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Abstract

This dissertation investigates two aspects of the fractional quantum Hall effect.
First, I study the quasiholes in certain fractional quantum Hall states that are
promising candidates for the experimental realization of non-Abelian anyons. I ap-
ply the newly developed matrix product state technique to examine these exotic
excitations, and determine the correlation lengths associated with the exponential
convergence of the braiding statistics. This provides the first microscopic verification
for the Fibonacci nature of the Z3 Read-Rezayi quasiholes. 1 also present evidence
for the failure of plasma screening in the non-unitary Gaffnian wave function.
Second, I discuss the so-called fractional Chern insulators. These strongly-
correlated phases are stabilized by repulsive interactions between electrons in a
topological Bloch band. They exhibit fractional quantum Hall effect at zero mag-
netic field, but also display features fundamentally distinct from their continuum
counterparts. I will construct model wave functions for these lattice states, and
explain their difference from the continuum analogues as a specially crafted set of

boundary conditions.
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Chapter 1

Introduction

Fractional quantum Hall effect [92] is the prototype system for the emergence of topo-
logical order in condensed matter. It features an extremely rich interplay between
nontrivial topology and strong correlations. Despite thirty years of intense research,
this model system is still of immense interest. In this dissertation, we present two
recent developments. First, we provide a microscopic characterization of the non-
Abelian nature of quasiholes in certain exotic quantum Hall states. Second, we ex-
amine the fractionalized phases of interacting electrons in a partially filled topological

flat band.

1.1 Non-Abelian quasiholes

Non-Abelian anyons [63] are among the most striking manifestations of topological
order. They are localized quasiparticles with two defining properties. First, multiple
non-Abelian anyons at fixed positions span a quasi-degenerate Hilbert space, and this
quasi-degeneracy is stable against local perturbations. Second, braiding quasiparti-
cles implements unitary transformations over the degenerate Hilbert space. These
transformations depends only on the topology of the braids rather than the actual

trajectories, and different braiding matrices do not commute. This makes it pos-
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sible to construct topologically fault-tolerant quantum computers from these exotic
excitations [47].

In this context, of particular importance are the Fibonacci anyons. They provide
a representation of the braiding group rich enough to carry out universal quantum
computations [30, 31, 44], which cannot be achieved with simpler non-Abelian anyons
such as the Majorana fermions. It has long been conjectured that the quasiholes in the
Z3 Read-Rezayi state [73], which may describe the filling v = 12/5 fractional quantum
Hall plateau [103], are Fibonacci anyons when sufficiently separated. However, this
conjecture has not been supported by any microscopic evidence, due to the sheer
complexity of the Z3; Read-Rezayi quasihole wave functions. In fact, beyond the
conjectured universal topological properties, very little is known about these elusive
excitations.

In Chapter 2 of this thesis, we settle this long-standing problem and explicitly
demonstrate the Fibonacci nature of the Z3 Read-Rezayi quasiholes. Through a
numerical study of the model wave functions, we establish the exponential convergence
of the braiding matrices with increasing quasihole separations, and we extract the
associated length scales as well as the quasihole radii. This puts an upper bound
on the desirable quasihole density in interferometer devices: at a higher density, the
Zs Read-Rezayi quasiholes exhibit clear non-universal deviations from the Fibonacci
anyons.

In addition, we also provide a microscopic diagnosis for the pathology of the
Gaffnian wave function [81], which is conjectured not to give rise to sensible braiding
statistics due to its root in non-unitary conformal field theories [72]. We explicitly
demonstrate that the non-universal, path-dependent contributions to the braiding
matrices follow a power-law rather than exponential decay when quasihole separa-
tions increase. This signals the failure of plasma screening and highlights the gapless

nature of the Gaffnian. Our results largely rule out the possibility of salvaging this



pathological wave function as the description of a gapped phase with topological
order.

The above progress is enabled by the recent development [24, 107, 26, 27| of the
exact matrix product states [29, 78] for fractional quantum Hall effect. Essentially,
the matrix product state is a tensor factorization of the many-body wave function.
This factorization makes it possible to exploit the entanglement area law [25] and to
store quantum information compactly, and it also greatly facilitates the calculation

of physical observables.

1.2 Fractional Chern insulators

The fractional quantum Hall effect was originally discovered in two-dimensional elec-
tron gas subject to a strong perpendicular magnetic field [92, 52]. Recently, it was
demonstrated numerically that these strongly-correlated phases also exist in a par-
tially filled topological band, even in the absence of a magnetic field. Chapters 3 to 5
of this thesis are devoted to the study of these so-called fractional Chern insulators.

The Chern insulator [40] is the first and simplest example of a topological insulator.
It is defined by a non-zero Chern number of the occupied bands. It exhibits an
integer Hall conductance similar to the integer quantum Hall effect, but at zero overall
magnetic field. Recent developments have shown that strong electronic interactions
open up interesting new possibilities [80, 65, 74].

In Chapter 3, using exact diagonalization, we demonstrate numerically the ex-
istence of fractionalized phases in an array of Chern insulator lattice models with
Chern number C' = 1. These phases include the zero-magnetic-field counterparts of
both Abelian and non-Abelian quantum Hall states. We identify them from finite-size

numerics using a combination of probes in the energy and the entanglement spectra.



We also find a correlation between the stability of the strongly-correlated phase and
the uniformity of the Berry curvature in the band structure.

In Chapter 4, we construct many-body trial wave functions for the fractionalized
phases of a partially filled C' = 1 band, by transcribing quantum Hall states on a
continuum torus to the lattice. This is achieved through a one-body mapping between
the Landau orbitals in the continuum Landau level and the localized hybrid Wannier
orbitals in a C' = 1 Chern band [71]. We pinpoint a previously overlooked gauge
freedom in this mapping, and provide an explicit prescription for gauge fixing. We
find that the exact ground states at v = 1/3 filling of the fractional Chern insulators
studied in Chapter 3 are well captured by the lattice states constructed from the
Laughlin wave function.

The discussion so far has been limited to a topological band with Chern number
C' = 1, which is essentially the same as the continuum fractional quantum Hall ef-
fect in a periodic potential [50]. The strongly-correlated physics in a C' > 1 Chern
band [90, 104, 95] turned out to be much richer than the conventional fractional
quantum Hall effect, due to the interplay between topological order and lattice struc-
ture [7, 55, 84]. Barkeshli and Qi [7] mapped a C' > 1 Chern band to a C-component
lowest Landau level using hybrid Wannier states [71], and suggested the possibility
to realize multicomponent FQH states in a single Chern band. Numerical stud-
ies [95, 55, 84, 36] indeed found clear signature of such states, including the color
SU(C) version of the Halperin [41] and the non-Abelian spin-singlet states [4], but
also identified qualitative deviations from these states, [84, 55] implying a more com-
plex structure than proposed in Ref. [7].

In Chapter 5, we argue that these new features can be understood as the con-
sequences of a special set of boundary conditions associated with the mapping to
the lowest Landau level. In the simplest case, this alternative boundary condition

can be understood as a color-dependent magnetic flux insertion. We demonstrated



that the multicomponent Landau level in a new Bloch basis can be seen as a single
manifold with constant Berry curvature and Chern number C. Using pseudopoten-
tial Hamiltonians, we constructed model states for fractional Chern insulators with
an arbitrary Chern number, and found high overlaps with the exact ground states.
Crucially, our model states correctly capture the anomalous features in the particle
entanglement spectrum of the C' > 1 fractional Chern insulators. This makes our
states distinct from the conventional multicomponent fractional quantum Hall states.
Finally, we analyze the thin-torus limit of the pseudopotential Hamiltonians, and ex-
tract counting rules for the degeneracy of its zero modes in each Bloch momentum

sector.



Chapter 2

Braiding non-Abelian quasiholes

Non-Abelian anyons have been the focus of much theoretical and experimental interest
due to the exciting prospect of topologically fault-tolerant quantum computing [47,
30, 31, 44, 63]. As noted by Kitaev [47], the topological degeneracy of these exotic
excitations allows non-local storage of quantum information, while adiabatic braiding
implements unitary quantum gates.

Candidates [22, 85, 19] for their physical realization are the quasiholes in certain
fractional quantum Hall states [92], in particular, those around the plateaus at fillings
v = 5/2 and 12/5 [97, 66, 103]. Their model wave functions, namely the Moore-
Read [60] (MR) and the Zj3; Read-Rezayi [73] (RR) states, enjoy an elegant first-
quantized rewriting [32, 60] in terms of conformal field theory [8, 61, 23] (CFT)
correlators, from which many physical properties can be predicted. The strengths of
this approach rest on a crucial conjecture [60]: quasihole braiding statistics can be
directly read off from the monodromy of the CF'T correlators. Under this conjecture,
the MR quasiholes are Ising anyons, while the Z3 RR ones are Fibonacci anyons. But
the proof of the conjecture itself is lacking.

The relation between statistics and monodromy was originally established for the

Laughlin state [52] through the plasma analogy [5]. Assuming sufficient quasihole



separations, the statistics-monodromy equivalence holds true when the plasma is in
the screening phase. With considerable effort, this line of argument was recently
extended to the MR state [37, 72, 18], in agreement with finite-size numerics [91, 70, 6].
More complicated states like the Z3 RR still remain uncharted territory for both
analytics and numerics, despite their capacity for universal quantum computation [30,
31, 44]. Moreover, wave functions constructed from non-unitary field theories (such
as the Gaffnian [81]) are conjectured not to give rise to sensible statistics [72], yet the
microscopic symptom of such pathology is still far from clear.

In this chapter, we aim to settle the aforementioned issues through numerical stud-
ies of model wave functions [98]. Until very recently, this was a daunting task due to
the exponentially large Hilbert space, and in many cases, the absence of a convenient
analytical form of the quasihole wave functions. In fact, so far only the Laughlin and
the MR quasiholes have been tested directly, with various degrees of success, using
exact diagonalization and Monte Carlo techniques [91, 70, 6]. A similar check on the
Gaffnian and the Z3 RR states proves extremely challenging due to the combinatorial
complexity of their analytical expressions. These difficulties are partially solved by
the recent development [24, 107, 26, 27| of exact matrix product states [29, 78] (MPS)
for the CFT-derived wave functions [32, 60]. The MPS formalism provides a faithful
and efficient representation of quantum Hall model states, and greatly facilitates the
calculation of physical observables. We generalize this novel technique to non-Abelian

quasiholes.



2.1 Conformal correlators as matrix product
states

Before discussing the physical results, we first set the stage for the construction of the
quantum Hall matrix product states (MPS). The discussion in this section is partly
based on Refs. [24, 107, 26, 27].

We consider model wave functions in the lowest Landau level constructed from
chiral conformal correlators [32, 60]. In the field correlation function, an electron at

position z is represented by an insertion V(z) in the tensor product form
V(z) = h(2) @ :VIPR) . (2.1)

Here, v is a primary field in the so-called neutral CFT, whereas the normal-ordered
:eVi%: is a vertex operator associated with a free boson field ¢, with ¢ = 1/v being

the inverse filling fraction. Then, the conformal correlator

(V(z)V(2) - V(z)) (2.2)

can be viewed as a many-body wave function W(zy, 29, ..., 2,). Here and hereafter,
the double brackets denote correlators in the tensor-product CFT, in contrast to the
states of physical electrons.

We work on a cylinder geometry with finite perimeter L,.! The complex coor-
dinate z = x + 7y has x running along the cylinder axis and y running around the
cylinder perimeter. To reduce clutter, in this section we adopt the unit system where
the magnetic length ¢y = 1. For later convenience, we define the inverse radius

_27T

v = L, (2.3)

'Due to the entanglement area law, this choice is more preferable to the disk or the sphere
geometry.



The many-body wave function W(zq, 2o, ..., 2,) is given by the conformal correlator
in Eq. (2.2) evaluated on the cylinder geometry, which can be “exploded” into the

usual planar geometry using the conformal transformation z — e€7*.

2.1.1 Background charge and gauge choice

The MPS is a tensor factorization of the second-quantized amplitudes of the many-
body wave function W(zq,zs,...,2x). The first step is thus to obtain ¥ in the
occupation-number basis. We pick the Landau gauge for the magnetic field, and

work with the Landau orbitals labeled by the wave number j € Z:

1 T LA
Yi(z,y) = ————F e 2T = ———— %2, (2.4)

(VAL,)} (VAL,)}
These one-body orbitals take the form of a holomorphic function in 2z times a Gaus-
sian in . Due to the chirality of the electron operators V(z), the conformal correlator
in Eq. (2.2) does not have the (non-holomorphic) Gaussian factor, and thus does not
yet qualify as a many-body wave function in the lowest Landau level. Fortunately,
the Gaussian factor can be generated naturally by spreading the neutralizing back-
ground charge for the boson field ¢ uniformly [60] on the cylinder. This amounts to

. 1 2
t227i J9% () . into the conformal corre-

inserting another (non-primary) operator :e
lator, representing the background charge. Here, the normal ordering removes self
interactions between background charges at different locations. However, as discussed
in Ref. [60], this extra insertion has a side effect: in addition to the desirable Gaus-

sian factor, it also introduces a non-holomorphic gauge factor. Taken altogether, the

cylinder many-body wave function in the Landau gauge is given by

U(21, 20, ..., 2n) = € 2600 <<V(zl) o V(z) e (1206, >> (2.5)



2.1.2 Occupation-number basis

We now try to expand the above wave function in the occupation-number basis. Since
each Landau orbital is a momentum eigenstate, we can extract the second-quantized
amplitudes through a Fourier transform in the y direction. Notice that the one-body

wave function 1; reduces to a simple plane wave along the orbital center x = v,

1 .y
(V) = —=—e". (2.6)

(VTL,)?

To take advantage of this, we follow Ref. [107] and place the Fourier integration
contours along the orbital centers. Then, we can express the amplitude associated

with occupied orbitals {j1, ja, -+ ,Jn} as
Ly du:
Ui i S
Wiz sen = H/ T e Wy + Y1, Yin + 1Yn)
i Y0 Y

L[ otttV .

up to a constant normalization factor. Notice that at x; = ~vy;, the gauge transfor-

(2.7)

mation €@ in Eq. (2.5) cancels the Fourier factor e="7Jii.

The next step is to rewrite the above expression in terms of the occupation num-
bers m; = 0,1 of each Landau orbital j. We work in the operator formalism of the
CFT, and interpret the x direction along the cylinder axis as the imaginary time and
the perpendicular y direction as the space direction. For simplicity, we first consider
only the electron operators, and postpone the treatment of the background charge
operator. We are free to pick the index ordering of the occupied orbitals. Choosing
J1 > Ja > --- > j, ensures the time-ordering of electron operators and allows us to

convert the correlator into an operator expression

(V(vir+ i) - - V(dn + iya)) = (out| V(i +iy1) -+ V(Vjn + iya)in)).  (2.8)

On the right-hand side, the over-hats highlight the operator nature of the insertions,

and the choice of the in- and the out-states will be discussed later.
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Thanks to the conformal invariance, the x-dependence of the primary field inser-

tion V(z + iy) can be extracted as an imaginary-time evolution,

A~

V(z + iy) = e oY (iy)e ko, (2.9)

Here, the Lo operator is the Virasoro generator for dilations, and szo serves as the

CFT Hamiltonian on the cylinder. We define the zero-mode of the electron operator

. Ly Qy ..
Vo = / Y Vi), (2.10)
0

Yy

Without worrying about the background charge for now, we can now rewrite Eq. (2.7)

as
({0ut| ]}0 e—(j1-j2)72fzo ]A}O 6—(j2—j3)’72izo o e—(jn—1—jn)’y2ﬁo ]}0 |in>>, (2‘11)

up to factors that depend only on the energy of the in- and the out-state bound-
aries. The above expression is an imaginary time evolution along the cylinder axis,
punctured by the electron zero-mode operators at the center of each occupied orbital.
To assign the time evolution to individual orbitals, we define Us = e”ﬁo‘;, which
advances in imaginary time any state in the conformal Hilbert space at a given time
slice by ¢ along the cylinder. Finally, we can write the second-quantized amplitude
Wy, associated with the occupation numbers {m} = [mg, m1, mo, .. .| of the Landau

orbitals as
Uiy = ({m}|W) = (out| - B B™ B|in), (2.12)

with the B™ operators given by

A

B =0, B'=U,. (2.13)

2.1.3 Cylinder evolution operator

We now go back to the issue of the uniform background charge. We would like to

treat it in the same way as the electron operator. To this end, we first split the
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two-dimensional integral into small patches,

o QW\[ fdxdy(j)(:erzy H . <2W1\[dxdy¢(z+zy) : (214)

T,y

where the product over patches (x,y) is time ordered, and ¢ = 1/v is the inverse fill-
ing fraction. Evidently this operation introduces unwanted self interactions between
background charges at different locations. Fortunately, this only leads to an overall

constant factor that does not depend on the electron position. Notice that each factor

P LG primary field, for which Eq. (2.9) applies:

iz dedydativ) . evko . iz dedyd) . —arlo. (2.15)

Thanks to the time ordering, we can recombine the patches at the same x, leading to

- 1 da
e 2ﬂffdxdy¢(xﬂy HemLOe va % % *mLO (2.16)

T

where the product over time slices x is still time ordered, and the zero-mode (50 of

the boson field is defined by

~ Ly dy
b= [ ot (217)

Therefore, up to an inconsequential overall constant, the uniform background charge
operator amounts to adding an exponentiated boson zero-mode insertion at each
time slice. We can combine this with the time evolution, and redefine Us as the

path-ordered exponential

5
Us = Pexp [—/0 dx (”yI:o + ify\l/ﬁéo)} : (2.18)

This modification is enough to capture the effect of the uniform background charge

operator, up to an overall constant. The path-ordered exponential can be further

simplified as

U ep(i5 é)ep(éf/)ep{ 1(5 <d2—|— 6&—1— > )] (2.19)
=exp (—i——= xp | — Xp | —= , .
’ WIT T 2\ T 57" T 3

12



where ag is the zero-mode of the U(1) current, which is the canonical conjugate to

~

bo: Do, ao] = 1.

2.1.4 Matrix product factorization

The second-quantized amplitude in Eq. (2.12) can be readily converted into a matrix
product state. Between each pair of adjacent Bm™ operators, we can insert a unit

resolution into a complete set of states over the conformal Hilbert space,

1= lah{al, (2.20)

the orthonormal basis states |a)) can be constructed from the Virasoro descendants
through the Gram-Schmidt process [26]. Due to the e=7"Lo factor introduced by
the cylinder evolution (77 in the B™ operators, the CFT states with higher energy
(measured by ’ylALo) are exponentially suppressed at finite cylinder perimeter. This
allows us to truncate the conformal Hilbert space, and keep only the lowest few levels
of descendants. This then yields a matrix product state for the CFT-derived model
wave function,

(W) =) [+~ B™B™ B™ gy | -+, ma, my, mo). (2.21)

{m}

Here, each orbital is represented by a B™ matrix, which is essentially a CFT three-
point function, and |---,mgy,my, mg) is the Slater-determinant basis states con-
structed from Landau orbitals with occupation numbers {m}. The matrix elements
[B™.3 = (a|B™|B) can be constructed iteratively from the Virasoro algebra. The

details of the numerical algorithm can be found in Ref. [27].

2.1.5 Conformal blocks for non-Abelian quasiholes

In the CFT formalism, similar to the electrons, a localized quasihole at position 7 is

represented by the insertion of a primary field Q(n) into the conformal correlator. The
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simplest example is the so-called Abelian quasihole, which is simply a U(1) primary
1
field :¢'va*™ ;. In this chapter, we are interested in the so-called k-particle clustered

states, for which the fundamental quasihole takes a tensor-product form
Q(n) =oc(n)® e mad (2.22)

Here the integer k is the same as the subscript & as in Zj Read-Rezayi (RR) states [73].
Therefore, for the Moore-Read [60] (MR) state we have k = 2, and for the Z3 Read-
Rezayi state we have k = 3. The Gaffnian wave function [81] that we will discuss
later is characterized by k = 2.

Compared with the case without quasiholes discussed earlier, the new challenge
here stems from the nontrivial fusion of the neutral o field of the non-Abelian quasi-
holes. Fixing all the pinned quasihole coordinates does not specify a single wave func-
tion. Rather, it defines a multi-dimensional vector space of degenerate states [60, 64].
The action of the quasihole operator Q(n) on a CFT state |a)) does not in general
yield a unique result. Instead, one could choose from the multiple Verma modules
in the fusion result of o and . In the MPS construction, instead of inserting a unit
resolution over the full CFT Hilbert space as in Eq. (2.20), we can pick a single Verma

module ® and insert a projector

1o = 3 la) (ol (2:23)

where |«)) spans an orthonormal basis in the Verma module ®. This leads to the
conformal-block [60] basis in the degenerate space of quasihole states, labeled by
topological charges on fusion tree diagrams [61, 48|.

We illustrate this procedure using the MR state [60]. Its neutral CFT is given by

the holomorphic part of the Ising CFT, with primary fields (1,4, 0) and fusion rules

vxYp=1, yxXo=0, cxo=1+1, (2.24)
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where 1) represents an electron and o carries a quasihole. Since only ¢ x ¢ has multiple
outcomes, to enumerate n-quasihole states, we only need to consider the fusion trees
of n o fields. For example, for an even number of electrons, there are two degenerate

four-quasihole states,

o o o o
v, = , a=1or7. 2.25
)=~ L/ ! 229
The Z3 Read-Rezayi state can be described by the Zs parafermion conformal field
theory [73, 3], also known as the minimal model M(5,6) [23], with central charge
c= %. The primary fields of this CFT are (1, 44,9, €, 01, 03), with scaling dimensions
(0,2,2,2 L 1) Electrons and quasiholes are represented by 1, and o, fields, resp.

The fusion rules of these fields are
1 ¥ s € 01 o)

1| Y pe 1 09 € o1

oL o1 € 0y Yat+or Yi+oy 1+e¢

There are again two four-quasihole states

g1 01 01 01
W,) = Ww . a =1 or 0. (2.26)
2

For each set of fusion tree labels, we can construct a MPS for the corresponding
conformal-block wave function following the same steps as earlier. We use (x, () to
denote the real and the imaginary parts of the quasihole coordinate n = x + (. In
Eq. (2.8), we now have extra Q(x; + i(;) operators at positions determined by time

ordering. Considering
O(x +i¢) = et Q(i¢)e ko, (2.27)

the time evolution in Eq. (2.11) is further punctured by Q(i¢;) insertions at time slices
Xi- Recall that when we define the orbital Bm operators in Eq. (2.13), we cut the
cylinder evolution into chunks of length v and assigned them to individual orbitals.
The time ordering now requires us to insert Q(i¢) into the cylinder factor Uw in the
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B™ operator at the orbital adjacent to the quasihole. We define the fractional part

(relative to orbital separation 7) of the y coordinate as

) =x—-7 x/v], (2.28)

where the floor function |z | € Z denotes the largest integer no greater than x. Then,
without modifying the B™ operators, the quasihole insertion Q(x +1iC) is represented

in Eq. (2.12) by the insertion of
Bo(x +i¢) = Uy Qi¢)U ) (2.29)

between the B™ operators for orbitals |y/v| and |x/v| + 1. The ambiguity in the
action of BQ on a CFT state due to the nontrivial fusion rules is resolved according
to the fusion tree diagram labeling.

There is one last issue that we glossed over in the earlier discussion. When we ex-
pand the CFT-derived wave function into Slater-determinant basis states in Eq. (2.7),
we place the electron contours along the center of each occupied orbital. Therefore,
for different Slater-determinant states, the placement of electrons in the x direction
is different. This creates a problem when we also have fixed quasihole insertions in
the conformal correlator: we need to commute the quasihole operators and the elec-
tron operators into time ordering.? Since the quasiholes are local with respect to the
electrons, even in the non-Abelian case, the most we can get is a minus sign when
we commute a quasihole across an electron. This mutual-statistics minus sign is not
gauge invariant; it depends on the specific gauge choice for the holomorphic half of
the CFT. Fortunately, this sign is very easy to determine using the MPS code, which

is essentially a truncated CFT calculator.
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Table 2.1: Numerical data for quasihole radii R and the correlation length associated
with wave function orthogonality.

v R/{y Eortho/ Lo
Laughlin % $:2.6 -
Moore-Read % 528 5127 2.6
Zs Read-Rezayi 2 £:3.0 2:28 34

2.2 Physical results

We now move on to discuss the physical results obtained using the MPS technique.
For the Zji<3 RR states (including Laughlin and MR at k = 1,2), as well as the
Gaffnian wave function, we construct MPS for localized quasiholes, and estimate
their radii from the electron density profile. From adiabatic transport, we obtain the
braiding matrices, verify the link between statistics and monodromy for Z;<3 RR at
large quasihole separations, and determine the associated length scales. Numerical
data are summarized in Table 2.1. Through these characterizations, we confirm the
Fibonacci nature of the Z3 RR quasiholes, and we provide the first size estimate
for these exotic excitations. Our results also give a microscopic diagnosis for the

pathology of the Gaffnian.

2.2.1 Moore-Read and Z3; Read-Rezayi quasiholes

In this subsection we examine the Z;<3 RR states at fillings v = kLJrQ
Before studying the braiding statistics, we first check whether the quasiholes are

ke
k+2

indeed localized excitations. We check the charge ve = Abelian quasiholes, and

e
k+2

for the £ > 1 theories, also the fundamental non-Abelian quasiholes. In the
electron density profile, we find a localized and isotropic reduction around quasihole
centers, which does not depend on the presence of other quasiholes sufficiently far

away. An example is given in Fig. 2.1 for the RR £, % (two ¢ fused in o03), and ?’f

2We do not have to worry about commuting the fized quasiholes themselves.
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Figure 2.1: Electron density for Zs RR £(+), 2(x) and 2(x) quasiholes on an infinite
cylinder with perimeter L, = 20¢,.
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Figure 2.2: (a) shows the radial dependence of electron density p near a quasihole,

at L, = 20{y. For Zy—p3 RR, we study both the %5 (dotted) and the k’f2 quasiholes

(solid curves). (b) shows the quasihole radius R as a function of cylinder perimeter
L,, using the markers defined in (a).
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quasiholes. The electron density displays small ripples in the periphery of a quasihole,
as seen more clearly in the radial plots in Fig. 2.2(a). Following Ref. [46], we extract
the quasihole radius R from the second moment of the charge excess distribution 3.
This definition is susceptible to the thin-cylinder density wave background [89], but

it quickly converges as L, increases [Fig. 2.2(b)]. We note that the quasihole size

barely depends on k. For k > 1, the -5 fundamental and the -£¢

[ 5 Abelian quasiholes

also have comparable sizes. Listed in Table 2.1, the numerical values are consistent
with those previously reported for Zy—; 2 [46, 70, 86]. For the Zs RR quasiholes, our
calculation provides the first radius estimate, R ~ 3.0¢,. Strictly speaking this is a
lower bound, as the quasiholes in the Coulomb ground state could be larger [46].
With the localized nature of the quasiholes established, we now examine their
braiding statistics. For Zj_o35 RR states, we consider the two braids {12} and {23}
parametrized by the mobile quasihole 7, as depicted in Fig. 2.3. We compute the

Berry connection over each dn segment along the braid

(Wa(n + dn)|Ws(n))
[Wa(n+dn)| - [Ws(n)]’

in the unnormalized {|¥,)} basis from Egs. (2.25, 2.26). Due to the nontrivial mon-

Aab(n; dT]) = e*idTIAab(Ti) = (230)

odromy of the CFT correlator, |¥,(n)) is multivalued in 7. At each stationary quasi-
hole, a branch cut runs vertically around the cylinder, generating singularities in the
Berry connection. If we keep 1 and 1 + dn on opposite sides of the cut while letting

dn — 0 [Fig. 2.3], the connection A(n; dn) tends to a constant matrix B not equal to

3This definition of R is very sensitive to the tail of the charge excess distribution. It clearly
distinguishes quasihole sizes in different theories, even though the extent of the quasihole seems
comparable between different curves in Fig. 2.2(a) by direct inspection.
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the identity:

10 eSm/5 ()
12 12

BIE/IR} = ) Bl{m} - )
0 ¢ 0 1

050055 +0.500557  0.49945 —0.4994
B = i ° ‘ 1, (2.31)
0.49945—0.4994gi  0.50055+0.50055i

B8 _ 0.500083+0.36333¢2  0.63574,—0.461832
RR

0.636109—0.462157¢ 0.1910124-0.5878651

These matrices virtually coincide with the half-braid matrices [61] of the CFT corre-

lators [18, 3], as in?

o o 0o 0 1 0 q o o ¢ % % g g o 0
= = 2.32
L S T B e
2 2
ba ba
g1 01 g1 01 w0 | qoo;m Pw VO w g1 g1L_o1 01
3 = b / g b ,
€ "thy 0 1 € by \/a/w d 2 € "o
ba ba

(2.33)

with w = ¢™/% and ® = ¥Y5-1. The subscripts in Eq. (2.31) give the last-digit
deviations from the exact values. The B1% are of machine precision at moderate L,,
because in the actual calculations we push the inert quasiholes outside of the braiding
loop to infinity [see Eq. (2.35)], which essentially decouples the two conformal blocks
for the {12} braid.

