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Abstract

In this paper we consider the Cauchy problem for the 3D Navier-Stokes equations
for incompressible flows, and their solutions. We will discuss the results of a paper
by Otto Kreiss and Jens Lorenz on the role of the pressure term in the Navier-
Stokes equations, and its relationship to the fluid field w(z,t). The focus here is
to concentrate on solutions to the equation where the fluid field u lies in the space
C>(R3) N L*(R3), and not necessarily in L*(R3). If u(x,0) = f(z), where f €
C>=(R3*)NL>(R?) we will consider the solutions for all ¢ in time interval 0 < ¢ < T(f).
In the original paper, estimates for the derivatives of the pressure were proved, but
the definition of the pressure proved unsatisfactory due to the possibility of the
divergence of the pressure term. The main object of this paper is to use the theory of
singular integrals and the space of functions of Bounded Mean Oscillation to properly
address the pressure. In doing so, we will provide estimates on pressure term itself.
This will allow us to strengthen the results of the original paper, and rigorously

extend all results from the original paper to any function u € C*°(R3) N L>=(R3).
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Glossary

In

[E41Pe

11l

1/l

a.e

natural logarithm

set of natural numbers

set of real numbers

point in R™: z € R™ is given by x = (21,29, ...,%,)

inner product: (z,y) =z -y =Y, Ty

Euclidean norm: ||z|| = /{z,z) = o

the open ball centered at = of radius r: {y € R": |z —y| < r}
sphere centered at = of radius r: {y € R" : |z —y| =r}

the closed ball centered at x of radius r {y € R": |z —y| <r}
(B(z,r)US(x,7))

max norm: [|z||. = max |xq|, |xa|,. .., |Ts]

1
LP norm: ||fll, = || fllze = (f |f(z)P dx) ), where f is a measur-

able function.
L norm: L® =inf{C >0:|f(x)| < C a.e.}

almost everywhere



Glossary

C(R")

LP

LOO

1
Lloc

S2

D
NS

BMO

fo

set of continuous functions defined on R™, n can be 1,2, ..., etc.
set of continuous functions on a set A with compact support.

set of continuous functions with continuous derivatives up to order

k on R™

set of continuous functions with continuous derivatives of all orders

on R"

space of L? functions: L? = {f(x) : ||f]|, < oo}, where f is a

measurable function.

space of L* functions: L* = {f(z) : ||f]le < oo} where f is a

measurable function.

space of locally integrable functions: f € Llloc if 1w |f] < oo for all

compact sets K, and f is a measurable function.
unit sphere in R3: {zr € R?: |z| = 1}

partial derivative with respect to ¢

a3 + as + a3 for a multi-indexa = (g, ag, a3)
D' D3*Ds*,  D; =0/0x;

Navier-Stokes

the space of functions of Bounded Mean Oscillation

the mean value of a function on a cube (or ball) @

x1



Chapter 1

Introduction

1.1 Motivation: A Brief History of the Navier-

Stokes Equations

The Navier-Stokes equations are a set of partial differential equations that describe
fluid motion. In this paper we consider the Cauchy problem for the 3D Navier-Stokes
equations for incompressible flows. We begin by letting # € R? be the space variable
and t € R, where ¢ > 0 be the time variable. We consider the fluid velocity field of
a fluid with notation w(z,t) = (uy(z,t), us(z,t), us(x,t)) for the fluid velocity field,
and p(x,t) for the scalar pressure field. Then the (Incompressible) Navier-Stokes

equations are given by
ug + (u- V)u+ Vp =vAu, Change in Momentum (1.1)

V-u=0, Incompressibility/Divergence Free Condition (1.2)

where the viscosity constant is v, and

0
U'VZU1D1+U2D2+U3D3 Dz:%
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Component by component the equations read:
3
Uzt + Z uijui + Dlp = I/Aui 1= 1, 2, 3
j=1

and
3
D1U1 + DQUQ + D3U3 = Z Dz(uz) =0
i=1
Furthermore we assume that
up(z) = u(z,0) = f(z) with V-f=0 (1.3)
The terms of the equation are:

u; - unsteady acceleration term

(u-V)u: the convective acceleration
Vp: the pressure gradient

vAu :  the viscosity term

Throughout this paper when referring to Navier-Stokes equations, we will nor-
malize the constant v so that v = 1. The incompressibility condition, V - u = 0,
can be shown to be a limiting value of the compressible case ([30], [26], [27]). The
derivation of these equations from first principles can be found in various texts on
fluid mechanics and other sources. See for example [6], [29], or [31]. The history of
the equations is quite extensive and is well documented ([20]). Starting with Leonard
Euler in 1755 with his introduction of inviscid fluid flow, Charles Lois Maries Henri
Navier in 1822 ([32]) continued refining the equations with his derivation from a
molecular argument, where he introduced viscous effects. Further refinement of the

equations followed from Poisson in 1829 with the equations of a compressible fluid.
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Saint-Venant in 1843 ([36] and [37]) and Stokes in 1845 ([43], [45]) obtained the con-
tinuum derivation. This version is the one that is commonly introduced to students

and under intense study today.

Equations that describe physical phenomena beg for solution, and the Navier-
Stokes equations are no exception. There is a vast wealth of literature devoted to
the solutions of Navier-Stokes (e.g. [31], [21], [22], [23], [12], [13], [14], [15]). For
example, in 1934, Leray ([28]) constructed a global (in time) weak solution, and a
local strong solution in R3. This paper, among others, reinforced the idea of special-
ized solutions. Among the different classes of solutions studied for the Navier-Stokes
one can find classical, strong, mild, weak, very weak, uniform weak, and local Leray
solutions. These different classes have themselves produced a variety of methods de-
signed to explore the various types of solutions. Fourier analysis, statistical mechan-
ics, distribution theory, and harmonic analysis have all played a part in attempting
to analyze the equations for over two centuries. A large portion of this work focuses
on the well-known fact (Appendix C, [31], and [26], for example) that at its core, the
Navier-Stokes equation (1.1) is basically a non-linear heat equation. Thus, it can be
written using Duhamel’s principle in an integral form with heavy dependence on the

initial data u(z,0) = f.

Exploiting the integral form of the Navier-Stokes equations has been used to
explore other aspects of the solutions, such as existence, uniqueness, and the depen-
dence on initial data. For example, it is known that for initial data u(z,0) = f €
L>(R™) the equations (1.1), (1.2), (1.3) admit a local in-time (regular) solution w

with the pressure p determined by
p=Y_ RiR;(uuy) (1.4)
ij=1

where R; is the Riesz transform ([4], [14], [24]). The Riesz transforms will be dis-

cussed in section 1.2. For the L" case, where 3 < r < oo, the equations (1.1), (1.2)
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admit a unique local in time solution u for some pressure p. As u decays at the space
infinity, then (1.4) follows a posteriori for L™ ([21]). Kato ([22]) observed that for
initial data f € L*(R"), the constructed solution is bounded and may not decay
at the space infinity. So even if u solves (1.1), (1.2), equation (1.4) may not follow.
Kato further noted that in the most simple case, for z € R? and t € (0, 0), one could
construct a solution of the form u(x,t) = g(t), p(x,t) = —¢'(t) - x. This function pair
(u,p) solves (1.1) and (1.2) no matter what the function g(¢) is. So if u has constant
initial data, the solution is not unique without assuming (1.4). Not only does this
demonstrate a non-uniqueness to the solution, it also implies a non-decaying pressure
spatially. Kato further observed that one would need to impose some control on p

to obtain uniqueness other that controlling u.

In [13] it was noted that uniqueness holds if u is bounded, and p is of the form
p(l’,t) = Ty + Z RiRjﬂ'ij (15)
ij=1
for bounded functions g, m;;. In particular it was noted that for ¢t € (0,7") for a

maximal time 7', then uniformly

loc

0, T4 € L>*nN Ll

In the same paper Kato improved upon the result by simply assuming that p €
Lj,. N BMO , where BMO is the space of functions of Bounded Mean Oscillation .
A theorem of A. Uchiyama ([46]) indicated that if a function g was BMO , then it
was of the form

g=rno+ Z R;R;n;;

ij=1

with some 7;;, 1m0 € L>*(R"™). Additionally, Sadosky ([35]), and the paper by Feffer-
man and Stein [9] observed that every g € BMO could be written as

g =170 —+ Z R]’T j

=1
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where 7; € L>(R"). In Chapter 2 and [35] it is noted that if ¢ € L>°, the convolution
of a Calderén -Zygmund kernel K (x) with g produces a function that is BMO . In
Chapter 3 we discuss the fact that the (formal) pressure term (and its modification)
is the solution of the Poisson pressure equation; it is the convolution of the term
Dju;Dju; with a Calderén -Zygmund kernel. It is of some interest to note the fact
that if the velocity field has derivatives that are sufficiently smooth and small at
infinity, it then turns out that the pressure is additionally a Riesz potential (see [40],
or [10]).

Kato’s paper was concerned with weak (distribution) solutions. The main result
of that paper was that given condition (1.4), if (u,p) was a solution of (1.1), (1.2)
with initial data in the distribution sense satisfying u(x,0) € L>°(R?), and p(z,0) €
BMO , then the solution (u, Vp) was unique, and

Vp = z”: VR;R;(u;u;)
ij=1
where Vp € & (see [22]). We should recall here that S is the Schwartz space and
S’ is its dual; that is, the set of all bounded linear functionals on S (see [39], [40],
or [29]). We should further remark here that S and S’ are important to Fourier and
Harmonic Analysis, although for this paper our assumptions on u will preclude any

involvement with these particular spaces.

The papers by Giga, et.al., specifically [13] and [14], took a different approach, and
chose initial data on the space of bounded uniformly continuous functions (BUC) in
R™ orin L*°(R™). In the paper it was shown that if the initial value function u(z,0) =
f(z) was BUC, then so was the unique solution w. In this case, however, the focus
was on u as a solution to the integral (heat equation) version of the Navier-Stokes
equations. In Giga’s work, the set C([0, 7], BUC) was defined to be the set of all
bounded, uniformly continuous functions (spatially) that are defined and continuous

on [0, Tp], and the set C'“ was representative of the set of Holder continuous functions
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of order a. It was additionally shown in the same paper that

u e C([6,Ty; BUC) and tY2Vu € C([0,T;]; BUC) (1.6)
and

Vu e C%([6, Ty]; BUC)

for some o with 0 < o < 1/2 and 6 such that 0 < § < Ty. This showed that t'/2Vu
was bounded in some sense. An additional result was that if u(xz,0) = f(z) was
a BUC function, with u satisfying the integral (heat) form of the solution to the
Navier-Stokes equations, and if Vu € C*([d, Tp]; BUC), then by writing

P = Xn: RiRjUin

ij=1
we have (u,p) solving (1.1), (1.2). However, again in [13], it was noted that if one

replaced the space BUC with L*(R"), the results were different. Equation (1.6) is
replaced by

u € Cw([57 TO]; Loo) and tl/QVu S Cw([O7TO]; Loo)

where C, is the space of all L> valued weakly continuous functions defined on [0, 7p).

These results, among others, are similar to the results in the work by Kreiss—
Lorenz ([25]). The Kreiss—Lorenz paper is the main focus and source for this doctoral
thesis. The main difference between the Kreiss—Lorenz paper and the works of Kato
and Giga’s is the restriction on the solutions. The KL paper concentrates on classical
solutions in C*°(R3) N L>=(R?), while Kato and Giga’s ([13] and [21]) developed
solutions that existed in the distribution sense (e.g. weakly continuous), with some
sort of control on the pressure term p. Additionally, Kato and Giga’s papers assumed
their space of contention to be R", for n > 2. Their results obviously can be restricted

to R?, where the Kreiss-Lorenz results are only particular to R3. It must be noted
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that the Kreiss—Lorenz paper was able to construct similar results, but the only
structure mentioned on the pressure term was that it was simply of Bounded Mean
Oscillation -no breakdown of the pressure term into Riesz transforms is required or
even alluded to. In Appendix B.3 and in [14] it is noted that by taking the divergence

of the equation one obtains a Poisson equation of the form

3

4,j=1

We may formally solve and obtain the Poisson pressure equation

) (Dyu;Dyu;)(y, ) d
e ZM/W_Q| D) (3. 1)y

The solution to the Poisson equation has an (integrable) singularity at = = y, and can
(initially) be proven to have a solution if (D;u;D;u;)(z,t) is a function of compact
support. The fact of most interest here about the Poisson equation is that it is
connected deeply with singular integral theory-specifically to the work of Calderén,
Zygmund, Stein, Fefferman, Sadosky and others.

1.2 Singular Integral Theory

The history of singular integral theory is an interesting story in its own right, and
a concise and excellent survey can be found in [41], which we will briefly reference
here. The study begins with Antonio Zygmund. Zygmund’s first work from the
1920’s through the mid 1930’s was in classical harmonic analysis. But it was during

the 1930’s that Zygmund considered a question. It was well known that the equation

xzel
[1]—0

lim m/ dy = g(z) (1.7)

holds for almost all =, where I ranges over intervals and g(x) is integrable on R. This

is due to the Lebesque differentiation theorem (see [11]). It was also well known at
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the time that a similar result could be applied to higher dimensions if the intervals
were replaced by balls. The mathematician Stein, in his overview of the history of the
roles of Calderén and Zygmund (see [41]), described the catalyst that led to further
advances in the theory of singular integrals. Stein described how one counterexample
could be found in the case where the sets I were rectangles with arbitrary orientation
as found by Nikodym (see [41]). Additionally, he described a counterexample by Saks
where the rectangles were of fixed orientation with sides parallel to the axis, if g was

a general function in L.

It was at this point that his attention turned to a class of functions called strong
mazimal functions. Zygmund proved that for rectangles I with sides parallel to the

axis, (1.7) held if g was L?, with p > 1. That is:

(/Lfd”); <00

He proved this by proving an inequality for a ”strong” maximal function. To define
such a maximal function, let 6 > 0 and let x be a measure on R", with f a locally

integrable function. Then the mean value is given by:

1
(As0)(x) = s /B 9 dn)

Then the maximal function is defined by

(M)() = sup As(lg])(z)
These were constructed by Hardy and Littlewood for n = 1, and for general n by
Wiener (see [39]). It should be noted here that these maximal functions bear more
than a passing resemblance to functions of Bounded Mean Oscillation (BMO ), which
will be discussed in the next section. Zygmund was influenced by the one dimensional
Hilbert transform

1@ =PV, - [ g9

[e.e]
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where "PV” refers to the Cauchy Principal Value. The LP boundedness properties
were later proved by Riesz (see [41]). At this time Alberto Calderén appeared.

In the late 1940’s Zygmund met Alberto Calderén. Calderén, became Zygmund’s
doctoral student, and later, collaborator. Calderén spurred Zygmund’s study of
higher dimensional singular integrals, which were higher dimensional versions of the
Hilbert transform. The main candidate of study was the functional

T(g)(x) = | K(y)g(z —y)dy
Rn
where K was homogeneous of degree n, and satisfied the cancelation condition
K(y)do(y) =0
Sn—1
with o (y) as the surface measure of the unit sphere S*~* (see [39],[40], or [35]). These
are referred to as Calderon-Zygmund(CZ) kernels. We note here that K(y) has an
isolated singularity at the origin (or, for K(z — y), a singularity at « = y). Of
additional study were Calderén -Zygmund kernels that had a regularity condition,
namely Dini-continuity (see Definition 2.2.9). As written this integral will fail to

exist, so it is actually written as a Cauchy Principal Value integral:

T(g)(x) 4% K(y)g(x —y)dy

Rn

= lim K(y)g(z —y)dy
i [ K@=y

where g is a compactly supported function and K is otherwise nicely behaved. It was
discovered that examples of the Calderén -Zygmund kernels include second deriva-
tives of the fundamental solution operator for the Laplacian:

0? B
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and the related Riesz kernel:

K, 0

J 8.13j

(~a) 2

This is due to the well known fact that if g is of the class C? and has compact support

82
&cﬁxj

(9) = _RiRjAg

where the R; are the Riesz transforms discussed below (see [40]). It should be noted

here that the Hilbert kernel is given by W—lx with associated transform

H@ =PV, © [ -9

o0

The Riesz kernel is of the form

Ki(z) = -2 with  Q;(z) = 2.
’ [ ’ |z
and the Riesz transform is given by
. ()
Rig)w) = tme, [ (- y)dy
’ e=0 ly|>e |y’n

= lim cn/ glx —y)dy
=0 Jpyse |yt

y.
= PV cn/lR y|,f+1g(w—y)dy

for j=1,...,n, and

()

a(ntl)/2

Cp =

This integral exists if g € L? for 1 < p < oo (see [39], [40], or [35]). This background
work is illustrated in [2] and [3]. Work on singular integrals continued for over 30
years between the two men, but during this time another element of study connected
to singular integral theory arose: the space of functions known as Bounded Mean

Oscillation (BMO ).

10
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1.3 The Space of Functions of Bounded Mean Os-

cillation

The space of Bounded Mean Oscillation (BMO ) is defined as follows. First let f be
a locally integrable function, that is f € L} . Define

loc*
1
fo = @/Qf(x) dx

This is the mean value of f over a cube (or ball) ). Next we consider the integral

ﬁ_i X)) — X
@—@Lvu fald (18)

The related sharp mazimal operator is defined by

Aﬁf(aj) = sup fg(w)

r>0

where Q(z, ) is cube of side r centered at z. Finally for a locally integrable function
(f € L},) the BMO norm is defined to be || f||syo = ||A*f(2)]|ee- Thus a function

loc

f € L} is a function of Bounded Mean Oscillation if || f||gao0 < oo. This can be

loc

realized in the following way: there is an M > 0 such that

1
o [ 17@) = folde < a1
Q1 Jq
for all cubes () in R"

The space was first introduced by F. John in 1961 ([18]) in his study of mappings
of a bounded set from R"™ to R™ and their relationship to problems involving elastic
strain. John and Nirenberg ([19]) introduced the basic notation and proved several
properties. First is the fact that the space is a seminormed linear space that can
be shown to be a complete normed linear space (i.e a Banach space) ([33]). It can
be shown that if ||f||pmo = 0, then f = C a.e. (almost everywhere), a constant.

Additionally, it is the dual space of the Hardy space H'. This is explored in the

11



Chapter 1. Introduction

work by Stein ([39]), and first proved by Fefferman (see [8] and [9]). The Hardy
spaces HP are certain spaces of distributions that are related to the L spaces, and,
in some special cases, are "better behaved”. In [42], the connection between BMO
and singular integrals was determined, and further reflected in the work by [35]. In
particular, CZ kernels map the space L>°(R™) to the space BMO. Thus BMO can
be a "replacement” for L>°. This reveals the main point of interest. Many operators
that are unbounded or otherwise badly behaved on L' and L> are bounded in H*
and BMO respectively (see [39], [40], [35], or [5]). It should be noted here that both
Stein and Sadosky were students of Zygmund, and Zygmund’s influence upon them

is very evident in their scholarly works. See, for example, [39], [40], [41], [42], or [35].

It is here we now tie together the space BMO and singular integral theory. Con-
sider the Calderén-Zygmund operators T f defined by

Tf(x)=PV | K(r—y)f(y)dy

Rn

where PV refers to the Cauchy Principal Value. Suppose further that K(y) is a
Calderén-Zygmund kernel with the requisite regularity condition of Dini-continuity.
Then the functional T'f maps L* continuously to BMO (see Chapter 2 and [35]). It
is observed in the papers [13] and [14], as well as the works by Stein ([39] and [40]),
and Sadosky ([35]) that the the Riesz transforms will map an L* to the space of

BMO , precisely because they are such Calderén -Zygmund kernels.

In particular, consider the pressure term Vp in the Navier-Stokes equation. By

taking the divergence of the Navier-Stokes equation, we find that:

3

—Ap(z,t) =Y (Dyuy)(Dju;)(x,t) Z D;D;(uiu;)(z, t)

i,j=1 ,j=1
This derivation is well known, and constructed in Appendix B.3. The solution is
given by (formally)

0-3af

i1 ks |2 =yl

T (Diu)(Djui)(y, t) dy (1.9)

12



Chapter 1. Introduction

or

pla,t) =" Co / ;DiDj(uiuj)(y,t) dy (1.10)

However, there is a well known identity (see [40]), that if g € LP, 1 < p < o0, we

have

9 0
&ri aZL‘j

g = —RiRjAg

where the R; are the Riesz transforms. Again, the Riesz transforms R; map L™ to
BMO (see [35], [39], or [40] for example). Additionally, the Riesz transform mappings
from BMO to BMO are bounded. Therefore, we obtain the fact that if u € L>, p
is in the space BMO ([14]). While this integral may exist as a BMO function, it
may fail to exist in the classical sense if there is not sufficient decay on wu, which is
a significant problem with such an integral. The real question at this point in the

discussion is the existence of the integral: Does this integral converge?

First, if u(x,t) has compact support, the pressure term integral will converge.
Discussions relating to this assumption of compact support can be found in [29], [7]
or [17]. However, suppose that u(z,t) and Du(z,t) exist in the space L>(R?), but
without compact support? This was the assumption in the Kreiss-Lorenz paper,
and the consequences actually obscure the conclusions of the work. For the current
discussion, we assume that (u,p) is a solution to the Navier-Stokes equations, with
u(z,0) = f, and ¢ existing in a time interval 0 < ¢t < T'(f). We further assume that
u € L®(R?) N C*(R?), and that Du € L*(R3). The procedure used in the paper
was to use the derivatives of the pressure to bound u and its derivatives on a small

time interval. This requires a pressure term that actually exists. We will now discuss

13



Chapter 1. Introduction

how the Kreiss—Lorenz paper handled the issue, and the subsequent consequences it

produced.

