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ABSTRACT

Bothner, Thomas Joachim Ph.D.; Purdue University, May 2013. Asymptotics of the
Fredholm determinant corresponding to the first bulk critical universality class in
random matrix models. Major Professor: Alexander R. Its.

We study the one-parameter family of determinants det(/ — vKpy),v € R of
an integrable Fredholm operator Kpy acting on the interval (—s, s) whose kernel is
constructed out of the W-function associated with the Hastings-McLeod solution of
the second Painlevé equation. In case v = 1, this Fredholm determinant describes
the critical behavior of the eigenvalue gap probabilities of a random Hermitian matrix
chosen from the Unitary Ensemble in the bulk double scaling limit near a quadratic
zero of the limiting mean eigenvalue density. Using the Riemann-Hilbert method, we

evaluate the large s-asymptotics of det(/ — vy Kpy) for all values of the real parameter

.



1. INTRODUCTION

1.1 Objective

This dissertation is devoted to the asymptotical analysis of certain Fredholm deter-
minants which appear in random matrix theory. Let M(n) be the unitary ensemble
of random n x n Hermitian matrices M = (M;;) = WA equipped with the probability

measure,

PON(MYAM = ce™NVD gy, ¢ / e NV N = 1. (1.1)
M(n)
Here dM denotes the Haar measure on M(n) =~ R™, N is a fixed integer and the
potential V' : R — R is assumed to be real analytic satisfying the growth condition

v
_Vi®) — 00 as x| — occ. (1.2)
In(z? + 1)

The principal object of the analysis of the model is the statistics of eigenvalues of
the matrices from M(n). A classical fact [17,42] is that the eigenvalues form a

determinantal random point process with the kernel

n—1
Kon(ey)=e 2 @0 3V0 S Tp a)pi(y). (13)
i=0
where p;(z) are polynomials orthonormal with respect to the weight eV Viw),
/Pi(x)pj(ﬂf)ew(z)dx =0y, pyilw) = kel + (1.4)

R

In particular, one of the basic statistical characteristics, the gap probability,

E, n(s) = Prob(M € M(n) has no eigenvalues in the interval (—s, s), s > 0)



is given by the formula,

S S

Eun(s) = Z(j,> /.../det (o (20l ) iy - - iz
= I J I
= det([—KmN),

where K, v is the trace class operator acting on L? ((—s, s), dx) with kernel K, y(z, ).

Assumptions (1.2) on the potential V' (z) ensure [23] (see also [17] for more on the

history of the subject) that the mean eigenvalue density =K, n(x,z) has a limit,

. 1
M —Kan(z,2) = py(2) 20, (1.5)

n
Nal

whose support, ¥y = {z € R: py(z) > 0}, is a finite union of intervals (simulta-
neously, py(x) defines the density of the equilibrium measure for the logarithmic
potentials in the presence of the external potential V). The limiting density py () is
determined by the potential V' (z). At the same time, the local statistics of eigenvalues
in the large n, N limit satisfies the so-called universality property, i.e. it is determined
only by the local characteristics of the eigenvalue density py (compare [9,24,47]). For
instance, let us choose a regular point z* € Xy, i.e. py(z*) > 0. Then the bulk

universality states that

, 1 i ) sinm(A — p)
lim —— K, | 2"+ ———, 2"+ ——— | = Kgu(, e
A (@) ( @) T @) A ==n

(1.6)

uniformly on compact subsets of R, which in turn implies [24] that for a regular point

*

X Y
lim Prob (M € M(n) has no eigenvalues € <IL‘* - é, "+ ;>>
DN s R r
~v—1
— det(] — Kun), (1.7)

where K, is the trace class operator on L2((—8, s); d)\) with kernel K, (A, 1) given
in (1.6). (This result was first obtained for the Gaussian unitary ensemble with

quadratic polynomial potential V' (z) in the classical works of Gaudin and Dyson.) The



Fredholm determinant in the right hand side of (1.7) admits the following asymptotic
representation [26],

(s)”

Indet(] — Kg,) = — 5

1 1
~1 In(7s) + D In2+43¢(-1)+0(s™"), s— o0, (1.8)

where (’(z2) is the derivative of the Riemann zeta-function (a rigorous proof for this
expansion without the constant term was obtained independently by Widom and
Suleimanov - see [22] for more historical details; a rigorous proof including the con-
stant terms was obtained independently in [27,41] - see also [18]). This remarkable
formula yields one of the most important results in random matrix theory, i.e. an

explicit evaluation of the large gap probability.

Equation (1.7) shows that in double scaling limits the basic statistical properties of
hermitian random matrices are still expressible in terms of Fredholm determinants.
This is also true for the first critical case, when py(x) vanishes quadratically at
an interior point x* € Xy. However, in this situation the scaling limit is more

complicated [10,15]. Let py (z*) = pi, (z*) = 0, p{,(z*) > 0 and n, N — oo such that

- 2/3( ™ 4 _
o m (N 1) ¢

exists with C' € R. Then the critical bulk universality guarantees existence of positive

constants ¢ and ¢; such that

1 A
lim ——=K, N (:p* + o+ - ) = Kpn(A, ;) (1.9)

n,N—oo cnl/3 cnl/3’ cnl/3

uniformly on compact subsets of R where the variable x is the scaling parameter
defined by the relation
n
li 23— —1) = ac.
nNose |\ N v
Here the limiting kernel Kpy(A, ;) is constructed out of the W-function associated

with a special solution of the second Painlevé equation. The precise description of

the kernel Kpy(\, p; ) is as follows.



Let u(z) be the Hastings-McLeod solution of the Painlevé II equation [33], i.e.

the unique real-valued solution to the boundary value problem

Ai(z), = — 4oo;
Upe = TU 42U, u(x) ~ (@)

—3, T — —00,
where Ai(z) is the Airy-function (the solution w(z) is in fact uniquely determined

du(z)

o as real

by its Airy-asymptotics at x = 4+00). Viewing z, u = u(z) and u, =

parameters, consider the 2 x 2 system of linear ordinary differential equations,

ov o , 0 wu —ix — 2iu® —2u,
— = A\ 2)¥, A\, x) = —4iX"03 + 4iX +
OA —u 0 “Qu, iz + 2
(1.10)
Let W(A) = ¥(A,x) be the fundamental solution of system (1.10) which is uniquely

fixed by the asymptotic condition,
V(A x) = (I + O(/\_1)>e_i(%)‘3+“)03, A— oo, 0 <arg A <.

Then, the kernel Kpyi(\, p; ) is given by the formula,

1 (?/121()\7 )P (p, ) — wﬂ(“’x)w“()"x)), (1.11)

Kpn(\, p; ) = Kpp( A\, 1) =
pr(A, 115 2) = Kpu(A, 1) = o -

where 111 (A, ) and 191 (A, z) are the entries of the matrix valued function W(\, x) =
(Yjr(A @), ey o

Remark 1 The function ¥ (A, z) can be alternatively defined as a solution of a certain
matriz oscillatory Riemann-Hilbert problem. The exact formulation of this Riemann-

Hilbert problem is given in chapter 2.
One object of this thesis is the study of the Fredholm determinant
det([ — KPH), (112)

where Kpyy is the trace class operator on L?((—s, s); d\) with kernel (1.11). In virtue
of (1.9), this determinant replaces the sine - kernel determinant in the description of

the gap-probability near the critical point z*, i.e. instead of (1.7) one has that

. . * S * s
lim Prob (M € M(n) has no eigenvalues € <x e yeE "+ cn1/3>)



= det([ — KPH), (113)

as n, N — oo and

}\17131 n?/3 (% - 1) = zcy.

(A proof can be obtained in a same manner as the proof of the similar equation (21)

in [19] with the help of the proper estimates from [10].)

1.2 Statement of results

Our main result is the following analogue of the Dyson formula (1.8) for the

Painlevé II - kernel determinant (1.12).

Theorem 1.2.1 Let Kpy denote the trace class operator on LQ((—S, s); d/\) with ker-
nel (1.11). Then as s — oo the Fredholm determinant det(I — Kpy) behaves as

2 1 F;
lndet([ — KPII) = —586 — 84.%' — 5(3«%’)2 - Zlns + /(y - .’L’)Uz(y)dy
1
—61n2—|—3("(—1)+0(3_1), (1.14)

and the error term in (1.14) is uniform on any compact subset of the set
{reR: —oc0 <z <0} (1.15)

The proof of Theorem 1.2.1 is based on a Riemann-Hilbert approach which is reviewed
in chapter 2. This approach (compare [22,34]) uses the integrable form of the Fred-
holm operator (1.12), allowing us to connect the resolvent kernel to the solution of a
Riemann-Hilbert problem. The latter can be analysed rigorously via the Deift-Zhou

nonlinear steepest descent method.

In order to describe other spectral properties of large Hermitian matrices we need

to study the Fredholm determinant

det (I - /YKPH) (]_]_6)



for the values of v which are different from v = 1. Similar one-parameter families
of determinants already appear in connection with the sine - kernel determinant,
for instance in the famous Montgomery-Odlyzko conjecture [43,46] concerning the
zeros of the Riemann zeta-function, in the description of the emptiness formation
probability and other correlation functions in one-dimensional impenetrable Bose gas
[35-37] as well as in a number of other important mathematical and theoretical physics

applications.

The analytical challenge of the determinants (1.16) is once again the large s asymp-
totics. In the case of the sine - kernel determinants, the result is well known (see

e.g. [2,4,44,45,50] and [18] for more on the history of the question)
1. As s = o0
Indet (I — yKgn) = 4ivrs + 2(iv)* In (7s) + Xein + O (s71)
uniformly on any compact subset of the set {y € R: —oo < v < 1}, where
v=iv(7) = I (1— 1)
iv=iv(y)=—In(1l-—
gl o g

and the constant X, = Xsin(7) is given by the equation
/ ) '
Xsin = 2(iv)* +4(iv)*In 2 + 2 / v(t) <ln Fyit)) dt. (1.17)
0

The latter constant was obtained by A. Budylin and V. Buslaev as a corollary
to their main result in [4], namely the asymptotics of the resolvent of the kernel
YEsin(A, ). Formula (1.17) also follows from the general theorem of E. Basor
and H. Widom concerning the determinants of Toeplitz integral operators with

piecewise continuous symbols [3].

2. For 7 chosen from any compact subset of the set {y € R: 1 < v < oo},
the Fredholm determinant det (I — v Kg,) has infinitely many zeros {s,,} which
accumulate at infinity, see [44,45, 50].



In the given situation (1.16), we have the following analogues for the Painlevé I1

- kernel determinants (1.16).

Theorem 1.2.2 Let Kpy denote the trace class operator on LQ((—S, s); d/\) with ker-
nel (1.11). As s — oo

16
Indet (I — vKpyp) = iv (?83 + 4x3) +6(iv)*Ins + xpn + O (s7) (1.18)

uniformly on any compact subset of the set

{(v.z) eR*: —co<y<1, —c0o<z<o0}, (1.19)
where
1
v =1 = —In(1—
w=iv(y) = 5-1n(l-9)
and

N
')\
xpu = 2 (iv)? + 8 (iv)*In2 + 2 / v(t) (ln L?)) dt (1.20)
0
with the Fuler gamma-function T'(z).

Theorem 1.2.3 For (v,x) chosen from any compact subset of the set
{(v.2) eR*: 1<y < o0, —0c0o<z<o00} (1.21)

the Fredholm determinant det (I — vKpy1) has infinitely many zeros {s,} with asymp-

totic distribution

rt—v) =

8 1
§3i+2x3n +=1In(y—1)In (165} + 4zs,) —arg ~ 3 +nm, n—oo. (1.22)
T

The asymptotic expansions given in (1.14), (1.18) and (1.22) contain several in-

teresting characteristica which we want to discuss in the next section.

1.3 Discussion and outline of thesis

We bring the reader’s attention to the following two interesting aspects of formula

(1.14). One is related to the Forrester-Chen-Eriksen-Tracy conjecture ( [14,31]; see



also [8]) concerning the behavior of the large gap probabilities. The conjecture states
that the probability E(s) of emptiness of the (properly scaled) interval (z* —s, z* +s)

around the point z* satisfies the estimate,
E(s) ~ exp(—Csz”””), (1.23)

if the mean density p(z) behaves as p ~ (x — 2*)®. This conjecture is supported
by the classical results concerning the regular bulk point (k = 0, the sine - kernel
determinant - equation (1.8)) and regular edge point (k = 1/2, the Airy - kernel
determinant - the Tracy-Widom formula, see (1.24)). For higher order critical edge
points (k = 2] + 1/2, the higher Painlevé I - kernel determinants), estimate (1.23)
follows from the asymptotic results of [16]. Our asymptotic equation (1.14) supports
the Forrester-Chen-Eriksen-Tracy conjecture for the first critical case in the bulk,

when x = 2.

The second important feature of the estimate (1.14) is related to the constant (with
respect to s) term in this formula. Starting from the seminal works of Onsager and
Kaufman on the Ising model whose mathematical needs led to the birth of the Strong
Szeg6 Theorem in the theory of Toeplitz matrices (see e.g. [20] for more on the history
of the matter), the evaluation of the constant terms in the asymptotics of different
correlation and distribution functions of random matrix theory and of the theory of
solvable statistical mechanics models has always been a great challenge in the field!.
In addition to the Strong Szegd Theorem and the already mentioned works [27,41]
and [18] devoted to the rigorous derivation of Dyson’s constant in (1.8), different
“constant” problems were considered (and solved) in the works [2,4,19,51], and [1].
More questions in the area are still open, notably the generalization of the Dyson
formula to the large gap probabilities in the general S-ensembles. A comprehensive

account of the state of the art in this field, with formulation of the precise conjectures

LAs soon as the leading term in the asymptotics of a correlation function is known, the small
corrections can be usually (but not always !) relatively easy determined via a relevant system of dif-
ferential equations. This, however, is not true for constant terms which always need an independent
derivation.



concerning the Dyson constants for general S-ensembles, can be found in the recent

survey of Forrester and Sorrell [32].

Formula (1.14) provides, in particular, another generalization of the Dyson con-
stant formula, namely, it gives the constant term in the asymptotics of the gap prob-
ability in the bulk of the § = 2 ensemble for the first critical case when the mean
density is having a quadratic zero. An important new feature of the constant term
in formula (1.14) is the involvement of a Painlevé transcendent which describes the
dependence of this term on the scaling parameter x. This fact explains the failure of
the authors of [16] to find a closed expression for the similar constant in the case of the
higher universality classes corresponding to the edge behavior of the gap probability
(see Section “Constant Problem” in [16]). Indeed, our result shows that for higher
universality classes one has to expect that the relevant constant terms are functions
of the corresponding double scaling parameters which in turn are described via the
solutions of certain nonlinear systems of a generalized Painlevé type (the generalized
Schlesinger equations of isomonodromy deformations). These solutions, similar to
the Hastings-McLeod solution of PII participating in (1.14), are supposed to be the
“new” transcendents, i.e. not expressible in terms of the known special functions (i.e.
in terms of a finite number of contour integrals of elementary, elliptic or finite genus

algebraic functions).

It is also interesting to notice, that the constant term ¢; in the asymptotics (1.14)

can be written as
1 /
co =co(x) = —In Fry (z) — A In2+3¢'(—-1).
where Fry (x) is the celebrated Tracy-Widom distribution function,
Fri(z) = e~ [ =2)u?(y)dy (1.24)

Let us finish this introductory chapter with a brief outline for the rest of the dis-
sertation. Chapter 2 gives a short review of the Riemann-Hilbert approach for the

asymptotics of integrable Fredholm operators. We then apply the general framework



10

to the Fredholm determinant det (I — yKpyy) and formulate the associated “mas-
ter” Riemann-Hilbert problem (RHP). We will also evaluate logarithmic s and z
derivatives of the determinant det (I — yKpyr) in terms of the solution of the under-
lying RHP and outline a derivation of an integrable system whose tau-function is
represented by det (I — yKpyr). In chapter 3, following the Deift-Zhou scheme, we
construct the asymptotic solution of the master RHP. Comparing to the more usual
cases, an extra “undressing” step is needed to overcome the transcendentality of the
kernel Kpyr(\, p; z). Here, a crucial role is played by the aforementioned alternative
Riemann-Hilbert definition of the function W(A, ). Also, the situation v > 1 requires
additional steps since we have to deal with a singular or solitonic type of Riemann-
Hilbert problem. The calculations of chapter 3 and 4 provide us with the asymptotics
of Indet (I —yKpn) given in (1.14), (1.18) up to the constant terms as well as the
distribution of zeros as stated in (1.22). In order to determine the constant terms, we
will, in chapter 5, go back to equation (1.11) and look at the behavior of the kernel
Kpn(\ p; ) as x — +o0o. We will see that in the large x limit, the kernel Kpyr(\, i; )
is replaced by the following cubic generalization of the sine kernel

sin (5(\° = %) + 2(A — )
(A = ) '

Kpu(A, p) = Kesin(A, 1) = (1.25)

Introducing a parameter ¢ € [0, 1]

sin (38(A% — 1) + z(A — p))
(A — )

we compute the large s behavior of det (I — ”y[V(CSm) using again the Riemann-Hilbert

Kcsin(Aa M) — Kcsin(Aa M) =

approach. This will be done in chapter 6. This analysis will indeed produce the

constant term in (1.14), since det (I — f(csin) ’ .o Teduces to the sine kernel with

known asymptotics, see (1.8)

. (sz)? 1 1 , .
Indet(l — KCSin)}t:O = Zln(sx) + Ean +3¢'(-1)+0(s"), s—=

uniformly on any compact subset of (1.15).
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On the other hand for v < 1, we use the logarithmic v derivative of the determinant
det (I — vKesin) combined with the estimates from chapter 6 to derive the constant

given in (1.18).

Remark 2 We do not address in this dissertation the question of the higher correc-
tions to (1.14) and (1.18). After the leading and constant terms are determined, the
higher corrections can be in principal obtained by iterating the final ratio-Riemann-
Hilbert problems (see chapter 4 and 6). Alternatively, one can use the differential
system related to the determinant det(I — yKpyr), which we have mentioned above,

and which we intend to discuss in detail in a future publication.

The analysis of the Fredholm determinants corresponding to (1.25) is of interest
on its own: The cubic sine - kernel determinant det (I — Kc,) appears in condensed
matter physics [7], namely in the description of the Fermi distribution of semiclassical
non-equilibrium Fermi states. In order to understand perturbations to a degenerate
Fermi gas one studies the one parameter extension of determinants corresponding to

the cubic sine - kernel, that is
det (I —vKesin), 7vER.

Although our interest in the cubic sine - kernel arises through the study of the Painlevé
IT - kernel determinants, the analysis given in chapters 6 and 7 of the present thesis,

leads to the following asymptotic results.

Theorem 1.3.1 Let K, denote the trace class operator on L? ((—s,s);d\) with

kernel (1.25). Then as s — oo

[e.9]

16
Indet (I — vKesin) = v (383 + 4953) +6(iv)’Ins — /(y — z)u?(u, v)dy

+xprr + O (8_1) (1.26)

uniformly on any compact subset of the set (1.19), where xpn is given in (1.20),

, , 1
iv=iv(y) = gy In(1 —~)
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and u = u(x,y) denotes the real-valued Ablowitz-Segur solution of the second Painlevé

equation Uy, = xu + 2u® corresponding to the monodromy surface
M = {(s1,...,86| $1=—i7,82=0,55 =351, Sp43 = —5n} .

We should mention that a large class of the generalized sine-kernel determinants has
already been considered in [40] (see eq. (1.6) there). In the case v < 1 and after a
proper re-scaling, the determinant det (I — yK,) can be put in the form which is
very close to the one treated in [40]. However, an essential difference occurs: the fast
phase function, the function p(\) in the notations of [40] (see eq. (1.7)), which appear
as a result of the re-scaling, does not satisfy one of the key conditions of [40]; moreover,
it becomes depended on the large parameter. This means that the results of [40] are
not directly applicable to our case. In fact, if one formally applies the main asymptotic
formula of [40] to our case, then the first two terms of our asymptotic equation (1.26)
are reproduced while the constant (in s) term is not. Most significantly, the integral
term with the Painlevé function does not show up. Also it is not possible to extend
the techniques in [40] beyond the situation 7 < 1. In fact, for v = 1, the relevant

asymptotics is given by a formula ignoring the Tracy-Widom term in (1.14).
Theorem 1.3.2 Let K., denote the trace class operator on L2((—S, s);d)\) with
kernel (1.25). Then as s — oo the Fredholm determinant det(I — K gn) behaves as

2 1 1
Indet(] — Kegin) = —556 — st — é(sac)2 - % Ins— 6 In2+3¢(-1)+0(s™"). (1.27)

and the error term in (1.27) is uniform on any compact subset of the set (1.15).

The Ablowitz-Segur solution [48] to the second Painlevé equation is given by the

unique solution of the boundary value problem
Upe = 27U+ 2u,  u(x) ~yAi(z), 2z — 00, ¥#1. (1.28)

Such solutions are smooth in case v < 1, with exponentially fast decay as x — 400

and oscillatory behavior as © — —oo. On the other hand in case v > 1, the solution
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has poles on the real axis, but is still pole-free for sufficiently large positive x, in fact

(cf. [6]) for (v, x) chosen from any compact subset of the set

5 2/3
{(7,x)€R2: l<y<oo, x> (§1n7> } (1.29)

the solution u = wu(z,7) to (1.28) is pole-free. This in turn implies

Theorem 1.3.3 For (v,x) chosen from any compact subset of the set (1.29), the
Fredholm determinant det (I — yKn) has infinitely many zeros {s,} with asymptotic
distribution given in (1.22).
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2. RIEMANN-HILBERT PROBLEM FOR INTEGRABLE FREDHOLM
OPERATORS

We define the integral kernel (1.11) in terms of the solution of a Riemann-Hilbert
problem, locate its structure within the algebra of integrable Fredholm operators,
set up the master RHP and perform certain preliminary steps within the Deift-Zhou
nonlinear steepest descent roadmap. Also the logarithmic s and x derivatives are
expressed in terms of “local” quantities associated to the master RHP and we briefly

discuss the underlying differential equations.

2.1 Riemann-Hilbert approach - setup and review

The classical theory of ordinary differential equations in the complex plane implies
that system (1.10) has precisely one irregular singular point of Poincaré rank 3 at
infinity. This observation leads to the existence of seven canonical solutions W, (\)

which are fixed uniquely by their asymptotics (for more detail see e.g. [29])
U, () ~ (1 n O(A—l))e—ﬂémwﬁ, A= oo, AEQ,
where the canonical sectors €2, (compare Figure 2.1) are defined by

Qn:{)\EC\arg)\E <g(n—2),gn>,n:1,...,7}.

Moreover the presence of an irregular singularity gives us a non-trivial Stokes phe-

nomenon described by the Stokes matrices S,,:
-1
Sn=(U,(N) " Wppr(N).
In the given situation (1.11) (see again [29]) these multipliers are

1 0 10 1 ¢ _ _ _
Sl = aSQ = aS4: ) S3:SI7S5:SQaSGZS4a (2]—)
- 1 01 01
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QQ // \\ Q3
S 0<arg A< 2 IT<arg A<,
Qy

T<arg A< S N <arg A <27
2 \ < 4n 705 N\ / Qe N\
3 <arg A < 3 , .

9

T s
f§<arg)\<§

Figure 2.1. Canonical sectors of system (1.10) with the dashed lines
indicating where Re \* = 0

hence the required solution in (1.10) is the second and third canonical solution

V(A x) = Vs(\, z) = U3(\, ) with asymptotics
V(A x) ~ ([ + O()\’l)>e’i(%)‘3+“’\)"3, A= oo, 0<arg A< (2.2)

and Stokes matrices as in (2.1). Now that we have defined the integral kernel (1.11)
let us connect it to a Riemann-Hilbert problem: The given kernel belongs to an
algebra of integrable operators first introduced in [34], see also [22]: Let 3 be an
oriented contour in the complex plane C such as a Jordan curve. We are interested in
operators of the form A\ + K on L?(X), where K denotes an integral operator with

kernel
o 2?11 fz‘(/\)hi(ﬂ)

) Zfi()‘)hi(/\) =0, Me€Zx (2.3)

with functions f;, h; which are smooth up to the boundary of 3. Given two operators
M + K, M\ + K of this type, the composition (A + K)(A 4 K) is again of the same
form, hence we have a ring. Moreover let K! denote the real adjoint of K, i.e.

Kt()\,u) _ _Zz:l/\hl_(A,u)/fz(ﬂ)
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Our results are based on the following facts of the theory of integrable operators (see
e.g. [22]). First an algebraic Lemma, showing that the resolvent of I — K is again

integrable.

Lemma 1 Given an operator I — K on L*(X) in the previous ring with kernel (2.3).

1

Suppose the inverse (I — K)™! exists, then I + R = (I — K)™! lies again in the same

ring with

R ) = ZR IO S )~ 0 (2.4

and the functions F;, H; are given by

FEO) = (=) 1)) ) = (1=K h) ), (25)

Secondly an analytical Lemma, which connects integrable operators to a Riemann-

Hilbert problem.

Lemma 2 Let K be of integrable type such that (I — K)™! exists and let Y = Y (2)
denote the unique solution of the following M x M Riemann-Hilbert problem (RHP)

o Y (2) is analytic for z € C\X

e On the contour ¥, the boundary values of the function Y (z) satisfy the jump
relation

Yi(2) =Y_(2) (I —2mif(2)h'(2)), z€X
where f(2) = (f1(2), ..., fu(2)" and similarly h(z) = (hi(2), ..., ha(2))"

e At an endpoint of the contour ¥, Y (z) has no more than a logarithmic singu-

larity

o Asz — o0

Y(z)=14+0(z"")

Then Y (z) determines the resolvent kernel via
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and conversely the solution of the above RHP is expressible in terms of the function
F(2) using the Cauchy integral
dw

w—2z

Y(z)=1- / F(w)ht (w) (2.7)

by

Let us use this general setup in the given situation (1.11). We have

o = S 10 =3 () 100/ (G) @0

where we suppressed the = dependency in 9j;(A) = V(A z) and /= is defined on
C\(—o00, 0] with its branch fixed by the condition /z > 0 as z > 0. Lemma 2 leads
us therefore to the following Y-RHP

e Y()\) is analytic for A\ € C\[—s, 5]
e Orienting the line segment [—s, s| from left to right, the following jump holds

Yo = Y () L+ iy1 (N1 (N) —iyYf (A) Cae-s,s]

Y5 (N) 1 — iy (A)har (A)
e At the endpoints A = +s, Y() has logarithmic singularities, i.e.

Y(A)=O0(In(AFs)), A\—=£s

e As \ — oo we have

Y() =1+ +0(7).

The given jump matrix on the segment [—s, s] can be factorized using the unimodular

fundamental solution W(\) of (1.10) corresponding to the choices (2.1) and (2.2)
L+ iy (M) a1 (A) — 1797 (A)
P31 (N) 1 — iy (M) (A)

P11(A) P12(A) I —uy Paa(N)  —1h12(N)
a1 (X)) aa(N) 0 1 —o1(A) Y1 (N)

GO\ =

. -y —1
= U\ 0 (T(N) .



