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ABSTRACT OF THESIS 

 
 

SCALE MODELS OF ACOUSTIC SCATTERING PROBLEMS INCLUDING 
BARRIERS AND SOUND ABSORPTION 

Scale modeling has been commonly used for architectural acoustics but use in 
other noise control areas is nominal.  Acoustic scale modeling theory is first 
reviewed and then feasibility for small-scale applications, such as is common in 
the electronics industry, is investigated.  Three application cases are used to 
examine the viability.  In the first example, a scale model is used to determine the 
insertion loss of a rectangular barrier.  In the second example, the transmission 
loss through parallel tubes drilled through a cylinder is measured and results are 
compared to a 2.85 times scale model with good agreement.  The third example 
is a rectangular cuboid with a smaller cylindrical well bored into it.  A point source 
is placed above the cuboid.  The transfer function was measured between 
positions on the top of the cylinder and inside of the cylindrical well.  Treatments 
were then applied sequentially including a cylindrical barrier around the well, a 
membrane cover over the opening, and a layer of sound absorption over the well. 
Results are compared between the full scale and a 5.7 times scale model and 
correlation between the two is satisfactory. 

KEYWORDS: Scale Modeling, Acoustic Scattering, Noise Reduction, Transfer 
Function, Finite Element Method. 
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CHAPTER 1 INTRODUCTION 

1.1 Introduction 

Scale modeling approaches are commonly used to investigate problems in 

a number of engineering disciplines.  They have been primarily used to reduce the 

cost of expensive full-scale prototypes.  Though they are less relied on now than 

in the past because of advances in numerical simulation, they still serve as a 

helpful model validation tool.  Moreover, some problems are difficult to model using 

simulation, and scale models are still the most appropriate investigative technique. 

The primary issue in developing a scale model is to adequately represent 

the physics of the full-scale case so that the scale model is useful.  Often, some 

concessions must be made and the limitations of the scale model must be 

understood. 

In most cases, a much smaller scale model is developed for the real 

structure.  For example, the structural dynamics of a twin turbine-generator set 

was investigated using a 1/8 times scale model (Bannister, 1968 and Bannister, 

1975), small models of auditoriums have been developed to investigate the 

acoustics (Jordan, 1970; Jordan, 1975; Rindel, 2011), and scale models are 

frequently used to investigate the fluid dynamics around airfoils (Oerlemans, 2004).  

Though scale models are not without expense, the advent of 3D printing has 

greatly reduced the effort to produce scale models depending on the application. 

Though perhaps less frequently used in engineering applications, scale 

models may also be used to investigate phenomenon on geometries that are too 
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small to instrument.  In which case, the scale model will be several times greater 

in size than the real world geometry.  Once again, 3D printing can play a role in 

constructing appropriate scale models with little manual effort. 

This thesis looks at the utility of using scale models for acoustic applications.  

In all prior research to the author's knowledge, the geometry has been reduced in 

size.  This is typical of architectural acoustics (i.e., theaters, auditoriums, and 

similar structures) and transportation industry (i.e., highway and train barrier) 

applications.  Full-scale prototypes of this size are not feasible and so a reduced 

scale prototype is the only recourse.  Scale models for comparably smaller 

industrial applications are also feasible, but are less common because numerical 

simulation has been preferred and full-scale prototypes developed and tested 

extensively. 

Acoustic concerns in performance spaces are unique with an overriding 

goal of insuring that the audience experience is favorable.  In transportation and 

industrial applications, the goal is to boost the amount of noise abatement. 

A growing acoustics concern is that of handheld or other small electronics 

devices such as cell phones, tablets, laptops, and small speakers.  In these cases, 

objectives are varied and often involve minimizing the amount of sound attenuation.  

This is the opposite of most transportation and industry applications.  For example, 

the microphone of a smart-phone resides in a well and is covered by an 

impermeable membrane.  Smart-phone manufactures are naturally concerned 

about the amount of acoustic attenuation through the membrane.  Attenuation in 

select frequency bands is desirable but sound transmission is desirable at most 
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frequencies.  Another example is the air flow path for cooling of laptop internals.  

The geometry and length of the path can greatly affect the sound level when the 

fan is running.  In both of these examples, it is desirable to measure the sound 

field to better understand the acoustics.  However, the acoustic space is difficult to 

instrument and measure due to the small size of the geometry. 

In these examples and others, scale models would appear to be an ideal 

way to explore the acoustics.  Rather than scale the geometry down, the geometry 

can be scaled up so that it can be easily instrumented.  3D printing can be used to 

expedite scale model creation. 

In this work, the scaling laws for acoustics are reviewed and then are 

applied to several examples.  The first example is a rectangular barrier.  The 

primary purpose of this example was to gain confidence in the measurement and 

simulation procedures.  The second example considered is sound transmission 

through a collection of parallel tubes.  The transmission loss ,which is the most 

common metric for characterizing sound attenuation, is measured on both the 

unscaled and a 2.85 times scaled model. 

When the geometry is small, thermo-viscous effects may become important.  

The aforementioned study examines the potential differences between scaled and 

unscaled models due to these effects. 

Following the first two examples, a more novel case was studied that is 

more typical of the small geometries in electronics equipment.  A 15 cm tall 

rectangular cuboid with a 2 cm diameter bore is considered.  The size of the 

geometry is about the smallest size that can be instrumented using measurement 
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grade microphones.  Measurements were also made on approximately a 5.7 times 

scale model.  Barriers, a membrane cover, and a resistive cover are also 

considered to demonstrate that the procedure can be used for more complicated 

applications.   

For completeness, acoustic finite element models are created for each of 

the examples.  Results are then compared between the original, scaled model, 

and finite element simulation.  Several recommendations are made based on the 

results. 

1.2 Objectives 

The objectives of this research are to: 

1) Review the scaling laws for acoustic waves, limp panels, and resistive 

sound absorptive material. 

2) Validate the scaling laws on examples that are relevant to the real world 

applications. 

3) Identify some of the possible limitations of scale models for acoustics 

applications. 

4) Demonstrate that the acoustic scale models correlate well with numerical 

simulation. 
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1.3 Outlines 

The organization of this thesis is as follows. 

Chapter 1 introduces the topic and the need for further research on scale 

models especially for small-scale applications like those commonly encountered 

in the electronics industry.  Chapter 2 reviews the literature on scale models and 

surveys the acoustic theory required for understanding the test cases.  Chapter 3 

introduces the scaling laws, and scaling rules are developed for vibro-acoustic 

uses.  Chapter 4 illustrates the scaling laws on a rectangular barrier.  Chapter 5 

applies the scaling laws to find the attenuation through small parallel tubes.  

