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Dynamics with choice is a generalization of discrete-time dynamics where instead
of the same evolution operator at every time step there is a choice of operators to
transform the current state of the system. Many real life processes studied in chemical
physics, engineering, biology and medicine, from autocatalytic reaction systems to
switched systems to cellular biochemical processes to malaria transmission in urban
environments, exhibit the properties described by dynamics with choice. We study
the long-term behavior in dynamics with choice. We prove very general results on
the existence and properties of global compact attractors in dynamics with choice. In
addition, we study the dynamics with restricted choice when the allowed sequences
of operators correspond to subshifts of the full shift. One of practical consequences
of our results is that when the parameters of a discrete-time system are not known
exactly and/or are subject to change due to internal instability, or a strategy, or
Nature’s intervention, the long term behavior of the system may not be correctly
described by a system with “averaged” values for the parameters. There may be a

Gestalt effect.
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Chapter 1

INTRODUCTION

The mathematical setting for discrete dynamics is a space X and amap S: X — X.
The space X is the state space, the space of all possible states of the system. The
map S, the evolution operator, defines the change of states over one time step: z € X
at time ¢ = 0 evolves into S(z) at t =1, S(S(x)) at t =2, ..., S™(x) at t = n, etc. If
instead of one operator, S, we have a choice of evolution operators, {S;};c7, and at
every time step we choose one of them, then we have a dynamics with choice. One
way to visualize the multitude of choice through time is to generate the infinite tree
of choices. Suppose we have N operators, Sy, Si, ..., Sy_1, then the root of an
infinite rooted tree has N children, every child has N children, and so on. The root
corresponds to t = 0, its children correspond to t = 1, the children of the children
correspond to t = 2, etc. At every step, the children of each node are labeled 0
through N — 1. Beginning at the root, infinite branches (paths, strategies) represent
the possible choices: for example, in Figure 1.1 we choose the path w that starts with
011... (bold edges). For this choice, the first few points in the trajectory of a point
xg € X are xy = Sp(xg), xo = S1(z1) = S1(So(x0)), 23 = Si(x2) = S1(S1(So(x0))),



etc. It is natural to encode the infinite paths (beginning at the root) by one-sided
infinite words (strings, sequences) on N symbols. If w is such sequence, it is convenient
to align it with the set of non-negative integers Z>, and denote by w(k) the (k4 1)-st
letter of w, i.e., w = w(0)w(1)w(2).... Thus, w(0) =0, w(l) =1, w(2) = 1, are the

first three symbols of the path w = 011.. ..

Figure 1.1: The tree of choices in the case of two operators

We study dynamics with choice, i.e., the dynamics of points and subsets of X along
all possible paths simultaneously. We will explain what this means momentarily.
Here we would like to emphasize that, from the point of view of long-term behavior,
dynamics with choice, in general, is not the same as the union of trajectories along
different infinite paths. We will return to this point later when we talk about the
Gestalt effect.

Denote by X the space of all one-sided infinite strings (words) of symbols from
the alphabet 7. We call the elements of ¥ strategies or plans, because the symbols
and their order in a word w € ¥ will tell us which maps S; and in what order are

applied. We identify the strings from ¥ with maps from the (semigroup of) non-



negative integers, Zso, into J; thus, for w : Z>¢y — J in X, we write it as an infinite
word w = w(0)w(1)w(2).... The shift operator o : ¥ — ¥ maps w to o(w) so that
o(w)(n) = w(n + 1); in other words, o(w) = w(1)w(2).... Given the state space X
and the family of maps S;, j € J, we define the corresponding dynamics with choice

as the dynamics on the product X = X x X generated by the iterations of the map

G (z,w) — (Swo)(z),0(w)). (1.1)

In other words, we view the dynamics x,,.1 = Sw(n)(xn) as a non-autonomous system
and use the skew-product (semi)flow approach (see [34]) to describe it.

Dynamics with choice is a language to describe processes where different strategies
could be applied or happen. Most of mathematical models in natural sciences and
engineering are expressed in terms of differential equations. Those equations are
often continuous limits of discrete equations. Continuous case is easier for qualitative
analysis. However, there are situations where discrete equations describe the processes
better. Every realistic model comes with parameters. We are interested in situations
where parameters may change due to, e.g., internal instability or outside intervention.
In an illustrative example in section 6.1, the coefficients a and b are proportional to the
biting rate of mosquitoes which depends, for example, on temperature and humidity
which may change from day to day and during the day.

We study long-term regimes in dynamics with choice. More specifically, we define
and study global compact attractors in dynamics with choice. By a global compact
attractor we mean the minimal compact set that attracts all bounded sets,
see section 2.1 for definitions and references. Thinking in terms of a model with pa-

rameters, assume we know that for each admissible fixed (in time) set of parameters



the system possesses a global compact attractor. What happens when the parame-
ters switch between admissible values? Is there an attractor? How is it related to
attractors corresponding to fixed parameters? Is there a Gestalt effect? These are
the questions we address here.

There are many real life and engineered systems that switch between different
modes of operation (the so-called hybrid systems). When the behavior in each mode
is modeled using continuous dynamics and the transitions are viewed as discrete-time
events, such systems are called switching or switched. Analysis and especially control
of switching systems is an area of intensive research, see, e.g., Liberzon’s book [28] and
the survey by Margaliot [30]. There is a natural affinity between switching systems
and dynamics with choice (see, e.g., [23]).

Readers familiar with iterated function systems, [17, 8|, may wonder if there is
a connection between iterated function systems and dynamics with choice. Indeed
there is, but we have to establish it. For the connection between the attractor in
dynamics with choice and the attractor of the corresponding IFS (fractal) see section
3.2.1.

Our interest in dynamics with choice has not been motivated by fractals. We
would like to understand the long-term behavior in dynamics with choice. We assume
that X is a complete metric space (with metric d), the operators S;, for j € J are
continuous, and each of the (semi)dynamical systems (X,d, S;) possesses a global
compact attractor. Consider the corresponding dynamics with choice as the dynamics
on the product metric space ! X = X x X generated by the operator & acting according

to the rule (1.1). From general theory (see section 2.1) we know that a system ought

1Y} can be equipped with a metric making it a compact metric space, see Section 3.1 for a specific
choice. We denote here by dist the corresponding product-metric on X x X.



to enjoy certain compactness and dissipativity properties in order for it to possess
the global compact attractor.

In general, even when the individual systems (X, d, S;) do have attractors, the
system (X, dist, &) will not have a global compact attractor. There are several reasons
why. One counter-example we borrow from [3] (where it is used in the context of IFS).

Take X = R with standard metric d and define two maps, Sy and 57, as follows:

0, if x <0, —2z, ifx <0,
Solz) = Si(z) =
—2zx, ifx>0 0, ifx >0
Each of the systems (X, d, S;) has the global compact attractor, a singleton {0}. At
the same time, the trajectory @, = Symn—1) © Swmn-2) 0 - - © Sw()(zo) corresponding to
the periodic string w = 010101 ... is unbounded for any initial point xy > 0. Hence,
there is no compact attractor attracting (zg, w).

The second example is infinite-dimensional. Let By = By(pg) and By = Bi(p1) be
two disjoint closed unit balls centered at py and p; in an infinite-dimensional Banach
space. Let X = By U Bj. Define the maps Sy and S; as follows: on By the map .5 is
a contraction and it maps By to By; the map S; is a contraction on B; and maps By
to By:

po+ 3 (x—po), ifx € By, pi+:(x—p), ifze By,
So(x) = ’ Si(x) = 2

po+(x—p1), ifrxeb p1+(x—po), ifxe DBy

The system (X, d,Sy) does have the global compact attractor, {po}, and (X,d, S)

does have the global compact attractor, {p;}. The corresponding dynamics with



choice, (X, dist, &), does have the global closed attractor, namely, X, but does not
have the global compact attractor.

In the first example, the maps are compact (which is good), but they do not have
a joint bounded absorbing set (lack of dissipativity in (X, dist,S)). In the second
example, there is a joint bounded absorbing set, By U By, but there is not enough
compactness (the maps S; are not compact, not contracting, and, more generally, not
condensing).

These examples show what kind of situations do not allow global compact attrac-
tors in the dynamics with choice. Thus, we make additional assumptions. First, we
assume that there exists a bounded absorbing set that absorbs every bounded set
regardless of the strategy. In applications, an absorbing set is usually a ball of the
radius that depends on the parameters of the model. Our “dissipativity” assump-
tion means that there is a common estimate on the radius for different values of the
parameters.

Our second, “compactness” assumption is that each of the operators S; is con-
densing with respect to a common measure of noncompactness. This assumption
covers practically all situations encountered in applications: contractions, compact
operators, and compact plus contractions. As their name suggests, measures of non-
compactness measure how far a set is from being compact. There are several different
measures of noncompactness in use, [1]. For example, the Hausdorff measure of non-
compactness of a set A is the infimum of € > 0 such that A has a finite e-net. In what
follows we use only very general properties shared by all popular measures of noncom-
pactness, see Definition 4 in section 2.2 below. Let ¢ be a measure of noncompactness

(as in Definition 4). An operator S : X — X is condensing with respect



to ¢ iff ¥(S(A)) < ¥(A) for any non-compact set A, and ¢¥(S(A)) = p(A) =0if A
is compact.

These two assumptions are enough if 7 is a finite set. In general, if J is an
infinite set, possibly uncountable, we need an additional assumption concerning their
dependence on the parameter j. We assume that there exists a finite partition of
the set J such that on each of the partition sets the operators depend uniformly
continuously on the parameter j.

Our assumptions on the state space and the operators guarantee that, for every
fixed j € J, the discrete dynamics generated on X by S; does possess a global
compact attractor (in X). More generally, as we show in sections 3.3 and 3.3.1, it
makes sense to define individual attractors, A, corresponding to every string (infinite
path in the tree of choices) w € ¥. The attractors generated by each S; correspond
to “constant” strings, w = jjj.... It is not hard to see that such attractors do not
exhaust the projection onto X of the attractor in dynamics with choice (we call the
projection K). There are situations when the union of all A, is K (this happens, in
particular, when S;’s are strict contractions). However, in general, the union (J A,
is strictly smaller than K. We give an example of this in section 3.3.1. In th:efases
when |J A, is strictly smaller than K we say that there is a Gestalt effect, i.e.,
“the vzfu}f(?le is greater than the sum of its parts.” This is a new phenomenon. It has
not been observed in the framework of Iterated Function Systems because, as we show
in Lemma 24, the Gestalt effect cannot occur when operators S; are contractions.

An important generalization of dynamics with choice is dynamics with re-

stricted choice. The name should indicate that not all strategies (sequences w =

w(0)w(l)--- € X) are allowed. In particular, we consider the sets in 3 that are closed



and shift invariant, i.e., subshifts, see [29, 20]. Given a subshift A C 3, we consider
the dynamics on the product-space X5 = X x A generated by the map & as in (3.5).

Restricted dynamics of a sort has been considered previously, see [32, 31]. For
example, the graph directed Markov systems of [31] describe iterations of uniformly
contracting maps indexed by the edges of a directed (possibly infinite) graph. In this
case there is a correspondence between the points of the limit set and the infinite
walks through the graph (the coding space). Similarly, the directed IFSs discussed in
[9] are defined with the help of the aforementioned correspondence, and the fractal
(or attractor) K, (the projection onto X of the attractor in dynamics with restricted
choice) is understood in terms of the map from the code space to K as the image of
A, [9, Theorem 4.16.3]. The correspondence between the points of the code space,
Y., and the points of K is possible because the maps are contractions (right away, or
eventually). Our approach gives a new and more general view on restricted dynamics.
We justify the name — attractor — and unveil attractors’ more subtle structure. This
new approach allows us to work in a much more general setting and with transfor-
mations that are not contractions. We do not have and do not use a map from the
code space into the attractor.

We should mention the paper of Andres and Fiser, [2]. They use their result
of [3] on the existence of the fractal (the set K in our notation) for an IFS with
compact operators S; to conclude that fixed time solution operators of systems of
ordinary differential equations could play the role of maps generating the IFSs. As an
illustration they use five two-dimensional systems of ODEs to produce five operators
(incidentally, contractions, as noted in [2]) and plot the corresponding dragon-tail-like

fractal set. Although their message is that IFSs and fractals can be generated



by solution operators of ODEs, their examples can serve as an illustration for our
dynamics with choice attractors.

Our definitions of dynamics with choice and dynamics with restricted choice as
skew-product semi-flows fit in with the theory of non-autonomous semi-dynamical
systems, see [34, 14, 21, 22] and references therein. In chapter 5 we explain how
our attractors are related to the forward and pullback attractors in that theory. We
should mention the paper of Cheban and Mammana, [13], on discrete inclusions
uiy1 € F(u;) where Fi(u) = (U, fj(u) and {f;} is a collection of maps. In [13], the
authors view such an inclusion as a non-autonomous system and arrive at essentially
the same skew-product flow as our dynamics with choice. Motivated by iterated
function systems, they consider only contracting (exponentially, after a finite number
of iterations) maps f;, prove the existence of a global attractor, and discuss some of
its properties.

