank at least k. The order relation on independent



subsets is given by {xy,...,2:} < {y1,...,ys} if each x; is less than some y;
in L. Note that when L = B,, we have II3" = II-*, and when L = B,(q),
we have Hgf(q) = II;%(q). We show that the poset TI7* is a lattice; we call
7% the k-equal partial decomposition lattice of L. We also find an EL-labeling
of TI7* and count its falling chains, giving us the following general theorem. Let

L,={yeL|y<z} and (L,)r ={y € L, | p(y) > k}. For an independent set

T,let r(T)= > p(x).

zeT

Theorem (see Theorem 6.2.8). The lattice 1I;* is EL-shellable for all integers
2 < k < n. Moreover, the order complex A(H_fk) has the homotopy type of a
wedge of spheres, where the number of spheres gd(l_[_fk) of dimension d is 0
unless d =n—3—1t(k—2) for some positive integer t. If k=2, then d=n—3

and

15)
gn—S(H_[:/z) = Z Z (t - 1)' H Bp(m)fS((Lx)Q)

t=1 Tel‘[f2 zeT
r(T)=n
|T|=t

If k> 2, then for each possible d,

BT = 37 (6= DU Boorss (B,

Tellzk z€T
r(T)=n
T|=t

In Chapter 2, we present preliminary information, including definitions,
examples, and previous theorems, though we prove only a small selection of these
theorems which turn out to be special cases of more general results presented
subsequently. Chapter 3 discusses the notion of g—analogues, and presents several
well-known results about g—analogues and rank selection. Chapter 4 also presents

a review of several previously proven theorems and lemmas concerning geometric



lattices, but these results are more fundamental to later work, and so are given in
more detail. Our new results begin in Chapter 5.

In Chapter 5, we introduce the concept of independent sets, and examine the
consequences of independence pertaining to II7*. Moreover in Chapter 6 we
construct an explicit EL-labeling of the k—equal partial decomposition lattice,
and exhibit a formula for determining the homotopy type of A(H_fk), as well as
the specialization of this result which applies to both L = B, and L = B,(q).
Chapter 7 details results concerning the lattice I, (g), which is shown to be a
g—analogue of the partition lattice II,. Specifically, we use exponential structures
to simplify the computation of the number of spheres, as well as extending other

well-known results for II,, to II,(q).



Chapter 2

Background

2.1 Basic Definitions

Let P be aset. A partial ordering <p is a binary relation on the elements

of P satisfying the following axioms for all elements a,b,c € P:

o If a<pb and b <pc, then a <pc.
OCLSP(I.

o If a<pb and b <pa,then a=0b.

We call the set P a partially ordered set, or poset for short. When the poset
P and the partial order <p are understood, we will write simply <. Further,
if x <py and x # y, we frequently write simply x <p y. Hereafter, when we
discuss posets, we shall always mean posets with finitely many elements. Given
two posets P and (@, if there exists a bijection ¢ : P — ) such that for all
pairs z,y € P, x <py if and only if ¢(z) <g ¢(y), then P and @ are called

1somorphic.

10
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Let P be a poset, and let x,y € P be such that z <y. If z <z <y
implies that © = 2z or y = z for all z € P, then we say that y covers =x,
denoted by x < y. For any poset P, define the Hasse diagram of P to be the
directed graph whose vertices are elements of P and whose edges are covering
relations; Hasse diagrams are standardly drawn so that the smaller elements are
below the larger elements. For this reason, the set of covering relations of P is
also known as the edge set £(P). An example of the Hasse diagram of the positive

divisors of 48 ordered by divisibility is given below:

For any poset P, we define a pair of elements a,b € P to be comparable
if either a < b or b < a; a pair of elements failing this condition is called
incomparable. For example, in the Hasse diagram above, 2 and 6 are comparable,
but 4 and 6 are incomparable. We then define a totally ordered set P as any
poset such that for all pairs a,b € P, then necessarily a and b are comparable.

Given C C P, the set C' is called a chain if it is totally ordered; a chain C
is mazimal if for any element a € P — C, then the set {a} U C is not a chain.
The length of C' is one less than its cardinality. The poset P is pure (or also
ranked or graded) if all of its maximal chains have the same length. We define the
integer ¢(P) as the length of the longest chain of P, and call this the length of

P. If P is pure, we define a rank function p: P — N by, for each x € P, setting
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p(x) equal to the length of the longest chain whose largest element is .

In the poset of divisors of 48 illustrated above, the subset {2,6,24} is a chain
of length 2, as it is totally ordered. This chain is not maximal, however, since the
inclusion of the number 12 leaves the new set totally ordered. On the other hand,
the subset {1,3,6,12,24,48} is a maximal chain, since no other divisor of 48 is
also divisible by 3, and thus would be incomparable to the prime number 3. The
poset is pure since each maximal chain has length 5.

If there exists an element 0 € P such that 0 <z for all z € P, then 0 is
unique and is called the minimum element of P, or the bottom element. Similarly,
if there exists 1 € P such that z <1 forall z € P, then 1 is also unique and
is called the maximum or top element. If P has both a top and a bottom, we say
that it is bounded. For example, the divisors of 48 are bounded by 1 and 48. If P
is bounded, define its proper part P by P = P — {0, i}; that is, the proper part
of P is obtained by removing the top and bottom of P. We can also artificially
adjoin to P a top and bottom; that is, we define P:=PU {0, 1}, where these
elements satisfy the definition of top and bottom.

A subposet of P is a set T C P with a partial order <¢ such that if
a <7 b, then a <p b. The subposet T is called induced if for all pairs a,b € T,
we have a <p b if and only if a <7 b. For example, chains are induced subposets.
Given z,y € P, define the open interval (z,y) as the induced subposet on the set
{z € P |z <z <y}, and the closed interval [z, y] as the induced subposet on the
set {z € P |z <z <y} Notethatif x <y, then (z,y)=0.If P is bounded,
a lower interval is a closed interval of the form [0, z], and an upper interval has
the form [z, 1], where z € P.

Given z,y € P, define a lower bound as an element a € P such that a < x

and a < y; an upper bound is an element b € P such that * <b and y <b. If



13

the set of lower bounds of x and ¥y has a top element then we call this element
the meet of x and vy, denoted by x A y. Similarly, a bottom element of the set
of upper bounds is called the join of  and y, denoted xVy. We illustrate this

with a diagram:

<>
> X

L

z Jy

\/

XAY

In this poset, the elements x and y as well as their meet and join are all
labeled. On the other hand, the pair z and y do not have a join, since both
x Vy and the element w are incomparable upper bounds of z and y, with
no upper bounds less than either of these, so that the set of upper bounds has no
minimum.

If every pair of elements of a poset has both a meet and a join, then the poset
is called a lattice. If L is a lattice, we can extend the definition of meets and
joins to collections of more than two elements; for example, the meet of the set
{z1,...,x2} C L is defined as the unique maximum element of the set {z € L | z <
x; Vi}. In particular, meets and joins in lattices are associative, commutative, and
idempotent binary operations (see [16]). Furthermore, all lattices are bounded.

The set of divisors of 48 forms a lattice, where the meet of two integers is their
greatest common divisor, and their join is their least common multiple. More
generally, if every pair of elements of a poset has a join, then the poset is called

a join semilattice; similarly, if every pair of elements has a meet, then the poset
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is called a meet semilattice. Therefore, a lattice is both a join semilattice and a
meet semilattice. Further, if a join semilattice has a bottom, then it is a lattice;
similarly, if a meet semilattice has a top, then it is a lattice (see [16]). Suppose P
is bounded, and define its atoms as those elements that cover 0.

Given poset P, let Io(P) be the set of closed intervals of P. Define the

Mébius function p : Io(P) — Z recursively as follows:
o If € P, then pu([z,z]) = 1.

o If x <y, then

wley)=—1{ > wllz,2])

2 | w<a<y
As this function is defined on intervals, it is customary to eliminate the interval
brackets and simply indicate the bounds of the interval in question. However, we
will avoid this notation to make it more clear that this is a function on intervals of
P. Further, if P is bounded, then we call the value ju(P) = u([0,1]) the Mébius
invariant of P. For various interpretations and uses of this Mobius function, see
for example [16].

As an example, we can compute the Mobius function of the indicated interval

[z, y]:

land
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Here, we write the value of the p([z,z2]) next to each vertex z.

Given two posets P and () with their respective partial orders, define a
new poset called the (direct) product P x @) with partial order <pyg such that
(p1,q1) <pPxq (P2,q2) if p1 <pps and ¢ <g ¢2. With this definition, it can be
shown that

1([(p1, @1), (P2, @2)]) = pl[p1, p2]) - 1([1, g2]) (2.1.1)

for every closed interval of P x @ (see [16]). Note that the definition is symmetric,
so that P x Q = @ x P. Further, if P is pure of length n and @ is pure of

length m, then P x () is pure of length n + m.

2.2 Shellability and EL-labelings

In this section, we relate posets to topology.

Definition 2.2.1. A family of sets A on vertex set V' is an (abstract) simplicial

complex if A satisfies the following properties:
o If YC X €A, then YV € A.

e Every singleton subset of V' is an element of A.

The elements of A are called its faces; a face is mazimal if it is not contained
in any other face. Define a simplex as a simplicial complex with only one maximal
face. Define the dimension of a face F as dim(F) = |F| — 1. The complex

consisting of only the empty set is called the empty simplicial complex, and has
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dimension —1. We refer to the empty set as the degenerate empty complex, and
say that it has dimension —2, even though it is not a proper simplicial complex.

The complex A is pure if all of its maximal faces have the same dimension;
this dimension is referred to as the dimension of A. For any poset P, its order
complex A(P) is the simplicial complex whose vertex set is P and whose faces
are the chains of P. Accordingly, maximal faces of A(P) correspond to maximal
chains of P. Note that P is pure if and only if A(P) is pure.

For example, consider the poset P, with the following Hasse diagram:

Then A(P) = {{a,b,c}, {a.}, {a.¢}, {b.c}, {d. c}, {a}, {8}, {c}, {d},0}. We see
here that the maximal faces of this simplicial complex are {a,b,c} and {d,c},
which correspond to the two maximal chains of the poset. Geometrically, using

standard depictions of simplices, we can represent this complex as:

2 d

Here, the shaded triangle represents the 2-simplex {a, b, c}.

A natural question is what topological properties does the order complex of a
poset (or equivalently, its geometric realization) have? In the small example above,
it is evident that the geometric realization of the order complex is contractible. In

general, we can see that if there is a bottom or top element in the poset, then the
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order complex will be contractible, being a cone. Thus, we will only consider the
proper part of a bounded poset.

It is not in general a simple task to determine the topology of the order
complex of an arbitrary poset. On the other hand, some techniques do exist
which make these computations more tractable. For instance, shellability theory
gives a standard method of obtaining topological results. Originally, shellability
was defined only for pure simplicial complexes [10]. This definition was extended
to include nonpure complexes by Bjorner and Wachs [7, 8]; this is the definition
we present below.

Given a face F of a simplicial complex A, denote by (F) the simplicial
complex generated by F. Thatis, (F) ={G € A |G C F}. A simplicial complex
is shellable if there exists a lin(zar1 ordering of its maximal faces, F}, Fs, ..., F,, such
that for 1 <k <n, (F;) N (U <E)> is a pure simplicial complex of dimension
dim(F},) — 1. -

Below, we give an example of a shelling order for a geometric nonpure simplicial

complex, where the numbers indicate the linear order of the maximal faces. Here,

there are 5 maximal faces; four 1-faces, and one 2-face (which is shaded):

The use of shellability as a topological tool comes from the following theorem:

Theorem 2.2.2 ( [7, Theorem 4.1] ). A shellable simplicial complex has the

homotopy type of a wedge of spheres, where for each 1, the number of 1—spheres is



18

the number r; of i—dimensional maximal faces whose entire boundary is contained

in the union of earlier maximal faces.

Since a shellable complex A has the homotopy type of a wedge of spheres, in

each dimension the reduced integral (co)homology groups are

H(A) = Hi(A) > 7",

For instance in the shellable geometric complex above, the only face whose entire
boundary is contained in the union of earlier maximal faces is labeled 5, and this
face has dimension 1, so that the complex has the homotopy type of a single
1-sphere.

For a pure bounded poset P, Bjorner also introduced a method to establish
shellability of its order complex without resorting to the abstract definition [3].
This method is to construct what is called an edge-lexicographic labeling (or EL-
labeling for short) on the poset. Such a labeling also gives a very convenient
combinatorial way of computing the reduced (co)homology. The original definition
of this technique applied only to pure posets; Bjorner and Wachs extended the

definition to nonpure posets [7], and this is the definition we will use subsequently.

Definition 2.2.3. Let P be a bounded poset, with edge set £(P). An EL-
labeling is a function W : E(P) — A, where A is a fixed totally ordered set, such

that U satisfies the following conditions for any comparable pair = < y:

1. There exists a maximal chain ¢ = {¢g, 1, ...,cx} in [z,y] with
T =cyp<cp < ---<¢ =y, such that U(c;q < ¢;) <p V(¢ < ¢qq) for all
integers 0 < ¢ < k. That is, the labels of the chain strictly increase when
read upwards in the Hasse diagram of P. Such a maximal chain is called

T1SINg.
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2. There can be only one rising chain in [z,y]. That is, a rising chain must

exist and be unique.

3. The unique rising chain of [z,y] has a sequence of labels that, when read
from the bottom to the top, lexicographically precedes the label sequence of
every other maximal chain of [z,y| (also read upwards) in the lexicographic

order induced from A.

Notice that a poset may admit distinct EL-labelings. There is also a more
general version of this technique called chain-lexicographic labeling, or CL-labeling
[7]; in fact, Theorem 2.2.4 below applies to this more general case. However, an
EL-labeling is a special type of CL-labeling, and since we can exhibit EL-labelings
for all the posets we consider subsequently, we will not define the more general
CL-labelings.

We now give a nonexample to illustrate the requirements that an EL-labeling
must possess. Consider the poset of Figure 2.1, given by its Hasse diagram. Here,
the edges are labeled by integers under their usual total order. We can verify
that the only rising maximal chain of the entire poset is the bold (leftmost) chain.
Now, we consider the set of maximal chains. They carry label sequences (reading
from bottom to top) of (1,2,3), (1,3,2), (2,3,1), and (3,2), of which the bold
chain is lexicographically the smallest.

The conditions of Definition 2.2.3 are easy to verify for the maximal chains of
the poset of Figure 2.1, but we observe that this is still not an El-labeling since
all proper intervals of this poset are single chains, most of which are not rising.
For instance, the interval [a,1] consists of a single length 2 chain whose labels

decrease. Similarly, consider the alternative labeling of Figure 2.2.
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Figure 2.2: An alternative edge labeling.

Now, the dashed chain is also rising, and so the uniqueness of the rising chain
fails. In this second labeling, we could then try to permute the labels of bold chain
to be for instance (2,1,3); this would again give us a unique rising chain (the
dashed chain), but now the unique rising maximal chain is not lexicographically
first among all maximal chains, as the chain labeled (1,3, 2) is now first.

In actuality, the poset of Figures 2.1 and 2.2 does not admit an EL-labeling.

As an example of a poset that does admit an EL-labeling, consider the following:
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Since any proper interval consists of only a single labeled edge, we only need to
verify that there is a single rising maximal chain which is lexicographically first,
and this is easily seen to be the leftmost chain. Notice that the non-rising chains
don’t have unique label sequences, but that this is not required in any case.

A poset P for which an El-labeling exists is said to be EL-shellable. This is
because of the following theorem which connects these lexicographic labelings to

the earlier notions of shellability:

Theorem 2.2.4 ( [7, Theorem 5.8] ). If a poset P is EL-shellable, then A(P)

15 a shellable complex.

If poset P is EL-shellable, we define its falling chains as the maximal chains
whose label sequences weakly decrease when read upwards in the Hasse diagram;
that is, we are allowed to repeat labels, but we cannot increase at any step from
the previous label. Now we can compute the homotopy type of A(P) in the

following way:

Theorem 2.2.5 ( [7, Theorem 5.9] ). Let P be a finite EL-shellable poset
under edge labeling . Then A(P) has the homotopy type of a wedge of spheres.
Furthermore, for each 1, the number of spheres of dimension i — 2 is equal to

the number r; of falling chains of P of length i. Consequently,

rank (1?—’2@(1_3))) — rank (EJ‘ZQ(A(TD))) — 1
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Given a poset P, the rank of the reduced homology group E(A(P)) is
called a reduced Betti number of P, and is denoted by 3;(P). According to this
theorem, if we can construct an EL-labeling on a bounded poset, then we can
compute its proper part’s reduced (co)homology by simply counting how many
falling chains it contains of each given length. This transforms a topological
problem into a combinatorial problem, for which techniques may exist to simplify
the computations if the labels are chosen in special ways.

Notice that because the dimension of (co)homology is two less than the length
of the chain, we have negatively indexed (co)homology for a poset whose length
is less than 2. For instance, the two element chain ¢, which has length 1, has
proper part equal to the empty set. We then have B:(c_l) = 1. We will not
consider posets with length less than 1.

The connection to topology is then further strengthened by the following
important fundamental theorem of P. Hall. First, given a simplicial complex A,
define the reduced Euler characteristic

1) = S (-1

i>—1

where for each i, we let f; equal the number of faces of A of dimension 1.

Theorem 2.2.6 ( see [16] ). Let P be a bounded poset. Then p(P) = X(A(P)).

Further, by the Euler-Poincaré formula we obtain
u(P) = X(A(P)) = Y (-1)'6:(P),
i>—1
so that we may obtain the Md&bius invariant of an EL-shellable poset by counting

its falling chains. If 3;(P) =0 for all i < {(P)—2 (as is the case when P is
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pure and EL-shellable), then
w(P) = (—1)6(]3)5@(10)72(?)- (2.2.1)

Let P be bounded and ranked with ¢(P) = n. For any subset

S C{1,2,...,n — 1}, define the rank-selected subposet to be the induced subposet
Ps:={x € P | p(x) € S}.
Given an EL-labeling ¥ of P, for a maximal chain
ci=0=cy<cy < - <y =1,
define the descent set Des(c) by
Des(c) :=={i e {1,2,...n— 1} | U(c;i_1 <¢;) > V(¢ < i)}

The next theorem of Bjorner and Wachs connects shellability of P to

shellability of its rank-selected subposets:

Theorem 2.2.7 ( [6, Theorem 8.1] ). Let P be a pure EL-shellable poset of
length n, and let S C {1,2,...n—1}. Then A(Ps) has the homotopy type of
a wedge of (|S| — 1)—spheres. The number of spheres is the number of mazimal

chains of P with descent set S.

