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ABSTRACT

Liechty, Karl Edmund, Ph.D., Purdue University, August 2010. Exact Solutions to
the Six-Vertex Model with Domain Wall Boundary Conditions and Uniform Asymp-

totics of Discrete Orthogonal Polynomials on an Infinite Lattice. Major Professor:
Pavel M. Bleher.

In this dissertation the partition function, Z,, for the six-vertex model with do-
main wall boundary conditions is solved in the thermodynamic limit in various re-
gions of the phase diagram. In the ferroelectric phase region, we show that 7, =
CG"F" (14 0(e ")) for any € > 0, and we give explicit formulae for the numbers
C,G, and F'. On the critical line separating the ferroelectric and disordered phase re-
gions, we show that Z, = Cn'/AGV"F™ (14 O(n~"?)), and we give explicit formulae
for the numbers G and F'. In this phase region, the value of the constant C' is unknown.
In the antiferroelectric phase region, we show that Z, = CY4(nw)F™ (1 4+ O(n™1)),
where 94 is Jacobi’s theta function, and explicit formulae are given for the numbers
w and F. The value of the constant C' is unknown in this phase region.

In each case, the proof is based on reformulating 7, as the eigenvalue partition
function for a random matrix ensemble (as observed by Paul Zinn-Justin), and evalua-
tion of large n asymptotics for a corresponding system of orthogonal polynomials. To
deal with this problem in the antiferroelectric phase region, we consequently develop
an asymptotic analysis, based on a Riemann-Hilbert approach, for orthogonal polyno-
mials on an infinite regular lattice with respect to varying exponential weights. The

general method and results of this analysis are given in Chapter 5 of this dissertation.



1. INTRODUCTION TO THE SIX-VERTEX MODEL

1.1 Definition of the model

The first four chapters of this dissertation compile the results of the papers [7], [8],
and [9], in which the partition function for the six-vertex model with domain wall
boundary conditions is solved in the thermodynamic limit in various regions of the
phase diagram. Let us therefore begin with a review of the six-vertex model.

The six-vertex model, or the model of two-dimensional ice, is a statistical me-
chanical model stated on a square n x n lattice with arrows on edges. The arrows
obey the rule that at every vertex there are two arrows pointing in and two arrows
pointing out. Such a rule is sometimes called the ice-rule. There are only six possible
configurations of arrows at each vertex, hence the name of the model, see Figure 1.1,
and the states of the system are the possible configurations of arrows which obey this

rule at every vertex.

(1) (2) 3)

(4) (®) (6)

Fig. 1.1. The six arrow configurations allowed at a vertex



The six-vertex model is the prototypical “ice-type” model, meaning that the states
of the model can be identified with two-dimensional H>O crystals. This is achieved
by placing an oxygen atom at each vertex of the graph and a hydrogen atom at
each edge, and specifying that there is a bond between a hydrogen and an adjacent
oxygen if the arrow on that edge points towards the oxygen atom. Other “ice-type”
ensembles include the ensemble of alternating sign matrices (ASM’s), the three color
model, and the eight vertex solid-on-solid model.

The Gibbs measure of this ensemble, which gives the probability of a particular
state o, is defined in the usual way. For each vertex type in Figure 1.1, we assign
a weight w; > 0, ¢« = 1,...,6, and define the partition function as a sum over all

possible arrow configurations of the product of the vertex weights,

Z, = > wo),  w(o)= [ wiwe = [Jw”

arrow configurations o reVy i=1

where V, is the n x n set of vertices, t(z;0) € {1,...,6} is the type of configuration
o at vertex x according to Figure 1.1, and N;(o0) is the number of vertices of type i
in the configuration . The sum is taken over all possible configurations obeying the

given boundary condition. The Gibbs measure is then defined as

The six-vertex model was first introduced by J.C. Slater in [43], and solved ex-
actly in the thermodynamic limit by Lieb, [34]-[37], and Sutherland [45], for periodic
boundary conditions. As we shall see, the six-vertex model differs from other standard
models of statistical mechanics, such as the Ising model, in that it is very sensitive
to boundary conditions. The model has been studied with free boundary conditions,
anti-periodic boundary conditions, boundary loop conditions, etc. In this disserta-
tion, we consider domain wall boundary conditions (DWBC), in which the arrows on
the upper and lower boundaries point in the square, and the ones on the left and right

boundaries point out. One possible configuration with DWBC on the 4 x 4 lattice
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Fig. 1.2. An example of 4 x 4 configuration with DWBC.

is shown on Figure 1.2. Our main goal is to obtain the large n asymptotics of the
partition function Z,, for the six-vertex model with DWBC.
One consequence of domain wall boundary conditions is that they imply some

conservation laws in the system which allow us to reduce the number of parameters.

1.2 Height function and reduction of parameters

The six-vertex model has six parameters: the weights w;. By using some conser-
vation laws it can be reduced to only two parameters. It is convenient to derive the

conservation laws from the height function. Consider the dual lattice,

1 1

Given a configuration o on F, an integer-valued function A = h, on V' is called a

height function of o if for any two neighboring points z,y € V', |z — y| = 1, we have
that

where s = 0 if the arrow o, on the edge e € F, crossing the segment [z, y|, is oriented

in such a way that it points from left to right with respect to the vector z , and



s = 1 if o, is oriented from right to left with respect to zi. The ice-rule ensures that
the height function h = h, exists for any configuration o. It is unique up to addition
of a constant. An example of a configuration and its corresponding height function

is given in Figure 1.3.

A WN PO
BAWANANERYNY -~

WA DNARY NY WA DN
NA Y NY A NY W
Y N NY WY B~

=y Ny oy By o1

o

Fig. 1.3. A 5 x 5 configuration with a height function.

To derive conservation laws, consider the height function h = h, on a diagonal

sequence of points defined by the formula,
where both xy and z;, lie on the boundary B’ of the dual lattice V’,
B = = '+11 0<:i< U = +1‘+1 0<5<
=q¢=|itg55) 0<isn v=|m+5its),0=j=<n
U = '+1 +1 0<:i< U = 1‘+1 0<7<
z=|itgnts ), 0<i<n v=|5J+t5),0sj=n,.
Then it follows from the definition of the height function that
2 if t(x;o0)=3
hzj) —h(xja) =q —2 if t(x;0)=4
0 if t(x;0)=1,2,5,6,

where
€ + Tj-1
2

xr =



Hence

0 = h(xg) — h(zo) = 2N3(0; L) — 2N4(0; L),
where N;(o; L) is the number of vertex states of type ¢ in ¢ on the line
L={x=ux0+ (t,1t), t € R}.

The line L is parallel to the diagonal y = x. By summing up over all possible lines
L, we obtain that
N3(o) — Nu(o) =0,

where N;(o) is the total number of vertex states of the type i in the configuration o.

Similarly, by considering lines L parallel to the diagonal y = —x, we obtain that
Ni(o) — Ny(o) = 0.

Also,
Ns(o) — Ng(o) = n,

which follows if we consider lines L parallel to the z-axis.
The conservation laws allow us to reduce the weights wy, ..., wg to 3 parameters.

Namely, we have that
Ni, Na N3  Ni N5 N
wy wy 2wy fwy s Pwg = C(n)a a™N2pNa N N Ne

where

a=\Jwiwy, b= /wsws, c= /wsws,

This implies the relation between the partition functions,

and the constant

Zn(wh W2, W3, Wy, Ws, wG) - O(n)Zn(aa a, ba b) c, C))
and between the Gibbs measures,

,un(o-v Wi, Wa, W3, Wq, W5, wG) - /'Ln(o-a a, a, ba b) ¢, C)'



Therefore, for fixed boundary conditions like DWBC, the general weights are reduced

to the case when

Furthermore,
b b
Zn(a,a,b,b,c,c) =" Z, (9, g, - -1, 1> (1.1)
c ccc
and
b b
:un(o'a a,a, ba b7 C, C) = HUn (O', ga 97 BERR] 17 1) )
c ccc

so that a general weight reduces to the two parameters, ¢,
We would like to remark that the conservation laws are obtained in the paper [23]

of Ferrari and Spohn as a corollary of a path representation of the six-vertex model.

1.3 Exact solution of the six-vertex model for a finite n

Introduce the parameter
a?+ v —c?
2ab '

There are three physical phases in the six-vertex model: the ferroelectric phase,

A =

A > 1; the antiferroelectric phase, A < —1; and the disordered phase, —1 < A < 1.
Notice that |a — b| > ¢ in the ferroelectric phase region and ¢ > a + b in the antiferro-
electric phase region, while in the disordered phase region a, b, ¢ satisfy the triangle
inequalities. In the three phases we parametrize the weights in the standard way: for

the ferroelectric phase,
a=sinh(t —v), b=sinh(t++), c=sinh(2]y]), 0<|v| <t (1.2)
for the antiferroelectric phase,
a =sinh(y —t), b=sinh(y+t), c=sinh(2y), [t|<n; (1.3)
and for the disordered phase
a=sin(y—t), b=sin(y+1t), c=sin(2y), [t <7. (1.4)

The phase diagram of the six-vertex model is shown on Figure 1.4.



bich

»
\

0 1 alc

Fig. 1.4. The phase diagram of the model, where F, AF and D
mark ferroelectric, antiferroelectric, and disordered phases, respec-
tively. The circular arc corresponds to the so-called “free fermion”
line, when A = 0, and the three dots correspond to 1-, 2-, and 3-
enumeration of alternating sign matrices.

The phase diagram and the Bethe Ansatz solution of the six-vertex model for periodic
and anti-periodic boundary conditions are thoroughly discussed in the works of Lieb
[34]- [37], Lieb, Wu [38], Sutherland [45], Baxter [2], Batchelor, Baxter, O’'Rourke,
Yung [3]. See also the work of Wu, Lin [49], in which the Pfaffian solution for the
six-vertex model with periodic boundary conditions is obtained on the free fermion
line, A = 0.

In the paper [28], Korepin derived an important recursion relation for the partition
function of the six-vertex model with DWBC. This led to a beautiful determinantal
formula of Tzergin [24] for the partition function, commonly called the Izergin-Korepin
formula. A detailed proof of this formula and its generalizations are given in the paper
of Izergin, Coker, and Korepin [25]. When the weights are parameterized according

to (1.2)-(1.4), the Izergin-Korepin formula is
(ab)™

Zn = 5 Tn
n—1 .
EE)

(1.5)



where 7, is the Hankel determinant,

( j+k2¢>
Tn = det | ———— ) (16)
2 )
and
( inh(2
T S )( |71|1)(t ) in the ferroelectric phase
sinh(t — ) sin v
c sinh(2) . : .
b(t) = =9 h(7 ) sinh(y £ 1) in the antiferroelectric phase (1.7)
a sinh(y — t) sinh(vy
in(2
- sin 7) in the disordered phase .
| sin(y — t) sin(y + )

An elegant derivation of the Izergin-Korepin formula from the Yang-Baxter equation
is given in the papers of Korepin and Zinn-Justin [31] and of Kuperberg [33] (see also
the book of Bressoud [12]).

One of the applications of the Izergin-Korepin formula is that it implies that the

function 7, solves the Toda equation
TuTh — T;L2 = Tpi1Tn-1, n>1, (== (1.8)

cf. the work of Sogo [44]. The Toda equation was used by Korepin and Zinn-Justin [31]
to derive the free energy of the six-vertex model with DWBC, assuming some Ansatz
on the behavior of subdominant terms in the large n asymptotics of the free energy.

Another application of the Izergin-Korepin formula is that 7,, can be expressed in
terms of the eigenvalue partition function of a random matrix model and also in terms
of related orthogonal polynomials, see the paper [51] of Zinn-Justin. This relation is

based on the following lemma, which is well known in the random matrix community.

Lemma 1.3.1 Let 7, be the Hankel determinant T,, = det <% , and sup-

>1§j,k§n
pose the function ¢(t) is a Laplace-type transform of some measure p on the real line,

so that, for some constant ¢ € R\ {0},

o) = [ (o)



Suppose also that there exists a system of monic orthogonal polynomials {Py(2)}%2,

—ctx

on R with respect to the measure e~ u(x), so that

/R Py(a) Pu(w)e™ " du(x) = hidje

for some normalizing coefficients {hy}32,. Then

n—1
_ n*-n
Th — C hk
k=0

A proof of this lemma is given in Appendix A. It follows that evaluation of the
partition function Z,, in the thermodynamic limit reduces to finding a large n asymp-
totic formula for the normalizing coefficients of a system of orthogonal polynomials.
This can generally be done via a Riemann-Hilbert approach. This is the method
employed in the paper [4] of Bleher and Fokin, in which they prove the conjecture of
Paul Zinn-Justin [51] that the large n asymptotics of Z,, in the disordered phase has

the following form: For some ¢ > 0,
Zn = CnF™[1 4+ 0(n~9)).

Furthermore, they find the exact value of the exponent k,

1 272

K:E_SW(W—QV)'

The value of F'in the disordered phase is given by the formula,

mab

F — a = sin(y — t), b=sin(y+1),

- 27y cos >

in parametrization (1.4).
In the present study, we obtain the large n asymptotics of Z,, in the remaining
two phase regions, as well as on the critical line which separates the ferroelectric and

disordered phases.
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2. FERROELECTRIC PHASE
2.1 Introduction and formulation of the main results

Here we discuss the ferroelectric phase, and we will use parametrization (1.2) for

the weights. Without loss of generality we may assume that
v >0,

which corresponds to the region

b>a-+c.

The parameter A in the ferroelectric phase reduces to
A = cosh(2y).

In this phase, the function ¢(¢) in the Hankel determinant 7, is in fact the Laplace

transform of a discrete measure lying on the positive integers. We have that

b(t) = sinh(2) B o242y _ o—2t—2y
~osinh(t+y)sinh(t —q) T [(1— e ) (1 - e2)
_ 1 1
=2 i ioewn|  (21)
= 426 2t sinh(2v1).
Introduce now discrete monic polynomials Pj(z) = 29 + ... orthogonal on the set

N={l=1,2,...} with respect to the weight,
w(l) = 2e 2! sinh(271) = e 2L _ 720 (2.2)
so that

> P () P(lw(l) = hidji. (2.3)

=1
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Then it follows from (2.1), and Lemma 1.3.1 that
n—1
7 =2" ] - (2.4)
k=0
We will prove the following asymptotics of h.

Theorem 2.1.1 For any e >0, as k — o0,

(k')2qk+1 _Ll—¢
= (1 —q)*k+? (1 +O(e™ )> ’ (2:5)
where
q= 6277225.

The error term in (2.5) is uniform on any compact subset of the set

{(t,v): 0 <~y <t}. (2.6)
Our main result in this chapter is the following theorem.

Theorem 2.1.2 [In the ferroelectric phase with t >~ > 0, for any € > 0, as n — oo,
Zy=CGF* [140 (e )]

where C' =1 —e %, G = e, and F = sinh(t + 7). The error term in (2.5) is

uniform on any compact subset of the set (2.6).

Up to the constant factor, this result follows directly from Theorem 2.1.1. To find
the constant factor C' we will use the Toda equation, combined with the asymptotics
of C'ast — co. The proof of Theorems 2.1.1 and 2.1.2 are given below in Sections 2.2-
2.5. To prove Theorem 2.1.1, we compare the orthogonal polynomials (2.3) with the
well known Meixner polynomials, which are orthogonal with respect to an exponential

weight on the non-negative integers.
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2.2 Meixner polynomials

We will use two weights: the weight w(l) defined in (2.2) and the exponential
weight on N,
wl()=¢', leN; g=¢e""% <1, (2.7)

which can be viewed as an approximation to w(l) for large . The orthogonal polyno-
mials with the weight w®(l) are expressed in terms of the Meixner polynomials with

B =1, which are defined by the formula,

Qg VT k=) T (2~
:;( ¢V licok =) fico(z =1

(41)?
They satisfy the orthogonality condition,

T

M;(l; ) My(l;q)q" = ,
;J k ) 1—gq

see, e.g. [30]. For the corresponding monic polynomials,

k!
P(z) = ka(Z; q)

(M in PM stands for Meixner), the orthogonality condition reads

S - (k!)*¢*

> PR DG = hy'oj, hy! = T (2.8)
They satisfy the three term recurrence relation,

kq+k+q k3q
2 (Z) k+1(z> + 1 —q k (Z) + (1 _q)g kfl(z)7
see [30]. According to (2.7), we take ¢ = e*772,
For our purposes it is convenient to introduce a shifted Meixner polynomial,
—1)Fklg
A =i — ) = SRR - ) (29

which is a monic polynomial as well. Equation (2.8) implies the orthogonality condi-

tion,
(k')2 k+1

A (2.10)

S Q0Qu0d = W26y, G =
=1
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By analogy with (2.4), define
n—1
n2
Q=2 H hg.
k=0
From (2.8) and (2.10) we obtain that
n—1 (k!)2gE+ 2n2q(n+1)n/2 n—1

+Q _ on® - N2, .
; QQwal(hwﬂgm (2.1

By analogy with (1.5), define also

inh(y + t) sinh(y — ¢)]**
ZQ:[sm (v +t) sinh(y — t)] Q

n n—1 n

[T?

k=0
Then from (2.11) we obtain that

ZQ = FGn,
where
2sinh(t — ) sinh(t + v)¢'/?>  2sinh(t — ) sinh(t +y)e?™t .
o sinh( 71) S_lIl (t+v)q _ 2sin ( 7_)5121&_; v)e _ sinh(t + 1),
q 1 —e=
and
G=¢"?=e"t.

Our goal is to compare the normalizing constants for orthogonal polynomials with

the weights w and w®. We begin with the following formula for their difference:
hie = it = =Y~ PeDQw(D) [w?(1) — w(D)], (2.12)
=1

which can be derived as follows. Since P, and ) are monic polynomials, the differ-

ence, P, — Qg, is a polynomial of degree less than k, hence
Z Pe(D)[Qr(l) — Pr(D)]w(l) = 0.
=1

By adding this to equation (2.3) with j = k, we obtain that

b =3 B Qe()w(l).
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Similarly, from (2.10) we obtain that
ht =" Pe(D)Qr(Dw?(1).
=1

By subtracting the last two equations, we obtain identity (2.12).

2.3 Evaluation of the ratio h;/h?

In this section we will prove Theorem 2.1.1. By applying the Cauchy-Schwarz
inequality to identity (2.12), we obtain that

0o 1/2 00 1/2
e — b2 < | P0)? w(l) — wQ(l)\] [Z Qr(1)? [w(l) - w%)l] ,
=1 =1
so that
b | & 1/2 = 1/2
—= - 1| < [—Q > Pu()? lw(l) - wQ(m] [—Q > Q1) [w(l) - wQ(l)\] ,
hk hk =1 hk =1
(2.13)
From (2.2),
1
lw(l) — w(l)| = e+ < Cow(l), 1> 1; Co = e (2.14)
e _
hence
1 & ) Q 1 & ) Cohu,
na > P [w(l) —w?(1)| < Coh—Q > P()w(l) = xe < Co(1+ &),
k 1=1 k 1=1 k
where
hy,
Ek = @ -1
Thus, by (2.13),
er < Co(1 + &1) 0, (2.15)

where

G = 25 D Qe (D) — w0

k =1
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By (2.14),

1 o
o = 1 Z Qx(1)? g5, qo = e 2, (2.16)
ki=1

Let us evaluate 6;.

We partition the sum in (2.16) into two parts:

L
1
0y = —QZQk(l)Q %, (2.17)
hk =1
and
1 [ee]
= Y Qb 2.13)
kE I=L+1
where
L=, 0<i<l (2.19)

We first estimate ;.. We have from (2.9), (2.10) that

Qull) _ (~1)}(1 )2
G "

My(1—1;q). (2.20)

By (2.2),
k(k —1)(I = 1)(1 - 2)
(21)?
Kk = D(k=2)1 =11 =2)(=3)
(31)?

If | < k, then the latter sum consists of [ nonzero terms. For [ < L it is estimated as

M(l-1g)=1+1-¢ k(-1 +(1~-q")
(2.21)

+(1—-q ")

Mk(l _ 1; q) — O(k?LLL+1) — O(eLlogk-',-(L-i-l)logL)’

hence

l og4q
(g(s)(l% _ O(e%mlog k+(L+1)10gL).
k

Due to our choice of L in (2.19), this implies the estimate,

Q (l) klogg o
@0 ne
k

Since 0 < ¢ < 1 and 0 < A < 1, the expression on the right is exponentially small as

k — oo. From (2.17) we obtain now that

5}; _ O(eklogq+4k* logk;)'
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Since A < 1 and ¢ < 1, we obtain that
1
5= 0(e=k), ¢y =——29 5, (2.22)

Now let us estimate ;. By (2.10),

o>l =1,

k o1=1
hence
1 e8] q L 1 o] q L
0 0 _
=g > Ql)’d< (—) — Y. Q()’d < (_) el (223)
he ST b/ hg S q
Thus,
5 < e (1), (2.24)

Since 0 < A < 1 is an arbitrary number, we obtain from (2.22) and (2.24) that for

any n > 0,
5 =0 (e*’““”) . (2.25)

Let us return back to inequality (2.15). Consider two cases: (1) g, > 1 and (2)
er < 1. In the first case (2.15) implies that

e < 2Cy0y,

which is impossible, because of (2.25). Hence, for large k, e, < 1, in which case (2.15)
gives that
ez < 2Co6y.

Estimate (2.25) implies now that for any n > 0,
ep =0 <e’k1_n) ,
so that as k — oo,
he = hQ(1+8),  |&l=er=0 (ak”") . (2.26)

This proves Theorem 2.1.1.
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From (2.26) we obtain that for any n > 0,

where

C = ﬁ(l +&,) > 0. (2.27)

Thus, we have proved the following result.
Proposition 2.3.1 For any e >0, as n — oo,

Z, = CF™Gn [1 +0 (e—”)] , (2.28)
where C' > 0, F = sinh(t +7), and G =",

To finish the proof of Theorem 2.1.2, it remains to find the constant C'.

2.4 Evaluation of the constant factor

In the next two sections we will find the exact value of the constant C' in formula
(2.28). This will be done in two steps: first, with the help of the Toda equation, we
will find the form of the dependence of C' on ¢, and second, we will find the large ¢
asymptotics of C'. By combining these two steps, we will obtain the exact value of
C. In this section we carry out the first step of our program.

By dividing the Toda equation, (1.8), by 72, we obtain that

/! 12
TnTy — T, Trna1Tn-1 0

n . (== (2.29)

2 2
Tn Tn

The left hand side can be written as

" 2 AN
TnT - T T 17
—nr = (—") = (logm,)" .

2
T

From (2.4) we obtain that
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hence equation (2.29) implies that

(log7,)" = i (2.30)
From (2.5) we obtain that
i Ao () 231
We have that
: 4q E _ i 4@21;2;)2 _ L (—223 2{}/ _ [_ log(1 — 627—27:)]"’
—q — e~ — e?r-
hence from (2.30), (2.31) we obtain that
(log 7,,)" = n* [~ log(1 — 627’2"/)}” + 0 <e’"1_6> :
By (1.5) this implies that
tog )" = flog DD 6 () o

Since

1 — e27—2t

log th@ — ) sinh(t + ”] = logfsinh(t +7)] + (t ) — log2.

we can simplify (2.32) to
(log Z,)" = n? [logsinh(t +~)]" + O (e’"1_6> :

Observe that the error term in the last formula is uniform when ¢ belongs to a compact

set on (7, 00), hence by integrating it we obtain that
log Z,, = n*logsinh(t + ) + ¢t + ¢ + O <€,n175> |

where ¢, ¢; do not depend on ¢. In general, ¢y, ¢; depend on vy and n. By substituting

formula (2.28) into the preceding equation, we obtain that
log C + n(y — 1) = ert + co + O (e—””) . (2.33)

Denote

dQZCQ—TL”}/, d1:C1+TL.
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Then equation (2.33) reads
log C = dyt +dy + O (e—””) . (2.34)

Observe that C' = C(v,t) does not depend on n, while dy; = dp(y,n) does not
depend on t. Take any 0 < v < t; < t5. Then

log C(7,12) —log C(y,t1) = di(ta — 1) + O <€_n1_5> .

From this formula we obtain that the limit,

lim dy(y,n) = di(7),

n—oo

exists. This in turn implies that the limit,

lim do (7, n) = do(7),

n—oo
exists. By taking the limit n — oo in (2.34), we obtain that
log €' = di(7)t + do(7)-

Thus we have proved the following result.

Proposition 2.4.1 The constant C' in asymptotic formula (2.28) has the form

C = eh(Mt+do()

2.5 Explicit formula for C'

In this section we will find the exact value of C'; and by doing this we will finish

the proof of Theorem 2.1.2. Let us consider the following regime:
v is fixed, t— o0,

and let us evaluate the asymptotics of C' in this regime. By (2.2) we have that

e—2t+27 e—2t—27

o [o.¢]
ho — E :w ) = o2t _ 201291 _ - .
0 - ( ) E : ( ) 1 — e—2t+2v 1 — e—2t—2v

=1
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Similarly, by (2.10),

h(? _ o 2t+2y |
1 — e—2t+2y
hence
h
h—g —1—-eY+0(?), t— o0 (2.35)
0

Let us evaluate ¢, = Z—g — 1’ for k > 1.
k

By (2.15),
1
2 -
€k < C()(]. + 5k)5k, CQ = 64'77—1 . (236)
In the partition of d; as d;, + ) in (2.17), (2.18), let us choose
L= [k*3 + 127 (2.37)

From (2.20), (2.21) we obtain that for [ < L,

1Qr(1)] < q(k;—l)/2kLLL+1 g = e 2
(B2~ ’ ’
hence
5, - qoqk—lkLLL-i-l - qk;kLLL—I—l _ 6_27_%
k= 1— =T g do :
qo0 qo
In addition, by (2.23),
o < ek,

Our choice of L in (2.37) ensures that there exists ¢y > 0 such that for any ¢ > ¢, and
any k> 1,

_pl/2_41/2
5k:5];+5g§6k ! .

From (2.36) we obtain now that for £ > 1 and large ¢,

/2 ,1/2
en < Cie 'z T, O = (20,2 (2.38)
By (2.27),
logC'=> log(1+2), |&l=ex
k=0

From equations (2.35) and (2.38) we obtain now that

(1/2

logC =log(l—e ) +0(e 2), t — 00.
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On the other hand, by (2.34)
log C' = dy(7)t + do(7)

This implies that

so that
C=1-e". (2.39)

By substituting expression (2.39) into formula (2.28), we prove Theorem 2.1.2.
As a final note in this chapter, we compare the asymptotics of the free energy in

the ferroelectric phase with the energy of the ground state.

2.6 Ground state configuration

The ground state in the ferroelectric phase region is the configuration
o5 if x is on the diagonal
0% (z) =} o3 if x is above the diagonal
o4 if x is below the diagonal,

see Figure 2.1. The weight of the ground state configuration is

gs\ _ pn? c\" _ m*m
w(o®) =5 <b> F" Gy,
where
, sinh(27)
I = sinh(¢ =
sinh( + ), Go sinh(t + )

The ratio Z,/w(c®) is evaluated as

L B
w(os®) N

n
GY,

where

G Y—t o3 h(t 2y _ =2t
Glz_:e s'm(—I—v):e e 4
Gy sinh 2y e — e
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Fig. 2.1. A ground state configuration in the ferroelectric phase region.