Numerics for dynamics with choice is a very interesting but difficult subject. In
chapter 6 section 6.1, we apply the theory to a specific example of a discrete Ross-
Macdonald type model of malaria transmission. The model can be viewed as a time
discretization of the ODE model, or as a pre-ODE form of the model. The reason we
have chosen this model is because it is simple and we can visualize all the attractors.

More general compact and condensing operators will be needed in the study of
dynamics with choice related to nonlinear dissipative partial differential equations,
which I plan to address at a later time.

Structure of the thesis. In the following chapter, we give a brief introduction
on notions of a global compact attractor, an iterated function system, and a pullback
and a forward attractors in nonautonomous systems. The mathematical setting for

the dynamics with choice is explained in chapter 3. We prove the existence of the
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global compact attractor in dynamics with choice and obtain its properties by looking
at the connection with IFS. Dynamics with restricted choice is explained in chapter 4
and in chapter 5 we show that under additional assumption the attractor of the IF'S is
the pullback and forward attractor of the corresponding nonautonomous system. In
chapter 6, we give an illustration for the theory of dynamics with choice, and explain
in details how numerical computations were performed. In what follows, we use [J to

denote the end of the proof.



Chapter 2

THEORY

2.1 Attractors

In applications, dynamical systems aspire to describe the real life systems. Continuous
dynamical systems are usually represented by differential equations while difference
equations represent discrete dynamical systems. Here we deal with discrete dynamics.
Let Y be a complete metric space with distance dy, and let & : ¥ — Y be a
continuous, bounded map ("bounded’ means the image of a bounded set is bounded).
[terations of ®, ®", generate dynamics on (Y, dy ). We will denote the corresponding
discrete semidynamical system by (Y, dy, @), or simply (Y, ®). It is useful to consider
not only the dynamics of individual points under the action of ®, but, more generally,
the dynamics of bounded sets. The collection of all bounded subsets of Y are denote

by B(Y). We say that the set A € B(Y') attracts the set B € B(Y) if

dist (@"(B), A) — 0,

n—oo

11
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where the one-sided distance between two sets is understood as follows:

dist (C, A) = sup dy (y, A).

yeC
Definition 1. We call a set 9t C Y the global compact attractor of the system
(Y, dy,®) if

e M is compact,
o M attracts every bounded subset of Y,
e M is the minimal set with these two properties.

There are several books devoted to the subject of global attractors. Our pre-
sentation given here is closer to [25]. We give results on the existence of global
compact attractors and certain properties that they exhibit. We refer the reader to
[5, 16, 25, 26, 35| for the proofs of the results presented here.

For a system to possess a global compact attractor, it should enjoy certain prop-
erties, namely, some form of compactness and some dissipativity. Here is the basic

existence (and uniqueness) result:

Theorem 2. The semidynamical system (Y, dist, ®) has a global compact attractor if

and only if it enjoys the following two properties:

1. (“compactness”) For every bounded sequence (yi) in Y and every increasing
sequence of integers ny — +oo, the sequence ®™(yx) has a convergent subse-

quence.

2. (“dissipativity”) There exists a bounded set B C'Y which absorbs every bounded

set in the sense that for every A € B(Y) there exists m(A) > 0 such that
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d"(A) C B for alln > m(A).

Some of the basic properties of a global compact attractor are collected in the following

theorem:

Theorem 3. Assume that 9 is the global compact attractor of the semidynamical

system (Y, dist, ®). Then

1. M is the union of all possible limits of sequences of the form @™ (y), where ys

18 a bounded sequence in'Y and nj, — 00.
2. M is (strictly) invariant: ®(MM) = M.
3. 9M is the union of all closed bounded sets A with the property A C ®(A).

4. M is the maximal closed set with the property A C ®(A); in particular, I is

the mazimal (strictly) invariant closed set.

5. Through every point y € M passes a complete trajectory, i.e., there exists a
two-sided sequence ...,y _2,Y_1,%0,Y1,--- of points in IM such that yo =y and

Ymi1 = P(ym) for all integers m.
6. M is the union of all complete, bounded trajectories in'Y .

In applications, people do not verify the “compactness” property of Theorem 2 di-
rectly. Instead, they use one of the known sufficient conditions that imply it. Three

of the most useful sufficient conditions are:

e $ is a compact map: ® : Y — Y is continuous and maps bounded sets into

relatively compact sets;
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e S is a contraction: dx(S(z),S(y)) < vdx(x,y) for some positive v < 1 and for

all z,y € X;

e in the case Y is a Banach space, ® is a sum of a compact operator and a strict

contraction.

Compact ® arise, e.g., in the finite-dimensional dynamics described by differential
or difference equations, or, in the infinite dimensional case, in dynamics described
by parabolic equations. The “compact + contraction” ® appear, e.g., in hyperbolic
problems with damping. Each of the three sufficient conditions implies that & is
condensing with respect to some measure(s) of noncompactness. Below we give a
brief account of the facts we need and refer to [1] for more details on the measures of

noncompactness.

2.2 Measures of noncompactness

Measures of noncompactness assign real non-negative numbers to bounded sets with
value 0 assigned exclusively to relatively compact sets. The basic examples are the
Kuratowski measure of noncompactness o and the Hausdorff measure of noncompact-
ness x. By definition, a(A) is the infimum of numbers € > 0 such that A admits a
finite cover by sets of diameter less than e. The number x(A) is the infimum of those
€ > 0 for which A possesses a finite e-net in Y. In this paper we adopt the following

definition of a general measure of noncompactness (our definition differs from that in

[1])-

Definition 4. A function ¢ assigning non-negative real numbers to bounded subsets

of (a complete metric) space Y will be called a measure of noncompactness iff it has
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the following properties:
(i) Y(A) =0 if and only if A is relatively compact;
(i) If Ay C As, then (A1) < 1p(As) ;

(i1i) (AL U Ag) = max {(A1), ¥(A2)} ;

(iv) There exists a constant (1) > 0 such  that

[W(A1) — Y(As)] < e(v)dy(Ay, As), where dy is the Hausdorff distance,
dy(Ar, As) = max {dist (Ay, Ay), dist (As, Ay)}.

Note that property (iv) implies that the measures of noncompactness of a bounded set

and its closure are equal:

(v)  U(A) =(A) .

Both « and x enjoy all these properties. An example of a set which has a non-zero,
finite Kuratowski and Hausdorff measures of noncompactness is a unit ball (B) in
an infinite dimensional Banach space. In this case, a(B) = 2 and x(B) = 1, see
[1, Theorem 1.1.6]. For applications of measures of noncompactness in spaces of
continuous functions, differentiable functions, integrable functions, etc., see [6] and

references therein.

Definition 5. A continuous bounded map ® : Y — Y 1is called condensing with
respect to the measure of noncompactness 1 (we also say ® is -condensing) iff
W(P(A)) < P(A) for any bounded A, and Y(P(A)) < P(A) if Y(A) > 0 (i.e., if

A is not compact).

Theorem 6. Consider the system (Y,dy, ®). Assume that ® is condensing with

respect to some measure of noncompactness 1 and that there exists a bounded set B
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which absorbs every bounded set (this means the set B will eventually contain the

image of any bounded set). Then (Y,dy, ®) possesses a global compact attractor.

This is a corollary of the general Theorem 2, because a 1-condensing map possesses
the “compactness” property of Theorem 2. In the case 1 is the Kuratowski measure
of noncompactness, the theorem above is proved in [33, Theorem 32].

Proof. Since B is an absorbing set, it is left to show “compactness” property of
theorem 2. To do this, we have to show that every sequence ®"(z},), for (x;) bounded
and np — o0, has a convergent subsequence. Let C be the set of all sequences
{®™ ()}, with ny — oo, and let s = sup{¢)(p) |p € C}. The claim is that there
exists an element, p* € C, such that ¢)(p*) = s. To show this, pick a sequence (p;) € C
such that ¢ (p;) /" s. We can write p; = ;- ®" (21). Now, let j; = U o (27)

and notice that

0(py) = v (Ui 0t e])) = max {o (U3, 0" e])) s o (U, @4 (a]) ) §

= (U0 @74 ) = v(5y)
(2.1)

Let p* = U;2, pj. Then,

oo ) ) ' oo k-1 ; ‘
r=U U @) = J UJeweh.
j=1 k=j+1 k=2 j=1

The second union in the last term is finite, and therefore p* € C' and ¥(p*) < s.

Since,

w(p*):maX{¢(p1)7.--,¢(pm),@/}( U @)},

j=m+1
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it follows that ¢ (p*) > 1 (p;), for every j. Therefore, )(p*) = s. This proves the claim.
Now, let p* = {®" (xy,) | @+ (x;) € p*}. We have that p* € C' and ¥(p*) < s. Also,
we have ®(p*) = p* and s = ¢(p*) = ¢ (®(p*)) > ¥(p*). Since  is condensing map,
it follows that ¢(p*) = 0, i.e., s = 0. Thus, the theorem is proved. O

If Y is a product of two complete metric spaces, (Y7,d;) and (Ys,ds), then we

choose

dy ((y1, v5), (1, v3)) = di((y1, y1)) + da((vh, ¥3))

as a metric on Y. If ¢; and 1, are the measures of noncompactness on Y; and Y5

respectively, then we define

¥(A) = max {1 (pr, A), Pa(praA)},

to be the measure of noncompactness on the product space, where pr;, is a projection
on Y}, defines a measure of noncompactness on Y = Y] x Y;. To see that 1 is well-
defined, we will show that all four properties in definition 4 are satisfied. Let A be
a subset of Y. If A is relatively compact, then both projections, pryA and pr,A,
are relatively compact and we have 1(A) = max {¢1(pr; A), ¥a(pryA)} = 0. On the
other hand, if ¥/(A) = 0, then both, ¢;(pr;A) = 0 and 19(pryA)=0, which implies
that pry A and pry, A are relatively compact, and therefore A is relatively compact. To
prove property (i), let A; and As, be such that A; C Ay. Obviously, pr;A; C pr;As,

and therefore v;(pr;A;) < ¢;(pr;As) for i = 1,2. Since

Y(A;) = max {11 (pr, 4;), Pa(pradi)},
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then if, for example, ¥(A;) = ¥o(pryA;r) and (Az) = 1(pryAs), we know that
(A1) < ¥(As) because we have 19(pryAd;) < o(pryds) < i(pryAz). All other
possibilities are either obvious or similar to this one. This proves property (ii) of
definition 4. For the remaining of the proof, A; and A, are arbitrary subsets of Y.

Property (i) is very easy to show

(A1 U Az) = ((pryAr UpryAs) x (praAs Upryds)) =
max{max{t1(pr; A1), ¥1(priAz) }, max{es(prydr), vo(prode)t =
max{max{t1(pr; A1), a(pryA1)}, max{ir (pryAz), ¥2(prods)}t =
max{t) (A1), (Az)}.

(2.2)

Property (iv) follows immediately if (A1) = 11(pryA;) and ¥(Ay) = ¥ (pr; As), or
W(Ay) = a(pryAr) and 1P(Ag) = 1ha(prydsy). It takes an extra step to prove property
(7v) in the case ¥(A;) = ¥ (pryA;) and ¥(Az) = a(pryAs) (or A; and A, changing

places). Assume, wlog, 1 (pryA;) > ¥a(pryAs). Then we have:

1 (pryAr) — Ya(prods) < iy (priAs) — ¢ (pryAs) + Y1 (priAs) — a(pryAs)
< c(¥1) du(pryAr, pryAs) + 1(pryAz) — a(pryAs) (2‘3>
< C<1/}) dH(A17 AQ)?

where ¢(¢) = max{c(¢1),c(v9)}. The last inequality follows since ¢ (pr;As) —
a(pryds) < 0 (assumed above). O
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2.3 Iterated Function Systems

Traditionally, an Iterated Function System (IFS)? is associated with a space X (usu-
ally X = R"), and a finite number of maps Sp, Si, ..., Sy—1 : X — X (usually S;’s
are linear contractions, see [8]). The IFS (X; Sy, Si1,...,Sv-1) can be viewed as a
discrete dynamics on the space 2% (of subsets of X). The evolution is generated by

means of the Hutchinson-Barnsley operator:

F: A F(A) = Se(A) USi(A)U---USy_1(A). (2.4)

Following a long-standing tradition, people studying dynamics are first of all in-
terested in fixed points. In the case of an IFS, those are the fixed points of the
Hutchinson-Barnsley operator. As has been well illustrated by Barnsley, for many
simple IF'Ss on the plane one can use a computer to plot their compact fixed points
(sets) and obtain fascinating fractals. An example of a fractal is given in figure 2.1

which is generated by the map F starting from a point (0,0)

SO €,y

0.15z + 0.28y, 0.262 + 0.24y + 0.44)

(z,y) = (0,
Si(z,y) = (0.22 — 0.26y, 0.23z + 0.22y + 1.6)
Sa(@,y) = (=

(z,y) = (

0.85z + 0.04y, —0.04z + 0.85y + 1.6)

S3 z,y

For more examples on fractals, see [8, 9]. Generating fractals is one of the main
motivations in the study of IFSs. In some papers a fractal is defined as the compact

invariant set of an IFS, see [9] and references therein.