The above half-braid B matrices, when squared, give the monodromy prediction
for the braiding statistics, namely, Ising and Fibonacci for Zy—s3 RR, resp. These
matrices should come out exactly as the CFT prediction, since we are implementing

exactly the conformal blocks up to CFT truncation [106]. The actual braiding ma-

trices are determined by the Wilson loop, which, in addition to the B matrices, also

4The RR matrices here are unitarily similar to Ref. [3], due to their fusion tree choice “+¢ versus
our ~~£4/.
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Figure 2.3: Two braids of four-quasihole states, {12} and {23}. We draw in yellow
the branch cuts passing through each quasihole, and mark the half-braid B matrices
by black arrows.
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Figure 2.4: Dependence of the overlaps on the quasihole separation An at L, = 20¢,.
|abc|? is shorthand for {abc|abc).

depends on the Berry connections away from the branch cuts. These non-singular
contributions are responsible for the potential discrepancy between monodromy and
statistics, and are related to the overlap matrix (¥, |¥,) with fixed quasihole positions.
As detailed in Ref. [18], if at large quasihole separation |An|, the overlap converges

exponentially fast to a constant diagonal matrix,
(W, | W) = Cobap + O(e7 1AM/ with C, # 0, (2.34)

then, except for the branch cuts, the Berry connection vanishes up to an exponentially
small correction Agy(n) ~ O(e~1AM/v) after subtracting the Aharonov-Bohm phase
from the background magnetic field. Hence, Eq. (2.34) quantifies a sufficient condition
for the equivalence between monodromy and statistics for well separated quasiholes.
We now examine its validity for Z,— 3 RR. To simplify the functional form, we keep

only two quasiholes at a finite separation An and push others to infinity. The resulting
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Figure 2.5: Electron density for Gaffnian £ quasiholes in pair fusion channel 1 (top)

vs. ¢ (bottom) [Eq. (2.36)] at L, = 204,.

states are labeled by fusion trees

a ¥ ¢ a P1 91
labc) = \bkLc (for MR) or \bkLc (Z3 RR), (2.35)

and implemented by setting the MPS boundary conditions to the leading eigenvectors
of the MPS transfer matrix in topological sectors a and ¢ [27]. Plotted in Fig. 2.4,
(abclab'c) indeed has the exponential convergence form of Eq. (2.34) in all channels.
The correlation lengths can be estimated by curve fitting, or more conveniently, ex-
tracted from the spectral gaps of the transfer matrix (Sec. 2.A). Here we focus on the
length scale &,.4ho associated with the decaying off-diagonal elements, characterizing
the orthogonality between conformal blocks. The numerical values are catalogued
in Table 2.1. For MR, our results agree with Ref. [6]. For Zs RR, combined with
the B matrices shown earlier, the finite correlation lengths establish the quasiholes
as Fibonacci anyons. At the v = 12/5 plateau[103], with a magnetic field of 5.4 T,
& ~ 3.4/, translates to 0.038 um. To put this in perspective, the inter-quasihole
spacing in an interferometer is on the order of 0.1 pum [76] — the quasiholes are not

quite in the well-separated regime in this case.

2.2.2 Gaffnian quasiholes

Finally, we go beyond the Z; RR series, and study the Gaffnian [81] wave function

at filling v = 2/5. It is described [81] by the non-unitary generalization of the Ising
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Figure 2.6: Electron density around a single Gaffnian ¢ quasihole in the |[1o) (left
panel) and the |op) (right panel) channels, on an infinitely long cylinder with perime-
ter Ly = 20£0

CFT, namely the minimal model M(3,5) with central charge ¢ = —2. The primary
fields of this CFT are (1,1, 0, ¢), with scaling dimensions (0, 1%7 —%, %) The 9 (resp.

o) field represents an electron (resp. a quasihole), with fusion rules

1 v o 9

I o
oclo ¢ 14+¢ Yv+o

Due to the non-unitarity, the Gaffnian wave function is conjectured to describe a
gapless state rather than a gapped topological phase [72].

There are two four-quasihole wave functions,
g o o o

|W,) = Wl, a=1or . (2.36)
Each fundamental quasihole has charge e/5. We start from the electron density profile
of these states, as shown in Fig. 2.5. In contrast to the Z; RR states, the density profile
here exhibits a strong fusion-channel dependence, and also a dipole-like anisotropy
for |¥y), despite the clear separation of quasiholes. To see such peculiarities more
clearly, we push the quasihole separations to infinity, leaving only a single fully isolated
quasihole. In this limit, the conformal blocks are labeled by fusion tree segments

0 7

jab) = “L, (2.37)
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Figure 2.7: Radii of Gaffnian quasiholes in |1o) and |op) channels, as a function of
the cylinder perimeter L,.

We only need to consider |ab) = |1o) and |oy), since all the other possibilities can
be obtained by either fusing (trivially) with 1, or flipping the cylinder axis x — —=z.
Fig. 2.6 shows the electron density profile for each case. The anisotropic dipole
structure is clearly visible for |1o), in contrast to the isotropic |oy). We emphasize
that the local distinguishability of different conformal blocks persists even when the
quasiholes are infinitely separated. This casts doubt on their topological degeneracy,
although it remains unclear whether the density peculiarities are genuine, or artifacts
at finite cylinder perimeter L,.5

Similar to the Zy<3 Read-Rezayi quasiholes analyzed in previous subsection, we
estimate the quasihole radius from the second moment of the charge excess distribu-

tion [Fig. 2.7]. We have also examined the Abelian charge % quasihole obtained by

fusing two £ quasiholes in the 1 channel. We find a localized and isotropic density
reduction around each Abelian quasihole, but this calculation turns out to be rather
susceptible to the conformal Hilbert space truncation, and we have trouble reaching
convergence in the radius calculation.

We now study the braiding of Gaffnian quasiholes. Unlike the unitary Z; theories,
the conformal blocks for Gaffnian are not asymptotically orthogonal in general. In

place of the Berry connection, we consider the linear transform that relates |¥,(n))

5See Sec. 2.A for more details.

24



to [Ws(n +dn)),

[Wo(n)) [Wa(n + dn))
[Ws ()l [Wa(n+ dn)l’

and we examine its behavior along the braids depicted in Fig. 2.3. Across the branch

> Auw(n; dn) (2.38)

cuts, the analogue of the unitary half-braid matrices B are B= ./1(77; dn — 0),

eim/s F0s) 1.6165 0.746, 4+ 1.028,i

B2k — :
0 2/ 0.746; + 1.02812  —0.49955 + 1.53714

in agreement with the CF'T prediction

3 , 1
g o o g w 0 g o o 0o 1/ wz/dz g g o 0o

Z <
Wl B 2 wl B ws /D2 w3/P Wl’ (239
ba ba

with errors given in subscripts. Again, this agreement indicates that our MPS cor-
rectly implements the conformal blocks. The non-unitarity of B{*} comes from that
of the F7°° matrix [1]. Away from the branch cuts, the behavior of A is again con-
trolled by the overlaps (¥,|¥,) as a function of quasihole separations. Ideally, we
would like to examine the validity of Eq. (2.34) for its individual matrix elements, as
we do for the Z; RR states. In the L, < 25(; regime accessible by MPS, however,
this calculation is plagued by finite-size effects, and we have trouble identifying its
planar limit.

Fortunately, the conformal-block orthogonality measure

(clo|opo) (2.40)

0, = 177
O3 = olo] - Jopol

is immune from such artifacts. Here we are keeping only two quasiholes at a finite sep-
aration An while the outer two are set to 00, and we use the notation of Eq. (2.35).
As shown in Fig. 2.8, cosfy , decays exponentially as An increases, but the associ-
ated length scale &yino (88 in cosfy , o e~ AN/ £°f“‘°) diverges as L, — oo, in sharp
contrast to the Z;, RR states. Hence, in the planar limit, the conformal blocks in

Eq. (2.36) with an untwisted tree structure acquires orthogonality extremely slowly,
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Figure 2.8: (a) shows the asymptotic conformal-block orthogonality at large quasihole
separations for Gaffnian, color-coded by L, € [15 .. 25]4y. (b) compares the L,-
dependence of the associated length scales between different theories. The Gaffnian
curve has the best fit at u = 5.46(9), v = —0.095(5).

following a power law in A7 (rather than exponentially), signaling the breakdown of
the screening condition Eq. (2.34) for Gaffnian. This highlights its gapless nature,
and largely rules out the possibility of defining a sensible braiding statistics for the

Gaffnian quasiholes, since the non-universal corrections to the monodromy matrix are

not exponentially small in quasihole separations.

2.3 Discussion

To summarize, in this chapter we have extended the MPS technique to non-Abelian
quasiholes, and have examined numerically the quasiholes in the Z;<3 RR and the
Gaffnian states. We provide the first size estimate for the Z3 RR quasiholes, and
also the first microscopic, quantitative verification of their Fibonacci nature. We de-
termine the correlation lengths associated with the exponential convergence of their
braiding statistics. In the context of topological quantum computing, these length
scales set the limit of the topological protection against decoherence in realistic sys-
tems [6, 21, 17]. Our results also shed new light on the pathology of the Gaffnian

wave function manifested in its quasiholes.
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2.A The MPS transfer matrix

Here we address some technical aspects of the matrix product states on an infinite
cylinder using the transfer matrix formalism.

Following the notation of Ref. [27], we consider the transfer matrix E =
SN B™)* @ B™, where the B™ matrix is associated with an empty (m = 0) or
occupied (m = 1) Landau orbital in the MPS. The transfer matrix is the basic
building block of any generic wave function overlap (¥|¥’). It acts on a direct
product of two copies of the truncated conformal Hilbert space, one copy for (V|,
and the other for |¥'). From the fusion rules, we find that the CFT Hilbert space can
be naturally split into two sectors, each being closed under fusion with the electron
(although they are connected by fusion with the quasihole). We refer to them as the

“vac” and the “qh” sectors:

vac gh

Moore-Read 1,9 o

Zs Read-Rezayi | 1,v1,%y €,01,09

Gaffnian 1, o,

The B™ matrices are block-diagonal in the sector index, B™ = & B, with «

o)

summed over {vac, gh}. Therefore, the transfer matrix is also block-diagonal,
E=@DE.p with E,s =Y (By) ® By (2.41)
a,f m
We denote by /\f(j,)ﬁ the i-th largest eigenvalue of E, 3. The MPS auxiliary space
is constructed from the truncated conformal Hilbert space, and the truncation is

constrained by the entanglement area law. In our calculations, we have to deal with
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transfer matrix blocks (after various reductions [27]) with dimensions as large as

(vac, vac) (vac, gh) (qh, qh)

Moore-Read 1.1 x 107 1.5 x 10" 2.0 x 107

Zs Read-Rezayi | 3.6 x 107 5.5 x 107 8.4 x 107

Gaffnian 1.3x 10" 2.0 x 10" 3.0 x 107
Incidentally, for the braiding and the overlap calculations, we have to work on the
full direct product space without symmetry reduction, the dimension of which can be
up to 25 times as large as the sizes mentioned in the previous table.
As explained in the main text, the central object in our braiding study is the
overlap matrix (abc|ab’c), and we are particularly interested in its exponential con-

vergence
(abc|ab’c> = CupeOpyy + O(Gfmnvgmbc\ab’c)). (2.42)

The calculation of the overlap (abc|ab’c) involves repeated actions of the transfer
matrix over the distance An between the two quasiholes. Hence, in the limit of large
An, the overlap is dominated by the leading eigenmodes of the transfer matrix, and
the associated correlation lengths can be simply determined from the spectral gaps
of the transfer matrix, without resorting to curve fitting. In the following we explain
this using three representative examples. First, consider the off-diagonal element
(o19ne|o109¢) for the Zs Read-Rezayi state. In this case, the action of the transfer
matrix over the An interval is confined to the (vac, gh) sector of the product space,
while its action outside of the An interval is purely in the (qh, gh) sector. At large

An, we must have

e An/y
(11| o1 0e) ~ (;g;»qh> . (2.43)

qh,qh
(1)

Here v = 2703/ L, is the separation between adjacent Landau orbitals, while Avac.qh

and )\él}l)7qh are the largest eigenvalues of the transfer matrix in sectors (vac,qh) and
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(qh, gh), resp. The correlation length is then given by

1) -1
L A
fortho — [TZ% lOg (/\Fll;’qh )] . (244)

vac,qh

As the second example, we consider the norm 1ot |? for the Moore-Read state. To

A
ot () (2.45)
)\(1) ’ ’

vac,vac

the leading order, we have

while /\s;)c,vac and )\((ﬁj)’qh are the largest eigenvalues of the transfer matrix in sectors
(vac,vac) and (qh, gh), resp. For |1ov|? to approach a non-zero constant value when
An — oo as in Eq. (2.42), we need to have AW vae = )\Sl)’qh. This turns out to be true
for the Zg—s 3 Read-Rezayi states, up to small finite-size corrections (see below). To
characterize the exponential convergence of the norm, we have to consider the second

largest eigenvalue in the (qh,qh) channel, )\fh)’qh. The associated correlation length is

-1
L Mgl
an = [FZZJ log (A?Q)’q . (2.46)

qh,qh

given by

Finally, the correlation length associated with the norm |o¢o|? for the Moore-Read

state is similarly given by

L, AL\
gvac: 27T€3 log )\(T : (247>

The numerical calculations of &y,c and &g, are more challenging than &q,¢n0, sSince they

depend on subleading eigenvalues of the transfer matrix.

We now examine the )\E,Q;,vac = \W

qhqn condition more carefully. To have a phys-

ical understanding of its implication, we adopt the plasma analogy and reinterpret

—F(An

the overlap in Eq. (2.45) as the partition function e ) with two pinned charges

representing the two quasiholes at a separation An. The derivative of the free energy

29



0.20 T
& Lo
0.15 Uﬁ + UL— - _
| o 0.10 | Y v Gaffnian |
I Ve Z3 Read-Rezayi
~ 0.05F Moore-Read -
0.00 - |W_
0 1/30 1/15 1/10

Figure 2.9: Asymptotic repulsion f between two plasma charges representing pinned

quasiholes. The Gaffnian curve is fitted by the zero-intercept quadratic formula ¢, =
2

u% + v[‘i—‘;. The best fit has u = —8.6(2) and v = 2.66(1), with the standard error in

Y
the last digit given in parentheses.

F(An) with respect to An gives an effective force between the plasma charges

1)
_ dF Ly )‘qh,qh
f B _dAU h 27]-6(2) log ()\\(zgt,vac ' (248)

Therefore, if )\(Vé)c,vac =+ )\Sl),qh, the two plasma charges representing quasiholes are
subject to an asymptotically constant confining (if f < 0) or anti-confining (if f > 0)
force that persists even in the limit of infinite separation. The numerical data are
shown in Fig. 2.9. For the Moore-Read and the Z3; Read-Rezayi states, )\%Z;Nac and
/\((ﬁl)’ qn quickly converge as L, increases. In contrast, the Gaffnian state features an
asymptotic repulsion between infinitely separated plasma charges at a finite cylinder
perimeter L,, although it seems to die off in the planar limit L, — oo. This makes it
very hard to extract a meaningful correlation length for the diagonal elements of the
overlap matrix similar to Eq. (2.46). Fortunately, we can still analyze the correlation
length associated with the asymptotic orthogonality of conformal blocks, as discussed
in the main text.

As a final comment, we note that the peculiarities observed in the density profile

of Gaffnian quasiholes are possibly related to this leading eigenvalue mismatch, and

are possibly artifacts at finite cylinder perimeter L,. Unfortunately, we cannot resolve

30



this issue using the current MPS approach, due to the fundamental constraint on L,

from the area law of quantum entanglement.
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Chapter 3

Zoology of Fractional Chern

Insulators

In the rest of this dissertation, we study the fractional Chern insulator (FCI) phase
of a partially filled Chern band. We aim to address the following questions regarding

this new phase of strongly correlated electrons:

e How to identify its presence from finite-size numerics?

e How does the geometry of the topological band affect the many-body interacting
phase?

e How to understand the FCI phase from the perspective of fractional quantum
Hall (FQH) effect?

e How to construct model wave functions for FCI?
e Does the FCI system offer something truly new, beyond the scope of conven-
tional FQH?
In this chapter, we show that the FCI phase is present in the Haldane model on
the honeycomb lattice [40], in a two-orbital model that resembles half (spin-up) of the
Mercury-Telluride two-dimensional topological insulator [15], in the Kagome lattice

model with spin-orbit coupling [88], and in the spin-polarized ruby lattice model [45].
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These models allow us to study FCI in different physical situations such as different
lattices or different number of Bloch bands. Working in a single flattened band, we
find in each model a more or less robust Laughlin FQH phase at 1/3 filling in the
presence of repulsive two-body nearest-neighbor interactions. The 3-fold degenerate
ground states are separated from the excited states by a finite gap and flow into each
other upon flux insertion with a period of 3 fluxes. This signals a Hall conductance
oy = 1/3. We identify hallmarks of fractional excitations of the Laughlin 1/3 uni-
versality class in the energy spectrum as well as the entanglement spectrum. We then
discuss the stability of the topological ground state under parameter variation, and
test its correlation with the anisotropy of the Berry curvature. We also show that
another FCI phase reminiscent of the Pfaffian Moore-Read FQH state [60] is present
in the Kagome and ruby lattice models at half filling of the valence band. Finally,
we highlight several structures in the higher levels of the particle entanglement spec-
trum [53, 83] of the ground state at filling 1/3 that may serve as a hint for the stable

existence of other FQH states at other fillings, such as the Read-Rezayi series [73].

3.1 Haldane model

The Haldane model [40] is the first studied example of a topological insulator. We
would like to see if this model can host fermionic FCI phases (the bosonic version
has recently been reported in Refs. [94, 96]). We adopt the honeycomb lattice layout
from Ref. [65]. As shown in Fig. 3.1, the two sublattices A and B are connected by
the vectors a; = (0, —1), ay = (v/3/2,1/2), ag = (—/3/2,1/2). We define the lattice
translation vectors by = as — a3, by = a3 — a;. The Haldane model [40] has real
hopping amplitude t; between nearest neighbors (NN), complex hopping amplitude
t,e*® between next-nearest neighbors (NNN), and an inversion-breaking sublattice

potential M.
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Figure 3.1: The Haldane model on the honeycomb lattice. A and B sublattices are
colored in red and green, respectively. The lattice translation vectors are b; = a; —ag
and by = ag — a;. The hopping between NN is 1, and the hopping between NNN
is ¢ in the direction of arrows. The density-density repulsion between nearest
neighbors is depicted in gray ellipses.
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After a Fourier transform to the first Brillouin zone and a gauge transform on the
B sublattice 1y p — ek (P12b2)/34 1 the single-particle Hamiltonian can be put in
Bloch form as H = Zk(¢L,A> @Z);B)h(k) (Y1, i 5)T. Here the lattice momentum k =
(k- by, k-by) = (ky, ky) is summed over the first Brillouin zone, and the h(k) matrix
can be expressed in terms of the identity and 3 Pauli matrices, h(k) = dol+ ), d;oy,
where
dy = 2t5 cos @[cos k, + cos k, + cos(k, + k)], d, = t1[1 + cos(k, + k) + cos k],
d, = M + 2tysin ¢[sin k, + sin k,, — sin(k, + k)], d, = t;[—sin(k, + k,) —sink,].

The single-particle Hamiltonian has inversion symmetry at M = 0 and the 3-fold
point group symmetry of the honeycomb lattice. At M = 0, inversion exchanges
the two sublattices and transforms the annihilation operators by (¢x.a,Yxp)" —
0:(Y_1a, Y1 p)". The 3-fold rotation generates the cyclic permutation of the lattice
translation vectors by — by — —b; —by — b; on each sublattice and thus transforms
the wave vectors by (ky, ky) = (ky, —k; — ky). Therefore, the Bloch Hamiltonian has

the following two symmetries:

h(ka, ky) = Ouh(—kg, —ky) 0w, h(ka, ky) = Ul (ka, ky)h(ky, —ko— k) U (ks k), (3.1)
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where U(k,, k,) is a diagonal 2 x 2 unitary matrix, with [1, e'*s**)] on the diagonal.
When the system is put on the lattice of finite size N, x N, with periodic boundary,
the 3-fold rotation symmetry is lifted, unless N, = N,.

To focus on the effect of interactions without being distracted by single-particle
dispersion, we always take the flat-band limit of the insulator, i.e. replace the original
Bloch Hamiltonian h(k) = > FE,(k)P,(k) by > E,(0)P,(k), where P,(k) is the
projector onto the m-th band. We then send the band gap to infinity and work
directly in the lowest band, in the same spirit of the lowest Landau level projection
routinely adopted in the FQH literature. We then add a density-density repulsion
between nearest neighbors. Since a flattened band does not provide an energy scale,
we are free to set the interaction strength to unity. After the aforementioned gauge

transform on ¢ g, the interaction term can be written in the sublattice basis as

1 mo T
N D At 55U A0 s, 1 Vikokoks (3.2)
{ki}
where
Vk1k2k3k4 =1 + ei(kz_k4)b2 + ei(kQ_k4)(b1+b2)a (33)

as illustrated in Fig. 3.1.

3.1.1 Ground state at 1/3 filling

We diagonalize the interacting Hamiltonian in the flattened lowest band at filling
1/3. We show the energy spectrum of N = 8,10, 12 particles on the N, x N, =
6 % % lattice in Fig. 3.2. The calculations are performed with (t1,t, M,¢) =
(1,1,0,0.13). The particular choice of parameters will be discussed later. In the
three cases (N = 8,10, 12), a 3-fold degenerate ground state is seen at total momenta

{(0,0),(2,0),(4,0)}, {(1,0), (3,0), (5,0)}, and {(0,0), (0,0), (0,0)}, respectively. This

agrees perfectly with the (1, 3)-admissible counting proposed in Ref. [74] and recently
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Figure 3.2: Low energy spectrum of the Haldane model with N = 8 (marked by
red crosses), N = 10 (green plus signs), and N = 12 (blue triangles) particles on the
Ny x N, = 6x % lattice, with energies shifted by Fj, the lowest energy for each system
size. We only show the lowest excited level in each momentum sector in addition to
the 3-fold ground state.

developed in Ref. [16]. The finite-size scaling of the energy gap AFE is shown in
Fig. 3.3. The energy gap does not seem to remain open in the thermodynamic limit
even if the aspect ratio N,/N, remains finite. Nonetheless, as discussed in the fol-
lowing sections, we find solid evidence for the topological nature of the ground state;
the detailed investigation into the energetics will be presented in future work.

The three degenerate ground states exhibit spectral flow upon flux insertion. For
example, inserting a unit flux in the x direction shifts the single particle momentum
ky — ky + 277y, with v, going from 0 to 1; this induces the spectral flow within the
3-fold ground state (Fig. 3.4). Upon insertion of 3 full fluxes, the 3 degenerate states
restore their original configuration. Given the unit Chern number of the valence band,
we conclude the system has Hall conductance o, = 1/3.

We have also checked the effect of density-density repulsion between NNN on the
1/3 phase. Overall, this additional interaction term weakens the Laughlin-like phase.

These results are in agreement with those of Sheng et al. [80] for the checkerboard

model.
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Figure 3.3: Energy gap AFE for different system sizes and aspect ratios of the Haldane
model. The gap is defined as the energy difference between the first excited state and
the highest of the 3-fold ground states. A more precise definition of AF is given in
Sec. 3.1.4. In each case, N, = 3N/N,. The negative values of AE in the N, = 3
group mean that the actual ground state is not in the momentum sectors predicted
by the theoretical counting rule, i.e. the gap above the supposed topological ground
state closes.
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Figure 3.4: Spectral flow of the low-lying states of the Haldane model with N = 10
particles on the N, x N, = 6 x 5 lattice upon flux insertion along the x direction. 7,
counts the number of fluxes inserted. The 3-fold ground states flow into each other,
and do not mix with higher states during flux insertion. It takes 3 full fluxes for the
3-fold states to return to the original configuration (inset).
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Figure 3.5: Low energy spectrum of the Haldane model at quasihole fillings. Left
panel: N = 7 particles on 6 x 4 lattice, with 12 low-lying states in each momentum
sector. Right panel: N = 9 particles on 6 x 5 lattice, with 19 low-lying states at
k, = 0,3 and 18 elsewhere.

3.1.2 Quasihole excitations

Three-fold degeneracy alone is insufficient to fully establish the observed ground state
as a FQH state; it could very well be an imprint of a lattice charge density wave. To
rule out this alternative we need to study the excitations of the system. We decrease
the filling v from 1/3 and check for quasiholes in the energy spectrum. In Fig. 3.5
we show the energy spectra of N = 7 particles on the N, x N, = 6 x 4 lattice
and N = 9 particles on the N, x N, = 6 x 5 lattice. (We run into convergence
problems at N = 11.) These configurations have the same lattice geometry as the
corresponding ground states shown earlier, but with one electron removed. An energy
gap is clearly visible in the spectrum, and the low-energy part has the same counting
in each momentum sector as predicted by the (1,3)-admissible rule. This further
substantiates that the ground state observed at filling 1/3 indeed has the basic features
of the Laughlin FQH state [52].

3.1.3 Entanglement spectrum

Recent developments [53, 83, 20] showed that the excitations in FQH systems are

manifested in the entanglement between particles [53, 108, 43, 42] in the many-body
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ground state. Using this alternative probe, we provide further evidence that the
ground state at filling 1/3 is a FQH Laughlin state. This tool is highly valuable in
the present case since no overlap with model wave functions can be computed: despite
several proposals [71, 56, 58, 93], concrete expressions for the model wave functions
have not been established for FCI.

Specifically, we cut the system in the way described in Ref. [83] and further used
to look at the FCIs in Ref. [74]. We divide N particles into two subsystem of N4
and Np particles, and trace out the degrees of freedom carried by the Np particles.
The eigenvalues e~¢ of the resulting reduced density matrix pa = Trpp = Trg|¢) (¥
define the particle entanglement energies £. For degenerate ground states, we form
the density matrix as an incoherent sum with equal weights [74] p = £ >, [4;)(¥].
Then, the entanglement energy levels £ can be displayed in groups marked by the
total momentum (k,, k,) of the N4 particles. A typical case is shown in Fig. 3.6. The
spectrum is very similar to what was found in the checkerboard lattice model [74]. We
observe a clear, although narrower, entanglement gap in the spectrum; the counting
of the entanglement energy levels below the gap matches (in each momentum sector)
the (1, 3)-admissible quasihole counting [16] of N4 particles on the N, x N, recip-
rocal lattice. We have checked all values of N, manageable by current computers
and have found perfect agreement with the counting principle in all cases. Given
the vast difference between the checkerboard lattice model and the Haldane model
(lattice symmetry, coordination number, flux distribution, etc.), the similarity in the
entanglement spectrum is surprising. Compared with the relatively fuzzy quasihole
energy spectrum, the ground state entanglement spectrum turns out to be a more

reliable alternative route to probe the physics of fractional excitations.

39



Figure 3.6: Particle entanglement spectrum of the ground state of the Haldane model
of N = 12 particles on the N, x N, = 6 x 6 lattice, with Np = 8 particles traced out.
The number of states below the gray line is 741 in momentum sectors where both &,
and k, are even and 728 elsewhere, in agreement with the (1, 3)-admissible counting
rule. The system size is exactly the same as Fig. 13 of Ref. [74].

3.1.4 Parameter dependence

As analyzed by Haldane [40], strong inversion breaking eventually overcomes the
non-trivial topology; the Chern number vanishes when |M| > 3v/3|t;sin ¢|. We now
study whether strong interactions would further shrink the volume of the topologically
non-trivial phase in parameter space. The density-density interaction projected to
the flattened valence band has two parametric degrees of freedom (M /ty,tasing/tq),
which effectively change the Berry curvature in the model. Without loss of generality,
we fix t; = to = 1 and study the region with M > 0 and ¢ € [0,7/2]. There is no
clear boundary between different interacting phases in finite-size numerics. We thus
need a quantitative characterization of the similarity to the ideal FCI state.

We denote the (1, 3)-admissible counting of N particles on the N, x N, lattice in

momentum sector (k,, k,) by ni\;],:;”Ny We denote by A the collection of the lowest

ni\i]::Ny states in each momentum sector, and by A the collection of all the other
states. If the system is in a well-developed FCI state, the collection A is the 3-fold
degenerate ground state, while the collection A contains the excited states. The en-

ergy gap is thus AF = min £ ;1 — max E4, and the energy spread of the ground-state
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Figure 3.7: The distribution of the energy gap AFE (left panel) and the energy spread
JE (right panel) in the (¢, M) plane for the Haldane model of N = 8 particles on
the N, x N, = 6 x 4 lattice. The region with the gap closed is marked in gray.
The bold red line M = 3v/3sin ¢ separates the topologically non-trivial sector of the
single-particle problem from the trivial one.
manifold can be defined as E = max £ 4 — min F/4. Further, we calculate the entan-
glement spectra of the degenerate ground state for various partitions (N4, Ng) of N
particles. For each N4, we denote by A the collection of the lowest n,]i“j,;ivz’Ny entan-
glement energy levels in each momentum sector, and by A all the other entanglement
energy levels. We define the entanglement gap A¢ = min £ —max§,. The parameter
sets with large AFE, small E and large A¢ are likely to host a FCI state.

