A Draft Book on

Introduction to Automata Theory, Formal Language and
Computability Theory

read anything e

dec. point digit

operator dec. point

read decimals digit

operator

Compiled B
P Y Published By

Mr.Tej Bahadur Shahi _
New Summit College,

M.Sc(CSIT),TU
Baneshower, Kathmandu

Compiled by Tej Shahi Page 1



Chapter 1
Mathematical Preliminaries: Set Functions and Relations etc.

Sets

A set is a collection of well defined objects. Usually the element of a set has common
properties. e.g. all the student who enroll for a course “theory of computation” make up a set.

Examples
The set of even positive integer less than 20 can be expressed by

E

{2,4,6,8,10,12,14,16,18}

Or E {x|x is even and 0<x<20}

Finite and Infinite Sets

A set is finite if it contains finite number of elements. And infinite otherwise.The empty set has
no element and is denoted by ¢.

Cardinality of set:
It is a number of element in a set. The cardinality of set E is
|E|=9.
Subset :
A set A is subset of a set B if each element of A is also element of B and is denoted by ACB.
Set operations

Union:

The union of two set has elements, the elements of one of the two sets and possibly both. Union is
denoted by .

Intersection:

The intersection of two sets os the collection of all elements of the two sets which are common and is
denoted by.

Differences:
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The difference of two sets A and B, denoted by A-B, is the set of all elements that are in the set A but
not in the set B.

Sequences and Tuples

A sequence of objects is a list of objects in some order. For example, the sequence 7,4,17 would be
written as (7,4,17).In set the order does not matter but in sequence it does. Also, repetition is not
permitted in a set but is allowed in a sequence. Like set, sequence may be finite or infinite.

Relations A nd Functions

A binary relation on two sets A and B is a subset of AxB. for example, if A={1,3,9}, B={x,y}, then
{(1,x),(3,y),(9,X)} is a binary relation on 2- sets. Binary relations on K-sets AjA,,........ Ay can be
similarly defined.

A function is an object that setup an input- output relationship i.e. a function takes an input and produces
the required output. For a function f, with input x, the output y, we write f(x)=y. We also say that f maps
Xtoy.

A binary relation r is an equivalence relation if R satisfies :

R is reflexive.i.e. for every x,(x,x)eR.

R is symmetric i.e. for every x and y , (x,y)eR imlies (y,x) eR.

R is transitive i..e. for every x,y, and z, (x,y) €R and (y,z) eR imples (x,z) €R.
Closures

Closures is an important relationship among sets and is a general tool for dealing with sets and
relationship of many kinds. Let R be a binary relation on a set A. Then the reflexive closure of R is
arelation R’ such that :

1. R’ isreflexive (symmetric, transitive)
2. Ro R

3. IfR” is areflexive relation containing R then R2Z R

Method of proofs:
Mathematical Induction
Let A be a set of natural numbers such that :

i. OcA
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ii. For each natural number n, if {0,1,2,3,....... n}eA. Then A=N. In particular, induction is used
to prove assertions of the form “ for all neN, the property is valid”. i.e.

In the basis step, one has to show that P(0) us true. i.e. the property is true for 0.
P holds for n will be the assumption.
Then one has to prove the validity of P for n+1.

Strong mathematical Inductions

Another form of proof by induction over natural numbers is called strong induction. Suppose we want to
prove that P(n) is true for all n>t. Then in the induction step, we assume that P(j) us true for all j, t<j<k.
Then using this, we prove P(K). in ordinary induction in the induction step, we assume P(k-1) to prove
P(k). There are some instances, where the result can be proved easily using strong induction. In some
cases, it will not be possible to use weak induction and one use strong induction.

Computation:

If it involves a computer, a program running on a computer and numbers going in and out then
computation is likely happening.

Theory of computation:

- It is a Study of power and limits of computing. It has three interacting components:
- Automata Theory
- Computability Theory
-Complexity Theory

Computability Theory: -
- What can be computed?
-Are there problems that no program can solve?

Complexity Theory: -

- What can be computed efficiently?

- Are there problems that no program can solve in a limited amount of time or space?

Automata Theory: -

- Study of abstract machine and their properties, providing a mathematical notion of “computer”

- Automata are abstract mathematical models of machines that perform computations on an input by

moving through a series of states or configurations. If the computation of an automaton reaches an
accepting configuration it accepts that input.
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Study of Automata

- For software designing and checking behavior of digital circuits.

- For designing software for checking large body of text as a collection of web pages, to find
occurrence of words, phrases, patters (i.e. pattern recognition, string matching, ...)

- Designing “lexical analyzer” of a compiler, that breaks input text into logical units called “tokens

Abstract Model

An abstract model is a model of computer system (considered either as hardware or software)
constructed to allow a detailed and precise analysis of how the computer system works. Such a model
usually consists of input, output and operations that can be performed and so can be thought of as a
processor. E.g. an abstract machine that models a banking system can have operations like “deposit”,

99 <e

“withdraw”, “transfer”, etc.
Brief History:

Before 1930’s, no any computer were there and Alen Turing introduced an abstract machine that
had all the capabilities of today’s computers. This conclusion applies to today’s real machines.

Later in 1940’s and 1950’s, simple kinds of machines called finite automata were introduced by
a number of researchers.

In late 1950’s the linguist N. Chomsky begun the study of formal grammar which are closely
related to abstract automata.

In 1969 S. Cook extended Turing’s study of what could and what couldn’t be computed and
classified the problem as:

-Decidable

-Tractable/intractable

The basic concepts of Languages

b9

The basic terms that pervade the theory of automata include “alphabets”, “strings”, “languages”,
etc.

Alphabets: - (Represented by ‘X’)

Alphabet is a finite non-empty set of symbols. The symbols can be the letters such as {a, b, c},
bits {0, 1}, digits {0, 1, 2, 3... 9}. Common characters like $, #, etc.

{0,1} — Binary alphabets
{+, —, *} — Special symbols
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Strings: - (Strings are denoted by lower case letters)

String is a finite sequence of symbols taken from some alphabet. E.g. 0110 is a string from
binary alphabet, “automata” is a string over alphabet {a, b, ¢ ... z}.

Empty String: -
It is a string with zero occurrences of symbols. It is denoted by ‘€’ (epsilon).

Length of String

The length of a string w, denoted by | w |, is the number of positions for symbols in w. we
have for every string s, length (s) > 0.

| € | = 0 as empty string have no symbols.
|0110|=4

Power of alphabet

The set of all strings of certain length k from an alphabet is the ki power of that alphabet.
ie. Zk={w/|w| =k}
IfX = {0, 1} then,

2= {g}

= {0, 1}

»?= {00, 01, 10, 11}

»%= {000, 001, 010, 011, 100, 101, 110, 111}

Kleen Closure

The set of all the strings over an alphabet X is called kleen closure of £ & is denoted by
>+, Thus, kleen closure is set of all the strings over alphabet ¥ with length 0 or more.

2=xutuziuziu
E.g. A={0}
A={0"n=0,1,2,..}.

Positive Closure: -
The set of all the strings over an alphabet X, except the empty string is called positive closure and
is denoted by Z+.

Language:
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A language L over an alphabet X is subset of all the strings that can be formed out of X; i.e. a
language is subset of kleen closure over an alphabet X; L. € X . (Set of strings chosen from X
defines language). For example;

1 Set of all strings over £ = {0, 1} with equal number of 0’s & 1’s.
L={g 01,0011, 000111, ......... }
[ ¢ is an empty language & is a language over any alphabet.

