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ABSTRACT OF DISSERTATION

DISCRETE-TIME ADAPTIVE CONTROL ALGORITHMS FOR
REJECTION OF SINUSOIDAL DISTURBANCES

We present new adaptive control algorithms that address the problem of rejecting si-
nusoids with known frequencies that act on an unknown asymptotically stable linear
time-invariant system. To achieve asymptotic disturbance rejection, adaptive control
algorithms of this dissertation rely on limited or no system model information. These
algorithms are developed in discrete time, meaning that the control computations
use sampled-data measurements. We demonstrate the effectiveness of algorithms via
analysis, numerical simulations, and experimental testings. We also present extensi-
ons to these algorithms that address systems with decentralized control architecture
and systems subject to disturbances with unknown frequencies.
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Chapter 1

Introduction and Motivation

The problem of sinusoidal disturbance rejection arises in a wide variety of engi-
neering applications, including helicopter vibration suppression [IH15{, active rotor
balancing [16H31], active noise cancellation [32H49], vibration reduction in space-
craft , and vibration compensation in computer hard disk drives [67H80]. Most
existing methods require some model information regarding the dynamic system that
is to be controlled. However, modeling often requires simplification of physical pheno-
mena and employs idealized assumptions. Therefore, developing reliable models can
be challenging, expensive, or impractical. Moreover, system dynamics and external
disturbances can be uncertain or subject to change during the operation. Thus, we
need methods that address highly uncertain systems. In this dissertation, we pre-
sent new adaptive control methods that achieve sinusoidal disturbance rejection with
limited or even no system model information.

1.1 Problem Statement
Consider the linear time-invariant (LTI) system

#(t) = Ax(t) + Bu(t) + D1d(t), (1.1)
Cz(t) + Du(t) + Dod(t), (1.2)

<

~—~
<~

~—
I

where t > 0, z(t) € R™ is the state, (0) = xy € R" is the initial condition, u(t) € R™
is the control, y(t) € R’ is the measured performance, d(t) € R is the unmeasured
disturbance, and A € R™ " is asymptotically stable. Let w;,ws, -+ ,w, > 0, and
consider the tonal disturbance

q
d(t) = Z dc,; cosw;t + ds ; sinwt, (1.3)

=1



wheredc 1, -+ ,dcg,ds1, -+, dsq € RP determine the disturbance amplitude and phase
at each frequency.

The objective is to design a control u that reduces or even eliminates the effect of
the disturbance d on the performance y. We seek a control that relies on limited or
no model information regarding the system and , and requires knowledge
of only the disturbance frequencies wy,---,w,. Thus, the disturbance amplitudes
deq, -+ ,deg,dsy, - ,ds 4 and the state-space matrices A, B, C, D, Dy, and D, are
completely unknown.

To achieve the objective of disturbance rejection, consider a sinusoidal control
with frequencies wy, ... ,w,, where the amplitudes and phases are updated in discrete
time. Let Ty > 0 be the control update period. Then, for each £ € N and for all
t € [kTs, (k4 1)Ty), the control is

q

u(t) = Z Ue ik COS Wit + Ug ;  SIN w;t, (1.4)
i=1
where for all i € {1,2,...,q}, Ucik, us;r € R™ are the control amplitudes at each

frequency, which are determined from update equations. This dissertation presents
novel algorithms for updating the control parameters u.;; and us;; in order to ac-
complish disturbance rejection with minimal or even no system model information.
The control can be expressed more compactly as

u(t) = S (F7(1) @ Ln s,
i=1
where ® denotes the Kronecker product, and for all k € Nand all i € {1,2,...,q},

e R?™

cos w;t A | Ueik
T R? w; = | O
filt) [Slnwit] €Ky Lk s,i.k

The control parameter update equations presented in this dissertation use sampled-
data measurements, and the control methods are thus developed in discrete time.
Figure shows a schematic of the control architecture used in this dissertation.

d(t) Unknown System
u(t) | #(0) = Ax(t) + Bu(®) + Dyd(t) | ¥
y(t) = Cx(t) + Du(t) + D2d(t)

Uj k; Control Parameter u; x | y(kTy)
Update Equations

u®) =31, (fF ) ® In) uik

Figure 1.1: Schematic of the discrete-time control architecture used in this dissertation.



1.2 Motivating Applications

Many engineering applications require active rejection of sinusoidal disturbances.
However, most existing methods require some model information regarding the dyn-
amic system in order to achieve disturbance rejection. If the system’s dynamics are
uncertain or change during operation, then existing control methods can cause closed-
loop instabilities m Thus, we need methods that address highly uncertain
systems and can adapt to changes in the system’s dynamics during the operations.
We now discuss motivating applications, where the adaptive control methods of this
dissertation can achieve disturbance rejection.

Helicopter Vibration Suppression:

The fuselage of a helicopter is subject to undesirable vibrations that negatively
impact ride quality for passengers, result in crew fatigue, and can harm expensive
components of the helicopter. The aeroelastic motion of a helicopter’s main rotor
blades is a primary source of these undesirable vibrations. Moreover, the dominant
frequency content of these vibrations is known, because it is a function of the rotor’s
angular velocity and the number of blades —both of which are known. For
helicopters produced in the 1960s, the average vibration level of the fuselage was ap-
proximately 0.3 g ,, causing an uncomfortable ride and reoccurring components
failure . Active vibration reduction techniques have successfully reduced
the levels of vibrations to approximately 0.1 to 0.2 g ,, which is a significant
improvement compared to the early days of helicopter production. Next generation of
helicopter designs aim to reduce vibration levels to approximately 0.03 to 0.05 g .

A detailed discussion of the origin of helicopter vibration is in . In
summary, the vibrations stem from the rotation of the main rotor and occur at
a frequency equal to the rotor angular velocity multiplied by the number of the
blades. The resulting vibration frequency is typically between 15 and 25 Hz. In most
helicopters, the vibratory loads (i.e., forces and moments) are directly transmitted to
the helicopter fuselage via the main gearbox. Metal or elastomeric isolation mounts
are frequently used for isolating foundations from vibrations of industrial equipment.
However, isolation mounts cannot be used to isolate a helicopter’s fuselage from its
main gearbox, because the gearbox is light weight relative to industrial equipment,
and the vibration frequencies are relatively low .

Since the beginning of the helicopter manufacturing industry, passive vibration
absorbers have been used to reduce vibrations, and are still in wide use. The earliest
patents (e.g., US2489342) using vibration absorbers for helicopters are from 1945,
where pendular absorbers are used to reduce unacceptable vibrations . This patent
was granted 5 years after the first flight of the Vought-Sikorsky VS-300, which is
widely considered the first demonstration of a practical helicopter [15]. Therefore,
the need for vibration suppression on helicopters was obvious form the early days
of helicopter flight. One of the earliest uses of vibration absorbers on production
helicopters was in the Chinook CH-47B helicopter in the early 1960s . This 40,500-



Ibm helicopter with two 3-bladed rotors, incorporated five absorbers each weighing
90 lbm, which accounts for 1.1% of the aircraft gross weight. Thus, one drawback
of passive vibration absorbers is that they are heavy. Also, being passive, these
absorbers are not adjustable for different flight conditions, meaning that changes to
the helicopter dynamics (e.g., changes in the payload) can reduce the level of vibration
suppression.

In the 1980s, passive vibration absorbers were often replaced with active vibration
systems, for example, in the Sikorsky UH-60M Black Hawk helicopter ,. The
actuators of the active vibration control (AVC) system are placed in the exact location
of previous passive absorbers. In this AVC system, the controller receives accelera-
tion measurements from accelerometers placed throughout the helicopter’s fuselage.
Then, the controller uses this acceleration feedback to command the AVC actuators
to produce vibratory forces to suppress accelerations. The frequency-domain con-
troller implemented in the UH-60M AVC system is based on the seminal work by J.
Molusis and F. Farrar described in ; this control algorithm is known as higher-
harmonic control. In fact, according to , higher-harmonic control and its variants
are probably used in the vast majority of fielded AVC systems.

The AVC system, has significant advantages over passive vibration absorbers.
Specifically, the AVC system can reject the vibrations at locations, where the pas-
sengers and crew sit—a feature that passive absorbers rarely provide. If there is no
physical room to mount passive absorbers near where we would like to reduce vi-
brations, then they must be mounted at alternative locations, which are often less
effective and less weight-efficient. Thus, AVC is more weight efficient. In addition,
AVC reduces fuselage vibration to the same or lower levels than passive systems, and
AVC uses lighter and/or fewer actuators, which are the heaviest components in AVC
systems .

Traditional AVC algorithms are robust to changes in the dynamics of the helicop-
ter; however, since they require some model information regarding the dynamics of
the system, these AVC systems are not capable of accommodating all changes that
can occur during a helicopter’s flight. In this dissertation, we present new adaptive
control methods that can adapt to arbitrary changes in the system’s dynamics.

Active Rotor Balancing:

Balancing rotating machinery is an indispensable task in manufacturing, mainte-
nance, repair, and operation of an industrial plant [L6][L7}[21]. During installation of a
piece of rotating device, the rotating components are balanced either as an individual
item, as an assembly, or in some instances, as a combination of both.

To balance the components or the assembly, the parts are installed in a balancing
machine, and once the rotating equipment has been installed, a manual balance cor-
rection is made. There is typically a need to make a field balance correction, known
as either a trim balance or in-situ balance . Both of these terms refer to per-
forming a manual balance correction without removing the rotor or the associated
assembly from the bearings. The field balancing operation begins with a trial run,
which is used to establish a baseline of the vibration level. The rotating device is then



stopped, and a trial mass is added. This trial mass allows the amount of unbalance
to be identified. A calculation is made in order to determine the balance-mass weight
and location required to cancel the unbalance. Once the trial run is completed, the
rotating equipment is stopped, and the calculated balance weight is added or remo-
ved. The rotating equipment is then started again and measurements are made to
determine if the desired level of balance has been achieved. If not, the process is
repeated until an acceptable balance level is reached.

Active balancing systems provide an alternative to the traditional on-site field
balancing methods. These systems are usually able to detect the unbalance, identify
the correction required to offset the unbalance, and automatically make the balance
correction while the piece of rotating equipment is running. A balancing system con-
sists of sensors that can measure the undesirable vibrations, and actuators that can
produce counterweight to cancel the unbalances. The vibration sensor is mounted on
or near the bearing’s centerline and continuously samples the vibration level. This
information is sent to a controller, where the vibration signal is analyzed and com-
pared to acceptable levels. If the vibration level exceeds the acceptable levels, then
the controller determines the amount of unbalance and the correction counterweight
required to make a balance correction. The controller also determines the location
that the counterweight needs to be located, in order to reduce the vibration. This
is often referred to as calculating the magnitude and phase angle of the balance cor-
rection. The controller sends a series of commands to a power amplifier, which, in
turn, provides modulated power to the actuators, which move the counterweight to
the desired location inside the balancer assembly. This automatic balance correction
is typically completed in less than one minute. Once the system is installed, there is
no need to stop the piece of rotating equipment to perform a balance correction.

Existing control methods for active rotor balancing are model-based (e.g., conver-
gent control ), meaning that some information regarding the model of dynamic
system is required in order to implement rotor balancing. In contrast, the adaptive
control methods in this dissertation do not require any model information.

Active Noise Control:

Active noise control (ANC) is the electro-acoustic generation (i.e., typically using
loudspeakers) of a sound field for canceling or reducing the influence of an undesirable
existing sound field. Although ANC is widely used as a laboratory tool for validating
research activity, it has certain industrial applications. For example, ANC systems
help reduce low-frequency fan noise levels stemming from industrial air exhaust ducts
. Also, rotorcraft and propeller aircraft use ANC systems to reduce noise level in
the cabin @] However, ANC systems are still not wide-spread in industry. Ideal
ANC systems are adaptive, meaning that they can adapt to changing characteristics
of the noise, and changing environmental conditions that affect the acoustic field.
In practice, non-adaptive noise cancellation systems are not very effective, except in
noise-canceling headsets and ear muffs . Many industries deal with low-
frequency noise, which is difficult and expensive to control passively, because large
mufflers and enclosures are needed to accommodate the long acoustic wavelengths



of the low-frequency noise. Industries are interested in ANC because it is likely to
provide a lower-cost alternative to passive noise control .

Although Thompson observed the phenomenon of sound cancellation using two
Bell telephones in 1878, it was not until 1930 that the French engineer H. Coanda pa-
tented the concept of sound cancellation via destructive interference . In 1933,
German physicist P. Lueg patented the idea of using active noise cancellation as an
alternative to passive control for low-frequency noise in an acoustic duct . In the
1950s, American engineers Harry F. Olson and W. B. Conover independently moder-
nized Lueg’s idea by utilizing feedback control theory, and investigating possibilities of
active noise cancellation in rooms, acoustic ducts, headsets, and earmuffs .
However, limitations in control methods and electronic hardware made their ideas
commercially impractical .

Since the early days of ANC, researchers have been dealing with practical compli-
cations of ANC schemes. Progress in the areas of control, signal processing, electro-
nics, acoustics, and vibrations facilitated practical and commercial implementations
in the 1980s. Surveys of ANC algorithms are in . Most available ANC
algorithms require some model information regarding the acoustic system, whereas
the adaptive control techniques of this dissertation are applicable to unknown acoustic
systems and do not require any model information.

Spacecraft Vibration Control:

Many spacecraft are equipped with lightweight but large-and-complex appen-
dages, such as antennas and solar arrays, in order to facilitate communication, remote
sensing, and other similar tasks. These large lightweight structural appendages are
extremely flexible and have low-frequency fundamental oscillatory modes .
These fundamental modes are excited during many tasks and missions such as sle-
wing and pointing maneuvers. In addition, large-angle and fast rotational maneuvers
of spacecraft are indispensable in order to meet certain mission requirements.

Effective cancellation or attenuation of the induced vibrations is a challenging
control objective. Modern spacecraft control systems use different types of actua-
tion mechanisms including thrusters and internal momentum exchange devices (e.g.,
momentum or reaction wheels, and control moment gyros) to accomplish increased
functionality during the space flight .

For certain maneuvering and precision pointing tasks, active disturbance rejection
techniques have been increasingly used for flexible spacecraft to achieve the desired
level of vibration attenuation. Significant progress has been made in designing con-
trol systems for simultaneous attitude control and vibration suppression of flexible
spacecraft ,. Due to uncertainties in the dynamics of spacecraft, adaptive
control techniques are essential in vibration control system design; however, current
techniques require knowledge of some model information regarding the spacecraft’s
dynamics (e.g., relative degree, upper bounds on the magnitude of uncertainties).
In this dissertation, we present adaptive control methods that can reject sinusoidal
vibrations of spacecraft without requiring any model information.



Vibration Compensation in Hard Disk Drives:

In a hard disk drive, data is stored in circular paths of magnetization recognized
as tracks. For the read and write operations, the disk rotates, and the read-write
head is commanded to follow certain circular tracks. Modern hard disk drives are
equipped with track following servo control systems, which are responsible for keeping
the read-write head at the desired track accurately. This process is facilitated by the
track misregistration diagnosis mechanism, which uses the standard deviation of the
position error signal. See for more details.

Tracking errors can be induced by many sources including disk and bearing run-
out, servo-track-writer induced irregularities, electronic noise, spindle and actuator
resonances, and external shock and rotary vibration |[111]. External shock and rotary
vibrations, contain frequency components with time-varying phases and magnitudes
at unknown frequencies. In addition, turbulent air flow within the hard disk assembly
or imperfections in the spindle bearing can cause harmful vibrations and result in non-
repeatable narrow-band disturbances, whose energy is highly concentrated at multiple
unknown frequencies. More details are available in [112H114]. These disturbances
differ from track to track and disk to disk. Moreover, frequencies of the narrowband
components can be higher than the bandwidth of the existing servo loops as reported
in ,. Therefore, the uncertain nature of these disturbances, makes vibration
compensation in hard disk drives a challenging control task. If the dynamics of hard
disk drive are also unknown or subject to change, disturbance rejection becomes
more challenging . The adaptive controllers in Chapter [7] of this dissertation are not
model-based and are applicable to vibrations with unknown frequencies as is common
in hard disk drives.

1.3 Literature Review

For an accurately modeled LTI system, the internal-model principle can be used
to design a feedback controller capable of rejecting sinusoidal disturbances of known
frequencies [115H120]. In this case, disturbance rejection is accomplished by incor-
porating copies of the disturbance dynamics in the feedback loop. For sinusoids
with unknown frequencies, a model-based disturbance observer can be implemen-
ted [21}[2.

If, on the other hand, an accurate model of the system is not available, but the
open-loop dynamics are asymptotically stable, then adaptive feedforward cancellation
can be used to accomplish disturbance rejection [129H138]. These approaches use
a harmonic regressor consisting of sinusoids at the known disturbance frequencies.
The control is generated by updating the amplitudes and phases of these sinusoids
in a manner that achieves asymptotic disturbance rejection. Adaptive feedforward
approaches require certain model information or assumptions regarding the open-loop
transfer function. In the simplest case where the system is single-input single-output
(SISO), the only required model information is the sign of the control-to-performance
transfer function at the disturbance frequencies. However, if the system is multi-



input multi-output (MIMO), then stronger assumptions (e.g., strict positive realness,
a nominal system model, or upper bounds on uncertainties) are invoked.

Feedback (rather than feedforward) adaptive control methods are also capable of
rejecting sinusoids of known or even unknown frequencies (e.g., [139H151]); however,
these approaches generally rely on some model information (e.g., relative degree) and
structural assumptions regarding the system (e.g., minimum phase, or state feedback).

The filtered-X least-mean-squares algorithm is an approach from the digital signal
processing literature . Filtered-X can be used in cases where the disturbance
frequencies are uncertain or unknown; however, filtered-X relies on a model of the
control-to-performance transfer function (referred to as the secondary path in the
noise control literature). If this model is inaccurate, then filtered-X can destabilize
the closed loop . To reduce the required model information, algorithms have been
proposed which incorporate real-time identifiers . However, these methods
require injection of white-noise excitation to ensure convergence of the parameter
identifier.

Another approach to sinusoidal disturbance rejection takes advantage of an asymp-
totically stable LTI system’s harmonic steady-state (HSS) response, that is, the si-
nusoidal response that remains after the system’s transient response decays to zero.
This HSS approach was developed independently in several research communities,
specifically: i) active sound and vibration control , ii) helicopter vibration re-
duction ,, and iii) active rotor balancing . For active rotor balancing, this
approach is called convergent control, whereas for helicopter vibration reduction, the
approach is known as higher-harmonic control (HHC). This approach is a frequency-
domain method, meaning that all control computations are performed using discrete
Fourier transform (DFT) data. In this dissertation, we refer to the this approach as
frequency-domain higher-harmonic control (FD-HHC).

To further explain FD-HHC, consider an LTI system that is acted on by a sinus-
oidal disturbance with known frequency w. The FD-HHC control signal is a sinusoid
with frequency w, but where the amplitude and phase are updated at discrete times.
Let T, > 0 denote the FD-HHC update period. Then, at each time step & € N, the
control amplitude and phase are updated using DF'T data, which are computed from
a sampling of the performance measurement over the time interval [(k — 1)Ty, kTy).
FD-HHC relies on the key assumption that the update period Tj is sufficiently large
relative to the settling time of the system. This assumption ensures that by the end
of each time interval between control updates, the closed-loop response approximates
the HSS response. If T is too small, then the HSS approximation is not accurate,
and the closed-loop system can become unstable. In practice, Ty can be increased to
achieve closed-loop stability; however, increasing 75 also increases convergence time.
In fact, large convergence time is one shortcoming of FD-HHC .

Another potential drawback of FD-HHC is that it requires an estimate of the
control-to-performance transfer function evaluated at the disturbance frequency. In
the SISO case, this estimate must have an angle within 90° of the actual value for
closed-loop stability. The closed-loop stability conditions for the MIMO case are given
in , Theorem 2]. If there are multiple disturbance frequencies, then estimates of the
control-to-performance transfer function are required at each frequency. For certain



applications, this transfer function can be difficult to estimate or subject to change.
The following example demonstrates a limitation of FD-HHC for the case, where
the system’s dynamics are subject to changes.

Example 1.1. Consider a 4-blade helicopter rotor system, where we denote the
swash-plate vertical displacement by u € R, the vertical speed of the rotor system by
v € R, and the coning angle of the blades by 3 € R. Let N £ 4 denote the number
of blades, and let © £ 300 RPM be the angular velocity of the rotor. Note that
helicopters are subject to sinusoidal disturbances due to the vibration of the blades
at frequencies equal to N2 as well as frequencies equal to the integer multiples of
N, that is, higher harmonics 2N, 3N, 4N(), etc. See for more details.

The control objective is to determine a control u, such that lim; .., v(t) = 0.
Thus, we let y = v. The equations of motion for the rotor system are given by ,
where

—0.08 —241.4 —11.23 u(t) —2.82 0.1
A=1| 0 0 1|, z(t)=|B(t)|, B=| 0 |, Di=]| 0 |,
0.12 —142.7 —1.14 B(t) 2.2 —0.2

and d(t) is given by (L.3), where we consider the first harmonic due to the vibration
of the blades (i.e., ¢ = 1 and w; = NQ). Let d.; = ds; = 400 mm. We use FD-HHC
to eliminate the effects of d on y. We implement FD-HHC according to , Eq. (11)],
where ug = 0, p = 1.57 x 103, and G, = (=8 + 716) x 1073, which is the estimate of
control-to-performance transfer function at disturbance frequency. Figure shows
a schematic of the control architecture. Figure [1.3] shows y and u with FD-HHC.
The control is turned on at t = 2 s, and disturbance rejection is achieved. At time
t = 20 s, the first row of the matrix A is changed from [-0.08 —241.4 — 11.23]
to [-0.2 —603.5 — 28.1]. The controller is robust to this change and rejects the
disturbance. At time ¢ = 35 s, the the first row of the matrix A is changed from
[-0.2 —603.5 —28.1]to[-0.32 —965.6 —44.92]. In this case, the response y
with FD-HHC diverges. JAN

Example demonstrates that FD-HHC yields unstable response if the fixed
estimate of control-to-performance transfer function at disturbance frequency is no
longer sufficiently accurate due to changes in the system’s dynamics. To address
uncertainty, adaptive HHC methods have been proposed ,,. However, the

L0

u(t) = Re uy coswt
—Im uy, sin wt

U

Upt1 = Uk — PGEYR+1 i1 DFT

Figure 1.2: Schematic of FD-HHC used for helicopter vibration suppression.
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Figure 1.3: FD-HHC is robust to small changes in the system dynamics, and yields disturbance
attenuation. If the changes in the system dynamics are not sufficiently small, then FD-HHC does
not achieve disturbance attenuation and can cause closed-loop instabilities.

methods in , require an external excitation signal to ensure stability, and the
analysis in is restricted to an averaged system. In Chapters of this disserta-
tion, we present adaptive control techniques that address the problem of uncertainty,
and achieve asymptotic disturbance rejection for completely unknown MIMO LTI
systems.

Another challenge for active disturbance rejection is large-scale dynamic system,
where practical constraints can necessitate decentralized control architecture. In a
decentralized control architecture, the control system is designed with the constraint
that none of local controllers has information regarding the nonlocal performance
measurements .

For large-scale uncertain systems, decentralized adaptive control techniques that
require limited model information are proposed in [I60H168]. For example, the techni-
que in concerns systems with strong nonlinear interconnections, and the method
in [|163] is applicable to large-scale dynamical systems with unknown interconnections.
The methods presented in develop decentralized adaptive controllers that
require local full-state feedback for closed-loop stabilization. These local full-state
feedback adaptive methods have been extended in [169H171]. Existing decentralized
control techniques for disturbance rejection are given in [I44[[I51}[170}[172]. However,
these methods require some model information regarding the system to be controlled
and may not yield perfect tonal disturbance rejection.

The adaptive disturbance rejection algorithms that we present in Chapters
are for unknown systems, however, these methods are centralized control schemes.
Ref. presents a decentralized HHC technique. If the value at frequency w of
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the control-to-performance transfer function is a diagonally-dominant matrix, then
[172] provides sufficient-but-not-necessary conditions for tonal disturbance rejection.
Therefore, the decentralized control technique requires some model information, and
is not applicable to unknown systems. In Chapter [0 of this dissertation, we present a
decentralized control algorithm for rejection of sinusoidal disturbances acting on an
unknown MIMO LTT system.

Next, we consider the problem of rejecting sinusoids for unknown frequency. Con-
sider the case where an accurate model of the system is known, but the frequen-
cies of the sinusoidal disturbance are unknown. This case is related to the problem
of estimating the frequency of a sinusoidal signal. Frequency estimation is addres-
sed with discrete-time adaptive notch filters [I73H177] and related continuous-time
methods [178H181]. The recent survey provides a comparison of frequency-
estimation techniques.

For control, the rejection of unknown-frequency sinusoids can be addressed by
combining a frequency estimator with a controller capable of rejecting known-frequency
sinusoids (e.g., internal-model control) [183]. Related adaptive control methods
(both direct and indirect) for rejection of unknown-frequency sinusoids are presented
in for continuous time and for discrete time.

For the case, where both the system model and the disturbance frequencies are
unknown, adaptive feedback (rather than feedforward) control methods are capable of
asymptotic disturbance rejection for both LTT systems [140H143}[188{190] and certain
classes of nonlinear systems . However, these approaches generally rely on
some model information (e.g., relative degree) and structural assumptions regarding
the system (e.g., minimum phase, or state feedback). Note that does not require
a minimum-phase assumption, but instead relies on estimates of the nonminimum-
phase zeros. In Chapter [7] of this dissertation, we present an adaptive control method

that rejects a sinusoidal disturbance with unknown frequency that act on an unknown
MIMO LTT system.

1.4 Summary of Contributions

Chapter |2 presents a new control algorithm named frequency-domain adaptive
higher-harmonic control (FD- AHHC), which addresses the problem of rejecting si-
nusoids with known frequencies that act on a completely unknown asymptotically
stable LTI system. We analyze the stability and closed-loop performance of FD-
AHHC for MIMO systems that are square (i.e., the number of controls equals the
number of performance measurements). In this case, we show that FD-AHHC asymp-
totically rejects disturbances, that is, the performance measurement tends to zero.
We also present a numerical study of the steady-state and transient performance of
FD-AHHC for square and nonsquare systems. The result of this chapter appears
in .

Chapter 3| presents two new time-domain feedback control algorithms for rejection
of known-frequency sinusoidal disturbances that act on an asymptotically stable LTI
system. The first algorithm is time-domain higher-harmonic control (TD-HHC),
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which is effective for uncertain LTI systems. However, TD-HHC requires an esti-
mate of the control-to-performance transfer function evaluated at the disturbance
frequency. The second algorithm is time-domain adaptive higher-harmonic control
(TD-AHHC), which is effective for completely unknown LTT systems. We analyze the
stability and performance of TD-HHC and TD-AHHC. For both TD-HHC and TD-
AHHC, we show that the controller asymptotically rejects the disturbance. We also
present numerical simulations comparing TD-HHC and TD-AHHC with FD-HHC.
We also present results from an active disturbance rejection experiment in an acou-
stic environment. These experimental results demonstrate the practical effectiveness
of the TD-HHC and TD-AHHC. The result of this chapter appears in ,.

Chapter {4| presents a new control algorithm named frequency-domain adaptive
harmonic control (FD-AHC), which rejects sinusoids with known frequencies that
act on a completely unknown asymptotically stable LTI system. We analyze the
stability and closed-loop performance for systems with at least as many controls
as performance measurements. We show that the closed-loop system is Lyapunov
stable and that the adaptive controller asymptotically rejects the disturbances. We
demonstrate the controller on numerical simulations of SISO and MIMO acoustic
ducts. The result of this chapter appears in ,.

Chapter |5 presents a new control algorithm named time-domain adaptive harmo-
nic control (TD-AHC), which rejects sinusoids with known frequencies that act on a
completely unknown asymptotically stable LTI system. We analyze the stability and
closed-loop performance for systems with at least as many controls as performance
measurements. We show that the closed-loop system is uniformly Lyapunov stable
and that the adaptive controller asymptotically rejects the disturbances. We present
numerical simulations comparing TD-AHC with FD-HHC. We also present results
from an active disturbance rejection experiment in an acoustic environment. These
experimental results demonstrate the practical effectiveness of the adaptive harmonic
controller. The result of this chapter appears in .

Chapter [] extends FD-AHC to address decentralized control systems. The decen-
tralized control architecture consists of MIMO subsystems, where each local controller
does not have access to any information regarding the system or the nonlocal me-
asurements. We analyze stability and performance properties of the closed-loop for
MIMO subsystems. We show that the decentralized control rejects sinusoidal dis-
turbances asymptotically. In addition, we present a result regarding the transient
properties of the decentralized controller, which provides an estimate for the con-
vergence rate of the closed-loop system. We show that the convergence rate can be
significantly improved by choice of certain control parameters. We also demonstrate
the effectiveness of the controller through numerical simulations. The result of this
chapter appears in ,.

Chapter [7] extends FD-AHHC to address the problem of rejecting a sinusoidal
disturbance with unknown frequency that acts on an unknown MIMO LTI system
that is asymptotically stable. For SISO systems, we analyze the closed-loop stability
and performance of the adaptive controller. In this case, we show that the controller
asymptotically rejects disturbances. We demonstrate the controller on numerical
simulations of SISO and MIMO acoustic ducts. The result of this chapter appears
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in [200].
In this dissertation, the notation is defined and valid within each chapter.
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Chapter 2

Frequency-Domain Adaptive Higher Harmonic Control

In this chapter, we present frequency-domain adaptive higher harmonic cont-
rol (FD-AHHC) algorithm that addresses the problem of rejecting sinusoids with
known frequencies that act on a completely unknown asymptotically stable linear
time-invariant system. We analyze the stability and closed-loop performance of FD-
AHHC for multi-input multi-output systems that are square (i.e., the number of
controls equals the number of performance measurements). In this case, we show
that FD-AHHC asymptotically rejects disturbances, that is, the performance mea-
surement tends to zero. We also present a numerical study of the steady-state and
transient performance of FD-AHHC for square and nonsquare systems. The result of

this chapter appears in [82J[193)].

2.1 Introduction

Sinusoidal disturbance rejection is a fundamental control objective, which arises
in a wide variety of applications, including active noise cancellation , helicopter
vibration suppression , active rotor balancing , and vibration reduction in
spacecraft .

For an accurately modeled linear time-invariant (LTT) system, the internal-model
principle can be used to design a feedback controller capable of rejecting sinusoidal
disturbances of known frequencies ,. In this case, disturbance rejection
is accomplished by incorporating copies of the disturbance dynamics in the feedback
loop. For sinusoids with unknown frequencies, a model-based disturbance observer
can be implemented [121H125].

If, on the other hand, an accurate model of the system is not available, but the
open-loop dynamics are asymptotically stable, then adaptive feedforward cancellation
can be used to accomplish disturbance rejection [129H135]. These approaches use
a harmonic regressor consisting of sinusoids at the known disturbance frequencies.
The control is generated by updating the amplitudes and phases of these sinusoids
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in a manner that achieves asymptotic disturbance rejection. Adaptive feedforward
approaches require certain model information or assumptions regarding the open-
loop transfer function. In the simplest case where the system is single-input single-
output (SISO), the only required model information is the sign of the control-to-
performance transfer function at the disturbance frequencies. However, if the system
is multi-input multi-output (MIMO), then stronger assumptions (e.g., strict positive
realness, a nominal system model, or upper bounds on uncertainties) are invoked.
Feedback (rather than feedforward) adaptive control methods are also capable of
rejecting sinusoids of known or even unknown frequencies (e.g., ); however,
these approaches generally rely on some model information (e.g., relative degree) and
structural assumptions regarding the system (e.g., minimum phase, or state feedback).

The filtered-X least-mean-squares algorithm is an approach from the digital signal
processing literature . Filtered-X can be used in cases where the disturbance
frequencies are uncertain or unknown; however, filtered-X relies on a model of the
control-to-performance transfer function (referred to as the secondary path in the
noise control literature). If this model is inaccurate, then filtered-X can destabilize
the closed loop . To reduce the required model information, algorithms have been
proposed which incorporate real-time identifiers . However, these methods
require injection of white-noise excitation to ensure convergence of the parameter
identifier.

Another approach to sinusoidal disturbance rejection takes advantage of an asymp-
totically stable LTI system’s harmonic steady-state (HSS) response, that is, the si-
nusoidal response that remains after the system’s transient response decays to zero.
This HSS approach was developed independently in several research communities,
specifically, i) active sound and vibration control , ii) helicopter vibration re-
duction ,, and iii) active rotor balancing . For active rotor balancing,
this approach is called convergent control, whereas for helicopter vibration reduction,
the approach is known as higher harmonic control. In this chapter, we refer to the
approach as frequency-domain higher harmonic control (FD-HHC).

To discuss FD-HHC control further, let Gy, denote the control-to-performance
transfer function, and assume that there is a single known disturbance frequency w.
Then, FD-HHC requires an estimate of Gy, (jw), that is, an estimate of the transfer
function evaluated at the disturbance frequency. In the SISO case, FD-HHC stabilizes
the closed-loop if the estimate of G, (jw), which is a single complex number, has an
angle within 90° of ZGy,(jw). In the MIMO case, closed-loop stability is ensured
if the estimate of Gy, (yw) is sufficiently accurate. If there are multiple disturbance
frequencies, then estimates are required at each frequency.

For certain applications G, (jw) can be difficult to estimate or subject to change.
For example, a helicopter’s structural dynamics may vary depending on payload.
To address this uncertainty, online estimation methods have been combined with
HSS control [BI][I57}[158]. For example, a recursive-least-squares identifier is used
in , to estimate Gy, (jw) in real time; however, an external excitation signal is
required to ensure stability.

In this chapter, we present a new adaptive higher harmonic control (FD-AHHC),
which is effective for rejecting sinusoids with known frequencies that act on a comple-
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tely unknown MIMO LTI system. We analyze the stability and closed-loop perfor-
mance of FD-AHHC for MIMO systems that are square (i.e., the number of controls
equals the number of performance measurements). We provide conditions such that
the measured performance tends to zero, that is, the disturbance is asymptotically
rejected. We also review FD-HHC control and its stability properties in order to
compare FD-HHC to FD-AHHC. In contrast to FD-HHC , and ot-
her existing adaptive feedforward methods [129H135], FD-AHHC requires no model
information.

The new FD-AHHC algorithm presented in this chapter is a frequency-domain
method, meaning that all computations use discrete Fourier transform (DFT) data
rather than time-domain data. The FD-AHHC algorithm (including DFT) is demon-
strated on a numerical simulation of an acoustic duct.

Section 2.3 presents the tonal disturbance rejection problem. Section 2.4 reviews
FD-HHC, and Section 2.5 presents the new FD-AHHC algorithm. The main analy-
tic results regarding FD-AHHC stability and convergence are given in Section 2.6.
Section 2.7 provides a numerical study of the FD-AHHC’s steady-state and transient
performance for square and nonsquare systems. Section 2.8 extends FD-AHHC to ad-
dress multi-tone disturbances rejection, and Section 2.9 demonstrates the FD-AHHC
algorithm on a numerical simulation of an acoustic duct.

2.2 Notation

Let IF be either R or C. Let z(; denote the ith element of x € F", and let A j
denote the element in row ¢ and column j of A € F™*". Let || - || be the 2-norm on
F". Next, let A* denote the complex conjugate transpose of A € F"*" and define
|Allr £ V/tr A*A, which is the Frobenius norm of A € F™*",

Let spec(A) £ {\ € C : det(\] — A) = 0} denote the spectrum of A € F™*". Let
Amin(A4) and A\pax(A) denote the minimum and maximum eigenvalues, respectively, of
the Hermitian positive-semidefinite matrix A € F"*". Let Z\ denote the argument
of A € C defined on the interval (—m, 7] rad. Let OLHP, ORHP, OUD, and CUD
denote the open-left-half plane, open-right-half plane, open unit disk, and closed unit
disk in C, respectively.

Define N = {0,1,2,---} and Z* = N\{0}. Define the open ball of radius r > 0
centered at C € C™" by B,.(C) 2 {X € C™": | X — C||r < r}.

2.3 Problem Formulation
Consider the LTT system

#(t) = Ax(t) + Bu(t) + Dyd(t), (2.1)
y(t) = Cz(t) + Du(t) + Dqd(t),

where t > 0, z(t) € R™ is the state, (0) = xy € R" is the initial condition, u(t) € R™
is the control, y(t) € R’ is the measured performance, d(t) € R? is the unmeasured
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disturbance, and A € R™*" is asymptotically stable. Define the transfer functions

Gyu: C— C*™ and G,y : C — C™? by

Gyu(s) =2 C(sI —A)'B+ D,
Gyd(S) £ C(S[ — A)ilDl -+ DQ.

Let wy,wsq, -+ ,wy > 0, and consider the tonal disturbance
q
d(t) = Z de; coswit + ds; sinw;t, (2.3)
i=1
wheredc 1, -+ ,dcg,ds1, -+, dsq € RP determine the disturbance amplitude and phase

at each frequency.

The objective is to design a control u that reduces or even eliminates the effect of
the disturbance d on the performance y. We seek a control that relies on no model
information regarding the system and , and requires knowledge of only the
disturbance frequencies wy, - - ,w,. Thus, the disturbance amplitudes d.; and ds,

and the system ([2.1)) and (2.2)) are completely unknown.
We first focus on the case where d is the single-tone disturbance

d(t) = d. coswt + ds sin wt.

However, the adaptive controller presented in this chapter generalizes to the case,
where d consists of multiple tones. We discuss the extension to multiple tones in
Section 2.8

For the moment, assume that Gy,, Gyq, dc, and ds are known. In this case,
consider the harmonic control

u(t) = u coswt + ug sinwt, (2.4)

where u., us € R™. Define @ £ u. — jus, which is the DFT at frequency w obtained
from a sampling of u. In addition, define

M, & Gyu(gw) € cHxm.
d 2 Gya(yw)(d, — yd;) € C*.

Then, the harmonic steady-state (HSS) performance of (2.1)) and (2.2)) with control
B is

Ynss(t, 1) = Re {(Gyu(jw)ﬁ + Gya(yw)(de — jds)>e”“t}
= Re (M.a + d,) coswt — Im (M, 4 + d,) sin wt. (2.5)

The HSS performance y is the steady-state output y of (2.1)) and ([2.2]) with control
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2.4, that is, lim; o0 [ynss(£) — y(¢)] = 0 201} Chap. 12.12]. Define
ghss(fo £ M*'LAL + d*, (26)

which is the DFT at frequency w obtained from a sampling of y,ss. Consider the cost
function

J(@) £ lim - / s, )| d, (2.7)
which is the average power of ys. Using (2.5) and ([2.6)), it follows that

= hm /HRe Gnss (1) €08 WT —Im Ges(0) sinwr|)* dr

Re yhss / cos? wT —(coswT)(sinwr) dr
Im s (1) t—>oo ¢ (cos wT)(sinwr) sin? wr
Re yhss(@)
X PN
Im G ()
1., . .
= ayhss<u)yhss<u>‘ (28>
The following result provides an expression for a control & = wu, that minimizes J.
The proof is in Section [2.11]

Theorem 2.1. Consider the cost function (2.7), and assume that rank M, =
min {/, m}. Then, the following statements hold:

i) Assume ¢ > m, and define u, £ —(M*M,) 'M?d,. Then, fus(u.) = (I —
M (MM ME)d,, J(u) = Ldi(I, — Mo(M;M,)""M?)d,, and for all 4 €
C™\{uw}, J(us) < J().

ii) Assume ¢ = m, and define u, = —Md,. Then, {ne(u.) = 0, J(u,) = 0, and
for all & € C"™\{u.}, J(us) < J(Q).

iii) Assume ¢ < m, and let u, € {—M (M. M) 'd, + (I, — M} (M. M;) ' M, )v
v € C™}. Then, Jnss(us) =0 and J(u,) = 0.

Theorem provides an expression for a control u, that minimizes J, but wu,
requires knowledge of M, and d,.

In this chapter, we consider a sinusoidal control with frequency w but where the
amplitude and phase are updated in discrete time. Let T > 0 be the update period,
and for each k£ € N, let u, € C™ contain information regarding the control amplitude
and phase, which is determined from control update equations presented later. Then,
for each k € N and for all ¢ € [kT;, (k + 1)T5), the control is

u(t) = Re uy coswt — Im uy, sin wt. (2.9)
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For each k € Z*, let y;, € C’ denote DFT at frequency w of the sequence obtained
by sampling y on the interval [(k — 1)T5, kT5). If T is sufficiently large relative to the
settling time of Gy, then for all k£ € N, yp41 & Jnss(ug). For the remainder of this
chapter, we assume that for all & € N, 511 = Jnss(ug). In this case, implies
that for all £ € N,

Ypr1 = Mouy, + d,. (2.10)

The HSS assumption yxi1 = nss(ux) is used for stability analyses only. For the
remainder of this chapter, we also assume that rank M, = min{¢, m}, which is a
technical assumption that depends on sensor and actuator placement.

2.4 Review of Frequency-Domain Higher Harmonic Control

In this section, we review FD-HHC control, which relies on knowledge of an esti-
mate M, € C™ of M,. Let p > 0, and for all k& € N, consider the control

U1 = Uk — PMIYpt1, (2.11)

where uy € C™ is the initial condition. The control architecture of FD-HHC is shown
in Figure [2.1]

d(t) Uncertain System
() = y(t)
) — B o st u(t) #(t) = Az(t) + Bu(t) + D1d(¢)
—Im wuy sinwt y(t) = Cz(t) + Du(t) + D2d(t)

Uk

Upt1 = Uk — PMIYpy1 Yl DFT

Figure 2.1: Schematic of FD-HHC given by (2.9 and (2.11).

Note that, it follows from (2.10) that

M*(Uk — Uk—l) = Yk+1 — Yk- (212)
Multiplying (2.11]) by M, and using ([2.12)) implies that for all k € Z™,
Y1 = Yo — pM My, (2.13)

where y; = M,ug + d, is the initial condition. Define the set
A £ spec(MM,) Nspec(M,M?),

where the location of the elements of A affects the stability of (2.13]). The following
result provides the stability properties of the closed-loop system ([2.13]). The proof is
in Section 2111
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Theorem 2.2. Consider the closed-loop system ({2.13]), which consists of ([2.10)
and (2.11). Assume that A C ORHP, and assume that p satisfies

0< o< mi 2Re A
min ——.
P AeA A2

(2.14)
Then, for all uy € C™, us = limy_,o0 up exists and yo = limy_,oo yi exists. Further-
more, for all ug € C™, the following statements hold:

i) If € > m, then uy, = —(MM,) ' M?d, and yo, = [I, — M. (M} M,) ' M?]d..
ii) If £ = m, then us, = —M'd, and yo = 0.
iii) If £ < m, then us = ug — MF(M,M?)"Y(M,ug + d.) and ., = 0.

Theoremrelies on the conditions that A C ORHP and p satisfies . These
conditions depend on the estimate M,. In the SISO case, A C ORHP if and only if
M, is within 90° of M,, that is, [£(M./M,)| < 7. In this case, is satisfied by a
sufficiently small p > 0. If A N OLHP is not empty, then for all p > 0, I, — pM, M
has at least one eigenvalue outside the CUD. In this case, (2.13)) implies that y
diverges.

For MIMO systems with at least as many controls as performance signals (i.e.,
m > (), Theorem implies that if A C ORHP and p satisfies , then the FD-
HHC achieves asymptotically perfect disturbance rejection (i.e., limyg oo yp =
0). In contrast, for underactuated systems (i.e., m < f), asymptotically perfect
disturbance rejection is impossible. In this case Theorem implies that the steady-
state performance depends on the estimate M,. The next result is a corollary of
Theorems [2.1] and 2.2) and addresses the case, where M, = M.,.

Corollary 2.1. Consider the closed-loop system ([2.13]), which consists of ({2.10))
and (2.11). Assume that M, = M,, and assume that p satisfies

2

O<p< ——mm—.
P Naax (ML)

(2.15)

Then, for all uyg € C™, us = limy_,o uy, exists and Yoo 2 limy_o Y, exists, and for all
e C™, J(us) < J(0).

Corollary demonstrates that if M, = M, and p satisfies (2.15]), then u; con-

verges to a minimizer of J. In this case, limy_, ||yx|| exists and is minimized.

2.5 Frequency-Domain Adaptive Higher Harmonic Control

We now develop FD-AHHC algorithm, which does not require any information
regarding M,. Let p € (0,1], v; > 0, and ug € C™, and for all k& € N, consider the
control

I

- =M, , 2.16
o T 210

Uk+1 = Uk
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where M;, € C™™ is an estimate of M, obtained from the adaptive equation developed
below. Note that is reminiscent of the FD-HHC except the fixed estimate
M, is replaced by the adaptive estimate My, and the fixed gain p is replaced by the
M-dependent gain u/(vy + ||My||%), which normalizes the update equation ([2.16]).

To determine the adaptive equation for My, note that M, (up—ug_1)— (Yrr1—Yx) =
0, and consider the cost function g : R*™ x R™ — [0, o) defined by

al 2
(M, M) £ 5| (V4 33) (o = 1) = (ks = )

Note that J(Re M,,Im M,) = 0, that is, M, minimizes J. Define the complex gra-
dient

a 0d(M,, M;) N 0J (M., M;)
)R o,
= [(M; + M) (wr — wp—1) — (Y1 — yi)] (wr — wp—1)", (2.17)

vg(Mrv Ml)

which is the direction of the maximum rate of change of J with respect to M, + jM;
[202]. Let M, € C*>*™\{0}, v € (0,1], and v, > 0, and for all k¥ € Z*, consider the
adaptive equation

My, & My—y — n, V(M. M;) : (2.18)
My=Re My_1, Mi=Im Mj_,

where for all k € Z*,

. A0+ | Mo [
ot + (1 + [ My 232k — P

Using ([2.17)—(2.19), it follows that, for all k € Z*,

(2.19)

0 Mot |3 | Mica (0 = ) = (s = 90| s = )

My, = My —
vopt® + (1 + | My [)? [l — wea |

(2.20)

Thus, FD-AHHC is given by (2.9), (2.16]), and (2.20). The control architecture is
shown in Figure All FD-AHHC computations are performed using complex DFT

signals. At time kT, the control u is updated using and the complex signal uy.
Note that uy is calculated using y,, which is the DFT of y at frequency w sampled
over the interval [(k — 1)T%, kTy), which corresponds to the time between time step
k — 1 and time step k. The update period Ty must be sufficiently large such that
the harmonic steady-state assumption yri1 & Jnss(uy) is valid. Numerical testing
suggests that T, should be at least as large as the settling time associated with the
slowest mode of A, that is, Ty > 4/(Cwy), where ¢ and w, are the damping ratio and
natural frequency of the slowest mode of A.
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d(t) Unknown System
i(t) = Ax(t) + Bu(t) + Did(t) YD ] Sample |+ DFT |-

_ u(t
) = Bcn O J () = Ca(t) + Du(t) + Dad(?)

