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Abstract

There are numerous results regarding the cardinality of the set of star and semis-
tar operations on a domain R. However the cardinality of the set of such operations
has only just begun to be examined in the non-domain setting. Epstein [Ep2] has
shown a correspondence between the set of finite-type semistar operations of a ring
and the finite-type standard closures of a ring. I will classify the set of finite-type

standard closures on several rings of dimension one.
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Chapter 1

Introduction

1.1 Closure Operations

Let R be a commutative ring with unity. We denote the set of ideals of R by Z(R)
and the set of finitely generated ideals of R by Z;(R). Let @) be the total ring of
fractions of R. A fractional ideal of R is an R-submodule A of () satisfying the
property that there exists a regular element x € R such that zA C R. We denote
the R-submodules of Q by F(R), the fractional ideals of R by F(R) and the finitely
generated fractional ideals by Fy(R).

Definition 1.1.1. A closure operation on the set of ideals of R is a function

¢:Z(R) — Z(R) which for I,J € Z(R) satisfies:

o (Extension) I C I°.
e (Order Preservation) If I C J then 1° C JC.
e (Idempotence) (I¢)¢ = I°.

We say that c is of finte-type if [° = | J{J¢|J C I and J € Zy(R)}. Closure operations
c: F(R) = F(R) orc: F(R) — F(R) are defined similarly.
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Example 1.1.2. Suppose R has only three proper ideals, I, J and (0) and the ideal
lattice is as shown in figure 1.1.2. Let ¢ : I(R) — Z(R) be the map such that
(0)=1,J°=R and I = 1. Then c is a closure operation.

Figure 1.1: Example 1.1.2: Ideal lattice of R.

(Actually there are a total of 7 closure operations on the set of ideals of R.)

Example 1.1.3. Trivial closures

o The identity closure, 1° = I for all I € Z(R).
e The indiscrete closure, I° = R for all I € Z(R).
Example 1.1.4. Some non-trivial closures
e The radical of an ideal I C R, vad(I) =1 = {r € R|r™ € I for some n > 1}
or equivalently /I :== N{p € SpecR|I C p}.
e The integral closure, I :== {r € R|3n € N and q; € I' s.t. r"+iair"_i = 0}.

e Suppose R is a Noetherian ring of prime characteristicp > 0. If x € R then x
is in the tight closure of I = (x1,...,x,) if there ezists a ¢ not in any minimal

prime such that cx? € 1'9 for all large q, where I'4 = (29, ..., 29).
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e Fix an ideal a of R. Then the a-saturation, Upen(I : a”) = {r € R|3n €

N such that a™r C I}, is a closure operation.

e Let R be a ring of prime characteristic. The Frobenius closure F' is defined as
follows: for an ideal I and an element x € R, x € I¥ if there exists an n € N

such that xP" € 1",

1.2 Semistar and Standard Closure Operations

Several types of closure operations have been of considerable interest to mathemati-
cians including star and semistar operations. Star operations were introduced by
Krull in his 1935 book Idealtheorie [Kr]. Star operations were generalized to semis-
tar operations by Matsuda and Okabe [MO]. Research with regards to both star
and semistar operations has been conducted primarily in the domain setting. Huck-
aba defines the x-operation in [Huc]. This is a semistar operation over Marot rings.
Epstein gives a slightly different viewpoint on star operations in [Epl] and semistar
operations in [Ep2] over more general commutative rings. Epstein also introduced
standard closure operations and weakly prime operations in [Ep2]. He then proved
an important correspondence between the set of finite-type semistar operations of a

ring and the finite-type standard closures of a ring.

Definition 1.2.1. A set map  : F(R) — F(R) is a semistar operation provided
it is a closure operation and it satisfies the divisibility property: uA, = (uA), for all

A€ F(R) and all units u of Q.

Definition 1.2.2. A set map * : F(R) — F(R) is a star operation provided it has
the following properties:

e x is a closure operation
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o (Divisibility) uA, = (uA), for all A € F(R) and all units u of Q
e R, =R

A star operation x extends to a semistar operation by defining A, = @ for any

R-module A € F(R)/F(R).

There are semistar operations which are not obtained by extending star opera-

tions.

Example 1.2.3. Let R = k[[z3, 2%, 2%]]. Thus Q = k((x)). Consider the overring
N = k[[z* 23]]. Let M be an R-submodule of k((z)). Define M, := MN. This
is a semistar operation. However it is not the extension of a star operation since

R, = RN = N.

Definition 1.2.4. [Ep2] A closure ¢ : Z(R) — Z(R) is standard if for all ideals I,
(D) 2) = I°

for any reqular element x € R.

Definition 1.2.5. [Ep2] A closure ¢ : Z(R) — Z(R) is weakly prime if for all

ideals I and for any regular element x € R, x1° C (xI)°.

Remark 1.2.6. Any standard closure is also weakly prime. There are weakly prime

closures that are not standard.

Example 1.2.7. Let R = kE[))((i’Y)H

not standard. For instance, let w = x+y and [ = (2?,y®). We have (\/(wl) : w) = R
but I = (x,y).

. The radical closure is weakly prime. However, it is

Let S(R) denote the set of semistar operations on R and S’(R) denote the set of
star operations on R. In the domain case (for not necessarily finite-type operations)
there are numerous results regarding the cardinality of |S(R)| or |S’(R)|. I will

mention a few of them here:
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Theorem. [MO] For any integral domain D, we have |overrings of D| < |S(D)|.

Theorem. [MS] Let R be a conducive domain. Then

1. FEwvery star-operation on R has a unique extension to a semistar operation;
2. [S(R)| = 14 X perpp [S(T)] where [R, L[ is the set of overings of R properly

contained in L the total ring of fractions.

Theorem. [MS] Let R be an integral domain and T a proper overring of R. Then
|S'(R)| + |S(T)| < |S(R)|, and equality holds if and only if R is a conducive domain

which is local and each proper overring of R contains T'.

Theorem. [HMP] If R is a Noetherian domain, not a field, |S'(R)| < oo, then
dim R = 1.

Theorem. [HMP] If R is a Noetherian domain, then |S'(R)| = [ [nenvaxr 15" (Bm)|-
Theorem. [HMP] Let (R,m) be a one-dimensional local Noetherian domain such

that R/m is finite and the integral closure R of R is a finitely generated R-module.
Then |S'(R)| < oo.

Theorem. [Wh] Let R = k+a"k[[z]] be a conductive numerical semigroup ring with

finite base field k. Then R admits only finitely many star operations.

White also classifies all star operations on R in the case n = 4.

For more general rings (not necessarily domains) Epstein proved the following

previously mentioned result:

Theorem 1.2.8. [Ep2] There is a one to one order preserving correspondence be-
tween the set of finite-type standard closure operations on R and the finite-type semis-

tar operations on R.

Thus by classifying the set of finite-type standard closures of a ring we will have

classified the finite-type semistar operations of that ring.
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1.3 Dimension zero, one and two

Let S¢(R) denote the set of finite-type semistar operations on R. Under certain
assumpations we can show that for rings R with dimension zero |S;(R)| < co and

that for rings R with dimension 2 or greater |S;(R)| = oc.

Throughout, we use the term local ring to mean any ring with unique maximal

ideal.

Lemma 1.3.1. Suppose (R,m) is a local ring and dim R = 0. Then every closure

operation 1s a standard closure.

Proof. Note that if x is a unit of R then for all ideals I and closure operations ¢ we
have ((xI)¢: z) = (I¢: x) = I°. Thus if every regular element x € R is a unit every

closure operation is standard.

If m = (0) then R is a field and we are done. Suppose m # (0). Let m € m
such that m # 0. Since dim R = 0 by Thm 3.1 [Huc] there exists y € R such that
m?"y = m". This implies m™(m™y — 1) = 0. Suppose m"y —1 € m then 1 € m.
This is a contradiction so m™y — 1 is a unit. Hence m™ = 0. Thus every m € m is
nilpotent. Since the only regular elements are units every closure operation on R is

a standard closure. O

Example 1.3.2. There are zero dimensional local rings with infinitely many standard
closures. Let R = Clz,y|/(z,y)>. Let a € C*. Define x, : Z(R) — Z(R) by
(x + ay)* = (x,y) and I** = I, for all I # (x + ay). So x4 is a closure operation
and by Lemma 1.3.1 it is a standard closure. Since we have infinitely many a € C*,

R has infinitely many standard closures. See Figure 1.2.
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Figure 1.2: Example 1.3.2: Ideal lattice and closure operation.
A dash indicates inclusion and an arrow indicates the closure of the ideal.

Proposition 1.3.3. Suppose (R,m) is a local ring, dim R = 0 and m is principle.
Then R has 2°7' closure operations (where s is the number of ideals in R) and every

closure operation 1s standard.

Proof. By Lemma 1.3.1 every closure operation on R is a standard closure operation.

Let I # 0 be an ideal in R. Since m = (t) every a € [ is of the form a =
rt™ -+t m; € Nfor j € {1,...,n} with m; # m; for i # j. Without loss
of generality suppose m; < m; for all i # 1. So a = (r;4rgt™> =™ 4« oy gm0 )M
Since 71 4 rot™2 =™ .o 4t ¢ Myt is a unit. Thus I = (¢!) for some [. Since

every element of m is nilpotent, t* = 0 for some s. So the ideals of R form a chain,
ocEhc@EHcE?)c - C(t)=m

Thus R has finitely many closure operations. In fact by Proposition 2.1 [MV] it has

exactly 257! closure operations. O

Lemma 1.3.4. Let R be a ring and P a prime ideal of R containing only zero
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divisors. Define xp : Z(R) — Z(R) as I'® = [ + P. Then % is a standard closure

operation.

Proof. Let I,J C R be ideals. We will show directly that the extension, order

preservation and idempotence properties hold for p.

Extension: I C I+ P = [*F.
Order Preservation: /I C J=I1+PC J+ P = I*? C J*P,
Idempotence: (I*?)** = ([ +P)*» =1+ P+ P =1+ P =I*F.