1 {&} is a language consisting of only empty string.
"1 Set of binary numbers whose value is a prime:
L={10,11, 101, 111, 1011, ...... }

Concatenation of Strings

Let x & y be strings then xy denotes concatenation of x &y, i.e. the string formed by
making a copy of x & following it by a copy of y.

More precisely, if x is the string of i symbols as x = a,a,a...a &y is the string of j symbols asy =
b.b.b....b, then xy is the string of i + j symbols as xy = a,a.a....ab.b.b....b,.

For example;
x =000
y=111
xy = 000111 &
yx = 111000

Note: ‘¢’ 1s identity for concatenation; i.e. for any w, ew = we = W.
Suffix of a string

A string s is called a suffix of a string w if it is obtained by removing 0 or more leading
symbols in w. For example;

w = abcd

s = bed is suffix of w.
here s is proper suffix if s #w.

Prefix of a string

A string s is called a prefix of a string w if it is obtained by removing 0 or more trailing
symbols of w. For example;

w = abcd

s = abc is prefix of w,
Here, s is proper suffix i.e. s is proper suffix if s # w.
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Substring

A string s is called substring of a string w if it is obtained by removing 0 or more leading
or trailing symbols in w. It is proper substring of w if s # w.

If s is a string then Substr (s, 1, j) is substring of s beginning at it position & ending at jth
position both inclusive.

Problem

A problem is the question of deciding whether a given string is a member of some
particular language.

In other words, if X is an alphabet & L is a language over X, then problem is;

- Given a string w in X+, decide whether or not w is in L.

Exercises:

1. Let A be asetwith n distinct elements. How many different binary relations on A are
there?

2. If Y= {a,b,c} then find the followings
a- zl, Z 2’ 23.

3. If>={0,1}. Then find the following languages

The language of string of length zero.

The language of strings of 0’s and 1’s with equal number of each.

The language {0"1" | n>1}

The language {0'0’ | 0<i<j}.

The language of strings with odd number of 0’s and even number of 1°s.

®o0 o

4. Define the Kleen closure and power of alphabets.

Readings: Plz, read the chapter 1 sections 1.1, 1.1.3, 1.5 of Text book. And solve some
numerical example given in Text book.
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Chapter 2
Finite Automata (DFA and NFA, epsilon NFA)

Intuitive example

Consider a man watching a TV in his room. The TV is in ”on” state. When it is switched off, the
TV goes to “off” state. When it is switched on, it again goes to “on” state. This can be
represented by following picture.

Switched off
TV “on” ) TV “off”

Switched on

The above figure is called state diagram.

A language is a subset of the set of strings over an alphabet. A language can be generated by
grammar. A language can also be recognized by a machine. Such machine is called recognition
device. The simplest machine is the finite state automaton.

2.1 Finite Automata

A finite automaton is a mathematical (model) abstract machine that has a set of “states” and its
“control” moves from state to state in response to external “inputs”. The control may be either
“deterministic” meaning that the automation can’t be in more than one state at any one time, or “non
deterministic”, meaning that it may be in several states at once. This distinguishes the class of
automata as DFA or NFA.

- The DFA, i.e. Deterministic Finite Automata can’t be in more than one state at any time.
- The NFA, i.e. Non-Deterministic Finite Automata can be in more than one state at a time.

2.1.1Applications:

The finite state machines are used in applications in computer science and data networking. For
example, finite-state machines are basis for programs for spell checking, indexing, grammar
checking, searching large bodies of text, recognizing speech, transforming text using markup
languages such as XML & HTML, and network protocols that specify how computers communicate.
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2.2. Deterministic Finite Automata

Definition
A deterministic finite automaton is defined by a quintuple (5-tuple) as (Q, %, 9, qo, F).

Where,

Q = Finite set of states,

¥ = Finite set of input symbols,

0 = A transition function that maps Q X £ -> Q
Jo = A start state; qgo€ Q

F = Set of final states; F < Q.

A transistion function o that takes as arguments a state and an input symbol and returns a state. In our
diagram, 9 is represented by arcs between states and the labels on the arcs.

For example

If s is a state and a is an input symbol then d(p,a) is that state q such that there are arcs labled ‘a’
from p to q.

2.2.1General Notations of DFA

There are two preferred notations for describing this class of automata;
- Transition Table
- Transition Diagram

a) Transition Table: -

Transition table is a conventional, tabular representation of the transition function ¢ that takes the
arguments from Q x X & returns a value which is one of the states of the automation. The row of the
table corresponds to the states while column corresponds to the input symbol. The starting state in the
table is represented by -> followed by the state i.e. ->q, for g being start state, whereas final state as
=], for q being final state.

The entry for a row corresponding to state q and the column corresponding to input a, is the state 6

(g, a).
For example:

|. Consider a DFA;
Q ={qo, q1,g2. g3}
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=10, 1}

go= (o
F = {ao}
5=Qx%->Q

Then the transition table for above DFA is as follows:

d 0 1

*-> (o g2 gl
ql q3 q0
92 q0 a3
g3 ql 92

This DFA accepts strings having both an even number of 0’s & even number of 1°’s.

b) Transition Diagram:

A transition diagram of a DFA is a graphical representation where; (or is a graph)

- For each state in Q, there is a node represented by circle,

- For each state q in Q and each input a in X, if 6 (q, a) = p then there is an arc from node q to p
labeled a in the transition diagram. If more than one input symbol cause the transition from state q
to p then arc from q to p is labeled by a list of those symbols.

- The start state is labeled by an arrow written with “start” on the node.

- The final or accepting state is marked by double circle.

- For the example | considered previously, the corresponding transition diagram is:
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| 1 1 |1
W W
(h *-..{ s
0

2.2.2. How a DFA process strings?

The first thing we need to understand about a DFA is how DFA decides whether or not to “accept” a
sequence of input symbols. The “language” of the DFA is the set of all symbols that the DFA
accepts. Suppose a1, a, ...... an is a sequence of input symbols. We start out with the DFA in its start
state, qo. We consult the transition function & also for this purpose. Say & (qo, a1) = g1 to find the state
that the DFA enters after processing the first input symbol ai. We then process the next input symbol
a2, by evaluating o (g1, a2); suppose this state be gz. We continue in this manner, finding states gs, gs,
..., qn.such that & (qgi-1, ai) = qgi for each i. if gnis @ member of F, then input a1, a2, --- anis accepted &
if not then it is rejected.

Extended Transition Function of DFA ( § ): -

The extended transition function of DFA, denoted by § is a transition function that takes two
arguments as input, one is the state q of Q and another is a string we X~ and generates a state p € Q.
This state p is that the automaton reaches when starting in state q & processing the sequence of
inputs w.

ie.d (qw)=p

Let us define by induction on length of input string as follows:

Basis step: § (q,€) =q. i.e. from state g, reading no input symbol stays at the same state.

Induction: Let w be a string from X" such that w = xa, where x is substring of w without last symbol
and a is the last symbol of w, then 5 qw)=38(6 (q,x),a).
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Thus, to compute § (g, w), we first compute & (g, X), the state the automaton is in after processing
all but last symbol of w. let this state is p, i.e. § (g, X) = p.

Then, § (g, w) is what we get by making a transition from state p on input a, the last symbol of w.
i.e.5 (q,w)=35(p,a)

For Example

Now compute § (go,1001)
=3 (3 (qo. 100). 1)
=3 (8 (8(qo. 10), 0), 1)
=38 (8 (3(8(qo. 1).0).0). 1)
=3 (5 (8 (3 (8(qo. ). 1).0).0). 1)
=35(5(3(3(qo, 1),0),0), 1)
=38(8(5(q0. 0),0). 1)
=06(3(q1.0), 1)
=38 (q. )

= (. SO accepted.

c) Compute § (qo,101) yourself.( ans : Not accepted by above DFA)
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String accepted by a DFA

A string x is accepted by a DFA (Q, Z, §, o, F) if; § (0, Xx) =p € F.