This motivates a first series of transformations of the initial Y-RHP.

2.2 First transformations of the RHP - uniformization

We make the following substitution in the original Y-RHP
X(A) =YN¥Q), AeC\[-s,s3]

which leads to a RHP for the function X ()):

e X () is analytic for A € C\[—s, s]

e The following jump holds

X, (\) =X_(\) , A€ [—s, 4]

e As A\ — +£s, we have
X(\) = O(In(AFs))

e At infinity,
X\ = (I + O(/\‘l)>\1/()\), A = 00

18

(2.9)

(2.10)

In order to uniformize the behavior of X () at infinity, we will now use the Stokes

phenomenon (2.1) of ¥(\) and introduce more cuts to the Riemann-Hilbert problem.

Let )
I, AeQ,
- Ss, e Q,,
xn)=xn{ 7 -
S35y, A€ Qs,
\ S354Ss, A€ Qu,
with

Flz{)\E(C:arg()\—s):z}, ng{)\EC:arg(A+s)

6

F4:{/\€C:arg(/\—|—s):—%r}, F6:{)\€C:arg(/\—s):

then X (\) satisfies the following “master” RHP, depicted in Figure 2.2

(2.11)

_57?}
=<0

_E}
6 Y
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Figure 2.2. Jump contours of the master RHP

e X (A) is analytic for A € C\([—s, s] U, Tk)
e Along the infinite rays I'x, X (\) has jumps described by the Stokes matrices
Xi(A)=X_(N)Sk, XeTly,
whereas on the line segment [—s, s| we have the following jump

X (\) =X_(\) 0. 1” . AE[-s, ). (2.12)
i 1—n

e In a neighborhood of the endpoints A = +s,

I, Me )y,
. 1 —Xlna=s Ss, AeQ,,
X(\) = X(\) ZEEE ’ - (2.13)
0 1 S5S1, A€ Qs
S554S5, A € Q,

\

where X () is analytic at A = +s and the branch of the logarithm is fixed by

the condition —7 < arg 472 < .!

e As A\ — oo the following asymptotical behavior holds

HM

X = (1+ =+ on2))(1+ —— O(A2))e G Hedm (2.14)

'The local behavior (2.13) of X ()) at the endpoints £s can be derived directly from the a-priori
information X (A) = O(In(A Fs)), A = £s and the jump condition (2.10).
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with

2 2 _ 4 2
myt =g : v=(ug)” —zu® —ut, v, =—u.

As we are going to see in chapter 3, the latter master RHP can be solved asymptoti-
cally by approximating its solution with local model functions, however this analysis
is essentially different in the regimes v = 1 and v # 1. Before we start this analysis in
detail, we first connect the solution of the master RHP to the Fredholm determinant

det ([ — ’YKPH)-

2.3 Logarithmic derivatives - connection to X-RHP

We wish to express certain logarithmic derivatives of the Fredholm determinants
det (I — v Kpr) in terms of the solution of the X-RHP. To this end recall the following

classical identity, valid for any differentiable family of trace class operators [49]

0 0
s Indet(I — vKpn) = —trace(([ — ”prH)*l% (vKpn) ) (2.15)

In our situation

OKpn
0s

(A 1) = KA, ) (8(p — ) + 8 + 5)),

where, by definition

and therefore
4,0
—trace ((I — vKpn) 55 (”prH)> = —R(s,s) — R(—s,—s)

with R(A, 1) denoting the kernel (see (2.4)) of the resolvent R = (I —yKpy) 'y Kprr.

The latter derivative can be simplified using the equations (see (2.8))

f1(/\) = —hQ()\)> f2()\) = hl()‘)
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as well as the identity det Y (\) = 1, which is a direct consequence of the unimodu-
larity of the jump matrix G(A) and Liouville’s theorem. We have,

B Fi(N)H () + Fo(N)Ho(p) - Fy(N)Fy(p) — Fo(A) Fy(u)
B A— L B A—Lu

Since R(A, u) is continuous along the diagonal A = p we obtain further

R(A, 1)

R(s,s) = Fi(s)Fa(s) = Fy(s)Fi(s), R(=s,—s) = F{(=5)Fa(=s) = F5(=s)Fi(—s)

(2.16)
provided F; is analytic at A = +s. One way to see this is a follows. Use the connection
I, M e Q,
Ss, A€ 92, ~
XA)=YN)P(N) A =Y (NP (N)S(A)
5354, A€ Qs
S35456, A€ 94,

F() = X()(S) " (2)

as well as (2.13) to derive the following local identity

FO) = X(0) (1) —%llni—;i §(A)(§(A))‘1\/i2_ﬂ(é>:X(A)i\/;(b, (2.17)

valid in a vicinity of A = 4+s. But this proves analyticity of F'(\) at the endpoints

and as we shall see later on, (2.17) is all we need to connect (2.15) via (2.16) to the
solution of the X-RHP. We summarize

Proposition 2.3.1 The logarithmic s-derivative of the Fredholm determinant (1.12)

can be expressed as

% Indet(I —yKpn) = —R(s,s)— R(—s,—s), (2.18)

R(=£s, £s) = F{(£s)Fy(Es) — Fy(£s)Fi(+£s)
and the connection to the X-RHP is established through

POy = X001 [ ().

where X (\) is analytic in a neighborhood of A = +s, see (2.13).
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Besides the logarithmic s-derivative we also differentiate with respect to x

0 0
a_{L‘ lIl det (I — 'VKPII) = —trace ((I — ’}/KPH)ila—x (/YKPH) ) .

In our situation the kernel itself depends on z, since (see e.g. [29])

oV , [ 0 wu
— =U\2)¥, U(\zx)=—ilos+i :
Oz —u 0

and we have

%(vffm(w)) = ;—Z(wmwwn(u,x)+wm<w>wn<w>)
= i(f2(Nha(p) — fr(AN)ha(p))

and with (2.5)

s

—trace ((I — ’prII)_la;i (’YKPH)> = —Z/ (FQ(A)hQ(A) — Fl()\)hl(A)) dA.

—S

On the other hand the Cauchy integral (2.7) implies

YO =T+ 4 ON?), x> oo; my= /F(w)ht(w)dw
SO

2 b1~ ) = (it~ ), = ()

and the connection to the X-RHP is established via (2.14). Again we summarize

Proposition 2.3.2 The logarithmic x-derivative of the given Fredholm determinant

can be expressed as
0
p Indet (I —yKpn) =4 (X{" — X{?) —v (2.19)
x

with
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Proposition 2.3.1 and 2.3.2 are sufficient to determine the large s-asymptotics of
Indet(/ — vKpy) up to the constant term. As indicated in chapter 1, those constant
terms will be determined through the asymptotical analysis of the cubic sine - kernel

determinant (1.25) in chapters 6 and 7.

2.4 Differential equations associated with det (I — vKpr1)

Our considerations rely only on the underlying Riemann-Hilbert problems. Nev-
ertheless, before we move further ahead in the asymptotical analysis, we would like to

take a short look into the differential equations associated with the master X-RHP.

To this end we notice that the X-RHP has unimodular constant jump matrices,
thus the well-defined logarithmic derivatives X, X ~1()\), X, X ~1()\) and X, X~}(\) are

rational functions. Indeed using (2.13) as well as (2.14) we have

0X 0 n ng n N N.
—— = | —4i\0y+4i) ' + ’ ! + L2 X = AN, s, 2) X
oA\ —Ny 0 ns —ng A—s A+s
(2.20)
where
. 01 . _ . 01 . _
N, = —QlX(s) (X(s) Ny = —QlX(—s) (X(=s))""
T 00 T 00

and with parameters n; which can be expressed in terms of the entries of m; and

miM (see (2.14)). Moreover

aX_l_ NN

}X = B(\, s, 2)X

Os A—S AN+s
and also
X n
a—:|:—i)\03+i ' :|XEC(/\,S,ZL‘)X.
&c —T12 O

Hence we arrive at the Lax-system for the function X,

L= A\, s,7)X

%—f = B(\, s,2)X,

9X = C(\,s,2)X.
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Considering the compatibility conditions of the system,
As — By = [B, A], A, —C\=1[C, Al B, —Cs=1C,B] (2.21)

we are lead to a system of eighteen nonlinear ordinary differential equations for the
unknown quantities n; and the entries of Ny and N,. Since it is possible to express the
previous derivatives of Indet(I — yKpy) solely in terms of the unknowns n;, N; and
Ny, one could then try to derive a differential equation for the Fredholm determinant

(1.12) using (2.21). We shall devote to these issues a future publication.
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3. ASYMPTOTIC SOLUTION OF THE MASTER RIEMANN-HILBERT
PROBLEM

The integrable form of the Painlevé II - kernel (1.11) allowed us to connect certain
logarithmic derivatives to the solution of the X-RHP, the master RHP. We will now
solve the latter problem asymptotically according to the Deift-Zhou nonlinear steepest
descent roadmap [24,25]. Various special functions of Painlevé, hypergeometric and
Bessel-type will be used to approximate the global solution X (A) by local model
functions, parametrices and the iterative solution of a singular integral equation. We

present this asymptotical resolution first for v # 1, followed then by the regime v = 1.

3.1 Rescaling, normalization and opening of lenses, v # 1

We scale the variables in (2.11) as A = zs and normalize the asymptotics in (2.14)

by introducing
s39(2)o (4 3 Tz
T(2) = X(25)e*?@on . - ¢ @\([—1, 1] U Urk), Iz =i(=2+2). (3.1
k
This leads to the following RHP
e T(z) is analytic for z € C\([—l, 1u Y, Fk>

e The jump properties of T'(z) are given by the equations

0
T+(Z) _ T_(z)e—8319(z)03 - 63319(z)03’ = [_1’ 1]

Ty(2) = T_(2)e*?Rsg, 5G4y
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e In a neighborhood of the endpoints z = +1

[, z € Ql,

. 1 —XInzt Ss, z e Oy,

T(z)e‘sw(z)ai” = X(zs) mo et ’ A ?
0 1 S35y, z € (3,

S35456, % € 947

e As z — o0, we have T'(2) =1 + O(z7})

Our next move will deform the latter T-RHP to a RHP formulated according to the
sign-diagram of the function Re ¥(z), depicted in Figure 3.1. In this Figure we choose

x from a compact subset of the real line, s > 0 is sufficiently large and

. |3z
Zi:il @

denote the two vertices of the depicted curves.

Red <0 Red <0 Re® <0

Figure 3.1. Sign-diagram for the function Re 9J(z). In the left picture
we indicate the location of zi as x > 0 and in the right picture for a
particular choice of x < 0. Along the solid lines Re ¥(z) = 0 and the
dashed lines resemble arg z = +7%, :I:%’T

With the matrix factorization

- =) ! = SuSpSt,

T
=2
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valid as long as v # 1, we perform opening of lenses as follows. Let ﬁj[ and L, denote
the upper (lower) lens, shown in Figure 3.2, which is bounded by the contours vﬁ

and 'y, where

5
'Yf%:{zé@:argz:%}, Yar {ze@:argz:%},

5
yw:{zec:argz:—%}, Va1 {ze@:argz:—g}.

ﬁg\ /7;1 " \ /WE

N b

V32 Va1

Figure 3.2. Opening of lenses — T'(z) — S(z)

Define

5;163319(@03’ ze L,

S7tes™os 5 e LU LT,

Syes’ 0o e Lo

S(z) = T(z)e & £ g les®0@on 4 e ) =T(z)L(z)  (3.2)
Spes™ o e Lo UL,

5663319(2)03, z € Lg,

3 .
\ e> (23 otherwise,

then S(z) solves the following RHP

e S(z) is analytic for z € C\ ([-1,1]UD) with D = J,, (v YUin)



e With orientation fixed as in Figure 3.2, S(z) has jumps given by

3

Si(z) = S_(2)e*EnGge s 5 e C\ (]-1,1]UD)

S_(2)Gs(z)

where the piecewise constant matrix @5 can be read from Figure 3.3.

St St
S1.S3 S18;1
SD SD
Silsﬁ
S4Su u
Syt Su

Figure 3.3. The piecewise constant matrix @S

e As z — +£1, we have

I, A Ql,

y 1 —XInzt Ss, 2 e,

S(2)L 7 (2)e "7 = X (zs) 2 ’ N
0 1 S354, z € (g,

S35456, 2 € 947

e At infinity, S(z) =1+ 0(27'),z =

28

(3.3)

Let us analyse the behavior of Gg(z) along the infinite branches as s — oo. To this

end recall the sign-diagram of the function Re 9(z), depicted in Figure 3.1. We have

in the upper half-plane

0
Cs(z) = e 00 I e, gk=12

a 1
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with a constant a € C which can be read from Figure 3.3. Since we choose x from
a compact subset of the real line and s > 0 is sufficiently large, Red(z) is always
negative on %72’ J,k = 1,2 outside a small neighborhood around the origin and the

endpoints z = £1, hence for such z
Gs(z) — I, s— (3.5)

uniformly on any compact subset of the set (1.15) and the stated convergence is in
fact exponentially fast. A similar statement holds on the infinite branches in the

lower half-plane. There
GS(Z) — e*SSﬁ(z)ag 63319(Z)03, = ,.Y]fk’ j7 k= 1’ 2)

again with some constant b € C which is given in Figure 3.3. In this situation
Red(z) > 0 outside a small neighborhood of the origin as well as the endpoints
z = #£1 and therefore

Gs(z) — I, s— (3.6)

also uniformly on any compact subset of the set (1.15). From (3.5) and (3.6) we
expect, and this will be justified rigorously, that as s — oo, S(z) converges to a
solution of the model RHP, in which we only have to deal with the diagonal jump
matrix Sp on the line segment [—1,1]. Also this convergence is expected to be
uniform with respect to z outside some small neighborhood of the origin as well
as outside some vicinities of the endpoints z = 4+1. Let us now move on to the

underlying model RHP as well as the construction of the relevant parametrices.

3.2 The model RHP and parametrices for v # 1

The model RHP consists in finding the piecewise analytic 2 x 2 matrix valued function

M (z) such that

e M(z) is analytic for z € C\[—1, 1]
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e Along [—1, 1], the following jump condition holds
M (z) = M_(2)Sp, =z¢€[-1,1]

where

Sp=01-7"
e M(z)=1+0(z"), z— o0

Only assuming that v # 1, we can always solve this diagonal and thus quasi-scalar

RHP (cf. [29])

M(2) = exp L/Mdu — (ji)m (3.7)

with

v= % In(l1—7), arg(l—vy) € (—mmn] (3.8)

and (£:1)” is defined on C\[—1, 1] with its branch fixed by the condition (£4)" — 1
as z — oo. The function M(z) as introduced in (3.7) is not the unique solution to
the model RHP. But, we will see that the one we choose here will properly match

with the parametrices at z = +1.

Remark 3 We bring the reader’s attention to the important fact, that in casey < 1,
we have arg (1 — ) = 0 and v is therefore purely imaginary. However if v > 1, then
arg (1 —~) =7 and v equals

v € iR. (3.9)

1
EVO+§7

DO —

1
N
v=onnly =D+

Later on we will see that this difference will have a very substantial tmpact on the

whole steepest descent analysis.

We now construct a parametrix at the origin z = 0. The idea isto use a W-function

associated to the system (1.10) for our construction. More precisely let

Pr(¢)=V1() =¥4(¢,x), CeC (3.10)
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be the first canonical solution of system (1.10) which is uniquely fixed by the asymp-
totics

PH(C) = <[ + O(C—1)>e—i(%C3+xC)03’ ¢ =00, €.

Secondly, using the Stokes matrices in (2.1), we introduce

6
PEI(C) =4 Pu(¢)S), arg( € (Z, %), (3.11)
1

Figure 3.4. The model RHP near z = 0 which can be solved explicitly
using the Hastings-Mcleod solution of the second Painlevé equation

More precisely, the function ﬁﬁH (¢) possesses the following analytic properties.
e PEH(() is analytic for ¢ € C\ {arg¢ =2, 3¢ Ix Ux

e The following jumps hold

(Pi©), = (PA"©) s argc==
(Frr@). = (A1) s emc=2
(PE©), = (PE"©) 80 awg¢=7

117

(PE"©), = (PA"(Q) So  argc=—"
e Recalling the discussion in chapter 2, the following uniform asymptotics holds,

valid in a full neighborhood of infinity (cf. [29])
DRH mi M mg 3\ \ (i3 +a0)o
P Q) =1+ c + C +0(¢C?) ) e 3. (— oo (3.12)
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In (3.12) (compare (1.10) and the discussion in section 2.1) we have

. 2 _ 2 .
av 1 vou av 1 u® — v 2i(ug + uv)
my — 5 ) my =3

2

u 8\ —2i(uy +uv)  u?—0?

where u = u(x) is the Hastings-McLeod solution of the second Painlevé equation and

we put v = (um)2 — zu? — u*. Next we assemble the piecewise analytic matrix-valued

function PEA(()

mives DRH — Vo,
P]}}H(C) _ e ‘ 3?[[ (C)e ‘ 37 Imc > 07 (313)
PUCLE! PI}}H(C)ewzmrg, Imc < O

Together with the RHP for ﬁﬁH(C), we see at once that P/ (¢) in addition to the

jumps on the rays depicted in Figure 3.4, also has a jump on the real line

(P (Q)), = (Pi"(Q)) e = (Pij"(C)) _Sp.  C€R

where we orient the real line from left to right. Also on the rays, by construction,

(PE'©), = (PF"(Q)_Su  are¢=7

(PE©), = (PRO)S"  amC=
(PE"©), = (PE"©O) S a¢="%
(PR, = (PE(Q)_Sv.  areC ==~

The model function P/#({) will now be used to construct the parametrix to the
solution of the original S-RHP in a neighborhood of z = 0. We proceed in two steps.
First define

C(z) =52, |z < (3.14)

This change of variables is locally conformal and it enables us to define the origin

parametrix U(z) near z = 0 by the formula

U(z) = Bo(2) PEF (¢(2)) ei3¢@+acNos 12 < (3.15)
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with ((z) as in (3.14) and the matrix multiplier

B()(Z) =

(z—i—l)”"?’ I, Imz > 0,

By(0) = e o3, 3.16
— o(0) = (3.16)

e~ 2o Imz < 0,

By construction, in particular since By(z) is analytic in a neighborhood of z = 0, the
parametrix U(z) has jumps along the curves depicted in Figure 3.5, which are locally
identical to the jump curves in the original RHP. Also these jumps are described by
the same jump matrices as in the S-RHP (see (3.3)), hence the ratio of S(z) with

U(z) is locally analytic, i.e.

S(z) = No(2)U(z), |z|<r< % (3.17)

3

6—3319(2)03 52163319(2)03 —s°9(z)o3 SLesgﬁ(z)ag

3

e—S I(z)os Sales?’ﬁ(z)ag 6—3319(,2)03 SUesgﬁ(z)Ug

Figure 3.5. Jump graph of the parametrix U(z)

Let us explain the role of the left multiplier By(z) in the definition (3.15). Observe

that

I, Imz > 0,
M(z) = Bo(z) |
e2™vos - Imz < 0.
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This relation together with the asymptotic equation (3.12) implies that,

. 1 [—v u
U(z) = Bo(z)e™ |1+ —
20\ w
1 u? — v? 2i(uy + uv)

4+ O -3 —Tivosg B—l M
8¢ —2i(uy +uv)  u? —v? S )] ‘ o (2)M(2)

By(z) [ —iv  wer™) Bo(2)
I+ ——= By (z) + 3.18
2€ ue—27riu W 0 ( ) 8{2 ( )
u? — v? 2i(uy + uv)e*™
X ' By (z) +O0(¢7?) | M(z)
—2i(uy + uv)e 2™ u? — v?

as s — oo and 0 < 7y < |z] <7y < 5 (so [¢| = 00). Since the function ¢(z) is of order
O(s) on the latter annulus and By(z) is bounded, equation (3.18) yields the matching

relation between the model functions U(z) and M (z),
1
U(z) = (I +0(1))M(z), s—o00, 0<r <|z[<rp< 3

which is crucial for the successful implementation of the nonlinear steepest descent
method as we shall see in the next section. This is the reason for choosing the left

multiplier By(z) in (3.15) in the form (3.16).
For the parametrix at the right endpoint z = +1, we recall the Taylor expansion
9(z) = 9(1) +i(4+ %)(z 1) +0((z—1)?), z—1
and the singular endpoint behavior
S(z)=0(In(z—1)), =z—1 (3.19)

Both observations suggest to use the confluent hypergeometric function U(a, b; ) for
our construction. We will justify this idea as follows. Recall that the listed confluent

hypergeometric function is defined as unique solution to Kummer’s equation

2w” 4+ (b— 2)w —aw =0
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satisfying the asymptotic condition as ¢ — oo and —3F < arg ( < & (see [5])

(I1+a—-0b) ala+1)(14+a—0b)(2+a—Db) 3
=y - +0(c),

Also, using the notation U(a, () = U(a, 1; (), the following monodromy relation holds

U(@J);C):C“(l—a

on the entire universal covering of the punctured plane

Ul —a,e™¢) =™ U(l —a,e "¢) — eimmU(a, C)e™* (3.20)

and moreover we have an expansion at the origin (compare to (3.19))

Ula,() =co+c1In¢+ 2 +c3¢In¢+0(¢*In¢), ¢ —0 (3.21)

with coefficients ¢; given as

COI—L(Q/J(G)—FQ’YE)’ 1= — (w(a+1)+2’YE_2)’ G ==

['(a) [(a)

where g is Euler’s constant and we introduced the Digamma function ¢(z) = OR

Cy = —

I'(a)’

Keeping the latter properties in mind, we introduce on the punctured plane (cf. [38])

P (g) U(V7 €i%<)627riVe*i% —U(l — v, e*igé‘)ewiyei% F%l(;)y)
CH = o . ) g ‘
U Qe Ui

with v given in (3.8). Let us collect the following asymptotic expansions. First in the

sector —% < arg( < 3

; 2 _F(l(—)V) miv
Peu(Q) = |1+ = H
r(+v) —miv .2
¢ T(—) v
V2 rd-v) miv
e R v CRl O Lo | ¢
2 I'(14+v —Tiv V2
¢ —ﬁ(l—f-y)% —Z(1-v)?
i3y
etz [0 0
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For another sector, say & < arg ¢ < 2%, we use (3.20) in the first column of (3.22)
and obtain instead
. 2 P(1—v) miv
2 14 T (&
Peu(Q) = |1+ = (
F(+v) —miv 2
¢ T(—) € v
V2 r(l-v) 2 miv
1 —Z (14 v)? — 1—v)%e
+? F(1+z/)2 ( )2 ; F(V)z ( )2 + O(C_3>
— Ty (L+v)e™ -%(1-v)
- 37
‘ ‘ oV 1
><Cﬂ"”eﬂ%‘”eﬂ%(%7”)"3 . ! . , ¢ = 00,
0 e*i%V __ 2me'm™
r(1—-v)I'(v)

™

as well as for —%’T < arg ( < —Z with a similar argument in the second column of

4
(3.22)
. 2 r(l—v) nmiv
i v ———e
Peu(() = |[1+= )
C II:((l_-FVV)) e~ T — 2
_2 2 _TPA-v) g N2 miv
+i ~(1+v) o) (1 —-v)e Lo(c)
2 _FF((lj-VV))(l + V)2€—m‘u _%(1 _ I/)2
igll/ 271_673772'1/

chuagefigagefig(%fu)ag € 2 0 1 T'(1—v)I'(v) , g‘ — 00,

0 e 2 0 1

Also of interest for future purposes is the following identity

2 ,
—2miv 27 __2me” '™V
€ + (F(l—u)F(V)) (1))

3miv

Pen(¢) = Pen(e™™() (3.23)

2miv

2me e

T TO-)I()

Let us now assemble the model function

10 _sm,, i
PCH(C)<ﬂ 1><e >0 ), arg ¢ € (3,7),

T'(1—v)IT'(v) 0 ez

(

e 3miv _3m;,
ng(C) = PCH(C) <(1) *—1?(1711/)1“(1/) ) <e 22 G%Oiy ), arg Q € (—7T, —%), (3.24)

3,

| Pen© (<5 0,), arg € (3, 3).

which solves the RHP depicted in Figure 3.6

In more detail, P (() possesses the following analytic properties
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(s 1)
ore— TV
I'(1—v)T'(v) 1

(1—y)~

0 1
Figure 3.6. The model RHP near z = +1 which can be solved explic-
itly using confluent hypergeometric functions
o PHH () is analytic for ¢ € C\{arg ( = —7,—%, %}

e The following jumps are valid, the jump contours being oriented as shown in

Figure 3.6

(PHH(Q), = (PEFQ) (1=, arg(=—m

1 0 T
(BER©), = @mo) |, . ). amc=T
T1-v)I'(v)
RH RH 1 F(zﬁ;)i;:l/) ™
(POH (C))Jr = (PCH (C)), 0 ) , arg (= 3
and in virtue of the classical identity
T
Ml—-v)l'(v) = pr—

the entries of the latter triangular matrices equal

—imv

2me . -1
O
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e As( — oo, the model function PEH (¢) shows the following asymptotic behavior,

which is valid in a full neighborhood of infinity

RH _ Z v
PCH(O - I+ T(1+v) e —?
T'(-v)
L2 9 I(1—v) 2 miv
L e L LA B
G\ e ()

_ _is Tl
XC V036713930 i3 (3 V)U3’ g—)OO

In order to construct the relevant parametrix near z = +1, define the locally conformal

change of variables
((2) = =2is*(V(z) —9(1)) = (8 +225) (: = 1)(1+ O(z — 1)), |z —1] <r. (3.25)
The parametrix is now given by
V(z) = Br(z)eig(%_”)036_5319(1)03ng (C(z))e(%g(z)ﬁsﬂ(”)”, |z =1 <r (3.26)

with ((2) as in (3.25) and the matrix-valued function B, (z) equals

z+1
z—1

B,(z) = (g(z) >W3 , By(1) = (165° + 4zs)""". (3.27)

Also here, following from analyticity of B, (z), parametrix jumps match original jumps
in the S-RHP. Moreover the parametrix V' (z) has jumps along the curves depicted in
Figure 3.7, and we can always locally match the latter curves with the jump curves
in the S-RHP. Furthermore, and we shall elaborate this in full detail very soon, the

singular endpoint behavior of the parametrix V' (z) matches (3.19), i.e.
V(z)=0(In(z—1)), z— +1. (3.28)

Hence the ratio of S(z) with V(2) is locally analytic, i.e.