Thus xp is a closure operation. It remains to show that xp is standard. Suppose
w € R is a regular element. Since ((wl)*? : w) = (wl + P : w) we need to show
(wl+P:w)=1+P. Let x € (wl + P : w). Sowz € wl + P. Thus wr = wi + p,
i € I and p € P. This gives w(z — i) = p. Since w is a regular element, w ¢ P
thusx —i € P. Sox —i=17p',p € P. Hence v = i+ p' € I + P. Therefore xp is
standard. O

Theorem 1.3.5. Suppose R is a Noetherian ring and there exists P € Ass R such
that ht P > 2. Then |S¢(R)| = oo.

Proof. Let {P;};cx be the set of prime ideals properly contained in P. By Lemma
1.3.4 %p, is a standard closure operation for all 7 € A and since R is Noetherian it is
also a finite-type standard closure operation. Then by Lemma 1.2.8 xp, corresponds
to a finte-type semistar operation on R. Suppose i,j € A, i # j. Thus (0)*% = P; #

P; = (0)*7. Hence %p, # xp,. If |{P;}icr| = 0o we are done.

Since ht P > 2 there exist distinct prime ideals Py and P; such that Py C P, C P.
Now let T" be the quotient of R by Fj localized at the image of P. Thus T is a
Noetherian local ring with dim 7" > 2. Any prime ideal of T" will correspond to prime
ideal of R contained in P. By the following claim 7" contains infinitely many height

1 or O prime ideals.
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Claim. If R is a Noetherian local ring with dim R > 2 then R contains infinitely
many prime ideals p such that htp < 1.

Proof. Let m be the maximal ideal of R. Suppose to the contrary that R contains
only finitely many prime ideals p such that htp < 1. Choose a; € m. By Krull’s
Prinicpal Ideal Theorem a; is contained in a prime ideal p; such that ht p; < 1. Now
choose as € m\p;. Again by Krull’s PIT ay is contained in a prime ideal p, such
that ht po < 1. By assumption we can only repeat this process finitely many times.

Thus m\ U? p; = () with each p; prime such that htp, < 1. This implies U'p;, = m.

By prime avoidance m C p; for some ¢ € {1,...,n}. This is a contradiction since
htm > 2. O
]

The explanation in the proof of Theorem 1.3.5 that [{P;}ica| = oo is from [Se]

and is included for completeness.

Example 1.3.6. Let R = k[[z,vy, 2, w]]/(zy2w, y*2w, yz*w). We have the chain of
prime ideals (y) C (z,y) C (z,y,2). The ideal Ann(yzw) = (x,y, 2) is an associated
prime and ht(z,y, z) = 2. Hence by Theorem 1.3.5 |S§(R)| = oc.

Okabe and Matsuda show for integral domains D that the number of semistar
operations on D is greater than or equal to the number of overrings of D [MO]. We

will use a similar method of proof for the next theorem.

Theorem 1.3.7. Suppose a ring R contains an integral domain E and
S = R[[u1, ..., uy]] with u; indeterminate for i € {1,...,v}. If v > 2 then
S¢(S)] = oo.

Proof. Let T'= El[uy,...,u,]]. Let P CT be a prime ideal. So Tp is an overring of
T. Let Sp be the ring (T'— P)~'S. Thus Sp is an overring of S. Now define *g,, :
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F(S) — F(S) as A, = ASp. We claim this is a finite-type semistar operation. Let
A, B € F(S), let u be a unit if the total ring of fractions of S. We will show directly
that the extension, order preservation, idempotence and divisibility properties hold

for xg,.

Extension: A C ASp = A*SP.

Order Preservation: If AC B = ASp C BSp = A*SP CB
Idempotence: (A, ).s, = (ASp)ss, = (ASp)Sp = ASp.
Divisibility: u(Ag,) = u(ASp) = (uA)Sp = (uA)sg,, -

*sp*

Thus g, is a semistar operation. It remains to show that xg, is of finite-type. Let
a € A*SP. Soa=> amr;,a; €A, r; € Sp. Let B= Sa; +---+ Sa,. So B € F¢(5)
i=1
and a € BSp = B*SP.
Since dimT" > 2, T has infinitely many prime ideals P. Let P; and P, be prime
ideals of T" such that P, # P,. Thus SSp, # SSp, = S*SP #+ S*SP . Hence
1 1

1S(9)] = oc. =

For rings R such that dim R = 1 it is not clear under what conditions |S¢(R)| <
0o. However, for the dimension one rings S, Ry and Rj3, which will be described
later, the set of finite-type standard closures is finite. In fact, we can count set of

finite-type standard closures on these rings.

10
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Counting Standard Closures on S

In this chapter we will exhibit all of the standard closures on the ring S described
below. In order to do this we will begin by classifying all of the ideals of S by their

generators.

2.1 The ring S

Let R = k[z]/(2?), k a field and let S = R[[t]].

Claim 2.1.1. All of the ideals of S can be expressed in one of the following forms.

(zt',t"), Ln €N, n>1

(z,t), 1 €N
s—1

J = (t5+ > s;t") with sg # 0, s; € R\k
i=0

NS S L~
"
=
m
2,

11



Chapter 2. Counting Standard Closures on S

s5—1
8. I=(+> sit"), s; € R\k, such that s; # 0 for some i
i=1
9. (zt',J),leN, I <s,s5=0
10. (xt', 1), 1 eN, 1 <s,5=0

Proof. Suppose A is a proper ideal of S and a € A. So a = >_ r;it', r; € R. Thus we

1=0
can write a = Y it + > sit?, ¢; € k, s; € R\k U {0}. Since A is a proper ideal a is
i=0 i=0
not invertible. Thus we have a = > ¢;t' + > s;t', where m = min{i|c; # 0}, m > 0.
i=m =0
Case: At least one ¢; # 0. So a = t™ (Z citi_m) + > sit". The element
i=m =0
c= > cit™™ € K[[t] is invertible. We have c™la = t™ + ¢! Y s;tt = ™ + > slt?,
i=m i=0 i=0

m—1
s; € R\k U{0}. Since z(c"ta) = xt™ € A we have t™ + > sit' € A.
i=0

Case: ¢; =0 for all i. Soa =Y s;t'.
i=0

oo oo
Subcase: sy #0. Soa=x ) 5t", §; € k. Thus s = )_ §;t* is an invertible element.
i=0 i=0

Hence s la=z € A
o0

Subcase: s; = 0 for all 7 such that 0 <i <[ and s; # 0. So a = xt! > 5715 €k,

i=l

o
Thus s = >_ 5"~ is an invertible element. So s™la = zt! € A
i=l

1

Therefore the only possible generators of A are of the form t™+ Z_ sit', s; € R\k,
i=0

x, and zt!.

1

e
Suppose A contains x and t"™ 4+ > s;t* such that some s; # 0. Then A contains
i=0
m—1

both x and t™. And these elements generate t™ + > s;t".
i=0

m—1

Suppose A contains t" and t™ + Y s;t' such that some s; # 0. Now let ¢ =
i=0

12
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m—1 m—1

min{i|s; # 0}. If n < m then Y s;t' = at® > 5;t°°¢ € A where 5, € k. Since
1=0 i=c

m—1 ) m—1 .

> 5t'¢ is invertible xt¢ € A. And t™ + > s;t' is generated by xt¢ and ¢". If

— i=0

e m—1 ) m—1 ) m—1 )

n > m then "7t 4 Y sit') — " =" Y gitt = xS §57¢ € Al Since
i=0 i=0 i=c

m—1 )
> §it'¢ € A is invertible ztt"™™ € A. And t" is generated by xt“™""™ € A and

i=c

"+ Z s;t". Now suppose s = t™ + Z sit" and r = t" + Z r;t" are contained
=0
in A Wlth sy # 0 for some wu such that 0 <u<<m-1 and r, # 0 for some

v such that 0 < v < n — 1. Letc:min{z’|si # 0orr; # 0} If m > n we

m—1 m

have s — t™ "r = > (s; — ")t = wt¢ Z (5; — tm )t e, If . # 0, then
i=0 i=c

m—1

S (8 — t™ ")t ¢ is invertible (7; € k). Thus xt¢ € A which implies t™ € A. And
these elements generate s. If §, = 0 then we can suppose u = min{i|s; # 0}. Now

suppose m —n < u — ¢ then

5 — My — ot n Zrltz ¢y Z _ gmeng (z c)f(mfn)) c A.

And — Z Pt + Z (5; — t™ 7)) t0=)=(m=1) i5 invertible. Thus zt™ " € A which
implies tm e A And these elements generate s. If m = n we get the same result. [

2.2 Standard Closure Operations on S

Lemma 2.2.1. Let R be a ring with proper ideal I. Suppose that I contains a reqular

element. If x is a standard closure on R then (0)* # 1.

Proof. Suppose on the contrary that (0)* = I. Suppose r € [ is a regular element.
We get the following equation

13
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Since * is standard this implies (0)* = R which is a contradiction. O
Lemma 2.2.2. Suppose * is a standard closure on S and (t")* = S for some m € N.

Then (t')* = S for alll € N.

Proof. So S = (t™)* C (t")* implies (t")* = S for all » € N such that » < m. Since x

is weakly prime

O™ S (OE™) = @) S ) = (") =) =S
Inductively we have (#/)* = S for all [ € N. O
Lemma 2.2.3. Suppose % is a standard closure on S, m,r € N and r < m. Then

(t™)* # (", A) for any proper ideal A.

Proof. Suppose on the contrary that (t™)* = (¢", A) for some proper ideal A, m,r € N
with » < m. The inclusion (", A) = (t™)* C (t")* C (", A) implies (t")* = (t", A)

for n € N such that » < n < m. The equation

(@) @) ) = () ) = (", A4) : ") = S
implies (¢)* = S. By Lemma 2.2.2 (t!)* = S for all [ € N which is a contradiction. [
Lemma 2.2.4. Suppose * is a standard closure on S and (t™)* = (t") for some

m,r € N. Then (t')* = () for all | € N,

Proof. By Lemma 2.2.3 (t™)* = (™). The inclusion (™*')* C (t™)* = (t™) im-
plies (t™T1)* = (t™) or (t™*1)* = (¢™'). However by Lemma 2.2.3 we must have
(tmT)* = (¢™+1). Inductively (#')* = (#!) for all [,m € N such that [ > m. Consider
the ideal () for some [ € N and

()" = 4m) = ()" ™) = (™) < t™) = (1),

This implies (#)* = (¢!) for all [ € N, O

14



Chapter 2. Counting Standard Closures on S

Lemma 2.2.5. Let J and I be as above. Suppose x is a standard closure on S then

1. (t™)* # J for any J or m € N.
2. (t™)* #£ 1 for any I or m € N.

