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Abstract

This dissertation studies the standard random assignment problem (Bogomolnaia and
Moulin (2001)) and investigates the scope of designing a desirable random assignment

rule. Specifically, I ask the following two questions:

1. Is there a reasonably restricted domain of preferences on which there exists an sd-

strategy-proof, sd-efficient and sd-envy-free or equal-treatment-of-equals rule?
2. Moreover, if the answer is in the affirmative, what is that rule?

As a starting point, attention is restricted to the connected domains (Monjardet (2009)).
It is shown that if a connected domain admits a desirable random assignment rule, it is
structured in a specific way: a tier structure is fixed such that each tier contains at most
two objects and every admissible preference respects this tier structure. A domain struc-
tured in this way is called a restricted tier domain. In addition, on such a domain, the
probabilistic serial (PS) rule is characterized by either sd-efficiency and sd-envy-freeness
or sd-strategy-proofness, sd-efficiency, and equal-treatment-of-equals.

Since these domains are too restricted, it becomes an important question whether we
can find some unconnected domains on which desirable rules exist. To facilitate such an
investigation, the adjacency notion in Monjardet (2009) is weakened to block-adjacency,
which refers to a flip between two adjacent blocks. Hence block-connectedness can be
defined accordingly. Block-connected domains include connected domains as well as
many unconnected ones. A sufficient condition called ”path-nestedness” is proposed for
the equivalence between sd-strategy-proofness and the local sd-strategy-proofness on a
block-connected domain, called the block-adjacent sd-strategy-proofness.

Next, a class of domains, sequentially dichotomous domains, is proposed. A partition
of the object set is called a direct refinement of another partition if from the latter to the
former, exactly one block breaks into two and all the other blocks are inherited. Then a
sequence of partitions is called a partition-path if it starts from the coarsest partition, ends
at the finest partition, and along the sequence every partition is a direct refinement of its

previous one. Hence a partition-path plots a way of differentiating objects by dichotomous



divisions. Fix a partition-path, the corresponding sequentially dichotomous domain is the
collection of preferences that respect all the partitions along the partition-path.

Every such domain satisfies path-nestedness and hence the PS rule is shown to be sd-
strategy-proof by verifying block-adjacent sd-strategy-proofness. In addition, every such
domain is maximal for the PS rule to be sd-strategy-proof. Hence sequentially dichoto-
mous domains significantly expand the scope of designing a desirable rule beyond what
is indicated by the restricted tier domains.

The last part of this dissertation investigates realistic preference restrictions, which
are modeled as follows. Each object can be evaluated according to a large set of char-
acteristics. The planner chooses a subset of these characteristics and a ranking of them.
Then she describes each object as a list according to the chosen characteristics and their
ranking. Being informed of such a description, each agent’s preference that is assumed to
be lexicographically separable with respect to the ranking proposed by the planner. Hence
a description induces a collection of admissible preferences.

It is shown that, under two technical assumptions, whenever a description induces a
preference domain which admits an sd-strategy-proof, sd-efficient, and equal-treatment-
of-equals rule, it is a binary tree, i.e., for each feasible combination of the top-t char-
acteristic values, the following-up characteristic takes two feasible values. In addition,
whenever a description is a binary tree, the PS rule is sd-strategy-proof on the induced
preference domain. In order to show sd-strategy-proofness of the PS rule on the do-
main induced by a binary tree, the domain is shown to be contained by a sequentially
dichotomous domain and then the result stating the sd-strategy-proofness of the PS rule

on sequentially dichotomous domains 1s invoked.
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1 Overview

We consider the problem of allocating several indivisible objects to a group of agents,
each of whom consumes at most one object. Classical examples include assigning college
seats to applicants (Gale and Shapley (1962)), houses to residents (Shapley and Scarf
(1974)), and jobs to workers (Hylland and Zeckhauser (1979)).

From a design point of view, a primary target is to allocate the objects efficiently, i.e.,
no reallocation among the agents strictly improves some agents’ welfare without hurting
any others. To achieve efficiency is not very difficult if the planner, who has the authority
to implement allocations, knows every agent’s true preference. However, this is usually
not true, i.e., agents’ preferences on objects is private information. To cope with this
problem, the planner is supposed to design an allocation rule which provides incentives
for the agents to truthfully reveal their preferences. This requirement on an allocation rule
is summarized by strategy-proofness, which says that, in a revelation game associated to
the rule, truth-telling is a weakly dominant strategy for each agent. A strategy-proof rule
is attractive not only in that it makes evaluating whether an allocation is efficient possible,
but also that reporting the true preference is readily optimal for each agent without wor-
rying about other agents’ strategic behavior. In addition, if a rule is not strategy-proof,
1.e., a profitable manipulation is possible for some agent, agents will try to find such a
manipulation which is usually costly. So taking the potential cost of manipulation into
account, strategy-proofness can be interpreted also as a way of achieving efficiency.

The literature has introduced various classes of efficient and strategy-proof rules, e.g.,
serial dictatorship rules (Svensson (1999)), hierarchical exchange rules (Péapai (2000)), re-
stricted endowment inheritance rules (Ehlers et al. (2002)) and trading cycles rules (Pycia
and Unver (2017)).

However, none of these rules satisfies any fairness requirement.! For instance, two

!Fairness in many realistic assignment problems is a property even more concerned than efficiency. This
is because of the fact that the objects to be allocated are collectively owned, for example, public houses.
Also fairness is concern maybe because of legal issues. For example, Abdulkadiroglu and S6nmez (2003)
noted that in USA, when the parents think the allocation of school seats are “unfair”, they can sue the local

government.



agents reporting the same strict preference always receive distinct objects and hence are
never treated equally. Consequently, one of them must envy the other. Instead of allo-
cating deterministic objects, the literature has resorted to random assignment rules that
assign to each agent a lottery on objects to restore ex ante fairness.> Thus, agents rep-
resenting the same preference may receive the same lottery, and the random assignment
rule satisfies a classic fairness axiom: equal treatment of equals.

Since ordinal preferences on deterministic objects are collected to establish the ran-
dom assignment, one needs to extend agents’ preferences over deterministic objects to
assess lotteries. A standard practice is to adopt the stochastic dominance extension.’
A lottery is viewed at least as good as another if the former (first-order) stochastically
dominates the latter according to the ordinal preference over objects. Equivalently, under
the von-Neumann-Morgenstern hypothesis, a lottery (first-order) stochastically dominates
another one if and only if it delivers an expected utility weakly higher than the expected
utility delivered by the other lottery for every cardinal utility representing her ordinal pref-
erence on objects. By adopting the stochastic dominance extension, ex ante efficiency and
strategy-proofness are defined and referred to as sd-efficiency and sd-strategy-proofness.*
Beyond equal treatment of equals, ex ante fairness, in random rules can be strengthened
by sd-envy-freeness which requires that each agent always prefers her own lottery to any
others.

There are essentially two random assignment rules in the literature: the Random Serial
Dictatorship (or RSD) rule (Abdulkadiroglu and S6nmez (1998)) and the Probabilistic Se-
rial (or PS) rule (Bogomolnaia and Moulin (2001)). In deterministic assignment models,
serial dictatorship rules are known to be (ex-post) strategy-proof and efficient (Svensson
(1999)). As a uniform randomization among all serial dictatorship rules, the RSD rule
treats equals equally and inherits ex ante incentive property, i.e., sd-strategy-proofness

from ex-post strategy-proofness of serial dictatorship rules. However, the RSD rule fails

2 Another strand of the literature resorts to the possibility of side payment, for example Miyagawa (2001).

However, side payment is not allowed in many realistic applications either morally or legally.
3For other preference extensions, please refer to Cho (2012) and Aziz et al. (2014).
4Henceforth, we add prefix “sd-” to emphasize that the corresponding axiom is established with respect

to the stochastic dominance extension.



sd-efficiency, for which Abdulkadiroglu and Sonmez (2003) and Kesten (2009) provide
excellent explanations.

The PS rule is initially introduced by Cres and Moulin (2001) to deal with the schedul-
ing problem and later introduced to the standard random assignment problem by Bogo-
molnaia and Moulin (2001). The PS rule is fundamentally different from the RSD rule as
it specifies directly a random assignment for each preference profile, rather than using a
mixture of some deterministic assignments to determine the random assignment. The PS
rule treats the objects as infinitely divisible and agents consume the objects as time flows.
When time starts, each agent consumes her favorite object at the uniform speed, until
some object(s) are exhausted. Then agents reformulate their preferences by removing the
exhausted object(s), and resume consuming their favorite object in the remaining ones at
the uniform speed. This procedure proceeds until all the objects are exhausted. Finally,
the share of an object consumed by an agent is interpreted as the probability she receives
this object. The axiomatic performance of the PS rule is very different from the RSD rule.
It is sd-efficient and sd-envy-free since at each point in time each agent is consuming her
favorite available object. However, the major drawback of the PS rule is that it is ma-
nipulable, i.e., not sd-strategy-proof. This happens because the consumption procedure is
sensitive to unilateral deviations, which will be elaborated by Example 1 in chapter 3.

From the above discussion of the RSD rule and the PS rule, there seems to be a
fundamental conflict between sd-strategy-proofness and sd-efficiency. Such a conflict is

formally established in the following impossibility result.

Proposition 1 (Bogomolnaia and Moulin (2001)) There exists no sd-strategy-proof, sd-

efficient and equal-treatment-of-equals rule on the universal domain.’

Recently, this impossibility has been established on some restricted preference domains,

e.g., single-peaked domains and single-dipped domains by Kasajima (2013), Chang and

SThe universal domain is referred to as the collection of all strict preferences. Throughout this paper,
we assume that the preference is strict. This impossibility is established for the situations where the number
of agents is the same as the number of objects, which is also a standard assumption we make. In addition,
this number is supposed to be at least four since when there are less than four objects and agents the RSD

is also sd-efficient.



Chun (2016) and Altuntas (2016).
These results raise two natural questions and also the central questions addressed in

this dissertation:

1. Is there a reasonably restricted domain of preferences on which there exists an sd-

strategy-proof, sd-efficient and sd-envy-free or equal-treatment-of-equals rule?

2. Moreover, if the answer is in the affirmative, what is that rule?

We start our research by introducing a class of restricted domains of preferences:
restricted tier domains. We show that, on a restricted tier domain, a rule is sd-strategy-
proof, sd-efficient and equal-treatment-of-equals (or sd-efficient and sd-envy-free) if and
only if it is the PS rule. More importantly, we prove that a restricted tier structure is
necessary for the existence of an sd-strategy-proof, sd-efficient and sd-envy-free (or equal-
treatment-of-equals) rule, provided that the domain satisfies a mild richness condition:
connectedness (Monjardet (2009)). These results are collected in Chapter 3, titled as
random assignments on preference domains with a tier structure.®

To construct a restricted tier domain, objects are first partitioned into several tiers
each of which contains one or two objects; and all preferences are required to respect a
common ranking of these tiers while the relative rankings of objects within a tier may
vary arbitrarily. Such a common ranking of 1-or-2-object tiers is referred to as a restricted
tier structure. As an example, consider a skyscraper with two apartments on each floor.
A restricted tier structure can be generated according to floors (for instance, from the top
down to the bottom), i.e., all agents prefer higher apartments to lower ones. Between two
apartments on the same floor, however, the preferences may be arbitrary across agents. For
another example, consider a road from the downtown to the suburb along which houses
of similar quality are located on both sides. A restricted tier structure can be generated
according to the distance away from the downtown.

Theorem 1 shows that a rule on a restricted tier domain is sd-strategy-proof, sd-
efficient and equal-treatment-of-equals if and only if it is the PS rule. Recall that the

PS rule is manipulable on the universal domain since the lotteries prescribed by the PS

6 All results in Chapter 3 are co-authored with Huaxia Zeng.
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rule are sensitive to unilateral deviations. Intuitively, the restricted tier structure embed-
ded in a restricted tier domain reduces such sensitivity, and therefore restores appropriate
incentive properties on the PS rule.” At every preference profile of a restricted tier do-
main, according to the PS rule, all agents first equally share each tier of object(s), and
moreover, within a tier with two objects, say a and b, each agent in the (weak) majority
group (e.g., the group of agents with cardinality [ > 5 who prefer a to b, provided that
n is the total number of agents) consumes % of her preferred object a and obtains % — %
of her less preferred object b, while each agent in the minority group (i.e., the comple-
mentary group of the (weak) majority group) merely consumes % of her preferred object
b. Consequently, any individual preference misrepresentation does not affect the manipu-
lator’s share on each tier, and cannot increase the consumption of her sincerely preferred
object in each 2-object tier. Therefore, we restore sd-strategy-proofness of the PS rule on
a restricted tier domain. Moreover, in the verification of this characterization, we find that
sd-envy-freeness is endogenized in an sd-strategy-proof, sd-efficient and equal-treatment-
of-equals rule, and essentially sd-efficiency and sd-envy-freeness pin down all random
assignments induced to the PS rule. Therefore, the PS rule is also uniquely characterized
by sd-efficiency and sd-envy-freeness on a restricted tier domain. This result is presented
as the Corollary 1 of the Theorem 1.

As the restricted tier structure helps to restore sd-strategy-proofness of the PS rule, it
provides one particular sufficient condition for the existence of an sd-strategy-proof, sd-
efficient and sd-envy-free or equal-treatment-of-equals rule. More importantly, we char-
acterize restricted tier domains for the existence of such an admissible rule. We restrict
attention to the class of connected domains which have been widely studied in the vot-
ing literature (e.g., Monjardet (2009), Sato (2013), Chatterji et al. (2013) and Chatterji
etal. (2016)), and recently have been adopted for characterizing random assignment rules
in Cho (2012) and Cho (2016a). A pair of preferences is said to be adjacent if they are
identical up to a switch of two consecutively ranked objects. Given a domain, a undi-

rected graph is constructed such that the vertex set is the preferences in the domain and

"Kojima and Manea (2010) restrict such sensitivity by increasing the copies of objects, and hence restore

sd-strategy-proofness of the PS rule.



an edge is drawn between two adjacent preferences. Correspondingly, a domain is said
to be connected if this graph is connected. Theorem 2 proves that if a connected do-
main admits an sd-strategy-proof, sd-efficient and sd-envy-free rule, it must be a restricted
tier domain. This axiomatically justifies the necessity of the restricted tier structure, and
clearly specifies a boundary between the impossibility and possibility for designing desir-
able strategy-proof random assignment rules. Furthermore, when we weaken the fairness
axiom from sd-envy-freeness to equal treatment of equals, the domain characterized is,
surprisingly, not enlarged at all (see Theorem 3).

In addition to the above-mentioned domain and rule characterizations, we extend our
preference restriction, i.e., restricted tier structures, to a generalized model where each
agent has an outside option, and the number of agents may differ from the number of ob-
jects. This domain strictly nests the one investigated by Bogomolnaia and Moulin (2002),
where a scheduling problem is addressed. Imagine that there is a public service center
which can serve one agent in each slot, each agent wants to be served in a earlier slot.
In addition, each agent has a deadline above which receiving serve slot is perceived to be
of no value. The major difficulty is that these individual deadlines are private informa-
tion, hence the planner needs a schedule rule that incentivizes the agents to report their
true deadlines and hence design an efficient service plan. Treating service slots as ob-
jects and each agent has an outside option, each agent has a common preference on slots,
1.e., earlier is better, and the only difference among agents is how do they rank their out-
side options. On such a restricted domain, Bogomolnaia and Moulin (2002) characterize
the PS rule as the unique one that satisfies either sd-strategy-proofness, sd-efficiency and
equal treatment of equals or sd-efficiency and sd-envy-freeness. Such characterizations
strongly suggest the use of the PS rule in scheduling problems.

On a restricted tier domain with outside options, called an augmented restricted tier
domain, we also establish these two characterizations of the PS rule. This generalization
suggests the use of the PS rule in a scheduling problem where there might be slight per-
turbation of rankings of service slots. For example, each day has two service slots, one in
the morning and the other in the afternoon, and every agent agrees on that being served

in an earlier day is better, however some agents prefer being served in the morning while



some afternoon.

The results in Chapter 3 may be interpreted as both negative and positive. On the
one hand, in some realistic situations, for example the house allocation in a skyscraper or
along a road, the restricted tier structure seems to be an appropriate assumption. Then our
characterization of the PS rule supports its application in these situations. On the other
hand, a restricted tier domain is restrictive, and does not give much freedom for agents
to spell their preferences. More importantly, we identify the restricted tier domain as a
boundary for the compatibility of these canonical axioms under connectedness.

In other words, in order to find domains restricted in a more reasonable way, we must
go beyond connected ones. However, this is not an easy task because of mainly two
reasons. The first is that when we go beyond connected domains, we do not have any
domain structure such as the adjacency notion for connected domains. The second is
that, verifying sd-strategy-proofness is usually difficult, which is even more difficult on
unconnected domains. Hence it helps a lot if we have a domain structure which facilitates
the analysis on unconnected domains and simplifies the verification of the sd-strategy-
proofness.

To do this, we weaken the adjacency notion of Monjardet (2009) so that two pref-
erences are block-adjacent if they are different only in a flip of two adjacent blocks.?
Particularly, the relative rankings within two blocks flipped remain unchanged. Accord-
ingly, we say a domain is block-connected if between two arbitrary preferences we can
arrange a sequence of admissible preferences such that every two contiguous preferences
are block-adjacent. Hence, the class of block-connected domains contains the connected
domains as well as many unconnected domains.

On a block-connected domain, we propose a sufficient condition between sd-strategy-
proofness and a weaker notion, called block-adjacent sd-strategy-proofness, which re-
quires that reporting the true preference always delivers a lottery that stochastically dom-
inates the lottery induced by any preference that is block-adjacent to the sincere one.
Hence, given a block-connected domain, an arbitrarily fixed random assignment rule is

sd-strategy-proof as long as it is block-adjacent sd-atrategy-proof.

8 A block in this dissertation refers to a subset of objects.



Sato (2013) defines local strategy-proofness on a connected domain which requires
that reporting the true preference always delivers an alternative that is as least as good
as the alternative induced by any preference that is adjacent to the sincere one. In ad-
dition, he shows that on a connected domain, if strategy-proofness is equivalent to local
strategy-proofness, then the domain satisfies a structural condition called non-restoration.
Afterwards, Cho (2016a) considers incentives for random mechanisms and verifies the
non-restoration as a sufficient condition for the equivalence between local sd-strategy-
proofness and sd-strategy-proofness.

The sufficient condition we propose for the equivalence between block-adjacent sd-
strategy-proofness and sd-strategy-proofness on block-connected domains is called path-
nestedness. Pick an arbitrary pair of preferences, it is possible to arrange a sequence
between them such that each contiguous pair is block-adjacent and satisfying the fol-
lowing structural condition. Let A;, Ay be two blocks flipped between two contiguous
preferences and A3, A4 be two blocks flipped between two contiguous preferences ranked
latter along the sequence, path-nestedness requires either A3 U Ay C A;or A3U Ay C A,
or (Az U Ay) N (A1 U Ay) = 0.

The equivalence result in chapter 4 and it is supposed to be useful either when the
interesting domain is block-connected but not connected or when the interesting domain
is connected but violates non-restoration. We illustrate the latter with Example 5. As
to the former, we use path-nestedness to show that on a quite flexible class of prefer-
ence domains, each of which is block-connected and quite large in size, the PS rule is
sd-strategy-proof. These domains are called sequentially dichotomous domains and pre-
sented in chapter 5.

Recall that, in the literature there are essentially two random assignment rules: ran-
dom priority rule (Abdulkadiroglu and Sénmez (1998)) and the probabilistic serial rule
(Bogomolnaia and Moulin (2001)). The random priority rule is the uniform randomiza-
tion on serial dictatorship rules. It is sd-strategy-proof and treating equals equally, but
not sd-efficient. Quite a few papers are devoted to understanding why the random pri-
ority rule is sd-inefficient and under what conditions it becomes sd-efficient, including

Abdulkadiroglu and Sénmez (2003), Kesten (2009), Manea (2008), and Manea (2009).



The second rule, the probabilistic serial rule (PS), is sd-efficient and treating equals
equally, but not sd-strategy-proof. The issue of why the PS rule is not sd-strategy-proof
and under what conditions it becomes sd-strategy-proof is largely neglected. The only
paper in this line, as far as my knowledge, is Kojima and Manea (2010). However they
are essentially dealing with the so-called “’large assignment problems”, that is each object
has sufficiently many copies. For the baseline model discussed in the beginning, we
still don’t know much. To fill this gap, we propose, in chapter 5, a class of preference
domains and shows that on such domains the PS rule is sd-strategy-proof. We call them
sequentially dichotomous domains. In addition, each of these domains is shown to be
maximal for the PS rule to be sd-strategy-proof, i.e., not a single preference can be added
into a sequentially dichotomous domain while the sd-strategy-proofness of the PS rule is
preserved.

The results associated with sequentially dichotomous domains contribute to the liter-
ature from another point of view. The literature of random assignment comes with many
impossibilities. It starts from Bogomolnaia and Moulin (2001) who proved that there is
no acceptable rule on the universal domain. This impossibility was then strengthened
to the single-peaked domain by Kasajima (2013), and then to the single-peaked domain
when all preferences have a common peak by Chang and Chun (2016). In light of these
impossibilities, one might be pessimistic about the prospect of finding a reasonably re-
stricted preference domain on which there is an acceptable rule. In addition, normatively
speaking, the characterization result with respect to the restricted tier domains should be
treated largely as an impossibility. In this line of the literature, the results in chapter 5 are
probably the first possibility results.

To define a sequentially dichotomous domain, we need some preliminary definitions.
We say a partition on the object set is a direct refinement of another if from the latter to
the former there is exactly one block that breaks into two smaller blocks and all the other
blocks are inherited. Then we say a sequence of partitions is a path if it starts from the
coarsest partition, ends at the finest partition, and along the sequence each partition is a
direct refinement of the previous one. In other words, a path plots a way to differentiate

objects by sequentially dichotomous divisions. Given a partition and a preference, we



say this preference respects this partition if, for every pair of blocks in this partition,
every object in one block is better than every object in the other. Then a collection of
preferences is said to be a sequentially dichotomous domain if we can find a path such
that a preference is included if and only if it respects every partition along the path.

It is worth noting that a sequentially dichotomous domain satisfies minimal richness,
1.e., every object is found the top of some admissible preference. In addition, the size of
a sequentially dichotomous domain is quite large. Given the number of objects being n, a
sequentially dichotomous domain contains 2"~ ! preferences, exactly the same size as the
single-peaked domain.

Surprisingly, sequentially dichotomous domains have shown up in the literature on
”Condorcet domain.” A preference domain is a Condorcet domain if majority rule does
not generate Condorcet cycles. Classical papers in this literature include Black (1948),
Black et al. (1958), Abello (1981), Fishburn (1997), Fishburn (2002), and so on. An
excellent survey is by Monjardet (2009).

It turns out that each sequentially dichotomous domain is a maximal Condorcet do-
main. In addition, the size of a sequentially dichotomous domain is the largest in a class
of maximal Condorcet domains. This class is called the symmetric domains, requiring
that whenever a preference is admissible, its total reversal is also admissible.

The structure of sequentially dichotomous domains has already been found in Danilov
and Koshevoy (2013), who describe such a structure in a much more abstract manner from
the view point of operations research.

As discussed in chapter 3 and 5, on some domains it is impossible to design a desired
random assignment rule, examples include Bogomolnaia and Moulin (2001), Kasajima
(2013), Chang and Chun (2016), and the results presented in chapter 3, while it is some-
times possible to find a rule satisfying desired properties, an example is the PS rule on
sequentially dichotomous domains.

In theory, we simply assume what preferences are admissible and a larger domain is
preferred. It is interesting to ask, in reality, how should we model preference restrictions,
if any, and what is its implication on the scope of designing acceptable rules. We address

this issue in the final chapter, i.e. chapter 6.

10



Facing these questions, the first observation is that, in reality, the way people figure
out their preferences on the objects is fundamentally affected by the way these objects
are described. Since in reality, when people are required to submit their preferences
on the objects, the information they have is usually a description of the objects. Take
house allocation as an example, people are usually required to express their preferences
on houses before they can really live in the houses and consume the housing service.
Rather, the information they have for them to figure out their preferences is usually a
description of the houses, which is usually provided by the authority who organize the
allocation. Take the working task allocation as another example, it is impossible that
workers express their preferences on tasks after they have experienced every task. Rather,
the information they have for them to figure out their preferences is usually a description
of the tasks, provided by the manager or their team leader.

Hence let’s take a closer look on the descriptions of objects in reality and the way
descriptions affect people’s formulation of their preferences on the objects. A frequently

seen description in reality is in the following format:

Table 1: A typical description of objects in reality

— House #1 # # #4 45 46
Characteristic
1. Type (no. of rooms) 2-Room 2-Room 3-Room 3-Room 4-Room 5-Room
2. floor area (approximately in m?) 30 35 60 65 90 110
3. no. of bedrooms 1 2 3 3 4 3
4. no. of bathrooms 1 2 2 2 3 2

e Source: Website of Housing Development Board of Singapore. See Flat Type.

That is, each object is described as a combination of various characteristic values.
Notice that the characteristics presented are deliberately chosen from a much larger set
of characteristics. Essentially a house can be evaluated from much more dimensions,
for example how long does it take to the nearest subway station, which floor the house
is on, how many public primary schools in the community, etc. In addition, even the

characteristics chosen here can be expressed in different ways. For example, the floor
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area may be expressed as a series of binary choices: is the area larger than 30, 40, 50, and
SO on.

The reason we need to take such a close look on the descriptions of objects is as we
mentioned, different descriptions induce people to formulate their preferences in differ-
ent ways. Observing that objects are described as combinations of various characteristic
values, we make the central behavioral assumption in this paper that people figure out
their preferences on objects that are lexicographically separable with respect to the given
description. As illustrated by the above table, a typical resident tends to compare a pair of
houses first by their type and then floor area if they are of the same type and then number
of bedrooms if they have the same values of both type and area, and so on.

Here are two arguments that support this behavioral assumption. First, in reality some-
times people are required to submit their marginal preferences immediately when they are
informed of the characteristic values in a sequential way. For example, a frequently ob-
served practice is as follows. First they choose a specific type on a webpage and then
they are redirected to another webpage where they choose a floor area from a collection
of admissible choices which depend on which type they have chosen. After they have
chosen a floor area, they are led to a third page to choose a number of bedrooms and so
on until the end of the characteristic list.

Second, the set of feasible combinations of characteristic values is usually very sparse
relative to the whole Cartesian product. For example, in Table 1, the whole Cartesian
product has 4 x 6 x 4 x 3 = 288 elements. However, the feasible set has only 6 combi-
nations. In other words, the characteristics are heavily interdependent. Such interdepen-
dence makes our behavioral assumption not that restrictive as it appears. For example,
according to Table 1, knowing that a house with more rooms is always having a larger
area, there is not much difference in whether a person compares two houses according to
first the number of rooms and then area or first the area and then the number of rooms.

According to the behavioral assumption, by choosing a specific description of the
objects, i.e., a subset of characteristics and a ranking of them, the planner actually imposes
a preference restriction. In chapter 6, we model the situation as follows. The set of

available objects is a subset of the Cartesian product of a finite set of characteristics. The
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planner chooses a specific description, i.e., a subset of the characteristics and a ranking of
them. Facing the description provided by the planner, the agents report lexicographically
separable preferences. Then the planner assign a lottery to each agent according to a
prescribed rule.

Within this setting, we investigate how choices of descriptions affect the scope for
designing an acceptable rule. Specifically we ask the following three questions one by

one.

1. Given an arbitrary object set, does each possible description induces a preference

domain on which an acceptable rule exists?

2. If the answer to the above question is negative, what characterizes a good descrip-

tion so that an acceptable rule exists on the induced domain?

3. Given a good description, what allocation rule should we use?

Let us examine the questions with a specific object set illustrated in Table 2. That
is, each object can be evaluated according to each of three characteristics, ¢ = {1,2}
¢ ={a,b,c} and ¢’ = {x,y}.
Table 2: An object set

Object
01 0y 03 04 O
Characteristic 1 02 03 04 O5
¢ 1 1 1 2 2
¢ a b ¢ a b
C/ / N y y . y

The answer to the first question is obviously negative. Consider the description such
that ¢ and ¢ are chosen and c is ranked above ¢/, illustrated by Table 3.

Table 3: A bad description

Object
0 0y 03 04 0
Characteristic 1 02 O3 04 Op
1: ¢ 1 1 1 2 2
2:c a b ¢ a b
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Then according to the behavioral assumption, the following three preferences are ad-

missible.
0oL > 03 »= 03 »= 04 » Os

op > o0y = o3 = o4 = o5
oo =" o1 =" o3 =" o4 =" o5

This domain exhibits the elevating structure and hence implies nonexistence of an
acceptable rule. (See definition 2 and Theorem 3.)

From the description illustrated by Table 3, it’s evident that a necessary condition for
a description to induce a domain admitting an acceptable rule is that the last characteristic
can not take more than two feasible values, conditional on the previous characteristics.

A simple way to meet this necessary condition is to reverse the ranking of ¢ and ¢/, as
illustrated by Table 4.

Table 4: Another bad description

Object
0, 04 0y 05 O
Characteristic 1 04 02 05 O3
1: ¢ a a b b c
2: ¢ 1 2 1 2 1

Now the induced domain will not exhibit the structure illustrated by >, >’, and >"
above. Does this domain admits an acceptable rule?

To answer the question, we strengthen the impossibility with respect to the elevating
property in a manner so that, if n satisfies two technical assumptions ( Assumptions 1
and 2 in Appendix D.1), then the three preferences forming the structure below imply

nonexistence of an acceptable rule.
E -~ B = D = (C » F
E ~ B » C » D % F
E " C » B ~" D »" F
Specifically, let B, C, D be three nonempty blocks of objects and >, >’ =" three admis-

sible preferences such that (1) B, C', D take consecutive positions in three preferences, (2)

B and C take the first two positions in two preferences, and (3) in the third preference, B
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takes the first position and C' takes the third position. £ is the common upper contour set
that can be empty. Notice that the sizes of three blocks are arbitrary and the ranking of
objects within each block is allowed to be arbitrary across preferences.’