S(z) = No(2)V (2), p—u<%
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—$39(2)o 1 0 _s39(2)o
€ 19()3<iv(1—7)*11)e J)es

(L—my)7e

6—8319(Z)0'3 (é iA,/(l—lfy)*1 )65319(2)03

Figure 3.7. Transformation of parametrix jumps to original jumps

In the end the role of the multiplier B,(z) follows again from the following asymp-

totical matching relation

. 1/2 _I'(1-v) em'z/
V(z) = Bi(2)eizG o000 |14 2 e
C I'(1+v) e—wiu 12
r(—u)
V2 2 —v) 2 miv
i __(].+7/) ) ( ) _I_O(g,g) §,V03
2 | _I+y) —Tiv v
T(=v) (1 + V) _7( )
o5 (403 ,s*0(1)os (3.29)
|l % —itgre M BH:)
C\-irEg ) 2
v I(1—v —2s3
1 —5(1+v) —itrgy (L= I0B()
C \ER w205 2() —5 (v
+0(¢—3)] M (2) (3.30)

as s — oo valid on the annulus 0 < r, < |z — 1| < ry < 3 (hence |¢| — co0) where we

6 = (s )

z—1

use the notation

If we are dealing with the case v < 1, then

ﬂ#@%

This would mean that equation (3.30) yields the matching relation between the model
functions V' (z) and M(z),

=0 (s7%FR) = 0(1), s — oc.

V(z)= (I +0(1))M(z), s—o00, 0<r <|z—1]<r< % (3.31)
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which is again crucial for the successful implementation of the nonlinear steepest

descent method. However, if v > 1, then

DO | =

EVQ—I—

DO | =

1
= —In(y-1

and hence

z+1
z—1

2 l:hz
BT(Z)C fr(2)

With this notation, we have to replace (3.31) in case v > 1 by

V(z) = E(2)(I+0(1))M(z), s—o00, 0<r <|z—1] << % (3.32)

1 1—‘(1—_”)6_25319(1)/82 z il
E.(z) = re) A : (3.33)
0 1
The appearance of the nontrivial matrix term FE,.(z) instead of the unit matrix in
estimate (3.32) yields a very serious change in the further asymptotic analysis com-

paring with the matching case (3.31). We will proceed with this analysis in section

3.4.

For now, we introduce the model RHP near the other endpoint z = —1. Opposed

o0 (3.22) consider

Pon(c) Une 0t U me ety
CH =
U= meEQeme it Ul e iQetmiets
xei%(%"’)"?’ = 0aPen(e”™()op, 0 <arg ¢ < 2m
and
( i T
—3imv e'2” 0 2_71’
POH <F2(T{8 jl“(u) ) ( 0 eiiSTWV)’ are C < (0’ 3 )’
PEI(Q) =1 Pen(Q)(} —rmmr ) (7 8. ) msce(fom,  (33)
eziu 2 4w
\PCH ( (j Tﬂ) argce(?7?)’

The model function ﬁgg (¢) solves the RHP of Figure 3.8
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27(67171'1/
TTA-v)T(v) 1

(L=my)7

27rei7’v7”’
(1 TTA-v)T(v) >
0 1

Figure 3.8. The model RHP near z = —1 which can be solved explic-
itly using confluent hypergeometric functions

o PH(() is analytic for ¢ € C\{arg ¢ =0, =z

e Along the contour in Figure 3.8, the following jumps are valid (recall (3.23) and

the symmetry relation P2 (¢) = o9 Poy(e7()o)

(PEH©Q), = (PEHQ) e, arg (=0

P p 1 0 2w

(ng(é)h - (ng(o), ome—iny , arg ( = 5
- TA-»I()

pRH DRH 1 _% 4T

(P (C))+ = (Per(Q)_ 0 ) , arg (= =

e From symmetry PEH(¢) = o3Pop(e ™ ()oy and the asymptotic information
derived earlier for Poy((¢) in the different sectors, we deduce the following be-
havior, valid in a full neighborhood of infinity

. 2 T(l+v) —miv
SRH _ i v T(—) ©
PCH (g) - I + C _F(lfl’) eﬂ'ill —1/2

1 _%(1 o l/)2 F(1+V)(1 + V)2€—7riu

T'(—v) -3
+— , +0(¢?)
¢? F(Fl(;;’) (1 —v)2e™ —%(1 +v)?

(i) e, ¢ o

The next steps are very similar to the construction of V(z). First define

((2) = =2is* (9(2) = (1)) = (85°+205) (= + D) (14+0(:+ 1)), |21 <7 (335)
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and secondly the parametrix W (z) near the left endpoint z = —1 via
Wi(z) = Bl(z)e—i%(%—””’36—53’9(—1)“3?55 (C(z))e(%g(z)“gﬁ(_l))ai”, |z 4+ 1] <r. (3.36)

with {(z) as in (3.35) and

z—1
z+1

Bi(z) = (e”g(z) )_WS . By(—1) = (16s® +4as) 7.

Also here parametrix jumps match with original jumps locally on the original jump
contour, see Figure 3.9,
—S zZ)0:; 1 0 53 Z)0:
eV ( (i)t 1)e J)es

(1=

e—s9(2)os ( (1) —iy(1—y)* )63379(,2)03

1

Figure 3.9. Transformation of parametrix jumps to original jumps

and with the singular endpoint behavior (see section 4.1 for a rigorous derivation)
W(z)=0(n(z+1)), z—-1 (3.37)
we have a locally analytic ratio of S(z) and W (z)
S(z) = N(2)W(2), |z+1|< %

The role of the left multiplier follows once more from the asymptotical matchup

between the model functions

. 2 I(14v) 723319
W) = [I+2 ’ BTN VA )
.T(1-v) 943
—ite e B () —v?
2 I —2s
+i2 —2 (1~ v)? —H (14 )220 32 (2)
. iy $39(— _
¢\ (1 — w0 52 () —2 1+ v)

+0(¢ 3)] M(z), (3.38)
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valid as s — oo on the annulus 0 < 7 < [z + 1| < ry < 5 (thus (| = o0) and we

Alz) = (6_”6 (2) 2= 1)” |

introduced

z+1

Similar to the situation at the right endpoint, estimate (3.38) implies on the annulus
for vy <1
W(z)=(I+0(1)M(z), s— o0,

whereas in case v > 1, we have
W(z) = El(z)(I 4+ o(1))M(z), s— 0 (3.39)

with

( ) 1 O A( ) ( —iﬂC( )z—l) vo
Ei(z) = ., Bilz)=1e z .
I'(l—v $39(—1) A— z— +
—Hee A () 1 et

At this point we can use the model functions M (z),U(z),V (z) and W(z) to employ

our next transformation.

3.3 The ratio problem — iterative solution for v < 1

We put in this transformation

71, |z — 1| <,

1

[ (v(2)
(U(2)
(
(

) ) |Z‘ < Ty,
W(2)"", 241 <r,
-1
(2)

(3.40)

\ Mz) , 2 =1 >, |z 4+ 1] >, 2| > e,

where 0 < ri, 1y < % is fixed. With Cj,.; denoting the clockwise oriented circles shown

in Figure 3.10, the ratio-function R(z) solves the following RHP
e R(2) is analytic for z € C\Xg with g = Cy,, U, v
e For the jumps, along the infinite branches ~;

Ri(2) = R_(2)M(2)Gs(2)(M(2)) ",
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73 72
Y4 st
Co
o) Cr
V5 8
G i

Figure 3.10. The jump graph for the ratio-function R(z)

with G5(z) denoting the corresponding jump matrix from (3.3). On the clock-

wise orientied circles Cy and C), the jumps are described by the equations

Ri(z) = R (2)U(2)(M(2))7", z €y,
R () = R.(2)V(z)(M(2))"", z€C,,
R (z) = R (:)W(z)(M(2))"", z€C..

e R(z) is analytic at z = 1. This observation will follow directly from (3.28)
and (3.37), which shall be proved in section 4.1

e In a neighborhood of infinity, we have R(z) — I.

We emphasize that, by construction, R(z) has no jumps inside of the circles Cj,
and across the line segment in between. In order to apply the Deift-Zhou nonlinear
steepest descent method for the ratio-RHP, all jump matrices have to be close to
the unit matrix, as s — oo, compare [25]. Hence it is now important to recall the
previosuly stated behavior of the jump matrices as s — oo: As mentioned before,

due to the “correct” triangularity of S; combined with the sign-diagram of Rev(z),
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the jump matrices corresponding to the infinite parts Ule v; of the R-jump contour

are in fact exponentially close to the unit matrix

_ 3 .
e—c2s°l2l emanating from Cpy;

~1
IMGs(M) " —I||r2nre < a1 i (3.41)
e~ I2F1  emanating from Ch,

as § — oo with constants ¢; > 0 whose values are not important. Also by virtue of

(3.18), U(2) (]\4(2))71 approaches the unit matrix as s — oo,
-1 -
HU(M) — [”LQQLOO(CO) S CyS 1 (3.42)

with a constant ¢4 > 0. However, as we have already seen, compare (3.32), (3.39),

the jumps on C,; have to be treated more carefully. In case v < 1, estimates (3.30)

and (3.38) yield
V(M) = 1| 2ppeeony < es572, IW(M) ™" = Il poapeeep < cos™® (3.43)

as s — oo. The estimations (3.41), (3.42) and (3.43), which are uniform on any

compact subset of the set (1.19)
{(y,7) €ER*: —0<y<1, —00 <z < 00},

enable us to solve the ratio-RHP for v < 1 iteratively. Indeed the stated ratio-RHP
for the function R(z)

e R(z) is analytic for z € C\Xg
e Along the contour depicted in Figure 3.10

R.(z2) = R_(2)Gr(2), zE€ Xpg.

e As z — o0, we have R(z) =1+ O(z71).

is equivalent to the singular integral equation

dw

w— zZ_

R (z)=1+ QLm R_(w)(Gr(w) —1I) (3.44)

Xr
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and by the previous estimates (3.41), (3.42) and (3.43), we have
|Gr— [”LQDLOO(ZR) < cgs! (3.45)

uniformly on any compact subset of the set (1.15). By standard arguments (see [25]),
we know that for sufficiently large s, the relevant integral operator is contracting and
equation (3.44) can be solved iteratively in L?(Xg). Moreover, its unique solution
satisfies

IR- — I|12zp) <cs™', s — 0. (3.46)
The latter information is all we need to compute the asymptotic expansion for the
Fredholm determinant det(/ — vKpyy) in case v < 1 up to the constant term. Before

we derive the relevant asymptotics let us first discuss the situation v > 1. In this case
—1 —1
HV(M) —[”LQQLoo(CT) e O, HW(M) - [”LQOL‘X’(CZ) -0 (347)

and we need to employ further transformations.

3.4 Undressing and dressing — iterative solution for v > 1

The presence of the multipliers E,(z) and Ej(z) in (3.32) and (3.39) requires
further transformations leading to a singular or solitonic type of Riemann-Hilbert
problem. Following [11,28], we will show how to deal with the singular structure: A
key observation for our first move is that the jump matrices G,(z) = V(2) (M(z))f1
and Gy(z) = W(z)(M (z))_1 admit the following algebraic factorizations

1 F(Flﬂ/) 672330(1)32(2)¢1

Golz) = En(2)Gu(z) = @ e (3.48)
0 1
: 2 _D0-v) —25%9(1) 32(, 2+l _ 9
v e z v
% [_i_z I'(v) 67’( )zfl( ) + (C72> ’
0 2
Gils) = Bi2)Gi(2) : " (3.19)
e = 1(2)Gi(z) = ) )
. F(Fl(;)u) 6253’9(_1)ﬁf2(z) %} 1
. 2
1 1% 0
x|+ = . + 0@—2)]
C %62330(—1)5172(2;)%(21/ . 1) 2
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as s » oo and 0 <7y < [z F 1| < ry < 5. We observe that H@r,l—f|]—>0ass—>oo;

in fact, since |((z)| > ¢s® on C, U C}, we have that
||G7~71 — IHLQOLO"(CTJ) < 078_3, S — OQ.

Hence, the natural idea is to pass from the function R(z) to the function P(z) defined

by the equations
R(2)E.(2), |z—1| <,
P(z) =14 R(2)E(z), |z+1] <m, (3.50)
R(z), [z F 1 >,
1

with 0 < r; < 5 chosen as in (3.40). By definition, the function P(z) solves the

following RHP:
e P(z) is analytic for z € C\ (X U {£1})
o P, (z) = P_(2)Gp(z), where

z), z € Cpy,
Gp(z) = U(z)(M(2)) ", z € Cy,

M(2)Sp(M(2))™, zeyk=1,...,8

e P(z) has first-order pole singularities at z = +1. More precisely let P(z) =
(PW(z), PP (2)) with P?(z) denoting the columns of the corresponding 2 x 2
matrix valued function. We obtain from (3.48), (3.49) and (3.50)

res._ 1 PP(z) = PY(1) (L(Pl(y_) ”)6283’9%3(1)) (3.51)

res,._ P (z) = P®(-1) (%6283“—1)3#(—1)). (3.52)

e As z — oo, we have P(z) — I.

At this point it is important to notice that the latter four properties determine P(z)

uniquely.

Proposition 3.4.1 The stated singular Riemann-Hilbert problem for P(z) has a

unique solution.
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Proof The residue relations (3.51) and (3.52) imply

(

R 1 2
P (z) =L =1 <
0 1 (1 — R
P(z) = p= 7(r ”)6—28319(1)53(1) (3.53)
. 1 0 (v)
PO)(2) ;a1 <,
2p 1
\ z+1

with
(4 52 3 W0 p-2
I(1) =i sta) = —9(-1), B2(1) = (165> + 4zs)™" = B, %(—1)
and where P™)(z) are analytic at z = +1. Hence one establishes det P(z) = 1 via
Liouville theorem using the normalization at infinity und unimodularity of the jump

matrices. From this and representation (3.53), the ratio of any two solutions P (z)

and Ps(z) of the given P-RHP, i.e.

Pi(2)(Po(2))

is an entire function approaching identity at infinity; hence P, = P5, showing unique-

ness. [ |

Next, all jump matrices in the P-RHP approach the identity matrix as s — oo;
however P(z) has singularities at z = 1 whose structure is described by the residue
relations (3.51) and (3.52). This type of Riemann-Hilbert problem is a known one
in the theory of integrable systems. The way to deal with such RHPs is to use a
certain “dressing” procedure which reduces the problem to the one without the pole

singularities. We put

P(z) = (I + B)Q(2) ? i , (3.54)

where B € C**2 is constant and see immediately that Q(z) solves the following RHP:

e (J(z) is analytic for z € C\Xg
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e Q:() = Q_(x)Gql(2), where

20\ . 241 0
Go(z) = z+1 Gri(2) ., z2eCy
0 0 =z-1
and
) i [z+1 0
Golz) = | ** U(z)(M(2)) " . 2€Cy
0 4 0 z-1
as well as
L0 ~ 4 [z+1 0
Golz) = | " M(2) Sk (M(2) ™" . zEm
0 0 =z-1

e Q(z) > 1I,as z — 0

The @-jump matrix G¢(#) is uniformly close to the unit matrix: therefore the Q-RHP
admits direct asymptotic analysis, which can be performed after we have determined

the unknown matrix B. Using the conditions (3.51) and (3.52)

res.-1 PP (z2) = (I+B)Q® (1) = (I+ B)pQ"(1),

res,- 1 PUO(2) = (~1+B)QU(-1) = (-1 + B)(~p)Q?(-1),

B:(@(—l) Nom (T >ag(@<—1> Yoo (™ ) o (3)
P 1

Let us now see for which values of s the latter matrix inverse is well-defined: Since
|G — I p2nree(zp) < cgs s — 00 (3.56)

we can solve the ()-RHP via iteration. Indeed, it is equivalent to the singular integral

equation
dw

w— zZ_

Q-(:) =1+ 5 [ Q-(w)(Gotw) - 1) (3.57)



50

which can be solved iteratively in L*(Xz), its unique solution satisfies
1Q- — || p2my <71 s — 0. (3.58)

Combining the integral representation

Q= _I+—/Q (w) — 1) dw_ gy, (3.59)

w—z
with (3.56) and (3.58), we conclude
Q(XL)=I+0(s7"), s— oc.

Hence the matrix inverse in the right hand side of (3.55) exists for all sufficiently

large s lying outside of the zero set of the function

1—|—p2

which consists of the points {s,} defined by the equation

' —
M—z—l—nw, n=12,...

8 4 1
—s3 + 218, + - In(y — 1)In (165 + 4zs) — arg o) 2

35n
and which will eventually form the zeros of the Fredholm determinant as written in
Theorem 1.22. Henceforth, when dealing with the situation v > 1, we shall always
assume that s stays away from the small neighborhood of the points s,,.

At this point we have gathered enough information to derive the asymptotics of
det (I — vKpr) for v # 1 as stated in Theorem 1.18 and 1.22 up to the constant term.
However we will postpone these derivations until chapter 4, right now we will focus

on the asymptotic resolution of the X-RHP in case v = 1.

3.5 Rescaling and g-function transformation, v =1

We go back to section 2.2, equation (2.12) and recall that on the line segment

[_87 S]
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i.e. we face a permutation jump matrix. This behavior (cf. [22]) motivates the

introduction of the following g-function,

41 1 3

3 2 4s?

This function is analytic outside the segment [—1,1] and as z — oo

g(z) = 0(z) + O(z7), 0(z) = i(%z:s + ‘”Z)

37 T 82
Also,
gi(2) +9.(:) =0, zel-1,1]. (3.61)

We put
A() = X (28)e"99s 4 ¢ @\([_1, 1]u Urk) (3.62)

and, taking into account (3.61), are lead to the following RHP
e A(2) is analytic for z € C\([-1,1] U, Tx)

e The jump properties of T'(z) are given by the equations

Ai(z)=A_(») _ ' . z€e[-1,1]

e In a neighborhood of the endpoints z = +1

[, S Ql,
. 1 —LtInz=t Ss, z ey,
A(2)e=* 9278 = X (zs) 2r A ’ - (3.63)
0 1 SgS4, FAS Qg,
S3548, z € 94,

e As z — oo, we have A(z) =1+ O(z71)

Let us analyse the behavior of the jumps along the infinite branches I'y, as s — oco. To

this end consider the sign-diagram of the function Re g(z), depicted in Figure 3.11,
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Figure 3.11. Sign-diagram for the function Re g(z). Along the solid
lines Re g(z) = 0, the dashed lines resemble arg z = +%, +2F and the
dotted line indicates the branch cut of g(z)

where z is chosen from a compact subset of the real line and s > 0 is sufficiently
large.

Since Re g(z) is negative resp. positive along the rays I'y, '3 resp. 'y, I,
e IR G M9 T 0 (3.64)

uniformly on any compact subset of the set (1.15) and the stated convergence is
exponentially fast. Therefore, similar to our discussion in section 3.1 for v # 1, we
expect, and again this will be justified rigorously, that as s — oo, A(z) converges to
a solution of a model RHP, in which we only have to deal with the constant jump

matrix on the line segment [—1, 1].

3.6 The model RHP and parametrices for v =1

The problem is as follows: Find the piecewise analytic 2 x 2 matrix valued function

D(z) such that

e D(z) is analytic for z € C\[-1, 1]
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e Along [—1, 1] the following jump condition holds

e D(2)=14+0("), z— 0
A solution to this problem can be obtained explicitly via diagonalization (cf. [22])

-1 -1
L) afeest o) o

2\p-p" B+p!

1\ V4
o) = (£57)
1/4

and (£4) Y% is defined on C\[—1,1] with its branch fixed by the condition (¥:) /" —

z—1

—_
|
—_
| —
—_
|
—_

with

1 as z — oo. Following the same strategy as presented in previous sections, we

continue with the construction of parametrices.

For the right endpoint z = +1 use the local expansion

4V2.
=—1i

g(z) = ; (§_|_ 3x)\/zT1<1+O((z—1)1/2)), z—=1, —m<arg(z—1) <7

2 " 4s?
and the singular endpoint behavior (2.13)
A(z) =0(In(z — 1)), z—1.

Both observations suggest (cf. [22]) to use the Bessel functions Ho(l)(g) and HO(Q)(C)
for our construction. The latter Hankel functions of first and second kind are unique

independent solutions to Bessel’s equation
2w +w' +w=0
satisfying the following asymptotic conditions as ( — oo and —7 < arg ¢ < 7 (see [5])
2 1 9 751
288 = (1 - —— o(¢™
0 (O = /7 8¢ 128¢% 102408 T ()

ey = J2eieP(ry L9 T 1
B Q) = e (Hsg s~ Tome T O )
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Secondly Ho(l)(C ), HO(Q)(Q ) satisfy monodromy relations, valid on the entire universal

covering of the punctured plane

HSY (¢e™) = —HP(Q), HY (¢e™) = HS(C) + 2HP(Q), HY (¢e™) = —HSV(C)
(3.66)

and finally the following expansions at the origin are valid (compare to (2.13))
HP(Q) = ap+ a1 n ¢ + ax¢® + as ¢+ O(¢*n¢), (=0 (3.67)

with coefficients a; given as
l
2m

2ivE
s

9 9 )
__Zln2a a’lz_Za GQZL
T T 2T

1 7
L) — =+ 12, a5 =
(1—-"g) 4+27rn’ as

ag = 1 +
where vg is Euler’s constant and the expansion for Hé2)(§ ) is up to the replacement
a; — a; identical to (3.67). The latter properties in mind, define on the punctured

plane ¢ € C\{0}

Pan(c)— it [0 VO 13" (/<)
VE(HP) (Vo) VE(H") (Vo)

- T
—210'3

, —m<arg (<.

(3.68)
From the behavior of H{"(¢) and H{¥(¢) at infinity we deduce

b \FWME A s [1 -4
pE(C) =T 11 +8\/Z 2 1 T 128¢ 4 1

15¢ I 6

MU ol
102463/2 6 —1 ( )

as ( — oo and —m < arg ¢ < . We now assemble the following model function

p

1 0
PBE'(C) . ) argCE (%77‘-)7
— 1
e (C) PBE(g) b ) argg € (—W,—%), ( )
01
| Ppe(0), arg ( € (=%, %)
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Figure 3.12. The model RHP near z = 41 which can be solved
explicitly using Hankel functions

which solves the RHP depicted in Figure 3.12.

More precisely, the function PEH () possesses the following analytic properties.

o PEI(() is analytic for ¢ € C\{arg ( = —7,—%, %}

e The following jumps hold

- 1

(ng(o)Jr = (ng(é)), (1 O) ; arg{:%

(PEE(C)), = (PEE(O). (1 ) g ¢ = -
0 1

And for the jump on the line arg ( = 7™ we notice that the monodromy relations
imply
HEP (VG = B (/o) = B (VE ) + 2 (V)
() (VG = e () (VE) 2 () (VE )

and

' (VE,) = H (V™) = —H? (V)
(H") (V&) = () (V).

Therefore

(Poe(0)), = (Poe(0)) 57 (2 1) 5 — (Pa(C)) (2, )
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and hence

(P (Q), = (Psr(Q)_| | mse=T
—i
e In order to determine the behavior of PEH () at infinity we make the following

observations. First let arg ¢ € (§,7) and consider

[0 [ 10

—i 1 —ie?VC 1
Observe that Re(z'\/f) < 0, hence the given product approaches the identity

exponentially fast as ¢ — oo. Secondly for arg ¢ € (—m, —%)

. . 721'\/3
Vo 1 2 JivEos _ 1 e
01 0 1
and in this situation Re( — 2\/6) < 0, so again the product approaches the

identity exponentially fast as ( — co. Both cases together with the previously

stated asymptotics for Ppg(¢) imply therefore

9 (11 i [—-1 =2
PRH _ \/i —o3/4,07 I+ — 3.70
FEQ) = ¢ N N v d B (370)

3 [1 -4 154 1 6
o8¢ 41 METIGE 6 1

4 O(€_2) e—i\/fag’
as ( — oo in a whole neighborhood of infinity.

The model function PFH(¢) will now be used to construct the parametrix to the
solution of the original A-RHP in a neighborhood of z = +1. We proceed in two
steps. First define

((2) = —5%*(2), |z—1l<r, —T<arg(<m (3.71)
or respectively

((2) = —is’g(z) = 4—83 22 — 1(z2+l+ 3_x)
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This change of variables is indeed locally conformal, since

B 3256
9

C(2) (§+3_x> (z-1)(14+0(z-1)), |z—1]<r

2 4s?
and it enables us to define the right parametrix I(z) near z = +1 by the formula:

03

I(z) = C’T(z)g\/ge_i%ng (Q(z))essg(z)‘m, |z =1 <r (3.72)

with ((z) as in (3.71) and the matrix multiplier

03/2
11 2417/ 11 8s% /3 3z
@ 1 -1 (C(z)z—l) &) 1 -1/ \ 3 <2+432)

) (3.73)

By construction, in particular since C,(z) is analytic in a neighborhood of z = +1,
the parametrix /(z) has jumps along the curves depicted in Figure 3.13, and we can
always locally match the latter curves with the jump curves of the original RHP. Also
these jumps are described by the same Stokes matrices as in the original A-RHP.
Furthermore, and we will elaborate this in full detail very soon, the singular behavior

of I(z) at the endpoint z = +1 matches the singular behavior of A(z):
I(z)=0(In(z - 1)), |z —1] < (3.74)
Hence the ratio of A(z) with I(2) is locally analytic, i.e.

A(z) = Na(2)I(2), |z—1] <7< % (3.75)

Let us once more explain the role of the left multiplier C,(2) in the definition

(3.72). Observe that
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e=5°9(2)03 G, 5% 9(2)0

67839(2‘)0’3 56 6539(2)03

Figure 3.13. Transformation of parametrix jumps to original jumps

This relation together with the asymptotic equation (3.70) implies that,

e 1 1 s 1 1 [[ i (=1 =2 3 (1 -4
z) = 2)% = +—= + =
1 —1 2\1 -1 8VC\ 2 1 128¢ \ 4 1
15i 1 6 1 1 1 1
— 0| o8 D
i | ot )}2 A EC R

; B2 —3872 —(B2+3872) i 1 -4
Vg +3572 —(2—3p7)) 1280 \—1 1
15 (—(5* =787 557+ 757
2048CY2 \ — (507 +7572) 5% — 7572

= |I+

4 +0(¢?)| D) (3.76)

ass »ooand 0 <r; < |z—1] <71y <1 (so |(] = 00). Since the function ((z) is
of order O(s°) on the latter annulus and $(z) is bounded, equation (3.76) yields the

desired matching relation between the model functions /(z) and D(z),
I(z) = (I+0(1))D(z), s—o00, 0<r <l|lz—-1]<ry <1,

which in turn explains the choice of the left multiplier C,(z) in (3.72) in the form
(3.73). We continue with the model problem near the other endpoint z = —1.