Language of DFA

The language of DFA M = (Q, X, §, qo, F) denoted by L(M) is a set of strings over X* that are
accepted by M.

i.e; L(M) ={w/ § (qo, w) =p € F}

That is; the language of a DFA is the set of all strings w that take DFA starting from start state to one
of the accepting states. The language of DFA is called regular language.

Examples (DFA Design for recognition of a given language)

1. Construct a DFA, that accepts all the strings over X = {a, b} that do not end with ba.

Start

2. DFA accepting all string over X = {0, 1} ending with 3 consecutive 0’s.
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4. DFA accepting zero or more consecutive 1’s.
ie.L(M)={ln/n=0,1,2,...... }

0.1

W
=

5. DFA over {0, 1} accepting {1, 01}
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Q3 0.1

W

b

Start

Exercises: (Please do this exercise as homework problems and the question in final exam
will be of this patterns)

1. Give the DFA for the language of string over {0.1} in which each string end with 11.
[2067,TU BSc CSIT]

2. Give the DFA accepting the string over {a,b} such that each string does not end with
ab.[2067, TU B.Sc CSIT]

3. Give the DFA for the language of string over {a,b} such that each string contain aba
as substring.

4. Give the DFA for the langague of string over {0,1} such that each string start with 01.
5. The question from book: 2.2.4, 2.2.5 of chapter 2.
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2.3.  Non-Deterministic Finite Automata (NFA)
A non-deterministic finite automaton is a mathematical model that consists of:

- A set of states Q, (finite)

- A finite set of input symbols X, (alphabets)

- A transition function that maps state symbol pair to sets of states.

- A state gqo € Q, that is distinguished as a start (initial) state.

- A set of final states F distinguished as accepting (final) state. F € Q.

Thus, NFA can also be interpreted by a quintuple; (Q, X, 8, qo, F) where 8 is Q x £ =2°. Unlike DFA,
a transition function in NFA takes the NFA from one state to several states just with a single input.

For example;

1.

©
-

Fig: - NFA accepting all strings that end in O1.

Here, from state qi, there is no any arc for input symbol 0 & no any arc out of g2 for 0 & 1. So, we
can conclude in a NFA, there may be zero no. of arcs out of each state for each input symbol. While
in DFA, it has exactly one arc out of each state for each input symbol.

o, the transition function is a function that takes a state in Q and an input symbol in ) as arguments
and returns a subset of Q The only difference between an NFA and DFA is in type of value that &
returns. In NFA, & returns a set of states and in case of DFA it returns a single state.

For input sequence w = 00101, the NFA can be in the states during the processing of the input are as:
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R
YN
’,” Jo Qi
y 0 dies
) .
‘1
q2
dies
fl q2 JQo
V final 'w|=100101| =5

2. NFA over {0, 1} accepting strings {0, 01, 11}.

Q= {qo. q1. Q©}

>. =10, 1}
Qo = {qo}
F={qj

Transition table:

o: 0 1
2 Q| {qai} | {q}
i 19} 1@}
«Q | 1] {3

Transition table:

O: 0 |
2 Q| Q) | {q]
Q| 9 | {9
@ | {d] {0}

Compiled by Tej Shahi

Page 18



Computation tree for 01:

Jo
Y
Q1 2
1 ‘ dies

4

Final, so 01 is accepted

Computation tree for 0110

(o
v\
(1 2
1 ‘ dies

q2
dies, so 0110 is not accepted

The Extended transition function of NFA

As for DFA’s, we need to define the extended transition function § that takes a state g and a
string of input symbol w and returns the set of states that is in if it starts in state g and processes
the string w.

Definition by Induction:
Basis Step: § (q, €) = {q} i.e. reading no input symbol remains into the same state.

Induction: Let w be a string from £* such that w = xa, where X is a substring of without last symbol
a.

Also let,
0 (0, X) = {p1, pz, ps, ...pk}

and
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ke
l l"?{ph ar = {1,728, . T}

Then, § (g, w) = {r1, r2, 13, ...rm}

Thus, to compute & (g, w) we first compute § (g, X) & then following any transition from each of
these states with input a.

Consider, a NFA,

0.1

Now, computing for 8 (go, 01101)

Solution:

& (qo. 01101)

3 (qo. &) = {qo}

3 (q0. 0) = {qo. 1}

3(qo. 01) =58 (qo. 1) W (qu. 1) = {qo} V {q} = {qo.q}
8(q0, 011) =3 (qo, 1) W3 (q2, 1) = {qo} v {9} = {qo}

8 (q0, 0110) =5 (qo. 0) = {qo} W {ai} = {qo a1}

& (qo, 01101)=5(qo, 1) w8 (q1, 1) = {qo} W {q2} = {q0 @2}

Since the result of above computation returns the set of state {goQ,) which include the
accepting state g2 of NFA so the string 01101 is accepted by above NFA.

Examples (Design NFA to recognize the given language)
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1. Construct a NFA over {a, b} that accepts strings having aa as substring.

a. b

3. NFA over {a, b} that have “a” as one of the last 3 characters.

a.b

4. NFA over {a, b} that accepts strings starting with a and ending with b.
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Language of NFA
The language of NFA, M = (Q, X, 3, q0, F), denoted by L (M) is;
L(M)={w/ & (@, w) NF# ¢}

i.e. L(M) is the set of strings w in Y * such that §(co,w) contains at least one state
accepting state.

Examples

1. Design a NFA for the language over {0, 1} that have at least two consecutive 0’s

orl’s
@)
J

@ 0, 1
(iﬁ I }@f)o. I

Now, compute for acceptance of string 10110;
Solution
8 (qo, 10110)

Start with starting state as
6 (o, &) = {qo}

Compiled by Tej Shahi Page 22




& (9o, 1) = {00, a3}

(90, 10) =5 (qo, 0) U & (g3, 0) = {qu,q0} U {ql} ={ql, qo}
(q0, 101) =6 (1, 1) U 8 (qo, 1) ={a3} U {as} ={q3}
(90, 1011) =5 (g3, 1) = {q4}

(90, 10110) =5 (q4, 0) = {g4} = {094}

So accepted (since the result in final state)

Exercise

1. Question from book: 2.3.4 of chapter 2

2. Give a NFA to accept the language of string over{a.b} in which each string contain abb
as substring.

3. Give a NFA which accepts binary strings which have at least one pair of ‘00’ or one
pair of ‘11°.

2.4. Equivalence of NFA & DFA

Although there are many languages for which NFA is easier to construct than DFA, it can be
proved that every language that can be described by some NFA can also be described by some
DFA.

The DFA has more transition than NFA and in worst case the smallest DFA can have 2" state
while the smallest NFA for the same language has only n states.

We now show that DFAs & NFAs accept exactly the same set of languages. That is non-
determinism does not make a finite automaton more powerful.

To show that NFAs and DFASs accept the same class of language, we show;

Any language accepted by a NFA can also be accepted by some DFA. For this we describe an
algorithm that takes any NFA and converts it into a DFA that accepts the same language. The
algorithm is called ““subset construction algorithm”.

The key idea behind the algorithm is that; the equivalent DFA simulates the NFA by keeping
track of the possible states it could be in. Each state of DFA corresponds to a subset of the set of
states of the NFA, hence the name of the algorithm. If NFA has n-states, the DFA can have 2"
states (at most), although it usually has many less.