Proof. (1) Suppose on the contrary that (¢™)* = J for some J and m € N. The
inclusion (¢J)* C J* = J implies (tJ)* = tJ or (tJ)* = J. Suppose the latter.
Consider ((¢J)* : t) = (J : t) = (#* 1, zt571, J). Since * is standard this implies
J* = (t*7 Y xt571 J). Since J is x closed this is a contradiction. Thus (tJ)* = tJ.

Inductively we get (t™J)* = t™J. Let j = t° + >_ s;t* the generator of J. Consider
=0

(™))"= g) = (") 2 g) = ("™ T = j) = (™).

This implies (t™)* = (¢™) which is a contradiction.

(2) Here we get a similar contradiction.

]

Lemma 2.2.6. Suppose * is a standard closure on S and (z,t)* = (x,t) then either

1. (z)* = (x), (t)* = (#"), (zt, t")* = (xt', t"), (2, t)* = (2, )VI,n €N or
2. ()" = (), O)* = (x,t), () = (!, #1), (xt' ") = (ath "), (2, t))* =
(z,t)VI,n €N

Proof. First we will show the following claim:

Claim. Suppose x is a standard closure on S, for some m € N, (x,t)* = (z,t!)
for all 1 € N such that | < m and (z,t™1)* = (2,t™) then (x,t')* = (z,t™) for all

[ >m.

Proof. Suppose (z,t™1)* = (x,t™). Further suppose there exists n € N such that

n > m+ 1 and (z,t")* = (z,t"), for some r € N such that m < r < n, and

15
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(z,t9)* = (x,t™) for all j € N such that m < j < n. Since (zt,t")* C (z,t")* = (z,t")
either (xt,t")* = (zt,t") or (xt,t")* = (x,t") for some v € N such that r < v < n.
Consider

((xt,t¥)  t) = (x,t"1)

((z, %) : t) = (z,tv7 )

(&) (@, 1" )" 1 t) = ((at,2")" 1 1) =

This implies (z,t"')* = (z,t*"!). Since (z,t" 1)* = (z,t™) we have v — 1 = m =
v=m+1 Som < r < m+1 implies r = m + 1. However then we have
(x,t")* = (x,t™") which is a contradiction since (z,t™"!) is not x closed. Hence
for all I,m € N such that [ > m, (x,#!)* = (x,¢t™). This concludes the proof of the

claim. O
The inclusion (t)* C (z,t)* = (z,t) implies (£)* = (t) or (t)* = (x,t).

Case: (t)* = (t). By Lemma 2.2.4 (#!)* = (¢') for all [. Since (xt,t*)* C (¢)* = (¢)
either (zt,t?)* = (t) or (zt,t*)* = (xt,t?).
Subcase: (t,t?)* = (t). Consider

(&), 1) 1) = ((at, )" ) = ()" 1) = ((1) : ) = .

This implies (z,t)* = S which is a contradiction.

Subcase: (zt,t?)* = (xt,t?). With the subcase as our base case suppose

(xt”, t"T1)* = (2", ¢"T1) for some r € N. The inclusion (xt"! ¢"72)* C (xt", " 1)* =
(xt", ") implies either (xt™™1 ¢ T2)* = (zt™ ¢7F2) (wt™H T2)* = (at7, 72,

(2t = (¢ or (zt™ 72> = (w17, t"T). Consider the colon ideal
(@) (@t e ) o) = (et 772" 1 ).
If (zt™ 72 = (21", ¢"+?) then since x is standard

(xtr=L ¢t for r > 1
(xtr,trJrl)* —
(z,t?), forr =1

16



Chapter 2. Counting Standard Closures on S

A contradiction. If (zt™1 ¢"t2)* = (¢"+1) then (xt",t"™1)* = (¢"). A contradiction.
If (ot 72 = (zt",t") then (xt",t"")* = (xt"~1,¢"). Another contradiction.
Thus we are left with (xt", t"1)* = (xt",¢"*1) for all r € N. Now suppose for some
m € N, (z,t™")* = (z,t™). Hence by the claim (x,#)* = (x,t!) for all I € N such
that [ < m and (z,t')* = (x,t™) for all | > m. Suppose now that n € N and n > m.

Since x is weakly prime
(tr)(.l’,tn)* g ((tr)(l',tn))* = (thr,tm—’—r) g (wtr7tn+7‘)* = (mtr,tn—&—r)* — (:L,tr7tm+r)*.

The inclusions (xt, ™ )* C (xt,t?)* = (xt,t?) and (zt, t™)* C (z,t™)* = (z,t™)
imply (zt, t™1)* = (xt,t™) or (zt,t™)* = (xt,t™). Suppose the latter and
consider
- i . (z,t™ Y ifm > 1
(@) (@, t™) 1) = ((@t, ") t) = ((wt,17) : 1) =
Sitm=1

This is a contradiction so (zt, t™T1)* = (zt,t™!). Inductively we see (xt", ™" )* =

(at”, t™*). Thus (xt", """ )* = (xt",t™*") for all » € N. Now consider
(™2 4 2t) (2, ") ™2 b)) = ((wt™ 247743 g™ ) 2 o)
— (($tm+2,t2m+3)* : 75m+2 + $t> — ((thm+2,t2m+2) . tm+2 4 xt) — (I,tm+1).

This implies (x,t™1)* = (x,#™*1) which is a contradiction. Thus (z,t')* = (x,t!)

for all { € N.

The inclusion (z)* C (x,t)* = (z,t') for all | € N implies (z)* C N2, (z, ) = (z).
Thus (z)* = (z).

The inclusions (zt!,t")* C (at!, 1) = (xt!, t*1) and (zt!,t")* C (z,t")* =
(z,t") imply (xt!,t")* = (xt!,t") for all I,n € N . This proves (1).

Case: (t)* = (z,t). Since * is weakly prime

)" S (D) = (2t,17) C ()" = ()" = (at,£7)" C (z,1)" = (2,1).

17
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This implies (t2)* = (xt,t?) or (t*)* = (x,t). However (t*)* = (x,t) contradicts
Lemma 2.2.3. So (t?)* = (zt,t*). Now suppose (t™)* = (zt™!,t™) for some m € N
such that m > 2. We have

O™ S (OFE™) = (™ 17 C ()

(tm+1) ( tm meJrl) (xtmflatm)* — (Z‘tmil,tm).

This implies (t™1)* = (zt™, ™), (t™T)* = (xt™ L ™Y or (¢ = (™ ™).
However (t"™+1)* = (xt™~!,¢™) contradicts Lemma 2.2.3.

Suppose (t"T1)* = (xt™~1 ™1, Consider

(xt™2 t™) if m > 2
(@) E™) ) = (") ) = ((at™ 47" 1 1) =

(,t™) if m =2

Since * is standard both cases are contradictions. Thus we are left with (¢™*1)*

(xt™ ™). Hence (£11)* = (xt!, t*1) for all [ € N,

The inclusion (xt%,t%)* C (at?,13)* = (at?t3) implies (zt?, t*)* = (xt2,t3) or
(xt?, t4)* = (xt?,t4).
Subcase: (zt? t*)* = (zt?,3). Consider

() (2, 12))* 1) = ((xt?, th* : 12) = ((@t?, 7)) - %) = (=, ).

This implies (z,t?)* = (z,t). By the claim, (z,t)* = (z,t) for all [ € N. Also
(tn)(l',tl)* g ((tn>($,tl)>* = ($tn,tn+1) g ($tn,tn+l)* = (xtn’tn—i-l)* _ (l’tn,tn+1)* —
(xt™, ¢ for all ,n € N .

Now consider
(™2 4 wt) (2, ")) ™12 b)) = (™2, 473 ™2 42 4 gt

= ((@t™ 2 2mT3) ™2 gt) = (2™ 2 43 R o) = (2, 6™,

18
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This implies (x, ™ ™1)* = (z,¢#™!) which is a contradiction.

Subcase: (xt? t1)* = (xt?,t*). Now suppose for some m € N, (x, t"1)* = (z,t™).
We obtain the same contradiction as we did in case (£)* = (t), subcase (zt,t*)* =
(zt,t?). Thus (z,t)* = (z,#) for all [. Just as in case (t)* = (t), subcase (zt,t?)* =
(zt,t?) we have (z)* = (z) and (zt',t")* = (xt!,#") for all I,n € N. This proves

(2). O
Lemma 2.2.7. Suppose * is a standard closure on S and (x,t)* = S, then (x,t')* =

(zt" )y = (") = T =T* = (at!, J)* = (xt!, [)* = S for alll,r € N and I and J.

Proof. With the assumption as the base case suppose (z,t")* = S for some n € N.

Since x is weakly prime (¢)(z,t)* C ((t)(x,t))* = (t) C (xt,t""')*. Since t €

ot " C (2, Y, (2, t"T)* = S. Thus (z,t))* = S for all [ € N.
(
Again since x is weakly prime
(") (@, 1) S (") (@, )" = (t7) S (at", t77)" = (at", £77)" = ()"

Since (t")* C (z,t")* = S and Lemma 2.2.5 (xt", #77)* = (xt/,¢"), for some j € N

such that j < 7 or (xt",t7")* = S. Suppose the former.
()t 7)) = ((at7,857)" : 0) = ((@th, ) ) = (8.

This implies (zt"~7, #+779)* = (z,¢"=9). This is a contradiction since (z, ") is not
x closed. Thus (zt",t47)* = (t")* = S for all [,r € N. Since S = (t*)* C J*, J* =S
for all r € N. Similarly I* = (zt!, J)* = («t!,[)* = S for all | € N, J and I, O

Theorem 2.2.8. There are exactly siz standard closures on S which are given below.

1. %1 : A" = SV ideals A.
2. %y 1 (0)2 = (xth)2 = ()2 = (2), (x,t)2 = (at", )2 = ()2 = J2 =
2= (zt, )2 = (xt, N =SVIineNand I and J.
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3. x3:(0) = (0), A = SV ideals A such that A # 0.

4. x4 1 (0)* = (0), (ath)* = (x)* = (x) VI €N and A* = SV other ideals A.