Observe that
. logZ,
lim — = lim
n—oo n n—oo n

log w(o®)
2

= log F,

so that the free energy is determined by the free energy of the ground state config-
uration. This can be explained by the fact that low energy excited states are local
perturbations of the ground state around the diagonal. Namely, it is impossible to
create a new configuration by perturbing the ground state locally away of the diag-
onal: the conservation law N3(o) = Ny(o) forbids such a configuration. Therefore,
typical configurations of the six-vertex model in the ferroelectric phase are frozen
outside of a relatively small neighborhood of the diagonal.

This behavior of typical configurations in the ferroelectric phase is in a big contrast
with the situation in the disordered and antiferroelectric phases. Extensive rigorous,
theoretical and numerical studies, see, e.g., the works of Cohn, Elkies, Propp [13],
Eloranta [21], Syljuasen, Zvonarev [46], Allison, Reshetikhin [1], Kenyon, Okounkov
[27], Kenyon, Okounkov, Sheffield [29], Sheffield [42], Ferrari, Spohn [23], Colomo,

Pronko [14], Zinn-Justin [52], and references therein, show that in the disordered
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and antiferroelectric phases the “arctic circle” phenomenon persists, so that there are
macroscopically big frozen and random domains in typical configurations, separated

in the limit n — oo by an “arctic curve”.
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3. CRITICAL LINE BETWEEN FERROELECTRIC AND
DISORDERED PHASES

3.1 Introduction and formulation of the main result

In this chapter, we consider the partition function Z,, on the critical line

We fix a point,

a a-—1 b a+1 51
—_ = - = N «
c 2 7 ¢ 2 7 ’

on this line, and we are interested in the large n asymptotics of the partition function

Z -7 a—17a—1’a+1’a+1,1’1 .
2 2 2 2

Let us first derive a formula for Z, on the critical line. To that end, consider the

limit of the Izergin-Korepin formula in the ferroelectric phase, (1.5)—(1.7), as

t
t,y = +0, - = . (3.1)
v
Observe that in this limit,
a_sinh(t—y)_)a—l b_sinh(t+*y)_>&+1
¢ sinh(27y) 2 ¢ sinh(2y) 2

By (1.1),

o R W ACEA)
cC C C C

CTL

. (9,9,9,9,1,1) _ {QSinh(t—*y) sinh(t + ) ] 7 (3.2)
c'cce

sinh(27)
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where h;, are the normalizing coefficients associated with the orthogonal polynomials

{Pr(1)}2, defined in (2.3), so that
> P Pw(l) = adjp; w(l) = e 20— g2l (3.3)
=1
To deal with limit (3.1) we need to rescale the orthogonal polynomials Py(l).

Introduce the rescaled variable,

x = 2tl — 291,
and the rescaled limiting weight,
a+1
wa(x) _ lim (e—Qtl+27l o e—2tl—2’yl) — e T e—m:’ r = + > 1.
t,y—+0, %—m a—1

Consider monic orthogonal polynomials P;(z;«) satisfying the orthogonality condi-
tion,

/ Pj(z; a) Py(z; a)we(z)dr = hy o0y - (3.4)
0
To find a relation between Py (1) and Py(x; ), introduce the monic polynomials
Py(z) = A P(x/A), (3.5)
where
A =2t — 2,

and rewrite orthogonality condition (3.3) in the form

> P(IA) P10 wa (IA)A = A% hybyy,

=1
which is a Riemann sum for the integral in orthogonality condition (3.4). Therefore,

lim  Py(x) = Pi(z; ),

t,y—0, §—>

and

lim  A*Thy = hyg,.

t,y—+0, %—>
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Let us rewrite formula (3.2) as

a a b b 2sinh(t — ) sinh(t + ) n?n-1 A2Zk+1p,
Zn Ty Ty T 1, ]_ = - -
sinh(27)A L (kD2

CCCC

and take limit (3.1). In the limit we obtain that
n2 n—1
a—1 a—1 a+1 a+1 a+1 hi o
Z, = 7, , , , 1) = (25 L 3.6
( 2 2 2 2 ) ( 2 ) ]EO (k)2 (3:6)

Our main technical result in this chapter will be the proof of the following asymp-

totics of hy . Let, as usual,

1 1
C()—1+28+38+ Res > 1.
Theorem 3.1.1 As k — oo,
hka o C(g) 1 3/2 . Oé—l—l
[(k‘)]_ 2\/7]&/2 ——I—O(k: ), r=_——7- (3.7)

The main result of this chapter is the following asymptotics of Z,, on the critical

line between these two phases.

Theorem 3.1.2 Asn — oo,

7 a—1 a—1 a+1 a+1
" 2 72 7 2 7 2

1 3 a—1
k=7, G=ew [‘ﬁ(i) o ] !

a+1
5

The proof of Theorem 3.1.2 follows easily from Theorem 3.1.1. Namely, from

1, 1) = Cn GV EF 1+ O(n~'?)],

where C' > 0,

and

F =

formula (3.6) and asymptotics (3.7) we obtain that

Zn a—*l,—l a—“,a“,l,l . [h
& : )] :Zlog{(;m
k=0

2

log

TL

+ i +O(k™/?)

0 2\/ 7"—1 k1/2

C( >\/ n1/2+10in+00+0( —1/2)
3.1.2.

which implies Theorem
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3.2 Large k asymptotics of hy

We will use asymptotic formulae for orthogonal polynomials on [0, 00), obtained
in the paper [48] of Vanlessen. To formulate and to apply the Vanlessen’s asymptotic
formula we will need to introduce some notations and to evaluate some parameters.
Let us write

We(2) =€ % —e = ze Q)

so that

Q(z) =z +log ] (3.8)

— e (r=1)z"’
where for the logarithm we take the principal branch with a cut on (—oo, 0]. Observe
that the function @Q(z) is analytic in a strip [Im z| < ¢g, ¢g > 0. Define the Mashkar-
Rakhmanov-Saff (MRS) numbers 3 = () as a solution to the equation

1 Bk ) T
Q|

As shown in [48], for large k there is a unique solution to this equation. The purpose

dzx = k. (3.9)

27 Jo

of the MRS numbers is to rescale the equilibrium measure, introduced in Section 3.4,

so that it is supported by the interval [0, 1].

3.3 Evaluation of g

By the change of variable, = = fu, equation (3.9) reduces to

1
25—7";/0 Q' (Beu)y /< fu du = k. (3.10)

b, = f—l’;. (3.11)

Set

Then equation (3.10) reduces to

20 (!
7’“/0 Q’(4bkku),/1fudu: . (3.12)

1 r—1
/ o - -
Q(z)-l—i—z s 1

From (3.8),
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Observe that the function @'(z) has poles at the points

2mmi

. om=41,42, ...

z =
r—1

After evaluating integrals of the first two terms of Q'(4bxku), equation (3.12) reads

12 [ (r=1b u
b]g—i‘ﬂ —;/0 e4(r71)bkku_1 1_udU— 1.

By the change of variable x = ku, it reduces to

1 2 k —1)b
by + — — / (r — )by Y dr=1

2k wk3/2 J, etV — 1\ 1 — (x/k)
Set
1
g = m,
and consider the function,
g2 23 [V (r—1)b x 1
be)=b+ — — — dr —1 - <bh<2
f(b.2) * 2 T Jo et 1\ 1 -2 o 2~ =

Observe that as ¢ — 0,

Ve r— 1) (r=1DbyJrdx
2
/0 64(7' 1bz_ 1—82 d$_/ e4r Doz _ | +O(6)

N (3) 2
16 b(r——l)_+()(€)’

(3.13)

hence
¢’ e%¢(3)
be)=b—-1)+ = - ———22 + 0. 3.14
J0:0) = (0= 1)+ 5~ s 4 0L (3.14)
It is easy to see that equation (3.13) can be differentiated in b infinitely many times,
and hence the function f(b,e) is C* in a neighborhood of the point b =1, ¢ = 0. In

addition,
9f(1,0)
ob

By the implicit function theorem, there is a C'*°-solution b(e) of the equation f(b,e) =

0. From (3.14) we obtain that

g2 e3¢(3)

+ 8% L oE), e
2 8ym(r—1) (&)
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Since by = b(k~'/?), this gives

3
bo=1——+ )

—5/2
5t s e O™, &k — . (3.15)

By (3.11),
P = 4kby. (3.16)

3.4 Evaluation of the equilibrium measure

Set
Vi(z) = %Q(ﬁm, (3.17)

and consider the following minimization problem:

E =inf I(p),

where
I(p) = —//10g|x—y\du(:v)du(y)+/vk(x)du(:v)-

and inf is taken over all probability measures on [0,00). There exists a unique mini-
w

mizer, p = ji, called the equilibrium measure. Let us review the analytical properties
of the equilibrium measure discussed by Vanlessen in [48].

The equilibrium measure has the following properties:
1. The support of py is the interval [0, 1].
2. The measure p is absolutely continuous with respect to the Lebesgue measure.

3. The density function of y; has the form,

du;ix) = Yp(z) = %\/ ! ; * qr(x), (3.18)

where gi(x) is analytic and positive on [0, 1].
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The equilibrium measure py is characterized by the Euler-Lagrange variational con-

ditions: there exists [, € R such that
1
2/ log | — yldux(y) — Vi(z) =l =0 for z € [0, 1],
0

1
2/ log |z — y|dux(y) — Vi(z) =l <0 forx & [0,1].
0

The function gx(z) in (3.18) is given by the formula,

\/ , € Intl,
() 27?2?4 y—l Yy—z e

(3.19)

where , /Y- is taken on the principal branch, with cut on [0,1], and I' is a positively
V'

oriented contour containing [0, 1] U {z} in its interior, with the additional condition

that the function V)/(y) is analytic inside I'. By (3.17) and (3.8),

Vi(2) = 4bpz + %log 1_ jbf(fznbkkz’
hence
s
where
Vi = 4(r — 1)bg,
hence

1 Y 1 Vi dy
=— ¢/ —— |4+ — — :
a(2) 2mi f} y—1 { Bt ky — ewhky — 1] y—z

By taking the residue at infinity, we obtain that

46(2) = 4be + 5 (2), T 2mi 7{ Vy—1 (emkv — 1 —z)

Observe that the function V}/(z) has poles at the points

2mni
ik

Zn = n==+1+2, ...,

hence the contour I' has to pass close to 0. We choose I" such that

E > dist(0, ) > ¢ > dist(1,T) > 3 > 0,

> 2
k: )

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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Fig. 3.1. The contour T'.

see Figure 3.1. More precisely, for a given z € C, let m(z) € [0, 1] be the closest point

from z on [0, 1], so that

inf{|z —u|, v € [0,1]} = |z — m(2)].

Then we define, for a given § > 0,
1
I'=T,k)={2z€C: |z—m(z)|=0 [E—I—m(z)] )

and we choose § to be sufficiently small so that the points z, in (3.23) lie outside of
', see Figure 3.1. Observe that I'(0, k) = [0, 1].
With the help of the change of variables, u = ky, we obtain that

~ U du
() =~ ip \ w/k) — 1 (e — 1)(u— k2) (3:25)

which implies that

sup [si(z)| = O(k'/?%), (3.26)
0<z<1
or even that
sup  sup |si(2)] = O(k~1/3). (3.27)

ogdggzeriﬂ

For z > 1, the function si(z) can be reduced to

sa(2) = — z 1 e ! Y dy
g Tk z—=1(emwkz—1) 7 Jo V1—y (ewky —1)(z—y)’

It implies that

sk(2) = — +1e(2), (3.28)



32

1
Vi y dy
_ / 2
i WA 1 —y (emhy —1) (3.29)

and 7 (z) satisfies the estimate,

where

C

< -
|Tk(z)| = ka5/2>

2> 1, (3.30)

with some C' > 0. Indeed,

re(2) = = z / ydy
z—1 e%kz — 1 —y (ewhy —1)(z —y)z~

The first term on the right is exponentially small in z and &, and it obviously satisfies

estimate (3.30). In the second term on the right, let us split the integral in two

integrals, from 0 to % and from 1 to 1. The first part is estimated as follows:

1
1 —y (emwhy —1)(z—y)z = 22 J, (ewhy —1)
- () 3/2du < CO _
- 22k5/2 0 (e'yku _ 1) 22]5/27 u=nryY,

hence it satisfies estimate (3.30). For the second part we have that

o< Ve ==, s
1_ (emwky — 1) (2 —y)z = z(ewk/2 —1) 1 (z—y)VI-y

du Ch
B z(e%k/Q— 1)/0 (z—l—i—u)\/_ 2z — 1 (ewk/2 1)’

which satisfies estimate (3.30). Thus, (3.30) is proved.
From (3.22) and (3.28) we obtain that

Uzl—y,

qe(2) = 4b, + % +r(2), (3.31)

where ay, is given by formula (3.29) and r(z) satisfies estimate (3.30).

3.5 Evaluation of the Lagrange multiplier

Introduce the function

gr(z) = /o log(z — z)dp(x), =z¢€ C\]|0,1], (3.32)
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where the branch of log is taken on the principal sheet, with a cut on (—o0,0]. Also,

let

we(2) = gh(z) = /0 @) e\ o1, (3.33)

z—x
be the resolvent of the equilibrium measure ;. From equation (3.32) it follows that,

as 2z — 00,

gr(z) =log z + O(z’l),

and from (3.33), that

wi(2) = - : (3.34)

see, e.g., equations (3.27), (3.29) in [48], and
Since

~u(1) = Jim on(u) ~ ogu — (1) = lim [ [wm - 1} 0

we obtain that

gk(l)z—/loo
zk:—/loo

We split the last integral as

r

Vi) [imiade) 1]
2 z 2 z ’

qr(2) — ;] dz — Vi(1). (3.35)

hence

Vi(2) =

z z

[ -1 2 1
—/ [ & qk(z)—i———llbk——]dz:[l—[z.
1 z z kz

Vi) = L ) = 2] dz = /100 {Vk’(z) —Aby — é} dz
(3.36)




From (3.21) we have that

o 1 > ’}/de —c
[1:/1 [Vé(z)—zlbk—@}dz:_/l 10, >0

Let us evaluate 5. By (3.31),

= 1 = 1
[,/Z Aby, + LI +——4bk——]dz.
kz
o [727 1 1
_1 dz = = —log 2
/1 < z +2z> ST T es

Since

we obtain that

z kz
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1 - S22 1
I = bp(2 — 4log 2) + [z LI k ——]dz.

From estimate (3.30) we obtain that

o0 —1
/ - re(z)dz = O(k™°?),
1 z
hence

ol [z—1 2 — 2+ 1
IQ:bk(2—4log2)+/ [ z U 2k T LT %
1 z oz z

From equation (3.34) we have that

dz + O(k™%/?).

CViz) 1 Jz—1 ay
wi(z) = 5 35 . [4bk + ~ + rk(z)] :

By equating terms of the order é for large z on both sides, we obtain that

hence

1
akZQbk—Q—f-E

By substituting this expression into (3.37) we obtain that

* -1 d
[2Ibk(2—410g2)+(Qbk—2+%>/ ( z _1>—Z—|—O(k5/2)_
1

z

(3.37)
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Since

0 1
/ < & —1>%:210g2—2,
1 z z

1
Iy = b(2 — 4log2) + <2bk —2+ E) (2log2 —2) + O(k~°/?)

we obtain that

2log2 — 2
L ok

2log2—1 ¢(2)

_l_
k 4y/7(r — 1)k3/2

= —2by, —4log2+4+

=2—4log2 +

O(k™/?).
By (3.35), (3.36),
k=1, — I = Vi(1),

and by (3.20) and (3.15),
log(4bik)

Vi(1) = 4by, + — + O(k™%?)
loghk 2log2—2 ¢(3) 1 .
Tk W ey TR TER
hence
logk 1 3¢(2) 1 5/2
I, =—2—4log2 — +- +— 1 O(k™?), (3.38)

ko ko Aym(r— Dks2 2k2
3.6 Evaluation of iy,

According to Vanlessen’s asymptotic formula, see [48],

T 3 47 7,(1) 1 -
S 2k+2eklk[1+( + _ ik >—+Ok2} 3.39
o g K 4gp(0) ~ 12qx(1)  4ge(1)* ) K ) (539

Observe that in [48] this formula is proved under the assumption that the weight for

the orthogonal polynomials has the form
w(z) = 2% 9@, a>—1,

where Q(z) is a polynomial. In Appendix B at the end of the paper we show what
changes in the paper of Vanlessen [48] should be made to prove (3.39) for Q(z) given
by (3.8). By (3.26),

g (0) =44+ 0(k™?), q(1) =4+ 0Kk ?). (3.40)
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By (3.25),

o - m kdu
q.(1) = Tkl f;r W (e —1)(u — k)2’

ai(1) = O(k™1%), (3.41)

hence

because by condition (3.24), the function —*- is bounded by 1/c for u € kI'. From
(3.40) and (3.41) we obtain that

3 ar (1) 1 _ v ~3/2
1+ <4Qk(0> + 12g0(1) 4Qk(1)2) k 1+ o + O(k/%). (3.42)

By substituting formulae (3.16), (3.15), (3.38), and (3.42) into (3.39) and by using

the Stirling formula for k!, we obtain that

hk,oc . C(%) + i +O(k73/2>

() 2y/x(r— Dk'/2 4k

(we use MAPLE for this calculation). Theorem 3.1.1 is proved.

log
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4. ANTIFERROELECTRIC PHASE
4.1 Introduction

In this chapter we discuss the antiferroelectric phase region, and we will use pa-
rameterization (1.3) with two parameters ¢, such that |[t| < . The parameter A in

the antiferroelectric phase region reduces to
A = — cosh(2y).

In this phase region, the function ¢(t) appearing in the Hankel determinant 7, is

the Laplace transform of a discrete measure lying on Z, so that

o(t) = sinh(27) B 2(1 —e")
~ sinh(y +t)sinh(y —t) (1 — e 20-0)(1 — e20+D)
__ 2 2 5N 2t 4 9§ g2
= T+ T o2079 —2_212_;6 +2l2_a‘e —2 (41)
-9 Z e 20—t 49 Z e 20+t _ 9 Z o2t =271
Introduce the discrete monic polynomials Pj(z) = 27 + ... orthogonal on the set Z

with respect to the weight

w(l) — e2tle—2'y|l|’

so that

[e.9]

> Py P(lw(l) = hidj. (4.2)

l=—

Then it follows from (4.1), and Lemma 1.3.1 that

n—1
7 =2" ] - (4.3)
k=0

We will evaluate the asymptotics of the orthogonal polynomials (4.2) by reformu-

lating them as solutions to a Riemann-Hilbert problem which can be evaluated in the
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large n limit by the Deift-Zhou steepest descent method. To employ this method, it

is convenient to rescale the polynomials. Set

2 t
A, = il : r=I1lA,, wy () = e~ "#I=60) (=—, (4.4)
n v
and
Pul(x) = AFp, [
Consider also the lattice
2
an{xzﬁ,kez}. (4.5)
n
Then from (4.2) we obtain that the monic polynomials P, (x) satisfy the orthogonality
condition,
D Poj(@) Par(@)wn(2) Ay = hoplje, T = e AT (4.6)
TELy

We can then combine equations (1.5), (4.3), and (4.6) to obtain

n?2 n—1

b h

7, = (ﬂ) [1 (15; , a=sinh(y—t),  b=sinh(y+1). (4.7)
" k=0

For what follows we will need to extend the weight w,(z) to the complex plane.

We do so by defining w,,(z) on the complex plane as

wp(z) = e V()

where

z—(z when Rez >0
Vi(z) =
—z—C(z when Rez <0,

so that V(z), and thus w,(z), is two-valued on the imaginary axis.

4.2 Main result: Asymptotics of the partition function

The main result of this chapter is a large n asymptotic formula for Z, in the
antiferroelectric phase region. The formulation of this result and the proofs involve

the Jacobi theta functions. Let us review their definition and basic properties.
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There are four Jacobi theta functions:

=2 Z g2 sin (2n+1)z),

Ua(z) =2 Z g2 cos (2n+1)z),

S (4.8)
U3(2) =142 Z ¢ cos(2nz),
n=1
—1—}—22 g™ cos(2nz),

where ¢ is the elliptic nome. We Wlll assume that 1 > ¢ > 0. Figure 4.1 shows
the graphs of 91, ¥5 (left figure) and 93, ¥4 (right figure) on the interval [0, 7] for

Z] while 9, J3 are decreasing on

q = 0.5. Observe that 1, 14 are increasing on [0,

this interval.

Fig. 4.1. The graphs of 9, ¥, (left figure) and ¥3, ¥4 (right figure)
on the interval [0, 7] for ¢ = 0.5.

The Jacobi theta functions satisfy the following periodicity conditions:
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where 7 is a pure imaginary number related to g by the equation,

T

g=c¢e
The theta functions also satisfy the symmetry conditions
(=2) = =01(2), Pa(=2) =12(2), Us(=2) =Us(2), Va(=2) =Vu(2),

and the equations,

V1(z) =04 (z — g) , Us(z) =1, (z + g) . Ui(z) = —ieF Y, <z + %) .

The only zeroes of the theta functions are

T T

hO =0, 0(z)=0 u(z+5)=0 0(F)=0

and their shifts by mnm + nnr; m,n € Z. There are many non-trivial identities
satisfied by the theta functions. A list of those identities used in this chapter is given
in Appendix E.

In what follows we will use the following parameters, which are simply related to

the parameters ¢ and ~:

C:%e(—l,l), w:we(m).

The elliptic nome for all Jacobi theta functions in this chapter will be equal to

Our main result in this chapter is the following asymptotic formula for Z,, in the

antiferroelectric phase:
Theorem 4.2.1 Asn — oo,
Zyp = CYy (nw) F”" (1 +0(n7Y)), (4.11)

where C' > 0 is a constant, and

msinh(y — t) sinh(y + ¢)9¥,(0)

F =
2701 (w)
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The asymptotic formula (4.11) proves the conjecture of Zinn-Justin in [51]. The
proof of Theorem 4.2.1 will be based on the Riemann-Hilbert approach to discrete
orthogonal polynomials. An important first step in this approach is a construction of

the equilibrium measure.

4.3 Equilibrium measure

The heuristic idea behind the equilibrium measure is the following. We can write
T, in a form similar to the eigenvalue partition function of a random matrix ensemble,

so that

To=r > AQ? ][ M, (4.12)
1=1

l1,..slp=—00

(see Appendix A). If we scale the variables in (4.12) as p; = 2% then we can rewrite

formula (4.12) as

2" —n2H(v
Tnh = W Z e H( “), (413)
ME%Z"
where
1 n
() = =376 — ),
j=1
and

- [f | Jos —dvla)ivly) + [ (fa] - Ga)av(z),

|z —y]
where all integrals are over R.
Due to the factor (—n?) in the exponent of (4.13), we expect the sum, in the large
n limit, to be focused in a neighborhood of a global minimum of the functional H.
Clearly, we have that v, is a probability measure and
b—a

vu(a,b) < >

1
+— forany —oo<a<b<oo, (4.14)
n

because in (4.3), p; € Q%Z and p; # py if j # k. With these constraints in mind, we
define
Ey = inf H(v)
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where the infimum is taken over all probability measures satisfying

b—
v(a,b) < 2_a forany —oo<a<b< oo, (4.15)
Y

which is (4.14) in the large n limit. It is possible to prove that there exists a unique
minimizer v, so that

EO = H(Vo),

see, e.g., the works of Saff and Totik [41], Dragnev and Saff [20] and Kuijlaars [32].
Furthermore, 14 has support on a finite number of intervals, and is absolutely continu-
ous with respect to the Lebesgue measure. The minimizer 1 is called the equilibrium
measure.

Denote the density function of the equilibrium measure as p(z), and its resolvent

as w, so we have

Z—XT

% =p(x), w(z)= / P(JU)dx’

and

plx) = L (w(z —i0) — w(z +0)). (4.16)

2mi
The structure of the equilibrium measure vy is studied in the paper of Zinn-Justin [51],
who shows that vy has support on an interval |« 8], with a saturated region [/, §']

in which
1

:%7 WS [O/aﬁl]a

p(z)

and two unsaturated regions, [, '] and [f’, 8], in which

0 < pla) < % z € (0,a)U (8, 5). (4.17)

see Figure 4.2. We also have that

a<d <0< f <p,

so that the origin, which is a singular point of the potential V(z) = |z| — (z, lies

inside the saturated region [o/, ] .
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p(x)

Fig. 4.2. The equilibrium density function p(z).

The measure 14 is uniquely determined by the Euler-Lagrange variational condi-

tions

=1 for z€[a,d|U[F,0]
2 [logle —sldn(y) ~ (s =€) =1 for e o8] (4.18)

<l for z¢a,pl,
where [ is the Lagrange multiplier. The Euler-Lagrange variational conditions imply
w(z —10) +w(x +i0) = —C +sgn(x) for z € [a,a]U[F, 5], (4.19)
whereas in the saturated region, we have

p(z) = %m(w(x —i0) — w(z +10)) = % for zeld,p]. (4.20)

Now we will give a detailed description of the equilibrium measure. We begin with

explicit formulae for the end-points of the support of the equilibrium measure.

4.4 Explicit formulae for the end-points

The locations of the end-points of the support of the equilibrium measure are

given in the following proposition.



44

Proposition 4.4.1 The end-points of the support of the equilibrium measure vy are

equal to
e )
0(5) 0a(3)
,_05(5) _ ()
TG T TRy
The differences between the end-points are equal to
' 2 192(%)193(§) I 2 191(%)192%)
o —a= 7m94(0)7191(%)194(§) , B —a = Wﬂz(o)ﬂg(g)&(%) , o
5 = mou(0p 2 E). |
D2(5)05(5)
and
o Us(§)0a(5) B 2 U1(5)05(%)
ﬁ 04_7”92(0)191(%)192(§) ) ﬁ « —7T193(O) 192(§)194(%) ; (4 22)
B — o = n2(0) 22005 |
()05(5)

Finally, we have the Zinn-Justin formula for the centroid of the end-points,

a+o/+ﬂ’+ﬂ__j19/2(%<)
4 295(%)

For a proof of Proposition 4.4.1 see Section 4.8.

4.5 Equilibrium density function

The equilibrium density function is described in the following proposition.

Proposition 4.5.1 The equilibrium density function p(z) is given by the formula,

dx’
a<z<ao

(1 z
- Vo —a@ D@ - )E o)
1

2y
l/ﬂ dz’ eres
(TS @ —a)(@ ) =B ) T T

Also, 5
/ p(x)dx = 1t+e : (4.24)
0



The resolvent w(z) of the equilibrium measure is given as

00 dz
W(Z)_/Z \/(2’—a)(2,—O/)(Z,_ﬁl)(zl_ﬂ)7

where integration takes place on the sheet of

VR() = V(' —a)(Z —a)(# = B)(z = B)
for which \/R(2') > 0 for 2’ > [3, with cuts on [a, ] and [, 5].

For a proof of this proposition see Section 4.8.

4.6 The g-function
Define the g-function on C\ [—o0, f] as
B
g(z) = / log(z — x)dvy(z)

where we take the principal branch for logarithm.

Properties of g(z):
1. g(z) is analytic in C\ (—o0, f].