The steps are:

To convert a NFA, N = (Qn, X, dn, Jo, Fn) into an equivalent DFA D = (Qp, X, dp, (o, Fp), we
have following steps.
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1.The start state of D is the set of start states of N i.e. if q0 is start state of N then D has start state
as {q0}.

2.Qp is set of subsets of Qy i.e. Qp = 2%V. So, Qp is power set of Qn. So if Qu has n states then
Qp will have 2" states. However, all of these states may not be accessible from start state of Qp
so they can be eliminated. So Qp will have less than 2" states.

3.Fp is set of subsets S of Qn suchthat S N Fy # ¢ i.e. Fpis all sets of N’sstates that include at
least one final state of N.

ForeachsetS © Qy&eachinputa € %, 6p (S, a)= U SN(p,a)

pins
i.e. for any state {q0, ql, g2, ... gk} of the DFA & any input a, the next state of the DFA is the
set of all states of the NFA that can result as next states if the NFA is in any of the state’s q0, q1,
g2, ... gk when it reads a.

For Example
0.1
do 0 >® L >@

o: 0 1

A ¢ ¢ ¢
B 2 {q} | {qo@} | {qo
C il ¢ {eb)
D {2} o ¢
E Q- qif | {Q0. @i | {90, @2}
F {00, @2 | {do. ) | {Qo}
G {q1, Q) o e
H| «{Qo. qi. @} | {q0. @1} | {Qo @}
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The same table can be represented with renaming the state on table entry as

S O 1
A A A
—>B E B
C A D
=D A A
E E F
=F E B
=G A D
«H E r

The equivalent DFA is

The other state are removed because they are not reachable from start state.
Example2

Convert the NFA to DFA
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P

1

Solution: using the subset construction we have the DFA as

3 O 1
5 & b
—= 1Py 1a.s3 tay
=41a. s} iy ip. a. r}
=fay iry fa. r}
iy is3 Py
={p. a. r;y {a. r. sj ip. a. ri
=4q- Ty ir. sg iP- a. i
=S P iPy
«fd. T. S} ir. s} iP. 9. T}
«f r. sy isy 1Py

Draw the DFA diagram from above transition table yourself.

Exercises

1. Convert the following NFA to DFA

Compiled by Tej Shahi Page 26



Start

3.Question from text book: 2.3.1, 2.3.2

Theorem 1:

Proof:

For any NFA, N = (Qn, 2, & n, g0, FN) accepting language L & X* there is a
DFAD =(Qp, 2, 6 p, g0’ Fp) that also accepts L i.e. L (N) =L (D).

The DFA D, say can be defined as;
Qo =2%", q0 = {q0}

LetS={pl,p2,p3,...pk} € Qp. ThenforS € Qp & a € %,

5 D (81 a) = l I Ty (Erp-cx)

o

Fo={S/SEQp&S NFy# ¢}

The fact that D accepts the same language as N is as;
for any stringw € X*;
én (90, w) = ép (90, w)

Thus, we prove this fact by induction on length of w.

Basis Step:

Let [w|=0, then w=g¢,

Sn(90, €)= {90)=00=4p(0, ¢)

Induction step;

Let [w| =n+ 1isa string such that w = xa & |[x| = n, |a] = 1; a being last symbol.
Let the inductive hypothesis is that x satisfies.

Thus,
5p (q0’, x) =6 (q0, x), let these states be {pl, p2, p3, ... pk}
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Now,
SN (qO’ W) = SN (qo’ Xa)

= 6N (8N (qO, X)’ a)
=on ({pl, p2, p3, ... pk}, a) [Since, from inductive step]

=U SN(D1) e ereeeneeeeneans (1)

Also

SD (qO’, W) = SD (qO’, Xa)
= 8D (SD (qO’, X)a a)
=dp (8n (40, x), @) [Since, by the inductive step as it is true for Xx]
=0dp ({pl, p2, p3, ... pk}, a) [Since, from inductive step]

Now, from subset construction, we can write,
6D ({pla pza p3a pk}a a) ZUSN(pi’a)

S0, we have
5p(q0°, W) = USN(PHA) e, 2)

Now we conclude from 1 and 2 that
é’:N (qo, W) = SD (qo,a W)
Hence, if this relation is true for [x| = n, then it is also true for [w| =n + 1.

..DFA D & NFA N accepts the same language.
l.e. L (D) =L (N) Proved.

Theorem 2:
A language L is accepted by some DFA if and only if L is accepted by some NFA.

Proof:
‘if” part (A language is accepted by some DFA if L is accepted by some NFA):

It is the subset construction and is proved in previous theorem. In exam, you
should write the proof of previous theorem here.

Only if part (a language is accepted by some NFA if L is accepted by some DFA):
Here we have to convert the DFA into an identical NFA.

Consider we have a DFA D = (Qp, 2, dp, 90, Fp).
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This DFA can be interpreted as a NFA having the transition diagram with exactly one
choice of transition for any input.

Let NFA N =(Qn, 2, dn, q0°, Fy) to be equivalent to D.
Where Qn = Qp, Fn = Fp, g0’ = q0 and oy is defined by the rule

If dp(p,a)=q then &y(p,a)={q}.

Then to show if L is accepted by D then it is also accepted by N, it is sufficient to show,
forany stringw € X*, §p (g0, w) = 8y (90, w)

We can proof this fact using induction on length of the string.
Basis step: -

Letjw|=0ie.w= ¢
é’:D (qO, W) :SD (qo’ & ) = qo
é’:N (qO, W) = SN (qo’ € ) = {qO}
~.8p (90, w) = 8y (g0, w) for |w| = 0 is true.
Induction: -
Let|w|=n+1&w =xa. Where [x| =n & |a] = 1; a being the last symbol.
Let the inductive hypothesis is that it is true for x.
S if é6p (g0, x) = p, then 8y (90, X) = {p}

i.e. §p (90, x) = 8y (g0, x)

Now,
8p (a0, w)  =4p (g0, xa)
= 6D (6D (qO, X), a)
=dp (p, @) [ from inductive step 8p (90, x,=p]
=1, say
Now,
6n (90, w) =68y (0O, xa)
=8x (8n (90, x), @) [from inductive steps]

= on({p} @)

=r [from the rule that define dy)
Hence proved. i.e. ép (g0, w)= 4y (90, w)

NFA with e-transition (e-NFA)
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This is another extension of finite automation. The new feature that it incorporates is, it allows a
transition on &, the empty string, so that a NFA could make a transition spontaneously without
receiving an input symbol.

Like Non-determinism added to DFA, this feature does not expand the class of language that can
be accepted by finite automata, but it does give some added programming connivance. This are
very helpful when we study regular expression (RE) and prove the equivalence between class of
language accepted by RE and finite automata.

A NFA with e-transition is defined by five tuples (Q, X, 9, q0, F), where;

Q = set of finite states

¥ = set of finite input symbols

g0 = Initial state, 0 € Q

F = set of final states; F < Q

0 = a transition function that maps;
QX3 U {g-->2°

For examples:

1.
a b
N/
This accepted the language {a,aa,ab,abb,b,bbb,..................... }
2.
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— {abb. bab}

e-closure of a state:
e-closure of a state ‘q’ can be obtained by following all transitions out of q that are labeled €.
After we get to another state by following €, we follow the e-transitions out of those states & so
on, eventually finding every state that can be reached from q along any path whose arcs are all
labeled €.
Formally, we can define e-closure of the state q as;
Basis: state q is in g-closure (q).
Induction: If state q is reached with e-transition from state q, p is in e-closure (q). And if there is
an arc from p to r labeled &, then r is in e-closure (g) and so on.
Extended Transition Function of e-NFA: -
The extended transition function of e-NFA denoted by § ,is defined as;

i) BASIS STEP: - § (q, €) = e-closure (q)

i) INDUCTION STEP: -

Let w = xa be a string, where x is substring of w without last symbolaanda € X
buta #e.