2.3 The Boolean Algebra

Now, we consider some examples of posets for which we can construct an

ElL-labeling. Let ¢, be the chain of length n > 1. This poset is EL-shellable
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using any increasing labeling of its edges; further, ¢,, has zero falling chains unless
n = 1, so that the unique edge of the chain is both rising and falling. For n > 1,
¢, has an order complex consisting of a single simplex of dimension n — 2, which
is contractible. Alternatively, we can compute the Mébius function directly for a
chain, and observe that pu(c,) =0 if n > 1, and that p(c) = —1.

The second poset we consider is the Boolean algebra B, on n elements.
The Boolean algebra B, consists of all subsets of [n] :={1,2,...,n}, ordered by
containment. For example, {1,3,5} < {1,2,3,5} in B;. Note that if z <y in
B,,, there is a unique element in the set y—x, the complement of x in y. Further,
we have 0 =0, and 1= [n]. We construct an edge labeling ¥ : £(B,) — [n] by
defining W(x <y) to be the unique element of y — x.

As an example, we illustrate the Hasse diagram of Bs, with the labeling W

indicated above:

23

This labeling of B,, is an EL-labeling, as the rising chain in any interval [z, 3]
of length at least 1 will be the chain in which we add the elements of y —x to =z
in order from smallest to largest. Further, maximal chains of [z,y] correspond

bijectively to permutations of the set y — x. This observation allows us to see
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that there is a unique rising chain, and that this chain is lexicographically first,
as the set of permutations of any set S has a single increasing permutation, and
it is lexicographically first.

Further, as there is only one permutation of [n] that can be written in weakly
decreasing order, namely n,(n —1),(n —2),---,1, there can be only one falling
chain of B,. Now, since B, has only one falling chain, we have that A(B,)
has the homotopy type of a single sphere of dimension n — 2 by Theorem 2.2.5.
This is also easy to see directly since A(B,) is the barycentric subdivision of the
boundary of the (n — 1)-simplex, and so is homeomorphic to the (n — 2)-sphere
(see [21]).

It is clear that B, is a lattice with Ay =2Ny and zVy =z Uy, for
all x,y € B,. We discuss in Section 4.2 a generalization of the EL-labeling ¥ of

B,, above which applies to a wider class of lattices.

2.4 Partition Lattices

Now we describe another important family of posets. Let n be a positive
integer, and define the partition lattice 11, to be the poset of set partitions of

[n], ordered by refinement. That is, « = {By, Bs, ..., B} € II,, if:
e B; £ forall i.

° UBZ- = [n].

e B;NB;=10 forall i#j.
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The elements B; of x are called blocks. Further, we say x <y in II, if and
only if each block of x is contained in a block of y.

To denote the elements of II,, we list the elements of its blocks without set
brackets, and separate the blocks by vertical bars. For instance, in II,,, the bottom
element 0 has only blocks of size 1, so we write 0 = 1]2|3|-- - |n. The top element
1 is the partition consisting of a single block, and so we write 1 = 123---n.
Further, the atoms of II,, have exactly one block of size 2 while each other block
is of size 1. Note that II, is pure, with rank function p satisfying p(x) =n—k,
where k is the number of blocks of x € II,,. The partition lattice Il is illustrated

below:

1234

123 |4 1243 1342 1]234 12|34 13|24 1423

112134

We now describe an EL-labeling of II,, due to Wachs [22].

Proposition 2.4.1. Let = <y in Il,, with © = {By, Bs,...B;}. Then there is a
unique pair of distinct indices 1i,j € [t| such that By €y forall k ¢ {i,j}, and
(B; U Bj) € y. The edge labeling which assigns to x <y the label max(B; U B;)

1s an EL-labeling of 11,,.
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Proof. Consider first the upper interval |[a, i], for a = {A;, As,..., A} € 1I,.
Label the blocks of a so that max(A;) < max(A;;1) for each i. We construct
the first edge of a maximal chain ¢ by forming block A; U Ay, which receives
the label max(As). Further, no other possible merger will receive this label, since
any other pair of blocks has a larger maximum.

Notice that max(A; U Ay) = max(Az). Therefore, after this first step, the
blocks A; U Ay, and Az have the smallest maxima remaining. We merge
in the second step A; U Ay and Aj, which receives the label max(Aj3),
which is the smallest label possible at this step. Continuing in this fashion by
merging OAi with A;i; at each step in the chain, we generate the labels
maX(Ag),;rT;X(Ag), ...,max(A;) in sequence, and so ¢ is a rising chain in this
interval.

Notice that the set of possible labels for any maximal chain in this interval is
A = {max(4;) | i = 2,3,...,t}, since max(A;) can never be a label. Now there
is a unique way to arrange the labels of A into a strictly rising sequence; since
|A| =t—1, and c is a chain with strictly increasing label sequence of length t—1,
it must be uniquely rising. It is also lexicographically minimal among maximal
chains, since it clearly takes on the smallest possible values at each step.

Now that upper intervals have the uniquely rising chain, we consider the
arbitrary interval [a,b], for a = {A;, Ao, ..., A}, and b= {By, By, ...Bs}, where
we arrange both sets in order of their increasing maxima, as before. Observe
that for any distinct blocks A; and A;, that we may only merge these blocks
if there exists Bj such that A; U A; C By. Consider a fixed By, and let
{Ak1, Aka, ..., Aij. } be the set of blocks of a which are subsets of Bj.

Since we must merge these 7, blocks together in some order, from the above

discussion of upper intervals, we see that there is a unique way to do this which
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generates strictly increasing labels. Further, notice that since b is a partition,
that no label arising in the formation of Bj can be used in the formation of any
other block distinct from B;,.

We combine these observations to see that there is a unique way to generate
the smallest possible label above any element in a maximal chain of [a,b], by
shuffling together the unique rising chains formed by each block Bj. Therefore,

each interval has the requisite rising chain, and so this is an EL-labeling of II,. [

We claim that for the labeling of Proposition 2.4.1, the falling chains will all
have constant label mn. Indeed, joining any block with the block containing n
will always produce this label, and any edge below 1 € II,, is always of this type.
Therefore, to be falling, we must have labels which are weakly larger than n at
each edge. Since no label is larger than n, this implies that all the labels can only

be exactly n.

1234

1234 1243 1342 1234 12 ]34 13|24 1423

Figure 2.3: An EL-labeling of Tl,.
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We illustrate this with II; in Figure 2.3. We have indicated the edges in the
middle of the diagram that are part of falling chains in bold; further, notice all

these edges share the same label of 4, as do all edges below 1.

Proposition 2.4.2. The order complex A(IL,) has the homotopy type of a wedge

of (n—1)! spheres of dimension n — 3.

Proof. Observe first that II, is pure of length n — 1. It follows from Theorem
2.2.5 and Proposition 2.4.1 that the homotopy type of A(IL,) is that of a wedge
of spheres, where the number of spheres equals the number of falling chains of the
EL-labeling. Now we count the falling chains. Since falling chains have constant
label n along their whole length, we need only count at each rank how many
elements will generate such a label.

There will be n — 1 atoms whose label above 0 is n, corresponding to
choosing any of the other n — 1 elements to pair with n in the atom. Thus,
for an edge above an atom, since the block containing n now has two elements,
we have n — 2 singleton blocks available to choose from to merge with the block
containing n, and any of these generates label n. Similarly, at rank ¢, the block
containing n will have ¢4 1 elements, leaving n —¢ — 1 singletons to choose

n—2

from. Thus, the number of falling chains is H(n —i—1)=(n-1). O
i=0

2.5 k—Equal Partition Lattices

In this section, we discuss a subposet of the partition lattice introduced by

Bjorner, Lovdsz, and Yao [4]. Let 2 < k < n be an integer, and define II;*
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as the induced subposet of II, consisting of partitions in which every block has
either size 1 or size at least k. Bjorner, Lovdsz, and Yao show that II-* is also
a lattice and call it the k—equal partition lattice [4].

Below we illustrate a portion of I3,

1234567

123456 123457 .

12345 12346 ..o 1234|567 1235|467 .o

1234 1235 ... 123|456 e Rk T R bk . S —

123 124 125 126 127 e 567

1(2]3(4|5|6]7

For brevity, we have omitted all the parts of size 1. It is easy to see that even
in this small example there are several distinct types of covering relations. It is
also easy to see that not every maximal chain has the same length, hence 173 is
not pure.

When k = 2, there are no disallowed block sizes; therefore, IT.% = II,,. It is
further evident that II-* is also pure in the case when k > %, since in this event,
each element other than the minimum can consist of only one nonsingleton block
of size at least k. This case is related to posets called truncated Boolean algebras;
these will be discussed further in Section 3.3. On the other hand, for all other
values of k£ with 2 <k < 7, the lattices are not pure.

Bjorner, Lovasz, and Yao used the topology of IIZ* to find a lower bound on

the k—equal problem of complexity theory [4]. Later, Bjorner and Welker showed
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that A(IIZ*) has the homotopy type of a wedge of spheres of varying dimensions
[9]. Bjorner and Wachs then showed that A(II=*) is shellable [7]. In fact, this
family of lattices was the motivating example for extending shellability theory to
simplicial complexes that are not pure [7].

We now describe the EL-labeling of II-* that Bjorner and Wachs used to
establish shellability of A(II-%). We first create the linearly ordered product
set A = [2] x [n] as our label set, where the order is lexicographic. That is,
(1,1) < (1,2) <--- < (1,n) < (2,1) < --- < (2,n). Next, observe there are only
three distinct types of covering relations. Let x = x|xs|- - |x,,, where we omit

the singleton blocks of x and the nonsingleton blocks are ordered arbitrarily:

Type I - Creation:
Let y = x| - |xm|z, where z is a subset of [n] of cardinality k. In this

case, we label the edge = <y with (2,a), where a = max(z).

Type II - Expansion:
Let y = x| -+ |wm_1|2, where z =z, U{a} for a € [n]. In this case, we

label the edge = <y with (2,a).

Type III - Merger:
Let y = 24|+ |Tm_2|z, where z = x,,_1 Ux,. That is, we replace two
blocks of x by the union of the two blocks. In this case, we label the edge

x <y with (1,a), where a = max(z).

As an example, consider the following interval of TIg?, complete with edge

labeling described by the above label rules:
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12346|578

12346|57|8 12346|58|7 12346|5|78 134|26/578

(L,6) (2.8)

(2,7)

12346|5|7|8 134|26|57|8 134|26/|58|7 134/26|5|78

134)26/5)7|8

It can be checked that this labeling is an EL-labeling of this interval. We can see
in this example that there are only two chains which are falling in the interval
(the dashed edges are those which belong only to falling chains). Denote this edge
labeling by W.

Proposition 2.5.1 ( [7, Theorem 6.1] ). The edge labeling V is an EL-labeling

of TI-*.

From the definition of W, we see that a falling chain of II-* will be one in
which we create and/or expand some ¢ blocks, followed by ¢ — 1 mergers. To
count the number of falling chains of II-* of length d, we can use the following

proposition:

Proposition 2.5.2 ( [9, Theorem 4.5] ). Let 1 < k < n. Define B™*(t) by

BY(t) = (t -1y H <n S Z] 1) (G + 1o,

0=ip<---<ig=n—tk j=0

The order complex A(IIZ*) has the homotopy type of a wedge of spheres, where
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the number of spheres gd_g(l_[;’f) of dimension d— 2 is given by

(12)
> BY(t), k=2and d=n—1

t=1

Bn,k(n;ﬁ;l )

3R
Ba—a(TI7¥) , k>2and”;§;1€]?

0, otherwise.

Ve

The original proof of Proposition 2.5.2 did not make use of the EL-shellability
of TI*, as the notion of EL-shellability was not extended to nonpure posets until
after this formula was found. However, the EL-labeling W gives a proof of this

formula which shows how the falling chains must be constructed.

Proof idea. Since a merger carries a label which is strictly less than the label
of either a creation or an expansion, to be falling a chain cannot have a merger
precede a creation or an expansion. Given a falling chain ¢ there is a unique x € ¢
such that below x there are only creations and expansions, and above x there
are only mergers. We call such an element the pivot of ¢. Let = = {Bjy,..., B}
be the pivot of ¢. Then |B;| > k for each . We will count how many falling
chains pass through the pivot =.

The length of such a chain will be d =n —1 — #(k — 2), as we must have ¢
creation steps, creating t blocks with a total of tk elements; since the pivot
has n total elements in nonsingleton blocks, the remaining n — tk elements
must be part of some expansion. Finally, if there are ¢ blocks in the pivot, it
will take ¢ — 1 mergers to join them together, giving a total number of edges as
t+(n—tk)+(t—1) =n—1—t(k—2). Notice that if k=2, then d=n—1 for

all values of t, while if k£ > 2, there is a unique value of d for each value of t.

This accounts for the formula for Ed_g(Hﬁk), provided we can show that B™k(t)
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equals the number of falling chains whose pivot x has t blocks.
One can show that there are (¢ — 1)! falling chains above z, and that there

are

i — ik —i — 1
2 H( ot )Uﬂ)”“‘”,

0=ip<---<iz=n—tk =0

falling chains below z. Hence, B™*(t) is indeed the number of falling chains

whose pivot has ¢ blocks. O

An alternative formula due to Bjorner and Wachs [7] is given below:

Proposition 2.5.3 ( [7, Corollary 6.3] ). Let 1 <k <n. Define B™k(t) by

B0 = 2 (Jl—ZEQIJ)H(Jk:D

J1+-+je=n, =1
jizk ¥V i

The order compler A(IIZF) has the homotopy type of a wedge of spheres, where

the number of spheres Bd,g(l_[,:bk) of dimension d—2 is given by

(13)
> BY(t), k=2and d=n—1

t=1

Brk(itsdl), k> 2 and "5 € P

Bia(IF) =

\ 0, otherwise.

Proof. Again we count falling chains with pivot x. Let z = {By,..., B;} € II;*
be a pivot. Index the blocks so that n € By, and let j; = |B;| for each 1.
Since n € By, there are m — 1 elements remaining to be distributed among the
t labeled blocks; further, of these, only j; — 1 may be chosen for B;. Therefore,

the number of ways to distribute the elements of [n] among the ¢ blocks while

-1
keeping n € By is ( " , )
]1_17]2a"'7.7t

Then for each block B;, we need to choose k elements of the block to form

the initial creation, and the remaining elements will form expansions. However,
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the creation step which will be expanded to form B; must contain max(B;), as

previously observed. Therefore, we can only choose k—1 other elements for each
Ji—1 .
ossible
k— 1) P
choices for the initial creation. As the blocks are disjoint, there is a unique falling

creation; since there are j; elements in block B;, this leaves us (

sequence of expansions of B; given a fixed creation.
Now we arrange our mergers so that we merge B, ﬁlr'st1 with Bs, then merge
i
Bs into B; U Bs, and continue by merging B; into U B;j. Notice that this
gives a unique falling merger sequence among this ChOSjé?ll ordered collection of

blocks. []

Notice that the formula of Proposition 2.5.2 presumes that expansions can be
performed on any existing block, and depend only on their relative order in the
sequence of steps. Meanwhile, the formula of Proposition 2.5.3 presumes that once
there are no more singleton blocks in the chain, the remaining merger labels of
blocks are not affected by the order such mergers are performed in, and so can
be specified beforehand. These two properties may not hold in a more general
setting; in Section 6.2 we will give a modification of these formulas which takes

these observations into account.



Chapter 3

g—Analogues

3.1 Permutation Enumeration

A g-analogue is a loosely defined term in general, best illustrated by example.
The simplest example is the ¢—analogue of the positive integer n, denoted by

[n],, and defined by

En: i1 "1
[ ]q — q— 1

Observe that by setting ¢ = 1 in the sum, we get [n]; = n, while in the fractional
expression, we must take the limit as ¢ approaches 1. To avoid taking limits, we
will use the sum definition, though the fraction equivalent may be used whenever
we assume ¢ # 1. Now that we have defined a g—analogue of an integer, we can
extend this to other integer-related ideas.

For instance, the g¢—analogue of n! is given by

[n]! = [n]g[n — 1] - -~ [2]4[1],,

and it is easy to see that [n];! = nl. Further, we can define [0], = 0, so that

36
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[0],! = 1. We define the g¢-binomial coefficient,

H _ [n]g!
Bl [Klgln — klg!
for all nonnegative integers 0 < k < n. Notice that the g—binomial coefficients are

also symmetric; that is, [Z} = [n ﬁ k] . Further, they also satisfy an analogue
q q

=13 i),

Define the g—multinomial coefficients

of Pascal’s identity:

[ . } Y
biskely | = TRl Tl!

subject to the condition that k; 4+ kg + --- + k; = n, completely analogous to
the usual multinomial coefficients. Given these definitions alone, it is a surprising
fact that g—multinomial coefficients are always in fact polynomials in ¢; this is

in part because for positive integers m and n, with m a divisor of n, we have
n
m

[n]q _ Z gD,

[m]q i=1
Now we examine some of the connections between g—analogues and permutation

enumeration. Denote by &,, the set of all permutations (written as words) of
[n]. For the word o € &,,, denote by (i) the " entry of the word o. Given
o € 6,, define an inversion of o to be a pair (i,j) such that ¢ < j and
o(i) > o(j); for instance, the only inversions of the word o = 123645 are the

pairs (4,5) and (4,6). Define
inv(o) = |{(i,7) [ i <j,0(i) > a(4)}],

and define

Des(o) :=={ien—1] | o(i) >o(i+1)}.
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Proposition 3.1.1. For all n>1,

Z qim}(a') = [n],!.

O’GGn

More generally, given any word w := w(1)w(2)---w(n) over alphabet [m],

define
inv(w) = [{(,5) | i < j,w(i) >w(G)}-
Let M be a multiset with a; copies of i for each i € [m]. Let the cardinality

of M be n=a;+ -+ a,, and let S, be the set of arrangements of M.