According to this impossibility, we know that the description illustrated by Table 4,
i.e., c and ¢’ are chosen and ¢ is ranked above ¢, admits no acceptable rule since the

induced domain includes three preferences exhibiting the structure that leads to impossi-

bility, as illustrated below.

{o1,04} = {o3} > {o2,05}
{o1,04} = Ho2,05} = {os}

{02,05} > {o1,04} > {os}

Hence, according to this impossibility, we have a stronger necessary condition on
descriptions that induce domains admitting an acceptable rule. The condition is that, for
each feasible combination of values of the top-¢ ranked characteristics, the following-up
characteristic can take at most two feasible values. Whenever this condition is violated,
the induced domain include three preferences that exhibit the block elevating structure
that leads to impossibility.

For the object set illustrated in Table 2, a description that satisfies the necessary condi-
tion is as follows: all three characteristics are chosen and ¢ ranked the first, ¢’ the second,
and ¢ the last. This description is illustrated by Table 5 below. It’s evident that the neces-
sary condition is satisfied: the first characteristic c takes two values 1 and 2; conditional
on ¢’s value the second characteristic ¢’ takes two values x and y; conditional on a com-
bination of the first two characteristics, the last characteristic ¢’ takes either one value or

two values.

9We provide the proof subject to two technical assumptions in Appendix D.1. Although we can not
prove these two assumptions analytically, we conjecture them to be true. In addition, we provide Matlab
code to verify them given specific n and we have verified the assumptions with these codes for all the cases

where n < 1000.
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Table 5: A good description

Object
0 0y 03 04 O
Characteristic 1 02 O3 04 O5
1: ¢ 1 1 1 2 2
2: " X vy y X ¥
3. a b ¢ a b

We call a description satisfying this necessary condition a binary tree. The reason we
name it in this way can be seen easily from the following representation of the above table.
Particularly, according to the first characteristic ¢, objects are divided into two subsets, i.e.,
{01, 09,03} and {o4, 05}. Then according to the second characteristic, {01, 02, 03} breaks
into {01} and {02, 03} and {04, 05} breaks into {04} and o5. Finally, according to the last

characteristic, {0, 03} breaks into {0, } and {o3}.

01, 02, 03, 04, O5

01, 02,03

However since the impossibility justifies the binary tree as only a necessary condition,
we still don’t know whether there is an acceptable rule on the domain induced by the
description in Table 5. To justify the condition as also a sufficient condition, we verify
that the PS rule is sd-strategy-proof on the domain induced by a binary tree. Hence a
description induces a preference domain on which there is an acceptable rule if and only
if it is a binary tree, subject to two technical assumptions. To show sd-strategy-proofness
of the PS rule on the domain induced by a binary tree, we utilize Theorem 6, which shows
that the PS rule is sd-strategy-proof on any sequentially dichotomous domain. It then
suffices to show that as long as the description is a binary tree, the induced domain is

covered by a sequentially dichotomous domain.

16



2 Model

This section presents the general model, which can be seen as the common model
setting for all chapters. Settings specific to each chapter will be presented chapter-wisely.

Let A = {a,b,...} be a finite set of objects and I = {1,2,...,n}, n > 4, a finite
set of agents. For most of this dissertation (except for the extension part of Chapter
3), we assume |A| = |I| = n. Each agent 7 is equipped with a complete, transitive and
antisymmetric binary relation P; over A, i.e., a linear order. Let IP denote the set consisting
of all strict preferences over A. The set of admissible preferences is a set D C P, referred
to as the preference domain. Thus, P is referred to as the universal domain. Given P; € D
and a € A, let ri(P;), k = 1,...,n, denote the kth ranked object according to P;, and
B(P;,a) = {z € Alx P, a} denote the (strict) upper contour set of a in P;. A preference
profile P = (P, ..., P,) = (P;, P_;) € D" is an n-tuple of admissible preferences.

Let A(A) denote the set of lotteries, or probability distributions, over A. Given \ €
A(A), A\, denotes the probability assigned to object a. A (random) assignment is a bi-
stochastic matrix L = [L;,)icr 0c4, Namely a non-negative square matrix whose elements
in each row and each column sum to unity, i.e., L;, > O forallv € I and a € A,
Y wen Lia =1forallie I,and )., Li, = 1 forall a € A. Evidently, in a bi-stochastic
matrix L, each row is a lottery, i.e., L, € A(A) for all i € I. Let £ denote the set
of all bi-stochastic matrices. Agents assess lotteries according to (first-order) stochastic
dominance. Given P, € D and lotteries A\, \' € A(A), A stochastically dominates N
according to P, denoted A P? N, if Zle Ar(p) = ZL )\;”l(Pi) forall 1 < k <
n. Analogously, given P € D", we say an assignment L stochastically dominates L'
according to P, denoted L P*? [/,if L; P? L/ foralli € I.

A rule is a mapping ¢ : D" — L. Given P € D", ¢;,(P) denotes the probability of
agent ¢ receiving object a, and thus ¢, (P) denotes the lottery assigned to agent 1.

Given P € D", an assignment L is sd-efficient if it is not stochastically dominated by
any another assignment L', i.e., [L/ P*? L] = [L' = L]. Accordingly, arule ¢ : D" — L
is sd-efficient if the assignment ¢(P) is sd-efficient for all P € D".

Next, arule is sd-strategy-proof if for every agent, her lottery under truthtelling always
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stochastically dominates her lottery induced by any misrepresentation, according to her
true preference. Formally, a rule ¢ : D" — L is sd-strategy-proof if for all i € I,
P, Pl €D,and P_; € D", (P, P_;) P (P!, Py).

Last, we require that every agent weakly prefer her own lottery to any other’s. Given
P € D", an assignment L is sd-envy-free if L; P4 L; foralli,j € I. Accordingly, a
rule ¢ : D" — L is sd-envy-free if o(P) is sd-envy-free for all P € D". As a weaker
notion of fairness, we say that an assignment . € L satisfies equal treatment of equals
if forall¢,j € I, [P, = P;] = [L; = L;]. Similarly, arule ¢ : D" — L satisfies equal
treatment of equals if ¢ ( P) satisfies equal treatment of equals for all P € D". Evidently,

sd-envy-freeness implies equal treatment of equals.
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3 Random Assignments on Preference Domains with a

Tier Structure

In this chapter we answer the central questions by proposing a class of connected
domains: restricted tier domains. As a simpler starting point, we ask, in stead of the
original question, what preference restriction restores the sd-strategy-proofness of the PS
rule? As long as we find such a preference restriction, it can serve as a candidate answer

to the original question. We start our investigation by presenting a heuristic example.

Example 1 Let A = {a,b,c,d}. Let P = (P_4, P;) and P’ = (P_y4, P;) be two prefer-
ence profiles below which specify an possible manipulation of agent 4. In the PS rule, the

corresponding consumption procedures are depicted in Figure 1.

P:a=c~-b>=d P:a-c>=b>d
p_ Po:a-b-c-d P BP:a-b-c-d
| Bibasc=d | Pibsasc-d
Po:b-a=c~d Pi:a-b>=c+d
1 a |ec]d] 1a | ¢ [d]
2 a [ec]d] 2 a [bfc]d]
3 | [ c [ d] 3 b [eld]
4 | [ c ] d] 4 a [blc]d]
T T R R N R

Figure 1: Consumption procedures under P and P’ in the PS rule

Observe that u,(P) + ¢u(P) = 3 < 2 = @u.(P') + @u(P'). Thus, agent 4
can profitably manipulate at profile P via P;. This indicates that the PS rule is vulnerable
to small manipulations like P, and P; which differ on the relative rankings of exactly
one pair of objects. Note that in profile P, each of a and b is most preferred by two

agents. Therefore, as shown in Figure 1, objects a and b are exhausted simultaneously at

time 3, and all agents turn to objects in {c, d} at the same time. However, in profile P/,
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a is top ranked in the preferences of agents 1, 2 and 4, and therefore is exhausted in a
shorter time: % This indicates that agent 3, who prefers b the most, only consumes % of b
while all others exhaust a. Furthermore, since c is the second best in agent 1’s preference
while a and b occupy the top two positions in all others’ preferences, after time %, agent
1 starts to consume ¢ while agents 2, 3 and 4 are going to equally share the rest of object
b. Consequently, agent 4 obtains % of b, and therefore has g of a and b combined which is
more desirable than that under profile P.

This manipulation is made possible by the following two facts. First, according to the
PS rule, agents are myopic and greedy: every agent consumes her favorite object among
what are not exhausted at every time point. Second, more specifically, agent 1’s preference
differs to others in both profiles P and P’ in the sense that c is ranked in between a and b
in PP, while all others rank both a and b above c.

Observe that in preferences P;, P, and Ps, object b occupies three distinct ranking
positions, and more specifically, is elevated successively from the third position in P; to
the second in P, and to the top in P;. Now, we impose an additional restriction on all
agents’ preferences to avoid such 3-position elevating phenomenon: both a and b occupy
the top two positions, and ¢ and d obtain the other two positions. Thus, preference P;
is no longer admissible, and more importantly, all preferences preserve a common tier
structure: both a and b are ranked above ¢ and d. Accordingly, let P = (Py, P», P3, P;)
and P’ = (Py, P, P3, P}) where for instance, P, = P,. The consumption procedure at P
(specified in Figure 2 below) remains identical to that in Figure 1, while the consumption

procedure at P’ becomes significantly simpler than that at profile ', and is depicted in

Figure 2 below.
P:as=b>=c>d P:a-b=c>d
P Po:a=b=c>d P P:a=b=c>d
| PBibsasc=d | PBibsa=c=d
Pi:b>=a>c>d Pira-b>c>d

Now, the manipulation of agent 4 at P via P, is non-profitable, i.e., the lottery assigned
to agent 4 at P first-order stochastically dominates that at P’ according to her sincere
preference P,. First, it is evident that agent 4 obtains identical shares of objects ¢ and d

across profiles P and P’. Second, more importantly, due to the common tier structure,
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I i A et s

Figure 2: Consumption procedures under P and P’ in the PS rule

the combined share of a and b assigned to agent 4 at P’ is fixed to % which is identical to
that at profile P. Last, the switch of @ and b in P, and P] makes agent 4 worse off as she

consume less of b at P’ than that at P, i.e., agent 4 gets % of bat P, and % at P. O

3.1 Restricted tier domains: A possibility result

Now, we formally establish the preference restriction introduced in Example 1: all
object are partitioned into tiers; each tier consists of one or two objects; and all admissible
preferences respect a common ranking of tiers.

Let P = (A,g)fz1 denote a tier structure, i.e., (i) tier A, C A is not empty, k =
1,...,T,(@Gi) AyNAp = O forall k # K/, (iii) UL_; Ay = A. According to an arbitrary tier
structure, we have a tier domain where the relative rankings over tiers in every preference
are identical. Moreover, we impose an additional restriction: every tier contains at most

two objects, and then construct a restricted tier domain.

Definition 1 A domain D is a restricted tier domain if there exists a restricted tier struc-

ture P = (Ay)L_, such that

1. Foralll <k <T,

Al <25
2. Given P,eDanda,be A, [a € Ag,b € Ay and k < k'l = [a P; b].

Let D(P) denote the restricted tier domain containing all admissible preferences.

Remark 1 Given a tier structure where some tier contains more than two objects, let D be

the tier domain containing al/l admissible preferences. Then, there are three preferences
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analogous to P, P, and P in Example 1, and consequently, by a similar argument in

Example 1, the PS rule fails sd-strategy-proofness.

Remark 2 In an auction model, Bikhchandani et al. (2006) study a particular class of
tiered domains, named “order-based domains” where all (quasi linear) cardinal prefer-
ences they examine induce an identical ordinal preference on objects at each payment
level. More recently, tiered domains are examined in two-sided matching (Akahoshi
(2014) and Kandori et al. (2010)), school choice (Kesten (2010) and Kesten and Kurino

(2013)), and spectrum license auctions (Serizawa and Zhou (2016)).

Remark 3 Let P = (A;)7_, be a tier structure with |A;| = 2 forall 1 < k < T. The

cardinality of the restricted tier domain D(P) is 2.

On a restricted tier domain, we can escape from the impossibility in Proposition 1 by
restoring sd-strategy-proofness of the PS rule. Moreover, Theorem 1 below shows that
the PS rule is the unique one on a restricted tier domain satisfying sd-strategy-proofness,

sd-efficiency and equal treatment of equals.

Theorem 1 On a restricted tier domain, a rule is sd-strategy-proof, sd-efficient and equal-

treatment-of-equals if and only if it is the PS rule.

Proof: Given P = (A;)I_,, let D C D(P) be a restricted tier domain.
Due to the restricted tier structure embedded in D, at each preference profile, we can

clearly specify the random assignment induced by the PS rule as shown in Fact 1 below.

Fact 1 Given P € D", let L be the random assignment induced by the PS rule. Then, the

following two conditions: for each 1 < k < T,
L Ling = pen, Liv =" foralli € I.
2. Assume Ay, = {a,b}. Let I, = {i € Ila P; b} andl = |I|.
(1) If 5 <1< n,then

— Liy=1and Ly, = 2 — { foralli € I;
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- Lj,=0and Ly, = 2 forall j € I\I.
(i) If0 <1 < 3, then

- Lijy =*=and Ly, =0 foralli € I,

2
—_ L]a = % — ﬁ andij = ﬁfOrallj € [\[k.

The verification of Fact 1 is routine, and we hence omit it. We first intuitively explain
two conditions in Fact 1. In the assignment L , all agents first equally share every tier.
Next, in a particular tier with two objects, say A, = {a, b}, the set of agents who prefer
atob,ie., I, = {1 € Ila P; b}, is either a (weak) majority, ie., § < [Iz| < n,ora

(strict) minority, i.e., 0 < |Ii| < 5. If I is a (weak) majority, then all agents in I}, share a

1

I of a; I'\ I}, only consume b,

equally and exclusively, and hence each receives the share
and each of them receives the share % of b. Moreover, all agents in [ split what remains
(n—Ix))x 2 2 1

of b, and hence each obtains the share PT = 0 T of b. If I is a (strict)

minority, then I\ is a (strict) majority, i.e., ¥ < |[I\Ix| < n, and objects a and b are

shared in an opposite symmetric way.

It is evident that the PS rule is always sd-efficient and equal-treatment-of-equals. We
verify that the PS rule is sd-strategy-proof onD. Giveni € I, P;, P/ € Dand P_; € D",
let L and L' be two random assignments induced by the PS rule at profile P = (P;, P_;)
and P’ = (P/, P_;) respectively. We show L; P L.

According to condition 1 above, we know that for every 1 < k£ < T, Zle Liy, =
Zle L 4, Therefore, to complete the verification, it suffices to show that given 1 < &k <
T, assuming Ay = {a,b} and a P, b, we have L;, > L},. If a P! b, condition 2 above
implies L;, = L/,. Next, assume b P/ a. Let [ be the number of agents who prefer a to b
at P,ie.,l = |{j € Ila P; b}|. Thus, 1 <! < n and the number of agents who prefer
atobat P’ mustbel — 1. If § <[ < n, condition 2(i) implies L;, = % >0=1L.1If
1 <[ < §, condition 2(i) (if [ = %) or condition 2(ii) (if 1 < [ < %) implies L;, = %
Moreover, since L, < % by condition 1, we have L;, > L. . Therefore, L;, > L/, as
required and hence L; P?¢ L. In conclusion, the PS rule is sd-strategy-proof on domain

D. This completes the verification of the sufficiency part of Theorem 1.

Henceforth, we prove the necessity part of Theorem 1. Let ¢ : D" — £ a rule which
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satisfies all three axioms. Fix P = (Py,..., P,) € D" and L = ¢(P) for the verifications

below. Specifically, we show that L satisfies conditions 1 and 2 of Fact 1.

Lemma 1 Forallk € {1,... TYandi € I, Liy, = 2.

n

The proof of Lemma 1 is in Appendix A.1.

Thus, random assignment L satisfies condition 1 of Fact 1.

Lemma 2 Given 1 < k < T, assume A, = {a,b} and let I, = {i € Ila P, b}. The

following statements hold.

(1) Foralli,j € I, Lig = Lj,.

(i) Foralli € I and j € I\Iy, L, > Lj, and Ly, < Lj.
The proof of Lemma 2 is in Appendix A.2.

Lemma 3 Random assignment L satisfies sd-envy-freeness.

Proof: Given a € A, assume a € Ay. Giveni € [, assume a = r(P;). If Ay, = {a},

ko [Axl _
t=1 n -

Zi:l Ljy,(py forall j # 4. If |A;| = 2 and @ = max(PF;, Ay), then Lemmas 1 and 2
imply Zizl Lirt(Pi) = Zf:_ll ‘A_ﬁ + Lia 2 Zf:_ll ‘A_ﬁ + Lja = 25&:1 LjTt(Pi) fOI‘ allj 7£ i.
Therefore, L; P7% L; for all j # 4. Thus, ¢ satisfies sd-envy-freeness.

Now, given 1 < k < T, assume A, = {a,b}, and let [, = {i € Ila P, b} and

or |Ax| = 2 and a = min(F;, A;), then Lemma 1 implies 21:1 Liy,(py) =

| = |Ix|. By sd-envy-freeness, we first know that for each pair i,j € I, or each pair

0,7 € I\Ig, Lig = Ljq, and Ly, = L. Next, by sd-efficiency and feasibility, we know that
() If 5 < [ < n, then

- Lia:%andLib:%—%fOI‘aHiE]k;

- Lj,=0and L, = % forall j € I\I}.
(i) If0 <7 < 4, then
- Lig=2and Ly, = 0foralli € Ij;
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- Lj,=2— - and Ly, = -4 forall j € I\I.

Thus, random assignment L satisfies condition 2 of Fact 1. Therefore, L is induced by the

PS rule. This completes the verification of the necessity part of Theorem 1. ]

According to the verification of Theorem 1, on a restricted tier domain, we also char-

acterize the PS rule under sd-efficiency and sd-envy-freeness.

Corollary 1 On a restricted tier domain, a rule is sd-efficient and sd-envy-free if and only

if it is the PS rule.

Proof: The sufficiency part holds evidently. We focus on the necessity part. Let ¢ :
D™ — L be an sd-efficient and sd-envy-free rule. Fixing P = (Py,...,P,) € D", let
L = ¢(P). Fix 1 < k < T. First, sd-envy-freeness implies that L;4, = L, 4, for all
i,7 € I. Hence, feasibility implies that L;s, = V:L—’“' for all © € I. Thus, L satisfies
condition 1 of Fact 1. Furthermore, in the proof of the necessity part of Theorem 1, note
that the verification of Lemma 3 only relies on the application of sd-efficiency and sd-
envy-freeness. Hence, L must also satisfy condition 2 of Fact 1. Therefore, ¢ is the PS

rule. [ ]

Remark 4 Since every preference profile on a restricted tier domain has rich support on
a partition (Heo (2014a)) and is recursively decomposable in the sense of Cho (2016b),
by invoking either Theorem 1 in Heo (2014a) or Theorem 3 in Cho (2016b), we can also
establish Corollary 1. We use the following examples to illustrate. Let A = {a, b, ¢, d},
P = (A, Ag) where A; = {a,b} and Ay = {¢,d}), and I = {1,2,3,4}. Consider two

preference profiles on the restricted tier domain D(P) specified below.

P:a-b>=c>d P:as-b=c>d
b Po:ra=b>=c>d b 1?2:a>b>c>d
Py:b-a=c>d Py:b-a-d>c
Po:b-=as>=c>d Pi:a=b>=ds>c

According to profile P, in the tier A, since every agent prefers ¢ to d, we refine

the tier structure P to P’ = (Ay, A}, A2) = ({a, b}, {c},{d}). Thus, profile P has rich
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support on partition P’, and hence the PS rule is the unique one satisfying sd-efficiency
and sd-envy-freeness.

According to profile P, we first partition the objects into A; = {a, b} and Ay = {c,d}
and construct a type 1 decomposition in Cho (2016b). Then, sd-efficiency and sd-envy-
freeness requires that each agent should consume 3 of {a,b} and 3 of {c,d}. Next, we
partition Ay = {c¢,d} into {c} and {d} and agents into {1,2} and {3,4}. Thus, we
construct a type 2 decomposition in Cho (2016b). Then, by sd-efficiency and sd-envy-
freeness, agents 1 and 2 both consume % of ¢; and agents 3 and 4 both consume % of
d. Last, we “partition” {a, b} into {a, ; of b}, and {1 of b}, and partition agents into
{1,2,4} and {3}. In this way, we construct a type 3 decomposition in Cho (2016b).
Then, sd-efficiency and sd-envy-freeness implies that agents 1, 2 and 4 share a equally and

each obtains % of b, while agent 3 receives % of b.

3.1.1 Relation to the literature

In the literature, there are two main strands on the axiomatic characterizations of the
PS rule. The first strand focuses on identifying axioms that characterize the PS rule on
the universal domain.!® For instance, Bogomolnaia and Heo (2012) proposes the axiom
bounded invariance, and characterizes the PS rule along with sd-efficiency and sd-envy-
freeness.!! Recently, Bogomolnaia (2015) adopts different preference extension approach
for lotteries: lexicographic preference extension to establish a weaker incentive notion,

and then shows that the PS rule is unique for sd-efficiency, sd-envy-freeness and strategy-

10We discuss here only the characterizations in the model where ordinal preferences are strict; each agent
receives exactly one object; and each object has one unit. There are also interesting characterizations of the
PS rule in other environments, e.g., Heo and Yilmaz (2015) add indifferences in preferences; Heo (2014b)
allows each agents to consume more than one object; Liu and Pycia (2011a) increase the copies of each
object to infinity; while both infinitely many copies and multiple-unit consumption are allowed in Liu and

Pycia (2011b).
Bounded invariance requires that whenever an agent’s unilateral deviation does not involve her top

k ranked objects, the allocation of each of these k objects remains unchanged. Hashimoto et al. (2014)

weaken bounded invariance and characterize the PS rule accordingly.
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proof on lexicographic preference extension.!> Alternatively, Hashimoto et al. (2014)
neglect the incentive issue in random assignment rules, and characterize the PS rule with
a new axiom ordinal fairness which in fact strengthens sd-efficiency and sd-envy-freeness
combined.'?

In the second strand, restrictions are imposed on either preference domains or pref-
erence profiles, and the PS rule is characterized by canonical axioms, i.e., the axioms
studied in our paper. Bogomolnaia and Moulin (2002) introduce an assignment model
with preference restrictions which can be described by the following realistic application.
Consider a public service center which is able to serve only one agent in each time slot.
All agents want to be served earlier and differ only on their deadlines of services beyond
which the services are perceived of no value. The deadlines are private information of
agents, and the planner wants to truthfully elicit them and then schedule an efficient and
fair service plan. Then, they characterize the PS rule by either sd-strategy-proofness, sd-
efficiency and equal treatment of equals or sd-efficiency and sd-envy-freeness. As we men-
tioned above, the assignment model studied in Bogomolnaia and Moulin (2002) is nested
in our generalized model with outside options, and the same characterization results are
established. Alternatively, various restrictions are introduced on preference profiles, and
the PS assignments are characterized via sd-efficiency and sd-envy-freeness, e.g., the full
support requirement in Liu and Pycia (2011a), rich support on a partition in Heo (2014a)

and rich preferences in Cho (2016b).™

12Fix a preference and two distinct lotteries over objects. We rearrange each lottery according to the pref-
erence from the worst object up to the best object. One lottery is evaluated better than the other according
to the lexicographic preference extension, if we can find one object which has strictly higher probability
in the former lottery than that in the latter one while for any less preferred object, the probabilities in both
lotteries are identical. The lexicographic preference extension induce a linear order over all lotteries while

stochastic-dominance preference extension only produces a partial order over all lotteries.
130rdinal fairness requires that whenever an agent is assigned an object a with strictly positive probabil-

ity, the probability of this agent receiving an object better than a is no greater than the probability of any

other agent getting an object better than a.
4The full support requires that in a preference profile, each preference in the universal domain is adopted

by some agent. In a preference profile which is rich support on a partition, we first observe that all agents

preference share a common ranking on a partition of objects where some block of the partition may contain
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Our paper lies in the same vein of the second strand. We focus on the incentive
property of rules on restricted preference domains (provided that each agent’s domain is
assumed to be identical), and canonically characterize the PS rule on restricted tier do-
mains. More importantly, we axiomatically justify the necessity of our domain restriction
for the existence of sd-strategy-proof, sd-efficient and sd-envy-free or equal-treatment-of-
equals rules. Our characterization result implies that the PS assignments are unique for
sd-efficiency and sd-envy-freeness on profiles of restricted tier preferences.

In the verification of our domain characterization theorems (Theorems 2 and 3), we in-
troduce an important notion called the elevating property which is a sufficient domain con-
dition for the incompatibility of sd-strategy-proofness, sd-efficiency and sd-envy-freeness
or equal treatment of equals. To the best of our knowledge, the elevating property covers
all existing literature related to the study of impossibility on the existence of sd-strategy-
proof, sd-efficient and sd-envy-free or equal-treatment-of-equals rules (e.g., Bogomolnaia
and Moulin (2001), Kasajima (2013), Chang and Chun (2016) and Altuntas (2016)). More
importantly, in contrast to this literature which proposes some domain conditions and es-
tablishes negative results, we formulate the elevating property in a greater more sense so
that the avoidance of the elevating property becomes a critical and informative condition

which then is adopted to characterize restricted tier domains.

3.2 Necessity: A characterization of restricted tier domains

We have proposed a class of restricted domains, restricted tier domains, which is

sufficient for the admission of an sd-strategy-proof, sd-efficient and sd-envy-free (or equal-

more than 2 objects. Moreover, in each block of the partition, the full support requirement holds. In a rich
preference profile, for each agent j and each object a, we can find an agent k (either £k = j or k # j)
who prefers a the most and moreover, after partitioning all objects into two blocks according to agent
J’s preference: objects better than or identical to a and objects worse than a, we note that agent %k also
prefers the first block to the second one. Cho (2016b) studies economies with random assignments, and
shows that if an economy is able to be decomposed into several feasible sub-economies via his recursive
decomposability condition, then the PS assignment is the unique one satisfying sd-efficiency and sd-envy-
freeness in the economy. For more detailed relation of our paper to Heo (2014a) and Cho (2016b), please

refer to Remark 4.
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treatment-of-equals) rule, specifically the PS rule. Despite of the significant restriction
and small cardinality of restricted tier domains (recall Remark 3), we show in this section
that a restricted tier structure is necessary for the existence of an sd-strategy-proof, sd-
efficient and sd-envy-free (or equal-treatment-of-equals) rule, provided a mild richness
condition.

We first introduce the richness condition: connectedness (Monjardet (2009)). Two

preferences P;, P! € D are adjacent, denoted P; ~* P/, if there exist x,y € A such that
(1) v =1r(P) =rp1(P)) and y = 141 (P;) = ri(P/) forsome 1 < k < n — 1;and
(i) r(P) = ri(P!) forall | # k.

Accordingly, a domain D is connected if for every pair of distinct preferences P;, P/ € D,
there exists a sequence of consecutively adjacent preferences (in other words, a path)
{PF}t_, C D connecting P; and P/, ie., P! = P,, P! = P/ and P} ~* PF k =
1,...,t — 1. Intuitively, connectedness implies that the difference of two preferences
in the domain can be reconciled via a sequence of local switchings. When a domain is

interpreted as a collection of opinions in a society (Puppe (2016)), connectedness implies

that the society’s opinions are sufficiently dispersed.

Remark 5 The notion of connectedness is introduced in Monjardet (2009) for the study
of maximal Condorcet domain. Recently, it has been identified by Sato (2013) as a nec-
essary condition for the equivalence of local and global strategy-proofness in determin-
istic voting. Note that many well studied domains are connected, including the universal
domain (Gibbard (1973) and Satterthwaite (1975)), the single-peaked domain (Moulin
(1980) and Demange (1982)), the single-dipped domain (Barbera et al. (2012)), and max-
imal single-crossing domains (Saporiti (2009) and Carroll (2012)).

We now present the domain characterization result.

Theorem 2 [f a connected domain admits an sd-strategy-proof, sd-efficient and sd-envy-

free rule, it is a restricted tier domain.
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Proof: First, note that if D contains exactly two preferences, by connectedness, it is
evident that it is a restricted tier domain. Henceforth, we assume that D contains at least
three preferences. Let ¢ : D™ — L be an sd-strategy-proof, sd-efficient and sd-envy-free

rule. To prove Theorem 2, we first introduce an important terminology, the elevating

property.

Definition 2 A domain satisfies the elevating property if there exist three preferences
P, P, ]5Z three objects a,b,c and a ranking position 1 < k < n — 2 such that the

following three conditions are satisfied.

We use Table 6 below to illustrate the elevating property:

Ranking: k E+1 k+2
Pi; ......... - a > 15 — b e
B(Pi,a)
I
B(Piva)
—
P e - a > b — Is e
———
B(Pi,a)
I
B(P:.b)
p@.: T/ — b = a — c e

Table 6: The elevating property

Recall preferences Py, P, and P; in Example 1. Note that objects a, b and c cluster
in 3 ranking positions of these preferences; three corresponding upper contour sets are
empty (and hence identical); and moreover, object b is elevated from the third ranking

position in P; to the second in P, and then is successively elevated to the top of Ps. (This

I5Note that within the upper contour set, the relative rankings of objects in three preferences are arbitrary.
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is a problem. Either remove this part or change the preference in Example 1.) Many well
known voting domains satisfy the elevating property.'® In a contrary, since each object
takes at most two positions in all preferences of a restricted tier domain, it is evident that
restricted tier domains always violate the elevating property. Lemma 4 below shows that
domain D must violate the elevating property since it is the key for the incompatibility of

sd-strategy-proofness, sd-efficiency and sd-envy-freeness.
Lemma 4 Domain D violates the elevating property.