In Figs. 3.7 and 3.8, we show the distribution of AE, 0E, A over the (¢, M) plane.
Combining the three plots, we find that the region enclosed by |M| < 3+/3|tysin )|
and |M| < 3v/3|ty](0.4 — | sin ¢|) has large AF and A¢, and small 6F, and hence is

likely to support a FCI phase.

3.1.5 Berry curvature variation

A few authors pointed out that a Chern band shares an important feature with the
Landau level [68, 62, 16]. In the limit of long wave-length and uniform Berry cur-
vature, the projected density operators form a closed Lie algebra. This algebra has
the same structure as the Girvin-MacDonald-Platzman algebra of magnetic transla-

tions [33], with the Berry curvature taking the role of the uniform magnetic field.
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Figure 3.8: The distribution of the entanglement gap A¢ in the (¢, M) plane for the
ground state of the Haldane model of N = 8 particles on the N, x N, = 6 x 4 lattice,
with Ng = 5 particles traced out. The color code for A¢ is shown by the bar on the
right, and the region with the gap closed is marked in gray. The average spacing of
the entanglement levels below the gap is at most 0.05 (not shown in the figure); hence
the entanglement gap should be considered widely open as long as A& > 0.05. The
line with A¢ = 0.5 is shown in magenta.

They thus argued that the development of the FCI phase is driven by this algebraic
structure. This picture suggests a negative correlation between Berry curvature fluc-
tuations and the propensity towards a FCI phase. This is indeed observed in finite-size
numerics, as we describe below.

We measure Berry curvature fluctuations by the simplest possible option, its stan-
dard deviation o in units of the average Berry curvature |B| = 1/27. The distribution
of 2oy is shown in Fig. 3.9. Comparing this with the patterns in Figs. 3.7 and 3.8,
we find a clear correlation between oz and the three measures of the propensity to-
wards the FCI phase over the full range of the parameter scan. In particular, the
optimal parameter region supporting a robust FCI phase coincides with the part of
the parameter space with least fluctuating Berry curvature. While this agrees with
the picture we expect from the algebraic structure [68, 62, 16, 34|, we stress that

the fluctuation at the optimal parameters is still quite significant, with its standard

deviation comparable to the mean value. The FCI is apparently more robust to Berry
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Figure 3.9: The distribution of the standard deviation of the Berry curvature oz in
the (¢, M) plane for the Haldane model of N = 8 particles on the N, x N, =6 x 4
lattice. The bar on the right shows the color code for the value of 2woz. We focus
on the non-trivial sector. The strong fluctuation of the Berry curvature very close to
the boundary of the non-trivial sector is not shown.

curvature fluctuations than expected. This is crucial for two-band Chern insulators

since their Berry curvature cannot be completely flat due to the no-hair theorem [69].

3.2 Two-orbital model

We now turn to a simpler model with two orbitals on each site of a square lattice. This
model represents the spin-up half of the Mercury-Telluride two-dimensional topolog-
ical insulator [15]. As shown in Fig. 3.10, there are two orbitals A, B on each site,
with energy difference 2M. The intra-orbital NN hopping has amplitude +¢,, while
the inter-orbital NN hopping has amplitude +it; and +¢; in the z and y directions,
respectively. These amplitudes have been specifically designed such that the single-
particle Bloch Hamiltonian takes the form H = Zk(Q/JLA,¢L,B>h(k)(¢k,A7¢k,B)T,

where
h(k) = 2ty sin k0, + 2ty sinkyo, + [M — 2ty(cos k, + cos ky)]o. (3.4)

Similar to the case of the Haldane model, we can flatten the Bloch bands using

projectors. We then add Hubbard inter-orbital repulsion to each site, as shown in
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Figure 3.10: The two-orbital model on square lattice. The two orbitals A,B are
colored in red and green, respectively. The intra-orbital NN hopping amplitude is
to between the A orbitals, and —ty between the B orbitals. The inter-orbital NN
hopping amplitude is +it; in the x direction along the arrows, and +t¢; in the y
direction. The on-site Hubbard repulsion is depicted by the ellipse in gray.

Fig. 3.10. In momentum space, the interaction term reads
1

N S ks ¢13A¢1T(4B¢k231/1k1A‘ (3.5)
{k:}

Even though at single-particle level a two-orbital-per-site model is equivalent to a
model with two sites in each unit cell, this situation changes when interactions are
included. Notice that the interaction here (Eq. 3.5) has a different form factor than
the one in Eq. 3.3.

We diagonalize the interacting Hamiltonian in the flattened lowest band at filling
1/3 and (to/t1, M/t1) = (1,2). We show the energy spectrum of N = 8,10 particles
on the N, x N, = 6 x % lattice in Fig. 3.11. (We run into serious convergence
problems at N = 12.) In the two cases (N = 8,10), a 3-fold degenerate ground state
is seen at total momenta {(0,0),(2,0),(4,0)} and {(1,0),(3,0), (5,0)}, respectively.
This agrees perfectly with the (1, 3)-admissible counting proposed in Ref. [74, 16]. As
shown in Fig. 3.12, the energy gap AFE remains open and scales to a finite value in

the limit of N — oo with N, /N, finite. The three degenerate ground states exhibit

spectral flow upon flux insertion with a period of 3 fluxes (see Fig. 3.13). This shows
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Figure 3.11: Low energy spectrum of two-orbital model for N = 8 (marked by red
crosses) and N = 10 (green plus signs) particles on (N,, N,) = (6, N/2) lattice, with
energies shifted by Ej, the lowest energy for each system size. We only show the
lowest excited level in each momentum sector in addition to the 3-fold ground state.
that the system has Hall conductance o,, = 1/3. We study the quasihole excitations
through ground state entanglement. In Fig. 3.14, we observe an entanglement gap in
the spectrum. The counting of the entanglement energy levels below the gap again
matches in each momentum sector the (1,3)-admissible counting. This shows that
the excitations in the ground state of the two-orbital model have the same counting
as that of Abelian fractional statistics 1/3 quasiholes. We thus conclude that the
ground state is a FQH Laughlin state.

The two-orbital model has topologically non-trivial bands when |M| < 4[ts|. We
now move the system away from the point (t3, M) = (1,2) and probe this parameter
region. In Figs. 3.15 and 3.16, we display the distribution of the energy gap AFE, the
energy spread 0, and the entanglement gap A¢ of the ground state. Compared with
the Haldane model, the situation is more complicated. The maximum of the energy
gap AFE does not coincide with the minimum of the energy spread JE. Rather,
the region with large gap AFE tends to have large spread dF as well. The peak
of the entanglement gap Af is close neither to the maximum of AFE nor to the
minimum of § E. Varying (M, t,) scans over the manifold of the two-orbital interacting

Hamiltonians projected to the lowest band. The lack of correlation between AE, 6 FE
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Figure 3.12: Energy gap AFE of the two-orbital model for different system sizes and
aspect ratios. In each case, N, = 3N/N,. The negative values of AE in the N, = 3
group mean that the actual ground state is not in the momentum sectors predicted
by the theoretical counting rule.
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Figure 3.13: Spectral flow of the low-lying states of the two-orbital model with N = 10
particles on the N, x N, = 6 x 5 lattice upon flux insertion along the z direction. -,
counts the number of fluxes inserted. The 3-fold ground states flow into each other,
and do not mix with higher states during flux insertion. It takes 3 full fluxes for the
3-fold states to return to the original configuration (inset).
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Figure 3.14: Particle entanglement spectrum of the ground state of the two-orbital
model of N = 10 particles on the N, x N, = 6 x 5 lattice, with Np = 5 particles
traced out. The number of states below the gray line is 776 in momentum sectors
with &, = 0 and 775 in all the other sectors, in agreement with the analytical counting
rule.

and A& suggests that the distance from this manifold of Hamiltonians to the Laughlin
model Hamiltonian is quite large. Further, we check the correlation between Berry
curvature fluctuations and the propensity towards the FCI phase. The variation of
the curvature fluctuation is shown in Fig. 3.17. We observe weak correlation between
op and 0 F and find little association between oz and AE or AE. It is possible that
o is not a very good measure of the Berry curvature fluctuation. We note that in
this model the interaction before projection is constant. We leave in-depth study of

this issue for future work.

3.3 Kagome lattice model

We study the Kagome lattice model built by Tang et al. [88]. As shown in Fig. 3.18,
the lattice is spanned by the translation vectors b; and bs, and it consists of three
sublattices A,B,C. In Ref. [88], the single-particle model has been studied both with-
out and with NNN hopping terms. We have looked at the effect of interactions in both

cases. But for sake of simplicity we focus mostly on the case without NNN hoppings.
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Figure 3.15: The distribution of the energy gap AE (left panel) and the energy spread
(right panel) in the (t9, M) plane for the two-orbital model of N = 8 particles on the
N, x N, = 6 x 4 lattice. The region with the gap closed is marked in gray. The bold
red line M = 4t, separates the topologically non-trivial sector of the single-particle
problem from the trivial one.
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Figure 3.16: The distribution of the entanglement gap A¢ in the (¢2, M) plane for
the ground state of the two-orbital model of N = 8 particles on the N, x N, = 6 x 4
lattice, with Np = 5 particles traced out. The color code for A¢ is shown by the
bar on the right, and the region with the gap closed is marked in gray. The average
spacing of the entanglement levels below the gap is at most 0.05 (not shown in the
figure); hence the entanglement gap should be considered widely open as long as
A& > 0.05. The line with A¢ = 0.5 is shown in magenta. The bold red line M = 4t,
separates the topologically non-trivial sector of the single-particle problem from the
trivial one.
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Figure 3.17: The distribution of the standard deviation of the Berry curvature oz in
the (t9, M) plane for the two-orbital model of N = 8 particles on the N, x N, = 6 x4
lattice. The bar on the right shows the color code for the value of 2woz. The
bold red line M = 4ty separates the topologically non-trivial sector of the single-
particle problem from the trivial one. We focus on the non-trivial sector. The strong
fluctuation of the Berry curvature very close to the boundary of the non-trivial sector
is not shown.

Figure 3.18: The Kagome lattice model with NN spin-orbit coupling. The three
sublattices A,B,C" are colored in red, green, blue, respectively. The lattice translation
vectors are by = 2a;, by = 2a,. The hopping amplitude between NN is t; — ¢A; in
the direction of arrows. The two-body and the three-body interactions between NN
are illustrated by the gray ellipses and triangles, respectively.
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The hopping amplitude between NN is t; £¢A;. After a Fourier transform and a gauge
transform ¢y g — Ui pe P2 Wby o — Py ce*P2/2 the single-particle Hamiltonian
can be cast in Bloch form as H = Zk(z/zLA, w;B, w;c)h(k)(gbk,/;,1/1k73,¢k’c)T. Here
the lattice momentum k = (k- by, k-bs) = (k,, k) is summed over the first Brillouin

zone, and the h(k) matrix reads

0 h.c. 0 h.c.
h(k) = —t1 | 1+ et 0 +idi | —1 — ¢t 0
14+e* 14—k 14ehy  —1—elvka)

The three Bloch bands can be flattened using the projector method detailed for the
Haldane model in Sec. 3.1. We focus on the lowest band. Unless specified otherwise,
the numerical calculations shown below are performed at A\; = t; as discussed in the

original paper [88]. The lowest band has unit Chern number.

3.3.1 Filling 1/3

We fill the flattened lowest band to filling 1/3, and add density-density repulsion

between NN. After the gauge transform, the interaction term reads

A,B,C

1 d2r " bt 8

N Zéﬁﬂkrkgsz; Z ¢k3a¢k4ﬁ¢kzﬁ¢k1aVkalk2k3k4= (3-6)
{k;} a<p

where the sublattice indices (a, #) are summed over (A, B), (B,C), (C,A), and the
interaction factors are VA% |\ = 1+4eike—ka) b1 ViBC ok, = 1+eilke—ka)(br1=b2) and
Vi, =1+ eilke=ki)b2 The 6 terms are illustrated by the 6 ellipses in Fig. 3.18.

We show the energy spectrum of N = 8,10, 12 particles on the N, x N, =6 X %
lattice in Fig. 3.19. In the three cases, a 3-fold degenerate ground state is seen
at total momenta {(0,0),(2,0),(4,0)}, {(1,0),(3,0),(5,0)}, {(0,0),(0,0),(0,0)}, re-
spectively. Again, this agrees perfectly with the (1,3)-admissible counting proposed
in Ref. [74, 16]. The ratio of the gap to the energy spread of the ground-state manifold

is larger than that of the Haldane model. As shown in Fig. 3.20, the energy gap AE
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Figure 3.19: Low energy spectrum of the Kagome lattice model with N = 8 (marked
by red crosses), N = 10 (green plus signs), and N = 12 (blue triangles) particles on
the NV, x N, = 6 x N/2 lattice, with energies shifted by Ey, the lowest energy for each
system size. Also shown (magenta squares) is the spectrum of N = 12 particles on the
N, x Ny, = 6 x 6 lattice in the alternative Kagome model with NNN hoppings at the
parameters suggested in the original paper [88], namely (A1, A2, t5) = (0.28,0.2, —0.3).
remains open and scales to a finite value in the limit of N — oo with N, /N, finite.
And the three degenerate ground states exhibit spectral flow upon flux insertion.
The period of 3 fluxes, shown in Fig. 3.21, indicates the system has Hall conductance
Oy =1/3.

We probe the quasihole excitations by the particle entanglement spectrum of the
ground state. In Fig. 3.22, we observe a clear, very large entanglement gap in the
spectrum, and the counting of the entanglement energy levels below the gap again
matches in each momentum sector the (1, 3)-admissible counting [74, 16]. The width
of the entanglement gap is A¢ = 4.64. This means that in the ground state of the
Kagome lattice model, the inter-particle correlations that obey the (1,3) generalized
Pauli principle is stronger than any other correlations by two orders of magnitude!
We thus conclude that the ground state is a FCI state with characteristics of the FQH
Laughlin state.

Now we briefly address the issue of parameter dependence. Without loss of gener-
ality, we fix ¢, = 1 and vary A in the range (0,+/3). In this region, the single-particle

spectrum is gapped and the lowest band has unit Chern number [88]. A strong cor-
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Figure 3.20: Energy gap AFE of the Kagome lattice model for different system sizes
and aspect ratios. In each case, N, = 3N/N,,.
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Figure 3.21: Spectral flow of the low-lying states of the Kagome lattice model with
N = 10 particles on the N, x N, = 6 x 5 lattice upon flux insertion along the z
direction. 7, counts the number of fluxes inserted. The 3-fold ground states flow into
each other, and do not mix with higher states during flux insertion. It takes 3 full
fluxes for the 3-fold states to return to the original configuration (inset).
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Figure 3.22: Particle entanglement spectrum of the ground state of the Kagome lattice
model of N = 12 particles on the N, x N,, = 6 x 6 lattice, with Ng = 7 particles traced
out. The number of states below the gray line is 2530 in each momentum sector, in
agreement with the (1,3)-admissible counting rule. The width of the entanglement

gap is A = 4.64, meaning that spurious, non-FQH correlations have a probability of

e~464 2~ 0.0097 relative to the universal ones.

relation between the energy gap AFE and the Berry curvature fluctuation 2wog on A
is clearly visible in Fig. 3.23.

As a sanity check, we have also looked at the case where one partially fills the sec-
ond band. We assume the lowest band is completely filled and inert, and diagonalize
the second band directly. In such a situation, there is no evidence for Laughlin-like
physics at filling 1 4+ 1/3. This is expected since the second band has zero Chern
number [88].

In Ref. [88], it was shown that by adding properly chosen NNN hopping terms, the
band gap to bandwidth ratio can be enhanced by more than an order of magnitude,
and it was argued that this alternative model could support a more robust Laughlin-
like phase when interactions are added. Unfortunately, we observe the opposite effect:
compared with the simple model with only NN hoppings, both the energy gap and the
entanglement gap are only about half as large for the two cases with NNN hoppings
studied in Ref. [88]. The reduction of A¢ from 4.64 to 1.95 means the relative strength
of the (1,3) Pauli principle exclusion is reduced by a factor of ~ 15. The energy and

the entanglement spectra for the case with the largest band gap to bandwidth ratio
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Figure 3.23: The correlation between the standard deviation o of Berry curvature
and the gap AE in the energy spectrum of 8 particles on the N, x N, = 6 x 4 lattice.
The calculations are performed at t; = 1. The color of each scatter point encodes the
value of A\; per the color bar to the right. A negative correlation between oz and AE
is visible.

[at (A1, A2, t2) = (0.28,0.2, —0.3)] are shown in Figs. 3.19 and 3.24. We have checked
the nearby parameter region and no qualitative change is observed. Carefully tuning
the NNN hoppings could achieve ~ 10% flatter Berry curvature, but the energy gap
and the entanglement gap still end up smaller than the simple model with only NN
hoppings, showing that the flat Berry curvature — FQH phase correspondence is to

be taken as a general trend, rather than a quantitative result.

3.3.2 Half filling

Among the FQH phases, the Moore-Read (MR) state plays a special role. It is one
of the best candidates to explain the experimentally observed fraction v = 5/2 and
its excitations obey non-Abelian statistics. The Z, Read-Rezayi (RR) states are the
generalization of Laughlin (n = 1) and MR (n = 2) states. They occur at a filling
factor v = n/(n+2). The Zs RR state is a potential candidate to explain the fraction
v =12/5.

It has been recently shown that a (n+1)-body short-range interaction can stabilize

the analogue of a Z, RR state on the checkerboard lattice [16]. The (n + 1)-body
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Figure 3.24: Particle entanglement spectrum of the ground state of the Kagome
lattice model with NNN hoppings of N = 12 particles on the NV, x N, = 6 x 6 lattice
at (A1, A2, t2) = (0.28,0.2,—0.3), with N = 7 particles traced out. The number of
states below the gray line is 2530 in each momentum sector, in agreement with the
(1,3) counting rule. The width of the entanglement gap is A¢ = 1.95, much smaller
than the gap of the model with only NN hoppings shown in Fig. 3.22.

interaction used in Ref. [16] mimics the short range interaction for which the Z,, RR
state is the exact zero-energy ground state with highest density. It has also been
very recently demonstrated [96] that the Haldane model of hard-core bosons exhibits
a MR state at filling v = 1. The three-body hard-core repulsion in that case was
implemented by restricting the occupancy of any site to be less than three.

In this section, we focus on the half-filling case and thus on the fermionic MR
state. Until now, we have found no evidence that a two-body NN interaction could
stabilize a MR-like state in any of the lattice models studied. Instead of the two-body
NN repulsion, we add to the Kagome lattice model a three-body NN repulsion similar

to the one in Ref. [16], as shown by the gray triangles in Fig. 3.18. After the gauge

transform, the density-density-density interaction term reads

mod2
T Z J k12+£2+k1§ ¢114Aw1153¢1t60¢k30¢k23¢k114 X Vk1k2k3k4k5k6’ (37)
{k} —K4 6

where

Vi kokskaksks = 1 + ¢ ik2—ks5)b1—i(ks—ke) b2 (3.8)
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It is well known that a short-range three-body repulsion stabilizes the Pfaffian MR
FQH state [60] in a half-filled Landau level [35]. We therefore expect an analogous
FCI phase appearing at half filling. The MR FQH state has fractional excitations
governed by the generalized Pauli principle of having no more than 2 particles in 4
consecutive Landau level orbitals and the fermionic statistics of no more than one
particle allowed per orbital [12, 13]. This enables a direct extension of the (1,3)-
admissible FCI counting of having no more than 1 particle in 3 consecutive orbitals [74]
to a (2,4)-admissible counting [16] for the possible MR FCI state.

We diagonalize the interacting Hamiltonian in the flattened lowest band at filling
1/2. We show the energy spectrum of N = 8,10, 12 particles on the N, x N,, = % X 4
lattice in Fig. 3.25. In the three cases, a 6-fold degenerate ground state is seen at
total momenta {6 x (0,0)}, {(0,0),2 x (0,1),(0,2),2 x (0,3)}, {2 x(0,0),4 x (0,2)},
respectively. This agrees exactly with the (2,4)-admissible counting proposed above.
As shown in Fig. 3.26, the energy gap AFE remains open and scales to a finite value
in the limit of N — oo with N, /N, finite. The six degenerate ground states exhibit
spectral flow upon flux insertion. As shown in Fig. 3.27, the period of the spectral
flow is 2 fluxes, and therefore the ground state has Hall conductance o,, = 1/2.

We probe the quasihole excitations by using the particle entanglement spectrum
of the ground state. In Fig. 3.28, we observe a clear and large gap in the entangle-
ment spectrum, and the counting of the entanglement energy levels below the gap
again matches in each momentum sector the (2, 4)-admissible counting as predicted
in Ref. [16]. The width of the entanglement gap is A{ = 1.66. This indicates that
the inter-electron correlations that obey the (2, 4) generalized Pauli principle, i.e. the
pairing of electrons, is 5 times stronger than any other kind of correlations. Therefore,
we conclude that the ground state of the Kagome lattice model with the three-body
NN interactions at half filling is indeed a MR FQH state.
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Figure 3.25: Low energy spectrum of the Kagome lattice model with three-body
interactions of N = 8 (marked by red crosses), N = 10 (green plus signs), and N = 12
(blue triangles) particles on the N, x N, = % x 4 lattice, with energies shifted by Ejy,
the lowest energy for each system size. We only show the lowest excited level in each
momentum sector in addition to the 6-fold ground state.
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Figure 3.26: Energy gap AFE of the Kagome lattice model with three-body interactions
for different system sizes and aspect ratios. In each case, N, = 2N/N,,.
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Figure 3.27: Spectral flow of the low-lying states of the Kagome lattice model with
three-body interaction of N = 10 particles on the N, x N, =5 x 4 lattice upon flux
insertion along the y direction. 7, counts the number of fluxes inserted. The 6-fold
ground states flow into each other, and do not mix with higher states during flux
insertion. After insertion of every 2 full fluxes, the 6-fold states return to the original
configuration (inset).

Based on the results at filling 1/3 and 1/2, we make the conjecture that under
desirable conditions, a short-range (n + 1)-body interaction could stabilize Z, RR
parafermion FQH state [73] in a Chern band at filling n/(n + 2). Further work is
needed to confirm the cases n > 3. The n = 3 case has recently been reported in
Ref. [16].

We have also looked for a MR phase in the Haldane and two-orbital models using
three-body interactions. Unfortunately, these two models do not seem to exhibit such

a phase. This appears to be consistent with the more fragile Laughlin-like phase in

these models.

3.4 Ruby lattice model

The last Chern insulator we have analyzed is on a ruby lattice. Hu et al. [45] have
considered a two-dimensional ruby lattice with strong spin-orbit coupling. The sim-
plified spin-polarized version of this model was shown to provide a Chern insulator

with an extremely flat lowest band.
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Figure 3.28: Particle entanglement spectrum of the ground state of the Kagome lattice
model with three-body interactions of N = 12 particles on the N, x N,, = 6 x 4 lattice,
with Np = 6 particles traced out. The number of states below the gray line is 2910
in momentum sectors with k, = 1,3 and k, = 0,2, 2912 in sectors (0,0) and (0, 2),
2940 in sectors with k&, = 5 and sectors with k, = 2,4 and &, = 2,4, and 2944 in all
the other sectors, in agreement with the (2,4)-admissible counting rule. The width
of the entanglement gap is A¢ = 1.66.

Figure 3.29: The Ruby lattice model. The six sublattices 1 to 6 are colored respec-
tively in red, cyan, green, yellow, blue and magenta. The lattice translation vectors
are by, by. The complex hopping parameters between NN are t = t, + it; for sites
having the same parity (black arrows) and ¢, = ty,. +ity; for sites having opposite par-
ity (purple arrows), both in the direction of the arrows. The real hopping parameter
on the diagonal of the square (olive dashed lines) is given by t4. The density-density
repulsion between NN is depicted by gray ellipses.
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As depicted in Fig. 3.29, the ruby lattice is spanned by the translation vectors
b; and by and it is made of six sublattices, denoted from 1 to 6. After a Fourier
transform and a trivial gauge transform, the single-particle Hamiltonian can be cast
in Bloch form as
6
H=>>" "0 hi;k) ;. (3.9)
k ij=1
Here the lattice momentum k = (k - by, k - by) = (k,, k) is summed over the first

Brillouin zone, and the h(k) matrix is given by

0
t 0 h.c.
t f“{s;lszjl 0
h(k) = — i ) , (3.10)
ta(1+ s5) t t1 8z 0
t* ta(1+ S;Sy) t tr 0
115, t* t45:(1 4 sy) t t15,8, 0

with s, = e and s, = e'*.

We adopt the parameter values suggested in the original article [45], namely
(i, tip, 1y tg) = (1.2,—1.2,2.6,—1.2)¢t,. For these parameters, the lowest band of
the problem is gapped, and has unit Chern number [45].

Again, we flatten the Bloch bands using projectors, and we add density-density
repulsion of unit strength between nearest neighbors. There are 12 type of terms as
depicted by the gray ellipses in Fig. 3.29. We diagonalize the interacting Hamiltonian
in the flattened lowest band at filling 1/3 with up to N = 12 particles, and find results
quite similar to the previous three models. Namely, we find a 3-fold degenerate
ground state in the momentum sectors predicted by the (1,3) counting principle.
The degenerate ground state is separated from the excitations by a finite energy gap.

Finite-size scaling indicates that the gap remains open in the thermodynamic limit.

Twisting boundary drives spectral flow within the ground-state manifold and the flow

60



30

25

3

15

(1;3)

1

o
o |l
-
-
T
—
|
-
-
-
-
.
—
-
-
-
|
-
-
-
—
=
-
-
-
-
S
T
—
-
-
S|
-
-
-
—
W |

Figure 3.30: Particle entanglement spectrum of the ground state of the ruby lattice
model of N = 12 particles on the N, x N, = 6 x 6 lattice, with Np = 8 particles
traced out. The number of states below each of the three gray lines is 741, 1629, 1645
in momentum sectors where both k, and k, are even and 728,1612, 1628 elsewhere.
These numbers are in perfect accordance with the (1, 3)-, (3,7)-, and (3, 5)-admissible
counting, respectively. The width of the (1,3) entanglement gap is A = 5.07. The
counting of levels below the unmarked gaps do not correspond to any (k, r)-admissible
rule.

has a period of 3 fluxes. Hence, the system has Hall conductance o,, = 1/3. We
calculate the entanglement spectra for various system sizes and find an entanglement
gap with the (1,3)-admissible counting in each case. As an example, we show in
Fig. 3.30 the entanglement spectrum of the ground state of N = 12 particles. The
entanglement gap A¢ = 5.07 is comparable to, although slightly smaller than the
entanglement gap A¢ = 5.53 of the Kagome lattice model with only NN hoppings at
the same system size. This pronounced sign of exclusion statistics counting suggests
that the system has fractional excitations similar to the Laughlin quasiholes. We do
however stress that we have not computed the statistics of the quasiholes, as this
would require braiding operations likely to be plagued by finite-size effects on the
lattices we can reach by computers. We conclude that the ground state of the ruby
lattice model with two-body NN repulsions is a FQH Laughlin state.

We have also checked the effect of three-body NN repulsions at half filling. There

are a total of 14 terms, corresponding to 2 equilateral triangles and 12 right triangles
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embedded in rectangles. Similar to the case of the Kagome lattice model detailed in
Sec. 3.3.2, we find a robust MR state here. The state has the hallmark 6-fold degen-
erate gapped ground state at the correct momenta. We also find a large entanglement
gap corresponding to fractional excitations governed by the (2,4) generalized Pauli

principle.

3.5 Structures in entanglement spectrum

As discussed in previous sections, the entanglement spectrum of the ground state of
a short-range (m + 1)-body interaction has a gap corresponding to the (m,m + 2)-
admissible counting, for m = 1,2. This gap measures the prominence of m-particle
clustering in the ground state. The (m + 1)-body interactions could possibly generate
clusters of other sizes as well. For example, in the FQH effect in the continuum, MR
states can be obtained with just two-body potentials. In that case, there could be
additional gaps in the entanglement spectrum, and the counting of levels below these
gaps could conform to other generalized Pauli principles.

The appearance of a (n,n + r)-admissible counting reveals the existence of a
specific clustering pattern in the ground state. This pattern is also present in the
model fermionic FQH state at filling v = n/(n + r) described by the (n,r) Jack
polynomials multiplied by a Vandermonde determinant [12, 13]. For example, a (n, n+
2)-admissible counting corresponds to the Z, Read-Rezayi FQH state [73], and a
(2,5)-admissible counting corresponds to the ‘Gaffnian’ FQH wave function [81]. The
model wave functions of such FQH states have characteristic zeros when a cluster of
n—+ 1 particles forms even after removing the “trivial” zeros provided by the fermionic
statistics. This reflects specific (n + 1)-body correlations in the system. Therefore,

the presence of a gap with a (n,n 4 r) admissible counting in the FCI entanglement
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spectrum signals the presence of clustering correlations similar to a specific model
FQH state, and implies the presence of stable (n+1)-body correlations in the system.

