University of Miami

Scholarly Repository

Open Access Dissertations Electronic Theses and Dissertations

2010-05-21

Modeling the Transmission Dynamics of the
Dengue Virus

Patricia Katri
University of Miami, patriciakatri@yahoo.com

Follow this and additional works at: https://scholarlyrepository.miami.edu/oa_dissertations

Recommended Citation

Katri, Patricia, "Modeling the Transmission Dynamics of the Dengue Virus" (2010). Open Access Dissertations. 417.
https://scholarlyrepository.miami.edu/oa_dissertations/417

This Open access is brought to you for free and open access by the Electronic Theses and Dissertations at Scholarly Repository. It has been accepted for
inclusion in Open Access Dissertations by an authorized administrator of Scholarly Repository. For more information, please contact

repository.library@miami.edu.


https://scholarlyrepository.miami.edu?utm_source=scholarlyrepository.miami.edu%2Foa_dissertations%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlyrepository.miami.edu/oa_dissertations?utm_source=scholarlyrepository.miami.edu%2Foa_dissertations%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlyrepository.miami.edu/etds?utm_source=scholarlyrepository.miami.edu%2Foa_dissertations%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlyrepository.miami.edu/oa_dissertations?utm_source=scholarlyrepository.miami.edu%2Foa_dissertations%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
https://scholarlyrepository.miami.edu/oa_dissertations/417?utm_source=scholarlyrepository.miami.edu%2Foa_dissertations%2F417&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:repository.library@miami.edu

UNIVERSITY OF MIAMI

MODELING THE TRANSMISSION DYNAMICS
OF THE DENGUE VIRUS

By

Patricia Katri

A DISSERTATION

Submitted to the Faculty
of the University of Miami
in partial fulfillment of the requirements for
the degree of Doctor of Philosophy

Coral Gables, Florida

June 2010



(©2010
Patricia Katri
All Rights Reserved



UNIVERSITY OF MIAMI

A dissertation submitted in partial fulfillment of
the requirements for the degree of
Doctor of Philosophy

MODELING THE TRANSMISSION DYNAMICS
OF THE DENGUE VIRUS

Patricia Katri

Approved:

Shigui Ruan, Ph.D. Terri A. Scandura, Ph.D.
Professor of Mathematics Dean of the Graduate School
Robert Stephen Cantrell, Ph.D. Chris Cosner, Ph.D.
Professor of Mathematics Professor of Mathematics

John Beier, Sc.D.
Professor of Epidemiology and Public Health



KATRI, PATRICIA (Ph.D., Mathematics)
Modeling the Transmission (June 2010)
Dynamics of the Dengue Virus

Abstract of a dissertation at the University of Miami.

Dissertation supervised by Professor Shigui Ruan.
No. of pages in text. (169)

Dengue (pronounced den’guee) Fever (DF) and Dengue Hemorrhagic Fever
(DHF), collectively known as “dengue,” are mosquito-borne, potentially mortal, flu-
like viral diseases that affect humans worldwide ([51], [4], [1]). Transmitted to humans
by the bite of an infected mosquito, dengue is caused by any one of four serotypes,
or antigen-specific viruses. In this thesis, both the spatial and temporal dynamics of
dengue transmission are investigated. Different chapters present new models while
building on themes of previous chapters. In Chapter 2, we explore the temporal dy-
namics of dengue viral transmission by presenting and analyzing an ODE model that
combines an SIR human host- with a multi-stage SI mosquito vector transmission
system. In the case where the juvenile populations are at carrying capacity, juvenile
mosquito mortality rates are sufficiently small to be absorbed by juvenile maturation
rates, and no humans die from dengue, both the analysis and numerical simulations
demonstrate that an epidemic will persist if the oviposition rate is greater than the
adult mosquito death rate. In Chapter 3, we present and analyze a non-autonomous,
non-linear ODE system that incorporates seasonality into the modeling of the trans-
mission of the dengue virus. We derive conditions for the existence of a threshold
parameter, the basic reproductive ratio, Ry, denoting the expected number of sec-

ondary cases produced by a typically infective individual. In Chapter 4, we present



and analyze a non-linear system of coupled reaction-diffusion equations modeling the
virus’ spatial spread. In formulating our model, we seek to establish the existence of
traveling wave solutions and calculate spread rates for the spatial dissemination of
the disease. We determine that the epidemic wave speed increases as average annual,
and in our case, winter, temperatures increase. In Chapter 5, we present and analyze
an ODE model that incorporates two serotypes of the dengue virus and allows for the
possibility of both primary and secondary infections with each serotype. We obtain
an analytical expression for the basic reproductive number, Ry, that defines it as the
maximum of the reproduction numbers for each strain/serotype of the virus. In each

chapter, numerical simulations are conducted to support the analytical conclusions.
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Chapter 1
INTRODUCTION

1.1 Basic Facts about Dengue

Dengue (pronounced den’guee) Fever (DF) and Dengue Hemorrhagic Fever
(DHF), collectively known as “dengue,” are mosquito-borne, potentially mortal, flu-
like viral diseases that affect humans of all ages worldwide [1,4,51]. Transmitted
to humans by the bite of an infected mosquito, dengue is caused by any one of
four serotypes, or antigen-specific viruses, of the genus Flavivirus, family Flaviridae:
DENV 1, DENV 2, DENV 3, and DENV 4 [1,6,41,51]. The Flavivirus genus derives

)

its name for the Latin for “yellow,” or “flavus,” and includes the dengue, West Nile,
Tick-borne Encephalitis, and Yellow Fever viruses, the latter of which are febrile and
jaundice-causing [43].

The Aedes aegypti mosquito, the primary vector for the dengue virus, was first
classified by Linnaeus in 1762 and originated in Africa. Due to travel by humans, of
whom it is a parasite, the mosquito is now found worldwide [58]. Also a transmitter
of yellow fever, female Aedes aegypti feed primarily on human blood to fortify eggs,

at which time a contaminated (uninfected) mosquito may transmit (contract) the

virus to (from) an uninfected (infected) human (see Section 2.1 in Chapter 2 for a



more extensive discussion of the life cycle of the mosquito and the specifics of dengue
transmission). Because the mosquito lays its eggs in warm, still water and inhabits
containers such as unused flower pots and spare tires, it is not surprising that it
thrives in impoverished, tropical urban areas that lack piped water [58].

Though the Aedes aegypti bite is the primary mode of contagion, rare cases due to
organ transplantation, blood transfusion, and mother-fetus transmission have been
documented [1]. Additionally, the mosquito Aedes albopictus, originating in tropical
and subtropical Southeast Asia, has been implicated in outbreaks of dengue epidemics
27].

After a human is bitten by a mosquito carrying the dengue virus, symptoms
appear in 3-14 days (average 4-7 days) [4]. Those caused by DF, which is rarely
fatal and associated with DENV 1, vary from individual to individual. Symptoms
include a fever and rash in infants, and classic flu-like symptoms such as high fever,
severe headache, myalgia, and althralgia (which gives dengue its alternate names,
breakbone fever or bonecrusher disease) in adults [4,41]. Additionally, patients may
experience gastritis and other gastro-intestinal disturbances [3]. Mild cases of DF
may be mistaken for influenza [3]. DF symptoms generally last between 2-7 days,
after which most patients recover [3,4]. Humans may only transmit the virus during
the febrile stage, characterized by a biphasic pattern: the main phase, a trough, and
a minor peak toward the end of the infection [3]. DHF initially exhibits a similar,
if more severe pathology as DF, but deviates from the classic pattern at the end of
the febrile stage [1]. At this time, patients experience a 24-48 hour period of extreme
capillary permeability, which allows fluid to escape from the capillaries and leak into
the peritoneum and pleural cavity. This leads to a low platelet count and possible

internal bleeding and circulatory failure [1].



These in turn can lead to Dengue Shock Syndrome (DSS), which has a high
mortality rate [1,3].

No dengue-specific medical treatment exists; the CDC recommends that persons
who suspect they have dengue consult a physician, as diagnoses are made clinically
[1]. Additionally, analgesics with acetaminophen, rest, adequate fluid intake, and
avoidance of contact with the mosquito and its habitats are recommended; ibuprofen
is contraindicated [1]. Once recovered from dengue, patients are immune to that
particular serotype but not to the others; in fact, studies suggests that susceptibility
to a secondary infection is enhanced by a primary infection [12].

At present, there is no vaccine against dengue, so prevention centers around
mosquito control and eradication efforts [10]. The CDC advises that individuals
living in or traveling to regions where the disease is endemic be mindful of the
mosquito’s domestic habitat by cleaning water containers, water storage barrels,
vases, and other places in and around the house [1]. Personal protection also in-
volves the use of mosquito repellent, long-sleeved clothing, window and door screens,
and air-conditioning [1]. Persons in the house who have contracted dengue must
avoid mosquito contact so as not to spread the disease. Because Aedes aegypti eggs
exhibit remarkable resilience to adverse weather and environmental effects, govern-
mental efforts on the part of individual nations to eradicate the mosquito have not

been successful [10].



1.2 History of the Dengue Epidemic

Though the etymology of the word “dengue” is unclear, one theory suggests that
the term is derived from a Swahili phrase which attributes the disease to evil spirits
[2]. Known as a human malady, dengue is believed to have evolved as a parasite of
subhuman primates in Southeast Asia [24]. As the Aedes aegypti mosquito spread out
of Africa, accompanying human movement, the virus acquired a vector for contagion
in developing urban centers [24]. The first written account of dengue dates to the
third century CE, when a Chinese encyclopedia of disease symptoms and remedies,
first published during the Chin Dynasty (265 to 420 CE), described the association
between a disease known as “water poison” and water-dependent flying insects [21].
Possible dengue outbreaks include epidemics in the French West Indies in 1635 and
in Panama in 1699 [21]. Among slaves in the West Indies, the disease was known
as “dandy fever,” due to the gait and posture adopted by those suffering from its
fever-induced bone pain [25]. Though it is possible that the Cairo (1799) and likely
that the Philadelphia (1780) epidemics were dengue, the first confirmed case report,
by Benjamin Rush, dates from 1789 [21]. Rush coined the term “breakbone fever,”
while Sir John Burton Cleland discovered dengue’s viral etiology and mode of trans-
mission in the 20th century [45]. Between 1780 and 1940, large if infrequent epidemics
broke out in several urban tropical centers, where dengue likely became endemic [21].
Notable outbreaks, including ones etiologically consistent with DHF/DSS, occurred
in Australia (1897) and in Greece (1928) [24].

During World War II, the combat in the Pacific provided the staging ground for
a worldwide dengue pandemic [21]. Infections, common in combatants on both sides

of the Pacific War, spread to Hawaii, Japan, and the Pacific Islands [24]. In the



1940s and 50s, Sabin isolated DENV 1 and 2. During this period, Thailand and other
Southeast Asian countries experienced outbreaks featuring multiple serotypes [21,24].
DHF was identified and described, leading to its association with hyperendemicity
by Halstead in the 1970s and Gubler in the 1980s and 1990s [21]. Between the 1950s
and the 1970s, dengue spread westward from Southeast Asia to India, Sri Lanka,
Pakistan, and the Maldives; and on eastward to China [21].

Meanwhile, intensive Aedes aegypti eradication efforts in Central and South Amer-
ica successfully prevented epidemic outbreaks; these reappeared, however, when eco-
nomic instability in the region led to the abandonment of these efforts [21]. In the
1980s and 1990s, dengue reappeared throughout the region. Further, countries where
the virus had been either non- or hypo-endemic, that is, producing epidemics of a
single serotype, became hyperendemic [21]. Additionally, DHF epidemics emerged.
Notable outbreaks include the first nationwide Brazilian pandemic of 1998 (see Sec-
tion 3.1 in Chapter 3). Curiously, when dengue viruses recovered from outbreaks
in Cuba (1981) and Venezuela (1988-89) were topotyped, they were shown to have
originated in Southeast Asia [24].

In the last two decades, dengue has become endemic in more than 100 countries in
Africa, the Americas, the Eastern Mediterranean, Southeast Asia, and the Western
Pacific [4]. Today, it is the most common human mosquito-borne viral disease [4].
Urbanization, poor sanitation in newly urbanized areas, climatic changes, and air
travel are all implicated in dengue’s rapid spread. It is estimated that 2.5 billion
people are at risk, with as many as 50 million cases worldwide each year [4]. While
Southeast Asia and the Western Pacific are most heavily hit, the disease is quickly
spreading to previously unaffected regions [4]. In 2007, more than 890,000 cases were

reported in the Americas [4].



About 500,000 cases of DHF require hospitalization each year, of which 2.5 percent

result in fatalities [4].

1.3 Review of the Epidemiological and Scientific
Literature

Taking the epidemiological and etiological factors into consideration, various math-
ematical models for the transmission of the dengue virus have been proposed. In
this section, we consider some of these models while identifying the general aims of
modeling the dengue epidemic.

Some of the first dengue models attempt to capture the complexity of its transmis-
sion dynamics. Among the most important is that of Feng and Velasco-Hernandez,
which incorporates vector-host dynamics in a two-strain epidemiological system [15].
Feng and Velasco-Hernandez derive the model’s basic reproduction number, or num-
ber of secondary infections that a single infectious individual produces in a population
where all hosts are susceptible [15]. Analysis of the model yields interesting results:
an interior endemic equilibrium, found to exist only when the basic reproduction
numbers of each strain are greater than one, is always unstable (see Discussion in
[15]). Feng and Velasco-Hernandez conclude that the system’s long-term behavior,
under these circumstances, is unpredictable. Initially, both strains coexist; eventually,
however, one strain prevails and the other dies out (see Discussion in [15]).

Interestingly, in obtaining a precise definition of the basic reproduction number for
a general compartmental disease transmission model based on an ODE system, van
Driessche and Watmough simplify Feng and Velasco-Hernandez’ model into a single-

strain vector-host system. Their reproduction number for this simplified model seems



consistent with the one obtained by Feng and Velasco-Hernandez. Van Driessche and
Watmough further point out that their calculation of the reproduction number reflects
the two generations necessary for the host or vector to “reproduce” itself, which in
turn reflects the crucial assumption that human-mosquito contact is the only possible
mode of dengue transmission (see Section 4.5 in [52]).

More recent efforts at modeling dengue transmission dynamics have taken vari-
ous directions. In discussing the goals and challenges of dengue modeling, Favier et
al. argue that it should ultimately aim to guide intervention and prevention policies
[13]. In so doing, models must “relate the epidemic variables to both climatic and
environmental parameters” (see Introduction in [13]). Because these parameters vary
regionally, dengue modeling itself has acquired distinct regional orientations. Various
studies, some of which feature non-deterministic models, use data from specific dengue
hot spots. One model associates weekly El Nino Southern Oscillation sea-surface tem-
perature observations with DF/DHF outbreaks in Costa Rica [19]. Another focuses
on the transmission dynamics specific to subtropical regions [8]. Studies based in
Brazil and Thailand have been conducted [8,36,50]. Spatial dynamics have also been
investigated [9,14,36,47,48|.

Given the breadth of dengue studies, one goal should be a comprehensive yet
comparative approach to mathematical modeling, analysis, and numerical simulation.

This is what we attempt here.



1.4 Outline of the Thesis

In this thesis, both the spatial and temporal dynamics of dengue transmission are
investigated. Different chapters present new models while building on themes of
previous chapters. In Chapter 2, we explore the temporal dynamics of dengue viral
transmission by presenting and analyzing an ODE model that combines an SIR human
host- with a multi-stage SI mosquito vector transmission system. In Chapter 3, we
present and analyze a non-autonomous, non-linear ODE system that incorporates
seasonality into the modeling of the transmission of the dengue virus. In Chapter 4,
we present and analyze a non-linear system of coupled reaction-diffusion equations
modeling the virus’ spatial spread. In formulating our model, we seek to establish
the existence of traveling wave solutions and calculate spread rates for the spatial
dissemination of the disease. In Chapter 5, we present and analyze an ODE model
that incorporates two serotypes of the dengue virus and allows for the possibility of
both primary and secondary infections with each serotype. In each chapter, numerical

simulations are conducted to support the analytical conclusions.



Chapter 2

THE MAIN ODE MODEL AND
ANALYSIS OF THE ASEASONAL
MODEL

2.1 Introduction and Assumptions

In this chapter, we introduce the main ODE model for the transmission of the dengue
virus between humans and mosquitoes, with the goal of deriving conditions under
which the dengue virus will coexist with the human and/ or mosquito populations.
We start by stating the main assumptions concerning the modes of transmission of
the dengue virus, the life-cycle of the mosquito, and the seasonality of oviposition.
The dengue virus presents two main modes of transmission: human to mosquito
and mosquito to human. Additionally, adult, infected female mosquitoes may lay
infected eggs. Susceptible humans cannot contract the virus by coming into contact
with infected humans. Transmission of dengue from a human to a mosquito can occur
when an adult, impregnated female Aedes aegypti feeds on human blood, which it does
so to fortify its eggs [36]. If the human is infected with the dengue virus, he/she may
pass it on to the mosquito, who remains infected throughout its life-cycle [2]. Infected

mosquitoes may lay infected eggs, which hatch and undergo infantile, noninfectious
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stages in warm, standing water before leaving for dry land as adult mosquitoes [8].
Humans may become infected only if bitten by infected adult mosquitoes. Presently
there are four serotypes of the virus, which present low cross-immunity but high
serotypic-specific immunity [6,41,51] (see Chapter 5 for a more extensive discussion
of serotypes).

The life-cycle of the mosquito, which consists of four physically distinct,
seasonally-correlated stages- egg, larval, pupa, and adult- plays a crucial role in de-
termining the outbreak of an epidemic. Eggs are laid in water at the end of autumn
and, for the most part, do not begin hatching until the beginning of spring, as larvae.
Larval mosquitoes mature into pupa and then into adults, at which time they may
reproduce and spread the dengue virus. The reproductive stage takes place from
spring until the end of autumn, when the cycle restarts. As a whole, the Aedes ae-
gypti’s population density undergoes seasonal fluctuation, peaking in the summer and
bottoming in the winter (see Remark at the end of this section for a clarification of
references to seasons).

The duration of each of the four stages is, however, variable and determined by
such factors as parasitism and susceptibility to infection. The literature provides
some evidence for the intuition that, at the larval stage, for example, the mosquito
is more susceptible to certain viral and bacterial infections than at the adult stage.
In one example, larvae infected by the aquatic microsporidia Vavraia culicis were
shown to have fewer metabolic resources throughout their life-cycle and lower pu-
pation rates than their uninfected counterparts [39]. Because infection occurs in an
aquatic medium, adults, having left this environment, are not as susceptible to the

parasite.
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As a result, the death rate of the mosquito at the adult phase is governed by factors
different from those that influence the death rates of the immature populations.

Several important studies propose models that take these elements into consid-
eration. Among them, we emphasize that of Coutinho et al., who formulate a non-
autonomous, nonlinear system of differential equations that combines an SIR model
for disease transmission in the human host with a corresponding multi-stage SEI
model in the mosquito vector, whose population is divided into adult (mature) and
egg (immature) components [8]. In this paper, the authors investigate the effect
of seasonal anomalies on the evolution of the dengue epidemic in both human and
mosquito populations. Coutinho et al. do this by modulating the maturation from
the egg into the adult phase by a periodic seasonal factor (for a more extensive discus-
sion of seasonality, see Chapter 3 and [8]). Another important study for the dynamics
of dengue transmission, that of Esteva and Vargas [11], presents a complete analysis
of the threshold dynamics of a system for dengue transmission that incorporates a
variable human population size.

In this study, we modify the models presented by Esteva and Vargas [11] and
Coutinho et al. [8] to introduce a new model that combines an SIR system for disease
transmission in the human host with a multi-stage SI model for disease transmission
in the mosquito vector, which, unlike Coutinho et al.’s model, is divided into adult
(mature), egg, and larval (immature) populations. By introducing a larval stage,
we are able to avoid assuming that the mosquito’s intermediate life-cycle phases take
place in the winter and that mosquitoes emerge in the spring full-grown. Accordingly,
in our model, we introduce a climatic factor that affects the maturation of eggs into
larvae, posing advantages from a strategic, intervention-minded point of view. Like

Esteva and Vargas in [11], we do not assume that the human or mosquito populations
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observe logistic growth, keeping in mind that, ultimately, we want to observe change
in the percentages of infected humans and mosquitoes. We show these changes are
independent of their respective population sizes. As in Coutinho et al.’s study, we
assume that the life-cycle of the mosquito takes place in 365 days [8]. Finally, we
incorporate an element of vertical transmission; that is, we assume that infected
adult mosquitoes can lay infected eggs. These, in turn, can only mature into infected
larvae/pupae, which can only grow into infected adults.

In this chapter, we introduce the main ODE model and assume that the emergence
from the egg into the larval phase is not affected by seasonal variation. We then
analyze the aseasonal model. We derive the basic reproductive number, Rg, the
threshold parameter denoting the expected number of secondary cases produced by
a typically infective individual. Numerical simulations follow.

Remark: Because four distinct seasons are not necessarily observed in most tropi-
cal regions where the dengue virus is endemic, here we extend the concept of “season”
so that “autumn” and “winter” refer to the beginning and end of the dry season, re-
spectively, and the beginning and end of the “rainy” season are referred to as “spring”
and “summer,” respectively. World climatic disruptions may disrupt the dry-rainy

tropical cycle as well (see Section 3.1 in Chapter 3).
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2.2 The Main ODE Model

In this section, we formulate and discuss the model, which depicts dengue transmission
in 4 components: human hosts, adult mosquitoes, larvae, and eggs. One time ¢ unit
denotes a day. The human population is broken down into susceptible (Sg), infected
(I1), and recovered (Ry) classes. The total human population is Ny = Sy + Iy +
Ry. The total adult mosquito population is constant and is denoted by Nj;. The
infected mosquito population is broken down into adult (1), larval (Ip), and egg (1)
classes. We assume that the total number of individuals in each juvenile stage does
not exceed N,,. This is justified by the fact that at every phase of its development,
the mosquito loses individuals to death and/or maturation and gains only a fraction
of the ones that matured from the previous stage. Since the number of infectives in
each stage of mosquito development cannot exceed the total number of individuals
in each such stage, Ny is an upper bound for Iz and Ip. The human population
assumes exponential growth without disease, an assumption that is justifiable once we
make variable substitutions to analyze change in the proportion of infected humans.
The vector populations remain constant in the absence of disease. Since we do not
distinguish between serotypes, our model depicts the transmission of a single strain of
the dengue virus, from which recovered individuals are immune. The climatic factor

is given by S, a function of time.
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The model is as follows:

dsS = = 1
dl — 1 =
_dtH _ AHSHN—A; — (yur + ag +ug)ly
dRy - =
e S S
o yuly —upg Ry
(2.2.1)
dT Nur—Tur\ - - + 31
i,

Ny —1p\ = Ny —1 — _
M P) I —m <u> Ip—uglp

dt :ﬁﬂw( Nar Nor

dI Ny —1Ig\ - Ny —1p\ - .
T = (P ) T (o) (T ) T -

with Ny > T3(0), Nay > 1p(0), Nag > IT5(0), Nay > 0, Ng(0) > 0, vy > ug > 0.
The parameters in Model (2.2.1) can be understood by referring to Table 2.1. In
this chapter, we will henceforth assume all parameters are nonnegative. We will also
assume seasonality does not influence egg maturation by setting S(¢) = 1 for all ¢ > 0.
The first three equations of Model (2.2.1) describe the transmission of the dengue
virus with a variable human population size. As already mentioned, these coincide
with the first three equations of the model proposed by Esteva and Vargas [11]. It is
assumed that once recovered, humans are immune. Infected adult mosquitoes do not

recover.
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Parameter | Definition Unit and/or Range

UVrr natural human | (births/103 humans) day !
birth rate

U Er natural human % day—1
mortality rate

A rr effective contact | bite/susceptible humans
rate between sus-
ceptible humans and
mosquitoes

Y human recovery Wm day—!
rate from dengue

gy human mortality 10-’3;112:;}:1;065 day—1
rate from dengue

Uy natural larval | $552hs_ day !
mortality rate

Uy, natural adult | 5520 day '
mosquito mortal-
ity rate

Av effective contact | bites/uninfected mosquito
rate between unin-
fected mosquitoes and
humans

c winter mildness in- | between 0 and 2
dex: average win-
ter temperature, as
compared to previous
vears’ mean of ¢ = 1

d season length index: | between O and 2
summer and winter
length, as compared
to previous years’
mean of d = 1

w length of reproductive | day—!
cycle unit

o phase shift describ- | days, between -365 and 365
ing onset of wintering
phase

Tors oviposition #ﬁ;’mw’ day—1
rate

g proportion of | eggs
mosquito eggs laid
by an infected female
that is infected and
female

Ue natural egg ﬁ)%a—gg day—1
mortality rate

1 proportion of infected | infected eggs
eggs that proceeds to
the larval stage

1 proportion of infected | infected larvae

larvae that proceeds
to the adult stage

Table 2.1: Parameters for Model (2.2.1)
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Equations 4-6 of Model (2.2.1) reflect the fact that only a fraction of juvenile
infectives mature into the next stage. The fact that u, # 1 - p;, for example, implies
that at any given time ¢, not all surviving juveniles progress to the next phase; they
may remain in their present state. Further, as already discussed, total mosquito,
larval, and egg populations, respectively, remain constant in the absence of season-

ality and disease. The last three equations incorporate saturation terms, (M‘fv—jp),

<N1‘]/1V;47M >, <N1§/{,;[7E>, that take into account the fact that the maturation rate into
the next phase of mosquito development is stifled if the population in the next phase

is reaching Nj;. This ensures that infected populations remain below a threshold,

Ny, for the adult, larval, and egg population densities.