Proof: Suppose that D satisfy the elevating property. Specifically, assume that D con-
tains three preferences in Table 6. Let B = B(P;, a) = B(P;,a) = B(P,, b) for notational
convenience. Thus, |B| = k — 1. In the detailed verification below, we consider four par-

ticular profiles:
(1) P, where every agent presents preference F; in Table 6,
(i) (P, P_,), where agent 1 deviates at P via P; in Table 6,
(iii) (]52, P_5), where agent 2 deviates at P via P, in Table 6, and
(v) (P, ]52, P_119), where agent 2 deviates at (Py, P_y) via P, in Table 6.

First, at all four profiles, sd-envy-freeness and feasibility imply that the cumulative proba-
bility placed on subset B for each agent is fixed to % which is identical to that given by
the PS rule. Next, at all these four preference profiles, we only focus on the probabilities
assigned to objects a and b. We first show that at profiles P, (Pl, P_) and (pg, P_y),
these probabilities induced by ¢ are the same as those induced by the PS rule. Last, we
show that, under (Py, P, P_1,93), sd-strategy-proofness implies that agent 2’s probability

of receiving a is the same as that given by the PS rule, while sd-efficiency requires that

16See for instance, the universal domain (Gibbard (1973)), the single-peaked domain (Moulin (1980)
and Demange (1982)), the single-dipped domain (Barbera et al. (2012)), all the maximal single-crossing
domains (Saporiti (2009)), the multi-dimensional single-peaked domain (Barbera et al. (1993)) and the
separable domain (Le Breton and Sen (1999)), some linked domains (Aswal et al. (2003)) and some circular

domains (Sato (2010)).
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the probability of agent 2 getting b is higher than that given by the PS rule. Consequently,
every agent other than 1 and 2 envies agent 2.
By sd-envy-freeness and feasibility, itis evident that > 5 0 (P) = Y. 5 @ia(Pr, Po1) =

Y weB Piz(Pa, P_y) = > ven is(P1, Py, P_{12y) =51 foralli e I.
Now, we start with profile P. By sd-envy-freeness, ¢;,(P) = = for all i € I and
x € A. Next, we consider profile (P, P_;).

Claim 1: The following two statements hold:

() pia(P1, P_1) = L foralli € I by sd-envy-freeness.

T n

(i) @1p(Pr1, P-1) = 0 by sd-efficiency, and (P, P_1) = —L= forall i # 1 by sd-envy-

freeness.
Next, we consider profile (]52, P_y).

Claim 2: The follow two statements hold:

6)) gpga(Pg, P_5) = 0 by sd-efficiency, and cpgb(ng, Py) = % by sd-strategy-proofness
according to ¢o(P).

(i) @ia(Po, Poy) = L forall i # 2 and g (P, P) = 2 — -1 forall i # 2 by
sd-envy-freeness and Claim 2(i).
Last, we consider profile (P, f’z, P_119y).
Claim 3: The following two statements hold:
(i) ¢1a(P1, Py, P_{19}) = = by sd-strategy-proofness according to ¢1(Py, P_5) and
Claim 2, and @14(Py, Ps, P_{19y) = 0 by sd-efficiency.
(ii) gOQG(Pl, Pg, P_19y) = 0 by sd-efficiency, and gpzb(Pl, pg, P pgy) = % + ﬁ by
sd-strategy-proofness according to o ( Py, P_;) and Claim 1.

Now, by feasibility and Claim 3 (i) and (ii), we know that for all i ¢ {1,2},

_ . 1 o 1
@ia(Pl,PQ,P_{LQ}) = n_2[1— Z ija(PhPQyP—{l,Q})] = T
je{1,2}
b P 1 - 1 1 1
@ib(PhPQan{lQ}) = n_2[1_ Z (,Ojb(Pl,PQ,P,{LQ})] = m(l—g_ n_l)
Je{L,2}
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Consequently, between agent 2 and any agenti ¢ {1,2}, wehave 3 . (P, Py, P pgy) =

x€BU{a,b}
0G>Tt aal-n - = X ve(PL B Pogy).
z€BU{a,b}
This contradicts sd-envy-freeness and we hence completes the verification of Lemma 4.

Henceforth, we will use the information of violating the elevating property in Lemma

4 to characterize the restricted tier structure in domain D.

Lemma 5 For every path {PF}t _,, if there exists 1 < 1 < n — 1 such that r)(P}!) = a,
r (P =bandr(PF) =bforallk =2,... .t thenri (PF) =aforallk=2,... 1.

Proof: Given a path { P*}{_,, consider | = n — 1. Thus, r, 1(P}) = a, r,(P}!) = b,
and r,_1(PF) =bforall k = 2,...,t. Suppose 7,(P?) = ¢ # a. Thus, cP}b (recall that
b is the bottom ranked object) and bP?c. Therefore, the local switching pair in P} and
P?is b and c. Consequently, it must be the case that r,,_1(P!) = ¢ # a. Contradiction!
Therefore, r,(P?) = a. Next, consider P?, and suppose r,,(P?) = ¢ # a. Thus, cP?a
(recall that a is the bottom ranked object) and aP?c. Therefore, the local switching pair
in P? and P? is ¢ and a. Consequently, it must be the case that r,,_;(P?) = ¢ # b.

Contradiction! Therefore, 7,,(P?) = a. Applying the same argument along the path, we

can show that r,,(P}F) = a forall k = 4,...,t. We next adopt an induction argument.

Induction Hypothesis: Given 1 < | < n — 1, for every path {PF}!_ , if there exists
I <l <n—1suchthatry(P!) =a,rps(P) =0b,and rpy(PF) =bforallk =2,... ¢,
thenrp 1 (PF) =aforallk =2,... ¢t

Now, given a path { P*}!_,, assume that r(P}) = a, 1.1 (P}) = b; and r(PF) = b
forall k = 2,... t. We will show that r, 1 (PF) = aforallk =2,...,t.

Since P! ~4 P2, it is evident that r;,; (P?) = a. Suppose that there exists 2 < k < ¢
such that r1(PF) # a. Assume ri i (P*) = c. Evidently, & > 2 and ¢ ¢ {a,b}.
Moreover, we can assume 7,1 (PF) = a for all 2 < k < k — 1. Since Pf‘l ~A Pk,
rl(Pf’l) = r;(PF) = b, and rlH(Pf’l) = a # ¢ = ri1(PF), it must be the case that
riea(PFY) = ¢ and r40(PF) = a. Now, consider the path {PF, P*~! ... P2}, Since

ri1(PF) = ¢, rya(PF) = a and 14y (PF) = aforall k = k — 1,...,2, induction
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hypothesis implies 7y, o(PF) = cforall k = k — 1, ..., 2. Furthermore, since P} ~* P2,
rieo(PY) = r140(P?) = c. Along the sub-path {P*}%_ | since a, b and ¢ take positions [,
[ + 1 and [ 4 2 in every preference, it is easy to verify that the sets of top [ — 1 ranked
objects are identical for all preferences. Thus, B(b, P¥) = B(b, Pf_l) = B(a, P).
Consequently, preferences Pf , Pf’l and P} indicates that domain I satisfies the elevating

property (see the table below). Contradiction to Lemma 4!

Ranking: [ [+1 [+2
PZ,E R - b = c — a e
B(PFb)
I
B(PF~1,b)
f’ik*1; ......... - b = a — c e e
5,—/
B(PF=1,b)
I
B(P},a)
[Jil Srnuen - a > b . c e
Therefore, r;,1(PF) = a for all k = 2,...,t. This completes the verification of
induction hypothesis and hence the lemma. ]

Lemma 6 For every path { PF}. _,, if there exists 1 < | < n — 1 such that r/(P}) = a,
r1 (P = b, and r o (PF) = aforallk =2, ...t thenr(PF) = bforallk =2,... 1.

Proof: The verification of this lemma is symmetric to Lemma 5. The induction argument
in the proof of Lemma 5 starts from the bottom (i.e., [ = n — 1) and proceeds successively
up to the top (i.e., [ = 1). To verify this lemma, an analogous induction argument can be

adopted from the top (i.e., [ = 1) down to the bottom (i.e., [ = n — 1). |

Lemma 7 Given P, P| € D, assume P; ~* P/, a = r(P) = r(P) and b =
rie1(P;) = r(P)). In every preference, objects a and b occupy positions | and | + 1,
i.e., {r1(P;),r41(P;)} = {a,b} for all P; € D.

Proof: It is evident that {r;(P),r.1(P;)} = {a,b} and {r,(P)),r 1 (P])} = {a,b}.
Next, fix an arbitrary P; € D\{P;, P}, and we show {ri(P;),r+1(P;)} = {a,b}. Since
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D is connected and P, ~* P/, it is true that there exists a path {PF}t_ C D such that
{P}, P?} = {P, P/} and P! = P;. We assume P! = P, and P? = P/. The verification
of the situation P! = P/ and P? = P, is symmetric and we hence omit it.

If r(PF) = bforall k = 3,...,t, then Lemma 5 implies {r,(P;), ri41(P;)} = {a,b}.
Next, we assume that there exists 3 < k < t such that rl(Pik) =# b. We highlight the
subset {k;}7_, € {3,...,t} such that r(PFY) # r(PMY), j = 1,...,v. Since there
exists 3 < k < t such that r;(PF) # b, the set of preferences {Pfj }%_, is not empty.

Moreover, we can separate the path { P*}!_ into v + 1 parts according to the [/-th ranked

object in each preference, i.e., 1y (P?) = -+ = r(P*™Y), r(PM) = ... = r(PF),
...... (PP = o= (PP, and 1 (PP) = - - = 1 (PY) (see the table below).
p2 . ph-l . pko o pkslo phe Pt pler o pkestoo phe o p
the same [th the same [th the same [th the same [th
ranked alternative ranked alternative ranked alternative ranked alternative
Evidently, r/(P?) = --- = r;(P/~") = b. Then, we apply Lemma 5 on the sub-path

{P!,P?,...P" 'Y and obtain ;4 (P}) = aforall k = 2,... k — 1.
Claim 1: (P = a.

Evidently, r;(P*) # r(P¥~") = b. Suppose r(PF) = ¢ # a. Thus, ¢ ¢ {a,b}.
Since P/t ~A4 PFoand (PPN = b # ¢ = r(PM), it must be the case that
r141(PM) = a. Furthermore, since 141 (P*' ™) = r1 (PF') = a, itis true that r,_, (P*') =
bandr,_;(P"™) = ¢. Now, we can apply Lemma 6 on the sub-path { P**, PP~ p?}
and obtain r,_y(P¥) = cforall k = k; — 1,...,2. Moreover, since P} ~* P2,
r_1(P!) = r_1(P?) = c. Furthermore, it is easy to verify that the set of top [ — 2
ranked objects in each preference of the sub-path { P¥}FL, is identical. Thus, B(c, P!) =
B(c, P = B(b, P/"). Consequently, preferences P}, P*~' and P/ indicates that

domain DD satisfies the elevating property (see the table below). Contradiction to Lemma

4!

35



Ranking: [—1 [ [+1

This completes the verification of the claim.

Now, we know 7;(P) = ... = r/(P*™') = a. Applying Lemma5on { P" ' P pr-11
we have 7,1 (PM) = --- = r;;1(P™™") = b. Along the path { P*}¢_, repeatedly apply-
ing the symmetric argument above, we finally have {7;(F;),711(F;)} = {a, b}. |

Now, we are ready to reveal the restricted tier structure in domain . If there exists
a € A such that r;(P;) = a forall P, € D, let A; = {a}. If there exist P;, P/ € D such
that v, (P;) = a # b = r,(P/), connectedness implies that there must exist P, P/ € D
such that P, ~* P/, 7, (P;) = a and 7, (P/) = b. Thus, 5(F;) = b and r5(P/) = a. Then,
Lemma 7 implies {ri(F;),r2(P;)} = {a, b} for all P, € D. Then, let A; = {a, b}.

Assume |A;| = [ (either [ = 1 or [ = 2). If there exists x € A such that r1(F;) =z
for all P, € D, let A, = {z}. Next, assume that there exist P;, P/ € D such that
rie1(P) = x # y = rq(P)). Since the set of top [ ranked objects in every preference
is identical, connectedness implies that there must exist P, P/ € D such that P; ~* P/,
r111(P;) = z and ry 1 (P]) = . Thus, r;42(P;) = y and r;45(P/) = x. Then, Lemma 7
implies {r;11(P;), ri12(P;)} = {x,y} for all P, € D. Then, let Ay = {z,y}.

Applying the symmetric argument repeatedly, since A is finite, we can generate tiers
Ay, Ay, ... Ar such that (i) A, N A =0 forall 1 < k <k < Tand U_ A, = A, (ii)
1 < JAg| < 2foralll < k < T, and (i) forall 1 <k < k' < T,[a € Ay and b €

Ay] = [aP;b for all P; € DJ. In conclusion, domain D is a restricted tier domain. [

We now weaken sd-envy-freeness to equal treatment of equals, and investigate the
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connected domains which admit an sd-strategy-proof, sd-efficient, and equal-treatment-
of-equals rule. Surprisingly, such weakening does not expand the characterized domains,

1.e., they are still restricted tier domains.

Theorem 3 If a connected domain admits an sd-strategy-proof, sd-efficient and equal-

treatment-of-equals rule, it is a restricted tier domain.

Lemmas 5 - 7 remain valid for the proof of Theorem 3. However, the proof of Lemma
4 becomes significantly complicated as we weaken sd-envy-freeness to equal treatment of
equals. Therefore, we relegate the proof of Theorem 3 to the Appendix A.3.

As restricted tier domains are characterized in Theorems 2 and 3 under different
fairness axioms, it suggests that the source of restriction power that pins down the re-
stricted tier domains arises mainly from the resolution of the conflict between sd-strategy-
proofness and sd-efficiency under the elevating property. Since the weakening of fairness
axiom in Theorem 3 does not expand the characterized domain in Theorem 2 and more
importantly the proof of Theorem 2 is significantly simpler and conveys the central logic
of the proof of Theorem 3, we believe that Theorem 2 is of special interest and present it
in the first place.

Our proof of Theorem 3 uses the proof strategy introduced by Chang and Chun (2016)
in their impossibility which says that there is no sd-strategy-proof, sd-efficient, and equal-
treatment-of-equals rule on a domain that includes three particular preferences such that
one object takes the last three ranking positions respectively and all the other objects
are identically ranked in these three preferences. Their preference structure is actually a
special case of our elevating property! In the Appendix, we establish the impossibility
of the existence of an sd-strategy-proof, sd-efficient and equal-treatment-of-equals rule
on a domain satisfying the elevating property which hence generalizes the impossibility
theorem in Chang and Chun (2016). We believe that our generalization is significant since
it allows first the elevated object to take arbitrary three consecutive positions; second the
other objects to be arbitrarily ranked as long as the truncation sets up to the elevating
positions in three preferences are the same; and more importantly, our impossibility result

under the elevating property appears to be informative and is repeatedly referred to for
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establishing Theorem 3. Last, our proof slightly improves theirs in logical conciseness
and fluency (see for instance, footnote 22).

We conclude this section by emphasizing insightful light shed by our domain char-
acterization results on the direction of identifying a unified necessary and sufficient con-
dition for the existence of an sd-strategy-proof, sd-efficient and sd-envy-free or equal-
treatment-of-equals rule. When we encounter with a preference domain which fails
connectedness but admits an sd-strategy-proof, sd-efficient and sd-envy-free or equal-
treatment-of-equals rule, we first partition the domain into several connected subdomains.
Thus, Theorem 2 or 3 implies that each subdomain must be a restricted tier domain.
Therefore, to completely revealing the domain structure, one needs to resolve this prob-
lem: what are the relations among the restricted tier structures of these subdomains? For
instance, more specifically, if two restricted tier subdomains share an identical set of tiers,

how is this set of tiers systematically organized in two distinct restricted tier structures?

3.3 A generalized model with outside options

In this section, we extend our model to situations in which the number of agents may
differ from the number of objects, and each agent has an outside option. In the generalized
model, the characterizations of the PS rule in Theorem 1 still hold. This extension can
be viewed as a strengthening of Bogomolnaia and Moulin (2002) since their domain is

strictly nested in the class of domains investigated in this section.

Let m = |A| and n = |I|. Moreover, there is an object & with at least n copies.
Object @ can be interpreted as an individual outside option for each agent. Each agent ¢
has a strict preference order P; over AU {@&}. An object a € A is acceptable if a P; @.
Let A(P;) denote the set of acceptable objects in F;.

Since the number of agents may differ from the number of objects, it may be that
an object is not fully shared by all agents. Accordingly, the definition of an assignment
[Lialicr,acauiey is modified in such a way that (i) L;, > Oforalli € I anda € AU {7},
(ii) ZaeAu{@} Li, = 1foralli € I, and (iii) 0 < ), ; Lio < 1foralla € A.

All original axioms of sd-strategy-proofness, sd-efficiency, sd-envy-freeness, and equal
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treatment of equals apply without any modification. Also, the definition of the PS rule
remains unchanged. Evidently, the PS rule remains sd-efficient and sd-envy-free.
However, we need to modify the definition of a restricted tier domain of preferences.

Notably, we require restricted tier structure only on the acceptable objects.

Definition 3 A domain D is an augmented restricted tier domain if there exists a re-

stricted tier structure P = (Ay)I_, (over A, not AU {@}) such that
1. Forall1 <k <T, A <2
2. Given P, € D, A(P;) = Ul_, Ay for some 0 < t < T

3. Given P, € D and a,b € A, [a € Ay, b € Ap,a,b € AP) and k < k'] =
la P; b].

Example 2 Let |[A| = 5 and P = (A;, A, A3) where A; = {ay,a2}, Ay = {as},
and A3 = {a4,as}. Then D = {P,, P,, P5, Py} is an augmented restricted tier domain

associated to P.

P o -

Poar - ay = O >

Py:oay - a1 = a3 = @ =

Py a > a > a3 = a5 = ag > O

In words, an agent with P, perceives every object as unacceptable, and all unacceptable
objects are ranked arbitrarily. An agent with P, perceives only A; as acceptable and
she prefers a; to as. An agent with P; perceives A; and A, as acceptable and Aj as
unacceptable. In addition, she prefers all objects in A; to all objects in A, according to
the tier structure. Last, in P, all objects are acceptable, and ranked according to the tier

structure restriction. O

Analogous to Theorems 1, Theorem 4 below characterizes the PS rule on augmented

restricted tier domains.

Theorem 4 On an augmented restricted tier domain, a rule is sd-strategy-proof, sd-

efficient and equal-treatment-of-equals if and only if it is the PS rule.
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Proof: Given P = (A;)1_,, let D C D(P) be a augmented restricted tier domain.

Given P € D"and 1 < k < T, let N, = {i € I|Ax C A(P,)} denote the set of
agents whose acceptable set includes tier Ay, and ny = |Ng|. Given 1 < k < T, if
ng > 0 (equivalently, tier A, is acceptable for some agent), it is true that ng > 0 for all
1 < k' < k — 1 (equivalently, each tier Ay, 1 < k' < k — 1, is also acceptable for some
agent). Therefore, given 1 < k£ < T with n; > 0, we can define ry = fl:_ll % for all
1 < k' < k+ 1. Note that it is either 7, < L orr, > 1.1

Due to the augmented restricted tier structure embedded in D, at each preference pro-

file, we can clearly specify the random assignment induced by the PS rule as shown in

Fact 2 below.

Fact 2 Given a profile P € D", let L be the random assignment induced by the PS rule.
Then, the following five conditions hold.

1. Giveni € I, assume A(P;) = UF_| A;. Then, Lz = max(0,1 — 74,1) and L;, =
foralla ¢ A(P;).
Given 1 < k < T, assume A, = {a} or Ay = {a,b}, and n, > 0. If Ay = {a,b}, let
I, ={i € Ila P, b} and |I;, N Ny| = L.

2. Ifry 2 1, then L;4, = 0 (equivalently, L;, = 0 forall a € Ay) for all i € N,

3. Ifr, < land Ay, = {a}, then Ly, = min(=,1 —ry) forall i € Nj.

ng’

4. If i, < rp1 < Land Ay, = {a, b}, we have

Lm:%andljib:%—% foralli € NN I;
o <<= .
Li, =0and Ly, = nlk forall i € Np\Iy.
Lin=-=2and Ly =0 forall v € NN I;

e 0LKIK ] = "
Ly = 2 —ﬁandLib:ﬁ forall i € Ng\Iy.

s

7For instance, in profile P, if all tiers are acceptable for all agents, thenr, < 1forall 1 < k< T + 1.
If one agent accepts all tiers and all others do not accept any tier, then r;, > 1 foralll1 < £ < T + 1. In
particular, recall the consumption procedure at profile P in the PS rule, and note that if 0 < r; < 1, then
r 1s identical to the time at which all tiers A1, ..., Ax_1 are exhausted, and all agents in N; are about to

consume Ay.
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5. Ifri, < 1 < rpyq and Ay, = {a, b}, we have

L, = mm( 1—rg)and Ly = max(1 — ry — },O) forall i € Ny N Iy;

o [T <<= ‘
Lio=0and Ly =1 -1y forall i € Ni\Iy.

Lio=1—rrand L;y; =0 forall i € N N I;

o 0LKI<H]=
Li, = max(1 — 7y — ﬁ,O) and Ly, = min(ﬁ, 1—rg) forallie Ng\Ij.

The verification of Fact 2 is routine, and we hence omit it.

It is evident that the PS rule satisfies sd-efficiency and equal treatment of equals. We
first show that the PS rule is sd-strategy-proof on D.

Fixi € I, P € D" and P/ € D. Assume A(P;) = UF_| A, and A(P/) = U, A,. Let
L and L' be two random assignments induced by the PS rule at profiles P and (P}, P_;)
respectively. We show L; P L,

According Fact 2, we know L4, = Lj,, forall 1 <t < min(k, &’). Moreover, given
1 <t < min(k, k'), assume A; = {a,b} and a P; b. By a similar argument in verifying

sd-strategy-proofness of the PS rule in Theorem 1, we have L;, > L,.

Let [ = Y min kk V1A, and [ = Y max(tK) |A |. Given z € AU {2}, assume z =
r(P). 11 <1 <1 then Y0 Liyy(p Zt L JIfl > land k < K, itis evident
that S0, Lipypy = 1= 300, L by COIldlthIl 1 of Fact 2.

Last, assume [ > [ and k£ > k:’ . Observe that L}, = 0 for all z € U}_,, ;4 by
condition 1 of Fact 2. Therefore, if [ < | < [, we have Zt 1 Liryp) = Zt L Lirypy) +

Zt =l+1 “‘t Zt 1 zr,« + Zt =l+1 zrt Zt 1 Furthermore’ lfl <
< |A| + 1, it is evident that Z o1 Lirypy =12 Z i=1 Livy(p) by condition 1 of Fact 2.
Therefore, > ._, Liv,(p, >3 L ) forall 1 <1 < |A|+ 1. Hence, L; P L)

as required. In conclusmn, the PS rule is sd-strategy-proof on domain D.

Henceforth, we prove that on domain I, the PS rule is the unique one satisfying sd-
strategy-proofness, sd-efficiency and equal treatment of equals. Let ¢ : D" — L arule
which satisfies all three axioms.

Fixing P = (Py,..., P,) € D", let L = ¢(P). We first show that L satisfies sd-envy-
freeness, and then show that L satisfies all five conditions of Fact 2. Given 1 < k£ < T,

recall N, = {i € I|A, C A(P)} and ny = |Ny|. Moreover, let k* = max {k €
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{1,...,T}Lsa, > 0 forsome i € I} be the maximum index in {1,...,T} such that

some agent consumes strictly positive proportion of Ag-. Consequently, nx« > 0. Hence,

ng >0foralll < k< k*andr, = f;ll ‘f—;', 1 <k < k*+1,1s well-defined.

First, taking each tier A, as one combined object and applying Theorem 5.1 in Bogo-

molnaia and Moulin (2002), we have the following three statements.
(i) Giveni € I, assume A(P;) = Uf_, A;. Then, we have
e Liyz =max(0,1 —7rq)and L, = 0 forall a ¢ A(P,).
o ¥ Lia, =¥ Ly, forall 0 <k < min(k, k*) and j # i.
(ii) Given1 <k < k", Lia, = 28 foralli € N;.

A * .
2l forall i € Nje.

(iil) Lia,. =1 —rp <

According to the first part of statement (i) above, condition 1 of Fact 2 is satisfied in

L.

Lemma 8 Given 1 < k < k¥, assume A, = {a,b} and let I, = {i € I|a P, b}. The

following two statements hold.
(1) Foralli,j € NyN 1y, Lig = Lj,.

(2) Foralli € NyNIyandj € Ny\Iy, Lio > Lj, and Ly < Ly,

Proof: The verification of this lemma follows from a modification of the proof of Lemma
2. Specifically, fix all preferences in profile P whose acceptable set do not include Ay,
and apply all proofs of Lemma 2 with respect to the remaining preferences in P with the

following modifications:
e Change [ in the proof of Lemma 2 to N.
e Change [} in the proof of Lemma 2 to Ny N Ij.
e Change I\ in the proof of Lemma 2 to Ny \ I.
e Change n in the proof of Lemma 2 to ny.
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o Ifk < k*, change = 2 and -~ in the proof of Lemma 2 to -, %+ and % respectively.
Moreover, whenever Lemma 1 is referred to in the proof of Lemma 2, change it to

statement (ii) above.

o Ifk = k¥, change X and * = in the proof of Lemma 2 to 1—74, —— 1 - and mln(— 1—

7)) respectively. Moreover, whenever Lemma 1 is referred to in the proof of Lemma

2, change it to statement (iii) above.

[ |
Lemma 9 Random assignment L satisfies sd-envy-freeness.
Proof: Fix i € I and assume A(P,)) = U}, A;. Thus, & = rl*(PZ-) where | =
Zt L |A¢| + 1. Evidently, sd-efficiency implies Zt W Lirpy = Zt 1 Lijr, (P, for

all j # 1.

Next, given a € A, assume a € A, and a = r;(P;). We consider three cases.
Case 1: s > min(k, k*).
Statements (i) - (iii) above imply S0, Li,py = 1 = S_; Ljpy(py for all j # i.

Case 2: s < min(k, k£*) and moreover, either A; = {a}, or |As| = 2and a = min(P;, A;).

The second part of statement (i) above implies >0, Ly, py = Yooy Lia, = Yoo, Lija, =

thl jro(py) for all j # i

Case 3: s < min(k, £*) and moreover,

= max(P;, Ay).
Let j # i. If A, is not included in A(P;), the first part of statement (i) above implies
Lj, = 0. If Ay is included in A(P;), Lemma 8 implies L;, > L,,. Therefore, L;, > Lj,.

Furthermore, since Zt_l A =D ! _, L;a, by the first part of statement (i) above, we

l s—1 s—1
have Zt:l Lirt(Pi) = LzAt + Lza L]At + L]a Zt:l LjTt(Pi)'
In conclusion, Zt 1 Liry Zt 1 Ljrypy forall 1 < 1 < |A| +1and j # i
Therefore, L satisfies sd—envy—freeness. |

Last, we use the following 5 claims to show that conditions 2 - 5 of Fact 2 are satisfied

in L.
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Claim 1: 7 < 1 < rpeq1.

According to the definition of k*, there exist i € Ny« such that L;4,. > 0. Fix such

. . k*—1 |A k*—1
an agent ¢. By statement (i1) above, we know 73« = ) | ‘n—f' = ) 4 Lia, < L
k* A Ay .
Moreover, by statement (iii), we have 7, Zt 1 |nz| = I + % > 1. This

completes the verification of the claim.

Given 1 < k < T, assume A, = {a} or Ay = {a, b}, and ny > 0. If A, = {a, b}, let
Ik:{z€I|aRb}and|]kﬂNk| =1

Claim 2: Condition 2 of Fact 2 is satisfied in L.

According to the hypothesis of condition 2, since 7, > 1, Claim 1 implies £ > £* + 1.
Then, the definition of k£* implies L;4, = 0 for all ¢ € I (hence for all 7 € Nj). This

completes the verification of the claim.
Claim 3: Condition 3 of Fact 2 is satisfied in L.

According to the hypothesis of condition 3, since r;, < 1, Claim 1 implies £ < k*. Fix

1 € Ni. If k < k¥, then statement (ii) above implies L;, = 1Ael é Since k +1 < k*

ng
and r,+ < 1, it must be the case that r;, + [Ae] ’“l =1+ n—lk = Tpr1 < T+ < 1. Thus,
ﬁ <1 —rg, and hence L;, = mm(—, 1-— rk). If k = k*, statement (iii) above implies

Lio=1—1rp = min(#, 1 — r4+). In conclusion, L;, = mln( ;1 —ry) forall i € Ny.

This completes the verification of the claim.
Claim 4: Condition 4 of Fact 2 is satisfied in L.

According to the hypothesis of condition 4, since 71 < 1, Claim 1 implies k£ + 1 <
k*, and hence k < k*. Therefore, L, + Liy = L;a, = % = % for all ¢+ € Ni by

statement (ii) above. Recall I, = {i € I|la P, b} and |Ny N Ix| = [. Then, sd-efficiency

and sd-envy-freeness (recall Lemma 9) imply

Lio=1tand Ly, = 2 — 1 foralli € NN Iy;

° [% <l< nk] = g
Li,=0and L;; = nl for all i € Ni\Ij.
w:nlkand[,ibzo forall 1 € Ny N I;

L,
e 0K 2]=
? Liu=2 —;iyand Ly = 1 foralli € N\

ng l
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Claim 5: Condition 5 of Fact 2 is satisfied in L.

According to the hypothesis of condition 5, since 7, < 1 < 7,41, Claim 1 implies
k = k*. Thus, by statement (iii), L, + L = Lia,. = 1 — rpe < % = % for all
i € Ni-. Recall I- = {i € Ila P; b} and ] = |N- N I-|. We know either "5~ < | < ny-

or0 <l <™.

First, assume "6~ < [ < ng-. Subsequently, two cases are separately considered.