2. For large z,

4. From the first relation in (4.18) we have that

9+(x) +g-(z) =|z| = Cz+1 for =€ [a,a’JU[S, ],

45

(4.25)

(4.26)

(4.27)

(4.28)

where g, and g_ refer to the limiting values of g from the upper and lower

half-planes, respectively. By differentiating this equation we obtain that

wi(z) +w_(z) =g\ () + ¢ (z) =sgnz — ¢ for zea,d|U[F, L[] (4.29)
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Consider the function

f(@) = g4(x) + g-(2) = (Ja] = Cz +1).
We have from (4.28), (4.29) that

flx)=f(x) =0 for z=a,a"fp,

and from (4.25) that

1
"(2) = — for x € (—o0,a)U(d/, 3 ,00).
f'(@) N e ORI € ( JU (e, f7) U (B, 00)
Since
f"(x) <0 for z € (—o0,a)U(B,00).
and

f(z)>0 for ze(d,f), z+0,
we obtain that
—|z| —Cz+1 for z€la,d]UlB, B
9+(@) +9-(2) § > |z|—Cx+1 for z€ (o, ), (4.30)

<l|z|=Cx+1 for zeR\ [a,pf].

. Equation (4.26) implies that the function

G(x) = g1(x) — g-(x)

is pure imaginary for all real x, and

.
271 for —o<zx<a«a

271 — 27m'/ p(s)ds for a<z<d

. 1+C x / /
G(z) =< 2mi <? — %) for o <x<p (4.31)
B
27m'/ p(s)ds for /' <z<p

0 for <z <o0.

\
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From (4.30) and (4.31) we obtain that

xT

\x|—§x+li[2m’—2m’/ p(s)ds} for a<z<d

29+ () = (4.32)

B
|x|—§x—|—li2m’/ p(s)ds for p'<az<p.

6. Also, from (4.31) we see that the function G(x) is real analytic on each of the
intervals (—oo, ), (a, ), (¢, 5", (,8), and (5,00), and can therefore be
extended to the complex plane in a neighborhood of any of these intervals. The

Cauchy-Riemann equations imply that

dG(z + 1y)

a =2mp(x) >0, z€ (a,p).

y=0

Observe that from (4.28) we have that
G(z) =29+(x) = V(z) =l = =[29-(z) = V(z) =], =z €la,d]U[F 7],

where V(z) = |z| — (x.

4.7 Evaluation of the Lagrange multiplier [
We have the following proposition.

Proposition 4.7.1 The Lagrange multiplier | solves the equation,

791 (0)
2ed (w)’

1
€2 —=

(4.33)

For a proof of this proposition see the next section.

4.8 Proof of Propositions 4.4.1, 4.5.1, and 4.7.1

Proof of Proposition 4.4.1. Following Zinn-Justin [51], we make the following

elliptic change of variables:

1 — z dz
u(z) = 5\/(5 )(B >/B \/(Z/_Oé)(z/_o/)(z’—ﬁ’)(zl—ﬁ)’

(4.34)
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where integration takes place on the sheet of /R(2’) specified in Proposition 4.5.1.
To understand this integral in terms of the Jacobi elliptic functions, we first make

the change of variables
(6 =) (B —a)
(B =2)(B—a)

v(2') = (4.35)

so that

Note that v(8) = 0, v(8') = oo, and v(a) = 1. When we substitute v into equation
(4.34), we have

1 e dv

where

. \/(ﬁ —a)(# —a)
(7 =) (F-a)

We next take v’ = /v, obtaining

/\/@ dv’
0 V-1 — kP

which corresponds to y/v(z) = sn(u, k), so that

(6—2)( —a)
(6" = 2)(8 — o)

Notice that u maps the upper z-plane conformally and bijectively onto the rectangle

u(z) =

= sn*(u), sn(u) = sn(u, k). (4.36)

[0, K] x [0,iK"], and the lower z-plane conformally and bijectively onto the rectangle
0, K] x [—iK", 0], where

/

! dv
K = U(Oé) = /0 \/(1 _ U’Q)(l _ kQ,U/2) and

f oo g dv’
K = Zu(ﬁ) - L \/(Ul2 — 1)(1 — ]{32?},2)

are the usual complete integrals of the first kind. More specifically (see Figure 4.3),

1. The upper (resp. lower) cusp of the interval [3’, 5] is mapped onto the interval
[0,2K"] (resp. [0, —iK']).
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2. The upper (resp. lower) cusp of the interval [«, o] is mapped onto the interval

K, K + iK'] (resp. [K, K —iK"]).

3. The interval [¢/, '] is mapped onto the inteval iK', K 4+ ¢K'] or the inteval
[—iK', K — iK'], depending on the path of integration.

4. The remaining part of the real axis, [—oo, @]U[S, oc], is mapped onto the interval

0, K], with u(00) = uy = Uso.

u(R )=iK a u@ )=K+K'
u*
u(B)=0 ° u(a)=K
u(@)=-iK’ u@ )=K-iK’

Fig. 4.3. The u-plane. Here u, = uy = u(o0) and a = u, + 1K',

We will denote the rectangle [0, K] x [—iK’,iK'] as R, the fundamental domain of

the function z(u). We can now define
O(u) =w(z(u)) for weR.

The Euler-Lagrange equation (4.19) and the equation (4.20) then become

Ou)+w(—u)=1-¢ for u € [—iK',iK'|
o)+ o(—u+2K)=-1—¢ forue[K —iK', K +iK (4.37)
S+ 2K — o(u) = —~ for u € [—iK', K — iK'].

N
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The function w(z) is analytic in C \ [«, 5], but can be analytically continued from
either above or below through any of the cuts [a, /], [¢/, '], and [, 5]. These
analytic continuations in the z-plane give an analytic continuation of @ in the wu-
plane into a neighborhood of R, which can then be continued by equations (4.37) to
the entire u-plane. We therefore have that @ is analytic and satisfies equations (4.37)

throughout the u-plane. The first two equations of (4.37) can be combined as
O(u+2K) =w(u) — 2. (4.38)

It therefore follows that @ is a linear function of u, as its derivative is a doubly periodic

entire function. We also know from the fact that w(z) ~ 1 at infinity that

2
w(u) = — U — Uso) + O(u — Uy )? 4.39
(1) = =1 = ) + Ol ) (4.39)

in some neighborhood of 1., where 1, is the image of infinity under the map u(z).

It thus follows from (4.37), (4.38), and (4.39) that

1

o(u) = —X(u — Uso), (4.40)
and that
K
x5 (4.41)
V(B —a)(B—a) =2K, (4.42)
== (4.43)
From (4.36) we obtain that
BB :j = sn2(ua). (4.44)
This implies that
fr—a_ p=Ff
en?(Uso) = 1 —sn?(uy) = 1 — = ;
f-a f-a (4.45)

(B-a)(f —a)(F —a) _B-F
B -a)B-a)(F-a) B-o

dn®(ue) = 1 — k?sn?(up) = 1 —
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From equations (4.42), (4.44), (4.45) we obtain the distances between the turning

points in terms of u:

o dn (1) g en (o)
ﬁ QKSH(UOO)CH(UOO) ’ ﬁ 2KSH(UOO)dn(UOO) | (4 46)
B—p = o ¢ (oo ) dn (Uog) |

s (Uoo )

The functions sn, cn, and dn are expressed in terms of Jacobi theta functions as

follows (see e.g. [50]),

O, (T NG NG
on(u) = O BER) ey = PO UER) gy - 2O Bl
2(0) Ya(5%) 2(0) Ya(55) U5(0) Ya(5%)
By (4.41), the half-period ratio 7 and the elliptic nome ¢ of the theta functions are
'K’ 1 K )
T = ZK = ;—7; and ¢= eK =e . (4.47)

If we take into account the fact that

2K
_7T

93(0)?

and equation (4.43), we can write equations for the distances between the turning

points that involve the original parameters only:

2 193(%)194@) r_ 2191(%>793(§)
R e T e A e T el
2)V243 (4.48)
B —a= 7m92(0)7192(5)194(§>
0(5)0(5)

which is (4.22). These equations determine the end-points «, o/, 5, 8 up to a shift.
To fix the shift we use the equation (4.18) at the points o and ' to obtain

P
/ (w(z +1i0) + w(z —i0))dz = (1 = ()8 + (1 + ().

/

Writing this integral in terms of u gives

K+iK' K—iK' 4
/K 7o (U= oo)r" (u)du + / RS Uoe)r' (w)du = (1= )"+ (14 ¢)a’,

where

_ B(B—a)sn?(w) = BB —a) B~ Sy L
r(u) = B — (B —a) 1 2w and 7'(u) = @r(u) (4.49)

sn? (Ueo )
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Note that r(£iK') = " and r(K £ iK’) = . Integrating by parts gives

EGK—UmM“H%WJ—/«Hwi@%u—/«%K?%Q

. R w=(1-QF +(1+00,

—iK’

or equivalently

/iKHK/ r(u)du + /_KiK’ r(u)du = 0. (4.50)

K’ iK'
We can evaluate these integrals by first writing r(u) in the form

B—p\ _sn’(u)
T(u) = 6 + ( ) 1— sn?(u)

Sn2(u00) 7&12(”00)

and using the functions

U

O(u) = v, (ﬁ) 2(0) = 5

The addition formulae for the sn and Z functions are (see [50])

sn(u)cen(a)dn(a) &+ sn(a)en(u)dn(u)
1 — k2sn2(a)sn2(u) ’

Z(u+a) = Z(u) £ Z(a) F k*sn(u)sn(a)sn(u £ a).

sn(u+a) =

Thus we have

Z(u—a) — Z(u+a)+2Z(a) = k*sn(u)sn(a) (sn(u + a) + sn(u — a))
_ k?sn(u)sn(a) [2sn(u)en(a)dn(a)]
B 1 — k2sn?(a)sn?(u) (4.51)
_ 2k%*sn(a)en(a)dn(a)sn?(u)
1 — k2%sn2(a)sn?(u)

We also have the half- and quarter-period identities

—idn(u)
k sn(u)’

cn(uw)

1
sn(u+iK") = , en(u+iK') =

.K/ —
ksn(u) dnfu+iK’) !

Ok (4.52)

In particular, notice that W}M) = ksn(us + 1K’). Using the addition formula (4.51)

we can write r(u) as

_ B - B/
r(u) =+ (Qk;an(a)Cn(a)dn(a)sn2(UOO)

> (Z(u—a) — Z(u+a) +2Z(a)),
(4.53)
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where a = uy, + iK', (see Figure 4.3). From (4.52) and (4.46), it follows that
p-p

- _K.
2k2sn(us + 1K )en (g + 1K )dn(tee + 1 K7)sn? ()
Thus we can write (4.53) as
r(u)=0—K[Z(u—tsw —iK") = Z(u+ ux + iK') + 2Z(uo +iK")].  (4.54)

If we write u = x + iK' in the first integral of (4.50), and uw = = — iK’ in the
second, we obtain

/K 28 — 4K Z(too +iK") — K[Z( — tiog) — Z(2 + oo + 2iK)
0 (4.55)

+Z(x — o — 201K") — Z (2 + uso)]]dz = 0
From the periodic properties of 94, it follows that

Z(u+2iK') = Z(u) F %

so we can write (4.55) as
K
/ (Qﬁ — 4K Z(uoo + iK') = 2mi 4 2K [ Z (2 + uos) — Z(x — uoo)})dx =0
0

This equation is readily integrated, as Z is the logarithmic derivative of the © func-

tion. Integrating gives

K
0= [(25 AR Z (s +iK") — 27i)0 + 2K log 2 ““’)}

O(r — Uso) | ,—p
O(K + us) @(—uoo))
O(K —us) O(us) /)

= 2K — 4K*Z(us +iK') — 2K7i + 2K log (

The logarithmic term in this equation is zero due to the evenness and periodicity
(period 2K) of the © function and the fact that the relevant term in the integration

is real on the entire contour of integration. Thus we have that
f=2KZ(ux + iK') + mi. (4.56)
From (4.10), we can deduce that

Z(toe +iK') = —
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and write (4.56) as

i~

Wé()
Da(s)

This equation, together with equations (4.48) and (4.47), determine the end-points

]IS

B:_

(4.57)

N|E

a, o, ', 8. In fact, similar to (4.57) we have the following explicit formulae for the
other end-points:

. 91 (%) o = i (
V1(%)’ Va(

)
) Y

This follows from (4.48), (4.57), and the identities (E.2). Similarly, in addition to the

V€

U3(3)

Ny

a= . (4.58)

€

formulae (4.48) for distances between turning points, we get (4.21).

Proof of the formula of Zinn-Justin for W. We immediately have from

(4.58) that

)

atad+p+6 o« [19'1(3)+19'2(
Ui(3) U

4 4
From the identity (E.6), we can deduce that

Vi(2z) 1 [19’1(2) 10

|€ [0]|€

) 9s(5) |, i

thus we have

atd+8+8  wdw)  wdi(G+T) (%)

4 CO20iW) 205+ %) 20(%)

Proof of Proposition 4.5.1. From equations (4.40), (4.34), and (4.42) we obtain
formula (4.25), cf. [51]. From formula (4.25) and equations (4.16), (4.20) we obtain
that the equilibrium density function p(x) is given by formulae (4.23). We are left to

prove formula (4.24).
By (4.34), (4.42), and (4.23), on the interval [§’, 3],

p(r) = us(@) for we[F,5]

It follows that

B 1 B 1 0
// p(z)dx = T /B/ uy (x)dr = e /iK/ wr'(u)du, (4.59)



95

where r(u) is defined in (4.49). If we use equation (4.54), together with formula

(4.56), we can write r(u) as
r(u) =ir — K[Z(u— ts — iK') = Z(u+ us + iK')]. (4.60)

Integrating (4.59) by parts, we get

0
/ ur'(u)du = —f'iK' — 7K' — K {log (

K/

@(_Uoo — iK’)@(uoo + QiK/)
O(—Uoo)O(Uoo + 1K) >} . (4.61)

Using the fact that © is an even function and the identity

—iTu

O(u+2iK') = eTe e K O(u),

we can write (4.61) as

0 K’ : -
/ ur'(u)du = —f'iK' — 7K'+ K (iw b - )
. K K (4.62)

=i(Km— 'K — Tus).

Remark: There is perhaps some question here as to which branch of the logarithm
to take, but it is clear that we have chosen the correct branch, as it is the only one
that gives 0 < fﬂﬁ, p(x)dr < 1.

Thus, from (4.59) and (4.62), we have

/5 1 BK' g 1-C

pla)de = ——i(Kn = FK =) = 1= o = 2= =1 -2

hence by (4.23),

B s B B g 1-¢ 1+¢
/o p(z)dx /0 p(z) x+// p(z)dx > + 2 5 5
which proves formula (4.24).

Proof of Proposition 4.7.1. By taking z = § we obtain from (4.30) that

I = 29(8) = V(8) = 29(8) — (1= )5,

We also have that
lim [g(A) — log A] =0,

A—o0



56

hence
[ ==2lim [g(A) = g(#) —log A] = (1 = ()
= —QJLH;O [/ﬁ w(z)dz — logA] —(1-¢)B.

Writing this integral in terms of u (so z = r(u)) gives

[ =2 lim {/OB%(u—um)r'(u)du—l—logA} —(1-08

A—oc0

=2 lim UOB %(u — Uoo )1 (1) du + logT(B)] — (1 =08,

B—uso

where A = r(B). Integrating by parts gives

B 1 B

%), r(u) du + log r(B)

=2 lim [%(u—um)r(u) —(1-0)B.

B—uco

u=0
From (4.49) we obtain that r(0) = 8 and

. _ (B=f)sn(us) (8= B)sn(ue)
BEIBOO(B ~ too)r(B) = = 250 (o)  20n(un)dn(ueo) -k

)
hence

le{—leM]

5 —2 lim {%/OBr(u)du—logT(B)} -(1-0)8

B—us

(4.63)

B—us

1 B
=—-2-2 lim [—/ r(u) du — logr(B)] .
K Jo
Using equation (4.60) for r(u), we immediately get that

/ W) _@H O(B + s + iK')
K " °®8(B — uw — iK')

Now using equation (4.49) for r(u), we have

BllIZILlOO {% /0 r(u) du — log r(B)]
B i 1o O(B + Uy + iK") (an(uoo) — an(B))
K + Luool g @(B — Uy — iK') (BSDQ(UOO) _ B’SHQ(B))
Uoo Tl 1 [@(QUOO + iK’)an(uoo)sn’(uoo)]
K & (K (7 — 7)o (ux)

ITUSO

Uoo T e Ky (The)
i Og[ 70;(0)

U Tl
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Plugging this into (4.63) gives

and thus we obtain that

4.9 Riemann-Hilbert approach: Interpolation problem

The Riemann-Hilbert approach to discrete orthogonal polynomials is based on
the following Interpolation Problem (IP), which was introduced in the paper [11] of
Borodin and Boyarchenko under the name of the discrete Riemann-Hilbert problem.
See also the monograph [5] of Baik, Kriecherbauer, McLaughlin, and Miller, in which
it is called the Interpolation Problem.

We will consider the lattice L,, defined in (4.5) and the weight w,(x) defined in
(4.4).

Interpolation Problem. For a given n = 0,1,..., find a 2 x 2 matrix-valued

function P, (z) = (Py;;(2))1<i,j<2 with the following properties:
1. Analyticity: P,(z) is an analytic function of z for z € C\ L,,.

2. Residues at poles: At each node x € L, the elements P,11(2) and P91 (z) of the
matrix P, (z) are analytic functions of z, and the elements P,15(z) and P,,2:(2)

have a simple pole with the residues,
];{:exs Pjo(2) = wp(2)Ppji(x), j7=1,2. (4.64)
3. Asymptotics at infinity: There exists a function r(z) > 0 on L,, such that
lim r(z) =0,
o

and such that as z — oo, P, (z) admits the asymptotic expansion,

G D(x, r(x))] ,

IeLn

P P 2" 0
Pn(Z)N([+71+Z—22—|—> , ZEC\
0 =z"

(4.65)
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where D(xz,r(x)) denotes a disk of radius r(z) > 0 centered at x and I is the

identity matrix.

It is not difficult to see (see [5] and [11] ) that the IP has a unique solution, which
1s

P,(z) = Fon(2) CwnFon)(2) , (4.66)

(hn,nfl>_1pn,nfl(z) (hn,nfl)_lc(wnpn,nfl)(@

where the Cauchy transformation C' is defined by the formula

and P,(2) = 2* + ... are monic polynomials orthogonal with respect to the weight

wy (7). Because of the orthogonality condition, as z — oo,

oo oo oo o0

Wy () P () ) Bk a;
ClunPu)(z) = 3 ===~ 3 wnl@)Pul®) Y S = i + D
@€Ln @€Ln =0 j=k+2
which justifies asymptotic expansion (4.65). We have that
hon = [P1]12, hﬁiq = [P1]21. (4.67)

4.10 Reduction of IP to RHP

We would like to reduce the Interpolation Problem to a Riemann-Hilbert Problem
(RHP). That is, we would like to replace the condition (4.64) on poles of the matrix
P with a jump condition on some contour on the complex plane. In order to do so,

we begin with some preliminaries. Introduce the function,

Observe that

' 2k
M(zy) =0, T(xg) = (=1)F, exp (mm’“) = ()" for m="eL,.

Introduce the upper triangular matrices,
1 — wn (2) ei ”gl:z
Di(z)= | O ,
0 1
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and the lower triangular matrices,

l (z)~* 0 oz~ 0 1 0
- wr (z) e H(Z) 0 H(Z) - TI(2)wn(2) e = 1

Define the matrix-valued functions,

D%(z) when Imz>0

RY = P,(2) x (4.68)
D“(z) when Imz<0
and
D' (2), when Imz>0
R. =P, (2) x
D' (z), when Imz <O0.
From (4.66) we have that
RY Pon(2) —%e e + C(wn Pon ) (2)
n( ) B h—l P wn(z)h;,ln—lpn»nfl(z) iing h—l C P
nn—1 n,n—l(z) - TI(z) €2+ Ny (wn n,n—l)(z)
when +Imz >0,
and
R Paa(e) _ ClonPn)(a) o557 I1(2)C(wy Pon ) (2)
Z) = 1 1 n\% ]
n h,~1Pnn—1(2) hn,n— C(wnPrn-1)(z) innz _
e € 0 M@k 1 Clwn ) (2)

when £Imz > 0.

Observe that the functions R%(z) and R! (z) are meromorphic on the closed quadrants
of the complex plane, and that they are two-valued on the real and imaginary axes.
Their possible poles are located on the lattice L,,. An important result is that, due
to some cancellations, they do not have any poles at all. We have the following

proposition.

Proposition 4.10.1 The matriz-valued functions R*(z) and R (2) have no poles

and on the real line they satisfy the following jump conditions at x € R:

1 — nwiwp (x)

R, (z) =R, (2)jgr(z),  Jjr(r) = ! : (4.69)
0 1
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and
l l q . 1 0
Ry =R @ik, e ={ . | (4.70)
~ qwn(2)

Proof It follows from the definition of RY(z) that all possible poles of R¥(z) are
located on the lattice L,. Let us show that the residue of all these poles is equal
to zero. Consider any xp € L,. The residue of the matrix element R 1,(2) at xy, is

equal to

P,
Res Rg’m(z) — wn(xk) nn(l'k)

=z}, - (—1)k (_1)k + wy (zx) Pon (z1) = 0.

Similarly we get that
Res R, 22(2) = 0,

=z}
hence RY%(z) has no pole at .

Similarly, the residue of the matrix element R ;,(2) at xy is equal to

R (o Pl e Pan(a) (<1
Zlixk R, 11(2) (—1) wy () "

In the same way we obtain that

Res R, 21(2) = 0.

Z=T}

In the entry RY 5,(2), the pole of the function C(w,P,)(z) at z = x;, is cancelled by
the zero of the function II(z), hence Rl ,(z) has no pole at zj. Similarly, Rl ,,(z)
has no pole at z; as well, hence R! (z) has no pole at .

Let us evaluate the jump matrices at © € R. From (4.68) we have that

1 —wn@o;gy nre | _nmiva(@)
jr(z) = D" (2)"'DY(z) = () 2y | _ v ,
0 1 0 1
which proves (4.69). Similarly,
it L (-1l 1 0 1 0
jR(:C) = D*(x) D+(x) = 1 .« nmx = nwi )

which proves (4.70). n
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We are now in a position to reduce the Interpolation Problem to a Riemann-

Hilbert Problem. We follow the work [5] with some modifications. Denote
A=L,NI[, 0], V=L,\A.

Consider the oriented contour ¥ on the complex plane depicted on Figure 4.4, in which
the horizontal lines are Im z = ¢, 0, —¢, where € > 0 is a small positive constant which
will be determined later, and the vertical segments pass through the points z = o’
and z = 3. Consider the regions Q2 and QY bounded by the contour ¥, see Figure
4.4. Observe that the regions 2Y consist of two connected components, to the left

and to the right of Q2.

< < <
Q% | QA \ QY.
> = > 5 >
QV /l\ o) é Y Qv
= =>- =>-

Fig. 4.4. The contour X.

Define
K, R*(2)K,! for z€QY
R.(2) = { K,R.L (2K ' for z€Qf (4.71)
K,P,.(2)K,' otherwise.
1 0
where K,, = '
0 —nmi
S

Define a contour X by adding to the contour ¥ a vertical segment [ie, —ig], see
Figure 4.5. If A C C is a set on the complex plane and b € C then, as usual, we
denote

A+b={z=a+b, ac A}.
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A
= - — —
a yO VB
> /l\ > >

Fig. 4.5. The contour Xp.

Proposition 4.10.2 The matriz-valued function R, (z) has the following jumps on

the contour X g:

R, (2) =R,—(2)jr(2),

where
( (1 w(z) , .
when z € (—oo,a’) U (', 00)
0 1
1 0
when z € [, ]
—(F)w(z)t 1
1 _ i wa()et B
KnD’i(Z)KY_Ll nmw 11(2)
0 1
Jr(z) = when  z € (—o0,d) U (f,00) + ie (4.72)
l -1 H(Z)_l 0 ! Q! .
K.DL()K, = i when  z € (o, ') £ie
e B ()
7 wn(2)
II(z L, (z eiigzz
K,D!\ () 'D%(2)K,"' = =) e =) ,
2! 2
when 2 € (0,4ie) +a’ or 2z € (0,4ic)+
\ K, D% (2)K,! when =z € (0,+ie)
and
0 1 0
Di(z> — 4inmz

2sinh(nz)e "% 27
1(2)
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Notice that the jumps on vertical contours close to the origin, DY (%), are exponen-

tially close to the identity matrix.

4.11 First transformation of the RHP
Define the matrix function T, (z) as follows from the equation,
R, (2) = 5T, (2)e" o) =27

where the Lagrange multiplier [ and the function g(z) are as described in Section 4.3

and o3 = (1) 01 is the third Pauli matrix. Then T, (z) satisfies the following
Riemann—Hilbert_ Problem:

1. T,(z) is analytic in C\ Xg.

2. Ti(2) = T,—(2)jr(2) for z € ¥, where

en(g—(Z)*é)asz(z)efn(g-s-(Z)*%)Us for z€eR
JT(Z) = . ! (473)
eM9()=5)98 o (2)e~9(2)—2)s for zeXgp\R.

3. As z — o0,

From (4.27) we have that
g(z) =logz+0(z") as z— co.

This implies that
[T1]12 = ¢ "[Rar2. (4.74)
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Let’s take a closer look at the behavior of the jump matrix jr described in (4.73) on
the horizontal segments of Xz. We have that

[ [nG(@)  onlgs(=)+9-(2)-V(2)-D)

o when 2z € (—o0,a’) U (8, 00)
O en z

efnG(z) 0
when 2z € (d/, )
_(M)26*"(g+(z)+g—(Z)*V(Z)*l) enG(2)
v

eEtnG(2)
. L o . o NS B 4
gr(z) = when z=ux+ice€ (a,a')U(F, ) Lic
0 1
] @ mre)
l—e” 7 e when z=ux+ic € (—o0,a)U(S,00) £ ic
0 1
(=)~

o when z € (¢, ') £ ie.

Mei 2y efn(2g(z)7v(z)7l) H(z)
~

\

According to the properties of the g-function, we have the following proposition:

Proposition 4.11.1 The jump function jr has the following large n asymptotics:

p
e—nG(z) 0

or ze (d,f
O(efnC(z)) enG(z) f ( 6 )

e—nG(z) 1

for ze (a,a)U(F,p)

jr(z) =

—_
—~
® |

3
Q
—~
&

~—

for =€ (—00,0) U (8,00)

]
—_

—_
@
H-
3
Q
O
S
@

for =€ (a,a)U(8,B) %ie,

0 1

\
where C(z) is a positive continuous function on any subset of the given interval which

1s bounded away from the endpoints of each interval and satisfies

C(z) > c(|z| + 1) for some ¢ > 0. (4.75)
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4.12 Second transformation of the RHP

The second transformation is based on two observations. The first is the well
known “opening of the lenses” in a neighborhood of the unconstrained support of the
equilibrium measure. Namely, notice that, for x € (a, ) U (5, ), the jump matrix
Jr(x) factorizes as

e ¢ 1 0 0 1 1 0

jr(z) = -
0 nG) enG@ 1] \ =1 0] \emG@ 1 (4.76)

= J-(x)jmj+ (),

which allows us to reduce the jump matrix j7 to the one 7, plus asymptotically small

jumps on the lens boundaries. The second observation consists of two facts. Firstly,

in

the jumps on the segments [, 5] £ie behave, for large n, as +e* % . Secondly, note
that, for z € [o/, f'], G(z) is a linear function with slope —%. With these facts in

mind, we make the second transformation of the RHP. Let

(

Tu(2)js(2)7" for 2 € {(a,0)) U (B, B)} x (0,ie)
Tn(2)j-(2) for ze€{(e,a)U(8,0)} x (0, —ie)

_inmz

——Le 0
T,(2) e R for z e (a/,8") x(0,ie)
S.(z) = 0 —nme (4.77)
Ee
To(2) | "™ R for ze (o,0) x (0, —ie)
0 %e 2y

| Tn(2) otherwise.