Consider on the punctured plane ¢ € C\{0}

V() (V) —vE () (750

.y @ e 0<arg ¢ <2m
—e'2Hy ' (e72/Q) Hy” (e72/C)

Pyi(¢) =
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which satisfies
~ 2 -1 -1 1 -1 2 3 -1 -4
Prs(¢) = \ﬁw [1+— L3
0 —i i 8vC\—2 1) 128C\_4 —1

15 -1 6

+—- + O(CQ)} eVios
1024032 \ _g 4

as ( — oo and 0 < arg ¢ < 27. Next, instead of (3.69), define

e

- 1 0
PBE(g) . 1 ) arg g S (07 %)’
—1
PpRE ) : 3.77
oi ) Boe) [ ], argce(imom, 77
01
| Pss(0), arg ¢ € (%, 7).

which solves the model RHP of Figure 3.14. More precisely, the function P22 (¢) has

the following analytic properties

Sz =(11)
Si=(51)
Figure 3.14. The model RHP near z = —1 which can be solved

explicitly using Hankel functions

e PEH(() is analytic for ¢ € C\{arg ¢ = b Iz 2w}
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e We have the following jumps on the contour depicted in Figure 3.14

3 ~ 1 0 5
(PgEH(C>)+ - (ng@)), - , arg ¢ = g
1
(ng(o)Jr - (ng(é))_ 0 i , arg ( = g

and on the line segment arg ( = 27

Y (e750/C,) = HY)

(HD) (e73/C,) = ™ (H) (e73/C ) + 2¢™ (H®M) (e75 /)

as well as
HP (VG = HE () = - (V)
(H") (e733/C,) = (H") (75 )
hence

(ﬁgg(f))Jr:(ﬁgg(C)), _ O' , arg ¢ = 2m7.

—1

e A similar argument as given in the construction of P (¢) implies

- 9 —1 -1 1 (-1 2 3 [-1 —4
PEE(C) = \/igffa/‘l {I + — + =<
o Q i i 8vC\—2 1) 128C\_4 —1
15 -1 6
- 0(¢7?) |eVes 3.78
Toaer | g )T (¢ )] ¢ (3.78)
as ( — oo, valid in a full neighborhood of infinity.

Again we use the model function ﬁgg (¢) in the construction of the parametrix to the

solution of the original A-RHP near z = —1. Instead of (3.71)

((z) =s%*(2), |z+1]<r O<arg(<2n (3.79)
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or equivalently

((z) = =s°g(2) = ‘%ng@? I 3—9”)

This change of the independent variable is locally conformal

3250 (3 3z’
((z) = T(§+@> (z+1)(1+0(z+1)), [z+1<r
and allows us to define the left parametrix J(z) near z = —1 by the formula:
1[(-10 ~
J(z) = Ci(2); . \/gpgg (C(2))e™ @, Jz+1l<r  (3.80)
i

with the matrix multiplier

_ —03/2
1 1 2 — 1)\ o/ 1 1 8is3 (3 3w
e 1 -1 (C(Z)z+1> A= 1 -1 ( 3 (2+432)

(3.81)

Similar to the previous situation, J(z) has jumps on the contour depicted in Figure
3.15 which are described by the same Stokes matrices as in the original A-RHP.

67839(2)0'3 536539(2')0'3

0 —i
( —1 Ol)
efsag(z)agszlessg(z)ag

Figure 3.15. Transformation of parametrix jumps to original jumps

Also here, as we shall see in detail in the section 4.4, the singular behavior at
z = —1 matches:

J(z) =0(In(z+ 1)), [z+1] <7 (3.82)

Hence the ratio of parametrix J(z) with A(z) is locally analytic

A(z) = Ni(2)J(2), |24+ 1] <7< %
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and the left multiplier (3.81) in (3.80) provides us with the following asymptotic
matchup between J(z) and D(z):

N SR FC Y O VA g B
z) = z)7° = S -
1 -1 2\1 41 8vVC\—2 1) 128¢C\_4 1
15 -1 6 11 o
Tomcr | ) TOU 2)}5 Y L Y R
1 p? — 34 B4 347 3 (-1 —4
= I+ — 4+ —
Ve —(a2 4387 (872 —38%)) 1250 {4 -1
15 5672 — 1532 5672 + 1532

oo -2
+2O48C3/2 (5524 T (5 — 1) +0(¢C?)|D(2)  (3.83)

as s > ooand 0 <71 < |2+ 1] < ry <1, thus
J(z) = (I—I—o(l))D(z), s—o00, 0<r <|z41]<ry<1.

At this point we can use the model functions D(z), F'(z) and H(z) to employ the final

transformation.

3.7 The ratio problem — iterative solution for v =1

In this final transformation we put

(I(z))_l, |z —1] <,

K(z)=A()S (J(2))7 |=+1] <, (3.84)
(D), leF1>r

where 0 < r < i remains fixed. With C, and C; denoting the clockwise oriented

circles shown in Figure 3.16, the ratio-function K (z) solves the following RHP
e K(z) is anlytic for z € (C\{Cr uCc Uy, ”yk}

e Along the infinite branches 7,
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3 T

Cy C,

V4 Ve

Figure 3.16. The jump graph for the ratio-function K(z)

and on the clockwise oriented circles C,

-1

Ki(z) = K_(2)I(2)(D(2)) , 2€C,

-1

Ki(z) = K_(2)J(2)(D(2)) , z€C,

e K(z) is analytic at z = £1. This observation follows from (3.74) and (3.82),
which will be proved in section 4.4.

e In a neigborhood of infinity, we have K(z) — I

Due to the triangularity of all Stokes matrices S, the jump matrices corresponding
to the infinite parts | J, 7% of the K-jump contour are exponentially close to the unit

matrix

| Me=0075 563907 (M) ™ — 1| pppeegy) < cre” 7 (3.85)

emanating from C,; as s = oo with constants ¢; > 0 whose values are not important.

Moreover, by virtue of (3.76), I(z) (D(z))_1 approaches the unit matrix as s — 0o
-1 _
I1(D)" = I|lr2nre(c,) < czs® (3.86)
and from (3.83), also J(z) (D(z))_1

||J(D)71 — I||p2nre(cy) < cas™®, s — o0. (3.87)
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All together, with Gk denoting the jump matrix in the latter ratio-RHP and ¥ the
underlying contour

|Gr — || 120 (sy) < €87°, s — 00 (3.88)

uniformly on any compact subset of the set (1.15). The latter estimation enables us

to solve the ratio-RHP iteratively, its unique solution satisfies

K_ — 1|2 <cs3, s — o0. 3.89
EK)
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4. ASYMPTOTICS OF Indet (I —yKpyr) UP TO CONSTANT TERMS

Using the Deift-Zhou nonlinear steepest descent method, we were able to solve the
master RHP asymptotically for all values of 4. Using the latter information, we will
now derive the asymptotic expansions given in Theorem 1.2.1 and 1.2.2 up to the
contant terms and in addition prove the large zero distribution of det (I — yKpy)
as stated in Theorem 1.2.3. Our proofs rely on the logarithmic derivative identities

obtained in Proposition 2.3.1 and 2.3.2.

4.1 The situation v # 1 — preliminary steps

Let us recall the common part of the series of transformations, which has been

used in the asymptotical solution of the original Y-RHP in case v # 1
Y(A) = X(\) = X(\) = T(2) — S(z) = R(2).

In order to determine Indet (I —yKpy) via Proposition 2.3.1, we need to connect
X(=s) and X’(+£s) to the values of R(%1) and R'(41) of the ratio-function. This
can be done as follows: From (3.40) and (3.4) for |z — 1| <r

1y, =83 5 I —gtnZg) o
R(2)V(2) L7 (2)e™*""#7 = X(z5) T S(z2), (4.1)
0 1
and for [z 4+ 1| <r
-1 _$39 - ]. _% 1n % ~
R(2)W (2) L™ (2)e™* 033 = X (z5) S(z). (4.2)
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This shows that the required values of X (#s) and X'(#s) can be determined via
comparison in (4.1) and (4.2), once we know the local expansions of V(z), respectively

W(z) at z = £1. Our starting point is (3.21)

di(C,v)e*™ —dy(C, 1 — v)emivEi=y)

Pou(€) = ‘ r)
_dl(ga 1+ V)eﬂw% d2(€7 _V)
TiY miv I(1—v
+¢ B v)e ~h(G 1= O(¢*In ¢>]
—d3(¢, 1+ v)em it di(¢,—v)
xe 5G4 (4.3)
with

di(¢,v) = co(v) + cl(z/)<lnC + z%), da(C,v) = co(v) + cl(u)<lng — z%)

and

As(G,v) = —3a (G, ) +z‘(62<v> +ealv) (Ing + %))

as well as

4G = L) - z'(c2<u> +es(v) (¢ - g))

Now trace back the changes of variables
(=((z) = =2is’(¥(z) = 9(1)), |z—1]<r, A=zs
and deduce from (4.3) and (3.24)

PEC(3) = [Amo-s)+ 0= 9n(nn - )

_;8m
e 2% 0

+O((A = s)’In(A — s)) , A—s,

valid in the sector —% < arg (A —s) < . Here the matrix functions Pi()) = (Pfj(/\))
and Py(\) = (P;j (A)) can be determined from (4.3) and for the remaining sectors

—7m < arg (A—s) < —% and 3 < arg (A —s) < m we can derive similar expansions,
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they differ from the latter only by multiplication with a triangular matrix, see (3.24).
Combining now (3.26) with the latter expansion, the left hand side of (4.1) satisfies

R(2)V ()L} (2)e *"@%| = R(2)B,(2)e'3G—7e="0Wos pHH (¢ ()

2
s

z= A
5 S

z=
_ ;31
e'2” 0

= R(1)B,(1)e'3G 7= py (In(\ — s)) -
O eZEV

R(1)B,(1)e'z G730 py (In(\ — 5)) + E(R’(l)Br(l)
S

+(A —s)

T

FR(1)B)(1)) e E G707 Py (In() — s>>]
+O((A=s)’In(A—s)), A —s, —g <arg(A—s) <

On the other hand, the right hand side in (4.1) can be expanded in the latter sector

as well:

o 1 —%ln i;z 10 . X11(8> Xlg(S)
0 1 1 1 Xgl(S) XQQ(S)
X1 (s) X1 (s 1—9pd=s —XLpl=s
+()\ N S) vll( ) V12( ) + O(()\ N S)2> 2m A-s 2r Ats
X51(s) Xaa(s) i 1

Xuls) = _?eigu <<3(1)Br(1)>n€::;1) +z‘<R(1)BT(1)>12;8(3j(:))>
2 .x e W

Kls) = _7€i2u<<3(1)3r(1))21 ) +i<R(1)BT(1)>22;8(3j(;>)>.

Although we currently derived the last two identities from a comparison in the sector
—% <arg (A —s) < 3, the same identities follow from a comparison in the other two

sectors as well. There one uses the correct triangular matrices in (3.24) on the left
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hand side as well as a careful trace back of the contour deformations, and on the right

hand side the corresponding matrices from (2.13). Also by comparison

X! (s) = %e_ ((R(l)BT(1)>H( — 2is*0/(1)) (% - iz/) e:;j;l)
+<R(1)Br(1)>12( — 2is%0'(1)) (% + ,,) E(j(:))

) ) e—s°9(1) ) ) jes" ()
~(rRO)B() + R <1>Br<1>)nm — (RBI() + R <1>BT<1>)12F(_V)>

and

Xy (s) = 2 isv <<R(1)BT(1))21( — 2is*'(1)) (% - iV) e_;;z()l)

H(rB.m) (20 ) (§40) 20
/ | i ! / ies ()
~(ROB + ROBW), T - (ROBW + ROBWD) T )

In order to obtain the corresponding identities for X (—s) and X'(—s) we would use
the same strategy as sketched above with the only difference that we have to work

now with (4.2) rather than (4.1). We choose to skip the details and simply state the

results: First

. T ox e—s20(-1) e5°9(=1)
Xn(—s) = %ew((R(_1)Bl(—1))nm+¢<R(—1)BZ(—1))1Z ) )
. T ox e—s20(-1) e5°9(=1)
X21(_8) B 27€Z§V <<R(_1)Bl(_1)>2lm+Z<R(_1)Bl(_1)>22 F(V) >’
followed by
. Ti x i e~ (=)
X! (~s) = —%615”<<R(—1)Bl(—1))11(—22'3319'(—1)) (§+¢y)m
s 1 63319(71)
+<R(—1)Bl(—1))12( — 2is%9'(—1)) (5 - y) )
6—5319(—1)
—(R(=1)Bj(-1) + R’(—l)Bz(—l))nm




69

and moreover

X} (=s) = _%ei§"<<R(—1)Bl(—1)>21( — 2is*Y'(—1)) (% +w> e;:j(y;)
+(R(—1)Bl(—1)>22( — 2is*0/(~1)) (% - y) eii;l)
—(R(=1)B/(-1) + R’(—l)Bz(—l))m%
~(REDBi(-1) + R’(—l)&(—l))f%l))-

We finish the currect section by evaluating the resolvent kernel R(\, ) at A = u = +s.

Recall (2.17)
Fi(s) = iy | L X1 (£s),  Fa(£s) = iy |- Xoi (£5)
2 ’ 2

Fl(ds) = iy | L X0, (ds),  Fj(ks) = iy | L X, (&)
2 2

R(s,s) = Fi(s)Fa(s) — F5(s)Fi(s).

and (2.18)

The last two identities combined with the formulae for Xj;(s) and X ix(8), we obtain

2m .
R(s,s) = 1 gimv

= (RH(1)RQQ(1) _ 312(1)321(1)) (- 2is*'(1)

P)l(=v)

+(Ri(D)Raa(1) = Ria(1) R (1)) (”if((f)))r(u)?(—v)

Rl (1) Ras(1 R'22<1>Rn<1>+R'12<1>Rm<1>—R’m“)Rm(”)m

3
e 2s 9(1)

+( R (DR (1 R/21(1)Rll(1)>(1633+4~"33)2V T2(v)

625 9(1)
— <R’12(1)R22(1) — R/22(1)R12(1)> (1683 + 4?[78)_2VF2(_V)] .

In order to simplify this identity, we use

Proposition 4.1.1 R(z) is unimodular for any x,v € R, i.e. det R(z) = 1.
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Proof It is easy to verify that det PRH (¢) = 1 as well as det PEH(¢) = det PEH(() =
1. Therefore one establishes from (3.15),(3.26) and (3.36)

detU(z) =detV(z) =det W(z) =

Moreover the model function M (z) is unimodular, hence the ratio function R(z) has
a unimodular jump matrix Gg(z). But this shows that det R(z) is in fact an entire

function, normalized at infinity, so by Liouville theorem

det R(Z) = RH(Z)RQQ(Z) — ng(z)Rgl(Z) = 1, A C.

]
In light of the last proposition
R(s, s) = 2_7T€m, 8s® + 2xs N w 12+ 5 n i
s Fw)'(-v) T'WI'(-v)4+5 T@I(-v)
X (R (1) Roa(1) = Rap(1)Rir (1) + Rig(1) Rt (1) = By, (1) Rio(1))
) ) —2539(1)
—f-(R 11 R21 Rél(l)R11(1)> (168 + 41'8) V?(I/)
5 ) e2s 9(1)
/ —2V
<R (1) Ras(1 322(1)312(1)) (165° + 40s) ™ (5 — (4.4)

and we notice that the current derivation did not distinguish between the cases v <
1 and v > 1, hence the latter identity holds as long as v # 1. Similarly, using

Proposition 4.1.1 once more, we also have

2m
R(—s,—s) = P
% (R (=) Raa (1) = Rop(= ) Rus(=1) + Rig(=1)Rar(=1) = Ry (~1) Raz(—1))
—2539(—1)
+(Riy (=D Rar(=1) = Ry (—1)Ras(~1) ) (165 + o)

8s% + 2xs N iv 12+8%+ i
Frw)'(-v) TWr(-v)4+35 T@I(-v)

(4.5)

e2s%0(=1)
~(Ria(-1)Rn(=1) — Ryp(~1) Rrof~1)) (165" + 4‘7”5)%?@] |

We will now derive (1.18) up to the constant term.
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4.2 Proof of Theorem 1.2.2 up to constant terms

Using estimations (3.45) and (3.46) in (3.44), we see that as s — oo
R(£1)=1+0(s"), R(£l)=0(s")
uniformly on any compact subset of the set (1.19). Also in case 7 < 1, the functions
(165 + 4xs)i2”e¢2’9(1)"3

are bounded as s — co. From Proposition 2.3.1 and (4.4), (4.5), we obtain therefore

% Indet (I — vKpn) = —R(s,s) — R(—s,—s)
4 .| 8s%+ 2xs iv 12+ 5 9
T TN TN 4 & +o6T)
- 2 6(iv)? -2
= v (16s* + 4z) + . +0(s7?), s—o00 (4.6)

uniformly on any compact subset of the set (1.19). Integrating with respect to s, we
obtain the leading terms in (1.18) up to a term which still might depend on z and
~. In order to show that this term is in fact z-independent, we use Proposition 4.1.1:

Trace back the transformations
XA) = T(z) = S(z) = R(2)
and obtain with (3.7) and (3.44)

A—00

X, = lim ()\()(()\)ei(%)‘%ﬁ”)‘)‘73 — I)) = 2svo3 + ;—Z/R(w)(GR(w) — I)dw.
YR

From (3.18), (3.43) and (3.46)

1

[ B_(w)(Ga(w) ~ Ndw = 2 [ (Galw) ~ Dduw +0(s?)

2T 2T
YR 0
2miv
1 — ue dw
= — [ By(w) "w)=—— + O(s72
2 ue 2w ) ’ 2¢(w) ( )
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where the last integral can be computed by residue theorem. We obtain

1 [—w wu .
X1 = 2sv0o3 + = —I—O(s ), 5 — 00
2 u

uniformly on any compact subset of the set (1.19). Back to (2.19)

)
5 Indet (I —vKpn) = i(X{' —X7?) —v
X

= 432’1/—}—0(3_1), 5 — 00
which, combined with (4.6), implies
(16 3 - N2 -1
Indet (I — yKpn) = v 35 +4dxs | +6(iv)*Ins + xpn + O(s ), (4.7)

that is Theorem 1.18 up to a v-dependent term xpr.

4.3 Proof of Theorem 1.2.3

In order to verify the large zero distribution of det (I —yKpy) in case v > 1, we
will again use Propositions 2.3.1 and 2.3.2. This time however we need to trace back

the full series of transformations,
Y(A) = X(\) = X(\) = T(2) — S(2) = R(2) — P(z) = Q(2)

and recall (see section 3.4), that in case v > 1, all large values of s stay away from

the small neighborhoods of the points {s,} defined by the equation

'l —
( V):z—i—mr, n=12...

8 1
=8> + 2xs, + - In(y — 1) In (165" + 4zs) — arg Tw) 2

3 n
Still we make use of (4.4) and (4.5), however we now need to connect the required

values of R(£1) and R/(£1) to Q(£1) and Q'(£1). To this end recall (3.50), (3.54)
and the residue relations (3.51),(3.52). This gives

1244
—pu
Pz

N[

(urmewrow) [t 7!
0 0 1

R(1) = (I + B)Q(1)

o
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where (compare (3.53))

p= F(Fl(;) ) 25399 1)5 ( ) e—ia’ vy = 2_m ln(’y _ 1)
with
o=o(s,x,7y) = %8 +2xs + — ! ln(*y —1)In (165 + 4zs) — arg P(IE(;)V) (4.8)
Also
R(1) = (1+B)Q() ( p”“(s’x)) (1+»LY 4 o) (0 p)
0 0 0 1
3 —P’/omrsi2
+(+ B +Q) ( i )
0 0
where we introduced
32w = 1)(124 5)* +80(4 + %)
wls,x) = 12(4 + &)? '
Furthermore
0 0 10
R(-1) = (-1+B)Q(-1) ( 1945 1) + ((—I+B)Q/(_1)+Q(—1)> ( 0)
PV = i+ 5 i T3 p
and

R(-1)= (-1 + BQ(-]) ( o ) (14 p ey

prok(s, ) —i

+Q'(-1)) (1 g) + (=1 +B)Q (1) +Q(-1)) ( 012+2 Ol)-

D —po4+2 3

Next we compute the values of Q(£1) and Q'(£1) via (3.59) as s — oo. Since we are

going to need terms of O(s72), we have to iterate (3.57). First for any 2z € ¥y

/ Q- -1
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where we used that

1 : 2miv
— 0 - ue B z+1 0
H By(z) . By'(2)
0 Z—il ue 2w ) 0 z—1
- —Uu 0 —u 5
= + 4y z+0(2%), z—0
—u W u 0
This leads to
1 (v wu u? gy
Q1) = IF - 5 (4.9)
S\u —iv 5% \iu, —u?
1 w?—v? —2i(uy, +uv
+55 ( ) +O(s_3), s — 00
85% \ 2i(uy + uv) u? — v?
as well as
1 [w wu u?  duy
Q1) = — + 2 (4.10)
25 \ oy —w ST \iu, —u?
1 u? — v? —21(uy + uv
F— ( ) +O(3’3), 5 — 0.
4%\ 2i(uy + wv) u? — v?

At this point we consider the matrix

N:(@A)l,@m r )

P 1
which appears in (3.55). In order to find the large s-asymptotics of B, we first

compute an expansion for the determinant of N. From (4.9)

1 . cos o 211, .
det N = Qp(cosa—l—g(u—'usma)—i— 52 (u2_v2>+?0(uz+u2sma)

+O(33)>, s — 00
and since we agreeded to stay away from the small neighborhoods of the zeros of cos o,

the latter determinant is non-zero and we can asymptotically compute the matrix B:

2ip v v? 2ivy Uy
B = (sina—I——cosa——sina——uQCosa———i—O 3_3>
1 det N S 252 52 252 ( )
2p u 2ivg u? o uy . u _
By, = (1—1——cosa+—uxcosa+———sma——sma—FOs3)
12 det N S 52 252 242 52 ( )

By, = DBia+ 0(3_3)7 By = —DBq1 + 0(8_3)



and with
2p 1 1 1 2uv sin o
= 1+—-(vtano — + —(v?tan?o - ———=
det N cos o [ s ( cos a) s2 ( cos? o
2 2 2 ;
U us — v 2iuU
— — 2ivgu’ tano — 07w ) 4 0(373)
cos? o 2 cos O
we obtain
. 1 fvsinoe —u . ) 1 /2v?sino — u’sino — u,
By = ijtanc+—-| ———sino + + —
S cos3 o cos o 52 2cos?o
2ivy(u?sin o + u,) sin o N (vsino —u)?sine  wvcos o + 2ivyu?
cos3 o costo Cos O
+0 (5_3)]
and similarly
1 1 [vsine —u 1 [v? —wu,sino
B = o )+ S T
coso s cos? o s 2coso

2y (uPsino 4 uy) N (vsing — u)?

5 —u?coso + 2ivguy | + 0(3_3).
cos? o cos3 o
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At this point we have gathered enough information to go back to (4.4) and (4.5).

Since v = vy + %, notice that
R(s,8) = —ivy(8s* +2z) —i(4s® + )
+ip (165 + 4z) (R} (1) Ra1(1) — Ry (1) Ry1 (1)) + O(s™)
and similarly
R(—s,—s) = —ip(8s®+2x) —i(4s* + 1)

—ip (165° + 4z) (R}5(1)Ra2(1) — Ryy(1)Ri2(1)) + O(s7).

Next,
Ra() = —5((7+ BRW),, + 5 (T + BIQM) + M),
Rall) = S((7+B)Q),,
Ry(l) = —1((T+ BRW),, + 5 (T + BIQM) + QM)
Ru() = S(T+B)QM),,
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and we can now combine the previously derived information on Q(1),Q'(1) as well as

B to derive
ip (165> + 4z) (Ry; (1) Ro1(1) — Ry, ()R (1)) = (4s* + 2) (i + tano) + ar + O(s ™)
with a function oy = a4 (s, x,v) such that
/owr(s,x,”y) ds = O(lns), 5 — 00.
Following the same computations for R(—s, —s), we end with
R(—s,—s) = —ivy(8s* + 2z) + (4s* + ) tano + a_ + O(s™")
where oo = a_(s, x,7y) is such that

/a(s,x,”y) ds=0(Ins), s— oo.

By Proposition 2.3.1, we obtain

0
s Indet (I —vKpn) = —R(s,s) — R(—s,—s)
= iy (1632 + 43:) — (832 + 23:) tano(s,x,)

—(ap+a)+0(s7"), s— o0

uniformly on any compact subset of the set (1.21), outside a small neighborhood of

the points {s,} defined by

8 1 I'(1—
o(Sp,x,7y) = 532 + 2xs, + — In(y — 1) In (165} + 4as,,) — arg % - g + n.

as n — o0o. In order to finish the proof of Theorem 1.2.3, we use again Proposition

2.3.2. Tracing back all transformations, one obtains
18
X, = 2svo3+s(B—o3)+ o /Q(w) (Go(w) — I)dw
YR

1 [—w —u .
= 251/03—1—3(3—03)—1—5 +0(s™)

—u W
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and therefore with (2.19) and previously derived expansions

0
pp Indet (I — vKpn) = 4ivys — 2stano + O(S_l), § — 00
z

which proves Theorem 1.2.3.

Remark 4 We want to emphasize that our strategy in fact produced an asymptotic
series for Indet (I — vKpyy) of the form

16
Indet (I —vKpn) = i (383 —|—4xs) + In|coso(s,z,v)]

+eolns+ci(7) +O0(s7), s— o0, (4.11)

uniformly on any compact subset of the set (1.21) and outside a neigbhorhood of the
points {s,}. Here, the universal constant co, can be computed by a direct, although

tedious, refinement of our approach.

4.4 The situation v = 1 — preliminary steps

We will use the same strategy as presented in sections 4.1 and 4.2 only this time

customized to the series of transformations
Y(A) = X(\) = X(\) = A(2) = K(2).