We check comprehensively all the four models studied in this chapter as well
as the checkerboard lattice model [87, 74], at various system sizes up to N = 12
particles. In most cases, we find extra entanglement gaps other than the one above
the states of (m,m + 2)-admissible counting in the ground state of an (m + 1)-body
interaction, and the counting of entanglement energy levels below some of these gaps
matches with an (n,n + r)-admissible counting in each momentum sector. For all
the systems we look at, we usually find at least one such extra gap that matches
perfectly with a particular (n,n + r)-admissible rule. For example, in the Kagome
lattice model with two-body interaction, we find two extra entanglement gaps in the
ground state (Fig. 3.31), with the counting of levels below them given ezactly (in
each momentum sector) by the (2,4)- and (2, 5)-admissible counting and the folding
based on the FQH-FCI mapping [16]. The former case corresponds to the MR state
while the latter corresponds to the Gaffnian wave function. We find the appearance of
the counting of non-Abelian statistics in the Laughlin-like ground state of two-body
interactions quite intriguing.

We do not have a complete understanding of the full gap structure at the moment.
In the earlier example of the ruby lattice model shown in Fig. 3.30, we find a few extra
entanglement gaps. Two of them have counting below the gap given ezactly (in each
momentum sector) by (3,5)- and (3, 7)-admissible rules [16] respectively, the former
of which corresponds to a Zs Read-Rezayi state. There are other entanglement gaps
in the spectrum that cannot be explained by any (n,n -+ r)-admissible rule.

All of such extra (n,n + r) entanglement gaps that we observe have n + 1 =
Ny, where N4 is the number of particles left in the system when evaluating the
entanglement spectrum. Tracing out part of the system enhances the correlation

between the remaining N4 particles. One can imagine that such enhancement is
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Figure 3.31: Particle entanglement spectrum of the ground state of the Kagome
lattice model of N = 12 particles on the N, x N, = 6 x 6 lattice, with Np = 9
particles traced out. The number of states below each of the three gray lines is
138,195, 198 in momentum sectors where k., k, € {0,3} and 135,192, 195 elsewhere.
These numbers are in perfect accordance with the (1, 3)-, (2,5)-, and (2, 4)-admissible
counting, respectively.

more significant for the correlation between the N, particles as a whole than the
correlation within a fraction of the N4 particles. In most cases, we observe such
(Na—1,N4 —1+7) entanglement gaps for almost every value of N4. Our examples
show that a ground-state wave function at v = 1/3 can give us information about
possible non-Abelian correlations.

This suggests a feature of the FCI: the (n+ 1)-body interacting Hamiltonian could
not only generate strong (n+ 1)-body correlations, but also higher-body correlations.
This gives hope for the possible realization of other members of the Read-Rezayi
series with two-body potentials. It is very intriguing that entanglement in the ground
state of an (n + 1)-body interacting Hamiltonian at filling v = n/(n + 2) contains

clear clues that some other FQH states could possibly be stabilized by some other

interaction at some other filling.
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3.6 Discussion

In this chapter, we have studied four examples of flat-band Chern insulators. If we
include the previous articles [80, 65, 94, 74] on the checkerboard lattice, we now have
five cases which can be used to compare the universal physics.

First, we have showed that the existence of FCI does not require a special lattice.
Under proper conditions, FCI phases could (at least) emerge from lattice models with
2, 3, or 6 sites per unit cell. There is no restriction on the type of Bravais lattice
either.

Second, we find concrete evidence that the stability of the FCI phase is not guar-
anteed by flat band dispersion. A large enough gap to bandwidth ratio is necessary
for the existence of an insulating state at a fractional filling. Our calculations per-
formed in the flat-band limit do not capture this effect. However, our results reveal
that the single-particle eigenstates play a critical role in the formation of a FCI state
as well; a badly chosen parameter set could destroy the topological phase even when
the band dispersion is perfectly flat. The example of the Kagome model is especially
instructive. While the addition of NNN hopping terms could make the band flat-
ter, it actually deteriorates the FCI phase. Thus the search of a realistic FCI that
would include the effect of the band dispersion relation, should not focus only on the
flat-band criterion.

Third, the development of a FCI state is often dependent on suppressed fluctua-
tions in the Berry curvature. This agrees qualitatively with the picture derived from
the algebra of projected density operators. It should be noted, however, that even
the suppressed curvature fluctuations could actually be considerably strong.

Fourth, out of the five models that we have checked, the Kagome lattice model
with only NN hoppings has the most robust FCI phase. The ruby lattice model comes

close, but has three more tunable parameters.
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In conclusion, we have established the existence of a FCI phase in four distinct
flat-band lattice models at filling v = 1/3 with short-range repulsive density-density
interactions. The FCI phase is identified by an incompressible ground state with
Hall conductance o,, = 1/3 and excitations obeying the same counting as Laughlin
quasiholes. We have observed that in some cases, band structures that favor the
emergence of the FCI phase have less fluctuating Berry curvature. In the presence of
short-range three-body repulsive interactions, we have also found another FCI phase
reminiscent of the Pfaffian Moore-Read FQH state at half filling of the Kagome lat-
tice model and the ruby lattice model, in addition to the previously known example
of the Moore-Read phase in the checkerboard lattice model. This more exotic phase
has an incompressible ground state with Hall conductance o,, = 1/2 and excita-
tions exhibiting the counting of Moore-Read quasiholes. On the technical side, we
have demonstrated from various angles the power of the entanglement spectrum as a
sensitive and reliable probe of topological order, when no model wave functions are
available. We have also discussed interesting structures in the entanglement spec-
trum and their implication for the possible stable existence of other FQH states at

zero magnetic field.
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Chapter 4

Wannier Wave-Functions for

Fractional Chern Insulators

In the previous chapter, we established the existence of the fractional Chern insulator
(FCI) phase in an array of lattice models with Chern number C' = 1, and discussed its
qualitative resemblance to the fractional quantum Hall (FQH) effect manifested in the
energy and the entanglement spectra. Despite the similarity of the emergent features,
the FCI and the FQH effects are hosted by substantially different systems. The FQH
effects are typically observed in two-dimensional electron gas. This continuum system
allows a holomorphic description, and the variational trial wave functions can be
characterized by the asymptotic behavior when particles approach each other [12; 13].
In sharp contrast, the Chern insulators are defined on a discrete lattice, and its
continuum limit is different from the FQH effect [50, 59]. This obstructs attempts to
build model wave functions using the asymptotic behavior.

An open question is thus to what extent and in what form the FCI can be described
by the FQH physics. In this chapter we provide a generic scheme to compare FQH
and C' = 1 FCI wave functions at finite size. In particular, we address the fermionic

FCI phase at filling v = 1/3 and clarify its relation to the Laughlin state.
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The first step in this direction was made by Qi in Ref. [71]. The one-dimensional
maximally localized Wannier states are plane waves localized in the direction perpen-
dicular to propagation. They form an alternative basis in a topological flat band, and
they resemble the Landau orbitals in the lowest Landau level (LLL) in the continuum.
The central, elegant idea of Ref. [71] is to exploit this similarity and transcribe FQH
wave functions written in the second-quantized form to the FCI system. The two-
dimensional (2D) fractional topological insulator (FTT) system was similarly analyzed
using decoupled FQH states in the Wannier basis.

Upon closer inspection, the original proposal suffers from several issues that pre-
vent direct application of this scheme to make contact with existing numerical studies.
The formalism in Ref. [71] was built upon a smooth gauge in the continuum. This
poses technical challenges for numerical implementation on a finite-size lattice, and
conceptually, the one-dimensional (1D) mazimally localized Wannier states are or-
thogonal to each other only in the continuum limit. The non-orthogonality at finite
size spoils the translational invariance of the constructed many-body states. More
importantly, the maximally localized Wannier orbital to LLL mapping in Ref. [71] is
a mapping between the basis states of two separate systems. The two sets of basis
states have independent gauge freedoms. Merely introducing a 1D relabeling of the
Wannier states is not enough to properly fix the mapping from a Chern insulator to
the LLL. A naive implementation of the formulas in Ref. [71] results in variational
states very low overlaps (lower than 0.04 for a system of 8 particles on a 6 x 4 lat-
tice) with the exact diagonalization ground states of the two-orbital model discussed
therein.

In this chapter, we build upon Ref. [71] and provide an improved prescription for
constructing C' = 1 FCI wave functions using gauge-fixed (non-maximally) localized
Wannier states, with large overlap with the exact diagonalization ground states. Our

procedure is defined on a lattice of finite size with periodic boundary conditions in
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both directions. We do not need gauge smoothing, and we trade maximal localization
for the orthogonality between the 1D localized Wannier states at finite size. We
explicitly fix the phase choice of the Wannier states so that it best matches that
of the Landau orbitals. Our prescription keeps both the center-of-mass translational
symmetry and the inversion symmetry at the many-body level, and it implements the
folding rule [16] that accounts for the total momenta of the degenerate FCI ground
states on a torus. We also show that, in our prescription, using the Wannier bases
localized in either x or y directions produces the same set of many-body states in the
limit of flat Berry curvature.

As a numerical test, we construct the Laughlin state for several FCI models at
filling v = 1/3. In all cases, the lattice Laughlin states have very high overlap with the
ground states, and their entanglement spectra share the same gapped structure. The
overlap for the best FCI models found so far reaches 0.99 for a system of 8 particles on
a 6 x 4 lattice, of which the Hilbert space dimension is as large as 3 x 10* in each total
momentum sector. Our results provide the first direct, quantitative evidence that the
fractionalized phase in Chern insulators at ¥ = 1/3 can be well approximated by the
Laughlin state.

The chapter is organized as follows. In Sec. 4.1 we discuss the many-body trans-
lational symmetries [39] of the torus FQH states in the continuum. We construct a
recombined set of degenerate FQH states that allow a direct mapping to the lattice.
Sec. 4.2 summarizes with the basic properties of the 1D localized Wannier states on
a lattice. Except for a few subtleties, this discussion is similar to the one in Ref. [71].
In Sec. 4.3 describes the Wannier construction of the many-body FQH states on a
lattice. We elaborate upon the phase choice of the 1D localized Wannier states. We
show that the resulting many-body states are translationally invariant in both direc-
tions. We also demonstrate that the counting of the ¢-fold states in each momentum

sector agrees with the counting rule proposed in Ref. [16]. Eq. (4.65) provides an
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explicit and ready-to-use formula to rewrite any FQH wave function in a given Chern
insulator model. Sec. 4.4 presents the numerical verification that the ground states
of various FCI models are well approximated by the Laughlin state constructed using
our prescription. We also examine how close our phase choice for the Wannier basis is
from the absolute ideal by a brute-force optimization. Sec. 4.5 concludes the chapter

and discusses a few future directions.

4.1 FQH translational symmetries

It is instructive to review the many-body translational symmetries of the FQH system
in the continuum. We begin by recapitulating the main results of the PRL [39] by
Haldane.

We study the problem of N, electrons moving on a twisted torus with a perpen-
dicular magnetic field. The twisted torus can be represented by a parallelogram with
opposite edges identified. We set up a Cartesian coordinate system (z,y), with or-
thonormal basis vectors (é,,€é,). The tilde over  and y emphasizes the continuous
nature of these variables. We consider the torus spanned by L; = L€, and Ly = Lé,
(see Fig. 4.1).! Here, L; and L, are the length of the two fundamental cycles of the
torus, and the unit vector é, is defined by é, = sinfé, + cosf@é,, where the twist
angle # € (0,7) is the angle between the two fundamental cycles. The rectangular
torus corresponds to § = w/2. We introduce the normal unit vector €, = é, X é,, and

define the reciprocal primitive vectors
G =2mé,/(Lysinb), Gy =2n(é, —cotfeé,)/Ls. (4.1)

They satisfy G, - L, = 2w, for a,b € {1,2}.

!t is always possible to line up Ly with the &, axis for a torus of any aspect ratio.
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The torus is pierced by a magnetic field in the —eé, direction, B =V x A = Be,
with B < 0. The Hamiltonian of the interacting electrons reads

H= Z ZW + Y V(E - 5. (4.2)

1<J

We denote by e < 0 the charge of the electron. The magnetic length is g = \/h/(eB).
The total number of fluxes Ny penetrating the torus has to be an integer, given by
LiLysinf = 274N, We define N = GCD(N,, Ny), where GCD stands for the
Greatest Common Divisor. Then p = N./N and ¢ = N,/N are coprime.

The magnetic translation operator of a single particle is defined by 7'(a) = e~ @X/",
where K = —iAV —eA(r)+eB XT is the guiding center momentum of the i-th particle.
We pick Landau gauge A(z,y) = Bz é,, and impose periodic (not twisted) boundary
conditions T'(L,) = 1, a = 1,2. The wave functions (z,y|j) of the N, single-particle

states in the LLL are given by

_~2/(212 ) Z

VrLalg) Zexp {27r(j+nN¢,)

where the state index j is an integer defined modulo N.

. T+iy . om Lie 2
; — 11— N, 4.3
(b] (.:U, @/) L2 ZN(z) L2 (j _'_ n ¢) ( )

We can decompose the translation operator of the i-th electron, Tj(a), into a

relative part and a center-of-mass part, T;(a) = Ty i(a)Tem(a/Ne), where

Tasla) = Ti@) [[ 1), Tl = T[T, (49

Here and hereafter throughout the chapter, we use shorthand notation for products
M-1

and summations: H H Z Z We are particularly interested in the

following translation operators and we deﬁne the shorthand notations

Tra;i = Trei(pLa), T3 = Tai(PLa), T, = Tem(Li/Ng), To, = Tem(La/Ng).

Thanks to the periodic boundary condition, we can drop the particle index 4 from

the relative translation operators, since Tj%, ; = [(T%,)9]" and T, ; = [(T%,)9]" do not

depend on the particle index.
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T Y Yy
¢, and 7Y . and of course T,

. being a power of T , commute

The operators T
with each other and the Hamiltonian H [39]. We use them to block-diagonalize the
Hamiltonian into momentum sectors labeled by two-dimensional (2D) wave numbers

(K, Ky) in an N X N Brillouin zone, defined by the eigenvalues?

r 27Ky /N y __ —i27ky /N,
rel — € e Tcm =¢ vime, (45)

The operator 7% commutes with 777,

and H, but not with T :

TY T® =T TY e /4, (4.6)

cm™— cm cm™— cm

Therefore, the many-body energy eigenstates can be grouped into ¢-fold center-of-
mass multiplets; the ¢ states in each multiplet can be transversed by successive ap-
plications of T3 and they share the same energy and the value of k, and &, mod
N.

We set the cyclotron energy to infinity and focus on the states in the LLL. In this
approximation, the many-body Hilbert space is spanned by the occupation-number
basis states (Slater determinants) constructed from the LLL states |7). We use the
curly braces {-} to denote a list of quantum numbers for the N, electrons. For
succinctness, we always omit the electron indices from {-} and related expressions.

Now we are in a position to establish a concrete representation of the many-body
translation algebra. The basis states in the LLL are |{j}) = |jo,J1,--.,jn.—1) With
an implied anti-symmetrization. The action of the many-body translation operators

reads [16]

Tallih =10 — &), Tl{ah=e=""{j}),
TLGH =10+ 13), ThHih) =e 2= |{53).

Notice that the original treatment in Ref. [39] put an additional factor of (—1)P?(Ve=1) in the
formula, but this is not necessary for our purposes: (kg,ky) are defined by Eq. (4.5). Our choice
can be regarded as an alternative labeling aimed to simplify the formulas in this chapter, at the cost
of the identity of (K, ky) as true momentum.

(4.7)
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Here the sum ) j runs over all the particles, and the state [{j + [}) is obtained
from |{j}) by shifting the j quantum number of each particle by . As expected,
the relative and the center-of-mass translations are related by the periodic boundary
conditions, T% = [(T=,)', T%, = [(T¥,)9".

rel —

4.1.1 Recombination of the ¢-fold states

It has been suggested that the FCI with |C| = 1 on an N, x N, lattice corresponds
to a FQH system with flux N, = N,N, [71, 16]. We now look for an alternative
representation of the many-body translational symmetries with a Brillouin zone com-
mensurate to the lattice system, in preparation for the analysis of the translational
symmetry of the Wannier construction in Sec. 4.3.3. We emphasize that we are still
working in the continuum and we are merely providing another representation of the
center-of-mass translation algebra. The integers N, and N, should be understood as
a factorization of N, at this stage.

Following Ref. [16], we define the integers Ny, = GCD(N.,N,), No, =
GCD(N, Ny), and p, = N¢/Noz, py = Ne/Noy, ¢z = Ni/Now, ¢4 = Ny/Noy.
Obviously p,, ¢, are coprime, so are p,,q,. Less obviously, ¢,q, divides ¢ [16], and

thus p, ¢, are coprime, so are p, q,. We define the translation operators®
Sy = (Tgm)q/qza R, = (Tgm)qz' (4'8)

They commute with each other and the Hamiltonian H. Therefore, we can use

(Sz, Ry), instead of (T0%, TY), to block-diagonalize the Hamiltonian into momentum

sectors. Since ()% = (T%)1, the new set of 2D wave numbers defined by (S, R,)

3We emphasize that the operators S, and R, are defined in the continuum. In contrast to the
discussions in Ref. [16], here we do not add a lattice pinning potential to the FQH setup. Were
we to do that, S, and R, would not be legitimate translation operators as they contain one-body
translations that are a fraction of a unit cell size. We bridge the FQH and the FCI sides through the
properties of the second-quantized amplitudes, without directly migrating the continuum translation
operators and their algebra to the lattice.
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takes value from an (Ng,) x (No,NN,) Brillouin zone [as opposed to the N x N,
Brillouin zone of Eq. (4.7)].

Notice that S, operates within the ¢-fold multiplet. Successive applications of
S, break the multiplet into non-overlapping orbits. The states in each orbit have
the same R, eigenvalue due to [S;, R,] = 0. The orbit structure can be revealed by
the eigenvalues of TY , as they are distinct for the ¢ states. Plugging Eq. (4.8) into

Eq. (4.6), we have
TY. S, = S,TY e~ 2mP/e= T2 R — R T2 i?m/(a/a) (4.9)

Therefore, every orbit of S, has the same length ¢,, and thus the total number of
orbits is ¢/q,. Further, for r € [0 .. ¢/q.), (T%,)" brings any given state in the g-fold
multiplet to ¢/q, distinct states discriminated by R, eigenvalues, and thus belonging
to q/q, different orbits of S,. This covers each of the orbits exactly once.

We can recombine the ¢-fold states to form simultaneous eigenstates of S, and
R,. We start the construction from an arbitrary energy eigenstate |¥) in the ¢-fold
multiplet diagonal in (7%, 7% ), labeled by x, € [0 .. N) and x, € [0 .. N,). The
usual, relative y-momentum which labels the eigenvalue of 7Y, can be easily obtained
as ky mod N. For the Laughlin case at filling v = 1/3, |¥) is just one of the threefold

degenerate states on the torus. The ¢ states can be regrouped into the orbits of S,

labeled by r:

{(Sm@zy1w) men . a)}, rel . a/a). (4.10)

We can recombine the ¢, states in each orbit into ¢, eigenstates of S,. Within the

multiplet, ince (S,)% = (T%,) = e7?™%</N e have

(S,)% = ei2mas(etsNe)/(Naz) (4.11)
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Note that the values of e27(fe+sNe)/(Naz) are distinct for s € [0 .. ¢,), thanks to p, ¢,
being coprime. We define the ¢, X (¢/q.) states

1 &,
s Z g2l tsNe) [(Naw) (g ym (T )7 ), (4.12)

|W;s,7) =

for s € [0 .. q¢;) and 7 € [0 .. ¢/q.). These states are orthonormal, and they are

simultaneous eigenstates of S, and R, in the (Ng,) x (No,N,) Brillouin zone,?

S| U s, 1) = e 2m(RatsNe)/(Naw) |y 5 )

(4.13)

R,|W;5,7) = e 2m(rutrNe)/ (NowN) |- 5 7).
The ¢, x (q/q.) states are related by center-of-mass translations, namely
TE (W s, 1) = | s,r 4+ 1), TY |U:s,7) = e 2rtwtrNe)/No 1. g 1 ). (4.14)
In terms of amplitudes, the second equation above can be written as [using Eq. (4.7)]
e BRI ({ Y| Wy s, 7) = e BRO AN ({3 W s —1,7). (4.15)

Incidentally, we note that |¥;s,r) is periodic under s — s + ¢, but it acquires a

phase when r — r 4 ¢/, [since (T%,)%/% = S, as defined in Eq. (4.8)]

(5,7 + q/qq) = e 2NN 5 ). (4.16)

4.1.2 Translational symmetries in amplitudes

We now consider the manifestation of the translation symmetries in the amplitudes

({7}|¥; s, 7). The action of S, and R, on the basis states |{j}) reads

Sel{it) =i+ a/a}), R Hi}) = e 2rd/et| ), (4.17)

Therefore, from the first equation above we have

e ratsN /(Na) (A 1 5 1) = ({f — ¢/ }| T3 5, 7), (4.18)

1A notable special case is when ¢ divides N,. Since GCD(Ny, q¢) = GCD(pNy, q) = NyNo,/N =
q/qx, in this case we have ¢, = 1, and thus S, = (T%)" and R, = T%,. Hence, the original g-fold
states diagonal in (T7%,,T¥,) are already the simultaneous eigenstates of S, and R, without any
recombination.
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while from the second, we find that the amplitude ({j}|V;s,r) vanishes unless
> j=ry+rN, mod Ny, N,. (4.19)

The last two equations above summarize the information that we need from the FQH
side to establish the translational invariance of the FCI many-body wave functions

to be constructed in Sec. 4.3 on an N, x N, lattice.

4.2 Hybrid localized Wannier states

We now proceed to establish the hybrid Wannier basis in a Chern band on a lattice.
The ultimate goal is to construct 1D localized Wannier states which are plane waves
in the second direction (hybrid). Such states mimic the Landau orbitals |j). We
begin by reviewing the construction and the properties of the 1D maximally localized
Wannier states [49, 57, 105].

Consider a 2D band insulator with N, orbitals per unit cell, indexed by a. We
assume lattice translational symmetry and periodic boundary conditions. Denote the
primitive translation vectors by b; and by, with é, - (b; X by) > 0. Then the Bravais
lattice is indexed by xb; + ybs, with (z,y) € Z? [to be differentiated from (Z,7) € R?
in the continuum.] We pick the principal region to be (z,y) € [0 .. N,) x [0 .. N,).
The momentum space is given by the reciprocal lattice k. We label points in the
momentum space by wave numbers (k,, k,) € Z?, defined by k, = k-by and k, = k-b.
The single-particle orbitals can be written as |z,y, «), or |k;, ky, &) in the momentum
space.

The energy eigenstates are Bloch waves. We focus on a single, isolated band
|ky, ky), which will be fractionally filled in the many-body construction. For now
we only focus on the one-band problem. Generalization to the 2D FTI problem is
straightforward as that problem decouples in the Wannier basis. The wave function

of the Bloch band is uy(ks, ky) = (ks, ky, alkz, k). We assume periodic boundary
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condition in both k, and k, directions, |k, + N, k, + [,N,,n) = |k, ky,n), for
ls, 1, € Z. We set the first Brillouin zone to [0 .. N;) X [0 .. N,).

We denote the position of an orbital a relative to its unit cell coordinate by €-b; 4
€/ by, where (€2, ¢%) € R? are the relative displacements of the orbitals within an unit
cell. Taking into account the periodic boundary, we can define the (exponentiated)
position operators

B=) 0 laya)e PNz y al, (4.20)

‘Z7y

and similarly y. Here the integers (z,y) are summed over the Bravais lattice points
in the principal region of the torus, and « is summed over all N, orbitals.
Using the projector to the occupied band
P =" ke ky) ke, by, (4.21)
K ky
we can define the projected position operators X = PzP and y = PyP. In the

momentum space, they take the form

X= Z |z, ky>~’4m(kmu ky)<krc + 1, kyla V= Z |z, ky>~’4y(km7 ky)<kza ky + 1],
ka,ky kz,ky

where (k;, k,) is summed over the first Brillouin zone, and A, ,(k,, k,) are the (ex-
ponentiated) Berry connections given by
Aa(ka, bey) = (ko by |Blko + 1 ky) = e 2™ 0MNous (ki ey Yu (Kot 1, Ky )

o (4.22)
Ay (R biy) = (b, oy Gl Ky + 1) = D e 78w (ki by Yo (i, oy 1),

«

Notice that the Berry connections depend on the embedding of the lattice and its
orbitals in real space, as does the Berry curvature. We emphasize that the definition

of the exponentiated discrete Berry connections does not require a smooth gauge.
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4.2.1 Localization and orthogonality

Thanks to the translational invariance, we can view the 2D system as N, decoupled
1D subsystems labeled by the momentum k,. The position operator X operates
within each subsystem and is diagonal in k,. At each value of k,, the eigenstates of
this operator are the closest analogue to the states |z, k,, @) that we can construct
within the occupied bands; they are the maximally localized Wannier state for the 1D
subsystem [49, 57, 105]. The eigenvalue of X is the (exponentiated) Wannier center
position in the by direction.

Ref. [71] proposed to build FQH wave functions using the maximally localized
Wannier orbitals as one body basis with a one-to-one mapping into the LLL orbitals.
A major issue at finite size, however, is that the N, eigenstates of the projected
position operator at each value of k, are not orthogonal due to the non-unitarity of
the projected position operator at finite N,. Gram-Schmidt orthogonalization is not
a suitable solution, as it mixes the Wannier states localized in different unit cells,
thereby spoiling the translational invariance. The proper resolution is to keep only
the phase part of the exponentiated Berry connection and use the alternative, unitary
projected position operators to define the 1D localized Wannier states. Specifically,

we define the unitary connections®

Ay(ky, ky) = Aalks, ky) /| Aa(ks, ky)|, a=2,y, (4.23)

and the unitary projected position operators

X:Z |kas ky) Ax(ka, ky) (ke + 1, Ky, ?:Z |kas ky) Ay (ks by ) (Ko, Ky + 1] (4.24)

ke ky ke ky

Technically, the eigenstates of these operators are not mazimally localized (they are

almost s0), but this is a small price to pay for the orthogonality.

®The non-unitary connection A, (ky,k,) (¢ = z,y) may vanish on a very small lattice. This
problem is most pronounced on an N, x N, = 2 x 2 lattice with inversion symmetry. In this case,
all the four Bloch states are inversion eigenstates. The connection A, between two Bloch states
vanishes when the two states belong to different inversion eigenvalues. We do not consider such
pathological cases in our treatment.
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Thanks to the gauge periodicity in both k, and k,, we can define the unitary

Wilson loops

Ny Ny
Wa(ky) = HA:t(k:m ky), Wy(kz) = HAy(kz’ ky).
ks ky

For later convenience, we introduce A;(k,) and A, (k,) defined by
(k)™ = Walky), Dy (ko)™ = W, (k). (4.25)

We pick A\, (ky) to be the N,-th root with argument angle in (—27/N,, 0], and A, (k)
to be the Ny-th root with argument angle in (—27/N,,0]. We can interpret A, (k)
and A, (k,) as the “average” phase (connection) of the Wilson loop evenly distributed
to each bond along the loop. In general, for more than one occupied band, A, (k,)
and A, (k,) are obtained from the sets of eigenvalues of the corresponding Wilson loop
matrices.

The eigenvalues and the eigenstates of X can be found easily, due to its decoupling
into N, blocks labeled by k,. Each block X k, is an N, X IV, matrix in the Bloch basis.

The N, eigenvalues of )?ky are given by the N,-th roots of W, (k,) [105],
Xky’X7 ky> - AI(X’ ky)|X> ky>v (4-26)

where A, (X, k,) = e 2™X/Ne )\ (k,), indexed by X € [0 .. N,). The eigenstate belong-

ing to the eigenvalue A, (X, k,) can be written

1Py (X ky) No ) P\x(k )]kx
P PV LS V. S i) I TR (4.27)

Recall that we use the shortand

ke—1

ﬁAI(/@, ky) = [ Asls ky). (4.28)

Since the curly-braced prefactor in Eq. (4.27) is unitary, these states inherit at fi-
nite size the orthonormality of |k, k,) through the Fourier transform. These or-

thogonal Wannier orbitals are not maximally localized for the finite-size lattice, but
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quickly become so as the number of sites N, increases. They exhibit a gauge freedom,
®,(X,k,) € R, which is a phase to be specified in Sec. 4.3.2.

The center of the 1D localized Wannier state is given by

R 1 &
mmmm=mm4FZ&mmr (4.20)
T ok

T

where the bracketed factor is a positive real number. Therefore, we can interpret
= Ne oA L(X k)] = X — = arg[Wa (k) (4.30)
2 ey 2 R

as the center of the maximally localized Wannier function, where we pick the branch
of the argument function with arg(z) € (—2m,0] to make x** € [X, X +1). We
place the X-th unit cell over [X, X + 1). As expected, in each unit cell there are N,
Wannier centers, corresponding to the N, values of k,.

For a flat-band Hamiltonian with no band dispersion, such as the single-particle
part of the FCI Hamiltonians studied in the previous chapter, the Wannier states are
actually single-particle energy eigenstates of the lowest, fractionally filled band. This
qualifies the set of all the 1D localized Wannier states {|X, k,)} as a single-particle
basis for constructing the many-body trial states for the FCI, which lie entirely in the

lowest band, in the same spirit as the LLL projected FQH wave functions.