The original paper’s procedure was to use a C'° cut-off function to break the
pressure term into local and global pieces. For § > 0, the C* function ¢ = ¢(|x —
y|/0) was set up so that ¢p(r) =1if 0 <r <1, and ¢ = 0 if » > 2. Then the term

u;u; in the pressure term was written as
uing = (Puiug) + [(1 — @)uuy]
thus splitting the integral into ”local” and ”global” pieces (using (1.10)):

3

1
p(z.t) = Y Co /}R3 HDiDj(Uz‘Uj)(y,t) dy

i,7=1
3
1
= > G0 [ DDy t) dy
i1 s |7 — Y
3
1
+ Y G /RS HDz‘Dj[(l — &) (uiuy)(y, t) dy
ij=1

= Dioc(T,t) + pgn(,t)

It is clear that pj..(x) depends only on values of u(y) for |z — y| < 26, while pgyp(z)
depends on values of u(y) for |x — y| > §. Thus on the boundaries, the integrants,

and thus the integrals themselves, vanish.

Using this split, p.(z) was explored first. The singularity at y = x is inte-
grable, and using integration by parts, the boundary integral vanishes via ¢. Thus,
on B(z,20), the requisite bounds were computed. Next, Dpj..(z) was considered,
without integration by parts. The singularity at y = x is still integrable, and again
the requisite bounds were obtained. The problem comes from pgy;(z). Since 1 — ¢
depends of values of y for |z — y| > §, we have

panlat) =3 Co [ S DDI(1 - 0) i) 0. 0) dy

i1 |z —y|>8 |z — y|

14



Chapter 1. Introduction

Integration by parts was performed twice. In each case, the integral at the boundary
O0B(z,0) vanishes because at the boundary, ¢ = 1 so that 1 — ¢ = 0. Thus the

integral was rewritten as

S [ Ko - o))t dy (1.11)

ij=1 |z—y[>0
where
(i —yi)z; —yy) ., .
Kij(x —y) = 1# 7 1.12
() = LI (112
and
3(x; —y;)* — |z —yl?
Ko (v—y)=22_ % 1.13
”(33 y) ‘LE o y‘5 ( )

Herein lies the problem. At this point in the paper, a spatial derivative was
applied to pg(x), but the objection is that the integral will fail to exist if v does not
have compact support. Observe that by transferring two derivatives to the Poisson
kernel we have, for i # j

1
ey

| Kij(x —y)| = ’ (i _éz‘)_(zji; Y5)

Similarly, for ¢ = 7, we have

3z —y;)? — |v —yl C
K. (r — :’ J 7 ’<
|Kjj(z —y)| iz — y S le—yP

This implies that for a constant u, and all 1 <i4,5 < 3:

*1
Pan(T,t) = C/ —dr
5

r
by using a transformation to polar coordinates. The latter integral integrates as
Inr so as r — oo, the integral, and subsequently pg;(x), diverges. This makes it

impossible to take the derivative of py (), since it fails to exist to begin with.

We finally describe the relation to the space BMO. It is shown in Chapter 2
that the Kj;; are Calderon -Zygmund kernels with the required Dini-continuity. The
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kernel K;;(z — y) is not directly integrable at x = y. It will be shown in Chapter 3

that we may write local pressure as

pcls) =l S Co [ DD (o) 0. 1) dy

D;

We will then integrate pi,.(z) by parts twice. There are no boundary integrals since

¢ vanishes at the boundary. We will then show that

pole) =l 3 Co [ Kyl = potu) 0.6 dy (1.14)

ij=1 20> |x—y|>e

exists. We then will perform a similar analysis on pg(x). We may then combine

Dioc(x) and pyp(z) as a principle value integral:

p(z,t) =PV Z Co /11@3 Kij(z —y)(wu;)(y, t) dy

ij=1
Thus if u € L*(R?), p(z,t) is in the space BMO.

To summarize the preceding discussion, it is a well known fact that for u € L2,
the integral describing p(z,t) exists. Alternatively, given a fluid field u € L* lacking
sufficient decay the integral p(x,t) will diverge, and so the pressure term will fail to
exist. We will look closely at this problem in Chapter 3, and determine a remedy for
this situation. It is here that we now turn to the paper by Kreiss and Lorenz ([25])

and define the problem at hand.

1.4 The Kreiss—Lorenz Paper

Let us return to the main problem at hand. As before, our concern is the Navier-

Stokes equations:

u + (u-V)u+ Vp =vAu, (1.1)
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and
V-ou=0, (1.2)

The papers referenced so far focus on the fluid field u. The examples of solutions
in various spaces (bounded uniformly continuous, weakly continuous, Holder contin-
uous) all provide solutions u while also assuming or requiring some control on the
pressure p to produce a solution, in particular as the space variable x approaches
infinity. Clearly the structure of the pressure term demands dependence on u or the
derivatives of u. However, in fluid flow, it should be clear that the fluid velocity u
and the pressure term p are deeply connected. A fluid velocity field will produce
pressure on a surface, while the pressure itself must interact with the velocity field.
This dance back and forth between velocity and pressure must drive every system of
fluid under study. So while mathematically it is productive to consider more ”exotic”

spaces as the ones aforementioned, we should consider simplifying the situation a bit.

First, given "real life” constraints, most fluid systems must function inside some
form of containment. The flow of fluid in a pipe, from a tank, down a river, have
physical constraints that move a fluid along a certain path. Therefore, there must be
a bound on the fluid velocity u, as well as the spatial derivatives D%u. So considering
u € L and D*u € L* makes sense, at least on a small time interval. Second, given
the nature of the formal solution to u as a solution to the non-linear heat equation,
it also makes perfect sense to consider u € C*°. Finally, the fact that the non-linear
heat equation can be solved in a classical sense without resorting to ”special” spaces,

it is worth considering a classical-style solution.

We have not, however, considered so far a classical solution on the pressure p.
That is to say, if (u,p) is a solution to the equation, and we assume v and D% L*
how can we deal with the pressure without assuming some sort of control upon it. It
would be better if we actually construct a working pressure term without requiring

any presumptive restrictions. In this paper the goal will be to address some of these
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Chapter 1. Introduction

issues, (boundedness, decay) while establishing a pathway to explore other questions
(existence, uniqueness). Given the reasonable idea that Du € L, the pressure
term becomes a function in the space BMO by fiat. Functions of Bounded Mean
Oscillation have some nice properties to exploit, and by doing so, it will allow us to

construct a proper working pressure term.

It should be first noted that most papers written about the Navier-Stokes equa-

tions consider a finite energy. That is

E(t) = / lu(x,t)* dr < oo

Thus u exists in the space L? ([30]). In contrast, the paper from Otto Kreiss and
Jens Lorenz ([25]) assumes only that v € C*(R*) N L>°(R?). Thus, this paper allows
for an infinite energy. The Kreiss-Lorenz paper (see [25]), hereafter referred to as

the KL paper, began by discussing parabolic equation systems for v = u(x,t):
ur(z,t) = Au(x,t) + Dig(u(z,t)) ze€R", t>0

with initial condition
u(z,0) = f(z) feL*R")

on a maximal time interval 0 < ¢ < T'(f), where g was quadratic in u. It was shown

that under the assumptions given on f and g, that there is a constant ¢y > 0 with

Co

T >

and

C
[u(,t)]loe <2[|flle 0 <t < W

Additionally, it was shown that for every j = 1,2,... that there is a constant K; > 0
with
02D u(a,t) oo < Kl flloe for 0<t<

Co
%
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Chapter 1. Introduction

where ¢y and K are independent of ¢ and f.

The result produced is as important as the methods used in the production.
The same methods are used to analyze the Navier-Stokes equations, and determine
similar bounds on the velocity field u and its derivatives. First, « and derivatives of
u are used to bound the pressure locally (near the singularity at z). Additionally, u
and derivatives of u are used to bound the derivatives of the pressure both locally
and globally. Specific attention in the KL paper is given to handling the derivatives
of u in a much broader sense than is normal for paper relating to the Navier-Stokes

equations.

Despite the fact that the original KL paper produced some very nice results, there
were items not addressed satisfactorily in the original work . The chief problem was
the analysis on the pressure term. The underlying assumption of the paper was that
the velocity field u € C*(R?) N L>°(R3). The original pressure term was presented

as the formal integral of the Poisson:
1 _
p(ﬂj’t) = porg(xyt) = Z E /]R3 ’QJ — y’ 1DiDj(uiuj)(y, t) dy
4,3

This was decomposed into a local and global part using a C'*° cutoff function. The
purpose of this function was to provide suitable bounds on pj,., and Dpj,. and Dpy,
in terms of u, Du, and a number § > 0. Here the symbol D refers the space derivative

in maximum norm (see Definition 4.3.1).

The problem with this integral is that it may fail to exist at all due to the fact
that u is simply L>(R3). If the integral fails to exist, the subsequent calculations and

bounds are essentially incorrect. At the end of the paper, however a modification

1
p(z,t) =) — lim [ij(7 — y) — Py (y)] (winy) (y, 1) dy
; A7 Fovoo Jyy cp J J j
where
YilY; 3%2 - ’y‘Q
Dyj(y) = W and  ®y;(y) = T
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was indicated. The modification is claimed to solve the Poisson pressure equation
and has the benefit of being bounded so long as |z| < R by an application of the
Mean-Value Theorem (see [25]). The claim will be confirmed in this doctoral thesis.
Thus, the pressure integral will exist, even if u is only a constant. We will note here

that for a fixed point xy, we may change the kernel to
(I)ij(x —y) — D (xo —y)
so that the pressure becomes

p(x,t) = porg(x, t) + C(1) (1.15)

that is, constructing a new integral that incorporates the original pressure term plus
a time dependent constant. We may, without loss of generality, take xqg = 0. If one
takes a single spatial derivative in terms of x, the term C(¢) in (1.15) is annihilated,
and (1.15) will be verified as a solution to the Poisson Pressure equation. It was

shown in the original paper that the estimates:
1Ptoclloe < O[5 + dllulloc | D )

IDproclloc < CE ullZ, + dlIDull%,)

IDpginlloc < COH|ullZ

were required to obtain the final results of the paper. Here p = p,4, the original
pressure term. We will verify that these same estimates will follow with the addition

of C(t) and the rest of the calculations of the paper will follow.

The method outlined above allows us to add an arbitrary time-dependent con-
stant to the pressure that will allow this new pressure to still solve the Poisson
Pressure equation without the potential divergence problems that were not satisfac-
torily addressed in the original paper. The idea for this change actually is rooted

in the Bounded Mean Oscillation structure of the pressure term. BMO functions
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modified by simply adding a constant C' retain their norms; that is, given a function
p € BMO, the function ¢ = p 4+ C has the same norm as p: ||p||smo = ||¢||Bmo-
This is a result of the fact that BMO functions identify if they differ by a constant.
Thus, modifying the BMO pressure function by adding a judiciously chosen constant
allows us to not change the pressure term in the sense of BMO , and additionally

allows us to make the pressure integral finite.

The main result of the paper is as follows. Suppose that a solution (u, p) exists to
the incompressible Navier-Stokes equations. We assume that u € L>®°(R3) N C*(R?),
and assume that all derivatives D®u € L>®(IR?) for all orders a. Further we assume
that u solves (1.1) and (1.2) in some maximum time interval 0 < ¢ < T'(f). Addi-
tionally, assume that u(z,0) = f(x), and that V- f = 0. Then there is ¢y > 0, and
for each 7 =0,1,... a constant K such that

PEDIu, Dlle < Kl for 0<t <

and ¢y and K are independent of ¢ and f. Additionally it will be shown that

Co

I1F113

These are identical to the results of the parabolic problem. This will prove that

T(f)>

all derivatives of u are bounded in maximum norm by the initial value function f,

provided f € L(R3).

In this doctoral thesis we will expand and enhance the Kreiss—Lorenz paper. Since
the pressure term of the Navier-Stokes equations is indeed the engine that drives the
solutions, we will first review information related to singular integral theory and the
space BMO , culminating in the proof of a theorem that relates the space L* to the
space BMO in Chapter 2. In Chapter 3, we discuss the modification of the pressure
term, including how it solves the Poisson equation and the fact that it is also of

the space BMO . In Chapter 4, we begin the analysis of the Kreiss—Lorenz paper.
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Chapter 4 will concentrate on the bounds of v and Du. We will rigorously prove the

pertinent theorems from the paper in precise detail using the modified pressure term
* 1 - -
p(at) = 3= 3 [l =l = ol D D) . 0) dy
1,J

and show that this modification allows us to obtain the same bounds that were con-

structed in the Kreiss—Lorenz paper, while addressing the issue of pressure existence.

Chapter 5 will provide the proof on the bounds on D/u(z,t)-the j order deriva-
tives of v in maximum norm via an induction argument that was alluded to but
not proven in the original paper. As with the original paper, we construct the re-
sults a priori, that is assuming the solution pair (u,p) exist. So if (u,p) solves the

Navier-Stokes equations, where p is our modified pressure, we will confirm that

DI, 1)) oe < Killfllw for 0<t< ||fc|(|)2

for all derivatives of order j in maximum norm. We again note here that u(z,0) = f,
and f € C*(R®) N L>*(R3). We will conclude the paper with a sketch on how to
actually construct a solution to the Navier-Stokes equations given our conclusions

for the a priori case.
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Chapter 2

Calderéon-Zygmund Operators and
BMO

2.1 Motivation

We will begin by looking at the formally derived pressure term of the Navier-Stokes
equation and demonstrating its existence as a principal value integral. We continue
through this chapter with a very brief survey of singular integral theory and the
theory of the functions of Bounded Mean Oscillation (BMO ), as presented in the
works of Sadosky and Stein ([35], [39], [40]). All theorems, propositions, etc., are
reproduced directly from Sadosky’s work. Only the final key result, Theorem 2.4.1,

will be proved.

It is to be strongly noted here that although this chapter is primarily based
on Sadosky’s work ([35]), notations involving operators, however, are more in the
conventional spirit of Stein (see [39] or [40]). The proof presented for Theorem 2.4.1

does vary from Sadosky’s original proof in both notation and somewhat in content.
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Chapter 2. Calderon-Zygmund Operators and BMO

The final key result will be proved using the earlier stated theorems. Sadosky’s
work is influenced, of course by the works of Stein, Calderén and Zygmund. Our
motivation for study is the pressure term. For 1 < 4,5 < 3 and taking the integral

over R3 the pressure term is (formally):
1 _
o) =3 o= [ 1o = ol (D, Dy 1) dy
1]

This can be shown to be written in Chapter 3 alternatively as
3
pat) =PV 32 Co [ Kyle = p)(us) o) dy (21)
ij=1

where the K;;(x — y) are described by equations (1.12) and (1.13). Assuming that
u(z, t) is suitably smooth (u € C*°) and has compact support, there are no problems.
However, the focus of the KL paper was the velocity field u belonging to the space
C>(R3)NL>(R?), with D € L>*(R3) for all orders . Clearly from the discussions
in Chapter 1, this presents a problem that must be remedied. The slow decay on y on
the integral version of the pressure p(x,t) provides us with a considerable challenge
that needs to be overcome. To deal with this challenge, it will be helpful to explore
integrals that are similar in structure to p(z,t). We may then pursue the idea of how
to proceed with such integrals. In the next section we discuss the structure of these

so-called singular integrals.

2.2 Singular Integral Theory-A Brief Survey

We begin this section with a definition.

Definition 2.2.1. Let a function h(z) be measurable on R™, and for some x € R"
let h be absolutely integrable over each set {y : |x —y| > e > 0}. Then h is integrable

over R™ in a principle value sense if

lim h(y) dy

e—0t le—y|>e
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exists and is finite. The value of this limit will be denoted by
PV / h(y) dy

We note here that if

o) = 22

and if g € LP where 1 < p < oo, the integral will exist as a function of x in LP([35]).

The most basic principle value integral is the Hilbert Transform:

PV /°° 9(y) dy

—o =Y

This occurs for R!. We may write this as

i ([ )2

We may construct analogs to the one dimensional case. If x € R”, we have the

following;:
Definition 2.2.2. The Riesz kernels are given by

ki(w) = ’I|7’f+1

This then suggests

Definition 2.2.3. The Riesz transforms of a function h are given by

Rih(z) = PV cn/ h(x—y)yy‘qirl dy = PV cn/ h(y)mdy

forj=1,...,n and

()

“n = )2
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If we write K(y) = then |K(y)| < as y approaches = asymptoti-

\fc yl"“’ Jz—y[™ y\"

cally. This justifies us defining singular integrals.

Definition 2.2.4. A singular integral is an integral operator of the form

- / K (. y)h(y) dy

where the integral is singular at r =y

Calderén and Zygmund developed deep theories involving singular integrals. We

will explore some of them here. Consider first the Riesz kernel R;:

i

Y, W ()
1) = T = Tyl = Tyl

We note that for A > 0

()\ ) )‘yj )‘yj Y _ Q(y)

Ayl Ayl Jyl

This suggest the homogeneity property.

Definition 2.2.5. A function h(z) is homogeneous of degree n if
h(N"x) = \"h(x)

for all A > 0 and for all x.

Thus the Riesz kernel is homogeneous of degree —n. We also recall from reference

to lemma A.1.2 that

[ ot =0

This suggest the concept of mean value:

Definition 2.2.6. A function h(x) has mean value zero on the unit n-sphere if

/S h(r)do(r) =0
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This leads us to define the Calderon -Zygmund kernels.
Definition 2.2.7. Consider the space R™, n > 1. A kernel k is called a Calderon-

Zygmumd kernel if it is of the form:

k() = 20

o af

with two special properties:
1. Q is homogeneous of degree 0. That is Q(Azx) = Q(x) for all X\ > 0 and for all
x.

2. Q has mean value zero on the unit sphere

Thus this begets the Calderdn -Zygmund operators

Definition 2.2.8. Let h € LP(R") for 1 < p < oo. For each Calderon -Zygmund

Kernel the Calderén -Zygmund integral operator is given by

Th(z) = h* k(z) = PV / hiz — ) 29 g, (2.2)

y|"

This is an example of a convolution operator. To make sure that the integral
in equation (2.2) exists, we must have a regularity property for Q(z). Define the

modulus of continuity of Q(x) on the unit sphere S"~! by

w(d) = sup Q) — Q(2')] (2.3)
je|=la’|=1

If 2 is Lipschitz continuous or C'*, then w(d) < C'§* for a > 0. If Q is C'* on the unit

sphere, then w(d§) < C6. In any case

1
/@d5<oo
o O

This is a condition called Dini Continuity:
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Definition 2.2.9. A function Q(z) on S™! is said to be Dini continuous if given
Q(x) and the modulus of continuity w(d):
w(d) = sup [Q(z) — Q)]

|le—ar|<6
|z|=[a’|=1

then the following condition holds
1
4]
/ ) 45 < oo (2.4)
o 0

The operator in (2.2) exists if h € LP(R"), for 1 < p < oo. In particular, this
exists for h € L?(R™). Most papers involving the Navier-Stokes equations consider
u € L*(R™). Now, let us briefly return to our pressure term. Recall that our pressure

is defined by

1

) = limy — — y| Y (Dsu; Djus)(y, t) d

ple,t) = limp |x_y\>5|x yI™ (Diu;Djui)(y, t) dy
. 1 .

= lim) po |x7y\>slx_y| (DiDjuiu;)(y, t) dy

If u is compactly supported, we may transfer the derivatives over to |z — y|™' and

obtain
“im > S Ko=)t dy
e—0 |z—y|>e
where
(i —yi) (75 — y;) 3 —yy)* — v~y
Kij(r —y) = and Kj;(x —y) =
J( ) |x—y|5 ]]( ) ‘ili'—y‘5

We may write p(z,t) as

p(z,t) =PV sz/ Ix—y|3 uuj)(y,t)dy

where

(i — i) (z; — y5) 3z —y;)® — lv —yl?
Qii(x —y) = and §,;(x —y) =
J( ) |$_y|2 ]( ) ’x_yP
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If u e LP for 1 < p < oo, then the integral exists. If not, if u is simply L*>°(R™) for
example, the integral may not exist. Therefore we must take care with this integral
if u lies in the space C°(R™) N L>(R™). Our next section leads up to function of
Bounded Mean Oscillation (BMO).

2.3 The Space BMO

Recall the Lebesgue Differentiation Theorem:

Theorem 2.3.1. Suppose f is a locally integrable function. That is, if f € L .(R")

loc
/|f|d$<oo
A

for all measurable sets A. Then for almost every x in R™

lim fdxr =lim ‘B(fﬂ—ﬂ"” /B(m) fly)dy = f(x)

r—0 B(I,'f’) r—0

We can use this to infer the Hardy-Littlewood maximal function:

Definition 2.3.1. If f is a measurable function, with f € L} (R™), then the Hardy-

loc

Littlewood maximal function is given by

1
Mf(z) = sup W /Q(IJ‘) f(y)dy

r>0
where |Q(z,7)| = r" is the n—dimensional measure of the cube Q(x,r) with sides of

length r parallel to the axes.

If f is a locally integrable function, that is f € Li , we define the mean value

loc
fq of f over the cube @) by.

Definition 2.3.2. Let f € L%oc' Then
fo=gy [ S
= — x)dx
“7lal Jg
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1s the mean value of f over ), where Q) is taken to be a cube with sides parallel to

the azes, and |Q)| is its Lebesque measure.

We now define the mean oscillation.