Proposition 3.1.2 ( see [16] ).

mnv(w) __ n
Z q - |:a1,a2,...,am:|
q

wEG M

3.2 g¢—Analogues of Posets

We can also form ¢—analogues of more elaborate structures; for instance, a
g—analogue of the Boolean algebra, denoted B, (q), is defined to be the poset of
all subspaces of the n-dimensional vector space Fy ordered by containment,
where F, denotes the finite field of order ¢. In particular, we must restrict the
value of ¢ here to be a prime power for the definition to make sense.

We call B,(q) the subspace lattice, as it is clear that any two subspaces have
a meet, which is their intersection, and that they also have a join, which is their
sum. Notice that B,(q) is bounded, with bottom the trivial subspace (0), and

top Fy. Note that just as B, is pure with rank function satisfying p(x) = |z|
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for each z € B, the lattice B,(¢) is also pure, with rank function satisfying
p(x) = dim(x) for each z € B,(q). That B,(q) can be viewed as a g—analogue

of B, comes from the following well-known properties:

e The total number of maximal chains of B, is n!; the total number of

maximal chains of B, (q) is [n],l.

e The total number of elements of rank » of B, is (n>7 the total number
r

of elements of rank r of B,(q) is {ﬂ .
q

e The Mobius invariant of B, is wu(B,) = (—1)"; the Mobius invariant of

Bu(q) is 1(Bu(g)) = (—1)"q(2).

e Let P be a ranked bounded poset, and define the polynomial x(P,t) =

Z,u([@,x])tap)_p(x). This is called the characteristic polynomial of P.

zeP
n

Then x(B,,t) = (t —1)", and x(B,(q),t) = H(t —q")

=1

This is not an exhaustive list of properties for which these two lattices have
similar formulas, but we can easily see that for each of them, setting ¢ =1 for
B,(q) gives the same result that B, has.

The second property above for B, (q) states that the number of r—dimensional
subspaces of Fy is {Z] . This is the m = 0 case of the following result, which

q

we will need later in Section 6.2.

Lemma 3.2.1. Let V' be an m-dimensional subspace of Fy. The number of

distinct p-dimensional subspaces W C Fy  such that V NW = (0) is

mp M —m
w1,
q
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Proof. Suppose that V' has ordered basis (v1, ...,v,). We build W by choosing
an ordered basis (wi,ws,...,w,) in sequence. To choose w;, we select a vector
wy such that wy ¢ V. There are ¢" —¢™ such vectors we may choose for w;. By
our choice of wy, we observe that (vy,..., U, w;) is also a linearly independent
set, and therefore (vy,...,v,,w;) is an ordered basis for the subspace we will
denote by Uj.

Note that dim(U;) =m + 1. Now given subspace U; with dim(U;) =m + ¢
and ordered basis (v1, ..., U, w1, ...,w;) for some fixed integer 1 < i < p, we
observe that there are ¢™** vectors in U;, and thus we choose a vector w;
outside of Uj, for which there are ¢" — ¢™** choices. We then observe that the
set (V1 ..oy Uy, W1, ..., Wi, wi1) 18 linearly independent, and so we define U1 as
the subspace with ordered basis (vy, ..., Uy, W1, ..., Wit1).

Thus, we have recursively defined the sequence of subspaces U, Us,...,Up,
where U; has ordered basis (v1, ..., Uy, w1, ...,w;) for each i. Notice that there
are ﬁ(q” — ™" 1) possible ways to choose the sequence of vectors wy, ..., w,.
Nowlgﬁe sequence (wq, ..., w,) is an ordered basis of a subspace of [Fy; denote
this space by W. Further, since (v, ..., v, w1, ...,w,) is linearly independent,
V' NW = (0); we can also observe that U, =V & V.

On the other hand, any nontrivial subspace W has multiple ordered bases in
general. In particular, if we let V' = (0), then U, = W, and so ﬁ(qp —q¢h

i=1

counts the number of ways to select an ordered basis for W, since m = 0 in this
p

P
case. Therefore, of the H(q” — g™} possible ordered bases, exactly H(qp —
i=1 =1
) p qn o qm+i—1
¢"~') will correspond to the same subspace W. Hence, there are H ——
. @ —q'~
=1

distinct subspaces W such that dim(W) = p, dim(V) =m, and VN = (0).
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i=1
:qmp : [(n_m)_l+1]q
=1 [p—i+1],
__mp n—m
-
q

We now describe a labeling of the edges of B, (¢) which can be used to derive
the first and third properties listed above. Each subspace U of [Fy can be
represented by a unique n X n reduced row echelon matrix M (U) whose row

vectors span U. Label the columns of M(U) from right to left, and let
C(U)={j € [n] | column j of M(U) contains a leading 1}.

It is not difficult to verify that if U <p,(4) V, then C(U) <g, C(V).
We construct an edge labeling W : £(B,(q)) — [n| by letting V(U <p, (o V)
be the unique element of C(V) — C(U). We state the next two results without

proof.
Proposition 3.2.2 ( see [15] ). The labeling V is an EL-labeling of B,(q).

Proposition 3.2.3. For each mazimal chain ¢ = (0) =Uy <U; < --- <U, =T,

the label sequence
(\IJ(UO < Ul)a \Ij(Ul < U2)> sy \I](Unfl < Un))

15 a permutation in S,.
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Moreover for each o € &, the number of mazimal chains of B,(q) with

label sequence o is ¢™),
Corollary 3.2.4. The number of mazimal chains of B,(q) is [n],!.

Proof. We use Proposition 3.1.1. O

Corollary 3.2.5. The order complex A(B,(q)) has the homotopy type of a wedge

n
2

of q( ) (n — 2)—spheres.

There have been several g—analogues of the partition lattice introduced in the
literature, starting with the Dowling lattices [11], and a class of lattices studied
by Bennett, Dempsey and Sagan [1] and Simion [15]. One example which builds
on the idea of the subspace lattice is the lattice DS,(q) U {0} of direct sum
decompositions of Fy, as was studied by Welker [23], who proved that A(DS,(q)—

n—1
{1}) has the homotopy type of a wedge of % H(QZ —1)fn(q) spheres of dimension
n — 2, where f,(q) is a polynomial with ii;tleger coefficients. We will discuss
DS,(q) in more detail in Section 7.1.

Hanlon, Hersh, and Shareshian [13] then introduced the lattice PD,(q) of
partial direct sum decompositions. A partial direct sum decomposition is a set
of subspaces {Uy,...,U;} of T} whose sum is direct. That is, given the set
{Ui, ..., Us}, there exists some subspace V' C [y such that every vector v € V
can be expressed uniquely as v = uy + ug + - - - + uy, where wu; € U; for each i.

These partial decompositions are ordered by {Ui,...,U;} < {Wh,...,W,} if
each U; is contained in some W;. Using discrete Morse theory, they find that this

n—1
lattice has homotopy type of a wedge of %q(2) I_I(qZ — 1) spheres of dimension
2n — 3. Note that both this formula and the for;;lllla of Welker reduce to 0 when

q = 1, therefore are not g—analogues of (n — 1)
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In Chapter 5 we introduce a new g¢—analogue of the k—equal partition lattice
which is an induced subposet of PD,(q), which we then study throughout the
remaining chapters. Our new ¢-analogue has the homotopy type of a wedge of
(n — 3)-spheres. The number of spheres in the k =2 case is a nice g-analogue
of (n—1)!, namely [n—1],! times a polynomial in ¢ which immediately reduces

to 1 when ¢ is set equal to 1.

3.3 Rank Selection

Recall that the rank-selected subposet Ps of P is the induced subposet

consisting of elements whose ranks belong to a fixed set S, with S C [¢(P) — 1].
Theorem 3.3.1. For S C [n—1],

(1) The order complex A((B,)s) has the homotopy type of a wedge of (|S]|—1)-

{0 € 8, | Des(o) = S}|.

spheres, where the number of spheres is

(2) The order complex A((B,(q))s) has the homotopy type of a wedge of (|S|—

1)—spheres, where the number of spheres is Z g™,

O’een
Des(c)=S

Proof. (1) This follows from Theorem 2.2.7 and the EL-labeling ¥ : B, —
[n] given in Section 2.3, which induces a bijection from maximal chains to

permutations in &,,.

(2) This follows from Theorem 2.2.7 and Propositions 3.2.2 and 3.2.3.
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We consider now a certain type of rank selected subposet.

Definition 3.3.2. Let P be a bounded ranked poset, with length ¢(P) = n, and
rank function p. For a fixed integer & such that 1 < k < n, the (lower) truncation
Py of P is the rank-selected subposet corresponding to S = {k,k+1,...,n—1};
that is,

P.={zxeP|k<plx)<n-—1}

Note that we may define wupper truncations similarly; however, we shall mean
lower truncation whenever we say truncation. Further, since a truncation P, is
not usually bounded, we shall work with 73; whenever we need bounded posets,

such as for EL-shellability. Note that I/D; is a pure lattice.

1234 1235 1245 1345 2345

123 124 125 134 135 145 234 235 245 345

Figure 3.1: The truncation (Bj)s.

Proposition 3.3.3. The order complex A((By)x) has the homotopy type of a

—1
wedge of spheres of dimension n—k—1, where the number of spheres is (Z 1) :

Proof. Note that we can apply Theorem 3.3.1 with S ={k,k+1,...,n—1}. For
a permutation to have descent set S, we must have that n is in position &k,
and all elements in positions ¢ < k£ are arranged in increasing order, while those

in positions ¢ > k are arranged in decreasing order. The number of ways to

n
distribute the numbers 1,...,n — 1 into these two groups is ( ), and each

k—1
such choice has a unique chain with descent set S. O
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Proposition 3.3.4. The order complez A((Bn(q))r) has the homotopy type
of a wedge of spheres of dimension n — k — 1, where the number of spheres is
n—k+1 n— 1
5 {k 1} |
q
Proof. From Theorem 3.3.1, we know that S = {k,k+1,...,n— 1} allows us to

find the number of spheres as Z ¢™() . Now, we establish the equivalence

O'GGTL
Des(o)=S
of this sum to q(%gH) [Z - ﬂ . If Des(o) =8, then o0 =ay---ax_1nbgyq--- by,

q
where a; < a;41 for 1 <1 < k-1 and b; > b1 for E4+1 < 5 < n.

Each pair (ji1,72) with k& < j; < jo < n is an inversion, and thus there are
n—k+1
2

n—k+1
contains at least this many inversions, we factor out q( ") from the sum and

) such inversions. Therefore, since every ¢ with this descent set

consider the remaining possible inversions.

Now let W be the set of words consisting of (k — 1) 1s and (n — k) 2s.
By Proposition 3.1.2 we have for W that Z ¢ = [z B 1] . Now the set of
permutations with descent set {k,k+ 1, :UTELM: 1} isin bijecti(q)n with words w
consisting of (k—1) 1s and (n—k) 2s. The bijection takes the positions of the 1s
of w to form the increasing subword, followed by n, followed by the positions of
the 2s to form the decreasing subword. For example, if n =9 and k = 6, then
w = 11212112 is identified uniquely with 124679853.

The only inversions of w come from having a 2 precede a 1. Therefore, all of
the inversions of w correspond to inversions of type a; > b; in o, and so the
number of inversions of w equals the number of inversions of ¢ corresponding

noki)

to a pair of indices (ji,j2) with j; < k < j3. Since each o had q( 2

more inversions not counted by w, we take the product to arrive at the expression

Z g™ = q("f“) [Z - }] , as claimed. =
UEGTL !
Des(0)=5S



Chapter 4

Geometric Lattices

4.1 Preliminaries

Recall that if a poset P is bounded, we call the elements which cover 0 its
atoms. If every x € P is the join of some set of atoms (where the join of the
empty set is @), then P is called atomic. We have the following simple lemma

concerning the atomicity of lattices:

Lemma 4.1.1. Let L be an atomic lattice. For distinct elements x,y € L, if

x <y, then there exists an atom a such that a <y and a % x.

Proof. Suppose that L is atomic and z < y, but no such atom exists. This
implies that every atom b < y is such that b < z. By the definition of joins, we

must have that \/ b | < x. Thus, we cannot express y as the join of any

b<y
p(b)=1
set of atoms, a contradiction.

The following proposition establishes an important collection of equivalent

conditions about lattices (see [16]):

46
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Proposition 4.1.2. If L is a finite lattice, then the following are equivalent:

e [ s pure and its rank function p satisfies for each pair x,y € L
p(x) +ply) = p(z Ay) + plz Vy).
e For each pair of elements x,y € L, if (x ANy) <z, then y < (zVy).

e For each pair of elements x,y € L, if x and y both cover x Ay, then

xVy covers both = and vy.

A lattice L which satisfies any of the conditions of Proposition 4.1.2 is called
(upper) semimodular. This is usually shortened to simply semimodular when there
is no confusion, although there is a dual notion of lower semimodularity. We have

the following lemma concerning semimodularity.

Lemma 4.1.3. Let L be a semimodular lattice, and S C L. Then

p (\/ y) <> py).

yeSs yeSs

Proof. Using Proposition 4.1.2, we proceed by induction on the cardinality of S.
If |S| = 2, then since both p(x V 2) 4+ p(x A z) < p(z) + p(z) and p(x Az) >0
by the nonnegativity of p, we can conclude that p(xVz) < p(z)+ p(z). Consider

now 7T = SU{a} for some element a ¢ S. Then by the associativity of the join,

(Vo) = (ev V)

< pla) +p (\/ y)

yes

< pla)+ Y py)

yes

= o).

yeT
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We now define a lattice to be geometric if it is both atomic and semimodular.
It follows from Proposition 4.1.2 that every geometric lattice is pure. As a

consequence of atomicity and Lemma 4.1.3, we have the following:

Corollary 4.1.4. Let L be a geometric lattice, and fit x € L. If x =aV---Vag
for distinct atoms ay, ..., as, then s > p(x). Moreover, there exists some collection

of atoms {ai,...,apm)} with T =a1 V-V ayy.

Proof. Since an atom has rank 1, observe that Zp(ai) = 5. By Lemma 4.1.3,

=1
s

we have p(x) = p \/ai < s, as claimed. To show the existence of a set of
atoms of cardinality ggactly p(x), assume that z cannot be expressed as the
join of exactly p(z) atoms, and that x is minimal among all elements with this
property. Since z # 0, which is the join of p(ﬁ) = 0 atoms, there exists y € L
such that y < z.

Then by assumption, we have that y is the join of p(y) atoms. But notice
that for any atom @ < z such that a € y (which exists by Lemma 4.1.1), we
have by semimodularity that y < (aVy), and aVy = x, since we assumed that x

covers y. Thus, we can express z as the join of p(z) atoms, contradicting our

assumption. Therefore, every x can be expressed as the join of p(x) atoms. [J

Example 4.1.5. The Boolean algebra B, is geometric. Recall that for XY €
B, we have that XAY = XNY and XVY = XUY; further, recall that p(X) =
| X|. Clearly, B, is atomic since X = \/ {a} for every X € B,. Moreover, it is
clear that B, 1is semimodular, since igef);ct X|+|Y|=|XNY|+|XUY]| for

all finite subsets X,Y of a set.

Example 4.1.6. The subspace lattice B,(q) is also geometric. Recall that for

X,Y € B,(q), we have that X AY = XNY and X VY = X +Y; further, recall
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that p(X) = dim(X). Clearly, B,(q) is atomic since X = \/ (u), where by
ueX —(0)
(u) we mean the linear subspace spanned by the vector u. Moreover, it is clear

that B,(¢) is semimodular, since in fact dim(X) + dim(Y) = dim(X NY) +

dim(X +Y) for all finite dimensional subspaces X,Y of a vector space.

Example 4.1.7. The partition lattice II, is also geometric. Recall that atoms

of II, are partitions with a single block of size 2 while all other blocks have size

1. For m = {By, Bs, ..., B} € II,,, observe that for each B; = {b},b},...,b}, } such

m—1
that m > 2, we may write B; = U {b,b%,,}. Therefore, we can construct each
block of 7 by joining atoms, andjtzlllus II,, is atomic.

To see that II, is semimodular, consider three partitions ~,«a, and 3 such
that v <a and v < f. Clearly v =a A . Let v={v1,72,...,Ym}- We obtain
a from v by merging <; U~;, and we obtain 3 by merging ~; U~,. We have
two cases.

In the first case, suppose {i,j} N{k, ¢} = 0. Then we clearly have that aV
is obtained from v by performing both mergers ~;U~; and 7, U7y, and so covers
both o and . In the second case, assume that i = k. Then we can obtain

aV B from 7 by merging -; Uy; U~ which also covers both a and 3. Thus,

we have that II,, is semimodular.

4.2 Shellability of Geometric Lattices

Bjorner [2] proved that all geometric lattices are EL-shellable. We present the

labeling in this section and a proof that it is an EL-labeling.
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Definition 4.2.1. Let L be a geometric lattice with a totally ordered atom set

A. The edge labeling ¥ : E(L) — A is given by defining
U(r<py) =ming{a € A | a<py,a £, z},

for each edge x<py in L.

Notice that the label A = W(x<py) is an atom of L. Further, by min, we
mean minimum with respect to <4. Also, since z <y, and A\ £ x, we see that
xV A =y. Thus, we can equivalently say that A is the smallest atom with respect
to <4 such that xV A =y. This set of atoms whose minimum we seek cannot
be empty by Lemma 4.1.1. If L = B,, then ¥ is precisely the El-labeling of

Section 2.3.

Theorem 4.2.2. Let L be a geometric lattice. Then the labeling ¥ of Definition

4.2.1 1is an EL-labeling.