Chapter 6 applies the scaling laws to a cylindrical well successively treated with a 

barrier, a membrane cover, and a sound absorptive cover.  In chapter 7, the 

research is summarized and future work is recommended. 

 

 

 

 

 

 

 

 

Copyright © Nan Zhang 2018
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CHAPTER 2 BACKGROUND 

2.1 Background on Scale Modeling 

Scale modeling has been widely used in the past in many engineering fields 

to investigate critical design issues especially when computer simulation of the 

physical phenomenon is difficult.  Testing on a full scale prototype sometimes 

requires large and expensive test facilities.  In the field of acoustics and noise 

control, this is certainly the case for problems involving large spaces or large 

machinery.  Hence, scale modeling approaches are advantageous particularly if 

the model is easy to develop. 

Not surprisingly, scale models have been used to explore and solve 

problems in the architectural, building, and transportation industries.  In formative 

work, Jordan (1970, 1975) developed scale models for auditoriums to examine the 

acoustics.  In rooms and other large spaces, the sound reaching an observer is a 

combination of that from the source, called the direct field, and coming from 

reflections off the walls, termed the reverberant field.  If the reflected sound (i.e., 

the reverberant field) is dominant, speech intelligibility will suffer.  The amount of 

reflected sound can be reduced by adding sound absorptive linings to the walls or 

adding sound absorptive seats.  The standard method for determining the amount 

of reverberation in a room is to introduce broadband sound in the room using a 

loudspeaker and then switch the speaker off.  Reverberation time is defined as the 

amount of time until the sound decreases by 60 dB and is ideally around 2 seconds 

for most auditoriums.  Jordan used scale models in an effort to determine the 
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reverberation time.  In the similar work, Day and White (1969) used a scale model 

to look at the sound field inside an office building.  The scale model was primarily 

for the purpose of better understanding the sound field.  Jeon et al. (2009) explored 

the effect of different sound absorbing surfaces in auditoriums and noted that the 

differences in the diffuseness of a sound field between the full scale and scale 

models can lead to differences between the two. 

Scale models have been especially valuable for examining the attenuation 

of barriers.  For example, Ivey and Russell (1977) treated buildings as wide sound 

barriers.  They used a point acoustic source and measured the sound pressure on 

the opposite side.  Results were compared to theoretical results based on the 

Fresnel number, the difference in distance between the most direct path over the 

barrier and the distance between source and receiver.  Wadsworth and 

Chambers (2000) investigated the attenuation of impulsive noise (i.e. impact noise) 

due to single and double knife-edge (i.e., thin) barriers and a wide barrier.  

Busch et al. (2003) measured the insertion loss of highway noise barriers and 

berms using scale models.  As in the other studies, they explored the effect of 

barrier geometry.  Moreover, the sound absorption of the barrier (i.e., soil in the 

case of berms) was considered in the study. 

After these early studies, scale modeling was largely abandoned for 

acoustic applications with the advent of numerical simulation.  The time and effort 

involved in developing a scale model was prohibitive except for a few specialized 

applications.  However, there is renewed interest in scale modeling acoustical 

spaces with the advent of 3D printing.  In recent work, Brown (2016) has used 3D-
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print models to develop scale models for architectural acoustics applications 

overcoming the primary difficulties of model construction and cost.  Brown 

investigated the acoustics of a reverberation room, a specialized room for making 

sound power and absorption coefficient measurements, using a 1/10th scale 

model. 

In recent work at the University of Kentucky, scale models have been 

combined with panel contribution analysis (PCA) to determine the sound emitted 

from vibrating machinery.  PCA is an approach where a radiating object is 

discretized into a set of patches.  The acoustic volume velocity from each patch is 

measured on the running machine.  Volume velocities are then multiplied by 

acoustic transfer functions which are the ratio of the sound pressure at a receiver 

to the acoustic volume velocity of a patch.  Scale models were used to determine 

the acoustic transfer functions.  Applications included a structure excited by shaker 

(Liu et al., 2011), a small power generator set (Cheng and Herrin, 2015), mining 

equipment (Herrin et al., 2017), and air handlers in a bakery (Cheng and Herrin, 

2018). 

Scale modeling is markedly far more difficult if sound absorption is included.  

In most prior research (Jeon et al., 2009; Busch et al., 2003), the sound absorption 

was scaled with the aim to produce a similar sound absorption coefficient at 

different frequencies.  However, matching the sound absorption does not 

necessarily insure that the acoustics are the same.  Rather, correlation will be 

much better if the normal incident impedance is the same since the phase of the 

reflected wave is also considered.  Horoshenkov and Hothersall (1996) suggested 
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a systematic approach for developing scaled models of sound absorbers so that 

the normal incident impedance was scaled properly.  The method developed is 

also usable for thick absorbers. 

The scaling laws will be described in detail in later chapters.  For purely 

acoustic applications, scaling laws for acoustic waves and for characterizing sound 

absorptive materials are sufficient for most architectural applications and also for 

panel contribution analysis.  In addition, appropriate scaling of the sound 

absorption coefficient should be acceptable for most engineering needs.  

Unfortunately, exact scaling of the sound absorption necessitates scaling at the 

micro-structure level which is difficult in practice. 

2.2 Background on Acoustic Theory 

In the sections that follow, basic acoustic theory that is relevant to the 

research is summarized. 

2.2.1 Analytical Approach to Determine Barrier Insertion Loss 

 

Figure 2.1 Geometry of a simple barrier (Long, 2014) 
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Barriers are commonly used to reduce highway and train noise.  Sound is 

reflected by the barrier back towards the source.  However, sound will diffract 

around a barrier as shown in Figure 2.1 especially at low frequencies.  The region 

behind the barrier is commonly referred to as the shadow zone. 

Simple equations for barriers are described by Long (2014) following the 

work of Maekawa (1968).  Figure 2.2 shows a rigid, semi-infinite barrier placed 

between a source and an observer. 