Definition 2.3.3. Let fg be as in definition 2.2.1. Then the mean oscillation is

given by

ﬁ:i o d
A @LU@LMy

Definition 2.3.4. The sharp maximal operator is given by
At f(z) = sup fF
o) =5 S

where Q(x,1) is cube of side r centered at x.

Finally we have

Definition 2.3.5. A function f € L}, has BMO norm || f|syo = [N f(2)]|e. A
function f € Li, . is of Bounded Mean Oscillation if ||f|smo < oo. We may write

loc

this as: There is an M > 0 such that

1
-@Lum—MM<M

for all cubes @ in R™

From the definition it should be clear that L>° C BMO. However, the natural
logarithm function log(z) shows that the converse need not be true (see [39], [40], or
[35]). The basic idea behind the space BMO is that certain functions in the space
are "almost bounded”. In some cases the functions are better behaved than they are
in the space L*>. That is to say that despite the fact the function might ”blow—up”,
the integral of the difference between the function and its average value is indeed

bounded, at least in a local sense. One interesting fact that will be exploited later is
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Chapter 2. Calderon-Zygmund Operators and BMO

that two functions in the space are identical if they differ by a constant. That is if
p € BMO , then
lp—qllemo=0p—q=C

where C' is a constant. The importance of this with the modified pressure term will
be discussed in Chapter 3. We now turn our attention to the main lemmas and

theorems. First up is a method of decomposing R™ into cubes.

Lemma 2.3.1. The Calderon -Zygmumd Lemma For h : R* — C a positive inte-
grable function and o > 0 a fived constant, the space R™ admits a decomposition

R"=PUQ, PNQ =0 such that:

1. Q = U2, Qk, where Qi is a cube, and the interiors of the cubes are disjoint.
2. h(z) < a forxzeP

3 a< ‘QL]J ka h(z)dx < 2"« for every Qg, k=1,2,...

The Calderén -Zygmund lemma begets the following:

Lemma 2.3.2. (The Calderén -Zygmund Decomposition). Let f € LY(R™) be a
positive function. Then R" = PUQ, PN Q = &, where Q = J,o, Qx, and the
Qu’s are non-overlapping cubes. Then f = g+ b where we have g € L*(R"™),b(z) = 0

almost everywhere in P, and b has mean value zero on every Q.

This breakdown is needed in the proof of proposition 2.3.1. We wish to find
convolution operators k with a special property. This property will give consistency

in the modification of the pressure term

Definition 2.3.6. A function K is said to satisfy the Hormander condition with
constant A if

sup / Kz —y) — K@)l dy < A.
[y|>2|z|

|z|>0
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We will denote the Fourier transform of a function h by h. More information on
Fourier transforms can be found in [7],[10], and [11]. The following proposition is

used to establish our main results:

Proposition 2.3.1. Let k € L*(R™) be such that there exists an A > 0 for which :

1. |k| < A for all z € R

2. k satisfies a Hormander condition for the same A

Then the convolution operator T of kernel k transforms L* continuously into BMO

and, for all f € L* there is a C' depending only on A and n such that:

1T fllsmo < Ol fllos

Note that in particular if & € L' N L2, then k is continuous and bounded by the

classical Riemann-Lebesque lemma. Geometrically the following lemma is of interest.
Lemma 2.3.3. If |z| > 2|y|,then |=% — Z| < 2%

lz—yl 2|

This produces the following:

Lemma 2.3.4. Let k& be a kernel such that:

1. f1§|x|§2 |k(x)|de < B

2. k follows a Hormander condition with constant A.

and let ky(z) = k(x) if |x| > 1 and zero otherwise. Then ky also satisfies Hérmander

condition with constant A + 2B.

The proof of lemma 2.3.4 is produced from lemma 2.3.3. All of the previous lead
up to the Calderdon -Zygmund Theorem
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Theorem 2.3.2. (The Calderén -Zygmund Theorem) Let Q be a function defined
in R™ such that:

1. € is homogeneous of degree zero

2. Q has mean value zero on the unit sphere.

3. Q is Dini continuous (see definition 2.2.9).

For each £ > 0 let T, be the truncated operator for every f € LP 1 < p < oo by

T - | ) Q) by gy ay

vl
Then the following hold.

1. Forall f € LP(R™), Tf. € LP(R™) and there is a constant C, independent of €
and f such that |[Tfell, < Cyllf1l,

2. For every f € LP(R™) the limit of T f. ase — 0 exists in L? (T f.—T f]|, — 0).
Furthermore | Tf|l, < Cpll fll,

This final theorem allows us to map L*> continuously to BMO . It is found in

Sadosky’s work [35].

2.4 The Formal Mapping of L™ to BMO

This is the main result we need:

Theorem 2.4.1. Under the conditions of theorem 2.3.2, the Calderon-Zygmund op-

erator T given by:

Tfa) =PV [ k- )f)dy
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transforms L continuously into BMO so that

1T fllmo < Cliflla (2.5)

Proof. Given f € L* and the C-Z kernel k, we define k. = k(z) for |z| > € and zero

otherwise. We further define:

wlo) = [ (o= ) = k() £0) dy 26)
and

C. = [0 ~ ()7 ) dy (2.7

If we define k., = k. — k, then we have, by (2.6) ug —u, = f*k. — fxk,(z) = k., x f.
Since k., € L' N L?, for any 0 < ¢ < n < oo and satisfies, by Lemma 2.3.4 the same

hypothesis as k does, then by Proposition 2.3.1 we have that:

ken * fll garo < Cllfll o
Thus, for every cube :
1
ol /Q e (%) =ty () — (1) + (uy)oldz < CIIf (2.8)

where fg is the mean value of f over the cube Q. Since u, — C,, = [(k,(z —y) —
k,(—y))f(y) dy tends to 0 as 7 — oo uniformly in @) by the truncation of k,, and the

conditions k satisfies, both

up(z) —C, =0 and (uy)g—C, =0 as n— o0 (2.9)
By (2.8)

ﬁ /Q Jue () = (uy(2) = Cy) = (uc)g + ((un)g — Cy)ldz < C| fll
As n — o0, both (u,(x) — Cy) and (u,)g — C;) tend to 0. As ¢ — 0, we find that

us(z) = (k(x —y) — k1(=y)) f(y) dy = u(x)

|z—y|>0
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while
(ue)g = (u)q
So letting 7 — oo and then € — 0, we get
1
= [ u@) —ugl, de < Cfll
QI Jg
Finally, if
a :/ ki(—y) dy
|z—y[>0
We may write
u(x) =Tf(x)+a

and note that (a)g = a, a constant in the space BMO . Then

u(r) —uq = Tf(r)+a— (Tf+a)g
= Tf(x)+a—(Tf)g—a
= Tf(x)—(Tfe

so that
1
o /Q Tf(x) = (Tf)ql, dz < C|fll,

]

Some final notes. First, we may also obtain the same results with balls B(x,r)
as well as cubes Q(z,7) (see [39], [40], and [41]). In [42] Stein proves theorem 2.4.1.

Consider now
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where K;;(z —y) is given by equations (1.12) and (1.13). The kernel K;(x —y), like
the Riesz kernel, is a Calderén -Zygmund kernel. Invariably, we have the fact that
this formal Poisson pressure term is indeed a function of BMO . We should note here

that if g € BMO, we may write

g=m+> Rm;

j=1

where n; € L>*(R").

2.5 The Riesz Kernels and the Space BMO

In Theorem 2.4.1 we proved the fact that if k(z) was a Calderén -Zygmund (CZ)

kernel, then

Kf@) =PV [ Ko y)fw)dy

transformed L* continuously into BMO . Recalling that
Qz)

= el

we would like to explore the types of candidates for Q(z) that would allow k(x) to
be a CZ kernel.

Lemma 2.5.1. If

(the Riesz kernel) then k(x) is a CZ kernel that is Dini-continuous.

This is discussed in Appendix A.2. Additionally, the expressions

Kij = |Z|2 and Kj; = -1 ——
x
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also satisfies these properties (see Theorem A.2.2). The three properties are impor-
tant, because they are needed in showing that CZ kernels satisfy the Hormander
condition (see Definition 2.3.6). As a matter of fact, this can be stated in a theorem.

(see Majda [31] and Sadosky [35]).

Theorem 2.5.1. Let k(z) be a Calderén Zygmund kernel. That is

Q(z)
where Q(z) has mean value of zero on the unit sphere, and is homogeneous of degree
0. Further, suppose that Q(x) is Dini-continuous. Then k(x) satisfies the Hormander
condition:
sup [ K- y) - Kl dy < A
|2[>0 J |y|>2|
The proof of this can be found in Appendix A.2, Theorem A.2.3. Since the Riesz
Kernel, and the product of Riesz kernels satisfy the properties of homogeneity, mean
value 0 and Dini-continuity, they satisfy the Hormander condition, and thus all of
the above theorems. Additionally, the expression Kj;; for all ,j also satisfies these
three properties. Then both the Riesz kernels and the K; will satisfy the conditions
of Theorem 2.4.1 and in either case, functions will be mapped from L* continuously
to BMO . We will show in the next chapter that the pressure term p(z,t) exists as

a function in the space Bounded Mean Oscillation .
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The Pressure Term

3.1 The Pressure and the Space BMO

The usual assumption on the fluid velocity u in the Navier-Stokes equations is that

u € L?(R3?). That is to say that

1
2

( |u(m,t)|2dx> <
R3
This allows for a finite energy:

E(t) = lu(z,t)]* dr < oo
R3
However, in consideration of functions in the space BMO , we here will concentrate on

functions that are L>°(R3). That is to say for the remainder of this work that we will

set our fluid field u(x,t) such that for all ¢ in a maximal time interval 0 < t < T'(f):
u(z,t) € C°(R*) N L>®(R?*) and D“u(z,t) € L=(R?)

for all orders a. This allows for an infinite energy. The last chapter established a

pathway to the set of functions of Bounded Mean Oscillation . We now establish the
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fact that the pressure term is indeed a member of this set of functions. In order to
do this, we must establish the conditions required by the theorem 2.4.1. Consider

the (formal) pressure term of the Navier-Stokes equations

P(x,t) = Porg(x,t) = Z Co /3 |z — y| 7' D;D;(uu;)(y, t) dy (3.1)
ij R
where Cy = i. As written, the concern is two fold. First, the behavior of the

integral near the singularity (z = y), and second the slow decay of the integrant for
large values of y. Although this integral may not exist in the classical sense, it can

be shown to exist in the space of functions of Bounded Mean Oscillation .

We will now show that the pressure term can be written as a principal value
integral. The purpose here is to reconstruct the pressure term in a form that will
exploit the results in Chapter 2. By no means are we to assume the classical existence

of the integral, especially if u € L>(R3).

Lemma 3.1.1. Consider the (formal) pressure term from the Navier-Stokes equa-

tions:
p6) = poy(a.) = 32 Co [ o=yl DDy s (et) dy
— R
7]
The pressure term can be rewritten as

p(z,t) = PV ZC'O /RS Kij(z — y)(uiug)(y, ) dy

where
(zi — i) (x5 — y5)
Kij(x —y) =
( ) [z —yl[®
and
3x;—y;)? — v —y|?
Kj-(a:—y): (J y]) ‘ y‘

|z —yl°

39



Chapter 3. The Pressure Term

Proof. Fix t in a maximal time interval [0,7"), and fix p > 0. We define a C'* cutoff
function ¢ where ¢(r) =1 for 0 < r < 1, and ¢(r) = 0 for r > 2. We will take ¢ to
be

b= ¢Ox—M>

for fixed p > 0. We write w;u; = (¢u;u;) + [(1 — ¢)u;u ] and break up the integral.

p(z,t) = ZCO/

DiDj(uiu;)(y,t) dy

7,7=1 R3 |ZE _y|
— Z; /%3 |$ _y| (QZ)U uj)(y7 )dy
+ ”21 /R3 . _y|D iDj[(1 = ) (usu;)(y, t) dy

= ploc<x7 t) + pglb(wa t)

From here we will suppress the ¢ in out notation. It should be noted that the "local”
part near the singularity depends on values of u(y) where 0 < |y| < 2p, while the
global part depends values of u(y) where |y| > p. Now, consider pj..(z). Since ¢
vanishes at the boundary, if we integrate by parts the integral at the boundary will
vanish. However, the problem is that if one takes two derivatives of 1/|x — y| we
obtain K,

ij» where the singularity at y = z is not directly integrable. We will show

that the integral locally exists as a limit for e — 0

Fix £ > 0 and consider the integral for our ¢

1
Liig(e @) = Co/ ———DiDj(duiu;)(y,t) dy
e<|z—y|<2p ’x y’

We may integrate I;;(e,z) by parts twice, using the standard integration by parts
formula (see [7]). Again, it is noted that on the boundary, ¢ = 0, so the boundary
integrals vanish. We obtain

1
Ly (e, ) =C / D;D; [ —— ) (puu;)(y,t) dy
1) ’ e<|z—y|<2p j<|x - y|) !
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or

Iy (e7) = Gy / Kyj(x — o) (), 1) dy

e<|z—y|<2p

We note that ¢ =1 on € < |z — y| < p, so we break up the integral into two pieces:

Ligj(e,x) = C'0/| - Kij(x — y)(puiuy)(y, ) dy
e<|z—y|<2p
e / Ky — ) () (y.1) dy
e<|z—yl<p

e / Ko — ) (i) (9, 1) dy
p<|z—y|<2p

= Tl(i,j)(ev ) + T2(i,j)(5’ x)

Now Th(; j)(e, x) exists regardless of . Our main concern is 77.

Concerning T3, the term K;; defined by (3.7), (3.8), and (3.9), is a Calderén
-Zygmund Kernel (see Definition 2.2.7). In particular, it has mean value zero on the

three dimensional unit sphere S2. This is due to the fact that from Lemma A.1.2

/SQ(yi)(yj) do(y) =0

for i # j and

/ 3(:%)2 — |y|2 dO’(y) -0

|y|?

for i =j. If S2 , = {y : |z — y| = a} is the surface of the sphere of radius a centered

at x, we then find that

/S (i — ui) (s — ;) do(y) = 0 (3.2)

2a
for i # j and
3(x; — yi>2 - \x - ?J|2
do(y) =0 3.3
/ e v) (3.3)
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for i = j, where o is the surface measure of the sphere in R3:

22(77)%

o)

For (3.2) and (3.3), this is just the unit sphere in R? shifted to the center at z instead

o(S?) = d’ws = a

of 0, with a scaling factor of a?.

For any ¢, j where 1 <, j < 3, we note that in view of our assumptions (u;u;)(zx,t)

and its’ derivatives exist for all z € R%. We have

0B(xz,p) |IL’ - y|
Similarly, for € > 0, we have
52w3/ (i — i) (25 — y;) (wiu;) () do(y) = 0 (3.5)
OB(z,e) |.I' - y|5

Let A be the set B(x, p)\B(z,e) = {y : e < |r—y| < p}, and let 0A be the boundary.
Subtracting (3.4) and (3.5) we find that

> o (s — ya) (@5 — yj)(wi) (@) o
(=) [ o do(y) = 0

We note that by polar coordinates

/ (i — yi)(z; — yj) (wiu;)(x) dy = C(p, 8)/ (@i — yi) (x5 — ;) (winy) () do(y) =0

lz —yp A lz —yp

where C(p, ) = w3(p? — £2). We first write

Tyip(er) = Co / K@ — y) () (g, £) dy
e<lz—yl<p

- CO/A L i (uiu;)(y) dy

[z —yp
- CO/A - _!azc/i)_(:;; ) (uiu;)(y) dy — 0
= & [ ) d
- G f S ) d

= o [ =IO ) — (i) )] dy
A

lz —yp
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Now we will use the fact that u € C*(R3)N L>(R?), and the transformation to polar

coordinates to produce our results.

Ty g)(e,w)] =

] e = 90008 = 3) ;) () — () ()

|f6—y|5
— ) - (wiu; — (uu ) (z
< CO/\ |x_y|5 () (y) — () ()] dy
< O [ g ) 0) — () (@) dy

We may now suitably bound the integral if we can determine a bound for (u;u;)(y) —
(uiu;) ().

Considering the expression |(u;u;)(y) — (u;u;)(z)|. we may write

|(uiu;)(y) = (wiwy) (@) = [ui(y)u;(y) — wi(x)u; ()]

= Jui(y)u;(y) — wi@)u;(y) + wilw)u;(y) — wiz)u;(z)
Juj ()] - [ui(y) — wie)] + Jui(2)] - |u;(y) — ;)]
Clluloo|uly) — ulz)]

IN

IN

Then ¥ (1) = u(y), ¥(0) = u(z), and ¥'(t) = —=Vu((1 — t)x + ty) - (x —y). We note

lu(y) —u(x)] = —1(0)
[ ool
< ggggl%b()
< |z -yl [|[Vullw
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by the Cauchy-Schwarz inequality and the Mean Value Theorem. We now have

Cllulloo|uly) — ulz)]
Cllulleolz =yl - [Vl

| (wiwg)(y) — (wiug) ()]

INIA

Cllullool[Vulloo|z =yl

In view of our assumptions on u and Du, both ||u||s and ||Vu||« are finite. We may

now properly bound |71} j)(e, z)|.

Returning to Ty j)(¢, z), and converting to polar coordinates, we now compute

Ty (o)l < Co / ﬁ Nwiteg) (y) — (i) ()| dy

IN

1
0001/—_ s lullol[ Vullco|z — yl dy
A‘x ?J‘

1
= CoClHuHooHVU\Ioo/ T lr—yldy
A ]m - 3/’

1
< 02/—2dy
A’x_y’

[

= CQLL)Q —27” dr

e T
Clp—e)

i . < 1 _
lim Ty (¢, 2)] < limC(p—e)
= C(p-0)

< o0

again for fixed x and p > 0. Finally summing over all 1 <i,j < 3:

ll—I}(l)Z |T1(i7j) (57 x)l S Cp
2v]
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for fixed x and p.

If i = j, then we use

/ 3(1'] — yj)2 — ’x — y’2 dU(y) —0

2, [z — yl?
to obtain
C@ﬁ%éaw_ﬁl;y_yMWme—@w@@ﬂ@

We observe that
‘%w—wf—w—ngch—yPg C
lz —yl lz—ylP T |z —y[?

and also

[(uju) () = (uju) (2)] = |u5(y) — w5 ()| < Cllullo|uly) — u(z)]

so that by a similar integration the requisite bound is obtained in the case ¢ = j. In

any case
: - <
}:E%Z |T1(z,j) (57 'T)l = Cp (36)
i,

for all 1 < 4,5 < 3, for fixed x, and p.
A quick computation on Ty j)(e, ) reveals
Taesy(,0)| < Cln2

where C' depends on ¢ and ||ul|«. This computation is independent of €. Given

equation (3.6), we have
lim 10,5 (e, @)| < lim T,y (€, ) + Toj(e, )| < oo

by the triangle inequality. The limit as ¢ — 0 exists and is finite. Summing over all

1<i,j<3

?L%Z 1) (8, )] < o0
2¥)
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Let
Iioa (@) = Co | e =)o) .0 dy
z,20)
Then
3
Proc(®) = > i ()
2,7=1

As ¢ = 0, Ly (e, x) = L (x), as a principal value integral. We sum over all

1 <1,7 <3 to produce

ploc(x) = ZjllJ)
= lli%zllu £,)
= PV le (i.d) (2
- v Y6 / Kijla = y)o(usu)(y,t) dy
irj R

For pyp(z), the argument is much simpler. Given ¢ and for fixed € > 0 let

I (2€) = Co / — DD, [(1 — &) () (v, 1) dy

lx—y|>p>e |Z‘ - y|

and
L) = Gy /| el (0 = o)), ) dy

Letting € — 0, I j)(x,€) becomes Iy ;)(x), and summing over all 1 < ¢,j < 3,
Ly gy () is pgw(x). We integrate Iy jy(x,€) by parts, again noting at the boundary
that ¢ = 1, so that 1 — ¢ = 0, resulting in the integral at the boundary vanishing.
We then have

Ba(@9) =Co [ Kuye — )1~ 0)(wa)| (1) dy

lz—y|>p>e
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As ¢ — 0 and summing over all 1 < i,5 < 3 we obtain:

hmz_lg(i’j)(S,l' PV ZIQ (,9) =PV pglb( )

e—0 —

So we may write pg,(x) as a principal value integral

pav(z) =PV pas(z)
We may now recombine pj,.(z) and pyp(z) to produce

p(m,t) = ploc<m t) +pglb(x t)

_ oY [ Kot = n)Guss) .00y

7]1

= PV Z CO/ (1 = )uiugl(y, t) dy

,j=1
= PV Z C(0 Kz] )Uzu](y7 )dy
i,5=1
This is the required result. O

We note that in the above proof, the trick was to consider a region very close
to the singularity and demonstrate that the singularity was integrable in a principal
value sense-that is, the singularity was integrable by essentially encapsulating it in

a ball of radius ¢, and showing that the integral "locally” was finite as ¢ — 0.

The principal value expression of the pressure is a little better than the original in
terms of its behavior as y approaches infinity. almost integrable. However, due to the
slow decay on y, this integral may fail to exist in the classical sense if u € L>®(R?).
The pressure term can be shown to exist in the space of functions of Bounded Mean

Oscillation .
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Consider now
pat) =PV Y0 Co [ Kyl = o) i) 0.y
i R
The term K;;(x — y), the kernel, is of the form

Kij(z) = =422

(3.7)

(3.8)

(3.9)

for i = j. The conclusions that for all 1 <4, j < 3 the term 2;;(z) is Dini continuous,

has mean value zero around the unit sphere, and is homogeneous of degree 0 are

proved in Theorem A.2.2 (see definitions 2.2.5, 2.2.6 and 2.2.9). Thus we can now

prove the following:

Proposition 3.1.1. Consider the Poisson pressure solution from the Navier-Stokes

equations

pat) = PV Yo [ Kyl = ) ;)0 1) dy

where u € C*°(R3)NL>®(R3), and D*u € L>®(R?) for all orders o. The (formal) pres-

sure term in the Navier-Stokes equations is a function of bounded mean oscillation

(BMO).