4.2.2 Gauge freedom

In the language of Ref. [57], the construction of eigenstates in Eq. (4.27) can be
interpreted as transforming the Bloch states with an arbitrary phase factor to the

“parallel transport” (pt) gauge, in which

sk = B s (4.31)

T Auklky)

and the 1D localized Wannier states are just Fourier transform of the Bloch states

|kz, ky)pt- Despite the name, technically the phase of |k,, k), contains not only the
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parallel transport [[% A, (k, k,) from |0, k,), it also contains a rotation to accommo-
date the Wilson loop W, (k,).

Under the gauge transform

\ka, ki) — eMFak) B k), (4.32)
the Wilson line transforms by
HA (K, k) — e~ MOR) HA (K, k) eMFaky) (4.33)
and thus the Wannier state transforms by
X, k,) — MOk | X k). (4.34)

The reason for the appearance of e”*s¥s) with only k, = 0 is obvious: the parallel
transport gauge [Eq. (4.31)] depends only on the initial condition at k, = 0 and the
gauge-invariant Wilson loop W, (k,). Had we chosen to start the parallel transport
from k2, the Wannier state would acquire a phase ein(keky) upon the gauge transform.
The full gauge freedom of the Wannier states is kept in the phase ’®»(**s) Due to
the X-dependency, this is much larger than the gauge freedom in e”(Okv).

Incidentally, we point out that any gauge fixing in the £, direction at k, # 0 is
futile, as the “parallel transport” construction would effectively override any gauge
choice at k, # 0. This is reflected by the independence of Eq. (4.34) from e™(k=-ky)
with &, # 0.

®y(Xky) or the single-particle gauge for

We emphasize that the phase factor e
k2, ky), do not affect the localization of the Wannier state, but they do affect essen-

tially the similarity with the LLL. We will discuss the choice of €'®v(**v) in Sec. 4.3.2.
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Figure 4.1: Single-particle orbitals in the lowest Landau level (LLL) and the Chern
band. In the left panel we show the Landau orbitals in the LLL on a torus. The
two fundamental cycles are marked by L; and Ls, and the twist angle is labeled by
. The Landau orbitals are plane waves in the ¢, direction that are localized in the
direction perpendicular to propagation. In the right panel we show a 1D Wannier
state localized in the by direction and in the lowest band of the Kagome lattice model.
The size of the spheres depicts the weights of the Wannier state on each lattice site.

4.2.3 Connection to the lowest Landau level

Ultimately, we want to bridge the physics of a partially filled band with a Chern
number C' = £1 and that of the spinless FQH effects in the LLL on a continuum torus.
(Unless noted otherwise, in this chapter we specialize to Chern number |C| = 1.)

As illustrated in Fig. 4.1, at the single-particle level, both the Wannier states
| X, k,) in a Chern band and the Landau-gauge orbitals |j) in the LLL are plane
waves localized in the direction perpendicular to wave propagation. Building upon
the correspondence between the center lines of the localized states, Ref. [71] proposed
a linear relabeling of the Wannier states. The resulting 1D label is analogous to the
LLL state index j. We now examine this relabeling of the Wannier states in more
details. As we will see, the original prescription lacks a few ingredients that are
essential for a concrete numerical implementation of the scheme.

First, we need to specify the torus geometry in the continuum. The number
of fluxes in the corresponding LLL problem is given by Ny = NN, [71, 16]. We

want the continuum torus to take the same shape as the lattice system with periodic
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L N.|b
boundaries. The aspect ratio is set to L e[b| )
Ly Nylbyf

the twist angle 6 between L; and Ly (defined in Sec. 4.1). For brevity, we want to map

The only remaining parameter is

both C' =1 and C' = —1 Chern bands to the LLL with a magnetic field in the —é,
direction as studied in Sec. 4.1. For C' = 1, we put L; and Ly in the direction of by
and bs, respectively. For C' = —1, we need to “flip” the fundamental parallelogram.
This corresponds to choosing the twist angle 8 = m — (by, by), where (b, by) € (0, )
is the angle between by and by. This choice of € is justified numerically in Sec. 4.4.2.

We now make a detailed comparison between the LLL orbitals |7) and the Wannier
orbitals | X, k,). In the LLL, the center coordinate L;j/N, of orbital |j) in the by
direction is a monotonically increasing function of 7, and the 7 = 0 orbital is centered
along the line + = 0. In the Chern band, the unitary Wilson loop W,(k,) is a
pure phase; when k, changes, it winds around the unit circle at the origin of the
complex plane. In the continuum limit, W, (k,) has winding number C' = £1 when
k, goes around a single Brillouin zone. Assume for the moment that the winding
motion of W, (k,) on the unit circle is unidirectional (clockwise when C' = 1 and

counterclockwise when C' = —1) when £k, increase from 0 to N,, i.e. there is no

Y
“zigzag” pattern of going back-and-forth anywhere. In this case, when the £, Brillouin

zone boundary is properly chosen, arg[W,(k,)] € (—2m,0] depends monotonically on

k.

The proper choice of the Brillouin zone is illustrated in Fig. 4.2. We start the
k, Brillouin zone from the point where W,(k,) is closest to 1 in the lower half of
the complex plane. The specific prescription is the following. We pick the branch of
arg[W,(k,)| that takes value in (—2m,0]. We define the shift 4, € [0 .. N,) as the

cardinality of the set

{ky €l0..N,) | arg[W,(k,)] > arg[W,(0)] } (4.35)
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Figure 4.2: The principal Brillouin zone for C' = +1. Plotted are the flows of the
Wannier center position x** = X —arg[W,(k,)]/(27) [Eq. (4.30)] as a function of k,,
color-coded according to the unit cell index X. The movement of the Wannier center
in each unit cell is monotonic in the principal Brillouin zone Ck, + 6, € [0 .. N,)
(marked by the gray shade), but not monotonic in the Brillouin zone k, € [0 .. N,).

For models with inversion symmetry, it is not hard to see that ¢, is fixed to

(

0 if W,(0) = 1;

oy = 4 N,/2 if W,(0) = —1 and N, even; (4.36)

(N, —1)/2 it W,(0) = —1 and N, odd.
Then, for Ck, + 6, € [0 .. Ny), arg[W,(k,)] depends monotonically on k,; Ck, + 0,
labels the Wannier centers in an unit cell sequentially in ascending order of the center

X ky

position x**. We refer to the set of k, given by

Cky,+6,€[0..Ny) (4.37)
as the “principal Brillouin zone” (pBZ). We introduce the 1D label of Wannier states
i = XN, + Ck, + 6, (4.38)

with Ck, 4+, € [0 .. N,). We need to shift k, back to the pBZ before performing the
mapping. Thanks to the explicit choice of the domain for k,, the mapping (X, k) — j
is invertible. In the presence of “zigzag” patterns in W, (k,), we stick to the above

Xk,

7 formula, and take 0, as a variational parameter. This simple dependence on £,

is necessary for the translational invariance of the FQH-analog wave functions, as we
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will see in Sec. 4.3.3. In the rest of this chapter we will focus on the case without
“zigzag” patterns.

The phase factor et Py (X ky)

is subject to periodicity constraints. Since in the LLL
17) = |j + Ny), the Wannier states | X, k,) and | X + N,, k,) are mapped to the same
LLL state. This mandates the gauge periodicity in X, i.e. | X, k,) = |X + Ny, ky).

Eq. (4.27) then leads to

oiPy(Xky) _ iy (X+Noky) (4.39)

The periodic gauge of the Bloch state in the k, direction, i.e. |ks, ky) = ks, ky + N,),

requires that

o1y (Xoky) iy (X ky+Ny) (4.40)

It should be noted that the analogy between the Wannier states and the LLL
states is not exact even in the continuum limit, due to the inevitable fluctuations
in the Berry curvature. For example, if the Berry curvature is not uniform in the y
direction, the Wannier centers xy***» are not distributed evenly over each unit cell,
in contrast to the uniform distribution of the LLL orbitals. This is in line with the

comparison between the LLL and the Chern band made in Refs. [68, 34].

4.3 Wannier construction of quantum Hall states

We now turn to the construction of model wave functions in a fractional Chern in-
sulator defined on an N, x N, lattice. We consider finding model wave functions
that approximate the ground states of generic density-density interaction with trans-
lational invariance, namely

Viat - Z Zwi+67uwi,ywr,y¢r+5,‘u7 (441)

(wv,8) r
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Here 4 is the unit cell displacements between neighboring orbitals x4 and v. The
sum (u, v, d) is over all distinct (up to lattice translation) orbital pairs within some
interaction range. The Bravais lattice coordinate r = (z,y) € Z? is summed over the
principal region of the torus. Longer range interactions can also be implemented, but
our experience is that they diminish the strength of the FQH-like state.

In the flat-band limit of the single band approximation [74], the interacting Hamil-
tonian is just the projected density-density interaction PV, P:

Hyay = Ni(z, Z Z Oy ke o s e~ itlatayd
{18} kikoksky

x (ke up (ko) (ks )uy (k) ¥f O Uy Wy, - (4.42)

Here k;, = (kyn, kyn), n =1,2,3,4, are summed over the first Brillouin zone, and the
primed Kronecker-6 allows umklapp processes k; + ko = ks + k4 mod (N, N,).

Based on the physics of the FQH, we expect that the Hamiltonian in Eq. (4.42)
could have a topological ground state at filling v = 1/¢ that resembles the Laughlin
state. The Laughlin state expansion in non-interacting many-body states is known
and hence all we need for a model FCI state is an appropriate map between the
FCI single-particle orbitals and those of the LLL. The relevance of these trial wave
functions to the actual FCI ground state is demonstrated in Sec. 4.4. We now examine
the details of this construction.

For a flat-band single-particle lattice Hamiltonian, the many-body Hilbert space
is spanned by the Slater determinant states [{X, k,}). The 1D index j**v defined in
Eq. (4.38) provides a formal mapping between the many-body basis states [{X, k,})
on the lattice and |{j}) in the continuum. The lattice analogue of |¥; s, r) states can
be constructed:

W = Y {X k) ({OF 5 s,7), (4.43)

{Xoky}
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where ({j%*}|U;s,r) are the FQH amplitudes of the states defined in Eq. (4.12),
and {X, k,} is summed over all N.-particle configurations in the Wannier basis.
Naively, this seems to be the end of the story. However, the state |W;s,r)a
defined above is not covariant under a single-particle gauge transform on |X, k), as
the continuum states |j) do not transform accordingly. We have to fix the phase
e'®s(Xky) of the Wannier states | X, k,) in conformity with the phase of the |j) states.
This is not surprising: following Ref. [71], up to now we have only established a
mapping between the state labels (X, k,) and j, rather than a mapping between the

i@y (X:ky) Hhased on

actual states. In the following, we seek the guidelines for choosing e
the similarity with the LLL. If we do not properly fix the e'®v(X:k) phase, the overlaps

with the exact ground states can be tiny.

4.3.1 Connection between Wannier states

For the LLL orbitals |j) defined in Eq. (4.3), by brute-force calculation we find that

the adjacent orbitals satisfy
(jle G2 4 1) = e 1GP /A c R, (4.44)

Here, Gy = 2m(é, — cot 0 é,)/ Lo is the reciprocal lattice vector defined in Eq. (4.1) in
Sec. 4.1, and the position operator T takes values in the continuum. We can interpret
e~'G2T a5 a translation by —Gs in the momentum space.

This condition spells out the gauge choice of the LLL orbitals. In the continuum
limit, it gives the parallel transport between the |j) and |j + 1) orbitals. We need to
find a consistent gauge for the Wannier states. Recall that Y implements translation
in the momentum space along k,,, which is the direction reciprocal to by. Therefore,

on a lattice, the quantity analogous to (j|e~*2T|j 4+ 1) is the connection between

adjacent Wannier states

(X, Ky [V X KL). (4.45)
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Figure 4.3: The loop (0, k,)(0,k, + 1)(ky, ky + 1)(ks, ky)(0, k) in the N, x N, lat-
tice Brillouin zone. The Wilson loop around this path is defined in Eq. (4.49) as
W_(ks, k). Notice that at k, = N,, the connections at the two vertical edges cancel
each other due to periodic boundary, leading to W_(N,, k,) = W, (k,)/W,(k, + 1).

Here, in the same spirit as the orthogonality fix for | X, k,), we use the unitary pro-

jected position operator ?, defined in Eq. (4.24), and (X', k) is the label of the

Wannier state next to | X, k), defined by
Gk = 5k O (4.46)

Plugging in the definition of j%*v in Eq. (4.38), we find k, = k,+1 mod N,. If going
from k, to k,+1 crosses the boundary of the principal Brillouin zone [Eq. (4.37)], the
Wannier centers (X, k,) and (X', k) are located in different unit cells (X' = X +C),
otherwise they are in the same unit cell (X’ = X). Notice that for |C] > 1, Eq. (4.46)
breaks the N,N, Wannier states into |C| groups, and it implies a |C|-layer FQH
analogy [7].

We can calculate the Wannier connection (X, k:y|§A/|X ', k,) by expanding the Wan-
nier states in Bloch basis using Eq. (4.27). Since the operator Y is diagonal in k,, the
two Bloch basis expansions is reduced into a single sum over k,. Consider a generic
term k, in the sum. The A, factors from the Wannier states and the A, factor from
Y can be collected into a Wilson line going along (0, ky +1)(ky, ky+1)(ks, ky)(0, k),
which equals A4,(0, k) times the Wilson loop around the path shown in Fig. 4.3. The

A: factors from the Wannier states are [A,(k, + 1)/A.(k,)]*=. If the two Wannier
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states are not in the same unit cell, they must be in adjacent unit cells X' = X + C

[due to Eq. (4.46)], and we have another factor e?2™*«C/Ne

Putting all these together, for (X', k) defined in Eq. (4.46), we have the expression
10y (X' K))

(X, Ey |V [X K = —arery Ay (0, k) Uy (K, ), (4.47)

ei®y (X ,ky) * 7Y

where the gauge-invariant quantity U, (k,) is defined as

U, (k,) = Ni ; % (4.48)

Here, W_(k,, k,) is the unitary Wilson loop in Fig. 4.3,

Hiz Ay (K, ky) Ay(kxv ky)
115 Au(k, ky + 1) Ay(0,Ky)

W_(ky, k) = (4.49)

while W_(ky, k,) = [1.(k,)]* is given by pu.(k,) defined over the principal Brillouin

zone [pBZ, the set of « satisfying C'k + 9, € [0 .. N,)],

2 C/Ne AW therwise.
)‘J»‘(ky + 1)

We emphasize that the above definition requires first shifting k, back to the pBZ.
The two cases in Eq. (4.50) correspond to whether or not going from k, to k, + 1
crosses the boundary of the pBZ.

We now try to understand p,(k,) and W_(k,, k,) physically. Without loss of
generality, we consider the case of C' = +1. Since [\, (k,)]V* = W,(k,) [Eq. (4.25)],
we have for both cases of Eq. (4.50),

(110 (Fey )| = {%} - W (N, ky). (4.51)

Now we need to take the N,-th root of this equation. Special care needs to be taken
with the branch choice. Recall from Sec. 4.2.1 that arg[\,(x)] lies in (—27/N,, 0]
by definition. Since we assume the absence of “zigzag” patterns in the winding of

W, (k), the motion of arg[\,(x)] in the interval (—27/N,, 0] must be monotonic when
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a) arg[A;(k, + 1)] arg[A. (k)]

( S /}
-3 0 arg[A.(k)]

Ng

b) arg( A\, (k)] arg[As(ky +1)]

( s ]5
. 0 arg[As(s)]

argle /N \, (K, + 1)]

Ng

Figure 4.4: Flow of arg[A,(x)] in the interval (—27/N,,0]. The solid dots represents
the N, values of arg[\,(x)] for the N, Wannier centers in each unit cell. Here we
show the case of C' = +1: arg[\,(k)] is a monotonically decreasing function of x
in the pBZ. Panel a) When k, and k, + 1 can be put in the principal Brillouin
zone simultaneously, we have arg[\,(k,)/A:(k, + 1)] € (0,27/N,). Panel b) When
going from k, to k, + 1 crosses the boundary of the principal Brillouin zone, we
have arg[e?™/N= ), (k,)/\o(k, + 1)] € (0,27/N,). Summarizing both cases, we have
arg[p.(k,)] € (0,27 /N,), for pu,(k,) defined in Eq. (4.50).

k € pBZ, and arg[A,(x)] jumps from the left boundary of the interval to the right
boundary when x crosses the boundary of the pBZ. As illustrated in Fig. 4.4, for all
values of k,, we have arg[u,(k,)] € (0,27/N,). On the other hand, since the phase
angle of the Wilson loop is given by the curvature enclosed in the loop, the argument

angle arg[W_(N,, k,)] € [0,27) is the total curvature enclosed in the N, plaquettes

in the row between k, and k, + 1. Then, the N,-th root of Eq. (4.51) gives

arlpe (k)] = ~-arg WL (N, ) (4.52)

x

Therefore the argument angle arg[W_(k., k,)] = kyarg[u.(k,)] is k./N, times the
total curvature enclosed in the N, plaquettes in the row between k, and k, + 1.
When the curvature is constant across the NV, plaquettes at k,, we have W_(k,, k,) =
W_(ky, ky). The phase of each term in U, (k,) [Eq. (4.48)] can hence be interpreted

as a measure of curvature fluctuations in the k, direction.
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4.3.2 Phase fixing: explicit prescription

Compared with (jle7¢2T|j + 1) € Ry in the LLL [Eq. (4.44)], a major difference in
the Chern band is that the connection (X, ky|§A/|X ', k,) between the Wannier states
cannot be gauge fixed to a real number. To see this, we take the product of Eq. (4.47)
over all (X, k,). Thanks to the periodicity of e!®s(X*4) [Eqs. (4.39) and (4.40)], the

product takes a simple form:

Nz
Nx Ny Ny
T BV IX R = | W,0) [ty (Ry) | (4.53)
X ky Ky

Without further constraints from symmetry, the expression on the right hand side
is a complex, rather than a positive real number. Even if we ignore the curvature
fluctuations, in general we still cannot make all (X, k:y|}A/|X’ k) € Ry. This is
fundamentally different from the LLL [Eq. (4.44)].

X:ky) that makes the phase of

Hence, we relax this condition and look for e*®v(
(X, k:y|§A/|X',k;> independent from X and k,. ® This phase is given by the Ny-th
root of the right hand side of Eq. (4.53). Define the phase U, (k,) = U, (k,)/|Uy,(k,)|.
Similar to the phase A\, (k,) for the connection A, (k,,k,) [Eq. (4.25)], we can define

a phase w, with argument angle in (—7/N,, 7/N,]| by

Ny
(wy) ™ = H Uy(). (4.54)
Then, to have the phase of (X, ky|1A/|X ', k;) independent from X and k,, we can use
(X, By [Y X Ey) = Ay (0) wy | Uy (Ky)]- (4.55)

Here, we have picked a specific branch of the Ny-th root of (the phase of) Eq. (4.53).
We could have picked another gauge by putting on the right hand side of Eq. (4.55)
an extra factor e?™/No with w € [0 .. [)(]Ns. However, this makes no difference

to the resulting set of many-body states {|¥;s, 7)1} [Eq. (4.43)]. The reason is

6The absolute value of (X, ky\}/}|X’7 k) does not depend on the choice of the phase e Pu(Xoky) Tt
is given by |U,(ky)|.
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the following. Without loss of generality, we consider the effect of this extra factor
e?™/No in the case with C' > 0. When we gauge fix the Wannier states one by one,
using Eq. (4.55) but with an extra e?™/Ns between each pair of adjacent Wannier
states, the Wannier state | X, k,) receives an extra factor ei2mwi™* [Ny - Therefore, the
many-body state in Eq. (4.43) becomes

. X, ky .
T, )i = Y {X ky}yemomd e Ne (XM 0 s ), (4.56)
{X ey}

Plugging in Eq. (4.15), we find
|W; s, ), = eiQ’Tw(”yHNE)/N‘f’]\IJ; S+ W, T)at- (4.57)

The w-dependence is reduced to an overall phase factor, and a shift in the s index,
which can be absorbed by a reshuffling of s. Therefore, we can safely set w to zero,
and use Eq. (4.55) to fix the phase of the Wannier states.

Plugging this prescription into Eq. (4.47), we find

iy (XK =iy (k) — _Mu(0) @y (4.58)

Ay(0, ky) Uy (ky)

Notices that the quantities on the right hand side are all unitary. Together with the
initial condition e’®v(%0) = 1, Eq. (4.58) recursively specifies the choice of e'®s(X:kv)
for all the N, states. Thanks to Eqgs. (4.25) and (4.54), this choice of e ®v(X:ky)
does not depend on X, and we can drop the X argument and write e'®v(*) instead.
We note that any choice of ') without an X-dependence that is periodic in Ky
can be achieved by simply modifying the gauge of the single-particle Bloch states

0,ky)

along k, = 0. This changes the phase of the Wannier states by e as shown in

Eq. (4.34).
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4.3.3 Translational invariance

We now examine the translational symmetry of the many-body states |¥;s,r). For

the moment we do not specialize to the phase choice in Eq. (4.58) and consider the

constraint from translational invariance on a generic e'®s(X:v),

Define the N-particle center-of-mass translation operators on the lattice

ﬂﬁt,cm: Z {z+ 1y, a})({z,y,a}l,

{zy,a}

Toew= Y Hzy+Lah){{z,y,a}l.

{zy,a}

(4.59)

The action on the wave function of the many-body lattice state |W; s, r),; defined

in Eq. (4.43) is found to be

(X kT | W5 8, 7)1y = € 2P ERI=R LRI IX 1 o MW s 7)1, (4.60)

{X, Ry} T

lat,cm

W5 8, 7)1 = e 27 2R/ N (UX 0 VWS 8, 1) g, (4.61)

where )  means summation over all the N, phases of different quantum numbers
{X,k,} of the N, electron wave function. The translational invariance in the y di-
rection is already apparent: Eq. (4.19) dictates that the non-vanishing components
of ({X,k,}|V;s, 7)1 have the same value of >k, = Clk, + (r — §,)N] mod N,,.
This is the total momentum K,. The prefactor in Eq. (4.61) is the same for all the
non-vanishing components, i.e. the wave function is translationally invariant in the
y direction. The situation in the x direction is more involved. Plugging Eqs. (4.18)
and (4.38) into Eq. (4.60), we have

{X, Ry 3T

lat,cm|\p; S, T>1at

{X Ry} W5 5, 7 )a

_ e—i?ﬁ(mx—l—sNe)/Nx ei Py (X ky)—Py (X —1,ky)] ) (462)

In general, the exponential prefactor is different for each component (Slater deter-
minants of different sets {X, k,}), spoiling the translational invariance. To restore
this symmetry, ¢'®v(Xky)=i®(X=Lky) hag to be independent from X and k,. Transla-

tional invariance is part of the main reason why we also have asked for the phase of
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(X, ky|§//\'|X ', k;) to be independent from X and &, in the previous section. The peri-

i®y(X:ky) then guarantees that the exponential prefactor

odic boundary condition on e
is an N,-th root of unity, and thus the state recovers translational invariance in the
x direction.

We now consider the phase choice given in Sec. 4.3.2. Plugging Eq. (4.58) into
Eq. (4.62), we have

({X, ky}‘ﬂit,cm|\1j§ 8,7 Nat = g~ 2m(ateNe) /N ({X, ky}|\1/§ 5,7 )lats (4.63)

where the relative momentum k, of the FQH state |¥) is defined by the eigenvalue
of the relative translation operator 7%, in Eq. (4.5). Hence the FQH-analogue many-
body wave functions ({X,k,}|¥;s, 7)1 constructed through the Wannier functions

using the above prescription are indeed translationally invariant. The total momen-

tum of the N, particles in state |¥; s, 7)1a is given by the wave numbers
K, = kg + sN, mod N,, K, = C|k, + (r —é,)N,] mod N,. (4.64)

Ref. [16] obtained the counting for FCI model states from the corresponding count-
ing for FQH model states by first folding the N x N relative Brillouin zone down to
Noz x Ny, and then unfolding to the N, x N, lattice Brillouin zone. We now show
that our procedure precisely reproduces this folding picture.

Without loss of generality, we consider the case C' = +1. Recall that
GCD(N,, N;) = Noz, Ny = ¢:Noz, GCD(N., N,) = Ng,, N, = q,No,. For
s € [0 .. ¢z), the g, values of K, are all distinct and can be written as , + t, Ng, mod
N, with ¢, € [0 .. ¢;). This clearly implements the folding rule in the z direction.
In the y direction, for r € [0 .. ¢/q.), the ¢/q, values of K, form nothing but a
q/(g»qy)-fold replica of the g, values of k, + t,No, mod N, with ¢, € [0 .. g,). This
corresponds to the folding rule in the y direction, producing ¢/(g.q,) states in each
momentum sector. The shift parameter J, can be absorbed into r and thus only

reshuffles the order of K, values. The results are thus in full agreement with Ref. [16].
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In Ref. [96], the generalized Pauli principle [12, 13] was invoked through the Wan-
nier mapping [71] to determine the total number of Moore-Read FCI quasihole states.
Using our updated formalism, the number of quasihole states in each momentum sec-

tor could be found as well, and it is in agreement with the earlier results obtained in

Ref. [96].

4.3.4 Many-body amplitudes in the Bloch basis

We are now in a position to give the final formula for the amplitudes of the many-body
lattice states constructed from the FQH states |U; s, r),
wy )k Ay (0)]F Ao (Ky)]F=
(T b} 10 5. = ] | { @) Dy [l }
L Uy(s) 1LY Ay(0, k) TT,7 Aals, ky)

1 —i20 Y ko X/Nao /f X b
S TR kX Na (X s ). (4.65)
VN,
z  {X}

Here the product outside the curly braces is over the (k,,k,) configurations of the

N, particles, and ({j**v}|¥;s,r) are the many-body amplitudes of the recombined
FQH states [Eq. (4.12)]. The above formula is the central result of this chapter. This
prescription is not limited to a specific model wave function. It applies to any FQH
state that can be expressed in a second-quantized basis; a real-space wave function
is not actually needed. We note that the absolute value of each component in the
Bloch basis does not depend on the gauge choice of the Wannier states, thanks to the

X-independence of e!®v(Xky).

4.4 Numerical tests

We perform the Wannier construction in the five fermionic lattice models studied
in the previous chapter at filling v = 1/3: the checkerboard lattice model [87], the
Haldane model on the honeycomb lattice [40], a two-orbital model that resembles

half (spin-up) of the mercury-telluride two-dimensional topological insulator [15], the
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Kagome lattice model with spin-orbit coupling between nearest neighbors [88], and
the spin-polarized ruby lattice model [45]. For each model, we use the parameter set
specified previously [74, 99] and focus on the lattice sizes and aspect ratios where the
system has a threefold quasi-degenerate ground state in numerics well separated from
the excited states. These are all inversion symmetric models, for which we list the
values of W, (0), W,(0), and C for each model in Table 4.1.

We obtain the Laughlin FCI states on the lattice using the formalism described
in this chapter, i.e. replacing |¥) in Eqgs. (4.12) and (4.65) by the Laughlin FQH
states on the torus in the continuum. The threefold Laughlin FQH states are ob-
tained by numerically diagonalizing the FQH model Hamiltonian with only the first
pseudopotential, V,,, = 0,,1. As detailed in Sec. 4.2.3, the continuum torus for the
FQH calculations has the same aspect ratio as the lattice system, and the twist angle
0 of the five models are given in the last column of Table 4.1. The three Laughlin
states are exact replicas except for a shift in the total momentum x,. As shown in
Sec. 4.1.1, they can be recombined into |¥; s, r) and then mapped to the lattice using
the Wannier basis. We will refer to the resulting lattice states as the Laughlin FCI
states, as opposed to the Laughlin FQH states in the continuum.

For all of the five models, we find that the Laughlin FCI states are indeed transla-
tionally invariant and inversion symmetric. In contrast, if we follow the prescription

in Ref. [71], the resulting many-body states break the inversion symmetry for the

Table 4.1: Values of the Chern number C, the Wilson loops W,(0) and W,(0), and
the twist angle 6 of the corresponding FQH torus, for the five lattice models at the
studied parameters.

Model C W,0) Wy0) 6
Checkerboard —1  +1 -1 /2
Haldane -1 +1 -1 7/3
Kagome +1  +1 +1 /3
Ruby -1 -1 +1 x/3
Two-orbital +1 -1 -1 /2
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checkerboard lattice model, the two-orbital model, and the Haldane model. The is-
sue responsible for this is that the Wilson loop W, (0) equals —1 in these models at

the studied parameter set.

4.4.1 Overlap

The relevance of the Laughlin FCI states can be checked by computing the overlap
with the ground states obtained from exact diagonalization of the FCI models at
filling v = 1/3 [74, 99].

The number and momenta of Laughlin FCI states (shown in Sec. 4.3.3) match
those of the exact ground states obtained by exact diagonalization. When both N,
and N, are divisible by 3, all of the threefold states have total momentum zero. In
such cases with more than one state in a certain momentum sector, the states can
mix and we do not have a one-one correspondence between the two groups of states to
compute the overlaps. Instead, we first build the projector into the subspace spanned
by the exact diagonalization states, then the projector into the subspace spanned
by the Laughlin FCI states, and finally, we define the overlap to be the trace of the
product of the two projectors, divided by the dimension of the subspace, i.e.