2We use the abbreviation IFS for single and IFSs for plural forms.
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Figure 2.1: Fractal Fern

To prove that an IFS does have a fixed point, the general definition should be
made more specific. One needs to specify the properties of the space X the space 2%
should be narrowed to an appropriate class of subsets; assumptions should be made
on the operators Sy, S1, ..., Sy_1. As an example we state the original result of

Hutchinson, [17, Section 3].

Theorem (Hutchinson). Let X be a complete metric space (with metric d). Denote
by B(X) the space of all non-empty closed bounded subsets of X. Assume that each
operator Sy, Si, ..., Sn—1 is a strict contraction (i.e., there is a number v € (0, 1)
such that d(S;(x), Sj(y)) < vd(z, y) for every pair x,y € X and for all j). Define

the evolution operator F: B(X) — B(X) by the formula

F: A F(A) = Sy(A)USi(A)U---USy_1(A). (2.6)

Then there exists a unique fized point K € B(X) of F. Viewed as a subset of X,

the set K is compact. Also, K attracts every closed bounded subset of X in the sense
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that, for any C € B(X),

dg(F"(C), K) =0 as mn— oo,

where dy is the Hausdorff distance.

The IFS with contractive operators S; are called hyperbolic. Over the years this
result has been generalized in many different directions (different assumptions on X
and/or S;), see [4] for references. When the system has infinitely many operators
{S;}jez, it is called an infinite iterated function system. In this case, the Hutchinson-

Barnsley operator is defined as a closure of an infinite union:

F(A) =] S;(4).

jeT

For an example of an IFS with infinitely many contractions S;, see [27].

2.4 Nonautonomous Systems

It has been known for a long time that non-autonomous dynamical systems can be
viewed as autonomous dynamical systems in a larger (state) space, and there are
many ways of achieving this. However, for the purposes of the analysis of the long-
term behavior of solutions, the most beneficial approach was suggested by G. Sell,
[34]. The modern abstract definition of a discrete non-autonomous semi-dynamical
system consists of a state space, X, a base (or parameter) space, P, amap 6 : P — P
that defines a dynamics on P, and a cocycle map ¢ : Z>o x X x P — X. The cocycle

map ¢ has the properties:
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1. p(0,2,p) =x

2. p(n+1,2,p) = o(n, (1, z,p),0(p)).

The skew-product dynamics is then understood as an autonomous dynamics on the

product X x P generated by the map

m(z,p) = (p(1,2,p),0(p)) -

In what follows, X and P are assumed to be complete metric spaces, and the maps
0 and p(1,-,-) are assumed to be continuous and bounded. Also, we assume that P
is compact and §(P) = P.

There is a considerable literature devoted to attractors of non-autonomous sys-
tems, see [14, 11, 21, 22, 12] and references therein. Several authors (e.g., [12]) view
the product X x P as a fiber bundle over the base P. Thus, it makes sense to define
the attractors fibered over P. The following definitions are compiled from [12, 22].

Let M be a collection of compact subsets M (p) C X parametrized by the points
of P.

Definition 7. M = {M(p)}pep is a uniform forward attractor of the non-autonomous

system (X, @, (P, Z>0,0)) iff
1) Uq:@(q):p 90(17 M(q)7 Q) = M(p);
2) The set J,cp M(p) is compact;

3) Hm sup,cp disty (p(n, B,p), M(0"(p)) = 0, for every bounded B C X and

n—-+

peP.

The following result follows from [22, Sec. 5]
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Lemma 8. Assume that the skew-product semi-dynamical system (X x P, m) corre-
sponding to the non-autonomous system (X, @, (P, Z>o,0)) possesses a global compact
attractor M. Then the slices M(p) = {x € X : (z,p) € M} form the forward

attractor.

In the theory of non-autonomous systems, serious attention is paid to the notion
of a pullback attractor because of its role in random dynamical systems, [15]. Usually
this notion is introduced under the assumption that the map 6 is a homeomorphism
on P. If # is not invertible, the usual definition is not applicable. However, the

definition can be extended to the case of non-invertible 6, as shown in [22].

Definition 9. M = {M(p)}pep is a uniform pullback attractor of the non-

autonomous system (X, p, (P, Z>o,0)) iff
1) Uq:@(q):p 90(]‘7 M(Q)? Q) = M(p))
2) The set |J,cp M(p) is compact;

3) Hm sup,cp disty (p(n, B,07"(p)), M(p)) = 0, for every bounded B C X and

n—-+4o0o

peP.
In this definition, 7" (p) is the set of all ¢ € P such that 6"(q) = p.

Lemma 10. Assume that the skew-product semi-dynamical system (X x P,m) corre-

sponding to the non-autonomous system (X, p, (P, Z>o,0)) possesses a global compact
attractor M. Then the slices M(p) = {z € X : (z,p) € M} form the pullback

attractor.

The lemma and its proof can be found in [22].



Chapter 3

DYNAMICS WITH CHOICE

In this chapter we define dynamics with choice and give very general sufficient con-
ditions for the existence of global compact attractor in dynamics with choice. Also,
we give an example of a gestalt effect by showing that, in our example, the union of

all individual attractors does not fill up the whole attractor in dynamics with choice.

3.1 Mathematical setting

Given a complete metric space (X, d) and a set of continuous and bounded operators,
{S;}jes, we can define dynamics with choice. We assume that j is an element of a
compact metric space, (J,d7), which we call the alphabet. We define ¥ 7 to be the
set of all one-sided infinite sequences whose elements are symbols in the alphabet 7.
Every w € ¥ 7 can be viewed as a map w : Z>o — J. Denote w = w(0)w(1)w(2)...,
where w(i — 1) is the i* symbol in the sequence w. On the space of one-sided
infinite sequences ¥ 7, we act with the shift operator o, which maps w to o(w) =

w(1)w(2)w(3)... (erasing the first symbol in the sequence).

24
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We consider strings (words) of finite length and one-sided strings of infinite length.
Denote by ¥* the set of all finite length strings (words), and denote by 37 the set
of all (one-sided) infinite strings. The word of length 0 is the empty word. Given a
string w € ¥* U X7, w(0) is the first letter of w, and w(k) is the (k + 1)-st letter
of w. The length of w is denoted by |w|. If w is a finite string and v € ¥* U X7,
their concatenation is denoted by w.u; if |w| = m, then (w.u)(m + k) = u(k) for
k=0,1,.... Foraw € ¥* and s € ¥* U X7, we write w C s if w is the beginning of
the string s, i.e., if there exists u € X* U ¥ 7 such that s = w.u. For an infinite string
s, its first n letters form a word denoted by s[n], i.e., s[n] = s(0)s(1)...s(n—1). The
set of all words of length m will be denoted by X7 .

Define a metric dy, on X7 as follows. If w,s € ¥ 7 then

sy (w,5) = 3~ 27 dy (o). w(). (3.1)

Lemma 11. ds, is a metric on ¥ 7. Moreover, (Xy,ds ) is a compact space.

Proof. Two sequences s, w € X7 are the same if s(j) = w(j) for all j, which then
implies that dx, (s,w) = 0. Similarly, if ds, (s, w) = 0 then dz(s(j),w(j))=0 for all
J, and s = w. Also, it is obvious that ds, (s, w) = ds, (w, s) and ds , (s,w) > 0. It is

left to show the triangle inequality. Let s, u,w € X 7, then for every j € N> we have

dg(s(7),w(5)) < dg(s(j),u(s)) + dg(u(j), w(s)).

If we multiply the inequality above by 277 and add over all j, we get
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szdj ' Z T dg(s +szdj w(j)), (3.2)

i.e., the triangle inequality

ds, (s,w) < ds,(s,u) + ds,(u,w).

To show that (X7,ds,) is a compact space, pick a sequence {w,} C X 7. Notice
that for each j, w,(j) is a sequence of points in the compact set 7, and therefore,
has a convergent subsequence. Thus, {w,(0)} has a subsequence converging to some
point, say w(0). Denote by {w,:} the subsequence of {w,} such that w,(0) —
w(0). Restricted to this subsequence, there exists a subsequence {wni} such that
{wn2(1)} converges to some point in J, call it w(1). Notice that w,:(0) — w(0),
since {wyz2(0)} is a subsequence of the convergent sequence {w,1(0)}. Proceeding
like this, we construct sequences {w,1} D {wp2} D {wys}... with the property that
Wy (1) — w(i) foralli = 0, ..., {—1. The claim is that the subsequence {w, } converges
to w = w(0)w(1)w(2)... in the given metric. For every e > 0 there exists an L such
that 3222, 277 < 557 where M = sup, ,c 7 ds(z,y), and there exists an N > L such

that VI > N, we have Z 1277 d g (w, 1(j),w(j)) < 5. Then, we have
s, (w,0,0) = 20 279 dg(w,g(j), w())
= 2500 27 dy(wy(7), w(i) + 352, 277 dyg(w,y(7), w(d)) (3.3)

SEH MY 27 S5+ Mugy <e

_€_
2M
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The claim and the lemma are proved. 0

We can extend the metric dy, to the space ¥ 7 U X* as follows. First, add an
auxiliary point, say @, to the set J and extend the metric ds to J = J x {Q} by
postulating ds(j, Q) = diam J, Vj € J. Next, embed ¥; U X" into ¥ ;7 by leaving
the strings from Y as they are and attaching an infinite string of @)'s to the finite

words from >*:

U — U if ued

u— u.QRQAQQ... if uedX*

(3.4)

Define a metric on ¥ 7 as in 3.1.
Lemma 12. X7 U X" is a compact subset of ¥ 5.

Proof. Since ¥ 7 is compact by Lemma 11, it remains to show that the set ¥ 7 U ¥*
is closed. Let w, be a sequence in X7 UX* which converges to some point w. If w, is
a sequence of infinite strings then w is an infinite string, and by Lemma 11, w € ¥ 7.
If w, has a subsequence of finite strings then, there are two possible cases. w is a
finite string or w is an infinite string. If w is a finite string, then there must exist a
subsequence w,, whose lengths are |w|. Hence, the corresponding strings w,, € X ;7

have the form w,, .QQQ. Since w,, — w,

Wy, — W = w.QQQ.

w € X7 because ¥ 7 is compact, and therefore w € ¥*. On the other hand, if w is an
infinite string, w € X7 if only if w(i) # @ for all integers ¢ > 0. Suppose there exists
an N such that w(N) = @. Then, there exists an infinite subsequence w,, — w such

that either w,, (N) = Q or w,, (N) — @ with w,, (N) # @ for all k. In the first
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case, we get that w,, are strings whose lengths are at most N. This is impossible
because the lengths must increase to infinity. The second case is impossible because
d7(j,Q) = diam J for all j € J. A contradiction. Hence, w € 3. O

When J has finitely many elements, the metric ds, on X7 can be reduced to a

metric dys (w,s) = i 277 dz(s(j),w(4)), with d7(s(j),w(j)) = 1 if s(j) = w(y),
and d7(s(j), w(y)) :JE) if s(j) # w(j). This metric is equivalent to the metric used in
(18], where the distance between two sequences is 27V, if N is the smallest integer j
such that s(j) # w(j). The shift operator, o : X7 — ¥ 7, acts on w € X7 by deleting
its first symbol. It is easy to show that this action is continuous. Actually, we have
ds,(0(s),0(w)) < 2ds, (s, w).

In the following chapters, we denote the space ¥ by ¥ and the metric on it by

dx.

3.2 Attractors for Dynamics with Choice
Definition 13. Dynamics with choice® is a discrete-time dynamics on the product
space X = X X X generated by the evolution operator S : X — X:

S(a,w) = (Suioy, o (w)). (3.5)

This map is obviously continuous and bounded. Because we will consider itera-

tions of G,

3Originally, we distinguished the cases when there are finitely many operators (which we called
dynamics with choice [18]), and infinitely many operators (which we called dynamics with a range
of choice [19]). We do not distinguish the two cases unless otherwise specified and we refer to it as
dynamics with choice.
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G (33, u) = (Su(nfl) ©---0 Su(l) © S“(O) (.T), Un(u)) )

we introduce the notation

Sw = Ow(n-1)° "0 Sw(l) © Ow(0) »

if w is a word of length n. Thus, we can write &" (x,u) = (Sup (), 0" (u)).

We have the following additional assumptions on the operators .S;.

Assumption 1. Assume there is a closed, bounded set B C X such that for every
bounded A C X there exists m(A) > 0 such that S, (A) C B for every word w of

length n > m(A).

[In applications B is usually a closed ball of radius that depends on the parameters
of the model. Showing that for different values of the parameters there is a common
estimate on the radius is enough to verify Assumption 1.

Let ¢ be a measure of noncompactness as in Definition 4.
Assumption 2. Assume that each operator S; is 1-condensing.

Note, that Assumptions 1 and 2 are enough to prove the existence of a global
compact attractor in dynamics with choice when J is finite. Since, in general, we
allow an infinite number of maps S;, we need an additional assumption concerning

their dependence on the parameter j.