5. x5 :(0)" = (0), (2) = (2), (1) = (1), (") = (at!, "), (at)" = (at)),
(zt 1) = (zt "), (z, ) = (z,t)), J* = (x5 J), I* = (xt571, 1),
(zt!, J)s = (zt', J), (xt', 1) = (xt', 1)V I,n € N and I and J.

6. xg : A = A Y ideals A.

Proof. By Lemma 2.2.1 (0)* =S, (0)* = (x) or (0)* = (0).

Suppose (0)* = S. Since for all ideals A, S = (0)* C A we have A* = S for all A.

This is *;.

Suppose (0)* = (z). The inclusion (z) = (0)* C (t™)* and Lemma 2.2.5, (t")* =
(z,t7) or (t™)* = 8S.

Case: (t™)* = (z,t)) for some j,m € N. By Lemma 2.2.3 (t™)* = (x,t™).
Suppose (z,t)* = S by Lemma 2.2.7 (z,t™)* = S which is a contradiction since
(z,t™) is % closed. Thus (z,t)* = (x,t) and by Lemma 2.2.6 (t\)* = (¢') for all | € N
or (t)* = (t) and (#'1)* = (at!,#!1) for all | € N which is a contradiction.

Case: (t™)* = S for some m € N. Since S = (™)* C (z,t)* we have (z,t)* = 5.
By Lemma 2.2.7 (z,t))* = (at" 17" = (t")* = J* = [* = («xt!, J)* = (at', [)* = S
for all /,r € N and I and J. Since (z) = (0)* C (zt')* C (z)* = (z), (xt))* = (z) for
all [ € N. This is %o.

Suppose (0)* = (0). Either (z,¢)* =S or (z,t)* = (x,t).

Case: (7,t)* = S. By Lemma 2.2.7 (x,t!)* = (zt", 4" = (") = J* = I* =
(xt!, J)* = (xt',I)* = S for all [,y € N and I and J. Since (z)* C (x,t!)* = S for all
[ € N either (z)* = S or (z)" = (z).

Subcase: (z)* = S. Since * is weakly prime (¢')(x)* C ((#!)(2))* = (#) C (at))* =
(zt')* = (t')* = S for all [ € N. This is *3.
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Subcase: (z)* = (x). The inclusion (zt)* C (z)* = (x) implies (xt)* = (xt) or

(xt)* = (x). Suppose the former. Since * is weakly prime

(@) () S (@) ()" = (at) C (at)" = (at')" = (at)" = (at)

for all | € N. Consider (((t)(zt"=1))* : t) = ((xt')* : t) = ((xt) : t) = (z). This implies
(xt'=1)* = (z) which is a contradiction. Thus we must have (zt)* = (x). Then
t)(x)* C ((t)(2))* = (xt) C (2t?)* = (2t?)* = (xt)* = (z). Inductively (zt!)* = (x)
for all [ € N. This is 4.

Case: (z,t)* = (z,t). By Lemma 2.2.6 there are two possibilities.
Subcase: (z)* = (z), ()" = (z,t), (#1T)* = (at!, #11), (2t t7)* = (xt!,t") for all
I,n € N, (z,t)* = (z,t') for all | € N. The inclusion (xt)* C (z)* = (z) implies
(xt)* = (xt) or (xt)* = (x). Suppose the latter. We have (¢)(xzt)* C ((t)(zt))* =
(xt) C (xt?)* = (2t?)* = (xt)* = (x). However (z) = (2t?)* C (xt?,13)* = (at?,13)
is a contradiction. Thus (zt)* = (xt). The inclusion (zt?)* C (xt)* = (xt) implies

(zt?)* = (xt?) or (xt*)* = (xt). Suppose the latter and consider

(B (@) 1) = ()" : )((at) : 1) = ().

This implies (zt)* = (z) which is a contradiction. Thus (zt?)* = (2t?). Inductively
(xt')* = (xt') for all | € N. This leaves the ideals containing J and I. Consider

s—1
=) st )ttt — Zstz (G Zstz
=0

s—1

_ (( t25 1 t2$ . Zsth ts 1 J)

Thus J* = (xt*~', J). Similarly I* = (zt*~*, I). Consider

-1
—isiti)(aztl L1 — Zst‘ = ((at"™ %)t — Zstz
1=0
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Thus (xt!, J)* = (xt!, J) for all [ € N. Similarly (zt!, I)* = (xt!,I) for all | € N. This
1S *5.
Subcase: (z)* = (z), (t')* = (¢) for all [ € N, (zt!,t")* = (xt',t") for all [,n € N,
(z,t")* = (x, ") for all | € N. The inclusion (zt')* C (¢)* = (#!) implies that for each
| € N either (zt))* = (') or (xt')* = (#!). Suppose the latter for some [ € N and
consider

() @) 1)) = ((@t)" ') = ((t) : ') = 5.

This implies (x)* = S which is a contradiction. Thus (xt!)* = (zt!) for all [.

This leaves the ideals containing J and I. Consider

—_

(0 = S st ) = Yt = () = Yt = () = Yt = .

i

I
=)
I
)
-~
I
=)
s
I
)

i

Thus J* = J. Similarly I* = 1.

(((t° — Z sit!) (xt!, J))* : tF — i sit!) = ((xt!T=,6%5)" 17 — Z sit?)

=0
s—1
= (@t ) o 87 =Y " sit’) = (at', )
=0

Thus (xt!, J)* = (xt!, J) for all [ € N. Similarly (zt!, I)* = («t!, I) for all | € N. This

is x¢, the identity closure. [

Corollary 2.2.9.
1S¢(5))] =6

Proof. By Theorem 2.2.8 and Lemma 1.2.8. [
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Chapter 3

Standard Closures on Ry

In this chapter we will develop many tools for classifying the standard closures on R;
(described below) for any ¢ > 2. We will then exhibit and count all of the standard
closures on Ry, and R3. As with the ring S we must begin by classifying all of the
ideals of R;.

3.1 The ring R;

Throughout k£ is a field and R, = K[[X4, ..., X¢]]/(XiX;|i < j). We use lower case

letters xq,...,z; to denote the images of Xi,..., X, in R;.

Lemma 3.1.1. FEvery proper ideal of R; is generated by polynomials of the form

xzi1+a2xzb+~~-+avxzf“’ with a; € k> for2 <l<wvand1 <11, <--- <1, <t

Proof. Suppose f is an element of a proper ideal J. Thus f is a nonunit with the
— o 1 ,.J1 o0 Vo JU n _ :
form f =37 ajxi 4+ >0, aj x;’ with each a} a non-zero power series

inx;,,...,%,,...,x, and mg > 1 for s = 1,...,v. However since z;_ “ iy =0 for
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Chapter 3. Standard Closures on R;

a # [} we can assume each aj € k. So

= pm ]1 mi " —My
B Z a]l i1 Z a]u zv .

Jji=mi

Soeach 3 *_ jnxf” " is an invertible element in the subring k[[z,]] with inverse

— n X
Un =D g AL, € k*. Now

oo
— 1, .ma 2 J2—me2 | 1 mu —my
wf=aft + el Y el + E : aj,
Ja=mz2
2 m1 1 mg 1.2 m3 Jjz—ms3 1.2 mv —My
usuy f = curyt + oy + ooy, E ajgscZ3 + - CHCo; E a; )
Jjz=ms Jo=my

_ 2 t, .m1 1.3 t . .mi1 1.2 t—1,.my
Uy .. urf =cy...quryt +¢Cy ot + o+ qCy - Co T

Multilplying the last equation by (c2...cf)™" we have the result. O
Lemma 3.1.2. Let I be a proper ideal of R;. Then I = (f1,...,fi) where f; =
Za” 2 with a;; € k and my; € N for 1 < j <1 where each f; is monic.

Proof. Since R; is Noetherian and Lemma 3.1.1. O]

The following algorithm gives an ordering for the generators of an ideal I C R;.

Algorithm 3.1.3. Let I be a proper ideal of Ry. By Lemma 3.1.2 1 = (f1,..., fi)
where f; = Za” 2 with a;; € k and m;; € N for 1 < j <[ (each f; is also

monic). Let W ={fi}\_;. Let 1 < n <t. Define

0, Zf aw = 0

Mnj, if Qn,j 7& 0

a, W = NUA{0} as a,(f;) =

Consider the generators f,. and fs, 1 <r <[, 1 <s <.
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Letn =1

If an(fr)an(fs) =0 go to (3) otherwise go to (4).

If an(fy) # 0 then f. > fo. If a,(fs) # 0 then fs > f.. Otherwise go to (5).
If an(fr) > an(fs) then fr < fs. If an(fs) > an(fr) then fs < f.. Otherwise
go to (5).

Ifn<tletn:=n+1and go to (2). If n =1 go to (6).

6. If (a1, —a1g,... a1, —ars) = (0....,0) then f. = fs. Otherwise f, and fs are

e v o~

S

not comparable.

Note f,. and f are equal or not comparable if and only if a,,(f.) = a,(fs) for all

n.

Definition 3.1.4. Let I and W be as in Algorithm 3.1.3. If f. = fs or f. is not
comparable to f, then f. ~ f,.

Proposition 3.1.5. The relation ~ is an equivalence relation.

Proof. Let f.,fs and f, € W. Since f, = f, then under Algorithm 3.1.3 f. = f,.. So

fr ~ fr. Suppose f. ~ fs. Then a,(f,) = an(fs) for all n. So f; ~ f.. Suppose
fr ~ fsand fs ~ f,. Then a,(f.) = a,(fs) for all n and «,(fs) = a,(f.) for all n.
Thus a,(fr) = an(fy) for all n. So fs ~ f,. O

Definition 3.1.6. Let I and W be as in Algorithm 3.1.3. Let a,b € W/ ~. Suppose

fr is a representative of a and fs a representative of b. We say a > b if f. > fs.

Proposition 3.1.7. The relation given in 3.1.6 is well defined.

Proof. Suppose f,, and f,., are both representatives of a and fs is a representative
of b such that f., > f;. We need to show that f., > f;. Since f,, and f,, are
representative of a, a,(fr,) = a,(f,) for all n. Thus f,., > fs. O

We will denote the reduced row echelon form of a matrix A by rref(A).
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Algorithm 3.1.8. Let I be an ideal of R;

1. Let I = (fr,...,fi) where f; = Zaw Y with a;; € k and m;; € N for
1 < j <1 where each f; is monic whzch we can do by Lemma 3.1.2.