59

i s,

2
1at<ED; Z|\Il7 S, T>1at ) (4'66>

where |ED; i), ¢ = 1, 2,3 are the threefold ground states obtained from exact diago-
nalization, and the indices (s, r) are summed over the threefold Laughlin FCI states in
the same momentum sector. This naturally generalizes the usual definition of overlap
as the absolute square of the inner product. When the Laughlin FCI states appear at
different momenta, we take the usual overlap with the exact diagonalization states.
Shown in Fig. 4.5 against the Hilbert space dimension are the overlap values
between the Laughlin FCI states obtained by the Wannier construction and the exact

ground states at filling v = 1/3, of the five models on a lattice of size 4 x 3, 5 x 3,
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Figure 4.5: Overlap between variational states and the exact ground states. The size
of the lattice is labeled by N, x N, at top. The plot includes the checkerboard lattice
model (purple crosses), the Haldane model (red hexagons), the Kagome lattice model
(green triangles), the ruby lattice model (blue Y-shapes), and the two-orbital model
(cyan squares). The Wannier construction is performed using the | X, k,) basis. At
6 x 3, the three states in a multiplet are in the same momentum sector, and thus there
is one overlap value for each model. At other lattice sizes, two out of the three states
have identical overlap due to inversion symmetry. Also shown is the overlap between
the FQH ground state of the Coulomb interaction at filling v = 1/3 and the Laughlin
model state, denoted by black circles and labeled by the number of flux N,;. As a
baseline, we also plot the top 1075 and 107! percentiles (gray lines) of the overlap
values between random unit vectors as a function of the Hilbert space dimension.
6 x 3, 7x 3, and 6 x 4. The only exception is the two-orbital model: it does not have
a gapped threefold quasi-degenerate ground state when N, = 3, as we discussed in
the previous chapter. At 6 x 3 the threefold states have the same total momentum,
and thus there is only one overlap value for each model. At other lattice sizes, two
of the threefold states form an inversion pair and have the same overlap value. Also
shown in Fig. 4.5 are the overlap values between the Laughlin state and the FQH
ground state of the Coulomb interaction on a torus with unity aspect ratio, pierced
by N, = 15,18, 21, 24, 27 fluxes.

We find that at comparable Hilbert space sizes, the overlap for the Kagome lat-
tice model and the ruby lattice model are comparable with or even higher than the

overlap for the Coulomb interaction in the continuum, while the overlap for the Hal-

dane model, the two-orbital model, and the checkerboard lattice model have slightly
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lower overlap than the Coulomb interaction. We note one possible reason for the
higher overlaps in the FCI systems. The lattice interactions used in the FCI models
are Hubbard interactions between the nearest neighbors. Their short-ranged nature
is preserved by the mapping to the LLL via the localized Wannier states, and thus
the FCI interaction in the Wannier/LLL basis maybe be closer to the Laughlin pseu-
dopotential Hamiltonian, compared with the long-range Coulomb interaction in the
continuum. We emphasize that the overlap with the Laughlin FCI state should be in-
terpreted in the context of the size of the Hilbert space. This is illustrated in Fig. 4.5
by the plot of the top 107% and 1072 percentile values of the overlap between complex
random unit vectors, as a function of the Hilbert space dimension.

We observe a slight decreasing trend in the overlap as the system size increases,
much slower than the exponential decay of the random overlap. There is also an
upward kink when going from 7 x 3 to 6 x 4 for the checkerboard lattice and the
Haldane models. This agrees with the finding in Ref. [74] that the topological phase

is more stable when the aspect ratio is closer to unity.

4.4.2 Mapping parameters revisited

In the previous section, the shift parameter ¢, for the Wannier-LLL mapping and the
twist angle 6 of the continuum torus used in the FQH calculations were set according
to the discussions in Sec. 4.2.3. We now revisit the choice of ¢, and ¢ by checking
explicitly how it affects the overlaps with the FCI ground states.

First we perform the Wannier constructions for the five models using the 6 angle
specified in Table 4.1, but we vary the shift parameter 6, over [0 .. N,). In Fig. 4.6,
we show the dependence of the overlaps on 9§, for 6 x 4 and 6 x 3 lattices. At N, =4
(even), for the three models with W, (0) = +1, namely (see Table 4.1), the Kagome
lattice model, the checkerboard lattice model, and the Haldane model, the Laughlin

FCI states have significant overlaps with the exact diagonalization ground states only
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Figure 4.6: Overlaps between the Laughlin FCI states and the exact diagonalization
states, as a function of the shift parameter ¢, in the Wannier-LLL mapping. Please
refer to the legend and caption of Fig. 4.5 for the annotation of scatter symbols. The
left (right) panel shows the calculations on a 6 x 4 (6 x 3) lattice. For clarity, for each
model at each 9, we show the average overlap of the threefold states. The two-orbital
model is not included in the 6 x 3 calculation, as it does not have a gapped topological
ground state at this lattice size. The values of 9, that produce significant overlaps
are in full agreement with Eq. (4.36).

at 0, = 0; for the two models with W,(0) = —1, namely, the ruby lattice model
and the two-orbital model, the significant overlaps appear at 6, = 2 = N, /2. At
N, = 3 (odd), the significant overlaps for the three models with W, (0) = +1 are still
at 0, = 0, but for the ruby lattice models with W,(0) = —1, the peak in overlap is
shifted to 6, = 1 = (N, — 1)/2.7 The above results are in full agreement with the
choice of §, in Eq. (4.36).

We now put 6, to the values specified by Eq. (4.36), but vary the twisted angle
0 of the continuum torus for FQH calculations. The overlaps as a function of 8 are
shown in Fig. 4.7. For each of the five models, we find a clear peak in overlap centered
around the value of 6 suggested in Sec. 4.2.3, as shown in Table 4.1. This confirms

that our choice of the twist angle # is appropriate.

“The two-orbital model is not included in the 6 x 3 calculations, because this model does not
have a gapped topological ground state at this lattice size.
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Figure 4.7: Overlaps between the Laughlin FCI states and the exact diagonalization
states on a 6 x 4 lattice, as a function of the twist angle 6 of the continuum torus
for the FQH calculations. For clarity, for each model at each ¢, we show the average
overlap of the threefold states. For each model, a peak in overlap is clearly visible at
the value of # given in Table 4.1, in accordance with the discussion in Sec. 4.2.3.

4.4.3 Entanglement spectrum

Overlap only provides an overall, sometimes inaccurate [81, 75] estimate on the sim-
ilarity between two states. To compare the correlations in the Laughlin FCI states
and the ground states, we now turn to their particle entanglement spectra.

First introduced by Li and Haldane [53], the entanglement spectrum examines
the information imprinted in a many-body state. By effectively performing a spec-
tral decomposition of the many-body state, the entanglement spectrum reveals the
excitations supported by the state. Of particular interest in our study is the parti-
cle entanglement spectrum (PES), which encodes the characteristics of the quasihole
excitations from the ground state [83]. We divide the N, particles into two groups A
and B of Ny and Np particles respectively, trace out the degrees of freedom carried
by the particles in B, and examine of the negative logarithm of the eigenvalues of the
reduced density matrix p4.

The Laughlin FQH state exhibits a highly non-trivial pattern in the PES: [53, 83,
16] In each momentum sector, the number of entanglement levels at finite entangle-
ment energy matches the counting of the Laughlin quasiholes of N, particles in ¢V,
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Figure 4.8: Particle entanglement spectrum of the Kagome lattice model of N = 8
particles on the N, x N, = 6 x 4 lattice. Shown in a) and b) are the spectra
of the Laughlin FCI state and the exact ground state, respectively, with Ny = 3.
Shown in ¢) and d) are the corresponding spectra with N4 = 4. In each momentum
sector, we calculate the number of admissible configurations n, and color the lowest
n entanglement energy levels in red and the rest in blue. The structure shown in the
left panel exhibits the defining characteristic of the Laughlin state.

fluxes. The total number of levels, i.e. the number of non-zero modes of the reduced
density matrix, is much smaller than the dimension of the reduced density matrix.

The PES of various FCI ground states at filling v = 1/3 has a low entanglement
energy structure similar to the PES of the Laughlin state [74, 16, 99]. It also displays
a non-universal high entanglement energy structure separated by an entanglement
gap from the Laughlin-like structure. The number of levels below the gap at each
total momentum matches the number of quasiholes folded to the lattice Brillouin
zone [16]. An ideal Laughlin state in the FCI would exhibit an infinite entanglement
gap.

For the Laughlin FCI model state obtained from the Wannier construction, we
find a large number of zero modes in the reduced density matrix — corresponding to
an infinite entanglement gap. The number of the finite entanglement energy levels
is given exactly by the counting of Laughlin quasiholes folded to the lattice Bril-

louin zone. Writing the Laughlin FQH state in the Wannier basis is just a unitary

transformation. Thus it does not modify the rank of the reduced density matrix,
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and it preserves the entanglement spectrum of the Laughlin FQH state. An example
is shown in Fig. 4.8. The entanglement energy levels below the gap of the exact
diagonalization ground state exhibit almost identical structure in the spectra of the
Laughlin FCI state and the ground state. The Laughlin FCI state captures a very
important feature of the correlations in the FCI ground states. This further corrobo-
rates the proposal [74, 16] that the quasihole counting in the PES can be interpreted

as a signature of a FQH-type of topological phase.

4.5 Discussion

In this chapter, we have studied the Wannier construction of FQH states for fractional
Chern insulators with Chern number C' = 1. Despite being first proposed more than
a year ago [71], no overlap studies with the exact diagonalization have been reported.
We have proposed a new, related prescription which fixes several outstanding issues in
Ref. [71]. In particular, we highlight the gauge freedom in the 1D localized Wannier
states and the restriction imposed by the Wilson loops. The key point is that the
relative phase between adjacent Wannier states must follow the same pattern as the
LLL orbitals in the Landau gauge, otherwise the states obtained from the FQH-FCI
mapping are not relevant to the FCI problem.

We describe and justify in details a finite-size prescription for a generic lattice
model with multiple sublattices. We provide an explicit, step-by-step recipe to con-
struct the counterpart of any FQH wave function on a Chern insulator with C' = 1.
Our prescription is tailored for the torus geometry to make contact with existing
numerical studies. It preserves the full translational invariance in both directions,
as well as the inversion symmetry. We find the major obstacle to the Wannier con-
struction to be the fluctuations in the Berry curvature. We try to accommodate the

fluctuations in the localization direction in the gauge choice of the Wannier basis.
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The fluctuations in the other direction keeps the Wannier centers from evenly spaced
like the LLL orbitals, and we find no way to ameliorates the situation without spoiling
translational invariance.

In a recent paper [16], a heuristic folding rule was discovered to relate the count-
ing of the FQH states on a torus to the counting of the FCI states at each total
momentum. It was established by arguing that the FCI phase on a lattice is in the
same universality class as the FQH phase on a torus with J-function lattice pinning
potentials. In this chapter, the Wannier construction reorganizes the degenerate FQH
model states and produces a set of model lattice states. These states have exactly
the same counting in each total momentum sector of the energy and the entangle-
ment spectra as predicted by the counting rule in Ref. [16]. This provides a concrete
implementation of the folding rule that connects the FCI and the FQH effects.

We perform the Wannier construction for the Laughlin state numerically in the
five C' = 1 lattice models known to support a fractionalized phase. We find that the
model state obtained from the Wannier construction and the actual FCI ground state
have consistently large overlap in all cases, and their entanglement spectra exhibit
very similar structures. The many-body physics in Chern insulators at filling v = 1/3
is indeed a close parallel to the Laughlin-type of FQH physics in the continuum with
a strong magnetic field.

Our results provide another comparison across the array of known FCI models.
Among the five models that we have checked, the ground states of the Kagome lattice
model and the ruby lattice model have the largest overlap with the Laughlin model
state. This is consistent with the finding in the previous chapter that these two

models host the most stable Laughlin-type FCI phase among the five.
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Chapter 5

Fractional Chern Insulators with

an Arbitrary Chern Number

In the past two chapters, we examined the fractional Chern insulator (FCI) phases
supported by a topological band with Chern number C' = 1. This interacting lattice
system turns out to be very well described by the conventional fractional quantum
Hall (FQH) physics in the continuum. The correlated phases in Chern bands with
C > 1, however, are more intricate. Numerical studies found both bosonic [95, 55, 84]
and fermionic [55, 36] topological phases resembling the color SU(C') version of the
Halperin [41] and the non-Abelian spin-singlet [4] (NASS) states [84], but with clear
deviations [84] in the entanglement spectrum. In this chapter, we aim to understand
these C' > 1 FCI phases, and in particular, their relation to the conventional FQH
states in a multicomponent lowest Landau level (LLL).

The main device in this study is a novel momentum-space basis in a C-component
LLL that mimics the N, x N, Bloch states in the Chern band. These new one-
body basis states entangle the color and the real spaces and form a single N, x N,
Brillouin zone with flat Berry curvature and Chern number C', regardless of lattice size

commensuration with C'. This leads to a new mapping between FCI with arbitrary C
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on a lattice of arbitrary size and a C-component FQH system. Our mapping operates
directly in Bloch momentum space and utilizes the full lattice translational symmetry.
For C' = 1, this new construction is equivalent to the Wannier construction [71]
discussed in the previous chapter, except for a new gauge fixing that further improves
the overlaps. For C' > 1, our model FCI states are equivalent to a new, color-
dependent magnetic-flux inserted version of the Halperin or the NASS states, different
from the existing proposal [7]. The FCI wave functions produced by our approach
have the correct entanglement spectrum [99, 84]. We demonstrate large overlaps for
previously unattained sizes between our model FCI wave functions and numerics for
both C' =1 and the uncharted case of C' > 1.

The one-body mapping also allows us to construct parent Hamiltonians of the
model FCI states. We give a detailed analysis of the simplest bosonic pseudopoten-
tial Hamiltonian for the Halperin color-entangled states. We show that the pseudopo-
tential Hamiltonian reduces to almost classical electrostatics in the hybrid Wannier
basis, when we take the so-called thin-torus limit [89] and carry out truncations mo-
tivated by previous numerical results [84, 55]. This enables us to write down the
form of its zero modes in this limit. However, in contrast to most well-known FQH
states such as Laughlin and Read-Rezayi, a purely classical thin-torus description is
not possible. We pinpoint the key difference from the conventional multicomponent
FQH due to a subtle twist in the hybrid Wannier states, and detail the procedure to
compute the total Bloch momentum of each zero mode. The resulting algorithm cor-
rectly predicts the degeneracy of the FCI quasiholes in each lattice momentum sector,
without resorting to numerical diagonalization, and can be seen as the extension of

the generalized Pauli principle [12, 13] to the color-entangled states.
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5.1 Geometry of a Chern band

We first briefly discuss the geometry of the Bloch states in a Chern band. We consider
a translationally invariant two-dimensional band insulator on an N, x N, lattice with
N, orbitals per unit cell indexed by b. The Bravais lattice is m,b, + m,b,,, with
(mg, m,) € Z* and the primitive translation vectors b, and b,. We focus on a single
Chern band of Bloch states |k), labeled by momentum k = )" ko8, with k, € Z
and g, - bg = 2m0,5/Ns (o, B €{z,y}). We use |k) and |k,, k,) interchangeably. The
orbital b is embedded at €, relative to its unit cell coordinate in real space [100]. The

projected density in the Chern band is [68, 34, 16]

pa= D | e e (u(k + a)| i) (k+ . (51)

where uy(k) is the periodic part of the Bloch wave function. At q = g,, the bracketed
factor in Eq. (5.1) gives the band geometry through the nonunitary exponentiated
Abelian Berry connection, A, = >, e 8 yuf(k)uy(k + g4). |Aa(k)| contains the
quantum distance between |k) and |k + g,), while A,(k) = A,(k)/|A.(k)| is the
unitary Berry connection between them. We define p, = pg,, .

The gauge-invariant Wilson loops (geometric phases) can be obtained by parallel
transporting around a close loop over the BZ torus. All the contractible loops consist

of a product of loops around a single plaquette, namely

Ppylpype]” Z D(k k) (k|. (5.2)

Here,
D(k) = | A, (k) A, (k + g.)A; ' (k +g,) A, (k)| € R (5.3)
is related to the nonuniformity of the quantum distance, and

Wa(k) = A, (k) A, (k + g.)[A, (k) A.(k + g,)]T € U(1) (5.4)
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is the unitary Wilson loop around the plaquette with its lower-left corner at k. For

large enough N, and NN, we can unambiguously extract the Berry curvature
1
fi = 5=Slog Wa(k), (5.5)
27

with finite-size normalization convention ZEZ fi = C. < takes the imaginary
part in the principal branch $log(z) € (—m,m]. This gives a sharp finite-
size formula for the Chern number, C' = 5-TrSloglp.p,(pyp.)”"]. In addi-
tion to Wa(k), there are also two independent noncontractible Wilson loops
on the torus, related to charge polarizations: the Wilson loop around £, = 0,
W, = Phase [(0]p}7]0)] = (Nog.l0) [15" Au(sg.), with [0) = [k = 0), and the
Wilson loop W, around £, = 0 defined similarly.

The structure of geometric phases in the Chern band is fully specified by the

collection of the Wilson loops We(k) and W,, a = z,y.

5.2 One-body states in a multicomponent lowest
Landau level

In this section we construct a one-body basis in a multicomponent LLL that mimic
the Bloch basis in a Chern band with an arbitrary Chern number C.!

We consider a C-component (generalized spin) electron moving on a torus with
a perpendicular uniform magnetic field. The major difference between our approach
and the usual treatment of the multicomponent LLL problem is the adoption of a
new set of boundary conditions. This alternative choice entangles together the C
components and enables us to construct a single manifold of Bloch states with Chern
number C. In contrast to the usual picture of multicomponent LLL as C' separate

manifolds (one for each of the C' components) each with unity Chern number, our

n the following discussion we assume C' > 0 for simplicity. The case of C' < 0 can be handled
by inverting, say, the x direction of the Landau level.
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basis provides a natural foundation for the mapping to a single Chern band with
an arbitrary Chern number C. The central result of this section is Eq. (5.24), the

expansion of the electron density operator in the Bloch basis.

5.2.1 Translations operators

We consider electrons with C' internal (color) degrees of freedom |o), labeled by
o € Z¢. For simplicity, we work on a rectangular torus spanned by L, = L,2 and
L, = L,y, where L, and L, are the two fundamental cycles of the torus, and & and
y are orthonormal. The torus is pierced by a magnetic field in the —é, direction,
B =V x A = Beé, with B < 0. We denote by e < 0 the charge of the electron.
The magnetic length is [p = \/W . We define the total number of fluxes N,
penetrating the torus by L, L, = 2713 N4. Here we do not assume Ny to be an integer
as in the original treatment of the Landau level on a toroidal geometry [39]. As we will
see soon, the alternative set of boundary conditions we pick only requires C Ny € Z.
This integer is equal to the dimension of the one-body Hilbert space in the lowest

—aK/h where

Landau level. We define the magnetic translation operator T'(a) = e
K = —ihV — eA(r) + eB X r is the guiding center momentum. The translation 7'(a)
commutes with the one-body Landau Hamiltonian H = (—ihAV — eA)?/(2m) but not
with the translation T'(b) at a different displacement, T'(a)T(b) = T(b)T (a)ei*2xb/15

We need to make contact between the multicomponent Landau level states and
the Bloch states in a Chern band. For the latter, we consider a single Bloch band
with Chern number C' in a tight-binding model on a lattice with N, x N, unit cells.
The band has a total of NN, one-body states, one at each lattice momentum in the
N, x N, Brillouin zone (BZ). To make contact with this lattice system, we first look
in the Landau level for a pair of commuting translation operators that also resolve

an N, x N, BZ. To this end, we tune the magnetic field to match the number of

one-body states, CNy = N,N,, and we consider the magnetic translations over a
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fictitious N, x N, unit cell structure of the continuous torus, namely,
T, =T(L./N,), T,=T(L,/N,). (5.6)

The operator T}, (resp. T}) has N, (resp. N,) different eigenvalues. As opposed to the
C =1 case, however, for generic C' they do not commute due to the Ny/(N,N,) =1/C

flux over each fictitious plaquette,
T,T, = T,T,e™*™/°. (5.7)

To compensate for this, we define the ‘clock and shift’ operators () and P over the

internal (color) Hilbert space by
Plo) = |o + 1 (mod C)), Qlo) = /% 0). (5.8)
Both operators are unitary, and they satisfy
PQ = QPer/C. (59)

This leads to a pair of commuting composite operators

T,=T,P, T,=T,Q. (5.10)

We will refer to this pair as the ‘color-entangled” magnetic translation operators. For
the (color-neutral) Landau Hamiltonian, both operators are good symmetries, and
they resolve an N, x N, Brillouin zone once we specify the boundary conditions.
Notice that in general [T(Lx),fy] # 0, [T(Ly),’fx] # 0. This means that we have
to abandon the usual boundaries [39] T'(L,) = 1, a = z,y. Instead, we adopt the

color-entangled generalization TV* = 1, namely,
T(L,)PY = T(L,)Q" = 1. (5.11)

This alternative set of boundary conditions make it possible to construct two sets of

basis states in the one-body Hilbert space with desirable properties spelled below.
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We define the Bloch states |k) as the simultaneous eigenstates of T, and fy within

the LLL,
To|k) = e~ 2mka/No|k) (5.12)
with k = (k,, k,) € Z*. The N, N, states within the first Brillouin zone
IBZ=1[0. N,)x[0..N,) (5.13)

have distinct eigenvalues under Ta, and they constitute the Bloch basis in the N, N, =
C'N,-dimensional Hilbert space of the C-component LLL.

We now look for the explicit wave function (z,y, o|k) for these basis states. We
specialize to the Landau gauge A = Bxy. Consider the states |X, k,) with X, k, € Z

defined by the real- and internal-space wave function

1 Z

o mod C'
(2, y,01X, ky) = WZ 05X +mN,

m

2
exp {i27r<—XNygkyC + mN¢> L% — % [i — % (—XNygkyC + mNd,)} } (5.14)

Here X, k, are state labels taking integer values, while x, y are real space coordinates
taking continuous values, and o € Z¢ is a discrete coordinate in the internal color
space. It is not hard to see that | X, k,) belongs to the lowest Landau level, as the

—a2/(21%4

above wave function can be recast in the form f(x + iy,o)e ). Moreover, we

find that | X, k,) is periodic in X, but with a twist in k,:

X + N ky) = | X, k), | X ky+Ny) =X +C, k). (5.15)

These relations are reminiscent of the flow of hybrid Wannier states discussed in the
previous chapter. Further, as we prove in Appendix 5.A, the color-entangled magnetic
translations [Eq. (5.10)] have a representation on | X, k,) similar to the representation

of the lattice translations on the hybrid Wannier states, namely,
Tl X k) = |X + 1, k), T,|X, k) =e 2™ /N|X k). (5.16)
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We thus refer to these states as the hybrid Wannier states in the C'-component LLL. It
is easy to see the states with X € [0.. N,) and k, € [0 .. N,)) are linearly independent.
We emphasize that unless N, is divisible by C', these states are not color eigenstates,
in contrast to the states studied in Ref. [7].

We want to define the Bloch states in the LLL as a Fourier sum of the hybrid

Wannier states,?

k) = lka, ky RN X Ry (5.17)

L
)=

2
From Egs. (5.15) and (5.16), we find that the simultaneous eigenvalue equation

in (5.12) indeed holds. These states are periodic in k,, but only quasi-periodic in

ky,
|ky + Nu, k) = ko, k), ko, ky + N,)) = e 2 kaC/Ne | E ). (5.18)

The latter non-periodicity signals the topological obstruction to a periodic smooth

gauge due to the non-zero Chern number of a Landau level. *

5.2.2 Projected density operator

The density operator projected to the lowest Landau level plays a central role in the
FQH physics, as it is used to define the inter-particle interaction. As we now show,
this operator takes a particularly nice form in our Bloch basis.

By definition, the density operator of color o at r = (z,y) projected to the LLL

is given by

BZ BZ

plr,o) = > [ki)oy, (r,0) 1, (r, 0) (ks (5.19)

ki ko

2Here and hereafter, the summation of the shorthand form Zflv stands for Zfzv:_ol.

3We can perform a gauge transformation to make the Bloch states periodic. However, the result-
ing wave function will not be smooth in k,/N, and/or k,/N, in the continuum limit N,, N, — co.
For example, for k, € [mN, .. mN, + N,)) with m € Z, we can take |k, k,) — 2 k=mC/Na |} [ ).
This transformation makes the state periodic, but discontinuous at k, /N, € Z.
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where ¢y (r,0) = (r,olk) is the wave function of the Bloch state |k) defined in
Eq. (5.17), and kj,ky are each summed over a full BZ. 4 Since p(r,c) must have

torus periodicity, we can express it as a Fourier sum,

1 iq-r
p(r,o) = T Z e g0 (5.20)

Here, the wave vector q lives on the reciprocal lattice

2mq, 2mq, 9
= s 7°. 5.21
a= (=) e (521

The projected density operator in momentum space for a single color component o

is thus given by

BZ BZ

pae =D 3 lls) s [dre 65 (1, 0)nfr. ). (5.22)

ki ko

where [dr is over the torus [0, L) x [0, L,). We define the full projected density

operator pq by

()
Pa = qu,a' (5.23)

This operator is the building block of a color-neutral interacting Hamiltonian. In
Appendix 5.B, we finish the integral in Eq. (5.22) with the help of the sum over color

o, and prove the main result of this section,

BZ
pa = e BNy emmth /A i) (ke + q. (5.24)
k

It should be noted that when N, is divisible by C, the integral in Eq. (5.22) can be

finished for each ¢ individually, without the color sum. The above formula can be

recast as
BZ

C
T LoLy (@2 @\ . qulky,+q,/2)
_ k) (k DTy | Az Y oy YT ) 9
Pa Zk k) (k + g {eXp[2NzNy (L§+L2 “TTNLN, (5.25)

Y

4Any BZ choice is fine, and the two BZs for k; and ks do not have to be the same. It is easy to
see that although [k) is only quasi-periodic in k,, p(r,o) does not depend on the choice of BZ for
k; or ks, thanks to the quasi-periodicity condition in Eq. (5.18).
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Note that the dependence on C' enters only through the exponent shared by all pq
and all terms in ), .

The above result suggests that the torus formed by the Bloch states |k) is endowed
with a rich geometric structure. As usual, the Berry connection between the BZ points
k and k + q is defined as (the phase of) the inner product between the periodic part
of the Bloch states |k) and |k + q). This amounts to the matrix element of the
operator e~@* between the two states, where # is the position operator. Notice that
this exponentiated position operator, when projected to the lowest Landau level, is
nothing but the full density operator pq in Eq. (5.23). Therefore, we can interpret
Eq. (5.24) as the parallel transport in the momentum space implemented by the
projected density pq.

Define the primitive vectors on the reciprocal lattice g, = (27/L,,0) and g, =
(0,27/L,), and the shorthand notations p, = pq—g, and Phase[z] = z/|z| for z € C.
At momentum transfer q = g, the (unitary) exponentiated Berry connection resolves

the band geometry,
An(k) = Phase[(k|pa |k + g4)] = e 270 kvtau/2)/No | (5.26)
while the norm
(K|palk + ga)| = e 915/ (5.27)

is the quantum distance between k and k + g,. Notice that the quantum distance
does not depend on k.> The gauge-invariant Berry phases can be extracted from
parallel transport around closed loops of |k) states over the BZ torus.

Given that we are interested in the Abelian Berry connection, each contractible
loop can be decomposed into a product of loops around single plaquettes. Such pla-

quette Wilson loops take a particularly nice form for the Bloch states we constructed.

5This is particular to the Landau level problem; in the tight-binding situation, both the quantum
distance and the Berry phase depend on k.
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Around the plaquette at k,
Wa(k) = Phasel(k|p,p, [p,p] k)] = ¢27/Ve (5.29)

is independent from k. Further, we can define the Berry curvature over a single
plaquette [101] fi = %% log Wa(k), where & takes the imaginary part in the principal

branch Slog z € (—m, 7]. We find that the BZ torus for the multicomponent Landau

1

level has constant Berry curvature fi = Ny and its Chern number is equal to the

number of components

BZ
N.N
> fe= e (5.29)
Ny
k
In addition to the contractible loops, there are two independent non-contractible
Wilson loops around the two fundamental cycles of the torus, related to charge po-

larization. We define

W, (k,) = Phase[(0, k,|pN=|0, k,)] = e~ 2™C/Ny
. (5.30)
W, (k) = Phase[(ky, 0[p)"|k,, 0)] = e?™heC/Nz,

The geometric phases over the BZ torus are fully specified by the following quantities
{Wa(k)k € BZ}, W,(0), W,(0). (5.31)

For example, W, (1) can be obtained from W, (0) times the product of Wy(k) around
each of the IV, plaquettes between k, = 0 and k, = 1 in the first BZ.
We can easily add a twist to the color-entangled boundary conditions in Eq. (5.11),

T(L,) PN = e 2™ T(L,)Q" = e ™. (5.32)

The twist angles v = (7., 7,) € R? implement color-independent magnetic flux inser-
tions. We incorporate this change by keeping (k., k,) € Z*, but applying k — k + ~

to every equation in this section so far.
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5.2.3 Generalized Coulomb gauge

Linking together the LLL |k) and the lattice |k) bases requires one additional step of
gauge fixing, |k) — e“|k). After that, any many-body state |¥)}, over our colorful
LLL can be transcribed to the FCI 9,

) =) ek {k}) x Y({k}W)r, (5.33)

{k}
where [({k}| is the color-entangled occupation-number basis in the LLL with twist
~. In the following we describe the construction of the gauge transformation e’ for
the lattice Bloch states. For clarity, we use a subscript/superscript L to distinguish
the LLL quantities from those in a Chern band.
The connections over the lowest Landau level (LLL) Brillouin zone (BZ) are
AL(k) = e7@™/No and AL(k) = 1 (superscript ‘L’ represents LLL). They satisfy

7

the discrete analog of the Coulomb gauge condition,  i.e. they can be expressed in

terms of a “stream function” ¢ = (k, + 1/2)*/(2N,) as

AL(K) = exp ( —i2m ) eas [dﬁgbL}k). (5.34)
B

Here, dg is the backward finite difference operator, defined by [dgd|k = ¢x — Px—g;,

and ¢r satisfies the discrete Poisson equation with curvature as source,
[A¢"]i = 1/Ny, (5.35)

with discrete Laplacian A given by

+gr, gy

Adhe= > (frerp — b)- (5.36)

p

6For actual lattice calculations, it is desirable to use periodic gauge with |k) = |k + N,gs) (no
sum implied). Simply restricting k to a single BZ would achieve this, as long as the BZ choice for
the lattice system is consistent with that for the LLL.