2.3 Analysis of the Aseasonal Model

We now analyze Model (2.2.1).
Note that 432 = dg—tH + dg—f + %. So if we add the RHS (right-hand side) of

equations 1 - 3 of Model (2.2.1) we obtain the following equation:

dNpy

7 = (’UH — UH)NH — CYHTH. (231)

We now add this equation to Model (2.2.1).
Define f: R7 — R" by f(y) = (f1(y), ... f7(y)), where f; : RT — R is defined by

fily) = % for each 7 with 1 <4 < 7.
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Human-Host Mosquito-Vector
’UHNH
Nu—Ig\T
_ 9rm (X—E) Iy
Sy I ( Nm )
up Sy udp
T Iy Nu—Ip\ T
A Sy nS(t) (M=Te) T
[H Tp
(OéH + uH) H unP
yulu Ny—In\ T TN =
WO | ()7,
Ry Ty
U HEH umT]\/[

Figure 2.1: Compartmentalized model for dengue. See Table 2.1 for parameter descrip-
tions.

System (2.2.1) then allows us to define an initial value problem

v = fy)

(2.3.2)
y(tO) = Yto

where Yy = (gH,TH,EH,TM,TP,TE, NH)
As all functions on the RHS of Model (2.2.1) are continuously differentiable on

R, we know that if y, € R, IVP (2.3.2) possesses a unique solution.
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Additionally, we have

Theorem 2.1. Let yo € R7.. Any solution y(t) of IVP (2.3.2) through yo is defined

for all t > 0, and the positive cone Ri 18 positively invariant.

Proof. Let (Sy(t), ..., Ni(t)) with S;;(0) > 0, ... , Ni(0) > 0 be a fixed solution of
IVP (2.3.2) through (E;IO, .., N, ) on [0, 3), with 3 real.

By the continuity of the solution on [0, 3), there exists a ¢ with 0 < § < 3 such
that S, (t') >0, ... , N (t') > 0 for any ' € [0, 4].

Now 1,,(0) < Ny;. Further, if Ny, = I,,(t") for some t' in [0, ], %h:t’ < 0. The
previous two statements also hold for Tp(t), T(t). The continuity of T,(t) on [0, 4]

implies that T%—A(;) < 1 on [0,8]. The latter also holds for Tp(t), Tp(t). (%)

So on [0, ¢],
ds, ) - — I,
T
Z _UHSH_)‘HSHN_
M

> (—ugSy — AuSy), by (%)

= ?L(—uH — )\H)

So,
Sp(0) > 0. (2.3.3)

The positivity of the other components on [0, ] can be shown similarly. By the
continuity of S, (t) on [0, 3), equation (2.3.3) holds on [0, 3). So Sj(t) is bounded
below by a positive number on [0, 5). The same holds for the other components on

[0, ).
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So tli%{<§*H(t)7 .., N} (t)) > 0. Therefore, (Sy;(t), ..., Ni(t)) can be continuously
extended to [0, 5] and R, is invariant with respect to the semiflow defined by system
(2.2.1) on [0, 5.

Consequently, [0,00) is the maximal interval of existence of (Sy(t), ..., N (t))
[38, Section 2.4, Theorem 3, Corollary 1, and Problem 3, Problem Set 4]. Therefore,

R"_is positively invariant. O

We will now follow the method outlined by Esteva and Vargas [11] to introduce

proportions to system (2.2.1).

Let _
Su Iy
— =S5 =1
NH H, NH H
Ry I3y,
~ =Ro,—=1Iu
Ny N (2.3.4)
Ip Ig
— =1 =1
NM P NM E

We assume Ny > 0, Nj; > 0. We may do so since by Theorem 2.1, if Ng(0) > 0,
Ny (+) remains positive for all ¢ > 0.

Then system (2.2.1) can be written as

Sy =vg —vgSyg — A \gSuly + agSuly

Iy, = MgSuly — (yg + ag +vg)ly + agly

Iy = pilp(1 = Ing) = Ing + A (1 — Ing) Iy (2.3.5)
Ip =mIp(1—1p) — p1Ip(1 — Iny) — uglp

IIE = ngIM(1 - [E) - 7'1]E‘(1 — [p) — Ul g
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with 1 > Sp(0) > 0, 1 > I5(0) > 0, 1 > Sx(0) + Ix(0) > 0, 1 > I,(0) > 0,

Corollary 2.2. Let Q = {(SH,IH,IM,IP,]E) - 0 S SH S 1,0 S IH S 1,0 S
Sp+Inp <1,0< I <1,0<1p <1,0<1Ig<1}. Then Q is positively invariant

with respect to the flow defined by system (2.3.5).

Proof. Let (S%(t),...,I5(t)) with (Sg,,....I5) € © be a fixed solution of system
(2.3.5) on [0,00).

Suppose (S5(0), ..., 13(0)) is on Bde(2). (*)

If S3(0) = 0, then by equation 1 of (2.3.5), S7(0) = vy > 0. If S;(0) = 1,
then since by (*), S3;(0) + [;;(0) < 1, I}(0) = 0, so by equation 1 of (2.3.5) and
(*), SE(0) = —AgI;;(0) < 0. Similarly, if 73(0) = 0, then by equation 2 of (2.3.5)
and (*), I75(0) = AgSy(0)15,(0) > 0. If I5(0) = 1, then by (*), S5 (0) = 0, so by
equation 2 of (2.3.5), I;5(0) = —yg — vy < 0.

If S%(0)+1%(0) = 0, then by equations 1 and 2 of (2.3.5), Sz (0)+1;(0) = vy > 0.

Now if I7;(0) + S5(0) = 1, then by (2.3.4) and (*), max(I}(0),S5(0)) < 1 and
by equations 1 and 2 of (2.3.5) and (*),

S5(0) + I (0) = v (1 = S5(0)) + am S5 (0)(1 = S7(0)) = (yur + an + var)(1 = S5(0))
+ ap(1 - 85(0))?
=~y (1= S(0) + an (1 - 55(0))* + anSp(0)(1 - S(0))
— ay(l = 5y(0))
= (1= 5u(0))(~yn)

<0



21

By equations 3, 4, and 5 and (*), if I3,(0) = 0, I;5(0) = p1I5(0) + Ay I3(0) > 0;
if 15(0) = 0, 15(0) = 7,15(0) > 0; and if I5(0) = 0, 12(0) = grm I (0) > 0.

Finally, by equations 3, 4, and 5 and (*), if I3,(0) = 1, I};(0) = —u,, < 0; if
I5(0) = 1, Ip(0) = —pi(1 — I,(0)) —uy < —u, < 0; and if I5(0) = 1, I5(0) =
—7i(1 = Ip(0)) —ue < 0. (*%)

Suppose (S, .-, I5,) is in Interior(S2). (+)

Let to = inf{t € (0,00) : (S§(t),....,I5(t)) on Bde(Q)}. (++)

By the continuity of the solution on [0,00), (S§(t),...,I5(t)) € Interior(f)) on

[0,%0). So lim (S§(£), ..., I5(t)) € Q. So we may substitute ¢, for 0 in the arguments

—lo

following (*), so that (**) holds at to. (***)
If we substitute any ¢’ € [0,00) for 0 in (+) and ¢y for o in (++), (***) holds.
(+++)

By (**), (***), (+++) and [26, Proposition 3.3|, we have our result. O

Observe that system (2.3.5) does not depend on Ng. In fact, we have,

Note that the first two equations of system (2.3.5) and equation (2.3.6) are exactly

those obtained by Esteva and Vargas [11, system (2.2)].

2.3.1 'Ry for an Autonomous ODE System

If we set system (2.3.5) and the infective components to 0, we obtain a disease-free
equilibrium (DFE), Ey = (1,0,0,0,0)”. We seek to derive Ry, the basic reproductive

number and threshold parameter for the persistence of disease. We follow the method
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described by van den Driessche and Watmough [52], who establish R, as a threshold
parameter by defining it as the spectral radius of the “next generation matrix,” a
positive linear operator. If Ry < 1, then the (DFE) is locally asymptotically stable.

If Ry > 1, then the DFE is unstable and an epidemic can develop.

2.3.2 Compartmentalized Modeling and Threshold Analysis

Consider the mosquito and human populations compartmentalized in the 5 classes
of system (2.3.5). An epidemic model based on this system is developed in this
section. Let x = (xq,...,25)7, with # € Q, be the number of individuals in each
compartment. Because we introduced proportions with system (2.3.5), here one whole
individual represents the entire human or vector phase population *). In other words,
each dependent variable denotes a fraction of the total human or mosquito phase
component *). The first 4 compartments correspond to the infected components.

(*) when at carrying capacity

More specifically, we have that Iy = x1, Iy = 29, Ip = 23, [ = x4, and Sy = x5.
Then Q = {(x1, 29, 23,24, 25) : 0 < 2; < 1for 1 <i <5 0< x4+ 25 <1}

So by system (2.3.5),

i1 = A\gxsTo — (Y + ap +vg)r + apr’
9 = pras(l — x9) — upws + Ay (1 — 29) 2
i3 = T24(1 — 13) — ugrz — pras(l — xz) (2.3.7)
Ey = grmxe(l — x4) — Tas(1 — 23) — Uey

i’5 = Vg — VgXy — /\HZE51’2 + agriTs

where (z1,, ..., 25,) € Q, and vy > 0.
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Define Xg to be the set of all disease-free states. That is,

Xe={reQ:z;,=0,i=1,...,4}. (2.3.8)

Let F;(z) be the rate of appearance of new infections in compartment i, V;" (z) be
the rate of transfer of individuals into compartment ¢ by all other means, and V; (z)
be the rate of transfer of individuals out of compartment i. Let V; = V; — Vi for
each ¢ with 1 < i <5 (see [52, Section 2, (1)]).

The following assumptions can be made:

Assumption(A0): For each i with 1 < i < 5, F, V', V; are continuously
differentiable at least twice in each x.

Observe that system (2.3.7) may be written as &; = fi(z) = Fi(x) — V;(x) where

Vi(x) = V; (z) — V" (z). Bach F;, V;", V; is a polynomial function in 5 variables

and therefore continuous. It follows that for each 7, 5,k with 1 < 4,7,k <5, g;:; and

8fjg;k are polynomials in 5 variables. So for each i with 1 <i <5, F;, V', V; are

continuous and twice-differentiable in each z.

Assumption(A1): If z € Q, then F;, V', V7 >0 fori=1,..,5.

All parameters are nonnegative. So we have, Fi(z) = Agxsry > 0, Vi (x) =
agrd >0, Vi () = (yg + ag +vg)zy > 0, Fa(x) = A (1 — z)zy > 0, Vf (z) =
+p1z3(1—22) > 0, V5 (2) = upra > 0, F3(z) =0, Vy () = myzg(1—ax3) > 0, V5 (z) =
pras(l — z9) + ugzs > 0, Fu(z) =0, V) (x) = grpaa(l —z4) >0, Vi (x) = myzg(1 —
x3) + uery > 0, F5(z) = 0, Vi (2) = vy + agzsr) >0, Vi (v) = vgws + Agxsze > 0.

Assumption(A2): If z; = 0, then V;” = 0. In particular, if € Xg, then V; =0

fori=1,...,4.
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The first claim follows from the paragraph following (A1). Now if x € Xg, z; =0
for i =1,...,4. So the second claim follows from the first.

Assumption(A3): F;, =0if i = 5.

Follows from the paragraph following (A1).

Assumption(A4): If z € Xg, F;(z) =0 and V" (z) =0 fori = 1,..., 4.

If x € Xg, z; =0 fori=1,...,4. So result follows from the paragraph following
(A1).

Assumption(A5): Suppose uy,, (U, +p1), (11 + ue), vy all > 0, ﬁﬁi@?ﬁlﬁq)um <
1. If F(x) is set to zero, then all eigenvalues of D f(z() have negative real part, where
xg is a disease-free equilibrium (DFE) of system (2.3.7).

A DFE of system (2.3.7) is defined to be a (locally asymptotically stable) equi-
librium of the disease-free model, i.e., system (2.3.7) restricted to Xg. So the single
equilibrium solution with x; = 0 for 1,...,4 is 7o = (0,0,0,0,1)T (Recall from (2.3.5)
the DFE (1,0,0,0,0)7).

Recall that system (2.3.7) may be written as @; = f;(z) = Fi(z) — Vi(z) where
Vi(r) = V; (z) — Vi (x). So if F(z) is set to zero, then Fj(z) = 0 for each i. So
;= fi(x) =0 —V;(x). So system (2.3.7) becomes

il = —(yH +ag + UH)xl + CYHQT%
Ty = —UpTs + P123(1 — T9)
.fifg = ’7'133'4(1 — $3) — UgT3 — pll'g(l — .Z'Q) (239)

Ty = grme(l - 1'4) - 7_11‘4(]- - 1'3) — Uy

i‘5 = Vg — VgXy — /\H.T5I2 + agriTs
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So,
—(yg+an+vy)+2agz: 0 0 0 0
0 —P1T3—Um P1—P1T2 0 0
Df.(z) = 0 +p1z3  —ug—p1+pira—TiT4 TI—T1E3 0
0 grm—9gTmT4 +7124 —grmTo—T1—Ue+T123 0O
agTs — g5 0 0 ass
(2.3.10)
where ass = —vy + agri — Agxs.
Thus,
(~yg —apm —vg) O 0 0 0
0 —Um D1 0 0
D fo(wo) = 0 0 —(ug+p1) m 0 (2.3.11)
0 9rm 0 —(m1+wu) 0
g —Ag 0 0 —vH

The eigenvalues of Df,(xy) are —vy and the eigenvalues of the submatrix
of Df.(zg) obtained by deleting the fifth row and the fifth column of D f,(x).
We will denote this submatrix by Jy = [b;],1 < i,j < 4. Now —Jy has the
Z-pattern, that is, —b; < 0 for all i« # j. A non-singular M-matriz is a
matrix B with the Z-pattern such that all principal leading minors are posi-
tive [16, 28]. Observe that the principal leading minors of —.J, are given by
(yu + ag +vu) > 0, (yu + au + vg)um > 0, (yu + ag + vg)um(ug + p1) > 0,

and det(—Jo) = (yu + am + va)((um)(11 + ue)(p1 + ug) — grmp171) > 0, since by

assumption, wy,, (ug+p1), (11 +u.) all > 0 and o +uf)22fi:q)(um) < 1. Therefore, —.Jy

is a non-singular M-matrix and its eigenvalues all have positive real part [16, 18, 28].

So the eigenvalues of Jy, and, consequently, D f,(z¢), all have negative real part.
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Given the above assumptions, we have the following result [52, Section 2, Lemma

If 2o is a DFE of (2.3.7) and f;(x) satisfies (A0)-(A5), then DF(xq) and DV(zy)

are partitioned as

Df(ilfo) = s DV(.ZC()) = s

where F' and V are the m x m matrices defined by

OF; )% . o
— = < < m.
F [ oz, (x0) ] and V [ o, (xo) ] with 1<14, 7<m

Furthermore, F' is non-negative, V' is a non-singular M-matrix and all eigenvalues of
Jy have positive real part.
We will now establish Rg. The matrix F'V 1! is called the next generation matrix

for the model and the basic reproduction number is defined as
Ro = p(FV1), (2.3.12)

where p(A) denotes the spectral radius of the matrix A.

We therefore have the following important proposition:

e . grmp1T
Proposition 2.3. Assume wy,, (ug+p1), (71 +ue), vy all > 0, e s <L

all other parameters nonnegative. Then we may define Ry for system (2.3.7) by

RO _ \/ Av g (p1+ug)(Ti+ue) (2313)

(ya+omg+om)((T1+ue) (p1+ug)um—grmp17i)
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Figure 2.2: Solutions of system (2.3.7) converge to the steady-state values
when Rg = 1.21, all other parameters are given in Table 2.2.

Proof. Recall that system (2.3.7) may be written as @; = fi(z) = F;(x) — V;(z) where
Vi(z) =V; () — V" (z) and where

/\HZL’5J,’2
Av(l — 332)1’1
F= 0 (2.3.14)
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(yg + ag +vg)r, — age?
U Ty — P13(1 — 2)
V=1 pas(1 —z2) +ugws — mas(l — z3) (2.3.15)

T124(1 — x3) + ety — grmza(l — x4)

VgXs + AgTsXs — Vg — AFT5T]

By the lemma stated above, we then have,

0 g 0O
Ay 0 00
F= (2.3.16)
0O 0 0O
0O 0 0O
Yo +ag +vg 0 0 0
0 U, — 0
V= b (2.3.17)
0 0 Ugq + P1 —T1
0 —qTm 0 T1 + Ue

and
Jy = <UH> (2.3.19)

where F' is non-negative, V' is a non-singular M-matrix and all eigenvalues of J; have

positive real part.
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Figure 2.3: Solutions of system (2.3.7) converge to the DFE when Ry = .24,
all other parameters are given in Table 2.2.

Now by (2.3.16) and (2.3.17) we have that FV ! =

0 Ag (T1+ue)(pytug) APy (T1+ue) Agp1(71)
(um (T1+ue)(P1+uq)—9rmp171) (um(T1+ue)(P1+uq)—9rmp171) (um(T1+ue)(P1+uq)—9rmp171)
Ay
ygtagtvyg 0 0 0
0 0 0 0
0 0 0 0

(2.3.20)
So the eigenvalues of F'V ! are given by the solutions to the characteristic equation
of FV 1

M Av An (T14ue) (P1+uq) 2 . (2.3.21)

(ya+ag+vm)(T1+ue) (P1+ug)um —grmp171)
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Clearly, 0 is a solution of this equation. The others are:

A 2= zl:\/ Av Am (p1+uq) (T14ue) (2.3'22>

(yar+og+vy)(T1+ue) (p1+ug)um—grmpiTi)

So by (2.3.12), we have our desired result. O

Proposition 2.4. Let Ry, parameters be as in Proposition 2.3. The following con-
ditions characterize the stability of (0,0,0,0,1)T.
1) If Ro < 1, then (0,0,0,0,1)T is locally asymptotically stable.

2) If Ry > 1, then (0,0,0,0,1)T is unstable.
Proof. The result follows from [52, Section 3, Theorem 2. O

Proposition 2.5. Assume conditions in Proposition 2.3 are satisfied and Ry < 1.
Assume further that oy = 0 and (yg + vg)(Umtgte — grmpi7m) > Ay Agugue. Then

the DFFE is globally asymptotically stable.
Proof. Let u(t) be a solution of system (2.3.7) with u(0) = uo € Q. Consider system

(2.3.7). If we omit f5 and assume that oy = 0, we have, by the invariance of €2, that

fi(u) = Agusus — (yu + vp)ur < Agus — (yu + vg)uy

(u)
fo(u)
(u)
(u) =

pruz(l — uz) — upuz + Av (1 — u2)ur < prus — umuz + Avug (2.3.23)

3
fa(u

u

Tiug(1 — ug) — ugus — prus(l — ug) < Mug — ugus

grmua(l — uy) — Tug(1 — ug) — uetty < grps — Ueliy
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Let
—(yH + UH) /\H 0 0
A —Upy, 0
A= v b (2.3.24)
0 0 —u;, =N
0 grm 0 —ue

Then we may rewrite (2.3.23) as

- fi(u) - - (01 -
falw) <al ™, (2.3.25)
f3(u) Uusg

| falu) | | Ua |

where the inequality holds pointwise.

Now — A has the Z-pattern (see (A5)). First observe that Ry < 1 = (AyAy)(p1+
ug)(T1+ue) < (yr+vm)((T1+ue) (P1+ug)Um—grmp1m1) < (Yyu+vm)(T1+ue) (P14 ug) U
().

Now the principal leading minors of —A are given by (yg + vg)um, > 0, (yg +
VE ) U — AvAg > 0 (by (%), us((yg + vi)tm — AvAg) > 0, and det(—A) = ((yu +
) (UmUglle — gTmP1T1) — AvAmugue) > 0 (by assumption).

So —A is a nonsingular M-matrix [16, 28], which implies that the eigenvalues of A

all have negative real part.
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Solving for the differential inequality expressed in (2.3.23), we obtain that

i (t) u1(0)
Ua(t us(0
A0 ar | 20 (2.3.26)
us(t) u3(0)
| ua(t) | | ua(0) |
Now since the eigenvalues of A all have negative real part,
u1(0)
u2(0
lim [ e 0 | (38, Section 1.9, Theorem 2.
o us(0)
u4(0)

So (u1(t), ua(t), uz(t), us(t)) — 0 as t — oco.

Now by (2.3.4), Br = —(Bn 4 dlny — (w4 1) — (—ypay (¢) + vg(l —
us(t) —ui(t))) = ygui(t) —va (1 —us(t) —ui(t)) < 0 for all but finitely many ¢, since
ui(t) — 0 as t — oo, and uy(t) +us(t) <1Vt >0. So Ry(t) =1—Su(t) — In(t) =

1 —wuy(t) —us(t) - 0as t — oo. So us(t) — 1 as t — oo and we have our desired

result. ]
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Figure 2.4: Solutions of system (2.3.7) converge to the endemic equilibrium when
Ro = 1.05, all other parameters are given in Table 2.2.

2.3.3 Analysis of the Endemic Equilibria

We are now ready to investigate the existence of endemic equilibria.

First, we set system (2.3.7) to 0. So

AursTe — (yg + ag +vg)r) + agr? =0
sl — x2) — Upxs + Ay (1 — 22)21 =0
T124(1 — x3) — ugrs — pra3(l —a2) =0 (2.3.27)
grm@a(l — xy) — Mwy(l — x3) — Uexy =0

Vg — VgTs — )\HZL‘5$2 +agriTs = 0
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We seek to derive conditions under which Ry > 1 < system (2.3.7) has an endemic

by
— Vg
Te= =
° Vg + AgT2 — QT
_ g?“mfg
= To + T T3 +u
grmT2 1~ T1Z3 e
T1Ty + Ug + P1 — P12
— P1T3 + AvT
Lo = — —
P1T3 + AvT1 + U,
and
—(yu + ag +vy)Ty + agT: = —AgT)Ts. (2.3.29)
We will consider the special case ay = 0, u, = 0, v, = 0. We want

Proposition 2.6. Let ag = 0, u, = 0, u. = 0, all other parameters positive. Also

assume grp, < Up,. Then Rg > 1 < system (2.3.7) has an endemic equilibrium, E;

i €.

Proof. = Suppose Ry > 1. Let R’ = (Ry)? = (yH-l-v;\[S-I(i\L‘;—grm)' Then, R’ > 1 (x).

If we solve for z, in system (2.3.27), we see that it can take on five possible
values: 0 and the roots of a degree-four polynomial function f, where f(x,) has real
coefficients (see Appendix I).

By (%), f(0) > 0. Now f(1) = —p1miAgtm(yu + vu)Ag + vi) (U (ya + vi) +
Avvg) < 0. So by the intermediate value theorem, f has a real root between 0 and 1.
If we substitute this value, say b*, for x; in system (2.3.27), and solve for the other

components in terms of b*, we see that system (2.3.27) is consistent. So a solution of

system (2.3.27), with z4 = b*, exists. Additionally, the other solution components are
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uniquely determined by b*. Let E be this solution, so that 7, = b*. Then 0 < 74 < 1.
So E; is not the DFE. By (2.3.28) and (2.3.29), Z; # 0 for each i with 1 < i < 5.
Now ay = 0, u, = 0, u. = 0. So if we add (LHS) of equations 2-4 of (2.3.27), then

Ej is given by

—_ 1—=5

L1 =VH VH+YH

- 1-z

L2 = VH AH{;

Ty = —HT4 2.3.30

R T1T4+P1—P1T2 ( )
Ag+vyg R

— E5—R’(>\H+1)H)
grm (YE+vH)

- vy
L5 = VEH+ART2

Since 0 < T4 < 1, by equation 4 of (2.3.30), T5 > B’},?;;—%. So by (), Ts > 0. So

by equation 2 of (2.3.30) and (x), T» < 5232 < 1. 8o by equation 3 of (2.3.30),

0 <73 <1,since 0 <7y <1and 7y < 1. Now since ayy = 0, uy = 0, ue = 0, if
we evaluate system (2.3.27) at Ey, we have that mZ4(1 — T3) = gr,Ta(1l — T4). So
since 0 < Ty < 1land 0 < T3 < 1, Ty > 0. So by equation 5 of (2.3.30), T5 < 1.
So by equation 1 of (2.3.30) and the fact that 0 < T5 < 1, 0 < 71 < 1. Finally,

Ty + T = P e [0, 1.