Proof. To prove this, we must show that in any interval [z,y] C L, there is a
unique rising chain which lexicographically precedes all other maximal chains in
the interval. We begin by showing that we can construct a rising chain in the

interval:

Claim 4.2.3. Given a geometric lattice L with linearly ordered atom set A and
an interval [x,y] C L of length n > 1, the chain ¢y <c; < --- <c¢, generated
by setting ¢y = x and for each 0 < v < n defining c¢; := ¢;_1 V z;, where

zi=ming{z € A | 2z <y,z £ ¢;i_1}, is rising.
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Proof of Claim 4.2.3. We first show that W(¢;_y < ¢;) = 2. Since z; <y ¢; and

z;i €1, ¢i—1, we have that

V(i1 <¢)=ming{a € A | a<pc,a € ¢}

<a z

Now since {a € A|a<pc¢,a%pcii} C{aeAla<py,asyci}, wealso
have that W(c¢;_1 <¢;) >4 2, and so U(¢_1 < ¢;) = 2.
Now we need to show that z; <4 z;11 for each i. Notice that {a € A |a <

yat et C{ac Al a<y,a£ci1}. Therefore,

zi=ming{a € Ala<y,a®c 1}
<aming{a € A|a<y,afc}
= Zit1
Since z € {a € A|a <vy,a £ ¢}, we see that z; # z;41. Thus, we have that

U(cio1 < ¢;) <a ¥Y(¢; < ¢iyq) for each i, and the chain ¢y < ¢ < -+ < ¢, is

rising. O

Now given that there is a rising chain in the interval, we must show it is unique.

Claim 4.2.4. The chain constructed in Claim 4.2.3 is the only rising chain in the

interval [z, y].

Proof of Claim 4.2.4. Let x =xy <21 < --- <z, =y be a rising chain of the
interval different from the chain ¢y < ¢; < .-+ < ¢, of Claim 4.2.3. Since the
chains are different, there exists some index ¢ for which z; =¢; forall j <7,
and x; # ¢;, since cg =9 =x. Let N;, = V(1 <¢) ,and N\, = V(1 <y).

Since N, = ming{a € A | a <y y,a €1 ¢;_1}, we must have that A, <a Aj,,

since if \;; = A, then ¢; = ¢;1 V \j; = ¢;_1 V A\, = z;. Further, this also implies
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that A\, ﬁ L T;, since a covering must take as its label the smallest available less
than the larger element of the edge. Since \;; <, y and is smaller in the atom
order than all remaining atoms also less than vy, there will be some step £ in the
chain at which \;, €z 251 but N\, <p zy.

Hence W(xp_1 < ) = A;y. Therefore the chain z =zq <27 < -+ - <2, =y
has a descent, since it has label \;, precede J;,. This contradicts the assumption

that the chain is rising; thus, ¢y <c¢; < -+ < ¢, is uniquely rising. ]

Claim 4.2.5. The chain constructed in Claim 4.2.3 lexicographically precedes all

other chains of the interval [xz,y].

Proof of Claim 4.2.5. To see that ¢y < c¢; < -+ < ¢, lexicographically precedes
all other chains, we begin at its first label. Now since ¢y = z, the first label of
the chain is 23 = mina{a € A | a £, z,a <p, y}. Any other chain which does
not use z; as its first label will therefore succeed this constructed chain in the
lexicographic order since its first label is strictly larger.

On the other hand, if the first label of any other chain is also z;, then the
second element in the chain is by definition xV z; = ¢;. Thus, the chains coincide
along this first edge. We now repeat this argument for 25, but only on chains
whose first label was z;, as we have already established that only these may equal
or precede the constructed chain. By repeating this argument for each step in the
chain, we see that the chain ¢y < ¢ < --- < ¢, lexicographically precedes every

other chain. N

Combining these three claims, the edge labeling ¥ is an EL-labeling of L. [
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As an example of this edge labeling, we illustrate II; labeled in this fashion
in Figure 4.1; notice that here we use an arbitrary index for the atoms, and label
edges with this index for brevity. The labeled bold edges in the middle of Figure
4.1 are part of a falling chain. Notice that the falling chains of this labeling are
different from the falling chains of the labeling used in Figure 2.3, but that there

are still exactly six falling chains in both cases.

1234

112]3]4

Figure 4.1: A geometric labeling of 1l,.



Chapter 5

Partial Decomposition Posets

5.1 Definition and Examples

Recall that if every pair of elements in a poset P has a join, we call P a
join semilattice. Let P be a ranked join semilattice, With rank function p. A
set T ={xy,....,x,} C P is called independent if Zp (i) =p <\/ > and

p(x;) # 0 for each i. Define the partial decomposztzon poset 1lp of P as the
set of independent sets 17" of P, where we define the order relation <y, for any
pair T,S € IIp by saying that 7" <y, S if and only if V 2 € T' there exists
y € .S such that x <py.

It is easy to verify that the order relation <y, is a partial order. Note that
I, has a bottom element, namely the empty set; to distinguish this from 0 € P
when P is bounded, we denote the minimum 7j := (). Also, observe that since
1 € P exists, the element T} := {1} is maximum in IIp. Consider the following

example— let P be the join semilattice given by the following Hasse diagram:

o4
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Figure 5.1: The poset P.

Applying the definition, we have that Ilp is given by

/}\
{W}
{I’M’S}
{1} 2} {3}

Define now for positive integer k the k—equal partial decomposition poset TI5*

as the induced subposet of IIp given by
IEF={T cllp | plx) > kVzeT}

Further, note that if k = £(P), then II5F = ¢, the length one chain, while if
k =1, then 7' = IIp. We will only consider k > 1 in general. For instance,

for the poset P of Figure 5.1, II5% is given by
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N

8 {5

.

Consider the following two fundamental examples of partial decomposition

posets.

Example 5.1.1. Let P be the Boolean algebra B,. Let T = {A;, Ay, ..., A} C
B, with A; # () for each i. Since p(4;) = |4, 1n B, and also A;VA; = A,UA;,

we have that T is independent if and only if Z |A;| = U A;|. Clearly, we have

that T is independent if and only if the sets Al, ..., Ay are mutually disjoint.

Observe that Ilp, is the set of partial partitions of [n]. This lattice was
introduced and denoted Il<, by Hanlon, Hersh, and Shareshian [13, Definition
3.1]. They give the definition in terms of partitions of subsets of [n| rather than
in terms of independent sets.

We can identify T € Hgf with the element 7" in the k—equal partition lattice

t

II-% by requiring that each set A; € T' is a block of T and if a ¢ U A;, then
{a} is a singleton block of T”. This map between IIF* and II;* is ia:i)ijection,
since its inverse simply forgets the singleton blocks of T".

Further, it preserves the order relation, since given T SHEZ S, any singleton of
S’ must also be a singleton of T". Therefore, since each block of T is contained
in some block of S and any singleton block of 7" is contained in a block of S’,

we must have that 7" <y S’. Therefore, we have that II5F = II7* for each

positive integer 2 < k < n. Notice that since II>? = II,,, we have that

115> =~ 11,
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Example 5.1.2. Let P = B,(q) for prime power ¢. Let T = {Uy,...,U;} C
B,(q), with U; # (0) for each i. To be independent, since p(U;) = dim(U;)
a?d also U; VU; = U; + Uj, we have that T is independent if and only if
> dim(U;) = dim(Uy + -+ + Uy).

- Let 'V Dbe a finite dimensional vector space over the field F,, and let
Ui,Us, ...,U; be nontrivial subspaces of V. Recall that the sum U;+---+U; is
defined as the smallest subspace of V' so that for any vector v € Uy + --- + Uy,
we may write v = u; + --- 4+ u; for some collection of vectors u; € U; for each
1. The sum is called direct and denoted by U; & --- @ U; if one of the following

equivalent conditions hold:

t

e Every vector v € Uy +---+U; has a unique expression as a sum, v = E Us,
i=1
where wu; € U; for each 1.

e For each i, we have that U;N(Uy+---+U;_1 +Uis1 +-- -+ Up) = (0), the

trivial subspace.
t
o dim(Uy + -+ U4) = > dim(T)).
i=1

We call Uy @®---®U; a partial direct sum decomposition of V. Therefore, the
set T'={Uy,...,U;} isindependent if and only if U; @ ---@® U, is a partial direct
sum decomposition of V' = . Thus, we have that Ilp, ) is the poset PD,(q)
of all partial direct sum decompositions of Fy, discussed in Section 3.2. On the

other hand, the poset Hgf( 9 is the poset of partial direct sum decompositions

whose summands all have dimension at least k, which has so far not been studied.

From the observation that B,(gq) can be viewed as a g—analogue of B, and

Hgi = II,,, we can hope that Hgi( g can also be viewed as a new g¢—analogue
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of II,; we will provide further justification in Chapters 6 and 7. Because of these

results, we will later use the alternative notation I1;*(q) for TI5F .

5.2 Preliminary Lemmas About Independent Sets

Before proving more substantial results concerning partial decomposition
posets, we prove some results concerning the nature of Il; for L a geometric
lattice. For these lemmas, we always assume that L is a geometric lattice with

atom set A.

Lemma 5.2.1. A set T is independent in L if and only if every subset of T

1s independent in L.

Proof. In one direction, the proof is completely trivial. To show the other
direction, assume that 7 is independent and some subset S of T is not
independent. Denote T'— S by S5’

Since T is independent, we have that S # T. By the assumption that S is

not independent and by Lemma 4.1.3, p (\/ y) < Z p(y). Now observe that by

yeSs yeSs
join associativity we have that p (\/ y> =p ((\/ y) V (\/ y)) Applying
yeT yes’ y€eS

Lemma 4.1.3 to this, we obtain

() () =) ()
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Thus, T could not be independent, a contradiction. O

Lemma 5.2.2. Let T = {xy,22,...,2,} be an independent set of L. If b€ A
is such that b & (x1V -V ), then both {x1, ..., (xn, Vb)} and {x1,...,xm,b}

are also independent sets of L.

Proof. Notice that b € z,,, so by semimodularity, since b A x,, = 0, we have

that p(bV x,,) = p(xm) +1 = p(x,) + p(b). By the associativity of the join,

m—1

observe that p (b V {"/ :1:2> =p <(b V ) V \/ ZL‘Z> , so that the independence of
{1, ..., xm, b} implieis:ﬁ:he independence of {ix:ll, ooy (X, VD) }

Let z = \m/xl Since b % z and b is an atom, we have that b A z = 0,
and so b A zizlb. Therefore by semimodularity we have that z < bV z, so that
p(bVz) = p(2)+1 = p(z)+p(b). Now since T is independent, we have that p(z) =

Zp(xz) Combining these results gives that p (b v L) = p(b) + ZP(%’),
i=1 i=1 i=1
and so T'U {b} is independent.

Lemma 5.2.3. Let T be an independent set of L, and suppose x € T and
SCT—A{x}. Then = A \/y:f).

yeS

Proof. Since S and SU{z} are both subsets of T, by Lemma 5.2.1 they are
independent. By the semimodularity of L and the independence of both S and

SU{x} we then have

oo (Vo) o (e () oo (V)

=p(l‘)+zp(y)+p<xA (\/ y))

yeS yeS

o) oo (W)
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This gives that 0 > p (:c A (\/ y) > However, since p is a nonnegative

yeS

function, we conclude that p (x A <\/ y)) = 0; moreover, since 0 is the only

yes

element of L of rank 0, we have x A (\/ y) =0, as claimed. O

yeS

Corollary 5.2.4. If T <y, S, then each element x € T is less than a unique

element y €S in L.

Proof. Since the elements of any independent set must have meet 0, there can be
no distinct elements yq,y2 € S such that = <, y; and x <p 1y, forany z €T,

as (y1 Ayz) would not be 0, a contradiction. ]

Lemma 5.2.5. Let T be an independent set of L, andlet z € T. If w <y x,

then the set (T — {x}) U{w} is independent.

Proof. Without loss of generality, assume that w < z. Since L is geometric,

there exists an atom a such that wVa=z. Let z = \/ y. By associativity
yeT—{z}
of the join, z Ve =2V (wVa) = (2 Vw)Va. By semimodularity, we have that

p(zVz)=p((zVw)Va)<p(zVw)+pla) = p(z Vw)+ 1. By the independence
of T and Lemma 5.2.1, we also have that p(zV x) = p(2) + p(z). Combining
this inequality and equation gives that p(z)+ p(z) — 1 < p(z Vw). Since p(w) =
p(x) — 1, we have that p(z) + p(w) < p(z Vw). But semimodularity also requires
that p(z)+p(w) > p(zVw); therefore, we must have that p(zVw) = p(z)+ p(w),

and so (T — {z}) U{w} is independent. O

Lemma 5.2.6. Let R be an independent subset of L. Let T C L be such that

\/ yeT and RNT = 0. Then T is independent if and only if

YyER

S = (T — {\/ y}) U R s independent.
YyER
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Proof. Let z = \/ y. We have that

yER
p(\/y):p Vo v<\/y)
yeS yeT—{z} YyER
=p yl|VvVz
yeT—{z}
=p y> .
yeT

We also have that

oo =1 > sy +p<\/y>

yes yeT—{z}

= D »y) | +0()

yeT—{z}

=> py).

yeT

Therefore S is independent if and only if T is independent. O

Note that by combining Lemmas 5.2.5 and 5.2.6, if 7' C L is an independent
set, then we can replace any x € T' by any independent subset R C [0, x] C L

and maintain independence.

5.3 Establishing That II;* Is a Lattice

As an application of the results of Section 5.2, we next show that II7* is also

a lattice when L is geometric. Let L be a geometric lattice, and 0 < k < ¢(L)
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a fixed integer. For the pair of distinct elements T, S € II7*, define
ToS::{(x/\y)EL|xET,yES, p(x/\y)zk‘}. (5.3.1)

Lemma 5.3.1. Let L be a geometric lattice, and 0 < k < ¢(L) a fixed integer.

Fiz T,S € II7*. If ToS isindependent, then ToS =TAS.

Proof. Let U € II;* be an arbitrary lower bound of T and S. Then for each
element z € U, by Corollary 5.2.4 and the definition of the order relation, there
exists a unique x € T' and a unique y € S such that z <; x and z < y; thus
z is a lower bound of x and y in L.

Now since z,y,z € L, by the definition of meets we have z <; (z A y).
Thus, each element in U is less than or equal to the meet of some unique pair of
elements, one from 7T and one from S. Since we define T'¢ .S to be the set of

all such meets, we conclude U Sz T<¢S. Thus, T'¢ S is the meet. O

Theorem 5.3.2. Let L be a geometric lattice, and 0 < k < {(L) a fized integer.

Then TI7* s a lattice.

Proof. When k = ((L), since 1I7* 2 ¢, it is trivially a lattice; assume then that
k < ¢(L). We have already defined T ¢S given any two elements T,S € II;*,
and shown that if it is independent, then it is the meet. We now show that T ¢ S
is independent. To show this, we use the results of the Section 5.2. These give
us three processes which allow us to transform a given independent set into a
“smaller” independent set in TI7*.

Consider T and T ¢ S. We begin by deleting all elements of 7" which are
not greater than any element of 7'¢ S, using Lemma 5.2.1. Next, we can look for
any element of 7" which is greater than a single element of T'¢ S;let x € T' and
y € ToS be such a pair, and assume z # y, or else there is nothing more to do.

Since y < , by Lemma 5.2.5 the set (T'— {z}) U{y} is independent.
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Last, assume there are multiple elements of T'¢S less than some fixed element
of  €T. That is, let {y1,...,y;} CT oS besuch that each y; <; z. Since each
y; <r x, we must also have that (y; V---Vuy;) <pz. If # (y; V---Vy;), then
we use Lemma 5.2.5 to replace = by this join. Notice by the definition of T ¢S,
that there must exist distinct zy,...,2; € S such that y; <; 2; for each ¢, since
they are all less than the same x € T.

Therefore, since each y; can be obtained by application of Lemma 5.2.5 to
S, the set {yi,...,y;} is also independent. Applying Lemma 5.2.6 to the join
y1 V---Vy; allows us to preserve independence as we replace y; V---Vy; by
the subset {y1,...,y;}.

Combining these three processes shows that 7'¢.S is independent, since each
of its elements can be obtained from 7T in a way which preserves independence;
thus, To S = T A S, so M7* is a meet semilattice. Recall that Ty = {1} is
maximum in II7*. Since any meet semilattice with a top element is a lattice, we

have that II7* is a lattice. O

For example, consider L = By and k = 2. Using traditional block notation,
let T = 123]4567|89 and S = 128|3459|67. Now T A S = 12]45|67. We can
obtain T'A S from T by deleting block 89, replacing block 123 by 12, and then
splitting block 4567 to form the set of blocks 45|67.

Because II7* is a lattice when L is geometric, we shall call it the k-

equal partial decomposition lattice. It can easily be verified that these lattices

n

are only pure either when k& = 2, or when k > 7. Specifically, we have that

((I7?) = ¢(L) — 1, while for k > 2, the lattice has maximal chains of length

. o(L)
({(L) —1) —t(k —2) for each positive integer ¢ < =
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Now being a lattice, we may ask whether II7* is also semimodular. We
previously observed that Hgf =~ [I-* was not pure whenever k > 2; since
semimodularity implies purity, this lattice is also not semimodular. When £k = 2,

we have the following result:

Proposition 5.3.3. For k =2, there exists a subspace lattice B,(q) such that

HEQ(q) 18 not semimodular.

The implication of this statement is that it is not true in general that II7*
is geometric, even if L itself is geometric. This contrasts with the result that

HE: = 11, which is geometric; the proposition implies this is an exceptional case.

Proof. Consider L = Bjy(2), the lattice of subspaces of the vector space Fi’. We
will construct a pair of elements 7,8 € H;fO(Q) which will fail the condition for
semimodularity; namely, we will show that 7 AS <7 but S is not covered by
TVS.

We use m x 10 reduced row echelon matrices with nonzero rows to represent

m~dimensional subspaces of F1°. Consider the following four subspaces of F1°:

0001O0O0O0O0O0O0 1010101010
'=lo000110011}:5%=]l01010101°0T1 [
0000O0OO0OT1TT1TO0®O 0000O0OO0OO0OO0OT1T1

1100000000
1110001110
Sy = ,S3=1 0000110011
0001110000
0000001100

We now define the sets 7 = {T'} and S = {51, 52,55}. It is not difficult to

check both that S is independent and that from the characterization of the meet
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of independent sets given in (5.3.1), 7 AS = {V'}, where

000011O0O0T171
V:

00 00O0OO0OT1TT1TQO0ODPO0

It is clear that V < T in Bjo(2); hence 7 AS < 7. Suppose now that
S < TV S. Then we must have that 7 VS has one of the following forms:
(1) {S; v S;,Sk} for some permutation ijk of the indices 1,2,3 such that
T CS;v S or(2) {5,955} for some permutation ijk of the indices 1,2,3
where Sy<g, (S, and T C S}.