This function satisfies a similar RHP to T, but jumps now occur on a new contour,
Y5, which is obtained from ¥p by adding the two segments (o — ie, a + i€) and

(B — ie, B + i), see Figure 4.6.
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Fig. 4.6. The contour Xg.

On the horizontal segments for which the jump function jg differs from jr , we
have that, as n — oo,

(

0 1
-1 0

for z€ (a,a)U(F,0)

14 O(e-=nm/1) O (enl)—em/))y

for z—ie€ (a,a)U(F,P)
_enG(2) 1

1+0 efsnﬂ/'y O en[fG(z)fsmr/'y}
js(2) = o 1 N o criee@a)u@ s
(&

1+ O(e=m/7) 0

‘ for zeld,p]Lice
it 0201V ] 4 Q)

for z e[,

| \eno@ro-@-t-ve)  _enriai+o

By formula (4.31) for the G-function and the upper constraint (4.17) on the density
p, we obtain that, for sufficiently small € > 0 and x € (o, ) U (5, ),

0 < FRe G (z £ie) = 2mp(z) + O(?) < %g + O(£?).

This, combined with property (4.30) of the g-function, imply that all jumps on hor-
izontal segments are exponentially close to the identity matrix, provided that they

are bounded away from the interval [«, 5]. For what follows we denote

B
Q, =7+ n27r/ p(x)de =m+nn(l+ (), (4.78)
0
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so that

_e—nwz(l-‘rC) G_ZQ".

4.13 Model RHP

The model RHP appears when we drop in the jump matrix jg(z) the terms that

vanish as n — 0o:

1. M(z) is analytic in C \ [a, 5]

2. M (2) = M_(2)jum(2) for z € [, 8], where

0 1
for z€[a,d]U[B,F]
julz) =4 \=1 0 (4.79)
e s for 2o,
3. As z — oo,

M, M
M(z)~I+71—|—Z—22+.... (4.80)

This model problem was first solved, in the general multi-cut case, in [16] (see

also [15]), and is solved in two steps. In the first step, we solve the following auxiliary

RHP:
1. Q(z) is analytic in C\ [o, /] U [5, B].

0 1
2 Qi) =Q() | | forz e faaluls, )

3. Q(z) =T+ 0(z71) as z = .
This RHP has the unique solution (see [16])

1@+ M) () H(=)

2 —2i
= 4.81
Q) 7(2)*27*1 (2) W(Z)Jr;*l (2) (4.81)

where

_((z=a)(z = )\
”“”‘(@—awz—m) (4.82)
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with cuts on [a, /] U [F, B].
To solve the model RHP described in (4.79) and (4.80), we again use elliptic

functions. Define the function

U3(s+d+c
fls) = 2019
’193(8 —|— d)
where 95 is as defined in (4.8) with elliptic nome ¢ = ™ = e (7 = %), and d

and c are arbitrary complex numbers. Notice that f has the periodic properties

fls+m)=[f(s), [fls+mr)=e"f(s), (4.83)

and that f is an even function of its argument. Now let

U —iuz _r T d
() = Su() = . /B = (4:84)

where u is as defined in (4.34). Then @ is two-valued on [a, §] and satisfies

ty(x) —a_(x)=n7 for ze€ld,d]. (4.85)
Also,
is(o) =5, wle) =g, w(f) =45, w8 =0,

see Figure 4.3. Because \/R(z), = —/R(z)_ for x € [a, o] U[F', f], it immediately
follows that
iy (x)+u_(z)=0 for xe[f,p], (4.86)

and that

Uy (z) +a_(z) =a4 () —uyp(B)+a_(a)—u_(f')=n for z€[a,a].
(4.87)

We now define

 W3(a(z) +d+ L)

Oa(—ii(z) +d + L)
hilz) = O5(a(z) +d) -

fa(2) = T i) + ) for ze€C\ [a,f],

where d is an arbitrary complex number. It then follows from (4.83) and(4.85) that

fr@) = e fi (@) and foy(a) = ™ fy (1) for we o f],  (488)
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and from (4.83), (4.86), and (4.87) that

fis(@) = fo-(z) and  for(z) = fi(x) for x€[a,aTUFA] (4.89)

Define the matrix valued function

D3 (i(z)+di+5)  Ia(—i(2)+di+32)

. I3(a(z)+d1) I3(—(z)+d1)
F(z) = O3(i(2)+da+22)  D3(—u(z)+da+9R) (4.90)
I3 (u(2)+dz) I3(—1(2)+dz)

where d; and dy are yet undetermined complex constants. Then, from (4.88) and(4.89)

we have that

e~®n ()
F.(r) = F_(2) | for v e, f],
0 ein
01
F.(r) = F_(2) for o € [a,a]U[F, 6]
1 0

We can now combine (4.81) and (4.90) to obtain

V@)1 (2) V3 (@) +d+5)  y(2)—yL(2) Pa(—u(2)+di+F)

— -1 2 93 (a(z)+d1) —21 I3(—u(z)+d1)
M(Z) F(OO) v(2)—y~1(2) ﬁs(ﬂ(z)erQJrQT") ~v(2)+y L (2) 193(*11(2)+d2+97") (491)

24 93 (a(z)+dz2) 2 I3(—u(z)+d2)

where
V3 (lioo+d1 + 52 0
J— 193(71z>o+d1)
F(0) = O s ) (4.92)
93 (—loo+d2)

and ., = u(oo). This matrix satisfies conditions (4.79) and (4.80) of the model
RHP, but may not be analytic on C \ [«, 5], as it may have some poles at the zeroes
of ¥3(£a(z) 4+ dy2). However, we can choose the constants d; and d such that these
zeroes coincide with the zeroes of y(z) £~7(2) and are thus cancelled in the product.
First consider the zeroes of (z) +~v7!(z). These are the zeroes of ¥?(2) + 1 and
thus of 44(2) — 1. Thus there is only one zero, which uniquely solves the equation

() )
PE) = LT p)

=1,

which is
pa’ —af’
(o —a) + (B0

e (o, ).

o =
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It is easy to check that v(zo) = 1, thus zy is the unique zero of y(z) —y~*(z), whereas
there are no zeroes of v(z) + 77 !(z) on the specified sheet. We use here the change
of variables v defined in (4.35). Notice that, by (4.46),

B —a  dn’(uw)

vlzo) = B —a  k2cn?(us)
implying that )
dn® (e
sn> (u(xo)) = m (4.93)

Since zg € (o, '), we must have u(xy) € (iK', K + iK') (if we choose to take

uy). Since sn? is a one-to-one function on this interval, there is a unique point

ug € (iK', K +iK') such that sn?(ug) = do*(u=)  The simple period identity

T k2en?(uco)
dn(u)
ken(u)’

sn(u+ K +1iK') =
along with (4.93), gives that we must have
uy = u(rg) = K — ug + 1K'

Thus,

D) = (K — K=~ 4T
u(xo)—QK(K Uso + 1K) 5 —1—2
We now consider zeroes of the function J3(u(z) —d) = ¥3(—1u(z) + d). The zeroes

of this function are the solutions to the equation
a(z) —d = (2m + 1)% +(2k + 1)%

for any m,k € Z. Because u maps the first sheet of X to the rectangular domain

[0, 3] x [=5F, 5], it is clear that this equation can have at most one solution, and

without any loss of generality we may take m = k = 0. Then, if we want the solution
of this equation to be xg, we need to let

™

d = u(xg) 2(1+7’)=—1~Loo.

This choice of d also ensures that ¥3(u(z) + d) = 93(—u(z) — d) has no zeroes on the
first sheet of X. We can then let
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so that (4.91) and (4.92) become

Y2+~ (z) U3 (@) +d+ 80 y(z) =771 (2) Pa(—i(z)+d+ 52 )

_ -1 2 93 (a(2)+d) —2i U3 (—a(z)+d)
M{(2) = F(c0) 1(2)=y "1 (2) P3(A(x)=d+F)  A(2) 4y (2) F3(—El(z) —d+ Y
2i 03 (a(z)—d) 2 I3(—1(z)—d) (4.94)
(24771 (2) 93(@(2)+(n+3)w)  y(2)=7 1 (2) Ys(a(z) = (n+3)w) .
_ -1 2 ’194(11(2’)4—%) -2 194(’11(2)—%
F(o0) ¥(2) =71 (2) D3 (@) +(n=3)w)  y(2)47~ 1 (2) Is(@(z)=(n—3)w) |
2i 9a(a(2)—%) 2 Da(a(2)+%)
where
LI haw)
_ 93(0) _ 93(0)
F(OO) o 0 193(97") o 0 Y4 (nw) ’ (495)
’193(0) ’193(0)

solving the model RHP. The asymptotics at infinity are
M
M(z) =1 + 71 +0(z7?),

where the matrix M; has the form

03 (—floo +d+ 22 )93 (o +d) (B—B')+ (o’ —a)
V3 (lhoo+d+ 2 )93 (—tico +d) —4i

*

M, = 93 (foo —d+ 52 )93 (—iico—d) (B—B')+ (o' —a)

03 (— oo —d+ %2 )93 (tico —d) 4

*
(4.96)
The matrix M can be written in a cleaner fashion and in terms of the original

parameters as follows.

Proposition 4.13.1 We have that

iAW) ((n + Dw)  A(w)ds(nw)
M}, = T2 (n) ;o My, = 0a((n— D) (4.97)
where
L (14 () () = 7, (0)
2 20 (w)

For a proof of this proposition see Appendix D. Notice that since M solves the
model RHP, we have that

det M(z) =1, z e C.
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4.14 Parametrix at outer turning points

We now consider small disks D(a,e) and D(S,¢) centered at the outer turning
points. Denote D = D(a,e)UD(B,¢). We will seek a local parametrix U,,(z) defined
on D such that

1. U,(z) is analytic on D \ Xg.
2. Uyi(2) =U,_(2)js(z) for ze€ DN Xg.
3. Uy(z) = M(2)({ + O(n™")) uniformly for z € dD.

We first construct the parametrix near 5. The jumps js are given by

(
0 1
for z € (B —¢,5)
-1 0
LY for = € (8, 6+ ie)
or z € (p,p+1e
_e—nG(z) 1
Js(z) =
0 for = € (8,6 — ie)
or z € (p,b—1e
e?’LG(Z) 1
e nG(2)  onlgr(2)+g-(2)-V(2)-1)
for z € (B,0 +¢).
. ot (8,5 +¢)
\

If we let

V(z)

U, (2) = Qu(2)e ")~ —2" )0,

then the jump conditions on Q,, become

QnJr(z) = Qn* (Z>jQ(Z)



73

where .
0 1
for z € (6 —¢, )
-1 0
1 0
for z € (B, B + ie)
-1 1
Jo(z) = (4.98)
10
) for z € (B, B — ig)
11
11
for z € (8,8 + ¢),
0 1

\

and orientation is from left to right on horizontal contours, and down to up on vertical
contours, according to Figure 4.6.
Q,, can be constructed using Airy functions. The Airy function solves the differ-

ential equation y” = zy, and has the following asymptotics at infinity (see, e.g. [40]):

Ai(z) P L 0(2‘3)) :

B 1 6_%23/2
PN 48

1 7
Ai'(z) = —ﬁzl/‘legzw2 (1 + Ezfg/z + 0(23)) ,

as z — oo with argz € (—m + e, 7 —¢) for any € > 0. If we let

(4.99)

yo(2) = Ai(2), 11(2) = wAi(wz2), 1y2(2) = W?Ai(w?2)

s

where w = eQT, then the functions g, y1, and y, satisfy the relation

Yo(2) + y1(2) + ya(2) = 0.
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If we take
[ (0(2) —(2) .
for argz € (0, =
) 152 222 (05)
—yl(z) —92(2) ™
for argz € (=, m
TE— < (37)
"= =) n)
—Y2(2) Y1(Z ™
for argz € (—m, ——
() () s (-n3)
yo(z) yl(z) T
for argz € (—=,0),
W) ) Sl

\

then ®g satisfies jump conditions similar to (4.98), but for jumps on rays emanating
from the origin rather than from §. We thus need to map the disk D(f3, ) onto some
convex neighborhood of the origin in order to take advantage of the function ®g.
Our mapping should match the asymptotics of the Airy function in order to have the
matching property (3) of the RHP.

To this end notice that, by (4.23), for t € [8', ], as t — 3,

pty=C(B-t)/2+0((B-1)*?), C>o0.
It follows that, as z — (3 for z € (&, 3),

B
[ ot =cus -2+ 0((5 - 9), =3

o) =~{Z [ oo}

is analytic at (3, and so extends to a conformal map from D(5,¢) (for small enough

Thus 2/3

g) onto a convex neighborhood of the origin. Furthermore,

Vs(B) =0, ¥5(B)>0;

therefore 15 is real negative on (5 — ¢, 5) and real positive on (8, + ¢). Also, we

can slightly deform the vertical pieces of the contour Xg close to 3, so that

ve{D(B,e) N Es} = (—¢,e) U (—ig, ie).
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We now set

Q..(2) = El(2)®5(n* ()

so that
U, (2) = EZ(2)®4 (nQ/ng(z))e*"(g(z)*Véz)*%)"?)
where
1 [n Yoy (2 0 1
EJ(z) =M(z)Li(2)"", Li(z)=-— va " 7 1/4 :
2V 0 n gty ) \ -1

and we take the branch of @Z);/ * which is positive on (8, + €) and has a cut on

(B -, B)
We claim that E?(2) is analytic in D(, €), thus U(z) has the jump conditions js.

0 1
This is clear, as both M and L? have jump the same constant jump, , on

-1 0
the interval (8 — ¢, 5], and are analytic elsewhere. The only other possible singularity

for either M or L? is the isolated singularity at 3, and this is at most a fourth-root
singularity, thus removable. It follows that E’(z) = M(2)LS(2)~! is analytic on
D(5,¢), thus U,, has the prescribed jumps in D(f, ¢).

We are left only to prove the matching condition (3). Using (4.99), it is straight-
forward to check that, for z in each of the sectors of analyticity, ®5(n?/3¢4(2)) satisfies

the following asymptotics as n — oo:

I, 1, L va(2)7%? [ =5 51
s (n*P5(2)) = gzn s () 17 T 6(48) |
\/E -1 3 n -7 =T (4.100)

+ O(n‘2)] x e 3ms(x)* 203

3/2

where we always take the principal branch of ¥(2)%2. As such, 13(2)/? is two-valued

for z € (B — ¢, ), so that
92 B
{5%(93)3/2] = :Fm'/ p(t)dt. (4.101)
+ x
Notice that, by (4.30) and (4.32), for z € (5 — ¢, 8),

B
294 (z) = V() =1+ 27m'/ p(t)dt.
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This implies that

B
29+ (8) = V(B)] — 29+(z) = V(2)] = :F2m'/ p(t)dt .

Combining these equations with (4.101) gives

2 1
Z0] =3[0 - Vi9) - 20sto) - Vi) (4102
+
This equation can be extended into the upper and lower planes, respectively, giving
%wﬂ(z)m = %{(2%(5) - V() — (29(z) — V(z))} for +£Imz > 0.
Since, by (4.14), 29+ (8) — V(5) =, we get that
2 Vv l
Zp(e)2 = —g(e) + )y L

for z throughout D(f, ). Plugging (4.100) and (4.14) into (4.14), we get, as n — oo,

1 . : 1od\  apg(2)¥2 [=5 5i
U, (2) = M(2)LE(2) ' =—=n"5%¢(2) 1% N AN,
+O(n™?) on(9(x) =L = Dyos —n(g() - 2~ L)os
=32 (1 6
= M(z) |14 T +0(n?)

B \ei -1

Thus we have that U, satisfies conditions (1), (2), and (3) of the RHP.

A similar construction gives the parametrix at the a. Namely, if we let

balz) = — {37“ /a ) p(t)dt}2/3, (4.103)
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then v, is analytic throughout D(«,¢), real valued on the real line, and has negative

derivative at a. Close to «, the jumps jo become

Jo(z) =

;

\

11

for z € (a — ¢, )
0 1
1 0

for z € (o, v + i)
-1 1
1

for z € (a, v — i¢)
11
0 1

for z € (o, a0 + €),
-1 0

where orientation is taken left to right on horizontal contours, and up to down on

vertical contours according to Figure 4.6. After the change of variables v, (and a

slight deformation of vertical contours), these jumps become the following jumps close

to the origin:

jQ (%(2))

\

! for wa(z) S (_570)
-1 0
1

for 1, (2) € (0, i¢)
1 1
1

for 1, (2) € (0, —ie)
-1 1
1 1

for 1,(2) € (0,¢),
0 1

where orientation is taken right to left on horizontal contours, and down to up on

vertical contours. These jump conditions are satisfied by the function

1 0
0 —1

Do (2) = Pp(2)
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Then we can take

U, (2) = B2(2) @ (720 (2)) e "0~ ~2)s (4.104)
for z € D(a,¢), where
E(2) = M(2)L{(2) ",
Lo(z) = — n oy () 0 ~1 i
n\?) = 5=
2y/m 0 n/6epa 4 (2) 1 i

Similar to (4.100), we have that in each sector of analyticity, ®, (n2/ 3wa(z)) satisfies

1 1 1 —1 73/2 _5 _5
L N 67 (2) 1% ! Ya(2) !

o, n2/3wa(z) = — —

+ O(nQ)] x ¢~ el s,
(4.105)

3/2

Once again, we have that, for z € (o, a+¢), 1, (2)%? takes limiting values from above

and below, so that
2
Fonto”]

In analogue to (4.102), we have

::I:m'/ p(t)dt.

+

[(Qgi(a) —V(a)) = (29(2) — V(z))} for £Imz > 0.

N | —

Sa(2)"? =

Since, by (4.14), 29+ (a) — V(a) = | + 7i, we get that

l
Véz) + ) +mi for +Imz>0. (4.106)

2 3/2 __
“al(2) = ~g(2) +
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Plugging (4.106) into (4.104) and (4.105) gives, as n — 00,

1 . \ 1 —i Valz)™32 (=5 —5i
U, (2) = M(2)Lg (2) ' 5—=n6%1a(2) 47 +
2y 1 —4 48n 7 7
+0(n?) o(9(x) =2 L) -1.0 o—9(x) =2 L)
0 -1
—1
-1 4 -1 4 -3/2 [5 5
= M(Z) -+ M + O(nfz)
1 i 1 g 48n 7 —Ti

Yal2)¥2 [ 1 —6i

O -2
S\ 1) "

4.15 Parametrix at the inner turning points

We now consider small disks D(a/,¢) and D(f’,¢) centered at the inner turning
points. Denote D = D(a/,e)UD(f', ). We will seek a local parametrix U,,(z) defined
on D such that

1. U,(2) is analytic on D\ Xg.

2. Upy(2) = U,_(2)jg(2) for ze DNXg.

3. Uy(z) = M(2)({ + O(n™")) uniformly for z € oD.
We first construct the parametrix near o'. Let

inmwz V(z)

U, (2) = Qu(2)et 57 e 0G5 -2)  for  +Imz>0. (4.107)




80

Then the jumps for Q,, are

0 1
for z € (a/ —¢,d/)
-1 0
-1 0
for z € (o/,a' +¢)
_ -1 -1
Jo(2) = (4.108)
1 -1
for z € (o, &' + ie)
0 1
11
for z € (o, o' — ig),
0 1

\

where orientation is taken from left to right on horizontal contours, and down to up
on vertical contours according to Figure 4.6. A proof of this statement is given in

Appendix C. We now take

;

2(2) 0(2) 7T

Zé(z) Z () for argz e (O 5)

y2(2) w1(2) 7

5 o) for argz € (5,7r>
R RS

nlz) —Yalz ™

S (o) for argz e (—77, —§>

y1(2) yo(2) o7

() ) for argz e ( 2,0) .

\
Then &,/ (2) solves a RHP similar to that of Q,., but for jumps emanating from the
origin rather than from o’

Notice that, by (4.23), for t € [a, /], as t — «/,

p(t):%—C( D2 £ O(( — 1)), C>o.

It follows that, as z — o/, for z € (o, ),

' 2

/Za (% - p(t)) dt = Co(a/ — 22+ O((of — 2)°?), Cy= -C.
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Vo (2) = — {37” / ) (% _ ,o(t)) dt}m (4.109)

is analytic at o/, and so extends to a conformal map from D(a/,€) onto a convex

Thus,

neighborhood of the origin. Furthermore,

consequently, 1, is real negative on (o — ¢,a’), and real positive on (o/,a/ + €).
Again, we can slightly deform the vertical pieces of the contour Xg close to o, so
that

Yo {D(a/,e) N Sg} = (—¢,¢) U (—ie, ie).

We now take

Q.(2) = Ei, (2)Pu (nz/gwa/ (z))

where

EY (2) = M(z)eii%n L, (2)7 for +Imz >0,

: 1 [n oy A (2) 0 1 i
PN 0 Syl )\ —i
and we take the branch of wyl which is positive on (o, + ¢€) and has a cut on

(o/ —e,a’). U, then becomes

iQn inmTz

U,(2) = M(2)e* ang/(z)A@a, (n2/3¢0/(2))€:|: 2203 ,—n(g(2)

— =3

(4.110)
for £Imz>0.

The function ®,/(n?31),(2)) has the jumps jg, and we claim that the prefactor EY
is analytic in D(c/, €), thus does not change these jumps. This can be seen, as

M+(z)€i%n 7 =M_ (2)6_ = U3ean03jM€ana3

thus the jump for the function 1\/[(2)6*197%73 is

o 0 1\ o

e 2 93 e 2

jMeT = —1 O

% forze (a—¢,d)

iQn g i
e 2" T3 noa g s for z € (¢/, ' +¢),
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or equivalently,

for zé€(a/ —e,d)

e 2 Pjye

03 __

for ze€ (o/,a +¢),

which is exactly the same as the jump conditions for L&, Thus E2'(2) has no jumps
in D(c/,¢). The only other possible singularity for E2" is at o/, and this singularity is
at most a fourth root singularity, thus removable. Thus, E® is analytic in D(c/,¢),
and Q,, has the prescribed jumps.

We are left check that U, satisfies the matching condition (3). The large n
asymptotics of P, (nz/ 3wa/(z)) are given in the different regions of analyticity as

follows:

1 i1 ()32 [(=5i 5
Do (1 (2)) = 5= E b (2)F | b O
VT i -1 n i 7
+ O(nQ)} e3™at (2703 for +Imz>0,
(4.111)

where we always take the principal branch of 1, (2)%2. As such, ¥ (2)*? is two-

valued for x € (o — €, ), so that

/ /

E%/(x)?’ﬂ]i g / ’ (% _ p(t)) it = :F;T—i(o/ — ) 4 i / " otdr. (4.112)

From (4.30) and (4.32), we have that

B B
29, (z) —V(z) =1+ 27m'/ ptydt, 2g_(z)—V(x)=1- 27m'/ p(t)dt (4.113)

for z € (o/ — ¢,a’). These equations imply that

/

(2g+(z) = V(2)) — (292(e/) = V() = £2mi /a p(t)dt.

We can therefore write (4.112) as

Sowe)?] =Tl =)+ 5| @0slo) = Vo) = (2aa(e) - Vi) |
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We can extend these equations into the upper and lower half-plane, respectively,

obtaining

2 ' 1
S0 (27 = F (o' =)+

> 5 (Qg(z)—V(z))—(QQi(o/)—V(o/))] for +Imz>0.

Using (4.113) at z = o/, we can write

2 ' 174 l B
gwa/(z)?’ﬂ :?%(a'—z)jtg(z)— ;z)—§¢m'/ p(t)dt for +Imz >0, (4.114)

or equivalently,

V(z) 1 miz __i(Q, —m)
——t —F———= f +1 .
5 S F o or mz >0

2o (Y2 = 9(2) -

Plugging (4.111) and (4.114) into (4.110) gives, as n — oo,

1
2\/_
i 1 Yo (2)732 [ =5i 5

U, (2) = M(2)e= 2L (2) 7 s mn 8% (2) 1

X | F + — +0(n?)
i —1 48n Ti 7
x 9() =5 =5 F o Fos R 0s F G205 —nlg(e) =~ )
= M) F L (1)L iy (2)
1 ()32 [ 5 —5i o
X + Yor2) 77 +0(n?)| eF LR
1 —i B\ 7 7
[ (32 o =1 —6i\ _ .
= M(2) |+ Yor2) T sises, ¥ H 9 4 O(n~?)
48n — 67 1
| (2)3/2 -1 —Gietin
= M(z) |I Yor(2) 7 +0(n™?)
48n _6Z'€:Fz‘ﬂn 1

for £1Im(z) > 0.

We can make a similar construction near . Let

by (z) = — {32” / (% — plt )dt) }2/3. (4.115)
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This function is analytic in D(f’,¢) and has negative derivative at /', thus Im z and

Im ¢ (2) have opposite signs for z € D(/’,¢). Then the jumps for Q,, are

;

\

0

! for 2 € (8,8 +¢)
for z € (' —¢,8)
1
-1
for z € (B, 8 + ie)
1
1
for z € (B, 8" — ie),
1

where the contour is oriented from left to right on horizontal segments and up to

down on vertical segments according to Figure 4.6. After a slight deformation of the

vertical contours and the change of variables g/, these jumps become the following

jumps close to the origin:

J5(Yp(2))

\

0 for 1/15/(2) S (—6,0)
-1 0
-1 0

for 1/}5/(2) S (0,6)
1 -1
1 -1

for 1/}5/(2) S (—iE,O)
0 1
11

for g (2) € (0, ic),
01

where the contour is oriented from right to left on horizontal segments and down to

up on vertical segments. These jump conditions are satisfied by the function

1 0
0 -1

Dy () = Dor(2)
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Then we can take for z € D(f', ¢),

U (2) =M(2)e 7 PLE (2) D (0?3 (2))eT B e 0= 57 —)os (4.116)
for +Imz >0,
where
. 1 (Vo (2) 0 -1 i
VT 0 'Sy (2) ) \ -1 —i
We once again have, as n — oo,
Op (n* Py (2)) = N8 (2) 717 | F
27 i1 48n —7i 7

+0(n 2| e P for +Imapg(z) > 0 (so +Imz < 0),
(4.117)
and for z € D(f,¢),
' V() i, —
LTy V@) i )

“y3? for +1 411
1/1 (2) = 2’y+g() 5 5 o or mz>0. (4.118)
Combining (4.116), (4.117), and (4.118) gives, as n — oo,

ZQ"U ’ 1 _1 — o-

Un(e) = ML () 5 i)
1 —1 / 32 [ 50 5

% |+ wﬁ ( ) + O(TL_2)
i1 B\ 707

.
X e Ezwza3en(g(z)*vg2)*%) ejF e ‘736i I3 :F EZ 78 n(9(z) = ~3)0s

o ()32 [—1 6i 90
_ M(Z)ei % o3 wﬁ ( ) + O(n_2) oF % o3
/ 3/2 -1 67/-6:‘:1(2”
=M(z) [T+ Ve 518) 0 +0(n™?)| for £Imz > 0.
n GieTin 1

4.16 The third and final transformation of the RHP

We now consider the contour ¥ x, which consists of the circles 0D (v, ), dD(c/,¢),

OD(f',¢), and 0D(f,¢), all oriented counterclockwise, together with the parts of
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S5\ ([a, /] U8, B]) which lie outside of the disks D(w,€), D(c/,e), D(f,¢), and
D(p,¢), see Figure 4.7.

(O CHXICF

Fig. 4.7. The contour Xx.