Yk+1
Mgyi1| arp,

-

(v + | Mg_1]/3)? [Mk—l(ulc — Uk—1) — (Y41 — ylc)} (up — up—1)*

vap? + (1 + [ Mi—113)? u = wia | ‘Uk—‘

Figure 2.2: Schematic of FD-AHHC given by (2.9), (2.16)), and ([2.20).

ug e —
R RV YA

Yk+1

My, = My_1 —

The FD-AHHC parameters are p € (0,1], v € (0,1], v4 > 0, and v > 0. The
adaptive gains p and v influence the step size of the u; and M, update equations,
respectively. The stability analysis in the next section demonstrates that p and
can be selected as large as 1. However, numerical testing suggests that smaller gains
(e.g., 0 = 0.2 and v = 0.2) tend to yield better performance. The parameters v
and v, influence the normalization of the u; and M; update equations, respectively.
Numerical testing suggests vy < || Mp||% and vy < || Myl|% are good choices.

The FD-AHHC update equations and do not depend explicitly on
the disturbance frequency w. However, the open-loop equation is based on
the HSS approximation yy41 & fnss(ux ), and for a given T, the accuracy of this HSS
approximation can be affected by the disturbance frequency w. Numerical simulations
suggest that if w is large relative to the spectral radius of A (i.e., max{|\| : A €
spec(A)}), then larger w tends to result in smaller peak transient maxgez+ ||yx||. In
contrast, if w is small relative to the spectral radius of A, then the relationship
between w and peak transient depends on the parameters of the system and
(2.2). Numerical simulations also suggest that the convergence speed of FD-AHHC
is independent of w.

2.6 FD-AHHC Stability Analysis

In this section, we analyze the stability of the closed-loop system that consists of

(2.10)), , and (2.20). The analysis focuses on systems that are square, that is,

the number m of controls equals the number ¢ of performance signals.
Multiplying (2.16]) by M, and using (2.12) implies that for all k € Z7,

L

B MMy, 2.21
o g M (2:21)

Yk+1 = Yk —

where y; = M,ug + d, is the initial condition. Substituting (2.12)) and ([2.16) into
(12.20) yields

My, = My — Uk(qu - M*)(uk - qu)(uk - qu)*
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12
(1 + ([ M- [7)
i
vapi® + (11 + || My |[2)? g — g ||”
and using (2.16)) again implies that

/‘)/
vo + || Mi_ 1y |?

= Mj_1 — (My—y — M )M yrype M

= My —

(Mi—1 = M) My yeyp My,

Mk = Mk—l — (Mk;—l — M*)M:_lykyZMk—L (222)

The following result provides properties of ([2.22)). The proof is in Section m

Proposition 2.1. Consider the closed-loop system ([2.21)) and ([2.22]), which con-
sists of ([2.10)), , and (2.20), where p € (0,1], v € (0,1], v; > 0, and v, > 0.
Then, for all vy € C™ and M, € C**™, the estimate M, is bounded, and for all
kelZt,

YN (M1 — M) My
vy + | Mg yn?

1My, = MJff = [[ M-y — MLJJ5 < = (2.23)

Proposition 2.1 implies that || M — M, ||? is nonincreasing. Note that Proposition
does not impose assumptions on the number m of controls or the number ¢ of
performance signals.

For the remainder of this section, we assume ¢ = m. In this case, define u, =
—M_td,, which exists because rank M, = ¢ = m. Note that it follows from
that if up = wu., then y, = 0. The following result provides the stability properties

of the closed-loop system ([2.10]), , and ([2.20[), where ¢ = m. The proof is in
Section .12

Theorem 2.3. Consider the closed-loop system (2.21)) and (2.22)), which consists
of ([2.10), , and (2.20]), where £ = m, u € (0,1], v € (0,1], v; > 0, and v, > 0.

Then, the following statements hold:

i) (yx, Mr_1) = (0, M,) is a Lyapunov stable equilibrium of (2.21)) and (2.22)).

i4) There exists 7 > 0 such that for all (ug, My) € C* x B,(M,), limy_,oo up = us
and limg .o yx = 0.

it1) Let ug € C’, and let M, € C** be nonsingular. Assume that there exist ks > 0
and ¢ > 0 such that for all & > kg, Apnin(MEMy) > . Then, limy o ugp = us
and limg .o yx = 0.

Part of Theorem 3 invokes the assumption that there exist ks > 0 and € > 0
such that for all k > kg, Apin(MEM) > €. This assumption, which implies that M,
is asymptotically nonsingular, cannot be verified a priori. However, the assumption
Amin(Mj M) > €, for some arbitrarily small € > 0, can be verified at each time
step. In fact, if the condition A, (MMy) > € is violated on a time step, then the
estimate M), can be perturbed to ensure Ayin(M; M) > e. For example, M} could
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be perturbed to the nearest point such that A, (M; M) = . However, analyzing
the stability of such a perturbation is an open problem. Nevertheless, the numerical
simulations in the following sections suggest that for almost all initial conditions
(ug, My) € C* x C™*, the estimate M, is asymptotically nonsingular, and thus,
satisfies Apin (M} My) > €.

In the SISO (i.e., £ = m = 1) case, the assumption A, (M M) > ¢ is satisfied for
all initial conditions (ug, My) € Cx C\{0} except those where M, is exactly 180° from
M,, which is a set of Lebesgue measure zero. Define M 2 C\{z € C : |Z2 — /M, | =
7}, which is the set of all complex numbers except those numbers that are exactly
180° from M,. The following result provides the SISO stability properties. The proof
is in Section R.12

Theorem 2.4. Consider the closed-loop system (2.21)) and (2.22)), which consists

of " 7 and 7 where { = m = L p e (071]7 v E (071]7 v > 0,
and vy > 0. Then, (yx, Mx_1) = (0, M,) is a Lyapunov stable equilibrium of (2.21)
and (2.22). Furthermore, for all initial conditions ug € C and M, € M\{0}, M is

bounded, limy,_, o ur = us, and limy_, oy = 0.

Theorem demonstrates that in the SISO case, limy_,. yr = 0 for almost all
initial conditions (ug, My) € C x C. In fact, Theorem provides the set of initial
conditions (i.e., My € {0} UC\M) for which the performance y; may not converge to
zero. In the square (i.e., £ = m) MIMO case, there are also initial conditions for which
the performance ¥, does not converge to zero. The following example demonstrates
this scenario.

Example 2.1. Consider (2.10]), where
-1 1 1
we[71) el
For all k € Z", u, and My, are given by (2.16]) and (2.20]), where
10 1
Mgzlo 1], UO:[I]’ w=y=1, v =1y = 1.

Then, computing (2.10]), (2.16)), and (2.20]) for £ = 0 and k = 1 yields

y2:[4(/)3]’ mz[z{z&]’ Mlzlg (1)]

Since M;y, = 0, it follows from ([2.10)), (2.16)), and ([2.20) that for all k € ZT, uy, = uy,

M, = My, and yg1 = yo. Thus, y; does not converge to zero. A

In Example the initial conditions ug and M, are such that for all k € Z*, M,
is singular and thus, A\yin(M; M) = 0. In this case, part of Theorem does not
apply, and convergence of y, to zero is not guaranteed. However, parts [i)| and |i7)| of
Theorem [2.3] still apply.
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In the SISO case, the set of initial conditions for which the performance y; does
not converge to zero is a set of Lebesgue measure zero. In the square MIMO case, de-
termining the set of initial conditions for which the performance ¥, does not converge
to zero and examining its Lebesgue measure is an open problem. In the next section,
we present a numerical study of FD-AHHC, which suggests that for MIMO systems
with m > ¢, the performance y; converges to zero for almost all initial conditions.

2.7 Numerical Study of the Steady-State and Transient Performance of
FD-AHHC

In this section, we numerically investigate the steady-state and transient perfor-
mance properties of not only square systems but also nonsquare (i.e., m > ¢ or m < /)
systems. We consider 3 cases: i) { =m < 5; ii) £ <m < b5; i) m < ¢ < 5. For each
case, we simulate 10,000 random systems (2.10)). For each system in case i), ¢ is a
uniformly distributed random integer (UDRI) on [1,5], and ¢ = m. For each system
in case ii), m is a UDRI on [2,5], and ¢ is a UDRI on [1,m — 1]. For each system
in case #ii), ¢ is a UDRI on [2,5], and m is a UDRI on [1,¢ — 1]. For each system,
each element of Re M,, Im M,, Re My, and Im M is a uniformly distributed random
variable (UDRV) on [—2, 2], and each element of Re ug, Im ug, Re d., and Im d, is a
UDRV on [—1,1].

For each simulation, p = v = 1 and v; = v, = 1073||My||3. Each simulation
stops at time step kg if, for all 1 € [ky — 50, k], [Ju; — wi1||/||uk, || < 107¢ (i.e., uy has
converged). Note that all 30,000 systems tested satisfied this convergence criteria.

For each simulation, we consider the steady-state performance

Pes & log([|ye. [ /lld- 1)),

and the peak transient performance
A
Py = max({lyill/lly ).

Note that Py < 0 implies that ||y, || is improved relative to the uncontrolled open-loop
performance. In addition, Ps — —o0 as yx, — 0. For peak transient performance,
P, = 1 implies that the performance ||yx|| is never worse (i.e., larger) than the initial
performance ||y ||.

For each system, we consider A, = argminycs, Re A, where

Ao = spec(M(M.,) N spec(M, Mg).

Recall from Section that the control for FD-HHC with M, = M, requires
Am > 0 for y; to be bounded. In contrast, FD-AHHC requires no assumption on \,.
Figure [2.3| shows P for the 3 cases. For all 20,000 systems with m > ¢, FD-
AHHC yields limy_,o yx = 0. For all 10,000 systems with m < /¢, the performance
yr converges, and for 99.5% of those systems, Py, < 0, which means the steady-state
performance is improved relative to the uncontrolled open-loop performance.
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Figure[2.4]shows P; for the 3 cases. For approximately 39% of the 30,000 systems,
P, = 1, which implies that the performance ||yx|| is never worse (i.e., larger) than the
initial performance |ly;||. Note that P tends to be better (i.e., smaller) for systems
where A, > 0, which is the region where FD-HHC is stable. Table [2.1] summarizes
P, and P, for each case. Note that 99.0% of the systems have a peak transient
no worse than 2 times the initial performance [|y;|| (i.e., P, < 2). For brevity, the
numerical study of FD-HHC is not presented; however, for all systems, the steady-
state and peak transient performance with FD-AHHC is at least as good as that with
FD-HHC, where the estimate of M, is M, = Mj.

m >/ m=/ m </

-4 -2 0 2 -4 -2 0 2 -4 -2 0 2

Re A\, Re A\ Re A\,
Figure 2.3: Steady-state performance Py for 30,000 systems. For all systems, the steady-state
performance with FD-AHHC converges. For all 20,000 systems with m > ¢, FD-AHHC yields
yr — 0 as k — 0. For 9,952 out of 10,000 systems with m < ¢, FD-AHHC yields improvement
relative to open loop (i.e., Pss < 0).

4
3
&
P P
2
- 1
-4 -2 0 2 -4 -2 0 2 -4 -2 0 2
Re A\, Re A\, Re A\,

Figure 2.4: Peak transient performance P, for 30,000 systems. For approximately 39% of the
systems, the transient performance with FD-AHHC is never worse than the initial performance
lly1]]. Furthermore, for 75% of the systems with A;, > 0, the transient performance with FD-AHHC
is never worse than |ly1].
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Table 2.1: Percent of systems satisfying a steady-state Pss or peak transient P, performance condi-
tion.

Steady-State Performance Peak Transient Performance
Ps<1|PFs<0|Rs<-1|P<-2 R<4|R<3 <2 |PF=1
m > L 100 100 100 100 100 99.9 98.3 40.1
m =/ 100 100 100 100 100 100 100 39.4
m <l 100 99.5 0.85 0 100 99.9 98.7 36.8

2.8 FD-AHHC for Multi-Tone Disturbances

In this section, we extend FD-AHHC to address the multi-tone disturbance ([2.3)).
For the moment, assume that Gy, Gy, dec1, -+ ,dcg, and dgy,--- ,ds, are known,
and consider the harmonic control

q

u(t) = Z Ue; COSW;t + Us; Sin w;t, (2.24)
i=1
. oA
where Ueq1, -+ Ucq, Us1, * ,Usg € C. For i = 1,--- ,q, define 4; = uc; — Jus;,

which is the DFT at frequency w; obtained from a sampling of u. In addition, for
t=1,---,q, define

M, 2 Gyu(gwi) € (ngmy
d*i = Gyd(]wi)(dc,i - ]ds,i) € (CK'

Then, the HSS performance of (2.1) and (2.2]) with control (2.24) is

M=

ym,hss(ta ala e 7aq> £

Re {(Gyu(]wi)fbi + Gya(gwi)(de; — stﬂ.))ejwit}

1

.
I

I
M=

Re (M*’lﬁl -+ d*ﬂ) COS wit —Im (M*ﬂﬁl + d*’l) sin (,«.)it, (225)
1

-
Il

which is the multi-tone generalization of (2.5)). For i =1,--- ¢, define
Onss,i(0;) = M, ;00 + do, (2.26)

which is DFT at frequency w; obtained from a sampling of y, nss. Consider the cost
function

Tn(@, -+ 1 0g) 2 lim - /||ymhss7'u1, Ja,)|12 dr. (2.27)

t—oo t

Using ([2.25)) and (2.26)), it follows that

zq: [Re yfhss’i(ﬁi)} COS W;T — [Im ths,i(ﬁ,-)} sin w; T

i=1

2

dr

t

27



1, N
= 5 Z Ynss,i (ui)thS,i (ul)
=1

a 1
= Z lim —
izlt—ﬂ)o t

t
[ s, 20 dr

where for 1 = 1,--- | g, the steady-state response at frequency w; is given by
A A A ~ .
Unss.i (T, U;) = Re (M, ;0; + d. ;) cosw;t — Im (M, ;1; + d. ;) sin wt,

Thus, if for each ¢ = 1,--- , ¢, the average power lim;_, % I3 | nss.i (7, @) |2 dT at fre-
quency w; is minimized, then the average power is minimized. Therefore, we
can use ¢ copies of the FD-AHHC algorithm and —one at each distur-
bance frequency.

For i =1,---,q, let y;x € C* denote the DFT at frequency w; of the sequence
obtained by sampling y on the interval [(k — 1)T}, kT;). For each k € N and for all
t € [kTs, (k4 1)Ty), the control is

q
u(t) = Z Re w;;, cosw;t —Im u,  sinw;t, (2.28)
i=1
where for all e =1,--- g,
v+ [[Migle "

Vi + (| M k-1 ll7)°
Vo ild + (Vi + || Mg ||2)2 | wig — wig—1|’

M = M- —

XM -1 (Wi e — Wi j—1) — (Yig1 — yzk)} (Uig — Wig—1)", (2.30)

where p; € (0,1], v € (0,1], v4; > 0, vo; > 0, and w;o and M, are the initial
conditions.

If T is sufficiently large relative to the settling time of G, then for ¢ =1,--- g,
and for all £ € N, y; k11 & Unssi(uix). We assume that for ¢ = 1,--- ¢, and for all
k €N, yi g1 = Gnssi(uig). In this case, implies that for all & € N,

Yigt1 = My juip + dy ;. (2.31)

The following result is a corollary of Theorem [2.3]and provides the stability properties
of the closed-loop system ([2.29)—(2.31)) with multi-tone disturbance.

Corollary 2.2. Assume m = {, and for i = 1,---,q, consider the open-loop

system ([2.31]), and the control (2.29) and (2.30]), where y; € (0,1}, v; € (0,1], v4; > 0,

and v9; > 0. Then, the following statements hold:

i) Fori=1,---,q, (Yir, Mix—1) = (0, M,;) is a Lyapunov stable equilibrium of

EZ) 50,
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i) There exists r > 0 such that for i = 1,--- ¢ and for all (u;9, M;o) € C* x
B, (M. ;), limy_yoo w; k = s and limy_,oo y; 1 = 0.

i) For i = 1,--+ ,q, let u;o € C* and let M;o € C** be nonsingular. Assume
that there exist ks > 0 and € > 0 such that for ¢ = 1,--- ,¢q, and for all
k> ks, Amin(M;yM;p) > €. Then, for i = 1,--- ¢, limp_o0 tsp = u.; and
limg o0 Yik = 0.

The following result is a corollary of Theorem [2.4] and provides the SISO stability
properties with multi-tone disturbance.

Corollary 2.3. Assume m = ¢ = 1, and for ¢ = 1,--- ,q, consider the open-
loop system (2.31]), and the control and (2.30)), where y; € (0,1], v € (0,1],
v1; >0, and vo; > 0. Then, for i = 1,---,q, (yix, Mix—1) = (0, M.;) is a Lyapunov
stable equilibrium of —. Furthermore, for + = 1,--- ,q and for all initial
conditions ;o € C and M,y € C\{x € C: = = 0or |[Lx — LM, ;| = ©}, M, is
bounded, limj_,o u; = w;, and limy_,o y; 1 = 0.

2.9 Numerical Examples

Consider the acoustic duct of length L = 2 m shown in Figure [2.5] where all
measurements are from the left end of the duct. A disturbance speaker is at location
&¢ = 0.95 m, while control speakers are at locations &;, = 0.4 m and &, = 1.25 m.
All speakers have cross-sectional area Ay = 0.0025 m%. The equation of motion for
the acoustic duct is given by

1PpE,t)  *p(,t)
2 o oe

+ pothr (£)S(€ — &) + poth2(1)3(E — Ey,) + pod(£)3(€ — &a),

where p(€,t) is the acoustic pressure, § is the Dirac delta, ¢ = 343 m/s is the phase
speed of the acoustic wave, ¥; and 1, are the speaker cone velocities of the control
speakers, d is the speaker cone velocity of the disturbance speaker, and py = 1.21
kg/m? is the equilibrium density of air at room conditions. See for more details.

Control Disturbance Control
speaker speaker  speaker
(0 d (>

AR — AA
A (03] (0D

] ]
Feedback Feedback
microphone microphone

o1
30
&d
€
£ps
L

Figure 2.5: The acoustic duct used in Examples
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Using separation of variables and retaining r modes, the solution p(¢,t) is approx-

imated by p(&,t) = S0 ¢:i(t)Vi(€), where for i = 1,--- 7, V;(€) £ ¢,/2/Lsinité/L,
and ¢; satisfies the differential equation ([2.1]), where

- o qu(o)do ]
Q1(t)
R R O R R
Jo ¢-(0)do
L @)
. 0 1 0 1
A= dlag<[ _WIQH _2<1Wn1 ‘| y Ty [ _w121T _2<rwnr ])7
T
po| 0 Vi(&y) - 0 V(&) Po T
B="" 1 1 D, =210 W .- 0 W ,
A [ 0 Ve - 0 Videw | D=l Vi ]
and for i = 1,---,r, w,, = imc/L is the natural frequency of the ith mode, and

¢; = 0.2 is the assumed damping ratio of the ith mode.

Two feedback microphones are in the duct at locations ;, = 0.3 m and {y, = 1.7
m, and they measure the acoustic pressures ¢1(t) = p(§s,,t) and ¢a(t) = p(&p,, 1),
respectively. Thus, for i = 1,2, ¢;(t) = C;z(t), where

=210 Vi) - 0 V(&) ]

For all examples, r = 5 and x(0) = 0. The DFT is performed using a 1-
kHz sampling frequency. The settling time of the slowest mode is approximately
4/(Ciwn,) = 0.037 s. Thus, we select Ty > 0.037; specifically, we let Ty = 0.1's. The pa-
rameters for FD-HHC and FD-AHHC are ug = 0, p = v = 0.2, v; = 15 = 0.1]| M]3,
p = p/(v1+||Myl|2), and M, = My, where M, is specified in each example. The follo-
wing examples consider the acoustic duct with different control speaker and feedback
microphone configurations. Let w; = 251 rad/s and wy = 628 rad/s.

Example 2.2. Consider the SISO (¢ = m = 1) system, where we let u = 1)y,
Yy = ¢1, P =0, and d = sinwt+2 coswyt. First, consider the case where M, is within
90° of M,, specifically, My = 2¢’5 M,. Figure shows the response y and control u
for FD-HHC and FD-AHHC. The control is turned on after 1 s. Both FD-HHC and
FD-AHHC yield asymptotic disturbance rejection. However, FD-AHHC converges
more quickly than FD-HHC.

Next, let My = 2¢7% M, which is not within 90° of M. Figure shows the
response y and control v for FD-HHC and FD-AHHC. In this case, the response y with
FD-HHC diverges, whereas the response y with FD-AHHC converges to zero. Figure
[2.8 shows the trajectory of the estimate My, which moves toward M,. Proposition 1
states that | My — M,| is nondecreasing; however, this result assumes that y reaches
harmonic steady state (i.e., Y11 = ynss(ux) for all & € N). Figure shows that
M, — M, may increase slightly in practice but generally decreases. A
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t(s) t (s)
Figure 2.6: FD-HHC and FD-AHHC for a SISO system with |£(Mo/M,)| < 5. Both FD-HHC and
FD-AHHC yield y(t) — 0 as t — co. The dashed lines show =|u.|.

FD-HHC FD-AHHC

200

-200
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0 4 8 4 8
t(s) t(s)
Figure 2.7: FD-HHC and FD-AHHC for a SISO system with |£(Mq/M.)| > 5. The response y with
FD-HHC diverges, whereas FD-AHHC yields y(t) — 0 as t — co. The dashed lines show =|u./.

Example 2.3. Consider the two-input single-output (m = 2 and ¢ = 1) sy-
stem, where we let u = [ 1 ¥y |1, y = ¢1, and d = sinw;t + 2cosw;t. First,
consider the case where M, is selected such that is satisfied, specifically,
My = | 1.5@J§(M*)(171) 0.5eJ§(M*)(172) |. Figure shows the response y and the
control v for FD-HHC and FD-AHHC. The control is turned on after 1 s. Both
FD-HHC and FD-AHHC yield asymptotic disturbance rejection. Next, let M, =
[ 1.5e7% (M) 11y 0.567%(M*)(172) ], which does not satisfy (2.14)). Figure[2.10|shows
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Figure 2.8: Trajectory of M, with FD-AHHC for a SISO system where |Z(My/M.)| > 5. The

dashed line shows the locus of M such that [Z(M/M,)| = F, which is the FD-HHC stability

boundary for M.. Selecting M, = My from the lower region, where |Z(M/M,)| > 7, results in an

unstable response with FD-HHC, whereas FD-AHHC yields asymptotic disturbance rejection for all
My e M.

the response and control for FD-HHC and FD-AHHC. In this case, the response y
with FD-HHC diverges, whereas the response y with FD-AHHC converges to 0. A

Example 2.4. Consider the single-input two-output (m = 1 and ¢ = 2) sy-
stem, where we let u = ¢y, y = [ ¢1 ¢2 T, ¢» = 0, and d = sinw,t + 2coswit.
First, consider the case where M is selected such that is satisfied, specifically,
My =| 1.5@J§(M*)(171) 0.567%(1\4*)(271) ]T. Note that the control u, = —1.66 + 50.98
minimizes the average power . Figure shows the response y and the cont-
rol u for FD-HHC and FD-AHHC. The control is turned on after 1 s. In this case,
FD-HHC and FD-AHHC each yield limy o up = uy as k — oco. Thus, limg o ||yk||
is minimized. Note that FD-AHHC converges more quickly than FD-HHC.

Next, let My = | 1.56J%TW(M*)(171) 0.56J27W<M*)(271) ]T, which does not satisfy
(2.14]). Figure shows the response y and control u for FD-HHC and FD-
AHHC. In this case, the response y with FD-HHC diverges, whereas FD-AHHC
yields limy_, o ur = u,, which implies that limy_o ||yx|| is minimized. A

Example 2.5. Consider the MIMO (m = 2 and ¢ = 2) system where we let
u=[1v Yo ] y=1[¢1 ¢ ]T, and d = sinw;t + sin wot + coswit + coswyt, which
is a two-tone disturbance. Define M, ; = Gyu(ywr) and M, o £ Gyu(yw2). Since d has
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4 4
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Figure 2.9: FD-HHC and FD-AHHC for a two-input single-output system that satisfies (2.14]). Both
FD-HHC and FD-AHHC yield y(t) — 0 as t — oo.

2 tones, we use 2 copies of the FD-HHC or FD-AHHC algorithm—one copy at each
disturbance frequency. Let M;, and M, denote the initial estimates of M, ; and
M, o. First, consider the case where M, and M, are such that is satisfied,
specifically, M; o = 0.6¢76 M, and My = 0.9¢73 M, . Figureshows the response
y and the control u for FD-HHC and FD-AHHC. The control is turned on after 1 s.
Both FD-HHC and FD-AHHC yield asymptotic disturbance rejection.

Next, consider the case where M; o = 0.2¢’7 M, ; and My = 0.6¢’11 M, 5, which
does not satisfy . Figure shows the response y and control u for FD-HHC
and FD-AHHC. In this case, the response y with FD-HHC diverges, whereas the
response y with FD-AHHC converges to zero. A

2.10 Conclusions

We presented FD-AHHC, which is a new adaptive harmonic controller that is
effective for rejecting sinusoidal disturbances with known frequencies that act on
a completely unknown asymptotically stable MIMO LTI system. FD-AHHC is a
frequency-domain method, where all computations use the DFT of the performance
measurement at the disturbance frequencies. We analyzed FD-AHHC stability for
square (i.e., £ = m) MIMO systems. In this case, we showed that the closed-loop
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Figure 2.10: FD-HHC and FD-AHHC for a two-input single-output system that does not satisfy
(2.14). The response y with FD-HHC diverges, whereas FD-AHHC yields y(t) — 0 as ¢ — oo.

system is Lyapunov stable, and under the technical assumption that the estimate Mj
is asymptotically nonsingular, we showed that the performance tends to zero. For
SISO systems, this technical assumption is satisfied for almost all initial conditions,
and thus, the performance tends to zero for all initial conditions except a set of
Lebesgue measure zero.

We presented a numerical study of MIMO FD-AHHC with 30,000 random sys-
tems. For all 30,000 systems, the response with MIMO FD-AHHC is bounded and
the disturbance attenuation is at least as good as that with FD-HHC. For all 20,000
systems with at least as many controls as performance measurements (i.e., m > /),
the performance with FD-AHHC tends to zero. This suggests that FD-AHHC (with
m > () yields zero steady-state performance for almost all initial conditions. Determi-
ning the set of initial conditions for which the FD-AHHC (with m > ¢) performance
does not converge to zero is an open problem. In addition, examining the Lebesgue
measure of this set is open.

2.11 Proofs of Theorems and

Proof of Theorem To show [¢)| and , assume ¢ > m, and define u, =
—(M:M,)"*M:d,. Tt follows from (2.6 that §nss(us) = (Ip — M (M} M,) 1 M})d.,.
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Figure 2.11: FD-HHC and FD-AHHC for a single-input two-output system that satisfies ([2.14)).
Both FD-HHC and FD-AHHC minimize limg_, 0 ||yx]|. The dashed lines show =|u.|.

Moreover, (2.6) and (2.8]) imply that

1
J() = 5 (M My, + M d. + dZ Mo, + did.)
1
= Jd (Ie = M.(M;M,) ™M )d,. (2.32)

Let @ € C™\{w,}, and it follows from ([2.6), (2.8)), and that
(@) = %(a*M:M*ﬁ +2Re @M, + d'd.) — J(u.) + J(u.)
_ %(a ) MM (i — ) + (). (2.33)
Since M} M, is positive definite, it follows that (4 — u,.)" MM, (@ —u,) > 0. Thus,

[.33) implies that J(@) > J(u,), which confirms [{)] and [i7)] .
To show assume ¢ < m and let

u, € {—MF (MM d, + (I, — M (M, M) M,)v:v € C™}.
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Figure 2.12: FD-HHC and FD-AHHC for a single-input two-output system that does not satisfy
(2.14). The response y with FD-HHC diverges, whereas FD-AHHC minimizes limy_ oo ||yk|]. The
dashed lines show =+|u.|.

It follows from (2.6)) that Jnss(u.) = 0. Moreover, it follows from ([2.6) and (2.8) that

1
J(uy) = = (ui M} Mo, + uiM}d, + diMu, + did,)

2
1
- 5([—dI(M*M:)‘1M* 0 (L, — MM, M) MM M,
+2Re [=di (M. M) M, +v* (L, — MI(M.M) "' M.)|M.d, + d;d.)
pu— 0’
which confirms O

Proof of Theorem To show [i)| assume ¢ > m, and define
u, = —(M;M,)" ' M:d,.
Define i, = uj, — u,. Subtracting u, from both sides of (2.11)) and using (2.10]) yields

U1 = U — pPMIYp+1
= ﬂk — pM;(M*ﬂk —|— M*u* —|— d*),
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Figure 2.13: FD-HHC and FD-AHHC for a MIMO system that satisfies (2.14)) with a 2-tone distur-
bance. Both FD-HHC and FD-AHHC yield y(t) — 0 as t — oo.

which has the solution

k—1
ay, = AYtg + Y At [—pM; (Mou, + d.)], (2.34)
=0

where A; £ I,,—pM?M,. Since A C ORHP and ¢ > m, it follows that spec (M M.,) C
ORHP. Thus, implies that spec(pMiM,) C {A € C: Re A € (0,2)}, which
implies that spec(A;) C OUD. Thus, >, A} = (I, — A1)~', and it follows from
that limy o0 T = (I — A1) " H—pM (Mou, + d,)] = —u. — (MM,) ' M?d.,
which implies that limy_, up = —(M*M,)” ' M*d,. Therefore, implies that
iy o0 Y = My oo Maug + di = [I — Mo (M7 M,) "' M;]d., which confirms [)]

To show and assume ¢ < m. It follows from that yp1 = (I —
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Figure 2.14: FD-HHC and FD-AHHC for a MIMO system that does not satisfy (2.14)) with a 2-tone
disturbance. The response y with FD-HHC diverges, whereas FD-AHHC yields y(t) — 0 as t — oo.

p M. M)y, which has the solution
= Ay, (2.35)

where Ay = Iy—pM, M. Since A C ORHP and ¢ < m, it follows that spec (MFM,) C
ORHP. Thus, implies that spec(pM,.MF) C {A € C: Re A € (0,2)}, which
implies that spec(Az) C OUD. Therefore, implies that lim;_,., y. = 0. Next,
it follows from that

k
Up1 = ug — pM; Zyiﬂ (2.36)
i=0
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k
=ug — pM: )y Ayyr. (2.37)

1=0

Since spec(A;) C OUD, it follows that 5% A5 = (I, — Ay)~!, which combined with
[2.36) implies that limg o ugr1 = ug — pMF (I — Ax) Yyy = ug — MF (M, MF) 1y, =
ug — MF (M. M)~ (M,ug + d.), which confirms [ii)| and O

2.12 Proofs of Proposition and Theorems and

Proof of Proposition Define M, £ M, — M,, and it follows from (2.22)
that

My = My_1 (I, — Ay), (2.38)
where

v
Ay & M yry My 1.
Vo + [[My_yyp |2 FHIRRTE

Define the Lyapunov-like function~VM(Mk) 2 || My||%, and the Lyapunov-like diffe-
rence AVy(k) 2 Var(My) — Var(My_). Evaluating AV, along the trajectories of

[£33) yields
AVM<k) = —tr (M,:ileflAk + AkM]:,lefl — AkM;:,lequ)
= —tr (QMk—lAkM]:_l - Mk_lAkAkM;_1>. (239)

Next, note that

M yey M1 Mg yry Me—1
(Vo + yp My—1 M1 yx)?

My My

- PVVQ +yi M1 M} yx

< Ay (2.40)

Since v € (0, 1], it follows from (2.39) and ([2.40) that

AVM(kJ) S —tr (QMkflAkMgfl — ’VquAkM;:,l)
= —(2 — ’}/)tr Mk—lAkM]:_l
My My
vo + [|ME_yyel*

ApAp = °

k

which confirms (2.23). Since AV}, is nonpositive, it follows that for all £ € N,
| My ||7 < [[Mo||%, which implies that Mj, is bounded. ) ) O
Proof of Theorem Define M, = M, — M,, Vi (M) £ ||M|?, and
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AV (k) & V(M) — Vag(My_y). Tt follows from Proposition 1 that for all k € N,

. 241
S Tt Ml (2:41)

Next, define V,(yx) £ ||lyx||? and AV, (k) = V,(yxs1) — V,(yx). Evaluating AV, along
the trajectories of (2.21)) yields

CYEMAME g Mea My | || MGME il

vt [Meallf v+ [IMeaalle (o + (| My |3)°

gt (MG + MM )y | MMyl
v+ | M1 |3 (1 + | My ||3)?

AV, (k) =

(2.42)

Define the Lyapunov function
Ve V1) 2 1+ :Vy(yk)) + aVar (M), (2.43)
where a > 0 is provided later, and define the Lyapunov difference
AV (k) £V (yrsr, My) = V(yn, Mi—1). (2.44)
Evaluating AV (k) along the trajectories of and yields
AV (k) = ln[l 4 :(v;,(yk) 4 AVy(k:))} _ 1n[1 + Z;Vy(ykﬂ  aAVi (k)

I AV, (k) "
— 1 (1 o ulvg,(yk)> + aAVas (k). (2.45)

Since for all z > 0, Inz <z — 1, (2.45) implies that

AV (k) < AV (k)

BN AV (k).
= vy + 11V, (yk) (k)

and substituting ([2.41)) yields

AV (k) < nAVy(k)  ay[| My My y?

vo+viVi(ye) v+ | M ysl?

AV, (k) ay|| Mg M My My
vy + 11V, (k) vo + || My yi?

nAVy (k) ayAmin(M7_ M) || My My M|
~ v+ V() v + || My [[%[|yx ||

(2.46)

To show assume there exist ¢ > 0 and ks > 0 such that for all £ > ki,
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Amin (M} M) > €. Thus, it follows from ([2.46) that for all k > ks,

AV(k’) < VlAV;/(k) N a”YgHMk:lleflMlj—lyk‘P

~ ve V() Vo + || M1 [ [|yx >

AV, (k) ayeyp My—y (My—y — M) M~ M (Mg — M) M}y,
T V) Vo + My [ llynll? + 2 My 5 + va [lys ||
_ AV, (k) aveyp(My—y — My MM, ™) (M, — Mk_—llM*Ml:—l)yk
RZEaNA Vo + [[ Myl [B 1yl + 2 Mea[1F + v [yl

v @M+ MM
ve + 11 Vy(Yk) (va + villywll?) (1 + | My—1]|E)
CLl/lf)/gyZ <M]€_1M;_1 + Mk_lM:Mk_lek__llM*M]:_l)yk

— . 247
s+ i lgelP) s + 1) (247)

Substituting ([2.42)) into (2.47)) yields

vy (MM + My M )y 12| MM 2
(o +villyel®) (v + (| My llz) (V2 + vallyel ) (1 + | My [1)?
avey;, (M*M,;"_l + Mk_1M:>yk

(vo + villywl?) (1 + | My—1 1)

vy (|2 + |1 MG i)
N (v + villywl) (1 + | My 1)

AV (k) < -

(2.48)

Let a & ,yﬁ and it follows from ([2.48]) that

e’

AV « Pl (Ml £ MMM )
(v + v llyell®) (1 + [[My—1[1£)? (v + villyll®) (1 + (| Mi—1|[)
v || MMy B vl | My |)?
T (e nllylP) (v + (M- llF)? (v + valyell®) (o + (| Me-a[3)
vl My || B M2 MM ||
(v + villyell®) (w1 + [[My—1 1)
vil| Mgyl
(v + villyell®) (1 + (| Mi—1][)
_ V1M€’|yk||2 (2 49)
(v + vallyell®) (w1 + [[My-a [1E) '

Proposition 1 implies that for all k € Z*, | My_1||r < || Mo||p. Thus, for all k € Z*,

Ml = [ M-y + Mullp < (| Mialle + [Ma]le)* < ([Molle + | M.lp)*. (2.50)
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Thus, using ([2.50)), it follows from ([2.49) that

2
AV (k) < ——llvel” (2.51)

Vo + vi|ywl|?’

A V1 UE . ~ . .. .
where ¢; = PRy Tyl 0. Since V(yx, My_1) is positive definite, and,

for all k& € N, AV(k) is nonpositive, it follows from (2.44)) and (2.51) that 0 <
T o0 S0y B < im0 Y AV(i) = V (g1, M) —limy oo V(ye, Mi—1) <
V (y1, My), where the upper and lower bounds imply that all the limits exist. Thus,

limy_ o0 #@:”2 = 0, which implies that lim;_,, y» = 0. Furthermore, it follows

from that limg oo ux = limy_yoo M (yr11 — di) = s, which confirms

To show note that rank M, = ¢. Thus, there exist » > 0 and ¢; > 0 such
that for all M € B,.(M,), Apin(M*M) > ;. Assume that M, € B,(M.), which
implies that (y;, My) € D £ C* x B,(0). Since Proposition 1 implies that AVj, is
nonpositive, it follows that for all k € N, (yp41, M;) € D, which implies that for all
k € N, M, € B,.(M.). Therefore, for all k € N, A\pin (M My) > ;. Thus, implies
that limy_, o up = us and limg_, o yr = 0, which confirms .

To show [i)} assume that (y;, MO) € D, which implies that for all k£ € N,

Amin(M]:Mk> Z €1.
Thus, it follows from (2.46)) that for all k£ € N,

AV (k) < nAVy(k)  ayedl| M My Myl
— e+ Vy(u) vy + | My || yx] 2

Next, using the same process as in f with € replaced by e, we obtain
AV (k) < —allyell?/(v2 + vilykll?), which is nonpositive. Thus, the equilibrium
(yx, My_1) = (0, M,) is Lyapunov stable. O
Proof of Theorem It follows from part Zﬂ of Theorem 3 that (yg, My_1) =
(0, M,) is a Lyapunov stable equilibrium of @ and . Moreover, it follows
from Proposition 1 that M} is bounded.
To show convergence of y; and wy, let My € M\{0}, and define

= N - 2.52
|Il’I1 M()M:P/lMoP, if Mo # M* ( )

N {|M*]2, it My = M,,
First, assume My = M,, and it follows from Proposition 1 that for all k € N, M} =
M,. In this case, for all k € N, |M,|? = ¢.

Next, assume My # M,. Since My € M\{0}, it follows that, |/ M, — ZMy| # ,
which implies that |Z£(My/M.)| # m. Thus, Im (My/M.) # 0, which implies that
Im MoM; = Im (MM + M,M;) = Im MyM; = |M,]’Im {2 # 0, and it follows
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from (2.52)) that € > 0. Next, it follows from ([2.22)) that

~ Y| M1 |y ) ~
i = (1 My,
g < Vo + | My_1)?|ys|? '

. . ~ ~ _ 210, 2
which has the solution M, = M, where 5, = f:[)l (1 — %%) Thus, for

all k € Z*, |My[* = | My, + M, |* = | MoSy + M.|* = |Mo|* 52 + 2(Re MoM;)Bi + | M. |
Since f(x) £ |Mo|*2z* 4+ 2(Re MoM; )z + |M,|* is quadratic and positive definite in
it follows that f is minimized at —(Re MyM})/|My|*>. Thus, for all k € N,

M. — (Re MoM;)”

M,|* > .
e P

=¢&.

Thus, for all k € N, A\ (M My,) = |[My]* > ¢, and it follows from partof Theorem
2.3 that limy_,oo ug = us and limy_yoo yp = 0. O
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Chapter 3

Time-Domain Adaptive Higher Harmonic Control

We present two time-domain feedback control algorithms for rejection of known-
frequency sinusoidal disturbances that act on an asymptotically stable linear time-
invariant (LTI) system. The first algorithm is time-domain higher harmonic control
(TD-HHC), which is effective for uncertain LTT systems. However, TD-HHC requires
an estimate of the control-to-performance transfer function evaluated at the distur-
bance frequencies. The second algorithm is time-domain adaptive higher harmonic
control (TD-AHHC), which is effective for completely unknown LTI systems. We
analyze the stability and performance of TD-HHC and TD-AHHC. For both TD-
HHC and TD-AHHC, we show that the controller asymptotically rejects the distur-
bance. We present numerical simulations comparing TD-HHC and TD-AHHC with
frequency-domain higher-harmonic control (FD-HHC), which is an existing sinusoi-
dal disturbance rejection method in the frequency domain. We also present results
from an active disturbance rejection experiment in an acoustic environment. These

experimental results demonstrate the practical effectiveness of both TD-HHC and
TD-AHHC.

3.1 Introduction

The problem of sinusoidal disturbance rejection arises in a variety of engineering
applications, including active noise cancellation [32], vibration suppression ,
and active rotor balancing . If an accurate model of the system is known, then the
internal-model principle [T16)[I17[119][204] can be used to design a feedback controller
capable of rejecting sinusoidal disturbances with known frequencies. If an accurate sy-
stem model is not known, but the open-loop dynamics are asymptotically stable, then
adaptive feedforward cancellation can be employed . These approaches
use a harmonic regressor consisting of sinusoids at the known disturbance frequencies.
The control is generated by updating the amplitudes and phases of these sinusoids in
a manner that achieves asymptotic disturbance rejection. However, these approaches
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require certain model information or assumptions regarding the open-loop system.
For single-input single-output (SISO) systems, the only model information required
is the sign of the control-to-performance transfer function at the disturbance frequen-
cies. For multi-input multi-output (MIMO) systems, stronger assumptions (e.g., strict
positive realness) are typically required. Adaptive feedforward methods for rejecting
sinusoids with unknown frequency include [139]. Feedback (rather than feedforward)
adaptive control methods are also capable of rejecting sinusoids of known or even
unknown frequencies (e.g., [140}[141}[148}[206]); however, these approaches generally
rely on some model information (e.g., relative degree) and structural assumptions
regarding the system (e.g., minimum phase, or state feedback).

Another approach to sinusoidal disturbance rejection relies on an asymptotically
stable linear time-invariant (LTI) system’s harmonic steady-state (HSS) response,
that is, the residual sinusoidal response that remains after the transient response
decays to zero. This approach was developed independently in ,,,, and
is known variously as convergent control (for active rotor balancing) and higher-
harmonic control (for helicopter vibration reduction). In this chapter, we adopt the
name frequency-domain higher-harmonic control (FD-HHC).

To explain FD-HHC, consider an L'TT system acted on by a sinusoidal disturbance
with known frequency w. The FD-HHC control signal is a sinusoid with frequency
w, but where the amplitude and phase are updated at discrete times. All control
computations are performed using discrete Fourier transform (DFT) data. Let Ty > 0
denote the FD-HHC update period. Then, at each time step & € N, the control
amplitudes and phases are updated using DFT data, which is computed from a
sampling of the performance measurement over the time interval [(k — 1)T%, kTy).
FD-HHC relies on the key assumption that the update period Tj is sufficiently large
relative to the settling time of the system. This assumption ensures that by the end
of each time interval between control updates, the closed-loop response approximates
the HSS response. If T is too small, then the HSS approximation is not accurate,
and the closed-loop system can become unstable. In practice, Ty can be increased to
achieve closed-loop stability; however, increasing 75 also increases convergence time.
In fact, large convergence time is one shortcoming of FD-HHC .

To address this shortcoming, we present time-domain higher harmonic control
(TD-HHC), which is effective for rejection of known-frequency sinusoids that act on
an LTI system with at least as many controls as performance measurements. The
main analytic result on TD-HHC shows that the controller asymptotically rejects the
disturbance. In contrast to FD-HHC, TD-HHC does not require DFT computations.
We present numerical simulations that demonstrate that TD-HHC can be implemen-
ted at faster sample rates than FD-HHC without destabilizing the closed-loop system.
These faster sample rates can significantly reduce convergence time.

Another potential drawback of FD-HHC is that it requires an estimate of the
control-to-performance transfer function evaluated at the disturbance frequency. Note
that TD-HHC also requires this estimate. In the SISO case, this estimate must have
an angle within 90° of the actual value for closed-loop stability. In the MIMO case,
closed-loop stability is ensured provided that the estimate is sufficiently accurate. If
there are multiple disturbance frequencies, then estimates are required at each fre-
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quency. For certain applications, this transfer function can be difficult to estimate or
subject to change. To address uncertainty, adaptive methods based on HSS response
have been proposed . However, the methods in require an exter-
nal excitation signal to ensure stability, and the analysis in [15§] is restricted to an
averaged system. In Chapter 2] we presented FD-AHHC algorithm with stability pro-
perties that do not require external excitation signals. However, FD-AHHC (similar
to FD-HHC) is a frequency-domain method and thus may have a large convergence
time.

Therefore, we extend TD-HHC to address model uncertainty. The resulting al-
gorithm is time-domain adaptive higher harmonic control (TD-AHHC), which is ef-
fective for rejection of known-frequency sinusoids that act on a completely unknown
LTI system with at least as many controls as performance measurements. The main
analytic result on TD-AHHC shows that the controller asymptotically rejects the
disturbance. We also demonstrate the effectiveness of both TD-HHC and TD-AHHC
using active disturbance rejection experiments in an acoustic environment. These
experiments show that the TD-HHC and TD-AHHC can effectively reject single-tone
and multi-tone sinusoidal disturbances acting on unknown MIMO systems.

3.2 Notation

Let F be either R or C. Let ;) denote the ith element of x € F”. Let || - || be the
2-norm on F". Next, let A* denote the complex conjugate transpose of A € F"*"
and define ||A|lp £ Vtr A*A, which is the Frobenius norm of A € F™*", Let 3 € C
denote the imaginary number, and let Z\ denote the argument of A € C defined on
the interval (—m, 7] rad. Let ORHP and OUD denote the open-left-half plane and
open unit disk in C, respectively.

Let spec(A) £ {\ € C : det(\ — A) = 0} denote the spectrum of A € F**,
Let Amin(A) denote the minimum eigenvalue of the symmetric positive-semidefinite
matrix A € F"™". Let 0yax(A) denote the maximum singular value of A € F™*" and
let sprad(A) £ maxjespec(4) |A| denote the spectral radius of A € F"™*". The Moore-
Penrose generalized inverse , Chap. 6.1] of A € R™*" is denoted by At € R™™™,
Note that if A € R™ " is right invertible (i.e., rank A = m), then AT = AT(AAT)~L.

Define N = {0,1,2,3,---} and Z* £ N\{0}. Define the open ball of radius r > 0
centered at C € C™" by B,.(C) 2 {X € C™": | X — C||r < r}.

3.3 Problem Formulation
Consider the LTT system

x(t) = Ax(t) + Bu(t) + D1d(t), (3.1)
y(t) = Cx(t) + Du(t) + Dod(t), (3.2)

where t > 0, z(t) € R™ is the state, (0) = xy € R" is the initial condition, u(t) € R™
is the control, y(t) € R’ is the measured performance, d(t) € R% is the unmeasured
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disturbance, and A € R™" is asymptotically stable. Define Gy, : C — C*>™ and
Gyq: C — C% by

Gyu(s) = C(sI —A)'B+ D,
Gyd(S) £ C(S[ — A)ilDl —+ DQ,

which are the transfer functions from u to y, and from d to y. Let wy, ws, ..., wy > 0,
and consider the sinusoidal disturbance

q
d(t) = Z dc,i COS wit + ds,i sin wit, (33)

=1

where dg1,...,dog,ds1,. .., dsg € R,

Our objective is to design a feedback control v that eliminates the effect of the
disturbance d on the performance y. We seek to design a control that requires limited
(i.e., for TD-HHC) or no (i.e., for TD-AHHC) model information regarding and
, and requires knowledge of only the disturbance frequencies wy,ws,...,w, > 0.
Thus, the disturbance amplitudes d1,...,dcq,ds1,...,dsq, and the system model
A, B,C,D, Dy, and D, are unknown.

