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ABSTRACT

Cheung, Chung Ching Ph.D., Purdue University, August 2019. A-Optimal Subsam-
pling for Big Data General Estimating Equations. Major Professor: Hanxiang Peng.

A significant hurdle for analyzing big data is the lack of effective technology and
statistical inference methods. A popular approach for analyzing data with large sam-
ple is subsampling. Many subsampling probabilities have been introduced in litera-
ture (Ma, et al., 2015) for linear model. In this dissertation, we focus on generalized
estimating equations (GEE) with big data and derive the asymptotic normality for
the estimator without resampling and estimator with resampling. We also give the
asymptotic representation of the bias of estimator without resampling and estimator
with resampling. we show that bias becomes significant when the data is of high-
dimensional. We also present a novel subsampling method called A-optimal which is
derived by minimizing the trace of some dispersion matrices (Peng and Tan, 2018).
We derive the asymptotic normality of the estimator based on A-optimal subsampling
methods. We conduct extensive simulations on large sample data with high dimen-
sion to evaluate the performance of our proposed methods using MSE as a criterion.
High dimensional data are further investigated and we show through simulations that
minimizing the asymptotic variance does not imply minimizing the MSE as bias not
negligible. We apply our proposed subsampling method to analyze a real data set,
gas sensor data which has more than four millions data points. In both simulations
and real data analysis, our A-optimal method outperform the traditional uniform

subsampling method.



1. INTRODUCTION

This dissertation introduces the A-optimal subsampling method for estimators ob-
tained by solving general estimating equations (GEE). We focus on the cases where
the sample size n is large and the dimension p is high. Asymptotic distribution of
the A-optimal subsampling is dervied and the magnitude of the corresponding bias
is computed. The simulation results indicated that the A-optimal sampling outper-

formed the uniform sampling by the criterion of mean square errors.

1.1 Big Data Analysis

Thanks to the advancement in computing technology, big data has become a
hot topic in statistics nowadays. Big data are data that is massive on scale where
traditional computers cannot handle. A significant hurdle for analyzing big data is
the lack of effective statistical computing and inference. Divide-and-Conquer is one
common approach to tackle the big data problems. An important example is the
MapReduce paradigm (Dean and Ghemawat, 2004) which processes large data sets
in parallel fashion. On the other hand, subsampling method is popular in statistics
to handle big data. In this method, one takes a small data set from the original
large sample and uses it as a surrogate to perform statistical analysis. For example,
uniform sampling is often used in subsampling for computational intensive problem.
However, uniform sampling is not effective in extracting relevant information and
the performance of the statistical inference can be very poor. See the simulations of
uniform sampling by Peng and Tan (2018). Motivated by this, we seek non-uniform
data-dependent sampling methods for big data in the framework of general estimating
equations (GEE) by the criterion of A-optimality, that is, minimizing the traces of

certain variance-covariance matrices.



A lot of work on non-uniform data-dependent sampling algorithms for data anal-
ysis problems can be found in literature. For instance, Ma and Sun (2014) and Ma,
et al. (2015) has studied the leverage scores and used it as a non-uniform sampling
distribution for linear regression. Ma, et al. (2015) proposed the shrinkage leveraging
estimator (SLEV) and unweighted leveraging estimator (LEVUNW). They derived
the bias and variance formulas for the weighted subsampling estimators. Drineas, et
al. (2008) and Mahoney and Drineas (2009) has studied the matrix-based problems
that are related to least squares approximation, where normalized statistical leverage
scores are used as the non-uniform sampling distribution. Zhu, et al. (2015) obtained
the optimal subsampling distribution for large sample linear regression, and proposed
the predictor-length subsampling method. Wang, et al. (2018) constructed opti-
mal subsampling for large sample in logistic regression model. Wang, et al. (2019)
developed the information-based optimal subdata selection for big data linear re-
gression where the subsampling method is based on D-optimality criterion. On the
other hand, fast computational methods on subsampling algorithms have been well-
studied by statisticians and computer scientists. Drineas, et al. (2006) constructed
fast Monte-Carlo algorithms for approximating matrix multiplications. Drineas, et al.
(2010) has studied randomized algorithms for least squares approximation, where the
leverage scores are computed approximately. The monograph of Mahoney (2011) has
a detailed discussion on this method. In this dissertation, we present non-uniform
subsampling methods in GEE using A-optimality criterion. Peng and Tan (2018)
proposed the A-optimal probability distribution for linear regression model. They
derived the asymptotic expansions for the subsmapling estimator and the asymptotic
normality under certain conditions. Also, they have proposed data truncation for fast

computation.



1.2 Challenges of Big Data Analysis

Fan, et al. (2014) discussed that big data has the following salient features: (1)
massive sample size and high dimension whereas traditional data set has sample size
larger than the dimension, (2) heterogeneity of data, (3) noise accumulation, (4)
spurious correlation and (5) incidental endogeneity. We will elaborate each of them

in details and discuss the impacts of big data on statistical thinking.

1.2.1 Heterogeneity of data

Big data is always created by aggregating data from different data sources corre-
sponding to different subpopulations. Each subpopulations may be characterized by
its unique features which are distinct from others. Data from small subpopulations
are considered as outliers. One way to deal with outliers is to remove them before
performing statistical analysis. However, under big data era, even the smallest sub-
population will have significant size since the full sample size is massive. This helps
us to better understand the heterogeneity of subpopulations. For example, the large
amount of genome sequencing data enables us to discover the relationship between
certain genes (covariates) and rare diseases (outcomes) (Worthey, et al., 2010). This
discovery is infeasible if the sample size is not large enough. Besides the benefits
brought from big data, the heterogeneity of big data also comes with statistical and
computational challenges. For instances, we have to impose some regularizations to

avoid overfitting in finite mixture of regression models (Khalili and Chen, 2007).

1.2.2 Noise accumulation

Big data analysis often requires us to simultaneously estimate many parameters
(high dimension). The noise from the data will be accumulated when estimating a
large number of parameters. One way to tackle this problem is to assume sparsity on

the model (Hastie, et al., 2009). L;- regularization method (Lasso) is used to select a



subset of the variables which best describe the model. In fact, with more parameters
included in the model, it will not only increase the noise which may even dominate
the true signal, but also make the interpretation of the model more difficult as more
parameters are considered. In our simulation studies, we will demonstrate how the
noise accumulation in high dimensional data poses a challenge to statistical inference

under our A-optimal subsampling.

1.2.3 Spurious correlation

Spurious correlation refers to the situation that many uncorrelated random vari-
ables may have correlation in high dimensions. For example, Fan, et al. (2008)
demonstrated that when the dimensionality of the data is very high, variable selection
becomes challenging since there could be high correlation between those significant
variables and spurious variables. This may lead to unreliable statistical conclusion.
In particular, Fan, et al. (2008) considered the case when the dimension p (800,
6400) is larger than the sample size n (60). They assume xq,...,z, be n indepen-
dent observations of a p-dimensional Gaussian vector X ~ N,(0,1,). The maxi-
mum absolute sample correlations between the first variable and the other variables,
7 = max;>y [corr(Xy, X;)| with 1000 repetitions are then computed. The simulation
results show that the maximum absolute correlation increases when the dimension

increases.

1.2.4 Incidental endogeneity

Endogeneity refers to the fact that correlation exists between the variables X and
the residual noise ¢ in a regression. This contradicts with the exogenous assumption
that the predictors should be uncorrelated with the noise in regression model. Big
data is more prone to have endogeneity problem because big data is usually an aggre-
gation of data from multiple sources, this implies more measurement errors and thus

the endogeneity problem. Also, Big data usually comes with high dimensionality,



that is, more predictors are included in the model. This increases the possibility that
some predictors are correlated with the residual noise. The existence of incidental
endogeneity will make traditional statistical methods invalid, and the impact of it on

high dimensional statistics is still not well understood.

1.3 Count Data regression

Zhao (2018) studied A-optimal subsampling theory with emphasis on count data
regression model, for instance, Poisson regression model, zero-inflated Poisson regres-
sion model and negative binomial regression model. However, the sample size of the
data is of ten of thousands which is not the usual size for Big Data. In this disserta-
tion, we study Big Data with sample size n equals millions and dimension p equals
50. We develop A-optimal subsampling theory for general estimating equation (GEE)
with arbitrary data structure, that is, data can be random or deterministic, depen-
dent or independent. These results are parallel to those obtained in linear regression
model in Peng and Tan (2018). We will also derive the Taylor expansions of the bias
of regression parameter estimators with resampling and without resampling. Both
Taylor expansions show that the magnitude of the remainder terms of the biases are
significant when the data is of high-dimensional. We will show in the simulations
that under big data with massive n and large p, the remainder term of the bias is
not negligible. Also, we will demonstrate through simulations that the bias is not
negligible when the random variable of the dataset does not have finite high-order
moments.

This dissertation is organized as follows. We briefly review the nonuniform sub-
sampling methods for linear regression model in Chapter 2. In Chapter 3, we give
some classical examples of generalized estimating equations (GEE). In Chapter 4,
we prove the asymptotic normality of the bias of estimators with resampling and
without resampling. We also derive the general expression of the biases with specific

order for the remainder terms. We discuss the theoretical results related to A-optimal



distributions under GEE framework. We shall focus on asymptotic normality, asymp-
totic behaviors under A-optimal sampling for fixed dimension and growing dimension.
Simulation studies of big data is presented in Chapter 5. A real data example will be

given in Chapter 6 to demonstrate our methods.



2. LEAST-SQUARES AND LINEAR MODELS

In this chapter, we provide an overview of subsampling methods for the linear regres-
sion problems.

Consider a linear regression model
yi=x f+e, i=1,...,n, (2.0.1)

where y; € R is a response variable, x; € RP? is a p-dimensional design vector, 5 € R?
is a p-dimensional regression parameter and €y, ..., &, are independent and identical
distributed (i.i.d.) random errors with zero mean E(¢) = 0 and finite variance o2 =
Var(e) < oo. We shall assume that x;’s are nonrandom although the results will hold
also for random x;’s, and the true regression parameter satisfying the linear model is
Bo-

Let X = (x1,...,%,)T be the n x p design matrix, y = (y1,...,%,)7 € R" be the

response vector and € = (gq,...,&,)7 € R™ be the error vector. Assume throughout

that X has full rank. Then the linear model can be expressed as
y=XB+e (2.0.2)
A common estimator of  is the ordinary least squares (OLS) estimator Bols given by
Bots = argmin g, |ly — XB|2 = (X"X) "Xy, (2.0.3)

where || - || represents the Euclidean norm on R". The predicted value is given by y =
Hy where H = X(X?X)7!XT is the so-called hat matrix. The i** diagonal element
of the hat matrix hy; = x7 (XTX) 1x; is called the statistical leverage score of the i"
observation in literature, and we shall use the leverage score also to refer to the distri-
bution. Note that Y  h; = tr(H) = tr(X(XTX)'XT) = tr(XTX)'XTX) = p.

Statistical leverage scores have been used to quantify influential observation. It is



clear that h; = d—y, when h;; tends to one, then 9; tends to y; which implies the it

i
observation is leveraged.

2.1 Subsmapling Methods

When the sample size n is extremely large, it becomes infeasible to compute the
full sample OLS using conventional computer. An alternative way is to draw a sub-
sample of size r < n using certain sampling probability {m;}",, i.e., draw r rows
from the original data according to {m;}!,, and construct a weighted estimator B:
on the subsample. We summarize the weighted estimation algorithm as follows (Ma,

et al. (2015), Zhu, et al. (2015)).

Weighted Estimation Algorithm (subsmapling with replacement)

e Step 1. Construct a sampling probability {m;}"_; for all the data points
(x;,9;). Use the distribution to draw a subsample of size r < n and
denoted it as (X*,y*) with the corresponding probabilities 7*.

1 }r
- :
rrr )

J

e Step 2. Construct the weighted matrix W* = diag {

e Step 3. Compute the weighted least squares estimator as follows.

B;k _ (X*TW*X*)—lx*TW*y*

E " )
. where k; is the num-
rm; i=1

ber of times the i*" data point has been selected. Then the weighted least squares

Note that we can also use the weight matrix W = diag {

estimator is computed as

B, = (XTWX) ' X"Wy.



Denote w = (wy, wy, ..., w,)T as a random vector where w;’s are the diagonal entries

of W. Then w follows as a scaled multinomial distribution,

k k k., !
p <w1 = Wy = Wy, = ) = Tk '7“ i 'Wf%g?--wk”, (2.1.1)
ol - -

Iy Ty T,

The following lemma is useful in later chapters.

Lemma 2.1.1 Consider the scaled multinomial distribution w as described in (2.1.1).
We have the following results.

1/1
1. E(w;) =1, E(w?):—(——1>+1, fori=1,....n,

T \T;

1
2. E(U)ﬂl)j)zl__; fori#ji
r

(l - 1> , fori=j
3. El(w; — 1)(w; — 1)]= ) u
o fori#j

Reuwrite the above results in matriz form, we have V(w) = E[(w — 1)(w — 1)T] =

diag{—} — ~J,, where w = (my,...,7m,)T and J,, is a n x n matriz of ones.
rm r

Proor orF LEMMA 2.1.1. To prove 1, note that the expected value of w; is

: _ 1 o k’l ko k i) 1 o ki—1 k
given E(wz) = Zk Fllgl i1 To™ oo T (_> Zk Tl don] 1 TG ek

On the other hand, we have
r!
(”1+"'+”n)r22k11...k LR o (2.1.2)
— ki !