In the current situation v = 1, we need to connect the values of X (£s) and X'(+£s)

to the corresponding ones of K (£1) and K'(+1). With

I, \e
5 . 1 —2i In % .
K(2)I(z)e 997 = X (25) . " 1 - S3Si, A€ Qs (4.12)
S35456, A € 947
valid for |z — 1] < r, and
I Aed,
—s3g(2)o v 1 _% In j_ﬁ A
K(2)J(2)e 997 = X (z5) S Aedy, (4.13)

S5S1, A € Qs,
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which is valid for |z + 1] < r, we can again obtain the required values via comparison
in (4.12) and (4.13), once we know the local expansions of I(z) and J(z) at z = +1.
This time our starting point is (3.67)

ao+ Y In¢ i(ag+ % 1n()
Pgg (¢) = i i

ai ai

az + % In¢ i(az + % In()
26_12+6_13+(_7,31HC 2&2+G3+&31HC

+C +0(¢*In¢), (4.14)

as ¢ = 0 and —% < arg ¢ < %. The latter expansion together with the changes of

variables ¢ = ((z) = —s°*(z) and A = zs implies for —% <arg (A —s) < %
PEE(C(2)) = Ps(In(A = 8)) + (A= s) P (In(A — 8)) + O((A — 5)’In(A — 5)), A= s

with the matrix functions Py = (Py’) and P, = (P}’) being determined from (4.14).
Now we combine the latter expansion with (3.72) and (3.84)

K (2)I(z)e "9

ZA:K&XH@%vggﬂﬁg@@»
= K(l)Cr(l)%\/ge‘ing(ln(A —5)) + (M- s){K(1)0T(1)%\/§e—iZ

xPy(In(A = s)) + (K'(1)C,(1) + K(1)C4(1))%\/§eilpg(1n@ — 3))}

+O((A=s)’In(A—s)), A= s, —% <arg (A —s) <

S
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and similar identities hold for —7 < arg (A —s) < —% and § < arg (A —s) <, they
differ from (4.14) only by right multiplication with a Stokes matrix (see (3.69)). On
the other hand the right hand side in (4.12) implies for —% < arg (A —s) < &

K (2) 1@)@—8 1307 = (X(s) + (A= 5)X'(5) + O(A = 9)%))
y 1 —5In ijrz (XH In(25)X11(s) + X12(s)
0 1 X 2i 28)X21(8) + Xoo(s)
L) {%(8) 57 (In(28) X7, (5) + 5. X11(5)) + Xia(s)
X51(s) QL( ( 5)Xp(s) + X21( ) + Xis(s)
1—EtIn(A—s) — ()\ s)

+O0((A=s)’In(A—35)), A—=s

where we used the same notations for X(\) as in section 4.1, hoping this ambiguity
won'’t lead to any confusion in the following. From a comparison of the left and right

hand side in (4.12)

X'n(s):\/geiZ(K(l)CT(l))H, f(m(s):\/geZ'I(K(1)Cr(1))21, (4.15)

and these identities have been derived in the sector —% < arg (A — s) < ¢. However
by multiplying in the other sectors with the right Stokes matrices from (4.14) as well
as using the appropriate Stokes matrices in (2.13), we can easily show that (4.15)
follows in fact from comparison in a full neighborhood of A = +s. Comparing now

terms of O((A — s) In(A — s)) we also derive

X (s) = _\/geiz [%35 (; + %)2((1((1)@(1))11 F2(KW)C(1),,)

—é (K'(1)C,(1) + K(l)C;(l))H} (4.16)
and
S = 5[5 (3 ) (e, +2ik0em),,)
1

—=(K'(1)C,(1) + K(l)C;(l))m} (4.17)
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This implies the identities
V2 V2 V2 V2T
related to the solution of the K-RHP via (4.15), (4.16) and (4.17). A similar analysis

Fi(s) = Xi1(s), Fa(s) = Xoi(s), Fi(s) = Xiy(s), Fy(s) = X5 (s)

for the left endpoint A\ = —s provides us with

Fi(—s) = %'(K(—1)Cl(—1))12 Fy(-s) = 5(K(—1)(Jl(—1))22 (4.18)
and
Ao = [ (342 ((enae), w20 ne-),)
+§(K(—1)Cl’(—1) + K’(—1)CZ(—1))H] (4.19)
as well as
Ao = 3[04 ) (enac), -2 enec),)
+§(K(—1)C{(—1) + K’(—l)cl(—l))m] (4.20)

R(s,s) = F|(s)Fy(s) — Fy(s)Fi(s)

x (K(1)CT(1))12} + 4% [(K’(l)Cr(l) + K(1)C(1)),,
X (K(1)Cy(1)),, — (K'(1)C(1) + K(1)Cl(1)),, (K(l)Cr(l))H]

as well as
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The following analogue of Proposition 4.1.1 will allow us to simplify the identities for

R(s,s) and R(—s,—s)
Proposition 4.4.1 R(z) is unimodular for any x € R, i.e. det R(z) = 1.

Proof From (3.69) we obtain that det PFH (¢) = %, hence det I(z) = 1. Similarly
det PEH(() = —2 Jeading to det J(z) = 1. Since the model function D(z) is uni-
modular as well, the ratio function K (z) has a unimodular jump matrix G (z). This

shows that det K(z) is entire, and by normalization at infinity therefore

det K(z) = K11(2) Koo (2) — Ko1(2)K12(2) =1, 2z € C.

Applying the latter Proposition, one checks readily
(K()C (1)), (KWCD) , — (K)C, (1)), (KWC1),, = 2
and
(K(-1)C(=1)),, (K(~D)C(~1)), ~ (R-1CU(=1)) (K(~1)C(~1)) , = -2

We combine these two identities with the values of C/(1) and C}(—1) to deduce

R(s,s) = 8%5 (g + j—:z)Q + QZTS2 (g + j—;) [(R,n(l) + Riy(1))
X (Ra1(1) 4+ Raz(1)) — (R (1) + Riy(1)) (Rux(1) + R12(1)>:|
as well as
R(—s,—s) = 8—;5 (g + j—;)2 - QZTSQ (g + %:2) [(R/n(_l) — Rj5(-1))

X (Bar(=1) = Raa(=1)) = (Roy(=1) = Rig(~1)) (Rus(=1) = Rix(~1)) .

At this point we can derive (1.14) up to the constant term.
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4.5 Proof of Theorem 1.2.1 up to constant terms

We first estimate K (£1). From the integral representation and (3.88), (3.89)

1 dw
Py
— 1 L (@) - DT 0 = 14 0(57), s oo
27 wF 1 ’
Cr,l
SO
8° (3 3x\° 2s?(3 3z , ,
Roo) = (5 s ) + 25 (54 %) [Ka - K
+EKiy(1) = K3, (1)] +0(s7)
and

9 \2 4s? 3 \2 4s?
~Kip(=1) + K3, (=1)]| +O(s™), s = oc.

R(s,—s) = 52 (§ + 3i)2 LB (§ + 3i) (K14 (=1) = Kgo(-1)

In order to compute the values K’(£1) one uses (3.76) and (3.83)

K'(£1) = 1 (GK(w) — I) (wcj;ul)Q

—6
5 +0 (3 )
Cry

_ L /7 B2=3572 —(#+367%)\ dw
© 2mi 164/C(w) \ g2+ 352 —(8% —3872) (wF1)?

L/# PR3 BTABE ) _dw
2772'0 161/C(w) \ —(3-2 +38%) —(82 - 34?) (wF1)2
+0(s7%), s—o0

Cr

with the local variables given in (3.71), (3.79):

- Bw) 3 1 3z\ ' 1
vea: T = (v atas) won

B2 w) %(w2+1 3_33) L

V¢(w) 4s 2  4s w+1
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and
CBw) 3, 1 3\ 1
we Gy VC(w) 448 +2 452 w—1’
5_2(10) — ﬁ 2+1+3_:L' 71#
C(w) — 4s° 2 4s2) w41

By residue theorem

] —1 1
K'(+1) (§ + 3_“;) _ ig i
Nk (§ 3_3;)—1 %~ F(§ te)
MR R i) B
3i (3 31:)2 —1 +1 .
+ -+ +0(s7°),
1683 2 482 :Fl 1 ( )
and we obtain
85 (3 3z\* 3 i,
R(s,s):R(—s,—s):? §+4—32 +§—|—O(S ), s— o0. (4.21)

Combining (4.21) with (2.18) we have thus derived the following asymptotics

0 3
55 Indet (I — Kpyp) = —4s° — 4ws® — 2%s — 1 +0(s7?), s— o0 (4.22)
s s

uniformly on any compact subset of the set (1.15). Integrating with respect to s,
we have verified (1.14) up to an s-independent term. In order to determine the z-
dependency of this term we are now going to determine det (I — Kpyy) via Proposition
2.3.2:

83 Indet (I — Kpnr) =i(X]' — X7?) —v
X

where

X; = lim (A(X(N)e Bt ) ),

A—00
We first recall the definition of §(z) and g(z), hence as z — oo
1 ({0 1 53

1S xr
ME)=T+5| | +06), WD — [ (14 5oy + 027,
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which gives

ist x s [0 1 is
Xi=(1+5)os +5 +—/K—(w)(GK(w)—f)dw’
2 82 1 O 27’(’
C’r,l

2
already neglecting exponentially small contributions in the last equality. The integral
can be evaluated in a similar way as we did it during the computation of (4.22), we
end up with

! <K_(w)(GK(w)—I)> dw = i(§—|—3—%>1—1—0(5_6)

om 11 3253\ 2 452
Cr,l

- 5 [ (K@) (Gxtw =) iw
Cry

i.e. together

9 it x 3i (3 3x\ ' .
—lndet(I—KPH) = 228|:_<1+?>+—<_+4—82) :|—U+O(S )

Ox 2 32t \ 2
1
= —34—32x—v—ﬁ—|—0(374), s — 00, (4.23)
s

again uniformly on any compact subset of the set (1.15). Given the asymptotic expan-
sions (4.22) and (4.23) we can now determine the large s-asymptotics of det (I — Kpyp)
via integration

2 o
Indet (I — Kppp) = —556—xs4—x232—21n s—l—/(y—x)u2(y)dy—|—w—|—0(s_l), (4.24)

xT

recalling that u(z) ~ Ai(z) as © — +oo. As we see, (4.24) matches (1.14) up to a

universal constant w.
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5. KERNEL APPROXIMATION: FROM Kpiy TO Kegin

We were able to prove Theorem 1.2.3 on the zero distribution of det (I — yKpy) in case
~v > 1 as well as Theorems 1.2.1 and 1.2.2 up to constant terms. In this section we will
calculate the remaining constant terms. To this end we make use of an approximation
argument which replaces the initial kernel Kpyp(A, ;) in the large positive z-limit
by a cubic generalization of the sine - kernel. The latter is of integrable type and its
asymptotics can be computed via an auxiliary Riemann-Hilbert problem. We prove
the necessary estimates which allow us to compute the constant terms in Theorem
1.2.1 and 1.2.2 through the asymptotical solution of the auxiliary RHP, set up the

auxiliary RHP and derive another set of logarithmic derivatives.

5.1 Large positive z-limit in Kpp(A. 1 x)

Within the asymptotical analysis of the master RHP, the X-RHP in chapter 3,
one of the first steps allowed us to transform jumps on the infinite branches I'j to
exponentially small contributions. This was established for v # 1 via the set of

transformations

X(\) = T(2) = S(z)

and for v =1 via

X(\) = A(2).

Both transformations heavily rely on the underlying sign diagrams: For v # 1, we
pictured Re 9(z) in Figure 3.1, respectively for v = 1, Re ¢g(z) in Figure 3.11. In both
cases it was important that for  chosen from a compact subset of the real line and
s sufficiently large, one always has that the corresponding real parts are negative in

the upper half-plane on the infinite parts I'y, '3 and positive on the infinite contours
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'y, g in the lower half-plane. This fact however also holds in the limit x — 400, on

the other hand it fails for x+ — —o0: Let

.| 3x R /1 3z
zy = *+i 12 v #1 Zy = *+i 5—1—@, vy=1

denote the intersection points of the algebraic curves
Re ¥(z) =0, v#1 Reg(z) =0, v=1

with the coordinate axes Re z =0 = Im z. In case x,s > 0, they are (independently
of the distinction in «y) purely imaginary, hence the statement on the sign of Re 9(z)
respectively Re g(z) on I'; follows. This implies the following important Proposition,
where an analogue for the cubic sine determinants (1.3.1) and (1.26) also holds, see

chapter 6.

Proposition 5.1.1 The asymptotic expansions (4.7) for v <1 and (4.24) for v =1

are uniform in the parameter x chosen from the set
{reR: z>a, a<0}.

Our approach henceforth will be to study the large positive z-limit of (1.11), i.e. the
large positive z-limit of the associated function W(A, z). We begin with the following
Riemann-Hilbert problem depicted in Figure 5.1, compare [29]

Sg Sl

S4 56

Figure 5.1. The RHP jump graph associated with the Hastings-
McLeod transcendent
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e U*()\) is analytic for A\ € C\({J, Rx) where Ry, denote the rays

Ry ={\eC| arg)\:%+ (k—1)}, k=1,3,4,6

wl A

e On the rays Ry, the boundary values of the function WU* satisfy the jump
relation

UE(A) =¥ (N)Sk, A€ Ry, k=1,3,4,6
e At X\ = oo the following asymptotic behavior takes place

\Ijoo()\)ei(%)\g-‘rm)\)ag = I+ O(A_l)

which is connected to the given W-function of (1.11) by
V(A x) = PUP(\ x)S).

As we see, determining the large positive z behavior of W(\, x) therefore reduces to
an analysis of the oscillatory W>°-RHP. However the latter RHP is very well known
since it is used to determine the large z-asymptotics of the Hastings-McLeod solution
of the second Painlevé transcendent given in the introduction (cf. [29]). We have in

fact for A € (—s,s)

. (328 40)0 p/4p—3a%2
Ue(\ z)e''s s _ =0l —

VAN +

), T — +00
hence

—1/4 ,—243/2
vu(\z) = e‘i(%’\?’”’”\)-I—O(glj et )

VAN + &
x71/4€—§a;3/2
VAN + >

as * — 400 and A € (—s,s). Going back to (1.11) we obtain

Y (AN, z) = —z’ei(gA?’*“)jLO(

Kot 1) = Kesin(\, 1) + O (x1/4e—%w3/2) . 400, Mp€(—ss)  (5.1)

where
sin (5(A* — ) +2(A — )

Kcsin(/\a M) - 7T()\ — ,u)

(5.2)
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The latter integral kernel is a cubic generalization of the sine - kernel, see (1.6)

sinz(A — p)
m(A — )

acting on L?((—s,s);d)\). In order to compute the constant term in (1.14) we will

introduce a parameter t € [0, 1] and pass from (5.2) to

sin (38(A% — 1) + z(A — p))

Kcsin /\aM — f(csin /\aM - 5.3
O k) = KO\ 1) e (53
and compute the large s-asymptotics of

0 .

— Indet (I — Kein) (5.4)

ot

with the Riemann-Hilbert approach of chapter 2. Afterwards, using uniformity of the

asymptotic expansion with respect to t € [0, 1] we shall integrate
1 0
/ pT Indet(I — Kegy) dt = Indet(I — Kegy) — Indet(I — Kgy);
0

but since the asymptotic expansion of the sine kernel as s — oo is known including

the constant term, we know the large s-asymptotics of
Indet(I — Kesin)
also up to order O(s™'), in fact
Indet(] — Kegn) = A1(s,2) +wo + O(s7"), s — (5.5)

uniformly on any compact subset of the set (1.15) with

2 3 1
Ai(s,x) = —=s° — s'e — —(sx)* — s, wo=—ghn2+ 3¢(-1),

which is the statement of Theorem 1.3.2. But we already know from (4.24)

Indet(I — Kpy1) = Ai(s, 1) + /(y —2)u*(y)dy+w+O(s™"), s—o0  (5.6)

T
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hence considering (5.1), Proposition 5.1.1 as well as

oo

lim [ (y - z)u’(y) =0 (5.7)

we might conjecture that w = wy, which is proven in Proposition 5.1.2 below.
For the constant term xpy; in Theorem 1.2.2 use a similar strategy: We compute
the large s-asymptotics of

% Indet (I — vKesin)

within the approach of chapter 2. After that integrate
/ —— Indet (I — 7' Kein) dy =Indet (I — yKen), 7 <1

and obtain

Indet (I — yKesin) = As(s,z) + xo + O(s7") (5.8)

uniformly on any compact subset of the set (1.19) with

1 o0
Ay(s,x) =iv (3683 + 4953) +6(iv)*Ins — /(y —z)u*(y,y)dy

T

and

Xo =2 (iv)* + 8 (iv)*In2 + 2 / V(1) (ln %) "

which is the statement of Theorem 1.3.1. On the other hand we know from (4.7)
Indet (I — vKpn) = As(s, ) + xpn + O(s7'), (5.9)

hence again with (5.1), Proposition 5.1.1 as well as (compare (1.28))

o0

lim [ (y— 2)u*(y,v)dy =0 (5.10)

Tr—00
T

we conjecture xpr = Xo-

Proposition 5.1.2 With the latter notations

Wy = W and Xo = XPiI-
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Proof We start from the following identity for trace class operators (cf. [49])
det(I — A)(I — B) = det(I — A)det(I — B)
which gives in our situation
det(I — yKpr) — det(] — vKesin) = — det(I — YK ogin)
X [1 — det <I — (I = YK esin) (v Kpr — vKCSm)ﬂ, v<1

provided
([ - ’VKCSiH)il =1+ Rcsin (511)

exists as a bounded operator. The latter statement will follow from the Riemann-

Hilbert analysis of the auxiliary RHP given in chapter 6. Since from (5.1)

(Kenf)O) = [ Ken(h i f (i = (Kesin)) + (ES)V)

where the trace class operator E has a kernel satisfying

E\p) = O(xl/‘*e’%xg’p), x— 00, (A\p)€[—s,s]%x][—s,s]| (5.12)
we obtain
det(] — 7 EKpy) — det(I — yKun) = — det(I — 7Kuin) [1 — det (1 I+ Rcsm)yEﬂ

and therefore

det([ — ’YKPH)
det(I — vKcsin)

= det <I I+ Rcsm)vE>, v <1

Now from the boundedness of I + R, as well as (5.12), we see that the convolution
kernel of the operator

(I + Rcsin)'yE

approaches zero exponentially fast as x — oo, thus via Hadamard’s inequality in the

same limit
det (1 I+ Rcsin)7E>

(—1
n!

NE

= 1+ ) / ' ~/det [(I + Resin)VE] (s, x;)dwy - - - day, = 1+ 0,4(1)

n=1
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or similarly
Indet(I —vKpn) = Indet(I — yKesin) +05(1), o — 00 (5.13)

We now combine (5.5),(5.6), (5.13) and obtain

[e.9]

/ (y — x)u*(y)dy

xT

51( )

|wo — W <

for all z > x5 and s > sg, with a universal constant a; and a positive function
p1 = Pi(s). Recalling (5.7) we first take the limit + — oo and afterwards s — oo to

conclude wy = w. Secondly from (5.8), (5.9) and (5.13)

o0

/(y — z)u’(y, 7)dy

T

Ix0 — xpi| < =429 62( )

which by (5.10) and the same reasoning as before yields xo = xpir- [ |

5.2 Riemann-Hilbert problem associated with det (I — YK eqin)

We introduce the auxiliary RHP related to the cubic sine - kernel (5.2) or (5.3).

The underlying kernel is of integrable type with

. d"(Ne(u) N[ Gt 1/ e—i(3tx3+ad)
YR esin(A, 1) = Tu’ d(A) = o \ e—i(5tA3+aN) | e(A) = 97 \ —ei(5tA3+a)
where we slightly abuse notation, since the appearance of ¢ will only be used in case

v =1, for v < 1 we will analyse the problem without the parameter . Lemma 2

implies the following ©-RHP
e O(X) is analytic for A € C\[—s, s]

e On the line segment [—s, s oriented from left to right, the following jump holds

1—~ 7ezi(gt,\3+m,\)

e ., AE[=s, 9]
—ve~ i(StA ) 1 + v
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e O(\) has at most logarithmic endpoint singularities at A = +s

O(\) =0(In(AFs)), A — =*s (5.14)

e O(\) = [ as A — oo.

We can factorize the jump matrix

2i(2tA3 )
1= v e (G _ ei(%tkg-l—m)\)ag 1= v v e—i(%tkg+z)\)a3
_7672i(%t/\3+z/\) 1+~ —y 147
and employ the following transformation
B(N) = OGN TN ) e [ 4] (5.15)
which leads to a RHP for the function ®()\), the auxiliary RHP:
e ®()\) is analytic for A € C\[—s, ]
e The following jump holds
L=y v
O (N)=D_(N) . AE[—s,s] (5.16)
-y 147

e From (5.14), we deduce the following refined endpoint behavior

@(A):cﬁ@)lul o ln</\_8)

271 -1 1 )\+S

(5.17)

where ®(\) is analytic at A = £s and the branch of the logarithm is fixed by

A—s
s

the condition —7 < arg <.

e At infinity, () is normalized as follows

2 = (1+0())etm )\ o o0, (5.18)
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As we are going to see in chapter 6 the latter RHP admits direct asymptotical analysis
via the nonlinear steepest descent method. This analysis shows a lot of similarities to
the analysis of the Painlevé II - kernel presented in chapter 3 of the current disserta-
tion. However one major difference to (1.11) is the absence of infinite jump contours
in the given ®-RHP, hence we should not start our analysis from the X-RHP in
chapter 2 and use the previously discussed large z-approximation W*°(\, x). Again,
before we start this asymptotical analysis, we first connect the relevant logarithmic

derivatives to the solution of the auxiliary RHP, the ®-RHP.

5.3 Logarithmic derivatives — connection to ®-RHP

We will derive four identities for logarithmic derivatives. The first two are with
respect to s and z and will be used to determine the expansion given in Theorem
1.3.1 up to the constant term and the zero distribution of Theorem 1.3.3. Since their
derivation is almost identical to the identities given in Proposition 2.3.1 and 2.3.2, we

limit ourselves to a statement of results:

Proposition 5.3.1 The logarithmic s-derivative of the cubic sine - kernel determi-

nant (5.2) can be expressed as

g Indet(I — yKesin) = —R(s,s) — R(—s,—s),
s

R(+s, +s) = I} (£s)Iy(Fs) — I (£s)I; (£s)

with R(\, 1) denoting the kernel of the resolvent R = (I — YKcsin) 'V Kesin, that is

and where the connection to the ®-RHP is established through

() = d(A) 2im G) A +s.

Next
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Proposition 5.3.2 The logarithmic x-derivative of the cubic sine - kernel determi-

nant (5.2) can be expressed as
0
a— In det([ - ’}/Kcsin) = Z(@%Q - (I)%l)
x

with

P P P (4 ij
D) = (14 5+ 33 55 H OO )95y o oo @y = (#).

Much more interesting is the derivation of an identity for the logarithmic ~-derivative,
which will be used in the end to determine the constant term in Theorem 1.2.2
respectively Theorem 1.3.1. This identity is derived for v < 1 and inspired by a

similar approach which was used in [21] in the asymptotics of Toeplitz determinants.

We start with

_ 1 /
% Indet (I — yKesin) = —trace(([ — ”yKCSm) chsin) = —§/R()\, A)dA.

and now wish to express the latter integral over the resolvent kernel in terms of
the solution of the auxiliary RHP. Recall to this end the definition of the functions
d()), e(A) and unimodularity of ©(\)

R\ N) = T (V)y(N) — (NI (N) = %(4/\2 +) + %(@’H(A)@mu)
—011(1)05 () + 015(1)021(A) — 04, (N)O12(N)) + (©7;(\)O21(N)
—O011(\)0%; () d7(A) + (©15(N)Ba2(A) — ©12(\) Oy (N)) d3 ()

where (') indicates differentiation with respect to A. In terms of ®(\)

RO = 5= [(94 () + 1(0) (02 (A) + 2(V))

(@11 () + Bra(N) (@, (V) + D,(N))] (5.19)

Our next move will replace all terms involving derivatives with respect to A. To
this end we consider the differential equations associated with the ®-RHP (compare

section 2.4 where we studied the differential equations associated with the X-RHP):
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All jump matrices in the ®-RHP are unimodular and constant with respect to
A, s and z, thus the well-defined logarithmic derivatives ®,® 1(\), ®,®"!(\) and
@, ®1(\) are rational functions. Indeed using (5.18) and (5.14)

0P 0 b d e A B
—— = |4i\?03 — 4i) + + — P (5.20)
o\ —¢ 0 f —d A— S A+ s
where
-1 1 -1 1
7 B! 7 ¢ B(—s)) "
A=—0o 0] : B=—¢(— d(— 5.21
Ol I CE) o) | @) G2

and with parameters b, ¢, d, e, f which can be expressed in terms of the entries of ®,

and P,
b=2012 =203 d=iv+ 80>} (5.22)
e = 8i (@}%b? . @;2), f= —82'(@%1@}1 . @§1>. (5.23)
Substituting (5.20) into (5.19) and recalling (5.21) we obtain with A = (A4;;), B =
(Bij)

A — A By — B
RN\ = %m[(smuzw S 1;+822)(<1>11<A>+<1>12<A>>

X (P21 (N) + Paz(N))

. A12 Bl2 2
+( —4i\b+ e + P )\+8) (Pa1(A) + Paa(N))
+( — dide— f — AA_”S + ABES) (@1(N) + <I>12(A))2] . (5.24)

Next, we v-differentiate the ®-RHP in (5.16) to obtain the following additive RHP

for the function ¢(\) = g—f()\) (@()\))71
e ¢()\) is analytic for A € C\[—s, 5]

e Along the line segment [—s, s], oriented from left to right

dr(N) =¢-(\) +2_()) (@-(V)
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e ¢(A) has at most logarithmic singularities at the endpoints A = +s

i N -1 1) . 1 A—s
d(N) = g—f(/\) (@(N) + @(A)% - (®(\)) In i gt A— +s
(5.25)
e As A\ — oo, we have ¢(\) — 0
If we let
-1 1 »
o =e) |~ ] (@) AeCiss)

then v (A) = v_(A), A € [=s, s] and y(A) is bounded as A — +s. Hence () is entire
and we have a solution to the ¢-RHP

L a1 [
¢(A)_%/w—)\dw_2m/w—)\dw

S —S

271

—S

L[ @)t (@ (w)+ @2 0)) (®11 (w)+15 (1))’ dw
—(®a1(w)+P22(w))? (P11 (w)+P12(w)) (P21 (W) +P22(w)) [ 4y — \°

This solution enables us to rewrite [° R(X, \)dX with the help of (5.24), for instance

S

/}\n (@11(/\) + @12(/\)) (@21()\) + @22()\))d)\ = /w”gbn(w)dw, n e ZZO

—S

with ¥ denoting a closed Jordan curve around the interval [—s, s] and where we used

n 1 w"
A= % mdw, A c [—S, S].
b

Similarly

s

/)\n(@21(/\)+@22(/\))2d)\ = /w”¢21(w)dw,

-5 by

s

/ A (@1(N) + Ba(V) 2N = — / W o (w)dw

-5 by
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and we obtain

s

5 1 o[,
S Indet (7 = 1K) = = / RO A =~ [& / w2, (w)duw

—S

+/ (2d¢11(’w) + e (w) + f¢12(w))dw —4i / w(b¢2l(w) - c¢12(w))dw

% 2
s

_/ <(A11 — An)y(A) + A2y (A) + A21%2(/\)> /\d—/\s

—S

S

d\
"—/ <(Bll — Bzg)’yll()\) —+ Blz"ygl()\) + BthQ()\)) )\ TS . (526)
Since
211 271
W(A):TA—FO()\—S), A — s, 7()\):73—1—0()\-1—3), A— —s
and

(A1p — Agg) A + 241549 = 0= (By1 — Ba) By + 2B12Boy,

we deduce that the last two integrals in (5.26) are indeed well-defined. To evaluate

them, let

o) = o) — d(s) (1 1) (cb(s))*li1 A_S, A € C\[—s, 3]

omi AT s

2mi A+ s

o) = o(\) — d(—s) (1 1) (cﬁ(—s))‘liln A5 e C\[-s, s

From (5.25) we see that ;b\()\) is bounded as A — s and ¢()\) is bounded as A — —s,

more precisely

also



hence
=g/ W= gy, G0y = o / W) =0,

and we conclude

S

/ <(A11 — Ao 111(A) + Arayar (M) + A21’712()\)> d\

A— S

s 3\ ) . o .
- (All —A22)/711( ))\_le( )d)\+A12/ 721( ))\_221( )d)\

—S

98

(5.27)

+As / 12 = 712(8)6”\ = 27Ti<(A11 — A22)$11(8) + A12$21(8) + A21$12(8)>-

A—S

Similarly

s

/ ((Bn — Bay2)711(A) + Brayar(A) + Bm%z@\))

—S

= 27Ti<(B11 - B22)511(—8) + B12521(—3) + B21§g12(—8))-

d\
A+ s

In order to evaluate the remaining integrals in (5.26), we recall

BO) = @), + 35 ((Ba), — (1))

+%((CI>3)7 +(@1)(@1 = @2) — (CI)2)“/CD1) + O()\A)a A — o0

and apply residue theorem

/gb(w)dw = 2mi(P1)s, /wgb(w)dw = 27?2'((@2)7 — (@1)7¢>1)

P

/w2¢(w)dw = 27Ti((¢)3)7 + (@), (P] — D) — (q>2)7¢)1)’

At this point we can summarize our computations.
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Proposition 5.3.3 The logarithmic ~v-derivative of the cubic sine - kernel determi-

nant (5.2) can be expressed as

0 ) 11
5 Imdet (I =7 Kein) = —8Z<(q>3)7 4 (D), (D2 — By) — (q>2)7c1>1)

_2d<(¢>1)w)11 N 4@'5((@2)7 _ (@1)7@1> — 42’0((@2)7 - (cbl)'y@1>12

—e<(®1)7> " f<(<I>1)7>12 + <(A11 — A22)<$11(8) + A12<$21(S) + A21<$12(S)>

21

- <(Bn — Bas)11(—s) + Buadm(—s) + Bm%z(—s)) (5.28)
where
with
35) = 22 (), d(-s) = 22 () (b)),

2 2
and the functions b,c,d, e, f, A, B are defined in (5.22),(5.23) and (5.21).