Case 1: "= < | <ny-and 3 <1 — 7y

If | = ny~, then sd-envy-freeness implies L;, = %, and hence L = 1 — rp — % for all
1€ Np.NI. If % < | < nyg~, sd-efficiency first implies L;, = 0, and hence L;, = 1 — rp«
for all i € Ni\I;. Consequently, sd-envy-freeness implies L;, = % forallz € N, N I.

Hence, Ly, =1 — - — ¢ forall i € Ny, N .

Case2: "~ <l <np-and § > 1 — 1.

If | = ny-, sd-envy-freeness implies L;, = Lj, for all 7,j € Nj N I,. Moreover,
since % > 1 — 7=, it 18 true that L;, = 1 — r.~, and hence L;, = O for all : € N, N I;.
If ’% < | < nys, sd-efficiency first implies L;, = 0, and hence L;, = 1 — ry- for all
i € Np\Iy. Next, sd-envy-freeness implies L;,, = L;, for all 7,5 € N N 1. Since
% > 1 — rp«, 1t is true that L;, = 1 — rp« forall « € N, N I,. Hence, L;; = 0 for all

1€ NN I.

T *
2

In conclusion, if <l < ngs,

1 1
L, = min(? 1 —7ry+) and Ly = max(l — rp — 7,0) forall i € N, N I;

Li,=0and Ly, =1 — 1y forall i € Ni\Ij.

T *
2 9

By a symmetric argument, if 0 < [ <

Li,=1—rgand Ly =0  foralli € NN I;

1—rp)  foralli € Ni\Iy.

Lio = max(1l — rp — l,O) and L;, = min(

Npx — Npx — l’
Thus, all five conditions of Fact 2 are verified. Therefore, ¢ is the PS rule. This

completes the verification of Theorem 4. |
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Analogous to Corollary 1, the verification of Theorem 4 implies that the PS rule is the
unique one satisfying sd-efficiency and sd-envy-freeness on an augmented restricted tier

domain.

Corollary 2 Let D be an augmented restricted tier domain. A rule is sd-efficient and

sd-envy-free if and only if it is the PS rule.

Proof: The sufficiency part hold evidently. We focus on the necessity part. Let o : D" —
L be an sd-efficient and sd-envy-free rule. Fixing P = (Py,..., P,) € D", let L = ¢(P).
First, according to Theorem 4.1 in Bogomolnaia and Moulin (2002), we have statements
(i) - (ii1) in the proof of the necessity part of Theorem 4. Furthermore, in the proof of the
necessity part of Theorem 4, note that the verification of Claims 1 - 5 only relies on the
application of statements (1) - (iii) and the axioms of sd-efficiency and sd-envy-freeness.

Therefore, we assert that ¢ is the PS rule. |

3.4 Final remarks

In this chapter, we have shown that if a connected domain admits an sd-strategy-proof,
sd-efficient and equal-treatment-of-equals (or sd-envy-free) rule, the domain is a restricted
tier domain, and this rule must be the PS rule.

Our results may be interpreted as both negative and positive. On the one hand, a
restricted tier domain 1is restrictive, and does not give much freedom for agents to spell
their preferences. On the other hand, in some realistic situations, for example the house
allocation in a skyscraper or along a road, the restricted tier structure seems to be an
appropriate assumption. Then our characterization of the PS rule supports its application
in these situations.

More importantly, we identify the restricted tier domain as a boundary for the com-
patibility of these canonical axioms, within connected domains. Since connectedness is
a mild and economically reasonable domain richness assumption and the axioms we im-
pose are both canonical and normatively desirable, our characterizations suggest that a
restricted tier structure must be embedded and the PS rule should be used to determine all

random assignments.
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For further research, it would be interesting to investigate the analogous characteriza-
tion problem for more general class of domains beyond connectedness. Another interest-
ing problem is related to the domain characterization under different preference extension
approaches (e.g., Cho (2012) and Aziz et al. (2014)) other than the stochastic-dominance

extension.
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4 The Equivalence between Local and Global SD-Strategy-
Proofness on Block-Connected Domains

In this chapter we introduce a new adjacency notion: block-adjacency. Two prefer-
ences are block-adjacent if they are different only in a flip between two adjacent blocks.
Accordingly, a undirected graph can be constructed for a given domain such that the ver-
tex set is the domain itself and an edge links two block-adjacent preferences. In addition
we call a domain block-connected if its corresponding undirected graph is connected.

The first section in this chapter formalizes the above notions and the second section
proposes a condition on a block-connected domain which implies the equivalence be-

tween local and global incentive compatibility.

4.1 Block-connected domains

We start from the formal definition of block-adjacency.

Definition 4 Two preferences Py, Py € D are block-adjacent if there are two nonempty

and disjoint subsets Ay, Ay C A such that
1. a Py bifand only ifb Py a, foralla € Ay and b € A,
2. a Pybifandonlyifa Py b, forall a,b € A either a & A, orb & A,
3. Aa€ At be Ay c e A\{Ay, Az} such thata Py c Pyborb Py ¢ Fy a.

For any two preferences, it’s either that they are not block-adjacent or that they are
block-adjacent with respect to a unique pair of nonempty and disjoint subsets A, A; C A.
We denote for two block-adjacent preferences, Fj, P,, the corresponding pair of object
subsets as F'B1( P, ]50) and F'By (P, 150), where F'B represents “flipped block.” In addi-
tion, we refer to the change from a preference to a block-adjacent one as a block-adjacent
reversal.

Given the notion of block-adjacency, we define block-connected domains. A domain

is block-connected if between any two admissible preferences a sequence of admissible
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preferences can be arranged such that any two contiguous preferences along the path are

block-adjacent. Formally:

Definition 5 A preference domain I is block-connected if for any two admissible pref-
erences Py, Py € D, there is a sequence of admissible preferences Py, --- , Py € D such
that (i) P, = Py, (ii) Py = PQ, and (iii) foreachm =1,--- M — 1, P,, and P, are

block-adjacent.

For a pair of preferences Py, Py admissible to a block-connected domain, we call a
sequence in the above definition a path from Py to Py. Particularly, when we say a path
P, -, Pyisfrom Py to 150, P, is the start and ]50 istheend, ie., P, = Fyand Py, = ]50.

On a block-connected domain, a mechanism is called block-adjacent sd-strategy-proof
if reporting true preference always leads to a lottery that stochastically dominates the

lottery delivered by reporting a preference that is block-adjacent to the sincere one.

Definition 6 A rule defined on a block-connected domain ¢ : D" — L satisfies block-
adjacent sd-strategy-proofness if for alli € I, P;, P, € D, and P_; € D", such that P,
and P; are block-adjacent, o(P;, P_;) P? go(f’i, P_).

(2

The incentive compatibility defined above is a local notion. Since block-adjacency is
weaker than the adjacency notion in Cho (2016a), block-adjacent sd-strategy-proofness
is stronger than the local sd-strategy-proofness” defined by Cho (2016a). Example 5

illustrates this point.

4.2 The equivalence between local and global incentive compatibili-
ties

In this section, we introduce a condition on a block-connected domain that is suf-
ficient to guarantee the equivalence between block-adjacent sd-strategy-proofness and
sd-srategy-proofness. However, some preliminary definitions are needed.

Given two pairs of nonempty and pairwise disjoint subsets of objects, we say one pair
is nested in or disjoint with the other pair if either the union of the former pair is a subset

of either one of the latter pair or the unions of these two pairs are disjoint; formally
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Definition 7 Ler A, Ay and As, Ay be two pairs of nonempty and pair-wisely disjoint
subsets of objects, i.e., ) # Ay, Ay, A3, Ay C A AiNAy =0, and AsN Ay = (. We
say Ay, A are nested in or disjoint with A3, Ay, denoted { A1, Ay} T {As, Ay}, if either
(AfUA)N(A3UAy) =0or Ay U Ay C Az or Ay U Ay C Ay

Recall that a path is a sequence of preferences, along which adjacent preferences are
different only in a flip between two adjacent blocks. We now define a special class of paths
which guarantees the equivalence between block-adjacent sd-strategy-proofness and sd-
strategy-proofness. Particularly, we call a path nested if along the path, the blocks flipped

latter are nested in or disjoint with the blocks flipped earlier.

Definition 8 A path P, --- , Py is nested if forall 1 <m' <m < M — 1
{FBI(Pm7Pm+1)7FBQ(PmaPm—i—l)} E {FBI(Pm’aPm/+1)7FBZ(Pm’>Pm’+1)}‘

A domain is called path-nested if between any two preferences, there is a nested path

connecting them; formally:

Definition 9 A domain D is path-nested if for all distinct Py, Py € D, there is a nested
path Py, - -+ , Py € D such that P, = Py and Py = P,

By definition, a path-nested domain needs first to be block-connected. The following

are two weakly connected domains, one is path-nested and the other is not.

Example 3 Figure 3 depicts a block-connected domain which is path-nested. Boldface
sequences of letters denote the preferences, for example, abed refers to the preference
a > b > c > d. A dotted line denotes a block-adjacency relation and the two blocks
connected with a hyphen denote the associated flipped pair of blocks.

A nested path from cadb to bdac is highlighted by red and thick lines: from cadb to
bead {a, c,d} is flipped with {b}, then from bcad to bdca {a, c} is flipped with {d}; finally
from bdca to bdac {a} is flipped with {c}. It can be checked easily that from an arbitrary

preference to another; there is a nested path.

Example 4 Figure 4 depicts a block-connected domain that is not path-nested. From
abcd to cadb, there are two paths, one through cdab and the other through acdb. It is

evident that neither one of them is nested.
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Figure 3: A Path-Nested Domain.
abed ab-cd cdab a=d cadb

“acdb

Figure 4: A Block-Connected Domain that is not Path-Nested

Theorem 5 shows that path-nestedness is sufficient to guarantee the equivalence be-

tween block-adjacent sd-strategy-proofness and sd-strategy-proofness.

Theorem 5 Block-adjacent sd-strategy-proofness is equivalent to sd-strategy-proofness

on a path-nested domain.

The following is a sketch of the proof. Consider the path-nested domain depicted in
Figure 3. Let the unilateral deviation be from acdb to bdca. Consider the nested path
connecting them as follows.

Pi: a ¢ d b

1 (b— acd) Ly Pl Ly + LyPilLy + LyPiLy =1L Py
Po: b a ¢ d i i

1 (ac—d) Ly P54 Ly Ly P Ly

Ps: b d a c T

l(a—c) L3 P5* Ly

P: b d ¢ a
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The lotteries L., Lo, L3, L4 denote the deviating agent’s lottery when she reports re-
spectively Pi, P, P3, Py. To verify sd-strategy-proofness, it suffices to establish L, P
Ly4. By block-adjacent sd-strategy-proofness, L, Pfd Lo, Ly P;d Ls,and L3 P§d L. Ac-
cording to Lo P;d L3 and the fact that b is not involved in this local deviation, Loy, = Lsy.
Then since the ranking of a, ¢, d is the same in P, and P, Lo P;d L3 implies Lo Pfd Ls.
Similarly Ly P§? L4 implies Ly Ps¢ L,, which then implies Ly P L,. Finally the
transitivity of P$? establishes L; P4 L.

The proof follows the above logic. It is in Appendix B.1.

4.2.1 Necessity of path-nestedness

In this subsection we discuss the necessity of path-nestedness. We show first that
whenever block-adjacent sd-strategy-proofness is equivalent to sd-strategy-proofness, the

domain is block-connected.

Proposition 2 [fblock-adjacent sd-strategy-proofness is equivalent to sd-strategy-proofness,

then the domain is block-connected.

Proof: Let D be a domain which is not block-connected.”® Let Py € Dand D ¢ D
be the block-connected sub-domain that contains P,. By definition, D) exists but may be
singleton. Since I is not block-adjacent, D\D # ). Let x = r|(Fy) and y € A\{z}.

Define

5, ifPLeED
p(P) =
0., otherwise

where d, denotes the degenerated lottery that gives full probability to y. It is evident that

@ 1s block-adjacent sd-strategy-proof but not sd-strategy-proof. ]

With the domain illustrated in Figure 4, we show that path-nestedness is not nec-
essary to the equivalence between block-adjacent sd-strategy-proofness and sd-strategy-

proofness.

Lemma 10 There is a block-connected but not path-nested domain on which block-adjacent

sd-strategy-proofness is equivalent to sd-strategy-proofness.

8This proof is inspired by the proof of Proposition 3.1 in Sato (2013).
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Proof: Consider the domain illustrated in Figure 4, i.e., D = {abcd, cdab, cadb, acdb}.
It is easy to see that this domain is block-connected but not path-nested. We will show

that on this domain, a block-adjacent sd-strategy-proof rule is sd-strategy-proof.

a b C d
abed I, +01 402 lp+03 lo—3d—04 lg— 01 — (93— 04)
cdab la Iy le la
cadb log + 01 Iy l. lg — 0y
acdb [, + 01 + 65 Iy l. — 6y lg — 01

Consider an arbitrary fixed preference profile and an arbitrary agent who unilaterally
deviates. We need only to specify the lottery for the unilateral deviator, hence we denote
his lottery as ¢(F;) where P; is this agent’s reported preference. Without loss of gener-
ality, let ({4, lp, l., lq) = p(cdab). The block-adjacent sd-strategy-proofness implies non-
manipulability between cdab and cadb, which is equivalent to the existence of §; € [0, 4]
such that ¢(cadb) = (I, + 01, lp, le, lg — 7). Similarly, the block-adjacent sd-strategy-
proofness implies non-manipulability between cadb and acdb, which is equivalent to the
existence of d; € [0, 1. such that p(cadb) = (I, + 01 + 02,1y, l. — 02,1q — O1). Last, the
block-adjacent sd-strategy-proofness implies non-manipulability between acdb and abcd,
which is equivalent to the existence of 0, € [0, [. —J5] and &3 such that §3—d4 € [0, 13— 01]
such that p(abed) = (I, + 01 + 09,1y + 03, . — 02 — 04, lg — 61 — (03 — 04)).

To check sd-strategy-proofness, we need only to check non-manipulability between
abced and cadb and between cdab and acdb. This is easily verified for any 6y, 09, 03, 04

given above. L

4.3 Final remarks

Theorem 5 is useful either when the domain of interest is block-connected but not
connected, or when it is connected but violates non-restoration, the sufficient condition
on a connected domain to guarantee the equivalence between local and global sd-strategy-
proofness in Cho (2016a). As to the former, we use Theorem 5 to show that on a quite

flexible class of preference domains, each of which is block-connected and quite large in
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domain size, the PS rule is sd-strategy-proof. As to the latter, the following is an example.

Example 5 Consider a domain that consisting of the following five preferences.!® Among
these preferences, the adjacency relations are illustrated by solid lines. It is easy to see that
this domain is connected but it does not satisfy non-restoration. Specifically, from rxyvwz
to zyzvw, there is only one path which involves two flips between x and y. Hence we can
not invoke the result in Cho (2016a) to simplify the verification of sd-strategy-proofness.

However, we start from block-adjacent sd-strategy-proofness rather than sd-strategy-
proofness, we can draw two more links, illustrated by dotted lines. It is easy to check
path-nestedness of this domain. Then invoking Theorem 5, we have sd-strategy-proofness

on this domain whenever block-adjacent sd-strategy-proofness is satisfied.

X- L 7w Z-v.
XYVWZ A YXVWZ ——— YXVZW — — YXZVW XYZVW

Figure 5: A Connected Domain that Violates non-Restoration

Another remark is that, although we focus on random assignment rules, the equiv-
alence result can be applied to all stochastic-dominance ordinal mechanisms, i.e., cen-
tralized mechanisms where agents report ordinal preferences, receive lotteries, and the
lotteries are evaluated according to the stochastic-dominance extensions of ordinal pref-

€rences.

9The preferences in this example come from Table 1 in Sato (2013).
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5 Strategy-Proofness of the Probabilistic Serial Rule on
Sequentially Dichotomous Domains

This chapter proposes a class of domains, sequentially dichotomous domains. It is
shown that the PS rule is sd-strategy-proof on any such domain. In addition, any such
domain is shown to be maximal for the PS rule to be sd-strategy-proof. The results in
this chapter significantly enlarge the scope of designing a satisfactory random assignment
rule.

The organization of this chapter is as follows. The first section presents the domains.
Section 2 proves sd-strategy-proofness of the PS rule. Section 3 presents the maximality

result. The last section presents some final remarks.

5.1 Sequentially dichotomous domains

This section defines the sequentially dichotomous domains. However, before we
present the domains, several preliminary definitions are needed.

A partition of the object set A is a set of nonempty subsets of A such that every
object a in A is in exactly one of these subsets, i.e., A = {4, C A : Ay # (0} such that
UAkeA A = Aand A, N A; = 0 for all distinct Ay, A; € A. A typical element of a
partition is called a block and denoted A;, € A. We denote the collection of all partitions
of A by A and define a binary relation, called direct refinement, on .A. A partition is called
a direct refinement of another if there is exactly one block of the latter partition broken into

two smaller blocks in the former partition and all the other blocks are inherited; formally:

Definition 10 A partition A’ is a direct refinement of another partition A, if there are

blocks Ay € A and A}, A} € A’ such that Ay, = A\A' and { A, A}} = A'\A.

i J

We define a partition-path as a sequence (A;),_, C A such that A, = {A}, Ay =

{{a} :a € A}, and A,y is a direct refinement of A, foreveryt =1,--- ;7 — 1. Let A’
be a direct refinement of A, it is evident that |A’| = |A| + 1 and hence T" = n for any
partition-path. Henceforth we denote a partition-path as (A;);_,. A partition-path plots

a sequence from the coarsest partition to the finest partition by sequentially breaking one
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block into two. Foreach t € {1,--- ,n — 1}, let A;, = A;\ A, be the block in A, that
breaks into two smaller blocks. For each t = 2,---  n, let {A;1, A} = A;\A;_; be the
two blocks whose union is a block in A;_;. Hence from A; to A,, A;, breaks into Ay;
and Aso; from As to As, As, breaks into Ag; and Ajss, etc. Two partition-paths are plotted

in Figure 6, one with darkened arrows and the other with darkened and dotted arrows.

Figure 6: Direct refinement relation when A = {a,b,c,d}. A shade covering several objects
means a block containing these objects and each square containing objects and shade(s) is a parti-
tion. An arrow pointing from one partition to another means the latter is a direct refinement of the

former.

Given a strict preference Iy € P and a block Ay, we say P, clusters objects in A
if all the objects in A are ranked next to each other in P, i.e., for each x € A\ Ay,
either [a Py x for all a € Ag] or [x Py a for all a € Ag]. We say a preference Py € P
respects a partition A if, for each Ay € A, P, clusters objects in A;. Given a partition
A, the collection of all preferences that respect this partition is called the domain that
respects A. It is denoted Dap, ie., Do = {Fy € P|F, respects A}. Finally given a
partition-path (A;);_,, we say a preference respects the partition-path if it respects
every partition along the partition-path. A sequentially dichotomous domain is hence

defined as the collection of preferences that respect a common partition-path.
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Definition 11 A preference domain D C P is a sequentially dichotomous domain if
there is a partition-path (A;);_, such that Py € D if and only if P, respects A for all
t=1,---,nie, D=)_,Da,.

Notice that the definition above imposes a richness condition: every preference re-
specting the partitions along the partition-path is included. This facilitates our analysis
as we focus on verifying sd-strategy-proofness and the fact that if a rule is sd-strategy-
proof on a domain, it is sd-strategy-proof on every sub-domain. Here are two examples

of sequentially dichotomous domains.

Example 6 Let A = {a,b, ¢, d} and consider the partition-path plotted in Figure 6 with
darkened arrows, i.e., (A;);_, where A, = {{a,b,c,d}}, Ay = {{a,c,d},{b}}, As =
{{a,c},{d},{b}}, and A, = {{a},{c},{d},{b}}. Let D be the corresponding sequen-
tially dichotomous domain.

It is evident that the collection of preferences respecting A; is the universal domain,
i.e., Do, = P. However, not every preference respecting A; is in D since it needs to
respect in addition A,. To respect A, is equivalent to ranking b either at the top or
at the bottom. However not every preference ranking b at the top (or at the bottom) is
admissible since it is required to respect in addition A 3. For a preference in ﬂle Da, to
respect Ag, it suffices that a and ¢ be ranked next to each other. Last, it is evident that
every preference in P respects Ay trivially. Hence the domain D = {P;,--- , Fs} is a

sequentially dichotomous domain.
kb P P Py P B P Iy
a ¢ d d b b b b
c a a ¢ a ¢ d d

d d ¢ a ¢ a a ¢

b b b b d d ¢ a

Similarly, let us consider the partition-path plotted in Figure 6 with darkened and
dotted arrows, i.e., (A});_, where A} = {{a,b,c,d}}, Ay = {{a,c},{b,d}}, Ay =
{{a}, {c}, {b,d}}, and A} = {{a}, {c}, {0}, {d}}.
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From similar procedure above, we can find the sequentially dichotomous domain with
respect to (A;)f:1 as such that includes preferences P| to Py below.
P P, P, P, P. P, P P
a ¢ a ¢ b b d d
c a ¢ a d d b b
b b d d a ¢ a c
d d b b ¢ a ¢ a

This section ends with several remarks on the sequentially dichotomous domains.

Remark 6 A sequentially dichotomous domain D satisfies minimal richness, i.e., for each
a € A, there is a preference P, € D such that r1(Fy) = a. This is already illustrated by

the domains in Example 6.

Remark 7 Given n be the number of objects, a sequentially dichotomous domain has
2"~1 preferences, exactly the same size as the single-peaked domain. As in Example 6,

when n = 4, a sequentially dichotomous domain includes 8 preferences.

Remark 8 Two different partition-paths may lead to the same sequentially dichotomous
domain. Consider the domain containing P; to P in the above example. This domain can
also be seen as respect to the partition-path (A?);_,, where AY = {{a,c}, {b}, {d}} and
Ay =Alfort=1,2.4.

However such nonuniqueness is not a problem for our analysis since we always start
from a given domain and as long as this domain can be structured as a sequentially di-

chotomous domain according to some partition-path, our analysis applies.

Remark 9 A sequentially dichotomous domain can be expressed as a union of several
restricted tier domains. And given a sequentially dichotomous domain and a partition-
path with respect to which the domain is defined, the involving ordered partitions can be

recovered. For example, the domain in Example 6 defined with respect to (At)le is the
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union of four restricted tier domains with the ordered partitions being, respectively,
Pl Ay =A{a,ch, Ay=A{d}, Az={b}
P2 At=A{d}, Aj={a,c}, AF={b}
o A=A}, Ai={a,c}, Aj=A{d}
Pl Ap=A{o},  Ay={d}, Aj={ac}

In addition, the domain in Example 6 defined with respect to (A;)f:1 is the union of

two restricted tier domains with the ordered partitions being, respectively, P! : A} =

{a,c}, AL = {b,d} and P? : A? = {b,d}, A3 = {a,c}.

Remark 10 A sequentially dichotomous domain can be understood as a lexicographic
(non-separable) preference domain. Imagine that the object set is the Cartesian product
of T characteristics, each of which takes two values. We illustrate this with the following
example. Suppose the objects in consideration are four houses which are labeled accord-
ing to their relative positions, particularly, house 1 on northeast, house 2 on northwest,
house 3 on southeast, and house 4 on southwest. An agent first expresses her taste be-
tween south and north. Suppose she prefers houses on the north, then houses 1 and 2 are
supposed to be better than houses 3 and 4. Conditional on north, she expresses her taste
between east and west. And conditional on south, she expresses her taste between east
and west. Suppose she prefers east conditional on north and west conditional on south,

her preference on housesis 1 > 2 > 4 > 3.

Remark 11 A sequentially dichotomous domain is a Condorcet domain (Monjardet (2009)),
on which the majority rule applies without a cycle. This is a very interesting feature
of this domain. In the current paper, we focus on the sd-strategy-proofness of the PS
rule. This interesting feature of sequentially dichotomous domains also guarantees sd-
strategy-proofness of some random voting rules, for example the maximal lotteries (Fish-

burn (1984) and Brandl et al. (2016)).

5.2 Strategy-proof probabilistic serial rule

This section shows that the PS rule is sd-strategy-proof on a sequentially dichotomous

domain. We show first, by Lemma 11, that any sequentially dichotomous domain is block-
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connected. Second, Lemma 12 implies block-adjacent sd-strategy-proofness of the PS
rule on any sequentially dichotomous domain. Then, by invoking Theorem 5, we have

what is desired.
Lemma 11 Any sequentially dichotomous domain is path-nested.

This lemma can be verified easily according to the definitions of the sequentially di-
chotomous domain and path-nestedness. Hence the proof is omitted.

Due to Theorem 5, to show sd-strategy-proofness of the PS rule on a sequentially
dichotomous domain, it suffices to show block-adjacent sd-strategy-proofness. Actually,

what we can show is slightly stronger:

Lemma 12 Let P € P*, P, € P, if there are two nonempty subsets of objects A;, Ay C A

such that
1. foralli € I, P; clusters objects in Ay, As, and Ay U Ay respectively;

2. ﬁ’l is block-adjacent to P, with the reversal between A, and Ay such that a Py b
and b Pl afora € Ayandb € As,.

then:
1. PSLQ(P) 2 PSl’a(pl,P_l)fOI’ all a € Al,
2. PS14(P) < PSy4(Py, P_y) forallb € Ay, and

3. PS,,(P) = PS,.(P,, P_,) forall x € A\ A, U A,

The proof of Lemma 12 is in Appendix C.1.

Lemma 12 says that if one agent performs a block-adjacent reversal with respect to
two blocks Ay, Ay C A and it is known that in every other’s preference these two objects
are adjacent, then for every object that has moved downward in the deviator’s prefer-
ence, the probability that the deviator gets this object is non-increasing. It is evident that
this lemma implies block-adjacent sd-strategy-proofness on a sequentially dichotomous

domain.
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The statement of Lemma 12 is stronger than that the PS rule satisfies block-adjacent
sd-strategy-proofness on a sequentially dichotomous domain in two respects. First, the
lemma does not require the preferences to be taken from a sequentially dichotomous
domain. Rather, the requirement is that, in every preference, objects in A;, As, and
A1 U A, be respectively clustered. Second, block-adjacent sd-strategy-proofness does
not require the probability of every object that moves down the deviator’s preference to
be non-increasing. Rather, block-adjacent sd-strategy-proofness requires only the prob-
ability of every upper contour set to be non-increasing. For example, consider a block-
adjacent reversal from abed to cabd. Block-adjacent sd-strategy-proofness requires that
the probability of getting a, b combined be non-increasing. Particularly, it is allowed that
the probability of getting b increases as long as the decrease in a’s probability exceeds the
increase in b’s probability.

We are now ready to present the theorem.
Theorem 6 The PS rule is sd-strategy-proof on a sequentially dichotomous domain.

The theorem follows directly from Lemma 11, Lemma 12, and Theorem 5.

Remark 12 As the other important random assignment rule, the random serial dictator-
ship, is known to be sd-inefficient on the universal domain. However, what kind of pref-
erence restriction guarantees the sd-efficiency for it is deserved effort. Some preliminary

results are in Appendix E.

5.3 Maximality

From Theorem 6, a sequentially dichotomous domain guarantees the sd-strategy-
proofness of the PS rule. The next interesting question is can we expand a sequentially
dichotomous domain while preserving the sd-strategy-proofness of the PS rule? The an-
swer is negative, as indicated by Theorem 7. The theorem shows that given an arbitrary
sequentially dichotomous domain, whenever an additional preference is admissible, the

PS rule becomes manipulable.

Theorem 7 A sequentially dichotomous domain is maximal for the probabilistic serial

rule to be sd-strategy-proof.
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The proof of Theorem 7 is in Appendix C.2.

In the proof, we fix an arbitrary sequentially dichotomous domain D and an arbitrary
preference out of it Py € P\DD. We first compare the fixed preference with the partition-
path according to which the sequentially dichotomous domain is defined. Then according
to such comparison, we identify two preferences within the sequentially dichotomous do-
main P,, Py € D and then construct two preference profiles consisting of only PO, Py, Py.
In these two preference profiles, one agent unilaterally deviates. Finally we calculate the

relevant probabilities specified by the PS rule and show that this deviation is profitable.

5.4 Final remarks

In this chapter, we introduced a class of preference domains, sequentially dichotomous
domains. We first show that the PS rule is sd-strategy-proof on any such domain. Then
we show that each such domain is maximal for the PS rule to be sd-strategy-proof.

A remaining interesting question is whether the class of sequentially dichotomous
domains is uniquely maximal. In other words, if we know already that the PS rule is sd-
strategy-proof on a given domain, can we structure it as a sub-domain of a sequentially

dichotomous domain? Unfortunately, the next example proves this to be false.

Example 7 Consider a domain D consisting of only two preferences as follows
FPha-b-c>d

Poic=a>=d>b

It is easy to check that the PS rule is sd-strategy-proof on ID. However D can never be
structured as a sequentially dichotomous domain. The key insight is that we can not find

a dichotomous partition that both Py and P, respect it.

Interestingly the pattern indicated by D is an important structure for some computer
science studies, for example Rossin and Bouvel (2006). In their language, a permuta-
tion, i.e., a linear order like P, given P, already present, is “separable” if we can find a

partition-path that both P, and P, respect it. It seems that separability is a convenient and
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fundamental structure for a computer either to generate permutations fast or compare two
sets of permutations fast.

For CS studies, it is perfectly justified that the pattern of ID is excluded artificially due
to computational targets. However, there is no economically reasonable argument, in my
understanding, to exclude such a pattern artificially. Hence, although it might be possi-
ble that by excluding such pattern, we can establish the uniqueness of the sequentially
dichotomous domain for the PS rule to be sd-strategy-proof, this exercise is not of much
economic interest.

However, it is still interesting that we find some economically reasonable richness
condition, under which the uniqueness of the sequentially dichotomous domain can be
established. This is left for future studies.