2. Let J be the smallest monomial ideal generated by a subset of the generators of
the mazimal ideal of R that contains I. Thus J = (xj,,...,x;,) with
I<pn<--<just

3. Let W= {f.}'_,

4. Partition W with respect to ~ such that W = 11¢_,W,, and
Wi >Wy > > Wy

5. Reindex the fs with respect to their equivalence class W, so that for
u=1,....d, W, = {fuﬁ}g‘zl. So each f,, = éauﬂcxzuﬂc, yy, €K,
for1 < g <I,.

6. For each u such that 1 <u <d, let A, = (auﬁc) a l, X v matriz.

7. Compute rref(A,) for each u such that 1 < u < d. So rref(A,) = (bu,,),
bu,, € k.

8. Let f,, = z b,y

9. Arrange all the nonzero fu, by their indices in dictionary order and reindex

them in that order with the natural numbers in the usual order and let

W= {fs}gzl'

Since elementary row operations are reversible we can recover each A, from

rref(A,). Thus W is still a generating set for I.

Algorithm 3.1.9. Let I be an ideal of R;.

1. Run Algorithm 3.1.8 for I to obtain W = { f,}!
2. Leti:=1+1.

3. Let j :=min({1,...,I1}\{i}).
4. Letn :=n+ 1.

1:=0,n:=0.

s=1’
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5. If there exists a € k and m € N such that az]' f; is a term of f; replace f; with
fi —axy' fi.

If n <t go to step 4.

Ifj<land j+1+#i thenlet j: =35+ 1, n:=0 and go to step 4.
Ifj<landj+1=ithenletj:=j5+2,n:=0. If j <l go to step 4.

AN NS

Ifi <1 go to step 2.

10. Let W = {f}_\{fslfs = 0}. So W now has r < I elements. Let | := r.
Arrange all of the f, in dictionary order and reindex them in that order with
the natural numbers in the usual order. Let W = {fs}._,.

11. Now for s € {1,...,1}, fs = Zt: Asn @M, Gspn € k. Let A = (as,). Compute
rref(A) = (bsn), bsn € k. T_LljzclA = rref(A) we are done. If not for each
se{l,... 1} let fs = zt: bsnp™.

12. Go to step 10. "~

Definition 3.1.10. Let I be an ideal of R;. We will call the set W that results from
applying Algorithm 3.1.9 to I a reduced generating set of I.

Lemma 3.1.11. Regardless of how the polynomials obtained in step (1) of Algorithm

3.1.8 are indexed Algorithm 3.1.9 produces a unique reduced generating set of I.

Proof. Let I be an ideal of R;. Step (1) of Algorithm 3.1.9 is to run Algorithm 3.1.8
for I. Suppose we index the generators of I obtained in step (1) of Algorithm 3.1.8 in
two different ways I = (f1,..., fi) and I = (f,,,..., f;,). We now continue algorithm
3.1.8 for I with the former indexing and then I with the later indexing. In each case
we obtain J = (zj,,...,2;,). In step (3) we have W := {f,}._; and W’ := {f,.}._,.
Since W and W’ contain the same polynomials after step (4) W, = W, for 1 < u < d.
So the matrices A, and A, obtained in step (6) are such that rref(A4,) = rref(A)).
Thus W and W’ obtained in step (9) are equal. O

Lemma 3.1.12. Let I be an ideal of Ry and W = {f,}._, be a reduced generating
set of I. The elements of the set W have order f; > fo > ---> f.
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Proof. For each s € {1,...,l}, fs = i bsnn™, bsn € k where by step (11) of
Algorithm 3.1.9 the matix (b, ,,) is in red%:cled row echelon form. Let ¢ = min{n|b;,, #
0}. Thus bsi1. = 0. So ae(fs)ae(fst1) = 0 and a.(fs) # 0 . This implies f; >
fst1. u

Lemma 3.1.13. Let I be an ideal of Ry and W = {f,}._, be a reduced generating
set of I. Then

(1) no f; generates a term of f; for any j # i
(2) W is k-linearly independent set
(8) no proper subset of W generates I

Proof. (1) This is a result of steps (2) through (9) of Algorithm 3.1.9. (2) This is
a result of steps (10) through (12) of Algorithm 3.1.9. (3) Suppose not. Suppose
W/ f; generates I. By (2) W is k-linearly independent set. Thus f; is not a k-linear
combination of elements of W/ f;. Since f; € I, f; must be an R;-linear combination

of elements of W/ f; but this is impossible by (1). O

Proposition 3.1.14. Suppose I is an ideal of R;. Then I has a unique reduced

generating set.

Proof. Run algorithm 3.1.9 for I. In step (1) we apply Algorithm 3.1.8 to I. In step
(1) of Algorithm 3.1.8 we use Lemma 3.1.2 to get a polynomial generating set for I,
I=(f1,...,f;) where f; = i d; jr;" with d; ; € k and m; ; € Nfor 1 < j <[ where
each f; is monic. Upon comlglletion of the algorithm we have a reduced generating set
W = {h;};_, for I. Now suppose we run Algorithm 3.1.9 again for I except this time
in step (1) we obtain a different polynomial generating set for I, I = (g1,...,9m)
where g; = Zt:ei,jx;ni’j with €;; € k and m;; € N for 1 < j < m where each g,
is monic. Arﬁlupon completion of the algorithm we have a reduced generating set

W' = {h}3_, for I. We need to show W = W".
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Consider h; € W’'. By Lemma 3.1.12 W is totally ordered, thus hy > hy > -+ > h,.

There are two cases.

v .
Case 1: () ~ h, for exactly one n, 1 <n <r) Thus b} =} ajz.x;r;“, aj, € k*,
i=1

s jz_ji, bj, € k™. Suppose h}; # h,. Suppose for some 1 <m < r, hy,

and h, = > b,z
i=1

generates a term of . So for some 1 < ¢ <wv,a € k*, deN, a$§-lchm = a;.x;” =

Z#(ax? hpm) = bjcx;njc. This is a contradiction since by Lemma 3.1.13 h,, cannot
Je c c

generate a term of h,. Thus no h,, generates a term of h}. Since h’ # h, and both
h’; and h,, are monic h’; is not a multiple of h,,. So A’ is not generated by {A4, ..., h,}

which is a contradiction since b, € I. Thus k) = h,,.

Case 2: (h} = h, for any n such that 1 < n < r) Suppose A} is in the k-linear
vector space generated by W. So h;- = zrj a;h;, a; € kimplies hy = aflh;—afl ZT: a;h;
which implies hq is a k-linear combinaﬁén of elements of W. This is a contrazi:ii:tion
since by Lemma 3.1.13 W is k-linearly independent. So A} is not in the k-linear
vector space generated by W. Suppose A} has term Szi, 8 € k*, but no h, has
term o), r, < m,, o € k*. This is a contradiction since W generates I. Suppose
h;» has term fx'* and for some n, h, has term azl*, r, < m,. Since h;- e W', no
element of W’ has term pxf*, s, < m,, p € k*. This is a contradiction since h,, € I
and W’ generates I. Thus W/ C W. By similar argument we can show W C W".

Thus W/ = W.

Also since both W and W' are totally ordered by Lemma 3.1.12 we must have
hy =hy,hy =hy, ... h, =N

with r = s.
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3.2 Standard Closure Operations on R;

Lemma 3.2.1. Suppose 1 < i1 < --- < i, < t. If x is a standard closure on R,

and (x; ", ... 2" ) = (", ..., 2;,") for some m;; € N with each m;, > 1 then

i 71
Tiy Tiv \x __ Tiq T
(im0 ) = (2, 2yY) forallry; € N .
miy Miy \x miy m; ) .
Proof. Suppose (v, ",...,2; ") = (z;",...,2,") for some m;; € N with each

m;, > 1. Let (s4,...,5;,) € N” with each s;, <m;, for j =1,...,v. Let

— iy = Siy My —Siy
W=Ty+ -+ L1+ Ty, T Xiyp1 T T + T, + i1+ Ty

Consider
((w(xffl, o ,xfz”))* Lw) = ((lel7 . ,x?zi“)* L w)
= ((leil, LTpt) tw) = (:pfjl, ).

Since « is standard this implies (z;", ..., z;")* = (z;',...,2.") forall (s;,,...,s;,) €

v

N* with each s;; < m;,.

We need to show

( mip —1 Mijog=l Mg Mgyl mm—l)*
i e T T Ty,
= ( mip —1 Mgl me iyl mzv—l)
= (@, om0 Ty T T,
Without loss of generality we will show
mi miy—1 Miy—I\k 7 M4y Miy—1 M, —1
(il ) Vig ,...,Iiv ) _(il » Vg ’ ? iy )
Mg Mgl my, —1
Let [ = (x; ", 2,7 ...,z ). So
* milfl miv—l * milfl miv—l
I Co(x, oz ) = ().
. mi; —1  my,—1 m;, —1 . .
So either I* = I or I* = (x; ™" ", 2, *,...,2;" ). Suppose the latter. Since x is

weakly prime

(w144 a) [ C (14w D) = (@5 al) C (a2l )

11 1y 71 2 v
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mi;+1 my, Mip\x __ /Mg Miy\x __ /Mg m;
(2, " gy, 2wy ) = () = (g
Let u =1+ - 451 + &3 + 2500 + - + 24
Consider
mip—1  m,—1 My, —1\\x | - mip+1 my, iy \ %
((u( i1 1 L e Ly )" ru) = (( i1 1y Ly s 7xivv> u)
_ iy mi
- (( i1 ) 7xivv) U)
mi1*2 m¢271 mi, —1y .
B (g, Twy,? ) iy, > 2
mi2_1 m;, —1y\ o
(i, 25, . g, ) ifmy, =2
Since « is standard we have a contradiction unless m;, = 2. Thus
2 Mig Mgy \k __ 2 Mig m; _ 3 Mig Mgy \ %
(wi, 2,2, a0 ) = (g, 2,2y ) = (2,2 ™)
and
2 mizfl My, — 1\ % _ migfl M, —1
(2,25, oy, ) = (@, ).