< Suppose Ry < 1. Then R’ < 1. Consider the equation for 7y, (2.3.30). If

AH
Ag+vg R _ R®tvH — P .
BOnion) = gron > 1, T3 > 1. This implies that 7; < 0, a

T4 > 0, then, since

contradiction. O

We will now study the local stability of the endemic equilibrium, F;.
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Proposition 2.7. Assume conditions are as in Proposition 2.6 and Ro > 1. Then

FEy is locally asymptotically stable.

Proof. Consider the linearized system of (2.3.7) at E;. The Jacobian matrix at Fj is

given by:
—(ya+vm) AHT5 0 0 Tody
Av(1-T2) —p1T3—um—AvT1 P1—P1T2 0 0
A= 0 +p1T3 —P1+p1T2—T1T4 TI—T1T3 0 (2'3'31)
0 grm —grmT4 +71T4 —grmT2—T1+71T3 0
0 —AHT5 0 0 ass
where asy — —VHg — )\Hfg.

Now, given a square, complex-valued n x n matrix P = [p;;] with 1 <1i,j <n, we

define its companion matriz M(P) = [m;;] with 1 <i,j <n by

lpi| it =i .
mij = ([28, Definition 2.5.10], see also [60]) (2.3.32)

—lpy| A

P is called an H — matriz if its companion matrix M (P) is a (non-singular)
M-matrix ([28, pp. 124], see also [60]). Now M(—A) has the Z-pattern (see
(A5)). Also, by equations 1 and 2 of (2.3.27), the principal leading minors
of M(—A) are given by (yg + vg) > 0, 51_2<?/H + vg)(MTs + AvTiTe) > 0,
= + o) (1 T3(1 = T2) + AT To) (p1 (1 — Ta) + 1) + (yu + vu) (117T3) (11 Ta) > 0,
(yr +vm)(AvZ1)p1(1=T2) 7 (1=23) + (yar +vm)p1 (1 —T2) grim (p1T3(1 = Ta) + AvT1 o) +
(ya + vu)T1ZTagrm(p1Ts + AvT1ZT2) > 0, and det(M(—A)) = (vg + AuT2)(yy +
vi)(AvZ1)p1 (1 —Z2) 71 (1 —T3) + (ve) (yu +vE)p1 (1 —To) grm (01 T3 (1 — T2) + Ay T1T2) +

(ve)(yg + vE)TITagTm(P1Ts + AvTa1Ta) + (AuTe) (g + ve)pi(1 — To)grm(u,Te +

MNT1T2) + (AaT2) (Y + Vi) iTagr, (3222 + 2\ T1T2) > 0.

1-z2
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So M(—A) is a non-singular M-matrix [16,28] and —A is an H-Matrix. Now an
n x n complex-valued square matrix is said to be positive stable if its eigenvalues all
have positive real part [5, pp. 134]. An H-matrix with real entries is positive stable iff
it has positive diagonal entries [28, Exercise, pp. 124; 60, Lemma 2|. Now —A clearly
has positive diagonal entries. So it is positive stable. It follows that the eigenvalues
of A all have negative real part.

So F is locally asymptotically stable. O

2.4 Numerical Simulations

We now conduct numerical simulations to illustrate our analytical results.

Values for vy, Ay, yu, tm, 7m and g are comparable to those presented by Coutinho
et al. [8] on the basis of estimates known from the dengue infection process and human
and mosquito vital statistics. We assume that the entire egg and larval populations
are at carrying capacity.

We first take ag = vy = . = 0, g7, = 5 > 1 = u,,. For parameter val-
ues given in column 2 of Table 2.2, an endemic equilibrium exists and is given by
Ey = (T1,T9,T3,T4,T5) = (.01,.27,.52,.8,.99). The simulations show that the DFE
is unstable and trajectories of system (2.3.7) converge to E; (see Figure 2.5). We see
that more than half of the larval and adult mosquito populations will eventually be
infected. Additionally, Figure 2.5 A indicates that one percent of the human popu-
lation will contract the virus, a number that, in the short run, is comparable to the
2009 worldwide estimate of 50 million cases, or 2 percent of the 2.5 billion people

at risk [4]. When we take into account that we have assumed in the simulations for
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o . Values for Figure
Description 2.5 2.6 2.7,2.2 28,23 2.9 24
Initial Condition
T .005  .005 .0001 .8 .02
To 1 1 .001 .33 .03
x3 .6 .6 01 5 .00035
x4 5 5 .005 .33 .002
x5 .95 .95 8 1 .6
Parameter

vy 2.5 2.5 2.5 2.5 0.5
Ai 0.1 0.1 0.75 0.75 0.95
Y 0.067 0.067  0.067 0.067 0.05
ay 0 0 0 0.002 0.001
Ug 0 0 0 2.6 10
U, 1 1 2.6 2.6 1.5
Av 0.1 0.1 0.5 0.5 0.95
T'm 20 3 10 10 5
g 0.25 0.25 0.25 0.25 0.25
Ue 0 0 0 2.6 10
T 0.7 0.7 0.7 0.7 0.9
D1 0.7 0.7 0.7 0.7 0.9

Table 2.2: Values for parameters and variables of Model (2.3.7)

Figure 2.5 that the number of juvenile mosquito deaths is 0, our numbers seem to
reasonably approximate the epidemiological picture.

We next reduce the oviposition rate and therefore assume that gr,, =3/4 <1 =
Uy,. For parameter values given in column 3 of Table 2.2, Ry = .13. Accordingly, the
simulations show that the DFE is asymptotically stable (see Figure 2.6). We then
take Ay, Ay large and modify other parameters so that Rg = 1.21 (see column 4 of
Table 2.2). Following Proposition 2.6, there exists an endemic equilibrium of system
(2.3.7), given by E; = (.0015,.005, .018,.018,.998). The trajectories of system (2.3.7)

converge to E1, as predicted by Proposition 2.7 (see Figures 2.7 and 2.2).
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Because u,,, = 2.6 > 2.5 = gr,,, however, values for this endemic equilibrium are
close to the values for the DFE.

We then take ay,u,,u. > 0 and other parameter values such that Ry = .24 (see
column 5 of Table 2.2). The DFE is accordingly asymptotically stable (see Figures
2.8 and 2.3). Finally, we take contact and maturation rates high and human birth and
recovery rates low so that Ry = 1.05. There then exists an endemic equilibrium F; =
(.05,.03,.0003,.0038,.94). Because by assumption (A5) we require that w,, > gry,,
the larval, mosquito, and egg populations will remain largely uninfected (see Figure
2.9). But because human-mosquito contact rates are high, eventually 5 percent of
the human population will be infected (see Figure 2.9). Assuming that the human
population remains constant, this represents, based on 2009 estimates [4], more than
an additional 200 million cases of dengue worldwide. An epidemic may therefore
ensue even if a low proportion of the vector population is infected. Since high-risk
regions often observe high human growth rates, it is reasonable to expect this to be

a conservative estimate.

2.5 Discussion

In this chapter, we first explored the temporal dynamics of dengue viral transmis-
sion by presenting a model that combines an SIR human host- with a multi-stage
SI mosquito vector transmission system. Our model modulates the maturation of
the vector from the egg into the larval phase by a climatic factor. In this chapter,
we set this factor to 1, in effect assuming that this maturation is not affected by

climatic/seasonal variation. We then analyzed this simplified version of the model.
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We first proved that if initial conditions are positive, the size of the total human
population may vary but will never subside to 0. We then made variable substitutions
to obtain a simplified, proportion-based system. Next we assumed that the natural
adult mosquito death rate, the natural human birth rate, and the rates at which
eggs and juveniles transfer out of their compartments are positive. Under these
assumptions, we proved the existence of a threshold parameter, the reproductive
number, denoting the expected number of secondary cases produced by a typically
infective individual.

In the case where the juvenile populations are at carrying capacity, juvenile
mosquito mortality rates are sufficiently small to be absorbed by juvenile maturation
rates, and no humans die from dengue, both the analysis and numerical simulations
demonstrate that an epidemic will persist if the oviposition rate is greater than the
adult mosquito death rate. If the oviposition rate is smaller than the natural adult
mosquito death rate, then the stability of the disease-free equilibrium and the ensuing
existence of an epidemic will be heavily influenced by human-mosquito contact rates.
If these are high, an epidemic may then occur. These results indicate that while
intervention at the reproductive phase of the mosquito life-cycle remains necessary,
it is more important at the juvenile stages than previously considered. Additionally,
if dengue mortality becomes more substantial, restricting human-mosquito contact is
crucial (see Section (2.4)).

Since most humans who contract dengue do not die of the virus, the traditional
view of dengue has been of a rather benign disease. The sheer scale of the epidemic and
the subsequent possibility of the emergence of new, more lethal serotypes, however,
are a cause for alarm. As a whole, our conclusions indicate a need for intervention at

all levels of the mosquito life-cycle if an epidemic is to be prevented.
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Chapter 3
THE SEASONAL ODE MODEL

3.1 Introduction and Assumptions

In this chapter, we analyze the seasonal ODE model for the transmission of the dengue
virus between mosquitoes and humans. Before doing so, we extend the arguments of
the previous chapter to motivate the incorporation of seasonality into the modeling
of dengue transmission dynamics.

The consideration of seasonality as a factor in the development of a dengue epi-
demic stems from several observations. First, in certain tropical, subtropical and
temperate regions, epidemics recur on a yearly basis and exhibit a fixed seasonal
pattern. Secondly, the disease and rain cycles are correlated: the epidemic starts at
the beginning of the rainy, spring-summer season, peaks 3-4 months afterward and
ends in the beginning of the dry autumn-winter season [8]. During this time, the
adult Aedes aegypti population virtually disappears. After the dry winter season, the
epidemic starts again, a phenomenon defined as disease “over-wintering” [8]. This
phenomenon indicates that the mosquito population survives in the wild. Because
mosquito eggs are laid in the beginning of autumn, the egg population “hibernates”

until the beginning of the winter. Eggs must be laid and hibernate in warm water,

46
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so cold winters and/or dry summers reduce oviposition and affect egg maturation
adversely [8]. The degree to which the egg population successfully hibernates is thus
correlated with the length and severity of winter. If the winter period is dramatically
shortened, the larval population may rise dramatically, contributing to an eventual
rise in the adult, infectious mosquito population. Ultimately, the exhibition of a fixed
epidemic seasonal pattern and the possible containment of an epidemic are functions
of a fixed climatic pattern. If climate is sufficiently disrupted, epidemic patterns may
be shifted and containment becomes difficult.

The extent to which the latter may have taken place is extrinsically suggested
by the fact that the resurgence of dengue transmission has coincided with evidence
of global warming. In Brazil, for example, the first report of a dengue epidemic
with viral isolation took place in 1981; the first nation-wide outbreak occurred in
1986, when the epidemic appeared in Rio de Janeiro and other major urban centers
[49]. Between 1986-1998, the epidemic exhibited bi-yearly over-wintering, appearing
every other year, peaking in the summer and disappearing in the winter. During this
period, epidemics were contained. In 1998, however, an exponential increase in the
number of cases was reported, marking the first dengue pandemic in Brazil [49]. This
increase was attributed to an increase in urban density; a rise in the yearly average
temperature, however, may also have influenced the outbreak. Such climatic changes
have been recently investigated: according to the Intergovernmental Panel on Climate
Change report on global warming, released in Paris in 2007, average temperatures in
Brazil’s impoverished, semi-arid northeast might rise by between 2°C' and 5°C' by the
end of the 21st century [37].

More specifically, climate-based studies and epidemiological models which incorpo-

rate climatic factors and successfully predict epidemic outbreaks indicate a correlation
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between climatic change and an epidemic resurgence. Using data from meteorologi-
cal stations, for example, climate-based studies have revealed a relationship between
dengue fever /dengue hemorrhagic fever (DF/DHF) outbreaks and climatic variation.
Recently, Fuller et. al presented a model based on weekly El Nino Southern Oscil-
lation sea-surface temperature observations to predict weekly DF /DHF outbreaks in
Costa-Rica from 2003-2007 [19]. Another study investigated the causes of the seasonal
outbreak pattern on Samui Island, Thailand [50]. The global nature of the epidemic
resurgence further indicates its relationship with climate, the local change of which
is affected by changes in disparate geographical areas. A strong El Nino event, for
example, took place in 1998. Its climatic effects can be felt in regions that do not
share a Pacific coast; regions susceptible to dengue, such as Brazil, are consequently
susceptible to El Nino effects, which may have influenced the 1998-99 pandemic. In
light of this evidence, we have modulated egg hibernation by a periodic factor, the
mechanics upon which are elaborated by Coutinho et al. [8].

In this chapter, we reintroduce the main ODE model and take the climatic factor
to be periodic. We then conduct the mathematical analysis of the seasonal, non-
autonomous ODE model. Following the method devised by Wang and Zhao [54],
we establish the numerical computation of the basic reproductive ratio, Ry, which,
as in the autonomous case, is the expected number of secondary cases produced,
in a completely susceptible population, by a typically infective individual. We also
derive an analytic expression for R, the basic reproduction number of the “time-
averaged” autonomous system of a periodic epidemic model over a particular time
period. The existence of periodic solutions when the disease-free state is unstable is

proven. Finally, we conduct numerical simulations to illustrate our analytic results.
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3.2 The Seasonal ODE Model

In this and the following section, we present and analyze the seasonal ODE model.

Recall, then, the main ODE model:

ds — _—
d_tH:UHNH_UHSH_)\HSHN_];\i
dl _ I _
d_:[ = AHSHN—I; — (yu +ag +ug)ly
dR - _
d_tH:yHIH_UHRH
(3.2.1)
dYM NM—TM - - - TH
— = ———— | Ip—unl M ( Ny — Iy)——
It pl( Nos )P U d v + Av(Ny M)NH

dl Ny —1Ip\ - Ny — 1T\ = -
=t (B e (B 1o

dl Ny —1Ig)\ = Ny —1Ip\ = -
S = o () T o) () T - us

with Nys > T3(0), Nay > 1p(0), Nag > I5(0), Nay > 0, Ng(0) > 0, vy > ug > 0.
The parameters in Model (3.2.1) can be understood by referring to Table 2.1. In

this chapter, we henceforth assume that all constant parameters are nonnegative.
Observe that the fifth and sixth equations incorporate the concept of seasonality,

the modeling of which we borrow from Coutinho et al. [8].
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The infected larval population density may vary in size with a t-dependent rate,

NM—TP>

nS(t) ( i (3.2.2)

determining the number of infected eggs hatching per unit time and surviving to the
larval stage, that is, through winter. In this chapter, S, a time- dependent climatic
index depicting seasonal variation, is allowed to be non-constant. In fact, it is set to

the w-periodic seasonality function,
t — (¢ —d(sin(2mwt + 0)))6(c — d(sin(2rwt 4 0))) (3.2.3)

which simulates climatic influence on the larval maturation rate. By setting w=1/365,
one reproductive cycle, taking place over the course of one year, is fixed, with w=365.
The terms ¢ and d refer to winter mildness and length, respectively. The Heaviside 6-
function ensures the term is nonnegative. Soif ¢ < d, with ¢ small and d large, summer
and winter are long and winter is severe. If ¢ > d, with ¢ large and d small, summer
and winter are short and winter is mild. Maturation into the larval stage is therefore
influenced accordingly and progression into it becomes a function of seasonality. Note
that the element of vertical transmission is present in the sixth equation, represented
by the parameter g, which also absorbs the fraction of male eggs, inconsequential
with respect to the transmission of the dengue virus. For further discussion of the

seasonality effect, see Coutinho et al. [8].
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Figure 3.1: Climatic index as function of time, ¢ = .5,d = 1.5,0 = 90, w = 1/365,
units are given in Table 2.1. See Remark at end of Section 3.4.

Note that 402 = dg—tH + dg—f + %. So if we add the RHS (right-hand side) of

equations 1 - 3 of Model (3.2.1) we obtain the following equation:

dNg

7 = (UH — ’LLH)NH — OéHTH (324)

We now add this equation to Model (3.2.1).
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3.3 Analysis of the Seasonal Model

Define f : [07OO>8 — R by f(t7y> = (fl(t7y)7 "'7f7(t7y))7 where fl : [07 00)8 — Ris
defined by fi(t,y) = % for each ¢ with 1 <7 < 7.

System (3.2.1) then allows us to define an initial value problem

y(0) = yo

(3.3.1)

where y = (Sy, ..., Ni).

Observe that if i € [0,00)", then f(t,y) is continuous in ¢ on some small interval
[0, 8], where f(t,y) € R, for each t € [0, 3]. Also, f(t,y) is continuously differentiable
in y for all y € R7. So if yo € RY, by the Picard-Lindelof theorem, IVP (3.3.1) has a

unique solution.

Theorem 3.1. Let yo € R,. Any solution ®(t,0,yo) of IVP (3.3.1) through (0, yo)

1s defined for allt > 0, and RZF 15 positively invariant.

Proof. On a fixed interval [0, 3), with B real, let ®(¢,0,y5) = (v (), ..., y3(t)) be a fixed
solution of IVP (3.3.1) through (0, y§) with y; € R”.. Observe that 0 < S(t) < c¢+d for
all ¢ > 0. By the continuity of the solution on [0, 3), there exists a 6 with 0 < 6 < f3
such that y;(¢') >0, ... , y3(t') > 0 for any ' € [0,0].

Now 4 (0) = T,,(0) < Nyy. Further, if Ny, = T,,(t') for some ¢ in [0, 8], dj%t(t,) < 0.

The previous two statements also hold for y(t) = T p(t), yi(t) = I5(t). By Theorem
4.2 in ([26]) and the continuity of each solution component on [0, ], 3’"]@—](;) < 1on [0,0].

The latter also holds for yi(t), y&(t).
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By reasoning similar as in the proof of Theorem 2.1 , we have that, on [0, 4],

dyj
dt

> yi(—um — An).

We may obtain similar inequalities for the other components.
So on [0,6], by the comparison principle [44, Chapter 3, Proposition 1.1 and
Remark 1.2],

yi(t) > el iy s, (3.3.2)

The positivity of the other components on [0, d] can be shown similarly. By the
continuity of yi(¢t) on [0, ), equation (3.3.2) holds on [0,3). So yi(t) is bounded
below by a positive number on [0, 5). The same holds for the other components on
0,3). So tl_l)%{ y*(t) > 0 and y*(¢) can be continuously extended to [0, 3].

Consequently, on [0, 3], RT is invariant under system (3.2.1) [26, Theorem 4.2].
So [0, 00) is the maximal interval of existence of ®(t,0,yg) [38, Section 2.4, Theorems
3 and 4 and Problem 3, Problem Set 4]. At each ¢ > 0, each solution component is

therefore positive. Therefore, R’ is positively invariant. ]

We will now follow the method outlined by Esteva and Vargas [11] to introduce
proportions to system (3.2.1). This is possible by either treating (3.2.1) as an au-
tonomous system in 8 variables, strictly for the purpose of variable substitution, or
by differentiating each new variable point-wise. The equivalence of systems (3.2.1)

and (3.3.4) holds at each ¢ > 0, and therefore, at every t' > 0.
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For each t € R>, then, let

Sut) Iy(t)

Mo~ 2y = )

Ry(t) ITy(t)

Ny(t) Ba(t), Ny Tu(?) (3.3.3)
Ip(t) Ip(t)

o = 1pl0). o = I (1)

We assume Ng(t) > 0 for each ¢ € R, and Ny > 0. We may do so since by
Theorem 3.1, if Ny(0) > 0, Ng(-) remains positive for all ¢ > 0.

System (3.2.1) can therefore be written as

dS

d_tH =vg —vgSy — AgSuly +oagSuly

dly 9

W = AHSHIM — (yH + g +UH>IH + CYHIH

dly

L =piIp(1 — Ing) — umdpr + Av (1 — Ing) (L) (3.3.4)
dl

d—tp = 1St Ig(1 — Ip) — prIp(1 — Iny) — uglp

dl

d_tE = g?"m[M(l — [E) — Tls(t)]E(l — Ip) — UeIE

with 1 > Sz(0) > 0, 1 > Ix(0) > 0, 1 > S (0) + Ix(0) > 0, 1 > I,,(0) > 0,

12]13(0)20,12 IE(O)ZO, vy > 0.
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Corollary 3.2. Let = {(SH,IH,IM,IP,IE) 0 < SH < 1,0 < IH < 1,0 <
Sp+1Ip <1,0< 1)y <1,0<1Ip <1,0<1Ig<1}. Then Q is positively invariant

for system (3.3.4).

Proof. Let (Sj(t),...,I5(t)) be a fixed solution of system (3.3.4) through
(0, (St oons T5)) With (St I) € .
Suppose (S7(0), ..., [5(0)) is on Bde(Y'). (*)
By reasoning similar as in the proof of Corollary 2.2 in Chapter 2 and (*), we have
dsy,

that 252 > 0/if $3,(0) = 0 and Z2®2 < 0 if $3(0) = 1. We may obtain similar

results for I} (t), S5 (t) + I5(t), I (1).

By equations 4 and 5 of (3.3.4) and (¥), if I3(0) = 0, L& — 7 5(0)15(0) > 0,
since 0 < S(t) < ¢+ d; and if I},(0) =0, %t(o) = grnl15(0) > 0.
Finally, by equations 4 and 5 of (3.3.4) and (*), if I;(0) = 1, dl’:;t(o) = —pi(1—

1, (0)

I34(0)) —uy < —uy < 0; and if I3(0) = 1, =&

= —71.5(0)(1 = I3(0)) — u, <0, since
0<S(t) <c+d. (™)

Suppose (S, .-, I5,) is in Interior(SY). (+)

Let tg =inf{t € (0,00) : (S5 (1), ..., I5(t)) on Bde()}. (++)

By the continuity of the solution on [0,00), (S5 (%), ..., I5(t)) € Interior() on
[0,%0). So lim (S5 (t), ..., I5(t)) € €. So we may substitute ¢, for 0 in the arguments
following (t%ioso that (**) holds at t,. (***)

If we substitute any ¢’ € [0,00) for 0 in (+) and ty for ¢o in (++), (***) holds.
(+++)

By (**), (***), (+++) and [26, Proposition 3.3], we have our result. O
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Observe that system (3.3.4) does not depend on Ny. In fact, we have,

dNg

7 = (UH —Uug — CLHIH)NH (335)

Note that the first two equations of system (3.3.4) and equation (3.3.5) are exactly

those obtained by Esteva and Vargas [11, system (2.2)].

3.3.1 The Basic Reproductive Ratio for a Non-Autonomous
ODE System

If we set system (3.3.4) and the infective states to 0, we obtain a disease-free steady
state (DFS) = (1,0,0,0,0)7. Since the entire human population is susceptible in the
absence of disease, the DFS is the only disease-free steady state. We seek to derive
Ry, the basic reproductive ratio and threshold parameter for the local stability of the
DFS [54]. We follow the method described by Wang and Zhao [54], who devise a way
to define and compute the basic reproduction ratio associated with periodic epidemic
models. Wang and Zhao define Ry as the spectral radius of the “next infection
operator,” which gives the cumulative distribution of new infections at some fixed
time ¢, given an initial distribution of infective individuals at some previous time [54].
Ry is shown to be a threshold parameter: if Ry < 1, then the DFS is asymptotically

stable. If Ry > 1, then the DFS is unstable and an epidemic may develop.
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3.3.2 The Compartmentalized Seasonal Model and Analysis
of Threshold Parameters

Consider the mosquito and human populations compartmentalized in the 5 classes
of system (3.3.4). Let x = (x1,...,x5)7, with z € @', be the state of individuals in
each compartment (see Subsection 2.3.2 for an explanation of the compartmentalized
model for a proportion-based system). The first 4 compartments correspond to the
infected components.

More specifically, we have that Iy = x1, Iy = x9, Ip = 3, Ip = x4, and Sy = x5.
Then Q' = {(z1, 29,3, T4, 25) : 0 < x; <1for 1 <i<5 0<x +x5 <1}

So by system (3.3.4),

dx

d_tl = Apx522 — (yu + ap +vg)r1 + age?

dx

d_t2 =p1x3(l — x2) — Upwa + Ay (1 — o)1

d[L‘g

8 = S ()1 — ) — gz — pys(1 - 22) (3:3.6)
dx

Ot graa(l — )~ S (a1 — ) — s

d[[’5

E = Vg — VX5 — )\HI‘5‘/L‘2 + AgT1Ts5

where vy > 0, (z1,,...,T5,) € .

Define Xg to be the set of all disease-free states. That is,

Xg={zeQ :z,=0i=1,...4}. (3.3.7)
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Let F;(t, z) be the input rate of newly infected individuals in the ith compartment,
ViF(t, z) be the input rate by all other means, and V; (¢, x) be the rate of transfer of

individuals out of compartment i. Observe that system (3.3.6) may be written as

dx i
dt

= fi(t,x) = Fi(t,x) = Vi(t,z), i=1,...,5 (3.3.8)

where V; =V, — V' for each i with 1 <4 <5.