Assumption 3. There exists a finite partition {7, 1];\/i1 of the set J , with J, compact,
such that for any closed, bounded A C X, the maps S;, restricted to A, depend

uniformly continuously on j when j changes within each of the sets J,. More precisely,
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gwen a closed, bounded A, for every p and every € > 0 there is a & > 0 such that

sup dx (Si(x), S;(z)) < € provided i,j € J, and dz(i,j) < 6.
€A

We are going to apply Theorem 2 to prove the existence of the attractor in the
dynamics with choice (X, &). Our Assumption 1 gives the absorbing set B =B x J
in X. It remains to show that the map & is condensing with respect to some measure
of noncompactness 1)x. Because the parameter space J is compact, there is a natural

choice for Y%, namely,

VYx(€) = Yx(pry(€)),

where pry(€) = {r € X : (z,u) € €, for some u € ¥ 7}. We showed in 2.2 that ¢x
enjoys the properties (i), (ii), (iii), and (iv) of the measures of noncompactness. With

this choice of ¥ we prove the following fact.
Lemma 14. The map S is ¥x-condensing.

Proof. Let € be a closed, bounded subset of X. Its projection on X, C' = pry(€), is
closed and bounded in X. Pick an ¢ > 0. By Assumption 3, there is 9 > 0 such that
sup dx (Si(x), S;(z)) <€, and hence dy(S;(C), S;(C)) <€, provided dy(i,7) < ¢ and
zeC

i and j lie within the same set J,. Let Zs = {i1,...,ig} be a finite é-net in J. We

have

Uz (6(€)) < ¥x (U Si(0)> = max ¢y [ [ JS(C) | =vx | U Sd(O)] .

: 1<p<M . )
ieJ i€Jp 1€Jp

for some py. Now, since

ox (U sio))-ux | U sio) ]| = coman | U sen U si)

i€Tpg §E€TpeNTs i€Tng JETpeNTs
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and dy U Si(C), U S;(C) | <€, we obtain

i€ 0 €T s
Ve (8(@) <ux | | SiO) ] +elwx) e = vx(Si(C)) + e(tox) e,
JE€TpoNTs

for some i € J,, N Zs. Hence,

Yz (6(€)) < Yx(C) +c(vx) e,

and the inequality is strict if C' is not relatively compact. Since x(€) = ¢ x(C) and

€ was arbitrary, lemma is proved. 0

Corollary 15. For every bounded set A C X, there exists a jo € J such that

Ux(Ujes 95(A)) < ¥x(550(A)), and x(U;es Si(A)) < ¥x(S5(A)) iff $x (55, (A)) >
0.

Applying Theorem 2 we immediately obtain the following result.

Theorem 16. Let X be a complete metric space and let S;, for j € J be a compact
metric set, be continuous, bounded (i.e., take bounded sets to bounded sets) maps
X — X. In addition, let assumptions 1, 2, and 3 be satisfied. Then the system
(X, dist, ©) has a global compact attractor, .

The attractor O has the following properties.
(1) M is (strictly) invariant: S(IM) = M.

(2) M is the union of all closed bounded sets A C X with the property A C G(A).
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(3) M is the mazimal closed set with the property A C &(A); in particular, M is

the mazimal (strictly) invariant closed set.

(4) Through every point (z,w) € I passes a complete trajectory. This means
there exists a two-sided sequence ...,r_9,x_1,%g,x1,Ta,... of points in X and
a two-sided infinite string . ..s(—2)s(—1)s(0)s(1)s(2) ... such that x(0) = = and
5(0)s(1)s(2) - -+ = w(0)w(1)w(2) ... and such that Ssw)(x,) = Tp1 for every

mnteger n.

(5) M is the union of all complete, bounded trajectories in X.

3.2.1 Connection with IFS

Given the state space X and operators S}, there are two ways of describing dynamics
generated by the corresponding IFS. First, one can follow the trajectories of bounded
subsets of X under the iterations of the Hutchinson-Barnsley map F' ( here we consider

the map for the infinite union, i.e.,

FA) = | 55(4)).

jeJ
We denote such system by (X, d, F'). The notion of the global compact attractor as
the minimal compact set that attracts all bounded sets, is well-defined for (X, d, F).
The second possibility is to choose the space of closed bounded sets, B(X), as the
state space of the system and study the dynamics of its points under the iterations
of F. As a rule, B(X) is equipped with the Hausdorff distance dy. Thus we obtain

the second system, (B(X), dy, F). It turns out that from the point of view of global

compact attractors the dynamical system (B(X),dy, F') is not very interesting (be-
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cause convergence in the Hausdorflf metric is too strong). It possesses an attractor
(in the sense we use here) essentially only if the maps S; are contractions, so then
the attractor is just one point in B(X). For more general S;, it makes more sense to

study the fixed points of F.

Theorem 17. Make the same assumptions on the space X and operators S; as in

Theorem 16. Then

(1) The IFS (X,d,F) does have a global compact attractor, K.

(2) The set K is the largest compact set in X which is invariant under the
Hutchinson-Barnsley map F, K = F(K).

(3) The attractor M of the dynamics with choice has the following product structure:

M=K x 3.

In the extensive literature on IFSs the main question is the existence of “the frac-
tal,” i.e., the maximal compact set invariant under the Hutchinson-Barnsley operator
F. This corresponds to the second assertion of our Theorem 17. We believe that
viewing “the fractal” of an IFS as the attractor of the dynamical system (X, d, F) is
beneficial to the theory of IFSs. This approach, in particular, points to the “right”
assumptions on the space X and the operators 5;.

The following lemma is needed for the proof of the theorem. A version of its proof

can be found in the proof of [16, Lemma 2.3.5].

Lemma 18. For any bounded sequence x,, and any sequence w, of finite lengths
increasing to infinity, under assumptions 1, 2, and 3, the sequence Sy, (x,) has a

convergent subsequence.
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Proof. Let {z,,} be any bounded sequence in X and {w,} C X* be a sequence of
finite strings whose lengths are increasing to infinity. There exists a subsequence of w,,
which converges to w € . Wlog denote this subsequence by w,,. Then by assumption
1 there exists m({x,}) such that S,, (z,) C B for all n with |w,| > m({z,}). Now,

find m(B) and define

B= |J s.B)

m(B)
Clearly, any positive trajectory of the set B is in B, i.e., for a word v of any length we
have S,(B) € B. Let m = m({z,}) +m(B), and let s,, be such that w, = w,[m].s,.
If we let y, = Su,[m)(%n), then y, C B. It is left to prove that the sequence S, (Yn)
is precompact.

*

Consider the union of positive trajectories of B for all possible choices of w € ¥

Co=BulJ |J s.(B).

n>1lvel?

Define inductively

Conr = S5 (Cn).
JjeJ

WehaveC’oDC'lDCQD....

Let $ denote a collection of all sets A C B that can be written in the following way

A= U A, where A, is a finite (or empty) subset of C,, .

n>0

Next we will show that every A € § is relatively compact. Since the sequence S, (y,)

is in $ then our lemma will be proved.
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Let A* € $ be such that x(A*) = supvx(A). This set exists, see the proof of
A€en

theorem 6 (also, see lemma 1.6.10 [1]). Denote A* = [J A’ such that each A* C C,,.
=0

n

Then for every p € A}, there exist a ¢ € C,—; and a j € J such that p = S;(q).
Denote by A, _; the resulting subset of C,,_; and by A = |J A,. Obviously, A € 9
n=0
and therefore we have 1x (A) < ¥x(A*). Consider the set F'(A) = |J S;(A). This set
JET
is in §) and it contains |J A . Since it follows from Corollary 15 that ¢x( |J S;(A)) <
n=1 jeJ

Yx(Sj,(A)), for some jy € J, then we have

Ux (A7) = Ux (| Ap) < ox(F(A)) < 9x(Sj,(A)) < dx(A)

Above we used properties (i) and (iii) of ¢ x to show first equality, property (ii) for first
inequality, and last inequality follows since each operator S; is 1 x-condensing. If A is
not relatively compact, then ¢ x(Sj,(A)) < ¥ x(A), which implies ¢ x(A*) < ¢¥x(A).
This is a contradiction to x(A*) > ¥x(A). Therefore, we must have x(A*) =
¥x(A) = 0. This concludes the proof of the lemma. O
Proof of Theorem 17. Consider the IFS dynamics (X, d, F). This means that we
follow the dynamics of bounded sets under the iterations of F. Since the map F is
inherently multi-valued, we cannot apply theorem 2 to show the existence of a global
compact attractor. In order to do that, we need to define the w-limit set of a bounded
set (B C X), and prove that it is a nonempty, invariant, compact set which attracts

B. Notice that

F'(z)= | Su()

w*eXy

Therefore, we define w-limit set to be
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w(B) ={y € X |y =1lim S, (1), for (xx) C B, and (wy,) C £}

Lemma 19. For any bounded set B C X,

(1) w(B) is nonempty,

(i1) if A C B, then w(A) C w(B),

(11i) w(B) is compact,

(iv) w(B) is invariant in the sense that w(B) = F(w(B)),

(v) w(w(B)) = w(B)

(vi) w(B) attracts B.

Proof. For any bounded B C X, w(B) is a nonempty set by Lemma 18. Let
y € w(A), where A C B, then y = lim S, (z), for (z;) € A and any sequence
of finite strings w,,, whose lengths are increasing to infinity. Since, A C B, then
(xr) € B, and therefore y € w(B). This proves property (ii).

Note that w(B) can be characterized as follows. w(B) is the set of all y € X such
that for every ¢ > 0 and every integer k > 0 there exist an x € B, an n > k, and
a w* € 3 so that Sy«(z) € Oc(y) (where O(y) is the e-neighborhood of y). Yet

another way to describe w(B) is to consider the trajectory of B and its tails:

Dy=BU (UweE{Sw(B» U (Uwezgsw(B)) U..., D, = U (UweE:nSw(B)) :
m>n
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Clearly, Dy D D1 D Dy D .... It turns out that
w(B) =) Dn. (3.6)

Indeed, inclusion C is obvious. To prove the “D” part, pick a y in the intersection
of the tails and set ¢, = 27". In D, there is a point y; = S,,, (71), 71 € B, and
W, € X, such that d(yi, y) < €. In Dy, 41 there is a point y, = Sty (x2),
ma > myq, such that d (v, y) < €2, and so on. The limit of y, belongs to w(B), i.e.,

y € w(B). Therefore, w(B) is closed.

w(B) is invariant in the sense that w(B) = F(w(B)) = Ujes Si(w(B)). To show
this, pick an z € w(B). Then, there exist a sequence (z;) € B, and a sequence wy € X*
with lengths ny increasing to infinity such that x = lim S, (zx). The last symbol in
the words (wy) give a sequence wy(ny — 1) C J. Infinitely many elements of this
sequence belong to some [J,. This sequence has a convergent subsequence with limit,
say, jo € Jp. Wlog, denote the sequence again by (wg(ng — 1)) and the corresponding
sequence of words again by (wy). By Lemma 18, there is a subsequence of Sy, (n,—1) (%)
which converges to some y. In fact, y € w(B). Now, for every € > 0 there exists k
(large) such that d (x, Sy, (zx)) < 3, d(ka(nk_l) (ka[nk—u(l’k)) ,ka(nk_l)(y)) <Z.

and d (Suyne-1)(1), Sjo (y)) < & (follows form assumption 3). Then, we have

d(z,S;(y)) < d(x, Sw,(@k)) + d (Swpne—1) (Swrfne—1)(Tk)) + Swop (-1 (Y))
+d (ka(nk—1)<y>7 Sjo <y>) <€

(3.7)
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Since for every x € w(B) and every € > 0 there exists j € J such that

d(z,U;es Si(w(B))) < ¢ it follows that x € (J;c;S;(w(B)). To show the other

side of the inclusion, pick = € |J;. ; Sj(w(B)), then

r = S;(lim Sy, (7)) = lim S; (Swnk (zx)) = lim Swn, (k) € w(B)

Since, w(B) is closed and (J;c; Sj(w(B)) C w(B) it follows that (J;.; S;(w(B)) C
w(B). This proves property (iv).

To show compactness, note that

Ux(w(B)) = ¢x (U Sj(W(B))> < ¢x (S5 (w(B))) < ¥x(w(B)).

JjeJ

The first equality follows from the invariance of w(B) and Property (v) of Definition
4. The first inequality follows from Corollary 15, and the second inequality follows
since maps S; are condensing. The second inequality is strict only if w(B) is not
relatively compact, which would lead to a contradiction. Since w(B) is closed, it is
compact. This proves property (ii).

Let y € w(w(B)), then there exists a sequence (r;) € w(B) and a sequence of
finite strings wy, of lengths increasing to infinity such that y = lim S, (zx). Note
that for every k, Sy, (1) € F™(w(B)) = w(B). The equality follows from property

(1v). Now, for every e > 0, there exists k, such that d(y, S

wnk

(x1)) < e. Since, w(B)
is compact, it follows that y € w(B). Therefore, we have w(w(B)) C w(B). Now,
pick y € w(B). Then, y € F™(w(B)) for every n, > 0. Therefore, we can find a
sequence (zx) € w(B), and w,, with lengths |w,,| = ng such that for every k we
have y = S, (zx). Hence, y = lim S, (zy). This proves that y € w(w(B)) and the

property (v) is proven.
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To show that for every € > 0 there exists an m such that S, (B) C O, (w(B))
for all n > m, we argue by contradiction. Assume there exists an ¢y > 0 such that
Sw, (B) does not lie inside O, (w(B)) for infinitely many n. This means that there
is a sequence (zy) in B and a sequence ny /" +o0 such that Sy, (z1) ¢ O, (W(B)).
But we already know that S5, (zx) must have a convergent subsequence whose limit
must be in w(B). A contradiction. Therefore, w(B) attracts B. We showed property
(vi) which concludes the proof of the lemma. O

Now we return to the proof of theorem 17.