Let r = oy 4+ 2j—1 + 27 + i1+ + Tig—1 + 5, + Tigpr + -+ + 24

Using again that * is weakly prime,

ra T C (el e

= (2l al ) C (T el )

= (ke e ey = (g8 gl gl ey
Since (27, :UZ”QH, Z“, ) C (2 xZiQ, A

(h ol ey = (el e el

= (22 e )

or
(af ot el ey = (o e e ey = (a2
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. 2 Mig Mz —1 Mi, —1\x 2 My —1 M4, —Lyx
Notice (z; 7,7, 2;,° ..., 2" ) C (27, 2;,” ...,z )" =
2 Miy Mig -1 My, —1\x o 2 Mig Mig 1 My, —1
(mip io ) Vig 3 ) xiv ) (xiﬁ o ) Vig ) ) xiv )
or
2 Mg Mig -1 My, 1\ % Mg 1 My, —1
(xila .CIZ'i2 » Vig ) ) xiv ) (xll ’ ’miz ) ’ xiv )

Now consider

(((xl 4+ .4 xt)(x?1,$gi2,$gi3_l, o 7l»miv_1>)* I S xt)

= (@3, 2= 2l e e+ 1)

117 Vig )3

is either

3 miy,+1  myg My \ . . 2 My Myg—1 mg, —1
((:1c'l-l,avi2 N ).x1+---+xt)f(xi1,xi2 )Ty s T )
or
3 Miy Mg My | . 2 mi,—1 mg, —1
((:Cil,xl-2 PN )-$1+--'+$t)—($i1,332-2 s Ty )

Since « is standard the latter is not possible. So we must have

4 mi2+1 Mg My \ %
(i17 i » i3 7"'7xiv )
o 3 mig+1  mgg My \k 3 mig+1  myg mi,
( 117 Vig » iz a"'7xiv ) _(xilv i9 7xz'3 ""7in )
and
2 Miy  mig—l My — 1% 2 My,  mig—l M, —1
('Ti17‘ri2 7'Ii3 ’ 7xiv ) ('ri17xi2 7I’i3 ’ 7'Iiv )
Now
2 Mig mi3—1 My —1\\% . o 4 mi2+1 Mg My \x .
((w(g, zs, 2, w0 ) rw) = (o, 2, 2y, ™) )
. 3 miytl myg My \ . . A Mig  Mig—1 My —1
(( 117 Vig » Mig ""7in )'u)_(m217$i2 ’x’ig 7“‘7xiv )

.. . . . m; Mo —1 m;. —1\ .
This is a contradiction since (22 ,x, 2,2, ® ..., z; " ) is % closed.
17 Vg i3 i
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Hence
( m;; —1 Mgyl T mij+1_1 Q;T.n“’_l)*
11 PR | 1]'—1 ) z]- ) z]-+1 AR Ty
= ( miy —1 R xmw—l)
21 MARERE lj*l ) Zj Y Zj+l AR v

We need to show

( mi, Mi;_q mz'j-i-r Mij o >*
il g e e ey ij—l 9 ZJ 9 ij+1 PRI ,$Z-U
= (¢ Mijy MG Mgy, 27
- (2RI Rt PR R Bl Lk VS T A R 2%
. . . m;, +7 m; m;
for all » € N. Without loss of generality we will show (xil” STy ,:z:iv”)* =
Mig+r iy My
(zg, " @y, %, ") forallr € N,
Suppose for some r € N,
mi; +r  my, My \* mg+r  my, mg,
(il 1 gy Ty ey Ty ) _<i1 1 Lig 5oy Ty )
Since
mi, +r+l my, My \ mi +r My, Miy\k mi +r My, o
(7, VT, 2wy ) C (g, ) = (g, )
either
mi +r+l my, Mig\x ¢ Mg T+l my, my,
(xil 1 Lig "o Ty, ) _(xil 7 Liy Ty ey Ly )
or
Miq +r+1 My Miy \x mil—l-’l‘ My mi,
(7, T,y ) = ().
Suppose the latter. Consider
r+1 mil mizfl my —1 *
(- Fwg o+ Fag e -a) ("t x,” . r," )
. r+1
I S R TN o A e 0.
. mi+r+l my, My \% | r+1
= ((zy, P FSA W T SRR S PRSI S Sl S PAFR R S )

_ mig T My Mg\ . r41
= ((z;," 2, xy) o T 2 T+ T)
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_ mil_l m’ivil
= (" @)
Which is a contradiction since
My My —1 Miy—I\k _  Mip  mip—1 M, —1
(il » Mg 7"'71:2‘,, ) _(il » Mg 7"'7xiv )
Thus
mi +r+l my, My \ % mi +r+l  my, mi,
(xil » Hig 7"'7xiv ) _(xil ’xiz ) ’xiv )
So
mi +r My, My \k My +r My, My,
(il » Mg 7"'7‘Tiv ) _(il » Mg 7"'7xiv )
for all r € N. Hence
( mg, Mi;_q mijJrT Mij g xmiv )*
1 0t ij71 9 ij I ijJrl )t Wiy
= ( miy Mij_q Mt Mgy, 2
- i1 0t ij71 ) ij ) ij+1 AR R P8
for all »r € N.
Suppose 1;; > m;, for 1 < j <,
Tip Tiy \% My My Tig M Mgy \ %
(@, C oyt 2ty Ly
(T My Tig My my,
= (2, 2wy ).
So
Tiy Tiy \* v (T i T'ij i Miy\ __ Tiq Tiy
(@it oemy) SNy Dy ) = (T,

Thus

(x:fl,...,xzzv)* = (z,", ..., z,")

for all i, > My for1 <j<w.

Now suppose 7, eNforl<j<w. Lets:x1+~-+xi1_1+le”+xil+1+~-

my .
Ti,—1 + 2" + Ti,41 + - + x4 Consider

((s(a}r, . 2l vs) = (@ gl ey g) = (a0, .. )™

11 v 11 v 11 v
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Hence (z;,... 2" )" = (x;*,... ;") forall r;; €N
]
Lemma 3.2.2. If x is a standard closure on Ry and (x1,...,x;)* = R, then
(", .o x)* = Ry for all (my,...,my) € N Moreover if I is an (x1,...,3)-
primary ideal then I* = R;.
Proof. Suppose (z1,...,x;)* = R;. Since  is weakly prime
(P + -+ al) (g, )" C ("™ ) (2, x))”
= (™) C (2T T = (P ey = (2 ™),
Note that
(21,23, -, 20)" 2 (@ + a5+ + )
(23,25, 25, ..., o2 D (2% + a9+ 25+ 27)
(23?, s ,ZL‘?_DI%)* 2 (ZB% oot x?—l + xt)

And Algorithm 3.1.9 implies (21 + 23+ -+ 2}, 22 + xo+ 23 -+ a7, ..., 234+ +

z? 4+ ;) = (21,..., 7). Thus we have the following inclusion,

(x1,...,2) = (1 + a5+ -+ o, ot t oy + a5+ ar, .. 2 T )
C (z], a5, o) + (23 22 2l ) (2, ) a2 C (2, o))
- (l’l, . ,l't)*.

This implies Ry = (x1,...,7,)* = (22,...,2?)*. Furthermore (22,...,2?) C (z; +

-+« 4 ;) this implies (21 + -+ + 2;)* = R;. Now we can show by induction that
(},...,2})* = Ry for all n € N (our hypothesis is our base case). So assume

(..., 2})* = Ry for some n € N. Since * is weakly prime,

(xl —|——|—5L’t>($?,,x?)* g ((1'1 ++th)(x1117ax?))*
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= (@) 4 Fay) C (a8 2t
= (a7 attY = (o + -+ 2) = Ry

So (z7,...,x})* = Ry for all n € N. Let N = maz{my,...,m}.

Ry = (af, ... 2Ny C (a7, ... al)*
C Ry = (™, ..., 2")" = R, for all (my,...,m;) € N°.
[
Lemma 3.2.3. If x is a standard closure on R; and (m?:”, @) = Ry for some
(myyy...,my,) € NV then (xZ“,...,xZi”)* = Ry for all (n,...,n;,) € N”. Moreover

if Jis an (x4, ..., x;,)-primary ideal then J* = Ry.

Proof. Suppose (xZL”, o ,I?Ziv>* = R, for some (m;,,...,m;,) € N’. The inclusion
R, = (m?:” s @) C (2, @)t implies (24, ..., @;,)* = R;. And the inclu-
sion Ry = (wi,,...,x,)" C (x1,...,2)" implies (z1,...,2;)* = R;. Thus by Lemma

3.2.2 (xq + -+ 4+ x4)* = Ry. Since % is weakly prime we have

(14 z) (@i, x,)  C (w14 + ) (g, -y w,))”

(1 4+ +m) C(27,.... 20"
This implies (27,...,27 )* = (x1 + - - + 2;)* = R;. Inductively we have
(zf,...,2})* = Ry for all n € N. Consider (z}',...,2{"), (n1,...,n,) € N". Let
N = max{ny,...,n,}. The inclusion R, = (z,...,a))* C («}',...,z]")* implies
(zit, ... 2")" = Ry for all (ny,...,n,) € N". O
Lemma 3.2.4. Let R} = k[[x1,...,Tn—1,Tn, Tnt1, - - -, 34|/ (wi;]i < j) and

¢ : R — Ry be defined ¢p(a) = a. Suppose xr is a standard closure operation on R
Define the following operation

xs : Z(R;) — Z(R;) where B*s = ¢(A*T) if B = ¢(A) for some proper ideal A in R
or B = Ry if B # ¢(A) for any proper ideal A in R}.

Then ¢ is an injective ring homomorphism and xs is a standard closure operation.
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Proof. 1f a is non-zero then a is non-zero. Thus ¢ is injective. Since elements of
R! do not contain any terms which are multiples of z,, their images under ¢ are
identical. Thus ¢ is a ring homomorphism. We will show xS is a closure operation.
Let B € I(R;).

(i) (extension) Case: B = ¢(A) for some proper A € Z(R?). Thus B = ¢(A) C
G(A*T) = B*S.

Case: B # ¢(A) for any proper ideal A C R?. Thus B C R, = B*.