We let
X..(2) S,.(2)M(2)~* for z outside the disks D(a,¢), D(c/,¢), D(f,¢), D(B,¢)
n\%) =
S, (2)U,(2)~! for z inside the disks D(a,¢), D(c/,¢), D(f,¢), D(B,¢).
(4.119)
Then X,,(2) solves the following RHP:
1. X, (2) is analytic on C \ Xx.
2. X,,(z) has the jump properties
Xt (7) = Xy (2)jx (2)
where
. M(2)U,(z)"! for z on the circles
Jjx(2) =
M(z)jsM(z)~! otherwise.
3. As z — o0,
X Xy
Xp2) v I+ —+—+... 4.120
ORI R (4.120)

Additionally, we have that jx(z) is uniformly close to the identity in the following

sense:

_ I+ O(n™") uniformly on the circles
Jx(z) = (4.121)
I+ 0(e “®")  on the rest of Yy,
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where C/(z) is a positive, continuous function satisfying (4.75). If we set
Jx(2) = jx(2) = 1,
then (4.121) becomes

" O(n~') uniformly on the circles
() = (1122)
O(e~“®I")  on the rest of Yy.

The solution to the RHP for X,, is based on the following lemma:

Lemma 4.16.1 Suppose v(z) is a function on Xx solving the equation

271 Z_—U

1 <
v(z)=1— —/ Mdu for z € ¥x (4.123)
Yx
where z_ means the value of the integral on the minus side of X x. Then

X (z)=1- L/ Mdu for z € C\ Xx (4.124)

271 Z—U

solves the RHP for X,,.

The proof of this lemma is immediate from the jump property of the Cauchy trans-

form. By assumption

X (2) =v(2)

and the additive jump of the Cauchy transform gives

Xt (2) = X (2) = v(2)% (2) = X (2)% (2),

thus X,,1(2) = X,,_(2)jx(2). Asymptotics at infinity are given by (4.124).
The solution to equation (4.123) is given by a series of perturbation theory.

Namely, the solution is
v(z) =T+ v(z) (4.125)
k=1

where

wl(e) = L [ Wik,

=1
21 Jy Z_—u w, ()
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This function clearly solves (4.123) provided the series converges, which it does, for
sufficiently large n. Indeed it does, as it is bounded from above by a convergent

geometric series, and is therefore absolutely convergent (see e.g. [17]). This in turn

gives
Xo(z) =T+ Xui(z)
k=1
where
1 _ 9
Xous)— L [ DR,
21 Jy zZ—u

In particular, (see [17])

1 1
= _ X,=1 _ . 4.12
wi) =0 () - X =10 () e noe (aw

We will need to compute

1 9
Xni(2) = —z— Jx(®) du.
’ 27 Jy, Z— U

4.17 Evaluation of X,

We are interested in the matrix X;, which gives the %—term of X,,(z) at infinity,
see (4.120). By (4.124),
1 .
X1 = o - v(u)jx (u) du,
hence by (4.125), (4.126),
1
Xy =—— % (u) du + O(n™?).
1 omi s, Jx(u)du+O(n™7)
We would like to evaluate the integral,
1 0
_ ; d
i Ak

with an error of the order of n=2. By (4.122), it is enough to evaluate this integral over
the circles 0D(«, ¢), 0D(d/,¢€), OD(f',¢), and 0D(B,¢). As we will see in the next

section, the matrix-valued function j$(2) is analytic in the punctured disks, hence

X, =— (Res + Res + R_eﬁs/ + R_eg) i%(z) +0(n7?).
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We will be especially interested in evaluation of the [12] element of the matrix X;,

and we will prove the following asymptotic formula. Introduce the numbers

o [ i () o ()
e L),

o s - () o (89)
gl ],

o e () (25
i),

_2479; nw + $)75(%)
193(71&.1 + ﬂ)194(%)
- 7 3 3 (« - a)(8 - a)
Ca=5 (B =)+ 5 (5 =)+ 5 (o —a) = =7,
7 3 3 ! !/ /
Ca’:_é(ﬁ_a/)_é(ﬁ/_a/>+§(a/_&)_ (a (ﬁa)_(i/) a)a
7 3 3 _ / /_ /
Co =10 —a)- 30—+ S (o - L)
7 3 3 — BB —
Comg(B-a)+3(0-ay+3a-p - L=
Introduce also the numbers,
—  U3(0)9F(nw + %) — _ U3(0)9F(nw + %)
(%)) T T 95(5)0E(w)
_ 03(0)%B(w + %) —  0)(hw+ %)
RGBT R0 w)



and
o () Dt )
¢ V3(%)  Va(nw+ %)
o, B o+ )
P02 Oa(nw + )

We have the following lemma.

Lemma 4.17.1 As n — oo,

96

90

195(%) B V) (nw + %))

192(%) ’L91(TL(A) + %) ’
__<%@>_%mw+@>

Ua(g)  Vs(nw+%))

1
Xi]i2 = - (Xo+ Xo + Xg + Xp) +O(n?), (4.127)
where ,
’Laa T Ne,
Xy = Cou+ 1276, + 0l )
(0o tonta )
'l'_' 7T277a/
Xo = Cor + 127y ,
9% ( F et 203—-a®)
7T277B’
X /= C/ 12 / S eEE—
’ 96(5+'”@ 2w—a0’
= 2
XBIL_B(CﬁszgH e )

2(8 -

a’)

Proof of this lemma is given in the next section.

4.18 Proof of Lemma 4.17.1

We have that

(

I wa 3/2 (
[_w 3/2 (
3/2
() =41 %n M)
()-3/2
- 518)71 M(z)

(
(

—1

_626:':19"

—1

GieFisn

T+ 0 for z € OD(a,e)

M !(2)+O(n™?) for z € dD(B,e¢)

_6ieiiﬂn

M (2) + O(n™?)

1

for z € dD(d/,¢), £Imz > 0

6Z'€ii§2n

M1 (2) +O(n?)

1

for z € D(F',¢), +Imz > 0.
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Thus
( _/ ey
& [ 62) M(2) + O(n?) for = € 0D(a, <)
48n —6i —1
_ / )
_@iﬁjjkﬂ@ ! (h>341@)+0015 for z € 9D(8,¢)
48n 6i —1
| Yo (2) IR BV -2
]g((z): _WM(/Z) —GieFin 1 M (Z)_'_O(n )

for z € dD(d/, €)

()32 - jetin
O R T ( bl ) M™'(z) + O(n™?)

48n 6’i€:FiQ" 1

for z € 0D(f',¢),
(4.128)

for +Im z > 0. To simplify notation, we will write the model solution given in (4.94)

and (4.95) as

M(z)l( (1) + 77 (2) I 2 i(v(Z)vl(Z))ﬁm(Z))
2\ Si(1(2) = 1)) I () (1) + () dan(2) )
where
D3(0(2) — oo + %)95(0) ) D) + i — %05 (0)
911 (z) = Os(i(2) — o) V5( %) Phale) = D3 (10(2) + o) 03 (L)
F5(0(2) + oo + 2)95(0) Ly 5((2) = e = %)05(0)
Pale) ==y @ it T T aE) - anoe(%)
(4.129)

Notice that each of the functions ¥;; is analytic throughout the complex plane, except

on the intervals (o, ') and (f’, ), where they satisfy the relations

Wii]e = [i2]5 . [Jn]s = [Uaa]5,

and on the interval (o/, 5’), where they satisfy

Wil = e [0u]-, W]y = e [Via]- , W]y = e " [Par]- , [Pa2]s = €[] .
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Multiplying out equation (4.128) gives

wg( z)73/2 ji ij

IxG) =—=5— "¢ ¢ |+O07) forz€dD(Ce), {=a,df, P, (4.130)
J21 J22
where
o l _ _
Ji2 = 2 [3((72(2) +7 2(2))(19%1 - 19%2) + (72(2) -7 2(2))19111912 + 6(19%1 - 19%2)} )
o L _ _
Ji2 =5 3(72(2) +77%(2)) I (2) — (77(2) — v 7%(2)) the + 6K (2)]
L 1 _ _
iy = —3 3(7*(2) +77%(2)) I (2) + (7*(2) = v %(2)) 011012 + 6K (2)]
) ) _ _
]1B2 = ) [3((72(2) + 2(2))(19%1 - 19%2) - (72(2) - 2(2))19111912 + 6(19%1 - 19%2)} )
(4.131)
and
70) 92, 4 92,7 for Imz >0
Z) =
92 e 492, for Imz <0,
() W2 eftn — 9 e for Imz >0
z =

W3 e 92,6 for Tmz < 0.
In order to integrate j%(z), let us examine the behavior of the various functions

described above near each of the turning points. Introduce the numbers

Ae= V(@ —a)(f —a)(B~-a), Av=V(a'—a)(F —a)(f~-d),
Ag =/ (B =) =) (B-0),  Ag=V({B-a)B—-a)B~-5),

and
1 1 1 1 1 1
Ba: ) Ba’:_ 5
(x’—a+ﬁ’—(x+ﬁ—a a’—a+ﬁ’—o/+ﬁ—o/
(4.132)
P S D R S S
T o F—a B-p PTB-a f-a  B-F
For x € (B, 3 + €), we have
i(w) = su(a) = —/x = B+ O((x = B)*"%); (4.133)
B

(1) = —u(z) = g - A—a\/—a—x+0((a—x)3/2); (4.134)
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for x € (o/, o 4 ¢),

Uy(z) = %Ui(x) = g + % - %\/x —a 4+ O((x — a')¥?); (4.135)
and for z € (' — ¢, '),
(1) = geus(@) = £+ VT T+ O((F - )7, (4.136)

Also, from (4.82) we have that

v%@iv2@%:¢u—nwz—apt¢@—awz—m

=B T\ Gmae—p)
and from (4.101), (4.103), (4.109), (4.115) , and (4.23) that
GV = (a2 [ 4 pAuBa(a = 9+ Ol =27

V() = (2 =) {ﬂ — iAO/BO/(Z —a)+0((z - 0/)2)] :

2 20

Ap

1 (4.137)
6526 = (8 = 97 [ 2 — L Bale =)+ 0((9 — )]

¥52%(2) = (2 — B) 32 [% + 2—10A53a(z —B8)+0((= - W)} :

It follows that the functions (72 4 7~2)1~%/2(z) are meromorphic in a neighborhood

of each of the turning points. In particular, at z = «, we have

2y (e) = ) s B
3 1o/ —a)(B— ) (4.138)
s -3 I o,
at z = 3, we have
2 —92 —3/2 . (ﬁ - O‘)(ﬁ - ﬁ,> 1 1 / 3
020 = Eo O a0+ S5 -a)
3 N L(B=a)(B-5) ,
b 9) - 2P A oqy
(4.139)
at z = o/, we have
2 a2,y _ (@ —a)(B —d) 1 B-—a) 3 .,
o2 2 = )y L B S
3. 1(a"—a)(f' — o) .
—E(Oz —()4)4—5 (B_O/) :| +O(1)a
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and at z = [/, we have

(72:|:fyf2>wﬂfl3/2(z) = :l:(ﬁl 2_(;4,/)_(52)—2 5’) 4 (ﬁ/l_z) {(6'2_04) 4 13_0(5’—0/)
3 Ny LB —a)(B-5)
T GAREER T }+0(1>.
(4.141)

Notice also, from the relations (4.129), that the functions 9%, + 9%, and 91,912 have
no jumps in neighborhoods of a or 8, and take finite values at z = « and z = 3, thus
are analytic in neighborhoods of o and . Using (4.133) and (4.134), we see that

these functions have Taylor expansions about z = j3,

93(0) 3(toe — %) 72 &2
2 2 9’3 3\ 700 2 92 2 — .
071 (2) + V15(2) 19%(%) 19;2:,(7100) + QA% di2 (7911 + l912) » (z—=8)+ )
B0) Blie - %) | 7 &
V11(2)012(2) = 19%(%) 19%(’&00)2 + QA%ﬁ V11712 y (z—=8)+ )
(4.142)
and about z = a,
D2(0) Wi(loe — %) 7 &P
2 2 _ 3 4\Uoo ™ 7 2 2 _ .
V71 (2) + 95(2) = 219?2)(%) 92 () 2 A2 di? (1911 + 7912) . (@ —2)+-,
92(0) Vit — %) 7 &
IEle) = gl g g ()| 0+
(4.143)

By a similar argument, J(z) and 1,15 are also analytic in neighborhoods of o/

and (" and using (4.135) and (4.136) we can write their Taylor expansions about

z=a,
93(0) V(i — ) @ P
J(z) =23 2 —J —a
G =2m ) T eAgae’ | FTe T
92(0) 93 (G0 — 22) ™ d /
V11(2)012(2) () 19%(7100)2 + 242, i V11712 . (z—a)+---,
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and about z = [,

192 O) 19%(7100 - %) 7T2 d2
Te) = 25 2 ay SRR
) 03(5%)  U3(lieo) * 242, dii? (2) » (B'—=2)+---,
V11 (2)V12(2) = =2 27 4 — (919 =)+
11( ) 12( ) 19;2:,(%) 19%(%0) QA%, di2 11V12 Z:B/( )

(4.145)
Finally, notice that the function 9%, — 9%, is an odd function of %, and using (4.133)

and (4.134), we can write, for z € (3,8 + ¢),

19%1(35) - 19%2(30) =y\z—f

dr 93(0) V3o — %) () Vhliloo — %)
Az 2(2) ()  \V3lice)  Ualite — &)

(4.146)
and for z € (o — €, a),
19%1(35) - 19%2@) = —Va—-z
dr 03(0) Vi(iioo — F) (Vi) Vil — F)
X A_aﬂg(%) 19?1(1100) (194(1100) o 194(,&00 _ %)> ‘I’O(OZ —l’)]
(4.147)

Similarly, using (4.135) and (4.136), we can write, for x € (¢, + ¢),

(4.148)
and for z € (8 — ¢, ),
K@) = VF -z
dr 3(0) Wi — F) [ Whliine)  Pliien — %) /
Ag 03(%)  V3(isc) <192('&oo) IR ) +0(s —$)]
(4.149)

From equations (4.137), (4.146), (4.147), (4.148), and (4.149), it follows that the
functions (9% (z) — 19%2(2))1#&3/2(2) and (0%,(z) — ﬁ%z(z))wggﬂ(z) are meromorphic

in neighborhoods of o and (3, respectively, and have simple poles at z = a and z = (3,
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respectively, and that the functions K (z)@bj’/ *(z) and K (z)@bé,w *(2) are meromorphic
in neighborhoods of o’ and (', respectively, and have simple poles at z = o and z = [,
respectively.

Let us compute the residues of functions that appear in (4.131). Observe that

Qn +7T — w+7r Q, . +w
= nw 5 Uoo = st 3 Uno = NW 5"

2
From (4.138), (4.139), (4.142), and (4.143), we obtain that

Res3 (0%, (2) + ¥h(2)) (12(2) +972(2) %%

CBOBCe D[ 9 9, 6 —a)B—a)
= AR ) ) 58—~ gl e+ g

372 d?
T —a) di? (% “952)

zZ=x

(4.150)
and
Res3(031(2) + 015(2)) (+4(2) +772(2)) 5 (2)
V3(0)03(nw + %) N, 9 N2 6(8—a)(B—F)
~ R [0 -+ 36 -9+ 30— - T
32 d?
+ o —— (U1 + Vi,
A — o) du?( > =8
Also,
Res (011 (2)012(2)) (V(2) =7 7%(2)) w2 **(2)
_ 9305w+ 5) [ (B —a) 3 3 1(o/ —a)(f—a)
G R GRS L
72 d?
=+ 74(5' — ) a2 (19111912> L
(4.151)
and
Res (V11 (2)012(2)) (V7(2) = 772(2)) 5 (2)
V3095w +5) [ (B—0a') 3 N, 3 1(6—a)(8—7)

T d?
— [ 9119
+4(5_0/) dfﬂ( 11 12)

z=f
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From (4.137), (4.146), and (4.147), we obtain that

93(0)03(nw + %) [19&(%)  Uy(nw + %)]
93(5) 93 (nw) 3)  Valw+5)

5:636(79%1(2) - 19%2(2))7?;3/2(2) = —127

and

Res 6(0% () — 0%, (1) ¥2(2) = —12 E A £ 5) ) _ K+ ]

($)0iw)  [04(5)  Yi(nw+ )
We now turn our attention to the residues at the inner turning points. From

(4.140), (4.141), (4.144), and (4.145), we have

Res 30, (2)(2) (7(2) +7(2))

_ 93(0)9i(nw + %)
- 03(5)0i(nw)

371‘2 d2

+ m WJ(Z)

FW—&®+%ﬁ—aq—%d—®+_ }

z=a'

and

Res3u5""%(2).(2) (4*(2) +72(2)
)

_ BOw+ ) T oo ron e g gy 8 =B -0)
32 d?
T —w ae |,
Also,
5:65@%);3/2(2)(72(2) v72(2)) 911(2)h2(2)
0w+ [ (B-a) 3., . 3, (@ —a) (B — o)
i R e
2 d?
+ 4(5 _ O/) ﬁ (79111912) .
and
Resv”(2) (12(2) = 772()) I (2)V2(2)
_ 19%(0)19%(7%«) + %) (B/ - a) 3 / / 3 ! 1 (6/ - O/)(ﬁ - 6/)
T R(2) 2 (hw) [_ 3 T ) B Ty

w2 d? (
+ - 19111912>
4(6/ — Oé) du2 2=p
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From (4.137), (4.148), (4.149), we have

2
1%95/61#;/3/2(2)}((2) =127

>_mmw+@}
) il + %)

and

V3 (nw + §) {%(%)  Uy(nw + %)}
3) ) Lh(5)  da(nw+3)
Combining (4.130),(4.131),(4.150),(4.151), and (4.152), we get that

i [ﬁg(O)ﬁZ(nw—l— £) ( 7 3 3

Res U =g | “z)iey \ 27— 50—l =5l —a)

G —;)_(ﬂa— 4 _jop (gig; - Ziﬁzz 1 ED)

2
w2 d?

Similarly, we have

Res [j(2)] = —

? 193(0)19%(”("} + %) 7 / 3 / / 3 !
= el GRS CRTORS R
(o — )(§ — o) J(8)  Ow+ %)
B—a +12 (192(%) _ﬁl(nw—kg)))
2 d?
+m@ [3J(Z’) — 19111912:| Z:al ,
o 4 [V30)(w+3) (T, 3. . 3 ,
Res %)) = 55| et e (58— )+ 58 =) = 55— 9)
(8~ B)(F — ) 0(5)  hlw+3)
T -a "”W<ﬂm§> ﬂxnw+§i>)
7T2 d2
ey [ ] |
and
oy [(0)003(w+S) (7 N3 3 ,
Res [132)] 55| gt o (508 =) = 500 =)= 53 )

N

=Ny (SE) e 50
o :
2 d?

_mﬁ {3(79%1 +97,) — 19111912}

==p
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Using MAPLE for calculations, we get

d? 92(0)0% (nw + <) | 9, (nw + ©) 94 (2)
S [3(02, 4+ 92,) — I =2 2 151 s — 522
e N T T e ey
o (2 2>)2 o ﬁg@))? et )]
Vy(nw + %) V3(%) Va(nw + £)95(%) |
d? 92(0)93(nw + £) ﬁ//(nw +4) 19”(2)
B 192 192 9.0 —9 3 3 2 3 2/ 4\ 2
a2 o) =] =) e v ) )
/ w 2 !/ (w 2 / w\,q/ (W
7 (193(”00 + z)) Y17 (194(2)) _24193(7%0 + 2)94(3)] ’
193(7%&1 + 5) 194(5) 193(7%0 + 5)194(§>
d? 92(0)32 (nw + <) | 9 (nw+%)  _05(%)
= — 93,0 = 2 s -5 2
di2 [3J(z) 11012] . 2 19%(%)19?1 ) 5191 o %) 5192%)
/ w 2 /(W ! W\, (W
L7 (791 nw + z)) 17 (192(2)>2 _24191(7“" + 2)192(2)] ’
V1 (nw + 5) 192(5) V1 (nw + 5)192(5)
&? D3(0)03(nw + %) | Vy(nw+%)  _0)(%)
—_[3J(z) — 9110 =2 22 15 2 512
e N T T TP e
2

(e Y (5
1

These formulae, combined with (4.132), prove Lemma 4.17.1.

4.19 Large n asymptotic formula for h,

We evaluate the large n asymptotic behavior of h,,, and then we use formula (4.7).

By (4.67), hpy = [P1]12, and by (4.71),

[P1]12 = [Ru]i2 (—@) ,

Y

hence
nmi
hnn = [R1]12 <_—) .
g
Furthermore, from (4.74) we obtain that
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and from (4.77), that

It follows from (4.119) that

S; = M, + X;.
By (4.97),
iAY4((n+ 1w) (14 ¢) 79} (0)
My, = D4 (nw) w=Tme A= 20, (w)’
and by (4.127),
X1 = 4 o)

where

c(n) = Xo+ Xor + Xg + X5 (4.153)

is an explicit quasi-periodic function of n. Therefore,

iAY4((n+ 1)w)
Vy(nw) n

hnn = enl

By (4.33),

hence

Ja((n+ L)w)

A 2n
Ry = (—> 1A
e

- 194()"“;) " (4.154)
o g, (n+ 1w ci(n) .
= g O+ "o >),
where
e (n c(n)da(ne) (4.155)

" A ((n+ Nw)
From (4.7) and the Stirling formula we obtain that

om 2n
b ()" b (1 o),

(nh)2 — (n!)2(2y)% 2y) 2mn 6n
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hence by (4.154),

hn (e 1 nmATT(n+ Dw) 1+cl(n)_i
(nh2 — \ 2y 2mn ve2 iy (nw) n 6n

_ ot Va((n+ w) (1 + c(n) + O(n2)> ,

Y4(nw) n

+ O(n2)>

where
B é ~ m1(0)
2y Aydh(w)’

Observe that ¢;(n) has the form,

G

ca(n) =c1(n) — é :

Cl(n> = f(nw7w>7

where f(x,w) is a real analytic function which is periodic with respect to both z and

w, of periods 7 and 27, respectively, so that
flx+mw) = f(z,w), flr,w+27) = f(z,w).
We can now summarize now the asymptotic formula for h,,/(n!)?.

Proposition 4.19.1 Asn — oo,

(zﬁ — G2l Uy (éf(zwl))w) 1 fo(”:aw) + O(n—2) ’
where
_ m91(0)
= 0, (@) (4.156)
and

folz,w) = f(z,w) — %

s a real analytic function which satisfies the periodicity conditions
fO(x+7T7w> :fO(xaw)a fO(xaw_'_Qﬂ-) :fO(xaw)'
By (4.155),

_ X (nw, w)dy(nw)
iAY ((n+ 1)w)

fnw,w)
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where
X=X+ Xy +Xp + X5
and explicit expressions for X,, X, Xp, X3 are given in Lemma 4.17.1.
In the subsequent sections, we carry out a concrete evaluation of f(nw,w), ob-
taining that
fo(z,w) =0, (4.157)

thus we can improve Proposition 4.19.1 to the following.

Proposition 4.19.2 Asn — oo,

h  onia 194((n + 1)w) -2
e G —194(7%0) (1 + O( )) , (4.158)

where G is defined in (4.156).

To this end, we will first show that f(nw,w) does not depend on n.

4.20 The function f(z,w) is constant in x

Denote
Z:nw+§7 f(l',W)Ef<ZL'—£,u}),

so that

f(z,w) = f(nw,w).

To prove that f(z,w) is constant in = we will prove the following lemmas.

Lemma 4.20.1 The function f(z,w) is doubly periodic in z.
Lemma 4.20.2 The function f(z,w) 15 analytic throughout the z-plane.

From these two lemmas, it follows immediately that f (z,w) is constant in z, as it is a
doubly periodic entire function of z, and it thus follows that f(z,w) is constant in x.

To prove Lemma 4.20.1, we will check that f(z + 77,w) = f(z,w). By (4.155),
(4.153),

ci(n) = flw,w) = f(z,w) =Y + Yo + Y3 + Y},



where
B X4 (nw)
T iAY (nw + w)
_ D1 (@)I3(0)53(2) ( "o
48T, (0)03(2)0a(z — £)0a(2 + £) Cot 12780 + 2(8' — a)
Y, — Xa/ﬂ4(nw)
2T AV (nw + w)
_ U1 (w)93(0)93(2) ( AR
487, (0)03(£)04(z — £)0a(2 + £) Cor - 12m8ar + 2(8 -
V. — XB/194(TL(,¢))
5T A (nw + w)
_ U1 (w)93(0)93(2) ( “ng >
4870, (0)92(2)04(z — £)a(z + 2) Cor + 126y + 2(8' — )
Y . Xgl%(?%d)
L 1AV (nw + w)
_ U (w)03(0)93(2) ( ™1
= Bl OB - 50D\ )

Observe that Y7, Y5, Y3, Y, can be written in the form

Y1 = Quhi(z) + Qu2hiz(2) + Qushas(2) + Quahua(2),
Yo = Qarhai(2) + Qazhaz(2) + Qashas(2) + Qashaa(2),
Y3 = Qahai(2) + Qs2hsa(2) + Qsshss(2) + Qsahaa(2),

(2) (2) (2) (2)

Yi = Quhai(2) + Quohaz(2) + Qazhas(2) + Quahaa(z),
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where
_ U3 (2) V3 (2)04(2)
halz) = Oa(z — D)04(z + 2) ha(z) = Da(z — D)4(z + 2)
Vi (2)? V(2)04(2)
haa(z) = Oa(z — D)04(z + 2) haalz) = Da(z — §)0a(2 + %)
¥3(2) 1 (2)01(2)
e A ey oy e L N P PN EE )
Vi (2)° W (2)0h(2)
hgg(Z) - 194(2 — %)194(2 -+ %)’ h24(2) - 194(2 — %)194(2 + %)’
03(2) U5(2)0(2)
) = g ners O T i nGcr
Uy(2)? U5(2)0s(2)
haa(2) = = Y4(z +2) haa(2) = 50— 2)u(z+ %)
V3(z _ U5(2)9s(2)
halz) = 5 “Yu(2 + %) hal?) = 5 2)0,(2 + %)
U5(2)° _ U5(2)0s(2)
has(2) = Oa(z — D)04(z + 2) has(2) Da(z — D)4(z + 2)
and the numbers @);; do not depend on z. More specifically,
o 191(“’)79%(0)
O = B 0)03(3)
e I CCOMN
X C’a+127rl(}3(%) + 20— a) (5193(05) + 17 <193(%)> ] ;
0= _DE@BO)  Th@BOE) ) Trn@)E0)
P An(0%(5) 4B - )i (0)93(5) P 96(8 — )9 (0)03(%)
o, 50 (w)92(0)

T 96(8— )0, (0)03(2)

and similar formulae hold for other ();;. In particular, notice that

@t = 8(6’7:19 ;f;i%()?g(_) B 819'1<0>?92(<L;)>?913(<§%)>194<%>
@ G = 575 iﬁ;%’fo()(g%@ _819’1<0>?911(<2>>Zz(<%%)>ﬂ3<%>
Qs = _8<ﬁfﬂ—ﬁ 519)19(30()?9)(—> B _819’1<0>?911(<2>>ZZ(<%%)>§4<%>
@ Ou = 573 7112%%%(%) - 819'1<0>le(<2)>f92(<%%)>ﬂ4<%>
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Observe that all Q;; = @Q;;(w) are periodic functions of w of period 2m. It follows

from equations (4.9) that the functions
hjl(z>7 j: 17273747
are doubly periodic,
hjl(Z + 7T) = hjl(Z) s hjl(Z + 7TT) = hjl(Z),
while the functions,
th(Z), h]3(2)7 h]4(2)7 .] = ]-72a 374
satisfy the equations
hje(z +m) = hyi(z), k=234
hjg(z + 7TT) = hjg(Z) — Qihjl(Z), hjg(Z + 7T7') = hjg(Z) — 4Zh]2(2) — 4hj1(2),
h4(2’ -+ 7T7') = hj4(2) — 4’ihj2(2’) — 4hj1(2’).
This implies that the functions Y; = Yj(2) for j = 1,2, 3,4, satisfy the equations
Yi(z 4+ m) =Y;(2),
Yi(z +77) = Yj(2) + (=2iQj2 — 4Qj5 — 4Q 1) hj1 (2) (4.159)
+ (—4’LQ]3 — 4in4)hj2(Z).