We can see now that (1) is not possible by considering the vector a =
(0,0,0,1,0,0,0,0,0,0). Note that a € T, but a ¢ S; Vv S; for any pair 1,j, as

we can see from the following pairwise joins:

1010101000
0100100100
S1VS=[0001110000 [

000O0O0OO0OO0OO0OT1®O

Sl\/ng )




Sy V S5 =

0
0

0
0

0

0

1

1

0

0

1

1

0000O0OO0O1T1QO0®O0
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We now show that (2) is also not possible. Since a ¢ S, but a € T C S}, we

see that S; = Sk V (a). Notice however that @ can be expressed as the sum of

the vectors (0,0,0,0,0,0,0,0,1,1) € S; and (0,0,0,1,0,0,0,0,1,1) € SV Ss.

Therefore, we have that a € S; vV .S; V S, and so S; V.S; VS, =S;V.S;VS.

This contradicts the independence of {S;,5;, 5.}, hence S is not covered by

TVS.

[]



Chapter 6

The Topology of ka

6.1 The EL-Shellability of 17"

We now will show that II7* is EL-shellable if L is a geometric lattice and
k > 2 is an integer. Denote by A the atom set of L, and fix a linear order <y
on A. Since A is linearly ordered, given any subset S C A, define w(S) to
be the strictly increasing word on the letters of S. That is, if S = {a4,...,as} is
such that a; <4 a;41 for each @ € [s — 1], then w(S) = ajay- - - as.

Since L is geometric, any element x € L can be written as a join of some
collection of atoms of L. We say that a set of atoms B, = {ay,...,an,} is a basis
of x if x = \/ai and p(x) = |B;|. We then use the order <, to induce a
lexicographic c;ier on the set of words of the form w(B,) for a fixed z € L.
That is, given two words w; = ajas---a,, and ws = biby---b,,, then w; < wy
if there exists unique index 1 < j <m such that a; = b; whenever ¢ < j and
a; <a bj. Since there is a bijective correspondence between increasing words and

subsets of A, this induces a lexicographic order on bases of x. Now we define a

special basis in the following way:

67
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Definition 6.1.1. Given a linear order <, of the atoms of geometric lattice L,
a basis U, = {a1,...,an} of x € L issaid to be the unique minimal basis of x

if w(U,) <w(B,) for any basis B, of x.

We will always denote the unique minimal basis of the element x by U,.

Further, we can make the following observation concerning this basis:

Lemma 6.1.2. Fix x € L for a geometric lattice L with a given linear atom
order <a. Suppose U, = {ay,...,an} where a; <4 as <4 -+ <4 Q. Then the
label sequence of the unique rising chain of [@, x] under the EL-labeling Vi of

L induced by the atom order (defined in Definition 4.2.1) is (ay,as, ..., ay).

Proof. Recall that the edge y <2z of L is labeled by finding the smallest atom
a in A such that yVa = z, and assigning y < z the label a. We then
can construct a maximal chain zg< ;< --- <z, of [0,z] by defining for each
0 <j <m the element z; = \/ai. Note that x¢ = 6, while z,, = x by the
definition of a basis. That theseigejiements form a maximal chain is a consequence
of semimodularity, as we see that x; < x;;; for each j. Consider the edge
x; <xjp1 for afixed 0 <j < m. Suppose that the label of the edge x; < ;41 is
a;41 for each 0 <<¢ < j, and that there exists atom b <4 a;4; which is minimal
among all atoms such that x; Vb= z;,1; the edge x; <x;;; must receive label
b.

Furthermore, if such a b existed, there would exist a basis B, such that the
first j+1 letters of w(B,) are a;---a;b. Regardless of the remaining atoms in
this basis, w(B,) would then lexicographically precede w(U,). Therefore, no such

atom b can exist, and so the edge z; < ;4 must receive label a;y; for each

j. Since ay <4 as <4 - <4 Gy, the maximal chain Ozxo << <Xy =T
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has label sequence (ay, ..., a,,), and thus is the rising chain of [0, ). O

Once we have U, for each x € L, we can use this basis to generate covering
labels in TI7*. First, we observe that there are only three types of coverings
in II7%, generalizing the three observed for the k-equal partition lattice. We

summarize these coverings as follows.

Proposition 6.1.3. Given a geometric lattice L and a fixed integer 2 < k <

(L), then T < S for T,S €1Iz* if and only if one of the following hold:

Type I - Creation:

There exists a unique y ¢ T such that S =T U{y} and p(y) = k.

Type II - Expansion:

There exists a unique x €T and y € .S such that r<py and

S =(T—A{z}) Uiy}

Type III - Merger:

There exist unique and distinct x,y € T such that S = (T —{z,y})U{xVy}.

We can now assign labels to each type of edge as follows:

Definition 6.1.4. Let L be a geometric lattice with linearly ordered atom set A,
and fix an integer 2 < k < ¢(L). Define the edge labeling W : £(II7F) — [2] x A

by labeling each type of covering step described in Proposition 6.1.3 as follows:

Type I - Creation:
U(T < 8)=(2,b), where b= maxa(U,).
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Type II - Expansion:

V(T < S)=(2,b), where b=mina{a € A|aVx=uy}

Type III - Merger:
V(T < S)=(1,b), where b= maxs(U, UU,).

We now order the label set lexicographically, so that (1,%) < (2,%) for any
arbitrary entries in the second component, while for fixed m, we use the atom
ordering of L to say that (m,a) < (m,b) if and only if a <4 b. This is
well-defined, since the second component is always an atom of L, which we call
the labeling atom of the covering relation.

Further, we have the following lemma concerning mergers and their labels:

Lemma 6.1.5. Let T be an independent set of geometric lattice L, and let

x,y €T be distinct. Then

maxa( Upyy) <a maxy (U, U Uy).

Proof. We have :z:\/yz(\/ b)\/ \/b = \/ b|. Since {z,y} CT
beU, beU, bEULUU,

is independent, U, N U, = () by Lemma 5.2.3. Therefore U, UU, is a basis for

V.

Let 0 =2 <2z < - < 2Zp1 <2, =aVy be the rising chain of [O,mVy]
under the labeling ¥, of L induced by the linear order of A given in Definition
4.2.1. By Lemma 6.1.2, we have that a := max4(Uyyy) = VU (zm—1 <2 Vy). This
implies that a =mina{b€ A | b <, xVy,b %L zm_1}.

Assume that max,(U,UU,) <4 a; thus, for all b € U,UU,, we have b <4 a.

By the minimality of a, we have that b € U, UU, implies b < z,_;. Thus,
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\/ b <p Zm-1 <r x Vy. This contradicts that U, U U, is a basis of z V y;
beU,UU,
thus, we must have that max,(Uzy,) <4 maxa(U, UU,). O

With this labeling, we now state and prove the following main theorem:

Theorem 6.1.6. Given a geometric lattice L and a positive integer 1 < k <
((L), the labeling VU of Definition 6.1.4 for the partial decomposition lattice 117"

1s an EL-labeling.

Proof. The proof of this theorem generalizes the proof of Proposition 2.5.1 for the
k—equal partition lattice [7]. Clearly, if k = ¢(L), the lattice is EL-shellable, being
isomorphic to the chain ¢;; assume then that k& < ¢(L). We begin by analyzing
upper intervals [S, 71|, of which there are two types.

The first type of upper interval is of the form [S, Ti], for S # Ty € II7F. We
start by indexing the elements of S = {z1,...,2,} so that for all pairs of indices
i<,

max 4 (U, ) <4 maxy(Uy,). (6.1.1)

This is well-defined, since no atom is less than two elements of S simultaneously

by Lemma 5.2.3. For each ¢ € {1,...,p}, define w; = \’/ij Now define S; =
{wi, xis1, Tigo, ...,x,} for each 4, with 1 <4 < p. Inj?articular, observe that
Sy =S, and S, = {w,}; also, observe that w; = w;—y V x;, and that 5, =
(Sic1 — {wi_1,z:}) U{w;}.

Let p(w,) = r. Define (recursively) for each ¢ with p+1 <i < {¢(L)—r the

following:
o b=ming{a € A|asLw_1}

® W; = W;—1 \/bZ
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Further, define S; = {w;} for each ¢ with p+1<i </{(L)—r.

Claim 6.1.7. The mazimal chain c:=S5; <Sy < -+ <8y <Spp1 < -+ < Syp)—r

is rising in the upper interval [S,T}].

Proof of Claim 6.1.7. First, observe that S; 1 < 5; for each 1, since when
1 < p, each w; is the merger of the two elements w; ; and xz; of S;_;, while
when ¢ > p, each w; is an expansion of S; ;. For the mergers, we need to
show that for each 4, we have max4(Uy,) <4 maxy(Us,,,), which will imply
that the labeling atom for each merge is max,(U,, ,). For 7 =1 it is clear
that max(U,,) = maxs(U,,) <4 maxs(U,,) by (6.1.1). Assume now that the
inequality holds for some ¢ > 1. By Lemma 6.1.5, the definition of w;,;, and

(6.1.1), we have that

maXA<Uwi+1> = maXA(Uwi\/wiH)
<4 maxa{maxa(Uy,,), maxs (U, )}

=maxa(Ug,,,)

<4 maxy(Uy,,,).

Therefore, by induction on 4, we have max(U,,) <4 maxa(U,,,) for all
1< <p—1.

Thus, for each i € [p— 1],
U(S; < Siy1) = (1, maxa(Ug,,,))- (6.1.2)

Now we can see that the sequence of labels for this chain is precisely

(1, max4(Us,)), ..., (1, maxa(Ug,)), (2, bps1), s (2, byr)—r). By the choice of indices
for the elements of S from (6.1.1), the merger subsequence is strictly increasing.
That the expansion subsequence is strictly increasing is a consequence of the fact

th

that since each b; is the smallest atom available at the (i —p)" expansion step,
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these labels must increase, since the minimum of the set of available atoms must

get strictly larger after every expansion. Thus, the chain ¢ is rising. O]

(Proof of Theorem 6.1.6 continued) Note that if |S| =1, then p =1, so there are
no merger labels in this chain. Similarly, if w, = 1, there will be no expansion
labels. Further, observe that in this interval, any creation or expansion which
precedes a merger automatically generates a descent. Since only mergers can
reduce the cardinality of an independent set, and we must finish with a singleton
independent set, we must have that any rising chain must consist of a sequence of
mergers followed by a sequence of expansions, where one of these sequences may
be empty.

Now since we must merge all the elements of S first, and we defined w, =
\p/ x;, every rising chain must pass through the element S, = {w,}. Therefore,
i;é may consider the two separate intervals, [S,S,] and [S,,T}]; either one of
these intervals may be singleton, in which case there are no chains, and no further
analysis needed. In the interval [S,S,], we seek a rising chain ¢,,, which must
consist of only mergers, while in [S,, T1], we seek a rising chain c¢., which must
consist of only expansions. Since these intervals intersect at only one element,
then the set ¢, Uc. is a maximal chain of [S, T3], and will be rising.

Notice that by our construction of ¢ in Claim 6.1.7, if we define
Cpn =25 <S5 < ---<§, and ¢, =85, < Spp1 < -+ < Syr)—r, then these two
chains are each rising in their respective intervals. Now to show that ¢ = ¢, Uc,
is the only rising chain in [S,Ti], we can show that ¢, and ¢, are uniquely

rising in their respective intervals.

Claim 6.1.8. The chain c,, is the only rising chain in the interval [S,Sy).
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Proof of Claim 6.1.8. Notice that since w, = \7 x;, we cannot perform any type
of covering step in this interval except mergers, sii:rice both expansions and creations
require an increase in the sum of the ranks of the elements of an independent set.
Let d,, be a rising chain of [S,S,]. Since each covering step is a merger in
this interval, consider the covering step which arises from merging together two
distinct elements w,v € Ry for some R; € d,,. By definition, the label this step
receives must be (1,b), where b = max{max,(U,), max,(U,)}.

Assume that max,(U,) <4 max4(U,), so that the label of the merger u Vv
is (1,max4(U,)). If v = wv; Vv, was the result of the previous merger of the
two elements wvy,v9 € Ry for some Ry € d,, with Ry <; R;, then assume
that max(U,,) <4 maxa(U,,), so that the merger v; V v, generates the label
(1, max4(U,,)). Now by Lemma 6.1.5 we have that max4(U,) <4 max(U,, U
U,,) = maxa(U,,), so we have that (1,maxs(U,)) < (1,max4(U,,). But this
implies that d,, is not rising, since the label (1, max4(U,,) precedes the label
(1, max(U,)).

Hence we have shown that each covering of d,, is a merger w V v where

v € S and the label of the merger is (1, max4(U,)). It follows that there is a
permutation ¢ € &, such that d, := 5] <5, < --- < 5, where for each 1
we have w) := \Z/ To(j), Sf = {W), To(i1) To(it2)s - Ta(p) }, and W(S_; < 5f) =
(1,maxA(Uxa(i>)§‘ISince d,, is rising, by (6.1.1) we must have that o 1is the
unique increasing word, o = 123 - - - p. Therefore d,, = ¢,,, and the rising chain is

unique. ]
Claim 6.1.9. The chain c. is the only rising chain in the interval [S,,T1].

Proof of Claim 6.1.9. Notice that since both S, and 7T are singleton sets, if

R € [S,,T1] is such that |R| > 1, then any maximal chain containing R must
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contain a creation followed by a merger, and so is not rising. Therefore, any
rising chain in this interval consists entirely of expansions only. Let f. be a
maximal chain consisting of only expansions in the interval with label sequence
(2,dpt1), .-, (2,dgry—r), and let @ be the first index at which b; # d;, with b;
the " label of the chain c,.

Since by definition b; is the smallest atom available at this step not less than
w;—1, we must have that b; <4 d;. Further, we have that b; €, (wi_1 V d;), by
the definition of the edge labeling of an expansion. But since every atom is less
than 1, we have that b; will become an expansion label of f. eventually, being
the smallest atom available. Thus, we have b; = d;,; for some positive integer

k; thus, f. is not rising, as (2,d;) precedes (2,b;) in the label sequence. ]

Therefore, the chain ¢ has a uniquely rising label sequence in [S,T}].

Claim 6.1.10. The chain c¢ is lexicographically first among all maximal chains

Of [S, Tl] .

Proof of Claim 6.1.10. To show that ¢ is lexicographically first among all
maximal chains, we make use of the fact given in (6.1.2) that the rising chain
we have constructed uses at each step the smallest possible label available. Since
no label can be smaller at each step than the label of the rising chain, it cannot be
preceded by any other maximal chain in the interval. Thus, these upper intervals

of this type have the rising maximal chain we seek. O]

(Proof of Theorem 6.1.6 continued) Now consider the upper interval [T, T3] =
I17%. We must clearly begin our sequence with a creation, since we cannot arrive

at T} unless we have at least one element. However, if we have multiple creations,
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we will have to have a merger which follows them, creating a descent. Since we

can have only one creation, the remaining steps are expansions only.

~

Claim 6.1.11. Denote the rising chain of L by Cp, := 0<cp <o < cory-1 <1,
under the EL-labeling Vi given in Definition 4.2.1. Then the chain

Cpzr i=Tp < {er} <{ckir} < - <{eyp)-1} <Th s a rising chain of TITF.

Proof of Claim 6.1.11. By Lemma 6.1.2, the labeling atom of the creation

Ty < {c} is the same as the largest label in the unique rising chain of [0, ¢z
However, this chain is a subset of Cp. Thus, we have U(Ty < {c}) =
(2, ¥ (cp_1 < ¢x)), while U({¢;} < {cit1}) = (2, V(¢ < ¢i41)) for each i > k.

The label sequence of Cnfk is therefore

~

(2, Wp(ch1 <)), (2, p(ck < crpr)), o (2, Wilegry -1 <1)),
and so since (' is rising, we have that C’ka is also rising. O

Claim 6.1.12. The chain Cnfk s uniquely rising among all maximal chains of

7k,

Proof of Claim 6.1.12. Since we cannot have mergers and maintain a rising chain,
assume D =Ty < {dy} < {dps1} < -+ < {dyr)-1} <11 is a rising chain. By
Lemma 6.1.2, V(T < {di}) = (2,a) where a is the largest label in the uniquely
rising chain Dy, of the interval [O,dk] ; under the EL-labeling ¥, of Definition
4.2.1. The labels given to the expansions above {dy} are directly taken from a
maximal chain of the interval [dy, 1]z, as in Claim 6.1.11.

Since D is rising and V({d;} < {dit1}) = (2, Y1(d;<rd;i11)) for each i, we
have F = dp < dpi1 < -+ < dypy-1 < dyr) = 1 is rising in L. Further since
U(Ty < {dp}) < V({dr} <{dps1}), we must have that a <4 VU (dp < dpy1). But

notice that since Dy N E = {dy}, the chain Dy U FE is a rising maximal chain of
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L, and so we must have that D = Onfk by the uniqueness of the rising chain of

L. ]

Claim 6.1.13. The chain C’ka 15 lexicographically first among all mazimal

chains of T7*.

Proof of Claim 6.1.13. Notice by Theorem 4.2.2 and Lemma 6.1.2 that every atom
a <4 maxa(U,) is such that a <p ¢4_y. Therefore, if ¥(7, < {dx}) = (2,a)
is such that a <4 maxx(U,) for some atom {dy} € I7* , then b € U,
implies that b < cp_;. By the definitions of bases and joins, we then have that
dy, <p, cp_1, which contradicts the fact that p(dy) =k by the definition of TI7*.

Now suppose VU(Ty < {dr}) = (2, max4(U,,)); that is, we have that a :=

max4 (U, ) = maxa(Ug ). Then since \/ b <p cx_1 from the previous
bEUdk_{a}
observations, and c¢;_1 V a = ¢, we have that d, = \/ b <p c¢p. Thus, if
bEUdk

p(dy) = k, then we must have that d; = ¢;. Therefore, only one creation has a
label as small as the creation label of C’ka. Since the chains above this creation
are maximal chains of the upper interval [{c;},T1], Claim 6.1.10 gives that the
unique rising chain is lexicographically first in this interval. Therefore, the chain

Cnfk is lexicographically first among all chains of II7*. m

(Proof of Theorem 6.1.6 continued) Thus, any upper interval of the form [S, 7]
contains the maximal chain we seek. Now consider an arbitrary interval [S,T],
with S = {s1,...,8m}, and T = {ty,...,t,}. First consider two distinct elements
ti,t, € T. By Lemma 5.2.3 t; ANt = 0 for any such pair. By the definition of
labeling atoms, we see that any label in any chain generated by ¢; cannot also be
a label in a chain generated by ¢, since it would imply an atom simultaneously

less than both.
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For a fixed t; € T, denote by S’ the element of [S,T] such that S*= {¢;,}UV",
where V' = {s € S| s £, t;}. Observe that since V' C S, by applying
Lemma 5.2.6 to T, we have that S? is independent. In particular, every element
Z € [S,5Y must satisfy V' C Z. We now observe that the interval [S,S?] is
isomorphic to the upper interval [S — V* {t;}] of Hftki , where L, =1[0,t;] C L;
here, the isomorphism is given by the map which forgets the subset V¢ common
to every element of [S,SY]. Note that lower intervals of geometric lattices are also
geometric.