The following assumptions can be made (see [54]):

Assumption(A1N): For each ¢ with 1 < i < 5, F;(t,z), Vi (t,z), V7 (t,z) are
nonnegative and continuous on [0, 00) x €' and continuously differentiable in x.

All parameters are nonnegative and 0 < S(t) < ¢+ d, where ¢,d are as in (3.2.3).
So we have, Fi(t,r) = Agwsra > 0, Vi (t,2) = agz? >0, Vy (t,z) = (yug + ag +
)z > 0, Fa(t,x) = Ay(1 — z9)ar > 0, V5 (t,2) = +p1x3(l — x9) > 0, Vs (t,x) =
UmTy > 0, F3(t,x) = 0, Vi (t,2) = 1S(t)xa(1 — 23) > 0, V5 (t,x) = pras(l — x9) +
ugrs > 0, Fu(t,x) =0, V) (t,x) = grmza(l —x4) > 0, V; (t,2) = 1S (#)z4(1 — 23) +
uery > 0, Fs(t,z) =0, VS (t,2) = vy + agzszy > 0, V5 (t,2) = vgzs + Agxsze > 0.

For each i, Fi(t,-), Vi (t,-), V;

~(t,-) are polynomial functions. Now S is well-

defined and continuous, and 0 < S(t) < ¢ + d, where ¢, d are as in (3.2.3). So for

each i, Fi(t,-), Vi (t,-), V,

)

(t,-) are continuously differentiable on €. Also, by the

continuity of S, for each i, F(-, z), Vi (-, x), V;

- ) are continuous on |0, 00). So we
() [0, 00)

have our result.

Assumption(A2N): There is a real number w > 0 such that for each 1 <1i <5,
the functions F;(t, z), V;" (t, ), V; (t,r) are w-periodic in ¢.

As mentioned we set w = 1/365 (see Table 2.1). Then S(t) = (¢ — d(sin(2mwt +

0)))8(c — d(sin(2rwt + 0))) has period w = 365.
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This implies that for each i, F;(-, z) is w-periodic. The same holds for V" (-, z),

V(- x).

Assumption (A3N): If z; = 0, then V; = 0. In particular, if z € Xg, then
V. =0fori=1,..,4.

The first claim follows from the paragraph following (A1N). Now if =z € Xg,
x; =0 fori=1,...,4. So the second claim follows from the first.

Assumption(A4N): F;, =0if i = 5.

Follows from paragraph following (A1IN).

Assumption(A5N): If x € X5, Fi(t,z) =0, and V" (t,z) =0 for i = 1,...,4.

If x € Xg, z; = 0 for i = 1,...,4. So result follows from paragraph following
(A1N).

Let f = (fi,..., fa)T, the DFS = 2°(¢) = (0,0,0,0,1)7, and define an 1 x 1 matrix

afi(t,xo(t))) . (3.3.9)

M) = ( oz,

Let ®,/(f) be the fundamental matrix solution of the linear w-periodic system

4 = M(t)z. We have,

Assumption(A6N): p(Py(w)) < 1, where p(®p(w)) is the spectral radius of
CDM((.U>

Now M (t) = (—vg). Since by assumption vy > 0, the result is immediate.
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Figure 3.2: The graph of the basic reproduction ratio Rg and Ro,,,, when Ay varies.

Assumptions (A1N)-(A6N) imply that

where F(t) and V (¢) are the 4 x 4 matrices defined by

Fit) = ( %j(t» )1<z',j<4 nd V= ( %jw )1<m‘<4’

respectively, and J(t) is a 1 x5 matrix. F'(t) is non-negative, and —V/(t) is cooperative

(54, (2.2)].
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Following [54], let Y (¢, s), t > s, be the evolution operator of the linear w-periodic

system

dy _

= V(). (3.3.10)

So for each s € R, the 4 x 4 matrix Y (¢, s) satisfies

%Y(t, s)=-=V()Y(ts), Vt >s, Y(s,s)=1 (3.3.11)

where [ is the identity matrix. The fundamental matrix solution ®_y (¢) of (3.3.10)
=Y (¢,0), Vt > 0. We have
Assumption(A7N): p(d_y(w)) < 1.

Observe that

Y +og + vy 0 0 0
0 U, —p 0
V(t) = ' (3.3.12)
0 0 Uq +p1 —Tls(t)
0 —grm 0 71S(t) + e

By (3.3.11), the identity matrix is a fundamental matrix solution for (3.3.10),
that is, ®_y/(0) = I. If we equip R4 with a matrix norm, by (A1N) and (A2N), the
matrix-valued function V' (¢) is continuous, competitive, and w-periodic. By Floquet’s
theorem [38], for any ¢t € R, any fundamental matrix solution ®_y (¢) for (3.3.10)
can be written as ®_y (t) = Q(t)eP* where Q(t) is a non-singular, differentiable, w-
periodic matrix and B is a constant matrix. Floquet’s theorem implies that since

P 1 (0)=1,Q(0) = Q(w) =1I. So ®_y(w) = eP*. Now by Liouville’s Theorem [38],
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det(eB) = exp (/w tr(=V(t)) dt) < exp(—(w(yg + oy + vy + U +ug+p1+ue))).
So det(e™B¥) > exg((w(yg + oy + vy + Uy, + ug + p1 +ue))) > 1, which implies that
p(®y(w)) > 1. Now 1/z is analytic on the punctured plane. So by [42, Theorem
6.17], p(Pv(w)) = p(@lv(w))- S50 p(Py(w)) * p(P-v(w)) =1. So p(P_y(w)) < 1.

We also have that

0 Ag 0 0
Av 0 0 0
F(t) = (3.3.13)
0 0 00
0 0 00

If we omit f5, we obtain the linearization of system (3.3.6) at the DF'S:
dz
W P - Ve (33.14)
where x = (21, ..., 24)”. We shall return to this system later.
We now establish R,.

Following both [33] and [54, (2.6)], let C,, be the Banach space of all w-periodic

functions from R to R*, equipped with the sup norm. We define L : C,, — C,, by
(Ly)(t) = / Y(t,t —a)F(t —a)Y(t —a)da, Yt € R, ¢ € C,,. (3.3.15)
0

L is the next infection operator, since (Lw)(¢) is the distribution of new infections at
time t produced by infective individuals who were infected at time ¢ — a. The basic

reproduction ratio is therefore Ry := p(L), the spectral radius of L [52,54].



63

T T T
suzceptible humans—x

5

fraction of total hurnan populaton

1 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500 s00n
t=time

Figure 3.3: Positive periodic solutions of system (3.3.6) when Ry = 1.03,
d=1<1.5=c¢, 0 =0, all other parameters are given in Table 3.1.

Following [54], let W (t,s,\), t > s, s € R, be the fundamental matrix solution of

the following w-periodic system

) _ <_v(t) + —F(t)) q(t), t € R, (3.3.16)

with parameter A € (0, c0).

Given (A1N) — (ATIN), we have the following results:

(i) If p(W(w,0,A)) = 1 has a positive solution Ay, then \g is an eigenvalue of L,
and hence Ry > 0 [54, Theorem 2.1 (i)].
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Figure 3.4: Solutions of system (3.3.6) converge to the DFS when Ry = .958,
d=1<1.5=c¢, 0 =0, all other parameters are given in Table 3.1.

(ii) If Ry > 0, then A = Ry is the unique solution of p(W(w,0,))) = 1 [54,
Theorem 2.1 (ii)].

(iii) Ry = 0 if and only if p(W(w,0,A)) < 1 for all A > 0 [54, Theorem 2.1 (iii)].

(iv) The DFS is asymptotically stable if Ry < 1 and unstable if Ry > 1 [54,
Theorem 2.2].

Results (i)-(iii) imply that, in the case where V(¢) and F(t) are not constant
or diagonal matrices, obtaining an explicit analytic expression for R would require
deriving analytic expressions for the characteristic multipliers of W(w,0,\). In the
case of Mathieu’s equation, for example, such a problem remains open (see [23, Section

8.6]). With this in mind, we obtain an analytic expression for the basic reproductive
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number of the time-averaged autonomous system based on Model (3.3.6) over the
time interval [0, w], which we denote as R;. By applying results (i) - (iii) to the
numerical calculation of Ry, we will show that under certain conditions, R, over- or
under- estimates the risk of transmission and serves as an upper or lower bound for
Ro.

In Proposition 2.3, Chapter 2 we determine that R, for the aseasonal Model (2.3.7)

is given by

\/( Av Al (P1+1uq) (71 S+ te) (3.3.17)

yH+aH+'UH)((Tl S+ue)(p1 +'qu)um*g7'mp17—1 S)

where S = S(t) = 1.

To obtain an analytic expression for the basic reproductive number of the time-
averaged autonomous system of Model (3.3.6) over the time interval [0, w], we proceed
as follows:

For a continuous periodic function g(t) with the period w, we define its average
(see [54]) as

lg] == %/wg(t) dt (3.3.18)
0

Therefore,

o Av A (P1tug) (11 [S(H)]+ue)
Ri:= \/(yH+aH+UH)((Tl[S(t)]+uz)(P1+Uq)Um—ngplTl[S(t)})’ (3'3'19)

with S as in (3.2.3).
Denote / S(t)dt by M. We have the following proposition:
0

Proposition 3.3. Assume that un,, (uq + p1), ([S()|m + ue), vag all > 0,

TmP1TL[S
(Tl[s(gprgi)(lp[ﬁ(rti]q)(um) <1, (yu + apg +vy)(ue)(p1 + tg)Um — grmpimi(c+d)) > 0.

)R — Av g (p1tug)(m1 %—l—ue)
(Z) 1 = M — M -
(yr+aptvm)((T15 +ue)(P1Huq)um—grmpi7i)
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Figure 3.5: Positive periodic solutions of system (3.3.6) when Ry = 1.025,
d=15>.5=c¢, 0 =0, all other parameters are given in Table 3.1.

(ya+agtvm)(11(ctd)+ue) (pr+uqg)um) *

(i1) If Ry is a lower bound for Ry, then R,,,,, = \/ Av A m (p1-+ug) (ue)
(ii) If Ry is an upper bound for Ry,  then Ro,.. =

\/ AvAg (p1 +uq)(7'1 (C+d) "rUe)

(yu+amtom)((ue)(pr+ug)um—grmpi7i(ct+d))

Proof. This is immediate from (3.3.19) and the fact that 0 < S(t) < ¢+ d, so

0< M < (c+dw. O

Following earlier notation, denote the DFS by z°(¢). For any solution u(t,0,y)
of system (3.3.6) through (0,1y) where 1y € ', denote 1y as 1 and u(t,0,vy) =

u(t,0,7) as u(t, ).
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In part (2) of Theorem 3.5, we will make use of the following lemma:

Lemma 3.4. Suppose all parameters are positive. Let X = Q', Xo = {(x1,...,x5) €

X:0<ux <1,i=1,...4}. Then Xy is positively invariant for system (3.3.6).

Proof. First observe that if v € Xy, then 0 < x5 <1l and 0 < 2y +25 < 1. So Xy =
{(z1, 29,23, 24,5) : 0 < 2; < 1,1 <i<4; 0<x1+25 <1,0<z5 <1} is open in
the subspace topology of X. So X\ Xy = 0X, = {x € X : z; = 0 for some i with ¢ =
1,...,4 or 5 = 1} is closed in the subspace topology of X.

Let u(t, 1) be a fixed, unique solution of system (3.3.6) with uo(¢)) = ¢ € Xo.
Suppose ¢ € Xg. If 5 = 0, then by equation 5 of (3.3.6), %&W = vy > 0. So by the
continuity of the functions on the RHS of (3.3.6), there exists a small ¢’ > 0 such that

on (0,t], 0 < us(t,v) < 1 and u(t, ) € Xo. So if u(t,5) +u(t, ;) = 1 for some t” in

(0,t'], then, d“‘r’(;;/’w) + dulg:,w) = (1—us(t",v))(—ym) < 0 (see proof of Corollary 2.2 in
Chapter 2). By reasoning similar as that in Theorem 3.1, 0 < us(t, ) 4+ uq (t, %) < 1,
0 < w;(t,¥) on (t",00). So u(t,) € Xy for all t > ", and consequently, all £ > 0. So

we have our desired result. O

We now closely follow the arguments in [33] and [59] to obtain the following Ro-

based results:

Theorem 3.5. The following hold:

(1) Suppose conditions are as in Proposition 3.3. Assume further that Ry < 1,
ag =0, and (yg + ve) (Untgte — grmpi(c+d)11) > Ay Agugue. If Ro < 1, then 2°(t)
15 globally asymptotically stable.

(2) Assume all parameters are positive, and that S(w) > 0. If Ry > 1, then system

(3.3.6) admits at least one periodic solution in .
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Figure 3.6: Solutions of system (3.3.6) converge to the DFS when Ry = .956,
d=15>.5=¢, 0 =0, all other parameters are given in Table 3.1.

Proof. (1) First observe that as stated in result (iv), Ry < 1 = 2°(¢) is stable.
Let u(t, 1) be a solution of system (3.3.6) with ug(¢)) = € €. Consider system

(3.3.6). If we omit f5 and assume that ay = 0, we have, by the invariance of €', that

(t,u)
(t.1) (3.3.20)
(t,u)
(t,u)
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Let
—(yH + UH) )\H 0 0
A —Upy, 0
A= v & (3.3.21)
0 0 —u, (c+d)m
0 GT'm 0 — U

Then we may rewrite (3.3.20) as

[ fl(t,U) | [ U1 ]
faltu) <al ™ (3.3.22)
fa(t, u) (7

i f4(t,u) i i Uy i

where the inequality holds pointwise.

Now —A has the Z-pattern (see (A5), Chapter 2). First observe that Ry < 1 =
(A An) (pr4ug) (SO +ue) < (yu+om) ([SO]T1+ue) (p1r+ug)tm—grmp: [S(E)]T1) <
(v +vm)([S@)]T1 + ue) (p1 + ug)tm ().

Now the principal leading minors of —A are given by (yg + vg)um, > 0, (yg +
VE ) U — AvAg > 0 (by (%)), us((yg + vi)tm — AvAg) > 0, and det(—A) = ((yu +
v ) (UmUgtte — grmpi(c + d)T1) — AvAgugue) > 0 (by assumption).

So —A is a nonsingular M-matrix [16, 28], which implies that the eigenvalues of A

all have negative real part.
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Now by the comparison principle [44, Chapter 3, Proposition 1.1 and Remark 1.2],

Uy (ta 1/1) wl
us(t, ) < oM ¥ Vvt € [0, 00) (3.3.23)
Ug(t, w) ¢3

| U4(t,¢) | L w4 |

So since the eigenvalues of A all have negative real part,

(G0
(G
lim [ e “ | | =038, Section 1.9, Theorem 2.
= V3
| s ]

So (uy(t,¥), us(t,v), us(t,v), us(t,v)) — 0 as t — oo, where the convergence is

component-wise.

Now by (3.3.3), dRHd_(ttﬂﬁ) - _(dsHé:ﬂl}) + dIHC(li,w)) _ _<du1$,¢) + du5g7w)) _

—(—yrua (', ) + vn(l — us(t',¥) — wi(t', ) = yuua(t',¥) — va(l — us(t',9) —
uy(t',1)) < 0 for all but finitely many ¢’ € [0, 00), since uy(¥',1) — 0 as t' — oo, and
un(t' ) + us(t, ) < 1. So Ru(t,9) = 1= Sult',9) — In(t',6) = 1 — m(t', ) —
us(t',9) — 0 as t’ — o0o. So us(t',1) — 1 as t' — oo and we have our desired result.

(2) Let X, Xy be as in Lemma 3.4. Equip €’ with the sup norm.

We have that X is an open set in the subspace topology on X (see Lemma 3.4).
Let u(t, 1) be a fixed, unique solution of system (3.3.6) with ug(v)) = ¢ where ¢ € X.
Let ®(t)(¢) = u(¢)) and P : X — X be the Poincaré map associated with system
(3.3.6), that is, P(¢) = u,(¢)). By Lemma 3.4, ®(¢)(Xy) C Xo.

Consider the discrete-time system P : X — X. By the positive invariance of X,

the closure of the forward orbit {P"(¢)) : n > 1} is a bounded subset of X and, by
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Figure 3.7: Positive periodic solutions of system (3.3.6) when Ry = 1.028,
d=15>.5=c¢, o =-90, all other parameters are given in Table 3.1.

the Bolzano-Weierstrass theorem, compact. Similarly, the image under P" of every
bounded set in X is relatively compact, so P" is compact for each n > 0. The
discrete-time system is therefore point dissipative and P™ is compact for all n > 0.
By [34, Theorem 2.6; 35, Theorem 2.9], P admits a global attractor B in X. We
prove that P is uniformly persistent with respect to (Xo, 9Xo\D;), where D; is as in
(3.3.27).

Let M; := {(0,0,0,0,1)}. For any ¢ € [0,w], wli%l O(t)(v) — My = 0, where the
convergence is uniform [38, Section 2.4, Theorem 4]. So we may choose d; < 1 such

that for some 6y > 0, ||(®(¢)(v) — My)|| < 61 when ||(vp — My)|| < o, Vt € [0, w].
We have the following claim: If ¢ € X, limsup |[(®(nw)y — My)|| > do. (*¥)

n—oo
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Suppose not. Then limsup ||(®(nw)y — M;)|| < dp. Then there exists an integer
N; > 1 such that for any t > Nyw, [|(®(t)y — M;)|| < §; [33, Theorem 3.2, Claim 1;
59, Theorem 2.3] and, consequently, ||u;(¢,%)|| < d;. So for any ¢ > Nyw, we have

W > (1= 0)uz(t,¥) = (Y + amr + vm)ua(t, )

b O) > prut )1~ 50) — st ) + M (1 = 8 ()

dt
(3.3.24)
W > 1.S(ualt, ) (1 — 1) — uqus(t, v) — prus(t, ¥)
d“‘*((ji’ D) 5 grma(t, )1 — 1) — neua(t, ) — 1 S(Eua(t, 1)
Let
—(yw + o +ve) Aup(l—14) 0 0
M(Sl (t) _ Av(l — 51) —Um, +p1(1 — (51) 0
0 0 —(p1 + Uq) —f-TlS(t)(l - 51)
0 grm(1 —67) 0 —(11.S(t) + ue)
(3.3.25)
Consider the system
dz —
— =M .
ar = M)z (3.3.26)
2(0) = 2o

Now, Ry > 1 implies that, for a sufficiently small choice of y, z(t) — oo ast — oo,

Lin 7 w
where z(t) = e P23, 0 ))tv(t) with v(t) positive and w-periodic, is a solution of

(3.3.26) [59, Theorem 2.2]. Now 1) € Xy. By Lemma 3.4, ®(t)y) € Xo, V& > 0. So

there exists > 0 such that ||u(Nyw,v)|| > 7n||20||. By the comparison principle,
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[Ju;(Niw + t,9)|| > nl|z(t)]], for all £ > 0, 1 < i <4 [33, Theorem 3.2, Claim 2]|. So
tlim [|(uy(t, 1), ..., us(t,7))|| = oo, a contradiction.

Define

D, = eX :¢;,=0, Viwith1 <i<4
= ¢ s (3.3.27)

My :={¢ € 0Xy: P"(¢) € 0Xy, ¥V n >0}

Claim: D; = Mp.

One inclusion, Dy C My, is clear. For the other: Let xz(t,¢) be a solution of
system (3.3.6) with zo(¢) = ¢ € X. Let ¢ € My. Now suppose that ¢ ¢ D;. Then
z;(0,¢) = ¢; > 0 for some fixed j with 1 < i < 4. Observe that S(0) > 0, so by
continuity of S, there is a small t, > 0 such that S(¢) > 0 on [0, ty]. By the continuity
of zj(t,¢) in t on X, we may assume, without loss of generality, that z;(¢,¢) > 0 on
[0, %0]. (')

Now observe that for any ¢ with 1 <i <5, x;(tp,¢) =0 = M =0:

Let i = 4. Then if z4(t9, ¢) = 0, by equation 4 of (3.3.6), d“—w = grmZ2(to, @) >
0. Now suppose gr,,x2(to, ¢) > 0. Then z4(tg, ¢) is increasing in t at ty. So x4(t', ¢) <
0 for some t' < to. But by assumption, zo(¢) = ¢ € X, which is positively invariant.
So 0 < z4(',¢) < 1, a contradiction. By similar reasoning, we have that x;(to, ¢) =
0= ®lod) o for § =1,2,3,5. (*).

Now we show that z;(ty, ¢) = 0 for some ¢ with 1 <i <4 = z;(t,¢) = 0 for all ¢
with 1 <4 < 4: (")

All parameters are positive, so x4(tg,¢) = 0 and % =0 = x3(ty,¢) = 0
and % =0 (by (") and equation 4, (3.3.6)) = x1(to,¢) = 0 and W =0,
x3(tg,#) = 0 and w = 0 (by (") and equations 1,2, (3.3.6)). Note that if
x5(to, ¢) =0, M = vy > 0, a contradiction. So z1(ty, ¢) = 0 and w =0=

xo(to, ) = 0 and dea( to dea(tod) — (by (*) and equation 1, (3.3.6)). Finally, x3(to,¢) = 0
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and W =0 = x4(to,») = 0 and dmﬁ%@ = 0 (by equation 3, (3.3.6), (7), and
the fact that S(t9) > 0).

So by (') and ("), z;(to,¢) # 0 for all ¢ with 1 < i < 4. But by Lemma 3.4, Xj is
positively invariant. So x;(to, ¢) # 0 for all i with 1 <i <4, all £ > ¢y. By definition
of Mp, this is a contradiction. So Dy = My. (t71)

Now since ¢ is in Dy, M; is the w-limit set of any positive half-trajectory F;j
through ¢. So by (t%), My := Usens, w(F(‘g) = M, has an isolated and acyclic
covering in 90Xy, namely, M;. In view of (*), W5(M;) [ Xy = 0, where W*(M;) is
the stable set of M; for P. (*11)

Now My = D; and an application of the above arguments to any subset of Mjy
= {¢ € 90Xy : P"(p) € 0Xy for infinitely many n} C Dy = P*(0Xo\D1) ¢ 0X, for
sufficiently large n = P"(0Xo\D1) C X, for sufficiently large n. (**)

By the acyclicity theorem on uniform persistence of maps, (*77) and (**), P is
uniformly persistent with respect to (Xo,0Xo\D;) [61, Theorem B]. The periodic
semiflow ®(¢) is also uniformly persistent with respect to (Xo,0Xo\D1) ([61, Re-
mark 3.1], see also [59, Theorem 3.1.1] and [7, Section 3, Theorem]). System (3.3.6)
therefore admits an w-periodic solution ®(¢)y with ¥ € Xy U 0Xo\D; [61, Remark

3.1).



Initial Condition | Value
T .01
T .01
T3 .0001
Ty .0015
Ts .8

Parameter Value
Vg .
Al varies
YH 0.067
g 0.002
Uqg 10
U 1.5
Av .95
T'm 5

g 0.25
Ue 10
1 0.9
P1 0.9
o varies
c varies
d varies

5

Table 3.1: Values for parameters and variables of Model (3.3.6) with units explained in

Table (2.1).

3.4 Numerical Simulations

We now conduct numerical simulations to illustrate our analytical results (see Remark

at the end of this section).

As in Chapter 2, values for vy, Ay, yg, Um, T and g are comparable to those

presented by Coutinho et al. [8] on the basis of estimates known from the dengue

infection process and human and mosquito vital statistics. We assume that the entire

egg and larval populations are at carrying capacity.
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Recall the basic reproductive number of the time-averaged autonomous system
based on Model (3.3.6), denoted as Ry and established by Proposition 3.3. We show,
by numerical example, that Ry, (Proposition 3.3, (iii)), an upper bound for Ry,
serves also as an upper bound for Rg as Ay, the contact rate between susceptible
humans and mosquitoes, varies. This is a stronger result than that implied by Propo-
sition 3.3. Other parameters are as in Table 3.1. We use [54, Theorem 2.1 (ii)] to
compute Ry when Ay = 0 and 2 (though the latter is a theoretical, and not necessar-
ily biologically feasible, value), and obtain a linear approximation for R, in the given
range for Ay (see Figures 3.9 and 3.2). In the case when d =1 < 1.5 =¢, 0 =0,
we see that Ry, .. = 1 when Ay = .72 while computations show that Ry = 1 when
Ag = .9, showing that Ry, overestimates the disease transmission risk. In the case
when d =15 > 5 =c¢, 0 =0, Ry, =1 when \y = .75 and Ry = 1 when \y
= .91, showing that, when the winter is relatively long and severe, a higher contact
rate is necessary to destabilize the DFS. In the case when d = 1.5 > .5 =¢, 0 = =90
(relaxing the condition that all parameters be nonnegative since —o does not imply
S(t) <0), Ro,,, =1 when \y = .75 and Ry = 1 when Ay = .9, demonstrating that
a late winter onset can mitigate the effect of the cold weather by facilitating disease
transmission as the reproductive cycle progresses.