Let & (q, x) = {pl, p2, ... pk} i.e. pi’s are the states that can be reached from q following
path labeled x which can end with many € & can have many «.

Also let,
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"5&"-95} = {?ﬁ_ﬂ"z: ' Fm}
i=1

then

519

Bq.x)= US — closure (1y)

J=1

Example

Now compute for string ba

-6 (p, €)= e-closure(p)={p,q,r,u}

Compute for b i.e.
- 8(p,b)U 8(q,b)U &(r,b)U 6(u,b)={s,v}
- e-colsure(s)U e-closure(v)={s,t,v}

Computer for next input ‘a’
- 8(s,a)U 6(t,a)U 6(v,a)={y,w}
- e-closure(y)U e-closure(w)={y,w}

The final result set contains the one of the final state so the string is accepted.
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Assignment 1(30 marks)
Short questions

1. Define set, function and relation. 3 marks
2. Define mathematical induction. 2 marks
3. Define alphabets, strings and languages 3 marks

4. Define three components of theory of computations 3 marks

Longs questions

1. Define DFA and NFA with example. (Give Mathematical Definition) 6 marks

1. Design the DFA for the language of all string that start with 0 and end with 1 over the symbols {0,1}.
Represent it with transition table and transition diagram. 6 marks

2. Design NFA for the language of all string that contain 001 as substring over the alphabet {0,1}.
Represent it with transition table and transition diagram. 6 marks

Note: 1 marks is reserved for the fair and clean handwriting.
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Chapter 3
(Regular Expression (RE) and Language)

In previous lectures, we have describe the languages in terms of machine like description-finite
automata(DFA or NFA). Now we switch our attention to an algebraic description of languages,
called regular expression.

Regular Expression are those algebraic expressions used for representing regular languages, the
languages accepted by finite automaton. Regular expressions offer a declarative way to express
the strings we want to accept. This is what the regular expression offer that the automata do not.
Many system uses regular expression as input language. Some of them are:

e Search commands such as UNIX grep.
e Lexical analyzer generator such as LEX or FLEX. Lexical analyzer is a component of
compiler that breaks the source program into logical unit called tokens.

Defining Regular expressions
A regular expression is built up out of simpler regular expression using a set of defining rules.
Each regular expression ‘r’ denotes a language L(r). The defining rules specify how L(r) is

formed by combining in various ways the languages denoted by the sub expressions of ‘r’.

Here is the method:

Let X be an alphabet, the regular expression over the alphabet X are defined inductively
as follows;

Basic steps:

-O is a regular expression representing empty language.
-€ is a regular expression representing the language of empty strings. i.e.{ €}
- if ‘@’ is a symbol in X, then ‘a’ is a regular expression representing the language {a}.

Now the following operations over basic regular expression define the complex regular
expression as:

-if ‘r’ and ‘s’ are the regular expressions representing the language L(r) and L(s) then

r U s is a regular expression denoting the language L(r) U L(s).

r.s is a regular expression denoting the language L(r).L(s).

r* is a regular expression denoting the language (L(r))*.

(r) is a regular expression denoting the language (L(r)). (this denote the same language as
the regular expression ‘r’ denotes.

Compiled by Tej Shahi Page 34



Note: any expression obtained from ®, €, a using above operation and parenthesis where required is a
regular expression.

Regular operator:

Basically, there are three operators that are used to generate the languages that are
regular,

Union (U /| /+): If L1and Lz2are any two regular languages then
LiUL2={s|seLi,orsel2}

For Example:
L1={00, 11}, L2=(€, 10}
LiUL2= {€, 00, 11, 10}

Concatenation (.):  If Lrand L2are any two regular languages then,
Li.Llo={l1.l2llie L1and l2& L2}

For examples: L1 ={00, 11} and L2 = {€, 10}
L1.L.2={00,11,0010,1110}
L2.0.1={1000,1011,00,11}
SolLl.L2!=L2L1

Kleen Closure (*):

If L is any regular Language then,
L= Li=LoUL1UL2U.............

Precedence of regular operator:

1. The star operator is of highest precedence. i.e it applies to its left well formed RE.
2. Next precedence is taken by concatenation operator.
3. Finally, unions are taken.

Examples: Write a RE for the set of string that consists of alternating 0’s and 1’s over

{0,1}.

First part: we have to generate the language {01,0101,0101,..................... }
Second part we have to generate the language {10,1010,101010................ }

So lets start first part.
Here we start with the basic regular expressions 0 and 1 that represent the language {0} and {1}
respectively.
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Now if we concatenate these two RE, we get the RE 01 that represent the language {01}.

Then to generate the language of zero or more occurrence of 01, we take Kleen closure. i.e. the
RE (01)* represent the language {01,0101,.............. }

Similarly, the RE for second part is (10)*.

Now finally we take union of above two first part and second part to get the required RE. i.e. the
RE (01)*+(10)* represent the given language.

Regular language:

Let X be an alphabet, the class of regular language over X is defined inductively as;
- @ is a regular language representing empty language

- {€} is a regular language representing language of empty strings.

- For each a ¢ Z, {a} is a regular language.

-IfLy Lo Lnis regular languages, then so is L1U L2U........... ULn.
-IfLiL2Ls,.............. Lnare regular languages, then so is Li.L2.Ls......... Ln

-If L is a regular language, then so is L*

Note: strictly speaking a regular expression E is just expression, not a language. We should use
L(E) when we want to refer to the language that E denotes. However it is to common to refer to
say E when we really mean L(E).

Application of regular languages:

Validation: Determining that a string complies with a set of formatting
constraints. Like email address validation, password validation etc.

Search and Selection: Identifying a subset of items from a larger set on the
basis of a pattern match.

Tokenization: Converting a sequence of characters into words, tokens (like
keywords, identifiers) for later interpretation.

Algebraic Rules/laws for regular expression

1. Commutativity. Commutative of oerator means we can switch the order of
Its operands and get the same result. The union of regular expression
1s commutative but concatenation of regular expression 1s not
commutative. I1.e. If r and s are regular expressions representing like
languages L (r) and L(s) then, r+s =s+r i.e.r U s = s U r but r.s #s.r.
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2. Associativity: The unions as well as concatenation of regular
expressions are associative. I1.e. If t, r, s are regular expressions
representing regular languages L(t),L (r) and L(s) then,

t+(r+s) = (t+r)+s
And t. (r.s) = (t.r). s

3. Distributive law: For any regular expression r,s, t representing regular

language L(r), L(s) and L (t) then,
r(stt) = rstrt ———— left distribution.
(s+t)r = sr+tr ————— right distribution.

4. Identity law: @ is identity for union. 1i.e. for any regular expression
r representing regular expression L (r).
r+ @ =@ +r=rie @Ur-r
€ is identity for concatenation. i.e. 6.r =r =r. €

5. Annihilator: An annihilator for an operator Is a value such that when
the operator is applied to the annihilator and some other value, the
result is annihilator. @ 1is annihilator for concatenation.

i.e. ®.r=r. ® =@

6. Idempotent law of union: For any regular expression r representing the
regular language L(r), r + r = r. This is the idempotent law of union.