Another remark is a conjecture: any sequentially dichotomous domain is maximal for
the existence of a random assignment rule satisfying sd-strategy-proofness, sd-efficiency,
and equal-treatment-of-equals. However, even from the results presented in this chapter,

verifying this conjecture is still a very difficult question.
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6 How to Describe Objects?

This chapter models the preference restrictions as an implication of specific choices
of object descriptions. Specifically, each object can be evaluated according to a large
number of characteristics. The planner chooses a subset and a ranking of the chosen
ones. Then she describes each object to the agents as a sequence of values according to
the ranking of chosen characteristics. After that each agent reports a lexicographically
separable preference according to the informed description. So a specific description
induces a collection of admissible preferences.

The question we ask is what are the descriptions which induce the good preference
domains, in the sense that there is an sd-strategy-proof, sd-efficient, and equal-treatment-
of-equals rule. The answer provided is a characterization of these descriptions: binary
trees, i.e., conditional on each feasible combinations of the top-t characteristics, the next
characteristic takes two feasible values. This characterization is under two technical as-
sumptions. (See Theorem 8.)

In addition, the domain induced by a binary tree is shown to be covered by a sequen-
tially dichotomous domain. Hence the PS rule is sd-strategy-proof on such a domain.
This result in addition to the other nice properties suggests the use of the PS rule.

The next section formally defines the notions mentioned above. Section 2 presents the

results and the last section concludes.

6.1 Descriptions of objects and induced preference domains

Let C denote the collection of characteristics, according to each of which an object can
be evaluated. Hence the object set is a subset of a Cartesian product A C [] .., A. where
A, is the collection of all possible values of characteristic c. For each object a € A and
each characteristic ¢ € C, we denote object’s value of characteristic ¢ by a.. Without loss
of generality, we assume no unused characteristic value, i.e., for each ¢ € C and v € A,
there is an object a € A such that a. = v.

Given A C [] .. A., the planner chooses a subset of the characteristics and specifies

ceC

a ranking of these chosen characteristics. We call the pair of the chosen subset and the
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ranking of characteristics a description of the objects. Formally it is defined as below.

Definition 12 A description of the object set A C [[ .. Ac is a pair (C, o) where

e C C C is a subset of characteristics such that for each pair of distinct objects

x,y € A there is a characteristic ¢ € C that gives x. # y., and
e 0 is an one-to-one mapping o : C — {1,--- | |C|}.

The condition imposed on the chosen set of characteristics is requiring that the chosen
characteristics be sufficiently informative so that an agent can differentiate each object
from the others according to the description given by the planner.

Given a description (C,0), ant € {1,---,|C

}, and an object a € A, let af =
as-1(;) be a’s value of the characteristic which is ¢-th ranked according to o and let

A7 = As-1(;) be the admissible value set of the ¢-th ranked characteristic. In addi-

tion, for any ¢ € {2,---,|C|} and any combination of values of the top-(¢ — 1) ranked
characteristics (vi,---,v;1) € [[L2) A7, let AZ|(vy,--- ,v1) = {v, € A7|Fa €
Ast (a,---,af ,a7) = (v1, -+ ,v_1,v4)}. For notational convenience, we write
Af|vg = AS.

After choosing a description (C, o), the planner disclose the information of objects
to the agents. Facing the chosen description of objects, an agent compares each pair of
objects lexicographically according to the characteristics in C' and the ranking specified

by o. Formally the preference and the collection of these preferences are defined as below.

Definition 13 Given a description (C,0) of A C [[.cc Ae, a preference Py € P is lex-
icographically separable with respect to (C, o) if there is a strict preference F§ on each
Ac such that x Py y if and only if there exists t € {1,--- ,|C|} s.t. (2§, ,2]_,) =
(g, yi) and ag By .

In addition, let the domain induced by the description (C,0) be the collection of all

lexicographically separable preferences with respect to (C, o) and denoted as D ¢ ).

The preferences on A.’s that spell a lexicographically separable preference are called
marginal preferences. We now present the example discussed in the introduction in the

language just defined.
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Example 8 Consider the object set illustrated by Table 2. Let C = {c,d,c"}, A. =
{1,2}, Av = {a,b,c}, and Aor = {x,y}. Now the object set in Table 2 can be expressed
as a subset of [ [ .co Ac-

Consider the description illustrated in Table 4. The characteristic subset chosen is
C = {c¢, '} and the ranking is (') = 1 and o(c) = 2. The domain induced by descrip-

tion (C, o) is such one that includes P to Py, and is described as follows.

P P P B ps P P FBg Py Py P P
01 04 01 04 01 04 01 04 03 03 03 03
04 01 04 01 04 01 04 01 01 04 01 04
03 03 03 03 02 09 (01 05 (X} 01 04 01
02 02 O3 05 O3 05 02 02 02 02 O3 O3
05 (01 09 09 03 03 03 03 (01 05 09 02

Pz Py Pis P Pz Pig P9 Py Py Py Pz Py

03 03 03 03 09 02 05 05 02 09 05 05
02 02 O3 O3 O3 O3 02 02 O3 O3 02 02
05 (01 09 09 03 03 03 03 01 04 01 04
01 04 01 04 01 04 01 04 04 01 04 01
04 01 04 01 04 01 04 01 03 03 03 03

Consider another description, illustrated in Table 5. Now the description is (C, &)
where C = {c,c, "} and & is such that 5(c) = 1, 5(c') = 3, and 5(") = 2. Then the

domain induced by this description is such that includes all preferences P, to P, below.

]31 p2 pS P4 P5 pﬁ P? PS PQ PlO pll P12 p13 P14 p15 p16

01 01 01 01 02 03 02 03 04 05 04 05 04 05 04 05
02 03 02 03 03 02 03 02 05 04 05 04 05 04 O3 04
03 02 03 09 01 01 01 01 01 01 01 01 09 02 03 03
04 04 O3 05 04 04 05 05 02 02 03 03 03 03 02 02
05 (0):1 04 04 (0):1 05 04 04 03 03 02 02 01 01 01 01

6.2 Results

This section presents two results. First, whenever the problem size satisfies the two

technical assumptions 1 and 2, the objects should be described as a binary tree since this
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is the only way the induced domain admits an acceptable rule.

Theorem 8 Let (C, o) be a description and D¢ ) the corresponding induced domain. In
addition, let n satisfy the Assumptions 1 and 2. If there is an sd-strategy-proof sd-efficient
and equal-treatment-of-equals rule defined on Dy, then ‘A;’ |(v1, -+ ,v-1)| < 2 for

allt € {1,---,|C|} and (v1,--- ,v,1) € [['_} A%, i.e., the description is a binary tree.

T=

In order to prove Theorem 8, we show an impossibility result, which states that when-
ever a domain exhibits the ”block elevating” property and two technical assumptions are
satisfied, there is no possibility of finding an acceptable rule. We first formally define the
block elevating property and then the impossibility.

A domain D satisfies the block elevating property if there are three admissible pref-
erences and three nonempty blocks such that the block (can be empty) ranked above these
three blocks in all three preferences is the same, three blocks are ranked next to each other
in all three preferences, one block is ranked last among the three blocks in two of the three

preferences and the second among the three in the third preference; formally:

Definition 14 A domain D satisfies the block elevating property if there are three pref-
erences Py, Py, Py € D, three nonempty blocks B,C, D C A and two blocks E, F C A
which can be empty such that BU C U D U E U F = A and three preferences are as
follows, where B Py C' means b Py c forallb € B and c € C.

E B B PBh D B C P F

E B B PR C PR D P F

E B C P B BB D P F

Table 7: The Block Elevating Property
The block elevating property is a generalization of the elevating property in Table 6,
which requires all three blocks to be singletons. The impossibility with respect to the

block elevating property is as follows.

Proposition 3 Let D be a domain satisfying block elevating property. If n satisfies As-
sumptions 1 and 2, then D admits no sd-strategy-proof, sd-efficient, and equal-treatment-

of-equals rule.
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The proof of Proposition 3 is in Appendix D.3. The proof is by contradiction, i.e., suppose
D satisfies block elevating property and admits an acceptable rule, then we specify a
series of preference profiles consisting of only three preferences illustrated in Table 7.
We characterize the random assignments of these profiles according to the three axioms.
Finally a contradiction is identified.

The identification of the contradiction relies on two assumptions, each of which com-
pares zero with an expression of a floor function?’, conditional on that the real number is
strictly larger than the integer identified by the floor function for this real number. I am
unable to verify the comparisons analytically. However, I provide two Matlab codes to
verify, for a specific n, whether these two assumptions hold, and I have verified them to
be true for all n no larger than 1000. As to 1000, it is not that when n goes beyond it the
impossibility fails but that my laptop is not that powerful.

Proof: [Proof of Theorem 8] In stead of showing it directly, we show its contrapositive
statement. Let (C, o) be a description and D¢, its induced domain, in addition let t* €

{17 T ‘C‘} and (Ulv T 7Ut**1) S Hfz_ll A;" be such that Ag*

(v1,-+ ,vp1)| = 3, we
show that D¢ satisfies the block elevating property.

Pick any three values -, uy., uf. € A% |(vy, -+ ,vp—1)andlet B ={b e A|(b], - ,0%_,) =

(v, ,vp—q) and b = up b, C = {c € Al(c], -+ ,¢fey) = (v1,-++ ,vp_1) and ¢ =
up},and D = {d € A|(d],--- ,d7_y) = (v1,- - ,vp_1) and df. = u}.}. Consider the

— A

marginal preferences (E§)ccc, (FS)cec, and (Ff).cc such that

r(PS ) = (PO = (P D) =, forallT <t — 1

—0.71 t* _0.—1 t* _0_—1 t*
-1 $* —1 t* -1 t*

U= Pg ) U;* Pg ) Ug* Pg ) (O for all Vpx € Ag*\{ut*, u;,ug»;}
A0_71 t* Ao.fl t* Ao_fl t*

uhe P e PY w PE) for all v € A7\ {up, uje, uls }

It’s evident that these marginal preferences give the following preferences P, Py, Py e

D(c,s), which completes the proof.

20 A floor function identifies for a real number the largest integer no larger than the real number itself.
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B B D P C P A\(BUCUD)
B P C P D Py A\(BUCUD)
¢ P B P D Py A\(BUCUD)
|

Given Theorem 8, an interesting question arises: what rule can we use on a domain
induced by a binary tree? The following result shows that the PS rule is sd-strategy-proof

on the domain induced by a binary tree.

Theorem 9 Let (C, o) be a description and D¢, the corresponding induced domain. If

(C,0) is a binary tree, then the PS rule is sd-strategy-proof on D¢ o).

The proof of Theorem 9 is in Appendix D.4.
We prove the theorem by showing that when the description is a binary tree, the in-
duced domain is a sub-domain of a sequentially dichotomous domain. Then Theorem 6

implies the desired conclusion.

6.3 Final remarks

The result in this chapter suggests that, if the planner believes that agents report pref-
erences lexicographically separable according to the ranking of the chosen characteristics,
she should describe the objects as a binary tree, i.e., given any feasible values of the top-¢
ranked characteristics, the following up characteristic can take at most two feasible values.
In addition, due to the fact that the PS rule is sd-strategy-proof on the domain induced by
a binary tree, she should use the PS rule to allocate the objects after agents report their
preferences.?!

However since 1 assume explicitly that the problem size n satisfies two technical as-
sumptions, before following the above suggestions, the planner needs to check these two
assumptions. Although I can not prove them to be true analytically, I conjecture that they

are true. For applications, a planner can use the Matlab code I provide to check whether

2n addition to sd-strategy-proofness, PS rule is favored also in the sense that it satisfies sd-efficiency

and sd-envy-freeness, a fairness axiom stronger than equal treatment of equals.
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these two assumptions hold. In addition, if the problem size is smaller than 1000, I have

already checked them to be true so the suggestion above can be adopted directly.

70



7 Conclusion and Further Research

This dissertation studies the scope of designing a satisfactory random assignment rule
and provides some answers. Specifically, whenever the preference domain is connected,
it is nearly impossible to find a satisfactory rule. However, there is a very large class
of unconnected domains, i.e., sequentially dichotomous domains, on which possibility
holds.

Besides the answers, I think this dissertation raised several following-up questions.
Some of them are listed for further research. First, under what reasonable richness con-
ditions, can the sequentially dichotomous domain be verified as the unique maximal do-
mains for the PS rule being sd-strategy-proof? Second, I conjecture that any sequentially
dichotomous domain is maximal for the existence of an sd-strategy-proof, sd-efficient, and
equal-treatment-of-equals rule. The last conjecture is with respect to the characterization
of the binary trees as the unique ones that induce good domains. Specifically, it would be

good if the two technical assumptions imposed can be verified analytically.
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A Appendix to Chapter 3

A.1 Proof of Lemma 1

Let P € D" be such that P, = Pj for all 7,7 € I. Then equal treatment of equals

implies @;o(P) = X foralli € [ and all a € A. Hence, @;4,(P) = V:l—’“‘ forall i € I and
all k € {1,...,T}. According to P and P, we can separate all agents into two groups:
[ = {i € I|P; # P} and I\ = {i € I|P, = P,}. Given S C I, let P5 € D" be such
that P° = P; foralli € S and P® = P, forall i ¢ S. Thus, P° = (Ps, P_s). Evidently,
P’ = Pand Pl = P.

Now, given i € I, sd-strategy-proofness implies Sr_, i1, (P7) = S ;4 (P?)
for all k € {1,..., T}, which in turn implies ¢; 4, (P{") = ‘A—rf' forall k € {1,...,T}.
Furthermore, equal treatment of equals implies @, 4, (P{) = V:L—’“‘ for all j # ¢ and
all k € {1,...,T}. Therefore, given i € I, 4, (P) = lAT’“' for all j € I and all

k€ {1,...,T}. We continue with an induction argument on S C I.

Induction Hypothesis: Given 1 < [ < |f|, forall S C I with 1 < |S| < 1 —1, we have
wia, (P°) = V;—’“‘ forallie Iand k € {1,...,T}.
Let S C I with [S| = I. We will show ;4 (P%) = 2%l for all i € I and all

k e {1,...,T}. Given j € S, by sd-strategy-proofness and induction hypothesis,
. _

Die1 Pia(P?) =

S i, (PN =S8 Pdforall k € {1,..., T}, which in turns implies ¢; 4, (P%) =

Al for all k € 1,...,T}. Furthermore, equal treatment of equals implies ;4 (P°) =
n k

% foralli ¢ Sandall k € {1,...,T}. Therefore, ;4 (P°) = ‘A—n’“| forall i € I and

all k € {1,...,T}. This completes the verification of induction hypothesis. Therefore,

Lia, = 2 foralli € Tand k € {1,...,T}.

A.2 Proof of Lemma 2

Assume |I| = . If [ = 0, statements (i) and (ii) are satisfied vacuously. Henceforth,

assume 1 < [ < n. We consider three cases.

Casel: [ =1.
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Statement (i) is satisfied vacuously. Assume I, = {i}. By sd-efficiency, either Ly =
0, or L, = 0forall j # ¢. Suppose L; > 0. Then, L;, = 0 for all j # i. Consequently,
L, = 1and L;, + L;y > 1. Contradiction! Therefore, L;;, = 0. Then, Lemma 1 implies
Li, = 2. Moreover, since Lj, + Lj, = 2 for all j € I\Ij, itis evident that L;, > L;, and
Ly, < Lj, forall i € Ij, and all j € I\I;. This completes the verification of statement (ii)

in Case 1.
Case2: [ = n.

Statement (ii) is satisfied vacuously. We focus on statement (i). Let P € D" be such
that P, = PJ foralli,j € I and a P, bforalli € I. Thus, according to P and P, we can
separate all agents into two groups: I = {i € I|P, # P;} and I\I = {i € I|P, = B,}.
Given S C I, let PS € D" be such that PS = P, for all i € I\S and PS = P, for all
i ¢ I\S. Thus, P’ = P and P! = P. First, equal treatment of equals implies @;q(P) = 1
for all « € I = Ij.. Next, we provide an induction argument on S.

Induction Hypothesis: Given 0 < s < ]f|, forall S C I with 0 < |S| < sandalli € I,

we have p;,(P*) = 1.

Given S C I with |S| = s, we show @ (P5) = L foralli € I. Giveni €
S, sd-strategy-proofness and induction hypothesis imply ¢;,(P%) = (B, P%) =
Via(Pi, P%) = @i (P = % Furthermore, in P°, for all j € I\ S, equal treatment of

_ _ (pS Cexl _
equals implies ;,(P°) = ! E"‘EIS\;”(P ) = 1n_XS" = L. Therefore, @;,(P%) = 1 for all

i € 1. This completes the verification of induction hypothesis. Therefore, L;, = Lj, for

all 7, j € I, = 1. This completes the verification of statement (i) in Case 2.
Case3: 1 <[ <n.

First, sd-efficiency implies either L;, = 0 for all i € I, or L;, = 0 forall j € I\I. If
L, = 0 forall ¢ € I, then Lemma 1 implies L;, = % for all « € Ij. Thus, L;, = Lj, for
all 7, j € Ij,. Moreover, since Lj, + Lj, = % for all j € I\I}, it is evident that L;, > Lj,
and L, < Lj, forall i € I}, and j € I\I.

Next, assume L;, = 0 for all j € I\, and L;, > 0 for some i € [;. By Lemma 1,
Ly, = % for all j € I\ I;. Moreover, since L;, + Ly = % for all © € I, it is evident that
Lio > Lj,and Ly, < Lj, forall i € I, and j € I\I;. Hence, statement (ii) is verified.

79



Last, we verify statement (i). We first claim [ > 7. Suppose not, i.e., [ < 4 and hence
|I\Ix| =n —1>%. Since L, = 0 forall j € I\I, Lemma I implies Lj, = 2 for all
j € I\I}. Consequently, > ., L = Zielk Lib+2jel\1k L, = Zielk Lib+(n—l)% > 1.
Contradiction! Therefore, [ > 7.
Let P = (P]k, P_;.) € D™ be such that P = Pj foralli,j € I, and a P; b for all
i € I,. We divide I, into two groups: [ = {i € I,|P;, # P} and ]k\f ={i € I|P, =
P}. Given S C I, let PS € D" be such that P = P, forall i € I\S, and P = P, for
all i ¢ 1\ S. Evidently, P’ = P and P! = P.
Since ! > 2, sd-efficiency implies ;,(P?) = 0forall j € I\I}, and hence > el via(P?) = 1.
Moreover, since equal treatment of equals implies @i (P?) = p;q(P?) for all i, 5 € I, it

is true that ¢;,(P?) = % for all i € I),. Next, we provide an induction argument on S.

Induction Hypothesis: Given 0 < s < |I|, forall S C I with 0 < |S] < s, @ia(P5) = 1

forall i € I.

Let S C Ij, with |S| = s. We show ¢;(P®) = 7 forall i € I. Since [ > %,
sd-efficiency implies @;q(P%) = 0 for all j € I\I;. Thus, 3 .., @i(P®) = 1. Given
i € S, sd-strategy-proofness and induction hypothesis imply @;,(P%) = (P, P%,) =
@ia(Py, P%;) = io(PS\) = 1. Furthermore, in P9, for all j € I;\S, equal treatment

_ S o (PS _sxl _
of equals implies @;,(P°) = 1-Yies@ia(PS) _ 1osxj _ 7. Therefore, p;,(P%) = 7 for

l—s l—s

all 2 € I. This completes the verification of induction hypothesis. Therefore, L;, = %
for all + € I, and hence, L;, = Lj, for all 7, j € I},. This completes the verification of

statement (i) in Case 3, and hence the lemma.

A.3 Proof of Theorem 3

To prove Theorem 3, it suffices to show that if domain D satisfies the elevating prop-
erty, there exists no sd-strategy-proof, sd-efficient and equal-treatment-of-equals rule.

Suppose that D satisfy the elevating property, e.g., domain D contains preferences
P, P, P, in Table 6. Let ¢ : D" — L be a rule satisfying sd-strategy-proofness, sd-
efficiency, and equal treatment of equals. Let n = 7 if n is even, and n = ”T_l if n is odd.

We search for a contradiction. We first provide the sketch of proofs.
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We consider the following four groups of preference profiles: Profile Groups I - IV.

In particular, for the case of odd number of agents, we consider two additional groups

of preference profiles: Profile Groups V and VI. See Table 8 below. Note that every

preference profile in these groups consists of only preferences of P;, P; and P

Profile Group I: n is either even or odd

Profile Group II: n is either even or odd

PLO = (P, Py,...,P)
Pl = (P, Py,..., Po)

PL™ = (P,...,Pr, Pmsi,..., Pa)

Pl’ﬁ:(ﬁlv"'7pﬁvp’77«+17"'7pn)

P2l = (P, P, ...

P22 = (P, P,,...

P27 = (P, ...

7Pn—17]3n)

7Pn71,pn)

P2m = (Py,..., Pp_1,Pm,..

v Pr1,Pa,Pry1,...
pP2rtl = (Py, .., Pr1, Pr, Prg1,. ..

~7Pn—lypn)

7Pn71715n)
7Pn717pn)

Profile Group III: n is either even or odd

Profile Group IV: n is either even or odd

P30 = (P1,..., Py 1,Pp)
Pyt =(Py,...,Py_1,Pp)

p3m = (ﬁl,...,Pn,m,Pn,erl,...

P3’ﬁ = (Pl,...,ﬁ)n_ﬁ,Pn_ﬁ+1,...

P4’1 = (p17-~~7pn—2715n—17pn)

7Pn—27Pn—17Pn)

P4’2 = (]51,...
7Pn) P4’m:(leu:Pnfm,Pnfmelwu
, Pn) PY7 = (Pr,.. ., Pag, Panitt, - -

7Pn71)Pn)

~7Pn—1715n)

Profile Group V: n is odd

Profile Group VI: n is odd

P51 = (P, Ps,...,Ph_2,Pph_1,Pp)
7Pn727ﬁnflvpn)

P52 = (P, Py, ...

P5’m:(Pl,,..,Pm,l,Pm,...,Pn,2,}3n,1,f3n)

P57 = (Py,...,Pi1,Ps, Pry,..
P+l = (Py,..., Pa1, Pa,Pati1,. .., P2, Poo1, Pn)

POl = (P, ...
PO2 = (Py,...
P83 = (P, ...
Pﬁ’m = (p17
~:Pn72,Pn71:Pn) PO’FL:(pl,

"7PTL—7TL7PTL77’VL+17'-

- Pn-n, Phont1,--

7Pn73aPn727Pn711Pn)
7]5,”,3,16’”,27]5”,1,15”)

,P7L,3,Pn,2,P»,L,1,Pn)

o Pa_2, Pa_1, Pn)

S Pa_2, Pa_1, Pp)

Table 8: Preference Profile Groups

We first show that for every preference profile of each profile group and every agent,

the sum of probabilities over objects a, b and c equals to % (see Lemma 13). Then, in the

rest of verification, we only focus on the random assignments of objects a, b and c.
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At every preference profile in profile groups I - IV, we fully characterize the random
assignment of objects a, b and c(see Claims 1 - 5). Then, we realize that when n is an
even number, the probability of assigning object c to agent 7 under profile P?" is distinct
from that under profile P*". This formulates a contradiction against sd-strategy-proofness
since from P*" to P*", agent 7 unilaterally deviates from P; to P, and object ¢ shares
the same upper contour set in both F; and P

When n is an odd number, in addition to profile groups I - IV, we consider profile
groups V and VI. At every preference profile in both profile groups V and VI, we focus
on characterizing probabilities of assigning object c to every agent (see Claims 6 - 8).
Eventually, we observe that the probability of assigning object c to agent n 4+ 1 under pro-
file P51 is distinct from that under profile P%". This formulates a similar contradiction

against sd-strategy-proofness.
Lemma 13 For every profile P in profile groups I - VI, p;o(P) + pi(P) + ¢ic(P) = 2.

Proof: The verification of this lemma is routine. In each profile group, repeatedly ap-
plying sd-strategy-proofness and equal treatment of equals, we have the result. Due to the

tediousness, we omit the detailed proof. [ |

Now, we consider profile groups I - IV. According to Lemma 13, we only focus on the

random assignments over a, b and c in each preference profile.

Claim 1 In profile group I, for each m = 0,1, ... 7, the random assignment p(PY™)

over a, b and c is specified below

a b c

1 0 2 1

m 0 2 1

1 n—2m 1

m+1 n—m n(n—m) n

S |-



Proof: For m = 0, equal treatment of equals implies ¢;,(P*?) = + forall i € I and
z € {a,b,c}.

Next, we show @;.(P*™) = L foralli € I and m = 1,...,n. We specify an
induction hypothesis: given 1 < m < 7, forall 0 < I < m, @;.(PY) = % foralli € I.
We will show ¢;.(P"™) = L forall i € I. Notice that profiles P! and P are
different only in agent m’s preference, i.e., P! = P; and P = P, in Table 6. Then
sd-strategy-proofness and induction hypothesis imply @p,c(P™) = @pe(PH™7) = L.

Moreover, equal treatment of equals and feasibility imply ;.(PY™) = % foralli € 1.

Last, form = 1,...,7n, note that [{1,...,m}| < § and all agents in {m +1,...,n}
prefer a to b in profile P1™. Consequently, by sd-efficiency, feasibility and Lemma 13,
we have p;,(PY™) =0foralli =1,...,m.

Finally, by Lemma 13, feasibility and equal treatment of equals, we have the claim.

Claim 2 In profile group II, the random assignment p(P*') over a,b and c is specified

below
a b c
1 1 1 n—2
n—1 n(n—1)
1 1 n—2
n—1 n n—1 n(n—1)
n L 2
n n
Proof: The verification is routine and we hence omit it. [ |

Claim 3 In profile group II, for each m = 2,...,n (if n is even), and for each m =

2,...,0,0 + 1 (if n is odd), the random assignment p(P*>™) over a,b and c is specified
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below

a b .
1 0 % — a(m) a(m)
m—1 0 % _ Oz(m) a(m)
—(m-1)[2—a(m 3.1 1 _(m—Da(m
m n_(;_l) 1—( 11)_[7,;1 (m)] 1-[5 n_(m;l_)?]ﬂ (m—1)a(m)
—(m=1)[2—a(m B 1 1 (m—Dalm
n—1 n_(;@_l) 1—( i)_[:n (m)] 1-[5 n,_(m;l_)?]ﬂ (m—1)a(m)
1 , 1
Ly (e )} 0 s

n2—(m+1)n+(3m—4)
n(n—1)[n—(m—1)]

where a(m) =

Proof: The verification of this claim consists of 4 steps. The first 3 steps are valid for
m = 2,...,n,n + 1 no matter n is even or odd. The last steps is verified under the cases

of even and odd number of agents separately.

Step 1, we show ©,,,(P>™) = forallm = 2,...,7,n + 1. Notice that P>™

1
n—(m—1)

and PY™~! are different merely in agent n’s preferences, i.e., P>™ = P, and P}™~! =
P; in Table 6. Then, sd-strategy-proofness implies P%™ = plm=1 — m This

completes the verification of step 1.

Step 2, we show ,,,( P?>™) = 0 and ,,.( P>™) = 3 ——L forallm = 2,..., 7, n+

1
n  n—(m—1)

1. Givenm € {1,...,n,n+1}, since all agents other than n prefer b to ¢, sd-efficiency and

feasibility imply ,;(P?™) = 0. Then, by Lemma 13 and Step 1, we have ©,,.(P*>™) =

1

s __ 1
n n—(m—1)

. This completes the verification of step 2.

Step 3, we show ¢;.(P?>™) = a(m) foralli =1,...,m—landm=2,...,n,n+1.
By equal treatment of equals, it suffices to show ¢, 1 .(P?*™) = a(m) for all m =
N N

Notice that for all m = 2, ..., 7, n + 1, profiles P>™ and P?>™ ! are different merely
in agent m — 1’s preferences, i.e., Pfﬁfl = P, and Pfﬁl — P in Table 6.

Now, we prove Step 3 by an induction argumenton m = 2,...,n,n + 1.
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Initial statement: for m = 2, by sd-strategy-proofness and Claim 2, we have

29\ o1y N —2 _n2—(2+1)n+(3><2—4)_
Sol,c(P ) - Qpl,c(P ) - n(n _ 1) - n(n _ 1)[n . (2 . 1)] - 06(2)

Induction Hypothesis: Given 2 < m < 7, forall 2 < | < m + 1, we have o, .(P*!) =
a(l).

We show @, .(P*™1) = a(m + 1) by the following elaboration.

Ome(PP™Y =, (P?™) by sd-strategy-proofness
S, m—1 . ,m
= Lon(P )ngjfl pie(P2T) by equal treatment of equals and feasibility
_3___ 1 3_ m— m—1.c P2,m
_ “‘(m‘l)}n(_m Dgm-1(P77) by Step 2 and equal treatment of equals

31 1 (m_Dalm
_ T agueplotrm Datm) by induction hypothesis

n—m

=a(m+1) by simplifying the expression
This completes the verification of induction hypothesis and hence step 3.

Step 4, we show ¢, (P*™) = Oforalli = 1,....m —landm = 2,....7 (if n
iseven)or m = 2,...,7,n + 1 (if n is odd).”?> Given m € {2,...,7n} (if n is even),
orm € {2,...,n,n + 1} (if n is odd), suppose that ¢;,(P?>™) = 3 > 0 for some
i =1,...,m—1. Thus, sd-efficiency implies that p,,(P*>™) = 0 forall j =m,...,n—1.
Consequently, since @,,(P>™) = 0 by Step 2, we know S_7"7" ¢y (P>™) = 1.

Evidently, equal treatment of equals implies @, (P*™) = S foralli =1,...,m — 1.
Thus, by Lemma 13 and Step 3, we have ¢;;,(P?>™) = 2 —a(m)—fSforalli = 1,...,m—

1. Therefore, equal treatment of equals implies

S_nz—(m+1)n—|—(3m—4)}

m—1 S 3 B W
> alPE) = (mx | —atm) ] < () [ = o

To induce the contradiction 37" ¢;,(P>™) < 1, we show (m—1)x [% — ”i_(ﬁm)lﬁsz”&ﬂ

N

1. Equivalently, we show —2m?n+3mn®>+m—n®—2n%>+2nm—1<0.
Consider the function f(0) = —260%*n + 30n* + 0 —n® — 2n* +2nf — 1,0 € R. We
know f/(0) = —4nf + 3n? + 1 + 2n and () = —4n < 0 for all § € R. It is evident

22In Chang and Chun (2016), the verification related to this step is simply an application of sd-efficiency.