The proof of Lemma 4.20.1 then follows immediately from (4.159) and the following

identities:

(Q13 + Qua)h11(2) + (Q23 + Q24)ho1(2) + (@33 + Q34)h31(2) + (Quz + Qua)har(2) =0

(4.160)

(Q13 + Qua)h12(2) + (Q23 + Q24) haz(2) + (@33 + Q34)hs2(2) + (Qus + Qua)haz(2) =0
(4.161)

Q12h11(2) + Qa2h21(2) + Qs2hs1(2) + Quahai(2) =0, (4.162)

which are proven below. Introduce here the notation

w A / w [/ — 1 w .
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The sum in (4.160) can be written as

91(w) [0303(2) — 303(2) + 9303(2) — 0393(2)]
87.9/1(0)1917.921937.94194(2 — %)194(2 + %) )

which is zero by the Jacobi identity (E.9).

The sum in (4.161) can be written as

V1 (w) [9304(2)04(2) — 9301 (2)V1(2) + 9305(2)03(2) — 0305 (2)02(2)]
819,1 (0)191192193194194(2 — %)194(2 -+ %) '

(4.163)

Using the identities (E.2), we can write the expression in brackets in the numerator

of (4.163) as

ﬂ%ﬂ@—ﬁ%ﬂ@—ﬂ%ﬁ@+ﬂ%&@]

192(2)’[93(2)’[94(2)
191 (Z)

(4.164)

a@%m—ﬂwﬂn—%%mﬂ

The first term in (4.164) vanishes by (E.9) and the second term vanishes by (E.10).
Thus (4.161) is proven.

Finally, we can expand the sum in (4.162) and make the substitutions from iden-
tities (E.2), to obtain

) 9 (V303 (2) — Vi (=) — 9305 (2) + V305(2))

(4.165)

Once again, the first term vanishes by (E.9). If we substitute the identity (E.11) in

the second and third terms, (4.165) becomes simply

’191 (w)
491(0)0104(2 — §)0a(2 + 5)

Pammm—%@w%n—ﬁ@ﬁmﬁ

which is zero by (E.10). This proves (4.162) and thus Lemma 4.20.1.
We now turn to the proof of Lemma 4.20.2. Notice that in the fundamental
rectangle
R={zeC: —

<Rez< =, 0<Imz <77},
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the function f (z,w) has the two possible simple poles,

T w
21’2:—:&—.

2 2

Because of the double-periodicity of f , we must have

Res f(z,w) = —Res f(z,w).

z=z1 z=2z9

Denote

R;j(w) = Res h;;(z,w).

z=2z1

Then we have that

By 2 Ry — (9 — 1), By — (9 — i;)?
91(0)0: (w)’ 91(0)9) (w) 91 (0)91 (w)’
R W2 v 02 r Wi —ia)d,
Y 00w) T T 9i(0)0 () 2 (0 (w)
p (W — i) po_ W20 =900 0
2 (000 () s KO0 w) T T 94(0)0h (w)
Ry — — (5 — 13)0; e — — (V5 — i)
(000 (w) B0 (w)
—12 — (0, — i)V, — (0, — i))?
Ry = -, Ry = — : Ry = — )
EEAQPA®) P 0(0)0s (w) B 9000 (w)
po W0 =200 — o)y (0 — 2 — V)V,
Y 0w) T (0 (w)
and A
Res fzw) =" QiR (4.166)
j.k=1

A priori, the sum in (4.166) is quite complicated, so we evaluate first the imaginary
part . Multiplying out (4.166) and again making the substitutions from (E.2), we get

Im Res f(z w) = (95 —93) (19%19?”(0) +9303(0) — 79?1193(0))
=a 10, (0] 22 ’

which is zero by (E.11).
Substituting the identities (E.5), along with (E.2), into the sum (4.166) gives

Res f(e.w) — AT 178 +12C 4+ 10D 4+ TE 4 5F
CS Z, W) =
& 969, (0)292 030502 ’
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where
A = 95(0; + 1) [193192193(0)193(0) — 9195(0) (9393(0) — ¥395(0)) |,
B = =05 (0304(0) + ¥595(0)) ,
C = P22 (19;* L 19§> |
D = —93939393(0),
B =~ [01030) (03 + 03) + 0303(030) + 040)) |
F = 930793(0) [193193(0) (95 — 97 — U5 +93) + 9395(0) (9 — 93 + U5 — 01) } :
Note that none of these terms involve derivatives of theta functions. We immediately
have C' = 0 by the identity (E.8). We can also use this identity to write
F = 2030030 | 0300) (9% — ) + 0203(0) (03— ) |
and (E.11) to write
A= B0+ 08) | BB + 0150
We now combine the terms A, B, and F to obtain
24A 4 17B + TE =24930397 (9303(0) — 9397(0)) (9303 (0) — 9397(0))
— 2195030105(0) + 705 (93 + 97) (93(0) + ¥3(0))
~ TR (9504(0) + 9303(0)).
By (E.11) and (E.13) we can write this sum as
24A + 17B + TE = 249793930795(0) (95093 (0) — 9393(0)) — 2195059105(0)
+ 79503(0) (9 + 9) — T05(9304(0) + 9505(0)).

We now combine all terms and use (E.11) and (E.13) to write all terms solely in terms

of Y5, 74, and factors which are constant with respect to w, yielding
BIAD) g, IO 940)
93(0) 93(0)95(0) 93(0)

(94000 + 0300) - 03(0) ),

24A+17B+ 10D+ 7E 4+ 5F = (41
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which is zero by (E.13). Lemma 4.20.2 is thus proven, and it follows that f (z,w) is

constant in z. To evaluate the constant, we can take z = 0.

4.21 Evaluation of f(0,w)

We will evaluate f(z,w) at z = 0. Notice that many of the functions h,(z) vanish

at 2 = 0. In fact we have

£(0,w) = Q11711(0) + Q1ah14(0) + Qa3ha3(0) + Q31531 (0) + Q34h34(0)
+Q41h41(0) + Q44h44(0).

(4.167)

The identities (E.4) and (E.3) allow us eliminate all derivatives of theta functions from

the sum (4.167) except 05, v,. Making these substitutions and simplifying, (4.167)

becomes
F(0.0) Oy (w) (0305(0) + V305(0) — ¥393(0)) [ 59%(0) N 17(9)% 504
W= 961, (0) V109209303 910309393 91093093093
24095 (9293(0) + 0293(0)) \  1(w)(24A + 17B + 7C + 5D + 3E + 2F)
PR, 960, (0) V5030303 93(0)
(4.168)
where

A = B 0)52(0) (9994(0) + 9293(0)),

B = $203(0) (292(0) — 9292(0)) ((92(0) + 0202(0))” — F20302(0)67(0)).

O = 9R03(0)03(0) (F203(0) — 0203(0)).

D:%%Pwmwmw%%@—ﬁﬁ@ywwm@%M%%@—%%@>
+%%mwmw%wﬂm+%%mnﬂ,

E:ﬁ%%%@%mﬂ%mmﬁam—ﬁ%m»—%%mﬁ

F = 07930505(0) [4193195(0)193(0) — 95(0) (103(0)93(0) + 9594(0) + 19?,193‘(0))} :
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The identity (E.10) implies that all terms in (4.168) involving derivatives of theta
functions in the numerator vanish. Additionally, (E.10)-(E.13) allow us to simplify
the numbers B, C, D and E. Namely, we have

B = ~RIRO)BO) (R0 + F0) - 23050).
C = —050303(0)95(0),
D = 97939359;(0)95(0) (19%193(0)193(0) +0393(0)05(0) + 193193(0)193(0)) :
E = —97959395(0)95(0).
Combining these terms gives us
24A+17TB+7C 4+ 5D + 3E + 2F =
95950 | — 120795005(0)95(0)95(0) + 79395(0) (959(0) + 9193(0) — ¥395(0))
+ 891950503(0)93(0) + 5919505(0)95(0) + 30709595(0) (9393(0) — v¥303(0))
= 2079395(0)03(0) (9795(0) + 9395(0)) |
Again using (E.10)-(E.13), this expression simplifies to
24A + 17B + 7C + 5D + 3E + 2F = 89793930503 (0)93(0)93(0).
Inserting this into (4.168), we get

; _ i (w)d5(0)J5(0)95(0) 1

FO.w) = f(zw) = flnw,w) = =2 5555, = 6

by (E.1) and (E.6). It then follows that

This proves (4.157) and therefore Proposition 4.19.2.



4.22 Large n asymptotics of 7,

By substituting (4.158) into (4.3) we obtain that

RTTE H

0

ﬁ {G%“ EE ) (14 00|

= 4 (nw)(2G)™ (1 + O(nl)),
where C' > 0 does not depend on n. Thus, by (1.5),

[sinh(y — ) smh(’y + 0],

Z, = = CVy(nw)F™ (1 + O(n—l)),

(T k)

where

F =2Gsinh(y — t)sinh(y + ¢) =

2791 (w)

Theorem 4.2.1 is proved.

msinh(y — t) sinh(y 4 )97 (0)
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5. DISCRETE ORTHOGONAL POLYNOMIALS ON AN
INFINITE LATTICE

5.1 Introduction

In the preceding chapter, we developed a Riemann-Hilbert approach to asymp-
totics of a system of discrete orthogonal polynomials on a regular infinite lattice. In
fact, this approach can easily be extended to a large class of discrete orthogonal poly-
nomials. In this chapter, originally presented in the paper [10], we obtain asymptotic
results for systems of discrete orthogonal polynomials with respect to varying expo-

nential weights on a regular infinite lattice. For a given N € N, introduce the regular

k
LN:{xk,NzﬁykGZ}~

We consider polynomials orthogonal on Ly with respect to the varying exponential

infinite lattice,

weight
wN(x) = e*NV(z)’
where V(z) is a real analytic function such that, for some ¢ > 0, V has analytic

extension to the strip

|Im z| < ¢, (5.1)
and satisfies the growth condition
ReV
_ReV(z) — 400 as |z| = oo, |Imz| <e. (5.2)
log(]z]?2 + 1)

More specifically, we introduce the system of monic orthogonal polynomials,
Pu(z) =2" 4+ puna2” '+ .. 4P, n=01,...,

such that
> Pul@)Po(@)wy(x) = hybpn | (5.3)

z€LN
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for some normalizing coefficients h,,. Existence and uniqueness of this system of or-
thogonal polynomials is guaranteed by condition (5.2). These orthogonal polynomials

satisfy the three-term recurrence relation
2P, (2) = Poy1 (%) + BuPu(z) + 72 P01 (). (5.4)

We will explore the asymptotics of the quantities v, 3,, and h,, forn = N, N —1, as
well as pointwise asymptotics of the polynomials Py(x) as N — oc.

The present work has the three predecessors:

1. The work [16] of Deift, Kriecherbauer, McLaughlin, Venakides, and Zhou, in
which the large N asymptotics has been obtained for orthogonal polynomials

with respect to varying exponential weights on the real line.

2. The work [5] of Baik, Kriecherbauer, McLaughlin, and Miller, in which the large
N asymptotics has been obtained for orthogonal polynomials with respect to

varying exponential weights on a lattice in a finite interval.

3. The work [8] of Bleher and Liechty, presented in the preceding chapter, in which
the large N asymptotics has been obtained for orthogonal polynomials with
respect to the varying exponential weight wy(z) = e NV{#I=¢®) on the infinite

lattice L.

Also, a very important ingredient comes from the work [32] of Kuijlaars, in which
analytic properties of equilibrium measures with constraints are established.

The asymptotic analysis of the polynomials Py(x) in this work will be based on
the Interpolation Problem for discrete orthogonal polynomials, which is introduced
in the work [11] of Borodin and Boyarchenko (see also [5], [7], [8]). The asymptotic
analysis of Py(z) will consist of three steps. The first step will be a reduction of
the Interpolation Problem to a Riemann-Hilbert problem on a contour on the com-
plex plane, which we accomplish following the general approach introduced in the
paper [39] of Miller and in the monograph [26] of Kamvissis, McLaughlin, and Miller.

The second step will be an application of the nonlinear steepest descent method of
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Deift and Zhou [19] to the Riemann-Hilbert problem under consideration, and the
final, third step will be a derivation of the asymptotic formulae both for the orthog-
onal polynomials Py(z) and for the recurrence coefficients. To apply the nonlinear
steepest descent method to the orthogonal polynomials Py(z) we need to study the

corresponding equilibrium measure.

5.2 Equilibrium measure

The significance of the equilibrium measure is that, as we will see, it gives the
limiting distribution of zeros of the polynomial Py(x). By definition, the equilibrium
measure is a solution to a variational problem. Namely, let us consider the following

set of probability measures on R!:
M={0<v<o vR')=1},
where o is the Lebesgue measure, and let us introduce the functional

Hv) = / / log = ! dv()dv(y) + / Vi)du(z),  veM.

The equilibrium measure minimizes this functional over some set of measures. In the

case of continuous orthogonal polynomials, we minimize over the set of probability
measures on the real line. However, in the case of discrete orthogonal polynomials,
we must introduce the upper constraint, ¥ < ¢, in order to account for an interlacing
property of the zeroes of orthogonal polynomials.

It is a general fact, (see, e.g. [47]) that for any system of polynomials orthogonal
on the real line with respect to a real weight, the nth polynomial has n real distinct
distinct zeroes. Furthermore, the zeroes of a system of discrete orthogonal polyno-
mials satisfy an interlacing property with regard to the location of the nodes of the
lattice Ly, so that no more than one zero may lie between any pair of adjacent nodes.
It therefore follows that, if we denote by py the normalized counting measure on the

zeroes of the Nth orthogonal polynomial in our system,

1
/,LN(G,b)Sb_a_'_N forany —oo<a<b< o0,
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so that p < o, where p = limy_,o pty. With this constraint in mind, we define

Ey = inf H(v).
0 ulen/\/l (V)

It is possible to prove that there exists a unique minimizer 1y, so that
EO = H(Vo), (55)

see, e.g., the works of Saff and Totik [41], Dragnev and Saff [20] and Kuijlaars [32].
The minimizer is called the equilibrium measure.
The equilibrium measure 14 is uniquely determined by the FEuler-Lagrange varia-

tional conditions: there exists a Lagrange multiplier | such that

>1 for x € supp vy
2/log |z — y|ldv(y) — V(z)

<1l for z€supp (0 — ),

see the works [18] of Deift and McLaughlin and [20]. In particular,

2/log |z — yldv(y) — V(z) =1 for x € supp vy Nsupp (o — vp).

The equilibrium measure vy possesses a number of nice analytical properties, as shown
by Kuijlaars in [32]. We will use these analytic properties, so let us discuss the results
of [32].

First, observe that the constraint 1y < o implies the existence of the density,

dl/o
p(x) = dr

We can partition R into the three sets

I° = {x eER: 2/10g|:p — yldvo(y) — V() z} ,
- {:c ER: 2/log 2 — yldly) — V(z) > z} , (5.6)
I~ = {:1: eR: 2/log\x —yldv(y) = V(z) < l}.

The structure of the equilibrium measure is well described in the following theorem

of Kuijlaars, obtained in [32].
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Theorem 5.2.1 (Kuijlaars) For any real analytic potential V() satisfying (5.2), the
following hold:

1. The density p(x) of the constrained equilibrium measure vy (defined in (5.5)) is

continuous.
2. The sets I'™ and I~ are both finite unions of open intervals.
3. The density p is real analytic on the open set {z : 0 < p(z) < 1}.
4. The density p has the representation

p(z) = %\/QY(«%) for xel’Ul,

where ¢ is the positive part of a function q, defined on I° U I~ which is real

analytic on the interior of I° UI~. The function q, is negative on I~, so that
plx) =0 for zel
and it is nonnegative on I°, so that

plx) = %\/ql(x) for x el (5.7)

5. The density p has the representation

1
plx) =1— /¢S (z) for zcI°UIT,
T

where qF is the positive part of a function qu defined on I° U It which is real

analytic on the interior of I° U IT. The function qa is negative on I*, so that
p(x)=1 for zel",
and it is nonnegative on Iy, so that

plx)=1-— %\/(]2(1‘) for wel (5.8)
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Remark: 1t follows from equations (5.7) and (5.8) that

1 1
—V () =1~ ;\/qg(x) for €I

hence ¢; and ¢y uniquely determine each other.

Notice that, according to point (2) of this theorem, the connected components of
I° are either closed intervals or isolated points. Since 1, has compact support, we

can write
q
I = I_l[O‘J'?Bj] )
j=1

where
a; < B; for j=1,...,q,

B < o for j=1,...,q—1.
Notice that the intervals (—oo,aq) and (5, 00) are components of /~. The interval
(Bj, avjs1) for 1 < j < ¢ is a component of either IT or I~. We therefore adopt the

notation

A, = {j e{l,...,q—1}: (8, 41 c]}

As: {.7 € {177q_1} : (ﬁjaajJrl) C]Jr}

We will call an equilibrium measure vy regular if the following hold:
1. The functions ¢; and ¢ are non-vanishing on the interior of I°.
2. I° contains no isolated points, so that a; < 3; for all j =1,...,q.
3. If j € Ay, then ¢4 (53;) # 0 and ¢{(j+1) # 0.
4. If j € A, then ¢5(53;) # 0 and g3(a;41) # 0.

For the remainder of this paper, we will assume that our equilibrium measure is

regular. In this case, the sets I°, I and I~ are each finite unions of intervals, so that
—o < << << <oy < By < oo,

and we classify these intervals as follows:
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ay Bl a5 Bz a3 B3 Oy [34 g Bs

Fig. 5.1. The graph of the density function for a hypothetical equi-
librium measure with ¢ = 5. Bands are denoted by bold segments,
saturated regions by dashed segments, and voids by thin segments.

Definition: A woid is an open subinterval (8}, a;j11), j € A,, or one of the intervals

(=00, 1), (B4,00). The union of all voids is /™.

Definition: A saturated region is an open subinterval (5;,;41), j € As. The union

of all saturated regions is I".
Definition: A band is an open subinterval (a;,3;), 7 = 1,...,q. The union of all
bands is the interior of I°.  Observe that p(z) = 0 on any void (53;, 1), p(x) = 1

on any saturated interval (8}, a;4+1), and 0 < p(x) < 1 on any band (ay, 8;), see Figure
5.1. In addition, at the end-points of any band, p(z) has a square-root singularity.

Namely, if a; is a common end-point of a band and a void then as z — 40,
plaj +2) = CVE(1+0(),  C = lg(ay)|"2 > 0.
and if «; is a common end-point of a band and a saturated region then as x — +0,
plaj+2) =1-CVE(1+0@),  C = lghla)|"? >0,
Similarly, if §; is a common end-point of a band and a void then as z — 40,
p(B; —x) = CVr(1+0(x),  C=lg(8)l"*>0. (5.9)
and if ; is a common end-point of a band and a saturated region then as x — 40,
p(Bj— 1) =1-CvVz(1+0(x),  C=|gpB)"* >0

In the next section we introduce the g-function, which will be our means of ex-

ploiting the equilibrium measure.
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5.3 The g-function

Define the g-function on C\ (—o0, 3,] as
Ba
g(z) = / log(z — z)dvy(x) (5.10)
where we take the principal branch for the logarithm. Also, introduce the numbers
Qiforj=1,...,9—1as
Ba
27T/ p(x)dz for je A,
Qj+1

j By
27T/ plx)dr + 2w for j e A,

J+1

Properties of g(z):
1. g(2) is analytic in C \ (—o0, 3]

2. For large z,

X g Ba 4j

g T

g(z) =logz — Z_j ) g; = / — dVo(l'). (5.11)
=1 a

3. The resolvent of the equilibrium measure is given by

g'(2) = /R pz(x_)ix

4. From (5.6), we have that

=V(z)+1 for zel
g+(@)+g-(x) § >V(x)+1 for zel" (5.12)
<V(z)+1l for zel,

where g, and g_ refer to the limiting values from the upper and lower half-

planes, respectively.

5. Equation (5.10) implies that the function

G(x) = g4(x) — g-(x)
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is pure imaginary for all real z, and

Bq
G(z) = 27m'/ p(s) ds. (5.13)

Thus

o) iQ; for Bj<z<aj, and jeA,
xr) =
iQ; —2mixz for B; <x<ajy, and je A,

From (5.12) and (5.13) we obtain that

Bq
2¢4(x) =V(x)+ 1+ 2m’/ p(s)ds for x eI (5.14)

6. Also, from (5.13), we get that G(x) is real analytic on the sets I, I~, and on
the interior of I°. We can therefore extend G into a complex neighborhood of

any interval of analyticity for p, and the Cauchy-Riemann equations imply that

dG(z + iy)

i = 2mp(z) > 0.

y=0

Observe that from (5.12) we have that

G(z) =294 (z) = V(z)—l=—[29_(x) = V(z) =1, xel

5.4 Main results

In this section, we summarize the main results of this chapter. In order to do so,
we must first introduce some notations. Introduce the numbers €, 5 for j =0,...,¢

as

'NQJ» for j7€ A,
T+ NQ,; for je A

2rN for j=0

0 for j=gq
and the vector

Q= (s Qr).
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Let
q

R(z) =[]z = )z = 5))

j=1
and let X be the two-sheeted Riemann surface of genus g = ¢ — 1 associated with

\/ R(%) with cuts on the intervals (o, ;). We fix the first sheet of X by the condition

VR(z)>0 for z>p,

on the first sheet.

Introduce the following homology basis on X. For any j € {1,---,¢ — 1}, let A,
be a cycle enclosing the interval (5}, aj;+1) (passing through the intervals (¢, §;) and
(ajy1,B41)), oriented clockwise, such that the piece of A; which lies in the upper
half-plane also lies on the first sheet of X, while the piece of A; which lies in the lower
half plane also lies on the second sheet of X. Also for any j € {1,---,¢q — 1}, let B,
be a cycle enclosing the interval (a4, ;) (passing through the intervals (—oo, a;) and
(Bj,@j41)), oriented clockwise, and lying entirely on the first sheet of X. Then the
cycles (Ay, ..., A1, By, ....B,1) form a canonical homology basis for X.

Now consider the the g-dimensional complex linear space €2 of holomorphic one-

2 cjzjdz
Q:{w:j§%¢R<z>}’

w=(wi,...,w4-1) (5.15)

forms on X,

and the basis

normalized such that
Aj

Notice that the basis w is real. That is, for the basis elements

q-—1 k1
cip?" T dz
w; = E e (5.17)
! k=1 R(z)

the coefficients c;;, are real.
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Now define the associated matrix of B-periods as
T = (Tjk), Tjk:/ W, g k=1,...,q—1.
B;
Since /R(z) is pure imaginary on the intervals («;, §;), the numbers 7;;, are pure
imaginary. Furthermore, the matrix 7 is symmetric and the matrix —i7 is positive
definite (see [22]).

We now define the Riemann theta function associated with 7 as

19(8) _ Z e27ri(m,s)+7ri(m,7m)7 s € CQ’ (5]_8)

mezZ9

where (m, s) = Z?;i m;s;. Because the quadratic form i(m, 7m) is negative definite,

the sum in (5.18) is absolutely convergent for all s € C9, and thus 9(s) is an entire
function in C9. Notice that the theta function is an even function and satisfies the

periodicity properties
I(s +e;) = I(s), V(s +7j) = e 2SI (s)

where e; = (0,...,1,...,0) is the j canonical basis vector in CY, and 7; = Te;.

Introduce now the vector valued function

u(z) = / w, for zeC\ (a1,f,),
q

where w = (wy,...,w,) is defined in (5.15) and (5.16), and the contour of integration
lies in C\ (o, B,) on the first sheet of X. Notice that u(z) is well defined as a function
with values in C9/Z9 except on the interval (aq,f,), where it takes limiting values
from the upper and lower half-planes.

Introduce also the function

o-T(=5)

J=1

with cuts on I°, taking the branch such that v(z) ~ 1 as 2 — oo. It can be seen

(see [16]) that, on the first sheet of X, the function v — % has exactly one zero in each
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of the intervals (8}, @j11), and is non-zero elsewhere, and that the function v + % has

no zeroes on the first sheet of X. Define the numbers z; as

1
zj € (B 1), (@) — ) 0.

Define the vector of Riemann constants

and the vector )
—
d=-K+ Zu(x])
j=1
Then
Hu(z;) —d)=0 for je{l,...,q—1},

and {z;}{_, are all the zeroes of the function ¥(u(z) — d). In addition, the function
Y(u(z) + d) has no zeroes on the first sheet of X.

Finally, for j = 1,...¢q, introduce the functions

oy (2) = {37” / }(t)dt}m, s =- {2 [" p(t)dt}Z/B,

and the functions

M (z) = D) +d) () +7() 7 Huls) + 5E +d)
' 9(u(o0) + 2 + d) 2 D(u(z) + d)

~ Ou(oe) +d)  y(2) =(2) 7 I(ulz) - 5 —d)
Mal2) = o)+ Ty 2 I(u(z) — d)

Notice that M; and My depend quasiperiodically on N, thus are O(1) as N — oc.
The asymptotics of the normalizing constants in equation (5.3) and of the recur-

rence coefficients in equation (5.4) are presented in the following theorem.

Theorem 5.4.1 (Asymptotics of recurrence coefficients) Let V (z) be a real analytic
function satisfying (5.2) which yields a reqular equilibrium measure (5.5), and let
{P,}5°, be the system of orthogonal polynomials defined according to (5.3). Then as
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N — o0, the normalizing constants in (5.3) and recurrence coefficients in (5.4) admit

the following asymptotic expansions.

_NT v [Ny Do) + d)i(u(oo) — T —d) 1

hy = —e (;% O‘J)) D(u(oo) — d)d(u(oo) + L& + d) [1 o (Nﬂ ’
A (u(o0) — d)9(u(oo) — L +d) L

s = 8N (Z(ﬁj B O‘J')) I(u(o0) + d)d(u(oc) + 2= — d) {1 e (ﬁ)] ’

j=1

’yN— 4

1
e (N> ,
_ X)) | (Viu(eo) + 5X —d)  V(u(eo0) + 5X +d)
230008 — )\ d(uloo) + G —d)  I(u(oo) + T +d)
Vi(u(oco) +b)  Vi(u(oo) —d) 1
e~ T =) +0 ()
where V1 is the gradient of 9,

N= ( =185 — aj)) E u(00) + d)*d(u(o0) — S — d)d(u(o0) + 5 — d)

Bn-1

U/(OO) = (Cl,qfla C2.g—15--- ,qulvqfl), (519)
and the numbers c;, are defined in (5.17).

Notice that, up to the lattice scaling factor N in the normalizing coefficients, these
asymptotics are similar to the results obtained in [16] for continuous orthogonal poly-
nomials.