Proof. Let

g(yv t) = (uiuj)(y7 t)
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where 1 <i,5 < 3. We note that

19(y, )] = |(wiuy)(y,t)]
< uily, )] - Juy(y, 1))
< lullz,

Since u € L*®(R?), we have ||g]|oo < ||u||% is finite and g € L>(R?). Recall that the

(formal) pressure term in the Navier-Stokes equation:
p(z,t) = Y Co /3 | — y| 7 DiDj(ugu;) (y. t) dy
— R
Z?]

— PVZCO/ Kij(x —y)g(y,t) dy
i R3

where
Kij(z) = &JS
and
Qij(x) = T;sz
for @ # 7,
() = 2

for i = j. It was established in Theorem A.2.2 that the €;;(x) were homogeneous
of degree zero for all 7, j, €;;(z) had mean value zero on the unit sphere, and that
€2;;(x) are Dini continuous. Thus the functions K;; are clearly Calderon-Zygmund
kernels from Definition 2.2.7. Since for all 7, j the function g(y,t) = (uu;)(y,t) is
L, the conditions of Theorem 2.4.1 are satisfied, and we have that for all i, j the
integrals

PV () Kij(x —y) (uiuj)(y7 t) dy
R3
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lie in the space of functions of bounded mean oscillation (BMO). Clearly then the

sum over all 7, j of these integrals:
pat) =PV YCo [ Ko~ y) ). 0) dy
ij R

must also lie in the space as the sum is finite. Thus the pressure term from the

Navier-Stokes equation is in the space BMO . m

It is clear that the pressure term is bounded in the sense BMO . The next section
will establish a refinement of the pressure term that will allow us to determine the

viability of L> functions as solutions to the Navier-Stokes equations.

3.2 A Slight Modification

It is here we will turn our attention to the pressure term as the central object of
study in the Navier-Stokes equations. We have discussed in Section 1.1 the paths
taken by Giga ([13], [14], [15] as well as Kato ([21], [22]). Again, their paths were of
more of a distributional (weak) concentration. Others, like Majda (see [31]), turned
to the vorticity (Leray) formulation, where the pressure is entirely removed from
the Navier-Stokes equation. However, the pressure is an important part of fluid
mechanics. While removing it might be supported by the mathematical necessity of

solving the equation, it still is present. It isn’t going anywhere.

To that end, perhaps a study of it’s close relative, the compressible Navier-Stokes
may shed some light. In 1988, Kreiss, Lorenz, and Naughton ([27]) explored the
compressible Navier-Stokes equations in a periodic case. For a small Mach number,
they proved that the solution of the compressible equations consists of the solutions
to the incompressible case plus a function that is "highly oscillatory in time” and

can be described by wave equations (in local time). It was noted that this wave
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equation part could be suppressed by an initialization ([27], [26]). It was shown that
the incompressible Navier-Stokes equations were a limit of the compressible case as

the Mach number tends to zero.

There is no "free constant” in the compressible case. In the incompressible limit,
the idealized constant becomes arbitrary which is not meaningful for physical rea-
sons. However, since only space derivatives appear in the pressure term of the incom-
pressible Navier-Stokes equations, then adding a judiciously chosen time-dependent
constant will not matter. In this work, we construct a pressure for the incompressible
Navier-Stokes equations that does not contain a free constant. In future work, we
will address how the constructed pressure is related to the pressure that one obtains

from the compressible equations as the Mach number tends to zero.

A further justification for the addition of a time-dependent constant to the formal
solution of the Poisson pressure equation incorporates elements of singular integral
theory, and the theory of the space of functions of BMO . Applying the modification
of a constant will allow us to properly address the results of the Kreiss—Lorenz paper.
Again, to reaffirm, all Proposition 3.1.1 does is to state that the singular integral
that is the pressure p exists as a function Bounded Mean Oscillation . The integral
may fail to exist, but through a limiting process we can control the growth over any

cube or ball so that the integral

1
sup—/ Ip(y) — poldy < o
o 1QJg

over all cubes (or balls) @). As was mentioned in Chapter 2, functions identified in
the space BMO differ by a constant. So, since p € BMO , we can add any time
dependent constant C(t) to p without changing the element in the space. Since the
pressure term lies in BMO , p + C(t) will also lie in the space, and

lp + C )| Bro = Il Bro
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Also, from Theorem 2.4.1 as
pat) =PV YCo [ Koyl = o) ). 0) dy
— R
7.7
we have

Ipll o < Cllullz,

which is finite in view of our assumption that u € L>(R3). Then we may conclude

that

Ip+ C(t)| Bro = llpllsro < Cllullz,

For physical reasons this is not meaningful, but mathematically this will allow us to

modify the pressure solution without changing its underlying structure.

In Chapter 2 we observed that one of the conditions that was instrumental in
proving that a function lies in the space BMO was the Hérmander condition (see
Definition 2.3.6)

ow [ K=y - Ky < A
This gives us a bit of hope in trying to find a slight modification of the (formal)
Poisson pressure term that will work even if w is L°°, but not necessarily L?. In
addition, the proof of Theorem 2.4.1 gave us an idea on how to deal with such
(possibly) unbounded integrals. First recall that the (formal) pressure term of the

Navier-Stokes equations is given by
pat) = Y Co [ Kifo — g) ;) (0.t dy (3.10)
i3

We will now suppress the time ¢ in our notation. The term K;(x —y), the kernel, is

of the form

Kij(x) = ﬁ,
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where the term €;;(z) is given by

;5
for i # j,
3% — |x]?
Qjj(x) = W

for i = j, where

1

Co=—
0 47

We will now define the modification.

Definition 3.2.1. Let (u,p) be a solution to the Navier-Stokes equations, and sup-
pose that u € L®°(R?) N C*°(R?), with D € L>*(R?) for all orders a, and where
t €[0,T) for a finite T € R. The modified Poisson pressure is given by

) = 3 Co [ o = 9) = Koy wsws) 0.0 dy (3.11)
2%
where Cy = - and the kernel K;; is given by equations (3.7), (3.8), and (3.9)

We will now show that the integral defined in (3.11) exists. The singularities at
y = 0 and y = x will be shown to not be a problem by using the fact that u is a
C* function. We will be able to show that the integral exists as a principal value

integral. The following lemma will be needed (see for example [29] or [10]):

Lemma 3.2.1. Suppose that K; ;(y) is the kernel described by equations (3.7), (3.8),
and (3.9). Then for |y| > 2|x|

Cla|

lyl*

|Kij(y — ) — Kij(y)| <

Proof. We note here that we may write:

Kyle —y) = - = 2
VP T y—aP
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Let
Y(t) = Kij(y—tx), 0<t<1
Then
1
Kty =) = Kyl = 1 —w0)l=| [ val
< max |[¢'(t)]
Since

Y'(t) = —x - VK(y — tx)

by the Cauchy-Schwarz inequality

Cla|

") < K.(y—tx) < ————
WO < IV (y = o)l < =T

Also, as 0 <t < 1, we have:

1
ly —tx| > |yl —tlz| > [y| — |z] > S|yl

Thus
1 2
R S I
ly —tx| = |yl
and
1 16
ly —tx[* — |y*
whence

Cle| _ Cla|
<
—tx[t Tyt

| Kij(y — o) — Ki5(y)| < max [¢/(t)] < ”

0<t<1
Thus we obtain:

Clz|

|Kij(y - l‘) - Kz‘j(y>| < W

for |y| > 2|x|
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We now proceed with the theorem.

Theorem 3.2.1. Suppose that (u,p) is a solution to the Navier-Stokes equations,
and suppose that u € L*(R3) N C*(R3), with D*u € L*(R?) for all orders a, and
where t € [0,T) for a finite T € R. If

p*(z,t) =PV ZCO /RS[Kij(JU —y) — Kij(y)](uiu;) (y, t) dy

is the modified Poisson pressure (Definition 3.2.1), where K;;(y) is defined by (3.7),
(3.8), and (3.9). then p*(x,t) exists; that is p* < oco.

Proof. First, if x = 0, the p*(z,t) = 0, and there is nothing to prove. So fix x # 0,
and let ¢t € [0,T), with T € R, and T > 0. Let 1 < 4,5 < 3, and fix R > 0 large
enough so that R > 2|z|. It was noted for a fixed p > 0 that

lim > G / Kij(z — ) (uu;) (y, t) dy < oo (3.12)

e<|z—yl<p

in the proof of Lemma 3.1.1. Using the same argument of Lemma 3.1.1, we can also

show that
i SCo [ Ky () dy < oc (3.13)

as well. It is essentially same argument with x = 0. This means that the singularities

both at 0 and x are integrable.

Next, consider y far from 0 or z, say |y| > 2|z|. Suppressing the ¢ in our notation,

we now reconsider I, where

Ty(4,5) = Co /R>| - |[Kij(x —y) — Kij(y)|(uiu;)(y, t) dy
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and recall Lemma 3.2.1. With a change to polar coordinates we compute:

(i, 5)| = ‘Co/ [Kij(z —y) — Kij(y)] (wiug)(y) dy
R>[y|>2|z]
< GEY [ Kl = Kty
R>[y|>2|z|
- C()Ol/ ﬂxﬂd
R>|y|>2|x| |y
1
S C()C1C|$| T
R>|y|>2|z| ’y|
R
S 02’$‘ —2d7’
2z T
1 1
- C2|""C|[2| |_§}
_ 1 |z
= a(3-7)
Then
. . 1|z
Jm (69| < Jim G~ )
< (s

so that

glb— hmz leJ

Thus Iy is finite for large values of R > 2|x|.

(3.14)

We now consider the overall integral. Define a C* cutoff function ¢ with ¢(r) = 1

for 0 <r <1 and ¢(r) =0 for r > 2. Write ¢ as
IAY
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Further, we start off by restricting ourselves to the region A = {y : ¢ < |y| < R}.

We consider the following:

Lale) = 3 Co [ 1Ky = 9) = Kyl (. 1) d
= 3G [ iy =) = Ky )otuas) 0.6y

+ Y / Koz — y) — K1 — ) (uit) (y. ) dy

IlOC(E,R) (l’) + ]le(E»R) (IL‘)

since Ij,c(e, R) depends on values of u(y) for » < 2, and Iy(e, R) depends on values

of u(y) for r > 1. For [}, the region under consideration is {y : ¢ < |y| < 2|z|}.

Lioe(e,ry () = Z Co /€<|y<n|[Kia’(fE —y) — Kij(y)]p(uiu;)(y, t) dy

i?j

= 2 G /<| <2 |Ki.<x ~ U)luas) . 1) dy

0,

! / o K @olu) 0. 1) dy
= Y T(j) + (i)

i?j

First consider T5(i,7). As € — 0, T5(i,7) is just equation (3.13) with p = 2|z| since
the singularity is integrable. This yields

Z?]
For Ti(i, j), consider
e—0

lim CO/ Kij(x —y)p(uwu;)(y, t) dy < oo
e<|z—y|<2|z|
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from the proof of Lemma 3.1.1 with p = 2|z| < R. Since |z —y| < |z|, |y| — |z| <

|z —y| + |z] — |z| = | — y| < |z|, and since by definition 0 < ¢ < 1:

T1<Zuj> =

IN

IN

<

Co/ Kij(x — y)od(wiu;)(y, t) dy

e<|y|<2|z|

Co / Koy — y)éui;) (. ) dy
e<|y|—|z|< ||

Co / Ky — )iy (y, £) dy
e<|z—y|<|z|

Co/ Kz“(iU - y)qﬁ(uiuj)(y, t) d?/
e<|z—y|<2|z|

Co / K — y)(wus)(y, 1) dy
e<|z—y|<2|z|

Then, using equation (3.12), as ¢ — 0:

ll_r)%ZTl(Za]) < o0
2y

Thus, as € = 0, Ljpe(,r)(7) < 00 for fixed z. Then, as R — oo:

=Y Co / Ky — ) — Kiy ()] (usu;) (. 1) dy < o0

<|y|<2|z|

Next, I, (e, R) can by written as

Loin(e,r) (2)

As ¢ — 0, both

i, [y[>]|
B . Kyg(z =y) = Ky 1= u;)(y,t) d
; ’ /3(0,2I:v|)\B(0,|x|)[ i@ =) eIl o) (uiu;)(y,t) dy

£ 0 [l =)= K)o

= Ji(e,R) + Ja2(e, R)

integrals exist on sets outside the singularities. As R — oo J; is

bounded on the annulus {y : |z| < |y| < 2|z|}. Finally, Js(e, R) is just the result
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(3.14) as R approaches infinity. So as R — oo, the sum .. r)(7) is finite by fiat,

and Iy, ) () is finite via (3.14). Thus as ¢ — 0, R — oo, and for fixed x:
I. r(x) < o0
This is precisely the pressure term, and we finally have

Pt =PV Yo [Kyle )~ Kyl )y, ) dy < oc

We note that
Corollary 3.2.1. Theorem 3.2.1 is valid if one replaces
Kij(z —y) — Ki;(y)
with
Kij(x —y) = Kij(zo — )
for a fized zq € R3
Proof. The proof is the same as Theorem 3.2.1, but instead of using B = B(0, p) \

B(0, ¢) we replace B with B = B(xg, p) \ B(xg, ), for a point xy in R?. Without loss
of generality we may shift zy to 0, and the theorem still holds. m

Now that we have a candidate for a pressure term that actually exists, it remains
to prove that it actually solves the Poisson pressure equation. We now turn to that

task.
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3.3 The Relation of p* to the Poisson Pressure

Equation

We realize from the definition 3.2.1 that essentially p*(z,t) can be simply written as
p'(z,t) = p(z,t) — C(t) (3.15)

in the sense of functions of BMO , since

Pt = 3 Co [ Ko =9~ K)w)w.6)dy

- Y / Ko = ) wsu) (9. 0)dy = Y Co / Ky () (s (9, 1) dy

= plat) — C(1)

that is, our modification is simply the original (formal) pressure modified by the
addition of a time dependent constant. Additionally note that, as always, the above
exists as a principal value integral. However, this ”split” may not exist in the classical

sense. We now prove

Theorem 3.3.1. Let
. 1
P =PV Y [ (Kl = ) Kyl nt) dy
i3

Then p* is a solution to the Poisson pressure equation

—Ap(a,t) =Y (Diuy)(Dyu;)(x, 1)
i,
Proof. We begin by applying Dy, ,(p*(z,t)) under the integral sign, and writing Cy =
1= Once again, we will use a C> cutoff function ¢(r) with ¢(r) = 1 for 0 < r < 1 and
0 for r > 2. We shall take ¢ = ¢(|z —y|). Suppressing the ¢ in our notation, we write
(uiu;)(y, t) = (uiu;)(y). Using ¢, we may write wu; = ¢(uiu;)(y)+(1—¢)(uiuy)(y) =
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g1(x,y) + go(x,y). We must be careful here; we can’t simply split the integrals and
take derivatives separately, since separately the integrals may not exist. We do all

of our work under the integral sign.

To this end, we write

M(z,y) = [Kij(z —y) — Kij(y)](uiu;)(y)

and apply Dy, , to this expression.

Dyo(M(z,y)) = Dio([Ki(z —y) — Kij(y)](wiug)(y))
= Dya(Kij(x = y)(uiw;)(y)) — Dia(Kij(y) (wivg)(y))
= Dia(Kiyj(z — y)(uiu;)(y))
= Dpa(Kij(z —y)(g91(z,y) + 92(2,9)))
= Dya(Kij(x = y)(91(z,y)) + Dia(Kij(x — y)(92(2,9)))
= Dio(Kij(z — y)(o(uiuy)(y)) + Dia(Kij(z — y)[(1 — @) (winy) (y)])

Then we produce

Dealp (@) = PV 3" Dua(Co [ [Kila =)~ Kiy(w))(wis) o) d)

- v Y /RSDm(M@,y))
= 3G [ Dhalie ) (otu) )] dy
+my /| Dkl = )1 = 6) () )] dy

— }:ii%(]l(x,g) + Ir(z,€))

We will now break up I; and I into suitable pieces to apply another spatial derivative.
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We consider [ (z, ) first. It depends only on those values of u(y) where |z—y| < 2.
Since ¢u;u; is a function of compact support, we may employ the same integration
by parts procedure found in Evans ([7]). We observe that the derivative for I; exists

on ¢ < | —y| < 2. We now compute:

i (o,6) = IS Co [ DKy )6l )] dy

e—0 — SC—y|>E

— > D (Co [ [Kyle =)o) @) dy)
e i e<|z—y|<2
1
= lim Dy, » C’/ —(DiDjouiu;(y)) dy
5%0; g ( ‘ e<|z—y|<2 |Ji—y|( ’ j< )> >
= hH(l)ZCo/ Dyl — y| " (DiDjdusu;(y))] dy
e~ i e<|z—y|<2

— 1im G / L Dellr a6 )y
e<|lz—y|<

e—0 —
[2¥}

e—0

= lim CO/ D[z —y|7'G(y)] dy
e<|z—y|<2

= Co/ Dyalle =y G(y)] dy
0<|z—y|<2
where G(y) is given by

Gly) = Z(DiDj¢Uin) (v)

i,
and G(y) is a function of compact support. As before, the singularity is integrable

at = y, and we may now write

L(z) = C / Dialle — 417 G () dy
0<|z—y|<2

e / Diallz -y Gy)] dy
0<|z—y|<1

+ G Doyl Gy
1<|z—y|<2

= Jl(l’) + Jg(x)
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As is well known (for example [7] or [17]) for G(y) of compact support
—Ay(Ji(x)) = G(x) (3.16)
and, for sets not containing the singularity we observe that

Au(o()) = 0 (3.17)

We can do the same thing with I5(x, ). We split the integral into two pieces one
with 1 — ¢, until |z — y| = 2, and then 1 — ¢ = 1. Using this information and ¢, we
may actually break up Dy .(p*(z)) into three integrals: One on the region B(zx, 1),
one on the annulus {1 < |z —y| < 2}, and |z —y| > 2. Now ¢ = 1 until |z —y| = 1;
then it decreases toward 0. 1 — ¢, on the other hand, is 0 until |z — y| = 1; then it

increases to 1. We reintegrate Jy(z) by parts to obtain

@ =30 [ Dualie ) (otun)0)]

i?j
again using ¢.

Splitting the integrals I; and I5 into their respective ”main pieces” plus pieces

on the annulus. The derivatives of the principal value integrals can now be written:

Dia(p™(z)) = Ji(x) + Jao(z) + Ix(2)
=G f Dl yl Gl

Y0 / Diol Ky (2 = y)(é(uiuy) ()]

<lz—y|<2

i Z C, /1 Dy o[ Kij(x — y) (1 — &) (uiuy) (y)] dy

<lz—y|<2

z—y|>2

et /| Dy Kij (@ — y) (i) ()]

- Dk,mploc(x) + Dk,x(pannulus (ZE)) + Dk,r (pglb(x))

63



Chapter 3. The Pressure Term

Applying another space derivative Dy, , to each piece summing over all 1 < £k < 3 we

may write

Ax(p*(x)) = A:v(ploc<x>> + A:v(pannulus(x)) + Az(pglb(x))

First, as cited above ([7] or [17]),
Ar(proc) = Dol Ji(x)) = = (Dyuy)(Djus) (x, 1)
,J
Additionally, (from [7] or [17]), it is also known that for values of y far from x

1

le—yl

A 0

This is also true for the derivatives of the kernel 1/|x — y| as well so that
Au(Kij(z —y)) =0

for |[x — y| > 1. Thus, on the annulus the same result applies. We now have:

Au(p™(x)) = Aalproc(x) + psa(x) + pan(r)))
= Du(Droe(®)) + Alpsa(x)) + Au(pgn(x))

,J

= Z(Dszuzu])<x7t)
= =) (DiwDjui)(x,1)

,J

Thus p*(z,t) is a solution to the Poisson Pressure equation. ]

We now state a prescient fact:

Corollary 3.3.1. p*(z,t) is in the space BMO
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Proof. From Proposition 3.1.1 p(z,t) is in BMO . From [39] or [40] if C' is a constant,
then C' is in the space BMO . The integral

PVoYG / Koy (y) (i) ()] dy

R3[

exists in the space BMO as a constant. The sum or difference of two BMO functions

is BMO. Thus p*(z,t) is in BMO. O

In closing off this chapter it should be noted that the observation that the (formal)
pressure term p(z, t) lies in the space BMO has been made elsewhere; see for example,
[13], or [14]. The main aim here was to facilitate certain techniques similar to those
used to prove 2.4.1 to "even out” the pressure term and allow it to exist for functions
that are both L*° and C'*°. In the next chapter we turn to using the pressure

modification to establish the bounds of the original Kreiss—Lorenz paper.
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Chapter 4

The Kreiss—Lorenz

Paper-Establishing Methodology

4.1 The Kreiss—Lorenz Paper: An Overview

The original Kreiss—Lorenz paper began with auxiliary results for the heat equation,
which will be reviewed in section 4.2. From here, a procedure was established in the

following section to establish bounds in maximum norm for parabolic systems
uy = Au+ D;g(u)

with initial condition
u(z,0) = f(z) fe L=(R")

on a time interval 0 < ¢t < T(f). It is well-known that the solution is C* in a
maximal interval 0 < ¢ < T(f) where 0 < T(f) < oo. The main assumptions
here were that u was a solution of the inhomogeneous heat equation and that g was

quadratic in u. The results established were similar to those later in the paper for the
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Navier-Stokes equations. For the initial results in the parabolic case, it was shown

that under the assumptions given on f and g, that there is a constant ¢y > 0 with

T _G
D> 17

and
Co
Ju(z, ) <2||flle for 0<t <75
1711%
Additionally, it was shown that for every 7 = 1,2, ... that there is a constant K; > 0
with
PP ) oo < Kl fllee for 005 o

where ¢y and K are independent of ¢ and f. The paper then turned its attention to
the Navier-Stokes equations (1.1) and (1.2). Bounds were established for the pressure
locally, and both locally and globally for the measure of all space derivatives of the

pressure in maximum norm:
IProclloe < C(llullZ + dllulloo | Pufl)

IDprocllsc < C07H ull% + 3l Dull%,)
IDpgivlloc < CO~H|ullz

An implied induction argument indicated that there was a constant ¢y independent

of t and f such that

Co

I1F113

2D u(a,t) oo < Kyl fllae for 0<t<

It should be noted here that the theorems proved in the paper involving the
pressure term should have, in actuality, involved (3.11). Most papers involving the
Navier-Stokes equations involve a finite energy; that is u € L2, which allows for

the existence of the original pressure term. However, in the Kreiss—Lorenz paper the
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velocity field is assumed to be such that u € C(R3)NL>(R?), but not necessarily in
L?, which allows for an infinite energy. The end result is that while the pressure term
exists locally, the global existence is in doubt. This was not adequately addressed in
the original paper. While one could use the BMO norm to bound the pressure field
p, the most one can hope for using this norm is a bound only on every ball or cube
in R3; using this norm does nothing to address the behavior over the whole space
R3, where the pressure could diverge for large ¥ in the integral. This is rectified by
the modification discussed in Chapter 3.