Unless otherwise stated, all statements in this chapter that involve the subscript
i are for alli € Q = {1,2,...,q}.

In this chapter, we consider a sinusoidal control with frequencies w; but where
the amplitudes and phases are updated in discrete time. Let Ty > 0 be the update
period. Then, for each k € N and for all ¢ € [kTy, (k + 1)T}), the control is
q
u(t) = Z(f?(lf) ® [m)uz’,k, (3.4)

i=1

where u;;, € R*™ is determined from update equations for TD-HHC or TD-AHHC
presented in Sections and respectively. Note that, the control is a

piecewise-continuous sinusoid.

3.4 Mathematical Preliminaries

We present some assumptions, definitions, and results that we use in this chapter.
We make the following assumption:

(A3.1) Gyu(yw;) has full row rank, that is, rank Gy, (jw;) = £.

Assumption implies that the number of actuators is at least as large as the
number of performance measurements, that is, m > ¢. This assumption is required
to ensure that there exists a control u such that the performance y tends to zero
asymptotically.
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For the moment, assume that d.;, ds;, Gyu(Jw;), and Gyq(jw;) are known. Let
U, Us; € R™, and consider the control

q
Z Ug,; COS Wit + Us 4 SIN Wl

u =
=1
q
= (f1() © L), (3.5)
i=1
where
o A U 2m : A COS(,Uit 2
wi= [ Us,i €K filt) = l sin w;t ] € k%

The harmonic steady-state (HSS) performance of (3.1) and (3.2]) with disturbance
(3.3) and control (3.5) is defined by

yhss<t7 ﬁla e 7aq) é

-

Il
—

Re (Gyu (]wi)<uc,i - ]us,i) + Gyd (]wi)(dc,i - ]ds,i))e]%t

)

-

Il
-

(£1(0) ® L) (Hiiti + di..), (3.6)

7

where

—Im Gyu(]“l) Re GyU(le)

g A Re Gya(gwi)  Im Gya(gwi) || deg
o —Im Gya(gw;) Re Gya(gwi) || dss

H. é [ R‘e G?J“(ﬂ’ul) Im Gyﬂ(]‘%) ] c RQZXQm

e R*

The HSS performance gy is the steady-state response of (3.1)—(3.5)), that is, lim;
[Ynss(t, 1, - .., 1) — y(t)] = 0. See [207, Chap. 12.12] for details.
Consider the cost function

J(@y,...,0,) = lim — / || ynss (7, i1, - .,ﬁq)|]2d7, (3.7)

t—oo t

which is the average power of yps. Substituting (3.6)) into (3.7)) and integrating yields

(@, .. i Hivii + di) <hm (fz( )FE() ®14d7)(va*aj+dj,*)

‘=1 t—oo

MQ

1

q
Z ’Hz*ﬁ'z + di,*H2-

-.
Il

<.

[\D\»—t

Since implies that rank Gy, (jw;) = ¢, it follows that rank H;, = 2¢, which
implies that H, , is right invertible. The following result provides an expression for a
control that minimizes J.
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Theorem 3.1. Assume that [(A3.1)|is satisfied, and define
w & —H (Hi HL) d;s

Then, J(u14,...,uq.) = 0.

Theorem provides the ideal control parameter w; ., but u, , requires knowledge
of H;, and d; ., which are unknown.
For all o € Z™", define

A, 2 [ (1) _01 1 ® I, € R**,

and define
HE{HeR™™: H=AJHA,},

which is the set of 2¢ x 2m real matrices that have the block structure of H, ..
For each k € Z™, define the sampled performance

yp = y(kTy).

If Ty is sufficiently large relative to the settling time of G, then for all k € Z%,
Yk & Ynss(K Ly, U1 g1, - - ., Ugr—1). We make the HSS assumption:

(A32) Y = yhss(kTs> Uy, k—1y - - - 7uq,k:—1)-

Assumption [(A3.2)|is used for stability analyses only. Assumption [(A3.2)| combined
with (3.6 implies that for all £ € N,

q
Yk+1 = Z(fgk_t,_l X IE) (Hi,*ui,k + di,*)a (38)
=1

where f; ), £ [cos kw;T, sin kwT)" € R2.
For all & € ZT\{1,2,...,2q — 1}, define the Vandermonde matrix

[ 1 e_]wlTs e_]QUJlTs ... e—j(a—l)wlTs 7]
1 erJlTs €j2w1TS . ej(a—l)wlTs
Vo & € C?xe,
1 e—quTs e—]quTs e e—j(a—l)qus
1 ejqus €J2WqTS ce e](a_l)qus

The following lemma concerns right invertibility of V,,. The proof follows from [207]
Fact 5.16.3].

Lemma 3.1. Assume that the following assumptions are satisfied:
(A3.3) For all j € Q\{i}, eiTs #£ eiTs and e™ils £ emils,
(A3.4) Lemils ¢ {0, 7}
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Then, for all o > 2¢q, V, is right invertible.

Assumptions [(A3.3)| and [(A3.4)| imply that elements on the second column of V,
are distinct. Moreover, note that Assumption implies that the disturbance
frequencies are distinct, and assumption implies that w;Ty is not an integer
multiple of 7.

Remark. Assumptions|(A3.3)[and|(A3.4)| involve disturbance frequencies w; and
the update period T;. Since the disturbance frequencies are known, it follows that T
can be selected to satisfy assumptions [(A3.3)|and [(A3.4)]

3.5 Time-Domain Higher Harmonic Control

We present TD-HHC, which relies on knowledge of an estimate of H; .. To derive
the TD-HHC update equation for w; j, consider the cost Jj, : R*™ x ... x R*™ — [0, c0)
defined by

. . 1 . .
I(tin, ..., 0,) 2 5Hyhss((/f + )Ty, 1, ..., 1)1

It follows from (3.6|) that the gradient of Jj, with respect to @; evaluated at (4, ..., 4,) =
(Ut gy -y Ugp) 1S

090y, . .., 1iy)
0

= HE*(fi,kJrl ® Lp)ynss ((k + )T, Ay, - . ., g).
(111,...,ﬂq):(ul,k,...,uq,k)

(3.9)

Let H; . € 3 be an estimate of H; ,. Since H, . is unknown, and yss is not measurable,
we replace H; . and ynss((k + 1)75, Gq, ..., 0,) in (3.9) by H;. and ygi1, respectively,
to estimate the gradient. Let p > 0, and for all £ € N, consider the control

Uigeyr = Ui — PH;(fikr1 © L)Yy, (3.10)

where u; o € R*" is the initial condition. Thus, TD-HHC is given by (3.4]) and (3.10).

The control architecture is shown in Fig. [3.1]

d(t) Uncertain System
P(4) — (t)
. - u(t) @(t) = Az(t) + Bu(t) + D1d(t) | Y
( u(t) =30 (£5 (1) ® In) ik y(t) = Cx(t) + Du(t) + Dyd(t)
U Yk+1

Ui k41 = Uik — PH (fik+1 ® Io) yrar

Figure 3.1: Schematic of TD-HHC given by (3.4)) and (3.10).
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3.6 Stability Analysis of TD-HHC

We analyze the stability properties of the closed-loop system that consists of ([3.8)

and (3.10). Define
G2 ([1 0]en)m.([1 ] o1.) e,

which is an estimate of Gy, (jw;) because H;. € H is an estimate of H,,. For all
ae€{0,1,...,2¢ — 1}, define

q
A _ .
Ry £ Re Y e7™G,,Gr, € R™,
=1

and define
[ Ry 0 0 -+ 0]
R, Ry o --- 0
R L : . .. .. : c R%qx%q'
R2q—2 R2q—3 e RO 0
_RQq—l Rogo -+ Iy Ro_

Note that R is a block-Toeplitz matrix. For all k£ > 2¢, define

T
A, T T T 2
Y= | U Y1 0 Y241 } € R™.

The following result provides a time-invariant representation of the closed-loop system

(3-8) and (3-10). The proof is in Section [3.12}

Proposition 3.1. Consider the closed-loop system (3.8]) and (3.10]), where|(A3.2)|
(A3.4)| are satisfied. Then, for all & > 2g,

((v5'0)" @ 1) (g — oR)

Vi1 = Y;, (3.11)

Tyi2g—1)  Og2g—1)xe

T
where v £ [eJ‘UITS ey Lo ey e*J”qTS} e C*.

To analyze the stability properties of (3.11]), which is a time-invariant represen-
tation of the closed-loop system (3.8]) and (3.10)), define the set

A=Y spec(Hi’*HEe)
1€Q

The following result provides the stability properties of the closed-loop system ({3.8))

and (3.10). The proof is in Section [3.13]
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Theorem 3.2. Consider the closed-loop system (3.11]), where [(A3.1)}{(A3.4)| are
satisfied. Let Ty > 0 be such that % is a rational number, and define

N £ min{n € Z* : for all i € Q,nwT,/2r € ZT}.

Assume that A C ORHP. Then, there exists p € (0, minyep %) such that for all
p € (0,p], Yy =0 is a globally asymptotically stable equilibrium of (3.11]).

Theorem implies that if A € ORHP and p is sufficiently small, then for all
uig € R2™, limy_q i = 0. Note that A C ORHP if and only if Ujeq spec(Gi.Gr,) C
ORHP. Therefore, A € ORHP is equivalent to the FD-HHC stability condition in
Theorem In the SISO case, A C ORHP if and only if G is within 90° of G, .,
that is, |£(Gie/Gix)| < /2.

The following result concerns the stability properties of the closed-loop TD-HHC
system for the single-tone (i.e., ¢ = 1) and single-output (i.e., £ = 1) case. The
proof is in Section [3.14}

Theorem 3.3. Consider the closed-loop system ([3.11]), where ¢ =1, £ = 1, and
[((A3.1)H(A3.4)| are satisfied. Assume p > 0 and Ry > 0. Then, Y, = 0 is a globally
asymptotically stable equilibrium of (3.11]) if and only if p € (0, p), where

P1, if 2R0 COSCUlTS — R1 Z Ro,
p = {min{py, ps}, if |2RgcoswiT, — Ry| < Ry,
P2, if 2RgcoswiTy — Ry < —Ry,
and
A 2(1 + coswy Ty) A 2(1 — coswq Ty)

pr= Ro(1+2coswiTy) — Ry’ P2 = Ro(1 —2coswTy) + Ry

Theorem provides the necessary and sufficient condition for global asymptotic
stability of the closed-loop system for the case, where ¢ = 1 and ¢ = 1. In this
case, Ry > 0 if and only if A € ORHP, which is equivalent to the FD-HHC stability
condition in Theorem 2.2

3.7 Time-Domain Adaptive Higher Harmonic Control

We present TD-AHHC, which does not require any information regarding either
d; . or H;,. Let r € Z* be such that r > 2¢, and for all k € Z*, define

fk £ [ fEk fgk }T c RQ‘I’ I 2 [ fk fkfrJrl } ER2qXT,

Note that choice of the parameter r affects the performance of TD-AHHC, which we
will discuss in Example |3.4] The following lemma concerns the right-invertibility of
F},, and provides an expression for F;". The proof is in Section m
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Lemma 3.2. Assume that |(A3.3) and |(A3.4)| are satisfied. Then, for all £ € N,
Fy, is right invertible, and

Ff = EISEV VD), (3.12)
where
S =S diag(SLk, RN Sq7k) € (C2q><2q7
and
6_]kwiTs je_.?kwiTs
Si,k £ e]kwiTs _jejk;wiTs S (C2><2'

Remark. Lemmaprovides the expression for F;" that can be computed
without an online matrix inversion. In particular, (V,V.})~! can be computed offline
and can be used to compute F,". The TD-AHHC algorithm makes use of F}'.

Let 1 € (0,4), 1 > 0, and u; o € R*™. For all k € N, consider the control

1
vi+ Xl [ HinlE

Ui fp1 = Ui — H;,Fk(fak-i-l ® 10)Yr+1, (3.13)
where H;; € R**?™ is an estimate of H;, obtained from the adaptive equations
presented below. Note that is similar to (3.10]) except that the fixed estimate
H; . is replaced by the adaptive estimate H, j, and the fixed step size p is replaced by
the H;;-dependent step size p/(vy + 3L, || Hixl|%).

For all k > r, consider d;; : H X ... x H — R* defined by

Yk — 21 (ijk ® Ie) I:Ijuj,k—l
dip(Hy,...,Hy) = (€i®l2£)((F]j>T®]ﬁ) : :
Yhrir = Yo (flmri ® L) Hyju
(3.14)

where e; € R is the ith row of .
Remark. If [[A3.2)H(A3.4)] are satisfied, then it follows from Lemma [3.2] (3.§),
and (3.14) that for all k£ > r,

q (fJTk ® IE) dj.s
dig(His, . Hy) = (e: @ L) (BT @ 1) 3 :
= ( ]kar+1 ® If) djx
— (a0 L)((F) o L)(Fr L) df, - . ]
= di,*>

which implies that di,k(ﬁl, . ﬁq) is an estimate of d; ..
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Next, for all k& > r, consider g, : 7 x ... x H — R’ defined by

A

Eq:(ffk ® Ig) (ﬁiui,k_l +dip(Hy, ..., Hq)). (3.15)

i=1

If|(A3.2)H(A3.4)| are satisfied, then it follows from (3.8]) and (3.14) that for all & > r,
Ok+1(Hi, ..., Hyi) = Yrp1. To determine the adaptive equation for H;y, consider
the cost Jy : H x ... x H — [0,00) defined by

<>
>
~~
=
=
SN—
(>

A A~ A H2

. 1 )
Ju(Hy, ..., H) = §Hyk+1 — Gpp1(Hy, ... Hy)

ol N i T

Note that the second term of the cost Jj, is similar to the first term except H; is repla-
ced by A}ﬁiAm. If H, € H, then H; = AET}AIiAm. In this case, the two terms of J, are
equal. These two terms are included in the cost in order to obtain estimates of H; ,
that have the block structure of H;, (i.e., are contained in (). If I:Il € H, then J

can be interpreted as a measure of how well gjkﬂ(lf[ Tyevns ﬁq) approximates the mea-
surement Y1, which itself is approximately equal to the sampled HSS performance
yhss((k+ 1)TS, ul,k—h . ,uq7k_1) = Zg:l(fgk—l-l ®]g)<Hi,*ui7k_1 —f-dz’*) Thus, 1f
are satisfied, then g1 (Hi s, ..., Hys) = Ykt1 and Jx(Hi s, ..., Hy ) = 0, that
is, dx is minimized by ﬁl =H;,.
Evaluating the gradient of J; with respect to H; yields
Odn(t,, ..., H,) .

8[_[1 :Fi’k(Hl,...,Hq)+A€Fi,k(H17"‘7Hq)ATTn7

where forall k > r, I, : H x ... x H — R26x2m g defined by

A A

Ui x(Hy, ..., Hy) = vec™? (([Ui,k—l ® firx 0 Uip—r @ fi,k—r—&-l]Fijk—&-l)

® (yk+1 — Qk+1(ﬁ1, e ,[;@))

— (firr1 ® fe)(yk+1 — G (H, . flq))u?,k, (3.16)

where vec™! : R¥™ — R2X2m ig the inverse vec operator, that is, for all X € R*2m
vec tvee X = X.

Let H;p € H, and for all k € {1,2,...,r — 1}, let H;, = H;o. For all k > r,
consider the update equation

Odx(Hy, ..., H))

Hip=H;p_1—m o
0H, (Hi,e,Hg)=(H1 k—15-Hg k—1)
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= H; -1 — (Fi,k<Hl,k—1a cosHyjo1) + Al g (Hg—, - - - >Hq,k—1)A;Iy;)7 (3.17)

where

f)/

vy + Z?:1H [Uz‘,k—l ® fir 0 Up—r fi,k—r+1]Fk+fk+1 — (Ui ® fi,k+1)‘
(3.18)

where v € (0,1) and v» > 0. Thus, TD-AHHC is given by (3.4 and (3.13))—(3.18).
The control architecture is shown in Fig. 3.2

4
77/6_ 2

d(t) Unknown System
u(ty | 20 = As(t) + Bu(t) + Did(1) | ¥®) | sample
= u(t) = 20 (fF () © I )usk ——— y(t) = Ca(t) + Du(t) + D2d(t)

T Ye+1
Hiy (fipr1 ® l) g | g, ,

Uik |4 o H
. k+1 — u k
o o+ 2 [ HiklR

Hip=Hip1 —k(Tig(Hip-1,- - Hopo1) + Aeli gk (Hrp—1, -, Ho—1)AL) | w4

Figure 3.2: Schematic of TD-AHHC given by (3.4) and (3.13)—(3.18).

3.8 Stability Analysis of TD-AHHC

We analyze the stability of the closed-loop system that consists of (3.8)) and ([3.13))—
(3-18). The following result provides properties of ([3.17). The proof is in Section|3.16]

Proposition 3.2. Consider the closed-loop system (3.8)) and (3.13)—(3.18)), where
v € (0,1), v > 0, and [(A3.1)H(A3.4)| are satisfied. Then, for all u;o € R*™ and all

H; € H, the following statements hold:

i) H,j is bounded, and for all k > r,

q

S (I Hix = Hidllp = || Hipo1 — Hiull}) < —4(1 = 7)m,

i=1

X Nrrr = Drr (Higo1, - -, Horot)|12.

ZZ) limk_mo(Hi,k - Hi,k—l) = 0.

Part [))] of Proposition [3.2] implies that 7, ||H; — H;.||% is nonincreasing. Note
that, except the assumption m > ¢ implied by Proposition does not
impose any assumption on the number ¢ of performance measurements, number m
of controls, or number ¢ of disturbance frequencies.
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For all £ € N, define
G2 ([1 0]or)mu([1 4] o 1) ecom,

which is an estimate of G, (jw;) because H;, € 3 is an estimate of H;,. The
following result provides the stability properties of the closed-loop system (3.8) and
(13-13)—(3.18) for the case, where ¢ = 1 and m > ¢ = 1. The proof is in Appendix
5. 10}

Theorem 3.4. Consider the open-loop system and the control —,
where ¢ = 1, ¢ = 1, and [[A3.1)H(A3.4)| are satisfied. Let p € (0,4), v € (0,1), 1 > 0,
vy > 0,7 =2, and let u; o € R*™ and H; 5 € H. Assume that there exists k;, € N and
e > 0 such that for all k > &, [Im G1.G7 ;| > e. Then, limy_,o yx = 0.

Theorem invokes the assumption that there exist € > 0 and ks € N such that
for all k > ks, [Im G1.G7 ;| > €. This assumption, which implies that [Im G, .G ;|
is asymptotically nonzero, cannot be verified a priori. However, simulations suggest
that for almost all initial conditions u19 € R*™ and Hyy € 3, [Im G1.G},| is
asymptotically nonzero, and thus, satisfies [Im G, fk| > ¢. In this case, Theorem
[3.4] states that the performance yj globally tends to zero.

3.9 Numerical Examples

We present numerical examples comparing FD-HHC and TD-HHC for rejection of
disturbances acting on a two-mass structure. We also present numerical examples that
demonstrate and compare the performance of FD-HHC, TD-HHC, and TD-AHHC
implemented for active noise cancellation in an acoustic duct.

TD-HHC requires estimates H; . of H;, given by

Re Gie Im G 20x2m
Hie =1 _1 Gie ReGio| ¢ '
Note that FD-HHC also requires estimates G;, € C*™ of G, (jw;). Similar to the
estimates for TD-HHC, the estimates for FD-HHC must be sufficiently accurate to
ensure closed-loop stability. See Theorem for details. For a SISO system subject
to a single-tone disturbance, for both TD-HHC and FD-HHC, the closed-loop is
asymptotically stable only if the estimate G . is within 90° of G, (yw1). FD-HHC is
a frequency-domain method, and all computations use DFT data. We implement FD-
HHC according to . The DFT is performed using a 1 kHz sampling frequency.
TD-AHHC, in contrast to TD-HHC and FD-HHC, requires no system model in-
formation. For TD-AHHC, we let the initial condition H; be given by

Hio = Re Gi,O Im Gi,O c (C2£><2m

P —=Im Gi,O Re G@O ’ <319>
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where G, is specified in each example. For the cases, where we compare FD-HHC
and TD-HHC with TD-AHHC, we let G;. = G;o. For all examples, the control is
turned on after 1 s.

Two-Mass Structure

Consider the two-mass structure shown in Fig. [3.3] where u is the control force,
d; and d, are disturbance forces, and &; and & are displacements of masses m; and
my. We consider the SISO system (B.1), where z(t) = [&(t) &(t) &(t) &@)]T,
d(t) = [d(t) do(t)]", y = &, and

0 1 0 0 0 0 O
—(k1+k2) —(c1tc2) ko co 1 1 0
_ m m1 m1 mi — m _ m1
A 0 0 0 T R Sl B Rl IV VR
ko ca 7(k’2+/€3) 7(C2+63) 0 0 1
mo mo mo mo ma

where m; = 2 kg, my = 1kg, ¢ = 60 kg/s, co = 50 kg/s, c3 = 40 kg/s, k1 =
300 N/m, ke =200 N/m and k3 = 400 N/m. The initial condition is z(0) = 0.

We compare FD-HHC and TD-HHC for initial estimates (1, that satisfy the
FD-HHC and TD-HHC stability conditions, that is, G is within 90° of G, (jw1).
For each comparison, we select the gain p, and the update period T; that yield the
fastest convergence time for each algorithm. For both FD-HHC and TD-HHC, we let
upo = 0.

Example 3.1. Let d; = 10coswit and dy = 10sinw;t, where w; = 47 rad/s.
For both FD-HHC and TD-HHC, let Gy = €’6Gy,(jw1), which is 30° away from
Gyu(gw1). For FD-HHC, we select p = 1.90 x 10° and Ty = 0.5 s, and for TD-HHC,
we select p = 2.98 x 10°% and T, = 0.1 s. Figure shows y and u for FD-HHC and
TD-HHC.

Both FD-HHC and TD-HHC yield asymptotic disturbance rejection. The conver-
gence time is improved with TD-HHC relative to FD-HHC. In this case, the settling
time of the system, that is, the time it takes the unit step response to reach and stay
within £2% of its final value, is approximately 0.3 s, which is smaller than the period

Figure 3.3: The two-mass structure used in Examples and
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of disturbance (i.e., 2m/w; = 0.5 s). Numerical simulations suggest that, in gene-
ral, if the settling time of the system is smaller than the period of the disturbance,
then TD-HHC yields faster convergence than FD-HHC. The faster convergence of
TD-HHC can be explained by the fact that TD-HHC is a time-domain method, and
thus TD-HHC does not rely on batch data processing (i.e., DFT).

The convergence time of FD-HHC and TD-HHC also depends on the estimate
Gie. Let Gio = ¢?5Gy,(jw1), which is 60° away from G, (jw;). In this case, for
FD-HHC, we select p = 1.47 x 10% and T, = 0.5 s, and for TD-HHC, we select
p=325x10%and T, = 0.1 s. Figure shows y and u for FD-HHC and TD-HHC.

Both FD-HHC and TD-HHC yield asymptotic disturbance rejection. In this case,
the convergence time is significantly improved with TD-HHC relative to FD-HHC.
Numerical simulations suggest that for the cases, where the settling time of the system
is smaller than the period of the disturbance, TD-HHC yields faster convergence than
FD-HHC as the angle difference between G . and Gy, (yw1) (i-e., |£G1e—ZGyu(gwr)])

llHH'HIHlH‘HHlHHﬂHlll! I

t (s) t(s)

Figure 3.4: For a SISO system with a settling time smaller than the period of disturbance, and
where G1 e is 30° away from Gy, (jwi), both FD-HHC and TD-HHC yield y(t) — 0 as t — oo.
However, the convergence time is improved with TD-HHC relative to FD-HHC. The dashed lines
show =£||uq |-

Example 3.2. We revisit Example but with a disturbance that has a smaller
period than the settling time of the system. Specifically, we let w; = 207 rad/s. In
this case, the settling time of the system is approximately 0.5 s, which is larger than
the period of disturbance (i.e., 2 /w; = 0.1 s). For both FD-HHC and TD-HHC, we
let G1o = €5 Gy (gwy), which is 30° away from Gy, (jw;). For FD-HHC, we select
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FD-HHC, T; = 0.5 s TD-HHC, T, = 0.1 s

o

Figure 3.5: For a SISO system with a settling time smaller than the period of disturbance, and
where G is 60° away from Gy, (jwi), both FD-HHC and TD-HHC yield y(t) — 0 as t — oo.
However, the convergence time is significantly improved with TD-HHC relative to FD-HHC. The
dashed lines show =£||uq «|.

p = 3.46 x 108 and T, = 0.1 s, and for TD-HHC, we select p = 9.15 x 107 and
Ts = 0.03 s. Figure [3.6] shows y and v for FD-HHC and TD-HHC. Both FD-HHC
and TD-HHC yield asymptotic disturbance rejection with approximately the same
convergence rate.

To investigate the effects of estimate ;. on convergence time, we let Gio =
/5 Gy (Jwi), which is 60° away from G, (jw;). In this case, for FD-HHC, we select
p = 1.77 x 108 and T, = 0.1 s, and for TD-HHC, we select p = 5.78 x 107 and
T, = 0.03 s. Figure shows y and u for FD-HHC and TD-HHC. Similar to the
previous case, both FD-HHC and TD-HHC yield asymptotic disturbance rejection
with approximately the same convergence rate. Numerical simulations suggest that,
in general, if the settling time of the system is larger than the period of the dis-
turbance, then TD-HHC and FD-HHC that are tuned for fastest convergence, yield
approximately the same convergence time, regardless of the angle difference between
Gh.e and Gy, (Jwr). AN

Acoustic Duct

Consider the acoustic duct of length L = 2 m shown in Fig. A disturbance
speaker is at §; = 0.95 m, while two control speakers are at §;, = 0.4 m and &, = 1.25
m. All speakers have cross-sectional area Ay = 0.0025 m?. The equation for the
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Figure 3.6: For a SISO system with a settling time larger than the period of disturbance, and
where G ¢ is 30° away from Gy, (jw1), both FD-HHC and TD-HHC yield y(t) — 0 as t — oo, with
approximately the same convergence time. The dashed lines show =£|jus .||
FD-HHC, T, = 0.1 s TD-HHC, T; = 0.03 s
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acoustic duct is

2 2 . . .
Srpen 2 f;(f; Dt pobi (D5 = €0) + pota(D1O(E — £02) + pod(S(€ — €0)

where p(€,t) is the acoustic pressure, § is the Dirac delta, ¢ = 343 m/s is the phase
speed of the acoustic wave, 1)1 and 1y are the speaker cone velocities of the control
speakers, d is the speaker cone velocity of the disturbance speaker, and py = 1.21
kg/m?2. See for more details.

Using separation of variables and retaining s modes, p(,t) is approximated by
p(&,t) = S5, q(t)Vi(€), where for i = 1,--- s, Vi(&) £ ¢\/2/Lsinin¢/L, and ¢
satisfies (3.1]), where

t t T
wt) = fa@do a@®) - [falo)do a) |,
. 0 1 0 1
A:dlagq —wﬁl 9w, ], 7 [ —Wﬁs —9C o, D7
_ [0 V&) 0 V&) 1T, e T
B‘Aslo Vil€) o 0 vg(%)] - Di=glo v -0 Ve |

and for i = 1,--- , s, w,, = ime/L, and ¢; = 0.2.

Two feedback microphones are in the duct at £, = 0.3 m and £, = 1.7 m, and
they measure the acoustic pressures ¢;(t) = p(&p,,t) and ¢o(t) = p(&y,,1t), respecti-
vely. Thus, for i = 1,2, ¢;(t) = Ciz(t), where C; = [ 0 Vi(&5,) -+ 0 Vi(&s) |-
For all examples, s = 5, and z(0) = 0. and G, ¢ is specified in each example. The follo-
wing examples consider the acoustic duct with different control speaker and feedback
microphone configurations. Let w; = 2007 rad/s and wy = 3007 rad/s.

Example 3.3. Consider the SISO system, where we let ¢y = u, y = ¢, ¥y = 0,
and d = 10sinw;t + 10 coswyt. First, consider the case where G o satisfies FD-HHC
and TD-HHC stability condition, that is, G within 90° of G, (jw1). Specifically, let

Control Disturbance Control

speaker speaker  speaker
V1 V2
p AR
(\ 01 02
] ]
Feedback Feedback
microphone microphone
o1
€y
€a
§u,
€2
L

Figure 3.8: The acoustic duct used in Examples
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G1o = /5 Gy (w1 ), which is 30° away from G, (jw;). For FD-HHC, we let T, = 0.01 s
and p = 1.58 x 107?; for TD-HHC, we let T, = 0.011 s and p = 4.28 x 1075; and for
TD-AHHC, we let Ty, = 0.011s, r =2, = 1.5, v = 0.5, and v; = v, = 1073, Figure
3.9 shows the response y and control u for FD-HHC, TD-HHC and TD-AHHC. In
this case FD-HHC, TD-HHC, and TD-AHHC yield asymptotic disturbance rejection
with approximately the same convergence time.

Next, consider the case where G is within 90° of G,,(jw;) but has a larger
angle difference with G, (jw;) than the previous case. Specifically, we let Gy =
e 4G, (Jwr), which is 85° away from Gy, (jw1). For FD-HHC, we let T, = 0.01 s
and p = 9.48 x 107%; for TD-HHC, we let T, = 0.011 s and p = 9.72 x 107%; and for
TD-AHHC, we let Ty = 0.011s, r =2, = 1.5, v = 0.5, and v; = v, = 1072, Figure
shows the response y and control v for FD-HHC, TD-HHC and TD-AHHC. In
this case FD-HHC, TD-HHC, and TD-AHHC yield asymptotic disturbance rejection;
however, the convergence time with TD-AHHC is smaller than convergence time with
FD-HHC and TD-HHC.

Next, consider the case where G does not satisfy FD-HHC and TD-HHC sta-
bility condition, that is, G;o is not within 90° of G,,(jwi). Specifically, we let
Gip = eJ%Gyu(jwl), which is 120° away from G,(jwi). For FD-HHC, we let
T, = 0.01 sand p = 1.58 x 1075; for TD-HHC, we let T, = 0.011 s and p = 4.28 x 107%;
and for TD-AHHC, we let T, = 0.011s,r = 2, 1 = 0.08, v = 0.08, and v; = v = 1073,
Figure [3.11] shows the response y and control u for FD-HHC, TD-HHC and TD-
AHHC. In this case, the response y with FD-HHC and TD-HHC diverge, whereas
the response y with TD-AHHC converges to zero. Figure[3.12|shows the trajectory of
the estimate G, which moves toward Gy, (jw1). The behavior of the estimate G
is in accordance with the statement of Proposition 3.2 A

Example 3.4. Consider the SISO system, where we let ¢y = u, ¥y = 0, d =
10sinwqt + 10 coswit, and y = ¢ + v, where v is a zero-mean Gaussian white noise
with intensity 1 kN?/m*. Let Gy = 56327#Gyu(]w1). We implement TD-AHHC for
two different values of 7. Let T, = 0.011 s, u = 0.06, v = 0.2, and v; = v, = 1073,
The left-hand side of Fig. shows the response y and control u for TD-AHHC with
r = 2, whereas the right-hand side of Fig. [3.13| shows the response y and control u
for TD-AHHC with r = 10. For both cases, TD-AHHC yields near-zero steady-state
performance as t — oo; however, the transient response and the convergence time
are improved with r = 10. A

Example 3.5. Consider the MIMO (m = 2 and ¢ = 2) system where we let
[ Y1 o [T =u,y=1]¢1 ¢ T, and d = 10sinw;t + 10 cos wyt, which is a two-tone
disturbance. First, consider the case where G o are such that the TD-HHC stability
condition is satisfied, that is A € ORHP. Specifically, we let G;o = €75 G, (jw;).
Figure [3.14] shows the response y and the control v for TD-HHC and TD-AHHC.
Both TD-HHC and TD-AHHC yield asymptotic disturbance rejection.

Next, consider the case where G; o = e Gyu(jw;), which does not satisfy the TD-
HHC stability condition, that is, A ¢ ORHP. Figure [3.15 shows the response y and
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FD-HHC TD-HHC TD-AHHC

y (kN/m?)

t (s) t(s) t(s)

Figure 3.9: For a SISO system, where G is 30° away from G, (jw1), FD-HHC, TD-HHC, and
TD-AHHC yield y(t) — 0 as t — oo, with approximately the same convergence time. The dashed
lines show =||ug .||

FD-HHC TD-HHC TD-AHHC

y (kN/m?)

t (s) t(s) t(s)
Figure 3.10: For a SISO system, where G is 85° away from G, (jw:1), FD-HHC, TD-HHC, and

TD-AHHC yield y(t) — 0 as t — oo; however, the convergence time with TD-AHHC is smaller than
the convergence time with FD-HHC and TD-HHC. The dashed lines show =||ug .
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FD-HHC TD-HHC TD-AHHC

y (kN/m?)

t (s) t(s) t(s)

Figure 3.11: For a SISO system, where G is not within 90° of Gy, (jw), the response y with both
FD-HHC and TD-HHC diverges, whereas TD-AHHC yields y(¢) — 0 as ¢ — oo. The dashed lines
show =£||uq |-

control u for TD-HHC and TD-AHHC. In this case, the response y with TD-HHC
diverges, whereas the response y with TD-AHHC converges to zero. A

3.10 Results from Active Noise Control Experiments

We present results from an active noise control experiment to demonstrate TD-
HHC and TD-AHHC. Figure [3.16] is a photograph of the experimental setup, and
Fig. 3.17 shows a schematic of the experimental setup, where n; and ny are the
horizontal and vertical axes of a fixed Cartesian frame. Disturbance speakers are
located at (—0.20,0) m and (0.20,0) m, and these speakers generate disturbances d;
and dy. Control speakers are located at (—0.35,—0.25) m and (0.35, —0.25) m, and
these speakers generate control inputs ¢; and 15, which are determined by TD-HHC
or TD-AHHC. Microphones are located at (—0.03, —0.25) m and (0.20, —0.30) m, and
these microphones measure the pressures & and &, which are used as the measured
performance y.

Measurement signals from the microphones are amplified by a SM Pro Audio
PR8E microphone preamplifier. The four speakers are M-Audio AV42 2-way 4-in
monitor speakers. The two microphones are Audio2000 1064BL vocal microphones.
The controller is implemented on a dASPACE DS1103 controller board. Note that,
we do not use any knowledge of the characteristics or locations of the experimental
components to implement TD-HHC or TD-AHHC.
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Figure 3.12: Trajectory of G ; with TD-AHHC for a SISO system where |£(G1,0/Gyu(jwi))| > 5.
The dashed line shows the locus of G such that |Z(G /G (jw;))| = 5, which is FD-HCC and TD-
HHC stability boundary for selection of G . Selecting G'1.. = G1,0 from the upper region, where

|Z(G1,e/Gyu(ywi))| > 5, results in an unstable response with FD-HCC and TD-HHC, whereas

TD-AHHC moves the initial condition G, towards Gy, (jwi) and yields asymptotic disturbance
rejection.

For all experiments, the controller is turned on at 5 s, Ty = 0.05 s, u;9 = 0,
H,. = H,;o, and H, is given by , where G, o € CH™_ The initial condition Gio,
and the gains p, pu and v are specified in each experiment. For TD-AHHC, we let
v1 = vy = 107°. Let uy, > 0 be the maximum allowable magnitude for each control
input. For all control speakers, u,, = 447 mV. Let w; = 2007 rad/s and ws = 3007
rad/s.

Experiment 3.1. Consider the SISO system, where 11 = u, ¥ = 0, y = &,
di(t) = 0.15sinw;t, and do(t) = 0.15cosw;t. Let p=1.4x 1075 and p =~ = 0.2.
We examine two initial conditions G, which have angles that are 180° apart. The
180° difference guarantees that one of the initial conditions satisfies the TD-HHC
stability condition (i.e., Gy is within 90° of Gy, (jw1)), whereas the other initial
condition does not satisfy the TD-HHC stability condition.

First, we let G1 9 = —1.46 + y7.75. Figure shows y and u with TD-HHC and
TD-AHHC. Both TD-HHC and TD-AHHC yield asymptotic disturbance rejection;
however, the convergence time is improved with TD-AHHC.
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Figure 3.13: For a SISO system subject to measurement noise, TD-AHHC yields asymptotic dis-
turbance rejection. Increasing the parameter r can improve the transient performance and the
convergence time. The dashed lines show = | uq .||

Next, we let Gy g = 1.46—77.75. Figure[3.19shows y and u with TD-HHC and TD-
AHHC. The response y with TD-HHC diverges, while TD-AHHC yields asymptotic
disturbance rejection. This suggests that the initial condition G = 1.46 — 37.75
does not satisfy the TD-HHC stability condition, whereas the initial condition Gy =
—1.46 + 77.75 for the first case does satisfy the TD-HHC stability condition. A

The following experiment investigates the robustness of TD-HHC and TD-AHHC
to changes in the system dynamics. Specifically, the location of the control speaker
changes during the experiment. TD-HHC is robust to sufficiently small changes,
while TD-AHHC can adapt to all changes that happen in the location of the control
speaker.

Experiment 3.2. Consider the SISO system, where ¥ = u, o = 0, y = &,
di(t) = 0.15sinw;t, and do(t) = 0.15 coswyt. Let G o = —1.46 + 37.75, p = 6 x 1077,
p =~ = 0.05. Figures and show y and « with TD-HHC and TD-AHHC,
respectively. Both TD-HHC and TD-AHHC yield disturbance attenuation after the
control is turned on. At approximately ¢ = 20 s, the location of control speaker is
changed from (—0.35, —0.25) m to (—0.20, —0.25) m. Both controllers adapts to this
change and yield disturbance attenuation. At approximately ¢ = 35 s, the location
of control speaker is again changed from (—0.20, —0.25) m to (—0.40, —0.37) m. TD-
HHC cannot adapt to the second change, and the response y with TD-HHC diverges.
However, TD-AHHC adapts to the second change as well as the first one, and yields
disturbance attenuation. A

66



TD-HHC TD-AHHC

y(l) (kN/mZ)

y(g) (kN/mZ)

) (m/s)

Uz (m/s)

40 +

t(s) t(s)

Figure 3.14: For a MIMO system subject to a multi-tone disturbance, where G, satisfies the
condition A C ORHP, both TD-HHC and TD-AHHC yield y(t) — 0 as t — oo.

The following experiment demonstrates that the choice of initial condition G
and gains p, u, and 7 affects the transient response of system with TD-HHC and
TD-AHHC, and can cause actuator saturation.

Experiment 3.3. We reconsider the SISO system used in Experiment but
we let dy(t) = 0.28sinwit, and da(t) = 0.28 cosw;t, and we use different initial
condition and gains to implement TD-HHC and TD-AHHC. Specifically, we let G o =
—5.73 4+ 3541, p = 25 x 1075 pu = 0.25, and v = 0.05. Figure shows vy
and v with TD-HHC and TD-AHHC. At multiple instances, the magnitude of u; 4
determined by TD-HHC and TD-AHHC exceeds u,,, which saturates the control
speaker. However, in this case, both TD-HHC and TD-AHHC yield near-zero steady-
state performance. AN
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Figure 3.15: For a MIMO system subject to a multi-tone disturbance, where G ( does not satisfy the
condition A C ORHP, the response y with TD-HHC diverges, whereas TD-AHHC yields y(t) — 0
as t — oo.

Experiment demonstrates that the choice of initial condition G; o, and gains p,
p, and vy can cause actuator saturation. In Fig. [3.22] both TD-HHC and TD-AHHC
yield near-zero steady-state performance despite actuator saturation during the tran-
sient. However, the following experiment demonstrates that actuator saturation can
prevent disturbance rejection even if zero steady-state performance is achievable (i.e.,
il < ).

Experiment 3.4. We reconsider Experiment but with we use different initial
condition and gains to implement TD-AHHC. Specifically, we let G1 o = —5.73+75.41,
p=25x%x10"% p=0.25 and v = 0.05. Figure shows y and u with TD-AHHC.
At approximately t = 9 s, the magnitude of u exceeds u,,, which saturates the control
speaker. In this case, TD-AHHC does not yield near-zero steady-state performance.
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Figure 3.16: Photograph of the experimental setup.
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Figure 3.17: Schematic of the experimental setup.
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Figure 3.18: For a SISO system, and for a given G1 9, both TD-HHC and TD-AHHC yield near-zero

steady-state performance, which suggests that G is within 90° of Gy, (jw1).

In this case, note that Experiment implies that perfect asymptotic disturbance
rejection is possible because |luy .|| < w,,. However, the transient response causes

actuator saturation, which prevents u; , from converging to uy ..

A

Experiment demonstrates that actuator saturation can prevent disturbance
rejection, even if disturbance rejection is achievable (i.e., ||uy .|| < uy). To address
this shortcoming, we present a modified version of TD-AHHC. Specifically, we present

a modification to the update equation for w; .
For all £ € N, consider the update equations for w; given by

O k+1 it
Uy, 1f Qg1 > Up,
Ui k41 = § Qk+1
0 k41, otherwise,

where for all £ € N,

_ H
v+ ([ Hig

O 51 = Uik Hgk(fz‘,kﬂ @ Lo)Ypt1,

Ik

q
V1 = jemax S E;0; pia
=1

1,...,m} —
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Figure 3.19: For the same SISO system as in Fig. but with an initial condition G that is
180° from the initial condition used to obtain Fig. [3.1§ the response y with TD-HHC diverges,
which suggests that G1 is not within 90° of Gy, (jw1). In contrast, TD-AHHC yields near-zero
steady-state performance.

and for all j € {1,2,...,m},

E; 2 [ € oan ] € RVm, (3.23)

Oixm €5

where e; € R™™ denotes the jth row of I,,,. Thus, the modified TD-AHHC is given

by @) and (BT0) (BI9. and (20 (23

Experiment 3.5. We revisit Experiment with modified TD-AHHC. Figure
[B:24] shows y and u with modified TD-AHHC. In contrast to the results with TD-
AHHC (i.e., shown in Fig. , modified TD-AHHC yields near-zero steady-state
performance. A

Numerical simulations suggest that modified TD-AHHC can improve the transient
response and the convergence rate. We also present a modified version of TD-HHC.
Similar to the modified TD-AHHC, we present a modification to the w;; update
equation of TD-HHC.

For all £ € N, define

Oiir = wik — pHL(fikt1 @ Io)yrpr. (3.24)
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Figure 3.20: TD-HHC can accommodate sufficiently small changes in control speaker location, and
yields disturbance attenuation. If the changes in control speaker location are not sufficiently small,
TD-HHC does not achieve disturbance attenuation.

Then, modified TD-HHC is given by (3.4]), (3.20), and (3.22)—(3.24]). Note that, for
both modified TD-HHC and modified TD-AHHC, it follows from , (13.20), and

B-22) that

q
max  ug)(t) <> |1 Ejull
=1

te[kTs,(k+1)Ts)
T B inll
S 1Bkl otherwise

< Upy.

m, if ag > Uy,

Therefore, the maximum value of each channel of control at each time step (i.e.,
MaXe k7, (k+1)7y) U(j)(t)) is less than uy, with both modified algorithms. Thus, both
modified TD-HHC and modified TD-AHHC guarantee that the controls do not satu-
rate.

Experiment 3.6. We revisit Experiment with modified TD-HHC and mo-
dified TD-AHHC. Figure shows y and u with modified TD-HHC and modified
TD-AHHC. The transient response and the convergence time are improved compared
to the results of Experiment [3.3] shown in Fig. In fact, numerical simulations
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Figure 3.21: TD-AHHC adapts to changes in control speaker location, and yields disturbance at-
tenuation.

suggest that modified TD-HHC and modified TD-AHHC improve transient response
and convergence time in general. A

In the following experiment, we use TD-HHC and TD-AHHC to reject a two-tone
disturbance acting on a MIMO system.

Experiment 3.7. Consider the MIMO system, where y = [& &]" and [v1 v2]" =
u. The two-tone disturbances are d; (t) = 0.2 cos w1t +0.2 sin wyt and dy(t) = 0.15 cos wit+
0.15sinwsqt. Let p =, p =, and v =. First, we let Gy = G20 = G, where

G 0.42 + 70.07  0.35 + 70.02
—0.05+ 70.02 0.68 + 70.09 |
Figure [3.26] shows that both TD-HHC and TD-AHHC yield asymptotic disturbance
rejection, which suggest that the initial conditions G4 o and Gq satisfy the TD-HHC
stability condition. Next, we let G1o = Gy = —G. Figure shows that the
response y with TD-HHC diverges, while TD-AHHC yields asymptotic disturbance
rejection. This suggests that the initial conditions G = Ga9 = —@G do not satisfy
the TD-HHC stability condition. A
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Figure 3.22: TD-HHC and TD-AHHC can cause actuator saturation during the transient. However,
in this case, both TD-HHC and TD-AHHC yield near-zero steady-state performance. The dotted

lines show +u,,

3.11 Conclusions

We presented TD-HHC and TD-AHHC which are new adaptive controllers in time
domain that are effective for rejecting sinusoidal disturbances with known frequencies
that act on an asymptotically stable MIMO LTT system.

TD-HHC is effective for uncertain LTT systems, and requires an estimate of the
control-to-performance transfer function evaluated at the disturbance frequencies.
However, TD-AHHC is effective for completely unknown LTI systems. We analyzed
the stability and performance of TD-HHC and TD-AHHC. For both TD-HHC and
TD-AHHC, we showed that the controller asymptotically rejects the disturbance.

We presented numerical simulations comparing TD-HHC and TD-AHHC with
FD-HHC, which is an existing sinusoidal disturbance rejection method in the fre-
quency domain. We also presented results from an active disturbance rejection ex-
periment in an acoustic environment. These experimental results demonstrated the
practical effectiveness of both TD-HHC and TD-AHHC.
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Figure 3.23: TD-AHHC causes actuator saturation during the transient. Perfect asymptotic distur-
bance rejection is not achieved even though ||u1 «|| < ||um|. The dotted lines show Fup,, and the

dashed lines show =||ug .

3.12 Proof of Proposition

Proof. For all k € Z*, define ¢;;, € R* by 7z = H; u; -1 + di ., and it follows

that for all k € Z+,
Yik+1 — Ui = Hiw (Wi — Ui p1).
Multiplying (3.10) by H;. and using (3.25)) implies that for all k € Z™,
i1 = Yiw — pPHi o H ' (fie @ 1)y
For all k € Z", define
o A [-T 1 17T 20q A T T 17T 2q
Yk:[yl,k yq,k} € R, fk:[fl,k fq,k] € R%,
and using (3.26)), it follows that

Vi1 =Y — pDu(fe @ L)y,

5

(3.25)

(3.26)

(3.27)
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Figure 3.24: Modified TD-AHHC yields near-zero steady-state performance despite actuator satu-

ration. The dotted lines show fuy,, and the dashed lines show =£||u1 «.
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Figure 3.25: For the same SISO system used to obtain Fig. [3.22] modified TD-HHC and modified
TD-AHHC improve the transient response and convergence rate. The dotted lines show +uy,
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Figure 3.26: For a MIMO system subject to a two-tone disturbance, and for given G and Gs o,
both TD-HHC and TD-AHHC yield asymptotic disturbance rejection.

where

Dy & diag(Hly*HlTye, o ’Hq7*H;l:e) c R2{ax2lq.