The remaining theorems in this section present pointwise asymptotics of the poly-

nomials Py(z) in various regions of the real line and complex plane.

Theorem 5.4.2 (Asymptotics of Py(z) in voids) Let K C C be a compact subset of
the complex plane such that K does not intersect with the support of the equilibrium

measure vy. Then for any z € K, we have that
PN(Z') = eNg(z) [Ml(Z) + O(Nil)} .

The error term O(N~1) is uniform in K.
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The function V9% M (z) is analytic in a neighborhood of any compact subset of
any void, thus this formula gives asymptotics of Py(x) for z in a void. In particular,
notice that this function has no zeroes in the exterior intervals (—oo, o) and (3,, 00),

and at most one zero in any other void.

Theorem 5.4.3 (Asymptotics of Py(2) in bands) Let K be a compact subset of the

interior of I°. Then for any point x € K, we have that
Py(z) = 2¢2 V@) [Re (N0 My, (2)) + O(N Y],

where My, (x) refers to the limiting value of the function My(z) from the upper
half-plane, and
Bq
o(x) ::/ p(t)dt. (5.20)

The error term O(N™1) is uniform in K.

Theorem 5.4.4 (Asymptotics of Py(z) in saturated regions) Let K be a compact

subset of I'". Then the exists € > 0 such that, for any point x € K, we have that
iNQj
Py(z) = M@ [2 sin(N7x) (Im <eTM1+($)) + O(N_l)) + O(e—Ng)i| ’

where My, (x) refers to the limiting value of the function My(z) from the upper

half-plane, and ,
L@%:/‘byx—mﬁMt (5.21)

1

Both of the error terms, O(N~') and O(e™¢), are uniform in K.

The remaining theorems in this section use the Airy functions Ai and Bi (see,
e.g. [40]).
Theorem 5.4.5 (Asymptotics of Pyx(z) at band-void edge points) Let j € A, U {q},
so that the point B is the right endpoint of a band and the left endpoint of a void.

Then there ezists € > 0 such that, for |z — B;] <e,

Py(z) = e2(VEHD

i N i,

{5 () AN, () [ M)+ P M) + OV )

J

- Nﬁl/%/}ﬁ'(z)il/llAi/(Nz/gwﬁj (Z)) [eim];NMl(Z) — €$m%NM2(Z) —+ O(Nfl)] }
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for £Im z > 0.

Let j € A,U{0}, so that the point cjy is the left endpoint of a band and the right

endpoint of a void. There exists ¢ > 0 such that, for |z — aji1] <e,

Py(z) = ex(VEHD)

in

LA, (2) [ M) = 5 M) + OV )]

- N () ATV, (9) [ M)+ M)+ 0]

for £Im z > 0.

Theorem 5.4.6 (Asymptotics of Py(z) at band-saturated region edge points) Let j €
As. Then the point B; is the right endpoint of a band and the left endpoint of a

saturated region. There exists € > 0 such that, for |z — B;| <,

Py(z) = ez (VD)

in

1(2) + FH Ma(2) + O]

X {Nl/%ﬁj(zf/‘*&(z) [—ei :

— NTMOyy, (2) 1By (2) [
for £Im z > 0, where
Bi(z) = cos(Nm2)Ai(N*35.(2)) + sin(Nm2)Bi(N* 3¢5, (2)),
By(z) = cos(N7z)Al'(N*/345,(2)) + sin(Nmz)Bi' (N* 345 (2)).

The point a1 1s the left endpoint of a band and the right endpoint of a void.

There exists € > 0 such that, for |z — aji1| <e,

Py(z) = e2(VEHD)

x {N“%amj(zf/‘*sg(z) (75 M) + e E Ma(z) + O(N )]

— N, (2)Ba(2) [7E M (2) — ¢ Mo(z) + O(N ) }

for £Im z > 0, where

Bs(z) = cos(Nwz)Ai(N2/3waj+l(z)) — sim(N7Tz)Bi(N2/3@/)OéjJr1 (2)), (5.22)
By(z) = cos(N7Tz)Ai’(]\72/3’¢(3¢].Jrl (2)) — SiH(NWZ)Bi/(N2/3¢Qj+I (2)).
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Remark: Although the above theorems are presented for real analytic potential V()
these results may be extended to potentials which are continuous and piecewise real
analytic satisfying (5.2), assuming that the points of non-analyticity lie strictly within
saturated regions and voids, as is the case in the preceding chapter. In this case the
preceding results hold, and the asymptotic solution to the associated Riemann-Hilbert

Problem does not require local analysis near the points of non-analyticity (see [8]).

Before continuing with the proofs of these theorems, we would also like to remark
that the results obtained in this paper match the results obtained in [5] for polyno-
mials orthogonal on a lattice which sits inside a finite interval. Consequently, many
corollaries discussed in [5] also apply to infinite lattices. In particular, the authors
of [5] discuss the particle statistics of the discrete orthogonal polynomial ensemble in
different regions of a finite interval of the real line, which are based on asymptotic
properties of the associated orthogonal polynomials. The results of this paper imply
that their results may be extended to discrete orthogonal polynomial ensembles on an
infinite (regular) lattice. Of particular interest may be the discrete sine kernel as the
scaling limit of the reproducing kernel in the interior of bands, the Airy kernel as the
scaling limit of the reproducing kernel at band end-points, the Tracy-Widom distri-
bution for the location of the left- and right-most particle, and exponential estimates
for all correlation functions in voids and saturated regions.

The rest of this chapter is organized as follows. In Section 5.5, we reformulate the
orthogonal polynomials (5.2) as the solution to an interpolation problem of complex
analysis. In Section 5.6, we reduce the interpolation problem to a Riemann-Hilbert
Problem which can be solved by steepest descent analysis, which is done in Sections

5.7-5.12. Finally, in Section 5.13, we give proofs of the preceding theorems.
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5.5 Interpolation problem

We will evaluate the asymptotics of the discrete orthogonal polynomials described
above via a steepest descent asymptotic analysis of a Riemann-Hilbert problem. To
that end, we first introduce the following interpolation problem.

Interpolation Problem. For a given N = 0,1,..., find a 2 x 2 matrix-valued

function Px(2) = (Pn(2)ij)1<ij<2 with the following properties:
1. Analyticity: Py(2) is an analytic function of z for z € C\ Ly.

2. Residues at poles: At each node = € Ly, the elements Py(z);; and Py (z)2
of the matrix Py (z) are analytic functions of z, and the elements P y(2)12 and

Py (2)22 have a simple pole with the residues,
1}285 PN(Z)j2 = wN(x)PN(x)jl, j = ]_, 2

3. Asymptotics at infinity: There exists a function r(z) > 0 on Ly such that

v =0

and such that as z — 0o, Py(2) admits the asymptotic expansion,

y D(x,rm)] |

zeELn

P, P AN
! 2 > , zeC\

PN(z)N(I+7+?+... N
0 =z

(5.23)
where D(x,r(x)) denotes a disk of radius r(z) > 0 centered at x and I is the

identity matrix.

It is not difficult to see (see [11] and [5]) that the IP has a unique solution, which
1s
Pn(z) C(wnPy)(2)
(hn-1)""Pn-1(2)  (hy-1)"'C(wnPy-1)(2)

where the Cauchy transformation C' is defined by the formula,

(2)

Py(z) = , (5.24)
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Because of the orthogonality condition, as z — oo,

o0

wy(x) Py () x’ h, a;
ClunFa)(z) = Z - . _z Z wn (@) Pa(2) Z L nl + 0
z€LN z€LN 7=0 Jj=n-+2
which justifies asymptotic expansion (5.23), and have that
hy = [Pz, hyty = [Pi]an. (5.25)
Furthermore, the recurrence coefficients in equation (5.4) are given by
P
o =Pi)i[Pia 5 By = Py [Py]11. (5.26)
[P1]21

5.6 Reduction of IP to RHP

We would like to reduce the Interpolation Problem to a Riemann-Hilbert Problem

(RHP). Introduce the function

sin (N7z)

(=) = Nt

Notice that
/ : k k
I(zg) =0, II'(zg) =exp (iNmxy) = (—1)%, for x5 = N € Ly.

Introduce the upper triangular matrices,

Di(z) _ 1 _wﬁv(i;) etiNTz |
0 1
and the lower triangular matrices,
D, — (z)~! 0\ _ ozt 0 1 0
_meimm I(z) 0 TI(z) _H(z)i}N(z) oEiNTz

(5.27)

Define the matrix-valued functions,

D%(z) when Imz2>0
R?]LV = PN(Z) X
D“(z) when Imz <0,
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and

l D' (z), when Imz>0
D' (z), when Imz <O0.

From (5.24) we have that

wn (2)Pn(z iNT2
R [ D0 SR + ClunPy) (2)
N - _ wn(2)ht P, _1(z : _
Bty Pyoa(z) OB e 4 il Cuy Py ) (2)

when 4+ Imz >0,

and
Pn(z) _ CwnPn)(2) +iNnz
Ré\f(z) = ol p ﬁV((Z)) h_le%(g) Pe )(2) H(Z)O(MNPN)(Z)
M e (), Cwn Pr-1)(2)

when £ Imz>0.

Observe that the functions R%(z), Ry /(z) are meromorphic on the closed upper and
lower complex planes and they are two-valued on the real axis. Their possible poles
are located on the lattice Ly. In fact, due to some cancellations they do not have

any poles at all. We have the following proposition.

Proposition 5.6.1 The matriz-valued functions R%(z) and Rh(2) have no poles

and on the real line they satisfy the following jump conditions at x € R:

_ , 1 —2Nmiwy(z)
Ry () =Ry (2)jg(x),  jr(r) = :
0 1

and
1 0

__ 2Nmi
wn (z)

Riy, (z) = Ry_(2)jp(z),  jh(z) =

The proof of this proposition is identical to that of Proposition 4.10.1, and we
omit it here.

To reduce the Interpolation Problem to a Riemann-Hilbert Problem, we simply
generalize the approach of the previous chapter. Consider the oriented contour ¥ on

the complex plane depicted in Figure 5.2, in which the horizontal lines are Imz =
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oy | of QY gﬁ QY
Qv QA Qv Q4 qV

Fig. 5.2. The contour ¥ arising from the hypothetical equilibrium
measure in Figure 5.1, dividing an e-neighborhood of the real line
into the regions Q24 and QY.

€,0, —e, where € > 0 is a small positive constant which will be determined later, and

the vertical segments pass through the endpoints of saturated intervals. Consider the

regions
QY = {I°U T} x (0, %ie)

QF = I x (0, 4ie)

bounded by the contour .

Define
KyRY%(2) Ky for z€ QY
Ry(z) = ¢ KyRYy(2)Ky' for ze€ Q2 (5.28)
KyPy(2)Ky'  otherwise,
1 0
where Ky =
0 —2iINm

Proposition 5.6.2 The matriz-valued function Ry (z) has the following jumps on

the contour X:
Ry (2) = Ry (2)jr(2),
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where
(
1 wy(z
w(z) for zelI UI°
0 1
1 0
for zelI"
—(2N7)?wn(2)"t 1
1 Al wN(Z)eiinz
KyDY(2)Ky' = 2iNw - 1(z) for ze{lI - UI'} +ie
Jjr(z) = 0 1
II(z)"* 0
KyD, (2)Ky' = ( )ﬂNm for z€ I +ie
2iNT——— Il(2)
wn(2z)
_ _ I1(z2) 1mwN(Z)€iz‘Nm
KyDi (2)"'Di(2)Ky' = A ‘
—2Nrmiwy(2) " teFN™  F2NmietiNT=
for z€(0,xie)+5; or ze€(0,%ic)+a;41 for je A,

5.7 First transformation of the RHP

Define the matrix function T y(z) as follows from the equation
Ry(z) = €2 P T y(z)eN0(E)-2)os (5.29)

where [ is the Lagrange multiplier, the function g(z) is described in Section 5.2,

1
and o3 = is the third Pauli matrix. Then Ty(z) satisfies the following

0 —1
Riemann-Hilbert Problem:

1. Ty(z) is analytic in C\ X.
2. Tny(2) = Ty_(2)jr(z) for z € X, where
. eN(gf(Z)—é)%jR(Z)e—N(ng(z)—é)Ja for zeR
Jr(z) = (5.30)

N6 =3)o5 5, (e N6E=2)os  for 5 € D\ R.

3. As  z — o0,
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Let’s take a closer look at the behavior of the jump matrix jr described in (5.30) on
the horizontal segments of ¥. We have that

( o—NG(2) wN(Z)eN(fH(Z)-HF(Z)_Z)

when 2eI°UIl™
0 6NG(Z)

efNG(z) 0 X
when zé€el
—(2N7T)2€*N(9+(Z)Jrg—(Z)fV(z)—l) oNG(2)

IACICRRA0)
Jr(z) = Lemmiimrese when z=ux+ic e {l” +ic}
0 1
£NG(2)
1l i mnmgone
Lmemmiimresst when 2z =1 +ie € {I°+ic}
0 1
(z)~! 0

when 2=z +iee {It +ic}.

QZ'Nﬂ_ezl:iNﬂme—N@g(z)—l—V(z)) H(Z)

5.8 Second transformation of the RHP

We make the second transformation of the RHP in analogue with (4.77), so that

( Tn(2)ji(2)"t for z€1°x(0,ie)
Tn(2)j_(2) for ze€ I x (0, —ie)
Sn(2) = ¢ Tn(2)AL(z) for ze It x(0,ie) (5.31)
Ty(2)A_(2) for ze€ " x(0,—ie)
\ Ty(z) otherwise,
where
A+(z) _ _QJ;ﬂie_iNWZ 0 7 A_(z) _ 2]\}771' s 0 :
0 —2NrieN™= 0 2N mie~Nm=
1 0 1 0
S U AR R
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This function satisfies a similar RHP to T, but jumps now occur on a new contour,
¥g, which is obtained from ¥ by adding the segments (o — ic, ay + i), (8, —ic, B, +
i€),(oy1 — te, ajyq + i), (B; — e, B; + i) for j € A,, see Figure 5.3.

Fig. 5.3. The contour g arising from the hypothetical equilibrium
measure shown in Figure 5.1.

On horizontal segments, we have that

e

0 1
-1 0

for z € I°

1+O(€—25N7r) O(eN(G(Z)—QETF)>

for z —ic e I°

1 +O(€—25N7r) O(eN(—G(z)—2a7r)) . e 10
or 2z (29

eNG(Z) 1
1+0 6725N7r 0
Js(z) = ( ) for z € {I" +ic}
2iNme NRIE)—=V() 1 4 O(e2NT)
e iNG 0

fi € (B, 1), j€ A
e Nt (@) e- () -1-V (=) _giNg, or 2 € (B 2ga1). J

1 eN(Zg](z)flf\/'(z))0(6725-:N7r)
for z =x +ie € {I” Lie}
0 1

e—iINQ  oN(g+(2)+9-(2)—1=V (2))

0 N for z € (Bj)aj-i-l)) J € A,
e
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By formula (5.12) for the G-function and the upper constraint on the density p, we
obtain that, for sufficiently small ¢ > 0 and = € (¢, ),

0 < FRe G(x £ ie) = 2mp(x) + O(?) < 2me + O(e?).

This, combined with property (5.13) of the g-function, implies that all jumps on
horizontal segments are exponentially close to the identity matrix, provided that

they are bounded away from the segment (a4, 5,).

5.9 Model RHP

The model RHP appears when we drop in the jump matrix jg(z) the terms that

vanish as N — oo:
1. M(z) is analytic in C \ [aq, ]

2. Mi(z) = M_(2)jm(2) for z € [a1, B,], where
0 1
for ze1°
juz)=¢ \-10 (5.32)
BN for 2 € (8, a541),

3. As z — o0,

M, M
M(z)~I+71—|—2—22—|—.... (5.33)

The solution to this model problem is given as follows (see [16], [15]), using the

notation introduced in Section 5.4.

Y2471 (2) P+ P +d)  (2)—y () Vul(z)— P —d)

M - F -1 2 I(u(z)+d) —2i I(u(z)—d)
(2) = F0) ™ | o1 I+ B =0) 5y 1(2) 9u(e) 35+
2i Hu(z)—d) 2 F(u(z)+d)
where
9(u(00)+ 2 +d) 0
_ I(u(o0)+d)
F(o0) 0 9(u(o0)— 2N +d)
(u(oo)+d)

The asymptotics at infinity are given as

M(z) =1+ % +0(27?).
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5.10 Parametrix at band-void edge points

We now consider small disks D(aj,¢) for j — 1 € A, U {0}, and D(B;,¢) for
j € A, U{q}, centered at the endpoints of bands which are adjacent to a void.
Denote

D = U D(aj,¢) U U D(B;,¢e)

j—1€A,U{0} jeAU{q}

We will seek a local parametrix Uy(z) defined on D such that

1.
Uy(2) is analytic on D \ Xg. (5.34)

2.
Upni(2) =Upx_(2)js(z) for ze€ DN3g. (5.35)

3.
Un(z) = M(z)(I + O(N™")) uniformly for z € dD. (5.36)

We first construct the parametrix near j3; for j € A,. The jumps jg are given by

p

0 1
for z € (ﬁj — 8,6]')
-1 0
1 0 ; .
L NGE) or z € (ﬁj, Bj + 26)
Js(z) =
1 for = € (8, 5 — ie)
or z € i, b — 1€
6NG(z) 1 I
e~ NG(2)  oN(g+(2)+g-(2)-V(2)-1)
for z € (8;,8; + ¢).
O e (8.8 +9)

If we let

Un(z) = Qu(z)e N0&)- 7 —3)o3

then the jump conditions on Qu become

Qn+(2) = Qv-(2)Je(2)
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where )
0 1
for z € (8; — €, 5;)
-1 0
1
for z € (B;, B; + ie)
-1 1
Jo(z) = (5.37)
for = € (8, 5 — i)
11
1
for = € (8,5 + ).
01

\
where orientation is from left to right on horizontal contours, and down to up on

vertical contours, according to Figure 5.3.
Qu is constructed using Airy functions. Recall that the Airy function solves the

differential equation y” = zy, and has the asymptotics (4.99). If we let

yo(2) = Ai(2), 11(2) = wAi(wz2), 1y2(2) = W?Ai(w?2)

s

where w = 627, then the functions g, y1, and y, satisfy the relation

If we take
[ (10(z) —w(2)
for argze (0,—=
) () 222 (03)
—vy1(2) —ya(2) T
for argze (—,7w
—y1(2)  —y5(2) : <2 )
—Y202) lz T
for argze |—m, ——=
“52) 1) e ()
yo(2) v1(2) m
for argze (—=,0]),
() o) e (550)

\

then ®,,, satisfies jump conditions similar to (5.37), but for jumps on rays emanating

from the origin rather than from ;. We thus need to map the disk D(f;,¢) onto
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some convex neighborhood of the origin in order to take advantage of the function
®,.,. Our mapping should match the asymptotics of the Airy function in order to
have the matching property (5.36).

To this end, notice that, by (5.9), for t € [a;, §;], as t — f;,

p(t) =C(B;—)"*+0((B-1)*?), C>0.
It follows that, for = € [, 5;] as z — f;,

Bj
| oot =322+ 0((8 - 27 €= C

vasle) = - {%ﬁ / . P(t)dt}2/3

is analytic at /3;, thus extends to a conformal map from D(f;,¢) (for small enough ¢)

Thus,

onto a convex neighborhood of the origin. Furthermore,

vp, (B) =0 5 Y5, (8;) >0,

thus v, is real negative on (3; —e¢, 3;), and real positive on (8;, 5; +¢). Also, we can

slightly deform the vertical pieces of the contour Xg close to (3;, so that
Ve, {D(B,e) N Eg} = (—¢,¢) U (—ie, ig).
We now set
Qn(2) = BY ()% (N**05,(2))

so that

V(z)

Un(2) = Y (2)@,, (NP, (2))e VO -7 =28 (5.38)

where .
+ ZQJ"N

E[]i,j(z):M(z)e 3 "3L[]i,j(z)_1 for +Imz>0,

“1/6,,~1/4 :

L = (Y Yo, () 0 1 4
2y 0 NYoy 2y ) \ 1

and we take the principal branch of z/;éj/ *which is positive on (Bj, B; + ¢€) and has
a cut on (8; — ¢, 8;). The function ®,,(N*314 (z)) has the jumps js, and we claim
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that the prefactor Eﬁ? is analytic in D(f3;, €), thus does not change these jumps. This
can be seen, as

i, N i, N i N Q5 N

7 = M_(2)e” "2 Te 3 Tjye s 7, (5.39)

M, (z)e

iQ
thus the jump for the function M(z)e* ERCRT

Q5N Q5 N e 2 3 e 2 7% for z¢ (ﬁ] _Eaﬁj)
e 2 Tiye 2 7= -10 (540)
9, o3 _—iSdi NO m]’NU
e 2 T N3, 503 {5 Ze(ﬁjaﬂj—'—g)’
or equivalently,
(
0 1
for ze€ (B —¢,0;)
iQ 2 -1 0
e é’Naste 5os (541)
10
for ze€ (B;,8; +¢),
\ O 1

which is exactly the same as the jump conditions for L]B\,j. Thus E]’i}(z) = M(z)
iQ]

b U3Lﬁ?(z)*1 has no jumps in D(B;,¢). The only other possible singularity for

ot
E[j\; is at B;, and this singularity is at most a fourth root singularity, thus removable.
Thus, E/;\} is analytic in D(;,¢), and Qu has the prescribed jumps. We are left only
to prove the matching condition (5.36). Using (4.99), one can check that, for z in
each of the sectors of analyticity, ®,,(N?/ 395, (2)) satisfies the following asymptotics

as N — oo:

1 | ] 1 Vg ()32 [ =5 b5i
By (N5, (2)) = === N 7574, (2) 37 TS N
2y 1 48N r

£ Oyt
(5.42)
where we always take the principal branch of ¢, (z)¥2. As such, 1, (2)%? is two-
valued for z € (8, — ¢, 5;), so that

Suer] =i [ oy (5:43)
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Notice that, by (5.14),

Baq Bj
2g4(z) —V(z)=1+ 27m'/ p(t)dt =1+ 2m'/ p(t)dt £i€; (5.44)

This implies that for x € (5; — ¢, §)),
Bj
204(8;) — V(B))] - R+ (z) — V()] = —2mi / plt)dt,

Bj
20-(8;) — V(8,)] - [29_(x) — V()] = 2ni / plt)dt

Combining these equations with (5.43) gives

2 1

Sua @] =3|Cn)-ve) - Caw-va)]. e
-

This equation can be extended into the upper and lower planes, respectively, giving

%wﬁj(z)gﬂ = %{(2%(@-) — V(ﬁj)) — (2g(z) — V(z))} for +Imz > 0.

Since, by (5.44), 29+ (8;) — V(B;) = 1 £ i€2;, we get that

—+ — 4
5 + 5 5 (5.46)

2
2, (7 = —g(2) +
for £Im z > 0. Plugging (5.42) and (5.46) into (5.38), we get, as N — oo,

iQ]

R ON

1 1
N=5%hg (2) 5%

Un(z) = M(2)et —
(2) = M(2) N o

—3/2 [ _ ' o
_I_wﬁj(z) 5 M —|—O(N_2) eN(g(Z)—@-Lqﬂ%)vae—N(g(Z)—@—%)ﬂs

BN\ 7 7

(z)73/2 1 GieTH N
—M(z) | I+ e, (2) " | + O(N7?)
48N 6Z.€$ZQ]"N -1

for £Im 2z > 0. Thus we have that Uy satisfies conditions (5.34), (5.35), and (5.36).

A similar construction gives the parametrix at the a; for j — 1 € A,. Namely, if

. 2/3
ay(2) = = {3; / p(t)dt} ,

J

we let
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then 1), is analytic throughout D(a;, €), real valued on the real line, and has negative

derivative at ;. Close to o, the jumps jo become

;

\

1

1
for z € (o — €, o)
01
1 0
for z € (aj, a; +ic)
-1 1
0 .
for z € (a;, a; — ie)
1
0 1
for z € (aj, a5 + €),
-1 0

where orientation is taken left to right on horizontal contours, and up to down on

vertical contours according to Figure 5.3. After the change of variables 1, (and

a slight deformation of vertical contours), these jumps become the following jumps

close to the origin:

jQ (waj (Z))

\

") b e (20
-1 0
1

for ¥, (2) € (0, ic)
11
1

for ¥, (2) € (0, —ie)

-1 1

for 4, (2) € (0,¢),
01

where orientation is taken right to left on horizontal contours, and down to up on

vertical contours. These jump conditions are satisfied by the function

1 0
0 -1

(I)lv(z) = (I)rv(z)



142

Then we can take

Un(2) = EY (2)04, (N, (2)) e N0 =57 5008 (5.47)

for z € D(a;,¢€), where

51N

E(]lvj(z):M(z)ei P U3L%j(z)_1 for £Imz >0,

1 [ NVoy M (z) 0 1 —i

LY (2) = ——=
AN 0 NS ) ) \ =1 —i

is an analytic prefactor. Similar to (5.42), we have that in each sector of analyticity,
Dy, (N34, (2)) satisfies, as N — oo,
1 | ] 1 —i Vo, (2)732 [ =5 —5i
By (N340, (2)) = 5= N 78700, ()75 y YOl
2vm | 1 - BN\ 7 7
+O(N 2)} ¢ 3Ny (220
(5.48)

3/2

Once again, we have that, for x € (a;, a; + ¢€), ¥, (z)*/? takes limiting values from

above and below, so that

E%j(ﬁ/?} = 4mi /a ’ p(t)dt.

+ 4]

In analogue to (5.45), we have

%waj(z)g/Q = %{(2‘&(0@') —V(aj)) = (29(2) — V(z))] for £ Imz > 0.

Since, by (5.44), 2g4+(cj) — V(a;) = | £ mi, we get that

Viz) 1 Q5
-+ J
2 + 2

2
gwaj(z):s/z = —g(z) + for +Imz>0. (5.49)
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Plugging (5.49) into (5.47) and (5.48) gives, as N — oo,

Un(2) = MLY (2) ' 5= N~ 6%, (2) 747

1
N 1

o, (2)7%2 (=5 —5i

TN O(N~2
T U I (N77)
X eN(g(Z)*yfi : 7_1)036*N(g(z)*vgz)*%)03
Q51N
wa ( )73/2 1 —6ie 2z ©¢3 _2
= M) |1+ — +O(N7?)
8N —Gie~ 703 -1

5.11 Parametrix at the band-saturated region end points

We now consider small disks D(«;j,¢) for j — 1 € Ay, and D(B;,¢) for j € Aj,

centered at the endpoints of bands which are adjacent to a saturated region. Denote

D= ( U D(aj,5)> U ( U D(ﬁj,€)> :

j—1eAs JEAs

We will seek a local parametrix Uy(z) defined on D such that
1. Un(2) is analytic on D\ Zg.

2. Uny(2) = Uy_(2)js(2) for 2 € DN Y.

3. For z € &D, we have the uniform estimate,

Un(z) = M(2)(I + O(N7Y). (5.50)

We first construct the parametrix near j3; for j € A;. Let

Un(z) = QN(Z)GHNWZ”%*N(Q(Z)*VgZ)*%)"S for £Imz > 0.
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Then the jumps for Qy are

(

0 1
fOI‘ z € (ﬁ] — 6,5]')
-1 0
-1 0
for 2 € (6,85 +¢)
. -1 -1
Jo(2) =
1 -1
for = € ()., +ic)
0 1
11
for z € (ﬁj,ﬂj — ig),
0 1

\
where orientation is taken from left to right on horizontal contours, and down to up

on vertical contours according to Figure 5.3. We now take

[ (1) —uo(2) .
§;<z> —Zacz) orangz e (0.3)
1(2) () .
AR s € (37)

"I )

Y1(z) —Ya202 ™
yi(z) _yé(z) for argz € <—7T —§>
n(2) vo(2) o
yi(z) y(’)(z) for arng( 2,0).