Differentiate the left hand side of (2.1.2) with respect to m;, we have r(m + -+ +

7,)" "' = r, and differentiate the right hand side of (2.1.2) with respect to m; gives

rE(w;). Hence, E(w;) = 1. Note that E(w?) = %3, " - T2 e 2

(2

Differentiate (2.1.2) with respect to m; twice gives r(r — 1) = r*E(w}) — ZE(w;),

solving it gives E(w?) = % (7% — 1) + 1.

T

.y r! ki—1_kj—1 k
To prove 2, for i # j, we have E(ww;) = 5 >, 77— ey i k.

Differentiate (2.1.2) with respect to m; and 7; gives r(r — 1) = r*E(w;w;). Thus,



To prove 3, note that when i = j, E[(w; —1)?] = E(w}) — E(w;)* = (£ — 1), and
for i # j, E[(w; — 1)(w; — 1)] = E(ww;) — 1 = —1. [ |
The weighted least squares estimator is determined by the probability distribution
{m;}"_;. The followings are several subsampling distribution that have been discussed

in literature (Ma, et la. (2014, 2015), Zhu, et al. (2015)).

e Uniform Sampling Estimator (UNIF). Draw the subsample according to
the uniform sampling probability, m; = 1/n. The corresponding weighted LS
estimator is given by 5% = (X*TX*)1X*Ty*.

e Basic Leveraging Estimator (LEV). Draw the subsample according to the

leverage scores, m; = i
p

e Shrinkage Leveraging Estimator (SLEV). Consider the convex combi-
nation of the leverage scores distribution and the uniform distribution, m; =
a% + (1 — @)X, where a € (0,1). This subsampling method was originally
proposed by Ma, et al. (2014, 2015).

e Unweighted Leveraging Estimator (LEVUNW). The subsampling prob-
ability is the leverage scores with the computation of the unweighted LS esti-

madtor:

Byt = argmingeg, [ly* — X5
This subsampling algorithm is originially proposed by Ma et al. (2015).
e Optimal Subsampling Estimator (OPT). Let m; = <—F—2 =1 — VI=haillxi| This

>y VI=hillxl|
is the subsampling probability which minimizes the expectation of the trace of

V., where V, = 1377 ixixiT with e; = y; — X7 fos. This subsampling method

=1
is proposed by Zhu, et al. (2015). The computational cost of OPT is O(np?).

e Predictor-length Subsampling Estimator (PL). Let m; = Z’ki\l\‘xr'll' This
subsampling distribution is proposed by Zhu et al. (2015) as an improvement

of (OPT) on the computation cost which is O(np).
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UNIF is simple to implement but the performance is usually poor. LEV is the first
nonuniform data dependent subsampling method based on leverage scores. However,
LEV can cause inflation of MSE due to the leverage scores being too small (Ma et
al (2015)). SLEV take advantages of both leverage scores and uniform, it makes
sure that the sampling probabilities is not too small (hence, avoid inflated variance)
and sample respect to probabilities near the leverage scores so the influential data
points can be selected. LEVUNW is different than LEV since they have different
distributions of sampling and reweighting. Ma, et al (2015) showed that both SLEV
and LEVUNW have better empirical performance than UNIF and LEV in terms
of mean square errors. Zhu et al. (2015) showed empirically that both OPT and
PL have better performance than LEV and UNIF, while OPT and PL have similar

performance.

2.2 Asymptotic Theory for Weighted Subsampling Estimators

We now give some theoretical results of bias and variance of weighted LS estima-
tors. These results are based on a series expansion of B;’f around the expected value

Bois (Peng and Tan (2018), Ma et al. (2014, 2015), Zhu et al. (2015)).

Lemma 2.2.1 Let B;f be the weighted least squares estimator obtained from the weighted

estimation algorithm. Then we have the following expansion of B;“ around ﬁol&

~

B = B + (XTX) ' X7 diag{e}(w — 1) + Ry (2.2.1)
where € =y — Xﬁols 18 the residual, and Ry s the remainder.

Note that the randomness of the estimators is of two-fold, the randomness originated
from the model as well as the randomness inherent from the subsampling distribution.
Given Lemma 2.2.1, we can derive the conditional (concern with the randomness of
the subsampling, and conditioned on the data y) and unconditional (concern with the

randomness of the model) expectations and variances of the weighted subsampling
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estimators. The following result is from Ma et al. (2015). Better results can also be

found in Peng and Tan (2018).

Theorem 2.2.1 Let B: be the weighted least squares estimator obtained from the

weighted estimation algorithm. The conditional expectation and variance are given by

E*(6)) = Bois + E*(Rw),
V*(5) = (XTX)' X" {diag{é}dmg{%} dz’ag{é}] X(XTX)™ + V*(Ry).
(2.2.2)

The unconditional expectation and variance are given by

E( A:) = 607
; § 1~ hy)’
V(3) = (XTX) + %(XTX)_lXTdiag{( )
.

)

} X(XTX)™' + V(Ry).
(2.2.3)

Remark 2.2.1 The conditional expectation means that when we compute the weighted
subsampling estimators from a data set N times, the average of the N estimators will
be centered roughly at the LS estimator given the remainder term is negligible. While
the unconditional expectation means that from the true model, we first generate lots
of data sets from it. Then we compute the weighted subsampling estimator from each

of the data set, and the average of these estimators is centered at the true parameter.

Remark 2.2.2 The conditional and unconditional variances of ff;f is inversely pro-
portional to the subsample size r. Under LEV procedure, the second term of the
variance could be inflated by very small leverage scores as m; = hy;/p. Under UNIF
procedure, the second term of the variance depends on n/r which is larger than p/r

from LEV when p < n. Thus, UNIF also has variance inflation problem.
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3. GENERALIZED ESTIMATING EQUATIONS

One way to obtain estimators for regression parameters in statistics is by solving
the some estimating equations. In this chapter, we give some examples of likelihood-
based models and derive the estimation equations. We will also review the estimating

equations for generalized linear model (GLM).

3.1 Linear regression with Normal distribution

Let Y has a normal (Gaussian) distribution N(u, 0?) where the mean is E(y) = p
and V(y) = o2, The probability density of Y is given by

_ 1 (y—w)?
f(y\u,v)—WeXp{ e } (3.1.1)

The likelihood of n independent random variables y; ~ N(u;,0) for i = 1,...,n is
given by
- 1 i — i)’
L, o2lyn, - yn) = gexp {—5 In(2r0?) — %} (3.1.2)
- 1 2 (i — 1)°

where g = (g1, .. ., p1,)?. Consider the linear model where g(1;) = p; = E(y;) = x! 3,
where x; € RP is the covariates vector for the ¥ observation, and 3 € RP is the
regression parameters, and ¢ is the link function is identity. The log-likelihood model

for the linear regression is

n

L(B,c* X, 91, ... Yn) = Z (—% In(270?) — M) (3.1.4)

; 202
=1

If the response variable Y is always positive, we could use the log-link g(p;) = In(p;) =

x?' 3 which gives the log-linear regression model. To estimate the regression parame-
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ters, we use the maximum likelihood estimator which is obtained by solving the first

derivative of the log-likelihood, 2 %,

sz yi—x'8)=0 (3.1.5)

This is the estimating equation for linear model. Solving it gives the ordinary least

squares estimator (.

3.2 Poisson regression

Poisson distribution is a natural choice when the response variable is non-negative
counts. Let Y has a Poisson distribution Poi(u) where E(y) = V(y) = > 0. The
probability density of Poisson is given by

e_/"’ Y

0
Flylp) = o y=0,1,2,..., (3.2.1)

The likelihood of n independent random variables y; ~ Poi(u;) for i = 1,...,n is

given by
n e_uzu:zyl
i=1 v
=TT exp{—sm + yiln () — In (i)} (3.2.3)

i=1
where g = (1, ..., ptn)?. Consider the linear model with log link, In(y;) = x/' 3. The
log-likelihood model is

LB, X, g1, - yn) = > _{exp(x] ) + yix( 5 — In(y:!)} (3.2.4)

Differentiate the log-likelihood with respect to § gives the estimating equation,

n

Z y; —exp(x3))x; = 0 (3.2.5)

The estimating equation can be solved by Newton-Raphson and iteratively reweighted

least squares (IRLS) algorithms.
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Note that in real data, the condition E(y) = V(y) usually fails to hold. This is
known as overdispersion problem. Negative binomial regression is commonly used to

handle this problem.

3.3 Negative Binomial regression

Let Y follows a negative binomial distribution N B(r,p) with the probability dis-

tribution given by

Ply+7r) ,

= ——pY(1 —p)" =0,1,2,... 3.3.1

f(ylr, p) ST " 1-p)" y=012 (3:3.1)
where the mean E(y) = {, and variance V(y) = #. By making a transformation

of the parameter
pr u
= E) = = 3.3.2
pi=E(y) =4 TP (3.3.2)

and set o := %, we have the density as

f(ylu,a)zr(yﬂ/a)( & )y( ! )l/a, y=0,1,2,...  (3.3.3)

yI'1/a) \p+1/a 1+ap

Then, V(y) = pu+ au® > E(y), and E(y) = V(y) if and only if & = 0. The term «

is known as dispersion parameter or shape parameter. The negative binomial model
can be used to handle the overdispersed Poisson. Consider a log-linear model with
link function: p; = E(y;) = exp(x] ), where y; ~ NB(u;,«),i = 1...,n. Then the
log likelihood model is

- i 1 1
L X U1,y Yn) = In [ ——— ) 4 =1 34
(s X, yr, .o, yn) Z(y n(ﬂi+1/a)+a n(1+am)>+0 (3.3.4)

i=1
n

= > ilx! B — In(exp(x! B) + 1/0) (3.3.5)

=1

=2 Va1 +aexp(x ) +C (3.3.6)
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The estimating equation is given by

- & - (wit+1/a) exp(x! B)x;
oL _ § b= T (3.3.7)
E yl - eXp Tﬁ))xz o
- I +aexp(x/'B) 0 (3.3.8)

Note that we get back the estimating equation of Poisson when o = 0. In fact,

Poi(p) = lim, 0o NB(r, 747) provided that {5 —  as r — oo.

3.4 Generalized Linear Models (GLMs)

The theory of generalized linear models (GLMs) was introduced by Nelder and
Wedderburn (1972). In GLM, the response variableis a member of the exponential
family. Examples of exponential family member include Gaussian, Poisson, Bernoulli,
binomial, negative binomial, etc. The exponential family with a canonical location
parameter 6, nuisance parameter ¢, and known function a, b, ¢ has the following den-

sity

£(16.6) = exp {W‘(—qj’)@

where a(¢) is a scale parameter and c(y,¢) is a normalizing term which ensures

+ c(y, gb)} (3.4.1)

integration of the density is one. The expected value and variance are

E(y) =V'(0) = p (3.4.2)
0]

V(y) = Vi(u) = a(¢) 55 = al0)t"(6) (3.4.3)
where the variance is a function of the mean u. The likelihood of n independent
random variables yq, ..., y, of exponential family is given by

L(8,lys, .. .ya) = [[ exp {de))() + ey, ¢)} (3.4.4)
i=1

where 6 = (6,...,0,). The log-likelihood is

L(O,dlyr, ..., yn) = Z {yﬂ%(éb)(@z) + (i, ¢)} (3.4.5)
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We consider the linear model g(;) = g(u(6;)) = xI' 3, which implies b'(6;) = p; =
h(x¥3) where h = g~*. Note that

00 o\ " 1
@:(%) ~ ) o0

Hence the estimating equations of GLMs with this linear model is

7~ (o) (30) (55) .
- inl <y ;(Z)@)) (b//(lei)) W (xi B)xi (3.4.8)
- i (%S{)Tﬁ)) Wi B =0 (3.4.9)

=1

For canonical link g(u(0)) = 6, we have

1= g'(u(0)1'(0) = g'(u(0))6"(0) (3.4.10)

and h(g(u(9)) = () implies W' (xTB) = m. Thus, we can further simplify the
estimating equations of GLMs as

n

D (i — h(x]8))x; =0 (3.4.11)

i=1
The estimating equations of GLM are highly non-linear. But it can be solved by
IWLS through application of Newton’s method.
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4. A-OPTIMAL SUBSAMPLING AND ASYMPTOTIC
THEORY

In this chapter, we give the asymptotic normality of the subampling generalized
bootstrap estimate under fixed and growing dimension. We will derive the order of the
remainder term of the bias of this subsampling estimate. The A-optimal subsampling
distribution will be dervied and the A-optimal scoring algorithm will be discussed.

We follow the framework of Chatterjee and Bose (2005): Let {Z,; : 1 <i<n,n >
1} be a sequence of random variables defined on some probability space (€2,P) and
B € B C R?P be a parameter vector. Consider a triangular array of smooth functions
{ni(Zni; B): 1 < i < n,n > 1} taking values in R? and mapping to R?, with each
E(¢ni(Zni; Bo)) = 0 for some unique Sy € B. The parameter [y is unknown and we
estimate [y by Bn which solves the estimating equations,

We consider the case when the sample size n is extremely large and the dimen-
sion p is also large, in which case conventional methods suffer from large sample size
challenge and also high-dimension challenge. To deal with large p, which is a typical
case for big data, it is common to assume the sparsity principle, that is the response
variable only depends on a subset of predictors. See Tibshirani (1996) and Biithlmann
and van de Geer. S. (2011) for the variables selection methods in high-dimensional
statistics. When n is large, due to the limit of computing technologies, computa-
tion of the full sample estimate Bn is infeasible or time-consuming to obtain. One
pupular method for handling large sample is subsampling. In this dissertation, we
seek the A-optimal sampling distribution on the data points, and use it to take a

small proportion of the data as a surrogate of the whole sample for model fitting and

statistical inference. We shall also look at the case of growing p = p,, with sample
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size n. Asymptotic properties of the subsampling estimate when p,, is growing with
n is investigated.