Claim: K = w(B) is the global compact attractor.

Let P be any compact subset of X. For every x € P, there exist an open ball
O,,(z) C P, and a positive number n, such that, for every w € 3, Sy (O;,(x)) C
B. From property (ii) of Lemma 19, it follows that w(O, (x)) C w(B). Now, let
{O,.(x)}zep be an open cover of P. Then, since P is compact, there exists a finite

subcover. Now, P C Ujvzl O,, () gives us

N

w(P) Cw (U Or].(xj)> C Uw (O, (z;)) Cw(B)

j=1

Since w(P) attracts P, a bigger set, K, attracts P. For any bounded set B, w(B)
is compact, and w(w(B)) = w(B) (follows from property (v) in the above lemma).
Also, w(B) C K. Hence, K attracts all bounded sets. K is the maximal compact set
invariant under F'. Suppose this is not true. Then, there exists a set A C K which
attracts all bounded sets and is invariant under F. Both A and K are compact,
therefore we can find € > 0 such that A\ O (K) # (. Since A is invariant, and K

attracts all bounded sets we have
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A =F"(A) C O.(K).

A contradiction. Therefore, K is the global compact attractor of the system (X, d, F)
which comes with all the properties listed in Theorem 3.

To prove that 9 = K x X we start by showing that the slices of the attractor
corresponding to different strings are all the same, i.e., the set {x € X : (z,s) € M}
does not depend on s.

All slices are equal. Recall that every point (z,s) in 91 is a limit of some sequence
G" (x, sx) with bounded (z) C X and 0™ (sy) converging to s. As we argued above,

we can write

G"* ($k, 5k> = (ka (xk>7 ot (sk)) )

where wy, is a prefix of length |wg| = nyg of the string sy, i.e., s = wy.0™ (s;). The
sequence S, (x)) converges to x and o™ (sy) converges to s. The limit of the pair

will not change if we replace s, by wy.s. Clearly, for any string v € ¥, we have

lim (Sy, (zg), 0™ (wg.u)) = (z,u) .

This proves that 9t = A x 3. The set A C X is compact because 9 is compact.
Since ¥ = |J;c 7 j.X and since (M) = M, we get S(AXX) = (U, Si(A4))x X =
A x X. In other words, A = J;c; S;j(A4). Because K is the maximal compact in X
with this property, we have A C K. On the other hand, §(K x ) = K x X. Since
A x ¥ is the maximal compact in X with this property, we have K C A, and hence,

A = K. This completes the proof of Theorem 17. U
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3.3 Individual Attractors

Every fixed strategy also generates a dynamics on X: if w € 3 is the (fixed)
strategy, then an = € X moves to Sy()(z), then to Sy (Sw(z)), then to
Sw@) (Sw) (Sw)(x))), etc. Denote this dynamics by (X,d,w). This is not a
(semi)dynamical system, but we should not worry about names. Certain impor-
tant notions related to the long-term behavior with natural adjustments still make
sense. For example, the individual, i.e., corresponding to an individual strategy w,

trajectory of a set B is the union
BUSun(B)U Sy(B)U ... .
We define the individual w-limit set of a bounded set B as
w(B, w)={y € X : y=1mSyp,(yx) for some sequence (y;) in B}.

By analogy with Definition 1, we say that a set A is the global compact attractor
of system (X, d,w) if it is the minimal set with the following two properties: A is
compact and A attracts every bounded set under the strategy w, i.e., for any bounded
B, we have lim,, ., dist (Sypm (B), A) = 0.

Next theorem establishes the existence of individual compact attractors, A,,, of
systems (X, d,w). Along the way we establish various properties of the w-limiting

sets w(B, w).

Theorem 20. Under the Assumptions 1, 2, and 3, every system (X,d,w) has the

global compact attractor, which we denote by A,. This attractor is the intersection
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of the closures of the tails of the trajectory of the absorbing set B,

Ao =) U Sum(B).

n>1 k>n

The attractor, Ay, is the union of all w(B,w) with bounded B.

Proof. We use some notation and keep in mind the argument from the proof of
Lemma 18. Due to Assumption 1, every bounded set eventually finds itself in the set
B and after that stays there.

Step 1. The w-limit sets of bounded sets are not empty.

Pick a point 2y € X and follow its trajectory, x, = Syp(z0). There will be a time
n such that z,, € B C Cp, and then inevitably z,,1 € C1, x,.2 € C5, and so on. By
Lemma 18, the sequence (x,,) is relatively compact. Thus, w({zo},w) # 0. Because
w({xo}, w) C w(B,w) if xy € B, we have w(B,w) # (.

Step 2. w(B,w) is the intersection of the closures of the tails of its trajec-
tory, hence w(B,w) is closed.

Note that w(B,w) can be characterized as follows. w(B, w) is the set of all y € X
such that for every € > 0 and every integer k > 0 there exist and x € B and n > k so
that Sypn(2) € Oc(y) (where Oc(y) is the e-neighborhood of ). Yet another way to

describe w(B, w) is to consider the trajectory of B and its tails:

Do:BUSw[l](B)USw[Q](B)U... , D, = U Sw[m]<B).

m>n

Clearly, Dy D D1 D Dy D .... It turns out that

w(B, w) = (") Dn. (3.8)
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Indeed, inclusion C is obvious. To prove the “O” part, pick a y in the intersection
of the tails and set €, = 27". In D, there is a point y; = Sypm,)(#1), 1 € B, such
that d (y1, y) < €. In Dy, 41 there is a point ya = Syjmy)(@2), ma > my, such that
d (Y2, y) < €2, and so on. The limit of y,, belongs to w(B, w), i.e., y € w(B, w).
Step 3. w(B,w) is compact.

Compactness of w(B, w) will follow from the fact that the intersection of the closures
of the sets (), in the proof of Lemma 18 is compact, because, thanks to Assumption 1,
N D, € N C,. Denote C, = (| C,. Since w(B, w) is not empty, C, is not empty
giowell. Agczloit is closed. If thensze(; C, is not compact, then there exist ¢ > 0 and
an infinite sequence (y,) C C, such that d (y,, ym) > € for all n and m # n. Since
yn € C, (in fact, the whole sequence lies in every set C,), there exists a sequence
ynt € C,, that converges to y, as k — oo. For every ¢ > 0 there are numbers k,
such that d (ynk,, yn) < € for all n. When € < ¢,/2, the Hausdorff distance between
the sets {yuk, } and {y,} is not greater than e. Using property (iv) of the measure of
noncompactness ¢, we obtain ) ({yn}) — ¥ {¥nk, }) | < (@) e. Now, ¥ {ynk,}) =0
by Lemma 18. Then ¢ ({y,}) < c¢(v)e. Since this is true for any €, we obtain
¥ ({yn}) = 0, a contradiction. This proves that C, is compact.

Step 4. w(B, w) attracts B.

To show that for every € > 0 there exists an m such that Sy, (B) C O, (w(B, w))
for all n > m, we argue by contradiction. Assume there exists an ¢y > 0 such that
Swin)(B) does not lie inside O, (w(B, w)) for infinitely many n. This means that there
is a sequence xj, in B and a sequence n; — 400 such that Sy, () € O (W(B, w)).
But we already know that Sy[,,](2x) must have a convergent subsequence whose limit
must be in w(B, w). A contradiction.

Step 5. A, = w(B, w).
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Because every bounded set is eventually absorbed by the set B, we have w(B, w) C
w(B, w). We claim that A = w(B, w) is the global compact attractor.

It is clear that such A attracts every bounded set. As an w-limit set A is compact.
It only remains to show that A is the minimal compact set that attracts every bounded
set. Assume it is not and there is another compact set, P, that attracts every bounded
set. Then there exists € > 0 such that A\ O, (P) # (. Let x € A\ O(P), then there
exists (zy) € B, and sequence (ng) of integers increasing to infinity such that x =
lim Syfn,) (2%). This implies that P does not attract bounded set (). A contradiction.
In other words, A = A,,.
Step 6. It is not hard to see that 4, = |J w(B, w). The theorem is proved.

bounded B

O

3.3.1 Interplay between individual attractors

Recall, that (with Assumptions 1, 2, and 3) the global attractor 9t of (X, dist, X)) is
a product M = K x X.

We start with a few simple observations.
Lemma 21. A, C F (A,) C K, where F is the Hutchinson-Barnsley operator.

Proof. Pick a point, z, in A,. Then x = lim Sy, (z;) for some bounded sequence
(x)) in X and ny — oco. The last symbol in the words w{ng] give a sequence w(ny) C
J. Infinitely many elements of this sequence belong to some [J,. This sequence
has a convergent subsequence with limit, say, jo € J,. Wlog, denote the sequence
again by (w(ny)) and the corresponding sequence of words by (w[ng]). Now, out of the

sequence (w[ny|) pick a subsequence (call it again (w[ny])) such that Sy, —1(zk) — v,
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for some y € A,, (convergence on a subsequence is ensured by Lemma 18). Now, for

every € > 0 there exists & (large) such that for z = S;,(y) we have

d(z,z) <d (I, Sw(nk)sw[nk_l}(l’k)) +
A (Sw(n) Swine—1 (1), Swing) (1)) + d (Swmy (1), Sjo(y)) < €

(3.9)

Obviously, first two distances can be made smaller then g for large k. The third
distance can be made smaller then £ because of assumption 3. Since for every z € A,
and every € > 0 we can find 2 € (J;c 7 Sj(Aw) such that dist(z, z) < ¢, it follows that
x € m = F(A,). The lemma is proved. O

Lemma 22. A, C Ayuw).

Proof. Again, if z € A,, then x = lim Sy, )(2)). Clearly,

Suwin] (k) = So(w)ine—1] (Swo) (@) -

The sequence (Sy(0)(zr)) is bounded and o(w)[ni, — 1] — o(w). Lemma is proved. [
Corollary 23. If the string w is periodic, then A, = Ag(w)-

The union of individual attractors A, lies inside of K,

A4, K. (3.10)

weY
There are many important cases when this union equals K.

Lemma 24. We have |J A, = K in each of the following cases:
weX

a) The operators {S;} are strict contractions with the contraction factors 0 < y; <

v < 1.
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b) The operators {S;} are eventually strict contractions, i.e., there exist a 0 < v <
1 and an integer M > 1 such that for any finite word w* of length > M the

operator Sy« 1s a contraction with the factor .
c) Sj_l(K) DK forjeJ.
d) Each operator S; is invertible on K.

Proof. The inclusion (3.10) is obvious. To prove the equality in the special cases

a), b), and ¢) pick an x € K. There exists a sequence of points {z;} C K, and a

sequence wy, of lengths n; increasing to infinity such that z = klim Swnk (xg). We
—00
claim that © € A,, where u = wy, Wy, ... wy,, .... Denote ulmy] = wy, Wy, ... wy,.

The lengths of the words u[my] go to infinity.

In the cases a) and b), for every k and any y € K we have

d(Sw,, (2x), Sufmy) (Y)) = d(Sw,, (Tk), Sw,, Sufmy_)(¥))
= d(Suy, (Tx), S, (21))

where zj, = Sym,_,](y). Then, in the case a), d(Su,, (Tk); Sw,, (21)) < V"™ d(z), 2) <
v diam(K), and in the case b), d(Sy,, (zx), S

Wny

(21)) < o™ d(zk, z) < A" diam(K),
where [, is the round down of ny/M. Therefore, d(Su, (Tk), Suim,(y)) — 0, as
k — oo. Since, ]}erolo Sumi) () € Ay, and ’}LI& Supmi] (Y) = klggj St (xy) = x, it follows
that = € A, and the inclusion K C |J A, is proved.

In the third case, since Sj’l(K) QWEI?, for every y € K there exist z; € K with y =
S;(2;), 7 € J. Therefore, for every k, we can find y, € K such that Syp,, ,1(yr) = 2.
Then, Sujm,)(Yk) = Sw,, Sumy,_1)(Yk) = Sw, (zx). It follows that z € A,,.

Wn,,

Finally, d) is a special case of ¢). This concludes the proof. 0
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Remark 25. The case d) may seem too restrictive. However, there are many situa-
tions where the operators S; are not invertible on X but are invertible on the attractor
K. This was first observed by Ladyzhenskaya in the case of Navier-Stokes equations,
[24]. The fact is due to the invariance of K and, what is called, backward uniqueness

property of certain parabolic-like equations.

Although K equals the union of individual attractors in many cases, there are
situations when K is strictly larger than that union. This is what we call a Gestalt
effect. This is a new phenomenon. As we have shown in Lemma 24, the Gestalt effect
cannot occur when operators S are contractions.