Note that, it follows from (3.27)) that for all k € Z*, and all « € {0,1,...,k — 1},

Vig1 = Yoo — pDp Z(fkfs @ Ir)Yx—s- (3.28)

s=0
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Figure 3.27: For the same MIMO system as in Fig. [3.26] but with initial conditions G; ¢ and Ga ¢
that are negative of those initial conditions used to obtain Fig. [3.26] the response y with TD-HHC
diverges, while TD-AHHC yields near-zero steady-state performance.

Multiplying ([3.28)) by fif , ® I;, using (3.8)), and using Lemma in Section
yield that for all k € Z*, and all « € {0,1,...,k — 1},

(Foea @ 10)Yir1 = Ykea — P(fiea @ 10)Di Y (frms @ Lo)Yp—s
s=0

[} q
= Ypa — pRe Y (Z eﬂs—a)wiTsGi,*G;e) Yb—s. (3.29)
=0 \i=1



Considering ([3.29) for each k > 2g and all @ € {0, 1, ..., k—1}, and stacking up yield
that for all £ > 2q,

(B @ I)Yir1 = (Iagg — pR)Y:, (3.30)
where for all £ > 2q,

F, £ [ e o Jre2qn1 } € R27*%,

Since [(A3.3)] and [(A3.4)| are satisfied, it follows from Lemma [3.2]in Section [3.7| that
F}. is invertible, and for all k > 2gq,

F};l = Vﬁlsk,

where

e_]kwi Ts

—kw; T
S r 2
1,k e]kwiTs

S i, ] €C22 S, 2 diag(Si,. .., Syx) € C2¥2,

—ge
Thus, multiplying (3.30) by (fkTHF,;T) ® Iy, and using (3.8]) yield that for all k£ > 2q,
Yr+1 = ((fI;FHSI;FVfT) ® [Z) (L2¢g — pR) Yy
= ((0V™") ® L) (Tatg — pR)Yi,
which implies (3.11)). O

3.13 Proof of Theorem

Proof. Let u;q € R2?™. For all k € Z*, define Yik € R?¢ by Yik =S H; up—1 +d; s, and
it follows that for all k € Z™,

Yikt1 — Uik = Hiw(Uig — Uip—1). (3.31)
Multiplying (3.10) by H;. and using (3.31) implies that for all k € Z7,
i1 = Yiw — pH; H ] (fire @ Io)yn. (3.32)
For all k € Z", define
o A [T _p T 20
Y, = {yuﬁ yq,k} € R™.
Since [(A3.3)|is satisfied, using ({3.8]), it follows from ([3.32)) that
Vi1 = Ay, (3.33)
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where for all k € ZT,
A 2 Ineg — pPDY € R2¢ax2q.
and
Dy £ diag(H . HY,, ..., Hy.Hy,) € R,
02 (fff) oL ere, ol gt ern

Note that since w;Ty/27 is a rational number, it follows that N exist. For all k € Z*,
define

A
Op = Apin1Akin_o - Ag,

and it follows from direct calculations that

(Dl = [ng P®H Z Q + Z Z ( p)jDHQSj s DHQSQDHQSj[' (334)

J=21<51<82<-<5; <N

Moreover, note that for all i1,i, € Q,

N N . .
0 f
(cos jw;, Ts)(cos jw;, T Z sin jw;, Ty) (sin jw;, Ty) = § 1 Z_l 7 Z_z’
j=1 j=1 bR lf 11 = 19,
N
Z cos jw;, Ty) (sin jw;, Ty) = 0,
7j=1
which imply that for all i1,i5 € Q,
N ip - .
0, if 41 # g,
th,kfg,k = {NI . .1 _ .2 (335)
= Sl it iy =1,
Using ({3.35)), it follows that
N N
> Q= Z(fjff) ® I
j=1 j=1
N ijij fl,jfgj
= fqyjffj o Jag gj
N
= 5[2&1. (3.36)
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Substituting (3.36]) into (3.34) yields

N N |
O =Ly = DY Y (pPDuQy, - DuQuDuQy. (337)

J=21<81<82<-<5;<N

Note that for all & € N, 0uax (%) = Omax(fufi) = Tmax ([ fr) = q. Moreover, note
that for all X,Y € R™™ sprad(X +Y) < opax(X +Y) < 0pax(X) + omax(Y), and
Omax(XY) < Omax (X)Omax (V) [207, Fact 5.12.2]. Thus, it follows from (3.37)) that

N
sprad(®;) < omax (]ng - /)2@1{> + Omax(S)
N
S O max (IZZq - p2®H>
N . .
+ Z ﬂjafnax<DH) Z UmaX<QSj) T UmaX(Q82)UmaX(QS1>
=2

1<s1<s2< <8, <N

EED0) + 3 0 e (D)

S O'max<[2f - 5 TN Ny
T2 = (N —j)!

Moreover, note that

spec(Dy) = spec(HL*HEe) =A.
1€Q
Since A C ORHP and p € (O, minyea %), it follows that maxyeca|l — pNA/2| < 1,
which implies that spec(Ing — %D H) C OUD. Moreover, note that for all € > 0,

there exists p > 0 such that Z;VZQﬁj(omax(®H))ij$ < . Thus, using (3.38), it

follows that there exists p € (O, minyep ﬁi‘;\) such that for all p € (0, pl,

sprad(®) < 1. (3.39)

Next, note that since N/N; € Z*, it follows that for all &k € ZT, Q) = Qin.
Thus, it follows that for all k € ZT, Ay y = A, and &), = &, n, which together with
(3.33]) imply that for all k,i € Z*,

Yipiv = ®LY;. (3.40)

Let j € Z™\{1}, and it follows that there exist « € N and § € Z* such that
j =1+ p+aN. Thus, since for all k € Z*, Aj,n = A, and for all X, Y € R™"
spec(XY) = spec(Y X)), it follows that for all j € ZT\{1},

spec(®;) = spec(Ajyn—14j4n-2 - Ajrn—pAjin-p-1- 4
= spec(A; 1 Aj g AjpAj g1 Aj)
= spec(Ajp1dj o AjAj - Ajp)
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= SpeC(AN+aNAN+aN—1 Tt A1+B+aNAB+aN e 'A1+aN)
= spec(ANANn_1---A14545 - A1)
= spec(dy). (3.41)

Therefore, using (3.39) and (3.41)), it follows from (3.40)) that lim;_. Y3 = 0, which
together with (3.8) yield that limy_, Yy, = 0. Therefore, since [(A3.2)H(A3.4)| are

satisfied, it follows from (3.11)) that

(V"0)T @ 1) Tty — pR)
sprad <1,

Tyi2g—1)  Og2g—1)xe

which implies that Y, = 0 is a globally asymptotically stable equilibrium of (3.11f). [

3.14 Proof of Theorem

Proof. Let u;g € R*™, ¢ = 1,¢ = 1, and Ry > 0. Since [(A3.2)H{(A3.4)] are satisfied,
Proposition implies that for all &k € Z*,

Ykpa = (V—1U)T[ 1 —pRy 0 ] [ Yk+1 ]

—pRi  1—pR, Yk
B B 1_pR0 0 Yk+1
= [ 2coswi Ty 1 ][ —pRy  1—pRy ] [ (T

which implies that for all k € Z™,

Yk+2 + @1Yk1 + aoye = 0, (3.42)
where
a; 2 2(pRy — 1) cosw T, — pRy € R, ap =1 —pRy € R.

To show that Y = 0 is a globally asymptotically stable equilibrium of (3.11)), let
p € (0,p), and it follows that p < 2/R,, which implies that |ag| < 1. Moreover, since
Ry > 0 and p € (0, p), it follows from direct calculations that

2coswiTy — 24 pRy < p(2Rg cosw Ty — Ry) < 2cosw Ty + 2 — pRy, (3.43)

which implies that |a;| < 1+ ag. Therefore, since |ag| < 1 and |a1| < 1+ ay, it follows
from [207, Fact 11.20.1] that y, = 0 is a globally asymptotically stable equilibrium of
, and thus, Y, = 0 is a globally asymptotically stable equilibrium of .
Conversely, assume that Y, = 0 is a globally asymptotically stable equilibrium of
3.11)), which implies that y, = 0 is a globally asymptotically stable equilibrium of
3.42)). Thus, it follows from 207 Fact 11.20.1] that |ae| < 1 and |a1| < 1+ ao. Note
that |ag| < 1 implies p < 2/Ry, and |a;1| < 1+ ao implies ([3.43). In addition, note
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that p < 2/Ry. Moreover, since p > 0 and Ry > 0, (3.43) implies that p € (0, p).
Thus, since |ag] < 1 and |a;| < 1+ aqg, it follows that p € (0, p). O

3.15 Proof of Lemma
Proof. Note that it follows from direct calculations that for all k£ € N,

Vi = SiFy. (3.44)

Assume that [(A3.3)|and |(A3.4)| are satisfied, and it follows from Lemma [3.1] that V,
is right invertible. Moreover, note that since for all £ € N, det S; , = —27, it follows
that for all £ € N, Sj is nonsingular. Therefore, it follows from that for all
k € N, Fy is right invertible, and F,” = FN(FFN) ™! = BYSE(V, V) 7LS,. O

3.16 Proofs of Proposition and Theorem |3.4

For all k£ € N, define ]:Izk = H;,—H, .. Subtracting H, . from both sides of (3.17)),
and using (3.16)) yields that for all & > r,

Hip=Hipr —m (Fi,k + Afri,kAEJ, (3.45)

where the argument (Hiyjx—1,...,Hyg-1) of Tix(Hig-1,...,Hyx—1) is dropped for
brevity. Define the function

~ ~ q ~
VH(Hl,k7 cee 7Hq,k) = Z ||Hl,kH12?=
=1

and the difference
AVy(k) 2 Vi (Hyig, ..., Hy) = Vi (Hygo1, - Hypo). (3.46)

Evaluating AVy along the trajectories of (3.45) yields that for all & > r,

q ~
AVH(]{?) = —ntr Z(2H5k1 (Fz‘,k + AZFZ,kA;Fn) — Nk (F@k + Agri’kA;fn)T

=1

X (Fz,k + AZFz,kA;Iy;))

q - ~
= —mptr Z(2HEk,1F¢,k + QA;F,LHEHT?IAZFM

=1

i (T Tik + Ap AT AT AT g+ 200 TTAT 1)) (3.47)

m=* i,k

Note that since H; € 3, it follows from (3.17)) that for all & € 7T, J.":IZ-Jc € H, that is,
A} H; kA, = H; .. Moreover, for all j € Z7, A;-FAJ- = Iy;. Therefore, it follows from
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(3.47) that for all & > r,

q ~
AV (k) = =2metr 0 (2H], Tik — i (T Tis + THAT AT )
=1
q ~
= —dmetr SO (HS Do = mI 8 Tk), (3.48)
=1

where the last equality follows since tr ABC'D = (vec A)T(B ® D")vec CT. For all
k > r, define

A ~
€k = Yk+1 — yk+1(H1,k—1> ceey Hq,k:—l)»

and it follows from (3.16)) that

I p = vec ! (([ui,k—l @ fir 0 Uip—r @ fz',k—r—l—l}F]:_fk—i—l — (uip ® fi,k—i—l)) ® €k)-
(3.49)

Therefore, using (3.49)), it follows from (3.48)) that for all k& > r,

q

AVy (k) = —4dntr Z(F[Ek—lri:k — nkFZkFi,k)

=
. Zq:l(vec Ao )™ ([us1 @ fir o Uiser @ fitorsa] B S
—(ui,,:?@ firt1)) @ ex)
+ 42l )? gq;H Wik 1 ® fik o Uikor @ Finorar| FYf frin
(i ® furn)l?
S—. Zq:(vec Hipt)" (([uinr @ fin -+ Uikr ® firrna| B fona

=1

—(Uig ® fint1)) @ Lo)eg,
q
+ 4n7lex|? ZH [Ui,kz—l ® fir 0 Upp—r @ fz’,k—r—i—l}Fljkarl
=1
—(Uige ® figern) %, (3.50)

Moreover, note that it follows from (3.8)), (3.14]), and (3.15) that for all & > r,

k= zq:(fi,TkH ® [K) (F[i,k—lui,k +dig(Hi g1, Hypo1) — di7*>
i=1
== i(fgk+1 ® ]e)

=1
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i (fj k@ ]z> Hjjvtjpn
X | Hpoqui — (6 ® I2e)((F;j)T ® fe) :
;]':1 (ffk,T+1 & IZ) Hj,k—luj,k—r

(s ® flir © I)vee Hipor + [l (BT © 1)

MQ

1

-
Il

T ~
X [ui,k—l @ fir 0 Uig—r @ fi,k—r—i—l} vec H; 1
a T
= — Z(((uzk ® fikt1) — [Ui,kq ® fik 0 Upg—r @ fi,kfrJrl}F]:_fk-i-l) ® ]z)
i=1
x vec Hip 1. (3.51)

Using (3.51]) and (3.18]), it follows from (3.50) that for all k& > r,

q
AVy(k) = —4771c||€1c||2 (1 — Nk ZH {Uz',kfl ® fir 0 Uip—r & fi,k7r+1}Fk—;’—fk+1
i=1
~(uik @ fire)|)
< —dnlexl*(1 — 7). (3.52)

Proof of Proposition [3.2] To show [i)] note that (3.52) implies that for all k£ > r,
AVy (k) < 0. Since, in addition, for all k € {1,2,...,r — 1}, H;y = H,, it follows
that for all k € ZT, Y0, || Hixl|2 < XL, || Hioll#, which implies that H;j is bounded,

which together with (3.52)) confirms .
To show note that since Vy(Hiyy,...,Hyy) is positive definite, and for all

k € Z*, AVy(k) is nonpositive, it follows from (3.46]) and (3.52)) that

0< lim 22 (2 =)l

k—o00

< lim Z AVy(j

k—>oo
= VH(Hl,(b o Hyo) — I}glolo Vig(Hy g, ... Hyy)
< Vy(Hyp,...,Hyp),

where the upper and lower bounds imply that all the limits exist. Thus,

lim n;||ex]|* = 0. (3.53)
k—o00
Since ([3.18)) implies that
N 2
77kH [ui,kfl ® fir 0 Uppr @ fi,kfrJrl}Fk frr1 — (uig ® fz‘,k+1)H
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is bounded, it follows from (3.53]) that
2
kh_{folo n;%HEkHZH [ui,k—l ® fir 0 Uik @ fz‘,k—r-i—l}FkJrkarl — (Ui ® fi,k+1)H = 0.
(3.54)
Moreover, note that (3.49) implies that

leHsz”% = nﬁ(vee Fi,k)T(VeC Fi,k)

2
= 7]}2”&@”2” [Ui,kq ® fik 0 Uik—r ® fi,kfrJrl}F]:-fk—i—l — (Uik ® fikt1)| s
(3.55)

which together with (3.54) imply that limy_,. I x = 0. Thus, it follows from ((3.17))
that limg oo (Hix — H;x—1) = 0, which confirms
O

Proof of Theorem [3.4] Assume ¢ = 1, ¢ = 1, and » = 2. It follows from direct
calculations that

i fom = [ 2c0s0 1], (3.56)

where § £ w,T,. Substituting ([3.56) into (3.18) and (3.51)), and using (3.52) yields

that for all £ > 2,

—4v(1 —9)
Vo + |[ur g ® fri1 — 2(cosO)uy k1 @ fr + U2 ® fk—1||2

AV (k) <

- 2
X ((Ulk ® frr1 — 2(cos O)ug 1 @ fr + up 2 ® fk—l)TveC Hl,k—l) .
(3.57)
Note that it follows from direct calculations that for all k € Z™T,
fk-‘rl + fk—l = 2(COS Q)fk (358)

Substituting (3.58)) into (3.57), using (3.13)), and using Lemma [3.3] yields that for all
k> 2,

—4v(1 =)
vo + || (ur g — U1 k-1) @ frp1 + (U1 g2 — U1 1) ® fk—1||2
T ~ 2
X (((ulk — Ui p—1) @ frp1 + (U1 h—2 — U1 p—1) ® fr_1) vec Hl,kq)
. . 2
—4y(1 - 7)<fkT+1H1,k(U1,k — Ut 1) + fra Hijo1(ug g2 — U1,k;—1))
2
Ve + H(fkT+1 @ L) (U e — wr 1) + (fmy @ Ln) (U1 p—2 — ULIH)H
. N 2
—4y(1 - 7)(gk—lfg+1Hl7k—1HEk_1fkyk — fk—zf;;r_1H1,k—1HEk_2fk—1yk—1)
)
vo + || (£ ® L) (€1 HE s i) = (FEy @ L) (oo froayn )|
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~ ~ 2
(- 7)(fk—1Re G 1 G 1Yk — Ek—oRe G1,k—1GT,k—29k—1)
) I |

v+ [[€c-1Re e0GT i — ExaRe Gy oy
(3.59)

where for all £ € N,

!

&t ———.
v+ || Hyellf

(3.60)

Next, let u; ¢ € R?™, and for all k& € N, define 4, £ Hy ,uy g + dy .. It follows that
for all k € ZT,

Uk+1 — Uk = Hy (U — up g—1)- (3.61)
Multiplying (3.13) by Hi . and using (3.61) implies that for all k € Z™,
U1 = Uk — Se1 HuoHY oy 1 kYk- (3.62)

Multiplying ([3.62)) by flTk, using (3.8)), and using Lemma in Appendix yield

Flbier = vk — G e Hu HEy frayn
=uyr — &-1Re GL*Gik—lyk- (3.63)

Similarly, multiplying (3.62]) by fE w1, using (3.8), and using Lemmain Section
yield

T - T T

Ykt = f1pe1Uk — k1S g HeH oy f1rYk
T - 0

= fir1Ur — Se—1Re "G GT Uk,

which implies that
FleaUbit = Yrao + ERe GG ks (3.64)

Therefore, adding (3.63)) and (3.64)), and using (3.8) and (3.58) yield that for all
kelZ",

2(cos 0)yrr1 = yr — &—1Re Gl,*GT,quk + Yryo + SiRe eJQGL*Gikka,
which implies
Ykio + (ékRe eJQGL* 15 — 2cos G)ka + (1 —&—1Re Gy . T}k,l)yk =0. (3.65)

Define the partial Lyapunov function

I, (3.66)

Vy(ykyykq) = ‘ejayk — Yr—1
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and define the difference

AV, (k) 2 Vy(Yks1, ) = Vi (Urs Yr1)- (3.67)
Evaluating AV, (k) along the trajectories of yields
AV, (k) = —(2(008 0)¢x—1Re e”eGL* Tho1— & 1 (Re eﬁGL*Gik,l)Z)yi

- <2§k2Re Gl,*GT,k—Q - 51?;—2(Re Gl,*GT,k—2)2> 3/13—1

+ 2(((303 0)&r—oRe G1.GT 5 — &—1Re ejeGL*G){,k,_l
X (&k-2Re GG gy — 1)) yetihor1. (3.68)

Define the Lyapunov function

V(Y g1, Hip1) 2 (1 + aVy(ye, ys1)) + 0V (Hig), (3.69)

where a,b > 0 are provided later, and define the Lyapunov difference

AV(k:) = V(yk+17yk, ﬁm) - V(ykaykfly f:fl,kq)
= In(1+ a(Vy (ye, yo1) + AV (k) — In(1 + aVi (y, yo1)) + bAVir (k)

T aAV, (k)
—1 (1 1T a%(yhyk_l)) + DAV (k). (3.70)

Since for all z > 0, Inz <z — 1, it follows from (3.70) that

AV (k) < aAVy(F)

+ bAVy (k). 3.71
~ 1+ aVy(yk, yr—1) (k) (3.71)

Evaluating AV (k) along the trajectories of (3.65)) and (3.45]), and substituting (3.59)
and ([3.66)) yield that for all & > 2,

AV, (k
1+ ale’yr — yr-1]
. - 2
4by(1 =) (éque e’ G e1 G 1Yk — Ee2Re Gl,kflGT,kaykfl)

2
vy + H€1<:—1Re G _yk — §p—2Re GT,k—ﬂ/k—lH
_ alAV, (k)

- T
Ltal ye v [Crl e wn |
~ ~ 2
4by(1 =) (&-1Re e? Gy 1 Gy 1y — &k2Re G 1 Gy oyi 1)

vy + [ Yk Yr-1 }02,1@[ Ye  Yr—1 }T

Y

(3.72)
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where C £ [ ! _Close} € R?*2 and

—cos 6

2 0 (= 2 * T 0 v
A §i_1lRe €°GT |l —&k—1&k—2(Re G7 . _ Re e°G*
C2k = [ k=1 Lk—1 ( 1,k 2) ( 1,k 1) c R2%2

T
_gk—lfk—2(Re eJGGT,kq) (Re Gf,k72> & _olRe GT,k72H2

Since [(A3.4)|is satisfied, it follows that cosf # 1, and thus, C is symmetric positive
definite. Moreover, note that for all Gy ;_2, Gy -1 € CY™, Cy, is symmetric positive
semidefinite. Thus, it follows from (3.72)) that for all & > 2,

avs AV, (k)

AV (k) < -
V2+az/2[ Y Yk-1 ]Cl[ Y Yk-1 ]

~ ~ 2
4by(1 — ) (fk—ﬂ‘{e G k-1G Uk — Ex—2Re Gl,k—lGik—ka—l)

T 1 1 1 T
Vo + [ Yk Yk—1 }Cf C, 20y, C 2012{ Yk Yk—1 }
avs AV, (k)

T
vy —I—cwz{ Yk Yr-1 }01[ Yk Yk-1 }
_ s 2
4by(1 =) (fque G r1GY o 1yk — Ek—2Re Gl,kflGT,k—kafl)

V2+)\rn[ Ye  Yk—1 }Cl[ Ye  Yk—1 }T

Y

(3.73)

where

_1 _1
A 2 SUp Ay (Cl 20y C ) ,

keN

which exits since part [¢)| of Proposition @ implies that G is bounded.
Next, let a £ /v, and substituting (3.68) into (3.73)) yields that for all & > 2,

avs (2(005 0)&k—1Re ejeGL* Tk~ & (Re eJGGL*Gik_l)Z) Y2
AV (k) < —

2 +au2[ Yo Yk-1 }Cl[ Yo Yk-1 }T
avy <25k—2Re Gl,*GT,k—2 - 51%—2 (Re Gl,*GT,k—2>2)?/i—1

Vo +CLV2[ Uk Yk—1 }01[ Uk Yr—1 ]T

X 2019y rYk—1

votavs| ye ger |Crf uk v }T
X ((cos 0)&k—oRe G1.GT 5 — &—1Re eJGGL*GT,kfl (fk,QRe G1+GY jg — 1))

~ ~ 2
4by(1 =) (fk—1R€ ’G1k1G 1Yk — E-oRe G1,1<;—1G>f,k—2?/k—1)

V2+CW2[ Yk Yk-1 ]Cl[ Yk Yr-1 }T
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_ [ Uk Yk—1 }(Pk + Ak)[ Yk Yk—1 }T (3.74)

V2+a1/2[ Yk Yr—1 }01[ Yk Yr—1 }T7

where

— 0 ¢
p. 2 O Xk c R2x2 A, 2 Y.k
k [ —Xk wk ’ k 6X7k 67711714 ’

and
b = avs (Q(COS 0)&,1Re G, Tkl — £, (Re ejeGL*Gik_lf)
+4by(1 = )&, (Re e”GryGi ) €R,
b & avy (2&4—13@ GG oy — & (Re GL*GT,kﬂz)

~ 2
+4by(1 = 7)€, (Re Gl,k—lGT,kfl) €R,
Xk 2 avs((cos )€k 1Re GGy — &-1Re €G1.GY 1 (G1Re G1.GY g — 1))
+ 4b")/(1 — ’y)fi_l(Re €J9é17k,1Gik_l) (Re él,kflGik_1> € R,

Sy = avy [2(&—2 — &—1)Re G1.GT ;o + 26 2Re G4 (Grp—2 — Grp—1)"
- (513—2 - 51%—1) (Re Gl,*GT,k—z)Q - £§_2<(Re Gl,*Gik—Q)z
~(Re Gl,*G;k_l)Q)] +4by(1 — ) l(g,i_Q ~ &) (Re GrunrGiy)’

€R,

+ {g_2<(Re élJﬂ—lGik—Q)Q — (Re Gl7k—1Gik—1>2)

Sy = avy [(COS 0)(Ek—2 — Ek—1)Re G1.GT ;o + (cos0)&2Re Gy (Grr—2 — Gip—1)”
—&_1Re ejeGL*Gik,l ((51%2 —&i—1)Re G14GT o

+&k—oRe G1.(Gy 2 — Gl,k—l)*)]

+ 4by(1 — ) [fk—l(ﬁkﬂ —&k-1) (Re 6J0@1,k—1G*{7k_1> (Re é1,k—1Gik_2)

+ Er—18k—2 (Re 6J0@1,k—1Gik_1> (Re eﬁél,k—l(Gl,k—Q — Gl,k—l)*) e R.
Next, define
2
o2 sup (2-&al|Graal?), e 2 sup (&alGraallp — 1),
keZ+t kezZ+
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o2 inf (6 1G 13 (2~ 6ilGranl2)),

kezZ+

cg = mf <§k 1| G- 1||F(2 &1 Grp-1llp ))

which exist since part [¢)| of Proposition implies that G is bounded. Note that
since ||Hy k|3 = 2||G1x]|% and p € (0,4), (3.60) implies that for all k € Z*,

0 < &aal|Gra—illy < 2, (3.75)

which implies that ¢g > 0 and 1 > ¢; > 0. Assume that there exists ¢ > 0 and k; € N
such that for all & > kg, [Im G} G| > &, which implies that there exists e; > 0
such that for all k& > ks, ||G1x_1|3 > 1. Thus, using (3.75), it follows that for all
k> kg, co > 0.

Next, let b = W max{ayg, 1/CLV201/C2, } Note that for all k € Z™T,
Re ¢’G t i1 = (cos0)[|Gri1|lf — Re eﬁél’k,lG){’k_l. (3.76)

Using (3.76)), it follows that for all k > ks,

~ 2
ok = (4by(1 — ) — am)&E_, (Re G 1 Gy )
+ 2avs(cos 0)&k—1 (fk_l |Gr1]lz — 1) (Re 679517;.3_1G>{7,€_1)
+ avngi_1(cos 0)?| Gt |3 (2 = Seo1[|Graall})

aw@wm@hwcmm%—m>2
(4by(1 = y) — ave)&p—1

= (4by(1 —~) — al/g)fk 1(Re e? le 1G ko1t

+ ava€e1(cos 0)°(|Grpa |7 (2 = &ea [ Gra [7)

 a*3(cos 0)* (&1 | G|} — 1)°
16b°92(1 — 7)€,

> avae1(cos 0)2[| G [[B(2 = &allGrall}) -

a*v3(cos 0)*(G1[|Gia |7 — 1)°
16b*y2(1 — )23,

_ avy(cos 0)?
- 160%92(1 = 9)%6
f 2
X<M§fﬂ—ﬁyﬁqw%ﬁﬂ@@—kaGm1ﬁ)—aW@kﬂGkﬂ%—g>
S avy(cos 0)2(160°y* (1 — v)%cy — avecy)
- 166272(1 = 7)., '
Note that (3.60]) implies that for all £ € N, 0 < &, < u/vy. Thus, since cosf # 0 and

b> VI it follows from ([B77) that for all k > k.

(3.77)

aver?(cos 0)2(160°v%(1 — v)%co — avacy)
160%7%(1 — v)?p?

br, >
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> 0. (3.78)

Similarly, using (3.76)), it follows that for all k& > ki,

~ 2
U = (4by(1 = 7) — )&}y (Re Gy 2Giys)” + 2058 s (G2 Groallf — 1)
X (Re éLk_gGik,g) + aV2§k—2||G1,k—2||%<2 - §k—2||G1,k—2||%)

B o - ) avs(Ex—o||Graz — 1) \?
= (4by(1 =) — arz)§i, <Re G1k—2G1 s + (407 (1 — ) — avs)Eps

a2v2(&_s||Gr_al|2 — 1)
+ aV2£k—2||G1,k:—2||12?<2 - 5k—2||G1,k:—2||%) - 126(b2fy22(”1 _ 72)H2F§2 )
k—2

2206 NG HQ _ 1>2

> ,G,22—,G,2—ay2<€k2”k2F

2 avafieall Gra-allp (2~ G-l Gra-allf) — 55—y

CW2(165272(1 = V26 ollGra—2lE(2 = &2l Gri—2lf) — ava(&—2l|Gr—2|lF — 1)2)
160272 (1 — )&},

GV2(165272<1 - 7)202 — avycy)

16b29%(1 — )%},
Note that (3.60]) implies that for all £ € N, 0 < & < u/vy. Thus, since cos€ # 0 and
b> V2l it follows from ([B-79) that for all k > k,

(1-7)

(3.79)

o> avaV (160272 (1 — v)%cy — avacy)
= 16b2y%(1 — v)?p?
> 0. (3.80)

Moreover, note that for all k > kg,
det P, = ¢pthr — Xi
= oy (407 (1= D& Gl (2~ G| Criaf) — arv)
% ((cos@)Re G1.G5 4y — Re GGy )
> avpéy (4by(1 — v)cs — avs) ((COS 0)Re G1.G7 1 — Re eJeGL*G;kfl)Q
= ané} | (4by(1 — v)es — avy)(sin 9)2(1111 G« *1‘7k_1)2. (3.81)
Define

A . 2
¢y = Inf
k€N§k7

which exists since part [¢)| of Proposition implies that G j is bounded. Thus, since
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b > —22— it follows from (3.81]) that

dezy(1—v)°

det P, > avocy(4by(1 — v)c3 — avy)(sin 0)%e?
> 0. (3.82)

Therefore, (3.78)), (3.80]), and (3.82)) imply that for all k > kg, Py is symmetric positive
definite.

Thus, it follows from (3.74)) that for all & > ks,

2

(Ao = | Ak]Ir)

[ Ye Yk }T

AV (k) < — (3.83)

y2+cw2[ Yk Yk-1 }Cl[ Y Yk—1 }T’

where Ay = infren Amin(Pr). Next, note that it follows from ([3.60) that for all k €
ZF\{1},

_5;%,1(01,/&—1 — G1p-2)(Gr-1+ G1—2)
(1 — &—1(Grp—1 + G1p-2)) '

Since part [¢)| of Proposition implies that G4 is bounded, using ([3.84)) it follows
that there exists M > 0, such that for all k£ € ZT\{1},

Akl = /07 ), + 202,

< M||Ghj—1 — Grp—2||p. (3.85)

gk—2 - gk—l =

(3.84)

Note that part of Proposition implies that limy_,o [|G1 -1 — G1—2|lr = 0,
which implies that there exists ky € Z* such that for all k > ko, ||G1x-1 — G1r—2|lr <
Xo/2. Since, in addition, Apin(C1) = min{l + cosf,1 — cosf} > 1 —|cosf| > 0, it
follows from that for all k > k; = max{ko, k},

2

Ao

(o wer |

AV (k) < -

;- (3.86)
T
2u5 + 2avs(1 — |cos6’|)H{ Yk Yk-1 }

Since, in addition, V (yx, Yr+1, Fllyk) is positive definite, it follows from ({3.70) and
(3-86) that

2

k Ao [yj Yj—1 ]T

0< lim Y

k—o00 T
—oo 2uy + 2avs(1 — |COS«9|)H[ Yk Yk-1 }

2

k
< fim 2 AVU)
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<V (Yry 115 Yy Higy) — l}g& V (Y1, Y Hik)
<V (Yror1 Yoo, Hi i), (3.87)

where the upper and lower bounds imply that all the limits exist. Thus,

H[ Y Yk ]T

T
2uy + 2av5(1 — | cos 9!)“[ Yk Yk—1 }

2

lim
k—o0

S =0, (3.88)

which implies that limy .. yx = 0. ]

3.17 Lemma used in proof of Theorems and

Lemma 3.3. Let G, G, € C”™ and define

"7 l=Im Gy Re Gy’ >7 1=Im Gy Re Gyl
Then, for all k € N,

(fir © I)HiHy (fir ® L) = Re G1 G5,
(fiTkJrl ® I))H Hy (fir, ® I;) = Re e G, G5,

Proof. The proof follows from direct calculations. m
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Chapter 4

Frequency-Domain Adaptive Harmonic Control

In this chapter, we present frequency-domain adaptive harmonic control (FD-
AHC) algorithm that addresses the problem of rejecting sinusoids with known fre-
quencies that act on a completely unknown asymptotically stable linear time-invariant
system. We analyze the stability and closed-loop performance of FD-AHC for multi-
input multi-output systems with at least as many controls as performance measure-
ments. We show that the closed-loop system is Lyapunov stable and that the adaptive
controller asymptotically rejects the disturbances. We also present numerical simula-
tions comparing FD-AHC with the existing sinusoidal disturbance rejection approach

FD-HHC. The result of this chapter appears in ,.

4.1 Introduction

Sinusoidal disturbance rejection is a fundamental control objective, which arises
in a wide variety of applications, including active noise cancellation , helicopter
vibration suppression [10], active rotor balancing , and vibration reduction in
spacecraft .

For an accurately modeled linear time-invariant (LTT) system, the internal-model
principle can be used to design a feedback controller capable of rejecting sinusoidal
disturbances of known frequencies . In this case, disturbance rejection
is accomplished by incorporating copies of the disturbance dynamics in the feedback
loop. For sinusoids with unknown frequencies, a model-based disturbance observer
can be implemented [121H125].

If, on the other hand, an accurate model of the system is not available, but the
open-loop dynamics are asymptotically stable, then adaptive feedforward cancellation
can be used to accomplish disturbance rejection [129H135]. These approaches use
a harmonic regressor consisting of sinusoids at the known disturbance frequencies.
The control is generated by updating the amplitudes and phases of these sinusoids
in a manner that achieves asymptotic disturbance rejection. Adaptive feedforward
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approaches require certain model information or assumptions regarding the open-
loop transfer function. In the simplest case where the system is single-input single-
output (SISO), the only required model information is the sign of the control-to-
performance transfer function at the disturbance frequencies. However, if the system
is multi-input multi-output (MIMO), then stronger assumptions (e.g., strict positive
realness, a nominal system model, or upper bounds on uncertainties) are invoked.
Feedback (rather than feedforward) adaptive control methods are also capable of
rejecting sinusoids of known or even unknown frequencies (e.g., ); however,
these approaches generally rely on some model information (e.g., relative degree) and
structural assumptions regarding the system (e.g., minimum phase, or state feedback).

The filtered-X least-mean-squares algorithm is an approach from the digital signal
processing literature . Filtered-X can be used in cases where the disturbance
frequencies are uncertain or unknown; however, filtered-X relies on a model of the
control-to-performance transfer function (referred to as the secondary path in the
noise control literature). If this model is inaccurate, then filtered-X can destabilize
the closed loop . To reduce the required model information, algorithms have been
proposed which incorporate real-time identifiers . However, these methods
require injection of white-noise excitation to ensure convergence of the parameter
identifier.

Another approach to sinusoidal disturbance rejection takes advantage of an asymp-
totically stable LTT system’s harmonic steady-state (HSS) response, that is, the si-
nusoidal response that remains after the system’s transient response decays to zero.
This HSS approach was developed independently in several research communities,
specifically, i) active sound and vibration control , ii) helicopter vibration re-
duction ,, and iii) active rotor balancing . For active rotor balancing,
this approach is called convergent control, whereas for helicopter vibration reduction,
the approach is known as higher harmonic control. In this chapter, we refer to the
approach as frequency-domain higher harmonic control (FD-HHC).

To discuss FD-HHC control further, let G, denote the control-to-performance
transfer function, and assume that there is a single known disturbance frequency w.
Then, FD-HHC requires an estimate of G, (jw), that is, an estimate of the transfer
function evaluated at the disturbance frequency. In the SISO case, FD-HHC stabilizes
the closed-loop if the estimate of Gy, (jw), which is a single complex number, has an
angle within 90° of ZG,,(yw). In the MIMO case, closed-loop stability is ensured
if the estimate of Gy, (yw) is sufficiently accurate. If there are multiple disturbance
frequencies, then estimates are required at each frequency.

For certain applications Gy, (jw) can be difficult to estimate or subject to change.
For example, a helicopter’s structural dynamics may vary depending on payload.
To address this uncertainty, online estimation methods have been combined with
HSS control . For example, a recursive-least-squares identifier is used
in [BI}[157] to estimate Gy, (jw) in real time; however, an external excitation signal is
required to ensure stability.

In this chapter, we present a new frequency-domain adaptive harmonic control
(FD-AHC) algorithm, which is effective for rejecting sinusoids with known frequen-
cies that act on a completely unknown MIMO LTI system. We analyze the stability
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and closed-loop performance of FD-AHC for MIMO systems with at least as many
controls as performance measurements. We provide conditions such that the mea-
sured performance tends to zero, that is, the disturbance is asymptotically rejected.
In contrast to FD-HHC , and other existing adaptive feedforward met-
hods [129{135], FD-AHC requires no model information.

The new FD-AHC algorithm presented in this chapter is a frequency-domain met-
hod, meaning that all computations use discrete Fourier transform (DFT) data rather
than time-domain data. The FD-AHC algorithm (including DFT) is demonstrated
on a numerical simulation of an acoustic duct.

4.2 Notation

Let IF be either R or C. Let z(; denote the ith element of x € F", and let A j
denote the element in row ¢ and column j of A € F™*". Let || - || be the 2-norm on
F". Next, let A* denote the complex conjugate transpose of A € F"*" and define
|Allr £ V/tr A*A, which is the Frobenius norm of A € F™*",

Let spec(A) £ {\ € C : det(\] — A) = 0} denote the spectrum of A € F™*". Let
Amin(A) and A\pax(A) denote the minimum and maximum eigenvalues, respectively, of
the Hermitian positive-semidefinite matrix A € F"*". Let Z\ denote the argument
of A € C defined on the interval (—m, 7] rad. Let OLHP, ORHP, OUD, and CUD
denote the open-left-half plane, open-right-half plane, open unit disk, and closed unit
disk in C, respectively.

Define N = {0,1,2,---} and Z* = N\{0}. Define the open ball of radius r > 0
centered at C € C™" by B,(C) £ {X € C™": | X — C||p < r}.

4.3 Problem Formulation
Consider the LTT system

&(t) = Ax(t) + Bu(t) + Dyd(t), (4.1)
y(t) = Cx(t) + Du(t) + Dod(t), (4.2)

where t > 0, z(t) € R™ is the state, (0) = xy € R" is the initial condition, u(t) € R™
is the control, y(t) € R’ is the measured performance, d(t) € R? is the unmeasured
disturbance, and A € R™"*" is asymptotically stable. Define the transfer functions
Gyu: C— C”™ and Gyg : C — C”P by G,u(s) £ C(sI — A)™ B+ D and Gq(s) =
C(sl — A)7'D; + Ds.

Let wy,wa, -+ ,wy > 0, and consider the tonal disturbance
q
d(t) = Z d.; cosw;t + ds; sinw;t, (4.3)
i=1
wheredc 1, -+ ,dcg,ds1,- - ,dsq € RP determine the disturbance amplitude and phase

at each frequency.
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The objective is to design a control u that reduces or even eliminates the effect of
the disturbance d on the performance y. We seek a control that relies on no model
information regarding the system and , and requires knowledge of only the
disturbance frequencies wy, - ,w,. Thus, the disturbance amplitudes d.,; and ds;,
and the system and are completely unknown.

We first focus on the case where d is the single-tone disturbance
d(t) = d. coswt + ds sin wt.

However, the adaptive controller presented in this chapter generalizes to the case,
where d consists of multiple tones. We discuss the extension to multiple tones in
Section .6

For the moment, assume that Gy, Gy4, dc, and ds are known. In this case,
consider the harmonic control

u(t) = ue coswt + ug sin wt, (4.4)

where ., us € R™. Define @ £ u, — jus, which is the DFT at frequency w obtained
from a sampling of u. In addition, define

M, 2 G,,(jw) € C™,
d, = Gya(jw)(d. — 5ds) € C.

Then, the harmonic steady-state (HSS) performance of (4.1)) and (4.2)) with control
B9 is

Ynss(f, 1) = Re {(Gyu(jw)ﬁ + Gya(yw)(de — jds)>e”’t}
= Re (M.t + d,) coswt — Im (M, 4 + d.) sin wt. (4.5)

The HSS performance yg is the steady-state output y of (4.1)) and (4.2)) with control
(4.4]), that is, im0 [ynss(t) — y(t)] =0 , Chap. 12.12]. Define

which is the DFT at frequency w obtained from a sampling of .. Consider the cost
function

. Lot N
J(@) 2 Jim 7 [y (r, )] d (4.7)
which is the average power of yns. Using (4.5) and (4.6)), it follows that

1 t
J(4) = lim ;/ IRe Jnss (@) coswT —Im Ges (@) sin wr|* dr
0

t—o0
Re fhes(@) | (. 1 [t cos? wr —(coswT)(sinwr)
= sy lim — . . o dr
Im G () t—oo t Jo | —(coswT)(sinwT) sin® wr
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1., . .
iyhss<u)yhss<u)' (48)

The following result provides an expression for a control u = u, that minimizes J.
See Theorem R.1] for details.

Theorem 4.1. Consider the cost function (4.7), and assume that rank M, =
min{m, £}. Define u, & —M3(M,M;)~'d,. Then, fus(u.) =0, and J(u,) = 0.

Theorem provides an expression for a control u, that minimizes J, but wu,
requires knowledge of M, and d,.

In this chapter, we consider a sinusoidal control with frequency w but where the
amplitude and phase are updated in discrete time. Let Ty > 0 be the update period,
and for each k € N, let ux € C™ contain information regarding the control amplitude
and phase, which is determined from control update equations presented later. Then,
for each k € N and for all ¢ € [kT;, (k + 1)T5), the control is

u(t) = Re uy coswt — Im uy sin wt. (4.9)

For each k € Z*, let y, € C* denote DFT at frequency w of the sequence obtained
by sampling y on the interval [(k — 1)Ty, kT;). If T is sufficiently large relative to the
settling time of Gy, then for all k¥ € N, y11 & Gnss(ug). For the remainder of this
chapter, we assume that for all £ € N, yp1 = Jnss(ug). In this case, implies
that for all £ € N,

The HSS assumption yg11 = Unss(ug) is used for stability analyses only. For the
remainder of this chapter, we also assume that rank M, = min{¢, m}, which is a
technical assumption that depends on sensor and actuator placement.

4.4 Frequency-Domain Adaptive Harmonic Control

We now develop a new frequency-domain adaptive harmonic control (FD-AHC),
that does not require any information regarding M, or d,. For all k € N, u;, is given
by

where d;, € C* and M, € C™™ are adaptive parameters that are determined from

update equations presented below.
Consider the cost function J, : C* x C**™ — [0, 00) defined by

Hk(cz, M) = ;HMW +d - yk+1H2-
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Note that J, can be interpreted as a measure of how well Mu; + d approximates
the performance y,1, which itself is approximately equal to the HSS performance
ghss(uk) = M*uk + d..

To determine the update equations, we define the gradients of J, with respect to
d and M evaluated at d = dj, and M = M, which are given by

T
Od |(.51) (. 0)

= Myug + d, — Yit1, (4.12)
T
o i
OM (g, 51) =(ax )
= (Myug + di, — Ypi1)uj. (4.13)

Let 4> 0,7 >0, and v > 0. Then, for all £ € N, the update equations are

dk+1 = dk — /mkélw (414)
My = My, — ynily, (4.15)
where
A 1
= 4.16
T Tl (4.16)

The initial conditions for ([#.14]) and ({.15) are dy € C* and M, € C*>™.
Thus, FD-AHC is given by (4.9)—(4.16)). The control architecture is shown in Fig.
@1l

d(t) Unknown System
. y(t
uk | u(t) = Re uy, coswt u(?) (t) = Ax(t) + Bu(t) + D1d(t) A” Sauagle H L0197
—Im wsinwi y(t) = Cx(t) + Du(t) + Dad(t)

d E—M
up = — M dy - ]VZC dpy1 = dp — o (Myug + dg — yrv1) | Yet1

e

Yk+1
—‘ M1 = My, — vy (Myug + di — Y1) u, U

Figure 4.1: Schematic of FD-AHC given by f.
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4.5 FD-AHC Stability Analysis
Let o > /2 + u/(2v), and define the estimation errors
Cik édk—Oéd*, Mk é]\4}6—05]\4*.

Then, subtracting ad, from both sides of ({.14]) and substituting (4.10)—(4.12)), and
[4.16) yields

ok
v+ ([ M dg|?

Similarly, subtracting oM, from both sides of (4.15]) and substituting (4.10]), (4.11)),
[@.13), and (4.16) yields

Mk—i—l = Mk +

Jkﬂ = d~k + [MkM;dk - CZ}C + (1 — oz)ykﬂl. (417)

/Y

v+ [MFdil (Midy)™.  (4.18)

[MkM]jdk —dj + (1 = @)ypi1

The following theorem is the main analytic result of this chapter and provides the

stability properties of the closed-loop system (4.10)), (4.17)), and (4.18)). The proof is
in Section [£.91

Theorem 4.2. Consider the closed-loop system (4.10]), (4.17)), and (4.18)), which
consists of (4.10)—(4.16), where v > 0, 4 > 0, and v > 0. Then, for all « >
v/2 + p/(2v), the following statements hold:

i) (dy, My) = 0 is a Lyapunov stable equilibrium of (@.10)), (.17, and (@.18).

i) There exists r > 0 such that for all dy € B, (0) and all My e H NB,(0), dx, My,
and wug are bounded and limg_, . yx = 0.

iii) Let dy € RY, and let My € C*™. Assume that there exists ks € N and € > 0
such that for all k& > kg, Apnin (Mg M}) > . Then, di, My, and uy are bounded,
and limg_.o yx = 0.

Part |i)| of Theorem states that the equilibria of the closed-loop system ,
(4.17), and are Lyapunov stable, and part guarantees local convergence
of the performance y; to zero. Part provides a sufficient condition for global
boundedness of dj, My, and uyg, as well as global convergence of the performance y;
to zero. Specifically, part invokes the assumption that there exist ks € N and
e > 0 such that for all k& > kg, Apin(MiM;) > . This assumption, which implies
that M), is asymptotically full row rank, cannot be verified a priori. However, the
assumption Ay, (M M) > e, for some arbitrarily small € > 0, can be verified at each
time step. If the condition Ay, (M M}) > € is violated on a time step, then My can
be perturbed to ensure Ay, (MM}) > €. However, analyzing the stability of such a
perturbation is an open problem. Nevertheless, simulations and experiments suggest
that for almost all initial conditions dy € R* and M, € C**™, M, is asymptotically
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full row rank, and thus, satisfies Apin (MpM}) > €. In this case, part states that
the performance y; globally tends to zero.