"In the continuum limit [100], the exponentiated connections become A, (k) ~ e?2(k) 8« where
a(k) = —i{ux|Vk|uk) is the Berry connection, with |ux) being the periodic part of the Bloch state.
The Coulomb gauge condition on a(k) is Vi -a(k) = 0. This enables one to write the connection in
terms of a stream function ¢(k), a(k) = é. x Vio(k). Since Vi x a(k) = F(k)é., ¢(k) satisfies a
Poisson equation Vip(k) = F(k), where F(k) is the Berry curvature with the usual normalization
J &?kF (k) = 2nC.
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We impose the same Coulomb gauge condition on the lattice connections, and

handle separately the average and the fluctuations of the lattice BZ curvature:
Alareet (k) = Al(k + ) exp (—i2meas]dsdli) - (5.37)

The non-zero curvature average necessitates the first factor above. The shift v =
> o Va8a is determined by W* = Wl(y,) and W* = W}l(v,) (‘lat’ represents
lattice), and it accounts for the mismatch in the large Wilson loops between the
two systems. The curvature fluctuations are attended by the exponential factor,
where the stream function ¢y satisfies the discrete Poisson equation [A(b]k = fx —
1/Ny, with boundary conditions [d,¢]x = [da®]k—nsg, (nO summation implied) and
SN ldy g, = SN [dz¢]wg, = 0. In plain words, we require that the connection
corrections accounting for the curvature fluctuations should be periodic over the lat-
tice BZ,® and they should not contribute to the large Wilson loops W2t which have
already been fixed by the AX(k + ~) factor.

Up to an inconsequential k-independent constant, these conditions allow a unique

solution
¢k = Pk + Uykm - U$ky7 (538)

with Vo = NLO[ Zivio_l Zg EapB [dﬁgp]ﬁgm and

ei2m (ke [No+kyny /Ny)

1
= N,N, nzﬂ 2 cos(2mng /N,) + 2 cos(2mn, /N,) — 4

BZ

Ze—iZW(pgcng:/Nx-i-pyny/Ny) (fp — i) , (539)
Ny

p

where n = (n,,n,) runs over {[0 .. N,) x [0 .. N,)}\(0,0).
The connections A& (k) in Eq. (5.37) are consistent with the actual (fluctuating)
curvature over the lattice BZ. Starting from a set of single-particle Bloch states |k)

with an arbitrarily chosen gauge and connections A, (k), our gauge fixing scheme

8The obstruction to simultaneous smoothness and periodicity is manifested in the non-fluctuating
part AY(k + 7).
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amounts to the gauge transform |k) — e“k|k) that reproduces A& (k),

ﬁ R, (0, H)]

with R, (k) = Atreet (k) /A, (k).

ek —

ﬁl Ra(s, ky)] , (5.40)

Despite the formal similarity of e’* expressed as a product of ratios of connections,
the gauge choice here is fundamentally different from the “parallel-transport” gauge
used in the last chapter. The generalized Coulomb gauge here provides a better
treatment of the curvature fluctuations, embodied in the carefully constructed At (k).
Further, this new gauge fixing scheme preserves the full lattice symmetry of the Chern

band.

5.2.4 Twisted torus

The above results can be directly generalized to a twisted torus. Instead of the
rectangular torus spanned by L, = L,% and L, = L, 3, we consider a torus with twist

angle 0, spanned by
L, = L,sinf& + Lycos0, L,=Lyj. (5.41)
The number of fluxes N, is now defined by
L,L,sin@ = 27l%Ny. (5.42)
The reciprocal lattice primitive vectors g, are now defined by

8o - Lﬁ = 277—5a,87 (543)
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and we have the wave vector k = k,g, + k,8,, (kz, k,) € Z*. Once we change the

wave functions of the hybrid Wannier states in Landau gauge A = Bzy to

mod C —:BZ/(QZQB)

(\/—L lB 1/2250'X+m]\7

XN, j L.e ® (XN, 2
exp[Qw(M+mN¢)$+zy ) ¢ ( +kc+mN¢) ],

(r,y,0|X, k) =

C L, N¢L C
all of the earlier results still hold with no essential modifications. In particular, the
proof in Appendix 5.B can be adapted straight-forwardly (albeit with even more
tedious algebra), and in Eq. (5.24) the density operator requires no formal change
except for q = ¢,g, + ¢,8,. For the rest of this chapter, we return to the rectan-
gular torus. The results can be similarly generalized to the twisted torus by simple

substitutions.

5.3 Bloch model wave functions

With the one-body Bloch and hybrid Wannier bases at hand, we move to the many-
body interacting problem.

As demonstrated in the last section, the multicomponent LLL resembles the Chern
band once we impose appropriate boundary conditions that join together the C' com-
ponents. This link enables us to take advantage of the well-developed pseudopotential
formalism in the LLL. We construct pseudopotential Hamiltonians (in the same way
as those of single-component LLL [38, 82]) in the LLL from the projected density
operator pq, and obtain its zero modes through numerical diagonalization. Following
the usual practice in the FQH literature,” we define these zero modes as the FCI
model wave functions. Then, through the mapping between the Bloch states in the

LLL and on the lattice, we transcribe these LLL wave functions to the lattice. The

9For example, the Laughlin states at v = 1/3 on a torus can be defined as the exact zero modes
of the LLL-projected hollow-core interaction.
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resulting trial wave functions can be directly compared with the FCI ground states
obtained numerically for lattice Hamiltonians.

For FCI with C > 1, previous studies suggested that the equivalent FQH states
are the SU(C') color-singlet Halperin states [7, 55, 84, 56]. They are the exact zero
modes of the color-neutral LLL-projected Hamiltonian Hrqp = ) q VaPaP—q, Where q
is summed over the infinite lattice reciprocal to (L, L,) and the interaction between
color-neutral densities py = > pqo is Vq = Vj for bosons and Vy = Vo+(1—q?I3)V; for
fermions, with pseudopotential V,, > 0°. For the FQH effect in 2D electron gas, the
boundary conditions T'(L,) = 1 are imposed separately on different color components.
In the LLL description of a FCI, however, we require the system to be periodic
under the color-entangled translations T:Ve. This breaks the SU(C) symmetry. To
compare with the Halperin SU(C)-singlet states, we examine the commensurate case
N,/C € Z. The boundary conditions in Eq. (5.11) thread ®, = oN,/C (color-
dependent) magnetic fluxes along the y direction into the o component of the LLL".
In the one-dimensional localized basis for the LLL, this shifts the Landau orbitals of
color o by ®,L,/N, in real space. Hence we propose that the Wannier mapping [7]
be modified to identify the hybrid Wannier states with our shifted LLL orbitals. In
the generic, noncommensurate case, the translation 7'(L,) changes the color of the
particle, due to T'(L,) PN+ = 1. Our construction thus provides a finite-size realization
of the “wormhole” connecting different color components [7].

We demonstrate the Bloch construction using the ruby lattice model (C' = 1) [45]
and the two-orbital triangular lattice model (C' = 3) [104]. We construct the FCI
model states through Eq. (5.33) from the exact-diagonalization ground states of Hyqu
with color-entangled boundaries. We find high overlaps [Fig. 5.1(a)] and an identical

low-lying structure in the entanglement spectrum with the FCI ground states [99,

10We focus only on the color-singlet states as observed in numerics [84].

'We have verified by numerical diagonalization that the eigenstates of Hpqu with color-entangled
boundary conditions indeed coincide with the usual Halperin states with ®, flux insertion, when
N, /C € Z.
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84]. The 12-fermion Laughlin state on the ruby lattice model has a Hilbert space of
dimension 3.4 x 107. This state is well captured by the model wave function obtained
from our construction (overlap =~ 0.99). The triangular lattice model has decent
overlaps, albeit lower than the ruby lattice model. The model we propose has the
particle-hole symmetry, which is generally absent in the FCI models [51, 36]. When
the lattice model exhibits such an emergent symmetry, our construction can also
capture it.

To further examine our construction for C' > 1, we study the interpolation Hamil-
tonian Hy = (1 — A\)Hpcr + AHrqu, 0 < XA < 1 [77, 54]. For bosonic on-site density-
density interaction on the triangular lattice Hpcr = U ), Z{kl_g} @ZLGJLQkangZMa,
where k; = k; + ky — k3 (mod N,g,), and ﬁ(b = ey (k) is gauge fixed by
e with [k) = ¢} |0). For Hpqu, we use color-entanglement boundary conditions ~.
We find that the FCI model states are adiabatically connected to the actual ground
states: H, remains gapped for A € [0, 1] and its ground states retain the characters of
the FCI model states as seen in both overlaps and the particle entanglement spectrum
[Fig. 5.1(b)-(d)]. As observed in [84], the six-boson state on 6 x 4 lattice has clear
deviations from the usual Halperin state in the entanglement spectrum. Our FCI
model state exactly reproduces these novel features. Note that the 8 x 4 lattice is

closer to the thin-torus limit [14], resulting in smaller overlaps and A¢ values.

5.4 Pseudopotential Hamiltonian

As demonstrated in the previous section, the Bloch construction yields model Hamil-
tonians adiabatically connected to the microscopic lattice Hamiltonian, and leads
to trial wave functions with the correct total momentum on lattice and very high
overlaps with the actual FCI ground states. Our trial wave functions also repro-

duce the anomalous particle entanglement spectrum as observed in Ref. [84]. The
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Figure 5.1: (a) shows the overlaps O between our FCI model states and the ground
states of the fermionic ruby and the bosonic triangular lattice models, as a function
of the Hilbert space dimension d. (b)-(d) demonstrate the adiabatic continuity be-
tween the triangular lattice model and the color-entangled Halperin pseudopotential
Hamiltonian on 6 x 4, 7 x 4, 8 X 4, and 6 x 6 lattices (v = 1/4 filling). We set
U = 7.4237, 7.0003, 6.9677, and 5.0955, respectively, to equalize the energy gaps at
A = 0,1. (b) shows the overlaps O between our FCI model states and the ground
states of the interpolation Hamiltonian Hy. (c) shows the energy gap AE above the
ground states of Hy. (d) shows the entanglement gap A of the ground states of
H,. A¢ is defined as the gap between the low-lying structure identical to the full
entanglement spectrum of the model states (at A = 1) and the higher levels. By this
definition, A¢ is infinity at A = 1.
question remains, however, how to predict the total lattice momentum for the trial
wave functions (including quasiholes) without numerical diagonalization, similar to
the methods developed for the FQH [12, 13]. For C' = 1, this problem was solved in
Ref. [16] by combining the generalized Pauli principle [12, 13] for single-component
FQH states (including quasiholes) with lattice folding. For C' > 1, we now have
the LLL-to-lattice mapping. What we still lack is a multicomponent version of the
generalized Pauli principle. Refs. [28; 2] studied this problem for the usual boundary
conditions. Due to our modifications to the boundary conditions, their results do not
directly apply here.

Fortunately, we can also extract the generalized Pauli principle from the Hamilto-

nian in the thin-torus limit [89, 11, 79]. In this limit, the hybrid Wannier orbitals in

the LLL become isolated from each other. Specifically, we find from Eq. (5.14) that
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the ratio between the width of the hybrid Wannier orbital and the spacing between

width lp L
~ ~ [N, =L 5.44
spacing  27l% /L, ?Le (5.44)

Therefore, when the aspect ratio L, /L, satisfies

them scales as

L,
— > N¢, (545)
Ly

the hybrid Wannier orbitals are so separated that the projected density operator
becomes approximately diagonal in the hybrid Wannier basis. As a result, the pseu-
dopotential Hamiltonian built from projected density operators also becomes approxi-
mately diagonal in the hybrid Wannier basis. (This is not true for certain non-unitary
states [67].) By analyzing the classical electrostatics of the leading terms in the Hamil-
tonian, we can obtain the quantum numbers of the Hamiltonian zero modes. (For
FQH with the usual boundary conditions, this was done in Refs. [11, 9, 10].) After
the Bloch mapping between FCI and FQH, this will give us a counting rule for the
degeneracy of the FCI quasiholes in each lattice momentum sector.

In the rest of this section, we expand the new pseudopotential Hamiltonian pro-
posed earlier [101] in the Wannier basis, and perform the necessary resummation to
make it amenable to proper truncation in the thin-torus limit [102]. The actual trun-
cation and the analysis of the zero modes of the truncated Hamiltonian is left for the

next section.

5.4.1 Projected density in the hybrid Wannier basis

We obtain the projected density operator in the hybrid Wannier basis by plugging

the Fourier transform Eq. (5.17) into Eq. (5.24),

ch N?/
pa=c VEY N el RO O RNe X o) (X ky + g, (5.46)
X Ky
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Notice that the phase factor depends on the summation variables X, k, only through
the linear combination X N, + k,C, which is proportional to the center position of
the hybrid Wannier orbital | X, k,) [Eq. (5.14)],

XN, + k,C

<X7 ky|j|X7 ky> - Lm Na;Ny

mod Ly, (5.47)

where  is the position operator in the x direction. This motivates us to index these
orbitals by their center position. In the following, we introduce an alternative labeling
|7,s) for the Wannier states. The j index gives the center position of the Wannier
state while the s index plays a role similar (but not identical) to the color index o. As
we will see in the next section, the projected interaction decays exponentially when
the difference in the j indices between two particles increases.

As seen from Eq. (5.14), the hybrid Wannier state |X,k,) depends on (X,k,)
only through XN, + k,C and X mod C, in the exponential and the Kronecker-§ in
Eq. (5.14), respectively. For integers X, k,, the linear combination X N, + k,C must

be an integer multiple of the greatest common divisor (GCD)
C = GCD(C, N,). (5.48)
Therefore, we introduce two integer labels
j= (XN, +k,C)/C, s=X mod C. (5.49)
For future convenience, we also define integers
M = N,N,/C, d=C/C, (5.50)

We emphasize that j and s are not independent. This can be seen by examining
the solutions to the first equation in Eq. (5.49). For a given j, if (X, k,) is a solution,
then all the solutions can be parametrized as (X + nC/C,k, — nN,/C), n € Z,
Therefore s = X mod C' can take C' different values in [0 .. C') with uniform spacing

d = C/C [Eq. (5.50)], corresponding to n = 1,...,C in X +nC/C. For a given j, we
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Figure 5.2: Relabeling of the Wannier states | X, k,) < |j,s) for (N,, N,) = (5,6)
and C' = 4. We focus on the principal region with X € [0 .. N,) and k, € [0 .. N}).
Each solid ellipse represents a Wannier center. The horizontal axis gives the k, index
while the vertical axis gives the position of the Wannier center in the = direction
(mod L,). The ellipses are colored according to the X index, and labeled by the (j, s)
indices. We have employed Eq. (5.58) to shift j to [0 .. M) and s to [0 .. C'). Upon
a color-independent flux insertion, each Wannier center flows along the solid lines of
its color.

denote this set of C' allowed values of s by
S;cl0..0). (5.51)
A useful property is
S; = Sjta, (5.52)

which follows from the fact that j — j + d can be achieved by k, — k, + 1 without
touching X. Plugging Eq. (5.49) into Eq. (5.14), we find that indeed we can relabel

the hybrid Wannier states

|X7 ky> A |j> S>7 (553)
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modulo the identification
17, 8) = |4,s +C). (5.54)

An example is given in Fig. 5.2. It is not hard to see that this mapping is bijective,
although we cannot easily write down an explicit formula for the solution (X, k,) to
Eq. (5.49) at a given (j,s). We denote the k, solution formally as

ky(j, 5). (5.55)

Then, the representation of the color-entangled magnetic translations T, in the |7, )

basis can be constructed indirectly from Eq. (5.16),

Tolj s) =1+ N, /Cos+ 1), T,lj,s) = e 20/ ). (5.56)
The wave functions for |7, s) can be obtained from Eq. (5.14),

Z
. 1 mod C'
<$, Y, U|J7 5> = W ; 5U,s+mNz

, , 2
exp {i2m (5 +mNy) £ — 3|2 =22 (5 4+ mNy)| ). (5.57)
In parallel to Eq. (5.15), |4, s) is periodic in s but quasi-periodic in j,

j 4+ M, s+ N,) = |j,8), |g,5+C)=j,s). (5.58)

As we will see soon, this twist in s when shifting j is the main issue that sets the
current problem apart from the usual multicomponent FQH [28].

We now want to expand the projected density operator in the relabeled hybrid
Wannier basis. On the one hand, notice that due to the quasi-periodicity of | X, k,)
[Eq. (5.15)], the double sum of (X, k,) over [0 .. N;) x [0 .. N,) in Eq. (5.46) can be
shifted to any set of N, N, points in the Z? plane, as long as the corresponding hybrid

states are independent from each other. On the other hand, notice that

{17.9)

j€ljo . jo+ M),se Sj} (5.59)
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label a set of N, N, hybrid Wannier states that are independent from each other for
any given jo € Z. Therefore, we can rewrite the double sum in Eq. (5.46) as a sum
over the above set. Since increasing k, by g, while keeping X constant sends (j, s) to

(j + gyd, s), we have

M Sj
. . d
po = e~ TB/A Z’e—ﬂ’"fﬂﬁ%w > 15, 8) G + ayd, s (5.60)
7 S

where the primed sum is over j € [jy .. jo + M) for an arbitrary j, € Z, with
M = NmNy/a [Eq. (5.50)]. The appearance of (j + ¢,d, s| requires special attention:
when we shift j + ¢,d back to [jy .. jo + M) using Eq. (5.58), the s index must be
changed accordingly, by N, (mod C). This boundary effect dictates that pq is not
diagonal in s unless N, is divisible by C, which discourages a seemingly plausible

interpretation of s as an effective spin index in general.

5.4.2 Interacting Hamiltonian

We consider only interactions between a pair of color-neutral densities pq. Such
interactions can be specified in terms of the Haldane pseudopotentials. Higher-body
pseudopotentials[82] can be implemented in the same spirit. We consider only the first
two pseudopotentials (V4, V1) being non-negative, with all V,,,~; = 0. The interaction

strength at momentum transfer q then reads
Vg =dnlg[Vo + Vi (1 - gl3)], (5.61)

and the Hamiltonian is given by

1
H= T g VaPaP—q- (5.62)

Here q is summed over the infinite reciprocal lattice.
As discussed earlier, the color-entangled generalizations of the bosonic/fermionic

Halperin singlet states and the corresponding quasihole states are defined as the exact
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zero modes of the above Hamiltonian (using V; = 0 for the bosonic case). These states
are distinct from the usual Halperin states due to the color-entangled boundary con-
ditions inherent in pq. Through numerical diagonalization, we can obtain these zero
modes, and then transcribe them to the lattice system of an arbitrary Chern insula-
tor using the one-body mapping between the LLL Bloch states and the lattice Bloch
states. We now attempt to achieve an analytic understanding of this Hamiltonian,
by exploiting its assumed adiabatic connectivity [101] to the thin-torus limit.

We first plug Eq. (5.60) into Eq. (5.62) and write H in the relabeled hybrid

Wannier basis,

M M
o 1 3 e IR/2Y, 3 Y Vet satad/M
2L, L,

a Ji J2
Si1 Sig
ZZ ¢JT1»81 1/};27821/)1'2—%‘1752 77Z)j1+¢1yd781 ) (5'63)
s1  S2
where M and d are defined in Eq. (5.50), and for q = (27¢, /L., 27q,/L,), we have
27 (L L
il e = 5.64
4 Ny \ L, Chl L, ty ( )

We want to massage the above expansion of H to a form amenable to justified trun-
cation in the thin-torus limit. The main obstacle is obviously the oscillatory factor
e (n=s2Fayd)/M ip the coefficient. This can be removed in exchange for a Gaussian
factor by performing a Poisson resummation over ¢,, which does not appear in the
index of the creation/annihilation operators. After some straightforward but tedious

algebra in Appendix 5.C, we find

=2 M zZ
H= 1" Z e Blayd)? Z/ Z Z o B(A—qyd+nl)?
NoLy ay i A n

{Vo +28V1 [(A = qd + nM)* — (q,d)*] }
S; Sjia

Z Z w;,s¢;+A,s’¢j+quyd,s’wj+qyd75, (565)

S S
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Figure 5.3: Terms in the expansion of the pseudopotential Hamiltonian. Here we
illustrate the example of d = 3. Each dot represents a term (g,, A) in Eq. (5.67).
The weight of each term decays exponentially in its distance from the origin. The
dashed circle marks the empirical threshold for truncation (g,d)* + (A — ¢,d)* = d*.
The solid black dots inside are the density-density terms in Eq. (5.70), while the four
solid gray dots contain the pair hopping and the density-density terms in Egs. (5.73)
and (5.83).

where A is summed over an interval of length M centered around g¢,d,

A€ [qd—|M/2] .. qd— |M/2)+ M), (5.66)

1 «m L,

and we have defined the shorthand § = EML—y

5.5 Thin-torus analysis

In Eq. (5.65), the Hamiltonian has been organized into groups of density-density
or pair hopping terms. The strengths of the terms decay exponentially in the limit
[ > 1. This is exactly the thin-torus limit in Eq. (5.45). In the following, we perform
a proper truncation of the Hamiltonian in this limit and analyze the degeneracy and

quantum numbers of its zero modes.
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The thin-torus analysis is a well-known, powerful technique to tackle the strongly-
correlated physics in single-component FQH effect [11, 9, 10, 14]. In the thin-torus
limit, the pair hopping terms die off quickly, and the Hamiltonian becomes classical,
dominated by density-density terms and thus solvable. (This is not true for cer-
tain non-unitary states [67].) One can obtain the correct degeneracy of the ground
states and extract their total momenta simply by minimizing the classical electrostatic
energy and completely ignoring the pair hoppings. By assumed adiabatic connectiv-
ity, [101] the results must also apply to the isotropic limit. The thin-torus analysis thus
provides an intuitive picture for the ‘root partitions’ and the underlying generalized
Pauli principle of Refs. [12, 13]. Our multicomponent pseudopotential Hamiltonian
with color-entangled boundaries (5.65) turns out to be considerably more compli-
cated, due to the essential role played by the pair hopping terms. As we will see soon,
the largest pair hopping terms have strengths comparable to the subleading density-
density terms. Keeping only the leading density-density terms results in too many
zero modes compared with the numerical studies [84, 55, 101]. The correct ground-
state degeneracy is recovered only after we put back the largest pair hoppings, which
turn out to be of similar strength as some of the density-density terms. This indicates
that the thin-torus limit of our multicomponent pseudopotential Hamiltonian cannot
be described by classical electrostatics alone. The useful result of this section is a set
of rules [Sec. 5.5.4] that correctly predict the degeneracy and total lattice momenta
of FCI ground states (including quasiholes). This is illustrated by explicit examples
in Secs. 5.5.5 and 5.5.6.

5.5.1 Truncation of Bosonic Hamiltonian

Numerical studies in Refs. [84, 55] found gapped FCI phases of bosons at filling v =
1/(C+1) with (C'+1)-fold degenerate ground states, stabilized by on-site interactions

projected to a topological flat band with Chern number C'. In the following we
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specialize to the simplest case of bosons and try to understand the ground states of
the pseudopotential Hamiltonian at filling v = 1/(C'+1) and with quasiholes. Setting
Vo = \/NyLy/L, >0 and V; = 0, the Hamiltonian in Eq. (5.65) becomes

H= i i, g i e_B(de)Q—B(A—qyd—i-nM)?
qy J n

Sj Sj+a

Z Z ¢;75¢;+A,8/¢j+A*deyslququd,s- (567)

S

where the primed sum of j is over
Jj€Jo - Jjo+ M) (5.68)

for an arbitrary jo € Z [Eq. (5.59)], while A is summed over the interval of length M
given in Eq. (5.66).

In the § > 1 limit, we can safely truncate the sum over n to a single term at
n = 0, if we assume that M/d = Ny > 1. Further, only the terms with ¢, ~ 0 and
A — gyd ~ 0 have a significant contribution, since the coefficients decay exponentially

with respect to the (squared) Euclidean distance from g,d = A — g,d =0,
R*(q,,A) = (g,d)* + (A — g,d)?, (5.69)

as illustrated in Fig. 5.3. The 4-boson 9 T1/1) operator can be either density-density
interaction or pair hopping. We find that the terms with g, = 0 are all density-density
interactions, while the strongest pair hopping terms may appear at |g,| = 1, A = ¢,d,
with Euclidean distance R? = d?.

In light of the previous studies [11, 9, 10, 14], we first examine the effect of the

terms with R?*(g,, A) < d?. They can be collected into

M (=d .. d)
_ 2
Hep =Y > e nmja, (5.70)
J A
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Figure 5.4: Terms in the expansion of the pseudopotential Hamiltonian at d = 1. The
presentation follows the same format as Fig. 5.3.

where the number operator n; is defined by

Sj
nj =Y ¥l (5.71)

Recall from Eq. (5.51) that S; is the set of all allowed values of s for 9, ; at a given
j, and this set contains C different values. Also, recall from Eq. (5.50) that d C=CcC.
By solving the simple electrostatics, we find that the zero modes of H_z with highest
density appear at filling v = 1/C. This leads to much more than (C 4+ 1) zero modes
at filling 1/(C + 1), inconsistent with the findings from numerical diagonalization of
actual FCI Hamiltonians [84, 55]. This is a clear signal that we should include more
terms in the truncated Hamiltonian.

In the following we analyze the effect of the next strongest terms in Eq. (5.67),
with Euclidean distance R*(g,, A) = d*. They are located at (|A — g,d|, |q,d|) = (0, d)
and (d,0), represented by the four solid gray dots in Fig. 5.3. In the next section we
provide detailed analysis of the simplest case with d = 1. The results for general d

will be presented afterwards.

5.5.2 Effect of non-density terms: d =1

In this subsection we specialize to the simplest case d = 1, illustrated in Fig. (5.4).
In this case N, is divisible by C' [Egs. (5.48) and (5.50)]. The pseudopotential Hamil-
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tonian in Eq. (5.67) (after truncating the sum over n) becomes

Sj Sita

H= ZZ Zeiﬁqy g Z Z%Ts g+Ast+A qy,s wJJrfIy (5'72)

We now extract the terms at ¢, + (A — ¢,)* = d* = 1, namely, at (g,,A) =
(1,1),(0,1),(=1,—1),(0,—1). To collect together the terms nicely, recall from
Eq. (5.52) that S; = S;41 at d = 1, and note that we can take advantage of the

freedom in Eq. (5.68) to shift the range of the primed sum over j. We then find

M Sj  Sj
Ze—ﬂzz [(1,1)+(0,1)+(—1,—1)+(0,—1) . (5.73)

The four terms in the above brackets are labeled by (g,, A), and explicitly they are
given by
wT w]-l-l s/ wj s 7vD]Jrl s+ 1/}3 sw]_ﬂ s’ %H s % s
L iy O W] e

The second and the fourth terms above are density-density interactions, while the

(5.74)

first and the third exchange the s indices of a pair of particles. We will refer to the
latter terms as “s-exchange” terms. Notice that we can combine the above four terms

into a single product,

bl b, (5.75)

7,8,8

where the pair annihilation operator is given by

]ss w]s¢j+1s +¢]+1s¢]s (576)

This combination is the key to the enumeration of zero modes as we detail below.
Together with the density-density terms in Eq. (5.70), the bosonic pseudopotential

Hamiltonian takes the truncated form

M
— Z n;n; + e (Qan]H + Z Z 5,8,8' ],s,s’)

J
The residual terms are exponentially small for 5 > 1.

M

+3 0(6*25). (5.77)

J
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When C = 1, the s index can take only a single value s = 0, reducing b;, ¢
to 29;0%j410. This includes the case of Chern number ¢' = 1. The truncated

Hamiltonian becomes very simple:

M M
H= Z (njn; +4e Pnjnjq) + Z O(e_%). (5.78)
J J

Its zeros modes have no more than one boson in two consecutive orbitals. We thus
recover the familiar result [11, 12] for the bosonic Laughlin state at half filling.