Next, we look for the existence of periodic solutions. We first take Ay = .95,
d=1< 15 = ¢ o = 0. For parameter values given in column 2 of Table 3.1,
Ry = 1.03. The simulations show that the DF'S is unstable and trajectories of system
(3.3.6) remain positive and are eventually periodic. When the winter is relatively
short and mild, we see that the proportions of infected humans and adult mosquitoes
will eventually oscillate between 3 and 4 and 2 and 2.5 percent, respectively. The

former number exceeds the 2009 worldwide estimate of 50 million cases, or 2 percent
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of the 2.5 billion people at risk [4]. Our numbers seem to indicate that, given the
worldwide nature of the epidemic and relatively large number of infected individuals,
global warming stands to significantly exacerbate the risk of transmission (see Figures
3.10 and 3.3).

We next reduce Ay by setting it to .8. For d = 1 < 1.5 = ¢, 0 = 0 all other
parameters are given in Table 3.1, Ry = .958. Accordingly, the simulations show
that the DFS is asymptotically stable (see Figures 3.11 and 3.4). We then again take
Ag = 95 and d =15 > .5 = ¢, 0 = 0 so that Rg = 1.025. The trajectories of
system (3.3.6) eventually oscillate periodically. Because d < ¢, however, the winter
is relatively long and severe, so the oscillations are not as seemingly “smooth” as in
the previous case, factoring in the perturbations introduced by the Heaviside function
(see Figures 3.12 and 3.5). When again we reduce Ay to .8 (d =1.5>.5=¢, 0 =0,
all other parameters are given in Table 3.1), Ry = .956. The DFS is shown to be
asymptotically stable (Figures 3.13 and 3.6).

Finally, we take \y = .95, d = 1.5 > .5 = ¢, 0 = —90. We obtain Ry = 1.028. A
late winter onset does not seem to alter the simulations presented in Figures 3.13 and
3.6 qualitatively. Again, the solution is eventually periodic (Figures 3.14 and 3.7).
When Ay = .8, the DFS is asymptotically stable (Figures 3.15 and 3.8). As a whole,
the numerical simulations indicate that seasonality does not diminish the importance
of controlling human-mosquito contact; rather, the possibility that global warming
may increase the number of human infectives by millions, if not hundreds of millions,
highlights the importance of intervention at this level.

Remark: Numerical simulations of solution curves were done on MATLAB, which

defines the Heaviside function as 1/2, and not 0, at 0.
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Figure 3.8: Solutions of system (3.3.6) converge to the DFS when Ry = .959,
d=15>.5=c¢, 0 =-90, all other parameters are given in Table 3.1.

3.5 Discussion

In this chapter, we first presented a non-autonomous, non-linear ODE system that
incorporates seasonality into the modeling of the transmission of the dengue virus.
As previously stated, our model simulates seasonality by modulating the maturation
of the vector from the egg into the larval phase by an w-periodic factor. We then
analyzed this model, a simplified version of which we presented in Chapter 2. We
therefore explored the biological consequences of combining an SIR system for dengue
viral transmission in the human host with a corresponding non-autonomous, multi-
stage SI model for the mosquito vector, which is divided into adult, larval and egg
populations.

As in the previous chapter, we first proved that if initial conditions are positive, the

size of the total human population may vary but will never subside to 0. We then made
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variable substitutions to obtain a simplified, proportion-based system. Next we set the
reproductive cycle unit w to 1/365 days and showed the existence of a real number w >
0, namely w = 365, such that the input and output rates of individuals into respective
compartments are w-periodic. Under this and other assumptions, we were able to
derive conditions for the existence of a threshold parameter, the basic reproductive
ratio, Ry, denoting the expected number of secondary cases produced by a typically
infective individual. We then used the basic reproductive number of the time-averaged
autonomous system based on Model (3.3.6), Ry, to establish possible analytic upper
and lower bounds for Ry. Using the fact that Ry is a threshold parameter, we were
able to derive conditions under which the DFS is globally asymptotically stable and
prove the existence of positive periodic solutions when it is unstable.

In the case where the juvenile populations are at carrying capacity, both the anal-
ysis and numerical simulations demonstrate that the persistence of an epidemic is
affected by climatic factors. If the winter is short and mild, then the stability of
the disease-free equilibrium and the ensuing existence of an epidemic will be heavily
influenced by human-mosquito contact rates. If these are high, warm weather further
exacerbates the intensity of the epidemic, as the proportions of infected humans and
adult mosquitoes oscillate between positive values. If the winter is long and severe, a
high human-mosquito contact can destabilize the DFS. On a positive note, however,
the late onset of the winter phase did not seem to perturb oscillations so as to increase
the proportions of infected individuals. On the whole, the results indicate that inter-
vention at the reproductive phase of the mosquito life-cycle is crucial, particularly if

average global temperatures continue to increase.
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Figure 3.9: The graph of the basic reproduction ratio Ry and Ry,,,, when Ag varies.
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Figure 3.10: Positive periodic solutions of system (3.3.6) when Ry = 1.03,
d=1<1.5=c¢, 0 =0, all other parameters are given in Table 3.1.
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Figure 3.11: Solutions of system (3.3.6) converge to the DFS when Ry = .958,
d=1<1.5=c¢, 0 =0, all other parameters are given in Table 3.1.
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Figure 3.12: Positive periodic solutions of system (3.3.6) when Ry = 1.025,
d=15>.5=c¢, 0 =0, all other parameters are given in Table 3.1.
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d=15>.5=c¢, 0 =0, all other parameters are given in Table 3.1.
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Figure 3.14: Positive periodic solutions of system (3.3.6) when Ry = 1.028,
d=15>.5=c¢, 0 =—-90, all other parameters are given in Table 3.1.
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Figure 3.15: Solutions of system (3.3.6) converge to the DFS when Ry = .959,
d=15>.5=c, 0 =—-90, all other parameters are given in Table 3.1.
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Chapter 4

TRAVELING WAVES AND
SPREAD RATES FOR THE PDE
MODEL

4.1 Introduction and Assumptions

Despite the abundance of both dengue-specific time-based models for disease trans-
mission dynamics and theoretical work on reaction-diffusion epidemic models, few
PDE-based studies of the spatial spread of dengue and other specific diseases exist
[40]. In this chapter, we study the spatial dissemination of dengue by proposing a
model of partial differential reaction-diffusion equations. Before doing so, we discuss
the theory and importance of finding traveling wave solutions for the containment of
dengue epidemics, review the biology of the disease’s spatial spread, and outline the
analytical foundation of our model.

One theoretical method of introducing spatial heterogeneity into epidemic models
involves assuming random types of individual movements, leading to a system of

reaction diffusion equations

dq =D 7> q+ R(q) (4.1.1)
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where D is a diagonal matrix of diffusion coefficients, each component of the vector
q(z,t) represents population density or proportion, /2 is the Laplace operator, and
R describes the infection dynamics [30, Part II, Section D]. This approach is based on
the work of Fisher (1937), who incorporated a diffusive element into a logistic equation
simulating the propagation of a gene in a homogeneous population [17,40]. Epidemic
models based on Fisher’s studies predict the development of a disease invasion front
which moves progressively from invaded to uninvaded regions with a constant velocity
[40].  Solutions of such systems that link (stable) disease-endemic and (unstable)
disease-free stationary states are known as traveling wave solutions. A traveling front
moving with speed ¢ to the right is a solution of an epidemic system of type (4.1.1)
such that ahead of of the wave, a local segment of the population is disease-free and
after the wave, a stable number of infectives and/or reduced number of susceptibles
remains [30]. As the epidemic wave moves in time and space, the epidemic moves
from initially infested regions to newly infested regions. Determining the existence
of traveling wave solutions for models based on Fisher’s approach is therefore of
immense utility in disease prevention: such solutions can predict when and whether
an epidemic will reach a specific location, move from an initial outbreak location, and
whether and at what level an infected component will coexist with the disease-free
population after the wave.

With regard to the study of dengue, the incorporation of a spatial element stems
from the observation that the development of an epidemic is directly attributed to
both human and adult mosquito movements. In search of human blood, winged
female adult Aedes aegypti move in space and are therefore responsible for the spatial
spread of the disease. Additionally, wind currents cause an advection movement

of mosquitoes and resulting infestation [40, Section 1.3]. In its juvenile form, the
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mosquito is not winged and does not bite; consequently, juveniles are not a factor in
disease transmission. Human movement, caused by and resulting in complex social,
economic, and environmental phenomena, leads to increased geographic exposure
to the mosquito and disease incidence. In fact, human diffusive movement is the
main reason for the fast spread of the disease ([36], see also [9]). Based on these
biological factors, several studies on the spatial spread of dengue have been published
9,14,36,47,48].

In formulating our model, we pay close attention to these factors and follow closely
the methodology established by Lewis et al. in establishing the existence of travel-
ing wave solutions and calculating spread rates for a non-linear system of coupled
reaction-diffusion equations modeling the spread of West Nile Virus [31]. As such,
we make use of our Rg-based study conducted in Chapter 2. In this chapter, we
interpret seasonality in broad terms, so that a climatic factor is given by a nonneg-
ative parameter. First, we make parameter assumptions that imply the existence
of a disease-endemic equilibrium for the non-spatial, main ODE model (see Section
2.2, Chapter 2). Next, we consider the non-diffusive juvenile mosquito and the re-
covered human components at their respective endemic equilibrium levels, assuming
that their contribution to the evolution of an epidemic is a function of the parame-
ters for the main ODE model and is constant. We use this assumption to construct
a two-dimensional, spatially homogeneous ODE model consisting of infected adult
mosquito and human components. We derive the basic reproductive number and es-
tablish conditions for the existence of an endemic equilibrium for the new model. We
then incorporate the spatial element into this model to obtain a non-linear system of
coupled reaction-diffusion equations. In so doing, we make use of the fact that human

diffusive movement is the main contributing cause of the fast spread of the disease.
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As such, we emphasize human and mosquito wing diffusion but consider mosquito
movement by wind advection as causes of disease dissemination.

Assuming the wind advection coefficient is zero, we prove the existence of traveling
wave solutions for the PDE system by using the Ro-based theory of Li et al. ([32])
for linear systems, following which we use the theory of Lewis et al. and others to
calculate disease spread rates. We then lay a foundation for deriving the minimum
wave speed in the case where the wind advection coefficient is not zero, which is
considered separately. Numerical simulations in the case v = 0 follow.

Remark: In [31], the method by which the main ODE model is simplified is some-
what different from ours. In [31], diffusion is incorporated into the unsimplified, main
ODE model. Assumptions are put on parameters so that non-diffusive components
vanish. Certain diffusive components are then frozen in time and are assumed to be
initially constant in space. By using rigorous analysis, the authors state, it can be
shown that these components remain constant in space. Comparison theory is then
used to show that the traveling wave solutions of the resulting simplified spatial model
can be used to conduct spatial analysis of the original unsimplified spatial model. In
this chapter, we use Model (2.2.1) to construct a new 2-compartment system and then
incorporate the spatial element into this model. The analysis for the spatial model
presented in this chapter has no direct bearing on the analysis for a PDE model that
directly incorporates a spatial element into Model (2.2.1). But for the purposes of
establishing traveling wave solutions for the spatial model presented here, it is not

necessary to establish this link.
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4.2 The New ODE Model

In this section, we use the main ODE model, presented in Section 2.2, Chapter 2 to
construct a new, 2-compartment ODE model for dengue transmission.

Consider, then, Model (2.2.1), with parameters explained in Table 2.1, all nonneg-
ative. Set S(t) = ¢, the winter mildness index, which ranges between 0 (severe) and
2 (mild), where “mildness” is quantified by comparing a particular winter’s average
temperature with that of previous winters (see Table 2.1). Consequently, the milder
(more severe) the winter, the greater (smaller) the maturation rate. We will refer to
¢ as 7, since ¢ will be used in another context.

Let x1 = Iy, x9 = Iy, 23 = Ip,xy = Ip, x5 = Sy. We may simplify Model (2.2.1)

(see Section 2.3, Chapter 2) to obtain

1 = g2 — (Yyg + oy +vg)r + OszU%

to = pra3(l — x2) — Upxe + Ay (1 — x9) 1

&g = Tyxs(l — 23) — ugrs — pras(l — x2) (4.2.1)
Ty = grmxe(l — x4) — yas(1 — 23) — uey

ji'5 = Vg — VT — )\H£C5£IZ'2 + apgriTs

where (21,,...,x5,) € Q = {(x1, 29, 23,24, 25) : 0< 21 <1,0< 25 < 1,0 <2y + 25 <
1,0<2,<1,0<23<1,0 <2y <1}

We have that 2 is positively invariant (see Corollary 2.2 in Chapter 2), and that
the DFE for this system is (0,0,0,0,1)%.
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The following proposition establishes a threshold parameter, R, for system

(4.2.1):
Proposition 4.1. Assume wy,, (ug+p1), (Tiy+ue), vy all >0, (7_1'7"’5:;(]];111111;)(11771) <1,
all other parameters nonnegative.
Then we may define Rq for system (4.2.1) by
_ Av Al (P1+ug) (T1y+ue)
Ro = \/(yH+aH+UH)((TI’Y+U5)EIP1+Uq)um—ngplTl’Y)' (4.2.2)

The following conditions characterize the stability of the DFE of system (4.2.1):
i) If Ry < 1, then the DFE is locally asymptotically stable.
it) If Ry > 1, then the DFE is unstable.

For proof see Propositions 2.3-2.4, Chapter 2.

In view of Proposition 4.1, we will make the following assumptions:

(A1) T s < L

(A2) Ry > 1.

Additionally, we will assume that

(A3) ay = 0, that is, there is no death due to dengue. This is not unreasonable,
given the low immediate mortality rate of the disease.

(A4) ugy,ue are 0, p;, 7 large. This assumption is also not unreasonable, since
the instability of the DFE implies that the diseased juvenile classes are not dying
out. Consequently, u,, u. are sufficiently small to be absorbed by p;, 7. By (A1),
9rm < Up,.

(A5) All other parameters are positive.
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Proposition 4.2. (A1) - (A5) = system (4.2.1) has a strongly endemic equilibrium,

Tl = UHﬁ

Ty = vHi;%

T3 = romin T
To = G s
EE’ - UH-:-U;\IH@

Ey s locally asymptotically stable.

Proof. See Propositions 2.6-2.7, Chapter 2.

We now construct the new model.

(4.2.3)

Let 2" =T5+7; =1 — z—gfl = vy (1 — Z5). Note that z* < 1. Let Z4 be as in

(4.2.3).

Our new system is given by:

& = Ag(2* — x1)x2 — (yu +ve)1

To = grmxe(l — Ty) — umxs + Ay (1 — z2)ay

where (z1,,x9,) € [0, 2*] x [0, 1], which is positively invariant.

Recall that x; = Iy, x9 = I (see Subsection 2.3.2, Chapter 2).

Then system (4.2.4) can be written as

Iy Iy

In In

(4.2.4)
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with f = (f1, fo)T given as

fillar, L) = grm Iy (1 — Ty) — W Iy + Av (1 — Ipg) Iy

folIp, Im) = A (2* — L) Iy — (yg +ve)ln

(4.2.5)

where (Ip,, In,) € [0,1] x [0, 2*].

Note that (A4) and 7, € Q guarantee that gr,,(1 —Z4) — u,, < 0.

4.2.1 Analysis of System (4.2.5)

The Jacobian matrix at the trivial stationary solution (I, Iz) = (0,0)7 is given by

T = Df(0) = grm{l =) =t A (4.2.6)

)\HZ>k —(yH + UH)

Denoting the eigenvalues of 7" by Ay, Ao, it follows that Ay + Ay = tr7 = gr,,, (1 —

Ta)—Um—(yg+og) < 0,and My = det T = (g1, (1=T4) —upm) (—yg—vg)—Agz* Ay =

1— (Ry)?, where Rf, = \/ o (17@1\){ i;\)"(fwaH) is the basic reproductive number for
system (4.2.5) (see [52] for a definition and calculation of RY). It follows that (0,0)”
is locally asymptotically stable (a node) iff det7 > 0 < R{ < 1 and unstable (a
saddle point) iff detT < 0 < Rj > 1. In the latter case, there exists a positive
eigenvalue with positive components of the corresponding eigenvector. We therefore

make the following assumption:

(B1) (grm(1 —T4) — um)(—ym —vg) < Apgz*Ay, giving det 7 < 0 and Ry > 1.
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Figure 4.1: Phase portrait for system (4.2.5), v =1, all other parameters

and values are given in Table 4.1.

We also consider the positive equilibrium of system (4.2.5) given by (I}, )"

€ [0, 1] x [0, z*], where

(4.2.7)

Ag( Ay z*—grm (1—T4)+um)

_ (yu+vE)(@rm(1=Z4)—um)+2*AgAv

Iy

v (ya+va+Am)

(yer+ve)(grm(1—=T4)—um)+2* Ag Ay

Iy

then the endemic equilibrium

Proposition 4.3. If (Iyg,Iy,) € [0,1] x [0,2%],

(I3, I5)T is globally asymptotically stable in [0,1] x [0, 2*].
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Proof. Consider the linearized system of (4.2.5) at (I3, I;;)T. The Jacobian matrix

at (I3, I;;)" is given by

grm(1 —Tg) — um — Av 1} Av(1—13)

/\H(Z>‘< _II*{) —(yH+UH) _/\HIJT/I
(4.2.8)

T =Df((Iy. I1)") =

Consequently, we have that tr7* = gr,, (1 —T4) —um— (yg +ve) — Al —Agll =
trT — Al — Agly < 0, and det 7% = (yg + vg)(grm(1 — Ty) — ) + 2" Ag Ay =
—detT > 0, showing that (I3, )7 is locally asymptotically stable.

From (4.2.5) we have that vV f = gf;{ + % = grm(1 = T4) —um — Avig — (yg +

vy) — Agly < 0. So by Bendixson’s criterion, we have our desired result. O

4.3 Spread Rates and Traveling Waves

Here I consider spatial extensions of the system (4.2.5). The general form for the

model in the case where the wind advection coefficient is 0 will be

uy = Dug, + f(u), (4.3.1)

where u denotes the mosquito and human components, f(u) describes the infection
dynamics (where f is as in (4.2.5)), and D is a non-negative diagonal diffusion matrix.
The dynamics are assumed to have a disease-free (i.e., all infected components equal
to zero) equilibrium wug satisfying f(uy) = 0, and an endemic equilibrium u* > 0

satisfying f(u*) = 0.
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Two alternative approaches for analyzing the spread of infection involve analyzing
traveling wave solutions and calculating spread rates. To analyze traveling wave
solutions, we proceed as follows:

Let u(z,t) = U(z) with z = x — ct, so that system (4.3.1) can be rewritten in
terms of a coordinate frame moving with speed ¢ to the right. System (4.3.1) becomes
cU + f(U) 4+ DU = 0. Boundary conditions that join the disease-free and endemic

equilibrium are assumed, namely

lim U(z) = g
2o (4.3.2)
lirf U(z) = u*.

Alternatively, to calculate spread rates, we first establish the following definitions

([31])*Definitions 1.1, 1.2):

Definition 4.4. The spread rate for the non-linear system (4.3.1) with initial con-
ditions not equal to uy on a compact set, is a number c; such that for uy # u* and
small € > 0,

lim {Supyy > ez 4o |02, 1) = uol[} = 0

t—o00 l21=( ct ) (433)
tlilglo{supwﬁ(cgfe)t ||u($a t) - U*H} > 0.

We also define the spread rate for the linearized system corresponding to system

(4.3.1):

Definition 4.5. The spread rate ¢ for the simplified linear system corresponding to

system (4.3.1),

u = Dug, + Au, (4.3.4)

where f(0) = 0 and A = Df(0) is the Jacobian matriz, is defined as a number
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satisfying
thjgo{summz(ﬂe)t u(z, )|} =0 (43.5)
i {supy (e [Ju(e, )]} > 0.
When the spread rates for for the non-linear and linear systems are identical,
then the spread rate for the non-linear system is said to be linearly determinate
[31, Subsection 1.2]. Following [31], we use the methods of Li et al. [32] to show the

existence of a class of traveling wave solutions for system (4.3.1) and use the methods

of Weinberger et al. [55] to relate the speed ¢ to ¢, and €.

4.4 Spatially-Dependent Model

To account for the possible impact of spatial movement of humans and mosquitoes,
diffusion and wind advection terms are incorporated to system (4.2.5), giving the
following spatially-dependent model in which variables are functions of space z, with

—00 < x < 00, and time ¢, and assumptions are as in system (4.2.5). So we have,

O — gr Inp(1 = Ta) — g Dar + v (1 — Ing) Iy + €500 + 520

( 2 (4.4.1)
where the diffusion coefficients D, e, are positive, Iy (z,0), Iy (z,0) € [0,1] x [0, 2*].
Until further notice, we set the advection coefficient v = 0.

System (4.4.1) can then be written as a system of reaction-diffusion equations:

=D +f , (4.4.2)

t TT
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with f = (f1, f2)” given as in (4.2.5) and

D = . (4.4.3)

There is a positive stationary solution of system (4.4.1), namely (I},,I};), given
by (4.2.7). System (4.2.5) is the spatially-independent version of system (4.4.1), so

the results of the analysis of system (4.2.5) are applicable.

4.5 Traveling Wave Solutions

We start by defining traveling waves for system (4.4.1) ([31, Definition 4.1]):

Definition 4.6. A traveling wave solution with speed ¢ for (4.4.1) is a solution that
has the form (Iy(z—ct), Iy(x—ct)) and connects the disease-free and disease-endemic

stationary points of the system so that

z—o0 (4.5.1)

zZ—-+00

The traveling front solution with speed c satisfies the ODE system,

—chy = ely + graan(1 = F1) — wpng + Av (1 = L) I (4.5.2)

with boundary conditions at 0o determined by stationary solutions of this system.
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Figure 4.2: Traveling waves for the system (4.5.2) when e = 1/10, D = 10,
v =1, ¢c =1, all other parameters and values are given in Table 4.1.
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Following [31, Section 4], we use the theorem on the existence of traveling waves

proved in [32] (see also [53, Theorem 4.2]). To this end, we examine and list the

properties of the nonlinear system (4.4.1), as written in (4.4.2), that are necessary to

apply the result:

1. f has two stationary solutions: (0,0) and (I}, I},).

2. fis cooperative, i.e., fi, fo are non-decreasing in off-diagonal components.
We have that g]% =A(1—1y) >0
invariance of [0,1] x [0, z*].

3. f does not depend explicitly on either x or t.

= Ag(z* — Iy) > 0, by the positive
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Figure 4.3: Traveling waves for the system (4.5.2) when e = 1/10, D = 10,
v =1, ¢c =1, all other parameters and values are given in Table 4.1.

4. f is continuous, has uniformly bounded continuous first partial derivatives for
0 < (I, In) < (I, 1) and is differentiable at zero.

Each f; is a polynomial function, so f is uniformly continuous and differentiable.
Further, | $2-| = |grm(1=Za) —tum—AvIn| < grm+um+Av, |52 = A (1=1a)| < v,
|2 = a2 = In)| < Amz*, and [§2] = | = (yg +ve) — Aalul < (v +ve) + Au.

4b. The Jacobian matrix 7 = Df(0), given by (4.2.6), has nonnegative off-
diagonal entries and has a positive eigenvalue whose eigenvector has positive compo-
nents.

5. Matrix D is diagonal with constant strictly positive diagonal entries.
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Figure 4.4: Traveling waves for the system (4.5.2) when e =1/10,D = 10,y = .5,
c =1, all other parameters and values are given in Table 4.1.

We have the following traveling wave result:

Theorem 4.7. ([31, Theorem 4.1], see also [32, Theorem 4.2] ) There exists a minimal
speed of traveling fronts cq such that for ¢ > cq, the non-linear system (4.4.1) has a
non-increasing traveling wave solution with speed ¢ so that (4.5.1) holds. If ¢ < ¢y,

there is no traveling wave solution of this form.

Alternatively, we can investigate the spatial spread of the infection by calculating
the spread rate of system (4.4.1), given by Definition 4.4. Properties 1-5 imply that

the spread rate cf; can be described in terms of c.
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Figure 4.5: Traveling waves for the system (4.5.2) when e =1/10,D = 10,y = .5,
c =1, all other parameters and values are given in Table 4.1.

In fact, we have the following result [31, Theorem 4.2]:
The minimal wave speed ¢y for the non-linear system (4.4.1) is equal to ¢, the

spread rate for this system.

4.6 Spread-Rate Analysis

We seek to calculate cf;,. To that end, we have the following theorem:

Theorem 4.8. The spread rate ¢, of the non-linear system (4.4.1) and the spread

rate ¢ (see Definition 4.5) of the linearized system

=D 4T : (4.6.1)

t T
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both exist and cj, = ¢.

Proof. Observe that the Jacobian matrix 7 = D f(0), given by (4.2.6), is irreducible.