What must be implied from the original paper is that there must be sufficient
decay on u to allow the pressure integral to exist globally at all. The goal of this
paper is clear: we must allow for an infinite energy, and guarantee the existence of the
integral globally. This was actually accomplished in Chapter 3. The modification of
the pressure exists over all of R? as a principal value integral and solves the Poisson
pressure equation. In the following few sections we will revisit the Kreiss—Lorenz
paper. We will once again prove in detail the pertinent results from the paper.
In addition, we will prove statements not proven in the original- for example the

induction proof of the fact that

DD Ol < Kol for 050

forall 7 =0,1,2,....

Some of the proofs in the original Kreiss—Lorenz work were not proved explicitly,
except for the main result. The bounds on pio, Dpioe, and Dpy were obtained by
bounds on the related integrals and implied bounds on the combination of derivatives
of u and the C* cutoff function ¢. In this paper we will use our modified Poisson
pressure to prove the required bounds. Appendix D contains the somewhat tedious
calculations on the derivatives of u and ¢. The subsequent sections here will derive
the same results as the original paper, but will be presented in more detail. Finally,

the main result, that the derivatives of all orders on u are bounded in maximum
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norm by the initial value function u(x,0) = f(x). This means that the solution

(u,p) is controlled by the initial value function f.

4.2 The Kreiss—Lorenz Paper: Auxiliary Results
for the Heat Equation

In this section we will review section 2 of the Kreiss—Lorenz paper. Section 2 dis-

cussed auxiliary results of the heat equation. We recall that (see equation (C.1.2) or

[7])

6Atf:eAt*f:

We will take n = 3. If f € L°(R?), then the solution of
up = Au, u(z,0)=f (4.1)

is denoted by

It is well-known that (see [10])
1% flloe < [l flloc, 20 (4.2)
and

1D fllow < Cit™7| flloc (4.3)

In the following C', C}, etc. are positive constants independent of ¢ and f. Suppose

that F' € L>®(R" x [0,77]), and consider the solution of

ur = Au+ F(z,t), u(x,0)=0 (4.4)
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given by

We then find
1/2 1/2

lu(®)lloo < 2677 max {s™/|| F'(s)l|oo } (4.5)
We will need estimates on the solution to the equation

u = Au+ D;F(x,t), wu(x,0)=0
As D; commutes with the heat semi group, we use (4.3) to obtain

1/2
lu(®)llee < € max{s | F(s)]loo} (4.6)

Equation (4.3), (4.5), and (4.6) will be used in determining bounds of the heat

equation version of the Navier-Stokes equation.

4.3 The Kreiss—Lorenz Paper: Estimates for the

Navier-Stokes Equations

These results are found in Section 4 of Kreiss-Lorenz ([25]). In the original paper
some of the calculations were indicated; here they will be computed in rigorous
detail. As is well-known, the (incompressible) Navier-Stokes equations are given by

equations ((1.1),(1.2))
u+ (u-VYu+Vp=vAu V-u=0
with initial condition

u(z,0) = f(z) V-f=0
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In the paper it is assumed that f € L>®°(R3) N C*>°(R3). The goal was to prove a
priori estimates of the derivatives of u in terms of the maximum norm of the initial
value function u(x,0) = f(z), assuming that the solution existed and was C* for a
maximal time interval 0 < ¢t < T'(f). Again, as in the KL paper, we will assume the
existence of a solution a priori, and assume that for all time ¢ in a maximal time
interval 0 < t < T(f) that u € C*(R3) N L>*(R3) and that D € L>(R3) for all

orders a.. Recalling that
1flloo = sup | fIl with [[f]* =) f()

we will now define the measurement of all space derivatives of order j in maximum

norm.

Definition 4.3.1. Let || f|lo be the usual L norm, and let
D* =D ...Dy for a=(aq,...,qp)
be a multi-index, and |a| = > ;. For any j =0,1,2,..., set
D u(®)loe = [D7u(, )]l = max [[D%u(:, £)]loo (4.7)

Then || Du(t)|| measures all space derivatives of order j in mazimum norm.

Now, as f € L>, we have the existence of a constant M such that || f|l.c = M <
0o. f is bounded over all space variables. We will show that this will guarantee the

boundedness of u on a maximal time interval 0 <t < T'(f).

We begin as follows. Suppressing the variables z and ¢ in our notation, define

Q = Q(x,t) to be

Q=-Vp—u-Vu= —Vp—ZDj(uju)

J
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Recall from appendix B.3 that the pressure is determined by the Poisson Pressure

Equation: equations (B.3.1) and (B.3.3):

3

—Ap(z,t) = ZDiDj(uiuj)

ij=1
3

= Y (Dyu;)(Djus)
ij=1
Formally (see Appendix B.2), the solution is given by
plz,t) =PV )~ % /Rn | = y|™ DiDj(uiw; ) (y. t) dy
Y]
We, however, will use here our modification (3.11):

P =PV 3G / Koy (2 — ) — Koy (9))(sy) (3, ) dy (48)

with Cy = = and where Kj; is the kernel defined by equations (3.7), (3.8), and (3.9).

As we determined through Corollary 3.3.1, the pressure term belongs to the
space of functions Bounded Mean Oscillation . The pressure p is not generally in
L, but this will not be a problem for us as we will use the deriwatives of u to derive
estimates of Vp, and thus the heat equation version of the Navier-Stokes equation.
And, since this pressure term exists on the whole space, there will be no problems.
As it turns out, the modification to the original pressure contributes nominally to

the local pressure term. Since

1
Dm(—> —0
Y]

we will see that the modification does not contribute to the derivatives of the pressure

either locally or globally.

Since ¢ in this incarnation is arbitrary, it may be any number we wish. It will be

convenient to choose § = v/t. Appendix D contains the detailed calculations on the
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bounds of ¢, ¢, ¢", ¢"" as well as the bounds on
]Dl¢uluj|, ‘DZD]¢'LL1U]‘ ’DlD]Dk7I¢’LLlU]‘

These will be used to establish the bounds on p;,. as well as the derivatives of pjo.
and pgp in terms of the norms of u and Du. The estimates in the following theorem

are valid for all ¢t where 0 <t < T(f).

Theorem 4.3.1. Let u be a solution to the Navier-Stokes equations
u+ (u-Vu+Vp=vAu V-u=0

with inatial condition
u(z,0) = f(z) V-f=0

where the pressure p(x,t) = p(x) is given by

pla) =32 Co [ [ =) = Koy )i o)

There is a constant C' > 0, independent ont, d, and f, so that the following estimates

hold:

IProclloc < C(llulls + dllullool Dulloo) (4.9)
IDprocllsc < CO7Hull% + 3l Dull%,) (4.10)
IDpginlloc < COHJullZ (4.11)

Proof. We begin by fixing x, and fix R so large that R > 2|z|, and R > 2§ for
fixed § > 0. Define ¢ (|y|) such that ¢¥(y) = 1 for 0 < |y| < R, and ¥(y) = 0 for
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ly| > R+ 1. Suppressing the ¢ in our notation we write

Now I5(z) is not important for our consideration. We note that ¢ = 0 if |y| > R+ 1.
We integrate by parts twice, noting the ¥» = 0 on the boundary. We break up the
integral into two pieces: one on B(0, R), and one one the annulus B(0, R+1)\B(0, R).
We reintegrate the second integral by parts to obtain the original form-again the

boundary inegrals are 0. We may then write

b = 36 [ [l =) = K)o () dy

B(0,R+1)

- ZOO/ |z = ylI™" = |y~ DiD;(usu;) (y) dy

B(0,R)

£ X, i = ) = Koy ((0) () 0)

B(0,R+1)\B(0,R)
= Jl( ) + J2(2)

This yields
p(x) = J1<l’> + JQ(Z‘) + ]2(.%‘)
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We now further refine the break up of Ji:

Ao = Lo [ =l = o DDy ) ) dy

B(0,R)

_ Zco/ |z — y| 7' DiD;(usu;) (y) dy

B(O,R)
- ZCO /B(OR lyl™ Di Dj(usu;)(y) dy
= Ll( ) — La(x)

Our job now is to isolate integrals around each of the singularities separately.
Then, through a limiting process, we will rewrite the pressure term into a ”local”
part around the singularities, and a "global” part without them. We start with
Ly(z). We will suppress the argument of ¢ and the argument y of u in our notation

for what follows. Choose another C* cut-off function ¢(r) with
op(r)y=1 for 0<r<1, o(r)=0 r>2
We let
$1= (6 | —yl)
and write u;u; = ¢g1uw;u; + (1 — ¢1)w;uj. We now break up Ly (x):
Li(z) = ZCO/ |z —y| 7' DiD;(usuy) dy
Iy B(0,R)
= Z C’O/ |z — y| 7' D;D;(prusu;) dy
Iy B(0,R)
+ 0y C’o/ |z — y| 7' DiD;(1 — ¢1) (i) dy
Iy B(0,R)
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Given ¢y, it dies off a ball of radius 25. We now may rewrite M;(x).

Mi(z) = Z Co/ |z —y| 7' DiDj(¢pruiuy) dy

B(0,R)

- Xa / & — gL DDy (byussy) dy

(z,26)

Similarly, for Ly(x), we use ¢ = ¢(6|y|) and obtain

Ly(x) = ZCO/ \y!’lDiDj(uiuj)dy

B(0,R)

- Zoo / [y DiD; (i) dy

(0,26)

- Xa / Y7 DiD; (1 = 60) () dy

B(0,R)
= M3( ) + My(x)

The "local” part is M;(z) + Ms(x), while the "global” is Msy(x) + My(z). We may
reintegrate My (z) and My(x) by parts to reacquire the original form of the pressure,
because B(0, R) is a finite set, and the functions 1 — ¢; and 1 — ¢; die on their

respective boundaries. Let

6(a) =y 3y | Kl = )~ Kl ) dy

B(e,R)
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We now compute:

Ms(z) + My(z) = ZCO/B(OR) |z —y[ 7 DiD; (1 — 1) (usuy) dy
C, 'D;D;(1 — ) d
>y o o DDA = 6 )
->af o Kl =)= 90
C Kij(y)(1 — ) (usuy) d
>y O/Bm,m ()(1 — ) (i) dy

= Y0 Kle ) - Kl dy

r B(O,R)
- ZCO/ Kij(z — y)d1 (wiu;) dy
> B(0,R)

+ (=Mi(z) = My(2))
= G(x) — My(x) — Ms(x)

The singularities at y = z and y = 0 are integrable, and this exists as a principle

value integral. Letting R — oo we obtain

lim G(z) = p(z)

R—o0

Now, as R — oo, both Jy(z) — 0 and Iy(x) — 0, and we may rewrite p(x) in term

of the "local” pieces about the singularities and the ”global” pieces away from them:

p(x) = M(x)+ Ms(z) + [p(z) — (Mi(z) + Ms(x))]

= Pioc() + pgin(x)
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For the purposes of the theorem we are only concerned with pj,.(z), and the deriva-

tives of p(x) both locally and globally.

We first turn or attention to the bounds of pj..(z). For M;, we transfer one
derivative to |z — y|~! by the usual procedure of writing the principal value integral

as a limit, integrating by parts once, and then letting € — 0 to produce:
M) <360 [ eyl D oras) dy

We note from the calculations in Appendix D, in particular results of Corollary D.2.1

(equation (D.2.3)), that
|Dj(¢ruin)| < Cr(6H ull%, + [lullocl [ Dullc)

We find that [10] or [11] gives us the polar coordinate method for computing the

integral

1
Sy T
B(x,26) 7~y
We compute
1 1
LI S
B(x,26) |z —y le—y| <28 |z — 9
20 1
= wg/ —27“2 dr
0o T

25
= (.Ug/ dr
0

< Cy

This constant depends on the surface measure of the unit sphere S? in R?, w3 (see

Appendix A.1). We now have

1
M. < 36 / —|Dy(¢rusuy)]| dy
%-: B(x,26) ’Z’ - yP ’ ’

< Gs([lull% + dllullo [ Dull)
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As for Mj(x), the computations are almost identical. Essentially, ¢ is ¢ at = = 0.

Then

1
Myl < SCo / o
; B(0,26) |z — yl?

< Culllull% + dllullelDullo)

|Dj(pousuj)| dy

Then we finally compute

leocHoo = ||M1 + M3||OO
< Ml + | M3]]oo
< Ca(JlullZ, + dljull oo Dull o)

Calllull% + dllulloo | Dull )
Callulls + dllull ] Dullc)

N+

This limiting process has finally produced

Proclloo < Calllullz + dllull ol Dullc)

We have obtained a bound for p,.(z), involving only the singularities x and 0.

Recall in Chapter 3 we took a spatial derivative of our pressure term, when we
proved it to be a solution of the Poisson pressure equation. We perform the exact
same procedure here to estimate the derivatives for pi.(z) and pgp(z). Again we
apply the derivative Dy, under the integral of equation (4.8) without ¢, and then
write w;u; = puu; + (1 — ¢)u;uj, where ¢ = ¢(|x — y|/d) in this case. We integrate
the integral involving B(z,20) by parts, observing that ¢ = 0 on the boundary. We
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obtain

Dea(pl(z)) = Zco / Diallz — |~ DDy i) () dy

(z,20)

+ Z Co Dm (@ —y)(1 = ) (uwy)(y)] dy)

= Dk,az(ploc( )) + Dk@(pglb(x))

Thus we have

Deslpinle) = Co [ Dislle —ol DDl dy (412
and
Dk T pglb Z CO Dk X ( - y)(l - ¢)(uluj)(y>] dy (413>

We now begin to estimate the derivatives of the pressure. We work with the local

pressure first (equation (4.12)).

Dy »(Proc(x)) = ZCO/ Dy..(|x — y|7' D;D;(puiuy)) dy

(z,26)

- Ta | Dualle — yl DD 6w dy

B(x,20)

+ Z CO/ |z — y| "' Dy, (Di Dy(puiuy)) dy

(z,26)
= Il+]2

where

Z Co/ Dy..(|lz — y|7") DiDj(¢usu;) dy

(z,26)

and

=36 | o= ol DD i) dy

B(x,20)
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Let us first consider I;. We note from Corollary D.2.2 in Appendix D.2 that there is
a constant (', independent of ¢, ¢, and f.

| DiDj(¢ruiuz)| < Crll[Dull5, + 0~ ulloo [ Dl + 672 |[ull5] = CLH (u)

Also note that since

T — Yk
lz —y?

Dyo(lz —y|™") =

we have
_ T — Yk _
Dealle =yl = | 25| <l — ol

Thus
= | X[ Dualle — yl DD ;) dy
35 B(z,26)

<>af o Dralle —y DD Gy
i,J

z,20)

< Y /B o Pl =l ) dy
2,7

z,20)

< GO [ Do -yl dy

B(x,20)
< CuCiH(u) / vy dy

B(z,26)
= C’OC’H(u)w;),/ %T’sz

lz—y|<25 T

= CoOH(U)UJg(Q(S)
= CoCuws(20)Ch[||Dull%, + 6~ |ullso I Dul| oo + 672 |ull2]
< Cu(8||Dull%, + l[ullsolDull o 4+ 67 |u12)

It is a well-known identity that there is a constant C' such that for ¢ > 0:

1
IAB| < C<g2A2 + 5_232) (4.14)
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If we let A = || Dul|os, B = ||t]|s0, and & = v/§, we apply (4.14), and find that
lullso | Pullo < Cs(8]|Dull, + 6~ Jull2,)

so that

11

IN

Ca(8]|Dullz, + ulloc[Dulloe + 07 Jull%

IN

Ci(0IDull, + G5Ol Dull3, + 0~ Hlulls) + 6~ lull%,
< Cs(3]Dulls, + 6~ ull%)

We finally conclude
1] < Co(8]Dull3, + 67 lullZ,)
Next we turn to Io:
E=3 [ o=yl (DD (Delous)) dy
First we observe that in view of Corollary D.2.3 we have
| DiDj( Dy (@puius)| < CT0H | Dull, + 0~ ulloc[Dulloe + 07 [[ull5] = G(u)

We note here as in the previous case that C7 is independent of ¢, §, and f. The

derivation, like the case for C7, can be found in Appendix D. Thus we have

B = |00 [ o o Dual DDy (Do) dy
35 B(z,26)
< Y [ o ol D DDy Dyt dy
ij B(x,26)
< GG [ eyl
B(z,26)
251
= COG(u)w3/ —r?dr
0 T
= CoG(U)W3252

= Cows20*CT[6 | Dull%, + 0~ ulloo | Dutll oo + 672 Jull]
= C5(0Dull%, + llullc[Dulloc + 07 H|ull3,)
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We note here that (5 is a combination of the surface measure of the unit sphere in
R3, Cy, and Cf. C7 depends only on the maximum norms of ¢, ¢, etc. We note here
that Cy does not depend on ¢, §, and f. Again, letting A = ||Dul|x, B = ||t]|o0, and
e = /6, and applying (4.14), we find that

lulloc[Dulloe < C3(3lDull3, + 6~ lullZ)

and once again

|15

IN

Co(0][Dullz, + llullooDulloo + 07 [ull5.)
Co (01 Dull%, + C5 (0l Dull, + 0~ ull2) + 6~ Jull%)

IN

< C0;(8)Dull% + 0 |ul%)

Ci 0l Dull% + 6~ lullz.)
Again we conclude
|I2| < C5(8]|DullZ + 07 lull%)

We find now that

|Dk,m<plocl(x))| — |Il + ]2|
< L+ |12
< Cs(ODull% + 67 Hul%) + C3 (0| DullZ, + 6~ lull2,)

IN

Cr (0] Dull% + 6 ullZ)

Thus
[ Dpioc| < Co(8||Dull5, + 07 [[ull%)
This finally indicates that for the maximum norm of the derivatives

I Dproclloo < Cr(67 Jull% + 0l Dull%,)
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We note that in performing the above calculations integration by parts was not
used. Additionally, the cases for (D;; Dy .)(¢) (DgrDr)(¢) are similar and the req-

uisite bounds follow.
Finally, we derive the estimate on ||Dpyp|/. By equation (4.13) we have
() = 3o / Dyealis (@ = 9)(1 — &) (us(y)us ()] dy
By definition of qb, we find that on B(z,0), 1 — ¢ = 0.