Notably, Theorem does not impose upper bounds on the gains p and . Thus,
FD-AHC can be implemented with arbitrarily large gains, which can improve con-
vergence time.

4.6 FD-AHC for Multi-Tone Disturbances

In this section, we extend FD-AHC to address the multi-tone disturbance (4.3)).
For the moment, assume that G, Gy, de1, -+ ,dcg, and ds1,- -+ ,ds 4 are known,
and consider the harmonic control

q
u(t) = Z Ue; COSW;t + Ug; Sin w;t, (4.19)
i=1
. A A
where Uc 1, U, Us, - ,Usg € C". For i = 1,---,¢q, define 4; = uc; — Jus,

which is the DFT at frequency w; obtained from a sampling of u. In addition, for
1=1,---,q, define

M*,i S Gyu(]wz) S CZXWL?
dvi 2 Gya(yw;)(des — 3ds;) € C.

Then, the HSS performance of (4.1) and (4.2) with control (4.19) and disturbance
{3 is

q
Y s (L, Qs -+ 5 lg) = Z Re {(Gyu(Jwi)fbi + Gya(gwi)(dei — st,i>)ewt}

@
I
—

Re (M*’l'fbl -+ d*ﬂ) COS wit —Im (M*ﬂ'ljbl -+ d*’l) sin wit, (420)

I
-

@
Il
—

which is the multi-tone generalization of (4.5)). For i =1,--- ¢, define
ﬁhss,i(ai> £ M*,z'az + d*,i; (421)

which is DFT at frequency w; obtained from a sampling of y,, nss. Consider the cost
function

Tl ) 2 lim ~ /||ymhss7'u1, Ja,)|12 dr. (4.22)

t—oo t

Using (4.20) and (4.21)), it follows that

zq: [Re yfhss’i(ﬁi)} COS W;T — [Im @hss,i(ﬁ,-)} sin w; T
i=1

2

dr

t

(i ) = Jim 3
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q

Z ssz yhssz( z)

) =

— Z lim — / || Ynss.i (T, (7, 4;)|*dr,

l\D\}—t

where for 1 = 1,--- | g, the steady-state response at frequency w; is given by
A A A ~ .
Unss.i (T, U;) = Re (M, ;0; + d. ;) cosw;t — Im (M, ;1; + d. ;) sin wt,

Thus, if for each i = 1,--- ¢, the average power limt_m%fg | Ynss.i (7, 4;) |2 A7 at
frequency w; is minimized, then the average power (4.22)) is minimized. For i =
1,2,...,q, the ideal control is

A +
ey & —Md,..

Therefore, we can use ¢ copies of the FD-AHC algorithm f—one at each
disturbance frequency.

For i =1,---,q, let y;x € C* denote the DFT at frequency w; of the sequence
obtained by sampling y on the interval [(k — 1)}, kT;). For each k € N and for all
t € [kTs, (k4 1)Ty), the control is

q

u(t) = Z Re w;p, cosw;t — Im u,  sinw;t, (4.23)
i=1
where for alli =1,--- ,¢q,
i 2 — My, (4.24)
and
d; S di e — i (M i + dik — Yiks1), (4.25)
Mijsr = Mig — Y (Mi i e + dik — Yiges 1)U s (4.26)

where y1; > 0,93 > 0, v; > 0, and d; o € C* and Mo € C"™ are the initial conditions,
and
A 1

S 4.27
k= TP (4.27)

Thus, FD-AHC for multi-tone disturbance is given by (4.23 If Ty is suffi-

ciently large relative to the settling time of Gy,, then for 1= 1 . ,q, and for all
E €N, Yirr1 = Unssi(uig). We assume that for i = 1,--- g, and for all £ € N,
Yik+1 = Unss,i(Uix). In this case, (4.21]) implies that for all £ € N,

Vi1 = My i + dy 5. (4.28)
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For alli € {1,2,...,q}, let oy > ~;/2 + p;/vi, and define the estimation errors
dig 2 dij — aids, My 2 My, — oM,

Then, similar to derivation of (4.17) and (4.18]), it follows from (4.24)—(4.28]) that

~ ~ ,LLZ ~ ~
A1 &t Vi + [M; s ]2 l( ) Yi g1 + ( otV g ik k)] (4.29)
~ o Vi Y + 7 } + *
M; jpp1 = M; 1 —a5)y; M; M d; g — d; M dig)”.
o= Moot o (0= o+ (M= ) 45

(4.30)

The following result is a corollary of Theorem [4.2)and provides the stability properties
of the closed-loop system (4.28])—(4.30) with multi-tone disturbance.

Corollary 4.1. For ¢ = 1,--- | ¢, consider the closed-loop system (]4.28|)f4.30,

which consists of the open-loop system (4.28) and the control ([{.24)—([£.27), where
p; >0, >0, v; > 0, and where m > . Then, for all a; > ~;/2+ u;/v;, the following
statements hold:

7) (JzkyMzk) = 0 is a uniformly Lyapunov stable equilibrium of (4.10), (4.17)),
and (L15).

it) There exists r > 0 such that for all czw € B,(0) and all Mi,o € B,.(0), dig, Mg,
and u; ; are bounded and limy_,o y; = 0.

i) Let d; € R?, and let Mo € Ct™_ Assume that there exists ks € N and € > 0
such that for all k > ks, Apin(MixM;y) > €. Then, diy, My, and u;y are
bounded, and limy_,oc ¥i 1 = 0.

4.7 Numerical Examples

Consider the two-mass structure shown in Fig. [1.2] where ¢; and ¢ are control
forces, and d; and dy are disturbance forces. The equations of motion are given by

(4.1]), where

0 1 0 0 0 O
—(k1+ke) —(c1+c2) ko o 1
A= 01 01 01 11 , B= 01 R D, =B, (4.31)
ko <o —(katks) —(catcs) 0 L
&1 (t)
£1(2) V1(2) di(t)
t) = , t) = , d(t) = . 4.32
x(t) §2(t> u(t) 1/}2(25) (t) dg(t) ( )
§a(1)
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Let m; = 2 kg, my = 1 kg, ¢; = 60 kg/s, co = 50 kg/s, c3 = 40 kg/s, ky =
300 N/m, ko = 200 N/m, and k3 = 400 N/m. For all examples, v = 1. The initial
conditions are x(0) = 0, d;p = 0. The initial condition M, g, the update period Ty,
and the gains p; and ; are specified in each example.

//////////////////////////////////
//////////////////////////////////
//////////////////////////////////

Figure 4.2: Two-mass structure used in Examples 4.3

In the following examples, we compare FD-HHC to FD-AHC. FD-HHC requires
an estimate of Gy, (jw;), and the estimate must be sufficiently accurate to ensure
closed-loop stability. See Theorem for details. In the SISO case, the closed-loop
FD-HHC system is asymptotically stable only if the estimate of M, ; is within 90° of
M, ;. In contrast, FD-AHC does not require a sufficiently accurate estimate of M, ;.
To compare FD-HHC and FD-AHC, we set the FD-HHC estimate of M, ; equal to
the FD-AHC initial condition M; g, which, in most applications, is the best a priori
estimate of M, ;.

We implement FD-HHC according to . FD-HHC is a frequency-domain
method, and all computations use DFT data. The DFT is performed using a 1 kHz
sampling frequency. We select the FD-HHC gain p = 4.4 x 10°, which was determined
through numerical experimentation to yield the fastest convergence rate.

Example 4.1. Consider the SISO system and —, where y = &,
Yy = u, Yo =0, dy =0, and dy(t) = 10cosw;t + 10sinwt, where w; = 87 rad/s.
Let 1 = v = 1. We consider the case where M, satisfies the FD-HHC stability
condition, that is, M; o is within 90° of M, ;. Specifically, M; o = 5el 1 M,,.

Both FD-HHC and FD-AHC are updated with update period 0.25 s, which was
determined through numerical experimentation to yield the fastest convergence time.
Figure[4.3]shows y and u for FD-HHC and FD-AHC. The control is turned on after 1 s.
Both FD-HHC and FD-AHC yield asymptotic disturbance rejection. However, the
convergence time is improved significantly with FD-AHC relative to FD-HHC. A

Example 4.2. We reconsider Example but with an initial estimate M, o that
does not satisfy FD-HHC stability condition, that is, M; o is not within 90° of M, ;.
Specifically, M; oy = 5e1% M, 1. The control is turned on after 1 s. Figure shows y
and v for FD-HHC and FD-AHC. In this case, y with FD-HHC diverges because the
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| 0 o
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0 10 20 30 10 20 30
t(s) t(s)

Figure 4.3: For a SISO system, where M; o is within 90° of M, ;, both FD-HHC and FD-AHC yield
y(t) — 0 as t — oco. The dashed lines show = || 1.

estimate M ¢ is not sufficiently accurate. In contrast, y with FD-AHC converges to
ZEro. A

Example 4.3. Consider the MIMO system (4.1)) and (4.31)—(4.32)), where y =

[616]" and [v1 ¥2]" = u. The two-tone disturbances are d;(t) = 5 coswit + 7sinwat
and dy(t) = 6coswit + 9sinwqt, where wy = 81 rad/s and wy = 47 rad/s. We let
MI,O = 56J5§M*,1, MQ’O = 56J3§M*72, TS =0.5 S, and M1 = U2 = Y1 = Y2 = 2. Figure
shows y and u with FD-AHC. The control is turned on after 1 s. FD-AHC yields
asymptotic disturbance rejection. A

4.8 Conclusions

We presented FD-AHC algorithm for rejection of known-frequency sinusoids that
act on a completely unknown MIMO LTT system with at least as many controls as per-
formance measurements. The main analytic result shows that the closed-loop system
is Lyapunov stable and that the closed-loop performance tends to zero asymptoti-
cally. Numerical simulations suggest that FD-AHC can be implemented with larger
gains than FD-HHC. These larger gains tend to reduce convergence time of FD-AHC
relative to that of FD-HHC.
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Figure 4.4: For a SISO system, where M; o is not within 90° of M, ;, y with FD-HHC diverges
whereas FD-AHC yields y(t) — 0 as t — co. The dashed lines show =||u, 1]
i=1 Jj=2

10

Y(j) (mm)

-10

0 10 20 30 10 20 30
t(s)

t(s)
Figure 4.5: For a MIMO system with a two-tone disturbance, FD-AHC yields y(t) — 0 as t — oo.

4.9 Proof of Theorem

Let @ > v/2 4 pu/(2v). For all k € N, define

?Qk+1 = (1 - a)yk-i-l + MkM]:_dk - de (433)
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Substituting (4.16]) and (4.33) into (4.17) and (4.18]) yields

A1 = di + s,
M1 = My, 4 Y0k 1uy,.

Define the partial Lyapunov function
Va(dy) = |l di |,
and the difference
AVy(k) £ Va(dygr) — Va(dy).
Evaluating AV} along the trajectories of yields
AVy(k) = 2y + PN G |12
Define the partial Lyapunov function
Var(M) £ [ M
and the difference
AViy(k) £ Var(My 1) = Var (M ).
Evaluating AV}, along yields
AV (k) IQ’WZWZM;%H Sl | 2% 7780 | o

Define the Lyapunov function

_ 1 . 1 .
V(dy, M) = ;V;l(dk) + ;VM(Mk),

and define the Lyapunov difference
AV (k) 2 V(dy, Myyr) — V(dy, My)
1 1
= —AVy(k) + —AVy (k).

1 v

Substituting (4.36]) and (4.37)) into (4.39) yields
. 2 /- 3V A
AV0) = (1 Yo+ 2 (3 + ) |

Then, substituting (4.33)) into (4.40]) yields

AV (k) = = (2 — o — el sl ) 195117 = 2m(e = 1)y 4191
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To show assume that there exists ks € N and ¢ > 0 such that for all k£ > k,
Amin(M M) > e. Thus, for all k > k,, MyM;" = I,, and it follows from ({.11)),

(4.10)), and (4.33) that for all k > ks,

Okr1 = Y1 + MM dy — dy
= Yk+1- (4.42)

Substituting (4.16]) and (4.42) into (4.41)) implies that for all & > ks,
AV (k) = —mi[2 = g = ymellue]? + 2(a = 1] |y |

1
< =g (204 -, 7) 1y ll”
=~ ||y |1, (4.43)

where ¢; = 2o — ju/v — 7 is positive because o > /2 + 1/ (2v). Thus, implies
that for all k& > ks, AV(k) is nonpositive. Therefore, it follows that V(dy, My) is
bounded. Since, in addition, V' is radially unbounded, it follows that dy, and M, are
bounded. Thus, d, and M, are bounded. Since M} is bounded and for all k& > ki,
Amin(MpM;) > e, it follows that for all k > ks, (MpM;)™! exists and is bounded.
Thus, for all k& > kg, u, = —M;(MM;) *dy. Since My, (MM;)™', and dj are
bounded, it follows that wu, is bounded. Thus, and imply that for all
k> ks,

AV(K) < —callyen I (4.44)

where

4
C2 = a 5 > 0.
v+ SuPgey |lul|

Moreover, since V (dy, My) is positive definite, and AV (k) is nonpositive, it follows

from (4.39)) and (4.44) that

k
< li 12
0< klglolo]z% Col|yj41]|
— s

k
< - fim 2 AV0)

<V (dy,, My,) — Jim V(dpi1, Mii1)

S V(Jks7 Mks)7
where the upper and lower bounds imply that all the limits exist. Thus, limy_,. yx =
0, which confirms .

To show [¢)| and , note that since rank M, = /¢, it follows that there exist
rp > 0 and &1 > 0 such that for all M € B, (aM,), Apin(MM*) > e;. Let

r e (0,4/r2u/(1u+7)), and let dy € B,(0) and M, € B,(0). Assume for contradiction
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that there exists k; € Z* such that M, ¢ B,,(0) and forallk € X £ {0,1,...,k;—1},
M; € B,,(0). Since for all k € X, M) € B, (0), it follows that for all k € X,
Amin (M M}Y) > €1. Thus, using the same process as — with e replaced by
g1 yields that for all k € K, AV (k) < 0. Therefore, it follows from that

0<— kli AV (i)

1=0

= V(do, My) — V(d,, My,)

1, - ~ 1 ~ -
=Mm%W—wmm+WQmm@—M%m>

1. -~ 1 ~ ~

< —|ldoll® + = (1Mol — 1| M, I3)
% Y
7’2 7’2—7’%

Si
2 Y
1 2 1 2

<< T1N>+< T p —T%)
A Ay YA\HTY

=0,

which is a contradiction. Thus, for all & € N, M, € B, (0), which implies that
My, € B,,(aM,). Therefore, for all k € N, Apin (M, M) > €1, and it follows from
that dy, My, and uy are bounded, and limy_,, yx = 0, which confirms

Since for all k € N, Apin (M, M}) > €1, using the same process as ([4.42)—(4.44),
with e replaced by 1, it follows that for all k € N, AV (k) < 0. Thus, the equilibrium
(di, M) = 0 is uniformly Lyapunov stable Thm. 13.11], which confirms .
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Chapter 5

Time-Domain Adaptive Harmonic Control

In this chapter, we present a sampled-data adaptive harmonic control algorithm
that rejects sinusoids with known frequencies that act on a completely unknown
asymptotically stable linear time-invariant system. We analyze the stability and
closed-loop performance for systems with at least as many controls as performance
measurements. We show that the closed-loop system is uniformly Lyapunov stable
and that the adaptive controller asymptotically rejects the disturbances. We present
numerical simulations comparing the new sampled-data adaptive controller with an
existing sinusoidal disturbance rejection approach (i.e., higher-harmonic control). We
also present results from an active disturbance rejection experiment in an acoustic
environment. These experimental results demonstrate the practical effectiveness of
the adaptive harmonic controller. The result of this chapter appears in .

5.1 Introduction

The problem of sinusoidal disturbance rejection arises in a variety of engineering
applications, including active noise cancellation ,, vibration suppression ,
, and active rotor balancing ,@ . If an accurate model of the system is known,
then the internal-model principle [116 @ﬂ can be used to design a feedback controller
capable of rejecting sinusoidal disturbances with known frequencies. Model-based
disturbance observers can be used in the case where the disturbance frequencies are
uncertain [126H12§].

If an accurate system model is not known, but the open-loop dynamics are
asymptotically stable, then adaptive feedforward cancellation can be employed
(131} (133} (134} [136H{138]. However, these approaches require certain model informa-
tion or assumptions regarding the open-loop system. For single-input single-output
(SISO) systems, the only model information required is the sign of the control-
to-performance transfer function at the disturbance frequencies. For multi-input
multi-output (MIMO) systems, stronger assumptions (e.g., strict positive realness,
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a nominal system model, upper bounds on uncertainties) are typically required.
Adaptive feedforward methods for rejecting sinusoids with unknown frequency in-
clude ,.

Feedback (instead of feedforward) adaptive control methods can also be imple-
mented for rejecting sinusoidal disturbances of known or even unknown frequen-
cies [140}[141}[{146{{151]; however, these methods generally require some model in-
formation (e.g., relative degree) and structural assumptions regarding the system
(e.g., minimum phase, or state feedback).

Another approach to sinusoidal disturbance rejection relies on an asymptotically
stable linear time-invariant (LTI) system’s harmonic steady-state (HSS) response,
that is, the residual sinusoidal response that remains after the transient response
decays to zero. This approach was developed independently in ,,,, and
is known variously as convergent control (for active rotor balancing) and higher-
harmonic control (for helicopter vibration reduction). In this chapter, we use the
name frequency-domain higher-harmonic control (FD-HHC).

To explain FD-HHC, consider an LTT system that is acted on by a sinusoidal
disturbance with known frequency w. The FD-HHC control signal is a sinusoid with
frequency w, but where the amplitude and phase are updated at discrete times. All
control computations are performed using discrete Fourier transform (DFT) data.
Let T, > 0 denote the FD-HHC update period. Then, at each time step k € N, the
control amplitude and phase are updated using DFT data, which are computed from
a sampling of the performance measurement over the time interval [(k — 1)Ty, kTy).
FD-HHC relies on the key assumption that the update period Tj is sufficiently large
relative to the settling time of the system. This assumption ensures that by the end
of each time interval between control updates, the closed-loop response approximates
the HSS response. If T is too small, then the HSS approximation is not accurate,
and the closed-loop system can become unstable. In practice, Ty can be increased to
achieve closed-loop stability; however, increasing T} also increases convergence time.
In fact, large convergence time is one shortcoming of FD-HHC .

Another potential drawback of FD-HHC is that it requires an estimate of the
control-to-performance transfer function evaluated at the disturbance frequency. In
the SISO case, this estimate must have an angle within 90° of the actual value for
closed-loop stability. The closed-loop stability conditions for the MIMO case are given
in Theorem If there are multiple disturbance frequencies, then estimates of the
control-to-performance transfer function are required at each frequency. For certain
applications, this transfer function can be difficult to estimate or subject to change.
To address uncertainty, adaptive HHC methods have been proposed ,.
However, the methods in [81] @ require an external excitation signal to ensure
stability, and the analysis in @ is restricted to an averaged system. In Chapter
we presented a frequency-domain adaptive higher harmonic control (FD-AHHC)
algorithm with stability properties that do not require external excitation signals.
However, the algorithm in Chapter [2| (similar to FD-HHC) is a frequency-domain
method and thus may have a large convergence time.

In this chapter, we present a new time-domain adaptive harmonic control (TD-
AHC) method for rejection of known-frequency sinusoids that act on a completely
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unknown LTI system with at least as many controls as performance measurements.
The main analytic result shows that the closed-loop system is uniformly Lyapunov
stable and that the adaptive controller asymptotically rejects the disturbances. In
contrast to FD-HHC and FD-AHHC presented in Chapter [2| the controller in this
chapter is a time-domain method that does not require DFT computations. We
present numerical simulations demonstrating that the new sampled-data adaptive
controller can be implemented with larger gains or with faster sample rates than FD-
HHC without destabilizing the closed-loop system. These larger gains or faster sample
rates can significantly reduce convergence time as demonstrated in Section VI. We also
present an experimental demonstration of active disturbance rejection in an acoustic
environment. These active noise control experiments show that the adaptive harmonic
controller can effectively reject single-tone and multi-tone sinusoidal disturbances
acting on unknown MIMO systems.

5.2 Notation

Let x(;) denote the 7th element of x € R™. Let || - || be the 2-norm on R™. The
Frobenius norm of A € R®™ is defined by || A||r = Vtr ATA. Define the open ball of
radius v > 0 centered at A € C™™ by B.(A) 2 {X € C»"™ . | X — Allr <7}

The Moore-Penrose generalized inverse Chap. 6.1] of A € R™ is denoted
by At € R™. Note that if A € R®™ is right invertible (i.e., rank A = ¢), then
At = AT(AA")™!. Let Apin(A) denote the minimum eigenvalue of the symmetric

positive-semidefinite matrix A € R,
Define N = {0,1,2,3,...} and Z* = N\{0}.

5.3 Problem Formulation
Consider the LTI system

#(t) = Ax(t) + Bu(t) + Dyd(t), (5.1)
Cz(t) + Du(t) + Dod(t), (5.2)

<

—~
~

N—
I

where t > 0, z(t) € R™ is the state, (0) = xy € R" is the initial condition, u(t) € R™
is the control, y(t) € R is the measured performance, d(t) € R% is the unmeasured
disturbance, and A € R™" is asymptotically stable. Define Gy, : C — C*™ and
Gya: C — C% by

Gyu(s) £ C(sI —A)'B+ D,
Gyd(S) = C(SI — A)_lDl + DQ,
which are the transfer functions from the control u and the disturbance d to the
performance y. Let wy,ws,...,w, > 0, and consider the sinusoidal disturbance
q

d(t) = Z d.; cosw;t + d; sin w;t, (5.3)

i=1
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where de.y,...,deg, dsy, ..., ds, € R

Our objectlve is to design a feedback control u that eliminates the effect of the
disturbance d on the performance y. We seek to design a control that requires no
model information regarding and (5.2). We make the following assumptions:

(A5.1) Foralli=1,...,¢q, rank G, (jw;) = .
(A5.2) wy,...,w, are known.

Assumption implies that the number of actuators is at least as large as the
number of performance measurements, that is, m > ¢. This assumption is requi-
red to ensure that there exists a control such that the performance y tends to zero
asymptotically. Assumption implies that the disturbance frequencies w; are
known; however, the disturbance amplitudes d.; and ds;, and the system model
A, B,C,D, Dy, and D, are completely unknown.

Unless otherwise stated, all statements in this chapter that involve the subscript
iareforalli e Q= {1,2,...,q}.

For the moment, assume that d.;, ds;, Gyu(Jw;), and Gyq(jw;) are known. Let
U, Us; € R™, and consider the control

q
Z Ug,; COS Wit + Us ; SIN W

:
| |
i

- f:( £ () @ L), (5.4)

sin w;t

;& [ Yeid ] ceR™,  fi(t) £ l coswil 1 € R

The harmonic steady-state (HSS) performance of (5.1)) and (5.2]) with disturbance
(5.3) and control (|5.4) is defined by

yhss(ta ﬁ1; e U Z Re ( Yyu jwz (uc,i - ]us,i)
+ Ga(gwi)(de; — gdss) )

—Z(fT ) ® 1) (Hi i + di ), (5.5)
where

)

A Re Gyu(gwi)  Im Gyu(gws) 20%x2m
H; .= [ —Im Gyu(]wi) Re Gyu(]w@') €R ’

g 2 [ Re Gya(gwi) Im Gya(jw;) ] [ de;

€ R*.
—Im Gya(yw;) Re Gya(ywi) || dsi
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The HSS performance y, is the steady-state response of (5.1)—(5.4), that is, lim;

[Ynss(t, U1, . .., 1g) — y(t)] = 0. See [201} Chap. 12.12] for details.

Consider the cost function
N NN L . .12
J(t, ..., 0y) = lim — ; Ynss (7, Q1 - .., Gg) |7 AT, (5.6)

which is the average power of yps. Substituting (|5.5]) into (5.6)) and integrating yields
q q
J(ty, ..., 10,) :Z Z(Hz A+ di)T

X(grgot/fz ®Ied7>
X (Hjullj + dj)

q
== || Hintly + ds o]

=1

l\DM—

Since implies that rank G, (jw;) = ¢, it follows that rank H;, = 2/, which
implies that H; , is right invertible. The following result provides an expression for a

control that minimizes J. The proof is similar to the proof of Theorem [2.1}

Theorem 5.1. Assume |(A5.1)| holds, and for all i € @), define
wi & —H (H; H) " d;.

Then, J(u14,...,uq.) = 0.
Theorem provides ideal control parameters w; ., but u; . requires knowledge of

H; . and d; ., which are unknown.
In this chapter, we consider a sinusoidal control with frequencies wy, ..., w, but
where the amplitudes and phases are updated in discrete time. Let Ty > 0 be the

update period. Then, for each k € N and for all t € [kT}, (k + 1)T}), the control is

= SO0 © T

=1

(5.7)

where u; ;, € R*™ is determined from update equations presented in the next section
Thus, the control (5.7) is a piecewise-continuous sinusoid. If 7§ is sufficiently large
relative to the settling time of Gy, then for all k € Z*, y(kT}) ~ ynss(KTs, w1 -1, - - -

uqk—1). For the stability analysis in Section | we invoke the HSS assumption that
Y(kTy) = Ynss(KTs, w1 -1, - - -, Ugr—1); however, thls assumption is used for analysis

only.
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5.4 Time-Domain Adaptive Harmonic Control

We present time-domain adaptive harmonic control (TD-AHC), which does not
require any information regarding either d; . or H; .. For all j € Z*, define

A2 H _01 ] ® I; € R¥*%

and consider
H & {H e R H=A HA,},
which is the set of 2¢ x 2m real matrices that have the block structure of H; .. For
each k € N, define the sampled data
y = y(kT.) € R,
dir = fi(KT,) @ I, € R,

and consider the cost function g : R* x - x R¥ x H x - - - x H — [0, 00) defined by

2
A A oA A 1

Ji(dr, ... dg, Hy, . Hy) &

q
Yk+1 — Z ¢;‘[:k+1(Hjuj7k + d;)
j=1

2

T3

1 1 N A
Slvrer =D b (AzTHjAmUj,k + dj)
j=1

Note that the second term of the cost J, is similar to the first term except H; is repla-
ced by ATH;A,,. If H; € K, then H; = AT H;A,,. In this case, the two terms of J, are
equal. These two terms are included in the cost in order to obtain estimates of H; ,
that have the block structure of the H; . (i.e., are contained in H). If H; € H, then g,
can be interpreted as a measure of how well 3°%_, ¢jT7k 41 (FI Ukt ci]) approximates the
measurement yx.1, which itself is approximately equal to the sampled HSS perfor-
mance Yuss((k+1)Ts, Ut g, - - - Ugk) = 25— gzﬁ;ka(HJ Wi +d; ). Thus, if the HSS as-
sumption Yy = Ynss(KTs, U1 -1, - - ., Uqr—1) is satisfied, then Jy(di ., ..., dg«, Hix, ...,
H,.) =0, that is, J; is mlnlmlzed by d = d; . and H H, ..

For all k € N, let d; . € R* and H;;, € H be estimates of d; . and H; ., which are
determined from update equations. To obtain these update equations, we define the
gradients of J; with respect to each d and H evaluated at d = d,;, and H H;,
which are given by

T
ik é(agk )
’ od; (&j,ﬁj)—(djk,H ) for all jeQ

= — 2¢; 111 [yk+1 Z O (Hjkwsx + d; )] (5.8)
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T
(dAj:ﬁj)Z(dj,k,Hj,k) for all jeQ)

q
= — Qi k+1 [ykJrl - Z ¢}:k+1(Hj,kuj,kz + dj,k)] U;Fk
j=1

q
— Ny 1 [yk+l =Y b (Hjkujx + dj,k)] ui A (5.9)
=1

Then, for all £ € N, the update equations are

di k1 = dijo — YaNkOik, (5.10)
Hip1 = H; o — yamilig, (5.11)

where v > 0,74 > 0, vy > 0, and

A 1

M = : (5.12)
v+ X lusll?

The initial conditions for (5.10) and (5.11)) are d;p € R?** and H,, € H. Note that

for all H; o € H, it follows from (5.9)), (5.11)), and (5.12)) that for all k € N, H; € H.
Thus, the update equation (5.11)) for H;j preserves the block structure of H, .

For all k € N, w;, is calculated using the estimates d; , and H; ;. Specifically, for
all k € N,

7

Thus, the adaptive controller is given by —. The control architecture is
shown in Fig. Ifdi, =d;.and H,;, = H, ., then Theorem and imply
that u;, = u; 4.

The update equations f are normalized gradients derived from the cost
dr. See for more details on normalized gradient algorithms. The norma-
lization 7, and gains 74 and vy are obtained from the stability analysis in the next
section.

Us e = _H‘—j_kdz’,k‘ (513)

—> Unknown System
#(t) = Az(t) + Bu(t) + Did(t) —2) ] Sample | ¥s+1
y(t) = Cx(t) + Du(t) + Dod(t)

Uyl u(t) = (£7() © In )k ut)

Up

d 1 dit1 = di, + 29k Pk [yk+1 — G (Hyug + dk)] Yk
k <
H,

¢ Hypy = Hy + yunmkdrer {yk+1 — Oy (Hiup + dk)]UE <
+ YA e Pry1 [yk+1 — Oy (Hruy + dk)}u;f/\% 41”‘—‘

Figure 5.1: Schematic of TD-AHC given by (5.7)—(5.13).

7uk:—H,:rdk
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5.5 Stability Analysis

To analyze the stability of the closed-loop system, we make the HSS assumption:
(A5.3) For all k € Z*, yr, = Ynss(KTs, U1 =1, - - -, Ugp—1)-

Assumption |(A5.3)| combined with (5.5)) and (5.13)) implies that
q
Ynir = Y O e (diu — Hy Hdj ). (5.14)
=1

Let a > vg /2 + qv4/v, and define the estimation errors

A I A
dip = dij — ad; 4, H;, = H; —aH;,.

Then, subtracting ad; . from both sides of (| and substituting (5.8]) and -f

- 5.14)) yields

= = 274
diers = d;
K1 kT +Z? 1||kadjk“2
X Qi k1 [(1 — Q)Yrt1 + Zfbj k+1( Js ng ik — dj,k)]- (5.15)
7=1

Similarly, subtracting aH,, from both sides of (5.11)) and substituting (5.9) and

(-12)(5.14) yields

F i YH
Hip1 = H;p, +
> 1\|kadij2

[cﬁz k1 {(1 — Q)Yk+1 +Z¢J k+1< wHdin = d )}(H wdig) "

j=1

+ Ne@i 41 [(1 — Q)Yps1 + Z ?; k+1< o H 0 dg dj,k)] (H;Lkdi,k)TAﬂ :
7=1

(5.16)

The following theorem is the main analytic result of this chapter and provides the
stability properties of the closed-loop system ([5.14)—(5.16). The proof is in Section

Theorem 5.2. Consider the closed-loop system ([5.14])—(5.16]), which consists of
(b-8)—(5.14]), where v > 0, 74 > 0, and vy > 0, and where|(A5.1)H(Ab.3)|are satisfied.
Then, for all « > v5/2 + ¢74/v, the following statements hold:

7) (cil,k, . ,chJg, I:ILk, ..., Hy1) = 0is a uniformly Lyapunov stable equilibrium of
E19)-E10).

i1) There exists r > 0 such that for all CZLO, . ,dV(LQ € B,(0) and all fILO, . ,fIq@ €
HNB,(0), dig, Hig, and u;y are bounded and limy_, yx = 0.
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iit) Let dyg,...,dg0 € R, and let Hig,...,H;p € H. Assume that there exists
ks € Nand e > 0 such that for all k > kg, Amin(H; xHj'y,) > €. Then, d;y, Hyp,
and u; ; are bounded, and limy_,o yi = 0.

Part [¢)| of Theorem states that the equilibria of the closed-loop system f
(5.16)) are uniformly Lyapunov stable, and part |i7)| guarantees local convergence of the
performance y;, to zero. Partprovides a sufficient condition for global boundedness
of dix, Hir, and w;, as well as global convergence of the performance y; to zero.
Specifically, part invokes the assumption that there exist ks € N and € > 0 such
that for all & > ki, )\min(H@kHiTk) > ¢. This assumption, which implies that H;j is
asymptotically full row rank, cannot be verified a priori. However, the assumption
)‘min(Hi,kHEk) > ¢, for some arbitrarily small € > 0, can be verified at each time
step. If the condition Amin(H;xH}y) > € is violated on a time step, then H;j, can be
perturbed to ensure )\min(Hi,ngk) > ¢. However, analyzing the stability of such a
perturbation is an open problem. Nevertheless, simulations and experiments suggest
that for almost all initial conditions d; € R2¢ and H;o € H, H,;j, is asymptotically
full row rank, and thus, satisfies /\mm(Hi,kHEk) > ¢. In this case, part states that
the performance y; globally tends to zero.

Notably, Theorem does not impose upper bounds on the gains v; and vyp.
Thus, TD-AHC can be implemented with arbitrarily large gains, which can improve
convergence time as demonstrated in the simulations and experiments in the following
two sections.

5.6 Numerical Examples Comparing TD-AHC To FD-HHC

Consider the two-mass structure shown in Fig. [5.2] where ¢; and ¢y are control
forces, and d; and ds are disturbance forces. The equations of motion are given by

(5.1]), where

0 1 0 0
—(k1tks)  —(c1te2) k2 <2
A= % 0 0 I (5.17)
k2 <o —(ka+ks)  —(catcs)
0 0
L0
B=|mw | Di=B (5.18)
0o L
& (1)
| &) | a(t) | di(t)
x(t) = §2(t) ,u(t) = () ,d(t) = bt | (5.19)
&a(t)

Let m; = 2 kg, my = 1kg, ¢; = 60 kg/s, co = 50 kg/s, ¢35 = 40 kg/s, ky =
300 N/m, ko = 200 N/m, and k3 = 400 N/m. For all examples, v = 1. The initial
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Figure 5.2: Two-mass structure used in Examples 5.9

conditions are x(0) = 0, d; o = 0, and

Re Gi,() Im Gi’g
Hio=1 10 G,y ReGip | (5-20)
where G, € Ct*™_ The initial condition G0, the update period T;, and the gains 74
and vy are specified in each example.

In the following examples, we compare FD-HHC to TD-AHC, which is given by
(-7-(.13). FD-HHC requires an estimate of Gy, (jw;), and the estimate must be
sufficiently accurate to ensure closed-loop stability. See Theorem for details. In
the SISO case, the closed-loop FD-HHC system is asymptotically stable only if the
estimate of Gy, (jw;) is within 90° of G, (jw;). In contrast, TD-AHC does not require
a sufficiently accurate estimate of G, (jw;). To compare FD-HHC and TD-AHC, we
set the FD-HHC estimate of Gy, (jw;) equal to the TD-AHC initial condition G, ,
which, in most applications, is the best a priori estimate of Gy, (jw;).

We implement FD-HHC according to (2.11). FD-HHC is a frequency-domain
method, and all computations use DFT data. The DFT is performed using a 1 kHz
sampling frequency. We select the FD-HHC gain p = 4 x 10°, which was determined
through numerical experimentation to yield the fastest convergence rate.

Example 5.1. Consider the SISO system and —, where y = &,
P = u, Yo =0, dy =0, and do(t) = 10cosw;t + 10sinwt, where wy = 97 rad/s.
Let v4 = v# = 0.2. We consider the case where (G1 satisfies the FD-HHC stability
condition, that is, Gy is within 90° of Gy, (yw1). Specifically, G = 5¢/%5 Gy (Jwr)-

FD-HHC is updated with update period 0.25 s, which was determined through
numerical experimentation to yield the fastest convergence time. First, we compare
FD-HHC to TD-AHC with the same update period (i.e., Ty = 0.25). Figure[5.3|shows
y and u for FD-HHC and TD-AHC. The control is turned on after 1 s. Both FD-HHC
and TD-AHC yield asymptotic disturbance rejection. However, the convergence time
is improved slightly with TD-AHC relative to FD-HHC.

FD-HHC cannot be implemented with a larger gain p without causing instability.
In contrast, TD-AHC can be implemented with larger gains v, and yg. The left-hand
side of Fig. [5.4shows y and u with TD-AHC, where T, = 0.25 s and 4 = vy = 2. TD-
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AHC yields asymptotic disturbance rejection, and the convergence time is improved
relative to the best case with FD-HHC, which is shown in Fig.

TD-AHC can also be implemented with a smaller update period Ty if the gains
vq¢ and vy are reduced to ensure that the control u;; does not change too much
from one update to the next, and thus, the HSS approximation is valid. In contrast,
FD-HHC cannot be implemented with a smaller update period than T, = 0.25 s
without causing instability. The right-hand side of Fig. shows y and u with
TD-AHC, where T, = 0.001 s and vy = vg = 0.004. TD-AHC yields asymptotic
disturbance rejection, and the convergence time is improved relative to the best case

: \l ****‘
A, oA

t(s) t(s)

Figure 5.3: For a SISO system, where G o is within 90° of Gy, (jw1), both FD-HHC and TD-AHC
yield y(t) — 0 as ¢t — co. The dashed lines show %||uy ..

Example 5.2. We reconsider Example 1 but with an initial estimate G, that
does not satisfy FD-HHC stability condition, that is, G ¢ is not within 90° of G, (Jw:).
Specifically, G1o = 5@J2§Gyu(]w1). TD-AHC is implemented with 7y = 0.01 s and
Y4 = vg = 0.04. The control is turned on after 1s. Figure shows y and u for
FD-HHC and TD-AHC. In this case, y with FD-HHC diverges because the estimate
G1, is not sufficiently accurate. In contrast, y with TD-AHC converges to zero. A

Example 5.3. Consider the SISO system (5.1) and (5.17)—(5.19), where y =
& + v, and v is a zero-mean Gaussian white noise with intensity 107° mm?. We let

Py =wu, P =0, dy =0, and dy(t) = —30coswit + 30sinw;t, where w; = 23.3 rad/s
is a natural frequency of the two-mass system. Let G o = 10e’% Gyu(ywr), Ty = 0.1 s,
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Figure 5.4: TD-AHC can be implemented with larger gains 74 and ~yg, or with a smaller update
period Ty if the gains 74 and vy are reduced to ensure that the HSS approximation is valid. The
dashed lines show =£||uq «|.

and v4 = vy = 0.9. Figure 5.6 shows y, u, d; ;, and Hy; with TD-AHC. The control
is turned on after 1 s. TD-AHC yields near-zero steady-state performance. Note
that the noise v does not cause drift in adaptive parameters d,; ; and H; ;. In fact,
numerical testing suggests that noise does not cause parameter drift in general.
Theorem shows that there exists a continuum of uniformly Lyapunov stable
equilibria, where —H;Lkdi,k = ;. Thus, d;;, and H;j need not converge to d;, and
H, . in order to achieve asymptotic disturbance rejection. Figure shows that in
this example d, ;, and H; ; do not converge to d; . and H;,. The choice of gains 74
and vy, and initial conditions d; y and H; impacts the steady-state values of d; ;, and
H; 1, as well as the transient behavior. As discussed in Example 1, increasing the

gains v4 and vy tends to improve convergence time. A

Example 5.4. Consider the SISO system (5.1)) and (5.17)—(5.19)), where y = &1,

Y1 = u, ¥y = 0. We consider a case, where the disturbance frequency is time-
varying. Specifically, we let d; = 0 and dy(t) = 20 cos f§ wi(7) d7 + 20sin f§ wy(7) dr,
where for all t > 0, wi(t) = 27(4 — 3c0s0.2t) rad/s. Let Gy = 10e’5G,,(587),
Ty = 0.001 s, and v4 = v = 0.005. Figure shows y and u with TD-AHC. The
control is turned on after 1 s. TD-AHC yields asymptotic disturbance rejection. In
fact, numerical testing suggests that TD-AHC is effective for rejection of disturbances
with time-varying frequency if the time variation is known, and the rate of change of
the frequency is sufficiently small. A
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Figure 5.5: For a SISO system, where G ¢ is not within 90° of G, (jw1), y with FD-HHC diverges,
whereas TD-AHC yields y(t) — 0 as ¢ — co. The dashed lines show =%|lug .||

Example 5.5. Consider the MIMO system (5.1)) and (5.17)—(5.19)), where y =

[¢1&]" and [v1v2]" = u. The two-tone disturbances are dy(t) = 5 coswit 4 7 sin wyt
and dy(t) = 6coswit + 9sinwot, where wy; = 87 rad/s and wy = 57 rad/s. We let
Gip = 56]%03/“(]001), Gap = 56J37"Gyu(jw2), T, =0.1s, and 74 = vy = 0.9. Figure
b.8 shows y and v with TD-AHC. The control is turned on after 1 s. TD-AHC yields
asymptotic disturbance rejection. A

5.7 Results From Active Noise Control Experiments

We present results from an active noise control experiment to demonstrate TD-
AHC. Figure [5.9 is a photograph of the experimental setup, and Fig. 10 shows a
schematic of the experimental setup, where n; and ns are the horizontal and vertical
axes of a fixed Cartesian frame. Disturbance speakers are located at (—0.15,0) m and
(0.15,0) m, and these speakers generate disturbances d; and dy. Control speakers are
located at (—0.30,—0.27) m and (0.30, —0.27) m, and these speakers generate control
inputs ¢y and 1, which are determined by TD-AHC. Microphones are located at
(—0.03, —0.27) m and (0.20, —0.27) m, and these microphones measure the pressures
& and &, which are used as the measured performance y.

Measurement signals from the microphones are amplified by a SM Pro Audio
PR8E microphone preamplifier. The four speakers are M-Audio AV42 2-way 4-in
monitor speakers. The two microphones are Audio2000 1064BL vocal microphones.
The controller is implemented on a dASPACE DS1103 controller board. Note that
no system information is required to implement TD-AHC. Thus, we do not use any
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Figure 5.6: For a SISO system subject to measurement noise, TD-AHC yields near-zero steady-state
performance. The noise v does not cause drift in dy , or Hy .

knowledge of the characteristics or locations of the experimental components to im-
plement TD-AHC.

For all experiments, the controller is turned on at 5s, Ty = 0.05s, v =1, d; o = 0,
and H,p is given by , where G, € C™*™ is specified in each experiment. The
gains v, and gy are specified in each experiment. Let u, > 0 be the maximum
allowable magnitude for each control input. For all control speakers, u,, = 447 mV.
Let wy = 2067 rad/s and wy = 3627 rad/s.

Experiment 5.1. Consider the SISO system, where ¥ = u, o = 0, y = &,
dy(t) = 0.2sinwqt, and dy(t) = 0.2 cosw;t. Let 74 = 0.01 and vy = 0.5. We examine
two initial conditions Gy o, which have angles that are 180° apart. The 180° difference
guarantees that one of the initial conditions satisfies the FD-HHC stability condition
(i.e., G1p is within 90° of G,,(jw1)), whereas the other initial condition does not
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Figure 5.7: For a SISO system subject to a sinusoidal disturbance with time-varying frequency,
TD-AHC can yield disturbance rejection if the time variation is known, and the rate of change of
the disturbance frequency is sufficiently small.

satisfy the FD-HHC stability condition.

First, we let G1o9 = —0.056 + y0.254. Figure [p.11] shows that TD-AHC yields
asymptotic disturbance rejection. After TD-AHC is turned on, the amplitude of the
performance y decreases monotonically and reaches a near-zero steady-state value.

Next, we let G190 = 0.056 — 0.254. Figure [5.12)shows that TD-AHC yields asymp-
totic disturbance rejection. However, the transient response and the convergence time
are degraded compared to the previous case where G o = —0.056+70.254. In particu-
lar, the amplitude of the performance y initially grows before it decreases to the near-
zero steady-state value. This suggests that the initial condition Gy = 0.056 — 70.254
for the second case does not satisfy the FD-HHC stability condition, whereas the
initial condition G = —0.056 4 70.254 for the first case does satisfy the FD-HHC
stability condition. A

The gains v, and vy used in Experiment 1 can be increased to yield faster conver-
gence rates. However, increasing 74 and 7y can cause actuator saturation (i.e., the
magnitude of the control input v determined by TD-AHC can become larger than
um). The following experiment demonstrates the effects of increasing v, and ~vy.

Experiment 5.2. We revisit the two cases in Experiment but with larger
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Figure 5.8: For a MIMO system with a two-tone disturbance, TD-AHC yields y(t) — 0 as t — oo.

gains, specifically, v = 0.1 and v = 1.9. Figure shows y and u, where Gy =
—0.05640.254. In this case, TD-AHC yields near-zero steady-sate performance, and
the convergence time is improved relative to the case with v; = 0.01 and vz = 0.5,
which is shown in Fig. [5.11

Figure [5.14shows y and u, where G o = 0.056 — 50.254. At approximately t = 7's,
the magnitude of u; ;, determined by TD-AHC exceeds u,,, which saturates the control
speaker. However, TD-AHC yields near-zero steady-state performance. A

Experiment 2 demonstrates that increasing gains 4 and 4 can cause actuator
saturation. In Fig. [5.14] TD-AHC yields near-zero steady-state performance despite
actuator saturation during the transient. However, the following experiment de-
monstrates that actuator saturation can degrade TD-AHC performance even if zero
steady-state performance is achievable (i.e., ||u; .|| < Um)-

Experiment 5.3. Consider the SISO system, where ¥ = u, ¥ = 0, y = &,
di(t) = 0.15sinw;t, and dy(t) = 0.15coswit. Let 74 = 0.1, vy = 1.9, and Gy =
—0.021470.092. Figure[5.15shows y and u with TD-AHC. At approximately ¢ = 6 s,
the magnitude of u exceeds u,,, which saturates the control speaker. In this case, TD-
AHC does not yield near-zero steady-state performance. Note that perfect asymp-
totic disturbance rejection is possible because ||uy .|| < uy,. However, the transient
response causes the actuator to saturate, and in this case, saturation prevents u;j
from converging to u; .. A

Experiment 3 demonstrates that actuator saturation can prevent perfect asymp-
totic disturbance rejection even if perfect asymptotic disturbance rejection is achie-
vable (i.e., ||u; .|| < um). To address this shortcoming, we present a modified version
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Figure 5.9: Photograph of the experimental setup.
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Figure 5.11: TD-AHC yields near-zero steady-state performance. After TD-AHC is turned on, the
amplitude of y decreases monotonically, which suggests that G satisfies the FD-HHC stability
condition (i.e., G1,9 is within 90° of Gy, (jw1)). The dotted lines show tuy,.

of TD-AHC. Specifically, we present a modification to the update equations for d;
and H; .
For j =1,...,m, let e; € R"™ be the jth row of I,,,, and define

E; 2 l ¢ Uixm 1 e R, (5.21)

O1xm €;

Let € > 0 be an arbitrarily small tolerance for the minimum eigenvalue of Hi,kHEk.
Then, for all £ € N, the update equations for H; and d; are

l]-i7 Ai, %7 s if Amin EI@ H;T <eg,
Higpy =4 FrionErrnEe HitsrHir) (5.22)

H; jy1, otherwise,

@i ki1di ki, if _max 1B H i || > tm,
J

T

dik+1 = (Lo} (5'23)
d_i’]g+1, otherwise,
where
Hipor = Hip — vamilir, (5.24)
digr1 2 dig — Yank0ir, (5.25)
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Figure 5.12: TD-AHC yields near-zero steady-state performance for the same SISO system as in
Fig. 5.1 but with an initial condition G ¢ that is 180° from the initial condition used to obtain Fig.