However, due to the complexity of «(m), mere sd-efficiency is not enough for the verification.
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that f'(0) is a strictly decreasing function on R. Now, we consider the case n is even and
the case n is odd separately.

Case 1: n is even. Thus, 7 = 2. Since f'(%) = (n + 1)* > 0, it must be the case that

f'(0) >0forall2 <0< 5. Therefore, f is a strictly increasing function on 2 < 0 < 7.
Next, since f(2) = —(n— §)? — 12 < 0, we have f(f) < Oforall 2 < 6 < 2.

Case 2: n is odd. Thus, 7 = “5*. Since f/(“) = n? + 1 > 0, it must be the case
that f/(f) > 0 for all 2 < # < “F!. Therefore, f is a strictly increasing function on
2 <0 <™ Since f(2) = —5(n—1)? < 0, we have f(0) < 0forall 2 < 0 < .

In conclusion, no matter n is even or odd, we have —2m?n + 3mn? +m —n® —2n2 +
2nm — 1 = f(m) < 0, and hence, >, " ¢4 (P?™) < 1. Contradiction! This completes

the verification of step 4.

Finally, Lemma 13, feasibility and equal treatment of equals give the rest of charac-

terizations in the claim. [ |

Claim 4 In profile group IlI, for each m = 0,1, ..., 7, the random assignment p(P>™)

over a, b and c is specified below

a b ¢
n—22m 1 1
1 n(n—m) n-m n
n—2m 1 1
n—m n(n—m) n-m n
n—m+1 % 0 %
nooon 0 g
Proof: The verification follows from a similar argument in the proof of Claim 1. |

Claim 5 In profile group 1V, for each m = 1,...,n, the random assignment p(P*™)
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over a, b and c is specified below

a b ¢

1 n—2m 1 1
n(n—m) n—m n

n—m n—2m 1 1
n(n—m) n—-m n

2 1

n—1 2 0o =
n n

n 2 0o 1

n n

Proof: The verification of the claim consists of 4 steps.

Step 1, we show ¢, ,(P*™) = % for all m = 1,...,n. Notice that, for all m =

1,...,n, PY™ and P>™ are different merely in agent n’s preferences, i.e., P»™ = P; and

2
=

P3™ = P, in Table 6. By sd-strategy-proofness, we have @, ,(P*™) = ¢, .(P>™) =

This completes the verification of step 1.

Step 2, we show ¢, ,(P*™) = 0 and ¢, (P*™) = L forallm = 1,...,n. The
verification of this step follows from the same verification of Step 2 in the proof of Claim

3.

Step 3, we show ¢;.(P*™) = L foralli € I and m = 1,...,7. First, since
@nc(P*') = L by Step 2, feasibility and equal treatment of equals imply ¢;.(P*) = 1
foralli =1,...,n — 1. Therefore, p;.(P*') = & foralli € I.

Next, we specify an induction hypothesis: given 2 < m < n, forall 1 < [ < m,
@ic(P*) = L forall i € I. We will show ;.(P*™) = 1 forall i € I. Notice that, P*™
and P41 are different merely in agent (n — m + 1)’s preferences, i.e., P, ., = P,
and Pﬁf”,;jl — P, in Table 6. Then sd-strategy-proofness and induction hypothesis imply
On-mi1.c(PY™) = ppmi1(PP) = % Then, by equal treatment of equals, we know
ic(PY™) = % foralli =n—m+1,...,n — 1. Moreover, by Step 2 and feasibility, we
have @ (P*™) = & forall j = 1,...,n — m. Therefore, @;.(P*™) = % forall i € I.

This completes the verification of induction hypothesis and hence step 3.
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Step 4, we show ¢; ,(P*™) =0foralli=n—m+1,...,n—landm =2,... 7.
Givenm € {2,...,n}, suppose @; ,(P*™) = a > 0 forsomei € {n—m+1,...,n—1}.
Then equal treatment of equals and Step 4 imply ¢; ,(P*™) = v and ¢; ,(P*™) = 2 —
forall: = n—m+1,...,n — 1. Moreover, by sd-efficiency, it must be the case that
¢ia(P*™) = 0foralli=1,...,n—m. Then, Lemma 13 and Step 3 imply ¢, ,(P*™) =

L2

% forall2 = 1,...,n —m Thus, the feasibility of a implies « = —=

_n '
——=(m — %) < 0 since

2
m < 1 < 5. Contradiction!
Finally, Lemma 13, feasibility and equal treatment of equals give the rest of charac-

terizations in the claim. [ |

Now we have the contradiction for the case of even number of agents. Let n
be even. Notice that P>™ and P*" are different merely in agent 7’s preference, i.e.,
Pg’ﬁ = P, and Ps’ﬁ — P, where P, and P are from Table 6. Then sd-strategy-proofness

requires 5 o( P*") = 5 o(P*™). Thus, we have

n n’—(5+
1—[%—@]—(5—1) 5

= = & n?’—n—2 = n’—n. Contradiction!

n — n

N3

When n is odd, profiles P>"*! and P*" are different merely in agent (7 + 1)’s prefer-
ences, i.e., Pffff "= P and P;ffl — P, in Table 6. However, we cannot induce a contra-
diction similar to that above since we can verify that 1 o(P*™) = L = @5 (P*7).
Henceforth, we assume that n is an odd number. Hence, n > 5. We proceed the verifica-

tion on profile groups V and VL.

Claim 6 In profile group V, the random assignment p(P>') over a,b and c is specified

below
a b c
1 1 2 1
1 n—2 n n—2
1 1 2 1
n 2 n n—2 n n—2
n—-1 1 0 2
n n
n L 2
n n
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Proof: The verification is routine and we hence omit it. [ |

Claim 7 In profile group V, for eachm = 2, ..., n,n+1, the random assignment p(P>™)

over a,b and c is specified below®

a b c
1 - - 7(m)
mo1 - - +(m)
1-2x (3 - )~ (m—1)y(m)
m B B n—(m+1)
1-2x (3 - )~ (m—1)y(m)
n—2 B B n—(m+1)
1 3 1
n—1 n—(m—1) 0 n n—(m—1)
1 3 1
n n—(m—1) 0 n n—(m—1)

n—2(m+2)n3+(m2+11m—5)n?—(Tm2+m—8)n+(6m?—6m—4)
n(n—1)(n—2)(n—(m—1))(n—m) :

where v(m) =

Proof: The verification of this claim consists of 3 steps.

Step 1, we show @, (P>™) = m fori =n—1,nandallm = 2,...,7,n +
1. Notice that P>™ and P*»™ are different merely in agent (n — 1)’s preferences, i.e.,
P,f_"{ = P, and Pf_”{ = P, in Table 6. Then sd-strategy-proofness implies ¢,,_1 o(P>™) =

On_1.a(P>™) = m This completes the verification of step 1.

Step 2, we show ¢ (P>™) = 0 and ;.(P>™) = 3 — m fori =n—1,n and all
m = 2,...,n,n+ 1. The verification simply follows from an application of sd-efficiency,

equal treatment of equals, feasibility and Lemma 13. Therefore, we omit the details.

Step 3, we show @;.(P>™) = v(m) foralli =1,....m—1landm =2,..., 7,7+ 1.
By equal treatment of equals, it suffices to show ¢, 1 .(P>™) = ~(m) for all m =

2,...,a,n+ 1.

23 A dash “—” in the random assignment matrix represents that the probability of assigning one object to

a corresponding agent is not specified.
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First, notice that for all m = 2,...,7,n + 1, profiles P>™ and P>™~! are different

merely in agent m — 1’s preferences, i.e., Pg;i”fl = P, and Pfﬁ;ﬁ”l — P, in Table 6.

Now, we prove Step 3 by an induction argumentonm = 2,..., 1,7 + 1.

Initial statement: for m = 2, by sd-strategy-proofness and Claim 6, we have

501,6(P5’2) = ‘PLC(PSJ)
_ 21
T n n-=2

nt—2x (2+2)n3 +(22+11x2—-5)n? — (Tx22+2-8)n+ (6 x22—6x2—4)
nn—1)n-2)(n—(2-1)n-(2+1))

= 7(2).

Induction Hypothesis: Given 2 < m < 7, forall 2 < I < m + 1, we have ¢,y .(P>!) =
(D).
We show ¢, .(P>™ 1) = v(m + 1) by the following elaboration.

Om.(PP™H) =@, (P>™) by sd-strategy-proofness

I—anl,C(P&m)_‘PnC(Ps’m)_Z?;_ll ‘Pie(P5’m)

by equal treatment of equals and feasibility

n—(m+1)
1—2 3__ 1 3_ m— m—1.c P5,m
_ ”*“”*n”_] (n5+ 1)1” L) by Step 2 and equal treatment of equals
Cox[E—— 1 1 (m—1)v(m
il ”;Li"z;n”jl)( D) by induction hypothesis
=~v(m+1) by simplifying the expression

This completes the verification of induction hypothesis and hence step 3.

1-2x[3 ] (m—1)y(m)

Finally, by feasibility and equal treatment of equals, we have @;.(P>™) =

n—(m+1)
foralli =m,...,n—2and m = 2,...,n,n + 1. This completes the verification of the
claim. [ |

Claim 8 In profile group VI, for each m = 2, ... n, the random assignment p(P%™)
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over a, b and c is specified below

a b c

1

1 E
n—m - - 1
n

n—m-+1 - -1
n

n—2 - - 1
n

n—-1 2 0o 1%
n n

n 2 o L

n n

Proof: The verification of this claim consists of 3 steps.

Step 1, we show ;,(P%™) = % fori = n—1,nand all m = 2,...,n. For
each m = 2,..., 7, notice that P%™ and P*™ are different merely in agent (n — 1)’s
preferences, i.e., ng’} = P, and P:ff{ = P, in Table 6. Then, sd-strategy-proofness

2

implies @, —1,4(P%™) = @n_1,(P*™) = 2. Then, equal treatment of equals implies

@na(P%™) = 2. This completes the verification of step 1.

Step 2, we show ¢;(P%™) = 0 and ¢, (P®™) = & for i = n — 1,n and all
m = 2,...,n. The verification simply follows from an application of sd-efficiency, equal

treatment of equals, feasibility and Lemma 13. Therefore, we omit the details.

Step 3, we show ¢;.(P%™) = Lforalli = 1,...,n —2and m = 3,...,7.
First, in P%2, according to Step 2, by feasibility and equal treatment of equals, we have
@ic(P*?) =L foralli=1,...,n—2.

Next, notice that P%3 and P52 are different merely in agent n — 2’s preferences, i.e.,
P%3, = Py and P>, = P, where P; and P, are from Table 6. Then, sd-strategy-proofness
implies ¢,,_2.(P%3) = @,_5.(P%?) = L. Last, by feasibility, equal treatment of equals
and Step 2, we know ;.(P%%) = Lforalli = 1,...,n—3. Next, we provide an induction

argument.
Induction Hypothesis: Given 4 < m < n, for all 3 < | < m, @i (P%) = %for all

i=1,...,n—2.
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We will show ;.(P%™) = £ foralli = 1,...,n—2. Notice that P®™ and P5™ ! are

. . . 6, 6,m—1 N
different merely in agent n — m + 1’s preference, i.e., P,”" ., = P, and P,”") ", = P, in

Table 6. Then, sd-strategy-proofness and induction hypothesis imply ¢, 1..(P%™) =
1

Pn-mt1,(P®™ 1) = L. Furthermore, equal treatment of equals implies ; .(P%™) = L
forall: =n—m+1,...,n — 2. Last, by feasibility, equal treatment of equals and Step
2, we have @;.(P%™) = % forall 2 = 1,...,n —m. This completes the verification of
induction hypothesis, hence Step 3 and the claim. |

Now we have the contradiction for the case of odd number of agents. Now, n =

n—1
2

PYI = Prand PPT, = P, where P; and P are from Table 6. Then sd-strategy-proofness

. Notice that P51 and P%" are different only in agent (7 + 1)’s preference, i.e.,

requires @51 1..(P>" ) = @511 .(P%"). Thus, we have

1—2><[%—771_[@11)_1]}—[(ﬁ+1)—1]7(ﬁ+1) Lo mP—nflln-2 1 ..
- : = —. Contradiction!
n—[(n+1)+1] n  nn3—6n2+1ln—6) n ontracictio

In conclusion, a domain satisfying the elevating property admits no sd-strategy-proof,
sd-efficient and equal-treatment-of-equals rule. Therefore, the connected domain ID in
Theorem 3 must violate the elevating property. Last, applying Lemmas 5 - 7, we show

that domain D is a restricted tier domain. This completes the verification of Theorem 3.

92



B Appendix to Chapter 4

B.1 Proof of Theorem 5

The necessity part is evident by definition. We prove the sufficiency part.

Let D be a path-nested domain and ¢ : D" — L a block-adjacent sd-strategy-proof
rule. Let P € D" and P! € D\{F;}. In addition, let L = ¢(P) and L' = (P}, P_;).

Fix a nested path from P; to P/ and denote it as (Pm)ﬂ]\f:1 where P, = P, Py = P/,

and forall 1 < m' < m < M — 1, either
1. FBl<Pm, Pm+1) U FBQ(Pm, Pm+1) C FBl(Pm/, Pm’—i—l)’ or
2. FB1<Pm, Pm+1) U FBQ(Pm, Pm+1) C FBQ(Pm/, Pm/+1), or

3. [FB1(Pn, Ppi1) U FBy(Py, Pryi1)] N [FBy(Pryy Pryy1) U FBo(Pryy Prvia)] =
0.

Let L™ = ¢(P,,, P_;) forallm = 1,--- | M. To prove the theorem, it suffices to show
L} P LM, In the following, we show L™ Pi? L™ for each m € {1,--- /M — 1}.
Then the transitivity of P implies what is desired.

Fix m € {2,--- , M — 1}, we show L™ Py L7 by the following induction.

Initial statement: L" P3¢ [ by block-adjacent sd-strategy-proofness.

Induction statement: L™ P! L'"*! implies L™ P3?, L7 foreach2 < a < m.

Proof: Either one of the following three cases happens.

Case 1: FBy(P,, P,y1) U FBy(P,, Poy1) C FB1(Pa_1,P,).

We illustrate the situation as follows.

Pa_ll """ }"’FFBl(Pa,PCH_l) >FBQ<PQ,PQ+1)>"'FFBQ(Pa_l,Pa) e
FBl(I%ihPa)
PaZ """ }FBQ(Pafl,Pa) — >_FBl(Pa7Pa+l)>'FB2<P017P01+1) P e

FBl(Pa—lypoz)
By L psd [t [ = L;’;H forall a € \ [F By (P, Pay1) U FBy(P,, Pay1)], and

m m+1
ZaeBk(Pa,FBl(Pa,Pa+1)UFBg(Pa,Pa+1)) Lig = ZaeBk(Pa,FBl(PQ,Pa+1)UFBg(Pa,Pa+1)) Li, "~ for
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allk = 1,--+ | |FBy(P,, Poy1) U FBy(Py, Pyy1)].** Then it is easy to check L P3¢,
Lyt
The same logic applies to both the remaining two cases. However, for a better under-

standing, these two cases are illustrated as follows.

Case 2: FBl(Pa, Pa+1) U FBQ(PQ, Pa+1) C FBQ(Pafl, Pa).

Pog: ooeee > FBy(Py_1,P.) > -+ = FBy(Pa, Pay1) = FBy(Pay Payy) > v vovee-
FBz(P:—l,Pa)
Pa R e FBI(Pa7Pa+1) b FBQ(PQ,PQ+1> e FBI(Pa—ly-Pa) e

FB3(Pa-1,Pu)

Case 3:
[FBy(P,, Pyy1) U FBy(P,, Pay1)] N [FBy(Py_1, Py) U FBy(P,_1, P,)] = 0.

P,y: = FB(Py, Pyi1) = FBy(Py, Poi1) = -+ = FBy(Pa1, Pa) = FBy(Po—1,Pn) = -+

P, : "'}FBl(Pa,PoH_l)}FBQ(PQ,PQ_H)}"'}FBQ(Pa_l,Pa)}FBl(Pa_l,Pa)F"'

By verifying the induction statement, we prove the theorem.

Z4Note that for arbitrary Py € P and subset of objects A C A, By (P,, A) denotes the collection of the

top ranked k objects in A according to P.
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C Appendix to Chapter 5

C.1 Proof of Lemma 12

For illustration purpose, we start from the definition of the PS rule. The PS rule treats
the objects as if they are divisible and specifies random assignment for a given preference
profile as follows. Starting from time 0, all agents consume their most preferred object at
unit speed until some objects reach exhaustion. Then agents reformulate their preferences
by removing the objects exhausted and then resume consuming their most preferred ob-
jects in the available set, until some objects reach exhaustion. This procedure is repeated
until all objects reach exhaustion. The ending time of this procedure is 1, since we have n
agents consuming n objects with unit speed. Finally, the share of an object consumed by
an agent is interpreted as the probability of this agent obtaining this object. Formally the

PS rule is defined as follows. We borrow the notation from Kojima and Manea (2010).

Definition 15 Fix a preference profile P € D", PS(P) is the random assignment [Lia);c 1 4 s €
L calculated as follows. For any a € A" C A, let N(a,A") = {i € I|la P, b,Vb €
A'\{a}} be the set of agents whose most preferred object in A’ is a. Let A’ = A, t* = (,
and LY, = 0 foranyi € I and a € A. For any v > 1, given t°, A% [L |icr.aca, ">

vt AL [Lf;l]ig,aeA, define

£ = min max{te 0,1 Lit + [N (a, A (E =) <1}

acAv—1
el

AV = A" 1\{aeA” UL 4 N A“l)](t”—tvl)zl}

el

(D
Let 4t —tv=t jfi € N(a, A"Y)
Lyt otherwise.

Since A is a finite set, there exists U such that A” = (). Let PS(P) = L".

Fix a preference profile P, we call the sequence generated by applying the PS rule
to P, (t, A¥, L*)!_,, the corresponding consumption procedure. Evidently, for each

v € {0,---, 0}, AV is the collection of objects which are still available at time ¢*. In
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other words, if a € A“_l\A”, a is available at t*~! and reaches exhaustion at ¢, i.e.,
t¥ is exactly the time when a reaches exhaustion. For each a € A, lett, = t" where
a € A1\ AV denote the time when a reaches exhaustion.

Recall that a sequentially dichotomous domain is an intersection of domains, each of
which respects a partition. Then for a better understanding of the consumption procedure
specified by the PS rule when the preferences are from a sequentially dichotomous do-
main, we investigate the consumption procedure subject to a given partition, denoted as
(1] A7 271,

Given a preference profile P € D, every agent’s preference clusters every block in
A. Let {a,b} € A be a block, then for every agent either a is ranked just above b or
b is ranked just above a. Hence if a reaches exhaustion before b, then agents who pre-
fer a to b start to consume b immediately when a reaches exhaustion and all the others
keep consuming b until it reaches exhaustion. If instead b reaches exhaustion before a,
then agents who prefer b to a start to consume a immediately when b reaches exhaus-
tion and all the others keep consuming a until it reaches exhaustion. So, if we focus on
only blocks rather than objects, we can simply ignore the time when a reaches exhaus-
tion if it reaches exhaustion before b and ignore the time when b reaches exhaustion if it
reaches exhaustion before a. In other words, what we care about is only the time when
the whole block reaches exhaustion. Formally the consumption procedure subject to
A, (t”‘A, A”‘A, L”’A), is defined as follows.

Let V‘A ={ve{0,---,0}|FA; € As.t. t¥ = max,ea, t,} be the collection of time

points when a block reaches exhaustion.

o ¥ ‘ A 1s the subsequence of (t”)?_, involving elements in V} A+ We record only the

time points when a block in A reaches exhaustion.

e AY|, isthe subsequence of (A")"_, involving elements in V‘ Al

|
¢ LU}A

ZaeAk L;]a'

. B . v
is a matrix [L}, Jicr a,ea defined only for elements in V‘ A» Where L, =

When we focus on the consumption procedure subject to a partition, an important

observation is that the consumption procedure subject to A should not change when the
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preference profile is changing in a way that the "ranking” of the blocks remain the same.
That is, the change involves only permutations within blocks won’t change the consump-

tion procedure subject to the partition. Here is an example.

Example 9 Let P = (P,, P5, Ps, Ps) and P = (Ps3, Py, Ps, Ps) where the preferences are

from Example 6. The consumption procedures of two profiles are illustrated as follows.

1: a a d 1:, d d d
2, c c d 2: c c a
3: b a d 3 b a a
4:, b ¢ d 4: b c a

0 12 3/4 1 0 12 3/4 1

It is evident that all involved preferences respect Ay = {{a,c,d},{b}}. In addition
the consumption procedure subject to As = {{a,c,d},{b}} is not changing: In time
interval (0,1/2] agents 1 and 2 consume objects in block {a,c,d} and agents 3 and 4

consume {b}. Then in time interval (1/2,1] all agent consume objects in {a, c, d}.

We formalize the observation illustrated in Example 9. Given a partition A, a prefer-
ence respecting it, Fy € D4, induces a (strict) preference on A in a natural way: a block
is said to be ranked above another block if every object in the former is ranked above
every object in the latter. Given a partition A, P(A) denotes the collection of all strict

preferences, i.e., linear orders, on A.

Definition 16 For fixed partition A, a preference on the blocks P € P(A) is induced
by a preference on objects Py € Dy if, for each pair of blocks Ay, A; € A, Ay P& A, if
and only if a Py bforall a € Ay and b € A,.

It is easy to see that a preference Py € D4 induces a unique preference P on A.
However the converse is not true: two different preferences P, P) € Da may induce the
same preference P(;A on A. For example, preferences P, and P; in Example 6 induce the
same preference on Asy: {a,c,d} > {b}.

Now we formalize the observation in Example 9 as the following lemma.
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Lemma 14 For P, P € D such that PA = P for all i € I, the consumption proce-
dures subject to A for two preference profiles are the same, which implies ), A, PS;(P) =
> e, PS;o(P) foralli € I and Ay € A.

We are now ready to prove Lemma 12.

Let L = PS(P)and L = PS(Py, P_y). Let (t*, A%, [L%]ic1 ac)’_, and (t Av, [E;fa]ig,ae,q)

0

V=

be respectively consumption procedures for P and (]51, P_1). In addition, let B = {a €
AlaPyx,¥Yx € Aj U Ay} and C = A\ (AU A; U Ay) be respectively the upper and lower
contour sets of objects in A; U A, according to P;. Evidently, these two sets are the same
for ﬁl_

Before proceeding to the proof, we clarify some notations.

e Foreacha € A, lett, = t’s.t. a € A""1\AY, i.e., t, is the time when a reaches
exhaustion in the consumption procedure of applying the PS rule to P. For each
a€ Alett, =1"st aec A" 1\A", ie., 1, is the time when a reaches exhaustion
in the consumption procedure of applying the PS rule to (]51, P_1). Similarly, for
each A C A, lett; = max{t, : a € A}, i.e., t; is the time when all the objects
in A reach exhaustion in the consumption procedure of applying the PS rule to P.
For each A C A, lett; = max{t, : a € A}, ie., t; is the time when all the
objects in A reach exhaustion in the consumption procedure of applying the PS rule

to (pl,P_l).

e Foreacha € Aandv € {0,1,--- 0}, let S,(t") =1 =3, ., Li,, ie., Su(t") is
the remaining share of a at time ¢¥ in the consumption procedure of applying the
PS rule to P. Foreacha € Aand v € {0,1,---,0}, let S,(") = 1 — Y il LY,

i.e., S,(") is the remaining share of  at time ¥ in the consumption procedure of

applying the PS rule to (P, P_,).

e For each a € A and each ¢ € I, let {;(a) = max{t, : xP;a} be the time when
all the objects in the upper contour set of a in P; reach exhaustion when the PS
rule is applied to P. Hence ¢;(a) is also the time when agent ¢ starts to consume a
whenever there is still some of a available, i.e., S,(t;(a)) > 0. In addition, for a

block A, let t;(A) = min{t;(a) : @ € A} be the time when the upper contour set of
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A reaches exhaustion before deviation. Similarly, for each a € A and each i € I,
let £;(a) = max{t, : xpia} be the time when all the objects in the upper contour
set of ¢ in f’z reach exhaustion when the PS rule is applied to (f’l, P_4). In addition,
for a block 4, let #;(A) = min{t;(a) : a € A} be the time when the upper contour

set of A reaches exhaustion after deviation.

We prove the lemma in three steps.

Step 1: L, = Ly, foralla € BUC.

Consider a partition A = {A4; U Ay, {a} : a € A\ (A; U Ay)}. Then it is evident
that the profiles of preferences on A induced by P and (}51, P_1) are the same. Hence
by Lemma 14, we have what we want. In addition, by Lemma 14, we have the following

claims which are used subsequently.

Claim 9 For eachi € I, t;(A; U Ay) = t;(A; U Ay), i.e., each agent starts to consume

A1 U Ay, if any, at the same time before and after agent 1’s deviation.

Claim 10 t4,,4, = t A UA I-€., each agent stops consuming Ay U A, if any, at the same

time before and after the deviation.

Claim 11 tg = ip, i.e., B reaches exhaustion at the same time before and after the
deviation. In addition, S,(tg) = S,(tp) for each a € Ay U A,, that is when B reaches
exhaustion the remaining share of each object in AU A is not changing because of agent

1’s deviation.

Step 2: L, > ila forall a € A;.

If > ,ca, Sa(ts) = 0,i.e., when B reaches exhaustion and agent 1 is about to consume
objects in Ay, A; already reached exhaustion, then by Claim 11 L, = Ly, = 0 for all
a € A; and hence the result holds trivially.

If ) .. Ay Sau(tg) = 0, i.e., when B reaches exhaustion the objects in A, already
reached exhaustion, then it is evident that the consumption procedures of applying the PS
rule to P and (151, P_1) are the same. Which then implies L, = Ly, forall a € A; and
hence the result holds trivially.

In addition, if 3, 4 L1, = 0, the result holds trivially.
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Hence we show Step2when ), Sa(tp) > 0,3 ,c4, Sa(ts) > 0,and }_ .\ Ly, >

Notice that before deviation ¢ is the time when agent 1 starts to consume A;. After
deviation, when B reaches exhaustion, agent 1 starts to consume A, and will turn to A,
when A, reaches exhaustion. Hence 7, Ay > tp = tp is the time when agent 1 starts to
consume A; after deviation. That is agent 1 starts to consume A, latter after the deviation.

Then to show Step 2, it suffices to show the following two statements.

1. Su(tg) = ga(fguAQ) foreach a € Ay, i.e., when agent 1 is about to consume objects

in Ay, she finds that the remaining share of each object in A; is less;

2. Foreach i € I\{1} with >_ L;, > 0, agent ¢ starts consuming A; after agent

a€A;
1’s deviation at a time no latter than the time when she started to consume A; before
deviation, i.e., all the agents who compete with agent 1 in consuming A; will still

do so after the deviation.

Recall that 5, 4, > tp, then to show statement 1, it suffices to show for each agent
i € I\{1} who started to consume A; before agent 1’s deviation at a time before ¢5 will
start consuming A; after agent 1’s deviation at a time no latter than that time. Notice that
this new statement is implied by the statement 2. Hence what we need to show is just
statement 2.

To show this, recall first Claim 9 which says that each agent starts to consume A; U A
at the same time before and after agent 1’s deviation. Then pick any ¢ € I\{1} with
ZaeAl Lo > 0,ifa P, bforalla € A; and b € A,, we know that she starts to consume
A; at the same time before and after agent 1’s deviation. Suppose instead, b P; a for all
a € A; and b € A,, since we know this agent starts to consume A; immediately when
all the objects in A, reach exhaustion, what we need is just tpya, > tsu 4,. This can
be seen from the consumption procedures for P and (Pl, P_1) subject to the partition
{A1,As,{a € A :a & Ay UAy}}. Hence we have shown that for each i € I\{1}
with Eae A, L;, > 0, if she prefers A; to A,, she starts to consume A; at the same time
before and after the deviation; if she prefers A, to A, she starts to consume A; after the

deviation at a time earlier than before deviation, which proves Step 2.
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Step 3: L, < Ly, forall a € As.

By exchanging the roles of P, and P, Step 3 is implied by Step 2.

C.2 Proof of Theorem 7

Let D be a sequentially dichotomous domain and (A;);_, the corresponding path.
Let P, be an arbitrary preference out of D, we show that the PS rule defined on the
combination of D and Py, i.e., PS : (]DD U {]50}> " — L, is manipulable.

Let t = min{t € {1,---,n} : P, does not observe A;}. Since P, € P\D, ¢t is
well-defined. In addition, since PO observes A; trivially, ¢ > 2 and ]50 observes A;_;.
Recall that from A, ; to A, Ay_1). breaks into A, and Ap. Let a = (P, Ag_1.)
be the most preferred objects according to P, in A(¢—1)s. Without loss of generality, let
a € Ay. In addition, let ¢ = rl(]50, Ay2) be the most preferred objects according to P,
in Aw. Since Py does not observe A, there must be b € Ay \{a} ranked below c. Let
b= 7"1(150, {reAy:c P, x}) be the most preferred object in A that is ranked below c.
In addition, let C' = {z € A;;\{a} : z Py c}. Notice that C' may be empty. Hence P, can

be illustrated as follows.

A1)«
ﬁo; ...... — ,a>-"'C"'>-C>-"'>-b>--">- ..... A S e
—_—— | N~ ———
CAp CAg2 CAun

There must be an unique £ > ¢ such thata, b € Ag_1)> a € Agp,and b € Ay, i.e., from
A;_, to Aj, a and b are split into two separate blocks. Respectively, let B = Aj; \{a}
and D = Az \{b}. In the following, we identify two preferences P, Py € D. Then we
construct two preference profiles consisting of only P,, Py and P, and show that there is
a profitable manipulation. To do this, we need to consider four cases.