Additionally, the subtangential condition

flp <pT (4.6.2)

where p is a positive number, is satisfied, since

flr i = (fi(pIm, pIn), fo(pInr, plu))
Iy

= (grmpIly (1 —Ty) — umplpr + Av (1 — plyr) ply,

A (2" = ply)plv — (yu + vn)pln)

< (p((grm(1 = Ta) — wm) v + Avin),

p((Aaz*) v — (Y +vu)n))

(4.6.3)

Iy

I

By [55, Theorem 4.2] (see also Theorem 5.1(i) of [31]), we have the desired result. [
We then have the following result [31, Theorem 5.1(ii)]:

The spread rate ¢ of (4.6.1) is given by

¢ = inf 01(\) (4.6.4)

A>0
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where o1(\) is the largest eigenvalue, i.e. the spectral bound, of the matrix

_T+XND
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(4.6.5)

This result and Theorem 4.8 do not rely upon the positivity of the diagonal elements

of D and thus remain true in the limiting case € = 0 [31, Theorem 5.1].

Now

grm(1—T4)—um + Y

Ay
by

—(yH>\+UH) + D\

(4.6.6)
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Denoting tr7 = gry(1 —Ty) — Uy — (yg +vg) =0 < 0 and det T = (gr,(1 —

T4) — Um)(—yn —vg) — Agz* Ay = j < 0, the characteristic polynomial of B), is

plo; N e) =0 -0 (M) + 7 + (grm(1 —Ty4) — upm)D

A? (4.6.7)
—€(yH -+ UH) -+ 6D>\2 =0.

We have the following result [31, Lemma 5.1]:

For any finite A\, the roots o;(A,€), i = 1,2 of the characteristic polynomial
p(o; A, €) of the matrix By depend continuously on € at zero, that is, 11_1)16 oi(A€) =
0i(A,0). In the general case € > 0, the larger root (), €) can have more than one
extremum: if € # €, we can have that infysoo1(A, €) # infrsoo1(A, €). To determine
¢, we therefore study the limiting case € = 0.

We have the following result, based on [31, Theorem 5.2] (see also [22, Section 6]):

Let det 7 = 5 < 0 and € = 0. Consider

P(o;X) = X*p(0;X,0) = —=DoX* + (02 + D(grm(1 — Ty) — up))N?

(4.6.8)
—0o X + 7.

The spread rate of the linear system (4.6.1) can be obtained as the largest value

o such that the polynomial P(o;\) has a real-positive double root. The double-

oP _

root condition implies that € is the largest number I' such that P(I'; \) = 5

[31, Theorem 5.2], that is, ¢ is the largest number I" such that Q(I") = 0, where @ is
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Figure 4.7: Traveling waves for the system (4.5.2) when e =1/10,D = 10,y = 2,
c =1, all other parameters and values are given in Table 4.1.

the resultant of the polynomial P and its derivative [56]. Now,

Q(T') = I9(DT¢? — ADTj) + D[~ 463 DT — 12(gry(1 — Ta) — ) D0
+2(grm(1 — T4) — u,,)0?D?T + 180§ DT

(grm( 1) ) jD*T'] (46.9)
+T2[180(grm (1 — Ty) — )i DT — 12(gr, (1 — Ty) — up)?i D37+

(grm(1 = Ty) — up )02 D30 — 2752D3T] — 4D*(gr,, (1 — Zy) — u,)35T.

So the roots of @ are 0 and the roots of the polynomial C3(I'?)3+Co(T'?)24C4 (T'?)+Cy,
where C3 = (0% — 4j) and Cy = [—4603D — 12(gr,n(1 — T4) — U )i D + 2(grm (1 —T4) —
U )0?D + 1807 D], Cy = [180(gry (1 — T4) — wm)jD? — 12(grp (1 — T4) — um)?jD? +

(grm (1 —T4) —u,,)20°D? — 2752 D?| and Cy = —4D3(gr, (1 —Zy4) —um)®j. Let x = T2
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Then C3(I'?)3 + Cy(I'?)2 4 C1(I'?) 4 Cy is clearly cubic in z. Let f(x) = Cs23 + Cox® +
Cix + Cy. Then f is concave up for x > 0, since j < 0,0 < grp(1 —T4) — ty, < 0
imply that f”(z) = 6Csz+2Cy = 6(0% — 45)x +2[—460°D — 12(gr,, (1 —Ty) — up )i D +
2(grm(1—=74) — upm)0*>D + 1805 D] > 0. Now f(0) = Cy < 0. This implies that f and,
consequently, ), has one positive root. So ¢ is the positive square root of the largest
zero of @ [31, (25)].

By [31, Theorem 5.3|, we may summarize our results in the following manner:

Assume that detT < 0 and € > 0. Then the spread rate cf, of the non-linear
system (4.4.1) is the lower bound for the speed of a class of traveling wave solutions,
and the spread rate is linearly determinate. As € — 0, the spread rate for the non-
linear system approaches the positive square root of the largest zero of the resultant

of the polynomial P and its derivative.

4.7 Case: Advection v # 0

We now relax the condition that v = 0. If we take v > 0, we may define a traveling
wave as a solution with speed ¢ of the ODE system

—(c +6)fM = ely + grmdu (1 = Ta) — umlar + Av(1 — In) I (4.7.1)

with boundary conditions at +00 determined as in system (4.5.2).
We may reduce (4.7.1) to a first-order system in 4 dimensions. To determine

the existence of traveling waves, we look for a heteroclinic orbit from (I}, 0, };,0)

to (0,0,0,0) such that the orbit components I;, Iy remain in [0, 1] x [0, 2*]. The
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existence of such an orbit follows from properties 1-5 above, which hold for (4.7.1) if
the advection coefficient is nonnegative [32, Theorem 4.2]. The minimal wave speed
Cmin for the non-linear system (4.7.1) is equal to the spread rate for this system
[32, Theorem 4.2]. We establish an informal analytic framework for finding ¢;,.
Consider now the linearization of the first order system at (0,0, 0,0). The Jacobian

at (0,0,0,0) is given by:

_ctT 0 _grm(l—§4)—um v
0 _c _ gz’ (ya+vm)
b b b (4.7.2)
1 0 0 0
0 1 0 0

The characteristic polynomial of (4.7.2) is

_ _ - — 2 =
P(l’) = 4 + %1’3 _ €yg+tevy Dgrm+%ime4+Dum ?—cT .2

- yHC+yH'U+C'UH+’UH'l£)_€Cg7”m+Cgr'mx4+cum T (4.7.3)

_ AHZAVHYHITm —YHITmTA—YH Um FVEGTm —VHITmT4—VH Um
De

If all the eigenvalues of (4.7.2) are real, oscillations about (0, 0, 0, 0) will be avoided
and the heteroclinic orbit will be nonnegative (see [36, Section 4 and Appendix B.] and
[30, Chapter 18]. Let P(z) = P(c,x). The minimum speed c,,;, of the traveling wave

solution is therefore the minimum positive number ¢ such that the roots of P(c,-) are

* — A — —_ A —
all real. Now P(C, O) — _AHZ'AVHYHITm—YHITmT4 ygeum-i-ngrm VHITmTA—VHYUm _ et T <

0. Also, lirin P(c,:) = oo (*). So P(c,-) has at least one positive and one negative

root. By Descartes’ rule of signs, P(c,-) has exactly 1 positive real root. Also,

. - . P
%’x:(} = — YpcryptEevn oy eIt eImIitn (), since gry, < Up, and lim — = oo
* € r—00 €T
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oP
and lim — = —o0. So %—P has at least one positive real root. Descartes’ rule of
z——o00 OT T

oP _

signs implies that % has exactly 1 positive real root. Let zq = sup{z : = < 0, 5 =

P(c,z) = 0}, where g is a triple-root of P(c,) and a double-root of 22 (**). Now
if * < 0, with |2*| is small, 22|,_,. is nonnegative and increasing in ¢ and if |2*| is
ox

large, 98|,_,- is nonpositive and decreasing in ¢ (***). So if |zo| is small, 28|, _,
and P(c,xg) are increasing in ¢. Let ¢y be the minimum ¢ > 0 corresponding to .
Then for ¢ > ¢y, %_I; has 1 positive root and 2 negative roots, say x;o, with z; a
local minimizer of P(c,-), x2 a local maximizer, and x; < z3. It can be shown that
as ¢ — 00, r;1 — —oo and x9 — 0. By (***), P(c,x;) decreases in ¢ and P(c, z2)
increases in ¢ as ¢ increases. So for ¢ > ¢y, P(c,x1) < 0 and P(c,z2) > 0. By this
and (*), if ¢ > ¢y, P(c,-) = P has 4 real roots, 1 positive and three negative, and
€0 = Cmin-

To find ¢y, it is therefore necessary to find the resultant of P(c, -) and its derivative

in x. This, is not, however, sufficient, since, for one, it does not ensure that the

heteroclinic orbit remains in [0, 1] x [0, z*]. We leave this for future work.

4.8 Numerical Simulations

As in Chapters 2 and 3, values for vy, Ay, g, Um, " and g are comparable to those
presented by Coutinho et al. [8] on the basis of estimates known from the dengue
infection process and human and mosquito vital statistics. We assume that the entire
egg and larval populations are at carrying capacity.

Figures 4.8 - 4.10 show plots of the numerical estimates for the spread rate ¢, =¢

of system (4.4.1) with ¢ = 0, calculated using (4.6.9) and other parameters as in



111

T4 In Value

Figures 4.2-4.3, 4.8, 4.1 | 0.01805790889
Figures 4.4-4.5, 4.9 0.01824582550
Figures 4.6-4.7, 4.10 0.01770341177
Parameter Value

VH 2.5

AH 0.75

g 0

Ug 0

Um, 2.6

Ay 0.5

Tm 10

g 0.25

Ue 0

1 0.7

v 0

D1 0.7

y varies

€ varies

D varies

Table 4.1: Values for parameters and variables of Model (4.4.1), € and D are given in
km?
day ’

other units explained in Table (2.1).

Table 4.1. Recall that the minimal wave speed ¢, for the non-linear system (4.4.1)
is equal to cf,. Here, the spread rate is treated as a function of human diffusion, the
coefficient of which is given by D. We take the range of D to be between 0 and 10
%L;. Interestingly, Maidana and Yang [36] express the theoretical front wave speed
of dengue dissemination in the state of Sao Paulo, Brazil as a function of the average
annual temperature. Mosquito diffusion by wind, or advection, is disregarded. As

with our simulations, the spread rate increases as temperature increases, indicating

the importance of warm weather for the spread of the disease. Our values for ¢ are
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Figure 4.8: Spread rate for the system (4.5.2) when e =0,y =1,
all other parameters and values are given in Table 4.1.

comparable to those obtained by Maidana and Yang, who determine that the wave

speed of the disease ranges between 0 and 21.53 %, or between 0 and .06 ST"; (36, Ta-
ble 5|. As stated, this figure seems consistent with our range for ¢, 0 — .11 ST”; (see

Figures 4.8-4.10). When the annual average temperature ranges between 20°C' and
25°C', the median interval, Maidana and Yang find that the front wave speed varies
between 13.43 and 18.24 %, or between .04 and .05 ST’Z [36, Table 5]. Comparably,

when we take v = 1, which corresponds to an average winter temperature that co-

incides with the mean for previous years’ winters, we obtain wave speeds of .03 SCL—TZ

when D =5 % and .045 Zz_"; when D = 10 ’ZTT”: (see Figure 4.8).
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Figure 4.9: Spread rate for the system (4.5.2) when e =0,y = .5,
all other parameters and values are given in Table 4.1.

When the average winter temperature falls below the mean, at v = .5, we obtain

spread rates of .024 ST”; when D = 5 % and .035 ga—"; when D = 10 ZTT”: (see

Figure 4.9). When the annual average temperature ranges between 15°C' and 20°C,
the lowest interval, Maidana and Yang determine a front wave speed range of 0 —

13.43 %, or between 0 and .04 ST"; [36, Table 5]. Finally, when the average winter

temperature rises above the mean, at v = 2, we obtain minimum wave speeds of

07 (I;TTZ when D =5 % and .11 STTZ when D = 10 % (see Figure 4.10). When

the annual average temperature ranges between 25°C and 30°C, the highest interval,

Maidana and Yang find a range of 18.24 — 21.53 ;—m or between .05 and .06 j;a—my

[36, Table 5].
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Figure 4.10: Spread rate for the system (4.5.2) when e =0,y = 2,
all other parameters and values are given in Table 4.1.

Recall that the spread rate of system (4.4.1) approaches the estimates presented

by Figures 4.8-4.10 as e approaches 0. Since Maidana and Yang take € small, .0125

km?
day

[36, Table 1], our figures shed light on the effect of incorporating human diffusion
into a system of partial differential equations for dengue dissemination.

Figures 4.2 to 4.7 show traveling wave solutions for system (4.4.1) with e =
1/10,D = 10 and other parameters as in Table 4.1. To simulate traveling waves,
we refer to [29] to look for a solution of the ODE system (4.5.2), which rewrites
system (4.4.2) in terms of a coordinate frame moving with speed ¢ to the right. We
take ¢ = 1 and boundary conditions at +o0o determined by stationary solutions of

(4.5.2). For v = 1, a positive stationary solution of system (4.5.2) exists at (I}, [};)
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= (.0051,.0015). Figures 4.2 and 4.3 therefore show that after the wave, we may
expect the proportions of infectives in the human and adult mosquito populations
to be given by (I}, I};) = (.0051,.0015). When the average winter temperature falls
below the mean, at v = .5, the positive stationary solution is given by (I}, I};) =
(.0026, .00075). Accordingly, the epidemic wave is comparably less intense: after the
wave, the proportions of infective individuals in both human and adult mosquito
populations exist at lower thresholds. On the other hand, when the average winter
temperature rises above the mean, at v = 2, the positive stationary solution is given
by (I3, I3;) = (.0081,.0024). The epidemic wave is comparably more intense: the
proportions of infectives individuals in both human and adult mosquito populations

achieve higher thresholds.

4.9 Discussion

In this chapter, we presented a non-linear system of coupled reaction-diffusion equa-
tions modeling the spatial spread of the dengue virus. In formulating our model, we
sought to establish the existence of traveling wave solutions and to calculate spread
rates for the spatial dissemination of the disease. In so doing, we made use results
presented in Chapter 2. In this chapter, climate was modeled by a nonnegative
parameter, 7. First, we made parameter assumptions that imply the existence of
a disease-free equilibrium for Model (2.2.1) with S(t) = 7. Next, we considered
the non-diffusive juvenile mosquito and the recovered human components at their
respective endemic equilibrium levels, in effect assuming that their contribution to

the evolution of the epidemic when the infected adult mosquito and human popula-
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tions are stationary is a function of the parameters for the non-spatial system and
is constant, simulating biological conditions before the wave hits. Using these as-
sumptions, we constructed a new, two-dimensional ODE model consisting of infected
adult mosquito and human components. We derived a reproductive number and es-
tablished conditions for the existence of an endemic equilibrium for this model. We
then incorporated the spatial element into the new ODE model to obtain a non-linear
system of coupled reaction-diffusion equations. In so doing, we assumed that human
diffusive movement is the main contributing cause of the fast spread of the disease.
In the case where the wind advection coefficient © = 0, we used results presented in
[31], [32], [22], and [55] to show that that the spread rate cf, of the non-linear system
is the lower bound for the speed of a class of traveling wave solutions, and that this
spread rate is linearly determinate. For small values of ¢, the adult mosquito diffusion
coefficient, we derived an analytic expression for the spread rate for the non-linear
system. In the case where the wind advection coefficient v # 0, a different analytic
framework was used to determine the spread rate for the non-linear system.

Numerical simulations in the case v = 0 were presented to illustrate our results.
We treated the spread rate, shown to be the minimal wave speed for the non-linear sys-
tem, as a function of human diffusion, and compared our results to those of Maidana
and Yang [36], who expressed the theoretical front wave speed of dengue dissemination
in the state of Sao Paulo, Brazil as a function of the average annual temperature. As
Maidana and Yang, we determined that the epidemic wave speed increases as average
annual, and in our case, winter, temperatures increase. Warmer weather therefore
intensifies the spatial spread of the disease.

We simulated traveling wave solutions for varying annual winter temperatures.

Predictably, the proportions of infected humans and mosquitoes reached higher
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thresholds in warmer weather. After the wave, then, we expect that, with increas-
ingly higher annual winter temperatures, higher proportions of infected individuals
will coexist with local human populations.

As has been previously noted, we emphasized human and mosquito wing diffusion
as causes of disease dissemination. More realistic models should look at wind advec-
tion more closely. Because obtaining analytic expressions for spread rates for such
models requires a different analytic framework than that for cases when advection is
not a factor, more work needs to be done on that front. Also, the use of comparison
theory, as done in [31] for dengue models in more than two dimensions, provides a

further venue for analysis and research.



Chapter 5

A MULTI-SEROTYPE ODE
MODEL FOR DENGUE VIRAL
TRANSMISSION

5.1 Introductory Remarks

We now consider one of the possible implications of global climatic changes for the
spread of dengue: the emergence of new, and epidemics featuring multiple serotypes
of the virus. As shown in Chapters 3 and 4, global warming exacerbates the epidemic
both temporally and spatially, increasing the likelihood of mutations that create new
strains of the virus. In this chapter, we modify the main ODE model presented in
Chapter 2 to incorporate 2 distinct serotypes of the dengue virus. Before doing so,
we discuss its existing serotypes, elaborate on the medical importance of taking them
into account in the development of new mathematical models for the transmission of
dengue, and outline the chapter.

Dengue fever is caused by the Dengue virus (DENV), a species belonging to a
mosquito-borne viral genus, Flavivirus, that includes West Nile and Yellow Fever |1,
43,51]. Four serotypes (antigen-based viral groups) of DENV are presently recognized,

each of which, as was mentioned in Chapter 1, presents permanent immunity to itself

118
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but not to any other serotype [6,41,51]. While all four serotypes are endemic in
the Asian tropics, only recently has this trend been observed in the Americas, where
serotypes I, IT and IV have been circulating for more than 10 years [12]. All serotypes
are associated with both DF and DHF /DSS.

The dissemination of various serotypes has had significant medical implications.
In 1953, in the Philippines, and in 1955, in Thailand, the first cases of Dengue Hem-
orrhagic Fever and the associated Dengue Shock Syndrome, (DHF /DSS), were recog-
nized [12]. Unlike DF, DHF patients present more severe symptoms and can develop
DSS, which has a high mortality rate [1,3,12]. Additionally, DHF is implicated in a
relatively rapid progression to liver cancer in cirrhotic patients [57]. While the risk
factors for DHF /DSS have not strictly been identified, studies suggest that suscepti-
bility to the stronger form of the disease is present in those who experience secondary
dengue infections and in infants who are conferred neo-natal immunity to a primary
strain [12]. A well-known argument based on these findings, known as the “sec-
ondary infection” or “immune enhancement” hypothesis, states that DHF /DSS can
only occur in patients secondarily infected with a different serotype [12,20]. Under
this hypothesis, a DHF epidemic implies a multi-strain pandemic. Esteva and Vargas
state, however, that there is “no reliable information about the geographic spread
of DHF/DSS due to the introduction of a serotype to areas currently affected by a
different serotype” [12, Introduction]. Consequently, there is no reliable information
that verifies the “secondary infection” hypothesis.

Based on these factors, we present a model that incorporates two serotypes of the
virus and allows for the possibility of both primary and secondary infections with
each serotype. Several studies featuring models for multiple serotypes of the dengue

virus have been published (see [12,15,46]). We follow the presentation and analysis



120

of the multi-serotype model for dengue viral transmission introduced by Esteva and
Vargas in [12] closely. Our model replicates the transmission dynamics of the human
subsystem presented in [12, Model (2.1)] while modifying the vector subsystem by
allowing for the vertical transmission of the virus from contaminated mosquito adults
to eggs, and by modulating juvenile maturation by a climatic factor. We are therefore
able to extend the analysis in [12] by observing changes in the infected proportions of
the juvenile subpopulation and by determining how these changes contribute to the
possible existence of an epidemic. We derive our model’s basic reproduction number,
and, additionally, derive the basic reproductive number for each serotype/strain. We
look for conditions under which serotype 2 (1) can destabilize the coexistence between
the disease-free population and the serotype 1 (2)-endemic population. We leave the
study of the existence and analysis of a serotype 1 and 2 coexistence equilibrium for

a future paper, though this is investigated in numerical simulations, which follow.

5.2 Presentation of the Model and Assumptions

In this section, we formulate and discuss the model, which depicts dengue transmission
in 3 components: human hosts, adult mosquitoes, and juvenile mosquitoes. One
time ¢ unit denotes a day. For the sake of mathematical simplicity, we assume the
existence of two strains/serotypes. The human population is broken down into the
following compartments: susceptible (S ); primarily infected with serotype i, i = 1,2
(Iy,); recovered from serotype i, susceptible to serotype j, 4,7 = 1,2, i # j, (Z,);

secondarily infected with serotype 4,7 = 1,2 (Y z,); and recovered from and immune

to both serotypes (Zg). The total human population, assumed to be constant, is
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therefore given by Ny = Su —i—THl +7H2 +7H1 +?H2 +Zy +7H1 —l—?H?. We assume
that in a human, infection with a particular serotype results in immunity to that
serotype but not necessarily to the other. Further, a human may only experience a
secondary infection after recovery from a primary infection. While infected with a
particular strain, that is, a human cannot be infected by another strain. For humans,
the primary infection rate with serotype i is given by )\HEH;—AE, where Ay, is the

effective contact rate between mosquitoes infected with serotype ¢ and susceptible

humans. The secondary infection rate with serotype 7 is given by 3;Ag, %71{].. If
0 < G; < 1, primary infection with serotype j confers partial or total immunity
to serotype ¢; if 3; > 1, primary infection with serotype j increases susceptibility
to serotype i. If B; = 1, primary infection with serotype j neither increases nor
decreases susceptibility to serotype 7. Though the case 3; = 1 is biologically unlikely,
it is included for the sake of mathematical completeness [12]. We assume that the
human mortality rate from dengue is 0 and that the recovery rate yy, from a primary
or secondary infection with serotype 7 is the same.

The total adult mosquito population, denoted by N;, is constant. We assume
that adult mosquitoes infected with one serotype never recover from that serotype
but cannot be infected with the other serotype: there are no secondary infections in
mosquitoes. The total adult mosquito population is broken down into the following
compartments: susceptible (Sy;) and infected with serotype i, i = 1,2 (I,,). We have
that Iy, + Ins, + Sar = Nay. Infected adult mosquitoes with either serotype may lay
infected eggs; that is, there is an element of vertical transmission, represented by g,

in both serotypes. The juvenile population is therefore broken down into susceptible

(Sg) and infected with serotype i, i = 1,2 (Ig,).
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We assume that total number of juveniles does not exceed Nj;, an upper bound
for both Iy, and I, i = 1,2 (see Section 2.2, Chapter 2). At carrying capacity,

then, TEl +7E2 + §E = NM

For adult mosquitoes, the infection rate with serotype ¢ is given by )‘V(j\if +

Yu,
Ny

Y(Nasr—1Iar, —Ias,), where Ay is the effective contact rate between humans infected
with serotype i, primarily or secondarily, and uninfected mosquitoes (see [12, Sec-
tion2]). Further, we assume that the fraction of mosquito eggs laid by an infected
female that is infected and female, g; the natural egg mortality rate, u.; the fraction
of infected eggs that proceeds to the adult stage, 7; and the daily oviposition rate,
rm; are the same for both each infected subpopulation.

We observe that, as in Chapter 2, the fact that u, # 1 - 7 implies that at any
given time ¢, not all surviving juveniles progress to the next phase; they may remain
in their present state. As already discussed, total mosquito and juvenile populations,
respectively, remain constant in the absence of seasonality and disease. The last four

Nny *TEl *TEQ Ny *lel *TJVIZ
Ny ’ Ny

equations incorporate saturation terms, ( ) , that take into
account the fact that the maturation rate into the next phase of mosquito development
is stifled if the population in the next phase is reaching Nj;. This ensures that infected
populations remain below a threshold, N,;, for the adult and juvenile population
densities.

Finally, the climatic factor is given by the parameter ¢, denoting the winter mild-

ness index, which quantifies the average winter temperature, as compared to previous

years’ mean, ¢ = 1.
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The model is as follows (i,7 = 1,2;i # j):

dSy — T Ty, —
—— =ugNyg —ugSyg — A\g, — + A 2

L ugNyg —ug Sy — (Am, Nos + Aml, NM)SH
dl . Ta — _

dfl = A - Su— (sz + uH)IH,'

M

Zy - T

dt =yn,ln, — ﬂj)\Hj N_MZHi —upZm,
dY u. Ty — _

dfl = Bidp, Zu, — (ym, +um)Y

M

dz — _ _
d_tH =yn Y +ymY v, —unZpy

dl y, Ny — Ty — g\ = - Iy, Yy,
M _ CT( M M?) T, — tumIng, + My, ( O
dt Ny 1

Ny =TIy —1
N, NH)(M m — Iasy)

déf =9grm (NM _Jifj; — IEQ) Iy, —cr <NM — 5\]]\2 — ]Mz) Ip, —uclp,

(5.2.1)
with Ny > T (0), Nay > Tg,(0), Nog >0, Sy + Ty + Iy + Zpy + Zpy + Zy +
Yy, +Yg,=Ng >0, ug > 0.