7. Law of closure: for any regular expression r, representing the regular
language L (r), then

— (1) #=r*

—Closure of @ = @* = ¢

—Closure of € = 6% = €

—Positive closure of r, r+ = rr¥
Examples

Consider X = {0, 1}, then some regular expressions over X are ;

0*10* is RE that represents language {w|w contains a single 1}

>"13" is RE for language{w|w contains at least single 1}

>*001 X* = {w|w contains the string 001 as substring}

(Z X)* or ((0+1)*.(0+1)*) is RE for {w|w is string of even length}
1*(01*01*)* is RE for {ww is string containing even number of zeros}

0*10*10*10* 1s RE for {w|w is a string with exactly three 1’s}
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e For string that have substring either 001 or 100, the regular expression is
(1+0)*.001.(1+0)*+(1+0)*.(100).(1+0)*

e For strings that have at most two 0’s with in it, the regular expression is

1*.(0+€).1%.(0+€).1*

For the strings ending with 11, the regular expression is (1+0)*.(11)+

Regular expression that denotes the C identifiers:
(Alphabet + _)(Alphabet + digit + _)*

Theorem 1
If L, M and N are any languages, then L(M U N) = LM U LN.

Proof:
Let w = xy be a string, now to prove the theorem it is sufficient to show that ‘w’ ¢ LM U LN.

Now first consider “if part”:

Let w ¢ LM U LN This implies that, w ¢ L(M) or w &€ L(N) (by union rule)
i.e.xye LM orxye LN

Also,
xy € LM implies x ¢ L and y € M (by concatenation rule)

And,
xy € LN implies x € L and y € N (by concatenation rule)

This implies that
x eL and y ¢ (M U N) then xy € L(M U N) (concatenating above)

This implies that w ¢ L(M U N)

Now consider “only if” part:
Letwe LIMUN)=>xye LIM U N)

Now,
xye LIMUN)=>x ¢ L andy ¢ (M U N) (by concatenation)
ye(MUN)=>yeMoryeN (by union rule)

Now, we have x ¢ L
Here if y € M then xy € L(M) (by concatenation)
And if'y € N then xy € L(N) (by concatenation)
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Thus, if xy € L(M) => xy ¢ (L(M) U L(N)) (by union rule)
xy € L(N) i.e. w & (L(M) U L(N)

Thus,
We have, L(M UN) =L(M) U L(N)

Finite Automata and Regular expression

The regular expression approach for describing language is fundamentally different from the
finite automaton approach. However, these two notations turn out to represent exactly the same
set of languages, which we call regular languages. In order to show that the RE define the same
class of language as Finite automata, we must show that:

1)Any language define by one of these finite automata is also defined by RE.
2)Every language defined by RE is also defined by any of these finite automata.

We can proceed as:

A

<> .
DFA
1. RE to NFA conversion

We can show that every language L(R) for some RE R, is also a language L(E)
for some epsilon NFA. This say that both RE and epsilon-NFA are equivalent
in terms of language representation.

Theorem 1

Every language defined by a regular expression is also defined by a finite
automaton. [For any regular expression r, there is an €-NFA that accepts the same
language represented by r].

Proof:
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Let L =L(r) be the language for regular expression r, now we have to show there
is an €-NFA E such that L (E) =L.

The proof can be done through structural induction on r, following the recursive
definition of regular expressions.

For this we know @, €, ‘@’ are the regular expressions representing languages {®};
an empty language, { € };language for empty strings and {a} respectively.

The €-NFA accepting these languages can be constructed as;

1. —= @ F=®
NG G ¢ P

This forms the basis steps.

Now the induction parts are shown below

Let r be a regular expression representing language L(r) and rl,r2 be regular
expressions for languages L(rl1) and L(r2),

1. For union *+’: From basis step we can construct €-NFA’s for r1 and r2. Let the
€-NFA’s be M1 and M2 respectively

O 1 @ O (7 @

R P2

Then, r=ritr2 can be constructed as:
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= f:;" o Cj H‘“\x =
7 TN
4’(—)\4\_ B KEQ)
- O r2 O / =

The language of this automaton is L(rl) U L(r2) which is also the language
represented by expression rl+r2.

2. For concatenation “.’: Now, r = ri. 12 can be constructed as;

SRS — O r1 Q AN O 2 @

Here, the path from starting to accepting state go first through the automaton for
r1, where it must follow a path labeled by a string in L(r1), and then through the
automaton for r2, where it follows a path labeled by a string in L(r2). Thus, the
language accepted by above automaton is L(rl1).L(r2).

3. For *(Kleen closure)
Now, r* Can be constructed as;
e

=N (jﬁ’ . é%:> =

=
Clearly language of this €-NFA is L(r*) as it can also just € as well as string in
L(r), L(r)L(r), L(r)L(r)L(r) and so on. Thus covering all strings in L(r*).

Finally, for regular expression (r), the automaton for r also serves as the
automaton for (r), since the parentheses do not change the language defined by
the expression.

This completes the proof.

Examples (Conversion from RE to 6-NFA)
1. For regular expression (1+0) the 6-NFA is:
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e 1 €

2. for (0+1)%*, the 6-NFA is:

3. Now, €6-NFA for whole regular expression (0+1)%*1(0+1)

4. For regular expression (00+1)*10 the 6-NFA is as:

Conversion from DFA to Regular Expression( DFA to RE)

Arden’s Theorem
Let p and q be the regular expressions over the alphabet Z, if p does not contain
any empty string then r = g + rp has a unique solution r = gqp*.

Proof:

Here,r=q+1p..cccevvvviinn... (1)

Let us put the value of r = g + rp on the right hand side of the relation (i), so;
r=q+(q+rpp

Fr=q+gp+rme e, (ii)

Compiled by Tej Shahi Page 42



Again putting value of r = q + rp in relation (ii), we get;
r=0+0qp+(q+p) p°
r=q+gp+qp +qgp°.ccceeeiinnnn..

Continuing in the same way, we will get as;

r=q+gp+ap’+ap’.eeeeeeeeinnnn,
r=q€+p+p° P,

Thus r = qp* Proved.
Use of Arden’s rule to find the regular expression for DFA:

To convert the given DFA into a regular expression, here are some of the
assumptions regarding the transition system:
- The transition diagram should not have the €-transitions.
-There must be only one initial state.
-The vertices or the states in the DFA are as;
01,02, e eveerennnnnn. qn (Any qi is final state)
-Wij denotes the regular expression representing the set of labels of the edjes from gito g;.
Thus we can write expressions as;

01=01W11H QoW1 H0aWar e et Qan1+€
02=01W12H oWt QaWaot. oo e eeeeen +qnWh2
O3=01W13tQaWo3t0aWagT..cevveeieeeennn +qnWh3
On=01W1ntQoWnot0aWngte e e eeeeniiee e qnWnn

Solving these equations for gi in terms of wij gives the regular expression

eqivalent to given DFA.

Examples: Convert the following DFA into regular expression.
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Let the equations are:

ql=q21+q30+€.......... (1)
Q2=ql0......cc.cceiiii.s (i1)
Q3=qll....cooiiiiiinn. (111)

Putting the values of g2 and g3 in (i)

ql=ql101+ql10+ €

i.e.ql=q1(01+10)+ €
1.e.ql=€+ql(01+10) (since r = q+rp)
i.e. ql=€(01+10)* (using Arden’s rule)

Since, g1 is final state, the final regular expression for the DFA is
€(01+10)* = (01+10)*

Exercise: Try some Question from text book as well as from Adesh Kumar Pandey’s book.Here |
have maintion some of them.

1. Convert this DFA into RE.
4]

1

2.Convert this DFA into RE

1

3.Convert this NFA into RE

.1

1

ai € o) : :
Lo EED )

Start
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Proving Langauge not to be Regular

It is shown that the class of language known as regular language has at least four different
descriptions. They are the language accepted by DFA’s, by NFA’s, by €-NFA, and defined by
RE.