Since II7F = [To, {t;}] is alower interval of II7, the edge labeling ¥ of 7"
restricts to the edge labeling of Definition 6.1.4 with L = L;, for Hft’z. Using
Claims 6.1.7 and 6.1.11, we know that every upper interval of Hfi has a rising
chain; we have also shown that such chains are unique in Claims 6.1.8, 6.1.9, and
6.1.12. Let S—V'=R] <R, <Ry < --- <R}, ={t;} be the rising chain of
the upper interval [S —V* {t;}] C I} for each i, and denote W(Rj < Rj,,)
by /\;

Denote the set of all X; by A. Note that since t; At = 0 and N <pti
for each ¢ and each j, we have that )\;11 #* )\g if 41 # iy. Since the label set

t

2] x A is totally ordered, A is also totally ordered. Observe that S = U Ri,
i=1

while T = ORfm Further, any union of the form OR;, where j; is arbitrary
for each i, ii?independent by Lemmas 5.2.5 and 52%1

We now define the chain C' tobe S=2y<Z; <Zy < --- <4, =T, where
Zy:= (S — R})UR, and we choose i such that A} = min(A). To recursively
define the remaining elements, let A, be the set of labels of A which have been

used to form Z, for each integer p. We then define Z,., := (Z, — R\) U R, |,

where )\é- = min(A — A,). Notice that each Z, is independent, being a union of
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the form OR; Further, we have W(Z, < Z,41) = A}. Moreover, as we select
/\§ to be rilzliumum at each step, we must have that C' is rising.

Now we show that C is the only rising chain of [S,T]. Note that every
maximal chain of [S,7] has a similar description to that of C. Indeed, let D
be the maximal chain S = Dy <D; <Dy < --- <D, =T. Then for each i € [u],
there is a unique maximal chain M;(D) =S - V' =Y} <Yj < --- <Y} = {t;}
of [S—V* {t;}] such that for all h >0 we have that Dy, = (D, —Y})UY},,
for some 1, 7.

We have that W(Dj < Dpy1) = W(Y} < Y/,;). Hence, the label set of D is
0= O T,(D), where Y;(D) is the label set of M;(D) for each i. Assume D
is risiirfé. Then each M;(D) is rising. Since each [S — V' {t;}] has a unique
rising chain, we have that M;(D) = M;(C) for each i, where C' is the rising
chain constructed above. Therefore, we have T,;(D) = T;(C); consequently, we
have that €2 = A, the label set of C. Since A is totally ordered, there is a unique
way to arrange its labels in increasing order; therefore, D = C.

We can see that (' is also lexicographically first since at each step we
choose the smallest available label of all types in the interval. That is, since
each M;(C):=S—-V'=R| <Ry <Ry<---<R, ={t;} is lexicographically
minimal, the labels it generates are all as small as possible at each step. Further,
since we construct C' by choosing the smallest label of A at each step, we must
have that C is also lexicographically minimal.

Thus in any interval, there is a unique rising maximal chain which is lexicographically

first among all maximal chains. Therefore, ¥ is an EL-labeling, so that TI7% is

EL-shellable. O



80

6.2 The Falling Chains of II7*

The EL-labeling of II7* is a generalization of the EL-labeling of Bjérner and
Wachs for the k—equal partition lattice described in Section 2.5. Recall that when
L = B,,, all the labels of a falling chain which were of the merger type had to be
exactly (1,n); this constancy does not hold in general.

Fix a positive integer n. We say that the multiset A\ = {1, Ag, ..., \;} is an
integer partition of n if A\, € P foreach ¢ and A\ + X+ ---+ A\ = n. Each
A; € X is called a part of \; the length of A is defined as the number of parts of
A, and is denoted by ¢(\). We will always index the parts of A so that \; > \j1;
for each i. We frequently call A simply a partition when the context is clear. If
A is a partition of n, then we indicate this relationship by A n. For example,
A={3,3,2,1,1} is a partition of 10, so we write A F 10, and ¢(\) = 5.

Given any element T = {xy,...,z;} € Il define the type of T, denoted
type(T'), to be the multiset of integers {p(x1), p(z2), ..., p(x;)}. Define the total
rank r(T) of T to be

(1) =) pla).

€T
For a fixed partition (i.e., multiset) A = {Aq,..., \;}, define

Iy :={T €Il | type(T) = A} (6.2.1)
For a general geometric lattice L and a fixed element z € L, define
L, =10, x].
Let p(z) > k and define
M (@) = AT € [To, {=}] | IT| < 1}.

Recall from Definition 3.3.2 that a truncation P, of a ranked bounded poset

P is the induced subposet consisting of all elements of ranks in the set S =
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{k,k+1,...,¢(P)—1}. Also, recall that by P we mean to adjoin both a top and

bottom element to the poset P.

Lemma 6.2.1. Let L be a geometric lattice, and fix x € L with p(z) > k.

Then N7F(z) = (L,)x.

Proof. We show these two posets are isomorphic by constructing a bijection

between them. Define ¢ : (fx\)k — [7%(x) by

{z}, 2=1
o(2) =4 {2}, ze (L)
B, z2=0

This map is well-defined since if z € (L,), then both z <, z and p(z) > k
hold, so that {z} € TI7%(z). It is clearly bijective, and moreover, it is clear

that  ¢(z1) <l=#(a) ¢(z) if and only if 2z < zy. Thus, the posets are

(Lalr

isomorphic. O

We now turn attention to counting falling chains of II7*; we begin with a few

lemmas.

Lemma 6.2.2. Let L be a geometric lattice, and T = {x1, 1y, ...,2;} € II7*. If

r(T) =4(L), then [T,Ty] =TI,.

Proof. Notice that since the total rank of 7' is ¢(L), all covering relations of

[T, T1] must be mergers, since it is not possible to raise the total rank. Arrange

the indices of the z; € T' so that max(U,,) <4 max4(U,,,,) for 1 <i<t.
Define the function ¢ : II, — [T, Ti] by

¢({Bi, By, ..., Bp}) = { \ oz, \ 2y x}

i€B; i€ Ba 1€Bm
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For example, let t =9; we have
¢ ({{1, 3, 6}, {2}, {4, 5, 7}, {8, 9}}) = {Jfl V I3 V Te, Lo, Ty vV T5 V Tr, Tg V I'g}.

Similarly, it is easy to see that ¢(0) = 7 and ¢(1) = Ty. To show that ¢ is
well-defined, we must show that ¢({Bi, Bs, ..., B}) is an independent set. By

Lemma 5.2.1, the set {z; € T'| i € B;} is independent for any block B;. Hence,

we have p \/ x| = Z p(z;). Therefore,

1€B; 1€B;
2| V| =22 ol
j=1 1€B; Jj=11i€B;
- Z T
zeT
()
zeT
=r| V| V=
j=1 \i€B;

Thus, ¢ is well-defined. This map is clearly order-preserving, so we need only to
show that it is a bijection.

To show ¢ is a bijection, we show first that it is surjective. Note that if
S =A{y1,...,ym} € [T, T1], then each y; is the join of some subset of 7', as mergers
are the only covering steps in this interval. Define B; := {i € [t] | x; <, y;} for
each j; we can see that ¢({Bi,..., Bn}) = {1, .., ym}, and so ¢ is surjective.

For injectivity, it is enough to show that for subsets A, B C [t] we have that

\/ T; = \/ x; implies A = B.
i€A i€eB
Suppose \/ T, = \/ x; and A # B. Without loss of generality assume that
i€A i€B
there exists j € A such that j ¢ B. Now

ZL‘]\/\/J/’Z:ZL‘]\/\/J]Z:\/[EZ:\/J}Z7

i€B i€A 1€A i€B
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since j € A. Since {z; € T |i€ B} U{x;} CT isindependent, we cannot have
that z; vV \/ T, = \/ x;. Therefore, there is no j € A such that j ¢ B, and

1€B i€l

thus A = B. O]

Corollary 6.2.3. Let L be a geometric lattice, and T € II;* an independent
set such that r(T) = ¢(L). The number of falling chains of [T,Ti] is (t—1)!

under any EL-labeling of TIT*.

Proof. Recall from Proposition 2.4.2 that II; has the homotopy type of a wedge
of (t—1)! spheres of dimension t — 3. By Theorem 2.2.5, the number of falling

chains of [T,T;] under any EL-labeling must therefore be (¢ — 1)!. O

Lemma 6.2.4. Let L be a geometric lattice, and T = {zy,...,x;} € U7*. Then
~ 17k =k ... =k
[T07 T] — HLasl X HLIQ X X Hth .

Proof. By Corollary 5.2.4, if S = {yi,...,ys} € [Ty, T], then each y; € S is less
than a unique z; € T. Therefore, define S; = {z € S| z <p, x;} for each i;
t

notice that some of the S; may be empty, but that U S;i=S and S;NS; =10
i=1
whenever i # j. By the definition of L,, and Lemma 5.2.1, we must have that

S" € ;" . We define the map o : [Ty, T] — II7* x IIZF x - < II7F by
QO(S) = (51,52, ...,St).

To show that ¢ is a bijection, we now define a map ) : Hffl X HZ’; X oo X

Hfft - [T07T] by

t

w(sla SZ? ) St) = U SZ

i=1

t

Observe here that S;NS; =0 as a consequence of Lemma 5.2.3. To see that U Si
i=1

is independent, we apply Lemma 5.2.6, which implies that we can replace each

x; € T by the elements of S; and preserve independence; thus, ¢ is well-defined.
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Now consider the composition op. It is clear that 1oy = 1d, since ¢ takes
S to a collection of nonintersecting subsets of S whose union is S, ar;d then
forms the union of these sets. For the composition ¢ o, since if z € U S; then
there exists a unique S; such that z € 5, and therefore z < z; fé?la unique

x; € T, we also have that ¢ o = id, and so this pair of maps are bijections.

They clearly preserve order; thus, [To, T] = II7F x I7" x - x IITF. O

Now given geometric lattice L and T € II7%, define [Ty, T)cr to be the
subposet of [Ty, T] which consists of only creation and expansion coverings. Note
that [7*(z) = [Tp, {z}]cr; moreover, [Ty, T]cr is not necessarily equal as a set

to [Ty, T], nor is it an induced subposet.
Lemma 6.2.5. The restriction of ¥ to [Ty, T|ce is an EL-labeling.
S, the rising chain of [R,S] has no

Proof. This is because for all R <[z, 11,5

mergers. [

Lemma 6.2.6. Let L be a geometric lattice, and T = {xy,...,x;} € [I7*. Then
[T(J?T]CE = (Lxl)k X (LI2)IC X X (Lévt)k
Consequently, [Ty, T)cg is pure.

Proof. Since we do not allow mergers in [Ty, T]cg, we observe that for each
S € [To,T)cr, we have |S;| <1 for each ¢, where S; is defined as in the proof
of Lemma 6.2.4. Therefore, we have S; € II;%(z;) for each i. We then have that

the map ¢ : [Ty, T)ce — H7%(xy) x T7*(xg) x -+ x TI7*(xy), given by
s(S) = (S1, Sy -y S),

is order-preserving.
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Similarly, define @ : II7%(x1) x TI7%(xg) x -+ - x U7F(xy) — [Ty, T)cr by

t

9((Sh, -, S)) = S

i=1
By the definition of II7%(x;), we have that each S; is a set of cardinality at most
1, where if S; = {s}, thten s <y, x;. Thus by the independence of T and Lemma
5.2.5, we have that U S; <mzk T, so v is well-defined. Moreover, it is clear
that ¢ o4 = 1id, since io:yl Lemma 5.2.3 we must have that S; N S; =0 whenever
1 # j. Similarly, we have that 1 o¢ = id, as the S; are defined to have union S.
Thus, we have [T, Tp|cp = 7% (x1) x T7F(as) x -+ x TITF ().

To complete the proof of the isomorphism, we apply Lemma 6.2.1. The

consequence follows from the fact that products of pure posets are pure. n

Corollary 6.2.7. Let L be a geometric lattice and T € IT*. Then

TOa HN J:

zeT

Consequently, we have

5r () —e—1)1|—2((To, T Hﬂp 2)k)-

zeT

Proof. The first formula is a clear consequence of Lemma 6.2.6 and (2.1.1). Since
L, is pure and EL-shellable, by Theorem 2.2.7 we have that 3;((Ly);) =0 for

all < p(x) —k—1. Now by (2.2.1) we can write

By Lemma 6.2.6, [Ty, T]cg is pure of length Z ((TI7F () = Z(p(m) —k+1) =
zeT zeT

r(T) — (k — 1)t. Since by Lemma 6.2.5 [T, T]|cg is also EL-shellable, we have

gr(T)—(k—l)t—Q((TmT)CE) = |u([To, T)cr)|,

so the consequence holds. O
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Using these results, we can now give the following general counting formula for

7",

Theorem 6.2.8. Let L be a geometric lattice, with ((L) = n, and fiz an integer

2 <k <n. Forinteger 1 <t <7, define BLE(t) by

B () = 3 (= DU B (La)e).
|T|=t

The order complex A(II;*) has the homotopy type of a wedge of spheres, where

the number of spheres Bd_g(ka) of dimension d — 2 is given by

(

2]
> BYMt), k=2and d=n-1
t=1

~_ ﬁ _ -
Ba—2(1IL") BEF(EL) k> 2 and 5 € P

0, otherwise.
\

Proof. To compute the Betti number gd_g(ﬂ_fk), we make use of Theorems 2.2.5
and 6.1.6, and count the number of falling chains of II7* of length d. Recall that
by Definition 6.1.4, the label (1,b) a merger receives in a chain is strictly less
than the label given to any creation or expansion, as these are of the form (2,0).
Therefore, for the chain ¢ to be falling, there must exist a unique element T € ¢
such that the labels of coverings below T cannot be mergers, and coverings above
T (if any exist) must all be mergers. Define such an element T € ¢ as the pivot
of c.

The number of falling chains with pivot T equals the number f; of falling
chains of [Ty, T|cg times the number fo of falling chains of [T,7T;] consisting

only of mergers. To compute fi, we recall from Lemma 6.2.5 that the restriction
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of U to [Ty, T]cr is an EL-labeling. It follows from Theorem 2.2.5 and Corollary

6.2.7 that
fr =T Botw)-r-1((La)i)-

zeT

To compute fo we note that the independence of the pivot T guarantees
that r(T) = ¢(T) = n because mergers do not increase the total rank. Since
creations and expansions do increase the total rank we also see that all maximal

chains of [T',T}] consist only of mergers. Thus by Corollary 6.2.3,

fo= (T =1

We can now conclude that the number of falling chains with pivot T is

<|T| - 1)' H gp(w)—k—l«Lx)k)'

z€T

Now consider the length d of a falling chain whose pivot is T. If |T| =t
for some positive integer ¢, then observe that d = t+ (n — kt) + (t — 1) =
(n—1) —t(k —2). We see that this is so because firstly each of the ¢ elements
of T corresponds to exactly one creation, which contributes a total of tk to the
total rank. Since we know that r(7") = n, and each expansion adds 1 to r(T),
there must be n —tk expansions. Finally, a total of ¢ —1 mergers are necessary
to combine t elements to form a singleton set, as a merger reduces cardinality
by one.

Note further that if & = 2, then all the chains must be the same length
d =n — 1, so that we must sum over all possible values of ¢ to obtain all falling
chains of this length. On the other hand, if £ > 2, then each value of ¢ determines

a unique length d, and thus the value of BH(H;k). O
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While Theorem 6.2.8 gives a clean expression for finding the number of falling
chains of each length, we observe that in practice the number of elements of II7*
can be almost prohibitively large for usefulness. For instance, we can compute
that 4 (II5%) = 6600, for which it is necessary to sum over 2101 different elements
of Hﬁg. We now give a simplification of Theorem 6.2.8 which applies to a large
class of interesting posets.

Define a lattice L to be lower interval isomorphic if L, = L, whenever
p(x) = p(y). Note that both B, and B,(q) are lower interval isomorphic. For
a lower interval isomorphic geometric lattice L and integer 1 < k < ¢(L), define
the function fp:P — N by fp(m)= Em_k_l((Lz)k), for some z € L such that

p(z) = m. This function is well-defined given lower interval isomorphism.

Theorem 6.2.9. Let L be a lower interval isomorphic geometric lattice with

U(L) =n, and fir an integer 2 <k <n. For 1<t <% define B"F(t) by

BUR(t) = Z (t—1)! (H fL()\i)> ‘HL,A

A-n
L(N)=t
Aizk Vi

The order complex A(II7*) has the homotopy type of a wedge of spheres, where

the number of spheres Bd_g(l__[fk) of dimension d — 2 is given by

(%)
ZBL’k(t), k=2and d=n-—1

t=1

Bia(IITF) = (6.2.2)

BL’k(W), k’ > 2 (Z’ﬂd ng—f;l € P

0, otherwise.
\

Proof. We apply Theorem 6.2.8 to L. We obtain the following, by removing the

dependence on T and summing over all types:

S =D Bowyra(Za)e) = > (¢t =D fulo())

Terk zeT Ter’“ zeT
r(T)=n r(T)=n
|T|=t |T|=t
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SD IR DI | (0%

AFn TEHL A
(=t
N>k Vi

=Y (HfL )
e

N>k Vo

17 »

Recall not only that B, is lower interval isomorphic, but that HE’: =N

for which similar results were given in Propositions 2.5.2 and 2.5.3.

p—1

Lemma 6.2.10. If L = B,, then fp, (p) = (k: 1

n
11 =
| Bn)\’ (Alw“a)\tu(n_m))
of A of size j.