() = 3o [ Dulkyte = (1= 6w )] dy

lz—y|>6
We apply Dy, = 8/69&k under the integral sign, and note that as ¢(r) = 0 for r > 2,
¢'(r) = 0 r > 2. Noting that K;j(z —y) = D;D;(|]x — y|™*, for all i,j, we now
compute:

Dia(pann(®)) = Z Co/ Dyo((DiDj(Jz = yI7")(1 = ) (i )) dy

|z—y|>0

= S0 [ Dl

|z—y|>d

- Z CO/ (D;iDj(lz = y|™")) (Do (1 = ¢)) (uiuy) dy

ij |z—y|>0

i lz—y|=6
- Xa L DDy = o) Dual =) i) dy
26>|z—y|>6
= Il+[2
where
-G [ DD =)0 = 6
and

I = ZCO /6>x y|>5(DiDj(’x - yrl))(Dk’I(_gﬁ))(uiuﬂ') dy

i?j
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We now compute the bounds on I; and I,. First, for I, we note that

—5(xi — yi)(x; — y;)(T% — yr)

D;D; Dy .|z —y| ")) =
( Jk, (l.CL’ yl )) |$—y|7

which yields

Ch

D;D;D;.(|zr —y| ™)) < —————
|(DiD; Dy (|2 =y »k—u—yﬁ

Also note that |1 — ¢| <14 |¢]lee < Cy We now compute

B =[S DDl o) = ) dy

z—y|>6

< Gy /| ND; Dl =y DI = D)l dy
i?j Y=
1
< 000201HU'HZO/ —e
lz—y|>6 |z — 9|

R
) 1
= (,UQC()ClCQ”UHgOI%I_{H / FTQ dr
®Js

. 1 1
= wyCoC Oy, nggo [_ R + 5]
= Oy ul%

Next we turn to I,. We recall that

IN

Do) = | <

xkr_yk‘
oz —yl

from Lemma D.1.1. Also we have

3(xi — i)z —wi)| . CF
lz —y|° -y

(DiD; (= yI )l = |
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We now compute

uﬂ::]g;f;ébwﬁb;meu—yrSXDmvﬁnwW»@/

<ay | (DD, (2 = 91~ DD~ (i) dy
4o 20>|z—y|>0
1
< GOl [
20> |x—y|>0 |[L’ - y|

20 1
— Conwg(SlHuHio/ —37"2 dr
§ T

= CoCwsdM|ul|% (In(26) — In(5))
= CoClwnd [lull% In(2)
= Cad ' lulls

This now implies

|Diabgn()] = |1 + 1o
< |L|+ |15
< Oy Yl + Oy ul%

IN

Cord ™ lull%

By taking the maximum norm of Dy, ,pgu(x) we find that
IDpgislloc < Cord ™ lullz

where Cy; is independent of ¢, 9, and f. Defining C' by
C =max{Cx,Cp,Cy}

we obtain the bounds (4.9), (4.10), (4.11).
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The important fact to note here is that gradient of the pressure Vp can be

estimated in terms of that maximum norm of the derivatives. That is

]Vp] = \V(pzomLpgw)!

|Vploc| + |nglb|

IN

IN

| Dproclloc + Hngleoo
C(O~Hull, + 8lIDullz,) + CoHullZ,

IN

IN

OO lull% + dl1DullZ)

The gradient of the pressure term of the Navier-Stokes equation can be bounded in

terms of the zero and first order derivatives in maximum norm of the velocity field.

We will now show in turn that these terms will be bounded in terms of the L> norm

of the initial value function f. Recall that
u=Au+Q, Q=-Vp—u-Vuy, U(ZE,O):f
Writing @) = Qoc + Q g, Where

Qloc = —VDioe — Z Dj(uju) = Dj(_ploc - Z UjU)
j J

J

and

Qgib = — Vg

we will prove the following lemma:

Lemma 4.3.1. Set
V(t) = [[ullo + "*|Dulle, 0 <t <T(f)
There is a constant C' > 0, independent of t and f, such that

V(t) < C|flloo + Ct? ggaéitVQ(s), 0<t<T(f)
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Proof. Using Lemma 4.3.1, we note that there is a constant C' independent of ¢, ¢,
and f such that

IProclloc < C(llullzs + dllullool Dulloo)

IDproclloc < C(ull% + 0l Dull%,)
IDpginllo < COH|ullz

Now, since § was arbitrary, let § = ¢'/? in the above expressions and obtain

IProclloo + lujuloe < C(llullZ, +t/7|lulloo | Dulloc) (4.19)
1Quoclloe < O lull%, + /2| Dull,) (4.20)
1Qllee < Ct7V2Jul%, (4.21)

Suppressing the x variable in our notation, recall that the solution u to the Navier-

Stokes equations can be written as
t
u(t) = e f + / eA=9Q(s) ds = up(t) + upn(t)
0
First note that from (4.2)
[unlloo = €% Flloo < NI flloo

Next, we consider the non-homogeneous term w,;(t), and write

Uy = Au + Qloc + le
= Au+ Dig(—pioc — Z u;u) — Vpgn

J

= Au + DkFl + F2
with F} = —pjoc — Zj u;u, and Fy = Vpgy. The solution to

Ut = Au + DjFl
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is determined by the fact that @), is obtained by applying one space derivative to
Pioc and uju. Then by equations (4.6), and (4.19), and referring to this solution as

Uy

0<s<t

lullee < € max{s?|| = proc — ZujuHoo}

C max {s'2C(||ull%, + S”ZHuHooHDUHoo)}

0<s<t

C max{s"?u(s)|% + sllu(s) |l [ Du(s)ll}

0<s<

IN

IN

The solution to

:AU+FQ

is given by equations (4.5) and (4.21). Denoting this by wus:

lualloe < 26" max {s'2[|Qq(s)l|oo}
< 212 max {20 fu(s) |15}

< 1/2 2
< Ct/7 max fu(s)ls

Thus the solution to

= Au+ Qloc + le

is bounded by

[unn()lloo = llur + u2(t)]loo
lur (D)oo + [uzlloo
C max {s'"[u(s)[I% + sllu(s) |l [Du(s)l|c} + O/ max [lu(s)]2

0<s< 0<s<t

IN

IN
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We now compute:

[l

INIAN A

IN +

IN

”uh +unh||oo
”uhHoo + HunhHoo
[ f]loo + C&gft{SmHU(S)Hio + s{[u(s)|loo [ Du(s) |0 }

C172 ma [Ju(s)|%

1 oo + C72 max (flu(s) (15 + 5"/%|[u(s) oo Du(s) )

Il + C272 max (u(s) [, + /2 u(3)l | 1 Du(s) | + sl Du(s)]12.)

1/2 2
oo + Ct %?%iv (s)

Next, consider v(t) = Dyu(t). We have

vy = Av+ DpQ

and, from equations (4.20) and (4.21) we have

1@l < Il < CE2lul3, + 72 Dul3,)

Now, from equation (4.3) with j = 1 we have

1D flloe < CtV2If 1o

(4.22)

for the homogeneous part. For the non-homogeneous part equation (4.6) yields

[[]]oo

ININ I IA

IN

C max{81/2|’Q(5>Hoo}

0<s<t

C max{sl/Q(C(Sfl/QHU(S)HZO + 31/2"2)“(3)”;))}

0<s<t

C max ([Ju(s)[1% + sl Du(s)|%.)

0<s<t

C max ([Ju(s)[1% + sl Du(s)|%.)

0<s<t

C max V?(s)

0<s<t
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Then for v = Dyu

vl < 2D f oo + [[0]l00)

1/2( rp—1/2 2
to(Ct ||f||oo+05r§15aév (s)

IN

1/2 2
Clflloe + Ct* max V2(s)

Thus the lemma is proved for u and the derivatives Dyu. O

Lemma 4.3.1 allows us to estimate ||u||« and |[|Dul| in terms of || f||« for a small

time interval.
Lemma 4.3.2. Let C' > 0 denote the constant in estimate (4.18) from Lemma 4.5.1.
Let

1
- 16C4

Co

Then

Co

1F11Z

T(f)>

and

Co
]| oo + 2| D] 0s < 2C| f|loo ﬁr0§t<[m7 (4.23)

Proof. We use the definition of V'(¢) in equation (4.17). Assume that equation (4.23)
does not hold. and that

0<t< 0

VA IS

Then there are times t where

lullo + /2 Dullc > 2C|f 1o
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Let to be the smallest time for which V (tg) = 2C|| f||ec. Then

20| flls = V(o)
1/2 2
< Cllf o+ Ot/ max V2(s)

< Cllfllee + Cte24C2| £11%
Then

Ol flloe < Cty/?4C?| f|%,
and

1 <407 f oo

We now have

Co

1113

This contradiction of the time interval proves (4.23). Next, since

to >

lim sup |Ju(t)||e = o0
t—=T(f)

if T'(f) is finite, then as ¢t — T'(f) we have, since

lulloo < Nlullso + /2 Dullo < 2011 floc

which yields 2C| f||s = 00, a contradiction as f € L™ so we must have

Co
T >

The theorem is now proved.

We will point out here that the calculations for Theorem 4.3.1 were carried out

in the original KL paper without much detail. In this paper the appendix establishes
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the important bounds on the derivatives of ¢ and the variations on the derivatives
D;;(¢uu;), etc. This is important as the whole crux of the paper depends on the
bounds on the local pressure and the derivatives of the local and global pressure
in terms of u and ||Dul|» (equations (4.9), (4.9), and(4.9)). It is crucial that the

independence of the constants from ¢ and f is established here.

Lemma 4.3.2 produces equation (4.23). Again, this was calculated in the original

paper, but the main point of this is that

[ullo < Cllflloo

and
2| Dullse < C|l fll

Explicitly, the velocity field v is bounded above by || f||s. This means that u depends
on the initial value function f. Additionally, this is actually the beginning of the
induction proof alluded to but not formally proven in the original paper. In the final
chapter we conclude the paper with estimates on the derivatives of u for all orders j.
We will show that if u is a solution to the Navier-Stokes equation that all derivatives

of u are bounded in maximum norm by || f||o. That is
2| D7 ulloe < K1 fll

for all orders j in maximum norm.
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Chapter 5

The Kreiss—Lorenz Paper:

Estimates for the Derivatives

5.1 Computations for Derivative Estimates

We now prove the final theorem of this paper. We show that if u is a solution to the

Navier-Stokes equation that there are constants K
2D u(t) oo < Kl flloo

We again assume throughout this chapter, as in Chapter 4, that u € C*(R3) N
L>=(R?), and that D*u € L>*(R3) for all orders a. Additionally, we assume that ¢
exists on a maximal time interval 0 < t < T'(f). The following theorems involving

the pressure are proved in Appendix E (Theorem E.1.1).

Theorem 5.1.1. Consider the Navier-Stokes equation
v =Av+ D'Q, v=Dlu

u a solution, and where

Q=-Vp—u-Vu
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Let 7 > 1 and assume that for 0 < k < 7 — 1 there are constants Ky independent of
t and f such that

C
PRID Ut e < Kill e Jor <1< i

Then there exists a constant C' independent of t and f such that

(5.1)

1D Dy proc(@)loe < CUIF ool Dol + =92 FI2 + 2 1) (5.2)

Our next theorem concerns ||Dg ,pgi|loo- It is proved in Appendix E (Theorem
E.2.1).
Theorem 5.1.2. Consider the Navier-Stokes equation
vw=Av+D'Q, v=Du
u a solution, and where
Q=-Vp—u-Vu

Let j > 1 and assume that for 0 < k < j — 1 there are constants K}, independent of
t and f such that
PRI uOlle < Kl f e for 0 <t < e

Then there exists a constant C independent of t and f such that

1D7™ Dy (pgis ()l < CIIF 1277 (5.3)

We now will prove the main proposition.

Proposition 5.1.1. Consider the Cauchy problem for the Navier-Stokes equations
(1.1) and (1.2), where f € C*(R*)NL>®(R3), and V- f = 0. Then there is a constant

co > 0, and for every j =0,1,2,... there is a constant K; such that for an interval

Co
O0<t < ——
1115
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we have
2 DIu(t) oo < Kl flloo

The constants ¢y and K; are independent of t and f.

Proof. We consider an induction argument. Let ¢ be in the interval

Co
111
where ¢ is the constant from Lemma 4.3.1. Letting j = 0, Lemma 4.3.2 yields that

O0<t<

on the considered interval
u(t)|loo < lJttllo + /2| Dul| o < 20| flloo

We let Ky = 2C, and obtain [|u(t)||cc < Kol|f|lco- Next, consider j = 1. Again by

Lemma 4.3.2 we have

t12|Dull oo < [lulloo + /|| Dulloc < 2C1|flloo
Again, letting K; = 2C, we obtain

2 Dul e < Kil| £l

We note that the constants Ky = K; = 2C are independent of ¢ and f via Lemma
4.3.1. Let 7 > 1 and assume that for 0 < k <j—1

AP D)l < Kill e for 0< 1<

Applying D7 to uy = Au + Q(s), and letting v = D’u we obtain

(5.4)

v, = Av+ D'Q
and the solution

t
v(t) = DieAtf +/ AU DIQ(s) ds
0
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We must now estimate
[v(t)]loo = D7 u(t)]|oo

We note that

o)l = HDjeAtfnt/OteA(tS)DjQ(s)dsHoo

t
< ||Dj@Atf||oo+H/ eA(t—s)DjQ(S)dSH
0 o
= [[T1]lec + [|T2]co

First note that taking the maximum estimate of all D7 of order j and using (4.3) we

have
IT1]loe < I1D7€ flloo < Lt ™| flloo

where L; is a constant not depending on ¢ or f. We now consider 75:

t
T, = /eA(ts)DjQ(s)ds
0

t

t/2 ' ‘

= / A= DIQ(s) ds—i—/ A= DIQ(s) ds
0 t/2

= JLi+.Jp

We first consider J;. Applying integration by parts j times, on the interval [0,¢/2],
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the integral exists and we compute

t/2 '
Il = | / A DIQ(s) ds|
O [ee]
2
= H/ DIeA=9Q(s) dsH
O [ee]

t/2
< ”QHOOH/O DJGA(t—S)dS

t/2 '
— QG [ (=57

0
Qe Cla (t79/2F1 — (¢/2)79/2+1)
Qo Cst /241

IN

IA

Recall that from equation (4.22), and the induction assumption

1Qlle < C(|ull%, + | Dull2,)
< CU'"PKRIfI + P KT fI12)
< Ct V| f11%
Then
HJIHOO < ||Q||<><>O3t_j/2—i_1
< Oyt fIIR Ot

< Gs|| 307

Next when estimating J, we can only transfer from D’(Q to the heat semigroup one

derivative. Moving more derivatives will cause the integral to be non- integrable. We
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have by integration by parts

¢
Jo = / A DIQ(s) ds
t/2

¢
= DeA(t_S)Dj_lQ(s) ds
t/2

= DA DI Qu(s) + Quils)) ds

t/2

t t
= DeAtDI=1Q, . (s) ds + DAt DI71Q i (s) ds
t/2 t/2

= Js+J4

Now, recall that Qoc = Di(—pioc — wjn) (4.15) so that by replacing this expression

in J3 we have

t
J3 = DEA(tis)DJ;l(Di(_ploc - uzu))(S) ds
t/2

t t
= DeA(t’s)Dj’lDi(—ploc(s)) ds — DeA(t’s)Djfl(Di(uiu)(s)) ds
t/2 t/2

= 5 +5

First we bound S;. Recalling from Theorem 5.1.1 that there is a constant C} inde-

pendent of ¢ and f such that

1D7H(Dyeproc) oo < CrlllflloolDMuulloe + D2 115, + 7721 £112)
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we estimate [|.S]]|oo:

HSlHOO = eA(t_S)Dj_lDi(_ploc(S))dSH

t
< DA DI"Y( Dy wPioe) || oo ds

t/2
t

< /(t—S)_1/2||Dj_1(Dq,z)ploc||oods
t/2
t

< [ = PO Dl + O s ) ds
t/2

< [ = O el Dulds + € [ 9 IR ) ds
t/2 t/2

< S5+ 5

We consider S3. Theorem D.3.2 yields the result that
t . . .
/ (t —s)V2579/2ds = t192 B, 5(1/2,1 + j/2) = Bt/
t/2

where B = By5(1/2,1 + j/2) is the incomplete beta function. Then Ss can be
bounded by

t
S = [ (=9 PSP ul s
t

/2

t
_ 01/ (t— 5)" V2| Dl ds
t)2

t
= Cill il [ (= s) s D s

t/2
< e gD} [ (1= 0
< OBt 2 g {2 D u(s) |}
< Callfllt 2 g {72 D u(s) |}

0<s<t
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Next for Sy:

t
R / (t— s) V292 f|12) ds
t/2

t

AL / (t = 5)7 207972 f|2,) ds
t/2

— GIfIR B

< G| fl2 D2
So we have

151 loo

IN

S3 + Sy

N

< Coll flloot ™" max {5 [Du(s) o} + CsllfI )2
Now for S5. We first observe that
D;(uwu)(s) = (uDu;)(s) + (u;Du)(s)

For each of these pieces, we use Lemma D.3.1 (equation (D.3.1)) with [ = j. We

note by the induction argument that, for 0 <m < j —1
D" ul|oo < t_m/2Km||f||oo

ertlng Ml(]) == Mlji

1D (Di(waw)(s)loo < Myj(llulloo D ulloo + 772 £115)
< MyCillfllocl D7 ulloo + Cat 72| f1%

< Mag| fllool| PP ull oo + Cot ™72 f11%
It is important to note here that Ms; is a constant that depends on

max K,, and max(n) 0<m,r,n<j—1
m T
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and not on ¢t or f. Then we compute:

152 oo

A\

t
H DeA(tfs)Djfl
t/2

t

(Di(usu)(s)) ds||

DeAt—s) | D7 H(Dy(uiw) (5)) || oo ds

t/2

[ s

/2

[ fllool D7t oo + Cot 72| £112,) ds

t

t
Ml [ (=) D s + [ (05 20 R ds
t

/2

t/2

Mg oot @972 max {5972 [ Du(s) |} + Call f 202

through the same computation as for S;. Then we bound J3

173l o

Now for Jy.

IN

151 + Sal|oc
15100 + 1[S2][ o0
M| fll oot/ m

ax {7/ D7u(s) oo} + |l flI5t" "

0<s<

Recalling that, from Theorem 5.1.2 the existence of a constant Cg

independent of ¢t and f such that

1D7~ (Do (pan()) oo < CllF 3™

[ all oo

H |
t/2

CollfIP. / (t - s)

/2
Coll fII2 Bt

Crll Fll2t™ 7

DAt DIT1Q i (s) ds

“1/2673/2 g5
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Then we have

[ 2lle < lJslloc + [ alloo
< M, (1=9)/2 32| pi
< My flloot max {s"[|D7u(s) oo }
+ Gyl 50+ Col| fll2t
<

M| £l ot =72 max {s”/?| D7u(s)lloc} + |l fII2£" "

Thus 75 is bounded by

ITolle < Il + 1 Tl
< Gyl IRt
Myt 72 max (5972 | DIu(s)] o} + G 12192
<

M| 1]t~ max {72 D7u(s) oo} + Collf||2t* "2

We finally bound ||v(#)]|co:

IA

o)l < M Tilloo + 1 T2lo0

< Lit 7P| fll

+

M| 1t 972 max {772 DIu(s) o} + Coll 121092

We now have an expression for #7/2||v(t)]|o:

OOl < O fl
Moot e (572 D () o
+ OISR
< Lillfle
b Mot s (772 [ Dus) o} + O It
<

Cill oo + CUFIZE + Cllf oot max {s”2[ Du(s) oo}
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Now, as v = D7u, we maximize the resulting estimates of t/2|| D7u)||, over all deriva-

tives D7 of order j and derive

2 Dufloe < Cjll flloo + Cill FII2t™ + Oyl fllot 2 ggggt{sj/QlleU(S)Hoo}
Now, define

D(t) = || DVl
We have the estimate

90) < Gyl oo + G2 + o o2 poa (5

Recall the assumption that

Co 1
C =
If2 ™ 16C1

where C'is the constant from Lemma 4.3.1, equation (4.18). Then

O0<t<

2] fllo < Vo

and the term C||f]|%¢'/? is bounded by

OllfI%t" = (Cllflle) U fllost?) < Cll flloov/eo = CV/eol| flloo

so that

Y(t) < Gjlifllee + CVellflloc + Cllf loct™? max 3(s)

0<s<t

< (G + V)|l + Ol |t mass ()
< Gilflloe + Gl f 2 ax v(s)

0<s<t

Thus we have

$(1) < Oyl flloo + Cillf ot max w(s) for 0<t< (55)

Co
I1£11%
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We note that the constant C; is a maximum of all constants appearing in the above

and is independent of ¢ and f. Fix this constant so that (5.5) holds. Let

) 1
C; = 1 {Co, @}
We first claim that

Y(t) < 205 fllw  for OStSHfCﬁz

Assume not. Then let 0 < to < ¢;/[|f||% denote the smallest time with 1(tg) =
20| flloo- Then from (5.5)

205(fle = %(to) < Cill flloo + Cill Flloty” max w(s)

0<s5<tp

< Cillflloe + Cill Fllcts” - 2G5 fllow
= Ol flle + 262C2) 1112

or

2G| fllos < Cjll flloo +2CF (1 £11%
Then

Cill flloo < 2t5/C2 £I%,
and

2
1 < 205 fllooty

This forces

¢j

to > >
41 £112.C7 ~ IfII%

a contradiction. So we must have

2| D7ulle < 251 f oo (5.6)
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Then the statement is true for j with K; = 2C;. Suppose now that

T, <t

_ G
A3~

Then we restart the argument at t — 75, AsT; <t <71, 0<t -1, <Ty = T; < Tj

Co
< —— =T (5.7)
Iz

From Lemma 4.3.2 we have
Ju(t = T;)lloo < 2| flos
and we obtain
PP Dufl < 20| fle for 0<t<T,
For ¢t = T; we obtain
T2 Diufle < ACH| e for 0<t<T (5.8)

Finally, for any ¢ with (5.6) we have

T, = 2,
¢
and if t < T

12 < T = <@>j/2T?/2

Now we have

2Dl < T2 D000

i/2 . .
(2) Il
C

J
co\J/?
40— ) [Ifll
](Cj)
= Kjlfllso

IN

IN

Thus we have a K; for which #//2||Diu|o. < Kj||f|ls, and this completes the proof
of the theorem. O
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5.2 Applications of the Results

After the lengthy proof of Proposition 5.1.1 we can finally conclude that for all

derivatives of order j in maximum norm
t2| Dl < Gyl flloc

where the constants C; are independent of ¢ and f. In particular, if f € L>(R?), we

have that
[[ufloo < 00

This indicates that the maximum norm of the initial value function f = u(z,0) con-
trols all of the derivatives of u in maximum norm. We now outline an application
for Proposition 5.1.1 for future work: the construction of a solution. The a priori
estimates of Proposition 5.1.1 will guarantee the construction, and will help us con-
struct an algorithm that will produce a solution (u, p) of the Navier-Stokes equations

(1.1) and (1.2).