Let m, = (mni,7 = 1,...,n) be a sampling distribution on the n data points
Zpi- Assume 7, is known for now. A subsample Z* = {ZF : j = 1,...,r} with
the subsample size r << n is selected based on this sampling distribution. Let
7" = (m} :j=1,...,7) be the corresponding sampling probabilities. The full sample
estimator B is then approximated by the subsampling generalized bootstrap estimate

~

B¥ which solves the estimating equations

- nj Z;;]a
UHB) =) M = 0. (4.0.2)
j=1 J

An important feature of (4.0.2) is that it uses the sampling probability as the weights
of the estimating equations. This is analogous to the Hansen-Hurwitz estimate in

classical sampling (Hansen and Hurwitz (1943)). In fact, the conditional expectation

of r=1U*(3) is

- nj (Znj
B () = -y (2

= Ui Zui; B)
=1

which is original estimating equations ¥, (/).

The theory of weighted (generalized) bootstrap has been extensively studied in the
literature, see e.g. Efron (1979), Mammen (1993) and Bose and Chatterjee (2002).
However, in order to makes the proposed bootstrap computational friendly, most of
the existing weights are exchangeable non-negative random variable and independent
of data. Only some of these weights can improve Efron’s bootstrap by using Edge-
worth expansions. See Chapter II of the monograph by Barbe and Bertail (1995)
and the references therein. Unlike existing weights, we pursue weights which are data

dependent and not exchangeable. In fact, our weights are derived by minimizing the
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trace of certain variance covariance matrix. They are referred to as the A-optimal

weights which are different from existing weights.

4.1 Notation and some elementary results

NOTATION.

o Let {a,}22,,{b.}52, be two sequences of real numbers. a,, = o(1) means that

a, — 0 as n — oo. a, = o(b,) means that a,/b, = o(1).

e a, = O(1) means that for all large n, |a,| < C for some C. a, = O(b,) means

that a, /b, = O(1).

e For any sequences of random variables { X, }22; and {Y,,}7°, X,, = 0,(1), if for

every € > 0, P(|X,,| >¢) = 0as n — o0. X,, = 0,(Y,) if X,,/Y,, = 0,(1).

o X, = O0,y(1) if for every € > 0, there is a C' > 0 and N such that if n > N then
P(| X, > C) <e. X, =0,(Y,) if X,,/Y, = O,(1).

o Abbreviate ¢ () = Vni(Zni; ), its d-th component ¢,,; 4(5), and ¢n; = ¥ (5o)-
e For ¢) : RP — R, define ¢ : R? — R? by

_o_ (8_¢ 3_¢)
op o 0B,/
For 1 : R? — RP, define ¢ : RP*? — RP*P to be the p X p matrix ¢)(B) whose

d-th row is ¢(6d)T for B = (1, ,0,) with 8; € RP. Similarly, define ¢(B)

¥ (B)

to be the p? x p matrix resulted from stacking q(54) = %wd(ﬁd). We write
¥(B) for w(B) if B=(p,---,p) and similarly W(B) for w(B)

e For any vector v, w € RP, we define the o notation as follows

UT © @Z}m(ﬁ) cCw = [UT'aniJ(ﬁ)wa UT@Eni,Z(ﬁ)wa s >UT¢ni,p(6)w]T‘

Hence, v7 o 9),,;(8) o w is a p-dimensional vector.
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e Define the norm || - [, as follows: for ¢ = (¢1, -+ ,9,)7,

H&Hoe =

e For any random variable X, we define the centered version of X as
X =X-EX)
e For matrix A, denote AT the transpose of A, A%? = AAT, A~T = (A7 1H)T,
E~'(A4) = (E(A))™!, and A® = 1(A+ A47).

o Write Apax(A) (Aamax(A)) the maximum (maximum absolute) eigenvalue of A,

ete.

e We write ||A]| for the euclidean norm and || A||, for the operator (spectral) norm

of matrix A which are defined by
2 T
|A||? := Tr(ATA) = Z&w
[Allo := sup [[Aul| = sup (u" AT Au)"/? = N2 (AAT)
[lufl=1 lufl=1

where A;; denotes the (7, j)-th entry of A.

In other words, ||A]|? equals the sum of the eigenvalues of AT A, while ||A]]? is the

largest eigenvalue of AT A. Consequently,
[Allo < [|All
If Aisp x p, then [|A]| < /p||A]lo- Thus we have
[Az[] < [[Allollzll < [IA[|]]
for compatible vector z. Also,

|All, = sup sup u’Av
lull=1lvf|=1
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and it simplifies to

IA]lo = sup u” Au

[[ul| =1

if A is symmetric. Using this and the Cauchy-Schwartz inequality,

ool <[ forad |

(XYl < IEGXXT) [ 2IEQYT)]?).

|[ 1] < [157a

HEXXUH<EHXHD

99" du

Y
o

In particular,

4.2 Asymptotic behaviors of the subsampling M-estimators for fixed /growing

dimension

We need the following assumptions. Let

Zw Lni(B)®2, Ay = AY2 (1)), B, = UL

jn = jn(Bn) = ani<3n)®27 An = )‘mﬁx(j ) i" - \Ij;llj"q];T‘Bn

Note that \, ~ n, \, ~ Vn, and —“i— <\ < N

n — minm; °

Let 02 > 0 be an arbitrary sequence. Typlcally, o2 =1

n nmaxm;

(R1) There is a constant ¢, > 0 such that \, - co and

~

PO Namin (T (8,)) > o) — 1.

n

(R2) Each component 1, 4(f) admits the second order expansion

¢ni,d(60 + t) = wni,d(ﬁo) + 77Z}7—’er,d(/60>t + 1/2t—r¢ni,d(ﬁ~ni,d)tv d= 17 Ry 2

for ||t|| <ty with some to > 0, where Bm,d lies in between Sy and [y + ¢.
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(R3) The sampling probabilities m,; and subsample size r,, satisfy

Zﬂ— me Bn ”2 = OP( 2>‘2>

(R4) There exists a neighborhood Ny of §y such that \'I'lnjd(ﬁ) is either positive or

negative definite in Ny, and that there is a random variable 7, 4

sup )\amax({l.jnd(/ﬁ)) S 77m’,d7 d = 17 -y Dy

BENy
where the random vector 1,; = (ni1, .-, Mnip) | satisfies
> lmill® = 0p(A2p).
i=1
(R5) Amas (o (Bn)) [ Amin(Ja(Bn)) = Op(1).

(R6) Fix u € RP* with [lul| = 1. The double array z;,; = suTU-T(8,) ;j(Bn)/Tr:;j,
7=1,2,...,r, r > 1 satisfies the Lindeberg condition: for every ¢t > 0,

> Tillzail Izl = Vrt] = 0,(1), as 1 — oo,
i=1

2 _ T
where s; =u' X, u.

To prove asymptotic normality of the subsampling estimator, we need (R3) and (R4)

replaced by the followings assumptions

(R3”) The sampling probabilities 7,; and subsample size r,, satisfy
ZW Wi (Bu)lI* = 0p(p™ " raAa0,?).

(R4”) There exists a neighborhood Ny of £y such that \I/nd(ﬁ) is either positive or

negative definite in Ny and that there is a random variable 7, 4

sup )\amax(q}n,d<5)) < Nni,d, d= 17 oD,
BeNo

where the random vector 7,; = (i1, - - - ,nm’,p)T satisfies

IS " naill” + 3" (0 + (ramad) ™) il = 0, (p 7210, 432).
=1 =1
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Theorem 4.2.1 Suppose (R1)-(R4) hold. Assume B, is a solution of (4.0.1) such
that B, = By + 0p(1). Assume

Z?T i (Ba) P = Op(pAi 7). (4.2.1)

Then these exists a sequence of solutions B: of (4.2.18) such that if po2/r = o0,(1),
then it holds tn probability that

B — B = 0y (0r0,), (1.2.2)

~

U (Bn)v/rn(B; = Ba) = — j,r_n Z ’”ﬁ(ﬂ n) 0 (ur/B). (4.2.3)

If, further, (R5)-(R6) are satisfied for v € RP» with ||u|| =1, and (R3) and (R4) are
replaced by (R3’) and (R4’), then it holds in probability that
s /mu' (B = B,) = A(0,1), in probability, r, — co. (4.2.4)
PROOF OF THEOREM 4.2.1. For t € R?, let t, = p'/2r~ 25, \-'t, and
AL () =p PN, sz (Vi (Ba + ta) = ¥ni(Ba)) — A W0 (Bt (4.2.5)

For arbitrary C' > 0, fix ||t|] < C. Then ¢, — 0 by assumption. For notational
brevity, we now drop the subscript n when there appears to be no ambiguity. It

follows from 3, = B + 0p(1), (R2) and the inequality in (R4) that

18501 < 20372 S i B + 5Cpr A2 S wom

i=1 i=1

)

for large subsample size r and with large probability (meaning it holds on an event
whose probability converges to one as the subsample size tends to infinity). Using

some algebra, one easily derive

rEX(| Zwlwm BI?) < Zm*uwm (Ba)lI? =

HZwmmH <E*szunmu =l = B
=1
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Hence it follows from (R3) and the equality in (R4) that

E*(sup ||A%(8)]?) < 205N 2A,+Clpr o2 X 2B, = 0,(0,2). (4.2.6)
ltI<C

Recall W’(Gn) = 1/2(0,(B,) + U (B,)). Assume without loss of generality that
Xarnin (P57 (1)) = Anin (T (53,)) > 0 for large n. By (4.2.5),

EZ(O) =: inf {p—l/er/zo‘glj\gltT szwm(én + tn)}

t|=C
] p

> OPA7 Namin (U (B,)) — € sup [|A5(0)] (12.7)
lltI=C

= Cp 2 Po MDD wihns(Ba)|-

By (R1), A" Amin (U5 (3,)) > ¢o for some ¢ > 0 and with large probability for large
n. For large K > 0, as U, (8,) = 0 and by (4.2.1), we have

P*(p~ 2 o A D witha(Ba) | > K)
=P (p~ 2 2o A0 Y @it Ba)| > K)
< K77l P00 Y (B

= K770,(1) = 0,(1).
This and (4.2.6)—(4.2.7) yield that for large C,

P*(6,(C) > 0) = 1 =P*(sup [[AL(H)] > coC)
ltl=c

=P P A Y D withus(Ba)l| > coC) = 1 = 0,(1).

Using the same argument of Chatterjee and Bose (2005), on the set £ (C) > 0 the
continuity of W*(3) implies that there is a root ¢ = T}, of (3, + p'/2r Y20,t) =
0 with |T,,| < C. This holds on an event with probability approaching one as C'
tends to infinity. Thus 3% = B, + pY/%~20,T), is a root of (4.2.18) and satisfies
P*(p~ /271 26|35 — Boll <€) > 1—0,(1). By (4.2.6), A*(T}) = 0,(c;,"), which is,

in view of (4.2.5), amount to

A W (BN (B = fo) = —5\;1\/7_“2 wpni(Bn) + 0+ (/D).
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This shows (4.2.3) by the stochastic equivalence.
Using (R3”) and the equality in (R4”), (4.2.6) becomes

E*(sup [|[A%(H)]]?) < 2027 A2 A, +Cpr o2 A 2B, = o,(p~l0;?). (4.2.8)
ti<c

Following the same argument as above with A*(T},) = o,(p~'/%0;1), we have the

expression

AL (BVE(BE = Bo) = =AY withni(B) + 0pe(1). (4.2.9)
The asymptotic normality (4.2.4) follows from the established relation (4.2.9) and the
Lindeberg-Feller theorem (e.g. Theorem 7.2.1 of Chung, 2001). More specifically, the
Lindeberg condition (R6) implies that the main term on the left side of (4.2.9) has
an asymptotic standard normal in conditional probability given the data, while the

remainder term is negligible,
3;1;\71“—'—\1/;1(/@71)0‘2 = op(1),

where o = 0,+(1). This follows from

M _ Ama (2 (Bn)) ___ B
Sn Amin((Jn(B))[uT OB (e "W (50|
where B is a constant implied by (R6). The proof is now complete. [ |

Note that when conditions (R3”) and (R4”) are used, the remainder term of the
expansion of (% is of order o(\,/ \/Tn). This is used for deriving the asymptotic
normality of B: To derive the asymptotic bias and variance of the subsampling
estimator, we will use the Taylor expansion (4.2.3) because (R3”) and (R4”) are
implied by (R3) and (R4). (R5) and (R6) are used for asymptotic normality.

A result from multivariable calculus and a related inequality which will be used

later is worth to note here. Here we use the notation introduced in Section 4.1.
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Lemma 4.2.1 Let f : RP — RP be a continuous function which is twice differentiable.

Denote f = (f1,..., fp). Then the second order Taylor expansion of f about xo € RP

18
g g o .. on 1
(zo+t)=| ¢ | (zo)+ | : (z0)t + §tT of(X)ot (4.2.10)
of, of
£ f 8_;; .. 8_362
where X = (Z,-+-,Z) and T lies in between xo and xo+t. f s a stack of p X p matrix
9%f; . 02 f;
Ox10x1 0x10xp
fi,..., f, where f; = : and f = [f1,... f,]7 € RF**P,
% fi . % fi
OxpOx1 OxpOxp

Lemma 4.2.2 Let f : RP — RP be a continuous function which is twice differentiable.