\

Then ®,4(z) solves a RHP similar to that of Qu, but for jumps emanating from the

origin rather than from ;.

Vg, (2) = — {%ﬂ /fj (1—p(t)) dt}

extends to a conformal map from D(f3;, ) onto a convex neighborhood of the origin,

Once again,
2/3

with
Vs, (B5) =0 5 ¥5,(8;) >0,
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Again, we can slightly deform the vertical pieces of the contour Xg close to (;, so

that
wﬁj{D(ﬁj, e)n ZS} = (—¢g,e) U (—ig,ie).

We now take

Qu(2) = EY(2)@,, (N*3y5,(2)) , (5.51)

where

Eﬁ?(z) = M(z)eiméw U3Lﬁ?(z)_1 for +£Imz >0,
L]B\/j (2) = ﬁ N71/6¢[;j1/4(2) 1 01/4 ) i.
0 N /Gwﬁj ()] \1 —i
and we take the principal branch of wé]/ *. The function ®,(N% 31),(2)) has the jumps
Js. Similar to the prefactor Eﬁ? at band-void end-points, the prefactor Eﬁ? is analytic
in D(p;,€), thus does not change these jumps.
We now check that Uy satisfies the matching condition (5.50). The large N
asymptotics of ®,,(N?3¢4, (2)) are given in the different regions of analyticity as

follows:

1 1 _Z _]_ . _3/2 _5Z 5
Na"Wﬁj(Z)NS{i + Ve, (2)

D, (N 34y
V() —i 1 48N o7

1
27
+ O(N_Z)] g3 Ve (2)*0s for +Imz>0,
(5.52)

where we always take the principal branch of ¢, (z)%2. As such, 1, (2)%? is two-
valued for x € (8, — ¢, B;), so that

om0

From (5.14) we have that

Bj Bj
= :Fm'/ (1—p(t)dt = Fmi(B; —z) £ m’/ p(t)dt. (5.53)

+

Bq Bi
2g4(z) = V() =1+ 2m'/ pt)dt =1+ 27m'/ p(t)dt £ F 2mifs;  (5.54)

for x € (8; — €, ;). These equations imply that

Bj
(20(2) = V(2) = (20(5) ~ V(8)) =£2mi [ ployie.



146

We can therefore write (5.53) as

2 , 1
20 @] =il -0+ | (asle) - Vi) - 205 - V(3) |
+
We can extend these equations into the upper and lower half-plane, respectively,
obtaining
2 3/2 , 1
gng(z) = Fmi(f; —z)+§ (29(2) =V (2)) = (29+(8;) =V (B;))| for =+Imz > 0.

Using (5.54) at = §;, we can write

V(Z) ) . Z(Q] N — 7T)
_ 4 AN )
9 T TN

2
gz/;ﬁj(zf’/2 =g(z) — for +Tmz>0. (5.55)

Plugging (5.52) and (5.55) into (5.51) gives, as N — oo,

€25 ) 1 1 1
Unx(2) = M()e 8P Ly ()71 5o N om0 ()47
- —1 ()32 [ =5i 5
|+ L ¥5() +O(N™?)
—i 1 48N Ti 7

v ) iQ; . . v
% eN(g(z)—%——éz) )036:|:2N7rza362|2 JQ’N U3€:|:%U3€:|:ZN7TZO'3€—N(g(Z)—%—é)o’g

(2)73/2 —1 —Giet 4N
=M(z) [I+ Yy (=) 77 ‘ +O(N7?)
48N _6ie$sz,N 1

for +1Im (z) > 0.

We can make a similar construction near o for j — 1 € A;. Let

. 2/3
oy (2) = — {3; | a- p<t>>dt} . (5.56)
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This function is analytic in D(«;, €) and has negative derivative at «;, thus Im z and

Im ), () have opposite signs for z € D(a;,e). Then the jumps for Qu are

e

\

0 1
for ze (o), a;+¢)
-1 0
-1 0
for ze€ (o —¢, )
-1 -1
1 -1
for z e (aj, 0 +ic)
0 1
11
for z € (ay,a; —ic),
01

where the contour is oriented from left to right on horizontal segments and up to

down on vertical segments according to Figure 5.3. After a slight deformation of the

vertical contours and the change of variables 9,,, these jumps become the following

jumps close to the origin:

j@(%j(z))

\

0 1
for waj(z> € (_570)
-1 0
-1 0
for 1, (2) € (0,2)
-1 -1
1 -1
for a4, (2) € (—ie, 0)
0 1
11
for w, (2) € (0,)
01

where the contour is oriented from right to left on horizontal segments and down to

up on vertical segments. These jump conditions are satisfied by the function

@lS(Z)

=d,4(2)
0 —1
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Then we can take for z € D(a;,¢),

izﬂ ‘ )
UN(Z) :M(z)e O‘SLGJ( ) 1(I)ls(N2/3waj (z))e¢zNﬂ-zggefN(g(Z)7Vé )7%)03
(5.57)
for £2Imz > 0,
where
LY () = — N0y (2) 0 —1
J Z) = ——
N 2\/7_1' 0 Nl/Gwé§4(z) 1

We once again have, as N — oo,

z/;aj( 2)732 [ =51 =5

2/3 —
(I)ls (N waj (Z)) 48N 72 _7

LT Y A
2v/7 " —i -1
+ O(N_2)] eiNva; (%o for 4 Im Vo, (2) >0 (so FImz > 0),
(5.58)

and for z € D(aj,¢),

Viz) 1 __i(QnN—m)
5 5 F oN for +Imz>0. (5.59)

Combining (5.57), (5.58), and (5.59) gives, as N — oo,

N=6%34,, (2) 3%

@/)3/2( ) = Fimz +g(z2) -

izQ ]_

Un(z) = M(z)e 2 "SLO”( )t NG

i =1\ e, (2) [ 505

N E= + +O(N™?)
i1 BN\ 77
% eiiNﬂzag eN(g(z)f Vé’z) 7%)03 €$m#03 ei%rag €$iN7rz03€fN(g(z)f ng)fé)dg
. 3/2 [ 1 )
M) [y Y GV ) Loy | e
48N :
6: 1
N 3/2 -1 6i6iin’N
= M(2) p4 Yol +O(N7?)

48N 6ie$in,N 1
for £Imz > 0.
5.12 The third and final transformation of the RHP

We now consider the contour Xy, which consists of the circles dD(«;,€), and

0D(B;,¢), for j = 1,...q, all oriented counterclockwise, together with the parts of
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25\ (Uley, B;]) which lie outside of the disks D(a, €), D(</,€), D(f',¢), and D(B, ¢),

j
see Figure 5.4.

OO0 OO OO OO0 O

Fig. 5.4. The contour Xx arising from the hypothetical equilibrium
measure shown in Fig. 5.1.

We let

Sn(2)M(z)"!  for z outside the disks D(«;,¢), D(B;,¢)
Xy (z) = ’ ’ (5.60)
Sn(2)Un(2)"! for 2 inside the disks D(ay,€), D(B},¢).

Then Xy (2) solves the following RHP:
1. Xy(2) is analytic on C\ Xy.
2. Xn(z) has the jump properties
Xn+(@) = Xn-(2)jx(2)

where
. M(2z)Upn(z)"' for z on the circles
ix(2) =
M(z)jsM(z)"! otherwise.

3. As z — o0,
Xy X

XN(z)~[+7+?+...
Additionally, we have that jx(z) is uniformly close to the identity in the following

sense:

. I+ O(N™") uniformly on the circles
Jx(z) = (5.61)
I+ 0(e “@N) on the rest of Ty,

where C'(z) is a positive, continuous function satisfying (5.2). If we set

7% (z) = jx(z) — I,



then (5.61) becomes

O(N™') uniformly on the circles
Jx(z) =
O(e=“®N)  on the rest of Y.
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The solution to the RHP for X follows from Lemma 4.16.1 and the arguments

following it, which give that
Xn(2) =T+ Xyi(2)
k=1

where

1 _ <
’ 21 Jy, zZ—u

u.

In particular, this implies that

1
XNNI-i—O(N

W) as N — o0

uniformly for z € C\ Xy.

5.13 Proof of theorems 5.4.1-5.4.6

(5.62)

The transformations (5.28), (5.29), (5.31), (5.60) give that, for z bounded away

from the real line,

Py(2) = Kyle® Xy (2)M(2)eN 0@ D7 K

(5.63)

and for z close to the real line but bounded away from the support of the equilibrium

measure,

Py(z) = K]_\,le%‘TSXN(z)l\/I(Z)e]\[(g(z)_é)ai”KND’jE(z)_1 for +Imz>0. (5.64)

Expanding (5.63) or (5.64), we get that

Py(2) = [Py(2)]11 = €™ (M]11[X]11 + [M]21[X]12)

which, along with (5.62), proves Theorem 5.4.2.
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The proof of Theorem 5.4.1 requires only the formulae (5.23), (5.25), and (5.26),
and a straightforward large z expansion of equation (5.63).

Similar to (5.63), we have that, for any interval J which is contained in and
bounded away from the endpoints of a band, in some neighborhood of J, we have
" Kile” Xy (2)M(2)j, (2)eN D28 K D (2)71 for Imz >0

PN z) =

K]_\,le%ai”XN(Z)M(z)j:l(Z)e]\[(g(z)_é)‘TSKND’i(z)_1 for Imz <0,

Expanding the left side of this equation for Imz > 0, utilizing (5.14), and taking

limits as z approaches the real line, we get that

Py(z) = [Py(x)ly = e VO (V@M ], (2) + e V™0 My, (2) + O(N ),

(5.65)
where ¢(z) is as defined in (5.20), and the + subscript indicates the limiting value
from the upper half plane. Notice that [Mjs], = [M;j;]_ in this region, and that

M1 (Z) = Myi(z). This implies that [Mys], (z) = [Mi1]4(z), and thus we can write
(5.65) as

Py(z) = e2 (V@) (eiNfr¢>(z) M1 ] () + eNme@ M, ], (z) + O(N’1)> ’

which proves Theorem 5.4.3.
For any interval J which is contained in and bounded away from the endpoints of

a saturated region, in some neighborhood of J, we have

Py(z) = K&le%"SXN(z)M(Z)A;(z)eN(g(z)_é)U:”KND;(z)_l for £Imz>0.
(5.66)

Notice that in this region, we can write

o
g:(x) = L(x) & = F imz,
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where L(x) is defined in (5.21). Notice also that 2¢g4(x) — V(2) — [ has positive real
part. Expanding (5.66) for Im z > 0 and taking the limit as z approaches the real

line gives

PN(ZL‘)H = €Ng+(m) [(]— - 62MNx)(M11X11 + M21X12)
+ e N+ @=V@)=D (M, X ;) + M5 X12)]

— Not(@) [(1 . eszx)(MHXH + O(Nfl)) + O(eszS)}

= M@ — 2isin(rNa)e = [Mu]s(2)(1+ON)) +O0(e )],

which proves Theorem 5.4.4.

Similarly, at the turning points «; and 3;, explicit formulae can be written for
Py in terms of explicit transformations in each sector of analyticity of the local
parametrix. From these formulae and the properties of the g-function, Theorems
5.4.5 and 5.4.6 are almost immediate, with Theorem 5.4.6 also requiring the identities
(see, e.g. [40])

y(2) = —5 (Ai(2) — iBi(2)),

Yy2(2) = —

N — N

(Ai(z) +iBi(z)).
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A. PROOF OF LEMMA (1.3.1)

We have
7o = det (0+72)(1))

1<ij<n

where
gb(k)(t) = /R(—cx)ke_cmd,u(x). (A1)

From equation (A.1) and multi-linearity of the determinant function, we have that 7,

is equal to

e—ctwl (_Cx1>€—ctm1 . (_Cx1>n—le—ctw1

—ctxo 2 —ctxa

(—cxg)e (—cxo)%e . (—cxq)ecte2

// det | (—cxs)?e @ (—cwz)de s ... (—cpz)" e Hdﬂ(ﬂfk)
8 : . , . k=1

C[L‘n)n le—ctzn ( C:L,n)ne—ctzn . (_C:L,n)2n—26—cta:n
/ / —cx) H —cap)f 1H e~ dp(xy,)
" k=1 k=1
e T [T e due)
" k=1 k=1

where A(z) = [],_;(z; — x;) is the Vandermonde determinant. Note that, up to
sign, this expression for 7, is invariant with respect to any permutation of x; 's. So,

multiplying by their signs and then summing over all permutations, we get

nlr, =" / / (=)~ H(xk)”(k)*l H e du(xy),

7r€S k=1 k=1

o [ A@yﬁ[e—mdmxk), (A.2)

which is the eigenvalue partition function for an ensemble of random matrices. To

thus

express this function in terms of orthogonal polynomials, notice that multilinearity
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of the determinant function and the form of the Vandermonde matrix allows us to

replace A(z) with

1 1 1 1
}ﬁ($1) }ﬁ(xg) }ﬁ(xg) }ﬁ(ﬁn)
det | Py(z1) Py(z5) Py(zz) - Pa(za) |
P, 1(x1) Poa1(z2) Poa(zs) -+ Pooi(zp)

where {P](:p)};";o is the system of monic polynomials orthogonal with respect to the

measure e~ “““dyu(x). Then (A.2) becomes

< HPw(k ) He kadﬂ (7).
" \res,

The orthogonality condition ensures that, after integrating, only diagonal terms are

non-zero, so we get

o [ (3 TP Tt = [

€Sn k=1 k=1
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B. PROOF OF FORMULA (3.39)

We use the notations and results from the work [48] of Vanlessen. The essential
difference with [48] is that we consider not a fixed but a shrinking neighborhood of
the origin,

~ 0
U57k:{2662 |Z‘§E},

where § > 0 is small enough so that the function Vj(z) is analytic in Usy, see (3.17).
As in [48], we consider a sequence of transformations of the Riemann-Hilbert problem
for orthogonal polynomials, and in the end we arrive at the following Riemann-Hilbert

problem on a 2 x 2 matrix-valued function R(z):

Fig. B.1. The contour I'y.

1. R(z) is analytic on C\ I'g, where I'g is the contour shown on Fig. 6, and it has
limits, R;(z) and R_(z), on I'g, as z approaches a point on I'p from the left
and from the right of the contour, with respect to the orientation indicated on

Fig. B-1.

2. On I'g, R(z) satisfies the jump condition, R, (z) = R_(z)vg(z), where vg(z) is

an explicit matrix-valued function.

3. R(z) ~ 1+ % + ... as z — 00, where [ is the identity matrix.

The contour I'g consists of the circle 8[757;{, the circle QUs, where

Us={2€C: |z—1]| <0},
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the boundaries of the lenses, 74, and the semi-infinite interval [1 4 4, 00). The jump

matrix vp on 8(7(% has the following asymptotics as k — oo:
2) =T+ Ay(2)k ", (B.1)
n=1

see formulae (3.105) and (3.98) in [48]. This asymptotics holds under the condition
that k%22 — oco. Under this condition, for any N > 1 there exists a constant Cy > 0

such that
CN

(k2|2|) ER

The condition k%2 — oo is valid for z € 8U57k, and in this case the last estimate gives

that N
- COn ~ Cn
sup |v , Cy = B.2
P T S
The coefficients A, (z) in (B.1) are given by the following formula:
- 1 1 1
Ap(z) = =——— P(OO)(Z)(—Z)§U3An (—z)_§U3P(°°)(z)_1, (B.3)
¢k(z)n/2

where

a(z2)+a(z)"!  a(z)—a(z)"! 032
< 22 —1+2 -1
ISTRIPES ; ( + m) By
z

a(z)—a(z)! a(Z)+a(Z)’1
—2i

a(z):("’;l)w, [ /\/Eqk ] , (B.5)

[l - -0 [ S2E+2m) (-
16mn! (_1)n+1(n_%)2 = (34 2n)

A, = (B.6)

The function ¢y (2) is analytic in Us . From (3.22), (3.15), and (3.27) we obtain that

as k — oo,

sup |gx(z) — 4 = O(k™V/?).

ZEUg’k

By (B.5) this implies that
- 2
or(2) B 1/ -  1—s - 472

o) =O0O(k™7%), o(z) = (/0 \/ . ds) = 4z+—3 +...

—1

sup
2605’]C
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The function An(z) is meromorphic in U(;Jg with the only possible pole at the origin of
the order at most [”TH], see [48]. This result, combined with explicit formula (B.3),

implies that there exists ¢, > 0 such that

sup ’An(z)k’" gcnk_”Jr[nTH].

zEaﬁ};yk

This, in turn, allows us to improve estimate (B.2) as follows: for any N > 1 there

exists ¢y > 0 such that

sup < ank N3]

ZEBU&;C

vr(z) =1 =) A ()™

When N = 1, this gives that

Al (Z)

vgr(z) — 1 — ’

=O(k™). (B.7)

sup
ZEBU&;C

The function Al(z) has a simple pole at 0 and its residue is equal to

3 1
By = 2773 2%
164x(0) i -1
see equation (4.11) in [48]. The function A;(z) — Bk js regular at z = 0 and from

explicit formula (B.3) we obtain that as k — oo,

< B
sup |Aq(z) - —=| = 0(1),
ZGaU&k z
hence from (B.7) we obtain that
B
sup |vn(z) — I — k—j = O(k™Y). (B.8)
ZGaU&k

The problem here is that vg(z) is not close to I on 8&%, but we will overcome this
obstacle by a transformation of the Riemann-Hilbert problem for R(z).
Observe that
TrB, =0, det B, = 0,

B
det (I + —"“) =1,
kz

hence
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hence the matrix I + % is invertible for any z # 0. Let us make the substitution,

R(z), z € ﬁg,k,

R(z) =14 ( (B.9)

B -
R(z) I+ —’“) 2 & Usy.

kz

Then R(z) solves the Riemann-Hilbert problem similar to the one for R(z), with the

jump matrix 9g(z) such that

~ B\ ! N
Up(2) =vr(2) | I+ = ; z € OUsp,

and )
. B By~ .
Ur(z) = (I + k—z) V(%) (I + k—z) ; z€'gr\ OUsg.

From (B.8) we obtain that

sup [5n(2) — 1] = O(k™).
zEaﬁ(g’k
Also, since the equilibrium density function diverges as z~'/2 at the origin, we obtain
that vgr(z) is sub-exponentially small on the boundary of lenses,
sup |vg(z) —1I| = O(e_c‘/g), c>0.
zey4Uy—
This implies that Ur(z) satisfies a similar estimate,
sup |Og(z) — 1| = O(e_c‘/%), c>0.
ZEv4Uy-
In addition,

sup |tg(z) — I| = O(k™1),

z€0Us

and

0R(2) — I| = O(e™*), 2> 1; c>0.

These estimates of smallness of (0r(z) — I) on I'g enable us to solve the Riemann-

Hilbert problem for R(z) by a series of perturbation theory. The fact that the radius

)
Iz

work [6] of Bleher and Kuijlaars.

of [~]57k, r = %, is tending to zero does not cause a problem, see the appendix to the
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The rest of the proof of formula (3.39) goes along the lines of [48]. Namely, by
formula (4.17) in [48],

T = g 226kl [1 —16i(Ry)1a + O(k72)] . (B.10)
By (B.9),
~ (Bk)12 3

(R1)12 = (Ry)12 + +0(k™) = (R)12 + +O(k™?)

K 6441, (0)k
By applying formula (4.11) in [48] to Ry, we obtain that

. (1) 47
Ry)iy = —
(F1)zz Gdgr (12 192gn (1)K

+O(k™?).

Observe that the first term in formula (4.11) in [48] is missing in this case, because
the function [Al(z) — %} is regular at z = 0. From the last two formulae we obtain

that

TN R
100)  dge(0? " Tagm) kT OWT)
3

By substituting this into (B.10) we obtain (3.39).

—16i(R)12 = [
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C. PROOF OF FORMULA (4.108)

From, (4.107), (4.76), (4.77), and (4.30), we have that the jump j5 on (o’ —¢,a/) is

given by

— 203 o nlg-(2)= Y~ os 0 e+ ()= 152 = 1)7s 50
-1 0
. 0 e~ g+ () +g-(2)-V(E)-D\ .
—e 27 73 e 7
— M9+ (2)+9-(2)=V(2)—1) 0
0 1
-1 0

From, (4.107), (4.77), (4.73), and (4.72), we have that the jump js on (o/,a’ +¢) is

given by
jo = e B e )0 gnlen ()= )0 s
y inmz O -1
inmTz V(z) 1 -€ 27
— 5 Use—n(gf(z)— 22 —5)03 nmi . jT
0 nmi ,— 455
Y
oy 0
e v z ™
x nmi , en(g+(z)— Vé )—é)ag,e"é,yz o3
0 nmi 75y
nri BT
— e lo-(x)-YE2 Doz [ v 8- () =3)7a 5 p=nlg+ ()= g)os [ i
2 _nm
0 nmi 0 o7
w elg+ ()= 2= L)os
nmi .
— e”@% v 0 1 0 nmi 0 e TL@US
Y nmi\2 ,nV(z nmi
0 L) \(Z)2eV® 1 0 —=
V() —1 0 V() -1 0
o en o3 e—n 5 03
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From (4.107), (4.77), (4.73), (4.72), and analytic continuation of (4.30) into a neigh-

borhood of [, a/], we have that the jump js on (o, o +ig) is given by

j@ — o9+ ()= ~Lyos [~ e"(g+(z)*%)03j

Viz
w o9+ ()= 2= L)os 1572 0

nme
v - 0 v .
= 6"452)03 vy jRefn(g.F(z)f%)gngr(Z>,1en(g+( )— gz)*%)USeZZ:Z%
0
0 nme
i inTz
V() — o 0 I1(2) Y oV (2) "5
=e'2 %3 v . nmi .
0 — ) \_mminVe) 5 _nmi 5
nmi ~
1 0 v _
x e Mo+ (E)=3)7 (a1 ()= Y2 L)os 5720y
—e 9+ (2)—9-(2) 1
inmTz
V() —2i sm(%) eV (2) e 2y
—e" 2 2y ,
oV () 52 e
_, Y=
e " 2 0 mnmnz
X 2 g3
v \%4
gy )4y (2)—1- Yy Y2
V(z) _ V(2 inmz
—2isin(22)e" 2 —e "3 e 27
— Y
T V(z) inrnz V(z) innz
e" 2 e e "2 e
_, Y=
€ " 2 0 inwzo_
X V(z) V(z) e
z
g+ (R)Hg-(2)—1=57)  ontg
.. inTz g inmTz
_27/ Sln(n2_7;/z) _'_e 2 en(9+(2’)+9—(z) l V(Z)) _672W inwza?)
- . . ) e 2v
o3 _ o n(g4 ()49 (2)-1-V(2)) piam
_inmz inmz
e = —e inrTz o 1 -1
3
— e 2 _

inmz

0 e v 0 1
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Similarly, we have that the jump jz on (¢’ —ig, ') is given by

inmz Vv v inmz
jQ — ¢ 2y TeMo-(2)- éz)_é)ag’jsen(g*(z)_ éz)_é)ai”e_ 2y 73
. —1
. ey 0
-C <Y
| anmz g, 7n(g_(z)fv(z)fi)0'3 ni .o
=e» Ze 2 2 e | JTI-(2)
0 nmi o= 5y
Y
 elo- ()= —Lyos — 20y

nmt
V(2) - O 1 V(z) 1 _ z
— 32 U8 7 JRE ”(9_(2)75)03‘77(z)en(g_(Z)f 3 *5)‘736 2y 7
0 -
nmi
nmi A nV(2)

— en—véz)ag 2 0 H(Z) i © c

- _nmi nV(z) o~ 5" nmi =455

nmi ¥ o]

_p V&)
€ "3 O inmwz
X e 7
Vi(z Vi(z
o9+ (2)+g—(2)—1-YE) - Y
.. V(z) _p, Y _inmz _p V()
2isin(gF)e" T e e ™ e "z 0 _inmz g
= . . e 2y
Vi(z ™ Vi(z ™ V(z V(z
s I e o e B N O e I
2i sin(222) + e~ oy g+ () Hg-(2)-1=V(2) %" ,

_ 2 o 50

_inmz _inmz

—eT B 4 e enlgr ()9 ()-1-V (=) 5

inmTz _inmz
e 27 e 2y _inmz o3 1 1
= e 2 =

_inmz

0 e =™ 01
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D. PROOF OF PROPOSITION 4.13.1
From (4.43) and (4.84), we have

This, combined with formula (4.78) for €, immediately gives

O3 (o + d)U3(—Tico +d + &) 93(0)04((n + 1)w)

Dot + Uyl + A+ L)~ Dy@alnm) (D1
Formulae (4.21) give that
(B-9)+ @ —) _ o0 [REAE) - BRG]
4i 4i U (5)92(5)93(5)04(%)
Plugging the duplication formulae (E.6) and (E.7) into (D.2) yields
(8= )+ (@ =) _ 7 95(0)04(0)0a(er) b

4i 20 V1 (w)
Combining (D.1) and (D.3), we can write the [12] entry of (4.96) as

im Ya((n + D)w) 93(0) 9>(0)4(0) s (w)

2 a(nw)  ds(w) (W)

_ z’_7r194((n + Lw) 9,(0) 2A194((n + 1w)
2 Ualnw)  9y(ZS) Uy (nw) '

272

[M1]12 =

Similarly, we can write the [21] entry of (4.96) as

Ay (nw)

[Mi]y, = i =)
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E. THETA FUNCTION IDENTITIES

The following identities (see [50]) are used in chapter 4 of this dissertation. There are

the identities involving derivatives of theta functions:

94(0) = 1:(0)9(0)94(0), E1)
o) = B = DUOPILINE ) BB~ 0OP(I0)
oy T — 0P ()02
n e | (E.2)
e LGRS LTS ACLGL )
o B + B EPERO)
Us(z) = U2(2) 7 (E3)
oy B | 200 E)EO)
S 5
V4(2)93(0) [ s 2
B0 (#1030 + 02250))
oy BN | 200 (EEE0)
V] (2) = 92(2) + 9 (2) e
U1(2)93(0) (s 2 2 .
YO (0310 + 3(:)200) )
oy BEGE) | 2050 ()0 (930)
R S 5
,()73(0)

¥3(2)



v V7(2)04(2)  207(2)02(2)03
NE=T50 T 72)
92(0)92(2)
7()

U5(2) =
03(0)93(2)
¥i(z)
i = HERE) 2R EREERO
3 1(2) W3 (z
03(0)93(2)
% (2)

1(2) 9(2)
(

the duplication formulae

91(22) = 2191(2)192(2)19)3(2)194(2),

the addition formula

O3(y + 2)0s(y — 2)93(0) = 93(y)95(2) + 95 (y)9i(2)
= 91 (y)93(2) + U5 (y)93(2),

and the identities relating squares of theta functions

91(2)93(0) = 93(2)95(0) — 95(2)03(0),
93(2)93(0) = 93(2)95(0) — 95 (2)03(0),
U3(2)93(0) = 93(2)95(0) — 93 (2)03(0),

i(2)93(0) = 93(2)95(0) — 93(2)03(0).
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(E.5)

(E.9)

(E.10)
(E.11)
(E.12)

(E.13)
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