Example of a Gestalt effect.
In this example the state space X will be the space ¥, of one-sided infinite strings

of 0’s and 1’s. There will be two operators, Sy and 57, defined as follows:

for all v = v(0)v(1)v(2)v(3)--- € X. The conditions of Theorem 16 are satisfied, so
let M = K x X5 be the global compact attractor of the corresponding dynamics with
choice. [Note that the global compact attractor of the system generated by S is the
set of all strings with period 3, and the attractor of the system generated by S; is the
set of all strings with period 2.]

We claim that the sequence u = 000100 is in K but not in A, for any w € X,.
Let v = 001.0%(v), i.e., the first three symbols of v are 001, and let wy = 000...0001
with 3k zeros before 1. Then, for every k, S, (v) = 0.001001...001 with 001 repeating

k times. Therefore, S, (v) — uw as k — oo, ie., u € K. To show that u does
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not belong to the union |J A,, we argue by contradiction. If u € Ay, then there
exists a sequence vy, € E:;Elch that lirgo Ssng) (V&) = u, where ny / co. Therefore,
we can find [, such that Syp,)(v), S, ](Vig1), -5 s (Vigs), all begin with
000100100.... Since Sy, 1 (Vi41) = Sstnisr)---Ssing(Vi41) = 0001001001..., and the
action of operators Sy and S; depends only on the first three symbols in the strings,
it follows that v;[3] # vi41[3], because if v;[3] = v41[3], then Syp,, j(vig1) starts with
at least 4 zeros, i.e., 0000100100..., which is impossible. Similarly, v, [3] # vi1;[3]
for 5,k =0,...,8, 7 # k. But there can be only 8 different three-letter words in 2

symbols. A contradiction. Hence, u does not belong to the |J A,. O
wes



Chapter 4

DYNAMICS WITH
RESTRICTED CHOICE

An interesting class of systems arises when the choice of the parameters j € J at
every time step is not arbitrary but is restricted by some rules. For example, consider
an oriented, finite or infinite, connected graph such that each vertex has an outgoing
edge. Label every edge by a symbol from J and consider all infinite paths in the
graph. The infinite strings of symbols corresponding to the infinite paths form a
shift invariant subset of ¥ 7 — the set of allowed (admissible) plans. The operators
S; acting on the states in the order allowed by those plans generate a graph directed
dynamics on X, see, e.g., [31] for examples of such systems. More generally, let A be
a closed, shift invariant subset of X 7. We associate with A a discrete time dynamics
on the space X, = X x A generated by the iterations of the map & defined in (3.5).

This is what we mean by dynamics with restricted choice.

Theorem 26. With Assumptions 1,2, and 3, the discrete semidynamical system

(XA, ©) possesses a global compact attractor My .

(1) The attractor My is the maximal invariant compact subset of X such that

S(My) = My. Clearly, My is a subset of the global compact attractor M of

49
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the full system (X, ).

(2) Through every point (x(0),w) passes a complete trajectory, i.e., there ex-
ists a two-sided infinite sequence of points ...,x(—1),x(0),z(1),... and a two-
sided infinite sequence ...,w(—1),w(0),w(1l),... (extending w in A) such that

Swmy(x(n)) = x(n + 1) for all integers n.

(3) Let Kn denote the projection of the attractor 9Ma onto the X component. The
set K is a compact subset of the set K of Theorem 2.3. There exist compact

sets Aj, j € J, such that Ky = |J A;j and K = U A= U Si(A;j).
jes jeg jeg

(4) If A = X7/, where J' is a closed subset of J, then My = K x A. In general,
M is not a product, the slices of My corresponding to different w € A may be

different.

Proof. The existence of the global compact attractor, 9, follows from the abstract
result, Theorem 2. The assertions 1 and 2 of Theorem 26 are among the general
properties of global compact attractors, see Theorem 3. Denote by K, the projection
of 9, onto the X component. Clearly, K, is compact. Also, K, is a subset of the
slice K corresponding to the full shift ¥, as in Theorem 17. Because of the invariance
property of My, for every point y € K, there is a 7, one of the symbols of J, and a
point x € K, such that y = S;(z). Define the sets A; = {x € K : S;(z) € K)}. It
is easy to see that each A; is compact and K = J i A;. By construction, we have
Ujer A5 = U,es Si(A;). This proves assertion 3. When J' C J and A = ¥z, then
dynamics with restricted choice is actually full dynamics with choice, and therefore
M, is a product set. Below we give a couple of different scenarios when 91, is not a

product set. ([l
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To analyze the slices K (s) = {x € X : (x,s) € My}, we follow the argument of
the corresponding part of section 3.2.1.

Every point (x,s) € M, is the limit of the form

(#,8) = Tim (Su,(2n,), 0" (sn,))

nj—00

where (z,,) is a bounded sequence in X, (s,) is a bounded sequence in A, and wy, is the
prefix of s, , sp, = w.0™ (s, ). Because M, is invariant under & and we know that
the unrestricted dynamics has the global compact attractor 9t = K x X, the sequence
(x,) can be taken from the compact K, and we may assume that x, — z. € K.
Also, we may assume that the words wy, converge (to some infinite string w, € A).
The strings o™ (s, ) converge to s. Consider all strings u € A such that wy.u is a
string in A for infinitely many k. For every such u we will have z € My (u).

We see that the number of different slices of the attractor 99T, that may depend on
the sequence z,, , but more importantly, it depends on what strings can be attached
to convergent sequences of finite words in A.

With every sequence (wy) of finite words in A we associate the set s((wy)) of one-
sided infinite strings u € A such that wy,.u € A for some subsequence wy,. In order
to show that 2, is not necessarily a product set, we will first show that, if A is a
sofic shift, the number of different sets among all s((wy,)) is finite. The argument will
be similar to the proof of Theorem 3.2.10 in [29].

Recall that A is a sofic shift if it has a presentation by a finite labeled graph, see
[29]. This means that there is a directed graph, G = (V, E'), with a finite number of
vertices, V', and edges, E; the edges are labeled by the symbols 0,1,..., N — 1; from

every vertex begins at least one infinite directed path; the labels of the edges in the
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infinite directed paths form infinite one-sided strings that exhaust exactly all strings

in A.

Lemma 27. If A is a one-sided sofic subshift of ¥, then the number of different sets

among all s((wy)) is finite.

Proof. Let G = (V, E) be a labeled graph presenting A. Let (wy) be a sequence
of finite words allowed in A. For each word w; pick a finite directed path in G
presenting it. We can find a subsequence, (wy, ), such that all the words wy, have the
same terminal vertex in their presentation. If 7" is such vertex, then wy,.u € A for all

infinite paths u starting at T'. Because the number of vertices is finite, we are done.

O

Lemma 28. If A is a one-sided sofic subshift of X, then the number of different
slices 1s finite, and it is at most the number of vertices in a finite labeled graph that

represents the sofic shift.

Proof. Claim: If u,v € A and u(0) = v(0), i.e., they have the same starting vertex,
then Kj(u) = Kx(v). Since both u and v are arbitrary chosen with «(0) = v(0), it is
enough to show inclusion in one direction only, e.g., Kx(u) C Ky (v). Pick z € K (u),
then there exists a bounded sequence {zy,ux}, and a sequence ny , 0o such that
Sugfng](Tr) —  and 0™ (u) — u as k — oo. Pick a subsequence (calling it again
o™ (uy)), such that o™ (uy) start with u(0) for all k. Denote by vy = ug[ng].v € A,

then

r = klim Sug el (xk) and o™ (v) — v
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Figure 4.1: The golden+-even shift and its animation

and therefore © € K, (v). Since u and v were arbitrary, it follows that we can only get
different slices from paths that start from different vertices. This proves the lemma.

O

Remark 29. Even if the number of different sets among all s((wg)) is > 1, the

attractor My may be a product, My = K X A, with the same slice for every string

m A.

Indeed, let N = 2 and let A consist of the periodic string v = 100100... and
its shifts o(u) = 00100... and o?(u) = 0100.... If (wy) consists of words ending in
00, then the only string that can be attached to wy is u. If (wy) consists of words
ending in 1, then the only string is o(u), and for words ending in 10 the only string is
o?(u). Thus, we have three different sets of the form s((wy)). At the same time, the
individual attractors A,, Ay, and Ay2(,), are all equal, as we argue in Corollary 23.

One may ask whether 91, is always a product. The answer is no, as the following
example shows. Let A be the intersection of the one-sided golden mean shift with the
even shift. In other words, A consists of all sequences of Os and 1s such that between
any two 1s there are two or a larger even number of 0s. A graph presenting A is given
on Figure 4.1. We will animate this graph to define the dynamics. First, identify the

nodes with three distinct points A, B, and C in R?, see Figure 4.1 left, and define
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X = {A, B,C}. Second, define the maps Sy and S; acting on points as shown by
the directed edges labeled correspondingly; for example, So(A) = B, S1(A) = A, and
So(C) = B.

Now consider the set A* of non-empty finite words (blocks) of A. We divide AT in
three classes and correspondingly divide the strings in A into three classes. The first
class of words in A™ consists of the words ending in 1. Such words can serve as prefixes
of strings starting with an even (or infinite) number of 0s. Denote these classes by A
and 4A. The second class of finite words consists of the words ending in odd number
of 0s. The strings for which such words can serve as prefixes are the strings starting
with an odd number of 0s. These classes are denoted by Af and pA. The last class
in AT consists of words ending in even number of 0s. The corresponding strings are
those starting with 1 or with an even number of 0s. These are denoted by A and ¢A.
By looking at the picture of the animated shift, it is easy to identify the possible limits
of sequences S, (x;) when wy belong to a particular class, while z € {A, B,C}. We
see that if wy € AY, then the limit set is {A, B}. If wy € AL, then the limit set is
{B,C}. Finally, if wy, € A, then the limit set is again {B,C}. Thus, there are two
different slices in the attractor 9ty. One slice is {A, B}, and the other is { B, C'}. We
have Kp(u) = {A, B} if u € 4A, and Kj(u) = {B,C} if u € gA U ¢A. The global
attractor M, is a union of the sets {A, B} x4 A, {B,C} xg A, and {B,C} x¢ A.

The above example shows that the number of slices can be strictly less then the
number of vertices in the finite graph. Now, we will give an example when this two
numbers are equal.

Again, let X = {A, B,C}, and let A be given by the finite graph in figure 4.2
(left). As in the example above, let AT be the set of non-empty finite words (blocks)

of A. There are three classes of words which end in 1, 10 and 100. The words ending
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Figure 4.2: The graph representing A(left) and X with action of operators Sy and S
(right)
in 1 are the prefixes to words starting with 01 or 001. The words ending in 10 serve
as prefixes to words starting with 1 or 01, and the words ending in 100 are prefixes
to words starting with 1. From figure 4.2 (right), it is not hard to see that if the
sequence of words ends in 1, the limits of sequences S, (xy) converge to A, for all
bounded subsets {zx} C X. Now, if the sequence of words ends in 10, then the limits
of Sy, (zx) will end up in B. Finally, if the sequence of words ends in 100, the limits
of Sy, () will end up in C. Denote by 4A the words starting with 001, gA the
words starting with 01, oA the words starting with 1. Then we have three different

slices in the attractor 2y, which are

{A} x4 A
{A,B} xz A (4.1)
{B,C} x¢ A.
Another example of different slices appears in numerical results reported in the
next chapter.
The subshifts over a finite alphabet have been studied extensively, see [29, 20]
and references therein. The subshifts over an infinite, possibly uncountable, alphabet

have been studied much, much less.



Chapter 5

PULLBACK AND FORWARD
ATTRACTORS

In this chapter we consider dynamics with choice as a nonautonomous semi-dynamical
system in the setting of section 2.4. Let X and X be as before. The space ¥ with
the shift o will be the parameter space. Now, define ¢ : Z>y x X x ¥ — X to be
the map ¢(n,z,w) = Syp(r) and ¢(0,z,w) = z. It is clear that ¢ is a cocycle.
In the following theorem we prove lemmas 8 and 10 for dynamics with choice, i.e.,
for the nonautonomous system (X, ¢, (3,Z>g,0)). In fact, we prove a more general
result by allowing any closed, shift invariant subset as the parameter space. This
setup corresponds to dynamics with restricted choice presented in the previous chap-
ter. Let A C X be a subshift. Consider the nonautonomous semi-dynamical system
(X, ¢, (A, Z>p,0)). Under the assumptions of theorem 26 the restricted dynamics
with choice has a global compact attractor, MMy C X x A. As we know, in general,

M, is not a product set. For every w € A denote by K, (w) the set

Ky(w) ={z € X |(z,w) € M}
Since 9, is compact, each Ky (w) C X is compact as well.

26
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Theorem 30. J,c, Ka(w) is the uniform pullback and the uniform forward attrac-
tor of the nonautonomous dynamical system (X, ¢, (A, Zsq,0)) with respect to B(X)
(closed and bounded subsets of X ).