Denote f = (f1,..., f,)". Consider the second derivative matriz f = [fi,... f,]T €

2
RP°XP - and vectors a,b € RP, we have

la o f o bl < llallllb]]l]loc (4.2.11)

where by definition ||f||06 =\/>r, ||fl||§

Theorem 4.2.2 Suppose (R1)-(R4) hold. Assume B, is a solution of the GEE such
that Bn = Bo + 0,(1). Let B;f be the subsampling estimator according to the sampling
probability m = (my,...,m,). Then the bias is given by

n 3/2

a1 17 - 1

i=1 ¢

). (4.2.12)

where ani = U, Wl 5, and by = @y 0 Wy (B,) © Gy

PROOF OF THEOREM 4.2.2. Define

Tn

v (8) = Z %7(:@ = Zwiwm(ﬁ). (4.2.13)
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where the equality follows the stochastic equivalence, see Peng and Tan (2018). Con-

sider the Taylor expansion
* [ % % (0 Tk (D o 2 1 D o Tox [ % D% N
WL(B7) = W5 (Bn) + WL (Ba) (87 = ) + (87 = Ba)" 0 Wi (B) 0 (5] — Ba) (4.2.14)
where B* lies in between B: and Bn Note that ¥ (B;f) = 0. Apply expectation to get

0= E"(V}(5) +E (8. (57 — Bu)] + %E*[(B;“ = Ba)" 0 W(B") 0 (87 — Bu)]
= E[(U(Ba) — E (W5 (B) (87 = Bu)] + E*(¥5,(5a))E" (B} — 5n)
+ SET(Br = Ba)" 0 Wa(Br) o (87 — Bn)]

E*((B7 — B o W3, (B") = Wa(Bu)] © (BY — Bu)]

1
T3
1
2

=E (Z(wi — 1)thni(Bn) By — Bn)> UL (B (EH(BY) — B) + A + AL

- (4.2.15)
where
A7 = SB[ = )" 0 Ba(B) o (3 — ) (1.2.16)
1 . . . . . .
Ny = LB (B )" o B35 — (B o (5 — B (42.17)

The second equality holds since E*(W*(3,)) = S0 E(w;)¥ni(Bn) = S0 i (Bn) =
0, and the last equality follows from the result that U* (3,) —E* (% (6,)) = Yo (w;—

It follows from (4.2.3) and the stochastic equivalence that

sz (Bt (Ba) + 03, (Bu)op (Aa/B/ /1)
= - Zwl (B )tni(Ba) + 0, (Bu)er, (4.2.18)
= — Z Wit + A

=1

where @, = W, |5, and &, = W (B,)ak and o = 0p(Aur/B/\/Tn).
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Note that the expected value of & is

E*|ld,1* = B[V, (Ba)as
< [N (B 1B a2

PO A2p
< W, (B) IPop <7> (4.2.19)

2
_ p
= ;)

Substituting (4.2.18) to the first term of (4.2.15), we have

(Z wz¢nz ﬁn (6 /Bn ) = (Z 'LUZQ/)nz 671 [Z w]anj + Oé

=1 >
n n
wzijnz ﬁn Qpj - 5171
i=1 j=1

-y 1 (l _ 1) Vi (B)ins (4.2.20)

i=1 Tn ¥
1 .
i#j
I 1 A\
= - _d}m<ﬁn>anz - 51n
T'n U

where

Oy =B (i wi¢ni(3n)6x2> (4.2.21)
=1

The third equality follows from E[(w; —1)(w; — 1)] = ;- — L for 1 = j and E[(w; —

D(w; = )] = == for i # j, and W, (6,) = Y1, $i(Ba) = 0.
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Substituting (4.2.18) in A}, we have

A =SB — BT 0 W) o (52 — )

= —E* ( Z W;iGp; + a n(Bn) © (Zn: Wiln; + &:L)>
=1

* [ T A — 1 x(~xT A ~x

=3 Zl ZlE Wit )i © Wnlfn) 0 Gnj + GEHGT 0 Wn(Ba) 0 0n) () 9 99

i=1 j
S B + o

=1 j=1

1 «— 1

2r, Z ; t 0
where b,;; :== al; o \I/n(Bn) 0 Gpj, and
1 A
Oy 1= 51@*(&;? oW, (By) 0 dr) (4.2.23)

Substituting (4.2.20) and (4.2.22) to (4.2.15), we have

n

=1
By (R3) and (4.2.19), the order of 4y, is

=1

2

i=1

2
101 ]|* =

<E* zn:wz¢nz(5n) Op <]—9>

= tr [ZZE* wm ﬁn) Z}(Bn)] Op (%)

=1 j5=1

< lz (Bl (2)
irin )

(PPN
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Hence, ||61,]] = 0,(p*2A/r). Multiply it with the inverse of ¥,,(3,), the order of this
remainder term of bias equals o,(p*2/r).

By (R4), we have the order of s, as

4)|690]1? < E*[|@T 0 W, (B) 0 &k ||
p n
—E (Z(d?f >, \Ifm,dwn)&:;)?)
d=1 =1
p

<E (z s znzn,d)
d=1 =1
=E*(||a|") Z 70|
=1
p2 12
S Op <T_2) Op(pAn)

(PPN

Hence, ||62,|| = 0,(p%/2\,/r). Multiply it with the inverse of W, (f,), the order of this

remainder term of bias equals op(zé/gi—") which is faster than the above.
By (R4) and ||3F — .|| = O,(p'/?r~/20,,) from Theorem 4.2.1, we have the order

of A} as

~

AIA3IP S EN(B; — Ba)” 0 [W5(5*) = Wal(Bu)] © (57 — Ba)l?

n

SO — B S () — (Al mz)

1 i=1

AN
=
*
N NN —~
<l
=
3 %
|
=
3
S
(]
[\
]
S
&
~_
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Hence, ||AS|| = o, (ﬂ) Multiply it with the inverse of ¥, (3,), the order of this

NG
remainder term of bias equals op(\/‘/%).

Comparing the rate of the three remainders, we get the largest rate being o, (p*?/r).

This completes the proof. [ |

Remark 4.2.1 From expression (4.2.12), we have the remainder equals o,(p*?/r).
This means the bias decreases with the sample size r in fixed dimension. However,
when p is large, the remainder term may not be negligible even when r increases.
Thus, the bias for high dimension data may be significant even when the sample size

increases.

Remark 4.2.2 Note that in the expression of the bias, we have first derivative of
the estimating functions ¢ and the second derivative ¢ involved. In the context of
GLM, the original estimating function is known as the score function of a likelihood.
The first derivative of the score function is the Hessian matrix. Our result shows that

to compute the bias asymptotically, we need to consider the third derivative of the

likelihood.

Remark 4.2.3 Theorem 4.2.2 shows that the order of the remainder term of bias
equals 0,(p*?/r) in GEE. Comparing this result with the result of bias in Peng and
Tan, 2018 for linear model. We get the remainder converges in probability with rate

p*?/r which is different than the stochastic bound of order equals O,(r, 3/ %) in their

paper.

4.3 Examples of biases of some subsampling estimators

Example 1 (Linear Regression) The normal equation for the least squares estimator
(LSE) in linear regression is

n

> (wi—xB)x; =0 (4.3.1)

=1
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From the equation, we have 1,;(8) = (y; — x! ), wm(ﬁ) = —x;x7 and ¥(B) =
— Z?:l xixz-T = —X”"X. Since the second derivative wm = 0, by Theorem 4.2.2, the

bias is given by

- —1 ! - D
Bias*() = —(XTX)™! —x;x; (XTX) "' (y; — %] By, .
1as ( 7’) r ( ) ;Trixxz( ) X(y Xzﬁ )+0p( Tn)
1 s . (4.3.2)
_ __ XTX -1 11554 e
SXTX) YT o)

i=1
where hy is the i-th diagonal element of the hat matrix H = X(X7X)"!XT and
€ = Ui — XZTBn is the residual of the i-th observation. Note that the main term
becomes zero when the subsampling probability is proportional to the leverage scores,

ie. m=hy/p, i=1,...,n.

Example 2 (Poisson Regression) Let Y follows a Poisson distribution with mean

parameter u, Poi(x). Then the probability mass function of Y is given by

My
fpoi(y; ,u) = eXp(_M)Ja Y= 07 17 27 s (433)
The mean of Y and covariate vector x; satisfy E(Y;) = u; = exp(x! 3) where 8 € RP
is the regression coefficient and the inverse link function is h(t) = exp(¢). The normal

equation for Poisson regression is

n

> (g — exp(x! B))x; = 0 (4.3.4)

i=1
where » 7, ¢m(5n) = 0. Hence, we have ¥n;(8) = x;(y; — exp(x] ), ¢m(5) =
—x;xIexp(xI'B), and ¥(B) = — 37 x;x7 exp(x/ ) = —XT®X, where

® = Diag(exp(x!'3)). Moreover,

— > T exp(x] B)x;%]

- Z;L:1 Ljp exp(x}p B )XJ'X;F
Hence, the first term of main term of (4.2.12) is
wnz(Bn)@nz = XiX; eXP(X?Bn)(Z XiX; eXP(XiTBn))ﬂXi(yi - exp(xiTﬁAn)
i=1 (4.3.5)

= hiiéix;
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where hy; = xT exp(x?3,)(31, xixF exp(x 3,))'x; is the diagonal of the gener-
alized hat matrix H = ®/2X(XT®X)1XTPL/2 evaluated at §,, and & = y; —
exp(x73,) is the residual.

The second term of the main term of (4.2.12) is

anz_a \I} (6 )Oam

:x?éi(inxiTexp(xiTﬁAn))_lo' lex exp(x7 ,)) " xié;

i=1

The k-th componenet of ¢,;; is

n
Cniik = —é?XiT(Z x;x; exp(x; )"

i=1
Z Tk eXp Z sz exp Tﬁn)) X (436)
= —é&2 exp(—xTf3,) Zx]khw
Thus, the bias of B;f under Poisson regression model is

R —(XTdX|, )t & 1 R -
Bias' () = — ) $7 e L expl T X7 o,y L) (43.7)

T — T, 2
=1

where we define h2 :=[h%,... k2]  fori=1,....n.

» n

Example 3 (Negative Binomial regression) Let Y follows a negative binomial dis-
tribution with mean p and overdispersion parameter v > 0, Nb(p, ). Then the

probability mass function of y is given by

Jon (Y5 1, @) = %(1 +ap) Y/ (p+1/a)) Y, y=0,1,2,... (4.3.8)

Similar to Poisson regression, the mean of Y and covariate vector x; satisfy E(Y;) =

pi = exp(x! 3) and the normal equation for negative binomial regression is

yi —exp(xi f)
— 1+ avexp(x; B)

=0 (4.3.9)
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_ vimep(x{ B) (1+ay;) exp(x] B) _ T
Thus we have ¢nz = mxf“ 77an = mxz and \11(6) =-X (DX,
— Di (1-+ay:) exp(x] B)
where ® = Diag ( (e o (T 52 ) In addition, let

(L4 ay)(1 - aexp(x! B)) exp(x! §)
L+ aexp(x/ )

= Qiilly
Then the second derivative is

— D s XX
= TipsiXX)

The first term of the bias in (4.2.12) is

CA 1 ; T3 L T3
Ui (Ba) i = (14 ay;) eXp;’% Bn)xZ ;TF(XTCI)X)_l " Yi eXp(XZTﬁIL) X,
(1 4+ aexp(x]f,))? 1+ avexp(x; Bn) (4.3.10)
= Eiiéixi

where the generalized hat matrix is H = ®'2X(XT®X) " 'X7®'/2 and h;; is the
diagonal entries of H evaluated at Bn. And ¢; = T/Jm(/én) The second term of the bias
n (4.2.12) is

Cnii = az;i o \I;n(Bn) O An;

=x"e;,(XTDX) " o U, (3,) o (XTOX) 'x;6;
The k-th componenet of ¢,; is

Cii = —e2x7 (XTOX)~ Zx]kijj )(XTPX) %

n
- ¢ § :‘Tjkuj i
i1 =1

(4.3.11)

Thus, the bias of B: under negative binomial regression model is

- T -1 n A
Bias () = — 0 S B 4 SXTR) b, [2) (w12

r
i=1 "

where we define i:zQ (hW2uq, ... h2u,]" fori=1,... n.

7 n
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4.4 Asymptotic behaviors of the M-estimators for fixed /growing dimen-

sion

We study the case of the estimator based on a general estimating equation for
finite dimension p = p, < co. We need a similar version of conditions (R1)-(R6),

which can be formally obtained by setting all 7,,; = 1 (the uniform sampling). Let
Jin(B) = Y E@Wni(B)), A = A2 (J1n).
i=1
(R1") An = 00, i0fy 500 (AL Aamin (B(E))} > 0.

(R2’) Assume 3B € RP*? where B = [Bl, o ,Bp] with §; lies in a neighborhood of S,
such that

U, (B) = Wal(Bo) + Unl(B — Bo) + %(5 — Bo)" 0 Wy(B) o (B — )

(R4’) Same as (R4) except that n,; are replaced with 7;,; which satisfy

D lmnill> = Op(n~'pA7,).

=1

(R'57) >‘max<Jln)/)\min(<]1n) == O(l)

(R6") Fix u € RP» with ||ul| = 1. Let 3, = v E~-(¥,)J;,E~ " (¥,)u. The double

array zin = Spiu B W, )by, i = 1,2,...,n, n > 1 satisfies

> lzll® = op(1),  E(max||zu.il) = o(1).
i=1

for every t > 0.