) and for A\Fm <n

(\) equals the number of parts

—
S
ol
—~
S -
=
g
>
)
3
S
<

Proof. To prove the lemma, we observe that B, is lower interval isomorphic,
since we have specifically that the lower interval [0, x] is isomorphic to the smaller
Boolean algebra B,,). Since L, = B,u), we have that (Ly)r = (By@))k- By

-1
Proposition 3.3.3, this gives that fp (p) = (i 1).

We will now show that |Ilp, \| = ()\ )\n )) H
1y -y Aty (M — MM ;

14N

manipulate the multinomial coefficient to obtain

n n!
(Al,...,At,(n—m)) A A (n —m)!
n! (n—Ap)! (n—A1— - — Xq)!
= A ) Aal(n— A — M) Al(n—m)!

Z ED (n Ql) (n ~ X\ _A.t. L AH)
A
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From this, we can see that the product of binomial coefficients counts the number

h set

of ways to choose a sequence of subsets of [n] such that the size of the
is \;, and the subsets are mutually disjoint; thus, they form a set partition of
A C [n] where |A|=m.

Now we observe that this expression overcounts the number of set partitions
of A of type A, since without loss of generality the sequences By, Bs, ..., B;

and Bs, By, ..., B; are counted as being distinct in this multinomial coefficient if

| B1| = | Bs|, but correspond to the same set partition {Bjy, ..., B;}. Thus, we need
n

v A, (n—m)

to the same set partition S. Since there are a;(\) parts of A which equal j,

to determine how many sequences counted by ( AL ) correspond
we observe that there are a;(\) blocks of S which have cardinality j.

We choose an arrangement of the blocks of S in which the cardinalities are
weakly increasing. Therefore, we must arrange the a;(\) blocks of size 1 in
any order first, for which there are a;(A)! possible arrangements. Following this,
we can see that for each j > 1, we must choose one of the a;(\)! arrangements
consisting solely of the a;()\) blocks of size j, and this arrangement must follow
the arrangement consisting of blocks of size j — 1 in the overall sequence.

n

Therefore, there are H aj(A)! distinct arrangements of the blocks of S° whose
block sizes weakly decrez;s:el. We conclude that the number of distinct set partitions
whose block sizes correspond to the integer partition A is

n
11 —
5, <)\1,...,)\t,(n—m)> ]

J

1
CLJ(A)'

n

1

Corollary 6.2.11. Let L = B,. Then BB~*(t) is given by

BFHt)y =y (t=1)! (H (2:3)) ()\1,.7.1.,)\75) ﬁ aj(lA)!‘

=1
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Lemma 6.2.12. Let L = B,(q). Then [g,(p) = g"2") {i:ﬂ and for
q

AlFm,

1
— qe2(N) n
s, @Al = [M,-.-,At, (n_m)} H ovlk (6.2.3)
qj=1 J

where a;(\) equals the number of parts of X\ of size j and ex(\) = Z Aidj.

1<i<j<t
Proof. To prove the lemma, we observe that B,(q) is lower interval isomorphic,
since we have specifically that the lower interval [0,2] is isomorphic to the
smaller subspace lattice B,(q). Since we have that L, = B,4)(q), then we
have that (L,)r = (Byw)(q))r. By Proposition 3.3.4, this gives that fg, ()(p) =
q@?wﬁ;ﬂ_

Now we neeqd to show that (6.2.3) holds. To prove this, we recall from Lemma
3.2.1 that given the r—dimensional subspace V', the number of s—dimensional
subspaces W such that VW = (0) is ¢"* {n ; T] . We now choose a sequence
of subspaces Wiy, ...,W; such that dim(W;) = \; qfor each 1 < i <t given
the partition A, and V. =W @ ---®&W; for V C Fy an m-dimensional
subspace. The number of choices for each W, after choosing Wy,...,W;_4

iSQW++MﬂMF_M_“_

N Ail} . Therefore, the number of sequences of
! q

subspaces Wy, ..., W, is

B )

_ qeg()\) n
)\1,...7>\t,(7’l/—m) ’
q

Now we observe that this expression overcounts the number of independent

sets of subspaces of B,(q) of type A\, since without loss of generality the
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sequences Wy, Ws, ..., W, and Wy, Wy, ..., W, are counted as being distinct in the
product if dim(W;) = dim(Ws), but correspond to the same set of subspaces
{Wy,...,W;}. Thus, we need to determine how many sequences counted by
g2 [ _— )\: (n— m)} correspond to the same independent set S of subspaces.
Since there are a;(\) E)arts of A\ which equal j, we observe that there are a;(\)
elements of S which have dimension j.

We choose an arrangement of the elements of S in which the dimensions
are weakly increasing. Therefore, we must arrange the a;(\) subspaces of
dimension 1 in any order first, for which there are a;(\)! possible arrangements.
Following this, we can see that for each j > 1, we must choose one of the a;(\)!
arrangements consisting solely of the a;(\) subspaces of dimension j, and this
arrangement must follow the arrangement consisting of subspaces of dimension
7 — 1 in the overall sequence,

Therefore, there are Haj()\)! distinct arrangements of S in which the
dimensions weakly decreas]é.ZIWe conclude that the number of distinct independent

sets of subspaces whose dimensions correspond to the partition A is

L 1
_ e2(N) n
g, @ = {Al, e Aty (n— m)} H a;(\)!
q5=1 J

O
Corollary 6.2.13. Let L = B,(q). Then BB»@k(t) is given by
t n
Bala)k(4) — ) et B RYERY I PPCVE B 1
B (t) = Z (t—1)! (Hq( ) k1| €77 AL LL o oo
A-n =1 q q j=1
o=t
Ak Vi

Now we can recognize Corollary 6.2.13 as a direct g—analogue of Corollary

6.2.11. The only new terms we have obtained that do not directly correspond to
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terms in this original formula are all powers of ¢, and thus this ¢g—analogue is

clear.



Chapter 7

The Case of I1-2(q)

Now that we have shown II7* is EL-shellable for the geometric lattice L
and k£ > 1, we will examine more closely the case of Hgi(q). Since B,(q) is
lower interval isomorphic, Theorem 6.2.9 will apply, and we will get several nice
results concerning this lattice.

We will begin to use the notation II;*(q) rather than Hgf(q), following
the observation from Corollaries 6.2.11 and 6.2.13 that this is a g¢—analogue of
155 = II*. In this section, we will describe various results concerning II7%(q).
Specifically, the main ideas concern counting the falling chains of each possible
length, and showing further justification that this lattice is a g—analogue of T2 &

IL,.

7.1 Exponential Structures

As a preliminary before proving the main results of this section, we first define

an exponential structure, following [17] and [18]:

94
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Definition 7.1.1. An exponential structure is a sequence of posets @1, Qa, ...,

satisfying each of the following three axioms:

e For each positive integer n, @, is finite with a unique top element and is

pure of length n — 1.

e Every upper interval of (), isisomorphic to a partition lattice II; for some

integer ft.

e Suppose we have element 7 of (), and some minimal element p with p <
7. Then the interval [p, 7] is isomorphic to II* X II52 x - - - x 1% for some
unique collection of nonnegative integers aq,...,a, satisfying Z 1a; = n.
We call (ay, ..., .a,) the shape of m. It is then also required that the subposet
A ={0 € Q|0 <7} beisomorphic to Q7' X Q3% x---x Q% . In particular,

if p' is another minimal element with p’ <, then [p, 7] = [p/, 7.

Further, if @1, Q>,... satisfies these conditions, we denote by M (n) for each
positive integer n the number of minimal elements of @),, and call this the

denominator sequence of the exponential structure.

Note that we use here shape rather than the usual nomenclature of type, as
in [18]; this is to avoid confusion later with our previous use of type in terms
of independent sets. The prototypical exponential structure is the sequence of
partition lattices, given by @Q,, = II,;; here, we have that M (n) = 1.

Define the poset DS, (q) to consist of all collections {Wy, Wy, ..., Wi} of
subspaces of [y such that dim(W;) > 0 for all i and F; = W, @ --- @
Wy, and partially ordered such that {W4,...,Wi} <ps,(q) {Vi,.., Vin} whenever

each W; is contained some V;. Note that DS,(q) is the subposet of Ilp, (g
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consisting exactly of independent sets of total rank n. Stanley [18] observes

that DSi(q), DSs(q), ... is an exponential structure with denominator sequence

5 |
7 M n['n]q' . This follows from Lemmas 6.2.2 and 6.2.4; we can also establish

M(n) =

the value of M(n) using Lemma 6.2.12.
t

H a;j(A)
q j=1
number of distinct direct sum decompositions of Fy into subspaces whose

is the

Specifically, recall from Lemma 6.2.12 that ¢®®W [ A\ " )\]
1y ey At

dimensions form the partition A. We now show that to be minimum in DS, (q),
the direct sum must have exactly n summands of dimension 1 each. Clearly,
there can be no direct sum strictly smaller than such a decomposition in the
partial order, so that such elements are minimal.

On the other hand, any summand with dimension larger than 1 can be
decomposed into a direct sum of smaller subspaces. Thus, the minimal elements
of DS,(q) are characterized by the unique partition A = {1,1,...,1} F n; by
Lemma 6.2.12, since es({1,1,...,1}) = Z 1= <Z), [1],! =1, and a;(A\) =0

1<i<j<t
¢ n),!

unless j = n, in which case a,(\) = n, we get that M(n) = '
n!

This is the structure analyzed by Welker in [23], and is another typical example
of an exponential structure; note however that Welker adds a minimum element
to this poset to make it a lattice. Observe that II.2%(q) fails the condition that
its upper intervals are isomorphic to some partition lattice II;, so the sequence
1172(q), 115%(q), ... is not an exponential structure.

Now any exponential structure @Qq,Q),... allows us to make use of the
compositional formula, in which we are given functions f:P — Q and g : N — Q
with ¢(0) = 1, and we define a new function h: N — Q that satisfies the following

conditions:
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e h(0)=1

= Z f)f(2)*2--- f(n)™g(|r]) for n>1,

7T€Qn

where (ay,...,a,) is the shape of 7, and |r| =a; +---+ a,. The compositional

formula says that if we define three formal power series in Q[[z]] by

Zf n'M

n>1

- Zgw%,

n>0

n

H(w) = D h(n) oy,

then we have the relation H(z) = G(F(z)), the composition of G(z) and F(z).

7.2 Applying Exponential Structures to H;2(q)

Recalling Theorem 6.2.9 and Corollary 6.2.13, we have the following formula
for the number En_g(H;2<Q)) of falling chains of II>?(q) under the EL-labeling

U of Definition 6 1 4:

o3 3 e ({la ) e

=1
Iy

j=1"7

While this formula is decent, we obtain the following more convenient form:

Theorem 7.2.1. For any integer n > 2, the number B/n_g(HZQ(Q)) of falling

chains of T>2(q) wunder the EL-labeling W of Definition 6.1.4 is

n—1

Bs(M22(q) = Gul@) - ¢{"= ) [n — 1],




98

where we define the polynomial

Before we prove this result, we observe several facts. First, we have that
w(I=2(q)) = (=1)"'8,_5(I1=2(q)), since the lattice is pure of length n — 1.
Second, since ¢,(1) =1 for all n > 1, En_g(W) forms a direct g—analogue
of (n —1)!. Last, there are also other ways of writing the polynomial g,; some
alternate formulations are given below in Proposition 7.3.8.

To prove Theorem 7.2.1, we apply the theory of exponential structures from
Section 7.1. To this end, we will use the exponential structure DS;(q), DS2(q), ...,

and begin with the following definition.

Definition 7.2.2. Let ¢ be a fixed prime power. Define:

e f:P—Q by

e g:N—Q by

g(0) =1, and g(n) = (n— 1) forn > 1

Theorem 7.2.3. For the positive integer n > 2,

Buos(2(q) = Y F)™f(2)2 - f(n)™g(|x]).

7T€DSn(q)

with f(n) and g(n) defined in Definition 7.2.2.

Proof. For each m € DS, (q), we can write m = {V3,V5,...,V;} for some positive
integer ¢, and such that dim(V;) > dim(V3) > -+ > dim(V;). Let \; = dim(V;)

for each 1 <i <t, and denote by A the partition {\;, Ag,..., \;}; note that A
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is a partition of n, since 7 is a direct sum decomposition of Fy. We define the
type of m to be the partition A, and denote this by type(mw) = A. Let a;(\)

denote the number of parts of A which equal i, for each 1 <i < n.

Claim 7.2.4. Given 7w € DS,(q) with type(m) = X\ for n > 1, the sequence

(a1 (N), ...y an (X)) s the shape of .

Proof of Claim 7.2.4. Recall that a minimal element p € DS, (q) is a direct sum
decomposition of Fj into n one-dimensional summands. If p < 7, then each
summand of p is contained in a single summand of . Arrange the summands
of p so that for = = {V},V;,,...,V;}, with \; = dim(V;) for each 1 <1 <,
we have that p = {Wy 1, ..., Wi, Waq, ..., Way,, ..., Wi, }, where each of the ),
summands of the form W;; is contained in V;.

Now since we can only place W; and W,, ;, together in a single subspace

1,71
when 7; = iy, we can see that there is an isomorphism from [p, 7] to the poset
Iy, x Iy, % -« x I, = D7 x 2N .o T given by identifying W

with the number j in II,,. Since the shape of 7 is unique, we have that

ai(A),...,an(N)) 1is the shape of . O
(a1(A), -y an(N)) p

(Proof of Theorem 7.2.3 continued) Since we have that the shape of 7 is
(a1 (M), ..., an(N)), we must also have that |r| = £(\), the number of parts of

A. Since the shape of 7™ depends only on the type of 7, we observe now that we

have
> ra g(lm) = > )"Vt fn)Vg(e(N) (7.2.1)
7€DS,(q) An weDSn(q)

type(m)=X\

=D OV fn) N g(e(N)

AFn

{m € DS,(q) | type(m) = A} (7.2.2)
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5] t
= Z g(t) (H f()\i)> ‘HBn(q),)\ (7.2.3)
t=1  \n i=1
Ai>2'V i
)=t
) t -1 n 1
i es n
— > (-1 (Hq( ) [\ — 1]q> g2V [Alwd OV (7.2.4)
t=1 ,\-ﬁ\gnv ; i=1 qj=1 " '
o=t

Here, we can see that (7.2.2) follows from (7.2.1) by noticing that the terms in
the summation depend only on the type of 7, so that we may collect all elements
m € DS,(q) with type A. Then (7.2.3) follows from (7.2.2) by collecting all
partitions A with the same number of parts ¢, since g¢(¢(\)) depends only
on this value, and restricting each part of A to be at least 2 since f(1) = 0.
Further, to see that {7 € DS, (q) | type(n) = A} = Ilp, (g, Where g gn is
as in (6.2.1), we note that T € DS,(q) if and only if T € Ilg, ) and type(T)
is a partition of n. Lastly, we use Lemma 6.2.12 and the definitions of f(n)
and g(n) from Definition 7.2.2 to obtain (7.2.4), which is exactly the value of

Bn_s(I1=2(q)) given by (6.2.2) and Corollary 6.2.13. O

We will now apply the compositional formula to the exponential structure

DS1(q), DS2(q), ... and the functions f and ¢ of Definition 7.2.2. Let

ST fn)g(ln]), n>1

h(n) — TI'EDSn(q)
1, n=>0
Now we see that for n > 2, we can write h(n) = (3,_3(II=2(¢)) by Theorem 7.2.3.
Further, it is clear that h(1) = 0, since there is only one direct sum decomposition

of IF;, which has only one summand of dimension 1, and f(1) = 0.
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Thus, using Definition 7.2.2 and Theorem 7.2.3, we have that

Zh nlM _1+Zﬁn3

n>0 n>2 q(2)[n]q!

By the compositional formula, we have H(z) = G(F(z)), where

Gle) = 3 oln)
- 1_+ D (n- 1)'“;—7:
=1 —log(l — ),
and
P = 30500
_ ;q(”;l) n — 1]qq(;;]q! (7.2.5)
> #ﬁlb‘ -3 qn“[:;]q!, (7.2.6)

1([n]q —1) and

since for all integers n > 1 we have the identities [n — 1], = —
q

(")
% = —, 80 that we can rewrite the coefficient of z™ in (7.2.5) as
g3 a
-1, 30— 11
¢, ¢ 'nl! ¢t n—1] qrn]!

from which (7.2.6) follows.

l,n

Now using the g-exponential e, (x) := Z [—

e we can rewrite F'(z) as
n>0 U9

F(gz) = 2(eq (2) =1) = (eq(2) =1 =2

:1+eq(2)(2_1)7
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where z = g for notational simplicity. Composing this with G(x) gives

G(F(gz)) =1 —log(1l — F(gz)) =1 —log((1 — 2)eq(2)),

which implies

Now we wish to find a power series representation of G(F'(x)). To accomplish
this, we find power series for each of the logarithms in the formula above, then

add them term by term. For the first, standard calculation gives —log(1 — %) =

x

E ——. To evaluate the logarithm of the ¢—exponential, we use the following
nq"

n>1

lemma:

Lemma 7.2.5. The following formal power series identity holds:

ogleg(e)) = - (L2

1 n]q

Before proving this lemma, we use its result to find that

GF@) =1+ LA <<1 — )"t an )

gt [n],  ngm
1y (i _ M)
2o\ il

, we conclude that

n

n>2 ¢3!
Bs(=2(q)) = L([n], — (1 — ¢)" V)g{"2)[n — 1],!, which is what was claimed

qn

Setting this now equal to H(z) = 1+ Z ang(Hﬁ(Q))—

in Theorem 7.2.1. We also note that this formula agrees with our result that
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h(1) = 0. Thus, once we prove Lemma 7.2.5 concerning the logarithm of the

g—exponential, we will have proven Theorem 7.2.1.