The last proposition will allow us to compute the constant term in Theorems 1.3.1
and 1.18 using Proposition 5.1.2. For Theorem 1.14, we use the ®-RHP with v =1
and the parameter t € [0, 1] involved. Hence the following identity, which was derived

in much more generality in [40], will be useful:

0 - 1 4
5% Indet (I — Kegin) = Dy /trace [@'(w)ag@_l(w)] §w3dw

by

where 3 denotes a closed Jordan curve around the line segment [—s,s]. Applying

residue theorem, we have

Proposition 5.3.4 The logarithmic t-derivative of the Fredholm determinant det(I—

Kesin) can be expressed as

%ln det (I — f(csin) = %trace( — 0,03 (@% — @2) + 205,030, — 3@303) (5.30)

with
0, 6, 065 )
@()\)N[—FT—FF—'—F—'—O()\ ), A — 00

and the connection to the auxiliary RHP is established through (5.15).
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At this point we set up all necessary steps to start the asymptotical analysis of the
auxiliary RHP. Similar to the situation in chapter 3, our approach is based on the
Riemann-Hilbert method and its underlying integral equations, not on an interplay
of the RHP with differential equations connected to det (I — vKn) - we face for
the cubic sine - kernel a similar situation as the one described in section 2.4. The
analysis this time will be more involved, see (5.28) and (5.30): both equations involve
contributions arising from terms of order O (A7), hence we will have to iterate the

underlying integral equations.
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6. ASYMPTOTIC SOLUTION OF THE AUXILIARY RIEMANN-HILBERT
PROBLEM

We solve the ®-RHP according to the Deift-Zhou nonlinear steepest descent method.
Most parts in the chapter below have their counterpart in the asymptotical solution
of the X-RHP presented in chapter 3, the differences are only of technical nature, but
not of conceptual. Again this resolution is first presented for v # 1, followed then by
~v = 1 which involves the ®-RHP with a parameter ¢.

6.1 Rescaling and opening of lenses, v # 1

We rescale ©(\) and introduce
T(z) = ®(zs)e ¥ P = O(zs), zeC\[-1,1] (6.1)

whose underlying RHP, up to the rescaling A = zs, is identical to the initial ©-RHP.
To move to a RHP posed according to the sign of Red(z), we recall Figure 3.1 and

the LDU-factorization
l-v 9 1 0 o [ 1 YA =77
= (1—v)”
-y 14y (1= 1 0 1
5,555y, (6.2)

valid whenever v # 1. With the same notations as in section 3.1, see also Figure 6.1

below, we define

T(z)€s3ﬁ(z)ag§516—3319(z)037 = Cii- U [’;’

A(z) = T(2)e @G e=s0@0s e rruLy, =T(2)L(z)  (6.3)

T(z), otherwise,

and are lead to the following RHP



102

V32 Va1

Figure 6.1. Opening of lenses — T(2) — A(z)

e A(2) is analytic for z € C\([-1,1]U D), with D = |, (v Ui)
e The following jumps hold, with orientation fixed as in Figure 6.1
AL(2) = A_(2)e? @G (2)e s 2 e [-1,1]UD (6.4)

where the piecewise constant function G A(2) is given by

e

Sy 2 € U,
Su, 2 €71 U,
Galz) =4 (1=, ze[-1,1],
St 2 €75 Ui,
\ §L_1, Z € Y39 UYya.
e As z — +£1, we have
T $30(2)0 i -1 1 z—1
A(2) L7 (2)e* 77 = B(zs) [T + % . In (z—i— 1> (6.5)
e At infinity, A(z) =T +O(z7!), 2z — cc.
On the infinite branches in the upper half-plane, we have
Ga(z) = e*"0(2)7s Lo e=0@m e vﬁ, g k=12
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and since also here z is chosen from a compact subset of the real line, the sign-diagram
implies

Ga(z) — I, s—=00, z€7, [2]>e>0
uniformly on any compact subset of the set (1.19). With a similar statement valid in

the lower half-plane we are thus lead to a model problem in which we have to solve

a RHP with S5 as jump matrix on the line segment [—1, 1].

6.2 The model RHP and parametrices for v # 1

Find the piecewise analytic 2 x 2 matrix valued function =(z) such that
e =(z) is analytic for z € C\[-1,1]
e Along the line segment [—1, 1], we have

E4(2) =E-(2)Sp',  Sp=(1—7)"

e At infinity, Z(2) =1+ O(27'),z =

This diagonal problem can always be solved (compare section 3.2) and we obtain

©-(3) L vmgmay

z—1 v

(1]

where v was introduced and its branch fixed in (3.7). We also note that v is purely
imaginary if and only if v < 1.
In the construction of an origin parametrix, we won’t use the Hastings-Mcleod

solution in the given situation. Instead, start with

T
Pri(¢) = ¥1(C), arg( e (——, —)
6" 6
as the first canonical solution of (1.10), where u = u(z, ) is chosen from the Ablowitz-

Segur family of solutions to the second Painlevé equation, that is u solves the bound-

ary value problem

Upe = zu +2u,  u(z) ~ YAi(z), 2 — +oo, y#1



104

Remark 5 Recall that uw = u(x,~y), might have poles on the real line. However from
our discussion in section 1.3 we know that u s pole free on the entire real line in case
v < 1 and for v > 1 we restrict ourselves to values of x chosen from the set (1.29).

Thus in either case, u = u(x,v) is smooth in x and therefore also Pr;(¢) = Pr(¢; x).

Now, opposed to (3.11), define

PRI(C) =4 Py(Q)M,, arg € (Z,32), (6.6)

with

Ml = s MQ = O'QMlo'g =
—iy 1 0 1

One checks directly that PEH(() solves the model RHP shown in Figure 6.2

(1) (- 1)

Figure 6.2. The model RHP near z = 0 which can be solved explicitly
using the real-valued Ablowitz-Segur solution of the second Painlevé
equation

° ﬁﬁH(C) is analytic for ¢ € C\{arg ¢ = 5r T 1171'}

T oom {m lim
6’6762 6 J°
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e On the infinite rays, the following jumps hold

(PEI(Q), = (PA"(Q) My, arg(=1=
(PA"(Q), = (Pi"(©Q) M, argC:%T
(PRH(Q)), = (PR(Q) My, arggz%”
(PAT(C)), = (PAM(Q)_M,", arggz%ﬂ

e In (6.6) we chose a specific Stokes phenomenon described by the following Stokes

matrices

1 0 _ _ _
S1 =M, S5 = ,S4 = My, S3 = 51,55 = 52,56 = Sa. (6.7)
01

This leads now [29] to the following uniform asymptotics, valid in a full neigh-

borhood of infinity

PRM(¢) ~ (I RN L S 0(674)>e’i(%<3”0"3, ¢—o0 (68

¢ ¢ ¢
with
1 [{—iv u 1 u? — v? 2i(uy + uv)
my =3 ) mo = 3 )
u v 8\ —2i(up +uv)  u?—0?
and
1 i(v® = 3vu? + 2(2v —wuy,))  —3(u(u? + v?) + 2(vu, + zu))
m3z = —
48 —3(u(u® + v?) + 2(vu, + zu))  —i(v® — 3vu? + 2(axv — uu,))

where we use the abbreviation v = (u,)* — zu?® — u®.

The model function (6.6) will now be used to construct the parametrix to the solution

of the original A-RHP in a neighborhood of z = 0. First set

emz/agﬁII}H(g)efﬂimm’ IIH g > O;
P () =

em‘ua3ﬁ1}}H(C>em‘Va3’ Im C < O,



leading to a model RHP with jumps on the positive oriented real line

(P (©), = (Pr(Q)) (1 =)

as well as on the infinite rays arg ¢ = ¢, ‘%, %T, HT”
RH RH 1 0 m
(PH (C))+ = (PH (C)), , arg (= 6
—iy(1—7)7" 0
1 0 om
(PE©), = (PE'©)_ | agc="
(1= 1
RH R 1oyl —=y)™ T
(PH (C))+ = (PH (C)), 0 . ) arg ¢ = G
1 —iy(l =)t 117
G G ) I PRI <
and with behavior at infinity
- - o I, Im ¢ > 0;

PﬁH(C) = (I + ﬂ + @ —+ % -+ O(C74)>€7i(%43+x003
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¢ ¢ ¢ e2mivos - Im ¢ < 0;
where
_ 1 v ue™ 1 u? — v? 2i(ug + uv)e*
™73 ue 2" gy TR —2i(uy + uv)e 2™ u? — v
and
1 i(v® — 3vu? + 2(xv — uuy)) —3(u(u® + v*) + 2(vu, + zu))e*™v
BT —3(u(u?® + v?) + 2(vu, + zu))e > —i(v? — 3vu? + 2(zv — uuy))

We use the same change of variables as in (3.14)
((z2) =5z, |z[ <r

but a slightly different form for the parametrix. Instead of (3.15), define

Uz) = alBO(z)e_i%U:”PIRjH (C(z))ei(%C(z)”C(z))Ui”ei%”al, |z| <r

(6.9)
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with (compare (3.16))

Z+ 1 vas [7 Im 2 > O’ — Vo
BQ(Z) = ( — 1) ) Bo(O) =€ 3,
< e=?mos  Imz < 0,

By construction, the parametrix ¢4(z) has jumps along the curves depicted in Figure

6.3 and these jumps are described by the same matrices as in the original A-RHP.

Thus, the ratio of A(z) with U(2) is locally analytic, i.e.

A2) = No(2U(2), |2 <7< %

63319(2)03 §(}16—3319(z)03 63319(2)03 §Ue—s319(z)03

Syt

65319(2)03 §Zle—s319(z)<73 63319(,2)03 §Le—3319(z)03

Figure 6.3. Jump graph of the parametrix U(z)

The role of the multiplier By(z) follows also here from the asymptotic matching

condition

U(z) = 01Bo(z)e 57 (I TR O(C_4)>ei%03351(2)015(z)

¢ ¢ ¢
O A Y
QC 0\ ue2m’z/ v 0l#
1 u? — v? 2(uy + uv)e 2 i
_'_—B z -1 B z _'_ —B = -1
8¢ o 2(uy + uv)e*™ u? —v? o(2) 48¢° olz)
—(v® = 3vu? + 2(zv — uuy,)) —3(u(u? + v2) + 2(vu, + zu))e 2
X
3(u(u? + v?) + 2(vu, + xu))e*™™” v® — 3vu? + 2(xv — uuy)

X By(z) + O(¢C*) | E(2) (6.10)
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ass —ooand 0 <r < |z| <1y <1 (so]|(| — o0). Since the function ((z) is of order
O(s) on the latter annulus and By(z) is bounded, equation (6.10) yields the desired

matching relation between the model functions U(z) and =(z)

U(z) = (I—I—o(l))E(z), s—o00, 0<r <|z|<r<l.

The parametrices for the endpoints z = 41 are almost identical to the ones
constructed in section 3.2. For the right endpoint we use Poy(() as introduced in

(3.22) and PEH(¢) as in (3.24). With the same change of variables
((2) = =2is*(9(z) = 9(1)), |z—1<r
define for |z — 1| <7
V(z) = ale’i%"?’BT(z)ei%(%’”)"36753'9(1)"3]36@5 (C(z))e(%C(ZHs?’ﬁ(l))‘”ei%"Sal, (6.11)
where (compare (3.27))
() = (<)

The latter model function solves the RHP depicted in Figure 6.4 below and we expect

z+1
z—1

vo3
> , By(1) = (165° + 4zs)""".

s 0(2)as ([1] —7(117)_1 )6*3319(2)03

(1 —n)7e

53 Z)0; —53 Z)0;
e (L1 1) eI

Figure 6.4. Transformation of parametrix jumps to original jumps

the singular endpoint behavior to match (6.5) (see section 4.1 or section 7.1)
V(z) =0(In(z - 1)), z—+1.
Hence the ratio of A(z) with V(z) is locally analytic, i.e.

Az) = N:(2V(2), [z —1] < %
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and we also have an asymptotical matchup

) 2 _P(-v) miv
V(e) = oo T, (o) me e LY o
C L(+v) efm'z/ —1/2
I'(—v)
" F(l 2 miv
1 —Z (14 v)? _
? F(1+V)2 ( )2 iy )V2( ) + O(C73>
T Ty (L) —5(1-v)
XC—Va3es3q9(1)a3e—i%(%_y)ggei%agal
) F(1+l/) 53,[9 _
= |I+ v —v? ) e25*(1) 572 (2)
I'(l—v) 9243
C\-HEer ) ;
V2 I'(1+v 83 _
e —-vy — T (1 4 )2 572 ()
2 r(1—v o8 g
O\ IR - e 0B 2y
+O(C‘3)] =(z) 612)

as § — 00, valid on the annulus 0 < r; < |z — 1] < ry < 1 (hence || — oo) with the

8 = ()

z—1

abbreviation

Also here, similar to section 3.3, the estimate (6.12), yields for v < 1
V(z) = (I +0(1)E(z), s—o00, 0<r<|z—1]<rm<1
but for v > 1 this needs to be replaced by
V(2) = o1e 1P E(2)e'i%0, (1 + 0(1))2(2), s— 00

with

- 1 0 3 :
ore i E,(2)e 1% 0 = » P(z) = (C<Z>Z+ 1)

— (1( v) e—25°9( 1)52( )% 1 z—1

Hence, also in the given situation, we will have to account for the nontrivial matrix

E.(z) as long as v > 1.
For the remaining left endpoint, we use Pry(¢) and PFH(() as introduced in

(3.34) and the change of variables

((z) = =2is’(9(z) —9(-1)), |z+1]<r
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Introduce for |z 4+ 1] <r
W(z) = o165 By(2)e 15 10s =003 BRI (¢ (1)) o3I 0(- Do o
(6.13)
with
z—1

i) = (e

Using the stated conjugation with o;e~"1%%, we again match parametrix jumps with

—vo3
) . Bi(-1) = (165 + 4as) .

original jumps locally on the original jump contour, see Figure 6.5, and the singular

es*9(z)os (1 7(1—17)_1 )e—s3ﬂ(z>a3

(1=

83 Z)0; 0 —83 Z)0;
eI (Ll )eme I

Figure 6.5. Transformation of parametrix jumps to original jumps

endpoint behavior matches (6.5):

W(z) =0(In(z+ 1)), z— -1
Thus the ratio of A(z) with W(z) is locally analytic,

AR = N@W(),  Je+1]< g

and the model functions A(z),=Z(z) are related through the following asymptotical

matchup
: ) T(1-v) 2s39(—1) 52
W) = |T+2 ' R
I'(14+v) —2439(— _
C\HE e 2
2 I'(l1—v s39(—
! g L DR
2 v —2s°U(— - v
e ) ~2(1 )

+O(C3)] =(2), (6.14)
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valid as s — 0o on the annulus 0 < r; < |z + 1] <ry <1 (thus || = co0) and we put

Bi(z) = (e_”C(z)z _ 1)11.

z+1

For v < 1, (6.14) implies on the annulus
W(z) = (I +0(1))=(2), s— o0,
whereas for 7 > 1, it needs to be replaced by

W(z) = o1e "3 Ey(2)e' 10y (I + 0(1))2(2), s — o0

with
_sT(—v) 2s39(—1) =2\ 2=1
(7167@%03El(2’)€i%0301 = ! BRC R Bl (2) e )
0 1
where
A —iT z—1\""
Gi(z) = (e C(z)z+1> )

We now summarize the model functions =(2),U(2), V(z) and W(z) in order to employ

our next transformation.

6.3 The ratio problem — iterative solution for v < 1

Similarly to (3.40), put

( (U(z))_l, |z — 1| < ry,
V(z 71, 2| < 1y,
SRS RUC
W(2) s 2 +1] <,
(E(Z))_la |z = 1| > ry, |z + 1] > ry, |2] > 7o,

with 0 < ry,75 < 5 fixed. This implies a RHP for the ratio-function R(z) as depicted

in Figure 6.6.

e R(2) is analytic for z € C\{Co,, U U, i}
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73 72
Y4 st
Co
o) Cr
V5 8
G i

Figure 6.6. The jump graph for the ratio-function R(z)

For the jumps, along the infinite branches ~;

-1

Ri(2) = Ro(2)2(2)e” "D Ga2)e "% (2(2))

On the clockwise oriented circles Cy and C,;, the jumps are described by the

equations
Ri(z) = R_(2U()(E(2))", 2 €Cy,
Ri(z) = R_(2)V()(E() ", z€C,,
Ri(z) = R_(2W(2)(E(2)) ", z€C.
R(z) is analytic at z = +1. This observation will be proven in the same way,

as we verified the same statement for the function R(z) in section 4.1

In a neighborhood of infinity, we have R(z) — I.

Without recalling all underlying estimates (see section 3.3 for an almost identical
situation), the latter ratio-RHP can be solved iteratively in case v < 1. Indeed its

underlying jump matrix Gr(z) satifies on the contour Y as shown in Figure 6.6

1Gr — Il L2nree(5p) < st s — o0 (6.15)

uniformly on any compact subset of the set (1.19)

{(%x)GRQI —o00 <7y <1, —Oo<x<oo}.
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Since the ratio problem is equivalent to the singular integral equation

dw

)
w— zZ_

271

R_(2) —I+——/R (w) — 1)

we know that for sufficiently large s, the relevant integral operator is contracting and

we can solve the latter equation iteratively in L? (Xz), its unique solution satifies
IR- — I|lr2sg) < cs™', s — oo (6.16)

Estimations (6.15) and (6.16) allow us to derive the asymptotics of det (I — vKesin)
as stated in Theorem 1.3.1 up to the constant term for v < 1. Also, tracing back the

transformations

O\ = B(\) = A(z) > R(2)

we obtain existence and boundedness of ©(A), A € [—s, s|] and hence existence and

boundedness of the resolvent I+ R, for sufficiently large s which is needed in (5.11).

In case v > 1, the jump matrices on C, and C; are not uniformly close to the unit

matrix as s — 0o

IV(E) ™ = Iz = 0, [W(E)" = Illzznz=(cy = 0.

Again, we will use the undressing-dressing transformations of section 3.4.

6.4 Undressing and dressing — iterative solution for v > 1

We use the notation of section 3.4 and recall that the jump matrices G,.(z) =

V(2) (E(2)) " and Gi(z) = W(z) (E(z))_1 can be written as
Go(2) = 017" 53G(2)e 1%, Gi(2) = 01e 17 GY(2)e' % 0. (6.17)

Hence the following steps are completely analogous to those described in section 3.4.

Put
R(2)o1e i E,(2)e' %0y, |z — 1| <1y,

P(z) = R(2)oe i E)(2)e'i%0y, |z +1| <1y,
R(Z)a |Z:Fl‘ > 7.
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which leads to a singular RHP posed on the contour depicted in Figure 6.6 with pole
singularities at the points z = +1. The jump matrix Gp(z) is uniformly close to the

unit matrix as s — o0,

|Gp = I||r2npemg) < sl s — o0

and with P(z) = (PW(z), P@(2)) written in terms of its columns, the residue rela-

tions (3.51) and (3.52) need to be replaced by

res,_ .1 PY(2) = 73<2>(1)(—22'%6—2530(%3(1)) (6.18)
res,— PP (z) = 73(1)(—1)(2@'%@253’9(‘1)@‘2(—1)). (6.19)

Similarly to Proposition 3.4.1, we have

Proposition 6.4.1 The Riemann-Hilbert problem for P(z) has a unique solution

Proof The residue relations (6.18),(6.19) imply

;

. 1 0
PH)(z) N ;=1 <
_2ip D(1— 1) _yusyin) 5
o z—1 . —25%9(1) 52
P(Z) - A 1 22_]2 p - P(l/) € /37‘(]‘)
P (2) Sl |z 4+ 1] <,
0 1

\

where P™)(2) are analytic at z = +1. Using the same arguments as in Proposition

3.4.1, we establish uniqueness. [ |

Our last transformation reduces the P-RHP to one without pole singularities. Intro-

duce
~ )
P(2) = (zf n B) () |
0 1
z+1

where B € C?*2 is constant and obtain the following RHP

e Q(z) is analytic for z € C\{Cp,; U U, %}
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L0 PN z—1 0
Golz)= [ *! ) 0167 193G, (2)e %y ., z€eCy
and
ﬁ 0 _ 1 z—1
Go(z) = ) Uz)(2(2)) , 2€C

as well as on the infinite branches ~;

1
0 ~ 1 [z=1 0
Go(z)= | =1 | ()™ OmGa(z)e "D (5(2)
0 = 0 =z2+1

e Q(z) > I,as z »

As we already found out, the Q-jump matrix Gg(z) is uniformly close to the unit
matrix and therefore the O-RHP can be solved iteratively. We will do that once we
have determined the unknown matrix B. Using the conditions (6.18) and (6.19), we

have

é:(@(l) Yoy (7 ) S (e () e ) .
Lp 1 ip 1

Now we check for which values of s the latter matrix inverse is well-defined. Since
1

1Gao = I||r2nre(ze) < €577, 8 — 00

we can solve the singular integral equation

o ( —I+—/Q (w) = 1) dw

2me (I
iteratively in L? (X), its unique solution satisfies

1Q- — Ill2se) <es™', s — oo
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Since this implies
Q(xl)=I+0(s7"), s— o0,

we see that the matrix inverse in (6.20) exists for all sufficiently large s lying outside
of the zero set of the function

1+ p?
and these are precisely all points {s,} defined by the equation
coso(sp,x,y) =0, n=12,..

where 0 = o(s,x,v) was already introduced in (4.8). As we did it in section 3.4
we will henceforth, when dealing with the case v > 1, stay away from the small

neighhorhood of the points s,. Let us now move on to the asymptotic resolution of

the ®-RHP in case v = 1.

6.5 Rescaling and g-function transformation, v =1

Let us go back to (5.16) and notice that in the given situation the jump contour

of the ®-RHP consists only of the line segment [—s, s| oriented from left to right with

DL (N) =P_(N) _01 ; . A€ [—s, 3]

This jump equals the jump one faces during the asymptotical analysis of the sine
kernel determinant (cf. [22]). Here and there we use a g-function together with the

scaling z = % Introduce

47 t 3
§(z):§\/z2—1(22t+§+4—x2), Vz2—1r~z, 22— 00 (6.21)
s

being analytic outside the segment [—1,1] and as z — oo

. (4 xz _
g(z) = z(gtzg + §> +0(z7).
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In the situation t = 1, (6.21) reduces to the previously used g-function (3.60), whereas
for t = 0, we obtain the g-function used in the analysis of the sine kernel (see [22]).
We put

A(z) = B(zs)e 97 5 e C\[-1,1] (6.22)

and are lead to the following RHP
e A(z) is analytic for z € C\[—1, 1]
e The following jump holds

0 1
A(z)=A_(2) , z€(—1,1)

—1 92¢25°3+(2)

since

A ~

g+(2) + g_(Z) =0,z ¢ [_]-7 1]
e A(z) has at most logarithmic singularities at the endpoints z = +1
e Asz— 00, A(z) =1+ 0(z7").

Since Im /22 — 1, > 0 for z € (—1,1), we have Re g, (z) < 0 for z € (—1, 1) showing

that
0 1 0 1
— , s— 00, z€(—1,1)
—1 2¢%°0+(2) -1 0
exponentially fast. Thus, also here, we expect, that as s — oo, A(z) converges to a

solution of a model RHP posed on the line segment [—1, 1].

6.6 The model RHP and parametrices for v =1

The model problem on [—1,1] consists in finding the piecewise analytic 2 x 2

matrix valued function N (z) such that

e N(z) is analytic for z € [—1,1]
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e On the line segment [—1, 1] the following jump holds

0 1
N+(Z) :N—(Z) > S [_171]
-1 0

e N(z) has at most logarithmic singularities at the endpoints z = +1
e N(z)=1+0(7"), 2 > o0

This problem has an explicit solution

i . 1/4
N(z) = st (7). ﬁ(z)z( “) (6.23)

i —i 1 z—1

and (241 Y445 defined on C\[-1,1] with its branch fixed by the condition (1) Y

1 as 2 — oo, compare section 3.5.
The construction of endpoint parametrices is very similar to the constructions
given in section 3.6. We use again Bessel functions. First for the right endpoint

z = +1, define on the punctured plane ¢ € C\{0}

VE(HP) (V) VE(HS) (VD)

RH o
O HP(¢)

, —m<arg (<. (6.24)

Since QRE(() = 017573 Pgp(C)e'i73 0, we can use (3.70) and deduce

. — (1 2 3 (1 —4i
RH o3/ iT ¢
BR(Q) = yfo¢rlte I+— + o
m i1 8vC\oi —1/) 128C\4 1
15 1 —6i T
_ O(¢72)| eV 6.25
Tooacr | o )T (¢ )_e (6.25)

as ¢ — oo, valid in a full neighborhood of infinity. Also on the line arg ( = 7 we

obtain
0 1

( BE(O)JFZ( BE(O)_ 19

thus (6.24) solves the RHP depicted in Figure 6.7. We use the model function Q& (()
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Figure 6.7. The model RHP near z = +1 which can be solved in
terms of Hankel functions

in the construction of the parametrix to the solution of the original ®-RHP in a

neighborhood of z = +1. First (compare (3.71))
((2) = —5%3*(2), |z—1l<r, —T<arg(<m (6.26)

with

which gives a locally conformal change of variables

B 3256 (Bt 3z

((z) = 9 5—1—@) (z-1)(1+0(z-1)), [e—1] <

Secondly define the right parametrix Z(z) near z = +1 by the formula

1({1 0

) =C@g |

\/ge‘i%czng (C(2)e ™0, =1 <r  (627)

with ((z) as in (6.26) and

_ —03/2
11 21\ o 11 8s3 (3t 3z
Cr(z) - . ; (C(z>z _ 1) > CT‘(]‘) - . . < 3 (5 + 482)> :

T —i
As a result of our construction the parametrix has jumps only on the line segment
depicted in Figure 6.7, described by the same jump matrix as in the original ®-
RHP. Also, since QF(¢) = 01e7"17 Pgg(()e'i% 0y, the singular endpoint behavior

matches. Therefore the ratio of A(z) with Z(z) is locally analytic, i.e.