(R7’) There exists 7,4 and a neighborhood Ny of 8y such that VB = [3,...,8]T €

RP*Pwhere 3 lies in Ny,
)\amax(\'l}n,d(ﬁ)) S Nnd;s d= 17"'ap7
E([lna]?*) = O("AE), k=1,2,...
where 7, = (Nn1y -+ p) © -
(R8) B, ¥l = O(A2,).

The following theorem describes the asymptotic behaviors of the M-estimator for both

fixed and growing parameter dimension.

Theorem 4.4.1 Suppose (R1°), (R2), (R3’)-(R5’) hold. Then there exists a se-
quence of solutions B, of (4.0.1) such that if p/X2, = o(1), then

P~ Ain(By — Bo) = Op(1), (4.4.1)
AME(W)(Bn — Bo) = —Ap, Z¢m +op(1). (4.4.2)
If, further, (R5°)-(R6’) are satisfied for u € RP wzth llul| =1, then
stiu" (B — Bo) = A(0,1), in probability. (4.4.3)
PROOF OF THEOREM 4.4.1. For t € R? let
An(t) = p~ AL (Tn(Bo + P 2A0) = Wa(Bo)) — ALTE(E)E. (4.4.4)

For arbitrary C' > 0, fix ||t|| < C. Then p*/2A;;1t — 0. By (R2) and the inequality in
(R4’),
IALDN? < 20224 W, — E(E,)[[ + 1/2C" A58 meu

Clearly, E(||¥, — E(T,)|)) < E(||¥, — E(F)|[*) = S E([ — E(dh)]|?). This,
(R3’) and the equality in (R4’) imply that

E(||§ﬁl<pc 1AL (B)IF) = o(1/p). (4.4.5)



Recall U =1 /2(0, + ¥ ). Assume without loss of generality that )\amin(E(\PS))) =
Amin(E(TE)) > 0 for large n. By (4.4.4),

. —1/2y-1,T 1/2y—1
G(O) = inf {5 AT (B + X))

> CP AL Aamin (E(WS))) = C sup || AL (1) — Cp™ A5 |Wa -
lItl=C

(4.4.6)

By (R1), AL2Amin (E(F$)) > 2¢4 for some ¢o > 0. Hence it follows from E(||¥,[|?) <
pA}, and (4.4.5) that for large C,

P(£a(C) > 0) > 1= P(sup [Au(t)] > coC) = P(p™ 2AL W]l > coC)
Jel=C

=1-o0(1).

Following Chatterjee and Bose (2005), on the set ¢,,(C') > 0 the continuity of ¥,,(5)
implies that there is a root t = t, of W, (8 + p/2A;1t) = 0 with [|t,|| < C. This
holds on an event with probability approaching one and for large C'. Thus Bn =
Bo + pY/2A7 M, is a root of (4.0.1) and satisfies P(p~ 2 A1, |18, — Bol| < C) > 1 —o(1),
which shows (4.4.1). By (4.4.5), A,(t,) = 0,(p~/?), which shows (4.4.2).

The asymptotic normality (4.4.3) follows from the established relation (4.4.2) and
Theorem 5.4.2 of Borovskikh and Korolyuk (1997). More specifically, (R6’) implies
that the main term on the left side of (4.4.2) has an asymptotic standard normal,

while the remainder term is negligible, that is,
stiAu BTN, )y, = 0,(1),

where «,, = 0,(1). This follows from

ﬂ< )\max(Jln) < c
Stn~ Awin(Jia) [ TEZH (@) || 7 [JuTEL ()|

where ¢ is a constant implied by (R5’). The proof is now complete. [ |

4.5 Asymptotic bias of the full sample estimator

We first derive the general expression of the bias of the full sample estimator Bn for

GEE. We will show below that the bias is not negligible when the dimension is high.
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Under generalized linear model (GLM), it is well known that the maximum likelihood
estimator (MLESs) is biased when the sample size n is small or the Fisher information
is small. Bias of MLEs is well studied in literature. Cordeiro and McCullagh (1991)
has derived the general formulae for first-order biases of MLEs in GLM. Cook et at.
(1986) has derived the biases of MLESs for normal non-linear regression models. Young
and Bakir (1987) has presented the MLEs in the generalized log-gamma regression
model. Again, Cordeiro and Botter (2001) has found the second-order biases of MLEs
in overdispersed generalized linear models.

Note that the existence of estimator ﬁn does not guarantee that the expected value

of Bn also exists. Below we give an example to illustrate.

iid

Example 4 Consider X7,..., X,, ~ N(%,1). Then the estimating equations for 3 is

=

n

1

d(=Xi+=)=0

p s

A 1

Hence, the MLE is 3, = < By the asymptotic theory, with true value £y # 0,
\/ﬁ(Bn — By) = N(0, 3%). Unfortunately, the expected value E(Bn) does not exist. In
fact, the distribution of X is N(%, 1). That is, /nX ~ N(%, 1). The expected value
of Bn is then

1 ) — \/ﬁ e 1 ,l(t,l

E(B,) = vnE( 5 (4.5.1)

where the integral does not exist, and thus the expected value of the MLE does not

exist.

This example provokes us to impose some further conditions for the existence of the

expected value of estimators of GEE. Let B = Ny where Nj is a neighborhood of fy,

(Uo) SUPpepr |E[\II£(B)\IIR(B)]71|O = O(Al_ril)v
(Uy) E([[W,[|**) = O(p*A3)),  for k=0,1,2,...,

(Us) supgesr E(|W, (B)Y) = OO\L"),  for k=0,1,2,....
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Theorem 4.5.1 Assume W, '(B) ezists for all B € BP. Assume (Uy) and (Uy) hold.
Then [|E(B, — Bo)[| = o(\/PAr,)-

PROOF OF THEOREM 4.5.1. Consider the first-order Taylor expansion of W, (f,)
about [
= Un(Ba) = W+ Un(B)(By = fo) (452)

where f3; lies in between 3, and 3,. By (Up) and (Uy) with k =1,

BB, — Bo)lI* = [E(T, (B,

< [E(T, N (B)Y, T (B) LE(.|I?) (4.5.3)
< sup [E[7 (B) V(B E(W,]*) = O(pAL)-
Hence, ||E(Bn — Bo)ll = O(\/ﬁ)‘l_nl) u

Typically, A1, = O(y/n). Theorem 4.5.1 shows that the bias of 8, exists and the
main component of the bias is of order O(y/p/n). For fixed dimension, the bias is
negligible however for growing dimension the bias is not negligible unless p/n — 0.
Even if p/n — 0, the bias is asymptotically zero, but the rate can be very slow. We
will establish this result through getting the Taylor expansion of the bias. We need

some more lemmas for the proof of our main result.

Lemma 4.5.1 Assume (Uy) and (Uy) hold. Then for each positive integer k,
E(|8, — Boll*) = O A5)). (4.5.4)

Proor or LEMMA 4.5.1. Using the Taylor expansion of ¥, as in Theorem 4.5.1

and Cauchy-Schwarz,

E([18n — Boll*) < E(1¥;, (B)[5]1 W)
(|01 (B)[2) VE([ W, [[2*)
sup E(|0;1(B)[2) v/E(|| ¥, [2*)

IN

IA
—_— =

BeBr
= OO0 A,)
= 0(*A5)
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|
Lemma 4.5.2 Assume (R7°) holds. Then for each positive integer k,
E <§up H%(@Hif) = O(p"A13)- (4.5.5)
BeNj
ProOOF OF LEMMA 4.5.2. By (R7),
» k
E(sup |V, (B)[5) = E <§up > H\Iln,d(ﬁd)“3>
BeNp BeNf 11
P
< E(Z Maa)®
d=1
= E([|n.]*) = O(p*Ai)
|

Throughout the proof, if there is no parameter indicated, we assume the function

is evaluated at .

Theorem 4.5.2 Suppose (R1°)-(R5’), (R7’) and (Uy) hold. Assume B, is a solution
to (4.0.1) from Theorem 4.4.1. Then we have,

Bn - BO - _\Pgl\yn - %‘I’El(én - 60)T o \Iln(B> o (Bn - BO) = ln — Oy (456>

where B(||l,[**) = O AL"), and E(||an[**) = O(p™AL").
PROOF OF THEOREM 4.5.2. By (R2’),
R . 1 . . .
0= \Iln(ﬂn> = \Iln + \I]n(ﬁn - 60) =+ §(Bn - BO)T o \Ijn<B) © (Bn - 60)7 (457>

Rearranging the terms, we get

Bﬂ - 60 - _\ilqzl\lln - %qujl(Bn - 50)T o \Ijn(B) o (Bn - 60) (458)



Define [, as the first term and «, as the second term of (4.5.8). Define a,; =
U hy;. It is easy to see I, = —W'E(U,)E-N(U,)T, = U 'E(P,)l,, and ||1,]| <
(U R, o), where I, = —E~1(¥,) ¥, = — 327 E-1(W,,)th,;. Then,
E([[1[17*) < [E(E) BB 1)
< |E(‘i’n)!3k\/E(!‘i’51!§k)\/E(Hil\“k)
< MO O )
= O(p*A")

By (R7), (Uy), Lemma 4.5.1 and Lemma 4.5.2, for each positive integer k,

AE(]|cva )

E([05 (B — B0)T 0 Bn(B) o (B — o))

E( 05 211(Ba — 80)" 0 Wa(B) o (B — Bo)II)
B0 280 — Boll* |9 (B)]2)

< VEQU )Y EIB, — Boll )b (B)]12)
AT O AL O A

<
<

Theorem 4.5.3 Suppose (R1°)-(R5°), (R7’) and (R8’) hold. Assume (Uy), (Uy),
(Us) hold for k = 4 and B, is a solution to (4.0.1) from Theorem 4.4.1. Then the
bias of B is

A . " - 1 . 7/2
E(Bn) — o = —E7H(¥,,) ;E[—wmam + 5(@5 oW, 0ay)] + O(%n ) (4.5.9)

where @Zni = @/Jm - E(@/}m% Qp; = ‘i’ﬁliﬁm‘-

Proor orF THEOREM 4.5.3. Consider the second-order Taylor expansion of

v, (Bn) about 3

0= \I/n(Bn) - \I/n + \I/n(én - ﬁO) + %(Bn - ﬁO)T o \Ijn<B) o (Bn - ﬂO)?
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where B = [Bl, ce BP]T, and each f; lies in between 3, and ;. Simple algebra yields,

. A

0= \I}n + E(\I/n)(ﬂn - 60) + \ijn(Bn - 50) + %(Bn - ﬂO)T © \Iln © (Bn - 60>+

%(gn — BT o [Fn(B) — U] o (B — Bo).

Denote by W,, € RP the last term. Taking expectation on both sides of the above
equality, we get

0 = E(Wa)(B(50) — o) + E(Fa(B — o)) + 5E[(Bn — Bo)" 0 0 (B — o) + E(Wa),

Rearranging the terms, we have

(4.5.10)
Substituting ,@n — Bo = 1, — a, from Theorem 4.5.2 to (4.5.10),

~ 0

—E(U,)(E(B,) — Bo) = E(,l, + %z,’{ oW, ol,) —E(U,0,) —E(L o ¥, 0 ap,)+

1 .
§E(a£ oW, oa,)+E(W,).
(4.5.11)
We now show that the first term on the right has the slowest rate and thus is the

main term of bias. Write [,, = — Yo Gn; where a,; = \ilglz/jm. By (R&’), the order is

IE(F, L) 1% < B0 E(|1L]%)
= O0(A,)0(pAy)})
= O(p).

Hence, HE(\i/nln)H = O(y/p). Note that the d-th component of E(IL o ¥, o 1,,) is

E(l) o Wpaoly)=> Y Elah Y tua an)
=1

i=1 j=1
= Z Z E(ap; Pt attns) + Z Z Z E(alnt,atn;)
i=1 =1 i#j =1

= Z Z E<az;iqbnl,da'ni)~

i=1 [=1
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Stacking them together, we have

E(I o U, o l,) = Z]E(azi oW, o Api)-

i=1

By Lemma 4.5.2 with £ = 4 and Theorem 4.5.2, the order of this term is

(T © W o L)II* < E(all [ ¥nll2)

< VE(IL[P)yE(Pa14)

= O(P*A\1,))O(pAL,)
=0(p”)

Hence, |E(IT o ¥, o1,)|| = O(p*/?). Consider the second term of (4.5.11), by (RS’
B0 < [E(ELED)Eon]?)
< O(NL)OW°AL) = O ALY
Hence, |[E(¥,0n)|| = O(p*2A;}). Consider the third term,
B 0 Wy 0 ) 1P < B([[a 1l |10 12,)

< VE(IL B VE(lonlB) /B, 12,)
= O(pA;,)O(P° A1) O(pAL,)

= 0(p"A\1)
Hence, |E(IT o U, 0 a,,)|| = O(p°/?A7;}). Consider the fourth term,

[E(af 0 Uy 0 ) |* < E(flowl|*]|nl2)
< VE([lom[I*)\/E(1¥,]14,)
= 0(p°\i,)O(pAL,,)
= O(p'\1)

In
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Hence, |E(aT oW, 0a,)|| = O(p/2A\;2). Let’s establish an inequality for the difference,

H\Pn< \II H Zh/}nd ﬂd 2Lnd|g

p P p
< Z Z Z Wnd,(s,t) (Bd) — &nd,(s,t) ?
d=1 s=1 t=1
~ p p p
< 1B = Boll> YD) (VPdasn)?
d=1 s=1 t=1

P
< pllBa = Boll* D 1 Adl>
d=1

where we assume ||Ay]| = O(pA},) for d = 1,...,p. Apply the above result on the

last term,

AEW,.)1* = IIB[(5n — Bo)" o [¥u(B) — Wu] © (B2 — Bo)]II
< E(||Ba — Boll*[[n(B) — ¥nll3e)

<p Y E(|2d5. = Boll®)
d=1

<p > VETATIE(IB. — foll™2)

< p’O(p°A1,)O(P°ALY)
=O0(p' A7)

Hence, |E(W,,)|| = O(p™/?A;,}). Note that this is the slowest rate except the first term.
Thus, dividing E(¥,) onto the other side in (4.5.11), and assume E(¥,,) = O(\?)),

we have the remainder equals O(p™/2\}?). [ |

Remark 4.5.1 For fixed p, = p, the bias is E(3,) — 8o = G1,} S0, bui+-O(p7/? /n3/?),
We construct the bias-corrected estimator Bbc = Bn — anl Z?:l bn;. Then the bias

is E(Bye) — Bo = O(p”/2/n3?). Hence, using the bias-corrected estimator, we can

p7/2p—3/2 2
improve the bias by £ 3/2—“1 = 5—5.