 

Figure 2.2 Path length difference for a simple barrier (Long, 2014) 

The Fresnel number is defined as the difference between the shortest 

propagation path (𝐴 + 𝐵) and the distance between the source and observer (𝑟) 

divided by one half of an acoustic wavelength(𝜆).  It can be expressed as 

 
𝑁𝑖 = ±

2

𝜆
(𝐴𝑖 + 𝐵𝑖 − 𝑟) (2.1) 

where the sign is positive in the shadow zone and negative in the bright zone.  The 

barrier sound attenuation △ 𝐿𝑏  in dB for a point source with path 𝑖  can be 

approximated as 
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△ 𝐿𝑏 = 20 log (

√2𝜋𝑁𝑖

tanh√2𝜋𝑁𝑖

+ 𝐾𝑏)                 (2.2) 

where 𝑁𝑖 is the maximum Fresnel number for path 𝑖 over the barrier, and 𝐾𝑏 is the 

barrier constant which is 5 dB for a wall and 8 dB for a berm.  For a simple semi-

infinite barrier, only one path where the sound wave is diffracted over the top edge 

of the barrier is taken into account.  This also assumes that the ground reflection 

path is ignored. 

 

Figure 2.3 Possible sound paths around a finite barrier (Long, 2014) 

If barriers are finite in length, not only the sound travelling over the top (path 

a) but also around the sides (paths b and c) is of importance.  An example is shown 

in Figure 2.3.  Barrier attenuation is calculated for each path using Eq. (2.2).  The 

total attenuation or noise reduction is determined using 

 

𝑁𝑅 = 10 log10 ∑ 10−(△𝐿𝑏𝑖 10⁄ )

𝑖

1

                 (2.3) 

where △ 𝐿𝑏𝑖 is the noise reduction for each path individually. 
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2.2.2 One Dimensional Wave Equation 

The one-dimensional wave acoustic wave equation is expressed as 

 𝑑2𝑝(𝑥, 𝑡)

𝑑𝑥2
=

1

𝑐

𝑑2𝑝(𝑥, 𝑡)

𝑑𝑡2
  (2.4) 

where 𝑃 is the sound pressure, 𝑥 is the position, 𝑡 is the time, and 𝑐 is the speed 

of sound.  Assuming harmonic behavior, the sound pressure can be expressed as 

the sum of a propagating and reflected wave.  The sound pressure 𝑝(𝑥, 𝑡) can be 

written as 

 𝑝(𝑥, 𝑡) = 𝑃+𝑒𝑖(𝜔𝑡−𝑘𝑥) + 𝑃−𝑒𝑖(𝜔𝑡+𝑘𝑥) (2.5) 

where 𝑃+ and 𝑃− are the propagating and reflected waves respectively and 𝑘 is the 

wavenumber defined as the ratio of the angular frequency (𝜔) to the speed of 

sound (𝑐).  The acoustic particle velocity can be related to the equation of motion 

using the expression 

 
𝜌0�̇�(𝑥, 𝑡) = −

𝑑𝑝(𝑥, 𝑡)

𝑑𝑥
 (2.6) 

It follows that the particle velocity can be expressed as 

 
𝑢(𝑥, 𝑡) =

𝑃+

𝜌0𝑐
𝑒𝑖(𝜔𝑡−𝑘𝑥) −

𝑃−

𝜌0𝑐
𝑒𝑖(𝜔𝑡+𝑘𝑥) (2.7) 
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2.2.3 Acoustic Source Modeling 

A monopole (i.e., an ideal point source) is the simplest acoustic source.  The 

geometrical dimension is assumed to be negligible.  If Helmholtz equation is solved 

in spherical coordinates, the sound pressure can be expressed as 

 
𝑃(𝑟, 𝑡) =

𝐴

𝑟
𝑒𝑖(𝜔𝑡−𝑘𝑟) (2.8) 

where 𝑘 is the wave number, 𝑟 is the distance bewtween monopole center and 

receiver position, and 𝐴 is the amplitude of sound pressure.  The amplitude of the 

monopole is often expressed as a volume velocity.  It can be related to the sound 

pressure amplitude as 

 
𝑄0 =

4𝜋𝐴

𝑖𝜌0𝑐𝑘
 (2.9) 

where 𝜌0  is defined as the density, 𝑐  as the speed of sound, and 𝑘  as the 

wavenumber.  By inserting the Eq. (2.9) into Eq. (2.8), a monopole can be 

expressed as 

 
𝑃𝑚 =

𝑖𝜌0𝜔𝑄0

4𝜋𝑟
𝑒−𝑖𝑘𝑟 (2.10) 

A source which approximates the theoretical monopole is shown in Figure 

2.4.  This source was used for all measurements in this thesis.  A shop air supply 

is directed into a metal tube.  This tube is then attached to a whiffle ball with holes 

as shown.  The top of the ball is covered by duct tape.  The flow into the ball creates 

an aeroacoustic source that is nearly omni-directional at most frequencies.  
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Liu et al. (2011) validated the source using ISO 140-4 (ISO, 1998) and ISO 

3382 (ISO, 1997).  The source falls short of the standard at very low frequencies 

but is acceptable for the purposes of this research. 

 

Figure 2.4 Point source at University of Kentucky Vibro-Acoustic Lab 

The procedure to calibrate the source is to place a microphone at 30 cm.  

Assuming that the source acts as a point source, the sound pressure level can be 

measured and the source strength determined using Eq. (2.10).  In this research, 

3 microphones were used to insure that the source was behaving appropriately as 

a monopole.  A photo of the calibration procedure is shown in Figure 2.5. 
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Figure 2.5 Point source directivity calibration 

2.2.4 Acoustic Transmission Loss 

Transmission loss is the most common metric for assessing the 

performance of mufflers.  A muffler is illustrated in Figure 2.6.  The incident, 

reflected, and transmitted wave amplitudes are indicated. 

 

Figure 2.6 Definition of muffler transmission loss 

Transmission loss is defined as the difference in dB between the incident 

and transmitted powers assuming an anechoic termination.  Hence, it can be 

expressed as 
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𝑇𝐿(𝑑𝐵) = 10 log10

𝑊𝑖

𝑊𝑡
 (2.11) 

where 𝑊𝑖 is the incident wave amplitude and 𝑊𝑡 is the transmitted wave amplitude. 

The standard test for measuring transmission loss is detailed in ASTM 

E2611 (ASTM, 2009).  The measurement is performed by placing the test element 

between two impedance tubes as indicated in Figure 2.7.  A loudspeaker is placed 

on one side.  Two microphones are mounted on each side of the element under 

test.  A multi-channel data acquisition system is used to collect data.  The acoustic 

load is varied twice by changing the termination.  Best results are obtained if one 

load is absorbing and the other is reflective.  Transfer functions are measured 

between the microphones. 