Not every language is Regular. To show that a langauge is not regular, the powerfull technique
used is known as Pumping Lemma.

Pumping Lemma
Statement: Let L be a regular language. Then, there exists an integer constant n so that
for any x € L with x| > n, there are strings u, v, w such that x = uvw, [uv| <n, |v| > 0.

Then uv*w ¢ L for all k > 0.

Note: Here y is the string that can be pumped i.e repeating y any number of times or deleting it,
keeps the resulting string in the language.

Proof:

Suppose L is a regular language, then L is accepted by some DFA M. Let M has n states. Also L
is infinite so M accepts some string x of length n or greater. Let length of X, [x| =m where m > n.

Now suppose;
X = a1@83.c.cveneennnnn.. am Where each a; € X be an input symbol to M. Now, consider for j =
| PSR n, gj be states of M
Then,
5 (go,X) =6 (o,a1z........... am) [g0 being start state of M]
=46 (Qr,az......... am)
=6 (am.€) [gm being final state]

Since m > n, and DFA M has only n states, so by pigeonhole principle, there exists some i and
J; 0 <1i<j<m such that g; =g.

w=al+1...........&l

u=alaza3d. ... ai . WESIHT e 8 o
L (uytmeieet . o (o=

u=ala2.............. ai

v=aitl............... a

w=aj+1l............... am
ie.stringai+tl .................. aj takes M from state qi back to itself since qi = qj. So we can
say M accepts a;a;............ Ai(@i+1e e ) Q1. an for all k>0.
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Hence, uvkw ¢ L for all k>0.

Application of Pumping Lemma:
To prove any language is not a regular language.

For example:
1. Show that language, L={0r 1r|n >0} is not a regular language.

Solution:
Let L is a regular language. Then by pumping lemma, there are strings u, v, w with v>1 such
that uvw ¢ L for k>0.

Case I:
Let v contain 0’s only. Then, suppose u=0°, v=0%w=0"1%;
Then we must have p+g+r ='s (as we have 0'1") and >0

Now, uvkw = 0P(0%)<0"1°=0P*ak*r1®
Only these strings in 0°*%*"1° belongs to L for k=1 otherwise not.
Hence we conclude that the language is not regular.

Case Il
Let v contains 1°s only. Then u= 0°19, v= 1", w=1°
Then p= g+r+s and r>0

Now, 0P19(1")*1°=QPpatrk+s
Only those strings in 0P19*™*S belongs to L fpr k =1 otherwise not.
Hence the language is not regular.

Case 111

V contains 0’s and 1’s both. Then, suppose,
u=0°v=0%" w=15%

p+qg = r+s and g+r>0

Now, uvfw = 0P(091")K1°= QPakp ks

Only those strings in 0P*%1™* belongs to L for k=1, otherwise not. (As it contains 0 after
1 for k>1 in the string.)

Hence the language is not regular.

Minimization of DFA
Given a DFA M, that accepts a language L (M). Now, configure a DFA M °. During the

course of minimization, it involves identifying the equivalent states and distinguishable
states.
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Equivalent States: Two states p & q are called equivalent states, denoted by p = q if and
only if for each input string X, § (p, X) is a final state if and only if §(q, x) is a final state.

Distinguishable state: Two states p & g are said to be distinguishable states if (for any)
there exists a string x, such that (p, x) is a final state §(q, x) is not a final state.

For minimization, the table filling algorithm is used. The steps of the algorithm are;
For identifying the pairs (p, q) with p #q;

1 List all the pairs of states for which p # q.

1 Make a sequence of passes through each pairs.

1 On first pass, mark the pair for which exactly one element is final (F).

1 On each sequence of pass, mark the pair (r, s) if for any a € X, 8(r, a) = p and 3(s, a) = q
and (p, q) is already marked.

1 After a pass in which no new pairs are to be marked, stop

1 Then marked pairs (p, q) are those for which p q and unmarked pairs are those for which

P=q

Example

b

C|x ¥

& x | x X

[ O I X

Q XX ¥ X X X

i * | ox | x| X | x
a b ¢ g e f g

For pair (b, a)
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(8(b, 0), 6(a, 0)) = (g, h) — unmarked
(b, 1), 8(a, 1)) = (c, f) — marked

For pair (d, a)
(8(d, 0), d(a, 0)) = (c, b) — marked
Therefore (d, a) is distinguishable.

For pair (e, a)

(d(e, 0), d(a, 0)) = (h, h) — unmarked.
(8(e, 1), &(a, 1)) = (f, ) —unmarked.
[(e, a) is not distinguishable)]

For pair (g, a)
(8(g, 0), 8( a, 0)) = (a, g) — unmarked.
(8(g, 1), 8(a, 1)) = (e, f) — unmarked

For pair (h, a)

(8(h, 0), d(a, 0)) = (g, h) —unmarked
(0(h, 1), 8(a 1) = (c, f) — marked
Therefore (h, a) is distinguishable.

For pair (d, b)
(B(da 0)7 8(b70)) = (Ca g) — marked
Therefore (d, b) is distinguishable.

For pair (e, b)
(8(e, 0), 6(b,0)) = (h, g) —unmarked
(8(e, 1), 8(b,1) = (£, ¢) — marked.

For pair (f, b)
(8(f, 0), 5(b,0)) = (c, g) — marked

For pair (g, b)
(6(g> O)’ S(b’ 0)) = (gs g) - unmarked
(3(h, 1), 8(b, 1)) = (e, c) — marked

For pair (h, b)
(8(h, 0), 8(b, 0)) = (g, g) — unmarked
(3(h,1), 8(b,1)) = (c, ¢) - unmarked.

For pair (e, d)
(8(e, 0), 8(d, 0)) = (h, ¢) — marked
(e, d) is distinguishable.

For pair (f, d)
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(8(f, 0), 6(d, 0)) = (c, ¢) — unmarked
(8(f,1), 8(f,1)) = (g, g) - unmarked.

For pair (g, d)
(3(g, 0), 8(d, 0)) = (g, c) — marked

For pair (h, d)
(8(h, 0), 8(d, 0)) = (g, ¢) — marked

For pair (f, e)
(5(f, 0), 8(e, 0)) = (c, h) — marked

For pair (g, e)
(8(g, 0), 6(e, 0)) = (g, h) — unmarked
(0(g,1), d(e,1)) = (e, f) -marked.

For pair (h, e)
(6(h, 0), 3(e, 0)) = (g, h) — unmarked
(6(h,1), d(e,1)) = (c, f) -marked.

For pair (g, f)
(3(g, 0), 8(f, 0)) = (g, c) — marked

For pair (h, f)
(8(h, 0), 8(f, 0)) = (g, ¢) — marked

For pair (h, g)
(8(h, 0), 3(g, 0)) = (g, g) — unmarked
(6(h,1), 8(g,1)) = (c, e) -marked.

Thus (a, €), (b, h) and (d, f) are equivalent pairs of states.

Hence the minimized DFA is

o (ip.hr ) 5

<

/%
e
Or
N

See another simple approaches from Asesh Kumar Pandey’s Book.
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Chapter 4
Context Free Grammars and Languages

Grammars are used to generate the words of a language and to determine whether a word is in a
language. Formal languages, which are generated by grammars, provide models for both natural
languages, such as, English, and for programming languages, such as C, JAVA.

Context free grammars are used to define syntax of almost all programming languages, in
context of computer science. Thus an important application of context free grammars occurs in
the specification and compilation of programming languages.