Next we compute the variance of the full sample estimator. We will make use of

the results from Theorem 4.5.2 and Theorem 4.5.3.
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Theorem 4.5.4 Suppose (R1°), (R2), (R3’)-(R5’), (R7’) and (R8’) hold. Assume
B, is a solution to (4.0.1) from Theorem 4.4.1. Then the variance of Bn 15

Var(B,) = E(I;%) + O(?AL)) (4.5.12)
PROOF OF THEOREM 4.5.4. By (4.5.6) and (4.5.9), we have
B — By =l — v, (4.5.13)

E(f,) — Bo = G, Z bui + 7). (4.5.14)

where 7, = O(p™/? /n'/?). Substracting the first equation from the second, we have
B —E(Bn) = ln — an — G, (O bui + 7). (4.5.15)
=1

Hence, the variance of Bn is
E[(B, — E(5,))%"] = E(5%) + E(a?) — E(lua)) — E(anl})

- Gl_nl(z bni + rn)E(lg - O‘Z)

=1

n (4.5.16)
(L, — ) (O b + 1) Gyl
i=1

Gfé(Z bni + rn)®2Gfg
Note that by Theorem 4.5.2,

IE(aS?)]| < E([la?)
= E(||ow[?)
= O(p*A1)).

and

IE(lnei) 1P < E(|11a]P)E(]|anl?)
= O(pA;7)O(P°AL))
= 0(p"\Y)
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Thus, [E(l.ap)]| = O(p*As,;). Also,

H]E(ln - O‘n)HQ < E(||ln||2) + E<|lan||2)
= 0(pA;) + O(P°A7,)

= O(pALZ(L+p*AL7))

By Theorem 4.5.3, we have the order of magnitude G1,} (321, bui +70) = O(p*/2A}2).
Hence, Gy, (301 bui + 1) E(IT — aI) = O(p*A;,2+/1 + p2);7), and the last term of
(4.5.16) has magnitude O(p*A;,). Therefore, the slowest rate among the remainders
is O(p?\};?) and the proof is completed. |

4.6 Examples of biases of some full sample estimators

We will derive the asymptotic biases of full sample estimators of GLM with canon-
ical link and noncanonical links using Theorem 4.5.3. The results are in agreement

with that in Cordeiro and McCullagh (1991) section four.

Example 5 (GLM with canonical link) Consider the estimating equations for GLM

with canonical link
n

> (v = h(x]B)xi =0 (4.6.1)

i=1
where h is the inverse link function, E(y;) = p; = h(x}3). Thus we have () =
(yi — h(xTB))x; and i (8) = —h'(xT B)x,xT. Note that ¥,,(83y) = 0 which makes the
first term of the main term in (4.5.9) equals to zero. Let W = Diag(l/(x} 3)). The
other variables are

ani = —() W (x] Bo)xix] )~ (s — h(x] Bo))xi
i (4.6.2)

= —(XTWX) gx;
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where 1 = —(XTWX)~!, and the &; = y; — h(x? ) is the error. The second-order

derivatives of the estimating functions is
Z?:l h”(X?B[))ZL']ijX?
U (B) = — : (4.6.3)
Z?:l h//(X?BO)ijXij
Write Z = {z;;} = WY2X(XTWX)'XTWY2 and F = Diag(h"(x! Bo) /R (xI B)).

Then the k-th componenet of the second main term in (4.5.9) is

O”vk = ZE Qi BO) o anz)k

Thus, the second term can be expressed as
C, = —X'Diag(ZZ")F1. (4.6.4)

Hence, the bias of Bn is

P72

Bias(6,) = ;(XTWX) "X Diag(ZZ")F1 + +O( (4.6.5)

3/2)

Example 6 (GLM with noncanonical link) Consider the estimating equations of

GLM with noncanonical link
Z b X B) 7 ), (4.6.6)
Hence, we have 1,;(80) = s;h'(x! y)x;, where we denote s; be the fraction (y; —

h(xT30))/V (). The first derivative is th,; = (sih) + s;h!)x;x7 = u;x;x! with

W (x] Bo) + (yi — h(x] Bo) ) 1" (x] Bo)
V(yz)

N " B
u; = s;h; + s;hy =
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Note that this time the centered version \i(ﬁo) may not be zero since there is y; inside

the term. Also,

E(¥,) = ZE(¢nz(5o))
- — I (% Bo) + (yi — h(x] Bo))h" (x] Bo T
S [l ) + (0 M B 2

7

V) i
=N (x?ﬁo) T

= — — XX

i—1 V(y)

= -X"WX
where W := Diag(h/(x' 8y)/V (y;)). The variable a,; is approximated by
Api = (]E(\I/n))_ld)nz = —(XTWX)_lsihQXz‘

and the centred version V,, is

n

¥, =0, — E(¥,) = 3 (yi — h(XiT/f;z;h”(XiTﬁo)XixiT

=X"GX
The first term of the main term of (4.5.9) is

n

E(¥, i ani) = ~E[(XTGX)(XTWX) LY s;0/%,]
=EQ_ Y Mz]x) (4.6.7)

= Z h;/ZiiXi = XTZdF].
=1



50

where Z = {z;} = W2X(XTWX)"'XTW2 and F = Diag(h”(x!3)). The

second-order derivatives of the estimating functions is

Z? 1“35”31XJ x]
V. (8) = — : (4.6.8)
Z? 1 j'rJPXJ x;

The k-th component of the second term of the main term of the bias is

Cn,k = ZE Ay BO) © a'nz)k

gl il
- _E(Z Vi x; (XTWX)™ Zu XX (XTWX) X;) (4.6.9)
i=1 '

2n!
_ Z h/ x]kzgl i 2

j=1

Note that u); = Vij(gjh;” — 3h}RY). Substitute it to (4.6.9), we have

n 83 ///
I e RIRE) 3 S e
j=1 J j=1 i=1
n 8:?))I,L/// n
EME S a3 e - S
j=1 J i=1
. E(ai)h;ﬂ 2 " / 2 f
where Q = Diag{¢;} and ¢; = 23, — 30 (301, hiz7;). Then the second term o
the bias can be expressed as
Cc,=-X"Q1 (4.6.10)

and the bias for Bn is

P72

Bias(6,) = (XTWX)"'XTZ,F1 — %(XTWX) XTQ1 + Of (4.6.11)

5
Note that the GLM with noncanonical link has higher bias since the first term is
non-zero, while the GLM with canonical link has the first term being zero. Also, for
GLM with noncanonical link, the first term of bias given in (4.6.11) is the same as
that in Cordeiro and McCullagh (1991) equation (4.2). In their paper, they apply
the general expression for biases of the MLEs given by Cox and Snell (1968) and
McCullagh (1987) to derive what they called the crucial quantity for the bias.
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4.7 The A-optimal sampling distribution

In view of Theorem 4.2.1, we have

. 1 1 1. :
Var*(8F) = =%, ==Y —U Y0 T, 1). 4.7.1
ar(r) r +OP(> Tizlﬂ-i nw wm n ‘,Bn—i_OP() ( )
Since ¥, is a function of the sampling distribution 7 = (m,...,7,) on the data

points, we seek a sampling distribution which minimizes the trace of the matrix >,,.

Following Peng and Tan (2018), we have

la

mHz
m mE P,
1

T(m) = Tr(%,) = Z

where a,; = \I/; Y] 5, and &, is the probability simplex &, = {7m:m; >0,>, 7 =
1} in R™. By using Lagrange multipliers, one can obtain the minimizer of the trace of
Y, which is stated in the following theorem. From the perspective of design theory,
this minimizer is referred to as A-optimal sampling distribution. Equivalently, an
A-optimal distribution of the subsampling estimator B;f is the distribution which

minimizes the trace of the main term of the conditional variance of 8. Let

Hy, = A, (0 0,) " 2AT, . k=012 (4.7.2)

where A,(8) = (Vn1(B), ..., Yun(B)T.

Theorem 4.7.1 Suppose \Ifn(Bn) is invertible. Then the square roots of the diagonal
entries of H, gives an (asymptotically) A-optimal distribution & on the data points
for B: to approzimate Bn Suppose, further, zbm(ﬁn) #0 fori=1,...,n. Then 7 is

unique.
Specifically, the sampling probabilities are given by
i o flamall = (VW W) ™) Pl =1, (4.7.3)

where p; < a; denotes p; = a;/ Y a; for a; > 0,i=1,... n.
Following Peng and Tan (2018), H, is referred to as the A-optimal score matriz

with its diagonal entries inducing the unique A-optimal distribution, while H, is
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the “hat” matrix for the GEE model in an obvious way to mimic the hat matrix
Hy = X(X"X)'XT for the linear model. Clearly, we have H, being the identity
matrix of size p x p.

In general, we can further generalize the sampling probabilities according to the

ﬁk as follows
7 o a®]l = (LT I0) )2, =1, 0, (4.7.4)
for k =0,1,2. Then the A-optimal distribution is 7; = 7?,52).

Remark 4.7.1 wgl) and 7TZ(O) are another two cases of interest because both have
computational ease. While H, and H; have the same running time as the full data
estimator Bn, Hj, has the advantage of less computational burden as only the lengths
||tni|| needed to be computed. In our simulations study, we will compare the effec-
tiveness and of the sampling estimator based on these three probability distributions,

and also the time for computing these probabilities.
4.8 The A-optimal sampling distribution by conditioning
Suppose n "W, (5,) = ¥y + 0,(1). Then by (4.7.1) we have the approximation,
-2 j@2g-T
\Y U U 4.8.1
ar Z s TR (481)

where 1),,; = wm(ﬁn) Consider Z = (Y, X), where Y is a response and X a covariate.

Given {X,}, the conditional expectation is given by
n~2Var(5|X) ~ Z qf 'BQ22{X )T T (4.8.2)

Similar to the A-optimal sampling distribution, we derive the conditional A-optimal

sampling distribution 7 given by the following theorem. Let
= E(A, (V) T)*2AT{X:}), k=0,1,2 (4.8.3)

where fln = (@/A)nh e 7@2nn)—r'



93

Theorem 4.8.1 Suppose W, is invertible. Assume (R12) holds. Then the square
roots of the diagonal entries of Hy gives an (asymptotically) A-optimal distribution 7

on the data points for B: to approxrimate Bn

Specifically, the sampling probabilities are given by

1/2
)

7 o (E(ih; (Tg @o) ™ ) [{X,}) i=1,...,n. (4.8.4)

Again, we generalize the sampling probabilities with respect to Hj, as follows

70 o (B (T Bo) 20 {2, i=1,... n. (4.8.5)

%

for k =0, 1,2, where the A-optimal sampling probability is 7; = 7?1(2).

Remark 4.8.1 Similar to the previous A-optimal distribution, we have three versions
of A-optimal disbributions. The ﬁgo) and 7?1-(1) have the advantage of computational
ease. On the other hand, in order to have conditions (R3)-(R4), (R3’)-(R4’) and
(R6) hold, the sampling probabilities 7;’s must be bounded away from zero. This is

not required for the other conditions.

THE A-OPTIMAL SCORING ALGORITHM. The bottleneck for computing the sam-
pling probabilities is to compute the inverse matrix \IJ,TL \Ifn] 5,- In order to overcome
this computational hurdle, we apply the A-optimal Scoring Method for the linear
model proposed in Peng and Tan (2018) in our GEE framework. We select a uniform
pre-subsample Z;, , of size ro from the data set Z,; and approximate Bn by B:,L,o

which is the solution to the equation,
T0
‘I’;o(m = Z¢nk(Z;k,o§ B) = 0.
k=1
The A-optimal score matrix H, is then approximated by

[:I;,O = An(‘PZI)\PZ,o)’lAI

Q%
rn,0

That is, the A-optimal sampling probabilities 7; are approximated by 7, the normal-

ized square roots of the diagonal entries of f[;:o. Specifically,

77 o (U (Wr s o) )2 i=1,...,n. (4.8.6)

Brn 0’
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Now we use 7* to take a subsample Z; of size r from the remaining data {Z,;} ~
{Z10}, and compute the subsampling estimate A3 as the solution to the GEE (4.0.2)
based on the subsample Z}, and the corresponding sampling probabilities 77. This
procedure shall also be referred to as the A-optimal Scoring Method (for the GEE
model).