 

Figure 2.7 Schematic of Transmission loss test setup 

Using the algorithms detailed in ASTM E2611, the measured transfer 

function information can be used to determine the transfer matrix for the muffler.  

The transfer matrix relates the sound pressure and particle velocity on one side to 

that on the other.  The transfer matrix is expressed as 
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𝑇 = [

𝑇11 𝑇12

𝑇21 𝑇22
] (2.12) 

where 𝑇11, 𝑇12, 𝑇21 and 𝑇22 are the transfer matrix terms. 

 

Figure 2.8 Schematic of acoustic wave decomposition and TL test 

configurations 

Transmission loss of the muffler can be determined using 

 
𝑇𝐿 = 20 log10 |

1

2
(𝑇11 +

𝑆

𝜌𝑐
𝑇12 +

𝜌𝑐

𝑆
𝑇21 + 𝑇22)|                  (2.13) 

where 𝑆 is the cross-sectional area of the duct. 

2.3 Background on Acoustic Material 

2.3.1 Limp Panel Theory 

Limp panel theory can be used to assess the amount of sound transmission 

through a wall or membrane.  The theory is most appropriate after the first several 

panel modes.  Figure 2.9 shows a schematic of a limp panel with an incident wave 

having complex amplitude 𝐴  striking it.  Part of the energy is reflected (with 

complex amplitude 𝐵) while the remainder goes into the panel and vibrates it as a 
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rigid body.  Bending waves in the panel are not considered.  Only the mass of the 

panel is considered, and stiffness and damping effects are ignored.  As the panel 

vibrates with velocity 𝑢𝑝 , sound is radiated back towards the source (complex 

amplitude 𝐶′) and transmitted (complex amplitude 𝐶). 

 

Figure 2.9 Sound transmission through a thin plate of thickness 𝑡  

Using Newton's 2nd Law, the acceleration of the panel can be expressed in 

terms of the complex wave amplitudes.  This is written as 

 𝑚�̇�𝑝 = 𝑆(𝐴 + 𝐵 + 𝐶′ − 𝐶) (2.14) 

where 𝑚  is the panel mass, and 𝑆  is the panel area. 𝐴 , 𝐵 , 𝐶′ and 𝐶  are the 

amplitude of the incident, reflected, radiated and transmitted wave, respectively. 

Notice that 𝐶′ and 𝐶 are out of phase with one another.  If the sound absorption of 

the panel is assumed to be negligible, 𝐴 = 𝐵.  Assuming mass continuity, the 

particle velocities of the waves (𝑢𝐴, 𝑢𝑏, and 𝑢𝑐′) can be expressed as a function of 

the panel motion (𝑢𝑝).  This is expressed mathematically as 
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 𝑢𝑝 = 𝑢𝐴 + 𝑢𝐵 + 𝑢𝑐′ (2.15) 

The panel motion can then be expressed in terms of the complex wave 

amplitudes as 

 𝑢𝑝 = (𝐴 − 𝐵 − 𝐶′) 𝜌0𝑐⁄  (2.16) 

Combining Equations (2.14) and (2.16), the ratio between the transmitted (𝐶) and 

incident (𝐴) wave amplitudes can be expressed as 

 
𝐶 𝐴⁄ =

1

1 + 𝑗𝜔𝑚 2𝜌0𝑐𝑆⁄
 (2.17) 

The transmission coefficient (𝜏) is defined as the ratio of the transmitted to incident 

power.  The panel transmission loss is then expressed as 

 
𝑇𝐿 = 10 log10

1

𝜏
 (2.18) 

where the transmission coefficient is given as 

 
𝜏 =

𝐼𝑡

𝐼𝑖
=

|𝐶|2 𝜌0𝑐⁄

|𝐴|2 𝜌0𝑐⁄
=

1

1 + (𝜔𝑚 2𝜌0𝑐𝑆⁄ )2
 (2.19) 

Note that the transmission coefficient is not dependent on the stiffness or damping 

of the plate. 
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2.3.2 Modes of Circular Panel 

As noted in the prior section, the transmission loss above the first several 

panel modes is primarily a function of the panel mass.  At lower frequencies, panel 

modes manifest themselves as a trough in the response.  For a circular panel with 

a clamped edge, the panel mode natural frequencies 𝑓𝑚𝑛 can be determined using 

 

𝑓𝑚𝑛 =
1

2𝜋
(

𝜆𝑚𝑛

𝑟0
)

2

√
𝐷0

𝜇
 (2.20) 

where 𝜇 is the mass per unit area of the plate, 𝐷0 is the bending stiffness, 𝑟0 is the 

radius of the plate, and 𝜆𝑚𝑛 is the parameter which can be referenced from Table 

2.1 (Nilsson and Liu, 2012). 

Table 2.1 Values of 𝜆𝑚𝑛 for a clamped and circular plate of radius 𝑟0 (Nilsson 

and Liu, 2012) 

𝑚 𝑛 = 1 𝑛 = 2 𝑛 = 3 𝑛 = 4 

0 3.196 6.306 9.439 12.575 

1 4.611 7.799 10.958 14.109 

2 5.906 9.197 12.402 15.579 

3 7.144 10.536 13.795 17.005 

 

2.3.3 Definition and Determination of Flow Resistivity 

Flow resistance ( 𝑟𝑠)  is defined as the ratio of steady airflow pressure 

difference (∆𝑃)  across a specimen material divided by the airflow velocity (𝑢) 

through it. It is defined as     
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𝑟𝑠 =

∆𝑃

𝑢
 (2.21) 

Flow resistivity (𝜎) is defined as the flow resistance divided by the thickness (𝑡) of 

the sound absorber.  It follows that the flow resistivity can be expressed as 

 𝜎 =
𝑟𝑠

𝑡
 (2.22) 

Flow resistance is measured using the testing procedure described in 

ASTM C522 (ASTM, 2003).  A schematic showing the test apparatus is shown in 

Figure 2.10.  Air flow is forced through a porous material sample via a blower or 

other mechanical device and the pressure drop across the sample is measure 

using a manometer. 