Proof. First, let us prove the property 1) in definitions 7 and 9, i.e.,

U Suo(Ea(w) = Kx(w). (5.1)

u: o (u)=w
Here, u(0) represents the symbols which are extensions to the left of w, ie., u =
u(0).w € A. Notice that only when A = 3 the union of these symbols is the whole
alphabet 7.
Let y € Sy0)(Ka(u)). There exists a bounded sequence {z;} € X, and a sequence
{sk} € A, together with a sequence ny, /" oo, such that y = Sy (o) (im0 Su,,, (Tx)),

where sy, = u,,, .0™ (sy), and 0™ (s)) — u. Since, ™! (s;) — o(u) = w and

y = Syoy(lim S, (1)) = khﬂrgo Su(0) S, (Tk)

k—o0

we get that y € Kjy(w). Therefore, we have that (U, , = Su) (Ka(u)) C Kx(w).

Since Kx(w) is compact, we have (J,,. , ()= Su() (Ka(u)) C Kx(w). Now, pick y €
Kx(w). There exists a bounded sequence {z;}, and a sequence {sy}, such that
Y = limy oo Sep[ny] (k), and o™ (sp) — w. The last symbols of the words s;[ny], the
symbols ji, = si(ny — 1), have a subsequence ji,, which lies in some J, and converges
to some element of 7, say jo. Then, for every e > 0, there exist [ (large) such that

if @ = lim Sy jn,—1(2x) and z = S, (z), we have
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d(Z, y) < d(Sjo(m)7 Sjo(Sskl[nkl—l] (xkz)))—'—
d(SJ (Sskl [nk, —1] (xkz)>7 Sjkl (SSkl [k, —1] (xkl))) + d(Sjkl (SSkl [ng, —1] (wkz»? y)) <e

(5.2)

It is easy to see that we can pick [ large enough to ensure that all three distances

above are less then £. Making the second distance less then

£ 1s possible because
of the assumption 3. Note that x € Kj(jo.w) and z € S (Ka(jo.w)) by con-

struction. Since for every € > 0, d(y, U, o(u)=u Su)(Ka(u))) < €, it follows that

Y € U o(u)=w Su(0) (K (u)). The proof of (5.1) is complete.

In order to show that |J, .\ Ka(w) is a uniform pullback attractor we need to

weA

show that

lim sup dist( U o(n, B,u), Ky(w)) = 0.
T weA w: o™ (u)=w

for any B C B(X). Let (Bx {u}) C X x A, and consider the iterations &"(B x {u}).

For every n, we have

Gn(B X {u}> - (Su[n](B),an(u)) = (¢<n7 B,u),w).

Because M, attracts all bounded sets, dist(&"(B x {u}), M) — 0. On the other

hand, since ¢™(u) = w for all n, we obtain

dist(¢(n, B,u), Kx(w)) — 0.

Similarly, we have
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&"(B x w) = (Suin(B), 0"(w)) = (¢(n, B,w), 0" (w))

and dist(6™(B x w),M,) — 0. Therefore,

lim sup dist(¢(n, B, w), Kx(c"(w))) = 0.

n—00 e
This shows that (J,., Ka(w) is also a uniform forward attractor. The theorem is

proved. [l



Chapter 6

NUMERICS IN DYNAMICS
WITH CHOICE

Finding attractors numerically is a difficult task. We will consider only the case when
X is a bounded region in R?. The assumption of boundedness is natural because the
attractor lies inside the bounded absorbing set. Moreover, we will assume that X is
a rectangle and the maps S; map X into itself. In the case of a hyperbolic IFS, to
find its attractor, it is sufficient to look at tails of the trajectory of any one point.
This makes it easy to plot the fractals. In dynamics with choice when the maps §;
are not contractions, this approach does not work, even for IFSs. In what follows, we
describe a special algorithm designed to plot the attractor in dynamics with choice.
The idea is to divide X into small squares and replace the action of the maps S; on
X by their action on the squares. There are many ways of defining this new discrete
action. We choose the following. Assign a number to each square for example as
shown on figure 6.1. Denote by [, the square number a and denote by ¢, its center.
Let the number of squares be M. For a map S : X — X, we define its discrete
version S as a map from the ordered set [1,2, ..., M] into itself as follows: S(a) = b if

S(Ca) e .

60
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Figure 6.1: Numbering X

Suppose we have N maps Sy, ..., Sy_1.

61

We discretize each map and define an

M x M matrix A as follows: A(i, j) = 1if S (i) = j for at least one k € {0,1, ..., N—1},

and A(i,7) = 0 otherwise. The matrix A contains all the information about the

discretized IFS. To find the attractor of this IFS, consider the iterations of A™ acting

on the column M-vector v = [1,1,...,1]T. After a finite number of iterations the zero

components of the vector A"v will stabilize. The nonzero components will give the

location of the squares that make up the attractor.

Da SO<D¢1) Sl(Da)
1 1 1
2 3 6
3 7 7
4 8 8
) 6 )
6 7 )
7 7 6
8 7 7
9 10 5
10 6 9
11 7 10
12 11 8

Table 6.1: Action of the operators Sy and S

For example, let X and its division be as in figure 6.1. Let Sy and S; be two

operators acting from X to itself. Denote by S, and S; the discretizations of S,
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110/0/0/0{0]0]0O|0|0[0]O0
0(0[0({0]0[0[0[0]0O[0]0]O0
0(1]0{0]0[0]{0[0]0[0]0]O0
0(0[{0({0]0[0[0[0]0O[0]0]O0
0(0j{0({0]1(1]{0[0]1[0]0]O0
0(1(0(0]1(0{1}(0]0[1]0]0
0/0(1j0}(0{1}j1(1}(0]0]1]0
0/0{0]1]0]0|0[0]0]0O]O0]|1
0(0[0({0]0[0[0[0]0O[1]0]O0
0(0[0({0]0[0O]|0O[0O]1[0]1]O0
0/0/0(0{0J0]O[0]|0OJ0]0|1
0(0[0({0]0[0[0[0]0O[0]0]O0

Table 6.2: Matrix A

and S7, and let their action be as in table 6.1. Then, the matrix A is given in table
6.2. After only three iterations, the zero components of the vector A™v stabilize and
A3v = [1,0,0,0,20,22,22,0,2,2,0,0]7. The attractor in dynamics with choice for
this system is given in figure 6.2.

This is just one step of the procedure. In order to get a better approximation
to the real attractor we have to refine the partition and repeat the procedure. We
stop when we see that the pictures of the attractor stop changing. The final size of
the squares in the partition of X is dictated by the convergence considerations. In
applications, the numbers of squares was of the order 10°. In the case when we have

finitely many maps, preferably not too many maps, the matrix A is sparse, and in

9 | 10
516 |7
1

Figure 6.2: Attractor in dynamics with Choice
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most cases, we are able to work with it. However, when there are large number of
maps, possibly infinite, the number of nonzero components in the matrix A increases
significantly. The memory required for the matrix is huge, and most likely will cause
"out of the memory” error.

Here, I am not giving justification why the picture is close to the real attractor

because this is beyond the scope of this work and I plan to address it later.

6.1 Example

The simplest mathematical model of malaria transmission goes back to Ross and
Macdonald. The state of the human-mosquito interaction system is described by the
portion of infected humans, z, and the portion of infected mosquitoes, y. The change
in time is described by the following simple system of ordinary differential equations:

T = ay(l—2x)— rx

(6.1)
y = br(l—y)—my

The nature of the positive coefficients a, b, r, and m is discussed in [36]. In particular,
the coefficients a and b are proportional to the biting rate and the transmission
efficiencies (infected human to mosquito and infected mosquito to human), r is the
recovery rate (in humans), and 1/m is the average mosquito life-span. In practice, it
is hard to measure these parameters. Also, there are many factors that affect their

values, see [36], page 8, and the values may change in time.
The state space for the model (6.1) is the closed square X = {(z,y) : 0 <

x < 1,0 <y < 1}. For initial conditions in X the solution stays in X for all

t. If the quantity Ry = % is < 1, all trajectories starting in X converge to the
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origin, and the global compact attractor consists of a single point, P, = (0,0). If
Ry > 1, the equilibrium P; becomes unstable and there emerges the second fixed

point, Py = (x,,y.), inside the square X,

ab —rm ab —rm

" T alem)

(6.2)

This second equilibrium is stable, and the global compact attractor of the system con-
sists of the two equilibria, P; and P,, and of the heteroclinic trajectory connecting
them (and staying entirely inside X). The number Ry, known as the basic repro-
ductive number, detects the emergence of epidemics: when Ry > 1 there is a stable
portion of infected population.

We consider a discrete version of equations (6.1):

z(t+ At) = z(t)+ At (ay(t) (1 —x(t)) — rz(t))

y(t+ At = y(t) + At (bx(t) (1 = y(t) —my(t)) .

(6.3)

The time step map (z(t),y(t)) — (x(t + At), y(t + At)) maps X into itself provided

1
a+r b+m

At < min{

v, (6.4)

The fixed points for (6.3) are the same as for (6.1). As in the continuous case, if
ab > rm and the time step satisfies (6.4), the global attractor for (6.3) consists of the
two fixed points, P, and P,, and the heteroclinic trajectory connecting them.

We choose two sets of parameters, psety, = {a = 4,b =6, = 1, m = 2} and
pset; = {a = 2,b = 10, r = 3, m = 2}, and denote the corresponding time step

maps by Sy and S7. These sets of parameters are not related to any real-life situation
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09

Figure 6.3: Attractors for (X, d, Sp) (right) and (X, d, S1) (left).

but rather chosen to better visualize the attractors. The fixed point P, for pset, is
(11/15, 11/16) and for pset, it is (7/25, 7/12). Figures 6.3 through 6.11 show the
results of numerical computation. The results depend on the size of the time step At.
On figures 6.3, 6.4, and 6.5, the left line (the heteroclinic trajectory) is the (global
compact) attractor for the discrete system (X, 51), and the right line is the attractor
of (X, Sp). On figures 6.4 and 6.5, the two lines between the attractors of the discrete
systems (X, Sp) and (X, S;) form the individual attractor .4, corresponding to the
periodic string w = 1010... (on figure 6.5 the two lines are very close). For our example

of dynamics with choice, X is the space of one-sided infinite strings of symbols 0 and
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1. According to Theorem 17, the global compact attractor for (X,%) has one slice,
ie, M= K x X. The set K for At = .05 and for At = .005 are depicted on figures
6.6 and 6.7, respectively.

One may wonder if there is a Gestalt effect in this example. The answer is no.
The reason for this is that the maps Sy and S; are invertible on X and therefore on
the attractor slice K (see Lemma 24 (iii)). In fact, for any set of positive parameters
pset; = {a, b, 7, m} satisfying the inequalities ab > rm and (6.4), the correspond-
ing operator S; is invertible on X. To prove this, we need to show that the map
(x(t),y(t)) — (x(t+At),y(t+ At)) defined by the formulas (6.3) is injective. Assume
it is not and (z,y) # (x1,y1) are two points in X such that

1+ At (apy (1 —z1) — ray) =+ At (ay(l —2) — ra) (65)
y1 + At (bxy (1 —y1) —muy) =y+ At (ba (1 —y) —my).

This can be rewritten in a slightly different form:

(1-Atr—Ata) (r1—z)+Ata(l —yy) (21 —2)+ Ata(l —2z)(y1 —y) =0 (6.6)

(1—=Atm—Atb) (y1 —y) + Atb(1 —z) (y1 —y) + Atb(x; —z)(1 —y1) = 0. (6.7)

We multiply the first equation by b, the second equation by a and subtract them to

get

b(l—Atr—Ata) (r1 —x)=a (1 —Atm — Atd) (y; —y).
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This implies that z; —z and y; — y have the same sign. Hence, all terms in equations

(6.6) and (6.7) are either positive or negative simultaneously. A contradiction. O

09
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0.8 0.9 1

Figure 6.4: Three individual attractors A4, for At = 0.05: left: w = 111...; middle
two: w = 1010...; right: w = 000....

We computed the attractor slice K by implementing the method explained in the
beginning of this chapter in MATLAB. The invariant region for the system is the unit
square, which made computations easier. The first step was to divide the unit square
into smaller squares. When At = .05 figure (6.6), we subdivided the unit square into
10% x 10% squares. We labeled each square by a number between 1 and 10° (in the
order described in the previous section), and computed the discretized maps §j and

the corresponding 10° x 10% matrix A. After sufficiently many iterations of the matrix
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0.8

T

D 1 1 1 1 J
0 0.2 0.4 0.b 0.8 1

Figure 6.5: Three individual attractors A, for At = 0.005: left: w = 111...; middle
two (very close together): w = 1010...; right: w = 000....
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A, we computed the vector A™v (v as in previous section) whose nonzero components

reveled the locations of the points of the attractor K.

09

08

07

06

05

04

03

02

0.1

T

Figure 6.6: The attractor slice K; At = 0.05.

For the case when At = .005, we subdivided the unit square into 2 * 103 x 2 * 103
smaller squares. The matrix needed in this case was of the size 4% 10% x 4% 10°. Even
with such fine subdivision of the unit square, we were not able to get an accurate
picture of the attractor K (as it was shown on the figure 6.7). In order to obtain the
attractor in figure 6.7, we had to divide the unite square into several regions (squares)
first, and then subdivide each of the regions into a large number of small squares.

We computed the pieces of the attractor for each separate region in the same way as
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Figure 6.7: The attractor slice K; At = 0.005.

explained above.