Remark: As mentioned, our model replicates the transmission dynamics of the
human subsystem presented in Model (2.1) of [12]. Our vector subsystem is different,
however, in that it allows for the vertical transmission of the virus from contaminated
adult mosquitoes to eggs, and, consequently, for the incorporation of juvenile com-

partments, I, Ig,, to our model (equations 11 and 12 of (5.2.1)). Additionally, we
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modify the vector subsystem of [12, Model (2.1)] by incorporating a climatic factor,
¢, which modulates juvenile maturation. As such, the juvenile contributions to the
adult infected classes, seen in equations 9 and 10 of (5.2.1), reflect a climatic influence.
These equations therefore differ from the corresponding ones in [12, (2.1)], equations
10 and 11, by incorporating the terms

Ny —Ip, —Ing)\ =
ot ( M M2> Tg,. (5.2.2)
Ny

Finally, we omit the equations describing change in the susceptible adult mosquito
and juvenile population densities because these subpopulations are assumed to be
constant. In the next section, we will show how these changes extend the analysis of
Esteva and Vargas in [12].

Note that dg—tH = 0, since Ny is constant.

The parameters in Model (5.2.1) can be understood by referring to Table 5.1. In

this chapter, we will henceforth assume all parameters are nonnegative.

5.3 Analysis of Model (5.2.1)

Let v, = (Su(to), -, I, (to)) be in R'2. As all functions on the RHS of Model (5.2.1)
are continuously differentiable, there exists a real number 5 > 0 such that on some
interval [tg,to + (3), there exists a unique solution ¢(¢,y) = y(t) = (Su(t), ..., Ig,(t))
through yy, to system (5.2.1).

Additionally, we have the following theorem:

Theorem 5.1. Letyo € RY?. Any solution y(t) of system (5.2.1) through yo is defined

for allt >0, and R is positively invariant.
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Parameter | Definition Unit and/or Range
U natural human mortality | (births/10° humans)
rate day—1!
Am, effective contact rate Susiseff)ﬁgi]fafflan
between susceptible
humans and mosquitoes
infected with serotype <,
i=1,2
i susceptibility of a host | humans
to serotype 7 after re-
covering from infection
with serotype 7, estimate
based on proportion of
secondarily infected hu-
mans
YH, recovery rate from infec- 10;:;’(;‘352 Eﬁgirtllsves
tion with serotype 2 day—!
Uy, natural adult mosquito | S$25_ day !
mortality rate
Ay, effective contact rate be- uniilr;feec‘ig(‘i’erfoi;";ito
tween humans infected
with serotype ¢, primar-
ily or secondarily, and
uninfected mosquitoes
c winter mildness index: | between 0 and 2
average winter tempera-
ture, as compared to pre-
vious years’ mean of ¢ =
1
T daily oviposition rate ﬁg—;ﬂtoes day—1
g proportion of mosquito | eggs
eggs laid by an infected
female that is infected
and female
Ue natural juvenile % day—!
mosquito mortality
rate
T proportion of infected ju- | infected juveniles

veniles that proceeds to
the adult stage

Table 5.1: Parameters for Model (5.2.1)



126

Proof. The reasoning is similar to that of the proof of Theorem 2.1 in Chapter 2. [

Consider the following variable changes (see [12, (2.2)-(2.3)]):

g_H — THi _ ?Hi _
Ny _SH7 Ng _[Hia Ny _YHZ

71‘11 — Zy _ 7
N, — “Hy N, — “H

g g (5.3.1)
TMi TEi

Let Ty = ]Hlny - ]Hgyx?) - ZH17'I4 - ZH27'T5 - YHU'TG - YH27:E7 - IM17:E8 =

Ing,, 9 = Ip,, w190 = Ig,, x11 = Sy. The resulting system is

&1 = A, 07wy — (Yu, + un)r
Ty = A 811 — (Y, + Un ) T2
T3 = YmT1 — PeAm,T8T3 — UFT3
Ty = Y, To — B1AH, T7Ty — UFTy
is = i Ag, 2724 — (Y, + um)Ts
i6 = PaAm, 283 — (Ym, + um)To (5.32)
7 = cr(1 — x7 — 28) g — U7 + Ay (1 + 5) (1 — 27 — x8)

tg = cr(1 — w7 — x8) 10 — UMTs + Ay, (22 + 26) (1 — 27 — g)

9 = grm(1l — g — z10)x7 — 7(1 — T7 — T8)T9 — UeTy

T10 = grm(1l — 29 — z10)xs — c7(1 — 7 — x8)T10 — UT10

1 =ug(l —211) — (Am, 27 + Mg Ts) 11
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where (x1y,...,211,) € Q@ = {(z1,..w11) : 0 < x; < 1foriwith1<i<11,0 < x7+
28 < 1,0< 29+ 210 < 1,0 <21 +29+ 23+ 24+ 25+ 26 +211 <1}, ug > 0.

The first six equations and the last, corresponding to the human subsystem, are
exactly those obtained by Esteva and Vargas in [12, Model (2.4)]. Differences between
equations seven to ten of (5.3.2) and equations eight to nine of Model (2.4) correspond
to the differences between the vector subsystems of (5.2.1) and Model (2.1) in [12]
(see Remark, Section 5.2). Having introduced proportions to our system, we are now
able to extend the analysis in [12] by observing how the parameters ¢, 7, and g affect
the calculation of the basic reproduction number, Ry. Additionally, the incorporation
of compartments z9 and x19 allows us to observe change in the infected proportions

of the juvenile subpopulation, as demonstrated by the numerical simulations.
Corollary 5.2. The region ) is positively invariant for system (5.3.2).

Proof. Let (x}(t),...,x},(t)) with (27,...,27;,) € € be a fixed solution of system
(5.3.2) on [0, 00).

Suppose (z7,, ..., 77;,) is on Bde(£2). (*)

If 23,(0) = 0, then by equation 11 of (5.3.2), 27;(0) = ug > 0. If 2%,(0) = 1, then
by (*), 275(0) = — (A, 27(0) + A, 28(0)) < 0. We may obtain similar results for a*(t)
for ¢ with i = 1,2, 3,4,5,6.

If 25 (0)+25(0)+25(0)+25(0)+2£(0)+a5(0)+27,(0) = 0, then by equations 1, 2, 3,
4,5, 6, 11 of (5.3.2), 27 (0) + 25 (0) + 25 (0) + 2,5 (0) +255(0) +x¢(0) + 275 (0) = ugr > 0.

Now if 7 (0)+25(0) +235(0)+25(0) +2%(0) +x§(0)+27,(0) = 1, then by (5.3.1) and
(*), max(x7(0),25(0),2%(0), 25(0), z5(0), 2§(0), 27,(0)) < 1 and by equations 1, 2, 3,
4,5, 6, 11 of (5.3.2) and (*), 2(0) 425 (0) + 25 (0) + 2 (0) +25(0) + 5 (0) +- 27, (0) =

up (1= (27(0)+25(0) +25(0) +23(0) +25(0) +25(0) +271,(0))) =y, 25(0) — yu,25(0) =
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hurmans secondarily infected with serotype 1--x ¢

_ _ humans secondarily infeched with serchype 2--x B

n.a - 4
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fraction of total human population
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Figure 5.1: Solutions of system (5.3.2) converge to the DFE when Ry = .25;
parameter values given in Table 5.2.

—ym,75(0) — ym,5(0) < 0.

By equations 7, 8, 9, 10 and (*), if 23(0) = 0, 27(0) = cr(1 — z5(0))x5(0) +
Avi (23(0) + 23(0)(1 — 25(0)) > 05 if 25(0) = 0, 25(0) = er(1 — 23(0))x7,(0) +
v, (25(0) + 25(0)) (1 = 23(0)) > 0; if 25(0) = 0, x5°(0) = grn(1 — 27(0))z3(0) > 0; if
230(0) = 0, 235(0) = grm(1 — 25(0))23(0) > 0.

By equations 7, 8, 9, 10 and (*), if 25(0) = 1, 2(0) = —u,, < 0; if 25(0) = 1,
15 (0) = —upy, < 0;if 25(0) = 1, 24°(0) = —cr(1—23(0) —25(0)) —ue < 0;if 23,(0) = 1,
275(0) = —cr(1 — 25(0) — 25(0)) — we < 0. If 22(0) 4+ 25(0) = 1, 27(0) + 25(0) =
—tUp, <0, If 25(0) + 2%,(0) = 1, 24°(0) + 275(0) = —er(1 — 2%(0) — 25(0)) — u. < 0.
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So x;(0) > 0 if 2;(0) = 0 for i with 1 <i < 11 and x;*(0) < 0 if

z;(0) = 1 for i with 1 <7 <11,27(0) + 25(0) = 1,29(0) + 219(0) = 1,21(0) +
22(0) + 25(0) + 24(0) + 25(0) + 26(0) + 1(0) = 1. (**)

Suppose (27, ..., x7;,) is in Interior(Q). (+)

Let to = inf{t € (0,00) : (xi(¢),...,x7,(t)) on Bde(Q)}. (++)

By the continuity of the solution on [0,00), (25(t),...,z3,(t)) € Interior(f2) on

[0,%0). So lim (7(t), ..., 27, (t)) € Q. So we may substitute fo for 0 in the arguments

t—t,

following (*), so that (**) holds at t,. (***)
If we substitute any ¢’ € [0,00) for 0 in (+) and ¢y for to in (++), (***) holds.
(+++)

By (**), (***), (+++), and [26, Proposition 3.3], we have our result. O

Define Xg to be the set of all disease-free states. That is,

Xe={xeQ:z;,=0,i=1,..,10}. (5.3.3)

Let F;(x) be the rate of appearance of new infections in compartment 7, V;" () be
the rate of transfer of individuals into compartment i by all other means, and V; (z)
be the rate of transfer of individuals out of compartment i. Let V; = V; — Vi for
each ¢ with 1 <7 <11 (see [52, Section 2, (1)]).

The following assumptions can be made:

Assumption(BO0): For each i with 1 < ¢ < 11, F;, V", V; are continuously
differentiable at least twice in each x.

Observe that system (5.3.2) may be written as @; = fi(x) = Fi(z) — Vi(z) where

Vi(x) = V; (z) — Vi (z). Each F;, Vi, V.

. .~ is a polynomial function in 11 variables

and therefore continuous. It follows that for each 7, j, k with 1 <4, 7, k < 11, % and
J
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Figure 5.2: Solutions of system (5.3.2) converge to the DFE when Ry = .25;
parameter values given in Table 5.2.

> fi

B0y ATe polynomials in 11 variables. So for each i with 1 <i < 11, F;, V", V; are

continuous and twice-differentiable in each z.

Assumption(B1): If z € Q, then F;, V", V; >0 fori=1,...11.

All parameters are nonnegative. So we have, Fi(z) = Ay, z7211 > 0, Vi (2) = 0,
Vi(x) = (yg, +ug)ry > 0, Fo(x) = Agyasryy > 0, Vi(x) =0, Vy (2) = (ym, +
ug)re > 0, Fa(z) = 0,V (z) = ymw1 > 0, Vi (2) = Bodmasrs + ugrs > 0,
Fa(x) =0, Vi (2) = yg,x2 > 0, Vi (2) = Bidg, w72y + upzy > 0, Fs(x) = i Ay, 2724,
Vi(x) =0, Vi (2) = (yu, +um)zs > 0, Fe(x) = Bodmyasrs, Vi (x) = 0, V5 (x) =
(yr, +um)xe > 0, Fr(x) = My (21+25) (1—27—28) > 0, VI (2) = c7(1—27—28)79 > 0,

Vo (2) = upmzr > 0, Fg(x) = Mg(wg + 26) (1 — 27 — 28) > 0, Vi (2) = e7(1 — 27 —
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z3)w19 > 0, Vg () = upzs > 0, Fo(z) = 0, Vi (z) = grn(l — xg — 219)27 > 0,
Vo (7) = c7(1 — 27 — 28) 19 + Uueg > 0, Fro(z) = 0, Vio(x) = grm(l — 29 — 210) 28 > 0,
Vio(x) = e7(1 — 7 — 28) 710 + Uew1p > 0, Fii(z) = 0, Vii(z) = ug > 0, V;(z) =
ugr1 + (A x7 + Agyws)r > 0.

Assumption(B2): If x; = 0, then V;” = 0. In particular, if z € Xg, then V,;” =0
fori=1,...,10.

The first claim follows from the paragraph following (B1). Now if z € Xg, 2; =0
for 2 = 1,...,10. So the second claim follows from the first.

Assumption(B3): F; =0if i = 11.

Follows from the paragraph following (B1).

Assumption(B4): If x € X5, Fi(x) =0 and V;" (x) =0 for i = 1,..., 10.

Ifx e Xg, 2;, =0fori=1,...,10. So result follows from the paragraph following
(B1).

Assumption(B5): Assume yy, > 0, yg, > 0, uyg >0, ¢ > 0, gr,, > 0, uy, > 0,
(UmnCT + Uelly, — grmer) > 0, all other parameters nonnegative. If F(x) is set to
zero, then all eigenvalues of D f(x) have negative real part, where x, is a disease-free

equilibrium (DFE) of system (5.3.2).
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Figure 5.3: Solutions of system (5.3.2) converge to Ey when Ry = 1.08,
Ry = .25, B1 = fo = .5; parameter values given in Table 5.2.

A DFE of system (5.3.2) is defined to be a (locally asymptotically stable) equi-
librium of the disease-free model, i.e., system (5.3.2) restricted to Xg. So the single
equilibrium solution with x; = 0 for 1,...,10 is zo = (0,0, 0,0,0,0,0,0,0,0,1)T.

Recall that system (5.3.2) may be written as @; = f;(z) = Fi(z) — Vi(z) where
Vi(x) = Vi (z) — V" (x). So if F(z) is set to zero, then Fj(z) = 0 for each i. So
& = fi(r) =0—=Vi(z).
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So system (5.3.2) becomes

&y = —(yu, +up)r

Ty = —(Ym, + Un)T2

T3 = Yy, 01 — P2 A, TsTs — UHT3

Ty = Y, T2 — 1A T7Ts — ULy

5 = —(ym, +um)xs

¢ = —(ym, + um)xs (5.3.4)
7 =c1(1 — x7 — 28)T9 — U X7

g = cr(1 — x7 — 28)T10 — U T

t9 = grm(1 — xg — x10)T7 — T(1 — X7 — T8)Tg — UeTy

T10 = grm(1l — 29 — x10)xs — c7(1 — 7 — T8)T10 — UeT10

T =ug(l —2x11) — (Am 27 + A 2s) T

So,
Dfe(x) =
ail 0 0 0 0 0 0 0 0 0 0
0 as2 0 0 0 0 0 0 0 0 0
YH, 0 azz 0 0 0 0 ass 0 0 0
0 YH, 0 aaa O 0 aq7 0 0 0 0
0 0 0 0 as5 O 0 0 0 0 0
0 0 0 0 0 oae 0 0 0 0 0 (5:3.5)
0 0 0 0 0 0 arr —cTIg arg 0 0
0 0 0 0 0 0 —CTT10 asgs 0 as 10 0
0 0 0 0 0 0 agr CTX9 agg —grmT7 0
0 0 0 0 0 0 cTx10 aio 8 —grmTs aio 10 0
0 0 0 0 0 0 —(Ag,r11) —(AHy711) 0 0 a1l 11
where

a1 = —(ymu, +um),



az2 = —(ym, +um),
a33 = —fB2AH, T8 — um,
azg = —B2AH, T3,

ag4 = —B1A[g, T7 — up,
as7 = —B1AH, T4,

ass = —(ymu, +um),
ace = — (Y, +umH),
ar7 = —CTT9 — Um,

arg = c7(1 — 7 — x3),

ags = —CTX10 — Um,

asg 10 = CT(l — T7 — X8,

ag7 = grm (1 — 9 — z10) + cTT9,

agg = 707'(1 —x7 — Is) — Ue — gTmI7,

a10 8 = grm(l — z9 — z10) + cTZ10,

a10 10 = —cr(l — w7 — 28) — Ue — grmZs,
a1 11 = —ug — (Ag; T7 + Ag,T8).
and,
D fo(z0) =
b11 0 0 0 0 0 0 0
0 bo2 0 0 0 0 0 0
YH, 0 —up 0 0 0 0 0
0  ym, 0 —up 0 0 0 0
0 0 0 0 bss 0 0 0
0 0 0 0 0 bes 0 0
0 0 0 0 0 0 —Um 0
0 0 0 0 0 0 0 —Um
0 0 0 0 0 0 grm 0
0 0 0 0 0 0 0 grm
0 0 0 0 0 0 —0u) —Om)
where
bi1 = —(ym, +un),

bog = —

o o o o o o

o o o o o o o

o O O o o o o o o o

<
e
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(5.3.6)
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The eigenvalues of Df,(xg) are —uy and the eigenvalues of the submatrix of
Df,(x) obtained by deleting the eleventh row and the eleventh column of D f,(zo).
We will denote this submatrix by Jo = [b;;],1 < 4,7 < 10. Now —Jy has the Z-
pattern, that is, —b;; < 0 for all ¢ # j. A non-singular M-matriz is a matrix B
with the Z-pattern such that B is non-singular and the inverse of B is non-negative
(16, 28].

Now det(—Jo) = (ya, + um)*(Ya, + um)?(up)*(UmcT + Uely, — grmer)? > 0, by

assumption. Also, the inverse of —Jj is given by

i1 0 0 0 o 0 0 0 0 0
0 co 0 0 0O 0 0 0 0 0
cz1 0 (ug)! 0 O 0 0 0 0 0
0 cao 0 (ug)™ 0 0 0 0 0 0
0 0 0 0 5 0 0 0 0 0
(5.3.7)
0 0 0 0 0 e 0 0 0 0
0 0 0 0 0 0 ¢e7 0 ¢ O
0 0 0 0 0 0 e 0 10
0 0 0 0 0 0 cor 0 cgg 0
0 0 0 0 0 0 0 cos 0 cio10

where

Clg — — L
W= Tyy, +un)’

_ YH,y
C31 =
(ye, tum)um’
_ YHy
Ca2 = (yEytum)um’
- 1
€22 = (YHyFum)’
_ 1
Cs5 =

(yr, +um)’
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1

Co6 = (YHyFum)’
— CT+Ue
Crr = Uy, CT+Ue Upn, — GTm CT
Cro = cr
79 7 UmcTHtoUm—grmer)
c _ CT+Ue
88 T UmcT+Htuetum—grmer’
c _ cT
8 10 U, CT+UeUm, —gTm T’
— grm
Cor = Uy, CT+HUe U, —gTm CT
Cog = Ym
99 Um CT+UeUm —gTmCT
— grm
€10 8 = U, CT+HUe U —GTmCT
_ u
€10 10 = o

Um, CT+Ue U, —gTm CT *

So —Jp is a non-singular M-matrix and its eigenvalues all have positive real part
[16,28]. So the eigenvalues of Jy, and, consequently, D f,(x¢), all have negative real

part.

Given the above assumptions, we have the following result [52, Section 2, Lemma

If 2o is a DFE of (5.3.2) and f;(z) satisfies (B0)-(B5), then the derivatives

DF(zo) and DV(x) are partitioned as

where F' and V' are the 10 x 10 matrices defined by

F = [ 0ﬂ($0) ] and V = [ avi(xo) ] with 1 <14, j <10.
Oz, Ox;
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Figure 5.4: Solutions of system (5.3.2) converge to Fy when Ry = 1.08, Ry = .25,
81 = P2 = .5; other parameter values given in Table 5.2.
Furthermore, F' is non-negative, V' is a non-singular M-matrix and all eigenvalues of
Jy have positive real part.
We will now establish R.
The matrix F'V ! is called the next generation matrix for the model and the basic

reproduction number is defined as

Ro = p(FV 1), (5.3.8)

where p(A) denotes the spectral radius of the matrix A.
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Figure 5.5: System (5.3.2) decouples when Ry = 1.08, Ry = 1.08, $1 = 2 = .5;
other parameter values given in Table 5.2.

We therefore have the following proposition:

Proposition 5.3. Assume (yg, +ug) > 0, (yu, + ug) > 0, uy > 0, cv > 0 and
Up, > 0, (U CT + Ully, — grmeT) > 0, all other parameters nonnegative.

Then we may define Rq for system (5.3.2) by

Ro = max;—i 2 Ri,

where (5.3.9)

R, — Al Ay, (eT+ue)
v (umeT+tetvm—grmer)(up+ymH,;)

Proof. Recall that system (5.3.2) may be written as @; = f;(x) = F;(x) — V;(x) where



Vi(z) = V; () — V" (z) and where

A T
A, T8T11
0
0
B1Am w7y
F = BoAp, 83
vy (21 + x5) (1 — 27 — 2%)
v, (T2 + 26) (1 — 27 — x3)

(
0
0

0

(Y, + um)
(Ya, + wp)ws
—Ym T1 + Pe A, TsT3 + unts
—Ym,T2 + B1Am, 1Ty + upTy
(ym, +un)ws
(Y, + urr)we
—cr(1 — 27 — 28)x9 + Up7
—cr(1 — 27 — x8)x10 + UM Ts
—grm(l — 29 — x10) 27 + (1 — 7 — 25)T9 + ULy
—grm(1 — zg — x10)28 + cT(1 — 27 — T8)X10 + UeT10

—up (1 —211) + A T7 + A, @8)T11
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(5.3.10)

(5.3.11)
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By the lemma stated above, we then have,

I 0 0 00 O 0 0 00 (5.3.12)
0 0 00 O 0 0 0O
Ay, 00 0 Ay 0 0 00
0 A, 00 0O Ay O 0 00
0 0 00 O 0 0 0 0O
0 0 00 O 0 0 0 00
di11 0 0 0 0 O 0 0 0 0
0 dao 0o 0 0 O 0 0 0 0
—YH, 0O wug O 0 O 0 0 0 0
0 -y, 0 uy 0 0 0 0 0 0
Vo 0 0 0 dss O 0 0 0 0 (5.3.13)
0 0 0 0 0 dss 0 0 0 0
0 0 0O 0 0 O U, 0 —cT 0
0 0 0 0 0 O 0 U, 0 —cT
0 0 0 0 0 0 —grpy 0 CT + Ue 0
0 0 0 0 0 O 0 —grm 0 CT + Ue
where

di1 = (yu, +un),
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d2 = (YH, + un),
dss = (yu, +um),

des = (YH, + UH).

J3:(0 00000 (M) (M) O o) (5.3.14)

and
5= () (53.15)

where F' is non-negative, V' is a non-singular M-matrix and all eigenvalues of J; have
positive real part.
Now by (5.3.12) and (5.3.13) we have that the characteristic equation of FV ! is

given by:
ALO (Avy Amy (uE+yHY)F AV, A H, (uHerHl))(CTJrUe))\s
(urr+ym, ) (W +YH, ) (—Um T —Uetm+grmeT) (5 3 16)
vy AH Avy Al (eT+ue)? 6_0
wg Yy, ) (UEFYHy ) (—UmcT—uetum+grmer)? -

1
Clearly, 0 is a solution of this equation.

The others are:

o )‘Hl /\V1 (CT+’U«e)
Aig =+ \/ (e et —grmer) (un+yi,) (5.3.17)

. AHy Ay, (eT+ue)
>\3v4 - i\/(umm'—i-

UeUm—gTmcT)(Un +YH, )

So by (5.3.8), we have our desired result. O

Proposition 5.4. Let Ry, parameters be as in Proposition 5.3. The following con-
ditions characterize the stability of (0,0,0,0,0,0,0,0,0,0,1)T:

1) If Ry < 1, then (0,0,0,0,0,0,0,0,0,0,1)T is locally asymptotically stable.

2) If Ry > 1, then (0,0,0,0,0,0,0,0,0,0,1)T is unstable.

Proof. The result follows from [52, Section 3, Theorem 2. O
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Figure 5.6: System (5.3.2) decouples when R = 1.08, Ry = 1.08, 1 = 2 = .5;
other parameter values given in Table 5.2.

5.4 An Alternative Interpretation of Model (5.3.2)

By an alternative interpretation of Model (5.3.2), we have that x, x3, x7, and xg are
uninfected compartments and xo, x4, x5, xg, T, T19, infected compartments.