AG) = Mo(A)T(), |2—1] <7< %
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and moreover from (6.25)

) 11 . 1 - [I+ 1 2 3 (1 —4i
z) = 2) 7%= — —
i —i 2\1 8VC \2i —1) 128C\4 1
151 [ -1 —6i PREN AR L1 i
e e, ) HOK 2)}5 I O S R
B 3372 — 3% (36724 B%) +i 1 —4i
N 164/C i(3B_2+B2) —(3ﬁ_2—ﬁ2) 128¢ \ 45 1
15i 5A% -T2 —i(587 +TB7?)

IR +0(¢?) |V 6.28
20887 \ 552+ 7572 (552 — 75°) () |N(z) (6.28)

as s > ooand 0 <71y < |z—1] <ry <1 (so || = o0). It is very important that
the function ((z) is or order 0(32) on the latter annulus for all ¢ € [0,1]. Hence,
since ((z) is bounded, equation (6.28) yields the desired matching relation between
the model functions Z(z) and N (z),

I(z) = (I+0(1))N(z), s—=00, 0<r <|z—1]<m<1
uniformly on any compact subset of the set

{(t,z) eR*: 0<t<1,—00 <z <00} (6.29)

For the left endpoint z = —1 define for ¢ € C\{0} with 0 < arg ( <27

(2) —i (1) —iZ
Q55 (¢) = Ho (5 0) Hy (50 (6.30)

i 4T _;8m 1, T ’ ’

—e 5V (H) (730 e F VE(HG) (673 0)

hence, since é =oe ' U3PBE €37 ¢ we obtain from (3.78)
1 1 —2 -1 —4z

\/7 ¢os/ I + 37 b
8VC\—2i —1) 128C\ 4 —1

10244“3/2 O(Q‘Q)} e~ Vios (6.31)
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as ( — oo and on the line arg ( = 27

0 1

( BE(O)JFZ( BE(O)_ 19

which shows that (6.30) solves the model problem of Figure 6.8.

es3g(z)03 ( Pl %)e—s3g(z)03

Z:_l.—R

Figure 6.8. The model RHP near z = —1 which can be solved in
terms of Hankel functions

This model problem enables us to introduce the parametrix J(z) in a neighbor-

hood of z = —1. Define

C(z) =s%%(2), |z+1l<r O<arg(<2m (6.32)
with
4is3 t  3x
LB — 2
() = —sale) = V1R g+ )

a locally conformal change of variables

6
() ==

3t 32\’
5 1 (z+1)(1+0(z+1), |z+1]<r

Given the left parametrix J(z) near z = —1 by the formula

70 =66 (- 5)|FAEEN O ri<r 63

where

03/2
1 1 2 — 1\ %/ 1 1 8is3 (3t 3z
Ci(z) = o (C(z)z n 1) , Ci(=1) = C (T (5 + @)
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and ¢ = ((z) as in (6.32), we see that the model jump matches the jump in the
original S-RHP and by the symmetry relation @gg(g) = ale_i%“i”ﬁBE(Q)ei%"Sal also

J(z)=0(In(z+1)), z— -1
Hence the ratio of A(z) with J(z) is locally analytic
1
Az)=M((2)T(2), |z+1<r< 5

and via (6.31)

1 302 =B —i(342+577) 3 (-1 —4i

J(z) = |[I+——= *198¢
(2) 16VC \ _i382 4+ 52) —(35>— 5~ 128¢ \ 4 1

15 78?5872 —i(76%+5577)

T 20asc3 +O0(CH)|N
200807 \ _irp2 1552 (78— 562) () |N(2)

as s — oo and 0 < r; < |z+4 1] < ry < 1 (hence || — o0). Also here the function

((z) in (6.32) is of order O(s?) on the latter annulus for all ¢ € [0, 1]. Therefore
J(z) = (I+0(1))N(z), s—00, 0<r <|z+1<rm<l1

again uniformly on any compact subset of the set (6.29).

6.7 The ratio problem — iterative solution for v =1

Similar to (3.84) we define

(I(Z)) 9
K(z)=AR)S (T()7, |z+1] <e (6.34)
(W z))_l, lzF 1 >¢

|z — 1] <,

with 0 < e < i fixed and are lead to the ratio-RHP depicted in Figure 6.9

More precisely, the function K(z) has the following analytic properties.

e K(z) is analytic for z € C\{(—1+¢,1—)UC, UC;}
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Figure 6.9. The jump graph for the ratio-function /C(z)

e The following jumps are valid on the clockwise oriented circles

Ki(z) = K. IWNGE), z-1=¢
Ki(z) = K-(TDWNR) T, a+1]=¢

whereas on the line segment (—1+¢,1 —¢)

1 -2 .
K@) =K NG | ) ()

e [C(2) is analytic at z = £1
e As z — oo we have K(z) — I.

As a result of our construction (6.34), K(z) has no jumps in the parts of the original
jump contour which lie inside the circles ér,l and as we shall see now, the latter K-
RHP admits direct asymptotical analysis. To this end recall the matching relations

and deduce
1 _ —1 _
HI(N) - [HL20L°°(C“T) <as HJ(N) - [HL20L°°(C“Z) <epsTt s 00 (6.35)

which holds uniformly on any compact subset of the set (6.29) with some constants

¢; > 0. Secondly recall (6.23)

- C By — By _92°9+(2)
N+(2) L W)™ = P+ By i(Br=Fy) | (1 —2e9

0 1 i -8y sest J o
—1
B +5;1 i(By —ﬁll)
—i(By = 651 By + B
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however, as we mentioned previously, for z € (=1 +¢,1 —¢)
Re g+(2) < 07
ie.
-1 —C4ES
||N+(é _12 ) (N+) - I||L20Loo(_1+571_5) S Cc3€ 48 s S — OO (636)

also here uniformly on any compact subset of the set (6.29). Thus together in the limit
s — 00, with Gx denoting the jump matrix in the -RHP and ¥ the underlying
contour,

G — || 2npoo(se) < €381, 8 — 00 (6.37)
uniformly on any compact subset of (6.29). The last estimate provides us with the
unique solvability of the IC-RHP, its unique solution satifies

1K= = Il z2gsey < és™h (6.38)
uniformly on any compact subset of (6.29). Tracing back the transformations

O 5 B(N) = A(2) — K(2)

we also obtain existence and boundedness of (), A € [—s, s] and hence existence
and boundedness of the resolvent I + R, for sufficiently large s which is needed in

(5.11).

The information derived in this chapter enables us to determine the large s-
asymptotics of det (I — vKn) and complete the proofs of Theorems 1.3.1, 1.27 and

1.3.3. The following computations however will be more involved than in chapter 4.
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7. ASYMPTOTICS OF Indet (I — v Kesin)

We solved the auxiliary RHP according to the Deift-Zhou nonlinear steepest descent
method in the last chapter. Using the four logarithmic derivative identities derived
in section 5.3 we will now compute the relevant expansions. The major techniqual
obstacle in the current section arises from the fact that we need to obtain all expanions
including the constant terms. Hence we will have to iterate the relevant integral

equations.

7.1 The situation v # 1 — preliminary steps

We recall the transformations which have been used in the asymptotical solution

of the ©-RHP in case 7 < 1
O\) = P(N\) = YT(z2) = A(z) — R(z).

In order to determine det (I — vKgn) from Proposition 5.3.1, we will again connect
®(£s) and d'(4s) to the values of R(41) and R'(£1) using the same strategy as
in section 4.1. Since the relevant parametrices V(z) and W(z) are up to conjugation
with 017573 identical with V(z) and W(z) of section 3.2, we skip various steps in

the relevant comparison and simply state the results. By proposition 5.3.1, locally

I(\) = &(N) Qim G) D(N) = O(Ls) + ¥ (£s)(AFs) + O((AFs)), A— Es

and from comparison

e5319(1)

ul(—v)

v

_(R(l)(Br(l))1>12€_FS;Z()1)>

Pl el = @eig”«mn(mn)l)
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as well as
Dy1(5) + Pao(s) = ?6 Y ((R(l)(Br(l))l>21;s(j(:))
~(RO)(B. ))1>22€_FS;Z()1)>
Moreover
B, (5) + () = 2 (((R’(l) - RO (5.0) ) 2
(R -—0 ) ) ) S s 2
x{(R(l)(BT(l))l H(% +w) E(j(:; - <R(1)(B (1))*1)12
; o—s*0(1)
*(-5+w) () )
and
D5 (s) + Po(s) = @6 (((R/(l) —R( )%? 1 §>( (1) 1>218€;Zﬂ_(1y))

Next
) ) i 1 eI
D11 (—5) + P1a(—s) = 276 ((R(_l)(Bl(_l)) ]12 I'(—v)
—1 € 9(=1)
_<R(_1)(Bl(_1)) )11 L(v) )
and
) ] ori - 1 e—s 9(—1)
Doy (—5) + Pog(—s) = 76121/<<'R(—1)(Bl(_1)) )22 I'(—v)
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And finally

Y 152 12
Sy - (R R EE e, S
(85 + 2x>{ (RED(B1) ) (5 +iv) r<(>)
(RGBT, (5 ) })
as well as
B (—s) + By () = e (((R’(—l) - R (B-) ),
F(_()) - ((re-n —R(—l)%%) (B.(-1)™"), F(())

s39(—1)

+(882 + Qx){ (R(_l) (Bl(_l))il>21 (% + iy) eFT
(R ), ) 1 )

By Proposition 5.3.1, the connection to the resolvent kernel R(A, i) is established via
Tl (s) = 4= (P11 (£8) + Pra(s)),  Ta(ks) = 4/ = (a1 (s) + o (ks))
2mi 2mi
I} () = | /50 (Bha () + By (£5)),  h(es) = 4[5 (Bh (5) + By (£5))

which, in terms of the previous identities, leads to

e25%0(1)

sI'2(—v)

R(s,s) = ?e”” ( [R;1(1)7z21(1) . Rglamn(m} (168% + 4as) "

_ 943
e 2s 9(1)

H(Ria(Ran(1) = Ri(1R(1)) (165° + s~

/l\
b

HR(1)22 — R (1)Ru1 (1) + Rip(HRar(1) — Ry (1)Ra2(1)

Ru1(1)Ra2(1) — RQl(l)R”(l))I/? 1 i) SF(V);(_’/)

(R (1)Ran(1) — R21(1)R12(1))¢%>.
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In order to simplify the latter identity for R(s,s), we use again unimodularity of

Proposition 7.1.1 The ratio function R(z) is unimodular for any z,v € R, i.e.

det R(z) = 1.

Proof The parametrices V(z) and W(z) are up to conjugation with the factor
016”719 identical to the parametrices V (z) and W (z) of section 3.2, thus det V(z) =
det W(z) = 1. Also, the parametrix U(z) was constructed in terms of a unimodular
canonical solution of system (1.10), i.e. detU(z) = 1 as well. Thus the ratio function
R(z) has a unimodular jump matrix Gz(z), and we obtain as in Proposition 4.1.1

the statement. [ |

This implies

e 2mi 88+ 2 2mi wve'™ 344w 2mi e
R(s,s) = —ie™ — ——— + — S
vy TWI(~v) v sI'(W)I(-v)1+ 5% v s[(v)I(-v)

% (R (1)Ra2(1) = R(1/R1 (1) + Ris(1)Ran (1) = Ry (DR (1))

3
e2s 9(1)

sI'2(—v)

271

e ((R’H(mnm(m ~ Ry (1R (1)) (165° + dzs) >
X ) —2539(1)
+(Ria()Ras(1) = Rhy(1)Ri3(1)] (165° + dzs) W) (7.1)
With the same reasoning

i 2m 887+ 22 2w wve™ 3+ 4m  2mi e

R(—s,—s) = —ie

Y TOT(—r) 7 sTOT () 1+ & 7 sT)T(—)
(R (~1)Raz(=1) = Rhy(=D)Ras(—1) + Rip(~1)Rar (~1) = R, (—1)Riz(~1))

T e—25°9(1)
+27e”” ((R’H(—l)Rzl(—l) — Rgl(—1)7z11(—1)) (165° + 4xs)* T2
e23319(1)
+ <R’12(—1)R22(—1) - R’22(—1)R12(—1)) (16s° + 4xs)—2”m) (7.2)

and we notice that our derivation of the latter two identities did not distinguish
between the cases v < 1 and v > 1. At this point we will prove Theorem 1.3.1

including the constant term. Our proof uses primarily the y-derivative of Proposition
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5.3.3, the s-derivative of Proposition 5.3.1 will only be used in certain intermediate

steps and to verify the stated error term.

7.2 Proof of Theorem 1.3.1

We have to determine the large s-asymptotics of the matrix coefficients &, ®,

and @3 in (5.29). Tracing back the relevant transformations

q)l — >\h_>r£10 ()\(q)()\)efi(%/Wer)\)US _ [)) = _2V0'38 + % / R,(UJ) (G’R(w) — I)dw
R

= —2vos3s+ % (R-(w) — I)(Gr(w) — I)dw + % (Gr(w) — I)dw

and from the standard integral representation of R_(z),z € 3% as well as (6.16) and
(6.10)

1 dw _
R (z)—[:% (Gr(w) —1) — O(s?)
Co
B 1 1 v u€—27riu idw »
T 2m (Bo(w) _uev .y Bo(w) 2sw(w — z_) +0(7)
Co
i voou) o v ue =2 L
= 5 { o (Bo(2)) L By(z)| +O(s7?).

We now improve the last estimation via iteration:

Ro(2) =1 =Ri(z) + Ra(2) + O (s7°), z€Ig

where
Ri(z) = % (GR(w)_[)wd_wZ
o -
Ree) = 5 [ Ralw)(Grlw) - 1) =,
Co
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Carrying out the computations we are lead to

i vooou . v ue 2w
R_(2)—[=— — (Bo(2)) ‘ By(2)
25z - _u€27ru/ v

1 v v , v ue 2

. — (B B
a0 { N IO o(z)]

1 u? — 02 2(up + uv) _1

+8 2 2{ — (Bo(2))
s°% 2(u, +uv)  u?—v?
w? =02 2(uy + uv u? —u,

X ( ) Bo(z)} + % +0(s7%), s— o0,

2(uy +uv)  u? —0? 2 \u, —u?

valid for any z € Y. Back to our first identity for ®,, one starts with

omiv [ —u? —uv\ i(—2mi)v?
R_ - 1) (G —Idw = T
[ (Rt = D) (Gt~ Dyt = () U
R
y 2, —2u® 4+ v(uy + uv) + £(u? —0v?)
2u® — v(uy + uv) — %(u? — v?) —2ut,
+0 (3_4), s — 00
and moves on to
—2mi)i [ v u —27i 0 —(u, +uv
a8+ +) 8
2s —u —v s? Uy + uv 0
SR z
+i(—27‘ri)y2 0 —(%(u* 4+ v?) + vu, + zu)
5% 2(u? + v%) + vu, + zu 0
(—2mi)i —v? Vv —v?coso »
— + (s ), s — 00
A+ s \ /"2 cosor v?
with

8 In|l— 'l -
o=o(s,x,7) = §s3+2x5+ uln (16s® + 4xs) — arg ( I/>.

T '(v)
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Adding up
—om)i [ v w — i u? —u,
R (1) (G ) — T)aw = =27 2
Sr 25 —u —v $ Uy —u?
N (=2mi)i? [ 2uu,  —(zu+2u?)
53 ru + 2u? —2u,
. (—2mi)i —12 vV —1v2coso N 0(3_4).
4s® + ws —v/—12coso v?

This leads to the following expansion for &,

d, = —2vo3s + ! +
2 S

i —1? v/ —12coso
+4 3
ST+ T\ —\/=12coso V2

uniformly on any compact subset of the set (1.19) and where we used that u = u(zx, )

+0(s7%), s— o0, (7.3)

solves the second Painlevé equation. Secondly

Oy = 2 s2l—ﬂ(h+l2 03+—/R (w) = Dwdw.  (7.4)

We need to compute
I, = / (R-(w) = I)(Gr(w) — Iw dw
YR
_ (2m)iv (WP, 5 (u? —v?) L 0(s)

25 2 2 2) uPv + uuy

as well as

(—2mi) u? —v?  2(uy + uw)

8%\ 2up +wv)  u?—0?

N (—2mi)iv 0 uw(u? + v?) + 2(vu, + zu)
u(u? + v?) + 2(vu, + zu) 0
2mi 0 V—v?sino

- O,
4s’ + xs —V/—12sinc 0
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in order to obtain

Uy 1 w? =02 2(uy + uv
Oy = 20%s*] —ivs + = ( )
u? 8 2(uy +uv)  u?
213 2uu, xu + 2u? w?v 4wty u + vu, + 2u
S \zu+2u? 2uu, Wt ouy, +ru wPo+uu,
2ivs V2 v —v?coso s 0 V—12sino
_l’_
48 + x V—12coso 12 4+ V—12sino 0
+0(s7?%), s— o0. (7.5)

Finally the computation of ®3

2v vis? ivs®

w/ R (w)(Gr(w) - 1)w2 duw. (7.6)

Since

/ (R-(w) = I) (Gr(w) — Nw*dw = O(s™*)

and

—97i)i —1? vV—v2coso
/R(w) (Gr(w) — Nw* dw = w
X4 4s° + s \ _\ /"2 coso V2

(=2mi)i [ —(v® = 3vu? 4+ 2(zv — un,))  —3(u(u® + v*) + 2(vu, + zu))
4857 3(u(u? + v?) + 2(vu, + xu)) v® — 3vu? + 2(xv — uuy)
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we obtain

2v
q)gz——s (14 2v%) 03 + iv?s? + 2135

3

2

vs u? —wv 2(uy + uv ) Uty —Ugy

4 2(uy + uv) Upy —2Uly

. . 2 .

2i%s% + is? -V 2coso 2ivs? 5 .

— ~ 1 vV —128ino oy

452 + x /12 coso 2 s?+x

o vrvtuu, = (U vug + au)

—v
3 2
u’ +ovu, +axu —(uv + uuy)

[ —(v3 — 3vu® + 2(zv —uuy))  —3(uw(u® + v?) + 2(vu, + xu
i [ (o =) =30+ 2) 2wt aw)) o
48 3(u(u? + v?) + 2(vu, + xu)) v — 3vu? + 2(zv — uuy)
With the given information at hand, (5.22) and (5.23) lead to

2u 2i? i/ —12

b=201% = iu — — U ?(:pu + 2u?) + 12 1 (080 +0(s7?) (7.7)
as well as
c=201"=—-b+0(s7%), s— o0 (7.8)
and
d = ir+8id*d3! (7.9)
8 8iv? 8iuy/ —v?
= iz + 2iu’® — ?Vuuz - Z—Z ((ug)? + zu® +2u*) + % coso + O(s7?).
Furthermore
4 8isv/ —v?
e=8i (@%%D%Q - @;2) = —2iu, + ?V(xu + 2u®) + % sino + O(s7?)
and
f=—-e+0(s?) (7.10)

where we made use of the following identities, see (7.3) and (7.5)

O = 02+ 0(s7?), @' =-2P+0(s7%), ¥ =P +0(s7?), s—o0. (7.11)
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We have now derived enough information to evaluate the first terms listed in Propo-
sition 5.3.3. Put

11

Prls,rn) = —8i((Ry), + (20),(8 — B) — (Xo),0, ) — 24((@2), )
b (@), — (8),81) " — dic((@2), — (21),8,)
—6(@1%)21 - f((q’l)v>m

(a%@k)ij _ a%(cb}j), Qg k=12

From (7.10) and (7.11) we obtain therefore

and notice that

—e((@),)" = —r(@),) " + o)

and via (7.7) and (7.11)

4ib<(®2)7>21 - —4ic<(®2)7>m +0 (1“—8)

82
Since also
21
—4ib<(CI>1)7CI>1> = _4ib<(q)%1)vq%l+(®%2)w®%1>
. 1
= el (@12) 03 1 (al) o12) + o(g)

- 4ic<(<1>1)761>1)12 + O(II;—f)

as s — oo uniformly on any compact subset of the set (1.19), we can simplify the

expression for P (s, z,7) asymptotically

Pils.zr) = —8i((25), + (@), (@ 8) — (2:) &) —2a((@))"
ssin((@2), — (@1),01) " —2e((@),)" + o(lf;—j). (7.12)

Next from (7.3)

22 8P Lin3 :
o2 = <4y232 —ivvs — 4P+ - g, = P 4 uum))l
4 s 4s*+x s
+0(s7)




135

with I denoting the 2 x 2 identity matrix. Thus

1 i (vu?) i i
((X1)7X12> = < — 21/78 + 5?}7 + . T4 ?(2]/211,11%)7 — m(y2>7

Ins u? —v?  Siv

+0 (—>> <4V282 — 2ivvs — 4v*u® + — Uy, +

4i13s

53 4 S 452 4+ ¢

—1—%/(vu2 + uu,) + 0(5_2)>

= —81/2%33 + 42'1/1/71132 + 22'V2s2v7 + 8u21/7u2s — UyS + vsvv,

2 2 .3 8iv’v, s’ - 2 99
+4v s(uu )7 + 16w, v uu, — m — 2ivy, (vu + uux) — 2ivuv,
: 2_ .2 Aip2s2 ]
—|—%ku 1 Y 2 (1/u2)7 + 4i? (QVQqu)7 — ﬁ (VQ)7 + 0 (?) )

Moving on, we use
11
((cpl)vcpz + (%)7@1) = (@l + (1) 02+ (D7) 0%
and obtain

11
(<I>1) dy + (<I>2) d, = | — 433 + 3i? %0 + 613u%s — 3iv*uo + 12ivtuu,
v ¥

. 6iv's? u? —3v?  wu? —v? _ Vs 5
B i 1))V - S+ guvu),
—iv Uzt + %U’YW —ivu (Vuac),y + i, (l/u)7 +iu (1/2%,)7 - %UW
+0 (3_1).

Furthermore
(uz +uv)y

21
<(Q)2)7 - (<I>1)WCI>1) = is(vu)y + ivysu — ivsu, — 2(V%uy), + 1

1
—2vvyu, + Z(UUW — vuy) + 2v(vug), + O (s,
which implies

21
b<(<I>2)7 — (@1)7@1> = —su(vu), — su’v, + svuu, — 2iu(v?u,),

(uy + uv),
4

—2ivv, Uty + 22'V2ugcu7 + 0(3_1),

AL 2ivu(vuy), — 2ivug (vu),

+iu — 2V uu, + tu 1



136

and finally
11 U
d<(¢)1)7> = —2iv, 8T — 42'1/7u23 — 77 — u21)7 + 16vv,uu, + O(sil)

as well as
21 .
e((Xl)» = —umuw—l—O(s )

At this point, we write

Ins

Pi(s.z,7) = 8P (@, 9) + 8Py (2,7) + 5P (2,9) + P (.9) + O (7>
where Pl(i) (x,7) are independent of s. Since
V”y:O =0

we get from (7.12) and the previous computations

~ v
/7?{3)(x,t)dt _ / [_ 82'( — 2%(1 + 2u2)> — 82’( — 81/21/t) + 82’( — 41/3)t] dt
0 0 t
16 .
= —u.
3
Next

v

/P{Q)(x, Hdt =

[ — 8i(iv*v), — 8i(divvw + 20 vy) + 8i(3iu2v)t] dt
0

oo

and

o

X
/P{l)(x,t)dt :/
0

0

2 2

t —
— 8i (2t3u2 — Z(u2 - vz)> — 8 (81/21/tu2 - I/tu !
¢

2

2 3 2
+vov, + 41/2(yu2)t) + 8i (61/3u2 - u%) + 8@'( — guut + g(z/u)t)
t

+8i (zu (z’(uu)t +ivu — z’yut)) - 2( — 2ivr — 4z'z/tu2>] dt

= 4ivzx.
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We complete the computations for P; (s, x,7y) by evaluating

v

K 42 - 2,2
/731(0) (x,t)dt :/ [— 8i (élz'u‘luu:D LA A iv? (u?v + uu,)
0
1

482+ 482+ x
0

84 3 2
——(v* — 3vu® + 2(zv — uum))) — 80 (162'1/31/tuum _ s 2ivv; (vu?
¢

48 452 + x
2 2 9 9
U — v 4iv°s
+uuy) — 202 uo, + v — 2ivu(vu?); + 8iv? (Viuuy ), — V2
) R (i) + 82 () — (),
Givts? 2,2
+8i — 3iv*uPv + 12ivtuu, — iv*uu, — we + z’vu Y
452 4+ x 16 .

Uy + UV

—|—8i( — i Uy + iy — ivu(vuy), + ivug (vu), + iu(vuy ),

_ww) — 2( — % — wlu + 161/1/tuum> + 82'( — 2iu(l/2ux)t

—H.UW — 2ivvun, + zuw + 2ivu(vug )y — 2ivu, (vu),
—2ivvun, + 2iu2uxut> — 2( — uxut)] dt
9 2!
= 224 g(xfu — uuy) + 2/ Ugptydry.
0

The next Proposition will be useful

Proposition 7.2.1 Let u = u(z,v),y < 1 denote the Ablowitz-Segqur solution of the

boundary value problem

Upe = zu + 2u®,  u(z) ~ yAi(z), = — +oo.

Then
%(m(x,v)—umv)um(%v)) +2/uz($>t)ut(l’,t)dt = —/(y—x)ug(y,v)dy (7.13)

where v = (uy)? — zu? — u?.