We begin as follows. Suppose that at ¢ = 0, we have u(x,0) = f(x), where
feC®(R3)NL®R?), and V- f = 0. Define u’ = f. We will construct a sequence
of solutions to both u and p. As the modified pressure term exists as an integral for

u € C®(R3) N L*(R3), we define
o = [ 1Kt =) = K)o, 0)dy 59)
where the K;;(y) are defined by equations (3.7), (3.8), and (3.9). We next define

p i (z) = Zp;;“(x) (5.10)

At n = 0, p* exists by virtue of f and Theorem 3.2.1. Now consider the Navier-Stokes

equation and define a sequence

ul ™t = Ayttt — (U - Vo + Vp' T
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or, by writing Q"(z,t) = —(u" - Vu™ + Vp*T!)
U?—H — Aun-{-l T Qn
Then, as is shown in [7], this is solved by

t
wH :GAtf+/ A= (s) ds (5.11)
0

where

= [ by = [ e i)y
n n (4rt)2

Thus the procedure is as follows. Let u® = f. Solve for p' using v = f and
equations (5.9) and (5.10). By Theorem 3.3.1 p' is a solution to the Poisson pressure
equation, and by Corollary 3.3.1, p* will be BMO . Next, use p', and u° = f to
solve for u! using equation (5.11). This u; will be C*°(R?) N L>=(R?) by virtue of
Proposition 5.1.1. Then, placing u; back into the pressure equation (5.9) and solving,
we find a pressure p? which is BMO . Using p? and u' we now solve for u? again
in equation (5.11). Continuing this process we construct a sequence p" that are
all solutions to the Poisson pressure equation. The u" exist in C*°(R?) N L>(R?).
Additionally, by the material in Chapter 4 the u™ are uniformly bounded by || f]| s,
independent of n. This follows for the derivatives || D/u™(x,t)|| s as well. Thus, each
u™ will be in C*(R3) N L>*(R3), and, by construction, each p"™ will exist and be a

function of BoundedM eanOscillation.

We may then show that this sequence converges to a limit in C*(R3) N L>(R3),
by way of the Arzela-Ascoli theorem. The convergence of u, to u will guarantee
the convergence of the terms of the pressure sequence to a limit p in BMO . The
convergence of all derivatives of u can also be shown in view of Proposition 5.1.1.
Finally, we will note that the limit of the velocity field will be unique in C*°(R3) N
L>(R3), while that of the pressure term will be unique up to a (time dependent)
constant in the space BMO .
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Appendix A

Background: Spaces, Derivatives,

Integrals

A.1 Some Applications of Integration with Polar

Coordinates

We will now explore a few applications related to polar coordinates, which will be
of necessity in the paper. First we will justify a general expression for the surface

measure o(S"1). We begin with a lemma (see [10] or [11]):

n
2

Lemma A.1.1. [, el gy = <§>

The gamma function (see [10]) is defined as

[(p) :/ sP~te™%ds
0
for Re  p > 0. Then

m® = 28 ()
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It can be shown that (see [10] or [11]):
2(m)2

o(S" N =w, = S (A.1.1)
o(2)
If n =2, o(S') = 27, so we find that
1
r(3)=va
Similarly, using n = 3
3 1 1 1 1
r(3) =3vr=T(1+3) - 1-3r()
Generally
1 1 3 1
T Y= (k=Y k=2)... 2
(k+2> ( 2)(k 2) Qﬁ
We write
(") =, = 2T (A.1.2)

We also note that the measure of the volume of the unit ball is given by
Wn

a(n) = V(B1(0)) = |B:(0)] = -~

We may then write na(n) = w(n). Note that if n = 2, «(2) = 7, while if n = 3,

a(3) = . Another use of the measure is the use in Cartesian coordinates. Let

n = 3. In Cartesian coordinates we can write the formula for the radius of the unit

sphere S? in terms of the point z = (1, T, 73):

3
Zx? =1
i=1
We can the show that

Lemma A.1.2.

0, t#7;
/ rixjdo(z) = 7
s2 dm =3
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A.2 Other Integral Relationships

One important concept is the average value of a function. We define the average

value of a locally integrable function f on the ball B(x,r) to be:

1
R —— / Jdy
fB(x,r) |B(l’, T’>| B(z,r)

where |B(z,7)| is measure or volume of the open ball B(z,r). Now we define the

space L' to be the space of all integrable, functions such that

IR

A function f is in the space Llloc if

1<

for all compact sets K C R". Using this we can prove a version (from [11] ) of the

Lebesgue Differentiation Theorem:

Theorem A.2.1. Lebesgue D:ifferentiation Theorem

lim fdx hm|er|/w fdr = f(x)

=0/ B e r—0
a.e.; that is outside a set of measure zero. We have
| B(z, )| = a(n)r"
and
0B(x,7)| = w,r™!

Then

. — i 1 —
lim fdxr =1lim——— O /B(xjr)fdx f(z)

r—0 B(x,r) r—0 (v

almost everywhere (a.e.). Recall the definition of Dini continuity (Definition 2.2.9):
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Definition A.2.1. A function Q(z) on S"™! is said to be Dini continuous if for

w(6) = sup [Q(z) — Q)]
|lz—zr|<6
jal=la’ /=1

then

1
/@d5<oo
o O

Recall from Definition 2.2.7 that Calderén -Zygmund Kernels have mean value of 0
on S? and are homogeneous of degree 0. Some CZ kernels also have the property of

Dini continuity. We note that the Riesz kernels

i
]

are trivially CZ kernels.

Theorem A.2.2. Consider the function:

Qij(x)
where
TiT; 3af — |zf?
Qij(x) = mgj and  (j; = W

Then for all 1,7, the function §;;(x) has the following properties:

1. Q;;(x) is homogeneous of degree 0
2. Qi;(x) has mean value zero around the unit 3-sphere S

3. Qi;(z) is Dini continuous.

Properties 1 and 2 yield that K;; is a Calderon Zygmund kernel.
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Proof. The term K;j(x), the kernel, must be of the form

Kij(z) = ﬁ’ Kjj(x) = W

where the term €;;(z) is given by

;5
for i # j,
322 — |x]?
Qjj(x) = j|x|2

(A.2.1)

(A.2.2)

(A.2.3)

We must have €;;(z) be Dini continuous, have mean value zero around the unit

sphere, and be homogeneous of degree 0. See definitions 2.2.5, 2.2.6 and 2.2.9. We

will take each in turn. Trivially, €2;;(z) is homogeneous of degree zero. To show that

(2 has mean value zero around the unit sphere, we first consider €2;;(x) for i # j:

/ Qi(x)dS = / Cy T ds
s2 s |zl
= /Co$ixjd0(l')
S2
= 0

from lemma A.1.2. Next, for i = j

33 — |z
S2 s? ||

3 /S 2 do(x) - /S 2 da(x)}
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again from Lemma A.1.2. Finally, we establish Dini continuity. We first consider the

case ¢ = j and write Q;;(z) = Q(z) We have:

3% — |z|? B 327 — |z]?

Q) = Q2)] =

|z [? |22
72 2
Hlal2 2P
SO B A N | e A
lz|  lzl|||z] ||
T, Zi
< Oyl -2
= 2l e
Then we have
w(0) = sup [Qz) - Q2)]
le—z|<6
|z]=]z]=1
T z
= sup Oy~ -2
B TT P
lal=lzl=1

IN
n
==t

o]

T

e

<0

IA
8
8
|
x

Thus

w(d) = sup |Qz)—Qz)] < C30
|lz—z|<6
jal=lz1=1

We then have:

1 1
[0 [
. 0 . 0
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Appendix A. Background: Spaces, Derivatives, Integrals

The next case is for ¢ # j and again write ;;(z) = Q(x)

() = Q(2)|

XTiZj Zi%Zj
>z
_ Cl T _ TiZj TiZj _ ZiZj
2 Jallz] o f2llzl o[22

= C

—_

If we let, for each x and z

4o,

we obtain, via the triangle inequality:

ZT; X Z]
() — Q(2)] et Lol
[zl ||z =]

< G O

[ 2]

< oyl 2

[ 2]

21
z| 2]

X Zi
= max
K3

2 |2

We then have, when |z| = |z] = 1:

w(9)

IN

VANVAN

IN

sup  [Q(x) — Q(2)]
|lx—z|<d
|z]=|z]=1

sup Cj3 no_Aa
lz—z|<8 lz| 2]
|z]=|2|=1
03’-701 - Zl’
Cslz — 2|
Cs0

T | Tj Zj Zi | T4 Zi
| = — L +_ -
N I T I KA N T B

ﬁ x Z]

BN e

X zZ
_|_02 L~

x| 2]
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Appendix A. Background: Spaces, Derivatives, Integrals

By definition we have w(d) < C5d and we obtain:

1 1
/ @dég/ @d(SgCg,
o 0 o O

Thus we have €;;(z) is Dini continuous for all 4, j. The three properties are proved.

By definition 2.2.7 Kj;; is a Calderén Zygmund kernel. O]

The properties are important to establish a Hormander condition.

Theorem A.2.3. Let k(z) be a Calderon Zygmund kernel. That is
Q(x)

" e

where Q(x) has mean value of zero on the unit sphere, and is homogeneous of degree
0. Further, suppose that Q(z) is Dini-continuous. Then k(x) satisfies the Hormander

condition:

sup / k(z —y) — k(y)|dy < A.
[y|>2|x|

|z|>0
Proof. 1t
k(x) = ——=
[

then we consider

/ Qz—y)  Ay)
w2l Ll —yl" Yl
With a little algebra we may write

Qz—-y) Q)
I = d
=L>m’ |9

lz—yl~ |yl

1 1
2(y)] - dy
/;>mx [Lf—'yw |yVJ

Qz —y) =
N / Q(x y)n(w“w
ly|>2|x| |x—y

IN

= L+1
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First I;. Since Q is a CZ kernel, it is bounded for |y| > 2|z|. Thus |Q(z)| < B. For
the other part of the integrand we note that

LS S ] el Lt 11
lz—y|™ |yl |z —y|™ |y

Now, noting that since |y| > 2|z|, |z — y| > . Additionally, |y| — |z —y| < |z|.

2
Thus

y* = e —y» Iyl = e =yl 2255 1" e — gl
lz =y |y |z — y[|y|

n—1
= yl=le =yl Dyl e —yf
j=0
[yl
21> ()
j=0

n—1
= ol Yo
7=0

= lzllyl ™" 22" - D)

IN

= Clafly™"

Thus,

1 1
L = / Q(y)] - dy
1 ly|>2z| 9) [|x -yl !y\"]

< / BOlaly| ™" dy
ly|>2|z|

= BClaf ly| ™" dy
ly[>2]z|
<1
= BC]x\wn/ — dr
2| T
1
— Oylz]—
g
= (),
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So I; is bounded. As for I, we note that from the above

1 on
<
lz—yl™ |yl

Using the homogeneity property, since

Q(x) = Q(%)

and since (see [35])

|2|
Y]

r—Yy

__i‘gg
lz—yl |y

using the Dini-continuity property we have, by definition

«
9 —y) - Q)| s (2 1)
Then

Qx —y) —Q
L — / [z —y) — Qy)| dy
ly|>2|| |z —y|"

2n/ w<2%|‘> ;
ly|>2|z|

IN

ly|"

= C’wn/m@dr
2

|| r

- oo [y

||

since €2 is Dini-continuous. So I = I; + I, is finite.
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Appendix B

The Poisson Equation

In this section we will discuss the construction of the solution of the Laplace and
Poisson Equations. We will be using material from primarily Evans ([7]), John ([17]),

and [38].

B.1 The Laplace Equation and the Solution

The Laplace equation is given by

n
Au — E Ug,z; = 0
i=1

where the u,, are partial derivatives respect to variable z;, and u = w(z1,...2,). If

x € R™, that is © = (21,29, ..., x,), then the Euclidean distance given by

It is well known that
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Appendix B. The Poisson Equation

Definition B.1.1. The fundamental solution of the Laplace equation for n > 3 is
given by
9 _
D) = — o]~

n

For n = 3, this is

Of special interest in the paper is the radial part of the kernel, |z — y|, and its

derivatives. Let

and define

o

Ty

We now compute the derivatives and their bounds:

ri(x) = Tl ri(z)| < C (B.1.1)
T C
rij(€) = — |x|§ [rij ()] < Tl (B.1.2)
jo]* — a7 C
(@) = (@) < = (B.13)
) ’1"3 27 ’x‘
Additionally, we have have
3x;x,Ty, C
v (327 — [z[?) C
rigk(e) = T rin(2)| < 22 (B.1.5)
3wp(xi — |x]? C
o) = % el < 1o (B.1.6)

These equations are used throughout the paper.
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Appendix B. The Poisson Equation

B.2 The Poisson Equation and the Solution

We now turn our attention to the solution of the Poisson equation. The background

material can be found in either Evans ([7]) or John ([17]). First, let us write the

inhomogeneous Laplace equation, otherwise known as the Poisson equation:

—Au=g

We will now first consider a solution for suitable g. Let g € CZ, that is ¢ is twice

differentiable on a set of compact support. The solution can be found in [7] or [17].

Theorem B.2.1. The solution of the Poisson equation
—Au=g

i R™ is given by
u(r) = / ®(z —y)g(y) dy

where

2—n

O(z) =

’x|2fn

Wn

with uw € C?%. In particular, for n = 3 we have

u() 1/ ! 9(y) dy

T 4n R [ — ]

We may write

u(r) = / Oz —y)g(y) dy = / D(y)g(r —y)dy

for suitable g(x) of compact support.
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Appendix B. The Poisson Equation

B.3 Relation to Navier-Stokes Equations

We will connect Poisson’s equation to Navier-Stokes equation. Recall the divergence-
free condition V - u = 0. It will be shown that upon taking the divergence of both
sides of the Navier-Stokes , that is, by applying the divergence operator V- to both

sides of the Navier-Stokes equation, where u = u(x,t), p = p(z,t), to show that

—Ap(x,t) = g(xvt)

where g(z,t) = Zij:l D;D;(uu;)(x,t) (see [29]). In the language of Poisson’s equa-
tion ¢ is the source of the pressure field, and p is the pressure field. Consider now,

with V- u = 0:
V-(u+u-Vu+Vp)=V-vAu

We determine that the first computation is 0.

3
V('th> = ZVut
=1

3

= D u
=1
0

= 5(V-u)

0
= @(0)

= 0

122



Appendix B. The Poisson Equation

For the second term:

V- (u-Vu)

We note here that

3
Z DZ<UJDJ’UHL)

1,j=1

> u;D;D;(u;) + (Diuy) (Djus)

,5=1

> uDiDi(us) + (Diwy) (Djus)

ij=1
3

Z u;D; Z Dy(ui) + Y (Dau)(Dyu)

ij=1

Z w; D;(0) + Z(Diuj)(Djui)
Z (Diuy)(Dju;)
> (Diuy)(Dyus)

ij=1
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Appendix B. The Poisson Equation

from the following computation:

3 3 3
i,j=1 i=1 j=1
3 3
i=1 j=1

— iDi<ui~O+iuj<Djui))
- ZD(Z“JD“”)

7j=1

iljl

— ZZuJDDuZ (Diuj)(Dju;)

zljl

= ZZUJD D, iU + D U])(D uz)

7,1]1

_ ZZUJDDUZ (Dyu;)(Dju;)

7=1 i=1

3 3 3 3

= > wD; (D D) + 30 3 (D) (D)
j=1 i=1 Jj=1 =1

3 3

= Z u;D;(0) + Y Y " (Dyuy)(Djus)

j=1 i=1

= Z Z(Diuj)(DjUi)

= > (Dyuy)(Dju;)

11-]:1
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Appendix B. The Poisson Equation

For the third term, we simply have
V-Vp=Ap

For the last term on the right hand side we obtain:

V- (vAu) = v(V- Zuu)
= v > Dylu),

i=1 j=1

. yiipjwiwxuj)))
= y; D; <Di<;Dj(uj>>>

So the first and last terms are 0. This yields:

V-(u+u-Vu+Vp) = V- -vAu
3
ig—1
3
= > (Dyuy)(Dju;) + Ap =10
ij=1
3

ij=1
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Appendix B. The Poisson Equation

Thus

3

—Ap =" (Dyu;)(Dju;)

ij=1
We may rewrite this as:
3
ij=1

Thus we have

—Ap((li, t) = g(l’, t)

where g(x,t) = Y0 DiDj(uguy)(w,t) = 27 (Diug)(Dju;)
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Appendix C

The Heat (Diffusion) Equation and

Solution

C.1 The Heat Equation with Solution

The homogeneous heat equation is given by
uy = Au

If u(z,0) = g(z), then the function

1 _Im—y\2
U(M)—/n (4m&)%€ i g(y) dy

solves (C.1.1) with u(z,0) = g(z). The non-homogeneous heat equation
up = Au+ F(z,t)

can be solved by
( t) /f/ 1 _\szzuli F( )d d
u(x,t) = = ¢ Iy, s)dyas
0 JR» (47T(t—5))2
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with u =0 at t = 0. We will write

1 Jo—y|?
Aty — t :/ e @ d C.1.5
e~'g = u(z,t) ) (47#)56 9(y) dy ( )

for a simplified expression of the solution. Thus (C.1.4) becomes

u(z,t) = /t A9 (s) ds (C.1.6)

0

Finally, through the use of Duhamel’s principle, we may consider a problem

u — Au = F(x,t) with u(z,0) = g(x) (C.1.7)
and write the solution as

u(z,t) = g+ /t A F(s) ds (C.1.8)

0

where

C.2 Relation to Navier-Stokes Equations

Let z € R? be a space variable, let t € R, where ¢ > 0 is the time variable. Then the

homogeneous heat equation is given by:

u = vAu (C.2.1)
while the inhomogeneous heat equationis given by:

u = vAu + F(z,t) (C.2.2)

Now, recall the incompressible Navier-Stokes . We have

w+u-Vu+Vp = vAu= u; =vAu— (u-Vu+ Vp)
= vAu+Q
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Appendix C. The Heat (Diffusion) Equation and Solution

Thus the Navier-Stokes equation becomes
uy = vAu — (u - Vu + Vp) (C.2.3)

where Q = Q(z,t) = —u - Vu — Vp, u = u(x,t), and p = p(x,t). Thus the
Navier-Stokes equations are essentially a non-linear form of the three-dimensional

heat equation. Using (C.1.8) we may write (for v = 1)

u(w,t) = g+ /t eA=9Q(s) ds (C.2.4)
0

where

Q=Q(zx,t)=—u-Vu—Vp, u=u(z,t), and p=p(x,t). (C.2.5)
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Appendix D

Bounds Involving a Cutoft

Function

D.1 The Bounds on the Derivatives of ¢

In this section we will produce several calculations crucial to results in the main

paper.

Lemma D.1.1. Let ¢ be a C* cut-off function where ¢(r) = 1 for 0 < r < 1,
o(r) =0 forr>2, and 0 < ¢(r) < 1. Then for d >0, if 0 < |z —y| < 24, and

o= o(*5Y)

then for all i,j

and. |D.D,(0) < (D.1.1)

where the constant C depends on ||¢'||« for |Di(¢)|, and depends on ||¢'||o, |||l
for |DiD;(6)]

130



Appendix D. Bounds Involving a Cutoff Function

Proof. We use equation (B.1.1) and define D; = a%' Then trivially

—¢/(33i - yi)
D; = "
() 5z — 1l
so that
¢/($z’ - yz) ||¢I||oo _ ¢
Do) < | TP < T =

where C' depends on ¢'. Next, for i # j, we use (B.1.2):

(zi — yi) (x5 — y;)9'

N 1[_(]5”(% — )@ — ;)

5 [z — g T P
_ 1 (zi —yi)(zj —y5) [¢_” _ ¢
|z —y|? 6 |z —uyl

5
%(xz - yz)(‘r] — yj) [;0]

|z —y|?

Thus

R

where

6 |z —yl

Now, if |z — y| < 24,

1 1
<«
lz—yl = 20
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so that
ol = || % - =2
b |z —yllle
pE-g
0 20lleo
_ H2¢/1_£/
20 20lle
1
< . //_ /
< 26"~ 0l
1
< _ // /
< 55(12¢%e + [1¢'llec)
_ ¢
B

where C' = |12¢"|| s + ||¢'||oo; that is C depends on ¢’ and ¢”. Thus

|DiD;(0)] =

1 (z; — yi) (5 — ;)

‘5 |z —y|? [p]‘
Ly (2 — yi) (25 — y5)
6 |z —y|?

IN
|

lloo

IN

IN

and the constant C' is as described above. If i = j, we use (B.1.3) and obtain

Lr(z; —y)® ¢"

2

D;D;(¢) = — +

Slije—yP 9 |z —y?

Using a similar approach to the case i # j we again obtain

C
|D;Dj ()] < %

and the required result is obtained.
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Lemma D.1.2. Let ¢ be a C*® cut-off function where ¢(r) = 1 for 0 < r < 1,
o(r) =0 forr>2, and 0 < ¢(r) < 1. Then for d >0, if 0 < |z —y| < 24, and

o-of51)

then for all i, 7,k

|

|D;iD;Dy..(9)] < 5 (D.1.3)
where C' depends on ¢', ¢", and ¢".
Proof. From (D.1.1)and (B.1.2) we may write
1(x; — y;)(ze — yi) [¢” ¢’
D.Dy »(¢) = —= J — — = AB D.1.4
e A ] (D44
where
1 — — 1/ /
A — _(x] y])<xk2 yk) and B = ¢_ _ ¢
) |z — y o |z—y

Here we will use (B.1.2), (B.1.3), and (B.1.4). We write 2z; = x; —y; and first compute

20w — yi) (w5 — y5)(Tr — yr) 2222
Dz‘ A = J J — J
(4) Sz —yl* 5| z|*

Next, for the more complicated D;(B), and D;(AB).