After TD-AHC is turned on, the amplitude of y initially grows, which suggests that G does
not satisfy the FD-HHC stability condition (i.e., G is not within 90° of Gy, (jw1)). The dotted
lines show +uy,.

A um\/Amin(Hi,k-l-lHEk-&-l)

Q1 = 2l ; (5.26)
and U; ;1 € R?% and V; ;41 € R*™*?™ are unitary matrices such that
Hipir = U1 N g1 Vi1, (5.27)
where A,z € R**?¥™ is given by
O1,k+1 0
Rigr 2 O 20) | (5.28)
0 T2 k+1 !
and 01 p41,...,02k+1 are the singular values of }_Ii,kﬂ, and where
Nigpr = [ Sikt1 Ozexem—20) | € RZP™, (5.29)

129



Control

turned on
+ T T T T
|
50 I .
|
=
E o0
>
|
-50 I .
I L L L L
T T T T T
500 o] L T
|
|
= |
E o
= |
|
T R
I L L L L

Figure 5.13: With increased gains 4 and vy, TD-AHC yields near-zero steady-state performance,
and the convergence rate is faster than that in Fig. The dotted lines show Fuy,.

and

max {01 k41, VE} 0

Yikt1 = (5.30)

0 max {09 k41, v}

Thus, the modified TD-AHC is given by (5.7)—(5.9), (5.12)), (5.13]), and (5.21)—(5.30]).

Note that, in the SISO case, singular value decomposition required for modified TD-
AHC can be performed analytically. In the MIMO case, we use a coordinate-rotation
digital-computer algorithm to perform the singular value decomposition. See
for more details.

The condition maxje(1,..m} | B H 5 d; 4]l > um in (523) implies that ||Hd, .|| >

Up. 1t follows from (5.13)), (5.22), (5.23), and (|5.26|) that for all k¥ € Z* and all
je{l,...,m},

| Ejui x| = ||E] Hi—f_kdi,k

d )
i k|| di k| , if max ||EJHz+kdzk|| > Uy,
S )\mln(H’L,kHEk) je{1,....m} ) s

U, otherwise

= Up. (5.31)
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Figure 5.14: With increased gains 4 and ~ygy, TD-AHC causes actuator saturation during the
transient. However, in this case, TD-AHC yields near-zero steady-state performance. The dotted
lines show +uy,.

Therefore, the magnitude of each channel of the control (i.e., ||Eju;k||) is less than
U, Which implies that the modified TD-AHC guarantees that the controls do not
saturate.

Experiment 5.4. We revisit Experiment using modified TD-AHC. We let
e = 0.1. Figure shows y and u with modified TD-AHC. In contrast to the results
with TD-AHC (shown in Fig. , modified TD-AHC yields near-zero steady-state
performance. A

The following experiment demonstrates the robustness of TD-AHC to changes in
the system dynamics. Specifically, the location of the control speaker changes during
the experiment, and TD-AHC adapts to the changes.

Experiment 5.5. Consider the SISO system, where ¥ = u, o = 0, y = &,
di(t) = 0.0l sinw;t, and do(t) = 0.01 coswyt. Let Gy = 0.0622 — 70.4478, v4 = 0.9,
and vy = 1.9. Figure [5.17] shows y and v with modified TD-AHC. The controller
yields disturbance attenuation. At approximately ¢ = 19 s, the location of control
speaker is changed from (—0.30, —0.27) m to (—0.15, —0.27) m. The controller adapts
to the change and yields disturbance attenuation. At approximately ¢ = 33 s, the
location of control speaker is changed from (—0.15,—0.27) m to (—0.40, —0.40) m.
The controller adapts to the second change and yields disturbance attenuation. A
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Figure 5.15: TD-AHC causes actuator saturation during the transient. Perfect asymptotic distur-
bance rejection is not achieved even though ||uj .|| < uy. The dotted lines show fu,,, and the
dashed lines show =£||uq «|.

The following experiment demonstrates a case, where the disturbance frequency
is not known accurately.

Experiment 5.6. Consider the SISO system, where ¥, = u, ¥ = 0, y = &,
di(t) = 0.0l sinw;t, and da(t) = 0.01 coswyt. Let Gy = 0.0622 — 50.4478, v4 = 0.9,
and vy = 1.9. We let the frequency of the control differ from the disturbance fre-
quency. Specifically, we use 1.001w; as the frequency of the control . Figure m
shows y and v with modified TD-AHC. The controller yields disturbance attenuation.
At approximately ¢t = 180 s the performance grows; however, the performance dimi-
nishes by approximately ¢ = 190 s. The growing and diminishing of the performance
is due to the difference between the frequencies of disturbance and control, and is re-
peated over time. If the difference between the frequencies of disturbance and control
is not sufficiently small, then TD-AHC does not yield disturbance attenuation. Ho-
wever, shows that adaptive feedforward methods are not generally effective for
sinusoidal disturbance rejection if the difference between frequencies of disturbance
and control is not sufficiently small. A

In the following experiment, we use modified TD-AHC to reject a two-tone dis-
turbance acting on a MIMO system.
' =

Experiment 5.7. Consider the MIMO system, where y = [& &]" and [1 v
u. The two-tone disturbances are d;(t) = 0.011 coswit + 0.012sinwyt and da(t) =
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Figure 5.16: Modified TD-AHC yields near-zero steady-state performance despite actuator satura-
tion. The dotted lines show %u,,, and the dashed lines show =%|luq .||

0.015 coswit + 0.010 sinwst. Let v4 = 1074, vg = 0.01, and

0.1475 + 70.0715  0.0357 + 0.0205

GrLo=G20=1 _( 0003+ 90.0242  0.0561 + 50.1419 |’

Figure [5.19 shows that modified TD-AHC yields asymptotic disturbance rejection.
A

5.8 Conclusions

We presented a sampled-data adaptive harmonic controller for rejection of known-
frequency sinusoids that act on a completely unknown MIMO LTI system with at least
as many controls as performance measurements. The main analytic result shows that
the closed-loop system is uniformly Lyapunov stable and that the closed-loop perfor-
mance tends to zero asymptotically. In contrast to FD-HHC, the adaptive controller
in this chapter is a time-domain method and does not require DFT computations.
Numerical simulations suggest that the new sampled-data adaptive harmonic control-
ler can be implemented with larger gains or with faster sample rate than FD-HHC.
These larger gains or faster sample rate tend to reduce convergence time of TD-
AHC relative to that of FD-HHC. We also presented results from active noise control
experiments, which validate the practical effectiveness of TD-AHC.
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Figure 5.17: Modified TD-AHC adapts to changes in control speaker location, and yields disturbance
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5.9 Proof of Theorem

Let a > yu /2 + qya/v. For all k € N, define

q ~ ~
Jeer £ (1= a)ypr + Z ¢jT,k+1<Hj,kH;,rkdj,k - dj,k)- (5.32)
j=1
Substituting ((5.12) and (5.32)) into ((5.15)) and (5.16]) yields
i1 = dig + 2900k Bi o1 Tk 1, (5.33)

~ A T ~ T AT
Hijr1 = Hi g+ YEMk®i k1 Ok 1Y g + YEMENDi ki1 Or1 U 1 Ay

Define the partial Lyapunov function

2
3

~ ~ q ~
‘/d(dl,ka s 7dq,k) é Z ||d7]€
7=1

and the difference

A‘/Yd(k) = Vd(dl,k+17 cee 7dvq,k+l) - V;i(dvl,kv cee adq,k‘)-

Since for all £ € N, ¢Ek i = Lo, evaluating AVj along the trajectories of ((5.33) yields
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Figure 5.18: For a SISO system, where the disturbance frequency is not known accurately, modified
TD-AHC can yield disturbance attenuation if the frequency of the control is sufficiently close to the

disturbance frequency.

q ~
AVy(k) = 46]73771%||?3k+1||2 + 4vank Z dfk j,k+1?3k+1- (5.35)
=1

Define the partial Lyapunov function
5 ; A NS 7|12
Vi (Hig, ..., Hor) =D | Hjkll7,
j=1

and the difference
AV (k) 2 Vy(Hy gy, -y Hypsr) = Vi (Hi gy - .o Hyp).

Evaluating AVy along ([5.34]) yields

q

AVy(k) =) tr {27anﬁ?k¢j,k+lgk+lujT,k + Q’YHﬁkﬁEkAe%kHﬂkHUzkAE
j=1

2 2 T AT T N 2. 2 T AT AT
+ WanUj,kUj,kka‘?j,kH¢j,k+1yk+1 + VHWkUj,kAmAmUj,kka
T T N
X j,k+1AZ Ae¢',k+1yk+1

+ 29t 1 B 1 N B g e D | (5.36)
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Figure 5.19: For a MIMO system with a two-tone disturbance, modified TD-AHC yields asymptotic
disturbance rejection.

Note that A} A, = I, and AfA, = I, and for all k € N, ¢},¢,, = I, and
Gi k1 MP; 1 = 0. Thus, it follows from (5.36) that

q ~ ~
AVy(k) =Y tr [27anHEk j,k+1yk+1uT,k + 27anAE¢H;[,‘kAe¢j,k+lyk—i—lu;'[,‘k}

j=
2| rs |1 (5.37)

+ 297w
Since ﬁi,o € 3, it follows from ([5.34]) that for all k € Z+, I:[@k € H. Thus, A;Fnlzfgk[\e =
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]:ng, and (5.37)) implies that

q ~
AVy (k) :47HUkZUjT,kHjT,k j,k+1?3k+1+27 77k||“]k|| ||?Jk+1||2 (5.38)

Define the Lyapunov function

: - - Va(digs- -, d, Vig(Hiy, ... H,
Vidissooodya B Fyg) 2 O]y Bl Fui) (5 5
d H

and define the Lyapunov difference

AV(k) = V(dl,k+17 ce 7Jq,k+17 f{l,kJrlv s qu,kJrl) - V(Jl,kv s >Ciq,ka ﬁl,ka cee 7]z[q,k)

1 1
= —AVy(k) + —AVy (k). (5.40)
Yd YH

Substituting (5 and - into - 5.40)) yields

1 L, - <~ \T R
Av<k>=4n,%[(qu+ 2 znugkn?)uykﬂnunZ(Hj,kuj,wdj,k) asy]

Jj=1 k j=1

(5.41)

Then, substituting ((5.32) into (5.41]) yields

q
TH A N
AV(E) = —4n [1 = v = 23 sl | [l = 4 = DyFadisa. (5:42)

j=1

To show [i77)] assume that there exists ks € N and € > 0 such that for all & > kg,
)\mm(szH ) > ¢. Thus, for all & > ki, H,kH = Iy, and it follows from ([5.13)),

, and (| - ) that for all & > kg,

Ok+1 = Yr+1 + Z ] k+1 (H H kdj k— dj,k)]
7j=1

Substituting ((5.12)) and (| - into - implies that for all £ > ki,

q
YH
AV (k) = —dm, [1 = qYane = 5 D sl + o = T lgesall”
=1
v VH
< —dny (oz ——— ) [k
v 2
= —dmer||lyen ], (5.44)

where ¢; & o — qyq/v — /2 is positive because a > Vi /2 + qv4/v. Thus, (5.44)
implies that for all k > ks, AV (k) is nonpositive. Therefore, it follows that V(dy g, . . .,
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dq,ky H Ly s ]:quk) is bounded. Since, in addition, V' is radially unbounded, it follows
that cilk and ﬁ@k are bounded. Thus, d;, and H;; are bounded. Since H; j, is bounded
and for all k > kg, Amin(H; 1 H;'},) > €, it follows that for all k > k, (H; H') ™" exists
and is bounded. Thus, for all k > kg, u;jp = —Hgk(Hi7kHEk)_1di7k. Since H;,
(HixH;})™', and d;, are bounded, it follows that ;. is bounded. Thus, and
imply that for all k > ks,

AV(]{?) S —CQ||yk+1H2, (545)

where

A 401

Cy =
V4 SuPpen 2= |k ||?

> 0.

Moreover, since V(Jl,k, o ,chJg, ﬁl,k, o ,F[qk) is positive definite, and AV (k) is non-

positive, it follows from (5.40) and ([5.45) that

k
< i 12
0 < ,}ggo; callyje

k
-y .
< 2 AV0)

S V(dl,ky e ,qugs, Hl,ksv e ,Hq,ks) — ]}LIEO V(d17k+1, e 7dq,k+17 Hl,k-‘rl’ Ceey Hq,k+1)

< V(dl,ksv s ’dq,ksvHLks’ s 7Hq7ks)a

where the upper and lower bounds imply that all the limits exist. Thus, limy_,. yx =
0, which confirms .

To show [7)] and note that it follows from that rank H,, = 2¢. Thus,
there exist r; > 0 and €; > 0 such that for all H; € B, (aH;.), Amin(H;H") > &1.

Let r € (0, \/T%Vd/(q(yd + 1)), and let dyg,...,d,0 € B.(0) and Hyy,..., H,o €
H NB,(0). Assume for contradiction that there exists k1 € Z* and i; € @ such that
Hi x, & B, (0) and for all k € KX £ {0,1,...,k; — 1}, H; € B, (0). Since for all
k€ X, H, € B,,(0), it follows that for all k € K, Ayin(H; 1 H5,) > 1. Thus, using
the same process as f with € replaced by &1 yields that for all £ € K,
AV (k) < 0. Therefore, it follows from that

k1—1
0<— Y AV(i)
=0

= V(d1,07 SRR CZq,Oa ]:—]1,07 sty Hq,O) - V(dl,kla s 7Jq,k1a ﬁl,kn ceey Hq,lﬁ)
1 7 2 7 2 1 ! 7 2 7 2 ] 2
= — > (Idsol® = ldi I?) + — | D2 1 Hiollf = [ Hipallp = D2 1o |17
Yd i—1 TH \ i=1

1€Q\{i1}
1 d 7 2 ]‘ d ] 2 r 2
< = Mdioll®* + —{ D 1 Hiolls — [ Hiy ok |1
Vd i=1 YH \;

i=1
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2 2 2
qr qr- — Ty

< —+
Vd YH
q l 374 ] 1 ( qriva 2>
< |+ — "= -1
Ya | ¢(Va + VH) Y \q(va + vu)
=0,

which is a contradiction. Thus, for all & € N, H;; € B,,(0), which implies that
H;\ € B, (aH,,). Therefore, for all k € N, )‘min(Hi,kHEk) > g1, and it follows from
that d;x, H;, and u;, are bounded, and limy_, yx = 0, which confirms .

Since for all k € N, Aui(H, ,H'},) > €1, using the same process as (5.43)-(5.45),
with e replaced by 1, it follows that for all k € N, AV (k) < 0. Thus, the equilibrium
(cﬂk, . ,Jq’k,ﬁm, e lflqvk) = 0 is uniformly Lyapunov stable [208] Thm. 13.11],
which confirms .

139



Chapter 6

Frequency-Domain Adaptive Harmonic Control for
Decentralized Control Systems

In this chapter, we present a decentralized frequency-domain adaptive harmo-
nic control (FD-AHC), which is effective for rejection of sinusoidal disturbances of
known frequencies that act on a completely unknown asymptotically-stable linear
time-invariant system. In fact, this chapter extends the FD-AHC algorithm presen-
ted in Chapter 4] to address decentralized control systems. The decentralized control
architecture consists of multi-input multi-output subsystems, where each local con-
troller does not have access to any information regarding the system or the nonlocal
measurements. We analyze stability and performance properties of the closed-loop for
multi-input multi-output subsystems. We show that the decentralized control rejects
sinusoidal disturbances asymptotically. In addition, we present a result regarding
the transient properties of the decentralized controller, which provides an estimate
for the convergence rate of the closed-loop system. We show that the convergence
rate can be significantly improved by choice of certain control parameters. We also
demonstrate the effectiveness of the controller through numerical simulations. The

result of this chapter appears in [196}[197].

6.1 Introduction

Rejection of sinusoidal disturbances is a challenging control objective in many
applications such as active noise cancellation [42], active balancing of rotating machi-
nery , active suspension control , and vibration suppression of rotorcraft and
spacecraft ,. The disturbance rejection problem is even more challenging if the
system or the disturbances are uncertain. In addition, large-scale dynamical systems
necessitate decentralized control architecture, that is, the control system must be
designed with the constraint that none of local controllers has information regarding
the nonlocal performance measurements .

For large-scale uncertain systems, decentralized adaptive control techniques that
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require limited model information are proposed in [I60H168|. Particularly, the techni-
que in concerns systems with strong nonlinear interconnections, and the method
in [|163] is applicable to large-scale dynamical systems with unknown interconnections.
The methods presented in develop decentralized adaptive controllers that
require local full-state feedback for closed-loop stabilization. These local full-state
feedback adaptive methods have been extended in [169H171]. Existing decentralized
control techniques for disturbance rejection are given in [144[[I51][170}[172). However,
these methods require some model information regarding the system to be controlled
and may not yield perfect tonal disturbance rejection.

For an asymptotically stable linear time-invariant (LTI) system, a centralized
control approach for sinusoidal disturbance rejection takes advantage of the system’s
harmonic steady-state (HSS) response, that is, the remaining sinusoidal response after
the transient response of the system vanishes. This technique was separately studied
in ,,,, and is known as ‘convergent control’ (for active rotor balancing)
and ‘higher-harmonic control’ (for helicopter vibration suppression). In this chapter,
we adopt the name frequency-domain higher-harmonic control (FD-HHC).

To further explain FD-HHC, consider an LTI system subject to a sinusoidal dis-
turbance with known frequency w. The control input generated by FD-HHC is a
sinusoid with frequency w, where the amplitude and phase are updated at discrete
times. FD-HHC is a frequency-domain approach, meaning that all control compu-
tations are performed using discrete Fourier transform (DFT) of the performance
measurements. The drawback of FD-HHC is that it requires an estimate of the
control-to-performance transfer function evaluated at the disturbance frequency w.
In the SISO case, this estimate, which is a complex number, must have an angle
within 90° of the actual value for closed-loop stability. In the MIMO case, closed-
loop stability is ensured provided that the estimate is sufficiently accurate. If there
are multiple disturbance frequencies, then estimates are required at each frequency.
For certain applications, this transfer function can be difficult to estimate or subject
to change.

To address uncertainty, adaptive HHC techniques have been developed ,
. However, the methods in , require an external excitation signal to gua-
rantee stability, and the analysis presented in [15§] is limited to an averaged system.
The adaptive disturbance rejection algorithms that we present in Chapters[2H are for
unknown systems, however, these methods are centralized control schemes. In [172],
a decentralized HHC technique is proposed. If the value at frequency w of the control-
to-performance transfer function is a diagonally-dominant matrix, then provides
some sufficient-but-not-necessary conditions for tonal disturbance rejection. There-
fore, the decentralized control technique requires some model information, and is not
applicable to unknown systems.

In this chapter, we present decentralized frequency-domain adaptive harmonic
control (FD-AHC). Decentralized FD-AHC consists of decentralized multi-input multi-
output controllers with at least as many local controls as local performance measure-
ments. Decentralized FD-AHC is effective for rejection of known-frequency sinusoidal
disturbances that act on a completely unknown asymptotically stable system. Similar
to FD-HHC, decentralized FD-AHC is a frequency-domain method and uses DFT of
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the local performance measurements for calculations of the local controls. We ana-
lyze stability and performance properties of decentralized FD-AHC. The main result
on decentralized FD-AHC shows that the controller asymptotically rejects the dis-
turbance. In addition, we present a result that concerns the transient properties of
decentralized FD-AHC. That result provides an estimate for the convergence rate of
the closed-loop system. We show that convergence rate can be significantly improved
by choice of significantly large adaptive gains.

6.2 Notation

Let F be either R or C. Let z(;) denote the ith element of xz € ", and let A ;
denote the element in row ¢ and column j of A € F™*". Let || - || be the 2-norm
on [F". The Moore-Penrose generalized inverse Chap. 6.1] of A € R>™ is
denoted by At € R™*¢. Note that if A € R™™ is right invertible (i.e., rank A = /),
then AT = AT(AAT)"!. Next, let A* denote the complex conjugate transpose of
A € F™" and define ||A||r = Vtr A*A, which is the Frobenius norm of A € F™*,
Let R[s] denote the set of polynomials with real coefficients.

We write A > 0 if and only if A € F*"*" is Hermitian positive-definite. Let
Amin(A) denote the minimum eigenvalue of the Hermitian positive-semidefinite matrix
A e Frn,

Define N = {0,1,2,---} and Z* = N\{0}. Define the open ball of radius r > 0
centered at C € C™" by B,(C) £ {X ¢ C™": | X — COllp < r}.

6.3 Problem Formulation

Consider the LTT system

where t > 0, z(t) € R" is the state, 2(0) = 2o € R" is the initial condition, d(t) €
R? is the unmeasured disturbance, A € R"*" is asymptotically stable, and for all
i€ R={1,2,...,r}, u(t) € R™ is the control and y;(t) € R% is the measured
performance. Let wy,ws,...,w, > 0, and consider the sinusoidal disturbance

q
d(t) = Z dc,j COS wjt + ds,j sin wﬂf, (63)

J=1

where for all j € Q = {1,2,...,q}, d.j,ds; € RP.

We consider the decentralized disturbance rejection problem, where for each i € R,
the control u; can depend on the local measurement y;, but cannot depend on nonlocal
measurements {y; : j € R\{i}}. Our objective is to design a decentralized control
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architecture such that the control w; eliminates the effect of the disturbance d on
the performance y;. We seek to design a control that requires no model information
regarding and . Unless otherwise stated, all statements in this chapter that
involve the subscript i are for all 7 € R.

Define m £ >i—1myj, and let Gy, : C — Ct*™ and G,,q : C — C%*P be given by

Gyu(s) = Ci(sI — A)'B + D,
Ga(s) = Ci(sl — A)™'D; + Dy,

where

[I>

B2 B - B, |
D; 2| Diy - Diy .

For simplicity of presentation, we focus on the case where d is the single-tone distur-
bance

d(t) = d. coswt + dg sin wt. (6.4)

However, by using separate copies of decentralized FD-AHC at each frequency, the
adaptive controller presented in this chapter generalizes to the case, where d consists
of multiple tones. See Section for details. We consider multi-tone disturbances
for the numerical examples presented in Section [6.6]

Define

M;, 2 Gyu(jw) € CH*™

)

and
M, £ { ME* ME* }T Gcéxm,

where ¢ = 3°7_, £;. We make the following assumptions:
(A6.1) rank M, = ¢.
(A6.2) m; > ¢;.
(A6.3) wy,...,w, are known.

Assumption ensures that there exists controls uy, ..., u, such that yi,...,y.
tend to zero asymptotically. Assumption implies that the number of local
actuators is at least as large as the number of local performance measurements (i.e.,
m; > {;). Assumption implies that for all j € ), the disturbance frequencies
w; are known; however, the disturbance amplitudes d.; and ds;, and the system

model (6.1)) and (6.2)) are completely unknown. Note that assumption |[(A6.1)|implies
(A6.2)| for the case where r =1 (i.e., centralized control).
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harmonic control

For the moment, assume that, G,,, Gy,4, dc, and ds are known, and consider the

ui(t) = w;c coswt + u; s sinwt,

(6.5)

Define u; = U;c — Juis, Which is the DFT at frequency w obtained from a sampling

_ A _
u:{uT

where u; ., u;s € R™ determine the amplitude and phase of each local control w;.
of u;. In addition, define

=T
1 ... u

T
T ecm
bance (6.4) and control (6.5 is

Then, the harmonic steady-state (HSS) performance of (6.1) and (6.2) with distur-

where

yi,hss(t7 ﬂ) é Re [(Gyiu(jw)a + Gyid(Jw)(dc B jds>>e]wt}

= Re (M, u+ d; ) coswt — Im (M, ,u + d; ,) sinwt,

(6.6)
.y l;
i = Gya(w)(dec — yds) € C™.

The HSS performance y; s is the steady-state response of (6.1)) and (6.2]) with dis-
turbance (6.4]) and control (6.5)), that is, lim; o[y nss(£, @)
12.12]. Define

yi(t)] = 0 [201} Chap.
Qi,hss<a> é Mz,*fa + di,*a

(6.7)
which is the DFT at frequency w obtained from a sampling of y; 1. Moreover, define
B R B R 1T

ghss(u) =S { thss(u) o yrrljhss(u) } € Ceu
and it follows from that

ghss(ﬁ') - M*’l_t + d*,
where

d. 2 [ df, ar, ] ec
Define

yhss(t7ﬂ) £ [ y;f,hss(t7 'l_L)
and consider the cost function

4T
yg‘hss@? u) } € RZ’

_ .1t _
J(@) 2 Jim ¢ [y (r, )] d

(6.8)
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which is the average power of ys. Using and , it follows from that

1 st
J(u) = lim ;/ IR€ s (@) cos wT —Im Jes (@) sin wrl|* dr
0

t—o00

%M%@leﬂmwkw@]

Im guss(u) | \t= t Jo I Jnes (1)
= SO,
where
Q(r) 2 [ cos? wr —(cosgg)(sincw) ]
—(coswT)(sinwr) sin® wr

The following result provides an expression for a control u = wu, that minimizes J.

See Theorem [.1] for details.

Theorem 6.1. Consider the cost function (6.8)), and assume that [(A6.1)] holds.
Define u, = —M7(M,M?)"'d,. Then, §pss(u,) =0, and J(u,) = 0.

Theorem provides an expression for a control u, that minimizes J, but w,
requires knowledge of M, and d,.

In this chapter, we consider decentralized sinusoidal controls with frequency w
but where the amplitudes and phases are updated in discrete time. Let Ty > 0 be the
update period, and for each k € N, let u;;, € C™ contain information regarding the
local control amplitude and phase, which is determined from control update equations
presented later. Then, for each k € N and for all t € [kTy, (k+ 1)Ty), the local control
is

u;(t) = Re w;j coswt — Im u;  sin wt. (6.9)

For each k € Z*, let y; € C* denote the DFT at frequency w of the sequence
obtained by sampling y; on the interval [(k — 1)T5, kT;). If Ty is sufficiently large
relative to the settling time of Gy,,, then for all £ € N, y; 111 ~ Jinss(Usx) and
Y1 & Onss(Uk), where

T
A T T m
Up 2 [ufy - ufy ] ecm,

T
Yy £ [ y1Tk ?Jer } e C".
6.4 Decentralized Frequency-Domain Adaptive Harmonic Control

We present decentralized FD-AHC, where each local control u; does not require
any information regarding d,, M,, or the nonlocal measurements {y; : j € R\{i}}.
For all k € N, u;, is given by

Ui & —Mdi, (6.10)
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where d; , € C% and M; ., € C%*™: are adaptive parameters that are determined from
update equations presented below.
Consider the cost function g : C% x C4*™i — [0, 00) defined by

Jin(ds, M;) = ;HMzUzk +d; — yi,k+1H2~

Note that J; , can be interpreted as a measure of how well M Ui & +d approximates the
local performance y; 11, which itself is approximately equal to the HSS performance
gi,hss(Uk) = Mz,*Uk + di,*-

To determine the update equations, we define the gradients of J; ; with respect to
d; and M; evaluated at d; = d;  and M, = M, 1, which are given by

T
(di7Mi)(di,k7Mi,k))

od;
= M, g + di g — Yigt1, (6.11)
T
2 [ Qs
oM, (Czi,Mi):(di,k’Mi,k)
= (M puip + di — ylk+1>u:<k (6.12)

Let d;max € (0,00] be a known but arbitrarily large upper bound on ||d;.||. Let
wi >0, >0,and B; > 0. Then, for all k¥ € N, the update equations are

i .

LAY Hz s if 01 > dz maxs
eat = § P[0k | ,k+‘1|| ma (6.13)

i k41, otherwise,
M; g1 = Mg — vimiili i, (6.14)
where
Oi ki1 = dig — 1 1Oi ke, (6.15)
1
A

T 6.16
LY N E (6:16)

The initial conditions for and are d; o € C% and M, € CH*mi,

Thus, the adaptive controller is given by ([6.9)—(6.16]). The control architecture is
shown in Fig. Note that if d; max < 00, then ([6.13) is an orthogonal projection
of the adaptive parameter d, j, which ensures that for all k& € Z*, ||dix]] < dimax-
If d; max = 00, then there is no projection and d; = 0;;. In addition, note that if
Bi > 0, then n; ;, provides dynamic normalization for the update equations and
(6.15). If, on the other hand, 3, = 0, then for all &k € N, n;;, = 1, and thus, the
dynamic normalization is turned off.
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T» Unknown System i ‘ Sample DFT

: @(t) = Ax(t) + D1d(t) + > i_; Biui(t) :
wr | yi(t) = Cralt) + Dad(t) + 5y Digug(t) > Sample | DFT |——

/I - - --""""""-"-"-""-"-"-"-""-"-""-"-""=-"-"=-"-"-"~"°-"-"="-"=~"="="="=" =" °"°"°"°" =" =" °"¥°"¥°*°"°"~°"~°"~°"°"°¥°°"°”°" 7°¥”° 7>”" =~/ -~/ -/ - -~ 1
! — Mk ! Yrktt
L ur(t) = Re urk coswt | Urk Uy = — M dp i [ | Mrkar = Mrg = Yot (M U ks =+ e = Yr 1)Uy g [
—Im u, p sinwt ) rk@r, r |

(- 1
H Projection Eq. (6.13) H Or k1 = dr g — ey k(M ke g + dr ke — Yrkt1) klﬁ
I

Local Control r

| Yy
s 1 Y1,k+1
M g1 = My — yimu, e (M gug i+ di g — yl,k+1)u9{,k":

u1(t) = Re uq k coswt
—Im u; jsinwt

Local Control 1

Figure 6.1: Schematic of decentralized FD-AHC with r subsystems, where each local controller has
access only to local measurements.

6.5 Stability and Performance Analysis

If T is sufficiently large relative to the settling time of G,,,,, then the HSS approx-
imation y; 11 & Ui nss(Ug) is valid. To analyze the stability of the closed-loop system,
we make the HSS assumption that for all £ € N, y; x4+1 = Ui nss(Ux), which combined

with (6.7 implies that
Yikr1 = Mi U + d; . (6.17)

Define
S £ {(Plj-.~7PT7Q1;'~.7QT) Pz € CZiXZ’Qi c (C&'Xmi’
pa [ pr ... PT }T > 0, ||Pdy]| < ||dil,and PM, = diag(@h--.,Qr)},

The following lemma concerns the existence of 8.
Lemma 6.1. Assume [(A6.1)| holds. Then, § is nonempty.

The following theorem provides the stability properties of the decentralized closed-

loop system ([6.10)—(6.17). The proof is in Section
Theorem 6.2. Consider the closed-loop system (6.10)(6.17), where d;max €

{||dl*||, 00), f; = 0, and where |(A6.1)H(A6.3)| are satisfied. Then, there exist p > 0,
and v > 0 such that for all p; € (0, 1), and all 4; € (0,7), the following statements

hold:
Z) For all (Pl,...,Pr,Ql,...,Qr) S 8, (dl,ka~-->dr,k7Ml,k>--'aMr,k) = (Pld*,...,
P.d,,Q,...,Q,) is a Lyapunov stable equilibrium of (6.10)—(6.17).

it) For all (Py,..., P, Q1,...,Q,) € 8, there exists p > 0 such that for all d; €
B,(P,d.), and all M, € B,(Q;), M, and u;, are bounded, and limj,_, ;1 = 0.
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ii7) Assume that there exists ks € N, and € > 0 such that for all & > kg, Ayin (M, k
Z*k) > e. Then, for all d;y € C%, and all M;o € C%*™ M, and u; are
bounded, and limy_,oc ¥5 1 = 0.

Part [i)| of Theorem [6.2] provides Lyapunov stability of the equilibria of the closed-
loop system f. Part guarantees local boundedness of M, and w;y,
and local convergence of the performance y;; to zero. Part provides a sufficient
condition for global boundedness of M;; and w;;, and global convergence of the
performance y; , to zero. Part invokes the assumption that there exist ks € N and
e > 0 such that for all k > kg, Apin(Mir M) > €. This assumption, which implies
that M, is asymptotically full row rank, cannot be verified a priori. However, the
assumption /\min(Mi,kM{fk) > ¢, for some arbitrarily small € > 0, can be verified at
each time step. If the condition /\min(Mi,kM{fk) > ¢ is violated on a time step, then
M; 1, can be perturbed to ensure >\min<Mi,kMZk> > ¢. However, analyzing the stability
of such a perturbation is an open problem. Nevertheless, simulations suggest that
for almost all initial conditions d; o € C* and M,y € C*™, M, is asymptotically full
row rank, and thus, satisfies Ay, (M M) > €. In this case, part states that the
performance y; ;, globally tends to zero.

Theorem relies on the assumption that there exists a known d; max > 0 such
that d; max > ||d;]|. In practice, d;max can be selected arbitrarily large in order to

satisty d;max > ||dix]|-

The following result regards the transient properties of the closed-loop system

(16.10)—(6.17). The proof follows from direct calculations.

Theorem 6.3. Consider the closed-loop system (6.10)—(6.17)), where d; yax = 00,
pi =~ =, and B; > 0, and where |(A6.1)H(A6.3)| are satisfied. For all d;o € C%,
M;o € Ct*mi and all k € {{ + 1,0+ 2,...,}, there exist pr € R[y] and ¢ € R[y]
such that deg qx < lk + k — (, deg p. < Ck, and

pr(7)

Qk(fY)'

Numerical calculations suggest that the upperbound on the degree of the po-
lynomials px and g, given in the Theorem are equal to the degrees of those
polynomials (i.e., deg qi = ¢k + k — ¢, deg py = (k). In this case, for all k > ¢, there
exists ¢ > 0 such that

Vil =

Vil = ey (6.18)

It follows from that if we select v > 0 significantly large, then the rate of
convergence of the performance Y, can be improved significantly. Specifically, it
follows from that for each £ > ¢ and all € > 0, there exist v > 0 such that
[Yisa | <e.

The following theorem provides the stability properties of the closed-loop system
f with centralized control (i.e., r = 1). The proof is similar to proof of
Theorem A2
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Theorem 6.4. Consider the closed-loop system ([6.10)—(6.17)), where r = 1, §; >
0, dimax = 00, and where [(A6.1)H(A6.3)| are satisfied. Then, for all 1 > 0, and
71 > 0, the statements of Theorem [6.2] hold.

Theorem [6.4] implies that achieving asymptotic disturbance rejection with a cen-
tralized control architecture requires only dynamic normalization (i.e., 5; > 0), and
does not require projection of the adaptive parameter dyj (i.e., dimax = 00). Mo-
reover, note that Theorem does not impose any upper bound on the gains pq,
and ~;. Using arbitrarily large gains p; and 7, can significantly increase the rate of
convergence of y; 5 to zero.

6.6 Numerical Examples

Consider the 10-mass structure shown in Fig. [6.2] which consists of 10 masses, 11
springs, and 11 dampers. The control forces ¢, ..., 119, and the disturbance forces
dy,...,dy, are applied to masses my ..., mqq, respectively. The equations of motion

are given by (6.1)), where

)= &) &0 - Gl & ]

and -
d(t) = [ di(t) -+ duo(t) ] -
For all i € {1,...,10}, the non-zero elements of A € R?**? are given by
k; &
A 1,2i—3) — %7 A ,21—2) — %7
(20.2i-3) = - (2i,2i—2) i
—(ki + ki —(G+ ¢
Agigio1) = g, Ai2i) = g,
m; m;
k’i C;
A@izitt) = =1 Aiiyz) = - Apic120 = 1.
m; m;

Figure 6.2: The 10-mass structure used in Examples and
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For all i € {1,...,10}, we let m; = 2 kg, ¢; = 5i + 50 kg/s, and k; = 30i + 250 N /m.
For all ¢ € {1,...,10},

d; = 0.4(2i 4 3) coswyt + 0.4(2i + 1) sin wot,

is a multi-tone disturbance, where w; = 2007 rad/s, and ws = 2507 rad/s. The initial
conditions are z(0) = 0 and d; o = 0. The initial condition M, (, and parameters r,
i, Yis Bi, and d;max are specified in each example. The DFT is performed using a
10 kHz sampling frequency, and the update period is Ty = 0.04 s.

Example 6.1. Consider the system and , where A is given by . Let
r = 10, which implies m; = ¢; = 1. We let u; = v;, and y; = &; +v;, where v; is a zero-
mean 0.001 mm-variance Gaussian white noise. Moreover, we let p; = 7; = 1.5 x 107,
Bi =0, di max = 10", and M; o = 10%. The control is turned on after 1 s. Figure
shows y; and u;, where decentralized FD-AHC asymptotically rejects the disturbance.

In this case, as shown in Fig. the performance y; is negligible for ¢t > 3 s.
Therefore, since Ty = 0.04 s, and control is turned on at 1 s, Fig. [6.3] implies that
for all & > (3 —1)/0.04 = 50, y; is negligible. On the other hand, since ¢ = 10
and v = 1.5 x 10°, suggests that for all k£ > 12, ||Yx1]| is negligible. However,
this results does not consider measurement noise, and assumes [3; > 0. Nevertheless,
numerical simulations suggest that if 7; and p; are selected significantly larger than
other parameters of the system and the controller, then provides a near-exact
estimate for the time and rate of convergence of y; ;, to 0. A

Example 6.2. We revisit Example [6.1} where the control is centralized. In this
case, r = 1, which implies my = m = ¢, = ¢ = 10. We let u; = [v1 ~ ¢10]", and
y1 = [@+v1 - &o+uio]', where v; is a zero-mean 0.001 mm-variance Gaussian white
noise. We let iy = v = 1.5x10%, 81 = 1, dy jax = 00, and M; o = 10?I;. The control
is turned on after 1 s. Figure shows 7, € R and u; € R!°, where decentralized
FD-AHC asymptotically rejects the disturbance.

In this case, the performance Y1, 18 negligible for ¢ > 3 s, similar to the per-
formance y; in Fig. Comparing stability properties and convergence time, the
centralized control architecture in this case, has no advantages over the decentralized

control architecture in Example [6.1 A

6.7 Conclusions

We presented a MIMO decentralized frequency-domain adaptive harmonic con-
troller, which is capable of rejecting known-frequency sinusoidal disturbances that act
on a completely unknown asymptotically-stable LTI system. Decentralized FD-AHC
consists of multi-input multi-output controllers, where each local controller does not
have access to any information regarding the dynamic system, disturbance amplitu-
des and phases, or nonlocal performance measurements. We analyzed the stability
and performance properties of the closed-loop for MIMO systems with as many local
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Control
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Figure 6.3: For a completely unknown system with several control inputs and several performance
measurements subject to measurement noise, where only a decentralized control architecture is
feasible, decentralized FD-AHC with r = 10 rejects the sinusoidal disturbances asymptotically. The
convergence time is approximately as small as the convergence time implied by .

actuators as performance measurements. We showed that the decentralized control
architecture rejects the sinusoidal disturbances asymptotically. We also presented a
result that concerns the transient properties of the decentralized controller, and can
be utilized to estimate the convergence rate of the closed-loop system. The results
imply that convergence rate of decentralized FD-AHC can be improved remarkably
by selecting significantly large adaptive gains. We also demonstrated the effectiveness
of controller by numerical simulations on a mass-spring-damper system.

6.8 Proof of Theorem

Proof. Assume holds, and Lemmaimplies that 8 exists. Let (P, ..., P,
Q1,...,Q,) €8, and define

d~i,k £ diy — Pd., (6.19)
Mi,k 2 M — Q. (6.20)
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Control
turned on

Y (Cm)

Figure 6.4: For the same unknown system used to obtain Fig. but where a centralized con-
trol architecture is feasible, decentralized FD-AHC with r = 1 rejects the sinusoidal disturbances
asymptotically. The convergence time is approximately equal to convergence time of the decentra-
lized control architecture used to obtain Fig. [6.3

Let 8; = 0. Subtracting P;d, from both sides of (6.13]), and substituting (6.11]),
[16), and G17) yield

digs1 = Oy + {(”ZZ:E” - 1)91’“17 i fBreial] > i (6.21)
’ ’ 0 otherwise,
where
Oikr1 = dig + [Liliks1, (6.22)
and
Uikt1 = Yigr1 — Migwi g — dig. (6.23)

Similarly, subtracting @; from both sides of (6.14) and substituting (6.12]), (6.16)),
and (6.17) yield

Mi,k+1 = Mi,k + %ﬂi,kﬂuzk- (6.24)
Next, define the partial Lyapunov function

V;,d(czi,k) 2 dixll?, (6.25)
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and the difference
AVia(k) 2 Via(digrr) — Via(dig). (6.26)

Since || Pid.|| < ||d;«|| by definition of 8, and ||d;«|| < dimax, it follows from (6.13)
that for all k£ € Z+ ||d2 il < 116ix]l. Thus, evaluating AV; 4 along the trajectories of

, and using 2)) yield
AVia(k) = [ldig|* = 1 die])®
< Giprall® = Ndikll?
= 1 |G lI* + 20 G e (6.27)
Define the partial Lyapunov function
Vi (M) 2 || M |7,
and the difference
AV ar(k) 2 Viar(M; i) — Viar(Mig).
Evaluating AV )/ along the trajectories of yields

AVir (k) = 2 wisl Gk 1P + 2950 1 M i g (6.28)
Next, define the Lyapunov function

- ~ - - r 1 ~
Vi(dygy ooy dpgy My, ..., Myy) £ Z( d; +?V;,M( zk))a
i=1 ?
and the difference
AV (k) 2V (dy gty Aygert, Migit, ooy Mygsr) = Vidig, ooy dygey Mg, ..., M)

"1 1
=Y —AVi(k) + ?A%,M(k). (6.29)

Substituting ((6.27) and (| - ) into (| , and using and (6.20) yields
AV(k) <) ||§z‘,k+1||2(ui + %‘\|Uz‘,k||2) + Q(U;kM;k + Czj,k)gi,k—%l
i=1

=2 Hgi,kJrlHQ(Ni + %’Hui,kHQ) + 2Lup (Mg — Q) + (dy — diP")]Jk41, (6.30)

i=1

where

M, & diag(Myy, ..., M) € C>™,
Q £ diag(Q4,...,Q,) € C*™,
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dké[le,k drT,k}TECZa
gké{g}:k ﬂzk]TECZ-

Since (P1,..., P, Q1,...,Q,) € 8, using (6.17)) and (6.23)), it follows from (6.30) that

pelpr ... Pr] ec,

AV(E) < 3 a2 (s + ullwselP) = 200+ di + PYea . (6.31)
i=1

To show [i47)] assume[(AG.2)| holds, and assume that there exists ks € N and € > 0
such that for all k > kg, Awin(M; 1 M)) > . Thus, it follows that for all & > £,
M; M = I,. Therefore, (6.10) yields that for all k > ks,
which using (6.23)) implies that for all k& > kg,

Yik+1 = Yik+1, Y1 = Yiq1. (6.33)

Substituting (6.32)) and (6.33]) into ((6.31)) yields

AV (k) < 3 ik | (1 + villwil®) = 20min (P) | Ve || (6.34)

i=1
Since (6.13)) implies that for all k € ZT, ||d; k|| < d;max, it follows from (6.10) that

rilg\){( Huz,kH < di,maX/57 (6.35)

which implies that u;j is bounded. Using (6.35]), it follows from ([6.34) that for all
k> ks,

AV(E) < ((max (s 1 /=) = 2hin(P) ) [ Vi (6.36)

Let > 0 and v > 0 be such that

2)\min(P)€2
< 6.37
maX{M, ,Y} 52 + maXleR di7max ’ ( )
and it follows from (6.36)) that for all u; < u, and all v; < 7,
fy
V() < (1+ J max d e = 2in(P) ) Vi
< —col[Yiga |l (6.38)
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where
A max{,ua 7} <
Co — 5
€

Thus, it follows from - that for all k > ks, all p; < p, and all y; <, AV(k) is
nonpositive, which implies that V(d1 Ky - drk, M, Koo M k) is bounded. Since, in
addition, V is radially unbounded, it follows that d; & and Ml r are bounded. Thus,
d; , and M, ;, are bounded. Moreover, since V(d1 Ky drk, M1 s Mrk) is positive
definite, and for all £ > ks, AV(k) is nonpositive, it follows from and (6.36)
that

e+ max d?

7,max

) — 2Amin(P) > 0.

k
0< lim Z collYitll
J= k's
< —
,}LIEOJ,Z,; AV

S V(Jl,ksa s 7JT,ks7 Ml,ks7 s Mrkg) - kh—>1£10 V(dl ky--- 7JT,k7 Ml,ka s 7M7",k)
S V<Czl7ks’ s 7JT,ksa Ml,ks7 ) Mr,ks>a

where the upper and lower bounds imply that all the limits exist. Thus, limy_,. Yy =
0, which implies limj_,o ¥; x = 0, which confirms .

To show [¢)| and , note that since holds, Lemma implies that there
exists (P1,..., P, Q1,...,Q,) € 8. Moreover, since[(A6.1)]and [(A6.2)| hold, it follows
that rank (); = ¢;. Thus, there exist p > 0 and € > 0 such that for all M; € B;(Q;),
Amin(M; M) > £. Define

A
= min = min M = Max ;.
i = e o T iex 1o K iR 1

Let p € (O,ﬁ\/ym,um/(TVM(ym +,um))), and let d;o € B,(P,d.) and M;o € B,(Q;).
Assume for contradiction that there exists k; € Z* and 4, € R such that M, ;, ¢
B,(0) and for all k € K £ {0,1,...,ky — 1}, M, € B;(0). Since for all k € X,
Mi,k € B;(0), it follows that for all k£ € X, Amin (M MY) > & Thus, using the same
process as is in f with € replaced by ¢ yields that there exist > 0 and
~ > 0 such that for all p; < p, all 9; < v, and all k € K, AV (k) < 0. Therefore, it
follows from that

ki1—1
0<—> AV())
=0

V(dl 0y--- 7JT,07 Ml,()’ s eey M'I‘,O) - V<Jl,k17 s 7JT,k17 Ml,ku ety Mr,lﬁ)
r B 5 1 B B
(o (Wol® = 1)+ - (1l = 1 )
1 ? 7

1, = 1, ~ 1, -~
—||dioll* + ||Mz‘,0||2> — — 1My a7
1</~’LZ Vi " Yia v

IN

)

IA
&Mﬁ

)
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r 1 1 52
; Hi i iy
B rp* (Y + pm) P

YmHMHm ™
_ Pt (Y + ) p* P

TYmMm (7m + Nm)'YM ™
— O7

2

which is a contradiction. Thus, for all k € N, M; , € B;(Q;). Therefore, for all k € N,
Amin (Mi M) > &, and it follows fromthat there exist ¢ > 0 and v > 0 such that
for all u; < p, and all v; < 7, di, M, and u; are bounded, and limy_, v x = 0,
which confirms .