Proof Let F(z,7) denote the left hand side in (7.13). Using the differential equation

for v as well as integration by parts, we have

9 Fa,7) = vl 7) = (el )” — (e, 7) — (e, 7)
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and hence after integration

[e o]

Flz,y) = - / (v — 2)a(y, 7)dy + C(7) (7.14)

xX
with a constant C', only depending on . Since u decays exponentially fast as x — oo,

the same limit on both sides of (7.14) gives us the stated identity. [

Let us summarize our previous computations. As s — oo, uniformly on any compact

subset of the set (1.19)

Y ]
1 1
/771(3, z,t)dt = z’y(?sg + 4395) — /(y — 2)u*(y)dy + 2(iv)* + O (%) (7.15)
0 T
To move further ahead in the equation of the y-derivative, let us define
~ ~ ~ ~ 0P < -1
Pa(s,x,vy) = (An - A22)<Z511(3) + A12¢21(s) + A1 ¢12(s), ¢(s) = %(3) (@(3))

with (compare (5.21))

Since
An = —l. (‘1;)11(8) + CT>12(3)) (&)21(8) + CT>22(3))

we can now use the identities derived in section 7.1 for ®;;(4s). With

1 dw
YR
B 1 dw _9
Co
S +0(s7?) (7.16)
25 \ —u —v

and the classical identity

T()(1-2)=——, 2€C\Z

sin 7wz
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one concludes

AH =v+ O(S_l), A22 = —v+ O(S_l)

uniformly on any compact subset of the set (1.19). Also

r
Ay = v(168> + 4955)’2”6253'9(1)7@) + 0(8*1) (7.17)
I'(=v)
and
I(—
Ay = —v(165° + 41‘8)2”628319(1)% +0(s71). (7.18)
v

Next we use (7.16) to evaluate asymptotically the identities for flv'Dij(S) obtained in

section 7.1

Pu(s) = (165" +dus) e Te 0 (=) + er(-v) ( In(165" + dxs) - ig))

40O (ln—s)
S

Bio(s) = —(165° + dws)Ve'3ves W (co(l + 1/)% + a1 (—v) (1n(1653 + 4xs)
—v
T Ins
“5)) O (—)
< - 3 'l —
Doy (s) = —(165> 4 4us)e'2ve =M (co(l - u)% +c1(v) (ln(16s3 + 4xs)

Aol

Poa(s) = (165° + das)’e'zve "0 <co(1/) +c1(v) (ln(1683 + 4xs) + z%))

+0 (ln_s)
S



140

Combined with (7.17) and (7.18), we deduce the following asymptotics for Py(s, x,7)

Po(s,x,v) = 2ve™ (co(u) + o (v) (ln(1633 + das) + Zg)) [VV (zg

~In(16s® + 4953)) <c (—v) + cl(—u)<ln(1633 + ds) — zg)) + (co(—y)

+oi(—v (ln (165 + 4xs) — g) ] — 2ue'™ (1}(;)7/) + c1(v)
- - +4xs><

)
+cp(—v (ln (165® + 4xs) +i— )) + ) +c1(—v)
AR

(ln 163 —1—4953

). +c1<u>(1n<16s3+4xs>
”5)) (eo(1 - ”)F(;(;) tal )(
x(eo() + arv )(111(165 +4xs)+z§)) )
x <1n(16s3 +dzs) — zg)) 4+ vemk )
_Z-E)> (o1 + y)% +ey(—v (ln (165° + 4zs) + zg)

I
165° + 4xs) — g)) + ve'™ )
0l

<c0(1 V) ((V Y) | e(v)
( 163 + 4xs)
)

y (co(—u) (- )<ln(168 + 4x5) — 2)>’Y<CO(1 + u)P& +V§)

Y (—v) (1n(16s3 +das) + zf)> + O((ln s)” ) s — o0,

2 S

o

‘l—Cl —V

2

What is left in the identitiy stated in Proposition 5.3.3 is the term

Ps(s,x,7) = (Bi — 322)511(—8) + Biagoi (—8) + Bardia(—s),

with
_ -1 _ 3 2w —23319(1)F(_’/) -1
Bii=v+0(s™"), Bia=uv(16s"+4zs)*e ) +0(s7")
and
3 —2v_2s39(1) I'(v) 1
By = —v(168° + 4as)" e 7—0—0(8 ), 5 — 00
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which, also here, holds uniformly on any compact subset of (1.19). Again (7.16)
allows us to simplify the idenitites for ®;;(—s) obtained in section 7.1 and we are lead

to the following asymptotics for Ps(s, x,7)

™

Ps(s,z,7) = 2ve™ (Co(—u) + c1(—v) (1n(16$3 +4dxs) — z%)) [VW (ZE

+1n(165° + 4x5)) <co(l/) + () (1n(1653 + dzs) + z%)) + <c0(y) +e(v)

X (1n(1653 + 4xs) + z%))wl — 2ue™ (00(1 + 1/)% +c1(—v)

X (1n(1653 + 4xs) + z%)) [u7 (zg + In(16s% + 4g;s)> <c0(1 — ,,)%

I'1—v)

ter(v) <1n(1683 +4dws) — %)) + <C°(1 =) I'(v)

+e1(v) (1“(1653 +dos) - Zg)>

— ve'™ ) (co(—u) + 1 (—v)

o

X (ln(1633 + 4xs) — z%)) <CO(1 + I/)% +ci1(—v) ( In(16s* + 4xs)

X <c0(1 + u)% + e (— )(1n(16s +4xs) +i g)) +ve FIE(—VIE) (co(z/)
1l -v)

rea) (167 4 49) 417 )) (o0 = )

1)), e R ot e (ot +.5)).

X <c0(1 . y)% +ei(v) (ln(1653 + das) — zg)) + 0(““88)3), s — 00.

The two expansions for Py(s,z,v) and Ps(s,z,vy) combined together allow us to

+c1(v) (ln(1633 + 4xs)

evaluate
/ (Pa(s,z,t) — Ps(s, x,t))dt. (7.19)
0
In this evaluation it is important to recall the definitions of ¢y(v) and ¢ (v)
olv) =~ (6(0) + 2), ea(v) =
0 - F(l/) TE), 1 - F(l/)
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as well as the functional equation of the Digamma function (see e.g. [5])

(z)=Yv(z+1)— o (1 —2) —meotmz, z€ C\{0,-1,-2,...}.

z
It implies

I'l+v)
I(=v)

' —v)

Tw)

co(v)er(—v) + a1 (v)eo(—v) — co(1 + v) a(v) —a(—v)e(l —v)

and shows therefore that all terms of O((In s)?) in (7.19) vanish. The remaining terms

of O(Ins) and O(1) can be computed in a similar way, we obtain

/V (732(3, 1) = Ps(s, @, t))dt =6(iv)?Ins + 8(iv)*In 2 (7.20)
#2 [0 (0T (0) - T (-v) e + 0 )

as s — oo uniformly on any compact subset of the set (1.19). The latter statement

combined with (7.15) implies Theorem 1.3.1 with the “constant” term
/ N0)
v
xo = 2(iv)? + 8(iv)*In2 + 2 / v(t) (ln 7) dt
0 ),

and in terms of Proposition 5.1.2 therefore completes the proof of Theorem 1.18. Up

to this point, we have verified Theorem 1.3.1 with an error term of

o127,

We can use Proposition 5.3.1 to improve this error estimate. With (7.16) after sim-

plification
3(iv)?
R(s,s) = —iv(8s% + 2x) — % +0(s7?)
and also
N2
R(—s,—s) = —iv(8s® + 2z) — 3(2;) +0(s7?)

which implies via (2.18)

0 6
55 det(] — yKegn) = iv(165° + 42) +
S S
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uniformly on any compact subset of the set (1.19). Integrating the latter equation

with respect to s and comparing with (7.20), we have completed the proof of Theorem

1.3.1.

7.3 Proof of Theorem 1.3.3

In order to derive the large zero distribution of det (I — vKgn) for v > 1, we trace

back all relevant transformations and use (7.1),(7.2). First

O(A) = ®(A) = T(z2) = A(2) = R(z) — P(z) — Q(2)

and we connect the values of R(£1) and R'(£1) to Q(£1) and its derivative:
~ 0 0
R(1) = (Q(1)+(1+B B | g | (2D)
ip 0 V02p1+45% 2
and
, o 0 0 .
R =(QMU)+U+B)QM) | 4= | +TU+B)QM) (7.22)
WP 3
452
0 0 " 1 0
X +(Q(1) ([—i—B)Q())
Voipk(s, ) —1% 2 ip 0
where
. 10 x 1 T \2 T\ 2
Als, @) 5(?( ) (0-3) 3+ 55) )(“4—32)
Also
o) 0 up ~ —1 —woip ?
R(~1) = (g(_1)_(1_3)g —1) —(I-B)o(-1)| 2 +ae
0 1 0 0

Hecn-a-nE) (0 7] ~u-Boey



Next we evaluate Q(41): For any z € ¥g

1 dw
_ = I+ — _ G -1
Q.(2) = I+5- [ Q- (Gow) - 1) -
YR
v —u L0 _
_ Hé( =) ()
u —v 0 P
v ue 2w z—1 0
X ‘ By(2) +0(s7?),
ue v v 0 z+1
and thus
7 —Uu 12 —u? — Uy
O(+1) = I+ - ul
52 2
u —v Uy U
1 u? — v? —2(uy + wv
=3 ( ) 0(3_3), s — 00
8s —2(uy + uv) u? — v?
Similarly
) i [v —u vo [ —u? —u,
Q(£+1) = —— + =
2s \y —v 8 Uy  u?
1 uZ — v2 —2(uy + uv) O(s)
— s
4s —2(ug + uv) u? —?

which appears in (6.20), that

det N = 2]1)<COS<J—BsinU+g
s s
QiVQ 9 .
+?(ux—|—u sma) +

UQ—UQ

252
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cos o + 0(3_3)). (7.24)

We agreed that s stays away from the small neighborhood of the points {s,,} defined

by coso(s,,x,v) = 0 and therefore, for sufficiently large s lying outside of the zero
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set of the latter transcendental equation, the stated determinant is non-zero. Back

to (6.20), this implies

—~ 21 sin o —1 coso [v —u 1 )
B=- ]jv + +— 2ty cos o
det 1 —sino S U —v S
—u? —Uyg 1 [ —v?sino —u? Uy —1 sin o
X + = + 7
Uy u? u? v?sino —sino 1
) 0 1 4
+uwvsin o +O(3 ) ,  S§— 00
-1 0
and with
2ip 1 1+1 . u 1 2 (o2 2uvsina+ u?
— = —|vtano — — (v tan® o —
det N coS o s Ccos o 52 cos? o cos? o
2 2 :
U — v ) 299U _
- — 2iyyu’ tano — )+ O(s 3)
2 Ccos o
we obtain in turn
~ 1 sin o —1 1(vsinog —wu [sino —1 v —U
B = t+- +
coso 1 —sino S cos®a 1 —sinco U —v
2 2 o 2 .
1{ 1 2v°sino —u’sino — u, —v° 4+ Uzsino
s (2coso v?2 —u,sino —20%sino + u’sino + u,
2ivg(u?sino + u,) [sine  —1 (vsing —u)? [sino -1
B 2 ) 3 .
cos® o 1 —sino COs™ 0 1 —sino

—uv coso — 2ivgu?  u?coso — 2ivyuy

+ }+O(3_3), 5§ — 00
—u?coso + 2ivgu, uvcoso + 2ivyu’

where all expansions are uniformly on any compact subset of the set (1.29). Let us
go back to (7.1) and (7.2). Since v = 1y + 3, we notice
R(s,s) = —ivy(8s® 4 2z) —i(4s® + 1)
(165 + 42) [Riy()Raa (1) = Rip()Ria()] + O(57")



and similarly

R(—s,—s)

Next

and therefore
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—ivp(8s + 21) — i(4s® + x) — (165% + 4x)
xR (“1)Rar (1) = Ry (1R (=1)] + O (577).

%(Q(l) +(I+B)Q(1), - 1(I+B)Q(1)),,
ST+ B)a),,
%(Q(l) I+ B)QW),, — (I +B)o),,
%(m B)o(),,

~

Ria(1Rn(1) ~ Rep(R(1) = 5 [(Q() + (T + BYQ() (T + BYQ()),,

~

—(Q) + (I + B)Q(1)),((1 + B)Q(D)) |

We combine the previously derived information on Q(1), @'(1) and B to derive

—(16s* + 4x) [R’u(l)Rzg(l) — Rg2(1)7312(1)] = (45 + 2)(i + tano) + a4 + O(s ™)

with a function oy = a, (s, x, ) such that

Also for R(—s,—s)
R(—s,—s)

where

/@Jr(s,x,’y)ds =0O(Ins), s— 0.

—ivy(8s® + 22) + (4s* + x) tano + a_ + O(s™'). (7.25)

/ & (s,2,7)ds = O(Ins).

All together from Proposition 5.3.1

O0s

9 Indet (I — yKesin) = ivp(165” +42) — (857 +2x) tano— (@ +a_ ) +O(s™'). (7.26)
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Opposed to the latter equation, we now recall Proposition 5.3.2 and evaluate the

logarithmic x-derivative. For v > 1,

®; = lim <>\(q>()\)€fi(%x3+m>03 _[)>

A—00

= —2vusoz + s(og + B\) + % / Q (w)(w) (GQ(w) - I)dw

where the expansion for B has already been computed. From this and residue theorem

is sinoc  —1 i [v —u

®, = —2vsos+ so3 — —3
cos g 1 —sinco (T

i(vsing —u) [sino -1 o
Ao =) ') +oe.
cos“ o 1 —sino
hence
2v 2usino

0
— Indet (I — YK csin) = 4ivps +v — 2stano —

5 +0(s7h). (7.27)

cos? o cos? o

Integrating both identities (7.26), (7.27) and comparing the result, we conclude for

s — oo away from the zeros of coso =0

16
Indet(I — YKesin) = il (333 + 43:10) +1In|coso(s,x,v)|+ c2lns

- / (v — D)y )dy + (1) +O(s7)),  (7.28)

xT
with real-valued constants c;, solely depending on + and the error term is uniform on
any compact subset of the set (1.29). The given expansion (7.28) verifies the claim
on the asymptotic distribution of the zeros of the Fredholm determinant as given in

Theorem 1.3.3.

7.4 Proof of Theorem 1.3.2

The final two sections of this dissertation complete the proofs of Theorems 1.2.1

and 1.3.2. We use the logarithmic ¢-derivative as prepared in Proposition 5.3.4, i.e.
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we need to derive the large s-asymptotics of the coefficients ©1,05 and O3 in the

asymptotic series

@1 @2 @3 —4
@()\):]—I—T-I—V'FF—I—O()\ ), A — 00.

First trace back the relevant transformations
O\ = P(\) = A(z) = K(2)
and recall the important estimations (6.37) and (6.38)
1

G = Il L2npeeme) < es™, K- =12y < cs™t s — 00

which are uniform in the parameters (z,t) chosen from any compact subset of the set

{(z,t) eR*: —co<z <00, 0<t<1}. (7.29)
We compute
. , 0
01 = Jm (MOW 1) €:=lim ((60) ~1 =)
. 0, ©
O = Jim (V{60 —1 =3 = 3))

and therefore need the following expansions:

1 0 1 1 10 31 0 1
N(z)=1+ + - +—
22 _1 O 82 O 1 162 _1 O

4 Tz ) T i [t x
q —il =2 4+ = __<t _>___ el O(275).
9(z) 2(3 o s2> 2z - 52 223 (3 * 432) +0(7)

K(z) = T+ [ K_(w)(Grlw) — I)dw + = / K (w) (G (w) — I w dw

'S Yk
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and also

(39(2)—is3 (42342 ))o5 i3 L3 2
e’ 3RO = ]—g(ts +x3)ag—@(ts + xs)°1

ts® s l _
- (? + Z)O'g + @(ts3 +z5)05 + O(274).

They imply

— ; (S3A(Z)7is3(%t23+§))0‘3 N
0, = Szlggo <2(R(2)N(z)e g [))
= 8(— (ts3+x8)03—%+% IC_(w)(G,C(w)—I)dw)

Xk

N | .

and

1 1 1
O, = 32(—g(t33+xs)2l—Z(tsg’—i—xs)al—kg

o [ ) (Grtw) = D) (15" + 2)
—ﬁ K_(w) (GIC(w) - I)dw@ + %/’C—(w) (G’C(w) - I)wdw)

Moreover

. 1 .
O3 = s3 (42_8 (t53 + xs)303 + 1_6 (ts3 + {L‘S)20'2 — 12_6 (t33 + xs)ag

i (ts®  xs 3i i 2
3 (? * Z)"3 167 16n / K- (w)(Ge(w) = I)dw (t5° + ws)

_8% K_(w)(Gie(w) — T)dw (ts* + z5)0y + 16& K- (w)(Gr(w) — I)dw
L [ ) (Gtw) ~ wdu 65+ as)o
—ﬁ K_(w) (GIC(w) - I)de@ + i /IC_(w) (G’C(w) - I)dew).

Our next move focuses on the computation of J,, = fE;c K_(w)(G(w)—I)w" dw,n =

0,1,2. As we see from (6.37) and (6.38)

Jn:O(s_g), s—o00, t>0 Jn:O(s_l), s—o00, t=0
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on the other hand (5.30) has to be evaluated up to 0(3_1) in order to determine
the constant term in Theorem 1.27. Hence we need to iterate the underlying integral

equation. First in case t > 0 for z € Y

1 d 1 d
K(2) =1 = 3= | (Grlw) = ) ———+ = [ (Gxlw) = 1) ———+0(s™)
e, G
and if £ = 0 the latter error term is of order 0(3*2). Thus as s — c©
. —2 2 (o n—2 2
k()1 = L[ 1 [0 B+ | dw
27?20 16/C (38724 8 —(382—p2)) w—
1 1 3° - B —i(367 + 57 dw
+— [ —=
2w ) 164/C —i(382 4+ 872 —(382—p72) ) WA

modulo a correction term. Since

B3 (w) 3/, t 3x\ ' 2m
dw = —— t+ -+
/\/C(w)(w—z) v B\ T z+1
ér
2 -1 - .
B (w) dw — i ﬁ 3_1‘ _ Z2t + E + 3_.% 2
VC(w)(w — 22) 453 2 4s? 2 4s? z—1
ér
2 . _
f(w) dw = _ 3 2t + ! + Ll 2!
VC(w)(w — z_) 53 2 4s2) z-1
G
B2 (w) 3i [ (3t 3z\ " ot 3z\ 7'\ 2mi
d = — J— N — t — -
/\/C(w)(w—z) YT\ T T tIE) )i
G
we obtain
3 t 3\ /3t 3\
(=T = —/ | —2|2? Z 4 I
K-(2) 6433< <2t+2+432) (2 +4s2) )
1 1 — 1 1 2
x{ + } +0(s79) (7.30)
W |
31 1 1 — 1 1
= — t 19) —6
6453 (27){2—1 i —1 z+1\; }—'_ (8 )’



151

for t > 0 respectively with a correction term of order 0(3_2) in case t = 0. We are

going to improve the latter estimation via iteration

dw dw
K_(z)— 1= _(w) — — -
(@) == [ (e = 1) (Glw) = o™+ [ (Glw) = 1)
Y Xk
and the first integral _(z) — I is given by (7.30). By residue theorem
31 1 I — 1 1 1
K_(z2)—=—= t)| ——
(2) 6483 (Z’ ) |:Z —1 —7 —1 * zZ 4+ 1 7 —1 :|
27i (315 33:)2{ 1 1+4 2+ 1 (144 —2i-1 }
12856 \ 2 452 z—1 _22'_% 1_}_% z4+1 22+% 1_}_%
v -9
—i-@h(z,t) - +0(s7), s— o0
with
(2 + L+ 32)7" t 3\ 3i 3t 3x\ "
Wiz 1) — 2 T 42 20 L 2T 142 ot ST
G = -1 (z +2+4s2) ( +64)+(2+4s2>

for t > 0 and with an error term of order 0(3_3) in case t = 0. Having the latter

information we first compute Jy

JO:/(IC_(w)—I)(G,C(w)—I)dw—k/(G;dw)—I)dw.

Yk Xk

All integrals can be evaluated via residue theorem, we summarize the results

1 3 (3t 3x\ 27 (3t 3x\ "’

— | (@ —Ndw = — (= + 2= -2 (=2

2 | (Grlw) = T)dw 3233(2+432) 78 51236(2+432) 72
Yk

L A05i (3t 3r - 527”+57€+z
6553657 \ 2 | 4s?

1 %+5_€ 1 03+O(3_12),
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as s — oo for t > 0 and with an error term of order 0(3_4) in case t = 0. Similarly

[ = )Gty = S (B 22)

271
Cr,l

N 81 3t+3x -3 X 3 N 81 3t+3x -3 X 5i
102459\ 2 " 152 256 ) 7% T 819259\ 2 T 442 32 )78

27 3t 3z\* 211 19t 3z
2 (2422 49t + 3it (— 3') Rl
+3276859( +42) [ ot g (2 +4s2)]03

81 3t 3z 315 32\ !

— 44t )

819249 432 2 432

1 3t 3x\ "
—(2@+8><3+4t(§+4—) )}01+O( ), s— o0

and we summarize

Jo 30 (3t 3x\! 27 (3t 3\’ o
% = —3233 (5_'_4—82) o3 + —6489 (5 + 4—82) (G(S,t)03+b(8,t)01> —|—O(S )
(7.31)

as s — oo for ¢t > 0 respectively with an error term of order 0(3*4) for t = 0. Here
the functions a = a(s,t) and b = b(s,t) can be read of from the previous lines, we
state Jy in this form since as we will see, only the structure of the term of order

0(3_9) matters. Moving on to J; and J, similar computations imply

Ji 3 /3t 3z\ ' 81 3t 32\ 2
o T 203\ o T 12 ——— =+ I+0(s” 7.32
2mi 3283 ( 2 + 4s2> 91 204856 ( 2 + 432> + (3 ) ( )
and 1
Jo 3t (3t 3xz\ _
o w0\ T 12 O(s™ 7.33
2mi 3253 ( 2" 432> o3+ 0(s7) (7.33)

in the limit s — oo for ¢ > 0 or in case ¢t = 0 with adjusted error terms. It is now
straight forward to use the given information (7.31), (7.32) and (7.33) to obtain the
large s-asymptotics for ©1, 0, and ©3. Once we have the latter expansions we go

back to (5.30)
&3

_ a(1s0, s
(ts +xs) 2(1%3 + xs) — 43(3 + 4>

3 /3t 3z\ ' 27i (3t 3
+—= ( -I——x) (ts3—|—x32— Z(— _x) ts?’—I—:Es)za(S,t)

%traee ( — 3@303) =

o | =,

32\ 2  4s? 6455 \ 2

15 3t+3x -1 3z (15 1 25) + O(5), 5
—— =+ —+— 3 xs 5 — 00
32\ 2 " 4g2 51233 t 2
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and
4i 3 /3t 3z\! 2
gtrace (2@203@1) = —— (5 + 4—32) (t83 + xs)

16
271 3t 3z =3 9 83 ,
‘l—@ (E + @) (t33 + ZL’S) CL(S, t) — g (t33 + ZL’S) + $3 (t83 + ZL‘S)

3 /3t 3x\ ' 21 /3t 3z\°
+16(2 +4s2) +256s3(2 +432) (ts" +ws) +O(s7)

as well as

4i 39 (3t 3z\’
gtrace ( — @10'3(@% — @2)) = W (5 + @) (th + 33'8)
3/3t 3x\ ', . o 2Ti (3t 3x\ T, 5
+32 ( 5 + 4—82) (ts® + xs)” — 6156 (5 + 4—82) (ts® + zs) a(s,t)
s3 5% 5 3 /3t 3z\ " _
—3(t33+xs)+€(ts3+:cs) —3—2(2 +4—82> +0(s7?)

in all cases as s — oo uniformly on any compact subset of the set (7.29). Now use
Proposition 5.3.4 and add up the latter three identities

0 y 4 3/3t 3z\ "
gy (1K) = gt = = G (G f5) 4007, 500

uniformly on any compact subset of the set (7.29). Now integrate and obtain

1
) i 2, 4 1. (3 3\ 1. (3
/alndet(I—Kcsm)dt = -3 —sx—zln(§+4—§)+11n<4 2)+O( %)
2., . 1 1 1 P
= —39 —3x—§lns+ilnx—zln2+0(s )

On the other hand

/ Indet(I — Kcsm) dt = Indet(] — Kesin) — Indet(I — Kgy)

0
and we know (see [26])

(s)?
2

1 1
Indet(] — Kn) = — 1 In(sz) + D In2+3¢(-1)+0(s7"), s = o0

hence together as s — oo

2 3 1
(9”23) — Sl - SIn243¢(=1) + O(s7) (734)

Indet(I — Kegin) = —%36 —xst —
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and the error term is uniform on any compact subset of the set (1.15). This proves

Theorem 1.3.2.

7.5 Proof of Theorem 1.2.1 with constant term

From Proposition 5.1.2 and equations (4.24), (7.34) we obtain immediately

2 o
Indet(I — Kpy) = —536 — st — zlns + /(y — z)u*(y)dy +w + O(s™")

xT

uniformly on any compact subset of the set (1.15) with w = —%1In2+ 3¢’(—1). This

proves Theorem 1.2.1.
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8. SUMMARY

The current thesis focused on the asymptotical analysis of two one-parameter families
of Fredholm determinants det (I —yK),~ € R with the trace class operators K =
Kpyp and K = K, acting on LQ((—S, s); d)\). We were able to derive the large s-
asymptotics in both cases for v < 1 including the “constant” terms and stated the
large zero distributions for v > 1. We want to discuss some possibilities for future

projects related to the determinants studied in this thesis.

e The stated expansions show, that for both kernels, the point v = 1 is a critical
point, i.e. at this value of the parameter the large s-behavior of all determinants
undergoes a qualitative change. Hence it is a natural question to ask for the
relevant double-scale asymptotics as s — oo,7 — 1. So far the only attempt
to describe such transitional behavior was done by Dyson in case of the sine
- kernel determinant. He uses a Coulomb gas interpretation and derives a
heuristic formula for the double-scale asymptotics which involves Jacobi theta-
functions associated with a certain elliptic curve. It is desirable to turn Dyson’s

analysis into a rigorous approach and to extend the strategy to the kernels

K= KPH and K = Kcsin-

e We mentioned in section 2.4 the possibility to derive a differential equation
associated with det (I — vKpy). If available, this equation considerably reduces
the computational effort in the asymptotical analysis. In case of the sine - kernel
Jimbo, Miwa, Mori and Sato derived an integrable system whose tau-function
is represented by det (I — Kgy). This result connects the latter determinant to
the fifth Painlevé equation and gives hope that similar systems can be derived

for K = Kpyp as well as K = K g,.
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e In case 7 > 1 we mainly focused on the large zero distribution of det(/ — vK),
although our analysis produces asymptotic series up to certain “constant” terms,
see (4.11) and (7.34). On one hand it would be nice to compute those constants,
on the other hand the appearance of the Ablowitz-Segur solution in (7.34) leads
to the interesting question of what happens to det (I — 7K ), the underlying
Riemann-Hilbert problem and expansion (7.34) in case we choose z to coincide

with one of the poles of u?
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