(ii) (order preservation) Suppose B C C, C an ideal in R;. Case: B = ¢(A) for
some proper A € Z(R?). If C = ¢(I) for some proper I € Z(R?) then it contains
A. Thus B* = ¢(AT) C ¢(I'T) = C*5. If C # ¢(I) for any I € Z(R}) then
B*S = ¢(A*T) C R, = C*5. Case: B # ¢(A) for any proper ideal A C R?. Thus B
contains an element b such that b ¢ Im ¢. Since C also contains b, B* = R, = C*%.
(iii) (idempotence) Case: B = ¢(A) for some proper A € Z(R}).

(B*)S = (¢(A1) = ¢((AT)T) = (A7) = B*5. Case: B # ¢(A) for any
proper ideal A C R?. So (B**)* = (R;)*® = R, = B*S.

Now we will show xS is a standard closure operation, B*¥ = ((sB)*S : s) where
5 is a non-unit regular element of R;. Thus s = Zle a;x;", a; 0 fori=1,... ¢t
Let r = ZE;%, a;z]". So r is a regular element in the subring R?. Let f € B*S.
Case: B # ¢(A) for any proper ideal A C R". Thus B contains an element g =
h 4+ ux™ h € Im¢, and u € R). So sg = (Z%ﬁg a;x;")g + (apzl™)g = r(h +
uzl) + (@) (h + uzl) = rh + auz™. Thus sB # ¢(A) for any proper ideal
A C R So (sB)* = Ry = ((sB)* : s) = (R; : s) = Ry which contains f. Case:
B = ¢(A) for some proper A € Z(R}'). Thus B* = ¢(A*T). Now sB = s¢(A) =
ro(A) + an2md(A) = rd(A) = d(r)o(A) = ¢(rA) = (sB)* = ¢((rA)"). Since
f € B*S there exists g € A*T such that f = ¢(g). Hence rg € rA*T C (rA)*T (since
*T' is weakly prime). So ¢(rg) € ¢((rA)*") = (sB)*S. Thus

o(rg) = ¢(r)d(g) = ré(g) = s¢(g) = sf = sf € (sB)** = f € ((sB)*" : s).
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To show the other inclusion let f € ((sB)*® : s).

Case: B # ¢(A) for any proper ideal A C R?. Thus there exists b € B such that
b ¢ Tm ¢. Hence sb ¢ ITm ¢. So sB # ¢(A) for any proper ideal A C R which implies
(sB)*S = R;.

sBCB=R,=(sB)*CB*= B*“=R,= fec B,

Case: B = ¢(A) for some proper A € Z(R!). First we will show there exists
g € R? such that ¢(g) = f.

B =¢(A) = sB = s¢(A) = r¢(A) = ¢(r)o(A) = ¢(rA)

= (sB)* = ¢((rA)™") C ¢(A™).
Since f € ((sB)* : s), sf € ¢(A*T) C Im¢p. Now suppose f ¢ Im¢p. So f =
22:1 Ry ®, o € R or ¢, = 0 for k such that 1 <k <t and ¢, # 0. Thus

t
sf=rf+(azl)f=r Z eyt + agc, i ¢ Tm g,
Zn
This is a contradiction. So there exists g € R? such that ¢(g) = f. So sf €
d((rAT) = rf € ¢((rA)*T). Thus

o(rg) = ¢(r)plg) =rf € o((rA)") = rg € rA)" = g € ((rA)" 1) = A7

= [ =9¢lg) € H(AT) = B**.

O

Lemma 3.2.5. Let [ = (x?:”, e ,x:-:fi”), 1<, <o <4, <t. and x be a standard
closure operation on Ry. If I* contains a reqular element x4+ asxs? + - - -+ )t with
ao € k* for all a such that 2 < o < v and s;, < m;, for all uw such that 1 <u <wv

then I* = R;.
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Proof. Consider

mi; —Siy M, —

(27 + el + - @) (7w )) ] 0o 4+ )

=" 2] +ax? + -+ axyt) = Ry

. ) M. —s; My —s: ms, —S; M, —S;
Since  is standard (z; " ", .. 2 ) = Ry So Ry = (" .. a )T C

v 11 &) —

(x1,...,2¢)" implies (z1,...,24)* = R;. And by Lemma 3.2.2, [* = R;. ]

Lemma 3.2.6. Suppose % is a standard closure operation on R,. Then (0)* is a

monomial ideal.

Proof. Suppose (0)* is not a monomial ideal. Suppose W is a reduced generating set

for (0)*. Then W must contain ) a;,z;"", n > 2, a, # 0 for all 1 <v < n. There

i
v=1

are two cases.

Case: n =t. Consider
(O ana)(0)* > a,al™) = ((0): > azal™) = Ry
v=1 v=1 v=1

n

since (0)* contains ) a;,z;". Since x is standard this is a contradiction.
v=1

Case: n < t. Consider

(w1 + ) O cm1++2) = (0 s oa -+ 22).
Since * is standard this implies 2" € (0)* for 1 < v < n which is a contradiction. [

Lemma 3.2.7. Suppose % is a standard closure operation on R; and

0 = (z.", ..., 2™ for some (my,,...,m;) € N and v is such that 1 < v < t.
1 v

i1 » My

Then (0)* = (x4, ..., x;,). Additionally, if I C (x;y,...,x;,) then I* = (z;,,. .., x;,).

. My My, * mi;+1 Mg, +1\ My My s
Proof. Since (z;",...,x;"") = (0)* C (2" ... 2" )" C (2", ...,2,") it
mi1+1 My +1\ % o miq m; .
must be the case that (z;, " ..., z;"™" )" = (2;,",...,2;,"™). Consider

(((zy+-- ._}_q;t)(leil, .. J}mi”))* cxytet ) = ((z

) My

mi1+1 miv+1
il g e ey iv

) a4y
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= ((:Emil,...,xgi”):x1+---+xt).

11

If m;, > 1 for some j such that 1 < j < v then, since x is standard, 957:”_ € (0)

which is a contradiction.

Suppose I C (x4, ...,x;,). The inclusion (z;,,...,z;,) = (0)* C I*

C (@i, - .., ;,) implies I* = (25, ..., T;,). -

Lemma 3.2.8. Suppose % is a standard closure operation on R;. If

(2, Y = () for all (myy,...,my,) € N with v € {1,...,t}

i1 ) My i1 ) My

and each m;; > 1, j € {1,...,v} then (0)* = (0).

Proof. By Lemma 3.2.6 (0)* is monomial. Since (0)* C (22 ,..., 22 )* = (27 ,...,22),

i1 ) My 1) Vi

(0)* # R;. Suppose (0)* is a proper nonzero monomial ideal. Without loss of

generality we have (0)* = (z;",...,2}™) for some u < v with n;, > 2 for each
j € {1,...,u}. However we have a contradiction since by Lemma 3.2.7 (0)* =
('Iil7"'7xiu>' ]

Lemma 3.2.9. Let R =7/2Z[[X,Y, Z)|/(XY,YZ,XZ) and I be a proper monomial
ideal in R. Suppose x is a standard closure operation on R. If I* # R then I* is a

proper monomaial ideal.

Proof. Suppose * is a standard closure operation on R and I* # R. By Proposition
3.1.14 each ideal of R has a unique reduced generating set. Thus each proper ideal

of R expressed in terms of its reduced generating set will have one of the following

forms:
e (0), (@), (¥"), ("), (@™ +y"), (y" +27), (@™ + 2"), (" +y" +2")
o @y, () @), @ ), @, @y ),
(:Em + Zr’yn + 27")
hd (xm7yn7 ZT)
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m, n, r € N. Thus without loss of generality we need to consider the following cases

where [ = (™), or I = (2™,y"), or [ = (™, y"™, 2"):

L (@) = (2" + )

2. (z™)* = (2 + 97, )

3. (zm)* = (2 + ¢ + 2

4. (zm)* = (2t 97 + 24

5. (zm)* = (2 + 2y + 2

6. (2™, y")" = (2" +9)

T (gt = (g2

8. (z™,y") = (' + 4y + 2

9. (™, y")* = (2%, 97 + 2)
10. (2™ y™)* = (2 + 2497 + 2
1. (2™, g™, 2" = (28,97 + 21)
12. (2™, 9™, 2" = (28 + 3y + 2
13. (2™, 9", 2" = (28 + 24 y7 + 21)

Since I C I* cases (2), (3), (5), (7), (8), (10), (12) and (13) imply i < m, j < n and

[ <r. By Lemma 3.2.5 I* = R which is a contradiction.

Case (1): (2™)* = (2! +¢?). Thus (z° +9) = (z™)* C (2°)* C (2 +¢/)* C

(' + 1) = (2¥)* = (2" +¢) for all v such that i < v < m. Consider
(@ 7+ )2+ 2) = (@) 4y 2)

=((@"+y) 12"+ +2).

Since x is standard this implies (2%)* = (z,y) when m > i or (2°)* = (2% ™ y)

when m < 2i. Suppose (z°)* = (z,y). Since * is weakly prime we have

(z+y+2)@) C(@+y+2)(@) = @) CE) =@ +y)=>i=j=1
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So (z?)* = (z + ) and (z) = (x,y). Since (z*)* C (2?)* = (z + y) we have four
possibilities for (2%)*:(23)* = (2%), (2%)* = (23,y!) with [ > 1, (23)* = (2? + ¢') with
[>1,0r (23)* = (z +y). Consider (((z2+y+2)(x))* 2?2 +y+2) =

((3)* : 2> + y + z). Since * is standard (23)* = (2%) implies (z)* = (z) and
(23)* = (2% + ') implies (z)* = (z,y') with [ > 1. These are both contradictions.
Now consider (((z+y+2)(@?)* :x+y+2) = ((23)* :x+y+2). So (%) = (23,9
implies (z%)* = (22, ) or (22)* = (2%, y'™!) and (23)* = (z+y) implies (2?)* = (z,y).

Again contradictions.