Case1: C = (orr (P, C) ¢ BUD.

Since P, observes A,_1, Pt is well-defined. Let Pt = P! = P!, Sec-
ond, let A;_y), be the first ranked block in A;_; according to both /% and Py. Third, let
An P(;A Az, and 14;2]56A  Ag,. Fourth, let respectively a the first ranked object in Az, and b

the first ranked object in A;, according to both F, and P,. Last, let P, and P, have the
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same ranking of the objects contained in the same block. It’s evident that Py, Py € I.

Hence, P, and P, are illustrated below.

*fn =Agp
Py: - - ag>=---B--->=b% D — S e S e
N——
=Agy =Ap2
—Afz :f21
PO ...... - b D--->qa> B — S G S e
~ ——
:Ail :ALQ

Let P = (P, Py, Ps,--- ,P,) and P’ = (P, P, Ps,--- , P,). We calculate the prob-

abilities specified by the PS rule as follows.

PS(P): a B b D
1: L 0 0 0

5] D]

A A T

For P, all agents equally share a. After that agents 2 to n consume B U {b} U D while
agent 1 consumes c if C' is empty and r1 (P, C) if not. By sd-efficiency, PS(P)y, = 0

for all x € B U {b} U D. Then equal-treatment-of-equals implies the other entries.

PS(P'): a B b D
1: 4 0 0 0

! Bl | 1-25-E p

2: 0 0 sS4+ oo

. 1 B e D]

3-oem: 5 5 r—— P

For P’, agents other than 2 equally share a. By sd-efficiency, PS(P);, = 0 for all

x € BU{b} UD. During the period when agents other than 2 consume a, agent 2
consumes b. When a is exhausted, agents 3 to n start to consume B if B is nonempty and
b is b is empty; agent 1 starts to consume c if C' is empty and 7“1(]50, () if not; and agent
2 still consume b. It’s evident that B will be exhausted before b or r1 (P, C). After that
agents 3 to n join agent 2 in consuming b, so they equally share the remaining share of b,
1 |B|

i.e., 1 — — — -—=. Last, agents 2 to n equally share D.

n—1 n—2"
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Now we have a contradiction against sd-strategy-proofness:

sd-strategy-proofness = Z PSy,.(P) = Z PSo.(P)
z€{a,b}UBUD z€{a,b}UBUD
S = S - O W< RN e k= B 2
n n—-1 n-1 n-1 n-1 n-2 n—1 n—1

= n = 2 : contradiction.

Case 2: (P, C) € B.

In order to calculate the random assignments specified by the PS rule, we need to
consider two sub-cases. Given 7, (]50, C') € B, there is an upper contour set in C' contained
in B. Let B; be the largest such upper contour set, i.e., B; = maxk<|c|{Uk(ﬁo, C) C
B}*. Hence either B; = C or r1(150, C\B:1) ¢ B. We consider the sub-cases: (i)
B, = Corri(Py, C\By) & D, or (ii) 7, (Py, C\B,) € D.

Sub-case 2.1: B, = C or r1(Py, C\B,) & D.

For this sub-case, we use the same preferences f’o, P,, and P, as in Case 1 and the
same profiles P = (Py, Py, Ps, - - - ,P,)and P' = (f’l, Py, Ps,--- ,P,).

Given B, there must be a largest lower contour set in B according to Fy such that does
not contain any object in By, i.e., let By = ming< 5 {Us(Po, B) : (B\Ux(Po, B)) N By =
()}. For reader to understand the consumption procedure better, preferences are illustrated

below with B, and B; explicitly located.

A1)
]30: ...... — a>—Bl>C\Bl>-c>--->—b>—---> ...... e
o N—
CAn CAez CAn
:éfl =Ag,
Py: . — CL>-B >.BB b Dei e e
0 1 \ 1 { ,
=Ay =A¢2
:Afg :Afl
PO; ...... — b>—-~D-~~>—a>—Bl>-B\Bl>—~-->—c ...... e
N——
=An =Ag2

2SUk(PO,C’) denotes the collection of the most preferred k objects in C according to Py, ie.,

Uk(p(hC) = {7’1(?070), v 7Tk(p07c)}
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We calculate the probabilities specified by the PS rule as follows.

PS(P): a B b D
I 0 0

.1 |Bi] |B\B1| 1 |D]

2-em o AT o oo

For P, all agents equally share a. By construction, after a is exhausted agent 1 con-
sumes B; and all the others consume B;. Notice that the time when agent 1 stops con-
suming B, is exactly the time when the other agents stop consuming 3;. Hence all the
agents start consuming B; at the same time and stop consuming B3, also at the same time.
Then each agent consumes exactly % share of BB;. After that agent 1 consumes c if

By, = C and C\ By if not while all the others consume B\E’l and then b and D. Notice

that sd-efficiency implies that agent 1 consumes no share of b or D.

PS(P') : a B b D
| |B1]

L: n—1 n— 0 0

= = 1 |B1| _ |B\Bq]|
. 1 |Bil | [B\B1| | Mna oo |D|
2: 0 0 n—1 + n—1 + n—2 + n—1 n—1
5 5 [Bi| _|B\Bi]|
3...p. L 1Bl IB\B LT s W e D]
©on—1 n—1 n—2 n—1 n—1

For P’, all agents other than 2 equally share a and during they do this agent 2 consumes
b. After that agents other than 2 equally share 3, and agent 2 still consumes b. Then agent
1 starts to consume c if C' = B; and C'\ B, if not and agents 3 to n equally share B\ B;.
During this time period agent 2 is still consuming b. After that, all agents other than 1
equally share the remaining share of b, and D after b is exhausted. The zero entries in the

above table are implied by sd-efficiency.

Now we have a contradiction against sd-strategy-proofness:

sd-strategy-proofness = Z PSy(P) = Z PSy.(P)

z€{a,b}UBUD z€{a,b}UBUD
1 |B B\B 1 D

éiJr\llJr\\l\jL +\|
n n n—1 n—1 n-1

5 5 1 |B1| _ |B\Bi]
L Bl BB I mam e eSS D)
n—1 n-1 n—2 n—1 n—1

=n = 2 : contradiction.
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Sub-case 2.2: (P, C\B;) € D.

Given ry (f’o, C\B1) € D, let D; be the largest upper contour set in C'\ B; contained in
D,i.e., D; = maxye|on g, {Uk(Py, C\B1) C D}. Similarly, let D; = ming<|p|{Us(Py, D) :
(D\Ux(Py, D)) N D; = (}. For this sub-case, we use the same preferences and profiles
as in the previous sub-case except a small change in F: D is ranked above b.

For reader to understand the consumption procedure better, preferences are illustrated

below with B, By, D, and D; explicitly located.

A1)
pO: ...... - a>B1>—D1>—C\(B1UD1)>-C>--->b>---->— ...... e
g | =
CAp CAg2 CAu
=4z =4
Py: ------ - a>5’1>B\B1>D1>D\D1>b>--->c ...... e
— N——
—An =Ag2
:Afg :i{ifl
PO; ...... - b>—"'D"'>-CL>-Bl>-B\Bl>-"'>-C ...... e
— N——
=An =At2

We calculate the probabilities specified by the PS rule as follows.

PS(P) : a B b D
1. 1 1B 0 BB DA
on n n—1 n
S o1 B, B\B 1 D=2 pypy
2 i e s TR

For P, all agents equally share a and B3,. After that, agent 1 consumes D; and all the
others consumes B\ B;. It’s evident that B\ B; is exhausted faster and after this agents 2
to n join agent 1 in consuming D;. When D; is exhausted, agent 1 starts consume c if

C\(B; U D) = ) and C\(B; U D) is otherwise. Agents 2 to n equally share D\ D;.

PS(P):
a B b D
_ _ > |B\Bq |
. 1 |B1] |B\B1| | |P1l==—
1 et 0 et
2: 0 0 o+ = 0
_ _ A |B\B1| =
| |Bi|  |B\Bi| 1— |D1|— = |D\D1|
3-em: o oot s at s i T3



= B\B _
‘Dl‘_\n\_zﬂ N \D\D |
n—1 n—2 °

where o = ﬁ + LB%lI + ‘i\_%ﬂ +

For P’, agents other than 2 equally share a. When they consume «a, agent 2 consumes
b. After a is exhausted, agents other than 2 equally share B, and agent 2 still consumes
b. After B, is exhausted, agent 1 consumes D;, agents 3 to n equally share B\B;, and
agent 2 still consumes b. It’s evident that B\ B; is exhausted faster. After that agents other
than 2 equally share the remaining share of D; and agent 2 still consumes b. Then agent
1 consumes c if C\(B; U D;) = () and C\(B; U D) if otherwise, agents 3 to n equally
share D\ D, and agent 2 still consumes b. After that agents other than 1 consume the
remaining share of b.

Now we have a contradiction against sd-strategy-proofness:

sd-strategy-proofness = Z PSy(P) = Z PSS, (P")
z€{a,b}UBUD z€{a,b}UBUD
1B IB\B 1 D =28 p\p
L1 Bl BB, D)= RE oy
n n n—1 n—1 n n—1
—ast l1-«a
- n—1
3(n—1) _ .
=n > |B|+ |D| = |D\D1| 4+ n(n — 2) > n : contradiction.

n—2

Case 3: (P, C) € D and B # 0.

Given r1(150, C) € D, let D; be the largest upper contour set in C' contained in
D, ie., D; = maxycc){Us(Py,C) C D}. Similarly, let Dy = ming<p{Us(Py, D) :
(D\Ux(Py, D)) N Dy = 0}. For this sub-case, we use the same preferences and profiles
as in Case 1.

For reader to understand the consumption procedure better, preferences are illustrated

below with D; and D; explicitly located.
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Py: ------ - a>D1>C\D1>c>-~->b>--~> ...... e
CAn CAr
=Ag =Ap
Py: ----- — a>- -~B--->—b>—D1>—D\D1>—-~->—C ...... e
N——
=Ag =At2
=4 =Ay
P03 ...... — b>D1>D\D1>CL>-‘--B‘-->'” ...... e
N——
:A£1 :AEQ
P:(p();PQ;PE})”'7Pn)andplz(p17p27p37”'aPn)
PS(P) : a B b
15X o0 0 Ll
. 1 B 1 n— |D\D:|
= s =y

For P, all agents equally share a. Then agent 1 consumes ), and all the others equally

share B and b. It’s evident that B U {b} is exhausted faster. After that all agents share the

remaining of D;. Then agent 1 consumes c if C\D; = ) and C'\ D; if otherwise and all

the other agents share D\ D;.

PS(P):
a B
1
1 L0
2 0 0
3...p: L 1Bl

n—1 n—1

b
0
1 |B|
1 |B‘ 1 n—1 n—1
n—1 + n— + n—1
1 [B]
1_7L71_7L71
n—1

1
|B] | Dy |—E B e S e

D

|B|

n—1 n—1

n—1 +

n

1
_17n—17n

-1 _
n—1 | D\D1]
+ n—1

n

1 |B|
R

—1 —
n—1 |D\Dl‘
n + n—1

For P’, all agents except 2 equally share a and during they do this agent 2 consumes

b. After a is exhausted, agent 1 consumes [y, agent 2 still consumes b, and all the others

consume B. It’s evident that B is exhausted faster. Then agents 3 to n join agent 2 in

consuming the remaining share of b and agent 1 still consumes D;. After b is exhausted,
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all agents equally share the remaining share of D;. Then agent 1 consumes c if C\ D; = ()
and C\ D, if otherwise and all the other agents share D\ D;.

Now we have a contradiction against sd-strategy-proofness:

sd-strategy-proofness = Z PSy,(P) = Z PSo.(P)
z€{a,b}UBUD z€{a,b}UBUD
B 1 D -LE -2 p\D

= 4 | | + _|_| 1| n—1 n—1 +| \ 1|

n n—1 n-—1 n n—1
|B|
1 _ 1B . 1Bl _ loag—aer -
1 Bl 1= —771 , |Dil— 5= ——55"— | |D\D
= - - - -
n—1 n-1 n—1 n n—1

=(1 —n)|B| = 0 : contradiction.

Case 4: (P, C) € D and B = 0.
In this case A;; = {a}. We use the same preferences and profiles as in Case 3 except

a small change in Fy: D is ranked above b.

A1)«
1501 ...... - a>D1>C\D1>c>--->b>---> ...... e
~—— N —
CAun CA¢2 CAn
=An —2
Py: ------ — ’a‘>D1>D\D1>b>--->c ...... e
N——
=An =As2
:AfQ :Afl
Py: ---- — b= Do =" == S e
—
:Ail :Azg

P = (Py, Py, Ps,--- ,P)and P' = (P,, P,, Ps,--- , P,)

PS(P) a D b

For P, all agents equally share a. Then they equally share D;. After that agent 1
consumes ¢ if C'\D; = () and C'\ D; if otherwise and all the others equally share D\ D,

and then b.
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PS(P):

a D b
L: n—1 n—1 0
= = D1l _ |D\Dq]
. |D1] |D\D1| S Ry
2: 0 0 n—1 + n—2 + n—1
= = |D1| _|D\Dq|
3...m: Lo 1D ID\D) b
©on—1 n—1 n—2 n—1

For P’, all agents other than 2 equally share a and during they do this agent 2 consumes
b. After a being exhausted, agents other than 2 equally share D; and agent 2 still consumes
b. It’s evident that D, is exhausted faster. After that agent 1 consumes c if C\ D10 and
C\D; if otherwise, agent 3 to n equally share D\ D;, and agent 2 still consumes b. It’s
evident that D\ D, is exhausted faster. After that, agents 3 to n join agent 2 in consuming
b so they equally share the remaining share of b.

Now we have a contradiction against sd-strategy-proofness:

sd-strategy-proofness = Z PSy,(P) = Z PSy.(P)
z€{a,b}uUD z€{a,b}UD

=

1 |D D\D 1
1D ID\Di
n n n—1 n—1

1— [D1| _ |D\D1]

_ | D1 + |D\D| n—1_ n-2
n—1 n—2 n—1
=(n —1)? = —| D] : contradiction.
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D Appendix to Chapter 6

D.1 Two Technical Assumptions

Assumption 1

f(my,ma) = —n(my + my) ({M] >2

m1+m2

+ [(n* = n+ D)my + (20 — n)ms] ([ et ]_) —n%(n—1)my <0

my1 + Mg

maon
mi+mg

for all positive integers my, my such that m; + mo < n and is not an integer,

where [x]|_ denotes for a real number the largest integer which is no greater than .

Assumption 2

my — 27 — =) — (s — 1) x ¥(7is) g
g<m17m27m3> = -

n—(n;+1) n
for all positive integers mq, mo, mg such that m; + ms + ms < n and % is not an
integer.
where ns = [M] + 1,
my+ma | _
(kj) _ Fl(k‘)ml + Fg(k‘)mg + Fg(k’)mg
7 nnt —2(k+ 1)n® + (k2 + 5k — 1)n? — k2 + k — 2)n + 2(k% — k)]

and T(k)=2(k—2n*—-2(k* —k —2n+2(k* —k —2)
Do(k) = —2n® + 4kn? — 2(k* + k — 1)n + 2(k* — k)

[3(k) =n' —2(k+ 1)n® + (K> + 5k — 1)n* — (BK* + k — 2)n + 2(k* — k)

D.2 Matlab Codes for Checking The Assumptions Given a Fixed n.

e Check f(mq,ms) < 0 for all positive integers my, ms such that m; + mo < n and

man
m1+ma

is not an integer.
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clear;clc

syms n ml m2 x

a=sym(’ —nx*x(ml+m2) ’);
b=sym(’(n"2—n+1)sml+(2*n"2—n)*m2’);
c=sym(’—n"2*x(n—1)xm2’);

eqn = ax*xX"2+bxx+c == 0;

solx = solve(eqn,x); %solve equation ax"2+b+c=0.
n=1000; % Fix an n

flag=1;

for ml=1:n-2

for m2=1:(n—ml—1)

fprintf (’n=%d ml=%d m2=%d’ ,[n ml m2])

fprintf (’\n’)

x=floor (m2+«n/(ml+m2));

if x<m2sn/(ml+m2)

if x<max(eval(solx)) &% x>min(eval(solx))

flag =0;

fprintf (’n=%d ml=%d m2=%d x_-1"% x_2"% x’,[n ml m2 min(eval(solx))...,
max(eval (solx)) floor (m2xn/(ml+m2)) m2+«n/(ml+m2)])
fprintf (’\n’)

break

end

end

end

if flag==

break

end

end

o Check g(mi,mg,m3) # ™2 for all positive integers 1y, my, m3 such that m; +

mq +ms < n and ins 18 not an integer.

n=1000; % Fix an n

for ml=1:n-2
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for m2=1:n—ml-1

for m3=1:n—ml-m2

fprintf (’n=%d ml=%d m2=%d m3=%d’ ,[n ml m2 m3])

fprintf (’\n’)

if floor (m2xn/(ml+m2))<m2*n/(ml+m?2)

nbar5=floor (m2xn/(ml+m2))+1;

Al=2x(nbar5 —2)*n"2 —2x(nbar5"2—nbar5 —2)*n+2x(nbar5"2—nbar5 —2);
A2=-2xn"3+4xnbar5*xn"2 —2x(nbar5"2+nbar5 —1)*n+2*x(nbar5"2—nbar5);
A3=n"4 —2x(nbar5+1)*xn"3+(nbar5"2+5%xnbar5 —1)*xn"2...,
—(3*xnbar5"2+nbar5 —2)*n+2*(nbar5"2—nbar5);
gamma=(Al*xml+A2xm2+A3*m3)/(n"(n"4 —2x(nbar5+1)"n"3...,
+(nbar5°2+5%«nbar5 —1)*xn"2 —(3xnbar5"2+nbar5 —2)xn +2x(nbar5"2—nbar5)));
m=ml+m2+m3;

f=(m3—2%«(m/n—ml/(n—(nbar5 —1))) —(nbar5 —1)xgamma)/(n—(nbar5+1));
if abs(f — m3/n) < eps

fprintf ("’n=%d ml=%d m2=%d m3=%d nbar5=%f gamma=%f f=%f" ...,
,[ln ml m2 m3 nbar5 f])

flag =0;

break

end

end

end

if flag==

break

end

end

if flag==

break

end

end

D.3 Proof of Proposition 3

Let E,B,C,D,FF C Awithm; = |B| > 1, my = |C| > 1, mg = |D| > 1. Let

m = my + msy + mg. In addition, given a real number z, [z]  denotes the largest integer
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which is smaller or equal to z. Finally given a random assignment L and a subset of
objects B C A, wedenote L; g = > 5 Lia.

LetD = {P,, P, f’l} where the preferences are from Table 7. To prove the theorem,
it suffices to prove D admits no good rule. Suppose not, and let ¢ : D" — £ be a good

rule.

Lemma 15 Forany P € D", ; 5(P) + pic(P) + vip(P) = 2 forall i € I.

n

This lemma can be proved by applying repeatedly equal treatment of equals and sd-

strategy-proofness. The proof is standard and hence omitted.

Notice that, since —""— 4 ™22 — p_it’s either both "~ and —"2"— are integers
mi+mo mi+mo mi+ms2 mi+ma

or neither one of them is an integer. I'll show two contradictions, one for each case. When

maon

o 1s an integer, the contradiction is identified. While Assumptions 1 and 2 are needed

maon
mi+mg

to identify the contradiction for the cases where is not an integer.

In the following ,I’ll construct six groups of profiles and characterize the random

assignments of B, C, D for each of these profiles. The contradiction for the cases where

mon
m1+me

is an integer can be found using profile groups I to IV. To find the contradiction

man

for the cases where
mi+ms2

is not an integer, we need in addition profile groups V and V1.

Firstly I list all profiles.

Profile group I:

PLO = (P17"'7Pn)

P171 — (plaP27“'7Pn)

PLk = (pla"'aplwpk-i-la”'apn)

Plﬁl = (Pla"'apﬁlapﬁ1+17"'7Pn)
where n; = mTiZQ when mTjZQ is an integer and 727 = [m’fj;‘w} - otherwise.
Profile group II:
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P2l = (P, ,P,_1,P)

P272 — (]51,]32--- ,Pn—hpn)

P2vk = (ply"'7Pk*17Pk7"'7Pn—17pn)

P2’ﬁ2 = (ply"'7P’FL2—17P’7127"'7P7L—17P”)
where 9 = m’;"fzm when m’fﬁ% is an integer and ny = {mTj”mJ + 1 otherwise.
Profile group III:

PO = (P By

p3l = (P, , Py, P)

P¥ = (P, Py, Pa—ii1, - > Pn)

Pg’ﬁ3 = (pla"' apn*ﬁ3ﬂpn*ﬁ3+17“. ’Pn)
where fig = m’fiﬁbz when m’;ﬂizn is an integer and fig = {m?iz@?} ~ otherwise.
Profile group IV:

P4’1 - (plv ”apn—lapn)

P42 = (Pr,-+ Py, Poy, P)

P4’k = (Pla"' ,Pn—kgpn—k+17'“ 7Pn71’pn)

phia — (]51’ - ,Pnfﬁm Pnfﬁ4+17 - P, Pn)
where 71, = - when TLb- s an integer and ng = [mTi%J _ otherwise.
Profile group V:
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P571 — (Plv"'7Pn727Pnflvpn)

P572 - (PLPQ"';Pn—Q;Pn—laPn)
P57k - (Plv"'apkfhpka”'7Pn—27pn—17pn)
P57ﬁ5 - (P17"'7pﬁ5—17P’r_L57"'7Pn—27p’n—17p’n)
where 7i5 = [%} _+1land B is not an integer.
Profile group VI:
P671 = (pl,""Pn,27Pn,17pn)
pb2 = (Ph'" y An—2apn—lapn)
P6’3 = (Ph 7pn—37Pn—27pn—17pn)
P6k - (P:l) 7pn—k)Pn—k+la 7PTL—2)-PTL—1)P77,)
P6’ﬁ6 = (P:[)"' 7pn—ﬁ67Pn—ﬁ6+17”' ’Pn—Q)Pn—ly-Pn)

where 7ig = [mrl’ﬁi%} and - is not an integer.

Now we characterize the random assignments for the preference profiles through a

series of claims.

Claim 12 For each preference profile PY*, o(PY¥) specifies probabilities on B, C, and
D as follows

B C D

1 0 mi+mo ms3

n n

k 0 mi+ma m3

n n

my mitmoe My m3

k + 1 n—k n n—=k n
n mi mit+moe _ ma m3
n—=k n n—=k n
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Proof: Verification of the claim consists of three steps.
Step 1: We show ¢; p(P"F) = ™ foralli € [andallk = 0,1,--- , 7.

First, by equal treatment of equals, p; p(P'?) = ™ forall i = 1,--- ,n. Second,
we show forall k = 1, @iy if ¢; p(PF71) = 2 forall ¢ € I, then p; p(P"*) = 2
for all i € I. Notice that PY* and PY*~1 are different only in agent k’s preference, i.e.,
Pk1 * — P and Pk1 k=1 — P, where P, and P, are from Table 7. Then sd-strategy-proofness
implies @y, p(P"*) = ¢ p(PY*~!) = ™2, Hence by feasibility and equal treatment of
equals, ¢; p(PHF) = ™3 forall i € I.

Step 2: We show ¢; g(P'*) = O forall i = 1,--- ,kand all k = 0,1,--- , 7. Fix
an k and suppose without loss of generality ¢; g(P"*) = 8 > 0. Then sd-efficiency
implies ¢; o(PY*) = 0 forall i = k + 1,--- ,n and equal treatment of equals implies

gic(PYF) =22 foralli=1,--- k.
18P + 01,0 (PH) + o1 p(PHF) = B+ =2 + =2
> — 4 =
2 —

where the last inequality comes from k£ < n; < —72"—: a contradiction against Lemma 15.

mi+msg’

Step 3: Lemma 15 and equal treatment of equals imply all other entries. ]

Claim 13 For each preference profile P**, o(P**) specifies probabilities on B, C, and
D as follows

B C D
1 0 2 —a(k) a(k)
k—1 0 = —a(k) a(k)
poom me=(h=Dx(Eoak)  me— (i) (k) xalk)
n—(k—1) n—k n—k
mo—(k— o mg—(2——T1 ) (k— k
n—1 n_?zl_n o—(k Qin (k) 3— (% n_(kn__l)k) (k—1)xa(k)
n nj(?;flfl) 0 % B nJ(TILclfl)
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(k—2)mi—(n—(k—1))mao+(n—1)(n—(k—1))ms )

where a(k) = n(n—1)(n—(k—1))

Proof: Verification of the claim consists of six steps.

Step 1: We show (P*!) specifies probabilities on B, C, and D as follows

B C D
1 ™ m2 ma+m3 M2
n n— n n—1
n—1 " m2 motms Mo
n n—1 n n—1
n ™ 0 mo+ms3
n n

First notice that P>* and P are different only in agent n’s preference, i.e., P>! = P,
and P'* = P, where P, and P, are from Table 7. Then sd-strategy-proofness implies
On,5(P*') = ¢n(P"?) = ™. Hence feasibility and equal treatment of equals imply
@i(P>') =™ forall i € 1.

Second ¢, o(P*') = 0. Suppose not, then sd-efficiency implies p; p(P*') = 0 for
alli = 1,--- ,n — 1. Hence feasibility implies ¢, p(P*!) = m3 > 1: a contradiction
against Lemma 15.

Last, feasibility and equal treatment of equals imply all other entries.

Step 2: We show ¢, p(P**) = % forall k = 2,--- ,ns. Fix an k. Notice that
P2k and PY*~1 are different only in agent n’s preference, i.e., P>* = P, and P?>* = P,
where P, and P, are from Table 7. Then sd-strategy-proofness implies ¢, p(P*F) =
o p(PYA1) = .

Step 3: We show ¢, o(P**) = Oforall k = 2, - - - , fiy. Fix an k and suppose ¢, o(P?*) >

0. Then sd-efficiency implies ¢; p P** = 0 foralli = 1,--- ,n—1 and hence ¢, p P** =

mg: a contradiction against Lemma 15.

Step 4: We show ¢; p(P**) = a(k) foralli=1,--- k—landallk =2, -  no.
First we show o1 p(P??) = «(2). Notice that P%? and P*! are different only in agent

1’s preference, i.e., P12’2 = ]5Z and Pf’l = P, where 15Z and F; are from Table 7. Then

sd-strategy-proofness implies @1 p(P??) = ¢y p(P>!) = Matma _ iz
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2=2mi—(n—2—-1)me+(n—1)(n—(2—1))ms

o2) = n(n—1(n—(2-1))
(n—=1)mg —my
n(n —1)
R + ms mao
T n n—1
Second, we show an induction: If ¢; p(P**) = a(k) foralli = 1,--- ,k — 1 and an

ke {2,--- ,ny — 1}, then o; p(P***) = a(k + 1) forall s = 1,--- k. Notice that
P>#+1 and P2* are different only in agent ks preference, i.e., P2 = P, and P>* = P,
where P; and P, are from Table 7. Then sd-strategy-proofness implies @, p(P**+1) =
or.p(P%*). Hence foralli = 1,--- | k

@i p(PHFTY) = @ p(P*FHT) by equal treatment of equals

= op,p(P**) by sd-strategy-proofness

ma—(M—_— "1 \_(f—1 _ P2k
_ ma (s "‘<k‘1))n_(k Sxoe1,0(P7) by feasibility and equal treatment of equals

ma—(2——T1 Y _(k—1)xa(k
_ me(y "‘““7:}3 (D xa® by induction hypothesis

=a(k+1) by simplifying expression.
Step 5: We show ¢, g(P**) = O foralli = 1,--- ,k — landall k = 2,--- ,ny. Fix
an k. Suppose without loss of generality ; g(P**) = 8 > 0. Then equal treatment
of equals implies ¢; p(P?>*) = B foralli = 1,--- ,k — 1. Hence Lemma 15 and Step
4 imply p;c(P?*) = 2 —a(k) — B foralli = 1,--- ,k — 1 and sd-efficiency implies
ic(P**)=0foralli=Fk,--- ,n—1.
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Now we show (k — 1) x (™ — a(k) — B) < my: a contradiction against feasibility.
(k—1) % (2~ a(k) — B) < ma

=h—1) x (2~ alk) < mo

m  (k—=2m;—(n—(k—1)ma+ (n—1)(n— (k—1))mg
el -1 |y - n(n—1)(n— (k- 1)) ~mesd

Sk —1)x[(n—=1)(n—(k—=1))(m1+my) — (k—2)m1 + (n — (k — 1))my]
—nn—1)n-(k—1)ms <0

& —n(mi 4+ ma)(k — 1>+ [(n* —n+ )my + (2n° —n)ms] (k — 1) = n*(n — 1)my < 0
Let f(0) = —n(mi+mo)(0—1)?+[(n* — n + 1)my + (2n* — n)my] (0—1)—n?(n—

1)ms. To verify the Step, it suffices to show f(0) < 0 forall k = 2,--- | n,.

From the functional form of f(#), we have first-order derivative and the second order

derivative as follows
f(0) = =2n(my +ma)(@ — 1) + (n® —n+ 1)my + (2n* — n)my

1"(0) = —2n(my + mo)

maon : : = _ msan
When oo 1S aninteger, Dy = 2 -

F(72) = = n(my +my) (ﬂ . 1)2

my1 + Mo

+ [(n* = n+ 1)my + (2n* — n)my] (% — 1) —n2(n — 1)my
:m{—n[(n — 1)my — my)?