We now come back to the case with generic C'. We look for the constraints on the
zero modes of the above truncated Hamiltonian in Eq. (5.77). Due to the two-body
nature of the interaction, we only need to consider a pair of bosons at a time, with j
indices being 71, j2. In Eq. (5.77), each term in the summation is positive-semidefinite
by itself. This means that to find the zero modes of Eq. (5.77), we only need to identify
the null space of each term individually, and then take their intersection. From the

density-density terms, we find that in a zero mode we must have
J1 — Jo| > 1. (5.79)

This amounts to a minimal distance between adjacent bosons along the j axis, with
no discrimination of the s indices. The s-exchange terms . b'b in Eq. (5.77) kick
in only when the equality sign is taken in Eq. (5.79), as is evident from Eq. (5.76).
Specifically, " b'b enforces in a zero mode the antisymmetrization of the s indices

between bosons with |j; — ja| = 1,

(w;hslw;Q,SQ - ¢.}‘1732w;2751> ‘®> (580)

We emphasize that the 11’s are bosonic operators. It is easy to verify that the above
antisymmetrized form is indeed annihilated by > b'b, whereas the symmetrized form
acquires a positive energy 2e=?. To find the zero modes for a system of N bosons,
we need to perform the above procedure on each pair of bosons. This is explained in

more details in Sec. 5.5.4, and illustrated by an example in Sec. 5.5.6.
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One last subtlety comes from the quasi-periodicity of the j index [Eq. (5.58)].
The orbitals at j + M are identified with those at j, but there is a possible mismatch

between the s indices,
j+M,s)=|j,5s = Na). (5.81)

For the density terms, this does not make much trouble since n; = n;y) after the
summation of the s index over S; [Eq. (5.71)]; we just need to enforce the minimal
distance condition [Eq. (5.79)] across the quasi-periodic boundary j = 0 mod M. For
the s-exchange terms Y b'b, however, we have to be more careful about the s index
mismatch. We have to first shift their j indices (by integer multiples of M) such
that [j; — j2| = 1 before we can apply the antisymmetrization in Eq. (5.80). More
explicitly, if |j; — j2 + M| = 1 for example, then the correct antisymmetrization can

be either of the following two equivalents,

(1/}31+M51¢]2,52 77Z)]1+M52 ]2781 }®> o 77Z)]1 s$1— Na:¢]2,82 7’0]1782 Nac 32 81 m> 582

but not Eq. (5.80) anymore. This is the only reason why we were not able to consis-
tently implement [101] the exclusion principle for conventional multicomponent FQH

model states [28, 2] for the color-entangled system.

5.5.3 Effect of non-density terms: general d

The analysis for general d is not much different from d = 1. Here we just state the
essential results. The s-exchange and density-density terms at (g,d)? + (A — ¢,d)* =

d? can be merged together,

Ze_ﬁd2 ZZ 7,8,8' 9788 ) (583)

where the two-body annihilation operator is given by

j 8,8’ ¢j s’ %er s T ¢]+d8 ¢j R (584)
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Combined with the density-density terms in Eq. (5.70), the leading terms in the

bosonic pseudopotential Hamiltonian in the limit of g > 1 are

anJ+A+€ o ZZ 7,8,8" JS,SI ) (585)

(—d .. d)
e

HZZ

A
up to (e #@+1) corrections. The zero modes of the truncated Hamiltonian satisfy
the following pairwise constraints. First, for a pair of bosons with j indices being j;

and js, we must have
J1 — Jo| > d. (5.86)

Here the difference in j is understood with the quasi-periodic identification j ~ j+ M.
When the equality in Eq. (5.86) holds, the two bosons are further subject to an
antisymmetrization in the s indices. For the simplest case |j; — jo| = d, we need
Eq. (5.80), whereas for |j; — jo + M| = d, we need either of the two equivalents
in Eq. (5.82). When C = 1, as s can take only one value, this antisymmetrization
consistently reduces to an electrostatic repulsion at distance |j; — jo| = d (and also

lj1 — jo+ M| =d).

5.5.4 Counting rule for degeneracy and momenta

Following the above constraints, we can enumerate all the zero modes of the truncated

Hamiltonian for a given system size and a given number of particles, in the form

[w]1751¢]2 Szw];), S3¢j4784 T } |(Z)>7 (587)

where A antisymmetrizes the s indices as follows. As noted earlier, for any pair of
particles a and b in a zero mode, we must have |j, — j»| > d, and when the equality
holds, we need to carry out antisymmetrization over the s indices (s,, s;). Obviously,
if we have j; — jo = d and js — j3 = d, then we need to antisymmetrize over (s, Sg, S3).
More generally, if we have a cluster of m consecutive particles satisfying j, — jo+1 = d,

we need a full antisymmetrization over all the s indices of these m particles.
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The last remaining step is to group these zero modes according by the total Bloch
momentum and count the degeneracy per momentum sector. The resulting degen-
eracy is linked by the Bloch mapping [101] to the degeneracy of FCI ground states
per lattice momentum sector. This largely follows the same procedure as detailed in
Ref. [16]. We represent by lowercase k, the Bloch momenta of individual particles in

the a = x,y direction, and by uppercase
Ko=) ko mod N, (5.88)

the total Bloch momentum of the many-body system (the summation is over parti-
cles). We denote by T “m the center-of-mass color-entangled magnetic translations, i.e.
applying ﬁx simultaneously on all the particles. Then, the total Bloch momentum

K, can be read off from the eigenvalue of 7™,

Tom — g=i2mKa/Na (5.89)

The action of 7™ on the zero modes in Eq. (5.87) is spelled out in Eq. (5.56).
There are four points to make here. First, the zero modes in the form of Eq. (5.87)
are automatically eigenstates of f;m Evidently each term in the antisymmetrization
A individually is an eigenstate of T;m Moreover, the eigenvalues have to be the same
for all those terms. This follows from the linearity of Eq. (5.49): to find the total ) k,
of all particles, we only need to know the total Y j and > s; the actual association of
between j and s does not matter. Second, under the action of T oM the zero modes in
Eq. (5.87) form closed orbits. This follows from the fact that 7™ commutes with the
(truncated) pseudopotential Hamiltonian, and thus preserves its null space. More
directly, one can easily verify that the constraints on the zero modes described in
Secs. 5.5.2 and 5.5.3 are invariant under the action of T;m (namely X — X + 1, or
{7,s}) — |{j—|—]\7y/5'7 s+11)), and that the action of 7™ always brings one zero mode
in the form of Eq. (5.87) to another zero mode in the same form. Third, each action of

T ~m along the orbit is associated with a sign, since a term in the antisymmetrization
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A in Eq. (5.87) may be brought to a term with the opposite sign. 2 Fourth, all the
zero modes in an orbit under T} “m share the same eigenvalue under T;m This is a
direct consequence of [T, T ;" =0,

For each zero mode in the form of Eq. (5.87), we can directly compute the total
K, momentum by just looking at a single term in the antisymmetrization A. We can
group together the zero modes by the value of K, = >k, mod N,. Then, within
each group, we successively apply T;fm on each zero mode and further break them
into disjoint orbits. Consider an orbit consisting of n zero modes |0),[1),...,|n — 1)

of the form in Eq. (5.87). They are linked together by
Tr) =g, |r +1mod n), r€l0. n), (5.90)

with g, = %1 determined from the action of T;m on the antisymmetrization in
Eq. (5.87). The n eigenstates of T oM are linear recombinations of these n states
in the form of Fourier sums. Without actually writing down the linear recombina-
tions, we can directly obtain the eigenvalues. By successively applying the above

equation, we find
[T ) = gr), (5.91)

with g = [[" g»~. This fixes the n eigenvalues of fjm to be the n distinct n-th roots

of g. If g =1, the total K, momenta of the zero modes are

N,
K,=k— mod N,, ke€l0.. n), (5.92)
n
whereas if ¢ = —1, they are
N, N,
K,=k—+ - mod N, ke€[0.. n). (5.93)
n

12For the case of fermions, there also is a statistical sign, as noted in Ref. [16].
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Figure 5.5: Energy spectrum of the pseudopotential Hamiltonian of 2 bosons on a
N, x N, = 3 x 2 lattice with Chern number C' = 2. The three degenerate ground
states at zero energy are marked in red.

The numbers on the right hand side of the above equation are guaranteed to be
integers: Since [i‘;m]Nz is the identity operator per the color-entangled boundary
condition [Eq. (5.11)], we must have N, /n € Z, and also g™+/™ = 1.

Our end goal is an analytic algorithm to obtain the degeneracy of the zero modes
in each Bloch momentum sector. This request is more modest than to find the
actual expression of the zero modes in each sector, and the above procedure can be
further simplified. For example, we do not need to actually write down the zero
modes as in Eq. (5.87). We only need to keep track of the structure of clusters of
consecutive particles with j, — j.+1 = d, as noted below Eq. (5.87), and the set of
s indices in each cluster. An open-source reference implementation can be found
at http://fractionalized.github.io. We have tested our algorithm extensively
against the total Bloch momenta of the actual ground states obtained from numerical

diagonalization for various system sizes, and found perfect agreement across all cases.

5.5.5 A simple example

To see the above counting rule in action, we consider a simple example, 2 bosons on
a Ny x Ny, = 3 x 2 lattice with Chern number C' = 2. From numerical diagonalization

of the pseudopotential Hamiltonian (see Fig. 5.5), we find 3-fold degenerate ground
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states with total Bloch momenta
(va Ky) = (07 0)7 (17 O)u (27 0) mod (37 2) (594>

We note that the spinless counting rule [16] gives the wrong result K, = 1 mod 2
when naively applied to this system. We now show how our new procedure produces
the correct momenta.

From (N,,N,) = (3,2) and C = 2, we compute C = GCD(C, Ny) =2, d =
C/C =1, M= NxNy/é = 3. Equation (5.49) reduces to

j=X+k, s=X mod2. (5.95)

We denote s = 0 by | and s = 1 by 1. To facilitate two-way lookup of the mapping

(X, ky) <> (4,5), we can make a table

X |k | 5 | s
0 0 0 1
0 1 1 1
1 0 1 T (5.96)
1 1 2 T
2 0 2 1
2 1 0 1

The last line in the above table deserves special attention. From Eq. (5.95), for
(X,ky) = (2,1) we obtain (j,s) = (3,]). However, due to the quasi-periodicity
condition in j, [Eq. (5.58)], this is equivalent to (j,s) = (0,1).

We enumerate all the two-boson zero modes of the truncated pseudopotential
Hamiltonian [Eq. (5.85)] in the form of Eq. (5.87). Applying the constraint |j; —ja| > 1

across the quasi-periodic boundary of j, we find only three possibilities

(j17j2) = (071)7(1?2)7(072)' (597>

All of them satisfy either |j; —jo| = d (first two) or |j; —jo+ M| = d (last one), and are
thus subject to full antisymmetrization of the s indices (s, s2). Since there are only

two allowed values of s, we can already see that there are only 3 zero modes in the form
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of Eq. (5.87). We now go through them one by one. First, consider (ji,j2) = (0, 1).

Using Eq. (5.80), we find that the only possible (s1, $3) antisymmetrization is

0,1) = (wfuly - vlsel,) [0). (5.98)

Here the double bracket |-, -)) distinguishes the many-body zero mode from the one-
body basis state |j, s), and the subscript of the creation operator 1! denotes (j, s).

Similarly, for (ji,j2) = (1,2), we find

1,2) = (0] ul, — vliel,) 10). (5.99)

The case of (j1,72) = (0,2) satisfies |j; — jo + M| = d rather than |j; — jo| = d. So
we use Eq. (5.82) rather than Eq. (5.80), and find

0,2) = (04,05, — wlyeh,) 10) = (vig0ds —wlyed,) 10). (5.100)

Notice that after we bring the j indices back to [0 .. M) using Eq. (5.81), the s
indices on the second line are not in an explicit antisymmetrized form. This manifests
the core difference of our problem from the usual FQH: When the lattice size is
incommensurate with the Chern number, we cannot consistently distinguish the C
families of Wannier states, since the flow of Wannier centers are entangled on the
quasi-perioidic boundary.

Using the lookup table in Eq. (5.96), we find that the total K, momenta of the
three zero modes are all equal to 0 mod 2, consistent with Eq. (5.94). To compute
the K, momentum, we need to find out the action of the center-of-mass translation

T “™ on these states. For our example, Equation (5.56) reduces to

Tolj,s) =7+ 1,s+1). (5.101)

141



We thus find the representation of iﬁfm on the zero modes:

i?mlo 1 = <¢1¢¢2¢ wusz) ‘®> _|1 2
TN, 2) = (vl — vl il ) 10) =10,2),

) ( 21734 2, 3T>‘ > (5'102)
T£m|0 2 = (% ¢w3¢ Q/JI,TQ/’;T) ‘®>

= (¢1,¢¢(T)T ¢1¢¢0¢> ‘®> _|0 1

Notice that we can evaluate 7|0, 2)) using either line in Eq. (5.100); the results are
guaranteed to be the same by the consistency between Eqs. (5.56) and (5.58).

The three zero modes thus form a single orbit under the successive action of Tg‘;m
They can be recombined to form eigenstates of f,,ffm. To find the total K, momenta
of the recombined states, we can either follow the procedure detailed in the last
subsection, or we can brute-force diagonalize Tm“m. The representation matrix of T;m

over the three zero modes reads

0O -1 0
o o 11|. (5.103)
-1 0 O

From its eigenvalues {1,e?™/3 ¢727/3} we find the total K, momenta of the three
recombined zero modes to be 0,1,2 mod 3. In summary, we reproduce the correct

total Bloch momenta in Eq. (5.94).

5.5.6 An example with quasiholes

Next, we consider a slightly more complicated example with quasiholes. For a system
of 3 bosons with C' = 2, the densest zero modes of our pseudopotential Hamiltonian
occur at filling v = 1/(C + 1) = 1/3, i.e. 3 bosons in 9/2 fluxes. The fractional
flux is possible thanks to the color-entangled boundary conditions in Eq. (5.11). We
now add % flux to each color component and consider N, x N, = 5 x 2 and Ny =

9/241/2 = N,N,/C = 5. This leads to a set of 10-fold degenerate quasihole states at
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Figure 5.6: Energy spectrum of the pseudopotential Hamiltonian of 3 bosons on a
N, x Ny =5 x 2 lattice with Chern number C' = 2. The 10 degenerate ground states
at zero energy are marked in red.

zero energy, with one mode in each momentum sector (K, K,) € [0 .. N;) x [0 .. Ny).
This can be seen in the numerical diagonalization results in Fig. 5.6.

We now show how to obtain this counting using our algorithm. The basic proce-
dure is the same as the previous example. We first compute C = GCD(C, N,) = 2,
d=C/C=1,and M = NxNy/CN’ = 5. Equation (5.49) again reduces to Eq. (5.95),
and we have two allowed values of s (0 and 1), denoted by | and 1. Then we can

build the (X, k,) <> (4, s) lookup table,

X ‘ ky H J ‘ s
0 ] 0 0 1 |
0 | 1 T 1
T | 0 T 1
1| 1 2 | 71
> 1T 0 | 2 | 4 (5.104)
2 1 3 | 4
3 | 0 3 1 1
3 1 | 4 | ¢
1] 0 TR
i1 0 | 1

Again, the last line in the table has a flipped s index due to the quasi-periodic

boundary condition in j [Eq. (5.58)].
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Compared with the previous example, the enumeration of the zero modes in the
form of Eq. (5.87) has an extra complication. Let us first apply the |j, — jp| > 1 rule

between each pair of bosons. We find two groups of allowed (ji, j2, j3) configurations,

(0,1,2),(1,2,3),(2,3,4),(3,4,0), (4,0, 1), (5.105)
and

(0,1,3),(1,2,4),(2,3,0), (3,4, 1), (4,0,2). (5.106)
Here we have underlined each cluster of bosons linked together by |j, — js| = d =
1 or |jo—j»+ M| =d = 1. Then, we need to antisymmetrize the s indices of

the bosons in the same cluster. This kills the five configurations in the first group
[Eq. (5.105)]: the three bosons in the same cluster must take different values of s
under antisymmetrization, but there are only two possible values of s (1T and |). We
are left with the five j configurations in Eq. (5.106). In each configuration, the two
clustered bosons have antisymmetrized s indices 1] — |1, while the third boson can

take either 1 or |. For example, for (j1, 72, 73) = (0,1, 3), we have a pair of zero modes

<¢8,¢¢]1L,T - @D(T)Wh) i1 [0), <¢$,¢¢LT - %,ﬁ/’h) v, [0). (5.107)
We can similarly write down the other 8 zero modes. This gives the correct 10-fold
degeneracy. Using the lookup table in Eq. (5.104), we can compute the K, lattice
momentum for each zero mode and construct the representation matrix of the color-
entangled center-of-mass translation operator T;m in exactly the same manner as in
the previous example. This reproduces the correct degeneracy in each momentum

sector. We leave details of this last step for the interested readers.
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5.6 Discussion

In this chapter we have studied fractional Chern insulators with an arbitrary Chern
number. We establish a one-body mapping between a Chern band with Chern number
C, and a C-component LLL with specially engineered boundary conditions. The new
boundary conditions lead to an alternative set of pseudopotential Hamiltonians, and
the corresponding zero modes define new model wave functions. We introduce a
Bloch basis for multicomponent LLL with a rational number of fluxes that entangles
real and internal spaces on the one-body level. We establish a Bloch-basis mapping
between a Chern band with an arbitrary Chern number C' on an arbitrary N, x N,
lattice and a C-component LLL with Ny = N,N,/C € Q fluxes. This mapping
leads to a novel scheme, which we call Bloch construction, to build FCI model states
from color-neutral FQH Hamiltonians. It treats bosonic/fermionic FCI with arbitrary
N;,N,,C € Z in a wholesale fashion, and can handle large system sizes. The new
gauge fixing in our basis significantly improves the overlaps with the actual ground
states when curvature strongly fluctuates.

We refer to the constructed FCI model states as the color-entangled Halperin
states. They are distinct from the SU(C)-singlet Halperin states due to the color-
entangled boundary conditions. When the lattice size is commensurate with C', the
color-entangled states are the generalization of the usual Halperin states to color-
dependent twisted boundaries. More generally, the lattice setup opens up access to
the color-entangled, unphysical sectors of a multicomponent FQH system in a physical
way.

We have also analyzed the pseudopotential model Hamiltonian for FCI with an
arbitrary Chern number. By taking the thin-torus limit and keeping only the leading
density-density and pair hopping terms, we are able to analytically solve the pseu-
dopotential Hamiltonian and obtain its zero modes. By analyzing the representation

of the center-of-mass translation operators, we derive an algorithm to directly com-
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pute the total Bloch momenta of the degenerate zero modes. As we have shown
numerically, our pseudopotential Hamiltonian is adiabatically connected to the lat-
tice FCI Hamiltonian, and the its zero modes serve as good trial wave functions for
the FCI ground states. In particular, there is a 1-to-1 correspondence between the
trial wave function and the FCI ground state in each momentum sector. Therefore,
our counting algorithm can be used to obtain the total lattice momenta of the FCI
ground states (including quasiholes) without diagonalizing the FCI Hamiltonian, for

Abelian FCI states at filling v =1/(C + 1).

5.A Hybrid Wannier states under color-entangled
magnetic translations

In this Appendix we prove Eq. (5.16), the representation of T, and Ty in the hybrid
Wannier basis | X, k). In Landau gauge A = Bzy, the magnetic translation operators
T, and T, defined in Eq. (5.6) have the real-space representation

z'ZTrEi _Lzy _Zuy
T,=e Nelve N T, =e N, (5.108)

Acting on a trial state 1), they transform the real-space wave function (x,yl) by
iQW&L
(0, y|Tol0) = ™% 2 (e — Lo /Noyyly), (@, yITy) = (@,y — L,/N,Jo).  (5.109)
Plugging these into the Landau-gauge definition of | X, k,) in Eq. (5.14), we find

(x,y,0|T,| X, ky) = (x,y,0 + 1|X + 1, k), (5.110)

(x,y,0|T,|X, k,) = e 2 Ea/Nuto/O) (g 0y 0| X Ky).
Since the clock-and-shift operators @, P defined in Eq. (5.8) are unitary, we have

(o|P = (0 —1], (0]Q = e*"/%a]|. (5.111)
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Putting Eqgs. (5.110) and (5.111) together, we find the action of T, = T,P and

T y = 1,,Q to be particularly simple,

<17>3/>‘7|fr|X7 ky) = (z,y, 0| X + 1, ky), <x,y,a!fy|X, ky) = e PN (2, y, 0] X, ky)-

This proves Eq. (5.16).

5.B Projected density in Bloch basis

In this Appendix we prove Eq. (5.24), the expansion of the projected density operator
in the Bloch basis.

We first derive a simpler form for the Bloch wave function ¢k(r,o) = (r,olk).
When we plug Eq. (5.14) into Eq. (5.17), we have a double sum over X, m. However,
notice that (X, m) in the double sum can always be combined into X +mN,, thanks
to XN,/C +mN, = (X +mN,)N,/C and e??mXke/Ne = gi2n(X+mNo)ka/No (vecall that
Ny = N,N,/C). This enables us to merge the double sum into a single sum of
X 4+ mN, over Z. The Kronecker- enforcing o = X +mN, mod C suggests we split
X +mN, — nC + o0 with n summed over Z. This leads to the final form of the Bloch

wave function,

Z

1 .
k) = i27(nC+0)ke /Ng
(x.y, olk) (VTN Lyl5) /2 Zn ¢
2 (k: + N+0N> y 1 ""”—MB(/C + N+UN> 2 (5.112)
expzwynycyLyQZB I, y 0Ny + =N, ) .

This wave function indeed depends only on ¢ mod C' (by a re-shift in the dummy

variable n), and it has the quasi-periodicity in &, as in Eq. (5.18). We now plug this
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into pq. defined in Eq. (5.22).

BZ BZ

Pq,oc = \/_N i lB Z Z ‘kl k2| Z Z 6712# (n1C+0)kia/Nz 127r(n26'+cr)k2x/Nz

ny ng

L 2
@ : 1 27l
[/0 da e~ 27t/ La exp{ ~3 [l:]i Z = <k:1y ONy + nlNyﬂ

Y

2
= [Z_ _ 2;;23 (ko + 2N, + maN )} ]

L
|:/ ydy e_i27rqyy/Ly—i27r(k1y+n1Ny—kgy—nQNy)y/Ly:| ] (5113)
0

We first finish the [ dy integral on the last line,

/dy 6_7/27(- = Ly 5k2y+n2Ny7 k1y+n1Ny+Qy' (5114)

Notice that the summations of k; and ks over BZ in the above equation are indepen-
dent. To accommodate the Kronecker- in the above equation, we set the summation
of ki, over [0 .. N,), and the summation of ky, over [¢, .. N, + ¢q,). Then, the

Kronecker-§ above can be decomposed into two separate Kronecker-d’s, enforcing

koy = kiy + qy, 11 = no. (5.115)

And we have

Nz N Ny
Pa,c = \/_N g Z Z Z ’klx, k?x; k + qyl Z 61277 (nC+0)(k2e—kiz)/Nx

klz k2:c ky
La ~ 1| x 27l o 2
—i27qzx/La - _B e
[/0 dre exp { LB L, <ky + CNy + nNyﬂ
1|z 27rlB 2
) e N, N) }] 5.116
LB I ( +qy+0 +n 1 (5.116)

It is easy to check that pq, is indeed invariant under a shift of the dummy variable
k, — k, + N,. We now tackle the [ dz integral in the bracket. We can collect terms

and complete the square in the exponential. After some trivial but tedious algebra,
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the integrand becomes

q21% /4 —127Tq3; (ky+qy/2+0Ny/C+nNy) /Ny

T 27rlB 1 L 2
— _ ity
exp{ |:lB Ly (k: —i—ON +nN, —|—2 (qy szqz)ﬂ } (5.117)

Here we have used 27l5Ny = L, L,, and

2 (L L,
22 = [ 24 =2 . 5.118
q’ly v, \Z, —q; +L ( )

The projected density can thus be written as

e

z Ny

-q?1% /4 S i2mqe (ky+qy/2) /N,
Pac = \/_N lB ZZZ|klza k’gx,/{? +q |@ Qo (ky+ay »

le k2'p ky
Z

Ly
Z eiQﬂ'(nCJra)(kzx*klx*qz)/Nz / dz
0

n

T 27Tl3 1 L 2
e N N — =L . A1
exp{ |:lB Ly (k + = 8 +nN, + = 5 (qy zqum)ﬂ } (5.119)

Notice that

2ml —nN,L,/N,
LN, = / 2. (5.120)
lB Ly lB
we can shift the integration interval to
Lz+n%[/z
dz. (5.121)
Ny
nN—d)Lz

This moves the dependence on n from the integrand to the integration limits (and
also the exponential prefactor e?2m(nC+o)(k2e—F1a=z)/Na)

We want to sew together the integrals for all n so that we can finish the Gaussian
integral, but the integration intervals for different n are overlapping and cannot be
joined head to tail in general, unless N, is divisible by C. However, recall that (to
have symmetries P, () we restrict the interacting Hamiltonian to be color-neutral,
so we are interested only in pq = ZS Pq,o- The color sum saves us. Notice that the

dependence on (o, n) is all through the combination nC' 4 0. We can merge the two
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sums over ¢ and n into a single sum over integers, nC' + o — m:

acN;L Ny

—q%% /4 —i27qy (ky+qy /2) /N,
Pq = \/_N lB ZZZ’kl:p, k'Qx’]{} —|—q ‘6 gz (Fy+Qqy »

klz k?2z k/'y
Z

Ly
} : eszn(kgz—k’lz—qI)/Nz / dz
0

r 27lg n 1 L 2
_|l==_=°r _ - _ ;Y
exp{ |:ZB L, (k‘y—l— CNy+ 5 (qy zqugc))} } (5.122)

(14n/Ng) Ly

Z L Z
o e = ST g2k —hie—a) /N / i
Yoof sk

(n/Nz)La

r 27wlg 1 Ly 2

Each interval [+ “ Ly, mN+ mtl] ) is covered by the integral for N, times, and during the

Notice that

N, times, the exponential prefactor runs through all the N, values of 2™ (k2e—k1z—4z)

fort € [0 .. N,). In formula, we have

7 Ny ')
S / Qoo = 3 emliarhia=a)/N. / dz

r 27wlp 1 L, 2

= VTN, lp 6t (5.125)

, K1at+qa”

The “mod N,” does not lead to any problem, since |k) is periodic in k,. Finally, we

arrive at Eq. (5.24):

BZ

pq = —q2l%/4 Z —i2mqz (ky+qy/2)/Ng |k> <k + CI|-
k

5.C Pseudopotential Hamiltonian reorganized

In this Appendix we prove Eq. (5.65), the reorganized expression for the pseudopo-

tential Hamiltonian in Eq. (5.63) suitable for truncation.
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Starting from Eq. (5.63), we first isolate the ¢, dependence,

Z
7w Lg 2

H = e Moty Z Z,GV — J2: Qy)
Qy J1 72
Sjl sz
Z Z ¢;1781 ¢;2,52 ij—de7S2¢j1+de,817 (5'126)
S1 89
where Gy (j1 — jo,qy) is defined by
Z
V. m L , k+ q,d
Gy(k,q) = 4 —— P —i2ng,—— | . 5.127

Through a Poisson resummation, we can easily prove the general formula

Z

Z
. 1
—wAQZ—i2mq € __ —m(n—§)?/A
e = e . 5.128

qx

Setting A = L, /(NyL,), £ = (k + ¢,d)/M, and defining

1 © L,
f= g,
d* N, L,
we get
z
exp [ qx —127q, =] — e Ty . (5.129)
MZ i N, 2

To handle Gy (k, g,) in Eq. (5.127), we need to be able to insert powers of ¢2 into the

qx = ﬁdQ
on Eq. (5.129). For the simple case of Vg = 47i%[Vo+ Vi - (1 — q*l%)] as in Eq. (5.61),

we find

Z
L, _ o
Gulh.gy) = | g St
Y

{Vo +28Vi [(k + g,d — nM)? — (g,d)*]} . (5.130)
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Plugging this back to Eq. (5.126), we get
Z M M Z
H=C Z o Blayd)? Z' Z' Z o~ Bl —j2+qyd—nM)?
ay Jji o J2 n

{Vo + 26V [(j1 — Jo + qyd — nM)? — (q,d)*] }
S S

DD 0l o o igydssiisgydss (5.131)

51 s2
where C' = \/L,/(NyL,) is an inconsequential overall factor.

At last, recall from Eq. (5.59) that the range of summations over j; and js each
contain an arbitrary shift. We can keep the outer sum over j; general, while make a
convenient choice for the inner sum over j,. We define A = j, — j; and rewrite the

above equation as

H— Ci efﬁ(qyd)Q i/ Z i efB(quyd+nM)2
qQy j A n

{Vo +28V1 [(A — qyd +nM)* — (q,d)*] }
S; Sjia

SN Ul Wl A g isg s (5.132)

S

where A is summed over an interval of length M centered around g¢,d,
A€ [qd— |M/2] .. qd—|[M/2]+M). (5.133)

We make this special choice for the A sum to facilitate later truncations in the thin-

torus limit 8 > 1. This proves Eq. (5.65).
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