Remark 4.8.2 (1) Note that in the original formulation of the A-optimal distribu-
tion, the probabilities are dependent on the Bn which is also the target we want to
approximate. Hence, it make more sense to approximate Bn by BA;*MD in the calcula-
tion as in A-optimal Scoring Method. (2) The A-optimal Scoring Method gives an
algorithm which has faster running time than the algorithm given by the full data
GEE model since instead of computing the whole sample size n, we only need to
focus on a much smaller size ro+r. (3) Three visits of the dataset suffices to compute
the subsampling estimate B: (4) Parallel computing can be used to calculate the
approximate sampling distribution 7* in (4.8.6). This shortens the time for getting

the estimate B;f (5) 7* is sequentially updatable for stream data.

4.9 Asymptotic behaviors under A-optimal sampling for fixed p
Let l,;,1 =1,2,...,n,n > 1 be a double array of positive numbers. Like in Peng
and Tan (2018), we truncate 7 from below by I, = (l,;/n) as follows:
AU o L [fons > lna/n) + bog [ < Lai/m), i=1,...n. (4.9.1)

Though, typically, we require [,,; > Iy > 0 for some [y, we shall investigate conditions

to allow for [,,; — 0 as n tends to infinity.

(R11) There is some constant ¢y > 0 such that
1 n
= nilBo) | = o + 0,(1)
i=1
(R12) There is a constant matrix Wy with Aumin(¥o) > 0 such that

1. 1 '
ﬁan == ;wm(ﬂo) =Wy + 0,(1).
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(R13) There is a positive definite matrix A such that

2
Vi

™ — A, +o0,(1).
T~ 0o

(R31) There is a positive sequence of [,, = (I,; : ¢ = 1,...,n) such that

il )
Z Hd}m” ”me = m] = Op(Tn>.

(R41) There exists a neighborhood Ny of fy such that (I}n,d(ﬁ) is either positive or

negative definite in Ny and that there is a 1v 7, 4

Sup /\amax(‘.i’n,d(ﬁ)) < i, d=1,...,p,
BeNg

where the random vector 1,; = (ni1, .-, Mip) | satisfies

IR L{[nill = L] 2
z 14+ — ="V null* = o,(r,nd,).

(R61) The double array z( W = s AT (B0 (ﬁn)/ ”)* L7 =12 r>1

satisfies the Lindeberg condition: for every ¢ > 0,

ZMJVHQMM>fﬂ o(1), as T — oo.

Theorem 4.9.1 Suppose (R11)-(R13), (R2), (R31)-(R41) and (R4’) hold. Assume
By is a solution of (4.0.1) such that B, = By + 0,(1). Then these exists a sequence of
solutions 3% of (4.2.18) such that

. . By
_ — Vg
U (BB, = Ba) = \/_ § - + 0p(An)- (4.9.2)
If, further, (R61) hold for the truncated sampling distribution in (4.9.1), then

Vo2 (B = Ba) = A(0,1), in probability, r, — co. (4.9.3)

where V,, equals 3, in (7?) under the truncated sampling distribution (4.9.1).
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PrROOF OF THEOREM 4.9.1. We shall verify the conditions of Theorem 4.2.1 for the
case of fixed dimenion p,, = p. In this case, (R31)-(R41) and (R61) imply (R3)-(R4)
and (R6), respectively. Let thn; = 1ni(53,). By (R2), (R12), (R41) and (R4’),

R
= > Uil = sl = 04(1). (4.9.4)
=1
This and (R11) yield
~ Z [hnill = co + 0,(1). (4.9.5)
By (R4’) again,
() - 1Zn:(¢ (Bn) = tui) = 0p(1) (4.9.6)
nnn nnnZ:1 ni\Mn ny) — Up\l). .J.
This and (R12) give
%(‘i’l‘i’n\m)_l = (U3 W) " +0,(1). (4.9.7)

Thus there exist constants 0 < by < By < oo such that
bolltmill /e < #i < Bollthmill/n, i=1,...,n. (4.9.8)

Let us write J,(8) = J,(3,7) and J,, = J,(3,, 7). Then by (R13) and (4.9.7),
$8?

Onn = anmn nzm n(Aoco + 05(1)- (49.9)

Thus 5n5\721 = (5n)\max(jn) = c1(n + 0p(1)) for some constant ¢; > 0. Consequently,
(R5) holds; (R12) and (4.9.6) imply (R1); (4.9.5) yields (4.2.1). We now apply The-
orem 4.2.1 to finish the proof. [ |
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5. SIMULATION STUDY

In this chapter, we present some simulation results about A-optimal subsampling
approach on generalized count regression. Here, we focus on Poisson and Negative
Binomial distributions. We choose the true coefficient 3 = (0.1, —0.1x 155,0.1x1,:) ",
and generate p = 51-dimensional covariate vector (1, X) where X is from one of the

four multivariate distributions:
1. Gaussian (GA) N(0,Y),
2. Mixture Gaussian (MG) $N(0,%) + 3N (0,3%),
3. Log-normal (LN) LN(0,1%),
4. T-distribution (T) with degree of freedom equals 5 T5(0, 32)

all with the same 50 x 50 covariance matrix ¥ with the (¢, j) entry equal to ¥;; =
0.3/=71. For sample size n = 10°, we consider the response y; follows Poisson distri-
bution with log link log(y;) = x,' 3, i = 1,...,n, or Negative Binomial distribution
with variance V(y;) = p; + 5u2 and log link log(u;) = x;/ 8, i = 1,...,n. The data
sets are then fitted to either a Poisson regression model or negative binomial regres-
sion model. To compare the efficiency of A-optimal subsampling and the uniform
subsampling methods, we fit a subsample of size r to the model where the A-optimal

subsampling probabilities are computed from the formulas:

xXT 2 X))k 2k ||| &
70 = |L( WT(B) ) Xl’”‘eﬂ . k=0,1,2. (5.0.1)
> i [(XTW(B)X) x| |é;]
XTW 2 X)—k/2 Nds

L IXTW(B)X) x g,

where

W(B) = Diag(fis), i = eXP(&‘B),

&=y — s Gi=iu

(5.0.3)
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for Poisson distribution, and

~

W(B) = Diag(——),  ji; = exp(x:3),

L+ ovji;
N - (5.0.4)
o= JiTH Hi
‘ 1 + Ofﬂi’ ! 1 -+ Ozﬂi

for Negative Binomial distribution. Here, we use A-optimal scoring method to select
a pre-subsample of size ry = 500 on the full data and fit it to the corresponding model
to obtain the estimate B which is then used to compute the A-optimal subsampling
probabilities. For each subsample size r, we perform the simulations M = 1000 times
and calculate the empirical mean squared errors (MSE) of the subsampling estimator
B: given by the formula

MSE(B)) = - fj 187 — BIP

r M 2~ rm ,

for three subsampling distributions 7@, 71, 72 with regard to A- and A- optimality,
and B is the MLE of 3 using all the data.

Figure 5.1 presents plots of log;, of the MSEs of ,@: using 7 (HAT?2), 7
(HAT1), #© (HAT0), #@ (BAR2), #) (BAR1), #© (BARO) and uniform sub-
sampling (UNIF) probabilities against different subsample sizes r = 0.02%n, 0.04%n,
0.05%n, 0.1%n, 0.2%n, 0.3%n, 0.5%n. To obtain better graphical presentation, we
apply logarithm with base 10 on MSEs. The response y follows a Poisson distribution
and the data set is fitted to a Poisson regression model. Clearly, all the subsampling
methods improve as the subsample size r increases, and all the A-optimal subsampling
methods give smaller MSEs than the uniform subsampling method. For example, in
X ~ T5 subplot, A-optimal #® gives a smaller MSE for r = 2000 than uniform
subsampling for » = 5000. Note that A-optimal subsampling 7@ gives the smallest
MSE among all methods in all cases except X ~ T5. For X ~ T5, the 7 gives the
smallest MSE. This seems contradicting to our theory that MSE is dominated by the
variance and #® should minimize the variance hence the MSE. We will discuss this

abnormality in the following section.
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Figure 5.1. MSEs of subsampling estimator for four different distributions
of covariate X, with Poisson data and Poisson model. The full data size
is n = 10° and the subsample size r varies.
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Figure 5.2 presents plots of log;, of the MSEs against different subsample sizes
r = 0.2%n,0.4%n, 0.5%n, 1%n, 2%n, 3%n, 5%n. The response y follows a negative bi-
nomial distribution and the data set is fitted to a negative binomial regression model.
We compare all the A-optimal subsampling methods #® (HAT2), wW (HAT1), 7
(HATO), #® (BAR2), #V (BAR1) and #® (BARO) with uniform subsampling
(UNIF). It is clear that the MSEs decrease for all the subsampling methods as the
subsample size r increases. The A-optimal subsampling methods within each group,
A- and A- optimality, have similar MSEs. In particular, the A subsampling group
performs better than the A subsampling group and the uniform subsampling, with
7@ gives the smallest MSEs for all cases of X.

In Figure 5.3, we fit the data with response y follows a negative binomial distri-
bution to a Poisson regression model, and compare the log;, of the MSEs against
subsample size r = 0.02%n, 0.04%n, 0.05%n, 0.1%n, 0.2%n, 0.3%n, 0.5%n with dif-
ferent subsampling methods. In all the cases, the A-optimal subsampling methods
outperform the uniform subsampling. Again, we can see that A subsampling meth-
ods have similar MSEs, and the same for A subsampling methods. For the case of
X ~ T35, the results for A group subsampling are significantly better than uniform
subsampling. However, 7 gives the smallest MSEs for all cases of X except T5.
This is similar to the case in Figure 5.1. We will address this issue in later discussion.

In Figure 5.4, we fit the data with response y follows a Poisson distribution to
a negative binomial regression model, and compare the log,, of the MSEs against
subsample size r = 0.2%n, 0.4%n, 0.5%n, 1%n, 2%n, 3%n, 5%n with different sub-
sampling methods. All the A-optimal subsampling methods outperform uniform in
all the cases. In particular, 72 gives the smallest MSE for all cases.

Consider the case when the Poisson data y is fitted to the Poisson model. We
report the 95% coverage probabilities of the first component of B: with uniform,
A-optimal HAT2 and BAR2 subsampling methods in Figure 5.5. The coverage prob-
abilities under these three subsampling methods converge to the the nominal 95% for

different cases of X when r increases.
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Figure 5.2. MSEs of subsampling estimator for four different distributions
of covariate X, with negative binomial data and negative binomial model.
The full data size is n = 10° and the subsample size r varies.
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In order to evaluate the computational efficiency of A-optimal subsampling meth-
ods, we report the average running time, which includes both the pre-subsampling
and subsampling time, for computing Bj using #@ and 79, and compare it with
uniform subsampling. The time for computing MLE B is also included in the ta-
ble as FULL for reference. Table 5.1 shows the average CPU time (in seconds) for
computing B;f for different full data sizes n and fixed covariate size p = 200 and sub-
sample size r = 10*, with repetition of 1000 times. We perform the simulations in R
programming language on a laptop with Intel Core i7 processor and 16GB memory.
From the table, it is clear that A-optimal subsampling methods use significantly less
time than full data approach. In particular, A-optimal subsampling 7O compares

favorably to 7%,

Table 5.1.

The average CPU times in seconds for computing B;f for different full data
sizes m, and fixed p = 200 and r = 10*. The covariate X is GA and vy is
Poisson distribution and the data is fitted to a Poisson regression model.

n HAT2 HATO UNIF FULL
5x 10* | 7.95 2.92 1.95 11.01
1x10°| 13.78  3.51 222 25.87
5x10% | 55.02  9.52 1.96 116.74
1x10%|119.90 21.28 1.96 252.78

5.1 Abnormality of A-optimal subsampling on T5 distribution

In Figure 5.1 (d) and Figure 5.3 (d) where X ~ T5, we can see that although
A-optimal subsampling #? gives a smaller MSE than uniform sampling, it is not
the smallest among all different variant of A-optimal sampling methods. This con-

(2

tradicts our belief that A-optimal 7 ) should provides the smallest MSE among all

subsampling methods as supported in other cases where X ~ GA, LN and MG. One
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plausible explanation is that the #® does not minimize the MSE because the squared
bias term from the decomposition of MSE is still significant even when the subsample
size r is large. For a high dimensional case, the remainder term of the bias as shown in
Theorem 4.2.2 is of order o(y/p/rn) which is not negligible when p is large. In order
to investigate the effect of the dimension p and the sample sizes n on the A-optimal
subsampling, we consider combinations of sample sizes n: Conventional (100k) and
Massive (1M); and dimension p: low (10) and high (50). In the previous cases, we
only focus on massive sample size and high dimension case. We want to see if there
is any combination of n and p which could makes the bias term negligible so that

minimizing the variance will be similar to minimizing the MSE.
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Figure 5.6. MSEs of subsampling estimator for covariate X being T8 and
T10 distributions, with Poisson data and Poisson model. The full data
size is n = 10® and the subsample size r varies.