In addition, we tried to compute the attractor (for this model) when we had in-
finitely many operators allowing the parameters to take on the values of the intervals.
If we allow all four parameters to be intervals (e.g., each operator corresponds to a
point between pset, and pset, - coordinate-wise), then, regardless of the subdivision,
the matrix had a lot of nonzero components which made iterations of A impossible
(using MATLAB). However, we were able to compute the attractor if three of the
parameters were fixed and only one of them was an interval. We fixed the values for
the parameters b = 6, r = 3, m = 2, and we let a = [2,7]. In this case, X is the space

of one-sided infinite sequences whose symbols are in J = [0, 1]. The correspondence
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Figure 6.8: The attractor slice K. Infinitely many operators.

between an operator and a point in J can be seen as S; «» {7*j+2% (1 —j)}. The
attractor slice K is given in figure 6.8. Despite the fact that we had infinitely many
operators, we were able to compute the attractor of the system because the system
is monotone and linear with respect to the chosen parameter a.

We have also looked at the dynamical systems corresponding to convex combina-
tions of the parameter sets pset, and pset,; and plotted their global attractors. The
result is different from K, see figure 6.11 where the “convex combination” is super-
imposed onto the set K. We distinguish three parts of the boundary of the “convex

combination.” The left and right sides are the two attractors of the discrete dynamical
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09
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Figure 6.9: “Convex combination” superimposed over K; At = 0.005.

systems with parameter sets pset, and pset,. The third upper part, refers to the fixed
points of the systems corresponding to the convex combination of the parameter sets

pset, and pset;, and is given by the parametric equation

AP +8 4T —452+ 85+ 7

T Tse-2) 0 T A= HG+’

for j € 7 =10,1].
For the attractor slice K, we cannot represent “the top of the boundary” by
an equation. We only notice that when At — 0, “the top of the boundary” of K

becomes smooth. Note that the limit set is not an attractor of any system (6.3) with a
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Figure 6.10: The golden mean shift.
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Figure 6.11: Golden mean, full; At = 0.05.
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Figure 6.12: The red slice; At = 0.05.

fixed, averaged set of parameters a, b, r and m. It would be interesting to understand
whether the limit set can be obtained as a union of the attractors of the systems
(X, S¢), where the operator S; corresponds to a certain parameter set pset, for some
curve connecting pset, with pset; in the space of parameters.

Next, we consider restricted dynamics associated with the golden mean subshift
A (made of one-sided strings of Os and 1s such that each 1 is necessarily followed by
0). The graph representing the golden mean shift is shown on figure 6.10.

Our analysis in chapter 4 shows that the global attractor of the restricted dynam-

ics, (X, A) may have at most two different slices: one corresponding to sequences of
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Figure 6.13: The blue slice; At = 0.05.

words ending in 1 (the red slice), and the other one corresponding to sequences of
words ending in 0 (the blue slice). We computed the red slice by the same method as
we computed the attractor slice K (explained above), except that the operators we
took for the dynamics with choice were Sy and the composition operator Syo.S;. The
operators for the blue slice were Sy and S7 0 Sy. In both cases, time step is At = .05,
and the unit square was divided into 10% x 10® squares. The computations of the
slices shows that the attractor of the restricted dynamics (X, A) indeed has two slices.
The slices are shown on figures 6.12 and 6.13. As point sets on the plane, the slices

overlap. Their union is plotted on figure 6.11.



Appendix I

0001 Ydynamics with choice for ross mcdonald malaria equation
0002 %t denotes discrete step, p is the length of a square in a partition of X
0003 %example: attractorDWC(0.05,.001)

0004 function attractorDWC(t,p)

0005 n=1/p+1; Ythe number of squares in one row

0006 z=n*n; J%total number of squares

0007 %two sets of parameters (pset_O and pset_1)

0008 a=[4 2];

0009 b=[6 10];

0010 r=[1 3];

0011 m=[2 2];

0012 Ypreallocation

0013 s=ones(1,2x*z);

0014 ai=zeros(2*n,n);

0015 Ypartition of the unit square;

0016 %X and Y contain the centers of 1001 x 1001 squares

0017 [X,Y]=meshgrid(0:p:1,0:p:1);

0018 Ycalculating one-step time iteration by both maps

0019 for k=1:2

0020 nx = X + tx(a(k)*Y.*x(1-X)-r(k)*X);
0021 ny = Y + tx(b(k)*X.*x(1-Y)-m(k)*Y) ;
0022 re = round(nx*(n-1))+1;

0023 q = round(ny*(n-1));
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0024

0025

0026

0027

0028

0029

0030

0031

0032

0033

0034

0035

0036

0037

0038

0039

0040

0041

0042

0043

0044

0045

0046

0047

0048

7

ai((k-1)*n+1:k*n,1:n)=n*q+re;
end
%i is a row vector containing all one-step time iterations
i=(ai’);
i=i(:);
j=repmat(1:z,1,2);
%the matrix A contains all one-step time iteratiomns, i.e.,
B(1(k),j&k))=s(k)=1 for all k=1..z
A=sparse(i,j,s,z,z);
clear 1 j s ai q re
%hcalculating the vector A™n * B
B=ones(z,1);
for k=1:2000
B1=A%B;
S=find(B);
S1=find(B1);
if size(S)==size(S1)
if S==S1
break;
end
else
B=B1;
end
end

figure(3),set(gcf, ’doublebuffer’,’on’),hold on
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0049 axis([0 1 0 1])

0050 o=size(S);

0051 Z=zeros(2,0(1));

0052 Jretrieving the centers of the squares that belong to the attractor
0053 for k=1:0(1)

0054 w=3(k) /n;

0055 re=floor(w);

0056 if re”=w

0057 re=re+l;

0058 end

0059 g=mod (S (k) ,n);

0060 if g==
0061 q=n;
0062 end

0063 x(1)=X(re,q);

0064  x(2)=Y(re,q);

0065 Z(:,k)=x;

0066 end

0067 ’plotting the attractor

0068 figure(3),plot(Z(1,:),Z(2,:),’b.’, ’markersize’,1)

0069 hold off



Bibliography

[1] Akhmerov, R. R.; Kamenskii, M. I.; Potapov, A. S.; Rodkina, A. E.; Sadovskii,
B. N. Measures of noncompactness and condensing operators. Translated from the
1986 Russian original by A. Iacob. Operator Theory: Advances and Applications,
55. Birkhuser Verlag, Basel, 1992.

[2] Andres, J.; Fiser, J.; Fractals generated by differential equations. Dynam. Systems
Appl. 11 (2002), no. 4, 471-479

[3] Andres, Jan; Fiser, Jifi: Metric and topological multivalued fractals. Internat. J.
Bifur. Chaos Appl. Sci. Engrg. 14 (2004), no. 4, 1277-1289

[4] Andres, J.; Figer, J.; Gabor, G.; Lesniak, K.; Multivalued fractals. Chaos Solitons
Fractals 24 (2005), no. 3, 665-700

[5] Babin, A. V., Vishik, M. 1.: Attractors of evolution equations. Translated and
revised from the 1989 Russian original by Babin. Studies in Mathematics and its
Applications, 25. North-Holland Publishing Co., Amsterdam, 1992.

[6] Banas, J., Goebel, K.: Measures of Noncompactness in Banach Spaces Lecture
Notes in Pure and Applied Mathematics, 60. Marcel Dekker, Inc., New York, 1980

[7] Bandt, Christoph Self-similar sets. I. Topological Markov chains and mixed self-
similar sets. Math. Nachr. 142 (1989), 107-123.

[8] Barnsley, M. F. Fractals everywhere. Second edition. Academic Press Professional,
Boston, MA, 1993.

[9] Barnsley, M. F.: Superfractals. Cambridge University Press, Cambridge, 2006.

[10] Barnsley, M. F.; Demko, S. G.; Elton, J. H.; Geronimo, J. S.: Invariant measures
for Markov processes arising from iterated function systems with place-dependent
probabilities, Ann. Inst. H. Poincar Probab. Statist. 24 (1988), no. 3, 367-394;
Erratum: Ann. Inst. H. Poincar Probab. Statist. 25 (1989), no. 4, 589-590.

79



80

[11] Cheban, D. N.: Global attractors of non-autonomous dissipative dynamical sys-
tems. Interdisciplinary Mathematical Sciences, 1. World Scientific Publishing Co.
Pte. Ltd., Hackensack, NJ, 2004.

[12] Cheban, D. N.; Kloeden, P. E.; Schmalfuss, B.: The relationship between pull-
back, forward and global attractors of nonautonomous dynamical systems. Nonlin-
ear Dyn. Syst. Theory 2 (2002), no. 2, 125-144.

[13] Cheban, D.; Mammana, C.: Compact global attractors of discrete inclusions.
Nonlinear Anal. 65 (2006), no. 8, 1669-1687.

[14] Chepyzhov, V. V.; Vishik, M. L.: Attractors for equations of mathematical
physics. American Mathematical Society Colloquium Publications, 49. American
Mathematical Society, Providence, RI, 2002.

[15] Crauel, H.; Flandoli, F.: Attractors for random dynamical systems. Probab.
Theory Related Fields 100 (1994), no. 3, 365-393.

[16] Hale, Jack K.: Asymptotic behavior of dissipative systems. Mathematical Surveys
and Monographs, 25. American Mathematical Society, Providence, RI, 1988.

[17] Hutchinson, J. E.: Fractals and self-similarity. Indiana Univ. Math. J. 30 (1981),
no. 5, T13-747.

[18] Kapitanski, L.; Zivanovic, S.: Dynamics with choice. Nonlinearity 22 (2009) 163-
186.

[19] Kapitanski, L.; Zivanovic, S.: Dynamics with a range of choice. - Submitted.

[20] Kitchens, B. P.: Symbolic dynamics. One-sided, two-sided and countable state
Markov shifts. Universitext. Springer-Verlag, Berlin, 1998.

[21] Kloeden, P. E.: Pullback attractors in nonautonomous difference equations. J.
Differ. Equations Appl. 6 (2000), no. 1, 33-52.

[22] Kloeden, P. E.: Pullback attractors of nonautonomous semidynamical systems.
Stoch. Dyn. 3 (2003), no. 1, 101-112.

[23] Kloeden, P. E.: Nonautonomous attractors of switching systems. Dyn. Syst. 21
(2006), no. 2, 209-230

[24] Ladyzhenskaya, O. A.: The dynamical system generated by the Navier-Stokes
equations. (Russian) Boundary value problems of mathematical physics and related
questions in the theory of functions, 6. Zap. Nauchn. Sem. Leningrad. Otdel. Mat.
Inst. Steklov. (LOMI) 27 (1972), 91-115; translation in J. Soviet Math. 3 (1975),
no. 4, 458-479



81

[25] Ladyzhenskaya, O. A.: Attractors of nonlinear evolution problems with dissipa-
tion. (Russian) Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI)
152 (1986), Kraev. Zadachi Mat. Fiz. i Smezhnye Vopr. Teor. Funktsiil8, 72-85,
182; translation in J. Soviet Math. 40 (1988), no. 5, 632640

[26] Ladyzhenskaya, O. A.. Attractors for semigroups and evolution equations.
Lezioni Lincee. [Lincei Lectures] Cambridge University Press, Cambridge, 1991.

[27] Leéniak, K.: Infinite iterated function systems: a multivalued approach. Bull.
Pol. Acad. Sci. Math. 52 (2004), no. 1, 1-8

[28] Liberzon, Daniel: Switching in systems and control. Systems € Control: Foun-
dations & Applications. Birkhuser Boston, Inc., Boston, MA, 2003.

[29] Lind, D., Marcus, B.: An introduction to symbolic dynamics and coding. Cam-
bridge University Press, Cambridge, 1995.

[30] Margaliot, Michael: Stability analysis of switched systems using variational prin-
ciples: an introduction. Automatica J. IFAC 42 (2006), no. 12, 2059-2077

[31] Mauldin, R. D., Urbanski, M.: Graph directed Markov systems. Geometry and
dynamics of limit sets. Cambridge Tracts in Mathematics, 148. Cambridge Univer-
sity Press, Cambridge, 2003.

[32] Mauldin, R. Daniel; Williams, S. C.: Hausdorff dimension in graph directed
constructions. Trans. Amer. Math. Soc. 309 (1988), no. 2, 811-829.

[33] Seda, Valter: On condensing discrete dynamical systems. Math. Bohem. 125
(2000), no. 3, 275-306; A remark to the paper: ”On condensing discrete dynamical
systems” Math. Bohem. 126 (2001), no. 3, 551-553

[34] Sell, G. R.: Nonautonomous differential equations and topological dynamics. I
and II. Trans. Amer. Math. Soc. 127 1967 241-262, 263-283.

[35] Sell, G. R.; You, Y.: Dynamics of evolutionary equations. Applied Mathematical
Sciences, 143. Springer-Verlag, New York, 2002.

[36] Smith, David L., McKenzie, F. Ellis: Statics and dynamics of malaria infection
in Anopheles mosquitoes. Malaria Journal, 3:13 (2004)

http://www.malariajournal.com/content/3/1/13



	University of Miami
	Scholarly Repository
	2009-04-25

	Attractors in Dynamics with Choice
	Sanja Zivanovic
	Recommended Citation


	tmp.1297371246.pdf.FoUpV