 

Figure 2.10 Schematic of measuring flow resistance (ASTM, 2003) 
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A photograph of the University of Kentucky rig is shown in Figure 2.11 with 

parts identified.  The rig incorporates a fan to generate flow, a flow meter to 

measure the flow velocity, and a manometer to measure the pressure drop.  Table 

2.2 lists several flow resistances and flow resistivities for open-cell polyurethane 

foam as it is compressed.  Notice that the values for flow resistance are roughly 

on the same order of magnitude as the material is compressed. 

 

Figure 2.11 Flow resistance test rig of University of Kentucky 
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Table 2.2 University of Kentucky airflow apparatus measured flow resistance 

and resistivity for polyurethane foam. 

 𝑡 = 86.36 𝑚𝑚 𝑡 = 15.88 𝑚𝑚 𝑡 = 13.23 𝑚𝑚 𝑡 = 10.59 𝑚𝑚 

Type Original Compressed Compressed Compressed 

𝑟𝑠 (rayls) 338 366 388 436 

σ (rayls/m) 4011 23058 29348 41243 
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CHAPTER 3 SCALE MODELING RULES FOR VIBRO-ACOUSTICS 

3.1 Introduction 

Emori and Schuring (1997) detailed the scaling laws for architectural 

acoustics including acoustic spaces and porous materials.  Saito and 

Kuwana (2017) have also reviewed the scaling equations for acoustics.  The 

sections which follow review the scaling laws and introduce a simple scaling laws 

for membranes and sound absorbing linings. 

3.2 Review of Scale Modeling Rules for Acoustics 

3.2.1 Acoustic Wave Propagation 

Scale modeling laws for acoustic wave propagation is briefly derived 

following the method of Emori and Schuring (1997).  In a simplified sense, the 

equation of motion in a fluid can be expressed as 

 𝐹 = 𝑚𝑎 (3.1) 

where 𝐹 is force, 𝑚 is mass, and 𝑎 is acceleration.  Force can be expressed in 

terms of sound pressure (𝑝) and area or length squared (𝑙2) as 

 𝐹 = 𝑝𝑙2 (3.2) 

Mass can be expressed as 

 𝑚 = 𝜌𝑙3 (3.3) 

where 𝜌 is the mass density.  Acceleration is length divided by time squared or   
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 𝑎 = 𝑓2𝑙 (3.4) 

where 𝑓 is frequency assuming harmonic sources.  By inserting Equation (3.2), 

(3.3), and (3.4) into (3.1) and solving for sound pressure, the first Pi number is 

arrived at and can be expressed as 

 Π𝐴 =
𝑝

𝜌𝑓2𝑙2
 (3.5) 

Assuming viscous losses are neglected, the adiabatic equation of state 

relating the sound pressure to the volumetric strain can be expressed as 

 
𝑝 = −𝜌𝑐2

Δ𝑉

𝑉
 (3.6) 

where Δ𝑉/𝑉 is the volumetric strain.  It follows that the second Pi number can be 

written as 

 Π𝐵 =
𝑝

𝜌𝑐2
 (3.7) 

Combining Equations (3.5) and (3.7) by eliminating the sound pressure, the Pi 

number for sound transmission can be arrived at and expressed as 

 
Π1 =

Π𝐴

Π𝐵
=

𝑓2𝑙2

𝑐2
 (3.8) 

If air is assumed to be the same fluid medium in both full and scale models, the 

relationship between the models can be expressed as    
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 𝑓1𝑙1 = 𝑓2𝑙2 (3.9) 

Thus, the frequencies between the full and scale model are inversely proportional 

to their geometrical dimensions. 

3.2.2 Sound Transmission through a Limp Panel 

The transmission coefficient (𝜏) for a limp panel can be approximated as 

 
𝜏 ≈ (

𝜌𝑐

𝜋𝑓𝜌𝑚𝑡
)

2

 (3.10) 

where 𝜌𝑚 is the mass density of the panel and 𝑡 is the thickness (Wallin et al., 

1999).  Accordingly, the Pi number for the sound transmission through a panel 

(Π𝑚) can be expressed as 

 
Π𝑚 = (

𝜌𝑐

𝑓𝜌𝑚𝑡
)

2

 (3.11) 

Assuming that the fluid medium is air in both the full scale and scaled cases, 

the relationship between models can be expressed as  

 𝑓1𝜌𝑚1𝑡1 = 𝑓2𝜌𝑚2𝑡2 (3.12) 

or more conveniently 

 𝑓1𝑡1 = 𝑓2𝑡2 (3.13) 
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if the same material is used for the limp panel.  Hence, the frequency ratio between 

the full and scale models are inversely proportional to the thickness of the 

respective panels. 

The scaling law in Equation (3.13) has a number of important limitations.  

First, the low frequency stiffness region is not accounted for if the panel has some 

compliance.  Just above the low frequency stiffness region is a damping controlled 

region dominated by the structural resonances of the panel.  These resonances 

are also not considered.  The frequency region where the assumptions are 

appropriate should approximately correspond to twice the frequency of the first 

panel resonance.  At higher frequencies, the critical frequency where structural 

bending and acoustic waves are equivalent to one another is not considered.  

Hence, the expression in Equation (3.13) is limited to the mass controlled region 

described earlier in Section 2.3.1. 

3.2.3 Sound Propagation through a Sound Absorption Material 

Sound absorbing treatments may be scaled as well.  Several empirical 

equations exist which relate the normalized complex wave number ( 𝑘𝑐 ) and 

characteristic impedance (𝑍𝑐) of a sound absorber to the flow resistivity(𝜎).  These 

expressions are of the form 

 𝑍𝑐 = 𝜌𝑐(1 + 𝐶1𝑋−𝐶2 − 𝑗𝐶3𝑋−𝐶4) (3.14) 

and 
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 𝑘𝑐 =
𝜔

𝑐
(1 + 𝐶5𝑋−𝐶6 − 𝑗𝐶7𝑋−𝐶8)               (3.15) 

where 𝐶1 , 𝐶2 , 𝐶3 , 𝐶4 , 𝐶5 , 𝐶6 , 𝐶7 , and 𝐶8  are empirically determined constants 

specific for a given material and 𝑋 = 𝜌𝑓 𝜎⁄ . 

It follows that the scaling of the complex wave number ( 𝑘𝑐 ) and 

characteristic impedance (𝑍𝑐) and resulting properties like the sound absorption 

will be valid so long as 𝑋 is scaled appropriately.  The Pi number (Π2) can be 

expressed as  

 
Π2 =

𝜌𝑓

𝜎
 (3.16) 

in which the flow resistivity can be expressed as 

 
𝜎 =

𝑅𝑠

𝑡
 (3.17) 

where 𝑅𝑠 is the flow resistance and 𝑡 is the thickness of the absorber. 