Since for all & € N, Apin(M; M) > &, using the same process as is in f
(6.36) with e replaced by &, it follows that there exist u© > 0 and v > 0 such
that for all u; < p, all v, < ~, and all & € N, AV(k) < 0. Thus, the equili-
brium (dyg, ..., drgs Migy..., Myx) = (Prds, ..., Pds,Q1,...,Q,) is Lyapunov sta-
ble, which confirms . O
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Chapter 7

Frequency-Domain Adaptive Higher Harmonic Control with
Unknown Disturbance Frequencies

This chapter presents frequency-domain adaptive higher harmonic control (FD-
AHHC) algorithm that addresses the problem of rejecting a sinusoidal disturbance
with unknown frequency that acts on an unknown multi-input multi-output (MIMO)
linear time-invariant system that is asymptotically stable. In fact, this chapter ex-
tends the FD-AHHC algorithm presented in Chapter [2 to address disturbances with
unknown frequency. For single-input single-output (SISO) systems, we analyze the
closed-loop stability and performance of the adaptive controller. In this case, we
show that the controller asymptotically rejects disturbances. We demonstrate the
controller on numerical simulations of SISO and MIMO acoustic ducts. The result of
this chapter appears in [200].

7.1 Introduction

The problem of sinusoidal disturbance rejection arises in a variety of applications,
including noise cancellation , rotor balancing , and vibration suppression
for helicopters and spacecraft . For an accurately modeled linear-time in-
variant (LTI) system acted on by a sinusoidal disturbance with known frequencies,
the internal-model principle can be used to design a feedback controller capable of
rejecting the disturbance . In this case, copies of the disturbance dyna-
mics are incorporated in the feedback loop in order to achieve asymptotic disturbance
rejection. If the disturbance frequencies are unknown or the system model is highly
uncertain, then an internal-model controller may result in poor closed-loop perfor-
mance or even instability . In this case, adaptive methods can be applied to
accommodate unknown disturbance frequencies or uncertain system dynamics.

First, consider the case where an accurate model of the system is known, but the
frequencies of the sinusoidal disturbance are unknown. This case is related to the
problem of estimating the frequency of a sinusoidal signal. Frequency estimation is
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addressed with discrete-time adaptive notch filters [L173H177] and related continuous-
time methods [178H181]. The recent survey provides a comparison of frequency-
estimation techniques.

For control, the rejection of unknown-frequency sinusoids can be addressed by
combining a frequency estimator with a controller capable of rejecting known-frequency
sinusoids (e.g., internal-model control) [183]. Related adaptive control methods
(both direct and indirect) for rejection of unknown-frequency sinusoids are presented
in (L7153 57

Next, consider the case where an accurate model of the system is not available,
but the disturbance frequencies are known. If the open-loop dynamics are asympto-
tically stable, then adaptive feedforward cancellation can be used [129H131|. These
approaches use harmonic regressors consisting of sinusoids at the known disturbance
frequencies. Adaptive feedforward approaches require certain model information or
assumptions regarding the open-loop system. In the single-input single-output (SISO)
case, the only model information required is the sign of the control-to-performance
transfer function evaluated at the disturbance frequencies. A related approach is
in [132]. However, if the system is multi-input multi-output (MIMO), then stronger
assumptions (e.g., positive realness) are often invoked for stability analysis.

Another approach to rejecting known-frequency sinusoids relies on an asympto-
tically stable LTI system’s harmonic steady-state response, that is, the sinusoidal
response that remains after the system’s transient response decays to zero. This ap-
proach was developed in ,,, and is known as convergent control for active
rotor balancing and higher harmonic control (HHC) for helicopter vibration sup-
pression [10]. We adopt the name frequency-domain higher harmonic (FD-HHC)
for simplicity. FD-HHC require an estimate of the control-to-performance transfer
function evaluated at the disturbance frequency. In the SISO case, this estimate,
which is a single complex number, must have an angle within 90° of the true value to
ensure closed-loop stability. In the MIMO case, closed-loop stability is ensured if the
estimate is sufficiently accurate. If there are multiple disturbance frequencies, then
estimates are required at each frequency. For certain applications, these estimates
can be difficult to obtain or subject to change. To address this uncertainty, adaptive
methods have been combined with FD-HHC ,,.

Finally, consider the case where both the system model and the disturbance fre-
quencies are unknown. In this case, adaptive feedback (rather than feedforward)
control methods are capable of asymptotic disturbance rejection for both LTI sys-
tems [140H143|[L88HL90] and certain classes of nonlinear systems [L91}[192]. However,
these approaches generally rely on some model information (e.g., relative degree) and
structural assumptions regarding the system (e.g., minimum phase, or state feed-
back). Note that does not require a minimum-phase assumption, but instead
relies on estimates of the nonminimum-phase zeros.

In this chapter, we extend FD-AHHC to addresses the problem of rejecting an
unknown-frequency sinusoid that acts on an unknown MIMO LTI system that is
asymptotically stable but need not be minimum phase. This adaptive harmonic con-
troller requires limited model information, namely, an upper bound on the Frobenius
norm of the control-to-performance transfer function evaluated at the disturbance
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frequency, and upper and lower bounds on the disturbance frequency. However, all
of these bounds can be arbitrarily conservative. The adaptive control in this chapter
is related to the FD-AHHC method in Chapter 2 but in contrast to FD-AHHC,
this chapter addresses disturbances with unknown frequency. The controller in this
chapter is a frequency-domain method, meaning that some computations use discrete
Fourier transform (DFT) data rather than time-domain data. The control algorithm
(including DFT) is demonstrated on a numerical simulation of an acoustic duct.

7.2 Notation

Let F be either R or C. Let x(;) denote the ith element of x € F". Let || - || be the
2-norm on F”. Next, let A* denote the complex conjugate transpose of A € F"*"
and define ||Alr £ V/tr A*A, which is the Frobenius norm of A € F™*". Define
N£{0,1,2,---} and Z* = N\{0}.

7.3 Problem Formulation

Consider the LTT system

x(t) = Ax(t) + Bu(t) + D1d(t), (7.1)
y(t) = Cx(t) + Du(t) + Dod(t), (7.2)

where t > 0, z(t) € R™ is the state, (0) = xy € R" is the initial condition, u(t) € R™
is the control, y(t) € R’ is the measured performance, d(t) € R? is the unmeasured
disturbance, and A € R"*" is asymptotically stable. Define the transfer functions

Gyu: C— C”™ and Gyq: C — C”P by Gyu(s) 2 C(sI — A)7'B+ D and Gyy(s) =
C(sl — A)_lDl + D5. Let w, > 0, and consider the tonal disturbance

d(t) = d. cosw,t + dssinw,t, (7.3)

where d., ds € RP.
The objective is to design a control u that reduces or even eliminates the effect of
the disturbance d on the performance y. We make the following assumptions:

(A7.1) rank G, (jw,) = min{l, m}.
(A7.2) An upper bound M > ||G,.(jw.)]|F is known.
(A7.3) There exist known wpi, > 0 and wyay > 0 such that w, € [Wnin, Wmax)-

The system ([7.1)) and ((7.2)), and the disturbance ([7.3) are otherwise unknown.
For the moment, assume that G, Gy4, ws, dc, and dg are known. In this case,
consider the harmonic control

u(t) = Re @ cos@wt — Im 4 sinwt, (7.4)
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where & € C™ and @ > 0. Note that 4 is the discrete Fourier transform (DFT) at

frequency @ obtained from a sampling of u over an integer number of periods. The
harmonic steady-state (HSS) performance of ([7.1]) and (7.2)) with control is

Ynss (£, 8, &) 2 Re |Gyu()0) 0™ + d, ']
= Re Gy, (J0)t cos 0t — Im G, ()t sin wt
+ Red, cosw,t — Im d, sin w,t, (7.5)

where d, £ Gya(Jw)(d. — jds) € C*. The HSS performance iy is the steady-state

output y of ([7.1) and (7.2]) with control ([7.4]), that is, lim; e [ynss(¢, @, &) — y(t)] =0
[201} Chap. 12.12]. Next, consider the cost function

(&) 2 lim - / lyns (7, 2, &) |2 dr, (7.6)

t—oo

which is the average power of yp. It follows from ([7.5)) that (7.4]) minimizes J only
if @ = w,. In this case, (7.6 implies that

1t
J(t,w,) = lim —/ IRe (M.t + d,) cosw,m —Im (M, 0 + d,)sinw,7||* dr
0

t—oo t

1
= I M.+ do|?, (7.7)

where M, £ Gyu(wy). Theorem provides an expression for a control 4 = u,
that minimizes .J, but that control requires knowledge of w,, M,, and d,. Since
these parameters are unknown, we consider a sinusoidal control where the frequency,
amplitude, and phase are updated in discrete time.

7.4 FD-AHHC with Unknown Disturbance Frequency

For all £ € N, let &p > 0 be an estimate of the frequency w,, and let 4, € C™
be an estimate of the control parameter u,. The estimates w, and 1w, are determined
from update equations presented in this section. Let n, € Z*\{1}, and for all k € N,
define T, = 2n,m /&g, which is the update period on step k. Let ¢y = 0, and for all
k € Z*, define t;, = Zé‘:ol T;, which is the time of the kth update. Then, for each
k € N and for all ¢ € [ty, tg11), the control is

u(t) = Re 1y cos Ot — Im iy sin @yt (7.8)

Let N € Z* such that N/n, € Z*. For each k € N, we sample y a total of N
times over the interval [tx, tx11). Specifically, for all i € N, define the sampled output

N A 1Ty, )
S — tcr 5
Ys(7) y( ~ e

where o; is the largest integer such that o; < ¢/N. Next, let n, € {1,2,--- ,n, — 1}.
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For each k € N, let yp,; € C’ denote the DFT at & of the sequence {ys(kN +
Z) z‘]\i;\fl—Nny/np‘

For each k € N and for all t € [tg,tx41], it follows from (7.5) that the HSS

performance is
Ynss (T, Uk, O ) = Re Mty cos Ot — Im My, sin Oxt + dygs(t),
where

My & Gy (yi) € CH™,

diss(t) = Red, cosw,t — Im d, sin w,t.

For each k € N, define

2 N— ’l k—1 1 Z k—1 1
dy, = ~ ;} Red, cos 2n,mw, Non + ;) CD—J — Imd, sin 2n, 7w, Non + ;) @7]
- i =
2n,mi 2N, i
(o2 ), o

which is the DFT at &y, of the sequence {dyss(iTy /N +13)} Y. For each k € N, define
Unsski1 = My, + dy, (7.10)

which is the DFT at &, of the sequence {ynss (175 /N 411, G, wi) Yoog'. The DFT gy
of the sampled response ys is an approximation of the DFT yyg 41 of a sampling of
the HSS response ynss(t, ix, W) on the interval [ty,tx.1). If Ty is sufficiently large
relative to the settling time of G, then yi41 & Ynssp+1. Note that Ty = 2mn, /wy, >
27Ny /Wimax- Thus, if the integer n, is selected sufficiently large, then yx41 & Ynss g+1-

7.5 Adaptive Law for 1,
Let p € (0,1], v € (0,1], 1 >0, v5 > 0, and @y € C™. Then, for all k € N, let

~ ~ % "k
Upyr = Uy — ——————= M yp 1, (7.11)
v+ || Mil[%

where M, € C™>™ is an estimate of M, given by

. O, if [|O]|r < M,
M, = { - o : }|1| elle < (7.12)
H®k|| g, Otherwise,
where
Or = My_1 — 1 [Mkl(ﬁk — 1) = (Y1 — Ui) | (G — Ugp—1)", (7.13)
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where M, € C>*™\{0}, and

Vo2 + (v + || My [|3) 2| s, — tigen ||

The @,-update equation is in the direction of the maximum rate of change
of the cost function gy (@) = 1||Mya + d.||} with respect to @. Note that J(4) is an
approximation of the average power of yuss, and Ji(i) equals the average power of
Ynss 1f the estimates @, and Mk are equal to w, and M, respectively. Thus,
can be viewed as a gradient that updates #; in a direction to minimize the current
estimate of the average power of y,s. The magnitude of this update (i.e., the gain
1/ (v1 + | M]|2)) is based on the Lyapunov-like analysis in the next section. See
Section for more details on the Gg-update equation.

The My-update equations f are in the direction of the maximum rate
of change of the cost function §5(M) = || M (@ — ws1) — (ye+1 — i) ||* With respect
to M. If the estimate @ is equal to w,, then G(M,) = 0, that is, M, minimizes
Gk. Thus, f can be viewed as a gradient that updates M, in a direction
to minimize G, based on the current estimate &y of w,. The step size 7, is based
on the Lyapunov-like analysis in the next section. Note that is a projection
that ensures the estimate M, is bounded. See Section for more details on the
Mk—update equations.

The adaptive parameters are p € (0,1], v € (0,1], »5 > 0, and v5 > 0. The
adaptive gains p and v influence the step size of the 4, and M, update equations,
respectively. The stability analysis in the next section demonstrates that p and
can be selected as large as 1. However, numerical testing suggests that smaller gains
(e.g., p = 0.2 and v = 0.2) tend to yield better performance. The parameters 1,
and v, influence the normalization of the @y, and M update equations, respectively.
Numerical testing suggests vy < || Mo||2 and vy < || Mo||2 are good choices.

7.6 Adaptive Law for @

For each k € Nand all s € {0,1,--- ,n,N/n, — 1}, define

d(i) £ ys(kN + N — Ny /n;, + i)
- [Re Yk+1 COS (:}k(ZTk/N + tk) —Im Yk+1 sin @k<lTk/N + tk)},

which is an estimate of the disturbance sequence {dys(iT}/N + t;)} Y. Let ry € N.
Foralli e {0,1,--- ,n,N/n, — 1} and all j € {0,1,--- ,r4}, define

Dk@ + jnyN/np) = 7

which is the sequence {dj (i) fV:%y/ "1 normalized to amplitude one and repeated 74

times. Define Ny £ n,(rg + 1)N/n,. Let @y € [Wimin, Wmax] be the initial estimate
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of w,. For each k € Z*, let a > 0 and B € (0,7/2). Then, for each k € Z*, the
estimate @y, of w, is given by

Wmin; lf 27T9k(Nd) + 7T2 S Wmin s
(:Jk = § Wmax; if 27T6k(Nd) + 7'('2 > Wmax (715)
2m0;(Ng) + 7%, otherwise,

where for all j € {0,---, Ny — 1}, 0x(j) satisfies

Op(j +1) = 0()) — ;Oék: (Dk(j) + Dy (j) sin By + bi(j) cos 51@)%(]'), (7.16)
(£ 1) = (f)k@) c0s By — bu() sin5k> 008 0() — ax(j) sin Bx(), (7.17)
be(j+1) = (ﬁk(]) cos B, — bi(4) sin6k> sin 0(7) + ax(j) cos 0 (J), (7.18)

where 6,(0) € [-7/2,7/2], ar(0) € R, and b,(0) € R are the initial conditions.
Note that f are the difference equations for an adaptive notch filter that
estimates the frequency contained in the sequence {Dj(j )};V:da ', For more information
on the adaptive notch filter —, see . The control architecture is shown
in Fig.

We select the initial conditions of the adaptive notch filter on step k£ + 1 to be
the final conditions of the adaptive notch filter from step k. Specifically, for each
k € Z+, 9k+1<0) = 9k<Nd); CLk_H(O) = (lk<Nd), and bk+1<0) = bk(Nd), where Ql(O) =
(O — ) /(27), a1(0) € R, and b;(0) € R.

The adaptive parameters oy and [, influence the stability and rate of convergence
of the adaptive notch filter. Numerical simulations suggest that oy = T}/N and
B = min{1, &, /100} are good choices.

d(t) Unknown System y(t)
Uy, R R u(t) @(t) = Az(t) + Bu(t) + Did(t) [, | Sample
b | D) = Re i cosdt -+l y(t) = Cx(t) + Dult) + Dad(t)
—Im g sin Wyt
Wk Frequency Estimator | D, - . Repeat :ZL Jk =ys — Re yp41 coswy
Eq. (7.15)~(7.18) ormanze Im gpersindy | JEt]
N Yk+1
Uk U1 = Ug — +M*yk+1 -
v+ VG2 M,
~ ava [ . . N N . Yk+1
o 0 I R [N (i — ) — (s — ) — )
k= M1 — = — -
vop? + (v1 + || My—1|[2)? ||, — 1| Uk

Figure 7.1: Schematic of FD-AHHC with unknown disturbance frequency.
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7.7 Stability Analysis

In this section, we analyze the stability of the closed-loop system with adaptive
controller. The analysis focuses on SISO systems, that is, m = ¢ = 1. For analysis,
we make the following assumptions:

(A7.4) For all k € N, Yri1 = UYnsspr1-

(A7.5) There exists ¢, > 0, A, € (0,1), and ky € Z" such that for all k& > ko,
| — wa| < e NEko,

(A7.6) There exists ¢ > 0 and k, € N such that for all k > ks, M, # 0.

Assumption implies that the DFT ;. of the sampled response s is equal to
the DFT yyss k41 of a sampling of the HSS response ynss(t, @, @x ). As discussed earlier,
it T}, is sufficiently large relative to the settling time of G, then yr11 = Ynss k1. In
this analysis, we assume exact equality. Assumption implies that the estimate
. converges to w, exponentially. The analysis in @ﬂ demonstrates that the adaptive
notch filter f provides an estimate @y, that converges to w, exponentially
if the sequence {D;(j) 14! is sinusoidal with frequency w, and infinitely long (i.e.,
Ny = 00). Assumptionimplies that the estimate Mj is asymptotically nonzero.
In the case where & = w;, the results of Chapter [2[ show that is satisfied. The
next result provides the asymptotic DFT di. The proof is in Section [7.10

Proposition 7.1. Consider {&;}72,, and assume it satisfies Then, d £
limy_,o exp (QnW]w* Z?:o wi)d* exists and limy_,o di, = d.
J

The following result provides the closed-loop stability properties of ([7.1)), (7.2),

(7.8), and ((7.11)—(7.18). This is the main analytic result of this chapter. The proof
is in Section [L.11}

Theorem 7.1. Consider the open-loop system ([7.1]) and ([7.2)), and the controller

" and "" where £ =m =1, IS (Oa ]-]7 e (07 1]a v1 > 0,1 >0, Qg > 0,
and B € (0,7/2). Assume |(A7.1)[{(A7.6)| are satisfied. Then, limy_,oo ux = —d/M,

and limg .o yx = 0.

7.8 Numerical Examples

Consider the acoustic duct of length L = 2 m shown in Fig. [7.2] where all
measurements are from the left end of the duct. A disturbance speaker is at £; = 0.95
m, while 2 control speakers are at {;, = 0.4 m and &, = 1.25 m. All speakers have
cross-sectional area As = 0.0025 m?. The equation for the acoustic duct is

1PpE,t)  *p(,t)
2 o2 o¢

+ ot (8)0(E = Eu) + potha(D)3(E — o) + pod(t)S(E — L),

where p(&,t) is the acoustic pressure, § is the Dirac delta, ¢ = 343 m/s is the phase
speed of the acoustic wave, 1)1 and 1 are the speaker cone velocities of the control
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Figure 7.2: The acoustic duct used in Examples

speakers, d is the speaker cone velocity of the disturbance speaker, and pg = 1.21
kg/m? is the equilibrium density of air at room conditions. See for more details.

Using separation of variables and retaining r modes, the solution p(¢, t) is approx-
imated by p(&,t) = S0 ¢:(t)Vi(€), where for i = 1,--- 7, Vi(£) £ q/2/7sini7r§/L,
and ¢; satisfies the differential equation , where

. t t T
w(t) = | ffa)de at) - [ia(o)de ¢ |,
. 0 1 0 1
A= dlag([ w2 2w }7 : [ o Uy, ])a
B:mlo Vi(&bl) - 0 W(fwl)]T
Ag 0 ‘/1(&/)2) - 0 V;‘(fwz) ,
T
D=0 Vi) 0 Vg |,
and for i = 1,---,7r, w,, = imc/L is the natural frequency of the ith mode, and

(; = 0.2 is the assumed damping ratio of the 7th mode.

Two feedback microphones are in the duct at £, = 0.3 m and £, = 1.7 m, and
they measure the acoustic pressures ¢1(t) = p(&p,,t) and ¢o(t) = p(&p,,t), respecti-
vely. Thus, for i = 1,2, ¢;(t) = Ciz(t), where C; = £2[ 0 Vi(&s,) -+ 0 V(&) |-
For all examples, r = 5 and x(0) = 0. The control parameters are = v = 0.5,
v =1y =001,n,=8n, =1, N=1200, r; = 20, a1(0) = b;(0) = 0, Wyin = 1 rad/s,
Wimax = 10* rad/s, &y = 200 rad/s, Gy = 0, M = 10°, and M, is specified in each ex-
ample. In addition, o = T},/N and 5 = min{1,d;/100}. The following examples
consider the acoustic duct with different control speaker and feedback microphone
configurations.

_ Example 7.1. SISO with step change to w,. Let u = ¥y, y = ¢1, ¥y = 0, and
My = 0.5632?”M*. Let d = sinw,t 4 2 cos w,t, where

600, ift<3s,
Wy =
1200, ift >3 s.
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Figure 7.3: For a SISO plant with a step change in frequency, the control is capable of adapting to
the change. The dashed lines in the u and &y plots show +|u.| and w,, respectively.

Fig. ﬂ shows y, u, and @. First @ approaches 600 rad/s. After w, changes,
the frequency estimate @, converges to 1200 rad/s and the control yields asymptotic
disturbance rejection, that is, y converges to 0. A

Example 7.2. SISO with measurement noise. Let v be white Gaussian noise
with 7 dBW power. We revisit Example 1 where w, = 600 rad/s and v is added to
the feedback microphone signal as a measurement noise, that is, y = ¢ +v. Fig. [7.4]
shows y, u, and @g. The frequency estimate @, converges to w, and and the power
of y is reduced relative to open loop. A

Example 7.3. Single-input two-output. Let u =11, y=[ ¢1 ¢2 |T, 9o =0, and
d = sin 600t + 2 cos 600t. Let My = 0.5¢2°F M,. Fig. shows y, u, and @g. The
frequency estimate @ converges to w, and the control yields uy — u, as k — oo,
which implies limg_, ||yx|| is minimized. A

Example 7.4. Two-input two-output. Let u=[ ;1 o |V, y=[é1 ¢ ]T, and

d = sin 600t + 2cos600t. Let My = 0.5¢’F M,. Fig. [7.6] shows v, u, and &,. The
frequency estimate @y converges to w, and the control yields asymptotic disturbance
rejection, that is, y converges to 0. A
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Figure 7.4: For a SISO plant subject to measurement noise, the control reduces the power of y
relative to open loop. The dashed lines in the v and @y plots show +|u.| and wy, respectively.

7.9 Conclusions

This chapter presented a frequency-domain adaptive higher harmonic controller
that addresses the problem of rejecting an unknown-frequency sinusoid that acts on
an unknown MIMO LTT system. This control combines FD-AHHC algorithm of
Chapter [2] with an adaptive notch filter for frequency estimation. For SISO systems,
we analyzed the closed-loop stability and performance under simplifying assumptions
[((A7.4)H(A7.6) Stability analyses without [(A7.4)H(A7.6), and for MIMO systems is

an open problem.

7.10 Proof of Proposition

Proof. First, we show limy_,., cos (anw* ?:o wi) exists. Let ¢ > 0. Since
J
limy, o Wp = wy, it follows that there exists s € N such that

> - Y of<e 7.19)

jmskl Wi 1 W
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Figure 7.5: For a single-input two-output plant, the control yields ur — wu, as ¢ — oo, which
minimizes limg_,« ||yx||. The dashed lines in the u and @y plots show =4|u,| and w,, respectively.

Define S, £ 2nmw, >5_ 0 L S(k) £ 2nnw, Z] —05; Sy (k) £ 2n7w, ZJ —st1 3, and
S... (k) £ 2n7w, Zj e It follows from direct calculation that for all k > s,

| cos S(k) — cos S| = |cos(Ss + S (k)) — cos S|

= |cos(Ss + Su. (k) + So(k) — S (k) — cos S|

= | cos(Ss + Su. (k) cos(Sa (k) — S, (k) — sin(Ss + Sw*(k)) sin (S (k) — S, (k)]
= | cos Ss(cos(Sy (k) — S,, (k) — 1) — sin Sy sin(Sg (k) — S, (k)]

< [ cos Ss[ cos(Sa (k) — S, (k) — 1] + [ sin S| sin(Se (k) — S, (k)]

< [cos(Sa(k) = Su. (k) — 1] + [ sin(Se (k) — S, (K))]- (7.20)
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Figure 7.6: Control yields y(t) — 0 as t — oo. The dashed lines in the u and &y plots show =|u.|
and w,, respectively.

Next, gsing the identities cosx = E?‘;O(—l)j(’%l, sinz = »52,(—1) %, and e” =
220 %, it follows from ([7.20f) that

e j (S@,(k) — Sw* (k))Qj
‘cos S(k) — cos Sy < ;(_1) (2))!
N ;(_W (&(k)@—j iwl ()i!c» el (7.21)

169



Next, taking limit of both sides of ([7.21)) as & — oo, and using ([7.19)) implies

2j+1

2n7rw* ) ‘ i (2nmw.e)
= (27 +1)!

k—o0

lim |cos S(k) — cos Ss| < Z
7j=1

B Z (2n7rw*5) '
=

exp(2nmw,e) — 1,

which implies limy_,,, cos <2n7rw* Z?:o wi) exists, since € can be arbitrary small. Si-
J

milarly, we can show that limy_,. sin<2mrw* ;?:0 wi) exists. Thus, it follows that
J

d 2 limg_,e0 €Xp (2n7r]w* f 0 i) exists.

Next, define oy, = 227 (“’* + 1) and (3 = (i; — 1). It follows form ([7.9)) that
1 N-1
dy, = N cos(Sy(k —1)) [Re d,(cos ayi + cos i) —Im d, (sin ai + sin Sxi)]
=0
1 N-1
N sin(Sy(k — 1)) [Im d. (cos agi + cos Bi) + Re dy(sin ai + sin Si)]
i=0
N-1
- % cos(Su(k —1)) Z [Re d(sin ot — sin fgi) + Im d, (cos oyt — cos Bi)]
=0
N—1

+ % sin(Sa(k — 1)) 3 [Im d, (sin agi — sin Byi) — Re dy (cos api — cos Byi)].  (7.22)
=0

.

Since limy oo O = wy, it follows that limg o ap, = 4nw/N and limy . S = 0.
Thus, it follows from ([7.22)) that

> 1 > 1
lim d = cos| 2nmw, — | (Red, + jImd,) + 7sin | 2nmw, — | (Red, + 7Imd,
Jim dy ( jzowj)< Jmd.) + ( jz;wj)( Jim d,)

> 1
= exp <2n7rjw* Z A) d,

=0 %j

=d.

7.11 Proof of Theorem

Proof. Multiplying (7.11]) by M}, and using [(A7.3)land ([7.10) implies that for all
kelZt,

1

1 k—1

Yk+1 = Yr —
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where
(M, — M, M
(M )My E(CZ, (7.24)

A ~
Pk = (M — My_1)lg—1 + dp — d—1 — =
v+ | My_1]?
and y; = Myug + do. It follows from ([7.11)), (7.23)), and ([7.13)) that
. M1 2yl (M — M, NI
Oy = A1,y — WM o ¢ bl ), 9% L (7.25)
vy + [ M1 |y (va + [ M1 [|yx|?)>
where
M 12
% A 7(1/1 +/’\ k ;‘ )p: Ce ngm. (726)
(e + [ M1 [*yx]?)>
Define My, 2 My — M, and ©, 2 O, — M,, and (7.25]) implies that
Qk?JZMk—l (7 27)

)

Op = My_1(1— Ay) + > T
(v2 + [ My_1?[yr]?)?

Y Mi—1]? |y

where A;, £ b )
vat| My —1]?yk|? ~ ~
Define V(M) £ |My|?, and AVy(k) & Var(My) — Var(My_1). Tt follows from
that for all k € N, |My|? < |O]?. Thus, calculating AVj;(k) along the trajec-
tories of implies that
AVi(k) < [0k — [My—1|?

M ki My (1 — Ap) | Mo ) e ar]?
vy + [ My_1)?|y|?

= | M1 |2(AZ — 2A;) + 2Re < T
; (va + [Mi_1]?|yx|?)2
(7.28)

Next, note that
'7|Mk—1|2|yk|2

72|Mk—1|4|yk|4 _
(2 4+ | My—1]?|yx|?)

A7 — 2, = k
(va + [ Mp—1[*[yx[?)?
B YN M [Py P (ve + [ My ye?)
(V2 + [ M1 [?y]?)?
(VP =DMyl M Plusl® el My [yl
(v2 + |Mkz—1|2|yk|2)2 (v + ‘Mk—1|2‘ykz‘2) (v2 + ’Mk—1|2’yk|2)2
v2 ) (7.29)

< —Ak<1 + .
vy + | Mi—1)?|yi|?
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Let €57 > 0 and it follows that

~ ~ 2
0 < |2 My M1 (1 — Ay)
S| — &M ~ 1
€M (2 + | Mi—12|yx|?)2
_ el Micy Mo (U= A)ai | by [ MiaPlyel| My (1 = Ay)®
_ ! 1 i
e (va + | Mi—1[?[yx[?)2 vo + | Mi—1[?|yx|?

which implies

. My My (1 — Ay)g; < |ax|? N 2| Mo |Plyw |2 M- (1 — Ay)?

(v2 + |Ml~c—1|2|yk|2)% e vy + ’Mkfl\nykP
_al® | e R Myt Pyl M1 |?
e Vo + | My 12|y |?

) <u2+<1—@>|m1|2|yk|2>2
vy + | My—1|[ys|?
<|Qk‘2 26?\/]”22“\;[k71|2’yk|2|Mk71|2
G (va + | M1 2|y ]2)?
2e3,(1 — ’7)2\]\7[1@71!6\3/14\6“\7[#1\2
(v2 + | My ||y ?)?
ol 268 N Py | Mo
Ty (vo + | M1 2 |yx]2)?
N 2e7,(1 — 7)2\]\2[1@—1|2\yk\2|]\~4k—1\2
Vo + [ M1 [*|yx[?

Thus, using (7.29) and (7.30)), and letting £, £ ‘/227, it follows from ([7.28)) that

(7.30)

A 2e2 vy A 2e2 (1 —~)2A
AViy(k) < — | Ay + P2tk S Sl k; T earll = 7)" A
Vo + [My—1Plyel>  v(ve + [ Mi—1]?yw]?) ¥
B 1 M 12 2
X |My_1]> + (2 + | kA1| |y:| 2>|Qk|2
v Vot [ My |2yl
- 2+
< —y AR My P + < y 7) |qu]. (7.31)

Next, define V,(yx) = |yr|* and AV, (k) £ V,(yx11) — V,(yx). Evaluating AV, along
the trajectories of ([7.23) yields

AV, (k) = kal2(

WAIMLPING 2 2iRe (M. )
(r1 + |Mk—1|2>2 v + ’Mk—1|2
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* NM*MI:A ) 2
+2Re p (1 — |k + " (7.32)
* Vi + [ My [?
Next, note that
—2Re (MM} ) = | My |* = | M.|* = | My . (7.33)

Let ¢, > 0 and it follows that

2

0< @_5 (1_:“]\4*]\@—1) )

€y v+ |]\A41<;—1|2
2 M*M*
€y v + | My |?

MMLWMLAQ_%BBQLMLJ)

+52|yk|2 1+ - 2 =
’ (1 + 100a2)” ot M

which implies

% :UM*MI:—l ) |pk|2 21, 12
2Re 1—- ——— < +exly
pk( Vi + [My—1|? . £ oI

(g PPN 2uRe (ML)
~ 2 -
(Vl + |M1<:—1\2) v+ [My?
(7.34)
Thus, using ([7.33) and ([7.34)), it follows from ([7.32)) that

12| M2 | My |2
N 2
(Vl + \Mk—ﬂQ)

|A~41’c—1|2 ’luk—1|2 |1M*|2> ( 1 ) 2
+u(1 4 &2 = + 114+ — . 7.35
,u( y) v+ [ My ]? 873 2] ( )

AV, (k) < |yx|? (55 + (1 + 65)

Define the Lyapunov function V (yy, Mk_l) 2 In(1+ aVy(yk)) + bVM(]\;[k_l), where
a,b > 0 are provided later, and define the Lyapunov difference

AV(k) = V(ykJrl, Mk) — V(yk, Mkfl). (736)
Evaluating AV (k) along the trajectories of ([7.23)) and ([7.27) yields
AV (k) = In[1 + a(V,(yx) + AV, (k)] — In[1 + aV,,(yx)] + bAVa (k)
aAV, (k)
=In{ 1+ ——= | + DAV (k). 7.37
O I RS (737
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Since for all z > 0, Inx <z — 1, (7.37) implies that

AV (k) < aAVy(F)

S bAV (k).
S Trav,(gy AW

which using ([7.31]) and ([7.35)) yields

—ap(1+ &) lye” u|M*|2\Mk_1|2>
(1+ a’ku)(Vl + |Mk71‘2) v+ (M |?
DM Pl PV P andy?( +eD) My P eyl

AV (k) <

(lM*‘Q + My |* —

Vo + | M1 ||y |2 (1+ alyel?) (v + [Mr—a?) 1+ alyel?
a(1+3) P 1y
+7 2
+ : + [ —— . 7.38

= \ 72 2
Let a = ]\f—;, b= %;fy), and g, = ,/%. Then, since p € (0, 1] and [(A7.6)|is

satisfied, it follows from ([7.12]) that for all k& > kg, € < ]Mk| < M. Thus, it follows
from ([7.38)) that for all k£ > ks,

P (L + ey P ML 0y*(2 — )22 |yl My |

AV (k) <

B (y2+]\7[2|yk|2) (V1+M2)2 V2+M2’yk|2
pMP(1+ )y P [ My > M2e2|y|?
vi(va + M2|yx|?) vy + M?2|yy|?
T2 1 2
. M (1+6§>ka| . <2+7>‘q :
= k
vy + M2|yy|? v
—c1|yl? MA(1+e) el f244),
< = S + lar]”, (7.39)
vy + M>|y] 5§(V2+M2|yk!2)

L N V1HM2€:,2/|M*|2 N h . M N .
where ¢ = == ext, note that since M, # 0 and &p — w, as k — oo, it

follows that there exists ks € N such that for all £ > ko, My # 0. Thus, it follows
from|(A7.3)|and (7.10]) that for all &k > ko, up—y = %dfl‘l, which together with ([7.24)

implies

M M M, — M) M;_
Pk:< u _1>yk+dk_ i qu—u( i A) b 1yk>
M, M1 v+ |My_1]?

which using the identity |a 4+ b+ ¢|*> < 3(|a|* + [b]* + |c]?) yields

M M M, — MM |
!pk\2='<Mk—1>yk+dk—M’“ gy, — MO = M) ko1l
k-1 k—1 v+ | My
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o

M,

-1
Mj—

2
lye|” + |di —

Mk—l

M 2
s

(2| My, — M, 2| M1 ||y |
~ 2
(V1 + |Mk71|2>

)

(7.40)

Thus, using (7-26) and (7.40), and noting that for all k € N, M, < M, it follows from
(7.39)) that for all & > max{ks, ks}

AV (k) <

_ ) R
—alw | (_M(1+s) <2+v>< 720 + [Nl 2)? >
T M G+ 22P) N7 R M Pll?)
; p My L3 My, — MM Py
i + |d — Vi k—1 A 2
k—1 k—1 (1/1 + |Mk_1|2>
_Cllyk|2 N2M2(1 4 52) + 755(2 —+ ’y)(Vl + ]\7[2)2
= vy + M2 Jy 2 1262 (vy + M2|yy]?)
) _
M, (> MP| My — M, |y,|*
3 —1 24 \dy — d
(Mkl lyr|® + |d M, k—1 :
2 2
—c1|yel? M, 5
= +c — 1| +c3ld M d + c4| M, — M,|*,
~ vy + M2|yk|2 2 Mkfl 3|k — Mk ) k—1 4| k ’
(7.41)
3(u2 M2 (14e2 ) 4722 (2+9) (1 +M?)?) 03 L aM? and ¢, & M M2 Since Vs

A
where ¢y =

0o 12
o<y Al

i 2t M |y

< Z Co — -1
k=k1 ( Mi—y

< Z Co L 1
k=k1 ( M;—
+ V(yku Mklfl) -

< Z Co -1
k=k; ( Mi*l

52M2

positive definite, it follows from , and Lemma in Sectlon _ that
there exists k; > max{ks, ks} such that

di —

di —

M;
Mz 1

di—

M;

——d;_
le

hm V(yk,Mk 1)

2

"‘Cg

d; —

M;
—d;_
M;

1

1

1

v2

2

+ C4‘Mi — M*‘2 — AV(Z))

2

+ C4‘MZ‘ - M*|2)

2

+ 4| M; — M*\Z) + V (Ypy My 1),

where the upper and lower bounds imply that all the limits exist. Thus,

Cl|yk\2
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which implies that limy_.. yx = 0. ]

7.12 Lemma Used in Proof of Theorem

Lemma 7.1. Consider the sequence {@x}72,, and assume it satisfies [(A7.5)]
Then, the following statements hold:

i) Y%k, |M; — M, |? exists.

A oo | M, 2 i
i) 2y g — 1|7 exists.

2
M g ;
d; Mi,ld%l‘ exists.

W) Y,

Proof. Note that G, (yw) is a Lipschitz continuous function of w, that is, there
exists Lg > 0 such that for all wy,wy > 0,

|Gyu(gwi) = Gyu(gw2)| < Lalwi — wa. (7.42)

To show [1)}, since |[(A7.5)| is satisfied, it follows from ([7.42)), that for all k; > ko,

e}

DM = M =) |Gyu(gwi) — Gyu(gw)
i=k1 i=k1
< Lé Z | — W*|2

i=k1
< A3y

i=k1

_ CiLé)\i(klfko)

1—=22

which confirms [)]
To show [i7)} note that it follows from |[(A7.5)| that for all £ > ko,

o — G| < e (AR 4 AR, (7.43)

Furthermore, note that implies that limy .., @y = w,. Thus, there exists
ks € N such that for all k£ > k3, M;_1 # 0. Thus, it follows that there exist ¢ > 0
such that for all k& > ks, |[Mj_1| > e. Therefore, it follows from ([7.42), and
that for all k; > max{ko, ks},

2 00 2
oo | Mi 1| =3 Gyu(gwi) — Gyu(wi-1)
i=k =
My =k Gyu(]wiq)
& | — @i
< Lé |7
zzkl €2
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c; Lé i( 2i—2k 2i—2ko—1 2i—2ko—2
w )\wl 0 _|_ 2)\“}1 0 + )\w'l, 0 )
i—ky
_ C?UL2G(/\E;‘|;2/\<U +1) i )\iif2kgf2
€ i=k1

_ RLB(L+ A2

e2(1—M\,)?

ALA(1+ Ay ) A2k =2k0 =2
e2(1 — ) ’

e2

which conﬁrms
To show |7 note that Fact . states that d= limy, o dj, exists. Moreover, since

limy_ oo % = 1 it follows that limg_,e, L Y dk . = d. Thus, there exists § > 0 and
ks € N such that for all k > ky, |d, —d| < § and |Mkfldk_1 —d| < 6. Thus, it follows
from |(A7.5)| that there exists Ly > 0, such that for all k1 > max{ky, ko},
|di, — d| < La|@p, — ws| < Lac, A0, (7.44)
M, _
| M1 — d| < Ly, — we| < Lacu N0 (7.45)
My,
Next, note that
oo M 2 o _ _ M 2
i=k M; iy M;
2
—|— 2 Z dz_l —d| . (7.46)
= k‘1 i= kl

Moreover, it follows from ([7.44]) that

>

2 i .
22 2i—2kg
S dew § : )\w

i=ky i=k1
LQCZ) )\ik’l—%o
dl_—)\Q’ (7.47)
and it follows from ([7.45)) that
o0 M _ 2 o0 .
Yol di —d] < Lick Yo AT
i=k1 Mz 1 i=kj
L2c2 \2k1=2ko
dl——)@ (7.48)
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Thus, using ([7.47) and ([7.48)), it follows from ([7.46| that

2

= M; 4L32 N
di — ——d;_,| < —dwlw
; Mo 7 T 1=

which confirms
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Chapter 8

Conclusions and Future Work

We presented a variety of new adaptive control algorithms that address the pro-
blem of rejecting sinusoids with known frequencies that act on an unknown asympto-
tically stable linear time-invariant system. To implement these algorithms, minimal
or no system model information is required. These algorithms were developed in dis-
crete time, meaning that the control computations use sampled-date measurements.
Moreover, these algorithms were developed in both frequency and time domains. We
demonstrated effectiveness of the adaptive controllers through stability and perfor-
mance analysis, numerical simulations, and experimental testings. We also presented
extensions to these algorithms that address decentralized control system implemen-
tations as well as unknown disturbance frequencies.

8.1 Trade-offs for Adaptive Algorithms

We present a comparison of adaptive control algorithms of this dissertation. Fi-
gure [8.1] summarizes the trade-offs between adaptive algorithms.

Frequency-Domain vs. Time-Domain:

The adaptive control algorithms developed in Chapters 2 [4] [6] and [7] are in fre-
quency domain, meaning that all control computations use discrete Fourier transform
data (DFT), whereas the algorithms in Chapters [3| and [5| are in time domain.

Frequency-domain algorithms are less susceptible to measurement noise. These
algorithms are also less influenced by the system’s transient response, because DFT
can often extract the harmonic steady-state response even if the system is not at
steady state. In other words, DF'T can filter out the non-sinusoidal part of a system’s
response during transient, and thus 7 can be selected smaller than the settling time
of the system (e.g., See Example and Fig. where T, for FD-HHC is selected
smaller than settling time of the helicopter system).
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Frequency-Domain Time-Domain

e Less susceptible to measurement e Fast transient due to elimination
noise of batch data processing

e Less influenced by transient o Can address disturbances with
response slowly time-varying frequencies

AHHC AHC

e Less computationally expensive e Fast transient due to large gains

e Have actual estimator of plant e Can be extended to decentralized
at disturbance frequencies control system

Figure 8.1: Trade-offs for adaptive algorithms of this dissertation

Alternatively, time-domain methods can yield faster convergence (e.g., see Ex-
amples and , and can accommodate disturbances with slowly time-varying
frequencies (e.g., see Example [5.4). Therefore, for each disturbance rejection task,
depending on the characteristics of dynamic system and external disturbances, the
choice between a frequency-domain and a time-domain algorithm can affect the ef-
fectiveness of implementation.

AHHC vs. AHC:

The control algorithms in Chapters and [6] are named AHC, whereas the
algorithms of Chapters and [7] are named AHHC.

Note that AHHC algorithms can be less computationally expensive since they do
not require online matrix inversion. In addition, for AHHC, we developed update
equations for an adaptive estimate of the control-to-performance transfer function at
disturbance frequency, that is, M, for FD-AHHC and Hy for TD-AHHC. The update
equations for the control parameter u; depends on the adaptive estimates M or Hy.
Roughly speaking, Propositions and imply that in terms of Frobenius norm,
the adaptive estimates M, or H; move toward their ideal values M, or H.,.

Alternatively, AHC has other benefits. Note that Theorems and do not
impose upper bounds on the gains p and v for FD-AHC, and the gains 7, and vy for
TD-AHC. Thus, AHC can use large gains and yield faster convergence compared to
AHHC. Also, note that AHC can be extended to systems with decentralized control
architecture. In Chapter [6], we presented a decentralized extension of FD-AHC. Si-
milar decentralized extension can be developed for TD-AHC. However, the extension
of AHHC algorithms to decentralized case is an open problem.
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8.2 Concluding Remarks

We summarize some remarks regarding the main characteristics of the adaptive
control algorithms of this dissertation.

Adaptive Estimation and Control:

In Sections [B.5 and [.6] we presented and analyzed a new control method named
TD-HHC, which we consider as the time-domain counterpart of the existing FD-
HHC algorithm in Section [2.4] Although these two methods have relatively good
robustness to changes in the system’s dynamics, we consider them as non-adaptive
methods, because both require knowledge of sufficiently accurate fixed estimates of
the control-to-performance transfer function at the disturbance frequencies; and they
both use fixed gains in the control parameter update equations. Therefore, both
FD-HHC and TD-HHC can cause closed-loop instabilities if changes in the dynamic
system are not sufficiently small. On the other hand, we developed adaptive versions
of FD-HHC and TD-HHC named FD-AHHC and TD-AHHC, respectively, in Sections
and 3.7 which do not require any model information since both FD-AHHC or TD-
AHHC use adaptive estimates rather than fixed estimates. It is worthwhile to note
that introducing FD-AHHC and TD-AHHC does not render FD-HHC and TD-HHC
pointless control methods. For certain applications, where the dynamic system does
not change too much, using FD-HHC or TD-HHC can be more efficient compared
to the use of FD-AHHC or TD-AHHC, because both FD-AHHC and TD-AHHC
are computationally more expensive than FD-HHC and TD-HHC. Also, note that
introducing adaption in a control system can aggravate actuator saturation, or can
cause adaptive parameter drift, both of which, can cause closed-loop instabilities if
not taken care of.

Actuator Saturation:

Actuator saturation is a common practical issue in feedback control systems, which
happens if magnitude of the computed control is larger than the actuator’s maximum
deliverable magnitude. Ignoring actuator saturation in the design can result in de-
graded performance or even instability. Addressing actuator saturation becomes even
more imperative in adaptive control design, because unforeseen changes in the dyna-
mic system or unexpectedly large-amplitude disturbances can readily cause actuator
saturation. For adaptive control methods of this dissertation, we presented modifi-
cations to the control update equations aimed at addressing the problem of actuator
saturation. These modifications are in Section [3.10] for TD-HHC and TD-AHHC, and
in Section (.17 for TD-AHC. Similar modifications can address actuator saturation for
other algorithms of this dissertation.

Computational Complezity:

Computational complexity of the adaptive controllers of this dissertation is com-

181



parable to other adaptive feedforward methods (e.g., ,). Also, we note
that all control methods in this dissertation are developed in discrete time, and thus,
control calculations are required only every T seconds—T7Tj is the control update pe-
riod. Therefore, Ty can be increased as necessary to accommodate the computational
capabilities of the control hardware. Although, increasing T, tends to increase con-
vergence time, for FD-AHC and TD-AHC the gains used in the update equations can
be increased (since their gains are not upper-bounded) to achieve desired convergence
time. This property is illustrated in Example [5.1}

Disturbances with Known-but-Time-Varying Frequencies:

In contrast to frequency-domain control methods, time-domain methods do not
require batch data processing (e.g., DFT). This feature of time-domain methods
provides the possibility of their successful implementation for systems subject to dis-
turbances with known-but-time-varying frequencies. Numerical simulations suggest
that the adaptive controllers of this dissertation that are developed in time domain
(i.e., TD-HHC, TD-AHHC, and TD-AHC) are effective for rejection of disturbances
with time-varying frequencies if the time variation is known, and the rate of change
of the frequencies is sufficiently small. One such demonstration of this time-domain
feature is in Example for TD-AHC algorithm.

Inaccurate Knowledge of Disturbance Frequencies:

If the frequencies of harmonic control differ from the frequencies of disturbance,
the adaptive control algorithms of this dissertation are still applicable and can achieve
disturbance attenuation, provided that the difference between the frequencies of dis-
turbance and control is sufficiently small. Experiment demonstrates one such
scenario.