DB — Di[¢—”— d }
o |r—yl
B [_ﬂ_xi—yi_Ix—yl-cb”-—‘éf;_‘j,“—¢>’-—‘|§1;ﬁ”]
02 |z —y |z —y?
S A
lz—yll 6  dlz—yl |z—y]?
_ ﬁ[_ﬂ"'+¢_"_i']
lz[L 02 0 dlz] [
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)

)

Di(AB) = A(D;B)+ (D;A)B
1) A ¢"' "
BT |Z|[ i |Z|2}
_ M[Qﬁ_”_ﬂ]
e
L A A ¢ ¢
= ORP L ((5|z| |z|2)+|z|< 2]
_z,-zjzk‘ﬂ_i (b_”_ﬂ/ ¢_”_ﬂ
-l G aG s
| ZiZizk ﬂ i Qs_”_i’
~ SRp L T |z|< 5 |z|>]
Finally with |z| = | — y| < 20 we compute
|DiD;Dy..(¢)] = Di(AB)
= |A(D;B) + (D;A)B|
| ZiZi%k ¢”’ 1 ¢_”_£’
= | EE (-F +|z|( |zy>]“
¢/// ¢//
< T (.
<sl-FmG-Bll
¢/// 1 B .
< — _
= 5H T2 2 9.
¢/// 1 " .
< P T (94—
1 2¢/// 1 Y ,
< |2 =
- 252 5 | (¢ gb) o
1 2¢/// 1 " .
< — = _
- 2521 6 25(2Q5 ¢) 0o
= 5l =207 - )l
1 i " ’
= 4—53(||4¢ oo + 126" [loo + 1|#'ll )
C
)
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We note here that C' is a combination of the maximum norms of ||¢’||s,||¢”||o0, and
|¢" || Ifi = j, ori =7 =k, weuse (B.1.4), (B.1.5), or (B.1.6), and again the
bound

|

|DiD;jDyo(9)] <

(=%

is obtained. O

D.2 The Bounds on the Derivatives of u

We now turn our attention to the derivatives in maximum norm of the integrands in

Chapter 4. We recall (4.7):

ID7v(z, )]l = nax D% (2, £)]]oc

where || D7v(z, )|l measures all space derivatives of order j in maximum norm. We

first prove:

Theorem D.2.1. Let v be a C* function, and consider the function u from the

Navier-Stokes equations, with the divergence-free condition V -u = 0. Then for
1<4,5<3
| Di(vusuy)| < JvllcllulloclPullos + [ Divlflull3, (D.2.1)
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Proof. We have D;(vu;u;) = v(D;(uuj)) + (D;v)(u;u;). Then

| Di(vuiug)| < |ZDi(Uuiuj)|
_ |Z (i) + (Div) (usu; )|
= Z |vw; Diwj 4 u;Diw;) + (Div) (uiu;)]
< i:mewﬂ+UMmeM
< EEMWJMM+KDWW%WN

1]

< vllcllulloolDulloo + [Div][lull5

We now prove

Theorem D.2.2. Let v be a C* function, and consider the function u from the
Navier-Stokes equations, with the divergence-free condition V -u = 0. Then for for

alli,j with1<i,7<3

|DiDj(vuiug)] < [vlloo|Dull%, + [Divfl|ullc[Dulloc + [DiDollulls,  (D-2:2)

Proof. Recalling from (B.3.1) that Z” 1 DiDj(uwu;)(z,t) = Z” {(Diu;)(Dju;) w

compute

DiDj(vusu;) = Di[v(Diusuy)) + (Djv)(usuy)]
= U(DiDjUin) + (DZU)[U,ZD]U] + UijUi]
+ (Djv)[u; Diuj + ujDiw;] + (D; Do) (uiuy)
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Again, using the divergence-free condition we now obtain

|D;Dj(vuauy)| < | DiDj(vuuy)|
,J
= | E U(DZ‘D]‘UZ'U]‘) + (DZU)[UZD]U] + UijUi]
,J

+  (Djv)[u;Diuj + ujDyug] + (D; D) (uiuy)|
< Jollool| Dull%
+ (IDw] + |Djv])(JJull o] Dullso) + | DiDjv] ||ul|3

< [ololDull% + ClDw|||ullsc][Dulloc + [ DDyl ull5,

Finally, we will write the bounds of |D;(vuu;)| and |D;D;(vu;u;)| in terms of

|t/ so, |PU||0o, and 4.

Corollary D.2.1. Let v be defined by the C*° cut-off function from D.1.1, where

v=o() = (252)

Then
| Di(puiu;)] < C(6HullZ, + [luflool| Dulloo) (D.2.3)

where C' is a constant depending on the mazimum norm of ¢,¢’.

Proof. From Theorem D.2.1 we have, for all 1, j:
| Di(vuiug)| < [[vllolulloc[Dullc + [Div]lflull2
For v = ¢, we have

| Di(puss)| < [|6llsollullc|[Dulloo + [Dill |15
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Now, suppose C} = ||¢]|«. Note from Lemma D.1.1, that there exists a constant Cy

where

Cy
|Di()] < 5

(5 is a constant depending on the maximum norm of ¢, ¢” Then

|Di(puiu)l < [IgllsolltlloclDtello + 1 Disbllocllull5

Cy
< @lloolulloo [ Pulloo + = llullz

i
= Gallulleo|Dulloo + —llulls
< COHullX + llullscl Dull)

We note here that C' is a constant depending on the maximum norm of ¢ and ¢ in

maximum norm. That is

C,0, <C = maX{HﬁbHom ||¢/Hoo}

Next we have

Corollary D.2.2. Let v be defined by the C*° cut-off function from D.1.1, where

U:¢(T>:<|$gy|>

Then, for alli,j:

|DiDj(¢uing)| < ClIDull5 + 07 |ull ool Dutll oo + 67ul|2] (D.2.4)

where C' is a constant depending on the mazximum norms of ¢, ¢, and ¢".

Proof. We begin with theorem D.2.2 and equation (D.2.2)

|D:D;(vuiug)] < [[vlloo | Dull%, + [Divfl|ulloc[Dulloo + [DiDjvlflull5,

138



Appendix D. Bounds Involving a Cutoff Function

Then, with v = ¢
| DiDj(¢usu;)| < [|6lloo| Dull, + [Digl[[wlloc Dl + [DiDjo [[ull%

Now, let C} = ||¢]|, and recall from Lemma (D.1.1) (equation (D.1.1)) that there
exists constants Cy and C5 depending on ¢’ and ¢” such that

C C
1Di(#)]le < 72 and || D;D;j(9)]l0 < 5—23

We now compute

|DiD;(vuiug)| < | @llsolDull3, + 1 Diglloc[ulloo [ Dl oo
[Dj¢llsclltelloc Dt + [1Di Djlloc [l
C1|Dull% + C26~ " lull ol Dulloe + C30~|Jull3,

+

<
< OlIDull%, + 6~ Hulloo [ Dullo + 672 Jull2]
where C' = max{C1, Cy, C3}, and depends on ¢, ¢', ¢". ]

Finally, we let v = ¢y, , to obtain the final corollary.

Corollary D.2.3. Let v be defined by the C* cut-off function from D.1.1, where
U= Dk,x¢(r); and

r—y
v=o0) = (F52)
Then for all i, 7, k:

| D:iD; Dy (wiu)| < CO7H[Dull3, + 07 [ulloo[Dulloo + 072 [lull3] (D.2.5)

Proof. In this case we begin with theorem D.2.2 and equation (D.2.2):

|D:Dj(vuiug)] < [[vlloo | Dull%, + [Divfl|ulloc [ Dulloo + [DiDjolflull5,
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We note that for v = Dy, ¢ we have from Lemma D.1 that there is a C; dependent
on ¢ and a Cy dependent on ¢, ¢” such that

C C
’Dk,x¢| S 71 and D]Dk,ac<¢>| S 5_22

Additionally, we use lemma D.1.2 and equation (D.1.3)

C
|D;D; Dy . (¢)] < 5—;

Then, with v = Dy, ;¢

|DiD;Dyat(uiu)] < || DiadlloolDull, + 105 Diadllool|ulloo | Dt

+ || DiD;Dy ¢l oollull%
We now produce

1D:D; Dyeio (uitej)lloo < | Dralloo | Dl + (1D Diollso |l Pl

+ 1DiDad oo lull sl Dulloc + [[D:D; Diolloc [l
< G107 Dull + 202072 |ull ol Dulloe + C50~7Jull3
<

C7Dulls + 62 ulloclPulloo + 7% [[ull]

Where C' = max{C1, Cs, C3} and depends on the maximum norms of ¢/, ¢”, ¢ [

This completes the necessary computations in terms of the maximum norm.

D.3 Ancillary Results

In this section we note various technical results needed in Chapter 4 and 5. We

display here the Leibnitz differentiation rule that will be used in Chapter 4.
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Appendix D. Bounds Involving a Cutoff Function

Lemma D.3.1. The n'" derivative of the product f - g is given by

(f-9)™=> (Z) fP gk (D.3.1)

k=0
Recall the definition of the Beta function

Definition D.3.1. The Beta function is defined to be

B(a,b) = /Olta1(1 — )t at (D.3.2)

One may express the Beta function as

['(a)I'(b)
['(a+0b)

The incomplete Beta function is defined to be

B(x,y) =

Definition D.3.2. The incomplete Beta function is defined to be

B,(a,b) = /Ow N1 =) at (D.3.3)

We now prove the following lemma

Lemma D.3.2. Lett be a variable, t > 0. Then
t
I= / (t —s) 25792 ds = t0D2By 5(1/2,1 + j/2) (D.3.4)
t/2

where B, (a,b) is the incomplete Beta function.

Proof. Let u =t —s, s =t —u. At s =t, u =0, while at s = t/2, u = t/2, with
du = —ds. Then

t
I = /(t—s)l/Qsj/st
t/2
0
= —/ u V2t —u) " du
t

1/2 ,
= / w2t —u) % du
0
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Appendix D. Bounds Involving a Cutoff Function

Now let r = %. Then dr = dT“. At w=1t/2, r = 1/2 while at v = 0, r = 0. We now
compute

£/2 ‘
w2t —u) % du

t/2 o dr
)Y 2 — )92 D
(tr) /3¢ — )2

t/2

Il |
S — >

—j/2

(tr)_1/2<1 - %) t dr
1/2
= 12 -t-t_j/Q/ 7"_1/2(1 - r)_j/2 dr
0
1/2
/2. tj/Q/ rY2(1 =) dr
0

1/2
$0-3)/2 / r2(1 = )92 gy
0

= tUI2B 4 (1/2,145/2)

The required result is proved. O
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Theorems for Pressure Derivatives

E.1 Bounds on the Local Pressure Derivative

In this section we prove the bounds on the local pressure derivative of order j — 1.
That is, DI (D, ) (pioc()). This is used in determining bounds on the derivatives
Diu in maximum norm. The theorem is listen in the main paper as Theorem 5.1.1.

It is used to prove Proposition 5.1.1. Finally, it will be noted here that Cy = ﬁ.
Theorem E.1.1. Consider the Navier-Stokes equation

v =Av+D'Q, v=Du
u a solution, and where

Q=-Vp—u-Vu

Let 5 > 1 and assume that for 0 < k < j — 1 there are constants K} independent of
t and f such that

2 DR ut) ]| o < Killflloo for 0<t<

< —”;ﬁgo (E.1.1)
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Appendix E. Theorems for Pressure Derivatives

Then there exists a constant C' independent of t and f such that

1D~ (Dye) (proc(@)) oo < C I flloclID7ulloe +~ =02 £I5, +72| £I12,) (E.1.2)

Proof. As in the previous theorems we will let § = v/¢t. Applying D! to both sides
of

=Au+@Q, v=DMu
we obtain
vw=Av+D7'Q, v=D"lu
By taking the divergence of
u=AN+D"1Q, v=D"ty

we have —AD"'p = 7. | DiDy(D’~*(u;uy,)). The solution is given by D7~ 'pio. +

D7 tp ., where

D tpnle) = 36 / 2 =y DD (B D' (wsue)) dy

0<|z—y|<26

and

D) = 3G [ o=l DD - )0 i) dy

lz—y[>6

We begin with D, (D 'pjo.(z)).

Dya (D' pron(a)) = Zco / . Dol =) DD(GDI ) dy
+ Zco / e =l DDy Dy 0) D () dy
= Il—l—lg
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Appendix E. Theorems for Pressure Derivatives
Using Theorem D.2.2, replacing w;u; with D7~ (uu;), and rearranging we have

IDDy (0D () e = 3 Ilo D7 (D D)o
ik
(D) D (g D)

Z [ (Dxv) (i Dyug) || oo

+ (DiDxv) D7 (ujur) [l

For J; we use the Leibnitz differentiation theorem. We note that this term is

quadratic in Du. Now for any maximum norm derivatives of order [, with the

assumption on || DFu|s:

l
l m —m
D)l = 13 () )00t "l
m=0

l
< | Z Crn D™ 1; D' oo
m=0
l
< Gl Z HDmuiDl_muk”oo
m=0
l
< Coll DD ™ uilloo | D™t oo
m=0
l
< Coll DD oo D"t
m=0
-1
< ColllullolIP'ullo + Y - 1D ulloo | D] )
m=1
-1
< Colllullsll D ulloe + Y 7™ K| Flloot™ ™ Ko fll0)
m=1
< Cmeaaﬁ(HuHOOHDZUHOO + t_l/QHngo)
< Cylluflsel D' ullse + 21 £112)
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Appendix E. Theorems for Pressure Derivatives

Thus
10" (i) |loo < ClJte]lo | P uulloo + 2| £112) (E.1.3)

with C' independent of ¢t and f. Replacing the w with Du, and letting [ = j — 1, in
equation (E.1.3) we obtain

| D7 (Diwr D)l ow = CIDulloo [ D ufoc + 79V FI1%)

Then, for v = ¢, and using the assumption on || D¥ul|

Jl = HUDjil (Dlukauz) Hoo

IN

[[Vlloo 1 D7~ (Ditir Dy | oo
< CO(IIPullsollsol D ulloo + 07V F12)
= Cs(I flloot™ 1D ulloe + Kot D2 £]2,)

Next, for Ja, and [[(Ds0) s = [|(Ds6))]|e < C5-1
Jo = |[(Di¢) D ur Dyus)||

< OLC8 H([lulloo | D7 el oo + K nt =9V £]12)
< Cys DR 2,

Js is the same. For Jy, || D;Dpvl|oo = || DiDydlloe < C~2 and

Ji = |[(DiDr¢) D'~ (ur Dyus)||

IN

CoC2(|tt]| oo | D7 il o + K1t~ 902 £I12)

A

G020V £1%,
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Finally

| Di Dy (6D’ Hugug))loo = 1+ Jo+ Jz+ Jy

Cs([| Flloct™ 2D ull o0 + K51t~ V2| fI[2,)
+ 2030 UV F

i

Cad 270712 £1|2

IN

Now for [;: The computation is similar to the one in section 4.3

Il = HZCO/( ) Dyallz =y ) DDy D7 (wiu)
i B(z,2 0

IN

Coll D.DLOD ) [ o=yl dy
B(xz,20)
Coll DD D™ ) 23
2003 (Cal et Do+ Koot 0] + Cad ™0
Cod 2¢OV £

C5 (0] flloct 2Dl o + IV fI12, + 671707172 £112

IN A

+

For ¢ = tY/2 we have
11 ]loe < I1f llso D7 ul|oe + t=9= V2| FI12 + 772|112

Consider now I,. First, from equation (D.2.5) and v = D, ,¢, the structure is exactly

the same as ;.

(D Dj(Dgu(6) D7 ust))loo =Y 0D~ ( Dy Dy )| o
ik
+ (D) D’ (up D) || oo
+  [(Dgv) (u Diug) || oo
+  (DiDyv) D~ w0

= Js+Jo+Jr+ Jg
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We note here that J; = J5, Jo = Jg, J3 = J7, Jy = Jg. The only change is that

[Dralloc < CO™F | DiDpadlloc < CO7* || DiDxDyatlloc < CO7°

Thus
Bl < Cll DD, 0D ) | e
< CO||Dka(Dq,x¢Dj_1(uiuk))||0001627
< 20O (C(||f b D]
£ ORI f)
by p
bR

C(O flloct D ulloo + IV FIZ + 071072 £II2)

For ¢ = t'/2 we have
12100 < IIf llso D7 ul[oe + t=9~V2) FI12 + 772|112

Thus we have

HDq,mplocHoo - ||Il+]2||oo

1 lloo + 2]l

Cs ([l fllsc 1D ulloe + =2 £I3, + 7772 £112)
Colll flloc 1D ulloe + =9I £I5, + 7972 £112)
Cr(ll flloclD7ulloe + =D £I3, + 7972 £112)

IN +

This is the required result.
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Appendix E. Theorems for Pressure Derivatives

E.2 Bounds on the Global Pressure Derivative

Our next theorem concerns || Dy pgn| - Again, this is used in Proposition 5.1.1 to

prove bounds on the derivative D/u. In the main paper it is listed as Theorem 5.1.2.
Theorem E.2.1. Consider the Navier-Stokes equation
=Av+D'Q, v=D'u
u a solution, and where
Q=-Vp—u-Vu

Let 5 > 1 and assume that for 0 < k < j — 1 there are constants Ky independent of
t and f such that

"2 DRu(t) || oo < Killflloo for 0<t<

Co
17113

Then there exists a constant C' independent of t and f such that

1D7" (Do () oo < ClIf 52 (E.2.1)

Proof. We begin be applying integration by parts to

D" tnle) = 3Gy [ o= ul DD = (D7 ) dy

|lz—y|>6

We find that

Dl = 3G [ DD =yl (= D ) dy

lz—y[>0
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Appendix E. Theorems for Pressure Derivatives

We now apply D, , under the integral sign.

D7Dy (pgn()) = Dq,x(z Co/| DiDi(lz — yI7)((1 = 9)(D7 (uzwr))) dy)

z—y|>d

x—y|>d

= 2}; Co/| Dya(DiDy(|x = y[7) (1 = ¢)))(D*~ (uwsur))) dy)

= Zk Co/| (Do DiDi(Jz =y~ (1 = o)) (D7 (wiur))) dy)

z—y|>d

+ ZC /| DiDy(2 — 4| 1) (D (1 — 6))) (D7 () diy)

z—y|>8

= I3+ 14

As in the proof of Lemma 4.3.1, we note that

‘/ Dy D;iDy(lz — yl‘l)dy( < 01/ |z —y| ™ dy
lx—y|>d |lz—y|>d

= 01(571

Note (4 is independent of ¢ and f. We now must estimate || D~ (u;u)||o0, We use
the Leibnitz differentiation theorem with [ = j — 1. Additionally, we use equation

(E.2.1):

7—1
1D (wun)loo < 1D D™D "o
m=0
j—1
< G Y D™ ullso DT o
m=0

< Gofl ISt~
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By construction, Cs is independent of ¢ and f. Then

Hsllo =

<

IN

IN

<

|60 [ DusDibutle =l (=) )]
ik z—y|>

Co

/— \>6(Dq’xDka<‘x o y‘il)«l - ¢)))(Drl(uzuk))) dy)Hoo

Coll1 - ¢||oo||Dj_1(uiUk)lloo/ (D DiDi(Jx = yI ™) dy

|lx—y|>6

000301571 HDjil (uluk) Hoo
CoC3Cy 7 Cy || f| 2t =972

Replacing § = t'/2, we have

Hslloo <

CoCsC167 10 || f||2t~ 1972
CoCsC1t =120, || f||2 t1 )/
Cl| f||2t77"

C} is then independent of t and f by construction. Now for I,. We first consider
|(Dgo(l — ¢)|lo- We note that by construction, ¢’ = 0 for » < 1, and r > 2. So
¢ # 0 on [1,2]. We then find that I, becomes

n=ya /5 DiDy(|7 — 5™ )(Dya(1 — ) (DF (i) dy

<|z—y|<28

Again as in the proof of Lemma 3.2.1 we find that

‘/ Dka(Ix—yFl)dy‘ < / v~y dy
S<|z—y|<26 o<|z—y|<26

= In2

We also note that

[(Dg,e (1 —

D)oo < C107"
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Appendix E. Theorems for Pressure Derivatives

Again, as in the proof for I3, we find that

1D (ugui) [l oo < Coll FII24~0 77

We now estimate ||,

Il = X6 [

i,k

ININ A

Using 6 = t/? we have

<|z—y|<2d

Coll(Dal1 = )0 wse)l] [ DiDlle =yl )y
o< |z—y|<26

000157103||Dj’1(uiuk) ||oo

CoC167C5Cy || f |2t =972

Cs0 ™| 11240772

Halloo < Cad™t || fII2t0 72
= Cat™' 2| fl5t 72

= G5 fl5t™”

We now may estimate | D7 pyp||oo

HDj_qu,a:pgleoo

IN

<

<

113 + Ia]oo

1 23]lo0 + [ 1]l

Call U277 + Cs|| fII2t 777
Col fIIZt~7"

DDl =yl ™) (D1 = ) (D' (i) |

By the same reasoning as in the case of I3, C5, and Cg are independent of ¢ and f.

Thus the required result is proved.
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