 Assuming that the same fluid medium is used, the scaling relationship may 

be expressed as 

 𝑓1𝑡1

𝑅𝑠1
=

𝑓2𝑡2

𝑅𝑠2
 (3.18) 

where the numerators are consistent with Eqn. (3.13).  That implies that the flow 

resistances for the materials should be equivalent (i.e., 𝑅𝑠1 ≈ 𝑅𝑠2).  If it can be 

assumed that the flow resistance is proportional to the material density, the flow 

resistance will remain constant if the material is compressed by the scaled amount.  
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This is a rough approximate that suffices in some cases (Ruan and Herrin, 2017) 

at least to engineering accuracy. 

3.3 Summary 

This chapter provides a review of developing some basic scale modeling 

laws as detailed by Emori and Schuring (1977).  Scaling rules for sound 

propagation in air, through a membrane, and through a sound absorbing material 

have been described.  For a membrane and sound absorbing material, the scaling 

rules are engineering approximations. 
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CHAPTER 4 EXAMPLE ‒ BARRIER 

4.1 Barrier Insertion Loss 

Scale modeling was applied to a simple barrier problem.  A photograph of 

the full-scale and scaled barrier is shown in Figure 4.1.  Both barriers are made of 

medium-density fiberboards (MDF).  The smaller barrier is 0.61 m ×  0.61 m 

square and the larger barrier is two times the scale.  The thicknesses of the large 

and small barriers are 19 mm and 9.5 mm respectively.  A point monopole source 

is placed on one side of the barrier.  The monopole source was developed in prior 

work (Liu et al., 2011).  A shop air supply is attached through a throat into a whiffle 

ball that is taped at the top forcing the air through the side holes.  The source has 

been shown to properly represent a monopole. 

 

Figure 4.1 Photograph of full-scale and scaled barriers 
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Figure 4.2 Schematic showing of the barrier insertion loss test 

The schematic of the barrier insertion loss test is shown in Figure 4.2.  For 

the smaller barrier, the source was located 508 mm from the barrier, 406 mm off 

the ground and 76 mm off the horizontal center of the panel.  The measured 

receiver point is in the shadow zone of the barrier and is located 254 mm away 

from the barrier, 254 mm off the ground, and 51 mm off the center line. 

 

Figure 4.3 Measurement setup for full barrier and its scale model 
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The measurement setup picture for the full barrier and scale model is shown 

in Figure 4.3.  The FEM model with AML boundary condition is shown in Figure 

4.4. 

 

Figure 4.4 FEM model of the barrier 

Insertion loss, which is commonly used to index effectiveness of barriers, is 

defined as 

 𝐼𝐿 = 𝐿𝑝 − 𝐿𝑝𝑤𝑏
 (4.1) 

where 𝐿𝑝 and 𝐿𝑝𝑤𝑏
 are the sound pressure level without and with the barrier in dB, 

respectively.  An insertion loss comparison between the unscaled and scaled 

models is shown in Figure 4.5. 
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Figure 4.5 Insertion loss comparison for barrier between full and scale model 

It can be seen that the results generally agree with each other.  Differences 

most likely arise due to the source not behaving like a monopole for the smaller 

barrier.  Results compared to the textbook calculation of Long (2014) and acoustic 

finite element simulation using the Siemens Virtual.Lab (2015) software are shown 

in Figure 4.6.  Similar trends can be observed between FEM simulation and 

measurement though there are significant differences at individual frequencies.  

Results demonstrate the applicability of using scale models for barrier problems.  

However, it will likely prove difficult to properly scale the acoustic source. 
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Figure 4.6 Analytical, FEM and test results comparison for barrier 

4.2 Summary 

The first test case considered was for rectangular barrier.  Insertion loss 

was compared between a full-scale and 2X scale model with reasonable 

agreement.  There are some minor differences that can likely be explained by the 

source itself not being scaled properly in the scale model. 
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CHAPTER 5 EXAMPLE ‒ PARALLEL TUBES 

5.1 Transmission Loss through Parallel Tubes 

A second test case featured 9 relatively long parallel tubes drilled into ABS 

plastic and positioned in a transmission loss test rig as shown in Figure 5.1.  Both 

the baseline and 2.85× scale model case are made from the same material, and 

the transmission loss is measured in appropriate sized test rigs using the two-load 

method according to ASTM E2611 (ASTM, 2009).  The baseline case is a 34.9 mm 

diameter cylinder that is 107 mm in length with 9 holes of diameter 4.0 mm.  The 

scale model is 2.85 times the baseline. 

 

Figure 5.1 Transmission loss test setup for an array of parallel tubes 

A plane wave model was also developed using SIDLAB (SIDLAB 4.1.0, 

2017).  For long tubules, it can be anticipated that viscous losses may be important.  
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According to Keefe (Keefe, 1984), the complex air density (𝜌) and speed of sound 

(𝑐) in a small cylindrical duct can be expressed as 

 𝜌 =
𝜌0

1 − 𝐹(𝑠)
 (5.1) 

and 

 

𝑐 = 𝑐0

(1 − 𝐹(𝑠))
1

2⁄

[1 + (𝛾 − 1)𝐹(√𝜈𝑠)]
1

2⁄
 (5.2) 

where γ is specific heat ratio and 𝜈 is Prandtl number.  𝑠 is the dimensionless ratio 

of duct radius (𝑎) to the viscous boundary-layer thickness.  It is expressed as 

 𝑠 =
𝑎

√𝜂 𝜌0𝜔⁄
 (5.3) 

where η is the shear viscosity coefficient and 𝐹(𝑠) is defined in terms of the Bessel 

functions 𝐽0(𝑥) and 𝐽1(𝑥) as 

 
𝐹(𝑠) =

2

√−𝑗𝑠

𝐽1(√−𝑗𝑠)

𝐽0(√−𝑗𝑠)
 (5.4) 

Using Eqns. (5.1-5.4), thermo-viscous dissipation is included in the plane wave 

model.  The Prandtl number (𝜈) is specified as 0.8, the specific heat ratio 𝛾 is 1.4, 

and the shear viscosity coefficient (𝜂) of air is 1.64E-5 𝑚2 𝑠⁄  at 1 bar and 40°C. 
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The transmission loss is compared between the baseline and 2.85× scale 

model in Figure 5.2 with good agreement.  Plane wave simulation is included for 

comparison. 