Decentralized Control Architecture:

We presented decentralized FD-AHC in Chapter [6] which is the extension of the
new FD-AHC algorithm that we introduced in Chapter ] Similar to TD-AHC algo-
rithm presented in Chapter [f] FD-AHC benefits from arbitrarily large adaptive gains
in its update equations, which can significantly improve the convergence time. For
decentralized FD-AHC, Theorem requires sufficiently small gains for Lyapunov
stability and global convergence. However, numerical simulations suggest that simi-
lar to FD-AHC and TD-AHC, sufficiently small gains are not necessary for success-
ful implementation of decentralized FD-AHC. In other words, numerical simulations
suggest that decentralized FD-AHC benefits from arbitrarily large gains as well as
FD-AHC and TD-AHC.

Note that, although not presented, TD-AHC can be also extended to decentra-
lized control systems (i.e., similar to decentralized FD-AHC). However, for AHHC
algorithms, extension to decentralized control systems is an open problem.
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Disturbances with Unknown Frequencies:

In Chapter [, we extended the result of Chapter [2] to address the case of distur-
bances with unknown frequencies. In fact, we coupled an exponentially-fast frequency
estimator with FD-AHHC, and in Theorem [7.1] we validated the design through
analysis. Although, Theorem concerns a specific exponentially-fast frequency
estimator coupled with FD-AHHC, its statement can be shown to be true for ot-
her exponentially-fast frequency estimators coupled with FD-AHHC or other adap-
tive algorithms of this dissertation. In fact, numerical simulations suggest that not
only exponentially-fast frequency estimators but also other frequency estimators that
asymptotically converge to the disturbance frequency can be coupled with our adap-
tive control methods to address the rejection of sinusoids with unknown frequencies.

8.3 Recommendations for Future Work

In Chapter [7} we extended FD-AHHC to address disturbances with unknown fre-
quencies. It might be worthwhile to seek for other ways of extending FD-AHHC
or other algorithms of this dissertation to the case of unknown-frequency disturban-
ces. Moreover, modifications to the adaptive algorithm of this dissertation might be
helpful for certain applications. One can investigate the incorporation of windowing
techniques, recursive least squares parameter estimation, and multi-rate update ap-
proaches. Also, the extension of AHHC algorithms to systems with decentralized
control architecture is an open problem. In addition, it might be beneficial to study
the possibility of extending the adaptive controllers of this dissertation to nonlinear
systems.

183



Bibliography

W. F. Paul and K. C. Mard, “Vibration damped helicopter rotor,” Nov. 17
1970, US Patent 3,540,8009.

F. J. McHugh and J. Shaw, “Helicopter vibration reduction with higher harmo-
nic blade pitch,” J. Amer. Helicopter Society, vol. 23, no. 4, pp. 26-35, 1978.

J. Shaw and N. Albion, “Active control of the helicopter rotor for vibration
reduction,” J. Amer. Helicopter Society, vol. 26, no. 3, pp. 32-39, 1981.

E. R. Wood, R. W. Powers, J. H. Cline, and C. E. Hammond, “On develo-
ping and flight testing a higher harmonic control system,” J. Amer. Helicopter
Society, vol. 30, no. 1, pp. 3—20, 1985.

G. Goodwin, R. Evans, R. Leal, and R. Feik, “Sinusoidal disturbance rejection
with application to helicopter flight data estimation,” IEFEE Trans. Acoust.
Speech Sig. Proc., vol. 34, no. 3, pp. 479-484, 1986.

P. P. Friedmann, “Helicopter vibration reduction using structural optimization
with aeroelastic/multidisciplinary constraints-a survey,” J. Aircraft, vol. 28,
no. 1, pp. 821, 1991.

S. R. Hall and N. M. Wereley, “Performance of higher harmonic control algo-
rithms for helicopter vibration reduction,” J. Guid. Contr. Dyn., vol. 16, no. 4,
pp- 793-797, 1993.

T. A. Millott and P. P. Friedmann, “Vibration reduction in helicopter rotors
using an actively controlled partial span trailing edge flap located on the blade,”
1994.

J. T. Pearson and R. M. Goodall, “Adaptive schemes for the active control of
helicopter structural response,” IEEE Trans. Contr. Sys. Tech., vol. 2, no. 2,
pp. 61-72, 1994.

P. P. Friedmann and T. A. Millott, “Vibration reduction in rotorcraft using
active control: A comparision of various approaches,” J. Guid. Contr. Dyn.,
vol. 18, no. 4, pp. 664—673, 1995.

M. Lovera, P. Colaneri, C. Malpica, and R. Celi, “Discrete-time, closed-loop
aeromechanical stability analysis of helicopters with higher harmonic control,”
J. Guid. Contr. Dyn., vol. 30, no. 5, pp. 1249-1260, 2007.

184



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[21]

22]

23]

[24]

C. Malpica, “Contributions to the dynamics of helicopters with active rotor
controls,” Ph.D. dissertation, 2008.

R. Mura and M. Lovera, “Baseline vibration attenuation in helicopters: robust
mimo-hhc control,” IFAC Proc. Volumes, vol. 47, no. 3, pp. 8855-8860, 2014.

P. M. Kiifmann and C. Brillante, “In-flight tracking and vibration control using
the dlrdAZs multiple swashplate system,” CEAS Aeronautical Journal, vol. 8,
no. 4, pp. 637652, 2017.

W. A. Welsh, “Helicopter vibration reduction,” in Morphing Wing Technologies,
A. Concilio, I. Dimino, L. Lecce, and R. Pecora, Eds. Butterworth-Heinemann,
2018, pp. 865 — 892.

H. Merritt, “Theory of self-excited machine-tool chatter: contribution to
machine-tool chatter researchAAT,” J. Eng. Indust., vol. 87, no. 4, pp. 447
454, 1965.

C. L. Nachtigal and N. H. Cook, “Active control of machine-tool chatter,” J.
Basic Engineering, vol. 92, no. 2, pp. 238-244, 1970.

M. Rahman and Y. Ito, “Stability analysis of chatter vibration in turning pro-
cesses,” J. Sound Vibration, vol. 102, no. 4, pp. 515-525, 1985.

M. Tsai, S. Takata, M. Inui, F. Kimura, and T. Sata, “Prediction of chatter
vibration by means of a model-based cutting simulation system,” CIRP Annals-
Manufacturing Technology, vol. 39, no. 1, pp. 447-450, 1990.

C. R. Knospe, R. W. Hope, S. M. Tamer, and S. J. Fedigan, “Robustness
of adaptive unbalance control of rotors with magnetic bearings,” J. Vibration
Contr., vol. 2, no. 2, pp. 33-52, 1996.

S. Zhou and J. Shi, “Active balancing and vibration control of rotating ma-
chinery: a survey,” Shock and Vibration Digest, vol. 33, no. 5, pp. 361-371,
2001.

S. W. Dyer, J. Shi, J. Ni, and K.-K. Shin, “Robust optimal influence-coefficient
control of multiple-plane active rotor balancing systems,” J. Dynam. Sys. Me-
asur. Contr., vol. 124, no. 1, pp. 41-46, 2002.

B. Hredzak and G. Guo, “New electromechanical balancing device for active
imbalance compensation,” J. Sound Vibration, vol. 294, no. 4-5, pp. 737-751,
2006.

M. Chen and C. R. Knospe, “Control approaches to the suppression of machi-
ning chatter using active magnetic bearings,” IEEE Trans. Control Sys. Tech.,
vol. 15, no. 2, pp. 220-232, 2007.

185



[25]

[26]

[27]

28]

[29]

[30]

[31]

[37]

[38]

T. R. Grochmal and A. F. Lynch, “Precision tracking of a rotating shaft with
magnetic bearings by nonlinear decoupled disturbance observers,” IEEE Trans.
Contr. Sys. Tech., vol. 15, no. 6, pp. 1112-1121, 2007.

M. De Queiroz, “An active identification method of rotor unbalance parame-
ters,” J. Vibration and Contr., vol. 15, no. 9, pp. 1365—-1374, 2009.

A. Lees, J. Sinha, and M. Friswell, “Model-based identification of rotating ma-
chines,” Mechanical Sys. Sig. Proc., vol. 23, no. 6, pp. 1884-1893, 2009.

J. Kejian, Z. Changsheng, and T. Ming, “A uniform control method for imba-
lance compensation and automation balancing in active magnetic bearing-rotor
systems,” J. Dyn. Sys. Meas. Contr., vol. 134, no. 2, p. 021006, 2012.

S. Zheng, B. Han, Y. Wang, and J. Zhou, “Optimization of damping com-
pensation for a flexible rotor system with active magnetic bearing considering
gyroscopic effect,” IEEE/ASME Trans. Mechatronics, vol. 20, no. 3, pp. 1130
1137, 2015.

X. Xu, J. Fang, G. Liu, and H. Zhang, “Model development and harmonic
current reduction in active magnetic bearing systems with rotor imbalance and
sensor runout,” J. Vibration Contr., vol. 21, no. 13, pp. 2520-2535, 2015.

C. Peng, J. Sun, X. Song, and J. Fang, “Frequency-varying current harmonics
for active magnetic bearing via multiple resonant controllers,” IEEE Trans.
Indust. FElectro., vol. 64, no. 1, pp. 517-526, 2017.

S. J. Elliott, C. C. Boucher, and P. A. Nelson, “The behavior of a multiple
channel active control system,” IEEE Trans. Sig. Proc., vol. 40, no. 5, pp.
1041-1052, 1992.

S. J. Elliott and P. A. Nelson, “Active noise control,” IEEE Sig. Proc. Mayg.,
vol. 10, no. 4, pp. 12-35, 1993.

S. M. Kuo and D. Morgan, Active noise control systems: algorithms and DSP
implementations. John Wiley & Sons, Inc., 1995.

N. J. Bershad and J. C. M. Bermudez, “Sinusoidal interference rejection analysis
of an Ims adaptive feedforward controller with a noisy periodic reference,” IEEE
Trans. Sig. Proc., vol. 46, no. 5, pp. 1298-1313, 1998.

S. M. Kuo and D. R. Morgan, “Active noise control: a tutorial review,” Proc.
IEFEE, vol. 87, no. 6, pp. 943-973, 1999.

M. Bodson, J. S. Jensen, and S. C. Douglas, “Active noise control for periodic
disturbances,” IEEFE Trans. Contr. Sys. Tech., vol. 9, no. 1, pp. 200-205, 2001.

S. M. Kuo and H.-T. Wu, “Nonlinear adaptive bilinear filters for active noise
control systems,” IEEE Trans. Circ. Sys. I, vol. 52, no. 3, pp. 617-624, 2005.

186



[39]

[40]

[41]

[42]

[43]

[44]

[45]

[49]

[50]

[51]

M. T. Akhtar, M. Abe, and M. Kawamata, “A new variable step size Ims
algorithm-based method for improved online secondary path modeling in active
noise control systems,” IEEE Trans. Audio Speech Lang. Proc., vol. 14, no. 2,
pp. 720-726, 2006.

B. Yousefzadeh, M. Mahjoob, N. Mohammadi, and A. Shahsavari, “An experi-
mental study of sound transmission loss (stl) measurement techniques using an
impedance tube,” J. Acoustical Society Amer., vol. 123, no. 5, p. 3119, 2008.

M. Mahjoob, N. Mohammadi, and S. Malakooti, “An investigation into the
acoustic insulation of triple-layered panels containing newtonian fluids: theory
and experiment,” Applied Acoustics, vol. 70, no. 1, pp. 165-171, 2009.

C. Hansen, S. Snyder, X. Qiu, L. Brooks, and D. Moreau, Active control of
noise and vibration. CRC press, 2012.

N. V. George and A. Gonzalez, “Convex combination of nonlinear adaptive
filters for active noise control,” Applied Acoustics, vol. 76, pp. 157-161, 2014.

M. Akraminia, M. Mahjoob, and M. Tatari, “Active noise control using adaptive
polynominal gaussian winowed wavelet networks,” J. Vibration Contr., vol. 21,
no. 15, pp. 3020-3033, 2015.

M. Akraminia and M. J. Mahjoob, “Adaptive feedback active noise control using
wavelet frames: simulation and experimental results,” J. Vibration Contr.,
vol. 22, no. 7, pp. 1895-1912, 2016.

M. Akraminia, M. J. Mahjoob, and M. Tatari, “Nonlinear active noise control
using adaptive wavelet filters,” Amer. Scientific Research J. Eng. Tech. Sci.,
vol. 37, no. 1, pp. 287-304, 2017.

E. M. Ku, “Adaptive modeling of secondary path in an active noise control
system,” 2017, US Patent App. 15/616,332.

M. Akraminia, M. J. Mahjoob, and A. H. Niazi, “Feedforward active noise
control using wavelet frames: simulation and experimental results,” J. Vibration
Cont., vol. 23, no. 4, pp. 555-573, 2017.

N. Kwatra, J. D. Hendrix, and J. L. Melanson, “Systems and methods for
adaptive active noise cancellation for multiple-driver personal audio device,”
Jul. 3 2018, US Patent App. 10/013,966.

T. Soharton, “Development of impedance simulation fixtures for spacecraft vi-
bration tests,” 1969.

N. Formica, L. B. Crema, C. Galeazzi, and F. Morganti, “Vibration control of
satellite panels by means of piezoelectric elements,” WIT Trans. Built Environ-
ment, vol. 22, 1970.

187



[52]

[53]

[54]

[55]

[56]

[57]

[59]

[60]

[61]

G. Fleischer and P. Likins, “Results of flexible spacecraft attitude control studies
utilizing hybrid coordinates,” J. Spacecraft Rockets, vol. 8, no. 3, pp. 264-273,
1971.

J. Canavin, “The control of spacecraft vibrations using multivariable output
feedback,” in Astrodynamics Conferece, 1978, p. 1419.

L. Meirovitch and H. Oz, “Modal-space control of large flexible spacecraft pos-
sessing ignorable coordinates,” J. Guid. Contr. Dynam., vol. 3, no. 6, pp. 569—
577, 1980.

A. Von Flotow, “Traveling wave control for large spacecraft structures,” .J.
Guid. Contr. Dynam., vol. 9, no. 4, pp. 462-468, 1986.

L. Meirovitch and R. Quinn, “Maneuvering and vibration control of flexible
spacecraft,” 1987.

G. Song, N. V. Buck, and B. N. Agrawal, “Spacecraft vibration reduction using
pulse-width pulse-frequency modulated input shaper,” J. Guid. Contr. Dyn.,
vol. 22, no. 3, pp. 433-440, 1999.

Q. Hu and G. Ma, “Variable structure control and active vibration suppres-
sion of flexible spacecraft during attitude maneuver,” Aerospace Science and
Technology, vol. 9, no. 4, pp. 307-317, 2005.

J. Lau, S. S. Joshi, B. N. Agrawal, and J.-W. Kim, “Investigation of periodic-
disturbance identification and rejection in spacecraft,” J. Guid. Contr. Dyn.,
vol. 29, no. 4, pp. 792-798, 2006.

Q. Hu, P. Shi, and H. Gao, “Adaptive variable structure and commanding
shaped vibration control of flexible spacecraft,” J. Guid. Contr. Dynam., vol. 30,
no. 3, pp. 804-815, 2007.

Z. Chen and J. Huang, “Attitude tracking and disturbance rejection of rigid
spacecraft by adaptive control,” IEEE Trans. Auto. Contr., vol. 54, no. 3, pp.
600-605, 20009.

Y. Jiang, Q. Hu, and G. Ma, “Adaptive backstepping fault-tolerant control for
flexible spacecraft with unknown bounded disturbances and actuator failures,”
ISA Transactions, vol. 49, no. 1, pp. 57-69, 2010.

T. Sales, D. Rade, and L. De Souza, “Passive vibration control of flexible space-
craft using shunted piezoelectric transducers,” Aerospace Science and Techno-
logy, vol. 29, no. 1, pp. 403-412, 2013.

W. He and S. S. Ge, “Dynamic modeling and vibration control of a flexible
satellite,” IEEE Trans. Aerospace Electro. Sys., vol. 51, no. 2, pp. 1422-1431,
2015.

188



[65]

[66]

[75]

[76]

[77]

K. Yang, Y.-W. Zhang, H. Ding, T.-Z. Yang, Y. Li, and L.-Q. Chen, “Nonlinear
energy sink for whole-spacecraft vibration reduction,” J. Vibration Acoustics,
vol. 139, no. 2, p. 021011, 2017.

M. Malekzadeh and H. Karimpour, “Adaptive super twisting vibration control
of a flexible spacecraft with state rate estimation,” J. Sound Vibration, vol. 422,
pp- 300-317, 2018.

D. W. Rickert, “Method of suppressing seek-excited vibration in a disk drive or
similar servo system,” Oct. 16 1984, US Patent 4,477,755.

Y. Mizoshita, S. Hasegawa, and K. Takaishi, “Vibration minimized access con-
trol for disk drives,” IEEE Trans. Magnetics, vol. 32, no. 3, pp. 1793-1798,
1996.

Y. Soeno, S. Ichikawa, T. Tsuna, Y. Sato, and I. Sato, “Piezoelectric piggy-back
microactuator for hard disk drive,” IEEE Trans. Magnetics, vol. 35, no. 2, pp.
983-987, 1999.

I. Shen, “Recent vibration issues in computer hard disk drives,” J. Magnetism
and Magnetic Materials, vol. 209, no. 1-3, pp. 6-9, 2000.

T. Atsumi, T. Arisaka, T. Shimizu, and T. Yamaguchi, “Vibration servo control
design for mechanical resonant modes of a hard-disk-drive actuator,” JSME Int.
J. Series C' Mechanical Systems, Machine Elements and Manufacturing, vol. 46,
no. 3, pp. 819-827, 2003.

K. Oldham, X. Huang, A. Chahwan, and R. Horowitz, “Design, fabrication,
and control of a high-aspect ratio microactuator for vibration suppression in a
hard disk drive,” IFAC Proceedings Volumes, vol. 38, no. 1, pp. 13-18, 2005.

R. Horowitz, Y. Li, K. Oldham, S. Kon, and X. Huang, “Dual-stage servo
systems and vibration compensation in computer hard disk drives,” Contr.
Eng. Practice, vol. 15, no. 3, pp. 291-305, 2007.

T. Atsumi, A. Okuyama, and S. Nakagawa, “Vibration control above the ny-
quist frequency in hard disk drives,” IEEE Trans. Indust. FElectro., vol. 55,
no. 10, pp. 3751-3757, 2008.

T. Atsumi, “Disturbance suppression beyond nyquist frequency in hard disk
drives,” Mechatronics, vol. 20, no. 1, pp. 67-73, 2010.

J.-H. She, X. Xin, and Y. Pan, “Equivalent-input-disturbance approaehéATa—
nalysis and application to disturbance rejection in dual-stage feed drive control
system,” IEEE/ASME Trans. Mechatronics, vol. 16, no. 2, pp. 330-340, 2011.

D. Huang, V. Venkataramanan, J.-X. Xu et al., “Contact-induced vibration in
dual-stage hard disk drive servo systems and its compensator design,” IFEFE
Trans. Indust. Electro., vol. 61, no. 8, pp. 4052-4060, 2014.

189



[78]

[79]

[80]

[81]

[82]

[83]

[84]
[85]

[36]

T. Yamaguchi, M. Hirata, and J. C. K. Pang, High-speed precision motion
control. CRC press, 2017.

J.-S. Lee, S.-Y. Lim, I. Kim, W. Jeong, S. Park, and H. Yang, “An adaptive
disturbance rejection method with stability enhancement using adjustable dead
zone for hard disk drives,” IEEE Trans. Magnetics, vol. 53, no. 3, 2017.

S. Yabui, “Compensation and identification for external disturbances in head
positioning systems of hard disk drives based on a data-based design method,”
Mechanical Sys. Sig. Proc., vol. 115, pp. 434-449, 2019.

D. Patt, J. Chandrasekar, D. S. Bernstein, and P. P. Friedmann, “Higher-
harmonic-control algorithm for helicopter vibration reduction revisted,” J.
Guid. Contr. Dyn., vol. 28, no. 5, pp. 918-930, 2005.

M. Kamaldar and J. B. Hoagg, “Adaptive harmonic steady-state control for
rejection of sinusoidal disturbances acting on a completely unknown system,”
Int. J. Adapt. Contr. Sig. Proc., vol. 31, no. 9, pp. 1308-1326, 2017.

N. K. Gupta, “Frequency-shaped cost functionals-extension of linear-quadratic-
gaussian design methods,” J. Guid. Contr. Dyn., vol. 3, no. 6, pp. 529-535,
1980.

W. Johnson, Helicopter theory. Courier Corporation, 2012.

A. C. Veca, “Vibration effects on helicopter reliability and maintainability,”
United Technologies Corp., Stratford CT, Sikorsky Aircraft DIV, Tech. Rep.,
1973.

A. Bayoumi, W. Ranson, L. Eisner, and L. Grant, “Cost and effectiveness
analysis of the ah-64 and uh-60 on-board vibrations monitoring system,” in
Aerospace Conference. 1EEE, 2005, pp. 3921-3940.

“Aeronautical design standard, standard practice, requirements for rotorcraft
vibration specifications, modeling and testing,” ADS-27A-SP, May 2, 2006.

A. R. Bramwell, D. Balmford, and G. Done, Bramwell’s helicopter dynamics.
Elsevier, 2001.

R. L. Bielawa, Rotary wing structural dynamics and aeroelasticity. American
Institute of Aeronautics and Astronautics, 2006.

W. A. G. Ferdinand, “Double row roller bearing,” Nov. 29 1949, US Patent
2,489,342.

J. J. O’'Leary, “Reduction in vibration of the ch-47c helicopter using a variable
tuning vibration absorber,” Shock and Vibration Bulletin, vol. 40, pp. 191-202,
1969.

190



[92]

[96]

[97]

[98]

[99]
[100]

[101]

[102]

103]

[104]

[105]

[106]

T. Millott, R. Goodman, J. Wong, W. Welsh, J. Correia, and C. Cassil, “Risk
reduction flight test of a pre-production active vibration control system for the
uh-60m,” in Annual Forum Proceedings, American Helicopter Society, vol. 59,
no. 1. American Helicopter Society, Inc., 2003, pp. 223-230.

R. Taylor, P. Zwicke, P. Gold, and W. Miao, “Analytical design and evaluation
of an active control system for helicopter vibration reduction and gust response
alleviation,” 1980.

J.-D. Moon, B.-S. Kim, and S.-H. Lee, “Development of the active balancing de-
vice for high-speed spindle system using influence coefficients,” Int. J. Machine
Tools Manufac., vol. 46, no. 9, pp. 978-987, 2006.

A. Sinervo and A. Arkkio, “Rotor radial position control and its effect on the
total efficiency of a bearingless induction motor with a cage rotor,” IEEE Trans.
Magnetics, vol. 50, no. 4, pp. 1-9, 2014.

L. Eriksson, M. Allie, C. Bremigan, and J. Gilbert, “The use of active noise
control for industrial fan noise,” ASMFE Paper, 1988.

S. Elliott, P. Nelson, I. Stothers, C. Boucher, and J. Evers, “In-flight experi-
ments on the active control of propeller-induced cabin noise,” in 12th Aeroa-
coustic Conference, 1990, p. 1047.

R. L. Chance, “Earmuff apparatus for use with headsets,” Jun. 2 1987, US
Patent 4,669,129.

T. Kimura, “Noise-cancelling headphone,” Oct. 25 2011, US Patent 8,045,726.

H. Coanda, “Procédé de protection contre les bruits,” French Patent No. 722
274, 1930.

P. Lueg, “Verfahren zur dampfung von schallschwingungen,” German patent,
no. 655, p. 508, 1933.

H. F. Olson and E. G. May, “Electronic sound absorber,” .J. Acoustical Society
Amer., vol. 25, no. 6, pp. 11301136, 1953.

H. F. Olson, “Electronic control of noise, vibration, and reverberation,” J.
Acoustical Society of America, vol. 28, no. 5, pp. 966-972, 1956.

W. B. Conover, “Fighting noise with noise,” Noise Control, vol. 2, no. 2, pp.
78-92, 1956.

K. Ahuja and J. Stevens, “Recent advances in active noise control,” AIAA J.,
vol. 29, no. 7, pp. 1058-1067, 1991.

N. V. George and G. Panda, “Advances in active noise control: A survey, with
emphasis on recent nonlinear techniques,” Sig. Proc., vol. 93, no. 2, pp. 363-377,
2013.

191



107]

108

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117)

18]

[119]

[120]

S. Di Gennaro, “Output stabilization of flexible spacecraft with active vibration
suppression,” IEEE Trans. Aero. Electro. Sys., vol. 39, no. 3, pp. 747-759, 2003.

G. H. Hu Q, Shi P, “Adaptive variable structure and commanding shaped vi-
bration control of flexible spacecraft,” J. Guid. Contr. Dyn., vol. 30, no. 3, pp.
804-815, 2007.

D. Hyland, J. Junkins, and R. Longman, “Active control technology for large
space structures,” J. Guid. Contr. Dyn., vol. 16, no. 5, pp. 801-821, 1993.

S. Korkmaz, “A review of active structural control: challenges for engineering
informatics,” Computers & Structures, vol. 89, no. 23-24, pp. 2113-2132, 2011.

Q. W. Jia, “Disturbance rejection through disturbance observer with adaptive
frequency estimation,” IEFEE Trans. Magnetics, vol. 45, no. 6, pp. 26752678,
2009.

L. Guo and Y.-J. Chen, “Disk flutter and its impact on hdd servo performance,”
IEEE Trans. Magnetics, vol. 37, no. 2, pp. 866-870, 2001.

R. Ehrlich and D. Curran, “Major hdd tmr sources and projected scaling with
tpi,” IEEE Trans. Magnetics, vol. 35, no. 2, pp. 885-891, 1999.

J. S. McAllister, “The effect of disk platter resonances on track misregistration
in 3.5 inch disk drives,” IEEE Trans. Magnetics, vol. 32, no. 3, pp. 17621766,
1996.

C. D. Johnson, “Accommodation of external disturbances in linear regulator
and servomechanism problems,” IEEFE Trans. Autom. Contr., vol. 16, pp. 635—
644, 1971.

E. J. Davison, “The robust control of a servomechanism problem for linear
time-invariant multivariable systems,” IEEE Trans. Autom. Contr., vol. 21,
pp. 25-34, 1976.

B. A. Francis, A. Sebakhy, and W. M. Wonham, “Synthesis of multivariable
regulators: The internal model principle,” J. Appl. Math. Optim., vol. 1, pp.
64-86, 1974.

I. D. Landau, A. Constantinescu, and D. Rey, “Adaptive narrow band distur-
bance rejection applied to an active suspension—an internal model principle
approach,” Automatica, vol. 41, no. 4, pp. 563-574, 2005.

J. B. Hoagg, M. A. Santillo, and D. S. Bernstein, “Internal model control in the
shift and delta domains,” IEEE Trans. Autom. Contr., vol. 53, pp. 1066-1072,
2008.

D. Carnevale, S. Galeani, M. Sassano, and A. Astolfi, “Robust hybrid estima-
tion and rejection of multi-frequency signals,” Int. J. Adapt. Contr. Sig. Proc.,
vol. 30, no. 12, pp. 1649-1673, 2016.

192



[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

W.-H. Chen, J. Yang, L. Guo, and S. Li, “Disturbance-observer-based control
and related methods—An overview,” IEEE Trans. Indust. Electr., vol. 63, no. 2,
pp- 1083-1095, 2016.

L. Guo and W.-H. Chen, “Disturbance attenuation and rejection for systems
with nonlinearity via DOBC approach,” Int. J. Robust Nonlin. Contr., vol. 15,
no. 3, pp. 109-125, 2005.

J. Yang, S. Li, and X. Yu, “Sliding-mode control for systems with mismatched
uncertainties via a disturbance observer,” IEEE Trans. Indust. Electr., vol. 60,
no. 1, pp. 160-169, 2013.

X. Yao and L. Guo, “Composite anti-disturbance control for markovian jump
nonlinear systems via disturbance observer,” Automatica, vol. 49, no. 8, pp.
2538-2545, 2013.

S. Li, H. Sun, J. Yang, and X. Yu, “Continuous finite-time output regulation for
disturbed systems under mismatching condition,” IEEFE Trans. Autom. Contr.,
vol. 60, no. 1, pp. 277-282, 2015.

W. Kim, H. Kim, C. C. Chung, and M. Tomizuka, “Adaptive output regulation
for the rejection of a periodic disturbance with an unknown frequency,” IEFEFE
Trans. Contr. Sys. Tech., vol. 19, no. 5, pp. 12961304, 2011.

A. A. Bobtsov and A. A. Pyrkin, “Cancelation of unknown multiharmonic
disturbance for nonlinear plant with input delay,” Int. J. Adapt. Contr. Sig.
Proc., vol. 26, no. 4, pp. 302-315, 2012.

S. Li, J. Yang, W.-H. Chen, and X. Chen, Disturbance observer-based control:
methods and applications. CRC press, 2014.

M. Bodson, A. Sacks, and P. Khosla, “Harmonic generation in adaptive feed-
forward cancellation schemes,” IEEFE Trans. Autom. Contr., vol. 39, no. 9, pp.
1939-1944, 1994.

W. Messner and M. Bodson, “Design of adaptive feedforward algorithms using
internal model equivalence,” Int. J. Adapt. Contr. Sig. Proc., vol. 9, pp. 199—
212, 1995.

D. S. Bayard, “A general theory of linear time-invariant adpative feedforward
systems with harmonic regressors,” IEEE Trans. Autom. Contr., vol. 45, no. 11,

pp. 1983-1996, 2000.

R. Marino and P. Tomei, “Output regulation for unknown stable linear sys-
tems,” IEEE Trans. Autom. Contr., vol. 60, no. 8, pp. 2213-2218, 2015.

R. Marino and P. Tomei, “Hybrid adaptive multi-sinusoidal disturbance can-
cellation,” IEEE Trans. Autom. Contr., 2016.

193



[134]

[135]

[136]

[137]

138

[139)]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

S. Jafari and P. A. Toannou, “Robust adaptive attenuation of unknown perio-
dic disturbances in uncertain multi-input multi-output systems,” Automatica,
vol. 70, pp. 3242, 2016.

S. Jafari and P. A. Toannou, “Rejection of unknown periodic disturbances for
continuous-time MIMO systems with dynamic uncertainties,” Int. J. Adapt.
Contr. Sig. Proc., vol. 30, no. 12, pp. 1674-1688, 2016.

R. Venugopal and D. S. Bernstein, “Adaptive disturbance rejection using AR-
MARKOV /Toeplitz models,” IEEE Trans. Contr. Sys. Tech., vol. 8, no. 2, pp.
257-269, 2000.

G. Pin, “A direct approach for the frequency-adaptive feedforward cancellation
of harmonic disturbances,” IEEE Trans. Sig. Proc., vol. 58, no. 7, pp. 3523—
3530, 2010.

G. Fedele, “A fractional-order repetitive controller for periodic disturbance re-
jection,” IEEFE Trans. Autom. Contr., 2017.

M. Bodson, “Rejection of periodic disturbances of unknown and time-varying
frequencies,” Int. J. Adapt. Contr. Sig. Proc., vol. 19, pp. 67-88, 2005.

J. B. Hoagg, M. A. Santillo, and D. S. Bernstein, “Discrete-time adaptive com-
mand following and disturbance rejection with unknown exogenous dynamics,”
IEEE Trans. Autom. Contr., vol. 53, pp. 912-928, 2008.

J. B. Hoagg and D. S. Bernstein, “Retrospective cost model reference adaptive
control for nonminimum-phase systems,” J. Guid. Contr. Dyn., vol. 35, no. 6,
pp. 1767-1786, 2012.

H. I. Basturk and M. Krstic, “State derivative feedback for adaptive cancel-
lation of unmatched disturbances in unknown strict-feedback LTI systems,”
Automatica, vol. 50, no. 10, pp. 25392545, 2014.

H. I. Basturk and M. Krstic, “Adaptive sinusoidal disturbance cancellation for
unknown LTI systems despite input delay,” Automatica, vol. 58, pp. 131-138,
2015.

J. B. Hoagg and T. M. Seigler, “Decentralized filtered dynamic inversion for
uncertain minimum-phase systems,” Automatica, vol. 61, pp. 192-200, 2015.

J. B. Hoagg and T. M. Seigler, “Filtered feedback linearization for nonlinear
systems with unknown disturbances,” Sys. Contr. Lett., vol. 62, no. 8, pp. 613—
625, 2013.

J. B. Hoagg and T. M. Seigler, “Filtered-dynamic-inversion control for unknown
minimum-phase systems with unknown-and-unmeasured disturbances,” Int. J.
Contr., vol. 86, no. 3, pp. 449-468, 2013.

194



[147]

[148]

[149]

[150]

[151]

[152]
153]

[154]

[155]

[156]

[157]

[158]

[159]

[160]

X. Guo and M. Bodson, “Analysis and implementation of an adaptive algorithm
for the rejection of multiple sinusoidal disturbances,” IEEE Trans. Contr. Sys.
Tech., vol. 17, no. 1, pp. 40-50, 20009.

H. M. Bagherpoor and F. R. Salmasi, “Robust model reference adaptive output
feedback tracking for uncertain linear systems with actuator fault based on
reinforced dead-zone modification,” ISA Transactions, vol. 57, pp. 51-56, 2015.

A. M. Boker and H. K. Khalil, “Semi-global output feedback stabilization of
non-minimum phase nonlinear systems,” IEEFE Trans. Autom. Contr., 2016.

Y. Zhu, M. Krstic, and H. Su, “Adaptive output feedback control for uncertain
linear time-delay systems,” IEEE Trans. Autom. Contr., vol. 62, no. 2, pp.
545-560, 2017.

A. H. Ghasemi, J. B. Hoagg, and T. M. Seigler, “Decentralized filtered feedback
linearization for uncertain nonlinear systems,” Int. J. Robust Nonlin. Contr.,
vol. 28, no. 4, pp. 1496-1506, 2018.

B. Widrow and S. D. Sterns, Adaptive Signal Processing. Prentice Hall, 1985.

E. Bjarnason, “Analysis of the filtered-X algorithm,” IEEE Trans. Speech Audio
Process., vol. 3, no. 6, pp. 504-514, 1995.

S. M. Kuo and D. Vijayan, “A secondary path modeling technique for active
noise control systems,” IFEE Trans. Speech Audio Process., vol. 5, no. 4, pp.
374-377, 1997.

M. Zhang, H. Lan, and W. Ser, “Cross-updated active noise control system with
online secondary path modeling,” IEEE Trans. Speech Audio Process., vol. 9,
no. 5, pp. 598-602, 2001.

J. T. Pearson, R. M. Goodall, and I. Lyndon, “Active control of helicopter
vibration,” Computer Contr. Eng. J., vol. 5, pp. 277-284, 1994.

J. Chandrasekar, L. Liu, D. Patt, P. P. Friedmann, and D. S. Bernstein, “Adap-
tive harmonic steady-state control for disturbance rejection,” IEEE Trans.
Contr. Sys. Tech., vol. 14, no. 6, pp. 993-1007, 2006.

S. Pigg and M. Bodson, “Adaptive algorithms for the rejection of sinusoidal dis-
turbances acting on unknown plants,” IEEFE Trans. Contr. Sys. Tech., vol. 18,
no. 4, pp. 822-836, 2010.

L. Bakule, “Decentralized control: An overview,” Annual Reviews in Control,
vol. 32, no. 1, pp. 87-98, 2008.

P. Toannou, “Decentralized adaptive control of interconnected systems,” IFEFE
Trans. Autom. Contr., vol. 31, no. 4, pp. 291-298, 1986.

195



[161]

162]

163

164]

165

[166]

[167]

[168]

[169)]

[170]

[171]

[172]

[173]

D. T. Gavel and D. D. Siljak, “Decentralized adaptive control: structural con-
ditions for stability,” IEEE Trans. Autom. Contr., vol. 34, no. 4, pp. 413-426,
1989.

L. Shi and S. K. Singh, “Decentralized adaptive controller design for large-
scale systems with higher-order interconnections,” IEEE Trans. Autom. Contr.,
vol. 37, no. 8, pp. 1106-1118, 1992.

S. Jain and F. Khorrami, “Decentralized adaptive control of a class of large-
scale interconnected nonlinear systems,” IEEE Trans. Auto. Contr., vol. 42,
no. 2, pp. 136-154, 1997.

C. Wen and Y. C. Soh, “Decentralized model reference adaptive control without
restriction on subsystem relative degrees,” IEEE Trans. Autom. Contr., vol. 44,
no. 7, pp. 1464-1469, 1999.

Y. Guo, Z.-P. Jiang, and D. J. Hill, “Decentralized robust disturbance attenu-
ation for a class of large-scale nonlinear systems,” Sys. Contr. Lett., vol. 37,
no. 2, pp. 71-85, 1999.

K. S. Narendra and N. O. Oleng, “Exact output tracking in decentralized adap-
tive control systems,” IEEE Trans. Autom. Contr., vol. 47, no. 2, pp. 390-395,
2002.

P. Krishnamurthy and F. Khorrami, “Decentralized control and disturbance
attenuation for large-scale nonlinear systems in generalized output-feedback
canonical form,” Automatica, vol. 39, no. 11, pp. 1923-1933, 2003.

J. Zhou, “Decentralized adaptive control for large-scale time-delay systems with
dead-zone input,” Automatica, vol. 44, no. 7, pp. 1790-1799, 2008.

K. S. Narendra, N. O. Oleng, and S. Mukhopadhyay, “Decentralised adaptive
control with partial communication,” IEE Proc. Contr. Theory Appl., vol. 153,
no. 5, pp. 546-555, 2006.

J. D. Polston and J. B. Hoagg, “Decentralized adaptive command following
and disturbance rejection for subsystems with local full-state feedback,” Int. J.
Adapt. Contr. Sig. Proc., vol. 29, no. 5, pp. 581-602, 2015.

P. R. Pagilla, R. V. Dwivedula, and N. B. Siraskar, “A decentralized model
reference adaptive controller for large-scale systems,” IEEE/ASME Trans. Me-
chatronics, vol. 12, no. 2, pp. 154-163, 2007.

S. J. Elliott and C. C. Boucher, “Interaction between multiple feedforward
active control systems,” IFEE Trans. Speech Audio Proc., vol. 2, no. 4, pp.
521-530, 1994.

D. Rao and S.-Y. Kung, “Adaptive notch filtering for the retrieval of sinusoids
in noise,” IEEFE Trans. Acoustics, Speech, Sig. Proc., vol. 32, no. 4, pp. 791-802,
1984.

196



[174]

[175]

176]

[177]

[178]

[179]

[180]

[181]

[182]

[183]

[184]

[185]

[186]

[187]

188

P. A. Regalia, “An improved lattice-based adaptive IIR notch filter,” IEFEFE
Trans. Sig. Proc., vol. 39, no. 9, pp. 2124-2128, 1991.

B. S. Chen, T.-Y. Yang, and B.-H. Lin, “Adaptive notch filter by direct fre-
quency estimation,” Sig. Proc., vol. 27, no. 2, pp. 161-176, 1992.

G. Li, “A stable and efficient adaptive notch filter for direct frequency estima-
tion,” IEEE Trans. Sig. Proc., vol. 45, no. 8, pp. 2001-2009, 1997.

M. Mojiri and A. R. Bakhshai, “Stability analysis of periodic orbit of an adap-
tive notch filter for frequency estimation of a periodic signal,” Automatica,
vol. 43, no. 3, pp. 450-455, 2007.

G. Obregon-Pulido, B. Castillo-Toledo, A. Loukianov et al., “A globally conver-
gent estimator for n-frequencies,” IEEE Trans. Autom. Contr., vol. 47, no. 5,
pp. 857-863, 2002.

X. Xia, “Global frequency estimation using adaptive identifiers,” IEEFE Trans.
Autom. Contr., vol. 47, no. 7, pp. 1188-1193, 2002.

M. Hou et al., “Amplitude and frequency estimator of a sinusoid,” IEFE Trans.
Autom. Contr., vol. 50, no. 6, pp. 855-858, 2005.

A. A. Bobtsov, “New approach to the problem of globally convergent frequency
estimator,” Int. J. Adapt. Contr. Sig. Proc., vol. 22, no. 3, pp. 306-317, 2008.

R. Marino and P. Tomei, “Adaptive notch filters are local adaptive observers,”
Int. J. Adapt. Contr. Sig. Proc., vol. 30, pp. 128-146, 2016.

M. Bodson and S. C. Douglas, “Adaptive algorithms for the rejection of sinus-
oidal disturbances with unknown frequencies,” Automatica, vol. 33, no. 12, pp.
2213-2221, 1997.

R. Marino, G. L. Santosuosso, and P. Tomei, “Robust adaptive compensation of
biased sinusoidal disturbances with unknown frequency,” Automatica, vol. 39,
no. 10, pp. 1755-1761, 2003.

R. Marino and P. Tomei, “Output regulation for linear minimum phase systems
with unknown order exosystem,” IEEE Trans. Autom. Contr., vol. 52, no. 10,
pp- 2000-2005, 2007.

L. J. Brown and Q. Zhang, “Periodic disturbance cancellation with uncertain
frequency,” Automatica, vol. 40, no. 4, pp. 631-637, 2004.

Z. Wu, M. Liu, and F. B. Amara, “Youla parameterized adaptive regulation
against unknown multiple narrow-band disturbances,” Trans. Institute Meas.
Contr., vol. 36, no. 2, pp. 206-215, 2014.

G. C. Goodwin and K. S. Sin, Adaptive Filtering, Prediction, and Control.
Prentice Hall, 1984.

197



[189)]

[190]

[191]

[192]

193]

[194]

[195]

196]

197]

[198]

[199]

200]

[201]

R. Marino and P. Tomei, “An adaptive learning regulator for uncertain mi-
nimum phase systems with undermodeled unknown exosystems,” Automatica,
vol. 47, no. 4, pp. 739-747, 2011.

R. Marino and P. Tomei, “Adaptive disturbance rejection for unknown stable
linear systems,” Trans. Institute Meas. Contr., vol. 38, no. 6, pp. 640-647, 2016.

L. Liu, Z. Chen, and J. Huang, “Parameter convergence and minimal internal
model with an adaptive output regulation problem,” Automatica, vol. 45, no. 5,
pp. 1306-1311, 2009.

L. Liu, Z. Chen, and J. Huang, “Global disturbance rejection of lower triangu-
lar systems with an unknown linear exosystem,” IEEFE Trans. Autom. Contr.,
vol. 56, no. 7, pp. 1690-1695, 2011.

M. Kamaldar and J. B. Hoagg, “Multivariable adaptive harmonic steady-state
control for rejection of sinusoidal disturbances acting on an unknown system,”
in Proc. Amer. Contr, Conf., 2016, pp. 1631-1636.

M. Kamaldar and J. B. Hoagg, “Time-domain adaptive harmonic control for
sinusoidal disturbances rejection,” in Proc. Amer. Contr, Conf. 1EEE, 2018,
pp. 5430-5435.

M. Kamaldar and J. B. Hoagg, “Time-domain adaptive higher harmonic control
for rejection of sinusoidal disturbances acting on an unknown system,” Contr.
Eng. Practice, 2019 (to be submitted).

M. Kamaldar and J. B. Hoagg, “Decentralized adaptive harmonic control for

rejection of sinusoidal disturbances acting on an unknown system,” in Proc.
Amer. Contr, Conf. 1EEE, 2019 (under review).

M. Kamaldar and J. B. Hoagg, “Decentralized adaptive harmonic control for
sinusoidal disturbance rejection,” AIAA J. Guid. Contr. Dyn., 2019 (to be
submitted).

M. Kamaldar and J. B. Hoagg, “Time-domain adaptive harmonic control for re-
jection of sinusoidal disturbances acting on an unknown discrete-time system,”
in Proc. Amer. Contr, Conf. 1EEE, 2017, pp. 5690-5695.

M. Kamaldar and J. B. Hoagg, “Adaptive harmonic control for rejection of
sinusoidal disturbances acting on an unknown system,” IEEE Trans. Contr.
Sys. Tech., 2018.

M. Kamaldar and J. B. Hoagg, “Adaptive control for rejection of a sinusoidal

disturbance with unknown frequency acting on an unknown system,” in Proc.
Amer. Contr, Conf. TEEE, 2017, pp. 5696-5701.

D. S. Bernstein, Matriz Mathematics. Princeton Univ. Press, 2009.

198



[202]

203)]

204]

[205]

206]

207]

208

209]
210]

[211]

212]

213]

D. H. Brandwood, “A complex gradient operator and its application in adaptive
array theory,” IEE Proceedings F' (Communications, Radar and Signal Proces-
sing), vol. 130, no. 1, pp. 11-16, 1983.

J. Hong, J. C. Ackers, R. Venugopal, M. N. Lee, A. G. Sparks, P. D. Washa-
baugh, and D. S. Bernstein, “Modeling, identification, and feedback control of
noise in an acoustic duct,” IEEFE Trans. Contr. Sys. Tech., vol. 4, pp. 283-291,
1996.

A. Esbrook, X. Tan, and H. K. Khalil, “An indirect adaptive servocompen-
sator for signals of unknown frequencies with application to nanopositioning,”
Automatica, vol. 49, no. 7, pp. 20062016, 2013.

P. Tomei, “Multi-sinusoidal disturbance rejection for discrete-time uncertain
stable systems,” Automatica, vol. 79, pp. 144-151, 2017.

A. Bobtsov, A. Pyrkin, and S. Kolyubin, “Simple output feedback adaptive con-
trol based on passification principle,” Int. J. Adapt. Contr. Sig. Proc., vol. 28,
no. 7-8, pp. 620-632, 2014.

D. S. Bernstein, Matriz Mathematics, 2nd ed.  Princeton University Press,
20009.

W. M. Haddad and V. Chellaboina, Nonlinear Dynamical Systems and Control.
Princeton University Press, 2008.

P. Toannou and B. Fidan, Adaptive Control Tutorial. SIAM, 2006.

K. J. Astrom and B. Wittenmark, Adaptive Control. Courier Corporation,
2013.

P. K. Meher, J. Valls, T.-B. Juang, K. Sridharan, and K. Maharatna, “50 years
of CORDIC: Algorithms, architectures, and applications,” IEEE Trans. Circ.
Sys., vol. 56, no. 9, pp. 1893-1907, 2009.

S. Pigg and M. Bodson, “Adaptive harmonic steady-state disturbance rejection
with frequency tracking,” Asian J. Contr., vol. 15, no. 1, pp. 1-10, 2013.

W. Sun, Y. Zhao, J. Li, L. Zhang, and H. Gao, “Active suspension control with
frequency band constraints and actuator input delay,” IEEFE Trans. Indust.
Electr., vol. 59, no. 1, pp. 530-537, 2012.

199



Vita

Mohammadreza Kamaldar was born in Shiraz, Iran, in 1987. He received the
B.S.E. degree in mechanical engineering from Shiraz University, Shiraz, Iran, in 2009,
and the M.S.E. degree in mechanical engineering from the University of Tehran,
Tehran, Iran, in 2011. He started his Ph.D. studies in mechanical engineering at
the University of Kentucky in 2013. His current research interests include adaptive
control of mechatronic systems.

200