Proof of Lemma 7.2.5. To prove the lemma, we use several standard techniques

involving formal power series (see for instance [14]). Recall first that as a power

nflzn

—1
series, we have that log(1+ z) = Z L Further, to compose two power
n
n>1
series FE(z) and L(z) to form L(E(z)), we must have that FE(z) has constant

term 0, in which case we replace each z in the series expansion of L(z) by the

n

series E(z). Consider the series E(z) = e,(2) — 1 = Z Z—|; this series has

constant term 0, so we may form the composition

(eg(5) = 1"

n

log(e,(2)) = log(1 + (e4() = 1)) = > _(=1)""*

n>1

Notice that since (e,(z) — 1) has no constant term, then every power
(eq(2) —1)™ also has no constant term. Thus, the formal power series log(e,(z))
has no constant term as well. Further, the constant term of the claimed series

(1 _ q)nfl P ) )
E T— is also zero, and so the two series both have no constant
n n
n>1 g

term. Therefore, the two series are equal if and only if they have the same

formal power series derivative with respect to z. We use this fact along with
)
&eq(z) _
. eq(2)
1—q)"
Z (%z”_l) , then the original power series formula will logically follow.
n

n>1 q

In the ring of formal power series, a fraction of two series is defined as the

the derivative of logarithm series to claim that if we can show that

series whose product with the denominator equals the numerator; thus, we need

1 — n—1
to show that Ze,(z) = e,(2) - Z (ﬁz”_l). Writing this now in series

0z 1 [n]q

notation, and reindexing to start all series at n = 0, we can write this as

ZZ [n+1],! Bl <Z [n]q!> (Z [n+1], )

n>0 n>0 n>0
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Multiplying the two series on the right and collecting powers of 2z gives that

we wish to show

o ntl =1 .(1—q)"*"
%%PHMJ_Zk(ZwM[wH—m>

n>0

Equating the coefficients of z on both sides of this gives us that we wish to prove

for all nonnegative integers n that

n

n+1

1 (1—g""
[n + 1],!

— il [n+1—ily

7

We can show that this equation holds for various values of n; for instance, for
1 (1-¢° 1

n = 0, we have W-T—m,whilefor n=1,
1 (-9 1 (1-9° 1-¢ . 2
O B, [ e Bk R

To prove this for general n, we first rewrite this equation as
n

- 1 =i —g"

=0

Now inside the summation on the right, we have that

[i]q[!". j[:zllqi’]q! n _[ni]—i!(ll—_i;]jn_z _ ":Fl - n—d,!-(1— g
=" %%1—qﬁ

We use this simplification now and rewrite the statement once more as

w3 ([ Ao o)

=0 ¢ j=1

Define P(n) = Z ( n;.rl H(l —qj)> for each integer n > 0. Then we
i=0 ¢ j=1

can say equivalently that we wish to show that for all integers n > 0, that

P(n) = n+ 1. We have already observed that P(0) =1 and P(1) = 2 (after
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suitably rearranging the case above with n = 1). To prove the result in general,
we will prove that R(n) := P(n+1)— P(n) is such that R(n) =1 for all n > 0.

We can see that, for instance, R(0) = P(1) — P(0) =2 — 1 = 1. We begin by

writing
n+1 5 n+1—1i n 1 n—i
+ i +
R<n>:z(”i H<1—qf>>— ( 1—q)
i=0 a  j=1 i=0 q j=1

In the first term (the P(n + 1) sum), we observe that if we fix a particular
k

n+2

product H(l—qj ) for some fixed integer k < n, then its coefficient is nal—k

Jj=1 q

n+1

n_ | inthe P(n) sum. Further,

q

Similarly, the same product has coefficient

n+1

in P(n+ 1), in the term with ¢ = 0, for which the product is H(l —¢’), we
j=1

observe that this product does not appear in P(n), but its coefficient is exactly 1

in P(n+1). Now we use both the g-analogue of Pascal’s identity as well as the

symmetry of the g—binomial coefficients to observe that

n+1
k

n+2
n+1-—k

n+1
n—k

_ n+l1-k

q q q

We combine this with the previous results to see that

R(n)zZ("Hk H N n+1])’

k=0
n n+1
since when k = n + 1, the term simplifies to H(l — ") = H(l —¢’), the
=0 j=1

unique term outlined above, and for the remaining terms (using the convention

k k—1
n + 1 . n o
I ) CEVORS D (R !
qa j=1 7=0
For example, just to verify, we can see that

R(0)=> (ql"“ : 1:[(1 - qH)) =q¢ +¢" - (1-9 =1,

that a void product is 1),
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and

2 k—1
m=> ( o H 1—q*" )) = +q¢-(1-)+¢" 1-)1-g =1
We now show that R(n) = 1 for all n by induction on n. Assume that
R(n) = 1 for some integer n > 0. By the formula we have derived above for
R(n), we see that

R(n+1):§:<”+2’“ H - "+2J>.

k=0

n+2

When £ = 0, the void product gives that this term is exactly ¢""*. We remove

this term from the sum and write then

n+2
R(n+1):qn+2+z<n+2kn _n+2]>.
k=1

If we now reindex this sum by setting ¢ =k — 1, we can write

n+1 i
R(n+1) = ”+2+Z<"+1 H 1—q”+2‘j)>.
7=0
As the product inside this sum is now never void, the factor corresponding to
J =0 is common to all terms in the sum; we factor this out to obtain
n+1 %
R(n + 1) _ qn+2 + (1 _ qn+2) . Z <qn+1—z . H(l _ qn+2—j)) .
i=0 j=1
Reindexing this product now by setting ¢ = j — 1, we have
n+1 i—1
R(TL + 1) _ qn+2 + (1 _ qn+2) . Z <qn+1—z . H(l _ qn+1—£)) ]
=0 =0
But now we can observe that this summation is exactly equal to the formula

we defined for R(n), so we can rewrite this one last time as

R(n+1)=¢""?+(1—¢"") - R(n),
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and now from our inductive hypothesis that R(n) = 1, this reduces so that
R(n+1) = ¢+ (1 —¢"™) =1. Thus R(n) =1 for all positive integers n,
since R(0) = 1.

This then gives that P(n+1) = P(n)+1 for all positive integers n; combining
this with P(0) = 1 and P(1) = 2, we conclude that P(n) = n + 1 for all
nonnegative integers n. Using this, we conclude further that since the derivatives

of the two series coincide term for term and they share the same constant term,

(1 - q)n—l o ]
we have that log(e,(z)) = Z ~————— |, as claimed. O

1 [n]q n

7.3 Further Results for II-%(q)

Recall from Proposition 5.3.3 that it is natural to use matrices to represent
subspaces of B, (q). As we have shown that II-%(¢) is a g-analogue of II>*, we
would like to include the Boolean algebra B, as the case B,(1). To make this

compatibility possible, we can use the following definition.

Definition 7.3.1. Define F} to be the set of m coordinate vectors each of
length n, and each composed of a single entry which is a 1 and the remaining
(n — 1) entries all 0. We do not define either addition or scalar multiplication
over this object, so it is not an actual vector space. For example, F? =
{(1,0,0),(0,1,0),(0,0,1)}. A subspace of F} is then a subset of these coordinate

vectors, and a direct sum is a set partition of these coordinate vectors.
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If we now label the columns of these coordinate vectors of F} from right
to left, i.e., (n,n—1,...,3,2,1) as the column labels, then there is a bijection from
subspaces of F} to subsets of [n], and another bijection from direct sums to set
partitions of [n], both of which preserve the partial order on both posets. Notice
that if we use this definition to describe the lattice B,(1), then B,(1) = B,, for
each positive integer n. Thus, from now on, we will include B, as the member
of the family B,(q) when ¢=1.

Now we can exhibit further results; for instance, consider the following

definition:

Definition 7.3.2. Given any ranked bounded poset P, the Whitney numbers of
the first kind are the sequence of integers denoted by wyq, wy, we, ..., wg, ..., such
that each wy is the sum of the Mobius invariants of the lower intervals of length
k in P. Similarly, the Whitney numbers of the second kind are the sequence of
integers denoted by Wy, Wy, Wy, ..., Wi, ... such that each W) is the number of
elements of rank k£ in P. In other words,
wy = Z ([0, 1)), and Wy = Z 1
pfte)ik pfte)ik
A well-known result concerning the partition lattice II,, is that

wg = s(n,n—k), where s(n,i) is a Stirling number of the first kind, and similarly,
Wy = S(n,n — k), where S(n,i) is a Stirling number of the second kind (see
[16]). The next proposition demonstrates that these Whitney numbers of the

second kind extend naturally to II.2%(q):
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Proposition 7.3.3. For j > 0, the Whitney number of the second kind W; for

I1;%(q) is
L |
- e2(A) n
W; Z q [/\17...,)\t,(nm)} Haz()\)l’

AFm<n q =1

o=t

Ai>2 Vi

j=m—t

where a;(N\) equals the number of parts of X of size i, and es(\) =

> A

1<i1 <o <t

Here, both m and t are variables which are allowed to change, provided their
difference j = m —t is fixed. Note that if ¢ = 1, then ey(\) = 0. Also, since
I1-2(¢q) is bounded, we must have that W, = 1. The proof of this proposition

n

relies on (6.2.3) and the following simple lemma:

Lemma 7.3.4. Let T € 1I;%(q), and let ¢t = |T| and m = r(T). Then

p(T) =m—t in II;%(q).

Proof. Since all maximal chains of II>2(q) are of the same length, we need only
compute the ranks of a single maximal chain passing through 7. For this chain, we
can choose the portion below T to consist only of creations and expansions, since
such chains exist by construction. To generate T, we need exactly t creations;
since each creation adds exactly 2 to the total rank 7(7") of T, we have that
m > 2t.

Clearly, the number of expansions necessary is m — 2t, since each expansion
adds 1 to the sum of the ranks. There are then a total of t+m — 2t = m —t

covering steps below 7', so the rank in II7%(q) is as claimed. O

Notice that setting ¢ = 1 gives an alternative formula for the Stirling numbers

of the second kind in terms of binomial coefficients and partitions.
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Example 7.3.5. Consider n = 5. Since m <5 and t < g, we have the following

possibilities for each value of j:

Notice that j » 4. We can use this table and Proposition 7.3.3 to calculate

the following with Maple:

i Wi
0 1
5
: [2 3] =14+q+20"+2¢°+2¢" +¢" +¢°
" g
5 ¢ 5]
2 [32] +2{272,1} =
q q
5 5 5 1
L+ q+20" +20° + 50" +2¢° + 30" + 50" 436" + 50" + 20" +¢" + 50"
5 6| O] _
: ], vl -
q q
1+q+q2+q3+q4+q6+q7+2q8+2q9+2q10+q11+q12
5
4 =
q
>4 0

Observe that when ¢ = 1, we get the sequence 1,10, 25,15,1,0,0..., which

is the sequence of Stirling numbers of the second kind with n = 5, as expected.

Now using the result of Theorem 7.2.1 and (2.1.1), we can also demonstrate a
formula for the Whitney numbers of the first kind, combining our knowledge of

Mobius invariants and the number of elements of each rank type in the lattice.
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Proposition 7.3.6. For j > 0, the Whitney number of the first kind w; for

I1;%(q) is
n t
] e n 1 ~ A—1
0= 0 |l oy @00
AFm<n qi=1 ° C =1
(N =t
ST i
j=m—t
where

(M= (=),

a;(\) s the number of parts of \ of size i, and ey(\) = Z iy i -

1<y <<t

gAi<q> =

We examine the case when n = 5 as an example. Recalling from Example
7.3.5 the allowable values of m and t for each j, we can compute the following

table using Maple:

) w;
0 1
1 {2,53] =—(1+q+2¢°+2¢°+2¢" +¢" +¢°
. 4
2 weolf] ELE]-
q+2¢> +3¢° + g«f +5¢° +5¢° + gcﬂ +4¢° + gqg +2¢'0 4+ ¢ + %q”
3 —(1- %q + %q2)q3[3]q! [4?1] - (¢®+4") {352] =
_<q3+2q4+4q5+5q6+123q7+7q8+12Z))q9+6q10+5q11+;q12+2q13+q14)
4 (1—q+¢*)q°[4],! m =
q

q6+2q7+3q8+4q9+4q10+4q11+3q12+2q13+q14

>4 0

Now if we evaluate these polynomials when ¢ = 1, we obtain the following

sequence: 1,—10,35,—50,24,0,0, ..., which is exactly the sequence of Stirling
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numbers of the first kind for n = 5, as desired. Notice that because they are
defined in terms of sums over partitions, neither of these formulas appears to have
a simple recurrence relation, as do the Stirling numbers.

We also have alternate formulations for the polynomial g, (q). We begin with

a definition.

Definition 7.3.7. Fix positive integers n and h such that 0 < h < n, and fix
a circular arrangement of the letters of [n|. Let a,; be the number of distinct
subsets of [n] of size h such that no two letters in the subset are adjacent in

the arrangement. Define the Lucas polynomial L (z) by LI (z):= Z anp" "

h>1

Note that the Lucas polynomials have varying definitions in the literature,
usually by taking a,; as coefficients of different powers of z. Further, these
polynomials have both a closed form and a recursive form. For example, we have
a3 = 2, which we can see directly in the following diagram, which illustrates the

only two possible subsets of size 3:

6 /.\2

Mg gt %,

T

3

ot

Proposition 7.3.8. The following polynomials are all equal for all positive

mlegers n:

o gn(z) = ;L (w)
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n—t\ xt !
[ )
>
t>1

The following polynomials are all equal for all positive integers n:

* Gu(q) = ;. ([n]q —(1- q)n—l)

5 (o )
(

>0

oy L)

()

Further, g.(q* — q) = gn(q) for all positive integers n.

We could use the different expressions for the polynomial g, and appropriate
algebraic manipulation to express the number of falling chains, and thus the
Mobius invariant; for instance, we could write

n—1

s 2) = (520 = 0)) 20 - 1

Proof of Proposition 7.3.8. The proof is relatively simple, and relies entirely on the
fact that each of the polynomials above is a solution of the following equivalent
recurrence relations on these polynomials, with initial conditions gy(z) = g1(¢q) =
0 and go(z) = g2(q) = 1:

gul) = L (1 (1) gur(@) - (n—2) -z g“(:c))

n

i) = 5 (14 0= 50 + (- 2) - (P~ ) 2l0))

From these recurrence relations, we see that g¢,(¢*> — q) = gn(q)- O
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Note that these recurrences coincide with recurrence satisfied by the Lucas
polynomials. Now these recurrence relations induce the following recurrence

relation on the Mobius invariants of these lattices directly:

n

Proposition 7.3.9. For the sequence of Mdébius invariants <M(H:2(q))> , the
n>2
following recurrence relation holds, with the initial conditions u(I17%(q)) = 0 and

p(I3%(q)) = —1:

n—1

n-p(152(g)) = (=1 g2 [n = 10,0 = (n = 1)(q"2[n — 1) (1152, (9))

+(n = 2)(¢* = )(¢"*[n — 1) (q"*[n — 2o) u(11;2,(q))

Since the initial terms alternate in sign, it can be easily shown that the Mobius
invariants alternate in sign as well, as each of the terms in the recurrence have the
same sign for all n. As the Betti numbers of A(II;2(q)) are the absolute values

of the Mdobius invariants, the related recurrence of the Betti numbers is:

n Buos(2(0) = g2 D n = 1y + (n = 1)@ 2[n = 1],) - Bo-a(T77,(0))

+(n=2)(¢* = a)(q"*[n = Uy)(¢"°[n = 2],) - Bus(T25(9))

We conclude with a few observations. Recall the characteristic polynomial
X(P,t) of a bounded ranked poset P with ¢(P) = n is given by x(P,t) =
Z ([0, 2]t =P = i w;t" ", for w; the Whitney numbers of the first kind. In
:}611; case that P = H%z((]q), the characteristic polynomials can be computed rather
straightforwardly, and thus these Mcbius invariants can be computed recursively
in this manner as well. This can be achieved by recalling that for T € II:%(q)
such that T = {By, By, ..., B} # T}, and dim(Bi) = qa; for each i, we have by

Lemma 6.2.4 and (2.1.1) that pu([Ty,7]) = [ [ n(1;2(q)).
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We can then find all elements S in II;%(g) with the same rank. In so doing,
we can compute all of the coefficients of the characteristic polynomial other than

the coefficient of ¢. Now since 0 = Z (0, 2]) in any bounded poset, the
0<z<i
remaining coefficient, which is the invariant p(IT-2(q)), is completely determined.

For example, in the case when n = 3, we need only find the number of atoms
of the lattice, since each will have Mobius invariant -1, and these are the only
elements which are neither bottom nor top elements. The number of atoms is
simply the number of two-dimensional subspaces of the three-dimensional vector
space over the field of order ¢, which is 14 ¢ + ¢*>. Thus, observing that there
is a bottom element (a fact which is true for all n > 1, so that the coefficient of
t™ is always 1 for this family of lattices), the first two terms of the characteristic
polynomial are 3 — (1+ ¢+ ¢°)t2.

In order to make the coefficients sum to zero, this then uniquely determines
the coefficient of t as ¢+ ¢%, which direct examination shows to be the Mébius

invariant p(I152(¢)) in this case. Now the polynomial
XT32(g),t) = % = (1+ g+ @) + (g + ¢*)t (7.3.1)

factors as t(t — 1)(t — (¢*> + q)), similar to the case of II,, whose characteristic
n—1

polynomial factors as x(IL,,t) = H(t — 1) (see [16]).

However, a repetition of thesei:plrocedures for n =4 wusing (7.3.1) yields a
characteristic polynomial of t* — (¢* +¢® +2¢* +q+ 1)t3 + %(q8 +q"+2¢° +3¢° +
5¢* +4¢% + 44> +2¢)t* — 1(¢* — ¢+ 2)¢*(q¢ + 1)(¢* + ¢ + 1)t, which has roots ¢ = 0,
t=1,and t= %(q3 +@+2q+1+£ \/m). This technique is not likely

to be fruitful for proving results, as it is computationally intensive and does not

appear to yield factorizable polynomials following a general pattern.
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On the other hand, now that we have formulas for the Whitney numbers, we
can compute both the characteristic polynomial as well as the rank generating
function of TI:%(q). The rank generating function F(P,t) is defined for any

ranked poset P by F(Pt) = Zt”(z), and in the case of bounded posets of
zeP

length n, it can be expressed as the polynomial F(P,t) = Z Wit'.
=0
Finally, it would be insightful to provide a bijective proof that g¢,(¢) =
%Ljib(q2 — q), especially in connection with the recurrence relation satisfied by

the Mobius invariants. However, no such bijections are known currently.
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