 

Figure 5.2 Transmission loss results comparison 

Notice that viscous losses are slightly higher for the baseline case due to 

the smaller tube diameter.  This is evident in the transmission loss troughs at 

~550 Hz and ~1090 Hz.  This can be seen in the plane wave simulation as well.  

Note that the effect is only about 1 dB.  These results do indicate that viscous 

effects may be quite important if the baseline (i.e., smaller) case has very small 

dimensions which will likely be the case for some small electronics devices.  

However, this effect can likely be estimated and adjusted for in the scale model. 
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5.2 Summary 

The transmission loss through nine parallel tubes was determined using a 

2.85X scale model.  Results were in close agreement with the unscaled case 

though there was some evidence of thermo-viscous effects at the troughs and 

peaks of transmission loss.  The results lend credibility to the use of scale models 

for small electronics equipment. 
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CHAPTER 6 EXAMPLE ‒ CUBOID WITH CYLINDRICAL WELL 

6.1 Introduction 

 Most scale modeling research has been aimed at architectural applications 

where the scale model is much smaller than the actual acoustic space.  However, 

it can be observed that scale models may also be applied to model small spaces 

where instrumenting the system is problematic.  In this chapter, the emphasis is 

shifted to looking at the feasibility of using scale models for small systems.  

Acoustics is a major issue in information technology equipment.  Obvious 

applications include handheld devices like cell phones, tablets, and medical 

devices.  In these applications, measurement grade microphones are too large to 

be placed inside the equipment, so it is difficult to make measurements in the 

interior of the equipment due to the small size.  The current work looks at scale 

model feasibility for these and other applications.  For example, the microphones 

and speakers in cellphones are placed in small wells and are covered by 

membranes or absorbers.  The geometry of the well and membrane or absorber 

affect the acoustics. 

Presently, numerical acoustics is relied upon but there is little in the way of 

model validation.  By increasing the size of the geometry, configurations can be 

studied and modified, and simulation models can be validated.  The objective of 

this work is also to validate that scale models of increased size can be effectively 

used but also to highlight some of the potential limitations. 
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In this chapter, scale modeling is applied to a more challenging example.  A 

point source is placed above a structure with a cylindrical duct bored into it.  A 

transfer function is measured between positions outside and inside of the duct for 

both the full and 5.7× scale model.  The geometry is modified by a) erecting a 

cylindrical barrier around the opening, b) by placing a panel over the opening and 

c) by positioning a porous sound absorber over the opening.  Full-scale and scale 

models are compared in each case.  

6.2 Test Description 

Scale modeling was applied to a box-like structure with a cylindrical well.  A 

photograph of the structure and 5.7× scale model is shown in Figure 6.1 on the 

left.  The box is 0.1 m × 0.1 m × 0.15 m and the monopole source is positioned as 

shown in the figure (the origin of the coordinate system is located at the bottom 

center of the test object).  A dimensioned view of the well is shown in Figure 6.1 

on the right.  The diameter of the cylinder at the top of the well is 60 mm whereas 

the diameter of the deeper cylinder is 20 mm.  The depth of the well is 70 mm. 
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Figure 6.1 Photograph of full structure and its scale model (left). Schematic 

dimensions for the full model (right) 

Microphones were positioned at the locations as shown in Figure 6.1 where 

P2 is 20 mm off the center of the top opening and P1 is at the bottom center of the 

well.  The transfer function between microphones 1 and 2 was measured and 

compared.  The transfer function measurement setup for the unscaled (i.e., small) 

case is shown in Figure 6.2, and the 5.7X scale model is shown in Figure 6.3. 

 

Figure 6.2 Transfer function measurement setup for full model 
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Figure 6.3 Transfer function measurement setup for scale model 

The FEM model for full structure with AML boundary condition in LMS 

Virtual.Lab (2015) is shown in Figure 6.4.  The model consisted of 68,205 nodes 

and 328,364 linear tetrahedral elements. 

 

Figure 6.4 Finite and boundary element models 
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Figure 6.5 Transfer function comparison showing unscaled, 5.7X scale, and 

FEM and BEM simulation. 

Transfer function comparisons between the baseline test object and the 

scale model are shown in Figure 6.5.  There are obvious resonances at 
1

4
𝑐/𝑑 and 

3

4
𝑐/𝑑 frequencies which are approximately 1140 Hz and 3314 Hz, where 𝑐 is the 

speed of sound and 𝑑  is the depth of the well.  Scale model results also 

demonstrate acceptable correlation with numerical simulation (FEM and BEM). 
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6.3 Modification Cases 

6.3.1 Cylindrical Barrier Treatment 

 

Figure 6.6 Photograph of the cylindrical barrier treatment for full structure (left) 

with the schematic dimensional view 

A cylindrical barrier erected around the well is shown in Figure 6.6.  The 

length of the barrier is 38.1 mm and has the same diameter as the well.  The barrier 

is made of UHMW Polyethylene plastic.  The thickness of the wall is 19 mm. 

Superglue is used to attach the barrier on the structure and putty is used for sealing. 

For the 5.7X scale model, the same material is used for the barrier.  

However, the thickness of the barrier remains the same in the scale model and so 

is not scaled.  A schematic showing the FEM modeling approach is shown in Figure 

6.7. 
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Figure 6.7 Schematic view of the FEA model for cylindrical barrier treatment 

 

 

Figure 6.8 Transfer function comparisons between measured, and FEM and 

BEM simulation. 
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Scale and unscaled measurement results are compared in Figure 6.8.  FEM 

and BEM numerical simulation results are also included.  It can be observed that 

the scale model results faithfully represent the trends but transfer functions are 

lower at the resonances and higher at the anti-resonances due to greater viscous 

friction in the smaller test object.  Scaled and unscaled results with the cylindrical 

barrier included are shown as well.  The cylindrical barrier adds to the length of the 

cylindrical well and moves the quarter wave frequencies lower in frequency.  The 

scale model correctly captures the resonant frequencies. 
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6.3.2 Membrane Treatment 

A panel is placed over the circular opening.  The panel is made from UHMW 

polyethylene with a density of 930 kg m3⁄ .  The panel was attached using double 

sided tape.  A photo of the treatment is shown in Figure 6.9. 