In this case, we look for conditions under which a boundary equilibrium of Model
(5.3.2), By = (71,0,73,0,0,0,77,0,T9,0,T11), exists and is (un-)stable; that is, the
strain for serotype 2 (can) cannot invade 1, the equilibrium for the strain for serotype

1.
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First, we set system (5.3.2) and compartments xs, x4, x5, Tg, s, 19 to 0. The

remaining equations are given by:

@y = Mg, 7r1 — (Ym, +um)r, =0

T3 =Yg, 1 — uprs =0

7 = cr(l — x7)x9 — U7 + Ay (21)(1 —27) =0 (5.4.1)
t9 = grm(1 — x9)x7 — c7(1 — x7)T9 — Uy = 0

Ty = UH(l - xn) - (/\Hll‘?)xn =0

Let (71,0,73,0,0,0,T7,0,T9,0,711) be a solution of system (5.4.1), where com-
partments g, 24, Ts5, Tg, Tg, T1p are set to 0. Then the equations for the nonvanishing

compartments are given by:

_ A, T7T11
T — ———
(yr, + un)
— YH,T1
Ty = —F—
ug /\
CTTg9 + T
Tr= (5.4.2)
CTT9 + Ay, @1 + Uy,
_ grmf7
Tg = — —
CT(l - I7) + grmT7 + Ue
_ UpH
T11 =

Uy + A, Ty

We want (71, T3, T7, To, Z11) to be in . With this in mind, we have the following

proposition:

Proposition 5.5. Assume (u,cT +uetly, — griyet) > 0, all other parameters positive.
Assume also that gr,, > ¢t and Ay, (cT + ue) + ug(ct — gry,) > 0. Then Ry > 1 &

system (5.3.2) has a boundary equilibrium, F.
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Proof. =

Suppose Ry > 1. Let R’ = (R;)? = Aty Avy (7 Fue) . Then, R" > 1

(umeT+ueum—grmer)(up+ym, )

(). If we solve for z1; in system (5.4.1), we see that it can take on three possi-
ble values: 0 and the roots of a degree-two polynomial function f, where f(z1;) =
(i, +um) vy (A e + T A g, + crug — grug )]zt + [em(grm — Um) (g + Mgy ) (ug +
Y, ) — (Ue Ay U + 9T mtgtm ) (U +Ym,) — Ay Avy g (e +ue) Fug Ay, (grm — 1) Qug +
Az +ug ((er — grm) (ug Avy + U (ug +ym, ) —cTgrm(ug +ym, ). Now by assump-
tion, f(0) < 0 (**). By (*), f(1) = (R' — 1) A g, (UmeT + tetly, — grmer) > 0. So by the
intermediate value theorem, f has a real root between 0 and 1. If we substitute this
value, say b*, for xq; in system (5.4.1), and solve for the other components in terms
of b*, we see that system (5.4.1) is consistent. So a solution of system (5.4.1), with
r11 = b*, exists. Additionally, the other solution components are uniquely determined
by b*. Let E; be this solution, so that z;; = b*. Then 0 < Ty; < 1. So F; is not the
DFE. By (5.4.2), the other components of E; # 0. Now if we add (LHS) of equations

1 and 5 of (5.4.1), then Z; = uHu;f;; . S00<7 <land 7 +7 = % <1
1 1

If we add equations 1,3 and 5 of (5.4.1), we obtain T3 = 1 — (21 +211). So 0 < 73 < 1.
By equation 5 of (5.4.2), T > 0. By assumption, gr,, > c¢7. So by equation 4 of
(5.4.2), 0 < Tg < 1. By equation 3 of (5.4.2), 77 < 1.

=

Suppose Ry < 1. Then, R’ < 1, by (*). So f(1) = (R — 1) g, (umer + uwetty, —
grmer) < 0. By (**), f(0) < 0. Now the coefficient of the square term of f is > 0,

by assumption. So f is concave up and cannot have a root between 0 and 1. O

We will now study the local stability of the endemic equilibrium, FEj.



145

Proposition 5.6. Assume conditions are as in Proposition 5.5, Ry > 1, and Ag, < 1.
Suppose, additionally, that Py < 1. Then if Ry < 1, where Ry is as in (5.3.9), Ey is

locally asymptotically stable.

Proof. Since we take x1, x3, 7, and xg to be uninfected and s, x4, 5, T, x5, 10 tO

be infected compartments, we may rewrite system (5.3.2) as

Ty = Ag, @811 — (Y, + Um)To

Ty = Y, To — B1AH, T7Ty — UFTy

T6 = PaAm, T3 — (Y, + un)To

tg = cr(1 — w7 — x8)x10 — UMTs + Ay, (22 + 26) (1 — 27 — g)

T10 = grm(1 — 29 — x10)xs — c7(1 — 7 — 8)T10 — UL 10

@5 = bAmT7rs — (Yu, + un)Ts (5.4.3)
&1 = A, vew1y — (Y, + um) 7

T3 = Yy, T1 — PaAm,TeT3 — U3

7 = cr(l — w7 — x8) g — U7 + Ay, (1 + 5) (1 — 27 — xg)

tg = grm(1 — w9 — z10)x7 — 7(1 — T7 — T8)T9 — UeTy

Ty =ug(l —2x1) — (Am 27 + A @s)Tn

where (x1,, ..., x11,) € Q, ug > 0.
Consider the linearized system of (5.4.3) at F;. The Jacobian matrix at Ej is
given by:
A Ay

(5.4.4)
As Ay
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where
(—yH, +um) 0 0 AH,T11 0 0
YH, —B1AH, T —ug 0 0 0 0
A = 0 0 —(ym, +um)  B2AH,T3 0 0
Avy (1 —T7) 0 Av, (1 —T7) —Um cer(1 —Z7) 0
0 0 0 grm(1 —Tg) —em(1 —T7) — ue 0
0 B1AH, T7 0 0 0 —(yH, +umn)
(5.4.5)
Az =0,
0 0 O 0 0 0
0 0 0  —Bodpy,Ts 0 0
Az3=10 0 0 —ctT9— AT 0 v, (1 —Z7) (5.4.6)
0 0 O CcTTg —grmT7 0
00 0  —Am7u 0 0
and
—(ym, +um) 0 AH, Z11 0 b, Tr
YH, —ug 0 0 0
As= | A\, (1—77) 0 —CTT9 — Um — Ay &1 er(1 —Z7) 0 (5.4.7)
0 0 grm(l —To) + cTT9  —grmTr —cr(l — T7) — Ue 0
0 0 —Am, T 0 —up — A, T

Observe that the Jacobian matrix at F} is block lower triangular, so its eigenvalues
are determined by the eigenvalues of Ay = [b;;],1 <14,j <6, Ay = [a;;],1 <i,j <5,
where henceforth, [a;;] refers exclusively to Ay and [b;;] refers exclusively to Aj.

Consider the submatrix of A, obtained by deleting the fifth row and the fifth
column of Ay. We will denote this submatrix by Ay = [a;;],1 < 4,5 < 4. Now —A4,
has the Z-pattern (see B5). Also, det(—Ag) = (yu, + ug)ug A\, T1(grmTr + c7(1 —

T7) + te) + (Yu, + ug)upctTo(ue + grm) > 0. The inverse of — Ay is given by
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UH
det(—Ag) X

(um + cTtx9 + )\Vl )(grmf7 —+ CT(l — 57) =+ ue) — CTTY9Grm<T7 0 —a13a44 a13a34
a21((um+07'§9+)\v1)(97‘71157+CT<1*E7)+“‘€)*CTEQQTME7) —1 __azjajzagq asjaizasq
U Up upr up
—a44a31 0 a11a44 —as34a11
CTT =
43031 0 —a43a11 (ym, + UH)(%;’ + Ay, 71)

(5.4.8)

By inspection, this inverse has all positive entries, so —Ag is a nonsingular M-
matrix (see B5). So the principal leading minors of —A, are all positive [16, 28].
(*)

Recall that given a complex-valued n x n matrix P = [p;;] with 1 <i,j <n, we
define its companion matriz M (P) = [m;;] with 1 < 4,7 < n by m;; = |p;;| if j = 7 and
mi; = —|pi;| if § # i ([28, Definition 2.5.10], see also [60]). P is called an H — matriz
if its companion matrix M (P) is a (non-singular) M-matrix ([28, pp. 124] see also
[60]). Now M(—A,) has the Z-pattern (see (B5)). Also, —A is the submatrix of
M (—A,4) obtained by deleting its last row and column, so the principal leading minors
of M(—A,) are the principal leading minors of —A,, which, by (*), are positive, and
det(M(—Ay)) = (ug + A, T7) [(ye, + ug)ug v, T1(1 — (1 — T7)Ag, ) (9rmTr + em(1 —
Tr) + ue) + (Yo, + ug)ugctTo(ue + grm)] > 0.

So M(—A,) is a non-singular M-matrix [16,28] and —A, is an H-Matrix. Now
an n x n complex-valued square matrix is said to be positive stable if its eigenvalues
all have positive real part [5, pp. 134]. An H-matrix with real entries is positive
stable iff it has positive diagonal entries [28, Exercise, pp. 124; 60, Lemma 2]. Now
— Ay clearly has positive diagonal entries. So it is positive stable. It follows that the
eigenvalues of A, all have negative real part.

The eigenvalues of A; are —(yg, +uy) and the eigenvalues of the submatrix of A,

obtained by deleting the sixth row and the sixth column of A;. We will denote this
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submatrix by By = [b;;],1 < 4,5 < 5. Observe that —By has the Z-pattern. Also,
det(—By) = (ug + Bidm, T0) (e, + wr ) (UmueTr + c7(1 — T7)To) + (ya, + um)(1 —
T7) (A A ) (1= (BT +T11) ) (e +c7) +c7T7 (B3T3 +T11)) +(ym, +um ) (1=T7) (1-R3)] >
0, by the assumption that f; < 2 and the fact that 35 + 717, < 1. The inverse of — B,

is given by

uH+B1AH, T1
det(—Byg)

diﬁ;i“ + bosbiabarbas 0 —b14bs55ba3 b14bss5b33 —b14basbss
f%(d?ﬁ;i@ + b55bi4bi4llb33) —byy *%(*bmb%bzxs) *%(b14b55b33) *%(761417451733)
—b34bs5b43 0 debg(z_bi(]) + bs‘r’bebl;?b“ b3abssb11 —b3abasb11
bs5b33b41 0 b11b55b43 —bs5b33b11 basb3zbiy
—bs4b33b41 0 —bs4b11b43 b54b33b11 det(~Bo) | bsabasbszbiy

baobss —bss

" (5.4.9)
By inspection, this inverse has all nonnegative entries, — By is a nonsingular M-
matrix and the eigenvalues of By, and, consequently, A;, all have negative real part
(see B5).
So the eigenvalues of the Jacobian matrix at F; all have negative real part, and

F is locally asymptotically stable. O

Since system (5.3.2) is symmetric with respect to serotypes 1 and 2, we have
analogous results for conditions under which the strain for serotype 1 can invade Ej,
the equilibrium for the strain for serotype 2.

We leave the study of the existence and analysis of a virus coexistence equilibrium

for a future project.
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5.5 Numerical Simulations

We now conduct numerical simulations to illustrate our analytical results.

Values for ug, Am, ,, Y#, 5, Um, Tm and g are comparable to those presented by
Coutinho et al. [8] on the basis of estimates known from the dengue infection pro-
cess and human and mosquito vital statistics. We assume that the entire juvenile
mosquito population is at carrying capacity.

We first take Ap, ,, Av;, small, yg, , large, with Ay, = Ay, = .1, Ay; = Ay, = .5,
Y, = yu, = .067. For parameter values given in column 2 of Table 5.2, Ry =
max;—1 2 R; = .25. Accordingly, the simulations show that the DFE is asymptoti-
cally stable (see Figures 5.10, 5.1, 5.11, 5.2). Next, we take Ay, , Ay, large, yy, small,
while maintaining parameter values for A\gy,, Ay, and ypy, that are used in the sim-
ulations presented in Figures 5.10, 5.1, 5.11, 5.2. We modify other parameters so
that Rg = Ry = 1.08 and Ry = .25. As seen in Figures 5.12, 5.3, 5.13, 5.4, the
DFE is destabilized. Alternatively, we may take x; = Iy, x5 = Zg,, x7 = Iy
and x9 = Ip, to be uninfected compartments and xy = Ipy,, x4 = Zpy,, x5 = Yy,
x5 =6 = Yy, xs = Ip,, 10 = Ip, to be infected compartments. In this case, as
mentioned in the previous section, we look for conditions under which a boundary
equilibrium of system (5.3.2), E; = (71,0,73,0,0,0,77,0,T9,0,711), exists and is
(un-)stable; that is, the strain for serotype 2 (can) cannot invade FE;, the equilib-
rium for the strain for serotype 1. Following our analytical results, we see that when
the conditions for Proposition 5.5 are met, the boundary equilibrium FE; exists and
is given by (.08,0,.008,0,0,0,.051,0,.006,0,.912) (see Figures 5.12, 5.3, 5.13, 5.4).
Additionally, the simulations suggest that when §, < 1 and Ry < 1, the trajecto-

ries of system (5.3.2) converge to Fi, as indicated by Proposition 5.6 (see column 3
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Figure 5.7: Solutions of system (5.3.2) converge to an endemic equilibrium when
R1 =108, Re = 1.08, B1 = B2 = 5; other parameter values given in Table 5.2.

of Table 5.2). Figures 5.12, 5.3, 5.13, 5.4 suggest that E; is locally asymptotically
stable and that the strain for serotype 2 cannot invade this boundary equilibrium.
Under these conditions, then, a pandemic featuring both strains of the virus may be
prevented. Under such a scenario, the prevalence of DHF cases would cast doubt on
the “secondary infection” or “immune enhancement” hypothesis, since solutions for
the secondarily infected classes converge to 0 (see Figure 5.3).

We then take Ay, ,, Avq , large, yg, , small, with Ay, = Ag, = .95, Ay; = Ay, = .95,
vy, = ym, = -05. We have Ry = R1 = R2 = 1.08, and conditions for the existence for
the existence of both F; and F,, following Proposition 5.5 and the symmetry of system

(5.3.2) with respect to serotypes 1 and 2, are met. When we take initial conditions



151

for the subsystems for serotypes 1 and 2, {z1, x3, x7, 9, x11 } and {xs, x4, T3, T10, T11},
respectively, to be the same and (1 = 2 = .5 < 1 (see column 4 of Table 5.2), system
(5.3.2) decouples into these subsystems. Trajectories converge to endemic equilibria
for these subsystems, Ey = Fy = (.08,.008,.051,.006,.912), the restrictions of F; and
E5 to the subsystems for serotypes 1 and 2, respectively. Because ; = 3, = .5 < 1,
trajectories x5 and xg converge to 0, so that we may observe two distinct epidemics

for serotypes 1 and 2 (Figures 5.14, 5.5, 5.15, 5.6).

hurmans secondarily infected with serotype 1--x

— _ humans secondarily infected with serotype 2--1

fracton of fofal hurman populaton

—_
e

1 1 1 1 1 1 1 1
sno 1000 1500 2000 2500 3000 3500 4000 4500 s000
t=tirme

Figure 5.8: Solutions of system (5.3.2) converge to an endemic equilibrium when
R1=1.08, Re =1.08, 81 =5, B2 = .5; other parameter values given in Table 5.2.

We next take ; = B2 = 5 > 1 while maintaining other parameter values used in
the simulations presented in (Figures 5.14, 5.5, 5.15, 5.6) (see column 5 of Table 5.2).

Trajectories x5 and xg now converge to positive values (Figure 5.7).
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We therefore obtain a virus coexistence equilibrium for system (5.3.2), whose val-
ues are given by (.08,.08,.008,.008,.0009,.0009,.051,.051,.006,.006,.912) (Figures
5.14, 5.5, 5.15, 5.6, 5.7). We conclude that when primary infections increase sus-
ceptibility to secondary infections, a pandemic featuring strains for both serotypes,
where the prevalence of infection by one serotype contributes to that of the other,
may ensue.

Finally, when we take #;, = 5 > .5 = [, we obtain an endemic equilib-
rium whose values for those compartments corresponding to infection by serotype 1
({x1, x3, x5, 27, 9, x11 }) are greater than the values for their counterparts correspond-
ing to infection by serotype 2 ({x2, x4, z6, s, 10, 211 }) (Figures 5.16, 5.8, 5.17, 5.9).
We may observe, then, a pandemic featuring both serotypes where the sub-pandemic
for serotype 1 is more intense than the one for serotype 2. Interestingly, even though
(B2 < 1, we observe the persistence of the sub-pandemic for serotype 2, indicating that
though infection with serotype 1 confers partial or total immunity to serotype 2, the
prevalence of secondary infections of serotype 1 contributes to the prevalence of the
sub-pandemic for serotype 2. This implies that increased susceptibility to serotype
2 due to primary infection with serotype 1 is not a necessary condition for a single

pandemic featuring both serotypes.

5.6 Discussion

In this chapter, we presented an ODE model that incorporates two serotypes of the
dengue virus and allows for the possibility of both primary and secondary infections

with each serotype. Our model depicts dengue transmission in 3 components: human
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Figure 5.9: Solutions of system (5.3.2) converge to an endemic equilibrium when
R1=1.08, Re =1.08, 81 =5, B2 = .5; other parameter values given in Table 5.2.

hosts, adult mosquitoes, and juvenile mosquitoes, combining a coupled SIR system
for disease transmission in the human host with a two-stage coupled SI model for
disease transmission in the mosquito vector. We assumed that the entire human,
adult, and juvenile mosquito populations remain constant.

We first proved that if initial conditions are positive, the positive cone will be
positively invariant and solutions will exist for all time. We then made variable
substitutions to obtain a simplified, proportion-based system. Next we assumed that
the natural adult mosquito rate, the natural human death rate, and the rates at which
juveniles transfer out of their compartments, among other conditions, are positive.

Under these assumptions, we were able to derive conditions for the existence of a
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threshold parameter, the reproductive number (Ry), denoting the expected number
of secondary cases produced by a typically infective individual. We obtained an
analytical expression for Ry that defines it as the maximum of the reproduction
numbers for each strain/serotype of the virus.

We next presented an alternative interpretation of Model (5.2.1) where compart-
ments corresponding to primary infection by serotype 1 are uninfected compartments,
and compartments corresponding to primary infection by serotype 2 are infected com-
partments. We looked for conditions under which the strain for serotype 2 can invade
the equilibrium for the strain for serotype 1. Interestingly, Propositions 5.5 and 5.6
suggest that the existence of a boundary equilibrium for a particular strain destabilizes
the boundary equilibrium for the other. Future work that explores this implication
and proves and analyzes the existence of a virus coexistence equilibrium is indicated.

Simulations were conducted to illustrate analytical results and to numerically
verify the existence of a virus coexistence equilibrium. The results suggest that in
order to contain a two-strain pandemic, controlling (3;, the susceptibility of a host to
serotype ¢ due to infection with serotype 7, is crucial. From a strategic, prevention-
minded point of view, improving health and sanitation conditions in regions and
among humans at high risk for contracting the dengue virus is therefore paramount.
Despite the fact that contraction of the virus cannot take place between high-risk
humans, the transmission dynamics indicate that the very existence of these high-

risk groups and regions exacerbates the possibility of a pandemic.
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Description

Values for Figure

5.10,51, 511, 52 5.12,53,5.13,54 5.14 55, 5.15,56 57 5.6, 58, 5.7, 59

Initial Condition

I 005 005 005 005 005
I 0025 0025 005 005 0005
I 0001 0001 0001 0001 0001
I 00005 00005 0001 0001 0001
i 00005 00005 00005 00005 00005
T 000005 000005 00005 00005 00005
17 0.33 033 033 0.33 0.33
I 0.1 0.1 0.33 0.33 0.33
I 075 075 075 075 075
Iy 02 02 075 075 075
Iy R B 5 R R
Parameter

Uy 25 05 05 05 0.5
A, 01 0.9 09 0.95 0.9
U, 0.067 0.05 0.05 0.05 0.05
Uy, 26 1.5 15 1.5 1.5
I'm 10 5 5 ) )

J 0.25 025 025 0.25 0.25
1Ly 26 10 10 10 10
T 0.7 09 09 09 09
A, 0.1 0.1 0.9 0.95 0.95
U, 0.067 0.067 0.05 0.05 0.05
Ay 05 0.9 09 0.95 0.9
A, 0.5 0.5 09 0.95 0.9
by 05 05 0.5 i )
by 05 05 05 ) 0.5
¢ | 08 08 08 0.8

Table 5.2: Values for parameters and variables of Model (5.3.2)
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Figure 5.10: Solutions of system (5.3.2) converge to the DFE when Ry = .25;
parameter values given in Table 5.2.
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Figure 5.11: Solutions of system (5.3.2) converge to the DFE when Ry = .25;
parameter values given in Table 5.2.
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Figure 5.12: Solutions of system (5.3.2) converge to E1 when Ry = 1.08,
Ro = .25, 1 = (B2 = .5; parameter values given in Table 5.2.



159

0.4 T T T T
adult mosquitoses infected with serobyppe 1--x

¥
n.as L _ _ _adultmosquitoes infected with serobyps 2--x a

0.z

0.2%

fracton of total adult masquito populaton
o
MJ

0.1s B
0.1 il
0.0s =
u] L L
a] g 10
t=kirme
n.os T T T T
juvenile mosgquitoes infeched with serobypme 1--x q
oo7 kL _ _ _ juvenile mosquibees infecked with serobype 2--x 10 1
=
2
o
= o.0s o
=
% 0.0% il
&
[}
=
@ o004 o
=
z
= 0.03 o
= U
=
i
£ ooz il
i
[
=
0.01 _
u| | o A
< a] g 10
t=kirme

Figure 5.13: Solutions of system (5.3.2) converge to E1 when Ry = 1.08,
Ro = .25, B1 = (B2 = .5; other parameter values given in Table 5.2.
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Figure 5.14: System (5.3.2) decouples when Ry = 1.08, R,
other parameter values given in Table 5.2.
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Figure 5.15: System (5.3.2) decouples when Ry = 1.08, Ry = 1.08, 31 = B3 = .5;
other parameter values given in Table 5.2.
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Figure 5.16: Solutions of system (5.3.2) converge to an endemic equilibrium when
R1=1.08, Ry =1.08, 81 =5, P2 = .5; other parameter values given in Table 5.2.
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Appendix 1

The degree-four polynomial in the proof of Proposition 2.6 is given by:

f(za) =
(@Pr3vmyrmiig +2¢3r3velypmidg + ¢3r3veSmidg)Tat+

g% (ymg +ve) r2(rgpive® + rog2gpidg — 3rvg2gTidm + roggymp:
+ropgyEPIAE — 3TVHIYHTIAE + VE2TIAE A — VE2TIAEDL

+20E 2T A Um — VA AR 2TL — VHTIAHYHPL — VHTIAE 2P1 + 2V TIAEYHUm — TIANE 2y p1) T4+

(=6 3 rd3vgyupidg — 3¢ vgyn®pidn + 21 A g g rtoy?p1 — roEgA e AR A TIUmYH + TUEZGUMYETIAE M
+2g?r2og Mg riyn — 26%r? v ypmidgde — g2 r2va XX g’ piyn — g2 r2vE 2 A A ED1yE — TIARZ MD1VEGTYH
—vE2TIAEAP1ITYH — TIAE AP1vE 2T — rvEZgAAE 2 TIum + rgUESumTiAg Aw — roE2gAe* AT
—202r%v 1 Am e — g2r2 o2 Ao Am2p1 — g?rPueS Ao Amp1 — TIAE A VEPIgY

+4 g2 r2vpyapium + 2 g*r*oaya®prum — 6 ¢*rPogPyupr — 3¢ vn?yn®p1 + 3 g3 rdvpyninidn

+2g r2og2 Ao Ay 211 7271AngyH PLVE Um, 73g r3ugip: +Gg r3ug yH‘rl/\H +3g oSty

+4mi A g 2g?r?yapive + 21 Amg?r?ya’pivy + AT Ang®r yapive® — AT A gryEPIUmYE

=271 A5 grya?prum + 2 92 r2ogyu i pi A num + 49°r?vplyapidmum + 2rvg ?gumyg T A g
—4¢?r?vgyp’nidgum — 8 92r?vy yu T AgUm + rvEgum yr T AE — 4TI AHgrYEPIVE 2 Um

+2T1)\H29 r? Yy p1+29 r2og3 T AgpL +29 r2ug plz\Hum+rgvH Um2TI g 74g 203 TN Um

— 2T A g grvESp1um — 271 A2 grv2p1um — 3g3r3vg3pidg +2¢%r ’UH4p1’LLm)CE42+
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(6 g°rvryrpidg + 3933 vpym?pidg — AR g r?oa?py + 2o 2gum yrpidE + TEgum yE 2p1 Al
—mAm 2 um2yE?p1 — AU YE2Pp1vE — 2TI A BUm  yED1VE? + rguESumpiAE — TiAEUm v p1

— T A2 um2vE2p1 — 2TIAR 2 Um 2y P1IVE + TGN A 2 TIUMYEH — TUE2gUmYHTIAE A — §2T20 g AN AH 2 T1YH
+0%r?vp?yamidn e + 292 g M Ay pryn + 292 o2 A Aaprys + 1A Aep1oEgTYH

+og T A A\op19TYH + Tl)\H2)\Up1vH2gr + TUHQQ/\U/\HQTlum — rgUESUMTIA g Ao
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