+ [(n* = n+ Dmy + (20> — n)my] [(n — 1)ms — my] — n*(n — 1)ma(mq + ma)}

__ {—(nQ + 1)m? — ((n -2+ §> myms

= < 0.
my + Mme 2 4
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f(ng) = —2n(my + mg)(% — 1)+ (n? —n+1Dmy + (2n* —n)my
1 2

1

:m[_%(ml +ma)((n = 1)mg —my) + (0 = n+ 1)my (my + my)

+ (2% — n)ma(my + my)]

1
1 2

By f”(6) < 0 and f'(n2) > 0, f'(¢) > 0 for all # < ng, that is f(€) is increasing
10

N2,
through 2 to ny. Then f(n2) < 0 implies f(#) < 0 for all § < 7o, which is what we want.

mson : : = _ msan
When . om; 18 not an integer, Ny = [—mﬁmz} - + 1.

+ [(0® = n 4+ 1)my + (20° — n)mo] ({%] _> —n*(n—1)my <0

where the last inequality comes from Assumption 1 in Appendix D.1.

1
Tmi+m [=2n(my1 + mg)((n — 8)mg — dmy) + (n? — n + 1)my(my + my)
1 2

+ (20 — n)ma(my + my)]

1
- _ 1 _ 2 _ 2
my + me [man(n — 1) +man(my(n — 2) — my) + mymg + mj

+ 26(min + man + 2myman)] > 0
where the last inequality comes from ms < (n — 2) and m; > 1.

Step 6: Lemma 15 and equal treatment of equals imply all other entries. |

Claim 14 For each preference profile P>*, o(P>*) specifies probabilities on B, C, and
D as follows
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Sy
Q
S

1 mi+mo m2 ma_ ms3

n n—k n—k n

mitmy _ mg  mz  mg

n k n n—k n— n

_ mi+mo m3

n—k+1 - 0 n

n mi+mo 0 ms

n n

Proof: This claim can be verified by the similar arguments that verify Claim 12. |

Claim 15 For each preference profile P** , o(P**) specifies probabilities on B, C, and
D as follows

B cC D
1 mi+mo ma m2 m3
n n—k n—k n

n—k mitmg _ mg m2 ms3

n n—k n—k n

n—k+1 mitmy 0 m3
n n

n—1 mitmy 0 m3

n n

n mi+msg 0 m3

n n

Proof: Verification of the claim consists of five steps.
Step 1: We show ¢, g(P**) = ™12 forall k = 1,--- 7. Fix an k. Notice that P**
and P>* are different only in agent n’s preference, i.e., P** = P, and P>* = P, where P,

and P, are from Table 7. Then sd-strategy-proofiess implies o, g(P**) = ¢, g(P3*) =

mi+mo
e

Step 2: We show ¢, o(P**) = 0 and ¢, p(P**) = ™ forall k = 1,---,n4. Fix
an k. Suppose @, o(P**) > 0, then sd-efficiency implies ¢; p(P**) = 0 for all i =

1,--+-,n — 1 and hence ¢, p(P**) = my: a contradiction against Lemma 15. Given

— ms3
n "

¢n.c(PY) = 0, Lemma 15 implies ¢, p(P*)
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Step 3: We show ¢; p(P**) = ™ foralli = 1,--- ,n—landallk = 1,---, 4. First
equal treatment of equals and Step 2 imply o; p(P*') = ™ foralli = 1,--- ,n — 1.
Second we prove an induction: For any k = 2,--- iy, if o, p(P**1) = 73 for all
i =1,---,n—1, then ; p(P**) = ™ forall ¢ = 1,--- ,n — 1. Notice that P**~!
and P** are different only in agent (n — k + 1)’s preference, i.e., P:ff,; +11 = ]5Z and
Psfk 41 = P where P, and P, are from Table 7. Then sd-strategy-proofness implies
Cn—k+1,0(P**) = @p_pi1,p(PY71) = 28 Hence feasibility and equal treatment of
equals imply o; p(P**) = ™ foralli=1,--- ,n— 1.

Step 4: We show ; o(P**) = O0foralli = n—k+1,--- ;n—1landallk = 2,--- . Fix
an k and suppose without loss of generality ¢, _; o(P**) = 8 > 0. By equal treatment
of equals, p; c(P**) = Bforalli =n —k+1,--- ,n — 1. Then Lemma 15 implies
ip(P*) = ™mtm 3 foralli = n—k+1,---,n — 1 and sd-efficiency implies

n

@i p(P**) =0foralli =1, --- ,n — k. Then we have a contradiction against feasibility
my+m my+m
mi=mn—k)x04+ (k-1 x(——2 - f) 4 ——2
n n
chx MM
n
where the last inequality comes from k < 7 < 7.
Step 5: Lemma 15 and equal treatment of equals imply all other entries. |

man
mi+mg

Now we have the contradiction for the cases where is an integer.

202 _ (T D D
P _(Pb---’Pan —17Pm2n 7'”,Pn—lapn)
m1+mo mq+mg
4,704 _ (T > D
P —(Pl,"',Pn mpn 7Pn min +17"'7Pn717Pn>

T mp+mo T mp+my

:(Pb---’Pan 7Pm2n +17'”aPn—1aPn)

m1+mo mi+mg

Hence P2™ and P*™ are different only in agent —2" s preference, i.e., P2 n2, =
mi+ma m
P, and P*}2, = P, where P; and P, are from Table 15. Then sd-strategy-proofness

mq+mg

implies ¢ _man  (P%™) = _mon  ,(P%™). Now we have the contradiction as the

my+mg’ mq+mg’
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following elaboration:

p_man ,D(PMQ) = @_mgn_ p(PH™)

my+mg my+mgy’

ms — (v = iamn) — (2~ 1) ¥ a@2) _ my

~ — = —
n — Ny n

& —myn(my + me)((n + 1)my + ms) = 0: contradiction!

mon
m1+ma

To find the contradiction for the cases where is not an integer, we charac-
terize the assignment of D for the profiles in groups V and VI.

Let £* be such that k* —1 = n— 745, which is equivalent to ™ — — 1 — — 718 = ().

m m mi m3
m_ n n—(k*-1) 2

I first present two types of assignments and later I will show that both assignments are

possible for profiles in group V by Claim 16, 17, and 18.

Assignment 1:

B C D
1 - = v(k)
k-1 - - 1(F)
k m3—2(%—$)—(k—1)x"1(k)
- - n—(k+1)
m3—2( T — gy ) = (k—1) x (k)
n—2 - - ngc(kl—l)-l)
n—l o D
n nj(nklfl) 0 % B 1177(7{171)

I‘l(k)ml + FQ(k)mQ + Fg(k)mg
n[n® —2(k + )n® + (k2 + 5k — 1)n2 — (3k2 + k — 2)n + 2(k2 — k)]

where (k) =

and T'y(k) =2(k —2)n? —2(k* —k —2)n +2(k* —k — 2)
To(k) = —2n® + 4kn? — 2(k* + k — 1)n 4+ 2(k* — k)

Ds3(k) =n* —2(k + 1)n® + (* + 5k — 1)n? — Bk* + k — 2)n + 2(k* — k)

Assignment 2:
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1 — — 0
k—1 — — 0
k — — 0
n—2 — — 0
n—1 n—?}?—l) % B n_??_l) - % m?
n n_y(r;?_l) % - n_?zl_n - % %

Claim 16 If 72 > %, o(P>F) specifies probabilities on B, C, and D as assignment 1
forallk =1,---  ns.

Proof: Verification of the claim consists of four steps.

Step 1: We show, if ™2 > —2-, o(P™*) specifies probabilities on B, C, and D as

follows
B C D
1 ™ mo mo+mg ma
n n n n—2
n—2 ma motms Mg
n n—2 n n—2
n—1 ™ mptmg
n n
n ™ 0 ma+ms3
n n

First notice that P>! and P*! are different only in agent (n — 1)’s preference, i.e.,
P,f’_ll — P, and P,f’_ll = P, where P, and P, are from Table 7. Then sd-strategy-proofness
implies ©,—1,5(P*') = @n_1,5(P>') = ™ and hence feasibility and equal treatment of
equals imply @; p(P>') = ™ foralli € I.

Second we show ¢,,_1 ¢(P>') = ¢, c(P>') = 0. Suppose not, let 8 = ¢,,_1 o(P>') =
onc(P>Y) > 0, then sd-efficiency implies @; p(P>') = 0 foralli = 1,--- ,n — 2

and hence ¢, p(P™') = ¢, p(P>') = B2, Then Lemma 15 requires ™rmatms —
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R ﬁ + ™3 Then § > 0 implies MFmetma _ M _ Ma > () which is equivalent to
mi < =5 contradiction!

All the other entries are implied by Lemma 15 and equal treatment of equals.

Step 2: We show ¢,,_1,p(P**) = @, p(P*F) =2 — oy forallk =1, 7.

Fix an k. First notice that P>* and P%* are different only in agent (n—1)’s preference,
1e., PSfl = P and Pffl = P; where P; and P; are from Table 7. Then sd-strategy-

proofness implies p,,_1 g(P%") = ¢, _1 p(P**) = =0y and hence equal treatment of

equals implies o, g(P>F) = ¢, 1 p(P**) = s
Second we show ¢, 1 ¢(P>*) = ¢, o(P>*) = 0. Suppose not, let ¢, _1 c(P>*) =
on.c(P>F) = B > 0, sd-efficiency implies ¢; p(P>¥) = 0 foralli = 1,--- ,n — 2 and

hence ¢,,_1,p P** = ¢,, p P>* = 2. Then we have a contradiction:

Son,B(Ps’k) + SDn,C(PE)’k) + SOn,D(PE)’k) = Spn,B(PS’l) + @n,C(Ps’l) + ‘:On,D(PSJ)

mi ms my
&— —=—+0
n—(k:—l)+5+ 2 n+ *

mo + M3 ..
————: contradiction!

where the contradiction comes from W > 2+, 3 > 0, and that m3 > 32 implies

m3 mo+m3
2 > n :

Lastly, Lemma 15 implies what we want.

Step 3: We show ¢; p(P5?) = ~(2). Notice that P>? and P>' are different only in
agent 1’s preference, i.e., P15 2 = [A’Z and P15 2 = P, where PA’Z and P; are from Table 7. Then
sd-strategy-proofness implies 1 p(P>?) = @y p(P>!) = matma _ m2 n_(img) + 2
Notice that B(2) = 0, C'(2) = —2n3+8n%—10n+4, and D(2) = n*—6n*+13n%—12n+4.

Then

(2) = Omy + (—2n® + 8n? — 10n 4 4)(k)ma + (n* — 6n® + 13n? — 12n + 4)(k)ms
= n[n* — 6n3 + 13n? — 12n + 4]

—2m2 ms

n(n—2)  n’

Step 4: We show an induction: For any 2 < k < 75, if ¢; p(P>*) = ~(k) for all
i=1,---,k—1,then ; p(P>**1) = y(k + 1) foralli = 1,-- - , k. By equal treatment
of equals, it suffices to show oy, p(P>**1) = 4 (k + 1). Notice that P5*! and P>* are
different only in agent k’s preference, i.e., P,f AL p@ and P,f k= P, where PA’Z and P,

are from Table 7. Then
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ok, (P = @) p(PPF) by sd-strategy-proofness

_m3—2Xpn_1,p(P>F)—(k=1)xpp_1,p(P>*)

by feasibility and equal treatment of equals

n—(k+1)
ma—2(™ _ mq —(k— k
S ";f(*kll)l) (D ® by Step 2 and hypothesis assumption
=v(k+1) by simplifying the expression

Claim 17 If 72 < -2 and n5 < k*, p(P>*) specifies probabilities on B, C, and D as

assignment 2 for each k = 1,--- 7.

Proof: Verification of the claim consists of four steps.

Step 1: We show, if 2 < 25, o(P>') specifies probabilities on B, C, and D as

follows
B C D
1 ™ ma+m3 0
n n
n—2 "t matms 0
n n
+
1 m mes(nT2xTETE
n 2 2
+
n mu Mo TEEE gy
n 2 2

mi
ol

First by the same argument showing the Step 1 in Claim 16, ¢; g(P>!) =
Second we show ¢, _1 ¢(P>') = ¢, 1 ¢(P>') > 0. Suppose not, o(P>) is specified

as by the Step 1 in Claim 16. Then ¢y p(P>') = M2tms — 2 > (): contradicting against
m3 o _2
ma n—2"

Lastly, sd-efficiency implies ¢; p(P>') = 0 forall i = 1,---,n — 2. All the other
entries are implied by Lemma 15 and equal treatment of equals.

Step 2: We show ¢, p(P%*) = ¢, g(P>) = iy forall k = 1, 75, Fix

an k. Notice that P>* and P?* are different only in agent (n — 1)’s preference, i.e.,

P:fl = P, and Pffl = P; where P, and P, are from Table 7. Then sd-strategy-proofness

implies o, 1 g(P%") = ¢, 1 p(P**) = —(—3y and hence equal treatment of equals

mi

implies <pn7B(P5’k) = @nfl,B(PE”k) = n—(k—1)"
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Step 3: For any k < k*, if ¢, p(P>*71) = O foralli = 1,---,n — 2, then
@ip(P>*) = 0foralli = 1,--- ,n—2. By sd-efficiency, it suffices to show ,,_; o(P>*) =
¢n.c(P>F) > 0. Suppose not. First, by Step 2 and Lemma 15, ¢,,_1 p(P>*) = ¢, p(P>*) =

m

my
n n—(k—1)

ence, 1.e., P,f’k = ]5Z and P,f’kil = P, where ]52 and P; are from Table 7. Then sd-

. Second, notice that P5* and P5*~! are different only in agent k’s prefer-

strategy-proofness and equal treatment of equals imply p; p(P%*) = @ p(P>1) =0

foralli = 1,--- , k. Last, feasibility and equal treatment of equals imply ¢; p(P>*) =

m3*2(%7%) m3,2(%,%>_
n—(k+1) (e t1) —

. Thenby k < k*, we have a contradiction: ¢; p(P>F) <
0.

Claim 18 [f 72 < % and 75 > k*, o(P5%*) specifies probabilities on B, C, and D as

assignment 2 for each k = 1,--- | k* and as assignment I for each k = k* +1,---  ns.

Proof: Verification of the claim consists of two steps.

By Claim 17, ¢(P>*) specifies probabilities on B, C, and D as assignment 2 for each
k=1,--- k"

Step 1: (P>*") specifies probabilities on B, C, and D as follows.

B C D

1 — - 0
-1 - — 0
Booo— — 0
n—2 — - 0
n—1 n— 7Z"l—l) 0 %
n n— TZ*l—l) 0 %

Step 2: For any k > k*,if ¢, 1 c(P>*71) = ¢, o(P5*1) = 0, then ¢,,_; o(P>*) =

¢n.c(P>F) = 0. Suppose not, then o; p(P>*) = 0 forall i = 1,---,n — 2 and
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hence ¢, 1, p(P>*) = ¢, p(P*F) = & By Step 2 and Lemma 15, ¢, c(P>*) =

no(PPF)y =m__m___ms Thenby k > k*, we have a contradiction: ¢, _1 o(P>*) =
Pn, n  n—(k—1) 2 y )
pnc(PPF) < B — i — 5 =

Claim 19 For each preference profile P%*, o(P5*) specifies probabilities on B, C, and

D as follows
B C D
1 — . mg
n—=k — -
n—k+1 — -
n—2 — -
n—1 matme (g ™M
n mi+mao 0 m3

Proof: Verification of the claim consists of three steps.

Step 1: We show ¢,,_1 p(P%") = ¢, p(P%") = ™&™2 forall k = 2,--- ,ng. Fix
an k. Notice that P%* and P** are different only in agent (n — 1)’s preference, i.e.,
Pffl = P, and Pfffl = P, where P, and P, are from Table 7. Then sd-strategy-proofness
implies @, 1 5(P%") = ¢,y p(P*") = ™42 Hence equal treatment of equals implies
Pn1,8(P%F) =, p(POF) = mutmz,

Step 2: We show ,,_1 o(P%") = ¢, o(P%*) = 0 and p,,_1 p(P%*) = ¢, p(P%*) =
™3 for all k = 2,--- ,ng. Fix an k. By Lemma 15, it suffices to show ¢, c(P%*) =
on.c(P%%) = 0. Suppose not, then sd-efficiency implies ¢; p(P®*) = 0 for all i =
1,---,n — 2 and hence feasibility and equal treatment of equals imply ¢,,_1 p(P%") =
©n,p(P%") = M2 Then ™4M2 4 () 4 2 > ™: contradiction against Lemma 15.

Step 3: We show ¢; p(P%F) = ™ foralli =1 € Tandallk = 3,--- , .
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We first show ¢; p(P%*) = ™2 forall i = 1 € I. Notice that, by Step 2 and equal
treatment of equals, o p(P%?) = ™2 Notice also that P%3 and P are different only
in agent (n — 2)’s preference, i.e., Pf:’_32 = P, and Pf’_QQ — P, where P; and P, are from
Table 7. Then sd-strategy-proofness implies @, p(P%?) = ¢,_9 p(P%?) = ™2, Then
Step 2 and equal treatment of equals imply what we want.

Now we show an induction: for any 3 < k < ng, if ¢; p(P*") = ™2 foralli = 1 € I,
then ; p(P®"1) = ™3 for all = 1 € I. Notice that P®**! and P%" are different
only in agent (n — k)’s preference, i.e., Pff,:r 1 P; and Pffk = R where P, and ]-:’Z are
from Table 7. Then sd-strategy-proofness implies ¢,y p(P**™) = @, _j, p(PF) = 24,
Hence Step 2 and equal treatment of equals imply what we want.

man

Now we have the contradiction to prove the theorem for the case where ™2 is

not an integer.

5,M5 _ D P 5 D D
P 5—(P17 7P[mT_'2_212]77P[mT42_:;2]7+17 aPn—QaPn—lapn)
PGﬁGZ(-ZADla"'?pni[ mn ] 7Pn7[ mn ] +17"';-P'n—27-Pn—17-Pn>

m1+mg m1+mg

Notice that [M] = [n — M} = (n — [M} ) — 1. Then P>™ and

mi+ms mi+ma mi1+maz
= . . , . 57
P57 are different only in agent ([%} + 1) s preference, i.e., P/ | =P
n [m1+m2]7+1
and Pf’"jzn | = P,. Hence sd-strategy-proofness implies go[ man ] 1 D(P57"5) =
+ m1+m ’
mi+mg | _ 1 21—

6,76
Plpm] )

If o(P>™) is in the form of Assignment 2, the contradiction is evident: 0 # e
If o(P>"5) is in the form of Assignment 1, the contradiction is verified by Assumption

2 in Appendix D.1.

my — 207 — ) — (s — 1) x¥(71s) g

n—(ns+1) n
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D.4 Proof of Theorem 8

Fix a description (C, o) that satisfies the condition in Statement ??, we show that the
induced preference domain D¢ 4 is covered by a sequentially dichotomous domain.

For each t* € {2,--- ,|C|}, let

-1
Al = {B C A‘El(vl, cee Upq) € H AZ s.t. b € B whenever (b7, ,b7. ) = (vy,--- ,Ut*—1)} :

=1
i.e., objects are grouped according to their values of the top-(¢*— 1) ranked characteristics.

Now we construct a sequence of partitions (A;);"_; using (A >|tc|:2 as the backbones.

o A= {4}
® Aja,.| = Ay, foreach t* € {2,---,|C]}
e for each t* € {2,---,|C| — 1}, the partitions A, with [Au| < ¢ < |Apyy] are

defined as follows

— pick any B € A\ A1, due to statement ??, there are two blocks C, D €
Ay 1\Ayp suchthat B=CUD

— label blocks in Ay \ Aoy as (B, - -+, Bl&e+il=14e1) and blocks in Ay \ Ay
as (C',D',--.  CAvwl=lAvl DlAval=lAxT) guch that B™ = C™ U D™ for
all m = 1, Tty |At*—|—1| — |At*

— define Aja,.|+m = (A \{B™}) |UH{C™, D"} foreachm =1,--- | |Ap 11| —
’A_t* .

The following two claims prove that the induced domain is covered by a sequentially

dichotomous domain and hence Theorem 6 implies what we want.
Claim 20 The sequence (A;);_, is a path.

By definition, A; = {A} and A,, = {{a} : a € A}, it suffices to show for each ¢ €
{1,--- ,n—1}, A4 is a direct refinement of A, i.e., there is exactly one block Ay € A,
and two blocks A;, A; € A, such that A, = A; U A; and for each A, € A,\{A} there

is A; € Ayq such that A; = A;. This is obvious from the construction of (A;);_,.
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Claim 21 Every preference Py € D¢ ) observes every partition in the path (Ay) ;.

This is evident from the definition of lexicographically separable preferences and the path

(Ag)is-
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E Two Necessary Preference Restrictions for the Ran-

dom Priority Rule to be sd-Efficient

The major virtue of random priority rule (RP henceforth) in theory is sd-strategy-
proofness. In realistic applications, it has additional desired properties. The first one is
that it is easy to implement. Since RP is a convex combination of deterministic allocations
induced by serial dictatorships, to implement it, the authority simply randomly draws an
order of agents and then implement the corresponding serial dictatorship. The second is
its transparency, which comes directly from the way it is implemented: once the order
of agents is settled down, agents just line up and each takes one object when it’s her
turn to do so. The third is that it is easily adjustable to context-born requirements. For
example, when we allocate offices to professors, a commonly adopted practice is that
senior professors should have higher priorities. To observe this requirement, it needs only
to exclude some orders from the pool of admissible orders.

However, RP has its major drawback: it is not ex ante sd-efficient (See Bogomolnaia
and Moulin (2001)), which causes strong opposition. After all, the major justification of
pursuing sd-strategy-proofness is that it makes it easily tractable to pursuing other desired
axioms, a major one of which is efficiency. So if it’s sure that RP is not sd-efficient, the
support of sd-strategy-proofness and hence RP itself is severely weakened.

However, RP being ex ante inefficient is built on the universal domain, which should
not be the case in realistic applications. In stead of allowing all possible preferences, a
reasonable assumption should be that agents preferences are intercorrelated in some way,
as addressed by Che et al. (2015). For example, within a particular school district, when
we observe that there are several parents who rank school 1 as the best and school 2 as
the worse, it seems impossible to have another parent who ranks school 2 over school 1.

Then a natural question is: is it possible that in reality the RP is actually sd-efficient?

To answer this question, we need to investigate the preference restrictions which in-

duce inefficiency for RP.
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E.1 Definitions and Notations

Let A denote the object set and / denote the agent set. Typical elements in A are
denoted a, b, x, y, and typical element in [ are denoted i, j, [. We assume |A| = |[I| =n >
4% A preference of agent on objects is a linear order on A and typically denoted as P;.
By B(a, P;) we mean the upper contour set of a in P, i.e., B(a, P;) = {x € A: zP,a}.
A preference profile is a list of preferences, one for each agent. Given a preference profile
P, we refer to F; as the preference of agent :. A random assignment, or a bi-stochastic
matrix, is denoted as L. In addition, L;, denotes the probability that agent ¢ gets object a.

We focus on RP rule, which is a convex combination of serial dictatorships. By a
prior, we mean an order of agents, i.e., a one-to-one bijection o : I — {1,--- ,n}. And
o(i) = m means according to o agent 7 is ranked as the m-th in /. Hence o (i) < o(j)
means according to o agent ¢ is ranked before j. Given a prior o and a preference profile
P, we denote Pr;(o, P) = a when the serial dictatorship defined by o gives agent i object

a.

Definition 17 Given a pair of preferences, P; and P,, we say they are adjacent if there

is an index 1 < k < n and two objects x,y € A such that r.(P;) = rp1(P) = =,
res1(Py) = ru(Pi) =y, and B(x.P;) = B(y, P)).

ranking: e kE k+1
-P’L : --------- l’ y PR
B(z,P;) (2)
I
— —_——
-F)i : --------- y l’

When P; and P, are adjacent through a reversal between x and vy, we denote it by P, ~{#}

P,

Lemma 16 Let P be an arbitrary profile and L = RP(P), for any i € I and any a € A,

L, > 0 if and only if there is a prior o such that Pr;(o, P) = a,

26When n < 3, RP is sd-efficient.
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Given a preference profile P and a random assignment L, we define a relation on A

asar(P,L)b< Ji €I :aPb, Ly > 0.

Lemma 17 (Lemma 3 in Bogomolnaia and Moulin (2001)) The random assignment L

is sd-efficient at profile P if and only if T(P, L) is acyclic.

Proof: Suppose 7(P, L) is a cycle, let

ap 7(P,L) ay 7(P,L) a3 --- ax 7(P,L) a
il 2.2 ZK
where 1, is the agent such that ax P, ag 41 and L;q, , > 0.
By Lemma 16, there exists this cycle if and only if for each £k = 1,--- | K there is
a oy such that Pr; (o, P) = ag41 (let ax11 = ay). Foreach k = 1,--- | K, define

another (infeasible) matching /i, such that p(ix) = ay and pi(j) = Prj(oy, P) for all
J # ix. Then it’s easy to see that {yy, - - - , g } dominates { Pr (o, P),- -+ , Pr(ok, P)},
which is equivalent to saying that L is sd-inefficient at P, by Abdulkadiroglu and Sonmez
(2003). [

E.2 Conditions

Condition 1 A domain 2 satisfies condition 1 if for any P;, P, € 9 and any v,y € A

such that x Py, yPx and ry(P;) = vy, |B(x, P;)\B(z, B)| > n — k.

P’i : DY y DY :L'
M,_/
B(z,P;)
P T gy (3)
ranking: k

Condition 2 A domain 9 satisfies condition 2 if there exists no adjacent pair P;, P, € 9.
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E.3 Results

The following two results showing that both Condition 1 and 2 are necessary for RP
to be sd-efficient. In other words, whenever either one of these two conditions is violated,

the RP rule is for sure inefficient.
Proposition 4 The RP is sd-efficient on a domain & only if 9 satisfies condition 1.

Proof: We prove the contrapositive statement. Let P;, P, € 2 be such that Py, y Pz,
and |B(x, P)\B(z,P;)] < n —k — 1, where 7(P;) = y. Let P € %' be a profile
such that agents i1, - - - ,4; report F; and agents g1, - , ipq(n—k) report P,. In addition,

denote L. = RP(P). It sufices to show L is sd-inefficient at P.

Consider a prior 0y : 41, -+ , 9k, lkt1, * * 5 Tht(n—k)- According to o1, agent i, takes y,
which gives L;, , > 0. Consider in addition another prior oy : i1, ,4|B(,P)|=15 k415" * 5 th(n—k)> " " " -
According to oy, agents iy, - - - , (s, p,)—1 take B(x, P;)\{x}. After that, agents ij1, - , ips (n—k)

take objects in B(z, P;)\ B(z, P,), if there are some remaining. Notice that it takes at most
n — k — 1 agents to take away B(z, P;)\B(z, P;) and there are n — k agents waiting to
do so. Hence there must be an agent in 441, " -+ , ix4(n—k) Who takes x. That agent is ac-

tually iii|p (2, P)\B(e,p,)|+1> Which gives L » > 0. Combining the above

Ukt |B(e,P)\B(z,Py)|+10

two observations, we know L is sd-inefficient at P. [ ]

Proposition 5 The RP is sd-effficient on a domain only if 7 satisfies condition 2.

Proof: We prove the contrapositive statement. Let P;, P, € 2 and two objects z,y € A

such that 7 = 1, (P;) = r411(P;), y = re41(P;) = r(P;) forsome k = 1,--- ,n — 1, and
B(z, P;) = B(y, P,;). To prove the statement, it suffices to show that there exists a profile
P which consists of only these two preferences and L = RP(P) is sd-inefficient at P.

When n is even, let P be a profile, according to which agents iy, - - ,i,/5 report P
and the remaining agents, 7,241, * * , ip, Feport P.

If &k < n/2, consider two order of agents o, and o depicted in (4).

According to o4, agents i1, --- , 1,1 take the first £ — 1 ranked objects. And after

this, agents 4,011 and 4,,/24o take y and x respectively. Hence we have L > 0.

/242,
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According to 03, agents i, /211, ,in/2+(k—1) take the first & — 1 ranked objects. And
after this, agents ¢; and 7, take x and y respectively. Hence we have L;, , > 0. Combining

these two observations, we know L is sd-inefficient at P.

order: 1 k—1 k k—+1
01 1 tet Tp—1 in/2+1 in/2+2 Tt 4)
O3 . in/2+1 T in/2+(k—1) i1 (5

If K > n/2 + 1, consider two orders of agents o3 and o4, where o3(l) = i, for all
Il =1,---,n, 04(l) = tnjo4; and 04(n/2 +1) = 4 forl = 1,--- ,n/2. According to
o3, agent iy, takes x, which gives L;, ., > 0. According to o4, agent iy_, /o1 takes

y, which gives L;, » > 0. Combining these two observations, we know L is sd-

—n/2+1
inefficient at P.

The case where 7 is odd can be verified similarly, we omit it here. |

Remark 13 Almost all domains in the voting literature violate the Condition 2: the
universal domain (Gibbard (1973)), linked domains (Aswal et al. (2003)), circular do-
mains (Sato (2010)), the single-peaked domain (Moulin (1980), Demange (1982)), the
single-dipped domain (Barbera et al. (2012)), maximal single-crossing domains (Sapor-
iti (2009)), generalized single-peaked domains (Nehring and Puppe (2007)), the multi-
dimensional single-peaked domain (Barbera et al. (1993)) and the separable domain (Bar-

bera et al. (1991)). Therefore, our impossibility result also prevails on these domains.

Unfortunately, these two conditions combined is not sufficient to guarantee efficiency,

as indicated by the following example.

Example 10 A domain which satisfies both conditions but gives a profile for which the
random priority is inefficient. Consider the following four preference. It’s easy to verify

that the domain consisting of these preferences satisfies both conditions.

Pi:c a b d
Po:c b d a
Py:d a ¢ b
Pi:d b ¢ a
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Let P = (Pl,PQ,Pg,P4).
Consider prior 0 : 2 < 4 < 3 < 1, we have Pr(c, P) = (b,c,a,d). Consider prior
o':1<3<4<2, wehave Pr(¢’,P) = (c,a,d,b). Thenlet L = RP(P), we have

Ly, > 0and Lo, > 0: L is inefficient at P.
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