Now suppose (z°)* = (z?~™+1 y). We have

(@+y+2)@) C(@+y+2)@) = @ y) @) =@"+y)=j=1

Thus (z71)* = (2’ +y). Since (z'72)* C (z'1)* = (2’ + y) we have four possibil-
ities for (zF2)*:(2'2)* = (2™2), (22)* = (22, 9') with | > 1, (2772)* = (2" +4})
with [ > 1, or (z7*?)* = (2 + y). Consider (((z*> +y+ 2)(z"))* : 2> +y + 2) =
(@2)* : 224 y+2). So (z712)* = (2+2) implies (¢%)* = (%) and (#2)* = (1 +4/))
implies (2)* = (z,y') or (2°)* = (27! + y'~!). These are contradictions so we are
left with (z72)* = (212, ') or (272)* = (2' + y). Now consider
(r4+y+2) (@) cz+y+2) = (@) 2 +y+2). So (212)* = (212, y!) implies
(x1)* = (2171 9 71) and (2772)* = (2° + ) implies (2*+1)* = (2%, y). These are also
contradictions.

Case (4): (2™)* = (2%,y7 + 2'). If i < m then Lemma 3.2.5 implies (z™)* = R

which is a contradiction. Thus (z™)* = (2™, 3’ + 2!). Since % is weakly prime

(@ +y+2)(@™)" C ((z+y+2)(@™)" = (@™ g 4 2 C @)
= (2" = (@ T S C (e g+ ),

By this and Lemma 3.2.5 (z™*1)* is one of the following (2™ yi 1 + 21+1)]

(2™ F g + 21, or (z™FL, it 211, For each of these if we compute
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(x+y+2) (@) :x+y+2)=((z™™)* : 2 +y+ 2) we arrive at contradiction
except in the case (z™T1)* = (2™ ¢+t + 240 Inductively we have (z™)* =

(zm+Y T 4 24 for all v > 0. Consider
(@ +y +2) @y 2+ 22" 2 by 4 2) = (77,77 + 219 2 4y 4+ 2)

— (merl, yj+2 + zl+2).

This implies (2™, y7+2 4 272)* = (2™ 4772 + 2142). However we have a contra-

diction since

(xm-l—l’yj—l—l + Zl—l—l) _ (xm—&-l)* C (xm—&-l’yj-i-? + Zl+2)* _ (xm+17yj+2 + Zl+2).

Case (6): (z™,y")* = (¢' + ¢’). Since x is weakly prime we have the following

implication:
(+y+2) @™ y") C((@+y+2)(@™y") = @+ ™) C @™y )
- (l,m—‘rl’yn—&-l)* _ (ZL‘H—l + yj—l—l)* C (ZL‘Z _|_yj).

Thus (2™, y"™1)* is one of the following (z™! + ¢/T1), (2™ 4/t or (2 + ¢7).
If we compute (((z +y + 2)(z™y")* : z+y + 2) = (™ Ty ™) . 24+ y + 2)
Yyt = (2" 4 ). Now

(2' 4+ 7)) = (2™, y")* C (™ 4 o/ T1)* = (27! 4 yIT1). This is a contradiction since

we arrive at a contradiction except in the case (x™*1,

(x7 + 97 71) does not contain (z¢ + y7).

Case (9): (z™,y")* = (2',y/ + 2'). Since j < n, if i < m by Lemma 3.2.5
(z™,y")* = R which is a contradiction. Thus (z™,y")* = (z™, %’ + z!). Since * is

weakly prime
(@ +y+2) (=™ ") C ((w+y+2) (@™ y") = @y + ) C (@™ )

= (2™ T = (g g 4 zl“)* C (2,9’ + zl).
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By this and Lemma 3.2.5 (2™ y"*1)* is one of the following (™1 41 4 2I+1),
(2™ g + 28, or (z™FL it 2. For each of these if we compute

((x+y+2)(™y")* : z+y+2) = (™ y"™)* . 2+ y+ 2) we arrive at
contradiction except in the case (x™*1 yth)* = (xm+1 it 4 241 Inductively we

have (z™+Y y"t0)* = (z™+Y It + 210) for all v > 0. Consider

(((x2+y2+z)(xm+1,yj+1+zl+2))* . x2—|—y2+z) — ((xm+37yj+3+zl+3)* . ZL’2+y2+Z>

_ (:L,m—i-l’ yj-i-l + Zl+2).

This implies (2™, 7+ 4 2172)* = (™1 71 + 2142) However we have a contra-

diction since
(@ Y g L) = (L C (g g Ry (el L 2
Case (11): (z™,y", 2")* = (2,47 + 2!). This case is nearly identical to case (9).

]

S ), 1 < v <t Suppose x is a standard

)

Lemma 3.2.10. Let [ = (x

ip 0

closure operation on Ry and |k| > 2. If I* # Ry then I* is a proper monomial ideal.

Proof. Suppose I* # R;. Now suppose without loss of generality that

= (@, ), v <4 1 = (@ el () w < o, L e L)
is a reduced generating set of I* and the f; are non-monomial polynomials in the
k-vector space (', ..., a0w) with each r; < m; for j such that u+1 < j < v.
Suppose by way of contradiction there exists f; # 0, say f;. Since x is weakly prime

we have

($1+"'+xt)l*g((931+"'+5Ut)[)*

t
= (0w QS m) i) C @)
k=1

t
= (@t = @ T O ) p) C I
k=1
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This implies (3, xx)f; € (7", ..., 2™+ )* for each . Again without loss of
generality suppose f; = Z;":uﬂ aj:r;;j with a,.1 = 1. Let 8 € k* and 8 # ay41-

Since « is standard we have
I" = (((x1+ -+ 2+ BTy +Tusat- @) )" @1+ 20+ BTy +Tugat -+ 20

= (@ el e A Ty BT + Ty T,

Since (Yf_, mx)fi € (&7 2t we get 5T+ 2l ajry € I*. This
implies (1 — )25 = fi — (%xl’ff Yy €T *). Which then implies

Tu+1

x4 € I which is a contradiction. O

Lemma 3.2.11. Suppose x is a standard closure operation on R;. Further suppose
|k| > 2 or that t = 3 and k = Z/2Z. If («, ... z")* = (7', ..., x") for some
(ma,...,my) € N and (nq,...,n;) € Nt then (x7',...,z;")* = (21',...,z;") for all
(r1,...,me) € N such that for some j € {1,...,t}, s;; = 3, for all r;; and for all

other j, si; = 1 for all r;;.

Proof. Let m = (z1,...,2¢). If m* = R, by Lemma 3.2.3 (21",...,2/")" = R,

*

which is a contradiction. Thus m* = m. Consider [ = (22,...,2?). Since I* C
m* = m, I* # R,. So by Lemma 3.2.5 [* does not contain a regular element
Pt a4+ - -+ agxyt with a, € £* for all a such that 2 < o <t and s; < 2 for all [
such that 1 <[ <t. Thus for some [ such that 1 <1 <, zt:l2 € I* and x; ¢ I*. So by
Lemma 3.2.9 or Lemma 3.2.10 [* is a proper monomial ideal. Thus I* is generated

by degree 1 and degree 2 monomials.

Suppose I* = I. By Lemma 3.2.1 (27",...,2/")* = (21", ..., 2") for all m;,

1<j<t.

Now we will consider the case when I* is generated by degree 2 monomials and

at least one degree 1 monomial. Without loss of generality let
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I* = (23, 22 Tyt ).
= (22, 29,..., 7)) = (w1,...,23) or (23, 29,...,2).
Suppose (22, s, ..., 2¢)* = (71,..., 7). Since x is weakly prime

(1 + - +xt)(xf,:v2, cey ) C (4 - F l’t)(ﬂﬁ,l'g, cey )"

2 2 3 2 2
= (21,...,2;) C (27, 25,...,27)"
3 .2 2 2 2 2 2
= (x1,25, ..., x7) = (af,...,x) = (2], ..., XL, Tps1, - - -, Tt)
and
2 2\* C 2 2\\*
(14 -+ x) (], x) C (g + -+ ) (27, ..., x7))
3 3 2 2 3 3
= (27, ..., 0, .-, xp) © (27, ..., 7))
3 3 3 3 2 2 3 2 2
= (o7, ..., 2) = (2], ..., 2, Tpyq, ..., 07)" C (2,25, ...,27)"
2 2
= (], T, Typa1y ey Xp)
= (2f, .. a))r = (i, 22, a2l ... ) with nj = 2 or 3 for j such that
1 < j < v with at least one n; = 3, or (a3,...,2})* = (a%,..., 22, Tpi1,...,T1).
By Lemma 3.2.5 that latter case implies (z%,...,23)* = R, which is a contradic-
tion. So suppose the former. Again without loss of generality let (z3,... z})* =
3 3 2 2\
(x9,... 2,20, q,...,2;7) with u <w.
Consider
2 2\( .2 . 2 2
((zy + a5+ +a) (@], e, .. ymy)) t g + a5+ -+ )
3 3 2 2
= ((xy,...,¢)) ey + a5+ -+ x7)
3 3,2 2y . 2 2\ _ (.2
:((.’El,...,$u,l’u+1,...,xt) xl“l_xz—i—-_'_xt)_(xl’xz”xt)
Since * is standard this implies (2%, @9, ...,2,)* = (22, 2,..., ;) which is a con-
tradiction of the assumption (2%, x9,...,7¢)* = (21,...,7;). So we are left with
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(l’%,l’g, s 7$t)* = (x%7$27 s 71'75)‘

Similarly for some u < v,
2
(1, ey Tty Ty Ty Ly e ey e ey Tagy v oy Tt)
_ 2
= (1 ey By 1y Ty Tt 1y e e ey ey Tpe ey Tg)-

With (2%,...,22)* = (22,..., 22, 2y,1,. .., 2;) as the base case suppose

2 2k kyk _ (.2 2
(@7, Ty Ty, - xy) = (2], .-, Xy, T, - -, ) for B <.

Thus

2 2 k k
m = (27, ..., %, Tog1, -5 Tt) F (X1, oo Ty Ty gy, TF)

= (x%,...,mi,mﬁﬂ,...,xf)*—f—(a:l,...,mv,xﬁﬂ,...,xf)
C (w1, Ty Ty, 2f)  Cm
k)*

k _
= (1, T, Ty, -, T) =m

Since * is weakly prime

(14 )21, T gy 2)) S (14 ) (X1, T, Ty, - -

= (x%, . ,xf)* C (:L‘%, o ,mi,xﬁﬂ,...,x?”)*

2 2

2 2 ntl P = (et w ) = (a1 T

= (x7, ..., 2,200, .., 