On the other hand, we also want to examine if the abnormality is due to the lack

of finite moments of higher order in T5 distribution. Note that T5 has up to fourth
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moment finite. We consider the cases when the degree of freedom of the t-distribution
increases to 8 and 10. In Figure 5.6, we show the MSE plots of Poisson data fitted
to a Poisson regression model with the same parameters as before (which is our case
in Figure 5.1) except the covariate X changed to T8 and T10. In both situations,
A-optimal subsampling 7@ gives the smallest MSE among all sampling methods.
In Figure 5.7, we show the MSE plots of negative binomial data fitted to a Poisson
regression model with the same parameters as before (which is our case in Figure 5.3)
except covariate X changed to T8 and T10. For T8, #@ does not give the smallest
MSE, but it does in T10. This suggests that the conditions for A-optimal sampling

may require the distribution of the covariates to have finite high-order moments.
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1000 2000 3000 4000 5000 1000 2000 3000 4000 5000

r r

(a) X ~ T8 (b) X ~ T10

Figure 5.7. MSEs of subsampling estimator for covariate X being T8 and
T10 distributions, with negative binomial data and Poisson model. The
full data size is n = 10° and the subsample size r varies.
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Next, we consider different dimensions and sizes of the data with Poisson distri-
bution y and covariate X ~ T5 fitted to a Poisson regression model. The results are

summarized as follows.

1. (Conventional data size, conventional dimension) Figure 5.8 shows the
log(MSE), the amount of log(bias) , the bias to MSE ratio of #* and the trace
of the variance covariance matrix of B: when the dimension is low p = 10 and
the data size is conventional n = 100k. The A-optimal subsampling 7@ gives
the smallest MSE among all methods, and its bias is comparable with other
methods. Note that the bias to MSE ratio is around 0.003 for different r's
which implies the bias is negligible and MSE is dominated by variance. Hence,
minimizing the variance implies minimizing the MSE and thus #® gives the
smallest MSE. The trace of HAT2 method is the smallest among all methods

as expected.

2. (Conventional data size, high dimension) Figure 5.9 shows the case when
the dimension is high p = 50 and the data size is conventional n = 100k. Note
that the MSE corresponds to A-optimal subsampling #® is not the minimum
and the bias is significantly higher than the other A-optimal subsampling meth-
ods. The percentage of bias to MSE of HAT?2 is increasing from around 1% to
6% when r increases. This agrees with Theorem 4.2.2 that the remainder is not
negligible when the dimension p is high. Since the bias is now significant, mini-
mizing variance by using HAT2 sampling does not imply minimizing MSE. This
explains why the MSE plot of 7@ is higher than some of the others. Although
the trace corresponds to #? is not the minimum, the difference between it and

others are insignificant.
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3. (Massive data size, conventional dimension) Figure 5.10 shows the case
when the dimension is low p = 10 and the data size is huge n = 1M. The MSE
corresponds to A-optimal subsampling #@ is not the minimum and the bias
corresponds to HAT?2 is significantly higher than the other A-optimal methods.
Note that the percentage of bias to MSE of HAT?2 is increasing from around
5% to 25% as r increases. This implies that under massive data, bias is a
very significant factor of MSE. Therefore, minimizing the variance would not
guarantee a minimum MSE. In addition, the percentage of bias under massive
data is much larger than that of conventional data as shown in previous two
examples. This indicates strongly that behavior of bias is different when the

data is big data.

4. (Massive data size, high dimension) Figure 5.11 shows the case when the
dimension is high p = 50 and the data size is huge n = 1M (which is our original
setup). A-optimal subsampling 7@ gives smaller MSE than uniform method
but larger than other A-optimal methods. Also, the bias corresponds to 7@ is
the largest among all A-optimal methods. This makes sense since #@ is not
derived from minimizing the bias. The percentage of bias to MSE is increasing
from around 5% to 25% which indicates the bias is significant. Also, the trace of
the HAT?2 is not the minimium but the difference between it with other traces

is minimal.

In conclusion, under X ~ T5 distribution, A-optimal subsampling 7@ performs as
expected when the dimension is conventional p = 10 and the data size is conventional
n = 100k. Both high dimension p and massive data size n will increase the percentage
of bias over MSE. This implies bias is not negligible and minimizing the variance would

not necessarily produces the minimum MSE.
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Figure 5.10. MSE, Bias, Bias to MSE ratio and trace of subsampling
estimator on X ~ T5, with Poisson data and Poisson model. The full
data size is n = 1M and the dimension is p = 10.
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5.2 Numerical error in simulations

In the simulations studies of the previous section, we can conclude that there are
two types of errors. First, the statistical error introduced to the models which cannot
be avoided. Second, the numerical errors due to rounding off numbers and truncation
of numbers during every stage of computations. In this section, we focus on the effect
of numerical errors on our simulation studies using A-optimal subsampling methods.
To quantify the numerical errors, we use the “Big-O” analysis which measures the
time-complexity of the algorithm. The higher the time complexity, the more the
numerical errors.

Our X ~ T5 simulations studies give unexpected results when n is massive or p
is of high dimension. Since there are numerical errors involved in the computation
which affect our results, we want to get rid of the effect of numerical errors by fixing
the error term O(np). We then compute different combinations of n and p to show
whether the bias of the estimator increases with the dimension p. The data that we
used is Poisson data fitted to a Poisson regression model, and the covariate is X ~
T5, and the size of the subsample is » = 0.01n,0.02n, 0.05n, 0.1n, 0.5n, n.

Three different cases are considered: (1) np = 1.6M, (2) np = 5M and (3) np =
10M which corresponds to those three cases with unexpected results: high dimension
p and conventional sample size n, low dimension p and massive sample size n, and
high dimension p and massive sample size n. Within each group, we assume that the
numerical errors is fixed and thus the error would be due to the different sizes of n
and p.

Figure 5.12 shows the MSE of the coefficient estimates based on different cases
of n and p: (n,p) = (400k,4), (100k, 16), (44.4k, 36), (25k,64), where np is fixed at
1.6M. The MSE corresponds to A-optimal subsampling #@ is the minimum when
p =4 and n = 400k. When p becomes larger, say p = 64 and n = 25k, we can see
that HAT2 does not give the minimum MSE. This implies that even the variance is

minimized, the MSE is not, thus the bias is not negligible when p becomes larger.
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Figure 5.13 shows the MSE of the coefficient estimates based on different cases of
n and p: (n,p) = (500k, 10), (250k, 20), (166.7k, 30), (125k, 40), (100k, 50), (62.5k, 80),
(50k,100), (33.3k, 150), (25k, 200), where np is fixed at 5M. The A-optimal subsam-
pling #@ does not give the minimum MSE among all methods except on the case
when n = 166.7k and p = 30 where #®@ is the minimum. It is clear that when p gets
larger and larger, the HAT2 method does not give the minimum MSE. Again, this
implies that bias is a significant factor of MSE when the data is of high-dimensional.

Figure 5.14 shows the MSE of the coefficient estimates based on different cases of
n and p: (n,p) = (1M,10), (500%, 20), (333.3k, 30), (250k, 40), (200k, 50), (125k, 80),
(100k, 100), (66.6k, 150), (50k, 200), where np is fixed at 10M. In this large data set,
we can see that the MSE of A-optimal subsampling #@ is not the minimum for all
cases. In particular, when p = 200, HAT2 gives the worst MSE among all the A-
optimal sampling methods. This agrees with our theory that when p is large, bias is

not negligible and minimizing variance does not imply minimizing the MSE.
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Poisson model. np is fixed at 1.6M with n and p assume different values.



log(MSE)

log(MSE)

log(MSE)

-6

-8

-10

-12

-14

-16

MSE vs r, p=10, n=500k

MSE vs r, p=20, n=250k

7

MSE vs 1, p=30, n=166.7k

g . g
24
b -
: 3
2 Y
! T
g 100‘000 200‘000 300‘000 400‘000 500‘000 0 50000 100000 150000 200000 250000 g SOAUO 100‘000 150‘000
(a) MSE, n=500k, p=10 (b) MSE, n=250k, p=20 (¢) MSE, n=166.7k, p=30
MSE vs r, p=40, n=125k MSE vs r, p=50, n=100k MSE vs r, p=80, n=62.5k
o
S
T =g
g g
R 2
F ¥ F oo
F |
3 o 2
: :
0 20000 40000 60000 80000 100000 120000 0 20000 40000 60000 80000 100000 0 10000 20000 30000 40000 50000 60000
(d) MSE, n=125k, p=40 (e) MSE, n=100k, p=50 (f) MSE, n=62.5k, p=80
MSE vs r, p=100, n=50k MSE vs 1, p=150, n=33.3k MSE vs 1, p=200, n=25k
T —— UNIF
4L HAT2
+ HAT1
© %= HATO
o 4 BAR2
7 BARL
BARO
o
[ g T
g g

-14 -12

-16

-10

-15

0 10000 20000 30000 40000 50000

(g) MSE, n=50k, p=100

0 5000 10000 15000 20000 25000 30000

'

(h) MSE, n=33.3k, p=150

0 5000 10000 15000 20000 25000

(i) MSE, n=25k, p=200
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Poisson model. np is fixed at 5M with n and p assume different values.
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6. REAL DATA EXAMPLE
6.1 Gas sensors data

We consider the chemical sensors data set collected from the ChemoSignals Lab-
oratory in the BioCircuits Institute, University of California San Diego (Fonollosa
et al., 2015). The data set contains the readings of 16 chemical sensors exposed to
the gas mixtures of Ethylene and CO at different concentration levels. Each reading
was obtained by the continuous acquisition of the 16-sensor array signals with the
concentration levels of the mixtures change randomly for about 12 hours without in-
terruption. The concentration ranges of Ethylene and CO were selected such that the
induced magnitudes of the 16 sensors measurements were similar. The main purpose
of this chemical data collection is to develop a better algorithms for improving the
response time of the sensory systems. Further information on this experiment and
the detailed explanation of the sensors data can be found in Fonollosa et al. (2015).

To illustrate our A-optimal sampling methods, we assume the response variable
as the reading from the last chemical sensor, and the readings form the remaining
chemical sensors are covariates. Since the readings from the second sensor have 20%
of them being negative for some unknown reasons, we exclude it from the covariates.
Hence, we have p = 14 covariates in total. In order to give a better presentation,
log-transformation is applied on the sensors readings. Moreover, we drop the first
20,000 data since they correspond to the run-in time of the first few minutes. Thus,

there are n = 4,188,261 data points for the resulting full data set.
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Figure 6.1. Scatter plots of a random sample of 10000 sensor data. The
response ¥ is the reading of the last sensor and the predictors X;’s are the
readings of the remaining fifteen sensors except the second sensor.

Figure 6.1 gives the scatter plots of the predictors X;’s for ¢ = 1,...,15 with the
responses variable y using a simple random sample of 10,000 data points from the

full data. We can see that the a linear model is appropriate for fitting the data:

Yi = Bo+ Bixa + Bawio + ...+ Puraat+eg, i=1,...,n (6.1.1)
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Hence, the estimating equation is

n

> (i —xB)x; =0 (6.1.2)

i—1
with ¢i(8) = (4 — XL B)%, Yhi(B) = —xixT, ¥, = =XTX, and ap; = Uy |5, =
—(XTX)" (y; — xTB,)x;. Hence the A-optimal sampling probabilities distributions

{(#and {7}, where o = 0, 1,2 are given by

1=

F(XTX)x;e;
7 = VXXIX) oxiled (6.1.3)
>y VT (XTX)mox el
T(XTX)ox: (1 — ha
o o VXXX —he) g, (6.1.4)

COEL VAT XTX) (1 )
To approximate 3, in the computation of a,,;, We will first taking a pre-subsample of
size r; from the full sample and computing the OLS . Then we will use it to replace
the Bn in computing a,;. Thus, the e; in (6.1.3) is y; — X;*FB This is known as the
A-optimal scoring method.

We consider subsamples with sizes » = 0.001n,0.002n, 0.005n,0.01n,0.1n with
each numbers rounding to decimal place, i.e. r = {4188,8377,20941,41883,418826}.
The pre-subsample size that we use for computing B is 1000. Log-transformatin of
MSEs and bias of the regression parameters /@: is computed for different subsampling
probability distributions and different subsample sizes. Results from 100 bootstrap
samples are plotted in the following figures.

In Figure 6.2, we can see that the A-optimal subsampling distribution #) gives
smaller MSEs than other subsampling distributions for all different subsample sizes
r. Again, the uniform performs the worst among all distributions as expected. This
suggests that under massive data set, A-optimal methods give better statistical infer-
ence than uniform, and among all different A-optimal subsampling, the original one

dervied from minimizing the trace of the variance-covariance matrix of [} gives the

best MSE.
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Figure 6.2. log(MSE) for estimating regression parameters for gas sensors
data with 100 bootstrap samples.
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Figure 6.3. log(Bias) for estimating regression parameters for gas sensors
data with 100 bootstrap samples.



33

In Figure 6.3, we compare the empirical bias of the regression parameters of dif-
ferent subsampling distributions for different subsample sizes r’s. It can be seen that
when r becomes larger, the bias from A-optimal #® is significantly smaller than the
other probabilities distributions. Also, uniform incurred the largest bias amount all

the subsampling methods.

o HAT2

Bias/MSE
0.015 0.020
Il 1

0.010
Il

0.005
|

T T T T T
0 100000 200000 300000 400000

r

Figure 6.4. Bias/MSE ratios for estimating regression parameters for gas
sensors data with 100 bootstrap samples.

Figure 6.4 shows the Bias to MSE ratios of A-optimal #(? for different subsample
sizes. Note that all the ratios are less than 2.5% of the MSE, and it decreases sig-
nificantly when r increases. This result agrees with Theorem 4.2.2 in the way that
the remainder of bias approaches zero asymptotically when r goes to infinity and p
is relatively small. Also, the main term of bias decreases when r increases. Thus, the

bias is insignificant compared to the mean square errors.
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