 

Figure 6.9 Photograph of the membrane treatment for scale model structure 

(left) with the schematic and dimensions (right) 

Figure 6.10 shows transfer function results when a panel barrier is placed 

over the opening.  As anticipated, the resonant frequencies are reduced.  However, 

it is interesting that compliance effects of the panel seem to be unimportant.  This 

is evidenced by the fact that the resonant frequencies are not all that different 

between the unscaled and scaled models.  Apparently, the double sided tape can 

be used to approximate limp body motion of the panel.  Notice that the acoustic 

resonances are significantly decreased using the panel barrier.  It can also be 

observed that the transfer function decreases in amplitude.  
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Figure 6.10 Transfer function comparison between baseline and membrane 

treated. Scale model results are also included 

6.3.3 Absorption Treatment 

Polyurethane foam was placed at the entrance to the opening.  For the 

unscaled (smaller) case, the material was compressed to a thickness of 15 mm.  

For the 5.7× scale model, the material was uncompressed and had a thickness of 

86 mm.  As a rough approximation, it was assumed that the flow resistivity would 

increase as it was compressed according to the scaling factor.  A wire mesh was 

used to compress the material on each side.  This assumption will be material 

dependent and should be checked in each case.  In this case, the flow resistance 

was measured using a standard airflow resistance measurement according to 

ASTM C522 (ASTM, 2003) and was 366 and 338 rayls for the full-scale and 5.7× 

scale, respectively.  A photograph of the sound absorptive treatment is shown in 

Figure 6.11 on the left.  Transfer functions were measured for both full and scale 
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models.  Quarter inch and half inch microphones were used for the full-scale and 

5.7× models respectively. 

 

Figure 6.11 Photograph of the absorption treatment for scale model structure 

(left) with the schematic dimensional view 

A finite element simulation model was also prepared for both the cases with 

sound absorption using the Siemens Virtual.Lab software (Siemens, 2015).  Figure 

6.12 is a schematic of the modeling approach.  The FEM simulation model had 

7,019 nodes and 29,526 elements.  A perfectly matched layer boundary condition 

is used to simulate the radiating boundary.  The implementation in Siemens 

Virtual.Lab adjusts the thickness and refinement of the layer as a function of 

frequency automatically and is referred to as an automatically matched layer.  The 

point source is modeled as a monopole source.  The sound absorption is modeled 

using the Johnson-Champoux-Allard (Allard, 1993) model in Siemens Virtual.Lab.  

The measured flow resistivity of 23,058 rayls/m is used.  A porosity of 0.96 and 

tortuosity of 1.24 is assumed for the polyurethane foam. 
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Figure 6.12 Schematic view of the FEA model for absorption treatment 

 

 

Figure 6.13 FEM and experiment results of the transfer function comparison for 

the absorption treatment with scale model 
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The transfer function 𝑃2/𝑃1 was measured and results are shown in Figure 

6.13.  Measured results are compared for the full and 5.7 ×  scale model.  

Simulation results are also included for comparison.  For the baseline case without 

sound absorption, resonances are evident at frequencies corresponding to 

1 4⁄ 𝑐 𝑑⁄  and 3 4⁄ 𝑐 𝑑⁄ .  In addition, it can be observed that after adding the sound 

absorption treatment, the peaks at resonance are greatly reduced and are shifted 

lower in frequency as anticipated.  The results show that the scale model can be 

used to predict the impact of adding sound absorption.  It also can be seen that 

this case could be easily simulated.  Moreover, it illustrates that a 5.7× scale model 

could be used to validate the simulation model. 

6.4 Summary 

Scale modeling rules have been reviewed for acoustic propagation and 

transmission through membranes and sound absorbing materials.  Examples 

considered included a test object with cylindrical well covered by cylindrical barrier, 

membrane, and sound absorption.  Good agreement between the prototype and 

scale model was noted in each case.  In addition, results compared well with 

numerical simulation models.  Test results have shown that scale models can be 

used to reliably identify resonances and trends.  However, amplitudes may not 

compare well due to higher damping when objects are small. 
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CHAPTER 7 CONCLUSIONS AND FUTURE RECOMMENDATIONS 

7.1 Conclusions 

The objective of this thesis was to conduct initial exploratory studies on the 

viability of using scale models to investigate the sound fields around small 

electronic devices.  Measurements are challenging in these situations due to the 

small geometry.  However, it is proposed that scale models can be constructed 

that are much larger in size and easier to instrument. 

Scaling laws were reviewed and detailed for acoustic wave propagation, 

sound transmission through panels and membranes, and sound absorbing 

materials.  It was shown that a weaker form of scaling was used for membranes 

and sound absorbing materials.  

Scale models were then applied to three examples.  In each case, the scale 

model was also compared to finite element simulation.  In the first example, a 

simple rectangular barrier was examined with a point source on one side and a 

microphone in the shadow region.  Results correlated reasonably well though the 

results appear to be very sensitive to the location of microphone and possibly the 

thickness of the barrier.  Differences between the unscaled and scaled models 

were on the order of 3-5 dB.  

 The second example is an array of 9 parallel tubes.  The transmission loss 

was determined in an impedance tube.  Correlation was very good between the 

unscaled and scaled models.  It was noted that the thermo-viscous effects can 



 
53 

become important if the original geometry is very small in size.  This should be 

borne in mind when looking at the results. 

The final example was a rectangular cuboid with cylindrical well.  The height 

of the cuboid was 15 cm and the diameter of the well was 20 mm.  This was the 

smallest size that could be instrumented using the available equipment in the 

University of Kentucky Vibro-Acoustics Laboratory.  The scale model was 5.7 times 

larger.  Transfer functions between two measurement locations (at the top and one 

at the bottom of the well) were compared between the unscaled and scaled models.  

This was repeated with 1) a cylindrical barrier around the well, 2) a thin membrane 

covering the well opening, and 3) a sound absorptive layer covering the well 

opening.  Correlation between unscaled and scaled models were good in each 

case.  However, the scale model did not adequately model bending modes in the 

membrane and thermo-viscous or damping effects in the unscaled case. 
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7.2 Recommendations for Future Work 

The following recommendations are suggested for future research efforts. 

1) It would be helpful to explore thermo-viscous effects on even smaller 

geometries than those studied.  This would require smaller instrumentation 

than what is currently available at the University of Kentucky Vibro-Acoustic 

Laboratory. 

2) Sound absorption was scaled by simply compressing the material.  Rules 

for when this simple scaling procedure is appropriate should be developed. 

3) More difficult cases that combine several features should be considered. 
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