Formal Description of Context Free Grammar:

A context free grammar is defined by 4-tuples (V, T, P,S) where,
V= set of variables

T= set of terminal symbols

P= set of rules and productions

S= start symbol and S ¢ V

There are four components in CFG.
1. There is a finite set of symbol that form the strings of language being defined. We call
this alphabet the terminal or terminal symbols. In above tuples, it is represented by T
2. There is a finite set of variables, also called sometimes non-terminals or non-terminal
symbols or syntactic categories’. Each variable represents a language i.e a set of strings.
3. One of the variables represents the language being defined. It is called the start symbol.
4. There is a finite set of productions or rules that represent the recursive definition of a
language. Each production consists of :
a. A variable that is being defined by the production. This is called head of
production.
b. The production symbol -
c. Astring of Zero or more terminals and Variables. This string is called the body of
the production, represents one way to form the string in the language of the head.

Note: The variable symbols are after represented by capital letters. The terminals are analogous
to the input alphabet and are often represented by lower case letters. One of the variables is
designed as a start variable. It usually occurs on the left hand side of the topmost rule.

For example,
S=>¢€
S-> 0S1

This is a CFG defining the grammar of all the strings with equal no of 0’s followed by equal no
of I’s.
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Here,

the two rules define the production P,

€, 0, 1 are the terminals defining T,

S is a variable symbol defining V

And S is start symbol from where production starts.

CFG VsRE

The CFG are more powerful than the regular expressions as they have more expressive power
than the regular expression. Generally regular expressions are useful for describing the structure
of lexical constructs as identical keywords, constants etc. But they do not have the capability to
specify the recursive structure of the programming constructs. However, the CFG are capable to
define any of the recursive structure also. Thus, CFG can define the languages that are regular as
well as those languages that are not regular.

Compact Notation for the Productions

It is convenient to think of a production as “belonging” to the variable of head. we may use the
terms like A-production or the production of A to refer to the production whose head is A. We
write the production for a grammar by listing each variable once and then listing all the bodies of
the production for that variable, separated by |. This is called compact Notation.

Example

CFG representing the language over £ = {a, b} which is palindrome language.
S2E€Jalb Grammar (1)

S2>aSa

S>bShb

Here the first production is written in compact notation. The detail of this production look like as
S>€

S—>a

S->b

Meaning of context free:

Consider an example:
S>aMb
M-> A|B
A-> €|aA
B-> €|bB

How, consider a String aaAb, which is an intermediate stage in the generating of aaab. It is
natural to call the strings “aa” and “b” that surround the symbol A, the “context” of A in this
particular string. Now, the rule A—> aA says that we can replace A by the string aA no matter
what the surrounding strings are; in other words, independently of the context of A.
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When there is a production of form Iw.r->lw,r (but not of the form w,>w,), the grammar is
context sensitive since wi can be replaced by w2 only when it is surrounded by the strings “1”
and”’r”.

Derivation Using Grammar Rule:
We apply the production rule of a CFG to infer that certain strings are in the language of a certain
variable. This is the process of deriving strings by applying productions rules of the CFG.

General Convention used in Derivation

e Capital letters near the beginning of the alphabet A, B and so on are used as variables.

e Capital letters near the end of the alphabet such as X, Y are used as either terminals or
variables.

e Lower case letters near the beginning of the alphabet, a, b and so on are used for
terminals.

e Lower case letters near the end of alphabet, such as ‘w’ or ‘z’ are used for string of
terminals.

e Lower case Greek letters such as o and 3 are used for string of terminal or variables.

Derivation:

A derivation of a context free grammar is a finite sequence of strings p0 1 p2......... fBn such that:
[] For 0 <1i<n, the string fi ¢ (V U T)*

JB0O=S

[J For 0 <1< n, there is a production of P that applied to Bi yields Bi+1

[0 BneT*

There are two possible approaches of derivation:
[ Body to head (Bottom Up) approach.
[ Head to body (Top Down) approach.

Body to head

Here, we take strings known to be in the language of each of the variables of the body,
concatenate them, in the proper order, with any terminals appearing in the body, and infer that
the resulting string is the language of the variables in the head.

Consider grammar,

S>S+S

S=>SIS Grammer(2)
S (S)

S>S-S

S>S*S

S—>a

Here givena + (a*a)/a—a

Now, by this approach.

SN | String Inferred Variable(For | Production String Used
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Language of)
1 a S S—>a
2 a*a S S>S*S String 1
3 (a*a) S S>(S) String 2
3 (a*a)/a S S->S/S String 3 and string 1
4 | a+(a*a)la S S>S+S String 1 and 3
S a+(a*a)/a-a S S->S-S String 4 and 1

Thus, in this process we start with any terminal appearing in the body and use the available rules
from body to head.

Head to Body

Here, we use production from head to body. We expand the start symbol using a production, whose head
is the start symbol. Here we expand the resulting string until all strings of terminal are obtained. Here we
have two approaches:

Leftmost Derivation: Here leftmost symbol (variable) is replaced first.
Rightmost Derivation: Here rightmost symbol is replaced first.

For example: consider the previous example of deriving string
a+ (a*a)/a-a  with the grammar(2)

Now leftmost derivation for the given string is:

S>S+S rule>S+S

S>a+S$S rule S> a  [Note here we have replaced left symbol of the body]
S>a+S-S ruleS>S-S

S>a+S/S-S ruleS=> S/S

S>a+(S)/S-S rule S>(S)

S>(S*S)/S-S; rule S>S*S

S>a+@*S)/S-S ruleS—>a
S>a+(a*a)/S-S «
S>a+(@*a)/a-S « «
S—»a+(a*a)/a—-a

And rightmost derivation is;

S=>S-§; rule S>S-S
S=>S-g; rule S=> a
S=>S+S-—aqa; rueS>S+S
S=>S+S/S-q; rule S>S/S
S=>S+S/a-qg; rule S=> a
S>S+(S)/a—a; rule S-> (S)
S>S+(S*S)/a—a; rule S> S*S
S>S+(S*a)/a—a; rule S-> a
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S>S+(a*a)/a—a;
S>a+(a*a)/a—a;

Direct Derivation:

a1—~> a2 : If a2 can be derived directly from a1, then it is direct derivation.

a1>* o2 : If a2 can be derived from a1 with zero or more steps of the derivation, then it is just
derivation.

Example
S—>aSa|ab| a| b| €

Direct derivation:
S—>ab

S-> aSa

S-> aaSaa
S—>aaabaa

Thus SCJ* aaabaa is just a derivation.
Language of Grammar (Context Free Grammar):

Let G = (V, T, P and S) is a context free grammar. Then the language of G denoted by L(G) is
the set of terminal strings that have derivation from the start symbol in G.

ie. L(G)={xeT*|S>*x}

The language generated by a CFG is called the Context Free Language (CFL).

Sentential forms

Derivations from the start symbol produce strings that have a special role. We call these
“sentential forms”. i.e. if G=(V,T,P,S) is a CFG, then any string o is in (V U T)* such that S>*
o is a sentential form. If S2>,* a, then o is a left sentential forms, and if S >m o, then o is a
right sentential form.

Note: The language L(G) is those sentential forms that are in T* i.e. they consist solely of
terminals.

Derivation Tree / Parse Tree:

Parse tree is a tree representation of strings of terminals using the productions defined by the
grammar. A parse tree pictorially shows how the start symbol of a grammar derives a string in
the language.

Parse tree may be viewed as a graphical representation for a derivation that filters out the choice
regarding the replacement order.

Formally, given a Context Free Grammar G = (V, T, P and S), a parse tree is a n-ary tree having
following properties:
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e The root is labeled by the start symbol.
e Each interior node of parse tree are variables.
e [Each leaf node of parse is labeled by a terminal symbol or €.
e If an interior node is labeled with a non terminal A and its childrens are X1, x2
................ xn from left to right then there is a production P 